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ABSTRACT
A céiripairis;on' of the error probabilities for various discrimihating
rules is performed in the two pép,ulation case when nothing is known of
t:hé popu’lations other than they are bivariéte n‘egabtive exponential, In
,.most.cases, the absolute diff;erenvc,e between the error probabilities for
“each function;was very small. ;I—Iowever‘, the Euclidean distance function
| cons’istenﬂy éérformed as wéli,*as; and sometime‘s superior to any of the

othersr studied in i;his thesis. -
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I, INTRODUCTION

The discrimination problem arises when one has ~several measurements
on an individual a.nd .it is desired to _clas s\i,fy,_him as belonging to one of
a ‘nbl_;mb.ervof categgries on the ‘basis ofifhese observations. A decision rule
is spygh’; that_assign_s him to a_prulatio_n in_ some optimum fashion.

F_pr purposes Qf this paper, it is ass,ur,ned‘ thz:att‘hel individuali(a ,
random ‘variable Z) is known to be distributed according to one or two
multivariate distributions F or G. Tﬁe approach to the classification =
problem is dependent on the amount of‘inforrr,_l‘ation‘kno'wn ab‘rout__]? and G.

(1) The distributions are completely known,. In this case we are to

détermirie which population the individual belongs to based on the new
observation. ‘'We assume that the distributions for each population are
completely known. This problem is solved by the Neyman Pearson Lemma.,

(2) F and G are known except for the values of one or more para-

meters, This case has received little attention except when the assump-
tion of normality is made. An estimation of certain parameters. is required
and then either a linear discriminant functioh or a likelihood ratio test

is made to classify the observation. ‘When the numbér of sample points
present approaches infinity, these methods are optimal. However, when ‘
the sample size is finite, almost nothing is known with respect to an
optimal assignment procedure.

(3) T and G are completely unknown. This problem is one of a non-

parametric classification of the individual to one of the two populations.



Nothing is assumed about F or G other than their existence. The problem
is to assign Z to one of these populations based only on the ,observations .
' The discriminating function used in this thesis will be the rule of the
“nearest ne‘iyg'hbbr,.“This states that the random variable Z will be ’a‘s‘signed
‘ ”'"to  pdpui‘ation P or G devpeindihg upon whichever has the closest sample
point.” If in fact the distribution of Z is known, we can measure thé’
effédtiveness of the non-parametric discriminating rule in terms of the
progét‘biility of an erroneous assignment, In this thesis a simulation is
used to determine error probabilities for various distance functions, The

‘resulting error probabilities are then compared.



1I. INDEPENDENT BIVARIATE EXPONENTIALS
1f thé populations F and G are distributed as independent, bivariate

negative exponentials, their densities are as follows:

}\1)\2 e._‘(xlxl * Azyl) xll?llk‘i 2 0

otherwise

i

e—(#:txz + Uo ¥a)

iy Mo Xa; ¥Yoilly 2 0

G = _ ‘ : o
{0 otherwise,

If independence is assumed between X, and Y; and between X, and Yg,
. then

Py, Ga) = (- oM )

and 'FY (yl) = (1 - e‘“lYl)'
Y, .

Yy

uniformly on the interval between zero and one. Hence, values of the

The proba?bi‘iixty integral .transforrh«ation asserts that PX and ¥ aredistributed
‘ Sy )

point (%,,vy,) can be simulated as,

In SRN)

Xy =
_ In (RN)

‘RN is a uniformly distributed random variable on the interval (‘0, 1).
In the rule of the nearest neighbor, one can use any one of a number
- of distance functions. It is possible to consider many different geometri-

cal shapes; circles, squares, rectangles, triangles etc. Time consiraints



have limited the scope of this investigation to circles and symmetrical
(about point Z) squares and rectangles.
-~ Distance, D_, as defined by the circle, is the Euclidean distance

- from point Z to the sample points present from F and G

o = (o v \3 T 2
Dp = /(B X+ @y mvdT v
Measurement by the square distance function, DS' is obtained by
‘constructing a square cente'réd at point Z whose sides are parallel to the

axes. This distance can be expressed as

D = MAX{!(X; - Z’x)‘ , \@ - Z’Y)} Vi .

