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1 Grundlagen

1.1 Mengenlehre und DE MORGANsche Regeln

P (Ā∪ B̄) = P (A∩B)

͵ͮͤ

P (Ā∩ B̄) = P (A∪B)

1.2 Kombinatorik

1.2.1 Fakultät

n! = 1 ·2 · ... · (n−1) ·n

0! = 1

1.2.2 Binomialkoeffizient
(n
k

)
= n!

k!(n−k)! , k,n ∈N, k,n≥ 0.

(
n

0

)
= 1.

1.2.3 Zufallsstichproben

́ͮͺͨͬ͡ ͤͥͲ ͭ϶ͧͬͩͣͨͥͮ ͓ʹͩͣͨͰͲͯͥͮ͢ Ͷͯͭ ͕ͭͦͮͧ͡ ͮ ͡͵ͳ ͥͩͮͥͲ ͇Ͳ͵ͮͤͧͥͳͭ͡ʹͨͥͩʹ Ͷͯͭ ͕ͭͦͮͧ͡
͎̺

͏ͨͮͥ ͚͵Ͳϼͣͫͬͥͧͥͮ ͍ͩʹ ͚͵Ͳϼͣͫͬͥͧͥͮ
͍ͩʹ N !

(N−n)! Nn

͏ͨͮͥ ͂ͥͲϼͣͫͳͩͣͨʹͩͧ͵ͮͧ ͤͥͲ ͒ͥͩͨͥͮͦͯͬͧͥ
(N
n

) (N+n−1
n

)

̳



͇Ͳ͵ͮͤͬͧͥͮ͡

1.3 Definition der Wahrscheinlichkeit

(Symmetrieprinzip ͯͤͥͲ Prinzip nach LAPLACE̩ ͊ͥͤͥͳ ͅͲͧͥͮͩ͢ͳ ́ ͡͵ͳ ͤͥͲ ͅͲ̭ͧͥ͢
ͮͩͳͭͥͮͧͥ Ω ͳͥͩ ͧͬͥͩͣͨ ͨϤ͵̜̮ͧ ͼ́ͼ ͩͳʹ ͤͩͥ ͚ͨͬ͡ ͤͥͲ ͅͲͧͥͮͩ͢ͳͳ̬ͥ

ͤͩͥ ͤ͵Ͳͣͨ ́ ͥͬͥͧ͢ʹ ͷͥͲͤͥͮ ̨́ͮͺͨͬ͡ ͤͥͲ ͧϼͮͳʹͩͧͥͮ ͅͲͧͥͮͩ͢ͳͳ̩̬ͥ ͼΩͼ ͩͳʹ ͤͩͥ ͚ͨͬ͡ ͬͬͥ͡Ͳ ͭ϶ͧͬͩͣͨͥͮ
ͅͲͧͥͮͩ͢ͳͳ̮ͥ ͅͳ ͩͳʹ

P (A) = |A|
|Ω| .

Axiome der Wahrscheinlichkeiten (Kolmogoroff)̺ ͇ͥͧͥͥͮ͢ ͳͩͮͤ ͺͷͥͩ ͅͲͥͩͧͮͩͳͳͥ ̬́͂
⊂ Ω̮

̱̮ P (A)≥ 0. Nichtnegativität
̲̮ P (Ω) = 1. Normiertheit
̳̮ P (A∪B) = P (A) +P (B), ͦͬͬ͡ͳ ́ ͵ͮͤ ͂ ͤͩͳͪ͵ͮͫʹ ͳ̮ͩͮͤ

1.4 Additionssatz

͆ϼͲ ͺͷͥͩ ͅͲͥͩͧͮͩͳͳͥ ̬́ ͂ ͡͵ͳ Ω ͧͩͬʹ ̺

P (A∪B) = P (A) +P (B)−P (A∩B).

͆ϼͲ ͤͲͥͩ ͅͲͥͩͧͮͩͳͳͥ ̬́ ̬͂ ̓ ͡͵ͳ Ω ͧͩͬʹ ͮͬͯͧ͡͡ ̺

P (A∪B∪C) = P (A) +P (B) +P (C)−P (A∩B)
−P (A∩C)−P (B∩C) +P (A∩B∩C).

͆ͬͬ͡ͳ ͤͩͥ ͅͲͥͩͧͮͩͳͳͥ disjunkt ͳ̬ͩͮͤ ͧͩͬʹ

P (A∪B) = P (A) +P (B).

P (A∪B∪C) = P (A) +P (B) +P (C).

1.4.1 Bedingte Wahrscheinlichkeit

P (A|B) = P (A∩B)
P (B)

1.4.2 Unabhängigkeit von Ereignissen

ͩͮͅ ͅͲͥͩͧͮͩͳ ́ ͩͳʹ ͵ͮͨ͢͡Ϥͮͧͩͧ Ͷͯͮ ̬͂ ͷͥͮͮ

P (A|B) = P (A|B) = P (A)

̴



͙͓͂́ͅ ͔ͨͥͯͲͥͭ

1.4.3 Totale Wahrscheinlichkeit

͓ͥͩ ́1 ̮̮̮́k ͥͩͮͥ ͤͩͳͪ͵ͮͫʹͥ ͚ͥͲͬͥͧ͵ͮͧ Ͷͯͮ Ω̮ ̈́ͮͮ͡ ͧͩͬʹ ͦϼͲ ͂ ⊂ Ω̺ P (B) =∑k
i=1P (B|Ai) ·

P (Ai)̮

1.5 BAYES Theorem

͆ϼͲ ͺͷͥͩ ͅͲͥͩͧͮͩͳͳͥ A ͵ͮͤ B ͭͩʹ P (B)> 0 ͬϤͳͳʹ ͳͩͣͨ ͤͩͥ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ Ͷͯͮ

A ͵ͮʹͥͲ ͤͥͲ ͂ͥͤͩͮͧ͵̬ͮͧ ͤ͡ͳͳ B ͥͩͮͧͥʹͲͥʹͥͮ ͩͳʹ̬ ͮͧͥͥͮ͢͡ ͤ͵Ͳͣͨ ͤͩͥ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ Ͷͯͮ

B ͵ͮʹͥͲ ͤͥͲ ͂ͥͤͩͮͧ͵̬ͮͧ ͤ͡ͳͳ A ͥͩͮͧͥʹͲͥʹͥͮ ͩͳʹ̺

P (A |B) = P (B |A) ·P (A)
P (B)

͈ͩͥͲͥͩ͢ ͩͳʹ

P (A | B) ͤͩͥ ̨ͥͤͩͮͧ͢ʹ̩ͥ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ ͤͥͳ ͅͲͥͩͧͮͩͳͳͥͳ A ͵ͮʹͥͲ ͤͥͲ ͂ͥͤͩͮͧ͵̬ͮͧ ͤ͡ͳͳ
B ͥͩͮͧͥʹͲͥʹͥͮ ͩͳʹ̬

P (B | A) ͤͩͥ ̨ͥͤͩͮͧ͢ʹ̩ͥ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ ͤͥͳ ͅͲͥͩͧͮͩͳͳͥͳ B ͵ͮʹͥͲ ͤͥͲ ͂ͥͤͩͮͧ͵̬ͮͧ ͤ͡ͳͳ
A ͥͩͮͧͥʹͲͥʹͥͮ ͩͳʹ̬

P (A) ͤͩͥ ̭́ͰͲͩͯͲ̭ͩ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ ͤͥͳ ͅͲͥͩͧͮͩͳͳͥͳ A ͵ͮͤ

P (B) ͤͩͥ ̭́ͰͲͩͯͲ̭ͩ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ ͤͥͳ ͅͲͥͩͧͮͩͳͳͥͳ B̮

Endlich viele Ereignisse̺

ͥ͗ͮͮ Ai, i= 1, . . . ,N ͥͩͮͥ ͚ͥͲͬͥͧ͵ͮͧ ͤͥͲ ͅͲͧͥͮͩ͢ͳͭͥͮͧͥ ͩͮ ͤͩͳͪ͵ͮͫʹͥ ͅͲͥͩͧͮͩͳͳͥ ͩͳʹ̬ ͧͩͬʹ ͦϼͲ
ͤͩͥ ̭́ͰͯͳʹͥͲͩͯͲ̭ͩ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ P (Ai |B)

P (Ai |B) = P (B |Ai) ·P (Ai)
P (B) = P (B |Ai) ·P (Ai)

N∑
j=1

P (B |Aj) ·P (Aj)

̈́ͥͮ ͬͥʹͺʹͥͮ ͕ͭͦͯͲͭ͵ͮͧͳͳͣͨͲͩʹʹ ͥ͢ͺͥͩͣͨͮͥʹ ͭͮ͡ ͡͵ͣͨ ͬ͡ͳ ͍͡Ͳͧͩͮͬͩ͡ͳͩͥͲ͵̮ͮͧ

̈́͡ ͥͩͮ ͅͲͥͩͧͮͩͳ A ͵ͮͤ ͳͥͩͮ ͋ͯͭͰͬͥͭͥͮʹ A ͳʹͥʹͳ ͥͩͮͥ ͚ͥͲͬͥͧ͵ͮͧ ͤͥͲ ͅͲͧͥͮͩ͢ͳͭͥͮͧͥ ͤ͡Ͳͳʹ̭ͥͬ
̬ͬͥͮ ͧͩͬʹ ͩͮͳͥ͢ͳͯͮͤͥͲͥ

P (A |B) = P (B |A) ·P (A)
P (B |A) ·P (A) +P (B |A) ·P (A)

̵





2 Zufallsvariablen und Verteilungsmodelle

2.1 diskrete Zufallsvariablen

ͩͮͅ ͍ͥͲͫͭͬ͡ ̬͘ ͤ͡ͳ ͡͵ͦͧͲ͵ͮͤ ͺ͵ͦϤͬͬͩͧͥͲ ͅͲͥͩͧͮͩͳͳͥ ͥͩͮͥ ̨̩ͥͮͤͬͩͣͨͥ ͍ͥͮͧͥ

Ͷͯͮ ́͵ͳͰͲϤͧ͵ͮͧͥͮ ͸1̬ ͸2 ̮̮̮ ͮͮͥͨͭͥͮ͡ ̬ͫͮͮ͡ ͮͥͮͮʹ ͭͮ͡ ͤͩͳͫͲͥʹͥ

͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥ͢͡ ̮͘

2.1.1 Eindimensionale Zufallsvariablen

Wahrscheinlichkeitsfunktion:

f(x) =
{
P (X = xi) = pi, x= xi ∈ {x1,x2, ...,xk..}
0 sonst

Verteilungsfunktion:

F (x) = P (X ≤ x) =
∑
i:xi≤x

f(xi).

Normiertheit:

k∑
i=1

pi = 1.

Erwartungswert

E(X) = µ=
k∑
i=1

xi ·pi =
k∑
i=1

xi ·f(xi),

Varianz

V ar(X) =
k∑
i=1

(xi−E(X))2 ·f(xi).

͢ͺͷ̮ ͭͩʹ ͤͥͭ ͖ͥͲͳͣͨͩͥ͢͵ͮͧͳͳ͡ʹͺ

̷



͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥͮ͢͡ ͵ͮͤ ͖ͥͲʹͥͩͬ͵ͮͧͳͭͯͤͥͬͬͥ

V ar(X) =
(

k∑
i=1

x2
i ·f(xi)

)
−E(X2) =

Standardabweichung

σ = +
√
V ar(X).

Varianz der Summe ͵ͮͨ͢͡ϤͮͧͩͧͥͲ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥͮ͢͡

V ar(X+Y ) = V ar(X) +V ar(Y ).

2.1.2 Mehrdimensionale Zufallsvariablen

Einzelwahrscheinlichkeit

P (X = x1) = fX(x1) =
m∑
j=1

fX,Y (x1;yj)

Kovarianz

covXY =
n∑
i=1

m∑
j=1

(xi−E(X))(yj−E(Y ))fX,Y (xi;yj)

͢ͺͷ̮ ͭͩʹ ͤͥͭ ͖ͥͲͳͣͨͩͥ͢͵ͮͧͳͳ͡ʹͺ

covXY =
n∑
i=1

m∑
j=1

xi ·yj ·fX,Y (xi;yj)−E(X) ·E(Y )

Korrelationskoeffizient rxy nach Bravais-Pearson

ͦϼͲ ͭͥʹͲͩͳͣͨ ͳͫͬͩͥ͡Ͳʹͥ ͍ͥͲͫͭͬͥ͡ ͺͷͥͩͥͲ ͳʹ͡ʹͩͳʹͩͳͣͨͥͲ ͖͡Ͳͩͬͥͮ͢͡ ͸ ͵ͮͤ ͹

r =
∑n
i=1(xi− x̄)(yi− ȳ)√∑n

i=1(xi− x̄)2 ·
√∑n

i=1(yi− ȳ)2 ,

ͭͩʹ x̄= 1
n ·
∑n
i=1xi ͬ͡ͳ ͤͥͭ ͡Ͳͩʹͨͭͥʹͩͳͣͨͥͮ ͍ͩʹʹͥͬ ͤͥͳ ͍ͥͲͫͭͬ͡ͳ ͸̮ ͍ͩʹ ͈ͩͬͦͥ ͤͥͳ ͖ͥͲͳ̭ͣͨͩͥ

͢͵ͮͧͳͳ͡ʹͺͥͳ̺

r =
∑n
i=1xi ·yi−n · x̄ · ȳ√

(∑n
i=1x

2
i −n · (x̄)2) · (∑n

i=1 y
2
i −n · (ȳ)2)

̸



ͤͩͳͫͲͥʹͥ ͖ͥͲʹͥͩͬ͵ͮͧͳͭͯͤͥͬͬͥ

Rangkorrelationskoeffizient nach Spearman

• ͦϼͲ ͖͡Ͳ̬ͩͬͥͮ͢͡ ͤͩͥ ͳʹ͡Ͳͫ Ͷͯͮ ͤͥͲ ͎ͯͲͭͬ͡ͶͥͲʹͥͩͬ͵ͮͧ ͢͡ͷͥͩͣͨͥͮ

• ͳͯͷͩͥ ͯͲͤͩͮͬ͡ͳͫͬͩͥ͡Ͳʹͥ ͖͡Ͳͩͬͥͮ͢͡

͎ͣͨ͡ ͏Ͳͤͮ͵ͮͧ ͤͥͲ ͥͩͮͺͥͬͮͥͮ ͂ͥͯͣͨ͢͡ʹ͵ͮͧͥͮ Ͷͯͮ ͸ ͢ͺͷ̮ ͹ ͤͥͲ ͇Ͳ϶Ͽͥ ͮͣͨ͡ ͷͩͲͤ

ͪͥͤͥͭ ͥ͗Ͳʹ ͷͩͲͤ ͳͥͩͮͥ ͒ͮͧ͡ͺͨͬ͡ Ͳ̨ͧ͸i̩ ͵ͮͤ Ͳ̨ͧ͹i̩ ͺ͵ͧͥͷͩͥͳ̮ͥͮ ̈́ͭͩ͡ʹ̺

rSP =
∑
i(rg(xi)− rg(x))(rg(yi)− rg(y))√∑

i(rg(xi)− rg(x))2
√∑

i(rg(yi)− rg(y))2

2.2 diskrete Verteilungsmodelle

2.2.1 Binomialverteiung

͆ϼͲ ͥͩͮͥ ͩͮͯͭͩͬ͢͡ͶͥͲʹͥͩͬʹͥ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥ͢͡ ͘ ͭͩʹ ͤͥͮ ͐͡Ͳͭͥ͡ʹͥͲͮ ͮ ͵ͮͤ θ ̨̰ ≤ θ ≤ ̱̩ ͬ͡͵ʹͥʹ
ͤͩͥ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹͳͦ͵ͮͫʹͩͯͮ

P (X = x) = b(x|n;θ) =
{(n

x

)
θx(1−θ)n−x ͦͬͬ͡ͳ x= 0,1, . . . ,n

0 ͳͯͮͳʹ̮

Erwartungswert

E(X) = n ·θ

Varianz

V ar(X) = n ·θ · (1−θ)

2.2.2 Hypergeometrische Verteilung

ͩͮͥͅ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥ͢͡ ͘ ͩͳʹ hypergeometrisch ͶͥͲʹͥͩͬʹ ͭͩʹ ͤͥͮ ͐͡Ͳͭͥ͡ʹͥͲͮ

͎ ̨͇Ͳ͵ͮͤͧͥͳͭ͡ʹͨͥͩʹ̩̬ ͍ ̨̢͋͵ͧͥͬͮ ͤͥͲ ͥͲͳʹͥͮ ͓ͯͲʹ̢̩ͥ ͵ͮͤ ͮ ̨͓ʹͩͣͨͰͲͯͥͮ͢͵̩̬ͭͦͮͧ͡

ͷͥͮͮ ͩͨͲͥ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹͳͦ͵ͮͫʹͩͯͮ ͬ͡͵ʹͥʹ

P (X = x) = h(x|N ;M ;n) =


(Mx )·(N−Mn−x )

(Nn) ͦϼͲ ͸ ̽ ̰̬ ̱̬ ̮̮̮ ̬ ͮ

0 ͳͯͮͳʹ

Erwartungswert

̹



͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥͮ͢͡ ͵ͮͤ ͖ͥͲʹͥͩͬ͵ͮͧͳͭͯͤͥͬͬͥ

E(X) = n ·M
N

= n ·Θ

Varianz

V ar(X) = n · MN ·
(
1− M

N

)
N−n
N−1 .

̈́ͥͲ ͂Ͳ͵ͣͨ N−n
N−1 ͷͩͲͤ Korrekturfaktor ͧͥͮͮͮ͡ʹ̮

2.2.3 Poissonverteilung

Wahrscheinlichkeitsfunktion ̨λ > 0̩

P (X = x) = p(x|λ) =
{
e−λ·λx
x! ͦϼͲ ͸ ̽ ̰̬ ̱̬ ̮̮̮

0 ͳͯͮͳʹ

Erwartungswert ͵ͮͤ Varianz

E(X) = V ar(X) = λ

2.3 stetige Zufallsvariablen

ͩͮͥͅ ͳʹͥʹͩͧͥ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥ͢͡ ͫͮͮ͡ ͩͮ ͪͥͤͥͭ ͥ͢ͳͣͨͲϤͮͫʹͥͮ ͉ͮʹͥͲͶͬͬ͡ ͵ͮͥͮͤͬͩͣͨ Ͷͩͥͬͥ ́͵ͳͰͲϤ̭
ͧ͵ͮͧͥͮ ̮ͮͮͥͨͭͥͮ͡

͉ͨͲͥ ͖ͥͲʹͥͩͬ͵ͮͧ ͬϤͳͳʹ ͳͩͣͨ ͤ͵Ͳͣͨ ͥͩͮͥ ̈́ͩͣͨʹͥͦ͵ͮͫʹͩͯͮ ̨ͦ͸̩ ͥ͢ͳͣͨͲ̮ͥͩͥͮ͢

̨̨ͦ͸̩ ͩͳʹ ͨͩͥͲ ͫͥͩͮͥ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ̬ ͳͯͮͤͥͲͮ ͥͩͮͥ ̈́ͩͣͨʹͥ ̡̩

Verteilungsfunktion

P (X ≤ a) = F (a) =
a∫

−∞

f(x)dx

• ͅͳ ͧͩͬʹ̺ ̨͐͘ ̽ ̩͡ ̽ ̰̮

• ͥ͗ͧͥͮ ̨͐͘ ̽ ̩͡ ̽ ̰ ͩͳʹ ̨͐͘ ≤ ̩͡ ̽ ̨͐͘ ̼ ̩͡ ͵ͮͤ ̨͐͘ ̾ ̩͡ ̽ ̨͐͘ ≥ ̩͡

̈́ͩͥ Dichtefunktion f(x) ͩͳʹ ͤͩͥ ͥͲͳʹͥ ́ͬͥͩ͢ʹ͵ͮͧ ͤͥͲ ͖ͥͲʹͥͩͬ͵ͮͧͳͦ͵ͮͫʹ̬ͩͯͮ ͦͬͬ͡ͳ ͤͩͥͳͥ ͮ͡ ͤͥͲ
͓ʹͥͬͬͥ ͸ ̛ͤͩͥͲͥͮͺͩͥͲ͢͡Ͳ ͩͳʹ̮

• ̈́ͩͥ ̈́ͩͣͨʹͥͦ͵ͮͫʹͩͯͮ ̨̩ͦ͡ ͫͮͮ͡ ͡͵ͣͨ ͧͲ϶ϿͥͲ ͬ͡ͳ ̱ ͷͥͲ̮ͤͥͮ

• ́͵ͳͧͥͨͥͮͤ Ͷͯͮ P (X ≤ x) = p ͩͳʹ ͤ͡ͳ Ͱ̭͑͵ͮ͡ʹͩͬ ͸̨Ͱ̩ ͤͥͲ ͥ͗Ͳʹ ͸̬ ͤͥͲ ͺ͵ ͥͩͮͥͲ ͧͥͧͥͥͮͥͮ͢
͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ Ͱ ͧͥͨ϶Ͳʹ̮ ͓Ͱͥͺͩͥͬͬ ͸̵̨̰̬̩ ͩͳʹ ͤͥͲ ͍̮ͥͤͩͮ͡

Erwartungswert

̱̰



ͳʹͥʹͩͧͥ ͖ͥͲʹͥͩͬ͵ͮͧͳͭͯͤͥͬͬͥ

E(X) =
∞∫
−∞

x ·f(x)dx,

ͦͬͬ͡ͳ ̨̩͘ͅ ͥ͸ͩͳʹͩͥͲʹ̬ ̮̮ͤͨ ͮͩͣͨʹ ͵ͮͥͮͤͬͩͣͨ ͷͩͲ̮ͤ

Varianz

V ar(X) =
∞∫
−∞

(x−E(X))2 ·f(x)dx

ͷͯͥͩ͢ ͡͵ͣͨ ͨͩͥͲ ͤͥͲ ͖ͥͲͳͣͨͩͥ͢͵ͮͧͳͳ͡ʹͺ ͮͧͥ͡ͷͥͮͤͥʹ ͷͥͲͤͥͮ ̺ͫͮͮ͡

V ar(X) =

 ∞∫
−∞

x2f(x)dx

− (E(X))2

2.4 stetige Verteilungsmodelle

2.4.1 Stetige Gleichverteilung (Rechteckverteilung)

̈́ͩͣͨʹͥͦ͵ͮͫʹͩͯͮ ͤͥͲ ͇ͬͥͩͣͨͶͥͲʹͥͩͬ͵ͮͧ ͩͭ ͉ͮʹͥͲͶͬͬ͡ ̬͛͢͡͝

f(x) =
{ 1
b−a ͦϼͲ a≤ x≤ b
0 ͳͯͮͳʹ̮

Erwartungswert

E(X) = a+ b

2

Varianz

V ar(X) = λ

b∫
a

x2 · 1
b−a

dx= (b−a)2

12

2.4.2 Exponentialverteilung

Dichtefunktion ͤͥͲ ͅ͸Ͱͯͮͥͮʹͩͬ͡ͶͥͲʹͥͩͬ͵ͮͧ

f(x) =
{
λ ·e−λx ͦϼͲ x≥ 0
0 ͦϼͲ x < 0

̱̱



͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥͮ͢͡ ͵ͮͤ ͖ͥͲʹͥͩͬ͵ͮͧͳͭͯͤͥͬͬͥ

Erwartungswert

E(X) = λ

∞∫
0

x ·e−λxdx= 1
λ

Varianz

V ar(X) = 1
λ2

2.4.3 Normalverteilung

͆ϼͲ ͥͩͮͥ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥ͢͡ X ∝N(µ,σ2) ͬ͡͵ʹͥʹ ͤͩͥ Dichtefunktion der NV

f(x) = 1√
2π·σ ·e

− (x−µ)2

2σ2 ͦϼͲ x ∈ R

Normierung ͭͩʹ z = x−µ
σ ͥͲͧͩ͢ʹ ͤͩͥ Standardnormalverteilung ͭͩʹ ͤͥͲ ̈́ͩͣͨʹͥͦ͵ͮͫʹͩͯͮ

φx(z)∝N(0,1)̺

φx(z) = 1√
2 ·π
·e−

1
2 z

2

Anm.̺ͅͳ ͷͩͲͤ ͡͵ͣͨ ͤͩͥ ͓ͣͨͲͥͩ͢ͷͥͩͳͥ φx(z|µ,σ2) ͮ͡ͳʹͥͬͬͥ N(µ,σ2) ͶͥͲͷͥͮͤͥʹ

Erwartungswert

E(X) = µ

Varianz

V ar(X) = σ2

p-Quantil

̈́ͥͲ ͺ͵ ͥͩͮͥͲ ͧͥͧͥͥͮͥͮ͢ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ Ͱ ͺ͵ͧͥͨ϶Ͳͩͧͥ ͺ̭ ͥ͗Ͳʹ ͺ̨Ͱ̩

P (Z ≤ z(p)) = p

̱̲



ͳʹͥʹͩͧͥ ͖ͥͲʹͥͩͬ͵ͮͧͳͭͯͤͥͬͬͥ

Abb. 1 ̷̵̹̬̥̭͑͵ͮ͡ʹͩͬ ͤͥͲ ͓ʹͮͤ͡͡ͲͤͮͯͲͭͬ͡ͶͥͲʹͥͩͬ͵ͮͧ

͂ͥͩͳͰͩͥͬͳͷͥͩͳͥ ͩͳʹ ͺ̷̵̨̰̬̹̩ ̽ ̶̱̬̹̮

Linearkombinationen normalverteilter Zufallsvariablen

͆ϼͲ ͮ ͮͯͲͭͬ͡ͶͥͲʹͥͩͬʹͥ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥͮ͢͡ Xi(i= 1, ...,n), ͭͩʹ Xi ∝N(µi;σ2
i )

ͩͳʹ ͤͩͥ ͌ͩͮͥ͡Ͳͫͯͭͩͮ͢͡ʹͩͯͮ

Y = a0 +a1X1 +a2X2 + ...+anXn = a0 +
n∑
i=1

aiXi

ͥͥͮͦͬͬ͢͡ͳ ͮͯͲͭͬ͡ͶͥͲʹͥͩͬʹ ͭͩʹ ͤͥͭ ͅͲͷ͡Ͳʹ͵ͮͧͳͷͥͲʹ

E(Y ) = a0 +
n∑
i=1

aiE(Xi) = a0 +
n∑
i=1

aiµi

͆ͬͬ͡ͳ ͤͩͥ Xi (i= 1, ...,n) ͳʹͯͣͨ͡ͳʹͩͳͣͨ ͵ͮͨ͢͡Ϥͮͧͩͧ ͳ̬ͩͮͤ ͧͩͬʹ ͦϼͲ ͤͩͥ ͖͡Ͳͩͮ͡ͺ

V ar(Y ) =
n∑
i=1

a2
i · (Xi) =

n∑
i=1

a2
iσ

2
i

̈́ͩͥ ͖͡Ͳͩͮ͡ͺ ͭ͵ͳͳ ͧͲ϶ϿͥͲ ͎͵ͬͬ ͳ̬ͥͩͮ ͤͥͳͨͬ͢͡ ͭ͵ͳͳ ͺ͵ͤͥͭ aj 6= 0 ͦϼͲ ͭͩͮͤͥͳʹͥͮͳ ͥͩͮ j ∈
{1, . . . ,n} ͧͥͬʹ̮ͥͮ

Verteilung des Stichprobendurchschnitts

͓ͩͮͤ ͤͩͥ ͮ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥͮ͢͡ Xi ̨ͩ ̽ ̱̬ ̮̮̮ ̬ ̩ͮ ͳϤͭʹͬͩͣͨ ͮͯͲͭͬ͡ͶͥͲʹͥͩͬʹ

ͭͩʹ ͧͬͥͩͣͨͥͭ µ ͵ͮͤ ͧͬͥͩͣͨͥͭ σ2̬ ͩͳʹ ͤͩͥ ͌ͩͮͥ͡Ͳͫͯͭͩͮ͢͡ʹͩͯͮ

̫̱͘Ͱʹ ͭͩʹ ͡0 ̽ ̰̬ ͡1 ̽ ͡2 ̽ ̮̮̮ ̽ ͡n ̽ ̱̯̬ͮ ͬ͡ͳͯ ̺X̄ = 1
n

∑n
i=1Xi

̱̳



͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥͮ͢͡ ͵ͮͤ ͖ͥͲʹͥͩͬ͵ͮͧͳͭͯͤͥͬͬͥ

ͮͯͲͭͬ͡ͶͥͲʹͥͩͬʹ ͤͥͭ Erwartungswert

E(X̄) = 1
n

n∑
i=1

µ= µ

͵̬ͮͤ ͦͬͬ͡ͳ ͤͩͥ ͩ͘ ̨ͩ ̽ ̱̬ ̮̮̮ ̬ ̩ͮ ͳʹͯͣͨ͡ͳʹͩͳͣͨ ͵ͮͨ͢͡Ϥͮͧͩͧ ͳ̬ͩͮͤ ͭͩʹ ͤͥͲ Varianz

V ar(X̄) = 1
n2

n∑
i=1

σ2 = σ2

n

2.4.4 CHI-Quadrat-verteilung

̈́ͩͥ X1,X2, ...Xn ͳͥͩͥͮ ͵ͮͨ͢͡Ϥͮͧͩͧͥ ͳʹͮͤ͡͡ͲͤͮͯͲͭͬ͡ͶͥͲʹͥͩͬʹͥ ͚͵ͦͬͬ͡ͳͶ͡Ͳ̮ͩͬͥͮ͢͡

̈́ͮͮ͡ ͩͳʹ ͤͩͥ ͖ͥͲʹͥͩͬ͵ͮͧ ͤͥͲ ͚͵ͦͬͬͬ͡ͳͶ͡Ͳͩͬͥͮ͢͡ Z =X2
1 +X2

2 + ...+X2
n

̭ͣͨͩͱ͵ͤ͡Ͳ͡ʹ ͶͥͲʹͥͩͬʹ ͭͩʹ ͮ Ͳ͆ͥͩͨͥͩʹͳͧͲͤͥͮ͡ Z ∝ χ2(n)

Erwartungswert:

E(Z) = n

Varianz

V ar(Z) = 2n

Anm.̺ ̈́ͩͥ ͇Ͳ͵ͰͰͥ ͤͥͲ ͈͹Ͱͯʹͨͥͳͥͮʹͥͳʹͳ ͭͩʹ χ2̭ ͖ͥͲʹͥͩͬ͵ͮͧ ͥ͢ͺͥͩͣͨͮͥʹ ͭͮ͡ ͬ͡ͳ χ2-Test̮

͈ͩͥͲ͵ͮʹͥͲ ͳͩͮͤ ͭͥͨͲͥͲͥ ͔ͥͳʹͳ ͺ͵ ͶͥͲͳʹ̺ͥͨͥͮ

Verteilungstest oder Anpassungstest̺ ͈ͩͥͲ ͷͩͲͤ ͧͥͰͲϼͦʹ̬ ͯ͢ ͶͯͲͬͩͥͧͥͮͤͥ ̈́͡ʹͥͮ ͡͵ͦ ͥͩͮͥ ̭ͥ͢
ͳʹͩͭͭʹͥ ͥ͗ͩͳͥ ͶͥͲʹͥͩͬʹ ͳ̮ͩͮͤ

Unabhängigkeitstest̺ ͈ͩͥͲ ͷͩͲͤ ͧͥͰͲϼͦʹ̬ ͯ͢ ͺͷͥͩ ͍ͥͲͫͭͬͥ͡ ͳʹͯͣͨ͡ͳʹͩͳͣͨ ͵ͮͨ͢͡Ϥͮͧͩͧ ͳ̮ͩͮͤ

Homogenitätstest̺ ͈ͩͥͲ ͷͩͲͤ ͧͥͰͲϼͦʹ̬ ͯ͢ ͺͷͥͩ ͯͤͥͲ ͭͥͨͲ ͓ʹͩͣͨͰͲͯͥͮ͢ ͤͥͲͳͥͬͥͮ͢ ͖ͥͲʹͥͩͬ͵ͮͧ
͢ͺͷ̮ ͥͩͮͥͲ ͨͯͭͯͧͥͮͥͮ ͇Ͳ͵ͮͤͧͥͳͭ͡ʹͨͥͩʹ ͥͮʹͳʹ̮ͭͭͥͮ͡

2.4.5 t- (Student-) Verteilung

͆ϼͲ ͤͩͥ ͵ͮͨ͢͡Ϥͮͧͩͧͥͮ ͖͡Ͳͩͬͥͮ͢͡ X ̨ͳʹͮͤ͡͡ͲͤͮͯͲͭͬ͡ͶͥͲʹͥͩͬʹ̩ ͵ͮͤ Z(Z ∝ χ2(n)) ͩͳʹ ͤͩͥ ͖̭͡
Ͳͩͬͥ͢͡

T = X√
Z/n

ʹ̭ͶͥͲʹͥͩͬʹ (T ∝ t(n)) ͭͩʹ ͮ Ͳ͆ͥͩͨͥͩʹͳͧͲ̮ͤͥͮ͡

Erwartungswert

̴̱



́ͰͰͲͯ͸ͩͭ͡ʹͩͯͮ Ͷͯͮ ͖ͥͲʹͥͩͬ͵ͮͧͥͮ

E(T ) = 0 ͦϼͲ (m≥ 2)

Varianz

V ar(T ) = n
n−2 ͦϼͲ (n≥ 3)

2.4.6 Fisher- Verteilung

͆ϼͲ ͤͩͥ ͵ͮͨ͢͡Ϥͮͧͩͧͥͮ ͖͡Ͳͩͬͥͮ͢͡ X ∝ χ2(m) ͵ͮͤ Y ∝ χ2(n) ͩͳʹ ͤͩͥ ͖ͥͲʹͥͩͬ͵ͮͧ ͤͥͲ ͖͡Ͳͩͬͥͮ͢͡

Z = X/m

Y/n

͆ͩͳͨͥͲ̭ ͯͤͥͲ ̭͆ͶͥͲʹͥͩͬʹ (Z ∝ F (m,n)) ͭͩʹ ͤͥͮ Ͳ͆ͥͩͨͥͩʹͳͧͲͤͥͮ͡ ͭ ͵ͮͤ ̮ͮ

Erwartungswert

E(T ) = n
n−2 ͦϼͲ (n≥ 3)

Varianz

V ar(Z) = 2n2(n+m−2)
m(n−4)(n−2)2 ͦϼͲ (n≥ 3)

2.5 Approximation von Verteilungen

Gesuchte Ver-
teilung

Approximation durch

P (X ≤ x) ͂ͩͮͯͭͩͬ͡ ͐ͯͩͳͳͯͮ ͎ͯͲͭͬ͡
͂ͩͮͯͭͩͬ͡
B(x|nθ)≈

--- P (x|nθ)
ͦͬͬ͡ͳ n≥ 50
͵ͮͤ θ ≤ 0,05

Φ(x+ 0,5|n · θ;n ·
θ · (1−θ))
ͦͬͬ͡ͳ n > 9

θ(1−θ)

͈͹ͰͥͲͧͥͯͭͥʹͲͩͳͣͨͥ
H(x|N ;M ;n)≈

B(x|nMN )
ͦͬͬ͡ͳ n

N < 0,05
ϼͥ͢Ͳ ͂ͩͮͯͭͩͬ͡ͶͥͲ̭
ʹͥͩͬ͵ͮͧ

Φ(x+0,5|n · MN ;n ·
M
N · (1−

M
N ) · N−nN−1

ͦͬͬ͡ͳ n > 9
M
N
·(1−M

N
)

͵ͮͤ n
N < 0,05

͐ͯͩͳͳͯͮ
P (x|λ)≈

--- --- Φ(x +
0,5|λ;λ) ͦͬͬ͡ͳ λ > 9

χ2̭ ͖ͥͲʹͥͩͬ͵ͮͧ
χ2(x|n)→
P (
√

2X ≤
√

2x)≈

--- --- Φ(
√

2x|
√

2n−1;1)
ͦͬͬ͡ͳ n > 30

ʹ̭ ͖ͥͲʹͥͩͬ͵ͮͧ
t(x|n)≈

--- --- Φ(x|0;1) ͦͬͬ͡ͳ n >
30

̭͆ ͖ͥͲʹͥͩͬ͵ͮͧ
F (x|m;n)≈

--- --- Φ(x|0;1) ͦͬͬ͡ͳ
m> 30 ͵ͮͤ n > 30

̵̱



͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥͮ͢͡ ͵ͮͤ ͖ͥͲʹͥͩͬ͵ͮͧͳͭͯͤͥͬͬͥ

2.6 Grenzwertsatz

2.6.1 Gesetz der großen Zahlen

͆ϼͲ ͥͩͮ ͥͬͩͥͩͧ͢͢ ͫͬͥͩͮͥͳ ͣ ̾ ̰ ͧͩͬʹ

P (|X̄n−µ| ≤ c)→ 1 ͦϼͲ (n→∞)

2.6.2 Theorem von Bernoulli

̈́ͩͥ Ͳͥͬ͡ʹͩͶͥ ͈Ϥ͵̜ͧͫͥͩʹ̬ ͭͩʹ ͤͥͲ ͥͩͮ ͅͲͥͩͧͮͩͳ ́ ͥͩ͢ ͮ ͵ͮͨ͢͡Ϥͮͧͩͧͥͮ ͗ͩͥͤͥͲͨͯͬ͵ͮͧͥͮ

ͥͩͮͥͳ ͚͵ͦͬͬ͡ͳͥͲͥͩͧͮͩͳͳͥͳ ͥͩͮʹͲͩʹʹ̬ ͫͯͮͶͥͲͧͩͥͲʹ ͮͣͨ͡ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ ͧͥͧͥͮ ̨̩͐́

2.6.3 Hauptsatz der Statistik

͆ϼͲ ͥͩͮͥ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥ͢͡ ͘ ͭͩʹ ͤͥͲ ͖ͥͲʹͥͩͬ͵ͮͧͳͦ͵ͮͫʹͩͯͮ ̨͆͸̩ ͧͩͬʹ ͦϼͲ ͤͩͥ ͖ͥͲʹͥͩͬ͵ͮͧͳͦ͵ͮͫʹͩͯͮ
͆n̨͸̩

