


























iv ADVERTISEMENT.

The Act of Congress, establishing the Institution, dirccts, as a part of the plan of
organization, the formation of a Library, a Museum, and a Gallery of Art, together
with provisions for physical research and popular lectures, while it leaves to the
Regents the power of adopting such other parts of an organization as they may
deem best suited to promote the objects of the bequest.

After much deliberation, the Regents resolved to divide the annual incomé into
two parts—éne part to be devoted to the increase and diffusion of knowledge by
means of original research and publications—the other part of the income to be
applied in accordance with the requirements of the Act of Congress, to the gradual
formation of a Library, a Museum, and a Gallery of Art.

The following are the details of the parts of the general plan of organization
provisionally adopted at the meeting of the Regents, Dec. 8, 1847.

DETAILS OF THE FIRST PART OF THE PLAN.

1. To 1NcrREASE KNOWLEDGE.—f is proposed to stimulate research, by offering
rewards for original memoirs on all subjects of investigation.

1. The memoirs thus obtained, to be published in a series of volumes, in a quarto
form, and entitled “Smithsonian Contributions to Knowledge.”

2. No memoir, on subjects of physical science, to be accepted for publication,
which does not furnish a positive addition to human knowledge, resting or original
research; and all unverified speculations to be rejected.

3. Each memoir presented to the Institution, to be submitted for examination to
a commission of persons of reputation for learning in the branch to which the
memoir pertains; and to be accepted for publication only in case the report of this
commission is favorable.

4. The commission to be chosen by the officers of the Institution, and the name
of the author, as far as practicable, concealed, unless a favorable decision be made.

9. The volumes of the memoirs to be exchanged for the Transactions of literary
and scientific societies, and copies to be given to all the colleges, and principal
libraries, in this country. One part of the remaining copies may be offered for
sale; and the other carefully preserved, to form complete sets of the work, to
supply the demand from new institutions.

6. An abstract, or popular account, of the contents of these memoirs to be given
to the publie, through the annual report of the Regents to Congress.
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3. Each collaborator to be furnished with the journals and publications, domestic
and foreign, necessary to the compilation of his report; to be paid a certain sum for
his labors, and to be named on the title-page of the report.

4. The reports to be published in separate parts, so that persons interested in a
particular branch, can procure the parts relating to it, without purchasing the
whole.

5. These reports may be presented to Congress, for partial distribution, the
remaining copies to be given to literary and scientific institutions, and sold to indi-
viduals for a moderate p-rice.

The following are some of the subjects which may be embraced in the reports :—

1. PHYSICAL CLASS.

Physics, including astronomy, natural philosophy, chemistry, and meteorology.
Natural history, including botany, zoology, geology, &e

Agriculture.

Application of science to arts.

= SRR

II. MORAL AND POLITICAL CLASS.

Ethnology, including particular history, comparative philology, antiquities, &c.
Statistics and political economy.
Mental and moral philosophy.

® = o o

A survey of the political events of the world; penal reform, &e.

III. LITERATURE AND THE FINE ARTS.

9. Modern literature.
10. The fine arts, and their application to the useful arts.
11. Bibliography.
12. Obituary notices of distinguished individuals.

IL. To pirruse KNoWLEDGE.—J is proposed to publish occasionally separate treatises
on sulbjects of general interest.

1. These treatises may occasionally consist of valuable memoirs translated from’
foreign languages, or of articles prepared under the dircetion of the Institution, or
procured by offering premiums for the best exposition of a given subject.

2. The treatises to be submitted to a commission cf competent judges, previous
to their publication.
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for its examination. It is however impossible, in most cases, to verify the state:
ments of an author; and, therefore, neither the Commission nor the Institution can

be responsible for more than the general character of a memoir.

The following rules have been adopted for the distribution of the quarto volumes
of the Smithsonian Contributions:—

1. They are to be presented to all learned societies which publish Transactions,
and give copies of these, in exchange, to the Institution.

2. Also, to all foreign libraries of the first class, provided they give in exchange
their catalogues or other publications, or an equivalent from their duplicate volumes.

3. To all the colleges in actual operation in this country, provided they furnish,
in return, meteorological observations, catalogues of their libraries and of their
students, and all other publications issued by them relative to their organization
and history.

4. To all States and Territories, provided there be given, in return, copies of all
documents published under their authority.

5. To all incorporated public libraries in this country, not included in any of
the foregoing classes, now containing more than 10,000 volumes; and to smaller
libraries, where a whole State or large district would be otherwise unsupplied.

























i PREFACE.

that the mode of considering the subject is well known, being that employed by
La Place, Herschel, De Pontécoulant, Encke, and perhaps others. The method
of forming the required derivations of the perturbative function from the analytical
development of that quantity, he has not seen elsewhere.

With these improved elements and methods the work was recommenced in 1868.
The earlier investigations being merely provisional, it has not been deemed neces-
sary to present them in the present work. Some of the results, corrected for
errors of the older clements, are, however, given for the purpose of comparison.

Although this investigation has absorbed the greater part of the author’s leisure
for more than five years, it is only through the aid of the Smithsonian Institution
and Nautical Almanac that he has been enabled to bring it to a conclusion within
that time. At an early stage of the work Professor Henry responded favorably to
a. request for aid by the employment of computers; it was, however, not found
practicable to usc such aid until the perturbations had been completed, and the
provisional theory concluded. Then, the comparison of theory and obscrvation,
and the construction of the tables, involved a large amount of mechanical compu-
tation, and on this part of the work a number of persons have been employed by
the Institution at various times, among whom may be mentioned Professor F. W,
Bardwell, of the University of Kansas, and Dr. C. L. F. Kampf, late of the Ob-
servatory of Leiden. Every part of the work has, however, been done under the
author’s immediate direction, and, as nearly as possible, in the same way as if he
had done it himself, a result which, in onc or two cases, has been attained only
by the expenditure of an amount of labor approximating that saved by the employ-
ment of the computer.

In presenting the steps of the investigation, the end has been kept constantly in
view to render as casy as possible the detection and correction of any error, or the
introduction of any alteration in the eclements or other data. It is, of course,
impossible to present the steps of the computation with any approach to fulness
without far transcending the limits of the printed work: The results given are,
therefore, those which it was supposed would be most useful to the future investi-
gator of the same subject. There is reason to believe that the original computa-
tions will ultimately become the property of the National Academy of Sciences, so
that they may always be referred to for the clearing up of any difficulty in the
printed text. ‘

The author’s acknowledgments are duc to Professor J. H. C. Coffin, Superin-
tendent of the Nautical Almanae, and Mr. E. J. Loomis, of the Nautical Almanac

Office, for reading the proof sheets of the last twelve tables during the absence of
the former abroad. v

WasmineToN, July 31, 1873.







vi TABLE OF CONTENTS.

CHAPTER IV.

TERMS OF THE SECOND ORDER DUE TO THE ACTION OF SATURN.

Preliminary investigation of the orbit of Satarn 5 5 5 %5 o c

Perturbations of Saturn and Uranus . . 5 : o 3 ¢

Formation of the expressions for the terms of the second order : 4 5 3

Terturbations depending on the square of the mass of Saturn 3 , 5 §

Perturbations depending on the product of the masses of Jupiter and Saturn . .
CHAPTER. V.

COLLECTION AND TRANSFORMATION OF THE PRECEDING PERTURBATIONS OF URANUS.

Terms independent of the position of the disturbing planet . 3 5 3
Secular variations . o 5 5 o . . 5
Auxiliary expressions on which the perturbatlons depend 5 a 3 3 .
Reduced expressions for the latitude of Uranus 5 : : 2 > 5
Tositions of Uranus resulting from the preceding theory . S 4 . ’
Elements 111 of Uranus 5 s 5 . 3 > . 4

CHAPTER VI.

REDUCTION OF THE OBSERVATIONS OF URANUS, AND THEIR COMPARISON WITH THE
PRECEDING TUEORY.

Reduction of the ancient observations . o 5 o : 3 s
Their comparison with the provisional theory . 5 . 5 5 . 5
Discussion of the modern observations > 3 5 2 - .
Reduction of the results to a uniform system . 5 ? 5 o J
Adopted positions of faundamental stars h £ 5 9

Discussion of corrections to reduce the different observatxons toa homogeneous system

Table of these corrections 3 . 4 :

Results of the observations from 1781 to 1830 . . 5 3

Observations from 1830 to 1872

Table to convert errors of right ascension and dcchnatlon of Umnus into errors of longxtnde
and latitonde o

Tabelar sammary of results of observatlons 1830 to 18

Corrections to be applied to the positions of Uranus ig the Berlin J ahrbneh o.nd the Nauhcal
Almanac to reduce them to positions from the provisional theory 5 .

CHAPTER. VIL

FORMATION AND SOLUTION OF THE EQUATIONS OF CONDITION RESULTING FROM THE
PRECEDING COMPARISONS,

Expressions of the ohserved corrections to the longitudes of the provisional theory in terms
of the corrections to the helioeentric eo-ordinates 5 5 s

Expressions of the same quantities in terms of the corrections to the elements of Uranus and
the mass of Neptune 3 5 .

Table to express errors of hehocenme €o- ordmates as errors of e]cments

Discassions and solutions of the equations thus formed

Concluded corrections to the elements of longitnde

_ Corrections to the inclination and node of Uranus

‘. . 2 .













2 THE ORBIT OF URANTUS

and mutual inclination are small, and has for that reason fallen, of late, into a
certain disrepute. The cxtended tables published by Le Verrier' have, however,
added so much to its facility for usc that it is not wholly unworthy of attention.

At the other extreme stands the purely mechanical method, in which. special
values of the disturbing force arc computed for many combinations of the mean
anomalies of the two plancts, and the values of the cocfficients in the general
expression for the force thence deduced.

Between these two stands what I conceive we may designate as the Cauchy-
Hansen method, in whieh the development is made mechanically with respect to
the one planet, but the eccentric anomaly of the other is retained as an undeter-
mined quantity. The germ of this method is found in several papers, by Cauchy,
in the earlier volumes of the Comptes Rendus of the French Academy, which have
sincc been combined into a homogeneous memoir by Puiscux.? The object had in
view by these authors is only the computation of inequalities of long period. But
TLansen has taken up the essential principle of the method, first, in his prize memoir
on the perturbations of comets, crowned by the French Academy of Sciences, about
1848, and afterwards in his *“ Auseinandersetzung einer zweckmdssigen Methode zur
DBerechnung der Storungen der kleinen Planeten,”® and applied it to the general
development of perturbations.

Among the three methods of integration, the first in point of analytical elegance
and generality, but the last in order of convenicnce in use, is that of the variation
of elements, a method with which the name of La Grange is inscparably associated.

In the second the direet integration of the differential equations which express
the perturbations of longitude, latitude, and radius vector is effected by special
devices.

In the first of these methods the problem is presented in this form: The equations
of motion being completely integrated for the action of the principal forces only,
how must the arbitrary constants of integration vary in order that the same expres-
sions may represent the motion of the planet under the influence of the disturbing
forces? In the second method, the same thing being. presupposed, the question is,
what expressions must be added to the integrals of undisturbed motion in order
that the sum may represent the integrals of the disturbed motion ?

The third is Hansen’s method, in which the co-ordinates are partly expressed in
terms of a certain function of the time known as the disturbed mean anomaly,

‘determined by the condition that the true longitude in the disturbed orbit shall be

the same function of the disturbed time that the longitude in the elliptic orbit is
of the simple time.

Although the last two methods have a great advantage over the first in the com-
putation of the periodic perturbations, I conceive the first to be best adapted to
the computation of the secular variations, and perhaps, of terms of very long period
in the mean longitude and the elements of the orbit.

1 Annales de 'Observatoire Impérial de Paris. Tome I.
* Annales de I’Observatoire Impérial de Paris. Tome VII.
* Abhandlungen der Koniglich Sachsischen Gesellschaft der Wissenschaften. Band V. VI, VIL.

~
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tion of the perturbations of the elements into perturbation_s of the co-ordinates, to
carry this transformation to terms of the second order also. This Le Verrier avoids
by showing that the terms of the lowest order with respect to the eccentricities
thus introduced are destroyed by certain terms in the perturbations of the elements,
so that it is only necessary to omit both classes of terms. These terms are of that
fictitious class which disappear of themselves by a simple change of elements.
When, instead of the eccentricity and longitude of the perihelion, we take % and Z,
which represent the products of the eccentricity into the sine and cosine of this
longitude respectively, these terms disappear of themselves both from the perturba-
tions of the elements and of the co-ordinates. It is not likely that any of the
neglected terms of this class exceed 07.1.

As soon as the elements of Neptune were known, the nature of its general action
on Uranus became of interest. This subject was taken up by Prof. Peirce, whose
results are found in the Proceedings of the American Academy of Arts and Sciences,

' Vol. I, pp. 334-337. This paper is accompanied with a comparison of his theory
of Uranus with observations, to which similar comparisons of the theories of Adams
and Le Verrier are added. This comparative exhibit is of sufficient interest to be

“ given here. The numbers given arc probably excesses of computed over observed
! longitudes.
i RESIDUAL DIFFERENCES BETWEEN THE THEORETICAL AND OBSERVED LONGITUDES O URANUS,
4 FroM THE TuEORIES OF PEIRCE, LE VERRIER, AND ADAMS.
: From Le Ver-|From Le Ver-|From Adams’s IFrom Peirce’s theory of Neptune adopting for its
" rier's best or-| rier’s original | original the- mass
: . bit of Uranus | theory with| ory with his |
' from the mo-| his best orbit| second hypo-| That of Struve |That deduced | That dednced
dern observa- | of hypotheti- | thetical planet | from his own | by Peirce from | by Peirce from
Year. tions without | cal planet, of | of which mass | obzervations Bond’s & Las-| Bond’s obser-
1 any external | which the| is of the satellite | sel’s observa-| vationsof Las-
planet. mass is tions combined sel’s satellite 1
Erers LLTLE TI8% 3o TokTo:
) 77 /7 77 77 L 77
| 1690 -+ 289.0 —19.9 -+ 50.0 — 124.7 -+ 13.0 -+ 0.8
1715 -+ 2796 + 5.5 — 6.6 — 99.6 -+ 10.0 + 8.7
1756 -+ 2309 — 40 — 4.0 — 102.4 — 12.7 + 4.0
. 1769 + 1233 + 3.7 + 1.8 — 67.0 — 16.0 — 6.0
i 1782 + 205 + 23 0.0 — 183 — 5.6 — 3.0
M 1787 = g 20 =H8 =+ 04 SN ez [l8 — 08
- 1792 — 1.8 + 03 — 1.1 + 1.6 -+ 05 -+ 0.3
A 1791 — 6.7 — L0 — 0.5 + 33 + 0.8 + 0.3
1l 1803 — 34 + 0.8 + 1.6 + 3.2 + 1.2 + 0.8
1808 + 3.8 -+ 0.8 0.0 - 13 — 0.6 — 0.4
. 1813 B X — 09 == 5140 =2y 1914 414 —0%8
. 1819 + 38 + 0.4 — 22 + 0.9 -+ 0.7 + 1.0
1824 — 1.6 — 54 -+ 1.7 — 16 — 1.9 —2.0
1829 — 1.8 — 2.2 + 2.0 -+ 25 + 1.3 + 0.8
1835 — 45 — 0.8 — 1.2 + 3.9 + 24 -+ 2.0
1840 + 0.7 + 22 + 1.3 — 1.3 — 1.3 — 1.1
') 1845 -+ 6.5 G N S 5 — 2.8 — 12 — 0.9

In this paper Professor Peirce presents the results of a complete computation of
the general perturbations of Uranus by Neptune in longitude and radius vector,

»







6 THE ORBIT OF URANUS.

CHAPTERI.

METHOD OF DETERMINING THE PERTURBATIONS OF LONGITUDE, RADIUS
VECTOR, AND LATITUDE OF A PLANET BY DIRECT INTEGRATION.

Ler us conceive a plane determined by the condition that it shall pass through
the sun and contain the tangent to the orbit of a planet at any moment. If the
planet were acted on by the sun alone, the position of this plane would be invariable,
but, under the influence of the disturbing forces of the other planets, it is subjec
at cach instant, to a motion of rotation around the radius vector of the planet. We
may regard this as the instantaneous plane of the planet’s orbit. The disturbin
and the disturbed planet will each have its own instantancous plane.

Let us now put:—

v, the longitude of a planet counted from a determinate point in the instantancons
plane of- its orbit.

v, its distance from the node of intersection of its own orbit with that of anothe
planet.

v, the mutual inclination of the two orbits.

¢, sin § 1.

r, the radius vector of the planet.

p, 1ts logarithm,

u, the attractive force of the sun upon unit of matter at unit distance.

a, the mean distance corresponding to the observed mean motion of the planet,
determined by the condition

w (14 m) 3
n? -

m and n being as usual the mass and mean motion.

a,, the value of a corrected for the constants introduced by the perturbations, sc

that, as in the elliptic motion, we have

p=Iloga-+f(l, e w),
we shall have in the disturbed motion
p =1log ay + 1 (I, e, ®) + periodic terms only.

@, the mean distance of an outer planet, whether it be a disturbing or disturb:

planet.
v, the logarithm of a. - -
a, the ratio of two mean distances, taken less than unity.
R, the perturbative funection.

a3=
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C being the arbitrary constant added to the integral. -Adding this equation to the
first of equations (1) we have

d"(’fl__(_l_i_@_ (2C+2fD’tht+%§ (3)

: i
:
*

Let us now represent by », that elliptic value of » which satisfies the equnation
&) _u(l4m)
1 9 L
A3 7 s
Subtracting this equation from the last we have
(P — ) 1 {8 ¢ oR
AN —y(l—]—-m)(—f;—-z)._gu(%f.l)’tht o=
in which no constant is to be added to the integral, and both sides of the equation
are of the order of the disturbing forces. As there is a decided advantage in taking

the logarithm of the radius vector as the variable instead of » itself, we substxtute
for the latter its value

T==cC?t, Ty=2Ch
and put

dp = p —
Then 111

P=cltW=1rlcW = ] (1 4 2%+ .

2
(P — ) =18 1’8’ + ete.
1 e ¥ , ¥°
7_— —_ — 70‘—{—57‘—0—{— cte.

7o

Substituting these values in the above equation, carrying the development only ¢

equation, and putting u'= u (1 4 m), we find
@' (7 9p) (;;2259) + Loy =p (2 DRt 4 azz) dz("°25f’2)+ 1o
7o 2r,
an equation which gives the perturbations of radius vector.

"The general mode of solving this equation by successive approximation is famili
The principles on which the successive approximations are made being the san
we shall begin by assuming that we have obtained first approximations to the \a.l
of §v, &v, 59, dp’, &y, and that from these we wish to pass to a second approximati
‘We must first carry this approximation into the funetions of R in the second r
ber of (4). To effect this we must show how, from the development of R in ter
of the elements and the time, we may form its successive derivatives with respe
to the quantities which enter into it. R, while originally a function of v, v, P p
and y, is, in its developed form, a function of 2, %, o, &, €, €, ©, 0, and y, tl
development being effected by substituting for the first set of quantitics
values in terms of the second. 'The substitution is as follows:

- p— R—————.,

- e S —— ——ta

V=Z+_Fg,
V=244 Fy, % ()
p=71+9%g,
=497,
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attention. In the analytic development of the perturbative function cach value of

be of the form

The formation of the derivatives in the second member of this equation demands

% is composed of a series of terms cach of the form
ExX A,

E being a function of the eccentricities and mutual inclination, and 4 a function
of a of the form

(0) @’ = b9 4 (Dt 207

2s+2n—1 anb(l)
oo™’

—I—(2) at

TV teteta ®)

(0), (1), etc., being numerical coeflicients conueeted with the coefficients ¥ tabu-
lated by Le Verrier, in Tome I of his Annales de I’Observatoire, by the relation

5 %%
()= imeTn

and 5" being, as usual, the coeflicient of cos ip in the development of
(1 —2acos ¢+ af)”‘
i
in multiples of cos ¢, and » — 1 the sum of the exponents of the eccentricities in E.

It would have been much more convenient if in effecting this development the

derivatives of 5® had been taken with respect to » instead of . In fact the

o)
derivative g 5% when expressed in terms of the denvatlves with respect to » is of -
"

the form

L OB 3B A0 B B
aaan_nl an+n262+t+‘nan 4

Therefore, when expressed in terms of the derivatives with respect to », 4 will

oY oW )

@ (Y890 + () T+ @ St + et

$ L A A
" on’ On?

, etc., may be found with great facility.

As in the actual developments of B which we possess, the values of A are given
in the form (8), we must find the expression for the first two derivatives of its
several terms with respect to », which we easily do by the application of the sym-
bolic formule

D.=aD.
D, =a(D. + aD%).

Beginning with the case of s = %, we have
b7 s b

on da
YY) OB | . 5B
R e
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inner one. Let us then suppose for the present, that @ and » refer to the inner
planet, and put », for the logarithm of the mean distance of the outer one. We
then have for the derivatives relatively to »

. b
4 o i 2%
oo*  a, oo’

and for the first derivative relatively to », using the symbolic notation,

£

& _Lop, —ayn,

(9111 ay

The symbols in the second member being distributive, we have by successive
differentiation
' " R .
TN AL

The quantity % is a function of a, the ratio of the mean distances or of 0*—=, €
being the neperian base. Hence

Dk = — Dsh,
which substituted in the last equation gives
o2 —3
“ (= V", + 1) e
. .

on,"

This formula gives for the first two derivatives

P

an:h:_%l(h“Lg%)

a*f‘_
-55? <]+2 +6n )

Substituting in the general formule (7) these expressions for the derivativ
relatively to » and v, we have expressions for the derivatives of I relativel
v, v, p, ¢, it being understood, however, that all the quantitics are expressec
functions of the elements of elliptic motion.

In order to compute the perturbations of the second order we must ecarry E
such of its derivatives as enter into the differential equations (1) to quantities
the first order with respeoct to the perturbations. Let us then represent by v,, 3
pos Pos o» the elliptic values of v, v, p, ¢/, and y, which we have assumed in 1
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Let us, for convenience, replace « and y by two other variables £ and # connccted

with them by the equations
x = af,

Y = an cos Y.

£ and % are then functions of the eccentricity and mean anomaly only, and may be
developed according to the multiples of the latter. Substituting the last three
expressions in the preceding value of 7,°dp it becomes

7-0239=%{ n feQit—gfnou |.

1f we put 7,2 for the value of r, when the mean distance of the planct is put equal
to unity, so that », like £ and » contains only the eccentricity and mean anomaly,
we shall have '

nr~?
59:1-;-17%{ oS EaQdt — £ f naQat } (13)

We must now express £ and # in terms of the time, or of the mean anomaly.
Putting for the present u for the eccentric and v for the truc anomaly, we have,
by the theory of the elliptic motion,

x =7 cosv=a (cCosu —e),
y =rsinv =a cosy sinu,
from which follow
E=cosu—e, —
= sin u.

As £ and » are to be expressed in the form

£ = 13p,cosiy,
n = 4§ 3¢, sin ig,

the finite integrals extending to all values of ¢ from —oc to - oc, we shall ded
general expressions from p, and ¢, arranged according to the power of the ecce
tricity. Since ’

u=g -+ e sinuy,

we have by Lagrange’s theorem ,
2 ins 2 iné
cosu=cosg—esin’g _gosinlg & osing 4
or .
ne==cc m An—1ginn+1
Cos U= — 3 A 8___1111_1___9
I A g
using the notation :
L= 1,2.8 45w n=1T~_Mm+1). -
‘We then have
M=dt=11.
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T i 2l it } .
°°S“—31{(i—1)12t-1" (z+1)'2‘+1¢+2 +(z+3)'2'+sgf Rebad

=« ,ii—Z el—-l { '2 62 1 ?/ 64

= G=DI127 L 2+ 1) ue A 2i(+1) (142) (H_&) ‘“ T } cos ig

‘We have, therefore, for all values of ¢ different from Zero

1 >3 4

1 %¢ X ‘ ol
P=P—= (1)1 { & 32 (@1 58 5« 2441 ((+2)(+-3)

To obtain the value of p, we remark that the only constant term in cos u arises
from the term —esin’g; its value is therefore —le. The constant term in
£ = cos u — e is therefore § ¢, whence

Py = —3e. (15)

yi—2 ,i—1

— etc. } (14) =

The values of ¢; may be obtained in a similar way by developing sin « by
LaGrange’s thcorem. But the development is rather more complex, and it i
easier to derive them from p,. Let us take up the equations

£ =cosu—e
» =sinu
u—esinu=—g

Considering w, like £ and », as a function of the independent variables ¢ and g,
have by differentiation

du & (esinw)

e Oe =

ou__ O(en) _  sinw
‘e O¢ ~ 1l—ecosu (@)
du_ 1

g 1—ecosu

., Ou = b du_ dEdu__ ok
. "Oe 6?9 — T dudg_  dg (%)
Comparing (a) and (b)
0¢ - 196
dg~  Oe

Putting in this equation for £ and » their developed values this equation bec
3 ip,sinig =3 990 sinig
de
which gives by equating the coefficients of sin ig

9t=%f1’id°- (16; M
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We then have, considering only terms of the first order with respect to the dis-
turbing forces,

l', -
DR= — MR Sin N, a7

a,

thR = weiky cos N;

ay
h
Y TR ?
—-—=m cos N;
op oo
where we put for brevity, s
o= - n
T Un F-in

N =X+ id 40 + jo.
Let us represent by ¢, the terms in @ which are of the first order with respest
to the disturbing forces, so that we have

Qo= 2fD¢Ro -I--(')R0

9o’

The general term in R will then give risc in @, to the term

o h
o [2z7w _d—,} cos V.
a, (o oo .

In the case of the action of an onter on an inner planet this expression becomes
m (o oh
™ (2ivk 43 ) cos N;
a; ( o oo X

while in the contrary case it is

m (o. oh
™ (2ih —h— o

a,

)cosN,

both derivatives being taken with respect to the logarithm of the mean distan
of the inner planet.

In the integration it will be more convenient to substitute for A’ and A the
longitudes counted from the perihelion of the disturbed planet. If we put

A=¢g+to
V=040

U ig 476+ G+ 745 o
Since corresponding to each set of values of ¢ and ¢ there are several values of ;" a
7, it will be convenient in the numerical computation to combine these differ

terms into a single one, because after forming the derivatives of R there is no
that o, o and the other elements should appear in an analytical form.. If we

the angle N will become,
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cocfficient of the time under the sign sin or cos vanish, and so render the corre- {
sponding value of » infinite. 'These cases have to be treated separately B

To find, from the expression, the coefficient of the sine or cosine of cosine N,+- ug
in 7,28p, we put, in the four lines of this equation, as follows :

In the first, i+j=u .. j=. v—z;

« second, T—j=—u .. j= 1 —u;
“  thid, —t4j=v .". j= w-+413;
«  fourth,—t1—j=u .. j=—u—1.

