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'REFACE.

IN offering to students and teachers a new edition of
the Elements of Euclid, it will be proper to give some ac-
count of the plan on which it hag been arranged, and of the
advantages which it hopes to present.

Geometry may bo considered to form the real founda-
tion of mathematical instruction. It is true that somo
acquaintance with Arithmetic and Algebra usually precedes
the study of Geometry; but in the former subjeets a begin-
ner spends much of his time in gaining a practical facility
in the application of rules to examples, while in the latter
subject he is wholly occupicd in exercising his reasoning
faculties.

In England the text-book of Geometry consists of the
Elements of Euclid; for nearly every official programme of
instruction or examination explicitly includes some portion
of this work. Numerouy attempts have been made to find
an appropriate substitute for the Elements of Euclid ; but
such attempts, fortunately, have hitherto been made in
vain. The advantages attending a common standard of
reference in such an important subject, can hardly be over-
estimated ; and it is extremely improbable, if Euclid were
once abandoned, that any agreement would exist as to the
author who should replace bim, It cannot be denied that
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defects and difficultics oceur in the Elements of Euclid, and
that these become more obvious as we examine the work
more closely ; but probably during such examination the
conviction will grow deeper that these defects and diffi-
cultics are due in a great measure to the nature of the
subject itself, and to the place which it occupies in a course
of education; and it may be readily believed that an equally
minute criticism of any other work on Geometry would
reveal more and graver blemishes.

Of all the editions of Euelid that of Robert Rimson hus
been the most extensively used in Englind, and the pre-
sent edition substantially reproduces Rimson’s; but his
translation has been carefully compared with the original,
and somo alterations have been made, which it is hoped
will be found to be improvements.  These alterations, how-
ever, arc of no great importance; most of them have been
introduced with the view of rendering the language more
uniform, by constantly using the saume words when the
same meaning is to be expressed.

As the Elements of Fuclid are usually plwed in the
hands of young students, it is important to exhibit the work
in such a form as will assist them in overcoming the diffi-
culties which they expericnee on their first introduction to
processes of continuous argument.  No method appears to
be so useful as that of breaking up the demonstrations into
their constituent parts; this was strongly recommended
by Professor Do Morgan more than thirty years ago as a
suitable exercise for students, and the plan has been adopt-
ed moro or less closely in some modern editions.  An ex-
cellent example of this method of exhibiting the Elements
of Euclid will be found in an edition in quarto, published
at the Hague, in the French language, in 1762. Two per-
sons are named in the title-page as concerned in the work,
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Koenig and Blassicre,  This eldition has served as the
maodel for that which is now offered to the student: xomo
slight maodifications have necessarily been made, owing to
the difterence in the size of the pages.

It will be perceived then, that in the present edition
exch distinet assertion in the wrgument beginsg a new line;
and at the ends of the lines are placed the necessary refer-
enees to the preceding principles on which the assertions
depend.  Morcover, the longer propositions are distributed
into subordinate parts, which are distinguished by breuks
at the beginning of the lines.

This edition contains all the propositions which are
usually read in the Universities,  After the text will be
fornd a selestion of notes; these are intended to indicato
and explain the prineipal difficulties which  have heen
noticed in the Elements of Euclid, and to supply the most
important inferences which can be drawn from the propo-
sitions.  ‘The notes relate to Geometry exclusively ; they
do not introduce developinents involving Arithmetic and
Algebra, because these latter subjects are always studied
in special works, and becanse Geometry alone presents suf-
ficient matter to occupy the attention of carly students.
After some hesitation on the point, all remarks reluting to
Logic have also been excluded.  Although the study of
Logic appears to be reviving in this country, and muy
cventually obtain a more assured position than it now
holds in a course of liberal education, yet at present few
persons take up Logic before Geometry; and it seems
therefore premature to devote space Lo u subject which will
be altogether unsuitable to the majority of those wio use a
work like the present,

After the notes will be found an Appendix, consisting of
propositions supplemental to those in the Llements of
Ludid; it is hoped that a judicious choice hus been mado
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from the abundant materials which exist for such an Ap-
pendix.  The propositions selected are worthy of notice on
various grounds; some for their simplicity, some for their
value us geometrical facts, and some as being problems
which may naturally suggest themscelves, but of which the
solutions are not very obvious.

The work finishes with a collection of excrcises.  Geo-
metrical deductions afford a most valuable disvipline for a
student of mathematics, especially in the carlier period of
his course; the numerous departments of analysis which
subsequently demand his attention will leave him but little
time then for pure Geometry. It scems however that the
habits of mind which the study of pure Geometry tends to
form, furnish an advantageous corrective for some of tho
ovils resulting from an exclusive devotion to Analysis, and
it is therefore desirablo to engage the attention of begin-
ners with geometrical exercises.

Many persons whose duties have rendered them familiar
with tho examination of large numbers of students in
elementary mathematics have noticed with regret the
frequent failures in geometrical deductions.  Several col-
lections of exercises already exist, but the general com-
plaint is that they are too diflicult.  Those in the present
volume may be divided into two parts; the first part con-
tains 440 excrcises, which it is hoped will not be found
boyond the power of carly students; the second part consists
of the remainder, which may be reserved for practice at a
later stage. These exercises have been principally selected
from College and University examination papers, and have
been tested by long experience with pupils. It will be seen
that they are distributed into scctions according to the
propositions in the Elements of Euclid on which they chiefly
depend.  As far as possible they are arranged in order of
difficulty, but it must sometimes happen, as is the case
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in the Elements of Euclid, that one example prepares
the way for a set of others which are much casier than
itself. It should be observed that the exercises relate to
pure Geometry; all examples which would findd & moro
suitablo place in works on Trigonometry or Algebraical
Geometry have been carefully rejected.

It only remains to advert to the mechanieal excention
of the volume, to which great attention has heen devoted.
The figures will be found to be unusually largo and dis-
tinet, and they have been repeated when necessary, so that
they always occur in immediate connexion with the corre-
sponding text.  The type and paper have been chosen wo
as to render the volume as clear and attractive as possible.
The design of the editor and of the publishers has heen to
produce a practically useful edition of the Elements of
Eucelid, at a moderate cost ; and they trust that the design
has been fairly realised.

Auny suggestions or corrections reluting to the work
will be most thankfully received.

I. TODIIUNTUER.

ST Joux's CoLLEGE,
October 18612,






. BUCLID'S ELEMENTS.

DOOK |,
DLEFINITIONS.
1. A poiyy s that which has no parts, or which has no
maguitude.
2, A line i3 length without breadth,

3. The extremitics of a lino are points,

4. A straight line is that whick lies evenly between
its extreme points,

5. A superficios is that which has only length and
breadth.

6. The extromities of a superficies are lines.

7. A planc superficies is that in which any two points
being taken, the straight line between them lics wholly in
" that superficies,

8. A plane angle is the inclination of two lines to one
another in a plane, which mect together, but are not in the
hame direction,
1
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9. A plano rectilineal angle is the inclination of two
straight lines to one another, which meet together, but are
not in the same straight line.

Note. When several angles arc at one point &, any
one of them is cxpressed by three letters, of which the
letter which is at the vertox of the angle, that is, at the
point at which the straight lines that contain the angle
meet ono another, is put between the other two letters,
and one of these two letters is somewhere on one of
those straight lines, and the other letter on the other
straight line. Thus, tho angle which is contained by the

-

E4

straight lines 4B, CB is named the angle A4 BC, or (BA :
the angle which is

is named the angle ABD), or DB ; and the ungle which
i8 contained by tho straight lines DB, (73 is numed the
angle DBC, or CBD ; but if there he only one angle at a
point, it may be expressed by a letter placed at that point;
as the anglo at £,

10. Whon a straight line standing -
on another straight line, makes the adja- ‘
cent angles equal to ono another, each of
the angles is called a right angle; and
the straight line which stands on the
other is called a perpendicular to it. _L

. 11. An obtuse angle is that which
is greater than a right angle. e

. 12 An acute angle is that which \

is less than a right angle. h
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13. A term or boundary is the extremity of any thing.

14. A figure is that which is enclosed by onc or more
boundaries.

15. A circle is a plane figure |
contained by one line, which is i "\
alled the ¢ircumference, and s ! \
such, that all straight lines drawn LT T
from o certain point within the 5\ ’

figure to the civeumference are
cqual to one another

16.  And this point is called the centre of the circle,

17. A dimmeter of a cirele is a straight line drawn
through the centre, and terminated both ways by tho cir-
cumference.

[A radins of a cirele iy a straight line drawn from the
centre to the cirenmference.]

18, A semicirele is the figure contained hy a diameter
and the part of the circumference ent off by the dimdeter.

19. A segment of a circle is the figure contained by o
straight line and the circnmference which it cuts off.

20, Rectilineal figures are those which are contained
by ~traight lines:

. 21, Trilateral figures, or triangles, by three straight
ines:

22.  Quadrilateral figures by four straight lines:

23, Multilateral fignres, or polygous, by more than
four straight lines.

24, Of three-sided figmres,

An equilateral triangle is that which '
has three equal sides :
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25. An isosceles triangle is that
which has two sides equal:

26, A scalone triangle is that
which has threo unegual sides:

27. A right-angled triangle is that
which has a right angle:
|The side opposite to the right
angle in a right-angled triangle is fre-
quently called the hypotenuse.]

28. An obtusc-angled trianglo is
that which has an obtuse angle:

29. An acute-angled triangle is
that which has three acute anglos.

Of four-sided figures,

30. A square is that which las
all its sides oqual, and all its angles
right angles :

31. An oblong 18 that which has
all its angles right angles, but not all
its sides equal :

32, A rhombus is that which has
all its sides equal, but its angles are
not right angles:

-
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33, A rhomboid is that which has Ty
its opposite sides equal to one another, /)
but all its sides are not cqual, nor its ; .
angles right angles : /o /

34, All other four-sided figures besides these are
called trapeziums,

35. Parallel straight lines are such e -
as are in the same plane, and which
being produced ever so far both ways -
do not meet.

[Note. The terms oblong aud rhomboid are nut often
used.  Practically the following definitions are used. Any
four-sided figure is called o guadrilateral. A line joining
two opposite angles of a quadrilateral is called a diagonal.
A quadrilateral which has its opposite sides parallel is
called a parallelogram. The words square and rhombus
are used in the sense defined by Fuclid; and the word
rectangle is used instead of the word whlong.

Nome writers propose to restrict the word trapezium
to a quadrilateral which has two of its sides parallel ; and
it would certainly be convenient if this restriction were
universally adopted. |

POSTULATES.

Let it be granted,

1. That a straight line may be drawn from any one
point to any other point :

2. That a terminated straight line may be produced to
any length in a straight line :

3. And that a circle may be described from any centre,
-at any distance from that centre.
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AXIOMS.

1. Things which are equal to the same thing are equal
to one another.

2. If cquals be added to equals the wholes are equal.

3. If equals be taken from cquals the remainders are
equal.

4. If equals he added to unequals the whdles are
unequal,

5. If equals be taken from unequals the remainders
are uncqual.

6. Things which are double of the same thig are
equal to one another.

7. Things which are halves of the same thing arve
equal to one another.

8. Magnitudes which coincide with one another, that
is, which exactly fill the same space, are equal to one
another.

9. The whole is greater than its part.
10.  Two straight lines cannot enclose a spuce.
11. Al right angles are equal to one another.

12. 1f a straight line mect two straight lines, so as to
make the two interior angles on the same side of 1t taken
together less timn two right angles, these straight lines,
being continually produced, shall at length mect on that
side on which are the angles which are less than two right

anglos, .



PROPOSITION 1. PROBLEM.

To deseribe an equilateral triangle on a given fintte
straight line.

Let A3 be the given straight line: it is roquired to
describe an equilateral triangle on A5,

O

. 7’\/ ™~
N
oo —p
\

/

N N /

N~

From .the centre A, at the distance A2, describe tho

circle 3CD). [Postulate 3.
From the centre B3, at the distance BA, deseribe tho
circle ACE. [Postulate 3.

From the point €, at which the circles cut one another, draw
the straight lines €. and OB to the points 4 and B. [Post. 1.

ABC shall be an equilateral triangle.
Because the point A is the centre of the circle BCD,

ACis equal to AL, [Definition 15,
And because the point B is the centre of the circle ACE,
BC is equal to BA. . [Definition 15.

But it has been shewn that C.1 is equal to 483;
therefore ¢4 and ('3 are each of them equal to AB.

But things which are equal to the same thing are equal to
one another. [Axiom 1.

Therefore CA is equal to CB.

Therefore CA, AB, BC are equal to one another,
Wherefore the triangle ABC is equilateral, [Def. 24.

and it is described on the given straight line AB. QE.F.
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PROPOSITION 2. PROBLEM.
From a given point to draw a straight line equal tv a
given straight line.
Let 4 be the given point, and B¢ the given straight

line: it i required to draw from the poiut A a straight
line equal to BC.

From the point 4 to Bdraw

the straight line AB; [Post. 1. . TR
and on it describe the cqui- / AN
lateral triangle DA B,  [I. 1. AL
and produce the straight lines ( DA

™A
DA, DB to F and F. [Post. 2. Lol—e— 7 T A
From the centre B, at the dis-  \\
tance BC, describe tho circle A gi _
CG H, meeting DFat G, [Poxt. 3. o
From the centre 1), at tho dis- |
tanco D@, describe the circle F
G KL, mecting DEat L. [Post. 5.
AL shall be equal to BC.

Because the point B is the centre of the circle CG 12,

BC is equal to BG. [Dipinition 15,
And becauso the point D is the centre of the circle GAZ,
DL is equal to DG ; [Definition 15.
and DA, D13 parts of them are cqual ; [ Definition 24,

therefore the remainder AL is equal to the remainder
, [dxiom 3.
But it has been shewn that BC is equal to BG
thercfore AL and BC are each of them equal to BG.

But things which are cqual to the same thing are equal to
one another. [Axiom 1.

Therefore AL is equal to BC. .
‘Wherefore from the given point A a straight line AL
has been drawcn equal to the given straight line BC. QE.F.
PROPOSITION 3. PROBLEM.

From the greater of two given straight lines to cut off
a part equal to the less. <A

Let AB and C be tho two given straight lines, of which
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AD is the greater: it is required to cut off from AB, tho
greater, a part cqual to C the less.

From the point 4 draw

the straight line AL equal =D

to C'; 1. 2. 7N

and from the centre A, at l / )
the distance A D), describe ¢ X B
the circlo DEF meeting AR

at 7. P04 e 3. . :

at 2. [Postnlate — K

AL shall be eqgal to ¢
Because the point .1 is the centro of the circle DEF,

AE is equal to L1, [ Definition 15.
But ¢/ is equal to AD. [Cunstruction.
Therefore .4 and (! aro cach of them equal to AD.

Therefore 4 £ is equal o €. - [Awiom 1.

_ Whercfore from AR the greater of two given straight
lines a part AE has been cut off oqual to C the less. QE.F.

PROTOSITION 4. THEOREM.

If two trianales haee two sides of the one equal 1o two
sides of the other, each to cach, and have also the angles
eontalned by those sides equal to one another, they shall
also have their bases or thivd sides equal; and the two
triangles shall be equal, and their other angles shall be
eqnal, each to each, naely those to which the cqual sides
are opposite,

Let ABC, DEFhe two triangles which have the two sides
AB, AC¢qual to the two sides DL, DI, each to each, namicly,
AB to DE, and A€ to
DF, and the angle B2.1¢/ A D
cqual to the angle ED /' / \ N
the base BC shall be eqnal [ v
to the base £F, and the [ i ‘
triangle ADBC to the tri- \
ang{e DIE{i’, l:)md t&x:l other / N\ / \
angles shall be seach g - - et g o e N
to each,towhic?:lthc equal L v E *
sides are opposite, namely, the angle 4B(! to the angle
DEF, and the angle 473 to tho angle DFF.
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For if the triangle 4 BC be applied to the triangle DEF,
go that the point 4 may be on the point 7), aud the

straight line A4 on the A n
straight line DF, the ™~ 4

point B will coincide with
the point £, because AB
is equal to DE.  [Ifyp.
And, A B coinciding with

DE/ AC will fall on DF, | \, y
beeanse the angle BAC B ¢ E E

is equal to the angle EDF, o [Hypothesix,
Therefore also the point € will coincide with the point 7
because AC is equal to DF, [H upothesis.

But the point B was shewn to coincide with the point E,
therefore the base BC will coincide with the base £F;

because, B coinciding with 7 and € with F, if the base B¢
deksnot coincide with the base EF, two straight lines will

enclose a space 3 which is impossible. [Axiom 10,
Therefore the base BC coincides with the base £F, and is
equal to it. [Awiom 8.
Thercfore the whole triangle 1 B3¢ coincides with the whole
triangle DEF, and is equal to it. [dxiom 8.

And the other angles of the oue coincide with tho other
angles of the other, and are equal to them, namely, the
angle A3C to the angle DEF, and the angle A('B to tho
angle DFL. .

Wherefore, {f tico triangles &e. Q.x.p,

PROPONSITION &, THEOREM,

The angles at the base of an izosceli = trinnyle are equal
to one another; and if the equal sides he produced the
angles on the other side of the base shall be equal to one
another.

Let ABC be an isosceles triangle, having the side A7
oqual to the side .1C, and let the straight lines 4B, AC
be produced to D and E: the angle A BC shall be equal to
the angle .41CB, and the angle CBD to the angle BCE.

In BD take any point F,
aud from 4 E the greater cut off AG equal to 4 Fthe less, [L.3.
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and join FC, G 1.

Becenuse 4 Fis equalto AG. [Constr, '}
and .48 to AC, [H ypothesis, a
the two sides £, A Care equal to the
two sides (7., A B, each to each s and \
they contain the angle /746 common B’ .
to the two triangles AL£C, 4G 1 I \
therefore the buse FCis cqual to the :
base (7 /73, and the triangle AL£C to ! : \
the triangle A6 B and the remaining 7 \
angles of the one to the remaining \
angles of the other, cach to each, to P K
which the equal sides are opposite,
namely the angle A/ to the angle A 3¢/, and the angle

AP to the angle A G 13, 4.
And beeanse the whole .12 s equal 1o the whale A€/,
of which the parts A 43, A are equal, | Hapothesiz,

the remainder BF is cqual to the remainder ('¢. [ Arfon. .
And ¢! was shewn to be equal to G173
therefore the two rides BF) FC are equal to the two sides
't G B, each to cach; .
and the angle 2270 was shewn to he equal to the angle CG/ 13 ;
therefore the triangles BFC, (!B are équal, and their
other angles are equal, each to each, to which the equal
sides arce opposite, namely the angle FBO to the angle
o, and the angle BCH to the angle CB¢/. [r. 4
And ~ince it has been shewn that the whole angle 4 730/
is cqual to the whole angle ACF,
and that the parts of these, the wngles CB(, BOI ave ulso
equal ; .
thercfore the remaining angle A2’ is equal to the remain-
ing angle A5, which arc the angles at the base of the
triangle A BC. [A i 3.
And it has also been shewn that the angle FBC iy
cqual to the angle 6/C/3, which are the angles on the other
side of the base.
Whercfore. the angles &c. Q...

Corollary.  ITcnce cvery cquilateral triangle is also
equiangular,
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PROPOSITION 6. THEOREM.

If two angles of a triangle be equal to one another, the
sides also which subtend, or are oppo-

A
aite to, the equal angles, shall be equal I /'\
to one anather. 3\ \

Let ABC he o triangle, having the o

u:‘xlo ABC equal to the angle ACH: the .
gido .4 shall be equal to the side A48, .
For it AC bo not equal to 4 3, one /
of them mnst bo greuter than the other. /' _

Let .4 B be the greater, and from it

cut of DB oqual to .1C° the less, 1. 3.
and join D€

Then, bocause in tho triangles DBC, A('D,

DR is equal to A, [Construction.

and B is common to both,

the two sides D1}, BC wro cqual to the two sides AC, CB,
cach to cach ;

and tho angle )BC is oqual to tho angle A "B ; [Hupothesis.
therefore the base D(” is equal to the base AL, and the

jangle DAB(’is oqual to the triangle AC'S, (1 4.

¢ Jcas to the greater ; which is absurd, [Aziom 9.
Thereforo .4 B is not unoqual to AC, that is, it is equal to it.

Wherefore, {/ two angles &c. q.e.bp.
Corollary. Heuce every equiangular triangle is also
eqnihtorl:l.” Sduiangular trisng
PROPOSITION 7. THEOREM.

On the same base, and on the same side of it, there can-
not be two triangles having their .
aides which are terminated at one }%.,D
exiremity of the base equal o one N ’\
another, and likewise those ewchich o

are terminaled at the other cr- SN

tremity. /s \\
If it be e, on the same ,

base A8, and on the same side of Lé’

it, let there be two triangles ACB,

ADB, having their sides CA, DA,
which are terminated at the extrenity A of the base, equal
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to one another, and likewiso their sides C'3, DB, which are
terminated at B

Join CD. Inthe case in which the vertex of each tri-
angle is without the other triangle ;
because AC is equal to 4D, [Typothesis,
the angle ACD is oqual to tho angle ADC. 1.6
But tho angle ACD is greater than the ungle BOD, [dx. v,
therofore the angle ADC is also greater than tho angle
BCD;
%‘é% moro then is the angle BDC greater than the angle

Again, because BC is oqual to BD, [#Typothesia.

the angle BDC is equal to the angle BOD. [1. 5.

But it has been shewn to be greater; which is impossiblo,
But if one of the vertice# ns

D, bo within the other triaugle /E *

ACB, produce A, AD W E, F. * C /

Then because AC is equal to
AD, in the trianglo ACD, [Hyp! N
the angles EC'D, £DC, on tho / w5
other side of the base CD, are /

equal to one another. {1 5. J RIS
But the-angle ECD is greator A B
than the angle BCD, {Aziom 9,

ttl;g'r};fore the angle FDC is also greater than tho anglo
%‘(l:':lt; more then is the angle BDC greater than the angle

Again, because BC is cqual to BD, [Hypothesis.
the angle BDC is equal to the angle BCD., {rL 5.
Bat it has boen shewn to be greator ; which is impossible.
The case in which the vertex of one triaugle is on a side
of the other needs no demonstration.
Wherefore, on the same base &c. o.r.Dp.
PROPOSITION 8. THEOREM.

1t two e Kave two sides of the one equal to tibo
iden of the ot waen b0 rides o he oma aquel bo tho
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bases squal, the angle rwchich is containéd by the two sides
«of the one shall be equal to the angle which s contaiged by
the two sides, eqnal lo them, of the other.

Lot ABC, DEF be two triangles, having the two sides
AB, AC equal o the two sides DE, DF, cach to each,
namely A B to DE, and AC to DF, and also the baso BC
equal to the base EF: tho augle 24 shall be equal to the
angle EDF.

teooA
\ ‘\ NS

o v N

B oo E ]
*

For if the triangle 4 BCbeo nrplicd to tho triaxgle VEF,
#0 that the poiut 22 may be on the point £, and the straight
line 22C’ on the straight line EF, the point € will also coin-
cide with thoe point F, because BC is equal to EF.  [Hyp.
Therefore, BC coinciding with EF, B4 and AC will coin-
cide with ED and DF.

For if the base BC coincides with the base EF, but the
sides B4, (’A do not coincide with the sides £D, FD, but
have a differont situation as £, FG ; then on the same

"base and on the same side of it there will bo two triangles
having their sides which are terminated at one extremity
of the base equal to one another, and likewise their sides
which arc terminated at the other extremity.

But thisjs impossible. [r. 7.
Therefore since the base BC' coincides with the base EF,
the sides B.4, AC must coincide with the sides ED, DF.
Therefore also the angle BAC coincides with the angle
EDF, and is equal to it. {Aziom 8.

‘Wherefore, {/ two triangles &c. Q.ED.

PROPOSITION 9. PROBLEM.
To bisect a given rectilineal angle, that is to divide it
snlo two equal angles.
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Let BACbe the given rectilincal
angle : it 18 required to hisect it.

Take any point D in A8, and
from AC cut of AL equal to
AD; (L. 8.
join DE, and on DE, on the sido
remote from A, deseribe the equi-

lateral triangle DEF. [
Join AF. The straight line 44" shall biscct the augle 7. 10l
Becauso A D is equal to AE, [ 'onatruction,

and A F is common to the two triangles DAF, EAF,
the two sides A, AF are cquul t tho two sides £4, AF,
cuch to each;
and the baso DF is cqual to the base EF;  [Iifinition 24,
therefore the angle J).A £ is equal o the angle ZA 2 [1. 8,

Wherefore the gicen rectilincal angle BAC' is bisccted
by the straight line AF. Q.E.r.
PROPBSITION 10. PROBLEM.
T bisect @ given finite straight line, that is to dirids it
ntn two equal paris.

. Let AR bo the given straight
lino : it is required to divide it ito
iwo equal parta.

Describe on it an equilateral

e 48C, L1

d bisect the angle ACH ‘l;y the
lt}mght line CD, meeting fl at
‘ 1.9

A B shall be cut into two equal parts at tho point .
Because AC is 6qual to CB, [ Definition 24,

and CD is common to the two triangles 4CD, BCD,

the two sides AC, CD are equal to the two sides BC, CD,

each to each ;

and tho angle ACD is equal to the angle BCD;  [Constr,
therefore the base A D is equal to the base DB. [ 4

Wherefore the giren straight line AB is divided into
tien equal parts at the point ﬂ QET.
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PROPOSITION 11. PROBLEM.
To draw a straight line at right angles to a gicen

straight line, from a given F
point in the same, N
Tt AB be the given ' \
straight line, and ¢/ the given / N
point in it : it is required to ’ ’
draw from the 'l"l'i"t (fl a ./ i \
sht angle: ed = -
t(:rr:;s_ih't line ut right angles .4 |
Take any point /2 in A, and make C'F cqual to CD. [L 3.
On DE describe thie equilateral triangle DFF, [ru,
and join C'F. .

The straight line €'#" drawn from the given pwint € shall
bo at right angles to the given straight line 424, -
Because /)¢ is equal to CF, [C’nmlructl:an.
and C'F is common to the two triangles DCF, ECF;
tho two sides DC, CF arc equal to the two sides £C, CF,
each to each ;
and the base DF is equal to the base EF; [ Definition 24,
therefore tho angle 2CF is equal to the angle ECF'; [1. 8.
aml they are adjacent angles.
But when a straight line, standing on another straight
line, makes the uﬁw‘.m angles e..J.:S to one another, clfch
of dle angles is called a right angle ; [ Iicfinition 10.
therefore cach of the angles DCF, ECF is a right anglo.
Wherefore from the given point C in the giren straight
line AB, CF has been drawen at right anyleg th AB. Q'.?s.r.
: Corollary. By the help of this prcblem it may be shew
that two straight lines cannot ' Y e
havo a common scgment.
ok o, o s
two t " £
have the scgment 45 com-

E
1
!
mon to both of them. l o
From the point B draw r——-l,—ft.___
BE at right angles to 48, c

Then, bocguse ALC is & straight line, [Hypothcsia,
the angle CBE is oqual to the angle EBA. [ Degnition 10,

]
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Also, because A BD is a straight lino, [Hypothesis,
the angle D BE is equal to the angle £BA.

Therefore the angle DB E is equal to tho angle CBE,[Ax. 1,
tho less to the greater; which is impossible. [4riom 9,

Whercfore 0o straight lines cannot have a common
seqment,

PROPOSITION 12. PROBLEM.

To draw a straight line perpendicudar to « giren
straight line of an unlimited length, from a given point
without if,

Let A7 be the given straight line, which may be pro-
duced to any Iength both ways, and let ¢ be tho given point
without it: it ix required to draw from the point ¢’ a
straight line perpendicular to A8,

Take any point D on
the other sido of A2, and

C

x
from the centre C, at the '
distance "D, dcscribe the \ A
circle EGF, meoting AR at \ /"
F and G. [Postulate 3. — m—— ¢p

A
Biscct FG at /, 1. 10.
and join CZ1.
The straight line C/7 drawn from tho given Isnlnt (4]
shall be perpendicular to the given straight Imo 4 5.
Join CF, CG.

Because FH is equal to HG,  [Coustruction.
and HC is common to the two FHC, GHC;
the two sides FH, HC are cqual to the two sides G, HC,

each to each ;
and the base CF is equal fo the base CG;  [Definition 18,
therefore the angle CHF is equal to the angle CHG ; [1.8.
and they are adjacent angles. .
But when a straight line, standing on another n:iglht line,
makes the adjacent angles equal fo one another, of the
ln‘hlhallodaﬁﬁl;ﬁla,md the straight line which
stands on the other # perpendicular to it. [D¢f. 10.
‘Wherefore a dicular CH has been drawn o
the given dmc'ghlpl?:mﬂfrom the given point C with-
out il, QRvY,’ .
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PROPOSITION 13. THEOREM.

The angles which one straight line makes with another
straight line on one side of it, either are tico right angles,
or are together equal ty two right angles.

Let the struight line 4B make with the straight lino
€D, on one side of it, the angles CBA, ABD : these cither
are two right anglds, or are togethor cqual to two right
angloea.

E
;\
/

i

D B C noTTR T (¢

For if the angle CB.1 is equal to the angle ABD, cach
of them is a right anglo. [Dejinition 10,

Igzt if not, from the point B draw BE at right angles to
H [L. 11,
therofore the angles CBE, EBD arc two right angles.[ Def.10.

Nowthnlngo CBEis cqual to the two angles CBA, ABE;
to cach of these oquals add the angic £8D ;

therefore the cs ('BE, EBD are cqual to the three
anglos CBA, ABE, EBD. [dziom 2.

z‘mn: the angle DB{ u%ﬁo the two angles DBE,

to cach of these equals add the angle ABC;
therefore the DBA, ABC are equal to the three
angles DBE, EBA, ABC. [4ziom 2,

But the angles CBE, EBD have been shewn to be equal
tothemtlmendes.

Therefore the angles CBE, EBD are oqual to the «
DBA, ABC. K o

But CBE, EBD sre two right angles;

therefore DBA, ABC are together equal to two right

Wherefore, the angles &c. Q.ED.
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PROPOSITION 14, THEOREM.

If. ata point in a straight line, two other straight lines,
on the opposite sides of it, make the adjacent angyles toge-
ther equal to two right angles, these two straight lines
shall be in one and the sume straight line.

At the point B in the straight line AB, let the two
straight lines 8¢', BD, on the «z)}nooiw sides of A1, mako
/)

the adjacent angles ABC, A together equal to two
right ungles: BD shall be in the samostraight line with €8,

For if BD be not in A
the same straight lino with !
CB,let BE be in the samo

straight line with it.

Then because the straight )

line AL makes with the i .
straight line CBE, on oue 'é‘____ ok
side of it, the angles ABC, (¢~~~ """
A BE, these angles are to-

gether equal to two right angles. [L. 13,
But the angles ABC, ABD ure also togother eqnal to two
right angles. ' [#/ypothesis.

Theref?‘:% ﬁxe anglos ABC, ABE are equal to the angles

From each of these equals take away the eommo:‘ﬁll‘e
ABC, and the remaining angle A BE is equal to the -
ing angle ABD, [Aziom 8,
tho leas to the greater ; which is impossible.

Therefore BE is not in the same straight line with CB.

And in tboumemnneritmnybesbmﬂutnoulm'
can be in tho same straight line with it but BD;

therefore BD is in the same straight line with UB.
Wherefore, {/ at a point &c. Q.E.D.

PROPOSITION 15. THEOREM.

straight lines another, the vortical,
opifui‘:ﬂdﬂu\dlk:‘wm © ag -
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Let the two straight lines AB, CD cut onc another at
the point £; the angle A EC shall be equal to the angle
])I'}E, and the angle CER

to tho angle AED, c\\
Because the straight lino )

A Emakes with the straight X E B
line CD tho angles CE.A, ' N

AED, these angles are toge- n

ther equal to two right angles. {1 13.

Again, becauso the straight line /2 makes with the straight
line A7 the angles 42D, DEB, these also aro together
equal to two right angles. [1.13.
But the angles CE:A, AED have been shewn to be toge-
ther equal to two right angles.
Therefore the angles CEA, AED are cqual to the angles
AED, DEB.
From each of theso cquals take away the common angle
=0 and the remaining angle CEA is cqual to the ro-
_ing angle DEB. [Axiom 3.
In the same manner it may be shewn that the angle
CEB is equal to the angle 4 ED.
Wherolore, {f teo straight lines &c. Q.ED.
Corollary 1. From this it is manifest that. if two straight
lines cut one another, the angles which they make at the
poing where thoy cut, are w;neauer equal to four rightangles.

- Col 2. And consequently, that all the angles made
by m of s t lines meeting at onl;nf)ohn, are
mﬂw oqual to four right angles.

PROPOSITION 16. THEOREM.
one side of a triangle be prod. exterio
u\«l& bc‘mwc;zf than either of the in opponiu';m

Let ABC bo a triangle, and let one side BC be
duoced to D : the exterior angle A (C'D ghall begmurm
eithor of the interior opposite angles CB.A, BAC.

Bisect ACat E, [L 10,
join BE and produce it to F, making EF equal to EB, (1.3,
and join FC.

AEis to EC. and BE to EF; [Constr.

ﬁnm AE, E. to the two sides CE, EF,
™ are equal
eachto each; es CE, EF,
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and the angle A EB is equal to the anglo CEF,

because they are opposite ver-

tical anglos’; [1.18. A »

therefore the triangle .{ES

is oqual to the triangle CEF,

and the remaining angles to XF. .

the remaining angles, cach to ; VS

each, to which the oqual sides ‘ ‘\Z

are opposite ; L4 fi- =

therefore the angle BAK in

equal to the angle ECF.

But the angle E¢'D isgreater .

than the angle ECF. [ Ariom 9, G

Thercfure the angle ACD is greater than the angle BAE.
In the same manner if 3¢ he hisected, and the side A

be produced to 6, it may be shewn that the angle BC'(G/,

that is the angle AC' 1), is greater than the angle A BC. {1. 15
Wherefore, 1/ vne aide &c. QED.

PROPOSITION 17, THEOREM.
Any twss angles of a triangle are together less than Lo

right anyles.

let .18¢" be a triangle: any two of its angles are:
together leas than two right angles.

Produce BC' to D, /:

Then because ACD is the exte-
rior anglo of the triangle ABC', it
is greater than the interior oppo-
site angle ABC. 1. 16. ’
To cach of these add tho angle ACB / o -
Therefore the angles A('D), AC'B ’
are greater than the angles A B0, ACH.
But the angles ACD, ACB aro togethor equal to two right
angles. [1.13.

Therefore the angles ABC, AC are together less than
two right angles.

Iu the same manner it may be shewn that the es
BAC, ACB, us also the angles CAB, ABC, are
less than two right angles.
Wherefore, any (1o angles &c. QE.D.
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PROPOSITION 18. THEOREM.

The greater side of enggy triangle has the greater
angle opposite to it.

Let ABC be a triangle, of which the side AC is greator
than the side AB: the angle 4BC is also greater than the
angle ACB.

Becanse A" is greater thin
AB, make AD oquAFt:) AB,[1.3. 7l

and join BD. \\\
Then, bocauso A1) 13 is the ex- D
terior lm’glu of tho triangle B, e

it is greator than the interior op-
posite angle DCB. (L 16,
But tho angle A DB is equal to the angle ABD, s
because tho side A D is cqual to tho side 4B, [Conatr,
3’;?;'0'0 tho angle .1BD is also greater than the angle

Much moro then is the anglo 4 BQ greater than the angle
ACB. - . [Adzim 9.

Wherefore, the greater side &c. Q.E.p.

PROPOSITION 19. THLOREM.
The greater angle of every triangle is subtended by the
grealer side, or has the greater side opposite to 1t,
Let AB(C be a trianglo! of which the angle ABC is

greater than tho anglo ACB: the side .4C is also greater
than tho side 4 5. *

For if not, .4 must bo either
equal to 4 B or less than A.B. /“\\

But AC is not equal to A B, =
for then the angle .4 B/ would

be equal to theangle ACB; [I.5. {— -

but it is not ; o [Hypothesis.

thorefore AC is'not oqual to 4 B.

Noithor is AC less than 4B,

for then the angle 4BC would Lo less than the angle
ACB; * {I. 18,
but it is not ; [Hypotheria.
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thereforo AC# not less than 4 5.
And it has boen shewn that 4C is not equal to 4.8,
Therefore AC is greater than 4 8.

Wherefore, the greater angle &e. Q.E.D.

PROPOSITION 20, THEOREM.

Any two eides of a triangle are logether greater than
the third side.

Lot ABC be a triangle : any two sides of it arc together
greater than the third side; n
namely, BA, AC greater than
BC; and AB, BC greator than
1(11'; and BC, CA greater than
AB.

Produce B4 to D,

wmuking A D oqual to 4, L3
and join DC. .

Then, because A D is equal to AC, [Construction.
the angle 4 DC is equal to the angle ATD. {I. 5.

But the angle #C'D is greater than the anglo ACD. [Az. 9.
Therefore the angle BCD is greater than the angle B.DOC.
And because the angle BCD of tho triangle BCD i
greater than its angle 200, and that the greator angle is
subtended by the greater side ; (1. 19.
therefore the side BD is greater than the side BC.
But BD is equal to BA and AC.
Therefore BA, AC are greater than BC.
In the same manner it may be shewn that 43, BC are
greater than AC, and BC, CA groater than A5,
Wherefore, any two sides &c. Q.ED. +

PROPOSITION 21. THEOREM.

It from the ends of the side of a tiriangle there be drawn
tiwo straight lines to a point within the triangle, these
shall be less than the other twco sides of the triangle, but
shall contain a greater angle. ’
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Let ABC bo a tri and from tho ts )
the cnds of the side B?.',e’ points 5, C,
lot the two straight lines A
BD, CD bo drawn to the / .
int 2 within the triangle: N
D, DC shall bo less A
than tho other two sides r
BA, AC of the trianglo, A :
but shall contain an angle v
BDC greater than the B 'b
anglo BAC.

Produce BD to meet AC at E.

Beceause two sides of a trianglo are greater than tho
third side, the two sides BA, AE of the trianglo ALE are
greater than the side BE. 1. 20,
To oach of these add EC.

Thereforo BA, .AC are greater than BE, EC.

Again ; tho two sides CFE, ED of the triangle CED are
groater than the third side C'D. [r. 20.
To cach of these add DB. :
Therofore CE, EB arc greater than CD, DA,

But it has boen shewn that B4, AC are greater than
BE, EC;

much more then are B.A, AC greater than BD, DC.

Again, bocauso the exterior angle of any triangle is
greater the interior opposite angle, the exterior
33!3 BDC of tho trianglo CDE is greater than tho[:.nglo
: . 16.

For tho same reason, the exterior angle CERB of the tri-

angle ABE is greater than tho angle BAE.

Bat it has been shewn that tho angle BDC is greater than

the angle CEB;

E%mem is tho anglc BDC greater than the angle
‘Wherefore, {f./rom the ends &c. QED.
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PROPOSITION 22, PRUBLEM.

To make a triangle of which the sides shall bo equal to
thrve girven straight linee, but any two whaterer of these
must be greater than the third.

Let A, B, ¢ be the three given straight lines, of which
any two whatevor are ater than the third; namely
A and B greater than (; A and ¢ greater than A and
Band ¢ ter than A : it is required to mako a trinnglo
of which the sides shall bo cjual to A, B, €, each to cach.

Tuke a straight lino e
DE terminated at tho _ N
point D, but unlimited N P
towards £, and make J VAN
DF cqual to A, FG B g —F
equal to B, and 1/ \ L

equal to (' 1.8 .
From the centre F, S //

at the distanco FD), — A e e
describo  the  circlo . 8 [
DKL [Post. 3.

From the centre (7, at the distance GH, describe the circlo
1{LK, cutting the former circlo at X"

Join K'F, K(i. The triangle KFG shall have its sides
equal to the three straight lines A, B, C.

" Because the point F i the centro of the circle DKL,

FD is cqual to FK.
But FD is equal to 1.

Therefore FX is equal to A,

[ Definition 15,
[Conatruction,
[Aziom 1,

Again, becauso the point G is the centre of the circle //LK,

GH is equal to GK'.
But GH is equal to '

Therefore GKX is equal to ('

And FG is equal to 5.

{ Definition 15,
[Construetion,

[Aziom 1.
[Conatruction,

Therefore the three straight lines KF, FG, GK are equal

to the three 4, B, C.

Wherefore the triangle

KF@G has its three sides

KF, PG, GK oqual to the three given straight lines

A, b, C. qrr
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PROPOSITION 23. PROBLEM.

At a given point in a given straight line, to make @
rectilineal angle equal to a given rectilineal angle.

Lot AB bo the gvcn straight line, and 4 the given

point in it, and /)('E the given roctilineal angle: it is
required to make ut the given point A, in the given straight
l]inz)lA B, an angle cqual to the given reciilinenl anglo
DCE.

In €D, CE take any
points 2, E. and join DE.
Make the triangle .1 £G the
sides of which shall be equal
to _tho threo straight lmes
CD, DE, EC; so that AF
shall be equal to (*/), .1¢7 o

E, and to DE. [1. 22
The angle FAG shall bo
equal to the anglo DCE.

Because F A, AG aro equal to DC, CE, each to each,
and the base F'G equal to the base DE ; [Construetion.
therefore the angle FAG is equal to the angle DCE. [1. 8.

Whereforo at the given point A in the given straight
line AB, the angle FAG has been made equal to the given
rectilineal angle DCE. qx.v.

PROPOSITION 24. THEOREM.

i’f‘ tsweo triangles have two sides of the one equal to tico
ides of the other, each to each, but the angle contained by
the two sides of one f them greater than the angle con-
tas

»
that which has the greater angle shall be greater than
%a base of the other.

Let ABC, DEF be two triangles, which have the two
sides AB, AC, equal to the two sides DE, DF, each to
each, namely, AB to DE, and AC to DF, but the e
BAC greater than the anglo EDF': the base B” shall
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greatorl.han the baso

A
Of the two sides ‘\\
DE, DF, let DE bo i
the side which is not i

r than theother. i
At int 2) in
tho straight line DE, - - [ty

make the angle EDG
equal to tho angle

BAC, (1. z3.
and make D equal to AC or DF, [r. 8.
and join FG, GF.

Bocnuso A71s cqual to DE [ Hypothesia.
and A Cto D1/ [Cunstruction.

the two sides 24, AC are equal to the two sides £D, DG,
cach to cach ;

and the anglo BAC is equal to the anglo EDG;  [Conatr.
thercfore the base B¢ is equal to the base EG. [ 4.

And because DG is equal to DF, [Conatruction.
the angle DG F is equal to the angle DF@. f1. 6.
But the angle DG F is greater than the angle EGF. [4z.9.
Thercfore the angle )F'G is greater than the angle EGF.
Mach more then is the angle EFG greater than tiho .nglo

And because the angle EFG of the triangle EFG u
greater than its angle £GF, and that the greater an
subtended by the greater ndo, [g

thereforce the side EG is greater than the side EF.
But EG was shewn to be equal to BC;
thercfore BC is greater than EF,

‘Wherefore, {f tico triangles &c. Q.r.D.

PROPOSITION 25. THEOREM.

1220 tri have too sidex of the one ¢4
oigqumbmmh,butwmeft me
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greater than the base vf the othey, the angle cont by
the sides of that which has the greater base, @
greater than the angle contained by the sides equal to
them, of the other.

Let ABC, DEF be two triangles, which have the two
sides 45, AC oqual to tho two sidos DE, DF, each to
each, namely, A to DE, and 17" to DF, but the baso
BC Preater than tho hase EF: the angle B.1C shall
bo g;'mtcr than the anglo A b

. »

N

- For if not, the angle
. BAC"must be cither cqual
to the angle EDF or less
than the anglo EDF. . \

But the anglo B4("isnot | |

equal to thc angle EDF, p ¢ h »

for then the buso ¢’

would bo equal to the base £#; I 4.

but it is not ; . [Hupothesis,

thereforo the angle BA("is not ciqual to the angle EDF.

Neither is the angle 8.4 less than the angle EDF,

for then the base 2" would be less thun the ase EF; [1. 24.

but it is not ; [Hypothesis,

therefore the angle B.AC is not less than the nnglo EDF.

And it has been shewn that the angle Z.AC is not equal

to the angle EDF.

Thercfore the angle BAC is greater than'the angle EDF
Wherefore, {/ t1co triangles &c. .k D.

PROPOSITION 28, THEOREM.

If two triangles hace tio angles of the vne oqual to tico
angles of the other, euch to each, und one side equal tn
one side, namely, either the sides a:o.wml o the equal
an, or sides which are opposite to e muxl in each,
then the other sides be equal, mc and also
Mz‘lrlbird angle of the one equal to the llm'd anplc Q{ the

Let ABC, DEF be two triangles, which lun
sngles ABC, BCA oqual to the angles DEF, EFD, each
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» cach, vamcly, ABC to DEF, and BCA o EFD; and
them have 5»0 one sido oqual to ono sido ; and first lot
those sides be oqual which are sdjacent to the equal anglos
i4n the two triangles, namely, BC t EF: the other sidos
‘shall be eoqual, each to each, namely, 4B to DE, nud
10t DF, and the third
angle BAC oqual to the A D
third angle EDF. ‘ P .
For it AR be mot ¢ !
cqual to /24, one of them \ )
must bo greater than the i

v

othur  Let JUB be the
greater, anl wake B#G S
cqual to DE, [r. s

and join 6¢°
Then because (21 is cqual to DE, [Construction,
and B3¢ to EF; . Utypotheyia,

the two sides .53, B( are cqual to tho two sides DE, EF,
each to each ;

and the angle G BC is equal to the angle DEF ;[ Iypothesia,

therefore the triangle G B(C" is oqual to the trisngle DEF,
and the other angles to the other angles, each to each, to
which tho oqual sides are opposite ; Lr 4.

therefore the angle GCA is cqual to the angle D FE.

But the angle DFE is equal to the angle ACH. [Hypothesis,
Therefore the angle (/¢ is cqual to the angle ACB,[4x.1.
the lcsa to tho greater ; which is impossible.

Therefore AR is not unequal to DE,

that is, it is equal to it ;

and B( is equal to EF; [ Hypothesis,

thercfore the two sides A5, BC arc equal to the two sides
DE, EF, each to each ;

and the angle A4 BC is equal to the angle DEF'; [ Hypothevia.
therefore the base AC is equal to the base DF, and the
third angle BAC to the third angle £DF. {4
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Next, let sides which are oppodu to equnl los in
each truu;glo be oqual to one a.g B to
DE: Mhorias I (b ease. the othes ek shail "o oq oqual,
cach to each, namely, 30 to EF, and 4C to DF,
also tho third angle BAC equal to the third angle EDF.

For if BC bo not A

equal to £F, ono of them
must be greater than N
tho other. o
Let BC bo the greater, N
and mako B equal to N
EF, (L 3. N\

L

and join AH.
Then because BI{ is cqual to EF, [Conatruction,
and AB to DE; [/ ypothesia.

the two sides .4 3, BIT arc equal to the two sides DE, EF,
each to cach ;
aud the angle A BH is equal to the angle DEF ;[ Hypothesis.

therefore the le ABH is equal to the triangle DEF,
and the other es to tho other angles, each to each, to
which the squal sides are opposite ; [L 4.

thereforo the angle BHA is oqual to the angle EFD.

But the angle EFD is oqual to the angle BCA. [Hypotheris,
Thereforo the anglo BH A is equal to the angle BCA; [4z.1.
that is, the oxterior angle BHA of the triangle AHC is
equal to its interior opposite angle BCA ;

which is impossible. (L. 16.
Therefore BC is not unequal to EF,

that is, it is equal to it ;

and 4B is oqual to DE; [ Hypothesia.

thorefore the two sides A B, BC arc equal to the two sides
DE, EF, each to each ;

and the angle ABC is equal to the angle DEF'; [ Hypothesis.
therefore the base AC is tothehuoDRnndﬂm
third angle B4C to the angle EDF. L4

‘Whercfare, {f two triangles &c. QuD.
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* PROPOSITION 27. THEOREM.

If a straiyht line falling on two other atraight lincs,
weake the alternate angles equal to one another, the twev
atraight lines shall be parallel to une another,

Let the straight line £F, which falls on the two straight
lines AB, (D, make tho alternate angles AKF, KFD
cqual to one anvther : A7 shall be parallel to CD.

For if not, 48 and CD, being produced, will meet
cither towards B, D or towards A, (. Lot them bo pro-
duced and mecet towards B, D at the point G.

/
a_xl . B
Z e

cCTF 7D .
Therefore G EF is a triangle, and its extorlor anglo ALF
is greater thau the interior opposite angle EFG ;  [L.16,
But the angle A EF is also cqual to theanglo EFG ; [Hyp,
which is impossible.
Therefore AB and CD being produced, do not meet to-
wards B, D.

In the same manner, jt may be shewn that they do not

meet towards 4, ¢! -
But those straight lines which being produced ever so far
both ways do not meet, are parallel. [Definition 35.

Therefore 4B is parallel to CD.
Wherefore, i/’ a straiyht line &e. Q.x.p.

PROPOSITION 28. THEOREM.

If a straight line falling on 3:0 other ht Lines,
make the extorior equal to the interior 1
on :zh the m
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Let the st t line EF, which falls on the two
straight lines A5, CD, make the exterior angle EGB
o?i to tho interior and opposite angle G /D on the same
side, or make the interior angles on the same side BGH,
GHD together equal to two right angles: 473 shall bo
parallel to ("D,

Because the angle E6GB is
oqual to the angle G /1D, [ Hup. :
and the angle £ Bis also equal

to the angle AG /Y, [1.185. B

thorefore the angle AGH is

equalto the angle GHID; [Az.1. D

and they are alternate angles;

thorefore 48 is parallel to

CD. {1. 27
Again; because the angles BG#, GI{D) are togother

oqual to two right angles, [#Hypothesis.

and the angles A G/, BGH aro also together equal to two
right angles, {1.18.
therefore the angles AGH, BGH are equal to the angles
BGH,GHD.

Takeaway the commonangle BG /1 ; therefore the remaining
angle 4G Hisequal to the remaining angle GH D ; [Axiom 8.
and they are alternato angles ;

thereforo A8 is parallel to CD. [I. 27.

Wherefore, {f a straight line &e. Q.E.n,

PROPOSITION 29. THEOREM.

If a straight line fall on two parallel straight lines,
it makes the allernate angley o~qual to one another, and
the ior angle equal to tA€ nicrior and opposite angle
on tAe same nde; and also the two interior angles on
the same side togother equal to two right angles.

Let the straigh } ‘ the two
straight linos 4.8, CD : the sitermate angles AGH, GHD

5

§
L
:
i
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on the samo side, GHD, and tho two interior angles on
the same side, BGI, GID, shall bo togother cqual to two
right anglea,

For if the angle AGII be ~
not equal to the angle G/1/1), )
one of them must be greater

than the other; let the anglo ANTCeTTTTT Ty

Al H be the greater. s

Then the angle 467 /1 is greater ¢ R -

than the angle /1D; \ D
¥

to cuch of them add the angle
BGIH,
therefore tho angles AGIH, D11 aro greater than tho
angles 3G I, G1LD). .
But tho angles .4(:/I, BGII aro together cqual to two
right angles; [1.1a
therefore the angles BGII, GIID aro togother less than
two right angles.
But if a straight line mect two straight lines, so as o
mako the two interior angles on the same sidoe of it, taken
together, less than two right angles, theso straight lines
being continually produced, shall at length meet on that
sido on which are the angles which are less than two
right angles. [Aziom 12,
Therefore the straight lines A5, CD, if continually pro-
duced, will meet. .
But they never mcet, sinco they are parallel by hypothesis.
Therefore the angle AGH is not unequal to tho angle
GHD ; that is, it is cqual to it.

But the angle 4G /1 is equal to tho angle EGB. (I. 15.
Therefore the angle £6'B is ¢qual to the angle G D. [4=. 1.

Add to each of these the angle BG L. k&
Therefore the angles EGB, BGH arc equal to the angles
BGH, GIID. [Aziom 2,
But the angles £GB, BGH are together equal to two
right angles. ’ {L 13,
Therefore the angles BGH, GHD arc together equal to
two right angles. ’ w8 f4ziom 1.

Wherefore, {f'a straight line &c. Q.xD.

3
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PROPOSITION 30. THEOREM.

Straight lines which are parallel to the same slraight
line are parallel t> cach other,

Lot AB, CD bo each of them parallel to EF: AB
shall be parallcl to CD.
Let tho straight line G /K
cut A5, EF, CD.
Then, bocause 7 H{A™ cuts
tho parallol straight linos A, , c/
EF, the angle A1 is equal T
to the angle GZ/F. 1.2, . "
Agnin, because GA  cuty P oo oW
tho parallel straight lines EF, o 8L .
CD, tho angle GHF is oqual s
to tho angle GA/. (1. 20, s
And it was shewn that the 4
anglo AGK is cqual to the angle GI/F.
Therofore the angle AGK is equal to theangle GAD; [4r. 1.
and thoy aro alternate angles ;
therefore A28 is parallel to CD. [r. 27
‘Wherofore, straight lines &c. QE.D.

-B

PROPOSITION 81. PROBLEM.

To draw a straight line through a giren point Y
to a gicen straight line. 9 given point paralic

Let 4 be tho given point, and B(’ the given straight

line : it is required to draw a straight li
point 4 parallel to the straight lino ¢ - o8 O

1o BC take any point

D, and join AD; st the E A ¥
t A in the straight
DAE‘D’mtoum o <
] - —
400, 0y B¢
and produoe the straight line £4 to F.

EF shall be parallel to BC.
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Because the stnight line AD, which mects tho two
straight lines BC, EF, makes the alternate angles EAD,
A DC equal to one another, [Construction.
EF is paralicl to BC. [ 27

Wherefore the straight line EAF is drawn through the
giren point A, paralled to the gicen straight line BC. Q.x.v.

PROPOSITION 32, THEOREM.

Ir a side of any triangle be  produced, the erterinr
angle is equal to the two inferior and opposite angles ;
awd the three interior angles of erery triangle are toge-
ther equad t) ten right angles.

Let A BC be a triangle, and lot one of its aides 8C
be produced to 7): the exterior angle AL shall be equal
to the two interior and opposite angles CAB, ABC; and
the three interior angles of the trinngle, namely, AX4C,
BCA, CAL shall be equal to two right angles,

Through the point ('draw :
CE mm‘l‘li'-il to AL [1.31. o ’\\ /':
Theu, because 4 13 is par- 5 e
allel to CE.and AC fallson -~ \
them, the nlternate angles i - (o] D
BAC, ACE are equal. (1. 20.

Again, because A2 is parallel to CE, and BD falls on
them, the exterior angle £C0 is equal to the interior and
opposite angle A 5C. [1. 20,
115’\::(910 angle AACE was shewn to be equal to the angloe
therefore the wholo exterior angle ACD is equal to the
two interior and opposite angles (A B, ABC. [Aciom 2.
To cach of these ojuals add the angle ACB; .
therefore the angles ACD, ACH are equal to the threo
angles CBA, BAC, ACB. [Axiom 2.
But the angles ACD, ACB are together equal to two }-iglht
therefore also the angles CBA, BAC, ACB are together
equal to two right :gl‘a. ’ ’ [4ziom 1.
Wherefore, {f a #ide qf any triangle &c. QE.D.



36 EUCLID'S ELEMENTS.

COROLLARY 1. All the interior angles of any recti-
lineal figure, together with four right angles, are equal to
twvice as many right angles as the figure has sides.

For any rectilincal fimre ABCDE can be divided into
as many triangles as tho figure has sides, by drawing
straight lines from a point # within the figure to cach of
its angles.

And by the preceding proposition, D
all the angles of these triangles are PN
equal to twico ag many right angles ™. e
a8 thero are triangles, that is, as the RN g
figure has sides. \ Y
And the same anglesaro equal to the ./ R
interior angles of the figure, together IR §
with the angles at the poiut £, which A B
is the common vertex of the triangles,
that is, together with four right angles. [I. 15, Ciollary 2,
Thercfore all the interior angles of the figure, together with

four right angles, are equal to twice as many right angles
a8 tho figure has sides.

CoROLLARY 2. A/l the exterior angles of any recti-
lineal figure are together equal to four right angles.
Becauso every interior angle .
ABC, with its adjacent exterior v
anglo ABD, is equal to two ¢ NG
right angles ; [1.13. Ai N
therefore all the interior angles ) N\,
of the figure, together with all
its exterior angles, aro equal to ) "~ B
twice as many right angles as
tho figure has sides.
But, by the forogoing Corollary all the interior angles of the
X with four right angles, are equal to twice
a8 many right angles as the figure has sides.
Therefore all the interior angles of the figure, ther with
all its exterior angles, are equal to all the in angles of
the figure, togother with four right angles
Therefore all the exterior angles are cqral to four right
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PROPOSITION 33. THEOREN.

The straight lines swhich join the extremities of lico
equal and parallel straight lines towards the saine parts,
are also themaclres equal and parallel,

let AB and CD bo equal and parallel straight lines,
and lot them be joined towards tho samo parts by the
straight lines AC and BD . AC aud BD shall bo oqual
and parallel.

Join B¢ A '

Then becauso A7 is par- Al !\
allel to D, {Hupothens. \
and Z2¢’ mects them, - .
the alternate angles AZC, T .‘\)
BCD are cqual. (L. 29.

And because A3 is cqual to (1), [#ypotheris,
and BC is common to tho two triangles ABC, DCI;
the two sides A /3, HC are oqual to the two sides DC, CB,
each to cach;

a;;ndbtho anglo ABC was shewn to bo equal to tho angle

CD;

therefore the base A¢” is equal to the buse B0, aud the
triangle ABC to tho trianglo BCD, and tho other angles
to the other angles, each to cach, to which the equal mdes
are opposite ; (1. 4.
therefore the anglo AC2 is cqual to the angle CAD.

And because tho straight line () mects tho two s ht
lines AC, BD), ard makes the ulternate angles ACD, (/41
oqual to ouc another, AC is purallel to LD, i1 27.
And it was shewn to be equal to it.

Whercfore, the straight lines &c. Q.ED.

PROPOSITION 34. THEORESM.

The opporite sides and angles of a paralldsyram are
to one aunther, and the diameter lisects the par-
}Jdoprmn, that is, divides it into two equal parts,
Note. A parallel is & four-sided figure of which the
memm.mhmm@zm
joining two of its oppysi‘e angles.,

-
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Let ACDB be a parallclogram, of which BC is a
diameter ; the opposite sides anc :mgies of the ﬁguro shall
be equal to one another, and the diameter B shall bi-
scct 1t.

Because A8 is parallel ,
to CD, and BC meets them, Q
the altermate angles ABC, o :
BCD are equal to onc an- v \
other. 11. 29. . \
Aud bocause AC is parallel D
to BD, and BC meets them, .
tho alternato angles ACB, CBD are equal to ono
another. [1. 20,
Therefore the two triangles ABC, BCD have two anglos
ABC, BCA in the one, equal to two angles DCB, CB/) in
the other, each to each, and one side BC is common to the
two triangles, which is adjacent to their equal angles;
therefore their other sides aro each to each, and
the third angle of the one to the e&\::I{ angle of the :;ther,
namely, the side A8 equal to the side ('D), and the side
AC cqual to the side 2D, and the angle B.AC cqual to the
angle CDB. : [T. 26.

And bocauso the angle 4 BC is cqual to tho angle BCD,
and the angle CBD to tho angle .1('A,
the whole angle A8 D is equal to the wholeangle AC'D. [ 2.2,
Aud the angle BAC has been shewn to be oyual to the
anglo CD B,
Thereforo the opposite sides and angles of a parallelogram
are equal to one another.

Also the diameter bisects the parallclogram,
For .18 being equal to CD, and BC common,
the two sides 4B, BC are equal to the two sides (', ('3
each to each ;
and the angle ABC has boen shewn to be equal to the
augle BCD ;
thercfore the triangled BCis equalto the triangle BCD, (1.4,
aud the diameter BC divides the parallelogram ACDB
into two equal parts. .

Wherefore, the opposite sides &c. Q.xD.
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PROPOSITION 385. THEOREM.

Parallelograms on the same base, and Yptiwceen the same
parallels, are equal to vne another.
Let tho parallolograms ARBCD, EBCF be on the samo
base B¢, and botween the samvmrallulu AF, 3C; the paral-
lclogmm A BCD shall be equal to the mnllolomm ERCF.

1f tho sides AD, DF of A_ D _F
the lele s ABCD, | -
DBCF, opposite to the buso : s
BC, be terminated at the same s

int D), it isplain that cach of e/
he pai is double of B ¢
the triangle BDC; (1. a4,
and they are therefore cqual to one another. [Arum 6,

But if the sides 4D, EF, oppolito to the base BC
of the parallelo-

ms  ABCD, "’"'D Feo - -+ -
2BOF bo not A \ \
terminated  at ! ! \
v \
I8 ]

the same point,
then,  because

AB'D is a par-

ullelogram A1) is cqual to BC'; {1. 4.
for the samo reason £F is cqual to 3C';

therefore AD is cqual to EF; [Axiom 1.
therefore the whole, or the remainder, AE is equal to the
whole, or the remainder, DF. {drioms 2, 8,
And ABisequal to D('; 7 (1. 84.

therefure the two sides EA, AD are equal to the two sides
FD, D( cach to each;

and the exterior nnglo FDC is equal to the interior and

opposite angle 4 [I. 29.

;hzrzﬁ:re the tm.nglc EAB is cqual to tho tmnglo

Take the triangle FDC from '.ho tnpainm AB(‘F,
and from the same trapezium take the triangle EAB,
ﬁw remainders are equal ; [A4ziom 3.

Fnllolognm ABCD!- equal to tho parallelo-
Wherdote,paralldogramonthumwo&c. QED.
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PROPOSITION 36, TIEORLEM.

Parallelograms on equal bases, and belween the same
parallels, are equal to one another.

Lot ABCD, EFGII bo parallelograms on equal bases
BC, F67, and between tho same parallols A2, 3G the
[Er:dl;}ogmm ABCD shall be cqual to the parallelogram

G,

Join BE, CII. f D E_ - _H
Then, beeause ¢ / /\ - )\
is equal to FG, [/yp. ; o . i
and #G to EFI,[1.5L. /‘ L o : \ .
C is ; to '
g’l[ ; o?.»ﬁﬁum 1. - ‘t.‘./"‘%-"“"—"-'—é
and they are parallols, [#ypothesis.,

and joined towards the samo parts by the straight lines
BE, CH.

But straight lines which join the extremities of equal and
parallel straight lines towards the same parts are them-

solves equal and parallel. [I. 83.
‘Therefore BE, C'H arc both cqual and parallel.
Therefore EBC'H is a parallelogram, [ Definition.

And it is equal to .41 BCD, because they are on the same
buase BC, and between tho same parallels BeY, A 4. [I. 35.

For the same reason the parallelogram EFG /] is oqual
to the same ELCH. e

Therefore the parallelogram ABCD is equal to the par-
allelogram EFG . ° ' o [.-1.:1'01’?;.

Whercfore, parallelvyrams &c. ...

PROPOSITION $7. THEOQOREJM.
Triangles on the sam: base, and beticeen the same par-
allels, are equal.

Let the triangles ABC,

E A
DBC bo on the same base Y77 7T \_—?" "’""';
BC, aud between the same PR )
parallels 4D, BC: the tri- N Y
angle ABC shall be oqual Ny
to the triangle DBC. N
Produco .40 hoth ways n C

to the poiuts E, F; (Poat. 2.
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through 5 draw BE parallel to (4, and through C draw

CF parallel to BD. [1. 81
Then cach of the figures EBC.A, DBCF is a parallelo-
gram ; | Definition,

and EBC.A i8 equal to DBCF, becauso they aro on the samo
base B, and between the same parallels BC, EF. (1. 35,
And the triungle A BC is half of the parallelogram EBCA,
because the diameter A4 72 biscets the parallelogram ; (1. 34,
and the trianglo 28" is half of the parallelogram DBCE,
because the diameter D bisccts the parallologram. [1. 34.
But the halves of equal things are equal. [Axiom 7.
Thereforo the trinnglo .4 BC is equal to the trianglo DBC,
Wherefore, (riangles &c. Q.E.p.

PROPOSITION R, THEOREM.
Triangles on equal bases, and betweeen the same par-
allels, are cqual to one another,

Let the triangles AB(, DEF )¢ on equal bases BC,
EF,and botween the samc paralicls 24, A0 ; the triangle
A B0 shall be cqual to the triangle DEF,

P’roduce .4 2both

ways to the points ?-———-.—__ﬁ...,_.l.’(w.__._.
G, H, : ya /
through B draw 367 , . / ;
parallel to €4, and . / !
through # draw F o _ /
parallelto £/ (1.31. » e R e
Then each of the N
figures GBC.A, DEFII is a paralielogram. [ Dyfinition.
And they are egunl to onc another becauso they are on
oqual bases BC, £F, and between the samo parallels
BF, G L1 36,
And the triangle .4 BC is half of the parallelogram G BCA
{recunse the tn'hgamctcrAB bisects the parallelogram ; {f. 34

and the triangle 2 EF is half of the parallel DEFH,

because tth“:%m:et.cr DF bisccts tb&: pnnlm:m.

But the halves of oqual things arc equal. [dziom 7.

Therefore the triangle 4 BC is equal to the triangle DEF.
Whercfore, triangles &c. Q.E.D.
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PROPOSITION 389. THEOREM.

Equal triangles on the same base, and on the ‘sane
aide of 1t, are between the same parallels.

Lot tho equal triangles ABC, DBC be on the samo
base B3C, and on tho same side of it : they shall be be-
tween the same parallels.

Join AD.
AD shall be parallel to BC.

For if it is noﬁ through 4 draw
A ij‘E' parallel to BC, mecting BD
at F.

[L. 31,
and join EC.

Then the triangle ABC is cqual to the triangle EL(,
because they are on the same base BC, and betwoen the
sumo parallels BC, AE. [L 37.
But the triangle 4BC is equal to tho triangle DBC. [Hyp.
Thercfore also the triangle DBC is cqual to the trianglo
EBC, [Aziom 1.
the greater to the less; which is impossible.

Thercfore A E is not parallel to BC.

In the same manner it can be shewn, that no other
straight line through A but 4D is parallel to BC';
therefore A1) is parallel to BC.

Whorofore, equal triangles &c¢. QED. %

PROPOSITION 40. THEOREM.

Equal triangles, on equal bases, in the same straight line,
and on the sume side ¢f it, are beticon the same paralles.
Let the cqual triangles A BC, DEF be on equal bases

BC, EF, in the same straight line BF, and on the same
side of it : they shall be between the same parallels. '

Join AD. R

ADshall be paraliel to BF. /K\c‘k\
Forifitisnot, through 4 .~ T\

draw AG lel to BF, N - :

meeting EDat G [1.81. / \ l
and join GF. B TC¢ "%
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Then tho triangle A BC is oqual to the trisugle GEF,
because they are on oqual bases BC, EF, and between
the same paraliels. [1. 88.
But the triangle A BC is oqual to tho triangle DEF. (1igp.
Thercfore also the triangle DEF is oqual to tho trinngle
(:LF, [Aziom 1,
the greater to the loss; which is impossiblo.
Therefore A is not parallel to BEF.

In the ssmo manner it can bo shown that no other
straight line through A but AD is parallel to JF°;
therefore AD is panaliel to BF.

Whercfore, agual triangles &c. Q.E.D,

PROPOSITION {1. T/IEOREM,

17 a parallelogram and a triangle be on the sams hasn
and betieeen the same parallels, the paradlelogram shall be
double of the triangle,

Let the parallelc ABCD and the trinnglo ... . __
on the same base B¢, and betwoeen tho sumne ru'n.llell
BC, AE : the parallclogram 4 BCD shall bo double of the
triangle EBC.

Join AC A w_k

Then the triangle ABC - "’i
is equal to the triangle E/iC, v e
because they are on the sume
base BC, and between the samo s
parallels BC, AE. [, 57, PR
But the parallclogram ABCD g 7T
is double of the :Ei?ngle ABC,
bhecause the dinmeter A/ bisccta the parallologram. [1. 34,
Therefore the parallclogram ABCD ia also double of the
triangle EBC.

Wherefore, {f a parallelogram &c. Q.
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PROPOSITION 42. PROBLEM.

T describe a parallelogram that shall be equal to a
giren triangle, and have one of its angles equal to a given
rectilineal angle.

Lot A BQ be the given triangle, and D the given recti-

lineal anglo: it is yequired to describe a ga.m.lle ogram that
shall bo equal to:38.given triangle 45 ,‘md‘Lave ono of

its anglos equal ...
Bisect BOst B:[L30. .. ~ .
join AE, snd atthe potnt 3 Wi
E, in thEéMh -
make thoangle
to D; - (1. 28.
thm“lg{lm‘; Cdn: AFG
parallclto £C,and through
C draw CG parallel to
EF. [I. 31,
Therefore FECG is a parallelogram. [ Definition,
And, because BE is equal to EC, [Conatruction.
the triangle A BE is cqual to tho triangle 4 EC, because

they are on cqual bascs BE, EC, and between the same
parallels BC, 4G, [1. 38.

Thereforo the triangle A4BC is double of the triangle 4 EC.

But the parallelogram FECG is also doublo of the triangle
AEC, because thoy are on the same baso EC, and between
the sawe parallels EC, AG. [L. 41.

Therefore the parallclogram FECG is equal to the triangle
ABC; [Axiom 6.

and it has one of its angles CEF equal to the given angle
D. [Construction,

Wherefore a parallelogram FECG has been described
equal to the gicen triangls ABC, and Raving one of its
angles CEF equal to the given angle D. QEY.
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PROPOSITION 43. THEOREM.

The complements of the paralledlograms which are abont
the diameter of any parallelogram, are equal to vne
another.

Lot ABCD be a parallelogram, of which the diameter
§s A, and El, G F parullel t AAC, that in,
thmngi‘ which A(’ passcs ; 'y the other parul-
lelograums which make up the whele figure ANRCD, and
which are thercfore nll‘s the complementa: the comple-
ment A shall be ogual to the complement A°J).

Bocume wABD 8

paraliciogram, A h]
diameter, the triangle 1 /(' F t‘ N .
inuoqm\l' to the trimmgle  pi K. /,
ADC [1. 31. T

Again, because AEKNH s ,

u parallelogram, and AKX ! !

its  dinmeter, the triangle { i R
A ER is cqunl to the trinngle T [
AHK. 1. 34.

Yor the same rcason tho triangle AGC is equal to the
triangle AF7"

Therefore, because the trianglo A EX is equal to tho tri-
anglo Allls’, and the triangle K(C to the trh.;glo KFC;
the triangle 4 EA together with the triangle X'G'(” is cqual
to the triangle 4 /1K togetherwith the trianglo AFC', {Ax.2.
But tho whole triangle 4 BC was shewn to be equal to the
whole triangle A DC.

Thercfore the remainder, the complement BX, is equal to
the remainder, the complement Is’B. [Aziom 3.

Whercfore, the complements &c. QR.D.

PROPOSITION 44, PROBLEXN. .
Ty a given straight line v apply a allelogram,
ukichlhallbccqﬁagtoa given tria k,?:nrdlawom
o/ its angles equal to a given rectilineal angle.
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Let AB bo the given straight line, and C' the given
triangle, and D tho given rectilineal nnfle: it is required

to apply to the straight line A2 a parallelogram cqual to
the triangle ¢, and having an angle equal to 2.

Make the mrx\llolo;irram BEFG cqual to the triangle
C, and ImVin;i”'tllo angle EB(G equal to the angle D), so

that B may be in the same straight line with A8 ; [I. 42,
produce FG to /f ;

through A4 draw .47/ parallel to BG or EF, [1. 31
and join /B.

Then, because the straight line HF falls on the parallels
AH, EF, the angles AHF, HFE are together equal to
two right angles. 1. 20.
Therefore the angles BHF, HFE are together less than
two right angles.

But straight lines which with another straight line make the
intorior angles on the same side together loss than two right
angles will meet on that side, if produced far cnough. [4x.12.
Therefore /B and FE will meet if produced ;

let them meet at K.

Through K draw K'Z parallel to £.4 or FI ; [ 31
and produce IIA,%B to the points L, M. ’

Then HLKF 18 a lelogram, of which the diameter
is HX ; and AG, ME are parallelograms about /K ; and

LB, BF are the complements.
Therefore LB is equal to BF. (L 48,
But BF 1s oqual to the triangle C. [Construction.

Therefore LB is equal to the triangle C [Axiom 1,



BOOK I. 44, 45, 47

Aud because the angle B E iscqual totheanglo A B M, [1.18,
and likewise to the angle 1, [Construction,
the angle A BM is cqual to the angle 2. [Axiom 1,

Wherefore to the gicen straight tine AR the parallelo-
gram LB ie applicd, equal to the triangle Oy and hacing
the angle ABM equal tu the angle 1. Qu.v.

PROPOSITION 45, PROILEM.

To deseribe a parallelyram equal to a given rectilineal
Sgure, and haring an angle cqual to @ gieen rectiliveal
angle,

Let ABCD bo the given roctilineal figure, und £ the
given rectilineal angle: it is required to deseribo o por-
allelogrum equal to A BCD, and having an angle equal to £

T n oG

. ’ ! ’. '/ /

" » ‘ /o
\
c e i
Join DD, and describe the lelogram FIH equal to
thoe triangle A D3, and haviog the angle #'KH oqual to tho
angle £ ; {1 42
and to the straight line (771 apply the parallclogram M
equal to the triangle DBC, and having the angle 4/IM
cqual to the anglo F. [L 44.
‘The figure FAML shall be the parallelogram required.
Because the angle E is cqual to each of the angles FKH,
GHA, ~ [Construction.
the angle FKH is oqual to the sngle GH M. [Aziom 1.
Add to each of these equals the unglo K/ ;
therefore the angles FXH, KHG aro equal {0 the es
KHG, CHY ' “ [.4;:-."2.
But FKH, K HO aretogetherequal totworightangles;[1.29.
therefore K 771G, G H M are together oqual to two right angles.
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And because at the }zoint M in the straight line GI7, the

two straight lines A'H, HM, on the opposite sides of it,

make tho adjacent angles together equal to two right angles,

K H is in the same straight line with 7AL. [1. 14,

And beeause the straight line /3 mects the parallels
KM, FG, thealternate angles MH G, H G F ure equal. [1.29.

Add to oach of these equals the angle //G L

thercfore the angles Af/{G, H(i L, are equal to the angles
HGF, HGL. [Ariom 2.
# But MHG, HG Laro together equal to tworight angles: [1. 29,
thercfore HG F, }H( L are together cqual to two right angles.
Therefore FG is in the same straight line with GL. [I. 14.
And becauso KX F'is parallel to 2 G,and 7117 to ML [(onstr.

KF is parallel to ML ; {1. 30.
and KM, FL arc parallels ; (¢ wnstruction.
therefore XFL M is a parallclogram. ] [ Definition.
And because the triangle ABD is equal to the parallclo-
gram HF, [Construction.

and the triangle DAC to the parallclogram GAf; [Conastr.
tho whole rectilineal figure 4BCD is cqual to the whole
paralielogram KFLAM. [Axiom 2.
Wherefore, the paralldogram KFLM has heen de-
scribed to the giren rectilineal figure ABCD, and
Aaring the angle FKAM equal to the given angle E. Qx.r.
ConoLLARY. From this it is manifest, how to a given
straight line, to a paralielo which shall have an
anglo equal to a given rectilincal and shall be
given traigh e o pas g udl Al ettt
Y ogram o
AB. .mdhﬂngz\nangleeqnﬂnb:lﬁmgiwn angle ;

and so on. [L

S
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PROPOSITION 46. PROBLEM.
To describe a square on a giren straight line.

Let AR bo the given straight line: it is required to
deacribe a square on A B,

From the point A draw AC
ut right angles to A3, (1. 11,
and make AD equalto AR (1.3,
through 77 draw DE parallel to D
A and through 72 draw BE
parallel to .10, 1. 81,
ADED shall be a square,

For ADEDB is by construction
a parallelogram ;

Iy

therefore AR is cqual to DE, A B
and AD to BE, (L. 34.
But AB is equal to A D. [Uonatruction.

Therefore tho four straight lines BA, AD, DE, EB aro

eoqual to one another, and tho pnllologrm ADEB i

osjuilateral, {Aziom 1,
Likewise all ita angles are right angles.

For since tho straight linoe A0 meects tho parallels 4D,

DE, the angles BAD, ADE are together equal to two

right angles ; {L 29.
but BAD is a right angle ; [Comatruction,
thereforo also ADE is a right angle, [Axiom 8,

But the opposite angles of parallelograms are equal. (1. 34,

Therefore cach of tho opposite angles 4BE, BED is a

right angle. [Axiom L

Therefore the figare A DER is rectangular ;

and it has boen shewn to be equilateral

Therefore it is a square. [ Definition 30,

And it 5a described on the gicen straight line AB. QR».
CoxoLrAry. From the demonstration it is manifest that

oyer hich hes ight bas all its
“’anlrlm'h‘ ono right angle ‘
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PROPOSITION 47. THEOREM.

In any right-angled triangle, the square which is do-
seribed on the side subtending the right angle is equal to
the squayes described nn the sides which contain the right
angle.

Lot ABC bo a right-angled triangle, having the right
angle BAC: the square described on the side BC' shall be
cqual to the squares described on the sides 54, AC.

