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Fourier Transform Types

Continuous Time Fourier Series

C k = 1
T 0

∫
−T 0/2

+T 0/2

xT 0(t) e
− j kω0 t dt xT 0(t ) = ∑

k=−∞

∞

C k e
+ j kω0 t

Continuous Time Fourier Transform

X ( jω) = ∫
−∞

+∞

x (t) e− jω t d t x(t) = 1
2π ∫

−∞

+∞

X ( jω) e+ jω t d ω

CTFS

CTFT

ω = kω0
f =

k
T 0

T 0→∞ , ω0→d ω (2πT 0 →d ω) , k ω0→ω xT 0→ x(t ) , C kT 0→ X ( jω)
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CTFS and CTFT

T 0
Period = T 0
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T 0
2

+
T 0
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T 0
T

= 2
1

Ck =
1
T 0

⋅
sin (kω0T /2)
kω0/2

C0 = T
T 0

CTFS (Continuous Time Fourier Series)

T

X ( jω) =
sin (ωT /2)

ω /2

X ( j 0) = T

CTFT (Continuous Time Fourier Transform)

X ( jω) = sin (ωT /2)
ω/2

−4πT

T

+2πT +4πT−2πT

2ω0−2ω0 ω0−ω0

T
T 0

T

= T
T 0

⋅sinc(k TT 0)

= T ⋅ sinc ( f T )

Ck =
1
T 0

⋅
sin (kω0T /2)
kω0/2

f = k
T 0

ω

ω
−
T
2

+
T
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● Relation between CTFS and CTFT



6 Young Won Lim
7/6/13CT.1B Pulse 

CTFS and CTFT

Aperiodic Continuous Time Signal

Periodic Continuous Time Signal

T

T

−
T 0
2 +

T 0
2

−T2 +T2

C k = 1
T 0

⋅
sin (k ω0T /2)
kω0 /2

X ( jω) =
sin (ωT /2)

ω/2

= T
T 0

⋅ sinc(k TT 0)

= T ⋅ sinc ( f T )

Continuous Time Fourier Series

Continuous Time Fourier Transform

CTFS

CTFT

T 0

−T2 +T2

C k = 1
T 0

∫
−T 0/2

+T 0/2

xT 0(t) e
− j kω0 t dt xT 0(t ) = ∑

k=−∞

∞

C k e
+ j kω0 t

X ( jω) = ∫
−∞

+∞

x (t) e− jω t d t x(t) = 1
2π ∫

−∞

+∞

X ( jω) e+ jω t d ω
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CTFS and CTFT – in the time domain

T

T

−T2 +T2

T 0

−T2 +T2

CTFS (Continuous Time Fourier Series)

CTFT (Continuous Time Fourier Transform)

xT 0( t) = 1
2π ∑

k=−∞

∞

C k T 0 e
+ j kω0 t (2π

T 0 )

T 0→∞ k ω0 → ω

xT 0(t)→ x (t)

xT 0( t) = ∑
k=−∞

∞

C k e
+ j kω0 t

x(t) =
1
2π ∫

−∞

+∞

X ( jω) e+ jω t d ω
1
T 0

→0

2π
T 0

→ d ωω0→0

−
T 0
2 +

T 0
2

1
T 0

T 0 → ∞

Time Freq
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2ω0−2ω0 ω0−ω0 ω

CTFS and CTFT – in the frequency domain

CTFS (Continuous Time Fourier Series)

CTFT (Continuous Time Fourier Transform)

X ( jω) = sin (ωT /2)
ω/2

−4πT

T

+2πT +4πT−2πT

2ω0−2ω0 ω0−ω0

T
T 0 Ck =

1
T 0

⋅
sin (kω0T /2)
kω0/2

f = k
T 0

ω

ω

ω0 =
2π
T 0

ckT 0

Area = 2π C k

C k = 1
T 0

∫
−T 0/2

+T 0/2

xT 0(t ) e
− j kω0 t dt

X ( jω) = ∫
−∞

+∞

x( t ) e− jω t d t

C k T 0 = ∫
−T 0 /2

+T 0 /2

xT 0( t) e
− j k ω0 t dt

T 0→∞

k ω0 → ω

xT 0(t)→ x (t)
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Impulse Train Weights (1)

