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XXV. Of Cubic Eqtiations afd IfnAie Serie:. 
By Charles Hutton, LL.D. F. R. S. 

Read June i, 178o. 

RrjiH E following pages are not to be underftood as in- 
tended to contain a complete treatife on cubic 

equations, with all the methods of folution that have 
been (Wliivered by other writers; but they are chiefly 

craployed on the improvements of fome properties that 

were before but partially known, with the difcovery of 

feveral others which to me appear to be new and of no 

fmall importance: for I have only flightly mentioned 

fuch of the generally known properties as were neceffary 

to the Introduftion or inveftigation of the many curious 

confequences herein deduced from them. 

Art. I. Every equation, whofe terms are exprefi'ed in 

fimple integral powers, has as many roots as there are 

dimenfions in the higheft power. And when all the 

terms are brought to one fide of the equations and the 
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coefficient of the firft term or higheft power is + r, 
then the coefficient of the fecond term is equal to the 
fum of all the roots with contrary figns; the coefficient 
of the third term is equal to the fum of all the produ61s 
made by multiplying every two of the roots together; the 
coefficient of the fourth term, to the fum of all the pro- 
du6ts arifing from the multiplication of every three of 
the roots together; &c. and the laft term, equal to the 
continual produa of all the roots; the figns of all of 
them being fuppofed to be changed into the contrary 

figns before thefe multiplications, are made. All this is 
evident from the generation of equations.. And from 

thele properties of the coefficients the following de. 
duations are eafily made. 

2.. If the figns of all the roots of an equation be 

changed, and another equation be generated from the 
fame roots with the fgns fo changed; the terms of this 
laft equation will have the fame coefficients as the for- 
mer, only the figns of all the even terms wiU bhe changed, 
but not thofe of the odd terms.- for the coefficients of 
the fecond, fourth, and the other even terms, are made 

up of produdts coanilting each of an odd number of fac- 
tors; while thofe of the third, fifth, and Qther odd terms 
are compofed of produais having an even number of 
faaors: and the cbange of the figns of all the falors 

3 produces 



and Jnfnite Series. 389 

produces a change in the fign of the continual produ6t 
of an odd number of faaors, but no change in the fign 
of that of an even number of faalors. Wherefore, 
changing the figns of all the even terms, namely, the 

fecond, fourth, &c. produces no alteration in the roots, 
but only in their figns, the pofitive roots being changed 
into negative, and the negative into pofitive. But by 

changing any or all the figns of the odd terms, the equa- 

tion will no longer have the fame roots as before, but 
will have new roots of very different magnitudes from 

thofe of the former, unlefs the fign of the firft term 

or higheft power is changed alfo; but this term is always 

to be fuppofed to remain pofitive. 
3. It alfo follows, that when any term is wanting in 

an equation, or the coefficient of any term equal to o, 
the fum of the negative produ6ts in the coefficient of 
that term is equal to the fum of the pofitive produ&ts in 

the fame. And if it be the fecond term which is want- 

ing, then the equation has both negative and pofitive 

roots, and the fum of the negative roots is equal to the 

film of the pofitive ones. But if it be the laft term 

which is wanting, then one of the roots of the equation 
is equal to nothing. And hence arifes a method of tranf- 

forming any equation into another which ihall want the 

fecond term: and to this latter ftate it will be proper to 
F f f X transform 
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transform every cubic equation before we attempt the 
refolution of it. 

4. Let therefore X3 + p x = q be fuch a cubic equation 
wanting the fecond term, where p and q reprefent any 
numbers, pofitive or negative. 

5. Nowv from the premifes it follows, that this equa- 
tion has three roots; that fome are pofitive, and others 
negative; that two of them are of one affe6ion, and are 
together equal to the third of a contrary affeItion, 
namely, either two negative roots, which are together 
equal to the other pofitive, or two pofitive roots equal to 

the third negative. 
6. But the figns of the three roots are eafily known 

from the fign of the quantity q; the fign of the greateft 
root being the fame with the fign of q when this quan- 
tity is onl the right-hand fide of the equation, and the 
other two roots of the contrary fign. For when q is on 
the fame fide of the equation with the other terms, it has 
been obferved, that it is always equal to the continual 
product of all the roots. with their figns chMged; confe- 
quently q is equal to the produft of all the roots uinder 

their own figns, when that quantity is on the other or 
right-hand fide of the equation: but the produ6i of the 
two lefs roots is always pofitive, becaufe they are of the 
fame affe&lion, either both + or both -; and therefore 

this 
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this produ6t, drawn into the third or greateft root, will 

generate anQther produft equal to q, and of the fame 

affe6tion with this root. 

7. But the roots of equations of the above form are- 

not only pofitive,. negative, r nothing, but fometimes 

alfo imaginary. We have fl id that the greatef root is, 

pofitive wheln q is pofitive, and negative when it is nega- 

tive; as alfo that one root is = to o when q is = o,, and in 

this cafe the other two roots mull be equal to each other, 

with contrary figns. But to difcover the cafes in which 

the equation has imaginary roots, as well as many other, 

properties of the equation, it will be proper to. confider 

the generation of it as follows, 

8. The roots of equations becoming imaginary in 

pairs, the number of imaginary roots is always even; 

and therefore the cubic equation has either two imagi- 

nary roots, or none at all; and confequently it has at 

leall one real root. Let that root be reprefented by r, 

which may be either pofitive or negative, and may be 

any one of the real roots, when none of them are ima- 

ginary: then fince any one of the roots is equal to the 

fum of the other two with their figns changed, the other 

two roots may be reprefented by - + r i-- fome other 

quantity, fince the funm of thefe two, with the figns 
changed, is = r. Now this fupplemental quantity, which 

is 
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is to be conne6ted with - - r by the figns + and - to 

compofe the other two roots, will be -a real quantity 
when thofe roots are real, but an imaginary one when 
they are imaginary, fince the other part (- 2 r) of thofe 
two roots is real by the hypothefis. Let this fupplemen- 
tal quantity be reprefented by e when it is real, or eV-. I 

or V%/e2 when it is imaginary: we fhall ufe the quantity 

e in what follows for the real roots; and it is evident, 
that by changing e for evs- x, or e" for - e', that is, by 
barely changing the fign of ez wherever it is found, the 

expreffions will become adapted to the imaginary roots. 

Hence then the three roots are reprefented by r, and 

- r + e, and - { r - e; and confequently the three equal 
tions, from whofe continual multiplication by one ano- 

ther the cubic equation is to be generated, will be 

x - r = oand x + r -e =o, and x + r + e =o. 
9. Let now thefe three equations be multiplied 

together, and there will be produced this general cu- 
bic equation wanting the fecond term, namely, 
Ax X _ r.* r1 -e' = o, or x 2 r .r - elk have 

ing three real roots; and if the fign of el be changed 
from - to +, it will then reprefent all the cafes which 
have only one real and two imaginary roots: and from 
the bare infpeafion of this equation the following pro- 
perties are eafily drawn. 

Io. FirD.r 
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I 0. Fir%, we hence find, that when the equation Ihas 

three real roots, the fign of the fecond term is always -; 

for the coefficient of that term, or p is - -Ir' - em, 

which is always negative when r and e are real quanti- 

ties. And confequently when p is pofitive, the equation 
has two imaginary roots, fince -p includes all the cafes 

of three real roots. But it does not therefore follow, 
that when p is negative, the three roots are always real-; 

and indeed there are imaginary roots not only whenever 

p is pofitive, but fometimes alfo when p is negative: for 

fince p is =- - r e: in all the cafes of three real roots, it 

will be p - r + e: for all the cafes of two imaginary 

roots; and it is evident, that p will he either pofitive or 

negative, according as et is greater or lefs than 4 r'. 

i i. But to find the cafes of -p when the roots are all 

real, and when not, will require fome farther confidera- 

tion; and in order to that it muft be obferved, that el 

ought to be pofitive and lefs than 4 rz; but the limit be- 
tween the cafes of real and imaginary roots is when e2= os 

or e= o; and then p becomes - - 4 r2 and q =r3; con- 

fequently then 3- P 4 = 'r6, which is 4= 2 

= r6, that is, when e is = o, then I is - 7Y, and con- 

quently when jp3 is lefs than q , the equation has two 

imaginary roots, otherwife none; the liga of p being- 
Thus 
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Thus then we eafily perceive in all cafes the nature of 
the roots as to real and imaginary; namely, partly from the 
fign of p, and partly from the relation of pto q: for the 

equation has ;lways two imaginary roots when p is pofi- 
tive; it has alfo two imaginary roots when p is negative, 

and j9i lefs than ; in the other cafe the roots are all 

real, namely, when p is negative and 7 either equal to 

or gyreater than, 1. 
12. Moreover, when p is = o, the equation has two 

imaginary roots; for this cannot hapl)en but by - e2 be- 
coming, + e, in the value of p, and = to I r2; and then 

4~~ 
p = -3r*z + e - 4rz+ Ir'=o, and q = 'rz + Ze 

r -Irz + jrz= r? = r3, and confequently the above 
becomes barely x3 = re, which therefore, beftides one real 
general equation root x = r, has alfo two imaginary roots. 

13. Le nce alf)o it again appears, that the greateft root 
is always of the fame affe6tion, in refp e* of pofitive and 
negative, with q on the right hand fide of the equation, 
they l)eing either both pofitive or both negative toge- 
ther; and the other two roots of the contrary fign. For 
if r be the greateft root, then is +r greater than e, and 
I rz greater than ez, and ar' - e: always pofitive, and con- 

fcquently the produt r . 4 r' - et, or q, will have the fanme 
figan with r. But if r be one of the lefs roots, the con- 

trary 
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trary of this will happen; for then { r is lefs than e, and 

confequently 4 r' lefs than ez, and fo 4 r2 ez a negative 
quantity, and therefore the produ6t r . 4rz - e, or q, will 
have the fign contrary to that of r; that is, q and the lefs 
roots have different figns, and confequently q and the 
greateft root the fame fign, fince the fign of the greaten 
root is always contrary to that of the other two roots. 

1 4. Moreover, when q or r . - rZ _ ez is pofitive, then r 
denotes the greateftroot; for then 4 rX is greater than et? 

or 2 r greater than e, and r greater than either -t -r + e or 

_Ir - e. But when q or r . 4 rz - e2 is negative, then r re- 
prefents one of the other two roots in the equation; 
fince then e is greater than 2r, and --{r - e greater than 
r. Laftly, when q is between the pofitive and negative 
flates, or q=o, then r ought to be neither the greateft 
nor one of the lefs roots, if I may fo fpeak, that is, two 
of the roots are equal, and the third root = o, fince then 
or: muft be e2,or r e. 

