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ON THE ORBIT OF NEPTUNE.

CHAPTER L
INTRODUCTION.

~ Tne errors of the published ephemerides of Neptune are now increasing very
rapidly. In 1863, Walker’s ephemeris was in error by 33", and Kowalski’s by
22", Both ephemerides may be & in error before the end of the present century.
The orbit of this planet is, therefore, more uncertain than that of any other of
the larger members of our system. The uncertainty arises from the insufficiency
of the data at the command of those astronomers wlho have hitherto investigated
the motions of this planet. These motions are so slow that it is impossible to
determine the elements of the orbit with accuraecy from observations extending
through only a few years. In Walker’s investigations the errors of observation
are multiplied more than a hundred times in the elements deduced from them, on
account of the smallness of the arc through which the planet had moved.

The time has now come when the orbit can be determined with some approach
to accuracy. The planet has moved through an arc of nearly 40° sinee its dis-
covery, and the errors of observation will be multiplied only ten or twelve times
in the errors of the elements. In commencing the work of a revision of the theory
of Neptune, it will be well to glance at the past and present state of our know-
ledge on this subject.

Approximate elements of this planet, neglecting the effect of pertunrbations,
were computed by several astronomers within a year or two after its discovery.
But the work of preparing a theory which should include the perturbations
produced by all the other planets seems to have been left entirely in the hands
of Professor Peirce and Mr. Sears C. Walker.

§ 2. All the first approximations to the elements showed that the mean motion
was very nearly half that of Uranus. It was, therefore, for some time doubtful
whether the mutual action of the two planets might not be such as to render the
period of Neptune exactly double that of Uranus, and thus present us, on a much
grander seale, with a phenomenon similar to that exhibited by the satellites of
Jupiter. Professor Peirce’s first perturbations of Neptune were computed on this
hypothesis, and published in the Monthly Notices of the Royal Astronomical
Society, Vol. VIIL, p. 40. The eccentricity of Neptune was negleeted, but that
of the disturbing planets was included in the perturbations.

With these perturbations, the ancient observations of Lalande, and the vast
number of modern observations made in nearly every active observatory in the
world during 1846 and 1847, Mr. Walker computed his “ Elliptic Elements 1.” of

1 May, 1865. 1



2 THE ORBIT OF NEPTUNE.

Neptune. The longitude of perihelion referred to the mean Equinox of Jan. 1,
1847, eccentricity, and mean daily motion were as follows:

=8 N AEDS
e —= .00857741.
n = 217.55448.

This mean motion rendered it certain that the supposed relation between the
mean motions of the planets Uranus and Neptune had no foundation in fact.
Professor Peirce thereupon revised his theory, and published the new perturb-
ations in the Proceedings of the American Academy, Vol. I, p. 280.

The near approach to commensurability of the mean motions renders the

gencral theory of the mutual action of Uranus and Neptune extremely complex. 9 |

Twice the mean motion of the latter excecds that of the former by only 3207
according to Walker, or 304” according to my first revision of his elements. The
terms in the perturbations which contain this very small quantity as a divisor
will, therefore, be very large. Considered as perturbations of the elements, their
period will be more than 4000 years. We have an analogous instance in the 900
year equation of Jupiter and Saturn. But in the latter case the perturbations
of the mean motion are of the third order with respect to the eccentricities and
inclinations, while in Uranus and Neptune they are of the first order. From this
circumstance it happens that, notwithstanding the smaller masses of the dis-
turbing planets, the perturbation of the mean motion is as great in the case of
the planets in question as in that of Jupiter and Saturn, and that of the other
clements enormously greater. In fact, the perihelion of Neptune oscillates through
a space of eight degrees in consequence of the terms in question. Such a perturb-
ation as this, four degrees on each side of the mean, is, I think, found nowhere
elsc in our system. Moreover, a change of 1” in the mean motion of the planet
will produce a change of nearly 2’ in the coeflicient of this perturbation. Any
attempt to determine its magnitude with accuracy will, therefore, be hopeless.

But the difficulties connected with these terms can be avoided in the case of a
theory which is designed to be exact for a period of only a few centurics. Not-
withstanding the great magnitude of the general integrals of the perturbations,
if we take these integrals between limits not exceeding a couple of centuries, we
shall find them so small as not to involve serious difficulty. Their effect on the
co-ordinates can then be developed in powers of the time, and the values thus
obtained will not be subject to any uncertainty of moment. This is substantially
the course adopted by Professor Peirce. IIe says of the terms in question :

“These coefficients will vary very sensibly by a change in the value of the
mean motion of Neptune, arising from a more accurate determination of its orbit.
But the principal effect of these terms can for a limited period, such as a century,
for instance, be included in the ordinary forms of elliptic motion, and the residual
portion will assume a secular form which is no more liable to change from a new
correction of the mean motion of Neptune than the other small coefficients of
the cquations of perturbations.”

Accordingly, subducting from the terms in question a series of expressions



THE ORBIT OF NEPTUNE. 3

which would result from arbitrary changes in the elliptic orbit, there is left a
small residual, mostly developed in powers of the time, and only amounting to a
few scconds in a century, which alone is retained.

With the new perturbations, and revised normal places of Neptune, Mr. Walker
obtained the following final set of elements, which he denominated Elliptic Ele-
ments IL.:

n = 47°12 6".50
Q="130~"4 20 .81
e = 328 32 44 .20
i = 1 46 68 .97.
e = .00871946.

= 217.566448.
Epoch, Jan.1, 1847.

From these elements and perturbations we have a continuous ephemeris of
Neptune since the time of its optical discovery. From 1846 till 1851 inclusive,
this ephemeris is found in the Appendix to Vol. II of the Smithsonian Contri-
butions to Knowledge ; for 1852, in Vol. IIT of the same series, and also in the
Astronomical Journal; and for subsequent years, in the American Ephemeris and
Nautical Almanac.

All the modern observations on which these elements were founded were made
in the years 1846-47, while the planet was moving over an arc of only two and
a half degrees. Considering that the complete determination of the elements
requires, effectively, four observed longitudes, all in different parts of the orbit,
and that three of these positions are included in a space of less than three degrees,
it must be admitted that an accurate determination of the elements was, under
the circumstances, impossible, owing to the imperfections of the observations. As
already remarked, the errors of observation would be multiplied several hundred
times in the clements. Hence, with the best possible observations, the elements
would be uncertain by one or more minutes. But the observations themselves
were mainly differential ones; and it is very doubtful whether the positions of the
stars of comparison were as well determined as the position of the planct itself
could be determined by a series of good meridian observations.

§ 3. The theory of Neptune was next taken up by Professor Kowalski, of the
University of Kasan. His work was published under the title of ¢ IRecherches
sur les mouwvements de Neptune, suivées des tables de cette planéte, Kasan, 1855.”
The long-period perturbations of the elements are here developed, in their general
form, as perturbations of the co-ordinates. There are, therefore, a much larger
number of terms having large coefficients in this theory than in that of Professor
Peirce.

Owing to this change in the form of the perturbations, the two theories cannot
be directly compared. But the ephemerides resulting from each theory can be
compared dircctly with observation, and corrections of the elements thence ob-
tained. It is thus found that the elements in question require, approximately,
the following corrections in order that the ephemerides may agree with obser-
vations to 1863 :
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Theory of Walker. Theory of Kowalski.
on —4°11r —4°12
de —0 052 —0 051
de —0 3 6 — 2 53
on — 8.4 — 8.9

Thus, it seems that the theory of Kowalski is, on the whole, no nearer the truth
than that of Walker, although it was founded on observations up te 1853, when
the planet had moved through an arc of sixteen degrees since its optical discovery.®
The causc of this failure to derive a more accurate result is an accidental mistake
in the computation of the perturbations of the radius vector by Jupiter, as I have
more fully pointed out in the Monthly Notices of the Royal Astronomieal Society
for December, 1564.

§ 4. The form which Professor Kowalski finds his equations of condition to
assumne is illustrative of an interesting and important prineiple of the method of
least squares. By the comparison of his provisional theory with observations,
forty-four equations of condition are obtained for the corrections of the four
elements =, ¢, ¢, and n. It is then inquired whether it is possible to determine
the orbit of Neptune from the modern observations alone, omitting that of La-
lande, the planet having moved through an arc of sixteen degrees. Treating
the equations derived from the modern observations alone by the method of least
squares, four normal cquations are obtained. Two of these equations are, omitting
the terms involving the correction of the mass of Uranus, which we do not need,

— 10.4994 $n — 21.2661 8¢ 4- 13.0088 edn &+ 40.2211$c = — 324,65,
26.9661 8n — 73.2702 8¢ 4+ 40.2211 ¢S 4 139.9967 e = — $86 .63,

and the other two can be transformed into the following:

— 10.4994 dn — 21.2661 §e + 13.0073 edn + 40.2219 de = — 524.50,
— 26.9661 dn — 73.2702 de + 40.2219 edre 4- 140.0009 de = — 886.77.

It will be seen that the last two equations are very ncarly identical with the
first two. IHence it is concluded that the modern observations alone give ouly
two independent relations between the four unknown quantities sought, and do
not suffice, therefore, to determine the elements of Neptune.

Now, the identity in question does not prove that the modern observations are
insufficient to determine the elements, because it is the necessary result of the mode
of treating equations of the kind in question by the method of least squares. This
can be most easily shown by a theorem in determinants. By the elementary
principle of determinants, if we have a number of linear equations hetween the
same number of unknown quantities, of the form

* The differences of the two values of dr and de, which are so small, do not correctly represent the absolute
differences of tho two theories, owing to the great difference of longitude of perihelion in the two theories
proceeding from the different forms given to the perturbations. The real difference Kowalski—Walker is

given by the eqnations
desine= 4+ 17,

d.ecos = — 13.
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ax+by+eztete. . ... =n,
ax + by +ez+tete. . ... =mny,
etcaw ete. . cte. “ete. elic.;

each unknown quantity is given in the form
4 A, 4.
Ty== R‘ n, + —[; 7, + —13} ny + ete.,

in which 2 represents the determinant formed from all the coeflicients a, b, etc.
in the given equations, and 4,, 4, etc. the partial determinants, obtained by
omitting column «, row 1, column «, row 2, cte.

If, now, the number of equations is greater than that of the unknown quantities,
and they are solved by the method of least squares, the form of the solution will
be the same as the above, except that for 2 will be substituted the sum of the
squares of all the determinants £, formed by solving separately every combination
of such number of the given equations as is equal to the number of nnknown
quantitics, and for 4;, 4,, ete., certain powers and products of the partial deter-
minants which enter into the separate solutions. IHence, if these determinants
are very small, the corresponding determinants in the solution by least squares
will be very small quantities of the second order. But the determinants will all
be very small if the equations are nearly equivalent to a number less than that
of the unknown quantities; that is; if they can be put into the formn

aX ==
i == n,,
YA ~

aX+BY+yZ+ete. +p =n,
X4 B Y4y Ztete. 4 p =,

etec ) ety etes - ete.. «ete. etg.;

the quantities .\, T, Z, ete. being less in number than the unknown quantities,
and p being a very small lincar function of the unknown quantities. If the p’s
ranish, all the determinants will vanish with it; whence, if they are very sinall,
the determinants will be very small likewise. Calling a system of equations
identical when they really give fewer independent relations than there are un-
known quantities, the theorem sought may be expressed as follows :

If a system of equations differ from identity by a very small quantity, the normal
equations derived from them will be identical {o small quantitics of the second order.

Hence, if such a system of cquations is to be solved by least squares, it will be
necessary to carry the solution to nearly twice as many decimals as are necessary
in the original coefficients. Thus, in the case under consideration, as Professor
Kowalski considered it necessary to retain four places of decimals in the cocfficients
of the unknown quantities, it would have been necessary to include at least six
or seven decimals in the normal equations, instead of only four.

But the necessity for so long a numerical caleulation can be avoided by a suitable
transformation of the equations of condition. If the cquations are identical,
they really give certain linear functions of the unknown quantities less in number
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than the unknown quantities. We may then substitute these linear functions
themselves in place of an equal number of the unknown quantities. If the
equations are not absolutely identical, the coeflicients of the other unknown quan-
tities will not entirely vanish by the substitution, and thus we shall still have
the whole number of unknown quantities, only the coefficients of certain of them
will be very small. The solution by least squares can then be performed without
trouble, because the extra decimals will be necessary only in multiplying by the
very small coeflicients, when they can be introduced with case. Afterward the
values of the original unknown quantities can be deduced from those of the linear
functions, and the unknown quantities which have been retained.
Suppose, for example, that the equations of condition are

ax+by+eczg=mn
ae 4 by + ez = n,
ax + by + ez = ng
axe+ by +eg=mn,

aﬂw + bll!/ + cnz - 72/”

A simple inspection, or, at least, an attempt to solve three of the most diverse
of the equations, will show if the given n equations are really equivalent to only
one or two. Then we should put

X=ax + By +yz
Y=adax+4 By +y2

the coefficients a, 3, y, being entirely arbitrary, and so taken that when X and ¥
were substituted for « and y the coefficients of z should be as small as possible.
It would conduce to simplicity if « and 3, or «’ and 3, could each be made zero,
which could always be done.

If we attempt to correct the elements of a planet’s orbit by observations extending
over only a few degrees, the equations of condition will necessarily be of the kind
referred to. Hence a transformation of this kind will be advisable. An example
will be given in the correction of the orbit of Neptune from observation.

§ 5. Ten years have elapsed since the publication of Kowalski’s theory, and
no general revision of the orbit has been published by any astronomer, so far as
the writer is aware. The observations which have accumulated in the mean time
would seem sufficient to fix the elements exactly enough to give the place of the
planet within 5 during the remainder of the present century. It is, therefore,
proposed, :

1. To determine the elements of the orbit of Neptune with as much exactness
as a series of observations extending through an arc of forty degrees will admit of.

2. To inquire whether the mass of Uranus can be concluded from the motions
of Neptuue.
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3. To inquire whether those motions indicate the action of an extra-Neptunian
planet, or throw any light on the question of the existence of such a planet.

4. To construet general -tables and formule by which the theoretical place of
Neptune may be found at any time, and, more particularly, at any time between
the years 1600 and 2000.

In giving the steps of an investigation like this, the true end should be to furnish
the means whereby every step can be corrected, or verified if already correct, and
to start only from admitted data. Somnetimes a result will necessarily depend, to
a certain extent, on an act of judgment, as in assigning relative values to different
determinations of the same element. In this case data should be given for a
revision of the judgment, as far as this may be thought desirable.

Such, with very few exceptions, is the rule adhered to in the present paper.
The data are the published volumes of astronomical observations, and the funda-
anental formule of celestial mechanics. The steps will nearly or quite always
be so short that any one may be verified from the preceding one without much
labor.

The author is indebted to the courtesy of the Astronomer Royal, of the late
Captain James M. Gilliss, and of Professor G. W. Hough, for the observations made
at Greenwich, Washington, and Albany in the years 1863 and 1864, which have
added greatly to the reliableness of the results of his investigation.

WasHINGTON, April, 1865.
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CHAPTER 11
PROVISIONAL THEORY OF NEPTUNE.

§ 6. ArL the perturbations have been computed by formule founded on the
method of La Grange; the development of the perturbative function in series,
and the variation of arbitrary constants.

The following notation is used :

! = mean longitnde.

2 = mean longitude, connted from ascending node of inner planct on onter one.

¢ — inclination of orbit to the ecliptic. -

v = mutual inclination of two orbits to cach other.

« =ratio of the mean distances.

w=sin } 5.

J = mean anomaly.

o = distance of the perihelion from the ascending node of the inner planet on
the outer one.

For the other elements the almost universal notation of astronomers is adopted.
The clements which pertain to the outer planct (Neptune) are distinguished by
an accent. ;

The potential of the disturbing force exerted by one planet npon another, usually
called the perturbative function, may be developed into an infinite series of terms,
cach of which shall be of the form .

m g, cos (VX 4 + juo’ + jo)

in which 4, 7, 7, and j are numerical coeflicients. 7 is a function of the ratio of the
mean distances, the eccentricities, and the mutual inelination of the orbits.

Then, by the theory of the variation of arbitrary constants, any term of the
perturbative function in the action of an inner on an outer planet will cause the
following differential variations of the four elements which determine the form
of the orbit, and the position of the planet in it. Putting

7:'2,’—*—’!'2.. +j’6)' +_].G):M
e=sin, g = cos tan { ¢ ;

’

da

we have v ik 2 mvha'n’ sin N,
¢ L dh dl
Jt—_mn{ga—g—}—Qh—}—Qaad—}cosN, (1)
de | e 4
= mn'h { Jeoty 4y } sin N,
dn

dh
= cot Jo % N.
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From the first equation and the relation between the mean distance and mean
motion, we obtain : i
: %Zl = 3 mn®Vh sin N.

These equations are entirely rigorous, provided that we regard the elements in
the second member as variable. But they can be integrated only by successive
approximations. In a first approximation the elements are regarded as constant
- Equations similar to (1) for the elements of all the planets whose action is taken
into account being integrated in this way, the resulting values may be substituted
in the second members of (1), and a new integration be performed.

In the case of Neptune, however, the variations of the elements are so slow
that a single approximation will be amply sufficient for a period of several cen-
turies, provided that we adopt suitable values of the elements in the second
" members; that is, if we add such constants to the integrals that the latter shall

n’
vn/ - in’
we shall have, on the supposition that the elements as they enter into the second
member are constant, g

be very small for the present time. Putting» =

log @ =mvAcos N+ 'y, € =mvEcosN+¢, - (2)
! =mvLsin N+ Wyt + €, ¥ = mvWsin N 4 7,

A, L, F, and W being given by the equations

A = 27%,

L =— 3@1}7&—}—27&—{—2(1 —|— dZ’

Em—h Geot¥+ig), ©)
W =cot wL’dh

'y, W,y €, €4, and 7, are arbitrary constants, dependent on the position and velo-
city of the planet at a given epoch. «, and n, are, however, dependent on each
other.

For the perturbations of the true longitude in orbit, and the logarithm of the
radius vector, we shall have, omitting accents,

dv =4l

+mv {eL—eW—E}sin(N— f) —idmy {eL—eW—3E}sin(N—f)

+my {eL—eW—E}sin(N4+ f) —gemv{eL-—eW—l—SE}sm(N—l-f)
+iemy {eL—eW—E}sin(N—2f) — ete.

+femy {eL—eW+ E} sin (N4 2/) (4)
+¥emv {eL—eW—E} sin (N—3 f)
+ ¥ e'my { eL—eW + £} sin (N4 3 f)
+ % my {eL—eW—E} sin (N—4 f)
+ ete.

2 May, 1865.
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dlogr=2dloga
+my{27h+3el—}€E } cos N — % &my { eL —eW—31} cos (N—)
+3my{eL—eW—FE}cos(N— f) -|—f’ge~mv{cL—cIV—l-SL’}cos(N—}-f)
—jmv{eL—eW 4 Elcos(N+ f) — ete.
+temv{ el —eW — E}cos(N—2f) ()
—femy{eL—eW 4 E}cos(N + 2f)
+ tiémy { eL —eW—E}cos (N—3f)

— ete.

By these formulee all the perturbations of the longitude and radius vector have
been computed, except that the computation was so conducted as to reject all
terms above a certain order with respect to the eccentricities. The sum of all
the factors (functions of the ratio of the mean distance) of any power of the
eccentricity in any coefficient in the perturbations of the co-ordinates will generally
be much smaller than each individual factor, as we shall presently show. If] for

example, we have
=2 (f+,+/)sinN

the sum f+ 7/ + /7 will, in general, nearly destroy itself, being much smaller than
the individual components, £, /*, and /”. Hence, if the computation is arranged so
as to include any one of the /s, it should include all. This end may be attained
by omitting from 2, its differential coeflicients, and % cot+), all terms of a higher
order with respect to the eccentricities than the assigned limit. Thus, & being of
the form

h=¢ (x,+ u,+ e+ ...}
if we limit ourselves to the power s 4 1, we should put

R
]L_e'xl,aa‘;_e’adz,
dh

i =s eyt (s+2) et
shcotd —se*—1x; | se*t? (—?le+x2).

§ 7. Perturbations of latitude.
The equations which determine the change in the plane of a planet’s orbit are

dy an dR

& = Gaen

dy an' dr (6)
dt —  sing/cos/ dff

R being a function of A, X, o, &, and y, each of which depends on the position
of the plane of the orbit, we have

dR_dR d». [ dR do ,dR dx  dR do  dR dy
dp=dn dp T do dg T ax dg T do dg T dy dg
dR _dR dr | dR do  dR dx | dR do'  dR dy
w=a awta aatmagta ata a



The values of the second of each pair of differential coeflicients can easily be
determined geometrically. 4, o, A, ete., it will be remembered, represent the dis-
tance of certain points on cach orbit from the ascending node of the disturbing
planct on the disturbed one: the infinitesimal changes in those quantities, produced
by infinitesimal changes in the position of the plane of ecither orbit, will be due
entirely to the changes in the position of that node.

» = distance of common node from ascending node of disturbed planet on the

ccliptic.

THE ORBIT

OF NEPTUNE.

x = same quantity for disturbing planct.

By drawing the diagram, it will readily be scen that by a change in ¢’ the
common node will be moved forward on the disturbed planet by the amount

+ sin « cot yd¢),

and on the disturbing planet by the amount

sin %’ cosce ydd'
Yaq,

while y will be varied by the amount

In like manner, by a change in ¢, the corresponding changes will be

We thercfore have

— cos ¥'d¢’.

— cos o sin ¢’ cot ydf,
— cos %’ sin ¢’ cosee ydfY,
— sin # sin ¢'dl).
((Z%, = g% = —sin « cot y,
dn __do ]
dg/ = T@’": ~— sIn ¥’ cosece y,
AR, NIl < '
sng 0 — sng dy — CB¥ otV
¥o db v Inodo -
S—in—¢’ Zl—oj_m; W_cosx cosce v,
EZ;, = — oS %'; SlTWE?G; = —sin .

Also, by the differentiation of the representative term of 2,

dlR

mih .

BT i S
dRR mih .
Bt b

dR _dR du _ m dh
du ;7;_ o

dy

d—’I—B:—TJﬁ.inN,
do’ !
&GN,
do a

b cos }y cos V.

Let us put
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Substituting these expressions for the differential coeflicients in the values of

ar 4 dR o
Iq)-,an ag e have
Zf = 2 hsinw smN{(z +7) coty + (2 ) cosecy } — B gh cos }y cos %’ cos V.
1 dR e dh
G — -—kcosx’smN{(z+])coty+(z+j)cosecy} = —cos}y sinx'cos V.

Let us now put

T+t j=—1

It may be remarked that . will then be the coefficient of the longitude of the
common node of the orbits in the usual development of the perturbative function.
The above equations may then be put into the form

dR

G thhcosecrsmx/smN—"T(t +])htan27smz sin N —} —7}% 08 1 cos 2’ cos .
13 dR =« im - dh
Y adlr 4 zhcosccrcosx’smN-{- @ —{-.])ht:mT;fcos:/smN'—2 7 & cos } ysin« cos V.

Substituting these expressions in (6), and integrating, we shall have the values
of 8¢ and 8¢, the perturbations of the inclination and node.

For the perturbations of the latitude, counted in the direction perpendicular to
the plane of ‘the orbit, we shall have

33 = &¢'sin (v — ¢") — sin ¢80 cos (v — )
=myvsecy {T+ I}sin (N4 V) (M)
+mysecy {T—1I}sin (N— V)

Where
dh o,
T:};Ecosgy; I=%h{icosecy+ (¢+j) taniy}
~ V=true distance of planet from common node.
Putting

B =T+1I; B,=T—1

and developing V'in terms of 2 and f to terms of the second order with req[)ect
to the eccentricity, we shall have

(1—¢*) sin (N+2) (1 —¢?) sin (N—2)

+ ¢sin(N42+4+ f) + ¢ sin(N—a— f)
d3=mvB, {— ¢ sin (N4+21— f) -I—mvB — ¢ sin(N—2+ 1)) (8)

+ 3 ?sin (N+2 4 2/) + 2 e?sin (N—a—2f)

—1fsin (N+2—2f) —1sin (N—2a+2f)
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For the perturbations of the constants which determine the position of the
orbit, we put
p=sin¢sinb; g =sin ¢ cos 0;
7 =longitude of common node of the two orbits.
We then have
8p =2my {Isin 7 cos N— Tcoswsin N};
8¢ =2my {Icoszcos N+ Tsinzsin N}. ' 9)
Or, = my{(I—T)sin(N4+7)— I+ T)sin (N—1)};
d¢= mv{(I—T)cos (N+)+ (I+T)cos (N—z)};

§ 8. The cquations (2) and (9) determine the periodic perturbations of the
elements. For the secular variations, which proceed from those terms of the
perturbative in which both ¢ and ¢ are zero, the same expressions apply, only
changing

ysin Ninto #wttosN;
v cos Ninto — w't sin N.

We therefore have, for the secular variations,

dr ‘

g = Ly cos N;

de ”

7= mn L, sin N;

@: mn W,cos N; (10)
dt

dyp’ , p . \

CTt—:—Zonn {I, sin 7 sin N+ T, cos v cos N'};

EZ—I:—2 mi {1, cos 7 sin N— T sin ¢ cos N }.

Owing to the smallness of the eccentricity of Neptune, it will be advisable to
substitute the rectangular co-ordinates of the centre of its orbit for the cecentri-
city and longitude of perihelion. The perihelion itsclf is subject to changes so
great that it would otherwise be necessary to develop the perturbations to
quantities of a higher order than the first. We shall, therefore, put

h=csinn; I =ecosm.

For the secular variations of % and Z, we then have, to a sufficient degree of
approximation,

——= mn'edWycos (N+=);

d st
—— = —mw ¢ W, sin (N4 7).

&
§ 9. Development of the aetion of an inner on outer planct through the Sun.
The perturbations which one planct produces on another may be divided into
two distinet parts.
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1. Those produced by their direct attraction on each other.

2. Those produeced by the displaccment of the Sun by the attraction of the
disturbing planet. The co-ordinates of the disturbed planet being counted from
the centre of the Sun, the displacement of the Sun not only changes the value
of the co-ordinates by changing their oriwin, but also by modifying the attraction
of the Sun itself.

The perturbations of both classes may be included in the same formulwe, and
the total perturbations computed in the same way that those of the first class
are, by a very simple modification of those functions of the ratio of the mean
distances which enter into the different values of 2. But in the case of the action
of an inner on an outer planet more than twice as far from the Sun, this method
will be subject to this serious inconvenience; that the perturbations of the
elements are many times greater than those of the co-ordinates. Referring to
formulae (4) and (5), it will be remembered that L, Z, and W really express per-
turbations of the mean longitude, perihelion, and eccentricity, and it will be seen
that the perturbations of the true longitude dv are expressed as a function of the
perturbations of those elements. Now, having in this way computed the perturh-
ations of any co-ordinate which depend upon the different terms of the perturbative
function, when we colleet those coeflicients which are multiplied by the sine or
cosine of identical angles, we shall frequently find that their sum will nearly vanish,
as has been already remarked. As this circumstance depends on a theorem of
some importance, which will furnish a valuable check on the developments we
shall presently give, it is worth while to trace it to its origin.

The elements of a planet depend on its position and its velocity at a given epoch;
each element is a function of the co-ordinates, their differential coeflicients, and
the time, or, representing an element by @, and putting, for shortness,

_dedy dz
E=gpu= =

we have six equations of the form

a, =f(w; Y, % g’ () ga t) (12)

When we express the co-ordinates as a function of the elements and the time, we
have
@, Y, OF 2 = f (ay, @3, Qg Ayy sy Ay T) (13)
Substituting for the elements the values just given, £, #, and { must vanish iden-
tically in the value of each co-ordinate. If, now, the changes in £, %, and ¢ are
of a higher order of magnitude than those in 2, y, and z, the co-ordinates will be
subject to smaller variations than the elements.
Suppose, now, that one of the co-ordinates is affected with an inequality of
which the period is very short compared with that of the revolution of the planct.
lepresent it by

csin (pnt -+ ¢).
Its differential coefficient will be

puc cos (pnt +¢).
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Since the clements contain this coefficient, and thercfore include terms in which
the large number p multiplies the coefficient of the angle, their perturbations will
be much larger than that of the co-ordinate. But, in passing from the perturb-
ations of the elements to those of the co-ordinates, these large terms must destroy
cach other.

Let us apply this principle to the case under consideration. That portion of
the perturbative function which arises from the action of an inner planet on the
Sun may be developed in a series of terms of the form '

me Sa :
'C—LT(FCOS(Z +@2;+0);

¢ representing a number, not a line.
It therefore becomes infinite when « is infinitely small.
The second .differential coefficient of the perturbation of any rectilineal co-
ordinate of the outer planet will be of the order of magnitude

' gl_?_w;c cos N,
putting )
N=ux +1ir+ C.

If we integrate this differential, and develop the quantity ,—,P_l—_—; according to

(Lf

the powers of 7—2— = the largest terms in the first differential cocfficient of the

(LQ
co-ordinates will be of the form

— sm N.

Z(W

This also will become infinite when « is infinitely small; and since the perturb-
ations of the elements contain these terms, it follows that they also will be infinite
in this case. Finally, by another integration, we shall have for the largest per-

turbations of the co-ordinate itself
meoea

"/’53— COS M

which will vanish when « is infinitely small. Hence, in the case under consider-
ation, although the perturbations of the elements become infinite, those of the co-ordi-
nates vanish.

The co-ordinates referred to are linear. The order of magnitude of the angular
co-ordinates, or the logarithms of any lincar co-ordinate, will be given by dividing
by . We shall, therefore, have for largest term in the perturbations

sin

N.

dv, 83, or § log r = mea
2 67 o COS

Hence, when we collect the perturbations of the co-ordinates due to the cause in
question, all terms of a higher order of magnitude than this ought to destroy cach
other identically.
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§ 10. That portion of the perturbative function which is due to the action of
the inner planct on the sun is

:J—'Zcos vV

V being the angular distance between the planets. Developing it in a series of
terms of the form ,

h : : .
3 ”Z—t," cos (YA + A +Jo’ + jo)
% will be of the form O%, ¢ being a numerical coeflicient, multiplied by powers of

the eccentricities and mutual inclinations. :

From this development, and the equations (3), (4), (), (7), and (8), I have
computed the following analytical values of the eocflicients for the perturbations
of the longitude, latitude, and logarithm of radius vector.

b0 ey g 3 V% gin N©

Slogr =3 5 RV cos N© | (16)
(=S oy a2 \

B = Z;’Z 5 B9 sin N©@

VO = (1 —w*—}¢) 3v® + 20+ 3v, 4 v5)
+ & (—3n—3n+3v7—2v,—fvnt+ P )
VO —=ed ( 692+ v, + 6w’ — 33 + 3w+ Poy)
VO =e (— 0w + 4oy, — 20, — 6oy)
VO =¢ (— 3o — 3vy — o — $v5+ dv)
VO =¢ ( 3vf+ §ou + 3w+ Fu Yoo+ §w) (17)
VO = ( Y vy — 8 vy + % vy — & vy)
VOO =¢ (— % + §w’+ 3w+ $wn)
V@@= (— §v. — 6v + v — $rut Vis)
VO =¢* (— P’ — §n — %o —P v+ v+ v +1v)
VO =¢?( Yo'+ Yo F R0 TS0 Thn + % v+ § v+ 2 vm)
VO =w?( 3w+ 29— 3o+ va)

B =(1—w*—16) (—2n—3Fv,+ 1w
+e,2(72'7’1+%7’4+%7’52_'2‘1’5+37’12+%”V13)

B —ed(— §v — 3v’+=-3v + v — §u)

RO =¢' v, + 4v; — 3y

29 =¥ A v+ tui 4 fud fo + )

RO =¢ (— $¥i= 3n = funi— S L L 8

B? =€ (—3fve + % " — 1)

RO=¢& ( Hv— v+ %)

RW—e¢ ( B, + 3w’ — Jug+ Fon+4 L)

? i = v+ 3o A+ 2Evy + Yiv, — Fvet+ )

RO=¢(— $1— fu —5ty, — 3od— Jev; — % vyt )

B = ad g — 2w 4 Loy
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BY=u (— »—wy)

BY=ud(— vm—3Fvi+ viy—1vy) (19)
B —ue (— v+ 3 Yot ¥y Vis)

BO—ue ( 29— 20

The values of N® are as follows:

NO= AN—2 N = 24—24—ao'+o0
NO® = —¥+2i—0 NO =  a—o
N® = 2V —24 —a NO =—2x¥4+82+0 —20
NO = Avad —20 NO =" BN —=24—2d+0
NO = —x¥4-312—20 N = V4242 —20
N = 2% —0 —a ¥e.— V+2A —20¢
N®= 3Jx—2 —2 o A4 o (20)
N N+ A N®= 3% —o —20
N—= 2x%4+2 —¢g—20 8- == Nt 24—20 —o0
VOl N ey SR 57 N®—=  4x3y—2 —3
N®—= 2x4+2 —¢ N'w A
19 = N4A —a N = N—2A —a

PN ==- VAo

From these values of IV the corresponding values of v are derived, remembering
that
nl
e TN

v and ¢ being the coeflicients of A’ and A4 respectively in the value of .
The check on the correctness of the preceding values of V, I, and B may now

’

be applied by developing » in powers of %, and retaining only the first term;

that is, by putting » = %.-, »* = 0. DMaking these substitutions, all the values of

V, R, and B will be found to vanish. In other words, ¢ will be the lowest power
of ¢ which will enter into the values of V, R, or B, as we have already shown from
a priort considerations.

For convenience, we shall give the values of V, I2, and B developed according to
the powers of g, the ratio of the mean motions, a form similar to that in which
the lunar inequalities are developed in the theory of the moon. Putting

L
?: - )
we have
v :‘l;—.{l—-— su+ SutF— i’ +ete}

2
=5 {1— 26+ 85% —4 5’ +ete.}

3 May, 1865.
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We shall also put

V eV
h=g=p

R R
R].:aa—z‘:?,

B eB
Bl :(;3—2*‘;2—;

¢ being a constant, equal to unity if we neglect the change of mean distance pro-
duced by the action of other plancts. We then have

v  =macSV,sin N,
d log r = macZ R, cos N, (21)
03 = macED sin N

Substituting the above developments for the +’s in V, R, and B, we have

VO =(1—uw —}e) (—1—u—6u*—19 ')
+ e (1—24—50)

VP =ee (— §— u'— 3)

V@ =e ( 3+ 2+ 0+ )

Vi =¢ (— 34+ @+ 92+ 264

VO =¢ (— §— 3p°— 274 —1354) 43
VO =¢ ( $+4e+ e

Ver=¢ (— §— o + i)

VW= (— }+ 1+ )

ND=¢ (— }— 28— $4)

A O e

RO =(1—w—13¢&) (1 —2—6 1 — 14 u* — 30 )
+ & (—1—4 4" — 24 )
Sl 0 e AT Sl
R =e( 4— = Fu'— To)
R =¢ (— }— 2t — Bpi— Hlgh

R® =¢ ( $— 6u*— 80u*—1164Y) (23)
BO =6 (  §—fi— i)
BO™=¢ ( = &'t $4)

BV =ed (— }— }p'— {4)
B®=¢(— §— 1+ 1)
ROW=e (g — 4 p2— 195 )
BW=er( 1— 244 14

BO= w242+ 24
BO=¢u(1+41>— 64’ (24)
BPO=¢u(1+4u*— 64
BO=eu (14} + 75 1)
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Such are the formulee by which we shall proceed to compute the perturbations
of Neptune by Jupiter, Saturn, and Uranus.

It will be noticed that the cocfficient of ¢ vanishes identically in the last de-
velopments. I have not complctely investigated this law, but it seems to arise
from the circumstance that that portion of the perturbation in question which
proceeds from the change in the origin of co-ordinates is independent of w, while
that portion whieh is caused by the modified attraction of the Sun is of the order
of magnitude w®. It furnishes a yet more valuable check than the last on the
developments

§ 11. Allusion has already been made to the complications introduced into the
theory of Neptune by the near approach of its mean motion to double that of
Uranus, and the eonsequent oscillation of all the elements of its orbit in a cycle
of 4300 years of duration. In order to construct a dynamieal theory which should
be correct within a tenth of a second through the whole of one of these cycles, it
would be necessary to include many terms dependent on the second, and perhaps
some dependent on the third power of the masses of the disturbing planets.

If this task were accomplished, the necessary uncertainty in the mass of Uranus
and the elements of Neptune would destroy all the value of the theory. A change
of one-tenth in the mass of Uranus would produce a change of 200" in the co-
efficient of the perturbation of the mean longitude. The mean motions of Walker
and Kowalski being each about 8" in error, the place of the planet from this cause
alone would be in error by necarly 10° at the end of a cycle.

After much careful consideration of different ways of relieving the theories of
Uranus and Neptunce from the complexities introduced by the large perturbations
referred to, I finally determined to develop them not as perturbations of the co-
ordinates, but of the elements. It will readily be scen that if the eceentricity or
perihelion is greater than the mean during several revolutions of the planet, there
will be a perturbation in the radius vector and longitude having nearly the same
period with the revolution of the planet, although the latter may really scarcely
wander from a true elliptic orbit during an entire revolution. In such a easc it
is clearly best, in constructing a theory designed to remain of the highest degree
of exactness for only a few centuries, to take not the mean values of the clements,
but their values at a particular epoch during the time the theory is expected to
be used.

In doing this, we shall be treating the change in the clements in the same way
that the secular variations are usually trcated. These variations are really
periodic, and in a perfect theory would have to be treated as such. But the
elliptic elements on which all our planctary theories are founded are not mean
clements, but elements bronught up by secular variation to the epoch 1800 or 1850.

Thus, our perturbations of the elements will be of the form

sin

Ba:C—!-alt"l'—z; {]ut+8}

12 which « is the secular variation proper, % a small coefficient equal to 27’ —n
or its multiples, and ¢ a constant added to the integral, of sueh value as to make
da vanish at the epoch 1850,
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§ 12. Adopted clements and masses.

The clements of Neptune adopted in the computation of the perturbations are
obtained by correcting those of Walker so as to agree with the Lalande obscr-
vations, and as nearly as possible with seven normal places derived from the
modern observations from 1846 to 1863. The latter series is thus represented
within a second of arc. As these elements are merely provisional, it is not worth
while to give any details of the corrections, except their amounts, which are as
follows :

on=—4°11'18".6; » = 43° 3 18".6
d¢ = —.00025451; e =.00846495
o = —8".4006; n = 7864”.368

d¢ = — 8 5"92; e =339 § 31.10
log a =1.4780405

) 1°47 1"

Q 130 720

Epoch, Jan. 0, 1850, Greenwich, M. noon.

To obtain the value of log @, the mean motion was diminished by the secular
variation of the longitude of the epoch = 217.354. A more exact value of this
quantity will appear, in the course of our computations, to be 21”.4426.

The provisional inclination and longitude have been taken from Walker without
change, as the small corrections which his values of these elements may require
will not affect the perturbations.

The adopted elements of Uranus, Saturn, and Jupiter, with their functions
uscd in the theory for the same epoch, are as follows:

Uranus. Saturn. Jupiter.
7 167° 34’ 21” 90° 40" 11° 64’ 51”7
€ 28 27 14 14 48 40 159 56 20
¢ 0 46 30 2 29 28.8 1 18 41.1
0 73 14 14 112 22 14 98 56 10
n 15425.030 43996.127 109256.72
e — 0466972 0560050 0482273
loga 1.2837047 0.9802225 0.7162201
T 335°38 77°66' 355°52
u 0131517 0083880 0082735
a 0.638195 * 0.317301 0.1727703
m L -y AN
21000 3 35016 1047.879

These elements of Uranus have been obtained by applying to Peirce’s values
of the mean elements (Appendix to American Ephemeris and Nautical Almanac,
1860-64, p. 4) approximate long-period perturbations of the eclements produced
by Neptune at the epoch 1850. The elements of Jupiter and Saturn are from
Hansen’s prize memoir on the mutual perturbations of those planets, and are, sub-
- stantially, the same as Bouvard’s.
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el

The values of those constants which depend on the ratio of the mean distances
are as follows, using the notation of the Mécanique Céleste :

IL—URANUS AND NEPTUNE.

- tlbm - (l’b(i) (lab(; d‘b‘;’
. 1 da * da* i o
0 2.26969 0.72903 1.8326 6.4384 35.17
T3 —1.63879 6.05279 —13.0023 65.5656 —2569.42
2 0.37751 0.95867 2.1283 6.7135 35.99
3 0.20310 0.72530 2.2389 7.4924 36.95
4 0 0.11422 0.52446 2.1024 8.2270 39.52
) 0.06593 0.36954 1.8319 8.6192 43.00
6 0.03870 0.256006 1.5157 8.302 46.01
7 0.02299 0.17533 1.2085 7.679 47.57
8 0.01379 0.11900 0.9365 6.804 47.27
9 0.008352 0.0802 0.7100 5.818 45.18
10 0.0051 0.054 0.533
¢ ab(; a’ ﬂ)—(j) a’fb—(’g
da da’
0 —0.8966 26.6493 2.80
1 3.2907 11.9366 60.92
2 24710 11.0760 59.76
.3 1.7806 9.6115 57.07
4 ©1.2524 7.0427 52.59
3] 0.8668 6.3301 46.80
6 0.5931 4.9065 40.34
7 0.4023 3.7216 33.83
8 0.2711 2.7738 27.69
9 0.1817 2.0381 22.20

Tt will be observed that in 25, ab§, and their differential coefficients, we have
included those multiples of -}— which are mtroduccd by the action of Uranus on
the Sun. It secmed less hborlous to do this th'm to make a separate computation

of the terms produced by this cause. But for Saturn and Jupiter 0%2 is so large

that it will be better to use the developments previously given.
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]
o

IL-SATURN AND NEPTUNE.