The rectangular distance function, DR" is similar to the square
distance function in that it is a réctangle centered at point Z with sides
parallel to the axes. The ratio of the vertical sides to the horizontal

sides is defined as "A", This distance can be expressed as

D, = MAX{AlX - Z |, |Y, - ZY‘I} YL
In this investigation A was chosen to equal 2.0,

‘When all these distances are determined, the minimum is found for
each function and Z is assigned to the population to which the nearest
point belongs. Since we do knoiv the distributiori of Z, we can ascertain
if a correct decision was made, If this procedure is ‘perfkormed many times
. .we will be able to estimate the error probabilities for each distance

. function and then determine if one is superior,
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The two types of error, P, and P; are defined as follows:
P, = Pr (Assignment of Z ‘co population 2 [it came from popuiation 1y
Py = Pr(Assignment of Z to population 1|it came from population 2}.

Ry;izweski 4] began an investigation into this problem, comparing
the square ciisAtance function With the Euclidean distance function. Exces-
sive computer time to perform numerical integration ~.Iiﬁmit'ed‘his inv-é’stig.a‘—

“tion to only a few parameter values for the square distance function,;
_Simulation was chosen to expand this work because it consumes less
‘computer time than does .riumeri‘carl'iﬁ,t'e‘gration,.

In a simulation, it is essential to determine the number of replica-
tions to be performed., It was assumed that if the'parame_ters of both’
distfibu_tions were equal, a’ny discriminating_function‘ would be indifferent‘
as to which distfibutiofn the aSSignment was made, This is comparable
to a Bernoulli trial with p=q=0,5. As a check on the validity of the

“simulation fhe program was run several times at 5,000; 10,000; and
20,000 replications, Each time the pseudo uniform (0,1) rando,mr number
generator (URN) was started at a different position, The following data

were obtained for P, using the Fuclidean discriminating function,

Replications - 95% Confidence Interval - ; - Width
5,000 .4956 <X = ,5078 , L0122
10,000 .4939 <% < ,5031  .olo0
20,000 4972 €% < .5058 .0086,

' These confidence limits fell well within those of a normal approximation
to the binomial at the 0.05 level, It was felt that 10,000 replications

gave sufficient accurécy for this thesis,
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_ toform C' and D'. P, can be located in table A~2 and P, in table A;l‘.

As a further check on the validity of the simulation, the results are

compared with those of Rydzewski's in Table I.

}\1:}‘.‘2-‘?10 ’ ‘X1=j)~a=30‘ AT A=50

L BTHe10 w10 w10

Sample ‘

~ Size . Sim, - Intg.,. - .8im. - Intg. o -Sim. ... Intg.
L. ,3402 .3434. - .. .,2398 . ,2387 o .1336 ,1318
4 - .,3794 .3820 . ,2886- . -,2842 Lo W 1722 0 L1733
8 L4010  ,3939 . .,2972 ..2994 . . ,1828 ..1862

. 20.. .4000 .4020  .3046 .3012  .1962 - .1969

“TABLE I

A corﬁparisonbetween simulated error probabilities and
~ those obtained through numerical integration

‘Lockett [3] has shown that P; and Py in_ the univariate case-depend

on )\ -and p only through C =)/ . Because of independence, this can be

- extended to the bivariate case, let C = X, /i, , and D = \p/My.. The

following tables contain P, and P; for a wide range of parameters, The

arguments in the tables are C, D, and the sample size (N), Values for
C are listed horizontally and values of D are listed vertically, If C and

D are both less than one, P, is found in table A¥l and Py is found in table
A-2. \If’ _béth C and D are greater than oﬁé, these ratios shc;u_ld\l;e inverted
IfCx<1 ,and D>1, P, is listed in table B-jl and Pz in table B~-2, If

C =21butD <1, these ratios should ag’ain’ be inverted to fofm C‘Vaimd D,

P, can be located in table B-2 and Pz in table B-1.
12




As an example of this procedure, assume .)\1= Az = 20 and W, = f, =
10 and the desired sample size is 1. Inverting both ratios, C =1
and D'=}. From table A-2-1 we find P, = 0,341 and from table A-1-1,

P,= 0,550, Rydzewski also evaluated P; and Py for these parameters

(see Table I) and the simulation concurs favorably.