ͦϼͲ ͤͩͥ ͵ͮͨ͢͡Ϥͮͧͩͧͥͮ ͷͩͥ ͩͤͥͮʹͩͳͣͨ ͷͩͥ ͘ ͶͥͲʹͥͩͬʹͥͮ ͘1̮ ̮ ̮ ͘n ̨͸∈ R̩

P (sup|Fn(x)−F (x)| ≤ c)→ 1 ͦϼͲ (n→∞)

̨ͳ͵Ͱ̺ ͍͡͸ͩͭͬͥ͡ ́͢ͷͥͩͣͨ͵ͮͧ ͺͷͩͳͣͨͥͮ F̂n(x) ͵ͮͤ F̂ (x)̩̮

2.6.4 Zentraler Grenzwertsatz

͆ϼͲ ͵ͮͨ͢͡Ϥͮͧͩͧ ͩͤͥͮʹͩͳͣͨ ͶͥͲʹͥͩͬʹͥ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥͮ͢͡ ͘1̮ ̮ ̮ ͘n ͭͩʹ ̨͘ͅi ̩ ̽ µ

͵ͮͤ ͖͡Ͳ̨͘i ̩ ̽σ2 ̾ ̰ ͫͯͮͶͥͲͧͩͥͲʹ ͤͩͥ ͖ͥͲʹͥͩͬ͵ͮͧͳͦ͵ͮͫʹͩͯͮ ͆n̨ͺ̩ ̽ ̨͚͐n≤ͺ̩

ͤͥͲ ͳʹͮͤ͡͡ͲͤͩͳͩͥͲʹͥͮ ͓͵ͭͭͥ

Zn = X1+..+Xn−n·µ√
nσ

= 1√
n

∑n
i=1

Xi−µ
σ

ͦϼͲ ͮ → ∞ ͮ͡ ͪͥͤͥͲ ͓ʹͥͬͬͥ z ∈ R ͧͥͧͥͮ ͤͩͥ ͖ͥͲʹͥͩͬ͵ͮͧͳͦ͵ͮͫʹͩͯͮ φx(z) ͤͥͲ ͓ʹͮͤ͡͡ͲͤͮͯͲ̭ͭͬ͡
ͶͥͲʹͥͩͬ͵ͮͧ

Fn(z)⇒ φx(z)

2.6.5 Grenzwertsatz von De Moivre

̈́ͩͥ ͖ͥͲʹͥͩͬ͵ͮͧ ͤͥͲ ͳʹͮͤ͡͡ͲͤͩͳͩͥͲʹͥͮ ͢͡ͳͯͬ͵ʹͥͮ ͈Ϥ͵̜ͧͫͥͩʹ Hn−n·π√
nπ(1−π)

ͤͥͲ ͓ʹͮͤ͡͡ͲͤͮͯͲͭͬ͡ͶͥͲ̭
ʹͥͩͬ͵ͮͧ

ͫͯͮͶͥͲͧͩͥͲʹ ͦϼͲ ͮ → ∞ ͧͥͧͥͮ ͥͩͮͥ ͓ʹͮͤ͡͡ͲͤͮͯͲͭͬ͡ͶͥͲʹͥͩͬ͵̮ͮͧ

̶̱



3 Deskriptive Statistik

3.1 Skalenniveaus

3.1.1 Nominalskala

̈́ͩͥ ́͵ͳͰͲϤͧ͵ͮͧͥͮ ͤͥͳ ͮͯͭͩͮͬ͡ͳͫͬͩͥ͡Ͳʹͥͮ ͍ͥͲͫͭͬ͡ͳ ͫ϶ͮͮͥͮ ͮͩͣͨʹ geordnet ͷͥͲ̬ͤͥͮ

ͭͮ͡ ͫͮͮ͡ ͳͩͥ ͮ͵Ͳ vergleichen ͵ͮͤ abzählen̮

ͅͳ ͨͮͤͥͬ͡ʹ ͳͩͣͨ ͵ͭ qualitative ͍ͥͲ̮ͫͭͬͥ͡ ͅͲͨͬ͡ʹͥͮ ͤͩͥ ́͵ͳͰͲϤͧ͵ͮͧͥͮ ̛͚ͩͥͲͮ ͺ͵ͧͥͯͲͤͮͥʹ̬

ͨͮͤͥͬ͡ʹ ͥͳ ͳͩͣͨ ͮ͵Ͳ ͵ͭ ͥͩͮͥ Verschlüsselung ̨̓ͯͤͩͥͲ͵̩̺ͮͧ ̱ ̽ ͭϤ̬ͮͮͬͩͣͨ ̲ ̽ ͷ̮ͥͩͬͩͣͨ͢

3.1.2 Ordinalskala

͚ͷͩͳͣͨͥͮ ͤͥͮ ́͵ͳͰͲϤͧ͵ͮͧͥͮ ͤͥͳ ͯͲͤͩͮͬ͡ͳͫͬͩͥ͡Ͳʹͥͮ ̨Ͳͮͧ͡ͳͫͬͩͥ͡Ͳʹ̩ͥͮ ͍ͥͲͫͭͬ͡ͳ ͥ͸ͩͳʹͩͥͲʹ ͥͩͮͥ
͂ͥͺͩͥͨ͵ͮͧ

ͤͥͲ ͯ͆Ͳͭ ͭͥͨͲ ͯͤͥͲ ͷͥͮͩͧͥͲ̬ ̼ ͯͤͥͲ ̬̾ ͥ͢ͳͳͥͲ ͯͤͥͲ ͳͣͨͬͥͣͨʹͥͲ̮

ͩͮͥͅ ͑͵ͯʹͩͥͮʹͥͮͩͬͤ͢͵ͮͧ ͭͣͨ͡ʹ ͷͥͮͩͧ ͓ͩͮͮ ̨͂ͥͩͳͰͩͥͬ ͎ͯʹ̺ͥͮ ̱̬ ̲̬ ̳̬ ̴̬ ̵̩̮

3.1.3 Intervallskala

̈́ͩͥ ́͢ͳʹϤͮͤͥ ͺͷͩͳͣͨͥͮ ͤͥͮ ́͵ͳͰͲϤͧ͵ͮͧͥͮ ͤͥͳ ̨ͱ͵ͮ͡ʹͩʹ͡ʹͩͶ̩ͥͮ ͍ͥͲͫͭͬ͡ͳ ͤͥͲ ͉ͮʹͥͲͶͬͬ͡ͳͫͬ͡͡

ͫ϶ͮͮͥͮ ͧͥͭͥͳͳͥͮ ͷͥͲ̮ͤͥͮ ͅͳ ͨͮͤͥͬ͡ʹ ͳͩͣͨ ͥͩ͢ ͤͥͮ ́͵ͳͰͲϤͧ͵ͮͧͥͮ ͵ͭ ̨Ͳ̩ͥͥͬͬͥ ͚̮ͨͬͥͮ͡

͂ͥͩͳͰ̺ͩͥͬ ͋ͩͮͤͥͲͺ̬ͨͬ͡ ͔ͥͭͰͥͲ͡ʹ͵Ͳ̮

3.1.4 Verhältnissskala

͓ͯͷͯͨͬ ͤͩͥ ́͢ͳʹϤͮͤͥ ͬ͡ͳ ͡͵ͣͨ ͖ͥͲͨϤͬʹͮͩͳͳͥ ͺͷͩͳͣͨͥͮ ͤͥͮ ́͵ͳͰͲϤͧ͵ͮͧͥͮ ͤͥͳ ̨ͱ͵ͮ͡ʹͩʹ͡ʹͩͶ̩ͥͮ
͍ͥͲͫͭͬ͡ͳ

ͫ϶ͮͮͥͮ ͧͥͭͥͳͳͥͮ ͷͥͲ̮ͤͥͮ ͅͳ ͨͮͤͥͬ͡ʹ ͳͩͣͨ ͥͩ͢ ͤͥͮ ́͵ͳͰͲϤͧ͵ͮͧͥͮ ͵ͭ ̨Ͳ̩ͥͥͬͬͥ ͚̮ͨͬͥͮ͡ ͂ͥͩͳͰ̺ͩͥͬ
̮ͩͮͫͯͭͭͥͮͅ

̷̱



̈́ͥͳͫͲͩͰʹͩͶͥ ͓ʹ͡ʹͩͳʹͩͫ

3.1.5 Zweig-Blätter-(stem-leaf-) Diagramm

̈́ͩͥ ͬͩͮͫͥ ͓Ͱͬ͡ʹͥ ͥͮʹͨϤͬʹ ͬ͡ͳ ͓̒ʹϤͭͭͥ̐ ͤͩͥ τͱ͵ͩͶͬͥͮ͡ͺͫͬ͡ͳͳ̬ͥͮ ͩͮ ͤͩͥ ͤͩͥ ͡͵ͦ ͤͥͲ Ͳͥͣͨʹͥͮ ͓ͥͩʹͥ
ͬ͡ͳ ̒͂ͬϤʹʹͥͲ̐

ͤ͡Ͳͧͥͳʹͥͬͬʹͥͮ ͍ͥͲͫͭͬͥ͡ ͥͩͮͧͥʹͥͩͬʹ ͷͥͲ̮ͤͥͮ ͂ͥͩͳͰ̺ͩͥͬ ͇ͥͧͥͥͮ͢ ͳͩͮͤ ͤͩͥ ͥ͗Ͳʹͥ ̰̬̳ ̴̰̬ ̵̲̬ ̵̲̬
̶̲̬ ̷̲̬ ̸̲̬ ̵̳̬ ̷̳̬̮

͗Ϥͨͬʹ ͭͮ͡ ͤͩͥ ͮ͡ʹϼͲͬͩͣͨͥͮ ͚ͨͬͥͮ͡ ͬ͡ͳ ͋ͬ͡ͳͳͥͮͥͩͮʹͥͩͬ͵̬ͮͧ ͥͲͧͩ͢ʹ ͳͩͣͨ ͦͯͬͧͥͮͤͥͳ ͓ʹ̭ͭͭ͡
͂ͬ͡ʹʹ̭̈́ͩͧ͡Ͳ̺ͭͭ͡

̳ ̵ ̷
̲ ̵ ̵ ̶ ̷ ̸
̱
̰ ̳ ̴

3.2 Lageparameter

3.2.1 Arithmetisches Mittel

X̄ = 1
n

n∑
i=1

xi

3.2.2 Median (Zentralwert)

͓ͩͮͤ ͤͩͥ ͂ͥͯͣͨ͢͡ʹ͵ͮͧͳͷͥͲʹͥ ͤͥͲ ͇Ͳ϶Ͽͥ ͮͣͨ͡ ͧͥͯͲͤͮͥʹ̬ ͩͳʹ ͤͥͲ ͍ͥͤͩͮ͡ ͺ ͤͩͥ ͓ʹ̬ͥͬͬͥ ͤͩͥ ͤͩͥ
͔ͥͩͬͧͥͳͭ͡ʹͨͥͩʹ ͩͮ ͺͷͥͩ ͧͬͥͩͣͨͥ ͈Ϥͬͦʹͥͮ ʹͥͩͬʹ̮

z =

x[n+1
2 ] ͮ ͵ͮͧͥͲͤͥ͡

1
2(x[n2 ] +x[n2 +1]) ͮ ͧͥͲͤͥ͡

3.2.3 geometrisches Mittel

X̄geom = n

√√√√ n∏
i=1

xi

3.2.4 harmonisches Mittel

X̄harm = n
n∑
i=1

1

xi

̸̱



͌ͧͥ͡Ͱ͡Ͳͭͥ͡ʹͥͲ

3.2.5 Modalwert

̈́ͥͲ ͭ͡ ͨϤ͵̜ͧͳʹͥͮ ͡͵ͦʹͲͥʹͥͮͤͥ ͥ͗Ͳʹ

3.2.6 Varianz

͇Ͳ͵ͮͤͧͥͳͭ͡ʹͨͥͩʹ̺

σ2 = 1
n

n∑
i=1

(xi−µ)2

͓ʹͩͣͨͰͲ̺ͯͥ͢

s̄2 = 1
n−1

n∑
i=1

(xi− X̄)2

3.2.7 Verschiebungssatz

͆ϼͲ ͪͥͤͥͳ c ∈ R ͧͩͬʹ

n∑
i=1

(xi− c)2 =
n∑
i=1

(xi− X̄)2 +n(X̄− c)2

̈́ͭͩ͡ʹ ͥͲͨϤͬʹ ͭͮ͡ ͬ͡ͳ ͖͡Ͳͩͮ͡ͺ

s2 = 1
n

(
n∑
i=1

x2
i −n · X̄2)

3.2.8 Variationskoeffizient

v = s̄

X̄
, X̄ > 0

3.2.9 Konzentrationsmasse

Konzentrationsrate

̈́ͩͥ ͋ͯͮͺͥͮʹͲ͡ʹͩͯͮͳͲ͡ʹͥ1 ̓͒ͮ ͩͳʹ ͤͩͥ ͓͵ͭͭͥ ͤͥͲ ͍͡Ͳͫʹͮ͡ʹͥͩͬͥ ͤͥͲ ͮ ͧͲ϶Ͽʹͥͮ ͕ͮʹͥͲͮͥͨͭͥͮ
ͥͩͮͥͳ ͲͥͬͥͶͮ͡ʹͥͮ ͍͡Ͳͫʹͥͳ̮ ͉ͭ ͇͗͂2 ͷͥͲͤͥͮ ͤͩͥ ͒͡ʹͥͮ ̓͒1̬ ̓͒3 ͵ͮͤ ̓͒5 ͨͥͲͮͧͥ͡ͺ̮ͯͧͥͮ

1 http://de.wikipedia.org/wiki/Konzentrationsrate
2 http://de.wikipedia.org/wiki/Gesetz_gegen_Wettbewerbsbeschr%25C3%25A4nkungen

̱̹
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Lorenzkurve

͆ϼͲ ͥͩͮͥ ͧͥͯͲͤͮͥʹͥ ͕Ͳͬͩͳʹͥ ͸1 ≤ ͸2̮ ̮ ̮ ≤͸n ʹͲϤͧʹ ͭͮ͡ ͤͩͥ ͫ͵ͭ͵ͬͩͥͲʹͥ Ͳͥͬ͡ʹͩͶͥ ͍ͥͲͫͭͬ͡ͳͳ͵̭ͭ
ͭͥ

qi =

j∑
k=1

xi

n∑
k=1

xi

ϼͥ͢Ͳ ͤͥͮ ́ͮʹͥͩͬ ͤͥͲ ͍ͥͲͫͭͬ͡ͳʹͲϤͧͥͲ pj = j
n ͡͵̮ͦ

͌ͩͥͧͥͮ ͤͩͥ ͍ͥͲͫͭͬͥ͡ ͩͮ ͧͲ͵ͰͰͩͥͲʹͥͲ ͯ͆Ͳͭ ͶͯͲ̬ ʹͲϤͧʹ ͭͮ͡ ͤͩͥ ͫ͵ͭ͵ͬͩͥͲʹͥ Ͳͥͬ͡ʹͩͶͥ ͍ͥͲͫͭͬ͡ͳ̭
ͳ͵ͭͭͥ

qi =

j∑
k=1

xi

n∑
k=1

xi

ϼͥ͢Ͳ ͤͥͲ ͈Ϥ͵̜ͧͫͥͩʹ pi = 1
n ·
∑i
j=1hj ͡͵̮ͦ

͚ͷͩͳͣͨͥͮ ̨̰̻̰̩ ͵ͮͤ ̨̱̻̱̩ ͷͩͲͤ ͤͩͥ ͗ͩͮͫͥͬͨͬͩͥ͢͡Ͳͥͮͤͥ ͤͥͳ ͋ͯͯͲͤͩͮ͡ʹͥͮͳ͹ͳʹͥͭͳ ͥͩͮͧͥʹͲ̮ͧͥͮ͡

Gini-Koeffizient

́ͬͳ ͇̞ͩͮͩͫͯͥͺͩͥͮʹ ͇ ͥ͢ͺͥͩͣͨͮͥʹ ͭͮ͡ ͤ͡ͳ ͖ͥͲͨϤͬʹͮͩͳ ͤͥͲ ͆ͬϤͣͨͥ ͺͷͩͳͣͨͥͮ ͗ͩͮͫͥͬͨͬͩͥ͢͡Ͳ̭ͥͮ
ͤͥͲ ͵ͮͤ ͤͥͲ ͌ͯͲͥͮͺͫ͵ͲͶͥ

ͺ͵Ͳ ͇ͥͳͭ͡ʹ̝Ϥͣͨͥ ͵ͮʹͥͲ ͤͥͲ ͗ͩͮͫͥͬͨͬͩͥ͢͡Ͳͥͮͤͥͮ ̨̽ ̱̯̲̩̮

̈́ͩͥ ͆ͬϤͣͨͥ ͵ͮʹͥͲͨͬ͢͡ ͤͥͲ ͌ͯͲͥͮͺͫ͵ͲͶͥ ͫͮͮ͡ ͭͮ͡ ͥͩͮͦͣͨ͡ ͡͵ͳ ͔̭ͥͩͬ Ͳ͔͡Ͱͥͺ̝Ϥͣͨͥͮ ͺ͵ͳ̭ͭͭͥͮ͡
ͳͥʹͺ̺ͥͮ

G=
(

1
2 −

1
2

n∑
i=1

∆pi · (qi−1 + qi)
)

: 1
2 = 1−

n∑
i=1

(pi−pi−1) · (qi−1 + qi)

̨Ͱ0 ̽ ̰ ̻ ͱ0 ̽ ̰̩̺

̲̰



͌ͧͥ͡Ͱ͡Ͳͭͥ͡ʹͥͲ

Abb. 2 ͇̞ͩͮͩͫͯͥͺͩͥͮʹ̺ ͅͲͭͩʹʹͬ͵ͮͧ ͥͩͮͥͲ
Ͳ͔͡Ͱͥͺ̝Ϥͣͨͥ ͦϼͲ ̳ͩ̽

Abb. 3 ͇̞ͩͮͩͫͯͥͺͩͥͮʹ

Herfindahl-Index

H =
n∑
i=1

p2
i ,ͷͯͥͩ͢ pi = xi

n∑
j=1

xj

̲̱





4 Parameterschätzung

4.1 Konfidenzintervall für den Erwartungswert µ

4.1.1 Normalverteiltes Merkmal mit bekannter Varianz

̈́͡ͳ ͚͵ͦͬͬ͡ͳͩͮʹͥͲͶͬͬ͡ ͥͮʹͨϤͬʹ ͭͩʹ ͥͩͮͥͲ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ ̱̭α ͤͥͮ ͐͡Ͳͭͥ͡ʹͥͲ̺

P

(
x̄−z1−α/2 ·

σ√
n
≤−µ≤ x̄+z1−α/2 ·

σ√
n

)
= 1−α

Konfidenzintervall

[
x̄−z(1− α

2 ) σ√
n

; x̄+z(1− α
2 ) σ√

n

]
.

̨͑͵ͮ͡ʹͩͬ ͺ ͡͵ͳ ͎ͯͲͭͬ͡ͶͥͲʹͥͩͬ͵ͮͧͳʹ̩ͥͬͬͥ͢͡

4.1.2 Normalverteiltes Merkmal mit unbekannter Varianz

͆ϼͲ ͮͯͲͭͬ͡ͶͥͲʹͥͩͬʹͥ ͍ͥͲͫͭͬͥ͡ ͵ͮͤ ͵ͮͥͫͮͮ͢͡ʹͥͲ ͖͡Ͳͩͮ͡ͺ ͭ͵ͳͳ ͤͩͥ ͖͡Ͳͩͮ͡ͺ ͤ͵Ͳͣͨ ͳ2 ͧͥͳͣͨϤʹͺʹ
ͷͥͲ̮ͤͥͮ

P

(
x̄− t(1− α

2 ;n−1) s√
n
≤ µ≤ x̄+ t(1− α

2 ;n−1) s√
n

)
= 1−α.

Konfidenzintervall

[
x̄− t(1− α

2 ;n−1) s√
n

; x̄+ t(1− α
2 ;n−1) s√

n

]
.

̨͑͵ͮ͡ʹͩͬ t(1− α
2 ;n−1) ͡͵ͳ ͤͥͲ ʹ̭ ͖ͥͲʹͥͩͬ͵ͮͧͳʹͥͬͬͥ͢͡ ͥͩ͢ Ͳ͆ͥͩͨͥͩʹͳͧͲͤ͡ ̭̱̩̮ͮ

4.1.3 Merkmal mit unbekannter Verteilung und bekannter Varianz

Konfidenzintervall[
x̄−z(1− α

2 ) σ√
n

; x̄+z(1− α
2 ) σ√

n

]
. ͦϼͲ ͮ ̾ ̳̰̮

̲̳



͐͡Ͳͭͥ͡ʹͥͲͳͣͨϤʹͺ͵ͮͧ

4.1.4 Merkmal mit unbekannter Verteilung und unbekannter Varianz

Konfidenzintervall[
x̄−z(1− α

2 ) s√
n

; x̄+z(1− α
2 ) s√

n

]
. ͦϼͲ ͮ ̾ ̵̰

4.2 Konfidenzintervalle für den Anteilswert einer
dichotomen Grundgesamtheit

4.2.1 Modell mit Zurücklegen

͂ͥͳͣͨͲͥͩ͢͵ͮͧ ͤ͵Ͳͣͨ ͤͥͮ ͧͥͳͣͨϤʹͺʹͥͭ ́ͮʹͥͩͬͳͷͥͲʹ p̂= x
n ̮ ͆ϼͲ ͮ ̾ ̱̰̰ ͵ͮͤ np̂(1− p̂)≥ 9̩

ͥͲͨϤͬʹ ͭͮ͡ ͤ͡ͳ ̱̭α̭̜͋ͯͮͤͥͮͺͩͮʹͥͲͶͬͬ͡ ͦϼͲ Ͱ ͤ͵Ͳͣͨ ͥͩͮͥ ́ͰͰͲͯ͸ͩͭ͡ʹͩͯͮ ͤͥͲ ͂ͩͮͯͭͩͬ͡ͶͥͲʹ̭ͥͩ
ͬ͵ͮͧ ͭͩʹ ͈ͩͬͦͥ ͤͥͲ ͎ͯͲͭͬ͡ͶͥͲʹͥͩͬ͵̺ͮͧ

p̂−z(1− α
2 )

√
p̂(1− p̂)

n
; p̂+z(1− α

2 )

√
p̂(1− p̂)

n

 .
4.2.2 Modell ohne Zurücklegen

͆ϼͲ n > 9
p(1−p) ,n > 100n/N ≤ 0,05 ͫͮͮ͡ ͤͩͥ ͨ͹ͰͥͲͧͥͯͭͥʹͲͩͳͣͨͥ ͖ͥͲʹͥͩͬ͵ͮͧ ͤ͵Ͳͣͨ ͤͩͥ ͎ͯͲ̭

ͭͬ͡ͶͥͲʹͥͩͬ͵ͮͧ ͡ͰͰͲͯ͸ͩͭͩͥͲʹ ͷͥͲ̺ͤͥͮ

(1−α)̭̜͋ͯͮͤͥͮͺͩͮʹͥͲͶͬͬ͡ ͦϼͲ θ̺

 p−z(1− α2

)√
p(1−p)

n

√
N −n
N −1 ; p+z

(
1− α2

)√
p(1−p)

n

√
N −n
N −1

 .

̴̲



5 Hypothesentests

5.1 Vorgehen beim Hypothesentest

͉̮ ͥ͆ͳʹͳʹͥͬͬ͵ͮͧ ͤͥͲ ͖ͥͲʹͥͩͬ͵ͮͧ ͤͥͳ ͍ͥͲͫͭͬ͡ͳ ͩͮ ͤͥͲ ͇Ͳ͵ͮͤͧͥͳͭ͡ʹͨͥͩʹ

͉͉̮ ́͵ͦͳʹͥͬͬͥͮ ͤͥͲ ͎͵ͬͬͨ͹Ͱͯʹͨͥͳͥ

͉͉͉̮ ͥ͆ͳʹͬͥͧͥͮ ͤͥͲ ͔ͥͳʹͦ͵ͮͫʹͩͯͮ ͔

͉͖̮ ͥ͆ͳʹͬͥͧͥͮ ͤͥͳ ́ͮͮͨͭͥͥ͢͡Ͳͥͩͣͨͳ ̨̢͎ͩͣͨʹͬͥͨͮ͢͡͵ͮͧͳͥ͢Ͳͥͩͣͨͳ̢̩ ̨ͦϼͲ ͥͩͮ ͺ͵ ͥ͢ͳʹͩͭͭͥͮͤͥͳ
͓̜ͩͧͮͩͫͮ͡ͺͮͩͶͥ͡͵̩

͆Ϥͬͬʹ ͤͩͥ ͐ͲϼͦͧͲ϶Ͽͥ x ͩͮ ͤͥͮ ͂ͥͲͥͩͣͨ ͛xu̻ xo̬͝

ͷͩͲͤ ͈0 ͮͩͣͨʹ ͧͥͬͥͨͮ͢͡ʹ̮ ͅͳ ͳͯͬͬ ͳͥͩͮ

P (x̄u ≤ X̄ ≤ x̄o) = 1−α

̨ͥͣͨ͢͡ʹ̺ͥ ̭ͥͩͮ ͯͤͥͲ ͺͷͥͩͳͥͩʹ̩ͩͧ

α ̺ ͓̜ͩͧͮͩͫͮ͡ͺͮͩͶͥ͡͵ ͯͤͥͲ α̭ ͥ͆ͨͬͥͲ

͖̮ ͓ʹͩͣͨͰͲͯͥ͢ ͥͲͨͥͥͮ͢

͖͉̮ ͮͅʹͳͣͨͥͩͤ͵ͮͧ ʹͲ̛ͥͥͮ

H0 ist wirklich wahr H1 ist wirklich wahr
͈0 ͷͩͲͤ ͥͩͥͨͬ͢͢͡ʹͥͮ Ͳͩͣͨʹͩͧͥ ͮͅʹͳͣͨͥͩͤ͵ͮͧ ̨̱̭α̩ ͥ͆ͨͬͥͲ ̲̮ ́Ͳʹ ̨β̭ ͥ͆ͨͬͥͲ̩
͈1 ͷͩͲͤ ͮͧͥͮͯͭͭͥͮ͡ ͥ͆ͨͬͥͲ ̱̮ ́Ͳʹ ̨α̭ ͥ͆ͨͬͥͲ̩ Ͳͩͣͨʹͩͧͥ ͮͅʹͳͣͨͥͩͤ͵ͮͧ ̨̱̭β̩

5.2 Tests auf Lageparameter (Erwartungswert, Median,
Anteilswert)

5.2.1 Test auf Erwartungswert

Test H0 H1
ͺͷͥͩͳͥͩʹͩͧ µ ̽ µ0 µ 6= µ0
Ͳͥͣͨʹͳͳͥͩʹͩͧ µ ≤ µ0 µ ̾ µ0
ͬͩͮͫͳͳͥͩʹͩͧ µ ≥ µ0 µ ̼ µ0

̵̲



͈͹Ͱͯʹͨͥͳͥͮʹͥͳʹͳ

Abb. 4 ͚ͷͥͩͳͥͩʹͩͧͥͲ ͔ͥͳʹ ͦϼͲ x

Abb. 5 ͬͩͮͫͳͳͥͩʹͩͧͥͲ ͔ͥͳʹ ͦϼͲ x

Abb. 6 ͒ͥͣͨʹͳͳͥͩʹͩͧͥͲ ͔ͥͳʹ ͦϼͲ x

1. X ist normalverteilt, σ ist bekannt ͥͩ͢ ͥͬͩͥͩͧͥͭ͢͢ ͮ ͢ͺͷ̮ ͮϤͨͥͲ͵ͮͧͳͷͥͩͳͥ ͮͯͲ̭ͭͬ͡
ͶͥͲʹͥͩͬʹ ͥͩ͢ ͮ ̾ ̳̰

Testfunktion

T = X̄n−µ0
σ ·

√
n∼N(0;1) ̨͇͡͵Ͽ̭ ͔ͥͳʹ̩̺

Ablehnungsbereich
ͺͷͥͩͳͥͩʹͩͧ |T |> z1−α/2
Ͳͥͣͨʹͳͳͥͩʹͩͧ |T |> z1−α
ͬͩͮͫͳͳͥͩʹͩͧ |T |<−z1−α

̶̲



͔ͥͳʹͳ ͡͵ͦ ͌ͧͥ͡Ͱ͡Ͳͭͥ͡ʹͥͲ ̨ͅͲͷ͡Ͳʹ͵ͮͧͳͷͥͲʹ̬ ͍̬ͥͤͩͮ͡ ́ͮʹͥͩͬͳͷͥͲʹ̩

2. X ist normalverteilt, σ ist unbekannt ͥͩ͢ ͥͬͩͥͩͧͥͭ͢͢ ͮ

Testfunktion

T = X̄n−µ0
S ·

√
n∼ t(n−1) ̨ʹ̭ ͔ͥͳʹ̩̮

Ablehnungsbereich
ͺͷͥͩͳͥͩʹͩͧ |T |> t1−n,1−α/2
Ͳͥͣͨʹͳͳͥͩʹͩͧ |T |> tn−1,1−α

ͬͩͮͫͳͳͥͩʹͩͧ |T |<−tn−1,1−α

3. X ist näherungsweise normalverteilt, σ ist unbekannt ͥͩ͢ ͮ ̾ ̳̰

Testfunktion

T = X̄n−µ0
S ·

√
n≈N(0;1) ̨͇͡͵Ͽ̭ ͔ͥͳʹ̩ ̮

Ablehnungsbereich
ͺͷͥͩͳͥͩʹͩͧ |T |> t1−n,1−α/2
Ͳͥͣͨʹͳͳͥͩʹͩͧ |T |> tn−1,1−α
ͬͩͮͫͳͳͥͩʹͩͧ |T |<−tn−1,1−α

5.2.2 Vorzeichentest

Einstichprobenproblem

Einseitig Zweiseitig
H0 P (X ≥ θ0)≥ 1/2 P (X ≥ θ0)≤ 1/2 P (X ≥ θ0) = 1/2
H1 P (X ≥ θ0)< 1/2 P (X ≥ θ0)> 1/2 P (X ≥ θ0) 6= 1/2
H0 θ ≥ θ0 θ ≤ θ0 θ = θ0
H1 θ < θ0 θ > θ0 θ 6= θ0

̈́ͩͥ ͓ʹͩͣͨͰͲͯͥͮ͢ͷͥͲʹ̬ͥ ͤͩͥ ͧͲ϶ϿͥͲ ͬ͡ͳ ͤͥͲ ͨ͹Ͱͯʹͨͥʹͩͳͣͨͥ ͍ͥͤͩͮ͡ θ0 ͳ̬ͩͮͤ ͥͫͯͭͭͥͮ͢ ͥͩͮ ̢̢̫
ͺ͵ͧͥͯͲͤͮͥʹ̻

ͥ͗Ͳʹ̬ͥ ͤͩͥ ͫͬͥͩͮͥͲ ͳ̬ͩͮͤ ͥͩͮ ̢̢̭̮ ̈́ͩͥ ́ͮͺͨͬ͡ ͤͥͲ ͰͯͳͩʹͩͶͥͮ ͖ͯͲͺͥͩͣͨͥͮ ͷͩͲͤ ͧͥͺϤͨͬʹ ͵ͮͤ ͤͩͥͮʹ
ͬ͡ͳ ͔ͥͳʹͳʹ͡ʹͩͳʹ̮ͩͫ

Zweistichprobenproblem

̈́ͩͥ n ͂ͥͯͣͨ͢͡ʹ͵ͮͧͳͰ͡͡Ͳͥ ͤϼͲͦͥͮ ͮͩͣͨʹ Ͷͯͮͥͩͮͮͤͥ͡Ͳ ͨ͢͡Ϥ̬ͮͧͥͮ ̮̮ͤͨ ͤ͡ͳ ͥ͗ͲʹͥͰ͡͡Ͳ (x1i,x2i)
ͭ͵ͳͳ ͵ͮͨ͢͡Ϥͮͧͩͧ

Ͷͯͭ ͥ͗ͲʹͥͰ͡͡Ͳ (x1j ,x2j),∀i 6= j ͳ̮ͥͩͮ

͂ͥͳͩʹͺͥͮ ͥͩͤͥ͢ ͇Ͳ͵ͮͤͧͥͳͭ͡ʹͨͥͩʹͥͮ ͤͥͮ ͧͬͥͩͣͨͥͮ ͍̬ͥͤͩͮ͡ ͧͩͬʹ P (X11 >X12) =P (X11 <X12)̮
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͈͹Ͱͯʹͨͥͳͥͮʹͥͳʹͳ

ͯ͆ͬͧͥͮͤͥ ͈͹Ͱͯʹͨͥͳͥͮ ͫ϶ͮͮͥͮ ͭͩʹ ͤͥͭ ͖ͯͲͺͥͩͣͨͥͮʹͥͳʹ ͧͥͰͲϼͦʹ ͷͥͲ̺ͤͥͮ

Einseitig Zweiseitig
H0 P (X1 ≥X2)≥ 1/2 P (X1 ≥X2)≤ 1/2 P (X1 ≥X2) = 1/2
H1 : P (X1 ≥X2)< 1/2 P (X1 ≥X2)> 1/2 P (X1 ≥X2) 6= 1/2

̈́ͩͥ ͥ͗ͲʹͥͰ͡͡Ͳͥ ͤͥͲ ͓ʹͩͣͨͰͲ̬ͯͥͮ͢ ͥͩ͢ ͤͥͮͥͮ xi1 > xi2 ͧͩͬʹ̬ ͥͫͯͭͭͥͮ͢ ͥͩͮ ̢̢̫ ͺ͵ͧͥͯͲͤͮͥʹ̻

ͥ͗ͲʹͥͰ͡͡Ͳ̬ͥ ͦϼͲ ͤͩͥ xi1 < xi2 ͧͩͬʹ̬ ͥͩͮ ̢̢̭̮ ̈́ͩͥ ́ͮͺͨͬ͡ ͤͥͲ ͰͯͳͩʹͩͶͥͮ ͖ͯͲͺͥͩͣͨͥͮ ͷͩͲͤ ͧͥͺϤͨͬʹ

͵ͮͤ ͤͩͥͮʹ ͬ͡ͳ ͔ͥͳʹͳʹ͡ʹͩͳʹ̮ͩͫ ̈́ͩͥ ͔ͥͳʹͳʹ͡ʹͩͳʹͩͫ ͥͮʹͳͰͲͩͣͨʹ ͤͥͲ ́ͮͺͨͬ͡ ͤͥͲ ͰͯͳͩʹͩͶͥͮ ͖ͥͲͧͬͥͩͣͨͥ
̨̛̈́ͩͥͲͥͮͺͥͮ ͤͥͲ ͥ͗Ͳʹͥ ͢ͺͷ̮ ͒Ϥ̩̺ͮͧͥ

V =
n′∑
i=1

I(xi1 > xi2)∼B(π = 0,5,n′)

ͭͩʹ

I(xi1 > xi2) =
{

1, ͷͥͮͮxi1 > xi2

0, ͳͯͮͳʹ

͆ϼͲ ͤ͡ͳ ͩͮͅͳʹͩͣͨͰͲͯͥͮ͢ͰͲͯͬͥͭ͢ ͳͩͮͤ ͤͩͥ ͥ͗Ͳʹͥ ͤͥͲ ͺͷͥͩʹͥͮ ͓ʹͩͣͨͰͲͯͥ͢ ͤ͵Ͳͣͨ ͤͥͮ ͨ͹Ͱͯʹ̭ͨͥ
ʹͩͳͣͨͥͮ ͍ͥͤͩͮ͡ ͺ͵ ͥͲͳͥʹͺ̮ͥͮ

͂ͥͩ ͇ϼͬʹͩͧͫͥͩʹ ͤͥͲ ͎͵ͬͬͨ͹Ͱͯʹͨͥͳͥ H0 ͩͳʹ ͤͩͥ ͓͵ͭͭͥ ͤͥͲ ͰͯͳͩʹͩͶͥͮ ̛̈́ͩͥͲͥͮͺͥͮ ͩͮͯͭͩͬ͢͡ͶͥͲ̭
ʹͥͩͬʹ ͭͩʹ π = 0,5̬

ͤ͡ ͤͥͲ ͍ͥͤͩͮ͡ ͤͥͭ ̵̰ ̥̭͑͵ͮ͡ʹͩͬ ͥͮʹͳͰͲͩͣͨʹ̮ ͮ' ͥ͢ͺͥͩͣͨͮͥʹ ͤͥͮ ͮͣͨ͡ ͂ͥͨͮͤͬ͡͵ͮͧ Ͷͯͮ ͔ͩͥͳ
̨͎͵̛ͬͬͤͩͥͲͥͮͺ̬ͥͮ ͒ͮͧͩͮͤ͢͡͵̬ͮͧͥͮ ͳ̮͵̮̩

ͶͥͲͬͥͩͥͮͤͥͮ͢͢ ͓ʹͩͣͨͰͲͯͥͮ͢͵̮ͭͦͮͧ͡ ͂ͥͩ ͇ϼͬʹͩͧͫͥͩʹ ͤͥͲ ͎͵ͬͬ͹ͨ͹Ͱͯʹͨͥͳͥ ͩͳʹ ͤͩͥ ͖ͥͲʹͥͩͬ͵ͮͧ ͤͥͲ
͐ͲϼͦͧͲ϶Ͽͥ ͳ͹ͭͭͥʹͲͩͳ̮ͣͨ

Approximation durch die Normalverteilung

͍ͩʹ n→∞ ͮϤͨͥͲʹ ͳͩͣͨ ͤͩͥ ͂ͩͮͯͭͩͬ͡ͶͥͲʹͥͩͬ͵ͮͧ ͥͩͮͥͲ ͎ͯͲͭͬ͡ͶͥͲʹͥͩͬ͵ͮͧ ͭͩʹ N(np,np(1−p))̬

