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Rozdział 1

Wprowadzenie

Intencją niniejszego podręcznika jest dostarczenie czytelnikowi możliwie zwięzłego
zestawienia podstawowych wiadomości z zakresu matematyki ubezpieczeń na życie.
Z postulatu zwięzłości wynika pominięcie wielu wstępów teoretycznych, wyprowadza-
nia wzorów i dowodzenia twierdzeń.
Kolejnym postulatem przyjętym przy tworzeniu tego opracowania było uporząd-

kowanie i zestawienie wszelkich przydatnych wzorów w możliwie najłatwiejszej do
zapamiętania postaci. Często więc zestawienia tabelaryczne będą dominować nad zre-
dukowanymi do minimum objaśnieniami.
Oprócz pozycji wymienionych w literaturze, jako istotne źródło informacji wymie-

nić należy wykłady prof. Bolesława Kacewicza na Wydziale Matematyki Stosowanej
AGH w Krakowie.
Autor dokłada wszelkich starań by przedstawiane informacje były dokładne i od-

zwierciedlały rzeczywistą wiedzę z zakresu aktuariatu. Jeśli jednak w prezentowane
tutaj treści wkradły się błędy, pomyłki lub nieścisłości to z tego miejsca kierowana jest
gorąca zachęta do czytelnika by podjął się pomocy w ulepszeniu tego dzieła i naniósł
poprawki osobiście lub choćby zwrócił na nie uwagę.

Kraków, 2008 r.





Rozdział 2

Elementy teorii oprocentowania

Niniejszy rozdział stanowi pewnego rodzaju elementarne wprowadzenie do zagad-
nień związanych z oprocentowaniem. W odróżnieniu od rozdziałów kolejnych dotyczyć
on będzie sytuacji ściśle deterministycznych, pozbawionych czynnika losowego.
Rozpoczniemy od najprostszego przykładu lokaty terminowej na 1 rok. Na lokacie

tej składamy na początku okresu jej trwania k0 = 1 zł. Oprocentowana w skali rocznej
dla tej lokaty jest w wysokości i. Po roku otrzymamy więc

k1 = k0(1 + i).

Czynnik (1+i) przez który musimy przemnożyć wyjściową kwotę nazywamy czyn-
nikiem akumulującym, zaś liczbę i nazywamy stopą oprocentowania i wyrażamy w
procentach.
Jeśli zamiast podejmować pieniądze wznowimy tę lokatę to po n latach otrzymamy

kn = k0(1 + i)n.

W powyższym rozumowaniu patrzyliśmy na początku inwestycji na to jaki będzie
jej rezultat. Możemy odwrócić to rozumowanie i zapytać ile musimy zainwestować aby
po n latach uzyskać zadany kapitał. Odpowiedź uzyskujemy z prostego przekształcenia
wzoru

k0 =
kn

(1 + i)n
.

Czynnik 1
(1+i) przez który (w odpowiedniej potędze) musimy pomnożyć kn (kwotę

którą chcemy uzyskać) nazywamy czynnikiem dyskontującym i oznaczamy literą v

v =
1
1 + i
,

k0 = knvn.

Stopa oprocentowania i dawała nam informację o ile procent więcej uzyskamy
w wyniku inwestycji po 1 roku. Można teraz spytać inaczej. O ile procent mniejszą
kwotą należało dysponować 1 rok temu aby uzyskać obecną kwotę. Wartość ta jest
oznaczana literą d, wyrażana w procentach i nazywana stopą dyskontową

v = 1− d.

Zależności pomiędzy opisywanymi wielkościami ujmuje poniższa tabela
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Nazwa Ozn. i d v δ

stopa oprocentowania i i = d
1−d i = 1v − 1 i = e

δ − 1
stopa dyskontowa d d = i

1+i d = 1− v d = 1− eδ
czynnik dyskontujący v v = 1

1+i v = 1− v v = e−δ

natężenie oprocentowania δ δ = ln(1 + i) δ = ln 1
1−d δ = ln

1
v

czynnik akumulujący 1 + i 1
1−d

1
v eδ



Rozdział 3

Model demograficzny

Punktem wyjścia do rozważań na temat ubezpieczeń na życie jest analiza trwania
ludzkiego życia i momentu jego końca jako zjawiska o charakterze losowym. W ni-
niejszym rozdziale omówiony zostaną podstawowe zagadnienia związane z modelem
demograficznym.
W swej najprostszej wersji model ten zakłada, że śmierć danego osobnika nastę-

puje w losowym (czyli niemożliwym do dokładnego przewidzenia w sposób pewny)
momencie a szanse zajścia lub nie takiego zdarzenia rozpatrujemy tylko i wyłącz-
nie jako funkcję wieku osobnika. Uwzględnienie czynników pokoleniowych wymagać
będzie większej komplikacji modelu.

