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ADVERTISEMENT. 

The Committee appointed by the Royal Society to direct the publication of the 

Philosophical Transactions take this opportunity to acquaint the pubhc that it full}^ 

appears, as well from the Council-books and Journals of the Society as from repeated 

declarations which have been made in several former Transactions, that the printing of 

them was always, from time to time, the single act of the respective Secretaries till 

the Forty-seventh Volume; the Society, as a Body, never interesting themselves any 

further in their publication than by occasionally recommending the revival of them to 

some of their Secretaries, when, from the particular circumstances of their affairs, the 

Transactions had happened for any length of time to be intermitted. And this seems 

principally to have been done with a view to satisfy the public that their usual 

meetings were then continued, for the improvement of knowledge and benefit of 

mankind : the gi'eat ends of their first institution by the Boyal Charters, and which 

they have ever since steadily pursued. 

But the Society being of late years greatly enlarged, and their communications more 

numerous, it was thought advisable that a Committee of their members should be 

appointed to reconsider the papers read before them, and select out of them such as 

they should judge most proper for publication in the future Transactions; which was 

accordingly done upon the 26th of March, 1752. And the grounds of their choice are, 

and will continue to be, the importance and singularity of the subjects, or the 

advantageous manner of treating them ; without pretending to answer for the 

certainty of the facts, or propriety of the reasonings contained in the several papers 

so published, which must still rest on the credit or judgment of their respective 

authors. 

It is likewise necessary on this occasion to remark, that it is an established rule of 

the Society, to which they will always adhere, never to give them opinion, as a Body, 

1\ 
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U2Don any subject, either of Nature or Art, that comes before them. And therefore the 

thanks, which are frequently proposed from the Chair, to be given to the authors of 

such papers as are read at their accustomed meetings, or to the j^ersons through whose 

hands they received them, are to be considered in no other light than as a matter of 

civility, in return for the respect shown to the Society by those commmiications. The 

like also is to be said with regard to the several projects, inventions, and curiosities of 

various kinds, which are often exhibited to the Society; the authors whereof, or those 

who exhibit them, frequently take the liberty to report, and even to certify m the 

l^ublic newspaj)ers, that they have met with the highest applause and approbation. 

And therefore it is hoped that no regard wdll hereafter be paid to such reports and 

public notices; which in some instances have been too lightly credited, to the 

dishonour of the Society. 
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List of Institutions entitled to receive the Philosophical Transactions or 

Proceedings of the Royal Society, 

Institutions marked A are entitled to receive Philosophical Transactions, Series A, and Proceedings. 

„ ,, B ,, ,, „ „ Series B, and Proceedings. 

AB ,, ,, „ ,, Series A and B, and Proceedings. 

,, f) „ ,, Proceedings only. 

America (Central). 
Mexico. 

f. Sociedad Cientifica “ Antonio Alzate.” 

America(Nortli). (See United States and Canada.) 

America (South). 

Buenos Ayres. 
AB. Museo Nacional. 

Caracas. 
B. University Library. 

Cordova. 
AB. Academia Nacional de Ciencias. 

Demerara, 
p. Royal Agricultural and Commercial 

Society, British Guiana. 
La Plata. 

B. Museo de La Plata. 
Rio de Janeiro. 

f. Observatorio. 

Australia. 

Adelaide. 
p. Royal Society of South Australia. 

Brisbane. 
'p. Royal Society of Queensland. 

Melbourne. 
p. Observatory, 
p. Royal Society of Victoria. 
AB. University Library. 

Sydney. 
p. Australian Museum. 
p. Geological Survey. 
p. Linnean Society of New South Wales. 
AB. Royal Society of New South Wales. 
AB. University Libraiy. 

Austria. 

Agram. 
p. Jugoslavenska Akademija Znanosti i Um- 

jetnosti. 
p. Societas Historico-Naturalis Cmatica. 

MDCCCXCVII.—A. 

Austria (continued). 

Briinn. 
AB. Naturforschender Verein. 

Gratz. 
AB. Naturwissenschaftlicher Verein fiir Stcicr- 

mark. 

Innsbruck. 
AB. Das Ferdinandeuni. 
p. Naturwissenschaftlich - Medicinischer 

Verein. 
Prague. 

AB. Konigliche Bbhmische Gesellschaft der 

Wissenschaften. 
Ti’ieste. 

B. Museo di Storia Naturale. 
p. Societa Adriatica di Scienze Naturali. 

Vienna. 
p. Anthropologische Gesellschaft. 
AB. Kaiserliche Akademie der Wissenschaften. 
p. K.K. Geographische Gesellschaft. 
AB. K.K. Geologische Reichsanstalt. 
B, K.K. Nfiturhistorisches Hof-Museum. 
B. K.K. Zoologisch-Botanische Gesellschaft. 
p. Oesterreichische Gesellschaft fiir Meteoro- 

logie. 
A. Von Kuffner’sche Sternwarte. 

Belgium. 

Brussels. 
B. Academic Royale de Medeciue. 
AB. Academie Royale des Sciences. 
B. Musee Royal d’Histoire Naturelle de 

Belgique. 
p. Observatoire Royal. 
p). Societe Beige de Geologic, de Paleonto- 

logie, et d’Hydrologie. 
p. Societe Malacologique de Belgique. 

Ghent. 
AB. University. 
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Belgium (continued). 

Liege, 

AB. Societe des Sciences. 

p. Societe Geologique de Belgique. 

Louvain. 

B. Laboratoire de Microscopie et de Biologic 

Cellulaire, 

AB. Universite. 

Canada. 
Hamilton. 

p. Hamilton Association. 

IMontreal. 

AB. McGill University. 

p. Natural History Society. 

Ottawa. 

AB. Geological Survey of Canada. 

AB. Royal Society of Canada. 

Toronto. 

p. Astronomical and Physical Society. 

p. Canadian Institute. 

AB. University. 

Cape of Good Hope. 
A. Observatory. 

AB. SoiTth African Library. 

Ceylon. 
Colombo. 

B. Museum. 

China. 
Shanghai. 

p. China Branch of the Royal Asiatic Society. 

Denmark. 
Copenhagen. 

AB. Kongelige Danske Videnskabeimes Selskab. 

Egypt. 
Alexandi’ia. 

AB. Bibliotheque Municipale. 

England and Wales. 
Aberystwith. 

AB. University College. 

Bangor. 

AB. University College of North Wales. 

Birmingham. 

AB. Free Central Library. 

AB. Mason College. 

p. Philosophical Society. 

Bolton. 

p. Public Library. 

Bristol. 

p. Merchant Venturers’ School. 

AB. Univei'sity College. 

Cambiidge. 

AB. Philosophical Society. 

p. Union Society. 

England and Wales (continued). 

Cooper’s Hill. 

AB. Royal Indian Engineering College. 

Dudley. 

p. Dudley and Midland Geological 

Scientific Society. 

Essex. 

p. Essex Field Club. 

Falmouth. 

p. Royal Cornwall Polytechnic Society. 

Gi’eenwich. 

A. Royal Observatory. 

Kew. 

B. Royal Gardens. 

Leeds. 

p. Philosophical Society. 

AB. Yorkshire College. 

Liverpool. 

AB. Free Public Libraiy. 

p. Literary and Philosophical Society. 

A. Observatory. 

AB. University College. 

London. 

AB. Admiralty. 

p. Anthropological Institute. 

AB. British Museum (Nat. Hist.). 

AB. Chemical Society. 

A. City and Guilds of Londou Institute. 

p. “ Electrician,” Editor of the. 

B. Entomological Society. 

AB. Geological Society. 

AB. Geological Survey of Great Britain. 

p. Geologists’ Association. 

AB. Guildhall Library. 

A. Institution of Civil Engineers. 

p. Institution of Electrical Engineers. 

A. Institution of Mechanical Engineers. 

A. Institution of Naval Architects. 

p. Iron and Steel Institute. 

AB. King’s College. 

B. Linnean Society. 

AB. London Institution. 

p. London Library. ■ 
A. Mathematical Society. 

p. Meteorological Office. 

p. Odontological Society. 

p. Pharmaceutical Society, 

p. Physical Society. 

p. Quekett Microscopical Club. 

p. Royal Agricultural Society. 

A. Royal Astronomical Society. 

B. Royal College of Physicians. 

B. Royal College of Surgeons, 

and 
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England and Wales (continued). ' 

London (continued). 

P- Royal Engiueers (for Libraries abroad, six 

copies). 

AB. Royal Engineers. Head Quarters Library. 

P- Royal Geographical Society. 

p. Royal Horticultural Society. 

AB. Royal Institution of Great Britain. 

B. Royal Medical and Chirurgical Society. 

P- Royal Meteorological Society. 

P- Royal Microscopical Society. 

P- Royal Statistical Society. 

AB. Royal United Service Institution. 

AB. Society of Arts. 

p. Society of Biblical Archaeology. 

P- Society of Chemical Industry (London 

Section). 

p. Standard Weights and Measures Depart¬ 

ment. 

AB. The Queen’s Library. 

AB. The War Office. 

AB. University College. 

P- Victoria Institute. 

B. Zoological Society. 

Manchester. 

AB. Free Library. 

AB. Literary and Philosophical Society. 

p. Geological Society. 

AB. Owens College. 

Netley. 

p. Royal Victoria Hospital. 

Newcastle. 

AB. Free Library. 

p. North of England Institute of Mining and 

Mechanical Engineers. 

p. Society of Chemical Industry (Newcastle 

Section). 

Norwich. 

p. Norfolk and Norwich Literary Institution. 

Nottingham. 

AB. Free Public Library. 

Oxford. 

p. Ashmolean Society. 

AB. Radclilfe Library. 

A. Radclilfe Observatory. 

Penzance. 

p. Geological Society of Cornwall. 

Plymouth. 

B. Marine Biological Association. 

p. Plymouth Institution. 

Richmond. 

A. “ Kew ” Observatory. 

Salford. 

p. Royal Museum and Library. 

h 

England and Wales (continued). 

Stonyhurst. 

p. The College. 

Swansea. 

AB. Royal Institution. 

Woolwich. 

AB. Royal Artillery Library. 

Finland. 

Helsingfors. 

P- Societas pro Fauna et Flora Fennica. 

AB. Societe des Sciences. 

France. 
Bordeaux. 

P- Academie des Sciences. 

V- Faculte des Sciences. 

p. Societe de Medecine et de Chirurgie. 

P- Societe des Sciences Physiques et 

Natui’elles. 

Caen. 

P- Societe Linneenne de Normandie. 

Cherbourg. 

P- Societe des Sciences Naturelles. 

Dijon. 

V- Academie des Sciences. 

Lille. 

p. Faculte des Sciences. 

Lyons. 

AB. Academie des Sciences, Belles-Lettres et Arts. 

AB. Universite. 

Mai’seilles. 

AB. Faculte des Sciences. 

Montpellier. 

AB. Academie des Sciences et Lettres. 

B. Faculte de Medecine. 

Nantes. 

P- Societe des Sciences Naturelles de I’Ouest 

de la France. 

Paris. 

AB. Academie des Sciences de I’lnstitut. 

p. Association Fran9aise pour TAvancement 

des Sciences. 

p. Bureau des Longitudes. 

A. Bureau International des Poids etMesures. 

P- Commission des Annales des Ponts et 

Chaussees. 

P- Conservatoire des Arts et Metiers. 

P- Cosmos (M. l’Abbk Valette). 

AB. Depot de la Marine. 

AB. Ecole des Mines. 

AB. Ecole Normale Superieure. 

AB. Ecole Polytechnique. 

AB. Faculte des Sciences de la Sorbonne. 

AB. Jardin des Plantes. 

P- L’Electricien. 

2 
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France (continued). 

Paris (continued). 

A. L’Observatoire. 

p. Revue Scientifique (Mons. H. UE Varigny). 

2>. Societe de Biologic. 

AB. Societe d’Encouragement pour I’liidustrie 

Rationale. 

AB. Societe de Geographie. 

p. Societe de Physique. 

B. Societe Entomologique. 

AB. Societe Geologique. 

p. Societe Mathematique. 

p. Societe Meteorologique de France. 

Toulouse. 

AB. Academie des Sciences. 

A. Faculte des Sciences. 

Germany. 
Berlin. 

A. Deutsche Cheinische Gesellschaft. 

A. Die Sternwarte. 

p. Gesellschaft fiir Erdkunde. 

AB. Konigliche Preussische Akademie der 

Wissenschaften. 

A. Physikalische Gesellschaft. 

Bonn. 

AB. Universitat. 

Bremen. 

p. Raturwissenschaftlicher Verein. 

Breslau. 

p. Schlesische Gesellschaft fiir Vaterliindische 

Kultur. 

BrunsAvick. 

p. Verein fiir Naturwissenschaft. 

Carlsruhe. See Karlsruhe. 

Charlottenburg. 

A. Physikalisch-Technische Reichsanstalt. 
Danzig. 

AB. Naturforschende Gesellschaft. 

Dresden. 

p. Verein fiir Erdkunde. 

Em den. 

p. Raturforschende Gesellschaft. 

Erlangen. 

AB. Physikalisch-Medicinische Societiit. 

Frankfurt-am-Main. 

AB. Senckenbergische Raturforschende Gesell¬ 

schaft. 

p. Zoologische Gesellschaft. 

Frankfurt-am-Oder. 

p. Raturwissenschaftlicher Verein. 

Freiburg-i m-Breisgau. 

AB. Universitat. 

Giessen. 

AB. Grossherzogliche Universitat. 

Germany (continued). 

Gorlitz. 

p. Raturforschende Gesellscliaft. 

Gottingen. 

AB. Konigliche GesellschaftderWissenschafteu. 

Halle. 

AB. Kaiserliche Leopoldino - Carolinische 

Deutsche Akademie der Raturforscher. 

p. Raturwissenschaftlicher Verein fiii’ Sach¬ 

sen und Thiiringen. 

Hamburg. 

p. Raturhistorisches Museum. 

AB. Raturwissenschaftlicher A*erein. 

Heidelberg. 

p. Raturhistoriscli-Medizinischer Verein. 

AB. Universitat. 

Jena. 

AB. Medicinisch-Raturwissenschaftliche Gesell¬ 

schaft. 

Karlsruhe. 

A. Grossherzogliche Sternwarte. 

p. Technische Hochschule. 

Kiel., 

p. Raturwissenschaftlicher Verein fiir 

Schleswig-Holstein. 

A. Sternwarte. 

AB. Universitat. 

Konigsberg. 

AB. Konigliche Physikalisch - Okonomische 

Gesellschaft. 

Leipsic. 

p. Annalen der Physik und Chemie. 

AB. Konigliche Sachsische Gesellschaft der 

Wissenschaften. 

Magdeburg. 

p. Raturwissenschaftlicher Verein. 

Marburg. 

AB. Universitat. 

Munich. 

AB. Konigliche Bayerische Akademie der 

Wissenschaften. 

p. Zeitschrift fiir Biologic. 

Munster. 

AB. Konigliche Theologische und Philo- 

sophische Akademie. 

Potsdam. 

.A. Astrophysikalisches Observatorium. 
Rostock. 

AB. U niversitat. 

Strasburg. 

AB. Universitat. 

Tubingen. 

AB. Universitat 
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Germany (continued). 

W urzbui’g. 

AB. Physikalisch-Medicinische Gesellschaft. 

Greece. 
Athens. 

A. National Observatory. 

Holland. (See Netherlands.) 

Hungary. 
Buda-pest. 

f. Konigl. Ungarische Geologiscbe Anstalt. 

AB. A Magyar Tudos Tarsasag. Die Ungarische 

Akademie der Wissenschaften. 

Hermannstadt. 

p. Siebenbiirgisclier Verein fiir die Natur- 

Avissenschaften. 

Klausenburg. 

AB. Az Erdelyi Muzeum. Das Siebenbiirgische 

Museum. 

Schemnitz. 

p. K. Ungarische Berg- und Forst-Akademie, 

India. 
Bombay. 

AB. Elphinstone College. 

]j. Royal Asiatic Society (Bombay Branch). 

Calcutta. 

AB. Asiatic Society of Bengal. 

AB. Geological Museum. 

p. Great Trigonometrical Survey of India. 

AB. Indian Museum. 

p. The Meteorological Reporter to the 

Government of India. 

Madras. 

B. Central Museum. 

A. Observatory. 

Roorkee. 

p. Roorkee College. 

Ireland. 
Armagh. 

A. Observatory. 

Belfast. 

AB. Queen’s College. 

Cork. 

p. Philosophical Society. 

AB. Queen’s College. 

Dublin. 

A. Observatoiy. 

AB. National Library of Ireland. 

B. Royal College of Surgeons in Ireland. 

AB. Royal Dublin Society. 

AB. Royal Iiash Academy. 

Galway. 

AB. Queen’s College. 

Italy. 

Acireale. 

p. Accademia di Scienze, Lettere ed Arti. 

Bologna. 

AB. Accademia delle Scienze dell’ Istituto. 

Catania. 

AB. Accademia Gioenia di Scienze Naturali. 

Florence. 

p. Biblioteca Nazionale Centralc. 

AB. Museo Botanico. 

p. Reale Istituto di Studi Superiori. 

Genoa. 

p. Societa Ligustica di Scienze Naturali e 

Geografiche. 

Milan. 

AB. Reale Istituto Lombardo di Scienze, 

Lettere ed Arti. 

AB. Societa Italiana di Scienze Naturali. 

Modena. 

p. Le Stazioni Sperimentali Agrarie Italianc. 

Naples. 

p. Societa di Naturalisti. 

AB. Societa Reale, Accademia delle Scienze. 

B. Stazione Zoologica (Dr. Dohbn). 

Padua. 

p. University. 

Palermo. 

A. Circolo Matematico. 

AB. Consiglio di Perfezionamento (Societa di 

Scienze Naturali ed Ecouomiche). 

A. Reale Osservatorio. 

Pisa. 

p. II Nuovo Cimento. 

p. Societa Toscana di Scienze Naturali. 

Rome. 

p. Accademia Pontificia de’ Nuovi Lincei. 

p. Rassegna delle Scienze Geologiche in Italia. 

A. Reale Ufficio Centrale di Meteorologia e di 

Geodinamica, Collegio Romano. 

AB. Reale Accademia dei Lincei. 

p. R. Comitato Geologico d’ Italia. 

A. Specola Vaticana. 

AB. Societa Italiana delle Scienze. 

Siena. 

p. Reale Accademia dei Fisiocritici. 

Turin. 

p. Laboratoi’io di Fisiologia. 

AB. Reale Accademia delle Scienze. 

Venice. 

p. Ateneo Veneto. 

AB. Reale Istituto Veneto di Scienze, Lettere 

ed Arti. 
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Japan. 
Tokio. 

AB. Imperial University. 

p. Asiatic Society of Japan. 

Java. 
Buitenzorg. 

p. Jardin Botanique. 

Luxembourg. 
Luxembourg. 

p. Societe des Sciences Uaturellcs. 

Malta. 
p. Public Library. 

Mauritius. 
p. Royal Society of Arts and Sciences. 

Netherlands. 
Amsterdam. 

AB. Koninklijke Akademie van Wetenscbappen. 

p. K. Zoologiscb. Geuootscbap ‘Natura Artis 

Magistra.’ 

Delft. 

p. Ecole Polytecbnique. 

Haarlem. 

AB. Hollandsclie Maatscbappij der Weten¬ 

scbappen. 

p. Musee Teyler. 

Leyden. 

AB. University. 

Rotterdam. 

AB. Bataafscb Geuootscbap der Proefonder- 

vindelijke Wijsbegeerte. 

Utrecbt. 

AB. Provinciaal Geuootscbap van Kunsten en 

Wetenscbappen. 

New Brunswick. 
St. Jobn. 

p. Natural History Society. 

New Zealand. 
Wellington. 

AB. New Zealand Institute. 

Norway. 
Bergen. 

AB. Bergenske Museum. 

Cbristiania. 

AB. Kongelige Norske Frederiks Universitet. 

Tromsoe. 

p. Museum. 

Trondbjem. 

AB. Kongelige Norske Videnskabei’s Selskab. 

Nova Scotia. 
Halifax. 

p. Nova Scotian Institute of Science, 

Windsor. 

p. King’s College Library. 

j Portugal. 
Coimbra. 

AB. Universidade. 

Lisbon. 

AB. Academia Real das Sciencias. 

p. Sec9ao dos Trabalbos Geologicos de Portugal 

Oporto. 

p. Annaes de Sciencias Natnraes. 

Russia. 
Dorpat. 

AB. Uni ver site. 

Irkutsk. 

p. Societe Imperiale Russe de Geograpbie 

(Section de la Siberie Orientale). 

Kazan. 

AB. Imperatorsky Kazansky Universitet. 

Kbarkoff. 

p. Section Medicale de la Societe des Sciences 

Experimentales, Universite de Kbarkow. 

Kieff. 

p. Societe des Naturalistes. 

Moscow. 

AB. Le Musee Public. 

B. Societe Impmale des Naturalistes. 

Odessa. 

p. Societe des Naturalistes de la Nouvelle- 

Russie. 

Pulkowa. 

A. Nikolai Haupt-Sternwarte. 

St. Petersburg. 

AB. Academic Imperiale des Sciences. 

B. Archives des Sciences Biologiques. 

AB. Comite Geologique. 

p. Compass Observatory. 

A. Observatoire Physique Central. 

Scotland. 
Abei’deen. 

AB. University. 

Edinburgh. 

p. Geological Society. 

p. Royal College of Physicians (Research 

Laboratory). 

p. Royal Medical Society. 

A. Royal Observatory. 

p. Royal Physical Society. 

p. Royal Scottish Society of Arts. 

AB. Royal Society. 

Glasgow. 

AB. Mitchell Free Library. 

p. Natural History Society. 

p. Philosophical Society. 

Servia. 
Belgrade. 

p. Academic Royale de Serbie. 



Sicily. (See Italy.) 

Spain. 

Cadiz. 

A. Institute y Observatorio de Marina de San 

Fernando. 

Madrid. 

p. Comisidn del Mapa Geoldgico de Espana. 

AB. Real Academia de Ciencias. 

Sweden. 

Gottenburg. 

AB. Kong], Vetenskaps och Vitterhets Samhiille. 

Lund. 

AB. Universitet. 

Stockholm. 

A. Acta Mathematica. 

AB. Kongliga Svenska Vetemskaps-Akademie. 

AB. Sveriges Geologiska Undersokning. 

Upsala. 

AB. Univeusitet. 

Switzerland. 

Basel. 

p. Naturforschende Gesellschaft. 

Bern. 

AB. Allg. Schweizerische Gesellschaft. 

p. Naturforscbende Gesellschaft. 

Geneva. 

AB. Societe de Physique et d’Histoire Naturelle. 

AB. Institut National Genevois. 

Lausanne. 

p, Societe Vaudoise des Sciences Naturelles. 

Neuchatel. 

p. Societe des Sciences Naturelles. 

Zurich. 

AB. Das Schweizerische Polytechnikum. 

p. Naturforscbende Gesellschaft. 

p. Sternwarte. 

Tasmania. 

Hobart. 

p. Royal Society of Tasmania. 

United States. 

Albany. 

AB. New York State Library. 

Annapolis. 

AB. Naval Academy. 

Austin. 

p. Texas Academy of Sciences. 

Baltimore. 

AB. Johns Hopkins University. 

Berkeley. 

p. University of California. 

United States (continued). 

Boston. 

AB. American Academy of Sciences. 

B. Boston Society of Natural Histoiy. 

A. Technological Institute. 

Brooklyn. 

AB. Brooklyn Library. 

Cambridge. 

AB. Harvard University. 

B. Museum of Comparative Zoology. 

Chapel Hill (N.C.). 

p. Elisha Mitchell Scientific Society. 

Charleston. 
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PHILOSOPHICAL TRANSACTIONS. 

I. A Magnetic Detector of Electrical Waves and some of its Applications. 

By E. PtUTHERFOP.D, M.A., 1851 JExhihition Science Scholar, New Zealand Univer¬ 
sity, Trinity College, Cambridge. 

Communicated by Professor J. J. Thomson, F.R.S. 

Received June 11,—Read June 18, 1896. 

Introduction. 

The present paper deals with the subject of the magnetization of iron by high- 

frequency discharges, and the uses of magnetized steel needles for detecting and 

measuring currents of very great rapidity of alternation. 

It will be shown that these magnetic detectors offer a very simple means of 
investigating many of the phenomena connected with high-frequency discharges, and 
may be used over a wide range of periods of alternation. Not only may these 
detectors be used in ordinary Leyden jar circuits, but they also offer a sensitive 
means of investigating waves along wires amd free vibrating circuits of short wave¬ 

lengths. 
They were also found to be a sensitive means of detecting electrical radiation from 

Hertzian vibrators at long distances from the vibrator. 
In the course of the paper the following subjects are investigated :— 
I. Magnetization of iron by high-frequency discharges and the investigation of the 

effect on short steel needles. 
II. Alagnetic detectors and their uses. 

a. Detection of electro-magnetic radiation in free space. 
AVaves were detected over half-a-mile from the vibrator. 

b. Waves along wires. 
c. Damping of oscillations. 

Resistance of iron wires. 
Absorption of energy by conductors. 

d. Determination of the period of Leyden jar discharges and the constants of 

the discharcje circuit. 
The magnetization of steel needles when placed in a spiral through which a Leyden 

jar discharge was passed has long been known. 
MDCCCXCVII.—A. B 22.2.97 
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In 1842 Professor Henry was led to susp-ct from the anomalous magnetization of 

steel needles that the Leyden jar discharge was oscillatory. 

Professor Henry, Abria, and several others, used steel needles in their attempts 

to determine the direction of induced currents in secondary and tertiary circuits, 

when the Leyden jar was discharged through the primary, but with conflicting 

results. 

Lord Rayleigh (‘Phil. Mag.,’ vol. 39, 1870, p. 429) made use of steel needles in a 

magnetizing spiral in investigating the maximum current of a break for ordinary 

induction circuits. 

The general subject of the magnetization of iron, for rapid oscillatory currents, has 

been worked at by many different experimenters ; Lord Rayleigh, using oscillatory 

currents of a frequency up to 1050 a second, showed that iron wires showed consider¬ 

able increase of resistance, and deduced the value of the permeability of the wire. 

Trowbridge (‘Phil. Mag.,’ 1891) has shoAvn that iron wires rapidly damp down the 

oscillations of the Leyden jar discharge, and from his results deduced a rough vedue 

for the permeability of the specimens tested. 

' V. Bjerknes (‘Electrician,’ November 18, 1892) found that the damping out of 

oscillations in a Hertzian resonator takes place much more rapidly in a resonator 

of iron than when it is made of non-mag^netic material. 
O 

Magnetization of Iron hy a Leyden Jar discharge. 

If a piece of steel wire, several centimetres in length, be taken and placed in a 

solenoid of a few turns, on the passage of a discharge the ware will be found to be 

magnetized. The magnetization is, in general, small, and increases slightly in amount 

when a succession of discharges are passed in the same direction. 

Fig-1. o 

O 

Fig. 1 shoAvs the arrangement. A and B are the poles of a Wimshurst machine 

or an induction coil, C the condenser, S the air-break, and D the solenoid in Avhich 

the steel wire is placed. The charging-up of the condenser before the spark passes 

was found to have no effect in mao'netizing the needle. 

In all experiments to follow, the magnetization of the needles was tested by means 
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of a small mirror mognefcometer. The needle was either fixed in position in the 

solenoid and the magnetometer placed beside it, or the needle removed and tested 

after each experiment. If wires of the same length but of different diameters be 

taken, it will be found that the magnetization is roughly proportional to the diameter 

of the wires. This is to be expected, since the magnetizing forces are confined to a 

thin skin on the surface of the needle, and so the amount of magnetization depends 

more on the surface than on the sectional area. 

In order to determine accurately the way in which a piece of steel was magnetized 

from the surface inwards, recourse was had to a method of solution of the iron in acid. 

The needle to be tested was fixed in a glass vessel before a dead-beat magnetometer. 

Dilute hot nitric acid was poured in and kept at a constant temperature. As soon 

as the needle was covered it commenced to dissolve, and the variation of the deflection 

with the time was noted. In this way the amount and stages of the magnetization of 

the iron could be completely determined. From preliminary exjDeriments on 

uniformly magnetized needles, it was found that under the action of the acid the 

diameter of the wire decreased uniformly v/itli the time. 

Let I represent the intensity of magnetization of a thin circular shell distant r 

from the centre of the needle, and M the deflection of the magnetometer at any 

instant. 

I. '2TTrdr is proportional to M, 
► 0 

therefore 

In is proportional to rZM /dr. 

Let r be the radius of the wire at first. It has been shown that a —• r is 

proportional to t, the time of action of the acid. 

Therefore 

o — r = Kt where k is a constant, 

and 

— dr — ndt, 

therefore 

. . 1 dU 
i vai ies - - . . 

a — ict at 

If a curve be plotted whose ordinates represent the deflection and the abscissm 

the time of action of the acid, dWjdt at an}^ point is equal to the tangent of the angle 

which the tangent to the curve at that point makes with the axis of x. The variation 

of I can thus be completely determined from tlie experimental curve. 

lire following curve (Curve I) is an example of the magnetization of a piece of 

pianoforte wire, 4 centims. long, ‘08 centim. in diameter, placed in a solenoid of two 

turns per centim. The frequency of the discharge was about 3 million per second. 

B 2 
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The ordinates of the curve represent the deflection of the magnetometer and the 

abscissse the dep)th to which the iron has been dissolved by the acid, measuring 

from the surface inwards. Each division of the ordinates corresponds to a depth 

— *00057 centim. 

! 
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f \ 
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'\ 
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\ 
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Ihe deflection of the magnetometer at first was 85 divisions. As the needle 

commenced to dissolve, the deflection increased rapidly to 156, remained nearly 

steady for a short time, and then rapidiy diminished to zero ; when this was the 

case the diameter of the needle was *032 centim., so that the magnetization had 

penetrated to a distance of *024 centim. 

If the variation of the value of I, the intensity of magnetization from the surface 

inwards, be deduced from this curve, it will be seen that the surface layer is 

magnetized in one direction and an interior layer in the opposite direction. This 

apparently gives evidence of onlj’ two half oscillations, in opposite directions, in the 

discharge. A large number of needles were dissolved after magnetization under 

various conditions, and the same peculiarity was observed, although, from other 

evidence, it was known that there were a large number of vigorous oscillations 

before the discharge was much damped down. 

When a needle magnetized to sataration was subjected to the discharge, the 

magnetization of the needle was always diminished, and on solution of the iron 

the same effect was observed, viz., a surface layer magnetized in the opposite 

direction to the internal maD'netism. 
O 

Since a Leyden jar discharge in general gives several complete oscillations before 

it is greatly damped down, it would be expected that the surface layer of a 

uniformly magnetized needle would either be completely demagnetized or show 

evidence of several oscillations in opposite directions. The effect observed may 

be explained when the demagnetizing force of the ends of a short needle on itself 

is taken into account. The first half oscillation that tends to demagnetize the 
O 
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needle has the demao’netizin£>’ force of the needle assisting it, while the return 

oscillation has it in opposition. The return oscillation will therefore not be able 

to comj)letely remagnetize the surface layer already affected, but a thin layer will be 

left in the interior. After the passage of the next oscihation another layer will 

be added in the same direction, and so on, till the final effect will be that the surface 

of the needle will be magnetized in the opposite direction to the interior. 

If strongly-magnetized needles of the same diameter, but of different lengths, are 

taken and j)laced in the same solenoid, it will be found that the reduction of 

magnetic moment of the needle, due to the discharge, is greater the shorter the 

needle. This effect is cine to the demagnetizing influence of the ends, which is 

greater the shorter the needle. 

It was also found that if successive discharges be passed, the reduction of deflec¬ 

tion gradually increases, till it reaches a steady state, so that the passage of any 

farther number of discharges has no apparent effect on the magnetism of the needle. 