ͬ͡ͳ ͆͡͵ͳʹͲͥͧͥͬ np(1−p)≥ 9 ̨H0 : p= 1/2̩̮

͍ͩʹ 1
4n≥ 9 ͢ͺͷ̮ n≥ 36 ͩͳʹ ͤͩͥ ͺ̭ͳʹͮͤ͡͡ͲͤͩͳͩͥͲʹͥ ͇Ͳ϶Ͽͥ

zV =
∑n′

i=1−
1
2 ·n
′

1
2
√
n′

≈N(0,1)

ͮϤͨͥͲ͵ͮͧͳͷͥͩͳͥ ͳʹͮͤ͡͡ͲͤͮͯͲͭͬ͡ͶͥͲʹͥͩͬʹ̮

Bindungen (Nulldifferenzen) ͓ͩͮͤ ͩͭ ͚ͷͥͩͳʹͩͣͨͰͲͯͥͮ͢ͰͲͯͬͥͭ͢ ͤͩͥ ͥ͗Ͳʹͥ Ͷͯͮ ̭͂ͥͯͣͨ͢͡
ʹ͵ͮͧͥͮ Ͷͯͮ ͤͥͲ ͥͲͳʹͥͮ ͺ͵Ͳ ͺͷͥͩʹͥͮ ͓ʹͩͣͨͰͲͯͥ͢ ͵ͮͶͥͲϤͮͤͥͲʹ

ͯͤͥͲ ͩͭ ͩͮͅͳʹͩͣͨͰͲͯͥͮ͢ͰͲͯͬͥͭ͢ ͥͩͮͩͧͥ ͥ͗Ͳʹͥ ͧͬͥͩͣͨ ͤͥͭ ͍̬ͥͤͩͮ͡ ͥͲͧͥͥͮ͢ ͳͩͣͨ ͎͵̛ͬͬͤͩͥͲ̭ͥͮ
ͺͥͮ ͢ͺͷ̮ ͂ͩͮͤ͵ͮͧͥͮ ̨͔ͩͥͳ̩̬

ͤͩͥ ͭͮ͡ ͳͯ ͥͨͮͤͥͬͮ͢͡ ̺ͫͮͮ͡
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͔ͥͳʹͳ ͡͵ͦ ͌ͧͥ͡Ͱ͡Ͳͭͥ͡ʹͥͲ ̨ͅͲͷ͡Ͳʹ͵ͮͧͳͷͥͲʹ̬ ͍̬ͥͤͩͮ͡ ́ͮʹͥͩͬͳͷͥͲʹ̩

• ͂ͥͯͣͨ͢͡ʹ͵ͮͧͥͮ ͭͩʹ ͒ͮͧͩͮͤ͢͡͵ͮͧͥͮ ͷͥͲͤͥͮ ͥͬͩͭͩͮͩͥͲʹ̬ ̮̮ͤͨ ͤͥͲ ͓ʹͩͣͨͰͲͯͥͮ͢͵ͭͦͮͧ͡ ͷͩͲͤ
Ͳͥͤ͵ͺͩͥͲʹ̮

• ̈́ͩͥ ͂ͥͯͣͨ͢͡ʹ͵ͮͧͥͮ ͷͥͲͤͥͮ ͺ͵ ͧͬͥͩͣͨͥͮ ͔ͥͩͬͥͮ ͤͥͮ ͇Ͳ͵ͰͰͥͮ ͺ͵ͧͥͯͲͤͮͥʹ̮ ͂ͥͩ ͵ͮͧͥͲͤͥ͡Ͳ
́ͮͺͨͬ͡ Ͷͯͮ ͂ͩͮͤ͵ͮͧͥͮ ͷͩͲͤ ͥͩͮ ͂ͥͯͣͨ͢͡ʹ͵ͮͧͳͰ͡͡Ͳ ͥͬͩͭͩͮͩͥͲʹ̮

• ̈́ͩͥ ͂ͥͯͣͨ͢͡ʹ͵ͮͧͥͮ ͷͥͲͤͥͮ ͪͥͷͥͩͬͳ ͭͩʹ ͥͩͮͥͲ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ Ͷͯͮ ̵̰̬ ͥͩͮͥͲ ͤͥͲ ͥͩͤͥͮ͢
͇Ͳ͵ͰͰͥͮ ̨̫ ͯͤͥͲ ̭̩ ͺ͵ͧͥͯͲͤͮͥʹ̮

5.2.3 Test auf Anteilswert (Binomialtest)

̈́ͥͲ ́ͮʹͥͩͬͳͷͥͲʹ θ ͷͩͲͤ ͧͥͳͣͨϤʹͺʹ ͤ͵Ͳͣͨ

θ̂ = p= x

n

͍ͩʹ ͤͥͭ ͂ͩͮͯͭͩͬ͡ʹͥͳʹ ͫ϶ͮͮͥͮ ͦͯͬͧͥͮͤͥ ͈͹ͰͯʹͨͥͳͥͮͰ͡͡Ͳͥ ͦϼͲ θ ͧͥʹͥͳʹͥʹ ͷͥͲ̺ͤͥͮ

Test H0 H1
ͺͷͥͩͳͥͩʹͩͧ θ = θ0 θ 6= θ0
Ͳͥͣͨʹͳͳͥͩʹͩͧ θ ≤ θ0 θ > θ0
ͬͩͮͫͳͳͥͩʹͩͧ θ ≥ θ0 θ < θ0

für n > 30 , nθ0 ≥ 10 n(1-θ0) ≥ 10

ͫͮͮ͡ ͭͮ͡ ͤ͵Ͳͣͨ ͤͩͥ ͇͡͵Ͽ̭ ͖ͥͲʹͥͩͬ͵ͮͧ ͡ͰͰͲͯ͸ͩͭͩͥͲ̺ͥͮ

Testfunktion

T = θ−θ0√
θ0(1−θ0)

·
√
n≈N(0;1) ̨͇͡͵Ͽ̭ ͔ͥͳʹ̩ ̮

Ablehnungsbereich
ͺͷͥͩͳͥͩʹͩͧ |T |> z1−α/2
Ͳͥͣͨʹͳͳͥͩʹͩͧ |T |> z−1−α
ͬͩͮͫͳͳͥͩʹͩͧ |T |<−z−1−α

für n < 30 oder nθ0 < 10 oder n(1-θ0) < 10

ͩͳʹ ͤͥͲ ͥ͸ͫ͡ʹͥ ͂ͩͮͯͭͩͬ͡ʹͥͳʹ ͮ͡ͺ͵ͷ̺ͥͮͤͥͮ

Testfunktion

̈́ͩͥ ͔ͥͳʹͳʹ͡ʹͩͳʹͩͫ X ͧͩ͢ʹ ̬ͮ͡ ͷͩͥ ͯͦʹ ͤ͡ͳ ͍ͥͲͫͭͬ͡ ͩͮ ͥͩͮͥͲ ͺ͵ͦϤͬͬͩͧͥͮ ͓ʹͩͣͨͰͲͯͥ͢ Ͷͯͭ ͕ͭͦͮͧ͡
n ͡͵ͦͧͥʹͲͥʹͥͮ ͩͳʹ̮

͕ͮʹͥͲ ͤͥͲ ͎͵ͬͬͨ͹Ͱͯʹͨͥͳͥ H0 : θ = θ0 ͩͳʹ ͤͩͥ ͔ͥͳʹͳʹ͡ʹͩͳʹͩͫ B(θ0,n)̭ͶͥͲʹͥͩͬʹ̬ ͤ͡ͳ ͨͥͩϿʹ

P (X = i) =B(i|θ0,n) =
(
n

i

)
θi0(1−θ0)n−i
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͈͹Ͱͯʹͨͥͳͥͮʹͥͳʹͳ

Ablehnungsbereich

Abb. 7 ͔ͥͳʹͳʹ͡ʹͩͳʹͩͫ ͦϼͲ ͤͥͮ ͂ͩͮͯͭͩͬ͡ʹͥͳʹ̬
ͤͩͥ Ͳͯʹͥͮ ͂ͬͫͥͮ͡ ͧͥͨ϶Ͳͥͮ ͺ͵ͭ ͫͲͩʹͩͳͣͨͥͮ
͂ͥͲ̮ͥͩͣͨ

̈́͡ ͤͩͥ ͔ͥͳʹͳʹ͡ʹͩͳʹͩͫ ͤͩͳͫͲͥʹ ͶͥͲʹͥͩͬʹ ͩͳʹ̬ ͫͮͮ͡ ͤ͡ͳ ͶͯͲͧͥͧͥͥͮͥ͢ ͓̜ͩͧͮͩͫͮ͡ͺͮͩͶͥ͡͵ α ͩͮ ͤͥͲ
͒ͥͧͥͬ ͮͩͣͨʹ ͥͩͮͧͥͨͬ͡ʹͥͮ ͷͥͲ̮ͤͥͮ

̈́ͨͥ͡Ͳ ͷͩͲͤ ͧͥͦͯͲͤͥͲʹ̬ ͤͩͥ ͫͲͩʹͩͳͣͨͥͮ ͥ͗Ͳʹͥ ͳͯ ͺ͵ ͷϤ̬ͨͬͥͮ ͤ͡ͳͳ ͦϼͲ ͥͩͮ ͭ϶ͧͬͩͣͨͳʹ ͧͲͯϿͥͳ
exaktes ͓̜ͩͧͮͩͫͮ͡ͺͮͩͶͥ͡͵ αex ͧͩͬʹ αex ≤ α̮

͆ϼͲ ͤͥͮ ͺͷͥͩͳͥͩʹͩͧͥͮ ͔ͥͳʹ ͷͥͲͤͥͮ ͤͨͥ͡Ͳ ͬ͡ͳ ͫͲͩʹͩͳͣͨͥ ͥ͗Ͳʹͥ ͤ͡ͳ ͧͲ϶Ͽʹͥ c1 ͵ͮͤ ͤ͡ͳ ͫͬͥͩͮͳʹͥ
c2 ͥ͢ͳʹͩͭͭʹ̬ ͦϼͲ ͤͩͥ ͧͩͬʹ

• ∑c1
i=0B(i|θ0,n)≤ α/2 ͵ͮͤ

• ∑n
i=c2 B(i|θ0,n)≤ α/2̮

̈́͡ͳ ͥ͸ͫ͡ʹͥ ͓̜ͩͧͮͩͫͮ͡ͺͮͩͶͥ͡͵ ͥͲͧͩ͢ʹ ͳͩͣͨ ͬ͡ͳ

αex =∑c1
i=0B(i|θ0,n) +∑n

i=c2 B(i|θ0,n)̮

͆ϼͲ ͤͩͥ ͥͩͤͥͮ͢ ͥͩͮͳͥͩʹͩͧͥͮ ͔ͥͳʹͳ ͷͩͲͤ ͮͬͯͧ͡͡ ͶͥͲͦͨ͡Ͳ̮ͥͮ

Test Kritische Wer-
te

Kritischer Bereich Grenze(n)

ͺͷͥͩͳͥͩʹͩͧ c1 + 1 ͵ͮͤ c2−1 {0, . . . , c1}∪{c2, . . . ,n}
Ͳͥͣͨʹͳͳͥͩʹͩͧ c−1 {c, . . . ,n} c ̽ ͫͬͥͩͮͳʹͥͲ

ͥ͗Ͳʹ̬ ͦϼͲ ͤͥͮ∑n
i=cB(i|θ0,n) =

αex ≤ α
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͔ͥͳʹͳ ͡͵ͦ ͓ʹͲͥ͵͵ͮͧ

Test Kritische Wer-
te

Kritischer Bereich Grenze(n)

ͬͩͮͫͳͳͥͩʹͩͧ c+ 1 {0, . . . , c} c ̽ ͧͲ϶ϿʹͥͲ
ͥ͗Ͳʹ̬ ͦϼͲ ͤͥͮ∑c
i=0B(i|θ0,n) =

αex ≤ α

5.3 Tests auf Streuung

5.3.1 Test auf Varianz

Test H0 H1
ͺͷͥͩͳͥͩʹͩͧ σ2 = σ2

0 σ2 6= σ2
0

Ͳͥͣͨʹͳͳͥͩʹͩͧ σ2 ≤ σ2
0 σ2 > σ2

0
ͬͩͮͫͳͳͥͩʹͩͧ σ2 ≥ σ2

0 σ2 < σ2
0

1. X ist normalverteilt, µ ist unbekannt, n beliebig

Testfunktion

T = (n−1)S2

σ2
0

= 1
σ2

0

n∑
i=1

(Xi− X̄2)2 ∼ χ2(n−1)

Ablehnungsbereich
ͺͷͥͩͳͥͩʹͩͧ T < χ2

n−1,α/2 ͯͤͥͲ T > χ2
n−1,1−α/2

Ͳͥͣͨʹͳͳͥͩʹͩͧ T > χ2
n−1,1−α

ͬͩͮͫͳͳͥͩʹͩͧ T < χ2
n−1,α

2. X ist normalverteilt, µ ist bekannt, n beliebig

Testfunktion

T = (n−1)S̃2

σ2
0

= 1
σ2

0

n∑
i=1

(Xi−µ)2 ∼ χ2(n)

Ablehnungsbereich
ͺͷͥͩͳͥͩʹͩͧ T < χ2

n,α/2 ͯͤͥͲ T > χ2
n,1−α/2

Ͳͥͣͨʹͳͳͥͩʹͩͧ T > χ2
n,1−α

ͬͩͮͫͳͳͥͩʹͩͧ T < χ2
n,α
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͈͹Ͱͯʹͨͥͳͥͮʹͥͳʹͳ

5.4 Tests auf Zusammenhangs- und Assoziationsparameter

5.4.1 Chi-Quadrat-Unabhängigkeitstest

Nullhypothese

H0̺ ̈́ͩͥ ͍ͥͲͫͭͬͥ͡ X ͵ͮͤ Y ͳͩͮͤ ͳʹͯͣͨ͡ͳʹͩͳͣͨ ͵ͮͨ͢͡Ϥ̮ͮͧͩͧ

̈́ͩͥ ͂ͥͯͣͨ͢͡ʹ͵ͮͧͥͮ ͤͥͲ ͍ͥͲͫͭͬͥ͡ X ͵ͮͤ Y ͬͩͥͧͥͮ Ͱ͡͡Ͳͷͥͩͳͥ ͩͮ m ͢ͺͷ̮ r ͋ͬ͡ͳͳͥͮ ͶͯͲ̮

ͅͳ ͧͩ͢ʹ ͩͮͳͧͥͳͭ͡ʹ n Ͱ͡͡Ͳͷͥͩͳͥ ͂ͥͯͣͨ͢͡ʹ͵ͮͧͥͮ Ͷͯͮ X ͵ͮͤ Y ̬ ͤͩͥ ͳͩͣͨ ͡͵ͦ m · r
͋͡ʹͥͧͯͲͩͥͮ ͶͥͲʹ̮ͥͩͬͥͮ ́͵ͦͳʹͥͬͬ͵ͮͧ ͺ̮ ̮͂ ͩͮ ͥͩͮͥͲ ͈Ϥ͵̜ͧͫͥͩʹͳʹ̺ͥͬͬͥ͢͡

Merkmal Y Summe ΣΣΣ

Merkmal
X

̱ ̲ ̮ ̮ ̮ k ̮ ̮ ̮ r nj.

̱ n11 n12 ̮̮̮ n1k ̮̮̮ n1r n1.
̲ n21 n22 ̮ ̮ ̮ n2k ̮ ̮ ̮ n2r n2.
̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮
j ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ njk ̮ ̮ ̮ ̮ ̮ ̮ nj.
̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮ ̮
m nm1 nm2 ̮ ̮ ̮ nmk ̮ ̮ ̮ nmr nm.
Summe ΣΣΣ n.1 n.2 ̮ ̮ ̮ n.k ̮ ̮ ̮ n.r n

́͢ͳͯͬ͵ʹͥ ͒ͮͤͨ͡Ϥ͵̜ͧͫͥͩʹͥͮ nj · ͢ͺͷ̮ n·k
nj · =

∑r
k=1njk ͵ͮͤ n·k =∑m

j=1njk

͐ͲϼͦͧͲ϶Ͽͥ ͦϼͲ ͤͥͮ ͕ͮͨ͢͡Ϥͮͧͩͧͫͥͩʹͳʹͥͳʹ̺

χ2 =
m∑
j=1

r∑
k=1

(njk−n∗jk)2

n∗jk
.

͍ͩʹ ̺n∗jk = nj ··n·k
n ,

H0 ͷͩͲͤ ͧͥͬͥͨͮ͢͡ʹ̬ ͷͥͮͮ χ2 > χ2(1−α; (m−1)(r−1)) ͩͳʹ̮

   

5.5 Anpassungs- oder Verteilungstests

5.5.1 Chi-Quadrat-Anpassungs- oder Verteilungstest

̈́ͩͥ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹͥͮ ͥͩͮͥͳ ͍ͥͲͫͭͬ͡ͳ X ͳͥͩͥͮ ͩͮ ͤͥͲ ͇Ͳ͵ͮͤͧͥͳͭ͡ʹͨͥͩʹ ͵ͮͥͫͮͮ͢͡ʹ̮

͎͵ͬͬͨ͹Ͱͯʹͨͥͳ̺ͥ H0 ̺ ̈́͡ͳ ͍ͥͲͫͭͬ͡ X ͥ͢ͳͩʹͺʹ ͤͩͥ ͗ͨ͡ͲͳͣͨͥͩͮͬͩͣͨͫͥͩʹͳͶͥͲʹͥͩͬ͵ͮͧ F0(x)

͆ϼͲ n ͵ͮͨ͢͡Ϥͮͧͩͧͥ ͂ͥͯͣͨ͢͡ʹ͵ͮͧͥͮ x1, . . . ,xn ͤͥͳ ͍ͥͲͫͭͬ͡ͳ X ͷͩͲͤ ͤͩͥ ͚ͨͬ͡

ͤͥͲ ͂ͥͯͣͨ͢͡ʹ͵ͮͧͥͮ ͩͮ ͤͥͲ j̭ʹͥͮ ͋ͬ͡ͳͳͥ ͩͳʹ ͤͩͥ ͥͯͣͨ͢͢͡ʹͥʹͥ ͈Ϥ͵̜ͧͫͥͩʹ Nj ̮

̳̲



́ͮͰ͡ͳͳ͵ͮͧͳ̭ ͯͤͥͲ ͖ͥͲʹͥͩͬ͵ͮͧͳʹͥͳʹͳ

͉ͭ ͖ͥͲͧͬͥͩͣͨ ͤ͡ͺ͵ ͷͩͲͤ ͤͩͥ ͨ͹Ͱͯʹͨͥʹͩͳͣͨͥ ͖ͥͲʹͥͩͬ͵ͮͧ ͥ͢ͳʹͩͭͭʹ ͡͵ͦͧͲ͵ͮͤ ͤͥͲ ͗ͨ͡Ͳͳ̭ͣͨͥͩͮ
ͬͩͣͨͫͥͩʹ p0j ̬

ͤ͡ͳͳ ͥͩͮͥ ́͵ͳͰͲϤͧ͵ͮͧ Ͷͯͮ X ͩͮ ͤͩͥ ͋͡ʹͥͧͯͲͩͥ j ͦϤͬͬʹ̮ ̈́ͩͥ ͵ͮʹͥͲ H0 ͺ͵ ͥͲͷ͡Ͳʹͥͮͤͥ ͈Ϥ͵̜ͧͫͥͩʹ
ͩͳʹ̺

n0j = p0j ·n

̈́ͩͥ ͐ͲϼͦͧͲ϶Ͽͥ ̨͇Ͳ϶Ͽͥ ͤͥͲ ́͢ͷͥͩͣͨ͵̩ͮͧ

χ2 =
m∑
j=1

(Nj−n0j)2

n0j

ͩͳʹ ͥͩ͢ ͡͵ͳͲͥͩͣͨͥͮͤ ͧͲͯϿͥͮ Nj ͮͮ͡ϤͨͥͲͮͤ ̭ͣͨͩ͑͵ͤ͡Ͳ͡ʹ̭ͶͥͲʹͥͩͬʹ ͭͩʹ m−1 Ͳ͆ͥͩͨͥͩʹͳͧͲ̮ͤͥͮ͡

H0 ͷͩͲͤ ͧͥͬͥͨͮ͢͡ʹ̬ ͷͥͮͮ χ2 > χ2
(1−α;m−1) ͧͩͬʹ̮

5.5.2 Kolmogorow-Smirnow-Anpassungstest

͔ͥͳʹ ͡͵ͦ Ϝͥ͢Ͳͥͩͮͳʹͩͭͭ͵ͮͧ ͺͷͥͩͥͲ ͗ͨ͡ͲͳͣͨͥͩͮͬͩͣͨͫͥͩʹͳͶͥͲʹͥͩͬ͵̮ͮͧͥͮ

͍ͮ͡ ͥ͢ʹͲͣͨ͡ʹͥʹ ͥͩͮ ͳʹ͡ʹͩͳʹͩͳͣͨͥͳ ͍ͥͲͫͭͬ͡ ̬͘ ͤͥͳͳͥͮ ͖ͥͲʹͥͩͬ͵ͮͧ ͩͮ ͤͥͲ ͇Ͳ͵ͮͤͧͥͳͭ͡ʹͨͥͩʹ
͵ͮͥͫͮͮ͢͡ʹ ͩͳʹ̮

H0 : FX(x) = F0(x) ̨̈́ͩͥ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥ͢͡ ͘ ͥ͢ͳͩʹͺʹ ͤͩͥ ͗ͨ͡ͲͳͣͨͥͩͮͬͩͣͨͫͥͩʹͳͶͥͲʹͥͩͬ͵ͮͧ ͆0̮̩

H1 : FX(x) 6= F0(x) ̨̈́ͩͥ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥ͢͡ ͘ ͥ͢ͳͩʹͺʹ ͥͩͮͥ ͮͤͥ͡Ͳͥ ͗ͨ͡ͲͳͣͨͥͩͮͬͩͣͨͫͥͩʹͳͶͥͲʹ̭ͥͩ
ͬ͵ͮͧ ͬ͡ͳ ͆0̮̩

̈́ͥͲ ͋ͯͬͭͯͧͯͲͯͷ̭͓ͭͩͲͮͯͷ̭ ͔ͥͳʹ ͶͥͲͧͬͥͩͣͨʹ ͤͩͥ ͥͭͰͩͲͩͳͣͨͥ ͖ͥͲʹͥͩͬ͵ͮͧͳͦ͵ͮͫʹͩͯͮ Fn ͭͩʹ F0
ͭͩʹʹͥͬͳ ͤͥͲ ͔ͥͳʹͳʹ͡ʹͩͳʹͩͫ

dn = ‖Fn−F0‖= supx |Fn(x)−F0(x)|, ̨ͳ͵Ͱ̺ ͓͵ͰͲͥͭ͵̩ͭ

̈́ͩͥ ͔ͥͳʹͳʹ͡ʹͩͳʹͩͫ ͩͳʹ ͵ͮͨ͢͡Ϥͮͧͩͧ Ͷͯͮ ͤͥͲ ͨ͹Ͱͯʹͨͥʹͩͳͣͨͥͮ ͖ͥͲʹͥͩͬ͵ͮͧ ͆0̮

͉ͳʹ ͤͥͲ ͥ͗Ͳʹ ͤͥͲ ͔ͥͳʹͳʹ͡ʹͩͳʹͩͫ ͧͲ϶ϿͥͲ ͬ͡ͳ ͤͥͲ ͥͮʹͳͰͲͥͣͨͥͮͤͥ ʹͥͬͬͩͥ͢͡Ͳʹͥ ͫͲͩʹͩͳͣͨͥ ͥ͗Ͳʹ̬ ͳͯ
ͷͩͲͤ ͤͩͥ ͎͵ͬͬͨ͹Ͱͯʹͨͥͳͥ ͶͥͲͷͯͲ̮ͦͥͮ

Einstichprobenproblem

͖ͯͮ ͥͩͮͥͲ Ͳͥͥͬͬͥͮ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥͮ͢͡ X ͬͩͥͧͥͮ n ͡͵ͦͳʹͥͩͧͥͮͤ ͳͯͲʹͩͥͲʹͥ ͂ͥͯͣͨ͢͡ʹ͵ͮͧͳͷͥͲʹͥ xi
̨i= 1, . . . ,n̩ ͶͯͲ̮

͖ͯͮ ͤͩͥͳͥͮ ͂ͥͯͣͨ͢͡ʹ͵ͮͧͥͮ ͷͩͲͤ ͤͩͥ Ͳͥͬ͡ʹͩͶͥ ͓͵ͭͭͥͮͨϤ͵̜ͧͫͥͩʹ S(xi) ͭͩʹ ͤͥͲ ͥͮʹͳͰͲ̭ͥͣͨͥͮ
ͤͥͮ ͨ͹Ͱͯʹͨͥʹͩͳͣͨͥͮ

͖ͥͲʹͥͩͬ͵ͮͧ ͤͥͲ ͇Ͳ͵ͮͤͧͥͳͭ͡ʹͨͥͩʹ ͆0̨͸i̩ ͶͥͲ̮ͧͬͩͣͨͥͮ ͖ͯͲ͡͵ͳͳͥʹͺ͵̺ͮͧ F0 ͩͳʹ ͳʹͥʹ̮ͩͧ

͆ϼͲ ͪͥͤͥͳ i= 1, . . . ,n ͷͥͲͤͥͮ ͤͩͥ ͢͡ͳͯͬ͵ʹͥͮ ̛̈́ͩͥͲͥͮͺͥͮ

doi = |S(xi)−F0(xi)| ͵ͮͤ ̺dui = |S(xi−1)−F0(xi)|
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͈͹Ͱͯʹͨͥͳͥͮʹͥͳʹͳ

ͥ͢Ͳͥͣͨͮͥʹ̬ ͷͯͥͩ͢ S(x0) := 0 ͧͥͳͥʹͺʹ ͷͩͲ̮ͤ ͥ͗ͮͮ ͤͩͥ ͧͲ϶Ͽʹͥ ̛̈́ͩͥͲͥͮͺ dmax ͡͵ͳ ͬͬͥͮ͡ ̛̭̈́ͩͥ
Ͳͥͮͺͥͮ doi̬ dui
ͥͩͮͥͮ ͫͲͩʹͩͳͣͨͥͮ ͥ͗Ͳʹ dα ϼͥ͢Ͳͳʹͥͩͧʹ̬ ͷͩͲͤ ͤͩͥ ͈͹Ͱͯʹͨͥͳͥ ͧͥͬͥͨͮ͢͡ʹ̮

͂ͩͳ ̴̰ͮ̽ ͧͲͥͩͦʹ ͭͮ͡ ͡͵ͦ ͔ͥͬͬͥͮ͢͡ ͺ͵Ͳϼͣͫ ̨ͳ̮ ̩̮́ͮͨͮͧ͡ ͆ϼͲ ͧͲ϶ϿͥͲͥ n ͷͥͲͤͥͮ ͳͩͥ ϼͥ͢Ͳ dα =√
ln( 2

α)√
2n ͮͧͥͮ͡ϤͨͥͲʹ̮

Zweistichprobenproblem

͌ͩͥͧʹ ͮ͵ͮ ͺ͵ͳϤʹͺͬͩͣͨ ͺ͵Ͳ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥͮ͢͡ X ͥͩͮͥ ͥͮʹͳͰͲͥͣͨͥͮͤͥ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥ͢͡ Y ͶͯͲ ̨ͭͩʹ
m ͧͥͯͲͤͮͥʹͥͮ ͥ͗Ͳʹͥͮ yi̩̬

ͳͯ ͫͮͮ͡ ͤ͵Ͳͣͨ ͤͥͮ ͚ͷͥͩͳʹͩͣͨͰͲͯͥͮ͢ʹͥͳʹ ϼͥ͢ͲͰͲϼͦʹ ͷͥͲ̬ͤͥͮ ͯ͢ X ͵ͮͤ Y ͤͥͲͳͥͬͥͮ͢ ͖ͥͲʹ̭ͥͩ
ͬ͵ͮͧͳͦ͵ͮͫʹͩͯͮ ̮ͦͯͬͧͥͮ

͖ͯͮ ͥͩͤͥͮ͢ ͂ͥͯͣͨ͢͡ʹ͵ͮͧͥͮ ͷͥͲͤͥͮ ͤͩͥ ͤͩͥ ̛̈́ͩͥͲͥͮͺͥͮ ͤͥͲ Ͳͥͬ͡ʹͩͶͥͮ ͓͵ͭͭͥͮͦ͵ͮͫʹͩͯͮͥͮ
SX(xi) ͢ͺͷ̮ SY (yi) ͥͲͭͩʹʹͥͬʹ̺

d(z) = |SX(z)−SY (z)| ͵ͮͤ ̺dmax = supz d(z) ̮

̈́ͩͥ ͎͵ͬͬͨ͹Ͱͯʹͨͥͳͥ ͷͩͲͤ ͧͥͬͥͨͮ͢͡ʹ̬ ͦͬͬ͡ͳ dmax ͤͥͮ ͫͲͩʹͩͳͣͨͥͮ ͥ͗Ͳʹ dkrit(α,n,m) ϼͥ͢ͲͳͣͨͲ̭ͥͩ
ʹͥʹ̮

͆ϼͲ ͫͬͥͩͮͥ ͥ͗Ͳʹͥ Ͷͯͮ n ͵ͮͤ m ͧͲͥͩͦʹ ͭͮ͡ ͡͵ͦ ͔ͥͬͬͥͮ͢͡ ͺ͵Ͳϼ̮ͣͫ

͆ϼͲ ͧͲͯϿͥ ͥ͗Ͳʹͥ Ͷͯͮ ͮ ͵ͮͤ ͭ ͷͩͲͤ ͤͩͥ ͎͵ͬͬͨ͹Ͱͯʹͨͥͳͥ ͧͥͬͥͨͮ͢͡ʹ̬ ͦͬͬ͡ͳ

√
nm

n+m
dmax >Kα

ͷͯͥͩ͢ Kα ͦϼͲ ͧͲͯϿͥ n ͵ͮͤ m ͮϤͨͥͲ͵ͮͧͳͷͥͩͳͥ ͬ͡ͳ Kα =
√

ln( 2
α)

2 ͥ͢Ͳͥͣͨͮͥʹ ͷͥͲͤͥͮ ̮ͫͮͮ͡
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6 Varianzanalyse

univariate Varianzanalyse (ANOVA)

͍ͮ͡ ͵ͮʹͥͲͳ͵ͣͨʹ ͭͮ͡ ͤͥͮ ̝ͩͮͅ͵ͳͳ ͥͩͮͥͲ ͵ͮͨ͢͡Ϥͮͧͩͧͥͮ ͖͡Ͳͩͬͥ͢͡ ̨ ͆ͫ͡ʹͯͲ̩ ͭͩʹ k ͶͥͲͳͣͨͩͥͤͥͮͥͮ
͓ʹ͵ͦͥͮ ̨͇Ͳ͵ͰͰ̩ͥͮ ͡͵ͦ ͤͩͥ ́͵ͳͰͲϤͧ͵ͮͧͥͮ ͥͩͮͥͲ ͚͵ͦͬͬ͡ͳͶ͡Ͳ̮ͩͬͥͮ͢͡

̈́͡ͺ͵ ͷͥͲͤͥͮ ͤͩͥ k ͍ͩʹʹͥͬͷͥͲʹͥ ͤͥͲ ́͵ͳͰͲϤͧ͵ͮͧͥͮ ͦϼͲ ͤͩͥ ͇Ͳ͵ͰͰͥͮ ͭͩʹͥͩͮͮͤͥ͡Ͳ ͶͥͲ̬ͧͬͩͣͨͥͮ
͵ͮͤ ͺͷ͡Ͳ ͶͥͲͧͬͥͩͣͨʹ ͭͮ͡ ͤͩͥ ͖͡Ͳͩͮ͡ͺ ͺͷͩͳͣͨͥͮ ͤͥͮ ͇Ͳ͵ͰͰͥͮ ͭͩʹ ͤͥͲ ͖͡Ͳͩͮ͡ͺ ͩͮͮͥͲͨͬ͢͡ ͤͥͲ
͇Ͳ͵ͰͰ̮ͥͮ

ͥ͗ͩͬ ͳͩͣͨ ͤͩͥ ʹͯʹͬͥ͡ ͖͡Ͳͩͮ͡ͺ ͡͵ͳ ͤͥͮ ͺͷͥͩ ͧͥͮͮͮ͡ʹͥͮ ͋ͯͭͰͯͮͥͮʹͥͮ ͺ͵ͳͭͭͥͮ͡ͳͥʹͺʹ̬ ͳͰͲͩͣͨʹ
ͭͮ͡ Ͷͯͮ ͖͡Ͳͩͮ͡ͺͮͬ͡͡͹ͳ̮ͥ

̈́ͩͥ ͥͩͮͦͫ͡ʹͯͲͩͥͬͬͥ ͎́͏͖́ ͩͳʹ ͤͩͥ ͖ͥͲͬͬͧͥͭͥͩͮͥ͡Ͳ͵ͮͧ ͤͥͳ ʹ̭ ͔ͥͳʹͳ ͥͩ͢ ͭͥͨͲ ͬ͡ͳ ͺͷͥͩ ͇Ͳ͵ͰͰ̮ͥͮ
͆ϼͲ k̲̽ ͩͳʹ ͳͩͥ Ϥͱ͵ͩͶͬͥͮ͡ʹ ͭͩʹ ͤͥͭ ʹ̭ ͔ͥͳʹ̮

ͅͳ ͳͥͩ µi ͤͥͲ ͅͲͷ͡Ͳʹ͵ͮͧͳͷͥͲʹ ͤͥͲ ͨ͢͡Ϥͮͧͩͧͥͮ ͖͡Ͳͩͬͥ͢͡ ͩͮ ͤͥͲ i̮ ͇Ͳ͵ͰͰ̮ͥ

H0 : µ1 = µ2 = ... = µk ̨ͅͳ ͥ͢ͳʹͥͨʹ ͫͥͩͮ ͕ͮʹͥͲͳͣͨͩͥͤ ͺͷͩͳͣͨͥͮ ͤͥͮ ͅͲͷ͡Ͳʹ͵ͮͧͳͷͥͲʹͥͮ ͤͥͲ
͇Ͳ͵ͰͰ̮̩ͥͮ

H1 : ∃i, j : µi 6= µj ̨ͅͳ ͥ͢ͳʹͥͨʹ ͺͷͩͳͣͨͥͮ mindestens ͺͷͥͩ ͅͲͷ͡Ͳʹ͵ͮͧͳͷͥͲʹͥͮ ͥͩͮ ͕ͮʹͥͲ̭
ͳ̮̩ͣͨͩͥͤ

→ ͗ͩͲ ͷͩͳͳͥͮ ͤͮͮ͡ ͮ͵Ͳ ͭͩʹ ͥͩͮͥͲ ͥ͢ͳʹͩͭͭʹͥͮ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ̬ ͤ͡ͳͳ ͭͩͮͤͥͳʹͥͮͳ ͺͷͥͩ
́͵ͳͰͲϤͧ͵ͮͧͥͮ ͥͩͮͥͮ ͥͤͥ͢͵ʹͳͭͥͮ͡ ͕ͮʹͥͲͳͣͨͩͥͤ ͡͵ͦͷͥͩͳ̮ͥͮ

Effektdarstellung ̺

Xij = µ+αi+εij , i= 1, . . . ,k, j = 1, . . . ,ni.

̈́͡Ͳͩͮ ͳ̺ͩͮͤ

Xij̺ ͚ͩͥͬͶ͡Ͳ̻ͩͬͥ͢͡ ͮͮͨͭͥͧͥͭ͡͡ϤϿ ͩͮ ͤͥͮ ͇Ͳ͵ͰͰͥͮ ͮͯͲͭͬ͡ͶͥͲʹͥͩͬʹ

k̺ ́ͮͺͨͬ͡ ͤͥͲ ͆ͫ͡ʹͯͲͳʹ͵ͦͥͮ ͤͥͳ ͥ͢ʹͲͣͨ͡ʹͥʹͥͮ ͆ͫ͡ʹͯͲͳ

ni̺ ͓ʹͩͣͨͰͲͯͥͮ͢͵ͭͦϤͮͧͥ ͦϼͲ ͤͩͥ ͥͩͮͺͥͬͮͥͮ ͆ͫ͡ʹͯͲͳʹ͵ͦͥͮ

μμμ̺ ͡Ͳͩʹͨͭͥʹͩͳͣͨͥͳ ͍ͩʹʹͥͬ ͤͥͲ ͅͲͷ͡Ͳʹ͵ͮͧͳͷͥͲʹͥ ͩͮ ͤͥͮ ͇Ͳ͵ͰͰͥͮ

̵̳



͖͡Ͳͩͮ͡ͺͮͬ͡͡͹ͳͥ

αααi̺ ̛ͥͫͅʹ ͤͥͲ ̭ͩʹͥͮ ͆ͫ͡ʹͯͲͳʹ͵ͦͥ

εεεij̺ ͓ʹ϶ͲͶ͡Ͳ̬ͩͬͥͮ͢͡ ͵ͮͨ͢͡Ϥͮͧͩͧ ͵ͮͤ ͮͯͲͭͬ͡ͶͥͲʹͥͩͬʹ ͭͩʹ ͅͲͷ͡Ͳʹ͵ͮͧͳͷͥͲʹ ̰ ͵ͮͤ ͧͬͥͩͣͨͥͲ
̨͵ͮͥͫͮͮ͢͡ʹͥͲ̩ ͖͡Ͳͩͮ͡ͺ σσσ2̮

ͅͲͷ͡Ͳʹ͵ͮͧͳͷͥͲʹ ͩͮ ͤͥͲ i̮ ͇Ͳ͵ͰͰ̺ͥ µi = µ+αi

k∑
i=1

niαi = 0.

