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Exponential Functions

McClellan Style Roberts’ Style 

x [n] = x(nT s)

= Acos(ω nT s + Φ)

= Acos(ω̂n + Φ)

ω̂ = ωT s = ω / f s

g [n ] = Aeβn = A z n eβ = z

g [n ] = A cos(2π nq /N 0 + θ)

= Acos(2π F 0n + θ)

= Acos(Ω0n + θ)

Ω0 = 2π F 0

f̂ = f / f s

ω̂ = 2π f̂

F 0 = q /N 0

Ω0 = 2π F 0

= Acos(ω̂n + Φ) = Acos(Ω0n + θ)

g [n ] = A cos(2π n F 0 + θ)x [n] = A cos(2π n f / f s + Φ)
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DT Signal Fundamental Period 

Fundamental Period Periodic Condition

g [n ] = Aeβn = A z n eβ = z

= Acos(2π F 0n + θ)

= Acos(Ω0n + θ)

for some discrete time n

and some integer m

2πF 0n = 2πm

F 0 = m/n a rational number

F 0 = f 0/ f s  periodic

F 0n = m

the smallest positive discrete time

N 0
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DT Signal Fundamental Period 

Fundamental Period 

g [n ] = A cos(2π n/N 0 + θ)1/N 0 = F 0 = Ω0/2π

the smallest positive discrete time

q /N 0 = F 0 = Ω0 /2π when q≠1

when q=1

N 0

g [n] = A cos(2π nq /N 0 + θ)

5
17
n = m reduced form fundamental period n = 17

q
N 0
n = m fundamental period n = N 0

N 0

q
 reduced form 

 reduced form 
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DT Signal Frequency 

discrete time n 

a time index not time itself 

units of samples

F 0 =
f 0
f s

cycles/sample  = cycles/second
samples/second

Ω0 =
ω0

f s
radians/sample  = radians/second

samples/second

Normalized Cyclic Frequency

Normalized Radian Frequency

2π q
N 0
n = 2πm fundamental period n = N 0 reduced form 

g [n] = sin (2π⋅F 0⋅n)

g [n] = sin (ω0⋅n)

g (t ) = sin(2π⋅ f⋅t) g [n] = sin (2π⋅ f⋅T s⋅n)

F 0 =
q
N 0
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DT Signal Period : Samples & Cycles

T s = 0.05 sec
f s = 20 samples/ sec

g (t ) = sin(2π⋅ f⋅t) g [n ] = sin (2π⋅ f⋅T s⋅n)

T s = 0.1 sec
f s= 10 samples/ sec

T s = 0.2 sec
f s= 5 samples /sec

T s = 0.3 sec
f s= 3.33 samples/ sec

T s = 0.4 sec
f s= 2.5 samples/ sec

T s = 0.5 sec
f s= 2 samples/ sec

1 sec 1 sec

f = 1 cycles / sec

1 cycle

1 cycle

2 cycles

1 cycle

3 cycles

1 cycle

20 samples 10 samples

 5 samples 3.33 samples

2.5 samples 2 samples

N 0 = 20 samples N 0 = 10 samples

N 0 = 5 samples N 0 = 10 samples

N 0 = 5 samples N 0 = 2 samples

1Hz

  10 samples

  5 samples
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DT Signal Normalized Cyclic Frequency

T s = 0.05 sec
f s = 20 samples/ sec

T s = 0.1 sec
f s= 10 samples/ sec

T s = 0.2 sec
f s= 5 samples /sec

T s = 0.3 sec
f s= 3.33 samples/ sec

T s = 0.4 sec
f s= 2.5 samples/ sec

T s = 0.5 sec
f s= 2 samples/ sec

1 sec 1 sec

f = 1 cycles / sec

F 0 =
1
20

cycle
sample

F 0 =
1
5
cycle
sample

F 0 =
2
5
cycle
sample

F 0 =
1
10

cycle
sample

F 0 =
3
10

cycle
sample

F 0 =
1
2
cycle
sample

20 samples 10 samples

 5 samples 3.33 samples

2.5 samples 2 samples

N 0 = 20 samples N 0 = 10 samples

N 0 = 5 samples N 0 = 10 samples

N 0 = 5 samples N 0 = 2 samples

1Hz

g (t ) = sin(2π⋅ f⋅t) g [n ] = sin (2π⋅ f⋅T s⋅n)
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DT Signal Fundamental Period 

