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Consider a set of categorical variables P where at least one,
denoted by Y, is binary. The log-linear model that describes the
contingency table counts implies a logistic regression model,
with outcome Y. Extending results from Christensen (1997,
Log-linear models and logistic regression, 2nd edn. New York, NY,
Springer), we prove that the maximum-likelihood estimates
(MLE) of the logistic regression parameters equals the MLE for
the corresponding log-linear model parameters, also considering
the case where contingency table factors are not present in the
corresponding logistic regression and some of the contingency
table cells are collapsed together. We prove that, asymptotically,
standard errors are also equal. These results demonstrate the
extent to which inferences from the log-linear framework
translate to inferences within the logistic regression framework,
on the magnitude of main effects and interactions. Finally, we
prove that the deviance of the log-linear model is equal to the
deviance of the corresponding logistic regression, provided that
no cell observations are collapsed together when one or more
factors in P\{Y} become obsolete. We illustrate the derived
results with the analysis of a real dataset.

1. Introduction

Let v={vy,..., v,} denote a set of observations, 8=1{6,,..., 6,} a
set of parameters, and consider known or nuisance quantities
0=1¢1,..., ¢,}. Now, v;, i=1,..., n, belongs to the exponential
family of distributions if its probability function can be written as

f@il6;, &) = eXp{%[Uﬁi — b(6)] + c(v;, (I)i)},
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where w = {wy, ..., w,} are kn9wn weights, and ¢; is the dispersion or scale parameter. Regarding first- [ 2 |
order moments, u;=E(v) =b(6;). A generalized linear model relates u={uy, ..., u,} to covariates by
setting {(u) = Xy, where { denotes the link function, X; the covariate design matrix and y a vector of
parameters. For a single u;, we write {;(u;) = X;4)y, where X, denotes the ith row of X, defining ¢ as
a vector function {=1{{y, ..., {.}.

Let P denote a finite set of P categorical variables. Observations from P can be arranged as counts in a
P-way contingency table, with cell counts denoted by n;, i=1, ..., ny. The ‘Il' indicator alludes to a log-
linear model. The counts follow a Poisson distribution with E(n;) =u;. A Poisson log-linear interaction
model, log(u) = XyA, is a generalized linear model that relates the expected counts to P.

From Christensen [1], there is an association between log-linear modelling and multinomial logistic
regression. Consider categorical variables X, Y and Z, with Jx, [y and J levels, respectively. Let jx, jy, jz be
integer indices that describe the level of X, Y and Z. In a multinomial logistic regression with outcome Y,
one typically models the log-odds of an observation at level jy + 1 relative to one at level jy; log(p;,+1/p},),
jy=0,..., Jy — 1. This can be viewed as equivalent to fitting a log-linear model as

lo P—(Y:jY+1|X'Z) =1lo PY=jy+1,X 2) =log(w: 1. :)—log(w: : :)
P =iIX, 2) P(Y = jy, X, Z) Wb rtlcsz? O W iviniz”
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For more details, see [1, Section 4.6] where, in addition to the above approach, the alternative of
constructing a multinomial model to model the log-odds of an observation at level jy jy=1,..., Jy—1,
relative to one at fixed level [y is considered. In this manuscript, we focus on the association between
log-linear modelling and binary logistic regression. Assume that the categorical variable Y is binary.
Then, a logistic regression can be fitted with Y as the outcome, and all or some of the remaining P —1
variables as covariates. We write, logit(p) = Xy8, p = (p1, ..., pn,), using the ‘It’ indicator for the
logistic model, denoting by p; the conditional probability that Y =1 given covariates Xy, and by g
the vector of model parameters.

From Agresti [2], when P contains a binary Y, a log-linear model log(u) = XyA implies a specific
logistic regression model with parameters g defined uniquely by A. As Y is binary, jy =0, 1. Consider
the log-linear model

log(/'l‘fvrfxrjz) =A+ A?‘(X + /\}(Y + /\]ZZ + )‘i(\//fv + Ai(Z/fz + )\}/YZJZ’ (M1)
where the superscript denotes the main effect or interaction term. Similar to the derivation above, the
corresponding logistic regression model for the conditional odds ratios for Y is

oo (PY=UX, 2N (POC=1,X,2)
B \PY=0x2/)" ®\Pv=0,X,2)

= log(kj,—1,.,,) — 1og(t 0y i)

Y Y 3 XY XY YZ _ \YZ
=\ — A +)‘jx,l ’\jx,0+)‘1,jz /\0,]-24

This is a logistic regression with parameters, B = (8, B,, B7,), so that, B = A =AY, X = /\;% - )\;go and
B]ZZ =7 — )\gfz . Identifiability corner point constraints set all elements in 4 with a zero subscript equal

1z
to zero. Then, B =AY, BX =A%, and B]Z-Z = )\%KJZZ . This scales in a straightforward manner to larger

1
log-linear models. If a fa]CXtor dges not interact with Y in the log-linear model, this factor disappears
from the corresponding logistic regression. Without any loss of generality, and to simplify the analysis
and notation, we henceforth assume corner point constraints.