13
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. 482
484

.481

.210

.210

216

03].7
.322
.316

0370

.374

+370

.448
449
.448

.485

.486
.481

499
.498"

.514

511
.504

1.0

.219

.219
219

306

- L2110
- .314

w377
.378
..380

446
445
. 443
486
485
- .480

049 6
f496

.492

500

.499

498

EUuC
sQ
REC

EUC

8Q

REC

EUC
5Q

REC

EUC
5Q
REC

EUC

8Q

REC

EUC
8Q

REC

EUC

SQ
REC



1.0

122

121
124

.167

.167
164

.190

217
L2188

217

.230
.229

- .224

.229

-~ .230

.226

.228
.227

.226

.166

.166
.168

.228
225
.229

265
266
02162 )

299

.300
.301

.320

.320

- .326

.326

- .322

.324

- .323
.323

.193
.199

.264

- .266
270

.315
.314

315

2371

.370

.369

.392
.389
.384

.399

.397
.391

.398

- ,398
.393

)

.221
- .221
,227

.314
.316
.320

.365
.367

.431
.435
.430

.453
.447

454

.470
472
.470

TABLE A-1
N =20

22

.229
,230

.237

.325
.325

+332

.389

- .385
.394

- 2462

.464
.462

.483
.481
.484

.486

.492
.492

.482
.487
.478

- .235

.239

.243

.331
.332
342

- .388
.394
399

.467

.466

.468

.497

- .500
- .499

.505

505

.501

.510
.509

.51l

1.0

.228

.229

.235

.330
.328

- .336

.394

- .394

.402

458
.456

.466

.4891

- .491

.502
.501
.498

,o11

512

.o08

EUC
SQ
REC
EUC
SQ
REC

EUC
SQ
REC

EUC
SQ
REC

EUC
SQ

REC
EUC

SQ
REC

EUC
8Q
REC



1.0

.090

.091
.093

1,128
.130
.129

.159
<162
160

104
- . 193

.194

»206

1,206
206

.215

.216

.213

.218

- .218

- .134

.136
.134

.198
187

- .195

,233

- .236
1,235

.286
.285

,286

- .307

.308

.303

.308
.310
.311

313
-.314

.314

. 3 - 5
159,195
.163  ,197
.165  ,195
.204  .281
.242  ,279
.243 286
.289  ,343
.289  .345

.292 0 .340
.339 401
.362  .432
.366  .435
.362  .435
374,444
.381 444
384 - .443
.376  .452
381 .447
.382 .448

“TABLE A-2
N = 20

23

211
.215
215
.309
312

.313

»372
.373
374

.440

. 440
2439

472
.471
.467

.482

- .487
484

.489
.491

" .486

- .215

220
.216
.318
.314

.380
.386

.383

.452
- .455

.451

.485
.486
.487

.448
.499
.498

498

,500

490

1.0

216
L2115
;216

317
.316

313
«378

377
..460
L4577 .

JA57
.481
.482

483

496

L4986

.503

.502
502
.509

EUC

REC

EUC
8Q

EUC
50
REC
EUC
5Q
REC

EUC
5Q
REC

EUC

 REC

EUC
SQ
REC



-‘\‘,".10'

20,

427
«433

- .436

.419

.427
.434

.412

.420
427

.414
.425
.434

.410

.423

.430

.402

414

.423

406
417

426

.455
.464

- 2476

.448
.461
+475

.430

.446
.466

.435
.458
.479

427
.447

.471

.431

.450
474

426
.448

474

.3 .5
479,483
.499  ,493
.482 517
462,446
.479 461
.505 497
432,434
456 - .448
.486  ,443
.445  ,402
469 ,431
.502  .487
432,405
457 437
494  ,486
437,402
.461  ,433
.498 486

..430  .380
458 425
497 - ,483

TABLE B-1
N=1

24

.458
.467
491

.431
+449
.488

.391
.412

470

390

.417
474

.368
.397
.462

.362
.395
467

+345
.382
.453

.436
477
472

.4l2
.458

«365
.388
.451

.338
.365

.432

.329
.358
.435

o322

.351
.429

.307
.341
.423

1.0

l425
.434
.457

.391

- 406

.448

.344
.368
424

.322
.349
415

- .309
1,340

.413

.309

. 366

412

.290

.323
.406

EUC
SQ
REC

EUC
SQ
REC

EUC

8Q

REC

EUC
SQ
REC

EUC
SQ
REC

EUC
SQ
REC

EUC
SQ
REC



5.

10.

20.