f = 1 Hz
= 1 cycles/ sec

g (t ) = sin(2π⋅ f⋅t) g [n ] = sin (2π⋅ f⋅T s⋅n)

T s = 0.05 sec
f s= 20 samples /sec

T s = 0.2 sec
f s= 5 samples /sec

T s = 0.4 sec
f s= 2.5 samples/ sec

F 0 =
1
20

cycle
sample

F 0 =
1
5
cycle
sample

F 0 =
2
5
cycle
sample

N 0 = 20 samples

N 0 = 5 samples

N 0 = 5 samples

T s = 0.1 sec
f s= 10 samples/ sec

T s = 0.3 sec
f s= 3.33 samples/ sec

T s = 0.5 sec
f s= 2 samples/ sec

F 0 =
1
10

cycle
sample

F 0 =
3
10

cycle
sample

F 0 =
1
2
cycle
sample

N 0 = 10 samples

N 0 = 10 samples

N 0 = 2 samples

F 0 =
f
f s

= 1
20

F 0 =
f
f s

= 1
5

F 0 =
f
f s

= 1
2.5

F 0 =
f
f s

= 1
10

F 0 =
f
f s

= 1
10/3

F 0 =
f
f s

= 1
2

q
N 0

= 1
20

q
N 0

= 1
5

q
N 0

= 2
5

q
N 0

= 1
10

q
N 0

= 3
10

q
N 0

= 1
2

g [n] = sin(2π⋅ 120⋅n) g [n] = sin(2π⋅ 110⋅n)

g [n] = sin(2π⋅15⋅n) g [n] = sin(2π⋅ 310⋅n)

g [n] = sin(2π⋅25⋅n) g [n] = sin(2π⋅12⋅n)
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DT Signal Spectrum Replication  

2π(F + 1)n = 2π F n+ 2π n

(Ω + 2π)n = Ωn+ 2π n

cos(2π(F + 1)n) = cos(2π F n)

cos((Ω + 2π)n) = cos(Ωn)

sin (2π(F + 1)n) = sin(2π F n)

sin ((Ω + 2π)n) = sin (Ωn)

2π(F + k )n = 2π F n + 2π k n

(Ω + 2π k )n = Ωn + 2π k n

cos(2π(F + k)n) = cos(2π F n)

cos((Ω + 2π k )n) = cos(Ωn)

sin (2π(F + k )n) = sin(2π F n)

sin ((Ω + 2π k )n) = sin (Ωn)

f s sample /sec

F 0 =
f 0
f s

cycle
sample

1
10

2
10

3
10

4
10

5
10

6
10

7
10

8
10

9
10

10
10

10 10 10 10 10 10 10 10 10 10

1 2 3 4 5 6 7 8 9 10f 0 cycle /sec
11 12 13 14 15 16 17 18 19 20
... ... ... ... ... ... ... ... ... ...
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DT Signal Fundamental Period 

g (t ) = sin(2π⋅ f⋅t) g [n ] = sin (2π⋅ f⋅T s⋅n)

f s sample /sec

F 0 =
f 0
f s

cycle
sample

N 0 = 10 samples

1
10

2
10

3
10

4
10

5
10

6
10

7
10

8
10

9
10

10
10

1
10

3
10

7
10

9
10

1
5

2
5

3
5

4
5

1
2

1

N 0 = 5 samples

N 0 = 2 samples

N 0 = 1 samples

10 10 10 10 10 10 10 10 10 10

1 2 3 4 5 6 7 8 9 10f 0 cycle /sec
11 12 13 14 15 16 17 18 19 20
... ... ... ... ... ... ... ... ... ...