ω ωω

ω ωω

kω0 kω0 kω0

kω0T 0 kω0T 0 kω0T 0

Ck⋅T 0

Height

C k

Area

Ck⋅T 0

Height

C k

Area

Ck⋅T 0

Height

C k

Area

Ck⋅T 0

Height Area

Ck⋅T 0

Height Area

Ck⋅T 0

Height Area

Ck⋅T 0 Ck⋅T 0 Ck⋅T 0

T 0 copies T 0 copies T 0 copies
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Impulse Train Weights (2)

ω ωω

ω ωω

kω0 kω0 kω0

kω0 kω0 kω0

Ck⋅T 0

Height

C k

Area

Ck⋅T 0

Height

C k

Area

Ck⋅T 0

Height

C k

Area

C k⋅T 0
2

Height Area

Ck⋅T 0
2

Height Area

Ck⋅T 0
2

Height Area

Ck⋅T 0 Ck⋅T 0 Ck⋅T 0

T 0 copies stacked up T 0 copies stacked up T 0 copies stacked up
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Impulse Train Weights (3)

1
T 0

= 1
a

Ck⋅T 0

Height

C k

Ck⋅T 0

Height Area x no

Ck⋅T 0

Area

kω0 kω0

kω0T 0 kω0T 0

1
T 0

= 1
2a

Ck⋅T 0

Height

C k

Area

1
T 0

= 1
a

1
T 0

= 1
2a

Ck⋅T 0

Height Area x no

Ck⋅T 0

C k

Weight

C k

Weight

Ck⋅T 0
2

Height Area x 1

Ck⋅T 0 Ck⋅T 0
2

Height Area x 1

Ck⋅T 0 C k⋅T 0

Weight

1
T 0

= 1
a

1
T 0

= 1
2akω0 kω0
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Impulse Train’s Sampling Property

X ( jωk ) = ∫
−∞

+∞

X ( jω) δ(ω − ωk )d ω

Sampling Property

X ( jω ' ) ≠ C k⋅T 0⋅
1
T 0

= C k

X ( jωk )⋅T 0

X ( jωk )⋅T 0

1
T 0

= 1
a

1
T 0

= 1
2a

1
T 0

→ 0 1
T 0

= 1
a

1
T 0

= 1
2a

1
T 0

→ 0

X ( jωk ) δ(ω − ωk )

Ck⋅T 0
Ck⋅T 0

Ck δ(ω − kω0)
Unit AreaWeight

C k C k C k
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CTFS and CTFT Frequency Components

kω0

2ω0−2ω0 ω0−ω0

T
T 0 Ck =

1
T 0

⋅
sin (kω0T /2)
kω0/2

f = k
T 0Ck =

1
T 0

⋅
sin (kω0T /2)
kω0/2

C0 = T
T 0

= T
T 0

⋅sinc(k TT 0)
ω

f

δ( f )
T 0 → ∞

X ( jω) =
sin (ωT /2)

ω /2

X ( j 0) = T

X ( jω) = sin (ωT /2)
ω/2

−4πT

T

+2πT +4πT−2πT

= T ⋅ sinc ( f T )

ω

T 0C k → X ( jω)

Time Freq

t

T 0
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CTFS and CTFT Frequency Components

kω0

2ω0−2ω0 ω0−ω0

T
T 0 Ck =

1
T 0

⋅
sin (kω0T /2)
kω0/2

f = k
T 0

Ck =
1
T 0

⋅
sin (kω0T /2)
kω0/2

C0 = T
T 0

= T
T 0

⋅sinc(k TT 0)

