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ABSTRACT

Despite the ubiquity of networked and radio frequency-emitting devices in the maritime
domain, a robust understanding of the maritime cyber environment has not yet been fully
developed. One particular area of interest within this larger environment is that of co-
channel interference between radar and communications systems. The effects of a relatively
low-power in-band communications interferer on a high-power radar are investigated. Soft-
ware simulation is used to determine the probability of detection and power spectral density
of the combined radar-communications signal for a pulsed radar. Additionally, the impact
of an interfering communications signal on the range-Doppler map of a pulse Doppler
radar is investigated. The perspective of a radar operator in a maritime environment is
also considered. In all cases, the communications signal is parameterized by the radar-
to-communications power ratio (RCR) and the symbol-rate-to-bandwidth ratio (SRBR).
Finally, software simulation is validated for the probability of detection case by implement-
ing the radar detector on a field-programmable gate array (FPGA) similar to what would be
used in a radar receiver. In all cases, embedded communications are found to have relatively
little effect on radar performance.
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CHAPTER 1:
Introduction

In the widest sense, this thesis is a continuation of previous efforts to better understand the
maritime cyber environment; thus, a brief introduction to this concept is required. This
work fits more specifically into previous efforts to determine the interaction between a
communications signal and a radar signal occupying the same frequency band. Without
the knowledge that others have investigated the feasibility of receiving and demodulating
communications located in the same frequency band as high-powered radar, it makes little
sense to consider the effect of relatively low-power communications signals as a specific type
of interference that may be encountered by radar; however, this introductory information
should suffice to illustrate to the reader why the effect of a communications signal on radar
performance is a topic worthy of special study.

1.1 Maritime Cyber Domain
When considering how best to maneuver in a particular area of warfare, a terrain map is
necessary in order to understand the environment and to be significantly effective while
avoiding giving an advantage to the adversary. For instance, in submarine warfare, charts
of the bottom of the ocean are used to avoid collision with any geographic features present.
In the maritime cyber domain, such an understanding of the environment allows for both
a greater understanding of our own vulnerabilities and possible ways to exploit adversary
weaknesses. Examples of some of the signals that may be encountered in a maritime
environment are navigational radar, fire control radar, communications between vessels,
satellite communications, automatic identification system (AIS), global positioning system
(GPS) and more. Additionally, ships have internal networks that allow systems such
as voyage information sensors and engineering plant networks to communicate. These
examples illustrate that there are many electromagnetic signals in the radio frequency
(RF) spectrum on and off ships as well as internal networks within ships; thus, a robust
understanding of how these different signals interact with each other is a crucial part of
successful cyber operation at sea.

While there is no shortage of systems to investigate in this domain, in this thesis research
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we focus on the effects on radar performance of the interaction between pulsed radar and
communications systems. This selection was based on the ubiquity of pulsed radar and
communications systems in the maritime environment and the potential to better utilize the
potentially large amount of bandwidth used in radar systems.

1.2 Applications
We chose two applications to consider as motivation for why radar and communications
signals might exist in the same frequency spectrum in the maritime environment: unin-
tentionally through co-channel interference and intentionally by embedding one or more
communications signals in the radar return.

1.2.1 Co-channel Interference
As communications systems consume more bandwidth, it is possible that they will start
to utilize the S-band of around 3 GHz, where many maritime radars operate [1]. The
two broad categories for how these two signals could be separated from each other can
be classified as either cooperative, where each signal is designed and transmitted in a way
that is intended to reduce interference, or non-cooperative, where neither the radar nor the
communications system ismodified to reduce interference. This kind of in-band interference
has been previously studied, and cooperative strategies for reducing the frequency-domain
overlap through radar pulse shaping were proposed [2]. The power spectral densities of a
communications signal (top) and a radar signal designed to reduce interference with that
communications signal (bottom) are shown in Figure 1.1. As shown in Figure 1.1, in-band
interference is reduced by placing the majority of the radar pulse’s energy outside the main
lobe of the communications signal. This result is the outcome of a cooperative strategy for
reducing frequency-domain overlap.

In contrast to the cooperative approach, we investigate a non-cooperative approach to
interference cancellation, where each signal is recovered through post-processing instead
of waveform design. Instead of spectrally shaping the radar or communications pulses to
reduce interference, we use a rectangular envelope for both signals in the time domain.
Additionally, we consider the scenario where there is no time multiplexing and instead
assume that both the radar and communications pulses are active at the same time. The

2
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Figure 1.1. An Illustration of Pulse Shaping, to Reduce Interference. 
Source: [2].

signal model that describes this scenario is discussed in more detail in Chapter 2.

1.2.2 Embedded Communications
Another potential application of transmitting radar and communications signals in the 
same frequency band is to embed communications signals in the radar waveform or radar 
return. In this work, we draw inspiration from the traditional low probability of intercept 
(LPI) techniques of low power and phase-code modulation that are intended to prevent 
interception of a signal; however, in this case, the LPI-like quality of the communications 
signal is achieved by transmitting the communications signal in a location in time, space, and 
frequency that one does not expect to contain communication or even be able to successfully 
transmit information. For the purposes of this thesis research, the term LPI refers to low-
power communications signals that are intentionally embedded in radar pulses and not 
the low power and phase-code modulation traditionally used for LPI signals.
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The technique of embedding a communications signal within a radar pulse has been stud-
ied before, both in its cooperative and non-cooperative forms [3]–[5]. One cooperative
method proposed suggests interpulse communication where the communication waveforms
are specifically constructed as non-dominant eigenfunctions of the radar signal itself [3].
This approach requires new communications waveforms to be designed, so common digital
modulation techniques such as phase-shift keying, frequency-shift keying, or amplitude-
shift keying cannot be used [3]. In this work, we choose to investigate the effect of a
modulation technique already commonly in use, specifically quadrature phase-shift keying
(QPSK). Of course, other typical modulations can be used, but we use QPSK for illustration
and simulations for reasons that are discussed further in Chapter 2. In this thesis, we assume
the communications signal’s presence is masked by its relatively low power compared to the
radar power instead of by specifically-designed modulation schemes. This masking effect
is illustrated in Figure 1.2. In this image, the top graph shows an example of the in-phase
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Figure 1.2. A Comparison of the Unaltered Radar Signal and the Combined
Radar and Communications Signal

baseband component of a radar signal in the time domain without embedded communica-
tions. The bottom graph shows a relatively low-power communications signal embedded
in the radar only during the time when a particular radar pulse is active. The presence of
the embedded communications signal is visible as a fluctuation in signal amplitude while
the radar is on. Since the radar signal power is much larger than the communications
signal power (in this case, 20 dB larger), the presence of the communications signal is
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effectively embedded within each radar pulse, which is why this communications signal is
both embedded and intrapulse.