On BC describe .
the square BDEC, o
and on BA, AC de- o "
acribe the squarcs TN )
GB, HC, {1. 46. e “A N
through A draw AL N /7& K
parallel to BD or N \ <7
CE; {1. 81. l\i z _:F >
and join 4D, FC. [ !

Then, becauso the ' ,’ ! \ !
angle BAC is a right of by
anglo, [Hypothesis. : ] ik
and that the angloe By
DBAG is also a right
angle, [Definition 30
the two straight lines AC, AG, on tho oppositc sides of
AB, make with it at the point A4 tho adjacent angles equal
to two right angles ;
thercforo C'A is in the samo straight line with 4G. [I. 14,

ll;'or the same reason, 4.8 and A are in the same straight
. line.

Now the angle DBC is equal to the angle B4, for each

of them is a right angle. [Axiom 11,
Add to each the angle 4ABC. )

Therefore the whole angle D 8.4 is oqual to the whole angle
FBC. [Aziom 2.
And because the two sides A B, BD are equal to the two
sides B, BC, each to each; [Definition 30.

. and the angle DBA is equal to the angle FBC ;
therefore the triangle 458D is equal to the triangle
FBC, e
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Now the parallelogram BL is double of the triangle
A BD, becausc they are on the same base 82, and botween
the same parallels 8D, AL. (1. 4.
And tho square G B 1s double of tho triangle F/I(", becnuse
they arc on the $#ec base /2, and between the same
parallols F'B, GC. {1 4.
But the doubles of equals are oqual to one another. [Ar. 6.
Therefore the parallelogram 22/, is equal to the square G 13,

In the same manner, by joining AE, BA, it can bo
shewn, that the parallelogrum CL is equal to the square CH.
Therefore the whole square BDEY! is equal to tho two
squares (3, (" [Ariom 2.
And the square BDEC s described on B¢, and tho squares
GB, HC on BA, AC.
Therefore the sqare describod on the side BC is cqual to
the squares deseribed on the sides 34, AC

Wherefore, in any right-angled triangle &c. Q.ED.

PROPOSITION 48, THEORFM.

11 the square described on ome of the sides of a tri-
angle be equal to the squares deseribed in the other tuwo
sides of il, the angle contained by these two sides is o
right angle.

Let the -junrp described on 37, one of the sides of
the triangle ABC, be equal to the squares described on

:?x;l other sides BA, AC: the angle HAC shall be a right
e,

From the point 4 draw A D at I
right angles to 4C'; [L 11, /\
and make AD equal to BA; (1. 3. a
and join DC. [
amEmtme )
on ). to / L
the square on BA. = l{ - -

To each of these add the square

on AC.
Therefore the squares ou DA, AC are equal to the squares
oo BA, AC. ou D, 45 aro [Asiom =

4-2



52 EUCLID'S ELEMENTS.

But because the angle DAC is a right angle, [Construction.
the square on DC'is equal to the squareson DA, A [1. 47,
And, by hypothesis, the square on BC is equal to the squares
on A4, AC.

Thereforo thesquarcon DCisequal to the square on BC[ 1.1,
Therefore also the side D(’is equal to the side BC.

And beciause the sido .1 is cgual )
to the side AD H Lot o
and the side A€ is common to the ,J
two triangles DA, BAC; A
the two sides D.1, AC are equal to A _
the two sides B, 1€, each to each; . N \\
and the base DC has been shewn to [
bo oqual to the base ¢'; b 0
therofore tho angle L.1(" is cqual to the angle 2. [ 8.
But DAC is a right angle ; [Comstruetion,
thereforo also B.1¢7is u right angle, [Ariom 1.

Wherefore, if' the square &c.  Q.u.n.

BOOK 1I1.

DEFINITIONS.

1. Every right-angled parallelogran, or roctangle, is
said to be containod by any two of the straight lines which
* contain one of the right angles.

2 In every parallelogram, any of the lel s
about a dhmmrp,utogethor with {be two es;mplemuh,wis
called a Gnomon.
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Thus the parallelogram HG, \__F n
together with the complements
AF, F(C,is tho gnomon, which is

more briefly expressed by the let- , i

ters AGRA, or EHC, which are at ¥ ‘

the opposite angles of the parallelo. "‘

grams which make the cunomon. B G ¢
# -

PROPOSITION 1. THEOREM.

Iy there be two straight lines, one of whick is dirided
into any nwmber of parts, the reclangle e mtained by the
tic, stiaight lines s cqual to the yectangles contained by
the undieided line, and the several parts of the divilded line,

Let o1 and B30 bo two straight lines : and let 23¢° ho
divide 1 into any number of parts at the points ), F: the
rectangle contained by the straight lines A4, B¢, shall be
equal to the rectangle contained by A, 8D, together with
that contained by 4, DE, and that contained by .1, EC.

Fromn the point /72 draw BF

at right angles to 220, 1. 11 s b3t
und make BG cqual to A ; (1. 3. 5 i ; ’
through 6 druw G parallel ; , .
to B0 and through D, E, ¢! i ! !
drw DK, EL, CH, yaralll ¢ - !
to [, [L 31 Lo H
. Then  the rectangle BH I —_— .

is equal  to the roctangles ¥ A

DK, DL, LI

Bat BH is contained by 4, BC, for it is containerd b
(13, BC, aud 13 1» equ to 1. ' lf'mulrwlima’.
And BK is contuined by A, 22D, for it is contuined b
(:B, BD, and (13 is equal t0".1; d

und DL is contained by .1, DE, beeause DK is oqual to
BG,wbichi.emule; oq(l.u.

and in like manner E// is contained by A, EC.

ﬂmfm&om&nﬂemtdmdb A, BCis to tho
mu?glu coutained by A, BD, and by A, DE,and by A, EC.
Wherefore, if there be two straight lines &e, q.2.D.
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PROPOSITION 2. THEOREM.

If a straight line he dicided into any two parts, the
rectangles contained by the whole and each of the parts,
are together equal to the square on the whole line.

Lot the straight lind 4B be divided into any two parts
at the point C: tho rectanglo contained by 4.5, BC, -
ther with the rectangle AB, AC, shall equal to the
square on A B,

[Xote, To avoid repeating the word . :
contained too frequex‘atr , the rectangle
contained by two straight lines 4 B, AC
is sometimes simplyvcalled the rectangle :

AB, AC) i
" On_AB doscribe the square I
ADEB ; {1. 46.
and thro C draw CF lel ”“_}’r‘-
to ADor BE. p.f_TSI. ! E
Then AE is eq‘},“to tho roctangles AF, CE.
But AE is the square on 4 B. '

And AF is tho roctangle contained by BA, C, for it is
contained by DA, AC, of which DA is equal to B.1;

and CE is contained by A B, BC, for BE isequsal to 4B,

Thercfore the rectangle A B, AC, together with the rect-
angle AB, BC, is oqual to the square on 4B.

Wherefore, {/ a straight line &c. Q.E.D.

-l

PROPOSITION 8. THEOREM.

If a straight line be divided into any two parts, the
rectangle contained by the while and one of the parts, ia
equal to the rectangle contained by the tico parts, toge

with the square on the aforesaid part.
Let the straight line AB be divided into mgotwowg

at the C: the AB, BC shall
lholum:elacmwﬂnm-qmon C.
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On BC describe the square CDEB; I 4e.
roduco £D to F,and through 4 A C. R
slnwAi'lunlleleDorBE.[l.sl. T
Then the rectanglo 4 E is equal !
to the rectangles A, CE. | R
But AE is the le contained ! !
|

T
z

by AB, BC, for it s gt_mt».incvl .
:3' ‘;zf"; BE, of which L is equal YD ® T
and AJ) is contained by A, CB, for CD is cqual to C8;
and (£ is the square on I '
Thercfore tho rectangle 48, BC is equal to tho roctangle
AC, OB, together with the square ou BC.

Wherefore, {f a straight line &c. ‘:‘n.

PROPOSITION 4. THEOREM.

If a straight line be divided into any tico parts, the
square on the whole line vs equal to the syuarcs on the two
parts, together with tirice the rectangle contasned by the
tuwv parts.

Let the straight line 43 be divided into any two parts
at the point €': the squarc on A /3 shall bo oqual to the
squares on 4C, CB, together with twice the rectanglo con-
tained by AC, CB.

On  AB describe tho square
ADEB L4 A _
join BD; through C draw (GF
parallcl to AD or BE, and throngh 7 | G/
draw //& panallcl to Aor DE. (131, W72

Then, because CF is parallel |
to AP, and 1) falls on them, L/ /

the exterior angle CGB is equal
to the interior and opposite un-
gle ADD; {1 2.
but the angle AD2X is cqual to the angle ABD, {1. 5
bocause BA is equal to 4D, being sides of a square ;
therefore the angle CG B is equal to theangle CBG ; {4=. 1.
and therefore the side C'(7 is cqual to the side CB. (1. 8.
But CB is also equal to GX, aod CG to BK ; L 24
therefore the igare CG KB is equilateral,
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It is likewise rectangular. For since CG is parallel to
BK, and CB meets thom, the angles KBC, GCB are toge-

ther equal to two right angles. (1. 29.
But KBC is a right angle. [L. Definition 0.
Thereforo GCB is a right angle. [Axiom 8.

And dhwrefore also the angles CGK, BKB opposite to
these sre right angles. [I. 3. and @ziom 1.
Therefor® CGKB is roctangular; C
and it has been shown to be equi- -
lateral ; therefore it is a square, and l
it is on the side CB. i ¢ K

For the same reason HF is also a
uare, and it is og the sido @, /

:v‘ilich is cqual to#. [L 84.

Therefore HF, CK arc tho squares . *

on AC, CB.

And because the complement 4G is equal to the com-
plement GE ; [I. 48.
and that 4G is the rectangle contained by AC, CB, for
CG is equal to CB;
therefore G E is also equal to the rectanglo AC, CB. [4x.1.
Therefore 4G, GE are equal to twice the rectangle AC, CB.
And HF, CK arc the squares on AC, CB.

Therofore*the four figures #F, CK, AG, GE are equal to
3‘2' s(q;;ml on AC, CB, together with twico the rectangle
, CB.

But HF, CK, AG, GE mako up the whole figure ADEB
which is the square on 4B, T gure ’
Therefore the square on A B is equal to tbosqunu on
AC, CB, together with twice the rectangle 4C, CB.

‘Wherefore, (/'a straight line &c. Q.E.D.

CoroLLARY. From the demonstration it is manifest,
M'mﬂlellognm-aboutthodhmeterofasqumm
likewise squares.

PROPOSITION 5. THEOREN.
If a straight line be divided into two equal parts and
ahoinklmuqudmrk,ﬁcmmwgm”dbym
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unegual parts, gether with the square om §i line bek
the points of section, is equal to ¢ nqmrng:dfﬁt
Lot the straight line A2 be divided two Cu
parts at the point (), and into two unequ L 7
point D : the roctungie AD, DB, together the square
on CD, shall be equal to the square on ('B.
M
[ PR

On describe  the
Bquare G%l;'b‘; (1. 48, A e (|1"'|
join BE; through D draw l R PR |
DHG parallel to CE or BF; K

through /7 draw A"LM paral-
lelto "B or EF, and through
A draw AKX parallel to ('L I

or BAM. [t 31 )

Then the complement C/7 is equal to the com‘:l([,\llm:‘nt
; . 48,

to each of these add DM ; therefore tho whole CM is equal

to the whole HF. [Ariom 3
But ("M is egual to AL, {1. 8.
hecause A7y oqual to CB. [Hypothesa,
Therefore also AL is cqual to DF, [Axiom 1.
To each of these add C'//; therefure tho whole A 77is cqual
to ’F and CH. [Axiom 2.
But AH is the rectangle contained by AD, DB, for DH is
equal to D13 [1T 4, Corolinry.

and DF together with '/ is the gnomon CMG ;
thercfore the gnomon (M6 iscqual to the rectangie A1), D B,
To each of these add L6/, which is cqual to the square on
CD. (11, 4, Copollary, and I, 34,
Therefore the gnomon CMG, together with LG, is oqual to
terectanglic .1, D 1, together with the squarc on ("/).[ 452,
But the gnomon CM(; and LG make up the wholo figure
CEFB, which is the square on C/).
Therefore the roctanglo 4D, DB, together with the square
on 0D, is equal to the lqmr’e on CB.

Wherefore, {/' a #traight line &c. QED.

From this proposition it is manifest that the difference of
the aquares on two uncqual straight lines AC, (!0, is equal
to the rectangle contatned by their sum and differcnce.
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PROPOSITION 6. THEOREM.

a siraight line be bisected, and produced lo any

the rectangle contained by the whole line thus pro-

and Whe part of it produced, together with the

re on half the line bizectol, is equal to the square on

tx: taht line which s made up of the half and the
part  Huced.

Let ure struight line A5 be bisccted at the point G
and produced to the point 72 : the rectanglo A0, DB,
together with tho square on ('Z, shall bo cqual to the

square on (0, _c B__DP
On €D descgbe the l ‘ /
square CEFD; ° [l 46 1. H/
join DE; throngh B draw K | T
BHG parallel o CE or b
DF; through 11 draw i
KLM parallel to AD or }1{._ I -
EF; and through .1 draw ] ¢ F
AKX parallel to CL or DM. [r. 81
Then, because AC is equal to '3, [Hypothesis.
the rectangle AL is equal to the rectangle CH ; [I. 36.
but CI is equal to I1F; [T1. 43.
therefore also AL is eqgual to HF, [Axiom 1.

To each of these add (M ;
therefore the whole A3/ is equal to the gnomon CMG. (4.2,
But AM is the rectangle contained by AD, DB,

for DM is cqual to DB. [11. 4, Coroliary.
Thereforo the rectangle 4D, PB is cqual to the gnomon
CMG [Axiom 1.

To cach of these add LG, which is equal to the square

CB. [11. 4, Corvllary, Md*‘!?

Therefore the rectangle 4D, DB, together with the

on (B, is equal to the gnomon C'M/¥ and the figpre EG.

But the gnomon CMG and L make up the whole figuro

CEFD, which is the square on C'D,

"Theroefore the reetangle A D, DB, together with the square

on (B, is equal to the syuare on ¢D. "
Wherefore, {/'a straight line &c. QED.
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PROPOSITION 7, THEO&E‘I.

If a straight line be divided into any two parts, the
muares on the whole line, and vn one of the paris, are
equal to twice the rectangle contained by the whole and
l/mt part, together with the square on the other part,

Let the straight line A/ be divided into dfly two
parts at the point C: the rquares on AB, BCshall be
equal to twice the rectangle A3, B(), together with the
square on .{C"

On A3 describe the squaro A
ADED, and construct the figure
as in the preceding propositions,

U o
G

to each of these add ('A™;
therefore the whole 4A” is oqual to } ,
the whole CE; R
horclore 4K, CE aro doublo of p k.

. B
. _ds
Then AG is equal to GE; [1 43, ll] i

But AK, CE aro the gnomou AKF, togother with the

square ('A7;

therefore the gnomon A &°F, together with the square CK;,

is double of 4X".

But twice tho rectaggle AB, BC is double of AKX,

for BA  is equal to /2 [11. 4, Corollary,

Therefore the gnomon A K'F, togother with the square CX”,

is equal to twice the rectangle ‘fll, ne,

To each of these equals add Z7F, which is equal to the

smquare on .7 (1L 4, Corallary, and 1. 84,

Therefore the gnomon AKF, together with the squares

OK, HF, is equal to twice the rectangle A5, BC, togcther

with the squaic on AC.

But the gmomon A A°F together with the squares (A", M F,

niake up e whole figure ADEB aud CK, which are the

squares on 4 22 and BC.

Thercfore the os on AB, BC, are equal to twice the

reotangle A4 B, BC, together with the square on AC, .
Whorcfore, if a straight line &c. Qb
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PROPOSITION 8. THEOREM.

If a straight line be dicided into any tico parts, four
times the rectangle contained by the while line and one of
the parts, together awith the square on the other part, is
equal to the square on the straight line whick is made up
of the ®hole and that part.

Let the straight line A8 be divided into any two parts
at the point (': four times the rectangle A5, B, together
with the square on A, shall be equal to the squarc on the
straight line made up of AR and BC together.

Produce AL to D, so
that BD may bo equal AR

to CB; [Post. 2. and 1. 3. 1 u' l
on_ AD describe the square
A l'( s l-

and construct two figures N / T
such as in the procmlmg i !
propositions. '
Then, because '3 is cqual e R

to B0, [Constinetion.

and that CB is equul to (v A and 5D to AN, [1. 34.
therefore GA is equal to AN, fAcinm 1.
For the same reason PR is equal 4@ 0.

And because C73 is equal to 2D, (/A to AN, the reet-
|u| lo CK is equal to the mtanglo BN, aud the mumglc

to the roctanglo RXN. [1. 38.
But CNX is equal to RN, hecause they are the complements
of the parall \m'r-\m 0o [I. 43.
therefore also BN is equal to GR. [Axiom 1.

Therofore the four rectangles BN, CK, GR, RN are equal
:g oneo zx'xother, and so the four arc quadruple of one of
em CK. .

Again, because CB is equal to BD, [Construction.
and that BD is equal to BX, [T1. 4, Corollary.
that is to OG, [L 34.

and that CB is equal to GX, [I 84
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that is to GP; [11. 4, Corollary.
therefore CG is equal to G2, [Adxiom 1,

And because ("G is equal to GP, and PR to RO, the
rectangle A6/ is equal to the rectanglo ML’ and thoe rect-

angle L to the rectangle 2, {1. 36,
»But MP is equal to I’L, because they are the complements
of tho parallelogram ML ; [1. 43,
therefore also AG is cqual to R F. [driom 1,

Therefore the four rectangles AG, AP, P’L, RF are cqual
to one another, and so the four are quadrple of one of
them AG.

And it was shewn that the four (A", BN, R and RN
are quadruple of CK; therefore the eig‘nt rectangles
which make up the gnomon AGH wre gnadruple of A K.
And because AR is the rectangle contained by A B, BC,
for BR is equal to £
ﬂ;vr‘cl!::ru four times the rectangle AB, B is quadruplo
ol . .

Brnt' At_ho gnomon AOQH was shewn to be quadruple
or . .

Thercfore four times the rectangle .48, ZC is equal to the

gnomon A0, [Ariom 1.
To eachof these add X7/, which is equal to the square on
AL [L1. 4, Corollary, and 1. 34,

Therefore four times tho rectangle 4B, BC, togother with
the square on AC, is equal to the gnomon AVH aud the
square X /.

But the gnnmon AQH and the square X/ make up the
figure A EFD, which is the square on AD.

Therefore four times the rectangle 48, BC, r with
the square on 4(, is equal to the square on A0, that is to
the square on the line made of A8 and AC together.

Wherefore, {/ a straight line &c. q.z.D.
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PROPOSITION 9. THEOREM.

If a straight line be divided into two equal, and also
mto two unequal parts, the squares on the two unequal
parts are together double of the square on half the line
and of the squareon the line between the puints of section,

Let tho straight line A2 be divided into two equal
parts at the point (', and into two unequal parts at the
point D : the squares on AD, DB shall be together double
of tho squares on A(, CD.

From the point (' draw P
CFE atright anglesto A B, [I. 11, A
and make it equal to AC or G
CB, [1. 3. AN
and join £A4, EB; through . , P
D draw DF parallel to CE, and A 'CCp N
through ¥ draw £ parallel .
to BA ; . [r. 31
and join A F.

Then, because .4C is equal to CE, [Construction,
the angle EAC is equal to the angle AE(" [1. 5.

And because the angle ACE is a right angle, [Construction,
the two other angles A EC, EAC are together equal to ono
right angle ; {L 32.
and they are equal to one another;

thoreforo each of them is half a right angle.

For the same rcason cach of the angles CEB, EBC is half
o right angle.

Therefore the whole angle .4 £8 is a right angle.

And becaunse the angle GEF is half a right angle, and
the angle EGF a rlg:t angle, for it is equal to the interior
and opposite angle £CB; [L 29.
therefore.the remaining angle EFY is half a right angle.
Therefore the angle GEF is equal to the angle EFG, and
mmmnmwm-ﬁcn st ‘e
Aguin, because the angle at B is half a right angle, and the
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angle DB a right angle, for it is oqual to the interior and
opposite angle ECB ; [L 29,

therefore the remaining angle BFD is half a right an&lo.
Therefore the angle at /3 is equal to the angle BFD),
and the side /24" i8 equal to the side D2 {1 6.

And becauso A i8 equal to CF, [Construction.
the square on A (" is equal to the square on CF;
therefore the squares on A, ('K are double of the square
on AL
But the square on AE is equal to the squarcs on AC, CF,

because the angle A CF is a right angle; [n 47.
therefore the square on .17 is double of tho square on AC.
Again, beeause 67 is oqual to GF, Lsnsruction.

the aquare on /7 is cqual to the square on GGF
therefore the squares on EG, (7 F are double of tho square
on 1

But the square on EF is equal to the squares on £, GF,

becausc the angle £GF is a right angle ; {I. 47.
therefore the square on EF is double of the square on G £
And G F is equal to €D ; [1. 34.

therefore the square on £F is double of the square on C/),
But it has been shewn that the rquare on AE is also
double of the square on A"

Therefore the squares on AE, KF are double of tho
squares on A7, (D).

But the square on A F is cqual to the squares on AF,
EF, beeause the angle A EF is a right angle. {1 47.
Therefore the square on AF is double of the squares on
AC, CD.

But the squares on AD, DF are cqual to the square on
A F, because the angle ADF is a right angle. [1. 47.
Therefore the squares on AD, DF arc double of the
squares on AC,‘(?D.

And DF is equal to DB;

therefore the squares on AD, DB arc double of the
squares on AC, CD. ‘

Wherefore, {/ a straight line &c. QE.D.
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and is therefore equal to the anglo DBG;
theroforo also the side BD is equal to the sido D@, [1. 6,
Again, becauso the angle EGF is half a right angle,
and the angle at F a right augle, for it is oqual to the
opposite angle £CD ; {t. a4
thorefore the remaining angle FEG ishalfaright anglo, 182,
and is therefore cqual to the angle £G F;
therefore also tho side GF is equal to the side FE. '[I. 0.
And because E( is equal to ('A4, the squaro on £ is
oqual to tho square on (A4 ;
thechoro tho squares on 2°C, C.4 aro double of the square
on C'4.
But thesquarcon A Eisequal tothesquares on EC,CA.[1. 47,
"Therefore the square on A E is double of the square on AC.
Aguin, because GF is equal to FE, the squaro on GF in
equal to the square ou ££;
thc;(‘:g‘»ro the squares on G F, FE are doublo of tho square
on FE.
But thesquare on E(/ is oqualto tho squareson G F, FE[1.47,
Therefore the squaro on EG is double of the square on £,
And FE is equal to (D {t. 54.
thercfore the squarc on £G is double of the sqnare on CD,
But it has been shewn that the squarc on AE s double
of the square on AC.
Therefore the v,uuel on AE, EG are doublo of the
squares on AC, C
But the squarc on A% is equal to the squares m(n AE,
.
Thercfore the square on 4G is double of the squares on
AC, CD.
ButﬂwoqmmonAD DGmeqml%tholqm&o‘?
'l‘horofmtlw monAD.DGmdoﬂbloofm
squares on AC,
And DG is eqml ta DB;
mthuqumonAD DB are double of the squares
on AC, 0D,

Mifamdgm{iubc. QRD.
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PROPOSITION 11. PROBLEM.

Todiride a given atrggght line into two parts, so that
the rectangle eomtained Py the whole and one of the parts
may e equal to the square on the other part.

Lot AB be the given straight line: it is required to
divido it into two parts, ao that the rectangle contained by
the whole and one of the parts may be equal to the square
on the other part.

On AB describe the square - —G
ABD(, [1. 48,
biscet ACat F; [1.10,
oin BE ; produce CA4 to F, and
'znnke El":\,qlml to EB; (L3, r N —
and on A F describe the square /l ~ 7\
AFGIH, [1. 16 ~
A shall ba divided at 77 so LF
that the rectangle A, BH is
oqual to the square on A/, J

Produce ¢/ to K. —
Then, because thoe straight line
AC is bisocted at E, and pro-
duced to F, the rectangle CF, FA, together with the
squaro on A E, is equal to tho square on EF. [I1. 6.
But EF is equal to EDB. [Cimatructiom,
Therefore the rectangle CF, FA4, together with the square
on AF, is equal to the aquare on £B8.

But the square on EB is cqual to the aquares on AE, 4B,
because the angle E.A R is a right angle. [1. 47.
Therefore the rectangle CF, £.1, together with the square
on AE, is equal to the squares on AL, AB.

Tuke away tho square on A £, which is common to both s
therefore the remainder, the rectangle CF, #'4, is equal to
the square on A 8. [Axiom 8.
But the figuro FK is the rectangle contained by CF, FA

for FG is oqual to FA ; VIR
and AD is the squmre on A5 ;

therefore FK is equal to AD.

Take away the common part AK, and the remainder FH
is equal to tho remainder HD. [4xiom 3.
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But 77D is the rectangie contained by AB, BH, for ADB is

oqual to BD ; .

and FH is tho square on AH ;

therefore the rectangle .4 53,7311 is equal to tho squareon A H.
Wherefore the straight line AD ia dicided at H, s that

the rectangle A B, BH iz equal to the square on AH. Q.E.v.

PROPOSITION 12, THEOREM.

In obtusc-angled triangles, if a perpendicvdar be drawn
from aither of the acnute angles o the oppusite 5ide pro-
duced, the square on the side subtending the dhituse angle is
yreater than the sywares on the sides ¢ mtatuing the vbtuase
angle, by twice the vectangle contaived by the side m
wchich, when produced, the perpendicular fulls, and the
atraight line intereopted Hﬂlnm the triangle, betwreen the
perpendicudar and the obtuse angle.

Let 4BC be an obtuse-angled triangle, having the
obtuse angle A¢'/2, and from the point A4 let A7) ho drawn
perpendicular to B¢ produced : the square on A /3 shall be

rater than the siquares on A¢Y '8, by twice the rectangle

e’ ('], A

Beeause the struight  line
RD is divided into two parts
at the point €, the square on
D) is equal to the squares on
B, (D, and twice the rectanglo

BC, CD. (11, 4. -
To cach of theso equalsaddthe = B ¢~ ~
squarc on DA, 4 N

Thereforethe unnres onBD,DA are equalto the squarcs on
BC, (D, DA, And twice the rectangle BC, CD. [Aziom 2.
But the square on 24 is equal to the nqmm‘l BD, DA,
because the augle at 0 is a right augle ; (1. 47.
and thesquarcon C'4 isequal to thesquareson CD,DA.(1.47.
Therefore the squaré on DA is equal to the squarcs on
BC', CA, and twice the rectangle le;},", Cch; )
that is, the square on B.A is greater than the squarée on
BC, CA by twice the rectangle BC, C'D.

‘Wherefore, in obtuse-angled triangles &e. Q.x.p.

5—2
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‘ PROPOSITION 13. THEOREM.

In every triangle, the square on the side subtending
“an acute angle, is less than the squares on the sides con-
taining that angle, by twice the rectangle contained by
either of these sides, and the straight line intercepted
Betwoeen the perpendicular let fall on it from the opposite
angle, and the acute angle.

Lot ABC bo any triangle, and the angle at B an acute
angle; and on BC one of the sides contaning it, let fall
the perpendicular A2 from the ite angle: the aquare
on AC, opposite to the angle X, shall be less than the
squares on U8, BA, by twice the rectangle C'B, BD.

Firat, let .4.D fall within tho
triangle A4 (",

Then, bocause the straight line
B is divided into two

at the I;mint D), the squares on
CB, BD arc cqual to twico the
roctangle contained by CB, BD
and the square on CD.  [II. 7.
To oach of thoso equals add the
square on DA,

Therefore the ;gu\ros on CB, BD, DA are equal to twice
tho roctangie C5, BD and the squares on CD, DA. [4r. 2.
But tho square on 4B is equal to the squares on BD, DA,
becauso the angle BDA is a right angle ; [L. 47.
and the squareon A Cis cqual tothe squareson CD, D 4 [1.47,
Thercforo the squarcs on CB, BA are equal to the square
on AC and twico the roctangle CB, BD ;

that is, the square on 4AC alone is lesa than the squares on
CB, BA by twice tho roctangle CB, BD.

Secondly, let 4D fall without

the triangle ABC.

Then because the angle at D is

ho angle ACE e crouterthan
ang

a right angle ; [L.16.

A
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and therefore the square on AB is equal to the squares
on AC, CB, and twice the rectangle B(', CD. {1113
To each of these equals add the square on BC.
Therefore the squares on AB, BC aro cqual to the square
on AC, and twice the square on B(, and twice tho rect-
angle 116', CD. [Axiom 2.
But because B is divided into two parts at €, the rect-
angle DB, BC is oqual to the rectangle 8C, €D and the
square on BC'; 1L 3.
and the doubles of these are equal,
that is, twice the rectanglo DB, BC is equal to twice the
roctangle BC, ('D and twice the square on B(.
Thereforo the squares on A B, BC are equal to the squaro
on AC, and twice the rectangle D5, (' ;
that is, the squaro on 4C alone is less than the squares on
AR, BC by twice the rectangle DB, B

Il;ntly, let the side A4 C be perpendicular A
to BC.
Then BC is the straight line botween the
perpendicular and the acuto anglo at B;
and it is manifest, that the squaros on
AB, BiC are equal to the squarc on AC,
and twice the square on BC. [1. 47 and 4=. 2. ¢

‘Whorefore, in erery triangle &e. Q...

PROPOSITION 14. PROBLEXM.

T\ describe a square that shall be equal to a given recti-
lineal figure.

Let A be the given rectilineal figure : it is required o
doscribe a square that shall be equal to 4.

Describe the rect-

ar parallelogram RN ||
BCDEequal totherec- Ve -
tilineal figure A. (1.45. \ )
Then if the sides of it, \
BE, ED are equal to A - v
one another, it is a
C

square, and what was
required is now done.
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But if they are not oqual, produce vne of them BE to F,
make FE# equal
to ED, (1. 3.
and bisect BF
at G [I. 10,
from the centro A
(7, at the distanco \
GB, or GF, de-
scribe the somi-
circle B/1F, and
produce D Eto 4.
The square described on EZ{ shall be oqual to the given
roctilinoal figuro A, °

Join 71, Then, becauso the straight line BF is divided
into two equal parts at the point &, and into two unequal
parts at the poiut £, the rectanglo BE, EF, t?othcr with
tho square on G E, is cqual to the squaro on GF,  [IL 5,
But (/£ is eyual to GII.
Therefore the rectangle BE, EF, together with the square
on GE, is equul to the square on GH.
Butthosquareon G /{ isequal tothe synareson G £, EF1[1.47.
therefore the roctangle BE, EF, togother with the square
on G E, is equal to the squares on GE, EII.
Tuke away the square on £, which is common to both ;
therefore the rectangle BE, EF is equal to the square on
EHN. ) [Axiom 3.
But tho rectanglo contained by BE, EF is the parallelo-
gram 8D,
bocause £F is equal to ED, [Construction.
Therefore BD is equal to the square on E11,
But BD is equal to the rectilineal figure A. [Construction,
Therefore the square on L/ is equal to the rectilineal
figuro A. .

Wherefore a syuare has been made equal to the given
Zzilinml Jigure A, vamely, the square described ow

M, Q.

-
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DEFINITIONS.

1. EquaL circles are thoke of which the diameters are
cqual, or from the centres of which the straight lines to

the circumferenees are equal.

This is not a definition, bmt & theorem, the truth of
which is evident; for, if the circddes be appliel to one
anuther, so that their centres coincide, the circlos must
likewise eoincide, since tho straight lines from the ceutres

are equul,

2. A struight line is
aaid to touch a cirde,
when it meets the circle,

amd being produced does

not cut it.

3. Circles are said
to touch oune another,
which meet but do not
cut one another.

4. Straight lines are raid to
be cqually distant from the centre
of a circle, when the perpendicu-
larsdrawntothem from the centre

arc equal.

5. And the straight line on

which tho

falls, is said to bo farther from the

ceutre.
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6. A segment of a circle Is the
figure contained by a straight line
and the circumference it cuts off

7. The angleof a segment is that
which is contained by the straight
line and the circumference.

8. An angle in a segment is

the angle contained by two straight

lines drawn from any point in the

circumference of the segment to

the extremities of the straight line

which is the base of tho segment. /
9. And an angle is said to in-

sist or stand on the circumference =

intercepted betwoen the straight

lines which coutain the anglo.

)

10. A soctor of a circle is the s
figure contained by two straight

lines drawn from the centre, and
the circumference between them. / ;

11, Similar scgments of ,x
s

circles are those in which ) .
theangleaarcoqual,or which [ - \
coutain cqual angles, e e

[Note. Inthe following propositions, whenever the expression
“ straight lines from the centre,” or ‘“drawn from the centre,”
occurs, it is to be understood that the lines are drawn to the cir-
cumference.

Any portion of the clrcumforence is called an are.]

PROPOSITION 1. PROBLEN.
To find the cenire of a given éivcle.
Let A4 BC bo tho given circle: it is required to find its

cortre,
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Draw within it any utnight
"Hne AB, and Dbisect AB
stD; (L. 10.
from the point D draw DC
at rightanglesto A8; (1. 11.
produce CD to weet the cir-
cumferenco at £, aud bisoct

CE at F. {1. 10,
The point F shall bo tho centre
of the circle A 3C.

For if F be not the centre,
if possible, let ¢ bo the centro ; and join GA, GD, G 1.

Then, bocause DA is equal to I)ll [Canatruction,
and D¢ is common to the two triangles A DG, BD(7 ;

the two sideu AD, DG are equal to the two sides BD, DG,
each to each;

and the base G4 is equal to tho baso G B, bocause they are
drawn from the centre G ; (1. Definition 18,

thorefore tho angle 4 (7 is equal to the angle BN, (1. 8.
But when a struight line, standing on another straight line,
makes the adjacent angles e« to one another, cach of
the angles is called a right anglo ; {1. Definition 10,
therefore the angle (7 is a right angle.
But the angle BDF is also a right angle. [Conatruction,
Therefore the angle B.DG in ciqual to the angle LD F, [Ax. 11.
the less to the greater ; which is impossible.
Therefore G is not the centre of the circle A BC.

In tho same manner it may be shewn that no other point
out of the line C'£ is the contro ;
and since CE is bisected at F, any other point in CE
divides it into unequal parts, and cannot be tho centre.
Therefore no point but £ is the centre ;
that is, F is the centre of the circle ABC:
schich was (o e found.

ConoLtary. From this it is manifest, that if in a circle

a straight line bisect another at right angles, the centro of

thoardeilinlbonrw‘htﬁnowhuh bisecta the other,
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PROPOSITION 2. THEOREM.

If any two points be tuken in the circumference of a
circle, the straight line which joins them shall full within
the circle,

Let ABC be a circle, and A and B any two points in
the circumfercuce : the straight live drawn from 4 to B
shall fall within the circle.

For if it do not, lct it fall, if

ssible, without, as AER.
p;nd D the centre of the circle
ADC; [11L 1.

C
RN
and join DA, DB ; in the arc n
A take any point £, join DF, .
and produce it to meot the /J\_\
i) =
A E B

straight line 4 B at E.

Then, because DA is equal

to D13, [1. Definition 15,

tho angle D45 is cqual to the angle DBA. (L &.
And bocauso .1E, a side of the triangle DAE, is pro-
duced to 53, the exterior mnqlo DEL is greater than the
interior opposito angle AL, L 16.
But tho angle D4 E'wasshewn to beequal tothe angle DBE;
therefore the angle DEJ is greater than the angle DBE,
But the greater angle is subtonded by the greater side ; [1. 19,
thorefore D23 is greater than DE.

But DB is equal to DF'; [I. Desinition 135,
therefore DF is greater than D E, the less than the greater;
which is impossible.

Thercforo the straight line drawn from .4 to 2 does not
fall without the circle.

In the same manner it may bo shewn that it does not
fall on the circumference.

Thercfore it falls within the circle,
Wherefore, if any tewo points &c. QED.
PROPOSITION 8. TUEOREM.

If a straight line drasen through the centre of a circle,
bisect a mgﬂu line in it which does not pass l%wgh the
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centre, it shall cut it at right angles ; and {f it cut it at
right angles it shall bisect it.

Let A BC be & circle; and let C'D, a straight lino drawn
through the centre, bisect any straight line A4 2, which does
not pass through the centre, at the point #°: €' shall cut
A8 ut right augles. ¢

Take E the centre of tho T
circle; andjoin A, EB (R, 4 : A

K

\

Then, because .4 #° is ¢qual . l \
to FR3, [#ypnithesis, l F'r |
and £/ is common to the two (VAR SN /
triangles AFL, BIE ; ol l N/
the two sides UF, FE are N B
equal to the two sides 24, FE, b

cach to cach;

aud the base £4 is equal to tho baso 24 ; {1 Def. 1o
therefore the angle 4 £ is equal to the angle BFE. (1w,
But when a straight line, standing ou another straight line,
makes the adjacent angles oquul to one another, vach of
tho anglus is called a right sugle ; LI Definition 10,
therefore each of the angles A FE, BFE is a right angle.
Therefore the straight line €D, drawn through the centre,
bisecting another A/ which docs pot pass through tho
ceutre, also cuts it at right angles.

But let ¢'D cut A7 at right angles: CD shull also
Liscct .4 4; that is, A4/ shall bo cqual W FB.

The same construction being made, because EA. EB,
drawn from the centre, are equal to ono another, [1. e/, 15,
the angle £4F is equal to the augle EBF. [1.5
And the right angle A FE is equal to the right angle B£F.
Thercfore in the two triaugles EA F, EBF, there are two
lnglllea iu the one ¢qual to two augles in the other, cach o
each ;
and the sidec EF, which is opposite to one of the equal
angles in cach, is common to both;
thereforo their other sides are equal ; [L 26.
therefore AF is equal to FB,

Wherefore, i/ a straight line &c. Q.x.p.
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PROPOSITION 4. THEOREM.

If in a circle two straight lines cut one another, which
do not pass through the centre, they do not bisect one
another.

Let ABCD bo a circle, and AC, BD two straight lines
in it, which cut onc another at the point E, and do not both
pass through the centre: AC, LD shall not bisect one
another,

If one of the straight lines

pass through the centre it is plain
that it cannot bo bisec by
the other which docs not pass
through the ceuntre.
But if neither of them ['a:u
through the centre, if possible,
lot AE bo equal o EC, and BE
equal to ED.

Take # the centro of the circle [1IL 1.
and join EF.

Then, bocause FE, a ight line drawn through the
centre, bisects another straight line 4’ which does not pass
through the centro; [Hypothesis.
FE cuts AC at right angles; [TIL 3.

therefore the anglo F'£.A is a right angle.

Aguin, because the straight line FE bisects tho straight
line B2, which docs not pass through the centre,  [Hyp.

FE cuts BD at right angles ; [1IL 3.
therefore the angle FEB is a right angle.
But tho angle F£.4 was shewn to be a right angle;
therefore the angle F£.4 is equal to the angle FEB, [4x. 11.
the less to the greater; which is impossible.
Thercfore AC, BD do not bisect oach other.

‘Wherefore, {/'in a circle &c. Q.E.D.

PROPOSITION 5. THEOREM.

If tewoo civeles cut one another, they shall not have the
same centre,

Let the two circlos 4 BC, (DG cut ond another at the
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points B, C: they shall not have tho same centre.

For, if it bo possible, let E
be their centre ; join EC, and
draw any straight line EFG
meeting the circumferences at
F and G.

Then, because £ ia the cen-
tre of the circle ABC, EC is
equal to EF. [I. Definition 15,
Aguin, becauso £ is the contro
of the circle CDG, E(' is cqual
to EG. [L. Deginition 15,
But EC was shewn to be ciqual to £EF;
therefore EF is equal to £, {Axiom 1,
the less to the greater; which is impossible,

Therefore £ is not the centro of the circlos ABC, CD(3.

Whercfore, {/ tweo circles &c.  Qr.p.

PROPOSITION 6. THEOREM.

If two circlea tunuch wme anuther internally, they shall
not hace the same centre.

Let tho two circles A B, (’DFE touch ono snother inter-
nally at the point ¢’: they shall not have the same contre.

For, if it bo possible, let
F bo their centre; join FC,
and draw any straght lino
FEB, mecting the circum-
feronces at E and /2.

Then, because F is the
centre of the circle AB0,
FCisoqual to FB. [1. Inf.15.
Aguin, because F s the
centre of the circle CDE,

F('is equal to FE, L1, Definition 18,
But FIC was shewn to be cquaito FB;
therefore FE is equal to FB, [Aziom 1.

the loss to the greater; which is impossible.
Therefore F is not the centre of the circles 4ABC, CDE.
Wherefore, {f tswo circles &o. Q.x.p. :
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PROPOSITION 7. THEOREM.

If any point be taken in the diameter of a circle which
is not the centre, of all the straight lines which can be
drawen from this point to the circumfierence, the greatest
ia that tu which the centre ia, and the other part of the
diameter 18 the least ; and, of any others, that which is
nearer to the straight line which passes through the centre,
2 alwways greater than one more remote; and from the
rame point there can be drawn to the circumference two
slraight lines, and only twwo, which are equal t» one ann-
ther, une on cach ride of the shortest line.

Let ABCD be a circle and AD its diameter, in which
let any point F be taken which is not the centre ; let E be
the centre : of all the straight lines FB8, F0', FG, &c. that
can bo druwn from F to the circumference. £.1, which
passes through £, shall be the greatest, and #77), the other
part of the dinmeter A7, shall be tho least ; and of the
others F13 shall be greater than £, and £°C than FG,

Join BE, CE, GF.

Then, because any two sides A_
of a triangle are greater than the }3’ T~
third side, [1. 20, c "
thereforo BE, EF arc greater | ‘\\\B \
than BF. Lo ’

But BE is oqual to AE;[1.1xf.15. ;}5
thorefore AE, EF aro greater N,/ | K
that in, 4 F is groator than BF.
Agnin, because BE is cqual to CE, [T. Definition 15,
and EFis common to the two triangles BEF, CEF,

the two sides BE, EF are oqual to the two sides CE, EF,
oach to cach;

but the anglo BEF is greater than the angle CEF;
thereforo the base FB is greater than the base FC. [I. 24.
mmmomnait may be shewn that FC is greater

Aai,%eennanrsmmmm, (L 20.
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and that Ef is cqual to ED; [T. Definition 15,
therefore G F, FE are greater than ED.

Take away the common part F'E, and tho remainder G Fis
greater than the remainder £,

Therefore F'4 is the greatest, and F7) the least of all
the straight lines from £ to the circuniference ; and #/2 is
greater than £C, and F(' than £,

Also, there can bo drawn two equal straight linos from
tho point £ to the circumferenco, one un each side of the
shorteat line £,

For. at the point E, in the straight line £F, mako the
angle #EH equal to the augle 2°E¢0, {1 23,
and join FII.

Then, because F6; is equal to L/, [1. Definition 15,
and KF ix common to the two trinngles GEF, HEF,
the two sides Ef7, EF are equal t4 the two sides BH, IF,
each to each ;
and the angle GEF is equal to the angle /EF;  [Constr.
therefore the base £¥7 is equal to the base F/7. [1. 4.

But, besides F'/7, no other straight lino can bo drawn
from £ to the circumference, cqual to £/,

For, if it be possible, let FA be equal to FG.

Then, because F'A™ is equal to F(7, [H1ypothesia,
and £/ is also cqual to £,
therefore £11 is oqual to FA™; [Aziom 1,

that i, a line nearer to that which passes through the
centre is oqual to a line which is more remote ;

which is impossible by what Las been already shown,
‘Whercforo, if any point be taken &e.  QED.

PROYVOSITION B, THEOREM.

If any point be taken sith ut a cirde, and straight
lines be drawen from it to the circumference, ime of swhich
pasera through the centre ; of those which fall on the com-
care circumference, the greatest in that which pases
throwugh the centre, and «of the rest, that swhich is nearer
to the e passing through the centre is al f greater
than one more remote; but of those which Sl on the
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convez circumference, the least is that between the point
swithout the circle and the diameter ; and of the rest, that
which is nearer to the least is always less than one more
remote; and from the same point there can be draswen to
the circumference tico straight lines, and only two, which
are equal to one another, ome on each side of the shortest line,
Lot ABC bo a circle, and D N% ;oint without it, and
from D let the straight lines DA, DE, DF, DC be drawn
to thocircumference, of which 224 passes through the centre:
of those which fall on the concave circumference A EFC, the
greatest shall be /)4 which passes through the centre, and
the noarer to it shall bo greater than the more remote,
namely, DE greater than DF, and DF greater than DC;
but of those which full on the convex circamference GALH,
tho least shall be /)G between the point D and tho dia-
meter A ¢, aud the nearer to it shall be less than the more
remote, namoly, DA less than DL, and DL less than DA,
Take M, the centre of the
circle ABC, [tIL 1.
and join ME, MF, MC, MIL, D
ML MK, A
Then, beeaunse any two sides ! ‘\\
of a trinuglo arc groater than ///, ,
the third side, [ 20, fol \
thereforo EM, M D arc greator AT
than ED. w/ XA 73\‘"
But EMis oqual to A M;[1. D/ 15, oy
therofore AM, MD aro greator [ _/ ! . \
than ED, \7; 7 |
/ | /

that is, 4D is greater than ED,

p
AEun,' bocauso EM is cqual \// :
to F. ] o E\;_/
and MDis common to tho two A
triangles EM D, FMD ;

the two sides E£Af, M D arc equal to the two sides F ¥, .
cach to cach ;

but the angle EMD is greater than tho angle FAMD ;
therefore the base ED is greater than the base FD. [1.24.

In the samo manner it may be shewn that FD ia
greater than CD,



BOOK III. 8. 81

Thereforo DA is the %mt, and DE greater than DF,
and Di'gmter
boumellK KDareg‘rettertlm\ND {1. 20.

K is equal to A (L. Defimition 18,
t.he remainder AD is gmbcr than tho remainder GD,
that is, GD is less than K0,

And because MLD is a triangle, and from tho points
M, D, the cxtromitics of its side A1), tho straight lincs
M’ DK are drawn to the u{:)nim K within tho triangle,
thereforo MK, KD are less ML, LD; {L. 21

and MK is equal to ML ; [1. Definition 15,
therefore the remainder KD is leas than the remainder LD.

In the same manner it may be shewn that LD is loas
than /1.
Thorefore (G is the least, and DX less than DL, and DL
less than D2,

Also, there can bo drawn two equal straight lines from
lthe ptlum. D to the circumferenco, ono on each side of the
cast line.

For, at the point Af, in the strai ht line 3D, make tho
nnglu DMD equal to tho angle D [L
and join DR.

Then, bocause MK is equal to 3 13,
and MD) is common to the two triangles A°MD, BMD ;
the two sides KM, M D arc equal to the two sidos BM, M D,
each to cach ;
and tho angle DMK is cqual to the angle DMB; [Constr.
thercfore the base DK is oqual to tho base DB, [«

But, besides D23, no other stnight llno can be drawn
from D to the circmnfcrcnce, oqual to D

For, if it be possible, lct DN be equal tODK.
Then, because DN is equal to DK,
and DB is also equal to DK,
thereforo DB is equal to DN; [Aziom 1.

Mh,.linenamtotheleutheqndhouowbicbh
more remote ;

muwwmmmmm
Wherefore, {f any point be taken &c. QD R
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PROPOSITION 9. THEOREM.

a point be taken within a circle, from which there
Jall mores than two equal straight Uives to the circum-
JSerence, that point is the centre of the circle.

Let the point D bo taken within the circle 4 BC, from
which to the circumforence there fall more than two equal
straight lincs, namely DA, DB, DC: the poiut D shall be
the centre of the circlo.

For, if not, let E be tho centre;
Jjoin DEand produce it both ways to
meet tho ur(,umfcrcnce at Fand 7 ;
then £G is o diamoter of the circle.

Then, becausc in FG, a diameter
of tho circle ABC, the point D) is
taken, which is not the centre, D@7
is tho greatost straight line from D
to tho circumfercnco, and DC is greater than DB, and
DB greater than DA ; (118 7.
but they are likewise equal, by hypothesis ;
which is impossible.

Thereforo E is not the centre of the circle A BC,

In the same manner it may bo shewn that any other
point than D is not the centre ;
therefore ) is the centre of the circle A BC.

Wherefore, {/ a point be taken &c.  Q.E.D.

PROPOSITION 1. THEOREM,

One circumfercnce of @ circls cannot cut another at
more than two puints,

It it be possible, lot the circumference 4BC cut the
circumforenco JJEF at more
than two pointa, pamely, at the
points B, G, F.

Take I«’ the centre of the

B( {ur 1.
and Join KB KG,KF.

ea bocause X is the
contre of the circle 480,
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thercfore KB, KG, K Fare all equal to each other. [I. Def.18,
And because within the circle DEF, the point X is taken,
from which to the circumference DEF fS? more than two
equal straight lines A'B, K'G, KF, therefore A" is tho
centre of the circle DEF. [ILL 9,
But K isalso tho ceuntro of the circlo ABC.  [Construction,
Therefore the samo point is the centre of two circles
which cut one another;

which is impossible. {1r. s.

Wherefore, ome circumference &c. Q...

PROPOSITION 11. THEOREM.

I two circles touch one another internally, the atraight
line which joine their centrea, being produced, shall pass
through the point of eomtact.

Let the two circles .4 (", ADE touch onc another inter-
nally at tho point 4; and let #* be the centre of the circle
ABC, and (¢ tho centro of the circle ADE : tho stright
line which {;in- the centres F, (7, being produced, shall
pass through the point 4.

For, if not, let it paas otherwise,
if [ouible, as FGDH, sud join
AF, AG.

Then, because AG, GF are
greater than A F) {1, 2o,
and A F isequal to HF,[1. Def. 15,

thercforo AG, GF, arc greater
than J/F. !

Take away the common part GF;
;l;(&rﬂm the remainder AG is groator than the remainder
But AG is equal to DG. (L. Definiion 15,

MmDGh?mmMIIG,thcletbom;
which is impossible,
Therefore the straight lino which joins the points F, G

otat oo et puas
that is, it must pass through A.

Wherefore, {f tsoo circles &c. QED.’
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PROPOSITION 12. THEOREM.

If two circles touch one another externally, the straight
line which juing their centres shall pass through the point
of contact.

Let the two circles A BC, ADE touch one another ex-
ternally at the point 4 ; and let # be the centre of the
circle ABC, and (7 the contre of the circle ADE: the
straight line which joins the points #, G, shall pass through
the point 4.

For, if not, let it

pass otherwise, if pos- E_

sible, ns FCDG, and \ .

join FA, AG. \
l Then, lm}m\:nc Fix . Py

tho centre of the cir- Ay —

clo ABC, FA is cqual 9 ¢

to FC;  [L Def. 15,

and because G is the
contre of the circle ADE, G A is cual to GD;

therefore F.4, A7 are equal to #'C, DG. [Aziom 2.
Thereforo the whole FG is greater than FA, AG.

But FG is also leas than F'4, AG; [r. 20.
which is impossible.

Therefore the straight line which joins the points F, G,
cannot pass otherwise than through the point 4,
that is, it must pass through 4.

Wherefore, {f two circles &c. QED.

PROPOSITION 13. THEOREM.

One circle cannot touch another at more points than
one, sehether it touches it on the inside or outside.

For, if it be possible, let the circle EBF touch the
circle ABC at more points than one; and first on the
insido, at the points B, D. Join BD, and draw G H bisect-
ing BD at right angles. I 10, 11.

Then, because the two points B, D are in the circum-
ference of each of the circles, the straight line BD falls
within each of them ; [ 2,
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. f’L\ A
=y A8

\ _1" N
\ < -
= N \c:,f/

und therefure the contro of cach circle is in the straight
line 7 { which bisccts BD at right angles; [IL1, 1, Corol.

therefore G 1 passes through the point of contact. [I11. 11,

But G /f docs not pass through the point of contuct, be-
cause the points 3, L) are out of the line GH ;
which is ubsurd.
Thereforo one circle cannot touch another on the insido at
more points than one.
Nor can one circloe touch an-
other on the outside at more
points thun one.

For, if it be possible, lot tho

circle ACA™ touch the circle A BC
at the points A, ¢, Join A" /
Then, because the two pointa
A, C aro in the circumference of

the circle ACK, the straight line B

A which joins them, falls within 3

the drelo ACK; 111, & S~ -

but the drcle ACK is without the circle ABC; [Hypouthesis,
therefore the straight line A" is without the circle ALC.
But because the two points A, € are in tho circumference
of the circle 4 BC, the struight lino AC falls within the

drcle ABC; (1L 2
which is absurd.

Therefore one circle cannot touch another on the outside
st more points than one.

And it has been shown that ome circle cannot touch
another on the inside at more points than ono,

Wherefore, one circle &e. QR.D.
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PROPOSITION 14, THEOREM.

Equal straight lines in a circleare p;{ually distant from
the centre: and those which are equally distant from the
centre are equal tv one another,

Let tho straight lines 4B, CD in the circle ABDC, be
equal to one another: they shall bo equally distant from
the centre.

Take E, the contre of tho
circdle ABDC; {111 1.
and from E draw EF, EG per-
pendiculars to .45, CD; (1. 12
and join EA4, EC.

Then, becauso the straight
line El‘, passing through the
centre, cuts the straight line 42,
which does not pass through the
centroe, at right angles, it bisects it ; (111, 8.
therefore AF is oqual to F'B, and A2 is doublo of AF,
For the like reason CD is double of CG.

But AH is cqual to CD; [Hypothesia.
thorefore A # is equal to CG. [4xiom 7.

And because AE is equal to CE, [1. Definition 15,
the square on .1£ is oequal to the square on CE.

But tho squares on A F, FE arc equal to the square on A E,
because the angle A FK is a right anglo; [1. 47.
and for the like reason the squares on CG, GE are equal to
the square on CE;

therefore the squares on AF, FE are equal to the squares
on CG, GE. ' [dziom 1.
But the square on AF is equal to the square on CG,
because 4.F is equal to CG;

therefore tho remaining square on FE is equal to the re-
maining squarc on GE; [Aziom 8.
mgg«mmmcmxrhmwm straight

But straight lines in a cirole are sald to be equally distant




BOUA 11i. 14, 10 87

from the centre, when the perpendiculars drawn to them
from the centre are equal ; {111, Definition 4.
therefore 4B, CD aro equally distant from the centre.

Next, let the straight lines 4B, CD be e«pmlly distant
from the centro, that is, let £# be equal to £G: AB shall
be equal to CD.

For, the samo construction being made, it may be
shewn, as before, that A 2 is double of A4 #), and CD doublo
of CG, and that the squarcs on EF, F4 are oqual to the
squares on EG, GC';
but tho squaro on EF is equal to the square on EG,
because EF' is equal to £G; [ Hypothesix.
therefore the remaining squarc on FA is oqual to the re-
maining square on GC, {Aziom 3.
l.ind ggrotore the straight line AF is oqual to the straight

ne CG.

Bfn(t (.:B was shewn to be double of AF, and CD dounble
of (2.

Therefore AB is equal to CD. [Aziom 6.
Wherefore, equal straight lines &e. Q.ED.

PROPOSITION 15, THEOREM.

The diameter is the greates: atraight line in a eivele;
and, of all thers, that schich is nearer o the centre in
alwcays greater than one more remote; and the greater
18 nearer to the centre than the less.

Let ABCD be a circle, of which AD is a diameter, and

E the centre; and let BC be nearer to the contro than #G :
AD shall bo greater than

any straight line BC which B
isnot a dismeter, and BC shall E ’/T‘/\\
be greater than F'G. RS \
From the centrec £ draw s |
EH, EK perpendiculars to raﬁj

BC, F@, L 12 /
and join BB, EC, EF. G
.Then, because AE is oqual

therefore AD is equal to BE, EC; [Aziom 2.
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but BE, EC are greater than BC; [1. 20.
thereforo also A.D is greater than BC.

And, because BC is nearer to
the centre than FG, [Hypothesis.
EH is less than EKX, [I11. Def. 5.
Now it may be shewn, as in the

receding opro;ooit.i that BC

double of B4, and double

of FK, and that the squares on
EH, HB areequal tothe squares
on EXK, KF,
But the square on EH is less than the square on EX
because E is less than EX
werLgl;)'ro the square on /1B is greater than the square
on ;
and therefore tho straight line B is ter than the
straight line F&A; g grea
and therefore ZBC is greater than FG.

Next, let BC be greater than FG: BC shall be nearer
to the centre than #@, that is, the same construction
being made, £/ shall be less than EA",

For, because BC is greater than F'G, BH is greater
than FX. &

But the squares on B, HE are cqual to the squares on

FK, KE “ “

and the square on BH is greator than the square on FK,

because S is greater than £47;

thercfore the square on Z/£ is less than the square on A ;

nnd té\z{dou straight line EH is less than the straight
ne EK.

Whorcfore, the diameter &c. Q.E.D.

PROPOSITION 16. THEOREM.

The atraight line drawn at right angles to the diameter
of a circle the extremity of it, falls without the
circle; and no straight line can be drawn from the
axtremity, beiween that straight line and the circumfer-
ence, 80 as not lo cul the cir



BOOK III. 18 89

Let ABC be a circle, of which D is the centre and
AB a diameter: the straight line drawn at right angles to
AB, from its extremity 4, shall fall without tho circle,

For, if not, let it fall, if pos-
sible, within the circle, as AC,
and draw DC to the point 6':
where it meets the circumferenco.

Then, because /).A is equal to
DC, {I. Definition 15.
tho angle DAC is equal to tho
angle DCA. [I. 5.
But the angle DAC is a right angle; [Hypothesis.
therefore the angle DC'A is a right angle;
and therefore the angles DAC, DCA are oqual to two
right angles; which is lmpossible. {117
Thereforo the straight line drawn from A at right angles to
AB does not fall within the circle.

And in the same manner it may be shewn that it does
not fall un the circumference.

Therefore it must fall without the circle, as AE.

Also between the straight lino A £ and tho circumfor-
ence, no straight line cun be drawn from the point 1, which
does not cut the circle,

For, if ible, let A F be between ¥
them; and from the centro D draw
DG perpendicular to AF; {r. 12
let DG meet the circumferonce at /£,

Then, because the angle DG A isa

| 3

right angle, [Construction.

the angle DAG is less than a right

angle; [r 17.

thurcfore D1 is greaterthan DG, [1.19.

But DA is equal to DI (1. Definition 15.
wﬁﬁfmbﬂi- than D@, the less than the greater ;
w .

Therefore no ight line can be drawn from the point
A between AE the circumfercace, 5o as not to cut the
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Wherefore, the straight line &c. QED.

CoRroLLARY. From this it is manifest, that the straight
line which is drawn at right angles to the diameter of a
circle from the extremity of it, touches the circle; [I11.D¢f.2.
and that it touches the circle at one point only,
becauso if it did meet the circle at two points it would fall
within it. [I1L. 2.
Also it is evident, that thero can be but one straight line
which touches the circle at the same point.

PROPOSITION 17, PROBLEM.

To draw a straight line from @ given point, either
swithout or in the circumference, which shall touch a gieen
circle.

First, let the given point 4 be without the given circle
BCD: it is required to draw from 4 a straight line, which
shall touch the given circle.

Take E, the centre of the
circle, [1IL 1.
and join 4 F cutting the circum-
ference of the given circloat D;
and from tho contro E, at the
distance E A, describe the circle
AFG; from tho point 1) draw
DPF at right angles to £4, [1.11.
and join EF cutting the circum-
forence of the given circle at B ;
join AB. AB shall touch the circlo BCD.

For, because E is the centre of tho circle AFG, EA4 is

oqual to EF. [1. Definition 15.
And because E is the centre of the circle BCD, EB is
oqual to ED. [1. Definition 15.

Thercfore the two sides A E, ED are equal to the twosides
FE, ED, each to cach;

’
}ng})hemglentheommm to the two triangles AEB,

therefore the triangle A BB is equal to the triangle FED
and the other angles to the other angles, each to each, to
which the equal sides are opposite; {1 4.
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therefore the angle 4 BE is equal to the angle FDE.
But the angle FDE is a right angle; [Construction.
therefore the angle ABE is a right angle. [Axiom 1.
And EB is drawn from tho centre; but the straight lino
drawn at right angles to a diamoter of a circle, from the
oxtremity of it, touches the circle; [II1. 18, Corollary.
therefore 4 B touches the circle.
And A B is drawn from the given point 4. Q.EF.

But if the given point be in the circumference of the

circle, as tho point D, draw D E to the centro £, and DF at
right anglos to DE; then D F touchos the circle. [I11. 16, Cor.

PROPOSITION 18. THEOREM.

If a straight line touch a cirele the straight line drawn
Srom the centre to the point of contact shall be perpen-
dicular to the line touching the circlo.

Let the struight line DE touch the circle A BC at tho
point '; take /| the centro of the circlo ABC, and draw
the straight line FC': #C shall bo perpendicular to DK,

For if not, let FG bo drawn from the point F perpen-
dicular to )F, meeting tho cir-
cumference at /. \\

Then, because FGC isa right
angle, {Hypoth exia, / P
FCG is an acute angle; (1. 17. | ‘
and the greater angle of ev
triangle is subtended by :ﬁ
greater sido; {1. 10,
therefore £ is greater than F77.
But FCis equal to FB; [I. Definition 15,
thercfore FB is greater than FIZ, the less than the greater;
which is impossible, '
Therefore F(7 is not perpendicular to DE.

In the same manner it may bo shown that no other
straight line from # is perpendicular to DX, but FC;
therefore FC is perpendicular to DE.

Wherefore, {/ a straight line &c. Q.ED,
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PROPOSITION 19, THEOREM.

If a straight line touch a circle, and from the point of
contact @ straight line be drawon at right angles to the
touching line, the centre of the circle shall be in that line.

Let the straight line DE touch the circle ABC at C,
and from C let CA4 be drawn at right angles to DE: the
centro of the circle shall be in CA.

For, if not, if possible, let ¥ be
the centre, and join CF.

Then, because DE touches the circle

ABC, and FC is drawn from the r
centre to the point of contact, #C

is porpendicular to DE;  [I1L 18,

thereforethoangle FUEisarightanglo, /
But the angle ACE is also a right

angle; [Construction.

thercfore the angle FCE is equal to the angle ACE, [4x. 11,
tho less to the greater; which is impossible.

Therofore ¥ is not the centre of the circle ABC

In the samo manner it may be shewn that no other poiut
out of U4 is tho centre ; thercefore the centre is in €A,

Whercfore, if'a straiyht line &c. Q.ED,

PROPOSITION 20. THEOREM.

The angle at the centre of a circle is doubls of the angle
at the circumference on the same base, that is, on the same
are.

Let ABC bo a circle, and BEC an angle at the centre,
and BAC au le at tho circumference, which have the
samo are, BC, for their baso: the angle BEC shall be
double of the angle B.1C.

Join AE, and produce it to F,

First lot the centre of the circle
be within the angle BAC.

Then, because EA is equal to
EB tlwt:gloEABinoqml to the
angle EBA; 1. 5.
therofore the angles EAB, EBA
arc double of the angle £45. [
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But the angle BEF is oqual to theangles EAB, EBA;[1.32.
therefore the angle BEF is double of the anglo E4B.

For the samo reason the angle FEC is double of the
angle EAC.

Therefore the whole anglo BEC is double of the whole
angle BAC.

Next, let the centre of the circle
be without the angle BAC.

Then it may beshewn, as inthefirst
casc, that the angle FE¢(’ is double of
the angle 2AC, and that the angle
FEB,a part of the firat, is double of
the angle #°'4 3, a part of the other;
therefore the remaining angle Z2EC in
double of the remaining angle 2AC.

Whercfore, the angle at the centre &c. QE.D.

PROPOSITION 21. THEOREM.

The angles in the same segment of a cirele are equal to
one another.

Let ABCD be a circle, and BAD, BED angles in the
same segment BAED: the angles BAD, BED shall be
cqual to one another.

Take F the centre of the circlo

ABCD., {IIL 1. A—E
First let the segment BAED bo //\ N\
greater than a semicircle. .
Join BF, DF. {

Then, because the angle BFD is ",['/_ .
at the contre, and the e BADis

at the circumference, and that they
have the same arc for their base,
namely, BCD;

therefore tho angle BFD isdoubleof theangle BAD[111.20.
goige same roason the angle BFD is double of the anglo

Therefore the'angle BAD is equal to the angle BED. [4z.7.
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Next, let the segment BAED be not greater than a
semicircle.

Draw AF to the centre, and pro-
duce it to meet the circumference at
C, and join CE.

Then the segment BAEC is

cater than a semicircle, and thero-
ore the angles BAC, BEC in it, are
equal, by tho first case.
For tho samo rcason, because tho
scgment CAED is greater than a
semicircle, the angles €A D, CED are equal.
Therofore the whole angle BAD is equal to the whole
angle BED. [Aziom 2

Wherefore, the angles in the same segment &c. QE.D.

PROPOSITION 22, THEOREM.

The opposite angles of any quadrilateral figure in-
scribed i1» a circle are together squal ¢ twwo right angles.

Let ABCD bo a quadrilateral figure inscribed in tho
circle ABCD : any two of its opposite angles shall be toge-
ther oqual to two right anglea.

Join AC, BD. )

‘Then, because the three angles //
of overy triangle arc together .
equal to two right angles, [I. 32. {7
the throo angles of the triangle
CAB, namely, CAB, ACB, ABC
are together equal to two right
anglea.

But the angle C.4B is equal to the angle CDB, becauso
they are in same segment CDAB; {111 21,
and the angle ACB is equal to the angle A DB, because
they are in the samo segment ADCB‘;ns ’

therefore the two e CAB, ACB aro ther equal
to the whole angle A DC. ' boge [Aziom 2,

To each of thess oquals add the angle 4 BC;
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therefore the three angles CAB, ACB, ABC, are equal to
the two angles A BC, 4

But the anglea CAB, ACB ABC are together equal to
two right angles; 1. 82

thereforo also the angles ABC, ADC aro togother cqual to
two right angles.

In the same manner it may bo shown that tho angles
BAD, BCD are together equal to two right angles,

‘Wherefore, the upposite angles &c. Q.EM.

PROPOSITION 28. THEOREM.

On the same straight line, and on the same side of u
there cannot be two similar segments of circles, not coin-
ciding with one another.

If it be Sowble, on the same straight lino A5, and on
e

the samo side of it, let thero bo two similar umnent.s of

circles ACB, A I)Ii not coinciding with one another.
Then, because the circle ACH

cuta the circle AD8 at tho two »

points A, B, they cannot cut one v ‘L:\

another at any other point;[111.19, é/ o

therefore one of the segmenta

must fall within the other; let

ACB fall within ADB; draw tho

straight line B('D, and join AC, AD.
Then, because A8, ADB are, by hypothesis, similar

scgments of circles, and that similar scgments of circles

contain equal mgles, [LI1. Definition 11.

therefore the anglo A('A is equal to the angle ADS;

that is, the exterior angle of the triangle ACD is equal to

the interior and te angle;

which is impossible. [L 18.
Wherefore, on the same straight line &e. QR.D.
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PROPOSITION 24. THEOREM.

Similar segments of circles on equal straight lines are
equal o one anather.

Let AEB, CFD be similar segments of circles on the
equal straight lines 4B, C1): the segmont 4 EB shall be
cqual to the segmont CF£1),

For if the segment
1EI! be .pphg;v It)o /E\ i
tho segment (. .

80 that the point 4 A E

may bo on the point

¢, and the straight line A B on the straight line CD, the
point B will coincide with the point D, because 48 is
oqual to CD,

Thercfore, the straight line A B coinciding with the straight
line (*2), the segment A K/ must coincide with the seg-
ment CFD; {ur. 23
and is therefore equal to it.

Wherefore, similar seqments &c. Qx.p.

PROPOSITION 25. PROBLEM.
A segment of a circle being given, to describe the circle
of which it it a seqment.

Let A BCbe the givensegment of a cirele: it is required
to describe the cix’cles’l of which {t is a scgment. e

B

) (av' - -~ \ ‘, "/ \\ ‘.
/ 1 \ Aé~ b 3¢
TR S L
A C E
Biscct ACat D; [1. 10,

from the point D draw DB at right angles to AC; [I. 11.
and join 4B,

First, let the angles 4 BD, BA D, be oqual to one another.
Then DB is equal to DA ; 1.6
but DA is oqual to DC; [Construction.
therefore DR is equal to DC. [Axiom 1,
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Therofore the three straight lines DA, DB, DCarcalloqual ;
and therefore D is the centro of the circle, frin. o,
From the centre D, at the distance of any of the threo
DA, DB, DC, describo a circle; this will pass through
the other points, aud the circlo of which 4 8C is a scgment
18 doscribed.
And becatse the contre D is in AC, tho segmont 4 BC
is a semicircle.
Next, lot the angles ABD, BAD bo not equal to ono
another.
At the point 4, in the ltmlgll line 4B, mako tho anglo
BAE oqual to the anglo ABD ; [t. 23,
produce BD, if necessary, to meet AE at F, and Joln BC.
Then, bocause the anglo BAE is equal to the angle
ABE, [Construction.
EA is equal to EB, (L 6.
And bocause A D is oqual to CD), [Construction.
and DE is common to the two triangles ADE, CDE;
the two sides 4D, DE are equal to the two sides CD, DE,
each to each;
and the angle A DE is equal to the anglo CDE, for cach of
them is a right angle ; [Construction,
therofore tho base £.A is equal to the base EC. (L4
But £4 was shewn to be equal to £5;

therefore £B is equsl to EC. [Ariom 1.
Therefore the three straight lines A4, £B, ECare all equal ;
and therefore E is the centre of the circle. [ 9.

From the centre E, at the distance of any of the three
A, EB, EC, describe a circle ; this willrmthmgh tho
m ints, and the circle of which AL( is a segment is

And i is evident, that if the angle AD be
thntboﬂan‘lo BAD, the centre B without the seg-

ment 450, which is therefore loss than a semicircle ; bat
e L e R AL
than a semicircle, A5G,

Wherefore, & sspmont eircle being given, the cirdle
hmheri:dvﬂixauawwt. QR.?, 7
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PROPOSITION 26, THEOREN.

In equal circles, equal angles stand on equal arcs,
whether they be at the centres or circumferences.

Let ABC, DEF be equal circles ; and let BGC, EHF
be “e“?ua.l angiea in them at their centres, and BAC, EDF
equal angles at their circumferences: the arc BAC shal
be equal to the arc ELF, .

Join BC, EF.
Then, because the circles ABC, DEF arc equal, [Hyp.
the straight lines from their centres are equal; [111. D¢f. 1,

therefore the two sides BG, GC ual to the two sides
EH, HF, each to each ; aroed °

and tho angle at & is equal to the angle at H ; [Hypothesis.
therefore tho base BC is equal to the base EF, [ 4.

Andbecausothe angleat 4 isequalto the angleat D[ Hyp.
thesegment BACissimilar to the segment EDF; [111. D¢f.11.
:d they l:n‘.r“o on oqual straight lines BC, EF.

ut aimi ents of circles on oqual straight lines are

equal to ono.:mwnther; “ {111, 24.
therefore the segment BAC is equal to the segment EDF'

But the wholo circle 4 BC is cqual to the whole circle
DEF; [Hypothesis.
therefore tho Nlnlmiy sogment BKC ual to the re-
maining segment ELF ; 2 i. « [dziom 3.
thereforo the are BKC is equal to the ave ELF,

Whevefore, in egual circles &c. oD,
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PROPOSITION 27, THEOREM.

In equal circles, the angles which stand on equal arcs
are equal to one another, whethor they be at the centyres or
circumferences.

Let ABC, DEF be equal circles, and let the angles
BGC, EHF at their centres, and the angles BAC, EDF
at their circumferences, stand on 0(1!18.1 arcs BC, BF: the
angle BGC shall bo equal to the anglo EAHF, and tho angle
BAC equal to the anglo EDF.

D

//
i ,_,//]L‘*~ "
B ~./C E ;
\~ K <\ — /

If the angle ZGC be equal to the angle EHF, it is
manifcst that the angle BAC is also equal to the auglo
EDF. (111, 20, Aziom 7.
But, if not, one of them must be the greater. Lot BGC be
tho greater, and at the point G, in the ight line B¢,
make the angle BG K equal to the angle EHF. (L. 28.

Then, because the angle 3G K" is oqual to the angle EIHF,
and that in equal circles equal angles stand on equal arcs,

when they are at the centres, [111. 26.
thercfore the arc BX is equal to the arc EF.
But the arc £F is equal to the arc BC; [#ypothesis,

therefore the arc BK is equal to the arc BC,  {4zim 1,
the less to the greater; which is impossible.
Therefore the aungle BGC is not unequal to tho angle EHF,
that is, it is equal to it.

And the angle at A is half of the angle BGC, and the
angle at D is half of the angle EHF; {111, 20.
therefore the angle at A is equal to the angle at D. [4z 7.

Wherefore, in aqual circles &c. QED, 7—2
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PROPOSITION 28.

In equal circles, squal straight lines cut of equal arcs,
& g:gater oqual’ta the greater, and the less oqual to the
‘l

Let ABC, DEF be circles, and BC, EF equal
straight lines in them, which cut off the two greater arcs
BAC, EDF, and the two less arcs BGC, EHF': the
greater arc BAC shall be equal to the greater arc EDF,
and the less arc BGC cqual to the less arc EAHF.

Take K, L, the centres of the circles, {Ir 1,
and join BK, KC, EL, LF.
Then, bocause the circles are equal, [Mypothesis.

tho straight lines from their centres arc equal; [IIL. Def. 1.
thereforo the two sides BK, KC are equal to the two sides
EL, LF, cach to cach ; .
and the base BC is oqual to the baso EF; {Typothesis,
therefore the angle BAC is equal to the angle ELF. [I. 8.

ut circles equal angles stand
B el el s s sl e
therefore the arc BGC is equal to the arc EHF.

But the drcumference ABGC is equal to the circum-
fevence DEHF; [ Hypothesis,
therefore is the ]
m”nﬂnnnhiquAO equal to r?mlnh‘g.
Wherefore, i squal circlse ko. Qu.0.
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PROPOSITION 29. THEOREM.

In equal circles, equal arcs are subtended by egqual
straight lines,
Let ABC, DEF be cqual circles, and let BGC, EHF

be equal arcs in them, and join ZC, EF'; the straight line
wﬁm be equal to the striight lino EF.

A

[~}
Q

Take K, L, tho centroes of the circles, [I1L 1.
and join BK, KC, EL, LF.

Then, bocauso the arc BGC is oqual to the arc
EHF, [Hypothesis.

the angle BKC is equal to the angle ELF. {111, 27.
And bocause the circles A BC, DEF are equal, [Hypothesis,
the straight lines from thoir contres are equal; [IIT. D¢ 1.
therefore the two sides BK,, K'C aro equal to the two sides
EL, LF, each to each;

and they contain equal angles ;

therefore tho base BC is oqual to tho base EF. [Le

‘Wherefore, in squal circles &c. Q.ED.

PROPOSITION 30. PROBLEXN,
To bisect a given arc, that is, to divide it into two equal
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Let ADB be the given arc: it is required to bisect it.
Join AB;

bisect it at C'; [T. 10.

from the point C draw CD at -
right angles to A8 mecting '
the arc at D. (L 11 A

The arc A DB shall bo bisected
at the point D.

Join AD, DB.
Then, because AC is equal to CB, [Construction.
and CD is common to tho two triangles ACD, BCD;

the two sides AC, CD aro cqual to the two sides BC, CD,
cach to each ;

and tho angle ACD is equal to the angle BCD, because
cach of them is a right angle; [Construction.

therefore the baso 4D is equal to the baso BD. (1. 4.

But oqual straight lines cut off equal arcs, the greater
oqual to tho greater, and the less oqual to theless ; [II1. 28.

and each of the arcs A D, DB is leas than a semi-circum-
ference, because NG, if produced, is a diameter; [II1. 1. Cor

therofore the arc AD is equal to the arc DB.
‘Wherofore the gicen arc is bisected at D. QE.v.

PROPOSITION 31. THEORENM.

In a circle the angle in a semicircle is a right angle;
but the angle in a segment greater than a semicirele 1a less
than a right angle ; and the angle in a segment less than
a semicircle is greater than a right angle.

Let ABCD bo a circle, of which BC is a diamoter
and E the centre; and draw C4, dividing the circle into
the wﬂnenu ABC, ADC, and join BA, AD, DC: the
angle in the semicircle BAC shall be a right angle; but
the angloe in the segment 4 BC, which is greater than a
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semicircle, shall be less than a ¥
tight angle; and the angle in

the segment 4.DC, which is less

than a semicircle, shall be greater

than a right angle.

Join 4 E,and produce BA to F.

Then, because £4 is equal to B <
EB, [1. Definition 15.
the mgle EAB is equal to the
angle £B4; [L 5.
and, because E£A4 is equal to EC,
the angle EAC is equal to the angle FCA;
therefore the whole angle 3AC is cqual to the two angles,
ABC, ACB. [Axiom 2.
But FAC, the exterior augle of the triangle ABC, is aqual
to the two angles ABC, ACB; [1. 82,
therefore the anglo BAC isoqual to the angle FAC, [4x 1.
and thercfore each of them is a right angle. [1. Def. 20.
Therefore the angle in a semicircle B.4C is a right anglo.

And because the two angles A3, BAC, of the triangle
A BC, are together less than two right anglos, (L 17.
and that BAC has becn shewn to be a right angle,
therefore the angle 4 BC is less than a right angle.
Therefore the angle in a segment ABC, greater than a
semicircle, is less than a right angle.