(] (0] ()

i by a (% a? f;% o %’}
0 2.06341 0.11342 0.14186 0.0986
1 0.33010 35745 - 08964 83
2 07890 16509 19632 1075
3 02091 06476 14027 1878
4 005681 .02383 07517 1701
5 .00166 00847 03514

0 0.8045 T 0.4003

1 0.3686 5242

2 1443 .345H6

3 L0531 1794

4 .0189

5 0066

III—JUPITER AND NEPTUNE.

@ ® ®
? b(;) a(—j% a’%— o (il;é
0 2.015618 0.03088 0.0350 0.0067
1 0.17474 17876 0124 0139
2 02267 04592 0483 0074
3 00327 00989 0202 0221
4 00049 00199 0061 0125
5 a8
aby —(7;3
0 0.3699 0.4209
1 0948 2005
2 .0204 0634
- «.0041 0168
- 4 0.0008

§ 13. From these data the coefficients 7 of the different terms of the perturb-
ative funection, their differential coefficients, and the perturbations of the co-
ordinates, are found to be as in the following table. The N'’s, it will be seen, are
grouped according to the values of their constant parts, jo' 4+ jo.

h, its differential coefficients, L, W, and E, are given in units of the third place
of decimals, to avoid writing zeros. The logarithms are reduced to the common
base, 10, and are expressed in units of the seventh place.
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ACTION OF URANTUS.
L—=0; 7=0; «=0.

i 0 +1 2 3 4 b 6 7 8 3
b 0 -1 -2 -3 —4 -5 -6 -1 —8 -9
k 4 11385.50, —840.31| +187.98] 4 10037 -+ 55.83 4 3L75] 418.29| 4 10.63 4+ 6.2 + 3.7
aDah +867.47| 4 8025.10f - 478.7 | 43593 | 42669 | 41785 | 41214 + 812 +536] +36
De'h +6.96] 41252] —4l —186 —8.7 —8.4 —17.4 —8.2 —50 —4
4 Duh —10.84 —2.56 —8.35 —6.1 —43 —30 —21 -—14 —10
/7] +3005.97( 4 174745 191999 412324 | 7996 | 5195 | 43363 [ + 2169 +138.9 +91
(4.4 696, +12.52 —41 —178 —8.7 —8.4 —T74 —62 —50
E 0 4+ 8.66 —16 —13 —0.9 —0.7 —0.5 —03 - 0.2
L " 4 ” ”n ” ”n ” ” ”
8l+sin IV —17.853 —9.808] —4.197 —2043] —1.061 —0.572] —0.317 —0.178 —0.102
Sv+sin(N— f) +0013) —0112] —0.066] —0.042 —0.028 -—0.018 —0.012f —0.008
N+ f —0.060 —0.096] —0.057 —0.037 —0.025 —0.017 —0.011 —0.008
N—2f +0.000| —0.001 —0.001
N+2f —0001, —0.001] —0.001
dlogr-+cos N + 361 —81 —43 —2 —14 —8 -5 -3 ~2
N—f 0 — —1 0 0 0 0 0 0
N+f 0 +1 +1 0 0 0 ]
” ” ” " " ” ” "
88 = sin gN — 7 —0.030 -+ 0.0556 + 0.028 + 0.014 + 0.008 + 0.005 + 0.003 + 0.002
N+ +0.083 + 0.030 + 0.014 + 0.007 + 0.004 + 0.002 <+ 0.001 ~+ 0.001
3 y—T ¢ ot — I
L—j=1; j=—1; «=0.
¢ -7 —6 -5 —4 -3 -2 -1 (1] +1 2 3 4 5 6 v
i +17 (] 5 4 3 2 1 0 -1 -2 —3| —4 | =5 | —6{ —7
13 +0.21 | 4026 4030 4 0.33| 4 0.32| 4 0.24) 4 0.05| —0.24] —0.32] —0.91] 4-0.35 4 048 4 0.50| 4 0.46] + 0.40
aDah +18 | 419 [ 419 | 41.65| 4 1.16| + 0.38| —0.56| —1.32] —1.50| + 1.05( + 0.20] + 1.24, + 2.00| 4 2.37| + 2.5
De'h + 248 (430.5 |4 35.1 |4 38.5 |4 374 |4 27.93| + 5.69|— 28.77|— 38.29|— 107.13| 4 40.77/ 4 56.1 |+ 58.0 (4 530 (4 44.5
L +48 | +52 | 4564 | +561 ) 441 | +210] —0.82] —2.24 — 480 —3.01f 424 | 451 | 468 | 473 | 472
W + 248 [+ 30.5 (4 361 [+ 38.56 |4 374 |+ 27.03] + 5.69|— 28.77|— 38.20{— 107.13! 4- 40.77}+ 56,1 [+ 58.0 |4- 53.0 [+ 44.5
E + 246 |4 303 |4 349 |4 383 |+ 37.2 |+ 27.81) < 5.55~— 28.95|— 38.47|— 107.20| + 40.61 + 55.9 |+ 57.6 |+ 524 |4 43.7
” ” " ” ” » ” ” " ” ” " ” ”n
8l +sin N + 0.207 + 0.20‘.1 + 0.211 + 0.013|4- 0.014{ + 0.011/— 0.008 4 0.049/ 4 0.015/— 0.008/— 0.013 — 0.014 — 0.012/— 0.010
8v +=sin(N— f) |—0.072/—0.108/— 0.143|— 0.196|— 0.255/— 0.284/|— 0.115 —0.783| —1.095(+ 0.277| 4 0.286, + 0.236/ 4 0.179| 4 0.130
N—=2f [—0.001— 0.001|— 0.002|— 0.002|— 0.003| — 0.003|— 0.001 —0.008| — 0.012( 4 0.003{+ 0.003 4 0.002| 4 0.002| 4 0.001
N4 f — 0.002 + 0.002
Slogr+cosN—f| —1 | —1}{ —1 | —2 ] —3 | —3 | —1 —~8 | =11 +3 | 43 +2F +2 | +1
III—=—1; y=0; «=0.
4 -5 | —4} =3 | —2| —1 0 +1 2 3 -4 5 8 7 8
Pt +6 6 4 3 2 1 -1 -2 -3 —4 —5 —6 -1
13 + 651 4900 +114| +12.7/—219.7 | —17.00| —62.71| — b67.573| — 45.20] —33.27| —23.65| — 1641/ ~11.20/ — 7.6
aDah + 34.1| +36.0( +321| +17.4/+ 4441 | —59.5 |—120.55| —161.57 |—170.23 —157.9 [—1358 |—110.3 | — 864 | —66.2
De’h —20[ —17 —13/ —10, +101| —1.5( —1.29 +0.61 + 296 <4485/ -+ 60 + 64 4621 +57
3 Dunh 0 0 0 + 0.5 +2.75( 4231 +323 e+ 361 + 348 4309 4261 422 +14 +1.2
L + 055/ 108.6/ 4 108.7| + 79.8]4 223.3 |—153.0 |—178.40(-} 8508.72 |— 871.70(— 594.2 [—443.5 [—331.0 |[—244.56 |— 180
W —20 —17 —13 -—10/ +101] —150, —1.29 + 0.61 +2.96  +4.85! 4-6.0 +64| +62] +67
+01 +02( +02{ +01 —0.95 0.00| + 027 + 049 +0.57| "+ 0.56] + 0.5 + 0.4 +03| 403
” ” L4 " ” " ” " ” ” " ”
8l+sinV + 0.’1’38 + 0184+ 0.’2’20 + 0.%02 + O.Z' 50 —0‘:4"66 — l.:{’52 ~+ 2163.605| 4 0.’2’79 + 3.098| - 1.531| <4 0.854] - 0.504/+ 0.308
dv +sinéN—f; + 0.004| 4 0.004| 4 0.004(+ 0.004| + 0.006] + 0.001| — 0.005 <+ 0.116[ 4- 0.054| - 0.035 <+ 0.025 < 0.018/- 0.012
N + )|+ 0.004 4 0.005] 4 0.005 4 0.005 0 + 0.001 0 + 0.104] 40049 + 0.032| +0.022/ -+ 0.016]+ 0.012
Slogr+cosN| —2 | —2 | —8 | —3 | +31 0 —26 +61 | +2 } 417 | +11 | +6 +4
R +1| 41
(<R 77 —_ -1
” ” ” " ” ” ” #” ” ”n
88-+sin(N—V) 0 0 O IR 0.202 + 0.004] 4 0.012] + 0.036 —0.046] —0.021) —0.011 — 0.007/ — 0.004/— 0.003
sin (N 4+ V) =p 0.001' + 0.014 4 0012/ 4 0.028 —0.028) —0.011 —0.0(!6: —0.004| —0.002/— 0.001




24 THE ORBIT OF NEPTUNE.
IV—y=0; y)=—1; .=0.
¢ —b ~—4 —3 —_2 -1 [\] 1 2 3 4 5 (] 7 8 9
T +6 ] 4 8 2 1 0 -1 -2 -3 -4 —& -8 -7 -—8
h —0.68 —091| —113] —121| —072/ + 3276 + 1273} + 4267 4 12.016] <+ 0.00( 4-6.43] + 447 J4-3.04] 4205 4 1.36
aDah —4.17| —4.56] —4.29 —271| 4097 —54.83] <+ 14.12] 4-47.61 +- 33.38 <+ 33.80| + 30.65 + 25.64| +20.6 | +158 | +11.8
De'h — 79.9 [—107.6 [—133.8 |— 1425 {— 85,17|4 3806.65 + 1508.24| + 504.23 |4 1418.28 |4 1061.6 {4- 758.9 |4 627.1 |4 358.7 |+ 240.1 |4 158.8
1 Duh [ 0 0 —01|—o016] —~o052 —o051| —os11 —or —068) —06| —06| —04| —~03 0
L —11.5 | —132 | =186 | —10.3 | —0.62] —27.80; < 21.87/—667.07 | 4 214.18 | 4 1474 |4+ 1110 | + 83,6 | 4 620 | 4453 | 4321
E —80.1 |—107.56 |—133.9 |— 142,68 |— 85.24 + 3865.40 + 1502.86/+ 504.02 |+ 1418.32 [+ 1061.7 |+ 759.4 |+ 527.7 {+ 350.3 |4 240.7 |4 150.4
” " 14 ” n ” " ” ” ”
8l +sinV —0.017| —0.022| —0.027| — 0.026/—0.002] —0.139| + 0.215(— 141.60 —2279) —0.770{ —0.383! —0.216] — 0.128] —0.077| — 0.046
80+ sin(N— :;) + 0.232 + 0.364| 4 0.543| + 0.721}4 0.573] — 38.716 — 29.524 + 80,174} 4-11.061| + 5.2 + 2.720| +1.478! 4 0.823| + 0.467]
N=2/f {40002 + 0004 + 0.006] + 0.008 + 0.006/ — 0411} — 0313 -+ 0321 4 0.117) + 0.055 4 0.020( + 0.016] + 0.009{ + 0.00.
N—3f Q 0 0 0 0 ~0.006] ~0.003 + 0.004| 4 0.001| + 0.001 0 0 0 0
N+ S 0 0 0 0 0 —0.002 —0.001 —0011] —0.008] —0.005| —0.003] — 0.002] — 0.002] — 0.001
Slogr +cos V 0 0 0 0 0 +2 + 6 —17 — —5 -3 -2 -1 (1}
+cos(N— f) 1+2 |+4 [+6 |+8 [+6 | —d08 | —a11 +318 | +116 | +5 |+20 | +15 | 49 |+6
N—2f 0 0 0 0 0 —5 4 +4 +1 +1 0 0 0
” ” ” ” " ”
B=-sin(N+V 0 0 0 0 0 —0.603| — 0.005, —0.005 —0.002| —0.001| —0.001 0 0 0
N—V 0 0 0 0 0o —0.003 —0.006 —0.010; —0.005] —0.003 —0.602] — 0.001 Q 0
: )
V—ay=—2;7=1; .=0.
(7 —4 —3 -2 -1 [ 1 2 3 4 5 6 7 8
[ 4 b 4 3 2 1 0 -1 -2 -3 —4 —5 —6 -7
h + 0.03| + 0.02) —0.07| + 0.01/ + 0.02/ 4 0.006!— 0.0145 — 0.033| — 0.016] — 0.055] —0.08 | — 0.05 | — 0.05
aDah +01{ 400} +02 0.0 | +0.08+008 {+ 0014 [—0]1 | —0.25 | —0.34 | — 040 | — 0.4t | —0.44
2De'h +65| +46 (—159 | +14 | +51 |[+13 |—387 |—79 |—11.0 |—130 |—13 — 12 — 11
” ” ” ” n " ” ”n ” ”
8l+sin N |4 0.001 0 [ 0 + 0.001/4 0.002{ + 0.56 {+ 0.007| + 0.005| 4 0.004] + 0.003| + 0.002] + 0.002
v+ sin (V + f)/—0.011/— 0.009/ + 0.040 — 0.005 — 0.026‘-— 0.013] — 0.084] — 0.057| — 0.044I —0.032] —0.02¢; —0.019
» :
Vi =1;7=—2; +=0.
i —4 -3 -2 -1 0 1 2 3 4 5 [ 1 8
T +56 4 3 2 il 0 ~1 -2 —3 —4 -5 —6 -7
h —.002| —.002 —.001] —.001| —.002| — .004| — .0058 —.007| + .006| 4 .012| 4 .016] + .018| + 018
2 Dk —10 {—09 |—07 [—0656 (—104 [—210 [—280 [—347 ({286 |+59 |[+78 (486 |4 86
”n ”
8l 0 0 0 0 0 0 +021 [—0001] 0O 0 0 0
” ’ ” ” ” ” n " ” ” " ” ”
8 + sin (N — f)| + 0.002| + 0.002| + 0.00“2' + 0.002| + 0.005I + 0.021 — 0.057 |+ 0.015] + 0.020 + 0.020| 4 0.017 [ + 0.015
VIL—=1; 7=0; « =—2.
4 —4 -3 —2 -1 0 1 2 3 4 b [ 1 8
€ +5 4 3 2 1 0 —1 -2 —3 —4 —5 —6 -1
k — 0031 i
$ Duh —13 |—17 |—19 |—22 |—22 [—185 -—1.[1'7 —0.66 {—03 |—0.1 0 0 0
- 8l +sin V - +111
" ” ” n ” ” ” " ”
88 +sin (N— V) |— 0.004|— 0.007|—0.010{— 0.015| — 0.022| — 0.036\— 0.58 |+ 0.007|4-0002] O 0 0 0
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VIIL— =0; y=1; «=—2.

i 44| =3 | =2} —1 0 1 2 3 4 6 6 7
1 +5 4 3 2 1 0 -1} =2} =8| —4 | —5|—¢
2Dk +16 |[+18 |+18 |+16 [+23 [+04 |4010{—009 |—0.18 [—021 [—0.17 |—0.14
+ Dul 405 |06 |+06 {+05 |+0.75 |+015 |4 0.083/—0.03 [—0.06 |—0.00 |[—08¢ [ 0
” ” ” ” ”n ” ” ” ”
8o+ sin (N + f) [—0.003|— 0.004]— 0.005|— 0.005|— 0.012| — 0.004 —0.001(—0.001|—0.001] © 0
”» ” ” ” ” "
88 <+ 8in (N'— V) |+ 0.001 4+ 0.001 4 0.002 + 0.002| + 0.004 | + 0.001 0 0 0 0 0
IX—=—2; y=0; «=0.
4 == = 0 1 2 3 4 5 6 7 8 9
i —5 4 3 2 1 0 -1 —2 -3 —4 —5 ] —6 | —1
R 4+0.66 [+ 0.64 |—17.57 + 010 | +0.214| + 2766 + 3.760] +3.944] +3.660| + 3151 + 258 + 20| +1.57
aDah +207 |+1.36 [+325 |+ 136 | +503 [ +9.55 |+ 1548 | + 1971 | +21.67 |+ 218 (4202 |+ 180 [+ 154
D'k —0.06 [—001 | +019/-+007 | +012 | +006 | —017 | —051 | —0.86 [ —115 | —1.35 —14 [ —1.4
J% +64 [+47 [+337 (+29 |+103 [+163 | 4532 |—565.6 |4 11277 [+80.22 |+ 649 |+ 58.1 |+ 419
” ” ” l ” ” ” ” ” " ” ” ” ”
Sl+sin N |+ 0.009]+ 0.008+ 0.065 + 0.007| + 0.034| +0.080 + 0.050| —71.93 | —1.253| —0.425(—0.227|— 0.138|—0.087
8v = sin(N—f) 0 0 0 0 0 0 | +o0002 0 —0.021 —0.010[— 0.007|— 0.005|— 0.003
N+ 0 0 0 0 0 0 | +0001 0 —0.018{ — 0.009|— 0.007 |— 0.005|— 0.003
= a1 ]
X—j=—1;7=—1
% —3 03 =1 0 1 2 3 4 5 ¢ 7 8 9
i +5 4 3 2 1 0 —1 —2 -3 —4 —5 —6 | —7
13 —0113] —0107| —0.090| + 2.814] —0325| —1.305| —1.903] —2067] —1.954] —1700( —140] —112| —0.8
aDah — 050 | —042 | —049 | —648 | —1.50 | —3.38 ) —603| —830 | —9.63 | —1001 [ —9.62| —8.74 — 7.5
De'h — 133 [—125 [—105 (48318 |—383 [—1542 [—224.67 |[—243.19 |—228.57 |—197.7 |—161.0 (—127.3 [—96.9
z —14 [ =12 {—11 —59 | —35 | —611| —038] 42095 | —57.20 | —4085 | —33.2 | —274 |— 223
E —133 [—125 [—105 [4331.8 |—887 [—154.2 [—224.05 |—243.20 |—228.68 {—197.8 |—16L8 [—127.6 [—07.0
” ” n ” ” ” ” " ” ” ” ” ”
§l=sin N | —0.002 —0.002] —0.002] —0.015 —0.011] —0.030] —0.003] +33.09 | + 0636/ <+ 0.217 + 0.116| + 0.065 4 0.04=
Sv-sin(V— 1) + 0038 + 0012 +0.012) —1.662 +0.257| + 1514 - 4.260 — 5074 —2.102| — 1.131| —0.664|— 0.402
%N—Qf) 0 0 0 | —0017| +0003 +0.016] + 0.645 —0.054] —0.022] —0.012] — 0.007\— 0.004
dlogr =+ cos .V 0 0 0 0 0 0 -—2 +5 +2 +1 +1 0
(N— 0 0 0| —17 +3 +16 +4 —53 —22 | —12 — —4
B NS oy il
XIL—=0; j=—2.
i —8 [ —2 | —1 0 1 2 3 4 5 8 if 8 9
i +5 4 3 2 1 0 -1 -2 -3 —4 —5 —6 -
R 0 0 | +.01 | +0.01] +014] +0.169( + 0.2677| +0.259] + 0.228) + 0.206| + 0.152| + 0.118
aDah 4+.03 | +.03{ +.03[+006| +018] + 025 + 0655 +0810 [ +1.018] +1.12 {~+ 111 [ +1.6¢ | +092
Deh 411 [+11 {+11 |+208 | + 176+ 3251 +40.15 [+ 6313 |+ 6052 |+ 5290 | +42.98 |+ 341 14258
7 +04 | +050] +0.36 [—392 +724 | +515 | +41 | +35 | +22
E +11 [+11 [+11 |+21 | +18 |+3250 +40.15 [+ 6313 |+ 60.54 |+ 5292 |+43.01 |+ 341 [+25.8
” ” n ” ” ” ” ” ”
8l+sin NV 0 0 0 0 |+ 0001|+ 0002| +0003] —499 | —0.080] —0.027| —0.015] — 0.003| —0.005
” ” ” ” ” ” ” ” ” ” ” ”
8v +-8in(N— f) |—0.003/— 0.004|— 0.004|—0.010,—0.012| — 0.319] —0.7567 +1.344| + 0564 +0301| + 0178 -+ 0.110
(N—2f 0 0 0 0 0 |—0.003] —0.008 + 0.014| + 0.006] + 0.003] + 0.002| + 0.001
dlogr +cos{N—Jf) 0 0 o 0 0 —3 —8 +15 +6 +4 +2 +1

4 May, 1865.
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[ [
¥ -3
L + 516

"
Sl4sin NV + 437

XMl —=—2; yj=—1.

v 0 1 2 3 4 5 6 1 8 0 10
i +3 2 1 0l s thhi] =22 | ey [ Gl S N ey
z — 385
2 De'h +645| +14 | +60 | +234] +417] 45517 + 62.03| 4 68.87) + 534 [+ 44.8
Sla-sinV —3.208
” ”n ” ” ” ”n ” ” ” ”
Sv+-sin(N— f)|—0.001]—0.008)]—0.015|— 0.076{— 0.201 |— 0.503 +0.727{+ 0.320| + 0.189] + 0.116
N—2f — 0.001|— 0.002|— 0.005 + 0.008(+ 0.008| + 0,002/ + 0.001
4 ol e o=
XIV—=—1; y=—2.
¥ 0 1 2 3 4 5 6 7 8 9 10
i Es 2 1 0 I —1 el s | el =25 | S g A
z +10.0
2Deh —03 | —18 | —28 | —109 —207| —234 —3330/—317 [—285 |—216
+ sin vV &
+0.85
” n ” n n 4 ” ” ”
So+sin(N—f)| 0 [+0.004+ 0007+ o.osel+ 0.100{ 4 0.259 + 0.387] + 0.172] + 0.101|— 0.065
£7 Dot ey 05
XVi—j=0; y=—3.
v 0 1 2 3 4 5 6| & 8 9 10
0 | =1 | =2t =81 =4 F =6, |A=6 ] =1

) +3 2 1
+03| +12 | +23| +30 [ 4425 +447| +424 +38 | +33
” " ” ”

+ 0.023/+ 0.013| + 0.009

2 Dk (4 +01

”» ” ”»

”
—0.001 I-— 0.004/— 0.011|— 0.033 + 0.052

v -+ sin(N—f1) 0 0
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ACTION OF SATURN.

IL—~=0; 7=0.

&/ 0 1 2 3 4
i 0 —1 —2 —3 —4
h --1026.84 {4 164.82 [ 4-389.15} 4-10.3 | --2.8
aDah 4+ 57.04 [4-178.60 [ -82.47] 828 | +11.9
De’h +4-0.780| —1.092] —1.56] —1.02) —0.5
} Duk —0.778] —0.99 { —0.44] —0.17] —0.06
L +-2167.76 [4-794.46 |- 268.80] 4-91.9 | 4-81.2
E 0 —070 [ —0.33) —0.1 ] —0.1
77 7" 7’ ’”
6l < sin N~ —10.186] —1.728/—0.894 | —0.100
6v -+ sin (VN —f) —0.109] — 0.027|— 0.008 | — 0.003
N - f) —0.091 — 0.022|—0.007 | — 0.003
dlogr—+cos N — 89 —21 —6 —2
’” 7
B =-sin (N4 V) —+ 0.004| - 0.001 .’
N—V 4 0.022{ }-0.005] 4 0.001
II—j=1; y=—1. 4
i’ —3 —2 —141 o0 1 2 3
) +38 2 1 0 —1 —2 -3
k +0.02] 4-0.04} - 0.05{—0.0171]—0.044( - 0.139 4 0.124
aDak 4+ 0.09| 4-0.13) 4 0.09/—0.058 |—0.11 | -0.12 | - 0.25
De’h +28 | 50| |583—2.020 {—5.17 |{-16.6 |4 14.7
L 4-0.24 4-0.39; - 0.83|—0.159 {—0.86 | - 0.68 | 4-0.80
7] 77 7 7 ’” ’”
ol <+ sin ¥ + 0.001}+- 0.002| 4- 0.004 -+ 0.005| —0.004] — 0.004
’”
v+ sin (N — f) |— 0.024/— 0.064|— 0.151 —0.133] 4 0.211| 4 0.124
N—2f 0 |—0.001j—0.002 —0.001] + 0.002{ -} 0.001
dlog r + cos (N —f) 0 —1 -2 +1 0 0
y — O3
Ml—j=—1; 7=0.
14 —2 —1 0 il 2 3 4
i 43 2 1 0 —1 —2 —3
h +-4.28| 4 8.48) —8.175|—28.49] —18.47| —5.82) —1.96
aDah 484 | 475 —7.14 |—82.54] —28.59(—16.5 [ —8.1
De’h —-—0.2 | —0.1| —0.11 | 4-0,15] 4 0.52] +-0.5 | +0.4
L +27.0 {4 34.56 |—20.63 |— 86.65{—106.60|— 49.4 |—21.9
E 0 0 0 4 0.12; 4-0.11( 4-0.1 0
” 7 ” ” ’” ’” 77
6l +-sin N -+ 0.108{4-0.200{ — 0.217{—2.158| 4 1.747/+ 0.855/4- 0.101
dv~-sin (N —f 0.002}{-- 0.002] — 0.001(— 0.034| -}-0.025 +- 0.007{+ 0.003
éN +7£) {4 0.002[+ 0.002| —0.001(— 0.020| -+ 0.022(4- 0.006(- 0.003
dlogr—cos V —1 -2 0 —7 ] 418 | 45 41
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IV—=0; f=—1
g —38 -2 —1 0 1 2 4 5
i +4 3 2 1 0 —1 — —3 —4
h —0.07f —0.17] —0.80] 4-0.116] 1 9.171| 4-56.704| 4 2.37| 4 0.89 4-0.32
eDah —0.50; —0.57| - 0.38 + 1.560| 4-6.48 | 45.02] 4 2.8
De’h -—81 |[—19.56 |—85.5 |+ 13.8 |+ 1083.89 |4 678.05 |4-277.7 (4-108.6 {4 86.7
L —16| —19 | +11 -~1.46 | 4 86.64 | 4-18.6 | 8.6
E —81 |—19.5 [—85.5 | 18.8 |+ 1083.86 |+ 673.10 |4 277.8 (4-108.6 |4 36.7
” ’” ’” ’ ” 7 7
4l +—sin NV —0.006 —0.011) 4 0.012 —0.086! — 0.600' —0.131 —0.040
s
v —+sin (N — f) {4 0.049/4-0.156/ 4 0.410 —0.291'(— 127.63)| 4-22.056] 4-38.995/ 4 0.955/4- 0.249
—2f |+ 0.001| 4 0.002 + 0.004| —0.008) —1.8348] 4 0.233| 4 0.042) 4 0.010 4 0.003
N-8f 0 0 0 0 —0.015] - 0.008
dlogr-~cos V 0 0 0 0 + 29 —9 —2 —1 0
N— 1) | +1 +2 +4 —38 — 1344 + 282 + 42 + 10 + 3
(N—21) 0 0 0 0 —17 +38 +1
V—y=—2;7=1
i —2 —1 0 1 2 3
i +3 2 1 0 —1 —2
De’k +07 | —0.04] 4007 —0.26 —0.44 —0.39
144 44 144 ’” 27 44
dv —+ sin (N — f) —-0.00Gi 0.000/ — 0.002) 4 0.081| —0.014| — 0.006

&/ -2 —1 0 1 2 3
i +3 2 1 ol | A g
De’h —0.11] —0.14| +0.46
144 24 ’7 ’7 144 124
6y =+ 8in (N —f) 0.000 0.000{ 0.000( + 0.013] — 0.005( - 0.007
VIl =—2; =
¢/ —1 0 ] 2 3 4 5
i +3 2 1 0 . =17t ixies
3 +0.8 | —0.08 +0.18 +0.66| 40.48 4 0.27
aDak 404 | —0.05 4034 {144 +1.51 +1.08
L +15| —02 | 4095 4222 67| 4382
77 77 144 144 ’7 ’7
8l+sin ¥ |-0.006 —0.001| 4 0.008) 4-0.065 —0.120| —0.026
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VI =—1; y=1.

4 —1 0 1 2 3 4 5

i +3 2 1 0 —1 —2 —3
h —0.02 0.0 | —0.04] —0.60] —0.41] —0.23] —0.11
aDah —0.04) —0.02)] —0.11] —0.61 —0.88‘ —0.72| —0.45
De’h —2.1 | —0.49| —5.17| —59.02| — 47.95| — 26.96| — 12.92
L —0.1 00| —0.830] —0.96) —4.20 —2.41) —1.40

7 7 7 7 7
6l +sin N' 0 0 |[—0.003] —0.028: -+ 0.095x -+ 0.020| 4 0.007

7" 7

dv+sin (N— f) |-+0.016 + 0.005| 4 0.092| - 8.477| — 2.178 —0.442] —0.129
N—2f 0 0 |4 0.001{ 4 0.037| — 0.023 — 0.005 — 0.001

dlog r + cos (N —f) 0 0 +1 437 | —23 —5b —1

i/ —1 0 1 2 3 4 5
i +3 2 1 0 —1 —2 —3
h 0 0 |-40004 -0.081 4 0.083 +0.05| 40.02
aDah 0 0 |40.008 4-0.022/ 40.098] 4-0.11| +0.08
De’h 40.08] 40.05{ 41.00 | 419.12 | +19.63 | 4-11.64| 4-5.71
L 0 0 |4+002| 4005 | +0.72| 4045 40.24
7 7 1 7
dl +—sin (N — f) 0 0 0 -} 0.001| —0.016] —0.004| — 0.001
’” 7 7
8v—+sin (N — f) | —0.001{ —0.001| — 0.018| —1.126} -} 0.891 4 0.191| 4- 0.057
N-=-2f 0.012) 4 0.009 4 0.002 -} 0.001
dlog r + cos (N —f) —12 +9 42 +1

X—j=0; j=0.

% L] 0 1 l 2 3 4
i +3 2 1 0 M -tk =2

1 1} Duh + 0.80 o+ 0.77| - 1.68| +0.77{ -+ 0.80, 4 0.11
Y17 144 V44 144 77 s

6B + sin (¥ — 2) | + 0.002] + 0.008| 4 0.030| - 0.045| — 0.013| — 0.002

i N 4 5 6
i 2l Y e M =l 3
De'h +043| 4 2.34| 244 4-1.72] 0.7
14 144 r’ 77 44
dv -+ sin (N — f) |—0.007|— 0.092|-+ 0.180|-+- 0 0334 0.008
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ACTION OF JUPITER.

The direct action of Jupiter is so nearly insignificant that the details of the
computation are omitted. The only terms in the longitude exeeeding oune hun-
dredth of a sccond, and not senslbly eonfounded with the elliptie elements of
Neptune, are

07.278 sin (' — 2)
+0.019sin 2 (¥ —2a

ACTION OF VENUS, EARTH, AND MARS.

The only appreemble effect of the attraction of these planets is found in the
relation between the radius vector and the mean motion. The coefficients of the
perturbative function whieh eorrespond to the ease when both ¢ and ¢ are zero
introduee ehanges as below into the secular variation of the longitude of the
epoeh. Those whieh eorrespond to the term in which N =2 — &’ introduce con-
stants as below into the logarithm of the radius vector. For the sake of eom-
pleteness we inelude the similar perturbations produced by Jupiter, Saturn, and
Uranus, as already computed :

Z—j dlogr

Aetion of Venus, -+ 07.0403 —11
Earth, -+ 0.0444 —12

Mars, -+ 0.0059 —2

Jupiter, +15.35671 — 4240

Saturn, -+ 4 .8687 — 1344

Uranus, +1.1261 — 311

Total, 21.4425 — 5920

The principal term of g A and, indeed, the entire portion not multiplied by the

second power of the ececntnelty, 18

de (ZZ)
= (0) ST,
= ma (O + a- ) 5
while the principal term in § log 7 is
dlog r=— 1 mM (V9 4 aDal'?).

The effeet of these terms might, therefore, have been 1neluded in the mecan
distance as a single term, w1thout ‘Lpprecmble error.

§ 14. Perturbations of Ncptune by Saturn through the Sun.

'l‘hese perturbations, it will be remembered, have been omitted in the preceding
eomputations, from reasons already set forth. They have bcen computed by
formulae (16)—(19), and are as follows:
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ACTION OF SATURN.

=
207536 sin (% — 2)

0.007 sin 2X —22— o' +0)
030 sin (— V4224 —o0)

059 sin (A — o)
340 sin (2X — 24 — )

007 sin (¥ +2— 2 a)
002 sin (24— 0 —0)

3 Cane B Re vl
Sooooo:

022sin (—X¥ 432 —20)

dlog»r =
+ 345 cos (¥ —2)

4+ 10cos (—x 422 —0)
—  2cos (A—0)
+ 3cos (2N —2A—0)

§ 15. Perturbations of the elements—Collecting and adding up the coefficients
of all sines or cosines of the same angle in the perturbations, we find them as
below. For A and o, their values, I — 7 and « — 7, are substituted. We shall
first collect those terms which are developed as perturbations of the elements,
namely, the secular variations, and all terms in the action of Uranus in which

7 =24 We find them to be as follows:

8h = + 125767 sin (2 — 1)

=+ 125".67 cos (27 —1)

—0.42sin (20 —1—27)
—0.36sin (20 —14 n—)
+ 0.14sin (20 — 1+ 7#—n)

— 30793 sin (47 —21—mn)
+ 8.03sin (47 —21—x)

— 0.03sin (4?7 —214+w—2m)

+ 27.62sin (67 — 31— 2 )

—1.37sin (67 — 31— —m)

+0.17sin (67— 31—27)
+07.0132¢

81 = 4+ 2163".60 sin (2 — I — =)

— 141 .69sin (27 —1—=)

4+ 0.56sin (27 —14 w— 2 )
+  0.21sin (20 —14 7 —27)
-+ 1.08sin (20 —14 7w —27)
— 0.08sin (2 —14+w—27)

— 71”93 sin (47 —21—2=)
+ 38.09sin (40 —21—n —m)
— 4.99sin (40 —21—2x)

+ 47,36 sin (67— 31— 3 )
— 3 .27sin (67 —31—x—27)
+ 0 .85 sin (67 — 31— 2% —m)
—0.08sin (67 — 31— 3 )

+ 2174425 ¢

+ 0.42cos (21 —1—2n)
—0.36cos (20 —1—nw+ 7)
4+ 0.14cos 20—+ —m)

— 30”93 cos (47 —21—m)
4+ 8.03cos (47 —21—m)
— 0.03cos (47 —21+ 7w —2n)

+ 27.62cos (67— 31—2n)
—1.83Tcos (60— 31— nw—m)
4+ 0.17cos (67 —31—2x)

+ 07,0031 ¢

dloga=—1232cos (21 —1—m)

4+  92cos (20 —1—m)

+ 85cos(4l—21—2n)
— 44cos(4?—21—n—n)
+ Gcos(4l—21—2x)
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dp=—1"11sin 2l —l—mn+ 7)
—0.72sin 2V —1l—mn—7)
+0.16sin (2 —1l—7+7)
+ 0.15sin 2! —1l—7n'—7)

—2"98sin (40 —21—7)
+4-07.0110¢

dg=—1"11cos (21 —l —n+ 7)
+0.72¢c08 2l —l—n—7)
+ 0.16cos (20 —1—n+ 7)
—0.15¢c08 2V —1l—w—q)

—2"98 cos (47 — 2l —7)

-+ 07.0001¢

3

3

§ 16. Perturbations of the co-ordinates— Comparison with PEIRCE and KowALSKI.
—The first column of the following tables gives the coefficients according to

Peirce (Proceedings of the American Academy, Vol. 1, pp. 287-291); and the
second, the values according to Kowalski (Recherches sur les mouvements de

Neptune, pp. 14-16). In the-case of Uranus, Peirce’s coefficients have been

increased by 1 + 4, to reduce his mass of Uranus to the adopted one.
coefficients enclosed in parentheses are not comparable, as they include the effect

The

of terms now developed as perturbations of the clements, and therefore omitted
from the perturbations of the co-ordinates. The perturbations of the radius
vector have been reduced to logarithms by multiplying by ©:4342,

P.

K.

IL—-—ACTION OF URANUS.

o= dlogr =
N. /] K. N.
(—2284) (—2289) -}-3l4cos (V—1)

(—206".91) (— 244”.40) + 3".002sin (V' —1)

+9.994sin 2 ( —?)
+1.960sin 3 (2 — 1)
+0 .610sin 4 (' — 1)
+0 .237sin b (I — 1)
+0 .104 8in 6 (2 — 1)
+0.0418in7 (' —1)
+0.017sin8 (0 —1)
+0.007sin 9 (V' —1)

+ 167 4 163

2pd 2497 1" 80 6o

G| . sl
X% e
3 " Y

-+ 0".002sin (— 4V 441 — ' J- =)
40 .0168in (— 30 4 31— 4 7)
—0.108sin (— 27V 4- 21 — 7' - m)
—0 .048s8in (— V4 I—7'4-7)

4 162cos 2 (I —1)
4 38cos3(I'—1)
4 13cos4 (' —1)
+ bcosd(I'—1)
+ 1lcos6(¥’—1)

+ 10.2¢ 4 10.02
4 2o e
4+ 0.64 4 0.62
4+ 03926 '+ 027
Wl ¢lss
+ 0.06 4 0.27
4 0 .08
+ 0.01
(— .0a1). (= 0:78)
(—16.29) (— 16.79)
(+ 0.66) (4 0.71)
—0.01
—0.01
—0.02
~=004"  —0.08
019 ~|Lee, 1
4027 —1.31
(1979.72) (1955.50)
(+69.86) (+68.73)
L L8 — 178
—033 —0.59
—012 —0.29
—0.06
—0.04
—0-01

5  May, 1865.

-4 0 .045 sin (
—0 .011 gin (
~}- 0 .003 sin (
—+ 0 .003 sin (
-+ 0 .002 sin (

!— l—n'+m)
20 —21—m' 4 =)
3V —38l—n'+ =)
4V - 4l—m' =)
U 4-61—n' -} )

—0".009 sin (— 5 -- 61 — )
— 0 .0l4sin (—— 40+ 51—m)
—0.0248in (—3V-}-41—m)
—0.0338in (—2V 431 —m)

+0.1838in (— U+42i—n) +2 + 2 4+ 8cos(— VH421—m)
-} 0 .274 sin ( l—m) —b +11 — beos( l—m)
— 0 .238 sin ( v —m) — 10 cos ( v —m)
44.8658in( 20— I—m) (—1141) (—1127) +43cos( 2V/— l—rm)
49.663sin( 8¥—2l—m) (4 693) (4 663) --58cos( 31 —2l—n)
—1.721gin( 4V—38l—m) — 28 — 27 —27cos( 4l —38l—n)
—0 .375g8in( &5V —4l—m) — 7 — 8 — Tcos( bl—4l—m)
—-0 .134sin( 6/ —Bl—m) — 38 — 1 — 2cos( 6V —BI—m)
—0.0578in( 7TV —6l—m) - 2 — 2co8( TV—6l—n)
—0.022sin( 8V —71—n) — 2cos( 8U—Tl—m)
—0.009sin( 9V —8l—m)
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ACTION OF URANUS (Continued).

dv= ) lOg T=
/5 K. N. v A K. N.
+ 07.001 sin (— 5 4 61— 1)
40 .002 sin (— 42 + 51 —')

—0.0028in (— 87 4 41 —1) + lcos(—8%+4l—m)
(—0.01) —0.015sin (— 22 481 —1) — lcos(—2V+8l—m)
(—0.11) —0.109sin (— ¥421—w) o+ 2 + 2cos(— U4201—m)
(+2383) (+265) —0.177sin( l—m) (— 21) (— 24) + 2cos( I—m)
+0.209sin( ¥ = —n) 4+ Beos( ¥ —m)

(—124.83) (—182.51) —0.466sin( 20— I—w) (4 95) (4 97) —18cos( 20— I—m)
(— 17.45) (— 18.37) —2 .477sin( 80 —21—w) (—174) (—184) —1bcos( 8¢ —2i—m)
-+ 046 -+ 053 +40.452sin( 40—8l—m) 4 T 4 6 + Ocos( 4V—31—m)
4+ 011 4 007 40.101sin{ 6F—4i—7) 4 2 4 1 + lew( br—4i—m)
+ 004 — 028 +0.027sin( 6/—5i—n) ) 3 4 lcos( 62—Bl—m)
+ 001 +0.014sin( T/ —61—1)

+0.010sin( 82—7l—1)

+0.006sin( 9V—81—n)

+ 07.002sin (30 —2! 4o —2m)
—0.016sin (42 —31l4 ' —2m)
+0.002sin (60 —4! 4o —2m)

(The terms in which the constant of the argument ism —2m, 7 — 27, and 7 — 2 7’ are yct smaller, and are
neglected. )
+0".017sin(— V+4+31—27)

— 0 .001 sin ( 21—2m)
- — 0 .007 sin ( U4 1—2m)
—0.009sin( 2V —27)

(+ 0.75) —0.151sin( 8¥— 1—2n)
(-- 65.45) (—64.61) —O0 .587sin( 4% —21—2m)
(— 510) (— 5.62) —1 .310sin( 5¥—31—2n)
4-0 .258sin( 62 —41—27)
40.061sin( 7U¢—61—2m)
40.027sin( 8V —61—2m)

40.010sin( 9¢—71—2nm) Latitude.
40 .004sin( 10# —81—2m)

B=
+07.005sin( ¥4 l—n—m) N.
+0.006sin ( 27 —r—n) —0.004sin (— 42 +50—7)
(+16.08) (+17.01) +0.098sin( 82— l—n'—m) —0.008sin (—32 4 42—1)
(483.73) (+36.67) +0.366sin( 42 —21—n—m) —0.028sin (— 2V +31—1)
(+ 2.56) (4 8.85) --0.688sin( 62 —38!—n' —n) —0.056sin (— F+421—7)
—0.136sin( 6 —41—m —) + 0 .040 sin ( 1—1)
—0.082sin( TV —bl—n' —m) 40.106sin( ¥  —1)
—0.019sin( 87 —61—n' —m) 40.320sin( 20— l—7)
—0.0108in( 92 —Tl—n'—m) +0.060sin( 8/—21—7)
—~0.005sin (102 — 87 — ' — ) —0.063sin( 42—3l1—1)
—0.016sin( 50—41—r)
—0".003sin(  21—27) —0.005sin( 62—51—r1)
—0.0llsin( 24+ 1—27) —0.004sin( 7/—61—1)

(—1.04) (—1.15) +0.005sin(30— I—27)
(—4.29) (—4.79) —0.046sin (47 —21—2)
(—0.33) (—0.21) —0.090sin (52 —31—27)
+0.020sin (62 —41—2 )
+0.005sin (70 —51—g )
+0.002sin (87 —61—2)

—0".003sin( V4 1—27)
—0 .016sin (87— 1—27)
—0.0228in (47 —21—271)
—0.0418in (60 —81—27)
+0.006s8in (62 —41—271)



P
— 18,60
+ 0.15
+ 0.02

++
(=]

.01

P.
— 347,09
+ 0.02

+ 0.82

— 0.01

— 0 .42

+++ |

I S

++

4

OOQMN

.12

.15
.08
.06

53

.16

.09

17

.09

.85
.04

.10

13

.10

.84

.07

.19

.15

.48
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IT—ACTION OF SATURN.