The following table shows the effect of varying the length of the needle, the 

diameter being kept constant, and also the effect of successive dischai-ges in each 

case. 

Needle ’08 centim. in diameter; frequency about 3 millions. 

Number of 
discharges. 10'5 centims. 6'4 centims. 3*2 centims. 1‘6 centims. 75 centim. 

r\ 
U 2.50 250 250 250 250 
1 204 190 166 150 114 
2 199 182 155 135 88 
5 195 175 138 115 64 

10 190 170 130 107 57 
20 189 166 125 102 54 
50 188 162 120 98 50 

In the above table each of the needles was placed at such a distance from the 

magnetometer to give the same stead}' deflection of 250. The vertical columns 

show how the deflection fell after the passage of the different numbers of discharges. 

The vertical columns correspond to needles 10‘5, 6'4, 3'2, 1’6, 75 centim. respec¬ 

tively. For the needle 10'5 centims. long, the deflection fell from 250 to 188, while 

for the short needle, 75 centim. long, the deflection fell from 250 to 50, although 

all the other conditions were precisely the same for each. 

It will be observed from the above that the first discharge is mainly instrumental 

in reducing the deflection, and that after ten discharges have been j^assed, the 

deflection has nearly reaciied its final value. 

Whenever a magnetized needle is placed in a solenoid and a discharge passed, 

there is always a reduction of the magnetization, the amount depending, for any 

given size of needle, on the intensity of the magnetic force in the solenoid and on 
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the period of the oscillation. This is the case whether we are dealing with Leyden 

jar circuits, or the free vibrations, such as are set up in Hertzian receivers. 

An unniagnetized needle, on the other hand, is not appreciably magnetized when 

placed in a circuit where the damping is small, for each successiv'e o.scillation destroys 

the elfect of the previous one. Soft iron wires exhibit a similar effect to steel, only 

it is difficult to use wires of sufficient length to retain their magnetization. The 

effect on the needle is in general a purely surface one, and the amount of demag¬ 

netization does not bear any simple relation to the magnetizing force acting on it. 

After every experiment, the needle was removed and placed in a solenoid and a 

steady current passed, sufficient to saturate the steel. In this way the needle could 

always be quickly reduced to the same state after any experiment, and it was found 

that, using hard steel wires, the results of successive experiments were very consistent 

with one another. 

Passage of a Discharge Longitudinally through a Magnetized ILf/v. 

If a piece of pianoforte wire, several centimetres in length, be taken and placed in 

series with the discharge circuit, in the passage of a discharge, the magnetic moment 

of the needle is diminished, due to the “circular” magnetization of the wire. If the 

needle be dissolved in acid, it will he found that there is a thin skin, apparently 

magnetized in opposition to the original magnetization, due to the resultant action 

of the demagnetizing force of the needle and the magnetic force due to the current 

in the wire. 

The magnetic force H acting at any given point in the wire is given by 

H = 
r 

5 

where y is the current through the conductor flowing internal to the circle described 

through the point, and concentric with the surface of the conductor. The value at 

the surface of the wire is given by 

where a is the radius of the wire. 

Assuming /x, the permeability of the iron wire, as constant, the maximum value of 

the current at any point of the conductor decreases in geometrical pu’ogressioii as the 

distance from the surface inwards increases in arithmetical progression. As will be 

shown later in the part on “ Resistance of Iron Wires,” the current falls off even 

more rapidly than the theoretical law, on account of the increase of the value of /x as 

the amplitude of the current diminishes in intensity from the surface inwards. 

For thin wires the maanetic force at the surface of the wire is much oreater than 

for thicker ones. We should, therefore, expect a thick magnetized wire conveying the 

current to be affected to less depth than a thin one, and this is found to be the case. 
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A thin steel wire, ‘025 centim. in diameter, was completely demagnetized by a 

discharge. In this particular case the maximum value of the current through the 

wire was about 100 amperes, and the value of the magnetic force at the surface of 

the wire was, therefore, about 1600 C.G.S. units. A hard steel wire, '08 centim. in 

diameter, was only partially demagnetized, the deflection being reduced from 250 to 

116 scale divisions. 

The following are examples of a few of the experiments on the demagnetization of 

iron wires when the frequency of the discharge was about 3 million and the value of 

the maximum current about 100 amperes ;— 

1. Thin soft iron 0 . . 
Thin steel rwire diameter, ‘025 centim. : completely demagnetized, 

2. Steel wire : diameter, '08 centim. : fall of deflection from 250 to 116. 

3. Steel wire: ,, T6 centim, ; ,, „ 250 to 184. 

4. Steel wire: ,, ’25 centim. : „ ,, 250 to 216. 

5. Long hollow soft iron cylinder, ^ millim. thick and diameter 1'8 millims. 

of deflection from 250 to 230. 

fall 

The same condenser and discharging current were used for all the specimens 

tested, and it is of interest to observe the depth to which the magnetism of the iron 

was affected by the discharge, assuming that the final deflection is that due to the 

mass of iron not circularly magnetized. 

Wire. Diameter. Depth of penetration 
of the discliarge. 

centim. centim. 
Hard steel wire •08 •013 
Soft steel wire .... •16 •Oil 
Soft steel. •25 •009 
Soft iron cylinder. 1-8 •0011 

Experiments of this kind show to what a small depth the current penetrates into 

the iron wire. Very large momentary currents are conveyed through a surface skin 

of the conductor, and the intensity of the current diminishes rapidly inwards. 

A thin magnetized steel wire was placed in the circuit of a small Hertzian plate 

vibrator. The deflection due to the needle fell from 300 to 250 after a succession of 

discharges. 

This shows that the iron was unaffected below a depth of about '0011 centim. 

For rough comparisons of the intensity of currents in multiple circuits, the use of 

the “ longitudinal ” detector is often preferable to placing the needle in a solenoid. 

A thin magnetized steel wire, placed in series with the circuit, is a surprisingly 

sensitive detector of oscillatory currents of small intensity. 
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In practice copper wires were soldered on to the extremities of the steel needle, 

which is placed in position before a magnetometer. A magnetizing solenoid is 

wound ovei’ the needle, and after every experiment a steady current vras sent 

through in order to re-saturate the needle. 

Both the “longitudinal” and “ solenoidal” detectors may be very readily used to 

compare the intensities of currents in multijole circuits when the period of oscillation 

is the same for each. The best form of the solenoidal detector is explained later, 

and it has the advantage of being able to distinguish between the intensity of the 

first and second half oscillations. 

Detection of Waves in F'vee Space. 

It has been shown tha.t the amount of demagnetization of a magnetized needle 

depends on the fineness of the wire and the number of turns per centim. on the 

mEignetizing solenoid. 

If a short piece of thin magnetized steel wire be taken, and a large number of 

turns wound over it, it is a very sensitive means of detecting electrical oscillations 

in a conductor when the amplitude of the oscillations is extremely small. It was on 

this principle that a detector for electrical waves was devised, which proved to be a 

sensitive means of detecting Hertzian waves at considerable distances from the 

vibrator. 

About twenty pieces of fine steel wire ’007 centim. in diameter, each about 

1 centim. long, and Insulated from each other by shellac varnish, formed the detector 

needle. A fine wire solenoid was wound directly over it, of two layers corresponding 

to about 80 turns per centim. As the solenoid w^as of very small diameter, about 

15 centim. of wire served to wind the coil. This small detector wns fixed at the 

end of a glass tube, which was itself fixed on to a wooden base, the terminals of the 

detector coil being brought out to mercury cups. 

Fig. 2. 

-io qJ- 

C A B D 

S (fig. 2) represents the detector needle and the solenoid wound over it. A and B 

are the mercury cups. CA and BD wmre twm straight rods wdiich served as receivers, 

one end of each being placed in the mercury cups. 

The detector needle was strongly magnetized and placed before a small magneto¬ 

meter, the deflection due to the needle being compensated by an auxiliary magnet. 

If the receiving wires were parallel to the electric force of the wave from the 
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vibrator, oscillations were set up in the receiver circuit, the surface layers of the 

needles were demagnetized, and there resulted a corresponding deflection of the 

magnetometer needle. 

The amount of the deflection, of course, depended on the amplitude of the 

oscillations set up in the receiver, and, therefore, on the distance from the vibrator. 

Long Distance Ex2:)eriments. 

When a Hertzian vibrator was used with plates 40 centims. square, and a short 

discharge circuit, quite a large deflection was obtained at a distance of 40 yards, the 

waves passing through several thick walls between the vibrator and receiver. 

Further experiments were made to see how far from the vibrator electromagnetic 

radiation could be detected. 

For the long distance experiments, the vibrator consisted of two zinc plates, 

6 feet by 3 feet, and separated by a short discharge circuit of about 30 centims. 

When large plates were used, a Wimshurst machine was equally efficient as a 

Ruhmkorff coil for exciting the vibrations. 

The first experiments were made over Jesus Common, Cambridge, the receiver 

being placed in one of the buildings on Park Parade. Quite a large effect was 

obtained at a distance of a quarter of a mile from the vibrator, and from the deflection 

obtained it was probable that an effect would have been got for several times that 

distance. 

When the vibrator was set up in the top floor of the Cavendish Laboratory, a 

small, but quite marked effect was obtained at Park Parade, a distance of over half a 

mile in the direct line. 

In this case the waves, before they reached the receiver, must have passed through 

several brick and stone walls, and many large blocks of buildings intervened between 

the vibrator and receiver. The length of wave given out by the vibrator was 

probably six or seven metres, and a wave of that length seemed to suffer very little 

loss of intensity in passing through ordinary brick walls. 

From an experiment tried in the Cavendish Laboratory it was found that the 

effect of six solid walls and other obstacles between the vibrator and receiver did not 

diminish the effect appreciably. When the vibrator was working in the upper part 

of the Laboratory, a large effect could be obtained all over the building, notwith¬ 

standing the floors and walls intervening. 

A large number of experiments were made on the effect of varying the length and 

diameter of the receiving wires. If a fairly dead-beat vibrator were used, e.g., plates 

with a short inductance, it was found that the deflection gradually increased with 

increase of length of the receiving wires, reaching a maximum which was unchanged 

by any further increase of length. 

MLCCCXCVII.—A. C 
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The effect on the detector was found to be practically independent of tlie sectional 

area of the receiving wires. A thin wire and a thick rod of the same leno-tb had 
O O 

equal effects ; a plate of metal, G centims. wide, produced the same deflection as a 

thin wire. 

If two wires instead of one were used in parallel the effect was the same as one, 

though the wires were some distance apart. Any number of wires in parallel had 

the same effect as a single wire or plate. 

No difference could be detected whether the first half oscillation in the receiver 

tended to magnetize the needle or the reverse. Since the vibrator used was nearly 

dead-beat, this shows that the damping of the oscillations in the receiver is very 

small. On introducing a short carbon rod in the circuit the deflection was greatly 

reduced. 

It was found impossible to magnetize soft iron or steel when placed in the 

receiving circuit on account of the slow decay of the amplitude of the oscillations. 

The detector needle may be kept in position for a succession of observations, provided 

the current in the receiving circuit is steadily increasing for each experiment, other¬ 

wise the detector should be remagnetized and placed in position again after each 

observation. The deflection was found to be very constant for a series of experi¬ 

ments under the same conditions. 

The connection between the intensity of the electric force at the receiver and the 

deflection of the magnetometer needle can be easily determined by swinging the 

receiving: wires through different angles. 

When the receiver is placed symmetrically with regard to the vibrator, the 

deflection was a maximum when the receiving wires were parallel to the axis of 

the vibrator, and the intensity of the electric force acting along the receiver varies 

as the cosine of the angle from the maximum position. 

With plate vibrators the deflection was found to be nearly independent of the 

degree of brightness of the spark terminals and remained sensibly constant for long 

intervals. In the case of the small cylindrical vibrator used by Hertz with the 

parabolic reflectors, the deflection continually varied with the state of the sparking 

terminals, and such small vibrators cannot be relied on for metrical experiments. 

Some experiments were made to see if the magnetic force in the wave front could 

be directly detected. A collection of thin wires, insulated from each other and 

magnetized to saturation, were used and placed in the direction of the magnetic 

displacement, but the values of the magnetic force were too small to be observed, 

except quite close to the vibrator. 

1 Fores along Wires. 

It was found that the use of a detector, composed of fine insulated wires, was quite 

delicate enough to investigate waves along wires when there was only one turn of 
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wire round the detector needle. Since tlie reduction of magnetic moment was nearly 

proportional to the amplitude of the current, the intensity of currents at A^arious 

points could be very approximately compared. 

Fig. 3. 

The ordinary Hertz arrangement (fig. 3) was set up for obtaining free vibrating 

circuits. 

A and B were two plates set up vertically. Beside them were two small plates 

A' and B', and long wires A'E, B'F were led from these plates. A fixed bridge was 

jjlaced at EF, the ends of the wires, and a detector placed at the middle point of 

EE, with a small magnetometer fixed in position. 

A sliding bridge, CD, was then moved till the fall of the deflection of the detector 

needle was a maximum. This position of the bridge could be very accurately 

determined, for a movement of the bridge through 1 centim, altered the deflection 

considerably. The detector was then placed in various parts of the circuit CE, and 

the amplitude of the current at the different points determined. It was found that 

the current was a maximum at C and the middle point of EF. A well-defined node 

was found at the middle point of CE. 

The length CEFD was thus half a AvaAm-length, 

Since the use of the bolometer has been the only means of accurately investigating 

waves along wires, it was interesting to observe whether the magnetic detectors 

were of the same order of sensitiveness as the bolometer. 

One turn of wire was wound round each of two glass tubes, sliding along the wires 

CE and DF, as in Reuben’s experiments. Instead of the fine bolometer wire, a 

detector needle, with several turns of wire around it, was placed in series Avith the 

two turns of wire. The charging and discharging of the small condensers, formed by 

the straight wires and the small coils around them, Avas quite sufficient to almost 

completely demagnetize the needle. By this method the movement of extremely 

small quantities of electricity could be detected and the sensitiveness Avas quite 

comparable with that of a delicate bolometer. 

No appreciable damping could be detected for the long wire circuits, showing that 

they Avere probably vibrating almost independently of the primary vibrator. 

If a metre or two of Avire was fixed to the pole of a Wimshurst machine, on the 
passage of a spark, there Avas evidence of a rapidly-oscillating current set up in the 

C 2 
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wire. By using a sensitive detector, with a few turns round it, the variation of the 

current along the wire could readily be determined. 

If short lengtiis of wire were fixed to any portion of a Leyden jar circuit, on the 

23assage of a discharge, there was always evidence of a rapid oscillation set up in the 

wire. Each of the short circuits had a tendency to vibrate in its own naturcil period, 

but the results were complicated by the oscillations of the main circuit. 

Damping of Oscillations. 

The use of magnetized needles offers a simjffe and ready means of determining the 

damping of oscillations in a discharge circuit. 

Let L be self-inductance of discharge circuit for raj-iid currents. 

,, C = ca^Dacity of condenser. 

,, B = resistance of leads and airbreak to the discharge. 

,, Vq = 2^otential to which condenser is charged. 

The current y at any instant is given by 

y = 
T'V 
—F «-E/2L . t 

(LC)i 
sin 

t 

W)‘ 

The exponential term only includes the case of frictional dissipation of energy, and 

does not take into account radiation into SjDace. In the experiments at j^resent con¬ 

sidered, where the condenser is of the ty^je of a Leyden jar, there can be but very 

small amount of dissipation of energy due to radiation. 

Assuming B to be constant, the amplitude of the current decays in geometrical 

progression. 

Consider two similar small oppositely wound solenoids A and B effaced in series in 

the discharge circuit. Two magnetized needles are placed in A and B, the north 

poles facing in the same direction. After the passage of a discharge, it will be found 

that the reduction of magnetic moment is not the same in the two needles. 

Let ... be the half-oscillations of the discharge in one direction. 

,, ... be the half-oscillations in the opposite direction. 

Suppose that the half-oscillation ntj tends to magnetize the needle in the solenoid 

A still further. Since the needle is saturated no effect is jjroduced, demagnetizes 

the surface skin, tends to remove the effect of and so on. In the solenoid B 

demagnetizes the needle, (3^ tends to remagnetize it in its original direction, and so 

on. Since the maximum value of the current of ccy is greater than the maximum 

value of the needle in B will be more demagnetized than in A. 

If, however, we increase the number of turns joer centimetre on the solenoid A, 

until the effects on the two needles are exactly the same, then assuming that the 

value of the current decreases in geometrical progression, the maximum value oi the 
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magnetic force due to the oscillation acting on the needle A is equal to the 

maximum value due to the oscillation on /3. 

Let be the maximum values of the current in the first and second half¬ 

oscillations respectively. 

Let be the number of turns per centimetre on solenoids A and B respectively. 

Then, since 

47rniyi = 4.TTn.2yz, yjyi = 

the ratio of the second to the first half-oscillation is therefore known, and the 

damping is thus deteimined. The actual resistance in the circuit may also be 

deduced. 

Now yi = 'pO'YQe where T = period of complete oscillation andy) = 
1 

(LC)^ ’ 

y3 = pCVoe-®'^^-^^A 

Therefore 

Therefore 

^,-E/2L.T/2 72 

7i 
Pj, say. 

log Pi = 
R T 

TL' 2 (1). 

Since L and T are known from the constants of the discharge circuit, and p^ is 

determined by experiment, E. is known. 

In practice, in order to avoid the necessity of determining the constants of 

the discharge circuit, an additional known resistance ?■ is introduced into the 

circuit. If an electrolytic resistance of zinc suljDhate with zinc electrodes be used, 

the resistance will be found to be practically the same for steady as rapidly 

alternating currents, as the sjDecific resistance is very great. 

Let p^ be the ratio of the amplitudes of the two half oscillations when E -f- r is in 

the circuit 

, 11 + r T 
logft=- 2L.2 

Dividing (2) by (l) 

It -f r_ fa 

11 “ log Pi 

(2). 

E is therefore determined in term of r, a known resistance. 

The method of two solenoids was not adopted in j^ractice, but one theoretically 

equivalent enqiloyed. 

A narrow piece of sheet zinc ABC was taken (fig. 4) and bent into almost a 

complete circle of 7 centims. diameter. This was fixed on a block of ebonite. At the 

centre of the circle a thin glass tube OM was placed, which served as the axis of a 
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metal arm LM, which pressed against the circumference of the circle and could be 

moved round it. The “detector” consisted of about thirty very fine steel wdres, 

■003 inch in diameter, arranged into a com23ound magnet about 1 ceutim. long. The 

wdi'es were insulated from each other by shellac varnish, and the small needle was 

fixed inside a thin glass tube wdiich could be easily slijDjDed in and out of the central 

glass tube OM. 
Fig. 4. 

A divided scale was jDlaced round the circumference ABC, and the vdrole arrange¬ 

ment was fixed in ^oosition before a small mirror magnetometer. The magnetized 

“ detector ” needle was placed in jDositiou by sliding it in the glass tube, and the 

deflection due to the needle was compensated by another magnet. The wires of the 

discharge circuit were connected to C and M, and when the arm ML rvas at C no 

eflect was j^roduced on the needle. When the discharge 2)assed round the circle 

tliere was a deflection due to the partial demagnetization of the detector. The 

detector was then quickly removed and magnetized to saturation in an adjacent 

solenoid and then rej^laced. It was found that, j^rovided the detector was magnetized 

in a very strong field, on rejflacing it in position the zero remained unchanged, and 

the same deflection was obtained time after time for similar discharges. 

Since the magnetic field at the centre of a circle due to an arc of length I is 

given by 

H = 
/7 

where y is the current. 

we see that the magnetic force acting on the needle is ^proportional to the length of 

the arc traversed by the discharge. 

A series of observations were made and it was found that the deflection due to the 

detector was ajpiproximately ^proportional to the magnetic force acting on the needle, 

provided the magnetic force was well below the value required to completely 

demagnetize the steel. 

Curve (2) represents the relation between the deflection of the magnetometer and 

the magnetic force acting on the needle. The curve is nearly a straight line exceqpt 

near the tojp j^art of the curve. 

To determine the damping of the oscillations a discharge w'as passed in one direc¬ 

tion and the deflection noted. The detector was removed, magnetized and rejplaced. 

The direction of the discharge was reversed and the arnp of the circle moved until 
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the deflection was the same as before. When this is the case the ratio of the 

maximum values of the first and second half oscillation is given by the ratios of the 

arcs traversed by the di.scharge. 

In this way the rate of decay of oscillations in ordinary discharge circuits was 

examined. With short air breaks and copper wires for connection, it was found that 

the damping was hardly appreciable. As the length of the spark gap was increased, 

the absorption of energy in the air-break caused the oscillations to damp rapidly. 

If the copper wires of the discharge circuit were replaced by iron wires, there was 

in all cases a very rapid decay of the oscillations, whatever the length of the air- 

break. If an iron cylinder were placed in a solenoid, the absorption of energy by the 

cylinder caused a rapid damping, while a copper cylinder of the same diameter had 

no appreciable effect. 

Experiments on Damping of Oscillations. Discharge circuit rectangular, 184 centims. 

by 90 centims, ; Self inductance of circuit, L = 7,400 ; Capacity, 0 = 2,000 

electrostatic units ; Frequency, 1‘25 millions per second. 

Length of spark 
gap. 

Eatio of amplitudes 
of two first half 

oscillations. 
Itesistanco. 

cectim. ohms. 
•06 •98 — 

•12 •97 11 
•24 •93 2-6 
•37 •9 3-7 
•49 •79 8-4 
•61 •7 12-4 

In the third column the apparent resistance, corresponding to the absorption of 
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energy in the conducting wires and spark gap is tabulated. The calculated value of 

the resistance of the wires of the discharge circuit was ’4 ohm, so that the remainder 

of the resistance is due to the great absorption of energy in the air break. 

The above curve represents the relation between the length of the S23ark and the 

apparent resistance that the spark offers to the discharge. The ohmic resistance of 

the air break is probably very variable, depending on the intensity of the charge at 

any instant, but the absorption of energy is quite definite and may be expressed in 

terms of the non-inductive resistance which, when placed in the circuit, would absorb 

the same amount of energy. 

It will be observed that the damping of the oscillations increases rapidly with the 

length of the spark, and that the resistance of the air break increases very rapidly 

with its length. 

It was also found that the damping depended on the capacity when the inductance 

and spark length were kept constant. The damping and also the resistance of the 

spark were found to increase with increase of capacity. For example with an air 

break of ’32 centim. the damping and resistance are given below. 

Capacity. Ratio of Oscillations. Resistance. 

JOOO •94 2-2 
2000 •9 2-6 
4000 •81 3-8 

When the Qapacity of the circuit was small the damping was found to be very 

small. If iron wires were put into the place of the copper wires in the discharge 

circuit, the damping was found to be great for all capacities investigated. 

When the capacity of the circuit was only 130 electrostatic units, and inductance 

2400, no appreciable damping was found for an air break *5 centim. : When the 

copper wire was replaced by an iron one of the same dimensious, the second half¬ 

oscillation was only ’6 of the amplitude of the first. 
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Resistance of Iron for High Frequency Discharges. 

The rapid decay of the oscillations when iron wires formed the discharge circuit 

has been already noted. This has been observed by Trowbridge (‘Phil. Mag.,’ 

December, 1891), who found, by photographing the spark, that there was evidence 

of much fewer oscillations when iron wires were used instead of copjier. 

For very rapid oscillations the resistance R' is given by R' = s/^pjxhK (see Lord 

Rayleigh, “ On the Self-Induction and Resistance of Straight Conductors,” ‘ Phil. 

Mag.,’ 1886), where R is the resistance of the wire for steady currents, I the length 

of the wire, g the permeability, and p = 2Trn, where n is the number of oscillations 

per second. 

Since the expression involves g, we should expect the resistance to be much 

greater for iron wires than for wires of the same conductivity, but non-magnetic. 

To determine the resistance of iron wires a very simple method was used. The 

fall of deflection, due to the detector needle, arranged as in (fig. 2) was noted. The 

iron wire was then removed and a copper one of the same diameter substituted. 

Since the inductance of the circuit was practically unchanged, if the damping in the 

two circuits are equal, the resistances should be the same. A short piece of high- 

resistance platinoid wire was introduced into the circuit of the copper wire, and the 

length adjusted until the deflection was the same as in the first case. When this is 

so, the resistance of the platinoid wire, together with the resistance of the copper 

wire, is equal to the resistance of the iron wires for the frequency employed. 

The resistance of the copper wires was calculated for the frequency used, but was, 

in general, small compared with the resistance introduced. 

I'he resistance of the platinoid wire was also calculated, but was found to be 

practically the same as for steady currents. The length of wire placed in the current 

was 265 centims. ; spark length was ’25 centim. 

Kind of wire. Diameter. R. R^. R^/R. 

Soft iron. 
centims. 

•025 61 II-8 

1 
i 

1-9 1 
?? . •047 2-62 12-8 4-9 i 

j •094 •57 9-2 16 i 
I )) . •295 •051 4-2 72 
1 Pianoforte steel wire . •062 1-51 11-3 6-5 

Nickel wire. ■062 •66 3-7 5 9 

In the above Table, R is the resistance for steady currents, Rj the resistance for a 

frequency 1‘6 millims. per second. The last column gives the ratio Rj/R for the 

different wires. In the case of the wire ‘295 centim. in diameter, the resistance is 

72 tunes the resistance for steady currents, while in the case of the wire of 

•025 centim. diameter, it is only 1’2 times, 

MDCCCXCVII.—a, d 
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If the value of [x, the permeability of the specimens of soft iron, be calculated from 

the formula 
R' = y 

it will be found that the value varies with the diameter of the wire. 

Diameter. /'■ 

centims. 
■02.5 3-5 
•042 9-4 
•094 18 
•295 53 

Ct/ry 9 (4). yf. 

X 

1 / 
/ 
• 

r 
A D/dm 9ter c 

1 V
 

The above curve (Curve 4) shows the relation between the diameter of the wire 

and the permeability for the discharge. It will be seen that jx varies approximately 

as the radius of the ware. 

The very small value of the permeability for fine wires is to be expected ivhen we 

consider the very large currents that pass through the wire, and the consequent 

large value of the magnetic force that acts at the surface of the iron. 

The maximum current of discharge, assuming the damping to be small, is given by 

y = rCV^, where C is capacity and Vq tlie potential to which condenser is charged. 

In the above experiments the air-break was about inch, and the diflerence of 

potential about 10,000 volts, and since p = 5•10*’, C — 4000, the maximum current 

was about 222 amperes. 

The magnetic force at the surface of the ware of radius r, which conveys the 

current, is given by 

H = = 3552 C.G.S. units, if ?’ = *0125 centim. 
r 
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If we assume the value of B to be about 14,000, we see that the permeability for 

the extreme surface layer would be about 4, The value of the magnetizing force 

diminishes from the surface inwards, so that the mean permeability of the iron to the 

discharge should be greater than the value at the surface. These considerations 

show that the permeability of iron to these discharges is by no means constant, but 

depends on the diameter of the wire and the intensity of the discharge. 

The resistance of iron wires was found to vary with the length of the spark. 

Short air-breaks gave higher values of the resistance than long ones. When the length 

of the spark was so adjusted that the maximum current was af)proximately constant 

for different periods, the resistance was found to vary as the square root of the 

frequency, as we should expect from theory. 

Several specimens of pianoforte steel wire were examined to see whether the larger 

waste of energy due to hysteresis in steel materially affected the value of the 

resistance, but the increase of resistance was not so great as for soft iron wires of the 

same diameter, although the loss due to hysteresis in steel is much greater than in 

soft iron for slow cycles. 

Absorption of Energy by Metal Cylinders. 

This subject has been treated mathematically and experimentally by J. J. Thomson 

(‘ .Recent Researches,’ p. 321-326). It is there shown by observing the electrodeless 

discharge that a cylinder of iron placed in a solenoid absorbs considerably more energy 

than a copper one of the same dimensions. The method adopted here admitted of 

quantitative as well as qualitative results. 

An ordinary Leyden jar was discharged through a solenoid of about thirty turns 

and 14 centims. long. The metal cylinder was then placed in the solenoid and the 

damping of the oscillations observed. The cylinder was then removed and a non- 

inductive resistance added until the damping was the same as when the metal cylinder 

was in the solenoid. The absorption of energy in the cylinder was then equal to the 

absorption of energy in the added resistance, whose value was known. In the above 

we have taken no account of the change of inductance of the circuit due to the metal 

cylinder being placed in the solenoid. The change is small, and could be made 

negligible by making the inductance of the solenoid small compared with the rest of 

the circuit. 

(1.) A test-tube was filled with finely laminated iron wire, *008 inch in diameter. 

The test-tube was filled with paraffin oil, to insure insulation from edd}^ 

currents. 

The absorption of energy in this case corresponded to an added resistance 

of 10*25 ohms to the circuit. 

(2.) A test-tube filled with steel filings and insulated as in (1). Increase of resist¬ 

ance, 9 ohms, 

D 2 
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(8.) A thin soft iron cylinder, 1‘9 centims. in diameter. Increase of resistance, 

3‘9 ohms. 

(4.) Solid iron rod. Increase of resistance, 3'3 ohms. 

(5.) A copper cylinder, a test-tube filled with a copper sulphate solution, and a 

platinum cylinder showed no appreciable absorption of energy. 

(6.) A carbon rod absorbed a large ammunt of energy. Increase of resistance, 

3’3 ohms. 

Table of Absorption of Energy of various Conductors; Absorption of Energy 

expressed in Terms of the Increased Resistance of the Discharge Circuit. 

Substance. Increase of resistance. 

Laminated soft iron wires . 
Solid soft iron cylinder .... 
Hollow iron cylinder. 
Carbon cylinder. 
Copper, platinum, zinc cylinders . 
Steel tilings. 

I0'25 obins 
3'5 ,, 
3-9 „ 
3'3 ,, 

not appreciable 
9 ohms 

The frequency of the oscillations in the above experiment was two million per 

second. 

If the experimental value obtained for the increase of resistance due to the solid 

iron cylinder be compared with the theoretical value (‘ Recent Researches,’ p. 323), the 

value of the permeability will be found to be 172, which accounts for the much greater 

absorption by an iron cjdinder than a copper one. 

From the peculiar deadened sound of the spark, it could always be told when much 

energy was being absorbed in the discharge circuit. With copper wires for the 

discharge circuit, the spark was sharp and bright ; when iron wires were substituted, 

the spark was weak ; when an iron cylinder was put in the place of a copper one, the 

spark was neither so bright, nor so sharp in sound. 

Determination of the Period of a Discharge Circnit. 

It is often a difficult matter to obtain even an approximation of the period of 

oscillation of a discharge circuit when the capacity of the condenser and the self¬ 

inductance of the circuit cannot be directly calculated. 

The following simple method was found to work very accurately in practice, and 

could be used for a fairly wide range of frequencies. 

Let ACB, ADR (fig. 5) be two branches of a discharge circuit in parallel, R and L 

the resistance and inductance of the branch ACB, S and N the resistance and 

inductance of branch ADB. 
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Fig. 5. 

Let M be the coefficient of mutual inductance between the two branches. 

Let X and y be currents in branches ACB, ADB respectively. 

It is shown (‘ Becent Besearches,’ p. 513) that for a rapidly-alternating’ current of 

frequency n, where = 2Trn, that 

X — 

V = 

S^ + (N - M)Bd 
(L + N - 2M)2 + (R -I S)2 

_W + (L - M)2p3 1 

[(L -f N-2Mf+ (E -f S)L 

cos [pt 4- e) = A cos {pt “b e), say 

cos (p/i -f- e') = B cos {'pt -b e'), 

^ p{E(N-M)-S(L-M)} 

S(R + S) -h (L + N - 2M) (N - ’ 

tan e 
p{R(N-M)- S(L-M)} 

R (R + S) -f (L -h N - 2M) (L - U) ’ 

A and B are the maximum currents in the two branches ACB, ADB respectively, 

and 

A_ /s^anHEZZ. 
B V py + (L _ M)2’ 

If the circuits be so adjusted that A = B 

B^ + (L - + (N - M)2p\ 

and 
3_Pd - 

N2 -L~- 211 (N - L) ’ 

The value of the impedance \/B^+^AL‘^ is nearly independent of B for rapid 

frequencies in ordinary copper wire circuits 

Suppose 
n = 10®, p = 277. 10®, and L = 10^ 

then 
jdL2 = 47rM02o. 