The particulars of how exactly this communications signal can be embedded within the
radar pulse are outside the scope of this thesis research. Several options for where the
signal can be inserted are possible. For instance, the transmitted radar pulse can contain
a communications signal that is received by whatever target the radar was illuminating,
although presumably only detected and demodulated by the intended party. In another
scenario, illustrated in Figure 1.2, the communications signal can be embedded within the
reflected radar return coming from another ship [4]. In this scenario, a ship at STA-1

s1[n] = r[n]+w[n]

s2[n] = r[n]+c[n]+w[n]

STA-1

STA-2

Figure 1.3. A Possible Scenario In Which Embedded Intrapulse Communica-
tions Could Be Used As an Embedded Communication Method. Source: [4].

illuminates a ship at STA-2 with its radar. The equation s1[n] = r[n] + w[n] represents
the transmission by the ship at STA-1 of a signal plus noise. In this example, n is the
discrete-time sample index, r[n] refers to the radar pulse, and w[n] refers to the noise. The
LPI communications signal is embedded by the ship at STA-2 within the return from the
radar signal, which is represented by the equation s2[n] = r[n]+ c[n]+w[n]. The additional
c[n] term in the return equation indicates the presence of embedded communications [4];
however, in each case, the performance of the radar is affected in equivalent ways given the
same communications signal parameters at the radar receiver.
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1.3 Objective
The background information provided above should be sufficient to demonstrate the need
to investigate and quantify radar performance in the presence of an interfering communica-
tions signal as this environment is one that could easily be encountered, either intentionally
or inadvertently, in the maritime cyber environment. Additionally, in the case of an inten-
tionally embedded communications signal, we want to further validate the claim that this
communications system is LPI-like in the sense we discussed previously; thus, in this thesis,
we present several methods by which the effect of the embedded communications on radar
performance can be determined. Of these methods, three are qualitative (power spectral
density, range-Doppler maps, and navigational radar perspective) and one is quantitative
(probability of detection). This analysis is carried out both through software simulation us-
ing MATLAB and hardware verification using System Generator and a field-programmable
gate array (FPGA).

1.3.1 Thesis Outline
In order to meet the foregoing objective, the remainder of this thesis is organized in the
following manner. Research previously performed in this area of radar and communications
signals in the same frequency band, including the mathematical model used for the radar
and communications signals, is presented in Chapter 2. The method and results from
modeling the power-spectral density (PSD) is demonstrated in Chapter 3, followed by a
similar analysis of probability of detection in Chapter 4. Range-Doppler maps (RDM) are
investigated in Chapter 5, and the perspective of a radar operator in a maritime environment
is considered in Chapter 6. Finally, conclusions and recommendations for future work are
presented in Chapter 7.
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CHAPTER 2:
Background

The work reported previously with regard to radar and communications signals operating in
the same bandmust be understood in order to set the context for the effects of communication
signals on radar performance. First, the justifications for using QPSK as the modulation
technique and feasibility of recovering and demodulating the communications signal are
discussed. Then, the mathematical model used for the radar and communications signals
both in the background work and in this research is presented.

2.1 Modulation Technique Selection
Quadrature phase-shift keying was selected as the modulation technique for this thesis
research to provide continuity with previous work. QPSK was analyzed using software
simulation to assess the recoverability of the communications signal from the high-power
radar interference [4]. QPSK is robust against a 1% error in frequency estimation, as seen in
Figure 2.1. In this figure, symbol error ratio (SER) is parameterized by the symbol energy
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Figure 2.1. The SER Graph For Various Modulation Techniques With a 1%
Frequency Estimation Error. Source: [4].

divided by the noise power spectral density. Differential QPSK (DQPSK) was found to

7



perform well in environments where the parameters of the radar signal were estimated given
some error variance and, thus, not subtracted perfectly from the communications signal
before demodulation. This superior performance is due to the ability to use non-coherent
detection for differentially-coded signals, so errors in phase and frequency estimation have
a smaller effect on SER.

While binary phase-shift keying (BPSK) and differential phase-shift keying detected both
coherently (DPSK) and non-coherently (NC-DPSK) have a better SER for a given symbol
energy to noise power spectral density (Es/N0), their throughput is half that of DQPSK since
each DQPSK symbol encodes two bits of information. Since both DQPSK and QPSK have
the same constellation diagram and PSD and differ only in how the data being transmitted
is encoded before mapping the bits to symbols, the signals transmitted for both DQPSK
and QPSK are indistinguishable even though the encoded bits may be different. For the
purposes of radar performance as considered in this thesis, there is no difference between
interference from DQPSK and interference from QPSK. The constellation diagram for both
QPSK andDQPSK is seen in Figure 2.2, where the two axes x1 and x2 represent the in-phase
and quadrature components of the baseband signal, respectively [6]. The way incoming

0 0

0 1 1 1

1 0

x1

E
s

x2

Figure 2.2. The Constellation Diagram For QPSK and DQPSK. Source: [6].

