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VI. A4 Second Memoir upon Quantics. By Arraur Caviey, Esq.
Received April 14,—Read May 24, 1855.

THE present memoir is intended as a continuation of my Introductory Memoir
upon Quantics, t. 144. (1854) p. 245, and must be read in connexion with it; the
paragraphs of the two Memoirs are numbered continuously. The special subject of
the present memoir is the theorem referred to in the Postscript to the Introductory
Memoir, and the various developments arising thereout in relation to the number
and form of the covariants of a binary quantic.

25. I have already spoken of asyzygetic covariants and invariants, and I shall have
occasion to speak of irreducible covariants and invariants. Considering in general
a function » determined like a covariant or invariant by means of a system of partial
differential equations, it will be convenient to explain what is meant by an asyzygetic
integral and by an irreducible integral. Attending for greater simplicity only to a
single set (a, b, c...), which in the case of the covariants or invariants of a single
function will be as before the coefficients or elements of the function, it is assumed
that the system admits of integrals of the form u=P, u=Q, &c., or as we may
express it, of integrals P, Q, &c., where P, Q, &c. are rational and integral homogeneous
functions of the set (a, b, c..), and moreover that the system is such that P, Q, &c.
being integrals, ¢(P, Q..) is also an integral. Then considering only the integrals
which are rational and integral homogeneous functions of the set (a, b, c..), integrals
P,Q, R,.. not connected by any linear equation or syzygy (such as AP4+uQ-+vR..=0%),
are said to be asyzygetic; but in speaking of the asyzygetic integrals of a particular
degree, it is implied that the integrals are a system such that every other integral of
the same degree can be expressed as a linear function (such as AP4+uQ-4vR..) of
these integrals; and any integral P not expressible as a rational and integral homo-
geneous function of integrals of inferior degrees is said to be an irreducible integral.

26. Suppose now that A, A,, A,, &c. denote the number of asyzygetic integrals of the
degrees 1, 2, 3, &c. respectively, and let «,, ,, a;, &c. be determined by the equations

A=a,

A2=é“1(“1+ 1) +a,
A3=_(1§“1(“1+ 1 )(“1+2) +o0y -0y
A4=§];4‘“1(“1+ 1’)(“1+2)(“1+3)+%“1(“1+ l)“2+“1“a+%“2(%+ 1)+, &C.,

* It is hardly necessary to remark, that the multipliers A, w, v.., and generally any coefficients or quantities
not expressly stated to contain the set (g, b, c..), are considered as independent of the set, or to use a con-
venient word, are considered as * trivials.”
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or what is the same thing, suppose that

1+Ae+A+ &e.=(1—a) (1 —a®) " (1 —a°)~%...
A little consideration will show that «, represents the number of irreducible integrals
of the degree r less the number of linear relations or syzygies between the composite
or non-irreducible integrals of the same degree. In fact the asyzygetic integrals of

the degree 1 are necessarily irreducible, i. e. A,=«,. Represent for a moment the
irreducible integrals of the degree 1 by X, X', &c., then the composite integrals

X2, XX/, &c., the number of which is %“1(“1+ 1), must be included among the asyzy-
getic integrals of the degree 2 ; and if the composite integrals in question were asyzy-
getic, there would remain A2—%al(a,+l) for the number of irreducible integrals of
the degree 2 ; but if there exist syzygies between the composite integrals in question,

the number to be subtracted from A, will be %u,(al—l—l) less the number of these

syzygies, and we shall have A2—%al(al+l), i. e. , equal to the namber of the irre-

ducible integrals of the degree 2 less the number of syzygies between the composite
integrals of the same degree. Again, suppose that «, is negative = —(3,, we may for
simplicity suppose that there are no irreducible integrals of the degree 2, but that
the composite integrals of this degree, X* XX/, &c., are connected by (3, syzygies,
such as AX*4-pXX'+ &c. =0, 1, X°+w, XX '+ &c.=0. The asyzygetic integrals of

the degree 4 include X*, X* X/, &c., the number of which is 2%oal(ac,—l—l)(oal—l—2)(ool+:*} )s

but these composite integrals are not asyzygetic, they are connected by syzygies which
are augmentatives of the 3, syzygies of the second degree, viz. by syzygies such as

(XXX )X=0, AX*+pXX'".)XX'=0 &ec. (A,X2+w,XX'.)X2=0,
X4, XX )XX'=0, &e.,

the number of which is —;—ul(w,—f-l)ﬁz. And these syzygies are themselves not asyzy-
getic, they are connected by secondary syzygies such as

LOX2 XX )X, (A XXX ) XX 4 &e.

= AKX, XX )X = (3, X, XX )X X — &e. =0, &e. &e.,
the number of which is % B.(B,—1). The real number of syzygies between the com-
posite integrals X, X°X/, &c. (i. e. of the syzygies arising out of the 3, syzygies
. 1

between X2, XX/, &c.), is therefore Q—wl(w,+l)ﬁz—%@2(,82—l), and the number of inte-

grals of the degree 4, arising out of the integrals and syzygies of the degrees 1 and 2
respectively, is therefore

51;“1(“1“' 1)(e+2) (e +3) "%“x(“l'!' 1)62"‘"%(32(@2- 1);
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or writing —a, instead of 3,, the number in question is
1 1 1
2_4“1(“1""1)(“1+2)(“1+3)+§“1(“1+1)“2+§“2(“2+1)-

The integrals of the degrees 1 and 3 give rise to ,«, integrals of the degree 4 ; and if
all the composite integrals obtained as above were asyzygetic, we should have

A~ 2_];1'“1(“1+ 1) (e, +2) (e, +3) —%al(wl-}-l)%-—%%(%—k 1) — o0z,

i.e. o, as the number of irreducible integrals of the degree 4; but if there exist any
further syzygies between the composite integrals, then «, will be the number of the
irreducible integrals of the degree 4 less the number of such further syzygies, and the
like reasoning is in all cases applicable.

27. It may be remarked, that for any given partial differential equation, or system
of such equations, there will be always a finite number » such that given » inde-
pendent integrals every other integral is a function (in general an irrational function
only expressible as the root of an equation) of the » independent integrals; and if to
these integrals we join a single other integral not a rational function of the v integrals,
it is easy to see that every other integral will be a rational function of the v41 inte-
grals; but every such other integral will not in general be a rational and integral
function of the »+1 integrals ; and there is not in general any finite number whatever
of integrals, such that every other integral is a rational and integral function of these
integrals, 7. e. the number of irreducible integrals is in general infinite; and it would
seem that this is in fact the case in the theory of covariants.

28. In the case of the covariants, or the invariants of a binary quantic, A, is given
(this will appear in the sequel) as the coefficient of 2" in the development, in ascend-

ing powers of x, of a rational fraction %, where fx is of the form

(1=2)P(1—a2?)Pe.. (1 —aF)Pr,
and the degree of ¢x is less than that of fx. We have therefore

1+A1m+A2x2+..=%,
and consequently = pr=(1—a)f~%(1 —a?)f %, (1 —a*)Peo(1 —g+) =%+,

Now every rational factor of a binomial 1—a™ is the irreducible factor of 1—a™,
where m' is equal to or a submultiple of m. Hence in order that the series «,, ,, «,..
may terminate, ¢x must be made up of factors each of which is the irreducible factor
of a binomial 1—a™, or if ¢x be itself irreducible, then ¢x must be the irreducible
factor of a binomial 1—a™ Conversely, if g2 be not of the form in question, the
series o, o,, @, &c. will go on ad ipfinitum, and it is easy to see that there is no point
in the series such that the terms beyond that point are all of them negative, i. e. there
will be irreducible covariants or invariants of indefinitely high degrees; and the

P2
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number of covariants or invariants will be infinite. The number of invariants is first
infinite in the case of a quantic of the seventh order, or septic; the number of cova-
riants is first infinite in the case of a quantic of the fifth order, or quintic.