I . Hence it appears, that the fign of p determines 
the nature of the roots as to real and imaginary, and the 
fign of q determines the affe~lion of the roots as to pofi- 
tive and negative. Let us illufirate there rules by a few 
examples. 

16. The equation x3 - x I o has all its three roots 
real, becaufep - - 9 is negative, and Ply_ 33 - 27 is 

VOL. LXX. G g g greater 
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greater than W. which is _ = 2 5 ; and the greatef of 

the roots is pofitive, becaufe q = i o is pofitive; and the 

two lefs roots negative. 
1 7. The equation x3 - 9 X - o has the fame three 

real roots as the former, but with the contrary figns, the 

Iign of the greateft root being now negative, becaufe 

q -x- I o is negative. 
18. But the equation x3 + 9 x i o has only one 

real root and two imaginary roots, becaufe p = 9 is pofio 
tive; and the fign of the real root is + or - according 

as the fign of q or i o is + or'-. 

I 9. The equation x3 + 6 x = ? I o has alfo two imagi- 
nary roots, and one real root, which is + or - as it is 
+ i o or - I o, for the fame reafon as before. 

20. The equation x3 - 6x = Tro has alfo two imagi- 

nary roots, becaufe7= 23 = 8 is lefs than q 5 2 - 

2 I. But the equationx3 -i 2 X i 6 has all its roots 

real, becaufe 'P]= 43 = 64 is = -j 8 _ 64. 

2 2. And the equation X3 + i2X = i 6 has only one 
real root, becaufe p = + I2 is pofitive. 

23. Let us now confider the other properties and rela- 
tions of the roots arifing from certain affumed relations 
between e and r, and from confidering e either as real, 

imaginary, or nothing, that is e' as pofitive, negative, or 

,nothing. 
24. When 
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24. When e is a real quantity, the general equation 

iS x3 _Ixr r. - ez, and all the roots are real. 

25. When e is imaginary, the general equation is 

2 r. I r2 + e and two of the roots are imaginary. 

26. When e is between thefe two fiates, or = o, the 

equation becomes x3 4 r2 x - 4r', and the root r =- V4p 

/4 q L - Lor in this cafe p=4r1, and q- r. 

Alfo the other two roots - r ; e are each - t r. 
27. Affume now any general relation between the. 

root r and the fupplemental part e of the other two 

roots, as fuppofe r eX: e: 4: n, or eC _ 4 r', or e= r4/n, 

where n reprefents either nothing or any quantity whether 

pofitive or negative, that is, pofitive when e and all the 

three roots are real, or negative when e and two of the 

roots are imaginary. Subfihtute now -rz inrfead of e1 in 

the general equation x3 - = x = r . 4 r e _, and tleat equa- 

tion will become x3 _ 3 r2 x - - 3r. Here then p = 
4 4. 

3t "X and q = L and confequently the root r 2 
4 4 

%li4P = 4/ 4- - +3% * expreffied in threedifferentways. 
3+n ' I-n n-I p 

The other roots, the general values of which are - z r t e, 

become - r r' - r 2rIn I r x I =-/ 
4 1 1 

G g g 28. Hence 
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z 8. Hence then in an eafy and general manner we 
can reprefent any form or cafe of the general equation-, 
with all the circumftances of the roots, by only taking, 
in thefe laft formulk, any particular number for n, either 
pofitive or negative, integral or fraaional, &c. As if 

X -xI; then the equation becomes x3 - r2x -r3, or _ o, 

the value of e = 2r, the root r- Vp_ - and the 

other two roots -.2r. 1 t V -{r. 2z and - r. o -r 

and o. 
29.lf n --itheequation willbe 3 - +r'x =X r3 the 

value of e = 2rV-i, the root r - q= -V2p = q2q, and 

the other two roots = - +r. i ? Vi imaginary. 

30. And thus, by taking feveral different values of n, 
pofitive and negative, the various correfponding circum- 
ftances and relations of the equation and roots will be 
exhibited as in the following tat)Ies 

Formss 
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Valuti Ot u t T.~ I j Vahm v Form of t equation. Values of the rt viz.r to -ther r rotl 

X ___ ___ __ _ _ ~". ,---; - 

+x jrV/+n x3--Wr+3Px = _nr3 V t V /+n 4 4 3' X+3 = = I 
12 Jr*,/+ I O3 V rx "/ r I -- = 3 

4/4 f I V+12 

4+12 
rj(+1 x3.-1jr' = 

r3 = 11=4/ I5/t 

5 +xxIry'+x x3-Ttr~x 
= -' 4r3 'p - _ = </~ I .--V+" 

6 +7ryt4+7 3 

% lo 

s >, B = /-t = < X~14 

3 +105 r/+io xI- rx = 
- r3 4P 

- = 4 V t '- V+I 
9 13 9 

4 +9 'rV+9 x3 I 
= -%r3 5 V a = ,- + 9 

12+8 rVJ+8 x3-'trx 
= -.jrl t3 =p X /L t-#-_/ 

63 +7: PrV+7 x3-P' 
- + Xr3 309 - _ e 

I4 - _ 

15-t - X3_ trix JO !-' :L- , 4 ti 

16 |-3 | r4-3 | X3 I OrIX =O- 
4 

?3|2=/ -1- - 

7 + 4rV+6 x rx = P3 - = 

8 +5 | V~s xA-Prtx 
- - r3 i 

K:V+ 

I9 +4 irV+4 x3- tr = .-4r3 "f - vI = 4;V * I 5 

32 
7 3 

=fl 
22 9 + X 9 - L6 4 6. 

23-1? ~ ~ ~~ r' OI X3 -7 
= =, 

?L V713 1j* 7 @| /- 

1+3 iV V +3 - - 1r = 6 _ 

15 +2 irV+2 x3 - gr.lx -r3 
' = V/ , /+ =I 

op 7 

34 +1 r ,+r- X3 - A~r~x = + = _947 --- 

31~~~~~~~~ 

_-n : :'= r /* ' X3+ - =y. + r3 t -4_- : 

g3~~~~~~~~~~ + _ I 41 

L6 -.3 jr9S-. xFr~x = *v~=/-4/ t- 

XIT 
'7- rv/- x3+ lrx + 4r3 ; =4 9 4./' 

29 -3 jrV-/-3 X3~ wVrx= + 4ra / VJe J r--V 
7j1 7 - 

- 

20 -47 1rV-/- x 4-X~ + Jr it V' 

21 -.8 p~~~.-8 x+1a=+ :r 0 ~ k 

JOP 6 7 

23 $/ {-x3 + -4 t =X + r3 Ap'= ?!t/. 

13 4 

- + :r 
lop1 __9 

23 ~-0 V3, .7 X =v-- =1 

7i . 7 71.lhtTI 
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31I. From the bare infpeation of this table feveral ufe- 
ful and curious obfervations may be made. And firft it 
appears, that when q is pofitive, as in all the forms aftel 
the i zth, r is the greateft root; but when q is negative, 
or in all the cafes to the i zth, r is one of the lefs roots. 

3 2. In all cafes before the 4th form r is the leaft root, 

becaufe ?1'0JI X or 2?i - I, &c. is always greater than i; 
2 2 

and in all fuch forms z7 is lefs than 13; but the for- 
mer approaches nearer and nearer to an equality with the 

latter till the 4th form, where w is become = 13; and 
r is then equal to one of the other roots, becaufe 
4/9 -1 .2 - = _ = I . 

33. From hence r becomes the middle root, and. con- 
tinues fo to the I 2th form, where it becomes equal to what 
has hitherto been the greateft root, and the other root 

becomes at this place = o; and 2'1Z has decreafed from 
the 4th form all the way more and more in refpe6t of 

till at this I 2th form it has become = o, or infinitely 

lefs than p;v. 
34. From this place r becomes the greatefl root, the 

fign of q changes to +, and j again increafes in refpe6t 

of i', till at the I 3th cafe it becomes again equal to it, 

and the two lefs roots equal to each other, like as at the 
4th form. 

3 35. From 
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35. From hence R becomes greater than 9 and 

increafes rtore and more in refpe& of it, till at the I6th 

fiep where p is = o, or f7 infinitely greater than 7 . 
36. From this place the fign of p becomes +, and 

fI continually decreafes in refpea of aj~3 to infinity. 
37. By help of this table we may find the roots of 

any eubic equation xC3 p x = q whenever we can affign 

the relation between Vp and Yq. For fince one root r is 

always = !.I= 3/- V_ and the other two 

roots = - * V V n, it follows, that if from the 

equation V/L = where the two denominators 

under the radicals differ by 4, we can affign the value of 

p, the above formula will give us the roots. 

38. As if the equation be x3 - i8 = -27. Here 

p= I8, and q = 27; then - =V=V/9 = 3, and 

=27 = 3alfo; therefore f + 3=- 8, or n - I 4, 

either of which gives n = 5: confequently, r = - + 

= 8 - = 2 -- _ 5s = 3 is the middle root, becaufe 8 is found 

between the 4th and I1Math cafes, which are the limits of 

the middle roots: and - 2 r . = _VIn 32 . V 

4-854102 and Ir854102 are the greateft and leaft 

roots. Or, thefe two roots may be alfu found in the fame 
manner 
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manner from the table of forms, which contains all the 
roots of every equation, thus: by a few trials I find 

-4P = 3/ j nearlv, and therefore 
20I95q - v854 is 20 95 % *9 i 16-9569Sp 

54S 

the leaft root, becaufe here n = 17-95 which lies far 
above the limit for the leaft roots, which is at the fourth 
form, where n is = 9. And laftly, 45 = V _ 

3 0557 V*9143 

nearly, and therefore, 3 = 4854 is the greateft 
'9143P 

root, becaue ? is found between the I 2th and I 3th 
9I43P 

forms, which are the limits between which lies the 
greateft root of every equation that has all its roots real. 

39. Again, let the equation be x3 + zX = I2. Here 

p = z, and q = u2; hence \/-v = 42p = V4 =2, and 

_ 1q = 28 - 2 alfo; therefore n - 3=2, or 

n + i = 6, either of which gives n = 5. Confequently, 

, =6 3= 6 - 2, and the other two roots are 

-or. I ? V-n -I . I * -5 -- I S. 
40. But it is only by trials that we find out a proper 

value for n in fuch cafes as thefe; and this is perhaps at- 
tended with no lefs trouble than the fearching out one of 
the roots by trials from the original cubic equation itfelf. 
This method of finding the roots would indeed be ef- 
feLtual and fatisfa6tory if we had a direat method of 

deter- 
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determining the value of n from the equation V - 

fl3 

I, by an equation under the 3d degree; but by re- 

ducing this equation out of radicals, there refults ano- 

ther cubic equation of no lefs difficulty to refolve than 

the original one. We muft therefore fearch for other 

methods of determining the roots; and firft it will be 

proper to treat of the rule which is called CARDAN'S. 

