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PREFACE TO FIRST EDITION

Tue first part of the following volume originated from a
series of University lectures which I once promised to deliver.
This part can, to a certain extent, be considered as an intro-
duction to my work on “Theory and Calculation of Alternating
Current Phenomena,” leading up very gradually from the ordi-
nary sine wave representation of the alternating current to the
graphical representation by polar codrdinates, from there to
rectangular components of polar vectors, and ultimately to the
symbolic representation by the complex quantity. The present
work is, however, broader in its scope, in so far as it comprises
the fundamental principles not only of alternating, but also of
direct currents.

The second part is a series of monographs of the more impor-
tant electrical apparatus, alternating as well as direct current.
It is, in a certain respect, supplementary to ‘ Alternating Current
Phenomena.” While in the latter work I have presented the
general principles of alternating current phenomena, in the pres-
ent volume I intended to give a specific discussion of the par-
ticular features of individual apparatus. In consequence thereof,
this part of the book is somewhat less theoretical, and more
descriptive, my intention being to present the most important
electrical apparatus in all their characteristic features as regard
to external and internal structure, action under normal and ab-
normal conditions, individually and in connection with other ap-
paratus, etc.

I have restricted the work to those apparatus which experi-
ence has shown as of practical importance, and give only those
theories and methods which an extended experience in the de-
sign and operation has shown as of practical utility. I con-
sider this the more desirable as, especially of late years, electri-
cal literature has been haunted by so many theories (for instance
of the induction machine) which are incorrect, or too compli-
cated for use, or valueless in practical application. In the class
last mentioned are most of the graphical methods, which, while
they may give an approximate insight in the inter-relation of

v
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vi - PREFACE

phenomena, fail entirely in engineering practice owing to the
great difference in the magnitudes of the vectors in the same
diagram, and to the synthetic method of graphical representa-
tion, which generally require one to start with the quantity
which the diagram is intended to determine.

I originally intended to add a chapter on Rectifying Apparatus,
as arc light machines and alternating current rectifiers, but had
to postpone this, due to the incomplete state of the theory of
these apparatus. ]

The same notation has been used as in the Third Edition of
‘“ Alternating Current Phenomena,” that is, vector quantities
denoted by dotted capitals. The same classification and nomen-
clature have been used as given by the report of the Standardiz-
ing Committee of the American Institute of Electrical Engineers.

CHARLES PROTEUS STEINMETZ.
ScHeENEcTADY, N. Y., May 1st;, 1901.



PREFACE TO THIRD EDITION

NEARLY eight years have elapsed since the appearance of the
second edition, during which time the book has been reprinted
without change, and a revision, therefore, became greatly desired.

It was gratifying, however, to find that none of the contents
of the former edition had to be dropped as superseded or anti-
quated. However, very much new material had to be added.
During these eight years the electrical industry has progressed
at least as rapidly as in any previous period, and apparatus and
phenomena which at the time of the second edition were of
theoretical interest only, or of no interest at all, have now as-
sumed great industrial importance, as for instance the single-
phase commutator motor, the control of commutation by com-
mutating poles, ete.

Besides rewriting and enlarging numerous paragraphs through-
out the text, a number of new sections and chapters have been
added, on alternating-current railway motors, on the control of
commutation by commutating poles (“interpoles”), on con-
verter heating and output, on converters with variable ratio of -
conversion (‘‘split-pole converters’), on three-wire generators
and converters, short-circuit currents of alternators, stability
and regulation of induction motors, induction generators, ete.

In conformity with the arrangement used in my other books,
the paragraphs of the text have been numbered for easier refer-
ence and convenience.

When reading the book, or using it as text-book, it is recom-
mended:

After reading the first or general part of the present volume,
to read through the first 17 chapters of “ Theory and Calculation
of Alternating Current Phenomena,” omitting, however, the
mathematical investigations as far as not absolutely required
for the understanding of the text, and then to take up the study
of the second part of the present volume, which deals with
special apparatus. When reading this second part, it is recom-
mended to parallel its study with the reading of the chapter of
‘ Alternating Current Phenomena” which deals with the same

vii
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subject in a different manner. In this way a clear insight into
the nature and behavior of apparatus will be imparted.

Where time is limited, a large part of the mathematical dis-
cussion may be skipped and in that way a general review of the
material gained.

Great thanks are due to the technical staff of the McGraw-
Hill Book Company, which has spared no effort to produce the
third edition in as perfect and systematic a manner as possible,
and to the numerous engineers who have greatly assisted me by
pointing out. typographical and other errors in the previous
edition.

CHARLES PROTEUS STEINMETZ.
ScHENECTADY, September, 1909.



PREFACE TO THE FOURTH EDITION

With the fourth edition, ‘“Theoretical Elements of Electrical
Engineering’’ has been radically revised and practically rewritten.
Since 1897 and 1898, when the first editions of ‘‘ Alternating
Current Phenomena” and “Theoretical Elements’ appeared,
electrical engineering has enormously expanded and diversified.
New material thus had to be added to the successive editions
until now it has become utterly impossible to deal with the sub-
ject matter adequately within the limited scope of the two
books. Therefore in the present edition everything beyond the
most fundamental principles of general theory and special ap-
paratus has been withdrawn, to make room for the adequate rep-
resentation of the theoretical elements of present-day electrical
engineering. The same will be done in the new edition of ‘‘ Alter-
nating Current Phenomena,” which is in preparation, and the
material, which thus does not find room any more in these two
books, together with such additional matters as the development
of electrical engineering requires, will be collected in a third
volume.

In the present edition, the crank diagram of vector represen-
tation, and the symbolic method based on it, which denotes the
inductive impedance by Z = r + jzr, has been adopted in con-
formity with the decision of the International Electrical Congress
of Turin. This crank diagram is somewhat inferior in utility
to the polar diagram used in the previous editions, since it is
limited to sine waves. I believe it was adopted without sufficient
consideration of the relative merits. Nevertheless the advan-
tage of the use of the same vector representation in all elementary
text-books on electrical engineering, seems to me to outweigh the
advantage of the polar diagram resulting from its ability to rep-
resent waves which are not sines, while in advanced electrical
engineering both representations will have to remain in use.

CHARLES P. STEINMETZ.
ScHENECTADY, N. Y., October, 1915.

ix






CONTENTS
PART I
GENERAL THEORY

. Magnetism and Electric Current.

. Magnetism and E.M.F.

. Generation of E.M.F.

. Power and Effective Values.
Self-Inductance and Mutual Inductance.

. Self-Inductance of Continuous-Current Circuits.
. Inductance in Alternating-Current Circuits.
. Power in Alternating-Current Circuits.

. Vector Diagrams.

10. Hysteresis and Effective Resistance.

11. Capacity and Condensers.

12. Impedance of Transmission Lines.

13. Alternating-Current Transformer.

14. Rectangular Coordinates.

15. Load Characteristic of Transmission Line.
16. Phase Control of Transmission Lines.

17. Impedance and Admittance.

18. Equivalent Sine Waves.

19. Fields of Force.

20. Nomenclature.

© 0N U~

PART IT

SPECIAL APPARATUS
INTRODUCTION.

A. SYNCHRONOUS MACHINES.
I. General.
II. Electromotive Forces.
11I. Armature Reaction.
IV. Self-Inductance.
V. Synchronous Reactance.
VI. Characteristic Curves of Alternating-Current Generator.
VII. Synchronous Motor.
VIII. Characteristic Curves of Synchronous Motor.
IX. Magnetic Characteristic or Saturation Curve.
X. Efficiency and Losses.
XI. Unbalancing of Polyphase Synchronous Machines.
XII. Starting of Synchronous Motors.
XIII. Parallel Operation.
X1V. Division of Load in Parallel Operation.

X1

Page

11
15
21
24
31
39
41
48
54
57
67
77
85
90

106
112
118

121

126
128
130
133
136
138
141
143
147
149
150
151
153
154



xii CONTENTS

SyNcHRONOUS MACHINES (continued).

5 Page
XYV. Fluctuating Cross-Currents in Parallel Operation. 155
XVI. High Frequency Cross-Currents between Synchronous
Machines. ¢ 159
XVII. Short-Circuit Currents of Alternators. 160
B. DirECT-CURRENT COMMUTATING MACHINES.
I. General. > 166
I1. Armature Winding. 168
II1I. Generated Electromotive Forees. 177
1V. Distribution of Magnetic Flux. 178
V. Effect of Saturation on Magnetic Distribution. 182
V1. Effect of Commutating Poles. : 184
VII. Effect of Slots on Magnetic Flux. 190
VIII. Armature Reaction. 193
IX. Saturation Curves. 194
X. Compounding. 196
XI. Characteristic Curves. 198
XI1I1. Efficiency and Losses. 198
XII1. Commutation. 199
XIV. Types of Commutating Machines. 206
A. Generators. Separately excited and Magneto, Shunt,
Series, Compound. 208
B. Motors. Shunt, Series, Compound. 215
XV. Appendix. Alternating-Current Commutator Motor. 218
C. SyNcHRONOUS CONVERTERS.
1. General. . 223
11. Ratio of E.M.Fs. and of Currents. 224
I11. Variation of the Ratio of E.M.Fs. 231
- 1V. Armature Current and Heating. 232
V. Armature Reaction. 245
VI. Reactive Currents and Compounding. 250
VII. Variable Ratio Converters (Split-Pole Converters). 252
VIIi. Starting. 4 253
IX. Inverted Converters. 255
X. Frequency. 257
X1. Double-Current Generators: 259
XI1I. Conclusion. 261
XI1I. Appendix. Direct~Current Converter. 262
X1V. Three-Wire Generator and Converter. 270
D. ALTERNATING-CURRENT TRANSFORMER.
I. General. ’ 277

11. Excitation. 279












2 RLEMENTS OF ELECTRICAL ENGINEERING

2. Electric currents produce magnetic fields also; that is,
the space surrounding the conductor carrying an electric current
is a magnetic field, which appears and disappears and varies
with the current producing it, and is indeed an essential part
of the phenomenon called an electric current.

Thus an electric current represents a’ magnetomotive force
(m.m.t.).

The magnetic field of a straight conductor, whose return
conductor is so far distant as not to affect the ﬁéld, consists of
lines of force surrounding the conductor in concentric circles.
The intensity of this magnetic field is directly proportional
to the current strength and inversely proportional to the dis-
tance from the conductor.

Since the lines of force of the magnetic field produced by
an electric current return into themselves, the magnetic field

"is a magnetic circuit. Since an electric current, at least a steady

current, can exist only in a closed circuit, electricity flows
in an electric circutt. The magnetic circuit produced by an
electric current surrounds the electric circuit through which
the electricity flows, and inversely. That is, the electric eircuit
and the magnetic circuit are interlinked with each other.

Unit current in an electric circuit is the current which produces
in a magnetic circuit of unit length the field intensity 4, that
is, produces as many lines of force per square centimeter as
issue from g unit magnet pole.

In unit distance from an electric conductor carrying unit
current, that is, in a magnetic circuit of length 2, the field

intensity is Q_: = 2, and in the distance 2 the field intensity

is unity; that is, unit current is the current which, in a straight
conductor, whose return conductor is so far distant as not to
affect its magnetic field, produces field intensity 2 in unit distance
from the conductor.

One-tenth of unit current is the practical unit, called one ampere.

3. One ampere in an electric circuit or turn, that is, one
ampere-turn, thus produces in a magnetic circuit of unit length
the field intensity 0.4 =,. and in a magnetic circuit of length

: : 4 e
! the field intensity O—W,- and F ampere-turns produce in 2

J
magnetic circuit of length I the field intensity:
H = D207 lines of force per sq. em.

l



MAGNETISM AND ELECTRIC CURRENT 3

regardless whether the F ampere-turns are due to F amperes
: . 7 F ;
in a single turn, or 1 amp.in F turns, or ey amperes in n turns.

F, that is, the product of amperes and turns, is called magneto-
motive force (m.m.f.).

The m.m.f. per unit length of magnetic circuit, or ratio,

™~ m.m.f.
f= length of magnetic circuit .
is called the magnetizing force, or magnetic gradient.

Hence, m.m.f. is expressed in ampere-turns; magnetizing
force in ampere-turns per centimeter (or in practice frequently
ampere-turns per inch), field intensity in lines of magnetlc force
per square centimeter.

At the distance I from the conductor of a loop or circuit of
F ampere-turns,whose return conductor is so far distant as not
to affect the field, assuming the m.m.f. = F, since the length of
the magnetic circuit = 2 #l, we obtain as the magnetizing force,

' F
FiSisop
and as the field intensity,

H =0.47rf=0—'?—F"

4. The magnetic field of an electric circuit consisting of two
parallel conductors (or any number of conductors, in a poly-
phase system), as the two wires of a transmission line, can be
considered as the superposition of the separate fields of the
conductors (consisting of concentric circles). Thus, if there are
I amperes in a eircuit consisting of two parallel conductors
(conductor and return conductor), at the distance I, from the
first and I from the second conductor, the respective field
intensities are,

T, = 0.l2 I’
1
and
e 0.21’
l,

and the resultant field intensity, if r= angle between the direc-
tions of the two fields,

H = ‘\/H]2+H2 +2H1H2 CosT,
. 021
\/l1 + 1,2+ 24l cost.
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In the plane of the conductors, where the two fields are in
the same or opposite direction, the resultant field intensity is,
TR O.QIl(lll =+ lz)’

. 102
where the plus sign applies to the space between, the minus
sign the space outside of the conductors.

The resultant field of a circuit of parallel conductors con-
sists of excentric circles, interlinked with the conductors, and
crowded together in the space between the conductors as shown
in Fig. 1 by drawn lines.

N ~ ,

Fic. 1.—Magnetic field of parallel conductors.

The magnetic field in the interior of a spiral (solenoid, helix,
coil) carrying an electric current consists of straight lines.
5. If a conductor is coiled in a spiral of I centimeter axial

length of spiral, and N turns, thus n = L turns per centimeter

l
length of spiral, and I = current, in amperes, in the conductor,
the m.m.f. of the spiral is
F = IN,
and the magnetizing force in the middle of the spiral, assuming
the latter of very great length,

=l = ]%,I .
thus the field intensity in the middle of the spiral or solenoid,
H=04rxf

= 0.4 =nl.
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Strictly this is true only in the middle part of a spiral of
such length that the m.m.f. consumed by the external or mag-
netic return circuit of the spiral is negligible compared with
the m.m.f. consumed by the magnetic circuit in the interior
of the spiral, or in an endless spiral, thatis, a spiral whose axis
curves back into itself, as a spiral whose axis is curved in a
circle.

Magnetomotive force F applies to the total magnetic circuit,
or part of the magnetic circuit. It is measured in ampere-
turns.

Magnetizing force f is the m.m.f. per unit length of mag-
netic circuit. It is measured in ampere-turns per centimeter.

Field intensity H is the number of lines of force per square
centimeter.

If I = length of the magnetic circuit or a part of the magnetic
circuit,

F
F =1, =7
H
H=04xf fi= 5t
= 1.257 f f=079%H

6. The preceding applies only to magnetic fields in air or
other unmagnetic materials. .

If the medium in which the magnetic field is established is a
““magnetic material,”’ the number of lines of force per square
centimeter is different and usually many times greater. (Slightly
less in diamagnetic materials.)

The ratio of the number of lines of force in a medium, to the
number of lines of force which the same magnetizing force would
produce in air (or rather in a vacuum), is called the permeability
or magnetic conductivity g of the medium.