29. Resuming the theory of binary quantics, I consider the quantic

(a, b, .. 0, a Y, y)™
Here writing {y9,}=ad,+2b9,..4mbd,=X

{0,} =mb0o,+m—1c0,..+a0,=Y,

any function which is reduced to zero by each of the operations X—20,, Y—9, is a
covariant of the quantic. But a covariant will always be considered as a rational
and integral function separately homogeneous in regard to the facients (z, y) and to
the coeflicients (a, b, .. 0", @'). And the words order and degree will be taken to refer
to the facients and to the coeflicients respectively.

I commence by proving the theorem enunciated, No. 23. It follows at once from
the definition, that the covariant is reduced to zero by the operation

X—%0,.Y—20,—Y—2x0,.X—y0,,

which is equivalent to

X.Y-Y.X+4+y0,—20,.
Now

X. Y=XY4X(Y)

Y. X=YX+4+Y(X),
where XY and YX are equivalent operations, and
X(Y)=1mad,+2m—1b0,...+m 159,

Y(X)= m1b0,.. +2m—1b60,41ma"d,,
whence .
X(Y)—Y(X)=mao,+m—2b0,..—m—2b'0,, —ma'd,,.

=k suppose,
and the covariant is therefore reduced to zero by the operation
k+yo,—x0,.

Now as regards a term a*b®..6%a" .2/, we have

k=moe+m—20.., —m—23"—ma'
yay—xazzj—i;
and we see at once that for each term of the covariant we must have
- mo+m—2B..—m—23" —me' +j—i=0,

i. e. if (, y) are considered as being of the weights 1, —1 respectively, and (a, b, ..5', a)
as being of the weights —§m, —Lm--1, ..k m~—1, L m respectively, then the weight
of each term of the covariant is zero.




MR. A. CAYLEY’S SECOND MEMOIR UPON QUANTICS. 105

But if (2, y) are considered as being of the weights 1, 0 respectively, and (a, b,..5', a')

as being of the weights 0, 1, ..m—1, m respectively, then writing the equation under
the form

m(e+B..+p'+e") +j+i—2(B+.. +m—1p'+ma'+i)=0,
and supposing that the covariant is of the order w and of the degree 4, each term of
the covariant will be of the weight 1 (mo+w).

Ishall in the sequel consider the weight as reckoned in the last-mentioned manner.
It is convenient to remark, that as regards any function of the coefficients of the
degree 0 and of the weight ¢, we have

X.Y—-Y.X=mi—2q.
30. Consider now a covariant
(A, B, ..B, A' Yz, y)
of the order p and of the degree ¢; the covariant is reduced to zero by each of the
operations X —9,, Y—x0,, and we are thus led to the systems of equations

XA =0

XB =pA
XC =p—1B
XB'=2(C"
XA'=RB'

and

YA =B

YB =2C
YC'=p—1B'
YB'=pA'
YA'=0.

Conversely if these equations are satisfied the function will be a covariant.

I assume that A is a function of the degree 4 and of the weight } (md—p), satis-
fying the condition

XA=0.

And I represent by YA, Y?A, Y?A, &c. the results obtained by successive operations
with Y upon the function A. The function Y’A will be of the degree 4 and of the
weight 1 (md—uw)+s. And it is clear that in the series of terms YA, Y’A, Y°A, &c.,
we must at last come to a term which is equal to zero. In fact, since m is the
greatest weight of any coefficient, the weight of Y’ is at most equal to md, and there-
fore if L (m0—p)—~-s>md, or s>% (md+p), we must have Y’A=0.
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Now writing for greater simplicity XY instead of X.Y, and so in similar cases, we
have, as regards Y°A,
XY —-YX=p—2s.
Hence
(XY—-YX)A=pA,
and consequently
XYA=YXA+pA=pA.
Similarly
(XY—=YX)YA=p—2YA,
and therefore
XY’A=YXYA+4p—2YA
=uYA+p—2YA=2(p—1)YA.
And again,
(XY—=YX)Y A=p—4Y?A,
and therefore
XY A=YXY?A+p—4Y?A

=2u— 1Y A+p—4Y’A=3(p—2) YA,

or generally
XY A=s(p—s+1)Y'A.

Hence putting s=p+1, p+2, &c., we have

XY“"'A=0

XY A= —(p42)1.Y""'A

XY'"PA=—(p+3)2.Y*A

&e.,
equations which show that

Y 'A=0;
for unless this be so, i. e. if Y**'A==0, then from the second equation XY*"’A =0
and therefore Y**?A=}=0, from the third equation XY**’==0, and therefore Y***A==0
and so on ad infinitum, i.e. we must have Y**'A=0.

31. The suppositions which have been made as to the function A, give therefore the
equations

2

b2

XA=0
XYA:;/JA
XY?A=2(p— 1)YA

XY*A=pY* A

Y/4+1A=O
And if we now assume

B=YA, C=1YB, .A'=,YB),
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the system becomes

XA =0

XB =pA
XC =u—1B
XA'=B'
YA'=0;

so that the entire system of equations which express that (A, B..B', Az, y)* is
a covariant is satisfied ; hence

Theorem. Given a quantic (e, b, ..0', 'Y, y)"; if A be a function of the coeflicients
of the degree 4 and of the weight § (md—p) satisfying the condition XA=0, and if
B, C,..B), A' are determined by the equations

B=YA, C=}VB, ..A'=;VB,
then will
(A, B, ..B', Az, y)*
be a covariant.

In particular, a function A of the degree 4 and of the weight 4 m/d, satisfying the
condition XA =0, will (also satisfy the equation YA=0 and will) be an invariant.

32. I take now for A the most general function of the coefficients, of the degree ¢
and of the weight § (méd—pw) ; then XA is a function of the degree 4 and of the weight
L (md—p)—1, and the arbitrary coefficients in the function A are to be determined
so that XA=0. The number of arbitrary coefficients is equal to the number of
terms in A, and the number of the €quations to be satisfied is equal to the number of
terms in XA ; hence the number of the arbitrary coefficients which remains indeter-
minate is. equal to the number of terms in A less the number of terms in XA ; and
since the covariant is completely determined when the leading coefficient is known,
the difference in question is equal to the number of the asyzygetic covariants, i. e. the
number of the asyzygetic covariants of the order w and the degree 4 is equal to the
number of terms of the degree 4 and weight 3 (md—p), less the number of terms of
the degree 4 and weight 1 (mf—p)—1.