41. Let xs + px q be the general equation where 

p and q denote any given numbers with their figns, pofi. 

tive or negative. And let z +y denote one of the roots 

of this equation, that is, let the root be divided into any 

two parts z andy. Hence then x = z +y; which value 

of x being fubftituted for it in the original equation 

X3 + px - q, that equation will become z3 + 3Py + 3 zy' 

ays +Ap.z +y = qorz3 y3 + 3zy.Z +ypa yq 

Now on introducing the two unknown quantities z andy, 

we fuppofed only one condition or equation, namely, 
z +y = x; we are therefore yet at liberty to aifume any 

other poffible condition we pleafe: but this other condi- 

tion ought to -be fuch as will make the equation reduci- 

ble to a fimple one, or to a quadratic, in order to obtain 

from it the value of z ory: and for this purpofe there 

does not feem to be any other proper condition betide 

Vo t LXX. H h h that 
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that which fuppofes 3 zy to be -p; and in confe.. 
quence of this fuppofition, the equation becomes barely 
z3 +y3 = q. Now from the fquare of this equation let 
four times the cube of zy _ -i-p be fubtraated, and 
there will remarin z6 - 2Z3y3 +y6 q2 + p3, the fquare 

, ~~~~~ ~~. 7 

root of which is Z3 -y3 qZ + -P3; this laft being 
added to, and fubtra6led from, the equation Z3 + 3 =q 

w2 ha= q + + = q + q + 

hence dividing by 2, and -extra&ting the cube roots, we 

[Z I-I + x i or x - have 2 2 TP 1 the 
hav.f$I q - T?q 

+ 
Ip x I or x 
32 

three values of z andy; for every quantity has three dif- 
ferent forms of the cube root, and the cube root of i, 

is-not only x, but alfo - I +2 V3 or - ' -3-. Hence then 
2 2 

the three values of z + or x, or the three roots of the 

equation x3 + p - q, are \/zq+\/ + fyx I or 

X 
2 

o - 
2 

+ {I 
q - 

X 
2 

3+X -lhxi or 
x 4-3orx - 1(fVJIV-3 ~ 
x 23or x _ I V 3, where the figns of % -3 

muft be oppofite in the values of z andy, that is, when 

it is I -23 in the one, it muft be 4'-in the other, 

otherwife 
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otherwife their produft zy will not be - -.3p, as it ought 

to be. 

42. Or if we put a =- 3p, and b = 2 q, the fame three 

roots will be 

a33 pb + Vbz + a3 + - Vbz + a3 = the ift root or r, 

-. 'b+ Vb' + a. i r I---3- 1b-Vb +,a3* 1+V-3 the 2d root. 

_4b.I+ V+ a3 I+ 3 I+ the3d root 

43. Or again, the 1 ft root r being 

4Yb +V'z+ a3 + a /b -'bI + a3, the other two will be 

_r + +Vb + a3 - -4Y + the 2d root, and 
z 2 

2 

r _ + Vbz- + as 2bz+3 VbP + 
4 

=the 3clroot. 2 22 

44. Or, if we put s4/b +V b +a3, and d=- 

vb - vbX+ a3 the roots will be 

s + d= r the ift root, 

s + sdVI-3= the 2d root, 
2 2 

_t?~. sLZdAVsd /-3 the 3d root. 
2 2 

45.Thefirftof thefe rootsxorr s + d- b + Vbz + a' 

+ +a3, is that which is called CARDAN'S rule, 

by whom it was firft publifhed, but invented by FER- 

REUS, And this is always a real root) though it is not 

H h h always 
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always the greateft root as it has been commonly 
thought to be. 

46. The firft root r = s + d b+Vbz+a3 

+, b - VbI + a3, although it be always a real quantity, 
yet often alIumes an imaginary form when particular 
numbers are fubftituted initead of the letters a and b, or 
p and q. And this it is evident will happen whenever a is 

negative and a3 greater than b', or jp' greater than 2q ; 

for then V ; + a' becomes ab =- 4q3 _ jp the 
fquare root of a negative quantity, which is imaginary. 

And this will evidently happen whenever the equation 
has three real roots, but at no time elfe, that is in all the 
firft i 3 cafes of the foregoing table, wherein ;7is 

greater than , _and p negative; the 4th and X th only 
excepted, when J, is= _q2 l, and therefore V7z a= Oa 

and two of the roots become equal, but with contrary 
figns. This root can never affluame an imaginary form 
whent a or p is pofitive, nor yet whenp is negative and 

qy greater than 7,P'; for in both thefe cafes the quantity 

V/bL + al is real, or the fquare root of a pofitive quantity. 
And thefe take place after the firit I 3 cafes of the table 
of forms, that is, in all the cafes which have only one 
real root. So that this rule of CARDAN'S always gives the 

root 
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root in an imaainary form w hen the equation has no 
imaginary roots, but in the form of a real quantity when 
it has imaginary roots. 

47. It may, perhaps, feem, wonderful that CARDAN"S 

theorem fhould thus exhibit the root of an equation Uli- 

der the form of an imaginary or impoflible quantity al- 
ways when the equation has no imaginary roots, but at 
no time elfe; and it may jufily be demanded what can 
be the reafon of fo curious an accident. But this. feem- 
ing paradox wvill be cleared up by the following confi- 
deration. It is plain, that- this circumftance muff have 
happened either through fome impropriety in the man- 
ner of deducing the values of z and y from the two 
affumed equations x - z + y, and zy = - 3 p, or elfe by 
fome impoffibility in one of thefe two conditions them- 
felves; but, on examination, the dedu6tions are found to 
be all fairly drawn, and the operations rightly per- 
formed. The true caufe mult therefore lie concealed in 
one of thefe two conditions x = z + y and zy = 3p. In 
the firft of them it cannot be, becaufe it only fuppofes 
that a quantity x can be divided into two parts z andy, 
which is evidently a poffible fuppofition: it can therefore 
no where exift but in the latter, namely, zy = -p. Now 
this fuppofition is this, that the produ6t of the two parts. 
z andy, into which the conftant quantity x is divided is 

equal 
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tqual to up with its fign changed. But this may alwaays 
take place wheni p is pofitive; for then -. Tp will be ae- 
gative, and two numbers, the one pofitive and the other 
negative, may always be taken fiuch that their produa 
fhall be cqual to any negative number whatever, ansd yet 
their furn be equal to a given quantity x; and this is done 
by taking the pofitive one as much greater than x as the. 
other is negative; for thus it is evident the pofitive and 
negative numbers may be increafed without endd: where- 
fore there is no impoffibility in the fuppofition when p is 
pofitive; and therefore then the formula ought to exhi- 
bit only real quantities, that is, in all the cafes after the 
X 6th in the table of forms, as we have before found. 
But the fame thing cannot always happen when p is ne- 
gative, or - 3 = zy is pofitive: for that zy may be pofi. 
tive, the figns of the two fa6tors z and y muft be alike, 
either both + or both -, that is, both + when the fign 
of x is +, or both - when that is - : but it is well known, 
that the greateft produ6t which can be made of the two 
parts into which a confiant quantity x may be divided, is 
when the parts are equal to each other, or each equal 2x, 

and therefore the greateft produft is equal tol or 4xt2 

wherefore if '4x2 be equal to or greater than - p the 

condition which fuppofes that zy is _ - 3p is poffible, 
and the formula ought to exprefs the root by real quan- 

tities 
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tities only, otherwife not; but 4x2, or 'r', which is the 
fame thing, is always lefs than - '3p in the firft thirteen 
cafes of the table of forms; and therefore in all thefe cafes, 

which are thofe in which p is greater than 1 , or all 
thofe which have three real roots, the formula ought to 
exhibit the root with imaginary quantities, as we have 
before found to happen; the 4th and I 3th cafes only 

excepted, in which TDY is = A, and therefore the quan- 

tity Vbz - a3 vanifhes, and two of the roots are equal. 
48. Thus then the real caufe of this circumstance is 

made manifeft, and it is found to be the neceffary confe- 
quence of the arbitrary hypothefis which was made, 
which is found to be poffible only in certain cafes. So 
that we cannot expe6t the formula to exhibit a real quan- 
tity in the other cafes, fince an impoffible hypothefis 
muft needs lead to an abfurd conclusion 

40. The other two roots - -_ $ - -V-3 in their 
2 2 

gen.eral fcate .appear in an imaginary form; but on the 
fuibfitution of numbers for the letters in any example, 
they come out real or imaginary quantities in thofe cafes 
in which they ought to be fuch. For s being = g + Vb,. 
and d = g - V2b according as the roots are all real or 

only one is fich; and - + g = -2r always half 
2 

the one real root, we Ihall have $- _ b according to 

7 the 



410 Dr. HUTTON O Cubic Equations 

the faid two cafes; and confequently L - 'V%/ 3 _ V/3 b 
2 

a real or an imaginary quantity according as the roots 

are to be real or imaginary. 

so. The firft root r being found from the formula 

HYb + Vb'- +aj + ;_b7 + a3, or by any other means, 

the other two roots may be exhibited in feveral other 

forms befides the foregoing, as may be Ihewn in the fol- 

lowing manner. 
5 T. The equation being x3 + px = q, and one root r, 

by fubftitution we have r3 + pr _ q, and, by fub. 

traffing, it is - - - x3-r3 +p.X-r=o, and, 

dividing by x - r, it becomes x' + rx + rz + p = o. 

Or this fame equation may be found by barely di. 

vidingx3 + px - q = o by x - r o, for the quotient is 

xo + rx + rz + p -- o. And the refolution of this qua. 

dratic equation gives x - -2r r Vp = - 

v'- .4p - 3 r2 the other two roots. And from hence 

again it appears, that thefe two roots are always imagi- 

nary when p in the given equation is pofitive; as alfo 

when it is negative and lefs than 3 r2; which again in- 

clude all the cafes of the table of forms after the x 3th. 

52. Again, fince r3 + pr q, therefore rl- + p-, 

andr --p +_ and-3r2=3 - pI3; which being r fub~itutdr 

3 -fubflituted 
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fubifituted in the above value of the two roots, they 

lvecome _ Ir I _p_3. 