The number of lines of force per square centimeter in a mag-
netic medium is called the magnetic induction B. The number
of lines of force produced by the same magnetizing force in air,
or rather, in the vacuum, is called the field intensity H.

In air, magnetic induction B and field intensity H are equal.

As a rule, the magnetizing force in a magnetic circuit is
changed by the introduction of the magnetic material, due to the
change of distribution of the magnetic flux.

The permeability of air = 1 and is constant.
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The permeability of iron and other magnetic materials varies
with the magnetizing force between a little above 1 and values
beyond 10,000 in soft iron.

The magnetizing force f in a medium of permeability u pro-
duces the field intensity H = 0.4 #f and the magnetic induction
B = 0.4 7uf.

EXAMPLES

7. (1) A pull of 2 grams at 4 em. radius is required to hold a
horizontal bar magnet 12 em. in length, pivoted at its center,
in a position at right angles to the magnetic meridian. What
is the intensity of the poles of the magnet, and the number of
lines of magnetic force issuing from each pole, if the horizontal
intensity of the terrestrial magnetic field H = 0.2, and the
acceleration of gravity = 9807

The distance between the poles of the bar magnet may be
assumed as five-sixths of its length. ;

Let m = intensity of magnet poles. I = 5 is the radius on
which the terrestrial magnetism acts. :

Thus 2mHl = 2m = torque exerted by the terrestrial
magnetism.

2 grams weight = 2 X 980 = 1960 units of force. These at
4 cm. radius give the torque 4 X 1960 = 7840¢g cm. .

Hence 2m = 7840.

m = 3920 is the strength of each magnet pole and

® = d7rm = 49,000, the number of lines of force issuing from
each pole. ‘

8. (2) A conductor carrying 100 amp. runs in the direc-
tion of the magnetic meridian. What position will a compass

"needle assume, when held below the conductor at a distance of
50 cm., if the intensity of the terrestrial magnetic field is 0.2?

The intensity of the magnetic field of 100 amp., 50 cm.
from the conductor, is H = -O—?—I = 0.2 X %) = 0.4, the direc-
tion is at right angles to the conductor, that is, at right angles
to the terrestrial magnetic field. ]

If + = angle between compass needle and the north pole of
the magnetic meridian, [, = length of needle, m = intensity of
its magnet pole, the torque of the terrestrial magnetism is Hmlo
sin 7 = 0.2 mlosin 7, the torque of the current is

0.2 I'mly cos T

Hmly cos 7 = I = 0.4 mlycos .
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or 0.188 I megalines or millions of lines per line of 1000 m.
of which 0.094 I megalines surround each of the two conductors.

10. (4) In an alternator each pole has to carry 6.4 millions
of lines, or 6.4 megalines magnetic flux. How many ampere-
turns per pole are required to produce this flux, if the magnetic
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¥F1a. 3.—Magnetization curves of various irons.

circuit in the armature of laminated iron has the cross section
of 930 sq. em. and the length of 15 cm., the air-gap between
stationary field poles and revolving armature is 0.95 cm. in
length and 1200 sq. em. in section, the field pole is 26.3 cm.
in length and 1075 sq. cm. in section, and is of laminated iron,



MAGNETISM AND E.M.F. g

and the outside return circuit or yoke has a length per pole of
20 cm. and 2250 sq. cm. section, and is of cast iron?

The magnetic densities are: B; = 6880 in the armature, B, =
5340 in the air-gap, B; = 5950 in the field pole, and B, = 2850
in the yoke. The permeability of sheet iron is u; = 2550 at

B: = 6880, us = 2380 at B; = 5950. The permeability of cast

ironis ps = 280 at B, = 2850. Thus the field intensity( = %)

is: H; = 2.7, H, = 5340, H; = 25 H, = 10.2.

Of)w, fi = 2.15, f, = 4250,

fs =199, f, = 8.13 ampere-turns per centimeter. Thus the
mm.f. (F = fl) is: F; = 32,F, = 4040, F; = 52, F, = 163, or
the total m.m.f. per pole is

F =F,+Fy;+ F; + F, = 4290 ampere-turns.

The magnetizing force (f =

The permeability p of magnetic materials varies with the
density B, thus tables or curves have to be used for these quan-
tities. Such curves are usually made out for density B and
magnetizing force f, so that the magnetizing force f correspond-
ing to the density B can be derived directly from the curve.
Such a set of curves is given in Fig. 3.

2. MAGNETISM AND E.M.F.

11. In an electric conductor moving relatively to a magnetic
field, an e.m.f. is generated proportional to the rate of cutting
of the lines of magnetic force by the conductor.

Unit e.m.f. is the e.m.f. generated in a conductor cutting one
line of magnetic force per second.

108 times unit e.m.f. is the practical unit, called the volt.

Coiling the conductor = fold increases the e.m.f. n fold, by
cutting each line of magnetic force » times.

In a closed electric circuit the e.m.f. produces an electric
current.

The ratio of e.m.f. to electric current produced thereby is
called the resistance of the electric cireuit. =

Unit resistance is the resistance of a ecireuit in which unit
e.m.f. produces unit current.

10° times unit resistance is the practical unit, called the
ohm.
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The ohm is the resistance of a circuit, in which 1 volt
produces 1 amp.

The resistance per unit length and unit section of a conductor
is called its res1st1v1ty,

The resistivity p is a constant of the materlal varying with
the temperature.

The resistance r of a conductor of length l area or section A,
and resistivity pis r = % )

12. If the current in the electric circuit changes, starts, or
stops, the corresponding change of the magnetic field of the
current generates an e.m.f in the conductor carrying the current,
which is called the e.m J. of self-induction.

If the e.m.f. in an electric circuit moving relatively to a
magnetic field produces a current in the circuit, the magnetic
field produced by this current is called its magnetic reaction.

The fundamental law of self-induction and magnetic reaction
is that these effects take place in such a direction as to oppose
their cause (Lentz’s law).

Thus the e.m.f. of self-induction during an increase of current
is in the opposite direction, during a decrease of current in the
same direction as the e.m.f. producing the current.

The magnetic reaction of the. current produced in a circuit
moving out of a magnetic field is in the same direction, in a
circuit moving into a magnetic field in opposite direction to the
magnetic field. .

Essentially, this law is nothing but a conclusion from the law
of conservation of energy.

EXAMPLES

13. (1) An electromagnet is placed so that one pole sur-
rounds the other pole cylindrically as shown in section in Fig. 4,
and a copper cylinder revolves between these poles at 3000 rev.
per min. What is the e.m.f. generated between the ends of this
cylinder, if the magnetic flux of the electromagnet is & = 25
megalines?

During each revolution the copper cylinder cuts 25 mega-
lines. It makes 50 rev. per sec. Thus it cuts 50 X 25 X 106 =
12.5 X 108 lines of magnetic flux per second. Hence the gener-
ated e.m.f. is £ = 12.5 volts.
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Such a machine is called a ‘“unipolar,” or more properly a
‘““non-polar” or an “acyclic,”” generator.

14. (2) The field spools of the 20-pole alternator in Section
1, Example 4, are wound each with 616 turns of wire No. 7
(B. & S.), 0.106 sq. cm. in cross section and 160 cm. mean length
of turn. The 20 spools are connected in series. How many
amperes and how many volts are required for the excitation of
this alternator field, if the resistivity of copper is 1.8 X 10—%
ohms per cm.3!

Fi1c. 4.—Unipolar generator.

Since 616 turns on each field spool are used, and 4280 ampere-

4280
616 — 6.95 amp.

The resistance of 20 spools of 616 turns of 160 cm. length,
0.106 sq. cm. section, and 1.8 X 107° resistivity is,
20 X 616 X 160 X 1.8 X 10~¢
0.106

and the e.m.f. required, 6.95 X 33.2 = 230 volts.

turns required, the current is ——+

= 33.2 ohms,

3. GENERATION OF E.M.F.

156. A closed conductor, convolution or turn, revolving in a
magnetic field, passes during each revolution through two
positions of maximum inclosure of lines of magnetic force
4 in Fig. 5, and two positions of zero inclosure of lines of mag-
netic force B in Fig. 5.

! em.? refers to a cube whose side is 1 cm., and should not be confused
with cu. em.
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Thus it cuts during each revolution four times the lines of
force inclosed in the position of maximum inclosure.

If & = the maximum number of lines of force inclosed by
the conductor, f = the frequency in revolutions per second or
cycles, and n = number of convolutions or turns of the con-
ductor, the lines of force cut per second by the conductor, and
thus the average generated e.m.f. is,

E = 4 fn® absolute units,
= 4 fn® 10-2 volts.

=

Fi1c. 5.—Generation of e.m.f.

If f is given in hundreds of cycles, & in megalines,
E = 4 fn® volts.

If a coil revolves with uniform velocity through a uniform
magnetic field, the magnetism inclosed by the coil at any instant
is,

$ cos T

where ® = the maximum magnetism inclosed by the coil and
7 = angle between coil and its position of maximum inclosure
of magnetism.

The e.m.f. generated in the coil, which varies with the rate of
cutting or change of & cos 7, is thus,

e = Eysin 7,

where E, is the maximum value of e.m.f., which takes place for
7 = 90° or at the position of zero inclosure of magnetic flux
since in this position the rate of cutting is greatest.

: 0y sk 2 .
Since avg. (sin 7) = e the average generated e.m.f. is,

E = 2B,
™
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Since, however, we found above that

E = 4 fnd is the average generated e.m.f.,
it follows that
E, = 2 nfn® is the mazimum, and
e = 2 7fnd sin Tfh;'instantaneous generated e.m.f.

The interval between like poles
forms 360 electrical-space de- —
grees, and in the two-pole model
these are identical with the e
mechanical-space degrees. With 4 PR
uniform rotation, Fig. 6, the
space angle, 7, is proportional to
time. Time angles are designated -
by 8, and with uniform rotation Fra. 6.—Generation of e.n.f.

6 = 7, 7 being measured in elec- by rotation.
trical-space degrees.

The period of a complete cycle is 360 time degrees, or 2= or

%. seconds. In the two-pole model the period of a cyele is that of

. ; . 1
one complete revolution, and in a 2 n,-pole machine, 2 of that
D

of one revolution.
Thus, 6 = 2xft :
e = 27fnd sin 2 «ft.

If the time is not counted from the moment of maximum
inclosure of magnetic flux, but ¢, = the time at this moment,
we have

e =2nfnd®sin 2xf (t — t))
or, e = 2xfnd sin (6 — 6,),

where 6, = 2 «ft; is the angle at which the position of maxi-
mum inclosure of magnetic flux takes place, and is called its
phase.

These e.m.fs. are alternating.

If at the moment of reversal of the e.m.f. the connections
between the coil and the external circuit are reversed, the e.m.f.
in the external circuit is pulsating between zero and E, but
has the same average value E.

If a number of coils connected in series follow each other
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successively in their rotation through the magnetic field, as the
armature coils of a direct-current machine, and the connections
of each coil with the external circuit are reversed at the moment
of reversal of its e.m.f., their pulsating e.m.fs. superimposed in
the external circuit make a more or less steady or continuous
external e.m.f. .

The average value of this e.m.f. is the sum of the average values
of the e.m.fs. of the individual coils. i

Thus in a direct-current machine, if ® = maximum flux in-
closed per turn, n» = total number of turns in series from com-
mutator brush to brush, and f = frequency of rotation through
the magnetic field.

E = 4fn® = generated e.m.f. (& in megalines, f in
hundreds of cyecles per second).

This is the formula of the direct-current generator.

EXAMPLES

17. (1) A circular wire coil of 200 turns and 40 cm. mean
diameter is revolved around a vertical axis. What is the
horizontal intensity of the magnetic field of the earth, if at a
speed of 900 rev. per min. the average e.m.f generated in the coil
is 0.028 volt?

0%

A
The mean - area of the coil is s 1255 sq. c¢m., thus the

terrestrial flux inclosed is 1255 H, and at 900 rev. per min. or
15 rev. per sec., this flux is cut 4 X 15 = 60 times per second by
each turn, or 200 X 60 = 12,000 times by the coil. Thus the
total number of lines of magnetic force cut by the conductor
per second is 12,000 X 1255 H = 0.151 X 108 H, and the average
generated e.m.f. is 0.151 H volts. Since this is = 0.028 volt,
H = 0.186. ;

18. (2) In a 550-volt direct-current machine of 8 poles and
drum armature, running at 500 rev. per min., the average vol-
tage per commutator segment shall not exceed 11, each armature
coil shall contain one turn only, and the number of commutator
segments per pole shall be divisible by 3, so as to use the machine
as three-phase converter. What is the magnetic flux per field
pole?

550 volts at 11 volts per commutator segment gives 50, or as
next integer divisible by 3, n = 51 segments or turns per pole.
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Thus the alternating current ¢ = I, since § consumesin a resist-
ance r the same effect as a continuous current of intensity

cprader

V2

The value I = % is called the effective value of the alter-

nating current z = I, sin 6; since it gives the same effect.

Analogously E = % is the effective value of the alternating
e.m.f., ¢ = E,sin 6.
Since Ey = 2 nfnd®, it follows that

E =~/2xnd |l
— 444 fne |

is the effective alternating e.m.f. generated in a coil of turns n
rotating at a frequency of f (in hundreds of cycles per second)
through a magnetic field of ® megalines of force.

This is the formula of the alternating-current generator.
- 21, The formula of the direct-current generator,

E = 4fnd,

holds even if the e.m.fs. generated in the individual turns are
not sine waves, since it is the average generated e.m.f.
- The formula of the alternating-current generator,

E = \/2 nfn®,

does not hold if the waves are not sine waves, since the ratios of
average to maximum and of maximum to effective e.m.f. are
changed.

If the variation of magnetic flux is not sinusoidal, the effective
generated alternating e.m.f. is,

E = v /2 nfnd.

v is called the form factor of the wave, and depends upon
its shape, that is, the distribution of the magnetic flux in the
magnetic field.

Frequently form factor is defined as the ratio of the effect-
ive to the average value. This definition is undesirable since it
gives for the sine wave, which is always considered the standard
wave, a value differing from one.
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EXAMPLES

22. (1) In a star-connected 20-pole three-phase machine, re-
volving at 33.3 cycles or 200 rev. per min., the magnetic flux
per pole is 6.4 megalines. The armature contains one slot per
pole and phase, and each slot contains 36 conductors. All these
conductors are connected in series. What is the effective e.m.f.
per circuit, and what the effective e.m.f. between the terminals
of the machine?

Twenty slots of 36 conductors give 720 conductors, or 360
turns in series. Thus the effective e.m.f. is,

E]_ = ‘\/:2_ anq)
= 4.44 X 0.333 X 360 X 6.4
= 3400 volts per circuit.

The e.m.f. between the terminals of a star-connected three-
phase machine is the resultant of the e.m.fs. of the two phases,
which differ by 60 degrees, and is thus 2 sin 60° = /3 times
that of one phase, thus,

E=E1\/§

= 5900 volts effective.

23. (2) The conductor of the machine has a section of 0.22
sq. cm. and a mean length of 240 ecm. per turn. At a resistivity
(resistance per unit section and unit length) of copper of p =
1.8 X 107%, what is the e.m.f. consumed in the machine by the
resistance, and what the power consumed at 450 kw. output?

450 kw. output is 150,000 watts per phase or circuit, thus
150,000

3400

The resistance of 360 turns of 240 cm. length, 0.22 sq. cm.

section and 1.8 X 107° resistivity, is

360 X 240 X 1.8 X 10~
i 0.22

44.2 amp. X 0.71 ohms gives 31.5 volts per circuit and (44.2)2
X 0.71 = 1400 watts per circuit, or a total of 3 X 1400 = 4200
watts loss.