33. I shall now give some instances of the calculation of covariants by the method
just explained. It is very convenient for this purpose to commence by forming the
literal parts by ArBocast’s Method of Derivations: we thus form tables such as the
following :—

alb'c

ab ace be o’

62
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a* ab ac ad bd cd a2
b* be c?
) a*c ad | abd aed | ad? bd? ed? &
ab? abe | ac? b%d bed cd
I b’ bc? c?
at | 2°b asc a’d 2bd | ded | *d* | abd? | acd® | ad? bd® ced? at
a8 | be | a*c® | ab’d | abed | ac’d | Bd* | bed® | Ed?
' ab? ab’c | abc® | ac® bled | bc*d | d
bt b bd b ¢t
B2t
a b ¢ d e !
a’ ab ac ad ae be bd ‘ed a2
b* be bd cd c?
02
I b ale a’d ale abe ace ade aé’ bée? cé de* e
ab® abe abd | acd | ad® bee bde cde d’e
b ac® bd b’ ba? c’e a3
b be? bed | cd cd?
c3
|

34. Thus in the case of a cubic (a, b, ¢, dY, y)*, the tables
be a single invariant of the degree 4. Represent this by

which is to be operated upon with 29,4269,43¢0,.

Aa’d®
+Babcd
+Cac®
+Dbd
+Ebc,
This gives

+B
+3D
+2E

+6A a‘ed
+2B ab’d
+6C +3B abe?
+4E +3D b

show that there will
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i. e. B4+6A=0, 3D}+2B=0, &c.; or putting A=1, we find B=—6, C=4, D=4,
E=-3, and the invariant is
ad?

—6abed

“+4ac?

+4b%d

—3b%c.
Again, there is a covariant of the order 3 and the degree 3. The coefficient of a*
or leading coefficient is

Aa’d
+Babce
+Cb’,
which operated upon with a0,-+250,43¢9,, gives
+B +3A | @’c
+3C +2B ab?®

i.e. B43A=0, 3C+2B=0; or putting A=1, we have B=—3; C=2, and theiea'ding
coefficient is
a’d
—3abc
+2b°
The coefficient of 2% is found by operating upon this with (360,42c0,+d9,), this
gives

+6 v —3 abd
—6 ac®
-9 +12 b’

i.e. the required coefficient of 2%y is
3abd

—6ac®
+3b%;
and by operating upon this with } (369,+2c0,+ dbc), we have for the coefficient of ay*,

‘ +3 -6 acd
+3 +3 b'd
-9 +6 be?
i. e. the coefficient of 2y is
—3acd
+6b°d
—3bc.

MDCCCLVI. Q
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Finally, operating upon this with % (359,42¢0,4d9,), we have for the coefficient of ¥°,

-1 ad?
-3 +8 -2 bed
-2 ¢
i. e. the coeflicient of 7° is
—ad*
~+3bcd
—2¢,
and the covariant is
a’d 3abd —3acd —ad? .
(| —3abe —6ac® +68%d +3bed K“’) y)
+28° + 3% —3b¢* —2c? '

I have worked out the example in detail as a specimen of the most convenient method
for the actual calculation of more complicated covariants *,

35. The number of terms of the degree 4 and of the weight ¢ is obviously equal to
the number of ways in which ¢ can be made up as a sum of dterms with the elements
(0,1,2,...m), a number which is equal to the coefficient of 272° in the development of

1 3
(1—=2)(1—2z2)Q —a%)..0—amz)’

and the number of the asyzygetic covariants of any particular degree for the quantic

* Note added Feb. 7, 1856.—The following method for the calculation of an invariant or of the leading
coefficient of a covariant, is easily seen to be identical in principle with that given in the text. Write down
all the terms of the weight next inferior to that of the invariant or leading coefficient, and operate on each of
these separately with the symbol

\

c —
e tm—1ind b~

. b .

ind. b -&+'2 ind. ¢ 3
where we are first to multiply by the fraction, rejecting negative powers, and then by the index of the proper
letter in the term so obtained. Equating the results to zero, we obtain equations between the terms of the
invariant or leading coefficient, and replacing in these equations each term by its numerical coeflicient in the
invariant or leading coefficient, we have the equations of connexion of these numerical coefficients. Thus, for
the discriminant of a cubic, the terms of the next inferior weight are a%cd, ab’d, abc?, b, and operating on each
of these separatély with the symbol v

ind. 5-242ind. ¢S 4+3ind. 4.9,
a b c

we find
abed +6 ad?
3 bd +2 abed
2 ¢ +6 ac® +3 abed
+4 b +3 #d

and equating the horizontal lines to zero, and assuming a’d*=1, we have ¢®d*=1, abcd= —6, ac*=4, b*dI=4,
b*c*=—3, or the value of the discriminant is that given in the text.
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(#)X(x, y)™ can therefore be determined by means of this development. In the case of
a cuble, for example, the function to be developed is

1
(1=2)(1—=22) 1 —2%) (1 —2°2)°

which is equal to
142(1da42°42°) +2°(1 + 242202+ 22° 4 224+ 25+ 2°) 4 &e.,

where the coefficients are given by the following table; on account of the symmetry,
the series of coefficients for each power of % is continued only to the middle term or
middle of the series.

1|123456'6(5)

'1123457788(6)

and from this, by subtracting from each coefficient the coefficient which immediately
precedes it, we form the table

1| (0)

1|0 1)

1{o|1]0] (2

1{of1/1(0]| (3

1{ofl1|1|1]0|1] (&

1{0|1}t1 |1 }|1}|1}]o0/| (5

1jo|1|1]|1f{1]|2]o0o]|1]o0] (6

The successive lines fix the number and character of the covariants of the degrees
0, 1, 2, 3, &c. 'The line (0), if this were to be interpreted, would show that there is a
single covariant of the degree 0; this covariant is of course merely the absolute con-
stant unity, and may be excluded. The line (1) shows that there is a single covariant

Q2
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of the degree 1, viz. a covariant of the order 3; this is the cubic itself, which I repre-
sent by U. The line (2) shows that there are two asyzygetic covariants of the
degree 2, viz. one of the order 6, this is merely U?, and one of the order 2, this I
represent by H. 'The line (3) shows that there are three asyzygetic covariants of the
degree 3, viz. one of the order 9, this is U?; one of the order 5, this is UH, and one of
the order 3, this I represent by ®. The line (4) shows that there are five asyzygetic
covariants of the degree 4, viz. one of the order 12, this is U*; One of the order 8,
this is U?H ; one of the order 6, this is H?; and one of the order 0, <. e. an invariant,
this I represent by v. The line (5) shows that there are six asyzygetic covariants of
the degree 5, viz. one of the order 15, this is U°; one of the order 11, this is U*H ;
one of the order 9, this is U®; one of the order 7, this is UH?; one of the order 5,
this is H®; and one of the order 3, this is VU. The line (6) shows that there are 8
asyzygetic covariants of the degree 6, viz. one of the order 18, this is U°; one of the
order 14, this is U*H ; one of the order 12, this is U*®; one of the order 10, this is
U?H’; one of the order 8, this is UH®; two of the order 6 (7. e. the three covariants
H?, ®* and VU® are not asyzygetic, but are connected by a single linear equation or
syzygy), and one of the order 2, this is VH. We are thus led to the irreducible
covariants U, H, @, V connected by a linear equation or syzygy between H?, ®* and
VU? and this is in fact the complete system of irreducible covariants; V is therefore
the only invariant.