T s = 0.1 sec
f s= 10 samples/ sec



12 Young Won Lim
9/26/13DT.1B Sinusoid 

DT Signal Fundamental Period 

T s = 0.1 sec
f s= 10 samples/ sec

F 0 =
1
10

cycle
sample

F 0 =
3
10

cycle
sample

F 0 =
1
2
cycle
sample

F 0 =
1
5
cycle
sample

F 0 =
2
5
cycle
sample

F 0 =
3
5
cycle
sample

N 0 = 10 samples N 0 = 5 samples

N 0 = 10 samples N 0 = 5 samples

N 0 = 2 samples N 0 = 5 samples

1 sec 1 sec

f 0 = 1 cycle / sec f 0 = 2 cycle /sec

f 0 = 3 cycle/ sec f 0 = 4 cycle /sec

f 0 = 5 cycle / sec f 0 = 6 cycle/ sec

g (t ) = sin(2π⋅ f⋅t) g [n ] = sin (2π⋅ f⋅T s⋅n)
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DT Signal Fundamental Period 

T s = 0.1 sec
f s= 10 samples/ sec

F 0 =
1
2
cycle
sample

F 0 =
7
10

cycle
sample

F 0 =
9
10

cycle
sample

F 0 =
3
5
cycle
sample

F 0 =
4
5
cycle
sample

F 0 = 1
cycle
sample

N 0 = 2 samples N 0 = 5 samples

N 0 = 10 samples N 0 = 5 samples

N 0 = 10 samples N 0 = 1 samples

f 0 = 5 cycle / sec f 0 = 6 cycle/ sec

f 0 = 7 cycle/ sec f 0 = 8 cycle / sec

f 0 = 9 cycle/ sec f 0 = 10 cycle/ sec

g (t ) = sin(2π⋅ f⋅t) g [n ] = sin (2π⋅ f⋅T s⋅n)
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DT Signal Aliasing   

2π(1− F )n = 2π n − 2π F n

(2π − Ω)n = 2πn − Ωn

cos(2π(1− F )n) = cos(2π F n)

cos((2π − Ω)n) = cos(Ωn)

sin (2π(1− F )n) = −sin (2πF n)

sin ((2π − Ω)n) = −sin(Ωn)

2π(k − F )n = 2π k n − 2π F n

(2π k − Ω)n = 2π k n − Ωn

cos(2π(k − F )n) = cos(2π F n)

cos((2π k − Ω)n) = cos(Ωn)

sin (2π(k − F )n) = −sin (2π F n)

sin ((2π k − Ω)n) = −sin (Ωn)
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DT Signal Aliasing - COS

f 0 = 1 cycle / sec f 0 = 9 cycle/ sec

f 0 = 2 cycle /sec f 0 = 8 cycle / sec

f 0 = 3 cycle/ sec f 0 = 7 cycle/ sec

f 0 = 4 cycle /sec f 0 = 6 cycle/ sec

f 0 = 5 cycle / sec f 0 = 10 cycle/ sec

T s = 0.1 sec
f s= 10 samples/ sec

g (t ) = cos(2π⋅ f⋅t ) g [n ] = cos(2π⋅f⋅T s⋅n)
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DT Signal Aliasing - SIN

f 0 = 1 cycle / sec f 0 = 9 cycle/ sec

f 0 = 2 cycle /sec f 0 = 8 cycle / sec

f 0 = 3 cycle/ sec f 0 = 7 cycle/ sec

f 0 = 4 cycle /sec f 0 = 6 cycle/ sec

f 0 = 5 cycle / sec f 0 = 10 cycle/ sec

T s = 0.1 sec
f s= 10 samples/ sec

g (t ) = sin(2π⋅ f⋅t) g [n] = sin (2π⋅ f⋅T s⋅n)
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