24. (3) What is the self-inductance per wire of a three-
phase line of 14 miles length consisting of three wires No. 0
(I = 0.82 cm.), 45 cm. apart, transmitting the output of this
450 kw. 5900-volt three-phase machine?

2

the current I = = 44.2 amperes effective.

= 0.71 ohms per circuit.
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450 kw. at 5900 volts gives 44.2 amp. per line. 44.2 amp.
effective gives 44.24/2 = 62.5 amp. maximum.

14 miles = 22,400 m. The magnetic flux produced by I
amperes in 1000 m. of a transmission line of 2 wires 45 cm.
apart and 0.82 cm. diameter was found in paragraph 1, example
3,a82 & = 0.188 X 10%1, or & = 0.094 X 108 I for each wire.

Thus at 22,300 m. and 62.5 amp. maximum, the flux per
wire is ‘

® = 22.3 X 62.5 X 0.094 X 10° = 131 megalines.
Hence the generated e.m.f., effective value, at 33.3 cycles is,

E =~/21f®
= 4.44 X 0.333 X 131
193 volts per line;

the maximum value is,
Ey = E X /2 = 273 volts per line;
and the instantaneous value,
e = Eosin (0 — 6;) =273 sin (6 — 61);

or, since 8 = 2nft = 210 ¢ we have, -
e = 273 sin 210 (¢ — &).

25. (4) What is the form
factor (a) of the e.m.f. gene-
rated in a single conductor of
a direct-current machine hav-
ing 80 per cent. pole arc and
negligible spread of the mag-
netic flux at the pole corners,
and (b) what is the form fac-
tor of the voltage between two
collector rings connected to
diametrical points of the arm-
ature of such a machine?

(@) In a conductor during
the motion from position A4,
shown in Fig. 7, to position
B, no em.. is generated;
from position B to C a constant e.m.f. e is generated, from
C to E again no em.f., from E to F a constant e.mn.f. — e,

F1a. 7.—Diagram of bipolar generator.






20 ELEMENTS OF ELECTRICAL ENGINEERING

by the conductors entering the field at B. During the motion
of the leads a, b from B, E to C, F, the voltage steadily decreases,
reverses, and rises again, to — E, as the conductors entering the
field at E have an e.m.f. opposite to that of the conductors
leaving at C. - Thus the voltage wave is, as shown by Fig. 9,
triangular, with the top cut off for 20 per cent. of the half wave.

|
i
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Fia. 9.—E.m.f. between two collector rings connected to diametrical points
of the armature of a bipolar machine having 80 per cent. pole are.

Then the average e.m.f. is

61=0.2E+2X9%E=0.6E.

The maximum value of a sine wave of this average value is
ey = gel = 037K,
and the effective value corresponding thereto is
Pt 1 037E
2T V2 T V2
The actual voltage square is E2 for 20 per cent. of the time, and
rising on a parabolic curve from 0 to E? during 40 per cent. of
the time, as shown in dotted lines in Fig. 9.
The area of a parabolic curve is width times one-third of
height, or

0.4 EZ,
3
hence, the mean square of voltage is
2 2

oL e B
| 3 3
and the actual effective voltage is

14

%N
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hence, the form factor is
_ e 1\/280 _ 1.025,

or, 2.5 per cent. higher than with a sine wave.

6. SELF-INDUCTANCE AND MUTUAL INDUCTANCE

26. The number of interlinkages of an electric circuit with
the lines of magnetic force of the flux produced by unit current
in the circuit is called the inductance of the circuit.

The number of interlinkages of an electric circuit with the
lines of magnetic force of the flux produced by unit current in
a second electric circuit is called the mutual inductance of the
second upon the first circuit. It is equal to the mutual induec-
tance of the first upon the second circuit, as will be seen, and
thus is called the mutual inductance between the two circuits.

The number of interlinkages of an electric circuit with the
lines of magnetic flux produced by unit current in this circuit
and nof interlinked with a second circuit is called the self-
inductance of the circuit.

If ¢ = current in a circuit of n turns, ® = flux produced
thereby and interlinked with the circuit, n® is the total number

. q i . ot
of interlinkages, and L = %— the inductance of the ecircuit.
If & is proportional to the current 7 and the number of turns n,

y 2
® = %—:, and L = % the inductance.

® is called the reluctance and ni the m.m.f. of the magnetic
circuit.

In magnetic circuits the reluctance ® has a position similar
to that of resistance r in electric circuits.

The reluctance ®, and therefore the inductance, is not con-
stant in circuits containing magnetic materials, such as iron, etc.

If ®, is the reluctance of a magnetic circuit interlinked with
two electric circuits of n; and n, turns respectively, the flux
produced by unit current in the first circuit and interlinked with

the second ecircuit is g—l and the mutual inductance of the first
1

nns

upon the second ecircuit is M = R that is, equal to the
i
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mutual inductance of the second ecircuit upon the first circuit,
as stated above.

If no flux leaks between the two circuits, that is, if all flux is
interlinked with both circuits, and L; = inductance of the first,
L; = inductance of the second circuit, and M = mutual induc-
tance, then

J‘I2 = Ele.

If flux leaks between the two circuits, then M2 < L1,

In this case the total flux produced by the first circuit con-
sists of a part interlinked with the second circuit also, the mu-
tual inductance, and a part passing between the two circuits,
that is, interlinked with the first circuit only, its self-inductance.

27. Thus, if L, and L, are the inductances of the two circuits,
% and Iﬁ is the total flux produced by unit current in the first
1 2

and second circuit respectively.
Of the flux f—i—l a part%1 is interlinked with the first circuit
1 1
only, S; being its self-inductance or leakage inductance, and a

part)M interlinked with the second circuit also, M being the

mutual inductance and L, = B M
ny ny 2
Thus, if
L, and L, = inductance,
S: and S; = self-inductance,
M = mutual inductance of two circuits of n and
ng turns respectively, we have
L_8 M LS M
n1 Ny M Ny Mg ' omy
or Li=8i+3y Ly &5y B
Ne a4 ny
or M2 = (Ll = Sl)(Lz =1 Sz).

The practical unit of inductance is 10° times the absolute
unit or 102 times the number of interlinkages per ampere (since
1 amp. = 0.1 unit current), and is called the henry (h); 0.001
of it is called the milhenry (mh.).

The number of interlinkages of ¢ amperes in a circuit of



SELF-INDUCTANCE AND MUTUAL INDUCTANCE 23

L henry inductance is 7L 108 lines of force turns, and thus the
e.m.f. generated by a change of current d7 in time dt is
di

8 = =y L 108 absolute units

di
=iy L volts.
A change of current of 1 amp. per second in the circuit of 1
h. inductance generates 1 volt.

EXAMPLES

28. (1) What is the inductance of the field of a 20-pole
alternator, if the 20 field spools are connected in series, each
spool contains 616 turns, and 6.95 amp. produces 6.4 mega-
lines per pole?

The total number of turns of all 20 spools is 20 X 616 =
12,320 Each is interlinked with 6.4 X 10° lines, thus the total
number of interlinkages at 6.95 amp.is 12,320 X 6.4 X 10¢ =
78 X 10°.

6.95 amp. = 0.695 absolute units, hence the number of in-
terlinkages per unit current, or the inductance, is

78 X 10°

—_— = - 1 9 =
0.695 112 X 10 112 h.

29. (2) What is the mutual inductance between an alter-
nating transmission line and a telephone wire carried for 10 miles
below and 1.20 m. distant from the one, 1.50 m. distant from
the other conductor of the alternating line; and what is the
e.m.f. generated in the telephone wire, if the alternating cir-
cuit carries 100 amp. at 60 cycles?

The mutual inductance between the telephone wire and the
electric circuit is the magnetic flux produced by unit current
in the telephone wire and interlinked with the alternating
circuit, that is, that part of the magnetic flux produced by unit
current in the -telephone wire, which passes between the dis-
tances of 1.20 and 1.50 m.

At the distance [, from the telephone wire the length of mag-
if I =

netic circuit is 2l.. The magnetizing force f = 2Il



24 ELEMENTS OF ELECTRICAL ENGINEERING

current in telephone wire in amperes, and the field inténsity

H=04nf = O'l2 I, and the flux in the zone dl, is
dd = 0'12 = dl,.
! = 10 miles = 1610 X 102 cm.
150
thus, i} =f 0.l2Il dl,
120 z
150
=322 X 103110ge1—26 = 721103
or, 72110° interlinkages, hence, for I = 10, or one absolute
unit,

thus, M = 72 X 10% absolute units = 72 X 1073 h. = 0.72 mh.

100 amp. effective or 141.4 amp. maximum or 14.14 abso-
lute units of current in the transmission line produces a
maximum flux interlinked with the telephone line of 14.14 X
0.72 X 1073 X 10° = 10.2 megalines. Thus the e.m.f. generated
at 60 cycles is

E = 4.44 X 0.6 X 10.2 = 27.3 volts effective.

6. SELF-INDUCTANCE OF CONTINUOUS-CURRENT
CIRCUITS

30. Self-inductance makes itself felt in continuous-current
circuits only in' starting and stopping or, in general, when the
current changes in value.

Starting of Current. If r = resistance, L = inductance of
circuit, ¥ = continuous e.m:f. impressed upon circuit, ¢ =
current in circuit at time ¢ after impressing e.m.f. E, and di the
increase of current during time moment df, then the increase of
magnetic interlinkages during time df is

‘ Lds,

and the e.m.f. generated thereby is
’ di
G =5 L m
By Lentz’s law it is negative, since it is opposite to the im-
pressed e.m.f., its cause.

Thus the e.m.f. acting in this moment upon the circuit is

di

-E+61=E—L%’
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Substituted in the foregoing equation this gives

=2 (-
and

eg = — Eeve,

Att =

Sl
&

i — 0.368 E.

31. Stopping of Current. In a circuit of inductance L and
e s
resistance r, let a current ¢, = s be produced by the impressed

e.m.f. E, and this e.m.f. E be withdrawn and the circuit closed
through a resistance r;.

Let the current be 7 at the time ¢ after withdrawal of the
e.m.f. E and the change of current during time moment df be dv.
dr is negative, that is, the current decreases.

The decrease of magnetic interlinkages during moment df is

Lds.
Thus the e.m.f. generated thereby is
di
(Gl =152 Ld_t'

It is negative since d: is negative, and ¢; must be positive, that
is, in the same direction as E, to maintain the current or oppose
the decrease of current, its cause.

Then the current is

e il S
YR n T T rdnady
or, transposing,
r4r,  di
e dt = 5%

the integral of which is
r

T .
i 't = log, z — log, ¢,

where — log, ¢ = integration constant.

i _rtmn,
This reduces to VAERCE RSl

for t =0, o =— =¢.

S|
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The effect at the time ¢ of the e.m.f. of inductancq in stop-
ping the current is

: ; A R
ter = 2o? (r + 1) € Theia

thus the total energy of the generated e.m.f.

W f ’l:€1dt
0
s L

il iozL

ke ay Kie oI e e

that is, the energy stored as magnetism in & circuit of current 7,

and inductance L is
o,
W =25,
which is independent both of the resistance r of the circuit and
the resistance r, inserted in breaking the circuit. This energy

has to be expended in stopping the current.

EXAMPLES

32. (1) In the alternator field in Section 1, Example 4, Sec-
tion 2, Example 2, and Section 5, Example 1, how long a time
after impressing the required e.m.f. E = 230 volts will it take
for the field to reach (a) 14 strength, (b) 9{¢ strength?

(2) If 500 volts are impressed upon the field of this alternator,
and a non-inductive resistance inserted in series so as to give
the required exciting current of 6.95 amp., how long after
impressing the e.m.f. £ = 500 volts will it take for the field to
reach (a) 14 strength, (b) 9{¢ strength, (¢) and what is the resist-
ance required in the rheostat?

(3) If 500 volts are impressed upon the field of this alter-
nator without insertion of resistance, how long will it take for
the field to reach full strength?

(4) With full field strength, what is the energy stored as
magnetism?

(1) The resistance of the alternator field is 33.2 ohms (Section
2, Example 2), the inductance 112 h. (Section 5, Example 1),

the impressed e.m.f. is E = 230, the final value of current
Tp = S 6.95 amp. Thus the current at time ¢ is
rt

't: = ’L|)<1 = e_z
6.95 (1 — e0-296¢),

i
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(a) What is the equation of the current after short circuit?

(b) In what time has the current decreased to 0.1. its initial
value?

TR e

= 00 ¢—%00¢,

) 2 =0.11, %%t = (.1, after ¢ = 0.00576 second.

(6) When short circuiting the coil in Example 5, an e.m.f.
E = 1 volt is inserted in the circuit of this coil, in opposite direc-
tion to the current.

- (@) What is equation of the current?

(b) After what time does the current become zero?

(¢) After what time does the current reverse to its initial
value in opposite direction?

(d) What impressed e.m.f. is required to make the current
die out in 44¢¢ second?

(¢) What impressed e.m.f. E is required to reverse the current
in {00 second?

(@) If em.f. — E is inserted, and at time ¢ the current is
denoted by ¢, we have

ey = — L Zt’ the generated e.m. f
Thus, —E+4+e=—E—-L flt’ the total e.m.f.;
and
1= it S = — £ — é@}’ the current;
P r rdt
Transposing,
7 di
A R
P

and integrating,
S = log ( +i)— log, ¢
€ r € vy
where — log, ¢ = integration constant.
Att=0,i=I,thusc=I+§,
Substituting,
; E rt F
e
t = 590 ¢*00¢ — 500.
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() 7 =0, %0t = 0.85, after t = 0.000405 second.
(€ i=—1= —90,e*%0¢ = (.694, after { = 0.00091 second.

(d) If ¢ = 0 at ¢ = 0.0005, then
0 = (90 + 500 E) e*2 — 500 E,

0.18
E = b e 0.81 volt.

1

() ft=—1= —90att=0.001, then
— 90 = (90 4 500 E) ¢ — 500 E,
—0.4
E = i1 i = 0.91 volt.

1 L 6—0.4

7. INDUCTANCE IN ALTERNATING-CURRENT CIRCUITS

34. An alternating current 7 = I, sin 2#ft or 7 = I, sin 6
can be represented graphically in rectangular coordinates by a
curved line as shown in Fig. 10, with the instantaneous values

t to t 3¢t
" -% o/—;\&l _40

Fia. 10.—Alternating sine wave.

7 as ordinates and the time ¢, or the arc of the angle corresponding
to the time, 6 = 2xft, as abscissas, counting the time from the
zero value of the rising wave as zero point.

If the zero value of current is not chosen as zero point of time,
the wave is represented by

1= Iosin2xf ¢ — 1),
or 1 = Iosin (8 — 6'),

where ¢’ and 6’ are respectively the time and the corresponding
angle at which the current reaches its zero value in the ascendant.

If-such a sine wave of alternating current ¢ = I, sin 2 =ft or
i = I, sin @ passes through a circuit of resistance r and indue-
tance L, the magnetic flux produced by the current and thus its
interlinkages with the current, 1L = IoL sin 6, vary in a wave
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line similar also to that of the current, as shown in Fig. 11 as &.
The e.m.f. generated hereby is proportional to the change of
iL, and is thus a maximum where ¢L changes most rapidly, or at
its zero point, and zero where 7L is a maximum, and according
to Lentz’s law it is positive during falling and negative during
rising current. Thus this generated e.m.f. is a wave following

! ¢ Joee
the wave of current by the time ¢ = i’ where ¢, is time of one

complete period, = %.’ or by the time angle 6 = 90°.