.154
154

.146
151

.141
.140

L 133

1510

150
.144

. 142

- 140

.138
.140
.138

136
141
,134
.136

.260

252
.245

.253
«252
«240

.250
.249
.240

.244
243"
o241

234
232
231

.243

. 237
237

233

227
.228

03 "5
344,426
,346  .425
.327 - .411
331 422
331 .424
317 .407
316 - .407
1,312 - .,400
.307  .396
317 .408
.314 .~ ,398
.308  .399
.306  .392
.294 ,383
.300  .387
.306  .396
.300 .392
.297  .402
1,301 .384
291 .369
.299 .383

TABLE B-2

N=1

25

.488 -
.488
JA77

.473
- .468

L4635

.462
.456
.462

.466

- .456
.453
443

- .431
.442.

.439

425
441

.433

417
.436

.523
522

512 -

505

.497

.488

..478
. .484
474

- 464
.491

.473

.468

.460
474

.469

© L4611
472

.452
437

.465

1.0

.532
.531
.519

.514
.510

.500

.202

491

.492

.481

486

474
.489

.472
462

.483

.458
. 444

L471

EUC
SQ
REC
EUC
SQ
REC
EUC
5Q
REC

EUC

' REC

EUC
SQ
REC

EUC

8Q

REC

- EUC

5Q
REC



10,

20,

-~ .269

.271

. 276

.264
- L2700

<275

.252
.262

- .273

. 252
.262°
-.275

.251
4259
- W273

.238
’250 .
T .2863

.240
©o,252
T.268

-~ .353°

.356

.325
.336
.352

311
1,324
.348

-.288

.302
o33l

- ,297

.312
,341

.292 .
.306

.337

.256
.298

- .332

.3 .5
.383 . ,436
.396  ,443
.405 .450
.366-  ,396
w322 ..403
+,392 . ,425
.327 . 340
.343 .357
- .366 2393
323  .348
.364 - ,394
.303 .308
.321 -~ ,329

- .359 .385
.305 .310
.323 . 331
.367 .388
.280 277
.306  ,307
.357 .374

TABLE B-1
N =3

26

.452

.455

.463

.407

.414

.437

- ..339.
353"
.395

316

.333

- .390

.295
315

.379

0297 :
- L3220 -
.383

.260

.287 -

- .448
451

.460

.393
.396
421

.334

.349

390

.299

317
.367
.280
.297

.352

.275 .
293
.355-

.244

267
. 340

1.0

-434

..438
- .488

.387
.391
.416

.320
.331
.370

-.289

0304
.358

272

.266
.285

.345

.231

. .256
.337

EUC

5Q

REC

EUC
sQ
REC

EUC

- 8Q

REC

EUC
SQ
REC

EUC

REC

EUC

- 8Q

REC

EUC

8Q

REC



7 e

- 10,

20 .

. 197

197

.193

.187

187
- ,185

.182

.180"

.184

162
. 160
- .168

164
L1161

170

.168

.162
173

.156

150
- .163

.298
.296

»297

«281
#2777
«282

L271
264

<227

.263

.257
£ 272

244

.238

261

©.252

.248
.264

.234
231

.359
.361
.358

.342"
.344

.320

.336

.304

.299
.315

301

294
- .216

.300
.294
.212

2272
266
.294

_ TABLE B-2

.437
1,439
.439

w415

.385

«382
L4010

.368

362
+386

.352
.346
.384

- .355
- 347

.326

.322
.311

N =3

27

411
419

.483

479
+480

- LA60

.454

465

LA408

403

.389

.384
415

.380

372

407

.380 -
1,371

L402

.349
337

.381

.499
499

465

.462

- .480

.431
.433

L4120

.A02

.438

.385

423

.384

- .376

.421

- .355

.346

392

1.0

- .489
L4891
494

474
<472

- .487

.431
.427

.455

. 406

L434

«395

.390

.386
.375

420

- .355

.347
.393

EUC
| 8Q

REC

EUC

85Q
REC

EUC

,§¥Q

REC

EUC

REC

EUC
REC

EUC

5Q

REC

EUC

REC



10,

220,

.237
©.238
.241

227
231

.240

0221

.233

- .197
.208

.224

2204
~,214

.231

- ,200:

.210

0228 o

.187

1,200

220

.309

.311

.315

.293
.299

2307

.268
.278
.304

267

.298

.245.
.258
.289

. 245
.258.