In the above expressions ¢ and j being independent, and including all values
from —oc to 4-oc, ¢ and « will also be independent, and include the same range
of values. Substituting for j its value in « the coefficient of

_I_M[k cos (N, + ug) 4 k, sin (N, 4+ ug)]
16a,(1Em) - [P T T

beeomes 7

Pi Qo Pa— v )

< T PiGaw (¥ — V)

+ Pt Yty Pary— Y= )

+ P @y (V=i — Viuto)-

Since ¢, = — g_; this expression reduces immediately to
95 { PiQu-n (s — Vo)
+ Pi Qi (Put— V= s

or, substituting ¢ — » for ¢ in the second line

" 4 I 25 (PG P (s — Vus)-
Hence, writing N instead of W,

1 1) i A b
Sp=¢ a__?ltﬁm) 32 PGty FPu 90 (Vi—2ug) [ cOS(N+ug)+Fsin(N4-ug)] (19)

This expression fails for the particular case N = ug, where the value of v_, will
be infinite. If we take cach term of @ of the form - '

(A(“) cos ug + & sin ug),

and substitute in the o'eneral expression (13) it will be found that the terms in rlz&;
which have the 1nﬁmte values of » as a factor are to be omitted, and replaced by

S Y l mant ) 00 20)

The two parts of % thus found include all the terms of the first order with
respect to the disturbing forces. But when terms of the second order are taken
into account, we shall find terms in @ proceeding from secular variation in whie
the time appears as a factor, outside the signs sin and cos. Let us represent such
of these terms as depend on any angle N by 3

m'nt
Q ==
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to which expression is to be added, in lieu of the terms which will have ivfinite
values of » as a factor.

1 ary Wt Rt T L0 )
ta(14m) {nSpJY — E3q k) (52)
. k™ and &% being the factors of _nt cos ug and _unt sin ug in the expression
for Q. s s

The formulae 19, 20, 21, and 22 give the complete expressions for the perturba-
tions of the logarithm of radius vector by successively substituting in it all the

terms of Q.
Perturbations of Longitude.

We now pass to the perturbations of longitude. In the Mécanique Céleste
(Premiére Partie, Liv. ii. Chap. vi.), Laplace gives an equation (Y) by which the
perturbations of longitude, which are of the first order, may be derived from those
of the radius vector without the formation of any other derivatives of R than those
which enter into . DBut the formula does not seem easily adapted to the case in
which the perturbations of the second order are taken into account, we shall
therefore derive all the perturbations of longitude from the second of equations (1).
By integration this equation gives

dv oR

= { =dt+ C }
C being the arbitrary constant of the mtegral. Representing, as before, by sub-
script zeros the values of the co-ordinates corresponding to the ellipse to which the
orbit is supposed to reduce itself when the disturbing forces vanish, we have

dv, d’ncosy  uC

' S A Ay
because the constant to which the integral must reduce itself in the elliptic motion
is a’n cos '\L‘

Subtracting the last equation from the preceding, and putting
v — 1, = v, we find

dSv f (__ AN %) a’n cos .
[

Developing ;17 to terms of the second order with respect to the disturbing force
-1 1 g
T (1— 23p + 289 f—etc.),
which, being substituted in the last equation by putting
__an’
(i< | +m’ i -
,,.02 = a2i’12, )
gives

ddv i oR =
TN 10%%,(1 —28p) f pdt—2m cosd (fp— 8D, (28)

which is rigorous to quantities of the second order.
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1 The most convenient mode of making the numerical computation of the second
order terms by means of this equation will depend upon circumstances. 1f the
perturbations of longitude and radius vector of both planets are already known with
a suflicient degree of approximation for the computation of formula (11), it will be
more convenient to form at once the complete values of ull the quantities which
enter into the equations (12), (13), (19) to 22), and (23), so that no steps of the

ess shall have to be repeated. If such perturbations are not known, they
must first be computed, and it will then be necessary to begin with the perturba-
tions of the first order, and afterward add those of the sccond. There is, how-
ever, one class of terms of the second order which it will be most convenient to
ake acecount of from the beginning, namely, those arising from the constant term
in dp and &". This is effected by correcting the mean distanees for an approximate
~value of these constants at the begiuning of the computation, and then proceed-
r in the usual way. This is in fact what we have supposed to be donc in the
receding investigation. The values of é&v, §v, ép, §p’ in formula (11) will then

n only periodic terms.

~ In computing the terms of the first order we determine the value of dp from the

ions (19) and (20), using the value of @, in (18). Then those of év are
by integrating the equation

ddv __an® i (OR, 3 -
Y iae lbq:'?;f“&v dt — 2n cos ‘\ll TI’. ('4)

ving found the values of dv and Jp for both planets, they are to be substituted

(11), to obtain R, 8%1‘?‘and 8%£. But, rigorously, év and é&v are not the
. P

ith dv and 3/, owing to the movement of the orbits of the planets, and the
ions for dy are also to be added. Considering, for the present, only the
turbations of the second order, which depend on {v, &, dp, and &p’, we may
‘ he following equation for é22, and similar ones for its derivatives:

of ) IR e, , OB, X
SR= "5, b0+ Gy Wt g % + o 8’ (&4

thus found $ R, and hence D' IR by differentiation, and then é %E-, we form
ntity P

OR - 1d(r%%) | 1%’
aQ-_-sz,mdt-}-a—&;—ﬁ—(m =47 (26)
h is the difference between the value of @, in (18) and that of @ in (12).
he terms in dp arising from §@Q are then to be computed by the formule (19),
) (21), and (22), when we shall have dp accurate to quantitics of the second
der. Let us represent these additional terms by d%.  Subtracting (24) multi-
lied by 7,2 from (23), recollecting that the §p which appears in the second term
former is really §p—¢%, we find, neglecting quantities of the third order,

r,’d.g-v —an® {fé %15- dt — %P'f%% dt } — 2n cos (8% — &p%)

-
N
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" suppose positive rotation around an axis to be such that an observer looking from

. plane move downwards, and the left hand side upwards. Lct us also denote the
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from which the terms of dv of the sccond order are obtained by multiplying by
7~ and integrating.

Motion of the Orbital Planes.

The general theory of the motion of the planes of reference, especially of the
motion of the instantaneous orbit, has been so often treated that I can scarcely
hope to add anything essentially new to it. I shall, however, endeavor to pre-
sent the differential equations of the motion in a simple and general form, and
one in which the gcometncql conceptions of the problem shall be made as clear
as possible.

The orbital plane of each planet being at each moment osculatory to that part
of the orbit which the planet is actually deseribing, its only motion is one of rota-
tion around the radius vector of the planet as an instantaneous axis. This rota-
tion may be resolved into two others around any pair of rcctangular axes fixed in
the moving plane. But the rotation produced by any one planet is most simply
expressed when referred to axes, one of which coincides with the common node of
the two orbits. The rotation produced by each separate planet must, thercfore, be
first referred to its node on the moving orbit, and then the combined rotations
must be resolved into two around axes assumed at plecasure. To effect this, let us

the origin along the positive direction of the axis sces the right hand side of the

first axis in the order of longitude the principal axis, or that of X, and that 90°
farther advanced the secondary axis, or that of Y. Let us now put

dg, the instantaneous rotation around the axis of X;

dp, the instantaneous rotation around the axis of Y. Let us also put, relatively
to any disturbing planet,

dz, the instantaneous rotation around the ascending node of the disturbing planet
on the orbit of the disturbed one.

dl, that around the corresponding sccondary axis.

Then, from the known equations for the perturbations of the inclination and
node of an orbit, we find, that, if any tcrm of the perturbative function be repre-
sented, as before, by
Td]f cos (TA'4-12 -+ fm’—{— Jo),

1

the differential rotations » and % will be given by the equations

dn mh an B N .
B= " ooy { G coty+(s) coscoy | sin.¥ 2
dk man Oh ,
RN T et

As R is actually developed, the mutual inclination o does not explicitly appe
but 1s replaced by

=t
G=sIin 3 v,
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These rotations will be around the same principal axis with the rotations dy and
dk, but around a secondary axis in the plane of the disturbing orbit, and therefore
making an angle y with the secondary axis of the disturbed orbit. A geometrical
construction will now show quite simply that the infinitesimal rotations &y, 8%, o/,
and 8% will produce the following changes in v, v, and 4.

dv = cot ydk — cosec ydI
OV = cosec ydk — cot 3k’ (29)
dy = &'— on
If we snbstitute these values in the general formule (11) the terms of the second
order added to 0 will be

SB— (6’R

cot y + cosec 7)3k
(30)

oR oR
P (—(97 cosec y + = cot 7/)57‘,’
oR <.,
i o (& — dn)-

The first two terms of this expression may be put into the form

oR | OR. oR oR . -

{ 1 (—67-—}——67) (cosec y - cot ) — 3 (W —_ W)(cosecy— cot ) } b1
oR oR ' OR oR .

— { 3 (—av— -+ —5‘7—) (cosec y + coty) + 4 (—gv— ———(.-97) (cosec y — cot 7)'}195;‘

But, Y 2

cosecy 4 coty = coty —cosdy

15
—coty=tan}y= 7
cosecy — coty =tan § y a s
and in the general texm of R, by (7)
OR MR or "
Ty ——a—(z+3)s111N
oR m'h ;
= ——( +J') sin V.
Making these substitutions, and putting, as before,
i+t =—

the above value of § R reduces to

5R=ﬂ2;£1 freotdy (O — OF) + ({7 —7' —j ) tan}y Ok + )} sin N

+ Wipoks (. 020; by 67; (Bn dn) cos N
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Counting the integrated values of p and ¢ in a direction perpendicular to the
moving plane we have

sin 0 = o
tan ¢

cos ) = !:an 4
an ¢

which, being substituted in the expression for dl, gives

= i _T_Oi-z’;p (tan gdp — tan pdq).
The approximate value of the integrated correction is therefore
1
= lp — pdg). 32
8=, f(gdp —pdq) (32

For every pair of periodic terms in p and g, such as
g = & sin ut, p = s cos ui,

& will contain the secular term —— } s* u¢, which will be confounded with the mean
motion, and, if it were not so confounded, would in few or none of the larger
planets amount to a second in a thousand years. If the secular terms in p and ¢ be

g ="t} p="5%

81 will vanish. We hence conclude that these terms are entirely unimportant in
the present state of astronomy, and that, if we consider the positions of the plane
of the orbit at two epochs, we may consider the points of departure in them to be
equally distant from their common node.

‘We have therefore only to consider the motion of the inclination and node due
to the change of the position of the orbit and of the ecliptic. If we put

¢, the inclination of the orbit of the planet to the ecliptic,

0, the longitude of its node counted on the ecliptic,

7, the longitude of the same node counted from the same fixed point in the
moving plane of the orbit from which » is counted,

Then, the longitude of the planct on the ecliptic, or L, will be given by the
equation

tan (L — 0) = cos ¢ tan (v — ),
or, when developed in powers of ¢,
L=v46—~v1D, (33)
where D is the reduction to the ecliptic, the value of which is
D= —tan’} ¢ sin 2 (v — <) 4 1 tan* 1 ¢ sin 4 (v — ) — ete.

Let us refer the instantaneous rotations of the orbit and of the ecliptic to the

fixed points of reference in the two planes; ¢ being the rotation around an axis

passing through the sun and the fixed point, and p that around an axis in 90°

greater longitude, and the accented quantities referring to the eclipticc. We then
have
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quantities of the first order, in which case 0 and 7 may be assumed equal. These
valnes are

3¢ =sinz ép + cosv ig
sin ¢ &z = cos ¢ (cos v ép —sin T iq)

the terms dependent on 8p’ and ¢¢ being omitted because, being purely secular,
they may be included in the mcan values of ¢ and 7. Substituting in the expres-
sion for &3

Cos ﬁéﬂ:cosq) {sin’uéq-—cosvcp}. 37)

In the case of all the larger planets both cos 3 and cos ¢ may here be put equ’xl
to unity, when the expression for §3 will become
83 = sinv {g — cos v &p. (38)

To develop this expression in purely periodic terms we must substitute for v its
value in terms of the mean longitude or mean anomaly, namely,

’U=Z+265i119+5625illgg+et0.;

suppose the terms of ép and {g depending on any argument, N to be

ép——a sin N — a,cos V
dg= d,sin N4 d.cos N (39

and put 7 for the longitude of the perihelion, so that

l=n+yg
then, to terms of the first order with respect to the eccentricities, we have
83 = —e(a,cos  + o, sin ) sin N — e (a, cos w 4 o, sin x) cos N

+1 §{(a,+ @) cosm + (@, — a,) sinz} sin (N4 g)

+ 1L {(a, —d,) cosn+ (a.+ «,) sinnf cos (N4 g)

+ 1 {(a, —d,) cosn + (&, + a,) sin} sin(N— g)

+ 1 {(a.+ @,) cosn+ (a. —a,) sinw} cos (N— g)

+ 1ei(a, +a .) cos t + (&, — a,) sinzt} sin (N 4 29)

+ Le}(a, — &,) cosn + (&, + a,) sinn} cos (N + 29)

+ Lef(a, —d,) cosn + (d, + a,) sinz} sin (N — 29)

+ Lei(a, + a,) cos + (@, — a,) sinw} cos (N — 29)

The point of the orbit from which n and » are counted is entirely arbitra:

and, in considering the action of but a single planet, it will be most convenient
count them from the common node, in which case w must be replaced by o,

8p and &g by 8k and 8. Thus, deducing the perturbations of the latitude imn

diately from the formulee (27), we shall have

(40)

83 = sin v dn — cos v ¢k.
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Derivatives with respect to (log a = .)

1 Dn(abg)) Dn(az.Dabg)) .Do(o:’l)abg’)
_-—_-a,b"{’ =2a,13‘;’ =6alB‘?

0 4.539 13.452 55.1

i 4.111 13.46 54.1

2 3.173 12.45 52.8

3 2.223 10.50 49.5

4 1.464 8.18 44.0

b 0.922 5.99 36.7

6

0.563 4.19 29.2

Second derivatives.

4 a,DgB% a, Do B} 2a,Dp B}
0 4.539 1799 82.0
1 4.111 17.57 81.0

. 2 3.173 15.62 777
3 2.223 12.72 70.5
1 1.464 9.64 60.4
5 0.922 6.91 48.7
6 0.663 4.75 - 37.6

a, B9 a B} 2a,E9 6a, B9  aDoE®  aDyE?P 2,DoEP

1.267 4.111 13.46 54.1 4111 17.57 81.0
1.313 3.856 12.95 54.0 3.856 16.80 79 8—
0.850 3.167 11.98 51.8 3.167 15.15 15.8
0.500 2.318 10.31 48.4 2.318 12.63 69.0
0.281 1.573 8.24 43.1 1.573 9.82 59.6
0.155 1.014 6.18 36.6 1.014 7.20 49.0

Qv WD = D

The notation B¢ and E? is that of Le Verrier in his development in the fix
volume of “Annales de I Observatoire Imperial de Puris.”

Numerical expression of I and its derivatives.

‘We next proceed to the computation of the coefficients A and their derivativ

As an example of the most convenient form of computation we present in full th:

of the coefficient of ™ cos (iA'—(i—1)A—o) in the expression of R for the ac
a

1
of Saturn on Uranus. In this computation I use the tables given by Le Ve
in his “Annales de I’ Observatoire,” tome i, pages 358-383, comparing the de
ment with that of Professor Peirce in the Astronomical Journal, vol. i, as a cont
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on the sun. They are each.of the form NV X «~ N being a numerical coefficient
given by Le Verrier under the coefficient for each term. The derivative of this
expression with respect to 0 is — 2N X a% so that for the corresponding terms
in D.h and D:h we have

AD.h = —22h

AD:h = 4 4%

The values of % and its dcrivatives, corresponding to any one argument ¢ and g,
are to be combined into two terms depending the one on the cosine, the other on
the sine of the argument. Let us represent by g the mean anomaly of Uranus,
and let us put 7 for the mean longitude of Saturn counted from the perihelion of
Uranus, or, more exactly, for the arc A’—aw. Put also

N=1ig 17,

i +74y=0"

P=j04) 0o,

P’ — jﬁl(‘) _l_ j,(n)’o
Then, for each value of N there will be several values of P corresponding to dif-
ferent powers and products of the eccentricities and inclinations in %. Distin-

guishing these values and the corresponding values of & by subscript numerals, we
shall have a series of terms of R of the following form-—

hycos (N4 P)

m + hy cos (N +- P)

a, | A Rhycos (N4 Py)
-+ ete. etc.

==

and by putting
h,= Ry cos P+ h;cos P’y 4 hycos P - ete.
h, = — h; sin P’} — h, sin P, — h;sin P’y — ctc.

(41)
The above terms may be condensed into

R=""h, cos N+ —727;, sin N,

which are of the form supposed in the preceding theory.
In order that the derivative of R, with respect to the true longitude of Uranus,
may be expressed in the form
R m m
= v,sin N -} = v,cos N

we must, by (7), put
v, = — (¢ + J) h, cos Py — (¢ + j,) by cos P, — ete. (42)
v, = — (¢ 4 J1) by sin P, — (i 4 5;) ky sin P, — ete.

Ji» Ja» representing the several values of j in the different terms which correspond
to one and the same set of values of ¢ and 7.
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Y ALUES OF A,
P — 2 — o () — 3, 0
JZ 0 —(w) —2(a) + 20
o T h h h h h, h,
—1, 3 -+0.04 — 0.27 —42.24 -+0.11 +38.72 —+17.03
0, 2 -+0.06 +31.65 — 0.04 -+0.18 -+ 6.58 —31.15
41, 1 —0.74 — 0.83 — 1.08 —0.91 — 0.03 -+ 2.15
2, 0 -+3.09 — 5.19 -+ 1.89 0.18 -+ 0.32 -+ 4.14
3,—1 -+1.268 — 6.290 -+ 2.082 +40.111 — V1.91g -+ 5.216
4,2 1-4.16 — 5358 —+ 1.767 | 40.061 4+ 1.44 -+ 4.576
5,—3 +3.13 — 4.03 -+ 1.29 -+0.04 -+ 1.13 -+ 3.39
6,—4 -+2.11 — 2.74 -+ 0.87 -+0.02 -+ 0.75 -+ 2.31
fTr==ty +1.85 —DING6 + 0.55 --0.01 -+ 0.49 -+ 1.49
.P —3(‘) —w'——20 '—2‘0' —_ '—3(01 -—w’ —_—w
24 0 — (w) —2(w) —3(w) Bo—d| 2w
t ¢ h h h h h h h, h,
41,42 0 —5119 0 — 11 |(—.14 [4.02 +.17 +.06
2l -+.01 —.07 .03 —.02 [—.02 |-.01 0 _ +.04
3, 0 -+.18 == +.34 —.08 | —.02 |4-.04 =1l -+.213
4,—1 +.222 —.760 +.520 —. 117 |—.016 [-+.029| —.325 +.416
5—2 +.424 —.847 -}.558 —.122 |—.012|4-.021| —.176 -+.490
6,—3 -+.398 —.773 -+.498 —.107 |—.008 |4.014| —.145 -+.460
7,—4 -+.327 —.627 -.395 —.086 1—.005|4.009| —.107 -+.379
8,—b .24 —. AT +. 2‘) —.06 0 0 —.083 --.289
A . 9 — s B R B N § S e — 4,
P 0 —(w) (o) — 3(w) —4(w)
T 7 h h h h h h, h,
4, 0 0 —.04 +.04 —.02 0 —.04 0
5,—1 +.02 —.08 -+.08 —.04 +.01 —= (03 -+.003
6,—2 +.039 = 106 © 106 —.047 —-+.008 —.045 +.028
7,—3 +.043 — 114 +.112 —.048 -+.008 () 1) -+.034
8,—4 +.042 —. 106 +.103 —. 044 -+.007 —.044 -+.032
9,—5 +.035 —.09%0 -}-.086 —.036 -+.006 —.037 -+.029
VALUES oF Dyph.
P 0 LD
2 0 (a)
] ’L" Doh Dnh Dohc .Dnh;
—4,1-4 -+ 3.18
=k & - 3.24
— + 2.39
=il U -+ 0.40 :
0, 0 + 171.93 — 2.075 <+ 171.51
“+1,—1 " 4-8749.59 e 2169 + 8749.12 — 3.02
=02 + 467.72 «+ 20.83 -+ 472.46 -+ 18.05
30 -+ 277.00 -+ 2.87 + 278.25 — 0.36
414 -+ 153.87 4 462 -+ 155.46 + 1.41
B8 + 82,12 -~ 4.90 -+ 83.54 -+ 1.80

PR Wy
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the index of the disturbing planet has the same value, arranging the individual
terms of each series according to the index of the disturbed planet. Thus, the
index of the product of any term, as % cos N, by any multiple of the mean anomaly
of the disturbed planet, as jy, will be found in the same series with that of V itself,
and 7 lines above and below.

The next process will be the formations of the required functions of the mean

dv dp a’

anomaly of Uranus, - F TR AN log . 'Their values are as follows:—

B i . dp, dv,
o= Po = 0 ’-)Z‘I)t— == m._.
1.001103 ~+.0005507 ~
+.093933 cos g —.0468589 cos g +.0468889sin g 4.0938294 cos g
+.005507 cos 29 —.0016494 cos 29 +4-.0032988 sin 29 4-.0005012 cos 2¢
-+4.000336 cos 3y —.0000732 cos 3y  4-.0002196 sin 3g 4-.0003357 cos 3¢
~+.000020 cos 49 —.0000035 cos 49  +-.0000142 sin 49 +-.0000206 cos 4g

Considering only those terms which are of the first order, the value of DR may
be found in two ways, the agreement of which will afford a check upon the entire
development of the perturbative function, and upon the computations of & and

—OZE. These are (1) by direct differentiation, with respect to the time as cons
ov
tained in the mean anomaly of a single planet, whereby each term in 2 of the

form
R = :’”3 hcos N

a
will produce in I),R the term

D,R = — ™ inhsinN-
1

and (2) by forming the expression
R dv, | OR dp,
ov dt c?p dt

As several ¢“mechanical multiplications,” like those indicated in this last
expression, are to be® performed, the following example of the form of com-

DR =-

putation is presented. It exhibits the formation of the product of those terms

oR. .
of g = which ¢ = — 1 by — Ly
.
¢ N | 0 e ) 3 4 5
a‘ aR sin +.02 4 1.63 —9287.42 3481.14 4 54.42 6.988 1.18 40.10
+ e
MV o 0 4+ 08 — 13.48 --163.32 4 2.558 --0.33 4-0.06
; U4.08 —13.48 +163.32 4 255 - 0.33 4+ 0.056 0 0
w WIS { 0 0 0 0.00 — 0.19 -+ 9.576 -40.15 4 .02
Lo W AR g 4R T 08 0 0 0 0
X .000168 .58 4 0.01 0 0 0 — .048 4+ .58 0

a, aR dv

—.11 — 2.26 —193,87 3470.2 217. 19.1 .24 40.1
T o 43470.23 4-217.28 +419.125 +2.24 40.18

2] BT ™13

" a Lol

T - ——

P Dy,

\

-
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)

‘J The multipliers on the left are each one-half the coefficient cos jy in the ex-

: ity b s :
pression for di and each product is placed in the two columns corresponding

respeetively to N+ jg and N — j59.

All the derivations of 2, necessary in the computation of the perturbations of
the first order are given in the following tables. First we have the values of
DR obtained by direct differentiation, as indicated in the preceding formule,

Next we have fij‘e and .(:9])3 , obtained by the formule (7) and (42). The products
¢ §

_g_vl_? by -‘;Z;;o and of _‘Zg by %, being formed in the simple way just pointed out,

and with the values of the component factors just given, their sum is next shown.
~ This sum should agree accurately with D,R. ‘The discrepancies are shown in the
“next two columns. The only apparently large discrepancy is found in the argu-

“ment 5¢—5L It probably arises from the incompleteness of the computation of R

and %ﬁ’ so far as they depend on this argument. As the entire term does not
=

onnt to 07.01, I have not sought to correct it.

‘The great value of this check arises from the fuct that it gives a complete con-

of the correctness of the development of the perturbative function, ab initio,

the two valves of DR are derived from different terms of that development.

t also controls all the computations except that of ZR This quantity being
P

Itiplied by quantities of the order of the eccentricities in the second valuc of
), R, an error in its value will produce a discrepancy of only J1; its own amount in
), R, and may therefore be overlooked. The derivative in question must there-
re be checked by a complete duplicate computation.

In the column next following are given the integrating factors », for which the
pression is

' n 1

= e
w4 . "',

" R

n

- each value of 7 the values of » are therefore the reciprocals of a series of num-
in arithmetical progression, the common difference being unity,

6 April, 1873.
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m/ OB m' oR mwm
D"R:—&:’nx g:-al—x b—f-)_:Tlx
g v sin cos sin cos cos sin
0, 0 0 0 + 0.487| —1244.31
1, — 4815 | + 48.96 | + 10.20 | + 49.071 | — 63.52 | —118.82
g, — 064 4 + 828 | 4+ 448 |4+ 8.20 [+ 343 | — 10.14
3, 4+ 0.45 + 064 |+ 050 | — 008 | + 0.7¢ | 4+ 0.34
4, 4+ 0.16 0 + 006 |— 006 ] 4+ 010 [ 4 0.01
. gr by 0 4+ 008 | 4+ 002 |— 004 | + 008 |— 005
43 — 008 | +-215,[ 4 -1.63 | 4+ L3l 3. 195 J—Na
0, 0 0 — 928742 | — 0.10 | + 276.62 | 4 34.79
1, 1348142 | — 1.33 | +3481.14 | — 1.04 | —5267.70 | 4 4.35
2, 4 9428 | 4+ 71.06 | + 54,42 | 4 ¥1.23 | — 200.44 | —119.83
3, 4+ 5714 | 4+ 1565 | + 6.988 | + 9.490| — 2.02 | — 1%7.37
4, 4+ 130 | 4 L6 | 4 118 | o 0042 AR
5, 4+ 0.15 F 4 o5 SEE NI 0 4+ 017 {— o.01
Ll =0 a4 <pb i + 006 | 4+ 0.2 [— 036 | 4+ 004 | —+i0N
0, 0 0 — 658 | 4+ 3099 | 4+ 6.34 | 4 31.39
1, 4 93.30 | —430.35 | 4 96.81 | —430.37 | — 87.14 | -—458.30
2, — 408.28 | — 20.58 | — 410.42 | — 12.01 | — 676.60 | — %7.76
3, — 91.89 | 4+ 6432 | — 5701 | — 6498 | — 98.97 | — 94.93
4, — 5% | 41830 | 4+ 1.45 | 3 12.96 | —  0.67 " —IREE
5, 4+ 088 | 4245 | 4 130 f 4 Lod |- 05 Rt
6, + 0.27 4+ 017 | 4+ 020 | — 0.08 |+ 0.28 |-~ 008
1,—3 — 3892 | —17.08 | — 88.%5" [ — 17.26,] <+ 4004 ST
9, 4+ 102 | 4+ 1880 | -+ 5381 {41904 | + BAB [N
;3 — 254.31 + 287 | — 925415 | — 0.02 | — 363.02 | — 0.43
4, — 71.84 | + 5020 | — 51.49 | - 49.90 | — 175.66 | — 66.45
5, —  5.65 + 16.95 | — _9:98 1 3 130 | — .82 8 =S
6, o 0.8% 4+ 27 | 4 129 | F L5 4 J4a I ENE.
%3 4+ 034 4. 0.2 et o S . + 035 | — 0.07
8,—4 + 3038 | <+ 18498 | 4 1.%4 i 4 1808 S 628 NS uEE
4, — 144.96 | + 880 | = 14478 [ 4 15 | =g =N
5, — 4990 | -+ 35.00 | — 38.64 | -+ 8458 | — 52.17 | — 43.7
6, — 450 | 4 13.86 | = 0.9 4= 1008 =S NN
q, + 075 | o 266 et N 4+ 1.8 ] aasn ek SN
8, 4 - §86 4 02 | 4+ 03 |4 01§ o 0dee |-~
5—5 — 79.05 | 4 405 r= 989 | @A | = 093 (S
6, — 32.3 + 22.7 — 26.3 | 47998 | —<885. i B0
v, =" B4 + 10.4 T | BIESE-R A S, i
8, e (U + 23 4+ 0.9 4+ 1.5 5 25 — 1.0
9, + 0.3 4508 4 03 ‘|4 01| 4+ 03 j3 08

e
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The values of -;:;fD’LROdt are formed from _n(;;z D' R by simple multiplication by

», and proper changes of sign. 'The values of L, and Z, are then formed by adding

a ’ o 3 o 1
the terms of 2 —m;lfoRodt to the corresponding terms of = —59—
Perturbations of radius vector.
Let us now resume equation (19), and put for brevity
T Bt ) /o (44)

a, (1 4 m)
If we give to u the successive values 0, 41, —1, 2, —2, 3, —3, we have

33 pg: (vi—v _) {kecos N4k, sin N}
+ 32 (P61 + P (—7a—g) {kecos(N+ g) +F, sin(N+g)}
r2p=MX { +3Z(PGusrn TPe+12)P—V—en) { k. cos (N— g) -k, sin(N—g)§ ¢
+ 32 (PGu—ry— P2 (—V ) { ccos (N+-29) -k, sin(N4-29) ]
| + ete. etc. etc. ete. ]
the finite integral being taken with respect to all values of ¢ from — oc to + o,
and the terms in which the angles N4-ug vanish being omitted. Proceeding far-

ther to expand with respect to 7, if we collect similar terms we shall find the indi- *
vidual terms in 7°3p to be as follows:

o=3IM { Pita (1 — 7-1) } k,cos N4k, sin N
e 1 + e (2 —vs) g R 4 2

Pt (v1 — ) ]

(
, ¥+ (Pl% + p2q1) (2 —vy) A N
+iM {l i P 21 Do) o == 5D s $k.cos (N+g) +k,sin(N+g)}

etc. ete,

Poi (vo— —1)

(ﬁzg: iﬁgl; 8: i :—3 b k&, cos (N — g) -+ &, sin (N — g)}

efe. ete.