53. And again, if - p be expelled from this lafi form 

'by weans of its value r- , the fame two roots will be 

expreffed by - 'r ztI- - r r x r N s 9 . 
54. And farther, if r3 be expelled from this laft form 

by means of its value q - pr, the fame two roots will alfo 
become -!r x I vI - 4r = - 9r + 

I ~~~~~ ~ ~ ~~~~~~q-pr apr,-q - A 

5 5 We might have derived the above forms in yet 
another manner thus. The firit root being r, let the 
other two roots be v and w.: then we Ihall have thefe 
two equations, namely, v + w= -r, and vwr = q- 

ror v w = ; from the fquare of the firft of thefe fubtraat 

four times the laft, fo Ihall v1 - 2vw + w1 r 4rq; the 

root of this is v - w = s/rz -4 L which being added to, 
r 

and taken from v + w = r, and dividing by 2, we have 

,,-{<;r _ 1 /r _ 4 ~_? I r x i *V /I - 3q, the fame 
rr 

with one of the formula above given; ind then by f 
flitution the others will be deduced. 

S6. To illuftrate now the rules x = s + d, or 

+- ?S 2dA/_3, by fome examples; fuppofe the 
.2 2 

VOL. LXX. Iii given 
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given equation to be X3 - 36x = 9 I. Here p - 36, 

q=9T, a =lp=-I2, b=' then c = v7'7 = 

I 728 =V'3 S=YIb+c-=l 2 +.t-= 4 ~~ ~~4 ?' ? 2 

'64 = 4, and d = Yb- c= 

Confequently, r = s + d= 4 + 3 = 7 the firft root; and 

s- i 5 = - 3 the other two roots, which 
2z 2 2 

are imaginary. 

S7. Ex. 2. Let the equation be X3- + 30X = TI7w 

Here I a = 3P = Io, b-2 q -2 then c =Vb2 + a3 

- _ 0 +7639 - }33 S- + c I + c1 3 

4 4 ? 

I4/ 25 = 5, and'd =~b -c =6 43y2_ 

=/ S= - . Confequently, r =s + d=- =2 3 the 
firft root; and _ _ 2i + /v-3 -3 ?7 /-3 the other 

2 2 

two roots, which are imaginary. 

5 8. Ex. 3. If the equation be x3 + i 8 x 6, we fhall 

havea = 6, and b =3; then c = b 3 

=V225 = I5 = Sb-= 3 + 1 =5 8,, and 
d= b- c 3 -I5-= /I2 = /2. Therefore 
r = s + d= /I8 -4/i2 = z33I3r3 the firft root; and 

s + d , - d43 _ 4I18 - I2 YI 8 +___2_ 

2 2 2 

the other two roots. 
59. Ex. 4. In the equation X3 - 5 x 4, we have 

a=- , b= 2 hence c b+ V 2 

I 21 
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1 2I I IV-,I S = 4Yb + c _ + II--I 

z + V-I , and d-= b-c _ 4Y 2 I V-IV . 

Wherefore r = s + d= 4 the firft root; and 
s+d sd /3- 2/ - v 2 t 

2 2 

the other two roots, which are alfo real. 
6o.Ex.- .The equationX3 6x =4gives a - 21and 

b= 2 ; therefore c = v-b +a3= 8- 4_2V-I , 
S /b + CY-2 + 2x/-I - , +V-I~andd =ib- C 

- - I= -I- -V i. And hence 
r Z s + d= -2 the firfl root; and 

r 
+_ d-V/--3 ='I -V/-I . V-3= T .-W3 which 

2 2 

are the two extremes, or the greateft and leafi roots. So 
that in tlhisexample, CARD AN's rule gives the middle root. 

6 i. Ex. 6. Let the equation be X3 - 9 i 0. Then 

a =- 3 and b 5; ib that c _+a3 5 - 27 
- C= _ + /5 + V - I + +V-!z, and 

Hence r = j + d - 2 the midcdle root; and 
+ d s -i VdZ~V3-~~~ o. 5 + d 5V-d- 3 _ _- 2 z _3 _I V16 2 2 

the greateft and leaft roots. 
62. EX. 7. Take the equation x3 - i 9x Here 

4 4, and b ;therefore C 3_ _64 
* iz 
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= 3'7 - .-7, = -,/b + c - j 

- 2 - 
-7, and d - -4l - c = - 2 7= 

-2-71-7-* Hence r s + d - -3 the middle root; 
and =.dd 

/33 
.1V/7y33? 

2 

2 2 3 Z - 2 

the greateft and leafR roots.. 

63. Ex. 8. Again, from. the equation- x3 - I2X= 

8V2, we have a= -4, and b = -4/2; hence c 

b + a3=V32- 64= V-3242 4/--z, s = XYb + c 

- 4-v2 2+ 4v- 2 = 42 + v- 2, and d =v'2 -- 24-. 

So that r = s + d = 2 V'2 the middle root; and. 

_+d +s-/-3 _ -4/2 + 4/-2 * 4-3 
2 2 

-%/ vi 6 =-25 . I v/3 the greateR and leafR roots. 

64. Ex. 9. But the eqyation. x3- i5x= 22 gives 

a=- -5, and b _ct; and therefore c = bV +a3 

-/121 125 V- 4, S =b+ C-I1 + V-4 

V- 4/-4. and d = - i + V/-4. Confequently 

r _ s + d =-z the leaf root; anid - s + s -d 

- T :V-4 -. . 3-=- 1 = - V/I 2 the two:greater-roots. 

65. EX. Io. Laflly, i'n the equation x3- isx-2o. 
we havea= - 5, and b = i o; confequently, c ____ 

- 00 - 2I25 = /-25- 54I -, s b + c 

+ 5V-i, and d /io V- Therefore 



awd rnXffnite Serk~s, 415 
, _- s +- d+ -~+V- + 0- 57 the firft 

root; and - _ S-V/3 ._10 +5V-;+ 5 
2 2 2 

: V10 +5V~X - 7 ''- V-3 - the other two roots. 
Q~~~~ 

66. Hence it appears, that CARDAN'S rule s + d brings, 

out dmetimes the- greateft rootX fometimes the middle. 

root,, and fometimes the leaff root.. 

Of the Rootss by Infnite Serie.. 

67. Another way of affigning the- roots of a cubic 

equation,.may be by infinite feriesderived from the fore- 

going formuke, namely, s + d and - s + d s -d- 3 or 
2 2 

+ -c +Y- c and 
X- .x +Cb+CYb-C c - i- 3 x bC+ c-b -VC. 

For by expanding 4Yb *+c in an infinite feries,.. we hall, 

evidently have all the roots expreffed in fuch fenres. 

68.Nows ?Yb+c=4/bx.: T+b36s3 5b& 
md 

d Eb -A * I----- ---- 

&C. 6805 
- C~ x~+ *c = ~lb 3. . 6 b 36b1 3.6 .gb3 

d c3~ 3.6bz 3.6.9b3 

Hence: s+ d_= z {'b x : 2.z 3- 95. 
&Cc . 

fbr the firft root, as it was found by Mr. NICOLE, in the 

Memoires 
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Memoires de I'Acad. X 7 3 8. Alfo 

s-d=_ x :aL+ 3L -- 6 252'8cIc &c. Therefore, 4y1, ~ 3. 6. 3. 6.9. 12.15-b4 

s+d lC 2 :5.8C &c. 

S-d 0~~ ~~~~~~~.5.8 1 IC4 -2 ~3J e* V-3 x 3t+ 2..'S+3 62912ib &C. 2 3. 6.9b 3. 6. 9.12 .1bS&O 

for the other two roots, which were given by CLAIRAUT. 

in his Elemens d'AIgebre. 
69. Hence again it appears, that when ch is pofitive, 

thefe two latter roots are imaginary; for then the fa6tor 

S-3 is imaginary. And that thofe roots Are real when 

this Cs is negative; for then this faaor becomes 
eV-' 3 -C/7 a real quantity. Bu3t in this laft cafe, 

the fign of every fecond term in the two feries muft be 

changed, namely, the figns of the terms containing 
the odd powers of the negative quantity c:; for the feries 
contain the letters .as adapted to the pofitive fign only. 

70. Thefe feries are proper for thofe cafes only in 
which cz is not greater than bZ; for if cZ were greater 
than b2, they would all diverge, and be of no ufe: and 
the feries proper for the other cafes, namely, in which c2 
is greater than b2, we Ihall give below. 

7T. That 
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7 T. That c2 be lefs than b3, or the foregoing feries be 

proper to be ufed, a or 3 p muft be a negative quantity; 

for if it be pofitive, then c' = by + a3 will be greater than 
bP. But for this purpofe a cannot be any negative quan- 
tity taken at pleafure; for if it be fo taken as that a3 be 

greater than 2,b1, then ihall - c; =a3 --b2 be greater 
than Y.* And hence thefe feries converge only in fome 
of the cafes of three real roots, and in fome of thofe that 
have only one real root, namely, from the I 6th form to 
fomewhere between the i zth and 1 3th forms in the ge. 

neral table Art. 30. when b is pofitive, and confequently 
it includes fome -cafes both with and without imaginary 
roots. But that in all the cafes, the firft feries 

s+d= 24'bx : I &C. is the greateln root, as 
3.6b 

will fill more fully appear by confulting Art. 83. 