If the value of B for the particular period was 2 ohms say, then 

Jd_ 

a very small quantity. 
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We therefore see that, under ordinary circumstances, the resistances may be 

neglected in comparison with the inductances. 

If the branch ACB of the divided circuit consist of a high resistance of short length, 

and consequently small inductance, and the other branch of an inductance N, and 

R“ 

the maximum values of the currents in the two branches are equal, then 2^“ — -yi;, 
-*N" — -Li" 

since may be neglected in comparison with E-®, and supposing the value of M to 

be small compared with N. 

If the inductances are unchanged, is practically a constant for all periods, 

and p is therefore proportional to R; 

In practice, one branch of the divided circuit consisted of a standard inductance, 

N, and the other branch of an electrolytic resistance, R. The equality of currents in 

the two circuits was obtained by altering the value of R until the effect on the 

detector needles was the same for both circuits. Since the effect on the needle was 

the same in both circuits, the maximum values of the current are the same, since 

each branch is traversed by an oscillation of the same period. 

Fig. 4. 

It was not found necessary to place the divided circuit in series with the discharge 

circuit, but tlie arrangement was more satisfactory when it was shunted off a portion, 

PQ, of the discharge circuit XPQS (fig. 6), whose period is to be determined. The 

addition of the shunt circuit had no appreciable effect on.the period of the oscillation 

for the equivalent inductance of the two branches QP, QBAP, was slightly less than 

that of QP, and the length of QP was generally not a tenth part of the whole 

discharge circuit. 

ACB, ADB are the branches of the divided circuit. In C was placed a resistance 

consisting of zinc sulphate with zinc electrodes. The amount of resistance in the 

current could be varied by altering the length of electrolyte through which the 

current passed. 

In D was placed a standard inductance consisting of six turns of insulated wire 

wound on a bobbin 10 centims. in diameter. The self-inductance of this could be 

accurately determined by calculation, and was very approximately the same for 

steady as for rapidly changing fields. 

If the inductance L of the resistance branch was small compared with N, the value 

o^p is given by p = R/N, 
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Even if L = ~ the correction would only be 1 per cent. The resistance R of the zinc 

sulphate solution was determined for steady currents, and it can be shown that the 

change of resistance due to the concentration of the currents on the surface is quite 

inappreciable for the periods investigated on account of the high specific resistance of 

the solution. 

This can experimentally be shown as follows ; a tube containing the solution to be 

tested is placed inside a solenoid of a few turns, and a detector needle placed in the 

solution. After the passage of a discharge it will be found that the effect on the 

needle is the same as when the solution is removed, showing that there is no screen¬ 

ing action on the needle due to the solution. Since the law of decrease of magnetic 

force from the surface inwards is the same as for the decrease of amplitude of a 

current through the conductor, it follows that the amplitude of the current at the 

centre of the solution was the same as at the surface, and that there was no alteration 

of the resistance of the electrolyte due to concentration of the current on the surface. 

An air condenser of calculable capacity C was discharged through a circuit whose 

inductance L for rapid frequencies could be very approximately determined. 

The value of jo = from theory was found to agree to within 3 per 

cent, of the experimentally-determined value, and, from the difficulty of accurately 

calculating the inductance, it is probable that the experimental determination is nearer 

the true value. 

From the close agreement of theory and experiment, we have indirectly proved 

that the resistance of an electrolyte like zinc sulphate is the same for high frequencies 

as for low. 

As an example of the determination of the period of oscillation, the value of N, the 

standard inductance, was 6500 units. When the current was the same in both 

circuits, the value of E, was 168 ohms. 

Therefore 

P = 

R 

N 6500 
= 2-6 lOh 

The frequency n = pl2Tr = 4’1 10''. 

The value of the capacity and the inductance for rapid frequencies of the discharge 

circuit could also be determined. 

If a Leyden jar of unknown capacity C be replaced by an air condenser of known 

capacity C', the value of L remaining unaltered, and the value of the resistance 

necessEiry for ec^uality of currents in the two circuits determined as before, then if p' 

and It' be the new values of pt and R, 

1 1 

= 71.6 r = ’ 
R = and R' = p'N. 



24 ON A MAGNETIC DETECTOR OF ELECTRICAL WAVES, ETC. 

Therefore 
C ^ 

C' f R2 ■ 

Since R and II' have both been determined, C is known in terms of the standard 

capacity C\ 
Similarly, the value of L, the self-inductance for rapid frequencies, may also be 

found. If an additional standard inductance L' be introduced into the circuit, 

the value of the capacity remaining unaltered. 

Therefore 
yiC 

L + L' _ ^ 
- ^ - p/. • 

The value of L for rapid frequencies is thus determined in terms of L', a known 

inductance. 

In the experiments on the determination of periods, a detector consisting of twenty 

or more fine insulated steel wires, about 1 centim. long, was used, with one or two 

turns of wire round it through which the oscillatory current passed. This small 

detector coil was fixed before a magnetometer, and was so arranged that it could be 

switched either into the resistance or inductance branch of the divided circuit. 

The inductance of the detector coil was too small to appreciably alter the 

distribution of the current in either circuit. The equality of currents in the two 

circuits could thus be readily compared. 

The “ longitudinal” detector may also be used for rough determinations; but it is 

not so sensitive to slight changes of current as the solenoidal detector of fine wire. 

It was found that the inductance of a current when the wire was of iron was 

nearly the same as when replaced by copper of the same diameter. It was difficult 

to determine the variation of inductance accurately in this case, in consequence of 

the oscillations being rapidly damped when iron wires were used. 

Since the capacities of condensers for very rapid alternations may be determined, 

it was interesting to observe whether the values of the specific inductive capacity of 

glass was the same for slow as for very rapidly varying fields. Some observers had 

found that glass had a much lower specific inductive capacity for rapid oscillations 

than for slow, while others again found values about the same in the tv/o cases. The 

value of the specific inductive capacity found for plate-glass was about 6’5 for periods 

of about 3 million per second. This is considerably higher than the value obtained 

for plate-glass by J. J. Thomson and Blondlot, wdio found values of 27 and 2'3 

respectively for periods of about 20 million per second. 

The value of the specific inductive capacity of ebonite, tested by the same method, 

was found to be about the same as for slow alternations. 

These experiments were performed in the Cavendish Laboratory, Cambridge. 
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XL Complete Freezing-Point Curves of Binomy Alloys containing Silver or Copper 

together with another Metal. 

By 0. T. Heycock, F.R.S., and F. H. Neville. 

{From the Laboratory of Sidney Sussex College, Cambridge.) 

Received 6tli .June,—Read .Juue 18, 1896. 

>Sectton I. 

This paper contains some results of a study of the freezing points of binary alloys, 

the freezing points being traced for all proportions of the two metals, so that the 

results when plotted give a complete freezing-point curve. 

The freezing point, properly speaking, is the temperature at which a liquid and 

some solid that can be formed from it are in equilibidum. In practice, at all events 

when working with alloys, it is necessary to take as the freezing point the tempera¬ 

ture at which solid matter begins to separate from a liquid that is being slowly 

cooled. The first indication of this formation of solid is generally afforded by a 

thermometer immersed in the liquid, the heat given out when solid matter separates 

arresting the fall in temperature and causing the thermometer to register a constant 

temperature for a shorter or longer time. It is evident that, except when we are 

dealing with a pure substance, the freezing point obtained in this way must be below 

the true freezing point. This cause of error can be diminished by using a sensitive 

thermometer, by using a large mass of substance, and by causing the rate of fall to 

be very slow.* Surfusion also, where it occurs, must be prevented by the usual 

method of dropping in nuclei. When the freezing point changes a good deal for a 

small change in the concentration, this method is liable to give values of the freezing 

point considerably below the true value. 

The general theory of the equilibrium between a liquid mixture of two bodies and 

the various solids that can be formed from such a mixture, has been developed by 

Le Oh atelier, Van't Hoff, Bakhuis Boozeboom, Kuster, and other writers, and 

it will be convenient to give here a brief outline of that part of their conclusions 

which we shall afterwards need. 

The solid which separates wdien a homogeneous liquid mixture of two bodies is 

cooled may consist of either of the two substances, or it may be a compound formed 

* See note. Section IV. 

MDCCCXCVII.—A. E 1.6.97 
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from them ; it may also in certain cases be a solid solution, or it may be an 

isomorphous mixture of the two bodies, or of a compound with one of them. 

To take the simplest case first. Let us suppose that the pure substance A 

separates in the solid form when we cool the homogeneous liquid AB.* If 6 is the 

equilibrium temperature (the freezing point) reckoned from the thermo-dynamic 

zero, X the molecular concentration of A in the liquid AB, that is, the fraction of a 

molecular weight of A contained in every molecular weight in AB, X the latent heat 

of solution of a molecular weight of A in AB at the equilibrium temperature, then it 

is known that these quantities are connected by the equation 

2 
dx 

X (1) 

When X is near unity, that is, when but little of B is present, we may fairly take X 

to be the latent heat of fusion of A, and 6 and dd being known by experiment, we 

may use equation (l) either to deduce x and therefore the molecular condition of B 

from the known value of X, or following the reverse order we may obtain X on some 

assumption as to the molecular state of B. This course has been largely followed in 

the study of solutions in water and in organic solvents, but the method has not, so 

far as w^e know, been applied to the study of metals of high melting point except hv 

ourselves. 

A great and valuable extension of equation (l) is due, we believe, to Le Chateliee. 

He assumes, as a first approximation, that X is independent of x and of 6, and he is 

thus able to integrate the equation, obtaining 

2log.*=x(-I - .(2), 

where 9q is the freezing point of pure A, corresponding to the concentration x = 1. 

If now^ we plot as abscissae the values of x from i to 0, and as ordinates the 

corresponding values of 6 calculated from equation (2), we get the ideal freezing- 

point curve of A. The corresponding curve for B can be plotted in the same wav, 

but from right to left. 

The highest point of each curve gives the melting point of the pure substance ; 

and the intersection of the two curves (see fig. 1) gives, as Ostwwld has pointed out, 

an approximation to the melting point and composition of the eutectic alloy. The 

freezing-point curves found by experiment will resemble fig. 1, but on account of many 

causes, which may be summed up as changes in the value of X, cannot be expected 

to be identical wuth it. In fig. 4, we give ideal curves for silver and copper, 

using in equation (2) the values of X found by us. If wm use Beeson’s value of the 

* By the symbol AB we mean, not a compound of A and B, but any mixtuve ol the two bodies. 
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Jateiit heat of silver, the two curves will be found to intersect at a composition verj 

near that of the eutectic alloy. The intersection of the experimental curves in the 

eutectic point terminates the part of each curve which is generally realizable, 

although by utilizing phenomena of selective surfusion, both Lb Chateliee,'^' and 

DAHMst consider that they have, in one or two cases, traced the lower branches for a 

short distance. 

In a certain sense the phenomenon of the eutectic state gives rise to a horizontal 

branch of the freezing-point curve, passing through the eutectic point E, fig. 1 ; for 

if we take a mixture represented by the jioint X and allow it to cool, the changes 

in its state will be represented by points on the vertical XYZ. There will be a 

freezing point at Y followed by a slow fall in temperature until the temperature Z 

is reached, when the part still liquid will have the composition of the eutectic state 

E, and will solidify without further fall in temperature, thus giving a second very 

well marked freezing point. This phenomenon of double freezing points has long 

been known, and is well shown in the silver-copper curve given in this paper. 

B 

Let us now suppose that a comjDound C of A and B exists, whose composition and 

melting point in the pure state are given by the point P. Then, if P lies above the 

curve of fig. 1, and C is not completely dissociated by melting, we shall get a 

freezing-point curve such as fig, 2, with two eutectic points E and E'. This sort of 

curve is well illustrated by the copper-aluminium curve given by Le Chatflier 

Revue Generale des Sciences,’ 30 June, 1895), and in the work of Roozeboom on 

the equilibrium between water, hydrochloric acid, and ferric chloride (‘ Zeitsch. Phys. 

Chem., vol. 15, p. 588’). If more than one compound is possible, the main curves of 

fig. 1 may be interrupted by more than one such middle curve. 

If the compound C is not at ail dissociated by melting, then P may be an angle 

and will divide the figure into the two complete systems AC and CB, each corres¬ 

ponding to the case of fig. 1, and obeying the equations discussed above; but the 

* ‘ Comptes Rendus,’ April 9, 1894. 

t ‘ Ann. Pliys. Chem.,’ 1895, vol. 54, 386. 

E 2 
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more C is dissociated the more rounded will be the point P, and the less conspicuous 

the middle ” curve, of which it is the summit. Attention has been drawn to this 

by Lorentz and Stortenbecker (‘Zeitsch, Phys, Chem.,’ vol 10, p. 194). If C 

is wholly dissociated by fusion, we should not expect its existence to be indicated by 

the freezing-point curve ; and as Le Chatelier has pointed out, if its melting 

point ■“ lies below the curve of fig. 1, the existence of the compound may equally fail 

to appear in the freezing-point curve. We believe that such cases of partial dis¬ 

sociation on fusion ai’e probable in the case of alloys (see ‘Jour. Chem. Soc.,’ 1891, 

p. 936, and 1894, p. 65). 
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In fig. 3 we have a case of probably frequent occurrence, where P, the melting 

point of C, lies below the curve B, but a portion of the system CA is possible, as 

shown by the curve QE. Both Le Chatelier and Boozeboom give examples of 

this, and some of the curves occurring in this paper probably contain examples 

of the same phenomenon. 

Thus an intermediate maximum indicates a compound and gives its composition, 

while an angle such as Q may indieoJe a compound, but does Hot necessarily give its 

composition. 

If, instead of one of the pure bodies A or B, or a compound, the substance formed 

is a “ solid solution,” in Van’t Hoff’s sense of the word, we should expect the line 

of freezing points starting from the point A to rise, or at all events the fall in the 

* In such a. case the compound decompo,ses into a solid and a liquid part; as when the deca-hydrate 

of sodium sulphate “ melts ” in the presence of a saturated solution of the salt. 
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freezing point caused by the presence of B to be less than the normal. It is not quite 

certain that the experiments described in the present paper contain any examples 

supporting Van’t Hoff’s theory of solid solutions. 

On the other hand, the fact proved experimentally by Kuster and by Le Chatelier, 

that when the solid separating is an isomorphous mixture of A and B, all the freezing- 

points lie on a straight line joining A to B, is probably illustrated by part of the 

copper-tin curve. 

When the liquid AB separates into two conjugate liquids before the formation of 

solid, this process, which, since it generally occurs with falling temperature, may be 

expected to be exothermic, might evolve enough heat to affect the thermometer and 

give a false freezing pointc The freezing point curve of a pair of conjugate liquids 

in contact with each other is perfectly illustrated by our copper-lead curve. 

Section II. 

The Experimental Method. 

The experimental details of our work, including the method of employing and 

standardising the pyrometers, has been fully described in a paper already published 

by us ;* we shall, therefore, treat these matters with great brevity. 

The composition of each alloy was determined synthetically : a weighed amount of 

one metal being melted, and successive weighed quantities of the second metal added 

to it. Each freezing point was in general determined twice, the alloy being com¬ 

pletely re-melted before the second reading. When the two differed, the second was 

generally a little higher than the first, and was accepted as the most trustworthy. 

The alloys were fused in cylindrical salamander (plumbago) crucibles, 42 millims. 

wide and 105 millims. high; these were in most cases surrounded by an outer 

crucible, to secure a slow rate of cooling. The crucibles were heated in a small 

Fletcher blast furnace, so arranged that the products of combustion escaped at the 

side. The oblique hole, usually seen in the cover of these furnaces, was replaced by 

an axial circular hole that exactly fitted the crucible. The mouth of the crucible 

passed through this hole, and the joint was made approximately gas-tight by a packing 

of asbestos paper. The surface of the alloy was in this way protected against the 

furnace gases. As there was thus no draught across the mouth of the crucible, we 

were able to keep a small flame of coal-gas, or hydrogen, constantly burning over the 

surface of the metal. This was introduced into the crucible through a pipe-stem, and 

effectually prevented the oxidation of the metals or the absorption of oxygen by the 

silver. The hydrogen was made by the action of sulphuric acid on zinc free from 

arsenic, but we did not find that the substitution of coal-gas altered the freezing- 

point. For all temperatures above the melting point of silver, the coal-gas, burning 

* ‘ Chem Soc. Jour.,’ 1895, p. I6U. 
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in the crucible with an insufficient supply oi air, deposited so much carbon that the 

crucible soon became full ; we were therefore obliged to employ hydrogen in such 

cases. 

Before and during the reading of the freezing point the metal was stirred by means 

of a plunging stirrer. This stirrer consisted of a carbon rod screwed into a semi- 

annular foot cut from a plate of gas-carbon so as nearly to fit the crucible. Without 

efficient stirring it is impossible to obtain sharp and consistent readings of the 

freezing point when the solutions are at all concentrated. The stirring was in some 

cases efiected automatically by means of a small water motor, but more often hand 

stirring was adopted. Hand stirring, though not so vigorous as an automatic stir, 

has the advantage that the person stirring can note the formation of precipitate and 

observe its character. 

The pyrometers employed were of the Callendar-Geiffiths type, in which the 

temperature is determined by the change in the electrical resistance of a platinum 

wire. Their constants were re-determined from time to time during the progress of 

the experiments, using as fixed points, ice, steam, and the vapour of boiling sulphur 

(444’53°). These three points are sufficient for reducing, by Callendar’s rule, the 

observed resistance to the temperature on the Centigrade-air scale. The justification 

for this rule is to be found in Callendar’s'* comparison with the air thermometer up 

to 600° C., and in the identity of the freezing point of copper, as determined by us 

and by Holborn and WiEN,t the latter observers virtually using the air thermometer. 

This point has also been discussed by Griffiths.;!; The exact accuracy of this reduc¬ 

tion to the Centigrade-air scale is not, however, of moment for the purpose of the 

present paper; it is sufficient that these pyrometers give consistent temperatures on a 

scale that nowhere differs much from the true scale. The additional experience 

gained in making the experiments described in the present paper has confirmed us in 

the opinion that such is the case. 

Section III. 

The Tables of Experimental Results. 

Each table gives the freezing points for a pair of metals. The weight of pure 

metal that we start with is given at the head of the table or section. 

Column (1) gives the total weight of the second metal present at the moment 

of taking the freezing point. 

Column (2) gives the percentage of the second metal present in the alloy. The 

percentage of the first metal present can be obtained by subtracting the numbers 

of column (2) from 100. 

* Callendar, ‘Phil. Trans.,’ A., 1887, p. 161; A,, 1891, p. 119. 

t Holborn and Wien, ‘Ann. Phys. Chem.,’ 1892, 47, 107. 

I Griffiths, ‘ Nature,’ November 14, 1895, and February 27, 1896. 
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Column (3), the Atomic Percentage of the second metal, gives the number of atoms 

of the second metal in every 100 atoms of the alloy. It would be more satisfactory 

if we could calculate the number of molecules of the second metal in every 100 

molecules of the alloy, but unfortunately we can only make uncertain guesses as to 

the molecular weights. As before, by subtracting the number in column (3) from 

100 we get the atomic percentage of the 6r.st metal. Columns (2) and (3) are not 

calculated beyond the second decimal place, as this gives a degree of accuracy equal 

to that of the freezing points in column (4). 

Column (4) gives the freezing point. This temperature was read to one-hundredth 

of a degree, but in the tables we, as a rule, only give the tenths of a degree. 

Column (5), the Atomic Fall, is obtained by dividing the total depression of the 

freezing point, taken from column (4), by the atomic percentage taken from column 

(3). This column shows how far the law of proportionality between the concentration 

and the total depression of the freezing point holds good. For concentrated solutions 

the atomic fall has no simple meaning, and in such cases it is not given in the tables. 

In applying equation (1) to the case of dilute solutions, for which alone the conception 

of the atomic fall is useful, we must regard clx as identical with 1 — x. This is the 

atomic percentage divided by 100, so that the atomic fall is yoq • dd/c/x, a quantity 

which equation (l) tells us is equal to •O20“/a;X. If we use tlie more accurate 

equation (2), then the atomic fall is 
O-do •02 log^. The two expressions become 

identical when x is unity. 

Numbers in column (4), which are enclosed in brackets, are second freezing points, 

corresponding to a eutectic state. 

Each series in a table corresijonds to an entirely new alloy, and the horizontal 

spaces dividing a series into sections indicate that a portion of the alloy has been 

extracted from the crucible and the experiments continued with the residue.* It 

will be seen that the freezing point was always taken after as well as before such an 

extraction. 

The notes and remarks at the end of each table are substantially copied from the 

laboratory note-book. 

* Tal)le IIa contains examples of this. 
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Table Ia.—Freezing Points of Alloys formed by adding Copper to Silver. 

Series 1.—348'9 grams Silver. 

(1-) 

Total weight of 
copper present 

(2.) 

Percentage \Yeight 
of copper. 

(3.) 

Atomic 
percentage of 

copper. 

(4.) 

Freezing point on 
the Centigrade 

scale. 

(5.) 

Atomic fall. 

0 0 0 960-0 i 

1-074 -31 •52 957-2 5-4 
2-101 •60 1-02 954-3 5-6 1 
4-195 1-19 2-01 948-7 5-6 
8-11 2-27 3-81 938-6 5-61 

13-59 3-75 6-23 925-3 5-57 
24-03 6-44 10-50 902-4 5-49 
44*8/ 11-39 17-99 864-9 5-28 

Senes 2.—200 grams Silver, 

0 0 0 959-3 
7-305 3-52 5-86 926-1 5-66 

22-35 10-05 16-00 865.3 5-88 
32-86 14-11 21-88 847-3 5-12 
43-57 17-88 27-08 825-3 4-95 i 
55-67 21-77 32-18 805-0 4-80 1 
6T74 23-59 34-48 797-0 4-71 

55 55 (778-0) 
67-95 25-36 36-67 788-9 4-65 

51 55 55 (778-6) 
74-05 27-02 38-70 781-7 4-59 

55 5 5 55 (778-6) 
78-16 28-10 40-00 778-65 
82-16 29-12 41-18 779-1 
90-34 31-12 43-50 790-3 

55 55 55 (778-6) 
1 
1 

103-02 34-00 46-75 8O5-3 
• 5 55 5 (778-2) 

118-38 37-19 50-22 818-80 

1 

Series 1.—Before adding the last quantity of copper the galvanometer was balanced, 

and it was observed that at the moment after the addition of the copper there was 

no sudden change of temperature. 'The total weight of the metals used in this series 

was 393'8 grams, but the ingot of alloy was found to weigh 379 grams. Although 

some of the alloy adhered to the crucible and to the pyrometer stem, and hence was 

not weighed, yet these numbers point to a probable loss of metal during the course of 

the experiments. Tln^ metal was molten for periods amounting to about five hours 

in all. 

Series 2.—The first two freezing points of the alloy in this series prove, when 

plotted, to be inconsistent with the residts of the other series and with the later 
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points of this series. A probable explanation is that the silver was not fully molten 

at the moment of adding the first and second cjuantities of copper, and so the solution, 

whose freezing point was taken, was at the time richer in coj^per than the figures 

indicate. 

At 16 atoms, precipitate begins to form at the freezing point and can be watched 

forming freely as the mass slowly falls in temperature. 

At 34'48 atoms, a second lower freezing point, much more constant in temperature 

than the upper point, was noted. This is reached when the still liquid portion attains 

the composition of the eutectic alloy—40 atoms of copper. This freezing point, and 

all other similar eutectic points, have the temperature placed in brackets, to distinguish 

it from the upper first freezing point at which solid begins to separate. This eutectic 

point is probably the same whatever the proportions of copper and silver. When an 

alloy by partial solidification reaches this temperature, the thermometer no longer 

falls slowly as solidification progresses, but registers a quite constant temperature, 

until the whole mass is solid. 

The total weight of the metals used in this series was 318‘4 grams, but the ingot 

of alloy was found to weigh 315 grams, and a little was left on the stirrer. 

At 32T 8 atoms there was a trace of surfusion. 

Table Ia.—Freezing Points of Alloys made by adding Copper to Silver. 

Series 3.—182'57 grams Silver. 

(1-) 

Total weight of 
copper present. 

(2.) 

Percentage of 
copper. 

(3.) 

Atomic 
percentage of 

copper. 

(4.) 
Freezing point 

on the Centigrade 
scale. 

(5.) 

Atomic fall. 

8-739 4-57 7-55 917-0 5-70* 
17-447 8-72 14-01 883-7 5-44 
18-65 9-27 14-83 880-0 5-.39t 
19-99 9-87 15-73 875-4 5-38 
21-41 10-50 16-67 870-7 5-36 
23-03 11-20 17-70 866-0 5-31 
24-74 11-93 18-77 861-1 .5-27 
26-54 12-69 19-86 856-3 5-22 
28-24 1.3-40 20-87 851-8 5-18 
30-25 14-22 22-03 846-7 5-14 
.33-25 15-41 23-70 839-5 5-08 
39-66 17-85 27-03 825-5 4-981 

* As usual, at this stage, there was an abundaut precipitate at and after the moment of reading, and 

a few degrees below the recorded freezing point stirring became impossible, 

t Here the period of stationary temperature was very short. 

X lu most of the above experiments there was an abundant precipitate at the moment of reading the 

temperature, but the freeziiig point, though quite marked, was not constant for long. 

MDCCCXCVir.—A. F 
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These experiments, when plotted, show that there is no inflexion in the cuiwe on 

the silver side. 

The ingot of alloy weighed 220‘5 grains, while the metals used weighed 

222’2 grams. 

At the first three readino-s of this series snrfusion was noticed. 
o 

Table Ib.—Freezing Points of Alloys made by adding Silver to Copper, 

Series 1.—200 grams Copper. 

(1.) 

Total weight of 
.silver present. 

(2.) 

Percentage of 
silver. 

(3.) 

Atomic 
percentage of 

silver-. 

(-t-) 

Freezing point 
on the Centigi-ade 

scale. 

(5.) 

Atomic fall. 

0 0 0 1081-5 
1023 -51 -30 1079-1 8-b* 
4'374 2-14 1-27 1071-1 S-2 
9-.532 4-55 2-72 1059-1 8-24 

14-84 691 4-17 1048-1 8-01 
29-85 1-2-99 8-05 1019-6 7-69 

1020-8 7-544 
45-OG 18-39 11 67 996-5 7-28 
60-07 23-10 1498 976-0 7-04 
80-3 i 28-66 19-07 953-5 6-71 

100-54 33-45 22-77 934-4 6-46 
120-68 37-64 26-15 917 4 6-28: 

* \Yheu the silver was dropped into the molten copper it appeared to boil. 

t Up to tliis point coal-gas had been used to protect the surface of the copper from o.'cidation, but so 

much finely divided gas carbon had formed in the crucible that pure dry hydrogen was henceforward 

used. The gas carbon does not form over molten silver at its melting point. This reading was taken 

two days after the preceding. 

+ The weight of the metals used was 320’7 grams, but the ingot, after dipping while hot in dilute 

sulphuric acid, weighed 310'4 grams. The surface of the ingot was mottled with white spots on a ground 

of copj^er colour. 
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Table Ib.—Freezing Points of Alloys made by adding Silver to Copper. 

Series 2.—12473 grams Qrpper. 

(1) 

Total weight of 
silver present. 

(2.) 

Percentage of 
silvei’. 

(3.) 

Atomic 
percentage of 

silver. 

(4.) 

Freezing point on 
the Centigrade 

scale. 

(5.) 

Atomic fall. 

76-27 37-64 26-15 916-5 6-31* 
90-43 42-03 29-84 900-2 6-08 

110-58 47-00 34-22 881-6 5-84 
130-60 51-16 38-06 866-5 5-65 
150-70 .54-72 41-48 852-9 
175-86 58-51 45-27 837-2 

(778-4) t 

200-94 61-71 48-59 823-7 

1 > (778-6) -f 
4- 

* Series 2 begins where Series I ends. The difference of '9° C. between tbe last reading of Series I 

and the first reading of Series 2 is perhaps a measure of the changes in composition that the mixture of 

Series 1 has undergone by volatilization and oxidation. If so, these two camses of error, when taken 

together, are not very important. A shift in the constants of the pyrometer during Series I might well 

amount to as much as 1° C. 

t Partial stirring was possible until the temperature fell to the eutectic point 

X The ingot of alloy weighed 319 gi’ams instead of the 325’6 grams of metal used, but several frag¬ 

ments of alloy adhering to the apparatus were not weighed, so that the loss from all causes was small 

during the experiments. 

F o 
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Table Ic.—Freezing Points of the Eutectic A.lloy of Silv^er and Copper. 

200 grams Silver. 

('■) (2-) 

Total weight of Percentage of 
copper present. copper. 

72 26-47 

11 
7 i’05 

15 

27-02 
76-04 27-5.5 

77-80 28”ol 
79-11 28-34 
82-13 29-11 

87T5 30-35 

55 55 

(3.) 

Atomic 
percentage of 

copper. 

(4.) 

Freezing point on 
the Centio-rade 

O 

scale. 

38-03 783-44 

55 (777-15) 
38-70 780-4 
39-33 (777-25) 

11 779-11 
39-87 / 77-59 
40-27 777-76 
41-18 780-45 

781-49 
778-55 

42-63 787-09 

55 778-45 

'i'he ingot of alloy weighed 286'5 grams, while, the total weight of the metals used 

was 287T5. 

At temjieratures but little above the eutectic, the stationary temperature at the 

F.P.'^ lasted but a short time, so that there was some dano-er of readings these freeziim 

points too low ; to meet tins, nuclei of alloy were extracted from the crucible and 

dropped in just before the temperature fell to the freezing point. This method 

removes the risk of surfusion and slightly raises the observed F.P. 

There was an interval of a night between the earlier readings of this series and the 

last four, but the constants of the pyrometer were not re-determined. A change in 

the constants may be the cause of the fact that the lirst F.P. on the second day was 

a degree higher than the F.P. of the same alloy on the previous day. We have, 

therefore, in drawiim the curve of this series subtracted one decree from all the 

second day’s readings. 

* E.P. is “ freezing point.” 
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Table IIa.—Freezing Points of Alloys made by adding Lead to Silver. 

200 (jrams Silver. 

! 

i 
(!•) 

Total weight 
of lead present. 

Percentage of 
lead. 

(3.) 

Atomic 
percentage of 

lead. 

(4.) 

Freezing point on 
the Centigrade 

scale. 

(5.) 

Atomic fall. 

1 
1 

0 0 0 959-12 i 

2-OOd 0-99 •52 954-34 9-2 
4‘004 1-96 1-03 949-0 9-8 
d'OOo 2-92 1-54 944-0 9-8 1 

lO-OOo 4-76 2-54 934-4 9-72 
14'335 6-69 3-61 924-3 9 67 

77 924-5 
20-335 9-23 5-04 910-4 9-67 
.30-335 13-17 7-33 886-6 9-89 
45-335 18-48 10-57 853-4 10-00 
60-34 23-18 13-60 820-0 10-23 
80-34 28-66 17-32 782-7 10-19 

105-34 34-50 21-56 741-6 
130-34 39-46 25-37 710-0 
160-33 44-50 29-49 684-1 
200-34 50-04 34-32 659-5 

134’84 (jrams Silver. 