ω

f1
T 0

f

δ( f )
Unit Area

T 0 → ∞

X ( jω) =
sin (ωT /2)

ω /2

X ( j 0) = T

X ( jω) = sin (ωT /2)
ω/2

−4πT

T

+2πT +4πT−2πT

= T ⋅ sinc ( f T )

ω

T 0C k → X ( jω)
T 0

Unit Area
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x(t )

xT 0(t) = ∑
n=−∞

+∞

x(t − nT 0)

ω0 → 0
T 0 → ∞

Period = T 0

−T2 +T2

T

−
T 0
2 +

T 0
2

−T2 +T2

CTFS     CTFT

T

ω0 =
2π
T 0

C k = 1
T 0

⋅
sin (k ω0T /2)
kω0 /2

X ( jω) =
sin (ωT /2)

ω/2

= T
T 0

⋅ sinc(k TT 0)

= T ⋅ sinc ( f T )

CTFS

CTFT

ω = kω0
f =

k
T 0
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CTFT and CTFS  as              (1) 

−
T
2 +

T
2 +

T 0
2

+T 0−
T 0
2

−T 0 +2T 0−2T0

−
T
2 +

T
2 +

T 0
2

+T 0−
T 0
2

−T 0

−
T
2 +

T
2 +

T 0
2

−
T 0
2

T 0 = 2T

T 0 = 4T

T 0 = 8T

2ω0−2ω0

4ω0−4ω0

8ω0−8ω0

∣C kT 0∣

∣C kT 0∣

∣C kT 0∣

T 0 → ∞

T = T 0/2

T = T 0/4

T = T 0/8

sin (kω0T 0/4)
kω0/2

sin(kω0T 0/8)
k ω0/2

sin (kω0T 0/16)
kω0/2

sin (kω0T /2)
kω0/2

sin (kω0T /2)
kω0/2

sin (kω0T /2)
kω0/2

ω0 = 2π
T 0

T

T

T

(k π/2)

(k π/4)

(k π/8)

T kω0T
2 = k π( TT 0) k = ( TT 0)

−1

the first zero

ω

ω

ω
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CTFT and CTFS  as                (2) T 0 → ∞

−
T
2 +

T
2 +

T 0
2

+T 0−
T 0
2

−T 0

T 0 = 4T

−4ω0

∣C kT 0∣T = T 0/4 sin(kω0T 0/8)
k ω0/2

+4ω0

+2πT +4πT +8πT−2πT−4πT−8πT
ω0 = 2π

T 0
= 2π
4T

T

ω

T
T 0

ω0 = 2π
T 0

T = T 0/2

T 0

T

−
T 0
2 +

T 0
2

k = ( TT 0)
−1

the first zero

ω
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( TT 0)
−1

ω0

2π
T =

CTFT of a Rect(t/T) function (3)

+2π
T

X ( jω) = sin (ωT /2)
ω/2

+4π
T

−2π
T

−4π
T

T

T k 2πT

T 0 → ∞
kω0 → ω

−
T
2 +

T
2 +

T 0
2

+T 0−
T 0
2

−T 0

T 0 = 4T

C k =
1
T 0
sin (kω0T /2)
kω0/ 2

T 0

X ( jω) = sin (ωT /2)
ω/2

C kT 0 =
sin (k ω0T /2)
kω0/2

T

−4ω0 +4ω0

+2πT +4πT +8πT−2πT−4πT−8πT

2π
T 0

1
T 0

⋅T

2π
T

−T2 +T2

ω

ω

= T sinc( f T )

= T
T 0
sinc(k TT 0)
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CTFT of a Rect(t/T) function (4)

ω =
2π
T

cosω t

sinω t

T

T 0 T
T 0

=
1
2

T

ω =
2π
T

cosω t

sinω t

ω0 =
2π
T 0

cosω0 t

sinω0 t

T

T 0 T
T 0

=
1
2

ω = kω0 = ( TT 0)
−1

ω0 = 2ω0
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