.292

.233
' _.25]. ’

287

.3 .5
.380 .423
.382  ,429
.389  ,432
.334  ,378
.339  .382
.358  ,401
.291 . ,322
.300 - .333
.329 367
,275.  .286 -
.288  ,302
.328  .347
261,275
277,292
.322.  ,345

- ,253 270
.271 287
,311 . ,343
.237 .230
.260 .256
.313  ,323

TABLE B-1

N =5

28

.44l

.441
.445

.392

.394
- L.411

.326

.333

371

.283
.307
.353

-.271
.285

.337

.258
.278
.388

.229

252

.318

.440
.442

.453

.384
.386
.400

319

.328

.362

.286

.298
.336

.259
.274
.323

.253

.267

.325

208,
1,230
.294

1.0

.432
.438
.443

.381

.381
.399

.314
.323
.348

279

-.291

.328

314

.243
.260

~W311

.202
.223
.286

EUC

REC

EUC
SQ
REC

EUC
SQ
REC

EUC
SQ
REC

EUC
SQ
REC

. EUC

SQ
REC

EUC
SQ
REC



[

10,

20.

201
.202

.201

.193
194
o .197

- .183

.180

.188

174

W172
178

167
165

175

.164
.161
173

.160

©.156

.167

.298
.297
.299

.292

290

.300

267

.265
.281

.265
,259
1,279

«252

245
.264

.243

.234

.257

.237

.232
- .258

’3 .5
.369  .431
.367  .429
380 .436
.348  .412

.349  .405
.360  .422
319,360
.319  .358
.334  .382
.296  .338
,267  .335
©,313  ,364
. .291 0.336
.288  .328
.315 - .365
.285  .327
.279 317
.309  .353
.259  .290
.256  .284
283 .327
TABLE B-2°
N=5

29

464
. 462
.463
442

-, 442
.458
.387

.413

- .362
.356
.392

-.356

+352

384

.339

.340 -
.377

.307
.301

.352

'9

<482
.485

.492

.446

444

.460

.393

.392

.424

.364 -
405

.352

346
.385

.348
346
.394

,308
.303
- .360

1.0

484

.483

456
453

471

404

.396

424
.373
- .366
,404

".356"

.394

.350
.349

.386

314

.305

- .358

EUC
sQ

 REC

EUC
sQ
REC
EUC
SQ
REC

EUC
SQ
REC

EUC

- 8Q

REC

EUC

- 8Q
“REC

EUC

1SQ

REC



- 10.

214
.214
- .200

1,200

+203

W 211

. .181
. .186
.200

o W172
., «178

o174
...193

~,164

171

192

S «152
164
.188

300
304

.302

.276

279

.291

«243

- .249

268

.215

249

207
.218
- .249

- .203
214
. 246

~178

.194

.3 .5
352 .424
.357 426
357 .422
321  ,369
2323 .371
.329 - 377
.276 - .313
-.298 333
.254 271
4289  ,308
227 .247
235 - .257

.272 .293
.220 238
230 ..248
.269 288
.188  .192
.203  ,208
.253  .265
TABLE B-1

N =10

30

448
448
443

392

.393
.402

- .322
326 -
.350

275

- 281
«309

1,252
262
.294
.240
4253

.292

.187

206

.261

.9

.450
.453

453

.387

.390

+393

- W312

.315

- .335

276
281

. .308

242
249

#2311
.238
275
2177
»191
w242

1,0

.456

.458

.453

.389

1,390

.396

- .323

.324

345

274

.280
.302

249
- 4255

287

.238
.245
.280

178
- .189

.243

EUC
SQ

REC

EUC
SQ

-REC

EUC
SQ
REC

EUC

SQ
REC

EUC

5Q
REC
EUC

SQ
REC

EUC
SQ
REC



S yvnil
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+ Srpon

20.