3.1. Oznaczenia i zmienne losowe

Obiektem naszych rozważań będzie osobnik w wieku x i oznaczać go będziemy
symbolem (x). Interesować nas będzie również jego wiek w chwili zgonu (czyli całkowi-
ta długość trwania jego życia) rozumiana jako zmienna losowa i oznaczana symbolem
X. Ponieważ (x) jest obecnie w wieku x, to pozostało przed nim jeszcze T := X − x
lat życia. (Jest to również zmienna losowa.)
Kolejnymi symbolami jakie wprowadzimy będą oznaczenia gęstości i dystrybuant

dla rozważanych zmiennych losowych. Będą to odpowiednio f i F dla zmiennej X
oraz g i G dla zmiennej T .
Wszystkie powyższe wartości nie muszą być liczbami całkowitymi. W praktyce

dość często wiek jest wyrażany całkowitymi liczbami ukończonych lat życia. Również
ubezpieczenia zawierane są często na konkretną liczbę lat. Całkowitą liczbę lat jakie
(x) przeżyje nim umrze oznaczymy przez K.
Wszystkie powyższe oznaczenia zostały zebrane w tabeli:

oznaczenie definicja założenia
F (x) Pr(X ¬ x) x  0
s(x) Pr(X > x) x  0
tpx Pr(T (x) > t) t  0
tqx Pr(T (x) ¬ t) t  0
s|tqx Pr(s < T (x) < s+ t) s, t  0
k|qx Pr(K(x) = k) k ∈ N ∪ {0}

kpxqx+k Pr(K(x) = k) k ∈ N ∪ {0}
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3.2. Podstawowe prawdopodobieństwa występujące w modelu

Przyjąwszy powyższe oznaczenia możemy rozpocząć rozważania nad prawdopo-
dobieństwem, że (x) przeżyje lub nie zadany okres czasu t. Prawdopodobieństwa te
będą rzecz jasna funkcjami dwóch zmiennych — x i t. W notacji aktuarialnej praw-
dopodobieństwa te oznaczane są jako tpx i tqx. Umownie, gdy czas t = 1 to jest on
w tym zapisie pomijany.

qx = 1qx, px = 1px.

Wprowadzamy również funkcję s(x) zwaną funkcją przeżycia. Definiuje się ją jako
prawdopodobieństwo, że (0) (czyli noworodek) dożyje wieku x

s(x) = xp0.

Poniższa tabela zwięźle ujmuje wprowadzone oznaczenia

oznaczenie definicja założenia
F (x) Pr(X ¬ x) x  0
s(x) Pr(X > x) x  0
tpx Pr(T (x) > t) x, t  0
tqx Pr(T (x) ¬ t) x, t  0
s|tqx Pr(s < T (x) < s+ t) x, s, t  0
k|qx Pr(K(x) = k) x  0, k ∈ N ∪ {0}

kpx qx+k Pr(K(x) = k) x  0, k ∈ N ∪ {0}

3.3. Zależności

Każdy człowiek w danym okresie czasu może albo umrzeć albo nie. Nie istnieje
trzecia możliwość a zatem prawdopodobieństwa tpx i tqx muszą dawać w sumie 1

tpx + tqx = 1

Można łatwo wykazać interpretując tpx+s jako prawdopodobieństwo warunkowe
przeżycia przez (x) t+s lat pod warunkiem, że przeżyje on co najmniej s lat (tpx+s =
Pr(T > s+ t|T > s)), że zachodzi równość

s+tpx = spx · tpx+s.