72. Now, in the firft place, when a = on or c b, 

which is the limit, or i6th cafe in the table Art. 30, 

the equation being x3 = q = 2b, then the only real root 
~~~~~~~~~~~~~~~~~ is s = flb + o =- 4/! b = lq = H/b x : Ic + 31 _ 3 2 + &C* 

Hence alfo, dividing by i/b, we have 
I 2.5 2+5.8 &c. 
3 3. 6 3. 6. 9 3.6.9.12 

7 3. But in this cafe alfo the root is 

J + d _2Yb x : I _ WM - -L-? &c. And 3.6 3s6*9*iZ 
confequently 
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confequently this is equal to the former feries, or 

i x t36 63.b.9.2 3 3 6 3-6.9 

=~ iY2. ~Hence, by fubtraiting I _2 6 &c. 
3.-6~.9. 12 

from both fides, we have 
2 2.5.8 I 2. 5 2S.8. _ 

3.6 3.6.9.22 3 .. + 25SI&C* 3. 6 3 4 6 - 9 * 12 3 3. 6, 9 *3.6 0.9. 12 .15 

which multiplied by 24'b will alfo give the root of the 
fame equation. And hence, adding 2 + .L?. &c. 

3 *s 3 6. 9. I2 

to both fides of the laft equation, we find that 

i I . 
-v2.* 5 + 2 . 5 . s 2s 5 . 8 . ItI & 

S 3.6 3. 6 - 9 3.6. 9. 12 3.6 .9.12.5 

Or, farther, multiplying by 3, and fubtraafing iwe have 
2 2 ! 5 2 . S 8 2 5. 8 .I & % -+, + -+ 
6 6,0 9 6.9. 12 9.12 . I5 

74. Alfo from z x :, 2 &C.- 5 5& in 

the laft article, we find {.Y 
. _-2L. 2.5.8 &c _I1 + 2.5 + 2.5.8.I1 &c 

3. 6 3. 6.9. I2 3 3. 6.9 .6.9.2.5 

75. In this cafe alfo, namely, c = b, the equa% 
tion d //b C -b - 2 x &c. becomes 

3b 3. 6b' 

3 3 .6 3.6.9 

And hence, dividing by .Ib, and adding, we have 
I 2 ~2. 5 +2.5. 8 

3 3.6 3*6.9 36*9. 12 

the fame as in the laft article but one, 

76. And 
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76. And by taking other values of b and c, or other 
relations between them, any number of infinite feries may 
be affigned, whofe fums will be given by the two equa. 

tions H/b c _ =/b x: I =L-3 Z 
' 

6 &c.. And 
t j~~b 3. 6 b7 3.b.9b3 

if b be very great in refpeet of c, the two firft terms of 
the feries will give the cube root true to many places of 

figures.. 
77. Hitherto is concerning one of the limits or ex- 

treme cafes only, namely, when c= ba, or when the 
equation is x3 = q- fib. And it has been obferved, that 
the firft general feries, for the three roots converges in 
all the cafes of the equation x3 - px = q,or x3 - 3aX = 2b, 
in which a3 is not greater than zb'. But a3 may be any 

real quantity not greater than Ybz, and fo it may be 
either lefs than, equal to,. or greater than bP. 

7 8. When, in this equation, a3 is lefs than 12, then ce 

is pofitive, and lefs than bP, and the firft feries gives the 

only real root without any change in the figns of the 

terms. And to this belongs all cafes of the equation that 

can fall in between the i 3th andi I6th formula in the 

general table in Art. 30. 

79. If a' be = b2, then c = o, and the three firft feries 
give 4/b _ /4q for the greateft root, and - ,/b for 

each of the lefs rocts. The fame as at the I 3th form in 

the general table Art. 30-. 
VOL. LXX. K kk So. When 
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So. When a3 is greater than f, c' will be negative, 
and then, changing the figns of the odd powers of c1, 
the three general feries will give the three roots of the 

equation, which will'always be all real. In this clafs are 
two cafes, namely, when c7 is lefs tharn b, and when 

they are equal, which is the limit; for when cz becomes 
greater than b2, the feries diverge. 

8I. Now when a3 is between b2 and 2b, then c' is 

negative and lefs than bz, and the general feries give all 

the three real roots by changing the fign of every other 
term. 

8z. And when a' 2.bz, then - c b', and the three 

roots become thus: 

b x:* 3 I + 3.6.9.2 + 2.5.B. II14&C the 3.6.3-6*9. 12I 3 Z6 Z9 *2 I -S * 15 I 

firfl or greateft root, 

t ..4/bX :1 + 2 2. 3 . 89 + 2.5.8. I1.4 &Ci1 
and 3.66 3.6-9.12.J5.-8I L and 

~ ~ ~ ~ 258.1 &II l bx v-/3 x-: 3 . 6. 9+3*6*9*; 3 369 3.6.9. 12.15 

the two iefs roots. 
83. The firft of they 3 is the greatenf root, be- 

2. 5.8 caufe 4/b x :1 + -26 - &c. is greater than: 
3.6 ,. 9 1 

xV:b x /3 X _ L &c. for x +2- &c. is greater 3 3.6.9 3.6grae 

than x, and V3 x :L_ 6, 2.5 
3 6-9 3 3.6.9 .9 
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is lefs than i. So that iin general the firft feries gives the 

greateft of the three roots. 
84. But it is evident, that this cafe agrees with the 

Ioth form in the table Art. 30; in which the middle 

root r is found to be i /_ q _ - =4b = - Z H/, b, 
and the two other, or greateft and leaft roots, are 

-rx s 4 /3_H/,x I V3. 
85. Hence by a comparifon of thefe two different 

forms of the fame roots we find 
3 + 2 6 . 9. 8 - 2. S. S. 1 . 141 &C. 

24a + 3(06 9 012 +3.6.912151 x IC.9 
A 

and 3-I _I _ 2. 5 2 ' . '1-I - - &C. = B 
2v2 3 3.6. 3.6.9. 12. IS 

86. And by adding and fubtrafting thefe two, we find 

4/3 + +L-2.5 2.58 + &. n 
2=I 3 3.6-3.6.9 3*6.9.12 --&c. and 

.=~ ~ + ~~+2.5 2.5. 
3 3.6 3.6.9 3.6.9-. 12 

'87. Alfo, becaufe .?i?22 x ?2iS = which is 

x ; therefore the mean proportional betweet 

the two feries A and B. is to the feries c, as the fide of a 

fquare is to its diagonal. 

88. Moreover, to and from the two feries A and B, 

adding and fubtrafting the two feries in Art. 74. 
K k k 2 namely, 
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namely, 2 or 2 = 2.86 3 .69 2 &c. 

+ 2*5 + 
26 

' 8 cc.we obtainthe4following 

feries: 

4'3 +Y4+. . 2.8 S_ 5.8 I ._ I4 .I7 .20 
4422 ~~~3. ;6 . X3*6 *1 9 2.I .8.o 24 > 

V3 + eYI1 2.5.8-. II - 2*5.8. 1*14o.17.20.23 

_- . -- 
= 

8 - ---. 2 ; 4%/3 - + 39.6 12 * + 
3+6&9.c1Z.I.5.I8.2x.24.27 

&/3-.A64+I 2 6 - 315 l 412z 3.r.21.8 

V3-14-I 2. ..8. fI..i14. *7 

4/2 3 .6 *9 .. 6 . 9. I2 ..15 .............. I8 .C2. 

89. It alfo appears, that the feries 
PI 2 2.5 258 8 .5 I .1, 

+ -- +*~+ - -_C.. 3 3 3.6 6 369 3.6..9,1 3*69.I2 . 15 
is the itciprocaI of the feries 

1 2 2 _ z * ?.5 _ .5.8 2.5.* r. 

3 3. 6 3. 6'. 9 3 6. .9.1I2 .3 .6.9 .12 415 

where the figns of the former feries are found by 
changing the figns of every other pair of terms in the 
latter; namely, omitting the- firft term change -the figns 
of the zd and 3d terms, then paffing over the 4th and 

5th terms, change the figns of the 6th and 7th; and fo 
onl. F~or, by Art 86. the former of thefe feries is equal to 

and, by Art. .72. the latter is equalto 2 

-go Let 
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9o. Let us now confider the cafes in which c ia 
greater than b, which include all the cafes not compre- 
hended by the former, or in which c2 is rnot greater than 
b1. And this, it is evident, will happen both when a is 
pofitive and when negative; namely when a is any pofi. 
tive quantity- whatever, o when it is any negative quan- 

tity, and a3 greater t~han z bi. And in thefe two claffies, 
C' will be pofitive or negative, according as .a is pofitive 
.or negative. 

9I.. Now the feries in ts claf-s will -be found the 

fame Way as in the laft, by only writing here the letter 

C before the letter b; for then. we Ihall haave s _i Vc + . 

,and d-= c + b _ - - . 
-b 2b1 2.b 

Then s c + b = iT/ + - C. 

~~ .3 ~3c.6. 
" 

3.6. .;, 5 

the Ift root, anld was given by CLAI-RAUT. And 

2 (j .-w-x: 3+--T.-. + 3694.12 ySC' 

_, ~ ~ ~ ~ ~ ~ ~ ~~~~~~~, 

2 3.6c'Yc.1 2: I 3I' & 

for the other two roots, which, I believre, are new. 
92. Here it again appears, that when iS pofitie 

the two latter roots are imaginary; becaufedthen 
s 

.d 24' 
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-l x v-3 Swill be imaginary. But if c2 be negative, 
thofe roots will be both real; fince 4/c x V.-3 then be- 

comes . vC " -I x V-3 = xc X - V-I x V-3 = 

/Yc x V13. The figrns prefixed to the terms as above, 
take place when c2 is po itive; but when c2 fiall be ne- 
gative, the figns of the terms containing the odd powers, 
of it mutt be changed. And thefe feries include all the 
cafes in which the former ones failed by not converging. 
So that between them they comprehend all the cafes of 
the general cubic equation x3 -h px q, as they each re- 
ciprocally converge when the -other diverges, but in no 
other cafe, except in the common clafs, in which c is =, 
which happens at the two limits, namely, either when 
a is = o or when - a3 - 2bY: and then they both give 
-the fame roots. But in the other cafes they give the 
contrary roots; namely, when c is lefs than b, the firft 
'feries gives the greateft root; and when c is greater 