͂ͥʹͲͣͨ͡ʹ͵ͮͧ ͤͥͲ Quadratsummen ̨ ͖͡Ͳͩͩͬͩ͢͡Ϥʹ̩

̈́ͩͥ ͧͥͳͭ͡ʹͥ ͖͡Ͳͩͩͬͩ͢͡ʹϤʹ ͓͔͑ ̨ͧͥͳͭ͡ʹͥ ͱ͵ͤ͡Ͳ͡ʹͩͳͣͨͥ ́͢ͷͥͩͣͨ͵ͮͧ Ͷͯͭ ͍ͩʹʹͥͬͷͥͲʹ̩ ͬϤͳͳʹ ͳͩͣͨ
ͩͮ ͺͷͥͩ ͔ͥͩͬͥ ͺͥͲ̺ͬͥͧͥͮ

QST =
∑

(Xij−X)2 =QSA+QSE

̈́ͥͲ ͥͲͳʹͥ ͔ͥͩͬ ͓͑́ ̨͇Ͳ͵ͰͰͥͮͺ͵ͧͥͨ϶Ͳͩͧͫͥͩʹ̩ ͥͮʹͳͰͲͩͣͨʹ ͤͥͲ ̨'͉ͮʹͥͲ̭'̩ ͖͡Ͳͩͩͬͩ͢͡ʹϤʹ ͺͷͩͳͣͨͥͮ
ͤͥͮ ͇Ͳ͵ͰͰ̮ͥͮ

QSA=
∑
i

ni(Xi−X)2,

̈́ͥͲ ͒ͥͳʹ ͓͑ͅ ͥͮʹͳͰͲͩͣͨʹ ͤͥͲ ͖͡Ͳͩͩͬͩ͢͡ʹϤʹ ͩͮͮͥͲͨͬ͢͡ ͤͥͲ ͇Ͳ͵ͰͰͥͮ ̨ͧͥͳͭ͡ʹͥ '͉ͮʹͲ͡'̭
́͢ͷͥͩͣͨ͵ͮͧ Ͷͯͮ ͤͥͮ ͍ͩʹʹͥͬͷͥͲʹͥͮ ͩͮ ͤͥͮ ͇Ͳ͵ͰͰ̬ͥͮ ͤͥͲ '͚͵ͦͬͬ͡'̩̺

QSE =
∑
i,j

(Xij−Xi)2.

̈́ͩͥ ͺͷͥͩ ͑͵ͤ͡Ͳ͡ʹͳ͵ͭͭͥͮ ͓͑́ ͵ͮͤ ͓͑ͅ ͳͩͮͤ ͳʹͯͣͨ͡ͳʹͩͳͣͨ ͵ͮͨ͢͡Ϥ̮ͮͧͩͧ

͉ͭ ͆ͬͬ͡ Ͷͯͮ k ͇Ͳ͵ͰͰͥͮ ͭͩʹ ͧͬͥͩͣͨͥͭ ͕ͭͦͮͧ͡ b=n/k ͧͩͬʹ ͵ͮʹͥͲ ͤͥͲ ͎͵ͬͬͨ͹Ͱͯʹͨͥͳͥ ͡͵ϿͥͲ̺ͤͥͭ

QSA/σ2 ͦͯͬͧʹ ͥͩͮͥͲ ̭̓ͨͩ͑͵ͤ͡Ͳ͡ʹ̭ ͖ͥͲʹͥͩͬ͵ͮͧ ͭͩʹ k̭̱ Ͳ͆ͥͩͨͥͩʹͳͧͲ̬ͤͥͮ͡

͵ͮͤ

QSE/σ2 ͦͯͬͧʹ ͥͩͮͥͲ ̭̓ͨͩ͑͵ͤ͡Ͳ͡ʹ̭ ͖ͥͲʹͥͩͬ͵ͮͧ ͭͩʹ ṋk Ͳ͆ͥͩͨͥͩʹͳͧͲ̮ͤͥͮ͡

mittlere Quadratsummen̺

MQSA= 1
k−1QSA, ͵ͮͤ ̺MQSE = 1

n−kQSE.

Prüfgröße̺

F = MQSA

MQSE
.

̶̳



́ͮͰ͡ͳͳ͵ͮͧͳ̭ ͯͤͥͲ ͖ͥͲʹͥͩͬ͵ͮͧͳʹͥͳʹͳ

Gruppen gleicher Größe

͉ͭ ͆ͬͬͥ͡ ͇Ͳ͵ͰͰͥͮ ͧͬͥͩͣͨͥͲ ͇Ͳ϶Ͽͥ ͩͳʹ F ͵ͮʹͥͲ ͤͥͲ ͎͵ͬͬͨ͹Ͱͯʹͨͥͳͥ ̭͆ͶͥͲʹͥͩͬʹ

ͭͩʹ k−1 Ͳ͆ͥͩͨͥͩʹͳͧͲͤͥͮ͡ ͩͭ ͚ϤͨͬͥͲ ͵ͮͤ k · (b−1) Ͳ͆ͥͩͨͥͩʹͳͧͲͤͥͮ͡ ͩͭ ͎ͥͮͮͥͲ̮

ͥ͗ͮͮ ͤͩͥ ͐ͲϼͦͧͲ϶Ͽͥ

F = MQSA

MQSE
=

1
k−1 · b ·

∑
i

(Xi−X)2

1
k · (b−1) ·

∑
i,j

(Xij−Xi)2
.

ͳ̜ͩͧͮͩͫͮ͡ʹ ̨̮̮ͤͨ F > Fkrit(α,k−1,k · (b−1)) ͷͩͲ̬ͤ ͵ͮʹͥͲͳͣͨͥͩͤͥͮ ͳͩͣͨ ͭͩͮͤͥͳʹͥͮͳ ͺͷͥͩ ̭͆ͫ͡
ʹͯͲͥͮ ̨'͇Ͳ͵ͰͰͥͮ'̩ Ͷͯͮͥͩͮͮͤͥ͡Ͳ̮

͉ͮ ͐ͯͳʹ̭͈̭ͯͣ ͔ͥͳʹͳ ͫͮͮ͡ ͤͮͮ͡ ͥ͢Ͳͥͣͨͮͥʹ ͷͥͲ̬ͤͥͮ ͺͷͩͳͣͨͥͮ ͷͥͬͣͨͥͮ ͥͩͮͺͥͬͮͥͮ ͇Ͳ͵ͰͰͥͮ ͤͥͲ
͕ͮʹͥͲͳͣͨͩͥͤ ͬͩͥͧʹ̮

̷̳





7 Regressionsrechnung

7.0.3 Lineare Regression

͍ͥʹͨͯͤͥ ͤͥͲ ͫͬͥͩͮͳʹͥͮ ͑͵ͤ͡Ͳ͡ʹͥ

RSS =
n∑
i=1

d2
i =

n∑
i=1

(yi− (a+ bxi))2→min!

ͥ͢ͺϼͧͬͩͣͨ ͡ ͵ͮͤ ̮͢

͎ͣͨ͡ ́͵ͳͭ͵ͬʹͩͰͬͩͫ͡ʹ̬ͩͯͮ ́ͬͥͩ͢ʹͥͮ ͵ͮͤ ͎͵ͬͬͳͥʹͺͥͮ

∂S

∂a
=−2

n∑
i=1

yi+ 2na+ 2b
n∑
i=1

xi = 0,

∂S

∂b
=−2

n∑
i=1

xiyi+ 2a
n∑
i=1

xi+ 2b
n∑
i=1

x2
i = 0,

ͥͲͨϤͬʹ ͭͮ͡ ͤͩͥ ͧͥͳ͵ͣͨʹͥͮ ͒ͥͧͲͥͳͳͩͯͮͳ̞ͫͯͥͺͩͥͮʹͥͮ ͬ͡ͳ ͤͩͥ ͌϶ͳ͵ͮͧͥͮ

b=
∑n
i=1xiyi−nx̄ȳ∑n
i=1x

2
i −nx̄2

͵ͮͤ

a= ȳ− bx̄,̬ ͷͯͥͩ͢ x̄= 1
n

∑n
i=1xi̮

͍ͩʹ ͤͥͭ ͖ͥͲͳͣͨͩͥ͢͵ͮͧͳͳ͡ʹͺ̺

b=
∑n
i=1(xi− x̄)(yi− ȳ)∑n

i=1(xi− x̄)2

Schätzungen ͹̂

ŷi = a+ bxi

Residuen Ͳi ̺

yi = a+ bxi+di = ŷi+di
⇒ di = yi− ŷi

̳̹



͒ͥͧͲͥͳͳͩͯͮͳͲͥͣͨͮ͵ͮͧ

͓ʹͩͣͨͰͲͯͥͮ͢Ͷ͡Ͳͩͮ͡ͺ ͤͥͲ ͒ͥͳͩͤ͵̺ͥͮ

s2 = 1
n−2

∑
i

d2
i

Bestimmtheitsmaß

r2 =
1
n

∑n
i=1(ŷi− ȳ)2

1
n

∑n
i=1(yi− ȳ)2 = (∑n

i=1(xi− x̄)(yi− ȳ))2∑n
i=1(xi− x̄)2∑n

i=1(yi− ȳ)2 ,

ͭͩʹ ͤͥͭ ͖ͥͲͳͣͨͩͥ͢͵ͮͧͳͳ͡ʹͺ ̺

r2 = (∑n
i=1xiyi−n · x̄ · ȳ)2

(∑n
i=1x

2
i −n · x̄2)(∑n

i=1 y
2
i −n · ȳ2) .

0≤ r2 ≤ 1

Varianz der Residuen

s2 = 1
n−2(1− r2) ·

n∑
i=1

(yi− ȳ)2

7.0.4 Variablentransformation

Funktion u v
y = a+ b ·xn xn v = a+ b ·u
y = a

b+x x v = 1
y = b

a + 1
b ·u

y = a ·xb ln(x) v = ln(y) = ln(a) + b · ln(x)
y = a · bx x v = ln(y) = ln(a) +x · ln(b)
y = a ·eb·x x v = ln(y) = ln(a) + b ·x

̈́ͩͥ ͍ͥʹͨͯͤͥ ͫͮͮ͡ ͡͵ͦ ͷͥͩʹͥͲͥ ͐͡Ͳͭͥ͡ʹͥͲ ͥͲͷͥͩʹͥͲʹ ͷͥͲ̮ͤͥͮ

̴̰



8 Zeitreihenanalyse

8.1 Komponentenunterteilung bei Zeitreihen

͍϶ͧͬͩͣͨͥ ́͵ͦʹͥͩͬ͵ͮͧ ͥͩͮͥͲ ͚ͥͩʹͲͥͩͨͥ ͩͮ ͋ͯͭͰͯͮͥͮʹ̺ͥͮ

• Ͳ͔ͥͮͤ ͑
• ͋ͯͮͪ͵ͮͫʹ͵Ͳͥͬͬͥ ͓ͣͨͷͮͫ͡͵ͮͧ ͋
• ͓ͩ͡ͳͯͮͬͥ͡ ͓ͣͨͷͮͫ͡͵ͮͧ ͓
• ͒ͥͳʹͳͣͨͷͮͫ͡͵ͮͧ Ͳ

͂ͥͩ ͕ͮͨ͢͡Ϥͮͧͩͧͫͥͩʹ ͤͩͥͳͥͲ ͋ͯͭͰͯͮͥͮʹͥͮ ͫͮͮ͡ ͭͮ͡ ͥͩͮ ͤͤͩ͡ʹͩͶͥͳ ͍ͯͤͥͬͬ ̺ͮͮͥͨͭͥͮ͡

y =Q+K+S+ r

͎ͥͨͭͥͮ ͥͩ͢ͳͰͩͥͬͳͷͥͩͳͥ ͺ͹ͫͬͩͳͣͨͥ ͓ͣͨͷͮͫ͡͵ͮͧͥͮ ͭͩʹ ͳʹͥͩͧͥͮͤͥͭ Ͳ͔ͥͮͤ ͺ͵̬ ͫ϶ͮͮʹͥ ͥͩͮ ͭ͵̭ͬ
ʹͩͰͬͩͫ͡ʹͩͶͥͳ ͍ͯͤͥͬͬ

yt =Qt ·Kt · rt

ͮͧͥ͢͡Ͳͣͨ͡ʹ ͳ̮ͥͩͮ ͖͡Ͳͩͬͥͮ͢͡ʹͲͮ͡ͳͦͯͲͭ͡ʹͩͯͮ ͤ͵Ͳͣͨ ͌ͯͧ͡ͲͩʹͨͭͩͥͲͥͮ

logyt = logQt+ logSt+ logrt

8.1.1 Schätzung des Trends durch Regression

̐͒ͥͧ͠Ͳͥͳͳͩͯͮͳͭͯͤͥͬͬ̐͠

ŷt = a+ bt ͢ͺͷ̮ yt = a+ bt+dt (t= 1,2, . . . ,T ;yt = y1,y2, . . . ,yT )

ͭͩʹ ͤͥͮ ͌϶ͳ͵ͮͧͥͮ

b=
∑T
t=1(t− t)(yt−y)∑T

t=1(t− t)2

=
∑T
t=1 t ·yt−T · t ·y∑T
t=1 t

2−T · t2

=
∑T
t=1 tyt−

T (T+1)
2 y

1
12(T 3−T )

̴̱



͚ͥͩʹͲͥͩͨͥͮͮͬ͡͡͹ͳͥ

͵ͮͤ

a= y− b · t

= y− b · T + 1
2

̈́ͩͥ Ͳ͔ͥͮͤͷͥͲʹͥ ͑t ͳͩͮͤ ͤͮͮ͡

Qt = ŷt = a+ bt

͎ͩͣͨʹͬͩͮͥ͡ͲͥͲ Ͳ͔ͥͮͤͶͥͲͬ͡͵̺ͦ ͌϶ͳ͵ͮͧ ϼͥ͢Ͳ ͖͡Ͳͩͬͥͮ͢͡ʹͲͮ͡ͳͦͯͲͭ͡ʹͩͯͮ ͯͤͥͲ ́ͮͷͥͮͤ͵ͮͧ ͥͩͮͥͳ
ͮͩͣͨʹͬͩͮͥ͡Ͳͥͮ ͒ͥͧͲͥͳͳͩͯͮͳͮ͡ͳ͡ʹͺͥͳ

8.1.2 Schätzung der Saisonkomponente

́ͤͤͩʹͩͶͥͳ ͍ͯͤͥͬͬ

yt =Qt+St+ rt

͎ͣͨ͡ ͓ͣͨϤʹͺ͵ͮͧ ͤͥͲ Ͳ͔ͥͮͤͫͯͭͰͯͮͥͮʹͥ ͑t ͬͥͩ͢͢ʹ ͮͯͣͨ ͤͩͥ ́͢ͷͥͩͣͨ͵ͮͧ

dt = yt−Qt

͵ͮͤ

dt = St+ rt

ͤt̺ ʹͲͥͮͤͥ͢ͲͥͩͮͩͧʹͥͲ ͚ͥͩʹͲͥͩͨͥͮͷͥͲʹ

͂ͥͳʹͩͭͭ͵ͮͧ ͤͥͲ ͳͩ͡ͳͯͮͬͥͮ͡ ͋ͯͭͰͯͮͥͮʹͥ ͓t ϼͥ͢Ͳ ͯ͆͵ͲͩͥͲͮͬ͡͡͹ͳͥ ͯͤͥͲ ̨ͥͩͮͦͣͨͥ͡Ͳ̩

͂ͩͬͤ͵ͮͧ ͤͥͳ ͡Ͳͩʹͨͭͥʹͩͳͣͨͥͮ ̈́͵Ͳͣͨͳͣͨͮͩʹʹͳ ͬͬͥ͡Ͳ ͥ͗Ͳʹͥ ͤt̬ ͤͩͥ ͤͩͥ ͧͬͥͩͣͨͥ ͓ͩ͡ͳͯͮ ͥ͢ʹͲ̛̬ͥͥͮ

ͬ͡ͳ ͓ͣͨϤʹͺ͵ͮͧ ͦϼͲ ͤͩͥ ͳͩ͡ͳͯͮͬͥ͡ ͋ͯͭͰͯͮͥͮʹ̮ͥ ̈́ͮͮ͡ ͬͥͩ͢͢ʹ ͤͩͥ ͮͩͣͨʹͥͲͫͬϤͲʹͥ ͒ͥͳʹͳͣͨͷͮͫ͡͵ͮͧ

rt = yt−Qt−St

͐Ͳͯͧͮͯͳͥ ͦϼͲ ͤͥͮ ͚ͥͩʹͰ͵ͮͫʹ ͔̫ͫ ̨ͭͩʹ ͓t ͬ͡ͳ ͥ͗Ͳʹ ͩͮ ͤͥͲ ͓ͩ͡ͳͯͮ ͔̫̩ͫ

ŷT+k =QT+k +ST+k,

   

̴̲



͋ͯͭͰͯͮͥͮʹͥͮ͵ͮʹͥͲʹͥͩͬ͵ͮͧ ͥͩ͢ ͚ͥͩʹͲͥͩͨͥͮ

8.1.3 Schätzung der glatten Komponente mit gleitenden Mittelwerten

͌Ϥͳͳʹ ͳͩͣͨ ͤͩͥ Ͳ͔ͥͮͤͫͯͭͰͯͮͥͮʹͥ ͤͥͳ ͚ͥͩʹͲͥͩͨͥͮͭͯͤͥͬͬͳ ̛ͯͥͮͳͩͣͨʹͬͩͣͨ ͤ͵Ͳͣͨ ͫͥͩͮͥ ͦ͵ͮͫʹͩͯͮͬͥ͡
ͬͩͮͥ͡Ͳͥ ͯͤͥͲ

ͮͩͣͨʹͬͩͮͥ͡Ͳͥ ͂ͥͺͩͥͨ͵ͮͧ ͤ͡Ͳͳʹ̬ͥͬͬͥͮ ͫͮͮ͡ ͭͮ͡ ͥͩͮͥ glatte Komponente ͭͩʹ ͈ͩͬͦͥ ͧͬͥͩʹͥͮͤͥͲ
͍ͩʹʹͥͬͷͥͲʹͥ ͥ͢ͳʹ̮ͩͭͭͥͮ

einfacher gleitender Mittelwert

͂ͥͩͳͰ̺ͩͥͬ ͍ͩʹʹͥͬͷͥͲʹ ͤͲͩʹʹͥͲ ͏Ͳͤͮ͵̺ͮͧ

Yk = 1
3 · (Yk−1 +Yk +Yk+1)1

3

k+1∑
i=k−1

Yi

̈́ͩͥ ͏Ͳͤͮ͵ͮͧ ͤͥͳ ͍ͩʹʹͥͬͷͥͲʹͳ ͳͯͬͬʹͥ ͳͯ ͧͥͷϤͨͬʹ ͷͥͲ̬ͤͥͮ ͤ͡Ͽ ͭ϶ͧͬͩͣͨͳʹ ͧͥͮ͡͵ ͥͩͮͥ ͐ͥͲͩͯͤͥ
͵ͭͦ͡ͳͳʹ ͷͩͲ̮ͤ

͚͵Ͳ ͐Ͳͯͧͮͯͳͥ ϼͥ͢Ͳ ͤͥͮ ͂ͥͯͣͨ͢͡ʹ͵ͮͧͳͺͥͩʹͲ͡͵ͭ ͨͩͮ͡͵ͳ ͳͩͮͤ ͧͬͥͩʹͥͮͤͥ ͍ͩʹʹͥͬͷͥͲʹͥ ͥͤͩͮͧ͢ʹ
ͧͥͥͩͧͮͥʹ̬

ͤ͡ ͤͩͥ ͒ͮͤ͡ͷͥͲʹͥ ͤͥͲ ͚ͥͩʹͲͥͩͨͥ ͮͩͣͨʹ ͧͥͳͣͨϤʹͺʹ ͷͥͲ̮ͤͥͮ

gewichteter gleitender Mittelwert

͂ͥͩͳͰ̺ͩͥͬ ͍ͩʹʹͥͬͷͥͲʹ ͤͲͩʹʹͥͲ ͏Ͳͤͮ͵ͮͧ ͭͩʹ ͺ̮̮͂ w1 = 1
4 ,w2 = 1

2 ,w1 = 1
2 ,
∑
iwi = 1

Yk = w1 ·Yk−1 +w2 ·Yk +w3 ·Yk+1

8.1.4 Exponentielle Glättung

͇ͥͷͩͣͨʹ͵ͮͧ ͤ͵Ͳͣͨ ͤͥͮ ͇ͬϤʹʹ͵ͮͧͳͦͫ͡ʹͯͲ α ͭͩʹ 0≤ α≤ 1̺

͇ͥͧͬϤʹʹͥʹͥͲ ͓ͣͨϤʹͺͷͥͲʹ ͹̪t ͬ͡ͳ ͧͥͷͩͣͨʹͥʹͥͲ ̈́͵Ͳͣͨͳͣͨͮͩʹʹ ͡͵ͳ ͤͥͭ ͫ͡ʹ͵ͥͬͬͥͮ ͚ͥͩʹͲͥͩͨͥͮͷͥͲʹ
͹t

͵ͮͤ ͤͥͭ ͓ͣͨϤʹͺͷͥͲʹ ͤͥͲ ͖ͯͲͰͥͲͩͯͤͥ ͹̪t-1 ̨͹̪0 ͧͥͥͩͧͮͥʹ ͷϤ̩̺ͨͬͥͮ

y∗t = α ·yt+ (1−α) ·y∗t−1.

́͵̝϶ͳ͵ͮͧ ͤͥͲ ͒ͥͫ͵ͲͳͩͶͩʹϤʹ̺

y∗t = αyt+α(1−α)yt−1 +α(1−α)2yt−2 + ...+α(1−α)t−1y1 + (1−α)ty0.

͆ϼͲ ͤͩͥ ͗ͨͬ͡ ͤͥͳ ͇ͬϤʹʹ͵ͮͧͳͦͫ͡ʹͯͲͳ ͷͩͲͤ ͨϤ͵̜ͧ ̰̬̲ ͩ͢ͳ ̰̬̳ ͥͭͰ̮ͦͯͨͬͥͮ ͍ͮ͡ ͫͮͮ͡ ͥ͢͡Ͳ ͡͵ͣͨ
ͭͩʹ ͈ͩͬͦͥ ͤͥͲ ͒ͥͧͲͥͳͳͩͯͮͳͮͬ͡͡͹ͳͥ ͤͥͮ ͇ͬϤʹʹ͵ͮͧͳͦͫ͡ʹͯͲ ͳͣͨϤʹͺ̮ͥͮ
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͚ͥͩʹͲͥͩͨͥͮͮͬ͡͡͹ͳͥ

Exponentielle Glättung bei trendbehafteten Werten

͂ͥͩ Ͳ͔ͥͮͤ ͷͥͲͤͥͮ ͤͩͥ ͚ͥͩʹͲͥͩͨͥͮͷͥͲʹͥ ͳ͹ͳʹͥͭ͡ʹͩͳͣͨ ͵ͮʹͥͲ̭ ͢ͺͷ̮ ϼͥ͢ͲͳͣͨϤʹͺʹ̮ ́ͨͩͬͦͥ͢ ͩͥ͢ʹͥͮ
̮ͧͧͦ ͧͬͥͩʹͥͮͤͥ ̈́͵Ͳͣͨͳͣͨͮͩʹʹͥ ͺͷͥͩʹͥͲ ͏Ͳͤ͵̮ͮͧ

̈́ͩͥ ͥ͢Ͳͥͩʹͳ ͥͩͮͭͬ͡ ͧͥͧͬϤʹʹͥʹͥͮ ͥ͗Ͳʹͥ ͥͲͮͥ͵ʹ ͥͩͮͥͲ ͇ͬϤʹʹ͵ͮͧ ͵ͮʹͥͲͺ̮ͯͧͥͮ ͍ͮ͡ ͥͲͨϤͬʹ ͤͥͮ
͓ͣͨϤʹͺͷͥͲʹ y∗∗̬ ͤͥͲ ͳͩͣͨ ͮͬͯͧ͡͡ ͺ͵ ͯͥͮ͢ ͥ͢Ͳͥͣͨͮͥʹ ͡͵ͳ

y∗∗t = α ·y∗t + (1−α) ·y∗∗t−1

͆ϼͲ ͥͩͮͥͮ ͢Ͳ͡͵ͣͨ͢͡Ͳͥͮ ͐ͲͯͧͮͯͳͥͷͥͲʹ ͦϼͲ ͐ͥͲͩͯͤͥ ʹ̫̱ ͭ͵ͳͳ ͭͮ͡ ͤͮͮ͡ ͥ͢ͳʹͩͭͭͥͮ

ŷt+1 = 2 ·y∗t −y∗∗t−1
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9 Symbolverzeichnis

9.1 allgemein

Symbol ͖ͥͲͷͥͮͤ͵ͮͧ
̬́͂ ͅͲͥͩͧͮͩͳͳͥ
Ω ̽ ͻ̬̬̮̮̮́͂̓ͽ ͅͲͥͩͧͮͩͳͲ͡͵ͭ
ͼ́ͼ ́ͮͺͨͬ͡ ͤͥͲ ͅͲͥͩͧͮͩͳͳͥ ́
̨̩͐́ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ ͦϼͲ ͤ͡ͳ ͩͮͅʹͲͥʹͥͮ Ͷͯͮ ́
∪ ∩ ͕̭ͮͤ ͖ͥͲͫͮϼͰͦ͵ͮͧ ̨͋ͯͮͪ͵ͮͫʹ̩ͩͯͮ ̯ ͏ͤͥͲ̭ ͖ͥͲͫͮϼͰͦ͵ͮͧ ̨̈́ͩͳͪ͵̭ͮͫ

ʹ̩ͩͯͮ
̨͐́ ͼ ̩͂ ͂ͥͤͩͮͧʹͥ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ ̨́ ͷͥͮͮ ̩͂
̨̩͘ͅ ͅͲͷ͡Ͳʹ͵ͮͧͳͷͥͲʹ Ͷͯͮ ͘
̨̩ͦ͘ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹͳͦ͵ͮͫʹͩͯͮ
̨̩͆͘ ͖ͥͲʹͥͩͬ͵ͮͧͳͦ͵ͮͫʹͩͯͮ
͎ ͇Ͳ͵ͮͤͧͥͳͭ͡ʹͨͥͩʹ
ͮ ͓ʹͩͣͨͰͲͯͥ͢
͘ ͚͵ͦͬͬ͡ͳͶ͡Ͳͩͬͥ͢͡
V ar(X) ͖͡Ͳͩͮ͡ͺ Ͷͯͮ ͘
Θ ́ͮʹͥͩͬͳͷͥͲʹ ͥͩͮͥͲ ͇Ͳ͵ͮͤͧͥͳͭ͡ʹͨͥͩʹ

9.2 Verteilungsmodelle

Symbol ͖ͥͲͷͥͮͤ͵ͮͧ
b(x|n;θ) ͂ͩͮͯͭͩͬ͡ͶͥͲʹͥͩͬ͵ͮͧ
̨̬̩͆ͭͮ ͆ͩͳͨͥͲ̭ ͖ͥͲʹͥͩͬ͵ͮͧ
h(x|N ;M ;n) ͈͹ͰͥͲͧͥͯͭͥʹͲͩͳͣͨͥ ͖ͥͲʹͥͩͬ͵ͮͧ
p(x|λ) ͐ͯͩͳͳͯͮͶͥͲʹͥͩͬ͵ͮͧ
N(µ,σ2) ͎ͯͲͭͬ͡ͶͥͲʹͥͩͬ͵ͮͧ
ʹ̨̩ͮ ʹ̭ ̨͓ʹ͵ͤͥͮʹ̭̩ ͖ͥͲʹͥͩͬ͵ͮͧ
φx(z) ͓ʹͮͤ͡͡ͲͤͮͯͲͭͬ͡ͶͥͲʹͥͩͬ͵ͮͧ
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10 Tabellen

Binomialverteilung (Wahrscheinlichkeitsfunktion)

n ͸
Ͱ̽
̰̬̰̱

̮̮̮
̵̰̬̰ ̰̬̱ ̰̬̲ ̵̰̬̲ 0,3 ̵̰̬

̲ ̰ ̸̰̬̹̰̱ ̵̰̬̹̰̲ ̸̰̬̱ ̶̴̰̬ ̵̶̵̰̬̲ ̴̰̬̹ ̵̰̬̲
̱ ̸̰̬̰̱̹ ̵̰̬̰̹ ̸̰̬̱ ̰̬̳̲ ̷̵̰̬̳ ̴̰̬̲ ̵̰̬
̲ ̰̬̰̰̰̱ ̵̰̬̰̰̲ ̰̬̰̱ ̴̰̬̰ ̶̵̰̬̰̲ ̰̬̰̹ ̵̰̬̲

̳ ̰ ̷̰̬̹̰̳ ̸̵̷̴̰̬ ̷̰̬̲̹ ̵̰̬̱̲ ̴̰̬̲̱̹ ̴̰̬̳̳ ̵̰̬̱̲
̱ ̴̰̬̰̲̹ ̵̴̰̬̱̳ ̴̰̬̲̳ ̸̴̰̬̳ ̴̰̬̲̱̹ ̴̴̰̬̱ ̷̵̰̬̳
̲ ̰̬̰̰̰̳ ̷̰̬̰̰̱ ̷̰̬̰̲ ̶̰̬̰̹̰ ̴̶̰̬̱̰ ̸̰̬̱̹ ̷̵̰̬̳
̳ ̰ ̰̬̰̰̰̱ ̰̬̰̰̱ ̸̰̬̰̰ ̵̶̰̬̰̱ ̷̰̬̰̲ ̵̰̬̱̲

̴ ̰ ̶̶̰̬̹̰ ̸̴̵̰̬̱ ̶̵̶̰̬̱ ̴̶̰̬̰̹ ̶̴̰̬̳̱ ̴̰̬̲̰̱ ̶̵̰̬̰̲
̱ ̸̸̰̬̰̳ ̷̵̰̬̱̱ ̶̰̬̲̹̱ ̴̶̰̬̰̹ ̴̰̬̲̱̹ ̴̶̰̬̱̱ ̵̰̬̲
̲ ̶̰̬̰̰̰ ̵̰̬̰̱̳ ̴̸̶̰̬̰ ̵̶̰̬̱̳ ̰̬̲̱̰̹ ̶̴̶̰̬̲ ̷̵̰̬̳
̳ ̰ ̵̰̬̰̰̰ ̶̰̬̰̰̳ ̵̶̰̬̰̲ ̴̶̰̬̰̹ ̷̵̶̰̬̰ ̵̰̬̲
̴ ̰ ̰ ̰̬̰̰̰̱ ̶̰̬̰̰̱ ̰̬̰̰̳̹ ̸̰̬̰̰̱ ̶̵̰̬̰̲

̵ ̰ ̵̰̬̹̱ ̷̷̸̰̬̳ ̵̵̰̬̹̰ ̷̷̰̬̳̲ ̷̰̬̲̳̳ ̶̸̰̬̱̱ ̰̬̰̳̱̳
̱ ̴̸̰̬̰ ̶̰̬̲̰̳ ̸̰̬̳̲̱ ̴̶̰̬̰̹ ̵̵̰̬̳̹ ̶̰̬̳̰̲ ̵̶̰̬̱̳
̲ ̰̬̰̰̱ ̴̰̬̰̲̱ ̷̰̬̰̲̹ ̴̸̰̬̲̰ ̶̷̰̬̲̳ ̸̷̰̬̳̰ ̵̰̬̳̱̲
̳ ̰ ̰̬̰̰̱̱ ̸̰̬̰̰̱ ̵̰̬̰̱̲ ̸̷̰̬̰̹ ̰̬̱̳̲̳ ̵̰̬̳̱̲
̴ ̰ ̰ ̵̰̬̰̰̰ ̶̴̰̬̰̰ ̴̶̰̬̰̱ ̸̴̰̬̰̲ ̵̶̰̬̱̳
̵ ̰ ̰ ̰ ̰̬̰̰̰̳ ̰̬̰̰̱ ̴̰̬̰̰̲ ̰̬̰̳̱̳

̶ ̰ ̴̵̰̬̹̱ ̷̵̰̬̳̱ ̵̴̰̬̳̱ ̶̰̬̲̲̱ ̷̸̰̬̱ ̷̶̰̬̱̱ ̵̶̰̬̰̱
̱ ̵̷̰̬̰̱ ̰̬̲̳̲̱ ̵̴̰̬̳̳ ̰̬̳̹̳̲ ̵̶̰̬̳ ̵̰̬̳̰̲ ̸̰̬̰̹̳
̲ ̴̰̬̰̰̱ ̵̰̬̰̳̰ ̸̴̰̬̰̹ ̴̵̸̰̬̲ ̶̶̰̬̲̹ ̴̰̬̳̲̱ ̴̴̰̬̲̳
̳ ̰ ̰̬̰̰̲̱ ̴̶̰̬̰̱ ̸̰̬̰̱̹ ̸̰̬̱̳̱ ̸̵̰̬̱̲ ̵̰̬̳̱̲
̴ ̰ ̰̬̰̰̰̱ ̰̬̰̰̱̲ ̵̴̰̬̰̱ ̰̬̰̳̳ ̵̵̰̬̰̹ ̴̴̰̬̲̳
̵ ̰ ̰ ̰̬̰̰̰̱ ̵̰̬̰̰̱ ̴̴̰̬̰̰ ̰̬̰̱̰̲ ̸̰̬̰̹̳
̶ ̰ ̰ ̰ ̰̬̰̰̰̱ ̰̬̰̰̰̲ ̷̰̬̰̰̰ ̵̶̰̬̰̱

̷ ̰ ̰̬̹̳̲̱ ̶̸̰̬̹̳ ̴̷̸̰̬̳ ̷̰̬̲̰̹ ̵̰̬̱̳̳ ̸̴̰̬̰̲ ̷̸̰̬̰̰
̱ ̶̵̰̬̰̹ ̵̷̰̬̲̳ ̷̰̬̳̲ ̶̷̰̬̳ ̵̰̬̳̱̱ ̴̷̰̬̲̱ ̵̴̷̰̬̰
̲ ̰̬̰̰̲ ̴̶̰̬̰̰ ̴̰̬̱̲ ̷̵̰̬̲̳ ̵̰̬̳̱̱ ̷̷̰̬̳̱ ̶̴̰̬̱̱
̳ ̰ ̶̰̬̰̰̳ ̰̬̰̲̳ ̴̷̰̬̱̱ ̷̰̬̱̳ ̶̰̬̲̲̹ ̷̴̰̬̲̳
̴ ̰ ̰̬̰̰̰̲ ̶̰̬̰̰̲ ̸̷̰̬̰̲ ̵̷̷̰̬̰ ̷̰̬̰̹̲ ̷̴̰̬̲̳
̵ ̰ ̰ ̰̬̰̰̰̲ ̴̰̬̰̰̳ ̵̰̬̰̱̱ ̵̰̬̰̲ ̶̴̰̬̱̱
̶ ̰ ̰ ̰ ̴̰̬̰̰̰ ̰̬̰̰̱̳ ̶̰̬̰̰̳ ̵̴̷̰̬̰
̷ ̰ ̰ ̰ ̰ ̰̬̰̰̰̱ ̰̬̰̰̰̲ ̷̸̰̬̰̰
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͔ͥͬͬͥͮ͢͡

Binomialverteilung (Wahrscheinlichkeitsfunktion)

n ͸
Ͱ̽
̰̬̰̱

̮̮̮
̵̰̬̰ ̰̬̱ ̰̬̲ ̵̰̬̲ 0,3 ̵̰̬

̸ ̰ ̷̰̬̹̲̲ ̶̶̴̰̬̳ ̴̵̰̬̳̰ ̶̷̸̰̬̱ ̰̬̱̰̰̱ ̵̷̶̰̬̰ ̰̬̰̰̳̹
̱ ̷̴̶̰̬̰ ̷̰̬̲̹̳ ̸̶̰̬̳̲ ̵̵̰̬̳̳ ̶̷̰̬̲ ̷̷̰̬̱̹ ̰̬̰̳̱̳
̲ ̶̰̬̰̰̲ ̵̵̰̬̰̱ ̴̸̸̰̬̱ ̶̰̬̲̹̳ ̵̰̬̳̱̱ ̶̵̰̬̲̹ ̴̰̬̱̰̹
̳ ̰̬̰̰̰̱ ̵̴̰̬̰̰ ̰̬̰̳̳̱ ̴̶̸̰̬̱ ̷̶̰̬̲̰ ̵̴̰̬̲̱ ̸̸̰̬̲̱
̴ ̰ ̴̰̬̰̰̰ ̴̶̰̬̰̰ ̴̵̰̬̰̹ ̸̶̵̰̬̰ ̶̰̬̱̳̱ ̷̴̰̬̲̳
̵ ̰ ̰ ̴̰̬̰̰̰ ̰̬̰̰̹̲ ̰̬̰̲̳̱ ̴̶̷̰̬̰ ̸̸̰̬̲̱
̶ ̰ ̰ ̰ ̰̬̰̰̱̱ ̸̰̬̰̰̳ ̰̬̰̱ ̴̰̬̱̰̹
̷ ̰ ̰ ̰ ̰̬̰̰̰̱ ̴̰̬̰̰̰ ̰̬̰̰̱̲ ̰̬̰̳̱̳
̸ ̰ ̰ ̰ ̰ ̰ ̰̬̰̰̰̱ ̰̬̰̰̳̹