bits are mapped to in-phase and quadrature (I/Q) samples is identical in both cases, but in
DQPSK pre-coding occurs before symbol mapping in order to properly encode not simply
the original bit values but rather the differences between successive symbols.
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2.2 Recoverability of Communications Signal
If the communications signal cannot be successfully extracted from the radar signal and
demodulated with a sufficiently low bit error ratio (BER), then there is no reason to study the
effect of communications on radar performance in the context of a LPI communications. The
work referenced in [4] performed software simulations in order to determine the theoretical
SER for various modulation techniques for a communications signal extracted from a radar
signal through radar parameter estimation and cancellation; however, a different source
performed hardware verification to ensure these simulation results could be replicated on
an FPGA [5]. It can be seen from Figure 2.3 that radar estimation and cancellation using
an FPGA can produce SER curves parameterized by Es/N0 that converge to the ideal curve
as the number of radar pulses used to estimate the radar parameters increases. In order to

 
Figure 3 – Varying RCR from 20 to -10 dB shows no degradation of Figure 2.3. The SERGraph For Hardware-Based Radar Cancellation. Source:

[5].

produce the SER curve shown in Figure 2.3, QPSK was used as the modulation technique;
thus, we conclude that performing cancellation of the radar signal in order to recover
and demodulate the transmitted communications signal in hardware is a viable technique.
Since this potential communications method has been shown to be feasible in hardware in

9



terms of SER, its effect on radar performance must be considered before it can be further
implemented.

2.3 Signal Model
Following from previous work such as [4], [5], we assume a complex-valued signal model
such that the signal received at the radar receiver is y(t) = r(t) + q(t) + w(t) where r(t) is
the radar signal, q(t) is the communications signal that interferes with the radar, and w(t) is
zero-mean additive white Gaussian noise (AWGN). As with convention, signal processing
occurs after analog-to-digital (A/D) sampling, so we now assume a discrete signal model
with sampling frequency at least twice the Nyquist frequency. Additionally, we assume
normalized sampling time where TS = 1; therefore, the model is

y[n] = r[n] + q[n] + w[n], (2.1)

where n = 0, 1, 2, ... We assume a coherent pulse train waveform. The complex-valued
radar baseband signal is given by

r[n] = 1
√

N

N−1∑
k=0

Ar e jφrun[n − kTr], (2.2)

where Ar is the amplitude of the radar signal, φr is the phase of the pulse, and the sum∑N−1
k=0 un[n − kTr] is a rectangular pulse train consisting of N pulses where Tr is the pulse

repetition interval, and un[n] is given by

un[n] =
1
√

tp
(u[n] − u[n − tp]), (2.3)

where u[n] is the standard unit step function and tp is the time in which a pulse is active. If
Ar = 1, then the pulse train in Equation 2.2 is of unit energy; thus, Ar serves to scale the
radar signal to the desired energy. The duty cycle of the radar can be expressed as D = tp/Tr .
The communication signal is modeled as a QPSK complex signal with amplitude Aq which
is given by

q[n] =
Aq√
N

N−1∑
k=0

uc[n − kTr], (2.4)
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where uc[n] is defined as

uc[n] =
e jφq
√

tp
(u[n] − u[n − tp]). (2.5)

The symbols are a random draw from the set φq ∈
[
π
4,

3π
4 ,

5π
4 ,

7π
4

]
. If Aq = 1, then the

waveform described by (2.4) is of unit energy; thus, Aq serves to scale the energy desired
for this communications signal. The amplitude of the QPSK symbols is set by the power
ratio of the radar signal and embedded communications signal (defined as RCR); thus, RCR
in dB is defined as

RCRdB = 10 log10

(
Pr

Pq

)
, (2.6)

where Pr and Pq are defined above as the power of the radar and communication signals,
respectively. Actual RCR = Pr/Pq. Since the communications signal is only present when
the radar pulses are on, the RCR simply becomes an energy ratio:

RCRdB = 10 log10

(
A2

r

A2
q

)
. (2.7)

The values of the RCRdB explored in this thesis range from a maximum of 20 dB to a
minimum of 3 dB.

One important consideration is the effect of changing symbol rate (i.e., data rate) to the
radar spectrum (if spectrum is used for LPI considerations). Here, we mean the symbol rate
to be the rate during the radar pulse’s on-time. Clearly, the effective data rate is reduced
by the duty cycle, but since we intentionally do not embed during the pulse’s off-time, this
reduction does not affect our intended data rate. For convenience, the symbol rate may be
normalized by the radar pulse rate (or bandwidth). We call this value the symbol-rate-to-
bandwidth ratio (SRBR). The SRBR determines how many QPSK symbols are transmitted
during the duration of one radar pulse. If we let Rs = 1/Ts, where Ts is the symbol duration,
and let the radar bandwidth be Br = 1/tp, then SRBR can be expressed as:

SRBR =
Rs

Br
. (2.8)

The values for SRBR used in this thesis range from one symbol per pulse to 512 symbols
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per pulse. In our various investigations of the effects of the embedded intrapulse commu-
nications on radar performance, we parameterize the communications signal by both the
RCR and the SRBR.

In order to illustrate the effect of changing these parameters on the combined radar-
communications signal, a sample of the in-phase component of the signal at baseband
is plotted. In Figure 2.4, the SRBR is held constant at eight while the RCR is changed
from a relatively large value of 20 dB to a relatively low value of 10 dB. In both cases,
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Figure 2.4. The Effects of Varying the RCR On the In-Phase Component of
the Time-Domain Signal

the amplitude of each radar pulse without the embedded communications is 10 V. In the
top plot, when the RCR is 20 dB, the communications signal only adds or subtracts 1 V
from the amplitude of the radar signal. In the bottom plot, when the RCR is 10 dB, the
communications signal adds or subtracts 3.16 V from the amplitude of the original radar
signal. This difference is easily visible when looking at the two signals, as the 10 dB case
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has a much greater variation in amplitude while the radar is on than the 20 dB case does;
thus, we hypothesize that varying the RCR has a large effect on radar performance, so this
is a parameter that must be investigated.