36. The asyzygetic covariants are of the form U’H'V’, or else of the form
U"H'V'®; and since U, H, V are of the degrees 1, 2, 4 respectively, and @ is of the
degree 3, the number of asyzygetic covariants of the degree m of the first form is
equal to the coefficient of #™ in l+(l—x)(l—x2)(1—x4), and the number of the
asyzygetic covariants of the degree m of the second form is equal to the coeflicient
of v" in @*+(1—a)(1—a*)(1—a*). Hence the total number of asyzygetic covariants
is equal to the coeflicient of 2™ in (144°)+(1—2)(1—2a*)(1—a*), or what is the
same thing, in

1—af .
(1—2)1—2?)(1—a%)(1—at)’

and conversely, if this expression for the number of the asyzygetic covariants of
the degree m were established independently, it would follow that the irreducible
invariants were four in number, and of the degrees 1, 2, 3, 4 respectively, but con-
nected by an equation of the degree 6. As regards the invariants, every invariant is
of the form V7, i. e. the number of asyzygetic invariants of the degree m is equal to

the coeflicient of 2™ in 7—, and conversely, from this expression it would follow that

there was a single irreducible invariant of the degree 4.
37. In the case of a quartic, the function to be developed is.

1
(1 —2)(1 —22)(1 —a%) (1 —a%)(1 —'x"z)’
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and the coefficients are given by the table.

And subtracting from each coefficient the coefficient immediately preceding it, we
have the table—

1| (0

1|00 (1

1jofl1]o0|1] (2

1jo|1|1]1]0]|1]| (@

1{ofl1|1lelolelo|1]| (g
(5)
(6)

-~
c
[
p—
5 (3]
p—
[}
i
[\
o
e

K

—
—
(3]
-
o
—
[SU]
-
[N
o
[S+]

the examination of which will show that we have for the quartic the following
irreducible covariants, viz. the quartic itself U; an invariant of the degree 2, which I
represent by I'; acovariant of the order 4 and of the degree 2, which I represent by H ;
an invariant of the degree 3, which I represent by J; and a covariant of the order 6
and the degree 3, which I represent by ®; but that the irreducible covariants are
connected by an equation of the degree 6, viz. there is a linear equation or syzygy
between @*, I'H?, I*’JH*U, IJ*HU*® and J°U?; this is in fact the complete system of
the irreducible covariants of the quartic: the only irreducible invariants are the
‘invariants I, J.
. 38. The asyzygetic covariants are of the form U’I'H'J’, or else of the form
UI’H’J'®, and the number of the asyzygetic covariants of the degree m is equal to
the coefficient of 2™ in (14a°) + (1 —a)(1 —a*)*(1 —°), or what is the same thing, in
1—28

(1—2)(1—2%)2(1 —a23)?
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and the asyzygetic invariants are of the form I’J? and the number of the asyzygetic
invariants of the degree m is equal to the coefficient of 2™ in 1+(1—a?)(1—2°).
Conversely, if these formulae were established, the preceding results as to the form
of the system of the irreducible covariants or of the irreducible invariants, would
follow.
39. In the case of a quintic, the function to be developed is
1
(1—2)(1 —22)(1 —2%2) (1 —2a%2) (1 —a%z) (1 —a%2z) °

and the coefficients are given by the table:

112 |3|4|5]|6|6]| (3

1‘1{2 3’5 7o |1m|1a]16]18]19]20] (5

and subtracting from each coefficient the one which immediately precedes it, we have
the table :

11 (0)

1{0/o0 (1)

1jo|1[0o|1]|0] (2

1lofl1{1]1|1]|140 3)

i101112121201(4)

10"11‘222232211(5)

We thus obtain the following irreducible covariants, viz.—

Of the degree 1; a single covariant of the order 5, this is the quintic itself.

Of the degree 2; two covariants, viz. one of the order 6, and one of the order 2.

Of the degree 3 ; three covariants, viz. one of the order 9, one of the order 5, and
one of the order 3.

Of the degree 4 ; three covariants, viz. one of the order 6, one of the order 4, and
one of the order 0 (an invariant).

Of the degree 5; three covariants, viz. one of the order 7, one of the order 3, and
one of the order 1 (a linear covariant).
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And these covariants are connected by a single syzygy of the degree 5 and of the
order 11; in fact, the table shows that there are only two asyzygetic covariants of
this degree and order ; but we may, with the above-mentioned irreducible covariants
of the degrees 1, 2, 3 and 4, form three covariants of the degree 5 and the order 11;
there is therefore a syzygy of this degree and order.

40. I represent the number of ways in which ¢ can be made up as a sum of m terms
with the elements 0, 1, 2,...m, each element being repeatable an indefinite number

of times by the notation
) P(0,1,2,..m)’q,
and I write for shortness

P'(0,1,2,..m)’¢=P(0,1,2..m)’q—P(0,1,2...m)°q—1.

Then for a quantic of the order m, the number of asyzygetic covariants of the degree

0 and of the order w is P(0,1,2 ...m)‘%(mé—-w).
In particular, the number of asyzygetic invariants of the degree 4 is
P'(0,1,2..m)"imo.

To find the total number of the asyzygetic covariants of the degree 4, suppose first
that md is even; then, giving to 4 the successive values 0, 2, 4,..md, the required

number is
P(Fmé) —P(3mé—1)
+PEmé—1)—P(Fmi—2)

+P(2) —P(1)

+P(1)

=P(im0),
i. e. when md is even, the number of the asyzygetic covariants of the degree 4 is

P(0,1,2..m)°4mé;

and similarly, when md is odd, the number of the asyzygetic covariants of the degree
01 P(0, 1,2, ..m)"s(md—1).
But the two formule may be united into a single formula; for when md is odd $md
is a fraction, and therefore P(3md) vanishes, and so when mdis even 3(md—1) is a
fraction, and P}(méd—1) vanishes; we have thus the theorem, that for a quantic of

the order m,—
The number of the asyzygetic covariants of the degree 4 is

P(0,1,2...m)*3mo-+P(0,1,2,..m)°3(mé—1).

41. The functions P3mé, &c. may, by the method explained in my “ Researches
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on the Partition of Numbers,” post. p. 34, be determined as the coefficients of 2? in
certain functions of #; I have calculated the following particular cases:—

Putting, for shortness, :
P'(0, 1, 2, ..m)’smé= coefficient 2° in pm,

1
then P2=7—0
1
PB=1_p
. 1
)
1 —af 212

=T a—a (=)

6= (1 —2)(1 +2—a3—at— a5+ a7 + a°)
o= =1 =1 —2)

l—$6+2$8—w10+5%’12+2x]4+6$16+2.%'18+5‘Z'20'—".Z'22+2$24—.Z‘26+$32

=" (1—a%) (1 =25 (1—2®) (1 —2'0) (1 —2™)
8—(1_w)(1+”—“3—$4+w6+x7+x8+x9+x‘°——w‘3+m15+x16)
Po= 1—2?P (1 —2®)2(1— 2" (1 —2%) (1 —7)

P(0, 1, 2, ..m)°smé= coefficient of 2° in m,

1
then ¢2=m
_ 1424
V=T 0=
“, l—a+a?
W= =
— 1+2%+ 62+ 9264 122% 4 92104 6212 4 24 4 216
V5= (1=22(1 —a*)(1—af)(1—a2B) ’
P(0, 1, 2, ..m)°*§(m0—1)= coefficient of z n +m,

z+a?
then «}z,3__(1 g

3 5_w+4z"3+8.z5+ 1027 —102° + 821! 44213 4 215
= A== (1—2%) (1~ '