135-07 50-04 34-32 659-2 'T' 1 

175-07 56-49 40-38 635-4 
215-07 61-47 45-42 619-3 

77 7 • (308-5) 1 

255-07 65-42 49-66 606-2 [ 

295-07 68-63 53-30 596-1 

77'7 grams Silve 

170-00 68-63 53-30 596-3 + 
210-00 73-00 58-51 580-8 
255-00 76-61 63-12 563-0 
315-00 80-22 

1 
67-90 548-3 

* The secoud freezing- jjoiut was taken on the resumption of the experiment after a night’s interval, 

t Residue of tlie above alloy after the removal of ISO'-i gi-ams ; the freezing point was taken after a 
night’s interval. » 

X Residue after the removal of 18-2'2 gi-ams. 



38 MESSRS. C. T. HEYCOCK AND F. H. NEVILLE ON 

For tlie first 5 atomic per cents, of lead there was an abundant precipitate at the 

moment of reading. After this concentration the precipitate at the moment of 

reading gradually became less and less, and before 45 atomic per cents, it ceased 

to be possible to detect precijjitate at the moment of reading or for some time 

afterwards. At this concentration plenty of precipitate could be felt on the bottom 

of the crucible when the alloy had cooled 50 or 100 degrees below the F.P. 

At 45 atomic per cents, of lead the alloy was allowed to cool to the eutectic 

point, but stirring had become impossible long before the temperature had fallen to 

this point. 

Beyond 50 atomic per cents, of lead the F.P. is only indicated by a slight decrease 

in the rate of cooling. 

At 34’32 atomic per cents, and at 53‘3 atomic per cents, the crucible had become 

too full and a portion of the alloy was removed. It will be noticed that the F.P. 

before and after this removal of a part of the alloy is substantially the same. 

At the. end of the experiments the solidified ingot of alloy was found to weigh 

389’8 grams, while from the weights of the two metals used it should have weighed 

392‘7 grams; part of this loss is due to metal adhering to the pyrometer and the 

crucible. 

Oxidation did not occur either during the experiments or during the cooling. 
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Table IIb.—Freezing Points of Alloys made by adding Silver to Lead. 

250 grams of Lead. 

(1-) 

Total weight o£ 
silver pi’esont. 

(2.) 

Percentage of 
silver. 

(3.) 

Atomic 
percentage of 

silver. 

(4.) 

Freezing point on 
the Centigrade 

■ scale. 

0 0 0 327-60 
5-210 2-04 3-85 306-17 

» (303-72) 
10-431 4-01 7-41 (303-5) 

(303-2) 
15-647 5-89 10-71 (303-2) 
20-862 7-70 13-80 (30.3-4) 
26-078 9-45 16-67 460-6 
31-293 11-13 19‘36 481-6 
39-116 13-53 23-08 505-5 
40-94 15-81 26-47 523-6 
54-76 17 97 29-58 536-9 

The second reading at 7‘41 atoms was taken on the day after the first. Until 

16’67 atomic per cents, of silver no higher point than the eutectic could be found 

although the alloys were heated above 500° C., and the cooling carefully watched 

until the eutectic point was reached. This must be due to the fact that very little 

solid separates out at the F. P. With more than this proportion of silver the F.C. 

could be detected, but the indication was slight until 23 atomic per cents, of silver. 

The eutectic point deduced from the above is 303'3°; in our previous work 

(‘Chem. Soc. Jour.,’ 1892), using mercury thermometers, we made it 303°, the fixed 

points on the mercury thermometers having been previously determined by com¬ 

parison with a platinum thermometer. 
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T^ble IIIa.—Freezing’ Points of Alloys made by adding Tin to Silver 

200 grams Silver. 

(!•) 

Total weight of 
tin present. 

(2.) 

Percentage of 
tin. 

(3.) 

Atomic 
percentage of 

tin. 

(4.) 

Freezing point on 
the Centiofi-ade 

scale. 

(5.) 

Atomic fall. 

0 0 0 9.59-2 
' 

1 013 -504 -461 956-1 6-72 
2-8G1 1-425 1-304 950-0 7-06 
6-926 3-347 3-067 936-3 7-47 

11-172 5-290 4-856 921-8 7-70 
19-39 8-839 8-139 891-0 8-38 
33-51 14.350 13-28 830-2 9-69 
48-63 19-57 18-18 755-9 11-18 
63-87 24-20 22-59 691-7 11-84 

201 grams Silvei 

78-89 28-19 26-40 648-2 11-78 
98-92 32-98 31-02 603-1 11-47 

119-6.5 37-32 35-23 567-4 11-12 

137’82 grams Silver. 

82-04 37-32 35-23 567 6 
97-43 41-42 39-24 538-7 

117-51 46-02 43-79 510-2 
137-69 49-98 47-72 489-2 
157-96 53-41 51-16 474-0 
179-44 56-56 54-34 464-1 

'>•> (220-2) 

91’94 grams Silver. 

119-73 56-57 54-34 463-0 X 
f 

135-53 1 59-59 57-38 453-3 
161-11 63-67 61-55 437-9 
188-25 67-19 65-17 424-8 

C8'35 grams Silver. 

139-97 67-19 65-17 425-0 
160-34 70-11 68-19 413-0 
190-42 73-59 71-80 399-2 
230-89 77-16 75-51 381-4 

(221-4) 

X 
I 

Ecsidue of the preceding alloy after the removal of lOO’S gram.=5. 

}i 11 1* 11 lOot) ,, 

:i „ .. 11 „ 71-9 „ 
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For the first five atomic per cents, at least, the moment of freezing' is detected by 

the person stirring a second or two before the observer at the galvanometer, as the 

walls of the crucible become abundantly coated with a smooth solid. 

At 22 atomic per cents, nuclei of silver wet e added just before the reading, but no 

effect was noticed, and the nuclei of silver did not melt easily. 

At 35’23 atomic per cents., and at a temperature considerably above the F.P., 

some of the alloy was extracted. 

At the higher freezing point at 54‘34 atomic per cents., and for 50° or more below 

the F.P., no solid could be detected, but the reading was well-marked. The lower 

F.P. was obtained by allowing the alloy to cool to the eutectic state, 

A portion of the alloy was now removed ; the F.P. afterwards was a degree low^er. 

At 65T 7 atomic per cents, a portion of the alloy was removed, the F.P. before and 

after this process being the same. 

At and after 54 atomic per cents., little or no solid matter can be detected at the 

point recorded as the F.P., but the cooling at this point suddenly becomes much 

slower. 

At 75*5 atomic per cents, no solid matter could be detected until close to the 

eutectic point. Soon after this point was reached the alloy set to a solid mass at the 

eutectic temperature. 

Table IIIb.—Freezing Points of Alloys made by adding Silver to Tin. 

180 grams Tin, 

(1.) 

Total weiglit of 
silver jjresent. 

(2.) 

Percentage of 
silver. 

(3.) 

Atomic 
percentage of 

silver. 

(4.) 

Freezing point on 
the Centigrade 

scale. 

(5.) 

Atomic fall. 

0 0 0 232-07 
3-289 1-80 1-96 226-54 2-82 
6-579 3-53 3-85 221-67 
8-224 4-37 4-76 (221-59) 

59 232-5 
IT5I3 6-01 6-54 2.59-5 
18-092 9-13 9-91 296-9 
24'67 12-05 13-04 3-22-6 
36-18 16-74 18-04 355-2 
49-34 21-52 23-08 380*8 

. 

It is clear that the eutectic state is reached with somewhat less than 3*85 atomic 

per cents, of silver. 

The readings, higher than the eutectic, until 10 atomic per cents, of silver, are 

very fugitive, the P.P. being indicated by a slight change in the rate of cooling. One 

MDCCCXCVII.-A. G 
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would expect these readings to be subject to a large experimental eri’or, but the 

curve shows that they are consistent with each other. 

It will be noticed that where the two series meet the latter lies some five decrees 

higher. The discrepancy may be due to some small extent to a change in the 

constants of the pyrometer, to a greater extent to an error in the determination of 

the last F.P. of the first series, but we think it is also due in part to a loss of silver 

1)y volatilization and splashing during the course of the first series. 

Table IVa.—Freezing Points of Alloys made by adding Lead to Copper. 

Series 1.—200 grams Copper. 

(1.) 

Total weight of 
lead present. 

(2.) 

Percentage of 
lead. 

(3.) 

Atomic 
percentage of 

lead. 

(4.) 

Freezing point 
on the Centigrade 

scale. 

(5.) 

Atomic fall. 

0 0 0 1080-8 
1-00 ■50 ■15 1079-3 10-0 
2T22 1-05 ■32 1077-1 11-6 
5T24 2-50 ■78 1071-6 11-8 

10T24 4-82 1-55 1062-8 11-6 
15T24 7-03 2-26 1055-1 11-37 
25T2 11-16 3-70 1039-2 11-25 
40T2 16-71 5-78 1018-3 10-81 
60T2 23-11 8-42 995-0 10-19 
80T2 28-60 10-92 977-6 9-45 

105T2 34-45 13-86 963-6 8-46 
135T2 40-32 17-13 954-4 
155']2 43-68 19-18 953-3 
175 12 46-68 21-13 953-1 
195T2 49-38 22-99 953-1 
215T2 51-82 24-76 953-2 

Series 2.—96 grams Copper. 

104 52-01 24-90 951-1 
164 63-08 .34-33 952-3 
254 72-58 44-73 952-0 
.394 80-41 55-67 951-2 
424 81-54 57-47 9.50-8 
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Table IVb.—Freezing Points of Alloys made by adding Copper to Lead. 

Series 1.—250 grams Lead. 

(1.) 

Total weiglit of 
copper present. 

(2.) 

Percentage of 
copper. 

(3.) 

Atomic 
percentage of 

copper. 

(4.) 

Freezing point 
on the Centigi-ade 

scale. 

0 0 0 327-6 
1-765 -70 2-26 327-2 
4-965 1-95 6-10 327-6 

24-29 8-86 24-10 917-0 
26-44 9-57 26-70 924-0 
29-44 10-54 27-80 932-2 
34-46 12-12 31-06 941-1 
37-58 13-07 32-94 945-1 
41-81 14-33 35-35 948-8 
46-83 15-78 37-97 952-6 
51-98 17-21 40-47 953-3 

>5 326-9 
57-21 18-63 42-80 953-7 
67 39 21-23 46-85 954-5 

Series 2.—400 grams Lead. 

0 0 0 327-3 
2-45 •61 1-97 326-0 

21-96 5-20 15-24 858-1 
30-04 699 19-70 890-8 

The following numbers refer to the atomic percentage of lead in table IV. 

At *15 the stirrer set fast soon after the reading of the F.P. 

At ’32 there was much precipitate at or just after the reading, but stirring was 

possible. 

At 2'26 a very liquid substance was left on the surface after the bulk had 

precipitated, or been beaten down by the stirrer to the bottom of crucible. 

At 8'4, after the F.P,, a solid forms on the top, but it can be beaten down to the 

bottom of the crucible, until most of the alloy is solid, with some quite liquid at the 

top. 

At 17T3 no precipitate was felt for some time after the F.P. 

From 19T8 to quite 50 the temperature at the F.P. is, for some minutes, very 

constant, like that of a eutectic mixture. There is no perceptible precipitate at the 

F.P. or for some time after, and then it is noticed adhering as a layer to the walls of 

the crucible. 
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From 50 to 60 the temperature, though quite constant at the F.P., did not remain 

constant for so long a time as before. 

From 60 to 85, the last point that could be observed, the halt in the fall of 

temperature at the F.P. became rapidly less marked, that at 80 and 85 being 

very transient. 

Pepeated efforts were made to determine the F.P. of mixtures containing more 

than 85 atomic percentages of lead, but the only stop in the cooling takes place at 

327°’5, the F.P. of pure lead, or more strictly the F.P. of a eutectic mixture of 

copper and lead. It will be seen that, at 60 atomic percentages of lead, the eutectic 

point was 327°. In this series of experiments we did not attempt to make a minute 

study of the eutectic alloy of copper and lead ; but on a previous occasion, using a 

sensitive mercury thermometer (‘Chem. Soc. Journ.,’ 1892, p. 906), we found that 

copper lowered the F.P. of lead by 1°‘17 C., and that the eutectic alloy contained 

rather less than '2 atomic percentage of copper. 

The difficulty of tracing the upper branch of the curve between 85 and 100 atomic 

percentages of lead is not due to the insolubility of copper in lead, for, at a red heat, 

copper dissolves freely; but rather to the fact that, between these limits, the solu¬ 

bility changes but little with change of temperature, so that at any given temperature 

the amount of solid that separates is small. It is evident that the curve must 

become almost vertical for dilute solutions. 

At the end of each series, after removing the pyrometer and stirrer, the furnace 

was closed as completely as possible, and the alloy allowed to cool slowly in a current 

of reducing gas. When cold, the alloys were weighed. They were in the form of 

cylinders, 3 centiins. wide and from 4 to 7 centims. long. Each ingot was completely 

covered with a thin layer of soft metal, which appeared to be almost pure lead, but, 

on cutting a plane face from end to end along the cylinder, the character of the alloy 

could be studied. 

At 24'76 atomic percentages of lead the alloy was found to weigh 413 grains, 

instead of 415, which is the sum of the weights of the metals used. During the 

earlier experiments with this alloy, a few particles had been splashed out of the 

crucible. The alloy appeared quite free from oxide. 

The structure revealed by the face cut on the cylinder was as follows :—two or 

three inillims. at the top were lead-coloured, with a few spots of copper that were 

invisible to the naked eye, but could be seen by the aid of a lens. Below this, for 

4'5 centims., the metal was copper-coloured, but the lens, or indeed a careful 

inspection with the naked eye, showed a great number of irregular roundish spots of 

lead-coloured metal embedded in the mother substance. The bottom centimetre 

consisted of grey metal which, to the naked eye, presented a well-marked tinge of 

red from the large number of spots of copper scattered through it. The lines 

separating the middle copper layer from the upper and lo^ver layers were perfectly 
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sharp to the naked eye ; the upper boundary line was convex, the lower boundary 

quite straight. — 

At 54‘47 atomic per cents, of lead the ingot weighed 519 grams, while the sum of 

the weights of the metals used was 520 grams. 

The face cut on this ingot showed that the upper layer of lead-coloured metal was 

so thin as to be barely visible. The copper coloured layer had more grey in it, and 

was only 5 millims. deep. Its line of separation from the lower lead-coloured layer 

was somev/hat irregular. This grey layer formed the bulk of the alloy, being 

6 centims. long. 

As before, it had a reddish tinge from the spots of copper scattered through it. 

These were uniformly distributed, except near the top, where complete separation had 

not occurred. The copper tinge was less pronounced than at 24'76. 

At 53T5 atomic per cents, of lead the ingot weighed 312’5, while the total weights 

of the two metals come to 317‘4. 

As might be expected, this strongly resembled the preceding alloy, except that it 

was less homogeneous, cavities being visible, especially in the lead part, containing 

octahedral crystals of copper. 

At 80'3 atomic per cents, of lead the alloy weighed 427 grams instead of 430. 

This alloy was homogeneous to the eye, being lead-coloured throughout. In some 

lights the upper 2 centimetres had the faintest reddish tinge, but this detail was 

uncertain. Only a very few minute specks of copper could be detected even by 

careful examination with a lens. There were no cavities in the alloy. 

It will be noted, by comparison with fig. 9, that while the first three ingots 

which show separation into two layers correspond in composition to points on the flat 

part of the curve, the fourth ingot, which is homogeneous, corresponds to a point on 

the descending portion of the curve. 
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Table V.—Freezing Points of Alloys made by adding Bismuth to Copper. 

250 grams Copper. 

(!•) 

Total weight of 
bismuth present. 

(2.) 

Percentage of 
bismuth. 

(3.) 

Atomic 
percentage of 

bismuth. 

(4.) 

Freezing point on 
the Centigrade 

scale. 

(5.) 

Atomic fall. i 
j 

K) 0 0 1077-2 
i 

2-354 -9.33 -286 1074-0 11-2 1 
7-161 2-79 •87 1067-2 11-5 i 

12-626 4-81 1-51 1059-9 11-46 
18-656 6-94 2-22 1052-9 10-94 
28-793 10-33 3-39 1041-3 10-59 
40-295 13 88 4-68 1029-7 10-15 
55-762 18-24 6-36 1014-9 9-79 
76-55 23-44 8-52 999-1 9-17 

Table VI.—Freezing Points of Alloys made by adding Gold to Copper. 

250 grams Copper. 

(1) 

Total weight of 
gold present. 

(2.) 

Percentage of 
gold. 

(3.) 

Atomic 
percentage of 

gold. 

(4.) 

Freezing point on 
the Centigrade 

scale. 

(5.) 

Atomic fall. 

0 0 0 1079-70 
1-120 0-45 •144 1079-56 1-00 

4-336 1-71 •554 1076-95 4-96 
10-524 4-04 1-333 1072-08 5-72 
16-936 6-30 2-129 1067-88 5-55 
26-787 9-68 3-325 1060-61 5-74 
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Table VIIa.—Freezing Points of Alloys made by adding Tin to Copper, 

Series 1.—200 grams Electrolytic Co])per. 

(1.) 

Total weight of 
tin present. 

(2.) 

Percentage of tin. 

(3.) 

Atomic 
percentage of tin. 

(4.) 

Freezing point on 
the Centigrade 

scale. 

(5.) 

Atomic fall. 

0 0 0 1082-1 10-4 
1-855 -92 -50 1076-9 11-3 
5-549 2-70 1-47 1065-5 11-98 

12-062 5-69 3-13 1044-6 13-44 
24-152 10-78 6-08 1000-4 
45-192 18-43 10-80 909-6 
71-16 26-24 16-02 788-8 
86-20 30-12 18-77 757-7 
96-40 32-53 20-53 742-0 

742-0* 
101-49 33-66 21-39 738-8 
11204 35-91 23-10 734-3 
119-96 37-50 24-32 730-8 
123-61 38-20 24-88 729-0 
126-66 38.77 25-35 727-4 
131-67 39-70 26-09 724-5 
137-73 40-79 26-96 720-7 

120'28 gleams Copper. 

82-84 40-79 26-97 220-6t 
88-05 42-27 28-18 714-9 
98-55 45-03 30-51 702-8 

118-57 49-65 34-57 680-0 
143-88 54-47 .39-07 655-1 
173-91 59-12 43-67 633-1 
204-51 62-97 47-68 61.5-7 

74’56 grams Copper. 

126-73 62-97 47-68 616-0+ 
157-00 67-81 53-03 593-8 
187-47 71-55 57-41 576-1 
249-05 76-97 64-17 546-7 

The first three freezing points of this series were well marked, and accompanied by 

a considerable formation of precipitate. 

At 16 atoms of tin the freezing point was a very steady temperature, and there 

was much precipitate at the moment of reading. 

* Determined the day after the previous reading, 

t Residue of the preceding alloy after the removal of I34'6 grams. 
+ 123-5 5? 
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The freezing’ points from 2()'53 to 24’32 inclusive were noted as being so steady as 

to resemble eutectic points. This is the region from SnCu^, to SnCug. 

At 24’32 atoms no precipitate was noticed at the moment of reading the freezing- 

point, but before the metal had cooled two degrees below the recorded temperature 

stirring had become impossible ; in fact, this alloy may be said to solidify at a 

constant temperature. 

At 25‘35 atoms, that is, with more tin than corresponds to SnCug, we begin 

again to notice an abundant precipitate at the moment of reading the freezing point. 

After the first reading at 26’96 atoms of tin a portion of the alloy was removed 

from the crucible. This alloy was white, hard, and brittle, with a conchoidal 

fracture. 

At 30’51 atoms the freezing point was not so well marked as hitherto. There was 

much ]Drecipitate soon after the reading. 

A.t 34’57 atoms of tin surfusion was noticed at the freezing point. 

From here onwards, as we add more tin, the pause in the cooling, which marks the 

freezing point, hecomes less and less marked, but up to 64'2 atoms of tin there is no 

dilhculty in determining the freezing point. There is now no precipitate observed 

at the moment of reading the freezing point, or for some time aftei'wards. 

Table VIIa.— Freezing Points of Alloy made hy adding Tin to Copper. 

Series 2.—200 grams Electrolytic Copper. 

(!•) 

Total weight of 
Hn present. 

(2.) 

Percentage of 
tin. 

(3.) 

Atomic 
percentage of tin. 

(4.) 

Freezing point "on 
the Centigrade 

scale. 

(5.) 

Atomic fall. 

0 0 0 - n 1081-0 
G-046 2-93 1-9.54 1062-3 11-73 

37-07 15-G4 9-04 944-8 15-07 
G7-08 2.5-12 15-24 797-9 A 

11 11 793-1 B 
83-lG 29-37 18-23 762-8 

The points A and B are two well-marked freezing points of the same alloy, the 

lower temperature B corresponding to some eutectic state (see Curves). 

F’or the ]nir]^ose of drawing the curve, in order to bring tliis series into agreement 

with Series 1, one degree was added to the first reading given above, and proportional 

amounts to thf^ lower re.a.fhngs. 
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Table VTTa.—Freezing Points of Alloys made by adding Tin to Copper. 

Series 3.—147’6 grams Copper. 

(L) (2.) (3.) (4.) 

Total weig’ht of 
tin present. 

1 

Percentage of tin. 
Atomic 

percentage of tin. 

Freezing- point 
on tlie Centigrade 

scale. 

.52-40 26-20 15-99 789-2* 
56-42 27-66 17-01 777-9* 
61-42 29-.39 18-24 763-9 
66-43 31-04 19-45 750-1 
68-27 31-63 19-87 745-4 A 

742-7 B 
68-77 31-79 19-99 744-6 
69-27 31-94 20-11 743-8 
70-29 32-26 20-34 742-5 
78-63 34-76 22-22 736-1 
86-96 37-08 24-00 731-1 
91-47 .38-26 24-94 728-1 
95-97 39-40 •25-85 724-9 

100-48 40-51 26-74 721-1 
i 

Up to 20 atomic per cents, of tin there was abundant precipitate just at or after 

the reading of the freezing point. 

After 20 atomic per cents, of* tin the readings became very steady. 

The freezing points A and B are for the same alloy. They indicate different 

phenomena. 

Table VIIa.—Freezing Points of Alloys made by adding Tin to Copper. 

Series 4.—200 grains Copper. 

(L) 

Total weight of 
; tin present. 

1 

(2.) 

I’ercentage of tin. 

(3.J 

Atomic 
percentage of tin. 

(4.) 

Freezing point 
on the Centigrade 

scale. 

0 0 0 1083-9 
41-46 17-17 10 928-9 
54-05 21-28 12-65 867-5 
58-80 22-72 13-61 845-0 
62-81 23-90 14-41 825-5 
65-81 24-76 15-00 809-4 A 

794-3 B 
68-81 25-60 15-57 795-0 
71-89 26-44 16-15 788-4 
82-07 ■29-10 18-03 767-5 
87-30 30-39 18-96 756-7 C i 

5? 5) 745-8 D 

* Surfnsion was noticed. 

MDCCCXCVII.—A. H 
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B’rom 10 to 13’61 atoms of tin, iiioliisive, it was noticed that a salt precipitate began 

to form on the walls of the crucible at the moment of reading the freezing point and 

rapidly increased. 

At 12‘r)5 atoms the freezing point was indicated, not by a period of stationary 

temperature, but by a sudden marked decrease in the rate of cooling. 

At 14'4l atoms, in spite of copious precipitate, stirring was quite easy for several 

degrees below the freezing point. This point was distinctly indicated. 

At 15 atoms, readings A and B, different freezing points for the same alloy, 

correspond to different ijhenomena. At A there was little precipitate; B was a 

much steadier temperature, with abundant precipitate of a finely gritty character. 

At this momenf. the alloy felt to the stirrer like a mixture of sand and water. 

The reading at 15‘57 atoms, or just below it, resembled B. 

from 16T5 atoms onwards the freezing points are very steady temperatures, quite 

different in character from the preceding, except B. 

0 and D correspond to different phenomena, D being so constant as to resemble a 

eutectic point. At D the alloy sets to a solid mass without a further fall in 

temperature. 

Table VIIb.—Freezing Points of Alloys made by adding Cojjper to Tin. 

200 (jraiiia Tin. 

(1.) 

'total \vei”ljt 
of copper present. 

(3.) 

.Percentage of 
copper. 

(3.) 

Atomic 
jiercejitage of 

copper. 

(4.J 

Freezing jioiiit on 
the Centig-racle 

scale. 

(5.) 

Atomic fall. 

0 n 0 232-32 
1-UU6 -5U -93 229-69 2-93 
1-854 -92 1-70 (227-7S) 
5-029 2-45 4*48 (227-77 J 1 

« 262-60 
lU-50 4-99 8-92 364-4 1 
21-32 9-63 16-39 433-1 
36-82 15-55 25-57 496-3 
46-85 18-98 30-42 521-2 

The freezing point of the pure tin was marked by surfusion. 

The atomic fall for copper in tin, 2 93°, is identical with that obtained by us in 

1889 with a mercury thermometer (‘Chem. 8oc. Jour.,’ 1890, p. 392). 

The readings at 1'7 and 4‘48 atoms of cojiper give the freezing point of the eutectic 

alloy of tin and cojiper. 
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Tlie freezing points on tlie rising branch of the curve up to lt)‘39 atoms, and to a 

lesser degree up to 30‘42 atoms, are very difficult to observe and are liable to a large 

experimental error. No solid matter can be detected for some time after the freezing- 

point. 

Table YIIc.—Freezing Points of Copper-Tin Alloys. 

Double Points. 

1 (1.) 
i 

Total weiglit of metals 
present. 

(2.) 

Percentage of 
tin. 

(3.) 

Atomic percentage 
of tin. 

(4.) 

Freezing point on 
the Centigrade 

scale. 

Cu 200, Sn 87-3 30-39 18-96 757-00 A 
55 746 5 B 

Cn 202-58, Sn 87-3 30-12 18-77 746-05 B 
Cu 212-72, Sn 87-3 •29-10 18-04 768-0 A 

745-8 B 
Cu 300-72, Sn 87-3 22-,50 13-47 848-4 C 

J' 5 1 795-3 D 

At the points marked A there was much line sandy precipitate soon after reading, 

which rapidly increased until the mass was nearly solid, but not set, as the stirrer 

could still be moved a little. At the points marked B the stirrer set fast, before the 

reading the mass was really solid. The reading C was fugitive whilst the reading at 

D was very steady. 

In charting, these temperatures were all reduced by the subtraction of 1'5° to 

obtain agreement with Series 1. A comparison with Series 4 will show the justice 

of this correction. 

Series VIIc. was carried out six months after the others, and wdth a different 

pyrometer. 
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Table VIIIa.—Freep^in^ Points of Alloys made by adding Antimony to Silver. 

200 grams Silver. 

(1) 

Total weight of 
antimony present. 

(2.) 

Percentage of 
antimony. 

(3.) 

Atomic 
percentage of 

antimony. 

(4.) 

Freezing point on 
the Centigrade 

scale. 

(5.) 

Atomic fall. 

0 0 0 958-8 
1-089 -542 -486 954-6 8-64 ; 
2-758 1-361 1-222 947-8 9-00 
5-987 2-907 2-615 934-3 9-37 

12-16 5-732 5-173 906-9 10-03 
22-39 10-068 9-124 853-6 11-53 
41-40 17-15 15-66 734-3 14.33 
63-52 24-10 22-17 608-3 15-81 
73-92 26-99 •24-91 561-5 15-95 
84-59 29-72 27-50 545-2 
89-75 30-98 28-71 539-1 
95-23 32-26 29-93 532-5 

106-97 34-85 32-43 520-7 
118-49 37-21 34-70 510-7 

126*39 grams Silver. 

74-88 37-21 34-70 511-5* 
86-00 40-49 37-90 499-1 
97-18 43-47 40-83 488-9 1 

117-72 48-23 45-53 493-4 
>5 ?? (485-0) 

>1 (485-4)t 
128-31 50-38 47-67 496-8 
158-80 55-69 52-99 509-6 

Up to 40’83 atomic per cents, of antimony the pure metal from tartar emetic was 

used, beyond this concentration the commercial antimony was used. 

Up to 2'G atomic per cents, the temperature at the F.P. was very steady. 

Up to 10 per cents, abundant precipitate was noticed at the moment of freezing. 

At 15‘66 there was but little precipitate noticed at the freezing point, but the person 

stirring could detect a change at tlie moment when the pyrometer indicated the 

freezing point. At 22’17 no precipitate was noticed at the freezing point. At 24*91 

a little precipitate was noticed. 

At 27*5 there was a copious precipitate at the freezing point. The temperature 

at the freezing point remained constant for some time, and 20° lower the alloy 

seemed to set to a solid mass. 

From 27'5 onwards the temperatiu'es at the F.P. are very constant to the end of 

the series at 53 atoms of antimony, the eutectic F.P., 485° C., having its usual 

character of complete constancy. 

* Residv^e of the jirecediug alloy after removal of 117’2 grams. 

■f Freezing jioint, taken on the I'esnmption of the experiments next day. 
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At the end of the experiments the alloy was weighed and found to be 270 grams, 

while from the statement of the weights of antimony and silver used, the weight 

should have been 285 grams. Some of this loss is due to metal adhering to the 

pyrometer, stirrer, and crucible, but the missing 1 5 grams cannot all be accounted 

for thus ; there has certainly been a loss of alloy by volatilization or splashing. This 

fact renders the atomic percentages of the latter part of the series somewhat 

uncertain. 

Table VIIIb.—Freezing Points of Alloys made by adding Silver to Antimony. 

200 grams Antimony from {Tartar Emetic). 

(1-) 

Total weight of 
silver present. 

(2.) 

Percentage of 
silver. 

(3.) 

Atomic 
Percentage of 

silver. 

(4.) 

Freezing point on 
the Centigrade 

scale. 

(5.) 

Atomic fall. 

0 0 0 629-49 
1-05 -52 -58 627-52 3-4 
2-735 1-35 1-50 624-44 3-37 
6-658 3-22 3-58 617-1 3-45 

12-894 6-05 6-70 607-0 3-35 
.33-178 14-23 15-61 581-7 3-06 
64-195 24-30 26-35 555-8 2-79 
69-210 25-71 27-84 552-6 
79-2-23 28-37 30-63 546-5 
94-708 .32-14 34-.54 5.38-6 

114-95 36-50 39-04 529-4 
135-27 40-35 42-99 521-9 

99 99 (484-9) 
160 32 44-49 47-18 512-3 
180-.39 47-42 50-13 504-9 

9» 99 99 (485-7) 

152‘99 grams Antimony. 

138-00 47-42 .50-1.3 505-6* 
158-03 50-82 53-51 497-4 
178-12 53-80 56-48 485-9 

99 99 99 487-9 
188-23 55-17 57-83 486 2 
213-47 .58-26 60-87 495-2 

9 9 (485-6)t 

* Residue of the above alloy, after the removal of 89'4 grams. 

t The ingot when taken ont of the crucible was bright; it weighed 360-8 gram.s. The calculated 

weight was 366‘46 grams. As the loss was probably for the most part antimony, we see that there was 

during the experiment a loss of 2 per cent, of this metal. Splashing, spitting, and oxidation will 
account for this, 
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Table VIlIc.—Freezing Points of tlie Eutectic Mixture of Antimony and Silver 

146 gi'ftms Silver, 

(1.) 

Total weight of 
antimony present. 

(•2.) 

Percentage of 
antimony. 

(3.) 

Atomic 
percentage of 

anti mony. 

(^.) 

Freezing point 
on the Centign’ade 

scale. 

104 41-61 39-00 (484-90) 
•i’) 493-48 

104-51 41-73 39-11 (484-.59) 
„ 55 493-05 

106-08 42-08 39-46 (484-59) 
5 1 55 491-76 

108-09 42-54 .39-92 490-27 

1 ” 55 (485-09) 
111-25 43-23 ■10-61 488-12 

55 (485-68)* 
114-27 43-91 41-25 (485-68)* 

55 485 98 
114-97 44-06 41-41 (485-68) 

55 485-99 
1 115-98 44-27 41-62 485-71 

55 59 485-76 
119-13 44-93 42-27 485-66 
124-62 46-05 43-37 489-58 
133-42 47-74 

55 

45-05 
55 

493-61* 
(485-45)t 

1’able IX.—Freezing Points of Alloys made liy adding Bismuth to Silver. 