Considering the log-odds implied by a logistic regression, more than one log-linear models provide
the same structure. For example, the log-linear model, log(y; ; ;) =4+ A} +l}£ +Af +/lff(}/y +/ljyjz, implies
the same conditional log-odds structure for Y as (M1). However, as shown in Christensen [3, Section
3.3.2] in conjunction with Christensen [1, Sections 11.1 and 12.4], the log-linear model that determines
exactly the same logistic structure is the one that contains all possible interaction terms between the
categorical factors in P\{Y}. Other log-linear models, even when they imply the same log-odds,
impose additional constraints on the logistic structure. To avoid any confusion, the description of our
results in this manuscript will expound that the considered log-linear model contains all possible
interaction terms between the categorical factors in P\{Y}.

The relationship between # and A can be described as g = TA, where T is an incidence matrix [4]. In the
context of this manuscript, matrix T has one row for each element of g, and one column for each element
of 1. The elements of T are zero, except in the case where the element of g is defined by the corresponding
element of 4. The number of rows of T cannot be greater than the number of columns.



In Papathomas [5], the correspondence between the two modelling frameworks within the Bayesian
framework was studied, deriving exact and asymptotic results. In this manuscript, we focus on the
frequentist framework, and derive results on maximum-likelihood estimates (MLE), interval estimates
and deviances. Christensen [1] offers a comprehensive account of log-linear and logistic regression
modelling. In Christensen [1, ch. 11], results on the equivalence between MLE and confidence
intervals were derived. We extend these results, by also considering the case where factors present in
the contingency table and log-linear model are not present in the corresponding logistic regression
model, and some of the contingency table cells are collapsed together. This case is not considered in
[1,2] or, to the best of our knowledge, in any other published work. As stated in theorem 3.2, the
MLE for the parameters of the logistic regression equals the MLE for the corresponding parameters of
the log-linear model. Theorem 3.3 states that, asymptotically, standard errors for the logistic regression
and corresponding log-linear model parameters are equal. Subsequently, Wald confidence intervals [2]
are asymptotically equal.

For theorem 3.4, we stipulate that the logistic model is fitted to a dataset where no cell observations
are collapsed together when one or more factors in P\{Y} are not present in the logistic regression. Then,
we prove that the deviance of the log-linear model equals the deviance of the corresponding logistic
regression. Christensen [1, p. 371] refers to this equality, by considering a simple logistic regression
with two parameters and showing that the likelihood ratio test statistic (LRTS) for the log-linear
model equals the LRTS for the logistic regression. This is done by using the invariance of the MLE
and the properties of the product-binomial sampling scheme [1, Section 2.6]. Christensen [1, p. 365]
also shows that applying the logistic regression to a contingency table implies that the sampling
scheme of the contingency table is product-binomial instead of multinomial. As these results are
based on a logistic regression with two parameters, a general mathematical proof is required,
provided in appendix A.

In §2 we provide additional notation and essential derivations for the log-linear and logistic
regression model, then §3 contains the main contributions in this manuscript. In §4, the
correspondence from a log-linear to a logistic regression model is illustrated using real data. We
conclude with a discussion, where we also consider possible practical implications of our results.

2. Deviances and the information matrix

The deviance of a generalized linear model is crucial for assessing goodness of fit [6]. Let 8 denote the
MLE of 6. Let L(6s,, v) and L(6sm,, v) denote the log-likelihood for the saturated model, and for a simpler
model, respectively. The deviance is defined as

D(0, v) = —2[L(Osim, ©) — L(Bst, 0)].

Then,
R L. R R
D(0, v) = —2< é(vioi,sim — b(6;sim)) + (@i, ¢;)
i—1 Pi
n w; R .
- *(Uioi,sat - b(ei,sat)) + C(U,’, ¢1)
— &

U wi - ~ wi ~ -
=-2 *vi(ei,sim - ei,sa ) - *(b(oi,sim) - b(ei,sa )) .
<; &; " ' )

Denote by ¥ the MLE of 7, and Z(¥) the information matrix X; VX,. (V will be specified below for
both modelling frameworks as Vig_linear aNd Viogistic-) Then, from Agresti [2], asymptotically

¥~ N(y, T7H.