And because A BCD is a quadrilatoral figure in a circle,
any two of its opposite angles arc together cqual to two
right angles; {1 22
therefore the angles ABC, ADC are together cqual to two
right angles, '

But,the anglo A BC has been shewn to be less than a right
angle;

thereforo the angle A DC is greater than a right angle.
Therefore the angle in a segment 4 DC, less than a semi-
circle, is greator than a right angle.

Wherefore, the angle &c. q.v.p.
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Cororrary. From the demonstration it is manifest
that if one an{;le of a triangle be equal to the other two, it
is a right angle,

For the anglo adjacent to it is equal to tho same two

angles; [L 82
and when the adjacent angles are oqual, they are right
angles, [L. Definition 10.

PROPOSITION 32, THEOREM,

If a atraight line touch a circle, and from the point of
contact @ straight line be drawn cutting the circle, the
anyles which this line makes with the line touching the
circle shall be equal to the angles which are in the alternate
segments of the circle.

Let the s t line EF touch the circle ABCD at
the point B, and from the roint B let the straight line D
bo drawn, cutting the circle: the angles which B.D makes
with the touching line EF, shall be cqual to the angles in
the alternato sogments of the circle; that is, the angle
DBF shall be equal to the angle in the ent BAD,
and tho angle DHE shall be equal to the mgie in the seg-
mont BCD,

Fromthe point Bdraw BA
at right angles to EF, (I.11.
and take any point C in the
g} BD, and join AD, DC,

Then, because the atraight
line EF touches the circle
ABCD at the point B, [Hyp.

and BA is drawn at right B

angles to the touching line

from the point of contact B, [Construction.
therefore the centre of the circle is in BA. [I11. 19.
Thercforo the angle 4DB, being in & semicircle, is a right
anglo, [1IL 8L

Therefore the other two angles B.AD, ABD are equal to &
right angle. [L 32
But ABF is also a right angle. [Construction,
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Th;rgfm the angle ABF is oqual to the angles BAD,
ARBD,
‘l;rgrg each of these equals take away tho common angle

therefore the remaining angle DBF is equal to tho romain-
ing angle BAD, [Axiom 3.
which is in the altornate segment of the circle.

And because .4 BCD is a quadrilateral figure in a circle,
the opposite angles BAD, BCD aro together equal to two
right angles, [ILn, 22,
But the angles DBF, DIE aro togoether equal to two
right angles. {1 13.
Therofore the angles DBF, D BE aro together oqual to tho
angles BAD, BCD.

An4d)tbo anglo DBF has boon shown equal to the augle
o »

thereforo the remaining angle DBE is equal to the re-

maining anglo BCD, [4xiom 3.

which is in the altcrnate segment of the circle,

Wherefore, {/ a straight line &c. Q.ED,

PROPOSITION 33. PROBLEM,

On a given straight line to describe a segment of o
cir;ﬁ, containing an angle equal to a given reotilineal
an

Let AB be the given straight line, and O the given
rectilineal angle; it is required to describe, on the given
mﬁht line A B, a segment of a circle containing an angle
oqual to the angle C.

First, let the angle C

be a right angle. T
Bisoct AB st F, (1. 10,

and from the centro F, at
the distance F'B, describo
the semicircle A4 5.

Then the angle AHB
in & semicirclo is equal to the right angle O, {111 3.

\
L
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But if the angle C be
not a right angle, at the
point 4, in the straight line
A B, make the angle BAD
equal to the angle C';[I. 23.
from the point 4,draw AE
at right angles to AD;[L11.
bisect ABat F; [I.10.
from the point F, draw F(7
at right angles to A B; [I.11.
and join GA3.

Then, because AF is
equal to BF, {Const.
and F@ is common to tho
two triangles A FG, BFG;
the two sides 4 F, FG aro
e’g\ml to the two sides

F, F@G, cach to each;

@

=

|

and the angle AFG is D
equal to the angle BFG ; [I. Definition 10,
thercfore the base AG is equal to the base BG; 1. 4.

and therefore the circlo described from the centre (7, at the
distanco G A, will pass through the point B.

Let this circle be described; and let it be AHB.
The scgment AHB shall contain an anglo equal to the

given rectilincal angle C.

Because from the point A4, the extremity of the diameter

AE, AD is drawn at right angles to AE,
thereforo A.D touches tho circle.
And because 4B is drawn from the poi
the angle D.AB is cqual to the

segment AHB.

But the angle DA B is equal to the angle C.

[Construction.
[IIL. 18. Corollary.

of contact 4,
o in tho alternate
[I1L 82.

[Constr.

Therofore the angle in the segment AH B is equal to the
angle C. o

[Aziom 1.

‘Wherefore, on the giren straight line A B, the segment
AHB of a circle has been described, containing an angle
oqual to the given angle C. Q.ET.
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PROPOSITION 34, PROBLEX.

From a given circls to cut off a segment containing an
angle equaf to a given rectilineal angle,

Let ABC be the given circle, and D tho given rocti-
lineal angle: it is required to cut off from tho circlo A5C
a segment containing an angle equal to the anglo D.

Draw the straight
line EF touching the

circle ABC at the
point B; [IIL 17.
andat the point 23,in the C
straight line 23 F, make
the angle FBC equal
J

to the angle D. [1.23.
Thesegment 534 C shall

contain an angle cqual
to the angle Ig.

Becauso the straight line EF touches the circle ABC,
and B( is drawn from the point of contact 23, [Conatr.
therefore tho angle F/3C is equal to the anglo in tho
altcrnate segment BAC of the circle. [1I1. 82,

But the angle FBC is equal to the angle D.  [Construction.
Thercfore the angle in the segment BAC is equal to the
angle D, : [Azxiom 1.

Whercfore, from the giren circle ABC, the ssgment
BAC hae been cut of, containing an angle equal to the
given angle . qk.¥,

PROPOSITION 35. THEOREM.

. MIJ‘ two straight ‘dlim ?;’l o’:r another w}lhin afcim
rectangle contdined the segments of ome of
;l;ag‘ be equal to the rectangle contained by the segments
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Let the two straight lines AC, BD cut one another at
the point E, within the circle 4 BCD : the rectangle con-
tained by 4 E, EC shall be equal to
therectangle contained by BE, ED.
If ACand B.D both passthrough
the centre, so that E is the cent;
it is evident, since EA, EB, EC,
ED are all equal, that the rect-
angle AE, EC is equal to the rect-
angle BE, ED.

But let one of them, BD, pass through the centre, and
cut tho other AC, which does not pass tgrongh the centre,
at right anglos, at tho point E.

Then, if 20) be biscctod at #, F

is the contre of tho circle A BCD;

join AF.

Then, because the straight
lino BD which passcs through
the centre, cuts the straight line

AC, which does not pass throu A
t.he’contrc, at right angles at 'ﬁ; ‘w

point E, [Hypotheais.
AEisequalto EC.  [IIL 8.
“ﬁnd beeun?i‘ the ltl‘l'}ht Ene BD is divided into t!::
parts at the point F, and into two unequal parts
:l‘nlo point F, the rectangle BE, ED, with the
square on EF, is equal to tho aquare on FB5, (1L 5.

that is, to the square on A F.

But the square on 4 Fisequal tothesquares on A E, EF.[1.47.
Therefore the rectanglo BE, ED, ther with the square
on EF, is equal to the squares on %, EF. [A:?on 1.
Take away the common square on EF;

then the remaining rectangle BE, ED, is equal {o the
romaining square on A E,

that is, to the rectangle A E, EC.

Noxt, let BD, which thro the cut
e i S0, il ol o et B
at the . : oy ¢
bebilectedltzvfiltboeumdthodIdOABC’D;
join AF, and from F draw FG perpendicular to 4C. (L 12
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Then 4G is equal to GC; [1IL 8,
therefore the rectangle A E, EC,
together with the squaro on EG, is
equal to the square on AG. [11.5.
To each of these cquals add the
square on GF ;

then the rectangle AE, EC, to-
gether with the squares on EG,
GF, is equal to the squares on
AG, GF. [Axiom 2,
gl;f: the squares on EG, GF arc cqual to the squarc on

H

and the squares on AG, GF arc equal to tho squaro on
AF, [L 47.

Therefore the rectangle AE, EC, to’pthm' with the square
on EF, is equal to the square on A4 F,

that is, to the square on FB.

But the squarc on FB is equal to the rectangle BE, ED,
together wialq the square on?i’. [11. 8.
Therefore the rechv:glo AE, EC, together with the square
on EF, is equal to the rectangle BE, ED, together with
the square on EF.

Tako away the common square on EF;
then the remaining rechnslo AE, EC is cqual to tho
remaining rectangle BE, ED. [Aziom 3.

Lastly, let neither of the straight lines AC, BD pass

th e centre.

Ia equal to the rectangie BZ, ED. Ldsiom 1.
Wherofore, {f teo straight lines &e. Qr.D.
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PROPOSITION 36. THEOREM.

If from any point without a circle two straight lines
be drawn, one of which cuts the circle, and the other
touches it; the rectangle contained by the whole line which
cuts the circle, and the part of it without the circle, shall
be equal to the square on the line which touches it

Let D bo any point without tho circle 4 BC, and let
DCA, DB bo two straight lines drawn from it, of which
DCA cuts the circle and DB touches it: tho rectangle
AD, DC shall be equal to the square on D25,

First, lot DCA pass through
the centre E, and join EB.

Then EBD is a right angle. [[11. 18,
And because the straight line 4C
il £ il it
o rectanglo , DC together
with the squarc on AC is equal to
tho square on ED. {11 6.
But EC is equal to EB;
therefore the roctangle 4D, DC

together with the square on £B is
oqual to the nqm\mu{m ED.

But tho squareon £ is equal to the
squares on EB, BD, because EBD is a right angle. [I. 47.

Therefore the rectangle AD, DC, uﬁother with the squarce
on EB is equal to the squares on E8, BD.

Take away tho common square on £5;

then the remaining rectanglo 4D, DC is equal to the
square on DB. [Aziom 3,

Next let DCA not through the centre of the circle
ABC; take tho centrepz'.: {1 1.

from E draw EF perpendicular to 4C; [r.12
aud join EB, EC, ED.
Mbmnm‘ﬁtﬁmli'wm passes through

D

the centre, cuts the ¢ line 4C, which does not
through the centre, at angles, it also bisects it ; [u'::
therefore AF is equal to FC.
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And becauso the straig btlmeA(}mbmectedatEand
produced to D, the rectan, 5.0 AD, DC, ther with the
square on FC, is cqual to the square on F. [1L. 6.
To each of these equals add the squareonFL'
Therefore the rectangle 4D, DC
ther with the squares on
CF, FE, is oqual to the squares
on DF FE. [Axiom 2.
But the squarcs on CF, FE aro
equal to the squarc on CE,
causo C/E is a right angle ; [l 47
and the squares on DF, FE aro
equal to the square on DE.
Therefore the rectangle AD, D',
together with the square on CE,
is equal to the square on DE.
But CE is equal to BE;
therefore tho le AD, DC, togother with the square
on BE, is oqual to the square on D i‘

But the u% on DE is cqual to the squarcs on DB,
BE, beca "BD is a right angle. [ 47
Therefore the rectangle 4D, D(, together with the square
on BE, is cqual to the squarcs on DB, BE.

Take away the common square on BE;

then the remaining rectangle 4D, DC is equul to the

square on DB, A xiom 8.
Wherefore, {f.from any piint &c. QE.D.

CoroLLaRY. If from any point
mtho:';‘:g hdrdolm“ be drawn
two t cutting i
AB, AC, the rectangles cgnh?ned

tho whole lines and the parts

them without the circles are
ST e
to the

rochnglo OA, :31' each of
ulto
sraight

-ﬁ"&"ﬁ
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PROPOSITION 87, THEOREM.

IF from any point without a circle there be drdwi (WD
straight lines, one of which cuts the circle, and the other
meets it, and {f the rectangle contained by the whole line
which cuts the circle, and the part of it without the circle,
be agual to the aquare on the line which meets the circle,
the line which meets the circle shall touch it.

Let an roint D be taken without the circle ABC,
and from it lot two straight lines DCA, DB be drawn,
of which DCA cuts the circle, and DB meets it; and let
the rectangle A0, DC be equal to the square on DB:
DB shall touch the circle.

Draw the straifht line DE,

touching the circle ABC; [111. 17,

find F the centre, [I1L, 1.

and join FB, FD), FE. /
Then the angle FED is a Y

right angle. [IIL 18,

And because DE touches the

i 208, o, n L
roctangle , DC is

to the square on DE. [ll‘;‘.l 36,

But the rectangle AD, DC is
cqual to the square on D B. [Hyp. A

Thereforetho square on DEisequal tothe squareon DB;{42.1.
%;’reforo the straight line DE is equal to the straight line

And EF is equal to BF; [I. Defnition 15.
therefore the two sides DE, EF are equal to the two sides
DB, BF each to cach;
and the base D F'is common to the two triangles DEF, DBF';
therefore the angle DEF is equal to the angle DBF. (L
But DEF is a right angle ; [Construction.
therefore also DBF is a right angle. '
And BF,if is a diameter; straight li
which is dnpw“:\dst angles to m fmmhd:
extremity of it touches the circle ; {{LL 16. Corviiary.
therefore DB tonches the circle ABC. ’

Wherefote, {/.from & point &c. QE.D.
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DEFINITIONS,

1. A RECTILINKAL figure is said
to be inseribed in another rectilineal
figure, when all the angles of the in-
scribed figuro are on the sides of the
ﬁmilro in which it is inscribed, cach on
each.

2, Inlike manner, a figure is said
to be described about another figure,
when all the sides of the circumscribed
ﬂfnro puss through the angular points
of the figure about which it 1s de-
scribed, cach through each

3. A roctilineal figure is said to
be inscribed in a circle, when all the
angles of tho inscribed figure uro on
the circumference of the circle.

4. A rectilincal is said to be
described about a circle, when cach
side of the circumseribed figure touches
the circumference of the circle,

hlikemi:nm,aqirelﬁhnid
inscribed in a rectilineal figure,
the circumference of tho circlo’
oach side of the figure.

i,

2N
N 7
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6. Acircle is said to be described -
about a roctilineal figure, when the cir-
ilulnaforenco l:g' uuia c.rclro J:aue- through i
ho an| nts of the figure about
which it lg‘u deugr(i'bod.
7. A straight line is said to be N~
placed in a circle, when tho extremities

of it are in the circumference of the
circle,

PROPOSITION 1. PROBLEM,

In a giren circle, to place a straight line, equal to a
giren straight line, which is not greater than the diameter
of the circle.

Let ABC bo the givon circle, and D the given straight
line, not greater than the diameter of the circle: it is
ru|1uimd to place in the circle .4 40", a straight line equal
to J).

Draw BC, a diameter of
the circle ABC.

Then, if BC is equal to D,
tho thing required is done ; for
in the circle .4 B, a struight
lino is placed equal to 22,
Bat, if it is not, B(’ is greater
than D. [ Hypothesis.
Make CF equal to D), {13
and from tho contre C, at the distance CE, describo the
circle AEF, and join CA.

Then, because C is tho coutre of the circle AEF,

CA is equal to CE; (L. Definition 15,
but CE is equal to D; [Construction.
therefore C4 is equal to D. {dziom 1.

‘Wherefore, in the circls ABC, a siraight line CA is
placed 1o the given straight line D, schich is not
greater the diameter of the cirdle. oxr. '



BOOK IV. 2 3 115

PROPOSITION 2. PROBLEX.

In a given circle, to inscribe a triangle equiangular to
a given triangle.

Let ABC be th cn circle, and DEF the given
trh.ncle it is roqt to inscribe in tho circle 48C a
uiangular to tho triangle DEF.

I)uw the stmfht
line GAN touching a.__

the circle at the point ~..

A; [ 17, .
at the point A, in tho » 4 H
ntmight line A /T, mako e v

theangle H.AC equal to e

the angle DEF;[1.23. £~ e

and, at the point 4, in e )

the t line AG, T

make the angle G4 B

equal to the angle DFE;

and join BC. ABC shall be the triangle required.
Because GAH touches tho circle ABC, and AC s

drawn from the point of contact A, [¢'onstruction.
thercforo the angleo 2/ AC is oqual to the angle AL in the
alternate segment of the circle. (1. sz

Bat the angle /1 AC is oqual to the angle DEF.,  [Conatr,

Therefore the anglo 4 BC is equal to the angle DEF. [42. 1.
For the same reason the angle ACH is cqual to the

auhl)i‘l’

Therefore the remaining angle BAC is equal to the re-

maining angle EDF. (1. 32,°}aon 11 and 3.

‘Wherefore the tﬂangle ABC is equiangular tn the tri-
angle DEF, and it is inscrided in the circle ABC. Qn.r.
PROPOSITION 8. PROBLEN.

About a given ci 0 descride o iriangle equiongnlar
to a given On'n'b.'d" oz
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Lot ABC be the given circle, and DEF the given tri-
nnzle : it is required to describe a triangle about the circlo
ALDC, equiangular to tho triangle DEF.

Produce EF both I
ways to the points D .
G, H; take X the
contre of the circlo
ALC; (i, .

N ¢TTE TF H

from K draw any

radiug A8

at the puint A&7, in ‘

the straight line A, / o/
maketheangle BA°A  —--=~fr=——}

ual to the angle
E(4, and the ungle BAC equal to the angle DFIT; (1. 23.

and through the roints A, B, ¢, draw the straight lines
LAM, MBN, NCL, tonching the circle A8C.,  [U1L 17

LMN shall be the triangloe required.

Becauso LM, MN, NI touch the circle 4 B at the
poiuts .4, B, [Construction.
to which from the centre are drawn A1, KB, A°C,
therefore theangles atthepoints.1,72,Carerightangles.[111.18.

And because the four angles of the quadrilateral figure
AMBK are together equal to four right angles,

for it ¢an be divided into two triangles,
and that two of them A4 M, K BM are right angles,
therefore tho other two AKY, AMB are together equal
to two right angles, [dziom 3.
But the angles DE@G, DEF arvo together equal to two
right angles. 1. 13.
Therefore the angles AKX B, AMB aro cqunal to the angles
DEG, DEF;
of which the angle 4 X"8 is oqual to the angle DEG ; [Constr.
therefore tho romaining angle .{M2B is equal to the re-
maining angle DEF. [Aziom 3.
In the same manner the angle L NAL may bo shewn to be
oqual to the angle DFE.

Therefore the remaining angle MLN is equal to'the
remaining angle EDF, [1. 32 dsioss 11 and 9.
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Whereforo the triangle LMN iz equianguday to the tri-
angle DEF, and it 1s described about the cirele ABC. Q.r.r.

PROPOSITION 4. PRORLEM.
To inscribe a circle in a giren triangle.

Let A BC be the given trianglo: it is roquired to inscribo
a circlo in the trianglo ABC',

Bisect the angles ABC, ACB,
by the straight lines 21, (D), A
mecting one another at the point

H (1.9

and from Ddraw DE,DF, DG per-
pendiculars to A5, B, CA.[1.12,

Then, because tho angle £B1
is equal to tho angle FBD, for
the angle ABC is bisccted by
BD, [Coinatruetion.
and that the right anglo ZBED is
cqual to tho night angle BFD;
thercfore the two triangles £D, FRD have two angles
of the one equal to two angles of the other, each to each;
and the side 537), which is opposite to one of the cqual
angles in each, is connnon to both ;
therefore their other sides are equal ; [1. 26,
therefore VE is equal to DF.

For the same rcason 1)/ is cqual to DF,
Therefore DDE is equal to D5, [Ariom 1,
Therefore the three straight lines DE, DF, DG are equal
to one another, and the circle described from the centre D,
at tho distance of any one of them, will pass through the
extremities of the other two;
and it will touch the straight lines A5, B, €A, beeauso
the angles at the points E, F, (7 are right angles, and tho
straight line which is drawn from the extremity of a dia-
meter, at right angles to it, touches the circle. [111. 18, Cor.
Therefore the straight lines 4B, Bf’, CA do each of them
touch the circle, and thercfore the circle is inscribed in the
triangle A 53¢".

Whercfore a circle har been inscribed in the gicen
triangle. Qu.r.
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PROPOSITION 5. PROBLEM,
To describe a circle about a given triangle,

Let ABC be the given triangle: it is required”
scribe a circle about EB& rod to de-

— ~—

Biseot AB, AC at the points D, E; [r. 10
from these pointas draw DF, EF, at t angles to
anacy ¥ ) EF, at vigh {1,
DF, EF, produced, will meet one another;
for if thoy do not meet they are paraliel,
therefore A B, AC, which are at right angles to them aro
parallel ; which is absurd :
fot them moot at F, and join FA; also if tho point F bo
not in BC, join BF, CF.

Then, bocause A.D is equal to BD, [Comatruction.
and DF is commou, and at right angles to AB,
thereforo tho base F'A is eyual to the basc FA3. [I.4
In the same manner it may be shewn that FC' is cqual to F4.
Thercfore FB is equal to FC; [Aziom 1.
and Fd, FB, FC aro equal to one another.

'l‘henforotthe circle ?wnbed'mfmm th& centre tﬁ at xhtb:
distance o one of them, rough e
mitios of tbemzthor two, and willwdacﬁbd about the
triangle 4 BC.

Wherefore & circle has beew described about the
given triangle. Qx.r,

CoroLLARY. And it is manifest, that when the centre
S i s ingl o e et

a
xmwmnnmigﬁo;mdwm centre is

the centre
of the sides of the tri the posite to this side,
mm.mmug:t’.hzmmmmm
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falls without the triangle, the angle to to tho side
boyond which it is, in a segment less than a semi-
circle, is greater than a rnight angle. [111. 81,

Therefore, conversely, if the given triangle be acute-
angled, tb:deentm lof :lho circle iulll t'.'h“mni“; if it bo a
ight- triangle, the centre is in the side opposite to
the n;ll:gl angle; and if it be an obtuse-angled tr!mpn(;;ulo, the
centre falls without the triangle, boyond the side opposite
to the obtuse angle,

PROPOSITION 8, PROBLEM.
To inseribe a aquare in a given circle.

Lot ABCD bo tho given circle: it is required to in-
scribe a square in ABCD.

Draw two diameters AC, BI)
of the circle A BCD, at right an-
gles to one another; [1I1.1, 1. 11. -
and Jmn AB, BC, CD, DA, o I\
Tho figure AHCD shall be tho e
square required. B —E

Bocause BE is equal to DF, '
for E ia the contro; - ' N2
and that £4 is commnon, and at <
right angles to BD;
therefore the base BA is cqual to the base DA, (1.4
And for the same reason BC, DC aro each of them equal
to BA, or DA,

Therefore the quadrilateral figure A BCD is equilateral,

It is also roctangular,

For the straight line BD being a diameter of the circlo
ABCD, BAD is a semicircle; [Construction.
therefore the angle BA D is a right angle. [ii. a1
For the same reason each of tho angles A BC, BCD, CDA
is a right angle ;
thercfore the quadrilateral figure A BCD is roctangular.

And it has been shewn to be equilateral ; therefore it is
& sguare.

. Wherefore a square has been snacribed ir the given
circle. qrr.
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PROPOSITION 7. PROBLEN.
To describe a square about a given circle.
Let ABOD be the given circle: it is required to
describe a square about it. e )
Draw two diameters AC, BD -

of the circle ABCD, at right an-
gles to one another; [IIL 1,111 B

and through the points A, B, C, D,
drmw FG, GH, HK, KF Umchmg
the circle, [IT1. 17,

The figuro GHKF shall be the f C y’
square required.

Because FG touches the circle ABCD, and EA is drawn
from the centre £ to the point of contact A, [Construction.

therefore tho angles at A are right angles. [IIL 18,

For tho same reason tho angles at the points B, C, D are
right angles.

And because the angle AEDB is a right angle, [Conatruction.
and also the angle £BG is a right angle,

therefore GH is parallel to AC. [L. 28.
For the same rcason AC is parallel to FK,

In the same manner it may be shewn tbat each of the
lines G F, HK is parallel to D,

Therefore the figures GK, GC, CF, FB, BK arc parallclo-
grams;
and therofore G F is equal to 77X, and G to FK, [I.34.
And because A is equal to BD,
and that AC is equal to cach of the two GH, FK,
and that BD is equal to each of the two GF, HK,
therefore G, FA™ aro each of them equal to GF, or /K ;
therefore the quadrilateral figure FGHA' is equilateral.
1t is also rectangular.
For since A EBG is a parallelogram, and 4 EB aright angle,
therefore 4GB is also a right angle. [r. s4.

lnthemmemmnern may bo shewn that the angles at
4, K, F are right angles;

-
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therefore the quadrilateral figuro FGHK is rectangular.
And it has been shewn to be equilateral ; therefore it
is & square.
‘Wherefore a sguare has boon described aboxt the given
circle. QEP. :

PROPOSITION 8. PRORLEM.
To inscribe a circle in a giren aguare.

Lot ABCD be tho given square: it is required to in-
scribe a circle in ABCS. )

Biseet each of tho sides A7, A K.
AD at the points F, £;  [I. 10.
through £ draw EH parallel to
AR or DC, and through F draw
FK paraliol to AD or BC. [1.31.

Then each of the figures AKX,
KB, AH, HD, AG,GC, B, GD

. S £

A
¢

is & right-angled paralielogram ; B

and their opposite sides are equal. [L. 34,
And beenuse 4D is equal to 45, [1. Definition 30,
and that AL is half of AD, and AF half of AB, [Constr.
therefore AE is cqual to AF, [dziom 7.

Theroforo tho sides opposito to theso are equal, namel
# equal to GE. “ 1. sz'
In the same manner it may be shewn that the straight
lines GH, GK are each of them equal to FG or GE.
Therefore the four straight lines G.E, G'F, GH, GK are
equal to one another, and the circle described from the
centro G, at the distance of any one of them, will pass
through the extremities of the other threo;
and it will touch the straight lines 48, BC, CD, DA,
hecause the angles at the points Z, F, H, K are right
angles, and the straight line which is drawn from the
extremity of a diameter, at right angles to it, touches
the circle. [111. 16, Corollary.
Thercfore the straight lines AB, BC, CD, DA do each
of them touch the circle.
Wherefore a circle has boon inacribed in the given
square. QLY.
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PROPOSITION 9, PROBLEM.
To describe a circle about a given square.
Let ABCD be the given squarc: it is required to
describe a circle about ABCD.

Join AC, BD, cutting one an- -
other at E, ' A

D’I’hon, bocause 4B is cqual to

’
and AC is common to the two tri-
angles BAC, DAC;
the two sides 4, AC are equal to
tho twosides DA, 4C ench to each;
and tho base BC is equal to the base DC;
thereforo the anglo BAC is equal to the angle DAC; [I. 8.
and tho angle BAD is bisected by the straight line AC.

In the same manner it may be shewn that the angles
ABC, BCD, CDA are severally bisccted by the straight
lines BD, AC.

Then, because the angle DA B is equal to the angle 4 BC,
and that the angle EA4 B is half the angle DA B,
and the angle £BA is half the angle ABC,
thorefore the angle £A4 B is equal to tho angle EBA ; [4= 7.
and thercfore tho side £4 is equal to tho side EB. [I. 6.

In the same manner it may be shefn that the straight
lines EC, ED aro cach of them equal to £4 or EB.

Wherefore the four straight lines EA, EB, EC, ED are
oqual to one another, and the circle described from the
eontreE.atthodinuncoofmyoneofthem,wiliurn
through the cxtremitios of the other three, and will be
described about the square A BCD.

Whercfore a circle has been described about the given
square. QEP,

PROPOSITION 10. PROBLEX.

To descride an isoscelos triangls, hacing each of the
angles at the baze double of the third angle,
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Take any straight line
AB, and di’vlde it at the
point C, so that the rectan-
gle AB, BC may be equal
to thesquareon AC; [I1.11.
from the centre A, at the
distance 4B, describe the
circle BDE, in which place
the otmiﬁ: line BD equal
to AC, which is not greater
than tho diameter of tho
circlo BDE; [v. 1.
and join DA. The trianglo
ABD shall be such as is re-

uired ; that is, each of the angles ABD, ADB shall be

ouble of the third angle BAD.
Join DC; and about the triangle ACD describe the
circle ACD. [1V. 5.
Then, because the rectangle AB, BC is equal to the
square on AC, [Conatruction.
and that AC is equal to BD, [Construction.

therefore the rectangle A58, BC is equal to the squaro
on BD.

And, because from unBuhtB,withont the circle ACD,
two straight lines 5CA, B.D are drawn to the circumference,
oneolwhichaxuthoérde, and the other meots it,
and that the rectangle 4.3, BC, contained by the whole of
the cutting line, and the part of it without the circle, is
equal to the square on B0 which meots it ;
thoreforothestraight line B.D touchesthe circlo ACD.[111.37.

And, because BD touches the circle ACD, and DC is

drawn from the point of contact D,

thercfore the angle B.DC is equal to tho angle DAC in the
n!t«mu:egl:ﬂdtbodrdc. (111 82,
To each of these add the angle CDA ;

therefore the whole angle BDA is to the two angles
CDA, DAC. e ol [Aziom 2.

But the exterior angle BCD is equal to the angles CDA,
DAC. [1. 32
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Therefore the angle BDA is

oqual totheangle BCD. [Ax.1.

But the angle BDA is equal -
to the angle DBA, (L 6. /
because 4D is equal to 45, (

Therefore cach of the angles )
BDA, DBA, is equal to the | /
angle BCD. [Axiom 6. . /

And, becauso tho angle
DBC 18 equal to the anglo ™
BD, the side DB is cqual S
to the side DC; [1. 8. B~D
but D /3 was made oqual to C.A ;
therefore (A is equal to €D, [Aziom 8.
and therefore the angle C.A D is equal to theangle CDA.[1.5.
Therefore the angles A D, (DA are together double of
the angloe (“AN.
Tut the angle B0 is cqual to the angles CAD,CDA.T1.32,
Therefore the angle BCD is double of the angle CAD,
And the angle BCD has boen shewn to be equal to each
of the angles BDA, DBA;
therefore cach of the angles B4, DBA is domble of the
anglo BAD.

Whorefore an tenscoles triangle has been  described,
haring rach of the angles at the base double of the third
angle. QKF.

PROPOSITION 11. PRORLEM.

T inseribe an equilateral and equiangular pentagun
i a gicen circle.

Lot ABCDE be the given circle: it is required to
inscribe un equilateral and equiangular pentagon in the
circle A B( ‘l?l‘.

Describe an isoscelos le, FGH, having each of
the angles at G, H, double of the angle at F; [1V. 10.
in the circle ABCDE, inscribe the triangle ACD, equian-
gular to the triangle FGZ/, so that the angle 4D may
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be equal to the angle at F, and cach of the angles AC'D,
ADC equal to the angle at G or I/ fiv.a

and therefore each of
tho angles ACD, ADC is O
double of the angle CAD ; ¥ N
bisect the angles ACD, // T
ADC by tho straight . ¥
lines CE, DB;  [L9. NG V|
and join AB, BC, AL, \ \ INE )
ED" \ / /Q\//
ABCDE shall bo the (= 1y (s-—=2]
pentagon required. -
For because each of
the angles ACD, ADC' is double of the angle A D,
and that they aro bisected by the struight lines ('K, LR,
thorefore the five angles A8, BDC, CAD, DCK, ECA
are cqual to one another.
But equal angles stand on equal ares; [ s,
therefore the five arcs A B, B(', (D, DE, EA are e¢qual o
one another.
Aud equal arcs aresubtended by equal straight lines ; [111.29.
therefore the five straight lines AB, BC, CD, DE, EA are
equal to one another ;
aud thercfore the pentagon ABCDE is equilaternl.
It is aleo equiangular,
For, the arc .13 is equal to the arc DE;
to cach of these add the arc B('D;
therefore the wholo arc ABCD is equal to the whole
arc BUDE. [Ariom 2,
And the angle 4 £D stauds on the are ABCD, and the
angle BAE on the arc BCDE.
Therefore the angle A E£D is equal to the angle BAE. [111.27,
For the same reason cach of the anglos ABC, BCD,
CDE is cqual W the angle AED or BAE;
therefore the pentagon A BCDE is equiangular.
And it has boon shewn to be equilateral.
Wherefore an aquilateral and equiangular pentagon
has boen inscrided in the given cirde. Qx.r.
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PROPOSITION 12, PROBLEM.

To deseribe an equilateral and equiangular pentagon
about a given circle.

Le{;e ABCDFhmho ﬁmm circle: larn is wmnd bo\t::
an equi an uian on a
the circle ABCDE. cquangt Pﬁﬁ

Let the angles of a pen-
hgon mlcrl in the circle,

{ proposition, be
a thopoint-A B, C, 1) E,
80 that the arcs A0, BC
CD, DE, EA aro equl
and through the points A4,
B, C, D, E, draw GH, }IIA’
KL LM M(" touchmg the
ol {I1L 17,
The ﬁm GHKLM shall bo the pentagon required.

Tako the centre F, and join ¥B, FK, FC, FL, FD.
Then, bocause the straight line X'Z touches the circle
ABCDE at the point € to which F'C is drawn from the
oentre,
therefore FC is perpendicular to KL, {111 18.
therefore each of the angles at C is a right angle.
Pnrthommlonthomzlnuttbepoinuﬂ D are
right angles.

.Aldbmnﬂwnglol’(‘i‘hnnght e u}mn
on X is equal to the squares on FC, C M, (L. 47
For the same msonmooqmon}‘fhoqmlbthe
squares on FB, BK.

Therefore the squares on FC, CX are equal to the squarce

on FB, BK ; [dziom 1.

of which the square on FCis equal to the square on FB;
o CK is equal to the

e e T {driom 3.
gg:_-mmmmorum»mw
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And becauss FB is oqual to FC,
and FK is common to the two trianglos BF K, CFK;
the two sides BF, FK aro oqual to the two sides CF, FK,
each to cach;
and tho baso 2A” was shewn cqual to the base CK;
thereforo the anglo Z4#°A” is equal to the anglo CFXR, 1. 8.
and the angle BKF to the anglo (KF. [N
Therofore the angle BFC is double of the angle CFK,
and the angle BAC is double of the anglo CA'F.
For the same reason the angle ('£) ix doublo of the
anglo CFL,and the angle (L D is double of the anglo CLF.
And because the arc BC is equul to the arc ¢'D),
the anglo ZFC in equal to the angle CFD; [Hr 27
and the angle AFC is doublo of the angle CFK, and tho
angle CFD is double of the angle CFL;
thorefore the anglo CFA™ is equal to tho angle CFL. (4x.7.
And the right angle FCK is equal to the right angle #CL.
Therefore in the two triangles FUK, FUL, there aro two
:‘nghla of the onu equal to two angles of the other, cach W
i

and the side #°C". which is adjaccnt to the cqual angles in
euch, is common to both;

therefore their other sides are equal, cach to each, and the
third angle of the one equal to the third anglo of the othor;

thereforo the straight line CX is equal to the straight line
CL. and the angle FAC to the anglo FLC. (1. 26.
And because CKX is oqual to CL, LK is double of CK.

In the samo manner it may bo shewn that MK s
double of BX.

And because BK is cqual to CK, as was shown,
and that AKX is double of BK, and LX double of CK,
therefore HK is oqual to LK. [Aziom 6,

In the same manner it may be shown that GH,
GM, ML aro each of them oqual to HK or LK .
therefore the pentagon G HA LM is equilateral,

It ia also equiangular,
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For, since the angle FKC is equal to the angle FLC,

and that the angle Z/A"L is double G
of tho angle FKC, and the angle PN
KLM double of tho angle FLC,

as was shown, 1

thereforo the ung!’o IIK'L is cqual
to tho angle K'LM. [Axiom 6.
In the same manner it may bo
shewn that ecach of the augles
KHG, HGM, GML is cqual to
the augle JIKL or KLM ;
thorefore the pentagon GF/ALM is equiangular,
And it has boen shewn to be equilateral.
Whercfore an equilateral and equiungudur pentagon
has been described about the giten circle. QE.¥.

B

\)
- "
/,.\
TN l \
cC L

\../
X

PROPOSITION 13. PROBLEM.

To inseribe a circle in a gicen equilateral and equi-
angular pentagon.

Let ABCDE be the given equilateral and cquiangular
pentagon : it is required to inscribo ircle ip th
tagon ABCDE. ! * & cirelo fn Be pon-

Bisect the angles BCD),
CDE by the straight lines
CF, DF'; (L 9.
and from tho point F, at
which they meot, draw the
straight lines #'8, F'4, FE.

Then, becausc BC' is equal
to DC, [{1ypotheris.
and CF is common to the two
triangles BCF, DCF;
the two sides BC, CF are
equal to the two sides DC, CF,
each to each;
and the angle BCF is equal to the angle DCF;  [Comstr,
therefore the base BF is oqual to the base DF, and the
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other angles to the other angles to which the cqual sides
aro opposite ; [1. 4
therefore the angle CBF is cqual to the anglo CDF.

And becanso the angle ("DE is double of the angle
CDF, and that the anglo CDL is equal to the angle CB.A,
and tho angle CF is equal to the angle CBF,
therefore the angle 8.1 is double of the angle CBF;

-therefore the angle 4 3F is equal to the angle CBF;
therefore the angle .1 2(’ is bisccted by the straight line BF.

In the same manner it may be shewn that the an;';lcs
BAE, AED are bisccted by tho straight lines A 4, EF.

From the point F draw FG, FH, PR, FL, FM perpen-
diculars to the straight lines A8, BC, CD, DE, EA. (1,12,

7 Then, because the angle F'CIL is cqual to the anglo
CK,
and the right angle F/{C equal to the right angle FRC;
therefore in tho two triangles £/, 'K (' there are two
angles of the one equal to two angles of tho other, each to
cach ;
and the side FC, which is opposite to ono of tho equal
angles in cach, is common to both;
therefore their other sides are cqual, cach to cach, and
therefore the perpendicular F7{ is equal to the perpen-
dicular £A", [1. 2a,

In the same manner it may be shewn that FL, FM, ¥
are each of them cqual to £/1 or FK.

Therefore the five straight lines ¥, FI1, FX, FL, FAf aro
equal to one another, and the circle described from tho
centre F, at the distance of any onc of them will pass
through the extremities of the other four;
and it will touch the straight lines AB, BC, CD, DI, EA,
because the angles at the points G, 2, K, L, M are right
angles, {Construction,
and the straight line drawn from tho extremity of a dia-
meter, at right angles to it, touches the circle; {111, 16.
Therefore each of the struight lines 45, B(, (D, DE, EA
touches the circle.

Wherefore a circle has been inscribed in the given
equilateral and equiangular pentagin.  QEF.

9
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PROPOSITION 14. PROBLEM.

T describe a circle about a gicen equilateral and equi-
angular pentagon.

Let ABCDE be the givon equilateral and equiangular
pentagon; it is required to describe a circle about it.

Bisect the angles 3CD, CDE
by the straight lines (4, DF; (1.9,
and from tho point F, at which
they meet, draw the straight lines
FB, FA, FE.

Then it may bo shewn, as in
the preceding proposition, that
the angles C3A, BAFE, AED are
bisccted by the straight lines B4

\ EF.

And, because the angle BCD is equal to the anglo CDE,
and that the angle £CD is half of the angle BCD,

and tho angle (! is half of the angle CDE,

thercfore the angle £CD is equal to the angle FDC; [42.7.
thereforo the side £°C is equal to the side £D. {1 a.

In tho same manner it may be shewn that #B, FA, FE
are each of them cqual to #Cor FD;
thoreforoe the five straight lines £7.4, FB, FC, FD, FE are
cqual to one another, and the circlo described from the
ceutro #, ut the distance of any onc of them, will pass

- through the extremitics of the other four, and will be de-
scribed about tho equilateral and cquiangular pentagon
ABCDE,

Wherefore a eircle has been described about the gicen

oquilateral and equiangular pentagon, QE.r.

PROPOSITION 15. PROBLEM,

. To snseribe an cquilateral and equiangular heragon
n a gicen circle.

Lot ABCDEF be the given circle: it is required to in-
scribe an equilateral and equiangular hexagon in it.
Find the centro G of the circle ABCDEF, [11L 1,
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and draw the diameter AGD;
from the centre D, at the dis-
tance D@, describe tho circlo
FGCH;
Join EG, CG,and produce them
to t.hepoints B, F;and join 4 B,
BC,CD, DE, EF, FA.
The hexagon A BCDEF shall
be cquilateral and equiangular,
For, because 7 is the centro
of thecircle ABCDEF, GE is
cqual to GD;
and because D is the centro
of the circlo EGC/I, DE is
cqual to D@7 ;

therefore GE is equal to DE, [Axiom 1,
and the triangle £G D is equilateral ;
therefore the three angles £G D, GDE, DE® aro equal to

one another. [1. 5. Corollary.
But the three angles of a trinngle are together equal to
two right angles; (1. 82

therefore the angle EGD is tho third part of two right
angles.

In the same manner it may be shewn, that the angle
DGC is the third part of two right ungles.

And becauso the straight line G’ muakes with tho
straight line £/ the adjacent angles EGC, CGB wgether
oqmi' to two right angles, [r 1.
therefore the remaining angle CG B is the third part of two
right angles;
therefore thoe angles EGD, DGC, CGB aro cqual to ono
another.

And to these aro cqual the vertical opposito o
BGA, AGF, FGE, ! [‘xn.gls.

Thercfore the six angles £ D, DGC, CGB, BGA, AGF,
FGE are equal to one another,
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But cqual angles stand on equal arcs; [T11. 26.
therefore the six ares AB, BC, CD, DE, EF, FA arc
cqual to one another.

And equal ares aro subtended by equal straight lines ;[T11.29,

therefore the six straight lines are equal to one another,
and the hexagon is equilateral,

It is also equiangular.
For, the arc .1 £ is equal to
the are £20);
to each of theso add tho
are LD

therefore the whole arce
FABCD is equal to the
whole are ABCDE,
and the angle FED stands
on the are £.48CD,
and the angle A FE stands

on the arc ABCDE; i
therefore theangle FED is
equal to the anglo A FE. 111 97,

In tho same manner it may bo shewn that the other
angles of the hexagon ABCDEF are cach of them equal
to the angle AFE or FED;
therefore the hexagon is equiangular.

Aud it has been shewn to be equilateral ; and it is inscribed
in the circle ABCDEL.

Wherefore an equilateral and equiangular hexagon
has been inscribed in the given circle. QEF.

Conornrary. From this it is manifest that the side of
the hexagon is equal to the straight line from the ceutre,
that is, to the semidiameter of the circle.

Also,if through the points A, B, C, D, E. F, there be
drawn straight lines touching the circle, an equilateral and
equiangular hexagon wiil be described about the circle,
as may be shown from what was said of the pentagon; and
a circle may be inscribed in a given cquilateral and equi-
angular hexagon, and circumseribed about it, by & method
liko that for the pentagon,
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PROPOSITION 16. PROBLEM.

To inscribe an equilateraland equiangularquindecagon
tn agicen circle,

Let ABCD be the given circle: it is required to in-
scribe an equilateral and equiangular quindecagon in the
circle ABCD.

Let AC be the side of an A
equilateral triangle inscribed ERER

1 8 /"\\ \
and let A8 be the sido of an
equilateral and equiangular S /
pentagon inscribed in the I
circle. [rv. 1. C

in the circle; [1v, 2 “/A /

.

. \

Then, of such equal parts —
as the whole circumferenco
ABCDE contains fifteen, the are A B¢, which is the third
part of the whole, contains five, and the arc AL, which is
the fifth part of the whole, contains three;
therefore their difference, the arc 2C, contains two of the
same parta.

Bisect the arc BC at £ [111. 30,
therefore cach of the arcs BE, EC is the fifteenth part of
the whole circumference ABCDF,

Therefore if the straight lines BE, EC be drawn, and
straight lines equal to them be placed round in the whole
circle, fIv. 1.
an equilateral and equiangular quindecagon will be in-
scribed in it. QE.F.

And, in the same manner as was done for the pentagon,
if through the points of division made by inscribing the
quindecagon, struight lines bo drawn touching the circle,
an oquilateral an eguiaugnhr quindecagon will be do-
scribed about it; and also, as for the {mnmgon. - circle
may be inscribed in a given oquilateral and equiangular
quindecagun, and circumscribed about it.
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1. A pLess magnitude is said to be a part of a greater
magnitude, when the less measures the greater ; that is,
when the less is contained a certain number of times ex-
actly in the greater.

2. A greater magnitude is said to be a multiple of a
leas, when tho greater is measured by the less; that is,
when tho greater contains the less a certain number of
times exactly.

3. Ratio is a mutnal relation of two magnitudes of tho
same kind to one another in reapoct of quantity.

4. Magnitudes aro said to have a ratio to ono another,
when the less can be nultiplicd so as to exceed the other.

8. Tho first of four magnitudes is said to have the
sno ratio to the socond, that the third has to the fourth,
when any cquimultiples whatever of the first and the third
boing takon, and any equimultiples whatever of the second
and the fourth, if the multiple of the first be less than that
of the second, the multiple of the third is also less than that
of the fourth, and if the multiple of the first bo equal to
that of the second, the multiple of the third is also equal to
that of the fourth, and if the mulu;rlc of the first be greater
than that of the second, the multiple of the third is also
greater than that of the fourth.

6. Maguitudes which have the same ratio are called
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When four magnitudes are proportionals it is usuall
expressed by saying, the first is to tho socond as the thi
is to the fourth.

7. When of the equimultiples of four magnitudes, taken
a8 in the fifth definition, the multiple of the first is grontor
than the multiple of tho somnd,ﬁ)ut the multiplo of tho
third is not greater than the multiHlo of the fourth, thon
tho first is said to have to tho sccond a greater ratio than
the third has to the fourth; and the third is said to havo
to the fourth a less ratio than the first has to tho second.

8. Analogy, or proportion, is the similitude of ratios,
9. Proportion consists in three terms at least.

10. When three magnitudes are proportionals, the first
i+ said to have to the third the duplicate ratio of that
which it has to the second.

[The second magnitude is said to he n mean propor-
tional between the first and the third. ]

11.  When four magnitudes are continued proportionals,
the first is said to have to the fourth, the triplicate ratio of
that which it has to the sccond, and so on, quadruplicate,
&c. increasing the denomination still by unity, in auy num-
ber of proportionals,

Definition of compound ratio. When there are any
number of magnitudes of the same kind, the first is suid to
have to the last of them, the ratio which is compounded of
the ratio which the first has to the second, and of the ratio
which the second has to the third, and of the rutio which
the ‘tihird has to the fourth, and so on unto the last mag-
nitude.

For example, if 4, B, C, D bo four magnitudes of the
same kind, the first 4 is said to have to the last 1, the
ratio compounded of the ratio of A4 to 3, and of the ratio
of B to L‘! and of the ratio of C to I ; or, the ratio of A1 to
1) is said to bo compounded of the ratios of A to B, B o
C,and Cto .

And if 4 has to B the same ratio that £ has to F;
and B to C the same ratio that & has to /7; and C to D
the same ratio that X has to L ; then, by this definition,
A i8 8aid to have to D the ratio compounded of ratios which
are the same with the ratios of £ to £, G to /7, and X to L,
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And the same thing is to be understood when it is more
briefly expressed by saying, A has to D the ratio com-
pounded of the ratios of £ to F, G to /{,and A to L.

In like manner, the same things being supposed, if A
has to NV the same ratio that 4 has to 7); then, for the
sake of shortness, M is said to have to NV the ratio com-
pounded of the ratios of £ to F, G to I, and K to L.

12. In proportionals, the antecedent terms are said to
bo homologous to one another; as also the consequents to
one another.

Gieometers make use of the following technical words,
to signify ecrtain ways of changing cither the order or the
magnitude of proportionals, so that they continue still to be
proportionals.

13.  Permutando, or alternands, by permutation or
alternately; when there are four proportionals, and it is
inferred thut the first is to tho third, as the sccond is to
tho fourth. V. 16.

14. Inrertends, by inversion: when there are four
proportionals, and it is inferred, that the socond is to the
first as the fourth is to the third. V. 2.

15, Componendn, by composition ; when there are four
proportionals, and it is inferred, that the first together
with the second, is to tho sccond, as the third together
with the fourth, is to the fourth. V. 1s.

16.  Dicidendn, by division; when there are four pro-
portionals, and it is inferred, that the excess of the first
above the second, is to the second, as the excess of the
third above the fourth, is to the fourth. V, 17,

17.  Conrertend», by conversion; when there are four
proportionals, and it is inferred, that the first is to its
exceas abovo the second, as the third is to its excess above
the fourth. V. E.

18. Exr aquali distantia, or ex aqu», from equality of
distance ; when there is any number of nmgniuﬂea more
than two, and as many others, such that they are propor-
tionals when taken two and two of cach rank, and it is
inferred, that the first is to the last of the first rank of
magnitudes, as the first is to the last of the others.
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Of this there are the two following kinds, which arise
from the different order in which the magnitudes are taken,
two and two.

19. Ex aquali. This term is used simply by itaclf,
when the first magnitude is to the second of the first rank,
as the first is to the second of the other rank; and the
second is to the third of the first rank, as tho sceond is to
the third of the other; and sooninorder; and the inferenco
is that mentioned in the preceding definition. V. 22,

20. E.r cequali in proportione perturbati sewinordinatd,
from equality in perturbate or disorderly proportion.  This
term is used when the first magnitude is to the second of
the first rank, as the last but one is to tho last of the second
rank ; and the second is to the third of the first rank, ns the
last but two is to the last but one of the secomd rank ; and
the third is to the fourth of the first rank, as the last but
three is to the lust but two of the second rauk ; and so on
in a cross order; and the inferencoe is thut mentioned in tho
cightcenth definition. V. 23

AXIOMS.

1. Equimultiples of the same, or of equal magnitudes,
are cqual to one another.

2. Those magnitudes, of which the same or equal mag-
nitudes are equimultiples, are equal to one another.

3. A multiple of a greater magnitude is greater than
the same multiple of a less.

4. That magnitude, of which a multiple is greater than
tho same multiple of another, is greater than that other

magnitude.
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PROPOSITION 1. THEOREM.

If any number of magnitudes be equimulliples of az
many, cach of each ; whateeer multiple any one of them is
of its part, the same multiple shall all the first magni-
tudes be of all the other,

Let any number of magnitudes A5, CD be equimul-
tiples of as many others £, F, each of each: whatevor
multiple A7 is of £, the rame multiplo shull A8 and CD
togethoer, be of £ and 27 together.

For, because (473 is the same multiple of E, that CD is
of F, as many magnitudes as there are in
ADB equal to E, 8o many are there in €D A
orqual to .

Divide A5 into tho magnitudes Af7, G 3, G

onch e((]un.l to £; and CD into the magni-

tudes C'/, H D, euch oqual to I

Thercfore the number of the magnitndes

1, 11D, will bo cqual to the number of C

the magnitudes AG, GB. J
F

l_:l

B

And, because AG is equal to E, and
CH oqual to F, therefore AG and I
together are equal to £ and F' together ;
and because G 73 is equal to £, aud /1)
oqual to F, thercfore (7 28 and HD togother
arc oqual to £ and F together.  [Ariom 2.
Thorefore as many magnitudes as there are in A3 equal to
E, 8o many aro there in AR and (D together equal to £
and F together.
Therefore whatever multiplo A 73 is of E, the same multiple
is A 22 and CD) together, of Eand F together.

Whorcfore, {/ any number of magnitudes &c. Q.E.D.

PROPOSITION 2. THEOREM.

11 the first be the same multiple of the secmd that the
third is of the fourth, and the fifth the same multiple of
the second that the sicth is of the fourth; the first toge-
ther with the ffth shall be the same multiple of the second,
that the third together with tho sixth is of the fourtA.
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2 3

Let AB the first be tho same multiplo of (7 tho second,
that DE the third is of #' the fourth, and let BG the fifth
be the saine multiple of €' the socond, that K/ the sixth
is of £ the fourth: AG, the first together with the fifth,
shall be the same multiple of €' the second, that /241, the

third together with the sixth, is of £ the fourth.

For, because A/ is the samo multiple of € that DE

is of F, as many magnitudes as
there are in AR cqual to ¢, so
many are there in D £ equal to /7
For the same reason, as many
magnitudes as there are in B¢/
c(‘mul to €, so many are there in
EH cqual to F,
Therefore 18 many magnitudes
as there are in the whole A6/
cqual to (', 80 many are there in
the whole DJ1 cqual to F.
Therefore A is tho samo multi-
ple of C that DH is of £,
Wherefore, if the first be the
same multiple &c. QED.

Cororntary, From this it is
plain, that if any number of mag-
nitudes A B, BG, GII be multi-
ples of unother €'; and as many
DE, ER, KL be tho same mul-
tiples of F, each of cach; then
the whole of the first, namely,
AH, is the same multiple of ¢,
that the whale of the last, namely,
DL, is of F.

A
K
4]
G
D
A
K
B
K
G
!
nc L

PROPOSITION 3. THEOREM.

If the first be the same multiple of the secomd that the
third is of the fourth, and if of the first and the third
ultiples, these shall be equimultiples,

the one of the second, and the vther of the fourth.

there be taken equim
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Let A the first bo the same multiple of B the second,
that C the third is of D the fourth; and of 4 and ¢ let
the equimultiples £F and /7 be taken: EF shall be
the same multiple of B3 that (//1 is of D,

For, because EF is the same multiple of A that GH is
of ( [HTypothesis,
a8 many magnitudes as
there are in £F cqual
to .1, so many arc there
in Gl cqual to (',
Divile EF into the .
magnitudes Ll\ KF, K ‘ I
cach equal to .1 ; and
GH into the magni-

H

tudes L, LH, cach
equal to .
Thercfore the number of ¥ A B ¢ C D

themagnitudes KA A/,
will be equal to the number of the magnitudes G L, LIL.

And beeauso o1 is the same multiple of B that € is
of D, [ 1 ypothesis.,

and that EA™ is equal to A, and G L is cqual to 5 [Constr,
therefore ER™ is the same multiple of B that G Z is of D.
For the same reason A'F is the same multiple of 27 that
LI isof D,
Therefore because EA™ the first is the same mnltiple
of I the second, that ¢/ L the third is of 2 the fourth,
and that A7F the fifth is the same multiple of B the second,
that L7 the sixth is of 7) the fourth;
EF the first together with the fifth, is the same multiple
of /1 the second, that G/I the third together with the
sixth, is of 1) the fourth. [Vv.2
In tho same manuer, if there be more parts in EF e nal
to .4 and in GH equal to € it may be shewn that F
the same multiple of B that G H is of D. v.g C'or
Whercfore, {/"the first &c. Q...

PROPOSITION 4. THEOREM.

If the first hare the same ratio fo the second that the
third has to the fourth, and {f there be taken
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multiples whatever of the first and the third, and alwmn
any equimultiples whatever of the second and the fourth,
then the multiple of the first shall hare the same ratio to
the mudtiple of the gecond, that the muldtiple of the third
has to the multiple of the fourth.

Let A the first have to 72 the second, the same ratio
that € the third has to 7) the fourth: and of .4 and (* let
there be taken any cquimultiples whatever £ and £, and
of 2 and D nny equimultiples whatever 7/ and /7 E shall
have the same ratio to ¢ t‘mt F has to 1.

Take of £ and # any equi-
multiples whatever A" and Z, ’
and of 7 and JI any equimul-
tiples whatever M and . i

¥
i

Then, because F is the same
multiple of A that #'is of ¢,
and of £ and F have been taken
equimultiples A" and L;
therefore A is the same mul-
tiple of A that Lisof €. [V. 38,

For tho same reason, M is the i
same multiple of /2 that NV is of 1. i
And because A is to Bas ¢ |
isto D), [ upsthesis, l
and of 4 and (" have been taken
certain _equimultiples A and 7, l
and of B and /) have been tuken
certain equimultiples M and N
therefore if A" be greater than
M, L is greater than N; and if
equal, equal ; and if less, less. [V. Definition 5.
But X and Z are any equimultiples whatever of £ and £,
&nd M and N are uny equimultiples whatever of and //;
therefore E is to G as F'is to /. [V. Definition 5,
Wherefore, if the first &c. Q.E.D.

CoroLrAry. Also if the first have the same mtio to
the second that the third has to the fourth, then any equi-
multiples whatever of the first and third shall have the
same ratio to the second and fourth; and the first and

e
-

— iy —
zx

e o
~ -
-
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third shall have the same ratio to any equimultiples what-
ever of the second and fourth.

Let A the first have the same ratio to B the second,
that C the third has to D) the fourth; and of 4 and € let
thero be taken any equimultiples whatever £ and F: E
shull bo to B as Fis to L.

Take of £ and 2" any equimultiples whatever A and Z,
aud of B and D any equimultiples whatever ¢ and /.,

Then it may be shewn, as before, that X is the samo
multiplo of A that L is of C.

And because A is to B as Cis to D, [ #ypothesis.

and of 4 and € have been taken certain equimultiples K
and Z, and of 72 and L have been taken certain equimul-
tiples ¢ and I/;

therefore if K be groater than @, L is greater than /7 ; and
if equal, cqual ; and if loss, less. LV. Definition 5.
But X and L are any equimultiples whatever of £ and F,
and G and £/ are any equimultiples whatever of 2 and D
thereforo Eis to B as Fisto . [V. Definition 5.

In tho same way the other caso may be demonstrated.

PROPOSITION 5. THEOREM.

If one magnitude be the same multiple of another that
a magnitude taken from the first is of a magnitude taken
Jrom the other, the remainder shall be the same multiple
of the remainder that the whole is of the while.

Iet 4B bo the same multiple of D), that AE taken
from tho first, is of CF taken from the other: the remain-
der £ shall bo the same multiple of the remainder £D,
that the whole A2 is of the whole ¢'D,

Tako 4G the same multiple of FD, that AE is of CF;
u%om AE is tho same multiple of CF that L;G is
of CD. V.1

But AE is the same multiple of CF that 4B is of CD;
WNEG is the same multiplo of CD that AD is

thercfore EG is equal to 4 8. [V. dxiom 1.
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From each of these take the common
magnitude 4 E; then the remainder AG o
is cqual to the remainder EB.

Then, bocause A F is the same multiple
of CF that AG is of 'D,  [Construction,
and that AG is cqual to ER;
therofore AE is the same multiplo of CF
that £ is of FD.
But AE is the same multiple of CF that .
ABisof CD; [Hupothesis, K
thercforoe E2 is the same multiple of F
FD that ABis of ('1),

Wherefore, if unemagnitude&e. QE.b. B D

PROPOSITION 6. THEOREM.

If two magnitudes be equimultiples of two others, and
U equimultiples of these { 2 taken from the first tico, the
remainders shall be either oqual 1) these others, vr equi-
mudtiples of them.

Let the two magnitudes A B, €D be equimultiples of
the two £, F; and let A2, G, taken from the first two,
be cquimultiples of the same £, £: the renminders 65,
HD shall be either equal to £, ) or equimultiples of them.

First, let G2 be equal to 2: 77D shall be ¢qual to £
Make C’A” equal to £
Then.because A (7 is the same mul- Ak
tiple of £ that CH is of F, [Hyp.
and that B is equal to E, and ¢
CK is eqyual to £;
therefore A5 is the same multi- 4
ple of £ that X'/1 is of £, ] m l

But AR is the rame multiplo l
of E that CD is of F; [ Hypothesis. B D EF
therefore K/ is the same multiple of F that ') is of F';
therefore K/ is equal to ', [V. Axiom 1,

From each of these take the common magnitude CH ;
then the remainder CK is equal to the remainder 27D,
But CA is equal to F; [Conatruction.
thercfore HD is equal to F.
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Next let GB be a multiple of E: Z/D shall be the
same multiple of F.

Make (X the same multiple K
of 7 that GB is of E.

Then, becausc A6 is the same A
multiple of £ that '/ is of

£, [#H ypothesis.

and G B is the same multiplo
of E that CA is of #'; [Conatr. Gl
therefore A /2 is the same mul-
tiple of £ that K2 is of £, [V.2. I

But 423 is the sune multi- :
plo of £ that C12is of #; [ lyp. B D EF
therefore A1 is the same multiple of 2 that (2 is of F;
therefore A7 is equal to (°0), [V. Axiom 1.

From cach of these take the common magnitude X ;
then the remainder CA” is equal to the remainder 27.0.

And beeause ('A” is the same multiplo of ¥ that G2 is
of E, [Construction.

and that CA" is oqual to //D;
therefore 21D is the same multiple of F that GB is of E.
Whercfore, {f tico magnitudes &c.  Q.E.p.

PROPOSITION 4. THEOREM.

If the fivst of four maguitudes hare the same vatio to
the second that the third has to the fourth, then, if the first
be greater than the second, the third shall also be greater
than the fourth, and {f cqual equal, and (f less less.

Take any equimultiples of cach of them, as the doubles
of each.

Then if the double of the first be greater than the double
of the second, the double of the third is greater than the
double of the fourth. [V. Definition 5.
But if the first bo ter than the sccond, the double of
the first is greater than the double of the aecond
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therefore the double of the third is greater than the double
of the fourth,
and therefore the third is greater than the fourth,

In the sume manner, if the firat be cqual to the second,
or less than it, tho third may be shewn to be equal to tho
fourth, or less than it.

Wherefore, {f the first &c. Q.E.D.

PROPOSITION B. THEOREM.

If four magnitudes be proportionals, they shall also be
proportionals when taken incersely.

Let A be to B as C is to D; then also, inversoly, B
ghall bo to 4 a8 D is to C.

Take of 2 and D any equimul-
tiples whatever £ and #';,
and of A4 and € any equimultiples
whatever & and 1.
First, let £ be greater than G, then
G is less than £ ;
Then, because A is to 2 as C is
to D; [22ypothesis. G /L
and of 4 and C the first and third, ¢
G and H are equimultiples; I
and of B and D the second and
fourth, £ and F are cquimultiples;
and that & is less than F;
therefore 71 is less than F'; [ V. Def. 5.
that is, F is greater than /7,
Therefore, if E bo greater than G, F is greater than 77,

In the same manner, if £ bo cqual to ¢, # may bo
shewn to be equal to /7; and if less, less.

But E and F are any equimultiples whatever of B
and l{, and ¢ and £/ are any equimultiples whatever of 4

—
-

and C [Conatruction.
therefore Bisto 4 as D is to C. [V. Definition 5,
Whersefore, {/.fuur magnitudes &c. Q.E.D.
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PROPOSITION ¢. THEOREM.

If the first be the same multiple of the second, or the
same part of it, that the third is of the fourth, the firsi
shall be to the second ax the third is to the fourth.

First, let A4 be the same multiple of 2 that € is of D:

A shall be to /2 as ( is to D.

Take of A4 and ¢ any equimultiples
whatever £ and £; and of 5 and £ any
equimultiples whatever ¢/ and M.

Then, because A is the same multiple
of I that ("is of D); [ 11 upothesis,
and that /7 is the sume multiple of A that
Fis of (; [ onxtruction.
therefore F is the same multiple of B
that /is of 12, [V. 3.
thatis, Eand Fareequimaltiplesof Band /).

But G and £{ are equimultiples of 22
and /1), [Constraction.
therefore if ' be a greater multiple of
22 than (7 is of B3, F is a greater multi-
ple of 22 than /fis of D;
that i, if 2 be greater than G, F is
greater than 77,

In the same manner, if E be equal to
@, F may be shewn to be equal to /7 ; and
if less, less,

But £ and F are any equimultiples

ol
I8

whatever of A and ¢’ and ¢ and A are any equimultiples
L onstruction,

whatever of 22 and D;
therefore A is to 3 as Cis to D,

[V. Detinition 5,

Next, let 4 be the samo part of B that € is of D:

A shall bo to B us Cis to D).

For, since A4 is the same part of B
that (18 of D,

thorefore B is the same multiple of .1
that D is of C';

therefore, by the preceding cnse, B is to
Aas Disto C;

therefore, inversely, 4 is to Bas Cis to D.
Whercfore, {f the first &  Q.ED.
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PROPOSITION D. THEOREM.

If the firat be to the secomd ax the third is to the fourth,
and {f the firat be a multiple, or a part, of the second, the
third shall be the same mudtiple, or the same part, of the
Jourth,

Let 4 be to Bas Cisto D,
And first, let .4 be a multiple of B:
€’ shall be the same multip e of D,
Take Z equal to .4; and what-
ever multiple .4 or £ is of 2, make
F the same multiple of 2.
Then, because .1 is to B2 as O
is to /), [t ypusthesis. ‘
and of B the second and 72 tho \
fourth have been taken equimultiples
F and £ [Comeatruction,
therefore 4 is to F as (7 is to
F [\ 4 ( urn/lllrl/
But 4 is equal to £ ; [Construction,
therefore C'is equal to F. [v. 4.
And F is the same multiple of
D that .1 is of £3; [Construction,
thercfore C is the same multiple of /) that .1 is of 5.
Next, let A be a part of 22 €7 shall be the same part of 1.

=
-
—
-

——————— e —

For, because A is to BZas Cis to 1) [11ypsthesia.
therefure, inversely, 72 is to A4 as D is to (", [v. n,
But A is a part of /3; [ ypasthesis.

that is, B is a multiple of A4 ;
therefore, by the preceding case, D is the same multiple of C';
that is, (' is the same part of D that A is of B.

Wherefore, {/ the first &c. Q.E.L.

PROPOSITION 7. THEOREM.
magnitudes hare the same ralin in the sams
magnitude; and the same has the same rativ to equal
magnitudes,
10—2
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Let A and B be equal magnitudes, and C any other
nygmitude: each of the magnitudes 4 and /2 shall have
the same ratio to C'; and ¢ shall have the same ratio to
cach of the magnitudes 4 and 2.

Take of .4 aml /2 any cquimultiples 1
whatever D and £ ; and of C any wul- .
tiplo whatever 2,

Then, becauso 7) is the same mul-
tiplo of .1 that E i of I3, [t onstruction,
and that A is cqual to £2; [ Hypothesin,
therefore 72 is equal to £ [V, driom 1.
Therefore if 1) be greater thau F, F is
greater than /5 and if cqual, equal;
and if loss, lona,

But D and F are any equimultiples
whatever of o4 and 72, and £ is any ;
multiple whatever of €75 [ nstruction. !
thereforo A istoCas fisto [V . ef.5. :

Also (C shall have the same ratio to A4 that it has to B,
For the same construction beivg made, it may be shewn,
as bofore, that 2 is cqual to £,

Thercforo if & be greater than D, F is greater than £
and if cqual, equal ; and if less, less.

But # is any multiple whatever of C, and D and £ aro
any oequimultiples whatever of A and 22 [Construction,
therclore Cis to .1 as C'is to B, {V. Deginition 5,

Whereforo, equal magnitudes &c. Q.E.D.

M <
= Be———
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PROPOSITION 8 THEOREM.

QF unequal magnitudes, ths greater has a greater
ratio to same than the less has; and the same mag-
nstude has a greater vatio to the less than it has to the
greater,

Let AB and BC be uncqual magnitades, of which 48
is tho greater; and let D be any other magnitude what-
ever: .ADB shall have a greater ratio to ) than BC has
n'a;‘;gd D shall have a greater ratio to BC than it
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If the magnitude which is not the greater of the two
AC, CB, be not lesa than D), take EF, £ tho doubles of

AC, CB .Figure 1.

But if that which is not the
ater of the two A7, (', be

css than £ . Figures 2 and 3,

this magnitude can be multiplied,

80 a8 to become greater than 1),

whether it be AC or CB.

Let it be multiplied until it be-
comes greater than /2, and let the
other be multiplied as often,

Let £F bo the multiple thos taken
of A, and £'G the same multiple
of ('l

therefore £F and FG are cach
of them greater than D,

And in all the eases, take 77
the double of 7, K"its triple,
and 8o on, until the muitiple
of I taken is the first which
isgrecater than £¢. Let 7 bo
that multiple of /), namely,
tho first which is greater
than F'¢7; and let A” be the
multiple of D which is next
less than L.

Then, because L is the first
multipleof L which isgreater
than }ﬂ, [Construction,
the next preceding multiplo
K is not greater than FG

that is, F'G is not leas than A~
And because EF s the same
multli?le of AC that FG is
of CB, [Conitruction.

of C.

that is, EG and FG are equimultiples of 48 and CD.

thore‘foro EQ@ is the same multiple of A3 that FG

¥ Fig o,
¥ A
|
&
(:L 13
I. K H Db
bl
b
i i
7. Fig. 3.
}J‘ A
L.
| C
H D G B
l L K T

P——

is
[v.1
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And it was shewn that FG is not less than X,

and EF is greater than D; [Construetion.
therefore the whole EfZ is greater than A and D together.
But A and D) together are equal to L; [Construction,

therefore E'(/ is greater than Z.

But FG is not greater than L.

And E(; and F(; were shewn to be equi-

multiples of A /2 and B07;

and 7, is a multiple of ). [Cimstruction.

Therefore o472 has to 1) a greater ratio A

than BC has to 1), [V. Desinition 7.
Also, 7» shall have to H#C a greater ¢

ratio than it has to .1 /3. ¢

For, the samo construction being made, L x

it may be shewn, that £ is greater than 3 I

Fei but not greater than L5,

And L is a multiple of 12, [¢onstrrction, ’

and £6 and Fowere shewn to be equi-

multiples of A2 and 02, !

Therefore 1) has to BC a greater ratio than it has

to .4 . [V. Desinition 7.
Wherofore, 1" unegual magnitudes &e.  QE.v.

PROPOSITION 9. THEOREM.

Magnitudes which haee the game ratio to the same
wmagnitude, are equal to one ancther ; and those t which
the same magnitude has the same ratio, are equad to one

another.

First, let 4 and B have the same ratio to C: A shall
bo equal to 4.

For, if .4 is not equal to B, one of them must bo greater
than the other; let A be the greater.

Then, by what was shewn in Proposition 8, there aro



BOOK V. 9. 151

sowo equimultiples of 4 and 72, and

somo multiple of ¢, such that the

multiple of .1 is greater than the

multiple of €', but the multiple of

B is not greater than the multiple b

of (', A {

Let such multiples be taken: and

let 2 and £ be the equimnltiples Cl F

of A amd £, and # the multiple

of €75 so that D is greater than |

£, but £ is not greator than £ , i
Then, because . s to ¢ as 12 is H

to (*; and of A4 and B are tuken

cquimultiples ) and £, and of ¢

is taken a multiple #7;

and that ) is greater than 273 [ mstruction.
therefore V is also greater than F. [V. Degnition B,
But F is not greater than £ [Construrtion.

which is impossible.

Therefore A and 23 are not unequal; that is, they are
cqual.

Nest, let € have the same ratio to A and 2. A shall
be cqual to 13,

For,if .1 i3 not equal to 72, one of them must be greater
than the other; let A be the greater,

Then, by what was shewn in Proposition & thero is
come multiple £ of 7 and some equimultiples 2 and 22 of
B and A, such that #' is greater than E, but not grester
than 7).

And, beeause Cisto 2w Cis to A, [11yprthenia.
and that # the multiple of the first in greater than £ the
multiple of the second, {7 “matruction,
therefore F the nmltiple of the third is greater than )
the multiple of the fourth. [V. Infinition 5,

But £ is not greater than D; [Conatruction,

which is impossible.
Thercfore 4 and 72 are not unequal; that is, thoy are
ual.

Whercfore, magnitudes swhich &c. Q.e.p.
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PROPOSITION 10. THEOREM.

That magnitude which has a greater ratio than another
has to the same magnitude is the greater of the two; and
that magnitude to which the same has a greater ratio than
1t has tv another inagnitude is the less of the two.

Firat, lot A havo to C a tor
ratio than 73 has to C: A4 shall be
greater than 2.
For, because 4 has a greater ratio Al
to C than /2 has to (, there are some
oquimultiples of A and B, and some
multiple of (', such that the multiplo (:!
of A 18 greater than the multiple of )
but the multiple of 72 is not greater
than the multiple of (" (V. Dey. 3. ul
Let such multiples be taken: and F
let ) and £ be the cquimultiples of *
A and B, and F the multiple of 7,
so that J) is greater than #, but £
is not greater than #°;
therefore D is groater than E

And bocauso D and E are cquimultiples of .4 and 23, and
that D) is greator than £,

thorefore A is greater than B, [V. Aziom 4.

Noxt, let € have to B a greater ratio than it has to A :
B shall be leas than A,

For thero is aome multiplo F of , and some equi-
multiples £ and D) of /3 and .4, such that F is greater
than %, but not greater than D; [V. Ixfnition 7.
therofore £ is less than D,

And bocauso £ and D are cquimultiples of B and A4, and
that £ is lcss than D,

therofore 23 is less than A. [V. Axiom 4.
Whercfore, tAat magnitude &c. QED.
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PROPOSITION 11. THEORKM.

Ratios that are the same to the same ratin, are the same
to one another.

Let Aboto Bas Cisto D,andlet C beto Das K ia
toF: Ashallbeto Bas Eis to X

c " —— s v o> K...,..‘. ba s e
A c——- E -

B— - D-m F- -
Leeee M — [ .

Take of 4, (', any cquimultiples whatever ¢, I K;
and of 73, D, F uny ecquimultiples whatever 1, M, N,

The-., bocause A is to B as Cis tn D, [Hypothesia,
and that G and /1 are equimultiples of A4 and €' and /,
and A are equimultiples of 22 and 1), [ Cunstruetion,
therefore if 7 be greater than /L, H is grenter than M
and if oqual, equal ; and if leas, less. (V. Definitim 5.

Again, because Mis to /2 as Eis to F, [Hypothesia,
and that /7 and KA are equimultiples of € and £, and M

and N are equimultiplos of 22 and F'; [Cmetruction,
therefore if 7/ bo greater than M, &A™ is greater than N;
and if equal, equal ; and if loss, less. [V. Drefinitiom 5.

But it has been shewn that §f G be greater than 2, /T

is greater than M ; and if equal, equal ; and if lesa, Jesa.
Therefore if ¢ be greater than L, A” is greater than N;
and if equal, equal ; and if leas, losa.
And 7 and K are any equimultiples whatever of A and E,
and Z and N arc any equimultiples whatever of 5 and £,
Therefore A isto Bas Eis o F. [V. Defimition 3,

Wherefore, ratios that are the same &c. Qb
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PROPOSITION 12, THEOREM.

If any number of magnitudes be proportionals, as one
of the antecedrnts 18 to its consequent, sn shall all the ante-
cedents be to all the convequents,

Let any number of m.lgmtudcs 4, B, C, D, E, F bo
proportionals ; namely, as .1 is to B, s0 let ' be to D, and
E to F:as o is to B, so shall 4, ¢, E together be to
B, D, F togcether.

G o m Momrm e e e Ko o
A Co— e E-- - -
B~ - o J— j

L~ - IO ¥ N = -

Tako of .1, (', I any mrlllnuluplm whatever ('. II K;
and of B, 1), F auny eqmmu tiples whatever L, M, N

‘Then, beeause . s to B s € is to D and as E is to F,
and that ¢/, /1, A" are («]unuultlplcs of A, C.Eand LM N
upumnlhpluof B,D,F [Construction,
thereforo if 6 be 'rmtor than L, H is greater than M,
nmd A7 i greater dx w Y and |funml cqual ; and if less,
Joss, [V. Dernition 5,
Therefore, if 7 be greater than Z, then ¢, 11, K together
are gmm\r than L, M, N wgether; and if equal, equal;
amd if less, loss,

But €, and 7, H, K together, are any equimultiples
whatever of A, and oL, C, F together; [V.1.
and Z, and L, M, N together are any equimultiples wlmt-
ever of B, and B, D, F together. {v.

Thorefore as A is to 2, so are A, C, E together to
B, D, F together. [V. Definition 8.

Wherefore, {/ any numlber &c. Q.ED.

PROPOSITION 13, THEOREM.

I the first hare the same ratio by the seennd sehick the
third has to the fourth, but the third (o the fourth a greater
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ratio than the NA to the sixth, the frst shall hare to the
second a greater vatio than the firth has to the sixth.

Let A the first have the same ratio to 2 the second
that € the third has to 2 the fourth, but ¢’ the third a
greater ratio to D) the fourth than £ the fifth to £ the
sixth: A the first shall have to 2 the second o greater
ratio than E the fifth has to F the sixth,

M o e g - - o -
A- C - ¥ -
B D - ¥F-
N-- - K- - 1 - -

For, because ¢ has a greater ratio to 22 than £ has to £,
there are some cquimaltiples of €7 and Z, and xome equi-
multiples of /) nml F, such that the multiple of (' is greater
than the multiple of /), but the multiple of £ is not greater
than the multiple of F. [V. Deinition 7.
Let such multiples be taken, and let 7 and /{ be the equi-
multiples of ¢ and £, and A wnd £ the equimaltiples of
Dand F;
so that €7 is greater than A7, but 77 ix not greater than L.
And whatever multiple 6 in of 7 take M the mame mul-
tiple of _1; and whatever multiple A" is of /), tuke N the
same muitiple of 13,

Then, becauso .4 is to 22 as Tin to D, [Hypstheria,
and M and ¢/ arc equimaltiples of o and €, and .V and
K are cquimultiples of /2 and D, [ onstrurtion,
thercfore if M be greater than N, 7 is greater than A7;
and if equal, cqual ; and if less, lesa. [V. Definitiom b,
But & is greater than A7 (¢ “nstruction,
thercfore M is greater than .V,

But /#{ is not greater than /. ; [ matrurtion,

and M and H arc cquimnltiples of A and £, and N and /,

are equimultiples of 2 and ;'; [ mstruetion,

therefore A4 has a greater ratio to 5 than £ has to £
Wherefore, {/ the first &c. .ED.
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CororLary. And if the first have a ter ratio to
the second than the third has to the fourth, but the third
the same ratio to the fourth that the fifth has to the sixth,
it may be shewn, in the same manner, that the first has a
greator ratio to the socond than the fifth has to the sixth.