283 f/ravis SiJ^'er. 

(1-) 

d'otal weiglit of 
Insinnth present. 

(2.) 

Percentage of 
bismutli. 

(3.) 

Atomic 
percentage of 

bismuth. 

(A) 
Freezing point 

on tlie Centigrade 
scale 

(p-) 
1 

Atomic fall. 
1 

0 0 0 958-0 : 
2-149 -75 ■39 953-8 10-8 
6-151 2-13 1-12 945-8 , ia-9 

12 731 4-30 2-28 9.33-9 1 10-57 
22-797 7-45 4-01 914-5 ; 10-84 
43-963 13-45 7-46 880-0 10-45 
77-51 21-50 12-45 808-7 12-00 

127-.58 31-06 18-96 715-7 12-77 

* Snrfiision was noticed at these points. 

t In tliis series no loss by spitting or splashing was noticed, and on account of tliis comparatively low' 

temperature, little or no wdiite smoke of oxide of antimony was observed. The alloy at the end of the 

experiment w'as found to weigh '27S'45 grams, wldle the total weight of metal used was •279’4 grains. 
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At the conclusion of the experiments, the alloy was weighed and 'found to l)e 

404'5 grams instead of 4I0'6 grams, the weight of the metals used. 

The weight of the silver used was not known to nearer than one o’ram, and this 

silver was slightly contaminated with nickel, and perhaps with iron. 

Up to 4*01 atoms of bismuth the freezing point was marked by plenty of precipitate. 

At 12*45 and 18*96 little or no precipitate was noticed at the moment of reading 

the freezing point, and this point was very fugitive. Some time after the freezing 

point, a large quantity of a fine sandy precipitate formed, and stirring was possible 

in this for a considerable time, the rate of cooling being very uniform. 

Table X,—Freezing Points of Alloys made by adding Thallium to Silver. 

200 grams Silver. 

(!•) 

Total weight of 
thallium present. 

(•2-) 

Percentage of 
thallium. 

(3.) 

Atomic 
percentage of 

thallmm. 

1 
1 (4.) 

Freezing point 
on the Centigrade 

scale. 

(5.) 

Atomic fall. 

0 0 0 962-38 
2-639 1-30 -69 956-83 8-01 
6-709 3-26 1-74 946-4 9-16 

1 > 947-1 8-77* 
14-127 6-60 3-60 930-5 8-86 
21-786 9-82 5-45 913-5 8-97t 

Section IV. 

Discussion of the Experimental Curves. 

The curves (tigs. 6-20), which embody the results of our experiments, aie plotted 

with the temperature of the freezing point of the alloys measured vertically upwards, 

and the atomic percentage measured horizontally. We can hence at once get the 

value of the concentration x for use with equations (1) and (2). The numbers just 

below the line of the curve give the temperature, those just above give the atomic 

percentage of one metal. The individual experiments are given by the black points 

which lie along the course of the curve. 

Dilute Solutions. - - 

When a solution is very dilute, the observed depression of the freezing point is 

necessarily small, and consequently the atomic fall is liable to a large experimental 

* Next day’s reading. 

t At the end of the experiiueuts the alloy was found to weigh 2il'2 grams ; the total weight of the 

two metals used was 221'8 grams. 
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erroron the other hand, as the solution becomes more concentrated, the atomic 

fall changes from a number of causes that are but imperfectly understood. It is 

therefore somewhat difficult to decide how to take the average of a number of 

atomic falls. Moreover, for the strict application of equation (1) to the purpose of 

obtaining we need the atomic fall at infi^iite dilution. We have attempted to get 

this for copper in fig. 5, by plotting the atomic percentage of dissolved metal 

Fig. .5. 

Atomic fails in Copper. 

Each line corresponds to the fall in the freezing point of coijper caused by the metal whose 

name is written above the line. The concentration is written in atoms from left to 

i-ight. The atomic fall is reckoned for each metal from a different zero, but the 

numbers below the lines give the atomic falls in degrees Centigrade. 

horizontally from left to right, and tlie atomic fall fi-om column (4) of the tables 

vertically. A line drawn through the points thus obtained and produced to cut the 

zero ordinate should then give the atomic fall at infinite dilution. Unfortunately, 

there is a good deal of uncertainty about the exact direction of the lines corresponding 

to each metal. 

It will be seen that bismuth gives 11'6, lead 11'7, and tin 10‘7 for this limiting 

value of the atomic fall. As bismuth and lead do not appear to combine wdth the 

copper, and tin evidently does so, it will be wisest to take the higher value 11'7°. 

Using this value in equation (1) we find that the latent heat of an atomic weight 

of copper, is 3138 calories, the melting point being taken as 1082° C. Hence the 

latent heat of fusion of one gram of copper is 49'6 calories. 

If instead of attempting to get the atomic falls at infinite dilution, we mean the 

atomic falls for concentration greater than ’5 atom and less than 2 atoms, we get, 

* We have not hitherto seen a way of applying to our results a correction similar to that suggested 

by Neknst and Abegg, but a modification of our method of experiment has been suggested to us that 

will probably enable us to do so. 
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as an average from the lead and bismuth, an atomic fall of 11'6° at a concentration 

of 1*2 atoms. A mean of the two numbers for tin which come within these limits 

gives 11'5° at 1‘5 atoms. These numbers used with equation (2) give a value of X 

very slightly greater than the above. Hence we may say that the results of our 

experiments on the solution of lead, bismuth, and tin in copper lead to the value 

50 calories for the latent heat of fusion of copper. We should expect this to be more 

probably too high than too low. 

The atomic fall due to gold dissolved in copper is 5'7° for a mean concentration of 

2'26 atoms, using the last three values of the gold-copper table. This corresponds 

to a value for infinite dilution of 5*8°, which is very nearly half the above value given 

by lead, bismuth, and tin. Silver in copper produces a fall of about 8‘2°, that is, 

rather more than two-thirds of the normal fall, 11’7. 

The half value given by gold may mean that when in dilute solution in copper the 

gold molecule consists of two atoms, but it will be well to wait for further data 

before speculating as to the cause of these abnormally small depressions of the 

freezing point. 

I’he data for the atomic fall, when silver is the solvent, are more numerous, but 

not on that account easiei’ to interpret. As before, the values given by lead and 

bismuth are the largest; the most probable value being near 10*3°. This value 

leads to a latent heat of 27 calories for silver, a value considerably greater than 

Person’s value of 21. Here, also, as in the case of the copper, we must hope tliat 

further data will help us to decide whether these atomic falls really contain the key 

to the molecular condition of the metals in solution. 

The Silver-Copper Curve. (Fig. 6.) 

This, looked at as a whole, in the light of the theory of Section 1, does not n,t 

first offer a singularity or an indication of the existence of a compound ; but, examined 

more closely, there are two points worth mention. 

The first is that the depressions of the freezing point, even for very dilute solutions, 

are abnormally small, and the atomic falls decrease slowly in value with increasing 

concentration. The small depression makes it probable that the molecule of either 

metal, when in dilute solution in the other, is complex, consisting of more than one 

atom. The decrease in the atomic falls is by no means rapid, as may be seen from the 

slight curvature, but so far as it exists, it is an argument against the existence in the 

liquid alloy of molecules of a compound. 

The other feature lies in the exact coincidence of the eutectic alloy, Levol’s alloy, 

with the formula Ag^jCug. This struck us in our first series of experiments, but, as 

during a long series there is always some loss of metal, we thought it well to carry 

out new experiments, starting with an alloy of a composition nearly corresponding to 

that of the eutectic point. Table Ic. gives this series, and the results are plotted in 

MDCCCXCVII.-A. I 
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fig. 6 above the complete curve, and on a larger scale. It is evident that this series 

confirms the earlier experiments, and puts the eutectic alloy exactly at Ag3Cu2. 

Fig. 6. 
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The numbers below the curve give the Centigrade temperature, those above the curve give the atomic 

percentage of copper. 

The theory of the subject, and many experiments of our own and of others, point 

to the conclusion that the eutectic alloy is not generally a compound, and hence should 

not have a formula. Some other evidence is, therefore, needed before we can accept 

Ag3Cu3 as a chemical compound. 

The Silver-Lead and Silver-Tin Om'ves. (Figs. 7 and 8.) 

I'hese two curves resemble each other strongly. Lead and tin being non-volatile 

and easily fusible metals, the curve consists mainly of the silver branch, although the 

extreme right shows the depression produced in the freezing point of lead or of tin by 

the addition of silver, and also the eutectic phenomenon. 

The silver-lead curve is almost a straight line until 20 atoms of lead, but soon after 

this there begins a gradual, though marked, change in the curvature, with a point of 

inflexion at 50 atoms. In the tin curve the upper part is not straight, and the atomic 
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falls increase with increasing concentration of tin in a way that suggests appropriation 

of the silver by the tin to form molecules of a compound. Near 50 atoms there is a 

point of inflexion, as in the lead curve. 

In neither curve is there an angle, until we come to the eutectic point, and from 

the absence of a well-marked intermediate summit it would appear that, if compounds 

of these metals with silver exist, they must be largely dissociated under the conditions 

of the experiment. The shape of the curves is, however, not inconsistent with the 

Fig. 7. 
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reality of such compounds. For example, Ag4Pb and Ag^Sn might well have a virtual 

summit below our curve at 20 atoms. But this view, though plausible, does not 

appear to us the most probable explanation of the curves ; we are disposed to attribute 

the marked change in the slope, which occurs near 30 atoms in the lead curve and 

later in the tin curve, to the aggregation of the atoms of these metals to larger 

molecules, or at all events to compare the state here to the flat part of the copper- 

I 2 
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Fig. 8. 

^ o 

\ 0 

\ F/ eeg. Pa nCs Oi \ Si. 'ye, ̂ -7. n/ /loy 3. 

p 

0 

\ 

\ \ 
\ 
\ 0 

\ 

\ 

i 
\ 

o ooo 
0 

0 

0 

\ 
0 

\ 
\ 
\ 

0 

\ 
\ y 

In degrees Centigrade and atomic percentages. 

lead curve. Silver-lead and silver-tin do not probably, in our experiments, separate 

into conjugate liquids, but if they could be examined at a somewhat lower tempera¬ 

ture, they perhaps would do so. These curves may be compared with the vapour- 

pressure curve of a mixture of water and propyl alcohol, a system which stands at 

the dividing line between wholly and partially miscible liquids. The portion of the 

silver-lead curve given as a dotted line is hypothetical, as no freezing point could be 

detected in this region. 

The Lead-Co'p'per Curve. (Fig. 9.) 

For the first seven atoms at least of lead this curve agrees well with the ideal 

curve of equation (2), but as more lead is added the curve rapidly appi’oaches the 

horizontal, until at 17 atoms of lead the addition of this metal ceases to affect the 

freezing point. From this point until 65 atoms of lead the curve is a horizontal 
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straight line, the freezing point being constant at 954°. On this flat the freezing 

point of each alloy is marked by a prolonged period of constant temperature, but the 

character of each freezing point difiPers from that of a eutectic mixture, inasmuch as 

after a prolonged halt the temperature begins to fall again while some of the alloy is 

still liquid. With more than 65 atoms of lead the curve gradually droops and 

finally becomes nearly vertical. 

The character of the solid alloys, as described in the notes to Table IV., throws 

a clear light on the meaning of this curve. The sloping parts of the curve correspond 

Fig, 9. 
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to the separation of solid matter from a homogeneous liquid, but for all alloys 

corresponding in composition to points on the flat, the liquid has separated into two 

conjugate liquids at some temperature above the freezing point. The composition of 

each of these two liquids will depend on the temperature, but provided there be 

more than 17, and less than 65 atomic per cents, of lead in the whole alloy, the 

quantity of lead present will not affect the composition of either conjugate, but only 

the amount of each conjugate present. Consequently all alloys between these limits 

are qualitatively identical, and therefore must freeze at the same temperature. The 

prolonged period of constant temperature noticed during the freezing of each alloy 

whose composition lies between these limits is easily explained. Let us suppose the 
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freezing point jufst reached, and that solid is beginning to form, as it must, from 

both conjugates at once* The separation of this solid will cause one conjugate 

lir|uid to grow at the expense of the other, but the composition of each will remain 

the same until one conjugate has ceased to exist.. Then, and then only, will the 

temperature begin to fall. Hence for alloys containing a good deal less than 

65 atoms of lead, a large amount of solid matter will form at the freezing point, 

at a very constant temperature. But, as we found to be the case, the period of 

constant temperature observed at the freezing point of each alloy becomes shorter as 

the amount of lead approaches to 65 atoms. 

The gradual change of curvature at both ends of the horizontal line may be due to 

imperfect equilibrium caused by inefficient stirring, too rapid cooling, and other 

causes. Or it may conceivably be due to the gradual aggregation of the lead atoms 

into larger masses preparatory to the separation of the alloy into conjugate liquids. 

The latter part of the curve from 65 to almost 100 atoms of lead may be called 

the curve of solubility of copper in lead, and it ought therefore to give us by 

Le Chatelier’s equation (2) the latent heat of solution of copper in lead. Unfortu¬ 

nately this part of our curve is very steep, and therefore very difficult to determine 

by our method. 

As we have already mentioned, very small amounts of copper produce the Eaoult 

effect in lead, lowering the freezing point of this metal by the normal amount 

corresponding to a monatomic molecule of copper [loc. cit.). On the flat at the 

lower part of the figure a eutectic point at 60 atoms will be seen. 

The fict that alloys of lead and copper liquate has long been known, and the 

general character of the freezing-point curve of such a system could have been 

predicted from the work of Alexejeff and Konovaloff, but, so far as we are 

aware, this is the first case that has been traced experimentally. 

The bismuth-copper curve has not been carried beyond 9 atoms of bismuth, but, 

from an inspection of the solid alloy, we think that it will turn out to be like the 

lead-copper curve. 

The Copper-Tin Curve. (Fig. 10.) 

The lower line gives the whole curve; the upper line gives, on a large scale, the 

more remarkable portion, from 14 to 27 atomic per cents, of tin. 

The problem of the copper-tin alloys, one of the most interesting in metallurgy, 

still I’emains obscure, in spite of the amount of work that has been done on these 

alloys by Riche, Behrens, Roberts-Ahsten, and many other writers. We fear 

that the results here given, though they complicate this problem, do not solve it.t 

* Pointed out by Ostwald. 

t After a good deal of our work bad been carried out, we found in an article on alloys by M. H. 

Le Ciiateliek, which he was kind enough to send to us (loc. cit., p. 27), a complete Heezing-point curve 

for copper-tin. This curve agrees with ours in having an angle at SnOu^, but it is on too small a scale 

for a comparison of other details. 
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Fio-. 10. 

Tlie numbers below the curve give the Centigrade temperature; the numbers above the curve 
give the atomic percentage of tin in the alloy. 
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The first point that strikes one in the copper-tin curve is the rapid way in which 

the steepness increases with increasing percentage of tin. If we bear in mind the 

fact that, on account of the thermometer lag, so important where the curve is steep, 

the true equilibrium curve from 5 to 15 atoms of tin may lie perceptibly above our 

freezing-point curve, while, from the character of the freezing point at 15o atoms, 

the two curves must agree at this point, we can conclude that at 15 the true curve 

may be almost a vertical line. A not improbable explanation of this feature of the 

curve is to suppose that the tin is largely combining with the copper to form mole¬ 

cules, such as SnCug or SnCu^. As can he proved by the use of this assumption in 

equation (2), the view that the body in solution is SnCug agrees very well with the 

shape of the curve up to 15 atoms of tin. But we do not attach much importance to 

this numerical agreement, as the assumption of the existence of molecules of SnCu^, 

accompanied by some dissociation, would give an equally good agreement. 

At 15'5 atoms of tin our curve changes its direction, and becomes a straight line; 

the freezing point of each alloy is now marked by a steady temperature, lasting for 

some time. In the figure this point appears to be a triple point, as from 13 "5 atoms 

to 15'5 we observed two freezing points, one a slightly-marked one on the steep part 

of the curve, the other a very steady temperature identical with the single freezing 

point at 15'5. We think that the horizontal line of freezing points thus obtained 

represents the moment for each alloy when, through separation of solid matter at and 

below the upper freezing point, the still liquid portion attains the composition of 

15*5 atoms. 

The soft precipitate which forms at, or soon after, the freezing point on the upper 

branch as far as 15*2 is very unlike the abundant finely-gritty precipitate of these 

lower freezing points, and of the alloy as far as 18 atoms or beyond. 

From 15*5 to 20 atoms the freezing point is plainly marked by a constant 

temperature lasting for some time; and all the points lie on a line in which we 

cannot see any curvature. This line ends exactly at 20 atoms, and it will be seen 

that we have studied this region very minutely. 

Below the lower half of this line we find a horizontal line of second freezing points, 

causing the appearance of a triple point at, or near, 20 atoms. Each of these lower 

freezing points occurs after a good deal of solid matter has already formed. The 

alloy sets to a solid mass at the lower point, and this freezing point is marked by a 

period of absolutely constant temperature. We have no doubt that these lower 

points indicate the moment when the still liquid alloy has reached tiie composition 

of 20 atoms of tin. 

From 20 to 25 atoms the curve is very nearly, but not quite, straight, and the fall 

in temperature caused by the increase of tin from 20 to 25 atoms is comparatively 

slight, being less than 20°. The freezing point of each alloy is marked by a prolonged 

period of constant temperature. The freezing points are like those of the eutectic 

state, and each alloy may be said to solidify at a constant temperature, as if the 
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matter separating out had the sarrie composition as the residual liquid. Little or no 

precipitate was noticed at the moment indicated by the thermometer as the com¬ 

mencement of freezing. Soon after 25 atoms we begin to have precipitate at the 

moment of freezing, and the freezing point gradually loses its resemblance to a 

eutectic point. 

A comparison with Kuster’s work on isomorphous mixtures strongly suggests 

that between 15 5 and 20 we are in the presence of one, and between 20 and 25 in 

presence of another, such isomorphous mixture. 

At 50 atoms of tin there is a point of inflexion, and, therefore, between 60 and 70, 

there must be what by a stretch of language might be called a summit. 

Before attempting to interpret these phenomena it will be well to consider briefly 

the conclusions of other workers in the same field. 

PtiCHE (‘ Ann. de Ch. et Phy.,’ 1873, xxx.), found that alloys of copper and tin 

undergo liquation, except SnCiu (20 atoms) and SnCug (25 atoms) ; but he does not 

appear to have examined alloys between these two values. 

Behrens, whose work, “ Das Mikroscopische Geflige der Metalle und Legierungen,” 

is a mine of valuable information, but a mine wherein one needs to dig diligently, 

notes a sharp change in the colour, the microscopic structure, and the chemical 

behaviour of bronzes at 25 per cent., by weight, of tin. This is the same as 15'3 atomic 

per cents., a point where our curve shows its first angle. His microscopic study of 

alloys with only a few per cents, of tin shows the crystals of copper embedded in a 

network of white or yellowish mother substance ; but at our first angle, at 15'3 atoms, 

all distinction in colour between crystals and mother liquor has disappeared. He says 

that the colour of this alloy is whitish-grey. It has a conchoidal fracture, and 

examined microscopically is seen to consist of bundles of parallel rods, scattered in all 

directions. He thinks that we have here to do with a compound SnCuf;. At 20 atoms 

of tin, our second angle, Behrens considers that there is another chemical compound. 

SnCiq. He says, “ that with this alloy we reach a maximum of hardness, brittleness, 

and resistance to chemical solvents.” Also, “ that if great care is taken to get an alloy 

of exactly this composition, we have a grey-white metal with a half-glassy, glimmering, 

minutely conchoidal fracture. There is no sign of crystallization ; and polishing and 

annealing show nothiim. The slower the coolino- the more brittle the mass.” He 

finds that at 25 atoms of tin the alloy is more easily attacked by reagents 

than at 20 atoms, and hence, and for other reasons, he refuses to accept the view 

that SnCug is a compound. He is disposed to regard it as a mixture of two alloys, 

which may, or may not, have separated in the liquid state. He finds that this 

alloy crumbles under the hammer, or even under a coarse file, into polyhedra with 

smooth faces. 

In contrast to Behrens, other writers have accumulated a mass of facts pointing, 

at least, to the unique character of the alloy with 25 atoms of tin. Laurie finds 

that the electromotive force of couples formed of copper and a copper-tin alloy 

MDCCCXCVHT.—A. K 
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clianges abruptly at this composition, We get here a maximum for electrical 

conductivity, for density, and for coefficient of dilatation. 

Hence various writers have concluded that the compound SnCug exists ; but there 

has not been the same unanimity with regard to the existence of SnCu^. 

Our results, though they cannot be called final, point we think, to the view that 

wlien alloys poor in tin begin to freeze, copper separates from a liquid containing 

molecules of a compound of tin and copper. That wdien the alloy SnCtiQ is reached, 

copper ceases to separate as such ; and instead, this body, or more probabl}^ an 

isomorphous mixture of SnCug and SnCu^, separates. The double freezing points 

from 18 to 20, however, show that the liquid does not solidify homogeneously, so 

that the isomorphism cannot be of an absolute character. 

At 20 atoms of tin we think that the evidence points to the existence of the body 

SnCiq. Between 20 and 25 atoms, perliaps the most probable explanation is to 

suppose that an isomorphous'"" mixture of SnCu^^ and SnCug solidifies homogeneously. 

At 64 atoms of tin the curve is not incompatible with the existence of the compound 

SnCug, and with still more tin the molecule of any compound that may exist must 

idtimately, for very dilute solutions of copper in tin, contain only one atom of copper 

(J.C.S., Joe. ciL). 

The criticisms of Beheens, however, on the alloy SnCug suggest another explana¬ 

tion of the phenomena which is not without probability. It may be that with 

more tin than SnCui, the licjuid alloy breaks up into tv:o conjugate liquids, and 

that this state exists until more than 25 atoms of tin are present. If this were so, 

we should have expected, as in the copper-lead curve, that this part would have been 

horizontal; but, assuming the two conjugates to differ little in density, the slight, 

but real, slope in this part of the curve might be accounted for by imperfect realiza¬ 

tion of equilibrium at the freezing point. 

The interesting complete cooling curves of copper-tin alloys given by Professor 

Boberts-Austen, in his Pteport on Alloys, wfill, we think, be found to be consistent 

wfith the facts observed by us, although wm should not perhaps altogether agree with 

him in the inferences that can be drawn from these facts. 

The Silver-Antimomj Curve. (Fig. II.) 

In this curve it will be seen that up to 25 atomic per cents, of antimony the 

steepness increases with increase in the amount of antimony. As in the case of the 

similar feature of the tin-copper curve, we can explain this by assuming that the 

antimony combines with the silver to form a compound molecule. 

At 25 atomic per cents, of antimony there is a well-marked angle, and although 

there is only one point determined between 15 and 25 atomic per cents., yet the 

direction of the lines leaves little doubt as to the position of this angle. 4'he angle, 

* Kustur, ‘ Zeits. Pliys. Cliem,,’ 1890, v., p. 601. 
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therefore, corresponds to an alloy of the formula AggSb, a body that is known to 

exist. An angde such as we have here is not the sort of indication of the existence 

of a compound that the theory would lead us to expect. Indeed, another examina¬ 

tion of this part of the curve with especially pure antimony would be needed before 

it would be safe to assert that the angle is at exactly AggSb. 

Fig. 11. 

The numbers below the curve give the Centigrade temperature. 

The numbers above the curve give the atomic percentage of antimony or bismuth. 

The first series, Table VIIIa., which ends at 53 atoms of antimony, involved the 

maintenance of the alloy at a high temperature for a good many hours, and, as tlie 

notes show, there was a considerable loss of metal. Consequently we feared that the 

latter part of the series might not be trustworthy. We therefore carried out a new 

series, Table YlIIc., beginning near the eutectic point. The result of this is given 

on a large scale above the main curve, and seems to show that the eutectic alloy has 

not a formula, although it is not very far from 40 atomic per cents, of antimony, 

K 2 
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that is, from AggSb^. It would require the existence of a good deal of impurity in 

the antimony to make AggSbo the eutectic point. 

The series, Table VIIIb., in which silver was added to antimony, gives us the same 

eutectic point, namely, 41'5 atomic per cents, of antimony. 

The short line, starting from the eutectic point and ending at 53 atoms of 

antimony, was obtained with commercial antimony, so that the fact that it lies below 

the rest of the curve needs no comment. 

The temperature 629'49° which we obtained as the freezing or melting point of 

antimony is almost identical vdth the number 629'5 4° that we obtained wdth quite 

dilferent thermometers a year before (‘Chem. Soc. Jour.,’ 1895, p. 195). The same 

sample of antimony was used in both cases, and in our earlier work we noticed that 

this antimony beliaved at its fi’eezing point in the way peculiar to a pure substance. 

We think it is almost time for the text-books of chemistry to abandon the statement 

that antimony melts at 440°. 

Incomplete Curves. 

In fig. 11, the line beginning at B above the silver-antimony curve, gives the 

result of adding bismuth, up to 19 atomic per cents., to silver. This promises to 

closely resemble the silver-antimony curve, and we regret that 'want of time has 

prevented us from completing it. 

In fig. 20 we give the bismuth-copper curve, which, if completed, would almost 

certainly resemble that of lead-copper. 

Fig. 12 is the curve of gold-copper. 

Fig. 13, the curve of thallium added to silver, is, so far as it goes, very straight, 

like the early part of the lead-silver curve. 

The remaining metallic pairs that we have examined require further experiment, 

we therefore do not give tables for them ; but the curves enable the numerical results 

to be read off with sufficient accuracy. 

From figs. 14, 15, 16, 17 it will be seen that the first result of adding iron or nickel 

to copper, or of adding gold or platinum to silver, is to raise the freezing point. In 

one case only, that of iron added to copper, did we reach the higher limit of this rise ; 

it will be seen from fig 14 that after 3 atoms of iron a further addition produces no 

(iffect on the freezing point, so that a flat occurs in the curve ; we have noticed several 

similar cases, where zinc is the solvent metal. In these cases of rise in the freezing 

point we hardly think it would be profitable, until the whole curve has been traced, 

to attempt to distinguish between the phenomena of the separation of isomorphous 

mixtures, solid solutions or compounds. 

In figs. 18 and 19 we give the curves for dilute solutions of aluminium in silver and 

in copper. We have traced these curves further, finding, as Le Chateliejr. had 

previously found, an intermediate summit at AlCug, and probably also at AlAgq; but 
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we have been troubled b}^ the oxidation of the aluminium, and hope to get better 

results. There can be little doubt that the chemical compounds formed by aluminium 

with other metals are unusually stable. 

The numbers below tbe curve give the Centigrade temperature. 

The numbers above the curve give the atomic percentage of the dissolved metal. 

The experiments described in the present paper were to a large extent carried out 

with apparatus purchased by funds supplied to us by the Grant Committee of the 

Eoyal Society, and we wish here to thank them for the important help that we have 

received in this way. 
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Ix the Bakerian Lecture for 1894 (‘ Phil. Trans.,’vol. 185 A, p. 397), we gave an 

account of our work on the viscosity of some seventy liquids at different tempera¬ 

tures between 0° and the ordinary boiling-point, and we discussed the inter¬ 

dependence of viscosity and chemical composition. Among the liquids dealt with 

on that occasion, there was no member of the important series of esters or ethereal 

salts, and, further, only one ether—ordinary ether or ethyl oxide—was included in 

the list. 

We therefore thought it desirable, in order to make the Investigation more 

complete, to obtain data for members of these two classes of organic substances. 

The physico-chemical relationships previously established made such determinations 

of particular interest. Among the various connections traced between chemical 

constitution and viscosity, one of the most striking was the different effect which 

oxygen exerted upon viscosity according to the different modes in which it was 

assumed to be associated with other atoms in the molecule. The influence which 

could be ascribed to hydroxyl-oxygen diflers to a most marked extent from that of 

carhonyl-oxygen, and, although only three cases were studied, it appeared that ether 

oxygen, or oxygen linked to two carbon atoms, had also a value which differed 

considerably from those of oxygen in other conditions. There was thus an additional 

reason for making observations on esters and ethers, since hoth contain ether-oxygen. 

In what follows we give the experimental values for the ten lowest fatty esters, 

carefully purifled samples of which had been kindly placed at our disposal by 

Professor Sydney Young, F.R.S., to wdiom we desire to tender our thanks. 

At our suggestion Mr. Pt. E. Barnett, B.Sc., Assoc. R.C.S., prepared five fatty 

ethers, and determined their viscosity. An Appendix to this paper is devoted to an 

account hy him of the best methods of obtaining these liquids. 

As we had the opportunity of making determinations of the viscosity of three 

different samples of isopentane and a sample of ethyl-benzene, which had been 

specially prepared and purified, the values obtained are also included in this paper. 

The last section of the paper deals with the discussion of the values given by the 

esters and ethers according to the methods adopted in our previous communication. 

8.3.97 
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Esters. 

Befoj-e introduction into the glischrometer each sample was distilled from a small 

quantity of phosphoric oxide. In every case the boiling-point was almost constant 

during the distillation, and agreed closely with the value found by Young and 

Thomas (‘ Chem. Soc. Trans.’, vol. 63, p. 11.91, 1893). For this reason it was thought 

unnecessary to make determinations of any other physical constants for the purpose 

of gauging the purity of the samples, as the densities of liquid and vapour, the 

critical constants, &c., Imve been carefully determined by Young and Thomas, and 

may be obtained from the paper to which reference has been made. In each case 

we give the boiling-point as found by us, and as given by Young and Thomas 

(Y. and T.). In reducing the observations on viscosity we have employed the values 

of the density found by Young and Thomas, and the expressions for the thermal 

expansion given l)y Elsasser (‘ Liebig’s Annalen,’ 218, 316). 

Methyl Formate. H.COOCHg. 

Boiling-point constant at 31°'87. Bar., 762'6 millims. Corrected and reduced 

b.p. = 31°-78 (31°-8, Y. and T.). 

Observations for viscosity gave :— 

Left limb. Risjlit limb. 
O 

Teniji. Press. Corr. V- Temp. Press. Corr. >1- 

(•> 

0-,57 100-17 -OOOOG6 -004269 0-59 100-09 -000066 -004258 
6-.38 100-11 -000060 -004006 6-40 100-05 -000069 -003992 

10-90 100-10 -000072 -003815 10-8G 100-03 -000072 -003804 
15-63 100-03 -000075 -003G35 15-64 99-96 -000075 -003617 
20-15 99-97 -000078 -003476 20-15 99-90 -000078 -003458 
25-52 99-94 -000081 -003310 25-52 99-85 -000081 -003286 
29-25 99-90 -000083 -003203 29 26 99-81 -000083 -003177 

In reducing the observations we have used the value d (0°/4°) = 1’00319 for the 

density, and the expression 

V = 1 -I- -03135824 t -f -0410538 f - -0^18085 

for the thermal expansion. 

Taking 

7^3 = -003190 

^3 = 29°-25 

7^1 = -004263 

b — 0°-58 

7^2 (calculated) = -003688, 

b (from curve) = 13°-67, 
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we obtain the formula 

0144673 

“ (68-234 + ’ 

which gives results in good agreement with the observed vadues/''* 

Ethyl Formate. H.COOCJH.CHs. 

Boiling-point constant at o4°-65. Bar., 771‘1 milliins. Corrected and reduced 

b.p. = 54°-25 (54'3, Y. and T.). 