L]

+

ts

M

PGz (va — 1)
(P2 + psg) (vs — v_1)

e

+

=3

= {k, cos (N + 29) + %, sin (N 4- 29) }
+ ete. ete.

4

e

==

i

2=

+
B

L

+

|
|

+Hl’1

f

|
etich

[ DPofs (vs — ‘Vo)

s+ i) (v — v)

Pigz — Poa) (Vz T V;)
etc.

j
Pz (Vo — v_s)
(g + psq1) (vl — v_a) } §k,cos (N — 2g) -+ &, sin (N — 29)}
} $ &, cos (IV -+ 3g) -+ %, sin (N + 39)¢
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R = —
B —3 —2 e 0 4 2 3 4 5
—0.1459 | —0.1709 |—0.20610 |—0.25960 —0.35062|—0.53994 |—1.17863 |1-6.75940/1-0.87113 | 4 0.4656
e +0.08 | +1.28 |4276.62 |—1508.18| + 20.85 | — 79.56 | —1.10 | +-0.03
e —0.08 | —1.23 |4 34.79| +5.19 |—286.59|+194.17| +1.79 | +0.13
114256 wery | — 0887 | — .14452 | — .28034 [ — .82301 | 4-7.29934 | 4+2.04476 | —6.2938 | —0.5535
T 00784 | sy | — 2047 | — 3690 |— .9675 |+7.0190 |-F1.2218 |+1.0055 | +1.4913 | —6.5186
=uoem | 5= — .0535 | — .0910 | — .1893 | — .63368 | 4+-7.9330 | —5.8583 | —0.4056
T 33433 | vt | — 1797 |— .3338 | — .9140 |47.1200 |+1.4110 | +1.6392 | —6.4417
I 00028 [ v—v. | —139 |—100 [+6.96 |+1.13 |Lo.82 | 4086 |+l41
— 08958 | i — 144 |—.280 |—.823 |47.209 |42.045 | _—6.294 ;
+ 0118 | w—ry | — 369 |—.968 |4+7.019 |41.222 |41.005 | 1.490
— 0.008 B — 33 Ry +141  |4164
1+ 0.005 v, | —1:00 i 6oy S fo0.82  |d0.t6
J 00008 | vpmiy ¢ [ 108 G R 4793 |—5.89
14256 X(y—r.,) | —12.35 | —20.60 | —39.965 | —117.327 | +1040.59 | 4-291.49 | —897.2
0.0784 X(u—ry) | —0.02 | — 0,03 [—0.075 | 4-0550| +0.10]  40.08 | +0.1
K, —12.37 | —20.63 | —40.040 |—116.777 [+1040.69| +291.57 | —897.1
— 10044 XO—w) | +0.532 | 4-0.914 | +1.901 | 4 6.364 | —79.68 | 450.14 |+ 4.1
T+ 33433 XOp—ry) | —0.601 | —1:126 | —3.056 | +-23.770 | + 472 | 4 6.48 | —21.5
+ 00028 X(r—ry) | —0.001 | —0.003 | +0.020 | 4 0.003 0 0 0
K, « 1 —0.20 | —1.135 | +30.137(—74.96 | +-64.62 | —17.4
Ko | A —0.07 | —0.205 | — 1.135|+30.14 | —74.96 | +64.6
— 2358 XOy—») | +0.034 | 40066 | 40194 | —1721 | —0.48 |+ 1.48
+ 18 XGi—ry) | —0.043 | —0.114 | 40828 | 40144 | 40a2 |+ 0.18
K, e e +1.022 | —1.577 | —0.36 | + 1.66
£, o Irsne il —0.000 | —0.048 | +1.02 | + 1.58
— B08  X(—v) | - 002l B Noaq U S 11 | —#ig
44005 X(y—r) = ononrRiias uica SN +.004 | +.004
/AR R T R T —.007 | —.009
B, | Bttty it —.002 | +.042
Ky W Yy — 26 | —11076 |+ 176117 | 421698 | —23197 | 4991
] 0 0 0 314 | 45452 | —1563 | —b142
Ky ke 0 — o8 | fwl 4628 | 45964 —71 0
K ke 0 0 0 0| 4+ 282 | L2378 —8
EE =1 + 52 +21 +126 0 0 0
X, e 0 0 0 0 0 0 18
Fd o 42 oo 0 0 0 0 0
ridp (cos) | — 1 — 9 | —9848 |+176557 |—17508 |—22458 | —4151
sciabet 0 0 0 —433 | 48283 | —w21 | —1053
: 0 —438 | 48283 —821| —1053 | —195 s
0 0 0 o| —26 | 3485 —48
X002751 1§ _gg 4485 24 62| = 0 0
%.000168 | 430 => sy = 3 0 =g 130
cos 43 (cos) | + 3 +38% | —1112 |+175235 |—10815 |—22986 | —b227
K, ks £ + 26 | —1393 | —676 | —298254 | 456614 | —1606
0 i 0 0 0| —39 +175 | 4-21483 | 412548
K ke 0 =y —6 | —8637 | —14556 | 4116 e
o, 0 0 0 0 136 So | 1308
£y R I | 0 —293 | —306 Ay 0 0
K+, ke 0 =0 0 0 0 0 0
rid (sin) | + 1 + 8 | —1692 | —9658 |—312600 |+78204 |+11044
s { 0 0 0| =1 453 | 14666 | 3669
3 0 — —453 | —14666 | 3669 | 4518 113
. 0 0 0 —5. 27 | —se0
NP {— 5 — 27 —860 | 215 +30 0 0
%.000168 | — 5 Z 53 + 13 12 0 0 —2
cos ¢ (sin) | — 9 —151 | —2992 | 24186 |-—809359 |4 64029 |+13864
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r,*8p cos 43p log My v, v,
Tl cos sin cos sin
0, 0 —210n¢ —70nt +139n"¢
1 +2986 0 |}-29681nt |+-2978nt |29633 n!
2, —+70 né +697Tnt | +209nt | -+2084nt
3, + 2nt +24nt | F14nl 4139 nt
0, 0 |—355045 354347 oc 0 |
1, -+148175 —1503 | —18411 —1496 2.45551 —2912 | 414206
2, —283 449 —1536 —21 2.25448 —639 4457
3. —20 — —112 — 2 1.97839 —46 —8
R 2= N +1 + 3 — 9 1.7696 + 1 +2
—1, —10 4 8 +34 —151 1.8698 +12 —99
0, —9343 —1692 —1112 —2992 2.00035 —2876 +10
+1, +176557 —9658 |-+175235 | —24186 2.18786  |-4+536512 +160
2, —17508 | —312600 | —10315 |[—309359 2.52504 41823 | —23860
3, —22453 | 478204 | —22986 | 164029 3.28542 —13482 | 418310
4, —4151 | 411044 ¢ —5227 | -}-13864 2.39559 —293 4104
5, —115 4281 —373 -+961 2.1235 —13 0
—1,—2 = ]l 501 + 1 — 2 1.6292 + 9 +1
0, —56 —276 +32 —100 1.6993 —329 —1551
+1, -+110 +31723 41675 +3728 1.78303 45874 | 426114
2, +20180 —13 | 420583 4484 1.88683 —31660 4926
3, 47197 46512 48824 |- 46796 2.02348 —6019 —6860
4, 41534 46202 +2054 +6230 2.22401 4243 —2172
5, ~+2071 —5954 +2134 —5610 2.60786 +527 —421
6, —653 41755 —550 4494 2.98438 —190 —20
1,—3 —151 464 —137 +175 1.5772 —1464 4653
2, —52 +221 +149 +229 1.63886 +231 —833
3, 4348 +-15 44420 -+4-88 1.71074 —13050 +1
4, +1564 1280 +1774 41314 1.79691 —3225 —3126
5, -+133 -+685 +214 +756 1.9045 —18 —1043
6, —111 J-232 *—109 +272 2.0479 4144 —163
(1" —163 +87 —168 +100 2.2634 +50 —1
3,—4 —28 4121 431 +122 1.5408 4181 —638
4, - +1223 +17 +1245 +41 1.5858 —5518 —58
5, 485 +389 4545 4400 1.6488 —1721 —1540
6, +38 +201 -4-63 +221 1.7225 —50 —590
i —25 258 2258 463 1.8012 470 —100
8, —15 + 1 —16 4+ 9 1.9229
5—5 +392 +12 4400 +18 1.4889 —2432 —1T14
6, +115 +138 +194 +142 1.5385 —908 —T760
1, +14 +11 +22 -84 1.5946 —40 —340
g, —10 420 —9 424 1.6589 +40 —170
9, - + 3 =% + 4 1.7345

-







THE ORBIT OF URANTUSR.

* PERTURBATIONS OF THE LONGITUDE OF URANUS PRODUCED BY THE ACTION OF SATURN, AND
DEPENDING ON THE FIRST POWER OF THE DISTURBING FORCES.
From comépl; preceding From pert;S;)f clements Discrepancy. | 0.434294 8
g U sin cos sin cos sin cos cos sin
" L4 " " ” 114

b | s6ad0a -+ 10.9690¢ | ...... +10.9645¢ |...... ©.0045¢

1, — 1.230n¢| 4+ 12.231n¢ | —1.228 nt +12.271n¢ |.002 nt| .040 nt |413 nt 4-128nf

2, — 0.072n¢| + 0.717n¢f | —0.072 nt + 0.720 nt 0 003 nt [41nt | 49nt

3, — 0.004 n¢| + 0°043 n¢ | —0.004 nt + 0.043 nt 0 0 0 0

0, 07 | ... M B S A [ cov. 1541

1, + 8.545 | — 4.735 + 2.844 + 1.013 — 80, — 6

2, + 0.461 | — 0.169 | 4+ 0.133 | + 0.166 — 1 !

3, + 0.028 | — 0.005 + 0.013 -+ 0.014 0 0 1
—1,—1 | 4 0.036 | + 0.039 | 4 0.032 | + 0.005 4 34 0l— 1.

0, + 1.282 | 4 0.718 + 1.280 + 0.719 2 1 — 5|— 13 :

1, —20.817 | 4 8.522 | — 20.873 -+ 8.595 56 73 +1761 |— 106 1

2, —11.890 | +143.463 |.— 11.093 -+143.465 | 797 2 — 45 |—1351

3, -+ 49.30 | +115.86 + 49.62 -+116.08 320 220 —103 (4 280

4, + 2.133 | + 5.616 + 2.195 + 5.621 62 5 — 244+ 61

5, + 0.126 | 4+ 0.329 + 0.109 + 0.331 17 2 — 2|4 4

0—2 | 4+ 0.017 | — 0.017 -+ 0.025 — 0.033 8 16 0 0

1, + 0.042 | 4 0.814 -+ 0.034 4 0.818 8 4 + 1|4+ 16

2, + 4.110 [ — 0.009 + 4.103 | — 0.012 17 3 + 89|+ 2

3, + 2.079 | — 1.607 + 2106 | — 1676 27 69 + 381+ 30

4, -+ 0.648 | — 1.830 + 0.643 | — 1.902 5 72 + 94 27

5, + 1163 | + 2.956 + 1.2%4 + 2,991 | 111 35 + 9— 24

6, + 0.503 | 4 0.378 -+ 0.556 + 0.445 53 617 — 214+ 2

1,—3 | 4 0.034 | 4 0.012 -+ 0.036 4+ 0.015 2 3 0 0

2, + 0.037 | — 0.041 -+ 0.014 | — 0.050 23 9 4+ 114+ 1

3, + 0.824 | — 0.019 4+ n.812 | — 0.017 12 2 4 19 0

4, + 0.355 |'— 0.267 + 0.351 — 0.263 4 4 + 8|+ 6

5, -+ 0.047 | — 0.165 + 0039 [ — 0.191 8 26 + 1+ 3|

6 — 0.026 | — 0.063 — 0.028 | — 0.066 2 3 0|+ 1]

1, — 0.053 | — 0.032 — 0.053 | — 0.018 0 14 — )l 0

3—4 | 4+ 0.006 | — 0.022 | — 0.005 — 0.023 11 1 0|4 1

4, -+ 0.228 | — 0.008 + 0.221 + 0.002 1 10 + 5 0

5, + 0.103 | — 0.07%7 4+ 0.084 | — 0.075 19 2 + 2|+ 2

6, + 0.013 | — 0.044 -+ 0.013 | — 0.057 0 13 o+ 1

1, — 0.005 | — 0.013 — 0.001 — 0.015 4 2 0 0

8, — 0.003 | — 0.002 0 + 0.002 3 4 0 0

5—5 | 4 0.074 | — 0.003 + 0.071 0 3 3 + 2 0

6, + 0.038 | — 0.027 + 0.023 | — 0.026 15 1 + 1|4+ 1

1l + 0.005 | — 0.016 + 0.005 | — 0.025 0 9 0 0

8, — 0.002 | — 0.004 0 — 0.003 2 1 0 0

3 ~
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PERTURBATIONS OF THE LATITUDE PRODUCED BY SATURN.,
oR__ S W e
g ] —7=——aTx z = sin IV 2(l+])7h51nN dt = Mn X sk '—67 38
i P cos sin sin cos sin cos sin cos sin cos cos sin sin
" " 14; n "
0, 0[—10.82 O 0 0 0 |4-0.008  0.00/4 .008
1, — 3.45/— 2.92(—1.94 |— 0.11|4 0.17(40.84 [— 1.77/4+ 0.734-0.203/—0.172 —0.104 —0.043|--0.246
2, + 1.42/—11.10{+1.30 (4-10.73|+ 0.074-0.05 [} 1.37410.78|—0.042|—0.326/--0.042 —0.317/—0.049
2 + 1.31— 1.71(-41.31 (4 1.71}+ 0.01) 0.00 (4 1.32/+ 1.71—0.026/—0.033/+4-0.026 —0.033 —0.008
—2,—1 [+ 1.0 4+ 0.1 [—1.0 |— 0.1 0.00/ 0.00 (— 1.0 — 0.1 H4-0.012—0.0014-0.012 —0.001| 0.000
—1, — 6.43|—52.6 +-6.4 |—52.8 [+ 0.034-0.02 (4 6.4 |—52.8 [—0.098 4 0.804/—0.098,—0.804—0.004
0, — 6.97+ 7.06{-+1.53 |4- 5.14|— 4.91] 0.00 |— 3.38/+ 5.14—0.144/—0.145 4-0.070 +4-0.106/—0.661
41, 446.67, 0 0.00 0.00{4-59.45 —0.02 (4-59.45|— 0.02/+1.482| 0 —1.887—0.001/4-0.084
2, — 1.84 — 2.86/—0.99 | — 0.20/4 0.93+1.22 |— 0.06/4+ 1.02—0.127|4+0.197 +0.004'+0.070 +4-2.218
35 + 0.90— 6.98(+0.78 |4 6.44/4 0.12.4-0.16 |-} 0.90 4 6.60 —0.358/—2 781 +0.358|—-2A630 4-0.091
4, + 1.09 — 1.38/41.09 '4- 1.38|+ 0.0240.01 (4 1.114- 1.39/—0.056/—0.071 +0.057i—0.071 —0.048
—-1,—2 |+ 7.6 — 1.5 |—~7.6 (4 1.5 ; 0.001 0.00 |— 7.6 {4 1.5 |40.06740.013 +0.067|+0.013 +0.003
0, |+ 1.3 4109 |—1.3 [4+10.7 |— 0.1140.53 | 1.4 [$11.2 +0.013—0.1]2—{-0.014‘—}—0.116 40.008
+1, — 0.274+ 9.03/+1.70 |4 0.91}+ 1.65'—7.35 4 3.35|— 6.44/—0.003 —0.112—0.0421—0.080 +0.040
2, —14.51 0 0.00 0.00— 7.01{—0.21 — 7.01/— 0.21]—0.230] 0 +4-0.112 —0.003] ©
3, — 2.85 — 2,29/ —0.42 |— 0.19/— 0.97.-]—1.11 — 1.394+ 0.92 —0.062/4-0.050 +0.030:+0.020 —0.063
4, + 0.43 — 4.23(4-0.44 |4 3.67|+ 0.02‘+0.22 + 0.46/4- 3.89/4-0.015/4+0.146/—0.016 +-0.134'—0.080
5, + 0.80 — 0.99/-40.80 |4 0.99/4- 0.02|+0.02 + 0.82 1.01{4-0.067/4-0.083—0.068 4-0.0844-0.008
2,—3 |[— 1.17/4 0.864-1.22 {4+ 0.97|+ 0.09’-{-0.33 4+ 1.31|4 1.30{—0.010/—0.008|—0.011<-0.012|-+4-0.050
5 — 8.54 0 0.00 0.00}— 4.34I 0 — 4.34 0.00—0.090, 0 +40.046] 0 -+0.004
4, — 2.08/— 1.65/—0.13 [— 0.15 == 0.88|+0.85 — 1.014 0.70/—0.026/4-0.022(-}-0.013 +0.009/—0.012
5, + 0.14 — 2.50,40.24 |4 2.00 0.00'-}—0.22 + 0.24/ 4+ 2.22(4-0.002 4-0.041|—0.004/4-0.037 —0.010
6, + 0.55/— 0.66/4-0.55 |4+ 0.66/4 0.02‘+0.U2 -+ 0.574 0.68/40.013 4-0.015(—0.013 4-0.016/4-0.004
3,—4 [— 0.72/4 0.47/4-0.82 |+ 0.78]+ 0.09‘+0.32 + 0.91{4 1.10{—0.005 —0.003|—0.006 }-0.008{40.022
- 4, — 4.80, 0 0.00 0.00/— 2.48t—0.02 — 2.48/— 0.02—0.038| 0 +40.020, 0 +0.002
5% — 1.41 - 1.09{—0.01 |— 0.10[— 0.66I+0.59 — 0.67|4+ 0.49/—0.013|+-0.010{+40.006(4-0.004'—0.004
6, + 012 — 1.3 |4+0.12 [+ 1.0 {— 0.02|+0.19 + 0.10{4 1.2 |+0.001/4-0.014/—0.001|4-0.013|1-0.004
5,—~5 |— 2.64 0 0 0 |- 1.35'+0.04 — 1.35|4 0.04/—0.017, © +40.008 0
e=4-4"17 T

Secular terms

38 =—4/.77 T cos v.
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The'corresponding perturbations of the elements may then be put into the form

8 log a = My A cos N - dn,,

S = MLsin N+ 8,
edn = Mve Wsin N -} edn,,

de = My E cos N - 8¢,

dy = MvIcos N+ 8y,

tany éz = My T sin N + tan ¢dz,.

Here, ém,, &, etc., are arbitrary constants so taken that § log a, 8, etc., shall
vanish at the fundamental epoch.

All the terms depending on the same values of ¢ and ¢ are to be combined into
a single one. And it will save labor to make this combination at as carly a
stage as possible in the computation; that is, to multiply the various values of 4,
oh ok Ok
00’ de’ da
with the sums of the products according to the proper modification of the formule,

Thus arc obtained the following long period perturbations of the clements of
Uranus:

, and I by the sines and cosines of 5o’ 4 jo, and afterward proceed

8l = — 3474.32sin (A— g) +4-180.10 cos (A'— g)
-+ 146.72sin (47— 29) — 54.10 cos (40— 2g)
—  8.97sin(6/—38g) 4  5.03 cos (67— 3g)
4+ 0.64sin(8I'—4g) — 0.53 cos (81 —4g)
-+ constant = 3320".18, .
edn=— 484.96sin (A'— g) + 0.78 cos (A'— g)
+ 38.06sin (47—2¢g) —  7.06 cos (47— 2g)
—  3.61sin(6—38g) 4 1.38cos (67— 3g)
+  0.33sin(8I'—4g) — 0.15 cos (87— 4y)
-+ constant — 465”.23.
=— 4842l cos(U'— g)— 0.29sin(A'— g)
-+ 3821 cos(4/'—29) 4 7.16 sin (41— 2g)
—  3.6lcos(6l—3g) — 1.40sin (6'— 3g)
+  0.33cos(81—4g) 4+ 0.15sin (81— 4y)
— constant = 158".59. 4 .

=4 22TTcos(A— g)+ 120 sin(A— g)
— 198 cos (41— 29) — 178 sin (47— 2g)
+ 18 cos (6I'— 3g) - 7 sin (67— 3y)
—+ constant = 630.

The variations of the elements which fix the position of the plane of the or
are here omitted, because their nature is such that it is indifferent in which form
they are developed.

These expressions are reduced to perturbations of the co-ordinates by the follo v

~
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perturbations of the longitude deduced from all the remaining terms of the per-
turbations of the elements. ‘I'lie sum of the columns dv, and Jv, shows the entire
perturbations computed by the method of variation of elements. Thus, in J,
and dv, 4+ dv; we have two complete sets of perturbations computed by methods
entirely indcpendent. The differences of the resnlts, expressed in thousandths of
a sccond, are given in the last two columns of the table.

This comparison gives rise to remarks similar to those suggested by the per-
turbations of Saturn computed by the same methods. The only terms in which
the difference of results amounts to as much as one-tenth of a second are those of
very long period, and those very nearly the period of Uranus, where a more accu-
rate value is not at present of great importance, because the error will be com-
pensated by the corrections of the element during several centuries.