2.1. Log-linear regression

Consider a vector n of counts n; i=1, ..., ny. Now, N = 3" n;, and,

e Mgy
flni|w) = ',Ml ,

eByl6L <2 s uado 05y sosyjeumol/bioBusygndisaposiefor [



with 6; = log(uw,), b(6;) = e¥% and c(n;, ¢;) = —log(n;!). Also, w,'cl)l-’l =1, so that w; =1 implies ¢;=1. Note
that, u; = 1'(6;) = €%, and Var(n;) = ¢;w;1b"(0) = e’. For the log-linear model, log(p) = XyA, Xy is a
ny x 1, design matrix of covariates, and ;(u;) = log(uw;). Given the above,

D(fr, n) = -2 <Z ni(log(f;) — log(n)) — f; + n,-)

i—1
ny nn m
—Zanog( ) fZZniJrZZ[Li.
i=1 i=1

From Agresti [2, p. 140], when the log-linear model contains an intercept, > =, n; = > i) f1;. Then,

D(fx, 2 i1 2.1
wn-rSom2) o

i=

The diagonal matrix Viog_tinear has non-zero elements eXp{XH(,')}t}, i=1,..., ny.

2.2. Logistic regression

Assume that y;, i=1, ..., ny, is the proportion of successes out of ¢; trials. Now, N = 221 t;, and,
t; oy

where 6; = logit(p;), b(6;) = log(1 + €%) and c(y;, ¢;) = log< ) Also, wi¢; 1=, so that w;=1 implies
¢; = t71. Note that

el o ) fﬂ o ,1 e’ _ pi(l —pi)
;=pi and Var(y) = w; b6 = H(1+et)?

E(yi) =0'(6) = W

For the logistic regression, logit(p) = Xy, Xy is a ny x ng design matrix, and ¢;(p;) = logit(p;). Given
the above

D(y, p) = _2<nit1yl{log( )—lg( yl)} tIOg( 1P1)+tlog(]ly)>

e
=-2 (Z tiyilog(p,) — tiyilog(y:)

i=1

+3 (i — tiydlog(1 — ) — (t; — tiy)log(1 — yi)> :

i=1

After some algebra,

Ny e .
D(y,p)—ZZtyllog(’?)—i-ZZ( ty,)log(l_t%’)

1 i=1

L My .
:22tyJog(?)+ZZ(t tyl)log( ?)

(2.2)

1

The diagonal matrix Viogisic has non-zero elements t;exp{Xi; B}exp{l + Xt ﬁ}fz, i=1,..., Ny

3. Results

To facilitate the derivation of theoretical results, we introduce the following additional notation. Without
any loss of generality, let x; be the binary Y factor, and x5, ..., x; the g4—1 factors that are present
in the log-linear model but disappear from the logistic regression model as they do not interact
with Y. Denote the rest of the factors by x 4.1, ..., xp. Each element of n is denoted by nj, j=(jy, ..., jp),
0<j,<J,—-1,p=1,..., P, where ], is the number of levels of x,. Here, j, identifies the combination of
variable levels that cross-classify the given cell. We define L as the set of all 1y cross-classifications, so
that, L = ®1;:1 [jp]. Elements y; and u; are defined analogously.

gLl 2 D ado 205 3y sosyjeumoliobunsiqndanosiefor i



Lemma 3.1. Assume that the log-linear model contains all possible interaction terms between the categorical [ 5 |
factors in P\{Y}. Then, for all 0<j,<J,-1,p=2,..., B,

10,j3,...jp + M jo,ejp = Hojs,...jp + Mo, jpe

Proof. The proof is given in appendix A. n

Theorem 3.2. Assume that the log-linear model contains all possible interaction terms between the categorical
factors in P\{Y). Then, the MLE B of the parameters of the logistic-regression is equal to the MLE of the
corresponding parameters of the log-linear model.

Proof. The proof is given in appendix A. [ |

sos1/JeuInof/6105uiysignd/aposjesos
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Theorem 3.3. Assume that the log-linear model contains all possible interaction terms between the categorical
factors in P\{Y}. Then, asymptotically, the standard error for each element of B is equal to the standard error for the
corresponding parameter of the log-linear model.