0y = dlogr=
N. £ K. N.
— 18".5528in (I — 1) + 398 4398 4 897 cos (¥ — 1)
4+ 0.141sin2 (' — 1) + 4 0 + 4
+ 0.012sin3 (¢ — )
+ 0.000sin4 (¥ —1
+ 0".0028in(— VA4 I —n' 47

0.006sin( 20 —2!—n 4 )

+ 07.524sin(— V421 —m) + 12 4 11 4 9cos(— V42l1—n)
+ 0 .008 sin ( I —m) — 2 4 2cos( ! —m)
+ 1.819sin ( v — ) — 84 cos ( 14 — )
— 0.280s8in( 2V/— lI—m) — 6 — 20 — Tecos( 2V/— (—n)
— 0.028sin( 8V—21—m) — lcos( 3V—2!—n)
— 0.004sin( 4V —81—m7)
— 0”080 sin ( 1 —7') — 3 — 8 — 1lcos( l—7')
4+ 0.186sin ( ¥ — ')
— 0.228sin (20— 1 —) + 8 4 47 4 bes(2V—1l—m)
+ 0.008sin 82 —2!—1m) i y
4+ 0.001sin (47 —38! —7)
+ 07.022sin (— V481 —2m)
— 0.008 sin ( V4 1—27)
+ 0.00igin( 27 —2m)
4+ 0.037sin( 3/— 1—2m)
— 0".002 sin ( 2l—n'—m)
— 0.0028in( V4 I—n'—m)
+ 0.020 sin (27 — 7' —7)
— 0.0298in (80— I —7" —n)
-+ 07005 sin (2 2 —27)
+ 0.006sin (87 —?2—2n)
éB =
4+ 07.309 sin ( l—7)
+ 0.045s8in ( — 1)

0.0068in (20 —!—r1)

ITL—ACTION OF JUPITER.

0 = dlogr =

N 2 K. N.
— 34”121 sin (V' — 1) 4+ 719 4683 4 701cos (F—1)
-+ 0.019sin 2 (r —1) 0 4+ lces2(P—1)

+ 0.003sin 8 (¥ — 1)

0.009 sin (20— 21—’ + )

+ 0".801sin (— V4 21—n) + 17 4 17 4 18cos(— ¥+ 21+ )
+ 0.008 sin ( l—m) + blcos(—7 — )
+ 2 .358 sin ( v — ) .

— 0.010sin( 20— I—m)

— 07148 sin ( 1— ) el 6 00— 2 ooy 1— )
+ 0.117sin( 7 — ') — 2¢co8( ¥ — ')
— 0.4328in 2V —1—) + 6 +185 4 Tcos(2V—1—n)
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ACTION OF JUPITER (Continued).

0y = ) log r=

p. K. N. P K. N.
+ 07080 sin (— ¥4 81—2m)
— 0 .011 sin ( U4+ 1—2m)

. 4+ 0.004sin( 2 —2n)
4010 —0".005sin (2! — = —)
4-0.0288in (20 — = —7)
0B =

-+ 0”.564 sin (I — 1)
-+ 0 .039 sin (! — 1)

By comparing the different anthorities for the coefficients, it will be seen that
while our present results agree very well with those of Professor Peirce, the
agreement with Professor Kowalski is in many cases very far from being satis-
factory. It will be observed that the latter differ most in the case of those terms
whose coefficients depend on the action of the disturbing planets on the Sun, and
we have also seen that these terms are ordinarily developed as small differences
of very large quantities. They are, therefore, the terins.into which errors would
most easily creep.

The terms enclosed in parentheses are not of great importance, because they
are for a long period sensibly confounded with the elliptic elements. Notwith-
standing that one of these terms amounts to more than half a degree, and others
to several minutes, the effect of the whole of them could scarcely be discovered
from all the observations hitherto made on Neptune. :

§ 17. For the purpose of tabulating and computing an ephemeris, it is expedient
to change the form of the perturbations by Uranus. Consider any two terms in
which the coeflicients of 7 are equal, but of opposite signs :

v=p, sin{sl —id—o}+psin{sl +i4—o}
where
A=0~—1

The terms may then be put in the form

{ (p2—py) sin o sin ¢4 + (p, -+ 1) cos @ cos i4 } sin s’
{ (p2—py) cos o sin 1A — (p; + p,) sin @ cos 14 } cos sV

So that we may put

dv =&, FP.sinl+4P,cosl~+ P,ysin2l -4 P,cos2?
dlogr =dlogr,+ R, 8inl + P, cos

where v, P, and R are functions only of 4, and may be tabulated as such.

§ 18. For Jupiter and Saturn, if we neglect those terms of which the coeflicients
are less than 07.03, it will be more convenient to tabulate the perturbations
direetly. This course we shall adopt, except with reference to those perturb-
ations which depend on the mean longitude of Neptune alone, and do not contain
the mean longitude of the disturbing planets. These have been omitted by both
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Peirce and Kowalski, as may be seen by reference to the preceding values of their
coefficients. They are, in fact, very nearly confounded with the elliptic motion
of the planet, but not cxactly. We shall, at present, retain only the small resi-
duals, after subducting those portions which are sensibly eclliptic. The entire
terms are as follows : ¥

1. In the longitude.

Action of Uranus, 4 07.385 sinl — 0”092 cos? — 0”.014 sin 27 — 0".002 cos 21
Saturn, + 0.099sinl — 1 .412 cos! — 0.018sin 27 —0.020 cos 21
Jupiter, 4 2.393 sin? — 0.567 cos? + 0 .018sin27 — 0 .029 cos 27

Total, +2.877sinl —2.071 cos! —0.0145in27 — 0 051 cos27 (@)

2. In the logarithm of radius vector.

Action of Uranus, 4 1sinl + 14 cos!
Saturn, —34sin!
Jupiter, — 11sin? —51cos?

Total, —44sinl —37cosl )

Changes in the functions e sin % and e cos m, represented by 8% and 8%, will pro-
duce the following changes in the longitude and log 7,

dv =28ksinl— 2 8h cos 1+ § (k8 — hdh) sin 21 — § (kdh 4 18F) cos 21
d log r =— Mdh sin I — Mk cos 1.

Taking the elliptic terms to be subducted so that the coefficients of sin 7 and cos 1
shall vanish, we must put

0h=+41"036; 6k =+ 17438,

which will produce the inequalities a

v =+ 27877 sin 1 — 2".071 cos I 4 07.007 sin 2 I — 0".037 cos 2 1
dlogr=—  2lsinl—  30cosl.

Subtracting these elliptic inequalities from («) and (?), we have for the residuals

v  =-—0".021sin27—0".014 cos 21
dlogr—=—  23sin I— ° Tcos L

So that the constants of P, ete. are

Constant of P, = O
S 0
P,=—0.021
o= —=.0.014
P e NI
By=— 7
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The constant terms in the coefficients B, and B,;; which give the perturbations
of the latitude, may be omitted without any error amounting to one hundredth
of a second.

§ 19. The form of the preceding perturbations being different from that of the
perturbations computed by Professor Peirce, the elliptic elements are next pro-
visionally altered, so that the provisional theory shall be substantially identical
with that already adopted. Small corrections have also been applied to the
constants which determine the plane of the orbit.

The provisional Llements ﬁnally adopted for correction are as follows:

£ = 335° & 25".97
s 7864 .421
h= <4 1192.93
L= -+ 1279.36
p= -+ 4910.17
g= —4137 .46
Epoch, 1850, Jan. 0, Greenwich mean noon. Unit of time, 365.25 days.

. G 0.00848055
¢ (in seconds) 1749".24
B 1°47 17.95
7 42 59 52 .0
Q 130 7 6.7
log a 1.4787523 .

The perturbations of the preceding elements are expressed in the following

form :
Put Vo b= L ]

» 7 = Number pof centuries after 1850, J rm 0.
Then, M =281°43 48" 4 8° 26’ 10".7 T;

and
O0h =125".42 sin ( M — 0° 16.3) 0k =126"17cos ( M —0° 6.2)
+ 36 .08 sin (2 M + 1° 60') + 36 .08 cos (2. M + 1° 50')
+ 8.58sin (3. M 4 3°42) + 3.58cos (3M + 3°42)
+ 17.32 T + constant. -+ 07.31 T+ constant.

01 =2247"628in ( M —170° 32/ 23") dloga=1286¢cos ( M4 9°8&)
+ 98 .57sin (2 M/ 4 183° 24'.1) + 115cos (2 M 4 4° 0)
-+ 6 .81 sin (3 M + 186° 14') -+ constant.

-+ 21447.26 T - const. 4- const. X T.

dp =17.86 sin M g =10".87cos ( M— 61° ()
42 .98 sin (2 M — 155° 38) + 2 .98 cos (2. M — 155° 38")
-+ 1710 T 4 constant. -+ 07.01 7 + constant.
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The constants being so taken that the perturbations, and also the differential
coefficient of 8/, shall all vanish at the epoch 1850.0. These perturbations are
given for the beginning of every tenth year, from 1600 to 2000, in the following
table :

SEcULAR AND LoNG-PERIOD PERTURBATIONS OF THE ELEMENTS OF NEPTUNE FROM
1600 to 2000.

4 ’

oq
n n " n n " "

1600 |— 149.21{ — 473+ 22.33|— 45.28/— 4.68/+ 0.79| 4 8.58|— 116.52
10| 187.63( 455 2118/ 4385 448 079 829/ 111.82
20| 126.50] 437 2005 4239 429/ 078/ 7.99| 107.12
80| 11583 418 1894 40.90| . 410/ 0.77| 7.09| 102.43

40 10562 400 1785 8937 3.90| 076/ 7.39) 973

50| — 95.88 — 881/ 16.77|— 37.81— 3.71|4 0.75| 4 7.09| — 93.04
60| 86.60 862/ 1571 36.22| 352/ 073 6.78] .88.36
70| 7778 844| 1467) 3460 3320 071 647 83.68
80| 6942 335/ 13.65 3294 813 0.69] G5  79.00
9| 6L52 807 1266/ 3L25| 294 0.67| 583 7433 '

1700] — 54.00| — 288 + 1160 — 29.53 — 2.75 - 0.64+ 5.50 — 69.66
10| 4718|269 1074 27.77| 256/ 061 517 6499
20| 40.65| 250 981 2599 237 058 484  60.2
30[ 3465 231 890 2417 218 055/ 449 5566
40| 2013 212/ 801 2233 200 052/ 414 5101
50| — 24.09| — 198/ 4 7.14|— 20.45/— 1.81/ 0.48- 3.79| —46.36
60| 1952 174 630/ 1854 1.2/ 044 343 4171
70| 1543 154 548 16.60| 144/ 040 308  37.06
80] 11.81) 135 469/ 1463 125 035 271 8242

90 86| 115| 393 1263 107 030 234 2779

1800 —6.08) — 96, 4 3.20/—10.59 — 0.80,+ 0.25 4 1.96| —23.15
10] 386 77|. 250 853 071 020 158 1852
20 2170 57| 188 644 053 015 120 13.88
80| o096 38 119] 432 035 010 081  9.25
40| — 024/ —19) 4 0.58 —217—0.17|4 0.05/4 0.41] —4.63
50| 000 0 000/ 000 000 000/ 000  0.00
60 —0.24| 419 —0.54 42204017 0.06—0.41| 4.6
70| 096 38 104 442 034 011 082 = 9.25
80| 217 57| 151] 668 051 017 124 1387
90}  386| 77| 193 896/ 068 023 167| 1848

1900 —6.08| 4 96| — 2.32 4 11.26 4 0.85 — 0.29| — 2.10| - 23.09
10| 868 115 267 1359 101/ 035 254 2770
20| 1181} 133 298] 1594| 117| 042 298|  32.30
30| 1544 152 3.25| 1831 133 049/ 343 3690
10 1953 171 347| 2070| 148/ 056 3.80| 4149
50| —24.10{ 4 190| — 8.65/4 23.11|-1- 1.64/— 0.63|— 4.35| + 46.09

60 20.14) 209 879 2554 180 0.70| 481  50.69

70 3466 227/ 380 27.99 195 077 528 5528

80| 40.66] 246 394 3046 211 084 575 5988
90} 47.13| 265| 304 3205 226/ 0911 623 6447

2000 | — 54.09| + 284| — 889 4 85.46 + 2.42|— 0.98/— 6.71| ~+ 69.06

. Date ol dloga| ok ok op 6g' 3p

dp and 8¢ refer to the fixed ecliptic of 1850.0, §p’ and &¢’ to the movable ecliptic
of the date, the motion being that adopted in Hansen’s “ Tables du Soleil,” and *
concluded from the secular diminution of the obliquity there given.

The corrections to the true longitude, latitude, and radius vector derived from
the pure elliptic elements require corrections for these perturbations as follows :
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dv
ov _dl Bl—l—d] $h 4 == ” -,
810g7-:510ga+d10°7'5/+d1? ST,
Bﬁ_dﬁ 61,35%

dp

For the period during which Neptune has been observed, we have, to a sufficient
degree of approximation,

% ==e Dicogl, E—Z—f’- =2sinl;
(L%%;"r—?':-—]l[ sinl, iilolfﬁ :-.—"ﬂ[cos l;
% = — oS 7, g‘g ==aSInk:

Thewyalues of P, P, ete., derived from the perturbations by Uranus, are, putting
A = mean longitude of Uranus, minus that of Neptune,

Py=—0"683sin A — 5”.000cos A4 P,=-+ 4"208sin A —0".559cos A
—0.4008in 24 — 11 .410cos 24 -+ 10 .892sin 24 — 0.330cos2 4
4+ 0.044sin 3 4 + 2.031cos 3.4 — 1.989sin 34 -+ 0 .078cos3 A4
-+ 0.006sin 44 .-+ 0.462cos 44 — 0 .418sin 4 4 + 0.018 cos4 4
4 0.009sin 54 + 0.165¢c08 54 — 0.1358in 54 -+ 0 .013 cosH A4
-+ 0.001sin 64 4+ 0.076cos 64 — 0.0568in 64 -+ 0.003 cos 6.4
—0.0038in 74 4 0.085¢c08 74 — 0.023sin 74
— 0.002sin 8B A4 + 0.017cos 84 — 0.009sin 84
—0.002s8in 94 4+ 0.008cos 94 — 0.0048in 94
—0.001sin104 4+ 0.004cos104 — 0.002sin104

P,y = — 0".021 P,y =—0"014
—0.254cos 4 — 07.038 sin 4 —0.022cos A -+ 07228 sin A
— 0 .867 cos 24 — 0.0358in 24 —0.027cos 2 4 + 0 .863sin24
—1.821cos3 4 —0.1478in3 4 — 0 .1835c083 4 +1.849sin3 4
- 0.3855 cos 4 4 40 .023sin4 4 + 0 .025co84 4 —0.3558n44
-4 0.083 cos 5 4 -4 0 .006 sin 6 4 + 0 .008 cos 5 4 — 0 085sinb5 A4
-+ 0.039 cos 6 A 4 0 .002 cos 6 A —0.0418in 6 A4
-+ 0.018 cos T4 —0.0188in 7 4
-+ 0 .008 cos 8 4 — 0 .008 sin 8 4
-+ 0.004 cos 9 4 ~—0.0045in 94

Ry —=—23 Ry=—7

— 58sin A4 —46cos A4

4+ 4c824 — 668in24 — T0cos 24
+ 34s8in34 + 32cos3 4 —1sin34
+ 7sindAd. 4+ 9cosdAd 2s8ind 4
+ 3sinbAd 4+ BcosbAa
+ 2smn64 + 2cos64

B,y =4 0".828¢cos A 4 0”.116sin A B, = 4 0"148cos A — 07.2568in 4
4 0.005 cos 2.4 -+ 0.0488in 24 + 0 .002 cos 24 —0.1058n24
— 0 .078 cos 3 4 —0.0178in3 4 <e— 0 .035 cos 3 4 4 0.036sin3 4
— 0 .022cos 4 4 —0.003sin4A4 — 0 .009 cos 44 4 0.008 sin 4 4
—0.009¢cosbH A — 0.004cosb A4

— 0.006cos 6 A4
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The other terms in the longitude, logarithm of r, and latitude, representing the
mean longitude of the planet by the initial letter of its nane, are:

Oy, — —2".9498in 4 —0".002cos A4 dr,—= 3l4cos 4
—9.9428in24 —0.094cos24 + 162 co82 4
—1.9678in84 40 .016cos3 4 + 38co0s34
—0.610sin4 4 +0.004cos4 4 -+ 18cos4 4
—0.237sin54 + bcosbA
—0.1045in6 4 4 2cos64
—0.041sin74
—0.017sin84
—0.007sin 9.4
-+ 18”.552sin (S —N) +897cos (S—N)
— 0.187sin2(S—N) + 4co82(S—N)
— 0.0128in3(S—N)
—0".524 cos (28— N) + 108in(2S—N) -+ 1lcos(28—N)
— 0.058s8in § -+ 0 .047 cos S + 48in(S—2N) 4 4cos(S—2N)
+ 0.166s8in (S—2N) —0.436cos(S—2XN) -+ 701 cos (J— NV)
434 .121s8in (J— N) + 48in(2J—N) + 18cos(2J—N)
— 0.011sin2(J— N) — bsin(J—2N) 4 4cos(J—2N)
+ 0.783sin(2J— N) —0.164cos(2J—N)
— 0.101sinJ + 0 .097 cos J
+ 0.326sin (J—2N) +0.297cos(J—2N)

43, = — 07.302 8in S + 0”.065 cos S + 0".041 sin J -}- 0".563 cos J.

It will be observed that in the perturbations of the longitude by Jupiter and
Saturn we have neglected a number of small terms, the coefficients of the four
largest of which are each about 0”.03. The probable error in the theory pro-
duced by this neglect is 07.04, and it was judged best, therefore, not to encumber
it with them. DBut, should any one wish to include their effect, it can readily be
calculated. Then, we have

Provisional longitude of Neptune, referred to the mean equinox
= Precession, 4 Longitude in pure elliptic orbit, from elements page 39
+ o0l + (Pa+20k) sinl+ (P —20k) cos I+ P,;8in 21+ P, ;cos 21+ dv,
-+ Reduction to ecliptic.

Common logarithm of the radius vector

= Log. radius vector in elliptic orbit

—.0005920 + du + (R,, — MSZ) sin l 4 (R,y — MSk) cos I -+ ér,.

Latitude —

Latitude in clliptic orbit (the longitude being increased by the perturbations),

+ (B,1 + 99) sin v + (B,; — dp) cos v+ 83,

¢ is the mean longitude of Neptune, and v its true longitude in orbit, referred
to the mean equinox of 1850.0.

§ 20. These formulee give the following heliocentric positions of Neptune :
6 May, 1863,
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Heliocentric co-ordinates of Neptune, referred to the mean equinox of dale,

SJor each 180th day, Greenwich mean noon.

Date. Longitude. Latitude, log r.
o ’ n o] ’ ”
1795, May 9, 216 6 20.12 4+ 1 47 59.80 1.4817427
1846, Jan. 21, 325 28 41.54 —0 28 26.90 14774075
July 20, 326 33 68.15 0 30 2348 3215
1847, Jan. 16, 327 39 13.82 0 32 19.44 2556
July 15, 328 44 28.74 0 34 14.63 1510
1848, Jan. 11, 329 49 43.21 0.36 9.15 1.4770685
July 9, 330 54 57.50 —0 38 292 1.4769892
1849, Jan. 5, 332 0 11.98 0 39 55.91 9135
July 4, 333 o 27.14 0 41 48.06 8420
Dee. 31, 334 10 43.37 0 43 39.87 7742
1850, June 29, 335 16-. L2 0 45 29.78 7104
Dee. 20, 336 21 20.50 —0 47 19.25 6503
1851, June 24, | 337 26 42.10 049 7.76 5935
Dec. 21, 338 32 6.10 0 50 55.27 5396
1852, June 18, 339 3T3EFR 0 52 41.71 4880
Dee. 15, 340 43 2.18 0 54 27.04 4383
1853, June 13, 341 48 34.62 —0 56 11.23 3895
Dee. 10, 342 54 10.02 0 57 54.26 3405
1854, June 8§, 343 59 48.28 0 59 36.04 2007
Dee. 5, 345 5 29.19 1 1 16.58 2390
1855, June 3, 346 11 12.34 1. 2 5579 1856
Nov. 30, 347 16 5747 —1 4 33.67 1281
1856, May 28, 348 22 43.95 1 6 10.17 0671
Nov. 24, 349 28 31.22 1 7 4523 1.4760028
1857, May 23, | 350 34 18.03 1 91883 | 1.4759357
Nov. 19, 351 40 5.78 1 10 50.93 8652
1858, May 18, 352 45 52.17 —1 12 21.48 7918
Nov. 14, 353 51 37.46 1 13 50.50 7185
1859, May 13, 354 57 21.65 115 17.89 6454
Nov. 9, 356 3 4.60 1 16 43.65 5739
1860, May 7, 357 8 46.65 148 178 5049
Nov. 3, 358 14 27.84 —1 19 30.24 4394
1861, May 2, 309 20 8.66 1 20 50.95 3779
Oct. 29, 0 25 49.45 1 22 9.96 3210
1862, April 27, 1 31 30.52 1:23.27119 2691
Oct. 24, 2 87 12.80 1 24 42.64 2220
1863, April 22, 3 42 55.16 —1 25 56.24 1797
Oet. 19, 4 48 39.57 120 TR, 1423
1864, April 16, 5 54 25.74 128 17.84 1093
Oet. 13, 7 0 14.10 1 29 25.77 0801
1865, April 11, 8 6 4.93 —1 30 31.79 14750547
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From these heliocentric positions are concluded the following apparent geocentric
positions, corrected for aberration, for the dates of the normal places to be given
in the next chapter.

Geocentric Geocentric Geocentric Geocentric

Date, Longitude. Latitude. e Longitude. Latitude.

-] ! ” [ 1% ” (-] ” o I
1795, May 9, 214 37 19.1 41 650 34.4 1856, Aug. 8, 349 54 3.8 —1 8 448
1846, Oct. 14, 325 31 34.9 —0 31 56.0 Sept. 13, 348 58 37.4 T $9N27.2
Nov. 14, 825 28 23.2 0 31 44.0 Oct. 26, 347 56 48.8 L 982
1847, July 26, |- 829 41 22.0 —0 35 25.9 Nov. 17, 347 40 53.1 1 88538
Aug. 17, 829 7 18.8 0 35 47.7 1857, Aug.13, 352 5 16.5 —112 6.2
Oct. 8, 327 52 10.4 0 35 58.8 Sept. 21, 351 4 2.0 1 12 46.1
Nov, 18, 327 36 56.3 0 35 38.6 Oct. 24, 350 16 9.6 112 28.8
1848, July 25, 881 58 5.0 —0 39 228 Dec. 8, 349 54 1.4 111 11.8
Aug. 29, 331 8 15.8 0 89 55.2 1858, Aug. 18, 354 28 52.6 —1 15 21.0
Oct. 6, 330 8 55.3 0 39 57.8 Sept. 23, 3853 19 17.2 1 15 56.6
Nov. 17, 329 49 22.4 0 39 32.8 Oct. 28, 352 28 49.2 1 15 34.8
1849, Sept. 1, 333 15 88.6 —0 43 52.7 Dec. 12, 352 8 46.7 114 11.8
- Oct. 15, 332 15 32.4 0 43 49.2 1859, Aug. 21, 856 30 2.9 —1 18 25.8
Nov. 25, 332 4 16.7 0 43 17.1 Sept. 28, 355 37 44.6 119 0.0
1850, Aug. 28, 335 39 88.5 —0 47 42.7 Nov. 8, 854 34 29.4 118 23.0
Oct. 15, 334 31 9.5 0 47 41.1 Dec. 14, 854 22 52.5 117 9.3
Nov. 20, 334 15 23.8 0 47 9.5 1860, Aug. 20, 358 47 48.1 —1 21 17.7
1851, Sept. 2, 337 48 58.1 —0 51 33.7 Sept. 21, 357 54 28.1 121 564
Oct. 14, 336 48 10.9 0 51 30.0 Oct. 31, 356 58 22.4 121 32.2
Nov. 20, 336 28 31.0 0 50 54.1 Dec. 18, 356 36 24.7 120 4.6
1852, Aug. 7, 340 46 11.0 —0 54 51.6 1861, Aug. 22, 1 2424 —124 6.0
Sept. 5, 340 0 10.3 0 65 19.5 Sept. 18, (DL 1 24 42.2
Oct. 12, 339 5 43.0 0 55 14.8 Qct. 30, 359 16 38.4 1 24 24.6
Nov. 28, 338 43 23.4 0 54 23.3 Dec. 7, 358 50 3.3 238 7.9
1853, Sept. 1, 342 24 47.7 —0 58 55.9 1862, Aug. 24, 8 17 84.7 —1 26 46.7
Oct. 15, 341 19 0.2 0 58 52.4 Sept. 23, 2 32 7.4, 1 27 25.7
Nov. 24, 340 56 3.0 058 4.7 Nov. 6, 1 25 26.1 126 57.8
1854, Aug. 30, 344 46 17.8 —1 2276 Dec. 15, 1 4 10.0 1 25 30.0
Sept. 24, 344 5 33.2 1 2 37.0 1863, Aug. 28, 5 29 46.2 —1 29 23.7
Oct. 27, 343 23 17.3 Bs2a1648 Sept. 27, 4 42 49.6 13 0.3
Deec. 5, 343 12 2.8 1 S1C 1851 Nov. 17, 3 30 58.0 129 125
1855, Aug. 10, 347 384 54.2 =1 5+28.0 Dece. 12, 3 18 18.2 128 12.4
Sept. §, 346 49 57.0 IS GRSIHS 1864, Aug. 7, 8 9 20.6 —1 80 63.7
Oct. 22, 345 45 6.2 1 5501 Oct. 1, 6 52 56.7 1 32 27.0
Nov. 29, 345 24 25.3 —1 4 51.8 Nov. 12, 5 61 37.8 1 31 49.1
Dec. 17, 5 82 27.7 —1 30 23.1

The next step is to deduce positions of Neptune from observations, in order to
compare them with the above theoretical positions.



CHAPTER IIL
DISCUSSION OF THE OBSERVATIONS OF NEPTUNE.

§ 21. Durixg the four years following the discovery of Neptune, observations
of this planet, both meridian and extra-meridian, were very numerous. If the
results of all these observations were free from constant errors, and, thercfore,
strictly comparable both with themselves and with subsequent observations, their
combination would give very accurate positions of the planet. Unfortunately,
however, we cannot assume that observations of different kinds, made at different
observatories, are strictly comparable, nor have we, in many cases, the data for
reducing them to a common standard.

Let us consider, for instance, the meridian observations. Under the title of
“ Meridian Obsecrvations of Neptune,” we find in astronomical periodicals series of
observed Right Ascensions and Declinations. But right ascensions and declinations
can never be really observed with any instrument. Only times of transit, and the
readings of micrometers and other instruments, are really observed. The right
ascensions and declinations of the planet are coneluded from the observations, by
the aid of a great number of subsidiary data, some relating to the stars, others
to the instrument. Respecting these data we have, in most cases, absolutely no
information whatever. DBut a knowledge of some of them, at least, is indispen-
sable. Even if we grant that the instrumental errors are in all cases perfectly
known for every observation, we still do not know either the names or the assumed
right ascensions of the stars used in determining clock errors. Ience we cannot
usc the results, because the right ascensions given in standard catalogues not
uafrequently differ by a second of space.

The declinations of the planet are sometimes determined by comparison with
standard stars, sometimes by measures of nadir distance, combined with the lati-
tude of the observatory. The Paris observations are reduced by the former
method ; those of most other observatories, by the latter. Using the latter method,
it would naturally be supposed that the declinations from the observations of all
observatories of which the latitudes are well determined ought to agree. But
such is far from being the case. Compare, for instance, the declinations of funda-
mental stars concluded from observations with the great transit circle at Green-
wich with those in the Tabule Reductionum of Wolfers, and we shall find that
for stars more than 45° from the pole, the Greenwich positions are systematically
nearly a second south of Wolfers’, an amount greater than the probable error of
a single isolated observation. We cannot impeach either authority. Wolfers’
positions depend on such authorities as Pond, Struve, Argelander, Henderson,
Airy, and Bessel. The conscientious care bestowed on the reduction of the
Greenwich observations would scem to render their results unimpeachable.

Besides, from a comparison of Winnecke's observations of his “ Mars Stars” in
44
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1862 with those of Greenwich, it would seem that the meridian circle of Pulkowa
gives declinations an entire second farther south than those of the great transit
circle ; so that had the Pulkewa instrument been employed on fundamental stars,
their declinations would have been 27 less than Wolfers’. On the other hand, the
Cambridge (Eng.) mural circle places the fundamental stars even farther north
than Wolfers, and the Washington mural nearly as far north.

It is foreign to our present purpose to speculate upon the causes of these dis-
crepancies; we are concerned only with their existence and amount. Their
existence renders it absolutely necessary to correct the declinations as well as the
right ascensions in order to reduce them to a common standard; and no obser-
vations have been used unless data for these corrections could be obtained.

This rule necessitates the entire rejection of nearly all the vast mass of obser-
vations on which Walker’s theory was founded. In the case of the micrometric
comparisons, no sufficient data seem to exist for determining the positions of the
comparison stars; the results are, therefore, heterogeneous in their character.
However valuable they might have been when made, it will not be admissible.
to combine them with the fifteen years of meridian observations made since.
Miecrometric observations were almost given up after 1850, and the planet was left
to be followed by the meridian instruments of the larger observatories. The
superior accuracy of this class of observations may be inferred from the fact that
the comparatively small error in Walker’s radius vector is made evident by them
even during the period of construction of Walker’s theory.

A similar remark applies to the meridian observations. Four years of obser-
vations made at a great number of observatories may be indiscriminately combined
on the supposition that the systematic as well as the accidental errors will destroy
each other, particularly if cach series extends through the entire period. DBut, as
few or none of these series made at observatories able to publish any thing but
their results are continued later than 1849, it will not do to assume that the mean
of their systematic errors, as fixed by the standard we have assumed, would vanish.

The observations which fulfil the conditions we have indicated are made at
observatories, as follows :

Ancient observations.

Paris, by Lalande, May 8 and 10 1795.

Modern observations.
Greenwich, 1846 to 1864.
Cambridge, 1846 to 1857.
Paris, 1856 to 1861.
Washington, 1846 to 1850.
Washington, 1861 to 1864.
Hamburg, 1846 to 1849.
Albany, 1861 to 1864.

§ 22. Reduction of Lalandé's tico observations of Neptune, May 8-10, 1795,
The first of these observations is found in the Comptes Rendus, tome 24, p. 667.
The second is in the Ilistoire Céleste, p. 158, and is the cighth star of the firs
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column. They were made with the large mural guadrant of the observatory
The Histoire Céleste does not scem to contain
any definite information as to the observer or observers by whom the observa-
tions were made.

The stars of comparison which I shall select for the determination of the errors
of the instrument and clock are the following :

attached to the Military School.

May 8. May 10.
B3 Virginis, a Virginis,
3 Corvi, ¢ Virginis,

q Virginis,
o Virginis,
a Virginis,

WA,
% Virginis,

2 Virginis,
2 Libree,
p Libree,
& Libree.

x Virginis,
2 Virginis,
2 Libre,
¢ Libree.

These lists, I believe, include all of Bradley’s stars observed by Lalande on
the dates in question within the zone of the planet, for which reliable modern
positions can readily be obtained. Their positions for the year 1795 were obtained
as follows. The positions given by Bessel in the Fundamenta Astronomia were
reduced by the precessions there given to the mean equinox and equator of 1795.0.
The modern positions were obtained from the Greenwich Twelve Year Catalogue,
the Greenwich observations, or Rumker’s Catalogue, and were also reduced to
1795.0 with Bessel’'s precessions. The difference of the results, being supposed
due to proper motion, was divided proportionally to the time, and the concluded
true position for 1795 obtained. As Lalande’s observations are subject to errors
of several seconds, any farther refinement in investigating the positions of the
stars would be a waste of labor. In the following table is exhibited the position
of the star at the two epochs, referred to the mean equinox and equator of 1795.0,
with the modern authorities, and the concluded mean positions for 1795.0:

‘ For 1795.0. Concluded.
Secondsof | Year of Mo dacr Secondsof
Star. R.A., 1755.1R. A., modern| modern th 'rt Dec. 1755. | modern
epoch. Spash, ' R s Dee.
R. A. Dec
h.m. s. 8. LE e 4 7’ h.m. s. /-

d Corvi, (1219 16.36 15.87 1850 12Y.C —152213.2 287 1112 19.18.415| —15L228.87
g Virginis, |12 23 12,94 12.50 1840 1285.C —819 9.8 9.7 {122312.73] —819 9.¢
¥ Virgiunis, |12 43 42,28 42,40 1840 12Y.C —82517.5 21.9 l]‘.! 43 42.341 —82519.5
¢ Virginis, {18 15 54,88 54.32 1859 |Gr. Obs. 1859! —11 38 6.2/ 10.0 1315 54.66/ —1138 7.7
k Virgiunis, |13 22 11.38 11.80 1845 12Y.C —9 611.5 15.1 I]3 2211.84, —9 613.1
x Virginis, |14 1 58.50 58.85 1840 12Y.C —91839.2 37.3 |14 158.67 — 918384
A Virginis, {14 8 2.29 2.41 1840 12Y.C —122511.2 9.7 (14 8 2.35| —12 25 10.b
2 Librae, {14 12 25.07 25.17 1842 Rumker — 1046 5.9 11.7 114122512/ — 10 46 8.6
p Libree, (1438 6.33 6.19 1845 12Y.C. — 1317 6.0 8.4 |14 38 6.27| —1317 7.1
& Libree, |14 43 16.60 16.11 1842 Rumker. |—11 3 6.2 6.8 114431637 —11 3 6.2
¢ Libree, (1518, 6.60: 6.14 1842 Rumker. —90 384 22.7 b7.6 |15 18 6.39] — 9384 20.5
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The above places were reduced to the dates of observation with the constants
of the Tabulee Regiomontanse.

The apparent positions of 3 Virginis and « Virginis are derived from the same
work, correcting the Declination of the latter by 4 07.60. The former is not used
for index error, owing to its distance from the zone of Neptune.

Intervals of wires.

On attempting to test the wire intervals of Lalande, I. C., p. 576, the interval
of the third wire was found to exhibit well-marked systematic discrepancies. The
observations of May 10 concur very well in indicating a diminution of 0°.10; and
this correction has been applied to Lalande’s intervals. The interval for wire 1 has
not been changed.

- Deviation of. instrument.

The next quantity required is the deviation of the instrument from the circle
of Right ascension of the planct. On using Lalandc’s value of this correction,
stars of different altitudes, even in the zone of observation, gave inadmissible dis-
crepancies. It 1s found necessary to reduce the value to less than half. This
will be readily seen from the table below.

Clock error, de.

The following tables give, for each star and each date—

The number of wires observed, 1 meaning a doubtful observation.

The concluded time of transit over the middle wire. i

Lalande’s correction to this time for deviation of the middle wire, this deviation
being supposed to vanish at the circle reading for Neptune, viz.: 60° 7.

The correction for deviation actually applied, derived from the comparison of
clock corrections given by 3 Virginis and § Corvi.

Seconds of apparent R. A. of star.

The clock correction, using Lalande’s deviation.

The clock correction, using the concluded deviation.

The weight assigned to the result for clock correction, depending on the number
of wires, and the proximity of the star to the planet.

For the second observation the deviation is of less importance than for the
first, the planct being ncar the middle of the zone, and the mean of the cor-
rections, therefore, very small.
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1795, May 8.
Name of T ’ ,
e N. ;X B, D. R. A c. ! W,
h. 8. 8. 8. 8. 8. 8.

B Virginis, | 13 | 1136 42.67 | —3.80 | —1.00 1.86 | 22.99 | 21.09 0

d Corvi, 2" 112185585 [ +0.81 | +040 | 17.31 | 20.65 | 21.06 1

g Virginis, | 2 |[1292252.10 | —0.60 | —0.30 | 13.84 | 2234 | 22.04 2

y Virginis, | 1 [ 12432200 | —0.58 [ —0.20 | 4853 | 2211 | 21.82 1

aVirginis, | 8 | 1814 428 | —024 | —0.12 | 2600 | 2210 | 218 4

k Virginis, | 2 | 132150.55 | —0.44 | —0.22 | 12.67 | 2256 | 92.34 3

x Virginis, | 8 | 14 138, >7 —0.40 | —0.20 0.00 | 2192 | 2172 6

A Virginis, | 38 | 14 74180 | 4020 | +0.10 3.81 | 2181 | 2191 6

2 Libre, 2 11412 445 | —0.11 |—0.05 | 2658 | 2219 | 2213 5

¢ Libre, 1} | 151246.07 | —0.34 | —0.17 780 | 2216 | 21.99 2

May 10.

a Virginis, | 2 | 1814 355 | —0.24 | —0.12 | 26.00 j 2278 | 22.66 1

i Virginis, | 2 | 18153290 [ 4-0.06 | 4008 | 5599 | 23.03 | 23.06 1

2 Virginis, | 2 | 14 74120 | +0.22 | +40.11 3.82 | 2240 | 22551 2

2 Libre, 2 | 1412 340 | —0.11 | —0.06 | 2653 | 2324 '| 2319 2

u Libree, 1 | 14374510 [ 4039 | +0.20 7.79 | 2230 | 22.49 1

£ Libreo, 2 | 14425495 | —0.06 | —0.08 | 17.88 | 22.99 | 22.96 1

We have then

May 8. May 10.
Clock time of transit of planet, 14 11 36 .50 14 11 23 .50
Correction for clock and instrument, -+ 21 .94 + 22 .82
Concluded apparent Right Ascension, 14 11 58 44 14 11 46 .32

or, 212° 59" 36".6 212° 56’ 34".8
Declinations.

We use Bessel’s refractions. For the height of the Barometer, and the tem-

perature of the air, we bave:

in. 2
Bar. = 28 pou. 61. =30.37 Eng.; 7=13 Reau. — 61.2 Fah.
Bar. = 28 pou. 3.11. = 30.12 Eng. ; 7= 13.7 Reau. = 62.8 Fah.

Bar., = 28 pou. 1.561. = 30.07 Eng.; 7=13 Reau. = 61.2 Fah.