PERTURBATIONS OF THE LONGITUDE OF URANUS PRODUCED BY NEPTUNE,
LA dv, 3, Discrepaney.
U g sin cos sin cos sin €os sin | cos
[ n
0, 0 —0.4262 ¢
—1 | —.065nt —1.181 =t !
—2 | —.004 nt —0.069 nt
0, 0
—1 | 4 0.697 | — 0.088
—2 | 4+ 0.046 | — 0.005
—3 | 4+ 0.003
1,—3 | 4+ 0147 | — 0.001 4 0.146 | —0.002 1
—2 1 4+ 2509 | — 0.019 -+ 2.509 [ —0.010 0
—1 | 4+ 39.658 | — 0.080 —+39.673 | —0.081 15
0| + 4.257 | — 0.511 4+ 4249 | —0.478 8 3
—1 |4+ 0.280 | — 0.032 L - 0.275 | —0.032 5
. —2 | 4 0.017T } — 0.002"
2,—4 | 4+ 2918 | 4 0027 [+ 289 4 °0.03 | 4 0.098 | —0.002 10
—3 | 4 49.015 | 4+ 0.413 | 4 47.22| 4 0.44 | 4 1.797 | —0.021 2
—2 { 4 840.93 4+ 7.388 | 4 805.64 | 4+ 7.43 | 435.355 | —0.028 65 14
—1 | —3475.4 -+ 180.36 —3474.32 | 4+180.10 [ — 0.700 | 40.095 | 380 165
0| — 162.07 4+ 8.01 — 161.96 | 4 8.01 | — 0.067 | 4-0.015 43 15
—Ll | — 9.447 | 4 .0.468 |— 9.50! 4 0.47
3—5 | — 0.076 0.000 sy — 0.077 | —0.003 1
—4 [ — 1162 0.000 — 1,153 | —0.011 9 1
—3 | — 17.286 | 4+ 0.228 -y - %y —17.285 | 40.229 1
—2 | — 22.085 | 4+ 4.037 Lt P —22.077 | 44.020 8 1
—1 | — 0.673 | 4+~ 0.082 — 0.682 | 40.079 9
0f{— 0.037T | 4+ 0.006 :
4—6 | — 0036 | 4 0.002 | — 0.015]| 4 0.002 | — 0.027 | —0.003 6
—5|— 0558 | + 0.037 |— 0.25 -+ 0.04 — 0.315 | —0.007 7
—4 | — 7.968 | 4+ 0.750 | — 4.08 -+ 0.68 — 3.908 | +0.059 20 11
-3 | — 75.00 + 12.832 | — 69.55 | +11.67 — 5.7133 | +41.067 | 283 95
—2 | 4 146.78 — 54.218 | 4-146.72 —54.10 4 0.126 | —0.079 66 39
—1 |4 6.960 | — 2.579 | 4 6.81 — 2.63 ]
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PERTURBATIONS OF THE LOGARITHM OF TIHE RADIUS VECTOR OF URANUS PRODUCED
BY NEPTUNE.
U g dp, 3p, dps Mep
cos sin cos sin cos sin cos sin
0, 0 +138 -+ 60 0
—1
—2
1,—3 + 4 0 + 2 0
—9 + 68 0 -+ 30 0
1-9) -+523 +1 +227 0
0 — 68 — 6 — 30 — 8
+1 — 8 —1 = 3 0
2,—4 4 94 — 1 -+92 — "l + 2 0 + 1 0
—3 | 41416 — 19| o s —aplid’ || A 48 0, il J=EAE 0
— ) -+20025 —179 -+19490 —180 +535 + 1 -}-232 0
=] 41663 +116 -+ 1726 4120 — 63 — 4 =— 27 — 7
0 43912 —+194 + 8927 4194 — ) 0 — T 0
3,—b5 — 3 0 — 0
=74 — 38 0 — 17 0
=9 —527 — 6 =999 E—
O —9284 —b54 —jiod: — %
= | 4+ 16 + 2 + + 1
4,—6 — 1 0
=05 — 19 == 1l — 4 —— 1111 — 1 — 5 0
—1 —254 — 99 NEE =SB RIS — 20 —136 — 14 — 41 il
o —1759 —300 —1681 —3282 e —18 — 34 — 8
—2 —143 S —€0 || 4 1| 3 o =k SGN
=] —167 — 62 — 165 — 64 —+ Y + 2 = 1l 41
5,—6 — 4 0 — 9 O‘
—5 — 40 4 ==y 0
=y -+103 420 + 45 -+
L -+ 39 +15 + 17 +
6,—17 —_ 2 - 0 L, = 0 ) _
=6 — 17 +1 — 1LY 4+ 1 — [
=5 + 42 410 + 10 4 4 1 4820 4 6. o TN .
—4 +180 -+65 +164 4+ 61 + 16 + 4 4+ T -
13 L4718 48 4 14 AR Y e 7 3 0| =9
] — 8 0 - 0
e J17 + 2 4 5| =8
-5 —17 — T — T oy
—4 — 5 — ST —
8,—8 — 4 0 — 2
-7 + 5 41 4 2
=6 — T — & Sl ) —ll
—5 I | [P T En [] = —
9,—9 ) 0 2 =9 0
—3 4 3 0 % 4+ 1 0
— —_ 2 3] — il :
— | +2 | +2 + 1| +
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PERTURBATIONS OF THE LATITUDE PRODUCED BY NEPTUNE,
or w A r | 2U+De | dy [
0;--;)( 12,’““\ X h sin N 7-=H1"X sk 3n 33
y P cos sin sin cos | sin cos sin cos sin o8 cos sin sin cos
I {4 {4 14 144 7 44
Lo 0 |—21.65 0 0 0 0 0.00, 0 0 0 012
1 [+ 1.0842.78/— 4.00—1.66 -4 .01 —0.01{— 3.99'—1.67|— 0.008 | 4-0.021 | 40.030 | —0.012 [4-.080 +-.020
2 |4+19.3219.39/4 19.32'4+9.39 — .01, o© +19.31|+9.39— 0.073 | —0.036 | —0.073 | 40.036 |+.016/—.002
+14.5s!+7.0 17 +70| 0 0 |—147 47.0 | 40.045 | —0.022 | —0.045 | —0.022 [4.007|—.002
 1.16—2.65 4 4.04—2.40 —0.07 +0.02'4 3 97 —2.4 | —0.006 | 4-0.014 | 4-0.020 | 40.012 [4.201—.048
—34.26/ 0 | o | 0 |+1.76 0 |+ 1.7 o..] —o0540f 0 .| 0028 0 —.008 —.037
4+ 3.7442.32— 2.80—1.48—024 0 |— 3.04 —1.48) —0.057 | +0.035 | 40046 | —0.022 |4.364 +.084
4-15.77|—7.87 416,25/ +7.75| © 0 |416.2547.75] —0.081 | —0.040 | —0.063 | 40.040 |+.060 +.007
410,52 +5.06!—10.6 +5.01 0 0 |—10.6 !+5.o 40.027 | —0.003 | —0.027 | —0.013 |4.002'—.001
— 2.60/—2.38 -+ 3.65—2.26/40.36'40.04 4 4.01 —2.24] —0.010 | 40.009 | 40,016 | 40.009 4.062/—.014
—33.38) 0 | 0 0 |+9.ss —0.01|+ 9.88 —0.01| —0.2¢4 ) 40078 | 0 +.008|—.004
4+ 5.51|4-2.04'— 2.12—1 04'—1.53 40.04/— 3.65 —1.00 [—2.283] [40.£02] [+1.481] [—0.393] +.326 +.075
418,79 9.52-419.56/+9.3240.08 0 |4+19.6449.32 —0.14% | —0.072"| —0.049 | 40.071 |4.002| 0
+ 7.4 (436 |— 74 [+35 | 0 0 |— 7.4 [+35 | 40017 | —0.008 | —0.017 | —0.008 |4.002] 0
— 3.06'—2,00{+ 3.12—2.0 |+0.45'40.05/4- 3.60 —2.0 | —0.010 | 40.006 | +0.011 | 40.006 {4.023 —. 004
—244 | o 0 | 0 .4+7.87) 0 |+ 7.87) 0 | —0.128 0 +0.041 0 —.004'-4.041
4 6.5541.73— 1.20—0.54 —1.98'4+0.26 — 3.18 —0.28 4-0.108 | —0.029 | —0.053 | +0.004 |4.303 4-.074
4-13.66/—7.28 +14.68/-+7.00 40.18 —0.04 —14 86 +6.96| —0.199 | —0.106 | —0.217 | 4-0.101 |—.090—.026
— 1.51/4-0.22 — 1.51 —0.22 0 0 |— 1.51/—0.22{ 4-0.008 | +40.001 | +0.008 | —0.001 |—.013] ¢
— 2.96/—1.63+ 2.53—1.7 [40.5 [ 0 |4 3.0 [—1.7 | —0.008 | +0.004 | 40.008 | 40.004 |+.022_ 004
—17.4 ' ) 0 | ¢ |+58| 0 |+ 58| 0 | —0.070 ) +0.023 0 —.008 +.006
+ 6.3441.3¢/— 0.59'—0.22'—1.97/4-0.30'— 2.56'4-0.08| 4+0.051 | —0.011 | —0.020 | —0.001 |4.048 4010
4 9.42—5.35/4-10 57 +5.044-0.25 —0.07 4-10.82 +4.97 [—1.852] [—1.066] [—2.127) [-+0.977]) —. 047~ 0
— 1.7240.32 — 1.72—0.32—0.024-0.02 — 1.74 —0.30, 4-0.013"| +0.002"| 4-0.013 | —0.002 |—.001] 0
— 924|140+ 1.8 |—14 [405| 0 |4 2.3 |—1.4 ] —0.005 | 4-0.003 | +0.005 | 40.003 |4.012 —.(03
—120| o0 0 0 440} 0 !4+ 40| 0 | —0.038 0 +0.013 0 —012) 0
L4 5.58'4-1.01'— 0.22 —0.04'—1.75/4-0.28'— 1.97 +0.24| 40,030 | —0.005 | —0.010 | —0.001 |—.209 —.028
4 6.25'—3.89\4 7.43 +3 54 +0.30—0.09 + 7.73+3.45| +0.107 | 4-0.067 | +0.131 | —0.059 {—.038 +.001
— 1.66/40.33 — 1.66/—0.33—0.03 +0.01|— 1.69 —0.32 +0.024 | +0.005 | +0.026 | —0.004 |4.018/ " 0
6 |— 8.4 0 ¢ |+28| 0 |4 280 O | —0.022 0 +0.007 0 — 0104002
) 1+ 4.63,-{-0 76/— 0.0314+0.04 —1.464-0.24 — 1.49 4-0.28) 4-0.019 | —0.003 —0.006 | —0.001 |—.028'—.008
4 4.03—2.794 6.154-2.45-+0.31 —0.104 5.46+2 35| +0.033 | 4-0.022 | +0.045 | —0.019 |—.010| 0
— 1.454-0.31)— 1.45'—0.31'—0.04 0.02 — 1.49.—0.29 [40.190) [40.041] [4-0.195) [—0.038] +.015| ©
— 5.6 0 ¢ 419 0o [+19] 0 | —0.012 0 +0.004 0 —.006 +.001
+ 8.63,+0 81 o0 0 |—1.1740.20— 1.1740.20, 4-0.012 | —0.002 | —0 004 [ —0.001 |—.008 —,004
+ 2.49 —2.00/4 3.5241.684-0.30—0.104 3.62 +1:65 +0.013 | 4-0.021 | +0.020 | —0.008 |4-.014] 0
= 1.1940.27— 1.19—0.27 —0.04 4-0.02| — 1.23—0.25| —0.021 | —0.605 | —0.022 | 40.004 |+.002 0
— 40] o0 0 0 1.3/ 0 |+ 13| 0 | —0.008 ) 40.003 0 —.003/4.002
+ 2.76 4050, © 0 |—0.9140.16/— 0.91/4-0.16| +0.007 | —0.002 | -0.002 0 —.003/—.002
+ Ha—) Al 2.38'4-1.14 40.27 —0.08/4 2.6541.05 +0.006 | +0.005 | +0.011 [ —0.004 (4004 0
= 1), 97|+0 22— 0.97 —0.22 0 |+0 02|_ 0.97|—o.20 —0.008 | —0.002 | —0.008 | 40.002 [4-.002] ©

Secular term, =4 17257
8 =—1725Tcos v

The terms 8% and 8, which are inclosed in brackets, are of very long period,
and arc therefore omitted in forming the values of §3 in the last two columns
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Lerturbations produced by Jupiter.

The series in which these perturbations are expressed conv erge so rapidly that
I deem it unnecessary to present the details of the computation. They have been
computed by both methods, and the separate and independent results are given in
the following table, where §v; represents the perturbations computed by the method
developed 1n Chapter I, and ¢v, those computed by the method of variation of
elements.

The apparently large discrepancy between the coefficients multiplied by the time
arises from the circumstances that in the form of development the mean motion,
and hence the mean anomaly, appears affected by the perturbation 817.2¢.  Accord-
ingly when we enter the table which gives the true longitude in terms of the mean

anomaly in the form
v =1} 2esin (I — n) - cte.,

we may consider this quantity 31".2¢ as a secular variation of / — s producing in

the term
¢v == 62".4et cos (1 — 7).

In &v, this term is left in its primitive form, while in §v, the value of 7 is suppo
to include this term, and the secular terms are only those which arise from
secular variation of the eccentricity and perihelion.

It is also to be remarked that the terms which are independent of the me
longitude of Jupiter, or those in which #'=0, are not comparable, as they corr
spond to slightly different elliptic elements in the two theories.
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PErTURBATIONS OF URANUS BY J UPITER.
3y, l sv, Diff. cos ¢3p Msp
g sin cos sin cos sin !cos cos sin cos sin
n ” ”n "
0, 0 +31.2116¢ 3 +31.1982¢
1 — 0.160n¢ 4-37. 585nf — 0. l(:‘.!‘.!nt— 1.5406n¢; 2
2 — 0.010n¢,4 2.207Tn¢ — 0. 00‘.)371!‘— 0.0899a¢, 0
3 e + 0.135n¢ — 0.00060¢ — 0.0054n, 0
op 0 ... l .|...|—10089 | .... |—4387. 0
1 +425.657 [— 1.859 '— l 346 + 1.361 cedfees —-491.5— 1.9— 213. 71_ 0.8
2 |4 1.397 — 0.087 — 0.030 + 0.08¢ |...|...] — 32.8+4 1.1 — 1424 0.5
8 |+ 0.072 |— 0.005 | o, ol ol > I.Si o |— o8 o
—1,—1{+ 0.027 |4 0.009 4 0.017 |+ 0.011 (10 | 2 0.0— 0.5 0.0— 0.2
0 4 1.269 |4 0.002 |4+ 1.232 4 0.001 37 |1 — 58.8— 0.5 — 25.6/— 0.
1 —53.064 |— 0.004 —53.084 |— 0.002 20 | 2 | 42585.1,4 0.1 41127.2 (1]
3 | 8.495 |—0.092 — 3565 |—0.082 [70 (10| 4+195.34 5.0 4 82.84 2.
3 0148 |— 0047 |— 0164 |— 0050 |16 3| + 17.1/4 28 + T4+ 1L
0,—2— 0.027 |— 0.011 — 0.031 |— 0.014 413 + 1.4!— 0.6! + 0.6 |— 0.3
1 |+ 1.182 |4 0.515 [+ 1.176 |4 0.515 |6 |0 — 56.5+424.9 —24.6 [410.7
2 4 0.277 [+ 0.036 |+ 0.263 [+ 0037 {14 [ 1| 4+ 854 1.8 4 3.7 (4 L6
3 |+ 0.074 [— 0005 .4 0083 |—0.008 |9|3| 4 424 05 + 18 |4 0.8
4 + 0.015 |— 0.003 |4 0.014 |— 0.003 10 + 0.9+4 0.2, 4+ 0.4 |4 0.2)
1,—3— 0.032 |— 0.034¢ — 0.025 |— 0.025 719
3 —— 0.005 0 — 0.005 |— 0.001 011
3 |4 0.025 0 |4 0015 0 10 [0
4 + 0.011 0.001 |4 0.037 |— 0.010 |26 | 9
5 + 0.003 0 ;— 0.017 <+ 0.004 (20 | 4
PERTURBATIONS OF THE LATITUDE.
g U 8k dn 43
¢ sin cos cos sin cos sin
44 1t (44 X4 n 1
0 0 +.065
1 +40.071 —0.041 +40.030 40.036 +.060 +.047
2 —0.012 —0.075 —0.012 +0.075 —.010 —.007
3 —0.003 —0.012 —0.003 +4-0.012 —.002 0
— 91 —0.006 +0.042 +40.006 +40.042 +.005 —.004
—1 —0.297 +1.949 +40.297 +1.949 +.001 —.003
0 - —0.161 —0.191 —0.189 —0.190 —.494 +.420
1 +2.611 0 +2.628 0 —.024 —.013
2 +0.070 +40.021 4-0.066 —0.002 +.002 +.019
—3--2 +0.055 —0.088 —0.055 —0.088 +.010 —.003
0 -+0.002 —0.011 —0.002 —0.011 +.017 —.004
1 —0.110 —0.050 —0.109 4-0.046 —.009 +.002
2 —0.014 0 —0.011 0 —.002 0
44
S k= 114T
Secular terms {ap BT bos ¢
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CHAPTER 1V.
TERMS OF THE SECOND ORDER PRODUCED BY THE ACTION OF SATURN.

Preliminary Investigation of the Orbit of Saturn.

For the accurate determination of the perturbations of a planet it is essential
that the functions of the time which are substituted for the co-ordinates of each
planet in the expression of the disturbing forces should approximately represent
the true places of the planet. The difference between the true place and that
implieitly assumed in the investigation should be so small and of such a character
that, when multiplied by the mass of the disturbing planet, and by the factors
introduced by the process of integration, the result shall be insensible. If one of
these factors is so large as to make a: perturbation of an order of magnitude approxi-
mating that of the inequality which gives rise to it, it will represent an inequality
of very long period in the clements, which, though apparently sensible, may be
neglected for a great length of time. .

The perturbations hitherto found have been computed on the hypothesis that
the disturbing action of Saturn on Uranus is the same as if both plancts moved in
the elliptic orbits corresponding to the adopted elements. We have given formule
for the computation of the corrected perturbations when, to the co-ordinates of the
two planets corresponding to the adopted ellipse, we add corrections represented
by dv, 87, 8p, etc. These corrections are now to be taken of such magnitude that
when thus added they shall very nearly represent the actual motions of the planets.

Generally, it is considered sufficient to take for these corrections the perturba-
tions of the first order. But this presupposes that the elliptic elements are nearly
correct, which does not hold true in the case of the old elements of the outer
planets. Bouvard’s Tables of Saturn, the elements of which have been adopted,
are snbjcct to recurring errors amounting to 30” or more. Morcover, when we
substitute the new and more accurate perturbations for the old and imperfect ones
adopted in the tables, the chances are that the errors will be increased. Desiring
that the theory shall be as far as possible free from doubt, we begin with a pre-
liminary investigation of the orbit of Saturn, the design of which will be to give
the co-ordinates of that body in terms of the time with sufficient certainty and
accuracy to serve for computing the pertnrbations both of Jupiter and Uranus.
As usual, the first step in this investigation will be the determinations of the per-
turbations of the planet.
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1 have submitted these perturbations to such duplicate computations and other
checks as lead me to believe that none of the terms can be in error by more than
a small fraction of a second, but, as they are not intended to form the basis of a
* definitive theory of Saturn, I do not vouch for their absolute precision.

In this provisional correction of the orbit of Saturn only heliocentric longitudes
have been employed. These were derived for a series of dates from Airy’s reduc-
tion of the Greenwich observations, the modern Greenwich observations, and the
Washington observations.

For these dates the value of n'z for Saturn was computed from the formulz
found on pages 189 and 190 of the work of Hansen, already quoted, omitting all
terms less than 17, and including only tenths of scconds in the results. The dates,
the resulting values of 'z, of the factor e, cos (g + £ ndz) -+ 2, cos 2 (g -+ L ndz),
and of the concluded {v are as follows. = The formule for &v is

¢v =1.0216 n'z {1 4-¢ cos(g + 4 n'2) 4 2e,c05 2 (g 4 1 niz)].
Date

Gr. Mown Noon: ndz Factor. v 4
1751 May 31 —1947.1 —.0990 —1792.1
1757 Aug. 7 —2134.2 —.0652 —2038.2
1758 Aug. 27 — 92125 —.0474 —2153.2 _
1761 Oct. 6 —2546.2 +.0244 —2664.5 |
1763 Nov. 1 —2880.3 40729 —3157.1 {
1765 Nov. 23 —3095.1 +4.1082 —38504.0 !
1773 Feb. 26 —3342.0 +.0419 —3557.2 ==
1780 May 24 —2858.2 —.0956 —2640.7 !
1794 Nov. 16 —3321.1 +.1017 —31737.9 :
1802 Feb. 23 —3184.7 +.0529 —34925.5
1823 Nov. 13 —2716.3 +.0944 —3036.8
1831 Feb. 18 —3378.5 +.0639 —3671.7
1838 May 19 —2976.7 —.0866 — 21379
1845 Ang. .17 —92342.7 —.0721 —2220.9
1852 Nov. 15 —2847.0 +.0863 —3159.3
1860 Feb. 14 —3161.4 +.0740 —3468.3
1867 May 15 29373 1 —.0812 —2227.6

The perturbations by Uranus and Neptune were computed from the values
their terms just given. The principal terms, the sum of which make up the heli
centric longitude resulting from the adopted elements, are shown in the first of
following tables,

In the next table we have after the date the heliocentric longitude from Bouvard
Tables, as deduced from the longitndes given in Airy’s reductions of the Gree
wich Observations, from the Astronomisches Jahrbuch for 1831, and from th
Nautical Almanac. Then follow the corrections, roughly deduced from obscrvs
tions made near the opposition. Adding these columns, we have the longitud
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"

17.198¢ + 31¢n — 2.16de — 3.15ed0 = -+1069.3

0.04 587 -+ 6.83 — 0.69 + 239.3
— 204 4207 4°21.58 4429 + 208.1
— 211 — 60 - 3.61 - +19.66 -5

These equations give

7

d¢ = - 64.8 (Epoch, 1800.)

n = 4+ 0.268
e = + 126
edo = 4+ 8.2

—Substituting these values in the seventeen equations of condition we have the
following residuals, or excesses of theoretical over observed longitudes: T

" 3 "
iy o AR 19 i day
9 | N L AL |
B | L= ID | # i i
' L Ao 18 FiLi -k
5 1 =08 - 14 0.0
641, -2 K 15 93 CeR Y
R | 16 ‘o el
8- - USRI T o
9w == B

These residuals are much larger than they should be, and I scarcely kno
- what cause to attribute their magnitude. The results are however amply relia
for the purposes of the investigation, and lead to the following elements of Satur

o] "
7, 90 6 26
& 14 50 3.2
6, 1122 0
@, 2929 39.2
n, 43996.395
e, 0560660

log (@ 4 da), 0.979676
Epoch, 1850, Jan. 0, Greenwich mean noon.

It will be scen that the adopted position of the plane of Saturn’s orbit is retair
It was corrected from observations before the perturbations were finally compu

Of the above corrections, those of the epoch and mean motion need not be t
account of in the corrections of the co-ordinates, since the mean longitude remai
in the formule as an arbitrary quantity to the end. The effect of the correctic
of the mean distance is insensible. The corrections of eccentricity aud periheli
are therefore alone to be retained. They are allowed for by adding to v and
the terms
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Beginning with the last two terms of this expression, it may be shown at the
outset that they are quite insensible. The cffect of the constant terms in §p and
3¢’ has already been included by correcting the logarithm of the mean distance by
their amount; they arc therefore omitted. The largest remaining term is 64", the
square of which is only 0".02. In the product r*3p* the largest terms are

"

-+ 0.014

— 0.013 sin ¢

— 0.011 sin (39 — 20)
— 0.011 cos (49 — 20)

which may be entirely neglected.
We shall therefore only consider in § @ the terms

2f DaRa+ 358
p
As already remarked, R is rigorously a function only of V, p, and ¢/, V being
the angle made by the radii vectores of the two planets. But, in the analytiea
development of I, the quantity V is considered as a function of v, v/, and y, s
that we have

R :f(P,P', v, v, y).

In the previons computation of the perturbations of Uranus, we have supposed
to be a function of po> P'o» €tc.  The corrections to I2 und its derivatives with respec
to v and p are now given by the equations (11), with the modifications show
pages 24 to 27. The derivatives of I, which enter into these equations are forn
as follows: If, in the value of R produced by the action of Saturn on Uranus,
consider any term of the form

m'h

—cos N

@
where

N=iA -3 +jo + 7'

the accented quantities always referring to Saturn, but @, being the corrected m
distance of Uranus, then we shall have the following terms in the derivatives of .

g{? =—%(i—]—j)sin N
==t () sin N
%r-—%(h—l-%%)cosl\f

%?—: :ln—:—gi;cosN g
%1—13=—”:17’ (i +J)cos N
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o OR & O'R 4 O'R
m G m Ovoy ) m Opdp
g 1 sin cos sin 08 sin cos :
0, 0 40.172 40.002 —0.645 =
—1 —0.026 —0.562 -+0.556 0 -+0.113 —0.610
JEe T () -+0.070 -+0.015 -+0.015 -+0.070 —0.227 —0.0%79
—1 —0.003 +8.749 —8.750 —0.001 -+0.011 -+6.189
—2 4-0.889 1-0.180 —0.1%6 4-0.889 +0.912 40.190
2,—1 +0.084 -+ 0.248 —0.230 - +0.169 —0.322 -+0.020
—2 -+0.018 -+0.472 —0.941 -+0.013 —0.006 —1.685
3,—1 +-0.012 -+0.004 -+0.013 -+0.021 —0.049 -+0.028
—2 -+0.073 -+0.068 —0.122 -+0.219 —0.344 —0.244
—3 0 -+0.278 —0.834 —0.00% -+0.010 —1.260
4,—2 -+0.015 —0.001 -+0.020 +0.042 —0.071 -+0.019
—4 -+0.001 -+0.155 —0.619 0 -+0.001 —0.854

The derivations with respect to y and the node have been omitted because they
are quite insensible. The terms of 2 depending on these derivatives are given
by equation (31). In the case of Uranus disturbed by Saturn the largest values
of the coefficients

diheotyy; Lhtan Ly, %—gé

are only about .05, while the largest coefficients in &%, 6%, and Jy are less than 10"
Hence the largest terms in (31) will be of the order of magnitude 0”.5 multiplied

by the mass of Saturn, and may therefore be omitted entirely. Omitting them

oR or

the values of R, 3_67 and ¢ 3 become

6R SR Ttk ORE
R = = dv 4+ o &' - D o + o dp

OB _ &R &R ,,, OR &R
Sov o aar . ey o
OR

o'R i (A s R
—59__876—55” +a—ﬂ9§5” +‘gf‘)z‘59 +ap—a£;5£’

All the separate factors from which the second members of these equatio
arc formed have already been given. Forming their products in the way describe
in Chapter 11, we have the result given in the following tables.

The expressions for §R are arranged so that the value of I¥$R can be obtain
from them by direct differentiation. This is done by distinguishing the ti
introduced into R by the co-ordinates of Uranus from that introduced by t
co-ordinates of Saturn. :
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2 % 3D\R g & SOF g & OR
mn m® ov e 8 Op
U 8 sin cos sin cos cos
" n 14 ”n "
0,408 =, SUTN - 0 0 + 0.14¢
1, 0 + 1.40¢ — 1.3 + 1.40¢ — 1.35¢ + 3.54¢
2, 0 — 0.12¢ — 0.56¢ — 0.27¢ 0.43¢ — 0.34¢
0,—1 0 0 — 0.04¢ — 0.06¢ -+ 1.06¢
1, — 0.03¢ 4 0.04¢ — 0.06¢ 4+ 0.03¢ 4+ 0.07¢
2, + 2.10¢ — 1.90¢ 4+ 2.10¢ — 1.89¢ )
3, — 0.06¢ — 0.90¢ — 0.19¢ — 0.78¢ — 0.19¢
0,—2 0 0 — 0.91¢ — 0.83¢ + 0.84¢
1, +12.69¢ +11.60¢ +12.69¢ +11.62¢ —13.52¢
2, + 0.48¢ 4 0.60¢ -+ o2l 4+ 0.37¢ — 0.42¢
3, + 1.89 —ae.. % + 1.89¢ —= 1. 575¢ + 2.78¢
1,—3 + 1.60¢t = 1.1% + 1.61¢ — L — 1.64¢
2 — 0.50¢ — 0.58¢ — 0.53¢ — 0.56¢ — 0.83¢
8, — 0.24¢ 4 0.06¢ — 0.19 + 0.07t — 0.25¢
4, 4+ 1.44¢ — 1.36¢ o LSt || - —13% < B
3,—4 — 0.51¢ — .51l — 0.55¢ — 0.53¢ — A0, Tt
4, — 0.60¢ 0 — 0.52¢ + 0.10¢ — 0.73¢
0, 0 R - 4 —192
1, © — 45 4319 + 9 4160 — 49
2, +168 +383 4199 1449 4218
8, s 8 =%
) | 4148 — 61 + 70 — Wi + 18
0, B —381 — 16 —247 — 49
iy —139 —70 S —rga 4108
2, —a81 — 36 o4 o8 —5)2 e
3, ot + 38 447 — 1 =439
4, 408 I 83 — 8 43ty 219
1,—2 + 87 —153 — 14 —119 — 10
2, g8 — +145 =13 + 84
A 4108 4121 — 60 4796 + 83
4, + 20 4517 +141 4352 —262
5,—2 — 18 + 14 — 45
3,—3 + 18 1 4208 + 16 e L
4, + 69 —33 + 82 Y — 35
5, — 52 —128 — 49 —130 — 92
4,4 + 55 B | 4110
5, 478 —3104 4- e
6, — 42 —108 —= B







THE ORBIT OF URANUS.

75

In the terms of JR introduced by the perturbations of Saturn, namely,

% 1‘3. &+ %]_8,_ 3" the differentiation represented by IV, should be performed by con-
P

sidering dv' and §p’ as constant, although they are expressed as a function of the
mean longitude of Uranus, as well as of Saturn. The mean longitude of Uranus
thus introduced is therefore represented by U”, which is regarded as constant in!
taking I, R, and U only supposed to vary.

Again, in the terms%_f dv 4 %E dp,since ¢v and dp represent pertnrbations of
P

Uranus, their complete derivatives, with respect to the time, are to be taken. But
their expressions contain the mean longitude of Saturn as well as Uranus. The
mean longitude of Saturn thus introduced is represented by ., and is to be con-
sidered variable in obtaining D', 0 R, while § is considered coustant. The ratio of
the coefficient of ¢ to n in the various terms of this part of 8 is given to the
right of each corresponding term.

The value of D'SR being once obtained, there is no longer any distinction
necessary between U, U, or between Sand §. The similar terms are therefore
combined by putting 8'=S8; U'= U.

From the above values of 28D, R and 2§ %R, we form the following value of
P
a, 20 ] a, _QE
78(‘2”7{ D', Rdt +75 T

and of the other quantities which enter the perturbations of the co-ordinates. We
shall begin with those terms which depend only on the mutual action of Saturn
and Uranus, because they are few and small, and the only terms which are sensible
are those in which the coefficient of the mean longitude of Saturn is —1. We
shall therefore confine ourselves to these. And, instead of employing the con-
densed formule, we shall make the computation in full by (13).