In Figure 2.5, the RCR is held constant at 10 dB while the SRBR varies from a relatively
large value of 64.0 to a relatively small value of 2.0. While the total time for a given radar
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Figure 2.5. The Effects of varying the SRBR On the In-Phase Component of
the Time-Domain Signal

pulse is the same in each case, in the high-SRBR case the QPSK symbol time is one-sixty
fourth the radar pulse duration, and in the low-SRBR case the QPSK symbol time is one-half
the radar pulse duration. As in the case where RCR was varied, these dramatic differences
in SRBR are easily visible just by looking at the time-domain plots of the signals. In the top
plot, when the SRBR is equal to 64.0, the individual symbols are difficult to discern since
there are so many symbols in each relatively-short radar pulse. However, in the bottom
plot, when the SRBR is equal to 2.0, the individual symbols are visible. While changing
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SRBR does cause some visible fluctuation, as shown above in the radar in-phase signal, the
fluctuations are almost non-existent when the combined radar and communications signal’s
magnitude is considered. Especially if an energy detector is used in the radar receiver instead
of a matched filter detector, these small fluctuations will have little, if any, effect on radar
performance. Varying the number of QPSK symbols per radar pulse does have the potential
to make the frequency-domain representation of the combined radar and communications
signal more similar to that of the radar signal alone, thus reducing the effect of embedded
communications. Additionally, the effect on probability of detection, range-Doppler maps,
and navigational radar from a varying SRBR must be considered as well.

We now consider the frequency-domain representation of embedded communications sig-
nals with varying RCR and SRBR values by generating and analyzing PSDs for these signals
through software simulation.
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CHAPTER 3:
Power Spectral Density

The firstmetric used to analyze the effect of the communications signal on radar performance
is the PSD of the combined radar and communications signal compared to the PSD of the
radar signal alone. While understanding the signal in the time domain is important, the
effects of embedded intrapulse communication on the radar spectrum must be considered
as well.

3.1 Theory
Power spectral density is analogous to the Fourier transform but is used for random signals,
where the Fourier transform is defined for deterministic signals. The PSD is defined for a
signal X(t) as

SX X( f ) ≡ lim
to→∞

E[| Xto( f ) |2]
2to

, (3.1)

where Xto( f ) is the Fourier transform of the signal X(t) truncated between time t = −to and
time t = to [7]. One challenge in determining the spectrum utilization for the radar signal
with embedded communications is the intrapulse nature of the communication system.
In this case, QPSK symbols are not transmitted continuously but rather only during the
radar’s tp time. The closed-form power spectral density (PSD) for baseband QPSK with
pauses matching a radar duty cycle has not been well-defined to our knowledge. Instead of
determining a closed-form expression for the PSD, we instead rely on signal simulation in
order to illustrate the PSD of the radar pulse, with and without embedded communications.

3.2 Software Simulation
In the discrete time environment, we use the discrete Fourier transform implemented using
the fast Fourier transform (FFT) algorithm and modify the equation used to determine PSD
to

SX X( f ) =
fs | F{X[n]} |2

M
, (3.2)

15



where fs is the sampling frequency used to convert the signal from continuous time to
discrete time and M is the FFT size. In all of our analyses, we use a normalized sampling
frequency equal to 1 Hz. Our FFT size is chosen to be the next highest power of two greater
than the length of the signal L in order to maximize the efficiency of the FFT algorithm;
thus,

M = 2k, (3.3)

where M is the smallest value that satisfies M > L for an integer value of k. In all cases,
we use a rectangular pulse shape for both the radar signal and the QPSK signal. Other
pulse shapes, for instance a Hamming pulse shape for the radar signal or a raised cosine
pulse shape for the communications signal, are possible, but using a rectangular envelope
pulse shape allows us to investigate the largest anticipated spectral occupancy for these
signals without pulse shaping. The PSD of the radar pulse alone is shown in Figure 3.1
to provide a basis for comparison with the radar signals with embedded communications
that are presented later in this chapter. In order to generate the PSD shown in Figure 3.1,
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Figure 3.1. The PSD of the Original Radar Signal

we utilized N = 1000 radar pulses with a duty cycle of 10%. The radar phase used was
φr = π/4. We use these radar parameters, while varying RCR and SRBR, for all other PSD
plots shown in this chapter.
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3.2.1 Varying RCR
To compare radar and communications PSDs, we first vary the RCR. As mentioned previ-
ously, the same radar parameters were used that were set for Figure 3.1. Additionally, SRBR
= 1 is used. Since there is only one QPSK symbol with a rectangular pulse shape embedded
in each radar pulse and the symbol time TS for the QPSK signal is equal to the radar pulse
time tp, it is unsurprising that the shape of the communications signal in the frequency
domain is identical to the shape of the radar signal in the frequency domain, differing only
in magnitude. The PSDs for the communications signal alone at various RCR levels can
be seen in Figure 3.2. In Figure 3.2, the RCR = 3 dB signal is plotted in blue, the RCR =

-0.5 0 0.5
Normalized frequency (Hz)

-150

-100

-50

0

P
ow

er
 S

pe
ct

ra
l D

en
si

ty
 (

dB
W

/H
z)

3 dB
10 dB
13 dB

Figure 3.2. The PSD of the Communications Signal Alone at Various RCRs

10 dB signal is shown in red, and the RCR = 13 dB signal is shown in green. Since the
radar amplitude is held constant, increasing the RCR results in a smaller amplitude for the
communications signal. The RCR = 3 dB communications signal has the largest amplitude
in Figure 3.2 since the power of the communications signal is approximately half that of
the radar signal, while the power of the 13-dB signal is roughly one-twentieth the power of
the radar signal, and so its amplitude is the smallest. Enlarging the figure in the center of
the frequency domain allows us to see the characteristic shape of the sinc function, as we
would expect for a signal with a rectangular pulse in the time domain. This enlargement
is shown in Figure 3.3 using the same colors for the different RCR values as in Figure
3.2. Now that we have an understanding of what the PSDs for both the communications

17



-5 0 5
Normalized frequency (Hz) ×10-3

-60

-50

-40

-30

-20

-10

0

P
ow

er
 S

pe
ct

ra
l D

en
si

ty
 (

dB
W

/H
z)