F1a. 11.—Self-induction effects produced by an alternating sine wave
of current.

This e.m.f. is called the counter e.m.f. of inductance. It is

gas i)
= — 2 mfLI, cos 2 nft.

It is shown in dotted line in Fig. 11 as ¢s.
The quantity 2 =fL is called the inductive reactance of the
circuit, and denoted by z. It is of the nature of a resistance,
and expressed in ohms. If L is given in 10° absolute units or
henrys, £ appears in ohms.

The counter e.m.f. of inductance of the current, ¢ = I, sin
2 wft = Iysin 6, of effective value

s
= _\/2’
ey = — xl;cos 21rfi = — xl,cos 0,

4

having a maximum value of I, and an effective value of

Ez=?\%=xl;
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that is, the effective value of the counter e.m.f. of inductance

equals the reactance, z, times the effective value of the current,

I, and lags 90 time degrees, or a quarter period, behind the

current. i
36. By the counter e.m.f. of inductance,

ey = — xl, cos 6,

which is generated by the change in flux due to the passage of
the current 7 = I, sin  through the circuit of reactance x, an
equal but opposite e.m.f.

ey = xl, cos @

is consumed, and thus has to be impressed upon the circuit.
This e.m.f. is called the e.m.f. consumed by inductance. It is
90 time degrees, or a quarter period, ahead of the current, and
shown in Fig. 11 as a drawn line e,.

Thus we have to distinguish between counter e.m.f. of induc-
tance 90 time degrees lagging, and e.m.f. consumed by inductance
90 time degrees leading.

These e.m.fs. stand in the same relation as action and reaction
in mechanics. They are shown in Fig. 11 as ¢’ and as e.

The e.m.f. consumed by the resistance r of the circuit is pro-
portional to the current,

e, =11 = rlysin 6,

and in phase therewith, that is, reaches its maximum and its
zero value at the same time as the current 7, as shown by drawn
line ¢; in Fig. 11.

Its effective value is E, = rl.

The resistance can also be represented by a (fictitious) counter
e.m.f., .

¢y = —rlysin 6,

opposite in phase to the current, shown as ¢’y in dotted line in
Fig. 11.

The counter e.m.f. of resistance and the e.m.f. consumed by
resistance have the same relation to each other as the counter
e.m.f. of inductance and the e.m.f. consumed by inductance or
inductive reactance.

© 36. If an alternating current ¢ = Iosin § of effective value

= 70_2- exists In a circuit of resistance r and inductance L, that

is, of reactance z = 2 xfL, we have to distinguish:
3
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E.m.f. consumed by resistance, e; = rlosin 8, of effective
value E; = rI, and in phase with the current. '

Counter e.m.f. of resistance, ¢’y = — 7l sin 6, of effective
value E; = rI, and in opposition or 180 time degrees displaced
from the current.

E.m.f. consumed by reactance, e; = zI, cos 8, of effective
value E, = zI, and leading the current by 90 time degrees or a
quarter period.

Counter e.m.f. of reactance, ¢’s = xI, cos 6, of effective
value E’; = zI, and lagging 90 time degrees or a quarter period
behind the current.

The e.m.fs. consumed by resistance and by reactance are the
e.m.fs. which have to be impressed upon the circuit to overcome
the counter e.m.fs. of resistance and of reactance.

Thus, the total counter e.m.f. of the circuit is

e =é1+ 2= — Io(rsin @ + x cos.f),

and the total impressed e.m.f., or e.m.f. consumed by the circuit,
is
e =¢ + e = Io(rsin 8 + x cos 6).

Substituting
% = tan 6y and
Vit =g,
it follows that
x = z sin §,, r = 2 ¢os Oy,

and we have as the total impressed e.m.f.
e = zl, sin (6 + 6,),

shown by heavy drawn line ¢ in Fig. 11, and total counter e.m.f.

¢ = — zIlysin (0 + 6,),
shown by heavy dotted line ¢’ in Fig. 11, both of effective value
e = zI. :
For 8 = — 6y, ¢ = 0, that is, the zero value of ¢ is ahead of

the zero value of current by the time angle 6o, or the current lags
behind the impressed e.m.f. by the angle 6.

8o is called the angle of lag of the current, and z = /r* 4 z*
the impedance of the circuit. e is called the e.m.f. consumed by
impedance, ¢’ the counter e.m.f. of impedance.
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Since E; = rI is the e.m.f. consumed by resistance,
E; = zI is the e.m.f. consumed by reactance,

and E =zl = /724 z2I is the e.m.f. consumed by impe-

dance,
we have
E = +/E:*+ E,? the total e.m.f.
and E;, = E cos 8y,

E; = E sin 6,, its components.

The tangent of the angle of lag is

and the time constant of the circuit is
L  tan 6,
r - 2af
The total e.m.f., ¢, impressed upon the circuit consists of two
components, one, ¢;, in phase with the current, the other one, e,
in quadrature with the current.
Their effective values are

E, E cos 8y, E sin 8,.

3 EXAMPLES

37. (1) What is the reactance per wire of a transmission line
of length [, if l; = diameter of the wire, [, = spacing of the wires,
and f = frequency?

If I = current, in absolute units, in one wire of the trans-
mission line, the m.m.f. is I; thus the magnetizing force in a

i
27l

and the field intensity in this zone is H = 4 xf = 211- Thus

zone dl, at distance [, from center of wire (Fig. 12) is f =

the magnetic flux in this zone is

d® = H ldl, =

2 Ildl,
(e

hence, the total magnetic flux between the wire and the return
wire is

s ls
o= ("ae=21 %= _anieg b
/14 la l‘” ld

2 2
neglecting the flux inside the transmission wire.
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The inductance is

L = ? = 21 log, ll absolute units
=21 logegl—l A v

and the reactance x = 2 nfL = 4 =fl log, %, in absolute units;

or z = 4 7fl log, -zl—i—’ 107°, in ohms.

38. (2) The voltage at the receiving end of a 33.3-cycle
three-phase transmission line 14 miles in length shall be 5500

s R <

-

Fig. 12.—Diagram for calculation of inductance between two parallel
& conductors.

between the lines. The line consists of three wires, No. 0 B. &
8. (I = 0.82 em.), 18 in. (45 cm.) apart, of resistivity p = 1.8
X 1078,

(a) What is the resistance, the reactance, and the impedance
per line, and the voltage consumed thereby at 44 amp.?

(b) What is the generator voltage between lines at 44 amp.
to a non-inductive load?

(c) What is the generator voltage between lines at 44 amp.
to a load circuit of 45 degrees lag?

(d) What is the generator voltage between lines at 44 amp.
to a load circuit of 45 degrees lead?

Here I = 14 miles = 14 X 1.6 X 10° = 2.23 X 10% ecm.
ls = 0.82 cm.

Hence the cross section, 4 = 0.528 sq. cm.
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(@) Resist N s 1 18X 1076 X 2.23 X 10¢
a) Resistance per 2 TP 0.523

= 7.60 ohms.
Reactance per line, z = 4 «fl log, gl—j' X 107° = 4r X 33.3 X

2.23 X 10% X log, 110 X 107° = 4.35 ohms.
The impedance per line, z = \/r* + z* = 8.76 ohms. Thus
if I = 44 amp. per line,

the e.m.f. consumed by resistance is E; = rI = 334 volts,
the e.m.f. consumed by reactance is E, = zI = 192 volts,
and the e.m.f. consumed by impedance is E; = zI = 385 volts.

(b) 5500 volts between lines at receiving circuit give 5\5/05 =

3170 volts between line and neutral or zero point (Fig. 13),
or per line, corresponding to a maxi-
mum voltage of 3170/2 = 4500 volts.
44 amp. effective per line gives a maxi-
mum value of 44 /2 = 62 amp.

Denoting the current by 7 = 62 sin
6, the voltage per line at the receiv-
ing end with non-inductive load is e
= 4500 sin 0.

The e.m.f. consumed by resistance,
in phase with the current, of effective pig, 13.—Voltage diagram for
value 334, and maximum value 334 a three-phase circuit.

V2 = 472, is

er = 472 sin 6.

The e.m.f. consumed by reactance, 90 time degrees ahead of the
current, of effective value 192, and maximum value 192 V2 =
272, is

es = 272 cos 6.

Thus the total voltage required per line at the generator end

of the line is
e = ¢+ e, + e = (4500 + 472) sin 6 + 272 cos 6
= 4972 sin 6 + 272 cos 6.

Denoting 4—2% = tan 6,, we have

e tan 6, oz 272
* " v/I+tan?g, 4980
1 4972

cos Oy = =
° " V/1+tan?6, 4980
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Hence, eo = 4980 (sin 6 cos 8y -+ cos 6 sin 6)
= 4980 sin (8 + 6o).

Thus 6, is the lag of the current behind the e.m.f. at the

generator end of the line, = 3.2 time degrees, and 4980 the
4980

maximum voltage per line at the generator end; thus E, = W
= 3520, the effective voltage per line, and 3520+/3 = 6100, the
effective voltage between the lines at the generator.
(¢) If the current
. 1 = 62 sin ¢
lags in time 45 degrees behind the e.m.f. at the receiving end of
the line, this e.m.f. is expressed by

e = 4500 sin (0 + 45) = 3170 (sin 8 4 cos 6);

that is, it leads the current by 45 time degrees, or is zero at 6 =
— 45 time degrees.
The e.m.f. consumed by resistance and by reactance being the
same as in (b), the generator voltage per line is
eo = € + e1 + e2 = 3642 sin 0 + 3442 cos 6.

X 4
Denotlng ?(15—4—2- = tan 6,, we have

eo = 5011 sin (6 4+ 6,).

-Thus 6, the angle of lag of the current- behind the gen-
erator e.m.f., is 43 degrees, and 5011 the maximum voltage;
hence 3550 the effective voltage per line, and 3550 /3 = 6160
the effective voltage between lines at the generator.

(d) If the current ¢ = 62 sin 6 leads the e.m.f. by 45 degrees,
the e.m.f. at the receiving end is

e = 4500 sin (9 — 45)
= 3180 (sin 6 — cos 6).

Thus at the generator end
e =e + e1 + e; = 3652 sin 8 — 2908 cos 6.
. 2908 5 1)
Denoting 3652 — tan 6y, it is
eo = 4670 sin (6 — 6,).

Thus 6, the time angle of lead at the generator, is 39 degrees,
and 4654 the maximum voltage; hence 3290 the effective vol-
tage per line and 5710 the effective voltage between lines at the
generator.
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8. POWER IN ALTERNATING-CURRENT CIRCUITS
39. The power consumed by alternating current ¢ = I, sin 6,
of effective value I = \1705, in a circuit of resistance r and reac-

tance x = 2 xfL, is
p = e,

where e = zI, sin (6 + 6,) is the impressed e.m.f., consisting of
the components

e1 = 11, sin 8, the e.m.f. consumed by resistance

and es = xl, cos 6, the e.m.f. consumed by reactance.
z = A/r? + z2is the impedance and tan 6, = %the phase angle

of the circuit; thus the power is
p = 2l sin 6 sin (6 + 6,)
ZI()2
nv (cos 8y — cos (2 0 + 6,))
= zI2% (cos 6y — cos (2 8 + 6,)).
Since the average cos (2 6 + 6,) = zero, the average power is

P = zI2 cos 0,
=7rl? = Ell,

that is, the power in the circuit is that consumed by the resistance,
and independent of the reactance.

Reactance or self-inductance consumes no power, and the
e.m.f. of self-inductance is a wattless or reactive e.m.f., while the
e.m.f. of resistance is a power or active e.m.f.

The wattless e.m.f. is in quadrature, the power e.m.f. in phase
with the current.

In general, if 6§ = angle of time-phase displacement between
the resultant e.m.f. and the resultant current of the circuit,

= current, E = impressed e.m.f., consisting of two com-
* ponents, one, E; = E cos 6, in phase with the current, the other,
E; = E sin 6, in quadrature with the current, the power in the
circuit is IE, = IE cos 6, and the e.m.f. in phase with the current
E, = E cos 01is a power e.m.f., the e.m.f. in quadrature with
the current E; = E sin 0 a wattless or reactive e.m.f.

[}
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40. Thus we have to distinguish power e.m.f. and wattless or
reactive e.m.f., or power component of e.m.f., in phase with the
current and wattless or reactive component of e.m.f., in quadra-
ture with the current.

Any e.m.f. can be considered as consisting of two components,
one, the power component, e;, in phase with the current, and
the other, the reactive component, e, in quadrature with the
current. The sum of instantaneous values of the two compo-
nents is the total e.m.f.

e = e; + es.

If E, E,, E, are the respective effective values, we have

E = ~/E?+ E?, since
E, = E cos 6,
Ez =FK sin 0,

where § = phase angle between current and e.m.f.

Analogously, a current I due to an impressed e.m.f. E with
a time-phase angle 6 can be considered as consisting of two
component currents,

I, = I cos 6, the active or power component of the current, and
I, = I sin 6, the wattless or reactive component of the current.

The sum of instantaneous values of the power and reactive
components of the current equals the instantaneous value of the
total current,

il + i2 = i;
while their effective values have the relation
I= \/I P S PLN

Thus an alternating current can be resolved in two com-
ponents, the power component, in phase with the e.m.f., and the
wattless or reactive component, in quadrature with the e.m.f.

An alternating e.m.f. can be resolved in two components:
the power component, in phase with the current, and the watt-
less or reactive component, in quadrature with the current.

‘The power in the circuit is the current times the e.m.f. times
the cosine of the time-phase angle, or is the power component _
of the current times the total e.m.f., or the power component of
the e.m.f. times the total current.
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EXAMPLES

41, (1) What is the power received over the transmission line
in Section 7, Example 2, the power lost in the line, the power
put into the line, and the efficiency of transmission with non-
inductive load, with 45-time-degree lagging load and 45-degree
leading load?

The power received per line with non-inductive load is P = EI
= 3170 X 44 = 139 kw.

With a load of 45 degrees phase displacement, P = EI cos
45° = 98 kw.

The power lost per line P; = I?R = 442 X 7.6 = 14.7 kw.

Thus the input into the line Py = P + P, = 151.7 kw. at
non-inductive load,

and = 111.7 kw. at load of 45 degrees phase displacement.
The efficiency with non-inductive load is
2 14.7
o 1— 1517 = 90.3 per cent.
and with a load of 45 degrees phase displacement is
P 14.7

T 1 - i = 86.8 per cent.

The total output is 3 P = 411 kw. and 291 kw., respectively.
The total input 3 P, = 451.1 kw. and 335.1 kw., respectively.

9. VECTOR DIAGRAMS

42. The best way of graphically representing alternating-cur-
rent phenomena is by a vector diagram. The most frequently
used vector diagram is the crank diagram. In this, sine waves
of alternating currents, voltages, etc., are represented as projec-
tions of a revolving vector on the horizontal. That is, a vector
equal in length to the maximum value of the alternating wave is
assumed to revolve at uniform speed so as to make one complete
revolution per period, and the projections of this revolving vec-
tor upon the horizontal then represent the instantaneous values
of the wave.