]

L«

ok
m!

op

o |

=2

& -
~|
-3
o

3Q=2% ((sD' Rdt+s % £5Q
m m

sin sin
" 2 ’n
+148 4+ 1

cos
14

+153

sin
»n

S

cos
"

-+ 47

g v cos

144

— 10

" 144 144 1 144

—1

O DO e O

— 1440.53¢
— 244-0.02¢
— 60-44.23¢
—5254-0.31¢

+307—0.51¢
+ 62—0.08¢
— 28-43.84¢
+240—5.49¢

+ 1340.02
4Ty
—270—0.13¢
7 -4+2.09
—262-10.15¢

+ 49-40.05¢
413841.62
F157—3.05¢
— 31-4-2.30¢
4+120—2.744

4 36—0.06¢
+ 29—-1.85¢
+250—0.13¢
S 1 1Y
—2624-0.15¢

8+0.01¢
—1644-2.11¢
+ 85—2.70¢
+ 14—1.9%
—1204-2.74¢

€os 43p

v

€08

" 144

+.001—.00001¢
+.0244.00033¢

14

sin
’

—.023+4-.00002¢
—.0364.00033¢

sin

1 4

40.0024-0.0000¢
-4-0.0434-0,0006¢

- -4-0.021-4-0.0000¢
-+0.058-4-0.0000¢

COo8

+.333-+.00437¢
—. 14200002
—.071

—.4064-.00432¢
+.079—.00169¢
+.019

4-0.6204-0.0098¢
+2.69 —0.0011¢
40.132 0t

4-0.803—0.0097¢
4-0.830—0.0153¢
+0.0404-0.0000¢

~







78 THE ORBIT OF URANTUS,

of Jupiter and Saturn, are given on page 74 The computation from these data
being conducted in the same way as in the case of the terms of the first order, it is
not necessary to give much more than the results. These are shown in the fol-
lowing table. The indices to the left represent the coefficients of the mean longi-
tudes of Uranus, Saturn, and Jupiter, all counted from the perihelion of Uranus.
Column » gives the ratio of the mean motion of Uranus to the coefficient of the
time in each argument. The perturbations of the common logarithm of the radins
vector are expressed in units of the seventh place of decimals.

v v 0.4343 8p
sin cos cos sin
U S J 1 14
0, 1,—1 —0.2364 +0.002 0 0 0
1, —0.3095 —0.020 0 0 0
3, —0.4480 +0.004 —0.003 0 0
4, —0.8127 +0.016 —0.024 0 0
—2, 2,—1 —0.2960 —0.007 —0.001 0 0
— ¥ —0.4204 —0.108 —0.007 =3 0
0, —0.7254 —0.014 —0.012 0 0
1, —2.6420 +0.164 =026 41l S5
2, +1.6090 +0.005 —0.005 0 0
— ] —0.6551 +0.012 —0.002 0 0
20, —1.8997 +0.175 —0.015 - 1) 0
=1 42.1115 +0.078 +0.512 -2 408
0, -40.61786 +0.007 +0.024 0 0
—3, 4,—1 +0.754 —0.030 +0.081 0 +4
i +0.430 +0.043 +0.005 ey | 0
sy 40.301 +0.001 —0.003 0 0
1, 3,—2 —0.2170 —0.002 —0.032 0 =W
2y —0.2771 —0.051 +0.035 e —1
3, —0.3833 —0.010 +0.050 0 <
4, —0.6215 +0.032 +0.052 0 —1 |
0, 4,—2 —0.3627 —0.010 —0.004 0 0
i, —0.5692 +0.075 —0.154 —5 =
2, —1.3210 —0.349 —1.297 =¥ +11
3, +4.1150 —0.510 —0.453 S —2
o 5—=9 —0.5250 —0.253 —0.034 —3 0
ey, —1.1051 —4.433 —0.617 —43 4§ |
0, +10.5152 —0.546 —0.032 + 2 0
1, 40.9132 +0.206 —3.954 = ~=38 |
2, 40.4773 +0.012 —0.192 0 == 1Y 1
—4, 6,—2 —0.9497 +1.824 —0.519 +19 46 |
—3, —18.9250 +-40.650 -10.500 +32, +10
= +1.0558 +6.237 —17.866 —63 —19
] +40.5136 +0.467 —0.539 0 —2
0, +40.3393 +0.007 —0.017 0 0
—4, 1,—2 +0.5558 —0.050 —0.003 i | 0
—3, +0.3573 —0.046 +0.032 3 +3
= +0.2632 —0.045 -40.032 =1 + 1
=, 40.2084 —+0.006 +0.007 0 0
—a0, 40.1724 0 0 0 0 |
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If we subduct the effect in question when necessary, the remainder will be the
effect of the secular variation of the longitude of the perihelion of Uranus, to
which we shall revert presently.

Let us next introduce such a change in the eccentricity of Uranus as shall pro-
duce the term 347.899 sin g, and ascertain its effect on the other terms. For this
purposc we must determine ¢¢ by the condition

22— %62) de = 34".899
which gives
de =17".464 = .0000847.

A change of this amount in e will introduce the following terms in dv and dp

dv = 34".899 sin g - 2".048 sin 2¢
cos 4dp = 20 — 844 cos g — 59 cos 2.

Subtracting these terms from the expressions previously found we have

dv = — 0".144 sin 29 — 6".682 cos g — 0".261 cos 2g.
cos 4dp = - 4511 4 167 cos g + 10 cos 29 — 16 sin g + 1 sin 2g.
Again, let us put s
' eln = 3".342 = .0000162,
we shall have the elliptic terms

dv = — 6".682 cos g — 0".391 cos 29
cosddp = — 162sin g — 11sin 2.

Subtracting these expressions the constant terms, independent of the mean longi-
tude of the disturbing planets, are reduced to

dv = — 0".144 sin 27 4 0".130 cos 2g.
cosydp = 4511 + 167 cos g |- 10 cos 2g 4 146 sin g + 12 sin 2g.
0.43429 dp = 1969 - T3 cos g + 4 cos 29 |- 63 sin g - 5 sin 2g.

In the last equation we have introduced the constant -}-.0000008 produced in p
by the combined action of Venus, the Earth, and Mars. The effect of cach planet
1s computed by the approximate formula

Sp= g m(BY+aDab).

L 4

Secular Variations.

The following inequalities result from the secular variations of the eceentricity
and longitude of perihelion produced by each of the disturbing planets, 7' being
the time expressed in centuries.

¥rom the variation of the eccentricity

144 144 77
Action of Jupiter, Sv=—1.2167"8in g —0.0727 8in 29  -—0.005 7" sin 3¢
Action of Saturn, —9.182 T sin g ~—0.538 7" sin 2¢ —0.0327 sin 3g

Action of Neptune, ~—0.502 T sin g ~—0.0307 sin 2g —0.002 T sin 3g
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In general, a series of terms of the form

Za,sin ((A 4 s9) + 2 b, cos (14 + sg)
.+ 3d;sin ({4 — sg) + S, cos (14 — sy),

may be put in the form
$Z (1,—a’)costA — 3 (b, — V') siniA] sin sg

+ {2 (a;+ ') sinid 4 3 (b, + V) sin i 4] cos sg.

All the periodic terms containing only ¢ and [ in the arguments may be put into
this form by taking

A=g—1,

so that the cocfficients of sin sy and cos sg may all be expressed as a function of
the single variable argument A.

The perturbations of the elements may be reduced to perturbations of the
co-ordinates expressed as the sum of several products of slowly varying functions
into the sines and cosines of the multiples of 9. We hayve, in fact,

dv=_§1
+(2—§62)56X8in —]—(2—»1—62)63( X €os
1 g ‘ 19 )edy g
5 11 : o, Al
- (-Qe—-6—63> de X sin 2g —+ (26—1—2-63) édy X cos 2y.
-J- ete. -J- etc.

It appears, therefore, that all the perturbations in which the arguments contain
the mean longitudes of only two planets may be put in the form

8v = (v.¢.0) 4 (v.c.1) cos g -} (v.c.2) cos 29 -} ete.
+ (v.8.1) sin g + (v.5.2) sin 2g - ete.

Mdp = (p.c.0) 4- (p.c.1) cos g + (p.c.2) cos 29 -} ete.
+ (p.5.1) sing 4 (p.5.2) sin 2y - ete.

We have next to reduce to the same form those terms which contain the mean
longitudes of both Jupiter and Saturn, and which are given on page 78. We have
here twenty-four terms, each greater than 0”.04. As most of these terms depend
on three independent arguments, they cannot be included in a double éntry table,
while, if we include them as perturbations of the longitude in tables of single
entry, we shall have to enter twenty-two tables with as many different arguments. |
But, by taking, for the argument 4, the middle one in each series of arguments
which depend on the same multiples of Jupiter and Saturn, and expressing the
terms above and below it in each series as coefficients of sin g, cos g, sin 2g, and
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4
L +20.774) .
(v‘c'o)'(— 0,067/ 5" s
'— 4.110 sin 24,
— 0.824 sin 34,
— 0.228 sin 44,
— 0.0'74 sin 54,
— 0.025 sin 64,

(v.c.l)=(+ 9'986,)sin A1+(:}-—l45.005 )cos A, (v.s.1)=(il4§:gi T/

—2.421 sin 24,
—0.226 sin 34,
—0.055 sin 44,
—0.027 sin 54,

— 1.037

— 2.121 sin 24,
— 0.392 sin 34,
— 0.109 sin 44,
— 0.038 sin 54,

THE ORBIT OF URANTUS,

Action of Saturn.
A4, =l—g

17

+8.580 cos 4,

—0.009 cos 24,
—0.019 cos 34,
—0.008 cos 44,
—0.003 cos 54,

I44

0.94 7
—0.793 cos 24,
—0.308 cos 34,
—0.099 cos 44,
—0.027 cos 54,

—n".anr

@e)=(T020% Jsin a,+(+

— 0277

— 0.665 sin 24,
— 0.081 sin 34,
— 0.013 sin 44,

— 0.005 sin 54, —0.016 cos 54, —0.016 sin 54,
—0".65T
(v.c.3) = — 2.265 sin 4, 45.656 cos A,  (v.8.3) = +5.656 sin 4,

— 1.1683 sin 24,
4 0.026 sin 34,
+ 0.005 sin 44,
+ 0.002 sin 54,

4116.73 oy [+116.650
( T)COSA’ (v'b'?)_(_ 1.38T

—1.813 sin 24,
—0.177 sin 34,
—0.044 sin 44,

1.38

—1.847 cos 24,
—0.153 cos 34,
—0.044 cos 44,

+2.956 cos 24,
—0.063 cos 34,
—0.013 cos 44,
—0.004 cos 54,

—0.04T

(v.c.d) =— 0.126 sin 4,
— 0.503 sin 24,
- 0.053 sin 34,

(p.c.0) = 4106 sin A, + 761 cos 4,
— 2 sin24, 4 89 cos 24, °
+ 19 cos 34,
-+ 5 cos 44,
(p.c.l)=+ 1364 sin 4, — 43cos 4, (p.sl)=— 33sin 4, —1338cos 4,
— 46 sin24, -+ 45 cos 24, + 31sin24, 4 14 cos 24,
— T sin 34, + 9 cos 34, + 7sin34, -+ 5 cos34,
— 8 sind4d, +  2cos 44, 4+  2sin 44, + 1 cos 44,
4987 T
(p.c.2)=— 279 sin 4, — 103cos 4, (p.s.2)=— 103sin A, 4 281 cos A,
— 27 sin24, -+  9cos 24, + 9sin24, -+ 27cos24,
— 3 sin 34, 4 4 3 cos 34,
T —8T
(p.c8)y=— 61 sin 4, — 24cos A, (p.s.3)=— 24sin 4, 4 6Icos 4, :
4+ 24 sin 24, -+ 9 cos 24, ' + 9sin 24, — 24 cos 24,

-+0.329 cos A4,
+40.378 cos 24,
—0.032 cos 34,

)sinA,—}—( ol ¥oe )cos A,

+2.956 sin 24,
—0.063 sin 34,
—0.013 sin 44,
—0.004 sin 54,

(v.s.4) = 40.329 sin A4,
40.378 sin 24,
—0.032 sin 34,

-
.

s’

sin 4,4 (Ilf:f’)g;,)cos 4,
+2.037 cos 24,
+4-0.318 cos 34,
-+0.097 cos 44,
-0.038 cos 54,
—97.18T

+ 0.277
~+40.631 cos 24,
—-+0.013 cos 34,
+40.013 cos 44,
+0.005 cos 54,
—0".54T

+42.265 cos 4,
-+1.163 cos 24,
—0.026 cos 34,
—0.005 cos 44,
—0.002 cos 54,
—07.03T

+4-0.126 cos A,
+4-0.503 cos 24,
—0.053 cos 34,
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Action of Neptune.—Continued.
A3 == g S3TT l’

’7

(v.c.4)=—0.06 sin 94, —0.05cos 94, (v.s.4)=—0.05sin 94, +0.06 cos 94,

—0.09 sin 104, —0.08 cos 104,

+4-0.00044¢lg +0.000443¢
(p.c.0)= 4227 cos 4,
+-232 cos 24,
4 3sin34; —229 cos 34,
— 59 cos 44,
— 17 cos 5 44
— Tcos64,
— 3cos T4,
~4-0.01018¢8
(pc.1)=-4 3sin 4, (ps.1)=— 60sin A — 3cos 4
+ 2sin24; — 9cos 24, — 45sin 24; — 2cos 24,

+23 sin 34; —141 cos 34,
+ 8sindd4; — 39 cos 44,
— 9sind4; + 43 cos 54,
— 3sin64; + 13 cos 64,
— 1sinT4; 4 5cos T4,

—0.43322°%¢ +0.43394¢lg
(p-c.2)= — lcos 4; (ps&2)=— 5sin 4
— G cos 24, — 8sin 24, .
— 1sin34; +. 6cos 34, + 8sin3dd; -+ 1cos34,
— 4sin44;, 4 5cos4d; + 5sin4d; + 4cos4dA4,
— 6sind4; 4 17cos 54, + 17sin54; 4 6 cos 54,
— 2sin64; -} 7Tcos 64, + Tsin64; + 2cos64;
+ 3sinT4; — TcosTA, — Tsin7TA4; — 3cos T4,
—0.03048.e +0.03053edg
(p-c.3)=—0.000202"¢ (p.5.3)=--0.00203edg
PERTURBATIONS OF THE LLATITUDE.
(The secular terms being omitted.)
Action of Jupiter.
(b.c.0)= 0.024sin 4, —0.013cos A,

(b.s.1)=—0.420 sin 4,
(b.c.1)=-+0.494 sin A4,

(b.5.2)=4-0.004 sin 24,
(8..2)=—0.017 sin 24,

‘rﬂnlf_‘l‘

!
e
R

144 ’7

—0.08 5sin 104, +0.09 cos 104,

—107sin 34; —23 cos 34,
— 29sin4A4; — 8cos4A4,
+ 47sin54; + 9cosbA;
+ 15sin64; 4 3cos 64,
4+ 56sin74; -+ 1 cos T4,

+0.494 cos A4,
+0.420 cos 4,

—0.017 cos 24,
—0.004 cos 24,
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Action of Jupiter and Saturn —Continued.
(Terms multlphed by the product of their masses.)

n

(v.c.0)=-+ 0.08 sin N, + 0.51 cos N,
4+ 0.04sin N; -+ 0.01 cos N,
— 0.01sin N, -+ 0.05cos N,
— 0.35sin N;; — 1.30 cos NN,
— 0.55sin N;, — 0.03 cos N;}
{ -}-40.65 sin ; —10.50 cos N;
— 0.05sin Ny + 0.03 cos N ]

(v.e.l)=-+ 0.06sin Ny, — 0.27cos N, (v.s.1)=-+40.26sin &, -}0.27 cos NV,

+ 0.18sin &, -+ 0.01 cos W, —0.04sin N, —0.17 cos IV,
— 0.03sin N, -+ 0.08cos N, —+0.08 sin &¥; +-0.03 cos N,
— 0.02sin ¥y -+ 0.09 cos N, —0.02sin N, --0.08 cos V;
— 0.44sin N; — 0.61 cos N, +0.30 sin N; —0.58 cos Ny
— 423sin N; — 3.87cos N, } +2.64 sin N; +-4.64 cos N,
{ + 8.06sinV; — 8.38 cos NV, { +7.35sin N; 44.41 cos NV, }

— 0.10sin ¥, 4+ 0.03 cos N —0.04sin N; 4-0.00 cos N

(v.c.2)= { —0.24 sin N; —0.22 cos N, } (v.8,2)= { ~+0.16 sin N; +4-0.26 cos N, }
+40.47 sin N; —0.54 cos N, +0.54 sin N; 4+0.47 cos IV,

(p.c0)=-411sin N; —3cos N

Two of these arguments, namely, 55— 2J, and — 3¢ -}- 6§ — 2J, are of very
long period, that of the first being about 880, and that of the second about 1590
years. It will, therefore, be convenient to tabulate them both as functions of the
time for the time during which the theory is to be used. To make their effect as
small as possible during the period for which the provisional ephemeris is to be
computed, we shall suppose the longitude of epoch, mean motion, and longitude of
the perigee to be affected with the negative of the following corrections:

144

e = +21.21,
Srt =1 27.21,
Sn=— 0.1172.

Reducing these corrections to corrections of the co-ordinates, and adding them to
the terms of long period in the true longitude and logarithm of radius vector, we
shall have for these terms,

(v.c.0) = — 0.546 sin N; — 0.032 cos N,
-4 40.650 sin N — 10.500 cos N, —|—27 271 —11.72 T

44 144

(vs.1)= 263 sin N, —|—464cosN + 1. 35smN + 4.42 cos V;
(v.c.l) = — 4.22 sin Ny — 3.87 cos N, + 8.06 sin N; — 8.39 cos N; — 1.107
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VALUES OF (v.c.1)

1 (2) 3) “4) (5)
Jupiter Saturn Neptune Neptune Jupiter & Saturn Sam.
(sec.) (sec.) (sec.) (long per.) (long per.)
77 77 " ” 7 "
1700 -+17.19 -4-16.67 +7.20 +-37.63 —1.98 -4176.71
1750 +11.46 -+11.11 -+4.80 +-28.67 —2.28 -+-53.76
1760 10.31 10.00 4.32 26.46 —2.36 48.73
1770 9.17 8.89 3.84 24.10 —2.45 43.55
1780 8.02 7.18 3.36 21.60 —2.53 38.23
1790 6.88 6.67 2.88 18.95 —2.61 32.77
1800 5.13 5.56 2.40 16.16 —2.69 27.16
1810 . 4.58 4.44 1.92 13.23 —2.76 21.41
1820 3.44 3.33 1.44 10.15 —2.83 15.53
1830 2.29 2.22 0.96 6.92 —2.90 9.49
1840 -+ 1.15 + 1.11 ~-+-0.48 -+ 3.53 —2.97 -+ 3.30
1850 0.00 0.00 0.00 0.00 —3.03 — 3.03
1860 — 1.15 — 1.11 —0.48 — 3.68 —3.08 — 9.50
1870 — 2.29 — 2.22 —0.96 — 7.51 —3.13 —16.11
1880 — 3.44 — 3.33 —1.44 —11.49 —3.16 —22.86
(v.5.2) const. = — 0'.14.
€)) ) 3 C)) (¢ Snm.
" 7 " " " ”
1700 -0.11 —-+0.81 —-+0.04 —12.46 —0.72 —12.36
1750 --0.07 -+0.54 -+0.03 —8.31 —0.70 —8.51
1760 0.06 0.49 0.03 —17.48 —0.69 —T7.713
1770 0.06 0.43 0.02 —6.64 —0.68 —G6.95
1780 0.05 0.38 0.02 —5.81 —0.66 —6.16
1790 0.04 0.32 0.02 —4.98 —0.65 —5.39
1800 0.04 0.27 0.02 —4.15 —0.64 —4.60
1810 0.03 0.22 0.01 —3.32 —0.63 —3.83
1820 0.02 0.16 0.01 —2.49 —0.61 —3.05
1830 0.01 0.11 -+0.01 —1.66 —0.60 —2.27
1840 -4-0.01 -+0.05 0.00 —0.83 —0.58 —1.49
1850 0.00 0.00 0.00 0.00 —0.57 —0.71
1860 —0.01 —0.05 0.00 +4-0.82 —0.56 -+0.06
1870 —0.01 —0.11 —0.01 1.65 —0.54 0.84
1880 —0.02 —0.16 —0.01 +2.48 —0.53 +1.62
(v.c.2) const. = -+ 07/.13.
1 (€] 3) 4) %) Sum.
" 1 n " " n
1700 -+1.00 -+0.98 +0.42 +2.20 —0.11 +4.62
1750 -4-0.6%7 +0.65 -+0.28 -+1.68 —0.12 +3.29
1760 -+0.60 0.59 0.25 1.55 —0.12 3.00
1770 -+0.54 0.52 0.22 1.41 —0.12 2.70
1780 -+0.47 0.46 0.20 1.26 —0.13 2.39
1790 —+0.40 0.39 0.1% 1.11 —0.13 2.07
1800 -+40.34 0.33 0.14 0.94 —0.13 1.75
1810 -+0.27 0.26 0.11 0.77 —0.14 1.40
1820 -+0.20 0.20 0.08 0.59 —0.14 1.06
1830 +0.13 0.13 0.06 0.39 —0.14 0.70
1840 -4-0.07 -4-0.07 +0.03 -+0.20 —0.15 +0.35
1850 0.00 0.00 0.00 0.00 —0.15 —0.02
1860 —0.07 —0.07 —0.03 —0.21 —0.15 —0.40
1870 —0.13 —0.13 —0.06 —0.43 —0.16 —0.78
1880 —0.20 —0.20 —0.08 —0.68 —0.16 —1.19
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(p-s.1) const. = 4 63.
1) €)) 3 4 (5)
Jupiter Saturn Neptune Neptune Jupiter & Saturn Sum
(sec.) (sec.) (sec.) (long per.) (long per.)
" " " " " "
1700 -+180 +176 +15 —+396 —21 -+869
1750 -+120 +117 +50 -+302 —26 4627
1760 108 105 45 280 26 575
1770 96 94 40 255 28 520
1780 84 82 35 228 29 463
1790 72 70 30 - 200 30 405
1800 60 59 25 170 31 346
1810 48 47 20 139 32 285
1820 36 35 15 106 33 222
1830 24 23 10 2 34 158
1840 + 12 -+ 12 4+ 5 -+ 37 34 95
1850 0 0 0 0 35 + 28
1860 — 12 — 12 — 5 — 39 36 — 41
1870 24 23 10 80 36 —110
1880 — 36 — 35 —15 —122 —37 —182
(p.c.1) const. = 4 73.
@M @ (€)) ) ) Snm.
" " ” " " "
1700 —20 —147 —9 +2241 +104 49242
1750 —13 — 98 —6 1496 4 94 ~+1546
1760 —12 — 88 —5 1346 91 1405
1740 —10 — '8 —5 1197 88 1265
1780 — 9 — 69 -4 1047 85 1123
1790 — 8 — 59 —4 897 82 981
1800 — 6 — 49 - -3 4% 78 840
1810 — 5 — 39 —2 598 T4 699
1820 — 4 — 29 —2 448 71 55%
1830 — 3 — 20 —1 299 68 416
1840 — 1 — 10 —-1 ~+ 149 | 64 274
1850 0 0 0 0 61 + 134
1860 + 1 -+ 10 +1 — 149 58 — 6
1870 3 20 1 298 54 — 147
1880 4 29 2 — 447 - 51 — 288
(p.5.2) const, = -} 5.
(D) (2) (3) “4) (€6)) Sum
L4 , " n n ] n n
1700 +12 412 +4 428 0 +-61
1750 + 8 + 8 +6 21 0 448
1760 T 7 5 oo 0 43
1770 6 6 5 17 0 39
1780 6 6 4 15 0 36
1790 5 5 4 13 0 32
1800 4 4 3 11 0 27
1810 3 3 2 8 0 21
1820 2 2 2 6 0 17
1830 2 2 1 4 0 14
1840 + 1 + 1 +1 + 2 0 10
1850 0 0 0 0 0 + 5
1860 — 1 — 1 —1 — 2 0 0
1870 2 — 2 ~—1 4 0 — 4
1880 — 2 — 2 —2 — 6 0 — 1
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COS U = — €COS®
4 coswcos g— sinoesin g
-+ e cos o cos 29 — esin w sin 2g.

Substituting these values of sin » and cos u in the expression for §3, and putting
sin ¢80 = &0, we have
83 = ecos ¥l — esin o ép
+ ( cos 0dp + sinwdf) sin g4 ( sinwdp — cos wd0) cos g
-+ (e cos wdp + e sin wd'0) sin 29 4 (e sin wdp — e cos wdf) cos 2g.
To represent the numerical coefficients of sin g and cos g in §3 we must put

cos @dp - sin wd'6 = 0".386
sin wdp — cos wd'd = 0 .266.

Since o = 95° 3, this gives

n

dp = 0.231;

0= 0.409;

83 = — 0.013
+ 0.386 sin g - 0.266 cos ¢
-+ 0.018 sin 29 4 0.013 cos 2¢

Subtracting this expression from the corresponding terms of §3, we have left
03 = + 0".258 — 0".061 sin 29 — 0".007 cos 2g.

The first term of this expression shows that the mean orbit of Uranus at the

present time is a small circle of the sphere one-quarter of a second north of its

parallel great circle.
If we put

v = longitude of Uranus in its orbit, referred to the equinox and ecliptic of
1850, we have f

Vi=v—127° 37

Vo=v—126 45

Vo=v— 155 32

Substituting these values in the first three terms of §3, and multiplying the last
term by the factor (1 4- u) by which the adopted mass of Neptune, 15157, M
be multiplied to obtain the true mass, we find

03 = (4".69 + 1".14y) Tcos v — (5".24 -+ 0".52u) T'sin .

To these terms must be added those which arise from the motion of the ecliptic
In the absence of any exhaustive investigation of the obliguity and motion @
the ecliptic, I adopt the elements of Hansen, employed in his ¢ Tables du Soleil,

because they are a mean between the results of others, and are very accordant
with recent observations. The secular motion of the obliquity there employed is

— 46".78.






‘\

96 i THE ORBIT OF URANTUS.

From the expressions for p and ¢ we obtain

cos ¢ D,p = sin 0 D,p + cos 0 Dg;
sin ¢ D) = cos 0 Dp — sin 0 Dyq.

And, neglecting (D,9)* X sin ¢, we have farther,

cos pD%p = sin ¢ (D9)* + sin 6D%p -+ cos 0D%g;
sin D% = — 2 cos p.DIHD,p -+ cos OL% p — sin 0L%gq.

" Since ¢ is only 46" we may put cos ¢ and cos 3 both equal to unity in these
expressions, while we have, for 1850,

sin 0 = 0.9573
cosf) = 0.2890
Dp = —10"12 — 1".144
Dyg =+ 41.54 — 0 .52u
-DAp=— 0.38
Dhg=— 0.12
log sin ¢ = 8.129606.