3 dB
10 dB
13 dB

Figure 3.3. The Enlarged PSDof theCommunications SignalAlone atVarious
RCRs

and radar signals look like, we can compare these results with the PSDs of the combined
radar and communications signal at various RCRs. In order to evaluate how similar the
radar and communications signal is compared to the communications signal alone in the
frequency domain, we plot the PSDs on the same axes as the radar-only PSD so that the
differences are more noticeable. These PSDs, as well as the differences between the radar
signal and the combined radar and communications signal for each RCR value, are shown
in Figure 3.4 for RCRs of 3 dB, 10 dB, and 13 dB. In Figure 3.4, in the left column, the
PSD for the unaltered radar signal is plotted in red, and the PSD for the combined radar
and communications signal is plotted in blue. Since the communications signal has the
same pulse shape as the radar signal but with much less power, the difference between the
PSDs of the radar signal alone and the combined signal is nearly indiscernible for even the
highest RCR considered. In the right column of Figure 3.4, we plot the difference between
the two spectra in the left column in order to better understand the effect of embedded
communications on the PSD of the received signal. It can be seen from the right column
that the differences between the two signals are incredibly small. For most of the spectrum,
there is less than a -50-dB difference, which indicates remarkable similarity between the
two signals. So, we see that changing the RCR to even relatively small values (therefore,
relatively high-powered communications signals) still allows the communications signal to
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Figure 3.4. The PSDs and Differences between PSDs of the Radar Signal
Only and the Combined Radar and Communications Signal for Various RCR
Values

have little effect on the frequency spectrum of the combined radar and communications
signal as long as the SRBR is equal to one.

3.2.2 Varying SRBR
We now fix the RCR at 10 dB and investigate the PSD of the received signal when the SRBR
is varied, ranging from 1.0 for the smallest data rate to 512.0 for the largest. As we saw in the
previous section, when the SRBR is equal to 1.0, the communications signal has a similar
shape in the time domain and, therefore, the same PSD as the radar signal. We now plot
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the PSDs of the communications signal alone with SRBR values of 1.0, 128.0, and 512.0
in order to better understand what these PSDs look like independent of the radar signal.
While before we could plot our three example communications signals on the same axes and
clearly see the differences since they all had the same pulse shape, we now must plot each
communications signal on separate axes since they no longer have the same spectral shape.
These different shapes are illustrated in Figure 3.5. For each of the SRBR values illustrated,
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Figure 3.5. The PSDs of the Communications Signal Only with Various
SRBR Values

the RCR is held constant, and the total energy contained in each signal remains the same.
As the SRBR increases, a greater proportion of the signal’s energy is contained within
higher frequencies. As these increasing frequency components carry a larger proportion of
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the communications signal’s energy, the communications signal can no longer be spectrally
contained within the PSD of the radar pulse. Now, we look at the PSDs of the combined
radar and communications signal, again plotted on the same axes as the radar signal for
comparison. These PSDs (shown in red) and the difference PSDs (i.e., the absolute value of
the resulting subtraction of the combined radar and communications PSD and the radar-only
PSD) are shown in Figure 3.6. In Figure 3.6, the left and right columns are organized as

Figure 3.6. The PSDs and Differences between PSDs of the Radar Signal
Only and the Combined Radar and Communications Signal for Various SRBR
Values

they are in Figure 3.4. The conclusion that can be drawn from Figure 3.6 is similar to the
conclusion drawn for the cases where the SRBR was held constant and the RCR was varied.
As SRBR increases, the frequency-domain representation of the communications signal
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becomes more and more different from the frequency-domain representation of the radar
signal. At higher SRBRs, the differences between the radar-only signal and combined radar
and communications signal are more visible; however, as illustrated by the difference PSDs
in the right column, these differences are still relatively small. Now that we have validated
that the embedded communications has a small effect on the frequency spectrum of the radar
signal, we assess the radar probability of detection as a measure of radar performance.
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CHAPTER 4:
Probability of Detection

Probability of detection is ameasure of radar performance that is used to determine howoften
a radar correctly detects a target given a particular signal-to-noise ratio (SNR) environment
and probability of false alarm PF A. In this chapter, we first explore the theory behind radar
probability of detection and then show the effects of embedded intrapulse communication on
thismetric of radar performance through both software simulation and hardware verification.

4.1 Theory
After the radar receives a signal, it must distinguish between a returned pulse and noise. A
graph of possible distributions for both the returned pulse and noise is shown in Figure 4.1.
Signal magnitude is shown on the x-axis, and the probability density function (PDF) for the

Figure 4.1. Probability Density Functions for Both Pure Noise (Left) and
a Noise-Corrupted Returned Pulse (Right) in a Radar Receiver Using an
Envelope Detector. Source: [8].
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noise signal (on the left) or noise-corrupted returned pulse (on the right) is shown on the y-
axis [8]. In this case, the distributions of each signal are a result of the detector, which utilizes
a narrow band-pass filter and considers the magnitude of the complex-valued I/Q samples.
The noise alone results in a Rayleigh distribution, while the radar signal with noise can be
approximated by a Gaussian probability density function [8]. Since the two distributions
overlap, it is impossible to successfully reject all false returns from noise signals while at
the same time capturing every true target; therefore, probability of false alarm is used to set
a threshold γ′. Received magnitudes greater than γ′ are deemed target returns [9]. In Figure
4.1, this threshold is shown as the vertical line at an amplitude of approximately 2.5 for
illustration [8]. The noise signals with a magnitude that exceeds the threshold are shown in
black, representing the probability of false alarm. Since the total area under each PDF curve
is equal to one, the area under the noise-magnitude distribution from the threshold to infinity
is equal to PF A. The area under the target-and-noise magnitude distribution shown in dark
gray represents the probability of detection. If the PF A is increased (which is usually not
desired) by moving the threshold, the probability of detection is increased (which is usually
desired); thus, a trade-off exists between PF A and probability of detection. [8]. While PF A

values used in real-world scenarios vary based on the severity of the consequences of an
incorrect decision, we use PF A = 0.01 as a typical value in this thesis.