than b, the latter feries gives the leaft root. 

93. Now when a is any pofitive quantity, the firft of 
thefe feries gives the only real root, without any change 
in the figns of the terms; the other two being imagi- 
nary. And this includes all the cafes after the 1 6th in 
-the table in Art. 30. 

94. When a is o, or the limit between pofitive and 
negative, as in the i 6th form in Art, .3 w then is c = b- 

4 and 
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and the only real root, or the firft feries, becomes 

2,~b x :.3 + 3 + &c. which is the fame -root as was 

before found in Art. 7 3. So that in this i 6th cafe, both 
this feries and the feries. in Art. 67* converge, and give 
the fame and only real root. 

9 . When a becomes negative, then CZ becomes ne- 

gative, and the roots all real. But in this cafe the feries 
only begins to converge when - a3 - zb%, for then _C 

becomes = bz, and then, making the proper change in 
the. figns of the terms, the three roots become 

Ift. -2 6.5 9 + &c. the leak 
3 3,6.9 3.6 9.1.1 

root, and 

+ /b x : 36a &c. 3 9 .x3.6. 9 5. 1.I5 

2 2 .5.8 2S..8 .11.0 44 A- V3x : 
6 3 16 39 12 *.I ja 

the two greater roots. 
96. I have here faid, that the firft of thefe three roots 

is the leaft of them. To prove which, I affert, that 

/3X AI 3+ 6 -6 L2:L &c, is greater than 3 times 
3.69 12 

26.9 .&c. for -3 x : 3 _;32659 6Z =T - 6'9L 

is lefs than i, whereas i + 3 &c. is greater than r. 

Confequently, the lefs of the two latter roots) namely, 
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k.2V3x+: I + -.&c. $-bx:3 -c &c. is 

greater than the firft root z4/b x : - _ -2 5 &c. That 
3 3.6.9 

is to fay, here the firft is the leaft of the three roots, 
while in the other clafs of feries the firft is the greatenf 
root. 

97. Hence, compaving the value of any one of the 

roots here found, with the value of the fame root as 
found in Art. 82, we obtain the relation between the twoo 

feries that are concerned in them- namely, that the feriesr 

I 
2 . 5 . 8 + 2 5*8.It. &c. is to the feriesL 

3 .6 3'*.6..9. 12 3o 6. 9* 2. 15. i8 
~~ 2.5 ~~2.5. 8.1xi 2 5 8 1 4-7 

- 6 . 5 + 2 .5.8.1.I &c. as 3 3. 6. 9 9.6.1.2.15 3. 6. 9. I2. 15. I .2 

v'3 + I is tos t 3- x, or as z-2+V3tOInorasXto 
2 - V'3, which. are all equal to the fame ratio. And the 
fame thing appears from Art. 85. 

98. When - a' becomes greater than 2be. - c'is 
greater than by, and, by the proper change in the figns, 
the feries for the roots in all cafes of this kind become 

10.~ ~ ..9z 4 -X:--^^ 2.5.8*1tb-&c.theleaftroo~t 

r+.- 4b :I 2.5b'+ 2.5.8.II^54&c. the ~~nd ~~ 36.b.9cz 3. 6.9-12 .15c4grae 

loc*V43 x I2+- S 2 2.5 8b &c. roots. 

99. Let us now illufcrate all the foregoing feries for 
the roots of cubic equations, by fiding by means of 

thern 
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thema the roots of the eqtiations already treated of in1 
Art. 56, &c. 

i Q O . And firft in the equation x3 36x - 91. Here 
p 36) q 9 g, a-= I b =45',C2Z)+4 
= 5 - 123= -3424, which being pofitive and lW 

than fr, this cafe belongs to the feries 

2lb x3 6I 9. 
- &c. in Art. 68. 

No'w ct = 8389- -I653x8z. 8 Thea 

A + IVOQ0000O 
2C 

C 
= B = 

TI247 

I.14.C' D -=c ~~io6t. 
'5 . 18bz I -6 I 
17. 20C 

F 23 . 26c 14= 
27.- 30bz 

GF = 29. 3,t F=_2 
33.3 36b 

fum of the terms * 980387 t 

I'9607742, log. 02924275 

= 45#5 - - - - o,,5526705 

hence the only real rootis7 - - o845o98o 

VOL. LXX. L I I That 
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That is,xX7 is 2 X/IXI- --3 _ &3C.. a Is'X=71 IV 2 3 . 6 . 9IZ 3 . 6. 9. 12- .91 

ioi. The other two roots are imaginary, and in 

Art. 5-6 theyu were found to be - -7L- /-'3 ; but by means 2 

of the feries in Art. 63, they are here found to be 
7cA/- 3 25C 91& 

2 + Ab2 X + t + 

Confequently we obtain thefe following fu1ms: 

7 3/ 2 = 2 . 
1 71 2 

- 
5 *_ 8* 37 

4 2 . 5 .8. IT 14 376 c 
91 3 *.6 9I' 3 . 6. , q. I.2 9.194 3 . 6 s9 * S, i2gI I8 

&CO- 

I 3/9I _ I. l 2. 5. 37 2 . 5 .8II.37 &c 
37\ 2 3 3 . 6 . q. 9 6 . - 9 I~2 I5 .91, 

102. Ex. 2.. In the equation X3 + 30X = 117, We 

have a -p =o0 b = q= 27 58I, and c2= b2 + 

a3 32, which being pofitive, and greater than b2P 

the proper feries for this is that in Art. 9I, namely. 

x 6 x + - +. I5 3 7386.9 308.9.12. H ece 

INow '77 3 830o 8. Hence 
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3333 3 

3 -6 2*5A 48 V., 7-1b,8 

C i8 * b5,B I 8 feries inverted I /+ 

I8 * 7 . Ca85I 

E -3, D 5 I47 
24.-2-7 c' 

26 29bE 

30. 33Cj the root X 30ooo 
G F3 35b 

36 . 39c' 

H - 38. 41bG 
42 . 45c 

44. 7 b' 

5?* 53 

54. 57c 

fum of the terms - AZI 

Thatis x 3 3'' 2 __ 

/2 .I33 3 3 6. 9. 133 

I 03. By the other feries in the fame article the two 
imaginary roots come out 

-3/C . 3 x t I - 2 &c. which were be- 

fore found in Art. 5 7 to be - -7z V-.3. Confequently 
7 3 2 1172. 27 2.5. 8. It74 2.5.8. IT .I4. 176 

zs/- = I _ 
__- - 

. 
S>4 

2 I33 3.6.133' 3 .6 .9 * I2 . I33 3.6.9.I2.15.I8.rI33 

I~/1332 2.1 7 + + &C. 

39 3 + 
.67'91 .332 , 6 9. I2 . I5 . 133 

L 11 I 104. Ex 
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1 04 Ex. 3. In the equation x3 + I 8 x 6,, we have 

a - 6, b = 3), -c + 216 _Vi225 i 5, real an(d 
greater th an b, anrd therefore this cafe belongs to the fame- 

furies as the Iaft exaniple. Now - - - 04, and, 
225 25 

23 _ 6 - 3/24 - 4~/I~o x-96. Theti 
A/ 225 - 25 - 2 I2 6 hn 

-' 3333333 
3 

2 65b 
2-A ^ 2462o z 

6.9c2 

8. ib 
C -_ B - 483 

12 . 15C 

X = S 7, C =I z 
IS . 2,C 

3358520 - log. 7 5261480 

@' g6 -- -- - T9940904 

the root x = 33 130 - - T 5202384 

And then the two imaginary roots are 

_ 33t3 3 +$C 2-3 x : 1 6 &c. 

0o5. But, in Art. 58, thefe three roots were found 

to be 3/i8 - 4/i2,. and _-- 3-v'- 

Confequently we have 
WI8 + -YIz 2 2.5.8 

T ~~~~~~~- -C. 
W5 - -3. 6. 25' 3 .6 -9. 9.2. 254 

3/25 I 2 5 . 18.II 
+ 

.9.2.... +.24 
+ &C. 

3 - 3 3 9 + . 1I5.25 

i! o6. Ex 
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to6. Ex. 4. In the equation x3 [ 5 X - 4, we have 

a=- 5, b=2, andczv/1,z+a3'=V/21=xiV/x, 
imaginary and greater than b, which belongs to the- fame 

feries as the lait 2 examples, but changing the fign 

where the odd powers of the negative quantity C2 is con- 

cerned, as in Art. 98. 

NOW S =5=-, and Y 5- = 
1- 

Then 

+ 
A 

A - -o -3333333 B =65L A -o 0020406 
- X.17b 

B 330D- 7 C- 7 
32 is.C7 

+ 3333663 0002041 3 

'00-20413 

the feries -*3313250 log. V5202543 

v * 2'9077982 

tbleaft root = - 679492 - _ v428o525 

107. To find the other roots by this method, we 

muft fum the feries :.V3 x : i + 2b -&c. And 
3 .6cm 

as the terms of it are found by multiplying the terms A, 

a, c, &c. of the former by 3., 9S? &c. refpe~tive- 

ly, we ihall therefore have 
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a= I-A =I 

? =j5 B - 0oo067031 44 C - 000450 
S=~D =8 

+ I*0036739 

0000450 

feries + I0036289 log. )O00I5731 
4/I I - - - - 03471309 
v/3 - - 0 - o2385606 

A 3 866o!54 0 O'587 2647 
the eaft root I + 0I 330746 

with a contr. fign 0 

fum + 4`0000000 greateft root 
diff. 3-73205o8 middle root. 

Io8. 13ut the fame 3 roots, found in Art. 59, are 

alfo 4, and - z ?i V/3; which being compared with the 

feries in this example, we find 

2 W lI + 2V 3 2 . 2 , 2 . .6 . 2,14 + 3 9 1; 15 . 14 0 1 2.' --22 2. T - - + 2.5.- 4 &c. 
41It6 3.6. 36*9.I12.114 3.6.-9.i2.15.18.11i 

2 ~2 . 5.2* + 

4 3 3.6.9 .1li 3. 6,9. i2 .15.II &c. 

I og. Ex. 5. In the equation x3 - 6= 4, we have 
a 2-2 b- 2 and c' = b+3=4 8 =-4 which 
being negative, and b2, this cafe belongs to the feries 
either in Art. 8z or 95 The operation of fumming 
the terms by them is here omitted, becaufe fo much 

room 
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room would be neceffary to fet down fo great a number 
of terms, and as the properties arifing from the feries 
in this cafe have already been noticed above. The 3. 
roots of this equation have been found in Art. 6o to be 
- 2 and I 

I Io. Ex. 6. In the equation X3 9x = I 0, we 
haea = 3?b--5,-and C2 5 _ 7- 2, which 
being negative and lefs than b2, the general feries in Art. 
68, with the^ neceffary change of the figns, will give 

the 3 roots. Now'-=2-=? =c o8, and l/b- /2, 

alfo V-3 6 Hence 
A Yb = -2 1 

R A 0Qo.088889 c C =- B = 0002634' 

D I C- 140 E = -D.24 -= 

+ 1V00890-09, ' 

_Qwoo,2,641 

+ voo86368 