̹ ̰ ̵̰̬̹̱̳ ̶̰̬̳̰̲ ̸̷̴̰̬̳ ̴̰̬̱̳̲ ̷̵̰̬̰̱ ̴̴̰̬̰̰ ̰̬̰̰̲
̱ ̸̰̬̰̳ ̸̵̰̬̲̹ ̸̷̴̰̬̳ ̰̬̳̰̲ ̵̰̬̲̲̳ ̵̵̶̰̬̱ ̷̶̰̬̰̱
̲ ̴̰̬̰̰̳ ̶̰̬̰̲̹ ̷̰̬̱̲̲ ̰̬̳̰̲ ̰̬̳̰̰̳ ̶̶̸̰̬̲ ̷̰̬̰̰̳
̳ ̰̬̰̰̰̱ ̷̷̰̬̰̰ ̴̴̶̰̬̰ ̷̶̰̬̱̲ ̶̰̬̲̳̳ ̶̶̸̰̬̲ ̶̴̰̬̱̱
̴ ̰ ̶̰̬̰̰̰ ̷̴̰̬̰̰ ̶̶̰̬̰̱ ̶̸̰̬̱̱ ̷̵̰̬̱̱ ̴̶̰̬̲̱
̵ ̰ ̰ ̸̰̬̰̰̰ ̶̵̰̬̰̱ ̸̰̬̰̳̹ ̷̵̰̬̰̳ ̴̶̰̬̲̱
̶ ̰ ̰ ̰̬̰̰̰̱ ̸̰̬̰̰̲ ̸̷̰̬̰̰ ̰̬̰̲̱ ̶̴̰̬̱̱
̷ ̰ ̰ ̰ ̰̬̰̰̰̳ ̰̬̰̰̱̲ ̰̬̰̰̳̹ ̷̰̬̰̰̳
̸ ̰ ̰ ̰ ̰ ̰̬̰̰̰̱ ̴̰̬̰̰̰ ̷̶̰̬̰̱
̹ ̰ ̰ ̰ ̰ ̰ ̰ ̰̬̰̰̲

̱̰ ̰ ̴̴̰̬̹̰ ̵̸̷̰̬̹ ̴̸̷̰̬̳ ̷̴̰̬̱̰ ̵̶̰̬̰̳ ̸̰̬̰̲̲ ̰̬̰̰̱
̱ ̴̰̬̰̹̱ ̵̰̬̳̱̱ ̸̷̴̰̬̳ ̶̸̴̰̬̲ ̸̷̷̰̬̱ ̰̬̱̲̱̱ ̸̰̬̰̰̹
̲ ̴̰̬̰̰̲ ̷̴̶̰̬̰ ̷̰̬̱̹̳ ̰̬̳̰̲ ̸̶̰̬̲̱ ̵̰̬̲̳̳ ̴̰̬̰̳̹
̳ ̰̬̰̰̰̱ ̵̰̬̰̱̰ ̵̷̴̰̬̰ ̰̬̲̰̱̳ ̵̰̬̲̰̳ ̶̶̸̰̬̲ ̷̰̬̱̱̲
̴ ̰ ̰̬̰̰̱ ̰̬̰̱̱̲ ̸̸̰̬̰̱ ̴̶̰̬̱ ̰̬̲̰̰̱ ̵̰̬̲̰̱
̵ ̰ ̰̬̰̰̰̱ ̵̰̬̰̰̱ ̶̴̰̬̰̲ ̵̸̴̰̬̰ ̰̬̱̰̲̹ ̴̶̰̬̲̱
̶ ̰ ̰ ̰̬̰̰̰̱ ̵̵̰̬̰̰ ̶̰̬̰̱̲ ̶̸̰̬̰̳ ̵̰̬̲̰̱
̷ ̰ ̰ ̰ ̸̰̬̰̰̰ ̰̬̰̰̳̱ ̰̬̰̰̹ ̷̰̬̱̱̲
̸ ̰ ̰ ̰ ̰̬̰̰̰̱ ̴̰̬̰̰̰ ̴̰̬̰̰̱ ̴̰̬̰̳̹
̹ ̰ ̰ ̰ ̰ ̰ ̰̬̰̰̰̱ ̸̰̬̰̰̹
̱̰ ̰ ̰ ̰ ̰ ̰ ̰ ̰̬̰̰̱

ͥ͗ͩʹͥͲͥ ͥ͗Ͳʹͥ ͫ϶ͮͮͥͮ ͭͩʹʹͥͬͳ ͉͎̽͂͏̨͍͖͔͒ͅ͸̻̻ͮͰ̻̰̩ ͥͩ͢ ͔ͥͬͬͥͮͫͬͫ͢͡͡͵ͬ͡ʹͩͯͮͳͰͲͯͧͲ̭ͭ͡
ͭͥͮ

ͯͤͥͲ ͤͥͲ ̭͒ ͵͆ͮͫʹͩͯͮ1 ̨ͤͩͮͯͭ͢͸̬ ͮ ̬ Ͱ̩ ͥ͢ͳʹͩͭͭʹ2 ͷͥͲͤͥͮ

1 http://de.wikibooks.org/wiki/GNU_R%20
2 http://netmath.vcrp.de/downloads/Systeme/R.html

̴̸
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͖ͥͲʹͥͩͬ͵ͮͧͳͭͯͤͥͬͬͥ

Standard-Normalverteilung (Verteilungsfunktion) φx(z)
ͺ ̰̬̰̰ ̰̬̰̱ ̰̬̰̲ ̰̬̰̳ ̴̰̬̰ ̵̰̬̰ ̶̰̬̰ ̷̰̬̰ ̸̰̬̰ ̰̬̰̹
̰̬̰ ̵̰̬ ̵̴̰̬̰ ̵̸̰̬̰ ̵̰̬̱̲ ̵̶̰̬̱ ̵̰̬̱̹̹ ̵̰̬̲̳̹ ̵̷̰̬̲̹ ̵̰̬̳̱̹ ̵̵̰̬̳̹
̰̬̱ ̵̸̰̬̳̹ ̵̴̸̰̬̳ ̵̴̷̸̰̬ ̵̵̷̰̬̱ ̵̵̵̷̰̬ ̵̵̶̰̬̹ ̵̶̶̰̬̳ ̵̶̷̵̰̬ ̵̷̴̰̬̱ ̵̷̵̰̬̳
̰̬̲ ̵̷̰̬̹̳ ̵̸̰̬̳̲ ̵̸̷̰̬̱ ̵̰̬̹̱ ̵̴̸̰̬̹ ̵̸̷̰̬̹ ̶̶̰̬̰̲ ̶̶̴̰̬̰ ̶̰̬̱̰̳ ̶̴̰̬̱̱
̰̬̳ ̶̷̰̬̱̹ ̶̷̰̬̲̱ ̶̵̵̰̬̲ ̶̰̬̲̹̳ ̶̰̬̳̳̱ ̶̶̸̰̬̳ ̶̴̶̰̬̰ ̶̴̴̰̬̳ ̶̴̸̰̬ ̶̵̷̰̬̱
̴̰̬ ̶̵̵̴̰̬ ̶̵̰̬̹̱ ̶̶̸̰̬̲ ̶̶̶̴̰̬ ̶̷̰̬ ̶̷̶̰̬̳ ̶̷̷̰̬̲ ̶̸̸̰̬̰ ̶̸̴̴̰̬ ̶̸̷̰̬̹
̵̰̬ ̶̵̰̬̹̱ ̶̵̰̬̹ ̶̸̵̰̬̹ ̷̰̬̰̱̹ ̷̵̴̰̬̰ ̷̸̸̰̬̰ ̷̰̬̱̲̳ ̷̵̷̰̬̱ ̷̰̬̱̹ ̷̴̰̬̲̲
̶̰̬ ̷̵̷̰̬̲ ̷̰̬̲̹̱ ̷̴̰̬̳̲ ̷̵̷̰̬̳ ̷̸̰̬̳̹ ̷̴̰̬̲̲ ̷̴̵̴̰̬ ̷̴̸̶̰̬ ̷̵̷̰̬̱ ̷̵̴̰̬̹
̷̰̬ ̷̵̸̰̬ ̷̶̰̬̱̱ ̷̶̴̰̬̲ ̷̶̷̰̬̳ ̷̷̴̰̬̰ ̷̷̴̰̬̳ ̷̷̶̴̰̬ ̷̷̴̰̬̹ ̷̸̰̬̲̳ ̷̸̵̰̬̲
̸̰̬ ̷̸̸̰̬̱ ̷̰̬̹̱ ̷̰̬̹̳̹ ̷̶̷̰̬̹ ̷̵̰̬̹̹ ̸̰̬̰̲̳ ̸̵̰̬̰̱ ̸̷̸̰̬̰ ̸̶̰̬̱̰ ̸̰̬̱̳̳
̰̬̹ ̸̵̰̬̱̹ ̸̸̶̰̬̱ ̸̰̬̲̱̲ ̸̸̰̬̲̳ ̸̶̴̰̬̲ ̸̸̰̬̲̹ ̸̵̰̬̳̱ ̸̴̰̬̳ ̸̶̵̰̬̳ ̸̸̰̬̳̹
̱̬̰ ̸̴̰̬̱̳ ̸̴̸̰̬̳ ̸̴̶̰̬̱ ̸̴̸̵̰̬ ̸̵̸̰̬̰ ̸̵̰̬̳̱ ̸̵̵̴̰̬ ̸̵̷̷̰̬ ̸̵̰̬̹̹ ̸̶̰̬̲̱
̱̬̱ ̸̶̴̰̬̳ ̸̶̶̵̰̬ ̸̶̸̶̰̬ ̸̷̸̰̬̰ ̸̷̰̬̲̹ ̸̷̴̰̬̹ ̸̷̷̰̬ ̸̷̰̬̹ ̸̸̰̬̱ ̸̸̰̬̳
̱̬̲ ̸̸̴̰̬̹ ̸̸̶̰̬̹ ̸̸̸̸̰̬ ̸̷̰̬̹̰ ̸̵̰̬̹̲ ̸̴̴̰̬̹ ̸̶̰̬̹̲ ̸̸̰̬̹ ̸̷̰̬̹̹ ̵̰̬̹̰̱
̱̬̳ ̰̬̹̰̳̲ ̴̰̬̹̰̹ ̶̶̰̬̹̰ ̸̰̬̹̰̲ ̰̬̹̰̹̹ ̵̰̬̹̱̱ ̰̬̹̱̳̱ ̴̷̰̬̹̱ ̶̰̬̹̱̲ ̷̷̰̬̹̱
̴̱̬ ̰̬̹̱̹̲ ̷̰̬̹̲̰ ̰̬̹̲̲̲ ̶̰̬̹̲̳ ̵̰̬̹̲̱ ̶̵̰̬̹̲ ̷̰̬̹̲̹ ̰̬̹̲̹̲ ̶̰̬̹̳̰ ̰̬̹̳̱̹
̵̱̬ ̰̬̹̳̳̲ ̴̵̰̬̹̳ ̵̷̰̬̹̳ ̷̰̬̹̳ ̸̰̬̹̳̲ ̴̰̬̹̳̹ ̴̶̰̬̹̰ ̴̸̰̬̹̱ ̴̰̬̹̲̹ ̴̴̰̬̹̱
̶̱̬ ̴̵̰̬̹̲ ̴̶̰̬̹̳ ̴̷̴̰̬̹ ̴̸̴̰̬̹ ̴̵̰̬̹̹ ̵̵̰̬̹̰ ̵̵̰̬̹̱ ̵̵̰̬̹̲ ̵̵̰̬̹̳ ̵̴̵̰̬̹
̷̱̬ ̵̵̴̰̬̹ ̵̶̴̰̬̹ ̵̷̰̬̹̳ ̵̸̰̬̹̲ ̵̰̬̹̹̱ ̵̰̬̹̹̹ ̶̸̰̬̹̰ ̶̶̰̬̹̱ ̶̵̰̬̹̲ ̶̰̬̹̳̳
̸̱̬ ̶̴̰̬̹̱ ̶̴̰̬̹̹ ̶̵̶̰̬̹ ̶̶̴̰̬̹ ̶̷̰̬̹̱ ̶̷̸̰̬̹ ̶̸̶̰̬̹ ̶̰̬̹̹̳ ̶̰̬̹̹̹ ̷̶̰̬̹̰
̱̬̹ ̷̰̬̹̱̳ ̷̰̬̹̱̹ ̷̶̰̬̹̲ ̷̰̬̹̳̲ ̷̸̰̬̹̳ ̷̴̴̰̬̹ ̷̵̰̬̹ ̷̵̶̰̬̹ ̷̶̰̬̹̱ ̷̶̷̰̬̹
̲̬̰ ̷̷̰̬̹̲ ̷̷̸̰̬̹ ̷̸̰̬̹̳ ̷̸̸̰̬̹ ̷̰̬̹̹̳ ̷̸̰̬̹̹ ̸̰̬̹̰̳ ̸̸̰̬̹̰ ̸̰̬̹̱̲ ̸̷̰̬̹̱
̲̬̱ ̸̰̬̹̲̱ ̸̶̰̬̹̲ ̸̰̬̹̳ ̸̴̰̬̹̳ ̸̸̰̬̹̳ ̸̴̰̬̹̲ ̸̴̶̰̬̹ ̸̵̰̬̹ ̸̵̴̰̬̹ ̸̵̷̰̬̹
̲̬̲ ̸̶̰̬̹̱ ̸̶̴̰̬̹ ̸̶̸̰̬̹ ̸̷̰̬̹̱ ̸̷̵̰̬̹ ̸̷̸̰̬̹ ̸̸̰̬̹̱ ̸̸̴̰̬̹ ̸̸̷̰̬̹ ̸̰̬̹̹
̲̬̳ ̸̰̬̹̹̳ ̸̶̰̬̹̹ ̸̸̰̬̹̹ ̰̬̹̹̰̱ ̴̰̬̹̹̰ ̶̰̬̹̹̰ ̰̬̹̹̰̹ ̰̬̹̹̱̱ ̰̬̹̹̱̳ ̶̰̬̹̹̱
̴̲̬ ̸̰̬̹̹̱ ̰̬̹̹̲ ̰̬̹̹̲̲ ̵̰̬̹̹̲ ̷̰̬̹̹̲ ̰̬̹̹̲̹ ̰̬̹̹̳̱ ̰̬̹̹̳̲ ̴̰̬̹̹̳ ̶̰̬̹̹̳
̵̲̬ ̸̰̬̹̹̳ ̴̰̬̹̹ ̴̰̬̹̹̱ ̴̰̬̹̹̳ ̴̵̰̬̹̹ ̴̶̰̬̹̹ ̴̸̰̬̹̹ ̴̰̬̹̹̹ ̵̰̬̹̹̱ ̵̰̬̹̹̲
̶̲̬ ̵̰̬̹̹̳ ̵̵̰̬̹̹ ̵̶̰̬̹̹ ̵̷̰̬̹̹ ̵̰̬̹̹̹ ̶̰̬̹̹ ̶̰̬̹̹̱ ̶̰̬̹̹̲ ̶̰̬̹̹̳ ̶̴̰̬̹̹
̷̲̬ ̶̵̰̬̹̹ ̶̶̰̬̹̹ ̶̷̰̬̹̹ ̶̸̰̬̹̹ ̶̰̬̹̹̹ ̷̰̬̹̹ ̷̰̬̹̹̱ ̷̰̬̹̹̲ ̷̰̬̹̹̳ ̷̴̰̬̹̹
̸̲̬ ̷̴̰̬̹̹ ̷̵̰̬̹̹ ̷̶̰̬̹̹ ̷̷̰̬̹̹ ̷̷̰̬̹̹ ̷̸̰̬̹̹ ̷̰̬̹̹̹ ̷̰̬̹̹̹ ̸̰̬̹̹ ̸̰̬̹̹̱
̲̬̹ ̸̰̬̹̹̱ ̸̰̬̹̹̲ ̸̰̬̹̹̲ ̸̰̬̹̹̳ ̸̴̰̬̹̹ ̸̴̰̬̹̹ ̸̵̰̬̹̹ ̸̵̰̬̹̹ ̸̶̰̬̹̹ ̸̶̰̬̹̹
̳̬̰ ̸̷̰̬̹̹ ̸̷̰̬̹̹ ̸̷̰̬̹̹ ̸̸̰̬̹̹ ̸̸̰̬̹̹ ̸̰̬̹̹̹ ̸̰̬̹̹̹ ̸̰̬̹̹̹ ̰̬̹̹̹ ̰̬̹̹̹
̳̬̱ ̰̬̹̹̹ ̰̬̹̹̹̱ ̰̬̹̹̹̱ ̰̬̹̹̹̱ ̰̬̹̹̹̲ ̰̬̹̹̹̲ ̰̬̹̹̹̲ ̰̬̹̹̹̲ ̰̬̹̹̹̳ ̰̬̹̹̹̳
̳̬̲ ̰̬̹̹̹̳ ̰̬̹̹̹̳ ̴̰̬̹̹̹ ̴̰̬̹̹̹ ̴̰̬̹̹̹ ̴̰̬̹̹̹ ̴̰̬̹̹̹ ̵̰̬̹̹̹ ̵̰̬̹̹̹ ̵̰̬̹̹̹
̳̬̳ ̵̰̬̹̹̹ ̵̰̬̹̹̹ ̵̰̬̹̹̹ ̶̰̬̹̹̹ ̶̰̬̹̹̹ ̶̰̬̹̹̹ ̶̰̬̹̹̹ ̶̰̬̹̹̹ ̶̰̬̹̹̹ ̷̰̬̹̹̹
̴̳̬ ̷̰̬̹̹̹ ̷̰̬̹̹̹ ̷̰̬̹̹̹ ̷̰̬̹̹̹ ̷̰̬̹̹̹ ̷̰̬̹̹̹ ̷̰̬̹̹̹ ̷̰̬̹̹̹ ̷̰̬̹̹̹ ̸̰̬̹̹̹
̵̳̬ ̸̰̬̹̹̹ ̸̰̬̹̹̹ ̸̰̬̹̹̹ ̸̰̬̹̹̹ ̸̰̬̹̹̹ ̸̰̬̹̹̹ ̸̰̬̹̹̹ ̸̰̬̹̹̹ ̸̰̬̹̹̹ ̸̰̬̹̹̹
̶̳̬ ̸̰̬̹̹̹ ̸̰̬̹̹̹ ̰̬̹̹̹̹ ̰̬̹̹̹̹ ̰̬̹̹̹̹ ̰̬̹̹̹̹ ̰̬̹̹̹̹ ̰̬̹̹̹̹ ̰̬̹̹̹̹ ̰̬̹̹̹̹

͚͵Ͳ ͂ͩͬͤ͵ͮͧ Ͷͯͮ ͺ ͩͳʹ ͤͥͲ ͥ͗Ͳʹ Ͷͯͮ ͬͩͮͫͥͲ ͓Ͱͬ͡ʹͥ ͵ͮͤ ͯͥ͢ͲͥͲ ͚ͥͩͬͥ ͺ͵ ͤͤͩͥ͡Ͳ̮ͥͮ

́ͬͥ͢ͳͥͥͩ͢ͳͰ̺ͩͥͬ φx(1,75) = 0,9599

ͷͥͩʹͥͲͥ ͥ͗Ͳʹ̺ͥ ͎̽͏̨͍̮͓̮͖͔͒͒ͅͺ̻͈̩͗́͒ ͢ͺͷ̮ ̨ ̭͒́͵ͦͲ͵ͦ3̩̺ ͰͮͯͲ̨ͭͺ̩

3 http://netmath.vcrp.de/downloads/Systeme/R.html
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͔ͥͬͬͥͮ͢͡

χ2-Verteilung (Quantile)
n α̽

̵̰̬̰̰
̮̮̮
̰̬̰̱

̮̮̮
̵̰̬̰̲ ̵̰̬̰ ̰̬̱ ̵̰̬ ̰̬̹ ̵̰̬̹ ̷̵̰̬̹ ̰̬̹̹ ̵̰̬̹̹

̱ ̰̬̰̰̰ ̰̬̰̰̰ ̰̬̰̰̱ ̴̰̬̰̰ ̶̰̬̰̱ ̴̵̵̰̬ ̷̶̲̬̰ ̸̴̳̬̱ ̵̴̬̰̲ ̶̶̵̬̳ ̷̸̷̬̹
̲ ̰̬̰̱̰ ̰̬̰̲̰ ̵̰̬̰̱ ̰̬̱̰̳ ̰̬̲̱̱ ̸̶̱̬̳ ̴̶̵̬̰ ̵̬̹̹̱ ̷̷̸̬̳ ̹̬̲̱ ̵̷̱̰̬̹
̳ ̷̰̬̰̲ ̵̰̬̱̱ ̶̰̬̲̱ ̵̰̬̳̲ ̵̸̴̰̬ ̶̶̲̬̳ ̶̵̬̲̱ ̷̸̵̬̱ ̴̸̹̬̳ ̴̵̱̱̬̳ ̸̸̱̲̬̳
̴ ̷̰̬̲̰ ̷̰̬̲̹ ̴̸̴̰̬ ̷̰̬̱̱ ̶̴̱̬̰ ̵̷̳̬̳ ̷̷̷̬̹ ̴̸̸̹̬ ̴̱̱̬̱̳ ̷̷̱̳̬̲ ̴̸̶̱̬
̵ ̴̰̬̱̲ ̵̵̴̰̬ ̸̰̬̳̱ ̴̵̱̬̱ ̶̱̬̱ ̴̵̬̳̱ ̶̹̬̲̳ ̷̱̱̬̰ ̸̱̲̬̳̳ ̵̸̶̱̬̰ ̶̷̵̱̬
̶ ̶̷̶̰̬ ̸̷̰̬̲ ̷̱̬̲̳ ̶̵̱̬̳ ̴̲̬̲̰ ̵̴̸̬̳ ̶̴̵̱̰̬ ̵̱̲̬̹̲ ̴̴̴̱̬̹ ̶̸̱̬̱̲ ̸̵̴̸̱̬
̷ ̸̰̬̹̹ ̱̬̲̳̹ ̶̱̬̹ ̶̷̲̬̱ ̸̲̬̳̳ ̶̴̶̬̳ ̷̱̲̬̰̱ ̴̶̷̱̬̰ ̶̱̬̰̱̳ ̸̴̷̵̱̬ ̷̸̲̰̬̲
̸ ̴̴̱̬̳ ̶̴̶̱̬ ̸̲̬̱ ̷̲̬̳̳ ̴̳̬̹ ̷̴̴̬̳ ̶̱̳̬̳̲ ̵̵̷̱̬̰ ̷̵̵̱̬̳ ̲̰̬̰̹ ̵̵̲̱̬̹
̹ ̷̵̱̬̳ ̸̸̲̬̰ ̷̲̬ ̵̳̬̳̲ ̴̶̸̬̱ ̸̴̬̳̳ ̴̶̸̴̱̬ ̶̱̬̹̱̹ ̱̹̬̰̲̳ ̶̶̶̲̱̬ ̵̸̲̳̬̹
̱̰ ̵̶̲̬̱ ̵̵̸̲̬ ̴̷̳̬̲ ̴̳̬̹ ̴̸̶̵̬ ̴̹̬̳̲ ̵̸̷̱̬̹ ̸̷̱̬̳̰ ̴̸̲̰̬̳ ̲̳̬̲̰̹ ̵̸̸̲̬̱
̱̱ ̶̲̬̰̳ ̵̳̬̰̳ ̸̶̳̬̱ ̴̵̷̵̬ ̵̵̷̸̬ ̴̱̰̬̳̱ ̷̷̵̱̬̲ ̶̷̵̱̹̬ ̲̱̬̹̲ ̴̷̵̲̬̲ ̶̷̵̷̲̬
̱̲ ̷̴̳̬̰ ̵̷̳̬̱ ̴̴̴̬̰ ̵̶̬̲̲ ̶̴̬̳̰ ̴̱̱̬̳ ̸̵̴̱̬̹ ̶̲̱̬̰̲ ̷̲̳̬̳̳ ̶̷̲̬̲̱ ̸̲̬̳
̱̳ ̵̶̵̳̬ ̴̷̬̱̰ ̵̬̰̰̹ ̵̸̬̹̲ ̷̴̬̰̲ ̴̱̲̬̳ ̸̱̹̬̱̲ ̶̲̲̬̳̲ ̴̷̶̲̬̳ ̷̶̸̸̲̬ ̸̲̹̬̱̹
̴̱ ̴̷̵̬̰ ̴̶̶̬ ̵̶̬̲̹ ̶̵̷̬̱ ̷̷̬̹ ̱̳̬̳̳̹ ̶̴̲̱̬̰ ̶̸̵̲̳̬ ̶̲̬̱̱̹ ̴̲̹̬̱̱ ̳̱̬̳̱̹
̵̱ ̴̶̬̰̱ ̵̬̲̲̹ ̶̶̬̲̲ ̷̶̬̲̱ ̸̵̴̷̬ ̴̱̬̳̳̹ ̷̲̲̬̳̰ ̴̶̲̬̹̹ ̷̴̸̸̲̬ ̵̷̸̳̰̬ ̸̳̲̬̰̱
̶̱ ̵̴̬̱̲ ̵̸̬̱̲ ̶̸̬̹̰ ̷̶̬̹̲ ̹̬̳̱̲ ̵̸̱̬̳̳ ̵̴̲̳̬̲ ̶̶̲̬̲̹ ̸̸̴̵̲̬ ̳̲ ̴̶̷̳̬̲
̷̱ ̵̶̷̬̹ ̶̴̸̬̰ ̷̵̶̴̬ ̸̶̷̬̲ ̸̵̱̰̬̰ ̶̸̱̬̳̳ ̴̷̶̲̬̹ ̷̵̸̷̲̬ ̳̰̬̱̹̱ ̴̳̳̬̰̹ ̵̷̸̳̬̱
̸̱ ̶̶̵̬̲ ̷̵̬̰̱ ̸̬̲̳̱ ̹̬̳̹ ̸̶̵̱̰̬ ̷̸̱̬̳̳ ̵̸̲̬̹̹ ̸̸̶̲̬̹ ̵̶̳̱̬̲ ̴̸̵̳̬̰ ̷̵̶̳̬̱
̱̹ ̶̸̴̴̬ ̷̶̬̳̳ ̸̷̬̹̰ ̷̱̰̬̱̱ ̶̵̱̱̬̱ ̸̸̱̬̳̳ ̷̴̲̬̲̰ ̴̴̳̰̬̱ ̸̵̳̲̬̲ ̶̳̬̱̹̱ ̸̵̸̳̬̲
̲̰ ̷̴̴̬̳ ̸̶̬̲ ̵̹̬̹̱ ̸̵̱̰̬̱ ̴̴̱̲̬̳ ̷̱̹̬̳̳ ̸̴̲̬̱̲ ̴̳̱̬̱ ̴̷̳̬̱ ̷̵̶̶̳̬ ̷̳̹̬̹̹
̲̱ ̸̴̬̰̳ ̸̸̷̬̹ ̸̱̰̬̲̳ ̵̱̱̬̹̱ ̴̱̳̬̲ ̷̲̰̬̳̳ ̶̵̲̹̬̱ ̶̷̳̲̬̱ ̵̴̷̳̬̹ ̸̳̬̹̳̲ ̴̴̱̬̰̱
̲̲ ̸̶̴̬̳ ̵̴̹̬̲ ̸̱̰̬̹̲ ̸̱̲̬̳̳ ̴̴̱̬̰̱ ̷̲̱̬̳̳ ̸̳̰̬̱̳ ̴̳̳̬̹̲ ̶̷̸̳̬̱ ̴̸̰̬̲̹ ̴̷̶̲̬̹
̲̳ ̶̹̬̲ ̶̱̰̬̱̹ ̶̸̱̱̬̹ ̱̳̬̰̹̱ ̴̸̴̸̱̬ ̷̲̲̬̳̳ ̷̳̲̬̰̰ ̵̷̳̬̱̲ ̸̷̶̳̬̰ ̴̶̸̱̬̳ ̴̴̸̬̱̱
̴̲ ̸̸̶̹̬ ̸̵̶̱̰̬ ̴̱̲̬̰̱ ̸̴̸̱̳̬ ̵̶̵̱̬̹ ̷̲̳̬̳̳ ̶̳̳̬̱̹ ̶̴̵̳̬̱ ̶̴̳̹̬̳ ̴̸̲̬̹ ̴̵̵̵̬̹
̵̲ ̵̱̰̬̲ ̵̴̱̱̬̲ ̱̳̬̱̲ ̴̶̱̬̱̱ ̶̴̷̱̬̳ ̴̷̲̬̳̳ ̴̸̳̬̳̲ ̷̶̵̳̬̲ ̴̶̴̶̰̬ ̴̴̴̬̳̱ ̴̶̸̬̹̲
̶̲ ̶̱̱̬̱ ̸̱̲̬̱̹ ̸̴̴̱̳̬ ̵̷̱̬̳̹ ̷̱̬̲̹̲ ̵̶̲̬̳̳ ̵̵̶̳̬̳ ̸̸̸̵̳̬ ̴̱̬̹̲̳ ̴̵̶̴̬̲ ̴̸̬̲̹
̷̲ ̸̸̱̱̬̰ ̸̷̱̲̬̹ ̴̵̷̱̬̳ ̶̵̱̬̱̱ ̸̴̱̬̱̱ ̶̶̲̬̳̳ ̶̷̴̳̬̱ ̴̰̬̱̱̳ ̴̵̳̬̱̹ ̴̶̶̬̹̳ ̴̶̴̵̹̬
̸̲ ̴̶̱̲̬̱ ̵̶̵̱̳̬ ̵̸̱̬̳̰ ̶̸̱̬̹̲ ̸̱̬̹̳̹ ̷̶̲̬̳̳ ̷̶̳̬̹̱ ̴̷̱̬̳̳ ̴̴̴̶̬̱ ̴̸̷̸̬̲ ̵̰̬̹̹̳
̲̹ ̱̳̬̱̲̱ ̴̵̶̱̬̲ ̶̴̷̱̬̰ ̷̷̸̱̬̰ ̷̶̸̱̹̬ ̸̶̲̬̳̳ ̸̷̳̹̬̰ ̴̵̵̷̲̬ ̴̵̷̬̲̲ ̴̵̸̸̹̬ ̵̶̲̬̳̳
̳̰ ̷̸̷̱̳̬ ̴̵̱̬̹̳ ̶̷̱̬̹̱ ̸̴̱̬̹̳ ̵̲̰̬̹̹ ̶̲̹̬̳̳ ̴̵̶̰̬̲ ̴̷̷̳̬̳ ̴̶̷̬̹̹ ̵̸̰̬̹̲ ̵̶̷̳̬̲
̳̱ ̴̴̵̸̱̬ ̵̶̵̵̱̬ ̷̵̱̬̳̹ ̸̱̹̬̲̱ ̴̴̲̱̬̳ ̶̳̰̬̳̳ ̴̴̱̬̲̲ ̴̴̸̵̬̹ ̴̸̬̲̳̲ ̵̲̬̱̹̱ ̵̵̬̰̰̳
̳̲ ̵̴̱̬̱̳ ̶̶̱̬̳̲ ̸̱̬̲̹̱ ̷̲̰̬̰̲ ̷̲̲̬̲̱ ̶̳̱̬̳̳ ̴̵̸̵̲̬ ̴̶̴̬̱̹ ̴̴̸̹̬ ̵̴̸̶̳̬ ̵̶̸̬̳̲
̳̳ ̵̸̵̱̬̱ ̷̷̴̱̬̰ ̴̷̱̹̬̰ ̸̶̷̲̰̬ ̲̳̬̱̱ ̶̳̲̬̳̳ ̴̷̴̵̳̬ ̴̷̴̬ ̵̷̵̰̬̲ ̵̴̷̷̶̬ ̵̷̶̴̸̬
̴̳ ̶̵̱̬̰̱ ̷̷̸̱̬̹ ̸̶̱̹̬̰ ̶̶̴̲̱̬ ̵̲̳̬̹̲ ̶̳̳̬̳̳ ̴̴̬̹̰̳ ̴̸̶̬̰̲ ̵̶̶̱̬̹ ̵̶̶̬̰̱ ̵̸̶̴̬̹
̵̳ ̷̱̬̱̹̲ ̸̵̱̬̰̹ ̵̶̲̰̬̹ ̴̶̵̲̲̬ ̴̷̷̲̬̹ ̴̶̳̬̳̳ ̴̶̵̬̰̹ ̴̸̹̬̰̲ ̵̳̬̲̰̳ ̵̷̴̬̳̲ ̶̷̵̰̬̲
̷̳ ̸̵̸̶̱̬ ̶̱̹̬̹ ̶̲̲̬̱̰ ̴̷̵̲̬̰ ̶̴̲̬̹̲ ̶̶̳̬̳̳ ̴̸̶̬̳̳ ̵̲̬̱̹̲ ̵̵̶̶̸̬ ̵̸̹̬̹̳ ̶̸̸̲̬̳
̸̳ ̸̱̹̬̲̹ ̶̲̰̬̹̱ ̸̷̸̲̲̬ ̴̸̸̴̲̬ ̷̴̲̬̳̳ ̷̵̳̬̳̳ ̴̵̹̬̱̳ ̵̸̴̳̬̳ ̵̶̸̶̬̹ ̶̶̱̬̱̲ ̶̴̸̬̱̱
̳̹ ̶̱̹̬̹̹ ̴̶̲̱̬̲ ̶̵̴̲̳̬ ̵̶̵̲̬̹ ̸̶̲̬̱̹ ̸̵̳̬̳̳ ̵̶̶̰̬ ̵̴̵̷̬̲ ̵̸̬̱̲ ̶̴̸̲̬̲ ̶̵̴̷̶̬
̴̰ ̷̷̲̰̬̰ ̶̴̲̲̬̱ ̴̴̲̬̳̳ ̶̵̲̬̰̹ ̵̲̹̬̰̱ ̵̳̹̬̳̳ ̵̸̵̱̬̰ ̵̵̷̵̸̬ ̵̴̹̬̳̲ ̶̶̳̬̹̱ ̶̶̷̶̶̬
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Kritische Werte für den Kolmogorov-Smirnov- (KS-) Anpassungstest

n ̈́0,20 ̈́0,10 ̈́0,05 ̈́0,02 ̈́0,01 ̈́0,005
̱ ̰̬̹ ̵̰̬̹ ̷̵̰̬̹ ̰̬̹̹ ̵̰̬̹̹ ̷̵̰̬̹̹
̲ ̶̸̷̷̰̬̳ ̷̷̶̸̰̬̳ ̸̴̸̷̰̬̱ ̸̸̰̬̹̹̹ ̵̰̬̹̲̹̲ ̴̵̰̬̹̹̹
̳ ̵̶̴̸̰̬̱ ̶̶̴̰̬̳̰ ̷̷̵̸̰̬̰ ̷̸̴̵̰̬̲ ̸̸̵̰̬̲̹ ̸̶̴̰̬̱̹
̴ ̴̶̵̰̬̹̲ ̵̶̵̰̬̲̱ ̶̰̬̲̳̹̲ ̶̸̸̸̴̰̬ ̷̴̷̰̬̳̱ ̷̷̶̸̰̬̲
̵ ̴̴̶̷̰̬̹ ̵̴̴̰̬̰̹ ̵̶̶̰̬̳̲ ̶̷̵̰̬̲̱ ̶̶̸̴̸̰̬ ̷̵̰̬̰̳̳
̶ ̴̵̰̬̱̰̳ ̴̶̷̰̬̹̹ ̵̵̰̬̱̹̲ ̵̷̷̸̰̬̳ ̶̶̵̵̰̬̱ ̶̵̷̷̰̬̲
̷ ̸̴̵̰̬̳̱ ̴̶̶̰̬̳̰ ̴̸̴̰̬̳̱ ̵̸̴̰̬̳̱ ̵̷̵̷̶̰̬ ̶̶̶̰̬̰̹
̸ ̵̸̸̰̬̳̲ ̴̶̰̬̰̹̲ ̴̵̴̶̰̬̲ ̵̶̵̰̬̰̲ ̵̴̷̴̰̬̱ ̵̷̴̰̬̲
̹ ̷̰̬̳̳̹̰ ̸̷̴̶̰̬̳ ̴̰̬̳ ̴̷̵̷̰̬̹ ̵̷̰̬̱̳̲ ̵̴̴̵̰̬̳
̱̰ ̵̷̰̬̳̲̲ ̶̸̶̶̰̬̳ ̴̴̰̬̰̹̲ ̴̵̶̶̰̬ ̴̸̸̸̰̬̹ ̵̸̶̴̰̬̱
̱̱ ̸̵̰̬̳̰̲ ̵̴̰̬̳̲̱ ̰̬̳̹̱̲̱ ̴̶̶̸̰̬̳ ̴̶̷̶̶̰̬ ̴̶̰̬̹̳̱
̱̲ ̵̷̰̬̲̹̳ ̸̴̰̬̳̳̱ ̷̵̴̰̬̳̲ ̴̶̰̬̱̹̱ ̴̴̰̬̹ ̴̷̶̶̴̰̬
̱̳ ̸̴̶̶̰̬̲ ̵̴̸̰̬̳̲ ̶̴̰̬̳̱̲ ̴̶̰̬̰̳ ̴̴̰̬̳̲̳ ̴̵̴̰̬̹̱
̴̱ ̷̴̷̷̰̬̲ ̴̶̰̬̳̱̱ ̴̸̸̰̬̳̹ ̸̶̸̰̬̳̹ ̴̷̵̸̰̬̱ ̴̴̴̵̰̬̳
̵̱ ̶̵̸̵̰̬̲ ̷̰̬̳̰̳̹ ̷̵̰̬̳̳̹ ̷̷̰̬̳̱̱ ̴̴̶̰̬̰̱ ̴̷̰̬̲̹̲
̶̱ ̵̷̷̴̰̬̲ ̴̷̰̬̲̹̱ ̷̰̬̳̲̳̳ ̶̵̶̰̬̳̹ ̷̰̬̳̹̱̹ ̴̶̷̰̬̱̳
̷̱ ̵̵̰̬̲̰̳ ̸̶̶̰̬̲̲ ̷̶̰̬̳̱̹ ̵̵̶̰̬̳̲ ̸̸̰̬̳̰̳ ̴̴̵̸̰̬̰
̸̱ ̴̵̶̰̬̲̳ ̷̸̵̰̬̲ ̵̰̬̳̰̹̳ ̴̵̶̸̰̬̳ ̷̵̰̬̳̰̹ ̷̴̰̬̳̹̳
̱̹ ̷̰̬̲̳̳̱ ̷̵̰̬̲̱̳ ̴̰̬̳̰̱̲ ̶̸̴̰̬̳̳ ̶̴̰̬̳̱̱ ̸̷̰̬̳̳̳
̲̰ ̵̰̬̲̳̱̲ ̶̴̷̰̬̲̳ ̴̷̰̬̲̹̰ ̸̶̴̰̬̳̲ ̵̸̰̬̳̲̳ ̷̴̴̵̰̬̳
̲̱ ̶̴̰̬̲̲̱ ̵̸̵̷̰̬̲ ̸̷̴̰̬̲̲ ̰̬̳̲̱̰̳ ̴̴̰̬̳̲̳ ̶̵̸̰̬̳̲
̲̲ ̰̬̲̲̱̱̱ ̵̸̰̬̲̲̳ ̸̸̶̰̬̲̰ ̰̬̳̱̳̹̲ ̶̶̰̬̳̳̳ ̵̷̷̶̰̬̳
̲̳ ̶̴̰̬̲̱̲ ̴̷̴̶̰̬̲ ̷̴̰̬̲̹ ̷̷̰̬̳̰̲ ̵̰̬̳̲̹̱ ̵̰̬̳̰̲̱
̴̲ ̰̬̲̱̲̰̱ ̴̴̰̬̲̲̱ ̶̰̬̲̹̳ ̰̬̳̰̱̰̲ ̸̰̬̳̲̲̳ ̴̰̬̳̳̱̳
̵̲ ̷̸̶̰̬̲̰ ̷̶̷̰̬̲̳ ̶̴̴̰̬̲̰ ̵̵̰̬̲̹̱ ̶̵̴̰̬̳̱ ̶̴̶̰̬̳̳
̶̲ ̶̰̬̲̰̳̹ ̰̬̲̳̳̲ ̵̷̰̬̲̹̰ ̸̶̰̬̲̹̱ ̶̰̬̳̱̰ ̶̰̬̳̳̰̱
̷̲ ̶̰̬̲̰̰̲ ̸̷̰̬̲̲̹ ̵̴̷̰̬̲̳ ̸̴̷̰̬̲̳ ̴̰̬̳̰̹̹ ̴̰̬̳̲̲̱
̸̲ ̶̷̶̰̬̱̹ ̴̷̰̬̲̲̹ ̴̰̬̲̹̹̳ ̷̴̰̬̲̹ ̶̸̰̬̲̹̹ ̸̵̷̰̬̳̱
̲̹ ̴̴̰̬̱̹̳ ̷̰̬̲̲̱̱ ̴̵̷̰̬̲̱ ̷̴̶̰̬̲̹ ̴̶̰̬̲̹̳ ̰̬̳̱̳̲̲
̳̰ ̰̬̱̹̰̲̹ ̷̵̶̰̬̲̱ ̴̷̰̬̲̱ ̷̰̬̲̰̲̱ ̸̸̴̰̬̲̹ ̸̰̬̳̰̱̳
̳̱ ̸̷̸̰̬̱̲ ̴̰̬̲̱̱̲ ̷̸̸̰̬̲̳ ̶̵̵̰̬̲̹ ̸̵̷̰̬̲̲ ̸̰̬̳̰̳̲
̳̲ ̸̴̴̰̬̱̲ ̸̴̰̬̲̱̰ ̴̴̰̬̲̳̲ ̶̸̸̰̬̲̱ ̸̰̬̲̰̹̱ ̸̶̵̰̬̲̹
̳̳ ̸̶̸̰̬̱̱ ̷̷̰̬̲̰̱ ̷̶̰̬̲̳̰ ̵̷̰̬̲̹̹ ̷̶̷̵̰̬̲ ̴̰̬̲̹̲̳
̴̳ ̷̶̰̬̱̹̰ ̴̷̰̬̲̰̱ ̷̴̰̬̲̲̳ ̵̴̸̰̬̲̲ ̷̷̶̰̬̲̲ ̰̬̲̹
̵̳ ̷̶̵̵̰̬̱ ̸̴̰̬̲̰̱ ̴̴̰̬̲̲̲ ̵̷̰̬̲̰̲ ̶̸̵̰̬̲̹ ̸̵̵̰̬̲̹
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ͥ͗Ͳʹͥ ͥ͢Ͳͥͣͨͮͥʹ ͮͣͨ͡ ͇ͥͯͲͧͥ ͍͡Ͳͳͧͬͩ͡͡ ͥʹ ͬ͡ ̮ ͅͶͬ͡͵͡ʹͩͮͧ ͋ͯͬͭͯͧͯͲͯͶ̧ͳ ̈́ͩͳʹͲͩ͢͵ʹͩͯͮͅͶ̭͡
ͬ͵͡ʹͩͮͧ ͋ͯͬͭͯͧͯͲͯͶ̧ͳ ̈́ͩͳʹͲͩ͢͵ʹͩͯͮ5̮ Journal of Statistical Software ̬ 8 ̸̨̱ ̴̩̺̱̭͎ͯͶ ̲̰̰̳