.206

.205
.213

200

197
L2010

. 187
.182
.189

174
172

';,xxa

.168

L1790

170
.164

L1770

. 156
153
167

300

.299
.304
.289
;288
.295
.263
.363
273

.241

~240

- 259

- .236

233
.252

232

- .228
248

212

- .209
- .231

.3

.364

- .362

. 377

342
340
.352

.303

304
- .282
280

302

w271

270
.294

266

263

.288
. 241
.236
267

TABLE B-2

.5

430

429
440

.391

- .384

400

.346

. 343

.366

«323
321

«337

.302
.298
<330

.294
290

.324

261

.254

.296

N =10

31

459
463
472
L421
LA20

.438

.367
.394

.344

.344
372

- .319

315
.353

.309

.306

.347

.270

270

313

475

474
.48

,439

.438

.448

.383

401

- .342

.343

+371

.322
. 320

.352

312

2311

345
. 275
275
311

1.0

L 467

LA467
477

432

431
. 447
376
376
L400

- .335

w337

.366

.315

314
.351

.306
.303

344

. 264

.264
.307

EUC

 ,8@‘
" REC

EUC
o

REC

EUC

- se

REC

EUC

- 8Q
~REC

EUC

REG

EUC

REC

EUC
- 8Q

REC



10,

20,

- .206
204
.210
192
.194
..197

171
. ¢173
- .183

.156
L+ 160
. +176

. ..148
- .153
170
,145

+ w150
168

129
135
161

 TABLE B-1
N =20

32

.2 .3 .5 7
.299 . .344 398  .449
..298  .343  .402  ,449
.296  ,341 401  .447
.260 . .315  .361  ,384
.259 316 ..362 ..385
.266  .318 .372 ,388
.219  ,263  .299 .308
.222 . ..265 ,302 - ,313
.236  .273 . .313 .32l
.195 © .229  .253  .265
1,200 .234  .261  .269
.218  .251 .278  .284
178 206  .224  ..231
.18l ,211 .230  .236
207 .237  ,258 ,257
.176 ..202  .219  .222
©,203 . .231 245  .245
139 152,153 .153-
- .149  ,161  .163 ,163
.186 . .206 .204 . ,202

.9 1.0
,457 443
456  .443
- 448,451
392 ..399
394 . .399
.389 .40l
316 ..319
- .321 320
.324 . .327
264 -.269
268,271
278 . 282
- .234 ..235
o .234 241
,.256 . .252
224 .289
o .246 241
156,156
196,192

' EUC

SQ
REC

EUC

- 8Q

REC

EUC

- 8Q

REC

EUC

- 8Q
REC

EUC

SQ

'REC

EUC
5Q

REC

EUC

.5Q
REC



RS et e e,

1@,

- 20,

.206

- .202

211

.205

204

210

.190
.195

.178

.184

.169

.166

177

.164

.162

.174

.149

. 147

.163

.297

+296

.304

.276
277
1,286

«251
.248
«263

.229
.228
«245

«215

212

.234

+209

.207

.229

. 182

.181
.209

.3 .5
.360  .425°
362 .424
.369  .432
.324  .373
322 .372
.333  .383
.285  .319
.300 .336
.257  .287
.258  .286
282 .308
.240 .264
.240  .263
267  .289
234 .253
234,255
261 .282
205 .218
202 .216
.232  .248

TABLE B~2
N =20

33

.443
.442
.454

.407
.406
.417

.340

342
363

.305
.305

.333

.283
.282
.313
271

.305

.223
.222

.262-

467

© L4774

411

.413
.424

+356

.355

.366

314

.313
«335

.288

.288
.312

.279

278

.304

231
.230

L .264

1,0

472
.469
0473

.418

425

«353
.356

.376

.314
314

«335

.285

.283

.314

275

2273
306

224

.222
263

EUC
5Q
REC
EUC
5Q
REC
EUC

SQ
REC

EUC

8Q
REC

EUC

8Q

REC

EUC

8Q

REC

EUC

5Q

REC



1I, DEPENDENT BIVARIATE EXPONENTIALS

Any dependent bivariate distribution, F , can be .simulated by means

X, Y

Qf the marginal, F_, and conditional, F distributions . The first step

Xfy’

t is to solve for one value through either r’narginal distribution and the

probability integral transformation. Then use this as the argument in the

: correspdnding conditional distribution and use the probability integral
tranéfqrﬁaﬁon égain. Thls procedure Will yie'ld'»a 'poin‘t“from the

. »dis‘ycribuﬂtion PX:,Y'

‘Gumble [2] states that given two probability functions F, and Fy,

~a bivariate distribution can be constructed by means of the equation

,Pfx%"?(x,y) =R P [1+a {2 -}‘3X<x)} {1-r,0}]

- :If the marginal distributions are exponential, the equation becomes
(1-e) (1~e™) (1+ae Y] %,y 20
P, Jxiv)= V, < :
XX 0 . ’ otherwise.
The marginal distribution of Y is-clearly (Vl-e“.y),. The co‘nditional
distribution of X given Y can be found vby integrating the given conditional

density function f}d between zero and x,

4
7 X y 2x y
—— ‘ - — - — - - -
ey &) =] {e™0va-20e) 20T (12} ax,
[}
Setting the above equal to a random number (RN) we obtain,
. - -“2 ' ~ - . —
-2 ae Ve * . (1 +a~2ae y)e *_RN =0

34
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Solving by the quadratic formula,

cx_ota-20e™) x Jl+a-20e%)? - 4 (@-20e )R
2 (@-2ae™) ' .