Podobnie można zinterpretować s|tqx

s|tqx = s+tqx − sqx = (1− spx)− (1− s+tpx) =
= spx − s+tpx = spx − spx tpx+s =
= spx(1− tpx+s) = spx tqx+s.
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3.4. Intensywność umieralności

µx =
f(x)
1− F (x)

= −s
′(x)
s(x)

µx+t = −
d
dt tpx

tpx
= − d
dt
ln tpx

3.5. Modele analityczne

Życie ludzkie jest procesem na który wpływ ma wiele czynników. Różne czynniki
mają wpływ na śmiertelność w różnym wieku. W każdej populacji rozkład zmiennej T
jest nieco inny. W XVIII i XIX w. podejmowano jednak próby opisania śmiertelności
w sposób analityczny. Dziś modele te mają już raczej charakter wyłącznie historycz-
ny, a próby analitycznego opisania rozkładu długości trwania życia spotykają się ze
sceptyczną reakcją demografów.
W 1724 r. Abraham de Moivre przyjął założenie, że istnieje nieprzekraczalny wiek

graniczny ω. Założył również, że dalsze trwanie życia (x) ma rozkład jednostajny na
przedziale (0, ω − x). Natężenie wymierania w takim modelu wyraża się wzorem

µx+t =
1

ω − x− t
, t ∈ (0, ω − x)

O hipotetycznej populacji, w której umieralność spełnia powyższe równanie mówi się,
że rządzi nią prawo umieralności de Moivre
W 1824 r. Benjamin Gompertz postawił hipotezę, że wiek graniczny nie istnieje

współczynnik umieralności jest funkcją wykładniczą.

µx+t = Bcx+t, B > 0, c > 1, t > 0.

W 1860 r. William Makeham uzupełnił formułę Gompertza o stały, niezależny od
wieku człon A.

µx+t = A+Bcx+t, B > 0, c > 1, t > 0.

Warto zauważyć, że w modelach Gompertza i Makehama gdy c = 1 to współ-
czynnik umieralności byłby stały (niezależny od wieku). Oznaczałoby to, że człowiek
niezależnie od wieku ma przed sobą takie same perspektywy odnośnie długości dalsze-
go trwania życia. Innymi słowy w takiej populacji nikt się nie starzeje, długość życia
ma rozkład wykładniczy, a umieralność można wtedy porównać do procesu rozpadu
promieniotwórczego.
W 1939 r. szwedzki inżynier i matematyk Ernst Hjalmar Waloddi Weibull zapro-

ponował użycie funkcji wielomianowej w miejsce wykładniczej

µx+t = k(x+ t)n, k > 0, n > 1, t > 0.



12 Rozdział 3. Model demograficzny

3.6. Tablice długości trwania życia

3.7. Prawdopodobieństwo zgonu dla okresów ułamkowych
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Dodatek B

GNU Free Documentation License

Version 1.2, November 2002
Copyright c© 2000,2001,2002 Free Software Foundation, Inc.

51 Franklin St, Fifth Floor, Boston, MA 02110-1301 USA

Everyone is permitted to copy and distribute verbatim copies of this license
document, but changing it is not allowed.

Preamble
The purpose of this License is to make a manual, textbook, or other functional

and useful document “free” in the sense of freedom: to assure everyone the effective
freedom to copy and redistribute it, with or without modifying it, either commercially
or noncommercially. Secondarily, this License preserves for the author and publisher
a way to get credit for their work, while not being considered responsible for modifi-
cations made by others.
This License is a kind of “copyleft”, which means that derivative works of the

document must themselves be free in the same sense. It complements the GNUGeneral
Public License, which is a copyleft license designed for free software.
We have designed this License in order to use it for manuals for free software,

because free software needs free documentation: a free program should come with
manuals providing the same freedoms that the software does. But this License is not
limited to software manuals; it can be used for any textual work, regardless of subject
matter or whether it is published as a printed book. We recommend this License
principally for works whose purpose is instruction or reference.

1. APPLICABILITY AND DEFINITIONS
This License applies to any manual or other work, in any medium, that contains

a notice placed by the copyright holder saying it can be distributed under the terms
of this License. Such a notice grants a world-wide, royalty-free license, unlimited in
duration, to use that work under the conditions stated herein. The “Document”,
below, refers to any such manual or work. Any member of the public is a licensee,
and is addressed as “you”. You accept the license if you copy, modify or distribute
the work in a way requiring permission under copyright law.
A “Modified Version” of the Document means any work containing the Docu-

ment or a portion of it, either copied verbatim, or with modifications and/or translated
into another language.
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A “Secondary Section” is a named appendix or a front-matter section of the
Document that deals exclusively with the relationship of the publishers or authors of
the Document to the Document’s overall subject (or to related matters) and contains
nothing that could fall directly within that overall subject. (Thus, if the Document
is in part a textbook of mathematics, a Secondary Section may not explain any
mathematics.) The relationship could be a matter of historical connection with the
subject or with related matters, or of legal, commercial, philosophical, ethical or
political position regarding them.
The “Invariant Sections” are certain Secondary Sections whose titles are desi-

gnated, as being those of Invariant Sections, in the notice that says that the Document
is released under this License. If a section does not fit the above definition of Secondary
then it is not allowed to be designated as Invariant. The Document may contain zero
Invariant Sections. If the Document does not identify any Invariant Sections then
there are none.
The “Cover Texts” are certain short passages of text that are listed, as