PROPOSITION 14. THEOREM.

If the first hare the same ratio to the sccond that the
third has to the fourth, then {f the first be greater than
the third the second shall be greater than the fourth; and
U equad, equal ; and {f less, less.

Lot A tho first have the same ratio to 72 the second
that (¢’ the third has to 72 the fourth: if 4 be greater than
l( 43 shall be groator than D; if equal, cqual; and if less,
088,

1 3 3

Ll

?
!
D A BCD A B CD

aQ-—

Firat, lot .1 bo greater than ;22 xhall be greater than D.
For, beeauso A is greater than ¢, [Hypotheria.
and 2 is any other magnitude;
therefore - has to /2 a greater ratio than € has to 72 [V. &
But Aisto Bas Cisto D, {Hvpothesia,
Thereforo C bas to 22 a greater ratio than C has to 2. [V, 18.

But of two magnitudes, that to which tho same has tho
groater ratio is the less. {v.10.
Thereforo 22 is less than 2; that is, 73 is greater than D.

Bocondly, let A be oqual to C': B shall be equal to D.
For, A isto Bas C, that is 4, is to D, [ ypotheria.
Thorofore B is equal to D. [v.s.
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Thirdly, let A bo less than C': 2 shall be less than D.
For, € is greater than A.
And bocause Cis to D as A is to B; [ Hypothenis,
and €' is greater than A ;
therefore, by the first case, ) is greater than 72;
that is, /3 is less than D,

Wherefore, {f the first &c. Q.

PROPOSITION 15. THEOREM,

Magnitudes hare the same rativ to one another that
their equimudtiples haee.

Lot A B be the same multiple of € that E i of F:
Cshall be to Fas 4B is to DE.

Yor, because A8 is the anme multiple of € that DE is
of F, [Huprothesia,
therefore as many magnitudes as A
therc are in A4 equal to (' so
many are there in DE equal to £
Divide A2 into the magnitudes )
AG, GH, I1D, each equal to (7 K
and DE into the magnitndes I -
DK, KL, LE, cach equal to &, ,
Thercfore the number of the mag- ‘ |
nitudes A, 1, H B will be equal ¢C K Fr
to the number of the magnitudes
DK, KL, LE.

And because AG, G ITH are all equal; [Construction,
and that DK, AL, LE are also sll equal;
therefore AG is W DR as GH is wo KL, and an 111 in

o

to LE. [v.7.
But as onc of the antecedents is to its consequent, so are
all the antecedents to all the consequents. [v.1a

Thercfore as AG is to DA sois Al » DE.

But AG is equal to C, and DA is cqual o F,

Thereforo as Cis to Fsois AL to VE.
Wherefure, magnitudes &c. @ L.b,
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PROPOSITION 16. THEOREM.

If four magnitudes of the smme kind he proportionals,
they shall alx be proportionals when taken alternately.

Let A, I3, , D be four magnitudes of the same kind
which are proportionals ; namely, a8 . is to /2 80 let (' bo
to 22 they shall also be proportionals when tuken alter-
nately, that is, .1 shall be to Cas B is to D.

LT -S——
A - c— -
B D— -
Fee o e

Take of 4 and B2 any equimnitiples whatever £ and F,
and of Cand J2 any equimnltiples whatever ¢ and /7,

Then, beenuse £ ix the same multiple of 4 thut F is of
2, and that magnitudes have the same ratio to one another

that their equimultiples have; {v. 1s.

thereforo A is to 72 us Eis to F.

But .fisto Bas Cis to I, [Hypeithenia.

Thervfore Cisto 2 us Eis to F. [v.11
Aguin, beeause 6 and # are equimultiples of C and D,

thercfore (Jis to 1) ax (7 i to . [v.1s.

But it was shewn that ("is to ) as Eis to F'

Thercefure £isto Fas (; is to /1. fv.

But when four magnitudes are proportionals, if the
first bo greater than the thind, the second is greater than
the fourth; and if equal, cqual; and if less, less. [V, 14,
Therefore if £ be greater than ¢, # is greater than /;
and if equal, equal ; and if less, lesa

Rut £ and # are any equimultiples whatever of 4 and
B, and ¢ and A are any cquimultiples whatever of ¢’
and /), [Construrtion.
Therefore A isto Cas Bis to D. [V. Defnition 5.

Wherefure, {f fousr maynitudes &c.  Q.ev.
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PROPOSITION 17. THEOREM.

15 magnitudes, taken jointly, be propartionals, they
shadl also be proportionals when taken separately ; that
ia, {f teco magnitudes taken together hare to one of them
the same ratio which tico others haree to one of these, the
remaining one of the first tas ghall hare to the other the
same ratio which the remaining one of the last two has tv
the other of these,

Let AB, BE, CD, DF be the magnitudes which, taken
Jointly, are proportionals; that is, let 472 be to BE an €°D
i8 to DF 0 they shull also be proportionals when taken
separately ; that is, A £ shall e to B as CF s to F D,

Take of AL, KRB, CF, FD any .
equimnltiples whatever 111, HR, X
LM, MY,
and, again, of EB, FD tuke an
equimultiples whatever ALY, N2

Then, beeause (227 is the samo
multiple of A £ that /A" isof £13; N}
therefore ¢ H in the same multiple i

B M}
|

- e

= __m
e Em

But /7 /1 ix the same multiple of -
AE that LM is of (°F, [ unerr, A 1

therefore (/A is the same multiplo
of A5 that LM is of ('}
Azain, beeause LM is the same

of AL that GR inof 48, (V. 1. b

o
| | 1
¢ A C I

multiple of ('F that M.V is of D, [ omstruction,
thercforo LM is the same multiple of CF that L.V i
of (') fv. 1

But LM was shewn to be tho same multiple of CF that
GRisofl A8

Therefore GA™ is the same multiple of 4L that LN is
of CL;
that is, GK and LN arc equimultiples of A8 and 'D,
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Again, because JIK is tho same multiple of EB that
MN is of #D), and that KX is the samo multiple of E
that N2 is of 1), [Comatruction.
therefore 77X is tho same multiple

of BB that MI is of FD; V.2 x
that is, //.X and M P> arc cquimulti-
ples of £13 aud FD. 1’

And because ABisto BEas D
isto DF, [H ypmthests, K
and that (7 A" and LN are cquimul- |
tiples of A7 and (D, and #X and | ¥

1 aro equimultiples of £ and mooa
FD, [ M
thercforeif (7 A begreater than H.X, F,
LNisgreaterthan M P;and if cqual, f
cqual; and if less, less. (V. nf 5, i
But if GH be greater than AN, cC A
then, by adding the common mag-
nitudo 774" to buth, G A is greater
than /7Y ;
thereforo ulso L.V is greater than MP;
and, llry taking away the common magnitude MN from
both, Z M is greater than N/,
Thus if ¢ I be greater than KX, LM is greater than NP,

In like manner it may be shewn that, if (/17 be equal
to AX, LM is cqual to NI?; and if less, leas,

Rut ¢+ and LM arc any o«}uimult.iplcs whatever of
AE and CF, and AX and V2 are any equimultiples
whatever of 8 and #D; [Conatruction,
therceforo AL is to EBas CFisto FD,  {V. Deinition &,

Wherefore, {f,/our magnitudes &c. Q.ED,

PROPOSITION 18. THEOREM.

magn itudes, taken separately, be proportionals, th
shall aleo be pre ionals when :M"n‘nlly; t:al?il.g'
the first be (o the socond as the third to the fourth, the
Sirst and second together shall be to the second as the third
and Jourth together (o the fourih,
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Let AFE, EB, CF, FD be proportionals ; that is, lot
AE be ty EB us CF is to FD: they shall also be propor-
tionals when taken jointly ; that is. A2 shall be to BE as
CDis to DF

Take of AR, DBE, ¢'D; DF any cquimultiples whatever
GIL K LM, MY,

and, again, of BE, DF take any cquimultiples whatever
Ko. NP,

Then, beeause A0 and N7 are oquimultiples of B
and D F, and that K/7 and NI are also equimultiples of
BEand DF, [Comatruction,
therefore it K0, the multiple of 2L, be greater than K77,
which is a multiple of the wame B2 then N/ the maltiplo
of DF is alro greater than NV the multiple of the saino
DF; and if A0 be cqual to K, NP is cqual o NM;
and if less, loss,

First, Jet A0 be not greater than A7
therefore .NZ? is not greater than VAL
And beeuse G 1 and HK "
are  equimnltiples of AR ;
and & ;‘, P nrirar o, O
amd that AL is greater
than L, 5{,
therefore 6,71 is greater . i
than //A [V. Ariim 2, K
Lut A(» is net preater :
than A/ [Hiyrrthos vie,

Kd

therefore ¢//1 is greater i B

than A2, i t; D,
In like manner it may i i }f

be shewn that LYW s ! ; |

greater than NP, < A C L
Thus if A0 be not greater

than A/, then G/ the multiple of (173, is always greater
than A0, the multiple of 27

and likewise /3. the multiple of CD, is greater than NP
the multiple of DF, ! ! !
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Next, let A0 be greater than K/ ;
therefore, as has been shewn, NP is greater than NAf,
And bocause the whole G/{ is the same multiple of the

whole AL that //K is of BE, [Construction.
therefore the remainder GK is tho same multiple of the
remaindor AL that G/ is of AD; [v.s.
which is the same that LA is of CD. [Construction.

In liko manncr, because the wholo ZZM is tho same
multiplo of the whole €'2) that MN is of DF, [Construction.

thercfore the remainder LN is the same multiple of the

remainder CF that LM is of C'D. [v.5.

But it was shewn that L2f is the same multiple of CD that

GKRis of AF.

T}u-rl(..\foro GK is tho samo multiplo of AZ that LN is

of C'F,;

that is, GK and LN arc equimultiples of A E and CF.
Aund becauso A0 and NP are cquimultiples of BE and

F; [Construction.

therofore, if from A0 and NP there be taken A/ and
NM, which are also equimultiples of B and DF, [Conatr,

the remainders J/0 and MP are cither oqual to BE and
DF, or aro cquimultiples of them. [v.s.

Suppose that #Oand MP

aro cquul to BE and DF. 3
Then, bocause AE is to EB

as CFisto FD, (Hypothesis. P,
and that GA and LN are M
coquimultiples of 4K and C'F; b 4
thereforo GRisto ERas LN

is o FD, [V. 4, Cor.

But HO is cqual to BE, and

MP isoqual to DF;  [Hwp.
thereforo GA'is to HOas LN G
isto MP,

8
o)
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Thercfore if (7K be greater than 770, LN is greater than
MP; and if equal, equal; and if less, less, [v. 4.

Aguin, suppose that /70 and MP are cquimultiples
of EB and FD.
Then, because AE is to BB
a8 CF is to FD; [Hypmothesis,
and that GA and LN are
equimultiples of A K and CF, Hi by
and 7710 and M P are equi- ,
multiples of £ and FD; M
therefore if (/A" ho greater K; n
than 710, LN is greater than |

M D and if equal, equal ; and E D

il less, less o [V, Defnition b,

which wns likewise shewn on

the preceding supposition, G A ¢ 1

But if G be greater than A7), then by taking the com-
mon magnitude A'/f from both, (/A" is greater than £Ho);

therefore also L.V is greater than M7,

and, by adding the common magnitude NAf to buth, LM
ix greater than NI,

Thus if G/ be greater than A0, LM is greater than N/,

In like manner it may be shewn, that if 7/ bo cqual
to A0, LM is cqual to N2?; and if less, lesa,

And in the case in which K0 is not greater than K777,
it has been shewn that 7777 is always greater thun A0,
and also LM greater than NP,

But €/ and LM arc any cquimnltiples whatever of A2
and €0, and A0 and N4 are any equimultiples whatover
of BE and Di‘, [Conatruction,

therefore AB isto BEss CDinto DF.  [V. Definition 5.
Wherefore, if magnitudes &c. Q.ED,

1.2
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PROPOSITION 19. THEOREM.

If a whide magnitwde be to a while as a magnitude
taken from the first is to a magnituds taken from the
other, the remainder shall be ty the remainder as the
whaole is to the whole,

Let the whole A2 be to the whole €D as AFE, a mag-
nitude taken from 473, is to ¢4, a magnitade taken from
(’D: the remainder £ shall be to the remainder £0 as
the whole A4 /42 is to the whole €('/),

For, beeause ABis to D) as AE is to

pﬁ; l llylnvll-rli&. Vs
therefore, alternately, AR is to 4K as ?
CDisto CF, [v. 1. o ©
Aud if magnitudes taken jointly be pro- ' '
portionals, they nre also  proportionals I
when taken separately; [v. 17, i lf
therefore EB is to AL as FD is to CF; I ’
therefore, alternately, £5 is to FD as B D
AFE is to CF. [v. 1s.

But AEisto CFas ARisto CD; [Hyp.
therefore ERisto FD as A Bisto D [ V.11,
Wherefore, (' a wchole &c. @D,

ConoLtary.  If the whole be to the whole as a mag-
nitude taken from the first is to a magnitude taken from
the other, the remainder shall be to the remainder as the
nmagnitude tuken from the first is to the magnitude taken
from tho other. The dcemonstration is contained in tho

ing.
PROPOSITION £. THEOREM.

If four magnitudes be propartionals, they shall also ba
proportionals by conversion ; that is, the first shall be to
i3 excess abore the sccond as the third is to ils excess above
the fourth.

let AB beto BE as CD is to DF: AB shall be to
AEas CDisto CF
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For, becauso AB is to BE as CD is

to DF; [Hupothesis,
therefore, by division, AE is to £B as
CF is to FD; Lv. 17,
and, by inversion, £ is to AE as FD
is to CF. v. n
Therefore, by composition, A is to AE
as (') is to C'F. [v. s

Whercfore, (ffour magnitudes&e. Q.E.D.

PROPOSITION 20, THEORKEM.

165

5

=
T

If there he three magnitudes, and other three, which
hare the same yatio, taken tiro and tieo, then, it the first
be greater than the third, the fowrth shatl be greater than

the sixth ; and {f equad, equal ; and i1 lees, loxs.

Let 1, B, (" be three magnitudes, and D, £, F other
three, which have the samie ratio taken two and two; that
is,let A beto 2 as Disto F,and let /1 be to (" an £ i
to F:if A be greater than ¢, 7 sliall bo greater than F;

and if equal, equal; and if less, less,

First, let A be greater than ¢': D
shall be greater than 2
For, because A i3 greater than €, and 72
is any other magnitude,
therefore A has to £ a greater ratio than
C"has to 3. [V. 8
But Aisto Bas Disto F;  [Hythena.
therefore D has to £ a greater rutio than
(" has to 1. [V. 13
And because B is to (' an Eis to F, [Hup.
therefore, by inversion, C is to B as F is
to [v. n.
And it was shewn that D has to £ »
greater ratio than ¢’ has to 5 ;
thercfore /2 has to £ a greater ratio than
Fhasto £; (V.13 ¢
thercfore 12 is greater than F. (V. 10,
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Bcoondly, lct 4 be equal to C': D shall

be equul to #
For, because A is equal to C, and B is any \
other magnitude, A B
therefore A isto Bas Cisto B, [V. 7.
But Aisto Bas Disto E,  [Hypothesis. D T
and ('is to B as Fis to E, [#yp. V. B, \
therefore D into Fas Fisto £; [V. 11,
and therefore D is equal to 22 [v.o
Lastly, let A be less than C': D shall
bo less than £
For Cis gru\t,cr than A4;
and, as was shewn in the first case, C is to
Das Fisto E;
alull. in the same manner, Bisto.fas Fis A B C
to ),
therefore, by the first case, /' is greater P T F
than D); %
that is, J) is lesa than £ i
Whercefore, (7' there be three &e. QE.D.

PROPOSITION 21. TIIEOREM.

17 there e three snagnitudes, and other three, which
hare the same yatis, taken tieo and L, but in a croas
order, then (' the first be greater than' the third, the
Sourth shall be greater than the sirth; and if tqnnl
eyual ; and {f lese, less,

Let A, 8, ¢" be threo maguitudes, and D, E. F other
three, which have the same ratio, taken two and two, but
ina cross order; that is, lot .{ boto B an E is to P and
let Bho to Cas Dis to £ if A lmgrcntmthan(’ D
:llall bo greater than #'; and if equal, equal ; and if loss,
csa,

First, let A4 beo ter than C': D shall be tor
thxmi‘.t’ greal grea
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For, bocause A is greater than C,
and 72 is any othor magnitude,

therefore A has to B a greater ratio
than € has to B. [v. s

But A isto B as E is to F'; [Hypothesis,
thereforo £ has to £ a groater ratio

than (' has to B. [v.13. A B C
And beeauso B2 is to C as D is D E F
to E, [Hypothesis.
therefore, by inversion, C' is to 1 as
Eis to D, V. B.

Aud it was shown that £ has to F a
greater ratio than € has wo /#;
thercfore £ has to F' a greater ratio
than ¥ has to D; LY. 13, Cor.
therefore F is less than D; | V. 10,
that is, /) is greater than /.

Secondly, let 4 booequal to C: D
shall be equal to £
For, because A is equal to €, and B |
is any other magnitude, ‘
thercfore .f into JJas Cis to B [V. 7. A B
But 4 isto B us Fisto & [ 1Tup. e
and Cisto i as Eisto D); [Iyp. V. B. b oE ¥
thercfore Eisto Fus Eisto ), [V, 11, ‘ l
and therefore D is equal to 7 [V.0,

Laat.l{. let 4 be less than C': D
shall be lesa thun F.
For Cis greater than A ; 1
and, as was shewn in tho first case, |
CistoBas Eisw D; A
and, in the same manncr, Bis to A as
Fiato E; 1
therofore, by the first case, Fis groater | T
than D;

that is, D is leas than .
Wherefore, {f tAere be three &c. QED.
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PROPOSITION 20. THEOREM.

If there be any number of magnitudss, and as many
others, which hare the same ratio, tuken tico and two in
order, the first shall hare to the last of the first mag-
nitudes the same yativ which the first of the others has
t the lust.

[This proposition in usually cited by the words ex aquali.]

First, let there be three magnitudes A, 53, ©, and other
three D, F, F, which have the same ratio, tuken two amd
two in order; that is, let A bo to Z2as Dis to £, and let #2
be to Cas £is to F': 4 shall be to Cas D is to F.

Tuke of A and 72 any equi- 1
multiples whatever ¢/ and /7 | ('
and of /7 and £ any equimul :
tiples whatever A und £ |
and of (" and # any mkuimuL A
tiples whatever MW and .V,
Then, beeause A is to B as D
isto £ [ Hsipothesis.
and that ¢ and I/ are equi-
multiples of A and D, :
and A" and L equinmultiples of i
D and 1‘:1 "'uuafl‘m'.'i-m. Q
therefore G is to A as H is to
L. [v. 4

For the same reason. K is to Mas L isto N.

And beeause thcn‘_nro three magnitudes ¢, A, M, and
other three I, L, N, which have the sume ratio taken two
and two,

therefure if G bo greater than M, I is greater than N;
[v. 2o,

o
-

—
-
3
—
oot -~
b l.:'
- ..._,—z ":———-—

and if equal, cqual; and if less, less

But & and // are any equimultiples whatever of .1 and D,
and M and N arc any equimnltiples whatever of Cand F.

Thercforo A is to Cas Dis to F. [V. Ixgnition 5.
Next, It thore be four magnitudes, 4, D, C, D, and
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other four E, F, G, H, which have the .77 7 77"
same ratio taken two and two in order; A RBCD
namely, let 4 boto Bas Fisto #and |, B F GO
BtoCas Fisto G,and Cto Das ' - .
Gisto H: A shallbeto Duws Eisto I,

For, because .4, B, (" are three magnitudes, and K, F, (7
other three, which have the same ratio, tuken two aud two

in order, {Hypothesis.
therefore, by tho first case, .4 is to Cas £ is to (7.
But C"isto Das ¢/ is to /1 [#Hupnthesis,

therefure also, by the first case, A4 is to D as Fis to /1.
And so on, whatever be the nmmber of iagnitudes,
Wherefore, {f there be any number &c. QE.b,

PROPOSITION 23. THEOREM.

If there be any numler of maguitudes, and as many
others, which haee the same ratio, taken two wnd e, in
a croae order, the fivst shall haee to the last of the firat
maygnitudes the s ratio achick the first of the others
has to the luat,

Firat, let there be three magnitudes, 1, 5, (', and other
three 2, F, F, which huve the same ratio, tuken two and
two in a crossd order; numely, Jet A beto Boax £ i to F)
and Bt Cas D is to E o shall be to € as 1) i to F.

Tuke of A, B, D any

And. for the same reason,
Eisto Fas Mis o N.

equimultiples whatever ¢/, | f Lo

A and of CCE Fany )1 P ,
equimultiples whatever £, ; A
syt A B é D E J'
Then because & and /7 are
equimultiples of A and /4, ‘;’ B L "‘ M ’l‘
and that magnitudes have | .
the same ratio which their | i b
cquitmultiples have; [V. 15, | | S
therefore A isto Bas G is | i ! i
to /. ; ' ! I

i
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But A isto Bas Fis to
F. [#ypothesin.
Therefore G is to I/ as M
is to V. (V.11

And because 22 is to €
as Disto K,  [Hypothesis,
and that /7 and A aro G
cquimultiples of /2 and D),
and Z and M are cquimnl-
tiples of Cand £; [Coastr.
thereforo 2{ is to L ns A7
isto M. [v. 4.

Aund it has been shewn
that ¢/ is to # o8 M is
to N.

Then since there are three magnitudes @, 7, L, and
other threo A°, M, N, which have the same ratio, taken two
and two in o cross order;
thereforo if (7 be greater than Z, A is greater than N; and
if equal, equal ; and if less, less. [v.21.
But & and A are any equimultiples whatever of A and D,
and 7, and NV are any equimultiples whatever of € and F';
therefore .4 is to Cus 1) is to £ [V. Definition 5.

Noxt, let there be four magnitudes
A, B,C, D,aud other four £, F', G, I,
which have the same ratio, taken two
and two in a cross order ; namely, let
Aboto BasG isto H,and B to (!
as FintoGoand CtolDas Fisto F':
A shall bo to 1) as Eis to /1.

For, because A, 73, (" are three magnitudes, and F, G,
othier three, which havo the same rativ, taken two and two

= —
2 g——

ol
R

in a cross onler ; [ Hypothesia.
therefore, by the first case, .4 is to Cas Fis to /.
But Cisto Das Eisto F; [ Hypothesis,

thereforo also, by the first case, 4 isto D as Eis to /7,
And #o on, whaterer bo tho uumber of magnitudes,
Wherofore, (f there be any number &c. Q.ED,
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PROPOSITION 24. THEOREM.

If the first hare to the second the same ratio which the
third has to the fourth, and the fith haree to the eecond
the same ratio which the sixcth has to the fourth, then the
Jirat and pith together shall hare to the accond the same
ratio which the third and sixcth together hace to the fourth,

Let 12 the first have to €7 the second the same ratio
which DF the third has to £ the fourth; and let 736 the
fifth have to (" the second the same ratio which £7/ the
sixth has to 4 the fourth : 44/, tho tirst and fifth together,
shall have to € the second the same ratio which 2247, the
third and sixth tegether, has to # the fourth,

For, becanse BG is to ("us 21T
is to £ [ 1 yperthesic. G
therefore, by inversion, (" is to 1367
as Fisto £I1. {v. "

And because AD s to (" as DE iy

to F, [ Hygurthesia. ¥
and ("is to BG as Fis to £H ; ¥
therefore, ex wquali, A/ is to B¢

as DI is to Bl {v. 2 |

And, becanse these magnitudes aro l }
proportionals, they are also prapor- A ¢ D

tionals when taken jointly: [V, 18,

thercfore .16 is to 136 as DI is to EH.

But G is to Cas Ellis to F; [Hypotheris.
therefore, ex wqunli, AG is o Cas DIl is o £ [v.au

Wherefore, if the first &c. qQ.E.D,

F

CoroLLARY 1. If the same hypothesin be mado as in
the proposition, the excess of the gnsl and fifth shall be to
the second as the excers of the third and sixth in to the
fourth. Tho demonstration of this is the xame as that of
the proposition, if division be used instead of composition.

Comorrary 2. The proposition holds true of two ranks
of magnitudes, whatever be their numnber, of which cach of
the first rank has to the sccund magnitude the same ratin
that the eorresponding one of tho scooud rank has to tho
fourth magnitude ; as is manifeat.
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PROPOSITION 25. THEOREM.

If four wmagnitudes of the same kind be proportionals,
the greatest and least of them together shall be greater
than the other two together.

Let the four magnitudes A8, €D, E, F be propor-
tionnls ; namely, let 13 be to €1 as F is to F; and let
ADB bo the greatest of them, and consequently #° the
least : V. 4, V.14,
A and F together shall be greater than CD and £
together,

Take AG equal to F, and n
CH equal to £, |
Then, beenuse AR ix ta €D as G
LEixto £, [ y;urthesis, ’ n !
and that 167 is equal to £, and ey
CH equal to F5 0 [Constrction, ! ! i
therefore (1B is to €D an 16 i ! !
is to (4. v, 5 VoI i | i
And beennse the whole A B is to A C E F

the whaole €' an 16 s to CF
therefore the remainder 22 is to the remainder 727D as

tho whole A8 is to the whole CD, (V.19
But A8 is greater than €°1; [1yputhesis.
therefore B/ is greater than D/, [v. 4.

And because 16 is equal to E and CH equal to F, [Conser,
thereforo 4G and F together are equal to C/f and E
togother.

And if to the unequal ma§nituclm Be:, DH, of which
B¢ i the greater, there be added eyual magnitudes,
namely, AG and F to 216, and CH and £ to DH, then
AR and F together are greater than €2 and £ together.

Wherefore, (/' four niagnitudes &c.  g.ED,
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DEFINITIONK,

1. Stivivar rectilineal
figures are those which
have their several angles PR 4
equal, cach to each, and o
the sides ahout the equal «
angles proportionals.

2. Reciprocal figurea, namely, triangles and parallelo-
grams, arc such as have their sides about two of their
angles proportionals in such & mauncr, that o side of the
first figure is to & side of the other. as the remaining sido
of this other is W the remaining side of the first.

3. A straight line is maid to be cut in extreme and
moan ratio, when the whole is to the greater segment as

the groater seguent is to the less.

4. The altitude of any figurc is I
the straight line drawn from its ver- ;0
tox perpendicular to the basc. o J

[PIPUTGIR AN
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PROPOSITION 1. THEOREM.

Triangles and parallelograms of the same altitude are
to one anuther as their bases.

Let the triangles ABC, ACD, and the parallelograms
EC, CF have the same altitude, namely, the perpendicular
drawn from the point A to 21): as the buse 73 is to the
baxe €', ro shall the triangle A 22( be to the triangle 4CD,
and the parallelogram £C to the parallelogram C£,

Produce 2D both
ways;
take any number of

F. A
A
steight fines 2262, 11, ,%/’ N
aach oqual to B¢, and ye :
any number of steaight w4l
lines K, KL, each / / N
oqual to (' (1.3, TCTB G DTN

and join A, H, AR,

72

¥

L

Then, becauso CB, BG:, (1 are all cqual, [Construciion,
the trinngles ABC, AG B, AHG are all equal, [1. 38,

Thercfore whatever multiple the base /€ is of the base
BC, the same multiple is the triangle AHC of the tri-
angle A5

For the same reason, whatever muitiple the base CL is of
the base °D, the same multiple is the triangle ACL of
the trianglo ACD.

And if the buse /(" be equal to the base CZ, the trianglo
AHNHC is equal to the trisngle ACL; and if the Lase /H(?
bo greater than the lase CL, the triangle AHC is greater
than the trinngle ACL ; and if less, less. [1. 83,

Thercfore, since there are four magunitudes, namely, the
two bascs B, CD, and the two trangles ABC. ACDH;
and of the baso BC, and the triangle A B¢, the first and
the third, any equimultiples whatever have been taken,
namely, the base /(' and the triangle A/("; and of the
tase CI) and the triangle ACD, the second and the fourth,
any «‘nimulli s whatever have been taken, namely, the
base CL and triangle ACL ;
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and since it has been shewn that if the base Z7(" be greater
thun the base CL, the triangle A /(' in greater than tho
triangle ACL ; and if equal, equal; and if less, less;

therefore as the base BC is to tho base €'D, so i tho
triangle A LBC to tho triangle A1), [V. Definition 5.

And, becauso the parallelogram CF is double of tho
trianglo AB(, and the parallclogram CF is double of the

trianglo ACD; 1. 41,
and that magnitudes have the same ratio which their oqui-
multiples have; [v.1a.

therefore the parallelogram £ is to the parallclogram C#
as the trinngle A B¢ is to the triangle AC1.

But it has hoen shewn that the trianglo 470 is to the
triangle ACD as the base S3(7is to the base €'

thercfore the parallelogram E¢° is to the purullelogram CF
aa the basce 22C is to the base 1), [v. 11,

Whercfore, triangles &c. qubn.

Conrorrany. From this it is plain that triangles and
paraliclograms which have equal altitudes, aro to one an-
other as their buses.

For, let the figures be pluced o an to have their basos
in tho aame straight live, and to be on tho samo side of it
and having drawn perpendiculars from the vertices of tho
trianglos to tho bascs, tho struight ling which joina the ver-
tices is parallel to that in which their basca are; [1. 33,

becauso the perpendiculars are both equal and parallel to
ono anothor. {1. 28,

Then, if the rame construction b made as in tho pro-
poaition, the demonstration will be the same.

PROPOSITION 2. THEOREM.

I/ a straight line be drawon parallcl te rme of the uda
of a lrn'augl-, it shall cut the other sides, or those sides
produced, proportiumally ; and {f the tides, or the sides
produced, be cut proportionally, the straight line swhich
Joina the points of sectiom, shall be parallel to the re-
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Let DE be drawn parallel to ZBC, one of the sidoes of
the triangle ABC: BD shall be to Dt us CE is to EA.

A A '\—-7\
N \\‘\\ . ‘ SN

N VIR S

D — N n- - . o )
PSRN A Vo
’ N ’:.....‘.-;-i‘. - \u/ e .;. l's‘
n ¢ D E B C

Join BE, °D.
Then the trinngle 2DF is equal to the triangle CDE,

beeanse they are on the same base DZ and between the
same parallels DE, It {1 a7,

And A DE is another triangle;

and equal magnitudes have the same ratio to the samo
magnitude; V..

therofore the triangle BDE is to the triangle ADE as the
triangle CDE is to the trinngle 1 DE.

But the triangle BDE is to the triangle ADE as LD
isto DA

because the trinngles have the same altitude, namely, the
perpendicular drawn from £ to L1, and therefore they are
to ane another as their bases, (VL1

For the same reason the trianglo CHE is to the trianglo
ADEas CEisw B

Therefore B is to D na CEl is to E . [v.11.

Next, let BD be to .4 as CE is to EA, and join DE:
DE shall be parallel to B3¢

For, the same construction being made,

because 22D is to D4 as CE s to EA, [Hypothesie.
and as BD is to DA, s0 is the triangle BDE to the
triangle ADE, (Vi1

and as CE is to E4 0 is the triangle CDE to the triangle
ADE; v,
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therefore the triangle BDE is to the triangle 4 DE as the
triangle CDE is to the triangle ADE; [v. 1.
that is, the triangles BDE and CDE have the ramo ratio
to the triangle ADE.

Therefore the triangle BZDE in cqual to the trinngle
CDFE. [V, o
And these triangles are on the same base DE and on the
rame side of it;

but equal triangles on the same base, and on the same sido
of it, are between the same parallels; (1. 8.
therefore VF is parallel to 2277

Whercfore, {f a #traight line &c. q.v.p.

PROPUSITION 8. THEOREM.

Ir the ecrtical angle of a triangle be bisccted by o sfrarght
line schich alss cuts the hase, the eegments of the base shall
have the same ritio which the other sidles of the triangle
hare to one anither ; and (Fthe scqments of the base hare
the same ratio which the othey sides o1 the trinnyle haee to
one anther, the steight live droen from the certer b the
perint of vectom whall hisect the rertical angle.

Lot AR be a trizngle, and let the angle BAC bo
bisccted by the stright line A /72, which mects the base ot
D: BD shall be to 10 as BA is to AC

Throngh (" draw '
parallel to 2.4, (1. 21. .
and let 2.4 produced - .."
meet CEat £, A/

Then, because the ~K /
atraight line A/’ mects P
the jarallels .10), E1., \
the angle ACE is equal e P
to the alternate angle B nocC

AD; {t. 29.
i;x‘: gw anglo CAD is, by hypothesis, cqual to the anglo
therefore the anglo BAD is cqual to the anglc ACE. (42 1.
12
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Aguain, becanse the straight line BAE meets the parallels

AD, EC the exterior angle BAD is equal to the interior

and opposite angle ALC; {1. 29.

but the angle 24D has

been shewn equal to the

angle ACE,; E

thercefore the angle ACE -

is oqual o the angle -

ALEC; [Arim 1. P

and therefore A s A

equal to AL [1. 6. o f
And, becanse A D is SO

parallel to L€', [Conarr, lf

one of the sides of the

triangle 3C°E,

therefore B is to D0 as B is to AL (VL 2

but A F is equal to 07

therefore B is to DO as .1 is to AC, [v. 1.

Next,let 2D be to D as B is to AC, and join A D
the angle 24 C shall be bisected by the straight line .1 2,

For, lct the same construction be made.

Thon BDisto D as BA s to 407, [Hypothesis.
and BDis to DCas Bl is to ULE, [VI. 2
bocause .10 is parallel to F77; Lt onstruction.
therceforo B isto ACas BAisto AL, {v. 1.
therefore A€ i oqual to AF; [v. o

and thereforo the angle .4 £C is aqual tothe angle ACE. [L1.5.

But theangle A4 £7°is cqual to theexteriorangle 24 125 [L 29,

and the augle A CE iscqual to the alternate angle €A D ; [1.29.

therofore the angle 5.4 D is equal to the angle CA D ; [4x.1.

that is, the anglo 72.4¢7 is bisected by the straight line A D,
Wherefore, (/' the vertical angle &  QE.D.



BOOK V1. A. 179

PROPOSITION 4. THEOREM.

If the exterior angle of a triangle, made by producing
one of ita sides, be bizected by a straight line schich ol
cuts the base produced, the segments betieeen the dieiding
straight ine and the extrenitivs of the base 2hall hare the
same ratio which the other sides of the triangle hare to
one another; and if the seqinents of the base produced
hare the same vatio which the other gides of the triangle
hare to one another, the gtraight line drawen from the
rerteg to the [minl of section shall bisect the exterion angle
of the trriany

Let .1 3¢" be a triangle, and let one of its sides 2.4 bo
rrmluwxl to £; and let the exterior anglo (UL b
dsected by the struight line A /22 which meets the base
produced at 22 BD shull be to DC as A is w A,
Through ' dmw ('F
parallel to .4 D, [1. 31, K
meeting A8 at I A
Then, because  the .
straight lino A" meets L
the parallels A0, £°C, the L ;
angle ACF is c«!m\l to the i .
alternateangle €A /2, L2y, b G Y
but the angle (AL is, by hypothesis, equal to tho anglo
DAE,
therefore the angle DAE is equal to the angle ACF (421,
Aguin, because the atraight line #.4 £ mecta the paralicls
Ag.‘ FY°, the exterior angle DAE ia equal to the interior
and opposite angle A X {1 2.
baut the angle 2.4 £ has been shewn equal to the angle AC'F;
therefore the angle ACF is evual to tho angle AFC; (42 1.
and therefore AC is cqual to A F. {1. s.
And, because AD is paralled to F( [Conatruction,

one of the nides of the triangle BCF;

.

therefure BD isto DCas DA isto AF; {ve 2
but 4 Fis cqual to AC;
therefore BD is to DC as DA is to AC. [v.7.

122
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Noxt, let BD be to DC
as BA is to AC; and join
AD: the exterior angle /E
CAE shall be bisected by

the straight line AD. P

For, let the same con- ’\ /
struction be made. / .
Then 120 is to DC as BA C D
isto AC; [ZIypothesis.

and BDisto DCas BAd isto AF; [VI 2.
thercfore A is to ACas BAisto AF; [V. 11
therefore AC is cqual to AF, {v.9.
and therefore the angle AC'F is equal to theangle AFC. [1.5.
But the angle A F'C is equal to the exteriorangle DAE ; [1.29.
and theangle A4 CFiscequaltothe alternate angle CA D ; [1.29.
therefore the angle C.4.0is cqual to the angle DAK; [4z.1.
that is, the anglo C'A E is bisected by the straight line AD.
Whereforo, {f the cxterior angle &c. Q.E.D.

PROPOSITION 4. THEOREM.

The sides about the equal angles of triangles which are
equiangudar to one another are proportionals; and those
which are oppogite to the equal angles are homologous sides,
that is, are the antecedents or the consequents of the ratios,

Lot thetriangle .4 3C be equiangular to the triangle DCE,
having the angle .4 3C equal to the angle L)CE, and the anglo
ACH equal to the angle ‘I)Eﬁ,l and consequently the anglo

BACequaltothonngle CDE: thesidesabout theequalangles
of the trinngles ABC, DCE,
shall be proportionals; and F

those .tﬁm.ll o :hho homolo-
us sides, &ro oppo-
El'oh to the equal angles.
Let the triangle DCE
be placed so that its side CE
mng be contiguous to BC,
and in the same straight
line with it. L 22.
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Then tho angle BCA is equal to the angle CED; [/iyp.

add to each the angle ABC;
therefore the two angles ABC, BCA arc equal to the two

angles ABC, CED; [Axiom 2.
but the angles ABC, BC.A are together less than two
right angles; [r.17.

thorefore the angles ADBC, CED are togothor less than
two right angles ;
therefore B4 and ED, if produced, will mect.  [Axiom 12
Let them be produced and mect at the point F.,

Then, because the angle ABC is equal to the angle

DCE, [2ypothesia.
BFis panallel to CD; (. 28.
and because the angle 4 CB is equal to the angle DEC, [Hyp.
AC is parallel to F£. (1. 28.

Therefore FACD is a paraliclogram;

and thercfore A Fisequal to CD,and ACiscqual to FD.[1.84.
And, because A is parallcl to £E, one of the sides of

the triangle FBE,

therefore 34 is to AF as BCis to CL; [VI. 2
but AF is equal to CD;
therefore B4 is to CD as BCis to CE; .7

and, alternately, A B is to BC as DC is to CF. [v. 1s.
Again, because CD is parallel to BF,

therefore BCis to CE as FD is to DE; [VI. 2
but FD is equal to AC;
thercfore BC is to CE as ACis to DE; {v. 7.

and, alternately, BC is to CA as CE is to ED. [v. 16
Then, because it has been shewn that A2 is to BC as DC
is to CE, and that BCis to C.1 as CE is to KD;
therefore, ex wmquali, B4 is to ACas (D is to DE, [V. 22
Whercfore, the sides &c. Q.E.D.
PROPOSITION 5. THEOREM.

If the sides of two triangles, about each of their angles,
be proportionals, tha triangles shall be equiangular to one
another, and shall have thoscangles equal whichare pposite
to the homologous sides.
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Let the triangles A BC, DEF have their sides propor-
tional, so that 4B is to BC as DE is to EF; and BC to
CA as EF is to FD; and, cousequently, ex aequali, BA
to AC us £D is to DF': the triangle 4 B( shall be equian-
gular to the triangle 1) EF, and they shall have those angles
cqual which are opposite to the homologous sides, namely,
the angle AB(' equal to the angle DEF, and the angle
BCA eqnal to the angle EF D, and the angle B.AC equal to
the angle LD F.

At the point E, in the
straight line £#, mako the
angle FE( cqual to the angle
ABC; and at the point £ in
the straight line £F, make the
angle ££G cqual to the anglo
N4, [l. 23.
therofore the remaining angle
EGF is equal to the remain-
ing angle 2.AC.

'l‘hc;eforo the triangle ABC is equiangular to the triangle

GEF;

and thercfore they have their sides opposite to the equal
Vi

angles proportionals ; [VL 4.
therefore A 73 is to BC as GE is to EF,

But ABis to BCas DEisto EF: [ypothesis.
therefore DE is to EF as GE is to EF; [v.1.
therefore DE is equal to G E. [v.s.

For the same reason, )£ is equal to GF.

Then, bLeocause in the two triangles DEF, GEF,
DE is equal to GE, and EF is common ;
the two sides DE, EF are equal to the two sides GE, EF,
cach to each;
and the base DF is equal to the base GF;
thercfore the angle DEF is equal to the angle GEF, [1. 8.
and the other angles to the other angles, each to each, to
which the equal sides are oppusite. L 4.
therefore the anglo DFE is equal to the angle GFE, and
the angle £DF 1s equal to the angle EGF, :
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And, because the angle DEF is equal to the angle G L F,
and the angle G EF is equal to the angle 45, [Constr,

therefore the angle .1.3(" is equal to the angle DEF. [4x. 1,

For the same reason, the angle AC'B is equal to the anglo
DFE, and the angle at .1 is equal to the angle at D,

g‘hlet;‘fore the triangle A BC is cquiangular to the triangle
VEE.
Wherefure, {f the sides &c.  Q.E.D.

PROPOSITION ¢. THEOREM.

Ir tico triangles hare one angle of the one cqual to one
angle of the other, and the sides alwnt the equal angles
proportionals, the triangles shall v cquiangular to one
another, and shall hare those angles equal which are op-
posite to the ooy s 2ides,

Let the triangles A 8¢, DEL have the angle BAC in
the one, equal to the angle £DF in the other, and the
sides about those augles proportionnds, numcly, .4 to A€
as KD is to DF: the triangle A £2¢" shall be equiangular to
the trinngle DL F . and shall have the angle A 2207 equal to

the angle VEF,and the angle A2 equal to the angle H L.

At the point /2, in the A
straight line /247, make the \ b
angle #7007 equal to cither ! g
of theangles BAC, EDF, N ;
and at the point £} in the | /
straight linell)F, mlake !’ AN ! N
the angle L)/ equal to e ey p
the angle ACH; (l.z3. B T E
therefore the remaiving angle at (¢ is equal t the remain-
ing ungle at 2.

Bngr;forc the trianglo A BC is equiangular to the trianglo

therefore B.A is to AC as GDisto DF. [VI 4.
But B4 isto ACas EDis to DF; [#ypothesia.
therefore ED is to DFPas D is to UF; [V.1L

therefore ED is equal to GD. v.s
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And DF is common to the two triangles EDF, GDF;
thercfore the two sides ED, DF arc cqual to the two sides
G D, DF, each to cach;
and tho anglo EDF is equal
to tho angle GDF; [Conatr,
thereforo the base EF is
equal to the base GF, and
the triangle EDF to the
triangle D F, and the re-
maining angles to tho re-
maining angles, each to each,
to which the equal sides are
opposite ; [ 4.
thercfore the angle DF& is equal to the angle DFE, and
tho angle at (7 is oqual to the angle at £.

But the angle DFG is equal to the angle ACB; [Constr,
therefore tho angle ACH is equal to the angle DFE. [Ax.1,
And tho anglo B.AC is equal to the angle EDEF; [Hypothesis,
thercfore the remaining angle at B is equal to the remain-
ing anglo at £.

}’)hbo‘r)gfuro tho triangle ABC is equiangular to the triangle

Whercforo, if twn triangles &c. QE.D.

PROPOSITION 7. TIIEOREM.

If two triangles haee one angle of the one equal to one
angle of the other, and the sides abowt tiev other angles
proportionals ; then, {f cach of the remaining angles be
either less, or not less, than a right angle, or {f one of
them be a right angle, the triangles shall be equiangidar
to one another, and shall harve those angles equal about
swhich the sides are proportionals.

Lot the trinngles A BC, DEF have one angle of the
one equal to one angle of the other, namely, the anglo
BAC oqual to the angle EDF, and tho sides about two
other angles A8C, DEF, proportionals, so that A B is to
BC ns DE is to EF; and, first, let each of the remaining
anglos at C and F be less than a right angle: the triangle

C shall be cquiangular to the triangle DEF, and shall
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have the angle ABC ecqual to the angle DEF, and thoe
angle at C equal to the anglo ut #.

For, if the angles 4 BC,
DEF be not equal, onc of 4
them must be greater than 7

the other. / e
Lot ABC bo the greater, 7 ) {":‘.,

and at the point 2, in the B c
straight line A 2, mako tho
angle B¢ equal to the angle DEF, [1.23.

Then, because the anglo ut A is cqual to the angloat D, [11yp.
and the anglo ABG is equal to the angle DEF,  [Constr.
thercfore the remaining angle AGR is equal to the re-
maining angle DFE;

t}l)l%r;{ure the triangle ABG is cquiangular to the trianglo

Therefore AB is to BG as DE is to EF. [VI 4.
But ABis to BCas DEis to EF, [11ypothesis.
therefore AR is to BC as A is to BG [v.1.
therefore I3 is equal to 3G [v.o.

and thercefore the angle BCG is equal to the angle BGC. (1. 6.
But the angle BC'G is less than a right angle; /1y,
therefore the angle BG'C is less than a right angle;
and therefore the adjacent angle A/ must bo greater
than a right angle. [r. 1.
aut the angle AG B was shewn to be equal to the angle
thercfore the angle at F' is greater than a right angle.
But the angle at F'is less than a right angle;  [/ythesis.
which is absurd.
Thereforo the angles ALBC and DEF aro not unequal }
that is, they are equal.
And the angle at A is equal to the angle at 2); [/ ypotheris,
‘therefore the remaining angle at € is equal to the remain-
ing angle at F';
Dthegr;'fom the triangle ABC is equisngular to the triangle

.
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Next, let each of the angles at C and F be not less
than a right angle: the triangle ABC shall be equiangular
to the triangle DEF.

For, the same con-

struction being made, A

it may be shewn in the D
samo manner, thut B¢ . A
i8 equal to G s — | -
therefore the angle i——¢ EF
BCt s equal to the

angle BG('. L 5.

But the angle BCH is not less than a right angle;  [#7yp.
therefore the angle 226" is not less than a right angle;

that is, two angles of the triangle BCG are together not
less than two right angles; which is impossible. [ 17.
Thereforo the triangle A4 2¢ may be shewn to be equi-

v

angular to the trinugle VAL, as in the first case.

Lastly, let one of the angles at ¢ and # be a right
angle, namely, the angle at (": the triangle ABC shall be
cquiangular to the triangle HLF.

Tor,if the triangle A £
be not equinngular to the
triangle DEF, at the point ,.A
B, in the straight lino A2, -
make the anglo A BG equal

to the angl.. DEF, [1.v3. B{.{::M"’G D
Then it may be shewn, as [o A
in the first case, that B¢ yd
is equal to BG; A e

therefore the angle BCG is e

oqual totheangle BGC.[1.5.
But the angle BCG is a
right angle: [Hupothesis, B ———

therefore the angle BGC
is a right angle;

that is, two angles of the triangle BCG are together equal
to two right angles; which is impossible. {117,

3‘}2;9(0:‘0 the triangle 4 BC is equiangular to the triangle

a

1)

Whercfore. if tico trianales &c. Q.ED.
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PROPOSITION 8. TIHEOREXN,

In a right-angled triangle, if a perpendicular be drawen
Srom the right angle to the base, the triangles on cach aide
of ¢t are similar to the whole triangle, and tv one another,

Let ABC be a right-angled triangle, having the right
angle BAC; and from the point 4, let 4D bo drawn per-
pendicular to the baso B(': tho triangles DBA, DAC
shall be similar to the whole trianglo A B¢, and to one
another.

For, the angle BAC is equal
to the angle 0.4, cach of them
being a right angle,  f.tweiom 11, e
and the angle at /2 is common to P
the two triangles ABC, DB, o
thercfore the remaining angle B~
ACH is equal to the remaining
angle DAL,

Therefore the triangle .4 B/ is equiangular to the trianglo
DB, and the sides about their cqual angles are propor-
tionals ; [VI. 4.
therefore the triangles arc similar, [VI. Definition 1,

In the same manner it may bo shewn that the triangle
DAC is similar to the triangle ALC.
And the triangles DBA, DAC being both gimilar to the
triangle A BC, are similar to cach other,

Wherefore, in a right-angled triangle &e. Q.E.D.

CoroLrary. From this it is manifest, that the perpen-
dicular drawn from the right angle of a right-angled
triangle to the base, is a mean proportional between the
segments of the base, and also that cach of the sides is a
mean proportional between the base and the segment of
the base adjacent to that side.

For, in the triangles DBA, DAC,

BDisto DA as DA is to DC; [vL 4.
and in the triangles ABC, DDA,
BCisto BAas BAisto BD; [VIL 4

and in the triangles A B(, DAC,
BCisto Cd as C4 is to CD. [VL 4
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PROPOSITION 9. PROBLEM.
From a given straight line to cut off any part required.
Let AB be tho given straight line: A
it is required to cut off any part from it.
From tho point A draw a straight E
lino AC, making any angle with 45
in AC take any point 1), and take A C'the
samo multiplo of A1), that 4.7} is of the

rt which is to bo cut off from it ; join
C, and draw DFE parallel to it. AF

shall be the part required to be cut off. ¢
For, beeause ED is parallel to 13C, [Constructiom.

one of the sides of the triangle ABC,

theroforo CD is to DA as BE is to A [vr. 2

and, by composition, C4l is to AD as B.A is to AE. [V, 18,

But CA is a multiple of 4D ; [Construetion.

therefore 3.1 is the same multiple of A E ; [V.D.

tlfmt };, whatover part 4D is of AC, AF is the same part
of AB.

‘Whoreforo, from the given straight line AD, the part
required has been cut off.  QE.F,

PROPOSITION 10. PROBLEM.

To diride a gicen straight line similarly to a given
dirided straight line, that iz, into parts which shall hare
the same ratios to one another, that the parts of the given
divided straight line hare.

Lot .48 be tho straight line given to be divided, and
AC tho given divided straight line: it is required to divide
AB similarly to AC.

Let AC bo divided at the points X

D, E; and let AB, AC be placed

80 a8 to contain any angle, and join F D

BC; through the point D, draw DF ! TR

lel to BBC, and thro b the point G —1-

draw EG parallel to BC. [L. 81, /._4- i

AB shall be divided at the points 1 K

F, G, similarly to AC.
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Through D draw DHK parallel to AB. [r. 81.
Then each of the figures F#, H B is a parallclogram ;
therefore DH is cqual to F'G, and HK is cqual to G I3, [I.84.

Then, because /E is parallel to KC, [Construction,
one of the sides of the triangle DK'C,

therefore K2 is to D as CE is to ED. [vL 2
But K1 is equal to BG, and /D is cqual to GF;
therefore BG is to GF as CL is to ED. [v.n

Again, because #'0) is parallel to G E, [Conatruction.
onc of the sides of the triangle AGE,
thercfore GFis to F'd as E/) is to DA. [V 2
And it has been shewn that BG is to GF as CE is to ED.
Therefore 3G isto GF as CE is to £D, aud GF is to £'A
as ED is to DA.

Whercfore the given straiyht line AB is dicided simi-
larly to the given divided straight line AC. Q.E.F.

PROPOSITION 11. PROBLEM.
To find a third proportional to two giren atraight lines.

Let ADB, AC be the two given straight lines: it is re-
quired to find a third proportional to A3, AC.

Let AB, AC bhe placed so A
as to contain any angle; produce
ADB, AC, to the points 1), E; and N
make BD equalto AC; [L 3. B — -
join BC, and through D draw DE
parallel to BC. [1. 31
CE shall be a third proportional A
to AB, AC.

For, because B¢ is parallel to DE, [Construction,
one of the sides of the triangle ADE,
therefore AB is to BD as ACis to CE; [vL 2
but BD is oqual to AC; [Construction,
therefore AB is to AC as ACis to CE. [v.7.

Wherefore to the two giren atraight lines AB, AC, a
third proportional CE is found.
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PROPOSITION 12. THEOREM.
i To find a fourth proportivnal to three given straight
ines,

Let A, B, C be the three given straight lines: it is
required to find a fourth proportional to A, B, C.

Take two straight lincs,

DE, DF, containing any an- D ___A_
l(; ’EI)I':I; tamll ix}v ;lvncsc n:lal:o \\ B _

7 equal to A, GE equal to
B, mxdI DH cqu’al to C(;l [I. 3. \\____C__
join GH, and through £ draw o/
EF paradicl to GH. [L. 31, /—--—*{
HF shall be a fourth propor- N
tional to A, B, (. b ¥

For, because GH is parallel to EF, [Construction.
ono of the sides of the triangle DEF,
thercfore D@7 is to G FE as DI is to HE [VL. 2
But DG is oqual to A4, GE is equal to B, and DIf is
equal to C'; [Construction,
therefore .4 is to B as ("is to HF, [v.7

Whercfore to the three given atraight lines A, B, C, a
Jourth proportional I F is found. Q.E.r.

PROPOSITION 13. PROBLEM.

To find a mean proportional between tweo gicen straight
lines.

Lot AB, BC be the two given straight lines: it is
required to find a mean proportionul between them.

Place A B, I3Cin a straight
lino, and on AC describe the T
semicircle 4)C; from tho / -
poiut B draw BD at right e
angles to AC. e, /.-

[
BD shall be a mean propor- H
tional between 4B and BC. A B0
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Join AD, DC.
Then, the angle 4.DC, being in a semicircle, is a right
angle; [TIT. 81,

and because in the right-angled triangle ADC, DB is
drawn from the right augle perpendicular to the base,
therefore DB is a mean proportional between A5, BC,
the scgments of the base. [V 8 Corollary.

Wherefore, between the two given straight lince AB,
BC, a mean proportional DB s found. QE.F.

PROPOSITION 14. THEOREM.

Equal parallelograms which hare one angle of the one
equal to one angle of the other, haee their sides about the
equal angles reciprocally propovtional ; and parallel-
grams which hare one angle of the one equal to one angle
of the other, and their sides abont the equal angles rveei-
procdlly proportional, are cqual to one another.

Let AB. BC be cqual parallelograms, which have the
angle 2D equal to the angle £56G : the sides of the
parallelograms about the equal angles shall be reciprocally
proportional, that is, D/} shall be to BE as G B is to BF.

Let the parallelograms be A -
placed, so that the sides D B3, —-'—‘R‘ =
\ —\i
one straight line. {114, ) \b

BE may be in the samo

straight line; by~
thercfore also F'3, B(} arc in

Complete the parallelogram &
FE.

Then, becanse the parallelogram A8 is equal to the
parallelogram BC, P cqlllypo:hai:.
and that FE is another parallelogram,
therefore AB is to FE as BC is to FE. .o
But A B is to FE as the base D13 is to the base BE, [V1.1.
and BC is to FE as the base /7B is to the base BF; [VI. 1.
therefore DB is to BE as G is to BF, [V.1L
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Next, let the anglo FBD be ‘:ﬂunl to the angle EBG,
and let the sides about the equal angles be reciprocally
pro%ortional, namely, DB} ‘
to BE as GB is to BF: S
tho parallclogram A shall
be oqual to the parallelo-
gram LC.

For, let the sameo con-
struction be made.

Then, because 123 is to BE

as G B is to BF, [Hupothesis,
and that DB is to BE as the parullclogram A2 is to the
parallelogram FE, - [VL1.

and that 2 is to BF as the parallclogram BC is to the
parallclogram FE; [VI. 1.
thercforo the parallelogram A7 is to the parallclogram FE
as the parallelogram /3¢ is to the parallclogram FE; [V.11.
therefore the parallelogram A28 is cqual to the parallelo-
gram BC. [v.9.
Whercfore, equal parallelograms &c. Q.E.D.

PROPOSITION 15. THEOREJL.

Equal triangles which hare one angle of the one equal
to one angle of the other, hare their sides alwut the equal
angles reciprocally proportional; and triangles which
hare one angle of the one equal to one angle of the other,
and their sides abont the equal angles reciprocally pro-
portional, are equal to ane another.

Lot ABC, ADE be equal
trinnglos, which have the angle
BAC oqual to the angle DA%‘:
tho sides of the triangles about
hrocally propistionsl that is, .4

rtional ; that is,
EhallbﬁwADuEA is to AB.

Lot the triangles be placed so
that the sides C4, AD may be
in the same straight line,
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therefore also E.1, AD are in ono straight line; [I. 14,

Jjoin BD.
Then, because tho triangle A 53¢ is equal to tho trian-
gle ADE, [ upothests.

and that 42D is another triangle,
therefore the triangle A Z( is to the triangle ABD as the

triangle A ) E is to the triangle A 2D, [v. 7.
But the triangle A/3¢” is to the trianglo A B D as tho baso
U4 is to the baso .17), (VI 1.
and the triangle A F is to the triangle 172D as the baso
E-A is to the base .1/3; [VI. 1.
therefore (‘A is to .1 as E.l is to AL, [v. 11

Next, let the angle 2.4 be equal to the angle DAE,
and let the sides about the cqll:l.] angles be reciproeally
proportional, namely, (.1 to .4/ as F4 is to Afd: the
triangle A BC shall he equal to the triangle ADE.

For, let the same construction be made.
Then, because (.{ isto A0 as E.1is to AT, [Hypethede,
and that ("4 is to AD as the triangly AN is to the
trianglo A /3D, [VIL 1.
and that 2.1 is to .42 as the triimgle ADE is to the
triangle A D), [VI. 1.
therefore the triangle 17267 is to the triunglo A D as the
trianglo ADE is to the trinngle AL D, [v.11.
therefure thetriangle .4 3¢ isequal to the triangle ADE V.0,

Wherefore, cqual triangles &c. Q.r.v,

PROPOSITION 18, THEOREM.

If four straight lines be proportionalr, the
eomtained by the extremes ix equal to the rectangle ciom-
tained by the means; and if the rectangle contained by
the' extremes be equal to the rectangle contained by the
means, the four straight lines are proportionads.

13
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Let tho four straight lines AB, CD, E, F, bo propor-
tionals, namely, let A3 bo to CD as £ is to F: the rect-
angle contained by A3 and £ shall be equal to the rect-
angle contained by CD aud £,

From the points A,

C, draw AG, CH at right
anglesto A B, CD;[1.11,
make A/ equal to 2, anl
CH equal to ;[ 3.
and complete the paral-
lelograms 3¢, 1)1 1151,

Then, because A7 is
to Cl)as I5is to I [ Hyp.
and that 7 is equal to
CH, and F is cqual to
AG, [Construction.
therefore A8 is to CD as CI is to A7 [v.r.
that is, the sides of the parallelograms B¢, DI{ about the
equal angles are reciprocally proportional;
therefore the parallclogram B¢ is equad to the parallelo-
gram D/I. [VI. 11
But the parallelogram B is contained by the straight
lines A58 and F, because LA 67 ix equal to F i [onstruction,
and the parullelogram 22/{ is contained by the straight
lines C) and E, beeause CH is equal to £
therefore the rectangle contained by A3 and F is equal
to the rectanglo contained by CD and £.

Next, let tho rectangle contained by 48 and F bhe
equal to the rectangle contained by CD und E: these four
straight lines shall be proportional, namely, {5 shall be
toCDas Eisto F,

For, lct the samo construction he made.

Then, because the rectangle contained by 4.8 and F is equal

=

p———— =
C"”—"—'—‘j

to the rectangle contained by CI) and E, [Hupothesis.
and that tho rectangle BG is contained by A2B and F,
because 4G is equal to F, [Construction.

and that the rectangle DH is contained by CD and E,
bocause CA is equal to E, [Construction.
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therefore the parallelogram BG is equal to the paral-
lclogram DH. [Axiom 1.
And these parallelograms are cquiangular to one another;
therefore the sides about the equal angles are reciprocally

proportional ; [VL 14,
therefore 4B is to 1) as CH is to AG.

But C/1is equal to 7, and 167 is oqual to I7; [Constr.
thercfore A3 is to CD) as Eis to F. V. 7.

Whercfore, {f four straight lines &e.  Q.E.b.

PROPOSITION 17, THEOREM.

If three straight lines e proportionals, the rectangle
contained by the cxtremes is equal to the square on the
mean; and 1 the rectangle contained by the eaxtrences be
equal to the square on the mean, the three straight lines
are proportionals.

Let the three straight lines A, 72, (" he proportionals,
namely, let A be to 2 as B2 is to ('; the rectangle contained
by A4 and ¢ shall be cqual to the square on /72

Take I equal to 3. A

Then, becanse .1 is to - -
Bas Bisto (', [y B- -
and that Bis equal to 1), n-- -
therefore A is to 2 as D c -
is to €. [v.7
But if four straight lines | i
be proportionals, therect- ;
angle contained by the
extremes is equal to the ) o
rectangle contained by A
the means; [V 18,
therefore the rectangle contained by .1 and C is equal to
the rectangle contained by 2 aud /2,

But the rectangle contained by 2 and 1) is the sqnare on J3,
hecause B is equal to D; [Construction.
therefore the rectangle contained by A4 and C is equal to
the square on B,

13—2

a
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Next, let the rectangle contained by 4 and C be equal
to the square on B3: A shall be to B as Bisto C

For, let the same construction be made.

Then, because the rectan- A

gle contained by 4 and €

18 equal to tho square on B

B, [ ypothesis. D

and that the squarc on 2 C—

is cqual to the rectanglo
contained by B and D,
because £ iy equal to

D, [Construction. I i() JD
therefore the rectangle N B
contained by 4 and C'is

cqual to the rectangle contained by 2 and D,

But if the rectangle contained by the extremes be equal
to the rectangle contained by the means, the four straight

lines are proportionals; [VI. 16,
therefore A is to 22 as D is to C.

But 2 is equal to D); [Conatruction.
Therefore A is to B as Bis to (. [v.r.

Whorefore, (/" threc straight lines &c. Q.E.D.

PROPOSITION 18. PROBLEM.

On a giren straight line to describe a rectilineal figure
similar and similarly sitwated to a gicen rectilinesl figure,

Let AR bo the given straight line, and CDEF the
given roctilineal figure of four sides: it is required to de-
scribe on the given straight line 4B, a rectilincal figure,
similar and similarly situated to COEF,

Join DF; at the
Eoint A,in thestraight

nol AIIB'i Gmakoalthe "

o B. ual to ‘

:hngangla DC’:‘? and at

the point B, in tho

straight line A B, make —_
the angle ABG equal A

totheangleCDF;[1.23,
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therefore the remaining angle 4GB is equal to the remain-
ing angle CF'D,
and the triangle AG B is equiangular to tho triangle CF.D.
Again, at the point B, in the straight line B, make tho
angle GBH cqual to the angle £ 2 ; and at the point G,
in the straight lino BG, make the angle BGI cqual to
the angle DFE; [1. 23.
therefore the remaining angle BIIG is cqual to the ro-
maining angle DEF,
and the triangle BJ/G is equiangular to the triangle NEF.
Then, because the angle .16 22 is equal to the angle CFD,
and the angle 2621 equal to the angle DEE; [Construction,
therefore the whole angle L1641 is c.qual to the whole
angle CFE. [ triom 2,
For the same reason the angle ABH is cyual to the
angle CDE.
And the angle BA( is equal to the angle (2, and tho
angle BX(; is cqual to the angle DEF.
Thercfore the rectilineal figure A B21¢; i8 equiangular to
the rectilineal figure CHOLF.

Also these figures have their sides about the equal
angles proportionals.
For, because the triangle 246 is equiangular to the trianglo
DCF, therefore 2.0 is to AG as DC s to CF, [VI 4.
And, for the same reason, AG isto GB s CF is to FD,
and BG is to G2 as DF is to FE;
therefore, ex aquali, A7 is to 1/ a3 CF is to FE. [V. 22.
In the same manner it may be shewn that AD is to LI
a8 CD is to DE.
And GHis o I{Bas FEis to ED. [VL 4.
Therefore, the rectilineal fignres AR/ and CDLF
are equiangular to onc another, and have their sides about
the equal angles proportionals ;
therefore they are similar to one another. [VI. Drfinitim 1,
Next, let it be required to describe on the given straight

line 4B, a rectilineal figure. similar, and similarly situated,
to the rectilineal figure COKLF of five sides.
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Join DE, and on the given straight line 4B describe,
a8 in the former case, the rectiliveal figure A BH(, similar,
and similarly situated to the rectilineal figure CDEF of
four sides. At the point
B, in the straight line H
BI, make the angle G
HBL equal to the an- Lo E
gle ZDA'; and at the \I F,//,’\

int /7, in the straight A /

ine 2271, mako the an- b j,)x
gle BHL cqual to the A B > D
angle DER™;  [1. 23

therefore the remaining angle at L is equal to the remain-
ing angle at A",

Then, because the fignres A BIIG, CDEF are similar,
the angle A B is cqual to the anglo CDE; [V Def. 1.
and the angle /7 B1 is cqual to the angle DA™ [Constr.
therefore the whole angle ABL is cqual to the wholo
angle CDK, [4xiom 2,
For the same reason the whole angle G/I1 is equal to the
whole angle FER',

Therefore the five-sided figures A BLHG and CDK EF are
equiangular to one another.

And, because the figures A B and CDEF are similar,
therefore A B is to B as CDis to DE; [VL Definition 1.
but BH isto BL as DE is to DK, [VL 4.
therefore, ex mquali, A2 is to BL as CDis to DK [V, 22,
For tho same reason, GH is to J/L as FE is to EX,

And BL is to LH as DK is to KE, VL. 4.
Therefore, the five-sided figures A BLHG and CDKEF
aro cquiangular to one another, and have their sides about
the equal angles proportionals;
therefore they are similar to one another. [VI. Definition 1,
In the same manuer a rectilincal figure of six sides
may bo described on a given straight line, similar and
similarly situated to a given rectilineal figure of six sides;
and 50 on, QE.F,

C
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PROPOSITION 10, THEOREM.

Similar triangles are to one another in the duplicate
ratio of their hunologous gidrs.

Let ABC and DEF be similar triangles, having the
angle A equal to the angle £, and let A28 be to B¢ us DE
is to EF, so that the A
sido BC is homolo-
gous to the side £F°; s b
the triangle ARBC L A
shall be to the tri- P p
angle DEF in the 7/ \ .
duplicate ratioof B¢ D G ¢ E
to £F.

Take (7 a third prn}mrtinnal to BC aud LF, so that
BC may be to EF us EFis to BG VL L.
and join A(5.

Then, because AB is to B as DE s to EF,  [Hnpothesia,
therefore, alternately, S8 isto DE as BCis to EF [V 16,
but 22¢ is to EF as L7F is to (7, [ onstruction,
therefore I B is to 1Dl as EFis to B, [v.1n.
that is, the sides of the triangles 106 and DEF, ubout
their equal angles, are reciprocally proportional ;

but triangles which have their sides about two equal angles
reciprocally proportional are equal to one another, [V1. 15,
therefore the triangle A B¢/ i equal to the triangle DEF.

And, because B0 is to EF as EF is to 130G,
thercfore 3¢ has to 73¢; the duplicate ratio of that which

BC has to EF. [V, Detinition 10,
But the triangle A D is to the triangle ADG s DO i
to Bf7; [VI 1.

therefore the triangle A B has to the triangle A X6 the
duplicate ratio of that which B0 has to EF.
But the triangle .4 3¢ was shewn cqual to the triangle DEF;

therefore the triangle A 2¢" has to the triangle DEF the
duplicate ratio of that which B¢ has to ZF. {v. 7.

Wherefore, stinilar triangles &c. QED,
CoroLLARY. From this it is wanifest, that if three
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straight lines be proportionals, as the first is to the third,
80 i8 any triun({,l:: described on the first to a similar and
similarly described triangle on the second.

PROPOSITION 20. TITEOREM.

Similar polygons may be dirided into the sgame number
of siwmilar triangles, having the same ratio to one another
that the polygons hare; and the polygons are to one
another in the duplicate vatio of their homologous sides.

Let ABCDE, FGIIKL be similar polygons, and let
A B be the side homologous to the side ¢/ : the polygons
ABCDE, FGHRKL may be divided ioto the same number
of similar triangles, of which each shall have to each the
same ratio which the polygons have: and the polvgon
ABCDE shall be to the polygon 2G 11K L in the duplicate
rutio of .13 to FG.

Join BE, E(', GL, LII.
Then, because the polygon ABCDE is similar to the poly-

gon FGHKAL, [Hupothesic,
tho anglo BAFE is cqual to the anglo GFL, and BA is
to AE as GFis to FL. [VI. Definition 1.

And, beeause the triangles A BE and FG L have one angle
of the one equal to one angle of the other, and the sides

about these oqual angles proportionals,

therefore the triangle A BE is equinngular to the triangle
FGL, [VI. 6.
and therefore these triangles are similar ; [VL 4.
therefure the angle A BE is equal to the angle FGL.
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But, because the polygons are similar, [ Hypothesis.
therefore the whole angle A C is equal to the whole angle
FGH, | VL. Deginition 1.
therefore the remaining angle ZBC is equal to the remain-
ing angle LG/, [Ariom 8.
And, because the triangles .{ BE and FGL are similar,
therefore D is to B4 as LG is to G F;

and also, beeause the polygons are similar, [Hypothesia,
therctore AB is to 3¢'as FG is to GH ;. [V Definition 1.
therefore, ex sequali, K22 3s to BC as LG is to G [V 22,
that is, the sides about the ciquul angles £8C and LG I
are proportionals ;

therefore the triangle ZBC is equisngular to the trinngloe
LG [VL .

and thereforo these triangles are similar. [VI 4

For the same reason the triangle £0°D is similar to the
trianglo LA

Therefore the similar polygons ABCDE, FGHK L may bo
divided into the siwme number of similar triangles.

Also these triangles shall have, each to ench, the samo
ratio which the {mlyguns huve, the antecedents being A BE,
EBC, ECD, and the consequents FG L, LG H, LHA ; and
the polygon ADBCDE shall be to the polygon £FGHKL in
the duplicate ratio of .18 to 275,

For, because the triangle ABE is similar to the tri-
angle £G 1,
therefore ABE is to FG L in the duplicate ratio of EB
to LG. [VI 19,
For the same reason the triangle £3¢ is to the trianglo
LG H in the duplicate ratio of EB to LY/,

Thercfore tho triangle 4 BE is to the triangle FG L as the
triangle EBC is to the trianglo L7 11, [v. 1.
Agnin, because the triungle EBC is similar to the tri-
angle LG H,

therefore EBC is to LGH in the duplicate ratio of EC
w LH. [VL 1%
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For the same reason the triangle ECD is to the triapgle
LHK in the duplicate ratio of EC to LH.
Therefore the triangle £B( is to the triangle LG H as tho
triangle ECD is to the triangle LI/A" [V. 11
But it has been shewn that the triangle EBC is to the tri-
angle LG H as the trianglo A B K is to the triangle FGL.
Therefore as the triangle ABF is to the triangle /G L, so
is the triangle EBC to the triangle LG/ /1, and the triangle
ECD to the triangle LIHAK; [v.11
and therefore as one of the antecedents is to its consequent
8o are all the antecedents to all the consequents; [V, 12,
that is, as the trianglo A BE is to the triangle FGL so is
the polygon ABCDE to the polygon FGHK L.
But the triangle ABZL is to the triangle FGL in the

duplicate ratio of the side .48 to the homologous side

R [VL 19,
therefore the polygzon ABCDHE is to the polygon FGIIRL
in the duplicate ratio of the side .18 to the homologous
sido F'(4.

Wherefore, simidar polyg ns &e.  Q.E.D.

CororuARY 1. In like manner it may be shewn that
similar four-sided figures, or figures of any number of sides,
are to one another in the duplicate ratio of their homo-
logous sides; and it has already been shewn for triangles;
therefore universally, similar rectilineal figures are to one
another in the duplicate ratio of their homologous sides.

Cororrary 2. Ifto A Band FG. two of the homnlogous

sidos, a third proportioual M be taken, VL 11
A
- M /}\
Mo e Tl G
D K H

then 4B has to M the duplicate ratio of that which 4B
has to FG. LV. Deginition 10.
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But any rectilineal figure described on 4 72 is to the similar
and similarly described rectilineal figure on £6G in tho

duplicate ratio of A8 to 6, [Corollary 1,
Therefore as AB is to M, so is the figure on A5 to tho
figure on £¢/; {v. 11

and this was shewn before for triangles. [VI. 18, Corollury.
Wherefore, universally, if threo struight lines be propor-
tionals, as the first is to the third, so is any rectilineal
figure deseribed on the first to a similar and similarly
described rectilineal figure on tho second.

PROPOSITION 21, THEOREM.

Rectilineal figures which are similar to the sane recti-
lineal figure, are also stunidar to each other.

Let each of the rectilineal figures 4 and /2 be gimilar
to the rectilineal figure ¢': the figure .1 shall be similar
to the figure 2.

For, hecause A is

similar to (',  [Hup. .

- . N
A i8 cquiangular to / (
¢, and .14 and (" have o S
their sides about the " A /
equal angles propor- / L

tionals, [V Z5ef. 1.

Again, because /3 is

similar to €,  [/yp.

B is equiaugular to (7, and B and €' have their sides about
the equal angles proportionals. [VL Dyfinition 1.
Therefore the figures A4 and B are cach of them equian-
gular to ¢/, and have the sides about the equal ungles of
cach of them and of ¢ proportionals.

Therefore A is equiangular to B, [Ariom 1.
and A4 and B have their sides about the equal angles pro-
portionals ; [v. 1.

therefore the figure A is similar to the figure B, [ VL Def. 1.
Wherefore, rectilineal fiyures &c. @.eb.
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PROPOSITION 22. THEOREM.

If four straight lines be prop.rtionals, the similar rec-
tilineal figures similarly desciiled on them shall alvo be

roportionals; and if the similar rectilineal figures simi-
arly described on four straight lines be proportionals,
those straight lines shall be proportionals.

Let the four straight lines AR, D, EF, GH be pro-
portionals, namely, 422 to CD as EF is to G2 ; and on A8,
CD let the similar rectilineal figures A4 B, LO'D be simi-
larly described ; and on £ (7 F{ let the similar rectilinea!
figures MF, NI be similarly described : the figure A4 /.
chall be to the figure LCD as the figuro MF is to the
figure NH.

N X
e - 7 ‘-.\ X
AT B ¢ b .
M ______\
N 8
R N -
R J— g )
E ¥ [H i P R
To AR and CD take a third proportional X, and to EF
and G I{ a third proportional O. [VI. 11
Then, because A B is to CD as EF is to G, [ Hupothesis.
and ABisto CD as CDis to X; [Conatruction.
and EFis to GH as GH is to O [Construction,
therefore D is to X as GH is to O. [v. 11

And ABisto CDas EFisto GH;

thorefore, ex requali, ABisto X as EFisto 0. [V.22
But as 4B is to X, so is the rectilincal figure KAB to
the rectilineal figure LCD ; [VI. 20, Corollary 2.
and as EF is to O, so is the rectilineal figure M F to the
rectilineal figure N/ ; {V1. 20, Coroliary 2.
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thercfore the figure A4 is to the figuro LCD as tho
figure M F is to the figure NIf. [v.11

Next, let the figure A4 B be to the similar figure LCD
a8 the figure MF is to the similar figure N/ : AL shall
be to CLas EF is to G/1.

Make as AR isto CDso EFto PR: [V 12
and on P’ deseribe the rectilineal figure SR, similar and
similarly situated to cither of the figures MF, NI [V1.18,
Then, because A B is to (' as FFis to PR,
and that on A8, CD are deseribed the similar and simi-
larly situated rectilinecal figures AR, LD,
and on EF, PR the similar and similarly situated recti-
lineal figures MF, SR ;
therefore, by the former part of this proposition, K47 is
to LCD as MF is to S
But, by hypothesis. KA B is to LD as MF is to N/ ;

thercfore A F is to SR as MF is to NI ; [v..
therefore SR is equal to N/ [v. o
But the figures SR and .N/{ are similar and similarly
situated, {Construction,

therefore PR is cqual to /1,

And beeause AR is to CD as EF is to PR,

and that P22 is equal to G H ;

therefore A8 is to CD) as EFis to (711 [v. 7
Wherefore, {f four straight linca &c. QE.b.

PROPOSITION 23. THEOREM.

Parallelograma which are equiangular to ome another
have to one anuvther the ratio which is compounded of
the ratics of their sides.
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Let the parallelegram AC be equiangular to the paral-
lelogram CF, having the angle B¢'D cqual to the angle
E'G: the r:mnllologmm A¢” ghall have to the parallelo-
gram ('F the ratio which is compounded of the ratios of
their sides.

Let B¢ and ('G be placed in
a straight line;
therefore 72¢' and ('L are also in
a straight line; 1. 14,
complete the parallelogram 2)(7 ;
take any straight line A7, and
make A" to L as /3("is to C'(7, and
Lto Mas DCisto CE; [V1.12
then the ratios of A" to 7 and
of 1, to M arc the same with the
ratios of the sides, namely, of B¢
to G and of D" to CF.

But the ratio of A to M is that which is said to be com-
pounded of the ratios of A to L and of L to M [V. Def. 4.

therefore A” has to M the ratio which is compounded of
the ratios of the sides.