Obsei’vations for viscosity gave — 

Left limb. Eight limb. 
0 

Temp. Press. Corr. V- Temp. Press. Corr. '/• 

0-45 100*19 -000053 -0050-28 0-47 99-74 •000053 •005020 
6-56 100-81 -000057 •004662 6 58 100-77 •000057 •004650 

11-52 100-70 -000060 •004415 1 11-52 100-64 •000060 •004403 
16-58 100-61 -000063 •004177 j 16-58 100-51 •000063 •004166 
22-59 100-59 -000066 •003916 ! 2-2-59 100-50 •000066 •003904 
27-90 100-96 -000069 •003708 27-90 100-90 •000069 •003689 
33-25 100-92 -000073 •003507 33-25 100-84 •000073 •003495 
38-10 100-89 -000075 •00.3351 .38-08 100-79 •000075 •003337 
43-37 100-78 -000078 •003187 43-36 100-72 •000078 •003169 
48-64 100-63 •000081 •003038 48-59 100-54 •000082 •003023 
52-03 100-54 -000083 •002956 52-03 100-47 000083 •002928 

The value d (07^°) = 0'9480 for the density, and the expression 

V = 1 + •0,130917 t -f •O.5I9198 -f -0730497 C 

for the thermal expansion, have been used in the reduction of the observations. 

Taking 

•>^^=•005025 713 = •002942 (calculated) = •003845, 

= 0°^46 ^3 = 50°^03 ?3(from curve) = 24°-22, 

* To save sj^ace, it has been deemed uuuecessaiy to give the compai’isons between the observed and 

calculated values, as vras done in the first paper. There is no longer any need to offer proof of the 

validity of the Slotte formula as an empirical expression of the relation between viscosity and 

temperature, especially in the case of liquids of the typo now studied. It may be stated, however, that 

the comparison has been made in all cases, and that the general agreement is of the same order as that 

previously found. 

MDCCCXCVII.-A. L 



74 DR. T. E. THORPE AHD MR. J. W. RODGER OH THE RELATIOHS 

we obtain the formula 

22-2406 

" (139-932 + ’ 

which gives results in good agreement with those observed. 

Propyl Formate. H.COOGHo.CHo.CHg. 

Boiling-point constant at 80°'77. Bar., 757'0 millims. Corrected and reduced 

b.p. = 80°-89 (80°-9, Y. and T.). 

The following are the observations for viscosity :— 

Left limb. Right limb. j 
Temp. Pre.ss. Corr. Temp. Pj e.'^.s. Corr. 

0-35 101-51 -000010 -006646 
0 

0-35 101-41 •000040 •006649 
7-31 101-52 "000044 -006043 7-36 101-45 •000044 •006039 

15-54 101-68 -000048 -005456 15-.54 101-60 •000048 -0054-9 
23-17 101-65 -000052 -004971 23-15 101-57 •000052 •004979 
30-78 101-61 -000056 -004553 30-76 101-53 •000056 •004562 
38-54 101-58 -000060 •004182 38-53 101-48 •000060 •004187 
45-72 101-45 -000064 •003871 45-74 101-37 •000064 •003880 
54-15 101-21 -000069 •00£5560 54-14 101-13 •000069 •003568 
61-55 101-22 -000073 -003311 61-58 101-12 •000073 •003319 
67-13 101-45 -000077 •003124 67-13 101-.38 •000077 -003149 
74-97 101-44 -000081 -002925 75-00 101-35 •000081 •002931 
77-54 101-39 -000082 •002859 77-56 101-30 •000082 •002863 

In reducing the observations we have used for the density at 0° the value 0'9287, 

and the expression 

Y z= 1 -p -0.11903 t + -05201033 t~ + -0715776 

for the thermal expansion. 

Tji = "006647 pg = '002861 

= 0°-35 ^g = 77°-55 

p., (calculated) =‘004361, 

to (from curve) = 34°‘72, 

we obtain the formula 

35-3453 

” (139-283 + ' 

which gives values in close sigreement with the observed results. 
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Methyl Acetate. CH3.COOCH3. 

The sample boiled constantly at 57°‘59. Bar., 773’6 millims. Corrected and 

reduced b.p. = 57°’09 (57°’l, Y. and T.). 

The following are the observations for viscosity :— 

Left limb. Rig'bt limb. 

Temp. Press. Corr. V- Temp. Press. Corr. 
j 

0-34 101-53 •000057 •004761 ! 0-34 101-42 •000057 •004763 
6-28 101-50 -000061 •004436 6-34 101-41 •000061 •004436 

11-42 101-46 -000064 •004186 11-40 101-37 •000064 •004186 
16-72 101-62 -000068 •003947 16-69 101-52 •000067 •003949 - 
22-77 101-35 -000071 •003705 22-72 101-27 •000071 •003707 
28-38 101-68 -000075 •003491 28-37 101-58 •000075 •003492 
33-85 101-67 -000078 •003303 ' 33-86 101-57 •000078 •003305 
40-45 101-67 -000082 •003099 40-45 101-58 •000082 •003101 
46-10 101-84 •000086 •002941 1 46-03 101-74 •000086 -002944 
50-33 101-86 •000089 •002829 50-35 101-73 •000089 •002828 
54-37 101-84 •000091 •002723 54-29 101-73 •000091 •002731 

' 

The value cl (0°/4°) = 0’95932, and the expression 

V = 1 + -03134982 t + 'Oo87098 + -0.3^562 t\ 

have been used in the reduction of the observations. 

Taking 

— -004762 'ng = -002727 773 (calculated) = -003604, 

t-^ — 0°-34 to — 54°-33 4 (from curve) = 25'^-32, 

we obtain the formula 

_ 57-4012 

~ (154-499 + ’ 

which gives results almost identical with those observed. 

Ethyl Acetate. CHg.COOCHg.CHg. 

The boiling-point was constant at 77°'25. Bar. 761*8 millims. Corrected and 

reduced b.p. = 77°-18 (77°-15, Y. and T.). 

The results of the viscosity observations are as follows :—■ 

L 2 
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Left limb. Right limb. ; 

Temp. Prcs.s. Corr. Temp. Pres.s. Corr. 

0--24 100-50 -0i''0045 •005767 0°26 100-4-2 •000045 •005759 
8-90 100-47 -000050 •005146 i 8-89 100-38 •OOOOoO •005142 

14-50 100-07 -000053 •004789 14-43 100-10 •000053 •004802 
21-38 100-24 -000057 -004413 21-37 100-25 •000057 •004424 
28-14 99-86 -000061 •004093 28-11 99-83 •000061 •004099 ; 
36-58 100-11 -000066 •003734 .36-50 100-08 •000066 •003742 : 
44-12 99-81 -000070 •003452 44-12 99-77 •000070 •003459 . 
51-18 100-39 •000075 •0032-24 51-12 100-30 •000075 •003224 
60-18 100-38 •000080 •002960 60-15 100-32 •000080 •002960 
08-.50 100-41 •000085 •002737 68-37 100-33 •000085 •002746 
74-61 100-50 •000089 •002593 74-58 100-42 •000089 •002595 

Tn reducing the observations we have used d (0°/4°) = 0’92436, and the expresssion 

V = 1 -f -0012185 t + -0-45587 f- ~ •0s7>3926 
Taking- 

=-005703 T/o =-002594 r^o (calculated) = '003800, 

■“ 0'^-25 tg = 74°-00 A (from curve) = 83°-38, 

we obtain the formula 
45-322 

~ (135'423 + ’ 

which satisfactorily reproduces the oljserved values. 

rropyJ Acetate. CH3.COOCHo.CHo.CH3. 

The sample boiled between 101°-93 and 102°-00. Bar., 770-6 millims. Corrected 

and reduced b.p. = 101°-52 (101°-55, Y. and T.). 

Observations for viscosity gave :— 

Left limb. Right limb. 

Temp. Press. Corr. V- Temp. Press. Corr. 

1 
1 

039 101 04 •OOOO34 •007649 0-38 101-03 •000034 ■007674 1 
9-78 100-95 •000039 •006645 9-79 100-87 •000039 •006673 

20-59 100-81 •000044 •005757 20-59 100-79 •000044 •005768 
30-15 100-86 •000049 •005102 30-11 100-81 •000049 •005115 
39-76 100-93 •000054 •004562 39-75 100-86 •000054 •004564 
50-37 100-98 •000060 •004064 49-71 100-89 •000059 •004097 
61-37 101-00 •000066 •003621 i 61-35 100-93 •000066 •003628 
69-90 101-01 •000071 •003328 j 69 89 100-92 •000071 •003334 
80-03 100-97 •000076 -003027 1 79-98 100-90 •000076 •003030 
89-50 100-99 •000082 •002775 89-50 100-90 •000082 •002775 
96-97 100-99 •000086 •002604 96-84 100-91 •000086 •002600 
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The value 0‘91016 for the density at 0°, and the expression 

V = 1 + -OjllOiSG t + -OjIlGSG t" + '0-195991 

have been used in reducing the observations. 

Taking- 

rj-^ — •007GG1 r}^ — ■002G02 (calculated) = ‘004465, 

= 0°‘39 t. = 9G°75 t. (from curve) = 41°‘7G, 

we obtain the formula 

73-6005 

~ (125-269 ’ 

whicli o-ives values in good agreement -svith those of observation. o c? o 

Methijl Propionate. CIL.CH2.COOCH3. 

The boiling-point was constant at 79'^’GG, Bar., 759'1 millims. Corrected and 

reduced b.p. = 79°‘70 (79^‘67, Y. and T.). 

Observations for viscosity gave :— 

Left limb. 

Temp. Press* Corr. 7- 

0°39 100-34 •000046 •005789 
9-73 100-33 •000051 •005139 

16-81 100-26 •000055 •004719 
23-70 100-27 •000059 •004363 
29-61 100-23 •000062 •004096 
38-67 100-23 •000067 •003746 
45-58 100-22 •000071 •003472 
52-64 100-54 •000075 •003253 
60-38 100-39 •000080 •003027 
68-55 100-39 •000085 •002807 
75-86 100-40 •000089 •002638 : 

Right limb. 

Temp. Press. Corr. 

0°37 100-25 •000046 •005787 
9-73 100-25 •000051 •005145 

16-77 100-22 •000055 •004731 
23-21 100-21 •000059 •004372 
29-62 100-13 '000062 •004100 
38-65 100-14 •000067 •003746 
45-60 100-12 •000071 -003481 
52-67 99-82 •000075 •003256 
60-37 100-33 •000080 •003029 
68-43 100-30 •000084 •002816 
73-84 100-31 •000089 •002636 

We have used 0’9387 as the value of the density at 0°, and the expression 

V = 1 d- ‘OolSOfO t 4- •0,13275 f 4 •04G943 C 

in reducing the observations. 
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Taking 

= -005788 

— 0°-38 

7^3 = -002677 772 (calculated) = -003907, 

^3 = 75°-85 (from curve) = 34°-22, 

we obtain the formula 

_74-898 

” (146-621 + ’ 

which gives values which agree closely with those observed. 

Ethyl Propionate. CHg.CHg.COOCHo. CHg. 

The boiling-point varied between 98°-95 and 99°-03. Bar., 756-5 millims. 

Corrected and reduced b.p. = 99°-14 (99°’0, Y. and T.). 

Left limb. Right limb. 

Temp. Press. Corr. '/■ Temp. Pres.s. Corr. 

0 

0-43 100-71 •000038 •006884 
0 

0-.35 100-69 •000037 -006896 
10-12 100-15 •000042 -006032 10-06 100-20 •000042 •006042 
20-10 99-53 •000047 •005310 20-07 99-60 •000047 •006323 
29-74 98-97 •000052 •004733 29-73 98-96 •000051 -004738 
.39-88 98-85 000057 ■0C4226 ,39-87 98-81 •000057 •004235 
49-64 98-69 •000062 •003818 49-72 98-70 •000062 •003817 
59-12 99-91 •000068 •00.3477 59-16 99-82 •000068 •003478 
69-23 99-87 ■000074 •003148 69"24 99-78 •000074 •003162 
72-12 99-55 •000075 •003072 72-12 99-50 •000075 •003075 
80-04 99-50 •000079 •002855 80-25 99-45 •000079 •002854 ' 
89-68 99-50 •000085 •002627 89-70 99-42 •000085 •002627 

In reducing the observations we have used 0-91240 for the density at 0°, and the 

expression 

Y = 1 -p -0.119971 t + -O5I4867 t~ -f -0^0599 C 

fur the thermal expansion. 

Taking 

Pj = -006890 7/3 = -004254 772 (calculated) = -004254, 

h -0°*39 ^3 = 89°-69 fo (from curve) = 39°-38, 

we obtain the formula 
72-981 

It = (133-905 

which gives values in close concordance with those of observation. 
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Methyl Butyrate. CH3.CH3.GH2.COOCH3. 

The sample distilled between 102°'65 and 102°‘G7. Bar., 758'8 millims. Corrected 

and reduced b.p, = 102°'67 (102°’75, Y, and T.). 

Observations on viscosity gave the following results ;— 

Left limb. Right limb. 

Temp. Press. Corr. '/■ Temp. Press. Corr. >1- 

6-38 101-34 •000035 •007544 0-26 101-32 •000035 •007558 
10-49 101-22 ■000040 •006524 10-41 101-16 •000040 •006531 
20-37 101-04 •000045 •005729 20-39 100-99 ■000045 •005726 
30-68 100-85 •000050 •005048 30-59 100-82 •000050 ■005051 
40-62 100-56 •000055 •004499 40-54 100-51 •000055 •004507 
50-25 100-16 •000060 •004058 50-35 100-21 •000060 ■004058 
60-19 100-14 ■000065 •00:3667 60-22 100-O5 •000065 •003668 
71-59 ■ 100-;34 •000071 •003288 71-40 100-26 •000071 •003302 
79-56 100-31 •000076 •003053 79-35 100-24 •000076 ■00.3061 
90-64 100-39 •000082 ■002765 90-62 100 29 •000082 •002770 
98-14 100-42 •000086 •002593 98-42 100-47 •000086 •002591 

In reducing the observations, we have used d[0'j^°) = 0‘92005 for the density, 

and the expression 

V = 1 + -O.l 13062 t + -0324809 + ‘0336230 td 

for the thermal expansion. 

Taking 

yi = ‘007551 7^3 = ‘002597 770 (calculated) = ‘004428, 

^3 - 98°‘03 t.2 (from curve) = 42'’-13, 

the formula 

5:3-0991 

“ (12:3-745 + 

IS obtained, which satisfactorily reproduces the observed values. 
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Methyl Isohutyrate, (0113)2.CH.COOCHs. 

The sample boiled between 92°’03 and 92^’05. Bar., 754'8 rnillims. Corrected 

and reduced b.p. = 92°'26 (92°'3, Y. and T.). 

Left limb. Rio-ht limb. 
1 

Temp. Press. Corr. Temp. Press. Cerr. 
i 

'/■ j 

0-35 100-06 -000039 

1 

•006682 0-22 100-08 ■000039 
1 

-006696 ! 
9-48 99-97 •000043 •005904 t 9-32 99-89 •000043 •005925 ' 

18-12 99-91 •000047 •005297 ’ 18T1 99-82 •000047 •005301 ! 
28-99 101-36 •000054 •004660 28-97 101-26 •000054 •004660 
3.5-82 101-16 •000057 •004314 35-80 101-19 ■000057 •004320 
44-70 100-99 •000062 •003928 44-63 101-04 •000062 •003937 
52-56 100-91 •000066 •003626 52-54 100-84 •000066 •003636 
62-64 101-23 •000072 •003289 62-81 100-74 •000072 •003289 
76-20 101-25 •000077 •003035 76-24 101-18 •000077 •003038 
79-78 101-19 ■000082 •002814 79-76 101-11 •000082 •002812 
88-83 101-22 ■000087 •002587 88-86 101-13 •000087 •002590 

The value 0’91131 for the density at 0°, and the expression 

V = 1 + -0012170 t + -0338334 + ’0^22582 

have been used in reducing the observations. 

Taking 

7^^ = -006689 7^3 = -002.589 y, (calculated) = -004161, 

0°-33 ^3 = 88°-84 ^0 (from curve) = 39°-20, 

we obtain the formula 
98-0935 

“ (139-95G + 

which gives values agreeing fairly well with the observed numbers. 

Etheks. 

Methyl Fro'pyl Ether. CHg.O.CHo.ClIo.CTl3. 

A sample prepared from methyl iodide and sodium prop}date was distilled from 

sodium wire, and the portion boiling between 39°-20 and 39°-28 was used in the 

observatioQS. Bar., 762-5 millims. Corrected and reduced b.p. 39°-15. 

The following' are the observations of viscositv :—■ 
O M 



BETWEEJ^ THE VISCOSITY OF LIQUIDS AHD THEIR CHEMICAL HATURE. 81 

Left limb. Right limb. 

Temp. Press. Corr. V- Temp. Press. Corr. >?• 

0-30 101-83 -000069 •003064 0-30 101-78 •000069 •003065 
0-16 101-65 -000072 •002912 5-12 101-62 •000072 •002916 

10-47 102-60 ■000076 •002757 10-47 102-53 •000076 •002761 
1517 102-53 •000079 •002630 15-18 102-48 ■000079 •002630 
20-09 102-49 •000082 •002514 20-11 102-42 •G00082 •002512 
25-74 102-48 •000085 •002385 25-72 102-41 •000085 •002385 
29-43 102-00 •000087 •002300 29-53 102-08 •000087 •00-2301 
35-03 101-61 •000090 •002187 85-28 101-65 ■000090 •002187 

In reducing the observations, Zander’s value, 07420 for the density at 0°, and his 

expression 
V = 1 -h -OailOG t + -0099280 f + -0-58817 

for the thermal expansion (■'Annalen,’ 243, 2), have been employed. 

Taking 
7/^ = -003064 >7g = -002187 77.3 (calculated) = -002589, 

Q = 0'-30 tg = 35°-15 (from curve) = lG'^-80, 

the formula 
8-4251 

~ (146-862 -h 

is obtained, which satisfactorily reproduces the observed values. 

Etlnjl Propyl Ether. CH3.CH3.O.CH0.CH0.CH3. 

Prepared from ethyl iodide and sodium prop}date and dried over sodium wire. 

The portions used for viscosity observations boiled from 62°-93 to G2°-98. Bar., 747'7 

millims. Corrected and reduced b.p. = 63°-44. 

Left limb. Ri gbt limb. 
1 
i 

1 1 

Temp. 
1 

Press. Corr. V- 1 Temp. 
’ 

Press. Corr. 
i 

V- 1 

0-32 101-38 •000054 •003955 0-38 101-31 •C00054 •003950 
5-66 101-30 •000057 •003709 i 5-64 101-22 •000057 •003719 

10-63 101-23 •000060 •003511 ! 10-68 101-15 •000060 •003510 
15-65 101-14 •000063 •003323 ; 15-67 10]-10 •000063 •003326 
20-38 101-10 •000065 •003162 i 20-27 101-04 •000065 •003169 
25-39 102-01 •000069 •003C05 i 25-30 101-96 •000070 •003006 
30-11 102-00 •000072 •00-2863 ! 30-06 101-92 •000072 •002864 
35-12 101-91 •000074 •002725 i 35-04 101-89 •OOC074 •002729 
39-96 101-75 •000077 •002600 40-01 101-69 •000077 •002597 
45-63 101-59 •000080 •002466 45-62 101-52 •000080 -002466 
50-35 101-53 •000083 •002364 50-25 101-49 •000083 •002362 
55-06 101-40 •000086 •002262 54-95 101-36 •000086 •002266 
60-32 

i 

101-32 ■0C00S9 •002157 60-03 101-32 •000089 -002161 

MDCCCXCVII.—A. M 
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The value 0‘7544 for the density at 0°, and the expression 

Y = 1 + -0^13116 t + -0526162 

given by Dobrtner (‘ Annalen,’ 243, 4), have been employed in reducing the 

observations. 

Taking 
= '003953 •>73= ‘002159 770 (calculated) = -002921, 

— 0°'35 ^3 = 60°'18 ^0 (from curve) = 28°'16, 

the formula 
284-675 

~ (183-355 + 

is obtained. The agree-ment between the observed and calculated values is remarkably 

close. 

Biijroiiyl Ether. CH3.CH2.CH2.0.CH,.CHo.CH3. 

Prepared by Kraeft’s method, and submitted to repeated fractionation from sodium 

wire. The fraction used in the determinations of viscosity boiled between 89°-86 and 

89°-90. Bar. 760'8 millims. Corrected and reduced b.p. = 89°'84. 

The observations for viscosity gave :—■ 

Left limb. 

Temp. Press. Corr. V- 

0-53 101-92 -000041 •005359 
8-6-2 101-76 -000045 •004821 

16-96 101-35 •000049 •004355 
24-66 101-29 -000053 •003980 
32-44 101-12 •000057 •003653 
40-46 102-27 •000062 •003359 
48-03 101-93 •000065 •003113 
56-15 101-86 •000070 •002877 
64-18 101-71 •000074 •002662 
72-48 101-.35 •000078 •002468 
81-53 101-23 •000083 •002280 
88-UO 101-25 •000087 •002154 

R igbt limb. 

Temp. Press. Corr. >h 

6-64 101-91 •000041 •005359 
8-53 101-77 •000045 •004831 

16-94 101-30 •000049 •004362 
24-65 101-26 ■000053 •003990 
32-47 101-06 •000059 •003656 
40-48 102-31 •000062 •003361 
48-10 101-86 •000065 •003115 
56-14 101-82 •000070 •002876 
64-14 101-69 •000074 •002667 
72-70 101-32 •000078 •002470 
81-42 101-19 •000083 •002288 
88-03 101-17 •000087 •002154 

The value d (0°/0°) = 0'7633 for the relative density, and the expression 

Y = 1 -f -O2I2132 t + 'O5393I8 _ -0.13644 t?, 

obtained by Zander (‘Annalen,’ 214, 163), have been used in reducing the 

observations. 



BETWEEN THE VISCOSITN OF LIQUIDS AND THEIR CHEMICAL NATURE. 83 

Taking 
= '005359 Tig = '002154 (calculated) = '003398, 

= 0°'58 to = 88°'01 ^3 (from curve) = 39°'27, 

the formula 

104-068 

“ (148-362 + Q1'9734 

is obtained, which gives values in good agreement with those observed. 

Methyl Isohutyl Ether. CH3.0.CH2.GH.(CH3)3. 

Prepared from methyl iodide and sodium isobutylate and fractionated fiom 

sodium wire. In the case of tliis etlier the process appeared to work more 

satisfactorily than in any of the others, the yield being almost quantitative. Two 

series of viscosity observations were made on this substance. 

The fraction used in the first set boiled between 59°'40 and 59°'43; bar. 7G3'8 millims.; 

corrected and reduced b.p. = 59°'26. After the viscosity observations had beeii 

completed, this fraction was digested for two days with phosphoric oxide, and again 

distilled. 

The corrected and reduced boiling-point was practically the same as before, viz., 

59'^'29. A second set of viscosity observations was then made with this liquid, and 

as the results were practically identical with those of the first set, the second only 

are given below. A combustion gave the following results ;— 

Eoniid. Calculated. 

Carbon.68'22 .... GS'IS 

Hydrogen.13-64 .... 13-64 

Observations for viscosity gave ;— 

Left limb. Right limb. 

Temp. Press. Corr. >h Temp. Press. Corr. ‘I- 

o ‘ 
0-37 102-83 •000057 •003797 6-30 102-78 •000057 •003797 
7-00 102-76 •000061 •003524 6-85 102-75 •600061 •003528 

14-54 102-66 •000065 •003247 14-48 102-61 *0000(55 ■003245 
21-.31 102-65 •000069 -003021 21-40 102-58 •000069 •003023 
28-92 102-47 •000073 •002796 28-86 102-42 •000973 •0C2804 
35-98 102-.31 •000077 •002619 35-98 102-28 •000077 •002620 
42-50 102-26 •000081 •002461 42-60 102-19 •000081 •002455 
49-64 102-22 •000085 •002309 49-86 102-15 •000085 •002302 
55-24 102-10 •000088 •002193 55-21 102-06 •000088 •002192 

M 2 
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As the thermal expansion of methyl isobutyl ether had not previously been 

determined, a series of measurements had to be made with the dilatometer, in order 

i/O obtain the data required for the reduction of the observations on viscosity. The 

appara-tus and method employed were those described by Thorpe (‘ Chem. Soc, 

Trans.,’ vol. 63, p. 262, 1893). 

The observations with the dilatometer gave :—■ 

T. Ob?. Calc. T. Obs. Calc. 

0-0 2126-98 2126-76 , 30-83 2219 52 2-219-41 
4-82 2140-45 2140-48 35-01 2232-90 2232-94 

10-71 2157-43 2157-62 40-48 2250-96 2251-03 
16-76 2175-55 2175-64 46-06 2269-89 2269-97 
20-75 2187-78 2187-79 1 49-33 2281-33 2-281-29 
25-80 2203-56 2203-46 i 54-23 2298-63 2298-59 

The observed values lead to the follovdng formula :— 

y = 212676 -{- 2-8216833 t + •00536623 t" + •00001901 i\ 

from which the calculated values are obtained. 

Dividing by the first term and correcting for the expansion of glass, the formula 

for the absolute expansion is found to be 

= 1 + -0735624 t + -0^256232 -f -0590132 th 

From this is calculated the following table giving the volumes of method isobutyl 

ether for every 10'^ between 0° and its boiling-point :— 

T. Vol. Diff. i . T. Vul. Diff. 

0 100000 30 104324 759 
5 100685 685 35 105099 775 

10 101383 698 40 105893 794 
15 102095 712 45 106704 811 
20 102822 727 50 107534 830 
25 103565 743 55 108384 850 

The densitv at 0° was found to be 0-7507. 
*J 

Takino' 

77^ = -003797 = -002192 

q = 0'^-36 q = 55°-22 

770 (calculated) = -002885, 

q (from curve) = 25°-92, 
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the formula 

122-591 

~ (174-318 + 

is obtained, which gives values agreeing well with those observed. 

Ethyl Isohutyl Ether. CHs.CH.O.CHoCH. (CHg),. 

A sample prepared from ethyl iodide and sodium isobutylate was distilled from 

sodium wire, and the portion boiling between 80°‘74 and 80°-79 was collected sepa¬ 

rately. Bcir, 750-2 millims. Corrected and reduced b.p. := 81°'18. 

The observations for viscosity gave :— 

Left limb. R ght limb. 

Temp. Press. Corr. v- 
ri’ lemp. Press. Corr. V- 

O 
0-3G 103-68 •000046 ■004800 

i O 

0-36 103-69 •000046 •004807 
7-,34 103-26 •000049 •004396 7-34 103-29 •000049 •004399 

15-13 101-98 •000053 •004001 15-07 101-96 •000053 •004)06 
21-61 101-58 "000056 •003708 21-80 101-58 •000056 •003711 
28-22 101-58 •000060 •003449 28-06 101-31 •000060 ■003458 
35-41 101-39 •000064 •003200 35-38 101-36 •000064 •003200 
41-80 100-87 •000067 •002992 41-72 100-82 •000067 •003000 
48-94 104-00 •000073 •002793 49-00 103-97 •000073 •002790 
56-97 102-39 •000076 •002613 5601 102-34 •000076 ■002617 
6348 102-25 •000080 ■002439 63-16 102-11 •000080 •002441 
70-69 102-16 •000084 •002277 70-64 102-11 •000084 •002282 
77-43 102-04 •000088 •002147 

i 

77-53 102-01 •000088 •002148 

As in the case of methyl isobutyl ether, determinations had to be made of the 

thermal expansion of this liquid. 

The observations v/ith the dilatometer gave :— 

T. Obs. Calc. T. Obs. Calc. 

0-0 2126-13 2125-89 48-09 2267-85 2267-87 
6-51 2143-50 2143-65 56-31 2295-19 2295-15 

16-.33 2171-10 2171-20 63-84 23-20-91 2321-06 
23-87 2193-00 2193-03 71-97 2350-27 2350-12 
32-02 2217-41 2-217-37 76-60 2366-82 2366-83 
40-17 2242-52 2242-54 

The observed values lead to the formula:— 

V = 2125-89 d- 2-7009474 t + -00416124 f- + -00002225 t^, 

from which the calculated values are obtained. 
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Dividing by the first term, and correcting for the expansion of glass, the formula 

for the absolute expansion is found to be 

V = i + *0.129999 t + *05199488 + *07105254 

From this is calculated the following table, giving the volumes of ethyl isobutyl 

ether for every 5° between 0° and its boiling-point :— 

T. Vol. Diif. T. Yol. Diff. 
! 

0 100000 45 106350 703 ' 
5 100655 655 50 107130 783 

10 101321 666 55 107929 799 
1.5 101998 677 60 108745 816 ; 
20 102688 690 65 109582 837 
25 103391 703 70 110438 8.56 
30 104108 717 75 111316 878 
35 104839 731 80 112216 900 
40 105587 748 

A determination of the density at 0° gave 0*75445. This value and the above 

expression for the thermal expansion were used in reducing the observations for 

viscosity. 

Taking 

7^^ = *004804 = *002147 (caiculated) *003212, 

ti = 0°*36 jg = 77°*48 ifo (from curve) = 35° 00, 

tlie formula 
98-4046 

■“ (152*69 -f 

is obtained, which gives values agreeing satisfactorily with the observed numbers. 

Isopentane. (CHg).CH.CH..CHg. 

In oLir previous communication we gave a series of values of the viscosity 

coefficients of a sample of isopentane lent to us by the late Professor Schoelemmee. 

The Cjuantity of liquid was very small, and tlm boiling-point varied by nearly 3° during 

the distillation. For these reasons, and also from the fact that the sample Avas obtained 

from petroleum. Are thought it advisable to make additional obseiwations on the 

viscosity of this substance, and, if possible, on a })roduct obtained from a different 

source. 

We have been able to examine three different samples of isopentane made 

resnectively from English, Scotch, and Irish fusel oil by direction of the Photometric 
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Standards Committee, in the laboratory of the Royal College of Science, by 

Mr. Alfred Greeves. 

The English fasel oil was obtained from potato spirit, the Scotch from spirit 

prepared from a mixture of maize and barley, and the Irish from spirit made from 

barley alone. In each case the fusel oil was fractionated, and the portion boiling’ 

between 128° and 132° was used in the preparation of the isopentane. 

The alcohol was converted into the iodide, which was washed with a solution of 

soda, then with water, and after drying over calcium chloride was carefully 

fractionated. 

The iodide was reduced by means of a copper-zinc couple, and the mixture of 

isopentane and amylene thus produced was placed over excess of bromine for two 

days. The product was then separated from the bromine, washed with an ice-cold 

solution of soda, and then submitted to fractionation, which - affords a ready method 

of separating the isopentane from amylene dibromide. As a further precaution 

against the presence of traces of amylene, amylene dibromide, or amyl iodide, the 

product was treated with fuming sulphuric acid for some hours. As this acid 

attacks isopentane to some extent, on removal from the acid the product was washed 

with dilute soda and then with water to remove sulphur dioxide; it was next dried 

over ordinary sulphuric acid for some days, then over sodium wire, and finally 

submitted to fractionation. 

The observed boiling-points were :— 

I. From English amyl alcohol . . 28°’17 to 28°'27. Bar., 7G5’9 millims. 

IT „ Scotch „ „ . . 28°T0 to 28°-]2. „ 7G2-5 

III. „ Irish „ „ . . 27°-G5 to 27°-70. ., 750-3 

Corrected and reduced boiling-points :— 

I. TI. III. 

27°-99 28°-04 28°-04 

These values are considerably lower than most of the published determinations of the 

boiling-point of isopentane. They are almost identical, however, with that recently 

found by Young, and by Young and Thomas, viz., 27”-95 (‘Proc. Phys. Soc.,’ vol. 13, 

pp. 607 and 666, 1895). 

Determinations of vapour density :— 

I. IL III. 

Found 36-05 35‘78 35-55 

35*61 35-62 35*63 

The following are the observations for viscosity :— 

Calculated; 35*83. 
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I. 

Left limb. 
1 

Rigbu limb. 