Front-Cover Texts or Back-Cover Texts, in the notice that says that the Document
is released under this License. A Front-Cover Text may be at most 5 words, and a
Back-Cover Text may be at most 25 words.
A “Transparent” copy of the Document means a machine-readable copy, repre-

sented in a format whose specification is available to the general public, that is suitable
for revising the document straightforwardly with generic text editors or (for images
composed of pixels) generic paint programs or (for drawings) some widely available
drawing editor, and that is suitable for input to text formatters or for automatic
translation to a variety of formats suitable for input to text formatters. A copy made
in an otherwise Transparent file format whose markup, or absence of markup, has
been arranged to thwart or discourage subsequent modification by readers is not
Transparent. An image format is not Transparent if used for any substantial amount
of text. A copy that is not “Transparent” is called “Opaque”.
Examples of suitable formats for Transparent copies include plain ASCII without

markup, Texinfo input format, LaTeX input format, SGML or XML using a publicly
available DTD, and standard-conforming simple HTML, PostScript or PDF designed
for human modification. Examples of transparent image formats include PNG, XCF
and JPG. Opaque formats include proprietary formats that can be read and edited
only by proprietary word processors, SGML or XML for which the DTD and/or
processing tools are not generally available, and the machine-generated HTML, Post-
Script or PDF produced by some word processors for output purposes only.
The “Title Page” means, for a printed book, the title page itself, plus such

following pages as are needed to hold, legibly, the material this License requires to
appear in the title page. For works in formats which do not have any title page as
such, “Title Page” means the text near the most prominent appearance of the work’s
title, preceding the beginning of the body of the text.
A section “Entitled XYZ” means a named subunit of the Document whose title

either is precisely XYZ or contains XYZ in parentheses following text that translates
XYZ in another language. (Here XYZ stands for a specific section name mentio-
ned below, such as “Acknowledgements”, “Dedications”, “Endorsements”, or
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“History”.) To “Preserve the Title” of such a section when you modify the Do-
cument means that it remains a section “Entitled XYZ” according to this definition.
The Document may include Warranty Disclaimers next to the notice which states

that this License applies to the Document. These Warranty Disclaimers are considered
to be included by reference in this License, but only as regards disclaiming warranties:
any other implication that these Warranty Disclaimers may have is void and has no
effect on the meaning of this License.

2. VERBATIM COPYING
You may copy and distribute the Document in any medium, either commercially

or noncommercially, provided that this License, the copyright notices, and the license
notice saying this License applies to the Document are reproduced in all copies, and
that you add no other conditions whatsoever to those of this License. You may not
use technical measures to obstruct or control the reading or further copying of the
copies you make or distribute. However, you may accept compensation in exchange
for copies. If you distribute a large enough number of copies you must also follow the
conditions in section 3.
You may also lend copies, under the same conditions stated above, and you may

publicly display copies.

3. COPYING IN QUANTITY
If you publish printed copies (or copies in media that commonly have printed

covers) of the Document, numbering more than 100, and the Document’s license notice
requires Cover Texts, you must enclose the copies in covers that carry, clearly and
legibly, all these Cover Texts: Front-Cover Texts on the front cover, and Back-Cover
Texts on the back cover. Both covers must also clearly and legibly identify you as the
publisher of these copies. The front cover must present the full title with all words
of the title equally prominent and visible. You may add other material on the covers
in addition. Copying with changes limited to the covers, as long as they preserve the
title of the Document and satisfy these conditions, can be treated as verbatim copying
in other respects.
If the required texts for either cover are too voluminous to fit legibly, you should

put the first ones listed (as many as fit reasonably) on the actual cover, and continue
the rest onto adjacent pages.
If you publish or distribute Opaque copies of the Document numbering more than

100, you must either include a machine-readable Transparent copy along with each
Opaque copy, or state in or with each Opaque copy a computer-network location from
which the general network-using public has access to download using public-standard
network protocols a complete Transparent copy of the Document, free of added ma-
terial. If you use the latter option, you must take reasonably prudent steps, when you
begin distribution of Opaque copies in quantity, to ensure that this Transparent copy
will remain thus accessible at the stated location until at least one year after the last
time you distribute an Opaque copy (directly or through your agents or retailers) of
that edition to the public.
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It is requested, but not required, that you contact the authors of the Document
well before redistributing any large number of copies, to give them a chance to provide
you with an updated version of the Document.