May 8, . .
May 10. Begmnmg of observatlonq
End o

The equatorial points on the circle are concluded as follows :

May 8. May 10.
Name of | Observed | Refrac- Mg Equato- {| Name of |Observed | Refrac- i . Equato-
star. Z. Dist. | tion. Declingon rial point. star. Z. Dist. | tion. U rial point.
48° 49 48° 49’
o / ” ’ " n o " ? ” ] ’ 4 "
d Corvi, |64 952 15673 | —152229.0/ 20.3 |la Virginis,| 68563 2| 1342 | —10 517.3 18.9
q Virginis,| 57 711 | 128.0 | —81917.5 21.6 || Virginis,| 602554 | 140.2 | —113814.2 20.0
 Virginis,| 571317 | 1284 | —82526.6 18.8 ||A Virginis,| 611250 | 143.56 | —122515.4 18.1
a Virginis,| 5853 0| 1343 | —10 5 17.3 17.0 ||2 Libree, | 593359 | 186.8 | —104613.3 22.5
h Virginis,| 57 5+ 6 | 130.6 | —9 619.0 16.6 ||p Libree, |62 443 | 147.3 | —13 17 10.7 19.6
x Virginis,) 58 637 [ 1314 | —91843.0 25.4 ||¢ Libre, | 695050 | 137.9 | —11 38 9.5 18.4
A Virginis,| 611243 | 143.56 | —12 25 15.2 11.3
2 Libre, |598357 | 136.9 | —104613.1 20.8
e Libree, | 582213 | 132.4 | —934317 13.7
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Taking the means of the separate results for equatorial pomnt, we have, for the
apparent declinations of Neptune—

May 8. May 10.

Observed circle reading, 60 817 60 719
Refraction, 1 39.0 1 39.0
Corrected circle reading, 60 9 56.0 60 8 58.0
Equatorial point, 48 49 18.4 48 49 19.6
" Apparent declination, —112037.6 —1119 384

§ 23. Probable errors of these positions.

So far as we can judge from the discordance of the clock errors, and equatorial
points derived from the several stars, the probable error of a single observation
over a single wire in right ascension would appear to be about 0°.27, and the pro-
bable error of a single observed zenith distance about 2”.2. The agreement of
the difference of the two observations with the computed motion of the planet
shows that neither observation is affected with any abnormal error. We conclude,
therefore, that the probable error of the normal place derived from the two obser-
vations is about 2”.8 in R. A. and 17.5 in declination.

Notwithstanding the magnitude of these probable errors, the observations will
be very valuable during the remainder of the present century, owing to the weight
with which they enter into the expressions of the elements. But in the twentieth
century the observations made after 1846 will enable astronomers to compute the
position of the planet in 1795 with a much higher degree of accuracy than La-
lande could observe it.

A similar remark applies to Lamont’s accidental zone observations in 1845.
Valuable during the first two or three years, they afterward cecased to be so,
beeause the theory soon became more accurate than the observation for an epoch
so near the time of optical discovery. Had they been made in 1820, they would
still have been valuable.

Reduetion of the modern observations.

§ 24. The modern observations will be treated in the following manner. The
observations of each year will be divided into four groups, according to the time
of culmination of the planct. The first group will include all observations made
after

h. m. h. m.

13 30 misit:
Second, between 10 30 and 13 30.
Third, - 7 30 and 10 30.
Fourth, all made before 7 30.

The mean correction derived from cach group will at first be regarded as the
true correction applicable to the mean of the times of observation. This involves
the supposition that the error of the ephemeris is changing uniformly during cach

series of observations. If we could compare with an ephemeris of the heliocentric
7 May, 1865.
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place of the planet, this hypothesis would be sufficiently near the truth for an
entire year or more. DBut the error of geocentric place would be subject to an
annual period though the errors of the heliocentric place should be invariable.
Let us estimate the error of the hypothesis in question. Put

r =radius vector of Neptune.
D = difference of longitude of Sun and Neptune.
dr, dr, errors of heliocentric longitude and radius vector.

Then the errors of geocentric longitude will be, approximately,
dv (l e (ES—IZ) + 50 sin D,

3—’ cos D+ 52 sin D

Of this expression the part
will not be regularly progressive, but will change with the sine and cosine of D,
the period of which is about 368 days.
The integral of this expression gives for the mean value of the error, while D

is inerecasing from D, to D),

v sinD,—sinD, &r cosD —cosD),

r D,—D, g2 Di2s Ty
By putting
D, — D,

D=2 §=D,—D=D—D,

and developing according to powers of §, this expression becomes

&)COSD<1 —?)-}-5: sinD(I —82)

This, plus the error of heliocentric longitude, is the mean error which will be
given by a series of observations equally scattered through a period + 8 on each
side of the mean epoch D. DBut what we really want is the error at the mean
epoch itself; that is,

v +'%-)cosD+'i—§sin D;
so that we must correct the mean crror actually found by the quantity
& (v
G_( cos&l)-{—r2 sin D>

or, since d is generally about 1}, and  about 30,

007(51) cos D+ - 900 sin D>
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The maximum value of dv being less than 307, the first term will be entirely
neglected. The value of §r sometimes amounts to .018, so that the correction
arising from the sccond term may sometimes amount to (”.11. We shall, there-
fore, take account of it in a few cases.

The ephemeris which will be compared with observation in order to deduce
normal places of the planet will be the same with which the Greenwich obser-
vations are compared, namely, Walker’s ephemeris until the year 1854, and
Kowalski’s ephemeris in subsequent years. It will be remembered, however,
that these ephemerides are used only for the purpose of obtaining normal places,
and in order to save the trouble of comparing every individual observation with
the provisional theory.

§ 25. Mean corrections of the Ephemeris of Neptune given by observations at the
different observatories, without correction for systematic d{[fzrrcnces.

GREENWICH. CAMBRIDGE.
Date. R. A. Dee. No. Date. R.A. No. Dce.  No.
s " 8 ”
1846, Oct. 14, —0.050 048 12 1846, Oct. 13, —0.014 10 + 1.51 8
. Nov. 16, —.070 1} 0.55 i Nov. 7, 000 14 4143 15
1847, July 26, —.160  2.05 4 1847, July 27, —.062 5 4 2.30 4
Ang. 20, —.097 4223 10 Aug. 22, —.09% 18 4-2.256 17
Oct. 3, —.145 4143 10 Oct. 8, —.100 14 4218 13
Nov. 24, —.056 4-1.76 8 Nov. 20, —.022 13 +0.66 14
1848, July 28, —.062 4 1.16 4 1848, July 22, —.056 8 +40.88 8
Aug. 31, +.002  —0.20 8 Aug. 27, —.048 19 +1.8 19
Oct. 7, —.104 4001 14 Oct. 9, —.018 16 +0.76 17
Nov. 16, +.022  40.11 4 Nov. 19, +4.009 10 4105 11
1849, Sept. 8, —.027  10.65 6 1849, Aug. 21, —.087 156 +0.72 18
Oct. 17, + .080- +1.70 8 Oct. 15, —.038 16 —0.17 16
Nov. 28, —.060 4 1.96 b Nov. 22, +.090 11 -+ 0.21 2
1850, Aug. 27, —.079 —1.60 13 1850, Aung. 29, =089 10 +0.48 11
Oct. 16, +.040 4020 13 Oct. 16, -+.011 14 —0.13 15
Nov. 24, +.020 —0.52 16 Nov. 28, 4.039 12 4014 13
1851, Sept. 1, —.162 —1.07 16 1851, Sept. 4, —.064 18 —1.62 19
Oct. 12, +.060 —0.97 4 Oct. 17, +.028 11 —1.61 10
Nov. 9, —.040 —1.94 53 Nov. 28, 4-.014 9 —191 10
1852, Aug. 7, —.260 —2.84 5 1852, Aug. 29, —.037 15 —1.58 15
Sept. 11, —.160 —2.44 10 Oct. 11, —.048 10 —2.52 11
Oct. 12, —.140 —336 10 Dec. 4, - .038 7 —2.99 7
Nov. 22, —.080 —2.927 5 1853, Sept. 2, —.048 4 —2.48 5
1853, Sept. 1, —.256 —2.59 14 Oct. 24, —.134 138 —3.04 13
Oct. 11, —.177 —2.93 16 Nov. 27, +4.031 11 —2.53 12
Nov. 19, —.160 —2.71 3 1854, Sept. 4, —.81dl 11 S e 10
1854, Aug. 30, —.420 —3.60 13 Oct. 11, —.2713 15 —4.38 3
Sept. 24, —.370 —3.94 11 . Nov. 24, —.165 4 —5.17 8
Oct. 27, —.310 —3.68 7
Dee. 5, —.300 —4.36 4
s 4 -
1855, Aug. 10, —.180° —0.84 7 1855, Sept. 8, —0.046 12 -+ 0.48 9
Sept. 8, —.046 —0.06 16 Oct. 12, -+ 0.50 6
Oct. 22, +.188  +40.80 6 Dec. 10, 4 0.206 9 -4 3.07 7
Nov. 29, +.177 4151 6 1856, Sept. 12, —0.099 9 4 0.05 8
1856, Aug. 8, —.220 —1.06 10 Oct. 29, 4 0.120 8 +1.73 7
Sept. 13, —.080 —1.06 7 Nov. 28, 4 0.164 b -+ 2.50 5
Oct. 26, 4 .076  +1.41 9 1857, Sept. 14, — 0.030 9 —0.83 12
Nov. 17, +.123 167 6 Oct. 25, 4 0.104 5 —0.34 5
1857, Aug. 14, —.356 —2.43 5 Dec. 11, 4 0.175 8 4 0.16 9
Sept. 22, —.130 —0.50 12
Oct. 24, < .03 4 0.29 5
] Dec. 5, +.130 4-0.16 10
1858, Aug. 18, —.391 —1.74 14
Sept. 24, —.260 —1.81 13
Oct. 25, —.206 —1.00 16
Dec. 10, —.058 —0.76 11
1859, Aug. 19, —.000 —3.27 9
Sept. 28, —.446 —3.11 17
Nov. 3, —.315 —256 15
Dee. 16, —.328 —1.46 10
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Greexwich (Cont.).

Date.

1860, Aug. 20,
Sept. 20,
Oct. 81,
Dec. 18,
Aug. 22,
Sept. 18,
Oct. 30,

1861,

1862,

18063,

1864,

R.A.

s

—0.760
—0.685
—0.662
—0.630
—0.940
—0.861
—0.861
—0.993
—1.12

—1.162
~--1.189
—1.18

—1.585
—1.461
—1.388
—1.875
—1.680
—1.639

Dec.
—5.02
—3.86
—3.38
—4.73
—5.41
—b5.62
—56.18
—6.14
—7.20
—0.76
—7.00
—7.06
—9.91
—8.62
—8.33
—8.41

»—11.08

—10.52

Wasminerox (Walker's Eph.).

Date.

1846,
1847,

Nov. 9,

Aug. 23,
Oct. 14,
Nov. 8,

Ang. 30,
Oct. 2,

Sept. 11,
Oct. 12,
Oct. 13,
Nov. 11,

Oct. 29,
Dee. 16,
Sept. 23,
Nov. 14,
Deec. 12,
Oct. 13,
Nov. 12,
Deec. 8,

Aug. 7,

Nov. 17,
Dec. 20,

1848,
1849,
1850,

1861,
1862,

1863,

1864,

Date.

1861, Sept. 1,
Nov. 11,
Dec. 14,

R.A.

8
-+ 0.096
—0.205
—0.023
+0.052
—0.076
—0.121
—0.154
—0.014
—0.032
—0.068

—1.695
—1.593
—2.000
—1.860
—1.827

__999

Lo

—2.19
—2.054
—2.69
—2.62
—2.88

No.

10

—

Dee.

g:oaowu
SO~
it

g Sl b
RO OE IO

—

IS
PO =
ik &

bt Ftt
g}

iy
®®
Sy =1

—9.85
—10.9
—13.82
—13.52
—12.76
—156.5
—14.6
—14.0

ArLBany (Kowalski).

R.A.
e
—0.778
—0.825
— 0,847

No.

5
8
9

Dee.
”
—6.02
—b5.42

—b6.44

bt
0 M

15

o

t

bt
[S-Re BN

v el
04 IO OO = OO =]

— D

=
(=R}

(=
DORO W =IO YLD

No.

el X}

Date.

Scpt. 14,
Oct. 25,
Dec. 21,
Sept. 19,
Oct. 25,
Dece. 14,

Date.

Sept. 21,
Oct. 27,
Ang. 23,
Sept. 23,
Nov. 17,
Dec. 7,

Sept. 29,
Oct. 31,
Sept. 28,
Nov. 4,

Dec. 9,

Date.

1846, Oct. 7,

Nov. 21,
Aug. 22,
Oct. 10,
Nov. 26,
July 20,

1847,
1848,

1849,

Date.

1862, Aug. 25,
Sept. 21,
Oct. 81,
Dee. 17,
Sept. 27,
Nov. 6,

Dec. 14,
Sept. 29,
Nov. 9,

Dec. 14,

1863,

1864,

Paris (Walker).

R.A. No. Dee.  No.
s "
—0.669 12 —3.96 « 8
—0.606 14 —38.91 15
—0.470 -
—0.768" 110 —4.98 10
—0.825 13 —5.95r 12
—0.729 0 —6.13 7
Parts (Kowalski).
R. A. No. Dec. No.
3 ”
01301 V18 —1.14 17
—0985 19 —0.76 19
—0.630 b —2.64 5
—0.474 9 —2.50 8
—0.887 14 —1.92 14
—0.430 2 —2.20 2
—0.608 6 —38.76 6
—=0:818" 18 —8.51 10
— 0.960 y — .56 7
—0.948 17 —5,52 17
—0.890 b —56.60 4
HaMBURG.
R.A. Dec. No.
8 ”
—0.098 —1.43 9
—0.131 +40.10 16
—0.061 —1.43 17
—0.102 4-0.10 22
—0.051 4032 12
0.000 —0.20 7
—0.118 —2.17 15
—0.043 —215 12
—0.014 —0.92 )
— 01008" ¥— 050" =liD
+40.071 —0.51 10
Arpaxy (Walker).
R No. Dee.  No.
8 ”
—1.927 8 —=13.06 4
—1.906  "14+ . — 18187 17
—1.816 9 —13.46 10
—.1.782 6 —12.73 6
—2228 12 —14.96 1
—2.145 10 —15.38 9
—2.053 6 —14.80 6
— 2.490 6 —17.70 6
—2.437 9 —16.29 9
—2.360 3 —16.27 3
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§ 26. Corrections to the observed positions in order to render them sirictly com-
parable with eacl other.

These corrections have been derived from a comparison of the positions of the
ten fundamental clock stars, from 5 Aquilse to a Ceti inclusive, given by obser-
vations at the different observatories, with the adopted standard positions. The
standard right ascensions are those of Dr. Gould, prepared for the United States
Coast Survey. The declinations are those of Wolfers in the “Tabule Redue-
tionum,” diminished by 07.50. Both are given in the following table:

R.A 18500, | Anmusl | oo jgrq | Annual | 00T to Au- Eph
» A 2090 | var, 1850. CITT var 1850 2T Do
h.m. s. 8t O A 4
y Aquilw, 1989 7.68 { 4+-2.853 | 41015 5.02 | 4 8.41 +2 — 2
a Aquile, 19 438 27.82 2.928 | 4 828 33.45 9.13 —1 + 5
B Aquile, 19 47 56.67 2948 | 4+ 6 2 8.68 8.62 +3 + 5
a? Capricorni, 20 9 43.69 3.835 [ —13 020.90 10.77 +2 + 13
a Aquarii, 21 58 4.68 3.084 | — 1 24741 17.28 -+ 4 + 8
a Pegasi, 22 57 17.50 2.983 | -}-14 23 57.36 19.30 0 + 1
a Andromede, 0 038,57 3.085 | 42815 48.72 19.91 +2 0
y Pegasi, 0 520.99 3.081 | --14 20 57.67 20.04 +2 + 1
a Arietis, 1 58 43.64 3.364 | 42244 1.97 17.29 +1 0
a Ceti, 2542658 | +3.130 | 4+ 3296245 | 14.42 +6 4+ 5

In reducing the Albany observations, it was found advisable to add o Piscium to
the number of standard stars for determining these corrections. Its assumed

position is
R. A. 1860.0. Declination 1860.0.

23 51 742 4 6° & 1779

The observed mean right ascensions and declinations of these stars, reduced to
the beginnings of the several years, have been compared with those derived from
the above table, giving the result from each star a weight proportional to the
number of observations when the observations were few in number, but giving
each result equal weight when they were numerous. Thus the following sys-
tematie corrections have been derived :

GREENWICH. CAMBRIDGE. WASHINGTON.
R. A. Dee. . R A Dee. R AL Dee.
r3 ” n r} ”
1846 + 0.044 —0.04 | 1846 =L 2 1846 + 0.034 —0.34
47 +4-0.059 —0.19 47 —0.99 47 + 0.057 —0.41
48 -4 0.08 48 —0.25 48 + 0.036 —0.57
49 —1.51 49 s . —0.05 49 X
50 | —0.52 50 | —0.08 —0.80 50 } O RES T O
51 —0.020 —0.22 [ 51 —0.052 = 1w 61 -+ 0.058 —0.89
52 4+ 0.21 52 —0.20 63 —0.69
54 -+ 0.18 53 —0.75 64 —1.37
53 -+ 0.05 b1 —0.041 —0.73
56 —0.038 -4 0.30 57 —0.052
58 —0.015 -+ 0.48 = = =
GO —0.005
61 —0.003 +0.24
62 -+ 0.63 .
63 4027 _P.uus. ALBAXY.
6 Y. Cat. ) 7 ] 4
of 1854 —0.020 1856 -+ 0.020 —0.57 1861 -+ 0.006 +0.17
7 Y. Cal. 58 + 0.021 —0.23 62 000 0.00
of 1860 -+ 0.002 | GO + 0.023 —0.53 63 000 -+ 0.78
! | 64 000 -+ 0.97
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REMARKS ON THE PRECEDING CORRECTIONS.

GREENWICIL

The corrections actually applied to the right ascensions from 1848 to 1853 have
been derived by comparing the corrections on p. 1V. of the introduction to the Green-
wich six-year catalogue for 1854 with the corrections given by that catalogue,
namely, — 0.020. From 1857 to 1864 the corrections have been derived in the
same way from the seven-year catalogue for 1860. The entire list of corrections
is as follows:

1846, 4+ 0044
47, 4+ 0.059
48, 4+ 0.052
49-55, —0.010
56, —0.025
57-61, —0.008

62-64, -+ 0.002

The corrections to the declination have been concluded from year to year from
the table.

CAMBRIDGE.

One consistent set of adopted right ascensions having been used in the re-
ductions of the Cambridge observations, the constant correction

— 0°.046

lias been applied to the right ascensions throughont. The declinations have been
corrcected as follows :

1846-47, —17.12
1848-57, — 0.58

WASHINGTON.

The corrections to the Washington right ascensions from 1846 to 1850 have
heen derived from a general comparison of twenty-five fundamental stars near
the equator with the results of the Greenwich observations. The mean 4 07,042
has been adopted as the constant correetion for those years. After 1861, no
correction is needed, Dr. Gould’s Right ascensions having been adopted in the
reductions. .

The corrections to the declinations for 1861 have been derived from those for
1862. The latter were diminished by 0”.20 for error of nadir point, while no such
correction was applied to the former.

HaMBURG.

Iaving applied to Charles Rumker, Esq., M.A., of the observatory at ITamburg,
for information respecting the data used in the reduction of the Hambnrg obser-
vations of Neptune, I was informed that both right ascensions and declinations
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depended on the positions of the Nautical Almanac stars.
the Nautical Almanac right ascensions require the constant correction — 0,003,
and in 1848-49 the correction - 0°.049, to reduce them to those adopted.

The declinations do not seem so easily reducible to our adopted standard.

They are, therefore, not inclnded.

All the Washington, and some of the Paris and Albany, observations having
been compared with Walker’s Ephemeris in years subsequent to 1855, the fol-
lowing corrections have been applied for differences of Epheincrides :

To Paris Corrections.

Date.

1866, Sept. 14,
Oct. 25,
1857, Sept. 19,
Oct. 25,
Deé. 14,

R. A.

S
+0.54
+0.65
+0.676
+0.80
+0.80

Deec.

+4.68
+5.75
+5.02
+5.82
+ 5.2

To Washington and Albany Corrections.

Date.

1861, Oct. 29,
Dee. 16,
1862, Aug. 25,
Sept. 21,

23,

Oct. 31,
Nov. 14,

Dee. 12,

17,

. 1863, Sept. 27,
Oet: 13,
Nov. 6,

Dee. 8,
1864, Aug. 7,
Sept. 29,
Nov. 9,

Doess 145

R. A.

S
+0.76
+0.70
+0.90
1+ 0.85
+0.85
4+ 0.76
+0.75
+0.70
+0.70
+0.845
4+ 0.81
1+0.78
w0077
+0.73
o+ 0,78
+0.91
+0.87
+0.90
1+ 0.88
+0.82
1082

Dee.

+5.5
+4.9
468
+0.2
+6.2
454
+5.0
+5.1
+ 5.1
+5.9
4+ 5.6
+53
+55
+52
+52
+6.2
+ 6.0
159
+5.5
+5.8
+ 5.5

For the years 184647,



50 THE ORBIT OF NEPTUNE.

§ 27. The concluded corrections of the ephemeris for normal dates generally
near the mean of the means have been concluded by applying to the corrections
of pp. 61, 52 the following correetions :

1. Correction for systematic error given by fundamental stars.

2. Reduction, when the change of error was rapid, from the dates of the means
to the dates of the normals.

3. 0.027 4% sin D for second differences of error, when dr > .01.

4. Correction just given for difference of ephemerides.

The results are given in the following table. The small figures show the
relative weights assigned to the separate results, which are, to a certain extent, a
matter of judgment, but which are assigned without any reference to the magni-

“tude of the correction itself.
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CorrecTIONS TO THE TABULAR RIGHT ASCENSIONS GIVEN BY THE DIFFERENT
OBSERVATORIES, WiTil THE CoNCLUDED CORRECTIONS AND CONCLUDED NORMAL
Ricur ASCENSIONS.

(The units are hundredths of scconds of time.)

: : Con- | Tab. R. A. from
Gr. Cam. Par. | Wash. | Ilam. cluded.| R. A. | Observation,
8. h. m. s.

1846, Oct. 14, -1 — 6, — 10, —4 | 55.02 21 51 54.98
Nov. 14, — &4, — 5, -+ 14, — 13, 41 |22.99 21 51 23.00
1847, July 26, —Sig A E=3ls —9 | 194 22 8 1.85
Aug. 17, — 4| — 14, — 16, — G | =T 5190 22 5 51.79

Oct. 8, —9, [—14, AL o — 10, Ll el 22 1 3.36

Nov. 18, OREEE——73 -+ 9 — 10, 0| 4.28 22 0 4.28
1848, July 25, SN0 -+ 5 — 8 |49.85 22 16 19.82
Aug. 29, 45 | —9 — Eh — Tl SO 255 225181 21058

Oct. 6, —5, | —6, —8, +1, —5 [53.89 22 9 53.84
Nov. 17, 47 | —4 + 3 |38.40 22 8 38.43
1849, Sept. 1, — 4l ==106], — 12 -+ 3, — 7 5143 22 21 51.36
Oct. 15, L 7, — & + 8 4-4, AL | ezt 2218 2.76

Nov. 25, — 17 + 4, — 2 -+ 12, +1 [19.06 22 17 19.07
1850, Aug. 28, —9 | —14, — 10 | 62.59 2231 2.49
Oct. 15, 43 | —4, 4+ 1, 41 {4345 22 26 43.46
Nov. 20, +1, | —1, .08 40 [ 42.94 22 25 42.94
1851, Sept. 2, — 1K =105 —15 [ 15.94 22 39 15.79
Oct. 14, 45 | —2 -+ 2 |26.94 22 35 26.96
Nov. 20, =5 | —8, —4 (1192 22 34 11.88
1852, Ang. 7, — 27, — 27 ] 25.60 22 50 25.33
Sept. 5, —17, | —8, — 15 |34.10 22 47 33.95
Oct.12, | —15, | —9, — 13 | 9.83 22 44 9.70
Nov.28,] — 9, —1, — 7 [44.70 22 42 44.63
1853, Sept. 1, — 26, | —9, — 21 140.14 22 56 39.90
QOct. 15, | — 18, |.— 18, — 18 | 3447 22 52 34.29
Nov.24, | —17, | —2 — bl 22 51 7.88

1854, Ang. 30, | — 43, | — 37, —41 [32.471 23" 5 32.06
Sept. 24, | — 38, —38 | 1.25 23 31 0187

Oct. 27, ==aER| =L 23 =523 (12388 23 0 23.05

Dec. 5, —381, {—21, — 27 140.04 22 59 39.77
1855, Ang. 10, | — 20,, =200 I8 212() 2316 2.00
Sept. 8, — 6, | —10, — 7 [16.50 23 13 16.48

Oct: 22, + 17, 417 [ 15.60 23 9 156.77
Nov.29, | 417, | + 15 -4 16 | 57.33 23 75749

8  May, 1865.
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CorrecTIONS TO THE TABULAR RIGHT ASCENSIONS GIVEN BY THE DIFFERENT
OBSERVATORIES, WITH THE CONCLUDED CORRECTIONS AND CONCLUDED NORMAL
Rigur Ascexsions (Cont.).

(The units are hundredths of seconds of time.)

Con- | Tab. | R.A. from
G, Cam. | Par. | Wash. |Albany. | jygeq | R.A. | Observation.
8. h.m. s.

1856, Aug. 8, | — 25, —25|41.68 | 23244143
Sept. 13, | —11,, | —14, | —15, —12 [17.95 | 2321 17.83
0ct.26, | +55| +7, | +86 + 62876 | 23172882
Nov.17,| 411, | 411, 411 |28.90 | 23 16 29.01
1857, Aug. 13, [ — 87, —37 150.90 | 2332 50.53
Sopt. 21, ;' — b <25] FR-4, —12| 608 | 2329 596
Oct.2L |+ 2l L6, 0, 4+2| 891 2326 8.93
Dee. 8, + 11, [ +13, | + 9, 4+ 11 (45.10 | 23 24 45.21
1858, Aug. 18, [ — 40, —40 [ 58.46 | 2340 58.06
Sept. 23, | — 27, _ 27, —27 {2938 | 232729.11
Oct. 28, [ — 20, — 21, — 20 | 22.93 23 34 22.73
Dec. 12, — 6, —6 | 689 | 2333 6.83
1859, Aug. 21, | — 51, 346k, —52 1482 | 23191430
Sept. 23, | — 46, — 45, | —46 | 351 | 2346 3.05
Nov.8, | 32, gy 32| 994 | 2342 9.62
Dec. 14, | — 38, —41, —33 |25.27 | 23 4124.94
1860, Aug. 20, | — 77, — 77 145.29 | 23 57 44.52
Sept. 23, | — 69, — 59, { —68 [30.53 23 54 29.85
Oct. 31, | — 67, — 60, ' —66 | 389 | 2351 3.3
Dec.13, | —63; —63 | 40.91 | 2349 40.28
1861, Aug. 22, | — 95, —95 | 499 0 6 4.04
Sept. 18,| — 87, 94, —77, | —86(83.38 | 0 338252
Oct. 30, | — 87, —98, | —88,5 | —82% | —88 |36.27 23 59 35.39
Dec.7, | —100, —87, | —84y | —84 || —89 (56.66 | 2357 55.77
1862, Aug. 24, | — 112, —103, | —109 {2431 014 23.22
Sept. 23 — 116, — 115, | —105,5 | — 113 | 34.92 011 33. 79

Nov. 6, | —114, — 111, | — 105, | — 112 | 83.12 0 7320
Dec. 15 — 118, — 118, | — 103, [ —112 | 12.76 01681, 64
1863, Aug. 28, | — 159, — 159 | 34.01 022 3242
Sept. 27, | — 146, — 141, | —188, | —144 |4264 | 019 41.20
Nov. 17, | — 138, — 141, | —136, | —140 | 17.57 025 16.17
Dec. 12, | — 137, —132, | —132, | —133 [29.48 | 0142815
1864, Aug. 7, . — g, —178 2299 | 0322121
Oct.1, | —168; — 162, | —167 | $4.63 0 27 42.96
Nov. 12, | — 163, — 164, | — 154, | —162 | 58.31 0 23 56.69
Dee. 17, — 156, | — 154, | —157 | 45.62 0 22 44.05




THE ORBIT OF NEPTUNE.

CorrECTION TO THE DECLINATIONS, WITH THE CONCLUDED DECLINATIONS.
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60 THE ORBIT OF NEPTUNE.

CorreEcTION TO THE DECLINATIONS, WITH THE CONCLUDED DEcLiNATIONS (Cont.).

| Con- | Tab. [Coneluded Dece.
Gr. Cam. Par. Wash. | Albany. ollital-| e Bedm Obe.
” 14 o ’ ”n
1856, Aung. 8, — 0.8, —n0:84] 3214’ || ~— 5B
Sept. 13,| — 0.7, | — 0.5, | + 0.1, — 0.4 483 5 25 48.7
064,26, | 1744 LT Y8 414! 454 5 49 44.0
Nov.17,| + 2.0, | + 1.7, +19] 29.2 5.55 27.8
1857, Aug. 13, | — 2.0, —20| 408 | —4 14428
Sept. 21,| —0.1, | —1.3, | — 04, — 05| 299 4 39 30.4
Oet. 24, | 4-0.7, | — 0.9, | — 0.5, B TV e (5] 458 6.6
Dec. 8, + 0.6, | — 04, | — 0.6, 0.0] 39.0 5 589.0
1858, Aug. 18, | — 1.3 —13| 46| —3825459
Sept. 23, | — 1.3, — 14, —ASSNINS 5 3 48 56.5
Oct.28, | — 0.6, 1.0, — 0.8 84.7 4 83855
Dee. 12, [ — 0.3, — 03] 142 415145
1859, Ang.21,| — 29, — 890, —29| 262 | —23520.1
Sept.23,| — 2.7, _ 29, —28/| 45.6 2 56 48.4
Nov.8, | —21, = B —22| 195 321 317
Dee. 14, | — 1.0, — %6 — 1.5 484 324 499
1860, Aug. 20, | — 4.7, —4.7! 138 | —143185
Sept. 23,| — 8.6, — Al S ol 2 5 69
Qet. 31, |% 311, ~ 48 — g4l T3 227 37
Dee. 13, | —4.4, —44] 241 2 34 285
1861, Aug. 22, | —5.2, — 5. 46 | =0 fo.8
Sept. 18, | — 5.4, — 6.1, | —= 68y —140F TS 1 9164
Oet.30, | —4.9, —6d, § —41, [ eupa R —T 134402
Dec.7, | —49, —61,{ —46)| —s& —Ba 0N | =1 50
1862, Aug. 24, | — 6.6, : — 66| 530 | —0 0596
Sept. 23, | — 6.1, —78 61| 068 020 24
Nov. 6, — 6.3, — 5 IS G RN RS G 045 44.1
Deec. 15, | — 6.4, —67,| —76,| —65| 458 | —052523
1863, Aug. 28, | — 9.6, —96) 116 | +049 2.0
Sept. 27, | — 8.4, — 80| L.84 L4 G50 WEN 0 29 53.0
Nov. 17, | —8.1, —87; | —e8%k g8 JEs ) T e
Deec. 12, | —8.1, —8.2, | —8.8,1 —8.6} 531 —0 R NeT
1864, Aug. 7, —10.7, —10,7( 538 | 4150431
Oct.1, |—10.8, —10.7, | —10.7| 19.0 119 83
Nov. 12, | —10.2, —105, | — 94, | —10.1| 38.7 0 55 28.6

Dee. 17, — 99, {— 95, |— 97| 218 | 4049116 ,
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REMARKS ON THE PRECEDING TABLE.

The processes to which we have subjected the observations ought, it would
seem, to eliminate every source of constant differcnces between those made at
different observatories. But there are still two well-marked cases of systematic
differences in the right ascensions, namely, in the Cambridge observations of the
first five years, and the Albany observations of the last four. The differences
between the corrections finally concluded from all the observations, and those
concluded from Cambridge and Albany, are, it will be seen, as follows :

Date. Conc.—Camb. Date. Conc.—Albany.
8 8
1846, Oct. -+ 0.02 1861, Sept. — 0.09
Nov. +4 0.06 Oct. —0.06
1847, July, 002 -, Deec. —0.05
Aug. + 0.03 1862, Aug. —0.06
Oct. + 0.08 Sept. —0.08
Nov. + 0.07 Nov. — 0.07
1§48, July, -+ 0.07 Dec. —0.09
Aug. + 0.07 1863, Sept. —0.06
Oct. 4 0.01 Nov. —0.04
Nov. + 0.07 Deec. —0.01 ¢
1849, Sept. + 0.06 1864, Oct. —0.05
Oct. +0.10 Nov. —0.08
Nov. —0.03 Dec. —0.03
1850, Aug. -+ 0.04
Oct. + 0.05
Nov. 4+ 0.01

The constancy of signs here exhibited can hardly be attributed to chance in
the case of Cambridge, and not at all in the case of Albany. The only cause
to which I can attribute it is a habit of registering the transit of Neptune earlier
or later than that of a bright star. Such a habit would seem to pertain to the
observer rather than the instrument, and, therefore, less to be feared as the number
of observers is increased. On account of its possible existence, the weights of the
results of any one observatory have not been supposed proportional to the number
of observations, but each has been subject to a constant probable error of at least
0°.02 when observations were made by eye and ear, and 0°.01 when made with
chronograph, however great the number of observations.

Albany exhibits the anomaly that the real systematic error secms greater than
the probable accidental error. The latter is of the smallest class, as might be
anticipated from the facts that the observations are made with a first-class in-
strument, in a good atmosphere, and are recorded with the electro-chronograph.
They have, therefore, been treated in such a way that, while they should enter
the absolute longitudes with a very small weight, they should enter the relative
longitudes at different times of the year, in other words, the radius vector, with



62 THE ORBIT OF NEPTUNE.

as much weight as those of any other observatory. This has been cffected by
applying - the constant correction — 0°.04 to all the rcsults before combining
them.

Anomalies somewhat similar are exhibited by the Paris declinations from 1860
to 1861, and by the Washington declinations of 1861. In the case of Wash-
ington, they may be accounted for by the circumstance that the systematic cor-
rections for 1861 depend mainly on obscrvations made in 1863, very few declina-
tions of fundamental stars being observed in 1861-62. But it does not seem so
casy to actount for the discrepancy between the Paris and Greenwich results.
A comparison of them shows that while the Paris observations systematically
place the ten fundamental stars adopted as our standard about 0”.8 farther north
than Greenwich, their positions of Neptune, and of some small stars ncar the
equator, substantially agree.

§ 28. The preceding normal right ascensions and declinations are next con-
verted into apparent ecliptic longitudes and latitudes, for the purpose of com-
parison with the provisional theory. For this purpose Hansen’s obliquity of the
ecliptic has been adopted, so as to agree with the motion of the eccliptic adopted
in the preceding chapter. In the following table we give for cach date—1. The
longitude from observation, obtained as just stated. 2. The seconds of longitude
from provisional theory, as given on p. 43. 3. The excess of the theoretical
over the observed longitude. 4,5, 6. The corresponding quantities relative to
the latitude.
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GEOCENTRIC APPARENT LONGITUDES AND LATITUDES OF NEPTUNE DERIVED
FrROM OBSERVATION.
Longitude. Latitude.
Error of Error of
Déte. Thcory. Theory.
Observation. | Theory. Observation. | Theory.

O, " ” ” :

1795, May 9, 21437204 | 191 | —13 | +150833| 344 | +11
1846, Oct. 14, 325 31 85.0 34.9 —0.1 [ —0 31 55.8 56.0 — (12
Nov. 14, 325028 249 23:2 =00 031435 44.0 =1l
1847, July 26, 329 41 22.9 22.0 —0.9 035241 25.9 — 1.8
Aug. 17, 329 7189 18.3 — 0.6 085 45.7 47.7 =i}

Ot W8 327 52 104 10.4 0.0 035 57.6 58.8 —1.2
Nov. 18, 327 36 56.9 56.3 —0.6 0 385 38.3 38.6 — (1
1848, July 25, 331 59 6.7 5.0 —1.7 039 21.8 22.8 —1.0
Aug. 29, 331 3 16.6 15.8 —0.8 039 51.0 2 — Y
(OIS 330 8 55.3 8513 0.0 0 39 56.8 57.8 —1.0
Nov. 17, 329 59 22.8 224 —04 0 39 32.3 32.8 — (15
1849, Sept. 1, 333 15 38.7 38.6 = O} 043 51.8 DT —0.9
Oct. 15, 382/15:32:6 324 —02 043 48.6 49.2 — 0.6
Nov. 25, 38204 1731 16.7 — (L 043 15.7 17.1 —14
1850, Aug. 28, 335 39 3R8.5 38.5 0.0 047 41.9 42.7 — 08
Oct. 15, 334 31 10.3 95 | —0.8 047399 | 41.1 Slglie
Nov. 20, 354 15 24.4 23.8 — 0.6 047 8.6 9.5 —1079
1851, Sept. 2, 337 48 58.5 58.1 —04 0 51 32.6 Das| = 1.1
Oct. 14, 33648 12.7 1 109 | —1.8 051300 [ 30.0 0.0
Nov. 20, 336 28 32. 5 2 “31.9 —0.6 0 50 53.3 54.1 — 0.8
1852, Ang. 7, 340 46 10.7 11.0 + 0.3 0 54 49.8 51.6 —1.8
Sept. 5, 340 0111 10.3 —0.8 0 55 18.8 19.5 — 0.7

Oct. 12, 339 5432 | 43.0 | —o0.2 055146 | 14.8 (1
Nov. 28, 338 43 24.0 234 —0.6 054234 23.3 + 0.1
1853, Sept. 1, 342 24 48.0 47.7 =083 0 58 54.1 55.9 —1.8
Oct. 15, 34119 08 0:2.0 ] =206 058 52.0 | 524 — 04
Nov. 24, 340 56 4.3 3.0 —. 5 058 4.5 4.7 — 0.2
1854, Aug. 30, 344 46 18.1 17.8 =103 1 2258 2D =7
Sept. 24, 344 5334 38.2 —02 1 2358 37.0 —1.2

Oct. 27, 343 23 17.5 17.3 () 1 2144 15.3 — 0.9

Dee. 5, 34812 81| 28 | —038 1:119.4 | 191 '|.4-03
1855, Aug. 10, 347 84 55.1 54.2 —0.9 1 5268 28.0 =12
Sept. 8, 346 49 57.9 57.0 —09 1 6 14 1.8 (s

Oct. 22, 34545 74 6.2 = 58505 50.1 -+ 0.1

Nov. 29, 345 24 25.6 25.3 =05 18 4537 54.8 — 1.1
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GEOCENTRIC APPARENT LONGITUDES AND LATITUDES OF NEPTUNE DERIVED

FROM OBSERVATION (Cont.).
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CHAPTER IV.

RESULTS OF THE COMPARISON OF THE THEORETICAL WITI
THE OBSERVED POSITIONS OF NEPTUNE.

§ 29. TnEe first question of the present chapter will be whether the observations
of Neptune can be satisfied within the limits of their probable errors by suitable
changes in the elements of the orbit of Neptune and the masses of the disturbing
planets.

No admissible change in the mass cither of Jupiter or Saturn will sensibly
affect the perturbations of Neptune. The mass of Uranus will, therefore, be the
only one the correction of which need be taken into account.

The errors of the provisional latitude of Neptune are so small that the errors
of the longitude in orbit may be taken as sensibly the same with the errors of
¢cliptic longitude. The latter give equations of condition between the following
unknown quantities.

Correction of the mean longitude of Neptune.

¢ 4 mean motion of Neptune.

< ‘a cccentricity X sin. perihelion of Neptune.”
¢ s eccentricity X cos. perihelion of Neptune.
» 4 mass of Uranus.

But if we attempt to solve by least squares the equations between these cor-
rections, we shall be met with the difficulty set forth in the introduction, and our
normal cquations will be equivalent to only three, unless we include a great
number of decimals in the computation. We shall, therefore, make a lincar
transformation of the unknown quantities, on the principles already referred to,
and suggested by the following considerations.

The true longitude of Neptune has been less than its mean longitude, and its
true motion has been greater than its mean motion, ever since its optical discovery.
From these circumstances the difficulty in question arises. We may obviate it
by substituting for the mean longitude and mecan motion of Neptunc during an
entire revolution its average longitude and heliocentric motion during the period
of the modern observations. Suppose an imaginary planct to move uniformly in
the orbit of Neptune in such a way that its average longitude and motion have
been the same as the average longitude and motion of Neptune during the last
nincteen years, and let x be its longitude, 1850, Jan. 0, and « its annual motion.
We may then make the eccentricity and perihelion of Neptunc to depend ana-
lytically upon the deviation of its motion from that of the hypothetical planet,
as it must depend really, because this deviation is the only real datum which we

© possess lo reason from, the Lalande observations excepted. It is to be remarked
9 May, 1865. 65
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that both the longitude and motion of the hypothetical planet are entirely
arbitrary.

For the differential coefficients of the elements with respect to the heliocentric
co-ordinates, we have

dv

Z£..1+2Lcosl+2ksml

b _, do

dn =" " de

{
E;;L«:——2cosl——g7zsin2l——-gk'cos.?l,
dv ; . "

= 2sinl 4 §ksin2{—§hecos 21
% gg:ksinl—hcosl.
N
adn ™ 3an @ o de
Liide vy pad
;zm—:——sml—l—h——ksm..l—}—7L0052?.
}Lz%:—cosl—}—k——hsin22—7»'00522.