Proof. The proof is given in appendix A. |

The proofs for theorems 3.2 and 3.3 include the case where factors present in the log-linear model are
not present in the corresponding logistic regression and some of the contingency table cells are collapsed
together. For completeness, our proofs also include the case where all factors in P\{Y} are present in the
logistic regression model. Theorem 3.4 postulates that ny = 1;/2, i.e. the number of proportions fitted by
the logistic regression should be half the number of cell counts in the contingency table. This happens
either because all factors in P\{Y} are present in the logistic regression, or because counts in cells with
the same cross-classification considering x 4,1, ..., X.p are not collapsed. This is important for observing
equal deviances for the log-linear model and the corresponding logistic regression. Intuitively, when
m=ny/2, the number of observations fitted by the logistic regression is in direct correspondence with
the number of observations fitted by the log-linear model. When ny <ny/2, a logistic regression model
with the same number of parameters fits a smaller number of observations, something that naturally
results in a smaller deviance compared to the deviance observed when the contingency table is not
collapsed. This is illustrated in §4 with the analysis of a real dataset.

Theorem 3.4. Assume that the log-linear model contains all possible interaction terms between the categorical
factors in P\{Y}. Assume also that the corresponding logistic regression is fitted to a dataset where my=ny/2.
Then, the deviance of the log-linear model equals the deviance of the corresponding logistic regression.

Proof. The proof is given in appendix A. [ |

4. Illustration

Edwards & Havranek [7] presented a 2° contingency table in which 1841 men were cross-classified by six
binary risk factors {A, B, C, D, E, F} for coronary heart disease. Adopting the notation in Agresti [2], a
single letter denotes the presence of a main effect, two-letter terms denote the presence of the implied
first-order interaction and so on and so forth. The presence of an interaction between a set of
variables implies the presence of all lower-order interactions plus main effects for that set. Consider
the log-linear model

log(m) = AC + AD + AE + BCDEF. M2)
Treating A as the outcome, the corresponding logistic regression is
logit(p) =C+ D+ E. (M3)

The deviances, MLE and standard errors for the relevant parameters of both models are given in table 1,
after fitting the models in R using the ‘glm’ function. We observe that corresponding quantities are
equal. To obtain equal deviances, although factors B and F are not present in the logistic regression,
the logistic model was fitted to a dataset where contingency table cell counts discriminated only by B
and F were not collapsed together. This resulted in 7= 32. The datasets for (M2) and (M3) are given

in appendix A. The design matrix X{*® is shown below, with T denoting the transpose, with some of



Table 1. Deviances, MLE and standard errors for the relevant parameters of log-linear model (M2) and the corresponding logistic [J}
regressions (M3) and (M4). (Standard errors are given in brackets.)

log-linear model (M2), log(me) = AC + AD + AE + B(DEF, deviance = 33.51

3

MLE —0.4140 (0.0892) 0.5501 (0.0958) —0.3684 (0.0967) ?Z

outcome is A (M3), logit(p) = C + D + £, deviance = 33.51 %

intercept ( D E g

MLE —0.4140 (0.0892) 0.5501 (0.0958) —0.3684 (0.0967) 0.4893 (0.0973) %

outcome is A (M4), logit(p) = C + D + £, deviance = 3.47 95_,

intercept C D E g

CMIE 04D (008)  OSS0T(0095%) 03684 (00967) 048R (009B)

VS

the rows identical. ]

S

11111111111111111111 8

o _[00 110011001 100110011 =

1t 0000111100001T1110000 ;o

000000O0OO111111110000 2

111111111111\ =
001100110011
1711100001111
000011111111

As factors B and F disappear from the logistic regression that corresponds to (M2), one may decide to
collapse together the contingency table cells with the same cross-classification considering C, D and E.
A logistic regression is fitted, denoted by (M4). It only contains main effects for C, D and E, as
does (M3). The dataset for (M4) is shown in appendix A. The design matrix for (M4) is

1111111 1\"
xww_ (001010101
It 00110011

0000T1T1T11

Relevant output is given in table 1. MLE and standard errors are equal, as theorems 3.2 and 3.3 hold.
However, as cells are collapsed together and ny # 1;/2, the deviances differ.

5. Discussion

The results in Christensen [1] and this manuscript demonstrate the extent to which inferences from the
log-linear framework translate to inferences within the logistic regression framework, on the magnitude
of main effects and interactions.