The above formulw then give

Dp=42.31 —1".24y

Df = — 81675 4 126
Dy = 4 0°.26
DY) = 4+ 5.6 -

=0+ (2.31 —1".244) T4 0".13 T
0 = 0, — (3167".5 — 12".64) T+ 2.8 T,

or, adding Struve’s precession, we have when 0 is counted from the mean equin
of date,

6 = 0, + (1857".7 + 12".6x) T+ 3".9 T~

Using the values of ¢ and 0 given by these evplesswns the latltudc, sec
variation included, will be given by the cxpresswn

sin 3 = sin ¢ sin (v — 0).

If we take from a table, as the principal term of the latitude, the value of'v
¢o sin (v — 0), the secular term to be added will be

{(2.81 — 1".24yu) T4 0".13 7%} sin (v — ).

If we represent, as before, by w the variable distance of the perihelion from .
node, this term will be allowed for by adding to (b.s.1),.(b.cl), etc ‘the terms
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Substituting for o its value, 12°45, and for & and &k their above values in the
expression for 83, we find that the terms of §3 in question will add the following

terms to (0.c.0), (b.s.1), ete.

(b.c.0) = — 010 & + 046 &k = - 0.027 (1 + g)
(bel) = + 221 oy — 9715k = — 0. 447 (1 + )
(0.5.2) = + 046 & 4 011 & = — 0.047' (1 + )
(bic == — (b.c.0) = —0.027 (1 4 p)

These values will be employed in the construction of the provisional ephemeris,
but not in the tables.

Collecting all three classes of terms discussed in this section, we have the
following constant and secular terms in (b.c.0), (b.s.1), ete.

(b.c.0) = -+ 026 + (—0".09 + 0.084) T -
(b.5.1) = (— 0".92 — 0".61u) T — 0".057®

(bel) = (+1.86 —1.684)T + 0.127®

(b.52) = —0.06 —0.057 :

(b.c2) = —0.01 4 (0.09 — .08) T

Positions of Uranus resulting from the preceding theory. ]

The next step in order is the preparation of an ephemeris of the planet fi
comparison with observations. As this provisional theory is, for future use, supe
seded by the tables appended to the present work, it seems unnecessary to enter
very fully into the details of the computation of the ephemeris. The perturl
tions of the longitude, logarithm of radius vector, and latitude, were first com-
puted by the formule already given.

$v = (v.c.0) + (v.c.1) cos g -}- (v.¢.2) cos 2g -} ete.,
4+ (v.5.1) sin g +} (v.5.2) sin 2y -}~ etc.,
Mép = (p.c.0) + (p.c.1) cos g + (p.c.2) cos 2g - etc.,
-+ (p.5.1) sin g -+ (p.5.2) sin 2g - ete.,

03 = (b.c.0) 4 (b.c.1) cos g + (b.s.1) sin g.

Each coefficient (v.c.0), (v.c.1), etc., is composed at most of the following qu
tities:
1. The five classes of secular, long period, or constant terms, the separate valu
of which, with the sum of all, are given on pages 89 to 93.
2. Periodic terms due to the action of Jupiter, Saturn, and Neptune, given

pages 83 to 87.

3. Terms depending on the product of the masses of Jupiter and Saturn, giv
on page 88, omitting those depending on N, and N,, because they are given
column 5 of the terms of the first class.

The sum of the perturbations thus computed is given in the third column of th
following ephemeris. g

An approximate value of the perturbations produced by Neptune ‘alone is inde-
pendently computed for every fourth date, and the result is given in the fourth

-
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{The longitades are corrected for lunar but not for solar natation. ]

HeriocEnTrRIC EPiIEMERIS 0F URANUS FROM THE PRECEDING ’ROVISIONAL THEORY.

Sum of Approxin}ate
Gregit;:i.ch No. petx:tursba- ]:;:él':::;)%;s Longitnde. Correction.| Latitude.
mean noon. wons. Neptnue.
2 " n o 7/ 144 1] ’ 14
1690, Dec. 23 44 285 | 4236.1 gg i? ?2.2 ;::}8 ;.g
4 28.5 . .
e oy 155 24 42.6 445 58.7
e da e JG 155 25 29.0 145 58.8
April 3 . 5 29. .
1715, Mar. 2 :tc 58.3 | +136.2 | 169 10 21.4 446 2.1
" Mar. 5 46 58.2 169 11 7.1 iig ?%
Mar. 10 6 51.5 169 15 0.0 ]
A;rrn 29 ic 51.1 | +134.8 | 169 53 gg.g iig ggg
April 30 6 51.1 169 54 28, 4
1148, Occ, 21 |- :to 28.9 | — 65.0 | 316 13 ég.g __ii g;.g
" Oct. 22 —0 28.8 316 13 58. 4197,
1750 sébn 13 40 6.3 | — 51.3 | 323 44 14.9 43 47.2
" Sept. 14 40 6.3 | 323 44 54.0 43 47.3
Oct. 14 +0 6.6 | — 508 |324 4231 43 52.4
Oct. 15 40 6.6 324 5 1.0 —43 52.5
Dec. 3 40 8.0 | — 49.8 | 324 36 ;9.5 _ﬁ 8g
Dee. 4 0 8.0 324 37 28.5 — .
1153, Dec. 3 io 56 | — 25.6 | 336 25 3g.g _ig }‘1)
Dec. 4 —0 5.6 336 25 39. —46 1.2
1156, Sept. 25 —0 495 | — 0.4 31; gg ig.g _.ig g.%
. 96 —0 49.5 3 ' —46 9.
oo 1 24.0 16 13 85.0 38 36.9
R 11 5o 16 14 14.2 33 36.7
Jan. 16 —“+ . .2 [ - .
1768, Dec. 27 +1 33.1 36 3 35.2 —-2712.4
Dec. 29 41 33.1 | 4106.9 gc é 4;.3 -g; 45.3
. 31 133.1 6 : —27 40.
49, don +1 33.5 36 16 4.6 27 34.2
el Tisas 36 18 4.5 27 33.0
Jan. 18 3. i —97 33.
Jan, 21 —_::1 33.5 | +106.9 | 36 20 4.5 —g; g(l)g
Jan, 94 +1 33.5 36 22 4.4 —217 30.
1781, Jan. 1| 1|43 57.46( 4178.9 | 86 36 13.23 | +40.16 |4+11 3.63
May 1| 2|43 5341 83 2 34.70 412 11.14
Aug. 29| 3 | 43 48.58 89 29 7.41 :tii ;g.?i
Dec. 27| 4 |43 43.09 90 55 51.40 :
1782, April 26| 5 | 43 37.18| 4180.4 | 92 22 46.89 +15 31.53
Aung. 24| 6 | 43 30.97 93 49 53.89 +16 37.47
Dec. 22| 17|43 24.52 95 17 ig.gé +40.18 :t}; i?'$§
1783, April 21| 8 | 43 18.03 96 44 42.7¢ .
.AEg. 19 9143 11.87| 4180.1 | 98 12 24.96 :ﬁlgg;.gg
Dec. 17| 10 [ 43 .01 99 40 19.00 20 55.
1784, April 15| 11 | 43 0.18 101 8 25.13 ig; 5(3).33
.13 | 12 | 42 56,24 102 36 43.29 3 0.
;§:§ 1 13 :t2 52.82 | 1178.6 | 104 5 13.79 | 40.23 |424 2.40
1785, April 10 | 14 | 42 50.58 - 105 33 56.61 425 3.14
Aug. 8| 15 | 42 49.29 107 2 51.36 j:gg ﬁ.gg
Dec. 6| 16 | 49 49.35 108 31 58.18 :
1786, April 5| 17|42 50.53| 4175.5 | 110 1 16.88 +27 59.97
Aug. 3| 18 | 42 53.29 111 30 47.68 ~+-28 57.02
Dec. 1| 19 | 42 57.31 113 0 30.11 | 40.31 :tgg Z?.gg
1787, Mar. 31| 20 | 43 2.33 114 30 23.81 .92
July 291 21 |48 851 4171.0 | 116 0 28.62 431 41.72
Nov. 26| 22 | +3 15.48 117 30 44.11 +32 34.33

Logarithm
Radins
vector.

1.2876828
1.2876789
1.2626650
1.2626640
1.2623890 |
1.2623893 |
1.2623911
1.2624066
1.2624102
1.3001855
1.3001875
1.3013714
1.3013731
1.3014165
1.3014181
1.3014856
1.3014872 |
1.3025789
1.3025796
1.3029363
1.3029363
1.3003508

1.3003486
1.2955331‘H

1.2955274
1.2955216
1.2954753
1.2954659
1.2954566
1.2954476
1.2785972
1.2780883 |
1.2775834

1.2770827 |

1.2765870 |
1.2760968

1.2756124 |

1.2751345
1.2746633i
1.2742012
1.2737412 |
1.2732907
1.2728469
1.2724105
1.2719806
1.2715564
1.2711405
1.2707299
1.2703265
1.2699294
1.2695394
1.2691551

w
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HEeriocexTrIC KPHEMERIS OF URANUS.— Continued.

Date. Sum of Approxim.ate Logarithm
Greenwich No. perturba- p'“'_”u”_m(;w"s Longitude. Correction.’ Latitude. Radius
nmeau noon, tions. p'l(\}d"w by vector.

eptune.
{7 " " (3 ! " " 4 "
1811, Mar. 26 93 | +3 1.99 226 19 12.04 420 51.52 | 1.2716752
July 24 94 ORI 227 48 9.06 19 46.95 | 1.2721215
Nov. 21 95 2 50.91 —32.1 229 16 55.8% 18 41.69 | 1.2725760
1812, Mar. 20 96 2 43.45 230 45 32.41 1% 35.80 .2730381
July 18 97 2 87.26 232 13 59.13 | 40.11 16 29.34 | 1.27850'72
Nov. 15 98 2 31.98 233 42 15.55 15 22.35 2739838
1813, Mar. 15 99 2 27.86 | —389.1 235 10 21.88 14 14.92 | 1.2744651
July 13| 100 2 25.05 236 38 18.26 13 7.08|1.2749507
Nov. 10| 101 2 22.98 238 6 8.95 11 58.79 | 1.2754409
1814, Mar. 10 | 102 2 22.35 239 33 39.61 10 50.21 | 1.2759367
July 8| 103 2 2254 —44.0 241 1 4.63 | 40.22 9 41.32 | 1.2764360
Nov. 5| 104 2 24.24 242 28 19.59 8 32.19 | 1.2769372 |
1815, Mar. 5| 105 2 26.58 243 55 28.67 7 922.86 | 1.2774408 |
July 3| 106 2 30.00 245 22 17.1% 6 13.39 | 1.2779459 |
Oct. 31| 107 2 34.17 | —49.8 246 48 59.79 5 8.80|1.2784533
1816, Feb. 28| 108 2 39.06 248 15 31.47 $54.09 | 1.2789¢00
June 27 | 109 2 44.51 249 41 52.08 | —0.01 2 44.46 2794688 |
Oct. 25| 110 2 50.43 251 8 1.42 1 54.8211.2799%725
1817, Feb. 22| 111 DRGTHT) L = 252 33 59.49 4+ 025.25 | 1.2804%69 |
June 22| 112 3 3.22 253 59 46.00 — 044.19 | 1.2809792
Oct. 20| 113 3 10.03 K 255 25 21.18 153.44 | 1.2814788
1818, Feb. 17| 114 3 16.63 256 50 44.48 3 2.48 [ 1.2819759
June 17| 115 3 2296 | —54.7 258 15 55.79 0.00 411.23 | 1.2824%01
Oct. 15| 116 3 28.90 259 40 55.14 519.78 | 1.2829599
1819, Feb. 12| 117 3 34.28 261 5 42.25 € 27.83 | 1.2834467
June 12 | 118 3 38.77 262 30 17.04 7 85.52 | 1.2889317
Oct. 10| 119 3 42.48 1 —56.1 263 54 39.42 8 42.77 | 1.28441]
1820, Feb. 7| 120 3 45.03 265 18 49.19 9 49.52 | 1.2848927
June 6| 121 3 46.37 266 42 46.29 | —0.01 10 55.76 .2853670
Oct. 4| 1922° 3 46.38 268 6 30.67 12 1.40 | 1.2858391
1821, Feb. 1| 123 3 45.07| —56.4 269 30 2.43 13 6.44 | 1.2863087
June 1| 124 3 42.35 270 53 21.55 14 10.88
Sept. 29 | 125 3 38.08 272 16 27.96 15 14.57
1822, Jan. 27 | 126 3 32.86 TSR3 W2253G 16 17.58
May 27| 127 3 26.18 | —56.2 25 2 4.25 | —0.10 17 19.84
Sept. 24 | 128 3 18.32 276 24 34.06 18 21.32
1823, Jan. 22| 129 3 9.68 277 46 52.38 19 22.01
May 22| 130 3 0.24 279 8 59.05 20 21.89
Sept. 19 | 131 2 50.36 | —56.1 280 30 54.82 21 20.91
1824, Jan. 17| 132 2 40.10 98152 359471 22 19.10
May 16 | 133 2 29.74 283 14 14.16 | —0.07 23 16.40
Sept. 13 | 134 2 19.49 284 35 38.60 24 12.78
1825, Jan. 11| 185 2 9.25| —55.5 285 56 52.92 25. 8.22
May 11| 136 1 59.46 287 17 57.80 26 2.71
Sept. 3| 137 1 50.21 288 38 53.43 26 56.22
1826, Jan. 6| 138 1 41.44 239 59 40.04 27 48.71
May 6| 139 1 33.58 | —b4.5 291 20 18.03 | —0.09 28 40.20
Sept. 3| 140 1 26.44 292 40 47.50 29 30.76
1827, Jan. 1| 141 1 20.21 294 1 8.83 30 20.16
May 1| 142 1 14.89 295 21 22,15 31 8.60
Aug. 29| 143 1 10.52 | —54.0 296 41 27.72 31 55.92
Dee. 27| 144 1 T7.22 298K 1267572 32 42.14
1828; April 25 | 145 1 4.79 299 21 16.45 | —0.07 33 27.24
Aug. 23| 146 1 3.51 300 41 0.14 34 11.25
Dee 21| 147 | 41 3.11 —2C) 302 0 36.75 —34 54.11







104 THE ORBIT OF URANTUS.
HEeriocenTric EPuIEMERIS oF URANUS.— Continued.

Date. Bos ol o EDYSEiRNLS Logarithm
Greenwich No. perturba- perlurbnélons Longitude. Correction.| Latitude. Radius
mean noon, tions. prlgdllce by vector.

eptnne.
14 n 13 o (74 n 14 "
1847, Jaun. 16| 202 | —0 25.64 13 21 0.27 —40 6.03 | 1.3012758
May 16 | 203 0 24.73| —70.2 14 39 0.21 39 33.75 | 1.3010544
Sept. 13 | 204 0 24.95 15 57 3.81 39 0.231.3008219
1848, Jaun. 11| 205 0 26.43 17 15 10.46 | -40.06 38 25.40 | 1.3005790
May 10 | 206 0 28.95 18 33 21.30 37 49.42 | 1.3003263
Sept. 7| 207 0 32.15| —172.8 19 51 36.15 37 12.18 | 1.3000640
1849, Jan. 5| 208 0 37.59 21 9 55.34 36 33.73 | 1.2997923
May 5| 209 0 43.47 22 28 19.02 35 54.16 | 1.2995115
Sept. 2| 210 0 50.27 23 46 48.13 35 13.36 | 1.2992224
- Dee. 31| 211 0 57.74| —75.8 25 5 22.56 | —0.08 34 31.47 | 1.2989252
1850, April 30 | 212 1 6.18 26 24 2.38 33 48.40 | 1.2986203
Aug. 28| 213 1501 27 42 48.39 + 33 4.371.2983078
Dec. 26| 214 1 24.38 29 1 40.87 32 19.06 | 1.2979881 |
1851, April 25| 215 1 34.33| —977.9 30 20 39.78 31 32.79 | 1.2976615 |
Aug. 23| 216 1 44.28 31839 1451011 30 45.46 | 1.2073287 |
Dec. 21 | 217 1 54.21 32 58 59.55 | —0.09 29 57.09 | 1.2969894
1852, April 19 | 218 ORI 34 18 20.89 29 T7.71 | 1.2966436
Aug. 17| 219 2 13.61| —80.5 35 37 50.43 28 17.33 | 1.2962916
Dec. 15| 220 2 23.00 36 57 28.19 27 25.95 | 1.2959338
1853, April 14 | 221 2 31.54 38 17 15.06 26 33.62 | 1.2955701
Aug. 12| 229 2 39.58 39 37 10.77 25 40.35 | 1.2952015
Dec. 10| 223 2 46.62 | —82.6 40 57 16.17 | —0.07 24 46.17 | 1.2948270
1854, April 9| 224 2 52.64 42 17 31.26 23 51.08 | 1.2044458 |
Aug. 7| 225 2 NIk 43 37 56.24 22 55.08 | 1.2940583
Dec. 5] 226 3 1.60 44 58 31.59 21 58.25 | 1.2936645
1855, April 4| 227 3 4.03| —84.6 46 19 17.49 21 0.51 | 1.2932645
Aug. 2 298 3 5.35 47 40 13.93 20 1.97 | 1.2928582 |
Nov. 30| 229 SP 5y 61 49 1 21.26 | —0.11 19 2.66 | 1.2924449
1856, Mar. 29 | 230 3 3.95 50 22 39.57 18 2.55 1.2920239]
July 27| 231 3 124 (B =86LE 51 44 9.08 17 1.67|1.2915954
Nov. 24| 232 2 57.62 53 5 49.32 16 0.03 | 1.2911592 |
1857, Mar. 24 | 233 2 52.95 54 27 40.66 14 57.72 | 1.2907155
July 22| 234 2 47.58 55 49 42,98 13 54.71 | 1.2902643
Nov. 19| 235 2 41.65 | —87.9 57 11 56.10 | —0.10 12 51.08 | 1.2898057
1858, Mar. 19 | 236 2 35.18 58 34 20.16 11 46.89 | 1.2893395
July 17| 237 2 28.82 59 56 54.59 10 41.96 | 1.2888659
Nov. 14| 238 2 22.46 61 19 39.71 9 36.91 | 1.2883853
1859, Mar. 14 | 239 2 16.35| —88.6 62 42 35.14 8 30.87 | 1.28'78981
July 12| 240 2 10.33 64 5 41.38 |. T 24.61 | 1.2874049
Nov. 9| 241 2 5.17 65 28 57.59 | —0.13 6 17.90 | 1.2869061
1860, Mar. § | 242 2 0.67 66 52 24.15 5 10.84 | 1.2864023
July 6| 243 1 57.10| —89.1 68 16 0.90 4 3.42|1.2858941
Nov. 3| 244 1 54.37 69 39 47.78 2 55.74 | 1.2853816
1861, Mar. 3| 245 1 52.61 71 3 44.98 1 47.83 | 1.2848658
dJuly 11 246 1 51.92 72 27 52.38 — 0 39.69 | 1.2843468
Oct. 29 247 1 52.43| —89.3 73 52 10.31 | —0.19 |+ 0 28.60 1.2838257
1862, Feb. 26 | 248 1 53.51 75 16 38.24 1 37.00 { 1.2833029
June 26 | 249 1 55.99 76 41 16.65 2 45.46 | 1.2827788
Oct. 24 250 1 59.54 T8 6 5.46 3 53.95 | 1.2822542
1863, Feb. 21| 251 2 3.98}| —88.5 79 31 4.97 5 2,40 | 1.2817290
June 21| 252 2 9.43 80 56 15.07 6 10.80 | 1.2812047
Oct. 19| 253 2 15.63 82 21 36.01 | —0.04 7 19.09 | 1.2806819
1864, Fcb., 16 | 254 2 22.52 BN TR0 5 8 27.25 | 1.2801609
June 15| 255 2 30.20} —87.2 85 12 50.83 '9.35.22 | 1.2796421
Oct.. 13 | 256 | —2 38.39 . 86 38 44.88 4+ 8 42.95 | 1.2791263
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CIHAPTER VI.

REDUCTION OF THE OBSERVATIONS OF URANUS, AND THEIR COMPARISON
WITH THE PRECEDING THEORY.

THE observations of Uranus naturally divide themselves into two distinet
classes. (1) The purely accidental ones, made previous to the recognition of the
planet by Herschel in 1781, and therefore without any suspicion on the part of the
observers that the object was not a fixed star, and (2) the systematic observations
made since.

The first class are nearly all so uneertain in comparison with the second that I
have hesitated over the question of employing them at all. If nothing buta
determination of the elements of Uranus were called for, they would certainly not
be worth using, since these elements may be determined with entire certainty
from the observations which have been made during the entire revolution of the
planet since 1781. But the mass of Neptune is also to be determined, and it is
at least possible that these observations, uncertain though they are, may add
materially to the weight of this determination. I have, therefore, determined to
include them all, re-reducing them when there seemed to be good reason so to do.

The earliest observations are those of Flamstead, published in the Historie
Ccelestis. The observations themselves, as printed, together with the prineipal
elements for reduction, are given in the following tables.

The first column of the table gives the name of the star. The second gives
the clock time of transit over the wire of the quadrant as given by Flamstead.
The time, it will be seen, is only given to entire seconds. We must, therefore,
expect to find a probable error, of which the mathematical minimum is 0%.25,
and of which the minimum we can reasonably expect is much greater.

Next we have the apparent right ascensions of the stars as computed. For
these data I am indebted to Prof. Coffin, Superintendent of the American
Ephemeris. The mean places are mostly derived from the « Star Tables of the
American Ephemeris,” and from the two Greenwich Seven Year Catalogues, while
the reduction to apparent place is made with the modern constants.

. The fourth column gives the apparent clock correction for sidereal time, in which
is included the effect of deviation of the instrument from the meridian.

The clock keeping mean time, the errors are in the next column reduced to
those of sidereal time at the moment of the transit of Uranus.

The next two columns give the corrections for clock rate, and for deviation of
the instrument from the meridian, as inferred from the observations themselves,
both being referred to the time and position of the transit of Uranus.
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1715, March 4. Right Ascension.

T. R. A. C. G

h. wm. s. h. m. s h. m. s S.

d Leonis, 11 50 19 10 45 525 —1 4 26.5 20.5
Uranus, 12 27 1
b Virginis, 12 49 41 11 45 236 —1 4 174 21.1

ha Sm? 5

Clock time of transit of Uranus, 12 27 sl
Correction for clock and instrument, —1 4 208
Right ascension of Uranus from observation, 11 22 40.2

1715, March 4. Declination.
Z.D. R. Dee. Eq. point.
d Leonis, 46° 19" 40" 41 0" +5° 8 6" 51° 28 46"
Uranus, 46 33 10 411
b Virginis, 46 13 20 +1 0 5 14 17 51 28 37

Cirele reading for Uranus, 46° 34 11"
Equatorial point, 51 28 42
Observed declination of Uranus, S 44 54 31

1715, Much 5. Right Ascension.
T. R. A. C. C’
h. m. s. h. m s h. m. s. 8.

d Leonis, 11 46 24 10 45 52.5 —1 0 315 25.5

Uranus, 12 22 59::

b Virginis, 12 45 49 11 45 23.6 —10 24 29.1
Transit of Uranus, : 112 512 589
Correction for clock and instrument, —1 0 277
Observed right ascension of Uranus, 11 22 31.5

The large apparent clock rate, and the colons after the time of transit, b

throw doubt on this observation.

Declination.

The circle readings for the stars are the same as on the day preceding, whi

that for Uranus is 50” less. The declination is therefore

-}-4° 55" 21",
1715, March 10. Right Ascension.
T. R. A. C. C’.

h., m. s h. m. s. h, m. 8. 8.
d Leonis, 11 25 58 ° 10 45 52.5 —0 40 5.5 59.5
p* Leonis, 11 32 28 10 52 25.1 —0 40 2.9 58.1
Uranus, 12 2
b Virginis, 12 25 18 11 45 23.6 —0 39 54.4 58.2
Clock time of transit of Uranus, 11‘2 ni 4:2
Correction for elock and instrument, —0 39 58.6
Observed right aseension of Uranus, 11 21 434

50" greater, or
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Mr. Breen remarks: “The right ascensions are very accurate. It has been
assumed that the N. P. D., on 1750, September 13, is identical with p Capricorni,
with which it was compared. 'T'he first observation was by the transit instrument,
and the second by the quadrant.”

No ground is given for the above assumption respecting the N. P.D. for the
second observation; it may, therefore, be omitted as valueless.

In the year 1750 we have also two observations by Le Monnier at Paris. For
these, and all the other observations by the same observer, I shall adopt the results
given by Bouvard in the Connaissunce des Temps, for 1821, p. 341, with the cor-
rections indicated by Le Verrier, in Connaissance des Temps, for 1849, pp. 125 and
126. The necessary uncertainty of the observations is such that, considering that
Bouvard reduced them with the star positions of the “ Fundamenta,” scarcely
anything will be gained by a new reduction.

1753, December 3, we have another observation of right asecnsion by Bradley.
I adopt the result kindly communicated by my distinguished friend, Dr. Auwers.

h. m. h. m. g
1753, December 3, 5 33. R.A. =22 23 215.59

1756, September 25. Observation by Mayer, at Gottingen. I adopt the result
given by Bessel, in Fundamenta Astronomie, p. 284.

’ "

h. m. o]
1756, September 25, 10 12. R.A. =348 0 54.5
Dec. =—61 494

The following is a tabular summary of the preceding results, with their com-
parison with the provisional theory. In the computation of the geocentric place
the places of the sun were derived from Hansen’s Tables. I am indebted to Pro-
fessor Coffin for a duplicate eomputation of the geocentric places from the pro-
visional ephemeris, which was executed by Mr. Joseph A. Rogers.

Right Ascension, Declination. - Correction to theory.
Date, . 3 ;
Observation. g Observation. E R. A. Dec. Long. _6_1 'Ql«
= & oA of |
3] 12
hm 8 s o) 7 ” 173 ” ” ”
1690, Dee. 23| 3 43 16.2 (14.7 419 35 19 if 22 412 +24 1.04 | 4-.027
1715, Mar. 4 {11 22 40.2 |38.7 4 54 31 48 +22 117 +28 1.06 0
Mar. 5|11 22 31.5 |29.1 4 5521 49 -+36 —28 +44 1.06 0
Mar. 10 |11 21 43.4 {41.0 5 048 56 -+36 — 8 -+36 1.06 0
Apr.29/11 15 1.6 | 1.5 + 542 9 11 + 1 — 2 + 2 1.04 | 4-.036
1748, Oct. 21 21 4 37.93(85.42 ........ .. | +387.6 o A -$+389.3 | 1.015] 4-.050 |
1750, Sept.13 |21 40, 0%23157.90; " LN W ... | +35.0 40 o/ +35.7 | 1.05 | 4.022
(o] " 1
Oct. 14 (824 15 24.6:47.6 [—15 1 40.4 | 47.0 +3%.0 + 6.6 { +35.9| 1.03 | J-.045
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1. Observations at Greenwich, 1781 to 1872.
2 Paris, 1802 to 1827, and 1837 to 1569,
3. . . . . . Konigsberg, 1813 to 1835.
Ao L% . . Vienna, 1822,and 1827566 BSS0.
5 Speier, 1827-29.
6 Cambridge, 1828 to 1842,
1 Edinburgh, 1836 to 1844,
8. -+ .. . Berlin 1838 \te HhEE2:
.9, . . . . . Pulkowa, 1841 and 1842.

10. . . . . . Washington, 1861 to 1872,
11. . . . . . Leiden, 1863 to 1871.
12. Santiago, 18564 and 1855.