5 www.jstatsoft.org/v08/i18/

̵̱

www.jstatsoft.org/v08/i18/ 


͔ͥͬͬͥͮ͢͡

F-Verteilung (rechtsseitige Quantile)

n1

α n2=
1

n2=
2

...
3 4 5 6 7 8 9

̱ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̶̴̵̱̱̬
̶̴̷̷̬̹
̴̵̰̲̬̲
̶̱̲̱̱

̸̵̱̬̱̳
̸̵̶̳̬̰
̸̵̹̬̰̳
̸̵̱̹̬

̸̱̰̬̱̲
̷̴̴̱̬̳
̴̶̳̬̱̱
̵̵̵̵̬̲

̷̷̬̰̹
̸̱̲̬̲̱
̸̲̱̬̱̹
̳̱̬̳̳̳

̶̶̸̬̰
̷̱̰̬̰̰
̶̵̸̱̬̲
̷̸̵̲̲̬

̵̸̷̬̹
̸̸̬̱̳
̷̴̵̱̳̬
̸̶̵̱̬̳

̵̵̬̹̱
̸̷̬̰̳
̴̶̱̲̬̲
̶̶̱̬̲̳

̵̸̬̳̱
̷̵̷̬̱
̵̱̱̬̲̹
̴̶̸̸̱̬

̵̷̬̱̱
̷̬̲̰̹
̵̶̱̰̬̱
̶̴̱̳̬̱

̲ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̵̱̹̹̬
̷̵̹̹̬
̴̵̹̹̹̬
̲̰̰̰̰

̱̹
̳̹
̹̹
̱̹̹

̵̵̹̬̲
̶̴̴̱̬̰
̸̷̳̰̬̱
̴̸̹̬

̶̴̴̬̹
̶̴̱̰̬̹
̸̱
̶̸̴̲̬̲

̵̷̸̶̬
̸̴̴̬̳
̷̴̱̳̬̲
̸̴̱̬̳̱

̵̴̬̱̳
̷̶̬̲
̵̱̰̬̹̲
̴̵̴̴̱̬

̴̷̷̬̳
̶̵̴̬̲
̵̴̷̹̬
̴̴̱̲̬̰

̴̴̵̬̹
̶̵̬̰̹
̸̶̴̬̹
̴̱̱̬̰̲

̴̵̶̬̲
̵̷̵̬̱
̸̬̰̲̲
̷̱̰̬̱̰

̳ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̵̷̲̱̬̱
̸̶̴̶̬̱
̵̴̴̰̳̬
̶̵̲̱̱

̶̴̱̹̬̱
̶̵̳̹̬̱
̶̶̹̹̬̱
̷̱̹̹̬̱

̷̷̹̬̲
̵̴̱̬̳̹
̴̵̷̲̹̬
̴̷̴̶̷̬

̶̵̬̹̱
̷̹̬̹̹
̶̶̴̱̬̹
̴̵̲̬̲̹

̵̴̬̰̹
̷̷̶̴̬
̶̱̲̬̰
̶̵̱̬̳

̴̷̵̷̬
̶̵̬̹̹
̷̸̹̬
̷̱̲̬̹̱

̴̴̷̬̳
̵̸̬̹
̸̴̵̬̱
̸̸̱̰̬̲

̴̶̶̬̰
̵̴̶̬̱
̷̵̬̹̱
̵̶̹̬̹

̸̶̳̬̳
̵̷̸̬̰
̶̬̹̹̲
̸̷̷̬̱

̴ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̴̵̸̲̲̬
̸̵̸̹̹̬
̵̶̴̶̲̬
̵̲̲̰̰

̶̱̹̬̲̹
̸̳̹̬̲̹
̹̹̬̲̹̹
̱̹̹̬̳

̸̴̬̹̱
̴̷̵̱̬̳
̷̲̬̹̱̱
̴̴̸̸̬̳

̶̴̬̰̹
̷̴̹̬̰
̴̷̶̱̬̹
̶̲̱̬̲̲

̴̸̸̬̱
̶̷̵̷̬
̸̱̰̬̲̹
̶̱̳̬̹̱

̴̬̰̹̹
̵̵̬̲̳
̷̷̶̬̹
̱̰̬̳̹̱

̶̷̳̬̳
̴̷̶̬̱
̶̶̬̲
̸̸̬̳

̳̬̳̱̳
̴̴̬̲̳
̵̷̴̬̳
̷̴̬̱̰

̷̳̬̰̳
̸̶̸̳̬
̵̬̱̱̱
̶̷̬̲̲

̵ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̶̲̳̰̬̱
̸̵̹̲̱̬
̵̷̶̶̳̬
̵̶̲̳̰

̶̱̹̬̲̹
̸̳̹̬̲̹
̹̹̬̲̹̹
̱̹̹̬̳

̹̬̰̱̳
̴̸̸̵̱̬
̸̷̲̬̲̳
̴̵̬̳̹̲

̶̵̶̬̲
̶̴̹̬̳
̵̵̱̬̲̲
̴̵̶̲̲̬

̵̵̬̰
̷̴̶̬̱
̶̷̱̰̬̹
̴̴̱̬̹

̴̸̷̬̳
̵̸̸̬̹
̸̷̴̶̬
̴̶̴̱̱̬

̷̳̬̹̲
̵̸̵̬̲
̷̴̶̬
̵̹̬̲̲

̶̸̷̳̬
̴̸̷̬̱
̶̶̬̳̲
̸̬̳̰̲

̴̸̳̬̲
̴̴̸̴̬
̶̵̷̬̰
̷̴̷̬̱

̶ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̲̳̳̬̹̹
̷̹̳̬̱̱
̵̸̵̹
̴̷̲̳̳

̱̹̬̳̳
̳̹̬̳̳̱
̹̹̬̳̳̳
̱̹̹̬̳̳

̸̴̬̹̱
̴̷̵̱̬̳
̷̲̬̹̱̱
̴̴̸̸̬̳

̶̶̬̱̳
̷̹̬̱̹
̵̷̱̬̲̰
̷̵̲̱̬̹

̴̵̬̹
̶̷̸̬̹
̶̷̱̰̬̲
̴̵̱̬̱̳

̴̸̴̬̲
̵̸̬̲
̸̴̶̶̬
̷̱̱̬̰̳

̸̶̶̳̬
̵̬̱̱̹
̷̬̱̹̱
̵̵̹̬̱

̵̸̳̬̱
̴̶̵̬̲
̶̷̬̳̱
̷̵̬̹̲

̷̴̳̬̳
̴̬̳̲
̵̸̬̰̲
̷̴̬̱̳

̷ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̶̷̷̲̳̬
̴̸̹̬̲̲
̵̸̴̹̲̬
̷̵̲̳̱

̵̱̹̬̳̳
̵̵̳̹̬̳
̵̶̹̹̬̳
̶̱̹̹̬̳

̸̸̸̷̬
̴̶̴̱̬̲
̷̶̷̲̬̲
̴̴̴̴̬̳

̶̴̬̰̹
̷̴̹̬̰
̴̷̶̱̬̹
̶̲̱̬̲̲

̴̸̷̶̬
̶̸̵̬̳
̴̵̶̱̰̬
̴̱̬̲

̴̷̬̲̰
̵̶̵̬̹
̸̶̬̲
̷̸̶̱̰̬

̷̸̷̳̬
̴̵̬̹̹
̶̬̹̹̳
̸̸̸̵̬

̵̳̬
̴̵̬̲̹
̶̷̸̬̱
̷̶̴̬̹

̳̬̲̹̳
̴̷̬̱̹
̵̶̬̱̳
̶̸̸̵̬

̸ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̸̸̸̲̳̬
̵̶̶̶̹̬
̵̸̹̱̬̱
̵̲̳̹̲

̷̱̹̬̳̱
̷̳̹̬̳̳
̷̴̹̹̬̳
̷̱̹̹̬̳

̸̸̴̵̬
̴̵̴̱̬
̷̴̸̲̬̹
̴̴̶̬̱̲

̶̴̬̰̱
̸̸̬̹
̴̷̱̬̹̹
̵̲̱̬̳̲

̴̸̸̬̱
̶̷̵̷̬
̸̱̰̬̲̹
̶̱̳̬̹̱

̴̴̷̬̱
̵̶̬
̸̬̱̰̲
̵̶̶̱̰̬

̷̶̳̬̲
̴̸̬̹̹
̶̸̴̬
̸̶̷̸̬

̴̸̳̬̳
̴̴̬̳̳
̶̬̰̲̹
̷̴̶̬̹

̳̬̲̳
̴̬̱̰̲
̵̴̶̷̬
̶̶̬̹̳

̹ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̴̵̴̲̰̬
̶̸̹̳̬̲
̶̵̰̲̲̬
̴̲̰̹̱

̸̵̱̹̬̳
̸̷̳̹̬̳
̸̸̹̹̬̳
̱̹̹̬̳̹

̸̸̬̱̲
̴̴̷̱̬̳
̷̴̵̲̬̳
̴̸̸̳̬̲

̵̬̹̹̹
̸̵̬̹̰
̴̶̵̱̬̹
̲̱̬̱̳̹

̴̷̷̬̲
̶̶̸̬̱
̵̸̱̰̬̱
̷̷̱̳̬̲

̴̬̰̹̹
̵̵̬̲̳
̷̷̶̬̹
̱̰̬̳̹̱

̶̷̷̳̬
̴̸̬̲̳
̶̷̬̱̹
̸̵̴̬̱

̸̸̳̬̳
̴̵̷̬̳
̵̬̹̱̱
̷̬̳̳̹

̷̳̬̱̹
̴̶̬̰̲
̵̵̬̳̱
̶̵̴̬̱

̱̰ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̴̸̸̲̱̬
̶̸̶̹̬̳
̶̵̵̸̰̬
̴̴̲̲̲

̶̱̹̬̳̹
̸̳̹̬̳̹
̹̹̬̳̹̹
̴̱̹̹̬

̸̷̸̶̬
̴̴̱̬̱̹
̷̲̬̲̲̹
̴̶̸̶̳̬

̵̶̴̬̹
̸̸̴̴̬
̴̵̴̶̱̬
̶̷̲̰̬̹

̴̷̵̬̳
̶̶̬̱̹
̵̱̰̬̰̱
̶̸̱̳̬̱

̴̶̬̰
̵̴̶̬̱
̷̸̷̴̬
̵̱̰̬̲

̶̷̳̬̳
̴̷̶̬̱
̶̶̬̲
̸̸̬̳

̴̷̳̬̳
̴̵̬̲̹
̵̸̴̬̱
̷̬̲̱̱

̷̳̬̱̳
̶̴̳̬̹
̵̵̷̬̲
̶̴̷̬̱

̱̱ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̴̸̲̲̬̹
̷̹̳̬̰̳
̶̸̰̳̬̳
̴̴̲̳̳

̴̵̱̹̬̰
̴̷̳̹̬̰
̴̸̹̹̬̰
̴̱̹̹̬̱

̸̷̶̬̳
̴̷̴̱̬̳
̷̲̬̱̳̳
̴̵̴̳̬̲

̵̶̬̹̳
̸̷̴̬̹
̴̴̵̱̬̲
̸̴̲̰̬̲

̴̷̴̬̰
̶̵̶̸̬
̶̹̬̹̳
̴̱̳̬̹̱

̴̷̬̰̲
̵̴̬̱
̷̷̬̹
̱̰̬̱̳̳

̶̳̬̰̳
̴̷̬̰̹
̶̵̸̬̳
̸̷̬̲

̳̬̳̱̳
̴̴̬̲̳
̵̷̴̬̳
̷̴̬̱̰

̳̬̱̰̲
̳̬̹̱̲
̵̷̸̬̱
̶̴̬̳̱

̵̲
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F-Verteilung (rechtsseitige Quantile)

n1

α n2=
1

n2=
2

...
3 4 5 6 7 8 9

̱̲ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̴̲̳̬̹̱
̷̶̷̹̬̱
̶̶̱̰̬̳
̴̴̶̲̲

̴̱̹̬̱̳
̴̵̳̹̬̱
̴̶̹̹̬̱
̴̱̹̹̬̲

̸̷̴̵̬
̴̷̱̬̳̳
̷̵̲̬̰̲
̴̸̷̳̬̳

̵̬̹̱̲
̸̷̵̬̱
̴̷̴̱̬̳
̷̵̲̰̬̰

̴̶̷̸̬
̶̵̵̬̲
̸̸̸̹̬
̸̴̱̳̬̳

̴
̵̶̶̬̳
̷̷̸̬̱
̴̱̰̬̰̳

̵̷̵̳̬
̴̶̶̶̬
̶̴̶̬̹
̸̷̶̬̱

̸̴̳̬̲
̴̬̲
̵̶̶̷̬
̷̵̬̰̱

̷̳̬̰̳
̸̶̸̳̬
̵̬̱̱̱
̶̷̬̲̲

̱̳ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̴̴̶̲̬̹
̷̸̴̹̹̬
̶̵̱̲̬̹
̴̵̵̲̰

̴̱̹̬̱̹
̴̳̹̬̲̱
̴̹̹̬̲̲
̴̱̹̹̬̲

̸̷̬̲̹
̴̴̱̬̳̰
̶̸̲̬̹̳
̴̷̳̬̲̱

̵̸̬̹̱
̸̷̵̬̱
̴̷̱̬̳̰
̶̲̰̬̰̳

̴̶̵̵̬
̶̴̸̸̬
̸̵̹̬̲
̱̳̬̲̹̳

̷̶̳̬̹
̵̬̳̲̹
̷̶̵̷̬
̵̹̬̹

̵̵̳̬
̴̶̸̬̲
̶̴̬̱
̸̷̬̰̹

̵̳̬̲̹
̴̶̬̱̲
̵̶̬̰̹
̶̸̬̹̳

̴̸̳̬̰
̸̳̬̳̱
̵̵̵̬̰
̶̵̬̱̳

̴̱ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̴̵̶̲̬̳
̸̵̹̲̬̳
̶̴̷̱̲̬
̴̵̷̲̲

̴̴̱̹̬̲
̴̷̳̹̬̲
̴̸̹̹̬̲
̴̱̹̹̬̳

̸̷̵̬̱
̴̷̷̱̬̲
̶̴̲̬̹̲
̴̷̳̬̱̲

̵̸̷̬̳
̸̶̸̴̬
̴̴̱̬̲̹
̵̵̲̰̬̱

̴̶̶̬̳
̶̴̵̶̬
̷̷̹̬
̵̱̳̬̲̱

̵̶̳̬̹
̵̷̬̲̹
̷̶̵̬̰
̸̷̷̹̬

̵̳̬̲̹
̴̵̶̬̹
̶̵̬̳̹
̸̸̬̰̲

̷̳̬̲̳
̴̬̱̳
̵̵̵̬̹
̶̸̷̬̲

̵̳̬̰̲
̷̸̳̬̹
̵̵̬̰̰
̶̸̬̰̹

̵̱ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̴̵̵̲̬̹
̸̴̸̷̹̬
̶̵̷̱̬̳
̴̶̲̳̰

̴̱̹̬̲̹
̴̳̹̬̳̱
̴̹̹̬̳̳
̴̱̹̹̬̳

̸̷̬̰̳
̴̵̱̬̲̳
̶̸̷̲̬̲
̴̸̵̳̬̰

̵̸̵̸̬
̸̶̵̷̬
̴̸̱̬̱̹
̴̸̲̰̬̳

̴̶̬̱̹
̶̴̸̬̲
̷̹̬̲̲
̴̶̱̳̬̱

̸̳̬̹̳
̵̶̬̲̹
̷̵̵̬̹
̸̴̹̬̱

̵̳̬̱̱
̴̵̶̸̬
̶̴̬̳̱
̷̶̸̬̹

̸̳̬̲̱
̴̬̱̰̱
̵̵̵̬̱
̶̸̴̬̱

̶̳̬̰̰
̷̶̳̬̹
̴̶̬̹̲
̶̬̰̳̲

̲̰ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̴̸̲̬̰̱
̹̹̳̬̱
̶̸̷̲̰̬
̴̸̶̲̳

̴̴̶̱̹̬
̴̴̸̳̹̬
̴̴̹̹̬̹
̴̵̱̹̹̬

̸̶̶̬
̴̶̷̱̬̱
̶̶̲̬̹
̴̷̷̸̲̬

̵̸̬̰̳
̸̵̶̬
̴̱̬̰̲
̶̷̲̰̬̱

̴̵̵̸̬
̶̬̳̲̹
̵̵̹̬̳
̱̲̬̹̰̳

̸̷̴̳̬
̵̶̸̬̱
̷̶̬̳̹
̵̸̹̬̹

̴̴̵̳̬
̴̴̶̷̬
̶̵̵̬̱
̷̷̵̴̬

̵̳̬̱
̳̬̹̹̹
̵̵̬̳̹
̶̶̸̬̰

̶̲̬̹̳
̶̶̷̳̬
̴̸̸̬̰
̵̸̬̳̲

̴̰ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̵̴̲̱̬̱
̵̶̱̰̰̬
̶̸̶̸̲̬
̵̴̸̲̱

̴̷̱̹̬̱
̴̷̳̹̬̳
̴̷̴̹̹̬
̴̷̱̹̹̬

̸̵̴̬̹
̴̷̱̬̰̳
̶̴̲̬̱̱
̴̸̲̬̳̰

̵̷̷̬̱
̸̴̬̱̱
̷̴̵̱̳̬
̷̵̱̹̬̲

̴̴̶̴̬
̶̷̵̬̱
̹̬̲̹̱
̵̱̲̬̳

̷̷̴̳̬
̵̬̰̱̲
̷̴̬̱̳
̴̹̬̲̱

̴̳̬̳
̴̬̳̰̹
̵̸̬̹̰
̷̴̬̲̲

̴̳̬̰̳
̸̴̳̬
̵̶̬̱̱
̶̸̸̬̲

̸̶̲̬̲
̵̵̳̬̰
̴̵̶̷̬
̵̵̬̱̹

̵̰ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̵̷̷̲̱̬
̸̱̰̰̬̱
̶̵̳̰̲̬
̵̲̲̱̱

̴̷̶̱̹̬
̴̷̸̳̹̬
̴̷̹̹̬̹
̴̸̱̹̹̬

̸̵̸̬̱
̴̱̬̰̱
̶̵̴̲̬̳
̴̲̬̲̱̳

̵̶̬̹̹
̸̸̬̳̱
̶̱̳̬̹
̶̶̷̱̹̬

̴̴̴̴̬
̶̴̴̬̱
̸̹̬̲̳
̴̵̴̱̲̬

̷̵̴̳̬
̴̸̬̹
̷̬̰̹̱
̷̹̬̱

̳̬̳̱̹
̴̷̶̬̲
̵̸̵̸̬
̷̵̴̬̳

̳̬̰̲
̸̷̳̬̰
̵̶̵̬̰
̶̬̲̲̲

̸̲̬̰̳
̴̷̳̬̲
̴̵̷̬̱
̵̴̵̴̬

̷̵ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̵̶̲̲̬̲
̵̱̰̱̱̬
̶̶̳̲̳̬
̵̵̲̲̹

̴̸̱̹̬̲
̴̸̵̳̹̬
̴̸̶̹̹̬
̴̱̹̹̬̹

̸̵̶̬̳
̷̴̱̳̬̹
̶̷̸̲̬̲
̴̸̶̲̬̰

̵̶̷̶̬
̸̴̬̳
̶̵̱̳̬̱
̵̵̴̱̹̬

̴̴̸̬̱
̶̬̱̰̱
̶̶̹̬̱
̵̱̲̬̳̱

̷̶̳̬̲
̴̷̬̹̳
̷̬̰̲̲
̷̴̹̬̰

̳̬̲̹
̴̬̲̳̲
̵̷̸̬̹
̷̶̬̲̳

̲̬̹̹
̷̶̳̬̲
̴̸̬̹̹
̶̬̱̳̳

̷̷̲̬̱
̴̶̳̬̲
̴̴̴̬̹
̵̶̷̬̳

̱̰̰ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̵̴̲̳̬̰
̱̰̱̳̬̲
̶̴̳̳̬̱
̵̷̲̳̳

̴̸̶̱̹̬
̴̸̸̳̹̬
̴̸̹̹̬̹
̴̱̹̹̬̹

̸̵̵̴̬
̵̶̱̳̬̹
̶̴̲̬̲
̴̲̬̰̲̲

̵̶̶̴̬
̸̬̳̱̹
̵̷̷̱̳̬
̴̷̱̹̬̹

̴̴̵̬̰
̶̸̬̰
̹̬̱̳
̱̲̬̳

̷̳̬̱̲
̴̵̬̹̱
̶̸̷̬̹
̶̹̬̰̲

̷̵̳̬̲
̴̬̲̱
̵̷̵̵̬
̷̷̬̲̱

̷̵̲̬̹
̷̳̬̳̹
̴̶̬̹̳
̶̸̸̬̰

̷̵̶̲̬
̴̳̬̰̳
̴̴̵̬̱
̵̬̳̲̲

̵̱̰ ̵̰̬̹̰
̷̵̰̬̹
̰̬̹̹̰
̵̰̬̹̹

̵̴̶̲̳̬
̴̱̰̱̬̹
̶̴̴̷̳̬
̵̸̲̳̰

̴̸̱̹̬̹
̴̳̹̬̹̱
̴̹̹̬̹̲
̴̱̹̹̬̹

̸̵̴̵̬
̸̱̳̬̹̳
̶̲̬̲̰̲
̴̵̷̱̬̹

̵̶̵̬̲
̸̬̲̹̹
̵̱̳̬̳̹
̴̴̱̹̬

̴̬̳̹̲
̶̵̬̰̹
̴̹̬̰̹
̴̸̱̲̬̲

̶̸̳̬̹
̴̸̬̹̳
̶̵̬̹̱
̸̷̷̬̹

̶̳̬̲
̴̸̸̬̱
̵̷̬̲
̷̷̬̱

̵̲̬̹̹
̷̶̳̬̱
̴̬̹̲̹
̶̴̬̰̲

̷̲̬̳̹
̸̳̬̳
̴̸̬̳
̵̷̸̬̲

ͷͥͩʹͥͲͥ ͥ͗Ͳʹ̺ͥ ̨̮͉͎͖̽͆α ̻̱̻̲̩ͮͮ ͢ͺͷ̮ ̨ ̭͒́͵ͦͲ͵ͦ6̩̺ ͱ̨ͦα̬̱̬̲̩ͮͮ
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͔ͥͬͬͥͮ͢͡

t-(Student-)Verteilung (Quantile)

n
α ̽
̷̵̰̬

̮̮̮
̰̬̹̰ ̵̰̬̹ ̷̵̰̬̹ ̰̬̹̹ 0,995 ̰̬̹̹̹ ̵̰̬̹̹̹ ̰̬̹̹̹̹

̱ ̱̬̰̰ ̷̸̳̬̰ ̶̴̬̳̱ ̷̶̱̲̬̰ ̸̳̱̬̲̱ ̶̶̵̷̳̬ ̸̳̱̬̳̱ ̶̶̶̳̬̲ ̸̳̱̳̬̱
̲ ̸̶̰̬̱ ̸̸̶̱̬ ̲̬̹̲ ̴̬̳̰̳ ̶̶̵̬̹ ̵̹̬̹̲ ̷̲̲̬̳̲ ̵̳̱̬̹̹ ̷̷̰̬̰̰
̳ ̷̶̵̰̬ ̶̸̱̬̳ ̵̲̬̳̳ ̸̳̬̱̲ ̴̵̴̬̱ ̵̸̴̬̱ ̵̱̰̬̲̱ ̴̱̲̬̹̲ ̴̲̲̬̲̰
̴ ̷̴̰̬̱ ̵̱̬̳̳ ̲̬̱̳̲ ̷̷̶̲̬ ̷̴̷̳̬ ̴̶̴̬̰ ̷̷̬̱̳ ̸̶̬̱ ̴̱̳̬̰̳
̵ ̷̷̰̬̲ ̴̷̶̱̬ ̵̲̬̰̱ ̵̷̲̬̱ ̶̵̳̬̳ ̴̬̰̳̲ ̵̸̬̹̳ ̶̸̶̬̹ ̶̷̸̹̬
̶ ̷̸̰̬̱ ̴̴̱̬ ̴̱̬̹̳ ̴̴̷̲̬ ̴̳̬̱̳ ̷̷̳̬̰ ̵̸̬̲̰ ̵̵̬̹̹ ̸̵̬̰̲
̷ ̷̰̬̱̱ ̴̵̱̬̱ ̸̵̱̬̹ ̶̵̲̬̳ ̸̲̬̹̹ ̴̳̬̹̹ ̴̷̸̵̬ ̵̴̸̬̰ ̷̶̬̰̳
̸ ̷̶̰̬̰ ̷̱̬̳̹ ̸̶̱̬ ̶̲̬̳̰ ̸̶̲̬̹ ̵̵̳̬̳ ̴̵̬̰̱ ̵̴̬̰̱ ̶̴̴̬̲
̹ ̷̰̬̰̳ ̸̱̬̳̳ ̸̱̬̳̳ ̶̲̬̲̲ ̸̲̬̲̱ ̵̳̬̲ ̴̷̬̲̹ ̴̷̸̬̱ ̶̬̰̱
̱̰ ̷̰̬ ̷̱̬̳̲ ̸̱̬̱̲ ̸̲̬̲̲ ̷̶̴̲̬ ̶̳̬̱̹ ̴̴̴̬̱ ̴̵̸̷̬ ̵̶̴̬̹
̱̱ ̶̷̰̬̹ ̶̱̬̳̳ ̷̶̱̬̹ ̲̬̲̰̱ ̷̸̲̬̱ ̶̳̬̱̰ ̴̵̬̰̲ ̴̴̷̬̳ ̵̴̵̬̳
̱̲ ̶̵̰̬̹ ̵̶̱̬̳ ̷̸̱̬̲ ̷̲̬̱̹ ̶̸̲̬̱ ̵̵̳̬̰ ̳̬̹̳ ̴̸̬̳̱ ̵̶̬̲̳
̱̳ ̶̴̰̬̹ ̵̱̬̳ ̷̷̱̬̱ ̶̲̬̱ ̶̵̲̬ ̳̬̰̱̲ ̸̵̳̬̲ ̴̬̲̲̱ ̵̬̱̱̱
̴̱ ̶̰̬̹̲ ̴̵̱̬̳ ̷̶̱̬̱ ̴̵̲̬̱ ̶̴̲̬̲ ̷̷̲̬̹ ̷̸̷̳̬ ̴̴̬̱ ̴̸̵̬̹
̵̱ ̶̰̬̹̱ ̴̱̬̳̱ ̷̵̱̬̳ ̲̬̱̳̱ ̶̲̬̰̲ ̴̷̲̬̹ ̷̳̬̳̳ ̴̷̬̰̳ ̴̸̸̬
̶̱ ̶̰̬̹ ̷̱̬̳̳ ̷̴̶̱̬ ̲̬̱̲ ̵̸̲̬̳ ̲̬̹̲̱ ̶̸̶̳̬ ̴̵̬̰̱ ̴̷̬̹̱
̷̱ ̶̸̰̬̹ ̱̬̳̳̳ ̷̴̱̬ ̲̬̱̱ ̵̶̷̲̬ ̸̸̲̬̹ ̶̴̶̳̬ ̶̵̳̬̹ ̴̷̴̬̱
̸̱ ̶̸̸̰̬ ̱̬̳̳ ̷̴̱̬̳ ̲̬̱̰̱ ̵̵̲̬̲ ̸̷̸̲̬ ̶̳̬̱ ̳̬̹̲̲ ̴̶̴̸̬
̱̹ ̶̸̸̰̬ ̸̱̬̳̲ ̷̱̬̲̹ ̲̬̰̹̳ ̵̲̬̳̹ ̸̶̲̬̱ ̵̷̳̬̹ ̸̸̳̬̳ ̴̵̬̹
̲̰ ̶̸̷̰̬ ̵̱̬̳̲ ̷̵̱̬̲ ̸̶̲̬̰ ̵̸̲̬̲ ̸̴̵̲̬ ̵̵̳̬̲ ̸̵̳̬ ̴̵̬̳̹
̲̱ ̶̸̶̰̬ ̱̬̳̲̳ ̷̱̬̲̱ ̸̲̬̰ ̵̸̲̬̱ ̸̲̬̳̱ ̵̷̳̬̲ ̸̳̬̱̹ ̴̴̬̹̳
̲̲ ̶̸̶̰̬ ̱̬̳̲̱ ̷̷̱̬̱ ̷̴̲̬̰ ̵̸̲̬̰ ̸̲̬̱̹ ̵̵̳̬̰ ̷̳̬̹̲ ̴̴̵̬̲
̲̳ ̶̸̵̰̬ ̱̬̳̱̹ ̷̴̱̬̱ ̶̲̬̰̹ ̵̲̬ ̸̷̲̬̰ ̴̸̵̳̬ ̷̶̸̳̬ ̴̴̵̬̱
̴̲ ̶̸̵̰̬ ̸̱̬̳̱ ̷̱̬̱̱ ̶̴̲̬̰ ̴̲̬̹̲ ̷̷̲̬̹ ̴̶̷̳̬ ̷̴̵̳̬ ̴̸̬̳̲
̵̲ ̶̸̴̰̬ ̶̱̬̳̱ ̷̸̱̬̰ ̶̲̬̰ ̴̸̵̲̬ ̷̸̷̲̬ ̴̵̳̬ ̷̵̳̬̲ ̴̵̬̳̲
̶̲ ̶̸̴̰̬ ̵̱̬̳̱ ̷̶̱̬̰ ̵̶̲̬̰ ̴̷̲̬̹ ̷̷̲̬̹ ̴̵̳̬̳ ̷̷̳̬̰ ̴̴̬̳̲
̷̲ ̶̸̴̰̬ ̴̱̬̳̱ ̷̱̬̰̳ ̵̲̬̰̲ ̴̷̲̬̳ ̷̷̲̬̱ ̴̳̬̲̱ ̶̳̬̹ ̴̬̲̹̹
̸̲ ̶̸̰̬̳ ̱̬̳̱̳ ̷̱̬̰̱ ̴̸̲̬̰ ̴̶̷̲̬ ̷̶̲̬̳ ̴̸̳̬̰ ̶̷̴̳̬ ̴̷̵̬̲
̲̹ ̶̸̰̬̳ ̱̬̳̱̱ ̶̱̬̹̹ ̴̵̲̬̰ ̴̶̲̬̲ ̷̵̶̲̬ ̶̳̬̳̹ ̶̵̳̬̹ ̴̵̴̬̲
̳̰ ̶̸̰̬̳ ̱̬̳̱ ̶̷̱̬̹ ̴̲̬̰̲ ̴̵̷̲̬ ̷̵̲̬ ̸̵̳̬̳ ̶̴̶̳̬ ̴̴̬̲̳
̳̱ ̶̸̰̬̲ ̱̬̳̰̹ ̶̶̱̬̹ ̴̲̬̰ ̴̵̲̬̳ ̷̴̴̲̬ ̷̵̳̬̳ ̶̳̬̳̳ ̴̶̬̲̱
̳̲ ̶̸̰̬̲ ̱̬̳̰̹ ̶̴̱̬̹ ̷̲̬̰̳ ̴̴̲̬̹ ̷̸̲̬̳ ̶̵̳̬̳ ̶̳̬̲̲ ̴̸̬̱̹
̳̳ ̶̸̰̬̲ ̸̱̬̳̰ ̶̱̬̹̲ ̵̲̬̰̳ ̴̴̵̲̬ ̷̲̬̳̳ ̵̶̳̬̳ ̶̳̬̱̱ ̴̸̬̱̲
̴̳ ̶̸̰̬̲ ̷̱̬̳̰ ̶̱̬̹̱ ̲̬̰̳̲ ̴̴̲̬̱ ̷̸̲̬̲ ̴̸̳̬̳ ̶̳̬̰̱ ̴̶̷̬̱
̵̳ ̶̸̰̬̲ ̶̱̬̳̰ ̶̱̬̹ ̲̬̰̳ ̴̸̲̬̳ ̷̴̲̬̲ ̴̳̬̳ ̵̳̬̹̱ ̴̵̬̱̳
̷̳ ̶̸̰̬̱ ̵̱̬̳̰ ̶̸̷̱̬ ̶̲̬̰̲ ̴̲̬̳̱ ̷̵̲̬̱ ̶̳̬̳̲ ̵̷̴̳̬ ̴̷̬̱̲
̸̳ ̶̸̰̬̱ ̴̱̬̳̰ ̶̸̶̱̬ ̴̲̬̰̲ ̴̲̬̲̹ ̷̲̬̱̲ ̳̬̳̱̹ ̵̶̶̳̬ ̴̶̬̱̱
̳̹ ̶̸̰̬̱ ̴̱̬̳̰ ̶̸̵̱̬ ̲̬̰̲̳ ̴̶̲̬̲ ̷̸̲̬̰ ̳̬̳̱̳ ̵̵̸̳̬ ̴̵̬̱̰
̴̰ ̶̸̰̬̱ ̱̬̳̰̳ ̶̸̴̱̬ ̲̬̰̲̱ ̴̲̬̲̳ ̷̴̲̬̰ ̷̳̬̳̰ ̵̵̳̬̱ ̴̴̬̰̹