When factors are not present in the logistic regression, one may choose to collapse the counts in the
contingency table cells that are only discriminated by the obsolete variables x», ..., x;. Logistic regression
parameter estimates and associated standard errors are not affected by collapsing the cell counts. This is
shown in the proofs for theorems 3.2 and 3.3 in appendix A. However, the logistic regression fitted to the
collapsed dataset, returns a different deviance compared to a logistic regression with the same covariates
(parameters) fitted without collapsing. This is expected, as two models with the same number of parameters
are fitted to a different number of data points. The deviance naturally increases for the larger dataset.

Our results concern two of the most popular approaches for the analysis of categorical observations
and the correspondence between them. Theoretical derivations on such associations improve
understanding and enhance the models’ use, as advances for one framework are not always readily
available to the other. For instance, to describe the joint probability distribution between covariates,
Zhou et al. [8] adopt a PARAFAC factorization. Marginal independence is modelled with fixed
baseline vectors, providing expressions for parameters of the log-linear models that correspond to the



adopted latent class model. Another example is Papathomas & Richardson [9], where the use of
employing variable selection within clustering to assist log-linear modelling is investigated, without
examining logistic regression models.
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Appendix A.

=

N

Proof of Lemma 3.1. To facilitate this and subsequent proofs, the following notation is introduced, ]
similar to Papathomas [5]. Using the incidence matrix T discussed in §1, write the mapping between ‘,%
p and A as p=TA, where :
LA

Ag) ~

T=| : |, 3

A(",\Y) ]

and Ay, k=1, ..., ny,, is a vector of zeros with the exception of one element that is equal to one. This
element is in the position of the kth A parameter with a Y in its superscript. With n,, we denote the
number of parameters in 4 with a Y in their superscript. To ease algebraic calculations, and without
any loss of generality, rearrange the elements of 4, creating a new vector 4, so that T changes
accordingly to, T, = (I 0), where I is an ngx ng identity matrix. (Vector g is similarly rearranged to
1) The rows and columns of Xj are also rearranged accordingly to create Xy, so that

X: Xpo
X t Xn It)_ Al
" ( 0 Xy (AD

Xy—p is a square (n;/2 x ny;/2) matrix. This is because we consider the log-linear model that, in
addition to the terms that involve Y, contains all possible interaction terms between the categorical
factors in P\{Y}. The number of parameters that correspond to the intercept, main effects and
interactions for P\{Y} is ny/2. Xy is a ny/2 x ng matrix. When g=1, all factors other than Y remain in
the logistic regression model as covariates. When no cell counts are collapsed, either because 4=1, or
because we opt not to collapse, X=Xy, and np=2xmn;. When the cell counts that are only
discriminated by the obsolete variables x, ..., x, are collapsed, by rearranging the rows of X,; when
necessary, we can write X as, Xj, = (X X ... X", where X is repeated (J; = 1) x [, x ... x ], times.
For example, for g=2, X) repeats J, times within Xy, and ny=2xJ,xn,. When g=F the
corresponding logistic regression model only contains an intercept, and one may decide to fit the
logistic regression to a collapsed contingency table that only contains two cells describing the total
number of counts where Y =0 and Y =1. Then, n;=2 x [, x ... X [p X ny;.

We can now write f=TA4, For example, assume the log-linear model (M1) describes a 3 x2 x 2
contingency table. Then, 4 =1, and the standard arrangement of the elements of 2 would be such that,

1000000000 A

1100000000 A

1010000000 A

1001000000 N7

1101010000 ! 0001000O0TO0O
|1 011001000 /\:M r_[0000010000
1 1000100000} PR 00000DO0T100O0

11001007100 ALY 000000O0O0GO0GO 01

1010100010 N

1001100001 n

1101110101 Mt

1011101011 Y



After rearranging

1000100000 AY

1100110000 XY

1010101000 o

X

1001100100 21
1101110110 Az 1000000O0GO0O
x,—|to111to11o0o1| | A| . _[0100000000
T=19g 000100000 ™™ [XX|""""]loo10000000
0000110000 AX 000100U00O0GO0O

0000101000 A

00001007100 o

X

0000110110 11

000O0T10T1T1T01 M2

See Papathomas [5] for another example where g = 2. From Agresti [2, p. 138], the likelihood equations
for a log-linear model log(p,) = XA, are