As to the general distribution of these observations in time, we may remark
that during the first three or four years the planet was zealously observed at
Greenwich. Observations then began gradually to fall off until 1798, in which
year we find but one. From this time until 1814 only one or two observations
were made at each opposition. They become a little more numerous, until 1829,
when there is a sudden increase. Few interruptions have occurred since. With
regard to the other observatories it may be said that from 1802 until 1830 there is
a gradual increase in the number of observations, and that since the latter year
the number of observations is entirely satisfactory. ,

A great number of the observations were reduced with the star places of the
Tabule Regiomontanw, and the entire Paris series are reduced with the star
positions of Le Verrier, given in his “Annales de U Observatoire Imperial de Paris,”
Tome II. As a preliminary to the discussion of the systematic corrections to the
principal published reductions, I have prepared the following table, showing the
corrections which must be applied to the places of the equatorial fundamental
stars in the above catalogues to reduce them to the adopted standard, namely, Dr.
Gould’s coast survey list in right ascension, and Auwers’ standard in declination.

In the table of right ascensions the first column after name of the star gives the
annual variation of that co-ordinate for the epoch 1860.0, as derived from Le
Verrier’s tables of right ascensions just cited. Next we have the correction to this
annual variation, expressed in units of the fourth place of decimals, to reduce it to
that given in the * Star Talles of the American Ephemeris,” the positions in whie
are founded on Dr. Gould’s Catalogue. The fourth column gives the correction t
the right ascensions of Le Verrler for 1860, in hundredths of a second of time.
Subtractmg from this column sixth-tenths of the preceding, we have the corr
sponding corrections for 1800. The last four columns give the corresponding nu
- bers for the right ascensions of the ZTadule Regiomontiance.

The table of declinations shows, for different epochs, the corrections necessary ti
reduce the tabular positions to those given by Auwers in his paper on the decli
tions of the fundamental stars
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II. DEecLINATIONS.
Corrections to Tabulz Regiomontanz. Corrections to Le Verrier.
1780. 1800. 1820. 1840. 1820. 1840.
144 145 17 144 144 144
o Andromedee, -+0.3 +40.2 +0.1 0.0 +0.2 0.0
y Pegasi, 10,9 40.1 40.4 40.8 +40.1 +0.3
a Arietis, —0.3 0.0 +0.3 405, o 1 Bk 40.3
a Ceti, —1.0 —0.1 408 +1.6 +0.1 +0.%
o Tauri, 0.0 +0.1 +0.1 4+0.2 +4-0.1 0.0
B Orionis, —0.5" +0.1 +40.6 +1.2 40.3 40.7
g Tauri, —0.5 0.0 +40.6 Ay g 40.2 +40.5
a Orionis, —1.2 —0.6 0.0 +4-0.6 —0.2 +0.3
a Geminorum, —0.8 —0.5 —0.1 -+40.3 -+0.5 +1.0
o Canis Min. —0.2 0.0 40.3 +0.6 +40.2 +40.5
B Geminorum, —0.2 0.0 0.3 +0.6 +0.2 +0.5
o Hydrz, —0.2 0.3 +0.7 +1.2 0.3 -0.7
o Leonis, 40.3 0.4 40.4 +40.5 +40.4 +40.5
8 Leonis, +0.2 4-0.2 +40.2 40.3 +40.2 +40.3
o Virginis, +40.2 40.6 +1.1 +L5 +40.5 +40.8
a Bootis, 4-0.4 +40.4 +0.3 40.2 4-0.4 +40.4
o’ Libre, +40.5 +0.5 0.6 --0.6 -40.5 0.6
o Corons, 407 .| 0.6 +0.4 +40.3 +0.4 +40.4
o Serpentis, +0.2 - 40.6 +1.1 +1.5 +40.5 —+0.9
o Scorpii, +0.1 +40.6 +1.0 v 414 +0.4 +0.7
o IHerculis, +0.6 +0.8 +1.0 +1.3 +0.5 +0.7
o Ophiunchi, +0.4 +0.5 +0.5 +0.6 +0.4 -+0.6
a Lyre, +0.7 +40.8 +40.9 +1.0 40.4 +0.4
y Aquilz, 0.0 +0.3 +0.6 +1.0 40.2 4-0.4
o Aquile, +40.1 0.4 0.7 +1.0 +0.1 +40.4
B Aquile, 4-0.1 +40.6 +41.2 +1.7 +0.5 +0.8
o’ Capriconii, +40.2 40.9 +1.6 123 10.6 +1.1
a Aquarii, —0.5 +40.1 0.8 +1.5 - +0.5 -+1.0
o Piscis Aust. +1.0 +2.4 +4-3.9 +5.3 +1.7 4-2.3
o Pegasi, +0.4 40.3 +40.2 -40.1 -}-0.3 +0.2
Mean +4-0.03 -+0.36 +0.69 +1.03 -+4-0.36 -+40.60
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combined both, the choice being determined by circumstances. We shall con-
sider the different serics of obscrvations in succession.

Greenwich Observations from 1781 fo 1830.

These observations are completely reduced by Airy and compared with Bou-
vard’s Tables, in the work Reduction of the Observations of Planels made al the
Royal Observatory, Gieenwich, from 1750 to 1830. London, 1845. The con-
cluded positions given in this work depend mainly on the star places of the
'Tabule Regiomontanee, both in right ascension and declination. If we consider
the first four oppositions—1781-1785—as forming a single group of which the
mean epoch is 1783, we find that the general correction to the Tabule Regio-
montana for this epoch is ' :

In right ascension, —0°.030;
In declination, +0".08.

If, on the other hand, we consider only the particular stars compared with Uranus,
the result will be a little different. 'The number of times each of the fundamental
stars has been compared with Uranus, and the correction in right ascension cor-
responding to each star, are ncarly as follows:—

o Arietis, N=2 Cor=-—009 NxXC=— .I8
a Tauri, 2 —.01 — .02
y Pegasi, 2 —.03 — .06
3 Tauri, 19 +.13 +2.47
a Orionis, 33 +.02 +-0.66 -
a Canis Minoris, 33 —.02 —0.66
B Geminorum, 34 —.07 —2.38
a Leconis, T =.11 — T
8 Leonis, 2 —.07 — .14

'The mean correction from these data comes out —0.008, differing by 0°.022 from
the general mean correction. Our choice between the two corrections depends
on whether we are to consider the relative positions of the Tabule Regiomontan,
or those of the standard catalogue, as nearest the truth at the epoch 1783, and
particularly upon whether we are to consider the large correction to the proper
motion of 3 Tauri as real. In the absence of exact data for settling this que
tion, the mean of the two results, or —0°.020, has been adopted.

A similar anomaly is exhibited by the declinations. It is probable that the
declinations of Uranus during this period mainly depend on stars in the first
twelve hours in right ascension, for which the mecan correction is about —0".30
instead of 4-0".08. I have adopted —0".16. Changing these corrections to lon-
gitude and latitude, we have, during the period 1781-1786 : —

Correction to observed longitude, = —0".30;
Correction to observed latitude, —0.19.
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In 1831 — 1".42;
1834 — 2 .10.

Then comparing Airy’s reduced declinations of Uranus with Pond’s, we find the
following mean differences:
In 1831, Airy — Pond = — 3".18
1834, — 3.50.

To reduce Airy to Auwers we must there apply to the declinatious

In 1831 + 1776
1834 4 1 .40.

I have regarded the correction 4 1".60 as applicable throughout the period in

question.
1836-72.

During this interval the corrections in right ascension have been derived by the
following two sets of comparisons: (1) A comparison of the several collected six
and seven year catalogues with Gould’s standard, from which it appears that they
require the following general corrections in right ascension :

"Six year catalogue of 1840 -+ 0°.047
Six year catalogue of 1845 ~+ 0.002
Seven year catalogue of 1860 -+ 0.003
Seven year catalogue of 1864 4+ 0.022

(2) A comparison of the corrections applied to the right ascensions of the indi-
vidual years to reduce them to the standard of the catalogue, as given in the
introduction to each catalogue. The sum of these two numbers gives the correc-
tions for each year.

A slightly different method is to regard the above correction for each catalogue
as applicable to all right ascensions which depend fundamentally upon that cata-
logne. I have sometimes combined both methods so as to derive what seemed to
be the most probable result, and sometimes used but one.

The corrections to the declinations during the interval in question have been
derived from Auwers’ ¢ Tafeln zur Reduction der Declinationen verschiedener
Sternverzeichnisse auf ein Fundamentulsystem,” Astronomische Nachrichten, No.
1536. 'These tables include the Greenwich seven year catalogue for 1860, when
the correction corresponding to the declination of Uranus is about 4-0”.45. The
corrections for the previous catalogues vary between 0”.35 and 0".68. The cor-
rection corresponding to the interval 1861-67 has been derived by a dircct com-
parison with Auwers’ declinations, and the result is - 0".44, agreeing with the
two preceding catalogues. But, on making a similar comparison with the annual
catalogue for 1869, a considerable change was found, the correction being — 0”.17,
a change of more than half a sccond. I shall use this correction for and after the
beginning of 1868, as the change is probably due to the introduction of a new
constant of refraection in the reduction of the observations for 1868 and subse-
quent years.
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But, if we take only the stars near Uranus, with which the latter was necessarily
most frequently compared, the eorrections will be negative. Comparing the con-
cluded positions of the stars from a Serpentis through 0" to 3 Orionis, we find the
following mean corrections:

In right ascension, —0°.012; in deelination, — 0".09.

In subsequent years it is stated that the adopted positions of clock stars used
each year are derived from the right ascensions observed at Greenwich, Cam-
bridge, and Edinburgh, during the year or the two years preceding, without any
statement whether corrections were applied for difference of equinoxes. In some
subsequent years the following corrections are deduced, sometimes from the adopted
and sometimes from the concluded positions :

1837, Aa== 4Y0000E
1840, Aa=+40.015; A Dee.= 0".00;
1844,‘ Aa=+0.070; A Deec. =0 .49.

-

Laris. : =N

All the positions of planets given by Le Verrier, in his “Annales de I’ Observa-
toire Imperial de Paris: Observations”depend both in right ascension and N. P. D.
on his adopted positions of fundamental stars, the corrections to which have

already been given. As the corrections to the individual star places used by

Le Verrier are not generally of a systematic character, the general mean corree-
tion is employed, which 1s:— :

In right ascension — 0°.024 4 0°.0857,
In declination + 0712 4 1°.207, :

T being the fraction of a century after 1800,

In 1854 a new and larger catalogue was introduced, and for this and the follow—
ing years the correction in deelination is derived from Auwers’ tables.

A summary of the adopted corrections after 1830, as deduced from the pre-
ceding comparisons and discussions, is given in the following table:—

TABLE oF ADOPTED SYSTEMATIC CORRECTIONS. |
Yeaf. |1 Greenwich. Paris. Konigsberg. Berlin. Cambridge. Edinburgh.
Aa Ad Aa Ad Aa Ad Aa Ad Aa AS Aa Ad |
) s " s n s 17 s n s rn s "
1830} 1% aml = caw s [ 00 ... ] ooa | 409 —.16 | —1.7 .00 .
18811 .00 418} .00|405|—02|409]| .... 409 —16[—1.6[....|.
1832 { .... | 1.7 el e | =~—02409] c.iaf e | —19[—=1.5
1833 +1.6 veee | —.04 ] ..., SR == A
1834 +1.4 —.05 I8
iggg dno.cl | =) I IR e I B e B b 5 o o L 038 | o 6 6.6 — 1]
—.04 | 41.0(4.01|4-0.6 | —.02 | 4-1.0 | —.04 1.0 —1.0 | —.01 0
1837 =208 (| 2009 bl st | 3 pet il g + veen | —0.8 .00 0
1838 | —.04 | 40.8 e | =02 ..., | =11 ] —0.5 .01 0
1839 | .... | 40.7 +1.0| —.01| .... |—.10|—0.3 | .01 0
1840 | , ... | 0.6 00| .... | —.09|—0.2 .02} 40.1
1841 v . +0.5 4.0 .... | —08]—0.2|—04 |40

.
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between the provisional theory and observation. A condensed summary of the
results for each of the principal series of observations is here presented.

Greenwich, 1781-1830.

In Airy’s reductions, already referred to, we have given for the moment of each
individual observation a heliocentric place computed from Bouvard’s Tables, and
the geocentric longitudes and latitudes thence deduced. The observed right
ascensions and declinations are then changed to longitudes and latitudes, and the
apparent error of the tables thence deduced. The means of these errors are taken
for groups of observations, and expressed in terms of the errors of heliocentric
longitude, radius vector, and latitude. The mode in which these means have been
treated is fully shown in the following table. The first column gives the mean
date of each individual group of observations. The next three give the mean
excesses of the co-ordinates interpolated from the heliocentric ephemeris, p. 100,
and corrected for solar nutation, over those printed in the “Computations of tabular
place, etc.,” in the Greenwich reductions. In the fifth column these corrections
are changed to corrections of geocentric longitude. In the next two columns we
have the mean corrections to Bouvard’s geocentric places given by observation. It
is the negative of the mean error of tabular place printed in the * Reductions,”
corrected by the numbers already given to reduce the star places to a uniform
system. Then we have the difference between these two sets of corrections, or,
the mean correction to the geocentric place of the provisional theory as given by -
observation. Lastly, we have the differential coefficients for expressing the errors
of geocentric in terms of the errors of heliocentric co-ordinates taken without
change from the Greenwich volume.

From Provisional Theory. From Observations.
Correction to 5l o
Correction to tabnlar position in i Prov. Theory.
Mean Date. Greenwich Re ducIt)ions. Correction to az 6?
£ Log. Geoc. Geoo. Hel. |No.of| Geoc. Hel.
Loug Nl R 4 long. loe;lg. lat. |Obs.| long. lat. |
” 14 14 ] " 14 :
1781, Oct. 10 | — 7.8 +11|—75{—64|4+ 26| 4 |4+1.1 |4 1.5(1.01|— 9 |
Nov. 18| — 75| ..., 411 | —1.5|— 49| —1.6| 4|-+2.6|— 2.7 |1.04' 0.
Dec. 27 | — 7.3 |— 159/ 41.0 | — 7.7 | — 5.6 | — 23| 5|-+21|— 3.3/1.05 - I
1782, Jan. 81| — 74| .... |40.9|— 80| — 49— 1.1} 4|43.1[— 2.0]1.04 + 61
Mar. 4| — 6.6 409 | — 71— 46 —06] 4|4+25(— 1.5|1.01 |4+ 9
Oct. 10 | — 5.6 404 — 53— 8.6]— 40| «[F1.7]— 441 01|
Nov. 26 | — 5.3 +03|— 583 — 6.0]|~—5.0| 3]—0.7|— 5.3|1.04]— 5|
1783, Jan. 11 | — 5.0 +03}—54].—39|—37] 3|41.4|— 4.0/1.05+ 3 |
Feb. 24 [ — 4.4 +02| —48}—~292|— 24/ 3|42.6{— 2.6,1.02|+ 9
Oct. 10 | — 3.5 ~03|—32|—03{— 10| 2|429|— 0.7|1.00—10}
Nov-SIS== 3.2 | - -0 31 013 ~—NgTp =] N8| PESOEES SN0 419 — 2.0|1.02(— 9
Dee. 15 | — 3.3 |— 121{ —0.4 | — 3.4|— 2.2]— 38| 3 +1.2 | — 3.4(1.05|— 3
1784,Jan. 29 |~ 31| .... |—04|—34|.—24|— 24| 3 +1.0 — 2.0 [ 1.05 |- 5
Mar. 12 [ — 2.6 —0.5/—29(~—~03|~—43| 3 426|—3.8,1.01|4 9
Oct. 30 1.8 ... | —08|—15|— 074+ 14| 2|408|4+ 29/1.02}— 9
Dec. 14| — 1.5 |— 128/ —0.9 | — 1.5 | — 2.4 + 2.7 2(—0.9|+ 3.6 1.05— 4
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Paris, 1801-1827.

A complete reduction of this series is found in Le Verrier’s Annales de U Obser-
vatoire Imperial de Paris, Observations, tome 1. No comparison with any ephemeris
is given here, nor is there any complete ephemeris to compare them with. A
complete geocentric ephemeris was therefore computed from the provisional theory
for the principal groups of the Paris obscrvations. The individual observations
being compared with it, the resulting mean corrections are given in the following

table:

Mean date. Aa Ad N. Mean date. Aa A N,
1801, March 24, —*.02 4-1".2 21813, May 20, 419 1.8 6
1802, April 1, +.08 +40.6 13 1814, May 27, 421 40.8 4
1805, April 22, .10 +42.2 13|1815, May 24, —.02 +4+2.2 5
1806, April 17, — .01 —1.6 5(1816, Junel, —.01 J0.8 7
1807, April 28, 4 .17 +40.4 161817, June 5, —08 416 5
1808, April 28, -+ .02 414 6| 1818, June 7, +.12 422 9
1809, May 5, + .20 +40.1 911819, June 18, — .07 +1.8 7
1810, April 30, +.22 42.6 16|1820, Junec?20, — .20 —2.4 8.5
1811, Febry 18, .21 42.2 31821, June 22, 4+.05 +1.0 5
1811, May 17, + .14 426 811823, July 18, 4+.02 +41.8 5
1812, Febr’y 16, - .28 211824, July 13, .04 0.0 7
1812, May 10, +.16 +3.0 61827, July 25, — .05 40.6 &
1813, Febr'y 25, -+ .44 3

Total number of observations in right ascension, 175.

The observations in this scries exhibit numbers of discordances of that class
which leave the astronomer in doubt whether the observation should be retained
or rejected. This remark applies more especially to the declinations. If we de-
termine the probable error of an observation in declination by the condition that
it is that amount which the error falls short of as often as it exceeds, it is fonnd
to be about 2. Then, if the errors followed the commonly assumed law of proba-
bility, only about one in six of the errors should exceed 47, and one in twenty-
three 6”. But errors of these magnitudes are much more numerous, the deviations
often amounting to six or eight seconds. I have rejected only a few in which the
discordances approached 10"

Bessel’s Konigsberg Observations, 1814-1835.

I have made a complete re-reduction of the right ascensions of this important *
series, and of most of the declinations. In order to avoid the necessity of apply-
ing systematic corrections, Dr. Gould’s right ascensions and Dr. Anwers’ declina-
tions were used throughout in these reductions. In this work a selection of
the fundamental stars observed by Bessel was made for each observation of the
planet, to be used for clock error. These were chosen so that the mean of their
right ascensions and declinations should be as near as practicable to those of
Uranus, a condition, however, which could not generally be fulfilled for the decli-
nations, owing to the southern position of the planet. Bessel’s instrumental cor-
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way into groups of about a month each, and the mean date and mean correction |
found for each group. 'The Paris and Konigsberg results are repeated for the
sake of clearness. The small figures show, as usual, the number of observations
employed in forming the mean.

Aa Ad
Date. Observatory. Original. Corrected.
1827, July 22, Speier, —016, —0°.14
July 25, Paris, —0.03, —0.05 405
September 15, Vienna, LT =0 @ 0.0,
October 14, Vienna, —0.18, —0.17 —2.2
1828, July 25, Konigsberg, —0.15, —0.15 —3.5,;
July 29, Vienna, —0.24, —0.20 —1 4,
August 14, Vienna, —0.13,, —0.09 +1.15
Angunst 27, Speier, —0.10, —0.09
September 18, Vienna, —0.03, 4-0.01 +1.0,
September 25, Cambridge, —0.05, —0.16
October 17, Vieuna, —0.13,, —0.09 0.0,
October 17, Cambridge, —0.02,, —0.12
1829, August 1, Kénigsberg, —0.10, —0.10 —1.0
August 6, Cambridge, --0.11; —0 .08 —1.1,
Angust 28, Speier, —0.04, —0.04

September 23, Cambridge, --0.21,, 1-0.05
" November 6, Cambridge, -+0.25, 40 .09

Observations from 1830 to 1872.

Since the year 1830 heliocentric and geocentric ephemerides of Uranus com-
puted from Bouvard’s Tables are at our disposal. 'We make use of those in the
Berlin Astronomisches Jahrbuch for the years 1830 to 1833, and of those in the
Nautical Almanac from 1834 forward. 'The system of comparison is the same
as that already explained. That is to say, we deduce separately: >

(1) Mean corrections to the geocentric longitude and latitude of Uranus in the
ephemeris as derived from observation.

(2) Mean corrections to the same, given by the provisional theory, as derived
from a comparison of the heliocentric positions of that theory with the heliocentric
positions in the ephemeris.

Then (1) — (2) is the correction to the provisional theory given by observation.
The process of forming (1) and (2) is shown quite fully in the following pages.
Each individual printed observation was first compared with the printed ephemeris,
and a correction to the latter was thence deduced. When this correction was
given with the observations themselves, it was of course not recomputed, unless 11
some doubtful cases. The observations were then divided into groups, usunally of
about a month each, and coinciding in time with the gronping of the Greenwich
results. The mean of the dates and the mean of the corrections were then taken
separately for each group and each observatory. The separate results are shown
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128
To CoNvERT ERRORS OF R100T ASCENSION AND DECLINATION.— Continued.
Logarithms of
R A | O ob ol b ol ob ol b
o o ) [) O O 00 Q)
2h 0m | 1.1395 | —0.7044 +49.5375 9.9725 | +13.84 | —5.06 0.34— | 4-0.93
10 | 11395 | —o6915 —135 | fo.5260 218 | 99740 T T SliSasc s o
20 | 11395 | —0.6778 —142 | 195134 126 | 9.9756 4.75 0.32
30 | 11395 | —0.6618 123 | 19,4995 133 | 99772 4.58 0.31
40 | 1139 | —0.6450 108 | f0.4843 T02 | 9078 441 0.30
50 | 11394 | —0.6266 o7 | +9.4676 107 | 9.9804 4.23 0.29
3 0 | 1.1394 | —0.6069 +9.4495 9.9821 | +13.84 | —4.05 0.28— | 4-0.96
10 | 11394 | —o5s54 o0 | 49.4207 298 | 9osy7 RAR Bar - Sl -l
20 | 1.1393 | —0'5621 —233 | Yo.a081 216 | 9.9853 3.66 0.26
30 | 11393 | —0.5368 T2o3 | {9.3844 237 | 99869 3.45 0.24
40 | 11392 | —0.5094 273 | 19.3586 208 | 9l9ss3 3.24 0.23
50 | 1.1391 | —0.4795 —399 | 49.3302 "5 | 9.9898 3.02 0.21
4 0 | 11390 | —o.4468 9.2990 9.9912 | +13.84 | —2.80 0.20— .
10 | 11390 | —o.4109 —359 15:2044 346 | 9.0025 Rl Sy rac e vt
20 | 11389 | —0.3710 T39% | Fo2250 —3°0 | 9,993 2.36 0.17
30 | 1.1388 | —0:3267 7,5 | +9.1828 o1 | 9.9949 2.14 0.15
40 | 11387 | —0.2769 9% | {91341 257 | 99059 1.91 0.13
50 | 11386 | —0.2198 oo | 49 0781 00 | 9.9969 1.67 0.12
5 0 | 1.1385 | —0.1539 9.0130 9.9977 | +13. —14 0=
10 | 11384 | —o.0758 —758 89355 —ITT | 99984 Rl e el Bea v o
20 | 11383 | —9.979 —,% | 188397 —956 [ 50900 0.95 0.07
30 | 1382 | —9.854 128 | 48157 12401 9,999 0.71 0.05
40 | 1.1381 | —9.679 .00 | 48540 —g00f| 9.9997 0.48 0.03
50 | 11380 | —o:378 3 +e:e0 200 9.9999 0.24 0.02
6 0 | 11319 | — oc o | 41314+ o0.00 0.00 1.00
10 | 11378 | 49.378 < | —8.240 wic | 9.0999 —0.244 | —0.024- +HE
20 | L1377 | 49679 T | —8540 TR0 1 99907 0.48 0.03
30 | 11376 | +o.854 170 | —e7isy T1TAT 90904 071 | 0.05
do | Lis7o | to.oms Tlog | —s.sa0 T5EgY 9.9000 0.95 0.07
g +o.073 T,92 | —s.0353 1008 | 9.9984 1.18 0.08
7 0 | 11373 | J0.152 —9.0130 : s
10 | 171373 10.2184 ‘_tgzg —9.0781 1501 hranay | T T T S
20 | 11372 | forss FR0d | —o.1341 1487 9.9959 1.88 0.13
30 | 11371 | to3260 T997 | —ou1s2s T33T | 00049 2.11 0.15
d0 | L1371 | poseea b | 92280 Fill | 9.0938 2.34 0.17
; +o.4089 T30 | —6.2084 T30 | 99925 2.56 0.18
8 0 | 11370 | 4-0.4448 | 0. | —9.2990 K 78— | —
10 | 1.1370 i0.4773 _'tggs’ —9.3302 igﬁ PR e e 7 R
20 | 11370 | fosorl T30 | —osses +23 | olossa 3.22 0.23
80 | 11370 | +o0.5344 T8 | —o.3844 1208 | 99869 3.43 0.24
40 | 11870 | o.soor TI% | —o.a0st TN | 9.9853 3.63 0.26
: +0.5830 T208 | —9.4207 T3 | 59837 3.83 0.27
9 0 | 1.1370 | +0.6044 —9.44¢ -
10 | 1370 | Toro61 ) o it boas] T g Nen
20 | 11370 | f0.6425 T80 | —9asa '_1_'152 9.9788 438 0.30
30 | 11371 | fo.6594 100 | —9.4995 7122 | pl9772 4.55 0.31
gg “gg; +g.gggg Tiag | —9-5134 Tio6 | 9.9756 4.72 0.32
. +o.6892 157 | —o.5260 170 | 9.9740 4.98 0.33
10 0 | 1.1373 | +o0.7023 - -
10 | 13374 | Foruas +10 | T900T0 410a | SO | HISTH ) ARG 0 | H0%SE
20 | 11878 | forast I | —9.5573 i o3 | 99608 5.31 0.36
30 | 11316 | +0.3347 1 57 | —9.5656 T B9 | 9.9685 5.43 0.37
40| 11377 ig.;ﬁg T 5 | —os730 9.9673 5.54 0.37
i 510 T gr | —9.5794 1 B2 | 90662 5.64 0.38
1379 | 4-0.7575 —9. gl
3 (| e | e g gvmn | s | e | e | o
20 | L1381 | +o7678 ¥ 23 | —0.5034 i 38 | 9.9637 585 |  0.39
30 ) 11382 Jorms T 30| —oinoes T 20| pgens 6.90 0.39
s 83 +0.7787 T {7 | —9.59s3 T 13| 99628 5.94 0.39
-1385 +0.7754+ 7 | —9-8996 I 4 | 9.9626 5.96 0.40
12 0 | 1138 | +or761 —9.6000 9.9626 | +13.84- | 4-5.97— | —0.404 | +0.924







130 THE ORBIT OF URANTUS.

The values of & and b are printed in the last two columns of the table. The
formula for 86 might have contained the additional term '

b = sin I&o

o being the correction to the obliquity of the ecliptic adopted in the ephemeris
to reduce it to that employed in the provisional theory. 'This correction is, how-
ever, deferred until we come to form the equatious of condition.