ͷͥͩʹͥͲͥ ͥ͗Ͳʹ̺ͥ ̨͔̮͉͎͖̽α ̻̩ͮ ͢ͺͷ̮ ̨ ̭͒́͵ͦͲ͵ͦ7̩̺ ͱʹ̨α ̬̩ͮ
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• ͔͔̺́͒ ͔ͨͥ ͣͯͰ͹Ͳͩͧͨʹ ͨͯͬͤͥͲ ͯͦ ʹͨͩͳ ̜ͬͥ ͬͬͯ͡ͷͳ ͮ͡͹ͯͮͥ ʹͯ ͵ͳͥ ͩʹ ͦͯͲ ͮ͡͹ Ͱ͵ͲͰͯͳ̬ͥ
ͰͲͯͶͩͤͥͤ ʹͨ͡ʹ ʹͨͥ ͣͯͰ͹Ͳͩͧͨʹ ͨͯͬͤͥͲ ͩͳ ͰͲͯͰͥͲͬ͹ ͡ʹʹͲͩ͢͵ʹ̮ͥͤ ͒ͥͤͩͳʹͲͩ͢͵ʹ̬ͩͯͮ ͤͥͲͩͶ͡ʹͩͶͥ
ͷͯͲ̬ͫ ͣͯͭͭͥͲͣͩͬ͡ ͵ͳ̬ͥ ͮͤ͡ ͬͬ͡ ͯʹͨͥͲ ͵ͳͥ ͩͳ ͰͥͲͭͩʹʹ̮ͥͤ

• ͕͒ͅ͏̺ ͔ͨͩͳ ͩͳ ʹͨͥ ͣͯͭͭͯͮ ̨ͲͥͶͥͲͳ̩ͥ ͦͣͥ͡ ͯͦ ͡ ͥ͵Ͳͯ ̮ͣͯͩͮ ͔ͨͥ ͣͯͰ͹Ͳͩͧͨʹ ͯͮ ʹͨͥ ͤͥͳͩͧͮ
ͯͦ ʹͨͥ ͣͯͭͭͯͮ ͦͣͥ͡ ͯͦ ʹͨͥ ͥ͵Ͳͯ ͣͯͩͮͳ ͥͬͯͮͧ͢ͳ ʹͯ ʹͨͥ ͅ͵ͲͯͰͥͮ͡ ̓ͯͭͭͩͳͳ̮ͩͯͮ ́͵ʹͨͯͲͩͳͥͤ
ͩͳ ͲͥͰͲͯͤ͵ͣʹͩͯͮ ͩͮ ͡ ͦͯͲͭ͡ʹ ͷͩʹͨͯ͵ʹ Ͳͥͬͩͥͦ ̨ͤͲ͡ͷͩͮͧͳ̬ Ͱͩͮ͡ʹͩͮͧͳ̬ ̜ͬͭͳ̩ ͰͲͯͶͩͤͥͤ ʹͨͥ͹
͡Ͳͥ ͮͯʹ ͤͥʹͲͩͭͥͮʹͬ͡ ʹͯ ʹͨͥ ͩͭͧͥ͡ ͯͦ ʹͨͥ ͥ͵Ͳ̮ͯ

• ̺͌͆͋ ͌ͩͺͥͮͺ Ͳ͆ͥͩͥ ͋͵ͮͳʹ̮ http://artlibre.org/licence/lal/de

• ̺̓͆͒ ̓ͯͰ͹Ͳͩͧͨʹ ͦͲͥͥ ͵ͳ̮ͥ
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• ̺͐͌ͅ ͣͬͩͅͰͳͥ ͐͵ͬͩͣ͢ ͌ͩͣͥͮͳ̮ͥ http://www.eclipse.org/org/documents/epl-v10.
php

̓ͯͰͩͥͳ ͯͦ ʹͨͥ ͇̬͐͌ ʹͨͥ ͇͌͐͌ ͡ͳ ͷͥͬͬ ͡ͳ ͡ ͇͆̈́͌ ͡Ͳͥ ͩͮͣͬ͵ͤͥͤ ͩͮ ͣͨ͡ͰʹͥͲ ͌ͩͣͥͮͳͥͳ4̮ ͐ͬͥ͡ͳͥ
ͮͯʹͥ ʹͨ͡ʹ ͩͭͧͥ͡ͳ ͩͮ ʹͨͥ Ͱ͵ͬͩͣ͢ ͤͯͭͩͮ͡ ͤͯ ͮͯʹ Ͳͥͱ͵ͩͲͥ ͡ʹʹͲͩ͢͵ʹ̮ͩͯͮ ͙ͯ͵ ͭ͡͹ ͣͬͩͣͫ ͯͮ ʹͨͥ ͩͭͧͥ͡
ͮ͵ͭͥ͢Ͳͳ ͩͮ ʹͨͥ ͦͯͬͬͯͷͩͮͧ ʹͬͥ͢͡ ʹͯ ͯͰͥͮ ʹͨͥ ͷͥ͢Ͱͧͥ͡ ͯͦ ʹͨͥ ͩͭͧͥ͡ͳ ͩͮ ͹ͯ͵Ͳ ͷͥ͢͢ͲͯͷͥͲ̮

4 Kapitel 12 auf Seite 63
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̱ ̈́ͩͲͫ ͈͵ͥͮͮͩͧͥͲ̬ ͍ͩͣͨͥͬ͡ Ͳ͆ͥ͹̬ ͐ͨͩͬͩͰͥͮͤ͵ͬ͡
̲ ͐ͨͩͬͩͰͥͮͤ͵ͬ͡5̬ ͐ͨͩͬͩͰͥͮͤ͵ͬ͡6 ̭͙̭͓̭̳̮̰̓̓͂́
̳ ͐ͨͩͬͩͰͥͮͤ͵ͬ͡7̬ ͐ͨͩͬͩͰͥͮͤ͵ͬ͡8 ̭͙̭͓̭̳̮̰̓̓͂́
̴ ͓ͺͣͺͥͰͮ͡9 ͤ͹ͳͫ͵ͳͪ͡10 ͍ͩͬ͡11 ̶̵̱̺̲̬ ̹ ͊ͮ͡͵͡Ͳ͹ ̷̲̰̰ ̨͕͔̩̬̓

͓ͺͣͺͥͰͮ͡12 ͤ͹ͳͫ͵ͳͪ͡13 ͍ͩͬ͡14 ̶̵̱̺̲̬ ̹ ͊ͮ͡͵͡Ͳ͹ ̷̲̰̰ ̨͕͔̩̓
͐̈́

̵ ͓ͺͣͺͥͰͮ͡15 ͤ͹ͳͫ͵ͳͪ͡16 ͍ͩͬ͡17 ̶̶̱̺̳̬ ̹ ͊ͮ͡͵͡Ͳ͹ ̷̲̰̰
̨͕͔̩̬̓ ͓ͺͣͺͥͰͮ͡18 ͤ͹ͳͫ͵ͳͪ͡19 ͍ͩͬ͡20 ̶̶̱̺̳̬ ̹ ͊ͮ͡͵͡Ͳ͹
̷̲̰̰ ̨͕͔̩̓

͐̈́

̶ ͓ͺͣͺͥͰͮ͡21 ͤ͹ͳͫ͵ͳͪ͡22 ͍ͩͬ͡23 ̶̵̱̺̳̬ ̹ ͊ͮ͡͵͡Ͳ͹ ̷̲̰̰
̨͕͔̩̬̓ ͓ͺͣͺͥͰͮ͡24 ͤ͹ͳͫ͵ͳͪ͡25 ͍ͩͬ͡26 ̶̵̱̺̳̬ ̹ ͊ͮ͡͵͡Ͳ͹
̷̲̰̰ ̨͕͔̩̓

͐̈́

̷ ͓ͩͧͥ͢Ͳʹ27̬ ͓ͩͧͥ͢Ͳʹ28 ͐̈́
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27 http:////commons.wikimedia.org/w/index.php?title=User:Sigbert&amp;action=edit&amp;
redlink=1

28 http:///w/index.php?title=User:Sigbert&amp;action=edit&amp;redlink=1
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́Ͳͩʹͨͭͥʹͩͳͣͨͥͳ ͍ͩʹʹ̬ͥͬ ̸̱
́͸ͩͯͭͥ ͤͥͲ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹͥͮ ̨̭͋ͯͬͭͯ

ͧͯͲ̛̩̬ͯ ̴

͙͓͂́ͅ ͔ͨͥͯͲ̬ͥͭ ̵
͂ͥͲϼͣͫͳͩͣͨʹͩͧ͵ͮͧ ͤͥͲ ̬͒ͥͩͨͥͮͦͯͬͧͥ ̳
̞͂ͩͮͯͭͩͬͫͯͥ͡ͺͩͥͮʹ ̬ ̳
͂ͩͮͯͭͩͬ͡ʹͥͳʹ̬ ̲̹
͂ͩͮͯͭͩͬ͡ͶͥͲʹͥͩͬ͵̬ͮͧ ͔ͥͬͬͥ͢͡ ͤͥͲ̬ ̴̷
͂ͩͮͯͭͩͬ͡ͶͥͲʹͥͩ͵̬ͮͧ ̹

̭̓ͨͩ͑͵ͤ͡Ͳ͡ʹ̭́ͮͰ͡ͳͳ͵ͮͧͳ̭ ͯͤͥͲ ͖ͥͲʹͥͩͬ͵ͮͧͳ̭
ʹͥͳʹ̬ ̳̲

̭̓ͨͩ͑͵ͤ͡Ͳ͡ʹ̭͕ͮͨ͢͡Ϥͮͧͩͧͫͥͩʹͳʹͥͳʹ̬ ̳̲
͈͉̭̓͑͵ͤ͡Ͳ͡ʹ̭ͶͥͲʹͥͩͬ͵̬ͮͧ ̴̱
͈͉̭̓͑͵ͤ͡Ͳ͡ʹ̭ ͖ͥͲʹͥͩͬ͵̬ͮͧ ͔ͥͬͬͥ͢͡ ͤͥͲ̬ ̴̹

̈́ͅ ͍͏͇͎͒́ͳͣͨͥ ͒ͥͧͥͬͮ ̬ ̳
̈́ͩͣͨʹͥͦ͵ͮͫʹ̬ͩͯͮ ̱̰
ͤͩͳͫͲͥʹͥ ͚͵ͦͬͬ͡ͳͶ͡Ͳ̬ͩͬͥ͢͡ ̷

ͥͩͮͦͣͨͥ͡Ͳ ͧͬͥͩʹͥͮͤͥͲ ͍ͩʹʹͥͬͷͥͲʹ̬ ̴̳
ͅͲͷ͡Ͳʹ͵ͮͧͳͷͥͲʹ̬ ̷
ͅͲͷ͡Ͳʹ͵ͮͧͳͷͥͲʹ ͥͩͮͥͲ ͳʹͥʹͩͧͥͮ ͚͵ͦͬͬ͡ͳͶ͡Ͳ̭ͩ͡

̬ͬͥͮ͢ ̱̰
ͅ͸Ͱͯͮͥͮʹͩͬ͡ͶͥͲʹͥͩͬ͵̬ͮͧ ̱̱
ͅ͸Ͱͯͮͥͮʹͩͥͬͬͥ ͇ͬϤʹʹ͵̬ͮͧ ̴̳
ͅ͸Ͱͯͮͥͮʹͩͥͬͬͥ ͇ͬϤʹʹ͵ͮͧ ͥͩ͢ ʹͲͥͮͤͥͨͦ͢͡ʹͥʹͥͮ

ͥ͗Ͳʹ̬ͥͮ ̴̴

̭͆ ͖ͥͲʹͥͩͬ͵̬ͮͧ ͔ͥͬͬͥ͢͡ ͤͥͲ̬ ̵̱
͆ͫ͡͵ͬʹϤʹ ̬ ̳

͆ͩͳͨͥͲ̭ ͖ͥͲʹͥͩͬ͵̬ͮͧ ̵̱

ͧͥͯͭͥʹͲͩͳͣͨͥͳ ͍ͩʹʹ̬ͥͬ ̸̱
ͧͥͷͩͣͨʹͥʹͥͲ ͧͬͥͩʹͥͮͤͥͲ ͍ͩʹʹͥͬͷͥͲʹ̬ ̴̳
͇̭̞ͩͮͩ͋ͯͥͺͩͥͮʹ̬ ̲̰
͇ͲͥͮͺͷͥͲʹͳ͡ʹͺ̬ ̶̱
͇ͲͥͮͺͷͥͲʹͳ͡ʹͺ Ͷͯͮ ̈́ͥ ͍ͯͩͶͲ̬ͥ ̶̱

ͨ͡Ͳͭͯͮͩͳͣͨͥͳ ͍ͩʹʹ̬ͥͬ ̸̱
͈͡͵Ͱʹͳ͡ʹͺ ͤͥͲ ͓ʹ͡ʹͩͳʹ̬ͩͫ ̶̱
͈ͥͲ̜̭͉ͮͤͨͬͮͤͥ͡͸̬ ̲̱
͈͹ͰͥͲͧͥͯͭͥʹͲͩͳͣͨͥ ͖ͥͲʹͥͩͬ͵̬ͮͧ ̹
͈͹Ͱͯʹͨͥͳͥͮʹͥͳʹ̬ ̵̲

͉ͮʹͥͲͶͬͬ͡ͳ̬ͫͬ͡͡ ̷̱

͋ͯͬͭͯͧͯͲͯͶ̭͓ͭͩͲͮͯͶ̬ ̭ ͔̬ͥͬͬͥ͢͡ ̵̰
͋ͯͬͭͯͧͯͲͯͷ̭͓ͭͩͲͮͯͷ̭́ͮͰ͡ͳͳ͵ͮͧͳʹͥͳʹ̬ ̳̳
̜͋ͯͮͤͥͮͺͩͮʹͥͲͶ̻ͬͬ͡ ͍ͥͲͫͭͬ͡ ͭͩʹ ͵̭ͮͥͫͮͮ͢͡

ʹͥͲ ͖ͥͲʹͥͩͬ͵ͮͧ ͵ͮͤ ͥͫͮͮ͢͡ʹͥͲ ͖͡Ͳ̭ͩ
ͮ͡ͺ̬ ̲̳

̜͋ͯͮͤͥͮͺͩͮʹͥͲͶ̻ͬͬ͡ ͍ͥͲͫͭͬ͡ ͭͩʹ ͵ͮͥͫͮͮ͢͡ʹͥͲ
͖ͥͲʹͥͩͬ͵ͮͧ ͵ͮͤ ͵ͮͥͫͮͮ͢͡ʹͥͲ ͖͡Ͳͩͮ͡ͺ̬

̴̲
̜͋ͯͮͤͥͮͺͩͮʹͥͲͶ̻ͬͬ͡ ͎ͯͲͭͬ͡ͶͥͲʹͥͩͬʹͥͳ ͍ͥͲͫͭͬ͡

ͭͩʹ ͥͫͮͮ͢͡ʹͥͲ ͖͡Ͳͩͮ͡ͺ̬ ̲̳
̜͋ͯͮͤͥͮͺͩͮʹͥͲͶ̻ͬͬ͡ ͎ͯͲͭͬ͡ͶͥͲʹͥͩͬʹͥͳ ͍ͥͲͫͭͬ͡

ͭͩʹ ͵ͮͥͫͮͮ͢͡ʹͥͲ ͖͡Ͳͩͮ͡ͺ̬ ̲̳
̜͋ͯͮͤͥͮͺͩͮʹͥͲͶͬͬͥ͡ ͦϼͲ ͤͥͮ ́ͮʹͥͩͬͳͷͥͲʹ ͥͩͮͥͲ

ͤͩͣͨͯʹͯͭͥͮ ͇Ͳ͵ͮͤͧͥͳͭ͡ʹͨͥͩʹ̬ ̴̲
͋ͯͮͺͥͮʹͲ͡ʹͩͯͮͳͭ͡ͳͳ̬ͥ ̱̹
͋ͯͮͺͥͮʹͲ͡ʹͩͯͮͳͲ͡ʹ̬ͥ ̱̹
͋ͯͲͲͥͬ͡ʹͩͯͮͳ̞ͫͯͥͺͩͥͮʹ ͮͣͨ͡ ͂Ͳ͡Ͷͩ͡ͳ̭͐ͥ͡Ͳͳ̬ͯͮ

̸
͋ͯͶ͡Ͳͩͮ͡ͺ̬ ̸

͌ͩͮͥ͡Ͳͥ ͒ͥͧͲͥͳͳ̬ͩͯͮ ̳̹
͌ͯͲͥͮͺͫ͵ͲͶ̬ͥ ̲̰

͍̬ͥͤͩͮ͡ ̸̱
͍ͥʹͨͯͤͥ ͤͥͲ ͫͬͥͩͮͳʹͥͮ ͑͵ͤ͡Ͳ͡ʹ̬ͥ ̳̹
͍ͯͤͬ͡ͷͥͲʹ̬ ̱̹

͎ͯͭͩͮͬ͡ͳ̬ͫͬ͡͡ ̷̱
͎ͯͲͭͬ͡ͶͥͲʹͥͩͬ͵̬ͮͧ ̱̲
͎ͯͲͭͬ͡ͶͥͲʹͥͩͬ͵̬ͮͧ ͔ͥͬͬͥ͢͡ ͤͥͲ̬ ̴̸

͏Ͳͤͩͮͬ͡ͳ̬ͫͬ͡͡ ̷̱

͐ͯͩͳͳͯͮͶͥͲʹͥͩͬ͵̬ͮͧ ̱̰
͐ͲͩͮͺͩͰ ͮͣͨ͡ ̬͌́͐͌́̓ͅ ̴

͒ͮͧͫͯ͡ͲͲͥͬ͡ʹͩͯͮͳ̞ͫͯͥͺͩͥͮʹ ͮͣͨ͡ ͓Ͱͥ͡Ͳ̬ͭͮ͡ ̹
͒ͥͣͨʹͥͣͫͶͥͲʹͥͩͬ͵̬ͮͧ ̱̱
͒ͥͧͲͥͳͳͩͯͮͳͲͥͣͨͮ͵̬ͮͧ ̳̹

͓ͣͨϤʹͺ͵ͮͧ ͤͥͲ ͧͬ͡ʹʹͥͮ ͋ͯͭͰͯͮͥͮʹͥ ͭͩʹ ̭ͧͬͥͩ
ʹͥͮͤͥͮ ͍ͩʹʹͥͬͷͥͲʹ̬ͥͮ ̴̳

͓ͣͨϤʹͺ͵ͮͧ ͤͥͲ ͓ͩ͡ͳͯͮͫͯͭͰͯͮͥͮʹ̬ͥ ̴̲
͓ͣͨϤʹͺ͵ͮͧ ͤͥͳ Ͳ͔ͥͮͤͳ ͤ͵Ͳͣͨ ͒ͥͧͲͥͳͳ̬ͩͯͮ ̴̱
͓ͫͬͥͮͮͩ͡Ͷͥ͡͵ͳ̬ ̷̱
ͳʹ̭̭ͥͭͬͥͦ̈́ͩͧ͡͡Ͳ̬ͭͭ͡ ̸̱
͓ʹͥʹͩͧͥ ͇ͬͥͩͣͨͶͥͲʹͥͩͬ͵̬ͮͧ ̱̱
͓ʹ͵ͤͥͮʹ̭ ͖ͥͲʹͥͩͬ͵̬ͮͧ ̴̱

̶̰



͉͎̈́͘ͅ

͓ʹ͵ͤͥͮʹ̭ ͖ͥͲʹͥͩͬ͵̬ͮͧ ͔ͥͬͬͥ͢͡ ͤͥͲ̬ ̵̳
͓͹ͭͭͥʹͲͩͥͰͲͩͮͺͩͰ̬ ̴

ʹ̭ ͖ͥͲʹͥͩͬ͵̬ͮͧ ̴̱
ʹ̭ ͖ͥͲʹͥͩͬ͵̬ͮͧ ͔ͥͬͬͥ͢͡ ͤͥͲ̬ ̵̳

͔ͥͳʹ ͡͵ͦ ́ͮʹͥͩͬͳͷͥͲʹ ̬ ̲̹
͔ͥͳʹ ͡͵ͦ ͅͲͷ͡Ͳʹ͵ͮͧͳͷͥͲʹ̬ ̵̲
͔ͥͳʹ ͡͵ͦ ͖͡Ͳͩͮ͡ͺ̬ ̳̱
͔ͥͳʹͳ ͡͵ͦ ͚͵ͳͭͭͥͮͨͮͧ͡͡ͳ̭ ͵ͮͤ ́ͳͳͯͺͩ͡ʹͩͯͮͳ̭

Ͱ͡Ͳͭͥ͡ʹͥͲ̬ ̳̲
͔ͨͥͯͲͥͭ Ͷͯͮ ͂ͥͲͮͯ͵̬ͬͬͩ ̶̱

͔ͯʹͬͥ͡ ͗ͨ͡Ͳͳͣͨͥͩͮͬͩͣͨͫͥͩʹ̬ ̵

͖͡Ͳͩͩͬͩ͢͡Ϥʹ̬ ̶̳
͖͡Ͳͩͬͥͮ͢͡ʹͲͮ͡ͳͦͯͲͭ͡ʹ̬ͩͯͮ ̴̰
͖͡Ͳͩͮ͡ͺ̬ ̷̬ ̱̹
͖͡Ͳͩͮ͡ͺ ͤͥͲ ͓͵ͭͭͥ ͵ͮͨ͢͡ϤͮͧͩͧͥͲ ͚͵ͦͬͬ͡ͳͶ̭͡

Ͳ̬ͩͬͥͮ͢͡ ̸
͖͡Ͳͩͮ͡ͺͮͬ͡͡͹ͳ̬ͥ ̵̳
͖͡Ͳͩ͡ʹͩͯͮͳ̞ͫͯͥͺͩͥͮʹ̬ ̱̹
͖ͥͲͨϤͬʹͮͩͳͳͳ̬ͫͬ͡͡ ̷̱
͖ͥͲͳͣͨͩͥ͢͵ͮͧͳͳ͡ʹͺ̬ ̷̬ ̱̹
͖ͥͲʹͥͩͬ͵ͮͧͳͦ͵ͮͫʹ̬ͩͯͮ ̱̰
͖ͯͲͺͥͩͣͨͥͮʹͥͳʹ̻ ͩͮͅͳʹͩͣͨͰͲͯͥͮ͢ͰͲ̬ͯͬͥͭ͢ ̷̲
͖ͯͲͺͥͩͣͨͥͮʹͥͳʹ̻ ͚ͷͥͩͳʹͩͣͨͰͲͯͥͮ͢ͰͲͯͬͥͭ͢ ̬ ̷̲

͚ͥͩʹͲͥͩͨͥͮͮͬ͡͡͹ͳ̬ͥ ̴̱
͚ͥͮʹͲͬͥ͡Ͳ ͇ͲͥͮͺͷͥͲʹͳ͡ʹͺ̬ ̶̱
͚ͥͮʹͲͬ͡ͷͥͲʹ̬ ̸̱
͚ͷ̭ͥͩͧ͂ͬϤʹʹͥͲ̭̈́ͩͧ͡Ͳ̬ͭͭ͡ ̸̱

̶̱





12 Licenses

12.1 GNU GENERAL PUBLIC LICENSE
Version 3, 29 June 2007

Copyright © 2007 Free Software Foundation, Inc.
<http://fsf.org/>

Everyone is permitted to copy and distribute ver-
batim copies of this license document, but changing
it is not allowed. Preamble

The GNU General Public License is a free, copyleft
license for software and other kinds of works.

The licenses for most software and other practical
works are designed to take away your freedom to
share and change the works. By contrast, the GNU
General Public License is intended to guarantee
your freedom to share and change all versions of
a program–to make sure it remains free software
for all its users. We, the Free Software Foundati-
on, use the GNU General Public License for most
of our software; it applies also to any other work
released this way by its authors. You can apply it
to your programs, too.

When we speak of free software, we are referring to
freedom, not price. Our General Public Licenses are
designed to make sure that you have the freedom
to distribute copies of free software (and charge for
them if you wish), that you receive source code or
can get it if you want it, that you can change the
software or use pieces of it in new free programs,
and that you know you can do these things.

To protect your rights, we need to prevent others
from denying you these rights or asking you to sur-
render the rights. Therefore, you have certain res-
ponsibilities if you distribute copies of the software,
or if you modify it: responsibilities to respect the
freedom of others.

For example, if you distribute copies of such a pro-
gram, whether gratis or for a fee, you must pass on
to the recipients the same freedoms that you recei-
ved. You must make sure that they, too, receive or
can get the source code. And you must show them
these terms so they know their rights.

Developers that use the GNU GPL protect your
rights with two steps: (1) assert copyright on the
software, and (2) offer you this License giving you
legal permission to copy, distribute and/or modify
it.

For the developers’ and authors’ protection, the
GPL clearly explains that there is no warranty for
this free software. For both users’ and authors’ sa-
ke, the GPL requires that modified versions be mar-
ked as changed, so that their problems will not be
attributed erroneously to authors of previous ver-
sions.

Some devices are designed to deny users access to
install or run modified versions of the software insi-
de them, although the manufacturer can do so. This
is fundamentally incompatible with the aim of pro-
tecting users’ freedom to change the software. The
systematic pattern of such abuse occurs in the area
of products for individuals to use, which is precisely
where it is most unacceptable. Therefore, we have
designed this version of the GPL to prohibit the
practice for those products. If such problems ari-
se substantially in other domains, we stand ready
to extend this provision to those domains in future
versions of the GPL, as needed to protect the free-
dom of users.

Finally, every program is threatened constantly by
software patents. States should not allow patents
to restrict development and use of software on
general-purpose computers, but in those that do,
we wish to avoid the special danger that patents
applied to a free program could make it effectively
proprietary. To prevent this, the GPL assures that
patents cannot be used to render the program non-
free.

The precise terms and conditions for copying, dis-
tribution and modification follow. TERMS AND
CONDITIONS 0. Definitions.

“This License” refers to version 3 of the GNU Ge-
neral Public License.

“Copyright” also means copyright-like laws that ap-
ply to other kinds of works, such as semiconductor
masks.

“The Program” refers to any copyrightable work li-
censed under this License. Each licensee is addres-
sed as “you”. “Licensees” and “recipients” may be
individuals or organizations.

To “modify” a work means to copy from or adapt
all or part of the work in a fashion requiring copy-
right permission, other than the making of an exact
copy. The resulting work is called a “modified ver-
sion” of the earlier work or a work “based on” the
earlier work.

A “covered work” means either the unmodified Pro-
gram or a work based on the Program.

To “propagate” a work means to do anything with
it that, without permission, would make you di-
rectly or secondarily liable for infringement under
applicable copyright law, except executing it on a
computer or modifying a private copy. Propagati-
on includes copying, distribution (with or without
modification), making available to the public, and
in some countries other activities as well.

To “convey” a work means any kind of propagation
that enables other parties to make or receive co-
pies. Mere interaction with a user through a com-
puter network, with no transfer of a copy, is not
conveying.

An interactive user interface displays “Appropria-
te Legal Notices” to the extent that it includes a
convenient and prominently visible feature that (1)
displays an appropriate copyright notice, and (2)
tells the user that there is no warranty for the work
(except to the extent that warranties are provided),
that licensees may convey the work under this Li-
cense, and how to view a copy of this License. If
the interface presents a list of user commands or
options, such as a menu, a prominent item in the
list meets this criterion. 1. Source Code.

The “source code” for a work means the prefer-
red form of the work for making modifications to
it. “Object code” means any non-source form of a
work.

A “Standard Interface” means an interface that eit-
her is an official standard defined by a recognized
standards body, or, in the case of interfaces spe-
cified for a particular programming language, one
that is widely used among developers working in
that language.

The “System Libraries” of an executable work in-
clude anything, other than the work as a whole,
that (a) is included in the normal form of packaging
a Major Component, but which is not part of that
Major Component, and (b) serves only to enable
use of the work with that Major Component, or to
implement a Standard Interface for which an imple-
mentation is available to the public in source code
form. A “Major Component”, in this context, me-
ans a major essential component (kernel, window
system, and so on) of the specific operating sys-
tem (if any) on which the executable work runs, or
a compiler used to produce the work, or an object
code interpreter used to run it.

The “Corresponding Source” for a work in object
code form means all the source code needed to ge-
nerate, install, and (for an executable work) run
the object code and to modify the work, including
scripts to control those activities. However, it does
not include the work’s System Libraries, or general-
purpose tools or generally available free programs
which are used unmodified in performing those ac-
tivities but which are not part of the work. For
example, Corresponding Source includes interface
definition files associated with source files for the
work, and the source code for shared libraries and
dynamically linked subprograms that the work is
specifically designed to require, such as by intimate
data communication or control flow between those
subprograms and other parts of the work.

The Corresponding Source need not include any-
thing that users can regenerate automatically from
other parts of the Corresponding Source.

The Corresponding Source for a work in source code
form is that same work. 2. Basic Permissions.

All rights granted under this License are granted
for the term of copyright on the Program, and are
irrevocable provided the stated conditions are met.
This License explicitly affirms your unlimited per-
mission to run the unmodified Program. The out-
put from running a covered work is covered by this
License only if the output, given its content, con-
stitutes a covered work. This License acknowledges
your rights of fair use or other equivalent, as pro-
vided by copyright law.

You may make, run and propagate covered works
that you do not convey, without conditions so long
as your license otherwise remains in force. You may
convey covered works to others for the sole purpose
of having them make modifications exclusively for
you, or provide you with facilities for running tho-
se works, provided that you comply with the terms
of this License in conveying all material for which
you do not control copyright. Those thus making or
running the covered works for you must do so exclu-
sively on your behalf, under your direction and con-
trol, on terms that prohibit them from making any
copies of your copyrighted material outside their
relationship with you.

Conveying under any other circumstances is per-
mitted solely under the conditions stated below.
Sublicensing is not allowed; section 10 makes it un-
necessary. 3. Protecting Users’ Legal Rights From
Anti-Circumvention Law.

No covered work shall be deemed part of an effec-
tive technological measure under any applicable law
fulfilling obligations under article 11 of the WIPO
copyright treaty adopted on 20 December 1996, or
similar laws prohibiting or restricting circumventi-
on of such measures.

When you convey a covered work, you waive any le-
gal power to forbid circumvention of technological
measures to the extent such circumvention is ef-
fected by exercising rights under this License with
respect to the covered work, and you disclaim any
intention to limit operation or modification of the
work as a means of enforcing, against the work’s
users, your or third parties’ legal rights to forbid
circumvention of technological measures. 4. Con-
veying Verbatim Copies.

You may convey verbatim copies of the Program’s
source code as you receive it, in any medium, provi-
ded that you conspicuously and appropriately pu-
blish on each copy an appropriate copyright notice;
keep intact all notices stating that this License and
any non-permissive terms added in accord with sec-
tion 7 apply to the code; keep intact all notices of

the absence of any warranty; and give all recipients
a copy of this License along with the Program.

You may charge any price or no price for each copy
that you convey, and you may offer support or war-
ranty protection for a fee. 5. Conveying Modified
Source Versions.

You may convey a work based on the Program, or
the modifications to produce it from the Program,
in the form of source code under the terms of sec-
tion 4, provided that you also meet all of these con-
ditions:

* a) The work must carry prominent notices stating
that you modified it, and giving a relevant date.
* b) The work must carry prominent notices sta-
ting that it is released under this License and any
conditions added under section 7. This requirement
modifies the requirement in section 4 to “keep in-
tact all notices”. * c) You must license the entire
work, as a whole, under this License to anyone who
comes into possession of a copy. This License will
therefore apply, along with any applicable section 7
additional terms, to the whole of the work, and all
its parts, regardless of how they are packaged. This
License gives no permission to license the work in
any other way, but it does not invalidate such per-
mission if you have separately received it. * d) If
the work has interactive user interfaces, each must
display Appropriate Legal Notices; however, if the
Program has interactive interfaces that do not dis-
play Appropriate Legal Notices, your work need not
make them do so.

A compilation of a covered work with other separa-
te and independent works, which are not by their
nature extensions of the covered work, and which
are not combined with it such as to form a larger
program, in or on a volume of a storage or distribu-
tion medium, is called an “aggregate” if the com-
pilation and its resulting copyright are not used to
limit the access or legal rights of the compilation’s
users beyond what the individual works permit. In-
clusion of a covered work in an aggregate does not
cause this License to apply to the other parts of the
aggregate. 6. Conveying Non-Source Forms.

You may convey a covered work in object code form
under the terms of sections 4 and 5, provided that
you also convey the machine-readable Correspon-
ding Source under the terms of this License, in one
of these ways:

* a) Convey the object code in, or embodied in,
a physical product (including a physical distribu-
tion medium), accompanied by the Corresponding
Source fixed on a durable physical medium custo-
marily used for software interchange. * b) Convey
the object code in, or embodied in, a physical pro-
duct (including a physical distribution medium),
accompanied by a written offer, valid for at least
three years and valid for as long as you offer spa-
re parts or customer support for that product mo-
del, to give anyone who possesses the object code
either (1) a copy of the Corresponding Source for
all the software in the product that is covered by
this License, on a durable physical medium custo-
marily used for software interchange, for a price no
more than your reasonable cost of physically per-
forming this conveying of source, or (2) access to
copy the Corresponding Source from a network ser-
ver at no charge. * c) Convey individual copies of
the object code with a copy of the written offer to
provide the Corresponding Source. This alternative
is allowed only occasionally and noncommercially,
and only if you received the object code with such
an offer, in accord with subsection 6b. * d) Convey
the object code by offering access from a designated
place (gratis or for a charge), and offer equivalent
access to the Corresponding Source in the same way
through the same place at no further charge. You
need not require recipients to copy the Correspon-
ding Source along with the object code. If the place
to copy the object code is a network server, the
Corresponding Source may be on a different server
(operated by you or a third party) that supports
equivalent copying facilities, provided you maintain
clear directions next to the object code saying whe-
re to find the Corresponding Source. Regardless of
what server hosts the Corresponding Source, you
remain obligated to ensure that it is available for
as long as needed to satisfy these requirements. *
e) Convey the object code using peer-to-peer trans-
mission, provided you inform other peers where the
object code and Corresponding Source of the work
are being offered to the general public at no charge
under subsection 6d.

A separable portion of the object code, whose sour-
ce code is excluded from the Corresponding Source
as a System Library, need not be included in con-
veying the object code work.

A “User Product” is either (1) a “consumer pro-
duct”, which means any tangible personal property
which is normally used for personal, family, or hou-
sehold purposes, or (2) anything designed or sold
for incorporation into a dwelling. In determining
whether a product is a consumer product, doubt-
ful cases shall be resolved in favor of coverage. For
a particular product received by a particular user,
“normally used” refers to a typical or common use
of that class of product, regardless of the status of
the particular user or of the way in which the parti-
cular user actually uses, or expects or is expected to
use, the product. A product is a consumer product
regardless of whether the product has substantial
commercial, industrial or non-consumer uses, un-
less such uses represent the only significant mode
of use of the product.

“Installation Information” for a User Product me-
ans any methods, procedures, authorization keys,
or other information required to install and execu-
te modified versions of a covered work in that User

Product from a modified version of its Correspon-
ding Source. The information must suffice to ensure
that the continued functioning of the modified ob-
ject code is in no case prevented or interfered with
solely because modification has been made.

If you convey an object code work under this sec-
tion in, or with, or specifically for use in, a User
Product, and the conveying occurs as part of a
transaction in which the right of possession and use
of the User Product is transferred to the recipient
in perpetuity or for a fixed term (regardless of how
the transaction is characterized), the Correspon-
ding Source conveyed under this section must be
accompanied by the Installation Information. But
this requirement does not apply if neither you nor
any third party retains the ability to install modi-
fied object code on the User Product (for example,
the work has been installed in ROM).

The requirement to provide Installation Informati-
on does not include a requirement to continue to
provide support service, warranty, or updates for a
work that has been modified or installed by the re-
cipient, or for the User Product in which it has been
modified or installed. Access to a network may be
denied when the modification itself materially and
adversely affects the operation of the network or
violates the rules and protocols for communication
across the network.

Corresponding Source conveyed, and Installation
Information provided, in accord with this section
must be in a format that is publicly documented
(and with an implementation available to the pu-
blic in source code form), and must require no spe-
cial password or key for unpacking, reading or co-
pying. 7. Additional Terms.

“Additional permissions” are terms that supple-
ment the terms of this License by making excepti-
ons from one or more of its conditions. Additional
permissions that are applicable to the entire Pro-
gram shall be treated as though they were included
in this License, to the extent that they are valid un-
der applicable law. If additional permissions apply
only to part of the Program, that part may be used
separately under those permissions, but the entire
Program remains governed by this License without
regard to the additional permissions.

When you convey a copy of a covered work, you may
at your option remove any additional permissions
from that copy, or from any part of it. (Additional
permissions may be written to require their own re-
moval in certain cases when you modify the work.)
You may place additional permissions on material,
added by you to a covered work, for which you have
or can give appropriate copyright permission.

Notwithstanding any other provision of this Licen-
se, for material you add to a covered work, you may
(if authorized by the copyright holders of that ma-
terial) supplement the terms of this License with
terms:

* a) Disclaiming warranty or limiting liability dif-
ferently from the terms of sections 15 and 16 of this
License; or * b) Requiring preservation of specified
reasonable legal notices or author attributions in
that material or in the Appropriate Legal Notices
displayed by works containing it; or * c) Prohibit-
ing misrepresentation of the origin of that material,
or requiring that modified versions of such material
be marked in reasonable ways as different from the
original version; or * d) Limiting the use for pu-
blicity purposes of names of licensors or authors of
the material; or * e) Declining to grant rights under
trademark law for use of some trade names, trade-
marks, or service marks; or * f) Requiring indem-
nification of licensors and authors of that material
by anyone who conveys the material (or modified
versions of it) with contractual assumptions of lia-
bility to the recipient, for any liability that these
contractual assumptions directly impose on those
licensors and authors.