> i XellGjn = D By Xelly, i = 0
e

Jisenrfp

where Xyy;,,... ),/ is the element of Xy in the row that corresponds to . _ ., and column j,j=1, ..., ;. As
log(m,) = XA, includes all interactions between factors other than Y, Xj_ is the design matrix for a
saturated log-linear model for all factors other than Y. Because Xj_; repeats within X,y (as shown in
(A1), the ny/2 likelihood equations for log(m,) = XmA, j=nz+1,...,n,; are also the likelihood
equations of a saturated log-linear model for fitting the n;/2 observations, ng .. j, + 11y, jp:

Z (0,j,,...jp =+ 11, jp ) KN 1tG, . ),

J2senrfp

= E (Bojy,...jip + B jy,... o) KU1t .. o),
Jorfp

Here, Xy 1,,...jr), is the element of Xy_; in the row that corresponds to y,,.. ;», and column j, j=nz+1, ...,
1. As these are the likelihood equations of a saturated model,

no j,...,jp + Mjo,.jp = Ko j,...jp + M1 jy,...jpr

and this completes the proof. n

Proof of Theorem 3.1. All factors in P\{Y} are present in the logistic regression, or no collapsing of cells. From
Agresti [2, (p.193)] the likelihood equations for the logistic regression model, logit(p) = X8, are

Z EjorecsjY oo X1tz o) — Z Ejsrecsjp P, jp XMt jp)j = O

J2seerjP J2seurjP

forj=1, ..., ng. Now,

Mgy, expXeii .. jn) Ar)
Bojs,. o expKoyy,...imlnpg +1:malAIng + 1:m,])

plerrmrjP

= exXp(Xai .. i1 : 161A 1 :1g]) = expXig,..jinB) = 7 :
1j2,- P

7

where, ala; : a,], specifies the vector formed by all elements from the a;th to the a,th element of vector a,
including the a;th and a,th elements. Therefore,

M1y,

i)L]'z,---,]'P == ~ .
Bojy,..jp T By, jp

egbl6l L s tado 205y sosyjeumol/biobunsiqndfaanosiedor g



Thus, to estimate B, the likelihood equations are

Z tjz;-~;j1)]/jz;~--,]'11Xlt(jz ----- jp).j

ﬂl,jzfv--,jp
=Dt T XuGejn)j = 0
in MO/]Z/--»/]P I‘Ll,]zlu«,]P

= Z EisyreojoY oo X1tGaynjp)j — Z Ay, jp X, ) = 0
J2sufp

For the log-linear model, for 4,[1 : ng], the likelihood equations are
Z My joye o KellGi o) — Z B, XeilGy,jp)j = 0,
Jirejp

where j=1, ..., ng. As, Xu,,,...j»,; = 0 for all j, the likelihood equations for estimating 4,[1 : n4] are

Z Mo, jp Xell(L o, o) Z M1,Z Jjp X jo,...jm)j = 0.

..........

As, 11y, ip = tiyjp X Yjorjpr A0 Xiy,jin)j = Xili1jo,...jp),j- the likelihood equations for estimating g and
the Correspondmg )V,[l : ng] are the same. Therefore, B = A,[1:1g], as the number of equations equals
the number of parameters.

Factors not present in the logistic regression, with collapsing of cells. As Xy repeats J, x - - - x ], times within

Xy, the likelihood equations for estimating 4,[1 : ngl, for j=1, ..., ns, are shown below:

Z Z o Kell(Lja, o) — Z Z :“1]2 Xall(fo...jerj = O

Jreeedfq Jqvisejp il Jar1sejp

= Z t+z gt SrY+2,. gt ]PXFH(JLM Jp)j

Jat1sjp
§ : lJ‘l A2t g1 Xrll(],,ﬂ SJp)ijr
]q+1
where
s e g gt e = Z F oo f it eefio?
t+z,m,+q,]'471,--.,jp = E tle--‘/fquq+1r»~~,jp
J2reedy
and Ys

2t dgitrjp T E yj2/~««/jq/jq+1/««-/jP
Jar-q

These are also the equations for estimating the logistic regression parameters f. So, B = A,[1:1g], as the
number of equations equals the number of parameters. u

Proof of Theorem 3.2. Consider a vector of cell counts n={ny,..., ny}, and the log-linear model
log(m) = XuA. Then, from Agresti [2], asymptotically:

Var(d) ~ [ZW] ' = [X] V) Xyl .