And from what has preceded, it appears that for a quantic of the order #, the number
of asyzygetic covariants of the degree ¢ is for-m even, coefficient 2° in +lm, and for m
odd, coefficient 2° in (Ym-++}m); and that the number of asyzygetic invariants of the
degree ¢ is coefficient 2° in gm. - Attending first to the invariants,—
42. For a quadric, the number of asyzygetic invariants of the degree 0 is
coefficient 2’ in —1~1—2,
—&

which leads to the conclusion that there is a single irreducible invariant of the
degree 2.
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43. For a cubic, the number of asyzygetic invariants of the degree 4 is

coefficient 2° in

1—a?’

i. e. there is a single irreducible invariant of the degree 4.
44. For a quartic, the number of asyzygetic invariants of the degree 4 is
1
. o:
coefficient 2° in ==’
i. e. there are two irreducible invariants of the degrees 2 and 3 respectively.
45. For a quintic, the number of asyzygetic invariants of the degree 4 is

1—af+ 212
(1—a*)(1—2%(1—2°)"

coefficient z° in

The numerator is the irreducible factor of 1—a%, 7. e. it is equal to (1—x*)(1—2a°)
+(1—a")(1—2"); and substituting this value, the number becomes

. . 1—2%
coefficient 2° in = (1= (1 =51 =2)’

t. e. there are in all four irreducible invariants, which are of the degrees 4, 8, 12 and
18 respectively ; but these are connected by an equation of the degree 36, i. e. the
square of the invariant of the degree 18 is a rational and integral function of the
other three invariants ; a result, the discovery of which is due to M. HErRMITE.

46. For a sextic, the number of asyzygetic invariants of the degree 4 is

1—2)1 +x—z3—x4—x5+x7+.zé) .

coefficient 2° in (=21 =29 (1= (1 —29)

the second factor of the numerator is the irreducible factor of 1—2%, 7. e. it is equal
to (1—2%)(1—a°)(1—2°)(1—a*) + (1 —2")(1 — ) (1—2®)(1—x); and substituting this
value, the number becomes

. . 1—2%0
COCfﬁClent xao m (1 _zg)(l_xq,)(l _.ms)(l__mlo)(l_z,ls)’

1. e. there are in all five irreducible invariants, which are of the degrees 2, 4, 6, 10 and
15 respectively ; but these are connected by an equation of the degree 30, 1. e. the
square of the invariant of the degree 15 is a rational and integral function of the
other four invariants.

47. For a septic, the number of asyzygetic invariants of the degree 4 is

1_x6+2m8__x10+5'z.12+ 2$14+6$16+ 2'”18+5x20_‘z.22+2z24__x26+z.32

Coeﬁ:lCient .’L’o in (1 —Z‘4) (1 ‘—'-Z'G) (1 _ws) (1 _xlo)(l_wm) )

the numerator is equal to
(1—=2%(1=a*)"*(1—a")(1 —2®) (1 —a™) ...,

where the series of factors does not terminate; hence the number of irreducible inva-
MDCCCLVI. R
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riants is infinite ; substituting the preceding value, the number of asyzygetic invariants
of the degree 4 is
coefficient 2° in (1—a*)7'(1—2%)~*(1—a") (1 —a™)~"...

The first four indices give the number of irreducible invariants of the corresponding
degrees, . e. there are 1, 3, 6 and 4 irreducible invariants of the degrees 4, 8,12 and
14 respectively, but there is no reason to believe that the same thing holds with
respect to the indices of the subsequent terms. To verify this it is to be remarked,
that there are 1, 4, 10 and 4 asyzygetic invariants of the degrees in question respect-
ively ; there is therefore one irreducible invariant of the degree 4; calling this X,,
there is only one composite invariant of the degree 8, viz. X%; there are therefore
three irreducible invariants of this degree, say X, X;, X;. The composite invariants
of the degree 12 are four in number, viz. X3, X, X,, X X;, X X}, and these cannot be
connected by any syzygy, for if they were so, X3, X,, X, X; would be connected by a
syzygy, or there would be less than 3 irreducible invariants of the degree 8. Hence
there are precisely 6 irreducible invariants of the degree 12. And since the irreducible
invariants of the degrees 4, 8 and 12 do not give rise to any composite invariant of
the degree 14, there are precisely 4 irreducible invariants of the degree 14.
48. For an octavic, the number of the asyzygetic invariants of the degree ¢ is

fficient 2° i (1—2) (1 +2—aB—at 4+ 28+ 27 + 284 29 + 210 — 212 — 213 4 215 4 216) |
coetiicient 2° 1n 1—2%2(1 =221 —2")(1—2%) (1—a7) >

and the second factor of the numerator is

1—a)'(1=a*)(1—2*)"'Q1 =2 (1—2®) (1 —2%) (1 =) (1 =20 (1 —2") (1 —2")..,
where the series of factors does not terminate, hence the number of irreducible inva-
riants is infinite. Substituting the preceding value, the number of the asyzygetic
invariants of the degree 4 is

coeff. 20in (1 —a?)~1(1 —2?)=}(1 —a)~1(1 —af)=}(1 —a%)~}(1 —a)~}(1 —a%) (1 —2%)~}(1 —a'*)=}(1 —2*)(1 —a7)(1 —a*)...
There is certainly one, and only one irreducible invariant for each of the degrees
2, 3, 4, 5 and 6 respectively; but the formula does not show the number of the irre-
ducible invariants of the degrees 7, &c.; in fact, representing the irreducible inva-
riants of the degrees 2, 3, 4, 5 and 6 by X,, X,, X,, X;, X, these give rise to 3 com-
posite invariants of the degree 7, viz. X,X,X,, X,X;, X,X,, which may or may not be
connected by a syzygy; if they are not connected by a syzygy, there will be a single
irreducible invariant of the degree 7; but if they are connected by a syzygy, there will
be two irreducible invariants of the degree 7; it is useless at present to pursue the
discussion further.

Considering next the covariants,—
49. For a quadric, the number of asyzygetic covariants of the degree 4 is

1
4 o I
coefficient 2° in T=a) (=2
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i. e. there are two irreducible covariants of the degrees 1 and 2 respectively; these are
of course the quadric itself and the invariant.
50. For a cubic, the number of the asyzygetic covariants of the degree 4 is

(1+2)(1+49
(===

The first factor of the numerator is the irreducible factor of
1—-2°, =(1—2") +(1—2),

and the second factor of the numerator is the irreducible factor of
1—2, =(1—2a*)+(1—a%;

substituting these values, the number is

coefficient z° in

1—af
1—2)(1—2?%) (1 —2%)(1—2a%)’
i.e. there are 4 irreducible covariants of the degrees 1, 2, 3, 4 respectively ; but these
are connected by an equation of the degree 6; the covariant of the degree 1 is the
cubic itself U, the other covariants are the covariants already spoken of and repre-
sented by the letters H, ® and V respectively (H is of the degree 2 and the order 3,
@ of the degree 3 and the order 3, and V is of the degree 4 and the order 0, i. e. it is
an invariant).
51. For a quartic, the number of the asyzygetic covariants of the degree 4 is
1—z+a?
1—2)%(1—2%) (1 —43)’

coeflicient 2? in (

coeflicient 2° in (

the numerator of which is the irreducible factor of 1—a° i. e. it is equal to
(1—=a%)(1—a) =~ (1—2a*)(1—2°). Making this substitution, the number is