In accordance with what has been proposed, we shall substitute for ¢ and n the
quantities « and «/, connected with them by the relations

x—=¢ +al + Bk 1
' =n+ah+ Bk 1)

a and 3 being approximately the average values of — 2 cos7 and +- 2 sin ! during
the last nineteen years, and o’ and 3 the average values of 2 sin 7 and 2% cos !
during the same time. We shall take

a=—1.197 o =—0.018 A
8 =085 8 = 4 0.073. (2)

Then, considering v as a function of =, 7, h, and %, and enclosing the new dif-
ferential coefficients in parentheses, we have, by suitable transformations,

dv dv ) dv dv dr\ _dr <£7;)_c?r_
<% Zi o <da:’) dn’ \du) " de’ \dw) " dn
dv
< ) dh T d
(@N=2 —e+o0 )
1 /dr 1 dr } 1 dr =
@ <;zz7)—a ;zz:'—(“+“‘> B ot LA =
1
a

a
dr 1 dr s {
<(775> a dt B+61) a de T3 an
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Putting 24 for the geocentric longitude, and A for the distanee from the earth,
the differential coeflicients of the geocentric with respect to the heliocentric co-

ordinates will be o
(»Zz' cos v—2)
dv 4 ¢)
dx
@z = Z sin (v —2);

and the coeflicients of the equations of conditions will be

dyn_dx dv da 1 dr
de—dv de 1 dr a de
dr _dx dv drn 1 dr
ar=dv dn % a@dn

dA\ _da (dv a1 (dr . (5)
(zzz:) 9 (m) fed 2 v <zz;7>

dA\ __da [dv dr 1 /dr

(znz) =& (dT)Jr“zz? @ (dT)

The perturbations in the geocentric longitude of Neptune produced by Uranus
will be—

1. Perturbations of the true heliocentric longitude multiplied by :%;

2. Perturbations of radius vector muitiplied by Z—:, for which has been taken

a da
87 X ar
Of course the effect of the long-period and secular perturbations of the clements
produced by the action of Uranus must be included in the perturbations of
Neptune.
Representing by u the factor by which the assumed mass of Uranus must be
multiplied, so that the true mass shall be

1+
21000’

dlo

the computed perturbations produced by Uranus will be the coefficients of y in
the equations of condition.

§ 30. The residuals in longitude thus give the following equations between the
unknown quantities, which are numbered in the order of time, but grouped
somewhat differently.
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(4]

-~ 0 [l )

Date. Equation.
1795, May 9, |0=1.02dz —55.76z’ +2.4540h 4 8.7420k 4-34.6p —1.3
1847, July 26, 1.02 =08 + 0.009 — 0.001 1T 12019
1847, Aug. 17, 1.04 =21 +0.010 -+ 0.003 34 184 V2206
1846, Oct. 14, 1.02 —3.8 + 0,035 + 0.024 1179 20N
47, Oct. 8, 1.03 — 7 -+ 0.012 -+ 0.014 +1.66 0.0
1846, Nov. 14, 1.01 CIBLT. + 0.034 + 0.025 4] Rt Lt 1
47, Nov. 18, 1.01 =1 +0.011 -+ 0.017 B 18730 iea=—10:8
1848, July 25, 1.04 L3¢ —0.011 — 0.008 ST e = R
1848, Aug. 29, 1.04 iyry —0.010 0.000 4139 —o08
49, Sept. 1, 1.04 —0.4 —0.027 —0.006 4147 4 — 051
50, Aug. 28, 1.0+ + 0.7 —0.042 —0.011 +1.55 0.0
1848, Oct. 6, 1.03 = 157 —0.008 + 0.007 +1.61 0.0
49, Oct. 15, 1.03 L0 —0.026 =+ 0.002 Y1leer 0%
50, Oct. 15, 1.08 +0.4 —0.041 — 0.002 +1.79 —o08
1848, Nov. 17, 1.01 L —0.009 + 0.010 oL THRRS IS IS
49, Nov. 25, 1.01 E 0% —0.026 4 0.005 ST iyt
50, Nov. 20, 1.01 +0.4 —0.041 4 0.001 418 —06
1852, Aug. 7, 1.04 +3.0 —0.062 —0.020 P Ras i 15013
1851, Sept. 2, 1.04 TR —0.054 —0.013 AL 76104
52, Sept. 5, 1.04 428 —0.063 —0.014 FROORN =08
53, Sept. 1, 1.04 +3.9 —0.069 —0.016 -H2lg1NE s g3
1851, Oct. 14, 1.03 +1.4 —0.054 —0.005 -Ll=f6. L 1.8
52, Oct. 12, 1.03 425 —0.063 —0.008 S\ B s (0
58, Oct. 15, 1.04 ~Lo5 —0.070 — 0.008 IB9US SNSNOTE
1851, Nov. 20, 1.01 4+ 1.8 —0.053 —0.003 +200 —06
52, Nov. 28, 1.01 424 —0.062 — 0.004 = 1R N (g
53, Nov. 24, 1.01 21 ony — 0.069 — 0.004 12 53 Z ks
1854, Aug. 30, 1.04 +5.0 —0.072 —0.016 |- 9:890 A=MGI8
55, Aug. 10, 1.04 SIe —0.071 —0.018 4289 —0.9
56, Aug. 8, 1.04 171 —0.067 —0.017 AEgiglt | 410lg
1854, Sept. 24, 1.04 +4.8 —0.078 —0.012 U076 — 20,2
55, Sept. 8, 1.04 + 6.0 —0.072 —0.014 TR =1
5G, Sept. 13, 1.05 +17.0 —0.070 —0.011 48344 —05
1854, Oct. 27, 1.08 +4.5 —0.073 —0.006 IO PO W () >
55, Oct. 22, 1.04 4 6.6 —0.074 —0.006 SE S L AT
56, Oct. 26, 1.03 + 6.6 —0.072 — 0.004 4857 —0.7
1854, Dec. 5, 1.01 +4.4 = @072 . =0.004 SCOE R 05
55, Nov. 29, 1.02 + 6.4 —0.074 —0.008 - 3all =012
56, Nov. 17, 1.02 + 6.5 ~—0.072 — 0.002 =859 S=-0f8
1857, Aug. 13, 1.04 2|81 —0.061 —0.014 21-9588 L g=R03
58, Aug. 18, 1.04 +9.3 —0.052 —0.011 443 —08
59, Aug. 21, 1.04 +10.3 —0.040 — 0.007 +494 —0.8
1857, Sept. 21, 1.04 + 8.0 —0.065 —0.007 S1=SIO7 i =101
58, Sept. 23, 1.05 R1Ao —0.056 —0.005 AT 1208
59, Sept. 23, 1.05 +10.1 —0.044 —0.002 +56.05 —0.4
1857, Oct. 24, 1.04 S\07RT. —0.067 —0.002 1741957 2= ¥
58, Oct. 28, 1.04 1 8.8 —0.059 =+ 0.001 SBTE s L]
59, Nov. 8, 1.03 +9.7 —0.047 -+ 0.005 5. 1004 T =019
1857, Dec. 8, 1.01 e + 0.001 +4.09 —1.0
58, Dec. 12, 1.01 LG —0.058 -+ 0.004 rp. e
59, Dee. 14, 1.02 +9.5 —0.047 + 0.007 +509 —1.0
1860, Aug. 20, 1.04 +11.4 — 0.024 —0.004 +6.66 402
61, Aug. 22, 1.04 1125 — 0.005 —0.001 SIBS6 10
62, Aug. 24, 1.04 +18.6 + 0.016 + 0.008 +679 —2.3

o
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No. Date. Equalion. P. | M
” ”

53 | 1860, Sept. 23, | 0=1.060z - 11.20¢ —0.0280% 4 0.0026k 4-5.67x —0.8 10 3

i 61, Sept. 18, 1.05 +12.3 — 0.009 - 0.004 -+ 6.26 —2.0 11 3
61 62, Sept. 23, 1.06 +13.4 -+ 0.012 -+ 0.008 +6.88 —21 11 3
54 | 1860, Oct. 31, 1.04 4 10.8 —0.033 -} 0.008 -} 6.71 —1.1 9 8
58 61, Oct. 30, 1.04 +11.9 — 0.015 4 0.011 - 6.31 —2.2 10{ 38

82 62, Nov. 6, 1.04 +12.9 —+ 0.0056 4 0.015 -+ 6.89 —1.9 101 3
55 | 1860, Dec. 18, 1.02 -+ 10.5 —0.033 4 0.011 -+ 5.68 —0.5 4 1
59 81y Decos 7, 1.02 +11.6 —0.016 - 0.014 +4-6.25 —1.0 L 3
63 62, Dee. 15, 1.02 +12.6 —+ 0.004 - 0.018 4-6.81 —1.5 10| 8
64 | 1863, Aug. 28, 1.04 +4-14.6 -+ 0.040 - 0.006 -+ 7.42 0.0 4 1
63 64, Aug. T, 1.04 +15.6 —+ 0.070 --0.007 +:7.94 —2.2 5] 2
65 | 1863, Sept. 27, 1.05 -+ 14.4 -+ 0.036 +4-0.012 +17.50 —2.2 10| 4
69 64, Oct. 1, 1.05 +4-156.4 -+ 0.063 -} 0.015 + -} 8.16 —38.1 8 3
66 | 1863, Nov. 17, 1.04 +4-13.9 -+ 0.028 -}-0.019 -+ 7.49 —1.6 9 3
70 64, Nov, 12, 1.04 -+ 15.0 - 0.054 - 0.022 +8.18 —2.6 10| 4
67 | 1863, Dec. 12, 1.02 -4 13.7 4 0.027 -4 0.021 +7.45 —2.2 9 3
71 64; Dec. 17, 1.02 +14.7 -+ 0.052 - 0.024 -}8.13 —2.6 8 3

In order to lessen the labor of solving these equations, they have been divided
into groups, with respect to the years of observation, and the difference of helio-
centric longitude of the earth and planet. The nincteen years of modern obser-
vations have been divided into seven groups, of which the first and last each
inclnde two years, and each of the intermediate ones three years. Then, in each
group of years, the equations which pértain to corresponding tines of the year
are grouped together, and will be combined into one.

The numbers in column P. are assumed as the ‘““measure of precision” of the
residuals of each equation. These numbers were inferred from the numbers and
excellence of the observations on which each normal was founded, the unit of
precision was assumed to correspond to the probable error 17.5, and no equation
was allowed to have a precision exceeding 11.  Hence the assumed probable error

”

of each equation is }—135- But the residuals left after the final solution show that

the measures of precision attached to the modern positions are too great, and

4

that their probable errors are really about 27;5

Column M. gives the number by which the individual equations must be mul-
tiplied in order that when those of each group are added together, the precision

P
of their sum may be 2. It is approximately N being the number of indi-

vidual equations in the group.

To make the solution more convenient with respect to decimals, the coefficients
of & will all be multlphed by 10, and those of 8k and §% divided by 10, after
condensing the equations in the manner proposed.

Thus the following twenty-nine homogeneous equations are obtained :
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” "

0=0.250z — 139X 10z -+ 6.14%; 4 9.36% <+ 8.6u — 0.3
2.04 — 0.44 o1+ 018 —002 4 23 _ 18
| —— L 4-0.50 008 SRl 8.0
HAE e SICEE 4106 4090 4+ 86  — 02
4.04. ' — 198 +090 +08 4 71 —"32
208" N —0.22" . 0.8 3 89T o
728" | = 086 —%68, 208k <lh 108 8%
8945 < 084 — 8= 083 135 — 29
5.05 « —»0.28 ==L AR ¢ 4088 L BD - 24
104 + 030 0027 5% = LI Y 08
6.24 4+ 1.68 —=BT2 . ADEE BT § Ll 2%
516 4 "1.34 — 830" ' =l N
404 4+ 1.05 —2.58° A0 R Pt s
833 4+ 4.99 — 558 = —187 TNyl
7.8~ 5498 —4.99 —087 +221 — 44 (7)
723 4+ 4.00 S S R S T R [ Sy
713+ 4.01 — 510 v DaG S o8 L 8h
832 A g50 S GE e I e B 4 a5 RS
949 - 818 —495 Wi A8 , L 48
820 4+ T7.09 ~ 462 DN SR R
910 3 7.85 —5.18. " O {136 - AGIDS Sk
728 4 8.83 —01@ 7 N S AR
044  + 11.07 — 0.7 | SRAR™ BEA LR
9.36  + 10.68 —129 4102 4567 —156
7.4~ =g wigly — 068 " 4R TSR
8.11 "+ "4.58 4 1.80° . "4 9,20 ;3988 © 0l
785~ T4-1038 +8.83 | 40033545 - 218N
2T, YRECIONR B J e i T (R
iR 1 i B 4 237 U416 TdBl" =

§ 31. Treating these equations by the method of least squares, but leaving u
indeterminate for the present, we have the féur normals

” ”

127771z 4 935.29(102') —350.59 . % -+ 2246% + 5431.7n — 1263.39=0

93529 - 1010.58 —190.60 4 2458 451781 —1240.38 )
— 850.50 — 190.60 -+ 305.88 + 9080 — 98556 ¢ <1461
2246 4+ 24.58 + 90.30 410188 4 817.90  — 7480

The solution of thesc equations gives the following values of the unknown
quantities in terms of pu.

S =+ 0.650 — 2.067u
¢ =+ 0.0800 — 0.342 (9)
h =+ 8.76 —12.18u
=—379 — T.64u
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Substituting these values of the corrections in equations (7), we have the fol-
lowing residuals, which are grouped, as before, according to the time of year of the
normals on which the equations were founded.g Thus, the first residual of each
series of modern observations corresponds to positions of Neptune observed when
the planct culminated after 13" 30™ during the ycars to which the series belongs.

h., m. h. m.
The second, to observations between 10 30 and 13 30

The third, to observations between 7 30 and 10 30
The fourth, before 7 30

We first give the residuals from the equations (7), each of which is supposed
to be of equal precision; then the numbers by which the errors of observation
are multiplied to reduce them to the assumed standard of precision derived from
(6), column M. ; and, finally, the apparent errors of the theory derived from ob-
servations themselves, formed by dividing the residuals of the equations by the

measures of precision.

Aeclual mean residuals or ap-

Residuals of equations. parent, crrors of theory.

+ 04 4 1.0u

+28 —1.7u
6th series, V4 3.7 —04u
1857-1859, |+ 1.8+ 0.9u

+0.06 + 0.14

+0.35 —0.21
+ 041 —0.054
+ 0,22 4 011y

1St1‘7"’glj°s {+ BT o8 0 g,
(—0.7 —0.6p 2 —0.35 —0.50u
2d series, }—0.2 —0.8x 5 —0.04 —0.10x
1846-1847, |+ 24 4+ 15x 5 + 0.48 + 0.30u
—11 4+ 14u 4 —0.28 + 0.35u
—23 —0.7u 2 —115 —0.35u
3d series, V4 0.5 —1.05x 7 + 0.07 —0.21g
1848-1850, ) + 1.0 -+ 0.06p 8 + 0.12 4 0.08x
—0.7 +08u 5 —0.14 + 0.16u
+ 08 —04p 1 + 0.80 —0.40u
4th series, Y —0.6 —0.5¢ 6 —0.10 —0.08x
1851-1853, ) — 1.6 5 —0.32
—25 F0.6u 4 —0.62 + 0.15u
—10 —27u 8 —0.12 —0.34u
oth series, Y —02 —12u 7 —0.03 —0.17u
1854-1856, | —14 4 04u 7 —0.20 + 0.06p
7
8
9
8

—34 +22u 9 —0.38 4 0.24u

+28 —1d4p 7 + 040 —0.20u
7th series, } —0.6 —0.5u 9 —0.07 —0.00k
1860-1862, ) —2.6 4+ 1.6p 9 —0.28 4 0.18

7

+ 22 4+ 1.7 + 031 + 0.24u
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Actual mean residuals or ap-

Residuals of cquations. parent errors of theory.

+ 2.8¢ —12u 3 + 0.93 —0.40u
8th series, ) —24 —09u 7 —0.3¢ —0.13
1863-1864, ) —03 4 0.7 7 —0.04 -+ 0.10u
—20 4+09% 6 —0.33 4 0.15u

§ 32. The coefficients of u, taken negatively, represent the changes which would
be produced in the residuals if we suppose the mass of Uranus to be nothing. It
will be seen that these coeflicients are generally smaller than the residuals them-
selves, and that their actual effect on the modern residuals never amounts to
more than four-tenths of a second. Supposing that the modern observations
cannot be relied on within this limit of error, we should arrive at this remarkable
result,—that if the planet Uranus were unknown, its existence could scarcely be
inferred from all the observations hitherto made on Neptune, unless these were -
combined in such.a way as to show the systematic error of the theoretical radius
vector. In fact, the orbit of Neptune, computed without regard to the perturb-
ations of Uranus, would only exhibit an error of 9” when compared with Lalande’s
position ; and a discussion of the modern observations would exhibit no sensible
error in the heliocentric longitudes. This circumstance furnishes a very good
illustration of the propriety of developing the long-period perturbations, the co-
efficients of which amount to whole minutes, as perturbations of the elements
which shall vanish at the epoch 1850.

Under these circumstances, no reliable correction of the mass of Uranus can be
concluded from the motions of Neptune. The solution of the preceding residuals
does, indeed, indicate an increase of this mass by one-third, which seems altogether
inadmissible, and is certainly very unrecliable. Of the twenty-nine residuals,
fifteen indicate an increase of the mass, thirtecn a diminution, and for one the
coefficient of u vanishes: so that the increase of the mass of Uranus is indicated
only by the fact that the residuals which favor it are generally a little larger than
those which do not.

§ 33. If Uranus could scarcely be detected from the motions of Neptune, much
less can an extra-Neptunian planet, unless it happened to be nearly in econjunction
with Neptune at the present time, and to have a much greater mass than Uranus,
—a highly improbable combination of circumstances. That there is no present
indication of any such action is shown by the smallness of the apparent mean
errors of theory in heliocentric longitude and radius vector during the whole
period from 1846 to 1864. The following table shows the mean value of these
errors during each of the seven series of modern observations, and the error of
the geocentric longitude of the Lalande observations, putting u =0. The error
of radius vector is expressed as error of annual parallax. It will be remembered
that the first of the four equations of each series arise from observations made
about half-way between the first quadrature and the opposition, the second at
opposition, the third between opposmon and last quadrature, and the fourth near
the last quadrature. Each scries, therefore, gives four equations of the first
degree between the errors of heliocentric longitude dv, and annual parallax dp.
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The coeflicient of §v will be sensibly unity, and that of dp will vary from about

— 0.5 to 4 1.0 in each series.
3

Error of theory by the Lalande observations.
+ 2.3
(It will be remembered that the probable error of the Lalande position was
estimated at 27.8; but, owing to the over-estimate of the comparative precision of

the modern observations, the weight assigned to this position in the equations of
condition corresponded to a probable error of rather more than 4”.)

By modern observations.

Limiting dates. Error of longituzle. Error of parallax.
184647, —0.05 —0.18
1848-50, —0.08 —0.03
18561-63, —0.07 + 0.55
1854-56, —0.08 0.00
185759, + 0.22 + 0.23
1860-62, 4+ 0.11 + 0.18
186364, + 0.02 4+ 0.28

These errors dre as small as could be expected if the theory were perfect.
‘There is, therefore, no indication of the action of an extra-Neptunian planet.
But this fact does not militate against the existence of such a planet. The per-
turbations of a planet, and its elliptic elements, develop themselves, not in pro-
portion to the time, but in proportion to the squarc of the arc described. In
order, thercfore, to determine the errors of a slow-moving planet with as much
accuracy as those of a quick-moving one, we must observe it through a period pro-
portioned to its time of revolution. And we cannot detect a deviation of long period
from an elliptic orbit until we have accumulated data much more than sufficient
for the exact determination of* the elliptic elements. For example, when the
position of Neptune was determined from the perturbations of Uranus, the latter
planct had been regularly observed through an arc of some 270°. Moreover, the
two planets had been in conjunction in 1824. They are also remarkably necar
each other when in conjunction. Yet, with all these circumstances so favorable
to the development of large perturbations, Uranus only wandered about 5” from
an elliptic orbit during the entire period of the modern observations.

Perturbations will, at first, be developed in proportion to the square of the arc
passed over. Therefore, had Uranus been observed through an arc of only 120°,
the perturbations by Neptune would have been indicated only by deviations in
heliocentric longitude of less than 17. It 1is, therefore, almost vain to hope for the
detection of an extra-Neptunian planct from the motions of Neptune before the
close of the present century.

§ 34. Determination of the position of the plane of the orbit of Neptune.

To determine the corrections of the constants p and ¢, which determine the
10 May, 1865,
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position of the plane of the orbit, we shall divide the residuals of latitude into
five groups, the last one including three yecars, and each of the others four years.
To find the heliocentric angular distance of the planet above the plane of its
assumed orbit, we shall take an indiscriminate mean of the crrors of geocentric
latitude of each group, multiply it by 0.98 to reduce it to heliocentric error, and
correct it for the mean error in longitude. '

The mean errors of geocentric latitude, with the equations to which they give
rise, are as follows. The probable errors of cach modern mean is estimated at
07.15: so that the Lalande position is entitled to a precision of ;.

Limiting Dates. B Equation of Condition.

1795, + 1.1 0=+40.0818p —0.0583¢ + 0.11
184649, —0.97 — 0.866 — 0.500 —0.96
1850-53, —0.75 —0.934 —0.358 —0.75
18564-57, —0.71 —0.978 —0.208 —0.71
1858-61, —0.67 —0.999 —0.052 —0.68
1862-64, —0.79 —0.996 + 0.084 —0.80

The solution of which by least squares gives,
p=—0".73; g =—0"41

The residuals, multiplying the first by 10 to reduce it to actual observed error,
are

1795, + 0.7
184649, —0.18
1850-53, -+ 0.07
1854-57, -+ 0.09
1858-61, -+ 0.07
1862-64, —0.10

So that the Lalande observation is represented within 0.7, notwithstanding
the small weight with which it enters the equations. In fact, if p and ¢ were
determined from the modern observations alone, the Lalande position would still
be represented within about 07.7.

§ 35. Concluded elements of Neptune.

From equations (1) and (2) of this chapter, we have

8 =8 +1.77 b 4 0.85 8k;
on =& 4 0.0188% — 0.0738%;

So that, making the mass of Uranus 57345, the concluded corrections to the
provisional elements of § 19 are
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-3

C

de =4 12.94
m=+4 05144
: oh=- 8.76
-db=~— 379
op=— 0.73
0 =— 041

Applying these corrections to the provisional elements of § 19, they become:

° ’ ”
=335 5 3891

€
n= 7864.9354
F A= + 1201.69
k= + 1275.57
9= + 4909.44

g= —4137.87



CHAPTER V.
TABLES OF NEPTUNE.

§ 36. Fundamental theory.

The fundamental theory on which these tables are founded is as follows:
1. Undisturbed clements of Neptune, referred to the mean ecliptic and equinox of
the epoch.
I = cceentricity X sine perihelion = 4 1201.69
I = eccentricity X cos perihelion =4 1275.57
p = sine inclination X sine node =+ 4909.44

q = sine inclination X cos node =—=—4137.87
n = mean motion in 3656} days = 7864.935
¢ = mean longitude at epoch = 335° 5" 38".01

Epoch 1850, Jan. 0, Greenwich mean noon.

From these expressions we deduce

7 =43°17 30”3

e = 0.0084962

loga =1.4781414

Period = 164.782 Julian years.

In log @ we have included the constants of log # introduced by the action of
the planets, and also the effect of the secular variation of the longitude of the
epoch, both of which are computed on p. 31.

2. Secular and long-period perturbations of the above elements.

These are taken without change from the table p. 39.

The elements being corrected by the addition of these perturbations for the
epoch of computation, we thence deduce the elliptic place of the planet.

3. Perturbations of the co-ordinates.

To the elliptic place of the planet we apply corrections for- periodic perturb-
ations of the co-ordinates, as follows:

To the longitude in orbit,

Pisinl+ P,ycosl+ Pysin 214 P, cos 21+ .
To the logarithm of the radius vector,
R, sinl 4 R, cos | + dr,.
To the north latitude, computed with the true longitnde in orbit,

B,, sin v 4 B, cos v + §03,.

76
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All these quantities have the same values as in § 19, pp. 40 and 41..

The elliptic values of.the co-ordinates being thus corrected, we have the helio-
centric co-ordinates resulting from the concluded theory.

To facilitate this computation, the following tables are constructed. They are
designed to give the means of determining, for any date between the years 1600
and 2000, the principal auxiliary quantities which will be needed in computing
the place of the planet from the above theory. Many of these quantitics are
modified so that the computer shall be troubled as little as possible with difference
of signs. Thus, to all the quantities P, P, IZ, etc. constants are added so that
they shall always be positive, and so that the signs of the products which form

“the perturbations shall be the same as those of sin, cos?, ete. Again, constants
are added to all the perturbations of the longitude and radius vector, to make
them positive.
§ 87. Data given in the several tables. .
TasLE 1. gives the values of the “epochs and arguments” for the beginning of
each fourth year from 1800 to 1952 inclusive, the years 1800 and 1900 beginning
with Greenwich mean noon of Jan. 0, and all the other years with that of Jan. 1.
Pis simply the number of the four-year c¢yele before 1900, by which 7 and ¢
1——-——90(31_ Y, adding a unit for fractions.

{ is the mean lJongitude in orbit of Neptune, affected with the long-period per-
turbations of that element, p. 39, and referred to the mean equinox of 1850.0.

¥ is the negative of the longitude of the node affected by perturbations, counted
on the orbit of the planet from that point which is equally distant from the node
of 1850 with the equinox of 1850, and diminished by 1°, the sum of the constants
added to the equations of longitude.

0 is the longitude of the node, referred to the mean equinox of the epoch, and
diminished by 1, the constant added to the reduction to the celiptic.

In the arguments 1 to 9 inclusive, the circle is divided into 400 parts. Repre-
senting the mean longitude of a planet, referred to the equinox of 1850.0 by its
initial letter, the values of the diffcrent arguments are as follows :

of the next table must be multiplied, or

Arg. 1=U —N,

“« 2=8 —N,
‘T« 3—=J —N,
L 4:2S—M
L bin= g

“« 6=8 —2n,
“ T=2J— N,
43 8 — E.T,
“« 9=J —2N
Thus, Arg. 1 gives the difference of the mean longitudes of Uranns and Neptune,
expressed in parts 100 of which make a quadrant; and so of the other arguments.
At the bottom of the table the expression Afj), is the change in the longitude
or the argument during that 180 days which commences with 1850, Jan. 0.
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Fact. T gives the change in Af}}; during a century: so that the change in any
180-day period within one or two centuries of the epoch may be found by mul-
tiplying Fact. 7 by the fraction of a century after 1850.0 at which the 180-day
period commences, and applying it to Af,.

ARy gives the second difference for any series of 180-day periods within one or
two centuries of 1850 : so that, knowing the first value of AR, we can find a series
of values by successive addition.

The period of 180 days has been selected as a convenient one for computing a
lheliocentric ephemeris.  If any other period, represented by & days, be preferred,
the corresponding values of A® and A® are found by multiplying

N
Agg()) b,Y 1_8—07
and
2

: N
Agf %0) l)y 1@5.

Tasie IL. gives the change of each longitude and argument for the first day
of cach month during a four-year cycle. The change in { is given for that cycle
which begins with 1900 and ends with 1904. Column 7 gives, in units of the
second decimal of seconds, the change in column ! during one cycle. Hence,
multiplying 7 by the whole number P of the preceding table, and adding the
units of the product to the hundredths of seconds of /, we have the change of
mean longitude during the eycle numbered P in Table I. The correction is
positive for years before 1900, because the mean motion is diminishing.

6 must be corrected in preciscly the same way ; but here the correction is nega-
tive before 1900. ‘

Rigorously, both y and 6 require correction similar to I. But it is not requisite
that either of these quantities should be accurate within a second, so long as their
sum is exactly equal to the precession diminished by 1°1’.  The four-year changes
of both y and 6, which destroy each other, are, therefore, neglected ; but the change
in 6 due to the secular variation of the constant of precession (07.0227) is allowed
for by the correction ', .

Taste ITI. gives the reduction from the first to the subsequent days of any
month, or the motion of the epochs and arguments during a number of days one
less than those on the left of the table.

TasLe IV. gives the corrections to be applied to the longitudes and arguments
for the epoclis 1800 4 ¢ to reduce them to the epochs 1600 4 ¢ 1700 - ¢, and
1900 4 ¢, respectively. They are expressed in the form

ay+ T X Fact. T+ T? X Fact. T2,

in which 7'is the fraction of a century.

TasLE V. gives the expressions for the perturbations of the longitude produced
by Uranus. To each of the expressions P, and P, 14” has been added, and to
P, and P, 3" has been added. IHence, when these quantities, as given in the
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tables, are multiplied by sin 7, cos I, sin 2 7, and cos 2 7, the sum will be too great by

the quantity
147 sin 1< 14"cos 14 3"sin 21 + 3" cos 2,

which expression has been subtracted from the equation of the centre. The con-
stant 14” has been added to dv,.
TasLe VI gives the principal perturbations of the longitude produced by
Saturn, namely,
~ 187.552sin  (S— N)
— 0.141sin 2 (S—N)
— 0.012sin 3 (S—N)
+ (const. = 197.000)

TasLe VIL gives the principal perturbations of the longitude produced by
Jupiter, namely, .

347121 sin  (J—N)
— 0.011sin 2 (J—N)
+ (const. = 35”.000)
TasLe VIIIL gives the term

—07.524 cos (28— N)
+ (const. = 07.600)

TapLE IX. gives the terms

— 07058 sin § 407047 cos S
+ (const. = 07.100)

TasLE X. gives the terms
+ 07166 sin (S—2N) + 07436 cos (S— 2 N)
+ (const. = 07.500)
TasLE XI. gives the terms
+ 07783 sin (2J — N) — 07164 cos (2J —N)
+ (const. = 17.100)
TasLE XII. gives the terms
— 07101 sinJ + 07.097 cos J
+ (const. = 07.200)
TasLe XIIL gives the terms

+ 07326 sin (J—2 N) + 07297 cos (J — 2 N)
+ (const. = 07.500)

TasLE XIV. will be more easily understood after we have explained the table
of equation of the centre.

TaBLe XV. is composed of the four following parts :

1. The equation of the centre in the nndisturbed ellipse of 1850.0, or,
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+ 2501”117 sin 1 — 2403".358 cos
4- 1.163sin2! — 18.580cos2!
— 0.088sin3? —  0.104cos 31
2. The change in the equation of the centre produced by the perturbations of
the elements A and % during that revolution of the planet which commenced
1779, Jan. 4, and ends 1943, Oct. 15. This change is represented by

28ksinl — 2 ‘37)/ cos /,

ok and % being taken from the table on p. 39 for the times corresponding to the
various values of 7 during the period in question.
3. The terms _
—14"sin I —14"cos
— 3 sin2! ~ 3 cos2!

introduced to destroy the effect of the constants added to the values of P, 2,
P, and P, to render them positive.

4. The constant
3029",

added to render all the numbers of the table positive.

During the revolution to which Table XV. corresponds, the planet passed from
180° mean longitude, and returned to the same point in the heavens; whence the
table begins and ends with this value of 7. But since the commencement of the
table corresponds to the values of 2 and % in 1779, and the end to these values
in 1943, they do not correspond with each other. The sum of the constants
added to Tables V. to XV. inclusive is 1°, which has been subtracted from y in
Table I.

Table XIV. is formed by subtracting the values of 6% and 8% during the revo-
lution of Table XV. from the values of the same elements 164.78 years earlier
or later. Or, we have

AP, = 2 (8 — dk)
AP, =—2 (8l — dhy)

8% and 8 representing the values of 8% and 8% at any epoch, and 8k, and &k, their
values at that date of the period 1779-1943 when the planet had the same mean
longitude as at the epoch in question.

The sum of the sixteen quantities I, sinl, P, cos 7, P, sin 27, P, cos 21, 0v (; o),
l, y, and the equation of Table XV. will give the true distance of the planct
from its ascending node, which we represent by .

TasLe XVI gives the reduction to the ecliptic for the years 1800, 1900, and
2000, together with the change of the reduction for a century. The constant

60~

has been added to render all the numbers of the table positive.
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The sum of w, §, and the reduction to the ecliptic gives the true ecliptic longi-
tude of the planet, referred to the mean equinox of the date.

- Tables of the radius vector.
TasLe XVII. gives the values of

R, + 150, and R,, 4 100.

The expressions for R,; and R, are given on p. 40, § 19, and the units are those
of the seventh place of decimals. R,; + 150 must be multiplied by sin 7, and
L. + 100 by cos 7, and the products included in the perturbations of log 7.

Tasre XVIIL gives the principal terms of the perturbations of the logarithm
of the radius vector produced by Uranus, as given on p. 41. The constant added
is 209.

Tasre XIX. gives the perturbations of the same element by Saturn, namely,

397 cos (8 —N)
+ 4cos2(S—N)
+ (const. = 400)

TasLe XX. gives the perturbations of the same element by Jupiter, namely,

701 cos (J—N)
+ (const. = 700)

The units of these tables are those of the seventh place of decimals.

TasLe XXI. is formed of the four following quantities.

L. A constant formed by applying the necessary corrections to the logarithm
of the mean distance. We have

Mean motion, including its perturbations, . 7864.935
* Secular var. long. epoch, - 4+ 21443
Elliptic mean motion, 7843.492
To which corresponds loga =1.4787334
Constants of perturbations of log = (p. 31), — 5920
Negative of constants added to Tables XVIIL.-XX,, —1309

Constant to be substituted for log @ in expression for log radius vector, 1.4780105
2. The elliptic log » — log «, namely,

-+ .0000078
—.0026857 cos 7 —.0025301 sin 7
—.0000014 cos 27 —.0000235 sin 27

3. The eflects of the perturbations of %, % and a during the same revolution to
which Table XV. corresponds, represented by

M S
ST = T U

M being the modulus of the common system of logarithms.
11~ May, 1865,

cos 1494 log «,
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4. The terms
'—150sin? — 100 cos?

introduced to destroy the effects of the constants added to Z,; and R, ,.

TasLe XXII. gives the values of B,; and B,; (p. 40). The constant 0”.830 has
been added to each of these quantities to render them positive.

TasLes XXIIIL. and XXIV. give the perturbations of the latitude produced by
Saturn and Jupiter respectively, no constants being added.

TasLe XXV. gives the values of log sin 4, to be added to log sin « in order to
obtain the elliptic latitude. They, as well as 6, have heen obtained from the
formulae i

sin ¢ sin 6 = p + 3p + 07.30
sin ¢ cos = ¢g 4 8¢ — 0 .30

The values of dp and dg being taken from the table p. 39, and the corrections
=+ 07.30 being applied to destroy the effect of the constants added to B,, and B,,.

§ 38. Elementary precepts for the use of the tables. .

Express the date for which the position of Neptune is required, in years, months,
and days of Greenwich mean time, according to the Gregorian Calendar.

If the date 1s between 1800 and 1955 inelusive, enter Table I. with the year,
or the first preceding year found therein, and take out the values of , ¥, 6, and
Arguments 1-9 inclusive. Note also the value of 2. If the date is not between
the above limits, enter as if the number of the century were 18.

Enter Table II. with the excess of the actual year above that with which
Table 1. was entered, and with the month. Write the values of [, 7, 0, and the
arguments under those from Table I. Multiply ¢ and @, the former interpolated
to the day of the month, by P of Table I, and write the units of the product under
the hundredths of seconds of 7 and 6, paying attention to the algcbraic signs.

Enter Table III. with the day of the month, and write down 7, &e., under the
former values.

If the date is without the limits 1800-1955, enter Table IV. with the century,
write the principal quantities under their proper hieads, as before ;- multiply column
“Fact. T” by the entire fraction of the century represented by the date, and
column “Fact. 77’ by the square of this fraction, and write the products under
their proper heads.

Add up all the partial values of I, , 6, and the arguments thus obtained,
attending to the algebraic signs of the products, subtracting from the arguments
as many times 400 as possible, and we have the final values of those quantities.

Enter Table V. with the final value of Arg. 1, and take from it the five quan-
tities there found. Multiply the first four of them as follows, using logarithmns
or natural numbers as may be most convenient:

P, bysine of |,
P, by cosine of 1,
P,,bysine of 21,
P, by cosine of 2 1.’ <



TABLES OF NEPTUNE. 83

But if the date is earlier than 1779 or later than 1943, P; and I; must first
be corrected from Table XIV.

Write these four products under cach other, remembering that their algebraic
signs will be the same as those of the sine and cosine of 7 and 2 [, unless the cor-
rections make P, or P, negative. Write under them the fifth quantity, dv,.

Enter Tables VI. to XIIL inclusive, with the arguments at the top of each.
Take out the eight remaining values of dv.

Enter Table XV. with , first reducing the minutes and seconds to deeimals
of a degree, and take out the corresponding equation by interpolation to second
differences. i

Under these fourteen quantities write 7 and y, add up the sixteen lines, and call
the sum .

Under « write 0; enter Table XVI. with » (reduced to hundredths of a degree)
as the side argument, and the year as the top argument, and take out the reduction
to the ecliptic. Add it to w and 6, and the sum will be the heliocentric longitude
of Neptune referred to the mean equinox and ecliptic of the date.

Enter Table XVII. with argument 1, and take out the values of ,, and R,,.
If the date is previous to 1779 or subsequent to 1943, multiply the values of
AP, and AP, from Table XIV. by 10.53, and correct I2,; and B, as follows:

R.,by 10.53 AP,
R,, by —10.53 AP,,

adding the units of these products to the last figures of 2,; and &2,;. Then multiply

R,, by sine of [,
I2,, by eosine of /,

and write down the products with the algebraic sign of sine 7 and cos / respectively.

Enter Tables X VIIL to XX. with their proper arguments, and write the results
under the produets thus found.

Enter Table XXI. with the argument 7, and take out the corresponding number,
the first two figures of which are at the top of each column. Write it so that
the last figure (the seventh place of deeimals) shall be under the last figures of
the former numbers.

The sum of the six numbers thus found will be the common logarithm of the
radius vector of Neptune.

Enter Table XXII. with argument 1, and take out B,; and B,;. Multiply the
former by sin ! and the latter by cos I

Enter Tables XXIII. and XXIV. with their proper arguments, and take out
the corresponding numbers, applying the proper algebraic signs.

Take the sine of ¢ from Table XXV, and multiply it by the sine of » (« having
already been found).

The sum of the five quantities thus found, cach taken with its proper algebraic
sign, will be the north latitude of Neptune above the plane of the ecliptic of the date.

Thus we shall have the heliocentric co-ordinates of the planet. The computer
can then pass to the geocentric place by the method which he prefers.

If an ephemeris is wanted during a series of years, it will not be necessary to
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take the arguments from Tables I.-IV. more than once in three or.four, or even
five, years. The intervals of eomputation are first to be ehosen, and need not be
less than 180 days for the heliocentric place. Then eompute the values of 7, g, 0,
and the arguments for the first date of the series, and again for a date an integral
number of intervals (not generally exceeding ten) later. The longitudes and
arguments for the intermediate dates may then be found by continual addition
of the differenees for 180 days (if this is the interval) from the bottom of Table L.

§ 39. Examples of the use of the tables.