After rearranging the rows and columns of Xj;, consider the log-linear model with linear predictor X,;4,,
for cell counts n, where n, is n rearranged to correspond to X,;. Now

Var(A,) = [ZA)]! = XV Xl ! = X (VAN Xl ™
(Vﬂ)z 0 )1/2(Xf‘t Xll—lt) i
0o 0 Xjit
§ (v1v2 0 )1/2(&’; XH) B
0o WV 0 Xjpn

V; denotes a diagonal matrix with non-zero elements exp(Xl*t(i)(T,X,)), i=1,..., ny/2. V> denotes a
diagonal matrix with non-zero elements exp(Xu,lt(i))Amf]t), i=1,..., ny/2, where Ay_j; denotes the MLE
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for A\T,A,. Now,

Var(A,) ~ ( X" A X, Xi" A X )1

X1 AnX;, X (A + A) Xy

where Ajp = V1V, and A, = V,. From Lutkepohl [10, p. 147, result 2(a)], and Lutkepohl [10, p. 29, line 6],
the submatrix H that is formed by the first 75 rows and columns of Var(A,) is

H = [X; AnXj, — Xi, " XX (Arz + A)Xn) ™ Xy AnXi] ™!
= [X;TApX; — Xl*tTA12X11—1tXITEIt(A12 + Az)il(nglt)71XJfltA12Xft]71
= [X;, A X, — X  Ap(Anp + A) A Xl
= [X (A2 — App(Arp + A) A X
= X (A1p — Ap(And + A A)) ' A)X; ]!
= [X; (Ap — A + AR A) HX;I
Thus,

H =X, V1V2 = ViVa + ViV V) X!

=X OV, =V + v HXgl !

= [X}, [V + Vi) = V) + V) I

=X V@ + V) Hxl

All factors in P\{Y} are present in the logistic regression, or no collapsing of cells. Assume cell counts are not
collapsed (by choice or when q=1), so that m=ny/2 and X} = Xi. We now use the standard result (e.g. [11,
(p- 200)]) that, asymptotically, the Binomial distribution Bin (#;, (exp(Xy)(T;A))) /(1 + exp(Xy) (T, A)))) of
a data point t; y;, i=1, ..., m, can be approximated by Poisson (f{(exp(Xi;)(TA,)))/ (1 + expXiwi) (TrA)))).
Considering the Poisson log-linear model, the Binomial observation t;—t;xy; follows the Poisson
distribution:
Poisson (exp(Xi_ i) A1i—10))-

Therefore, approximately,

1

ti — ~ex (Xu_l('))lllfl ).
(TIPSR ONG W B

In matrix notation, we can now write that, asymptotically,

Var(T,A,) = T,(VarA )T,
=(I1 0 )(Var(x,))((l)>

T -1
= (Xlt VlogistiCXlt) ’

where Viggistic has diagonal elements tiexp{Xlt(i)B}exp{l + Xlt(i)ﬁ}’z, i=1,.., m. X} Vlogisﬁcxlt)’l is,
asymptotically, the variance of B when the logistic regression is fitted directly, and this completes the
proof when no collapsing of cell counts takes place.

Factors not present in the logistic regression, with collapsing of cells. When one chooses to collapse the
counts in the contingency table cells that are only discriminated by the obsolete variables x, ..., x,

H= [Xl—tr (Vl,reduced(l + Vl/reduced)_l)][vll + VZ,Z +-- VZ,(]]71)Xj2><---qu]Xlt]_lr

where V) reduced denotes a diagonal matrix with non-zero elements exp(Xlt(i)(T,X,)), i=1,..., ny Vag,
k=1,..., Jax---x], denotes a diagonal matrix with elements eXP(Xll—lt(nh(k—l)Jri)Xllflt)' Similar to the
previous case, we use the standard result that, asymptotically, the Binomial distribution
Bin (¢, (exp(Xl*t(i)(Tr)tr)))/ 1+ exp(XI*t(i)(T,A,,)))) of a data point t; y;, i=1,..., 1y, can be approximated
by Poisson (ti(exp(Xl’i((i)(T,A,)))/(l —Q—exp(Xl*t(i)(T,)t,)))). When cell counts are collapsed, the Binomial
observation t;—t;x y; is formed by adding ], x---x ], independent Poisson cell counts. Considering
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the Poisson log-linear model, t; —¢t; y; follows the Poisson distribution:
Poisson (exp(Xii_ig An—1e) + * - + €XPXI1_1t0ny o - xJ, ~1)-+ AlL-10))-

Therefore, approximately

1
t; ~
"1 + exp(Xyyp (T, A,))

~ exp(Xy_1pAn_1e) + - + XX 1ty (o x-x ][,71>+i))111—1t)-
In matrix notation, we can now write that, asymptotically
Var(T,A,) = T,(Var(A) T,
. 1
= (I 0)(Var(r)) 0