Temp. Press. Corr. Temp. Press. Corr. j 

1 1 
V- 

0°45 99-68 •000064 •002785 I 0-44 99-61 
i 

•000064 1 •002782 
5-i6 90-60 •000066 •002651 ! 5-15 99-55 •000066 ! •002644 

10-82 9y-.57 •000069 •002514 10-85 99-50 •000069 j •002491 
15-38 99-.58 •000072 •002393 15-.34 99-18 •000072 •002383 
20-29 99-51 . •000074 •002282 20-22 99-47 •000075 •002275 
25-16 99'58 •000077 •002174 25-15 99-48 •000077 •002170 

II. 

T a- eft limb. Right limb. 
j 

Icmp. Press. Coil'. ‘h 

i 

Temp. Pi-ess. Corr. '7- 

0-35 100-05 •OOOOG4 -002759 0-37 100 03 •000064 •002760 
5-68 99-95 •000067 002607 5-67 99-93 •000067 •002605 

10-21 99-84 •000070 •002488 10-04 99-80 •000070 •002494 
15-67 100-58 •000074 •002354 15-65 100-56 •000074 •002357 
20-46 100-55 •000076 •002-244 20-46 100-50 -000076 •002248 
23-90 100-53 •000078 •002172 23-88 

1 

100-46 •000078 •002171 

III. 

Left limb. R ight limb. 
i 

Temp. Press. Corr. V- Temp. Press. Corr. 

1 

V- ■ 

1 

0°3l 101-18 •000065 
1 

•002767 0-35 101-14 •000065 
1 

•002765 j 
5-62 101-11 •000068 •002612 5-60 101-05 •090068 •002607 ! 

10-90 101-03 •000071 ■002471 10-94 100-97 •000071 •002472 1 
16-02 100-84 ■000074 •002357 1.5-97 100-83 •000073 •002361 
19-87 100-73 ■000076 •002262 19 88 100-69 •000076 •002268 
23-44 100-68 •000078 •002185 23-49 100-64 •000078 •002193 i 

1 

In reducing the observations we have used Professor Young’s value, 0'6392 for the 

density at 0°, and the expression 

V = 1 -{- -0^46834 i + -05509626 -086979 

given by Thorpe and Jones (he. cit.). 
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The comparison of the values given by these three samples with those given by 

the petroleum sample (A.) is contained in the following table. 

In the case of each sample two curves were plotted, and the coefficients were read 

off at every 5°. The means of these values are given in the table, which also shows 

at each temperature-interval the differences between the coefficients of samples II,, 

III., and A, and that of I. 

I. II. III. A. 

Temp. 

'?■ '/• Difference. V- Difference. '/• Difference. 

o 
0 *002797 •002769 *000028 *002776 *000021 *002726 *000071 
O *002651 ■002624 •000027 *002627 *090024 *002583 *000068 

10 *002521 *002494 •000027 •002495 *000026 •002456 *000065 
15 *002398 ■002371 •000027 *002375 *000023 *002340 *000058 
20 *002283 *002255 •000028 •002264 *000019 *002233 *000050 
25 *002175 •002149 *000026 ■002158 *000017 *002130 *000045 

The table shows that no two samples gave precisely the same values. No. I.—the 

isopentane derived from potato spirit, giving the largest, and A—the isopentane from 

petroleum, the smallest value. 

The values given by No. I. are about I’l per cent, larger than those given by 

No. II., and 0’9 per cent, larger than those given by No. III., whilst they are 2‘5 per 

cent, larger than those given by the petroleum hydrocarbon. It is evident, therefore, 

that the isopentane from petroleum was not a pure product, and further that on 

preparing the hydrocarbon from amyl alcohol in the manner just described, although 

the boiling-points and vapour-densities of the three samples are practically the same, 

yet, as regards their viscosities, slight differences can be detected, which can only be 

due to the difference in the origin of the samples. 

Apparently, the lower the boiling-point and the higher the viscosity the more 

likely is it that the substance is pure; we, therefore, regard the values for r) given 

by No. I. as nearest to the truth. It may be that isoamylene, wiiich is less viscous 

than isopentane, may be present to some extent in Nos. II. and III. 

In what follows we have used the coefficients given by No. I, sample. 

Taking 

7]^ = *002783 7]^ — *002172 (calculated) = *002458, 

= 0°*44 ^3 = 25*15 ^2 (from curve) = 12°*50, 

we obtain the formula 
391*101 

~ (208*6 + 02*2186 ’ 

which gives numbers in close agreement with those observed. 

MDCCCXCVII.—A. N 
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Mean. temp. 

'/• 

Difference. 

Observed fmean). Calculated. 

0°-44 •002783 -002783 000000 
5-15 -002647 •002649 -•000002 

10-8,3 -002.502 •002499 +-000003 
15-33 -002388 •002389 -•000001 
20-25 -002279 •002276 +-000003 
25-15 -002172 •002172 000000 

The above coefficients are, on the average, only about 1‘5 per cent, smaller than 

those found for normal pentane, whereas the numbers given by the original sample of 

iso[)entane were about 4 per cent, smaller. 

On substituting the above for the original values, the relationships previously 

traced between the viscosity magnitudes of the paraffins are slightly altered. Since, 

however, all the lower paraffins we examined were prepared from petroleum, we do 

not at present propose to make the substitution, as the values already given probably 

express the relative etfect of chemical nature more correctly than would be the case 

if the hydrocarbons were prepared partly by other methods. As regards the absolute 

value of the viscosity coefficients, thei’e can be little doubt that the numbers afforded 

by the isopentane from amyl alcohol are to be jareferred. 

Ethyl Benzene. CgHg.CHg.CHg. 

The specimen of ethyl benzene previously examined was prepared by fractionating 

a sample obtained from Kahlbaum, whereas its tlu’ee isomers, the xylenes, were 

jirepared for us by Dr. G. T. Moody from the pure sodium salts of the corresponding 

SLilphonic acids. As Dr. Moody kindly placed at our disposal a quantity of ethyl 

benzene, also prejiared from the sodium salt of its sulphonic acid, a substance 

crystallizing in beautiful [dates and having the formula CgH.j.C,,H5.SOgNa d- ^HgO, 

we carried out a fresh series of viscosity observations. 

On distilling from sodium wire, the boiling-point varied between 136°'05 and 

13G°'10. Bar., 764'3 millims. Corrected and reduced b.p. 135°'86. 

The value given by the original sample was 135°'92, 

fhe following are the viscosity observations :— 
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Left limb. Right limb. 

Temp. Press. Corr. Temp. Press. Corr. V- 

■ 6-28 100-74 -000029 
1 

•008699 0-27 100-65 •000029 •008706 
14-35 100-68 -000035 •007149 14-22 100-62 ■000035 •007166 
24-98 100-69 •000039 •006252 25-02 100-63 ■000039 •0062.58 
39-86 100-75 •000046 •005270 .39-84 100-67 •000046 •005281 
.53-60 100-73 •000052 •004573 53-38 100-65 •000052 •004580 
65-42 101-10 •000058 •004076 65-39 101-04 •000058 •004080 
77-68 101-14 •000063 •003650 77-66 101-06 •000063 •003654 
89-84 101-15 ■000069 •003296 89-86 10106 •000069 •003291 

105-96 100-48 •000076 •002900 105-93 100-.39 •000076 •002901 
119-16 100-53 -000082 •002622 119-17 100-46 •000082 •002625 
131-89 100-57 •000088 1 -002392 131-97 100-49 •000088 •002390 

In reducing the observations we have used the value 0’8832 for the density at 0°, 

and for the thermal expansion the expression 

V = 1 + -0386172 t + -0525344 — -0818319 

given by Weger (‘ Annalen,’ voL 221, p. 67). 

On plotting the above values the coefficients (H.) contained in the third column of 

the following table were obtained. The second column gives the coefficients (I.) 

found from the original sample of ethyl benzene, and the diffei'ences between the two 

series of values are given in the last column. 

Temp. 

'/• 

Difference. 

I. 11. 

0 
0 ■00874 •00874 00000 

10 ■00758 •007575 •000005 
20 006665 •00665 •000015 
30 •00592 •00590 •00002 
40 •00529 •005265 •000025 
50 •00477 ■00474 •00003 
60 •00432 •00429 •00003 
70 •00394 ■00391 •00003 
80 •00360 •003575 •000025 
90 •003305 •003285 •00002 

100 •003045 •00303 •000015 
no •002815 •002805 •00001 
120 •00262 •00261 •00001 
1.30 •002435 ■002425 •00001 

At low temperatures the values are identical, and at high temperatures the new 

sample gives coefficients which are the lower by about 0-4 per cent, Between 30° 

N 2 
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anrl 90° tlie differences reach a niaximinn, l)ut never amount to more than 07 per 

cent. The conclusions based upon the coefficients r] given by the original sample 

remain, therefore, unaltered, and we do not think it necessary to deduce a new 

formula of the Slotte type to reproduce the values given by sample No. 2; 

because, when the temperature range is so extended as 130°, the average difference 

between calculated and observed values is as great as the above differences between 

the coefficients of the two samples. The formula already given for ethylbenzene, 

although derived from the values for sample No. 1, may still be taken to give values 

as near the truth as it is possible to obtain by means of a formula of the Slotte 

type from the coefficients given by sample No. 2. 

Graphical Representation of Results. 

The relative position of the viscosity-curves of different members of the series of 

esters and ethers is shown in the following figures. The ordinates are viscosity- 

coefficients multiplied by 10^, and the abscissie are temperatures. 

Esters (fig. ^). 

The esters investigated were the three lowest formates, the three lowest acetates, 

the three lowest propionates, methyl butyrate, and methyl isobutyrate. Fig. 1 

represents the curves obtained. The first noteworthy point in connection with the 

curves is, that in all cases their slope is comparatively small, and varies but little 

with the temperature. In this respect the esters differ to a most marked extent from 

the acids and alcohols from which they are derived, since one of the characteristic 

features of these two classes of compounds was the large effect exerted by temperature 

upon viscosity, and the large extent to which this effect altered as the temperature 

altered. The behaviour of the esters, therefore, is a further argument in support of 

our conclusion that the presence of the hydroxyl-group is the main cause of the 

exceptional course of the curves for the acids and alcohols, for it proves that when by 

the mutual interaction of an acid and alcohol the hydroxylic nature of both is 

destroyed, the resulting compound gives a curve in no way resembling those of the 

reacting substances. Indeed, the curves for the esters resemble in shape those of 

non-associated licpnds in general; they give no indication of the presence of molecular 

aggregates. This is, of course, in harmony with the mass of physical evidence, which 

goes to show that, with very few exceptions, hydroxy-liquids alone contain molecular 

aggregates. 

As regards the disposition of the curves, it has to be noted, in the first place, that 

according to the general rule obeyed in homologous series of simple liquids, they 

follow one another in the order of the molecular weiffiits of the esters. Passino- 
o o 

a.long the diagram from lielow upwards we have, first, the curve for methyl formate, 
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then the curves for its next higher homologues, the isomers methyl acetate and ethyl 

formate ; then come the curves for the next higher homologues, the isomers ethyl 

acetate, methyl propionate, and propyl formate ; and, lastly, the curves for the next 

higher isomeric homologues methyl isobutyrate, ethyl propionate, methyl butyrate, 

and propyl acetate. Passing to the relative position of the curves for isomeric esters, 

it is noticeable that, where the comparison is possible, the formate has at any tem¬ 

perature, the largest viscosity-coefficient. The curvm for ethyl formate lies to the 

right of that for methyl formate, and the curve for propyl formate is far to the right 

of those for ethyl acetate and methyl propionate; indeed, at low temperatures it 

Fig. 1. 

almost coincides, and at liigh temperatures it actually coincides, with the curve of its 

higher homologue, methyl isobutyrate. It is more than likely that the large viscosity- 

coefficients of the formates ai’e associated with the fact, previously established, that 

of the five lowest fatty acids, formic acid has, at low temperatures, the largest 

coefficients, and that these coefficients are larger than the}^ might be expected to be 

even on making allowance for molecular aggregation. 

On comparing the isomeric propionates and acetates, it is seen that although the 

curve for ethyl acetate is very slightly to the left of that for methyl propionate, the 

curve for propyl acetate is far to the right of that for ethyl propionate. This is 

the result of the influence exerted by the symmetry of the molecule in lowering 

the viscosity. In the first case the acetate is a symmetrical compound and the 

propionate is unsymmetrical; in the second case both compounds are unsymmetrical. 

In conformity with the general rule, the curve for methyl isobutyrate lies well to the 
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left of that of methyl butyrate—it is, indeed, to the left of those of any of its isomers. 

The curves of methyl butyrate and propyl acetate are interesting inasmuch as, 

contrary to what holds in most series of related substances, they cut one another. 

At 0° the coefficient of the acetate is the larger by about 1'4 per cent., while at 100° 

the coefficient of the butyrate is the larger by about 2'4 per cent. 

Ethers. 

Five ethers have been dealt with in the previous part of this paper. The curves 

obtained are given in fig. 2, which also contains, for the sake of comparison, the curve 

for ethyl ether. .As in the case of the esters, the effect of temperature on viscosity 

is small, and does not vary much as the temperature alters. 

Fig. 2. 

On passing along the diagram from below upwards the order of the curves is ; 

diethyl ether, methyl j^ropyl ether, methyl isobutyl ether, ethyl propyl ether, ethjd 

isobutyl ether, and dipropyl ether. They follow, therefore, in the order of the mole¬ 

cular weights of the compounds. 

As I’egards the curves of isomers, it is noticeable that diethyl ether, the symmetrical 

isomer, has at all temperatures a lower viscosity than methyl propyl ether. 

Again, as in the case of esters, of the isomeric ethers the iso-compound has the 

lowest viscosity ; the curve for methyl isobutyl ether lies below that of ethyl propyl 

ether, and the curve for ethyl isobutyl ether lies below that of the symmetrical isomer 

dipropyl ether. This last comparison is interesting as showing that the presence of 

an iso-linkage has a more important effect in reducing the viscosity than the mere 

symmetry of the molecule. 

In our previous paper an effect of symmetry similar to that which holds for the 

esters and ethers was shown by diethyl and methyl propyl ketones; the symmetrical 

isomer had the lowest viscosity. 
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The following tables contain the coefficients of viscosity read off from the working 

curves at intervals of 10° Similar values for the new samples of isopentane and 

ethyl benzene have already been given on pp. 89 and 91 respectively. 

Coefficients of Viscosity (Dynes per sq. centirn.). 

Esters. 

Temp. Methyl Formate. Ethyl Formate. Propyl Formate. Methyl Acetate. Ethyl Acetate. 

i 
0 

0 •00429 •00505 •00668 •00478 •00578 
10 •00384 •00448 •00.^84 •00425 •00507 
20 •00347 •00402 •00516 •00381 •00449 i 
30 •00317 00362 •00459 •00344 ■00401 
40 •00328 •00411 ■00312 •00360 
50 •002995 •00371 •00284 •00326 
60 •003365 •002965 
70 •003065 •00270 
80 • • •00280 • • 

Temp. Propyl Acetate. 
Methyl 

Propionate. 
Ethyl 

Propionate. 
Methyl 

Butyrate. 
Metliyl 

Isobutyrate. 

0 

0 •00770 •00582 •00693 •00759 ■006725 
10 •006655 •00512 •00604 •00657 •00587 
20 •00581 •00454 •00532 •00575 •00518 
30 •00511 •00408 •00472 ■00508 •00461 
40 •00455 •00368 •004225 ■00453 •00413 
50 •00408 •00334 •003805 •00407 ■00372 
60 •003675 •00304 ■00345 •003675 •003375 
70 •003335 ■002775 •003135 ■00334 •00307 
80 •003035 ■00286 •00304 •00280 
90 •00276 ■00262 •00278 •00256 

100 •00250 • • • « •00256 • • 

Ethers. 

Temp. Methyl Propyl 
Ether. 

Ethyl Propyl 
Ether. Dipropyl Ethei'. 

Methyl Isobutyl 
Ether 

Ethyl Isobutyl 
Ether. 

O 

0 •00307 •003965 •00540 •00381 ■00482 
10 •00277 •00354 •00474 ■00340 ■00425 
20 •002515 ■003175 •00420 •003065 ■003785 
30 •00228 •002865 ■00375 •00277 ■00339 
40 •00260 •003375 •00252 ■003045 
50 •00237 •003045 •00230 ■002765 
60 •002165 •00277 ■00251 
70 •00252 ■002-29 
80 • • •00231 ■002105 
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Conclusions relating to the Graphical Representation of the Results. 

Both ethers and esters give no evidence of molecular aggregation and conform to 

the rules that— 

(1.) In homologous series the viscosity is greater the greater the molecular weight. 

(2.) An iso-compound has a smaller viscosity then a normal isomer. 

(3.) The more symmetrical the molecule of an isomeric compound the lower is the 

viscosity. 

As regards the esters themselves it is noteworthy, where the comparison has been 

made, that— 

(4.) Of isomeric esters the formate has the largest viscosity. 

Algebraical Bepresentation of the Results. 

The following table gives the values of the constants in Slotte’s formula for the 

esters and ethers. Here the formula is written in the shape g = C/(l + 6^)" instead 

of that already used, viz., g = C/(a -f- ^)". C is, of course, the value of g at 0°, and 

since, in general, the curves do not cross one another, relationships exist between the 

values of C for the different substances similar to those just discussed and which 

hold regarding the position of the viscosity curves. 

Constants in Slotte’s formula g = C/(l -f hty. 

C. b. 71. 

Methyl formate. •004301 ■014655 0-8325 
Ethyl formate .... •005048 •007197 1-7006 
Propyl formate .... •006679 •007179 1-9154 
Methyl acetate .... •004781 •006472 1-8636 
Ethyl acetate .... •005783 •007384 1-8268 
Propyl acetate .... •007706 ■007983 1-8972 
Methyl propionate. •005816 ■006820 1-8972 1 
Ethyl propionate . •006928 •007468 1-8914 ! 
Methyl butyrate . •007587 •0U8081 1-8375 
Methyl isobutyrate •006720 •007144 1-9405 

Diethyl ether .... •002864 •007332 1 -4644 
Methyl ])i-opyl ethei' . •003077 •006809 1-5863 
Ethyl propyl ether •003969 •005454 2-1454 
Dipropyl ether .... •005401 •006740 1-9734 
Methyl isohutyl ether •003813 •005737 2-0109 
Ethyl isobutyl ether . •004826 •006549 1-9733 

Since the values of a and h are interdependent, their individual magnitudes need 

not show any definite relationships to the chemical nature of the substances. It is 

easy to prove, however, by the method already adopted, that the temperature 
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coefficients are in reality closely related to chemical nature. If the denominator of 

the left-hand side of the equation t) = 0/(1 + expanded, and if terms 

involving higher powers of t than f' be neglected, we obtain an expression of the 

shape r; = C/(I + + yt^). Such an expression closely reproduces the observed 

values of esters and ethers. This is shown in the following table, which also gives 

the values of ji and y. 

Formula 77 = C (1 yt^). 

P- 7- t. 
j; X 10^ 
(Calc.). 

y X 105 
(Obs.). 

Diff. 
X 105. 

Methyl fonxiate .... •01220 -0-1497 
0 

.30 318 .317 -1 
Ethyl formate .... •01224 0-3086 50 299 299 0 
Propyl formate .... ■01375 0-4519 80 280 280 0 
Methyl acetate .... •01206 0-3370 50 283 284 1 
Ethyl acetate. •01349 0-4117 70 269 270 1 
Propyl acetate .... •01514 0-5423 100 252 250 -2 
Methyl propionate . •01294 0-3958 70 277 277 0 
Ethyl propionate •01412 0-4701 90 261 261 0 
Methyl butyrate .... •01485 0-.5025 100 2.54 256 2 
Methyl isobutyrate . . . •01.386 0-4657 90 256 256 0 

Diethyl ether. •01074 0-1828 30 214 212 -2 
Methyl propyl ether •01080 0-2156 30 229 228 -1 
Ethyl propyl ether . •01170 0-36.55 60 216 216 0 
Dipropyl ether .... •013.30 0-4.363 80 231 231 0 
Methyl isobutyl ether . •01154 0-3345 50 230 2.30 0 
Ethyl isobutyl ether •01292 0-4119 80 209 210 1 

The last four columns in the table go to show that even at high temperatures 

where, from its mode of derivation the formula should be least satisfactory, it gives 

values agreeing closely with those observed. Under t is given a temperature near 

the boiling-point of the liquid; under (calc.) and (obs.), the calculated and observed 

values, respectively, of the viscosity-coefficients at t, and the difference between the 

values is given in the last column. It is clear that in all cases a formula of the above 

type will closely reproduce the observed values of 17, and, consequently, and y may 

be regarded as the temperature-coefficients of the different substances. It will be 

seen from the table that the magnitudes of ^ and y are closely related to chemical 

composition. From the fact that the value of n for methyl formate happens to be 

less than unity, the value of y for this ester is negative, and hence its coefficients 

cannot be satisfactorily compared with those of the other substances, as they are all 

positive. Excluding methyl formate, the table shows that in general— 

(1.) In any homologous series y8 and y increase as the molecular weight increases. 

(2.) Of isomeric compounds the iso-compound has the smallest coefficients. 

(3.) Ethyl ether, the symmetrical isomer, has smaller coefficients than methyl 

propyl ether. 

MDCCCXCVII.—A. o 
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(4.) As regards normal isomeric esters, the formate has the largest and the 

})roplonate the smallest coefficients, and the values of the acetate are larger than of 

the butyrate. 

Comparison of Viscosity Magnitudes at Comparable Temperatures. 

In what follows we deal with the relationships which exist between the various 

viscosity magnitudes—the viscosity-coefficient, the molecular viscosity, and the 

molecular viscosity work—first, at the boiling-point, and, second, at temperatures of 

equal slope, the slope adopted being that employed in our previous paper, viz., 0'0^323. 

A. Comparison of Viscosity Magnitudes at the Boiling-point. 

Esters. 

i 
i 

Viscosity-CoefBcients. 

in dvnes per sq. centim. 
X 105. 

Molecular Viscosity. 

?/ in dynes per sq. centim. 
X specific molecular area 

in sq. centims. x 10“^. 

1 
Molecular Viscosity Work. 

)/ in dynes per sq. centim. 
X specific molecular 

vol. in cub. centims. X 10®. 

i 
Methyl. Etliyl. Propyl. Methyl. Ethyl. Propyl. Methyl. Ethyl. Propyl. 

Formate . 312 289 278 492 555 620 195 243 293 
' Acetate 266 253 246 508 567 626 222 268 315 
; Propionate . 255 242 . . 565 614 • « 266 309 1 .. 

Butyrate . 250 • , • • 630 • • 317 • • • • 

Isobutyrate . 251 • * • e 633 • • 318 .. 

Ethers. 

Viscosity-Coefficients. 

// in dynes ^ler sq. centim. 
X 105. 

Molecular Viscosity. 

;; in dynes per sq. centim. 
X specific molecular area 

in sq. centims. X 10^. 

Molecular Viscosity Work.' 

>1 in dynes per sq. centim. ’ 
X specific molecular 

vol. in cub. centim. x 10®. j 

1 

Methyl propyl . 211 471 222 
Ethyl propyl. 210 534 269 
Dipropyl . 212 601 320 ' 
Diethyl 205 459 217 t 
Methyl isobutyl 210 534 269 
Ethyl isobutyl . 208 593 316 1 

As regards the esters, it will be seen that the different series follow the rule obeyed 

in most homologous series, viz., that the viscosity-coefficients diminish as the mole¬ 

cular weight increases. All the differences are negative, and diminish as a sei'ies is 

ascended. 
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Of the isomeric butyrates the iso-compound, in conformity with the general rule 

(compare p. 599, Part I.), has the larger coefficient. The ethers, however, afford an 

additional instance of an homologous series (compare pp. 590 and 592, Part 1.) 

in which the different members have nearly the same viscosity at the boiling-point. 

On comparing the values for diethyl ether and methyl propyl ether the symmetrical 

compound, as in the case of the ketones (compare pp. 599 and 605, Part I.) has the 

lower viscosity. 

The exceptional character of the formates is no doubt connected with the excep¬ 

tional behaviour of formic acid, the molecular viscosity of which is abnormally large, 

greater, indeed, than that of acetic acid (compare pp. 591 and 610, Part L). 

In our previous paper we showed that the values of CHg varied in different series, 

but that on making allowance for the influence of molecular complexity and of 

differences in chemical constitution (compare p. 606, Part I.), we concluded that the 

probable value of the effect of CH, on the molecular viscosity of comparable liquids 

was 62. It is satisfactory to find that this number is almost identical with the mean 

value now given by the esters and ethers, as derived from the thirteen available 

differences, viz., 61 ±6. 

As regards molecular viscosity work it will be seen that the differences between 

the formates and acetates are nearly constant and in mean about 25 ; whilst the 

remaining differences given by the esters are also fairly uniform, viz., 46, the mean 

value given by the ethers is 50. The general mean, 48 3, corresponds with that 

arrived at in our former paper, viz., 47. 

llie Value of Ether. Oxygen.—the effect of CHo on the molecular viscosity 

and molecular viscosity wmrk of the esters and ethers is the same as the value 

adopted in our previous paper, we may assume that the values of the atomic con¬ 

stants of carbon and hydrogen there used also apply in the case of the esters and 

ethers. If we further assume that the value of carbonyl oxygen is the same for the 

ethers as for the ketones, we have all the data for calculating the value of ether 

oxygens. The results are given in the following tables :— 

Esters. 

C„H2„00<. 
(Ob.s.). 

II 
CHIo^D. 
(Calc.). 0<. 

Methyl formate. 492 372 120 
Ethyl formate. 555 434 121 
Pi'opyl foi’mate ... 620 496 124 
il ethyl acetate. 508 434 74 
Ethyl acetate. 567 496 71 
Propyl acetate. 626 558 68 
Methyl propionate .... 565 496 69 
Ethyl propionate .... 614 5.58 56 
Methyl butyrate. 630 5.58 72 
diethyl isohutyrate .... 633 573 60 

o 2 



100 DH. T. E. THOllPE AND MR. J. W. RODGER ON THE RELATIONS 

Ethers. 

i 

tjd- (Obs.). (Calc.). 0<. 

Diethyl. 4.59 408 51 
j\lethy] propyl. 471 409 63 
Ethyl propyl. 534 470 61 
Dipropyl . 601 532 69 
IMethyl isobutyl. 534 485 49 
Ethyl isobutyl. 593 .547 46 ' 

As regards both molecular viscosity and molecular viscosity work, tlie formates— 

as was to be expected from what has been already stated—give values which are 

much larger than tliose of other compounds. Of the remaining liquids the general 

mean of the values of ethers and esters as regards molecular viscosity is 62 8. 

The variations of the individual values are no doubt large, arising mainly from the 

fact that in the case of normal isomers the same calculated value is deducted from 

the observed numbers, no regard being paid to the effect of symmetry of the 

molecule, etc., on the viscosity. A quantitative measure of these effects will only 

be possible after a much larger number of compounds has been investigated. There 

can, however, be no question of the large differences which exist between the atomic 

constants of hydroxyl oxygen, carbonyl oxygen, and ether oxygen. 

Taking the value found above, we may now write as the probable values of oxygen 

in the three different conditions— 

Molecular Molecular 
Viscosity. Viscosity Work. 

Hydroxyl oxygen .... 196 102 
Carbonyl oxygen .... 248 41 
Ether oxygen. 62 37 

These numbers, of course, can only be regarded as provisional; they are mainl}’ put 

forward as confirming the conclusion already indicated in our previous paper, that 

the constitution of oxy-compounds largely affects their viscosity. 
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B. Comparison of Viscosity Magnitudes at Temperatures of Equal Slope. 

Esters. 

Viscosity-Coefficieuts. 
»/ iu dynes per sq. cm. 

X 105. 

Molecular Viscosity. 
t] in dynes per sq. cm. 

X specific mol. area, 
in sq. cm. X IU*. 

Molec. Viscosity Work, 
in dynes per sq. cm. 
X specific mol. vol., 

in cb.c. X lO'k 

Methyl. Ethyl. Propyl. Methyl. Ethyl. Propyl. Methyl. Ethyl. Propyl. 

Formate. 345 336 336 538 635 734 212 276 344 
Acetate. 327 333 613 713 822 265 333 408 
Propionate. 334 336 . . 720 822 . . 334 407 . . 

Butyrate. 338 • • . • 826 « • • • 408 . . . . 

Isobutyrate .... 335 • • • • 819 • • • • 405 • • • * 

Ethers, 

Viscosity-Coefficients. 
)) in dynes per sq. cm. 

X 105. 

Molecular Viscosity. 
■)) in dynes per sq. cm. 

X specific mol. area, 
in sq. cm. X 10*. 

Molec. Viscosity Work. 
t] in dynes per sq. cm. 

X specific mol. vol., 
in cb.c. X 10®. 

Methyl propyl. 302 648 300 
Ethyl propyl .... 310 755 373 
Dipropyl . 318 865 451 
Diethyl. 295 635 295 
Methyl isobutyl . 311 757 374 
Ethyl isobutyl.... 312 849 444 

It will be seen, in the case of both esters and ethers, that the viscosity-coefficients 

at temperatures of equal slope are fairly concordant amongst themselves, and tend, 

in the case of the ethers, to become larger with increase of molecular weight. In 

the case of the ethers—diethyl and methyl propyl—the symmetrical compound, 

under all conditions of comparison, has the smaller value; in this respect the ethers 

resemble the ketones. 

As in the case of the comparisons at the boiling-point, the formate has a larger 

molecular viscosity than any of the isomers (compare ethyl formate and methyl 

acetate ; propyl formate and ethyl acetate)—another indication of the specific influence 

exerted by the formyl group. The values of other normal esters obey the rule that 

the more nearly the number of carbon atoms in the acid radicle approximates to the 

number in the alcohol radicle the lower is. the molecular viscosity. Methyl isobutyr¬ 

ate gives a smaller value than methyl butyrate ; a similar result was found in the 

case of six comparisons in our previous paper. 
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In any group of normal isomeric esters, the formate has the largest value of mole¬ 

cular viscosity work (compare ethyl formate with methyl acetate ; propyl formate 

with ethyl acetate). The other members of the group have values which are prac¬ 

tically identical (ethyl acetate 333, methyl propionate 334 ; propyl acetate 408, ethyl 

propionate 407, methyl butyrate 408. Methyl isobutyi’ate follows the general rule 

in giving a smaller value than the method butyrate. 

Values for ether oxygen at temperatures of equal sloiDe have been calculated using 

the values given in our previous paper for CHg and carbonyl oxygen, but it is evident 

that the values afforded by the esters are not independent of molecular weight, as 

they diminish, without exception, as any series of esters is ascended. Moreover, it 

is not possible to allow for the fact already noted that the molecular viscosity of an 

isomeric ester is the smaller the more nearly the number of carbon atoms in the 

acid radicle approximates to the number iii the alcohol radicle. The main result, 

however, comes out as clearly as in the first condition of comparison that ether 

oxygen has invariably an effect on molecular viscosity widely different from the 

effects of hydroxyl oxygen and carbonyl oxygen. Thus, in the case of molecular 

viscosity, the values obtained were— 

Hydroxyl oxygen.166 

Carbonyl oxygen.198 

Ether oxygen.51 

Although these numbers can only be considered as first approximations, they 

clearly indicate, as already stated, that the constitution of oxy-compounds profoundly 

affects their viscosity. 

The following table shows the temperature at which the viscosity curves have the 

slope ‘0^323 :— 
Esters. 

Methyl. Ethyl. Propyl. 

Eormate .... 
o 

20'7 3 7° 7 60° 1 
Acetate .... 34-7 49-6 69-9 
Pi'opioiiate . . . . 49-7 62-6 . . 