Let, for instance, OI represent in length the maximum value
of current 7 = I cos (8 — 6p). Assume then a vector, OI, to
revolve, left-handed or in positive direction, so that it makes a
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complete revolution during each cycle or period. If then at a
certain moment of time this vector stands in position OI 1 (Fig.
14), the projection, 0A,, of OI, on OA represents the instan-
taneous value of the current at this moment. At a later moment
OI has moved farther, to Of,, and the projection, OA,, of OI, on
OA is the instantaneous value. The diagram thus shows the
instantaneous condition of the sine waves. Each sine wave

0 B 0 A
F1g. 14.—Crank diagram showing " Fie. 15.—Crank diagram of an
instantaneous values. e.m.f. and current.

reaches the maximum at the moment when its revolving vector,
01, passes the horizontal, and reaches zero when its revolving
vector passes the vertical.

If Fig. 15 represents the crank diagram of a voltage OE, and
a current OI, and if angle AOE > AOI, this means that the
current OF is behind the voltage OF, passes during the revolu-
tion the zero line or line of maximum intensity, OA, later than
the voltage; that is, the current lags behind the voltage.

In the vector diagram, the first quantity therefore can be put
in any position. For instance, the current 01, in Fig. 15, could
be drawn in position OI, Fig. 16. The voltage then being ahead
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of the current by angle EOI = 6 would come into the position OE,
Fig. 16.

This vector diagram then shows graphically, by the projections
of the vectors on the horizontal, the instantaneous values of the
alternating waves at one moment of time. At any other moment

I

F16. 16.—Crank diagram.

of time, the instantaneous values would be the projections of the
vectors on another radius, corresponding to the other time. The
angles between the vector representation are the phase differ-
ences between the vectors, and the angles each vector makes with
the horizontal may be called its phase. The horizontal then

E,

E,

[ ) £ T

Fia. 17.—Vector diagram of two e.m.f.’s acting in the same circuit.

would be of phase zero. The phase of the first vector may be

chosen at random; all other phases are determined thereby.
In this representation, the phase of an alternating wave is

given by the time when its maximum value passes the horizontal.
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Two voltages, e; and ep, acting in the same eircuit, give a
resultant voltage e equal to the sum of their instantaneous values.
Graphically, voltages e; and e, are represented in intensity and
in phase by two revolving vectors, OE, and OE,, Fig. 17. The
instantaneous values are the projections Oe;, Oe, of O, and OE,
upon the horizontal.

Since the sum of the projections of the sides of a parallelogram
is equal to the > projection of the diagonal, the sum of the projec-
tions Oe; and Oe, equals the projection Oe of OE, the dlagonal
of the parallelogram with OE, and OE, as sides, and OF is thus
the resultant e.m.f.; that is, graphically alternating sine waves of
voltage, current, etc., are combined and resolved by the parallelo-
gram or polygon of sine waves.

E E!

E; 2 0 >Eq
E, E
1,

Fic. 18.—Vector diagram.

43. The sine wave of alternating current i = I, sin 9 is repre-
sented by a vector equal in length, OI,, to the maximum value I,
of the wave, and located so that at time zero 6§ = 0, its projec-
tion on the horizontal, is zero, and at times 6> 0, but < =, the
projection is positive. Thus this vector OI, ls the negative
vertical, as shown in Fig. 18.

The voltage consumed by inductance, e; = zI, cos 6, is repre-
sented by a vector OF, equal in length to xI,, and located so
that at @ = 0, its projection on the horizontal is a maximum.
That is, it is the zero vector OE, in Fig. 18.

Analogously, the counter e.m.f. of self-inductance E’; is
represented by vector OE’, on the negative horizontal of Fig.
18; the voltage consumed by the resistance r, e; = el, sin 0, is
represented by vector O, equal to 7I,, and located on the nega-
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tive vertical, and the counter e.m.f. of resistance by vector
OE’, on the positive vertical.
The counter e.m.f. of impedance:

¢ = — (rlysin 8 + zl, cos 6)
= — zly sin (6 + 6,)

then is represented graphically as the resultant, by the parallelo-
gram of sine waves of OE’, and OE’,, that is, by a vector OF’,
equal in length to z1,, and of phase 90 + 6,.

The voltage consumed by impedance, or the impressed voltage,
is represented by the vector OE, equal and opposite in direction
to the vector OE’. This vector is the resultant of OE, and OE,
and has the phase 8, — 90, or — (90 — 6,), as shown in Fig. 18.

An alternating wave is thus determined by the length and direc-
tion of its vector. The length is the maximum value, intensity or
amplitude of the wave; the direction is the phase of its maximum
value, usually called the phase of the wave.

44. As phase of the first quantity considered, as in the above
instance the current, any direction can be chosen. The further
quantities are determined thereby in direction or phase.

The zero vector OA is generally chosen for the most frequently
used quantity or reference quantity, as for the current, if a num-
ber of e.m.fs. are considered in a circuit of the same current, or
for the e.m.f., if a number of currents are produced by the same
e.m.f., or for the generated e.m.f. in apparatus such as transform-
ers and induction motors, synchronous apparatus, ete.

With the current as zero vector, all horizontal components of
e.m.f. are power components, all vertical components are reac-
tive components.

With the e.m.f. as zero vector, all horizontal components of
current are power components, all vertical components of current
are reactive components.

By measurement from the vector diagram numerical values
can hardly ever be derived with sufficient accuracy, since the
magnitudes of the different quantities used in the same diagram
are usually by far too different, and the vector diagram is there-
fore useful only as basis for trigonometrical or other calculation,
and to give an insight into the mutual relation of the different
quantities, and even then great care has to be taken to distinguish
between the two equal but opposite vectors, counter e.m.f. and
e.m.f. consumed by the counter e.m.f., as explained before.
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EXAMPLES

45. In a three-phase long-distance transmission line, the vol-
tage between lines at the receiving end shall be 5000 at no load,
5500 at full load of 44 amp. power component, and propor-
tional at intermediary values of the power component of the
current; that is, the voltage at the receiving end shall increase
proportional to the load. At three-quarters load the current
shall be in phase with the e.m.f. at the receiving end. The
generator excitation, however, and thus the (nominal) genersted

I, 9 I

F1g. 19.—Vector diagram of e.m.f. and current in transmission line. Cur-
rent leading.

e.m.f. of the generator shall be maintained constant at all loads,
and the voltage regulation effected by producing lagging or
leading currents with a synchronous motor in the receiving cir-
cuit. The line has a resistance r1 = 7.6 ohms and a reactance
21 = 4.35 ohms per wire, the generator is star connected, the
resistance per circuit being r, = 0.71, and the (synchronous)
reactance is x; = 25 ohms. What must be the wattless or re-
active component of the current, and therefore the total current
and its phase relation at no load, one-quarter load, one-half load,
three-quarters load, and full load, and what will be the terminal
voltage of the generator under these conditions?

The total resistance of the line and generator is r = r; + 72
= 8.31 ohms; the total reactance, x = x; + 22 = 29.35 ohms.

Let, in the polar diagram, Fig. 19 or 20, OF = E represent
the voltage at the receiving end of the line, OI; = I the power
component of the current corresponding to the load, in phase
with OF, and OI, = I, the reactive component of the current
in quadrature with OF, shown leading in Fig. 19, lagging in Fig.
20.

We then have total current I = OI.
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1, = 33, I, = 0, thus

Eo = /(3090 + 8.31 X 33)2 + (29.35 X 33)% = 3520 volts
per line or 3520 X /3 = 6100 volts between lines
as (nominal) generated e.m.f. of generator.

Substituting these values, we have
3520 = \/(E +8.311,+29.351,)2 + (8.311, — 29.35I,)*

The voltage between the lines at the receiving end shall be:

No Y 1% 34 Full
load load load load load
Voltage between lines, 5000 5125 5250 5375 5500

Thus, voltage per line++/3, E=2880 2950 3020 3090 3160
The power components of current
per line, I, = 0 11 22 33 44

Herefrom we get by substituting in the above equation

Reactive component of  j5u e load ok foud
current, I, = -21.6 —16.2 -—9.2 0 +9.7

hence, the total current,
T A/TAF T =) 208 o, 1936:.428.9, " :33.0,,, 45205
and the power factor,

II—l = cos 0 = 0 56.0 92.0 100.0 97.7

the lag of the current,
= 90° 61° 23° 0° —11.5°
the generator terminal voltage per line is

E' = /(B + nli+ zlp) + (2, — 11l,)?
= \/(E—I— 7.61,+4.351,)%+4 (4.351, — 7.6 I,)?

thus:
No 1% 14 % Full
load load load load load
Per line, IS 2080 3106 3228 3344 3463
Between lines, E' /3 = 5200 5400 5600 5800 6000

Therefore at constant excitation the generator voltage rises with
* the load, and is approximately proportional thereto.

10. HYSTERESIS AND EFFECTIVE RESISTANCE

46. If an alternating current ol =1 , in Fig. 21, exists in a
circuit of reactance * = 2 mfL and of negligible resistance, the
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magnetic flux produced by the current, 0® = @, is in phase with
the current, and the e.m.f. generated by this flux, or counter
e.m.f. of self-inductance, OFE’"’ = E’" = zI, lags 90 degrees be-
hind the current. The e.m.f. consumed by self-inductance or
impressed e.m.f. OE” = E” = zI is thus 90 degrees ahead of
the current.

Inversely, if the e.m.f. OE”” = E” is impressed upon a circuit
of reactance z = 2 nfL and of negligible resistance, the current

"

ol =1 = %— lags 90 degrees behind the impressed e.m.f.

This current is called the exciting or magnetizing current of
the magnetic circuit, and is wattless.

* If the magnetic circuit contains iron or other magnetic mate-
rial, energy is consumed in the magnetic
circuit by a frictional resistance of the
material against a change of magnetism,
which is called molecular magnetic friction.

If the alternating current is the only avail-
able source of energy in the magnetic cir-
cuit, the expenditure of energy by molec-
ular magnetic friction appears as a lag of
the magnetism behind the m.m.f. of the ol & ;
current, that is, as magnetic hysteresis, and
can be measured thereby.

Magnetic hysteresis is, however, a dis-
tinctly different phenomenon from molec-
ular magnetic friction, and can be more
or less eliminated, as for instance by me-
chanical vibration, or can be increased, | o
without changing the molecular magnetic Fia 21 —Phaso fe:
friction. ' lations of magnetizing

47. In consequence of magnetic hysteresis, f;‘éﬁi@f&eﬁ;’;f}?d i
if an alternating e.m.f. OE” = E’ is im-
pressed upon a circuit of negligible resistance, the exciting
current, or current producing the magnetism, in this circuit is
not a wattless current, or current of 90 degrees lag, as in Fig. 21,
but lags less than 90 degrees, by an angle 90 — «, as shown by
OI = I in Fig. 22.

Since the magnetism O® = @ is in quadrature with the e.m.f.
E"" due to it, angle « is the phase difference between the magnet-
ism and the m.m.f., or the lead of the m.m.f., that is, the exciting

4

EII
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current, before the magnetism. It is called the angle of hysteretic
lead.

In this case the exciting current OI = I can be resolved in two
components: the magnetizing current OI, = I,, in phase with
the magnetism O® = &, that is, in quadrature with the e.m.f.
OE” = E”, and thus wattless, and the magnetic power component
of the current or the hysteresis current OI, = I, in phase with the
e.n.f. OE" = E”, or in quadrature with the magnetism O® = .

‘Magnetizing current and hysteresis current are the two com-
ponents of the exciting current.

w ofle s TR
|
|
|
|
|
1
|
|
I
l
|
I! = I |
1
i
! I
o=—+F 2 0 ’ >1
i3 2 E 3
F1g. 22.—Angle of hysteretic Fia. 23.—Effect of resistance
lead. : on phase relation of impressed

e.m.f. in a hysteresisless circuit.

If the circuit contains besides the reactance x = 2 #fL, a re-
sistance 7, the e.m.f. OE” = E” in the preceding Figs. 21 and 22
is not the impressed e.m.f., but the e.m.f. consumed by self-
inductance or reactance, and has to be combined, Figs. 23 and
24, with the e.m.f. consumed by the resistance, OE’ = E' = Ir,
to get the impressed e.m.f. OF = E.

Due to the hysteretic lead «, the lag of the current is less in
Figs. 22 and 24, a circuit expending energy in molecular mag-
netic friction, than in Figs. 21 and 23, a hysteresisless circuit.

As seen in Fig. 24, in a circuit whose ohmie resistance is not
negligible, the hysteresis current and the magnetizing current
are not in phase and in quadrature respectively with the im-
pressed e.m.f., but with the counter e.m.f. of inductance or e.m.f.
consumed by inductance.

Obviously the magnetizing current is not quite wattless, since
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In soft annealed sheet iron or sheet steel and in silicon steel,
7 varies from 0.60 X 1072 to 2.5 X 107%, and can in average, for
good material, be assumed as 1.5 X 1073,

The loss of power in the volume, V, at ﬂux density B and
frequency f, is thus

P = VfpB1¢ X 1077, in watts,

and, if I = the exciting current, the hysteretic effective resist-
ance is
/& Pt (el
i Vin 1077 T

If the flux density, B, is proportional to the current, I, sub-
stituting for B, and introducing the constant k, we have

kf
= jﬂ’

that is, the effective hysteretic resistance is inversely propor-
tional to the 0.4 power of the current, and directly proportional
to the frequency.

49. Besides hysteresis, eddy or Foucault currents contribute
to the effective resistance.

Since at constant frequency the Foucault currents are pro-
portional to the magnetism producing them, and thus approxi-
mately proportional to the current, the loss of power by Foucault
currents is proportional to the square of the current, the same as
the ohmic loss, that is, the effective resistance due to Foucault
currents is approximately constant at constant frequency, while
that of hysteresis decreases slowly with the current.

Since the Foucault currents are proportional to the frequency,
their effective resistance varies with the square of the frequency,
while that of hysteresis varies only proportionally to the
frequency.

The total effective resistance of an alternating-current circuit
increases with the frequency, but is approximately constant,
within a limited range, at constant frequency, decreasing some-
what with the increase of magnetism.

7JI

7’

EXAMPLES

50. A reactive coil shall give 100 volts e.m.f. of self-inductance
at 10 amp. and 60 cycles. The electric circuit consists of
200 turns (No. 8 B. & S.) (= 0.013 sq. in.) of 16 in. mean length
of turn. The magnetic circuit has a section of 6 sq. in. and a
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mean length of 18 in. of iron of hysteresis coefficient n = 2.5 X
1073, An air gap is interposed in the magnetic circuit, of a
section of 10 sq. in. (allowing for spread), to get the desired
reactance.

How long must the air gap be, and what is the resistance, the
reactance, the effective resistance, the effective impedance, and
the power-factor of the reactive coil?

The coil contains 200 turns each 16 in. in length and 0.013
$q. in. in cross section. Taking the resistivity of copper as 1.8 X
107¢, the resistance is

il 1.8 X 1076 X 200 X 16
o 0.013 X 2.54

where 2.54 is the factor for converting inches to centimeters.
(1 inch = 2.54 em.)

Writing E = 100 volts generated, f = 60 cycles per second,
and n = 200 turns, the maximum magnetic flux is given by
E = 4.44 fn®; or, 100 = 4.44 X 0.6 X 200, and & = 0.188
megaline.

This gives in an air gap of 10 sq. in. 2 maximum density
B = 18,800 lines per sq. in., or 2920 lines per sq. cm.

Ten amperes in 200 turns give 2000 ampere-turns effective or
F = 2830 ampere-turns maximum.

Neglecting the ampere-turns required by the iron part of the
magnetic circuit as relatively very small, 2830 ampere-turns
have to be consumed by the air gap of density B = 2920.