While the graph shown in Figure 4.1 was not generated using a matched filter receiver, the
principles that can be derived from its example are applicable to the matched filter. In all
further examples, we assume the return signal has passed through a matched filter designed
to maximize the SNR of the radar pulse. Assuming matched filtering and AWGN, we can
calculate the threshold γ′ as

γ′ =

√
σ2E

2
Q−1(PF A), (4.1)

where σ2 is the variance of the Gaussian noise, E is the signal energy, and Q−1 ( • )
denotes the inverse Q-function [9]. Given a particular γ′, the probability of detection can
be calculated as

PD = Q
(
Q−1(PF A) −

√
2E
σ2

)
, (4.2)

where Q(•) denotes the Q-function, and all other variables have the same meaning as in
Equation 4.1 [9].
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Since the signal energy is a component of the probability of detection equation, we can plot
the probability of detection against different SNRs for a PF A value of 0.01 to illustrate the
theoretical PD in the absence of embedded intrapulse communications. This plot is shown
in Figure 4.2. As expected, probability of detection is low when the SNR is small and
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Figure 4.2. Theoretical Probability of Detection vs. SNR Curve without
Embedded Communications

high when the SNR is large, approaching one at SNRs of about 10 dB or higher for this
PF A value. We now investigate the effect on probability of detection of adding embedded
intrapulse communications to the radar signal.

4.2 Software Simulation
Software simulation was performed using a Monte Carlo simulation with a number of trials
N = 105 in MATLAB. In order to determine detection probability, combined radar and
communications signals were generated in MATLAB for various RCRs and SRBRs. The
real part of the matched-filtered and sampled received signal was compared to γ′, with
a value greater than or equal to γ′ corresponding to detection and a value less than γ′

corresponding to classifying that trial as noise. Next, the number of times the signal was
detected was divided by the number of trials in order to obtain an estimate of the probability
of detection.
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4.2.1 Varying RCR
As before when analyzing the PSD of the combined radar and communications signal, we
begin by varying the RCR to see how it affects the radar detection performance. For these
trials, the SRBR is fixed at 1.0 and the RCR is varied between 3 dB, 6 dB, and 10 dB. The
results of these simulations are shown in Figure 4.3. When RCR increases, the probability
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Figure 4.3. Probability of Detection for Various RCR Values

of detection of the radar signal with embedded communications approaches the probability
of detection of the radar-only signal. With an RCR of 3 dB, there is a significant difference
between the PD of the combined radar and communications signal and that of the radar
signal alone. Interestingly, not only is the performance worse than the performance of the
radar-only signal for most of the SNRs investigated, which is expected, it is actually better
for small SNRs. However, this difference all but disappears as the RCR is increased to 10
dB. This result makes sense, as increasing the RCR means that the communications signal
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is smaller compared to the radar signal. When RCR is small, the interference effect of the
communications signal to the radar signal becomes more significant, so the probability of
detection of the radar is degraded.

4.2.2 Varying SRBR
Next, we fix the RCR at 3 dB and vary the SRBR in order to determine the effect of SRBR on
the probability of detection of the radar. The results of these simulations are summarized in
Figure 4.4. As shown in Figure 4.4, increasing the SRBRwas found to cause the probability
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Figure 4.4. Probability of Detection for Various SRBR Values

of detection of the combined radar and communications signal to rapidly approach the
probability of detection of the radar-only signal. At an SRBR of only 4 QPSK symbols per
radar pulse, PD is almost equivalent to the radar-only case, and at 32 QPSK symbols per
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radar pulse, the PD of the combined radar and communications signal is indistinguishable
from the PD of the radar-only signal. So, we conclude that increasing the SRBR decreases
the effect of embedded intrapulse communications on pulsed radar performance because
the resulting PD approaches the theoretical radar detection probability.

4.3 Hardware Validation
In order to verify the results from software simulation, a simple radar receiver architecture
was created using Xilinx System Generator and implemented on a Xilinx Kintex-7 FPGA.
This FPGA is shown in Figure 4.5. An FPGA was used to simulate the architecture of a

Figure 4.5. The FPGA Used for Hardware Validation

radar receiver. In fact, modern radar receivers are built using FPGAs, so while the hardware
setup we used is not identical to that contained within a radar, it is very similar, and provides
a good analog for how the radar receiver will perform with radar pulses with embedded
communications. In order to validate the probably of detection in hardware, the signal
generation and probability of detection algorithms were recreated in Simulink using System
Generator blocks. The same RCR and SRBR values that were simulated in software were
tested in hardware. The testing setup in Simulink is shown in Figure 4.6. As shown in
Figure 4.6, the simulation is run on both the computer in Simulink, through the top signal
path, and on the FPGA in a hardware description language, through the JTAG Cosim block,
in order to verify FPGA performance is the same as the performance in Simulink. For the
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Figure 4.6. The Probability of Detection Hardware Test Setup in Simulink

hardware portion, N = 103 trials were used due to far greater computational complexity for
the hardware validation than for the software simulation.

4.3.1 Varying RCR
To verify the probability of detection results at various RCR values, PD was simulated
on the FPGA using an SRBR of 1.0 and RCR values of 3 dB, 6 dB, and 10 dB. These
results are shown in Figure 4.7. As shown in the plot, the hardware results align well
with the software simulation. While the results are not identical, this difference is likely
due to different methods of noise generation in Simulink and MATLAB. In Simulink, the
AWGN is band-limited, while in MATLAB, there is no limitation placed on the Gaussian
distribution used to generate the noise. The results from the FPGA validation indicate that
the PD results from a radar will likely be very similar to what we simulated.