1—af
1—2)(1—2%?*(1—a%)

coefficient 2° in (

i. e. there are five irreducible covariants, one of the degree 1, two of the degree 2, and
two of the degree 3, but these are connected by an equation of the degree 6. The
irreducible covariant of the degree 1 is of course the quartic itself U, the other irre-
ducible covariants are those already spoken of and represented by I, H, J, @ respect-
ively (I is of the degree 2 and the order 0, and J is of the degree 3 and the order 0,
i.e. I and J are invariants, H is of the degree 2 and the order 4, @ is of the degree 3
and the order 6).
52. For a quintic, the number of irreducible covariants of the degree 4 is

F a0 14 2+ 22+ 42+ 62* + 82° + 925+ 1027 4- 1228 + 102° 4 920 4 82! + 6212 + 423 4 214 + 215 + 216
coelt. z71n (=22 =2 (1—2%)(1—25) ’

the numerator of which is
(142)* (1 — 2422+ 2° 422" 4 32° - 2°4-5a” - 2° - 327 4- 22" -2 - 22 — 2+ 2) 5
the first factor is (1—a)~*(1—a?)’, the second factor is

(1—2) (1—-:02)‘2(1 —25)"(1—2") " (1=2°)"2(1—2%)°(1—=2")° (1 —2°) (1 =2") (1 —2")~°(1 —az") L,
R 2



120 MR. A. CAYLEY'S SECOND MEMOIR UPON QUANTICS.

which does not terminate ; the number of irreducible covariants is therefore infinite.
Substituting the preceding values, the expression for the number of the asyzygetic
covariants of the degree 4 is

coeff.2’ in(1—2) " (1—2%)"2(1—2%) (1 —2") (1 —2°) 7?1 —2°)* (1 —2")° (1 —2%)°(1 —2%)' (1 — ') (1 —2") " %...,

which agrees with a previous result: the numbers of irreducible covariants for the
degrees 1, 2, 3, 4 are 1, 2, 3 and 3 respectively, and for the degree 5, the number
of irreducible covariants is three, but there is one syzygy between the composite
covariants of the degree in question ; the difference 3 —1=2 is the index taken with
its sign reversed of the factor (1—=2°)~*

53. I consider a system of the asyzygetic covariants of any particular degree and
order of a given quantic, the system may of course be replaced by a system the terms
of which are any linear functions of those of the original system, and it is necessary
to inquire what covariants ought to be selected as most proper to represent the
system of asyzygetic covariants; the following considerations seem to me to furnish
a convenient rule of selection. Let the literal parts of the terms which enter into
the coefficients of the highest power of z or leading coefficients be represented by
M,, M;, M,, .. these quantities being arranged in the natural or alphabetical order;
the first in order of these quantities M, which enters into the leading coefficient of a
particular covariant, may for shortness be called the leading term of such covariant,
and a covariant the leading term of which is posterior in order to the leading term
of another covariant, may be said to have a lower leading term.

It is clear, that by properly determining the multipliers of the linear functions we
may form a covariant the leading term of which is lower than the leading term of
any other covariant (the definition implies that there is but one such covariant); call
this ®. We may in like manner form a covariant such that its leading term is lower
than the leading term of every other covariant except ©,; or rather we may form a
system of such covariants, since if @, be a covariant having the property in question,
D, kO, will bave the same property, but & may be determined so that the covariant
shall not contain the leading term of ®,, i. e. we may form a covariant ®, such that
its leading term is lower than the leading term of every other covariant excepting
®,, and that the leading term of ®, does not enter into ®,; and there is but one such
covariant, ®,. Again, we may form a covariant ©, such that its leading term is lower
than the leading term of every other covariant excepting O, and ©,, and that the
leading terms of ®, and O, do not either of them enter into ®,; and there is but one
such covariant, ®,. And so on, until we arrive at a covariant the leading term of
which is higher than the leading terms of the other covariants, and which does
not contain the leading terms of the other covariants. We have thus a series of
covariants ©,, ' ©,, ©,, &c. containing the proper number of terms, and which
covariants may be taken to represent the asyzygetic covariants of the deglee and
order in question.
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In order to render the covariants ® definite as well numerically as in regard to
sign, we may suppose that the covariant is in its least terms (i. e. we may reject
numerical factors common to all the terms), and we may make the leading term
positive. The leading term with the proper numerical coefficient, if different from
unity and with the proper power of x, or the order of the function annexed, will, when
the covariants of a quantic are tabulated, be sufficient to indicate, without any
ambiguity whatever, the particular covariant referred to. I subjoin a table of the
covariants of a quadric, a cubic and a quartic, and of the covariants of the degrees
1, 2, 3, 4 and 5 respectively of a quintic, and also two other invariants of a quintic.

Covariant Tables (Nos. 1 to 26).

No. 1. No. 2.
(’-}-la +2 b‘+l c{ﬁim,yf +1 Z;I
. —1 P

The tables Nos. 1 and 2 are the covariants of a binary quadric. No. 1 is the qua-
dric itself; No. 2 is the quadrinvariant, which is also the discriminant.

No. 3. No. 4.
1a|l+3 b!+3 +1 4Yx, v)°. +1ac | +1 ad | +1 bd
(‘ e ‘ j[ :3/) ( —18 | =1 b | —1¢ z‘z,,y)z

No. 5. No. 6.

+1 d’d | +3 abd| —3 acd | —1 ad* +1 ad®
(| —8 abe | —6 ac® | 46 5%d | +3 bed Y, y)°. —6 abed

+2 0 |48 b% | -3 b | —2 ¢ +4 ac®

' | 4

—3 b%?

The tables Nos. 3, 4, 5 and 6 are the covariants of a binary cubic. No. 3 is the
cubic itself; No. 4 is the quadricovariant, or Hessian; No. 5 is the cubicovariant ;
No. 6 is the invariant, or discriminant. And if we write

No. 3=1U,
No. 4=H,
No. 5=,
No. 6=V,

then identically, P*—-VU+4H*=0.
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No. 7.
(| +1 e | 448 | +6¢c | +44d } +1le j[:c,y)“

No. 8. No. 9.

+1 ae ( +1a | +2 ad | +1 ae | +2 be | +1 bd

—4 bd —18 | =28 | 4+28d | —2cd | —1¢ [, y)t

+3 ¢ —3 &
No. 10. No. 11.
+1 ace +1 a’d |+) d’e |+ 5 abe| o ace | — 5 ade|—1 ae® | —1 b
—1 ad? —3 abe | +2 abd| —15 acd | —10 ad? | +15 bee | —2 bde | +3 cde I )5
—1 &% ( +2 8 | —9 ac® | +10 &%d | 410 b% | —10 8d% | +9 c% | —2 a3 LYy
+2 bed +6 0| o b | w bed| o Ad | —6 ed?
—1 ¢ w P

No. 12.