Since B — 4xF )

101

the length of the air gap has to be

47F 47 X 2830 )
I = 108~ 10Xx 2020 — 1.22 cm., or 0.48 in.

With a cross section of 6 sq. in. and a mean length of 18 in.,

the volume of the iron is 108 cu. in., or 1770 cu. cm.
188,000
6

= 0.175 ohm,

The density in the iron, B; = = 31,330 lines per sq.

in., or 4850 lines per sq. cm. :
With an hysteresis coefficient » = 2.5 X 1073, and density
B, = 4850, the loss of energy per cycle per cubic centimeter is
W = »B,'*®
= 2.5 X 10~% X 4850%¢
= 1980 ergs,
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and the hysteresis loss at f = 60 cycleé and the volume V = 1770.
is thus :
P = 60 X 1770 X 1980 ergs per sec.

= 21.0 watts, -
which at 10 amp. represent an effective hysteretic resistance,
21.0 :
' = Jor = 0.21 ohm.

Hence the total effective resistance of the reactive coil is
r =1+ ry = 0.175 4 0.21 = 0.385 ohm-
the effective reactance is

r =

~I

= 10 ohms;

the impedance is
' 10.01 ohms;

n
I

the power-factor is

cos § = 2 = 3.8 per cent.;

the total apparent power of the reactive coil is

I’z = 1001 volt-amperes,
and the loss of power,
I?r = 38 watts.

11. CAPACITY AND CONDENSERS

bl. The charge of an electric condenser is proportional to the
impressed voltage, that is, potential difference at its terminals,
and to its capacity.

A condenser is said to have unit capacity if unit current exist-
ing for one second produces unit difference of potential at its
terminals.

The practical unit of capacity is that of a condenser in which
1 amp. during one second produces 1 volt difference of potential.

The practical unit of capacity equals 102 absolute units. It
is called a farad.

One farad is an extremely large capacity, and therefore one
millionth of one farad, called microfarad, mf., is commonly used.

If an alternating e.m.f. is impressed upon a condenser, the
charge of the condenser varies proportionally to the e.m.f., and
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Due to the energy loss in the condenser by dielectric hysteresis,
the current leads the e.m.f. by samewhat less than 90 time de-
grees, and can be resolved into a wattless charging current and a
dielectric hysteresis current, which latter, however, is generally
so small as to be negligible, though in underground cables of
poor quality, it may reach as high as 50 per cent. or more of
the charging or wattless current of the condenser.

52. The capacity of one wire of a transmission line is

111 X 1078 X 1 .

Y
210g67—
d

= n mf.,

where I; = diameter of wire, em.; [, = distance of wire from
return wire, em.; ! = length of wire, em., and 1.11 X 10-¢ =
reduction coeflicient from electrostatic units to mf.

The logarithm is the natural logarithm; thus in common loga-
rithms, since loge a = 2.303 logyo a, the capacity is

0.24 X 1078 X1 ,

Y R
logm T
a

CHR= n mf.

The derivation of this equation must be omitted here.
The charging current of a line wire is thus

I = 2xfCE 1075,

where f = the frequency, in cycles per second, E = the difference
of potential, effective, between the line and the neutral (E =
14 line voltage in a single-phase, or four-wire quarter-phase sys-

tem, \/Lg line voltage, or Y voltage, in a three-phase system).

EXAMPLES

53. In the transmission line discussed in the examples in
37, 38, 41 and 45, what is the charging current of the line at 6000
volts between lines, at 33.3 cycles? How many volt-amperes
does it represent, and what percentage of the full-load current of
44 amp. is it? :

The length of the line is, per wire, I = 2.23 X 10¢ cm.
The distance between wires, l, = 45 em.
The diameter of transmission wire, [z = 0.82 cm.

Thus the capacity, per wire, is

—6
RRLETS U SO

10g1o i -
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The frequen‘cy is f =333,
The voltage between lines, 6000.
Thus per line, or between line and neutral point,

6000
E = —— = 3460 volts;
V'3

hence, the charging current per line is

Io = 2xfCE 10 6
= (.19 amp.,
or 0.43 per cent. of full load current;

that is, negligible in its influence on the transmission voltage.
The volt-ampere input of the transmission is,

3 I,E = 2000
= 2.0 kv-amp.

12. IMPEDANCE OF TRANSMISSION LINES

54. Let r = resistance; x = 2 nfL = the reactance of a trans-
mission line; E, = the alternating e.m.f. impressed upon the line;

= the line current; £ = the e.m.f.
at receiving end of the line, and § =
the angle of lag of current I behind
e.m.f. E.

¢ < 0 thus denotes leading, § > 0
lagging current, and § = 0 a non-in-
ductive receiver circuit.

The capacity of the transmission
line shall be considered as negligible. ~ Fic. 27.—Vector diagram
_ Assuming the phase of the current gancs‘gri:;gnanﬁng'mégzh;ﬁnz
OI = I as zero in the polar diagram, zerocapacity.

Fig. 27, the em.f. E is Is represented by

vector OF, ahead of OI by angle 6. The e.m.f. consumed by re-
sistance r is OE; = E; = Ir in phase with the current, and the
e.m.f. consumed by reactance x is OEy = E; = Iz, 90 time de-
grees ahead of the current; thus the total e.m.f. consumed by the
line, or e.m.f. consumed by impedance, is the resultant OE; of
OE; and OE,, and is E; = Iz.

Combining OE; and OF gives OE,, the e.m.f. impressed upon
the line.
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Denoting tan 6; = :.—E the time angle of lag of the line impe-

dance, it is, trigonometrically,

OEg = OF* + EEgt — 2 OE X EE, cos OEE,.
Since '

EEO == O_—E3 = IZ,
OEE() = 180 = 01 + 0,

Fie. 28.—Locus of the generator and receiver e.m.fs. in a transmission line
with varying load phase angle.

we have
Eg® = E* 4 I%? 4 2 EIz cos (0; — 6)

= (B + Iy — 4 Blsinn 227,

and
" 6, — 0
2 b

E, = \/(E + Iz)? — 4 Elz sin?

and the drop of voltage in the line,

¢

- E.

Ey— E = \/(E + Iz)? — 4 Elz sin?
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56. That is, the voltage E, required at the sending end of a
line of resistance r and reactance z, delivering current I at vol-
tage E, and the voltage drop in the line, do not depend upon
current and line constants only, but depend also upon the angle
of phase displacement of the current delivered over the line.

If ¢ = 0, that is, non-inductive receiving circuit,

-FIG. 29.—Locus of the generator and receiver e.m.fs. in a transmission line
with varying load phase angle.

By = \/(E + Iz — 4 BIz sin* 25

that is, less than E + Iz, and thus the line drop is less than 7z.

If 6 = 61, Egis a maximum, = E + Iz, and the line drop is the
impedance voltage.

With decreasing 6, E, decreases, and becomes = E; that is,

no drop of voltage takes place in the line at a certain negative
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value of ¢ which depends not only on z and 6; but on £ and I.
Beyond this value of 6, E, becomes smaller than E; that is, a
rise of voltage takes place in the line, due to its reactance. This
can be seen best graphically.

Choosing the current vector OI as the horizontal axis, for
the same e.m.f. E received, but different phase angles 6, all
vectors OF lie on a circle e with O as center. Fig. 28. Vector
OE, is constant for a given line and given current I.

Since E3;E, = OE = constant, E, lies on a circle e, with E; as
center and OF = E as radius.

To construct the diagram for angle 8, OF is drawn at the angle
0 with 67, and EE, parallel to OE;.

The distance E.F, between the two circles on vector OE, is
the drop of voltage (or rise of voltage) in the line.

As seen in Fig. 29, E, is maximum in the direction OE; as OE',,
that is, for & = 6, and is less for greater as well, OE"’,, as smaller
angles 6. Itis = F in the direction OE'"’y, in which case 8 < 0,
and minimum in the direction OE™,.

The values of E corresponding to the generator voltages E’,,
E",, E'""y, E"y are shown by thepoints E’ E'' E'"" E respectively.
The voltages E''y and E™y correspond to a wattless receiver cir-
cuit E”” and EY. For non-inductive receiver circuit E’ the
generator voltage is OE",.

56. That is, in an inductive transmission line the drop of
voltage is maximum and equal to Iz if the phase angle @ of the
receiving circuit equals the phase angle 6, of the line. The drop
of voltage in the line decreases with increasing difference be-
tween the phase angles of line and receiving circuit. It becomes
zero if the phase angle of the receiving circuit reaches a certain
negative value (leading current). In this case no drop of vol-
tage takes place in the line. If the current in the receiving cir-
cuit leads more than this value a rise of voltage takes place in
the line. Thus by varying phase angle 8 of the receiving circuit
the drop of voltage in a transmission line with current I can be
made anything between Iz and a certain negative value. Or
inversely the same drop of voltage can be produced for different
values of the current I by varying the phase angle. ,

Thus, if means are provided to vary the phase angle of the
receiving circuit, by producing lagging and leading currents at
will (as can be done by synchronous motors or converters), the
voltage at the receiving circuit can be maintained constant
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within a certain range irrespective of the load and generator
voltage.

In Fig. 30 let OE = E, the receiving voltage; I, the power
component of the line current; thus OE; = E; = Iz, the em.f.
consumed by the power component of the current in the impe-
dance. This e.m.f. consists of the e.m.f consumed by resistance
OE, and the e.m.f. consumed by reactance OEs.

\

A ;
Fia. 30.—Regulation diagram for transmission line.

Reactive components of the current are represented in the
diagram in the direction O4 when lagging and OB when leading.
The e.m.f. consumed by these reactive components of the current
in the 1mpedance is thus in the direction ¢’s;, perpendicular to OE;.
Combining OFE; and OE gives the e.m.f. OE, which would be
required for non-inductive load.. If E, is the generator voltage,
E, lies on a circle ey with OE, as radius. Thus drawing EE, par-
allel to ¢'; gives OE,, the generator voltage; OE’s = E,E,, the
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e.m.f. consumed in the impedance by the reactive component of
the current; and as proportional thereto, OI’ = I’, the reactive
current required to give at generator voltage E, and power cur-
rent I the receiver voltage E. This reactive current I’ lags be-
hind E’; by less than 90 and more than zero degrees.

57. In calculating numerical values, we can proceed either
trigonometrically as in the preceding, or algebraically by resolv-
ing all sine waves into two rectangular .components; for instance,
a horizontal and a vertical component, in the same way as in
mechanics when combining forces.

Let the horizontal components be counted positive toward
the right, negative toward the left, and the vertical components
positive upward, negative downward.

Assuming the receiving voltage as zero line or positive hori-
zontal line, the power current I is the horizontal, the wattless
current I’ the vertical component of the current. The e.m.f. con-
sumed in resistance by the power current I is a horizontal com-
ponent, and that consumed in resistance by the reactive current
I’ a vertical component, and the inverse is true of the e.m.f.
consumed in reactance.

We have thus, as seen from Fig. 30:

Horizontal Vertical
.component component
Receiver voltage, E, + F 0
Power current, I, +1 0
Reactive current, I’, 0’ Fr
E.m.f. consumed In resistance r by the
power current, Ir, -+ Ir 0
E.m.f. consumed in resistance r by the
reactive current, I'r, 0 FIr
E.m.f. consumed in reactance z by the
power current, Iz, 0 + Iz
E.m.f. consumed in reactance x by the
reactive current, I'z, s=elios 0
Thus, total e.m.f. required, or impressed
e.m.f., E,, E+Ir+ I'zs FI'r+ Iz;

hence, combined,
Eo=E+Irt 'z + (FI'r + I2)%;
or, expanded, '

Ey=~E*+2E(Ir + I'z) + (It + I'?)22
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From this equation I’ can be calculated; that is, the reactive
current found which is required to give E, and E at energy
current 1.

The lag of the total current in the receiver circuit behind the
receiver voltage is

!’
tan 0 = IT

The lead of the generator voltage ahead of the receiver voltage
is
vertical component of E,
horizontal component of Ko

o Ty e I
T E4+Ir+ Iy

tan 6, =

and the lag of the total current behind the generator voltage is
00 =0 + 01.

As seen, by resolving into rectangular components the phase
angles are directly determined from these components.

The resistance voltage is the same component as the current to
which it refers.

The reactance voltage is a component 90 time degrees ahead
of the current.

The same investigation as made here on long-distance trans-
mission applies also to distribution lines, reactive coils, trans-
formers, or any other apparatus containing resistance and
reactance inserted in series into an alternating-current circuit.

EXAMPLES

68. (1) An induction motor has 2000 volts impressed upon
its terminals; the current and the power-factor, that is, the
cosine of the angle of lag, are given as functions of the output
in Fig. 31.

The induction motor is supplied over a line of resistance
r = 2.0 and reactance z = 4.0.

(a) How must the generator voltage e be varied to maintain
constant voltage e = 2000 at the motor terminals, and

(b) At constant generator voltage ¢y = 2300, how will the
voltage at the motor terminals vary?
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We have
ey = \/(e + 72)2 — 4 etz sin?
z2=/r2+ 5 = 4472, '
twm=§=. 6, = 63.4°.

cos 8 = power-factor.

6 — 0

= 2000.

Taking 7 from Fig. 31 and substituting, gives (a) the values
of e, for e = 2000, which are recorded in the table, and plotted in
Fig. 31.

= AMP,|
140
AT
yl 130
" 2401 120
g
6| L —+—1"1 / 200d {110
L %
bt—TT| 2004 100{100
90| 90
POWER FACTOR COS, s
1 a ——t. 0| 80
<
/ 0] 70
4

«/

& 60| 60
5=
e 1 50] 50
3 40| 40
/ 30| 30
/ 20| 20
L,/ OUTIPUT KW, 10!l 10
10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 100 170 180 190 200

F1a. 31.—Characteristics of induction motor and variation of generator
e.m.f. necessary to maintain constant the e.m.f. impressed upon the motor.

(b) At the terminal voltage of the motor e = 2000, the cur-
rent is ¢, the output P, the generator voltage ¢,. Thus at gen-
erator voltage ¢’y = 2300, the terminal voltage of the motor is

g 2800 _ %m

€9
the current is
., 2300 .
e )
€9
and the power is
2
P (2300) b
€9

The values of ¢/, i/, P’ are recorded in the second part of the
table under (b) and plotted in Fig. 32.
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(a) At e = 2000 (b) Hence, at eo = 2300
Thus,

Output, Current, Lag, i Output, | Current, | Voltage,
P = kw. i ) P + ¢
0 12.0 84.3° 2048 0. 13.45 2240
5 12.6 72.6° 2055 6.25| 14.05 2234
10 13.5 62.6° 2060 12.4 15.00 2230
15 14.8 54.6° 2065 18.6 16.4 2220
20 16.3 47.9° 2071 24.4 18.0 2216
30 20.0 37.8° 2084 36.3 22.0 2200
40 25.0 32.8° 2093 48.0 27.5 2198
50 30.0 29.0° 2110 59.5 32.7 2180
69 40.0 26.3° 2146 78.5 42.8 2160
102 60.0 24.5° 2216 110.2 62.6 2080
132 80.0 25.8° 2294 131.0 79.5 1990
160 100.0 28 .4° 2382 149.0 96.4 1928
180 120.0 31.8° 2476 156.5 | 111.5 1860
200 150.0 36.9° 2618 155.0 | 132.0 1760

L KW,

// 150

/| 140

«// 130

>
§ vg;.;)s 120
T e N y 2200} 110
[—
W‘\\ 2000 100
I~~~
’i\ 1800 | 90 ]
P~

/ 80

/ 0

// o

/ 50

/ .