Now the parallelogram A€ is to the paraliclogram CH

an BCis to (67 [VI. 1.
but BCisto (G as Kisto [Cematruction.
therefore the parallelogram ¢ is to the parallelogram
CH as A’ is to /1. [v.11.
Agnin, the parallclogram C// is to the parallelogram C'F
as DCis to CE [VI. 1.
but DCis to CE as Listo M, [Conatruction.
therefore the parallelogram (/1 is to the parallelogram
CFas List M. [v. 11

Then, since it has been shewn that the parallelogram A¢
is to the parallelogram C// as K is to Z,

and that the parallelogram €/ is to the parallclogram CF
as L is to M,

therefore, ex sequali, the parallelogram .4(' is to the paral-
lelogram CF as A is to M. [l\? 22
But X" has to M the ratio which is compounded of the
ratios of the sides;
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therefore also the parallelogram AC has to the parallelo-
gram C'F the ratio which is compounded of the rativs of
the sides.

Wherefore, parallelograms &c. k..

PROPOSITION 24, THEOREM.

Parallelograms about the diameter of any parallelo-
agram are ginilar to the whole paralledogram and to one
another.

Let ABCD be a parallelogram, of which A¢" is a
diameter; and let E60and /A be parallelograans about
the dinmeter: the parallelograms Z¢/ and 7/A™ shall be
similar both to the whole purallelogram and to one another.

For, because (" and

G F are parallels, A kB
the angle A D¢ is equal // ) //
to the angle AGE [ 120, O ey
And becanse Cand LF / N '
are parallels, / FEE /
the angle A B(" is equal e l\ A

to the angle AEF [1. 29,
And each of the angles
BCD and EFG is equal to the opposite angle 4D, [1.34.
and therefore they are equal to one another.

Therefore the parallelogrums ABCD and AEF(; are cqui-
angular to one another.

And bhecause the angle ABC’ is equal to the angle
AEF, aud the angle 24 is common to the two triangles
BACand EAF,
therefore these triangles are equiangular to one another;

and therefore A B is to BC as AE is to EF. [Vi 4.
And the opposite sides of parallelograms arc equal to one
another; [1. 84.

thercforc ABirto 4D as AE is to AG,
and DCis to OB as GG F is to FE,
and CD isto DA as FG is to G A, v.n
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Therefore the sides of the parallelograms ABCD and
AEFG about their equal angles are proportional,
and the parallelograms are therefore similar to one an-
other. [VL Definition 1.
For the same reason the
parallelogram ABCD is
similar tothe parallelogram
FHCK.
Therefare ecach of tho Iym-
rallolograms /G and //A°
is similar to BD;
therofore theparallelogram
E@ is similar to the paruliclogram #/4" (VL 21,
Wherefore, parallelogramns &c. Q.E.D.

PROPORITION 25, PROBLEM.

T deseribe a vectilineal fiqure which shall be eimilar
to one given rectilinedl figure and equal tv another given
rectilineal figure.

Let ABC be the given rectilineal figure to which the

to be described is to be similar, and ) that to which

it is to bo cqual: it is required to describe a roctilineal
figure similar to . ¢ and vqual to D,

A

N\
/'\ [»] =«

&{.._...__._.‘.(‘_____.F \\
o VAN

On the straight line 2C describe the paraliclogram BE
oqual to the figure A BC. o8
On the straight line C£ describe the parallelogram CM
equal to D, and having the augle FCE equal to the
angle CBL; [1. 45, Coroliary.
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therefore BC' and CF will be in one straight line, and LE
and EAM will be in one straight line.

Between B¢ and C'F find a mean proportional G 77, [V1. 13,
and on G/ describe the rectilineal figure A 2, similar and
similarly situated to the rectilineal figure LA LC, (V1L 18,
AG I shall be the rectilineal figure required.

For, because BC is to G I as (11 is to CF, [Construction.
and that if three straight lines be proportionals, ns the first
is to the third so is any fignre on t'lw first to a similar and
similarly described fignre on the second, [VI 20, Cor. 2,
therefore as B¢ is to (4 8o is the figure ABC to the
figure A'(/ /1.

But as B(is to ('F so is the parallclogram JE to tho

parallelogram '3 ; [VL 1.
therefore the figure A B¢ is to the fizure AG 77 as the pa-
rullelogram 221 is to the parallelogram €M, [V

Aud the figure A B¢ is equal to the parallelogram BE;
therefore the rectilineal figure AG is equal to the paral-
lelogram ¢, [V.14.
But the parallelogram ("M is equal to the figure 12 ; [Conatr,
therefore the fignre A0 1/ is equal to the figure /2, [Axiom 1,
and it is similar to the figure A 53¢ L ¢ ‘onatruction.
Wherefore the vectilineal fignre KGIT has been do-
scribed similar to the figure ABC, and equal to D, QEP.

PROPOSITION 26, THEOREM.

If two similur paralldlogrione hare a common angle,
and be similurly situated they are abowt the same diameter.

Let the parallelograms A B('D,
AEFG be similar and similarly si- A G_._.D

tuated, and have the common angle x {
BAD: ABCD and AEFG shall K - - M
be about the same diameter. 1~ ’/" oy
For, if not, let, if possible, the
efugmgn BD have its di i :
ter AHC in a different straight ¢

line from A F, the diameter of the
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parallelogram EG; let GF

meet AHC at 7, and through A G D
I draw HA parallel to A1) or K/‘ o,

v . — 0N
BC. IL 3L ¥ N

Then the parallclograms LA
ABRCD and A K1 are about
the samo diamcter, and aro | Ty
therefore similar to one an- T o)

other; (VL 2.
therefore DA is to AB as G is to AR
But because ABCD and AEFG are similar parallelo-

grums, [Hupothesis,
therefore DA is to AR as G isto AL [VL Definition 1.
Therefore G.1 is to AR as (7.1 is to AL, [V.1L

that is, (7.4 has the same ratio to each of the straight lines
AR and AFE,
and therefore AR is equal to A F, [v.o
the less to the greater: which is impossible.
Therefore the parallelograms A B and AEFG must
have their diameters in the same straight line, that is, they
are about the same dinmeter,

- Wherefore, i two similar parallilograms &c. QE.D.

PROPOSITION 30, PRORLIM.

To cut a given straight line in extreme and mean ratio,

. Let AR be the given straight line: it is required to cut
it in extreme and mean ratio.
Divido A2 at the point € so
that the rectangle contained by IS

AB, BC may be equal to the square 4 ¢ B
on AC. [1L 11,

Then, because the rectangle 472, BC is equal to tho
square on (), [Cunstruction,
therefore A B is to AC as AC is to CB. [VL. 17,

Wherefore AB is cut in extreme and mean ratin at
the point C. QEF. [VL. Definition 3.
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PROPOSITION 31. THEOREM,

In any right-angled triangle, any rectilineal figure de-
ecribed on the side subtending the yight angle is cqual to
the similar and similarly described figurcs on the sides
containing the right angle.

Let ARC be a right-angled triangle, having the right
angle :1¢/: the rectilineal figure deseribed on 2207 shall
be equal to the similar and similarly described figures on
B4 and CA.

Draw tho perpendicular »

D. [ 12 , A
Then, because in the right-
angled trinugle ABC, AD
is (llmwu from the rip.;ht /
angle at A, perpendiculur R R <
tothe base i, thetriangles ¥ D ©
ABD, (.11 are similar to | ]
the wholetriangle (!3.4 and . R
to one another, [V 8
And becaure the triangle C/2.1 is similar to the trianglo
ABD,
therefore CBis to B.A as BA is to D, [VE Df 1,
And when three straight lines are proportionals, as thoe
first is to the third so is the figure described on the first
to tho similar and similarly described figure on  tho
second ; [V 20, Corallary 2,
therefore as CB is to B D so is the figure deseribed on €3
to the similar and similarly described figure on 2244
and inversely, as 37 is to 130" wo is the figure described
on 534 to that described on ('23, [v. s

In the same manner, as (') is to CB so is tho figuro
described on CA to the similar figure described on C2,
Thercfore as BD and CD) together are to '3 so are the
figurcs described on BA and (A together to the figure
described on ('/3. [v. 24,
But BD and CD together are equal to ('3
therefore the figure described on 53¢ is equal to the similar
and similarly described figures on 5.4 and CA. [v. 4.

Wherefore, in any right-angled triangle &c. qQ.r.p.

14—2
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PROPOSITION 32, THEOREM.

If two triangles, which hare two sides of the one pro-
portional to two sides of the other, be joined at one angle
80 as to hare their homologous sides parallel to one another,
the remaining sides shall be in a straight line.

Let ABC and DCE be two triangles, which have the
two sides 2.4, oA proportional to the two sides ('D, DE,
namcely, B to AC as (D is to DE; and let 4B be
narallel to D¢ and A parallel to DA BC and CE shall

e in ono straight line,

For, because A 73 is parallel A
to 1C, {1 upothesis.
and A (¢ meets them, \ '\\ D
the alternate angles 7107 \ <~
ACD are cqual ; 11, 20, \ NG \\
for the same reason the angles }‘ e 764-“--- %
ACD, CDE are equal; ‘

therefore the angle 22.4C is equal to the angle CDE. [4x. 1.
And becauso the triangles A 2¢°, DCE have the angle at
A oqual to tho angle at /2, and the sides about these angles
proportionals, namely, .4 to A as CDis to DE,  [Hup.
therefore the triangle A Z2C is equiangular to the triangle
DCE; (VL6
therefore the angle . BC ix equal to the angle DCE.

And the angle Z.1C was shewn equal to the angle ACD;

therefore the whole angle ACE is equal to the two angles
ABCand BAC [Axiom 2.

Add the angle ACB to each of these equals;

then the angles ACE and ACB are together equal to the
angles ABC, BAC, ACB.

But the angles AB(, BAr, ACB are together cqual to
two right angles; (1. 32.
therefore the angles ACE and ACB are together equal to
two right angles.

And since at the point C, in the straight line AC, the
two straight lines BC, CE which are on the opposite sides



BOOK F¥I. 32, 33. 213

of it, make the adjacent angles ACE, AC'B together equal

to two right angles,

therefore BC and CE arc in one straight line. (ERRER
Wherefore, if tco triangles &c. QEb.

PROPOSITION 33. TIHEOREM.

In equal circles, angles, whether at the contres or at the
eircumferences, hare the samie ratio which the arcs on
which they stund haee to one another; so also hare the
sectors.,

Let ABC and DEF be equal cireles, and let 26:¢° and
EHFE be angles at their centres, and B4 and EDEF
angles at their circumferences: as the are 2207 i to the are
EF 50 shall the angle 860" be to the angle £ F, und the
angle 24C to the angle £ F ; and so also shall the sector
BGC be to the sector EHE.

’/‘\f" s T, n, B .
N N \
( ¢ foomo Yy
L S
A / LA N
N Y e } M
B¢ EopT

Take any number of ares CA”, AL, each equal to B(,
and also any number of ures FM, MN each equal to EF;
and join GK, GL, HM, IIN.

Then, because the arcs B¢/, ('R", AL, are all cqual, [<marr,
the angles BGC, CGRT, KL are ulso sll equal ;[ 27,
and therefore whatever nmltirlc the arc 27, is of the are
B, the same multiple is the angle B0 L of the angle
BGC.

For the same reason, whatever multiple the are EN is of
the arc EF, the same multiple is the angle /N of the

v

ancle EAF.
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And if the arc BL bo equal to the arc EN, the angle BG L
is equal to the angle E/IN ; [11L 27.
and if the arc BL be greater than the arc £, the angle
BG L is greater than the angle E/HN ; and if less, less.

Thereforo since there are four magnitudes, the two
arcs BC, EF, and the two angles BGC, EHF

and that of the arc B¢ and of the angle BG'C have been
taken any equimultiples whatever, namely, the are BL and
the angle BG L ;

and of the arc £F and of the angle E{F have been taken
any equimultiples whatever, namely, the arc £V and the
angle EXHN

and sinco it has been shewn that if the are BL be greater
than the arc EN, the angle BG L ir greater than the anglo
EHN ; and if equal, eyual; and if less, less;

therefore as the are (7 is to the arc £ so is the angle

BGC to the angle EHF. [V. Definition 5.

But as the angle BGC is to the angle EZLF, so is the
angle BAC to the angle EDF, [v. 15,
for each is double of each; [III. 20.

therefore, as the arc B¢ is to the arc EF so is the angle
g()(! to the angle £ F, and the angle B.4C to the angle

.

Also as the arc BC is to the arc EF), so shall the sector
BGC be to the sector EHF.

Join BC, CK, and in the arcs BC, CK take any points
X, O, aud join BX, XC, CO, OX"
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Then, beeause in the triangles BGC, CGK, the two
sides BG, GC are cqual to the two sides CG, G4, each to
each ;

and that they contain equal angles; [ree er.

therefore the buse B(' is equal to the base CA and the

triangle BG/C'is equal to the triangle CG A’ L 4
n - —

And bocanse the are BY" is equal to the are CR7 [Conatr,
the remuining part when Z2¢7 is tuken from the circum-
ference is equal to the remaining part when CA” is tuken
from the circumference
therefore the angle BX € is equal to the angle COK (111,27,
Therefore the segment BYXC i similar to the segment
(UK ; [HLL Dcfinition 11,
and they are on ¢qual straight lines 07, C'K,

But similar segments of circles on equad straight lines are
cqual to one another; [HI1. 24,
thercfore the segment BX( is equal to the segment COR'

And the triangle BGC was shewn to be equal to tho
triangle ('GA;
therefore the whaole, the sector BG () is cqual to the whole,
the sector CGR, [Ariom &
For the same reason the scctor AGL is equal to cach of
the sectors BG L, CGA.

In the same manner the scctora EF, FIIM, MHN may
be shewn to bu cqual to one another.

Therefore whatever multiple the are 7 is of the arc
BC, the same multiple is the sector BGL of the sector
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and for the same reason whatever multiple the are EN is

of the arc EF, the same multiple is the sector £Z/N of the

sector EIIF.

And if the arc BL be cqual to the arc EN, the sector

BG L is cqual to the sector KN ;

and if the arc BL be greater than the are EN, the sector

BG L is greater than the sector EHN ; and if less, less.
Thercfore, since there are four magnitudes, the two

arcs B(, EF, and the two sectors BG O, EINEF;

and that of the are ¢ and of the sector B have been
taken any equimultiples whatever, namecly, the are BL and
the sector BG L :
and of the arc Z# and of the sector £/ F have been taken
any equimultiples whatever, namely, the are L.V and the
scctor EIIN;
and since it has been shewn that if the are BZ, be greater
than the arc E.N, the sector BGL is ater than the
soctor EAN; and if equal, equal; and if less, less;
therefore as the are B is to the arc EF, so is the sector
BGC to the sector EHF. [V. Definition 5.
Wherefore, in equal circles &e. Q.ED.
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PROPOSITION B. THEOREM.

If the vertical angle of a triangle be bisected by a straight
linag which Likewize cutx the base, the rectangla contained
by the sides of the tricagle is equal to the rectangle con-
tained by the segments of the base, together with the syuare
on the straight line which hisects the angle,

Let 4B bo a triangle, and let the anglo B.AC ho
bisected by tho straight line 4D : the rectanglo 2.4, AC*
shall be equal to tho rectangle B0, D¢, tozether with the
square on A D.

Describe the circle ACRB

about the triangle, [iv. 5 [ '4\

and produce .17 to meet the e ' RN

circumference at k) W SR AR

and join £, ) /! |
Then, becanse the angle v A

BAD is equul to the angle - 1/ ,/

EAC, { 1 upothesix, e L

and the angle A D is equal to TR

the angle A £ for they are in

the same segment of the circle, 111, 21,

therefore the triangle B.4D is equiangular to the triangle

EAC.

Therefore B is to A D as Ed is to A(; [VI. 4.
therefore the rectangle B, A¢" is equal to the rectanglo
EA, AD, IVI1. 18,
that is, to the rectungle £, DA, together with the wjuare
on AD. [11. 3.

But the rectangle £, DA is equal to the rectanglo
BD, D¢, [11L. 35,

therefore the rectangle B.A, A(7 s equal to the rectangly
BD. DC, together with the square on A /.

Wherefore, {f the vertical anyle &, q.r.v.
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PROPOSITION C. THEOREM.

If Sfrom the vertical angle of a triangle a straight line
be draen perpendicular tothe base, the rectangle contained
by the nid{'s of the triangle is equal to the rectangle con-
tained by the perpendicular and the diameler of the cirele
described about the triangle.

Let ABC be a triangle, and let AD be the perpen-
dicular from the angle A to the base BC': the rectungle
DBA, AC shall be cqual to the rectanglo contained by .4 D
and the diameter of the circle deseribed about the triangle,

Describe the circle ACDB

about the triangle; ([1V. 5. —=A
draw tho diameter 4 E, and . //'
Join 2 YA
Then, beeause the right . / b
angle /A4 is equal to the { I
angle ECA in o semi- ‘\ Iy
circle ; {111, 31 N {//
and the angle ABD is ct‘ual \L\-""
to the angle AEC, for they

are in the same segment of

tho circle ; [111. 21.
therefore the triangle .4 BD is cquiangular to the trianglo
AEC.

Therofore B.1is to AD as £ is to AC; [VL 4.
therofore the rectangle B.1, .1C is equal to the rectangle
EA, AD. [VI 16,

Wherefore, if from the rertical angle &c. Q.E.D.

PROPOSITION D. THEOREM.

The rectangle contained by the diayg-mals of a quadri-
lateral figure inscribed in a cirele iz equal to both the
rectangles contained by its opposite sides.
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Let ABCD be any quadrilateral figuro inscribed in
a circle, and join A€, BD: the rectangle contained by
A€, BD shall be cqual to the two rectangles contained by
AB, CD and by AD, B(.

Make the angle AL L cqual to the angle DRCY; (1. 23,
add to cach of theso
equals tho angle EB D, PR
then the angle ALD
is e(Jual to the angle
EBC. [Awiom 2.
And the angle B2D.A is
equal totheangle BCE, for
they are in the same seg-
ment of the circle ;[ 11121,
therefore  the  trianglo
ABDis c(!nizmgulur totho
triangle 230",
Therefore A1 is to DB

as ECis to ('8 [VL 4
thercfore the rectangle A0, ('B is ¢qual to the rectanglo
DB, EC. [V1. 16,

Again, becanse the angle ASE is cqual to the angle
DB, [ onstruction,
and the angle BAFE is cqual to the angle BDC, for they
are in the same scgment of the cirele ; (1 2n

therefore the triangle A BE i3 cquiangular to the triungle
i

Therefore BA is to AX as BD is to D('; V1. 4.
therefore the rectangle B, DC is equal to the rectangle
AE, BD. [Vi. 16,

But the rectangle AD, CB has been shewn equal to
the rectangle D3, EC;
therefore the rectangles A D, B and BA, (' aro together
equal to the rectangles BD, ECand BD, AL,
that is, to the rectangle 8D, AC. (1. 1.
Wherefore, the rectangle contained &c. @ x.p,



BOOK XI.
DEFINITIONS,

1. A soump is that which has length, breadth, and
thickness,

2. That which bounds a solid is a superficics,

3. A straight line is perpendicular, or at right angles,
to a plane, when it makes right angles with every straight
line meeting it in that plane.

4. A plane is perpendicular to a plane, when the
straight lines drawn in one of the planes perpendicular to
the common section of the two planes, are perpendicular
to the other plane.

5. Tho inclination of a straight line to a plane is the
acute angle contained by that straight line, and another
drawn from the point at which the first line meets tho
plane to the point at which a perpendicalar to the plano
drawn from any point of tho first line above the plane,
mects the same plane,

6. The inclination of a plane to a plane is the acute
anglo contained by two straight lines drawn from any the
same point of their common section at right angles to it,
one in one plane, and the other in the other planc.

7. Two planes are said to have the same or a like
inclination to one another, which two other planes have,
when the said angles of inclination are equal to one
another.,

& Parallel planes are such as do not meet one another
though produc:
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9. A solid angle is that which is made by more than
two plane angles, which are not in the same plano, meeting
at one point.

10. Equal and similar solid figures are such as are
contained by similar planes equal in number and magni-
tude. [See the Notes.]

11, Similar solid figures are such as have all their solid
angles equal, each to each, and are contained by the sume
number of similar plancs,

12, A pyramid is a solid figure contained by plines
which are constructed between one plane and one  point
above it at which they meet.

13, A prism is a solid figure contained by plune figures,
of which two that are oppusite are equal, similar, and par-
allel to one another ; and the others are parallelograms.

14. A sphere is a solid figure deseribed by the revolu.
tion of a scmicircle ubout its diameter, which remains
fixed.

15. The axis of a sphere is the fixed straight line
about which the semicirele revolves.

16. The centre of a sphere is the same with that of the
semicircle.

17. The diameter of a sphere is any straight line which
passes through the centre, und is terminated both ways by
the superficies of the sphere.

18. A cone is a solid figure deseribed by the revolution
of a right-angled triangle about one of the sides contaiving
the right angle, which side remains fixed.

If the fixed side be equal to the other side containing
the right angle, the cone is called a right-angled cone ;
if it be less than the other side, an obtusc-angled cone;
and if greater, an acute-angled cone.

19. The axis of a cone is the fixed straight line about
which the triangle revolves.
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20, The base of a cone is the circle deseribed by that
side containing the right angle which revolves.

21. A cylinder is a solid fizure described by the revo-
lution of a right-angled parallelogram about one of its sides
which remains fixed.

22, The axis of a cylinder is the fixed straight line
about which the parallelogram revolves.

23.  The bases of a cylinder are the circles deseribed
by the two revolving opposite sides of the parallelogram.

24, Rimilar cones and cylinders are those which have
their axes and the diameters of their bases proportionals.

25. A cube is a solid figure contained by =ix equal
squares.

26. A tetrahedron is a solid figure contained by four
equal and equilaternl triangles.

27, An octahedron ix a solid figure contained by eight
equal and equilaterad triangles.

28. A dodecahedron is a solid figure contained by
twelve equal pentagons which are equilateral and equi-
angular,

29.  An icosahedron is a solid figure contained by
twenty equal and equilateral triangles.

A. A panallelepiped is a solid figure contained by six
quadrilaternl figures, of which every opposite two are
parallel.

PROPOSITION 1. THEOREM.

One part of a straight line cannot be in a plane, and
another part withou it.

If it be possible, let AR, part of the straight line
4BC, be in a plane, and the part BC without it.
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Then since tho straight
line A & is in the plane, it can ,,/C
be produced in that plane; e e
let it be produced to 2); and \ T
let any plane pass through the AN B h
straightline.4 D.andbeturned .
about until it pass through the point ¢,
Then, becauso the points B and C are in this plane, thoe
straight line 22¢"is m it. 1. Irefinition 7.
Therefore there are two straight lines AR, ABD in the
same plane, that have a common segment 4 /3
but this is impossible. [E 11, Corollary.
Whercefore, one part of a straight line &e.  QEb,

PROPOSITION 2. THEOREM.
Tiro straight lines which cut one another are in one

plane; and three straiyht lines wchich wmeet one another
are in one plane,

Let the two straight lines A 72, €D ceut one another at
E: AR aud ¢'D shedl be in one plane; and the threo
straight lines £C, O3, 5L which mect one another, shall
be in one plaue.

Let any plane pass through tho

straight line £2, and let the plane »
be turned about £, produced if
necesaary, until it pass through the E
point (" /

Then, becauso the points £
and ¢ are in thiv plane, the straight
line EC is in it; (1. Dejinition 7, \
for the same reason, the straight S
line /3C' is in the same plane; ¢ o
and, by hypothesis, £/3 is in it,
Therecfore the throe straight lines EC', ('3, BE are in one
plane.
But A2 and CD are in tho plane in which £ and E¢!
are; XL 1.
therefore A3 and CD are in one plane.
Wherefore, two straiyht lines &c. q.x.p.
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PROTOSITION 8. THEOREM.
Ir tws planes cut vne another their common scetion
ts a atraight line.

Let two planes A B, I3( cut one mmthmj. und‘ let BD
bo their common xection: 734 shall be a straight line.
If it be not, from B to 1), draw

in the plane .14 the straight line SRS " ~'—~‘
BED, and in the plae 50 the [ /l\
straight line BED. [ Postudare 1. N ‘
Then the two straight lines ZED, : | \l K
BED havo the same extremities, | o ¥ |
and therefore include a space bo- I Bt |
tween them

but this is impossible.  [driom 10,

Therefore 2D, the common section of the planes 1/ and
BC cannot but be o straight line.

Wherefore, (7 tiro plancs &¢. Qb

PROPOSITION 4. THEOREM.

17 a styraight line stawd at right anglea to cach of tirn
straight linca ab the point of their interscction, it shall
ales e at =ight anyles (o the’ plane which passes through
them, that is, ts the plane in chich they are.

Let tho struight linve £ stand at right angles to cach
of the straight lines A2, ('), at F,

the paint of their intersection: £F ,P\

shall ulso be at right angles to the /,',’\\

plane passing through 43, (). VAR
Take the straight lines AE. EB,  A- SL

CE, ED, all equal to one another : N ! \x'/f

Join AD, CB; through £ draw in oINS

the plane in which are A5, (D, N A U

any straight line cutting 4D at G, P RN

and CB at 4 ; and from any point C . o

‘B

F in EF draw FA, FG, FD, F(, v
FH, FB8.
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Then, beeause the two sides A2, £D are e¢qual to the
two sides BE, E(, each to cach, [Constyrnetion.
and that they contain equal angles AED, BL; {115,
therefore the base A0 is equal to the base BC, and the
angle DA E is equal to the angle £B(C [ 4
Aund the angle A L6 is equal to the angle BEH ;1,15
therefore the trinngles A LG, BEH have two angles of the
one equal to two angles of the other, each to vach;
and the sides £.1, £B adjacent to the equal angles are

cqual to one another; [ unstroction,
therefore EG is cqual to E/ and AG s cqual to
Vivi8 [L un

And because F.f is equal to L8, [¢omstructiom.
and EF is common and at right angles to thew, [#upotherin,
therefore the base A F is equal to the base f32 [n 4

For the same reason CF£ s coqual to HEF
And since it has been shewn that the two sides 2.,
AF are equal to the two sides CFHE, cach Lo each,
and that the base VF i equal to the Yase €17
therefore the angle 208 s equal to the augle CBE (1R,
Again, since it has been shewn that the two sides 2L,
A€ are equal to the two sides 278, BH . each to each,
and that the ungle F.16 i3 cqual to the angle FBIH
therefore the buse £ is eqnal to the baso £/, [ 4
Laatly, since it has been shewn that € £ is equal to 1 E,
and £F ix common to the two trinngles FEG FEN
and the lase #'G has been shewn equal to the base FH
therefore the angle FEG is equal to the angle FEN. (1, 8,
Therefore each of these angles is a right angle. [1. Defia. 10,
In like manner it may be shewn that £F makes right
angles with every straight line which mects it in the plano
passing through A2, ¢*D.
Therefore EF is at right angles to the plane in which are
AB. D, (XL Definition 3,
Whercfore, i/ a straight line &c, Q.ED.

1x



226 EUCLID'S ELEMENTS.

PROPOSITION 5. THEOREM.

If threa straight lines meet all at one point, and a
straight Line stand at right angles to each of them at that
point, the three straight Lines shall be in one and the same
Plane.

Let the straight line A 72 stand at right angles to each
of the straight lines 20 BD, BE. at B the point where
they mect: B0, B0, BE shall be in one and the same
plane.

For, if not, let, if possible, A
BD and BE be in oue plane, '
and 28 withoutat; letaplane i c
puns throuzh 478 and B0 : S
the comamon section of this ! . F
plane with the plae in s hich ' ’
are B and BL s n straighit i
line ; IXT1 W - D
let this straight line be BE° Lo g
Then the threo stright lines
AR, B BE are all i one plane, namely, the plane which
passes through 07 and e,

Aud bocuuse A 2 stands at rizht angles to each of the
straight lines 8D, D1, [Hupothesia.
therefore i is at right angles to the plane passing through
them ; IX1 4.
therefore it makea right angles with every straight line
meeting it in that plane. {X 1. Definition 3.
But BF meets it, and is in that plane;
therefore the angle A BF ix a right angle.

But the angle 4 ¢ is, by hypothesix, a right angle;
therefire the angle A B¢ is equal to the ungle A B2 ; [42 11
and they are in one plane; which is impossible.  [A.rion o.
Therefore the straight line B¢ is not without the plane in
which aro B0 and BE,

therefore the three straight lines 2C, BD, BE aro in one
and the same plano.

Whorclore, {f thres straight lines &o.  Q.BD.
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PROPOSITION 6. THEOREM.

If tico atraiyht lines be at right angles to the same plane,
they shall be paradlel to one anvther.

Let the straight lines A B, €D be at right angles to the
same plano: A2 shall be parallel to (1),

Let them meet the plane at the 4,
points 3. D join D ; wud in the plane |-
draw DZF at right angles to B0 {1.11, Vo j
make DE cqual to .41 ; [1 s O\ . '
and join BE, AL, AD. o L

Then, because .17 is perpendicular B \ - i
to the plane, [t apothesia
it makes right angles with every straight /'
line meeting it in that plane. (X1, /07 3,

But B0 and BE meet A8, and aro
in that plane,
therefure each of the angles ABD, ABE in a right angle.
For the same reason cach of the angles CDI, CDE s a
right angle.

Aund because A B is cqual to D, [ omatruction,
and B7) is common to the two trianglex ABD, ED B,
the two sides AL, BD ure equal to the two sides D, DI,
ench to each;
and the angle AR i< cqual to the angle £718, ench of

.
l

them being a right angle; [ rivm })
therefore the base A4 1) ix equal to the buse E/8. 4.
Again, because A B is equal to ED, [Conntrurtion.

and it has been shewn that BE is equal to DA ;

therefore the two sides 4B, BE are equal W the two sides
ED, DA, ench w each;

2'2 ;be buse 4L is common to the two trisngles 4 BF,

therefore the anglc A BE is equal to the angle EDA. [1. 8.
But the angle A BE ia a right angle,
therefore the angle 2D A is a right angle,
that is, £D is at right angles to 4D,

«

152
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But ED is also at right angles
to each of the two 83D, CD; Al\ lc
therefore £2D is at right angles to A
each of the three straight lines 1), \
AD, CD, at the punt at which N

they meet ; B
therefore these three atraight lines
are all in the same plave.  [X1. 5,
But A 2 is in the plane in which
are 31, D.1; [XI 2 E
therefore A, BD, €D are in one plane.
And each of the angles A BD, CDB is a right angle;
therefore oA 73 is parallel to €0, [r 28
Wherefore, {f teeo straight lines &c. @.r.n.

PROPUSITION 7. TUEOREM,

If two straight lines be parallel, the straight ine drawn
Jrom any point in one to any point in the other, (s in the
same plane with the parallels.

Let AB, €D he parallel straight lines, and take any
aint £ in one and any point F in the other: the straight
ine which joins £ and £ shall be in the sume plane with
the paraliels.

For, if not, let it be, if pos-

gible, without the plane, as A k.. .. B
EGF; andinthe plane A BCD, e
in whi;;l: the |;srﬁlois£;;t; “x
draw the straight line g
from £ to F. \‘
Then, since £ F is also a c ¥ D

straight line, [Hypothenis,
the two ut.n‘qllt lines EGF, EHF include a spacc between
thow ; which is imposaible. [Aziom 10,
Thercfore the straight line joining the points £ and F is
not without the planc in which the paraliels A8, CD are;
therefore it is in that plane.

Whercfore, {f teco straight lines &c. QD
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PROPOSITION & THEOREM.,

I two atraight lines be parallel, and one of them be at
vight angles to a plane, the uther als s shall be at right
angles to the rame plane.

Lot A B, CD be two parallel straight lines: and let ono
of them 472 bo at right angles to a plane: the other (')
shall be at right angles to the same plane,

Let A B, C'D meet the plane
at the poiuts 23, D ; join BD; A ©
therefore AB, €D, BD are in
one plane. [N 7 .
In the plane to which 172 is at ;
right angles, draw 128 at right ;

angles to 30 [r. 1. B “ip

mnke DE equal to A2, [I. . A /’

and join BE, AE. A D, L
Then, beeanse A 73 is at right N

angles to the plane,  [1gethesia,
it makes right angles with every straizht line mecting it
in that plane; [XT1. Detintton 8,
therefore ench of the angles A 2D, AR is o right angle,
And because the straight line /279 meets the paralicl
straight lines 178, €'D),
the angles ABD, CDI are together cqual to two right
angles. [r 20
But the angle ABD is a right angle, [#721pithesia,
thercfore the angle 1)1 s a right angle;
that is, 1702 is at right anglea to 2.

And because 473 is cqual to ED, [ mstruction,
and LD is common to the two triangles ABD, K1,
the two wides A, BD are cqual to tho two sides ED, DB,
cach to each;
and the anglo ABD is cqual to the angle EDB, each of

them being a right angle [Aziem 11,
therefore the base A1) is cqual to the base E/). {1. 4.
Again, because {22 is oqual to £D, [Construction.

and BE has been shewn equal to DA,
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the two sides 4B, BE arc cqual to the two sides £D, DA,
each to each;

and the basc A F is common to the two A%\

triangles ABE, EDA ; N

therefore tho angle ABE is equal to |\

the angle A DL, [1.8. \ \

But the angle A 2F is a right angle; Bl-\ e p

thorefore the angle A4 /) Eis aright angle; \ ;

that is, D is ut right angles to A1), A4
But EDisat rightanglesto 2D,[onat. \\\/

therefore FJD) is at right angles to the E

plane which passes through B0, DA, [XL 4.

and therefore makes right angles with every straight line

mecting it in that plane. [X1. Definition 3.

But €D is in the plane passing through BD, )4, because
all three are in the plane in which are the parallels A B, CD;
therefore E D) is at right angles to ('),
and thercfore (') is at right angles to ED.

But €1 was shewn to be at right angles to BD;

thoreforo CD is at right angles to the two straight lines
BD, ED, at the point of their intersection 2),

and is therefore at right angles to the plane passing
through 2, £D, [XI. 4.

that is, to the plane to which .1/} is at right angles.
Wherefore, {/ two straight lines &c. QE.D.
PROPOSITION 9. THEUREM.
Two straight lines which are cach of them parallel to

the same straight line, and not in the same plane scith it,
are parallel tv one another,

Lot AL and CJ) be each of them parallel to EF, and
not in tho same plano with it:
A DB shall be lel to €D, A_l&... . B

" ln‘El" tako any h:x'.gl? ,’32

e plane passing thro CF b

and A B, draw fmg (7 thestraight l-:—~—>ﬁ—~ ~F
line G 7 at right angles to £ F; '

and in the plane passing th C"""Ké“"'

EF and (D, draw from G b
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straight lino GA™ at right angles to EF. [ 11
Then, because LF is at right angles to G and
7K, [Conatruction.
EF is at right angles to the planc J/GA™ passing through
them. XL 4.
And EF is paralicl to A [Hypothesia,

therefore A4 /73 is at right angles to the plane /G A", [X1. 8.

For the same reason (D is at right angles to the plane

1IGK.

Therefore A28 and CD are both at right angles to the

plane /G A

Therefore A I is parallel to €1, [X1. 6.
Wherefore, (£ tws straight lines &c. Q.E.D.

PROPOSITION 10, THEOREM.

If tieo straight lines meeting one another be parallel to
tico others that meet one another, and are not in the samne
pPlane with the first two, the first twco and the other tuo
shall contain equad angles.

Lot the two straight lines 4 B, BC, which meet ono an-
other, be paradiel to the two straight fines DE, L 'F, which
meet one another, and arc not in the same plamo with
AB, BC: the angle A 3¢ shall be cqual to tho angle DEF.

Take BA, BC, ED, EF all cqual to
one another, and join AD, BE, CF, !?

parallel to DE, o
therefore A D) is equal and pnrnllcl w
BE. [L3
For the same reason, CF is cqu.d
and parallel to BE.

Therefore AD and CF are cach of ,g—-———-—«-
them equal and peralicl to B,

Therefore AD is paralicl to CF, (XL 9

AC, DF. N
Then, because A8 is equal and A/ T
]
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and AD is also equal to

CF. [Axiom 1.
Thercfore AC is equal and
parallel to DF. [1. 33.

And becanse AB, DO
nro -?\ml to DFE, LF, each

aml the base A(’is equal to
the base D7,

thereforo tho angle ABC is
cqual to the angle DEF. (1.8,
Whercfore, (£ tecn atraight tines &e.  QE.D.

PROPOSITION 11, PRORLEM.

To draw a straight line perpendicular to a gicen plane,
Jrom a gicen point without it

Let .1 be the given point without the plane BI: it is
requnrod to draw from the point .4 a straight line perpen-
dicular to the plane 24/,

Draw any straight line
BC in the plvu\o B, and
from the point A draw A D }‘.
perpendicular to B¢ {1, 12 \ ‘

Thenif A D be also perpen- ;_.lmx.
dicular to the plane 2247, \

the thing roquired is done.

But, if not, from the point \L

D draw, in the plane B,
the straight line DE at
right angles to B¢, [111.
and from the point 4 draw .4 F perpendicular to DE. [1.12,
AF shall be perpendicular to the plane BA.

Through £ draw G /7 parnllel to BC. [r. 81
Then, because BC is at right angles to ED and DA, {Conatr,

B( is at right angles to the plane passing through ED
and 1o, d P passing [XL 4

And G is parallel to BC; [Construction.
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thereforo GI7T is at right angles to the plano passing
through ED and 1.4 r |XL s
therefore (/41 makes right angles with cvery stmight lino
mecting it in that plane. [X1. Infinition 8,

But A F meets it, and s in the plano passing through ED
and DA ;

therefore (771 is at right angles to A F,
and therefore A F is at right angles to 17,

But A2 is also at right angles to DE; [(omstrction,
therefore AF s at right angles to ench of the straight
lines 7/ and DE at the point of their intersection ;
therefore A Fis perpendicular to the plane passing through
G and DE, that ia to the plane B2, [XI 4

Wherefore, from the giren print A, without the plana
B, the straight line AF has been drawen perpendicular
to the planr.  QE.r.

PROPOSITION 12, PRORLEM.

T ereet a straight line at right angles ty a given plane,
Srom a gicen point in the plane,

Let .1 be tho given point in the given plane: it is re-
quired to creet a straight line from the point 1, at right
angles to the plane.

From any point /2 without the
plane, draw L' perpendienlar to

the plane ; (X111 I
and from the point 4 draw AD
parallel to A7), [1. 31.
A D shall bo the straight line re- ]

quired. U S B
For, boonuse ADand ACare [ L ]

two parallel straight lines, [Constr. e

and that onc of them B¢’ is at

right angles to the given plane, [ omatruetiom,

the other .1 D is also at right angles to the given plane. [X 1. 5.
Wherefore a straight line has been erected at right an-

les to a given plane, from a gicen poind in il. QEF.
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PROPOSITION 13. THEOREM.

Frowm the same point in a given plane, there cannot he
tewo straight lines at right angles to the plane, o the same
side of it; and there can be but ome perpendicular to a
plane from a point without the plane.

For, if it be possible, let the two straight lines A8, AC
be at right augles to a given plane, from tho same point A4
in the plane, and on the same side of it.

Lot aplane pass through c
A, AC; K /
the common section of this NS
with the given planc is a o
struight line ; (X1 3. v

AR
lot thisstraight linebe DAL,

Then the three straight lines AR, AC, DAL are
all in one plane.
Aund beennse (A is at right angles to the plane, [/Typothesis.
it makes right angles with every straight line meeting it
in the plune. [XI. Ixsinition 3.
But DAE meeta A, and is in that plane;
therefore the angle (.1 £ is a right angle.
For the samo reason the angle B4 E is a right angle.
Therefore the angle C.1E is cqual to the angle BAE ; [4x.11,
and they are in one plane;;

which is impoasible. [Axiom 9.

Also, from a point without the plane, there can be but
one perpendiculur to the plane.
For il there could be two, they would bo parallel to one
another, [X1. 8.
which is absurd.

Whercfore, from the same poin? &c. q.Ep,
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PROPOSITION 14, THEOREM.

Dlanes towhich the same straight line is perpendicular
are parallel to one another.

Let the straight line 47 bo perpendicular to each of
the planes CL and EF: these pluncs shall be parallel to
one another. .

For, if not, they will mect one g S H
nnother when produced ; 2N R
let them meet, then their com- RN \\ 3
mon section will be a straight !
line ; : / E
let G H be this straight line; in A AR
it take any point A, and join ; S
AR, BR. x L

Then, becaune A B3 is perpen- : .t
dicular to the plane EF,  [Mup. R S
it is perpendicular to the straight
line BA which is in that 0
plane; [X1. Detinition 8.
therefore the angle A BA i a right ang'e.

For the same reason the angle 2.4 A" in a right angle.

Therefore the two angles ABK, BAK of the triunglo

ABK are equal to two right angles;

which is impossible. . .17

Thercfore the plancs €D and EF, though produced, do

not meet one another ;

that is, they are parallel. [X 1. Definition 8.
Wherefore, planes &c. Q.R.D.

s
. e —

PROPOSITION 15. THEOREM.

11 tieo straight lines which meet one annther, be parallel
to two other straight lines which mect vne another, but
are not in the same plane with the first two, the plane
;';3 thruugh these is parallel to the plane passing through
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Let A B, BC, two straight lines which meet ono another,
be parallel to two other straight lines D E, IF, which meet
one another, but are not in the same plane with A B, BC:
the plane passing through 4 3, BC, shall be parallel to the
plane passing through DE, EF.

From the point B draw B
rpendicular to the plane pass- F,!\
g through DL, EF, [XI. 11

and let it mect that planc at G ; By 1 i;;
through 7 draw /1 parallel to
ED,and G K paralielto EF.[1.31.
A
S~

Then, bccu;mo BG is per- i i~
pendicular to tho plane passing N -
through DE, EF, [Construction.

it makes right angles with every straight line meeting it
in that plane; [XT. Definitiom 3.

l);lt tho straight lines 7/7 and G A" meet it, and are in that
plane ;

tlwvieﬁsre ench of the angles BG I and BGR is a right
anglo.

Now because 2.4 is parallel to ED, [HTypothesis.
and /1 is parallel to £D, [Cunatruction.
therefore B.t is parallel to G ; [XIL 9.

therofore tho angles A BG and BG 1T are together equal
to two right angles. 1.2y,

And the anglo /3G 71 has been shewn to be a right angle;
thereforo tho angle .4 53¢/ is a right angle.
For tho same reason the angle CB( is a right angle.

Then, becauso the straight lino G2 stands at right

anglos to the two struight lines B4, B, at their point of
intersection /3,

therefore G B is perpendicular to tho plane passing through
BA, BC. ' XL

Aud G B is also perpendicular to the plane passing through
DE, EF. [Construction.
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But planes to which the same straight line is perpendicular
are parallel to one another; [X1. 14,

therefore the plane passing through A5, BC is paralle] to
the plane passing through DE, K}

Whercfore, if two straight lincs &c. QEn

PROPOSITION 16, THEOREY.

If two parvallel planes be cut by another plane, their
common sections with it are paralle,

Let the parallel planes A2, 'D) be ent by the plane
EFHG, and let their common sections with it bo &7
G : EF shall be paralicl to G 1,

For if not, EF and GH, being produced, will meot
cither towards £, 7, or towards E, 7. Let them be pro-
duced and meet towards F, 1 ut tho point A

Then, since A is in the

lane A J3, every point in KFA” K

13 in that planc; [XL 1, / \
therefore A is in the plane ~ /7 o\
AB. R S
For the same reason A is in : ‘;“I» -
the plane C'/). ‘ R
Thercfore the planes AR, CD, &+ O
being produced, mect one an- B : ¢

other.
But they do not meet, since they are parullcl by hypothesis,

Therefore EF and GZ, bei uced, do not meet to-
wards F, /1. b produced,

In the same manner it may be shewn that they do not
mect towards E, (.

Bat straight lines which are in the same plane, and which
uced ever so far both ways do not meot aro

therefore EF is parallel to GH.
Wherefore, {/ («c0 paralld planes &c. QE.D.
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PROPOSITION 17. THEOREM.

If two straight lines be cut by parallel planes, they
shall be cut in the same ratio,

Let tho straight lines A5 and CD be cut by tho pa-
rallel planes G/, AL, MN, at the points A4, b!, B, and
C F,D: AE shall be to EB as CFis to FD.

Join AC, BD, AD; et
AD moot the planc AL PR
at t.lm'p"nim. X; and join G v X Vs

aly <

Then, becanse the two VN \
parallel planes AL, MA are Py
eut by the plane EBDX, ) o
the common sections £X, VRTTT \*:““'/L
BD are parallel ;  [X1. 16. K < Xf\ V7
and because the two pa- A
rallel planes G, KL are
cut by the plane LXFC,
the common sections A,
X F are pannllel.  [X1. 18

And, becauso EX is panallel to 8D, a side of the
trianglo A BD,
thereforo AE i to ERas AX is to XD [VI 2
.: in, bucuise X 4" is parullel to AC, a side of the triangle
ADC,

PR
M- e

thereforo A X is to XD as CFis to FD. [VL 2
And it was shewn that AN isto XD us AEisto EB;
therefore A X is to EBas CFisto FD. [v. 11

Whercfore, (/' twv straight lines &c.  Q.ED.

PROPOSITION 18. THEORENM.

If a straight line be at right angles tv a plane, overy
ﬁ:rﬂwhid& passes LArough it shall be at right angles to
ane,

Let the straight linoe AB be at right angles to the
plane CK': every Mymthnngb shall
u&h&mwm(!& 4B be
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Let any plane DE
thron’!?AB.and ’r .

 t CE be the common
section of the planes
DE, CK™; [XI. 3. K
take any point F in \
C'FE, from which draw \
FG,in the plane DE, — |
at right angles to
CE.

AR

§o

1

e
<
e~

¢

ey
IF 11

Then, becauso A7 is at right angles to the plane

. [ Hupothesis,
therefore it makes right angles with every straight lino
meeting it in that plune ; [X 1. Definition 3.

but €73 meets it, and is in that planc;
therefore the angle A BF is a right angle.
But the angle G F27 ix also a right angle ; [¢onatruetion,
therefore £G is parallel to A2, 1. 28,
And 73 is at right angles to the plane CA™; [l ypothesia,
therefore F'(7 is also at right angles to tho samo plane. [X1.8.
But one plane is at right angles to another plane, when
tho straight lines drawn in one of the planes at right
angles to their common section, aro also at right angles to
the other plane; [X1. Definition 4.
and it has boen shewn that any straight line #'¢ drawn in
the plane DL, at right angles to CZ the common section
of the plancs, is at right angles to the other plane CX°;
therefore the plano N F is at right angles to the plane ('A”
In the same manncr it may be shewn that any other
plane which passes through A B is at right angles to the
plane CKX".
Wherefore, (/' a straight line &c. qx.p.

PROPOSITION 19. THEOREM.

If tewo planes which cut one another be each of them
perpendicular to a third plane, their common section shall
b perpendicular to the same plane,
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Let the two planes B4, 3C bo each of them perpen-
dicular to a third plane, and let 37) be the common section
of the planes B4, BC: BD shall be perpendicular to the
third planc.

For, if not, from the point D,
draw in the plano /24, the straight
lime /F ut right angles to AD,
the common section of the plane
B A with the third plane; [L 11
and from the point /), druw in tho
plane 22C, the straight line D £ at
right angles to /), the common
scetion of the plune 2O with the
third plune. - [L1n

Then, because the lnhmo DA s

perpendiculur to tho thind plane, [Hupothesis.
and DE is drawn in the plane B4 at right angles to A

their common section ; [ onatruction,
therefore D E i perpendicular to the third plane. [XT. 7/, 4.
In the same manner it may be shewn that DF is per-
pendicular to tho third plane.
Therefore from the point ) two straight lines are at
riﬁ!nt gmilcs w.nw third plane, on the same side of it;
which is impoasible, (X113,
Therofore from the point 72, there cannot be any straight
line at right angles to the third plane, except B the com-
mon section of the planes 224, BC;
therefore D is perpendicular to the third plane,
Wherefore, {/ two planes &c. Q.E.D.

PROPOSITION 20. THEOREM.

I/ a solid angle be contained by three plane
teeo of thesn are together ‘grmlrr than luﬂtlu’rd.mm’ i
Let the solid anglo at 4 be contained by the throe
angles BAC, CAD, DAB: any two of them shall be
r greater than the third.
If the angles BAC, CAD, DAB be all equal, it is
evident that any two onhmmxmwfthnt;'m
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If they aro not all equal, let
DAC be that angle which is not
less than either of the other two, and
is greater than onc of them, BAD.

At the point A4, in the straight line
BA, make, in the (?l.mo which passes

throu-vh BA, AC, the angle BAE

equal to the unglo BAD;  [Lu. - ?\h
ke AL equal to 4D, [ s
through £ draw BEC cutting 473, AC at the points 3, C';
and join D3 D(!

Then, ln-cnuw AD is equal to AF, [¢ 'omlrm'fiou.
and A2 is common to the two triangles BAD, BAK

the two sides 3.4, 4D are equal to the two sides IIA AE,
each to cach;

and the zmglc BAD is cqual to the angle BAE;  [Conatr,

therefore the base 722) is equal to the base BE. (S
And becauso 1), D are together greater than
ne, (1. 20,

a}u};ne of them 121> has been shewn cqual to BE a part
therefore the other JX* is greater than the remaining
part L0,

And because A0 is equal to AL, [/ anatruction.
and AC is common to the two triangles DAC, E.AC,
but the hase (" is greater than the base £

then,ﬁ»re the augle D.AC is greater than the angle
EAcC, (1. 25.

Amlle, t}v construction, the angle BAD is equal to the

therefore the les BAD, DAC are tlogether greater
than tho angles BAE, bAC that is, than the angle AC.

But the angle B.AC is not less than cither of tho anglos

therefore the angle BAC togetber with either of the othor
angles is greater than the thi
Wherclore, {/ a solid auglc tc. QED.
18
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PROPOSITION 21, TIHEOREM.

FEovery solid angle is contained by plane angles, which
are together less than four right angles.

First let the solid angle at 4 be contained by three
plane angles BAC. CAD, DAB: these three shall bo
togethor less than four right angles.

In the straight lines ADB, AC, AD
take any points 22, ', D, and join BC,
D, DB

Then, beeause the solid angle at
B is contained by the three plane
angles CH.A, ARD, DB, any two
of them are together greater than the
third, [XI 20,
thorefore the angles CB.A, ABD are
togother greater than theangle H 53¢,
For the sume reason, the angles B2, ACD arc together
greater than the angle O,
and the angles CDA, ADB are together greater than the
angle BDC.

Thorofore the six angles CBA, ABD, BC'A, ACD, CD A,
ADB are together greater than the three angles DB,
DB, B

but the three angles DBC, DB, BDC are together equal
to two right angles. {1 82,
Therefore the six angles CBA, ABD, BCA, ACD, CDA,
AD B ure together greater than two right angles.

And, because the three angles of each of the triangles
ABC, ACD, ADB are together equal to two right
angloa, 1. 32
thereforo the ninc angles of these triangles, namely, the
angles CHA, BAC, ACB, ACD, CDA, CAD, 5DB,
DBA, DAB are equal to six right angles ;
and of these, the six CBA, ACB, ACD, CDA
ADB, DBA sre greater than two right angles, '
therefore the remaiuing three angles BAC, CAD, DAB,
whkhem:hmthewlidmsle».d, are together less thau

four righ
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Next, let the solid angle at 4 be contained by any
number of &lnnc angles BAC, CAD, DAE, EAF, FAR:
these shall be together leas than four right angles.

Let the planes in which the an-
gles are, be cut by a plane, and let
the common scections of it with thoso
planes be BC, CD, DE, EF, FB.

Then, bocause the solid angle at
2B is contained by the three plano
angles CBA, ABF, FIC, any two
of them are together greater than
the third, [X1. 20
therefore the angles OB, ARF
;r;} together greater than the angle

"B

For the same reason, at each of the points €, D, F, F, tho
two plune angles which are at tho 2a of the trinngles
having the common vertex A, are together greater than
the third angle at the same poiut, which is one of the
angles of the polygon BCHEF.

Thercfore all the angles at the bases of the triangles aro
together greater than all the angles of the polygon.

Now all the angles of the triangles are together equal
to twice as many right angles as there are triungles, that
is, as therc are sides in the polygon BCDEF {1. 32
and all the angles of the polygon, togethor with four right
angles, are also equal to twice as many right angles ns
there are sides in the polygon; [1. 32, Curollary 1.
therefore all the angles of the triangles are equal to ull the
angles of the polygun, together with four right angles. {4x. 1.

Bat it has been shown that all the angles at the bases
of the triangles are togother greater than all tho angles of
the polygon; .
thereforo the remaining angles of the triangles, namely,
those at the vertex, which contain the sulid angle at 4, are
together less than four right angles.

Wherefore, every solid angle &c. ED.

16— 2
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LEMMA.

If from the greater of Lies unequl magnitudes there
be taken wmore than its half, am;? Srom the remainder
more thaw its half, and wo on, there shall at length re-
main & magnitude leas than the smaller of the proposed
masgniluides,

Let A2 and € be two uncqual magnitudes, of which
AR s the greater: if from 473 there be taken more than
its half, aud from the remainder more than its half, and so
on, thore shall at length remain a maguitude less than €,

For ' wmay be multiplied so us at length n
to becomw greater than A 23, A

Let it be a0 multiplied, and let DE its !
multiplo be greater than A/, and let DE
be divided into LV F, FGs, GE, each equal i
to ("

From AR take BH, greater than ita i
balf, and from the remainder A # take HK |
ﬁ:mh:r than its balf, and so on, until there

many dlvmom in ABasin DE; and

let the divisions in A8 be AR, KH, HB, lB é
and the dirisions in DE be DF, FG, GE.

Thoen, bocause DE is than 4 B;
and that £G taken from Eunotgmhrthaluhnlf
but B# taken from A B is greater than its half ;
mewiammwm

I G

i
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Again, bocause DG is greater than A ;

and that G £ is not greater than the half of DG, but /K
is greater than the half of A2

therefore the remainder DF is greater than the remainder

But DFis equal to C;
therefore (' ia greater than 4R7;
that is, AA"is less than ¢ Q.E.D.

And if only the halves be taken away, the same thing may
in the same way be demonstrated.

PROPOSITION 1. THEOREM.
Similar pilygons ingeribed in circles are to one another
as the squares on their diameters.

Let ABCDE, FGIIK I be two circles, and in them
the similar polygons ABCDE, FGHKL:; and let BM,
N be the diameters of the eircles: the polygon A BC 'DE
shall be to the polygon FGHAL us the square on BAM is
to the square on .M.

Join AM, BE, £, (G
Then, becausc the polygons are similar,
therefore the angle 4K is equal to the angle GF/,
and BA isto AE as GFinto FL. [VI. Dcknition 1.
'}“hic:chorc the triangle BAE is equiangular to the u?‘-,nglo
therefore the angle AEB is equnl to the angle FL

But the angle AED is o 930 lnglo AMDB, and the
nngle}'LGilequAlwmcwglo NG [1IL 21,

therefore the angle AMB is oqual to tbo angle FNG,
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And the angle BAM is equal to the angle GFN, for
each of them is a right angle. {111 31.

Therefore the remaining angles in the triangles A M7,
FXNt; nre oqual, and the triangles are equiangular to one
another ;
thorefore B4 is to BM as GFixto GN, [VIL 4
and, alternately, BA is to GFas BMisto GN;  [V. 16
therefore the duplieate ratio of B4 to GF is the same as
the duplieate ratio of BAM to GN.  [V. Definition 10, V. 24
But the polygon ABCDE ix to the polygon FGHKL
in the duplicate ratio of B4 to GF; [VE 20,

and the square on B is to the square on GV in the dn-
plicate ratio of BM to G N, [VI 20,

therefore the polygon ABCDE is to the polvgon FGHK'L
as the aquare on £.¥ is to the rquare on .\, [v.11.

Wherefore, similar polygons &c. QE.D.

PROPOSITION 2. THEOREM,

CYrdes are to one another as the squarcs on their
diameters,

Lot ABCD, EFGIH Yo two circlea, and BD, FH their
dinmetors : the circle .{ BCD shall be to the circle EFGH
aa tho square on 3D is to the square on FH.

For, if not, the square on B2 must be to the on
FH as the circle ABCD is to some space eithor less
than the circle EFGH, or greater than it.

First, if poasible, let it be aa the circle ABCD is toa
space S less than the circle EFG .
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In the circle EFG H inscribe the square EFGH. [IV. 6.
This square shall be greator than half of the circle EFG .

DR CEL
\ l \t ~ a i \
\( 4 Jol . ',‘/’S‘ \“. _

v ¢
For the sqnare EFG I is half of the square which can

be formed by drawing straight lines to touch tho circle at

the points E, F, G, Il ;

and the square thus formed is greater than the circle;

t!ncll'efnre the square EFGI is groater than half of the

circle.

l‘ise(:t the arcs EF, Fdi, GIH, IIFE at the points K,
and join EX, KF, FL. LG, GM, MI, IIN, NE. Then
cach of the triangles ERF, FLG, (M1, JINE sl
be greater than half of the segment of the circle in which
it standa.

For tho trinngle EAF is half of the paraliclogram
which can be formed by drawing a ntrnight line t touch tho
circle at A’ and parallel straight lines through £ and £,
and the pamliclogram thus formed is greater than the

ient FER ; therefore the triangle ERF is greater than
half of the scgment.
And similarly for the other trianglea.

Therefore the sum of all thesc triangles is together greater
than half of the sum of the segments of the circle in which
they stand.

Agnin, bisect EK,, K'F, &c. and form triangles as hefore ;

then the sum of these triangies is greater than half of the
sum of the segments of the circle in which they stand.
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If this process be continued, and the triangles be sup-
posed to be taken away, there will at length remain seg-
ments of circles which are together less than the excess of
the circle EFGIH ubove the spuce S, by tho preceding
Lemma.

Let then the segments EX, K°F, FL, LG, GM, M1,

HN, NE be those which remain, and which are together
less than the exeesa of the circle above S

therefore tho rest of the circle, namely the polygon
EXFLOGMILY, is greater than the space S.

In the circle A BC D describe the polygon ANBOCP DR
similur to the polygon LNFLGMEIN.

Then the polygon AXNBOCPDR ix to the polygon
ERFLGMILY as the square on J14) is to the square on
ru, IXIL 1.
that is, a8 the circle L BOD s to the space S, [y, V. 11.
Bat the polygon AXBOCPDE is less than the cirde
ABCDH in which it is inseribed,
therefore the polygon EXFLGMIIN is less than the
space [v.14.
but it is also greater, as has been shewn ;
which is imponsible.

Therefore the square on 22D is not to the u-d\mrc on

FH as the cwcle ABCD is o any spawe less than the
crcle EFGIL.

In the same way it may be shewn that the square on
FII is not to the square on 37 as the circle E2°GH is to
any space less than the circle A BCD.

Nor is the square on BN to the square on F/ as
trh; ‘zx;\,le ABCD is to any space greater than the circle
. 045,

For, if possible, let it be as the circle ABCD is to a space
T greater than the circle EFGH.

Then, inversely, the square on FI is to the square on BD
as the space 7'is to the circle ABCD.

But as the spaco T is to the circle A BCD so is the circlo
EFGH to somo space, which must be less than the circle
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ABCD, because, by hypothesis, the s Tis ter
than the circle EFGHL. : pace o

Therefore the square on F/T is to the square on 7)) as
the circle EFGH is to some space less than the circle
ABCh;

which has been shewn to be impossible.

Therefore the square on B is not to the square on F//
as the circle ALBCD is to uny space greater than the circle
EFGH.

And it has been shewn that the square on BD ix not
to the square on F/1 wa the circlo ABCLD is to any space
less than the circle EFG I
Therefore the square on /1) ia to the squaro on F/ as the
circle ABCD is to the circle ELGH,

Whercfore, circles &c. QE.D.



NOTES ON EUCLID'S ELEMENTS.

Tus article Fucleides in Dr Smith's Dictionary of Greek and
Roman Riography was written by Profeasor De Morgan ; it
containa an account of the worka of Euclid, and of the various
oditions of them which have been published.  To that article we
refer the atudent who desires full information on these subjects,
I'erhaps the only work of importance relating to Fuelid which
has been published since the date of that article 18 2 work on the
Purinms of Euclid by Chasles; Paris, 1860.

Euclid appenrs to have lived in the time of the first Ptolemy,
B.c. 313 - Ry, and to have been the founder of the Alexandrian
mathematical achool.  The work on Geometry known as The
Elements of Enclid connista of thirteen books ;: two other hooks
have sometimes been added, of which it ia supposed that Hypsicles
was the author,  Besides the Elements, Kuclid was the author of
other worke, somie of which have been preserved and nome lost,

We will now tention the three editions which are the most
valuable for thuse who wish to read the Elements of Euclid in the
original Greck,

(1) The Oxford editirn In folio, published in 1703 by David
Gregory, under ae title Eda\eidov rd gwibuera. ** Anan edition
of the whole of Euclid's works, this stands alone, there being no
other in Greek." Dl Morgan,

(3} Ewclidis Elementorum Libri sex priores ..edidit Joanncs
Gulicdmus Camerer.  This odition was published at Berlin in two
volumes octavo, the first volume in 1824 and the second in 1815,
It contains the first xix books of the Elements in Greek with a
Latin Translation, and very good notes which furm a mathema-
tioal commentary on the subject

(3) Buelidis Liementa cx optimis libris in wsum tironum
Graxe edita ab Brnesto Ferdimando August. This edition was
published at Berlin in two volumes octavo, the first volume in
1816 and the second in 1829. It contains the thirteen books of
the Elements in Greck, with a collection of various readings.
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A third volume, which was to have contained the remaining
works of Euclid, never appeared. *‘To the scholar who wants
one edition of the Elements we should decidedly recommend this,
as bringing together all that has been done for the text of
Euclid's greatest work.” De Morgan.

An edition of the whole of Euclid’s works in the original has
long bLeen promised by Teubner the well-known German publisher,
as one of his series of compact editions of Greck and Latin
authors; but we believe there is no hope of ita early appearance.

HKobert Simson's edition of the Elements of Euclid, which
we have in substance adopted in the present work, differs oon-
siderably from the original. The English reader may ascertain
the contents of the original by consulting the work entitlod 7ke
Llements of Euclid with dusertations. by James Williamson.
This work consists of two volumes quarto, the first volume waa
published at Oxford 1 1781, and the second at Loudon in 1788,
Williamson gives a close translation of the thirtcen books of the
LElements into English, and he indicaten by the use of Italies the
wonis which are not in the original but which are required by
our language.

Among the numerous works which contain notes on the
Elements of Enelid we will mention four by which we have been
aided in drawing up the aclection given in this volume,

An Ecamination of the first siz Bouks of Euclid’s Elements by
William Austin... Oxford, 1751,

Enclid’'s Elements of Plane Geometry with copioua notes...by
John Walker. London, 1825,

The first six bovks of the Elements of Euelid with a Commen-
tary...by Dionysius Lardner, fourth edition.  London, 1834,

Short supplementary remarks on the fire six Hooks of Fuelid's
Elements, by Professor e Morgan, in the Companion to the
dlmanac for 1849.

We may aiso notice the following works:

Geometry, Plane, Solid, and Spherical,... Jondon 1830 ; this
forms part of the Library of Useful Knowledge.

Théorémes et Prolidmes de Géométrie Eleméntaire par Bugéne
Catalan.. Troimime édition. Paris, 1858,

For the History of Geometry the student is referred to
Montucla's Histoire des Mathématiyues, and o Chasles’s Aperce
Aistorique sur Corigine ¢t le devéloppement des Méthodes en Géo-
métrie...
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THE FIRST BOOK.

Definitions.  The first seven definitions have given rise to con-
siderable discussion, on which however we do not propose to enter.
Such a discuasion would consist mainly of two subjects, both of
which are unsuitable to an elementary work, namely, an exami-
nation of the origin and nature of some of our clementary idens,
and a comparison of the original text of Euclid with the substitu-
tiona for it proposed by Simson and other editors.  For the former
subject the student may hereafter consult Whewell’s History of
Seientific Jdeaa nnd Mill's Logie, and for the latter the notes in
Camerer's edition of the Elements of Kuelid.

We will only observe that the ideas which correspond to the
wordns point, line, and surface, do not admit of such definitions as
will really supply the ideas to & person who is destitute of them.
The so-called definitions may be regarded as cautions or restric-
tions, Thus a joint is not to be supposed to have any size, but
only position; a line in not to be supposed to have any breadth or
thickness, but only length; a surface is not to be supposed to have
any thickness, but only length und breadth.

The cighth dofinition scems intended to include the canes in
which an angle is formed by the mecting of two curred lines, or
of a straight line and a enrved line ; this definition however is of
ne importance, as the only angles ever considered are such an are
formed by stra’ bt lincs. The definition of a plane rectilineal
angle is important; the beginner must carefully observe that no
change is made in an angle by prolonging the lines which form
it, away from the angular point.

Some writers object t such definitions as those of an equi-
lateral triangle, or of a square, in which the existence of the
object defined is assumed when it cught to be demonstrated.  They
would present them in such a formn as the following: if there be
a triangle baving three equal sides, let it be called an equilateral
triangle.

Morcover, some of the definitions are introduced prematurely.
Thus, for example, take the definitions of a right-angled triangle
and an obtuse-angled triangle ; it is not shewn until 1. 175, that
a triangle cannot have both a right angle and an obtuse angle,
and so cannot be at the same time right-angled and obtuse-
angled. And before Axiom t1 has been given, it is conceivable
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that the same angle may be greater than one right angle, and
less than another right angle, that is, obtuse and acute at the
same time.

The definition of a square assumces more than is neocasary,
For if a four-sided figure have all its sides ¢qual and one angle »
right angle, it may be shewn that all its anglea are right angles;
or if a four-sided figure have all its angles equal, it may be shewn
that they are all right angles.

Postulates. Tho postulates state what processes we assumo
that we can effect, namely, thut we can draw a straight lino
between two given points, that we can produce a straight line to
any length, and that we can describe a circle from a given centro
with a given distance as radius. It is sumetimes stated that tho
postulates amount to requiring the use of a raler and rompasses,
It must however be observed that the ruler in not supposed to
be a graduated ruler, so that we cannot use it to measure off
assigned lengths.  And we do not require the compasses for any
other process than describing a circle from a given point with o
given distance as radius; in other words, the compuwncs may bo
supposed to close of Wicinselves, as soon as ono of their poiuts is
removed frum the paper.

Axivms, 'The axioms arc called in the original (ommon
Notions. It is supposed by some writers that Euclid intended
his postulates to include all demands which are pecaliarly geo-
wetrical, and his common notions to include only such notions
as are applicable to all kinds of magnitude an well as to space
magunitudes.  Acconlingly, these writers remsove the last three
axioms from their place and put them among the postulates;
and this transposition is supported by somue wanuscripts aud
some versions of the Elements.

The fourth axiom is sometimes referred Lo in editions of
Euclid when in reality more is required than this axiom ex-
presses.  Euclid says, that if 4 and B be uncqual, and ('and D
equal, the sum of 4 and (' is unopual t the sum of 5 and D,
What Euclid often requires is thing more, ly, that §f
4 bo greater than B, and (' and D be equal, the sum of 4 and
C isgreater than the sum of B and D, Buch an sziom as this i
required, for example, in I. 17. A similar romark applies to the
fitth axiom. .

In the eighth axiom the words “that is, which exactly 8Il
the same space,” bave been introduced without the authority of
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the original Greek. They are objectionable, because lines and

gles are magnitudes to which the axiom may be applied, but
they cannot be said to fill space.

Ou the method of superposition we may refer to papers by
Professor Kelland in the Transactions of the Royal Suciety of
Edinburgh, Vols. xx1. and xxul,

The eleventh axiom is not required before I. 14, and the
twelfth axiom is not required before 1. 29 ; we shall not consider
theso axioms until we arrive at the propositions in which they are
rospectively required for the first time.

The first book is chicfly devoted to the properties of triangles
and parallelograms.

We may observe that Fuclid himself does not distinguish
bLetwoen problems and theorems except by using at the end of
the investigation phrases which correspond to Q..7. and Q.K.D.
reapectively.

L. 3. This problem admits of eight cascs in its figure. For
it will be found that the given puint may be joined with cither
end of the given straight line, then the equilateral triangle may
be described on cither side of the straight line which is drawn,
and the side of the oquilateral triangle which is produced may be
produced through cither extremity. These various cases may be
left for the exercise of the student, as they present no difficulty.

There will not however always be eight different straight lines
obtained which solve the problem.  For example, if the point 4
falls on B¢ produced, some of the solutions obtained coincide ;
tlis depends on tho fact which follows from I. 33, that the angics
of all equilateral triangles are equal.

L 5. “Join FC." Custom seems to allow this singular ex-
pression as an abbreviation for “draw the straight line FC,” or
for “ join F to C by the straight line PU."

In comparing the triangles BFL, CG B, the words ‘“‘and the
base BC' is common to the two triangles BFC, CGB” are uaually
inserted, with the authority of the original. As however theso
words are of no use, and tend to perplex a beginner, we have
followed the example of some editors and omittled them.

A corollary to a propusition is an infl which may be
deducll immediately from that propaeition. Many of the corol-
laries in the Llements are not in the original text, but intro-
duced by the editors,
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Tt has been suggested to demonstrate I. 5 by superpotition.
Conceive the isosceles triangle 4 BC' to be taken up, and then re-
placed so that AB falls on the old position of AC, and 4 C falls
on the old position of 4 B. Thus, in the manner of 1.4, we can
shew that the anglo 4 B(' is equal to the angle ACB.

L 6 is the converse of part of I. 5. One proposition is said to
be the converse of another when the conclusion of cach is the
hypothesis of the other. Thus in 1. g the hypothesis in the
equality of the sides, and ono conclusion is the equality of the
angles; in L. 6 the hypothesis in the equality of the angles
and the conclusion is the equality of the sides.  When there is
more than one hypothesis or more than one conclusion to a pro-
position, we can form more than one converse proposition.  For
example, as another converse of 1. & we have the following: if
the angles formed by the base of a triangle and the sides pro-
duced be equal, the sides of the triangle are c¢qual; this pro-
position is true and will serve as an exercise for the atudent.

The converse of a true proposition is not necessarily truc;
the student however will see, as he proceeds, that Euclid showa
that the converses of many geometrical propositions are true.

1. 6 is an example of the indirect mode of demonstration, in
which a result is established by showing that some absundity
follows from supposing the required result to bo untrue.  Hence
this mode of demonstration is called the reductio ad abeurdum.
Indirect d trati are often leas estecmed than direct do-
monstrations ; they are said to shew that a theorem i true rather
than to shew why it is true. Euclid uscs the reductio ad abaur.
dum chiefly when he in demonstrating the couverse of svine
former theorem ; see 1. 14, 19, 2§, 40.

Some remarks on indirect demonsiration by Professor Syl.
vester, Professor De Morgan, and Dr Adamson will be found in
the vol of the Philvsophical Magazine for 1853 and 1853,

1. 6 is not required by Euclid before he reachos 11. 4; so that
1. 6 might be removed from its present place and demoostrated
herealter in other ways if we please. For example, 1. 6 might be
placed after 1. 18 and demonstrated thus. Let the angle 4 5C be
equal to the angle ACH: then the side 4 B shall be equal to the
side 4C. Forif not, one of them must be greater than the other;
suppose 4 B greater than 4C. Then the angle 4’8 is grester
thao the angle ABC, by 1. 18. But this is | ot
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the angle ACB is equal to the angle 4 AC, by hypothesis. Or
1. 6 might be placed after I. 36 and demonstrated thus. Diseet the
angle BAC by a straight line mecting the base at 1), Thea the
triangles 4 B1) and A D are equal in all respects, by 1. 26,

1. 7 in only required in order to lead to 1. 8. The two might
bo superseded by another demonstration of 1. 8, which has been
recommendod by many wiiters,

Lt ABC, DEF be twn triangles, having the sides A B, A0’
oqual to the sides DE, DF, each to each, and the base B¢
equal to the base EF: the angle Z4C shall be cqual to the angle
EDP.

A D
/"‘!\ /',“\
/ o P
S0\ / \

i ;‘ L E‘
\ I/
\ i
Y
G

For, lot the triangle DEF be applied to the triangle 4 B¢,
®0 that tho bases may coincide, the equal sides bo conterminous,
and the vertices fall on opposito sides of the base. Let GHU
represent the trianglo DEP thus applied, so that ¢ corresponds
to D, Join 4G, Since, by hypotheais, BA is equal to BG, the
angle BA( is equal to the angle BGA, by 1. 2. In the same
wmanner the angle .G is equal to the angle G A Therefore
the whole angle BAC in oqual to the whole angle B¢(, that is,
to the angle ADF,

There are two other cases; for the straight line 4G may pass
through 2 or C, or it may fall vutside B(': these cases may be
troated in tha same manner as that which we have considered.

I.8. It may bo observed that the two triangles in I. 8 aro
equal in all respects; Euclid however dovs not assert more than
the equality of the angles opposite 1o the bases, and when he
requires murv than this result he obtains it t.y using I. 4

1. 9. Hoere the equilateral triangle DEF is to be described
on the side remole from A, because if it were described on the
same¢ side, ite vertex, F, might colncide with 4, and then the
construction would fail.
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L 11. The corollary was added by Simson. 1t is liable to
Scrions objection.  For we do not know how the perpendicular
BE is to be drawn, If we are to use L. 11 we must produce 4 8,
and then wo must assume that there is only one way of pro-
ducing AR, for otherwise we shall not know that there is
only one perpendicular: and thus we sssume what we bave to
demonstrate.

Nimson's comllary might come after 1. 13 and be demon.
strated thus. I possible let the two straight lines A B¢, AND
have the segment A B common to both.  From the point [ draw
any straight line L. Then the anglos A 1E and KB are oqua)
to two right angles, by 1. 13, and the angles S 08 aud LB aro
also cqual to two right anglen, by L 13, Therefure the an.
glew AARE and BN are equal to the anghs A RBE and 8D,
Thervinre the angle £5C is oyual to the anglo KB which is
abeurd,

But if the question whether two atraight lines can huve a com.
mon segment is o be cunsidered at all in the Elementas, it might
oceur at an carlier place than Simsou has assigned to it For
example, in the figure to L. 2, if two straight lines could havo a
common kegment A, and then separate at B, wo should obtain
two differunt angles formed on the other side of B by theso
produced parts, and each of them would be equal to the argle
Bt The upinion has been maintaived that even in L1, it ia
tacitly assumes) that the straight lines A and B canmt have n
common seyment at C where they meot; sce Camorer's Kuclid,
pages 30 and 36,

Simson never formally rofers to hin corollary until X1 1,
The c wollary sbould be omitted, and the tenth axiom shouhl
be extonded so as to amount to the following ; if two wtraight
lines coincide in two points they must coincide both beyond and
between those points.

L. 12. Here the straight line is aaid to be of walimited length,
in order that we may cusure that it shall meet the circle.

Enclid distinguishes botween the terms at right engles and
perpendicular, He usenthe term at right anyles when the straight
line is drawn from » point in another, as in L 13 and be uses
the torm perpeadicwlar when the straight line is drawn from s
point without another, as in J. 13, This distinction bowever

is often disregarded by modern writers.
L 14 Here Eoclid ﬁunqnh-bhm“h_l‘.’ For
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in the demonstration we have the angles 4 BC and 4 BE equal to
two right angles, and also the angles 4 BC and ABD equal to
two right angles; and then the former two right angles are equsl
to the latter two right angles by the aid of the eleventh
axiom. Many modern editions of Kuclid however refer only to
the first axiom, as if that alone were sufficient ; a similar remark

pplies to the d trations of 1. 15, and 1. 24. In these cases
we have omitted the reference purposely, in order to avoid per-
plexing a beginner; but when his attention is thus drawn to the
circumstance he will see that the first and cleventh axioms arv
both used.

We may observe that errors, in the references with reapect to
the eloventh axiom, occur in other places in many modern edi-
tions of Euclid. Thus for example in 111 1, at the step * there-
fore the angle FDB is equal to the angle GLB,” a reference is
given to the first axion instead of to the eleventh,

There seemus no objection on Euclid's principles to the fol-
lowing demonatration of his eleventh axiom,

It A B be at right angles to HAC at the point 4, and EP
atright angles to //EG at the point 2 then shall the angles B4C
and FEG be equal,

B g
/
xT"—'AL‘“"c H

Take any length 4 C, and make A D, EH, EQG all equal t0 4C.
Now apply HEG to DAC, »o sbat H may be on D, and HG on
DC, and B and F on the mme side of DC; then (¢ will coincide
with C, and B with 4. Also EF shall coincide with 4 B; for if
nok, supposs, if possible, that it takes a different position as 4 K.
Then the angle DAK is equal to the angle H/5F, and the angle
CAK to the angle GEF; but the augles HEP and GEF are equal,
by hypothesis; thorefore the angios D4A" and C4X are equal.
Bat the angles DAB and C4AB are aleo equal, by k H
aad the angle CAB is greater than the angle CAK; there-
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fore the auglo DAB is greater than the angle CAK. Much
more then is the angle DA K greater than the angle CAK. But
the angle DAK was shewn to be equal to the angle CAX';
which is absurd, Therefore £'F must coincide with A R#; and
therefore the angle FEG coincides with the angle BAC(, and is
equal to it.

1. 18, I. 19. In order to assist the student in r bering
which of these two propositions is demonstrated directlyand which
indirectly, it may bo observed that the order is similar to that
inl. s and 1. 6.