1 d% '+ 81 ac'e
12 a®bdé® | _ 54 aqc3q?
18 a’c¢® | _ o7 pie2
54 ded’ | | 108 bcde
27 &d' | _ 64 B
54 ab’ee’ | _ 54 5
6 ab’de | 4 36 peq
—180 abc’de| o  peid
1108 abed® | o o

—J

I+1+11+

The tables Nos. 7, 8, 9, 10 and 11 are the irreducible covariants of a quartic.
No. 7 is the quartic itself; No. 8 is the quadrinvariant ; No. 9 is the quadricovariant,
or Hessian ; No. 10 is the cubinvariant ; and No. 11 is the cubicovariant. The table
No. 12 is the discriminant. And if we write

No. 7=U,
No. 8=I,
No. 9=H,
No. 10=J,
No. 11=9,
No. 12=V,

then the irreducible covariants are connected by the identical equation
JU? —IUH+4-4 H*+ P*=0,
and we have V=P~-27J%
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No. 13.
( +la | +586 | +10c | +10d| +5 e +17 h{x’yy
No. 14.
+1 ae | +1 aof | +1 &f
(| —4 2d| —3 Ge | —4 ce T%Z/)’
+3c | +2c¢d | +3 &
No. 15.
+1a | +3 ad| +3 ae | +1 af | +3 & | +3 ¢f | +1 df
(| =18 | =88c| +3bd| +78e| +3ce | =3 de | —1 ¢ [Ya,y)°
—6 ¢ | —8¢d | —6 &7
No. 16.
+1 ace +1 acf +1 adf +1 bdf
—1 ad? —1 ade —1 aé —1 bé*
—1Be | —18F | =10 | —1 &F 3
( +2 bed +1 bce 41 bde +2 cde ’j[m,y)
—1 ¢ +1 42 +1 (% —1 &3
—1 d —1 cd?
No. 17.
+1d&f | +5abf| + 2acf| — 2 adf | — 5 aef | —1 af?
—5 abe | —16 ace | —12 ade | — 8 a¢® | +16 bdf | +5 bef
( +2 acd + 6 ad® | + 8 B*F | +12 bef | + 9 be? —2 cdf Ix y)s
+8 8d | — 9 8% | —38 bee | +38 bde | — 6 f —8 ¢ ’
—6 b +38 bed | +72 bd® | —72 ¢ | —38 cde | +6 d%
—24 2 —32 %d | +382 cd® | +24 d°
No. 18.
+1a%d|+ 2d% |+1 &*f |+ 7 abf|+ 5 acf|— 5 adf|— T aef|— 1 af?|— 2 0f*|—1 ¢f?
—3 abe|+ 1 abd|+11 abe|— 8 ace |—40 ade|—16 ade|+ 8 bdf|—11 bef|— 1 cef |+ 3 def
( +2% |—12 ac® |—34 acd|—34 ad?|+16 b*F |+40 B*f | —29 be’ |+ 34 cdf |+12 d°f |—2 €& y:(w )9
+ 9 8% |+16 8°d |+29 b |+ 47 bee |—AT bee |+34 ¢3F | —16 ce® |— 9 de? Y
+ 686 |— 2 bed|—44 bd?|+44 bd? |+ 2 cde|— 6 d%
| + 8¢ |4+16 ¢*d |—16 ¢d |— 8 d°
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Na&.19. No. 20.

+ 1 + 1 d&df | + 2 def + 1 &%f* + 2 abf* | 4+ 1 acf?

—10 abef o dfe’ — 4 abdf | — 4 abef | — 4 acef — 3 adef

+ 4 acdf — 3 abef | —10 abe’ — 2 acdf | — 2 ad’f | + 2 aé®

+16 ace’ — 5 abde | — 2 ac’f + 4 ace + 4 adé’ o Bif?

—12 ad?e +10 ac’e +24 acde o adle —10 &%f — 5 beef

+16 Bdf — dacd® | —12 ad® | + 4 Bdf | +24 bedf | +10 bd'F
1+ 9 8 (267 | + 40cf | —98%¢ | +16 bee | — 5 bas Yz, y)*
—12 beif — 5 bce | +16 Bde | o b | —22 bde | — 4 Cdf Y
—76 bede +14 8*d? —22 be’e +50 bede =12 & | +14 &

+48 bd® —16 bc2d — 4 bed? —36 bd® — 4 ?de —16 cd’

+48 e + 6 ¢ + 8 cd —36 e + 8 cd® + 6 4

—32 cd? . +28 ¢*d?

F 1 d%f |+ 2 ddf | o def | o &7 | o abf?| — 2 acf? | —1 adf?
—1 dde | — 2 &’¢ | +2 abdf| o abef | —2 acef | o adef | +1 ae’f
—1 ab’f | =10 abef | —2 abé’ | o acdf | +1 ad’f |+ 2 ae® | +1 bef?
—2 abee | +10 abde| —1 ac’f | —20 ace’® | +1 ade® | + 2 b*f? | +2 bdef
+4 abd®| o ac’e | —2 acde | +20 ad’c | +2 bf | o beef | —3 béd
( —1 ac*d | o acd®| +38 ad® | +20 U’df | +2 bedf | +10 bd*f | —4 CPef ':(l’ y)g
T, Y).

+8 W | — 208 | =1 b%f | o b | —5 bee’ | —14 bde® | +1 cd*f
—6 bO%d | +14 bce | +5 bPde | —20 b*f | —1 bd% | —10 2df | +6 cde?
+8 b |+ 20%dP | +1 bfe | w0 bede| —3 Sf | — 2 ¢ | —3 dPe

—26 bc'd | —9 bed? | —20 bd® | +9 c*de | +26 cde
+12 ¢ +4 cd | +20 e | —4 cd® | —12 ¢