30

/ “

/ 10

I AMP. 0

19 2 3 40 0 6 30 80 9% 100 110 120 130 40

Fig. 32.—Characteristics of induction motor, constant generator e.m.f.
]
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659. (2) Over a line of resistance r = 2.0 and reactance z =
6.0 power is supplied to a receiving circuit at a constant voltage
of e = 2000. How must the voltage at the beginning of the
line, or generator voltage, e, be varied if at no load the receiving
circuit consumes a reactive current of 72 = 20 amp., this reac-
tive current decreases with the increase of load, that is, of power
current 7;, becomes 7; = 0 at ¢; = 50 amp., and then as leading
current increases again at the same rate?

ElM.F ]
] 2200} .
—

Lt—T""] 220,
2000)

REACTIVE'

60)

P 50

ol 40|2

L~ 305

I~

// 20|

L 10

// POWER CURRENT 0

01p 20 30 4750 60 70 8 w0 100 110 130 130 140 150 140 170 150 10 200 Mo

L
1 20

F1a. 83.—Variation of generator e.m.f. necessary to maintain constant
receiver voltage if the reactive component of receiver current varies propor-
tional to the change of power component of the current.

The reactive cdrrent, ,
12 = 20 at 7;
1:2 =Rt 1:1

II

0,
50,

and can be represented by
A 7 Al
“ip= (1 — £5)20 = 20 — 0.4y
the general equation of the transmission line is
eo = V (€ + 0 + 227)% + (o7 — 412)*
=1/(2000 + 2¢; + 614)% + (242 — 64p)%;
hence, substituting the value of %,,
eo = V(2120 — 0.44,)2 + (40 — 6.814,)2
= /4,496,000 + 46.41,® — 22404,
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Substituting successive numerical values for 7; gives the values
recorded in the following table and plotted in Fig. 33.

i1 e

0 2120
20 2114
40 2116
60 2126
80 2148
100 2176
120 2213
140 2256
160 2308
180 2365
200 2430

13. ALTERNATING-CURRENT TRANSFORMER

60. The alternating-current transformer consists of one mag-
petic circuit interlinked with two electric circuits, the primary
circuit which receives energy, and the secondary circuit which
delivers energy.

Let r, = resistance, z; = 2#fS: = self-inductive or leakage
reactance of secondary circuit,

resistance, zo = 2xfS; = self-inductive or leakage
reactance of primary circuit,

To

where S: and S; refer to that magnetic flux which is interlinked
with the one but not with the other circuit.
Let a = ratio of s____ec?ndary
primary
An alternating e.m.f. E, impressed upon the primary electric
circuit causes a current, which produces a magnetic flux ¢ inter-
linked with primary and secondary circuits. This flux & gener-

ates e.m.fs. F; and E; in secondary and in primary circuit,which

: ’ E
are to each other as the ratio of turns, thus E; = Fl-

turns (ratio of transformation).

Let E = secondary terminal voltage, I, = secondary current,
6, = lag of current I, behind terminal voltage E (where 6, < 0
denotes leading current).

Denoting then in Fig. 34 by a vector OE = E the secondary
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terminal voltage, OI; = I, is the secondary current lagging by
the angle EOI = 6,.

The e.m.f. consumed by the secondary resistance r; is OE'y =
E’'; = Ir; in phase with I,. s :

The e.m.f. consumed by the secondary reactance z, is OE"'; =
E"y = Ix;, 90 degrees ahead of I,, Thus the e.m.f. con-
sumed by the secondary impedance z: = /r?+ 2:? is the
resultant of OE’; and OE"3, or OE""'y = E""y = Iz

OE'", combined with the terminal voltage OEF = E gives the
secondary e.m.f. OE; = Ei.

Proportional thereto by the ratio of turns and in phase there-

: 2
Fia. 34.—Vector diagram of e.m.fs. and currents in a transformer.

with is the e.m.f. generated in the primary OE; = E; where
E,
Ei =N

a —_—

To generate e.m.f. E; and E;, the magnetic flux 0% = & is
required, 90 time.degrees ahead of OE; and OE;. To produce
flux ® the m.m.f. of F ampere-turns is required, as determined
from the dimensions of the magnetic circuit, and thus the
primary current I, represented by vector O, leading O® by
the angle a.

Since the total m.m.f. of the transformer is given by the
primary exciting current Io, there must be a component of
primary current I’, corresponding to the secondary current I,

which may be called the primary load current, and which is
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current than on a non-inductive secondary circuit; or, inversely,
at the same secondary current I, the secondary terminal voltage
- E with lagging current is less and with leading current more
than with non-inductive secondary circuit, at the same primary
impressed e.m.f. K. -

The calculation of numerical values is not practicable by
measurement from the diagram, since the magnitudes of the
different quantities are too different, E’y:E";:E;:E, being
frequently in the proportion 1:10:100 :2000.

Trigonometrically, the calculation is thus:

Ey Eo

7 (S S —

Y
Fic. 36.—Vector diagram of transformer with non-inductive loading,.

In triangle OEE,, Fig. 34, writing

21
tan ¢/ = —
1

we have, L s
OE:* = OE* + EE:® — 2 OE EE,; cos OEE;;
also,
i ﬁ& = Iz
JYOEE; = 180 — ¢ + 64,
hence,

E12 = F? + 112212 + 2 Ellzl cos (0’ = 01).

This gives the secondary e.m.f., E;, and therefrom the primary
counter-generated e.m.f.
S
a
In triangle EOE, we have

sin E,OF =+ sin E,EO = EE; + E,0
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thus, writing
< E,OF = ¢",

we have :

sin "' = sin (6’ — 01) = I;z — El,
wherefrom we get

Y ¢”,and X E:OL, = 6 = 6, + 0",
the phase displacement between secondary current and secondary
e.m.f.

Fic. 37.—Vector diagram of transformer with leading load current.

In triangle OIqI, we have

0I¢ = Ol + Taule? — 2 OIuoI ool cos O ool
since
X E0¢ = 90°,
%: OIooIo = 90 + 0 +a,
and e
="l
01y = Iy = exciting current,

calculated from the dimensions of the magnetic circuit. Thus
the primary current is
102 — Ioo2 + (12[12 + 2(111106 Sin (0 + a).
In triangle 01l we have
sin Io¢0I, + sin OIolo = Iol, + Oly;
writing
%:Iooo.lo == 0”
this becomes
: sin 0”7y + sin (0 4+ &) = ali + I;
therefrom we get 6", and thus
%: E’OIO = 02 = 900 Lol & (N 0”0.
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In triangle OE’E, we have
OE? = OFE"® 4+ E'Ey* — 2 OE' E'E, cos OE’ Eq;
writing

Zo
tan @ = =
To

we have
< OE’E, = 180° — ¢’ + 06,
OF' = E; = E:
ﬁx =1 020,
thus the impressed e.m.f. is

2
B2 = % + Iz 4

In triangle OE’E,
sin E'OE, =+ sin OE’Ey = E'E, + OE,;
thus, writing ; ]
X E'OE, = 6",

%’ cos (6 — 6,).

we have
sin 6”1 =+ sin (0’0 = 62) o= IoZo o Eo;
herefrom we get ¥ 6", and
X 60 = 0. + 0”4,

the phase displacement between primary current and impressed
e.m.f. L

As seen, the trigonometric method of transformer calculation
is rather complicated. '

62. Somewhat simpler is the algebraic method of resolving
into rectangular components.

Considering first the secondary circuit, of current I; lagging
behind the terminal voltage E by angle 6,. .

The terminal voltage E has the components E cos 6, in phase,
E sin 6, in quadrature with and ahead of the current I,.

The e.m.f. consumed by resistance r;, I;ry, is in phase.

The e.m.f. consumed by reactance i, Iz, is in quadrature
ahead of I,.

Thus the secondary e.m.f. has the components

E cos 6; + I.r;in phase,

E sin 6, 4 Iz, in quadrature ahead of the current I;, and

the total value,

Ey = \/(E cos 61 + I;ry)? + (B sin 6, + L1z1)%




ALTERNATING-CURRENT TRANSFORMER 73

and the tangent of the phase angle of the secondary circuit is

) 0\_ E sin 6, +11$1'
"Y'= Feos 6, + Iy

Resolving all quantities into components in phase and in
quadrature with the secondary e.m.f. E;, or in horizontal and
in vertical components, choosing the magnetism or mutual flux
as vertical axis, and denoting the direction to the right and
upward as positive, to the left and downward as negative, we
have

Horizontal Vertical
component component
Secondary current, I, . — I cos 0+ I,siné
Secondary e.m.f., E;, - E, 0
Primary counter-generated e.m.f.,
E 1 E 1
B = = - — 0
a a
Primary e.m.f. consumed thereby,
E,
E = - E, + = 0
a
Primary load current, I’ = — aly,+ al,cos 6 — al, sin 8
Magnetic flux, &, 0 —®
Primary exciting current, I, con-
sisting of core loss current, Iy sina
magnetizing current, — Iy cos @
hence, total primary current, I,
Horizontal component Vertical component
al;cos 61 + Iy sina —(al, sin 6, + Iq cos a)

E.m.f. consumed by primary resistance ro, E’oc = Ioro in phase

with I 0y
Horizontal component Vertical component
roal{ cos 8 + rolo Sin « —(roal; sin 8 + roloo cos a)

E.mf. consumed by primary reactance x,, Eo = Loz, 90°
ahead of I,

Horizontal component Vertical component
zoal; sin 0 + xol oo €OS « + xoal; cos 0 + zolgo sin a

. E
E.m.f. consumed by primary generated e.m.f., E’ =7¢J

horizontal.
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The total primary. impressed e.m.f., E,,
Horizontal component

E, ] ; Wb
= + al, (ro cos 6 + zo sin 6) + Lg (1o sin @ + z cos a).
Vertical component
al; (rosin 6 — x4 cos ) + Ig (ro COS @@ — %o Sin a), ;
o Ty
or writing tan 6’y oy
(]
since
To

V're? + To? = 2o, Sin 8’ = ,andcos(i' = —:
20 29

Substituting this value, the horizontal component of E, is
E k
'a—l + (12011 cos (0 bt 0,0) + ZoIoo Sin (a + 0'0);

the vertical component of E, is
azol1sin (6 — 6'¢) + 2zeloo cos (a + &),

and, the total primary impressed e.m.f. is

E0=‘\/[E!-{-azohcos(o—0’o)+zoIoosin(a+0'o)]’+ [azoInsin(0—6’0)+zolooCOs(a+0'o)] ¥

E\ 202112 a’z0%lo0? | 2adz?
== 1+2a zoIlcos(o 0,°)+2aza i Ry e G a3z0211100 sin(0+a).
E\? Ey? Ep

Combining the two components, the total primary current is

Iy = A/(al,cos 6 + I sin a)? + (alysin 6 + Ioo cos @)

2100 . Too?
= al, \/1 + W"l" sin (0 + @) + a;}}-

Since the tangent of the phase angle is the ratio of vertical
component to horizontal component, we have, primary e.m.f.
phase,

tan & =

azoly sin (0 — 6’¢) + 2ol 00 cos (a + 60)
% + azol; cos (6 — 6'c) + 2zoloo sin (o — 6%0)
primary current phase,

al;sin 6 + Ig cos a
al; cos 6 + I sin a

tan 6’ =

and lag of primary current behind impressed e.m.f.,

00 == oll —— 0!
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EXAMPLES

63. (1) In a 20-kw. transformer the ratio of turns is 20 =+ 1,
and 100 volts is produced at the secondary terminals at full
load. What is the primary current at full load, and the regu-
lation, that is, the rise of secondary voltage from full load to no
load, at constant primary voltage, and what is this primary
voltage?

(a) at non-inductive secondary load,

(b) with 60 degrees time lag in the external secondary circuit,

(c) with 60 degrees time lead in the external secondary circuit.

The exciting current is 0.5 amp., the core loss 600 watts,
the primary resistance 2 ohms, the primary reactance 5 ohms,
the secondary resistance 0.004 ohm, the secondary reactance
0.01 ohm. o

Exciting current and core loss may be assumed as constant.

600 watts at 2000 volts gives 0.3 amp. core loss current,
hence 4/0.52 — 32 = 0.4 amp. magnetizing current.

We have thus

T = r1 = 0.004 Iy cosa = 0.3 a = 0.05
Lo = 5 T = 0.01 Ioo sin @ = 0.4
Ioo = 0.5
1. Secondary current as horizontal axis:
Non-inductive, Lag, Lead,
1 =0 6 = + 60° 6 = — 60°
Hor. Vert. Hor. t Vert. Hor. Vert.
Secondary current, I,..{200 0. |200 | 0 ’200 0
Secondary terminal N | |
voltage, E........... 100 0 50 | +86.6 | 50 | —86.6
Resistance voltage, Iir1.| 0.8 0 0.8 0 0.8 0
Reactance voltage, I,z,.! O +2.0 0 l + 2.0 0 + 2.0
Secondary e.m.f., E;...| 100.8 | 4+2.0 50.8I +88.6 50.8‘( —84.6
Secondary e.n.f., total|  100.80 102.13 | 98.68
tama EasN R A R e +0.0198 +1.745 | — 1.665
U5 Bi S p A T AT +1.1° +60.2° l —59.0°
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2. Magnetic flux as vertical axis:

N on-inducti;/e, Lag, Lead,
01 =0 61 = + 60° 61 = — 60°
Hor. Vert. Hor. Vert. Hor. Vert.
Secondary gen-
erated e.mn.f.,
J 3/ AN e Y —100.80] 0 |—102.13 0 — 98.68 0
Secondary cur-
rent, Iy....... —200 + 4 |— 99.4 | —172.8 | —103 —171.4
Primary load
current, I’ = :
—aly......... + 10 4+ 0.2[4+ 4.97|— 8.64 4+ 5.15/4 8.57
Primary excit-
ing current, Zoo 0.3 0.4 0.3 |— 0.4 0.3 |— 0.4

Total primary
current, Jo....[+ 10.3 | — 0.6/+ 5.27|— 9.04/ 4+ 5.45 1+ 8.17
Primary resist-
ance, voltage,
00 B0 8.6 5% 20.6 182 10.54 — 18.08 10.90} +16.34
Primary react- '
ance, voltage,
I T 0 88 o Uitho & 3.0 | +51.3 45.20) + 26.35 — 40.85| +27.25
E.m.f. consum-
ed by primary
counter e.m.f.,

= Lo PN 2016 0 {20426 o0 |[19736)., 0
Total primary
impressed e.m.f., 3
IIDSSEN S & il 5 2039.6 | +50.1] 2098.34| + 8.27| 1943.65| +43.59
Hence,
Non-inductive, Lag, Lead,
s 601=0 61 = -4 60° 61 = — 60°
Resultant™H o S5oies R s Srosiesi 2040.1 2098.3 1944.2
REsultant To: - 2ot e e oy 10.32 10.47 9.82
Bhageof o' e, {10 dao Medio —1.4° — 0.2° =122
Bhasetofilio o o L et i +3.3° +59.8° —56.3° "
PRy lag, Bola. o s et e e +4.7° +60.0° —-55.1°
Regulation 2{)’1—0”0 ................ 1.02005 1.04915 0.9721
Drop of voltage, per cent........ 17 2.005 4915 | — 2,79
Change of phase, §o—6s.......... 4.7° 0 4.9°
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14. RECTANGULAR COORDINATES

64. The vector diagram of sine waves gives the best insight
into the mutual relations of alternating currents and e.m.fs.