1. 20. ‘¢ Proclus, in his commentary, relates, that the Epi-
cureans derided Prop. 20, as being manifest even to asses, and
needing no demonstration ; and his answer is, that though the
truth of it be manifest to our senscs, yet it is science which
must give the reason why two sides of a triangle are greater
than the third: but the right answer to this objection against
this and the 21st, and some other plain propositions, is, that the
number of axioms ought not to be increased without neces-
sity, as it must be if these propositions be not demonntrated.”
Simson,

I. 21. Here it must be carefully observed that the two
straight lines are to be drawn from the ends of the side of the
triangle. If this condition be omitted the two straight lines will
not necessarily be less than two sides of the triangle.

I. 22. “Some authors blame Kuclid because he does not
demonstrate that the two circles made use of in the construction
of this problem must cut one another: but this is very plain from
the determination he bas given, namely, that any two of the
straight lines DP, FG, (;l{, must be groater than the third.
For who is so dull, though only beginning to learn the Elements,
a8 not to perceive that the circle describud from the centre F, at
the distance FJ), must meet FH botwixt F and I/, because F1)

The condition that B and C are greater than 4, ensures that
the circle described from the centre & shall nut fall entirely
within the circle deseribed from the centre F; tho condition thab
4 snd B are greater than C, emsures that the circle deseribed

’ 17—3
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from the centre P ahall not fall entirely within the circle de-
soribed from the centre (7; the condition that 4 and (' are
greater than /3, ensures that one of these circles shall not fall
entirely without the other. Hence the circles must meet. It is
cany to sce thin as Simson mayn, but there is something arbi-
trary in Euclid's aclection of what in to be demonstmted and what
in to be acen, and Simson'’s language suggeats that he was really
conscious of this.

1. 24. In the construction, the condition that DE is to be
the side which is not greater than the other, was added by
Simson; unlews thie condition be added there will be three canes
to considor, for &' mny fall on LG, or alwve LG, ot Iclow Eti. 1t
may be objected that even if Simson's condition be rdded, it
ought to be ahewn that £ will fall below Et7. Simmon acconlingly
anys . it ia very vany to perecive, that J6G being equal to DF,
the paint ¢ ix in the circumference of a circle deseribed from the
centro /) at the distance DF, and must be in that part of it
which in above the straight line £F, beeause D/ fulls above DF,
the angle £DG being greater than the angls EDE” Or we may
shew it in the following manner.  Let H denote the point of
futerscction of DF and &G, Then, the angle DI/ is greater
than tho angle DEG, by L 16; the angle DE1 in not loss than
the angle DGE, by L 19; thercfore the angle DG i greater
thau the angle 26/, Thercfore D11 is lcas than I/, by 1. 20.
Thorefore DI is lexa than DF.

If Sunson’s condition be omwitted, we shall bave two other
cases o consider besides that in Euclid,  If F falls on EtJ, it is
obvious that AP is less than £¢.  If F falls abore (7, the sum
of DF and EF is less than the sum of [X and £4, by 1.21; and
therefore £F in less than £,

1. 36. It will appoar after I. 33 that two triangles which
bave two angles of the one equal to Awo angles of the other, each
to each, have alsu their thind angles equal. Hence we are able
o includo the two cases of 1. 16 in one enunciation thus; {f fwco
triangles Aave all the angles of the one respectively equal to all the
angles of the other, sach (o eack, and Rare aloo o side of the ome,
opposile to any angle, equal to the side opposite to the cqual engls
n the other, the triangles shall be egual in all respects.

The firet twonty-six propoesitions cotstitate a distinet seotion
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of the fimt Bovk of the Elements. The principal results are
those contained in Propositions 4, 8, and 26; in each of these
Propositions it is shewn that two triangles which agrev in three
respects agres entirely. There are two other cases which will
naturally occur to a student to consider besides those in Buclid;
namely, (1) when two triangles have the three angles of the vne
respectively equal to the three angles of the other, (2) when two
triangles have two sides of the one equal to two sides of the other,
cach to each, and an angle opposite to one side of one triangle
equal to the angle opposite to the oqual side of the other tiianglo.
In the first of these two casea the atudent will easily see, aftor
reading I. 29, that the two triangles are not necessarily equal.
In the second case also the triangles are not necessarily eyual,
as may be shewn by an example; in the fizure of 1. 11, suppose
the straight line F722 drawn; then in the two triangles FRE,
FARD, the side F8 and the anglo FAC aro common, and the side
FE in equal to the side FD, but the trisngles are not equal in
all respects.  In certain canes, however, the triangles will be
erqual in all respects, an will be scen from a proposition which
we shall now demonstrate.

If two triangles have tico sides of the one equal to two sides of
the other, each to cach, and the anyles apponite to @ puir of eyual
rides equal ; then if the anyles oppusite to the other pair of equal
sides be both acute, or both obtuse, or if onc of them be a right
angle, the tivo triangles are equal in all respecta,

Lot A ¢ and DEF be D
two triangles; let A1 bhe
equal to DE, and A(" equal
to EF, and the angle 4
equal to the angle 1)

First, supposc the angles
C and P acute angles.

If the angle B be equal to the angle E, the triangles 4 AC,
DEF are equal in all renpects, by 1. 4. If the angle /? be not
equal to the angle £, one of them must be greater than the
other ; suppose the angle B greater than the angle £, and make
the angle 4 BG equal to the angle . Then the triangles 4 80,
DEF are equal in all respects, by 1. 16; therefore B(/ is equal
to EF, and the anglo BG4 is equal to the angle EFD. Put the
sngle EFD is acute, by hypothesis ; therefore the angls HGA is
acute. Therefore the angle BGC is obtuse, by 1.13. But it has
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been shewn that BG is equal to
EF; and EF is equal to BC,
by hypothesis ; thercfore BG is A D

equal to BC. Therefore the an- /\
AG /
C E

gle BGC is equal to the angle
¥

BCG, by L. 5; and the angle
BCG is acuto, by hypothesis;
therefore theangle B((' is acute.
But R/ was shewn to be ob-
tuse: which is absurd. Thereforo the angles 4 BC, DEF are
not unequal; that is, they are equal. Therefore the triangles
ABC, DEF are equal in all respects, by I. 4.

Next, auppose the angles at ¢’ and P obtuse angles.
The demonstration is similar to the above.

Lastly, supposc ono of the angles a right angle, namely, the
sngle €. 1f the angle B be not equal to the angle X, make the

A //I})

angle 4 G oqual to the angle B. Then it may be shewn, as
before, that i/ is equal to B(’, and therefore the angle BGC is
oqual to the angle B('G, that is, equal to a right angle. There-
fore two angles of the triangle HGC are equal to two right
angles ; which is impossible, by I. 17, Therefore the angles 4 BC
and DEF are not unequal; that is, they are equal. Therefore
the triangles 4 BC, DEF arc equal in all respects, by L. 4.

If the angles 4 and D are both right angles, or both obtuse,
the angles (' and P must be both acute, by I. 17. 1f A B is less
than BC, and DA less than EP, the angles at C' and F must be
both acute, by L 18 aud I. 17,

The propositions from I. 27 to 1. 34 inclusive may be said
to constitute the second section of the first Book of the Elements.
Thoy relate to the theory of parallel straight lines. In 1. 29 Eaclid
uees for the first time his twelfth axiom. The theory of paraliel
straight lines has always been covsidered the great difficalty
of slementary geometry, and many attempts have been made

B ,...‘:_;.WC
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o overcome this dificulty in a better way than Euclid has done.
We shall not give an t of these attempts. The student who
wishes to examine them may consult Camorer's Euclid, Ger-
gonne's dnnales de Mathématiques, Volumes xv and xvi, the
work by Colonel Perronet Thompeon entitled Geumetry without
Axioms, the article Paraliels in ths English Cyclopedia, & me-
moir by Professor Baden Powell in the second volume of the
Memairs of the Ashmolean Society, an article by M. Bouniakofsky
in the Bulletin de UAcadémie Impériale, Volume v, 8t Pétars-
bourg, 1863, articles in the volumes of the Philosophical
Magazine for 1856 and 1857, and a dissertation entitled Sur
un point de Phistoire de la (féométrie ches les Grees...... par
A.J. H. Vincent. Paris, 18387.

Speaking generally it may be said that the methods which
differ substantially from Euclid's involve, in the first place an
axiom as diffcult as his, and then an intricate serics of proposi-
tions; while in Euclid's method after the axiom is once admitted
the renaining process is simple and clear.

One modification of Euclid's axiom has been proposed, which
appears to diminish the difficulty of the subject. This consiste
in assuming instead of Euclid's axiom the following; two inter-
secting straiqht lines cannot be botk parallel to a third straight line,
The propositions in the Elements are then demonstrated as in
Euclid up to I. 28, inclusive. Then, in L 29, we proceed with
Euclid up to the words, *therefore the angles BGH, G D are
lesn than two right angles.” We then infer that BG/ and GID
must meet: because if a straight line be drawn through so as to
make the interior angles together equal to two right angles this
straight line will be paraliel to 72, by 1. 18; and, by our axiom,
there cannot be two parallels to '), both passing through ¢.

This form of making the necessary sssumption hss been
recommended by various eminent mathematici g whom
may be mentioned Playfair and e Morgan. By postponing
the consideration of the axziom until it is wanted, that is, until
after 1. 28, and then presenting it in the form bere given, the
theory of paraliel siraight lines appears to be treated in tho easiest
manner that bas bitherto been proposed.

1. 30. Here we may in the same way shew that if 4B and
EF are each of them parallel to (1), they are parallel to each
other, It has been said that the case considered in the text is
20 obvious as to need no demonstration; for if 45 and CD can
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never meet EF, which lies between them, they cannot meet one
another.

1. 32. The corollaries to I. 32 were added by Simson. In
the sceond corollary it ought to be stated what is meant by an
exterior angle of a rectilineal figure. At each angular point let
one of the mides meeting at that point be produced; then the
exterior angle at that point is the angle contained between thi«
produced part and the side which is not produced. Either of
the sides wnay be producad, for the two angles which can thus be
obtained are equal, by 1. 15,

The rectilineal figures to which Eu- D
clid confines himself are thase in which g
tho angles all face inwarde; we mny )
here however notice another class of
figures. In the accompanying diagram
the angle 4 FC facen outwards, and it is
an anglo less than two right anples; this X
anglo however in not one of the interior
anglen of the fizure ALDCF. We may convider the corre-
vpouding interior angle to bo the excews of four right angles
sbove the angle AFC°; wuch an angle, greater than two right
anglen, is enlied & reentrant angle.

The Arst of the corollaries to 1. 32 is true for a fizure which
haa a reoentrant angle or reeentrant angles; but the second
is not.

1. 32. If vwo triangles have two angles of the one equal to
two angles of the other each to each they shall also have their
third angles equal. This is a very important result, which is
ofton required in the Elements.  The student shiould notice how
this result ia established on Kuclid's principles. By Axioms 1t
and 2 one pair of right angles is equal to any other pair of right
anglen. Then, by L. 33, the three angles of one triangle are
together equal (o the thrve angles of any other triangle. Then,
by Axiom 12, the sum of the two angles of one triangle is equal to
the sum af the two equal angles of the other ; and then, by Axiom 3
the third angles are equal.

After I. 33 we can draw a straight line at right angles to
a given straight line from its extremity, without producing the
given straight line,

Lot 4 B be the given straight live. It is required to draw
from 4 a straight line at right angles to 4 8.
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On 4 B describe the equilateral triangle n
A BC'. Produce BC to 1), 80 that (']) may be
equal to C'B. Juin 40). Then A D shall beat
right anglea to AB. For, the angle (A 1) is
equal to the angle C'/)4, aund the angle ('A & C
is equal to the angle C'B84, by L. 5. Thero-
fore the angle BAD is equal to the two
angles 4 BD), BDA, by Axion 3. Therefore I e
the angle BA D is a right angle, by I. 32,

The propositions from I. 35 to 1. 48 inclusive may be aaid
to constitute the thind section of the first Book of the Llements,
They relate to equality of aroa in figures which are not necos-
sarily identical in form.

1. 35.  Here Simson has altered the demoustration given by
Fuclid, because, as he says, there would be three cases to con.
sider in following Euclid's wethod,  Simson however uses the
third Axiom in & peculiar manner, when ho first takes a triangle
from a trapezinm, aud then another triangie from the same
trapezium, wund infers that the remainders aro equal. If the
demonatration is to bo conducted strictly after Kuclid's manuner,
three cases must be made, by dividing the Iatter part of the
demonstration into two. In the left-hund figure we may suppose
the point of intersection of BE and DU to bo denousd by 6.
Then, the triangle A BE is equal to the triangle DCF; take
away the triangle DGE from each; then the figure ABGD s
equal to the figure LGCF; add the triangic /75 to each; then
the parallelogram A BC'D) is ejual to the parallelogram ENCE,
Iu the right-hand figure we have the triangle A £1 equal to the
triangle 1VFC; add the figure REDN to cach; then the parallel
ogram A BC°D is equal Lo the parallclogram £ BCF,

The equality of the parallelograms in 1. 35 is an equality of
area, and not an identity of figure. lLegendre proposel to use
the word eyuiralent to expresa the equality of area, and to restrict
the word ejual to the case in which magnitudes admiit of super-
position and coincidence. This distinction, however, has not
been generally adopted, probably beoause there are few cases in
which any ambiguity can arise; in such cases we may say es-
pecially, eyual in area, to prevent misconception.

Cremwell, in his Treatise of Geometry, bas given a demon-
stration of 1. 35 which shews that the paraliclogratns may be
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divided into pairs of pieces admitting of superposition and coin-
cidence; sve ulso his Preface, page x.

1. 38. An important case of I. 38 is that in which the tri-
angles are on equal bases and have & common vertex.

1. 40. We may demonstrate I. 40 without adopting the in-
direct method. Join BD, (')). The triangles DBC and DEF
are equal, by L. 38; tho triangles 4 BC and DEF are equal, by
hypothesis; therefore the trisngles DBC and A BC are equal, by
tho first Axiom. Therefore 412 is parallel to BC, by L. 39.
Philosophical Magazine, October 1850.

1. 44. In 1. 44, Euclid does not shew that A 4 and Fi;
will meet.  *“1 cannot help being of opinion that the construc-
gion would have boen more in Euclid's manner if he had made,
GH equal to 114 and then joining A had proved that Z/A was
parallel to G/ by the thirty-third proposition.” Willi

1. 47. Tradition ascribed the discovery of 1. 47 to Pytha-
goras. Many demonstrations bhave been given of this cele-
bruted proposition; the following is one of the most interesting.

Lot ABCD, AEFG be any

two squares, placed so that 'z(

their bases may join and form VAR
one straight line. Take GH

and K each equal to 4 B, and /

join HC, CK, KF, Fil. E H-———- :

Then it may be shewn that -

the triangle 2/ 4C is equal in  Ff————f,
™~

and the triangle K DC to the ! ™

I—_’ :

all respects to the triangle FAK,
trianglo FG/I. Thervlore the \"\ .
two squares are togethor cquive- T—"ﬁ{‘“‘ «é
lent to the figure CAFH. It
may then be shewn, with the aid of 1. 31, that the figure CK P
is & square. And the side C'/f ix the hypotenuse of a right-angled
triangle of which the sides B, BH are equal to the sides of the
two given squares. This demonstration requires no proposition
of Euclid after 1. 33, and it shews how two given squares may
be cut into pieces which will fit together s0 as to form a third
oquare. Quarterly Jowrnal of Mathematics, Vol. 1.

A large number of demonstrations of this proposition are onl.
Ircted in a dissertation by Joh. Jos. Ign. Hoffmann, entitied Der
FPythagorieche Lekroats. ... Zweyte... Ausgabe. Maina. 1811,
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THE SECOND BOOK.

TaE second book is devoted tn the investigation of relations
between the rectangles contained by straight lines divided into
segmenta in various ways.

When a straight line is divided int two parts, each part is
called a segment by Fuclid. It is found convenivnt to extend the
meaning of the word segment, and to lny down the following defi-
nition. When a point is taken in & straight line, or in the
straight line produced, the distances of the point from the enda of
the struight line are called segmenta of the straight line, When

" it is necensary to distinguish them, such segments aro called in-
ternal or external, according as the point in in the straight line,
or in the straight line produced.

The student cannot fail to notice that therv is an analogy
between the first ten propositions of this book and some elemnent-
ary facts in Arithmetic and Algebra.

Let A BCD represent a rectangle which is ¢ inches Jong and
3 inches broad. Then, by draw-
ing straight lines parallel to
the sides, the figure may be
divided into 132 squares, each
square being described on a
side which represcnts an inch

D ¢
i
in length. A square described ‘r
L.
A

© e me

B
e
r
|

on a side measuring an inch is
called, for shortneas, a agnare
inch. Thus if a rectangle is
4 inches long and 3 inches
broad it may be divided into 12 square inches; this is exprossed
by saying, that ita area in equal to 131 sjuare inches, or, more
bricfly, that it containa 12 square inches. And a similar result
in oaaily se=n to hold in all similar cases. Snppose, for example,
that a rectangle is 11 feet long and 7 feet broad; then ita
area is equal to 12 times 7 square feet, that is to 8¢ square feet;
this may be expressed briefly in common langusge thus; if o
rectangle measures 12 feet by 7 it contains 84 square feet. It
must be carefully observed that the sides of the rectangle are

pposed to be ed by the same unit of length. Thas if »
rectangle is a yard in length, and a foot and & half in breadth, we

:
SRR S
'
' H
S S
. }
i
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must express each of these dimensions in terms of the same unit;
we may aay that the rectangle measures 36 inches by 18 inches,
and contains 36 times 18 8quare inches, that is, 648 square inches.

Thus universally, if one side of a rectangle contain a unit of
length an exact number of times, and if an adjacent side of the
rectangle also contain the same unit of length an exact number of
times, the product of these numbers will be the number of square
units contained in the rectangle,

Next suppose we have a aquare, and let its side be 5 inches in
length. Then, by our rule, the area of the square in 5 times
8 square inches, that is 25 square inches. Now the number
35 is called in Arithmetic the square of the number 5. And
universally, if & straight line contain a unit of length an exact
number of times, the area of the square described on the straight
line is denotod by the wjuare of the number which denotes the
length of the straight line,

Thus we ace that there is in general a connexion between the
product of two numbers and the rectangle contained by two
straight lines, and in particular a connexivn between the square of
A number and the square on a straight line; and in consequence
of this connoxion the first ten propositions in Euclid's Second
Book correspond to propositions in Arithinetic and Algebra,

The student will perceive that we speak of the square de-
scribed on a straight line, when we refer to the geometrical figure,
and of the square of & number when we refer to Arithmetic. The
editors of Euclid generally use the wonde *‘square described
wpin” in 1. 47 and L. 48, and afterwards speak of the square of
a straight line. Fuclid himself retains throughout the same form
of expreaxion, and we have imitated him,

Some editors of Fuclid have added Arithmetical or Alge-
braical de trationa of the propositions in the sccond book,
founded on the connexion we bave explained. We have thought
it unnecessary to do this, because the student who is acquainted
with the ol ta of Arithmetic and Algebra will find no diffi-
culty in supplying such deinonstrations himself, so far as they
are usually given. We say o fur as they are wwnally given,
bocause thuse demoustrations usually imply that the sides of
vectanglos can always be expressed exactly in terms of some unit
of length; whereaa the student will find hereafter that this is not
the case, owing 1o the existence nf what are technically called
incommensuredis magnitudes, We do not enter on this subject,
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as it would lead us too far from Euclid's Llements of Geometry,
with which we are here occupied.

Theo first ten propositions in the secoud book of Euclid may
be arranged and cnunciated in various ways; we will briefly
indicate this, but we do not consider it of any importance to dis-
tract the attention of a beginner with thewe diversities,

IL. 2 and I1. 3 arc particulur canes of 11, 1.

11. 4 is very important; the following particular case of it
should be noticed ; the syuare diacvited on a strainht tine made up
of two epual straight lines € equal to four times the sjuare described
on one of the tiro eyual strasght lines,

1. s and 11, 6 may be included in one enunciation thus; the
rectangle wnder the swm and diffcrenee of tico straiyht lines s equal
to the difference of the squares deserilad un those stramht lines ;
or thus, the rectangle contaned by teo fraight Lines teqgether with
the myuare described on half their diffivence, is eyual tu the square
deacribied on half their s:on,

I, 7 mny be enunciated thus; the square described on a
straiyht line which iz the difference of two other straiht linea 1 less
than the sum of the rypuarea deseribed on those straight lines by
twcice the rectanyle comtained by those straight lives, Then froan this
and I1. 4, and the second Axiom, we infer that the syuare described
on the sum of two straiyht lines, and the synare described on
their difference, are together double of the sum of the spmnrea
deseribed on the straight lines; and this enunciation includen both
11. g and I1. 10, so that the demonstrations given of these pro-
positions by Euclid might bo superseded.

11. 8 coinciden with the second form of enunciation which we
have given to 11, g and I1.6, bearing in mind the particular case
of 11. 4 which we have notice L.

1L 11. When the student is acqquainted with the eloments of
Algetira he should notice that 11 11 gives & geometrical oon-
struction for the sclution of a particular quadrat.c equation.

IL. 12, 1L 13. Thee are interemting in connexion with 1. 47;
anl, as the student may sce bereafter, they are of great import.
ance in Trigonometry ; they are however not required in any of
the parta of Euclid's Elements which are usually read. The
converse of I. 47 is proved in 1. 48; and we can easily shew that
converves of I1. 13 and IL. 13 are true.

Take the following, which is the converse of 1[. 11; if (ke
square dascribed on ome wide of a iriangle bs greater than the sum
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of the squares described on the other two sides, the angle opposits
to the first side is obtuse.

For the angle cannot be a right augle, since the square de-
scribed first side would then be equal to the sym of the
uqm bed on the other two sides, by I. 47; and the angle

Jcute,. since the mjuare described on the first side
\vonld then be less than the sum of the squares described on the
other two sides, by 11. 13; therefore the angle must be obtuse.

Bimilarly we may demonstrate the following, which is the con-
verno of 11. 13; of the synare described on one side of a triangle
be less thun the sum of the squares described on the other two sides,
the angle oppomte to the first side is acute.

1L 13 Euclid enunciates I1. 13 thus; in acute-angled tri-
angles, &c.; and he gives only the first case in the demonstration.
But, as Nimwon observea, the proposition holds for any triangle ;
and accordingly Simson supplies the second and third cases. It
has, however, been often noticed that the same demonstration is
applicable to the first and second cases; and it would be a great
improvement as to brevity and clearnoss to take these two cases

. Then the whole demoustration will be as follows.

Let A BC be any triangle, and the angle at B one of its
acuto angles; and, if AC be not perpendicular to BC, let fall on
RC, produced if neccssary, the perpendicular 4D from the
opposite angle: the square on 4 (" apposite to the angle B, shall
be less than the squares on ('B, B4, by twice the rectangle

CB, BD.
« A A
Zl\ : /A
D ) [ D

First, suppose 4 not perpendicular to BC.

The squares on CB, BD are equal 4o twice the rectangle
cn, JD.Wme on CD. (.7
To esch of these aquals add the square on DA,
Thersfore the squares on™CB, BD, DA are equal $o twice the
Wca m.m«u-mmm-ucn DA,

ﬁmullhqﬁh&hmnlbm,
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and the square on 4 C is equal to the squares on CD, D4,
because the angle BDA is a right angle, (1. 47.
Therefore the squares on C'B, B4 are equal to the lqum on AC,
t.ogethcr with twice the rectangle CB, 8D ;
that is, the square on AC alone is less tlnn the qﬂn- on
CB, BA, by twice the rectangle OB, BD. . b
Next. suppose A L' perpendicular to BC.
Then BC is the straight line intercepted be.
tween the perpendicular and the acute angle
at B.
Aud the square on 48 is equal to the squarea
on AC, (B, [L 47.
Therefore the square on A(" is leas than the
squares on 4 B, HU, by twice the square on BC.
1I. 14. This is not required in any of the parta of Euclid's
Elements which are usually read ; it ia included s VI, 22,

THE THIRD BOOK.

THE third book of the Elements is devotod to properties of
circles,

Different opinions have been held as to what is, or should be,
included in the third definition of the third book. One opinion
is that the definition only meaus that the circles do not cut in
the neighbourhood of the point of contact, and that it must be
shewn that they duv not cut elsewhere. Another opinion is that
the definition means that the circles do not cut at all; and this
seems the correct opini The definition may thercfore be pre-
sented more distinctly thus. Two circles are said to touch inter.
nally when their circumferences have one or more common
poimts, and when every point in one circle is withia the ether
circle, exoept the common point or points. Two circles are sald
to touch externally when their circumferences have one or more
commoan points, and when every point in each circle in without
the otber circle, except the common point or points, It is then
shown in the third Bookﬁnthmmlmol two slrcies
which touch can have only one common poin

A straight line which M‘te’ohd“.ﬂdth
gent to the circle, or briefly, a tongent,

It is very convenient 10 bave & word to dmmote & portion of
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the boundary of a circle, and accordingly we use the word are.
Euclid himself uses circumference both for the whole boundary
aud for a portion of it.

I1L. 1. In the coustruction, NC is said to be produced to
E ; this assumcs that D is within the circle, which Euclid demon.
s.ratepin I11. a2,

II1. 3. This consists of two parts, each of which is the con-
verse of the vther; and the whole proposition is the converse of
the corollary in 111 1.

11 5 and 111 6 should have been taken together. They
amount to this, if the circamferences of tewo civcles meet at a point
they cannot have the sume centre, so that circles which have the
samo centre and one point in their circamferences common, must
coincido altogethor. 1t would scem an if Euclid had made three
cancs, one in which the circlen cut, one in which they touch
internally, and one in which they touch externally, and had then
omitted the last case ne cvident.

1L 5, 111 8. 1t is observed by Professor De Morgan that
in 111, 7 it is assned that the angle FEB i« greater than the
angle FEC, the hypothesis Leing only that the angle DFB is
greator than the angle FC; and that in 111 8 it is assumed
that A" falls within the triangle DLV, and £ without the triangle
DMP. He intimates that these assumptionn may be established
by means of the following two propositions which may be given
in order aftir 1. 21,

The perpendicwlar is the shortest straight line which can be
drawn from a giren point to a given straiyhl line ; and of otkers
that which is mearer to the perpendicular is less than the more
remote, ond the conrevse : and wot more than teo equal siraight
Irmes can be drawn from the qiven point to the given straight line,
one on cack side of the perpendicular,

Keery straight line drawn from the verter of a triangle to the
base is less than the yreater of the tico sides, or thaw either of them
 they be equal.

The following propasition is analogous to 111. 7 and I11. 8.

If any point be taken on the circumference of a circle, of all
the straight lince which can be drawn from it (o the ciroumference,
the greatest is that in which the centre iz ; and of any others, that
which is nearer to the otrgight ling which passes through the centre
fe alwayw greater (Aan one more remole ; and from the same poind
there can be drawn to the circumference two stvaright lines, end
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5
only two, whick are equal to one another, onc on cack side of the
greatest line.

The first two parts of this proposition are contained in
II1. 15; all three parts might be demonstrated in the manuner of
111 7, and they should be demonstrated, for the third part is
really required, as we shall sve in the note on 111. 0.

I11. g. The point £ might be supposed to full swithin the
angle 4DC. It cannot then be shewn that D( is greater
than DB, and DB greater than DA, but only that cither HC
or DA is less than DD}; this howoever is sufficicnt for establishe
ing the proposition.

Euclid has given two demonstrations of IIl. 9, of which
i has ch the 1. Euclid's other domonstration is
as follows. Join D with the middle point of the straight line
Al; then it may be shewn that this straight line is at right
angles to 4 B; and thercfore the centre of the circle must lie fn
this atraight line, by 111 1, Corollary. In the same manner it
may be shewn that the centre of the circle must lis in the
straight line which joina /) with the middle poiut of the straight
line BC. The centre of the circle must therefore bo at D),
because two straight lines canuot have more than one common

int.

F I11. 10. Euclid haa given two demonstrations of 1II. 10, of
which Simson has chosen the second,  Euclid's first demonstrs
tion hles kis first d tration of 111. 9. He shewn that
the centre of each circle is on the straight line which juins A
with the middle point of the straight line DG, and also on the
straight line which joins X with the middle point of the straight
line BH ; therefore A’ must be the centre of each circle.

The demonstration which Simson has chosen requires some
additions to make it complete. For the point A might be sup-
posed to fall without the circle DEF, or on its circumfercnce, or
within it ; and of these three suppositions Euclid only considers
the laat. If the point A be supposed to fall without the circle
DEF we obtain s contradiction of 111. 8; which is abeurd. If
the point K be supposed to fall on the circumference of the oircle
DEF we obiain s contradiction of the proposition which we
have enunciated at the end of the note on I11. 7 and 1IL §;
which is sbeurd.

What is demonstrated in T11. 10 is that the cirenmferences of
4wo circles cannct have more than iwe comumon pd-mlts&n s
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nothing in the demonstration which assumes that the circles cut one
another, but the enunciation refers to this case only because
it is shewn in IIL 13 that if two circles touch one another,
their circunferences cannot have more than one comunon
point.

I1L 11, 1I1. 13, The enunciations as given by Simson and
others speak of the point of contact; it is however not shewn
until III. 13 that there is only one point of contact. It should
bo observed that the demonstration in III. 11 will hold even if
D and H be supposed to coincide, and that the demonstration
in IIL. 12 will hold even if (' and D be supposed to coincide,
We may combine 111, 11 and I11. 12 in one enunciation thus.

If two circles touch one ther their circumferences
Aare a common point out of the direction of the straight line which
Joins the centres.

II1. 11 way be deduced from TIL. 7. For GH is the least
line that can be drawn from ¢ to the circumference of the circle
whose centre is F, by III. 3. Therefore G# is less than G4,
that is, less than (//); which is absurd. Sumilarly IIL. 12 may
be deduced from 111 8.

1I1. 13.  Simson observes, ‘“ As it is much easior to imagine
that two circles inay touch one avother within in more points
than one, upon the same side, than upon opposite sides, the
figure of that case ought not to have been omitted; but the
construction in the Greek text would not have suited with this

figare 8o well, 1 the of the circles must have been
placed noar to the circumforences; on which account anuthcr

truction and d tration is given, which is the same with
the socond part of that which Camj has transisted from the
Arabic, where, without any , the d tration is divided
into two parta.”

It would not be obvious from this note which figure Simson
himself supplied, because it is unocrtain what be means by the
*‘same side” and *‘opposite sides.” It is the Jef-hand figure
in the first part of the demonstration. Euclid, however, secvins
10 be quite currect in omitting this Ggure, beoause he has shewn
in IIL 11 that if two circles touch internally theve cannot be &
point of contact out of the direction of the straight line which
Jolus the contres. Thua, in order to shew that there is only ene
point of contact, it is suficient to put the seesad supposud point
of vontact ua the diruction of the siraight line whick joins the



EUCLID'S ELEMENTS. 275

centres, Accordingly in his own demonstration Fuclid con.
fines himself to the right-band figure; and he shewn that this
case cannot exist, bocause the straight line B would be »
diameter of both circles, and would thervfore be bisected at two
different points; which is absurd.

Euclid might have used a similar method for the second part
of the proposition; for au there cannot be a point of comtact out
of the straizht line joining the centres, it is obrivualy impossiie
that there can bo a seccond point of contact when the circles
touch externally. 1t is casy to see this; hut Fuclid preferred a
method in which there is mo'o formal rensoning.

Wo may observe that Fuclid's mode of dealing with the
contact of circles has often been censured by commeutator, hut
apparently not always with good rexson.  For example, Walker
gives another demonstration of 111, 13; and says that Euclid's
is worth nothing, and that 8 mson faile; for it is not proved that
two circles which touch cannot have nny are common to both
circumferences,  But it is shewn in 111 10 that this is impos-
sible; Walker appears to have supponed that 1TL 10 in limitd to
the cass of circles which cut.  See the note on 111 10.

IIL 137, 1t is obvious from the coustruction in 11, 17 that
tio straight lines ~an be drawn from a given external point to
touch a given circle; and these two straight lines are cqual in
length and equally inclined to the straight line which joins the
given external paint with the centre of the given circle.

After reading TIT. 31 the student will sece that the problem
in ITL. 17 may be molved in another way, as follows: dvscribe &
circle on A £ an diameter ; then the pointa of intersoction of this
circle with the given circle will bo the points of contact of the
two straight lines which can be drawn from A to tsuch the given
circle.

111, 18. Tt does not appear that 111 18 adds anything
to what we have alrendy obtained in II. 16. Forin 11116 it
is shewn, that there is only one straight line which touches a
given circle at a given point, and that the angle betwicn this
straigit line and the radius drawn 1o the poiut of contact is »
right angle.

1. 20. There are two sssumptions in the demonstration of
IM. 20. Suppeec that 4 in double of B and C double of D;
then in the first part it is assumed that the sum of 4 and C'ls
double of the sam of B aad 2, snd in the sscond part it is ae-
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sumed that the difference of A and C is double of the difference
of B and D. The former assumption is a particular case of V. 1,
and the latter in a particular case of V. s.

An important extension may be given to ILI. 20 by intro-
ducing angles greater than two right angles. For, in the first
figure, suppose we draw the straight lines BF and CF. Then,
the angle BEA iy double of the angle BFA, and the angle CEA
is double of the angle C'PA ; therefore the sum of the angles
BEA and CEA is double of the augle BF(. The sum of the
angles BEA and CEA is greater than two right angles ; we will
call the mum, the re-entrant angle BEC. Thus the re-entrant
angle HEC in double of the angle BFC. (See note on I. 32).
1f this extension be used some of the demonatrations in the third
hook may be abbreviated. Thus II1. 21 may be demonstrated
without making two cases; I1I. 32 will follow immediately from
the fact that the sum of the angles at the centre is equal to four
right angles; and 111, 31 will follow immediately from IIL 20,

II1. 21. InI1L 21 Euclid himself has given only the first
case; the second case has been added by Simson and others.
In either of the figures of 111. 21 if a point be taken on the same
side of #1) ns 4, the angle contained by the straight lines which
join this point to the extremitics of B0 is greater or less than the
angle BA D, according as the point is wifAin or swithout the angle
BAD; this follows from 1. 21,

We shall have occasion to refer to 1V. s in some of the
remsining notes to the third Book ; and the student is aocord-
ingly recommended to read that proposition at the presemt
stage.

The fallowing proposition is very important. If any sumber
of triangles be comstructed om the same Base and om the same side
of it, with equal vertical angles, the vertices will all lic on the cir
cumference of a segment of a circle.

For take any one of these triangles, and describe a circlo
round it, by IV. 5; then the vertex of any other of the triangles
must be on the circumference of the segment containing the
assumed vertex, since, by the former part of this note, the vertex
cannot be without the circle or within the circle.

111 22. The converse of III. 23 is true and very im-
portant; namely, if fwo oppesite angles of & gquadrilateral be
topether equal to twe right angles, a circle may bo circumscribed
obout the gquadrilateral. For, let 4 BCD demote the quadrils
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teral. Describe a circle round the trianglo 4 BC, by IV. s.
Take any puint £, on the circunference of the segment cut off
by AC, and on the same side of A('as D) is. Then, the angles
at B and £ are together equal to two right angles, by 111. 23
and the angles at B and D are together equal to two right
angles, by hypothesis. Therefore the angle at & is equal to the
anglo at ). Therefore, by the preceding noto D is on the cie
cumference of the same segment aa £.

IIL. 33. The oonverse of 111. 32 in true and important;
namely, if a straight line meet a circle, and from the point of
meeting a straight line be dramen cutting the rivce, and the angle
beticeen the two straight lines be equal to the anyle in the alternate
scgment of the circle, the straiyht linc which meets the cirele shall
touch the cirdle,

This may be demonatrated indirectly.  For, if possible, sup-
poso that the straight line which meets the circle does not touch
it. Draw throogh the point of mecting a straight line to touch
the circle. Then, by 111. 32 and the hypothesis, it will follow
that two different straight lines pass through the same point, and
make the same angle, on the same aide, with a third straight
line which also passcs through that poiut; but this is impow-
sible.

111, 35, I11. 36, The following proposition constitutes &
large part of the demonstrations of 111, 35 and 1. 36,  If any
point be taken in the base, or the base produred, of an isacelrs
triangle, the rectangle contained by the seqments of the base is
equal (o the difference of the square on the straiyht line juining
this puint Lo the vertex and the square on the side of the triangle,

This proposition is in fact demonstrated by Euclid, without
using any property of the circle ; if it were enunciated and do-
monstrated before 111, 35 and TIL. 36 the demonstrations of
these two propositions might be shortened and siniplified.

The following converse of I11. 35 and the Corollary of I11. 36
may be noticed.  If tiwo straight lines AB, CD intersect at O, and
the rectangle A0, OB be equal 1o the rectangle CO, OD), the rircum-
Jerence of a circle will pass through the four painis A, B, C, D.

For a circle may be described round the triangle 4 BC, by
IV. 5; and then it may be shewn indirectly, by the aid of
IL 35 or the Corollary of 111. 36 that the cirenmierence of this
circle will also pass through D.
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THE FOURTH BOOK.

Tug fourth Baok of the Elements consista entirely of problems.
The first five propositions relate to triangles of any kind ; the
remaining propositions relate to polygons which have all their
sidos equal and all their angles equal. A polygun which has all its
sidos oqual and all ita angles equal is called a regular polygon,

1V. 4. By a process similar to that in IV. 4 we can describe
s circlo which shall touch one pide of a triangle and the other
two mides produced, Suppose, for cxample, that we wish to
describe a circle which shall touch the side A(', and the sides
A and AC produced: bisect tho angle between 4 5 producel
and BC, and binect the angle between AC produced and BC';
then the point at which the bisecting straight lines moet wiil be the
centre of the required circlo. The demonstration will be sinilar
to that in IV, 4.

A circle which touches one side of a triangle and the other
two aides produced, is called an escribed circle of the triangle.

We can alko describe a triangle equiangular to a given tri-

angle, and such that one of ita sides and the other two sides
produced shall touch a given circle.  For, in the figure of IV. 3
suppose A A" produced to meet the circle again ; and at the point
of intersection draw a stenight line touching the circle; this straight
line with parta of V& and NC, will form a triangle, which will
b equiangular to the trianglo M LN, and therefore equiangular to
the triangle £DF; and one of the sides of this triangle, and the
other two siden prewluced, will touch the given circle.
" IV.s Simson intruduced into the demonstration of IV, g
the part which shews that DF and £F will meet. It has also
been proposed to shew this in the following way: join DE; then
the angles 5P and DEF are together lems than the angles
ADP and AEP, that is, they are together less than two right
angles; and therefore NF and EF will meet, by Axiom 11,
This ansumnes that 4 DE and 4 £D are acute angles ; it may how.
ever be easily shewn that 1’5 is paraliel to BC, s0 that the
triangle 4 DA is equiangular to the triangle 4 BC'; and we must
therefure soloct the two sides 4B and AC such that 4 BC and
ACR may be acute angies.

IV. 10. The vertical angle of the triangle in IV. 10 is
onsily soen %0 be the fifth part of two right angles; and as it
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may be bisected, we can thus divido a right angle geometrically
wito five equal parts.

It follows from what is given in tho fourth Book of the
Eletnenta that the circumference of a circle can by divided into
3,6, 13, 24, .. .. equal parts; and also into 4, 8, 16, 32, . ...
equal parts; and also into §, 10, 20, 40, . . .. equal parts; and
also into 15, 30, 60, 120, .. ... ... equal parts. Hence also
regular polygons having an many sides as any of these numbers
may be inscribed in a circle, or described about a circle, This
however doos not enable us to deacribe a rogular polygon of any
assigned number of sides ; for example, we do not know how to
describe geometrically a regular polygon of 7 wides,

It was first demonatrated by Gauss in 1801, in his Disgui
sitiones AritAmetiom, that it is possible to doscribe goometrically
a regular polygon of 2% + 1 sides, provided 2™ + 1 be a prime num-
ber; the demonatration is not of an elementary character. As
an example, it follows that a regular polygon of 17 sidos can be
described geometrically ; this example is discussed in Catalan's
Théorémes et Problémes de Géométrie Elémentaire.

For an approximate construction of a regular heptagon soo
the PAilosophical Magazine for February and for April, 1864.

THE FIFTH BOOK.

Tur fifth Book of the Elements i on Proporfion. Much
has been written respecting Euclid's treatment of this subject;
besides the C tarics on the Elements to which we have
alroady referred, the student may consult the articles Ratio and
Proportion in the English Cyclopedia, and the tract on the
Connerion of Numbher and Magnitude by Professor Do Morgan.

The fifth Book relates not merely to length and space, but to
any kind of magnitude of which we can form multiples.

V. Def. 1. The word part is used in two senses in Goometry,
Sometimes the word denotes any magnitude wbhich in lons than
another of the same kind, as in the axiom, the swhole s
than its part. In this senso the word has been used up to the
present point, but in the ifth Book Euclid confines the word to
a more restricted sense. This restricted sense agroes with that
which is given in Arithmetic and Algebra t0 the term aligud
part, ur to the term submultiple,
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V. Def. 3. Bimson considers that the definitions 3 and 8 are
¢“not Euclid’s, but added by some unskilful editor.” Other com-
mentators also have rejected these definiti as usel The
Jast word of the third definition should be guantuplicity, not
gquandity ; wo that the definition indicates that ratio refers to the
number of times which one magnitude contains another. See Do
Morgan's Differential and Integral Calculus, page 18,

V. Def. 4. This definition amounts to saying that the quan-
tities must bo of the same kind.

V. Def. 5. The fifth definition is the foundation of Euclid's
doctrine of praportion.  The student will find in works on Alge-
bra a comparison of Euclid's definition of pruportion with the
simpler definitions which are employed in Aritbmetic aud Algebra.
Euclid’s definition is applicable to incommensurable quantitios, as
well as to commensurable quantitics.

We should recommend the student to read the first propo-
sition of the sixth Book immediately after the fifth definition of
the fifth Book ; he will there see how Euclid applies his defi-
nition, and will thus obtain a better notion of its meaning and im-
portance.

CUompound Ratio. The definition of compound ratio was
supplied by Simson, The Greek text docs bot give any defini-
tion of comipound ratio here, but gives one as the fifth definition
of the sixth Book, which Sismson rejects as absurd and uselesa.

V. Defs. 18, 19, 30. The definitions 18, 19, 20 are not pre-
sented by Nimson preciscly as they stand in the original. The
Iast sentence in definition 18 was supplied by Simson. Euclid
does not connect definitions 19 and 20 with definition 18. In
19 he defines ordinate proportion, and in 20 he defines perturbate
proportion.  Nothing would be lost if Euclid's definition 18 were
outirely omitted, and the term ex wgxali never employed. Euclid
employs such a term in the enuunciations of V. 120, 31, 123, 33;
but it acems quite useloss, and is accordingly neglocted by Simson
and others in their translations.

The axioms given after the definitions of the fifth Book are
not in Euclid; they were supplied by Simson.

The propositions of the fifth Book might be divided into four
sections. Propositions 1 to 6 relate to the properties of equi-
multiples. Pmpouma1hlond|3mdumm
&odvn of the ratio of magnitudes with the ordinary noticns of
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greater, equal, and less. Propositions 11, 12, 15 and 16 may be
considered as introduced to shew that, if four grantitias of the
same kind be proportionals they will also be proportionals when
taken alternately. The remaining propositions shew that mag-
nitudes are proportional by compasition, by division, and ex equo,

In this division of the fifth Book propositions 13 and 14 are
supposed to be placed immediately after proposition 10; and
they might be taken in this order without any change in Euclid's
demonstrations.

The propositions headed 4, B, C, D, £ wero supplied by
Simeson.

V. 1, 2,35 6. These are sitnple propositions of Arithmetle,
though they are hero expressed in terms which make them ap.
pear less familiar than they really are. For example, V. 1
‘“states no more than that ten acres and fen roods make ten timos
as much as one acre and one rood.”  De Morgan,

In V. 5 Simson has substituted another construction for that
given by Euclid, because Euclid’s conwtruction assumoes that we
can divide a given straight line into any assigned number of
equal parts, and thia problem is not solved until VI. 9.

V. 18, Thisxd tration is Si 's.  We will give here
Euclid's demonstration.

Let AL boto £B an CF is to FD): AB shall A
be to BE as CD isto DF.

For, if not, 4B will be to AL as (') in to some (o]
magnitude less than [F, or greater than NP, ¥
First, suppose that A4 is to UL ss (D) in to ¥
DG, which is less than DPF. .
Then, because A B is to BE as ') i 0 DG, G

therefore AEisto ERm Ctiinto GD. (V. 17,
But A isto EBan CFis w0 FD, [ Hypothesia B D
therefore (‘G is to G as (P is to FD. v. 11
But ('G is greater than C'F; [ ypothesia.
therefore GD is greater than FD. (V. 14
But GD is less than FD ; which is impossible.

In the same manner it may be shewn that 4 B is not o B8
a8 CD is to a magnitude greater than /2F.
Therefore 4B is to BEas CD is o DF.

tion is that ** it depends upon this hypothesis, that to sny three
magnitades, two of which, at least, are of the same kind, there
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may be a fourth proportional: . « « . Euclid does not d. mem-
strate it, nor does he shew how to ﬁnd the fourth proportional,
before the 13th Proposition of the 6th Book. . . . . "

The following demonstration is given by Austin in his Ezams.
nation of the first six books of Euclid’s Elements.

Let AE be to KB as ('F is to FD: AB shall

be to BE as CD is to DF, A

For, because AL is to EB as CF is to FD,
tharefore, alternately, AF is to CF as EB in C
to FD. [V.16. E

And as one of the antecedenta is to its con.
sequent 80 is the sumn of the antecedents to the

sum of the conavquents ; [V. 12
therefore as £B is to FD w0 aro AE and ER |
together to C'F and FD together, B D

that is, A B is to CD as EB is to FD,
Therofors, alternately, A8 is to EB as CD in to FD, [V.16.

V. as. The first step in the demonsteation of this proposition
is “take AU equal to £ and CH equal to #; and here a refer-
ence is somctimes given to 1. 3. But the magnitudes in the
proposition are not necessarily straight linea, so that this refer-
ence to 1. 3 should not be given; it must however be assumed
that we can perform on the magnitudes considered, an operation
similar to that which is performed on straight lines in 1. 3. Since
the fifth Book of the Elements treats of magnitudes generally,
and not merely of lengths, areas, and angles, there is no reference
made in it to any proposition of the first four Books.

Simson adds four propositions rvlating to compound ratio,
which he distinguishes by the letters F, ¢, H, X ; it seems how-
ever unnecessary to reproduce them as they are now rarely resd
and never required.

THE SIXTH BOOK.

Tar sixth Book of the Elements cousists of the application of
the theory of proportion to establish propertics of geometrical

figures.

VI. Ixf. 1. For an important remark bearing on the first
definition, see the note an V1. &.

VI. D¢f. 3. The second definition is useless, for Euclid
makes Do mention of reciprocal figures.
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VI. Def. 4. The fourth definition is strictly only applicable
to a triangle, because no other figure has a point which can be
exclusively called ita verter.  The altitude of a parallelogram is
the perpendicular drawn to the base from any point in the op-
posite side.

V1. 2. Theenunciation of this important proposition is cpen
to ohjection, for the manner in which du- sides miay bo cut is not
sufficiently limited. 8§ e, for example, that 4 0 is double of
DB, and CE double of EA; H tho iden are then cut proportionally,
for each side is divided into two parts, one of which is donblo of
the other; but DE is not paralicl to BC. 1t should therefore
be stated in the enunciation that the segments terminated at the
verter of the triangle are to be homologous terma in the ratios, that
18, are to he the antecedents or the conacquents of the ratios.

It will be olwerved that thers are three figures corresponding
tn three cases which may exint ; for the straight line drawa pa.
rallel to one side may cut the other sides, or may cut the other
sides when they are producad through the extremition of the base,
or may cut the other sides when they are produced through the
vertex. In all these cases the triangles which are shewn to o
equal have their vertices at tho extremitics of the base of the
given triangle, and bave for their common hase the straight line
which is, eithor by hypothesis or by demnonstration, parallel to
the base of the triangle.  The triangle with which these two
triangles are compared has the aame bane as they have, and has
ita vertex coinciding with the vertex of the given triangle.

VI. 4. This proposition was supplied by Sinsom.

VI 4. We have preferred to adopt the term *‘ triangles
which are equiangular to onc another,” instead of ** equiangular
triangles,” when the words are used in the scuse they hear in
this proposition. Euclid himeelf does not use the term rquian-
glar triangle in the sense in which the modern editors use it in
the Corullary to L. &, so that be is pot prevented from using the
term in the sense it bears in the enunciation of V1. 4 and else-
where ; but modern editors, having already employed ﬂwkﬂn in
mmmghttokup to that semse. In the de
where Euclid uses such language as * the trianglo 4 BC is equi-
angular to the triangle DEF,” the modern editors suinatimes
adopt it, and sometimes change it to ‘' the triangles 4 5( and
DEPF are equiangular.”

In VL 4 the manner in which the two triangles are to be




284 NOTES ON

placed is very imperfoctly described ; their bases are to be in the
samo straight line and contiguous, their verticos are to be on the
same side of the base, and each of the two angles which bave a
common vertex is to be equal to the remote angle of the other
triangle.

By superposition we might deduce VI. 4 immediately from
VI. 1.

VI. 5. The hypothesis in V1. g involves more than is di-
rectly asserted ; the enunciation should be, **if the sides of two
triangles, taken $n order, about each of their angles..... ;"
that in, some restriction equivalent to the words taken in order
should be introduced. It is quite possible that there should be
two triangles 4 BC, DEF, wuch that AB is to B as DE is to
EF, and BC to CA as DF is to £D, and therefore, by V. 23,
ABto A as DFix to EF; in this case the sides of the triangles
about ench of their angles are proportionals, but not in the same
order, and the triangles are not necessarily cquiangulac to one
another.  For a numerical illustration we may supposc the siden
of one triangle to bu 3, 4 and & feet respectively, and those of
another to be 12, 15 and 20 feet reapectively.  Walker.

FEach of the two propositions VI, 4 and V1. g is the converse
of the other. Thoy shew that if two triangles have either of the
two properties involved in the definition of similar figures they
will have the other also.  This is a special property of triangles.
In other figurcs cither of the properties may exist alone. For
example, any rectangle and a square have their angles equal, but
not their sides proportional; while a square and any rhombus
have their sides proportional, but not their angles equal.

VI. 7. In VL 7 the enunciation is imperfect ; it should be,
$if two triangles havo onc angle of the one equal to one angle of
the other, and the sides about two other angles proportionals, s
that the sides subtending the equal angles are Aomologous ; then if
oach . ....” The imperfection is of the same nature as that
which is pointed out in the note on VI. 5. Walker.

The proposition might be conveniently broken up and the
essential part of it presented thus: if two triangles Aaw tuo sides
of the one proportional 10 two sides of the other, and the angles
opposite to one pair of Aomologous sides equal, the angles which are
opposite to the other pair of Aomologous sides shall either be equal,
or be together equal to two right angles.

For, the angles included by the proportional sides must be
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either equal or unequal. If they are equal, then since the tri.
angles have two angles of the ome equal to two angles of the
other, each to each, they are equiangular to one another, We
have therefore only to consider the casc in which the angles in-
cluded by the proportional rides are unequal,

Let the trianglen A4 B(', DEF have the angle at 4 equal to
the angle at D, and A8 to Bt as DE is to EF, but the angle
4 BC not cqual to the angle DEF: the angles ACH and DFE
shall be together equal to two right angles,
For, one of the angles 4 5C,

DEF must he greater than

the other; suppose 4 I the

greater ; and make the angle

A BG equal to the angle DEF. -
Then it may be shewn, as in P
VI. 7, that B is cqual to
BC, and the angle BG4 «qual to the angle EFD.

Therefore the angles AC'B and DFE nre together equal to the
angles BGC and AG B, that is, to two right angles,

Then the results cnunciated in VI. 7 will readily follow.  For
if the ungles A2 and DFPLE are both greater than a right angle,
or both less than a right angle, or if one of them be a right
angle, they must be equal.

VI. 8. In the demonstration of VI. 8, as given by Simson,
it is inferred that two triangles which are similar to s third
triangle are similar o each other; this is s particular onse of
VI. 21, which the student should consult, in order to se¢ the
validity of the inference.

Vi.g. The word part is here used in the restricted acnse of
the first definition of the fifth Book., V1. g is a particular eass
of VI. 10.

VI. 10. The most important case of this proposition is that
in which a straight line is to be divided either internally or e
ternally into two parta which shall be in & given ratio.

The case in which the straight line is tr be divided internally
in given in the text; suppose, for example, that the given ratio is
that of 4K to EC; then 4 B is divided at G in the given ratio.

Suppose, bowever, that 4B is to be divided extermally in &
given ratio; that is, suppose that 4 B is to be produced so that
the whole etraight line made up of 4B and the part produerd
may be to the part produced in s given ratio. Let the given mtio
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he that of AC to CE. Join EB; through C draw a straight line
parallel to EB; then this straight line will meet 4 B, produced
through B, at the required point.

V1. 11, This is a particular case of VI, 12,

VL 14. The following is a full exhibition of the ateps which
lead to the result that FB and B(/ are in one straight live.

The angle DAF is equal to the angle GBE; [ Hypothesis,
add to each tho angle FBE;
therefore the angles DBF, FHRE arv together equal to the angles

GRE, FDE. [Aziom 2.
But the angles DBP, FBE are together equal to two right
angles; {L a3
therofore the angles GBE, FBE are together cqual to two right
angles; [Aziom 1,
therefors FI and BG are in one straight line. 1. 14.

VI 15 This may be inferred from V1. 14, since a triangle
is half of a par.dlelogram with the same base and altitude.

It is not difficult to cstablish a third proposition conversely
connected with the two involved in V1 14, and a third propo-
sition similarly converwly connected with the two involved in
V1. 15. These propositions are the following.

Equal parallelograma which have their sides yeciprocally pro-
portional, Aave their angles equal, each to each.

Equal triangles which have the sides about a pair of angles
weciprocally proportional, Aave those angles equal or together equal
o two right angles.

Wa will take the latter proposition,

Let 4BC, ADE be equal triangles; and let CA be to 4D
as AL is to 48: ecither the angle BAC shall bo equal to the
sugle DAE, ur the anglos BAC and DAE shall be together equal
to two right angles.

[The atudent can construct the figure for himself. ]

Place the triangles 5o that C4 and A D may be in one straight
line; then if 4 and A B are in one straight line the angle BAC
is oyual to the angle DAL, 1. 1s.
If K4 and A B are vot in one straight line, produce Bd through
4 to P, so that 4 P may be equal to 45; joia DP and EF.

Thon becaose Cd isto ADas A8 is b0 4B, Hypothesis.
and AP is oqual to 45, { ‘
tharefore CA isto 4D as AF s to 4B, V.o V.11,
Therefore the triangle D4 F isoqual to the triangle BAC. [VL 15,
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But the trisngle DA £ is equal to the triangle BAC. [ Hypothesia,
Therefore the triangle DAL is equal to the trinngle DAF, [Ax. 1.
Therefore EF is parallel to 4 1), L. 39.
n Suppose now that the angle )4 £ is greator than the anglo
AP,

Then the angle CAE is equnl to the angle 4 £F, [L. 29,
and therefore the angle CA £ is equal to the angle 4FE, (L. s.
and therefore the angle (4 £ is oqual to the angle Bac’, (1, 2g.
Therefore the angles BAC and DAE aro togother equal W two
right angles.

Similarly the proposition may be demonstrated if the angle
DAE is less than the augle DA F.

VI. 16, This is a particular case of V1. 14,

VI. 17. This is & particular casc of VI 16,

VI. 22, There is & step in the second part of VI, 23 which
requires vxamination. Aftor it has been shewn that the figure
SR is equal to the similar and sisuilarly situnted figure N, it
is added “therefore PR is cqual o 71" In the Grwk test
refcrence is here madys to a lemma which follows the propuosition.
The word lemma is occanionally used in mathemation to denote
an auxiliary proposition. Frow the unusual citcumatancs of
reference to sowothing following, Simson probably concluded
that the lemma cuuld not be Euclid's, and accordingly he takes
10 nutice of it.

The following is the substance of the lemma.

If PR be not equal to (1, one of them must be greater than
the other; suppose PR greater than /1.

Then, because SR aud NI/ are similar figures, PR ia to 'S

am GH i to GN. IVL Definition s,
But PR is greater than GH, [H ypusrthesia,
tharefore PS is greator than GV, [V. 14.
Therefore the triangle RPS is greater than the triangle
HGN. [1. 4, Aziom ¢,
But, because SR and N arc similar figures, the trisngle 2PS ls
oqual (o the triangle HGN; [VL 30
which is lmp wsible.

Therefore PR ix equal to GH.

]

VL 33. In the figure of V1. 23 suppons BD and G&
Then the triangle BCD is to the trinngle GCE as the
gram AC is to the parallelogram CF. Hemce the result
extuded to trisngler, and we have the following

;i
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triangles which have one angle of the ome equal to one angle of the
other, have o one another the ratio which is compounded of the
ratios of their sides.

Then VL 19 is an i diate q of this theorem.
For let 4 BC and DEF bw similar triangles, so that 4 B is to BC
as DE in to EF; and thercfory, alternately, 4B is to DE as BU
is to &F. Then, by the theorum, the triangle 4 (' has to the
triangle DEF tho ratio which is compounded of the ratios of 4/t
to DE and of B0 to EF, that is, the ratio which is compounded
of the ration of H.' o EF aud of BC to £F. And, from the
dufinitions of duplicate ratio and of compound ratio, it follows
that the ratio compounded of the ratios of BC to £F and of BC
to E'F in the duplicate ratio of B(' w0 KF.

VI 25 It will be eany for the student to exhibit in detail
the process of shewing that B¢’ and C'# are in one straight line,
and also LE and £M ; the process is exactly the same as that in
L. 48, by which it is shewn that A'/7 and //M arv in one straight
line, and also #¢ and GL.

It seomn that VI. 25 is out of place, sinoe it separaten pro-
ponitions so closcly connected as VI, 14and VI. 26, We may
enunciate VI, 13 in familiar language thus: to make a figure
swhich ahall Aare the form of one Sgure and the size of annther.

V1. 26. This proposition is the converse of VI. 34; it
might be extended to the case of two similar and similarly
situated parallclograms which have a pair of augles vertically

ite,

We have omitted in the sixth Book Propositions 17, 28, 19,
and the first solution which Euclid gives of Proposition 3o, as they
appear now to be never required, and have boon condemned a8
uscless by various modern commentators; see Austin, Walker,
and Lardner. Home idea of the nature of these propositions may
be obtained from the following stat t of the problemn pro-
posed by Euclid in V1. 29. 4 B is a given straight line; it has
to be produced through B to a point O, and » parallelogram
described on 4 0 subject to the following conditions ; ﬁhpﬂl—
ldthhhqndbtgivumm-dkm the
parallclogram on the base BO which can be cut off by a
m.h\limw B ia to be similar to a given pn&lv

Vl.;z. T&m&-u‘ldum Morsover the
s impurfoct,. For suppose ED to be produced
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through D to a point F, such that DF is equal to DK ; and
join CF. Then the triangle CDF will aatisfy all the conditions
in Euclid's enunciation, as well as the triangle DK ; but OF
and CH are not in one straight line, It should bo stated that
the bases must lie on corresponding sides of both the parallels;
the bases CP and AU do not lie on corresponding sides of the
paraliels 48 and I'C, and s0 the triangle C'’F would nat
fulfil all the conditions, and would therefore be excluded.

VI. 33. In VI 33 Enclid implicitly gives up the restriction,
which he scems to have adupted hitherto, that no angle is to be
considered greater than two right angles. For in the demon-
stration the angle B4/l way bv any multiple whatever of the
angle HGC, and so may be greater than any number of right
angles.

VL. B, C, D. Theso propositions were introdoced by
Simson. The important proposition VL. /) occurs in the Meydy
Zverafss of Ptolemy.

THE FLEVENTH BOOK.

1 addition to the first six Books of the Klrments it is usual
to read part of the eleventh Iook. For an account of the
contents of the other Books of the Flements tho student is
referred to the article Eucleides in Dr Smith's Dictimary o
Greek and Boman Biography, and to the article Irrational Quan.
tities in the English (“yclopedia. We may state briefly that
Books VI1I, VIII, IX Lrutxm\ ;?;hme:;i mﬁ;n Irra-
tional Quantities, and Books XI, on Soli .

xl?nw. ro. This definition is omitted by Bimeon, and
justly, because, as he shews, it ia ot true that solid figures
onntained by the same number of similar aod oqual plane figures
are oqual to one another. For, conceive two !”"""‘"’ '-m
have their bases similar and equal, but have different altitodes.
Sappose one of these bases applied exactly on the other; then i
the vertices beputoaoppm":dduollhﬂmnoahhdﬂ is
formed, if the vertices t
forme, e i formed. ~ The two solide thus formed are com:
uhdbychmnmhrdddbtndquiphul‘m

but they are not equal. '
h:mhowuhtbiln‘nphmdhnhhh

a reentrans solid angle; soe page 264 hhmh:;ﬁd



290 NOTES ON

two convex solid figures are equal if they are contained by equal
plane figures mimilarly arranged; see Catalan's Théorémes ef
Problémes de (iéométrie Elémentaire. This result was first demon-
strated by Cauchy, who turned Lin attention to the point at the
request of Legendre and Malus; see the Journal de I'Leole
Polytechnique, Cahier 16.

X1. Def. a6. Tho word tetrahedron is now often used to
denote a solid bounded by any four triangular faces, that is, a
pyramid on a triangular basc; and when the tetrahedron is to
be such as Euelid defines, it in called a regular tetrahedron.

Two other definitions may conveniently be added.

A siraight line is said o be parallel to a plane when they do
not meet if produced.

The angle made by two straight lines which do not meet is
the angle contained by two straight lines parallel to them, drawn
through any point.

XI. 21. In XL 21 the first case only is given in the ori-
ginal.  In the sccond case a certain condition must be intro-
duced, or the proposition will not be true; the polygon BCDEFP
must have no re.entrant angle.  See note on I. 33.

The propositions in Euclid on Solid Geometry which are
now not read, contain some very important results respecting the
volumes of solids. We will state theso results, as they are
often of use; the demonstrations of them are now usually
given as examples of the /nteyral Caleulus.

We have already explained in the notes to the second Book
how sho arca of a figure is measured by the number of square
inches or square feet which it contains. In a similar manner the
volume of a solid is measured by the number of cubic inches or
ewbic feet which it contains; a cubic inch is & cube in which each
of the faces is a square inch, and a cubic foot is similarly
defined.

The volume of a prism is found by multiplying the number
of square inches in its base by the number of inches in ite
altitudo; the volume is thus expressed in cubio inches. Or we
may multiply the number of square fect in the base by the
number of foet in the altitude; the volume is thus exprossed in
cubic feet. By the base of a prism is meant either of the two
equal, similar, and parallel fiqures of X1. Definition 13; and the
altitude of the prism is the perpendicular distancs betwes these
two planes,
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The rule for the volume of a prism involves the fact that
prisms on equal bases and betwceen the same paralicls are cqual
volume.

A parallelepiped is a particular case of a prism. The volume
of a pyramid is one third of the volume of a prism on the same
base and having the same altitude.

For an account of what are called the fre regular solida the
student is referred to the chapter on L’olyhedrons in the Treatise
on Spherical T'rigonometry.

THE TWELFTH BOOK.

Two propositions are given from the twelfth Book, as they
are very important, and are required in the University Examina.
tions. The Lemma is the first proposition of the tenth Book,
and is required in the demonstration of the second proposition of
the twelfth Eook.

19—-2



APPENDIX.

Tuta Appendix consists of a collection of important pro-
positions which will be found useful, both as affording
geomotrical excrciscs, and as exhibiting results which are
often roquired in mathematical investigations. The stadent
will havo no difficulty in drawing for himself the requisite
figures in the casos where they are not given.



1. The sum of the squares on the aides of a trianyle
12 equal to ticice the square on half the hase, together with
ticice the square on the straight line which joina the rerice
to the middle point of the base.

Let ABC bea triangle: and let D be the middloe poiut
of the base 4B, Draw (L perpendicular to tho bLuso

HL—>O

/

mecting it at £; then £ may be cither in A8 or in AD
produced.

First, let £ coincide with ; then the proposition
fullows immediately from I. 47.

Neoxt, let £ not coincide with 72; then of the two
angles ADC and BD(, one must be obtuse and one acute.
Buppose the angle A2C obtuse. Then, by I1. 12, the
square on AL’ is equal to the squares on A0, DU, toge-
ther with twice the rectangle A7), DE; and, by 11. 13, the
square on B¢ together with twice the rectangle 8, DE is
equal to tho squares on BD, D¢’ Therelore, by Axiom 2,
the squares on AC, B, together with twico the rectangle
BD, DE arc equal to the squarces on A D, 1)1, and twice
the on DC, together with twice the rectangle
AD..Z;."BM ADis equal to VB. Thereforo the squares
on AC, BC are oqual to twice the squares on A0, DC.
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2. If tiro chords intersect within a circle, the angle
which they include i measured by half the sum of the in-
tercepted arcs.

Let the chords AB and CD of a circle intersect at E;
join AD.

Tho angle AEC is equal to the
angles A DE, and DAFE, by
L 32; that is, to the angles
standing on the arca AA¢’ and
BD. Thus the angle AEC i
oqual to an angle at the eir-
cumference of the circle stand-
ing on tho sum of the arcs .{¢’
and B and is therefore equal
to an angle at the centre of the
circle standing on half the sum of these ares.

Rimilarly the angle CER is measured by half the sum
of the arcs CB and AD.

3. 17 two chorde produced intersect without a eirele,
the angle which they include is meaeured by half the
difference of the intereeptod ares.

Let the chords AR and ¢'D of a circle, produced, in-
torscct at £; join A D,

The angle A2)C is equal to the anglos £AD and AED,
by L 32, Thus the angle AEC is cqual to the differenco
of the anglos ADC and BAD; that s, to an anglo at the
circumfirence of the circle standing on an arc which is the

difference of AC and BD; aud is thorefore equal to an
angie at the centre of the circle standing on half the differ-
enco of theso arcs,
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.4 To draw a straight line swhich shall touch tweo
aicen circles.

Let A be tho centre of the greater cirvle, and 77

y ! *. the
centre o_f the less circle.  With centre .4, and rdius equal
to the difference of the radii of the given circles, deseribo
a circlo; from 2 draw a straight line touching the circle

D
B L\ B \ . ~¥ -
(N
A i 1 }
A ) ;o )
: /

80 described at € Join A7’ and produce it to meet tho
circumforence at /2. Draw the rudius ZE paraliel to 4D
and on the same side of .4 8; and join LJE. Thea DE shall
touch both circles.

See I. 33, 1. 29, and II1. 16 Corollury.

Nince two straight lines ean be drawn from 72 to touch
the described circle, two solutions cun be obtained ; and the
two straight lines which are thus drawn to touch the two
given circles can be shewn W mect A B, produced throngh
B, at the same point. The constriction is ap Aicable when
cach of the given circles is without the other, and also
when they intorsect.

When cach of the given circles is withont the other we
can obtain two other solutions.  For, describe a circle with
A as a centre and mdius oqual to the sum uf tho radii of
the given circles; and contnue a4 before. ex that HE
and AD will now be on oppwite sides of Al. The two
straight lines which are thus drawa to touch the two given
circles can be shown to intersect 4.5 at the samo point.
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8. T descride a circle which shall pass through three
given points not in the same straight line.

This is solved in Euclid IV. 5.

8. To describe a circle which shall pass through two
given points on the same side of a given straight line, and
touch that straight line.

Let 4 and B be the given points; join 4B and pro.
duce it to meet tho given straight line at ¢ Make a
square equal to the rectangle C4, B (I1. 14), and on tho

f\ven straight line take CE equnl to a side of this square.
Yoscribo a circle through A, B, £ (5); this will be the
cirole required (111. 37). .

Since K can be taken on cither sido of C, there are two
solutions.

Tho construction fails if 4B is llel to the given
straight line. In this case biscet 4B at D), and draw DC
at right angles to 473, mcct.ing the given straight line at C.
Then describe a circle through A4, B, C.

7. To describe a circle which shall pass through a
given point and tcuch two giren straight lines.

Let A bo the given point; produce the given straight
lines to moet at /2, and join AB. Through B draw a
straight line, bisecting that o included by the given
straight lincs within which A lies; and in this bisecting
ht linc take any point C. From C draw a perpendicular
on one of tho given straight lines, meeting it at 2; with
oentre C, and radius CD, dueribenchele,mead?AB,
pmdnea& if ,at B. Join 'E; and through 4 draw
& straight lino el to CE, meeting BC, produced if

i
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nocessary, at F.  The circle described from the centro ¥,
with radius #4, will touch the given stright lines.

For, draw a perpendicular from £ on the straight line
BD, moeting it at G. Then CE in to F' A as BC is to BF,
and CD is to F; as B(' is to BF (V1. 4, V.16, Thero-
fore CE is to FA as CD is to FG V. 11).  Therefore
CE is to CD as FA isto FG (V. 16. But CE is equal
to CD; therefore FA is equal to F17 V. A..

If 4 is en the straight line B¢’ we detormine £ an

ore; thon join £D), and draw a straight line throuch A
r.rnllul to ED mecting BD) produced if necessary at (7
rom G draw a straight line at right angles to 2467, and tho

int of intersection of this straight line with 2¢, produced
necessary, is the requircd centre.

As the circle described from the centre €, with the
radius CD, will meet A8 at two points, there are two
solutions.

4 It A4is oobnm of rit:l’ giveu‘“stniggti‘lhm draw from

a straight line at right angles to th ven straight
line; the point of intersection of this ntragbt line with
cither of the two straight linos which bisoct the angles

made by the given t lines may bo taken fur the
centre of the required circle.

If the two given straight lines are pamliel, instead of
drawing a t line BC to bisoct tho angle botween

them, we must draw it parallel to them, and cquidistant
from them. o
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8. To describe a circle which shall touch three
giren atyaight lines, nit more than two of which are
parallel.

Proceed s in Fuclid 1V. 4. If the given straight lines
form a triangle, four circles can be described, namely, one
s in Euelid, and threo others cach touching one side of
the trinngle and the other two sides produced.  If two
of the given struight linex are parlled, two circles can bo
described, namely, one on cach side of the third given
straight line.

0. T deacribe a eircle awhich shall touch a giren
circle, and touch @& gicen slraight line at a giren point,
Let 1 e the given point in the given straight line,
and €’ be the centre of the given circle. Through ¢ draw
u struight e perpendicalur to the given straight line,

L
/ !\\\ “\\
f do 0\ ":
N
N Lo N
" \\ ~

and meeting the circumferenco of the circle at B and D,
of which 2) is the more remote from the given straight
line. Join A D, movting the circumference of the circle at
v iruight lins ot ¢ poclused ot £ T sbat
iven straight line, ing at F. Then

the centre of the required ci‘r:;e, and FA its radius

For tho angle .4 EF is equal to the angle CED (1. 15);
and the angle EAF is equal to the angle CDE (I. 29};
therefore angle AEF is equal to the angle EAF;
thorefore A4 F is oqual to EF (1. 6.
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In a similar manner another solution may be obtained
by joining AB. 1M the given stenight line fulls without the
m\mn circle, the cirvle obtaived by the first solution touches
the given circle externally, and the circle obtained by the
sccond solution touches the given circle internadly. I the
given straight line cuta the given vitcle, both the circlos
sbtained touch the given ande externaily.

1. T descrite a circle which shall pass through teo
giren pusods und touch o giccu corcle,

Let f and 22 be the given pointe, Take any point ¢!
on the circumference of the given cirede, and describe a
circle through A, /4 % If thus de unln.l cirele umplw..
the given circle, it is the required arcle.  But of uot, let )

; (“.
/ ,/ ‘ A
i i
\ \ :
N L /
v
b LB
K

be the other ‘:mt of intersoction of the two circles. Lot
AB and (°D be produced to mect at £ from £ dmw a
straight line tmulung the given circle at ¥ Then a circlo
described through A, 3, #' shall be the required circle.
See 111. 35 and I11. 37.

There are two solutions, because two straight lines can
bo drawn from £ to touch the given circlo,

If the straight line which bisects A/ at right angles
passes through the centre of the given cirde, the cun-
struction fails, for 422 and ('D arc parallel. In this case
F must be determined by drawing s -u'dgm line paraflel
0 A5 %0 as to touch the given circle.
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11. T describe a circlo which shall touch two given
straight lines and a given circle.

Draw two struight lines parallel to the given straight
lincs, at a distance from them ecqual to the radius of the
given circle, and on the sides of them remote from the
contre of the given circle. Describe a circle touching the
straight lines thus drawn, and passing through the centre
of tho given cirele (7). A circle having the same centre as
the circle thus described, and a radius oqual to the excess
of its radius over that of the given circle, will be the ro-
quired circle.

Two solutions will be obtained, because there are two
solutions of the problem in 7; the circles thus obtained
touch the given circle externally.

We may obtain two circles which touch the given circlo
intornally, by drawing the struight lines parallel to the given
straight lincs on the sides of them adjacent tu the ceutro
of tho given circle.

12, To describe a circle swhich shall pass through a
gn:n;a point and touch a gicen straight ling and a gicen
circle.

We will suppose the given point and the given stright
line without the circle; other cuses of the problem muy bo
troated in a similar wanuer.

Let .4 be the given point, and B the centre of tho
given circle.  From 22 draw a perpendicular to the given
straight line, meeting it at 7’ and meeting the circum-
ference of the given circle at 2 and K, so that 7) is he-
brwducod i necomsary, much that the rectangle £, FF
¥ i s rectangle EA, BF
way bo equal to the rectangle £C, ED; this can be done
?Mﬂﬂuad&lo&n A, C, D, which will meet

A _at the required point (111. 36, Corollary). Descrile a
circlo to pass through .4 and F and touch the given straight
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For, let the circle thus deacribed touch thoe given
straight linc at ¢ ; join £G' mucting the given circlo ut 2,

N
\\

A
\

)

/

-~ k-

7

!
/&;

|
%v

L
~.
~.
#
¢

anl join DI Then the triangles IIII) and FCG are
similar; and therefure the reetangle £, ED i oqual to
the mw}g EG, EH 1L 3, VI 4, VL. 16 Thus the
rectangle £A, EF is oqual t tbtaﬂsdwglo Ell, EG; and
therefore J{ ia on the circumference of the described
circle (111. 36, Cordllary). Tako A the centre of the
described circle; join AG, KM, and BIl. Then it may
be -hc\m that the lnglc- KHG and EIIR aro exqual

6.  Therefore KHD is a straight lino; and

m(mm described circle touches the given circla,

Two mlu!inu will be obtained, bocause there arc twn
solutions of the problem in 6 ; the circles thus doscribed
mmgimdwkumny.

pAWormnaammm
% circlos described touch the givon circle
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13. 7o deseribe a circle which shall touch a given
straight line and tiwo given circles.

Let A be the centre of the larger circle and 73 the
centre of the smaller circle.  Draw a straight line parallel
to tho given straight line, at a distance from it equal to the
radins of the smaller circle, and on the side of it remoto
from .1. Describe a circle with 4 as centre, and radius
cqual to the difference of the radii of the given circles.
Deseribo a circle which shall pass through 73, touch exter-
nully the circle just described, and also touch the straight
line which has been diawn parallel to the given straight
line (12). Then a circle having the same centre as the
sceond deseribed circle, and a radius cqual to the excess
of its radius over the radius of the smaller given circle,
will be the required circle.

Two solutions will be obtained, because there are two
solutions of the problem in 12 the circles thus described
touch the given circles externally.

Wo may obtain in a similar manner circles which touch
tho given circles internally, and also circles which touch
::lol of the given circles mternally and the other exter-

y.

Y4. Let A be the centre of a circle, and B the centre
of alarger circle; let a straight line be drawn towching
the former cirde at C and the latter circle at D, and
meeting AB Irroduad through A at T. From T draw
any straight line meeting the smaller cirele at K and L,
and the larger cirele at M and N ; g0 that the fire letters
K,I(I'i,l&,ﬂé ll: aLraA sn this z:der f'lmul the straight lx‘m

shall r icely to
e e T MD, DN D Piralie o
TK, TN shall be to the roctangle TL, TM, and
egqual to the recta TC, TD.

Join AC, BD. Then the triangles 74Cand TBD are
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wiangular ; and therefore 7.4 is to T8 as AC is to BD
0{1[. 4, V. 16), that is, as AKX is to BAM. "

(

Therefore the triangles 7AK™ and 771 are similar
(V1. 7); therefore the angle 741A is equal to the anglo
THBM ; and thercfore A A is parallel to BM. Similarly
AL is paraliel to BN, And because AR in lel to
DM and AC parallel to BD, the angle ('AX in cqual
to the angle DM : and therefore the angle CLK is equal
to tho angle DNAM -111. 20;; and therefore CL is parallel
to DN. Bimilarly CA"is parallel to DA,

Now TM iato TD as TD isto TN (111.37, V1. 16);
and TMisto THD as TR in to TC (V1. 4;; therefore TK
isto 7C as TD is to T.N¥; and thercfore the rectangle
TK, TN is equal to the rectangle 7C, 70. Similarly the
rectangle 7L, TM is cqual to the rectangle 7°C, 7D,

If each of the given circles is without the other we
may supposo the straight line which touches both circles
to meet ADB at T betwween A and I3, and the above results
will all hold, provided we interchange thoe letters K and L ;
80 that the five letters arc now to be in the following
order, L, K, T, M, N.