As a first example, we will eompute an ephemeris of the heliocentric positions
of Neptune for the years 1865 to 1868 inelusive. The intervals of eomputation
will be 180 days, and we commence with the date 1864, Oct. 13, and end with
1869, March 21, between whieh are nine of the assumed intervals. We first
compute the epochs and arguments for the extreme dates as follows:

1. For 1864, OctorEr 13,

7 Y 0 Arg. 1 2
Table I1., 1864, 5 40 58.30 | 228 54 54.37 [130 15 49.25| 91.96 | 199.49
Table III., Year 0, Oct., 1 38 19.86 7.88 29.82 1.75 8.37
Fact. 9, .14 — .01
Table IV., Day 13, 4 18.39 0.35 1.31 0.08 0.37
Epochs & Args. 1864, Oct. 13, | 7 23 36.69 | 228 55 2.60 | 130 16 20.37 8.79 | 208.23

Arg. 3 4 5 6 7 8 9
Table I1., 1864, 243.86 5 206 193 93.9 250 237
Table II1., Year 0, Oct., 23.47 19 10 7 48.8 25 22
Table IV., Day 13, 1.03 1 0 0 2.2 1 1l
For 1864, Oct. 13. 268.36 25 216 200 I 144.9 ‘ 276 260
2. For 1869, Marcn 21.
’ K 0 Arg. 1 2
Table I1., 1868, 14 25 17.73 {228 55 36.39 |130 18 28.26 | 101.30 | 244.11
Table IT1., Year 1, Mareh, | 2 32 81.25 12.23 46.25 2.72. 1298
Fact. X 8, 19 — 01
Table IV., Day 21, 7 10.64 0.57 218| 013| 0.61
For 1869, March 2il,, 17 4 59.81 | 228 55 49.19 (130 19 16.68 | 104.15 | 257.70
1
Arg. 3 4 5 6 7 8 9
Table II., 1868, 369.03 104 260 228 353.9 385 358
Table I11., Year 1, March, 36.41 29 16 10 75.7 39 34
Table IV., Day 21, 1.71 1 1 0 3.6 2 2
For 1869, March 21, 705 | 184 | 277 | 238 | 832 l 26 ' 359
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The epochs and arguments for the intermediate dates are now formed by suc-
cessive additions of the change in 180 days, deduced from Table I. 7, the fraction
of a century after 1850, being 0.148, the first differences for 180 days, with the
arguments, are found to be as follows :

Diso 1864, Oct. 18 | 1865, Apr. 11} 1866, Apr.6 |[1868, Sept. 22| 1869, Mar. 21
o 7 ”
l 1 4 35.908 7 28 36.69 8 28 12.598 9324R8.505| 16 023.920( 17 4 59.818
Al —.0012 1 435.908 1 435907 1 435.905 1 435.898
Y 5177 (1228 55 2.60 (228 55 7.777 {228 55 18.131 {228 55 44.018 | 228 55 49.189
[/ 19.590 /13016 20.37 |1301639.960 | 130 16 59.550 {130 18 57.093 | 130 19 16.684
Arg. 1 1.150 93.79 94.940 96.090 102.990 104.140
2 5.497 208.23 213.727 219.224 252.206 257.703
3 15.421 268.36 283.781 299.202 391.729 7.151
4 12.20 ) 2 494 ]22.6 134.8
5 6.7 216. 222 ¥l 229.4 269.6 276.3
6 4.3 200. 204.3 208.6 234.4 238.%
i 32.08 144.9 176.93 208.96 1.14 33.17
8 16.6 276. 292.6 309.2 8.8 25.4
9 14.2 260. 274.2 288.4 373.6 387.8
o 7 o 7 o 4 o °
21 14 47 16 56 19.6 321 34 10
I (in Dec. of deg.) 7.3935 8.4702 9.5468 16.0066 17.0833
LONGITUDE.
n ” n " "
b 2 23.76 24.04 24.30 25.57 25.72
P 22.50 22.14 21.97 19.35 18.93
P2y 4,75 4.67 4.59 4.02 3.92
2 1.76 1.67 1.59 1.21 1.17
R ging Ny 3.06 3.54 4.03 7.05 7.56
Plilcos. I 22.32 21.90 21.47 18.60 18.09
P,,sin 21 Rt 1.36 1.50 2.3 2.20
P,,co821 1.70 1.60 1.51 1.038 0.96
o, 11.15 11.49 11.83 13.79 14.12
v, 16.57 15.01 13.41 5.30 4.26
Sy 5.03 1.98 0.88 30.58 38.83
o, 0.12 0.17 0.23 0.78 0.87
v, 0.07 0.07 0.08 0.13 0.14
Vg 0.06 0.05 0.04 0.04 0.05
o, 1.80 1.58 1.15 0.95 1.35
vy 0.26 0.29 0.31 0.28 0.25
vy 0.06 0.08 0.13 0.64 0.78
Tab. XV. 023 59.17 024 53.01 0 2H 47.59 03129.74 032 29.03
l 7 23 36.69 8 28 12.60 9 32 48.50 16 023.92 17 4 59.81
y 228 55 2.60 | 22855 7.78 | 228 5512.96 || 228 55 44.01 | 228 55 49.19
° 236 43 41.87 | 237 '49 12.46 | 238 54 45.62 || 245 28 58.97 | 246 34 47.43
[/} 130 16 20.37 | 13016 39.96 | 130 16 59.55 || 130 18 57.09 | 13019 16.68
Red. Fcl. 14.23 15.01 15 88 PS> 28.62
Longitude 7 01647 8 6 743 912 1.05 1548 18.39 16 54 27.73
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Rapros VECTOR.

e 22 24 26 41 44
R, 155 158 163 176 178
R, sinl 3 4 11 13
R, cosl 154 156 158 169 170
¢log ry 82 77 73 48 44
slog r, 10 17 23 129 ¢ 154
dlog ry 366 524 691 1394 1396
Prin. term 1.4750064 1.4749650 1.4749250 14747074 1.4746754
log r 1.4750679 1.4750427 4750199 1.4748825 1. 44490‘31
LATITUDE.
log sin u 9.922246 9.927565 9.932667 9.958064 9.962660
log sin ¢ 8.492852 8.492842 8.492831 8.492764 8402753
log sin 3, 8.415098 8.420407 8.425498 8.451728 8.455413
” ” ” n ”
B 0.47 0.16 0.45 0.38 0.37
B., 0.01 0.00 0.00 0.00 0.00
” n ”» ” 14
B.,sinl 4 0.05 +0.06 4-0.07 +0.10 I
B, cosl -+ 0.01 0.00 0,00 0.00 0.00
58, +0.28 +0.26 4 0.24 4 0.08 +0.05
38, —0.54 —0.56 —0.55 4-0.12 10.25
Bo —12925.02 1 —13031.03 | —13135.09 || —13717.28 [—=138 7.04
Latitude —1292522 | —18081.27 | —13135.53 ||—13716.98 | —138 6.63

Inserting the results for the five middle dates, the computations of which have

been omitted in printing,

ephemeris of Neptune:

for want of space, we have the following heliocentrie

Longitude (mean |Logarithm of radius 3

. equi%xox of (datc). § vector. L.

o ’ ” o ’ "
1864, Oct. 13, 7 01647 1.4750679 —1 29 25.22
lb(}o Apr. 11, 8 6 743 1.4750427 S LR ORSIRT
Oct. 8, 912 1.05 1.4750199 —1 31 35.33
1866, Apr. 6, 10 17 57.51 1.4749986 —1 32 37.36
Oct. 3, 11 23 56.84 1.4749778 — 1333741
1867, Apr. 1, 12 29 58.92 1.4749567 — 1343541
Sept. 28, 13 36 3.52 1.4749342 —1 35 31.38
1868, Mar. 26, 14 42 10.14 1.4749097 —1 36 25.26
Sept. 22, 15 48 18.39 1.4748825 —1371698
1869, Mar. 21, 16 54 27.73 1.4748531 L S35 6.63

These co-ordinates being interpolated to every ten days, and corrected for
nutation, the geocentric co-ordinates may then be computed and corrected for
aberration in the usual way.
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As another example, let us compute the heliocentric position of Neptune for
Greenwich mean noon of 1795, May 9, the epoch of the normal place derived
from Lalandc’s two observations.

87

l Y 0 Arg. 1| Arg. 2
o i "
Table 1., 1892, 66 5112.69 | 228 5948.26 | 13034 22.60 | 157.30 | 111.85
Table 1I., 3 May, 71623.32 0 035.01 0 21233 T1-T0r |ReST-13
T 13 = 01
Table ITIL., Day 9, 0 252.26 0.23 0.87 0.05 0.24
Table IV., 1700, 141 3119.97 | 359 42 21.53 | 358 53 55.63 | 166.69 85.00
Fact. 7' X .9530, -+ 45.60 -+ 6.58 —875 | —.06 | —.36
Fact. T X .91, + 0.22 0 o +01| —.02
1795, May 9, 21542 84.19 | 22842 51.61 | 12930 22.67 | 331.77 | 233.84
2l = 71.25
{ == 215.7095
Arg. 3 4 5 6 7 8 9
Table 1., 1892, 320.05 298 186 38 314.2 394 246
Table II1., 3" May, 104.18 82 45 29 216.6 112 96
Table I1I., Day 9, 0.68 1 0 0 14 1 1
Table IV., 1700, 70.66 327 242 328 298.6 228 313
IHac®Viq 9536, 1| 1~ 012 [ —1 0 — 1l L0k 0 0
1795, May 9, 95.69 307 73 394 31.0 335 256
Longitude. Radius vector. Latitude.
P,y 16.69 3 242 £ 0.39
A 0.38 R {1 By 0.73
'I)t.ﬂ 5.16
<2 197
L,ysin — 97 IR i — 141 | log sin u 9.998700
P,cos I — 031 | R, cosl — 63 | log sin ¢ 8.494395
P,.8in 2 -+ 4.90 dry 234 log sin 3, 8.493095
P, cos21 - 0.63 or, 60 .
o 24.08 or. 747 - :
ov, 948 | Prin.term 14816441 | Businl —0.22
61]8 69.05 8-S B“ cosl — 0.59
o, 054 | logr 14817278 o8, .ty
v, 0.07 . B =3V
a0, 0.92 Bo +147 0.82
235 =3 =
‘;ﬁ; ey Latitude -+ 146 59.49
ovy 0.06
Eq. Cent. IS TR0 6 3
l 21542 34.19
y 238 42 51.61
° 8534 8.7
0 129 30 22.67
Red. Ecliptic 52.26
Long. (Mcan 1iq.) 215 523.70
Nutation — 15.90
Long. (True Eq.) 215 5 7.80 .
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Eprocns AND ARGUMENTS

TABLE L

1800 to 1952.

FOR THE BEGINNING OF EAcH Foumrt YEAR FROM

Year.

1800
1804
1808
1812
1816

1820
1824
1828
1832
1836

1840
1844
1848
1852
1856

1860
1864
1868
1872
1876

1880
1884
1888
1892
1896

1900
19504
1908
1912
1916

1920
1924
1928
1932
1936

1940
1944
1948
1952

(1))
(180)

Fact. T

%]
(180)

25
24

22

o D
— (95)

=t DD
) =

18

—
S =1

otk fd
1S 0O W O

= SN ol
ST WY =D ol SV ST O O =

—10
—11
—12
—13

l

225 51 36.90
234 35 57.56
243 20 18.15
252 4 38.66
260 48 59.10

269 33 19.46
278 17 39.74
287 1 59.94
295 46 20.07
304 30 40.12

313 15 00.09
321 59 19.98
330 43 39.80
339 27 59.54
348 12 19.20

356 56 38.79

5 40 58.30
14 25 17.73
23 9 37.08
31 53 56.36

40 38 15.56
49 22 34.68
58 6 53.72
66 51 12.69
75 35 31.58

84 19 28.87
93 3 47.60
101 48 6.26
110 32 24.84
119 16 43.35

128 TR 1878
136 45 20.13
145 29 38.40
154 13 56.60
162 58 14.72

171 42 32.77
180 26 50.73
189 11 8.62
197 55 26.43

-] ! ”

1 4 35943
—0.237
—0.0012

Y

228 43 40.52
228 44 22.73
228 45 04.92
228 45 47.10
228 46 20.27

228 47 11.42
228 47 53.56
28 48 35.69
228 49 17.81
228 49 59.92

228 50 42.02
228 51 24.11
228 52 6.18
228 52 48.24
228 53 30.30

228 54 12.34
228 54 54.37
228 55 36.39
228 56 18.40
228 57 0.40

228 57 42.39
228 58 21.36

228 59 6.32
228 59 48.26
229 0 30.20
229 1 12.09
229 1 5401
229 2 85.92
229 3 17.82
220 3 59.71
229 4 41.58
220 5 2344
229 6 529
229 6 47.14
229 7 28.99
229 8 10.80
229 8§ 52.01
229 .9 31.41
229 10 16.20
”

5.182
—0.033
—0.0002

[

129 33 27.21
129 36 5.97
129 38 44.75
129 41 23.54
129 44 235

129 46 41.18
129 49 20.02
129 51 58.88
129 54 37.75
129 57 16.64

129 59 55.54
130 2 3445
130 5 13.38
130 7 52.33
130 10 31.29

130 13 10.26
30 15 49.25
130 18 28.26
130 21 7.28
130 23 46.31

130 26 25.35
130 29 4.42
130 31 43.50
130 34 22.60
130 37 1.71

130 39 40.75
130 42 19.89
130 41 59.04
130 47 38.20
130 50 17.38

130 52 56.58
130 55 35.80
130 58 15.02
131 0 54.26
131 3 33.51

131 6 12.77
131 8 52.06
131 11 31.35
131 14 10.66

"

19.583
+0.044
+0.0002

1

342.62
351.95
361.28

. 370.62

379.95

389,28
398.62
7.95
17.29
26.62

35.95
45.29
54.62
63.96
73.29

82.63
91.96
101.30
110.63
119.96

©129.30

138.63
147.97
157.30
166.64

175.97

- 185.30

194.64
203.97
2138.31

222.64
231.98
241.31
250.65
259.98

269.32
278.65
287.99
297.32

1.150
0.0
0
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ErocHos AND ARGUMENTS FOR

1800

TABLE L

THE BEGINNING OF EACH FourtH YEAR FrOM

Year.

1800
1804
1808
1812
1816

1820
1824
1828
1832
1836

1810
1844
1848
1852
1856

1860
1864
1868
1872
1876

1880
1884
1888
1892
1896

1900
1904
1908
1912
1916

1920
1924
1928
1932
1936

1940
S 1944
1948
1952

3]
(180)

Fact. T

@)
(180)

2

285.66
330.27
374.88
19.49
64.10

108.71
153.32
197.94
242.55
287.17

331.78
376.40
21.02
65.64
110.25

154.87
199.49
244.16
288.73
333.35

877.98
22.60
67.22

111.85

156.47

201.06
215.69
290.32
334.94
379.57

21.20
68.82
113.45
158.08

202.72

247.35
291.98
336.61
381.25

5.497
+ .001
S0

v

3

241.09
366.26

91.44
216.61
341.78

66.96
192.13
317.31

42.48
167.65

292.82

18.00
143.17
268.34
393.51

118.68
243.86
369.03

94.20
219.37

344.54
69.71
194.88
320.056
45.22

170.29
295.46

20.68
145.80
270.97

396.14
121.30
246.47
371.64

96.81

221.97
347.14

72.31
197.47

15.421
0
0

6

35
70
104
139
174

209
244
279
314
349

384

10 19562 (Continued).
4 5
22 137
121 191
220 245
319 300
18 354
117 8
216 63
315 117
14 VA
113 226
212 280
310 334
9 388
108 43
207 97
306 151
5 206
104 260
203 314
302 369
1 23
100 77
199 132
298 186
397 240
96 295
195 349
294 3
893 58
" 92 112
191 166
290 221
389 275
88 330
187 384
2836 38
385 92
84 147
182 201
1%30 .1~ 8.7
0 0
0 0

333.1
193.2

53.2
313.3
173.3

33.4
293.4
153.5

18.5
273.5

133.6
393.6
253.7
113.7
373.8

233.8
93.9
353.9
214.0
74.0

334.0
194.1

54.1
314.2
174.2

34.3
294.3
1544

14.4
274.5

134.5
394.6
254.6
114.7
374.7

234.8

94.8
354.9
214.9

92
227
362

97
232

367
101
236
371
106

241
376
111
245
380

115
250
385
120
255

390
125
259
394
129

264
399
134
269

138

390
105
221
336

52

167
283
398
114
229

345

176
291

122
237
353

68
184

299

15
130
246
361

77
192
308

23

138"

264
369

85
200
316

31

147

262
378

Soote

12

May, 1865.
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TABLE IL

RepuctioNn oF ToHE ErocHs AND ARGUMENTS To THE Fiest DAY oF EAcn MonTii
IN A CycLE oF Four YEARs.

l v y 0 4 1
Year 0’ -] 4 n " ’ "

Jan. 1, 0 0 0.00 0.00 0.00 0 00.00 0.00 0.00
Feb. 1, 011 7.50 0.16 0.89 0 3.37 —0.01 0.20
Mar. 1, 0 21 31.94 0.32 1.72 0 6.53 .—0.01 0.38
Apr. 1, 0 32 39.44 0.48 2.61 0 9.90 =102 0.58
May 1, 0 43 25.41 0.64 3.48 0 13.17 SSU08 0.77
June 1, 0 54 32.92 0.80 4.37 0 16.5¢4 —0.04 0.97
July 1, 1 5 18.89 0.96 5.23 0 19.81 —0.05 1.16
Aug. 1, 1 16 26.39 1.12 6.12 0 23.18 —10:05 1.36
Sept. 1, 1 27 83.89 1.29 7.01 0 26.55 —0.06 1.56
Oct. 1, 1 38 19.86 145 7.88 0-29.82 —0.07 1.75
Nov. 1, 1 49 27.37 1.61 8.77 0 33.19 — 0.08 1.95
Dee. 1, 2 0 13.34 R 9.64 0 36.46 —0.08 2.14
Year 1,

Janzail | 2 11 20.84 1.93 10.53 0 39.83 — 0.09 2.34
Feb. 1, 2 22 28.34 2.09 11.42 0 43.20 —0.10 2.54
Mar. 1, 2 32 31.25 2.25 12.28 0 46.25 —0.11 2.72
Apr. 1, 2 43 388.75 2.41 13.12 0 49.62 —= 8] 2.91
May 1, 2 54 24.72 2.57 13.98 0 52.89 =02 3.10
June 1, 3 53222 2.73 14.87 0 56.26 LR 3.30
July 1, 3 16 18.19 2.89 15.74 0 59.53 L=k 3.49
Aug. 1, 3 2. 2550 3.05 16.63 1 290 ==tsict! 3.69
Sept. 1, 3 38 33.20 3.21 17.52 1 6.28 —N[15 3.89
()i 1 3 49 19.17 3.37 18.39 1 954 —0.16 4.08
Nov. 1, 4 0 26.67 3.53 19.28 1 12.92 — (0TI 4.28
Dee. 1, 4 11 12.64 3.69 20.15 1 16.18 (kS 4.47
Year 2, :

Jantel; 4 22 20.15 3.85 21.04 1 19.56 —0.18 4.67
Feb. 1, 4 33 27.65 4.01 21.98 1322:03 =="H8]9 4.87
Mar. 1, 4 43 30.55 417 22.74 1 25.98 — 0.20 5.05
Apr. 1, 4 54 38.06 4.33 23.63 1 29.35 —0.20 5.24
May 1, 5 5 24.08 4.49 24.49 1 32.62 Al 5.44
June 1, 5 16 81.53 4.65 25.38 1 85.99 —0.22 5.63
July 1, 5 27 17.50 4.81 26.25 1 89.26 =28 5.83
Aug. 1, 5 38 25.00 4.97 27.14 1 42.63 —0.28 6.02
Sept. 1, 5 49 32.50 5.13 28.03 .1 46.00 —0.24 6.22
Qelisls 6 0 1847 k20 28.90 1 49.26 —0.25 6.41
Nov. 1, 6 11 25.97 5.45 29.79. 1 52.64 —0.26 6.61
Dee. 1, 6 22 11.94 5.61 30.66 1 55.90 —0.26 6.80
Year 8,

Jan. 1, 6 33 19.44 5.77 31.55 1 59.27 —0.27 7.00
Feb. 1, 6 44 26.95 5.93 32.44 2 2.64 — 028 7.20
Mar. 1, 6 54 29.85 6.09 33.25 2 569 —0.29 7.38
Apr. 1, 7 5735 6.25 34.14 2 9.06 cA[GIogh=l -2 A TIHY
May 1, 7 16 28.32 6.41 85.00 1288 —0.30 7.77
June 1, 7 27 30.82 6.57 35.80 2 15.70 == Qs 7.97
July 1, 7 38 16.79 6.73 36.77 2 18.97 —0.32 8.16
Aug. 1, 7 49 24.29 6.89 37.66 2 2234 —0.32 8.36
Sept. 1, 8 0 31.80 7.05 38.55 2 25.72 —0.33 8.55
QOet. 1, 8 11 17.76 7.21 39.40 2 28.98 —0.34 8.75
Nov. 1, 8 22 25.27 7.37 40.30 2 82.36 —0.34 8.94
Dee. 1, 8 33 11.24 7.53 41.17 2 85.62 —0.35 9.14

Columns ' and ¢ interpolated to the day of the month must bo multiplied by the intcger,
P, of Table I. (not interpolated}, and the units of the product added to the hundredths of
seconds of L
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Repucrion oF THE EPocHS AND ARGUMENTS TO THE FIRST DAY oF EAcH MoNTH

TABLE IIL

IN A CycLe oF Four YEARs (Continued).

June 1,
July 1,
Aug. 1,
Sept. 1,
Oet. 1,
Nov. 1,
Dee. 1,
Year 1,
Jan. 1,
Feb. T
Mar. 1,
Apr. 1,
May 1,
June 1,
July 1,
Aug. 1,
Sept. 1,
Oct. 1,
Nov. 1,
Dec. 1,
Year 2,
Jah, .1,
Feb. 1,
Mar. 1,
Apit. 1)
May 1,
June 1,
July 1,
Aug. 1,
Sept. 1,
O(-Ft’,. Ik
Nov. 1,
Dee™1,
Year 3,
Jan. 1
SHeh* 1
Mar. 1
Apr. 1,
May 1,
June 1,
July 1,
Aung. 1,
Sept. 1,
Oct. 1,
Nov. 1,
Dee. 1,

2
?
)

LOTSINPRWN=HOO
o ST N
TSSO ROBBRS

(=]
co
i

10.23

11.18
21
12.98
13.92
14.84
15.79
16.70
17.65
18.51
19.51
20.46
21.38

22.32
23.27
24.12
25.07
25.99
26.93
27.85
28.80
29.74
30.66
31.60
32.52

33.47
34.42
35.27
36.22
37.13
38.08
39.00
39.94
40.89
41.81
42.75
43.67

3

0.00
2.66
514
7.80
10.37
13.02
15.59
18.25
20.90
23.47
26.13
28.70

31.36
34.01
36.41
39.07
41.64

46.86
49.52
52.18
51.75
57.40
59.97

62.63
65.29
67.68
70.34
7291
75.57
78.14
8079
83.45
86.02
88.67
91.24

93.90

96.56

98.96
101.61
104.18
106.84
109.41
112.06
114.72
1957429
119.95
122.52

44.29.

4 5
0 0
2 1
4" 2
6 3
8 4

10 6

12 iy

14 8

16 o

19 10

21 11

23 12

25 14

27 15

29 16

31 17

33 18

35 19

37 20

39 22

41 23

43 24

45 25

47 26

50 27

52 28

54 29

56 30

58 32

60 33

62 34

64 35

66 36

68 37

70 38

72 40

74 41

76 42

78 43

80 44

82 45

84 46

87 47

89 49

91 50

93 51

95 52

97 53

(o]
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TABLE IIL

TABLE IV.

TABLES OF NEPTUNE.

CorRECTIONS FOR PAST AND FuTure CENTURIES.

Repverion FroM THE FIRST TO SUBSEQUENT DAYS oF ANY MonTir

1600
369 24 35.91
357 48 0.68
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In January and February of 1700, 1800, and 1900, Table ITI. must be entered

with a number of days 1 greater than the real day of the month.
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TABLES OF NEPTUNE. 93
TABLE. VI. V1L
Arg. 2 3
P, | Diff. Diff. || P.s vy Diff, dv, Diff. dog Diff.
” ” ” ” n n " ” ” "
0 0.38 0.54 13.85 19.00 35.00
1 o:3p Al 222 0:27 1| 0.54 Teisafc il 52 My jai0g, 109-29 || gi5g [ 1954
2 035" | o-°F 027 || 053 12.80 | ©531 1957 | ©28 | 3607 | ©53
3 0.34 gg: g:; 0.53 12.28 gg: 19.86 ‘;;g 36.61 g-g‘;
4 0.33 | o0 i 0.53 11.76 4 20.14 s 37.14 o
5 0.33 0.54 11.25 20.43 37.68
6 0:08w[& 2:° o527 [+ 0:54 10.7 O SN R0 g2 # 229 L ggionl, | 1©-53
7 (07 | e 0.27 [ 055 10:24 | o500 o100 | ©28 | ‘2875 | o4
8 o' |1 200 °-2; 0.56 9.74 ['©5%) 21.29 °-’§ 39,28 | 53
9 (5 W 2207 0¥58 oIo5) (R 9kl o0 g7 |1 22 I L89:8L: | 1©:53
0.02 oy ©.49 0.28 0.53
10 0.38 0.59 8.76 21.85 40.34
11 0.40 | ©°2 0.28 || g 61 8.29 | >471 2214 | 229 | 4087 | O53
12 olasl|? %23 0.28 || g4 88k i 2 22,42 | 2 41390 | %52
13 04655203 ©-27 1| 0.66 7.38 | ©45] 9970 | ©28 | 4199 | ©53
14 0/50] L2004 .28 || 69 6.94 | ©44| 2298 | ©28 | 4544 | O52
0.05 0.28 0.43 0.28 0.53
15 0.55 0.72 6.51 23.26 42.97
16 0.60 | 05 .28 || 76 609 | %4 9351 | ©28 | 4349 | 052
17 0.66 | ©° 0.28 || .89 569 | ©4°] 2381 °-’§ 4401 | ©52
18 ok e .29 || (.84 530 | ©391 2409 °-28 44,53 | ©52
19 -} om | o° o-28 || 0,88 493 | @371 2437 | >2° | 4504 | 251
0.08 0.29 0.36 (747 0.51
20 0.89 0.93 4.57 24.64 45.55
21 0.98 | 99 0.28 Il 097 oo il OSELE sotig] | [W2- 27415 46.06) | O:31
22 1,083,212 o295 [[sik0s SIROMN1PI38 he 25118 1 [w2-27 J| 46 57 I %51
23 RN 0.28 || 108 I 358 | 31 a545 | ©27 | 4707 | ©5°
24 180 % 211 0529 11 1.14 SIaBn MM ERR o570 | 227 | 4757 « | 959
0.13 0.28 0.28 0.27 0.50
25 1.43 1.20 3.00 25.99 48.07
26 1.56 | ©13 | 0.28 || 4 97 278 | 227 | 9625 | 926 | 4856 | 49
27 70" |y 014 | 029 || 1,34 OF48e | BOISRINRGRTA0" 1227 | 4906 | 249
28 1.86 | ©16 0.28 || 1741 295 | ©23| 2678 | ©26 | 4954 | ©49
29 9,02 | ©16 0.28 || 149 203 | ©22| 2704 | 926 | 5002 | ©43
o.17 0.28 . 0.21 - 0.26 0.48
30 2,19 1.56 1.82 27.30 50.50
31 215841 9 027 || 1.64 eeax. i 0191 =o75651 ) 225 | 50.97 | ,2:47
32 21578 ® <319 o527 i 1:78 1.46 Rl 115 97181 0.26 51.44 | ©47
33 R [ 2be 0.27 || 1.81 1.30 | ©16] 9806 | ©25 | 5191 | ©47
! 2. . 0.27 0.14 v 0.25 9. 0.47
3¢ 98 Bes 037 || 1.90 L16 | >4} 28.81 C 52.38 e
35 3.91 1.99 1.04 28.56 52.84
36 3.44 | ©23 0.26 || 909 || 5. 093 | @111 9880 | ©24 | 5329 | ©45
37 8.88 | 24 0.25 il 218 ¢ Qe O:CPETI o0 o [ 2247} 58740 | ©:45
38 3.93 | ©25 0.25 || 998 || 5. 0.76 | %98 9998 | o24 | 5418 | O44
89 419 | ©26 o.25 I 238 || 5. 0166) |[2iS7 W28 v 2 2HIlLL paiesl |=S45
0.27 0.24 0.035 ©.24 0.44
40 4.46 2.48 || 5.58 0.64 29.76 55.07
41 471 | ©28 o23 |l 258 | 5.54{ 0.60 RLAMIS 201g9) 18228 55.50 | ©43
42 BL0BLI" %29 °.23 | 2.69 {| 5.56 0.58 22 1 »80:28 B 28] 55.92 4208
43 383 (+o-38 o.22 || 279 |l 5.56 || 0.57 o-o1 1 30.46 =] 56.34 e
44 CLE N RS 021 H 2.90 || 5.56 [} '0.57 299 11,730: 68" <{n.2- 23] 56.76 42
0.31 0.20 Q.02 .22 0.41
45 5.95 3.00 || 5.56 0.59 30.90 57.17
46 6.28 | ©33 || ©.20 || 811 (| 5.55 0.61 Q021 B0 o O-22 ¢ B B BTN [1.2:40
47 6.61 | ©33 I o.19 1| 291 { 5.54 0L85) Al L5 s air aes Nlhe: 22 R FEo7 | 42
48 694 | ©-33 | o.18 || 339 |l 5,53 0.70 °.95 1 381.55 ey 58.36 239
49 73208 | $ 235 l o8 INRAVEHL EVGls SN Ok 2:07 ‘Phesl=ien ik 222" 58.76 | ©39
0.35 0.17 ‘ o.08 0.21 0.39
50 7.64 l 5.48 0.85 31.97 59.14




04 TABLES OF NEPTUNE.
TABLE. V. VL ViL
Arg. 1 2 3
Py | Diff. || Poy | Diff. || Pug || Pes év, | Diff. | e, | Diff. | v, | DI
” ” ” ” ” ” n 14 ” ” n ”
50 7.64 26.16 3.52 {| 5.48 0.85 81.97 59.14
51 800 | 36 laga1| @15/l 63| 545 o004 | *°9| s2a7 | %20} sope | 033
52 8.36 | ©36|'aga5| Ol 373 | 541 108 | %9 8288 [ @' | 58y | ©37
63 878 | o371 2650 o4 } 888 || 537 | L4 | >11f 3258 | o9 60.23 g;g
: Lol S 4 A : =+ 30 : ‘
54 91 | O35 126,71 | )7 || 8.92 || 6.33 126 | o] 8297 ool 06l | oS
55 9.49 26.82 4.02 || 5.28 1.39 32.96 60.96
56 9.87 | 381 age3| &1 |l 411 | 5.23 1568 | > 3316 | ©19| 6180 | ©3¢
57 10.26 | ©39 |l 27,02 | &9 |l 4.20 | 6.17 1.67 { &1 3334 | 19| 6163 [ ©33
58 1065 | ©39 ) 2710 % || 429 || a1 |f 1.83 | 6| 3358 | &38| g195 | 33
59 11.08 | ©4° | o7.07 | ©°7 || 4.88(| 5.04 2.00 | ©37] 3370 | '8 | e2.29 | ©33
0.40 o.06 o.18 0.17 0.32
60 11.45 27.28 4.46 || 4.97 2.18 83.87 62.61
61 11.85 | 4%/l o798 | &5 || 4.55 || 4.90 2:87 | ©39If 3diodr || 71T resigi| 30
62 12.25 | 949l o732 | &4 4| 4,62 || 4.82 2.56¢ | o197 gdor [FOPITHIE CBiaiN ST
63 | 1265 | °4° 9731 | %2 || ajo || 474l 276 | ©2°| 3437 | >8] g3z | 39
64 13.06 | o4 |l o736 | ©°2 |l 476 |[ 4.65 || 297 | &2 | 38458 | ®16| eagr | &9
0.41 0.00 o.21 c.16 o.29
65 13.47 27.36 4.83 || 4.57 3.18 34.69 64.10
66 13.88 | 4! o735 >OT il 4.89 || 4.48 8.40 | %22 | 3484 | O35} 6433 | OB
67 14.29 | 4!l o733 | 92} 4,94 || 4.39 8.68 | 231 3499 | @IS} 6465 | ©27
68 1470 | 4! || 97,09 | 41l 500 | 4.29 gr87-| GFel- 35ty || Sme Il ga.9yn [ 446
69 1510 | 40 |t 27795 | ©o4 || o4 || 420 |} 411 | >24| 38528 | ©14| e5a7 | ©26
0.41 c.06 0.25 o.14 0.24
70 15.51 27.19 5.00 || 4.10 4.36 85.42 65.41
71 15.92 | %4! h o732 97 || 5.18 || 8.99 4.61 | ©25} 3555 | ©I3f 65.65 | ©24
72 16.32 | 49 |l 27,04 | ©8 || 516 || 8.89 4.86 | ©35) 3508 | '3 | 6588 | ©23
73 16.72 | ©49 (1 26.95 [ 299 | 5.19 || 8.79 518 [°274 ‘35.81 |l GIIL[EEITON | MRS
74 1712 | o4 il oggy | ©11 || 522 369 || 5.8 | ©26] 8593 | ©I2| g6.82 | %22
0.39 o.12 0.27 o.11 o.21
(5! 17.51 26.72 5.24 || 8.58 5.66 86.04 66.53
76 17.90 |- ©39 [l 26,59 | ©!3 || 5.25 || 3.48 s’ | GmB i g0 < 13y anp | 19
77 18.29 | 939 |1 26,45 | T4}l 5.26 | 8.87 6121y 092Ny 86127 T S IR 166.99% || IGES
78 1867 | ©32 |l 2630 | '3 |[ .27 || 8.27 6:00 [ ¥29 ) geia7 [Fr1oil epnriel Sue
79 19.05 | ©38 || 26,14 | ©*6 || 527 || 8.16 || 678 | ©28] 36.47 | Oro| 67.28 | ©17
0.37 o.18 0.29 o.10 0.17
80 19.42 25.96 5.27 || 8.05 7.07 36.57 67.45
81 1078 | ©36 |l o578 | ©18 || 506 |l 295 | 7.36 | ©29| 2666 | °%9| 67.61 | °6
82 2014 | ©36 || 2558 | ©2° || 5.25 || 2.85 || 7.65 | ©291 3675 | *°9| 67.76 | ©I5
83 2049 | 35 |l 2587 | 31 [ 5.23 || 2.74 794 | %29k ges88 | o8| 67.91' | '%is
84 20.84 | ©35 |1 2515 | 22 || 5.21 |} 2.64 8.2¢ | o3o| ge91 [ o3} 6805 | %4
0.34 0.22 0.30 0.07 0.13
85 21.18 24.93 5.18 || 2.564 8.54 36.98 68.18
86 21.51 | ©33 |l 24,69 | ©24 || 5.15 || 2.45 8.83 | ©29] 387.05 [ ©°7| 68380 | ©oF2
87 21.83 | ©32 |l 24,44 | ©25 || 5.11 || 2.85 918 | ©3°} 8712 | o7 68.41 | Sr
83 2214 | o371 |l 2418 | ©26 || 5,07 || 2.25 948 | o30) 8718 | 006 eRaa | Sud
89 22.45 | ©31 |{ 23,01 27 | 5.02 || 2.16 9.78 | o3o] gr.2¢ | oo6| ¢80l | ©°9
0.29 0.27 0.29 ©.0§ ©.09
90 22.74 23.64 4,97 || 207 || 10.02 87.29 68.70
91 23.02 | ©28 || 2335 | 029 || 4.92 | 1.08| 1082 | ©30] 87.3¢ | o05| 6878 | 008
92 23.30 1 ©28 || 2306 | ©29 || 4.86 || 1.90 || 10.62 | ©3°] 37.38 | ©04| 6885 | o7
93 2356 | ©26 || 2275 | o3t || 480 || 1.82 || 10.02 | ©30] 87.42 | 04| B9l | ©.°6
94 2381 | ©25 || 22044 | o3t || 474 || 174 |} 1121 | 29| 8745 | 03| €897 | ©.06
[ o.24 0.32 0.30 0.03 0.05
95 24.05 22.12 4.67 || 1.66 || 1151 37.48 69.02
96 2498 | o23 [ 21.80| @32 || 460!l 1.59 || 11.80 [ ©29] 87.51 | ©°3 | 69.06 | 04
97 2450 | ©22 || 9147 | ©33 || 453 || 1.53 || 12.10 | o301 87.58 | o0z | 69.00 | 003
98 2471 | o2t || 2113 | o34 || 445 || 1.46 | 1238 | o-28] 3755 | 002 | ¢9.11 | o.02
99 2191 | ©20 | 2078 | ©35 || 437 || 1.40 | 12,67 | °29] 87.56 | °°!| €9.12 [ o-°!
©.19 0.35 ©.29 ©.0C ©.00
100 25.19 20.43 4.28 |l 1.85 || 12.96 37.56 69.12




TABLES OF NEPTUNE. 9
TABLE. V. VL VIIL.
Arg. 1 2 8
P,y | Diff || Pey | Diff. || Py || Pea d», | Diff. ov, | Diff. | v, | Diff.
” " " 4 " " v " " ”n n "

100 25.10 20.43 4.28 || 1.35 || 12.96 37.56 69.12
.16 Q. 0.28 o.01 0.00

101 26.26 | &0 1(20.08 | 33 1 4.20 || 1.30 || 13.24 37.67 69.12
102 | 2542 | ©26 l19i72 | 38| 431 | 1225 || 1852 | ©28 ) 376 | ©o'| goin1 | OO
108 25.57 g:g 19.35 gg; 4.02 || 1.21 | 13.79 g:; 87.56 | %01 69.00 g'g;

4 : . a 3 : A :

104 | 2570 | >3 M118.98 | O |} 3.93 || 117 1408 | OB 87.54 | COM| 69.06 | O3

105 25.82 18.61 3.84 || 1.14 || 14.34 37.53 69.02
106 25.92 | ©1° ll18.23 | 38 || 375 (| 111 || 1460 | ®26| 871 | ©°2| 6897 $2
107 26,02 | o729 |(17.86 | >37 || 3.65 | 1.00 || 14.87 | >27 | 87.48 | °°3| 6891 | >°U
108 26.10 | 000 |[17.47 | -39 4| 8.56 | 1.07 || 1618 | 70| B87.45 | 93| 6885 | °°
109 26.16 1 -2 (l17.00 | 30 (| 846 | 1.05 || 1588 | 25| 87.42 | %3 ) €878 | >°7
0.06 0.38 0.25 0.04 0.08

110 26.22 16.71 ’ 8.36 || 1.04 || 15.68 87.38 68.70
111 26.26 | ©°4 ll16.82 | >39 1l 3.27 || 1.04 {| 1587 | >24| 87.33 | >o5| eso2 | 8
112 26.28 | ©°2 111504 | ©28 || 817 || 1.04 || 1611 | ©24 | 8728 | >°5| e85z | OO
113 26.30 | ©°% 1116.66 | 3% || 8.07 || 1.04 {f 16.3¢ | >23 | 37.23 | o5 | ¢s.41 | O
114 26.29 | ©°1 111637 | 39 || 2.98 || 1.06 || 16.57 | ©23 | 3717 | 6} 830 | O!!
0.01 0.38 0.23 0.06 0.12

115 26.28 14.79 2.88 || 1.07 || 16.80 37.11 68.18
116 26.25 | ©°3 |i14.41 | 38 | 278 || 1.09 || 17.02 | ©22 | 387.05 | %96 o805 | O3
117 26.20 | ©°5 |[14.08 | ©38 || 260 || 1.11 || 17.24 | ®22 | s6.98 | ®°7{ er.01 | *14
118 26.15 | ©°5 |[18.65 | >38 || 260 || 114 || 17.44 | ©20| 3690 | 8| 6776 | OIS
w9} as.08 | o7 gy | o8l 251 || 148 || 1765 |2 | sesz | o8} gre1 | O3
0.08 0.37 i o.19 0.08 0.16

120 26.00 12.90 | 242 || 1.21 | 17.84 36.74 67.45
121 25.00 | ©1° (112,658 | ©37 || 234 || 1.26 || 18.08 | ©r9 | 86.65 | ©°9| 67.28 | °17
122 85.79 £ -1 Huosz Y a6 fl 996 || 130 || 18.22 | o194 86.55 | o1} er11 | OU7
128 25.67 | ©12 |(11.81 | 36 || 218 || 1.85 f 1840 | ©r8 | 3646 | ©°9| c6.92 | 19
124 - § 25.58 | ©Fd {1146 | o360l 230 [ 1.41 | 1857 | o7 | se35 | o1 6678 | °'9
0.14 0.35 o.17 0.11 0.20

125 25.40 11.10 2.08 || 1.46 || 18.74 36.24 66.53
126 95.24 | ©16 (10,76 | ©-34 1.95 | 1.52 || 18.89 | oI5 86.18 | ©-Ivi 186.32 9 21
127 25.07 | ©17 ({1042 | >34 1{ 1.80 || 1.59 || 19.05 | %6 | g6.02 | o1 ] 6p.10 | O22
128 24.89 | 18 1110.09 | 033 1.821 1:6Bull " 1909, ) 1214 ff [535.90 | %012 | i65.88 | ©:32
129 2470 | 194 997 | 324 176 || 1.73 {| 19.88 | ©-f4 | 38577 | ©I3] ¢5.65 | ©23
0.21 0.32 0.13 0.12 0.24

130 24.49 9.45 170 || 1.80 || 19.46 35.65 65.41
181 24.28 | 21 4 914 | o31 §j 1,65 || 1.88 | 19.59 | ©13 | 3551 [ o14] @517 | ©24
132 24,05 | ©23 || 884 | ©30 | 160 | 1.96 Il 1970 | ©11 ] 3538 | 13| 6491 | 026
133 28.82 | ©23 || 8.56 | ©29 || 1.55 || 2.04 || 19.82 | ©12 | 3524 | 14| 6465 | ©-26
134 28.57 | 25 || 8.27 | o283 | 161-) 212 || 1992 | Sto| 8500 | ©15| 6438 |.o27
0.26 0.27 0.10 o.15 0.28

135 23.31 8.00 147 || 2.21 || 20.02 34.94 64.10
136 28.04 | ©27 || 7.98 | 027 || 144 | 2.29 || 2011 | ©°9 | 8479 | ©Is} 63.81 | ©29
137 2277 | ©27 ||'7.48 | 25 || 1.41 || 2.38 || 20.19 | o8 | 3468 | 16} 6352 | ©29
13 2249 | ©28 | 7281 025 || 189 || 2.47 | 20.27 | @08 | 8447 | 016} g322 | O3°
139 2219 | ©3° 4 700 | o284 1.87 || 2.56 || 20.84 | ©o7 ] 84.31 | o16] e2.91 | °31
0.30 0.23 0.06 0.17 0.30