4. MODIFICATIONS
You may copy and distribute a Modified Version of the Document under the condi-

tions of sections 2 and 3 above, provided that you release the Modified Version under
precisely this License, with the Modified Version filling the role of the Document, thus
licensing distribution and modification of the Modified Version to whoever possesses
a copy of it. In addition, you must do these things in the Modified Version:

A. Use in the Title Page (and on the covers, if any) a title distinct from that of the
Document, and from those of previous versions (which should, if there were any,
be listed in the History section of the Document). You may use the same title as
a previous version if the original publisher of that version gives permission.

B. List on the Title Page, as authors, one or more persons or entities responsible for
authorship of the modifications in the Modified Version, together with at least
five of the principal authors of the Document (all of its principal authors, if it has
fewer than five), unless they release you from this requirement.

C. State on the Title page the name of the publisher of the Modified Version, as the
publisher.

D. Preserve all the copyright notices of the Document.
E. Add an appropriate copyright notice for your modifications adjacent to the other
copyright notices.

F. Include, immediately after the copyright notices, a license notice giving the public
permission to use the Modified Version under the terms of this License, in the
form shown in the Addendum below.

G. Preserve in that license notice the full lists of Invariant Sections and required
Cover Texts given in the Document’s license notice.

H. Include an unaltered copy of this License.
I. Preserve the section Entitled “History”, Preserve its Title, and add to it an item
stating at least the title, year, new authors, and publisher of the Modified Version
as given on the Title Page. If there is no section Entitled “History” in the Docu-
ment, create one stating the title, year, authors, and publisher of the Document
as given on its Title Page, then add an item describing the Modified Version as
stated in the previous sentence.

J. Preserve the network location, if any, given in the Document for public access to
a Transparent copy of the Document, and likewise the network locations given in
the Document for previous versions it was based on. These may be placed in the
“History” section. You may omit a network location for a work that was published
at least four years before the Document itself, or if the original publisher of the
version it refers to gives permission.

K. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title
of the section, and preserve in the section all the substance and tone of each of
the contributor acknowledgements and/or dedications given therein.
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L. Preserve all the Invariant Sections of the Document, unaltered in their text and
in their titles. Section numbers or the equivalent are not considered part of the
section titles.

M. Delete any section Entitled “Endorsements”. Such a section may not be included
in the Modified Version.

N. Do not retitle any existing section to be Entitled “Endorsements” or to conflict in
title with any Invariant Section.

O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that
qualify as Secondary Sections and contain no material copied from the Document,
you may at your option designate some or all of these sections as invariant. To do
this, add their titles to the list of Invariant Sections in the Modified Version’s license
notice. These titles must be distinct from any other section titles.
You may add a section Entitled “Endorsements”, provided it contains nothing but

endorsements of your Modified Version by various parties–for example, statements of
peer review or that the text has been approved by an organization as the authoritative
definition of a standard.
You may add a passage of up to five words as a Front-Cover Text, and a passage

of up to 25 words as a Back-Cover Text, to the end of the list of Cover Texts in
the Modified Version. Only one passage of Front-Cover Text and one of Back-Cover
Text may be added by (or through arrangements made by) any one entity. If the
Document already includes a cover text for the same cover, previously added by you
or by arrangement made by the same entity you are acting on behalf of, you may
not add another; but you may replace the old one, on explicit permission from the
previous publisher that added the old one.
The author(s) and publisher(s) of the Document do not by this License give per-

mission to use their names for publicity for or to assert or imply endorsement of any
Modified Version.