For numerical calculation from the vector diagram either the
trigonometric method or the method of rectangular components
is used.

The method of rectangular components, as explained in the
above paragraphs, is usually simpler and more convenient than
the trigonometric method.

In the method of rectangular components it is desirable to
distinguish the two components from each other and from the
resultant or total value by their notation.

To distinguish the components from the resultant, small
letters are used for the components, capitals for the resultant.
Thus in the transformer diagram of Section 13 the secondary
current I; has the horizontal component 7, = — I; cos 6;, and
the vertical component ¢/, = -+ I, sin 6;.

To distinguish horizontal and vertical components from each
other, either different types of letters can be used, or indices, or
a prefix or coefficient.

Different types of letters are inconvenient, indices distinguish-
ing the components undesirable, since indices are reserved for
distinguishing different e.m.fs., currents, ete., from each other.

Thus the most convenient way is the addition of a prefix or
coefficient to one of the components, and as such the letter j is
commonly used with the vertical component.

Thus the secondary current in the transformer diagram,
Section 13, can be written

71 + jis = I1 cos 6; + jI; sin 6;. ¢))

This method offers the further advantage that the two com-
ponents can be written side by side, with the plus sign between
them, since the addition of the prefix j distinguishes the value
i or jI, sin 6, as vertical component from the horizontal com-
ponent 7; or I, cos 6.

{1 = 11 + jis 2)

thus means that I, consists of a horizontal component ;. and a
vertical component 72, and the plus sign signifies that 7, and 5 are
combined by the parallelogram of sine waves.
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The secondary e.m.f. of the transformer in Section 13, Fig. 34,
is written in this manner, B, = — e, that is, it has the hori-
zontal component — e; and no vertical component.

The primary generated e.m.f. is

Ei= @)
and the e.m.f. consumed thereby

g

gl )
The secondary current is

.Il= — 2y + jis, - (5)

where ,
21 = I, cos 6;, 72 = 1,sin 6, SR (N

and the primary load current corresponding thereto is
{' = — a‘Il = qiy — jats. (7
The primary exciting current,
Ioo = b — jg, - (8)

where h = Iq sin o is the hysteresis current, g = Igo cos a the
reactive magnetizing current.
Thus the total primary current is

Lo = I' + Lo = (ais + h) = j (aiz + ). ©)
The e.m.f. consumed by primary resistance r, is :
To{o =T (ai1 + h) - jro (a’iz + g) (10)

The horizontal component of primary current (aiy + h) gives
as e.m.f. consumed by reactance z, a negative vertical com-
ponent, denoted by jzo (ai: + k). The vertical component of
primary current j (ais + g) gives as e.m.f. consumed by react-
ance Z, a positive horizontal component, denoted by zo (ai2 + g).

Thus the total e.m.f. consumed by primary reactance z, is

2o (aiz + g) + jao (aiy + ), (11)
and the total e.m.f. consumed by primary impedance is

7o (aty + k) + xo (ais + g) — jro (ais + g) — 2o (ais + h)]. (12)
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and the total primary impressed e.m.f. is thus
Eo =F + E'o
= [% + 70 (agy + h) + o (aiz+g)] = [To (aiz + g) —xo (ai + h)].

(15)
66. Such an expression in rectangular coordinates as
I=q4+4g47 (16)

represents not only the current strength but also its phase.

It means, in Fig. 38, that the
is I total current OI has the two rect-
angular components, the horizontal
component I cos 6§ = ¢ and the
vertical component I sin 6 = ¢’

Thus,

7:/
tan 0 = —; an

g 0

l?m. 38.—Magnitude and pha;e that is, the tangent fun(-ztion of the

in rectangular coordinates. phase angle is the vertical compo-

nent divided by the horizontal com-

ponent, or the term with prefix j divided by the term without j.
The total current intensity is obviously

I =+/2 4~ (18)
The capital letter I in the symbolic 'expression I =q+4j7

thus represents more than the I used in the preceding for total
current, etc., and gives not only the intensity but also the phase.
It is thus necessary to distinguish by the type of the latter the
capital letters denoting the resultant current in symbolic expres-
sion (that is, giving intensity and phase) from the capital letters
giving merely the intensity regardless of phase; that is,

I =1+ 57
denotes a current of intensity
I = /4% 4 42

4
tan 0 = 3—
i

and phase
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The exciting current is I’go = 0.3 — 0.4 7 amp. at e = 2000
volts impressed, or rather, primary counter-generated e.m.f.

The primary impedance, Zo, = 2 4 5 j ohms.

The secondary impedance, Z; = 0.004 4 0.01 7 ohm.

We have, in symbolic expression, choosing the secondary
current I, as real axis, the results calculated in tabulated form
on page 82.

68. (2) eq = 2000 volts are impressed upon the primary
circuit of a transformer of ratio of turns 20:1. The primary
impedance is Zo, = 2 + 5 j, the secondary impedance, Z; =
0.004 + 0.01 j, and the exciting current at ¢’ = 2000 volts
counter-generated e.m.f. is Joo = 0.3 — 0.4 j; thus the exciting

s : :
/

admittance, ¥ = o (0.15 — 0.2 j)1073.

What is the secondary current and secondary terminal voltage
and the primary current if the total impedance of the secondary
circuit (internal impedance plus external load) consists of

(a) resistance,
Z = r = 0.5 — non-inductive circuit.
(b) impedance,
Z =r+4jzr =03 + 0.4  — inductive circuit.
" (¢) impedance,
Z =14 jz = 0.3 — 0.4 j — anti-inductive circuit.
Let e = secondary e.m.f.,

assumed as real axis in symbolic expression, and carrying out
the calculation in tabulated form, on page 83.

69. (3) A transmission line of impedance Z =r 4- jxr =
20 + 50 j ohms feeds a receiving circuit. At the receiving end an
apparatus is connected which produces reactive lagging or
leading currents at will (synchronous machine); 12,000 volts are
impressed upon the line. How much lagging and leading
currents respectively must be produced at the receiving end of
the line to get 10,000 volts (a) at no load, (b) at 50 amp.
power current as load, (¢) at 100 amp. power current as
load?

Let e = 10,000 = e.m.f. received at end of line, 7; = power
current, and 7; = reactive lagging current; then

T I'="4y — jip = total line current.
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At non-inductive load the line current is in phase with the
e.m.f. ¢, thus denoted by I = 4.

The e.m.f. consumed by the line impedance Z = r + jx is
E1=ZI— (r + jx) ¢

=7l + jT i. (1)
Thus the impressed voltage,

'Bo=E + By = ¢ + 1i + jai. @

or, reduced,
= V(e + ri)t + 2%?, 3

and

e = \/E® — z%* — ri, the em.f. 4)
P =¢ = iVE:® — o4 — 1, (5)

the power received at end of the line.

The curve of e.m.f. e is an arc of an ellipse.

With open circuit 2 =0, ¢e = E;, and P = 0, as is to be:
expected. ’

At short circuit, e = 0, 0 = \/E,?® — 2%? — ri, and
E, By,

= =1 !
Vi SR ®)
that is, the maximum line current which can be established with
a non-inductive receiver circuit and negligible line capacity.

71. The condition of maximum ‘power delivered over the line
is

dP
P (7)
that is,
= 5 1(—22%) 2 JIg5
VE: — %2+\/E0 Fog —2ri=0;

substituting (3):
VE? — z%® = e + i,

and e’Xpanding, gives

e? = (r? 4+ x?) 42 ; (8)
=z 2p2k
hence,
e = zi, and 3 =12 (9)

e
=it is the resistance or effective resistance of the recelvmg

circuit; that is, the maximum power is delivered into a non-
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inductive receiving circuit over an inductive line upon which is
impressed a constant e.m.f., if the resistance of the receiving
circuit equals the impedance of the line, r, = z.

In this case the total impedance of the system is

Zo=Z 471 =1+2+jz, (10)
or,
2 =VI+2 F 2 (11)
Thus the current is -
. _ B, _ E,
"T % TVt ta (12)
and the power transmitted is
s = E022
Pr=iin = oy e
2
= 0 .
T 2(r42)’ (13)

that is, the maximum power which can be transmitted over a
line of resistance r and reactance z is the square of the impressed
e.m.f. divided by twice the sum of resistance and impedance of
the line.
At z = 0, this gives the common formula,
Eg?
1 '4_7‘.

P (14)

Inductive Load

72. With an inductive receiving circuit of lag angle 6, or
power-factor p = cos 6, and inductance factor ¢ = sin 6, at
e.m.f. E = e at receiving circuit, the current is denoted by

I=1(p—j9); - (15)
thus the e.m.f. consumed by the line impedance Z = r + jz is
E,=2ZI = I (p — jo)(r + jx)
" =1I(p + ) — j (ra — 7)),
and the generator voltage is
Ei,=E+ E,
" =le+1(p+ 2] — I (rg — op); (16)
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or, reduced,

By =le+1(rp+ 292+ I*(rg — zp)?, a7
and :

e = VE¢—I*(rq — ap)* — I (rp + =zq). (18)

The power received is the e.m.f. times the power component

of the current; thus :
P =elp

=IpVE?—I*(rg—ap)® — I’p (rp + ). (19)

The curve of e.m.f., ¢, as function of the current I is again an

arc of an ellipse.
At short circuit ¢ = 0; thus, substituted,

E,
I==2, (20)

the same value as with non-inductive load, as is obvious.
73. The condition of maximum output delivered over the
line is
; dP
AT % 0; (21)
that is, differentiated,
VE: —1(rq —ap)2 = ¢ + I (rp + z9); (22)
substituting and expanding,

et = I? (r* + )

= I22;
e = Iz;
or
-;— = (23)

21 = % is the impedance of the receiving circuit; that is, the

power received in an inductive circuit over an inductive line is
a maximum if the impedance of the receiving circuit, z;, equals
the impedance of the line, z.

In this case the impedance of the receiving circuit is

Zy =z (p +jo), (24)
and the total impendance of the system is
Zo == Z + Z1

=r+jz+z({+jo
= (r + p2) +j (= + ).
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or, reduced,
Eo = /(e +ri)? + z%*
Since Eo = 12,000,
12,000 = /(e 4 ri)2 4 x%2 = /(e + 20 7)% 4 2500 72,
e = /12,0002 — 222 — 7t = 4/12,000% — 2500¢% — 20 7.

The maximum current for e = 0is

0 = /12,0002 — 2500 z* — 20 7;

thus,
1 = 223.
Substituting for ¢ gives the values plotted in Fig. 39.
) e D =ei
0 12,000 0
20 11,500 230 X 10°
40 11,000 440 X 103
60 10,400 624 X 103
80 9,700 776 X 102
100 8,900 890 X 10
120 8,000 960 X 102
140 6,940 971 X 10
160 5,750 920 X 10?
180 4,340 784 X 103
200 2,630 526 X 10°
220 400 88 X 102
223 0 0o -

16. PHASE CONTROL OF TRANSMISSION LINES

76. If in the receiving circuit of an inductive transmission
line the phase relation can be changed, the drop of voltage in
the line can be maintained constant at varying loads or even
decreased with increasing load; that is, at constant generator
voltage the transmission can be compounded for constant voltage
at the receiving end, or even over-compounded for a voltage
increasing with the load.

1. Compounding of Transmission Lines for Constant Voltage

Let r = resistance, = = reactance of the transmission line,
ey = voltage impressed upon the beginning of the line, ¢ = vol-
tage received at the end of end line.
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7, becomes impossible if the term under the square root
becomes negative, that is, at the value

6%t — 2 eriz? — 1%t = 0;
o . e(z—r)
2 v —(—z‘z—‘ (4)
At this point the power transmitted is

., e(z—r ;

P =c¢ = (—22—2 6)

This is the maximum power which can be transmitted with-

e(z—r)
2
The reactive current corresponding hereto, since the square

root becomes zero, is

out drop of voltage in the line, with a power current ¢ =

0 ex
1, = ?2; (6)

thus the ratio of reactive to power current, or the tangent of
the phase angle of the receiving circuit, is

tan01=%.1= et (7)

A larger amount of power is transmitted if e, is chosen > e,
a smaller amount of power if ¢y < e.

In the latter case 7, is always leading; in the former case 4,
is lagging at no load, becomes zero at some intermediate load,
and leading at higher load. :

77. If the line impedance Z = r + jx and the received voltage
e is given, and the power current 7, at which the reactive current
shall be zero, the voltage at the generator end of the line is
determined hereby from the equation (2):

eo = V(e+ri+ zi)* + (riy — z0)%
by substituting 7, = 0, 2 = 1o,
e = V(e + 1io)? + a2 €))
Substituting this value in the general equation (2):
e = V(e+ ri + x11)% + (11, — 1)

gives
(e + 1io)® + 2%e? = (¢ + 11 + i1)? + (riy — 20)? 9

as equation between 7 and %,.
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If the voltage at the end of the line e shall rise proportionally
to the power current Z, then
. e = e + ai; (15)
thus,

eo = Ve + (a+ 1)t + xi)2 + (rin — 22)2, (16)
and herefrom in the same way as in the preceding we get the
characteristic curve of the transmission.

If eo = e1, 71 = 0 at no load, and is leading at load. If
ey < ey, %1 is always leading, the maximum output is less than
before. 3

If eg > ey, 11 is lagging at no load, becomes zero at some inter-
mediate load, and leading at higher load. The maximum output
is greater than at ey = e1.

The greater a, the less is the maximum output at the. same
€o and €1.

The greater e, the greater is the maximum output at the
same e; and a, but the greater at the same time the lagging current
(or less the leading current) at no load.

EXAMPLES

79. (1) A constant voltage of e, is impressed upon a trans-
mission line of impedance Z = r 4 jr = 10 + 20 j. The vol-
tage at the receiving end shall be 10,000 at no load as well as at
full load of 75 amp. power current. The reactive current in
the receiving circuit is raised proportionally to the load, so as
to be lagging at no load, zero at full load or 75 amp., and lead-
ing beyond this. What voltage e, has to be impressed upon the
line, and what is the vo]tage ¢ at the receiving end at 14, 24, and
124 load?

Let I = 4, — ji, = current, E = e voltage in receiving circuit.
The generator voltage is then

Ey=e+27I

e+ (r +jz) (@1 — jia)

(e + riy + mis) — j (riz — xi1)

= (¢ 4107 F90 )= FE0% L Doty

or, reduced,
2 e’ = (e + 1t + 245)? + (riz — 201)%;
= (e + 10 41 + 20 i5)? + (10 45 — 20 iy)

When
71 = 75, 12 = 0, e = 10,000;
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ing end at 14 load and at 114 load, if the reactive current varies
proportionally with the load?

Let x, = additional reactance inserted in circuit.

Let I = 4, — ji, = current.

Then
e = (e + 71, + 11312'2)2 Gl (7'7:2 = x1il) E= (6 + 10 2; + x1i2)2
+ (10 ’1:2 == x1i1)2,
where
z, = x + xo = total reactance of circuit between e and eq.
At no load, .
71 = 0, 72 = 50, ¢ = 10,000;
thus, substituting,
ee® = (10,000 4+ 50 z;)? 4+ 250,000.
At full load,
7 = 100, 7, = 0, e = 10,000;
thus, substituting,
€o 121 X 108 4 10,000 z,2.
Combining these gives

(10,000 4 50 z1)? 4+ 250,000 = 121 X 10% 4 10,000 x,?;
hence,

2

2y = 66.5 + 40.8
= 107.3 or 25.7;

thus
o = o3 — x = 97.3 or 15.7 ohms additional reactance.
Substituting
gives
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