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● Arithmetic Mean 
● Geometric Mean 
● Harmonic Mean 
● Arithmetic Progression 
● Geometric Progression 
● Harmonic Progression 

Sequence (1A)
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Arithmetic Mean 

A=
ab

2

A=
abc

3

A=
a1a2⋯an

n
=
1
n∑i=1

n

ai

2 elements {a,b}

3 elements {a,b,c}

n elements {a1 ,a2 ,... ,an}



Sequence 4 Young Won Lim
2008/6/18

Arithmetic Mean  - Example

24 =33=2⋅3=2⋅A

246=444=3⋅4=3⋅A

2 4

2 4

3 3

4 4 4

6

● same length

● same length Arithmetic Mean: A = 3

Arithmetic Mean: A = 4
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Geometric Mean 

G=a⋅b

G=3
a⋅b⋅c

G= n
a1⋅a2⋯an=∏

i=1

n

ai

1
n

2 elements {a,b}

3 elements {a,b,c}

n elements {a1 ,a2 , ...,an}

a0, b0

ai0

a0, b0, c0
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Geometric Mean  - Example

2⋅8=4⋅4=4
2
=G

2

2⋅4⋅8=4⋅4⋅4=43
=G3

2

8

● same volume

● same area

8

2

4 4

4

4

Geometric Mean: G = 4

Geometric Mean: G = 4

4

4
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Harmonic Mean 

H=
2


1
a

1
b


=
2ab
ab

H=
3


1
a

1
b

1
c


=
3abc

abbcca

H=
n


1
a1


1
a2

⋯
1
an



=
n

∑
i=1

n
1
ai

2 elements a,b

3 elements a,b,c

n elements a1 ,a2 , ...,an
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Harmonic Mean 

A B

60 km/hr

40 km/hr

● same distance = D

Average Speed

=
total distance
total time 

=
2⋅D

D
60


D
40

=
2⋅60⋅40
6040

=48km/hr

A B

60 km/hr

● same duration = T

Average Speed

=
total distance
total time

=
60⋅T40⋅T

2T
=50km /hr

40 km/hr

C

Harmonic Mean: H = 48 Arithmetic Mean: A = 50
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Arithmetic Progression   General Term –

a1=1

+2

● common difference: d = 2

+2

+2

+2

+2

+2

a2=12

a3=122

a4=1222

a5=12222

a6=122222

=1

=11⋅2

=12⋅2

=13⋅2

=14⋅2

=15⋅2

an=1n−1⋅21 2 3 4 5 6 7index

a1

a2

a3

a4

a5

a6

a7

an=an−1⋅d
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Arithmetic Progression   Arithmetic Mean–

ai-1 = a-d 

ai = a 

ai+1 = a+d 

ii-1 i+1

a

a+d

a-d

A=
{a−daad}

3
A=a

ai-1 = a-d 

ai = a 

ai+1 = a+d 

ii-1 i+1

a

a+d

a-d

a-2d

a+2d

i-2 i+2

A=
{a−2da−daada2d}

5
A=a

ai+2 = a+2d 

ai-2 = a-2d 

A=
{a−dad}

2

A=
{a−2da2d}

2
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Arithmetic Progression  Partial Sum–

1=1

4=2⋅
13

2

9=3⋅
15

2

16=4⋅
17

2

25=5⋅
19

2

36=6⋅
111

2

S1

Sn=∑
i=1

n

ai A=
1
n
⋅∑
i=1

n

ai=
Sn

n
=
a1an

2

S2

S3

S4

S5

S6

A=
afirstalast

2
a1 

a1 + a2

a1 + a2 + a3

a1 + a2 + a3 + a4

a1 + a2 + a3 + a4 + a5

a1 + a2 + a3 + a4 + a5 + a6

Sn=
n⋅a1an

2
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Geometric Progression  General Term –

a1=1

● common ratio: r = 2

a2=1⋅2

a3=1⋅2⋅2

a4=1⋅2⋅2⋅2

a5=1⋅2⋅2⋅2⋅2

a6=1⋅2⋅2⋅2⋅2⋅2

=1

=1⋅21

=1⋅22

=1⋅23

=1⋅24

=1⋅25

an=1⋅2n−1

1 2 3 4 5index

x2

x2

x2

a1

a2

a3

a4

a5

x2

an=a⋅rn−1
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Geometric Progression  Geometric Mean–

ai-1 = a / r

ai = a 

ai+1 = a * r 

ii-1 i+1

a

a*r

a/r

G=
3
ar

−1
⋅a⋅ar

G=a

ai-1 = a / r

ai = a 

ai+1 = a * r 

ii-1 i+1

a

a*r

a/r
a/r2

a*r2

i-2 i+2

G=
5
ar

−2
⋅ar−1

⋅a⋅ar⋅ar2
G=a

ai+2 = a * r2 

ai-2 = a / r2

G=
2
ar

−1
⋅ar

G=
2
ar

−2
⋅ar2 



Sequence 14 Young Won Lim
2008/6/18

Geometric Progression  Partial Product –

1=1

2=1⋅2
2

8=1⋅4
3

64=1⋅8
4

P1=1

Pn=∏
i=1

n

ai G=∏
i=1

n

ai
1
n
=Pn

1
n
=

2
a1⋅an

P2=12
⋅21

P3=1
3
⋅2

12

P4=13
⋅2123 

G=2
afirst⋅alast

Pn= a1⋅an 

1
2

a1

a1 x a2

a1 x a2 x a3

a1 x a2 x a3 x a4

a1=1, a2=2, 

a3=4, a4=8

ai0
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Harmonic Progression 

A.P. an = a, ad, a2⋅d, a3⋅d, 

H.P. bn = 
1
a
,

1
ad

,
1

a2⋅d
,

1
a3⋅d

, 

y=
1
x
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Harmonic Progression  General Term –

a1=
1
2

a2=
1

22
=
1
4

a3=
1

222
=
1
6

a4=
1

2222
=
1
8

=
1
2

=
1

21⋅2

=
1

22⋅2

=
1

23⋅2

an=
1

2n−1⋅21 2 3 4 5index

a5=
1

22222
=

1
10

=
1

24⋅2

an=
1

an−1⋅d

1
2

1
4

1
6 1

8 1
10
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Harmonic Progression  Harmonic Mean–

ai+1 = 1/(a+d) 

ai = a 

ai-1 = 1/(a-d) 

ii-1 i+1

1/a

1/(a-d)

1/(a+d)

A=
3

{a−daad}

A=
1
a

ai+1 = 1/(a+d) 

ai = a 

ai-1 = 1/(a-d) 

ii-1 i+1

1/a

1/(a-d)

1/(a+d)

1/(a+2d)

1/(a-2d)

i-2 i+2

A=
5

{a−2da−daada2d}

A=
1
a

ai-2 = 1/(a-2d )

ai+2 = 1/(a+2d) 

A=
2

{a−dad}

A=
2

{a−2da2d}
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From G.P. To A.P.

G.P. an = a, ar1, ar2, ar3, 

A.P. bn =  loga, log a1⋅log r, loga2⋅logr 

y=logx

= logan−1⋅logr

a0, r0
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From A.P. To G.P.

A.P. an = a, ad, a2⋅d, a3⋅d, 

G.P. bn = ba, bad, ba2⋅d, ba3⋅d, =ba
⋅bd


n−1

y=bx
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