The value of the random variable X'can be determined by taking the
natural il'ogarithm of both sides. The negativé roof is chosen so fhat the
expréss_ion. will lie: on the interval (0, 1) and heﬁce X WiII be real‘ands
greater théh or ed.ual to zero., |

The correlation -‘between X and Y in this distribution is giveh by the

expression p= %‘ . Hence we have the highest posiitivéacorrel-ati;on '

between variablés :when o= + 1 and the grea_fest negatiy,e correlation
when ¢ = - 1. The correlation, however . varies only within the narrow
Himits -0.25 < p <+ 0.25,

This distribution was simulated to deterrhine error probabilities as
in the independent case but with the éddition of a fourth distancé_ function.
The rectangular distance function was rotated 45 degrees clockwise around
point Z. This was accomplished by a rotation of the coordinate axes and a
corresponding adj’ustme_nt to the data points. The values for P1 and Po
are Listed in tables D~-1 and D-2, The arguments for entering the tables

are alpha from the first distribution and beta from the second.

35



L -1.0  =.50 0.0
EUC .505  .509 .496

L li0 8@ - ..503 .505% . .498
. REC .502 505,497
ROT REC .497  .504 .492
EUC 496 .496  .498
SQ .498 .499 .497
" “5 REC, "0497 - 0“504> A,-,SOS
- ROTREC .499  .494 492
EUC  .493 .499 .493
o sQ  ',494 - ,500 .494
ROT REC .499 .503 .498
~ EUC .486 496 .505
+ .5 SQ | 1vv.488 .496 .502
~ REC  © .,491 = .494 .501

.. “ROTREC .503  .503  .505 .
EUQ o ‘u’498 - . .499 R 3497
. 8Q .502  .499 .497
REC . .504  .495 .504
ROT REC .509  .512 - .504

TABLE D-1
N =2

+.50

.494

.496

491
.483
490
491

.489

482

505

503
..,504
.495

.505
.506

- 1,502

- .498,

.499

500
.504

+1.0

.482
0482
.478

.466

.483

479
o W476
JA75

.488
.489

-487

.496
497
.501
.491 .

494
.496

494

496

P, given alpha and beta for dependent bivariate
exponentials
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-"100

+1.0

EUC
SQ

'REC
 ROT REC

EUC

5Q
REC
ROT REC

EUC .
8Q
REC

ROT REC

EUC

8Q
REC
ROT REC

EUC

sQ
BEC '
ROT REC

-1.0

504
1,505
507

’504

499

.502

- .500

.499

.496
.494
.498
.482

.486

.488

.495
'476

.481

479
.483

+466

.500

501

.506

.507

.200
.501

.493

.499

.496

496

.496
. 493

.490

L, 490

A93

.486

.495
.494

.489

.494

.483

" TABLE D-2
N =2

0.0

.497

.500

499

.500

.504
.505
.505
.507

.506
.509
.506

.502

502
500

;500

502

.489

L484

.486

+.,50

.488
..491
~.488

.501

.495

.501

.499
.504

- .500
500

.506

502

+503

.502 -
- .503

.506

.508

©.503
| '.500!
491

+1,0

.491
485

.503-

L9011

502
.498

T .507

.503 -
503

.510

.508

.505
1,505
510

.509

.505

- .509
.503

004

P, given alpha and beta for dependent bivariate
exponentials |
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IV. CONCLUSIONS