The point 7 is called a centre ¢/ similitude of the two
ircd poin (7
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15.  To deseribe a circle which thall pass through a
giren point and touck two given circles,

Iet A be the centre of the smaller circle and 2 the
centre of the larger circle; and let £ be the given point.
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For suppose that the circle is described so ns to touch
the smaller given circle; let G be the point of contact; we
have then to shew that the described cirele will also
touch the larger given circle. Join 7%, and produce it
to meet the larger given circle at /7. Then the rectungle
76, TH is equal to the rectangle 7C, 7' (14 ; thereforo
the rectangle 7', T is cqual to the rectangle TF, TF;
and thercfore the described circle pusses through /7.

Let O be the centre of this circle, so that O6G.1 is a
;tmight line; we have to shew that O/ is a straight
ine.

Let 74 intersect the smaller circle again at A™; then
AK is parallel to 871 14 ; therefore the angle AA7 is
cqual to the angle B7{6 ; and the angle (A7 isequal o tho
angle AGK, which is equal to the angle Ul.‘l). which is
equal to the angle 22{(;. Therefore the angles 21116 and
OH wgother are equal to AR T and ARG together;
lt}mt is, to two right angles. Therefore 04113 is a straight
ine.

Two solutions will be obtained, because there are two
solutions of the problem in 10, Also, if each of tho given
circles is without the other, two other solutions can bo
obtained by taking for 7' tho point between A and 22
where a straight line touching tho two given circles meets
AB. The various solutions correspond to the circum.
stance that the contact of circles muy be cexternal or
internal,

16. To describe a circle which shall touch three giren
cireles.

Let A be the contre of that circle which is not greater
than cither of the other circles; let /2 and € be the centres
of the other circles. With centre 73, and radius equal to
the excess of the radius of the circle with centre 2 over
the radins of the circle with centro A, describo a circle.
Alno with centre C, and radius equal to the excess of the
radius of the circle with contre (' over tho radius of the
circle with centre A, describe a circle. Describe a circlo
to touch externally these two described circles and to pass
through A (15). a circle having the same centre as
tho last described circle, and baving a radius equal to

20
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tho excess of its radius over the radius of the circle with
contre A, will touch externally the three given circles.

In a similar way we may deseribe a circle touching
internally the three given circles, or touching one of them
externnlly and the two others internally, or touching one of
them internally and the two others externally.

V7. In a given indefinite atraight line it iz required
to find a puint xuch that the s of itz distances from
twn giren points on the same side of the straight line
tlml[l be the least pussible,

Let A and B be the two given points.  From 4 draw
a perpendiculur to the given straight line meeting it at C;
and produce AC to D so that CD may be equal to AC.
Join DB mocting the given straight line at £. Then £
shall be the required point.

For, let F be an: othorrintinﬂn iven straight line.
tho t '.n:fiaAGAC D&Dﬁd‘"&?&m .Z,um
two tri A ; A t
ACE is to the right anglo DCE; therofore AL is
equal to DE  Siwilarly, 45 1s equal to DF. And the
sum of DF and FB is tor than BD (1. 20): therefore

the sum of AF and FB is than BD; that i
sum of AF and FB is greal duntholumofl);"
EB; therefore tho sum of AF and /B is greater
the sum of 48 and LB,

Eis
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18.  The perimeter of an isosceles triangle is less than
that of any other triangle of equal areca standing on the
same base.

Let ABC be an isoscelos
triangle; AQC any other tri-
angle equal in arca and stand-
ing on the rame hase AL

Join BQ; then BQ is paral-
lel to AC (1. 39).

And it will tllow from 17
that the sump of AQ and ¢
is greater than the sum of 472
and BC.

19. I a polygon be not equilateral a polygon may he
Sound of the same number of sides, and equal in area, but
hating a less perimeter.

For, let CD, DE be two adjacent unoqual sides of
the Join CE. Through D draw a straight lino

lel to CE. Bisect CE at L; from L draw a straight
ine at right uflu to CE mecting the straight lino drawn
th D at K. Then by removing from givcn;no -
gon the triangle CDE and a yingthotthnglecki'.
we obtain a polygon having same number of sides
as the given polygon, and equal to it in arcs, but having
aless (18)

202
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20. A and B are two given points on the same side of
a giren straight line, and AB produced teets the giren
straight line at C; of all points in the giren straight line
on each side of C, it is required to determine that at
which AB subtends the greatest angle.

Describe a circle to pass through A4 and B, and to
touch the given straight hne on that side of ¢ which is to
bo comsidered (6. lLet D be the point of contact: D
shall be the required: " -

For, take any other point E in the given t lin
on the samo side of (' as D is; draw bk?{, EB; then onee'
x:{t})m;t of theso straight lines will cut the circumference

Su; that BE cuts tho circumference at F'; join A F'
Thon the angle A #'B is equal to the angle A DB (I11. 21);
and the e A FB is greator than tho e AEB (1. 16};
therefore tho angle 4 DB is greater than the angle AEB,
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Describe a circlo to pass through 4 and B and to touch
tho circumferenco considered (10): the peint of contact
will be the required point. The demonstration is similar
to that in tho preceding proposition,

22. A and B are two given points swithout a gicen
cirele; it is requived to determine the points on the cir-
cumference o the gicen circle at which AB subtends the
greatest and least angles,

Suppose that ncither 48 nor 4B produced cuta tho
given arcle.

Deseribe two circles to pass through 4 and 72, and to
touch the given circlo (10 : the point of contact of the
circle which touches the given circle externally will be the
point where the angle is greatest, and the point of contact
of the circle which touches the given circle internally will
be the point where the anglo is least. The demounstration
is similar to that in 20,

If AB cuts the given circle, both the circles obtained
by 10 touch the given circle internally ; in this caso the
angle subtended by A8 at a point of contact in lesw than
the angle subtended at any other point of the circumference
of the given circle which 18 on the same side of A%, lero
the angle is greatest at the points where A2 cuts tho
circle, and is Ecre cqual to two right angles.

If A8 produced cuts the given circle. both the circles
obtained by 10 touch the ﬁivcn circle externally ; in this
caso the angle subtendod by A3 at a point of contact is
greater than the angle subtended at any other point of
the circamfercnce of the given circle which is on the
samo side of AB. Here the anglo is least ut the puints
where 4B produced cuts the circle, and is there zero,
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23. If there be four magnitudes such that the first is
to the second as the third is to the fourth ; then shall the
Sirst together with the second be to the excess of the first
above the second as the third together with the fourth is to
the excess of the third abore the fiurth.

For, the first togethor with the second is to the second
as the third together with the fourth is to the fourth (V. 18).
Therefore, alternately, the first together with the second is
to tho third together with the fourth as the sccond is to
the fourth (V. 16).

Similarly, by V. 17 and V. 16, the excess of the first

above the second is to the excess of the third above the
fourth as the socond is to the fourth.
Therefore, by V. 11, the first together with the recond is
to the excess of the first above the second as the third
togother with the fourth is to the excess of the third above
the fourth,

24,  The straight lines drawn at right angles to the
sides of a triangle from the points of bisection of the sides
tneet at the same point.

Lot ADBC bo a triangle; bisect BC at D, and bisoct (4

at £; from 1) draw a straight line at right angles to BC,
and from E draw o straight line at right angles to CA;
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CDG we can shew that BG is equal to C'(7; and from the
triangles CEG and A EGG we can shew that €67 is equal to
AG ; therefore BG is equal to AG. Then if we draw o
straight line from @ to the middle point of A8 wo
can shew that this straight line is at right angles o A 22:
that is, the line which bisccts A/ at right angles pusscs
through G.

25.  The atraiyht lines drawn from the anglea of o
triangle to the points of bisection of the oppusite sides
weet at the same point.

Let ABC be a triangle; bisect BC at D, bisect .1 at
E, and biseet A B at £°; join L2 and CF moeting wt 7

P
A_.._,._.m...u B -.:..B

join AG and GD: then AG and GD shall lic in a straight
ine.

The triangle BEA is equal to the triangle BEC, and
the triangle GEA is equal to the triangle (GEC (1. 383
therefore, by the third Axiom, tho triangle ZGA is cqual
to the triangle B7C.

Similarly, the triangle CG A is equal to the triangle C/7 5.

Therefore the triangle BG A is equal to the triangle CGA.
And the triangle 236 1) is cqual to the trisugle (G D (1.3%);
thorefore the triangles LG A and B6' D together arc equal
to the triangles (G A and CG D together. Therefore the
triangles (G A and BG D together are eqnal to half the
triangle A BC. 'Therefore G must fall on the straight live
AD; that is, 4G and G D lie in a straight line.



312 APPENDIX.

26. The straight lines which bisect the angles of a
triangle meet at the same point.

Let ABC be a triangle; bisect the angles at B and C

C
R
0y

A

by straight lines mecting at 75 join AG: then AG shall
bisect the angle at 1.

From G draw & D perpendicular to BC, GE perpen-
dicular to €A, and G F perpendicular to .1 £,

From the triangles BGF and B(: ) we can shew that
GF is equal to GD; and from the triangles CGE and
CGD we can shew that GE is cqual to 61); therefore 8
is equal to £, Then from the triangles AF6G and ARXG
2}‘4({'}:“ shew that the angle FAG is cqual to the angle

Jilr,

The theorem may also be demonstrated thus.  Produce
AG to meet BC at M. Then AB is to BH as 4G is to
GH, and AC is to CH a8 4G is to GH (VI 3); there-
fore 48 isto BH as AC is to CH (V. 11:; therefore AB
is to AC as BH is to CH (V. 186); therefore the struight
line A H bisects the angle at .4 (V1. 3).

27, Let turo sides of a triangle be produced throwgh
the base; then the straight lines schich bisect the turo
erlerior angles thus forined, and the straight line which
bisects the vertical angle of the triangle, meet at the same
point, ‘

This may be shewn Like 26: if we adopt the second
method we shall have to use VL A,
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23.  The perpendiculars drawn from the angles of a
triangle on the vpposite sides mneet al the same point.

Let ABC be a triangle; and first suppose that it is not
obtuse angled. From £ draw B ZE perpendicular to Cd;

¢
’e
c v
/\ I b
"/ /'D l \ ;"
F/j N |
X . o 4
s/ N I'{ » .~B
/e L i
o
' - . E
RN

from " draw CF perpendicular to AB; let these perpen.
diculars meet at ¢/ ; Join A6, and produce it W mect JC
at [2: then A D shall be perpendicular to 3¢,

For a circle will go round AEGF (Note on 111, 22V, theres
fore the angle FA6G is equal to the angle FEG (111, 21),
And a cirele will go round BOEF T 31, Aote on TIL 21
therefore the angle FERB is equal to the angle FOCR.
Therefore the angle BAD is cqual to the angle BOF. And
the angle at B is common to the two triangles 24D and
Br'F. ‘Therefore the third angle BDA is cqual to tho
third angle BFC' ‘Note on 1. 32, But the angle BFC in
a right angle, by construction ; thercfore the angle S04 is
a right angle.

In the same way the theorem may be demonstrated
when the triangle is obtuse angled.  Or this case may bo
deduced from what has been alrewdy shewn,  For suppsone
the angle at A obtuse, and let the perpendicular from B
on the opposite side meet that side produced at £, and let
the perpendicular from C on the opposite side moet that
side produced at F; and let BE and CF bo produced to
mect at . Then in the triangle B the perpendicular
BF and CE meet at A ; therefore by the former case the

will be perpendicular

straight line G.A produced to 4C.
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20, If from any point in the circumference of the
circle described round a triangle peryendiculars be drawn
to the sides of the triangle, the three points of intersection
are in the same stra:ght line.

Let ABC be a triangle, 2 any point on the circum-
ference of the circumseribing crcle; from 2 draw £D,

e —

PE, PF perpendiculars to the sides BC, CA, ADB res
tively: D,YE F shall bo in the same straight line. T

[We will su&m that P is on the arc cut off by 4B, on
the opposito side from C, and that £ is on CA produced
thro m ; the demonstration will only have to be slightly
modified for any other figure.]

A circle will go round PEAF (Note on 111. 22); thero-
foro the anglo PFE is cqual to the angle PAE (111, 21),
But the angles PAE and P.AC are together equal to two
right angles (1. 13); and the angles P4C and PIC are
together cqual to two right angles (111. 22).  Therefore
the un}x’le AE is cqual to the angle PBC; therefore the
angle PFE is oqual to the angle 22C.

umﬁnin. a circlo will go round PFDB (Note on 111. 21);
ore the angles PFD and P’B1) are together
to two right es (111. 22). But the angle PBD
been shewn to tho angle PFE. Therefore the es
PFD and P Emu\;:&neqmltotwoﬁm
Thorefore EF and FD are in the same straight li
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30. ARBC iz a triangle, and O 12 the point of inter-
section of the perpendiculars from A, B, C on the opposite
sides of the triangle: the cirele which passes through the
middle points of OA, OB, OC will paszs through the feet
of the perpendiculars and through the middle points of
the sides of the triangle.

Let D, E, F be the middle points of O.1, 08}, O
respectively ; let ¢/ be the foot of the perpendicular from
A on B¢, and 1 the middle point of BC.

Then OB is a right-angled trianglo and £ is the
middle point of the hypotenuse 022 ; thereforo £Y7 is equal
to EO; therefore the angle E6G0O is cqual to the angle
EQG. Similarly, the angle £7/0) is equal to the angle
FOG. 'Therefore the angle FGE is cqual to the ungle
FOE. But the angles FOE and BA(! are together equal
to two rzﬁi‘: angles; thereforo the angles F/ L and LA
are togol equal to two right angles. And the angle 41!
is equal to the angle KD F, because £1), DF are parallel
to LA, AC(VI. 2). ‘Therefore tho angles FGE EDF
are together equal to two right anglea.  Hence ¢ is on the
«i of the circle which passes through D, E, F
(Note om 111. 22,

Again, F/H is el to OB, and EI parallel to OC;

ore the e EHF is cqual to the angle EGF.
Therefore H is also on the circumference of the circle.
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Similarly, tho two points in each of the other sides of
the triangle 48C may be shewn to be on the circum-
ference of the circle.

The circle which is thus shewn to pass through these
nine points may be called the Nine points circle: it has
some curious properties, of which we will now give two,

The radius of the Nine points eircle s half of the
radius of the cirele deseribed round the original triangle.

For the trinngle DEF has its sides resrcctivcly halves
of the sides of the triangle A /3¢, so that the triangles are
similar, Hence the radius of the circle deseribed round
DEF i8 half of the radius of the circle deseribed round
ABC

If 8 be the centre of the cirvele described vound the
triangle ABC, the contre of the Nine points cirele is the
middle point of SO,

For ZIS is at right angles to B¢ and therefore parallel
to GO. Hence the straight line which bisects /76 at right
angles must biseet SO, And M and @ are on the circum-
ference of the Nine points circle, so that the straight line
which bisccts H¢; at right angles must pass through the
centre of the Nine points circle.  Similarly, from the other
sides of the triangle A BC two other straight lines can bo
obtained, which pass through the centre of the Nine points
circlo and also hiseet SO, Hence the centre of the Nino
points circle must coincide with the middle point of SO,

We may state that the Nine points cirele of any triangle
touches the inscribed circle and the escribed cireles of the
triangle: a demonstration of this theorem will be found
in tho Nourellea Annales de Mathématiques for 1842,
page 196.  For tho history of this theorem sce the volume
of the same Journal for 1863, page 562

31, If two straight lines bisecting two angles of a tri-
angle and terminated at the opposite sides be equal, the
biseeted angles shall be equal.

Let ABC be a triangle; lct the straight line BD bisoct
the anglo at 2, and be terminated at tho side AC'; and
let the straight lino C'E bisect the angle at C, and be ter-
minated at the side AB; and let the ight line B be
equal to the straight line CE: then the angle at B shall be
oqual to the angle at ¢
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For, let BD and (’F mect at O; then if the angle OBC

be not cqual to the anglo OCZ, one of them must bo

pater than the other; let the angle O B¢ bo the greater.

hen, because ('8 aud B are equal to B¢’ and C'F, each

to cach; but the angle ('/2/) is greater than the angle
BCE; thereforo 1) is greater than BE 1. 24,

On the other side of the base 3¢ make the trianglo
BCF equal to the trianglo (3L, so that 2F may bo equal
to CE, and ('F equal to BE ‘1. 22;; and juin DF.

Then because BF is equal to BD, the angle BFD is
equal to the angle BDF. And the angle OC) is, by hy-
pothesis, less than the an;:'lc OBE ; and the unflo con {n

.

equal to the angle BOE: thercfore the o ODC is
greater than the angle OER (1. 32;, and thereforo tho
angle ODC is greater than the angle B£'C.

Hence, by taking away tho oqual angles ZDF and
BFD, the angle FDC is r than the angle DFC;
and therefore CF' is greater CD (1. 19;; thereforo BE
is greater than CD.

Bat it was shewn that CD is greater than BE; which

Therefore the angles O8C and OCB are not unequal,
that ia, nremtgnl;andtbcrcforothoanghABCh
equal to the angle ACH.

[For the history of this theorem see Lady’s and Gen-
tleman’s Diary for 1859, page 68.] .



318 APPENDIX.

32. If a quadrilateral figure does not admit of haring
a cirele described round it, the sum of the rectangles con-
tained by the opposite sides is greater than the rectangle
comtained by the diagonals,

Let ABCD o a quadrilateral figure which docs not
admit of having a circle deseribed round it; then the rect-
angle A B3, DC, together with the rectangle BC, A D, shall
be greater than the rectangle AC, BD.

For. make the angle ABE cqual to the angle DBC,
and the angle BAZL equal to the angle BDC; then the
triangle ALK is similar to the triangle BDC (V1. 435
therefore AR isto AE as DB is to D('; and thcrc}ure the
rectangle A B, DC is cqual to the rectangle AE, DB,

Join B¢ Then, sinco the angle ABE is cqual to the
angle DBC, the angle CBE ia cqual to the angle DDA,
And because the triangles 4 BE and D BC are similar, 4B
is to V12 as BE is to BC; therefore the trinngles ABD
and EB( are similar (V1. 6); therefore €8 is to CE as
DB is to D.A; and therefore the rectangle (B, DA is
oqual to the rectangle CE, DB.

Therefore the rectangle AB, DC, together with the
rectangle BC, AD is equal to the rectangle AE, BD
together with the rectangle CE, BD; that is, equal to the
rectangle contained by 20 and the sum of AE and EC.
But the sum of AE and EC is greater than AC (1. 20);
thereforo the rectangle A B, IC, togother with the rect-
angle BC, AD is greater than the rectangle AC, BD,
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33. If the rectangle contained by the diagonals of a
quadrilateral be equal to the sum of the rectangles con-
tained by the cpposite sides, a cirele can be described round
the quadrilateral.

This is the converse of VI, D; it can bo demonstratod
indirectly with the aid of 32.

34. It iz required to find a point in a giren straight
line, auch that the rectangle contained by ite distances from
tico given points in the straight line may e cqual to the
rectangle contained by its distances from twco other giren
points in the straight line.

Let A4, B, €, D be four given points in the aamo
straight lino: it is required to find a point in the struight

E
A

/ ‘\\
// N\
. BN

F

line, such that the rectanglo eontainod by ita distances
from 4 and B may be equal to the rectangle contained by
its distances from C and D.

On AD describe any triangle AED; and on CJ3 do-
scribe a similar triangic CFJ3, so that CF is parallel to
AE,and BFtw DE; join EF, and lct it mect the given
straight line at 0. Then O shall be the required point,

For, OF is to OA as OF is to OC (V1. 4); thercfore
OFE isto OF as OA is to (' (V. 16). Similarly OF is to
OF a8 OD is to OB. Thercfore OA is to OC as OD is to
OB (V. 11). Therefore the rectanglo OA, OB is equal to

the rectangle 0C, 0D.
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The figure will vary slightly according to the situation
of the four given points, but corresponding to an assigned
situation there will be only one pomt such as is required.
For suppose there could be such a point £, besides the
point O which is determined by tho construction given
above ; and that the points are in the order 4, C, D, B, 0, P.
Join PE, and let it meet CF, produced at G ; join BG.
Then the rectangle 2.4, 1213 is, by hypothesis, cqual to the
rectangle I°C, I°D; and therefore A4 is to PC as PD is
to °2. But PAisto PCas PEis to PG (VI 2); there-
fore D) isto PBus PEis to PG (V. 11); therefore BG
is parallel to DE.

But, by the construction, BF is parallel to ED; there-
fore BG wnd BF aro themsclves parallel (1. 300 ; which is
absurd. Therefore 22 is not such a point as is required.

ON GEOMETRICAL ANALYSIS.

35. Tho substantives ana/ysis and synthesiz, and tho
corresponding adjectives analytical and synthetical, are of
frequent occurrence in mathematics.  In general analysis
means decomposition, or the separating n wholo into its
parts, and synthesis means composition, or making a whole
out of its parts. In Geometry however theso words aro
used in a more special sense.  In synthesis we begin with
resulta already established, and end with some new result;
thus, by the aid of theorems alrcady demonstrated, and
problems already solved, we demonstrate somo new theo-
rem, or solve some new problem. In analysis we begin
with assuming the truth of some theorem or the solution of
some problem, and we deduce from the assumption con-
sequonces which we can compare with results already esta-
blished, and thus test tho validity of our assumption.

36. Tho propositions in Euclid's Elements are all ex-
hibited synthetically; the studeut is only employed in ex-
amining the soundncss of the reasoning by which each
successive addition is made to the collection of geometrical
truths alrcady obtained; and there is no hint given as d:
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37. Geometrical analysis has sometimes been deseribed
in languago which might lead to the expectation that
directions could be given which would enable a student
to proceed to the demonstration of any proposed theorem,
or the solution of any proposed problem, with confidence of
success ; but no such directions can be given. We will
state the exact extent of these directions.  Supposo that a
new theorem is proposed for investigation, or a new
problem for trial. ~ Assume the truth of the theorem or the
solution of the problem, and deduce consequences from
this assumption combined with results which have been
already established. If a comsequence can bo deduced
which contradicts some result glrumly extablished, this
amounts to a demonstration that our assumption s innd-
missible ; that is, the theorem i not true, or the problem
cannot be solved.  If a consequence enn be deduced which
coincides with some result already established, we cannot
say that the axsumption is inadmissible s and it may happen
that by starting from the consequence which we deducedd,
and retracing our stepw, we can succced in giving n wvn
thetical demonstration of the theorem, or solution of the
problem.  These directions however are very vagne, be.
cause no certain rule can be !»rcscrilvml by which we are to
combine pur assumption with results already established ;
and morcover no test exists by which we can ascertain
whether a valid consequence which we have drawn from
an assumption will enable us to establish the assumption
itself. That a proposition may be false and yet furnish
consequences which are true, can be seen from a simplo
example.  Suppose a theorem were projumed for investi-
gation in the following words; wne angle of a triangle is to
another as the side cpposite to the frst angle in to the side
opporite to the other.  1f this be assumed to be true wo
can immediately deduce Euclid's result in 1. 19; but from
Euclid’s result in I l9ulwe cannnt lrctn;cc osr steps and
establish the proposcd theorem, and in fact the proposed
theorcem is falre.

Thus the only definite statement in tho directions
respecting Geometrical analyxis is, that if a uonce
can bo deduced from an assumed pruposition which con-
tradicts a result alreudy uublhhul, t sssumed propo-
sition must bo falee, o
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38.  Wo may mention, in particular, that a conscquence
would contradict results already established, if we could
shew that it would lead to the solution of a problem
already given up as impossible. There are three famous

roblems which are now admitted to be beyond the power
of Geometry ; numely, to find a straight line equal in length
to the cirenmference of a given circle, to trisect any given
angle, and to find two mean proportionals between two
given straight lines. The grounds on which the goometrical
solution of these problems is admitted to be impossible
cannot be explained without a knowledge of the higher
rts of mathematics ; the student of the Elements may
owever be content with the fact that innumerable attempts
have been mado to obtain solutions, and that these attempts
have been made in vain.

The first of these problems is usually referred to as
the Quadrature of the Cirele. For the history of it the
student should consult the article in the English Cyclo-
padia under that head, and also a series of papers in the
Athenwum for 1863 and subsequent years, entitled a
Budget of Paradoxes, by Professor De Morgan.

For approrimate solutions of the problem we may
refer to Davies's edition of Hutton's Course of Mathe-
matics, Vol. 1. page 400, the Lady's and Gentleman's
Diary for 1855, page 86, and the Philueophical Magazine
for April, 1862

The third of the three problems is often referred to as
the Duplication of the Cube. Sce the note on V1. 13 in
Lardner's Eucliid, and a dissertation by C. H. Biering en-
titled Historia Problematis Cubi Duplicandi... Hauniw,
1844,

ly“We will now give some cxamples of Geometrical ana-
s,

39. From two giren points it is required to draw to
the 2amea point in a gimo straight line, two straight lines
equally inclinal to the given straight line.

Let A and B be the given points, and CD the n
straight line. givea points, gire

Suppose AF and EB to bo the two straight lincs
oqually inclined to CD. Draw BF icalar to CD,
and produce 4E and BF to meet at Then the angle
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BED is equal to the angle AE(, by hypothesis ; and tho
angle 4 £( is equal to the angle DLG (i. 15). Henoo the

triangles BEF and G EF are equal in all respects 1,26 5
therefore 265 is equal to #'23.
This result shews how we may synthetically solve the
roblem. Draw ZF perpendicular to '), and produco
it to G, 8o that F7 may be equal to #7732 then join A6,
and 4G will intersect (D at the required point.

40. To diride a giren straight line into o parts
such that the difference of the squarcs ou the parts imay ba
equal to a yiren sqnare.

Let AL be the given straight
line, and suppose ' the required
point.

Then the difference of the
squares on AC and B¢ is to be equal to n given smquaro,
Bat the difference of the squares on AC and B¢ in equul
to the rectangle contained by their sum and difference ;
therefore this rectangle must be equal to the given square.
Hence we have the fgllowing synthetical solution. On Af3
describe a rectangle equal to the given square (1. 45:; then
the difference of A" and CB will be equal to the side
of the rectangle adjacent to A8, and is therefore known,
And the sum of AC' and CB is known. Thus A0 and CB
are known.

It is obvions that the given square must not exceed the
square on A 2B, in order the problem may be possible.

There arc two positions of C, if it is not specified which
of the two AC and CB is to bo greater than the
other; but only one position, if it is specified.

21--2

AT TE
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In like manner we may solve the problem, éo produce
a giren straight line o that the square on the whole
atraight line made up of the giren straight line and the
part produced, may exceed the square on the part pro-
duced by a giren square, which is not less than the square
on the given straight line.

The two problems may be combined in one enunciation
thus, 1o dirvde a giren straight line internally or ex'er-
nally s that the difierence of the squares on the segments
may be equal to a gicen square.

41, To find a point in the circumference of a giren
segment of a civele, so that the straight lines which jnn
the point to the extremitios of the straight line on which
the seqment stands may be together equal to a giren
straight line.

_Ee T
ST

A B

—

Let ACB be the circumference of the given segment,
and au C the roquired point, 8o that the sum of AC
and ('8 'is equal to a given straight line.

Produce AC to D) so that CD may be equal to CB;
and join DB.

Then AD is equal to the given straight line. And the
o ACR is cqual to tho sum of the angles CDB and
for o angle 4 131 i b of the waglo f the given. sag.
ore the an DB is angle in iven seg-
ment. Hence wo have the followi lyntheﬁmr solution.
Describe on 4B a t of a cirele con an angle
equal to half the e in the given sogment. ith 4 as
and a radius equal to the given straight Iin&

describe a circle. Join 4 with a point of intorsection
this circle and the segment which has been described ; this
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Jjoining straight line will cut tho circumference of tho
given segment at a point which solves the problem.

The given straight line must exceed 48 and it must
not exceed a certain straight line which we will now deter-
mine. Suppose the circumference of the given segment
bisected at £: join A E, and produce it to meet the cir-
cumference of the desceribed segment at £ Then AL in
equal to £ (111, 2\), and £ is equal to EF for the
same reason that (B is equal to 0, Thus A, EB, EF
are all equal; and therefore £ is the centre of the circle
of which ADB is n regment 11 9. Henee AF is the
longest straight line which can be drawn from .1 to the cir-
cumference of the described segment: so that the given
straight line must not exceed twice L2,

42, To devcribe an isosccles trivugle haring each of
the angles at the base double of the third angle,

This problem is solved in IV. 10 we may suppose the
solution to have been discovered by such an analysis us tho
following.

Suppose the triungle ABD such a .
trinngle as is required. so that cach of

the angles ut 2 and D is double of the / A \
angle at 1. [
Biscct the angle at D by the straight  ¢f \

line DC. Then the angle A 107 is equal
to the angle at .1 ; thercfore (.1 i
equal to CD. The angle €D in oqual
to the angle A D73, by hypothesin; the angle CI 13 is oqual
to the angle at . ; therefore the third sugle 20D is equal
to the third angle ABD 'L 32:. ‘Therefore D is equal
to (D 1. 6;; and therefore B is cqual to A
Since the angle B1)(’ is cqual to the angle at A4, tho
ight line BD will touch at I the circle described
round the triangle ACD Nute on 111. 32.. Therefore the
roctanflc AB, B is equal to the square on 3D 111, 36,
'l‘ht‘nz ure the rectangle .48, BC is ¢qual to the squaro
on AC.

. l’ll'h?reforo AB is divided at € in the manner required
m ii 11,

Hence the synthetical solution of the problem is evident.
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43. T inscribe a syuare in a giren triangle.
Lot ABC be the

givon triangle, and

suppose DEFG the A
required square. /
Draw A perpen- G,

dicular to ¢, and
AR parallel to BC;
and let BF produc-
ed meet A' at A" HE T
Then BG is to GF
an B isto AR, and BG isto GDas BA isto AH (V1. 4\
But (£ is equal to 1), by hypothesis,
Therefore B4 is to AR as BA is to AH (V. 7, V. 11).
Therefore A is equal to AK (V. 7

Henee we have the following synthetical solution. Draw
AR parallel to BC, and cqual to A2 and join BK. Then
BA meets AC at one of the cormers of the required square,
and the solution can be completed.

4. Through a given point hetiwceen tico given straight
lines, it is requived to draw a straight line, such that the
rectangle contained by the parts between the giren point and
the given straight lines may be equal to & gicen rectangle

Let 22 be the gi\'(-u point, )
and A8 and AC the given /C
straight lines ; suppose M LN L
the required straight line. so
that tho rectangle WP, PN

is oqual to a given rectangle. / / >4
=
— -

roduce AP to Q, so that
the rectangle 42, ’Q may
bo equal to tho given rect- MB
ange. Then the rectangle
MP, PN is equal to the
thange AP, PQ. Thereforo a circle will go round
AMQN (Note on 111. 35). Thercfore the angle PNQ is
equal to the angle PAM (I11. 21).
Hence wo have the following synthetical solution. Pro-
duce AP to Q, so that the rec e AP, PQ may be
ual to the given rectangle; describe on PQ a t
of a circle containing an angle equal to the angle PAM;
join P with a point of intersection of this circle and AC;
the straight lino thus drawn sulves the problem,
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45. In a gicen circle it is requived to inseride a tyi-
angle so that two eidex may pass through teo given points,
and the third side be parallel to a yicen straight line,

Let A and 2 be the given points, and D the given
straight line.  Suppose P MN to be the required trianglo
inscribed in the given circle.

Draw NE parallel to A B; join EM, und produce it if

necessary to mect A D at £

If the puint £~ were known the problem might be con-
sidered solved.  For ENM is a known angle, and therefore
the chord EM is known in muymitude.  And then, since #
is & known point, and EM is a known magnitude, the posi-
tion of M becomes known.

We have then only to shew how F is to be determined.
The nnﬁlc MEN is cqual to the angle MFA (1. 29,. ‘The
a‘?le EN is equal to the angle MPN (111. 21;.  Hence

AF and BAP are similar triangles 'VI. 4, Therefore
MAisto AF as BA is to AP. Therefore the roctunglo
MA, AP is equal to the rectangle BA, AF VI 16} But
since A is a gicen point the rectangle MA, 42° is known;
and AD is known; thus AF is d-temmined
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46. In a given circle it is required to inscribe a tri-
angle so that the sides may pass through three given
points.

Let A4, B, C be the three given points. Suppose PMN
to bo the required triangle inscribed in the given circle,

Draw NE parallel to AR, and determine the point F
as in the preceding problem. We shall then have to de-
scribe in the given circle a trianglo M.V so that two of
its sides mny pass through given points, £ and € and the
third side be parallel to a given straight line .18, This
can be doue by the preceding problem.

This examplo and the preceding are taken from the
work of Catalan alremdy cited. ‘The present problem is
somotimes called Castilfon’s uud sometimes Cramer’s; the
history of the general rescarches to which it has given riso
will be found in a serics of papers in the Mathematician,
Vol 11 by the late T. 8. Davies,

ON LOCL

472 A locus consists of all the points which satisfy cer-
tain conditions and of those points alone. Thus, for exam-
ple, the locus of the points which are at a given distanco
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from a given point is the surfaco of the sphere described
from the given point as centre, with the given distance as
radius; for all the points on this surfuce, and no other
points, are at the given distance from the given point.  If
we restrict ourselves to all the points in a tixed plane which

are at a given distance from a given point, the locus is the

circumference of the circle described from the given point

as centre, with the given distance as rudius.  In future wo

rhall restrict ourselves to loci which are situated in o fixed

plane, and which are properly called plane lorei,

Severul of the propositions in Euclid furnish good exam-
ples of loci.  Thus the locus of the vertices of n!ﬁ trinngles
which are on the same base and on the sune side of it, sud
which have the same area, is a struight line paralled to the
base ; this is shewn in L 37 and L. 39,

Again, the locus of the vertices of all trinngles which
are on the same base and on the sae side of it, and which
have the same vertical angle, is a segment of a circlo do-
scribed on the buse: for it is shewn i THL 21, that all the
wints thus determined satisfy the assigned conditions, and
1t is casily shewn that no other poiuts do,

We will now give some examples.  In cach example we
ought to shew not only that all the points which wo indi-
cate as the locus do fulfil the assigned conditions, but that
no other points do.  This second part however we leave to
the student in all the examples except the lnst two; in
these, which are more ditlicult, we have given the complete
investigation.

45, Required the locus of points whickh are equidis-
tant from two given puints,

Let A and B be the two given points; join AS3; and
draw a straight line through the unddle point of A at
right angles to .4/5; then it may be cunily shewn that this
ntraigmino is the required locus.

49. Required the locus of the rertices of all triangles
on a giren base A, such that the square on the side ter-
minated at A may exceed the square vn the side termi-
nated at B, by « gicen syuare. -

Suppose (' to denote a point on the required locus ; from
C draw a perpendicular on the given base, meeting it, pro-
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duced if neccssary, at . Then the square on AC is equal
to the squares on A and C/), aud the square on B( ' is
oqual to the squares on B and 1) 1. 47;; thercfore the
square on AC exceeds the square on 3¢ by as much as the
square on AD exceeds the square on B, lleuco Disa
fixed point cither in A8 or in A 44 produced through B (40),
And the required locus is the straight line drawn through
D, at right ungles to AL,

50. Required the locus of a point such that the straight
lines drawn from it tv touck teo gicen circles may be
eyual.

Let A bo the centre of the greater circle, 2 the centre
of a smaller circle; aud let 22 denote any point on the re-
quired locus, Kince the straight lines dmwn from 22 to
touch the given circles are equal, the squares on these
straight lines are equal.  But the squares on 22.f and 1’3
exceed these equal squares by the squares on the radii of
the respective circles.  Henco the square on 241 excoeds
the square on 243, by a known square, namely u square
equal to the excess of the square on the radius of the circle
of which .4 is the centre over the square on the radius of
tho circle of which /3 is the centre.  Hence, the required
lmﬁu is a certuin straight line which is at right angles to
AD (49).

. 'l]‘lni- straight line is callod the rudical axis of the two
circles.

If the given circles intersect, it follows from 111. 36,
that the straight line which is the locus coincides with the
produced parts of the common chord of the two circles.

51. Required the locus of the middle points of all
the chords of a circle which pass through a feed puint.

Let 4 be the contre of the given circle; B the fixed

e p_ D

—

AN

S
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point; let any chord of the circle be drawn so that, pro-
duced if necessary, it wmay pass through . Let 2 be the
middle point of this chord, so that £ is a point on the re-
quired locus.

The straight line AP is at right angles to the chord of
which P is tho middle point {II1. 33; therefore 72 ia on the
circumference of a circle of which A2 is a dinmeter.
Hence if 8 be within the given circle the locus is the cir-
cumference of the circle described on A2 as dinmetor ; if
B be without the given circle the locus is that part of the
circumference of the circle described on .4 4 us diameteor,
which is within the given circle.

52. O ixa fired point from which any straight lina
iz drawn meeting a fred straight line at 1, o0 OP g
point Q is tuken such that OQ &ty OF in a fired rativ:
determine the locus of Q.

Wo shall shew that the locus of @ is a straight lino.

For draw a perpendicular from O on the fixed straight
line, meeting it at (7; in O(’ tuko a point £ such that (1)
is to O in the fixed rutio; draw from O any ntmigm line
0O P meeting the fixed struight line at 22, and in ()7 take a
point Q such that O¢Q is to UF in tho fixed mtin; join

-
z

—

e

3‘ . The triangles ODQ and NC'P are similar (VI. 6);
ercfore the angle ODQ is equal to the angle O/°P, and is
therefore a right angle. Hence @ lies in the struight live
drawn D at right anglcs to 00,
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63. O is a fired point from which any straight line
t2 drawen meeting the circumference of a fived cirele at P
tn OP a point Q in tuken such that OQ i3 to OP in a fized
ratio: determine the locus of Q.

We shall shew that the locus is the circuniference of a
circle.

D

NS

For let C be the centre of the fixed circle; in OC take
a point D such that O is to OC in the fixed ratio, and
draw any radius (2 of the fixed circle; draw DQ parallel
to (P mecting O, produced if necesanry, at ¢, Then the
triangles OC' 2 and O1)Q are similar 'VI. 4, and therefore
0Q 18 to OF as O is to OC, that ix, in the fixed ratio.
Therefore @ is & point on the locus. And DQ is to CP
in the fixed ratio, so that /)Q is of constant length.  Hence
the locus is the circumference of a circle of which D is the
centre,

- \\
// \P J—— 7Q
e /
0 \ ¢

54, There are four giren points A, B, C, D in a
straight line; required the locus of a point at which AB
and CD subtend equal angles.

Find a point O in the straight line, such that the rect-
angle OA4, OD may be equal to the rectangle 05, OC (34),
and take OK such that the square on (VA" may be equal to
ecither of theso rectangles (11, 14°: the circumference of the
circle described from O as centre, with radius OA’, shall be
the required locus,

{Wo will take the case in which the points are in the
fullowing order, O, A, B, C, D.]

For let P be any point on the circumferonce of this
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circle. Describe a circle round P.4D, and also a circlo

, /y{ N \
~ Jb

A S R

round P BC7; then OP touches cach of these circles (111, 37;
thercfore the angle 02’4 is equal to the angle I’ A,
and tho angle O/} ix «qual to the angle PR (111, a2,
But the angle O/ is equal to the angles OPA and AP
together, and the angle 20°B is cqual to the angles (P21
and PDA together (1. 32\ Therefore the angies (11’ A
and APB together are cqual to the angles (‘F’) and
P DA together: and the angle 02’ A has been shewn mn-l
to the angle 72254 ; therefore the angle A28 in equal to
the angle CPD.

We have thus shewn that any point on the circumference of
the circle satisfics the assigned conditions; we shall now
shew that any point which satisfics the assigned conditions
is on the circumference of the circle.

For take any point @ which ratisfies the required con-
ditions. Describe a circle round Q.47), and also a circle
round QBC. Theso circles will touch the same straight
line at @; for the angles AQ/ and ('QJ) aro equal, and
the converse of 111. 32 is true. Jct this straight line which
touches buth circles at Q be drawn; and lot it meet the

ine containing the four given points at K. ‘Then

, RD is cqual to the rectangle RB, RC;

to on Rg (111 38). Thorefore
maust coincide with O (34); snd fore RQ must be
g the circumference of the

%
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58, Required the locus of the rertices of all the tri-
angles ABC which stand on a giren base AB, and hare
the side AC to the side BC in a constant ratio.

If the sides AC and BC are to be equal, the locus is

tho straight line which bisccts .13 at right angles. Weo
will suppose that the ratio is greater than a ratio of oqual-
ity; so that AC is to be the greater side.

Divide AB at D) so that AD is to D1 in the given ratio
(V1. 10); and produce AB to £, so that AE is to £B in
the given ratio. Let /* be any point in the required locus ;
Join PD and PE. ‘Then 1) bisects the angle AP B, and
PE bisects the lo between B and AP produced.
Therefore the angle VPE is a right angle. Therefore 2 is
on the circumference of a circle described on DE us dia-
meter.

Weo have thus shown that any point which satisfies tho
assigned couditions is on the circumference of the circle
described on DE as dimmeter; we shall now shew that any
point on the circumference of this circle satisfies the as-
signed conditions.

Let @ be any goint on the circomference of this circle,

in the assignod ratio. For, take O the
circle; and join Q0. Then, by construction,



APPENDIX. 335

to BO; that is, A0 is to OQ as QO is to OB. Thereforo
the triangles A0Q and QOB arc similar triangles (V1. 6);
and therefore AQ is to QB ns QO is to BO. ‘This shews
that the ratio of AQ to BQ is constant; we have still to
shew that this ratio is the same as the assigned ratio.

We have already shewn that 40 is to DO as DO i to
BO; therefore, the difference of 40 and DO is to DO aa
the difference of DO and BO is to BO (V. 17 that is,
ADis to DO as B is to BO; therefore A1 is to B as
DO is to BO; that is, AD is to DB as QO is to 50O
This shews that the ratio of QO to BO is the same as the
assigned ratio.

ON MODERN GEOMETRY.

86. We have hitherto restricted oursclves to Euclid's
Elements, and propositionn which can be denonstratod
by strict adherence to Euclid's methods.  In modern timos
various other methods have been introduced, and have
led to numerous and important results, Those methods
ms& be called semigeomctrical, as they are not confined
within the limits of the ancient pure geometry; in fact
tho power of the madern methods in obtained chicfly by
combining arithmetic and algebra with geometry. The
student who desires to cultivate this part of mathematics
may consult Townsend's Chapters on the Modern Gero-
metry of the Point, Line, and Cirele,

We will give as specimens some important theorems,
taken from wi‘:t is called the theory ofn:}:mn-ruln.

Any line, straight or curved, which cuts a system of

lines is called a transrersal; in the cxam which

we shall give, the lines will be straight lines, and the sys-
tem will consist of three straight lines forming a trisngle.

We .ﬁ'm give a bricf ﬁ;nmunchtuiondol &‘ tbeorcmm which
we are to prove, e memory
hmm%z-manmmmm
T MMWM&M
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67. If a straight line cut the sides, or the stdes pro-
duced, of a triangle, the product of three seqinents in
order is equal to the product of the other three segments.

Let 4 BC be a triangle, and let a straight line be drawn
cutting the side BC at 1), the side ("4 at E, and the side
AB produced through B at F. Then BD and DC are

H C

\A / ~_____;_§;_:; Sy

called aeyments of the side B0, and CF and E/A are called
segments of the side (A, and also AF und £73 are called
segments of the side A/,

Through .4 dmw a straight line parallel to BC, mecting
DF produced at /.

Then the triangles CED and E A1 are cquiangular to one
another; therefore A/l is to C1) as AE is to EC (V1. 4.
Therefore the rectangle 4 /7, EC is equal to the rectangle
CD, AE (V1. 16\

Agnin, the triangles F.A/ and FBD are equiangular to
one another ; therefore A7 isto B as F'o if{.', FBV1 4.
Thercforo the rectangle 4 /1, FB is equal to the rectangle
BD, FA (V1. 16\

Now supposc the straight lines represented by numbers
in the manner ex!‘vhin«i in the notes to the second Book of
the Eloments. We have then two results which we can ex-
&m arithmetically : namely, the product AH.E( is cqual

the product CD. AE; and the product Al .FB is equal
to the product BD. FA.
Therefore, by the principles of arithmetic, the uct
AH EC.BD.FAis equal to the product A . FBCDAE,
and thorefore, by the principles of arithmetic, the product
BD.CE.AF is equal to the product DC.EA.FB.

This is the result intended by the enuncistion given
above. Each product is made by three segments, one from
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everyside of the triangle : and the two segments which ter-
minated at any angular point of the trinngle are never in the
same product. Thus if we begin one product with the seg-
ment BD, the other segment of the side BC, numely ¢,
occurs in the other prn(?\\ct; then the segment CF occars
in the first product, so that the two segments (7)) and CF,
which terminate at €, do not occur in the same product ;
and so on,

The student should for exercise draw another fignre

for the case in which the trunsversal meets aff the sides
produced, and obtain the sane result.

58, Conversely, it may be ghewn by an indireet proof
that if the product BO.CE AP be cqual to the produdt
DO . EA.FB, the three points /2, £, F lic in the samo
straight line.

59, If three straight lines be drawn through the
angular points of a triangle to the opposite sidea, and
mect at the aame point, the product of three seqments in
order i equal to the product of the other three segmenta,

Let ABC be a triangle. From the angular points to
the oppasite sides let the straight lines AOD. BOLE, ('OF
be drawn, which moct at the point ¢: the ,mluct
AF.BD.CE shall be cqual to the product FI3.DC EA.

For the triangle A2D) is cut by the transversal FOf,
and therefore by the theorem in 57 the following producta
are equal, AF. BC. DO, and F8.CD.0OA.

/
/ -7 \/‘Kl3 \'-.
P ¥ 3"

Aguin, the triangle ACD is cut by the transversal

EO0B, and therefure by the theorem in 57 the following
products are equal, 40.DB.CEand OD.BC.EA.
22
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Thereforo, by the principles of arithmetic, the following
products are cqual, AF. BC. DO . A0 . DB . CE and
FB.CD.0A.OD. BC.EA. Thercfore the following

products are cqual, A¥. BD.CF and FB.DC.EA.

We have supposed the point O to be within the trianglo;
if O be without the trianglo two of the points D, E, F will
fall ou the sides produced.

60. Conversely, it may be shewn by an indirect proof
that if the product A4". BD . CF be equal to the product
FB.DC. EA, the three straight lines A0, BE, CF meet
at the same point.

61.  Wo may remark that in geometrieal problems the
following terms sometimes oceur, used in the same sense as
in arithmetic: namely arithmetical progression, geometyi-
cal progression, aud hara mical progression. A proposi-
tion respecting harmonical  progression, which deserves
notico, will now be given,

G2 Let ABC be a triangle; let the angle A be bisected
by a straight line which meats BC at D, and let the ex-
terior angle at A be bisceled by a straight line which meets
BC, produced through C,at E: then BD, BC, BE shall
be in harmonical progression.

-~

-

/!

B D ¢ E
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For BD isato NDCas BAis to AC VI. 3 : and BE is
to ECas BAisto AC(VI, A). Therefore B/ is to I
as BEisto £¢ V.11, Therefore B is to BE as DC is
to EC'(V.16). Thus of the three straight lines 20 I,
BE, the first is to the third as the excess of the second
over the first is to the excess of the third over the second.
Therefore BD, BC, BE are in harmonical progression,

This result is sometimes expressed by saying that BE
is divided harmonically at D and C.

22- 3



EXERCISES IN EUCLID.

I 1t15

1. Ox agiven straight line describe an isosceles tri-
?_nglc having cach of the sides equal to a given straight
ine.

2. In the figure of 1. 2 if the diameter of the smaller
circle is the radius of the larger, shew where the given
point and the vertex of the constructed: triungle will be
situated.

3. If two straight lines bisect cach other at right an-
gles, any point in ecither of them is equidistant from the
extremities of the other.

4. If the angles ABC" and AR at the base of an
isosceles trianzle be bisected by the straight lines B0,
CD, show that D B(' will be an isosceles triangle.

5. BAC is a triangle having the angle B double of the
angle 4. 1If BD bisccta the angle 5 und meeta AC at D,
show that 20 is equal to A D,

6. In the figure of I. 5 if F( and B mcet at /I
shew that 2/ and GH are cqual

7. In the figurc of 1. 5 if FY” and BG meet at #,
shew that 4 /1 bisccts the angle B.AC.

8. The sides AB, AD of a quadrilatoral ABCD are
equal, and the diagonal A(" bisects the angle ZA4.D: shew
that the sides ('8 and (D are equal, and the diagousal
AC bisects the e BCD.

9. ACB, ADZB are two triangles on the same side of
AB, such that AC is equal to BD,and A/ is equal to
BC,and AD and BC intersect at O: shew that tri-
angle AOB is isoaceles.

10. ‘The opposite angles of a rhombus are equal.

1. Adhgomlohrhombmbinchuch:lgthemglu
through which it passes,
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12. 1f two isosceles triangles are on the same base the
straight line joining their vertiees, or that struight line
produced, will biseet the base at right angles.

13. Find a point in u given straight line such that its
distances from two given points may be cqual.

14. 'Through two given points on opposite sides of a
given straight line draw two straight lines which shall meet
in that given straight line, and include an anglo bisocted
by that given straight line.

15, A given angle 22177 is bisoeted ; if (.4 is produced
to (7 and the angle 4G bhisceted, tho two bisocting lines
aro at right angles.

16, If four straight lines meet at a point so that the
opposito angles are equal, these straight lines uro two and
two in the same straight line,

L 16 w 2.

17. AB( is a trinngle and the anglo A is bisected by
a straight line which meeta 2207 at £ shew that 2.4 is
greater than B0, and €A greater than '),

185, In the figure of 1. 17 shew that ABC and A1
are together less than two right angles, by joining A w uny
point in BC".

19. AHBCD is a quadrilateral of which A7 in tho
longest side and 53¢/ the shortest; shew that the angle
ABC is greater thun the angle oA ¢, and the ungle BCD
greater 5:::. the angle /2.4,

20, If a straight line bo drawn through A one of tho
nngular points of 8 square, cutting one of the opposite sidos,
and meeting the other produced at £, shew that A4 is
greater than the dingonal of the squarce

21. The perpendicular is the shortest strnight lino
that can be drawn from a given puint to a given straight
line; and of others, that which 1 nearer to the perpen-
dicular is less than the more remote; and two, and only
two, cqual straight lines can be drawn from the given point
to the given straight liue, ouo on each side of the perpes-
dicular.

22, The sum of the distances of any point from the
three angles of a trianyle is greater than half the sum of
the sides of the triangle.
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23. ‘The four sides of any quadrilateral are togcther
greater than the two dingonals together. .

24. 'The two sides of a triungle ure together greater
than twice the straight line drawn from the vertex to the
middle point of the base.

25, 1f one angle of a triangle is equal to the sum of
the other two, the triangle can be divided into two isosceles
trianglea.

26. If the angle €’ of a triangle is equal to the sum
of the angles A and B, the side A7 is equal to twice the
straight line joining € to the middle point of 4 5.

27, Construct a trisngle, having given the base, one of
the angles at the base, and the sum of the sides.

24, The perpendiculars let fall on two sides of a tri-
angle from any point in the straight line biscecting the angle
between them are equal to each other.

29. In a given straight line find a point such that the
perpendiculars drawn from it to two given straight lines
shall be equal.

30. Through a given point draw a straight line such
that the perpendicnlars on it from two given points may bo
on opposite sides of it und oqual to cach other.

31 A straight line bisects the angle +1 of a triangle
ABC; from B o perpendicular is drawn to this biscctin
straight line, meeting it at 2, and BD is produced to mee
AC or AC produced at £: shew that BD is equal to DE.

32. AB, AC are any two straight lines meeting at A :
thmuqh any point 2” draw a straight line meeting themat £
and £, such that .41 £ may be equal to AF

33. Two rifht-anglud triangles have their hypotenuses
cqual, and a side of onc equal to a side of the other: show
that they are equal in all respects.

I 27t 3l

34. Any otmight line parallel to the base of an iso-
scelos triangle makes cqual angles with the sides.

35 1f two straight lines A and B are reapectively
parallel to two others €’ and D, shew that the inclination of
A to B is equal to that of C to D.

3. A stni&ht line is drawn terminated by two parallel
straight lines; through its middlc puint any straight line is
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drawn and terminated by the parallel stright lines, Shew
that the second straight line is biseeted ut the middle point
of the firat.

37. If through any point cquidistant from two paraliel
struight lines, two straight lines bo drawn cutting the pa-
rallel straight lines, they will intercept equal portions of
these parallel straight lines.

38, 1f the strught line bisecting the exterior angle of
a triangle be parallel to the base, shew that the trianglo is
isosceles.

39 Find a point B in a given straight line €D, such
that if .1/ be drawn to /2 from u given point .1, the anglo
ABC will be equal to a given anzle.

40. If a straight line be drawn hisecting one of the
angles of a triangle to meet the opposite side, the struight
lines druwn from the point of section parallel to the other
sides, and terminated by these sides, will be equal.

41, The side BC of u trianglo A B¢ is produced to a
point D; the angle AC/ is bisected by tho straight line
C'E which meets 47 at £ A struight line is drawn
through £ parallel to BC, meeting AC at F, and the
straight line bisceting the exterior ungle A at 6. Show
that £F is equal to £Y4,

42 A8 is the hypotemise of a right-ungled trinnglo
ABC: find a point 12 m A7 wuch that D73 msy be equal
to the perpendicutar from /2 on A¢

43, A DBC s an isosceles triangle: find points D, Fin
the cqual sides Af, AC such that £/, DE, EC may all
be equal.

44. A straight line drawn at right angles to 3¢’
the base of an isosceles triangle A4 /30" cuts the sido A/ at
D) and (A4 produced at £ shew that A LD in an isusccles
triangle.

1. 32

45. From the cxtremitics of the base of an isvscoles
triangle straight lines are drawn perpendicular to the sides ;
shew that the angles made I-{ them with the base are cach
equal to half the vertical angle.

46. On the sides of any triangle A B¢ equilateral tri-
angles BCD, (' AL, ABF arc described, all external : shew
that the straight lines 4D, BE, CF are all equal.
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47. What is the magnitude of an angle of a regular
octagon ?

48, Throngh two given points draw two straight lines
forming with a straight line given in position an equilateral
triangle.

49. If the straight lines hisecting the angles at the
base of an isosceles trinngle be produced to mect, they will
contain an angle equal to an exterior angle of the triangle.

50. A is the vertex of an isosceles triangle A4 BC, and
BA i produced to D, so that A0 is equal to BA; and
DC ix drawn: shew that 50D is a right angle.

51, A is o triangle, and the exterior angles at B
and ¢ are bisected by the straight lines B, €'D respee-
tively, meeting at 2 : shew that the angle BDC together
with halt the angle 2.4¢ muke up a right angle.

52. Shew that any angle of a trinngle is obtuse, right,
or acute, necording as it is greater than, equal to, or less
than the other two angles of the triangle taken together.

83.  Construct an isoxecles trinngle having the vertical
angle four times each of the angles ut the huse,

54. In the trinngle A B¢’ the side B ix bisected at £
and ABat ¢; AL is produced to £ so that £F is equal
to AL, and CG is produced to /f so that GH is eq\ml to
CG : shew that #'22 and /173 are in one straight line.

65. Construct an isosceles triangle which shall have
one«lgxird of cach angle at the base cqual to half the vertical
angle.

gﬁb‘. AB, AC are two straight lines given in position:
it is required to find in them two points 22 and @), such
that, £Q heing joined, AP and PQ nay together be equal
W a given straight line, und may contain au ungle equal to
a given angle.

57. Straight lines are drawn through the extremities of
the buse of an isosceles triangle, making angles with it on
the side remote from the vertex, cach equal to one-third of
one of the equal angles of the triangle and meeting the
sides produced: shew that threo o? the triangles thus
formed are iscecoles.

5. AEB, CED avro two straight lines intersocting at
E; straight lines A", DB are drawn forming two triangles
ACE, BED : the angles ACE, DBE are bisected by the
straight lines CF. BF meeting at F. Shew th-t the angle
CFB is cqual to hall the sum of the angles £.4C, EDB.
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59. The straight line joining the middlo point of the
hypotenuse of a right-augled tringle to the right ungle is
equal to half the hypotenuse

60. From the angle A of o trinngle A5/ a porpen-
dicular is drawn to the opposite side, mecting it, producod
if necessary, at /); from the angle 2 a perpondicular ia
drawn to the opposite side, meeting it produced if neces-
sary, at £: shew that the struight lines which join £ and

. E to the middle point of A8 are equal.

61, From the angles ut the hase of a trianglo perpen-
diculurs are drawn to the opposite sides, produced if neces-
aary : shew that the straight line joining the points of inter.
section will be bisected by a perpendicalar drawn o it from
the middle point of the buse.

62. In the figure of L1, if " and # be the points of
intemection of the circles, aml A4/ be produced to moet
one of the circles at K, shew that CHA s un equilutorad
triungle.

63. The straight lives bisccting the angles at the baso
of an isosceles trinngle mect the sides at L and £ shew
that DE is parallel to the base.

64. A, AC ure two given struight lines, and 7?2 is a
given point in the former: it is required to draw through
P a straight line to mect AC ut €, 5o thut the anglo A1
may be three times the angle AQL.

65, Construct a right-ungled triangle, having given the
hypotenuse and the sum of the sides.

66.  Construct a right-angled trinngle, having given the
hypotenuse and the difference of the sides.

67. Construct a right-angled triangle, having given the
hypotenuse and the perpendiculur from the right angle
on it.

64, Construct a right-angled trisugle, having given tho
perimeter and an angla.

69. Triscct a right angle.

70. Trisect a given finite straight line.

71. From a given point it is required to dmw to two

allel straight lines, two equal straight lines at right
angles to each other.

72. Dencribe a triangle of given perimeter, having ita
angles equal to those of u giveu tri
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1. 33, 34

73, If a quadrilateral have two of its opposite sides
parallel, and the two others equal but not parallel, any two
of its opposite angles are together equal to two right
angles,

74. I a straight linc which joins the extremitics of two
equal straight lines, not paraliel, make the angles on the
same side of it equal to each other, the straight line which
Jjoins the othor extremities will be parallel to the first.

75. No two straight lincs drawn from the oxtremities
of the basc of a triangle to tho opposite sides can possibly
bisect each other.

76. If the opposite sides of a quadrilateral are equal it
is a parallclogram.

77.  If the opposite angles of a quadrilateral aro equal
it i a paralielogram.

78, The dingonals of a parallclogram bisect each other.

79. If the diagonals of a quadrilateral bisect cach other
it is a parallelogram.

80.  If the straight line joining two opposite angles of
a parallelogram bisoct the angles the four sides of the pa-
rallelogram are cqual.

81. Draw a straight line through a given point such
that the part of it intercepted between two given parallel
straight lines may be of given length.

82.  Straight lines bisocting two adjucent angles of a
parullelogram interscet at right angles.

83. Straight lines bisecting two opposite angles of a
parallclogram are vither parullel or coincident.

84. If tho dingonals of a parallclogram are equal all its
angles are oqual.

83. Find a point such that the perpendiculars let fall
from it on two given stmight lines shall be respectively
oqual to two given straight lines, low many such points
are there!

85. It is required to draw a straight line which shall
be equal to one straight line and ]‘nrnllcl to another, and bo
terminated by two given straight lines,

87. On the sides A8, BC, and D of a parallelogram
ABCD three cquilaterul triangles are described, that on
BC towards the same parts as the paralielogram, and those
on 48, CD towards the oppusito parts: shew that the
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distances of tho vertices of the triangles on 4B, CD from
that on BC are respectively equal to the two diagouals of
the parallclogram,

88. If the angle between two adjacent sides of a paral-
lelogram be increased, while their lengths do not alter, tho
diagonal through their point of intersection will diminish.

89, A, B, €' are three points in o straight line, such
that A B is equal to BC: shew that the sum of the perpen-
diculars from .1 and € on any straight line which does not

pass between A and ¢ is double the perpendicular from B
on the same straight line.

90. I struight lines be drawn from the angles of any
parallelogram perpendicular to any straight line which is
outside the parallclogram, the s of those from one poie
of oppusite angles is cqual to the sum of those troa the
other pair of opposite angles,

91, If a six-sided plane rectilineal figure have it op-
posite sides equal and parallel, the three straight lines join-
iug the opposite angles will meet at a point.

92. A1, A" uro two given stright lines; through a
i;ivcn poiut £ between them it is required to draw a struight
ine 7 L1 such that the intercepted portion ;41 shall be
bisected at the point 2.

93.  luscribe a rhombus within a given lmrallehm‘nm.
80 that one of the angulsr points of the rhombus may be ag
a given point in a side of the parullelogram.

94, ABCLH s a parallclogram, and E, F. the middio
points of A1) and B¢ respectively; shew thut BL wnd D28
will trisect the diagonal S

I 35to045.

93. ABCD is a quadrilateral having 727 parallel to
AD; shew that it arca is the sunc as that of the parallelo-
gram which can be formed by drawing through the middle
point of (' a straight line el to A .

96. ABCD is o quadrilateral baving 530! parallel to
AD, E is the middle point of LC; show that the triangle
AEB is half the quadrilateral.

97. Shew that any straight li::u‘nﬁng through tho
middle point of the dameter of a paruliclogram and teruie
nated by two opposite sides, bisccts the paralldlogram.,
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98. Bisect a parallelogram by a straight line drawn
through a given point within it.
99. Construct a rhombus cqual to a given parallelo-

100. If two triangles have two sides of the one equal
to two sides of the other, each to cach, and the sum of the
two angles contained by these sides equal to two right an-
gles, the triangles are equal in arena.

101. A straight line is drawn bisccting a llclogram
ABCD and meceting AD at E and B5C at F': shew that
the triangles EBF and CED are equal.

102. Shew that the four triangles into which a paral-
lelogram is divided by its dingonals are equal in area.

103, Two straight lines A and CD interseet at E,
and the triangle A £¢ is equal to the triangle BED : shew
that 2¢ is parallel to A D,

104, ABCD is a parallclogram ; from any point P in
the dingonnl B tho straight Yines P4, PC are drawn.
Show that the triangles P42 and PCB are equal.

105, If a triangle is deseribed having two of its sides
equal to tho diagonals of any quadrilateral, and the in-
cluded angle equal to cither of the angles between these
dingonals, then the area of the triangle is equal to the area
of the quadrilateral.

106.  Tho struight line which joins the middle points of
two sides of any trinnglo is paraliel to the hase.

107, Straight lines joining the middle points of ad-
Jjacent sides of a quadrilateral form a parallelogram.

108. D, K arc the middle points of the sides A8, 4AC
of a triangle, and C/), BE intersect at F: shew that the
triangle BFC is equul to the quadrilateral A DFE.

109, The struizht line which bisccts two sides of any
triangle is half the base,

110. In the base 4 of a triangle take any jwint D;
hinect 4D, DC, AB, BC at the ]lmimn E. F, GG, H respec-
tively: show that E¢s is equal and parallel to F'4.

111, Given the middle puints of the sides of a triangle,
counstruct the triangle.

112, If the middle points of any two sides of a trhnﬁio
be joined, the trianglo so cut off is one quarter of the whole.

113. Tho sides A A, AC of a given triangle ABC are
bisocted at the points E, F'; a perpendicular is drawn from
A t the opposite side, meeting it at . Shew that the
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anije FDE is equal to the angle BAC. Shew also that
AFDE is half the triangle ABC.

114. Two triangles of eqlml area stand on the same
base and on opposite sides: shew that the straight line
Jjoining their vertices is bisected by the buso or the base
produced.

115. Three Rarnllelogmmn which are equal in all ro-
spects are placed with their equal bases in the same straight
line and contiguous; the extremitics of the base of the first
are joined with tho extremities of the side opposite to the
base of the third, towards the samo parts: shew that the
portion of the new parallclogram cut off by the second is
one half the area of any one of them,

116, ABCD is a parallelogram ; from D draw any
straight line D F¢; meeting BC at Fand A B produced at
G; draw AF and (G: shew that the triangles ABF,
CF@G are equal.

117. ABCis a given triangle: construct a trinngle of
equal area, having for its base a given straight live AD,
coinciding in position with 4 3.

118. ABC is a given triangle: construct & trianglo of
oqual arca, having its vertex at a given point in BC and its
base in the same straight line as A /3,

1NY. ABCD is a given quadrilateral : construct ano-
ther quadrilateral of equal arca having A4 for one side,
and for another a straight line drawn through u given point
in C'D) parallel to A B,

120. ABCD is a quadrilatoral: construct a trinnglo
whose base shall be in the same struight line as A4 5, vertex
at a given point £ in (D), and arca equal to that of the
given quadrilatersl.

12). AB(' in a given triangle: construct a triangle of
equal area, having its base in the same straight line as 423,
and ita vertex in a given straight line parallel to A 8.

122. Bisect a given triungle by & straight line drawn
through a mn point in & side.

123. Bisect a given quadrilateral by a straight line
drawn through a given angular point.

124. If the point O within a paraliclogram
ABCD two ight lines are drawn parallel to the lidca
;n&ﬂ&pudld T UB and U are equal, the puint
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1. 46to48.

1235.  On the sides AC, BC of a triangle A BC, squares
ACDE, BCFII are described: shew that the straight
lines AF and BD are equal.

126. The t«‘um'o on tho side subtending an acute an-
gle of a trianglo is less than the squarcs on the sides
containing the acute angle.

127. 'The squarc on the side subtending an obtuso an-
glo of a trianglo is greater than the squarcs on the sides
containing the obtuse angle.

128, If the squarc on one side of a triangle be less
than the squares on the other two sides, the angle contained
by t‘heso sidos is an acute angle; if groater, an obtuse
angle.

129. A straight line is drawn parallel to the hypotenuse
of a right-angled triangle, and ench of the acute angles is
Jjoined with the points where this straight line intersects
the sides respectively opposite to them: shew that the
squares on the joiuing straight lines are together equal to
tho square on the hypotenuse and the square on the straight
line drawn paraliel to it.

130. If any point > bo joined to A, B, C, D, the an-
gular points of a rectangle, the squares on £2.4 and PC are
together oqual to the squares on B and PJ).

131.  Ina righta ‘c«l triangle if the square on one of
the sidos containing the right angle be three times the
square on the other, and from the right ungle two straight
lines be drawn, one to biscct the opposite side, and the
other porpendicular to that side, these straight lines divide
the right angle into three equal parts.

132. If ABC be a triangle whose angle A is a right
angle, and BE, CF be drawn bisecting the opposite sides
respectively, shew that four times the sum of the
on BE and CF is cqual to five times the square on g('.

133.  On the hypotenuse BC, and the sides CA, AB of
a right-angled tri ABC, squares BDEC, AF, and
AG are described : shew that the squares on f; and EF
are together equal to five times the square on BC.
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II. 1to11.

134. A straight lino is divided into two parts; shew
that if twice the rectangle of the parts is equal to the sum
of the squares described on the parts, the straight line is
bisected.

135. Divide a given straight line into two parts such
thnt_{,)llle rectangle contained by them shall be tho greatest
possible.

136. Construct a rectangle cqual to the difference of
two given squares.

137. Divide a given straight line into two parts such
that the sum of the squarcs on tho two parts may be the
least possible.

138, Shew that the square on tho sum of two straight
lines together with the square on their difference is double
the squares on the two straight lines,

139, Divide a given straight lino into two parta such
that the sum of their aquares shall bo equal to a given
square.

140. Divido a given atraight line into two parts such
that tho square on one of them may bo double the square
on the other.

141, In the figuro of 1. 11 if C/T be produced to meet
BF at L, shew that ('L is at right angles to 1 F.

142, In the figure of 11 11if BE and CIf mect at 0,
shew that 40 is at right angles to C//,

143. Shew that in a struight line divided as in I1. 11
the rectangle contained by the sum and difference of the
parts is equal to the rectangle contained by tho parts.

I 12t0 14,

144. The square on the base of an isnsccles triangle is
ual to twice the roctangle contained by either side and
tho straight line interceptod between the perpendicular
1’#.1'° on it from tho opposite angle and the extremity of
145. In any triangle the sum of the squares on the
dee is oqual th twice the square on half the base together
with twice the square on the line drawn from the
iolbonadlopointdﬂw

Fass

éa.
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146. ABC is a triangle having the sides 4B and AC
oqual; if AB is produced beyond the base to D so that
BD is equal to A, shew that the square on C1) is equal
to the squaro on AB, together with twice the square
on BC.

147. The sum of the squares on the sides of a paral-
lqlogra::; is equal to the sum of the squares on the

8.

148. The base of a triangle is given and is bisected hy
the centre of a given circlo: if the vertex be at any point
of the circumference, shew that the aum of the squares on
the two sides of the triangle is invariable,

149. In any quadrilateral the squares on the diagonals
are together equal to twice the sum of the squares on the
straight lines joining the middle points of opposite sides.

150. If a circle be described round the point of inter-
section of the dinmeters of & parallelogram as a centre,
show that the sum of the squires on the straight lines
drawn from any point in its circnmference to the four an-
gular points of the paraliclogram is constant.

151, The squares on the sides of a quadrilateral ave
together greater than the aquares on its diagonals by four
times the square on the straight line joining the middle
pointa of ita diagonals,

152, In A4 the diameter of a circle take two points
and D equally distant from the centre, and from any point
E in the circamforence draw EC, El): shew that the
squares on £(’" and ED are togother equal to the squares
on AC and A D).

153. In BC the base of a triangle take D such that
the squares on 4B and BD are togother equal to the
squaros on A ("and ('), then the middle point of 4D will
be equally distant from B and (.

154, The square on any straight line drawn from the
vertex of an isosccles trianglo to the base is lees than the
square on a side of the triaugle by the rectangle contained
by the segments of the base.

1535. A square BDEC is described on the hypotenuse
BC of a right-angled triangle .4 B(": shew that the squares

on DA and AC are together equal to the squares on £4
and 48, “

186. ABC is a triangle in which C is a t angle,
MDEhdnnﬁmanthcwpmﬂnb
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AB: shew that tho rectanglo 4B, AE is equal to tho
rectangle AC, AD.

157. If a straight line be drawn through one of tho
angles of an equilateral triangle to mect the oppasite side
produced, so that the rectanglo contained by the wholo
straight lino thus produced and the part of it produced is
equal to the square on the side of the triangle, show that
the square on the straight line so drawn will be double the
square on a side of the triangle.

158. In a triangle whose vertical angle is a right anglo
a straight line is drawn from the vertex perpendicular
to the base: shew that the square on this perpendicular is
ﬁqnml to tho rectangle contained by the sczments of the

nse.

159. In a triangle whoso vertieal angle is a ri{.zht anglo
o straight line is drawn from the vertex perpendicular to
the base: shew that the square on either of the sides adja-
cent to the right anglo is cqual to the rectangle contained
by tho buse and the soment of it adjacent to that side.

160.  In a triangle A BC the angles B and € are ncute:
if Eand F be the points where perpendienlars from the
opposite angles meet the kides A, A B, shew that the
square on B(7 is equal to the rectangle A8, BF, together
with the rectangle A, C'E.

161, Divide a given straight line into two parts so that
the rectangle contained by them may be equal to the squars
described on a given straight line which is less than half
the straight line to be divided.

1L 1to1s

162. Describe a circle with a given centro cutting a
given circle at the extremities of a diameter.

163.  Nhew that the straight lines drawn at right angles
to the sides of a quadrilateral inscribed in a circle from
their middle points intersect at a fixed point.,

164, If two circles cut each other, any two parallcl
straight lines drawn through the points of section to cut
the circles are equal.

165.  Two circles whose centrew are A and B jntemoct
at C'; through C two chords 0C'E und F1'G are drawn
equally inclined to AZ and terminated by the circles:
shew that DE and FG are equal, -
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166. Through either of the points of intersection of
two given circles druw the greatest possible straight line
terminated both ways by the two circumferences.

167. If from any point iu the diameter of a circle
straight lines are druwn to the extremities of a parullel
chord, tho squares on theso st raight lines are together equal
to the squares on the segments into which the diameter is
divided.

168. A and B are two fixed points without a circle
PQR; it is required to find a point /* in the circumfer-
ence, #o that the sum of the squares described on 4 P and
BP muy be the least possible.

169. If in any two given circles which touch one an-
other, thore be drawn two purallel diameters, an extremity
of each dinmeter, and the point of contact, shall lie in the
same straight line.

170. A circle is described on the radius of another
circlo a8 dinmoter, and two chorde of the larger circle are
drawn, one through the centro of the less at right angles to
the common diameter, and the other at right angles to the
first through the point where it cuts the less circle.  Shew
that theso two chords have the segments of the vne equal
to the segments of the other, each to each.

171, Through a given point within a circle draw the
hortest chord

172, O is tho centro of a circle, P is any point in its
circumferenco, PN a perpendienlar on a fixed diameter:
shew that the straight line which hisccts the angle 0PN
always passes through one or the other of two fixed pointa,

173, Threo circles touch one another externally at the
points 4, B, ¢'; from A, the straight lines AB, A(’ are
rrodueed to cut the circle B¢ at 1) and £ shew that NE

s & dinmeter of BC, and is parallel o tho straight live
Jjoining the centrea of the other circles.

174, Circles are described on the sides of & quadri-
Iateral us diamoters : show that the common chord of any
adjacent two is parallel to the common chord of the other
two.

175.  Deacribe a circle which shall touch a given circle,
bave ita contre in a given straizht lino, and puss through a
given point in the given straight ling,
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III. 16 to 19,

176. Shew that two tangents can bo drawn to a circle
from a given external point, and that they ure of cqual
177. Draw parallel to a given straight line a struight
line to touch a given circle.

178. Draw perpendicular to a given struight line a
straight line to touch a given circle.

179. In the diameter of a circle produced, detormine
a point so that the tangent drawn frum it to the circum-
ference shall be of given length,

180. Two circles have the same centre: shew that all
chor(]ls of the outer circle which touch the inner cirele are
equal.

1 1851.  Through a given point draw a straight line so that
the part intercepted by the circumference of a given circle
shalf be equal to u given straight lino nut greater than the
diameter.

182. Two tangents are drawn to a circle at the oppo-
site extremities of a diameter, and cut off from a third
tangent a portion AB: if  be the centre of the circle
shew that 4('f3 is a right angle.

183. Describe a circle that shall have a given radius
and touch a given circle and a given straight line,

184. A circle is drawn to touch a given circle and a
given straight line. Shew that the points of coutact are
always in the same straight line with a fixed point in the
circumferenco of the given circle,

155. Druw a straight line to touch cach of two given
circles.

186. Draw a straight line to touch one given circle m
that the part of it contained by another given circle shall
be equal to a given straight line not greater than the dia-
meter of the latter circle.

187. Draw a straight line cutting two given circlos so
that the chords intercepted within the circles shall have
given lengths. . .

IN8. A quadrilateral is described so that ita sides
touch a circle: shew that two of its sides are together
equal to the other two sides.

149. Shew that no parallelogram can be described
about a circle except a rhombus. 2

-2
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190. ABD, ACE arc two straight lines touching a
circle at B2 and C, and if DE he juinc«i’ DFE is cqual to BD
and C¥E together: shew that /24 touches the circle.

19).  If a quadrilaterul be described about a circle the
angles subtended at the centro of the circle by any two
opposite sides of the figure are together equal to two
right angles,

192, 'T'wo radii of a circle at right angles to each other
when produced are cut by a straight line which touches the
circle: shew thut the tangents drawn from the points of
section are parallel to each other.

193, A straight line is drawn touching two circles:
show that the chords are parallel which join the poiuts of
contact and the points where the straight line through the
centres meets the cirenmferences.

194. If two circles can be deseribed so that each
touches the other and three of the sides of a (uadrilateral
figuro, then the differonce between the sums of the opposite
sidea is double the conmmon tangent drawn across the quad-
rilutoral,

195, AR is the diameter and € the centre of a semi-
circle: shew that O the centre of any eircle inscribed in
the semicircle is equidistant from ¢’ and from the tangent
to the semicircle parallel to A 5.

196. If from any point without a circle straight lines
be drawn touching it, the angle contained by the tangents
is double the angle contained by the straight line joining
the lpointa of contact and the diameter drawn through oue
of them.

197. A quadrilateral is bounded by the diamcter of a
circle, the tangents at its cxtremities, and a third tangent:
show that its area is equal to half that of the rectangle con-
tained by the diameter and the side opposite to it.

198, 1f a quadrilateral, having two of its sides parallel,
be described about a circle, a straight line drawn through
tho centre of the circle, parallel to either of the two paral-
lel sides, and termimt«l by the other two sides, shall be
equal to a fourth part of the perimoter of the figure.

1#9. A sories of circlos touch a fixed straight line at
a fixed point: shew that the tangents at the points where
they cut a parallel fixed straight line all touch a fixed circle.

2040, Of all straight lines which can be drawn from two
given points to meet in the convex circumference of &
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given circle, the sum of the two is least which make equal
angles with the tangent at the point of conevurse.

201, € is the centre of a given circle, (.4 a radius, B
a point on a radius at right angles to (.1 join A2 and
produce it to meet the circlo again at 2, and et the tan.
gent at /) meet €58 produced at £ shew that DL in an
1soscoles triangle.

202, Let tho diameter B4 of a circle be produced to
P, 8o that .12 equals the radins; through .f draw tho
tangent ALD, and from 72 draw 77E touching the circle
at ¢ and meeting the formor tungent at £'; join 220" and
produce it to meet AED at D then will tho trianglo
DEC be equiluteral.