140 21.89 6.77 1.6 | 2.65 || 20.40 34.14 62.61
141 21.58 | 3% || 6,66 | o218 I§ 1.85 || 2.74 || 2046 | ©96 | 3397 [ o17] 6229 | 032
142 21.27 /| ©31 || 686 | ©20 [ 134 1| 2.88 || 20.50 | o4 | 3379 | o18{ 6106 | 33
143 2095 | ©32 || 617 | ©19 || 1.84 || 292 | 2054 | oo4 | 3361 | o181 6168 | ©33
144 20.63 | ©32 || 599 [ 18 || 185 || 8.01 || 20.68 | ©o4 | 3348 | o18] 6130 | o33
0.34 0.17 0.02 0.19 0.34

145 20.29 5.82 1.85 || 3.10 | 20.60 33.24 60.96
146 19.96 | ©33 | 5.67 | oIS |l 1.87 || 8.18 || 20.63 | ©o3 | 3305 | 19| 60.61 | ©35
147 19.61 | ©35 || 553 | o214 {1 1.89 || 8.27 || 20.64 | oo1 | 3285 | o20] 60.25 | ©36
148 19.26 | ©35 || 540 | ©13 )| 1.41 | 3.36 || 20.65 | oo1 | 3266 | o19| 659.89 | o-36
149 18.91 | ©35 || 528 | oIz | 1.44 || 3.44 || 20.65 | ©o0 | 3245 | o2I| 5952 | 37
0.35 o.11 0.00 0.20 0.38

150 18.56 5.17 1.47 || 8.52 || 20.65 82.25 59.14




96 TABLES OF NEPTUNE.
TABLE. W L VII.
Arg. 1 2 3
P,y | Diff. || P | Diff. || Pus || Pea vy Diff. dv, Diff. Jvg Diff.
" n n 4 n n n n " n n "

150 18.56 5.17 147 || 8.52 || 20.62 32.25 59.14
151 18.20 °'32 5.08 | 2211 1.60 |} 8.60 || 20.64 | ©°' | 3204 | 21| 5BTE | 39
152 17.84 | ©3° 01 5,00 | ©°° [1 1.54 | 3.68 || 20.62 | ©°* | @g1.88 | ©2!| 5836 | 39
153 17.47 | 370 4.98 | >°7 || 1.59 || 3.76 || 20.69 | >°3 | 8162 | ™21 {1 577 | 39
154 17.10 | :2-37 ) dug7 of . ©:°° il 3637 8:88 s #a0is6 MBSO a1 40 | ©-22[1.W57/57 | WOEO
0.36 0.04 0.04 LT 0.40

155 16.74 4.88 1.69 || 3.90 || 20.52 81.18 57.17
156 16.87 | 37 || 4.80 | *°3 [ 1.74 || 8.97 | 2048 [ >4} 3095 | *23| 5676 | O4!
157 16.00 | ©:37 [I" 479 | ©-°F {1 11804 4.080[| (90:43" | [%:°5 % 20k7e ] 222 I 156134, 142
158 | 1564 | 361 478 | o1 [l 185 || 4.09 || 2087 | ©°€| 8050 [ ©23| ho2 | 042
159 1627 | ©37 [l 479 | o1 || 302 || 415 | 20.81 [ ©%6| ‘goise | ©-241 5550 | O42
0.37 0.03 0.07 0.23 0.44

160 14.90 4.82 1.98 | 4.21 || 20.24 30.03 55.06
161 1454 | ©36 | 485 %03 || 205 | 426 || 2016 | ©°% | 20979 | o24] psee3 | 043
162 14.18 | 36| 490 | ©o5 |l 212 |l 430 || 20.08 | O3 | 2955 | ©24| 5418 | 045
163 13.82 | @361l 497 | ©°7 || 220 4.35 || 19.99 | ©°9 | 2931 | 24| 5374 | O44
164 13.46 | ©36 |l 504 | ©97 || 297 [} 439 || 19.90 | 9| 20.06 | ©25| 5329 | ©45
0.35 o.09 o.10 0.25 0.45

165 13.11 5.13 2.35 || 4.42 || 19.80 28.81 52.84
166 1276 | ©35 || 528 | ©1°|f 248 || 445 || 1970 | ©1°] 2856 | ©25| .38 | 046
167 12.42 | ©34 ({ 534 | ¥ || 251 448 || 19.60 | ¥ | 9830 | ©26| 5191 | °47
168 1208 | ©34 || 546 | ©12 4 259 || 450 | 19.48 | I | 2804 | °26| 5144 | 47
169 1174 | &34 || 560 | T4 | 267 || 4562 § 19.86 | ©I2 | 27.79 | ©25| 50.97 | ©47
0.33 0.14 0.12 0.27 0.47

170 11.41 5.74 2.76 || 4.58 || 19.24 27.52 50.50
171 11.09 | ©32 | 590 | ©16 1 2831 454 | 1921 | ©33| 2796 | °26| po.02 | O4t
172 10.77 | ©32 || 6.07 [ ©7 || 2.92|| 454 | 18938 | ©I3 | 2700 | °26| 4954 | 043
173 10.46 | 31 || 6.25 | ©18 |l 3.00| 4.54 || 1884 | 14| 2673 | 27| 49.05 | ©49
174 1016 | ©3° il 644 | 19| 3.08 || 458 || 1870 | 141 92646 | ©27 | 4856 | ©49
0.29 o.21 | 0.1§ 0.27 0.49

175 9.87 6.65 I 8.16 || 4.3 || 18.55 26.19 48.07
176 9.58 | °29 || 686 °27 |l 825 | 4.51 || 1840 | ©I5 | 26.92 | ©27| 4757 [ °-5°
177 9.81 | ©27 || 7.09 | ©23 || 333 || 449 || 18.24 { ©16 9564 | ©28 | 4707 | ©5°
178 9.04 | ©27 1l 738 ©23 || 341 || 4.47 || 18.09 | °15| 2587 | °27] 46.57 | ©5°
179 878 | %26 || 756 | o241l 349 1| 444 || 17.92 | ©17| 2500 | o28 | 46.06 | OS5
0.25 0.26 | 0.16 0.28 0.52

180 8.53 7.82 | 8.57 || 441 || 17.76 24.81 45.54
181 8.20 | ©24 | 808 | %26 | 364 || 4.88 || 17.59 [ ©17 | 2452 | ©29] 4503 | ©S5!
182 806 | ©23| 835 | °27 || 8.71 | 4.34 || 17.41 | ©18 | 24924 | 028 ] 4459 | o.51
183 7.84 | ©22 (| 862 | ©27 i 379 | 430, 17.24 | ©17 | 2396 | ©28] 4401 | oI
184 7.68 | ©21 | 891 | ©29 (i 385 | 425 | 1706 | 18| 32367 | 29| 4349 | ©52
0.20 0.29 | 0.18 0.28 0.52

185 7.43 9.20 [ 3.92 | 4.20 || 16.88 23.39 42.97
186 7.24 | 19|l 949 | 029 || 398 | 4.14 || 1670 | 38 | 2310 | ©29| 4244 | ©53
187 7.06 | ©18 || 980 | ©31 || 4.04 || 400 [| 16.561 | ©19 | 22.81 | ©29] 4192 | 52
188 6.90 | ©16 (10,11 { ©31 || 410 || 4.08 | 16.32 | 19| 2252 | ©29| 41.39 | ©53
189 6.756 | ©15 {[10.42 | ©31 || 415 || 8.96 || 16.18 | 29 | 2228 | °-29| 40.87 | ©-52
0.14 0.33 0.19 0.29 0.53

190 6.61 10.75 4.20 || 3.90 || 15.94 21.94 40.34
191 6.48 | ©13 111,07 | ©32 || 4.25 || 3.88 || 1575 4 ©19 [ 21.65 | ©29| 89.81 | ©.53
192 6.36 | ©12 [|11.40 | ©-33 || 4.29 | 3.76 || 1555 | ©2°1 21.36 | ©29| 89.28 | 053
193 6.26 | ©10 (11,74 | ©-34 || 4.33 || 3.69 || 15.86 | ©19 | 21.06 | ©3°| 8875 | ©33
194 6.17 | ©-°9 11208 | ©34 | 4.36 |l 8.61 || 1516 | ©2° | 20.77 | ©29| 3821 | ©.54
0.07 | 0.34. 0.20 C.30 0.53

195 6.10 ' 12.42 4.39 || 3.64 || 14.96 20.47 37.68
196 6.03 | 007 |l12.76 | ©-34 || 442 | 8.46 || 1476 | ©20 | 20.18 | ©29] 38714 | ©34
197 598 | ©.05 113,11 | ©-35 || 4.44 | 3.38 || 1456 | o20] 19.80 | o29| 8661 | ©353
198 5904 | o.04 (113,46 | ©-35 || 4.46 || 3.30 || 14.86 | o20| 19.59 | o30| 386.07 | ©-54
199 5.92 | ©02 (118,80 | ©34 || 448 {| 2.22 || 1436 | ©2°| 19.30 | ©29| 8554 [ 053
o.01 || 0.36 ©.20 ©.30 0.54

200 5.91 11436 4.49 | 3.18 || 18.96 19.00 35.00
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TABLE. VL VIiI.
Arg. 2 3
P,y | Diff. Py Diff. || Py || Pus vy Diff. v, Diff. vy Diff.
n ”n " ” ” " " n " ” " 4
200 5.91 14.16 4.49 || 3.13 13.96 19.00 35,00
201 591 | &%° 4 1451 | 35| 449 8.05 || 1376 | ©2°} 1870 [ ©3°| 3446 | 54
202 G 14.86 | ©35| 4.49 1 2.97 13.56 [ 2321 1841 | >*9 | 8393 | ™33
203 | 595 23|I 1521 | 35| 449 | 2.88 || 13.86 L2oN I8N T 1= 0:32 [risgiag - | OS54
204 600 93|l 1555 | 34| 448 2.80 || 1316 | >2°] 1782 | 29 | 3286 | ©53
0.06 0.35 0.19 0.29 0.54
205 6.06 15.90 447 || 2.72 12.97 17.53 32.32
206 | 632 %6\ 1625 | 35| 445 264 | 1277 | ©2°| 1728 | ©3° | s179 | ©53
207 6.21 | %9 || 16.60 | 341 448 2.66 || 1267 | >?*°1 16.94 | ©29 | 3125 [ ©54
208 1680 %91 16.93 | 34| 441 248 12.38 | >!9} 16.64 | ©3°| 3072 | °53
209 | 641 >0l 17.27 | @34 438 241 || 1219 | &9 16.85 | ©29 ] 30.19 | °53
o.12 0.33 o.19 0.29 0.53
210 6.53 17.60 4.34 || 2.33 12.00 16.06 29.66
211 6.65 | &2 1 q7.08 | 233 il 431 | 2.26 MBIl S A S s ! 222 K 20.18 1 [119:53
212 6.80 °-’g 18.26 | 33 1| 427 (| 219 16ad | 2 190k #1548, [.©:22 I+ 'g8.61 | 252
213 6.96 | Is 18.57 | 93 |l 422 213 14 gt (S 'g 1519 | ©29 | 28.08 | 353
214 7A14s (LS 18.89 | 3% | 417 || 2.06 || 1125 | ©! Taig0 Ik %220 Khansep ' [12752
0.18 0.31 0.18 0.29 0.53
215 7.32 19.20 412 ]| 2.00 11.07 14.61 27.03
216 | 7.51 [ @191 1950 | %3°)| 407 1.94 || 1080 | >8] 1483 | 028 | o651 | O52
217 | 772 | >20 | 1979 | 291 401 188 || 1072 | 7)1 1404 | ©23 ] 2699 | °5%
218 | 7.04 | 27 2008 | ©23 1| 895 183 | 1055 | 7] 1876 | O20 ] 2548 | °5
219 | 816 | >2* || 2036 | 28 |l 38| 1.78 || 10.38 | ™!7| 1348 | %28 } 2496 | 052
0.24 0.27 0.16 0.29 0.51
220 8.40 20.63 3.82 || 1.73 10.22 13.19 24.45
291 8.65 °-’g | 20.90 | ©2*7 |l 875 | 1.69 10,06 | ©16| 1291 | ©28 | 923094 | 052
222 | gop | o2 21.15 | ©25 || 368 || 1.65 9.90 | 161 j263 | ©28 1 9343 | o5t
223 918, {§ %27 21.40 | 251 3.60 || 1.62 974 | ©16| 1236 | ©27 | 9293 | o5°
224 9.45 | 27 || 21,64 | ©24| 3.53 || 1.59 950 | ©15| 1208 | ©28 | 2943 | o5°
0.29 0.23 0.1§ 0.27 0.50
225 9.74 21.87 3.45 || 1.56 9.44 11.81 21.93
226 1004 | ©3°|f 22,08 | 2! 337 1.54 930 | %X 1134 | °27 | 2144 | ©49
227 110.84 | ©-3° |1 922,29 | ©2I | 3991 1.52 GNTan 1l eitAl T2 SlF ©:27 ks 20.95) | 2949
228 |10.65 | 3!\ 22,49 | 201l 392 | 1.50 9.08 | >3] 11.00 | >27 1 2046 | 49
2290 11097 | >32 | 92,67 | ©:3 | 314 || 1.49 890 | 13| 1074 | >26 | 1998 | 048
0.33 o.18 o.12 0.26 0.48
230 |11.80 22.85 3.06 || 1.49 8.78 10.48 19.50
281 T 168! || ©:39 23.01 | ©16 |l 297 || 1.49 8.66 | ¥ { 1021 | 27| 19.03 | °47
232 11197 | ©34 1 92316 | 15| 2.89 | 1.49 Sy b onr2 096l if* .26 185564 [9:47
233 |12.82 | ©35 | 23.80 | ©¥4 | 2.81 | 1.50 8lqgl ype:ro 9.70 | ©26 | 18.09 [ ©47
234 [12.67 | 35| 2342 | o2 |l 2773 || 1.51 883 | 11 ] g44 | ©26| 3762 | O47
0.36 o.12 0.09 0.25 0.46
235 |18.03 23.64 | 2.65 || 1.58 8.24 9.19 17.16
236 |13.39 | ©36 28.64 [ o101l 957 [i 1.56 T4R [ ‘erro gig4" Y025 16.71 | ©45
237 1376 | ©37 1| 2378 | °°9 || 2.49 || 1.68 8.06 | ©08 8.60 | ©25 | 16.26 | 45
238 [14.12 °-38 23.81 0.08 | 942 || 1.60 HoTjretey 8.45 | ©24 | 1582 | ©44
239 {14.50 | ©3 23.87 | ©°6 1 234 | 1.64 7.90 | ©©°7 8.21 | ©24 | 1537 | %45
0.37 0.06 0.07 0.24 0.43
210 |14.87 23.93 2.27 || 1.68 7.83 7.97 14.94
241 J15.25 | ©38 23.96 | °°3i 220 | 1.72 7.77 | ©-°6 wadiame-23 14.60 | ©-44
242 |15.63 | ©38 || 2309 | ©03| 2713 ( 1.76 771 | ©°6F 750 | ©24 | 1408 | °42
243 {16.01 | ©38 24.00 | ©°! | 2,06 | 1.81 786 J'9:% E2 08222 13.66 | ©42
244 |16.39 | ©38 24.00 | ©°° | 2,00 || 1.87 7.61 OfAs 7,064 %228 18: 24" | 49-42
0.38 o.01 0.04 0.23 0.41
245 116.77 23.99 1.93 || 1.92 7.57 6.82 12.83
246 |17.16 | ©-32 23.96 | ©°3| 1.88{ 1.98 Tasds || 19793 6.60 | ©-22 19543 | 59740
247, |17.54 | ©-38 23.92 | ©°4 | 1.82 { 2.04 WEDY \[e:0 GY3g) 222 NPI0R £,
248 f17.92 | ©-38 || 2386 | °o6 | 1.77 {| 2.1 TR5 03| 1er02 et17 iwe-2Ir Erved | 10-39
249 }18.30 | ©38 23.79 | ©°7 || 1.72 || 2.18 wass (o0 5196 21 1.26) 239
0.37 0.08 0.00 0.21 0.39
250 §18.67 23.71 1.67 || 2.25 7.48 5.75 10.86
13 May, 1865.
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TABLE. VI. VI
Arg. 2 3
Py Diff. || P,y | Diff. || Pos || Pes v, Diff. dv, Diff. vy Diff.
”n ”n ” " ”n ” n ” 4 ” ” ”n
250 18.67 23.71 1.67 || 2.25 7.48 5.75 10.86
251 19.05 | 38 |l ag62 | ©°9 | 1.63 || 2.32 747" | 88t 555 | @2°| 1048 | ©38
252 19.42 | 237 || 2851 | >17 || 1.59 || 2.40 7.48 gg; 5.34' A 972! I 1oM °-3g
253 19.78 2'27 283.39 g:; 1.55 || 2.48 T80 4 S5 5.15 :;g 9.75 g; .
9 D J 99 o, . D) 9 5O . . .
254 20,18 1, 5. 36 || 23.26 e 1.52 (| 2.56 7.52 | oor 4.95 -y 9.39 g 4
255 20.51 23.11 1.50 || 2.64 7.54 4.76 9.04
256 20.86 | 35| 22.96 °~’§ 1.48 || 2.72 758, 1St 4.57 °-‘g 870 | ©34
257 21.21 | ©35 | 22.78 °~’8 1.46 || 2.81 761 1 [ e:23 4.39 °-’8 8.87 | ©33
258 2155 | 934 2260} ' 1.44 || 2.90 7. 6611|4805 421 | o4 8.04 | ©33
259 21.89 | @34 (2241 ©'9 | 1.43 || 2.98 7ol (885 403 | °! 7| #S:a3
0.33 0.20 0.06 0.17 - 0.32
260 29,22 22.21 1.43 || 8.07 7.77 3,86 7.39
261 22,55 | ©33 (1 21.99 | ©2* || 1.48 {| 3.16 784 (5297 3.69 °"g 7.00 | ©3°
262 22.86 | 31 /| 21,76 | 23 | 1.43 || 3.25 sl of 807 8.53 [ >1° .78 JfmS:3!
263 2317 | 3 [ho1.82 |24 |l 1,44 [ 3:88 TA99, 412 | B " 6.48. | ©3°
264 23.47 | 39 {2197 | @25 1| 1.46'(] 3.42 8.08 | ©°9 301 gl 6.19 | ©29
0.29 0.26 0.09 0.15 0.29
265 23.76 21.01 1.47 || 3.51 8.17 3.06 5.90
266 24.04 °-’§ 20.74 | 27 || 1.50 || 3.59 gog | &1l 291 | ©35| 562 | ©28
267 24.32 | ©28 llogige | 28 || 152 | 3.68 8,38 [ei2:49 DL67 PR BB 5 (0527
258 2458 | %261 2097 | ©29|| 156 || 3.76 | 850 | >*| 262 | %] o9 | 026
269 2483 | 25| 19,87 | ©3° || 159 | 3.85 862 | ©121 249 [ 913] 4g3 | ©26
0.25 o.30 o.12 o.14 0.24
270 25.08 19.57 1.63 || 3.93 8.74 2.35 4.59
271 2581 | @231 19.25 | ©3% | 1.68 || 4.01 8.8 | °14 098! IOz 4.35 | °:24
272 25.68 | ©22 1 18.93 | ©32 (I 1.72 || 4.08 9.02 |,°14 2400 17913 412 | ©23
273 25.74 | ©2! | 18,59 | ©-34{l 1.78 || 4.16 N7 | RS 1.98! | 1S:12 3.90 | ©22
274 25.93 | ©19 1 18.26 | ©33 {| 1.83 || 4.23 0:82 + [R5 T |ds 3.68 | ©-22
0.19 0.35 0.16 o.11 0.21
275 26.12 17.91 1.89 || 4.30 9.48 1.76 3.47
276 26.29 | 7 || 17.56 | ©35-|[ 1.96 || 4.36 (1145 | ISPEY 1:66 - {| 3214 3.27 | o320
277 26.46 | °137 ([ 17.20 | 36 || 2.02 || 4.43 QIRRT IS W R 3.08 | ©¥9
278 26.60 | 411684 | ©36| 209 (| 449 [ 1000 | ©!8] 145 | ©°9 | 289 [ ©19
279 26.74 | ©34 1 16.47 | ©37 ll 2.16 || 4.55 10.19 | °19 135" 3| =S HED 27ohl 4
Q.13 0.38 0.19 0.09 o.17
280 26.87 16.09 2.24 || 4.60 || 10.38 1.26 2.55
281 26.98 | 1 |l 15,71 ] 38 i 2.32 |[ 4.65 10.57 220 118 | o8 2.39 | ©.16
282 27.07 | ©°9 |l 15.83 | ©-38 || 2.40 || 4.69 10.78 | ©-2! 1.10 | ©-°8 2 .28} | ¥o5
283 27.16 | ©9°9 |[ 14.94 | ©39 | 248 || 473 || 1098 | ©2°| 1.02 | ©°8 2.09 | ©15
284 | 27.28 | ©°7 || 14.55 | ©39 (| 2.57 || 4.77 11520+ 5{02= 0.98:11| 527 1795 Rl S
0.06 0.39 0.22 0.06 0.13
285 27.29 14.16 2.66 || 4.80 || 11.42 0.89 1.82
286 27.84 | °95 ([ 13,77 | ©32 || 2.75 | 4.88 LT R 0.83 °-°g 1.70 | ©.12
287 27.37 | 9931387 ©4° | 2.84 || 4.85 Ty = Q. Jl °:° 1.59 | ©-11
288 27.38 O.01 | 12,97 | 940 (| 293 (| 4.87 12.10 +| +2:23 0.71 0.06 1.48 | ©-11
289 27.39 | ©-°F 1 1258 | ©39 || 3.03 || 4.88 12.84 | R4 0.67 Qo 1.38 | ©o-1°
0,01 0.40 0.25 0.0% 0.08
290 27.38 12.18 3.12 || 4.89 || 12.59 0.62 1.30
291 27.85 | ©°3 || 11.78 | ©-4° || 3.21 || 4.90 || 12.84 | ©-25 0.58 | %04 1.22 | ©.08
292 27.81 | ©°4 || 11.88 | ©4° || 3.31 || 4.90 | 13.09 | ©-25 0.55 | ©-°3 1.15 | ©-07
293 27.26 | ©°5 |1 10.98 | ©4° || 840 || 4.90 || 18.84 | ©325 0.52 | ©-°3 1.09 | ©-06
294 27.20 | ©°6 || 10.58 | ©4° || 8.50 || 4.89 || 13.60 | ©-26 0.49 | ©°3 1.03 | ©.06
0.08 0.39 0.27 0.02 0.05
295 27.12 10.19 8.59 || 4.87 || 13.87 0.47 0.98
296 27.03 | ©°9 || 980! 391 3.69 | 4.85 | 14.18 | ©-26 0.46 | o1 0.94 | ©-°4
297 26.92 | oIt )| 941 | ©39 i 3.78 || 4.83 || 14.40 | 327 0.44 | ©-02 0.91 | ©-°3
298 26.80 | ©12 | 903 ©39 | 3.87| 4.8 || 1468 | ©28 0.44 | ©-°° 0.89 | ©o-02
299 26.67 | ©13 | 864 ©38 | 3.96| 4.76| 1495 | ©27 0.43 | ©-°1 0.88 | o.o1
o.14 0,38 0.28 0.01 ©0.00
300 26.53 8.26 4.06 || 4731 15.28 0.44 0.88
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TABLE. V. VI. VII.
Arg. 1 2 3
Py Diff. || Py | Diff. || Pz || Pes v, Diff. v, Diff. dv, Diff.
”n ” " n ” ” " n n ” n n
300 26.53 8.26 4.08 || 4.73 [| 15.23 0.44 0.88
so1 | 2637 | O | 7.80| %37 | 414 | 468 | 1551 | 28| o044 | | os8 | @
302 | 2620 | &37 1l 7.52 | >37 || 4.28 (| 464 || 1580 | >3 | 045 | >} 083 | >
303 26.02 | > 7.16 8'26 4.31 || 4.59 || 16.08 g':g gl 0% 0.91 :g;
4 N , g : !
304 25.82 | 020 || 680 | o3 440 || 443 || 16.37 | >33 0.40 | OO 0.94 | 03
305 25.62 6.45 4.47 || 4.47 || 16.65 0.52 0.98
306 2540 | 2% || 6,30 | ©35 | 455 4.41 ) 16.95 | ©3° 0:55%8 |- 253 198 | °°f
307 25.17 | ©23 || 576 | @34 ) 4.62 || 4.34 Qi ] 029 0168 I 293 1.09 °-°6
308 2492 | &35 |l 543 | @33 || 4.69 || 427 || 17.58 | %9 0:62" |1 %24 Tol5= {p0:0
309 24,67 | ©25 1 511 | ©32 |l 476 || 420 || 17.82 | ©29 0.66 | ©°4 122 49:07
0.26 0.31 0.30 0.05 0.08
310 24.41 4.80 4.83 || 412 || 1812 0.71 1.30
311 2014 | %27 | 449 | &31 |l 480 || 4.04 || 1841 | %29 o076 | 95| 138 | o8
312 23.85 | 29 |l 419 | °3° | 494 || 396 || 1871 | >3°| o082 | >°°| 148 | *1°
313 28.66 | 29 || 390 | >33 1| 5.00 (| 8.87 || 19.00 | >29 | o088 | °° 160 f o1
314 2826 | 3% |l 862 ™2° || 605 3.78 || 19.20 | >291 o095 | 297} 170 [ !
0.32 0.27 0.29 0.07 0.12
315 22.94 3.35 5.09 || 3.69 || 19.58 1.02 1.82
316 22.62 | 3211 3.08 | °°7 || 513 | 8.59 || 19.87 | 29| 109 | >°7 | 1.95 | °73
317 922,29 | ©33 |l 283 | ©25 | 517 || 3.50 || 20.16 | ©-29 Ll M [ 2:00, [ Sl
318 21.95 | 34 ([ 259 [ 24l 520 | 840 || 2045 | 22 a3l Q1 ¥ dige b o
319 21.61 | 3¢l 236 | >231) 528 || 8.30 || 2078 | 28] 134 %99 | 239 | OIS
0.36 0.22 | 0.29 0.09 0.16
320 21.25 2.14 5.25.|| 3.20 [ 21.02 1.43 2.55
821 2089 | °36j 1,03 | ©21 1l 5271 8.10( 21.29 | ©27| 158 | ©r°]| a2 | o17
322 2053 | ©361 173 | %201l 528 || 2.09 || 21.57 | ©28 168 | ®1°] 290 | o18
3e3 20.15 | ©38 | 154 | ©19 || 5.29 || 2.89 21.84 | ©27 178 1 RIS KO 8:080" [k %19
324 19.78 | ©37 || 1.86 .18 || 5.30 || 278 || 22.12 | ©o-28 184 | o011 3.28 | ©19
0.39 o.16 0.26 o.12 0.20
25 19.39 1.20 5.29 || 2.68 || 22.38 1.96 8.48
326 19.00 | 39 (| 1.04 | ©16 |l 529 | 257 || 2265 | 27 ] 207 | &1 | ayo [ o32
327 18.61 | ©39 | 0.90 | ©'4 | 5.28 || 2.46 20,91 | ©-26 241031 > 8927 (W22
328 18.22 | ©39 1| 0.77 { ©13 (| 5.26 || 2.86 || 23.16 | ©-25 28OV [8e-13 Tai | e
$29 17.82 | 49} 0.65 | T2 Il 5.24 I 2.25 28YATLNINO- 25 2i45) ||| 013 4.3 ol 9-23
0.41 0.11 ©.25 0.13 0.24
330 17.41 0.54 5.22 (| 2.15 | 28.66 2.58 4.61
331 17.01 | ©4° |l 0.45 { ©°9 || 5.19 || 2.05 23.90 | ©-24 N2 dIN T4, 4.85 | °-%4
332 . 16.60 | °4! || 0.86 | ©°9 || 5.15 || 1.95 24.13 | ©:33 N8G9 14 5.11 | ©-26
33: 16.19 | 4! |l 0.29 | ©°7 ;i 5.12 | 1.85 24.86 | 1°-23 3.01 UG 6.37 |. 026
334 15.78 | 41 || 0.24 | @95 || 5.07 || 1.75 || 24.58 | ©-22 Sl ARG 5.64 | ©27
0.41 0.05 0.22 o.15 “| o.28
335 15.87 0.19 5.02 || 1.65 || 24.80 3.31 5.92
336 14.95 | ©42 || 0.6 | 9°3 i 4.97 [| 1.56 || 25.00 | ©2° 3.47 | .16 GI2108 1729
33 14.54 | ©4r || 018 | ©°3 || 492 || 1.47 || 25.21 | o21 3.63 | o-16 6.60 | 29
338 14.18 | 41 [| 0,12 [ ©°r || 4.85 | 1.88 || 25.40 | ©19 3.79 | 016 6.80 | ©3°
339 1372 | %41 11 012 | ©°° [ 479 |[ 1.29 || 25.59 | ©I9 3.96 | °17 a1l [e-31
0.41 0.01 0.17 0.17 0.30
340 13.31 0.13 472 || 1.21 || <25.76 4.13 7.41
311 12.90 | 4% {1 0.16 | ©°3 || 4.65 | 1.18 || 25.98 | ©17 4.30 | ©17 Tae) [Fo:32
342 1249 | o41 |l 019 | %03 || 457 || 1.05 || 26.09 | ©16 4.48 | 018 8.06 | ©33
313 12.00 | %40 |l 0.24 | 95 || 4.49 | 0.98 || 26.24 | ©I5 4.66 | ©o-18 8.39 | ©33
344 11.69 | ©4° || 0.30 | 06 || 4.41 | o0.91 || 26.89 | ©15 4.85 | ©I19 81724 2IWC:33
0.40 0.07 0.13 0.19 .34
345 11.29 0.87 432 | 0.85 || 26.52 5.04 9.06
346 10.89 | ©4° | 0.46 | ©°9 || 424 | 0.79 || 26.65 | ©I3 5.23 | ©19 9.41 | ©35%
347 10.60 | ©39 lf 0.65 | ©°9 (| 4.15| 0.73 || 26.76 | o1 5.42 | ©19 9.77 | ©-36
348 1012 | ©38 | 0.65 | ©I° | 4.05| 0.68 | 26.86 | ©1° 5.62 | 20| 1013 | 36
349 9.78 | ©39 1 077 | 12 |l 3.96 | 0.68 || 26.95 | °©°9 5.83 | °21 | 10.50 | ©37
0.38 0.12 o.08 0.20 0.38
350 9.35 0.89 3.86 || 0.59 || 27.08 8.03 10.88




100 TABLES OF NEPTUNE.
TABLE. V. VI. V11
Arg. 1 2 3
P,; | Diff. B Diff. || P || Pos vy Diff. du, Diff. duy Diff.
" ” ” " ”n ” n n " n " "
350 9.35 0.89 3.86 || 0.59 27.03 6.03 10.88
851 |8o98| ™3Il 103 | &Ml a7 055l 27.00 | &%) o4 | 221 ] 1126 | 038
g2 | sz | &6 117 | oI5 ge6 |l 052 |l eras | @061 645 | 021 | 116 | o4
353 | 8.26 2; & 132 | 215 3.56 || 0.49 || 27.20 ggg 6.66 | > | 12.05 gig
= = b ; = : : £
354 7.90 - 148 | 210 || 8.46 || 0.47 27.23 - 688 | o> | 1246 | O ¥
355 7.56 1.66 3.36 {| 0.45 27.26 7.10 12.85
356 g9 [ °:34 183 | >'7 |l 326 (| 0.43 || 27.27 | ©°! 230 MIRQ:22 Iy 418,26 | 10:4T
357 6.89 | 33 202 | ©191 315 0.42 27054 2P 755 w238 1 11888 4} 1042
358 6.56 | 33 229 | %21 305 | 0.42 27:054 W 249 T8 |- 28 |1, a o2
359 6:25 [}0:3¢ 2,49 | 20| 295 || 0.42 27.22 1 993 8101 |28 G50 « | 1042
0.31 0.21 0.04 0.23 0.43
360 5.94 2.63 2.85 || 0.42 27.18 8.24 14.95
361 | 5.64 | ©3° 285 | %22 | 275 { 0.43 27.12 | ©-°6 8.48 | 224 U5 i29n N A0t
362 5,35 | ©29 3.07 | &% | 264 | 0.44 27.05 °-°g 872 | %24 | 1584 | ©45
363 5.06 | ©-29 3.30 | ©23 |l 254 | 0.46 26.97. | 22 896 | %24 | 1698 | °44
364 dx79) [ 920 3.54 | ©*4 |l 245 || 0.48 26.86 | ! 9:29 1 23T dsl7a N2 Sds
0.26 0.24 0.11 0.24 0.45
365 4.53 3.78 2.35 || 0.50 26.75 9.44 17.18
366 | 427 | ©264| 403 | o251l 226 053 || 2662 | 13| o969 | ©25 | 1764 | O46
367 4081l 224 498 | ©325 1 216 || 0.57 26.47 | © 'g oo JIt-25 HESIBMT || A2t7
368 gha [ 924 4.563 | 25 || 2.07 || 0.60 26,31 | © ‘8 10.19 °-zg 18.68 | €47
369 356, |94 479 | °26i 1.98 || 0.65 26418) || 2% 10.45 | ©2 19.05 | €47
0.21 0.26 0.19 0.2§ 0.47
370 3.35 5.05 1.89 I 0.69 25.94 10.70 19.52
371 | 3.14 | ©2! 531 | ©26 1.81 )| 074 || 2574 | ©2°| 10.96 °-’g 20.00 °-4§
372 oigaf [F 2429 5.58 | ©27 (| 1.72 || 0.79 965y || X8 41' “TiERRt SN e | 2048 o
373 275\ [ 919 5.85 | ©27 || 1.65 || 0.84 S5:27 |} 1234 1 1148 Ape- 20.97 | ©49
374 2068 | 917 6.12 | °27 | 1.57 || 0.90 25.02 | 251 11756 | 27 | 2146 | ©¥9
0.17 0.27 %7 0.26 0.49
375 2.41 6.39 1.50 || 0.96 24,75 12.01 21.95
376 294 | 2417 6.66 | ©27 It 1.42 | 1.02 2446 | ©29| 12.28 | °27 22,44 | 949
377 2.09 | ©15 694 | ©28 11 1.36 (1 1.08 || 2416 | ©3°| 12555 | @27 | 2204 | ©5°
378 1.95 | ©14 7.22 | 228 11 129 [ 1.15 23.84 | 32| 1282 | ©27 | 2344 | ©5°
379 | 181 o4 7.49 | ©27 |l 123 1.21 || 2351 | 33| 1309 [ &27 | 23.95 | >3
0.13 0.28 0.35 0.27 0.51
380 1.68 7.97 1.17 || 1.28 23.16 '13.36 24.46
381 1.56 | 212 8.04 | ©27 | 1.11 {| 1.35 22.80 | ©38| 1363 | ©27 24.97 || Sa5d
382 | 1.45 | o1 g3z | 281l 1.06 || 1.42 || 2242 | ©3%8] 13.01 °-’§ 25,48 | ©51
383 14841 [ S 8.60 0.28 il 701 || 1.49 22.03 ©:39 14819 ||pS:* 25.99 ChG
384 | 1.24 | O1° 888 | >28| 096 | 1.57 || 21.62 | 41| 1446 | ©27 ] 2651 | ©352
0.09 Q.27 0.41 0.28 0.52
385 1.15 9.15 0.92 || 1.64 21.21 14.74 27.03
386 1.06 | ©-°2 9.43 | 28| 087 || 1.72 20.77 o441 15.02 “2 27.56 2-53
387 0.98 | o8 9,70 | ©27 || 0.83 {| 1.79 20.33 o-44 1 15!30 i 22 g 28.08 0-5z
388 0.91 | °-°7 9.908 | ©28 | 0.79 || 1.87 19.88 | ©45| 15.58 Ms 28,61 -52
389 0:84 | 227 10.25 | °27 || 0.76 || 1.95 19.42 | ©46] 1586 | ©2 2O NG 2
0.06 0.27 | 0.48 | - 0.29 B0
390 0.78 10.52 0.72 || 2.08 18.94 16.15 29.66
301 |or2] oo 1079 | ©27 070 210| 1846 | 243 | 1643 °-=§ 30,19 | ©53
392 0.67 | ©°5 11.06 °.27 1| 0.67 || 2.18 17.97 °-49 1 16,71 0.2 30.72 258
393 0.62 | ©°5 11.34 | ©28 || 0.64 || 2.26 17.47 QSR weTi7:00 b 2 22, 31.25 GOl
394 0.57 | ©-°5 11.60 | °26 || 0.62 | 2.35 1697 | o5°] 1728 | ©28 | 3179 | o354
0.04 0.28 0.52 0.29 (h 55
395 0.53 11.88 0.60 || 2.43 16.45 17.57 32,32
396 0:60 | €3 12.14 0.26 || 0.59 || 2.51 1594 | ©5'] 17.86 °-zg 32.86 | ©-54
397 0.46 | ©-°4 12.42 | ©28 || .57 || 2.59 15.42 o.52 1 18,14 | °2 33.39 | ©53
398 0.43 | ©:°3 12.68 0.26 || .56 || 2.67 14.90 | 52| 18.43 °-2g 33.93 2-54
399 0.41 | °°2 || 12,95 | ©27 | Q.65 || 2.75 14.3% .| 5800 1857 B, 243 34.46 -53
0.03 Q.27 0.52 0.29 0.54
400 0.38 13.22 0.54 || 2.83 13.85 19.00 35.00
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TasLe. | VII1. | 1IX. X, XI. XII. | X111, | TaBre. | VIIL. | 1X. X. XI. XI1L | XIIT.

Arg. 4 5 (3} 7 8 9 Arg. 4 5 (] 7 8 9
dv, dv, dvg o, dvg S, do, dvg dvg b, by do,

” ” ”n " ” ” ” n ” ” ” n
0 0.08 | 0.15 | 0.94 | 0.94 | 0.30 | 0.80 200 1.12 | 0.05 | 0.06 | 1.26 | 0.10 | 0.20
10 0.08 | 0.14 | 0.96 | 1.06 | 0.28 | 0.84 210 1.12 | 0.06 { 0.04 | 1.14 | 0.12 | 0.16
20 0.10 | 0.18 | 0.97 | 1.19 { 0.26 | 0.88 220 1.10 | 0.07 | 0.08 | 1.01 | 0.14 | 0.12
30 0.18 | 0.12 | 0.96 | 1.81 | 0.24 | 0.91 230 1.07 | 0.08 | 0.04 | 0.89 [ 0.16 | 0.09
40 0.18 1 0.10 | 0.95 | 1.483 | 0.22 | 0.98 240 1.02 | 0.10 | 0.05 | 0.77 | 0.18 | 0.07
50 0.23 1 0.09 [ 0,98 | 1.54 | 0.20 | 0.94 250 |-0.97 | 0.11 | 0.07 | 0.66 | 0.20 | 0.06
60 029! 008 [ 0.89 | 1.64 | 0.18 | 0.94 260 091 | 0.12 | 0.11 | 0.56 | 0.22 | 0.06
70 0.36 | 0.07 | 0.85 | 1.72 | 0.15 | 0.98 270 0.84 | 0.13 | 0.15 | 0.48 | 0.25 | 0.07
80 0.44 | 0.06 | 0.79 | 1.79 | 0.13 | 0.90 280 0.76 | 0.14 | 0.21 | 0.41 | 0.27 | 0.10
90 0.52 | 0.05 | 0.78 | 1.85 | 0.12 | 0.87 290 0.68 | 0.15 | 0.27 | 0.35 ] 0.28 | 0.18
100 0.60 | 0.04 | 0.67 | 1.88 | 0.10 | 0.83 300 0.60 | 0.16 | 0.33 | 0.32 | 0.830 | 0.17
110 0.68 | 0.04 | 0.60 | 1.90 | 0.09 { 0.78 310 0.52 | 0.16 | 0.40 | 0.30 | 0.31 | 0.22
120 *0.76 { 0.03 | 0.52 | 1.90 | 0.08 | 0.72 320 0.44 | 0.17 | 0.48 | 0.30 | 0.32 | 0.28
130 0.84 | 0.08 | 0.45 | 1.87 | 0.07 | 0.66 330 0.36 | 0.17 [ 0.55 | 0.33 | 0.33 | 0.834
140 091 | 0.08 | 0.38 | 1.83 | 0.06 | 0.59 340 0.29 | 0.17 | 0.62 | 0.37 | 0.84 | 0.41
150 0.97 | 0.03 | 0.31 1.77 |} 0.06 | 0.52 350 0.28 1 0.17 | 0.69 | 0.43 | 0.34 | 0.48
160 1.02 | 0.08 | 0.25 | 1.69 | 0.06 | 0.45 360 0.18 | 0.17 | 0.76 | 0.51 | 0.84 | 0.65
170 1.07 | 0.03 | 0.19 | 1.60 | 0.07 | 0.38 370 0.13 | 0.17 | 0.81 | 0.60 | 0.33 | 0.62
180 1.10 { 0.04 | 0.14 | 1.50 | 0.07 | 0.32 380 0.10 | 0.16 | 0.86 | 0.70 | 0.83 | 0.68
190 1.12 | 0.056 | 0.09 | 1.40 { 0.09 | 0.26 390 0.08 | 0.156 | 0.91 | 0.80 | 0.31 | 0.74
200 1.12 | 0.05 | 0.06 | 1.26 | 0.10 | 0.20 400 0.08 | 0.15 { 0.94 | 0.94 | 0.30 | 0.80

If the date is

carlier than 1779, Jan. 4, or later than 1943, Oect. 15, the
values of /; and P,; must be corrected as follows, the argument being the

TABLE XIV.

yea.r J
Year. AP, AP, Year. AP,y AP, Year. AP, AP,
” "

1614.2 | —56.83 | —31.88 1700.0 | —65.57 | —24.94 19438 | 47287 | 4 16.62
16200 | —57.4¢ | —31.48 1710.0 | —66.58 | —24.02 1950.0 47839 | 4 15.88
1630.0 | —5849 | —30.78 1720.0 | —67.50 | — 23.04 1960.0 + 74.21 4 14.68
1640.0 | —59.52 | —29.98 17300 | —6846 | —22.04 1970.0 | +75.02 | +18.44
1650.0 | —60.56 | —29.18 1740.0 | —69.40 | —21.00 1980.0 + 75.81 +12.18
1660.0 | —61.58 | —28.86 1750.0) |L ~~70:82% [ —19.92 1990.0 +76.58 | 410.88
1670.0 | —62.60 | —27.54 1760.0 | —71.22 | —18.82 2000.0 dL et | e L
1680.0 | —63.62 | —26.70 1770108 | "=32:10) [» —17.68

1690.0 | —64.60 | —25.84 1779.0 | —72.87 | —16.62

. Between 1779 and 1943, P, and P, require no correction.
than 1614 or later than 2000, the corrections must be computed from the

formulge.