20 1 72736 - - log. 0 304-7649 
l/b /S_ - 0-23299g00 

the gyeateft root = - 344948974 - 0'5377549f 

1 i.. Then. 
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I I I. Then for the other roots, by multiplying the 
terms A, 1, c, &C. of the -former by 5, g, .1j, &c. we- have 

. - 3IA 3333333 0049383 

r-Its C 1931 27 D 97 
? _ z23 E 6 *004948-0 

+2 333527 
- 0049480 

03285790 - log. 51566398 
V6 

- ___9230956 

-the fecond feries * 275255 13 -- 4397354 
the greateil root + 172474487 

middle root 2'00000000 

leaft root 1v44948974 
12. But, by Art. 6x, thefe 3 roots were found to 

be 2 and - I + 6 ; which being compared with the fe. 
ries belonginrg to this cafe, we find 

r.6+ + S + 2 -.5 8 .I.I4 . 2I &c1 
I~~~~~~~ + ~ C 

24S 3.. *6. 25 3 .6.9.iz12. 3.6.9. I2.I . 25' 

4 3 3.6.9.25 3.6.912.15.251 

1 1 3. Ex.7. In the equation X3 I 2 X 9, %ve have 
a = -4, 6-4 2, andc2 =c-- 64= -5, which being 

negative, and greater than b2, we Ihall have 3 real roots 
by the feries in Art. 98. 

3 Now 
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^* 8t b ~9 3/729 Now = 9 = N/25 and 

= 4=y 43'7 . Then 
4 

A-- 
= 33333 B A - o2857 

C--5 = ,B - 647 D- 47,CZ i88 
ta .Isc 1 ,C 

E = D3: 62 F ---9-6-E 22 
24. 27c - 30. 33c 

G 32 
352 

F - 8 i 3* 41 G 3 
36 . 39 c 42,. 45c 

44 -47b' 50 .S3b' 
1=- 4S 47 H I K 5 553--I -I I 

48.5C 54t7C 

+ 34051 03071 
- 03071 

'30980 
2 

*66I96cs - _ log1 179,2 I 4 

729 w- - - io621i98 
350 

the leaft root -*79I28 89833 
11 4. Then, fince the terms of the latter feries are 

found by multiplying the tertus of the former by the 

fra6tions- 3-, 
9 ' ! 7 &c. they will be -thus: 

VOL. LXX. Mmm 
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=A -00000 

R C oo 8 8!2 5143 7~c~o8 

a - I 7 D = 2 3 X E 27 E 7 3 232 ? 37 
3 z3 F - 25 9 

O=_ 44 H = 4. _ 4-7I =I 

+ T0o5404 
o-oo965 

1V04439 - log. o0oI88627 

NY43.7_ - - - O02734963 
4/3 0-2385606 

laft feries ? 3'39564 0_5309I96 
-{the firft + 039564 

greateft root + 3'79I.8 

middle root - 3 00000 

I 1 5 . But, by Art. 6 2, thefe fame 3 roots are, -3, 

and 3 v2; which being compared with the feries be- 

longing to this cafe, we find 

6-6-I 2I 8 _ 2. 5. 8.8I 
I2V350 3. 6.1I75 3 . 6. 9. I2.I75+ 

4121-3 3 I 1 2.*5.8S1 2 z5 .8.i. 
36 -35 - 3 * .6.9.175 + 3 9 -I I-5 &C. 

I i 6. Ex. 8. In the equationX3 - l2SX 8-V2 We 

have a _ 4, b - - 44/2, and c_ = 32- 64 = 32, 

which being negative, and equal to bP, the 3 roots will 

be 
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be found, by both the forms of feries, like as in Ex. ., 
Art. i 09; but the operation is here omitted for the fame 
reafons as were there given. The 3 roots of this equa- 
tion were, in Art. 63, found to be 2z/V and - v/z /V'6. 

II 7. Ex. 9. In the equationx3 - 15 x - 22, we have 
a = - 5 b4 =i, and c' = 21 - I25 - 4, which 
being negative, and lefs than bY, the feries in Art. 68 
give thefe 3 roots: 

- 2V IIx : I + 2C.. 2.5.8C & rout ~~~~3 .662b 3 6 9 i2b4 

2 C Z. 
.&C. whr 

Thetwo 
X 

3.6b 3.6.9. i2b where 
lefs roots: 1 >/3 x 2 . _5 C' 2 . 5 .II C = 4 

4/1X21 3 3 . 6 . 3.6.9. I2. I5b b I21 

Here 
A = 10000000 

B = A,= 36731 C 5 B _ 000450 
xi 2.~~~~~~~9I2b 

I][~ . 4c 

+ I*0036739 

_ O"0000450 

I-0036289 

2So0072578 - log. 0-3026031 
0 03471309 

the greatef root _ +4464101 6 o-6497 340 

Mmm ! ii8. Again, 
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x8. Again, 

C -A 3 3333333 ' B = '002O406 
r7= C ___ 3|-330 -7ID = 7 

+ 3333663 - *0020413 
0 0!2041 3 

33I3250 
2 

-66265oo - log. i82z12842 
4/3 - - - 02385606 
YiI 2 I o -69426i8 

the latter feries k 2320so8 - - 3655 830 

- the firif - 2-2320508 

middle root - 2-46410 I 6 
leaft root _ - 2o0000000 

i i 9. But, by Art. 64, the 3 roots are - z. and 
I ? /I 2; hence 
1+2V3 _2I. 2.2 .24 2. . 8.1 14. 26&C 

24X"I X6 i1+ 4-6 . + _. 69 1.513 

-- TI2I_-- 2 . 5 
1 

.I . 24 -&C 
____3_ 2.5 

2 
55II2 &C. 

4 3 3.6.9. 1 3 6.9. I2. 1.11. I 14 

I 20. And in this manner the roots of cubic equations 
may always be found by thefe feries; and then by com- 
paring them with the roots of the fame equations, as 
found by other methods, we fliall obtain as many feries 
as we pleafe, whofe fums will be given. 

I 2 I. H-ence 
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rT i. Hence alfo we may find the fum of any gene- 

ral feries of either of thefe forms, namely, 
2g' _ .5.8g 2..8.I.I4g6 &c. or 
3 . 6 3* 6 *89 .Ifi - 3, 6 9. 1 WI5 . Is8 

+ 2.5.S.1g47&C. by com.b 
3 3.6.9 . b. 9. 12 15 3 .6. 9. 2 .5.I8 . 21 

paring them with the roots of given cubic equations; 
whatever ve the value of g, not greater-than i.. 

I 2z. For, by Art.. 68, s'b+Ca + WYb-c z=2/b x 

2C -.-- 5 &c. is = the greateft root of the 
~3.6bz 3.6.9.I* 

cubic. equation X3 - . x = 2b Now make2 

2Yb =_I, and- =g2; fo fhall the above become 

I +g + 2 
3 3.6 3 _ 6. 9.5 1 & he great 

eft root of the eqxlation x3 - - . x = 4. And 
2~~~~~~ 

when 2 or b is negative, thefe become- 

2 + r =I + + &C. 

-the greateft root of the equation x- 4 V. + .-4 x 

So that in general the-infinite ferids 

I2g 
2.5.8g4 _ 5.. 1 &c is 

3, 3 *6 *9 . i 3.6.9 . 12 .5 IS 

= 2I +gV/ i + X 2/i -g' ?i =the greateft ioot of the 

equation x3 - * x= 4. Where the upper and. 
under Iigans refpeatively correfpond to each other. 

1:3. Again, 
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I123. Again, 

,~'C~b- ~Yb x + 6 &c 
4= c 3 3. 6. 9c * 6 9 I2 I5C4 

-is the leaff root of the equation x3 + 3/C2c?-bz. x = 2b. 
23 

'Then, by taking -^2 = I, and -x = g2, this becomes 

'+g-W/I-g I ~2.5g2 &c. _ the leaft root of the 
2g 3 3.6.9 

equation xC + 49 g x = 
49L. And when f or c' is ne- 

gative, this becomes 

vI-rg - - I-g v-' aI _2 * 5 g_+ &c. the leaft root 
.2gV-I 3 3.6.9 

of the equation X3 X So that in general 

the infinite feries 
I 2 . 2. 5 ..IIg4 f 2 .5.8.III4 *17g &C7 iS 

3 3 . b .9 3 .6.9. I2 .15 3 6 9. 12 I5.8 2I 

- ,V'+gv ? - 
I-gV 

? = the leaft root of the equa& .2gVt equa 

tion X3 3 AY 
I7PzX 

Of the Roots by another Clqfs of Series. 

1 24. But there are yet other feries, converging much 
fafter than thofe in the foregoing clafs, by the help of 

which. and CARDAN'S rule conjointly, may always be 
found 
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found the roots of thofe equations in which that rule 
fails when it is applied fingly, that is, in what is called 
the irreducible cafe, or that in which c2 is negative. 
And thofe feries are found by introducing another cubic 
equation having the fame values of b and c- as the given 
equation, except that in the new eoulation the value of 
el is pofitive, while in the given one it is negative. For 
when c2 is pofitive, the new equation to which it be- 

longs has only one real root, and that root is always 
found by CARD AN'S rule; but the contrary takes place 
when c: is negative, the equation having then three real 
roots, although they are not always determinable by 
that rule, becaufe the radical quantities canl feldom be 

extrated, on account of the fiquare root of the nega- 
tive quantity which is contained in them.* 

I 2.5. Now the general expreffion for the root by 

CARDAN'S rule being s + d = NYb + V/+:c ,bVb-VCz or 

v? c2 + b - Av'i c2 -bA, if the cubic roots of each of 
thefe be extraaled by the binomial theorem, as at Art., 

68, we lhall obtain thefe 4 forms; 

I . / + /+ -cZ + vlb--v+ c 2,2b x: I 3 &. & 

2 C1, 2 l/b + A 3/-c + 4,I/b-- _ 26lb x I J35b- 

4 . -b= - 
_ & 3. hi/ ' c' + b-s+ -b= z x:- .6. 9c&c 

b x :-+-- &C. 4CJ -=Z~ x 3 3*6*9C 

i 26. Of 
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I 26. of which the feries in the firft and third de-' 

note the only real root of the equation when c2 is pofie 

tive, according as c is greater or lefs than b, which root 

call x; and the feries in the fecond and fourth forms. 

denote the greateft and leaft roots of the equation when 

c2 is negative, which roots call R and r refpe6tively. 

Then by adding and fubtrafing the firfc and fecond, as 

alfo the thirdl and fourth, there refult thefe four equa- 

tions; 
+~~~~~~~~~~. x .>f/ x : 6 5 2 . 5 . 8 . II. *e14 I-7 * 20: C 

R + x = 4X/b x ::I - &C5. 2 5S T8 I4 + & Cv 3.6.9. r2b 3369 - 2 . I +, 2 2 I .28II 

32 .Z6.9*I2.1 5 + 

r,6-l _ 3 69 12 15 18 21C 

I127. And hence, by equal addition or fubtradtion, we 

find thefe two different exprefilons both for the greatefti 

and leafI: roots of a cubic equation in wshich c2 or b5' + a3 