From the values of ¢l and 8b thus obtained we are to find the mean values
during each _group of observations. If these quantitics varied uniformly, the
proper value would be that corresponding to the mean date of each group. But
the second differences are so large that this value would generally be in error by
one- or two-tenths of a second. Owing to the minuteness of this difference, it has
been considered that when the mean date was near the middle of a twenty-day
interval, the correction &l interpolated to that date without regard to second
differences would furnish a sufficient approximation to the required mean value of
81 during an interval of about 30 days. In other case the value of ¢l was inter-
polated to 5-day intervals through the period of each group of observations, and the
mean value taken.

During the years 1850-1863 the sun’s longitude employed in the ephemeris
required a gradually increasing correction, amounting at the latter date to about
3". A small correction of which the maximum value is about 07,15 was applied
to ¢l to reduce it to the value it would have had if Hansen’s tables had been
employed.

The corrected mean values of (! and (b thus obtained are given in the last two

.columns of the following table, being inclosed in brackets and printed immediately
above the values of Al and Ab derived from observation.

I deem it proper to mention that the mechanical labor of constructing these tables
of comparisons, in the manner just described, was in great part performed by Dr.
C. L. ¥. Kampf, who was employed by the Smithsonian Institution to assist me iu
the work. Before using it I subjected the whole of the work to a careful revision,
altering especially the relative weights of the corrected means in many cases. As
the assigned weights now stand, each set of resnlts which are combined into a
single mean has its own unit.of weight, which does not necessarily coincide with
that of any other set. The use of a uniform scale of weights through this series
of observations, and the assignment to every final mean of a weight equal to the
sum of the weights of the quantities whose mean was taken, would have led to
weights in many cases quite fictitious, owing to the obvious presenée of systematie
errors in the results. Tor this reason I have made no further use of the weights
found in this table, and their lack of homogeneousness therefore does no harm.
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MEAN CORRECTIONS TO THE EPHEMERIS oF UrANUS.— Continued
Observed correetions in R.A. | Observed corrections in Dee.| Corr. to Geoceutric
Observatory.
[R. A. of Mean dates.
Uranus. } Mean. | No. of | Corrected No. of | Corrected |Longitude.| Latitude.
obs. mean. Mean. obs. mean.
1833 s s " 1 n 17:
Greenwich, | Aug. 22 | —2.57 if —2.57,| —1.4 if +0.2,
Kaénigsberg, | Aug. 12 | —2.57 5 | —2.57,| —L.5 5 —1.5,
= o 1 — )7 11 —2.59
Cambridge, | Ang. 15 0 5 [—33.8] |[+10.8]
[e1* 32=] | Aug. 15 —2.58 —0.6 —35.6 | 4+10.9
Greenwich, | Sept. 18 [ —2.33 5 | —2.83,| —0.8 4 -0 8,
Cambridge, | Sept. 19 | —2.33 | 10 —2.52, | 2.8 11 --1.4,,
Vieans, | Sept. 11 | —8.52 | 6 | —2.56, | 2.6 S0 Fe S e s L
[21™ 28™] Sept. 18 —29M 45 +1.2 | —33.4 | 412.3
Greenwich, Oct. 11 | —2.25 4 —2.25 | 40.1 4 +1.1,
Cambridge, | Oct. 12 | —2.29 { 12 | 2,48 | }2.2 13 +40.8,,
i Oct. 14 | —2.37 |19 | —g.41,
Vreung, i e L [—31.2] |[+10.6]
[21" 26™] Oct. 12 —2.43 -+1.0 —33.0 | +11.9
Cambridge, | Nov. 18 | —2.16 5 | —2.35,| + 1.3 4 —{U},1I
i : =39 4 =
Vienna, Nov. 14 4 28, [—30.3] [+10.5]
21b 9¢™ Nov. 16 —2.33 —0.1 { —32.0 10.4
£ : +
1834
Cambridge, | Aug. 15 | —2.58 | 11 | —2.77, 1 — L3 [ 11 — L8
i .1 —3 4 = — 4. =3
Vienna, Aug. 13 3.07 3.11, 4.4 4 3.5, [—40.6] [+11.1]
[21b 49=] | Aug. 14 —2.83 —2.7 | —39.7 | $+11.3
Greenwich, | Sept. 10 | —3.00 ]58> —3.00, | — 4.4 5 —3.0,
i UG =5 — — 5 [l —3;
Cambridge, L 66 2.85, 1 8 5hs [—39.0] [+11.1]
[21* 45™] | Sept. 13 —2.88 —2.6 | —40.5 | 4+11.2
Greenwich, | Oct. 14 | —2.74 | 10 | —2.74, 1 — 3.1 [ 10 | —L.7,
Cambridge, | Oct. 16 | —2.68 | 16 | —2.87,| — 0.8 | 16 —2.1,

i 1 Oct. 20 2. 4 =20, — 1l —0.4 i
Vienna, Oc 5 2.80, 1.3 4 s lr—g7.571[3-10.9]
[21* 412] | Oct. 17 —2.83 —L9 | —89.5.| -1l

Cambridge, | Nov. 16 | —2.64 9 | —2.83, | — 0.7 | 11 —2.0,,
i Nov. 12 | —2.53 8 =10 — 2. —1. 9

Vienna, Nov 2.5 2.58, 2.8 8 ¢ —36.17 [410.1]
[21® 41m] | Nov. 14 =17 —2.0 | —38.7 | 4+11.8

Cambridge, | Dec. 6| —271 | 5 | _—2.90,| — 1.2 | ¢ | —2.5, '
ienns Dee. — 1 =%, = 0 —1.2

My vty D) s B oy 12 | 36,97 [+10.5]
[21* 437] | Dec. 1 —2.88 —9.4 | —40.3" | 18

X 1835

Greenwich, | Ang. 17 | —3.25 | 4 | —3.25 | — 6.6 4 | —b.4, L

Konigsberg, | Aug. 20 | —3.31 | 11 | —3.31, 1

Cambridge, | Ang. 14 } —3.28 | 20 | —3.47,| — 4.7 | 20 —5.9,,,

Vienna, Aung. 21 | —3.30 1 —3.35, | — 8.8 1 —17.9, —41.17 [4+12.3]
[22" 4] | Aug. 17 —3.39 —5.9 | —48.6 | =FIN
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134
MEeAN CORRECTIONS TO THE EPHEMERIS OF URANUS.— Continued.
Observed corrections in R.A. | Observed corrections in Dec. | Corr. to Geocentric

Observatory.

[R. A. of Mean dates.
Uranus. ] Mean. | No. of | Corrected No. of | Corrected Longitude.| Latitude.
obs. mean. Mean. obx, nrean.
1837 8 8 § g s i

Greenwich, | Ang. 18 | —4.30 | 10 | —4.33, | —13.4 | 10 | —12.5

Cawmbridge, | Aug. 18 | —4.09 | 14 | —4.28, | —12.6 | 11 |—13.4,

Edinburgh, | Aug. 22 | —4.40 6 —4.40, [ —12.7 6 | —12.7,

Paris, Aug. 14 | —4.34 9 | —4.33,[|—12.0 | 10 | —11.4,

Vicnna, M_ —4.29 4 | —4.33, [ —12.6 4 | —11.6, [—62.97 [+11.7]
[22* 36™] | Aug 18 —4.33 —12.5 | —64.1 | 4-12.2

Greenwich, | Sept. 17 | —4.23 | 14 | —4.26; —13.4 | 14 | —12.5,,

Konigsberg, | Sept. 11 | —4.10 | 8 | —4.13;

Cambridge, | Sept. 17 | —4.06 | 14 | —4.25, [ —11.9 | 15 | —12.7,

Edinburgh, | Sept. 10 | —4.39 4 | —4.39, | —I1L.5 3 | —11.5,

Paris, Sept. 18 | —4.20 | 12 | —4.19,| —12.3 | 13 | —1L.7,

i Sept. 13 | —4.12 5 | —4.15,] —13. 5 | —192.9

ionse, b, {4 PCRES, : . Bomtba B AW SN ESTE
[22" 3207 | Sept. 16 —4.21 —12.3 | —62.3 | 411.5

Greenwich, | Oct. 16 | —4.13 | 11 | —4.16,| —12.9 | 11 | —12.0,

Cambridge, | Oct. 17 | —4.00 | 10 —4.19, | —11.6 | 11 | —12.4,

Paris, Oct. 17 | —4.05 4 —4.04, | —11.2 4 | —l10.6,

i Oct. 18 | —4.44 2 | —4.47; | —15. 2 | —14.5,

Vienna, (¢ (f 5.5 5y [—59.87 [[+11.4]|
[22® 28=] | Oect. 17 —4.16 .| —12.0 | —61.5 | 411.3 |

Greenwich, Nov. 8| —4.10 5 —4.13, | —12.4 5 | —IL1.5,

Cambridge, | Nov. 4 | —3.96 4 | —4.15,| —12.3 3 | —13.1, 3

Paris, Nov. 6 | —4.07 3 —4.06, | —11.3 3 | —10.7,

i Nov, —4.0 2 —4.12, [ —12, 2 | —11.9;

Vienna, OV S 9 3 9 9: [—59.0] [+11.2]
[22"* 27} | Nov. 6 —4¢.11 eoo | —11.7 | —60.7 | ++11.3

Greenwich, | Dee. 2 | —4.05 2 —4.08, | —14.0 2 |—13.1,

Cambridge, | Nov. 30 | —3.87 6 —4.06, | —11.6 T —12.4,

Paris, Dec. 8 | —4.03 7 —4.02, | —10.9 T | —10.3,

i : —4. 2 —4, —13. —12.

Vienna, Dec 8 28 4.31; 13.0 2 0; [—57.1] [+11.0]

[22k 28] | Deec. 5 —4.05 —11.6 | —59.9 | +11.1
1838

Greenwich, | Aug. 20 | —4.72 | 11 —4.76, [ —15.9 | 11 | —15.1,

Konigsberg, | Aug. 25 | —4.65 5 | —4.65, | —18.6 5 | —11.6,

Cambridge, | Aug. 19 [ —4.67 | 11 | —4.78,| —15.8 | 12 | —I16.3,,

Edinburgh, | Aug. 25 | —4.96 3 —4.95 1 —15.0 4 | —15.0,

Pari Aug, —4, —4.79, | —16. —16. :
aris, ug. 20 4.80 9 4.79; 16.6 9 6.0, [—70.97 [+1L.7
[22" 51™] | Aug. 21 —4.%6 —15.8 | —T71.4 | 412.3

Greenwich, | Sept. 12 | —4.62 | 8 | —4.66,|—16.2 | 8 |—15.4, '

Konigsberg, | Sept. 16 | —4.65 | 14 | —4.67,| —18.5 | 14 | —I117.5,

Cambridge, | Sept. 16 | —4.61 | 11 —4.72, (| —14.9 | 12 | —15.4,

Edinburgh, | Sept. 15 | —4.74 9 —4.73,| —15.8 T | —15.8,

Paris, Sept. 12 | —4.71 6 | —4.70,| —16.0 6 | —15.4,

Vienna, Sept. 11 | —4.71 | 12 | —4.73 | —18.1 | 12 | —117.1,.

Berli Sept. —4. —4.74, | —117. —16.
erlin, . _e_pt—ﬁb 4.72 (f _-_:4__‘_7—41- 17.5 ( 16.5, [—70.4] [[+11.7
[22® 47=] | Sept. 15 —4.70 —16.0 | —%70.7 | +12.0 |
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MEeaN CoRRECTIONS 10 THE EPHEMERIS oF URraNUS.— Continued.
. Observed corrections in R. A. | Observed corrections in Dec. | Corr. to Geocentric
Observatory. ;
{R. A. of Mean dates. .
“Uranus. ] Mean. Nol. ofl Corrected Mean. Nol; of | Corrected Longimde.I Latitude.
obs. mean. obs. meau.
1840 g s 17 1" 1" 14
Greenwich, | Ang. 14 | —5.77 [ 11 | —5.81 | —245 | 11 |—23.9,
Cambridge, | Ang. 14 | —5.64 1 | —5.13; ] —25.0 4 1 |—25.2,
Edinburgh, | Aug. 31 | —5.65 1 —5.04; | —23.8 IS =——=03%
€y | SRE] 5 s TR " (7.9 [+11.4]
{23* 20~) | Ang. 16| .... | ...1 =598 .- A 5. d—Gsio i cseis il
Greenwich, | Sept. 15 | —5.66 8 | —5.70, | —24.0 8 | —23.4,
Koénigsberg, | Sept. 13 | —5.74 6 | —5.76, | —25.1 6 | —24.1,
Cambridge, | Sept. 12 | —5.43 1 | —5.52
Edinburgh, | Sept. 16 | —5.70 | 13 —5.69, | —24.6 9 | —24.5,
Paris, “ | Sept. 6 | —5.60 4 —5.59, | —28.6 4 [—23.0,
Berlin, Sept. 14 | —5.45 2 —5.45; | —26.3 2 | —25.3,
Vienna, Sept. 9 | —5.76 2 | —5.76; | —22.2 2 o) ¥o
bl dile 4 : S i ev.6] [+ 10
[23" 18=] | Sept. 13 eeo | —5.69 co. | —23.8 | —87.5 | 411.4
Greenwich, | Oct. 10 | —5.61 9 —5.65, | —24.5 9 |—23.9,
Cambridge, | Oct. 9| —5.49 5 —5.58, | —23.5 5 | —23.1,
Edinburgh, | Oct. 15 | —5.64 | 12 —5.63, | —23.3 | 10 | —23.2
Paris, Oct. 11 | —5.60 4 —5.59, | —23.3 4 | —22.1,
Berlin, Oct. 27 | —5.50 1 —5.50; [ —22.8 1 | —21.8
Vienna, Oct. 19 | —5.76 5 —5.76; | —22.5 4 | —21.5 - |
ety i P ' |[—85.8]|[+11.4]
[23" 14®] | Oct. 12 .o | —5.62 voov| —28:8  [¢—=86.8 Ui=FINEE
Greenwich, | Nov. 6| —5.58 | 7 | —5.62,(—23.5 | 6 |—22.9,
Cambridge, | Nov. 38 | —5.34 2 —5.43, | —24.2 1 | —24.4
Edinburgh, | Nov. 17 | —-5.41 8 —5.40, | —22.9 1 | —22.8,
Paris, Nov. 4| —5.52 | 2 | —b5.51, | —26.1 2 | —25.5,
Vienna, Nov. 15 | —5.42 6 —5.42. 1 —23.2 (3 | F=20% 9) :
X Nl da ‘ € ! i[—83.7][+11.8
[23" 12] | Nov. 9 oo [F = 4L eeo | —23.83 | —84.4 | +10.3
Greenwich, | Dec. 3 | —5.36 8 | —5.40, | —23.5 9 | —292.9,
Canmbridge, | Dec. 3 | —b5.38 2 | —5.47, | —22.5 2 | —29.1,
Edinburgh, | Dec. 15 | —5.49 3 —5.48, | —22.6 2 1225, :
Vienna, Dec. 4 | —5.50 1
P = _I[—82.2][+11.0
[23" 12®] | Dec. 6 -e. | —5.44 ... | —22.8 | —83.7 | 4+10.4
1841
Greenwich, | Aug. 20 | —6.16 5 | —6.20,| —28.6 5 | —28.1;,
Paris, Aug. 19 | —6.14 2 —6.13, | —29.6 2 | —29.0
] IorSimara - e -0/ 7 Ir—96.97 [<C 1S
(23" 37™] (| Aug. 20 B oq . | e ol ... | —28.3 | —96.2 | +10.6
Greenwich, | Sept. 11 | —6.16 | 10 | —6.20, | —29.0 | 10 | —98.5,
Konigsberg, | Sept. 11 | —6.18 5 —6.18, 1 —30.1 B =21
Berlin, Sept. 14 | —6.14 f —G.14, | —29.6 T | —28.6,
Edinburgh, | Sept. 17 | —6.11 f —6.15, | —28.2 5 | —28.0;
%aris, gept. 14 { —6.16 5 —6.15, | —29.0 3 | —28.4,
ienna, épr. 07, =8.37 | 11 | =657 enge’s |41, [ =5 :
4 o Y, S SE 2935 Ir_96.5]|[+11.4
[23 33“‘] Sept. 13 o~ & o G| =05 % RS2 RS —96.3 | 4-10.4
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MEAN CORRECTIONs TO THE EPHEMERIS 0F UrANUS. — Continued.
p Observed corrections in R.A. | Observed corrections in Dec. | Corr. to Geocentric
* Observatory.
[R. A. of Mean dates.
Uranus. ] Mean. | No. ofl Corrected | Mean. |Ne. of | Corrected Longitude.| Latitude.
3 obs. mean. obs. mean.
1842 8 8 14 117 12 17
Greenwich, | Dee. 16 | —6.31 8 | —6.33, | —30.2 8 | —29.8,
Berlin, Dec. 10 | —6.16 4 —6.15, | —31.4 4 | —30.4,
Paris, Dee. 14 | —6.23 5 | —6.22,1 —30.9 5 | —30.3;
Cambridge, | Dee. 16 | —6.22 9 | —6.29, | —30.1 8 | —30.4,
Edinburgh, | Dec. 13.| —6.25 2 | —6.18;
Pulkowa, Dec. 13 | —6.28 3 | —6.28
] (o i Bl o 3 — I[— 98.97[+10.5]
[23" 41™] | Dece. 15 —6.27 —30.2 | — 98.2 | 4 9.6
\ 1843 [— 97.5][+10.3]|
Edinburgh, | Jan. 9 | —6.32 T | —6.25 | —31.4 4 |—31.0 |— 98.2| 4 8.6
Greenwich, | Ang. 20 | —T7.11 T | —7.04; | —35.1 T | —34.7,
Pari ] —17.20 3 | —1. —E3i00 —317.
S e e 18, [ 815 8 ST, [ s gy
[o® 6=] | Aug. 20 —1.10 —385.9 |—111.9| -+ 848
Greenwich, | Sept. 17 | —7.23 9 | —7.16, | —35.4 9 | —35.0,
Paris, Sept. 15 | —7.17 | 11 | —1.16,[|—86.8 | 14 |—36.2,
Edinburgh, | Sept. 18 | —7.26 | 7 | —17.19,|—36.8 | 5 |—36.4,
. 22 [ —7.18 | 10 —1.
3 e (S el Bl e (e 11413100
[or 3] Sept. 19 —7.17 —35.8 |—112.97| +10.0
Greenwich, | Oct. 18| —7.10 | 10 | —7.03, [ —35.3 | 10 | —34.9,
Paris, Oct. 17| —1.07 | 6 | —7.06,|—37.1 | 5 |—36.5,
Edinb = 12 —06. —_ —34.
dinburgh, | Oct. 17 7.05 ﬂ 35.1 5 34.1, [—112.6][+10.5]
[23" 59™] | Oct. 17 —1.02 —35.2 | —110.6 | 4 9.
Greenwich, | Nov. 20 | —7.01 | 9 | —6.94,|—34.3 | 9 [—33.9,
Konigsberg, | Nov. 11 | —6.84 5 —6.83, | —34.4 5 | _-33.4,
g:;risl; ) Nov. 15 —2-03 3 | —%.02,|—36.3 | 3 |—85.1,
i 1y —6.93 T = =
dinburgh, | Nov. 15 8 6.86, 35.17 6 35.3, [—110.13/[+10.4]
[23" 56™] | Nov. 15 —6.90 —34.5 | —108.6 |-+ 9.5
1844
Greenvwich, ga“‘ 31 —6.70 | 3 | —6.64, | —34.1 = =83,
Edinburgh, | 2% 1% —6.67 | 6 | —6.60,
Paris, . 9672 | 2 | —6.71,|—85.5 | 2 |—34.9, [—106.1][+ 9.9
[23% 56e] | Jan. 7 gl 319 | —105.0| + 8.2
Greenwich, j“g- %? —7.13 | 10 | —7.6%,|—39.6 [ 10 | —389.2, |
i ug. —_—
Paris, 8 190 | 8 | —T.69,1—40.0 | 3 | 894 |1 j995yr 1109
ror 22m] Aug. 18 —7.68 —_39.9 |—121.27| + 9.
Grecnwich, | Sept. 25 | —7.74 |11 | _1.68, | —89.9 | 11 |—39.5,
Edinburgh, | Sept. 19 | —7.67 [ 11 | _7.60, |—40.3 | 10 |—39.8)
Kénigsberg, | Sept. 17 | —7.65 | 10 | —7.64 |—40.7 |10 | —39.7, .
Paris, Sept. 10 | —-7.63 | 10 | —7.62,|—39.4 |15 |—38.8, [—1226][+
for 18m] Sept. 17 =163 —39.3 | —=120.6 | +
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MgeaN CORRECTIONS T0 THE EPHEMERIS OF URANUS.— Continued.
Observed corrections in R.A. ;Observed corrections in Dec.| Corr. to Geocentric

Qbservatory. 5 B

. A. of ean dates.
{[Jl:afus(.)] Mean. [ No. of  Corrected Mean. [No.of| Corrected | Longitude. | Latitade.
obs. wean. obs. mean. i
1846 s s r ” n
Greenwich, Dee. 15 | —8.31 9 —8.27, | —46.0 | 10 | —45.6,,
Esils, Dec. 16| —895 | % || ==8.2¢ | ——uigi USSR [—134.5] | [48.9]
[or 39=] Dec. 16 —8.26 —45.6 | —131.%7
1847 .
Green‘vich, Jan. 13 —8.95 4 —8202 — il 4 -—42.7‘
Paris, Jan. 11 | —8.14 " 6 | —8.12, | —45.4 6| —44.8, [—130.97|[-+8.6]

[0* 40m) Jan. 19 —8.15 —44.0 | —129.6
Greenwich, | Sept. 38 [ —9.21 8 | —9.16 | —49.4 8 | —49.0 |[[—148.4]|[+8.47]

D G Yeso0oc —144.9 ’
Greenwich, | Oet. 1 | —9.25 6 | —9.20,| —49.0 | 6 | —48.6,

Paris, Oct. 12| —9.23 | 18 | —9.21,[ —49.2 |16 | —48.6, [—148.0] [[+8.1]

[1* o Oet. 10 —9.21 —48.6 | —145.5
Greenwich, | Nov. 8 [—9.10 | 9 | —9.05,| —49.2 | 9 | —48.8,

Paris, Nov. 12 | —9.08 | 10 | —9.06,| —49.8 9| —48.7, [—146.2] |[+8 5J,

[o* 57°] | Nov. 8 —9.06 —48.8 | —142.6 :
Greenwich, | Dee. 3 | —8.96 T —8.91, 1 —49.0 T | —48.6, .
Paris, ‘Dec. 12 | —8.84 9 | —8.82, | —48.5 T —41.9, [—143.0]|[+8 3_]; 1

[0* 541 | Dec. 9 .. | —8.85 .. | —48.2 | —140.6" | -FEISE.

1848 '
Greenwich, | Jan. 10 | —8.83 2 | —8.718,| —4%.1 2 | —46.1, |
Paris, Jan. 11 [ —8.53 5 —8.51, | —A47.6 5 | —47.0, [ ‘139 4(0+8 1]; ]

[0* 54=] | Jan. 11 = —46.9 | —136.2 .

Greenwich, | Sept. 8 | —9.84 T | —9.79, | —51.1 7| —50.7,
Paris, Sept. 22 | —9.82 [ 11 | —9.80,| —51.5 9 | —50.9,
. S =180 0]

[ 19) | Sepe. 17 —9.80 —s0s | it |1A5E
Greenwich, | Oct. 19 | —9.89 | 7 | —9.71,| —52.2 | 7| —518,

Paris, Oct. 16 | —9.79 | 11 | —9.77,,] —52.2 | 10 | —51.6,,
S —156.

[1* 15™] Oet. 17 —9.717 = [_]gi'é] [
Greenwich, | Nov. 13 | —9.68 | 7 | —9.63,| —52.8 | 7 | —51.9, !
Paris, Nov. 13 | —9.55 4 | —9.63, | —52.2 3 | —51.6, )

o e —[[—154. 8.0

[1* 11=] Nov. 13 =gN59 I [_lgl.g] [iﬁ-
Greenwich, | Dee. 14 | —9.41 5 | —9.86,| —51.2 | 5 | —50.8;

Paris, Dee. 9| —9.43 5 | —9.41,| —51.3 6 | —50.1, . y

[I* 9°] | Dee. 12 —9.38 —50.7 [—}ig-g] [+7.7]

1849 ST -

Greenwich, | Jan. ¢ | —9.37 1 | —9.87, [ —51.2 1| —50.8, | °
Paris, Jan. 18 [ —9.11 1 | —9.09,| —50.0 1| —49.4, [—141.7] | [+ 5:“
[1* 9] | Jan. 12 —9.23 —50.1 | —146.2 0
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MEeAN CORRECTIONS To THE EPHEMERIS OF UrANUS.— Continued.
Obsérved corrections in R.A. Iébserved corrections in Dec.| Corr. to Geooentris
Observatory.
[R. A. of Mean dates. |
Uranas. ] Mean. | No.of | Corrected No.of Corrected | Longitade. | Latitude.
obs. mean. Mean. obs. mean.
1851 s s ” 5 §
Greenwich, | Nov. 2| _—11.50( 5 [|—11.50 —57.5 5 | —5%.1;
Paris, _;\_Iov. 2 | —11.48( 2 | —11.46, —58.1 1 |—57.5, [—181.4] | [45.1]
[2* 0m] Nov. 2 —11.49 —57.2 | —1178.1
Greenwich, | Nov. 22 | —11.43| 5 |—11.43) —58.3 5 | —51%.9,
Paris, Nov. 14 |—11.39( 1 |—11.37} .... . it [—179.9] | [-a0
[1* 58] Nov. 21 —11.42 —57.9, | —171.6 3.
Greenwich, | Dec. 22 | —11.15| 3 | —11.15,} —5%5.2 3 | —56.8;
Paris, Dec. 25 |—11.00| 3 |—10-98| =578 Sl 00 e
[1* 54] | Dec. 24 —11.06 —56.7 | —172.3
1852
Greenwich, | Jan. 11 | _10.85{ 7 |—10.85| —57.2 T | —56.8,
[1® 54m] Jan. 12 —10.86 —56.4 | —169.4 4
Greenwich, | Sept. 12 | —12.06 { 7 |—12.06,| —56.5 | % |—56.1 [[—187.4] [
RY Roeiic- (w30 A, A SRS
Greenwich, | Oct. 17 | —12.23| 8 | —12.23] —58.6 8 | —58.2,
Paris, Oct. 23 | —12.06| 3 | —12.04, —59.6 [ 3 | —59.0, 9t 2
= 18956 4.
[2* 18™] Oct. 19 —12.18 —58.4 [_187_2J [+ |
Greenwich, | Nov. 13 | —12.00 | 5 |—12.00,} —59.7 5 { —59.3, '
Paris, Nov. 15 | —12.08 | 5 | —12.06, —60.2 4 | —59.6, ik "
[ 14=] | Nov. 14 —12.03 sy gl
Greenwich, | Dec. 19 | —11.12 | 7 | —11.12 —58.7 | 7 | —58.3,
Kénigsberg, | Dec. 16 | —11.67 | 3 e —59.3 3 | —58.3,
Paris, Dee. 19 | —1L.77 | 5 | —11.75,] —59.0 5| —b58.4
< T A — 2 Nea84.8
fer 10m] Dec. 19 —11.%73 - —58.3 | —181.3
- 1853
Greenwich, | Jan. 12 | —11.42| 7 |—11.42] —57.5 T =571