All other non-permissive additional terms are con-
sidered “further restrictions” within the meaning
of section 10. If the Program as you received it, or
any part of it, contains a notice stating that it is
governed by this License along with a term that is
a further restriction, you may remove that term.
If a license document contains a further restriction
but permits relicensing or conveying under this Li-
cense, you may add to a covered work material go-
verned by the terms of that license document, pro-
vided that the further restriction does not survive
such relicensing or conveying.

If you add terms to a covered work in accord with
this section, you must place, in the relevant source
files, a statement of the additional terms that ap-
ply to those files, or a notice indicating where to
find the applicable terms.

Additional terms, permissive or non-permissive,
may be stated in the form of a separately written
license, or stated as exceptions; the above require-
ments apply either way. 8. Termination.

You may not propagate or modify a covered work
except as expressly provided under this License.
Any attempt otherwise to propagate or modify it is
void, and will automatically terminate your rights
under this License (including any patent licenses
granted under the third paragraph of section 11).

However, if you cease all violation of this License,
then your license from a particular copyright holder
is reinstated (a) provisionally, unless and until the
copyright holder explicitly and finally terminates
your license, and (b) permanently, if the copyright
holder fails to notify you of the violation by some
reasonable means prior to 60 days after the cessa-
tion.
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Moreover, your license from a particular copyright
holder is reinstated permanently if the copyright
holder notifies you of the violation by some rea-
sonable means, this is the first time you have re-
ceived notice of violation of this License (for any
work) from that copyright holder, and you cure the
violation prior to 30 days after your receipt of the
notice.

Termination of your rights under this section does
not terminate the licenses of parties who have recei-
ved copies or rights from you under this License. If
your rights have been terminated and not perman-
ently reinstated, you do not qualify to receive new
licenses for the same material under section 10. 9.
Acceptance Not Required for Having Copies.

You are not required to accept this License in order
to receive or run a copy of the Program. Ancillary
propagation of a covered work occurring solely as a
consequence of using peer-to-peer transmission to
receive a copy likewise does not require acceptan-
ce. However, nothing other than this License grants
you permission to propagate or modify any cover-
ed work. These actions infringe copyright if you do
not accept this License. Therefore, by modifying or
propagating a covered work, you indicate your ac-
ceptance of this License to do so. 10. Automatic
Licensing of Downstream Recipients.

Each time you convey a covered work, the recipient
automatically receives a license from the original
licensors, to run, modify and propagate that work,
subject to this License. You are not responsible for
enforcing compliance by third parties with this Li-
cense.

An “entity transaction” is a transaction transfer-
ring control of an organization, or substantially all
assets of one, or subdividing an organization, or
merging organizations. If propagation of a covered
work results from an entity transaction, each party
to that transaction who receives a copy of the work
also receives whatever licenses to the work the par-
ty’s predecessor in interest had or could give under
the previous paragraph, plus a right to possession
of the Corresponding Source of the work from the
predecessor in interest, if the predecessor has it or
can get it with reasonable efforts.

You may not impose any further restrictions on the
exercise of the rights granted or affirmed under this
License. For example, you may not impose a licen-
se fee, royalty, or other charge for exercise of rights
granted under this License, and you may not in-
itiate litigation (including a cross-claim or counter-
claim in a lawsuit) alleging that any patent claim
is infringed by making, using, selling, offering for
sale, or importing the Program or any portion of
it. 11. Patents.

A “contributor” is a copyright holder who authori-
zes use under this License of the Program or a work
on which the Program is based. The work thus li-
censed is called the contributor’s “contributor ver-
sion”.

A contributor’s “essential patent claims” are all pa-
tent claims owned or controlled by the contribu-
tor, whether already acquired or hereafter acquired,
that would be infringed by some manner, permit-
ted by this License, of making, using, or selling its
contributor version, but do not include claims that
would be infringed only as a consequence of further
modification of the contributor version. For purpo-
ses of this definition, “control” includes the right
to grant patent sublicenses in a manner consistent
with the requirements of this License.

Each contributor grants you a non-exclusive, world-
wide, royalty-free patent license under the contri-

butor’s essential patent claims, to make, use, sell,
offer for sale, import and otherwise run, modify and
propagate the contents of its contributor version.

In the following three paragraphs, a “patent licen-
se” is any express agreement or commitment, howe-
ver denominated, not to enforce a patent (such
as an express permission to practice a patent or
covenant not to sue for patent infringement). To
“grant” such a patent license to a party means to
make such an agreement or commitment not to en-
force a patent against the party.

If you convey a covered work, knowingly relying on
a patent license, and the Corresponding Source of
the work is not available for anyone to copy, free of
charge and under the terms of this License, through
a publicly available network server or other readi-
ly accessible means, then you must either (1) cause
the Corresponding Source to be so available, or (2)
arrange to deprive yourself of the benefit of the pa-
tent license for this particular work, or (3) arran-
ge, in a manner consistent with the requirements of
this License, to extend the patent license to down-
stream recipients. “Knowingly relying” means you
have actual knowledge that, but for the patent li-
cense, your conveying the covered work in a coun-
try, or your recipient’s use of the covered work in
a country, would infringe one or more identifiable
patents in that country that you have reason to be-
lieve are valid.

If, pursuant to or in connection with a single tran-
saction or arrangement, you convey, or propagate
by procuring conveyance of, a covered work, and
grant a patent license to some of the parties re-
ceiving the covered work authorizing them to use,
propagate, modify or convey a specific copy of the
covered work, then the patent license you grant is
automatically extended to all recipients of the co-
vered work and works based on it.

A patent license is “discriminatory” if it does not
include within the scope of its coverage, prohi-
bits the exercise of, or is conditioned on the non-
exercise of one or more of the rights that are specifi-
cally granted under this License. You may not con-
vey a covered work if you are a party to an arran-
gement with a third party that is in the business of
distributing software, under which you make pay-
ment to the third party based on the extent of your
activity of conveying the work, and under which the
third party grants, to any of the parties who would
receive the covered work from you, a discriminato-
ry patent license (a) in connection with copies of
the covered work conveyed by you (or copies made
from those copies), or (b) primarily for and in con-
nection with specific products or compilations that
contain the covered work, unless you entered into
that arrangement, or that patent license was gran-
ted, prior to 28 March 2007.

Nothing in this License shall be construed as exclu-
ding or limiting any implied license or other defen-
ses to infringement that may otherwise be available
to you under applicable patent law. 12. No Surren-
der of Others’ Freedom.

If conditions are imposed on you (whether by court
order, agreement or otherwise) that contradict the
conditions of this License, they do not excuse you
from the conditions of this License. If you can-
not convey a covered work so as to satisfy simul-
taneously your obligations under this License and
any other pertinent obligations, then as a conse-
quence you may not convey it at all. For example,
if you agree to terms that obligate you to collect a
royalty for further conveying from those to whom
you convey the Program, the only way you could
satisfy both those terms and this License would be
to refrain entirely from conveying the Program. 13.
Use with the GNU Affero General Public License.

Notwithstanding any other provision of this Licen-
se, you have permission to link or combine any co-
vered work with a work licensed under version 3
of the GNU Affero General Public License into a
single combined work, and to convey the resulting
work. The terms of this License will continue to
apply to the part which is the covered work, but
the special requirements of the GNU Affero General
Public License, section 13, concerning interaction
through a network will apply to the combination
as such. 14. Revised Versions of this License.

The Free Software Foundation may publish revised
and/or new versions of the GNU General Public Li-
cense from time to time. Such new versions will be
similar in spirit to the present version, but may dif-
fer in detail to address new problems or concerns.

Each version is given a distinguishing version num-
ber. If the Program specifies that a certain numbe-
red version of the GNU General Public License “or
any later version” applies to it, you have the option
of following the terms and conditions either of that
numbered version or of any later version published
by the Free Software Foundation. If the Program
does not specify a version number of the GNU Ge-
neral Public License, you may choose any version
ever published by the Free Software Foundation.

If the Program specifies that a proxy can decide
which future versions of the GNU General Public
License can be used, that proxy’s public statement
of acceptance of a version permanently authorizes
you to choose that version for the Program.

Later license versions may give you additional or
different permissions. However, no additional ob-
ligations are imposed on any author or copyright
holder as a result of your choosing to follow a later
version. 15. Disclaimer of Warranty.

THERE IS NO WARRANTY FOR THE PRO-
GRAM, TO THE EXTENT PERMITTED BY AP-
PLICABLE LAW. EXCEPT WHEN OTHERWI-
SE STATED IN WRITING THE COPYRIGHT
HOLDERS AND/OR OTHER PARTIES PROVI-
DE THE PROGRAM “AS IS” WITHOUT WAR-
RANTY OF ANY KIND, EITHER EXPRESSED
OR IMPLIED, INCLUDING, BUT NOT LIMITED
TO, THE IMPLIED WARRANTIES OF MER-
CHANTABILITY AND FITNESS FOR A PARTI-
CULAR PURPOSE. THE ENTIRE RISK AS TO
THE QUALITY AND PERFORMANCE OF THE
PROGRAM IS WITH YOU. SHOULD THE PRO-
GRAM PROVE DEFECTIVE, YOU ASSUME THE
COST OF ALL NECESSARY SERVICING, RE-
PAIR OR CORRECTION. 16. Limitation of Lia-
bility.

IN NO EVENT UNLESS REQUIRED BY AP-
PLICABLE LAW OR AGREED TO IN WRI-
TING WILL ANY COPYRIGHT HOLDER, OR
ANY OTHER PARTY WHO MODIFIES AND/OR
CONVEYS THE PROGRAM AS PERMITTED
ABOVE, BE LIABLE TO YOU FOR DAMAGES,
INCLUDING ANY GENERAL, SPECIAL, INCI-
DENTAL OR CONSEQUENTIAL DAMAGES ARI-
SING OUT OF THE USE OR INABILITY TO USE
THE PROGRAM (INCLUDING BUT NOT LIMI-
TED TO LOSS OF DATA OR DATA BEING REN-
DERED INACCURATE OR LOSSES SUSTAINED
BY YOU OR THIRD PARTIES OR A FAILURE
OF THE PROGRAM TO OPERATE WITH ANY
OTHER PROGRAMS), EVEN IF SUCH HOLDER
OR OTHER PARTY HAS BEEN ADVISED OF
THE POSSIBILITY OF SUCH DAMAGES. 17. In-
terpretation of Sections 15 and 16.

If the disclaimer of warranty and limitation of lia-
bility provided above cannot be given local legal ef-
fect according to their terms, reviewing courts shall

apply local law that most closely approximates an
absolute waiver of all civil liability in connection
with the Program, unless a warranty or assumpti-
on of liability accompanies a copy of the Program
in return for a fee.

END OF TERMS AND CONDITIONS How to Ap-
ply These Terms to Your New Programs

If you develop a new program, and you want it to
be of the greatest possible use to the public, the
best way to achieve this is to make it free software
which everyone can redistribute and change under
these terms.

To do so, attach the following notices to the pro-
gram. It is safest to attach them to the start of
each source file to most effectively state the exclu-
sion of warranty; and each file should have at least
the “copyright” line and a pointer to where the full
notice is found.

<one line to give the program’s name and a brief
idea of what it does.> Copyright (C) <year> <na-
me of author>

This program is free software: you can redistribute
it and/or modify it under the terms of the GNU Ge-
neral Public License as published by the Free Soft-
ware Foundation, either version 3 of the License, or
(at your option) any later version.

This program is distributed in the hope that it will
be useful, but WITHOUT ANY WARRANTY; wi-
thout even the implied warranty of MERCHANTA-
BILITY or FITNESS FOR A PARTICULAR PUR-
POSE. See the GNU General Public License for mo-
re details.

You should have received a copy of the GNU Gene-
ral Public License along with this program. If not,
see <http://www.gnu.org/licenses/>.

Also add information on how to contact you by elec-
tronic and paper mail.

If the program does terminal interaction, make it
output a short notice like this when it starts in an
interactive mode:

<program> Copyright (C) <year> <name of aut-
hor> This program comes with ABSOLUTELY NO
WARRANTY; for details type ‘show w’. This is free
software, and you are welcome to redistribute it un-
der certain conditions; type ‘show c’ for details.

The hypothetical commands ‘show w’ and ‘show
c’ should show the appropriate parts of the Gene-
ral Public License. Of course, your program’s com-
mands might be different; for a GUI interface, you
would use an “about box”.

You should also get your employer (if you work
as a programmer) or school, if any, to sign
a “copyright disclaimer” for the program, if
necessary. For more information on this, and
how to apply and follow the GNU GPL, see
<http://www.gnu.org/licenses/>.

The GNU General Public License does not per-
mit incorporating your program into proprieta-
ry programs. If your program is a subroutine
library, you may consider it more useful to
permit linking proprietary applications with
the library. If this is what you want to do,
use the GNU Lesser General Public License
instead of this License. But first, please re-
ad <http://www.gnu.org/philosophy/why-not-
lgpl.html>.

12.2 GNU Free Documentation License
Version 1.3, 3 November 2008

Copyright © 2000, 2001, 2002, 2007, 2008 Free Soft-
ware Foundation, Inc. <http://fsf.org/>

Everyone is permitted to copy and distribute ver-
batim copies of this license document, but changing
it is not allowed. 0. PREAMBLE

The purpose of this License is to make a manu-
al, textbook, or other functional and useful docu-
ment "freeïn the sense of freedom: to assure ever-
yone the effective freedom to copy and redistribute
it, with or without modifying it, either commerci-
ally or noncommercially. Secondarily, this License
preserves for the author and publisher a way to get
credit for their work, while not being considered
responsible for modifications made by others.

This License is a kind of "copyleft", which means
that derivative works of the document must them-
selves be free in the same sense. It complements the
GNU General Public License, which is a copyleft li-
cense designed for free software.

We have designed this License in order to use it
for manuals for free software, because free software
needs free documentation: a free program should
come with manuals providing the same freedoms
that the software does. But this License is not li-
mited to software manuals; it can be used for any
textual work, regardless of subject matter or whe-
ther it is published as a printed book. We recom-
mend this License principally for works whose pur-
pose is instruction or reference. 1. APPLICABILI-
TY AND DEFINITIONS

This License applies to any manual or other work,
in any medium, that contains a notice placed by the
copyright holder saying it can be distributed under
the terms of this License. Such a notice grants a
world-wide, royalty-free license, unlimited in dura-
tion, to use that work under the conditions stated
herein. The "Document", below, refers to any such
manual or work. Any member of the public is a li-
censee, and is addressed as "you". You accept the
license if you copy, modify or distribute the work
in a way requiring permission under copyright law.

A "Modified Versionöf the Document means any
work containing the Document or a portion of
it, either copied verbatim, or with modifications
and/or translated into another language.

A ßecondary Sectionïs a named appendix or a
front-matter section of the Document that deals ex-

clusively with the relationship of the publishers or
authors of the Document to the Document’s over-
all subject (or to related matters) and contains not-
hing that could fall directly within that overall sub-
ject. (Thus, if the Document is in part a textbook of
mathematics, a Secondary Section may not explain
any mathematics.) The relationship could be a mat-
ter of historical connection with the subject or with
related matters, or of legal, commercial, philosophi-
cal, ethical or political position regarding them.

The Ïnvariant Sectionsäre certain Secondary Sec-
tions whose titles are designated, as being those
of Invariant Sections, in the notice that says that
the Document is released under this License. If a
section does not fit the above definition of Secon-
dary then it is not allowed to be designated as In-
variant. The Document may contain zero Invariant
Sections. If the Document does not identify any In-
variant Sections then there are none.

The "Cover Textsäre certain short passages of text
that are listed, as Front-Cover Texts or Back-Cover
Texts, in the notice that says that the Document
is released under this License. A Front-Cover Text
may be at most 5 words, and a Back-Cover Text
may be at most 25 words.

A "Transparent"copy of the Document means a
machine-readable copy, represented in a format
whose specification is available to the general pu-
blic, that is suitable for revising the document
straightforwardly with generic text editors or (for
images composed of pixels) generic paint programs
or (for drawings) some widely available drawing
editor, and that is suitable for input to text for-
matters or for automatic translation to a variety
of formats suitable for input to text formatters. A
copy made in an otherwise Transparent file format
whose markup, or absence of markup, has been ar-
ranged to thwart or discourage subsequent modifi-
cation by readers is not Transparent. An image for-
mat is not Transparent if used for any substantial
amount of text. A copy that is not "Transparentïs
called Öpaque".

Examples of suitable formats for Transparent co-
pies include plain ASCII without markup, Texin-
fo input format, LaTeX input format, SGML or
XML using a publicly available DTD, and standard-
conforming simple HTML, PostScript or PDF desi-
gned for human modification. Examples of trans-
parent image formats include PNG, XCF and JPG.
Opaque formats include proprietary formats that
can be read and edited only by proprietary word
processors, SGML or XML for which the DTD
and/or processing tools are not generally available,

and the machine-generated HTML, PostScript or
PDF produced by some word processors for output
purposes only.

The "Title Page"means, for a printed book, the title
page itself, plus such following pages as are needed
to hold, legibly, the material this License requires
to appear in the title page. For works in formats
which do not have any title page as such, "Title
Page"means the text near the most prominent ap-
pearance of the work’s title, preceding the begin-
ning of the body of the text.

The "publisher"means any person or entity that dis-
tributes copies of the Document to the public.

A section Ëntitled XYZ"means a named subunit of
the Document whose title either is precisely XYZ
or contains XYZ in parentheses following text that
translates XYZ in another language. (Here XYZ
stands for a specific section name mentioned below,
such as Äcknowledgements", "Dedications", Ëndor-
sements", or "History".) To "Preserve the Titleöf
such a section when you modify the Document me-
ans that it remains a section Ëntitled XYZäccor-
ding to this definition.

The Document may include Warranty Disclaimers
next to the notice which states that this License
applies to the Document. These Warranty Disclai-
mers are considered to be included by reference in
this License, but only as regards disclaiming war-
ranties: any other implication that these Warranty
Disclaimers may have is void and has no effect on
the meaning of this License. 2. VERBATIM COPY-
ING

You may copy and distribute the Document in any
medium, either commercially or noncommercially,
provided that this License, the copyright notices,
and the license notice saying this License applies to
the Document are reproduced in all copies, and that
you add no other conditions whatsoever to those of
this License. You may not use technical measures to
obstruct or control the reading or further copying
of the copies you make or distribute. However, you
may accept compensation in exchange for copies. If
you distribute a large enough number of copies you
must also follow the conditions in section 3.

You may also lend copies, under the same condi-
tions stated above, and you may publicly display
copies. 3. COPYING IN QUANTITY

If you publish printed copies (or copies in media
that commonly have printed covers) of the Do-

cument, numbering more than 100, and the Do-
cument’s license notice requires Cover Texts, you
must enclose the copies in covers that carry, clear-
ly and legibly, all these Cover Texts: Front-Cover
Texts on the front cover, and Back-Cover Texts on
the back cover. Both covers must also clearly and
legibly identify you as the publisher of these copies.
The front cover must present the full title with all
words of the title equally prominent and visible.
You may add other material on the covers in addi-
tion. Copying with changes limited to the covers, as
long as they preserve the title of the Document and
satisfy these conditions, can be treated as verbatim
copying in other respects.

If the required texts for either cover are too volu-
minous to fit legibly, you should put the first ones
listed (as many as fit reasonably) on the actual co-
ver, and continue the rest onto adjacent pages.

If you publish or distribute Opaque copies of the
Document numbering more than 100, you must eit-
her include a machine-readable Transparent copy
along with each Opaque copy, or state in or with
each Opaque copy a computer-network location
from which the general network-using public has
access to download using public-standard network
protocols a complete Transparent copy of the Do-
cument, free of added material. If you use the lat-
ter option, you must take reasonably prudent steps,
when you begin distribution of Opaque copies in
quantity, to ensure that this Transparent copy will
remain thus accessible at the stated location until
at least one year after the last time you distribute
an Opaque copy (directly or through your agents or
retailers) of that edition to the public.

It is requested, but not required, that you contact
the authors of the Document well before redistri-
buting any large number of copies, to give them a
chance to provide you with an updated version of
the Document. 4. MODIFICATIONS

You may copy and distribute a Modified Version of
the Document under the conditions of sections 2
and 3 above, provided that you release the Modi-
fied Version under precisely this License, with the
Modified Version filling the role of the Document,
thus licensing distribution and modification of the
Modified Version to whoever possesses a copy of it.
In addition, you must do these things in the Modi-
fied Version:

* A. Use in the Title Page (and on the covers, if
any) a title distinct from that of the Document,
and from those of previous versions (which should,
if there were any, be listed in the History section
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of the Document). You may use the same title as
a previous version if the original publisher of that
version gives permission. * B. List on the Title Pa-
ge, as authors, one or more persons or entities res-
ponsible for authorship of the modifications in the
Modified Version, together with at least five of the
principal authors of the Document (all of its prin-
cipal authors, if it has fewer than five), unless they
release you from this requirement. * C. State on
the Title page the name of the publisher of the Mo-
dified Version, as the publisher. * D. Preserve all
the copyright notices of the Document. * E. Add
an appropriate copyright notice for your modifica-
tions adjacent to the other copyright notices. * F.
Include, immediately after the copyright notices, a
license notice giving the public permission to use
the Modified Version under the terms of this Li-
cense, in the form shown in the Addendum below.
* G. Preserve in that license notice the full lists
of Invariant Sections and required Cover Texts gi-
ven in the Document’s license notice. * H. Include
an unaltered copy of this License. * I. Preserve the
section Entitled "History", Preserve its Title, and
add to it an item stating at least the title, year,
new authors, and publisher of the Modified Version
as given on the Title Page. If there is no section
Entitled "Historyïn the Document, create one sta-
ting the title, year, authors, and publisher of the
Document as given on its Title Page, then add an
item describing the Modified Version as stated in
the previous sentence. * J. Preserve the network
location, if any, given in the Document for public
access to a Transparent copy of the Document, and
likewise the network locations given in the Docu-
ment for previous versions it was based on. The-
se may be placed in the "Historyßection. You may
omit a network location for a work that was publis-
hed at least four years before the Document itself,
or if the original publisher of the version it refers to
gives permission. * K. For any section Entitled Äck-
nowledgementsör "Dedications", Preserve the Title
of the section, and preserve in the section all the
substance and tone of each of the contributor ack-
nowledgements and/or dedications given therein. *
L. Preserve all the Invariant Sections of the Do-
cument, unaltered in their text and in their titles.
Section numbers or the equivalent are not conside-
red part of the section titles. * M. Delete any sec-
tion Entitled Ëndorsements". Such a section may
not be included in the Modified Version. * N. Do
not retitle any existing section to be Entitled Ën-
dorsementsör to conflict in title with any Invariant
Section. * O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter
sections or appendices that qualify as Secondary
Sections and contain no material copied from the
Document, you may at your option designate some
or all of these sections as invariant. To do this, add
their titles to the list of Invariant Sections in the
Modified Version’s license notice. These titles must
be distinct from any other section titles.

You may add a section Entitled Ëndorsements",
provided it contains nothing but endorsements of
your Modified Version by various parties—for ex-
ample, statements of peer review or that the text
has been approved by an organization as the aut-
horitative definition of a standard.

You may add a passage of up to five words as a
Front-Cover Text, and a passage of up to 25 words
as a Back-Cover Text, to the end of the list of Cover
Texts in the Modified Version. Only one passage of
Front-Cover Text and one of Back-Cover Text may
be added by (or through arrangements made by)
any one entity. If the Document already includes
a cover text for the same cover, previously added

by you or by arrangement made by the same entity
you are acting on behalf of, you may not add ano-
ther; but you may replace the old one, on explicit
permission from the previous publisher that added
the old one.

The author(s) and publisher(s) of the Document do
not by this License give permission to use their na-
mes for publicity for or to assert or imply endor-
sement of any Modified Version. 5. COMBINING
DOCUMENTS

You may combine the Document with other docu-
ments released under this License, under the terms
defined in section 4 above for modified versions,
provided that you include in the combination all of
the Invariant Sections of all of the original docu-
ments, unmodified, and list them all as Invariant
Sections of your combined work in its license noti-
ce, and that you preserve all their Warranty Dis-
claimers.

The combined work need only contain one copy of
this License, and multiple identical Invariant Sec-
tions may be replaced with a single copy. If there
are multiple Invariant Sections with the same name
but different contents, make the title of each such
section unique by adding at the end of it, in paren-
theses, the name of the original author or publisher
of that section if known, or else a unique number.
Make the same adjustment to the section titles in
the list of Invariant Sections in the license notice
of the combined work.

In the combination, you must combine any sec-
tions Entitled "Historyïn the various original do-
cuments, forming one section Entitled "History";
likewise combine any sections Entitled Äcknow-
ledgements", and any sections Entitled "Dedicati-
ons". You must delete all sections Entitled Ëndor-
sements". 6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Docu-
ment and other documents released under this Li-
cense, and replace the individual copies of this Li-
cense in the various documents with a single copy
that is included in the collection, provided that you
follow the rules of this License for verbatim copying
of each of the documents in all other respects.

You may extract a single document from such a
collection, and distribute it individually under this
License, provided you insert a copy of this License
into the extracted document, and follow this Licen-
se in all other respects regarding verbatim copying
of that document. 7. AGGREGATION WITH IN-
DEPENDENT WORKS

A compilation of the Document or its derivatives
with other separate and independent documents or
works, in or on a volume of a storage or distribution
medium, is called an äggregateïf the copyright re-
sulting from the compilation is not used to limit the
legal rights of the compilation’s users beyond what
the individual works permit. When the Document
is included in an aggregate, this License does not
apply to the other works in the aggregate which are
not themselves derivative works of the Document.

If the Cover Text requirement of section 3 is ap-
plicable to these copies of the Document, then if
the Document is less than one half of the entire ag-
gregate, the Document’s Cover Texts may be pla-
ced on covers that bracket the Document within
the aggregate, or the electronic equivalent of covers
if the Document is in electronic form. Otherwise

they must appear on printed covers that bracket
the whole aggregate. 8. TRANSLATION

Translation is considered a kind of modification, so
you may distribute translations of the Document
under the terms of section 4. Replacing Invariant
Sections with translations requires special permis-
sion from their copyright holders, but you may in-
clude translations of some or all Invariant Sections
in addition to the original versions of these Invari-
ant Sections. You may include a translation of this
License, and all the license notices in the Docu-
ment, and any Warranty Disclaimers, provided that
you also include the original English version of this
License and the original versions of those notices
and disclaimers. In case of a disagreement between
the translation and the original version of this Li-
cense or a notice or disclaimer, the original version
will prevail.

If a section in the Document is Entitled Äcknowled-
gements", "Dedications", or "History", the require-
ment (section 4) to Preserve its Title (section 1)
will typically require changing the actual title. 9.
TERMINATION

You may not copy, modify, sublicense, or distribute
the Document except as expressly provided under
this License. Any attempt otherwise to copy, mo-
dify, sublicense, or distribute it is void, and will
automatically terminate your rights under this Li-
cense.

However, if you cease all violation of this License,
then your license from a particular copyright holder
is reinstated (a) provisionally, unless and until the
copyright holder explicitly and finally terminates
your license, and (b) permanently, if the copyright
holder fails to notify you of the violation by some
reasonable means prior to 60 days after the cessa-
tion.

Moreover, your license from a particular copyright
holder is reinstated permanently if the copyright
holder notifies you of the violation by some rea-
sonable means, this is the first time you have re-
ceived notice of violation of this License (for any
work) from that copyright holder, and you cure the
violation prior to 30 days after your receipt of the
notice.

Termination of your rights under this section does
not terminate the licenses of parties who have recei-
ved copies or rights from you under this License. If
your rights have been terminated and not perman-
ently reinstated, receipt of a copy of some or all of
the same material does not give you any rights to
use it. 10. FUTURE REVISIONS OF THIS LICEN-
SE

The Free Software Foundation may publish new, re-
vised versions of the GNU Free Documentation Li-
cense from time to time. Such new versions will be
similar in spirit to the present version, but may dif-
fer in detail to address new problems or concerns.
See http://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing
version number. If the Document specifies that a
particular numbered version of this License ör any
later versionäpplies to it, you have the option of
following the terms and conditions either of that
specified version or of any later version that has
been published (not as a draft) by the Free Soft-
ware Foundation. If the Document does not specify
a version number of this License, you may choose

any version ever published (not as a draft) by the
Free Software Foundation. If the Document speci-
fies that a proxy can decide which future versions of
this License can be used, that proxy’s public state-
ment of acceptance of a version permanently autho-
rizes you to choose that version for the Document.
11. RELICENSING

"Massive Multiauthor Collaboration Site"(or "MMC
Site") means any World Wide Web server that pu-
blishes copyrightable works and also provides pro-
minent facilities for anybody to edit those works. A
public wiki that anybody can edit is an example of
such a server. A "Massive Multiauthor Collaborati-
on"(or "MMC") contained in the site means any set
of copyrightable works thus published on the MMC
site.

"CC-BY-SA"means the Creative Commons
Attribution-Share Alike 3.0 license published by
Creative Commons Corporation, a not-for-profit
corporation with a principal place of business in
San Francisco, California, as well as future copyleft
versions of that license published by that same
organization.

Ïncorporate"means to publish or republish a Docu-
ment, in whole or in part, as part of another Docu-
ment.

An MMC is ëligible for relicensingïf it is licensed
under this License, and if all works that were first
published under this License somewhere other than
this MMC, and subsequently incorporated in whole
or in part into the MMC, (1) had no cover texts or
invariant sections, and (2) were thus incorporated
prior to November 1, 2008.

The operator of an MMC Site may republish an
MMC contained in the site under CC-BY-SA on the
same site at any time before August 1, 2009, pro-
vided the MMC is eligible for relicensing. ADDEN-
DUM: How to use this License for your documents

To use this License in a document you have writ-
ten, include a copy of the License in the document
and put the following copyright and license notices
just after the title page:

Copyright (C) YEAR YOUR NAME. Permission is
granted to copy, distribute and/or modify this do-
cument under the terms of the GNU Free Documen-
tation License, Version 1.3 or any later version pu-
blished by the Free Software Foundation; with no
Invariant Sections, no Front-Cover Texts, and no
Back-Cover Texts. A copy of the license is included
in the section entitled "GNU Free Documentation
License".

If you have Invariant Sections, Front-Cover Texts
and Back-Cover Texts, replace the "with . . .
Texts."line with this:

with the Invariant Sections being LIST THEIR
TITLES, with the Front-Cover Texts being LIST,
and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts,
or some other combination of the three, merge tho-
se two alternatives to suit the situation.

If your document contains nontrivial examples of
program code, we recommend releasing these exam-
ples in parallel under your choice of free software
license, such as the GNU General Public License,
to permit their use in free software.

12.3 GNU Lesser General Public License
GNU LESSER GENERAL PUBLIC LICENSE

Version 3, 29 June 2007

Copyright © 2007 Free Software Foundation, Inc.
<http://fsf.org/>

Everyone is permitted to copy and distribute ver-
batim copies of this license document, but changing
it is not allowed.

This version of the GNU Lesser General Public Li-
cense incorporates the terms and conditions of ver-
sion 3 of the GNU General Public License, supple-
mented by the additional permissions listed below.
0. Additional Definitions.

As used herein, “this License” refers to version 3
of the GNU Lesser General Public License, and the
“GNU GPL” refers to version 3 of the GNU General
Public License.

“The Library” refers to a covered work governed by
this License, other than an Application or a Com-
bined Work as defined below.

An “Application” is any work that makes use of an
interface provided by the Library, but which is not
otherwise based on the Library. Defining a subclass
of a class defined by the Library is deemed a mode
of using an interface provided by the Library.

A “Combined Work” is a work produced by com-
bining or linking an Application with the Library.
The particular version of the Library with which
the Combined Work was made is also called the
“Linked Version”.

The “Minimal Corresponding Source” for a Combi-
ned Work means the Corresponding Source for the
Combined Work, excluding any source code for por-
tions of the Combined Work that, considered in iso-
lation, are based on the Application, and not on the
Linked Version.

The “Corresponding Application Code” for a Com-
bined Work means the object code and/or source
code for the Application, including any data and
utility programs needed for reproducing the Com-
bined Work from the Application, but excluding the
System Libraries of the Combined Work. 1. Excep-
tion to Section 3 of the GNU GPL.

You may convey a covered work under sections 3
and 4 of this License without being bound by sec-
tion 3 of the GNU GPL. 2. Conveying Modified Ver-
sions.

If you modify a copy of the Library, and, in your
modifications, a facility refers to a function or data
to be supplied by an Application that uses the fa-
cility (other than as an argument passed when the
facility is invoked), then you may convey a copy of
the modified version:

* a) under this License, provided that you make a
good faith effort to ensure that, in the event an Ap-
plication does not supply the function or data, the
facility still operates, and performs whatever part
of its purpose remains meaningful, or * b) under
the GNU GPL, with none of the additional permis-
sions of this License applicable to that copy.

3. Object Code Incorporating Material from Libra-
ry Header Files.

The object code form of an Application may incor-
porate material from a header file that is part of
the Library. You may convey such object code un-
der terms of your choice, provided that, if the in-
corporated material is not limited to numerical pa-
rameters, data structure layouts and accessors, or
small macros, inline functions and templates (ten
or fewer lines in length), you do both of the follo-
wing:

* a) Give prominent notice with each copy of the
object code that the Library is used in it and that
the Library and its use are covered by this License.
* b) Accompany the object code with a copy of the
GNU GPL and this license document.

4. Combined Works.

You may convey a Combined Work under terms of
your choice that, taken together, effectively do not
restrict modification of the portions of the Library
contained in the Combined Work and reverse en-
gineering for debugging such modifications, if you
also do each of the following:

* a) Give prominent notice with each copy of the
Combined Work that the Library is used in it and
that the Library and its use are covered by this Li-
cense. * b) Accompany the Combined Work with a
copy of the GNU GPL and this license document. *
c) For a Combined Work that displays copyright no-
tices during execution, include the copyright notice
for the Library among these notices, as well as a re-
ference directing the user to the copies of the GNU
GPL and this license document. * d) Do one of the
following: o 0) Convey the Minimal Corresponding
Source under the terms of this License, and the
Corresponding Application Code in a form suitable
for, and under terms that permit, the user to re-
combine or relink the Application with a modified
version of the Linked Version to produce a modified
Combined Work, in the manner specified by section
6 of the GNU GPL for conveying Corresponding
Source. o 1) Use a suitable shared library mecha-
nism for linking with the Library. A suitable mecha-
nism is one that (a) uses at run time a copy of the
Library already present on the user’s computer sys-
tem, and (b) will operate properly with a modified
version of the Library that is interface-compatible
with the Linked Version. * e) Provide Installation
Information, but only if you would otherwise be re-
quired to provide such information under section 6
of the GNU GPL, and only to the extent that such
information is necessary to install and execute a
modified version of the Combined Work produced
by recombining or relinking the Application with
a modified version of the Linked Version. (If you
use option 4d0, the Installation Information must
accompany the Minimal Corresponding Source and
Corresponding Application Code. If you use option
4d1, you must provide the Installation Information
in the manner specified by section 6 of the GNU
GPL for conveying Corresponding Source.)

5. Combined Libraries.

You may place library facilities that are a work ba-
sed on the Library side by side in a single library
together with other library facilities that are not
Applications and are not covered by this License,
and convey such a combined library under terms of
your choice, if you do both of the following:

* a) Accompany the combined library with a copy
of the same work based on the Library, uncombi-
ned with any other library facilities, conveyed un-
der the terms of this License. * b) Give prominent
notice with the combined library that part of it is
a work based on the Library, and explaining where
to find the accompanying uncombined form of the
same work.

6. Revised Versions of the GNU Lesser General Pu-
blic License.

The Free Software Foundation may publish revised
and/or new versions of the GNU Lesser General Pu-
blic License from time to time. Such new versions
will be similar in spirit to the present version, but
may differ in detail to address new problems or con-
cerns.

Each version is given a distinguishing version num-
ber. If the Library as you received it specifies that
a certain numbered version of the GNU Lesser Ge-
neral Public License “or any later version” applies
to it, you have the option of following the terms
and conditions either of that published version or
of any later version published by the Free Software
Foundation. If the Library as you received it does
not specify a version number of the GNU Lesser
General Public License, you may choose any versi-
on of the GNU Lesser General Public License ever
published by the Free Software Foundation.

If the Library as you received it specifies that a pro-
xy can decide whether future versions of the GNU
Lesser General Public License shall apply, that pro-
xy’s public statement of acceptance of any version
is permanent authorization for you to choose that
version for the Library.

65


	1 Grundlagen
	1.1 Mengenlehre und DE MORGANsche Regeln
	1.2 Kombinatorik
	1.3 Definition der Wahrscheinlichkeit
	1.4 Additionssatz
	1.5 BAYES Theorem

	2 Zufallsvariablen und Verteilungsmodelle
	2.1 diskrete Zufallsvariablen
	2.2 diskrete Verteilungsmodelle
	2.3 stetige Zufallsvariablen
	2.4 stetige Verteilungsmodelle
	2.5 Approximation von Verteilungen
	2.6 Grenzwertsatz

	3 Deskriptive Statistik
	3.1 Skalenniveaus
	3.2 Lageparameter

	4 Parameterschätzung
	4.1 Konfidenzintervall für den Erwartungswert 
	4.2 Konfidenzintervalle für den Anteilswert einer dichotomen Grundgesamtheit

	5 Hypothesentests
	5.1 Vorgehen beim Hypothesentest
	5.2 Tests auf Lageparameter (Erwartungswert, Median, Anteilswert)
	5.3 Tests auf Streuung
	5.4 Tests auf Zusammenhangs- und Assoziationsparameter
	5.5 Anpassungs- oder Verteilungstests

	6 Varianzanalyse
	7 Regressionsrechnung
	8 Zeitreihenanalyse
	8.1 Komponentenunterteilung bei Zeitreihen

	9 Symbolverzeichnis
	9.1 allgemein
	9.2 Verteilungsmodelle

	10 Tabellen
	11 Autoren
	Abbildungsverzeichnis
	12 Licenses
	12.1 GNU GENERAL PUBLIC LICENSE
	12.2 GNU Free Documentation License
	12.3 GNU Lesser General Public License