I 20 to 22,

203. 'Two tangents (172, 40" are drawn to a cirele;
D is any p int on the cirenmference ontaide of the trisnglo
AR shew that the sum of the angles ARD and A0'D
is constant,

204. I’ @ are any points in the cireamferences of two
segments described on tie same straizht lino A2, sud on
the same side of it the ancles 224, 1°13Q are bisected
by the straight lines AR, BR meeting at ¢ shew that the
angle AR in constunt,

205. Two segments of a eircle are on the xme base
AL, and P is any point in the circnmference of one of the
segments; the strught lines A0, P are drawn meet-
ing the circumference of the other segment at 2 and (¢
Al und BD are drawn intersecting ut €. Bhew that the
angle AQ/ is constant.

206, APB isa fixed chord passing throngh P a ,mint
of intersection of two circles AQL, PO, und QI'N in
any other chord of the circles passing through 72 shew
that AQ and RAB when produced mect at a coustant
angle.

g‘)()". AOR is a triangle: ¢ and D are points in BO
and A0 respectively, such that the angle ODC in cqual to
the angle OB : shew that a circle may be ibed
round the quadrilateral ALCD.
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208. ABDis a quadrilateral inscribed in a circle, and
the sides A B, (/) when produce 1 meet at O: shew that
the triangles AOC, BOD ure cquiangular,

209. Shew that no mmlk:]ogmm except a rectangle
can bo inscribed in a circle.

210. A triangle is inscribed in a circle: shew that the
sum of the angles in the three sezments exterior to the
trianglo is equal to four right angles.

211 A quadrilateral is inscribed in a circle: shew
that the sum of the angles in the four segments of the circle
exterior to the quadrilateral is equal to six right angles,

212. Divide a circle into two parts so that the angle
contained in ono segment shall be equal to twice the angle
contained in the other.

213, Divide a circle into two parts so that the angle
contained in one segment shall be equal to five times the
anglo contained in the other.

214, If the angle contained by any side of a quadri-
lateral and the adjacent side produced, be equal to the
opposite angle of the quadrilateral, shew that any side of
the quadrilateral will subtend equal angles at the opposite
angles of the quadrilateral.

215, If any two consccutive sides of a hexagon inseribed
in & circlo be respectively paraliel to their opposite sides,
the remaining sides aro pacallel to cach other.

216. A, B, (', D aro {our poinis taken in order on the
circumference of a circlo; the stra‘ght lines A, C1) pro-
duced intersect at P, anl A1), BC at Q: shew that the
straight lines which respectively bisect the angles APC,
AQC are perpendicular to each other.

217. lf a quadrilateral be inscribed in a circle, and a

strmght line be drawn making equal angles with one pair
of opposite sides, it will make equal angles with the other
pair.
! 218. A quadrilateral can have one circle inscribed in
it and another circumscribed about it: shew that the
straight lines joining the opposite points of coutact of the
inscribed circle are perpendicular to each other.

II1. 23 to 30.

219. The straight lincs joining the extremities of the
chords of two oqual arcs of a circle, towards the same parts
are parallel to cach other.
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220. The straight lines in a circle which join the ox-
tremities of two parallel chords are equal to cach other.

221, AR is a common chord of two circles ; through ¢
any point of one circumference straight lines €A D, CHOE
are drawn terminated by the other circumference: shew
that the are V£ is invariable,

222 Through a point 7" in the cirenmference of a circle
two straight lines AC'B, DCE are drawn cutting the circle
at B and £: shew that the straight line which biscets the
angles ACE, DO’} mects the circlo at a point oquidistant
from B and F.

223, The straight lines bisecting any angle of n quadri-
Iateral inscribed in a circle and the opposite eaterior sugie,
meet in the circumference of the (‘irc,o.

224, AB s a diameter of u circle, and D is a given
point on the circumference : draw a chord £2£ on one side
of ADB »o that one arc between the chord and dimneter
may be three times the other.

225 From A4 and 73 two of the angular points of a
triangle AL, straight L are drawn so w8 (0 moet the
opposite sides at 22 and Q in given equul angles: shew
‘..llmt the straizht line joining 7” anl @ will be of the samo
engtia in all triangles on the same hase A S, and having
vertical angles equal to ¢

226, 1 ?two cqual circles cut each other, and if through
one of the points of intersection w straight line be drawa
terminated by the circles, the straight lines joining ita
extremities with the other point of interection are cqual.

227, OA, 13, OC are three chords of a circle; the
angle A0 is equal t the augle B0, and OA ix nearer
to the centre than /3. From 1 a perpendicalar is drawn
on 0.4, meeting it at 2, and a perpendicular on (0 pro.
duced, meeting it ut (2: shew that A/ is oqual to ('Q.

298, AHB is a given finite straight line; through
A two indefinite straight lines arc drawn eln’wdly inclined
to AB; any circle pussing through 4 and /f meeta these
straight lines at L and M. Shew that if A2 be betwoen
AL and AM the sum of AL and AM is constant; if AB
be not between AL and AM the differenco of AL and AM
is constant.

229. AOB and ('O arc dinmeters of a circle at right

les to each other: £ is a point in the arc AC, aud
EFG is a chord meeting 'O at F, and drawn iu such »
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diroction that EF is equal to the radius. Shew that tho
arc /3G is cqual to three times the arc A £,

230, The straight lines which bisect the vertical angles
of all triangles on the same base and on the same side of
it, and having equal vertical angles, all intersect at the
same point.

231, If two circles touch each other internally, any
chord of the greater circle which touches the less shall
be divided at the point of its contact into segments which
aph;.cnd equal angles at tho point of contact of the two
circles.

IIL 31

232. Right-angled triangles are described on the same
hypotenuse: shew that the angular points opposite the
hypotenuse all lie on a circle dcscribcn{ on the hypotenuso
as diameter.

233. Tho circles described on the equal sides of an
isorceles triangle s dinmeters, will intersect at the middle
point of the base,

234, Tho greatest rectangle which can be inseribed in
a circle is a square.

235, The hypotenuse AR of a right-angled trianglo
ADC is bisected at D), and EDF is drawn at right angles
to AB, and DE and DF are cut off each equal to DA ;
CE and CF are joined: shew that the last two straight
Iinea; will biscct tho angle ¢ and its supplement respec-
tively.

236.  On the side .4 B of any trianglo .4 BC as diameter
a circle is described; E# is a diameter parallel to B¢/;
shew that the straight lines £ and £72 biscct the interior
and exterior angles at 73,

237. I A0, CE be drawn perpendicular to the sides
B¢, AD of a triangle A B, a.ml DE be joined, shew that
the angles A DE and A CE are cqual to each other.

238, If two civcles ABC, ABD intersect at A and B,
and AC, 4D be two diameters, shew that the straight
line D will pass through 5.

239. If U be the centre of a circle and 0.4 a radius
and a circle be described on 0.4 as diameter, the circam-
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forence of thia circlo will bisect any chord drawn through
it from .t to meet the exterior circle,
240, Deseribe a eirele touching a given straight line at

a given point. such that the tangents drawn to it from two
given points in the struight line may be parallel,

241, Deseribe n circle with o given rwdins tonching a
ven straight line, such that the tangents drawn to it
rom two given points in the straight lino may be purallel,

242. If from the angles at the base of any trianglo
perpendiculars are drawn to the opposite sides, produced
if necessary, the struight line joining the points of inter-
section will be hisceted by a perpendicular drawn to it from
the centre of the base.

243, AD ix a diwmeter of a civele s B wnd Care points
on the circumference on the same xide of A0 u perpen-
dicular from 22 on B produced through ¢, meets it at £:
shew that the square on .17 is greater than the sum of the
squares on .13, BC, ('], by twice the rectangle B¢, O°F,

244, AR ix the dinmeter of a semicirele, 72 is a point
on the circumferenee, 22M is perpendicalar to 471 on
AM, BM as diameters two semicireles are deseribed, and
AP, BP meet these latter cirenmferences at @, /8: shew
that @ /¢ will be o common tangent to them,

245, AD, A ure two straight lines, 2 al (' are given
points in the same: B2 s drawn perpendieniar to €
and HF perpendicular to 17} in like manner CF in drawn
perpendicular to A4, and £77 w A, Shew that L6 is
parallel to £30°

246. Two circles intersect at the points A and 73, from
which are drawn chords to a point ¢"in one of tho ciream-
fercnces, and these chords, produced if necessary, cut tho
other circumference at £ and £: shew that the strmight
line DE cuts at right angles that dismeter of the circlo
ABC which pasaes through .

247, If squares be described on the sides and hy-
potenuse of a rizht-anzled triangle. the straizht line joinin
the mtersection of the diagonals of the latter squure wi
th right angle is perpendicular to the straight line juining
the interscetions of the diagonals of the two former,

248. (' is the centre of a given cirele, ('4 a straight
line less than the radins; find the point of the circum-
ference at which ¢4 subtends tho greatest angle.
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249. AR is the diameter of a semicirc'e, 2 and FE are
any two points in its circumference. Shew that if the
chords joining A and /3 with /) and £ each way intersect
at # and @, then F'G produced is at right angles to AB.

250. Two equal circles touch one another externally,
and through the point of contact chords are drawn, one
to each circle, at right angles to cach other: shew that
the straight line joining the other cxtremities of these
chords is equal and pal to the straight line joining the
contres of the circles.

251. A circle is described on the shorter diagonal of a
rhombus as a diamoter, and cuts the sides; and the points
of intersection are joined crosswise with the extremitios of
that diagonal: shew that the parallelogram thus formed
is & rhombus with angles equal to those of the first.

252, If two chords of a circle meet at a right angle
within or without a circle, the squares on their segments
are together equal to the squares on the diameter.

TIT. 32to 34,

253, RBiaa Im‘n's in the circumforence of a circle whose
centro is ¢'; /1’4, a tangent at any point P, meets ('3
produced at A, and 1) is drawn perpendicnlar to CB:
show that tho straight line 22 biscets the angle APD.

254, If two circles tonch each other, any utmiﬁt: line
drawn through the point of contact will cut off similar seg-
ments.

235. A B is any chord, and 4D is a tangent to a circle
at A. DPQ is any straight line parallel to A8, meeting
the circumference at /> and Q. Shew that the triangle
P AD is oquiangular to the triangle Q4 B.

256. Two circles A BDH, ABG, intersect each other
at the poiuts A, B; from /2 a straight line B/ is drawn in
the one to touch the other: and from A any chord what-
over is drawn cutting the circles at G and A : shew that
BG is parallel to DI,

257. Two circles intersect at 4 and B. At A4 the
tangents- AC, AD are drawn to each circle and terminated
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by the circumference of the other. If €', D be joined,
shew thut .478 or AL produced, if necesary, hisects the
angle CHiD. ’

258, Two circles intersect at 4 and 2, and through
P any point in the circumference of one of them the
chords P4 and P2 are drawn to cut the other circle at
Cand D: shew that €D is parallel to the tangent at £°,

259, If from any point in the circumference of a circle
a chord and taugent be drawn, the perpendiculars dropped
on them from the middle point of the subtended are are
cqual to one another.

260. A7 is any chord of a circle, ” any point on the
circumference of the circle; 2 is a perpendicular on A8
and is produced to mecet the vircle at @ ; and AN in drawn
Sn\crln:ndicular to the tangent ut 72: shew that the trinngle

A M is equiangular to the trinngle 24,

261. Two diameters AOR, ('OD of a circle are at
right angles to cach other; £ is a ,mim. in the ecircnm-
ference; the tangent at 7’ meeta 0D produced at @,
and AP, 1P meet the same line at /¢, 5 respectively:
shew that R is cqual th SQ

262, Construct a triangle, having given the bane, the
verticul angle, und the potns in tue base on wineh the por-
pendicular fulls,

9263. Construct a trianzle. having given the base, the
vertical angle, and the altitude.

264, Construct a triangle, having given the base, the
vertical angle. and the length of the straight line drawn
from the vertes to the middle point of the buse,

265.  Having given the base and the vertical angle of &
triangle, shew that the triangle will be greatest when it is
isosceles. .

266. From a given point A withont a circlo whose
centre is O druw a atraight line entting the circle at the
point:u lf and C, so that the area B0C' may be tho greatost

ible.

267. Two straight lines containing a constant o
always pass through two fixed points, their po ition heing
otherwise unrestricted: shew that the stra‘ght line bisect-
ingedthe angle always passes through one or other of two
fix ints.

268.” Given one angle of a triangle, the side oppusite
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it, and the sum of tho other two sides, construct the
triangle.

CIIL 35 to 37

269. If two circles cut one another, the tangents drawn
to the two circles from any point in the common chord
produced aro equal.

270. Two circles intersect at 4 and B : shew that 4B
produced bisects their common tangent.

271. If AD, CE are drawn perpendicular to the sides
BC, AB of a trinngle ABC, shew that the rectangle con-
tained by BC and BD is cqual to the rectangle contained
by BA and BE.

272. If through any point in the common chord of two
circles which intersect one another, thero be drawn any two
othor chords, one in euach circle, their four extremities shall
all lic in tho circumference of a circle.

273. From a given point ns centre describe a circle
cutting a given straight line in two points, so that the rect-
anglo contained by their distances from a fixed poiut in the
straight line may be equal to a given square.

274. Two circles ABCD, EB('F, having the common
tangents AE and /) F, cut one another at B and C, and
the chord 2C is produced to cut the tangents at G and /7 :
show that the square on G/ exceeds the square on AE or
DF by the square on B("

275. A scries of circles intersect each other, and are
such that the tangents to them from a fixed point are
ecqual : shew that the straight lines joining the two points
of intersection of each pair will pass through this point.

276. ABC is a right-angled triangle ; from any point
D in the hypotenuse B(’ a straight line is drawn at right
angles to 8BC, meeting C.4 at £ and B.A produced at £':
shew that the square on DE is equal to the difference of
the rectangles BD, DC and AE, E(; and that the square
on DF is equal to the sum of the rectangles BD, D( and
AF, FB.

277. It is required to find a point in the straight line
which touches a circle at tho end of a given diameter, such
that when a struight line is drawn from this point to the
other extremity of the diameter, the rmngl:u:ontdned
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by the part of it without the circle and the part within tho
circle may be equal to a given square not groater than that
on the diameter,

IV. 1 to 4

278. In IV. 3 shew that the straight lines drawn
through A4 and 72 to touch the circlo will meet.

279.  In IV, 4 shew that the straight lines which biscct
the angles 22 and € will meet.

250, In IV, 4 shew that the straight line 7.1 will
bisect the angle at A.

251, If the circlo inscribed in a trianzle A 8¢ touch
the sides A2 10" at the points D), F, and o straight line
be drawn from A to the centre of the circle mecting the
circumference at (7, shew that the point 7 is the centro of
tho circle inscribed in the triangle A DL,

252, Shew that the straight lines joining the centres of
the circles touching one side of o triangle and the others
produced, pass through the angular points of the triangle,

283, A circle tonches the side B¢ of o triangle A 20
and the other two sides produced : shew that the distanee
between the points of contact of the side 2207 with this
circle and wid‘n the inscribed eircle. is cqual to the differ-
cnce between the sides A2 and A7

254, A circle is inseribed in oo triangle ADC, and
triangle is cut off at cach angle by a tungent to the cirele,
Shew that the sides of the three trianglos so cat off aro
together equal to the sides of A,

253, D is the centre of the circle inscribed in a tri.
angle BAC, and A D is produced to meet the straight line
drawn through 72 at right angles to 72 at O shew that O
is the centre of the cirele which touches the side BC and
the sides AL, A produced.

296. Three circles are deseribed, each of which touches
one side of a triangle ALBC, and the other two sides pro-
duced. If D be the point of contact of the side /10, E that
of AC, and F that of .17, shew that AE is cqual o D,
BF to CE,and CD v AF.

247.  Describe a circle which shall tauch a given circle
and two given straight lines which themselves touch the
given e.
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288. If the three points be joined in which the circlo
inscribed in a triangle mects the sides, shew that the re=
sulting triangle is acute angled

259. Two opposito sides of a quadrilateral are toge-
ther equal to the other two, and each of the angles is less
than two right angles.  Shew that a circle can be inscribed
in the quadrilateral.

290. Two circles FIP L, KPM, that touch each other
externally, have the common tangents /ZK, LM ; L and
K M being joined, shew that a circle may be inseribed in
the quadnlateral R M.

291, Straight lines are drawn from the angles of a
triangle to tho centies of the opposite eseribed circles @
ahew that these straight lines intorseet at the centre of the
inseribed circle.

292, Two sides of a trianglo whose perimeter is con-
stant aro given in position: shew that the third side
always touches a certain circle

293.  (iiven the base, the vertical angle, and the radius
of the inscribod circlo of a triangle, construct it.

IV. 5t 9.

204. Tn IV. 5 shew that the perpendicular from F on
BC will bisect BC.

295. If DE be drawn parallel to the base BC of a
trinngle A B¢, shew that the cireles deseribed about the
triangles A B¢ and .1 DE have a common tangent.

206, If the inwrnibed and circumseribed circles of a
triangle he concentric, shew that the triangle must be
equiluteral. . . .

297. Shew that if the straight line joining the centres
of the inscribed and circumsenibed circles of a trianglo
!;uses through one of its angular points, the trinngle is

wacelos.

298. The common chord of two circles is produced to
any point P; P.{ touches one of the circles at 4, PBC is
any chord of the other.  Shew that the circle which }’mme.
through A, B, and C touches the circle to which P4 is
a tangent. . X

209. A r,\mdrilntcml ABCD is inscribed in & circle,
and AD, BC are produced to meet at E  shew that the
circle described ahout the triangle ECD will have tho
tangent at £ parullel to 45.
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300. Describe a circle which shall touch a given straiiht
line, und pass through two given points,
301. Describe a circle which shall pass through two

given points and cut off from a given straight lino a chord
of given length.

302. Describe a circle which shall have its centro in a

given straight line, and cut off from two given straight
lines chords of equal given length.

303. Two triangles have equal huses and equal vertieal
angles: shew that the radius of the cirenmseriving cirelo
of one triangle is equal to that of the vther,

304, Describe a circle which sliall puss through twe
given points, 8o that the tangent drawn to it from another
given point may be of a given length,

305. (' is tho centre of n circle: (4, OB are two
radii at right angles; from 2 any chord 21 s drawn
cutting ("4 at Vi a circle beine deacribed round AN P,
shew that it will be touched by 2.1,

306, AL and €D are parallel strnight lines, and tho
straight lines which join their extremition intersect at £
shew that the circles described round the trinngles ABE,
CDE touch one another.

307.  Find the centre of a circle cutting off three oqual
chords from the sides of & triangle.

308, If 0 he the centre of the eircle inscribed in tho
triangle A B¢, and A0 be produced to meet the circum-
scribed circle at &) shew that £8, F0, und FC are all
equal.

! 309. The opposite sides of a quadrilaternl inscribed in
a circle are produced to meet at /2 and @, and about the
triangles so formed without the quadrilateral. circles are
described meeting aguin at f2: show that /2, 2, ¢ are in
one straight line.

310. The augle AC' of any triangle is bisected, and
the base A B is bisccted at right angles, by straight lines
which interscct ot [): shew that the augles ACH, ADB
arc together equal to two right angles,

311. ACDDE is a semicirele, A being the dinmeter,
and the two chonds A7), BC internect at E: shew that if
a circle be described round COL it wll cut the former at
right angles,
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312, The dinfonals of a given quadrilateral ABCD
interaect at O: show that the centres of the circles de-
acribed about the triangles 0.4, 0BC, OCD, 0D A, will
lic in the angular points of a parullelogram.

N3, A circle is deseribed round the triangle ABC,
the tangent at C meets AB produced at 1) ; the circle
whose centre i8 1) und radius DC cuts AD at E: shew
that EC bisects the angle ACB.

314. AB, AC are two straight lines given in position;
BC is a straight line of given length 5 D), E are the middle
points of A, AC; DF, EF are drawn at right angles to

ADB, AC rospectively.  Show that AF will be constant for
all positions of BC.

315. A circle is described about an isosceles triangle
ABC in which AR is equal to AC; from A a straight
line is drawn mocting the base at /) and the circle at E';

shew that thoe circle which passes through B, D, and E,
touches A L.

316. AC is a chord of a given circle; B and D are
two given point,s in the chord, both within or both without
the circle: if a circle be described to pasa through 73 and
D, aud touch the given circle, shew that AL and CD
subtend cqual angles at the point of contact.

317. .1 and B are two points within a circle: find the
point £ in the circumference ruch that if 224/, PBK be
drawn meeting the circle at / and &), the chord ZA” shall
be the greatest possible.

318. 'The centre of a given circle is equidistant from
two ‘zi\'on straight lines : describe another circle which shall
touch these two straight lines and shall cut off from tho
givc;n circle a segment containing an angle equal to a given
angle.

319. O is the centre of the circle circumscribing a
triangle A B¢", D, E, F the feet of the perpendiculars from
A, B, (Z on tho oppusite sides: shew that 04, 0B, OC are
rospectively perpendicular to EF, FD, DE.

320. 1f from any point in the circumference of a given
circle straight lines be drawn to the four angular points

of an inscribed square, the sum of the squares on the four
straight linos is double the square on the diameter.
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321. Bhew that no rectangle except y
lescribed about a circle. ° PL & square can be

322, Describe a circle about a given rectangle.

323. If tangents be drawn through the extremitioa of

two diameters of a circlo the parallclogram ) Y
o ameters of 1 clogram thus formed

V. 1o,

. 324, Shew that the angle .40'D in the figure of 1V. 10
is equal to three times the angle at the vertex of the
triangle.

325. Shew that in the figure of IV. 10 there are two
triangles which posscss the required property: shew that
there is also an isosceles trinngle whoso cqual angles uro
each one third part of the third ungle.

326.  Shew that the base of the trinngle in IV o is
equal to the side of a regular pentagon mscribed in the
smaller circle of the figure.

327. On a given straight line as base deseribo nn isos-
celes triangle having the third angle treble of cach of the
angles at the base.

324, In the fignre of IV. 10 suppose the two circles to
cut again at Z: then DE is equal to (.

329. If A be the vertex and 527 the base of the con-
structed triangle in 1V. 10, D being one of the two points
of intersection of the two circles employed i the construe-
tion, and £ the other, and A £ be drawn mecting /412 pro-
duced at 7, shew that G123 is another isosccles triunglo
of the same kind. )

330. In the figure of IV, 10 if the two mﬂlml chords
of the smaller circle be produced to ent the larger, and
these points of section be joined another triangle will bo
forme«F baviug the property required by the proposition,

331. In the figure of 1V. 10 suppose the two circles to
cut again at E; join AE, CE, and produce AE LD w
wmeet at G : then CDGE is a parullelogram.

332. Shew that the smaller of the two circles employed
in the figure of IV. 10 is equal o the circle descri
round the required triangle. o
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333. In the figure of IV.10 if A F be the diameter of
the smaller circle, DF is equal to a rudius of the circle
which circumscribes the triangle 8CD,

IV. 11 to16.

334. Tho straight lines which connect the angular
points of a regular pentagon which are not adjacent inter-
sect at the angulur points of another regular pentagon.

335, ABCDE is a vegular pentagon; join A€ and
BE, and let BE meet A0 at £7; shew that AC is equal to
the sum of A5 and BF.

316. Shew that each of the triangles made by joining
the extremitics of adjoining sides of a regular pentagon is
less than o third and greater than a fourth of the whole
urea of the pentagon.

337. Shew how to derive a regular hexagon from an
oquilateral triamgle inseribed in a circle, and from the con-
struction shew that the side of the hexagon oquals the
radius of the circle, and that the hexagon is double of the
triangle.

338, Ina given circle inscribe a triangle whose angles
are as the numbers 2, 3, 8.

339. If ABCDEF is a regular hexagon, and A, BD,
CE, DF, EA, FB be joined, another hexagon is formed
whose area is one third of that of the former.

. M0.  Any equilatemnl figure which is inscribed in a
circle is also equiangular.

VL 1,2

841. Shew that one of the triangles in the figure of
1IV. 10 is a mean proportional between the other two.

342. Through D, any point in the base of a triangle
ABC, straight lines DE, DF are drawn parallel to
sides A, AC, and meoting the sides at £, F': shew that
the triangle 4 EF is a mean proportional between the tri-
angles FBD, EDC. .
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343, Porpendiculars are drawn from any point within
an equilateral triangle on the three sides : shew that their
sum 18 invariable,

. 344, Find a point within a triangle such that if straight
lines bo drawn from it to the three angular points tho tri-
angle will bo divided into three equal trinngles,

345. From a point £ in the common buso of two tri.
angles ACH, ADB, straight lines are druwn paraliel to
AC, AD, meeting B, BD at F, (; ; show that 47 is par-
allel to €D,

346.  From any peint in the base of a trinngle struight
lines are drawn parallel to the sides : shew that the inter-
section of the diagonals of every parallelogrum so formed
lies in a certain straight line.

347. In a triangle A B¢ a stright line A2 ix drawn
perpendicular to the stesight line 2229 which bisects the
angle 3 shew that a straight line drawn from 2 parullel
to 22C will bisect A¢

348, AL is a triangle; any straight line parallel to
BCmeets AL at D and A(at E ) join BE und 1) mect-
ing at #': shew that the triangle ADF ix cqual to the
trangle AEF.

349. AL i o trinngle; any straight line parallel to
BC meets AB at D and A st £ join B2 and €D meet-
ing at #': shew that if .{ # be produced it will bisect ¢

350.  If two sides of a quadrilateral figure be parllel
to each other, any straight line drawn parullel to them will
cut the other sides, or those sides produced, proportion.

y.

351. ABC is a triangle; it is required to draw from
a given point 22, in the side A B,or A1 produced, n stenight
line to AL, or AC produced, so that it may be bisceted by
BC.

VI 3,A.

352 The side BC of a triangle A B("is bisected at D,
and the angles A DB, ADC are biscetsd h‘v the struight
lines DE, DF, meeting AL, AC at E, F respoctively :
shew ‘that EF is parallel to BC.

353. A is a diameter of a circle, 1) is & chord at
right angles to it, and £ is any point in CD ; AE and BE

24-~2



872 EXERCISES IN EUCLID.

are drawn and produced to cut the circle at F and G:
shew thut the quadrilateral C#DG has any two of its
adjacent sides in the same rutio as the remuining two,

d54.  Apply V1.3 to solve the problem of the trisec-
tion of & finite atraight line.

355, In the circumference of the circle of which 4B is
a diameter, tuke any point 2; and draw PC, PD on
opposite sides of A2, and equally inclined to it, mecting
.‘r at Cand D : shew that AC is to BC as AD is to BD,

366. A is u straight line, and ) is any point in it:
determine a point 7 in 4B produced such that 4 is to
PLBas DAisto DB.

357. From the same Lnoint A straight lines are drawn
making the angles BAC, CAD, DAE each equal to half a
l'ifllt angle, and they are cut by a straight line BCDE,
which mukes #A £ an isosceles triangle : shew that BC or
DE is & mean proportional botween ﬁlf and C'D.

355. The angle A of a triangle AB(' is bisccted by
AD which cuts the base at /), and O is the middle point
of B(': shew that (4) bears the same rutio to 08 that the
difference of the sides hears to their sum.

359. 4D und AE bisect the interior and exterior
angles at 4 of a triangle ABC, and meet the buse at
D) and E; and O is the widdie point of BC: shew that
013 is a mean proportional between O and OF.

360. Three puiuts D, K, # in the sides of a triangle
ABC being joined form a second triangle, such that any
two nides make equal angles with the side of the former at
which they meet: shew that A0, BE, C'F are at right
angles to B, U4, AB respoctively.

VI. 4toe6.

861. If two triangles be on equal bases and between
the same rnllcla, any straight line paraliel to their bascs
will cut off equal areas from the two triangles.

362. A B and CD are two paraliel straight lines ; E is
the middle point of C; AC and BE meet at F, and 4 £
and BD meet at G : shew that FG is paraliel to 4B,

363. A, B, C are three fixed points in a straight line ;
any straight line is drawn thro C; shew that the per-

" ronit from 4 and B are iu a constant ratio.
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364, If the perpendiculars from two fixed points on a
straight line passing between them be in a given mtio, the
straight line must pass through a third fixed point.

365, Find a struight line such that the perpendiculars
on it from three given points shall bo in a given ratio to
each other.

366. Through a given point draw a straight line, so
that the parts of it intercepted between that point and
perpendiculurs drawn to the straight lino from two other
given points may have a given ratio,

367. A tangent to a circle at the point A intersects
two parallel tangents at /3, € the points of contact of
which with the circle are 1), E respectively ; and BE, ('D
intersect at #': shew that A4 is paralld to the tangents
BD, CE.

368, P and Q are fixed points: A2 and ) are fixed
parallel straight liues ; any straight line is dewa from /2
to meet 473 at M, and o straight line is deawn from Q
parallel to 2.3 meeting €1 at N shew that the ratio of
P M o QN is constant, and thenee shew that the struight
line through M and .V pauses throngh a lined point.

369, Shew that the dingonals of s quudrilateral, two
of whose sides are parallel and one of them double of the
other, cut one another at a point of trisection,

370. A and B arc two points on tho circumference ol s
circle of which ¢’ is the centio ; uruw tangents ut A and /7
mecting at 7'; and from A4 druw AN perpendicnlar to
CB: shew that BT is to B as LN is to N A

371. In the sides AB, AC' of a triangle AR/ are
taken two points /), E, such that /1) is equal to O°F;
DE, B¢ are produced to meet at £ shew that A/ in to
ACas EF is to DF.

372. If through the vertex and the extremitios of the
base of a triangle two circles be deseribed interseating
each other in the base or base ‘pﬂnlu('ml, their diaucters
are proportional to the sides of the triangle.

373. Find a point the icular from which on
tho sides of a given triangle shall be in a given ratio,

374. n::n AB, AC, two adjacent nim of a mm
two similar triangles are constructed, perpeudi
are drawn to A5, AC from the angles which they subtend,
intersecting st the puint 2. If AB, AC be homologous
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sides, shew that 2 is in all cases in one of the diagonals of
the rectangle.

375. In the figure of 1. 43 shew that if EG and FH
be produced they will meet on AC produced.

376. AP and ('QD are parallel straight lines, and
AP is to P13 as DQ is to QC: shew that the straight
lines Q. AC, BD), produced if necessary, will meet at a
point : shew also that the straight lines 22Q, AD, BC, pro-
duced if necessary, will meet at & point.

377, ACH i atriangle, and the side AC is produced
to 1) so that (') is cqual to A", and BD is joined : if an
straight lino drawn parallel to A 72 cuts the sides AC, €13,
and from the points of section straight lines be drawn
parallel to D3, shew that these straight lines will meet
A3 at points cquidistant from its extremities.

378 If & circle be described touching externally two
given circles, the straight line passing through the points
of contact will intersect the straight Jine passing through
the centres of the given cireles at a fixed point.

379, D is the middle point of the side B0 of a tri-
angle AB0, and 7 is any point in AD; through 7> the
straight lines #PE, CPF are drawn meeting the other
sidesat £, £': shew that £4ix parallel to B3¢,

380, A8 is the diamcter of a circle, £ the middle
point of the radius O3 on AE, EB as dinmeters circles
are desceribed ; 27Q/7 is a common tangent meeting the
circles at 22 and Q. and 173 produced at L: shew that
BA is equal to the radins of the smaller circle.

38l ABCDE is a regular pentagon, and AD, BE
interseet at O shew that a side of the pentagon is a mean
proportional between A0 and AD.

82 ABCD is a parallelogram ; P and @ are points
in a straight line parallel to 48 ; P4 and QB meet at
R, t;l;)l LD and Q" mecet at .S; shew that RS is paraliel
to AD.

383. 4 and B are two given points; ACand BD are
perpendicular to a given straight line ('D; AD and BC
interseet at £, and EF is perpeundicular to CD: shew that
AF and BF make equal angles with CD.

384. From the angular points of a paraliclogram A BCD
;mrgmdieulm arc drawn on the diagonals meeting them at
£, F. G, H respectively : show that £FGH is a parallolo-
gram similar to A8CH,
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335. If at a given point two circles intersect, and their
centres lie on two fixed straight lines which pass throngh
that point, shew that whatever be the mugnitnde of the
circles their common tangents will alwnys meet m one of
two fixed struight lincs which pass through the given puint,

VI 7tols,

356, If two circles touch each other, and also touch
a given straight line, the part of the struight line boetween
the points of contact is & mean proportional hetween the
diameters of the circles,

387, Divide a given are of a circle iuto two parts, so
that the chords of theso parts shall be to ench other ina
given ratio,

389, Ina given triangle draw a straicht line parallel
to one of the sides, s that it may be a mean proportional
between the segments of the base.,

399, AL s a triangle, and a perpendicular is drawn
from oA to the opposite side, mecting it at 72 between /2
and € shew that if (02 i+ a wem proportional between
BD and CD the angle 22140 i a right angle.

390, ADC i a triingle and a perpendicular is drawn
from A on the oppesite side, mecting it at ) between
23 and €°: shew that if /2.1 ix a mean proportional between
DD and B0, the angle 22,14 is a rizht nugle.

391 Cis the contre of a circle, and oA sny point within
it: 'A is produced through 1 to « point /7 such that the
radius is a mean proportional between . and '/ shew
that if 72 be uny point on the circumference, the angles
CPA and CBI are equal.

392, O is a fixed point in a given straight line NA,
and a circle of given radiua moves so aa always to be
touched by 2.1 ; & tangent OF is drawn from 1) to the
circle, and in OP produced °Q is taken a third proper.
tional to OF and the radins: shew that as the arcle
moves along OA, the point @ will move in u struight

393. Two given parallel straight lines touch a circle,
and SPT is another tangent cutting the two former tan-
gents at S and 7, and meeting circle at 22 shew
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t.lt!alt, the rectangle S, PT is constant for all positions
of P.

394. Find a point in a side of a triangle, from which
two straight lines drawn, one to the opposite angle, and the
other paraliel to the base, shall cut otf towards the vertex
and towards the base, equal triangles.

395. ACH is a trnangle having a right angle at C; from
A a straight line iz drawn at right angles to A B, cutting
BC produced at £; from £ a straight line is drawn at
right angles to A5, cutting AC produced at D : shew that
the triangle £C'D is equal to the triangle ACB.

396. 'The straight line bisecting the angle ABC of
the triangle A /3¢’ mects the struight lines drawn through
A and (' parallel to 8¢ and A B respectively, at £ and #';
shew that the triangles CBE, ABF are oqual.

397. Shew that the diagonals of any quadrilateral
figuro inscribed in a circle divide the guadrilateral into
four triangles which are similar two and two ; and deduce
the theorem of 111, 35.

398, AR, D are any two clords of a circle ing
through a point 0; EF is any chord parallel to OB ; join
CE, DF meeting A 13 at the points G and /1, and DE, CF
mecting A8 at the points A and L : shew that the rect-
angle 06, OH is equal to the rectangle OK', OL.

399. A DBC'D is a quadrilateral in a circle; the straight
lines C'FE, DF which bisect the angles ACB, ADB cut BD
and AC at /" and G respectively : shew that £ is to EG
a8 KD is to £C.

400. From an angle of a triangle two straight lines are
drawn, one to any pomt in the side opposite to the angle,
and tho other to the circumference of the circumscribing
circle, 0o 18 to cut from it a segment containing an angle
equal to the angle contained by the first drawn line and
the side which it mects: shew that the rectangle con-
tained by the sides of the triangle is equal to the roctangle
contained by the straight lines thus drawn.

401, The vertical angle Cof a trianlgle is bisected by a
straight line which mcets the base at /), and is produced
to a point E, such that the rectangle contained by €D and
CE 1s equal 1o the rectangle contained by AC and CB:
shew that if the base and vertical angle be given, the posi-
tivn of & is invariable,
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402, A square is inscribed in a right-angled trianglo
AB(', oue side DE of tue square coinciding with the hypo-
tenuse AB of the trimgle: shew that l.ho arca of the
square is equal to the rectangle A0, BE.

403, ABCD is n puraliclogram ; from X a straight
line is drawn cutting the disgonal AC at #, the side 720!
at 7, and the side A2 produced at £: shew that the
rectangle £F, FG; in cqnu‘ to the square on 34,

404. If a struight hne drawn from the vertex of an
isoscules triangle o the base, be produced to meet the
circumference of a circle described about the triangle,
the rectangle contained by the whole line so l:rmlm-ml,
and the part of it between the vertex and the buse shall
be equal to the square on either of the equal sides of the
triangle.

405. Two straight lines are drawn from a point 4 to
touch a circle of which the centre is £ the pointa of con-
tact are joined by a straight line which cuts /5.4 at #/; and
on /A as diameter a circle is described . shew that the
straight lines drawn throngh £ w touch this circle will
meet it on the circumfercnce of the given circle,

VI. 19 te D.

406. An isosceles triangle is described having each
of the angles at the baso donble of the Unrd angle if tho
angles at the base be bisected, and the poimta where the
lines bisccting them meot the opimte snben be joined,
the triangle will be divided into Lwo parta in the proportion
of the buse tu the side of the trnungle. )

407. Any ar polygon inacribed in a circle is a
mean proportional between the inscribed und circumscribed
regulur polygous of half the number of sidos. .
408. In the figure of V1. 24 shew that EG and KH

ol

409. Divide a triangle into two equal parts by a
straight line at right sugies to one of the sides.

410, If two les triangles are to one smother in
the duplicate ratio of their bases, shew that the triangics
are similar.

are
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411. Through a given point draw a chord in a given
circle so that it shall be divided at the point in a given
ratio.

412. From a point without a circle draw a straight
line cutting the circle, so that the two segments shall be
cqual to cach other.

413. In the figure of 1I. 11 shew that four other
straight lines, besides the given straight line are divided
in the required manner.

414. Counstruct a triangle, having given the base, the
vertical angle, and the rectangle contained by the sides.

415. A circle is described round an equilateral triangle,
and from any point in the circumference straight lines
are drawn to the angular points of the triangle: shew
that one of theso straight lines is equal to the other two
together.,

416. From the extremities B, € of the base of an
inosceles trinngle A 22¢, straight lines are drawn at right
anglos to A /3, A respectively, and intersecting at /)
shew that the rectangle 530, A D is double of the rectangle
AD, DB,

417. A BC is an isosceles triangle, the side 47 being
equal to A¢'; F is the middle point of ¢, on any straight
line through A perpendiculars £ and CE are drawn:
show that the roctangle A (!, EF is cqual to the sum of the
roctangles £°C, E6G and FA, £FG.

XL 1 to 12,

418. Shew that equal straight lincs drawn from a given
point to a given plane are equally inclined to the plane.

419, 1f two straight lines in one plane be equally in-
clined to another plane, they will be equally inclined to the
common section of these planes.

420. From a point A4 a perpendicular is drawn to a
plane mecting it at B; from B a perpendicular is drawn
on a straight line in the plane mecting it at ¢': shew that
AC is perpendicular to the straight line in the plane.

421. ABC is a triangle; the perpendiculars from A
aud B on the o‘rpmiw sides meet at D; throngh D a
straight line is drawn perpendicular to the plane of the
’ ‘e, and £ is any point in this straight line: ehew that
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tho straight line joining £ to any angular point of the tri-
angle is ut right angles to the stright line drmwn through
t.lmll ungular point parallel to the upposite side of the tri-
angle.

. 422. Struight lines aro drawn from two given pointa
without a given plune meeting cach other in that plano ;
find when their sum in the least poxsible,

423. Three straight lines not in the same plane meot
at a point, and & plane cuts these straight lines at cqual
distances from the point of intersection: shew that the
perpendicular from t,lh:st point on the plane will meet it nt
the centre of the circle described about the triangle formed
by the portion of the plane intercepted by the planes puss-
ing through the struight lines.

424, Give a geometrical construction for drawing a
straight line which shull be equally inclined to threo
straight lines meeting ut  point.

425, From a point £ draw EC. ED perpendienlar to
two planes CA L, DAL which intersect in A/ nad from
D draw DF perpendiculnr to the lane 0/ mecting it at
F: shew that the straizht lino CF, produced if necessary,
is perpendicular to (/3

426, Perpendiculars are drawn from a point to a plane,
and to a straaght hne in that plane : shew that the steaight
line joining the feet of the perpendiculars is perpendiculur
to the former straight line,

XI. 13to21.

427. BCD is the common base of two pyramids, whose
vertices 4 and £ lic in a planc pussing through #C; and
AB, Al are respectively perpendicular to the facen BED,
CED : shew that onc of the angles at A togoether with the
angles at £ make up four right angles

428,  Within the area of a given triangle is inscribed
another triangle: shew that the sum of the angles sub-.
tended by the sides of the interior triangle at any ,ﬂint
not in the plane of the triangles in less than the sum of the
angles subtended at the sanie point by the sides of the ex-
terior

angle.
429, From the extremitics of the two parallel straight
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Tines AB, CD parallel straight lines Aa, Bb, Ce, Dd are
drawn mecting a plane at a, b, ¢, d: show that A8 is to
CD as ab to cd.

430. Shew that the perpendicular drawn from the ver-
tex of a regular tetrahedron on the opposite face is threo
times thatcglrawn from its own foot on any of the other faces.

431. A triangular pyramid stands on an equilateral
base and the angles at the vertex are right angles: shew
that the sum of the perpendiculars on the faces from any
point of the base is constant.

432. Three straight lines not in the same plane inter-
sect at a point, and through their point of intersection
another straight line is drawn within the solid angle formed
by them: shew that the angles which this straight line
makes with the firat three are together less than the sum,
but greater than half the sum, of the angles which the first
threc make with cach other.

433. Three straight lines which do not all lie in one
plane, are cut in the same ratio by three planes, two of which
are parallel: shew that the third will be parallel to the
other two, if its intersections with the three straight lines
are not all in the snme atraight line.

434. Draw two parallel planes, one through one straight
lineo, and the other through another straight line which does
not meet the former.

433, If two planes which are not rpm‘allcl be cut by two

rallel plancs, the lines of section of the first two by tho
mt two will coutain equal angles.

436. From a point 4 in ono of two planes are drawn
AB at right angles to the first plane, and A " perpendicular
to the second plane, and meeting the second planc at 3, C':
shew that BC is perpendiculur to the line of intersection of
the two planes.
ph::n' Poly‘glonn formed by cutting a prism by parallel

es are .

438. P'ﬁmu formed by cutting a pyramid by parallel

are similar.

439. The straight line PBbp cuts two paraliel planes
at B, b, and the pointa P, p are equidistant from the planes;
P Aa, pcC are other straight lines drawn from P, p to cat
thoaue-: shew that the triangles A BC, abc are equal.

440. Perpendiculars A E, BF are drawn to a plane
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from two pointa A, B above it; a planc is drawn th
A tll,ler sendicular to A 22: show that its line of intersoction
wil e given plane is perpendicular to £4°,

I. 1to 48

441. ABC is u triangle, and 7 is any point within it:
shew that the sum of 224, B, I’C is less than the sum of
the sides of the triangle.

442, From the centres A4 and B of two circles parullel
radii 4P, BQ are drawn ; the struight line 7°Q meets the
cin;)msnferenwu again ut 2 and 5: shew that A4 2 is parullel
to BS.

443. If any point be taken within a parallelogram the
sum of the triangles formed by joining the }mint. with the
extremities of u pair of opposite sides is half the paraliclo-
gram.

444. If a quadrilateral figure be bisected by one dia-
gunal the second diagonal is bisected by the first.

445. Any quadrilateral figure which is bisected by
both of its diagonals is a parallclogram,

446. In the figure of I. 5 if the equal siden of the tri-
angle be produced upwards through the vertex, instead of
down through the base, a demonastration of 1. 15 may
be obtained without assuming auy proposition beyond 1. 5.

447. A is a given point,and B in a given point in a
given straight line: it i roquired to draw from A4 to the
given ht line, a straight line AP, such that the sum
of AP and PB may be equul to a given length,
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448. Shew that by saperposition the first case of 1. 26
may be immediately demonstrated, and also the second
caso with the aid of 1. 16.

449. A straight line is drawn terminated by one of the
sides of an isosceles triangle, and by the other side pro-
duced, and bisccted by the base: shew that the straight
lines thus intercepted between the vertex of the isvsceles
triangle and this straight line, are together equal to the
two cqual sides of the triangle.

450. Through the middle point M of the base BC of a
triangle a straight line DME is drawn, so as to cut off
equal parts from the gides 4B, AC, produced if necessary :
shew that 227) is equal to ('F,

451, Of all purallelograms which can be formed with
dinmeters of given lengths the rhombus is the greatest.

452, Shew from I, 15 and L. 32 that if the hypote-
nuso (' of a right-angled triangle ABC be bisected at ),
then AD, BD, CD arc all equal.

453 If two equal straight lines intersect cach other
any where at right angles, tho quadrilateral formed by
Jjoining their extremities is equal to half the square on
either struight line,

454. Insecribo o parallelogram in a given triangle, in
such n manuer that its dingonals shall jutersect at a given
point within the triangle.

455, Construct a triangle of given area, and having two
of its sides of given lengths,

456. Coustruct a triangle, having given the base, the
difference of the sides, and the differeuce of the angles at
the base,

457. AB, AC are two given straight lines: it is re-
quired to find in .4 B a point £, such that if 7Q be drawn
perpendicular to A, the sum of .4/ and AQ may be equal
to & given atraight line.

458. The distance of the vertex of a triangle from the
biscction of its base, is equal to, greater than, or less than
half of the base, acconding as the vertical angle is a right,
an acute, or an obtuse angle.

459. If in the sides of a given square, at equal distances
from the four angular points, four other points be taken,
oue on each side, the fi contained by the straight lincs
whiehjoindmm,shdl\xlobensqm



EXERCISES IN EUCLID. 383

460. On a given straight line as base, construct & tri.
angle, having given the ditforence of the sides and a point
through which one of the sides is to pasa,

461, A DB i o triangle in which 2.4 in greater than
CA ; the angle 1 is bisected by & straight lino which meots
BCat D; shew that 2D is greater thun €D,

462. If one angle of a trinngle be triple another tho
triungle may be divided into two ikosceles triangles,

463 If one angle of a triangle be double another, an
isosceles trinngle may be added to it s an to form toge-
ther with it a single hosceles triangle, .

464, Let ono of the equal sides of an isoscelen trinnglo
be bisected at ), and let it also be doubled by being pro-
duced throngh the eatremity of the buse to £, then the
distance of the other extrennty of the base from £ is doublo
its distance from J).

465.  Determine the locus of a point whose distance
from one given point is doubly its distance from another
given point.

466. A straight line A B is bisccted at O and on A¢!
and O us disgonals any two parallclograms A HCE und
CFBG are described; ot the parallelogram whose adja-
cent sides are ') and CF by completed, nud also that
whose adjacent sides are CF and €7 shew that the disgo-
{litllll of these latter paraliclogrums are in the sume struight

ne.

467. ADCD is a rectangle of which A, (" are u”mno
angles; £ is uny point in /" and £ is any point in (') ;
shew that twice the arca of the trinngle A EF, togother
with the rectangle BE, DF is equul to the roctanglo
ABCD.

468, ABC, DBC are two triangles on the same base,
and ADBC l; has I:.hc;- siclleIA,Il equal to l.lmE nidu(A Al,'; ‘ndduz';
passing t ¢’ and D) has its centre £ on (A,
if nocg&u:;:lg a circle passing through 2 and Dpr;m‘ its
centre £ on A, produced if necessary : shew that tho
quadrilateral A f.'ll}" has the sum of two of its sides equal
to the sum of the other two.

469. Two straight lines 48, AC are given in position;
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it is required to find in A8 a point P, such that a perpen-
diculr:rqbeing drawn from it to AC, the straight l?nee AP
may exceed this perpendicular by a proposed length.

470. Bhew that the opposite sides of xmi equin; r
hexagon are parallcl.and that any two sides which areadjacent
are together equal to the two to which they arve parallel.

471. From D and £, the corners of the square BDEC
described on the hypotenuse BC of a right-angled triangle
ABC, perpendiculars DM, EN aro let fall on AC, AR
reapectively: shew that AM is cqual to 48, and AN
oqual to AC.

' 472 AB and AC aro two given straight lines, and
P is a given point: it is required to draw thmx:ﬁh Pa
atraight line which shall form with 42 and AC the lcast
possible triangle.

473. ABC is a triangle in which C is a right angle:
shew how to draw a atraight line parallel to « given straight
ling, so as to bo terminated by (4 and CB, aud bisected
by AB.

474. ABC is an isosceles triangle having the angle at
B four times cither of the other angles; AA is produced
to ) so that BD is equal to twice A4 B, and CD) is joined:
show that the triangles ACD and ABC are equiaugular to
one another,

475. Through a point K™ within a parallelogram A BCD
straight lines are drawn parallel to the sides: shew that
the difference of the parallelograms of which A4 aud AC
are diagonals is equal to twice the triangle BAD.

476. Construct a right-angled triangle, having given
one sido and the difference between the other side and the
hypotenuse.

477. The straight lines 4D, BE bisecting the sides
BC, AC of a triangle intersect at G shew t AG is
double of GD.

478. BAC is a right-angled triangle ; one straight line
is drawn bi the right angle A, and another b‘u‘;cﬁng
the base BC’ at right n:ﬁll:l ; these straight lines intersect
at E: if D bo the mi point of BC, shew that DE is
equal to DA.

479. On AC the diagonal of a square A BCD, a rhom-
bus AEFC is doscribed of the same arca as the square,
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and having its acute angle at A : if A F be jolned, shew
that the angle BAC is divided iuto three equal angles,

480. AB, AC are two fixed straight linos wt t
angles ; D is any point in AL, and E is uny point in 4(";
on DE as diagonal a half syuaro is described with ita
vertex at G : shew that the locus of G is the struight line
which bisects the angle BAC".

481. Shew that a squarc is greater than any other par-
allelogram of the same perimeter.

452, Inscribe a square of given maguitude in a given
square.

483. ADC is a triangle; AD is a third of AR, and
AE is a third of A('; €D and BE intersect at #': show
that the triangle B¢ is half She trianglo #.4¢), and that
the qudriluoenl ADFE is equal to vither of tho triangles
CFE or BDF.

484. ABC is a triangle, having the angle " a right
angle ; tho angle 4 is bisccted by a straight lino which
meots BC at D, and the angle B is bisected by u straight
line which mects AC at K; AD and BE internect at 0
shew that the triangle 40D is half the quadrilateral
ABDE.

485, Shew that a scalene triangle cannot be divided
by a straight line inty two purts which will cvincide.

486. ABCH, ACED are panaliclograms on cqual bases
BC, CE, and between the samo parallels A D, BE; the
straight lines BD and AE intersect at F': show that B4
is equal to twice DF.

487. Panallclograms A FGC, CBRH are described on
AC, BC outsido the triangle ABC; F(i and KH moot st
Z; ZC is joined, and through A and /3 straight lines AD
and BE are drawn, both parallel to ZC, and moc
and AH at D and £ respectively : shew that the
ADED is & parallelogram, and that it is equal to the sum
of the paraliclograms #C, CK

488 If a quadrilateral have two of its sidos parallel
shew that the straight line drawn parallel to theso sidos
through the intersoction of the diagouals is bisected at that

orn

f:

point.
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490. In a right-angled triangle, right at A, if
the side AC be e th side AB, i B is more
than double of the angle C.

491, Triscct a parallelogram by straight lincs drawn
through one of its angular points,

492. AINK is an equilateral triangle; ABCD is a
rhombus, a side of which 18 equal to a sido of the triangle,
and the sides BC and CD of which pass through /I and
K respectively : show that the angle A of the rhombus is
ton-ninths of a right angle.

493. 'Trisect a given triangle by straight lines drawn
from a given poiut in ono of its sides.

494, In the figure of I. 35 if two diagonals be drawn
to the two llelograms respectively, one from each ex-
tromity of the base, and the intersection of the diagonals be
joined with the intorsection of the sides (or sides produced)
g: ﬂ;:‘:icgure, shew that the joining straight line will bisect

© X

II. 1to14.

495. Produce one side of a given triangle so that the
rectangle contained by this side and the produced part
may be equal to the difference of the squares on the other
two sides.

486, DProduce a given straight line so that the sum of
the squares on the given strught line and on the part
produged may be equal to twice the rectangle contained by
dth«;exlmle straight line thus produced and tho part pro-

uoed.

497. Produce a given straight lino so that the sum of
the squares on the given straight linc and on the whole
ltnigxt line thus produced may be oqual to twice the
rectangle contained by the whole straight lino thus pro-
duced and the part produced. Bt li that the

498, Produce a given straight line so that rochngo

and

contained by the whole str:isht line thus produced
part “_ncadmybeeq to the square on the given

ine.

499. Deacribe an isosceles o led triangle such
that the square on the largest side may be equal to three
times the square on cither of the equal sides,

500, Find the obtuse anglc of a triangle when the
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square on tho side opposite to tho obtnse anglo is greater
thun the sum of the squarcs on the sides containing it, by
the rectangle of the sides.

501, Construct a rectangle oqual to a given square
when the sum of two adjucent sides of tho rectangle is
oqual to a given quantity.

502, Construct a rectangle cqual to a given aquare
when the difference of two m{}nccut. sidow of the rectanglo
is equal to a given quantity.

503, 'The least square which can be inscribed in n
given squaro is that which is half of the siven square.

504, Divido agiven straight line into two parts so that
the squares on the whole Ine und on one of the purts
may be together double of the square on the other part.

503, Two rectuncles have cqual arcan aml equal peri
meters: shew that they are equal in ull respecta,

506.  ABCD is a rectangle s 2 i4a point sech that
the sum of 224 and P i ¢qual to the sum of 222 and
L D: shew that the Incus of 72 consixts of the two straight
linlcs through the centre of the rectangle parallel to its
81d28.

L 137,

507. Describe a circle which shall pass through a given
point and touch & given straight line at a given point,

508. Describe a circle which shall pass through a given
point and touch a given circlo at a given point.

509. Describe a circle which shall touch a given circle
at a given point and tonch a given straight line.

510. AD, BE nre perpendiculars from tho angles
A and B of a triangle on the opposite xides ; BF is per-
pendicular to ED or ED produced : shew that the angle
FBD is cqual to the angle £8A.

511. If ABC be a triangle, and BE, ('F tho rogum-
diculars from the angles on the opposite sides, and X the
middle point l?f the inf' side, shew that the angles FEK,
EFK are cach equal to 4.

512. AB is a dismeter of a circle; A and AD aro
two chords me the tangent at /2 at £ and F ro-
spoctively : shew the angles FCE and FDE sre
cqual

252
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513. Shew that the four straight lines bisecting the
angles of any quadriluteral form a quadrilateral which can

inscribed in a circle.

614. FKind the shortest distance between two circles
which do not meet.

515, Two circles cut one another at a point A : it is
requirod to draw through 4 a straight lino so that the
oxtrewe length of it intercepted by the two circles may be
oqual to that of a given straight line.

516. 1f a polygon of an even number of sides be in-
scribed in a circle, the sum of the alternate angles together
with two right angles is equal to as many right angles
as the figurc has sides,

517. Draw from a given point in the circumferencoe of a
circle, a chord which shall be bisected by its point of inter-
section with a given chord of the circlo.

518, When an equilateral polygon is described about
a circle it must necessarily be equiangular if the number
of sides be odd, but not otherwise,

519. AB is the dinmeter of a circle whose centre is C,
and DCE is a sector having the arc DE constant; join
AE, BD intersecting at I?; shew that the angle APB is
constaut,

520. If any number of triangles on the same base B¢,
and on tho same side of it have their vertical angles equal,
and ndiculars, intersecting at /), be drawn from 5
and l;on the opposite sides, find the lucus of D ; and shew
that all the straight lines which bisect the angle BDC
puss through the same point.

521. Let O and € be any fixed points on the circum-
feronce of a circle, and 04 m&achord; then if AC be
Jjuined and produced to B, so that OB is equal to 04,
the locus of B is an equal circle.

e B fped 28 o5
N\ ). ¢} t i ) ] 1}

are drawn ndicular to the sides 4B, BC,CD, DA :

show that EF s lel to GAL.

523. Th any fixed point of a chord of a circle
other chords are drawn ; shew that the ¢ lines from
the middle point of the first chord to the mi points of
the others will meet them all at the same angle.

524 ABC is a straight line, divided at nny point B
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into two parts; ADB and CDR aro similar ta of
circles, having the common chord BD: ) and AD are
produced to meet the circumferences at #' and £ rospec-
tively, and A F, CE, BF, BE aro joined: shew that ABF
anuc.le CBE are isosccles triangles, cquiangular to ono an-
other.

525. If the centres of two circles which touch cach
other externally be fixed, the common tangent of thoso
circles will touch another circle of which the straight line
Joining the fixed contres is the diameter.

626. A is a given point: it is required to draw from
A two straight lines which shall contain a given anglo and
intercept on a given straight line a part of givon length,

527. A straight lino and twe circles are given: find
the point in the straight line from which tho tangents
drawn to tho circles are of equal length,

528. Ina circle two chords of given length are drawn
80 as not to intersect, and one of themn is fixed in position ;
tho opposite cxtremities of the chonls arce joined by
straight lines intemecting within the circle : show that the
locus of the point of intersection will be a portion of the
circamference of a circle, passing through tho extremitios
of the fixed chord.

529. A and B arc the centres of two circles which
touch internally at , and also touch a third circle, whose
contre is D, extermally and inu-mall{‘ rospoctively at
E and F: shew that tho anglo A0/} is double of tho
angle ECF.

530. (' is the centre of a circle, and (7 is a perpon-
dicular on a chord AP B: shew that the sum of ¢/” and
AP is greatest when ('P is equal to AP,

531. AB, Bf’ CD arc threo adjacent sides of any

Iygon inscribed in a circle; the arcs AR, BC, CD are
Disesiod at Z, M, N+ and LI cuta BA, BC rospectively
at 2 and Q: shew that APQ is an isowoles triangle
that ﬁLna angles ABC, BCD aro together doublo of the

MN.

532. In the circumforence of a given circle determine
& point 5o situated that if chords be druwn to it from
the extremities of a given chord of the circle their differ-
cnce shall be equal to a given straight lino Jens than the

en chord
"'m Construct a triangle, having given the sum of the
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sides, the difference of the sogments of the base made by
the porpendicular from the vertex, and the difference of
tho base angles.

534. On a straight linc 4B as base, and on the
samo sido of it are described two scgments of circles;
P is any point in the circumference of one of the seg-
ments, and tho straight line B2 cuts the circumference of
the other segment at Q: shew that the angle PAQ is
equal to the angle betwoen the tangents at A.

635. ARL is a fixed straight line cutting a given
circle at A" and L; APQ, AKY are two other straight
linos making cqual angles with AKL, and cutting the
circle at P, @ and R, 5: show that whatover be the posi-
tion of APQ and A RS, the straight line joining the mid-
dle points of Q and RS always remaing pam.llcq to itself.

536. If about a quadrilateral another quadrilateral
ean be described such that every two of its adjacent sides
are equally inclined to that side of the former quadrilateral
which meets them both, then a circle may be described
about the former quadrilateral.

537. Two circles touch one another internally at the
point A : it is required to draw from A a straight lino
such that the part of it between the circles may he equal
to a given straight line, which is not greater than the
differcnce between the dinmeters of the circles,

638, ADBCD is a parallel ; AE is at '%ht angles
to AD, and C£ is at right angles to CB: shew that ED, if
pmducml,F will c::d;i (‘;":n;‘:l'ight x;ngle? .

539. From eac! ar point of a triangle a pe:
dicular is let fall on the op[x)s:p& side: Ah::nﬁut tho rect-
angles contained by the segments iuto which each porpon-
dicular is divided by the point of intersection of the three
are equal to other. .

540. The two angles at the base of s trianﬁo are
bisocted by two straight lines on which perpeudi are
drawn from the vertex : shew that the straight line which
passos through the feet of these diculars will be
parallel to the base and will bisect sides.

841. In a given circle inscribe a rectangle equal to a

542. In an acute-angled triangle 4 BC perpendiculars
AD, BE are let fall on BC, (A respectively; circles
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deseribed on AC, BC as dinmeters moot BE, AD rospec-
tively at F, G and M, K': show that £, G, /, & lic on the
circumference of a circlo,

543. Two diwncters in a circle are at right anglos;
from their cxtremitics four parullel struight lines aro
drawn; shew thut they divide the circumforenco into four
cqual parts.

54¢. E is the middle point of a semicircular arc A EB,
and CDE is any chord cutting the dinmceter at 2, and the
circlo at €: shew that tho square on CZ is twico the quad-
rilateral AED(".

545. A} is a fixed chord of a circle, A€ ix & move-
able chord of the same circle; a parallclogrum is described
of which A DB and A7 are adjacent sides: find the locus of
the middle points of tho diagonals’of tho parallelogram.

546. AR is a fixed chord of a circle, A is a moveablo
chord of the same circle; a parllelogram is deseribod of
which A8 and .10’ arce adjacent sudes: determine the
greatest possible length of the dingonal drawn through 1,

547. If two eqnal circles be placed at such a distanco
apart that the tangent drawn to cither of them from tho
centre of the other is ¢qnal to a dinmeter, shew that thoy
will have a common tangent equal to the radius,

548. Find a point in a given circlo from which if two
tangents be drawn to an equal circle, given in position, the
chord joining the points of contact is oqual to the chord
of the first circlo formed by j"i'?:»:f the points of intor
section of the two tangents produced ; and determino tho
limit to the possibility of the problem. ,

549. AB is a dinmcter of a circle, and AF is any
chord; C is any point ig AS, and throngh €' a steaight
line is drawn at right angles to A/, meoting AF, pro-
duced if necessary at ¢4, and mecting the circumfercnco st
D: shew that the rectangle F.1, AG, and
BA, AC, and the square on A D are all oqual.

550, Construct a triangle, having given the base, the
vertical angle, and tho length of the straight lino drawn
from the vertex to the baso bisecting tho vertical a:

651. A, B, C aro three given puints in the circamfor-
ence of a given circle: find & point P such that if 4P,
BP, CP wmect the circamferenco at D, E, F respectively,
the arcs DE, EF may he equal to given arcs,
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552. Find the mn: in the circamference of a given
circle, the sum of w distances from two given straight
lines at right angles to each other, which do not cut the
circle, is tho greatest or least possible.

553. On the sides of a triangle segments of a circle are
described tnternally, cach containing an angle equal to the
excess of two right angles abovo the opposite angle of the
triangle : show that the mdii of the circles are equal, that
the circles all pasa through one point, and that their chords
of intersection aro respectively perpendicular to the oppo-
site sidos of the triangle,

IV. 1to16.

554. From the angles of a triangle ABC perpendi-
culars are drawn to the opposite sides meeting them at
D, E, F respoctively: shew that DE and DF are equally
inclined to AD.

835. Tho puints of contact of tho inscribed circle
of a triangle are joined; and fromn the angular points of
the triangle so formed perpendiculars aro drawn to the
opposite sides: shew that the triangle of which the fect of

cso perpendiculars are the ar points has its sides
parallel to tho sides of the original triangle.

656, Construct a trianglo having given an angle and
the radii of tho inscribed and circumseribed circles.

557. Triangles are constructod on the same base with
cqual vertical angles; shew that the locus of the centres of
the eacribed circles, each of which touches one of the sides
externally and the other side and base produced, is an
arc of a circle, the centre of which is on the circumfercnce
of the circle circumscribing the

858. From the angular points 4, B, C of a triangle
perpendiculars are drawn on the opposite sides, and ter-
minated at the points D, E, F on the circumfercence of the
ciroumacribing circle: if L be the t of intersection of

gommm , LE, LF are bisected
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559. ABCDE isa lar pentagon ; join ACand BD
intersecting at O : shew that 40 is equal to DO, and that
the rectangle A(, ('O is equal to the squarc on BC.

. 960. A straight line ¢ of givon length moves so that
its cnds are always on two fixed straight lines (°2, (°Q ;
straight lines from 2” and @ at right angles to ('F* and (¥,
respectively intersect at R ; porpendiculurs from 2 and &
on CQ and C'P respectively intorsect at N: shew that the
la(:d(}d R and S aro circles having their common centre

561. Right-angled triangles are described on the same
hypotenuse : shew that the locus of the centres of tho in-
scribed circles ia a quarter of the circumferenco of a circle
of which the common hypotenuse is a chord.

562,  On a given straight line A 2 any triangle ACH is
described ; the sides A, B(’ are bisected nnd straight
lines drawn at right angles to them through the points of
biscction to intersect at a point 72; find the locus of /).

563. Construct a trianglo, having given its bane, one of
the angles at the base, and the distance hetween the centre
of the inscribed circle and the centre of the circle touching
the base and the sides produced.

664. Describe a circle which shall touch a given st t
line at a given point, and biscct the cirenmforence of »
given circle.

565. Describe a circle which shall pass through a given
point and bisect the circumferences of two given circloa

566. Within a given circle inscribo threo oqual circles,
touching one another and the given circle. .

567. If the r:dﬂilmb;)fua cix_'s:’c I;o cut u; indll. 11, ‘l‘;.

ater segment o side of a regular decagon in-
Ecmribed in the circle.

568. If the radius of a circle be cut x:;: I1. 11, the

uare on its ter ent, together with the squarc on

:gondiun.is%w square on the side of a regular
pentagon inscribed in the circle.

rom the vertex of a ti draw a stright

line to the base so that the aquare on the straight lino may

be equal to the rectangle contained by the segments of the

570. Four straight lines are drawn in & ’mhj
that the circles
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571, The perpendiculars from the angles 4 and B of a
triangle on the opposite sides meet at D ; the circles de-
scribed round 4 DC and DBC cut A B or A produced at
the points £ and F'; shew that AE is cqual to BF.,

872. The four circles each of which s through the
centres of three of the four circles touching the sides of a
triangle are equal to one another.

573. Four circles are described so that each
touch internally three of the sides of a quadrilateral: shew
that a circle may be described so a8 to pass through the
centres of the four circles.

574. A circlo is described round the triangle 4BC,
and from any }voiut P of its circumference perpendiculars
are drawn to BC, CA, A B, which meet the circle again at
D, E, F: shew that the triangles A B8Cand DEF arc equal
in all respects, and that the straight lines 4D, BE, CF are
parallel.

575.  With any point in the circumference of a given
circlo as centre, describo another circle, cutting the former
at 4 and B ; from B draw in the dcscribed circle a chord
B coqual to its radius, and join AD, cutting the given
circlo at @: show that QD is equal to the radius of the
given circle.

576. A point is taken without a square, such that
straight lines being drawn to the angular points of tho
squaro, the a:glo contained by the two extreme straight
lines i8 divided into three equal parts by the other two
struight lines ; shew that the locus of the poiut is the cir-
cumforenco of the circle circumseribing the square

577. Circles are inscribed in the two triangles formed
hﬁr drawing a perpendicular from an angle of a trianﬂod on
the opposito side ; and analogous circles are described in
relation to tho two othor like perpendiculars: shew that
the sum of the diamcters of the six circles together with
the sum of the sides of the original triangle is equal to
twice the sum of these wpondicﬂn.

578. Throee concentric circles are drawn in the same
rlum: draw a straight line, such that ono of its scyments
xctweon the inner and outer circumference may be biseoted

at one of tho points ut which the straight limo moots the
mi\ldlocimmma.
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VI 1to D

79. AL is a dimreter, and 7> any point in the cirenm.
ference of a circle: 472 and B2 aro joined amd produced
if necessary; from any puint € in A4 a stmi}xhl. liue is
drawn st right angles o AL mecting A2 at &) ansl B
at £, and the circumference of the circle at #'; shew that
CD in a thind proportional to CE and (4

580, A, B, Care three points in a straight line, and D
a point at which A B and 20 mbtend equal angles : shew
that the locus of 2 is the circumterence of a cirele.

68k If a straizht line bo demwn from one corner of a

wre entting off ono-fourth from the diagonal it will cut
off one-third from a side.  Al-o if straight Jines be drawn
similarly from the other cornem so as to form a suare, this
square will be two fifths of the original square,

582, Tho sides 473, A of & given trianglo 4 ¢ aro
oduced to any points ), £, so that DE is paralicl to fic,

he straight line 2 F is divided at £'s0 that VFis to #FE
;{n B is to CE: shew that the locus of £ ia a atraight
ine.

583. A, B, " are three points in order in a straight
line: find a point 72 in the struight line wo that 2273 may bo
a mean proportional between 1.4 and I°C.

o8, A, B3 are two fixed points on the circumference
of a given circle, and 22 is a movesble point on the circam-
ference; on PA is taken a point 1) such that I’ is to
PA in a constant ratio, and on I’ is taken a point £
such that I’E is to /273 in the sume ratio : shew tat DE
always touches a fixed circle.

583. ADC is an isunceles triangle, the angle at 4 bein,
four times either of the vthers: shew that if /4¢ be bi
at 2 and £, the triangle A DE is equilateral,

586, Perpendiculars are let fall from two opposite

angles of a lc on a diagonal: show that they will
divide the diago into oq‘t:ha’ if the square on uneo
side of the le be doul st on the other.

857. A straight line A4 is divided into any two parts
at C, and on the whole straight line and on the two pasts
of it equilateral triangics AUB, ACE, ACF are do
scribed, the two latter boing on the saiue side of the straight
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line, and the former on the o{:ggsite side; G, H, K are the
centres of the circles inscri in these triangles: shew
that the angles AGH, BGK are respectively equal to the
angles ADC, BDC, and that GH is equal to GK.

588.  Onthe two sides of a right-angled triangle squares
are described : shew that the straight lines joining the
acute anglos of the triangle and the opposite angles of the
squares cut off equal segments from the sides, and that
each of these equal segments is a mean proportional be-
tween the remaining seﬁmenta.

589. T'wo straight lincs and a point hetween them are
given in position : draw two struiﬁl‘; lines from the given
point to terminate in the given straight lines, so that they
shall contain a given angle and have a given ratio.

590. With a point A4 in the circumference of a circle
AB(C as contre, a circle PBC is described cutting the
former circle at the points B and ('; any chord 4D of the
former meets the common chord BC at E, and the circum-
ference of the other circlo at ): show that the angles
EPO and D PO are equal for all positious of 2.

591. APBC, ABF are t.rianlglos on the same base in the
ratio of two to one ; A F and /2F produced meet the sides
at D and E; in FB a part F(; is cut off equal to FE. and
Ib?ﬁ is bisected at O: shew that B0 is to BE as DF is to

592. A is the centro of a circle, and another circle
passcs through A and cuts the former at Band C; ADis
a choed of the latter circle meeting BC at E, and from D
aro drawn DF and DG tangents to the former circle: shew
that @G, E, F lio on ono straight line.

693. In AB, AC, two sides of a triangle, are taken
points D, E; AB, AC are produced to F, G such that BF
18 oqual to 4D, and CG equal to AE; BG, CF are joined
meeting at //: shew that the triangle FHG is equal to the
triangles BHC, ADE together.

594. In any trianglo ABC if BD be taken equal to
one-fourth of HC, and CE ono-fourth of AC, the straight
line drawn from C through the intersection of BE and
A D will divide 4B into two parts, which are in the ratio of
vine to one.

598. Any rectilineal figure is inscribed in a circle:
-bowthtbywtboammddnwhghznh to
the points of bisection parallel to the sides of

.

¢
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lineal we can form a similar rectilineal figure cir-
cumscribing the circle.

596. Find a mean Fro;mrtioml betwoon two similar
right-angled triangles which have one of the sides contuin-
ing the ri%ht angle common,

597. In the sides AC, BC of & triangle AJ(" points
D and E are taken, such that (°2 and ¢'£ arv respoctively
the third parts of (' and BC; BD and AE are drawn
intersocting at (2: shew that £0 and DO are respoctively
the fourth Jrarta of AL and BD,

598. (A, ('} are diameters of two circles which touch
ench other externally at €'; & chord {0 of the former
circle, when produced, touches the latter at £, while n
chord BB F of the latter, when produced, touches the former
at G shew that the rectangle contained by A2 und BF
is four times thut contuined by DE and £'¢,

599, Two circles intersect at 4, and B4 in drawn
mecting them at /2 and ('; with /2, (" as centrea are do-
scribed two circles each of which intersecta one of the
former at right angles: shew that these circles and the
circle whose diameter is 0 meet at o point.

G00. ADBCDEF is a regalar hexagon : shiew that BF
divides A D in the mtio of one to three.

601. AR, DEF are trinngles, having the an:le A cqual
to the anzle 22; and AZ is equal to HF': shew that the
areas of tho triangles arc as AC to DE.

602. If M, N be the points at which the inscribod and
an escribed circle touch the side A¢" of a triangle 4 /207
shew that if BM be produced to cut the escribed circlo
again at £, then N/ is a dinmncter.

603. The ungle A of a trinugle ALC in a right mﬁh,
and D is the fout of the perpendiculsr from A on B0
DM, DN are diculars on A5, AC: sbew that the
angles BM(', BN(, are equal.

604. If from the{ninzofbiwcmnof m,v&lvuurc of
a circle two straight lines he drawn, cutting the chord of
the arc and the circumference, the four points of iutersco-
tion shall also lie in the circumference of a circle.

605. The side 4B of a triangle A BC is touched by the
inncﬁmc‘i{deal).md n:laob;lcnbd .h nli';
show he roctangle con radii
thomhnghdb,bﬂmdw&crwh%ﬂ,w
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606. Show that the locus of the middle points of
straight lines parallcl to the base of a triangle and termi-
nated by its sides is a straight line.

607. A parallelogram is inscribed in a triangle, having
ane side on the base of the triangle, and the adjucent sides
parallel to a fixed direction: shew that the locus of the
interscotion of the dingonals of the parallelogram is a
straight line bisccting the base of the triangle.

6U8. Un a given straight line 4B as hypotenuse a
right-angled trian‘xﬁl: is describod; and from 4 and A
straight lines ure drawn to biscct the opposite sides: shew
that the locus of their intersection is a crcle.

609. From a given point outside two given circles
which do not meet, draw a straight line such that the por-
tions of it intercepted by each circle shall be respectively
proportional to their radii.

610. In o given trinngle inscribe o rhombus which
shall have oue of its angular points cvincident with a point
in the base. and a side on that base.

61)1. ABC is a triangle having & right angle at C;
ABDE is the square described on tﬁu hypotenuse; F, G, H
aro the poiuts of intersection of the dingonals of the squares
on the hypotenuse and sides: shew that the angles DCE,
G FH are togother equal to a right angle,

MISCELLANEOUS.

612. Oisa fixed point from which any straight line is
drawn meeting a fixed straight line at £; in OP a point
is takom such that the rectangle OF, OQ is constant:
w that the locus of @ is the circumference of a circle.
613. O is a fixed point on the circumference of a circle,
from which any nhu§1’: line is drawn moeting the circum-
ference at P; in OP a point @ is taken such that the
rectangle OP, 0Q is t: shew that the locus of @ is
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615, ADBCD is a quadrilateral inacribed in a circle;
the opposite sides A2 and D€ are produced to meet at 4%
and the opposite sides BC and AD at £ ahew that the
circle described on ££ as diamcter cuts the civele 440D
at right angles.

616. From the vertex of a right-angled trinngle a
¥erpcndlcular is drawn on the hypotenuse, and from the
vot of this perpendiculur another 18 drawn on each wide of
the trinngle: shew that the area of the triangle of which
these two latter perpendicnlars aro two of the sides cannet
be greater than one-fuurth of the area of the original
triangle,

617. If the cxtremitics of two intersceting straight
lines be joined so a8 to form two vertically opposite tri.
angles, the figure made by connecting the points of hisee-
tion of the given stradght lines, wiﬁ bo a paralichyrm
cqual in urca to half the ditference of the trisugles,

615, AD, .10 are two tangents to o civele, touching it
at 22 and ¢7; I is any point in the strmght hme which
joins the middle pointe of A2 and A0 shew that AKX in
equal to the tungent deawn from 2 to the circle.

619. A1, AC are two tangents to a cirele; '@ is
a chord of the circle which, produced if necessary, meets
the straight line juining the middie pointe of L0/ 10 at
R : shew that the angles RALP, AQR nre cqual o ono
unother.

620. Shew that the four circles each of which puases
through the middle points of the sides of one of the four
triangles formed by two adjacent sides and u dingoual of
any quadrilateral all intersect ut « point.

621, Perpendicalars are drawn from any point on the
three straight lines which biscct the angles of un equi-
Iateral trianzle: shew that one of them is cqual W the sum
of the other two.

622, Two circles intermect at 4 and B, snd CLD s
drawn through B perpendiculur to A /3 to meet the cirelos ;
through A a straight linc is drawn him:my cither the
futerior or exterior angle between AC and A D, and meet-
ing the circumferences at £ and F': shew that dw tungents
to the circumferences at & and £ will interct in AL pro-
duced.

623. Divido a triangle by two straight lines into three
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which, when properl'yamged,shdl form a paralle-
whose angles are o Even magnitade.

624. ABCD is a logram, and P is any point:
show that the triangle PAC is oqual to the difference
of the triangles PAL and PAD, if P is within the angle
BAD or that which is vertically opposite to it ; and that
the trianf)lePACis equal to the sum of the triangles PAB
and PAD, if P has any other position.

625. Two circles cut each other, and a straight line
ABCDE is drawn, which meets one circle at 4 and D,
the other at B and E, and their common chord at C':
shew that the saBaro on BD is to the square on AE as the
rectangle BC, CD is to the rectangle AC, CE.

THE END.

CAMBRIDGE : PRINTED BY C. J, CLAY, M.A., AT THE UNIVERSITY FARSS.



















