The g@al of th:s thesis was to cﬁ:;fr;ﬁare difféfent dis{agce functions in
the rule of the nearest neighbor for bivariate negative exponeniial popula-
tions. Whén C (A, /HKy) and D (A\z/ps) are less than one, there is virtually
no difference betWéén ‘the Euclidean, square, and rectangular discrimin—
ating funp‘{iLQns . Tﬁis genefalization gémains ’_crﬁe even WhAén the sample
size becomes small. Thevariation that.occurs is in-the third decimal
place and:is not significant. This implies that when C and-D are small,
the actual discriminating function used may be unimportant and one can
safely em‘plégy Eucii{deﬁaan dis;génce for.assignm‘e“nt’,purpo‘ses; However,
when D'isvsayllowed‘ to increa\se, the choice of dis,criminatipg functions
becomes i;xﬂpprtan_t, ghFjigures I and II clearly show that for small sample
s:izes . the Euclidean distance function is superior for the ‘c’as‘ers considered
to either fh(i,: wsquaré ;c;f rectan,gdlar di'sv criminating: 'fum":tionsires pectively.
‘When the\"%émple i\lz‘lgfeases ,‘jv',thére is;né discémible difference between
the Euclidean and squére distance functions and the absolute differences
between them and the rectangular distanée function decreases (see
Figure II). This reduction in the discrimination power between the func-
tions is in agreement with Fix and Hodges [1] who prove under fairly
general regﬁlarity“‘conditicjn‘s that there is no di'fferencg:: in discriminating
functions when the limit- of the number of samplé pointé éf)proaches

infinity.
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‘When the sample size is small in the dependent bivariate case, there
are some interesting observations. If the values of X andY are positively
correlated in one distributidn and negatively correlated in the other, the

rotated rectangular (45 degrees clockwise) distance function seems to be’

- superiar (see Figure III). However, when one distribution is highly nega-

tively correlated, Euclidean distance appeared to make better assig’nmants
while the rotated rectangular distance function made the poorest cl‘asvs-

ification {(see Figure 1V), This latter result was expecied because the‘

rectangular distance function remained rotated 45 degrees clockwise. If

the .rectangtilar distance function had beeﬁ rotated counterclockwise 45
degreesy it would have 'again yielded lower error probabilities.

The absolute differences in the valﬁes of the error probabiiitieé may N
not beAés important as the conéistency in better assignments tﬁat one

function gives. It can be seen that for small sample sizes and éertain

‘parameter ratios, one can improve his diagnosis by wisely choosing his ‘

discriminating function.
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0.200 \ 3 , ,
0.1  0.25 0.5 0.75 1.0

C

Comparison of distance functions by probability of erroneous
assignment with fixed D=5,

Figure 1
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0.300 -+

@*2:@@ -+

0.100 > + ’ ,t
0.1 0,25 0.5 | 0.75 1.0 ©

Comparison of distance functidns by prﬁobabili’ﬁy’ of erronecus
assignment with fixed D= 35,

Figure II
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Py
0.500 <
0.490 T
EUC. Rotated
Rectangular
0.480 +
0.470 T
0.460 t t + {
-0.25 -0.125 0.0 +0.125 +0.25

(Correlation coefficient of second distribution)
Figure III

Probability of erroneous assignment with correlation of
first distribution set at + 0.25 and sample size = 2

42




Rotated
Rectangular

0.500
/EUC,

0.490 %

0.480 +

S et e
-0.25°  -0.125 0.0 40,125 +0.25

= (Correlation coefficient of second distribution)

Figure IV

Probability of erroneous assignment with correlation
of first distribution set at - 0.25 and sample size = 2
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APPENDIX II
If the error probabilities cannot be found for the desired parameters,
the simulation can be -rﬁn for any values of X and 4 > 0., The program
requires as input:
A) On data card #1 in format 12, the k_number of data cards to be
processed (not including itself). |
B) For the remaining data cards:
1) In columns 1 and 2 in.integer for'matki's,the number of sample
points desired (N), |
2) In columns 6-10 in integer format is the number of reblications
to be performed (NREPS) .
3) In columns 16-2‘0, 26-30, 36-—‘4‘0‘; ,46;-50' are the parameters of
the distributions )L; r Az o M , and uakresp,ectively (format
F5.2), " |
The program will print out P, andéPg for eaé}h dyisterm,cfé“fuhction and the
»refspective input‘dav.‘ta. |
7’ The simulation for dependen;tvewxponentials ;cén also be run for any
. values of alpha and beta between -1 and_+i . ,Tﬁe input is similar except
that on the data cards alpha is in columns,l,sfzo-and beta is in columns
26-30. Thé form of the output is similar/'to that‘:ieceiiﬁied in the

independent case.
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