R A
No. 22.
+ 1 d%¢f? 1 a®df?
— 2 d’def — 1 o%f
+ 1 o — 2 abef?
— 1 ab%? — 4 abdef
— 4 abeef + 6 abe®
+ 8 abd’f + 8 ac’ef
— 2 abde® — 2 acd’f
— 2 ac’df —12 acde?
+14 ac’e? + 6 ad’e
—22 acd’e + 1 6% 1
(9 aa — 2 b“{gf X, 9)
+ 6 bef +14 b*d*f
—12 Bedf | —15 5d&
—15 b%e? —22 bidf
+10 5%Q% +10 bc%?
+ 6 &cF +30 bed?e
+30 bc’de —15 bd*
—20 bed® + 9 ¢
—15 ¢le —20 cde
+10 cd? +10 *d?
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No. 23.
o a’bf? + 1 d%¢f? — 1 &4f* o dlef?
+ 1 dcef — 5 a’def + 1 a%*f — 1 abdf?
— 3 &df + 4 o + 5 abef? + 1 abé’f
+ 2 o’dé’ — 1 ab¥f? — 8 abdef + 3 ac’f?
— 1 ab’f + 8 abcef + 3 abé® —14 acdef
+14 abedf +11 abd’f —11 ac’ef + 8 acé®
—11 abee? —17 abde? +11 acd’f + 9 od’f
— 1 abd? —11 ac’df + 6 acde? — 6 ad’¢*
— 9 ac’f —16 ac’e’ — 6 ad?e — 2 b%f?
+14 ac’de +44 acd’e — 4 b2 +11 ddef ji 3
( Z'6 acas —18 ad* +17 bicef — 9 b , )
— 8 bdf — 3 Bef +16 B | + 1 b
+ 9 B — 6 Bedf | —21 5de —14 bed’f
+ 6 +21 b%ce? —44 bdf +16 bede®
—16 b%de — 5 bd% + 5 bce? — 3 bd%
+ 8 b%® + 6 b +39 bed®e + 6 &df
+ 3 bcte —389 bcde —12 bd* — 8 ¢
— 2 bed? +22 bed? +18 ¢if + 2 c*d?%
o cd +12 cle —22 c’de o cd?
— 8 d? + 8 %d?
No. 24.
o def | o &fF | o 0P| — 1d%f? |+ 1d%df7| o def?| o @ | o abf?
o a’bdf | o a’bef | — 3 d’cef |+ T d’def | — 1 a%¢f |+ 3 abdf?| o abef?| o acef?
o a’be’ |+ T dedf | +12 &*df | — 6 o’ | — T abef?| — 3 abelf | — T acdf?| —2 ad’f?
+2 d%*f | —10 d’ce’ | — 9 d’de’ | + 1 ab’f? | +26 abdef| —12 ac’f? | + 7 acé’f | +4 adé’f
—5 d’ede |+ 3 d’d’e |+ 3 abef | —26 abeef | —19 abe® | +18 acdef| + 7 ad’ef| —2 act
+3d’d® |— 7 ab’df | —18 abedf| +32 abd*f| —32 ac’ef | + 6 ace® | — T ade® | <o bPef?
—4 ab’cf | +10 ab’e® | —18 abce® | — 8 abde’ | +18 acd’f |+ 3 ad’f | +10 B*df? | +5 bedf?
+5 ab’de | — 7 abc’f | +30 abd’e| —18 ac’df | +58 acde® | —15 ad’e® | —10 b%*f | —5 bee’f
+5 abc’e | — 8 abede|— 3 ac’f |+ 6 ac’e® | —39 ad’e | + 9 b%f? | — 3 bef? | —b bdlef
—7 abed® | + 9 abd® | +45 ac’de | +52 acd’e | + 6 63 | +18 bdef | + 8 bedef| +5 bde®
+1ac’d |+22ac’e | —39 acd® | —39 ad® |+ 8 bicef | —27 0% | — 2 bee® | —3 f?
Y2 bf | =19 ald® |— 6 8% | +19 Bef | — 6 BdPF | —30 belef | —22 bdF | +7 def
—5b%e |+ 70%f |+27 8% | —53 bcdf | —20 b°de® | —4b bed’f | +19 bd?e® | +2 e
—2 0% |+ 2 0%de |+15 6%, | +20 b%ce® | +45 b’df | 87 bede® | — 9 cPef | —1 ed’f
+8 8%*d | —19 b’ | —87 b’ede | —25 bd?e | +25 bc*e® | —12 bdPe | +19 Edf | —8 cd’e?
~3 bet | —11 8%d® |+ 6 b%d° | +39 be’f | —52 bed®e | +39 Pdf | +11 c*de? | +3 dle
+33 bc’d | +12 bcPe | —45 bcde | o bd* | — 6 ¢ | —383 edie
—12 ¢ +57 bc’d? | 465 bed® | +39 cif —57 *d? | +12 d°
—24 c'd o cle —65 c’de | +24 cd*
—20 d? | +20 J’d?
No. 25.
404 (1o 2darr [ 1 w7273 o (1 e 2
o aif + 12 a’cPef — 18 abdief ( w  acd® + 8 %3
o abef? — 21 &*df? |+ 8 abid’ | — 2 bf° +25 b%d*e?
+ 1 dedf?® | — 384 a’c®dé’f |+ 78 abc’df? |+ 15 bleef? | —57 biedle
— 1 dce’f? |+ 22 a’c*¢* [ — 18 abl’e’f |+ 18 b'df* | +18 b%d°
3 d’d’ef? |+ 78 ded’ef | —210 abcl’d’ef | — 54 b'de’f | — 9 bclef
5 a*de’f | — 48 d’ed’¢® | +106 abc’de® |+ 27 ble + 6 be'dif
— 2 a%° — 27 &d°f + 93 abed'f | — 48 B3Fdf? | —5T be'de?
— 1 &*0%df? |+ 18 o’dié — 30. abed’e® |+ 38 bPceif +38 bcdPe
+ 1 @6 |+ 5 abef* | — 9 abde | +106 Bedlef |—24 bid
— 3 &P | — 5 alPdef? | — 17 ac’f? — 81 bcdeé® o df
+11 a*bedef® | o ab’Sf |+ 93 ac'def | — 38 HdYf +18 cf¢
— 5 d’bee’f | — 30 ab’c’ef? | — 38 ac'é® + 38 b%d%? —24 Sd’
+12 &’bd’f? | — 34 abled’f? | — 42 ad’dif |+ 18 bif? + 8 c¢'d*
—30 d’bd’é¢*f | +133 ab’cde’f | + 8 ac’d’¢® | — 30 bc’def
+15 a*bdet J_ 54 ab2ce’ + 6 ac’dle + 38 b’
| S— ;____J —J — Y
MDCCCLVI. S
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No. 26.

+  Vaf [ 10080 dedief | + 7200 abed®e | +6400 Bt

3 - S
- 20 “3[751/"3 + 5760 a*cd’e® o abd’e —4000 2343
— 120 dedf* | | 3456 gavf + 3456 ac’f? | —2160 &%
+ 160 aef” | _ 9160 *de | —11520 acldef | +7200 Bcdef
+ 360 &%/ | T640 ablrr | + 6400 aced | —4000 £
— 640 ddef | 300 abides | + 5120 actd’f | —3200 Beddf
+ 26 d% | 180 abef | — 3200 acdie | +2000 pede
+ 160 @Odf | 4 4080 abiler o aldte o Bode
- 10 aﬂb ‘:’,f: + 4480 ab’cd’f? o acd® A
+ 860 @66 | 14990 abtedf | + 256 5% o beef
— 1640 a*bedef* | 4 7900 apreet” | — 1920 bice o bldf
+ 820 dbeef | L 960 altdief | — 2560 pidif o bede?
— 1440 abd /" | G0 apraie | + 7200 Bdef o bde
-+ 4080 a26d4e2 —10080 abc%lf" _ 3375 biet o bc‘zds
— 1920 a2bgl62 + 960 abte’f | + 5760 Hcdf? o Sdf
— 1440 acef® | 198480 abc’def | — 600 b o &
2040 CCAL | —16000 abcded | —16000 Gedes | o e
+ 2560 g ® | 11620 abedlf | 4 9000 Fedet | o et

-

The tables Nos. 13 to 24 are the irreducible covariants of the degrees 1, 2, 3, 4
No. 13 is the quintic itself; No. 15 is the Hessian; No. 19 is the
quartinvariant ; No. 22 is the linear covariant; the other covariants can be referred
to by their degree and order, or simply by the number of the table.

and 5 of a quintic.

covariants are connected by the equation of the degree 5 and order 11,

(No. 13)(No. 21)+(No. 14)(No. 18)—(No. 15)(No. 17)=0.

The table No. 25 is the simplest octinvariant, and the table No. 26 is the discrimi-

nant; we have

(No. 26)=(No. 19)*—1152(No. 25).

The foregoing