For dates earlier




9 TABLES OF NEPTUNE.

TABLE XV.

EquaTmioN oF TuE CENTRE.
l Equation. Diff, l Equation. Diff. ! Equation. Diff.
[+] (] ’ ” ”n o [+] ’ ” " (o] [+] ’ v ”
180 1 38 54.42 225 057 42.12 270 017 6.17
181 1381017 | 4325 | o 0564174 | 38 4 op 0162417 | 4%
182 187 25.21 44-26 227 0 55 41.40 g"'?g 272 0 15 42.92 i
183 1 36 89.56 :g‘gg 228 054 41.12 e 273 015 2.45 ‘;9'?;
ESE 9 29! 5 § 7 22.7
184 185 53.23 13- 229 0 53 40.90 g 274 0 14 22.76 ¥oa
185 135 6.24 230 0 52 40.78 275 013 43.86
186 134 18.60 4%-64 231 0514076 | 600 276 a8 8 & 3899
187 1 83 30.38 48-’7 232 0 50 40.87 5969 277 012 28.50 32-27
188 132 41.43 #8199 233 0 49 41.12 59-75 278 011 52.06 3 'g‘*
189 181 51.98 49-59 234 0 48 41.58 59-59 279 011 16.46 35.00
59.09 59.41 34.75
190 131 1.84 285 0 47 42.12 280 010 41.71
191 1801117 | 5967 236 046 42.90 | 5922 281 010 78 [
192 12919.93 g 4 237 0 45 43.90 Dy 282 0 93481 kil
193 128 28.15 g;;l 238 044 45.18 ggzz 283 09 269 gf;;
= b f < .
194 127 85.84 i 239 0 43 46.61 oo 284 0 831.46 o
195 1 26 43.02 240 0 42 48.36 285 0 8 113
196 1 25 49.70 53-32 241 0 41 50.39 57-97 286 0L 373172 29541
197 124 55.90 53-32 242 040 52.72 57-62 287 0 7 3.93 ’8-42
198 124 1.64 gi-;l 243 0 39 55.36 ;;gz 288 0 635.67 22'2;
23 6. ; ; 2 2 . d
199 123 6.93 it 244 0 38 58.34 T 29 0 6 9.06 22,67
200 12211.78 245 0388 1.67 290 0 543.39
201 121 16.21 o7 246 037 537 §5.4° 291 0 518.68 S
202 120 20.25 52-9 217 0386 9.45 55-92 292 0 454.94 3-7‘g
203 119 23.90 §s§f 248 0 35 18.94 ggf; 293 0 43218 :T;g
204 118 27.19 et 249 0 34 18.84 S 204 0 410.40 o
205 117 80.18 250 0332418 295 0 349.60
206 116 32.73 DTS 251 0 32 29,97 St 296 0 329.80 ‘g-§°
207 115 85.02 5;-7' 252 0 31 36.22 53'7g 207 0F B-11.004 3| Hoes8
208 114 37.01 58-°‘ 253 0 30 42.96 53.2 298 0 25321 ‘2-79
209 113 88.72 5829 254 0 29 50.19 52-77 299 0 236.44 R
58.56 522§ 15.76
210 112 40.16 255 0 28 57.94 300 0 220.68
211 111 41.85 58 81 256 028 6.22 5172 301 0 2 595 phy -
212 110 42.82 O] 257 0 27 15.06 5"27 302 0 1529 '3-62
213 1 943,08 gg::: 258 0 26 24.43 220; 308 0 1839.60 :f -4
. on ” . 3 2"‘.( v »
214 1 843.64 s 259 0 25 34.40 1) 04 0 127.97 ol
215 1 744.08 260 0 24 44.95 305 0 117.39
216 1 644.26 59:77 261 023 56.11 43‘84 306 "0 1 7.85 3-54
217 1 544.35 GO 262 023 7.89 4 -’; 307 0 059.36 -49
218 1 44432 2273, 263 0 22 20.31 12-34 308 0 051.93 g-‘;g
; S : pickaa :
219 1 344.18 ol 264 0 21 38.87 5% 309 0 045.55 b2k
220 1 243.95 265 0 20 47.10 310 0 040.24
‘ 60.30 g 45.60 4.24
23] 1 14365 3 266 020 1.50 311 0 0836.00
222 1 043.30 g°-35 267 019 16.60 492 312 0 032.82 3.8
293 0 59 42.92 63- 32 268 0 18 32.40 ﬁ'ig 313 0 030.71 j-;;
Q) ) . 0l & 0_ 3 . v
224 0 58 42.52 P 269 017 48.92 b 21 314 0 029.67 o
295 0 57 42.12 270 017 6.17 315 0 029.70
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10¢

Equarion or toE CeNTRE (Continued).

Equation.
A n

0 29.70

o

0

0 030.80
0 032.96
0
0
0

SOoOCO
[S189

—
[=2
SR

[N to
BNGS % oSS
-3

L9 DD 4=b =i
Lo

Lapell SRVl |
L= LD

1o
w
0t
—
(=]

K15 5 &

QN Qo = O
CO b =t =
S O =

—
&2
-9
®

5.62

19 O 0o
@®
~1
@

2.04

CODOD P P~I~ID O CICTHe . B 0O 00O LD
—
[ R
(-}
_ D

O OO0 © O0OO © QOO © OOOO O OO0 © OO O oocce o
—

Diff.

”

1.10
2.16
3-24
4.30
5.38

6.45
7.51
8.58
9.64
10.70

11.76
12.82
13.87
14.92
L5 97

17.01
18.08
19.08
20.11
21.13

22.14
23.16
24.16
25.15
26.15

27.13
28.10
29.07
30.03
3097

31.92
32.84
33.77
34.67
35-58

36.47
37-35
38.21
39.07
39:92

40.75
41.57
42.38
43.18
43.96

TABLE XV.
14 Equation.
-] o 7/ "
(1] 018 11.18
1 018 55.91
2 019 41.40
3 0 20 27.63
4 021 14.59
5 022 2.26
6 0 22 50.63
7 0 23 39.68
8 0 24 29.40
9 025 19.78
10 0 26 10.79
11 027 2.43
12 0 27 51.67
13 0 28 47.50
14 029 40.91
15 0380 34.87
16 0381 29.38
17 032 24.41
18 0 33 19,95
19 034 15.97
20 035 12.47
21 036 9.42
22 037 6.81
23 038 4.61
24 039 2.81
25 040 1.40
26 041 0.35
27 0 41 59.64
28 0 42 59.26
29 0 43 59.19
30 0 44 69.41
31 0 45 59.90
32 047 0.63
33 048 1.60
34 049 2.78
35 050 4.16
36 051 5.71
37 052 7.41
38 0563 9.25
39 05411.20
40 055 13.25
41 0 56 15.37
42 0567 17.64
43 0 58 19.75
44 059 21.98
45 1 024.20

Diff.

n

44-73
45-49
46.23
46.96
47.67

48.37
49.05
49-72
50.38
51.01

51.64
52.24
52.83
S
53.96

54250
SPa%)
55-54
56.02

56.50

56.95
57-39
57.80
58.20

58.59

58.95

59.62
59-93
60.22

60.49
60.73
60.97
61.18
61.38

61.55
61.70
61.84
61.95
62.03

62.12
62.17
62.21
62.23
62.22

82
84
85

86
87

89
90

Equation.

L]

’ "
1 024.20
1 26.40
2 28.66
3 30.65
4 32.67

5 34.68

6 86.37
7 38.02
8 39.51
9 40.82

110 41.93

111 42.82
112 43.46
113 43.85
114 43.96

Pk ek ok ok

ok ok Pk —

138 9.80

1 38 55.67
1 39 40.80
140 25.16
141 878

1 41 51.51
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TABLE XV.
Equatioxn or TnE CENTRE (Concluded).

l Equation. Diff. l Equation. Diﬁ. l Equation. Diff,

© o ! ” " o e !/ " ” o o ’ ” ”

90 141 51.51 120 156 10.41 150 154 54.44

01 1423348 | 4197 121 156 23.47 13.06 151 154 35.48 ’8'92

92 143 14.63 oy 3 122 156 35.47 200 152 154 15.50 2
93 143 54.95 e:3 123 1 56 46.39 ’°~g’ 153 1 53 54.51 29,99

94 144 34.42 gg'gg 124 1 56 56.24 g-7g 154 153 32.52 :;-gg

95 14513.04 125 157 5.02 155 163 9.53

96 1 45 50.78 3g‘g4 126 157 12.72 g~g° 156 162 45.55 ’3~9§

97 1 46 27.65 B9 127 157 19.34 92 157 1 52 20.59 29

98 147 8.62 35'27 128 157 24.87 5-52 158 1 51 54.66 22-93

99 1 47 38.69 gi‘lg 129 157 29.33 ‘3*-‘3*7 159 151 27.76 273‘5’
100 14812.85 130 1 57 32.70 160 1 50 59.91
101 14846.08 | 3323 181 167 34.99 429 161 150 81.11 a3.3%
102 149 18.38 31'3 132 1 57 36.20 gk 162 150 1.38 ’9-23
103 149 49.73 30' 32 133 1 57 36.32 o) 163 149 30.71 g% g
104 150 20.13 39'14 134 157 85.86 ‘;’-gs 164 148 59.13 5;-29

y ; 32

105 150 49.57 135 1 57 33.31 165 1 48 26.64
106 1511803 | 2346 136 157 30.19 A 166 1475395 | 3339
107 1 51 45.52 22'49 137 157 25.98 i 167 147 18.97 Shirkd
108 152 12.01 i 138 157 20.70 g’ﬁ 168 1 46 43.82 £
109 152 37.51 zizgo 139 157 14.34 7&3 169 146 7.80 §6§§
110 153 2.01 140 157 6.91 170 145 30.92
111 153 25.50 22'49 141 1 56 58.41 8.50 171 1 44 53.20 RS
112 163 47.97 “'47 142 1 56 48.84 9-27 172 144 14.65 3E5
113 154 9.42 20'42 143 1 56 38.21 ’°-63 173 1 43 35.28 39-3§
114 1 54 29.84 19"3*8 144 1 66 26.52 :;-73 174 142 55.10 12-;7
115 1 54 49.22 145 156 13.78 175 14214.13
116 165 7.56 ‘8-24 146 155 50.99 L 176 1413238 | 4175
117 155 24.85 ‘2'29 147 155 45.16 14'83 177 140 49.85 = Sg
118 155 41,10 5 '.55; 148 1 55 29.28 ’g~ 178 140 6.57 Lk
119 155 56.28 : ‘5{1 : 149 155 12.38 :7-32 179 139 22.55 2"7’2
120 1 56 10.41 ’ 150 154 54.44 180 1 38 37.80
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TABLE XVI.
Repuction T0 THE EcLipric.

Argument u, 1800 | 1900 | 2000 | D Argument u. 1800 | 1900 | 2000 || bif.

o o o ] n " " n” [+] o o [+] " n " ”
0|90 | 180 | 270 |60.00 | 60.00 | 60.00 || o.c0 |185 | 315|135 | 315 | 110.28 | 100.72 | 109.21 || 0.51
1|80 | 181 | 269 |58.25 | 58.26 | 58.28 || o.0n 134 | 316|136 {314 | 110.20 | 109.70 | 109.18 || o.51
o | 88 [ 182 | 268 |56.50 | 56.53 | 56,57 || o.03 |133 | 317 [ 137 {313 | 110.11 | 10961 | 109.10 || o.51
3 | 87.] 183 | 267 |54.75 | 54.80 | 54.84 | o.05 132 | 318|138 |312 | 100.96 | 109.45 | 10395 || o.50
4|86 | 184 | 266 [53.01 |53.07 | 53.14 | o.07 |131 | 319|139 | 311 | 100.74 | 109.24 | 10874 || o.50
5|85 | 185 | 265 |51.27 | 51.36 | 51.45 || o.09 [130 | 320|140 | 310 | 109.47 | 108.97 | 108.47 || o.50
6 | 84 | 186 | 2064 |49.55 | 49.66 | 49.76 || o.xs [129 | 321|141 [309 | 109.14 | 108.64 | 108.14 || o.50
7 | 88 | 187 | 263 |47.85 | 47.97 | 48.09 || o1z |128 | 322|142 | 308 | 10874 | 108,25 [ 107.76 || o.49
8 |82 | 188 | 262 |46.15 | 46.29 | 46.43 || o.14 |127 | 323|143 | 307 | 108:20 | 107.80 | 10732 || 0.9
9 | 81 | 189 | 261 |44.48 | 44163 | 44.79 || o.xs [126 | 321|144 | 306 | 107.78 | 107.20 | 10681 || o.48
10 | 80 | 190 | 260 |42.82 | 42.99 | 43.16 || o.17 |125 | 325|145 | 305 | 107.21 | 106.73 | 106.25 || o.48
11 | 79 | 191 | 259 |41.18 | 41.37 | 41.56 || o.19 |124 | 326 | 146 | 304 | 106.58 | 106.11 | 105.64 || 0.47
12 | 78 | 192 | 258 |30.57 | 39.78 | 39.98 || 0.1 |123 | 327|147 |30 | 105.90 | 105.44 | 104.97 || o.46
13 | 77 | 193 | 257 |37.98 | 38.20 | 38.43 || o.22 [122 | 328|148 {302 | 105.15 | 104.70 | 104.24 || o.45
14 | 76 | 194 | 256 |36.42 | 36.66 | 36.90 || o.24 121 | 329|149 | 301 | 104.35 | 103.91 | 103146 || o.44
15 | 75 | 195 | 255 |34.88 [35.24 | 35.40 || o.26 |120 | 330|150 |300 | 108.50 | 103.06 | 102.62 || o.44
16 | 74 | 196 | 254 |33.38 [ 33.65 | 33.93 || o.27 [119 | 331|151 | 299 | 102.60 | 10217 | 101.74 || 0.43
17 | 73 | 197 | 253 |31.91 [ 32120 | 32.49 || o.ag [118 | 332|152 |208 | 101.64 | 101.22 | 100.80 || .42
18 | 72 | 198 | 252 |30.47 | 30.78 | 31.08 || o.31 |117 | 333|153 | 297 | 100.64 | 100,23 | 99.82 || o.4x
19 | 71 | 199 | 251 {29.07 | 29.39 | 29.71 || o.32 |116 | 334|154 [ 296 | 9958 | 99.18| 9878 || 040
20 | 70 | 200 | 250 |27.71 | 28.03 | 28.37 || o.33 [115 | 335 {155 |295 | 98.48| 98.09| 97.69 || 0.3
91 | 69 | 201 | 219 |26.39 | 26.73 | 27.07 || o.34 [114 | 336|156 |204 | o7.33] 96.95] 96.57 || o.38
22 | 68 | 202 | 248 |25.11 | 25.46 | 2582 || o.35 [113 | 337|157 {208 | 9613 95.77 | 95.40 || o.36
23 | 67 | 203 | 247 |23.87 [ 24:23 | 24.60 || o.36 [112 | 338|158 |202 | 0480 | o454 | 9418 || o35
24 | 66 | 204 | 246 [22:67 | 23.05 | 23.43 || o.38 |111 | 330|159 |291 | 9361 | 93:27| 9293 || o3¢
25 | 65 | 205 | 245 |21.62 | 21.91 | 22.81 || o.39 110 | 340|160 |290 | 92.20| on96| 9163 | .33
26 | 64 | 206 | 244 [20.42 [ 20.82 | 21.22 || o.40 [100 | 341 {161 |289 | 90.93| 90.61] 90.29 | .32
27 | 63 | 207 | 243 {19.36 | 19.77 | 2018 || 0,41 [108 | 842|162 |288 | 89.53 | 8922 | 8892 || .31
98 | 62 | 208 | 242 |18.36 [ 18.78 | 19.20 || o.42 |107 | 343|163 |287 | 8800 | 87.80| &7.51 || o.29
29 | 61 | 209 | 241 |17.40 | 17.83 | 18.26 || o.43 |106 | 344 (164 |286 | s6.62| 86.35| 86.07 || o.27
30 | 60 | 210 | 240 |16.50 [ 16.94 | 17.38 || 0.44 105 | 345|165 |285 | 85.12| 84.86| 84.60 | o.26
31 | 59 | 211 | 239 |15.65 | 16.09 | 16.54 || 0.44 [104 | 346|166 |284 | 83.58| 83.34| 83.10 || 024
32 | 68 | 212 | 238 | 1485 | 15.30 | 15.76 || o.45 [108 | 347|167 |283 | 8202 | s1.80| 8157 || o2
33 | 57 | 213 | 237 |14.10 | 14.56 | 16.03 || o.46 |102 | 348|168 [282 | 80.43 | &0.22| 80.02 || o.21
34 | 56 | 214 | 236 |13.42 [ 13:89 | 14.36 || o.47 [101 | 349|169 |281 | 7882 | 78.63| 78.44 || 019
85 | 55 | 215 | 285 |12.79 [ 13.27 | 13.75 || o.48 100 | 350|170 [280 | 77.18| 77.01| 76.84 || 017
36 | 54 | 216 | 234 |12.22 {1270 | 13.19 || .48 | 99 | 351|171 279} 7s52| 75.37| 7521 || 0urs
37 | 53 | 217 | 233 | 1171 | 12:20 | 12168 || 049 | 98 | 352{172 {278 | 73.85| 73.71| 7357 || ora
38 | 52 | 218 | 282 |11.26 [ 11765 | 12.24 || o.49 | 97 | 358178 |27 | 72:15| 72003 | 7191 || oz
30 | 51 | 219 | 231 |10:86 | 11.36 | 11.86 || o.50 | 96 | 354|174 [276 | 70.45| 70.34| 70.24 | 0.0
40 | 50 | 220 | 230 |10.53 | 12.03 | 11.53 || o.50 | 95 | 355|175 [275| 68.78| 68.64| €8.55 || o.0g
41 | 49 | 221 | 229 {10.26 [ 10.76 | 11.26 || o.50 | 94 | 356|176 [274 | 66.99| 66.93| 66.86 || c.07
42 | 48 | 222 | 228 |10.04 | 10,55 | 11.05 || o.50 | 93 | 357|177 |273 | 65.25| 65.20| 65.16 | .05
43 | 47 | 223 | 227 | 91891039 | 10.90 || o.51 | 92 | 358|178 (272 | 63.50| €3.47 | 63.43 || o.03
44 | 46 | 224 | 226 | 980 |10.30 | 10.82 || o.51 | 91 | 359|179 |271 | 61.75| 6174 | 6172 || cwor
45 | 45 | 225 | 225 | 9.77 (1028 | 10.79 || o.5x | 90 | 0 [180 [270| c0.00| 60.00| 60.00 || o.00

14  May, 1865.
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TABLE XVIL

Argument 1.

COEFFICIENTS FOR PERTURBATIONS OF Log. Rapius VECTOR.

0 50 100 150 200 250 300 350
Ry | Roa| Ry | Reaf Bex | Rex | Rex | Rea | Rax | Ra | Rea | Ry | Baa | Rea | Bax | R
0 j131} 23 40 | 206 34 170 176 142 131 45 78 142 212 170 | 214 26
1 130 | 23 37 28 36 172 178 139 129 45 79 145 214 168 212 24
2 J130| 23 36 | 80 39 174 180 136 126 45 81 147 216 166 209 22
3 1129 23 32| 82 41 176 181 133 124 45 82 150 218 163 207 20
4 1129} 23 30 | 35 44 178 183 130 122 46 84 152 220 160 204 18
5 1128/| 23 28 | 387 46 180 | 184 127 120 46 86 155 299 158 202 17
6 {127 | 23 26 | 89 49 181 185 124 118 47 88 157 224 156 199 16
7 11271 22 24 42 51 183 186 121 116 47 91 160 226 153 197 15
8 | 126 | 21 22 | 45 54 185 186 119 113 48 93 162 3T 1561 194 15
9 [126] 21 20 | 48 57 185 187 116 111 49 96 165 229 148 191 14
10 {125} 20 18 | 51 60 186 187 113 109 50 98 167 230 146 189 13
11 124|190 [ 16| 54| €3 186 187 | 110 f107 | 51 [ 100 | 160 [ 232 |143 |187 |12
12 {12318 | 14| 57| 66 |187 [187 108 |10¢ | 52 | 108 |171 | 238 |140 J18¢ |1
13 [125/18 | 13| o0 70 |187 |187 | 105 |102 | 53 | 105 | 173 | 285 |13 [1s2 |10
14 [122{ 17 | 11| 64| 73 | 188 | 187 {102 100 | 64 | 108 | 175 | 287 |135 |179 | 9
15 1211 16 10| 67 76 188 187 99 97 56 110 177 238 132 177 9
16 | 1204 15 9] 70 79 189 187 96 95 57 113 178 239 129 175 9
17 | 118 15 8 73 82 190 186 93 93 59 116 180 240 126 172 9
18 |1 117} 14 8] 76 86 191 185 90 92 60 119 181 241 122 170 9
19 1 115( 13 7 79 89 192 184 88 90 61 122 183 241 119 167 9
20 11313 | 7| s2] 92 [102 188 | 85 | 89 | 63 |125 |18 |242 |16 |65 | 9
21. {111 13 6| 85 95 192 183 83 87 €65 128 185 242 113 163 9
2201 110 13 6| 88 98 190 182 80 85 67 131 186 243 109 161 10
23 1108} 12 5 921102 189 182 78 83 70 134 187 244 105 160 10
24 1106 | 12 51 05| 105 189 181 76 81 72 137 187 244 102 158 11
25 1104 11 4] 98] 108 188 180 74 80 74 140 188 244 98 156 11
26 | 102{ 11 4 1102 | 111 187 178 a2 79 76 143 189 244 95 154 12
27 | 100| 10 4 {105 | 115 - | 187 177 70 78 78 146 190 244 92 152 12
28 98| 10 51109 § 118 186 176 67 77 80 150 191 244 88 150 12
29 95 9 5 1113|121 185 173 65 76 83 153 192 243 85 148 13
30 931 9 6 1116 | 125 184 171 63 75 85 156 102 243 82 147 13
31 91 9 6 1110 | 128 183 170 61 74 88 158 192 243 79 146 14
32 88| 9 7 (1221131 181 168 60 73 90 161 191 242 76 144 14
33 86| 9 71126 ] 134 180 167 59 7€ 98 164 190 242 73 143 15
34 83 9 8 1129 | 137 178 166 57 72 96 167 189 241 70 142 15
35 | 81| o s|12|140 {177 |15 | 56 | 72 | 99 170 | 188 | 240 | 67 | 141 |26
36 7 9 9 [135 ] 143 175 | 163 54 70 102 173 188 239 64 140 17
37 76| 10 10 | 138 | 146 173 160 53 70 105 176 187 238 60 139 18
38 731 11 12 | 140 | 149 171 158 51 069 108 180 187 237 57 138 18
39 70| 12 |-18 | 143 }-151 169 165 50 69 110 183 186 235 54 138 19
40 67| 13 16 | 146 154 | 167 153 49 69 113 186 186 234 51 137 20
41 64] 14 17 1148 | 156 165 151 48 69 116 189 185 232 48 136 21
42 621 15 19 | 151 | 159 162 148 48 70 119 191 184 230 45 136 21
43 691 16 21 | 158 | 162 160 146 48 70 121 194 183 228 42 135 22
44 57116 | 22 {156 ] 164 157 144 47 71 124 197 181 226 39 134 28
45 54| 17 24 | 158 | 166 155 142 47 72 127 200 180 224 37 134 22
a6 | 51|18 | 26 |160 | 168 | 152 |10 | 46 | 78 | 130 f202 | 178 | 222 | 85 | 133 |33
47 49| 20 28 | 163 | 170 150 138 45 74 183 205 176 220 32 133 23
48 46| 22 30 | 166 | 172 147 135 45 75 .| 136 207 174 218 30 132 28
49 431 24 32 {168 | 174 145 133 45 {0 139 210 172 216 28 131 23
50 40| 26 1 34 1170 | 176 142 131 45 78 142 212 170 214 26 | 181 23

Note.—Before 1779 and after 1943, we have
AN A frt— e UGS/ 7225
AR.,=-—1053 AP,

1614 — 1778 8 log r = — 814.
1943 — 2108 ¢ log r = + 314,
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PERTURBATIONS OF LOGARITHM OF RADIUS VECTOR.

TABLE XVIII. TABLE XIX. TABLE XX.

Argument 1. Argument 2. Argument 3.

Arg. | 0 50 || 100 (| 150 | © 50 || 100 [| 150 0 50 100 150

o | 743 887 58 5 | so1| 681 396 1190 1401 || 1196 700 204 50
1 743 || 878 | 54 5 | so1|l 676 (| 300 115] 1401 || 1188 || 689 196 49
2 | 743 3860 51 6 | so1| 671 | 383 111 | 1400 || 1180 || 678 188 48
3 | 72| 361 48 6 | so1| 666 377 107 | 1400 || 1172 667 181 47
4 740 || 852 || 44 7 | 800 662 371| 103] 1399 || 1163 656 174 46
5 | 7381 843l 41 7 | 800!l 657 365 99 | 1398 || 1155 645 167 45
6 | 736 334 38 7 | 800l 652 | 359 05 | 1397 || 1147 634 160 44
7 | 7331 825 35 8 | 799 | 647 353 91 | 1396 || 1138 || 623 153 43
g | 730| 3816 33 9 | 798| 642 || 346 g8 | 1395 || 1130 || 613 146 42
9 | 726 307 30 9 | 797 637 340 84} 1393 || 1121 602 139 41
10 | 722 208 28 10 | 796! 632 834 80 | 1392 || 1112 501 133 40
11 718 || 200 | 26 11 | 795 627 |- 328 77| 1890 || 1108 580 197 39
12 | 713 (| 282 24 11 | 704 621 322 73] 1388 || 1094 57 121 38
13 | 708 || 274 o3 12 | 793 616 316 70 | 1886 || 1085 || 559 115 37
14 | 702 | 267 21 13 | 791 (| 610 310 g7 | 1384 || 1075 548 109 36
15 | 696 259 19 14 | 790 605 || 304 64| 1382 || 1066 537 103 35
16 | 690l 251 17 14 | 788 600 || 298 61| 1379 || 1057 526 97 34
17 | 684 || 244 || 16 15 | 787 | 594 || 292 57 | 1377 || 1047 515 -91 33
18 | 678 | 236 14 15 | 785 || 889 | 286 54 | 1374 || 1038 504 85 32
19 | 672 229 13 16 | 783 583 | 280 51 ] 1370 || 1028 493 80 31
20 | 665 | 292 12 16 | 781 578 || 274 48 | 1867 || 1018 483 75 30
21 658 || 215 || 10 16 | 779 573 || 268 45| 1364 || 1008 || 473 7 29
22 | 51| 207 9 17 | 777 || s67 || 262 43| 1360 998 463 65 28
23 | 643 | 200 8 18 | 775 s61 || 257 40| 1356 988 452 60 27
24 | 635 | 192 6 19 | 772 || 585 || 251 38 | 1352 978 442 56 26
a5 | 626 185 5 20 | 770 || 549 | 245 36 | 1348 968 || . 432 52 25
26 | 617 179 4 20 | 767 |} 543 (| 239 34| 1344 958 422 48 24
27 | 608 | 172 3 20 | 765 | b37 || 234 31| 1339 948 412 44 23
28 | 599 || 166 3 21 | 762 | 532 228 29 | 1335 937 402 40 922
29 | 590 | 160 9 21 | 759 526 223 27| 1830 927 392 36 21
30 | 580 | 154 9 21 | 756|| 520 [ 218 25 | 1325 917 382 33 20
31 570 || 148 9 92 | 753 | 513 213 23 | 1320 907 372 30 19
32 | 561 | 143 2 22 | 750 || 507 || 207 22| 1315 896 362 26 18
83 | 551 187 2 23 | 747 | s00 | 202 20 | 1309 885 353 23 17
34 | 542 | 131 3 93 | 743 || 494 || 196 19| 1308 874 343 21 16
35 | 532 195 3 24 | 740 488 | 191 18 | 1297 863 334 18 15
36 | 522 12 3 24 | 736 482 186 17 | 1291 852 325 16 14
37 513 || 115 3 25 | 7331 476 181 16 | 1285 841 315 14 13
38 | 5081 110 4 95 | 720 470 176 4] 1279 830, || 306 12 12
39 | 4941 105 4 26 | 726! 464 1711 13§ 1273 820 || 297 10 11
40 | 484 | 100| 4 26 | 722 458 | 166 12 ] 1267 800 || 288 8 10
41 474 95 4 26 | 718 452 161 11| 1261 798 279 7 9
42 | 464 91 4 97 | 714 416 || 156 10| 1954 787 270 5 8
43 | 455 86 4 o7 | 711 || 439 || 151 10| 1247 777 262 1 7
44 | 45 || 81 4 27 | 707 | 432 146 9| 1210 766 253 3 6
45 | 435 e 4 28 | 703 || 427 || 141 8| 1233 755 245 2 5
46 | 425 73 4 28 | 699 || 421 137 g | 1226 744 237 1 4
47 | 416 69 4 o8 | 6941 415 | 132 8| 1219 733 298 0 3
48 | 406 65 5 29 | 690| 408! 128 71 1212 722 220 0 2
49 | 397 61 5 29 | 685 402 | 123 71 1204 711 212 0 1
50 | 387 58 5 29 | es1|l 396 119 7] 1196 700 || 204 0 0
259 || 300 || 250 |l 200 | 350 300 2507 200 350 300 250 200 | Arg
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TABLE XXI.
PrixcipAL Terx or T™iE LocAriTiM or THE RADIUS VECTOR.
Argument 1.

i 1.4 o v P ‘ ! 1.4
o o o
180 806676 240 815373 300 788978
181 7112 436 241 5192 181 301 8352 -3
182 7540 420 249 5001 e 302 7722 63°
183 7960 41 ! 243 4799 ’°: 303 7089 633
184 8371 104 244 4587 :;3 304 6455 6;‘7*
185 808775 245 814364 305 785818
186 9169 334 246 4130 234 306 5179 23‘;’
187 9554 383 247 3885 245 307 453 o
188 9931 32; 248 8631 ’g‘* 308 3896 64~
189 810299 ;458 I 249 3366 ;i 309 3252 61‘;
190 | 810657 [l 250 813092 310 782607
191 1005 8 . 9m) 92807 i 311 1961 64
192 1344 339 | ek9 2513 295, 312 1314 647
193 1674 339 i 288 2208 385 313 0667 647
194 1994 gj‘l’ 254 1894 g;i 314 0020 ei;
195 812305 255 811570 315 779373
196 2606 301 256 1237 333 316 |~ 8726 i
197 2897 é9l 257 0895 342 317 8079 p £
198 3178 gk 258 0543 3;; 318 7432 542
199 3449 :g: 259 0182 37; 319 6786 eis
200 813710 260 809812 320 776140
201 3961 251 261 0433 379 321 5495 €45
202 4202 =i 262 9045 3 323 4851 644
203 4432 e 23° 263 8648 39% 323 4208 643
204 4653 2 264 8242 1‘:5 324 3567 61;
203 814864 265 807827 325 772927
206 . 5064 o 266 7404 423 326 2989 es8
207 5252 L . 267 6972 5, 327 1654 635
208 5430 7 268 6532 <, 328 1022 P i
209 5597 r sg 269 6084 1‘5*5 329 0393 ot
210 815753 270 805629 330 769767
21 5899 145 271 5166 464 331 9143 o
212 6034 i 272 4696 4 332 8522 618
213 6159 125 273 4217 4;2 333 7904 &
214 6273 :;‘3* 274 3731 :95 334 7290 e;f
215 816376 275 803236 335 766679
216 6468 g’ 276 2735 5°; 336 6072 ggz
217 6519 . 277 2927 59 337 5470 3
218 6619 7L 278 1712 S 338 4872 59
219 6678 ig 279 1191 5:; 339 4279 ggg
290 816727 280 800663 5 840 763691
221 6763 32 281 0128 535 341 3108 533
292 6789 z 282 799588 340 342 2530 57
293 6304 15 283 9041 547 343 1957 of8
224 6807 ; 284 8488 g gg 344 1389 g 4
295 816800 285 797980 345 760826
296 6782 18 286 7366 564 346 0270 55f
297 6752 30 287 6796 550, 347 759719 55
228 6711 i 288 6221 535 348 9174 543
229 6659 g; 289 5641 28‘5’ 349 8636 232
230 816596 290 795056 350 758104
231 6523 73 291 4467 589 351 7579 528
232 6439 4 292 8873 594 352 7061 5‘2
233 6344 9 g 293 3974 299 853 6549 5;
234 623 :‘;7 204 2671 Ggg 354 6045 ig‘;
235 816121 295 792063 355 755548
236 5993 128 296 1452 g“ 356 5059 4§9
237 5854 139 297 0838 6‘4 357 4578 491
238 5704 ! g° 298 0221 6‘ 7 358 4104 4gg
239 5544 Ao 299 789601 29 359 3638 4
af 171 ¥ 623 . 457
210 815373 300 788978 360 753181
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PrincipaL TErM OF THE-LocAriTEM OF THE RADIUS VECTOR (Continued).

TABLE XXIL

Argument Z.

ORI Gt AW = O 0 o

1.4

753181

2731
2290
1858
1434
751020
0615
0218
749830
9452
749083
8724
8375
8036
7706
747386
7076
6777
6488
6210
745942
5685
5439
5204
4980
744766

4563
4372
4191
H021

743862

3716
3580
8456
3344
743242
3152
3073
3007
29563
742910
2879
2860
2852
2856
742872
2899
2937
2087
3048
743120
3204
3300
3408
3529
743661
8804
3958
4123
4300
T44487

450
441
432
424
415

405
397
388
378
369

359
349
339
330
320

310
299
289
278
268

257
246

2415

224

214

203
191
181
170
159

147
135
124
112
102

92

95

96
97

99
100

101
102
103
104
105

106
107
108
109

110

111
112
113
114

115

116
117
118
119

120

1.4
744487
4685 ;gg
| 42
5346 232
242
745588"
5841 253
6105 264
6380 275
6665 232
2
746961 9
7267 306
7584 3'2
7910 3%
8246 332
748592 346
8948 35
9314 366
9689 355
750074 ;9?
750469
0873 s
1286 4:16)
1707 42
2187 430
752576 =
3024 448
3480 4g6
3944 oL
4417 473
480
754897
5385 482
5881 49
6384 593
6805 511
I
757414 3
7940 526
8472 532
9010 538
9553 543
Q
760103 55
0660 557
19293 563
1792 569
2367 575
581
762948 5
3533 585
4123 590
4718 595
5317 599
: 605
765922
6531 609
7143 612
7759 616
8379 g:°
769003 ¥
9631 64t
770262 Lol
0895 633
1531 g;s
772170 -

l
o
120
121
122
123
124
125
126
127

128
129

130

131
132
138
134

135

136
137
138
139

140

141
142
143
144

145

146
147
148
149

150
151
152
153
154
165
1566
157
158
159
160

161
162
163
164

165

166
167
168
169
170

sl

172
173
174
175

1.4

772170
2811
34564
4098
4744

775392

6041
6691
7343
7996

778650

0303
9956
780609
1262
781915
2567
3219
3869
4518

785166

5812
6456
7098
7738
788376

9011
9642
790271
0897

791619

2138
2753
3364
3971
794575
5174
5768
6357
6941
797519

8693
8661
9293
799779
800330
0875
1418
1944
2468
802985
3196
4000
4497
4986
805468
5942
6408
6866
7317
807759

641
643
644
646
648

649
650
652
653
654

653
653
653
653
653

652
652
650
649
643

646

642
640
638

635
631
629
626
622

619
615
611
607
604

599
594
589
584
578

574
568
562
556
551

545
538
531
524
517

[$8¢
594
497
489
482

474
466
458
451
442




110 TABLES OF NEPTUNE.
TABLE XXII
COEFFICIENTS FOR PERTURBATIONS OF LATITUDE.
Argument 1.
Arg. 0 100 200 300
ViRY B By By B,y Bea Ber B,
n ” ” ” " ” ” ”n
0 0.52 0.40 0.41 0.00 0.04 0.18 0.14 0.58
10 0.56 0.35 0.31 0.00 0.04 0.18 0.21 0.65
20 0.61 0.31 0.23 0.03 0.04 0.17 0.30 0.70
30 0.67 0.27 0.15 0.06 0.03 0.18 0.38 0.73
40 0.72 0.23 0.09 0.10 0.02 0.20 0.45 0.73
50 0.73 0.18 0.05 0.18 0.01 0.23 0.50 0.70
60 0.72 0.13 0.03 0.16 0.01 0.98 0.52 0.65
70 0.67 0.08 0.02 0.17 0.02 0.34 0.52 0.59
80 0.59 0.04 0.08 0.18 0.04 0.42 0.51 0.52
90 0.50 0.01 0.04 0.18 0.08 0.50 0.51 0.46
100 0.41 0.00 0.04 0.18 0.14 0.58 052 [ 0.40
PERTURBATIONS OF LATITUDE.
. TABLE XXIIL TABLE XX1V.
Arg. 5. Arg. 8.
Arg.
0 100 200 300 0 100 200 300
” ” ” ”n ” ”n ” ”
0 —0.30 +0.06 +0.30 —0.06 - 0.04 4 0.56 —0.04 —0.56
10 —0.29 4-0.11 +0.29 —0.11 +4-0.13 +0.55 —0.18 —0.56
20 =g 4-0.16 4-0.27 —0.16 +0.21 0.52 —0.21 —0.52
30 —0.24 -+ 0.19 +0.24 —0.19 40.29 4 0.48 —0.29 —0.48
40 —0.21 4023 +0.21 —0.28 4-0.36 +0.43 —0.36 —0.48
50 —0.17 - 0.26 -617 = (F)] +4-0.43 +0.87 —0.43 —50137
60 —0.12 1.0.28 +40.12 —0.28 +-0.48 +0.30 —0.48 —9.30
70 —0.08 -0.80 +4-0.08 —0.30 4 0.52 0.22 —0.52 —0.22
80 —0.03 4-0.31 1-0.03 =¥0.81 4+ 0.55 +0.14 —0.55 =<0k
90 4 0.02 4-0.81 —0.02 — 9i81 +0.56 +0.05 —0.56 —0.05
100 1-0.06 4-0.80 —0.06 —0.80 -+ 0.56 =10:01 —0.56 4 0.04
TABLE XXV.
VALUES oF SIN ¢ FOR EVERY TEN YEARS.
Year. = 1600 1700 1800 1900
0 8.498705 8.496503 8.494292 8.492066
10 8485 232 6282 & 4071 o) 1842 g4
20 8265 220 6061 £z 3849 e 1619 &3
30 8045 220 5840 g2 3627 a2 1395 22,
40 7825 280 5619 %] 3404 ) 1171 e
220 221 222 224
50 - 8.407605 8.495398 8.408182 8.490047
60 7285 220 5177 22 2959 223 0723 i
70 7165 229 4956 2t 2736 =23 0498 AZ5
80 6944 224 4735 e 2518 223 0274 284,
90 6724 Zg 4513 g 2289 2o 8.490049 228
221 221 223, 2235
100 8.496503 8.494292 8.492066 8.489824
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