is negativre, namely, 

R--X + 44/b x: I- 2.5 6I& 

R3.6.9 1 2 I 5 186 + 

r_ x - _ + 3.59.8II + 2.58I.I4.7.2 .239 8C. 
T 3 3.6.9.I2.Igc ~3.6.9.12.15.18.21.24.27c8 

r = - x + x 3 6 -c + 3 6 9 I 2 .5 .I 2 1 .b6 + &C" 

where R iS the greateri, and r the lear root of the equa- 

i tionn 
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tion x3 - 3ax 2 zb or x3 - 3/'C'+b,.-X= 2b, and x 

the only real root of the equation x3 + - . X= _ h; 
in which, as well as in the above feries, c2 denotes a 
pofitive quantity. 

i 28. And hence it can no longer be faid that CAR. 

DAN'S rule is of no ufe in the folution of cubic equa- 
tions that have three real roots; fince they have here 
been reduced to the other cafe in which the equation has 
but one real root, which cafe is always refolvable by 
that rule. And the firfi hint of fuch reduffion I re- 
ceived from FRANCIS MASERESj Efq. Curfitor Baron of 
the Exchequer, he having done me the favour to comn- 
municate to me the fecond of the above four forms for 
the greateft root, in a letter of the I 7th of July I 7 7 9; 

the inveftigation of which formula, together with thofe 
of the other three, nearly as above, I had the honour 
of fending him in a letter of the 26th of thle fame 
month; and that learned gentleman has fince commu- 

nicated to the Royal Society his faid formula, together 
with his own inveftigation of it, done in his uftal very 
accurate manner. Since that time I have feen, in the 
Memoires de 1'Acad. for the year 1743, four expreffions 
fimilar to the above, given by Mr. NICOLE for the pur- 
pofe of fumming certain terms of a binomial raifed to 

VOL. LXX. N n n any 



444 Dr. SUTToN an Cubic Equalionx 

any power, but unaccompanied with any appearance <A 
the idea of thus reducing the one cafe of the cubic 

equation to the other. 
I 29. It is hardly neceffary to remark, that any ge-, 

neral feries of each of the above four forms, is fummed 
by means of the fum or difference of the roots of thefe 

two equations x3 3V'bf r cz . x = zb, and that by fub- 
Itltuting particular numbers for b and c, w-e ray thLs 

fum as many feries of thofe forms as we pleafe. 
I 30. Ex. i . We mnay now illuItrate thefe formulas by 

fome examples. And firft in the equation x3 - I.5 X =4. 

Here 2 b = 4, and 3'4Yb' + c' = 1 5, confequently b= 2, 

and c2= 53 - b =125 - 4 = 12I I i2, and 

X =4YC + b-V =' 3-2/9 * 27 I 250.8 the root 

of the -equation x3 -3VbZ -C . X = 2b or 

X3 + 3V'I17 . X _ 4. And as b is lefs than C, thisvequa. 

tion belongs to the two feries in the latter cafe for find- 
ing the leaft root. Hence, the terms of the two feries 
agreeing with the pofitive and negative terms of the fe- 
ries in Art. io6, they will Rand thus: 

13y 



kfl 'tiFre sa~ 44 S 

I ttrd rt ie1eI By the id fcries 

A = '3333333 B = 'e0o1o406 

C =bOr33 lItz 0 7 

'33'33663 - !0g. Tz2i120 fzoo2 4r3 * - g y'309906 

Al _. ,It ,4 S1 IC1 1211 4/C '121 

feries =-5392000 17317499 feries + * 0033016 - 5I187350 

X = + '2712$08 A -t r2508 

r -2679491 the leaft roo? - = r2679492 the faine roof;. 

Agreeing with the :Flme root found Mn Ex4. Art. o6 

I31[ But the lamre rWt has been found to be 
2 + Vg ki Art. S, and 1ence we obtain the fums of 

thejktW) particlar .rie* t1IsM 

13 3z. Alfo by takeing the fum and diffierence of thefe 
twIo, we have 

3 3 2.6.9 .;1?+&i. 
4' 3 3.6.92. T4 1 2 

4 3 ~~~~~3. 6.99.1I ,43. 6 *9412*I.1 

And this la*f ebpfaion agrees with whaan wad found in 
Art. xo8. 

N nn I33. Ex3 
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133. Ex. 2. Again in the equation x3 - 9X= - TO, 

we have 2 b i- o, and 3V/bz+C2+ - 9; confequently 
b-- 5, and cz= 33 27b _ - 5 = 2, which being 
lefs than bz or 2 5, this equation belongs to the firfi clafs 
of feries, or that for the greateft root. Now 

X . cb+c+Vb-C=-V- 5 + V2 +W - 5-2 

- p3 58578864 4Y64142I356 
I- 53060o - 8158009 - 33886o9 = the 

root of the equation X3-3 C.X= 2b, or 

- 3'21 .x = - Io. And the terms of the two fe- 

ries are found as in Art. I Io- namely i -2. 5.b 

=A-C-E - &c. =9997359, and b + &C. = B +D +&C. 
-3.6b1 

-*0oo89oog. Alfo 4*/b _2- _- 4XY/5 _ - 2/3z20. 
Then 

By the ifl feries By theA d feris 

*9997359 _log i9998854 0oo80oog log. 3'9494339 
- 320 - - 0o83500oo0 -iY320o - ^O835o0500c 

Leries --6 838o98 - o8349354 feries = - o6o88i - 2'7844339 
X = + 3 3F86o9 X - 33886o9 

-43A49489 the greateff root - 3449490 the fame root, 

And thefe values of the greateft root are nearly the fame 
with -that found in Art. i x 0. 

134. But 
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134. But in Art. 61i the fame root was found to be 

I - V/6, hence we obtain the fums of thefe firfl two 

particular feries; and by the addition and fubtraftion of 

thefe two arife the other two following them, namely, 

z 46 .445 = 21--72tg.8Z 4-5 -v/6 + '~15 _3.6..9. 12. 54 

it + */6 -'5 + V2-t2 I 2.2 2.5.8.11.14.23+& 

-4 t5 - - * =3.6.52 + 6 6.9 . .6 9.I5 

+ Al 6 2 . 2 '2, 5 22 2 . S 
1 eI . 1 4 23 

- 
_ ~ 

T+ + %F 
2A3 3 6 5 ss 6. 9. I * 

4 3.6 . 9 .I2.5.I85 

__ 
__+ 

___ 
___5 

- 2.2 2 .5.8.22 

24Y5 3.6.5 3.6 9.1i2,50 
&C. 

And the aiRft but one of thefe equations agrees wiith one 

foundin Art. iix . 

1 3 5. Ex. 3. Alfo in the equationX3 - I 2 X9, we 

have f b1 = 9, and Nyb' + c'.= 4; confequently b -.9,, and 

= b43- =64- = 17 which being greater than 

.b2 or '4, this cafe belongs to the fecond clafs of feries, 

or that of th leaft roots. Noaw here x =-V cfb -b-'c-b= 

4/175+9_ 4 9/7.L 5-9 /I 4378 - 2/ 1I4378 

223.x661 69 2834950 =948ii69 the root of 

thl equation X3 -" 34Yb7v -2. -x =z k or xC3..y4?.x=9* 

And the terlms of the -two feries being found as in Art. 

:1 3,Knamely, A +C +E + .&C 345andB D + F + 

.f ben 36 &c. _ 'o 97 T, alfo sycbin = y-MQwe fhall have 

By 
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3qp th: ift feries Byr the latter ferics 

34_051 .g. I3*x9 0307J - ag. 48727 

O-7o*x798 36 - - 0P70&a79g 
07029. 0-0kt 

AriesG =- r73944t 0-a04097 feries + .Y56877t -1955596' 
X + Q-948 167 -66q 

- *791274 the leaft root -79129 e fame root 

Which neay agreewwith the Iffteroot foundin Art. i rI . 

T 36. -Bt ia Art- 6-2 the- fame. root. wai-f fnd to be 

Ien the wx ihall have thef firi two follow- 

ing equations, and by means of their- fuin- aad ditfw 
nce we- obtain the other tw& 

*' - ~ - 5 ~ --ti/V3,5 ? 3..6.,g.' -2t . .,S 

Y2OV7 +36-Y V36 -"VIz + 33 2. -.S,. 
- 3.6 ,,q*+ ~+ &C. 

4x 3 o< r *g. 8o z . zV350 . .I 1 7-@ I C 9 - 7 -- 2 + ~~~~+ 

3 3. 6.9, I75 3 .6.9 .1.L5.I75 & 
And the lafl of theie agrees with one found in Art. r 5S 

137. Ex. 4. In the equation xp- T5 X Z wehe 

!2 b 2, and sb2F + c1 g ̂  confequently b ir T, and 
Et ~ 53 b2 -15 I I = 4, which being lefs than b; or 
I XI, this belongs tbg M firtclafs of feries, or tat for 
the greateft root. 

Now 



'Now x _-W 1s+ j2C + 4`94 43 4186 

the root of the equation x' 321217.X 1 Wz1 And 
the terms of the two feries being found as in Art. II 7, 

we have the firft = A C - C. - - T O OO0450 

9999550, and the fecond1 - + D + &c. _ o3367 3 I + 

ooooooo8 Q_'O36739g A1fo4%Yb+4YVXt-Y704. 
UIence, 

By the -It fe des lBy the2d feries 

ggg9s9o0 log. r99998o.j ~0036739 - log. k56,5273 
^7704 - 0 94919 09 Y704 . -o9491909 

ries = + 8 89.552oo _0 o94917 I4 feries + o326827 i 5x43,x82 

uX - 4'4314186 X = + 4-43I4i86 

+ 4-4641014 greateft root + 4'4641013 thefametroot 

Which nearly agree with the fame root found in 
Art. 117. 

3 8. But in Art. 64, the famet.1oot was found to he 
I + VT2 I + 2V3, hence we obtain thefe two firft 
-equations following, and their fum and difference give 
the other two:I 
_+_/__2_+ I13 +.5 9 Z* 3.5.841I4. I7.2O2> 

-I 
--*- 

-- - - f~&co 
W"~ 3 .69. I 2 - I I4 3.6-9. I2. I S *I8.2IZ I1 

;t+ 12t39 2 22 2 5 8 I I426 ~I+Vx~-4Y3-~Y9 2.22+ 2 4 &C. 
4ii 3 ri 3. 6, 9-1 . I6 . 9 . 8. 1I", 

23+ V2 T 2.2 2 5.8.2* 2 5.8.11.14.2' 

3.6.11 3.6.9. I*11 3i.6.9.12.15.10.11 

The laft of which agrees wivth one found in Art. 1 9. 

2 And 
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And thus wve may find the fums of as many feries of 

thefe kinds as we pleafe; as well as the fum of any of 
the general feries, by means of the roots of given cu- 
bic equations. As to the frmmation of other forms of 
feries by means of the roots of equations of other or- 
ders, I Ihall perhaps treat of them on fome future oc- 
cafion 