5. COMBINING DOCUMENTS
You may combine the Document with other documents released under this License,

under the terms defined in section 4 above for modified versions, provided that you
include in the combination all of the Invariant Sections of all of the original documents,
unmodified, and list them all as Invariant Sections of your combined work in its license
notice, and that you preserve all their Warranty Disclaimers.
The combined work need only contain one copy of this License, and multiple

identical Invariant Sections may be replaced with a single copy. If there are multiple
Invariant Sections with the same name but different contents, make the title of each
such section unique by adding at the end of it, in parentheses, the name of the original
author or publisher of that section if known, or else a unique number. Make the same
adjustment to the section titles in the list of Invariant Sections in the license notice
of the combined work.
In the combination, you must combine any sections Entitled “History” in the

various original documents, forming one section Entitled “History”; likewise combine
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any sections Entitled “Acknowledgements”, and any sections Entitled “Dedications”.
You must delete all sections Entitled “Endorsements”.

6. COLLECTIONS OF DOCUMENTS
You may make a collection consisting of the Document and other documents re-

leased under this License, and replace the individual copies of this License in the
various documents with a single copy that is included in the collection, provided that
you follow the rules of this License for verbatim copying of each of the documents in
all other respects.
You may extract a single document from such a collection, and distribute it indivi-

dually under this License, provided you insert a copy of this License into the extracted
document, and follow this License in all other respects regarding verbatim copying of
that document.

7. AGGREGATION WITH INDEPENDENT
WORKS

A compilation of the Document or its derivatives with other separate and inde-
pendent documents or works, in or on a volume of a storage or distribution medium,
is called an “aggregate” if the copyright resulting from the compilation is not used
to limit the legal rights of the compilation’s users beyond what the individual works
permit. When the Document is included in an aggregate, this License does not apply
to the other works in the aggregate which are not themselves derivative works of the
Document.
If the Cover Text requirement of section 3 is applicable to these copies of the

Document, then if the Document is less than one half of the entire aggregate, the
Document’s Cover Texts may be placed on covers that bracket the Document within
the aggregate, or the electronic equivalent of covers if the Document is in electronic
form. Otherwise they must appear on printed covers that bracket the whole aggregate.

8. TRANSLATION
Translation is considered a kind of modification, so you may distribute transla-

tions of the Document under the terms of section 4. Replacing Invariant Sections
with translations requires special permission from their copyright holders, but you
may include translations of some or all Invariant Sections in addition to the original
versions of these Invariant Sections. You may include a translation of this License, and
all the license notices in the Document, and any Warranty Disclaimers, provided that
you also include the original English version of this License and the original versions
of those notices and disclaimers. In case of a disagreement between the translation
and the original version of this License or a notice or disclaimer, the original version
will prevail.
If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or

“History”, the requirement (section 4) to Preserve its Title (section 1) will typically
require changing the actual title.



41

9. TERMINATION
You may not copy, modify, sublicense, or distribute the Document except as

expressly provided for under this License. Any other attempt to copy, modify, sub-
license or distribute the Document is void, and will automatically terminate your
rights under this License. However, parties who have received copies, or rights, from
you under this License will not have their licenses terminated so long as such parties
remain in full compliance.

10. FUTURE REVISIONS OF THIS LICENSE
The Free Software Foundation may publish new, revised versions of the GNU Free

Documentation License from time to time. Such new versions will be similar in spirit
to the present version, but may differ in detail to address new problems or concerns.
See http://www.gnu.org/copyleft/.
Each version of the License is given a distinguishing version number. If the Docu-

ment specifies that a particular numbered version of this License “or any later version”
applies to it, you have the option of following the terms and conditions either of that
specified version or of any later version that has been published (not as a draft) by
the Free Software Foundation. If the Document does not specify a version number of
this License, you may choose any version ever published (not as a draft) by the Free
Software Foundation.

ADDENDUM: How to use this License for your
documents

To use this License in a document you have written, include a copy of the License
in the document and put the following copyright and license notices just after the
title page:

Copyright c© YEAR YOUR NAME. Permission is granted to copy, distribute
and/or modify this document under the terms of the GNU Free Documentation
License, Version 1.2 or any later version published by the Free Software Foun-
dation; with no Invariant Sections, no Front-Cover Texts, and no Back-Cover
Texts. A copy of the license is included in the section entitled “GNU Free
Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace
the “with . . . Texts.” line with this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover
Texts being LIST, and with the Back-Cover Texts being LIST.
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If you have Invariant Sections without Cover Texts, or some other combination of
the three, merge those two alternatives to suit the situation.
If your document contains nontrivial examples of program code, we recommend

releasing these examples in parallel under your choice of free software license, such as
the GNU General Public License, to permit their use in free software.
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