4.3.2 Varying SRBR
Next, RCR is held constant at 3 dB and SRBR is varied to be 1.0, 4.0, and 32.0 to test
the same scenario that was simulated in software. The PD results for these parameters are
shown in Figure 4.8. As with the case when RCR was varied, the hardware results are very
similar to the simulation results. While there is a noticeable difference in probability of
detection for the SRBR= 1.0 case, the hardware detection probability is virtually identical to
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Figure 4.7. The Probability of Detection Results Compared for Theory, Soft-
ware, and Hardware at Various RCR Values

the theoretical and software simulation results for the SRBR = 4.0 and SRBR = 32.0 cases.
Additionally, these differences in the SRBR = 1.0 case likely come from the same reasons
discussed above. Overall, hardware validation indicates that our software simulation is
representative of the behavior of the radar architecture, and we expect similar results
if this system were implemented on a real radar. As in the software simulation, the
hardware detection probability results indicate that the addition of embedded intrapulse
communications has little effect on the probability of detection of the radar. We now
consider the effect of embedded intrapulse communications on range-Doppler maps (RDM)
constructed from pulse Doppler radar.
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Figure 4.8. The Probability of Detection Results Compared for Theory, Soft-
ware, and Hardware at Various SRBR Values

31



THIS PAGE INTENTIONALLY LEFT BLANK

32



CHAPTER 5:
Range-Doppler Maps

Pulse Doppler radar can be used to provide velocity information as well as range information
for a detected target. Oneway to output this information so that it can be visualized is called a
range-Doppler map (RDM). In this chapter, we investigate the effect of embedded intrapulse
communications on the RDMs that are generated from pulse Doppler radar.

5.1 Theory
Pulse Doppler radar is based on the Doppler frequency shift, defined as

fD = fR − fT, (5.1)

where fD is the Doppler frequency and fR and fT are the received and transmitted fre-
quencies, respectively [8]. This Doppler frequency is related to the velocity of the target
by

fD = −
2v
λT
, (5.2)

where v is the velocity of the target and λT is the wavelength of the transmitted signal [8].
Determining the Doppler frequency allows us to determine the velocity of the target. In
order to determine the received frequency and, thus, the Doppler frequency, we assume
a coherent pulse train of radar pulses that has already been downconverted to baseband,
matched filtered, and sampled at intervals of the pulse repetition period [8]. We now have a
number of I/Q samples equal to the number of radar pulses received at various delays. The
delay time at which a radar pulse is received corresponds to the distance the target is from
the radar. A diagram of the received signals is shown in Figure 5.1. In this diagram, the
incoming pulses are sampled and stacked to obtain the I/Q time-domain received pulses.
Then, a discrete Fourier transform implemented using the FFT algorithm is taken over
the delay time in order to determine the Doppler frequency and thus the velocity of the
target. The result of this FFT operation is the range-Doppler map, which contains range
and Doppler bins corresponding to the target’s distance and velocity. In the absence of
noise, peaks in the RDM indicate the range and velocity of the targets [8]. In practice, when
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Figure 5.1. A Visualization of the Way Received Radar Pulses Are Stacked
in the Creation of an RDM. Source: [8].

noise is present, we may not know exactly how many targets are present in the environment;
however, as in Chapter 4, we can use a threshold (given some PF A) to distinguish between
a return from a target and noise. Of course, if we have a priori knowledge of the number of
targets present, we can simply take that number of targets NT and consider the NT largest
peaks in the RDM to be representative of the targets present. For the following situation, we
assume there is one target in the RDM; therefore, the peak of the RDM is used to determine
the range and velocity of the target present. A typical RDM for a radar signal with no
embedded communications and one target is shown in Figure 5.2. In this figure, the same
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Figure 5.2. A Sample RDM with No Embedded Communications

information is displayed as both a three-dimensional graph (left) and a colormap (right). In
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each case, the peak unambiguously occurs at a range bin of 12 and a frequency bin of three,
as expected from the simulation code used to generate the plot. This RDM was generated
using N = 32 coherent pulses which yield 32 possible Doppler bins. Additionally, there
are 20 samples in each pulse-repetition interval, which yields 20 possible range bins. The
SNR is 10 dB at the input of the receiver. After processing the pulse train, integration gain
from the N pulses results in an output SNR of N times the input SNR, and so in this case,
the output SNR is equal to 25 dB. Although there is no communications signal present for
this RDM, the processing gain has the same multiplying effect on RCR as it does on SNR.

Wenow investigate the effects of the addition of embedded communications into the coherent
radar pulses from which the RDM is constructed. Since each pulse is only sampled once,
we do not vary the SRBR, as doing so makes no difference; therefore, we only vary the
RCR.

5.2 Software Simulation
We again use MATLAB to perform the software simulation. As before, the matched filter
in the radar receiver is matched to the communications-free radar pulse, but the radar return
pulses contain embedded communications. Again, instead of setting a threshold that must
be crossed to determine the presence of a target, we assume exactly one target is present.
In the first scenario, we consider realistic signal parameters, which we define to be an input
SNR of 10 dB and an input RCR of 10 dB for this case. The RDM from these parameters is
shown in Figure 5.3. As shown in Figure 5.3, there is little discernable difference between
the case with realistic signal parameters and the case with no communications. The peak
value is still clearly visible and there is one largest value with all other values being much
smaller.

We now deliberately select unrealistic signal parameters to illustrate the worst-case effect
of embedded communications on an RDM. For this scenario, we choose the SNR to be 7
dB and the RCR to be -10 dB. The RDM from these signal parameters is shown in Figure
5.4. Even when the communications signal power is ten times the radar signal power, if we
assume that the point with the largest magnitude contains a target, the correct range bin is
still identified; however, while the correct Doppler bin is identified as the maximum value,
there are now other values that are close to this maximum. As a result, the addition of

35



-50

0

40

50

100

20

150

Doppler bins

20

Range bins

10
0 0 5 10 15 20

Range bins

0

5

10

15

20

25

30

D
op

pl
er

 b
in

s

0

20

40

60

80

100

Figure 5.3. A Sample RDM with Realistic Signal Parameters
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Figure 5.4. A Sample RDM with Unrealistic Signal Parameters

extremely high-powered communications interference can result in false velocity decisions
if the assumption of one target is not maintained, as it could be incorrectly concluded that
multiple targets are present at the same range but traveling at different velocities. This
scenario is unlikely to occur due to the high-powered communications signal, which can
no longer be considered LPI-like in the sense of this thesis, and so such an extreme result
can be instead considered illustrative of the robustness of RDMs against interference from
embedded intrapulse communications.
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CHAPTER 6:
Navigational Perspective

We now consider the perspective of a radar user in a maritime environment. While in some
sense this may be viewed as a continuation of the earlier chapter on probability of detection,
in this chapter we seek to not merely understand the overall statistical performance of the
radar with embedded intrapulse communications but rather to evaluate specific instances
that are likely to occur in a maritime environment as well as the effect of radar-embedded
communications on safe navigation.