~ [Xl—tr (tvl,reduced(I + Vl,reduced)72))(lt]71
= (X;; Vlogisticxlt)71/
where t is a diagonal matrix with diagonal elements the number of trials #;, and Viegisic has diagonal

elements t[exp{Xlt(i)ii}exp{l + Xlt(i)[}}fz, i=1,..., me (X V]ogisﬁchYl is, asymptotically, the variance of
B when the logistic regression is fitted directly, and this completes the proof. n

Proof of Theorem 3.3. Assume that no cell observations are collapsed when one or more factors in
P\[Y} are not present in the logistic regression. From (2.2),

D@, y)

~ -1
M, expXi,,...jr) B)
=2 Y my jlog Pt PG i) )
P M0, jp + Mo, jp - \ 1+ expXig,,...iB)

-1
10jy,...i 1
+2 Z no,jzle,,log Oarefp X < )

orrip 10 j2,.ecfo T M jaejio 1+ eXp(Xlt(jz,m,jp)B)

This, in turn, is equal to

2 mp, plogln, ) +2 Y nop,jploglno,, i) (A2)
J2seerjP J2seurjP
-2 > my,,jloglexpXug,, . jinB) (A3)
J2seensfp
and —2 % (s, jp + M, jp)log POjprge = Mijpre ). (A4)
P 1+ expXigis,..j») B)

For the log-linear model, from (2.1),

nn .
D(i, m) =2 nlog (Z—)

i=1

no,jy,....jp NM1j,,...jp
=2 E 10,j,,...;»10g | = +2 E N, 108 | =
P Mo, Mo,

i 2y Lj2,...fp

0,72,-..,jp
1o,jy,....jp
=2 Z nO,f2,~~-,fP10g <
J2seusfp

eXp(Xll(O,jz,A..,jp)X)

Mj,,...jp
+2 Z M1j,..j»l0g (—
J2rejp

exp(Xii(1 o,...jn A
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This, in turn, is equal to

2 Z 10,j,,...js10g(10 j,,...j») + 2 Z 1,108 j,, . jp)

J2sjP J2s-jP

2> mjyjpKan .o [1 1l AT 16D

J2seenrjp

-2 Z no,jz,---/fpXrll(o,fz,--»,fp)[nﬁ + 1: nA]X,[nB —+ 1 21’1)\]

J2seerfiP

and -2 Z My, jp Xl o, (11 4 12 mAIng 4 1:m,].

arrip
Now, (A2)=(A5) by inspection. Furthermore, from theorem 3.2, B = A1 :ngl. As,

Xati i1 1AL 1 1g] = X, i B,

we have that (A3)=(A6). Finally, from Lemma 3.1,

M0,.ecjp T Moo = Mojy, o T By, i
Also,

A 1
1+ expXug,...jnB) = ——
Poj,,...ip

Then,

Un - o .
AD=-23 my, jlog (Hdr T Fliie
2, ifi 1/p0,j2,...,jp

Bojy,.je T By, o
-2 Z nO,/z,~~«,jP10g (
J2seerfp

1/ fﬂo,jz,..,,jp

=23 myloglig,, i) —2 Y noj,ploglit, ) = (A7) + (A8).
2P

J2seusjP
This completes the proof of theorem 3.4.
Data analysed in §4. The dataset for log-linear model (M2) is given by vector

n= (44, 40,112, 67, 129, 145, 12, 23, 35, 12, 80, 33, 109, 67, 7, 9, 23, 32, 70, 66, 50,
80,7,13,24,25,73,57,51,63,7,16,5,7,21,9,9,17,1, 4,4, 3,11, 8, 14, 17,5, 2, 7,
3,14,14,9,16,2,3,4,0,13,11, 5,14, 4, 4).

The dataset for the logistic regression (M3) is
t = (84,179,274, 35,47, 113, 176, 16, 55, 136, 130, 20, 49, 130, 114, 23, 12, 30, 26,

5,7,19,31,7,10, 28, 25, 5,4, 24, 19, 8),
<4O 67 145 23 12 33 67 9 32 66

80 13 25 57 63 16 7 9 17 4 3 8

31"7710° 28" 25" 5" 47 24" 19" 8
The dataset for (M4) is,
t = (305, 340, 186, 230, 229, 180, 207, 164)

and

123 189 56 95 115 112 93 97

y= (305' 3407 186" 230" 229" 180" 207’ 164)'

(A5)

(A6)

(A7)

(A8)
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