6.1 Theory
Probability of detection, discussed in Chapter 4, assesses the statistical probability of a radar
accurately identifying a target given a particular SNR and probability of false alarm PF A. We
are interested not merely in the overall effects of embedded intrapulse communications on
radar probability of detection over many trials but also on the appearance of a navigational
radar display when the radar return signal contains embedded communications. A sample
radar display is shown in Figure 6.1. In this figure, a sample radar display on the left is

Figure 6.1. A Sample Radar Display. Source: [1].

compared to a chart of the area on the right. The contours of the coastline are clearly visible
in the radar display, as well as several smaller returns that indicate other vessels. The vessel

37



on which the radar is mounted is located at the center of the radar display. While PD is a
statistical measure that indicates the frequency with which a target is detected by the radar,
the figure shows the results of that target detection not over many trials but during usage in
an actual maritime environment.

While the number of trials for probability of detection is much lower in the real-time
maritime environment than in the Monte Carlo simulation used to simulate probability of
detection, we still use N > 1 to simulate the averaging used by most modern radar displays
to filter out noise [1].

6.2 Software Simulation
In order to simulate the navigational perspective, we again use MATLAB to simulate a
navigation radar’s rotational scanning capability.

6.2.1 Method
In order to imitate the radar’s averaging noise-cancellation technique, we use N = 5 number
of scans. Then, the radar return for a particular location is only plotted if it appears in
at least four of the five scans. This averaging is adjustable by the radar user, but we fix
these values for our simulations. Additionally, we use a PF A of 0.01. The simulated target
configuration used is shown in Figure 6.2. For this scenario, four targets are located within
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Figure 6.2. The Target Placement for Navigational Display Simulation
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range of the radar, spaced over a range of angles and distances. Then, the matched-filtered
received signal is compared to γ′ to determine whether a target is present for each angle
and distance value, using only noise if a target is not present at that point and noise along
with the radar pulse with embedded communications if a target is present at that point. Two
scenarios are proposed. The first scenario uses realistic signal parameters, with an SNR
of 20 dB, an RCR of 10 dB, and an SRBR of 32. The second scenario uses intentionally
unrealistic parameters as a worst-case scenario, with an SNR of 20 dB, an RCR of 0 dB,
and an SRBR of 1.0.

6.2.2 Results
The results for the first scenario are shown in Figure 6.3, with the blue circle denoting
a target location and the red square denoting a point that was identified as containing a
target. As shown in the figure, using embedded intrapulse communications with realistic
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Figure 6.3. The Results for the Navigational Radar with Realistic Signal
Parameters

signal parameters do not appear to affect the radar’s performance, as all of the targets are
correctly detected by the radar. In order to better understand at what point the embedded
communications might affect the radar’s ability to detect a target in a navigational environ-
ment, we use the intentionally unrealistic signal parameters described above. The results
for this set of unrealistic parameters are shown in Figure 6.4. As shown in this figure, the
presence of embedded communications causes the radar receiver to fail to detect two of the
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Figure 6.4. The Results for the Navigational Radar with Unrealistic Signal
Parameters

four targets present. This is expected, as an RCR of 0 dB and an SRBR of 1.0 means that
the communications signal has the same shape and magnitude as the radar pulse; therefore,
when the communications signal is out of phase with the radar signal, the radar pulse is
essentially cancelled out. This condition is a severe example of interference and not a
relatively low-power signal interfering with a relatively high-power signal as described in
the problem statement. This situation is therefore not a concern due to its inapplicability.
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CHAPTER 7:
Conclusions and Recommendations

In this final chapter, we present overall conclusions drawing from the work of the previous
chapters. Additionally, recommendations for future work arising from the outcome of this
thesis research are presented.

7.1 Conclusions
Overall, the LPI-like nature of intrapulse embedded communications was verified. Addi-
tionally, the addition of intrapulse communications with sufficiently large RCR and SRBR
does not appear to have a major effect on radar performance. Specifically, the PSD of radar
signals with embedded communications was found to deviate negligibly from the PSD of
the radar signal alone, so the presence of communications did not have a large effect on the
radar signal in the frequency domain. Additionally, probability of detection for the com-
bined radar and communications signal closely approximates the probability of detection
for the radar signal alone as long as the SRBR value is at least 4 QPSK symbols per radar
pulse. The addition of embedded communications was found to have negligible impact on
range and velocity resolution for range Doppler maps where only one target is considered.
Finally, the presence of embedded intrapulse communications does not appear to have a
major negative effect on safe navigation. These results are encouraging and indicate that
this area is worthy of future study and research.

7.2 Recommendations
The next step is to implement an embedded intrapulse communications system in hardware
using the Furuno radar at NPS. While simulation provided an estimate of the effects of
embedded intrapulse communications on pulsed radar, building this system in hardware
will allow for measurements to be taken to determine whether or not an embedded commu-
nications system is a feasible method of communication, both in the inadvertent co-channel
interference and intentional embedded communications cases.

Additionally, all simulation was performed for this thesis using the assumption that the radar
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receiver used a matched filter architecture; however, some radars do not pass the received
signal through a matched filter before determining whether an incoming signal is a radar
return or not, using energy detection instead. Additional simulations could validate radar
performance in the absence of a matched filter.

Finally, a simplifying assumption for this work was using a rectangular pulse shape for
both the radar pulse and the QPSK symbols. Repeating the analyses performed here with
pulse shaping for the radar and a band-limited pulse shape for the QPSK symbols, such as
a raised-cosine pulse, would provide results relevant to pulse shaping.
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