Butyrate. 68'5 . . . . 
Isobutyrate . . . . 60-7 • • ♦ * 

Ethers. 
o 

Methyl pvojjyl.1'6 

Ethyl propyl .22'4 

Dipropyl.45'S 

Diethyl.— 2'7 

Methyl isobutyl.18"7 

Ethyl isohutyl.37'8 



BETWEEN THE VISCOSITY OF LIQUIDS AND THEIR CHEMICAL NATURE. 103 

It will be noticed that in all cases an increment of CHo brings about an increase in 

the temperature of .equal slope, and in all cases the increase becomes greater as the 

series is ascended. In any group of normal isomers the formate has the largest 

temperature value and, with the possible exception of ethyl propionate, the remaining 

esters in the group have almost the same value. According to the general rule, 

methyl isobutyrate has a lower value than methyl butyrate, and, as in the case of the 

ketones, of the two ethers, diethyl and methyl propyl, the symmetrical isomer has 

the lower equal-slope temperature. 

Appendix. 

On the Preparation of Ethers. By R. E, Barnett, B.Sc., Assoc. P.C.S. 

The ethers prepared and used for viscosity observations were methyl propyl, ethyl 

propyl, dipropyl, methyl isobutyl, and ethyl isobutyl. 

The most rapid and economical method of preparing certain ethers is undoubtedly 

the “ continuous etherification ” of alcohols by means of sulphuric acid, first used by 

Boullay and investigated by Williamson. Although it has been shown, originally 

by Williamson (‘Annalen,’ 81, 77) and later by Norton and Prescott (‘Amer. 

Chem. Journ.,’ 6, 241), that this method is applicable to the preparation of mixed 

ethers, there are always formed, as would be expected, considerable quantities of the 

two possible simple ethers containing the same alkyl radicles. The great difficulty of 

separating any one ether from such a mixture, and the absence of any certain chemical 

method of ascertaining the presence of isomers, render this method particularly unsuit¬ 

able for preparing ethers for physical investigation. The liability of the higher fatty^ 

alcohols to oxidation by the sulphuric acid, which limits the application of this method 

to alcohols containing not more than three carbon atoms (Norton and Prescott, Ioc. 

cit.), is partially obviated by the employment of the sulphonic acids of benzene, 

naphthalene, and similar compounds (Krafft, ‘ Berichte,’ 26, 2829). 

Although it is evident that the d irriori objections mentioned above apply equally 

to this method, it was tried in preparing dipropyl ether. Employing benzene- 

sulphonic acid, :i liberal supply of which we ovve to the kindness of Messrs. Brooke, 

Simpson, and Spiller, considerable difficulty was found in getting anything like 

complete etherification. Much propyl alcohol always came over with the ether, and 

as their boiling-points only differ by some seven degrees, the mixture was difficult to 

separate by fractionation. A better residt was obtained by passing the first product 

through the acid again, but still much alcohol was present. After a rough separation, 

the ether was repeatedly treated with sodium wire, until further action practically 

ceased. The I’esulting product was fractionated four times in a Lebel-Henninger 

apparatus. It was evidently^ a mixture, containing presumaldy also di-isopropyl and 
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propyl isopropyl ethers. The total range of boiling-point was from 85° to 90° (uncor.), 

while the boiling-point of clipropyl ether is 90°'7 (Za.nder, ‘ Annalen,’ 214, 163). 

This product showed, a,s far as distillation can show, the presence of far greater 

proportions of isomeric compounds than the mixed ethers prepared from the same 

propyl alcohol in the manner presently to be described ; this appears to confirm the 

view expressed above of the tendency to the formation of mixed ethers in these 

processes, and the consequent augmentation of the proportions of isomeric compounds 

present in the alcohol employed. The preparation of di-isobutyl ether by this process 

was also attempted by using naphthalene sulphonic acid, but the difficulty of complete 

etherification and the very impure product formed caused the process to be abandoned. 

Excluding the method depending upon the action of silver oxide upon alkyl iodides 

(Erlexmeyer, ‘ Annalen,’ 126, 306; Linnemann, ‘ Annalen,’ 161, 37), the only other 

available processes are those based upon the condensation of alcohol with alkyl halides 

in the presence of an alcoholate or hydroxide of an alkyl metal, or of triethylamine. 

The last-named substance was employed by Reboul (‘ Compt. Rend.,’ 93, 69). As 

his method involves the use of sealed tubes, and does not prevent the formation of 

olefine, it was not tried. 

The method described by Chancel (‘Compt. Rend.,’ vol. 68, p. 726; ‘ Annalen,’ 

vol. 151, p. 305), and previously used by Balard, has the advantage of dis23ensing 

with metallic sodium, and has consequently been frequently employed. Chancel 

prepared methyl, ethyl, projjyl, and amyl propyl ethers by acting upon a mixture 

of propyl alcohol and powdered caustic potash with the alkyl iodide. The formation 

of the dipropyl ether, which is the only one fully described, was attended with the 

production of much propylene, especially in the presence of excess of alkali. The 

boiling-points given are so widely different from those of Dobriner and other 

subsequent investigators that Chancel’s ethers must have been very impure, 

probably from the presence of undecomposed iodide. Lieben and Rossi (‘Annalen,’ 

vol. 158, p. 167) tried Chancel’s process, using butyl iodide with caustic potash 

and ethyl alcohol, and found that two-thirds of the iodide was converted into ethyl- 

butyl ether. Saytzew (‘Journ Prakt. Chem.,’ (2), vol. 3, p. 88), using the same 

substances and a similar method obtained an amount of butylene representing about 

one-fourth of the iodide employed. Markownikopf (‘ Annalen,’ vol. 138, p. 374), 

obtained ethyl isopropyl ether as a bye-product in the action of potassium cyanide in 

alcoholic solution upon isopropyl iodide. He observed that the amount of ether 

])roduced increased with the strength of alcohol employed, reaching the maximum 

with absolute alcohol. 

In tiding this method, roughly-powdered caustic potash was added to propyl 

alcohol in a flask, and after cooling, ethyl iodide was poured in. The mixture was 

warmed on a water-bath under a reflux condenser; the action rapidly became very 

vigorous, and a considerable quantity of gas was evolved. After some time, when 

the reuction appeared to be complete, the licjuid portion was distilled off and treated 
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with calcium chloride. It boiled entirely between 63° and 68°. On treatment with 

sodium it became evident that this product contained a very large quantity of 

undecomposed ethyl iodide, and it was found practically impossible to purify it by 

any means short of further etherification. In a second experiment more alkali was 

used, and in this case the mixture of propyl alcohol and caustic potash was kept hot, 

and ethyl iodide added through the reflux condenser at intervals. Gas was still 

given off, and the product obtained again boiled between the same limits and 

contained much iodide. 

It will be seen that the disadvantage of Cha.ncel’s method is that the large 

quantity of caustic alkali converts much of the alkyl iodide into olefine, while, on 

the other hand, unless a great excess of potash is used, the product contains 

undecomposed iodide. 

Although an alcoholic solution of caustic alkali is stated to contain a large pro¬ 

portion of alcoholate, yet the other method, in which the alkali metal is dissolved in 

the pure alcohol, differs very markedly from Chancel’s, and, as will be seen from 

the experiments presently to be described, is greatly superior as a quantitative 

method for the preparation of ethers. This does not, however, immediately appear 

from the existing records. Beuhl (‘Annalen,’ vol. 200, p. 177) acted upon sodium 

ethoxide in alcoholic solution with propyl bromide ; he found propylene evolved, and 

the yield of ether low. Zander (‘Annalen,’ vol. 214, p. 163) employing sodium 

propylate with propyl iodide, obtained only a 25 per cent, yield of dipropyl ether. By 

the use of solid sodium ethoxide and butyl bromide, Lieben and Bossi obtained 

ethyl butyl ether as chief product, with a small quantity of butylene ; but this 

experiment was performed in a sealed tube and is consequently not quite comparable. 

It is noteworthy, however, that only 1’5 times the theoretical quantity of the 

ethoxide was used, while to decompose the less stable butyl iodide Saytzew {loc. 

cit.) had to use six times the calculated amount of potassium hydroxide in Chancel’s 

process. 

A careful comparison of all the above-mentioned results with others by Balard, 

Guthrie, and Williamson, has led, in the light of experiments described below, to 

conclusions which may be stated as follows ; they refer to the preparation of ethers 

containing alkyl radicles from methyl to amyl inclusive. 

i. The action of a solution of sodium in an anhydrous alcohol upon an alkyl halide 

tends quantitatively to the production of an ether,* and differs markedly from the 

action of an alcoholic solution of an alkaline hydroxide. 

ii. In preparing mixed ethers by this reaction, the halogen-derivative should 

contain the alkyl radicle of lower molecular weight, the reaction then being 

apparently the more simple and regular, and the yield better the greater the diffe¬ 

rence between the two alkyls. 

iii. Where the use of the halogen-derivative of propyl or a higher alkyl becomes 

* Cf. Hecht and Coxead (‘ Zeits. Physik. CLem.,’ 3, 450), on this reaction. 

MDCCCXCVII.—A. P 
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una.voidable, the bromide, or sometimes the chloride, should be substituted for the 

iodide. 

The second of these conclusions finds some support in the work of Silva Compt. 

Rend.,’ 81, 323), who showed that when a mixed ether is decomposed by hydriodic 

acid the higher radicle becomes an alcohol and the lower an iodide. 

Although the rule given may seem obvious in view of the known instability of the 

higher alkyl iodides, it is shown above that in practice it has been generally disre¬ 

garded. A possible reason for this is the increasing difficulty of dissohung sodium as 

we ascend the series of alcohols. In the work recorded below, it was not found 

po.ssible in any reasonable time to dissolve more than one molecular proportion of 

sodium in two or three of propyl or isobutyl alocohols. The consequent waste of 

alcohol may be obviated by the use of the following continuous process, by means of 

which the conversion of alkyl iodides and alcoholates into ether can be carried out 

in almost theoretical proportions. 

A WuRTZ flask of about a litre capacity has the side-tube (which should be nearly 

at right angles to the neck) lengthened to about a metre, and this surrounded by 

the outer tube of a condenser for nearly its whole length to secure efficient conden¬ 

sation. The flask is placed on a water-bath, and by inclining it until the condenser 

slopes upward at some 30° with the horizontal we have a reflux apparatus, while a 

simple rotation through 60° downwards adapts it for distillation. 

Placing it with the condenser sloping upwards, 150 grams of the alcohol (propyl or 

isobutyl) is introduced through the neck, which is fitted with an easily-removable 

cork. A clean dry bottle, wide mouthed and stoppered, is tared, and about 30 grams 

of clean sodium put into it. It is again weighed, so that at any time the amount used 

can be ascertained ; if dry and well-stoppered, oxidation is only superficial. Some 

pieces are cut off and introduced into the flask ; it dissolves rapidly at first with 

evolution of heat. More sodium is added at intervals, taking care not to use more 

than can be dissolved within a reasonable time; say 20 to 22 grams for 150 grams 

alcohol. The water-bath is heated, as if the solution be allowed to cool it solidifies. 

Directly the sodium has dissolved, the cork in the neck is replaced by one carrying a 

bent tap-funnel, in which the iodide (methyl or ethyl) is placed. This is allowed to 

flow in small portions into the thick liquid ; the flask is gently rotated to prevent 

the heavy iodide sinking to the bottom and causing violent bumping, and in a 

moment the whole mass becomes clouded by the separation of sodium iodide. The 

whole of the iodide is gradually added in this way, the amount being that calcu¬ 

lated for three-fourths of the sodium present. With this proportion, though but 

little more than equimolecular, there was never a trace of iodide in any of the 

distillates. 

After a short digestion the condenser is turned down without interrupting the 

boiling, and the ether distils over. It is accompanied with but little alcohol, possibly 

on account of the alcoholate still in solution raising the boiling-point. Directly the 
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distillation slackens, the condenser is turned up again, and more sodium introduced ; 

a further quantity of ten or twelve grams can be dissolved in the remaining alcohol. 

An amount of alkyl iodide, three-fourths of that required for the total quantity of 

sodium alcoholate now in the flask, is added as before, and so a second quantity of 

ether obtained. It is possible to continue this process so that the final amounts 

of sodium and alcohol unutilised shall bear as small a proportion to the total ether 

produced as we please, especially if the alcohol obtained by fractionation of the early 

distillates be added to the flask ; but time and the accumulation of sodium iodide 

fix a practical limit. 

The ethers prepared in this way were methyl-propyl, ethyl-propyl, methyl-isobutyl, 

and ethyl-isobutyl. The dipropyl ether was prepared by Krafft’s method, as already 

described. The methyl and ethyl iodides used were prepared by myself. The 

alcohols were obtained from K^hlbaum ; the propyl alcohol boiled between 95°'7 and 

97°'0 (corr.), and the isobutyl alcohol from 106°'4 to 108° (corr.). Each ether was 

repeatedly fractionated in a Lebel-Henxinger apparatus, and the main fraction, after 

frequent and prolonged digestion with sodium wire, boiled within about half a degree. 

It appeared to be practically impossible to obtain an ether which would show abso¬ 

lutely no gas bubbles on the introduction of fresh sodium wire, so one was compelled 

to consider the drying complete when the amount of this trifling action became 

constant on each successive addition of wire. This minute quantity of moisture 

would appear to have no effect upon the viscosity observations, as an ether after 

repeated treatment with phosphoric oxide gave results almost identical with those 

given by the liquid before treatment. (See p. 83.) 
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IV. 0)1 the Capacit)j cutd Residual Charge of Dielectrics as Affected hy Tempera- 

ture and Time. 

By J, Hopkinson, F.R.S., and E. Wilson. 

Received December 15, 1896,—Read January 28, 1897. 

Before describing the experiments^^ forming the principal subject of this communi¬ 

cation, and their results, it may be convenient to shortly state the laws of residual 

charge. 

Let Xi be the potential at any time t of a condenser, e.y., a glass flask, let Vt 

be the time integral of current through the flask up to time f, or, in other words, 

let yt be the electric displacement, including therein electric displacement due to 

ordinary conduction. If the j^otential be applied for a short time let the dis¬ 

placement at time t, after time m has elapsed from the application of force 

be (w) ; this assumes that the effects produced are proportional to the 

forces producing them; that is, that we may add the effects of simultaneously- 

applied electromotive forces. Generalise this to the extent of assuming that we may 

r'” 
add the effects of successively-applied electromotive forces, then i/j = Xi_^xlj {(o) do). 

'' * 0 

This is nothing else than a slight generalisation of Ohm’s Law, and of the law that 

the charge of a condenser is proportional to its potential. Experiments were tried 

some years ago for the purpose of supporting this law of superposition as regards 

capacity. It was shown that the electrostatic capacity of light flint glass remained 

constant up to 5,000 volts per millimetre (‘Phil. Trans.,’ 1881, Part IL, p. 365). 

The consequences of deviation from proportionality were considered (‘ Proc. Hoy. Soc.,’ 

1886, vol. 41, p. 453), and it was shown that, if the law held, the capacity as 

determined by the method of attractions was equal to that determined by the method 

of condensers; this is known to be the case with one or two doubtful exceptions 

{ibid., p. 458). Rough experiments have been made to show that residual charge is 

proportional to potential ; they indicate that it is (‘Phil. Trans.,’ vol. 167, Part IL). 

Xi_^ijj (co) dfi) includes in itself ordinary conduction, residual 
0 

* These experimeuts were commenced in the summer of 1894, and we have to thank Messrs. 

C. J. Evans and R. E. Shawcross for valuable assistance rendered during the period of their 

Demonstratorship in the Siemens Laboratory, King’s College, London. 

12.4.97 
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cliarge and cajjacity. Suppose that from ^ = 0 to t — t, Xi = K, and before that 

time Xi — 0, then i/i = ^ \ \p (w) doj, and ' ‘ = xjj (^t) ; thus ifj (t) is the conductivity 

after electrification for time t. It has of course been lone- known that in statins; the 

conductivity or resistance of the di-electric of a cable, it is necessary to state the 

time during which it has been electrified ; hence x(/ (t) is for many insulators not 

constant. ^ may perhaps be defined to be the true conductivity of the condenser, 

but at all events we have ijj (t) as the expression of the reciprocal of a resistance 

measurable, if we please, in the reciprocal of ohms. For convenience we now 

separate i/j (oo ) = /5 from ip (w) and wrii;e for ip (oj), xp (oj) + If we were asked to 

define the capacity of our condenser we should probably say : “ suppose the con¬ 

denser be charged to potential X for a considerable time and then be short-circuited, 

let Y be the total quantity of electricity which comes out of it, then Y/X is the 

capacity.” If T be the time of charging = X [xp (w ) + ^} do) at the moment 
j f\ 

ri +1 

of short circuitiniLr ; = X ) + /3; doj after time t of discharge. The 
"is ^ * t 

amount which comes out of the condenser is the difference of these, or 

Y=x|| xp [(x})-\-^do} — xp (oj) fi- /I dojj ; if i be infinite xp (^) = 0, and Y=X [ xp (oj) dw ; 

or we now have capacity expressed as an integral of ^ (co) and measurable in micro¬ 

farads, and it appears that the capacity is a function of the time of charge increasing 

as the time increases. Experiments have been made for testing this point in 

the case of light flint glass, showing that the capacity Avas the same for 1/20000 

second and for ordinary durations of time (‘ Phil. Trans.,’ 1881, p. 356), doubtless 
^ _ y/20oco rt 

xp(co)do} is small compared with xp(ct))dco. Noav xp (oj) do, when t 
1/20000 Jo Jo 

is Indefinitely diminished, may be zero, have a finite value, or be infinite ; in fact it 

has a finite value. The value of xp (o) when o is exti'emely small can hardly be 

observed; but xp (o) do, when t is small, can be observed. It is therefore coii- 

venient to treat that part of the expression separately, even though we may 

conceive it to be quite continuous with the other parts of the expression, f xp (o) do, 
• 0 

when t is less than the shortest time at which we can make observations of xp (oj), 

is the instantaneous capacity of the condenser. Call it K and suppose the form of 

xp to be so modified that for all observed times it has the observed values, but so 

that \ ^ { o) do = 0, when t is small enough. 
J 0 

Then i/i = Ka-j Xi_^ [x/j (o) -f- /3} do. Here the first term represents capacity, 
J 0 

the second residual charge, the third coiiductlvity, separated for convenience, though 
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really all parts of a continuous magnitude. Suppose now our condenser be submitted 

to a periodically varying electromotive force, that 

Xi = A cos 2^t, 
then 

yt = A |k COS2^i + j" COSj9 {t — w) [r//(w) + /S]c?(y| 

= A |k cos ni^ + cos [ cos (w) do) + sin [ sin (w) 
[ -0 Jo J 

The effect of residual charge is to add to the capacity K the term j" cob pcoxjj (o)) do), 

whilst the term sin^)^ sin cZw will have the effect of conductivity as regards 

the phases of the currents into the flask. Thus the nature of the effect will depend 

upon the form of the function xfj (w). An idea may be obtained by assuming a form 

for \p {(o), say \p (w) = —, where m is a proper fraction. This is a fair approximation 

to the truth. Then 

cos^jftji// (&)) doi = r (l — m) cos (1 — m) 7r/2/_p^“®, 
Jo 

[ sin (w) do) = r (1 — m) sin (1 — rn) 7r/2/p^~“. 

If m is near to unity, capacity is almost entirely affected ; otherwise the effect is 

divided between the two, and dissipation of energy will occur. It is interesting to 

consider what sort of conductivity a good insulator such as light flint glass, according 

to this view of capacity, residual charge, and conduction, would have at ordinary 

temperatures if we could measure its conductivity after very short times of electrifica¬ 

tion ; if, in fact, we could extend the practice used for telegraph cables and specify 

that the test of insulation should be made after the one hundred millionth of a second 

instead of after one minute, as is usual for cables. The capacity of light flint 

measured with alternating currents with a frequency of two millions a second is 

practically the same as when measured in the ordinary way; that is, its capacity will 

be 67. Its index of refraction is 1’57 or [jd = 2*46, or, say, 2*5. We have then to 

account for 4*2 in a certain short time. The current is an alternating current, and 

we may assume as an approximation that it will be the residual charge which comes 

out in one-sixth of the period which produces this effect on the capacity; therefore 
(•1/12 X105 

\p (w) dcD = |-y X capacity of the flask as ordinarily measured. The capacity 
• 0 

of a fairly thin flask may be taken to be 1/1,000 microfarad to 2/1,000 microfarad ; 
rl,12xl0« ■ . _ 

hence we may take xjj (w) doj to be 10“® farad ; if xfj (w) were constant during 
J 0 

this time its value must be 12 X 10® X 10~® = ohms~^ about. The value of xp (co) 
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is far from constant, and hence the apparent resistance of that extraordinarily high 

insulator, a flint-glass flask, must be, for very short times, but still for times 

enormously large compared with the period of light waves, much less than 80 ohms. 

[Added 11th March, 1897.—Somewhat similar considerations are applicable to 

conduction by metals. Maxwell pointed out that the transparency of gold was 

much greater than would be inferred from its conductivity measured in the ordinary 

way. To put the same thing another way—the conductivity of gold as inferred 

from its transparency is much less than as measured electrically with ordinary 

tiines. Or the conductivity of gold increases after the application of electromotive 

force. Suppose then we have a current in gold caused by an electromotive force 

which is increasing, the current will be less than it would be if the electromotive 

force were constant, by an amount approximately proportional to the rate of increase. 

If u be the current, ^ the electromotive force, u — where n is the 

conductivity as ordinarily measured. This gives us the equation of light trans- 
(Jit 

mission a^‘ — assuming that we have no capacity in the gold. 

Professor J. J. Thomson gives as a result of some experiments by Drude that the 

capacity of all metals is negative. This conclusion is just what we should expect, if 

we assume, as Maxwell has shown, that the conductivity of metals increases with 

the time during which the electromotive force is applied.] 

The experiments herein described are addressed to ascertaining the eftect of 

temperature, first on residual charge as ordinarily known, second on capacity as 

ordinarily known, third to examining more closely how determinations of capacity 

are affected by re.sidual charge, fourth to tracing the way in which the properties of 

insulators can continuously change to those of an electrolyte as ordinarily known. 

The bodies principally examined are soda-lime glass, as this substance exhibits inte¬ 

resting properties at a low temperature, and ice, as it is known that the capacity of 

ice for such times as one-tenth of a second is about 80, and for times of one-millionth 

of a second of the order of 3 or less. 

Residual Charge as affected by Temperature. 

Exjieriments on this subject have been made by one of us which showed that 

residual charge in glass incretises with temperature up to a certain temperature, but 

that the results became then uncertain owing to the conductivity of the glass 

inci'easing. These experiments were made with an electrometer, the charge set free 

in the flask being measured by the rate of rise of potential on insulation. We now 

replace the electrometer by a delicate galvanometer and measure the current directly 

without sensible rise of potential. 

Fig. 1 gives a diagram of connections. The glass to be experimented upon is 

blown into a thin flask F, with thick glass in the neck to diminish the effect of 
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charge creeping above the level of the acid, and is filled with sulphuric acid to the 

shoulder; it is then placed in sulphuric acid in a glass beaker, which forms the 

inner lining of a copper vessel consisting of two concentric tubes ])etween which oil 

Fuji 

is placed, ihermometers, T^, placed in the acid outside the jar and in the oil, 

are made to register the same, or nearly the same, temperatures when taking obsei'- 

vations, hut gives the temperature taken for the flask. The flask is heated by a 

kunsen burner placed under the copper vessel. Two electi’odes a, c, insulated from 

MDCCCXCVII.—A. O 
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one aniotlier, and from the flask by means of sealing wax and glass tubes, dip into 

the sulphuric acid forming the inner coating of the jar, and similarly, electrodes h, d 

dipping into the outer acid make connection with the outer coating. The acid inside 

and out was made to wet the flask up to a level higher than the acid would reach at 

the highest temperatures. 

The four electrodes, «, h, c, d, are connected respectively by thin copper wires, 

with four mercury cups 1, 2, 3, 4, cut in a block of parafiin, and, by means of a 

]‘eversing switch a, h and c, d. can be connected respectively to mercury cups 5, 6. 

Cups 5, 6 are connected respectively to 7, 8 by thin wires, which can in turn be 

connected with or disconnected from the source of charge 9, 11. 

The steady potential difference of about 1,500 volts is obtained from a Siemens 

alternator A, in series with a revolving contact maker B fixed to the alternator shaft 

and making contact once per complete period, there being six periods per revolution. 

The contact-maker is set to make contact when the potential difference is a maximum. 

A condenser C, and a Kelvin vertical electrostatic voltmeter V, are placed in parallel 

between the connecting wires leading to mercury cups 9, 11, 

The galvanometer G has a resistance of 8,000 ohms and is inclosed in an iron box 

which acts as a magnetic shield. The box is supplied with a small window for the 

ray of light to pass through it from an incandescent lamp to the mirror from which 

it is reflected back through the window to a scale at a distance of 12 feet from the 

mirror. The divisions on this scale are v^tli of an inch apart, and an average 

sensibility for this instrument is '3 X 10"''^ ampere per division of the scale. The 

galvanometer is supplied with a shunt S, and has its terminals connected to mercury 

cups 13, 14 on the pciraffin block. These mercury cups are connected to cups 10, 12 

respectively, which can at Avill be connected to 7, 8, by one motion of the glass 

distance-piece g forming part of the reversing switch Avhich places 9, 11, or 10, 12, in 

contact Avith 7, 8. A switch is so arranged that 13, 14 can be connected at Avill, 

that is, the galvanometer is short circuited. 

The process of charging, discharging, and observing, is as folloAA’s:—Near the 
observer is a clock beating seconds Avhich can be distinctly heard by the observer. 
Initially, the cups 9, 11, are disconnected from 7, 8 ; but 5, 1, and 6, 2, are connected. 
At the given moment the reversing SAvitch is put over connecting 7, 9, and 11, 8 ; 
the jar is then being charged tJu'ough electrodes a, h. This goes on for the desired 
time, during which charging volts and zero of the instrument are noted. At the end 
of the time recpiired for charge, the main reversing SAvitch is put over connecting 
7, 10, and 8, 12 ; next the subsidiary switch is put oAmr connecting 3 to 5 and 4 to 6, 
and on opening the short-circuiting SAvitch, the spot of light is deflected and alloAved 
to take up its natural state of movement determined by residual charge, readings 
being taken at stated epochs after discharge is started. This whole operation, 
including an adjustment of the shunt Avhen necessary, Avas so speedily accomplished 
that reliable readings could be taken 5 seconds after discharge is started. By using 
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two electrodes, polarization of electrodes is avoided, and the gradually-diminishing 

current through the galvanometer is that due to residual charge. The conductivity 

of the jar is determined by removing the glass distance-piece g, connecting 7 to 9, 

8 to 12, and 10 to 11, and noting the steady deflection on the galvanometer for a 

given charging potential difference. 

In the ice experiment, the conductors from 3, 4, are used both for charging and 

discharging. The form of condenser used when dealing with ice and liquid dielectrics 

is shown in fig. 2. It consists of seven platinum plates, a, h, c, d, e, f, g, each measuring 

2 inches by 3 inches, and of a thickness '2 millim., separated from each other by a distance 

flp Z. 

of 2‘7 miilims. To each plate are gold-soldered four platinum wires—two top and two 

bottom. Plates a, c, e, g, form the outer coating of the condenser, and are kept in 

their relative positions by cross connecting wires h, gold-soldered to the wires at each 

end of each plate. Similarly, plates 5, d,f, which form the other and inner coating 

of the condenser, are fixed relatively to one another by cross connecting wires i. The 

relative jDositions of the two sets of plates are fixed by glass rods 1, 2. The terminals 

of the condenser are, for the inner j^lates the prolonged wire 3, and for the outer 

plates the wires 4, 4. These are bent round glass rods 5, G, which resting on the top 

of a beaker support the plates in the fluid. The glass tubes on the wires 3, 4, 4, are 

for the purpose of securing good surface insulation. The glass beaker is conical, so as 

to remain unbroken when freezing the distilled water within. Tliis was accomplished 

Q 2 
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by surrounding the beaker Avith a freezing mixture of ice and salt, the lower 

temperature being obtained by further cooling in carbonic acid snow. 

The same blue flask, which Avas the subject of the earlier experiments, was mounted 

as shown in flg. 1, and the residual charge observed for Anrious temperatures. This 

glass is composed of silica soda and lime; the colour is due to oxide of cobalt in small 

quantity. 

Out of a large number of experiments the data in Tables I. and 11. give the general 

character of the results. 

Table I. 

Time iu 
seconds. 

1.5° C. 341 54|. 70. 85. 117. 132. Remai’ks. 

10 246 9770 7256 Blue flask. 6th and 7th 
15 .376 1176 2785 5445 , * November, 1894. Sen- 
20 121 265 1030 2586 4100 3590 .3010 sibility of galvanometer, - 
30 87 209 892 2070 2980 2150 1735 '378 X 10~®. Duration 
60 46 131 683 1.320 1510 950 778 of charge, 2 minutes. 

120 224 91 483 720 688 440 350 Charging volts, 1250 
300 ^4 62 256 260 210 164 107 

less than 
600 • • 123 no • • 86 59 

Table II. 

Time in 
seconds. 

14" C. 55. 70. no. 137. Remai’ks. 

10 205 11740 12400 Blue flask. 13th November, 1894. Sen- 
20 99 1230 2850 4790 4340 sibilitv of galvanometer, '407 X 10~®. 
60 38 837 1560 1212 990 Duration of charge, 2 minutes. Charging 

120 17 694 878 487 366 volts, 1250. ; 
300 5 308 314 134 • • 

Table III. 

3rd .Tannai’j, 1895. 4 January, 1895. 

Remarks. 
Time in 
seconds. 

8°C. 
5 min. 
charge. 

117 
1 mill. 

im 
1 min. 

8“ C. 
5 min. 
charge. 

122 
1 min. 

1221 
1 min. 

10 75 258 70 1100 New window glass flask. Sensibility of 
20 4o 123 148 44 , , 664 galvanometer, ’358 X 10~^. Resist- 
30 30 105 109 32 400 ance of flask, 8° C., 3340 x 10® ohms. 
60 18 80 73 19 240 240 Charging volts, 1.500. 

ISO 74 56 7| 69 68 1 
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The figures given are the deflections of the galvanometer in scale divisions corrected 

for the shunt used. Recalling that one scale division means a known value in 

amperes, that a known potential in volts is used, these figures can readily be reduced 

to ohms The capacity of the flask is 0‘0026 microfarad at ordinary temperatures 

and times, and the specific inductive capacity of its material under similar conditions 

is about 8. Hence one could reduce to absolute conductivities of the material. It is 

more interesting to consider how fast the capacity is changing. Take the first result 

given in Table HI. for another flask 75 at 10 seconds ; this means a conductivity 

75 X 0‘358 X 10“®/ 1,500 — about 0'179 X 10“^°, and this is, of course, the rate 

in farads per second at which the capacity is changing in that experiment compared 

with a capacity of the flask 1-10“^ microfarad measured with the shortest times, or, 

to put it shortly, the flask owing to residual charge is changing capacity at the rate 

of about 3 per cent, per second. These figures also show that the residual charge up 

to 20 seconds increases greatly with the temperature; the residual at 60 seconds 

rises with the temperature up to about 70° C. or 80° C., and then diminishes ; residual 

charge at 300 seconds begins to diminish at about 60° C. One may further note the 

way in which the form of the function t/; (oj) changes as temperature rises. Compare 

in Table I. the values for 20 and 30 seconds, the ratios are :— 

Temperature. . . 15 34^ 54^ 70 85 117 132, 

Ratio. 1-39 1-27 1*16 1-25 1*38 1-67 1-74. 

In other words, if we expressed ^ (co) in the form C/f", we should find m first 

diminishes as temperature rises to 54°, then increases as the temperature further 

rises. This has an important bearing upon the effect of residual chai’ge on apparent 

capacity and resistance. 

It will be noticed that the residual charge, for the same time, at high temperatures, 

is somewhat greater in Table II. than I. The results in Table I. were obtained on 

November 7th, 1894 ; those in Table II. on November 13th, 1894. There is no doubt 

but that heating this glass and submitting it to charge when heated, alters the 

character of the results in such manner as to increase residual charge for high 

temperatures. To test this more thoroughly, a new flask was blown out of window 

glass composed of silica lime and soda without colouring matter, and on January 3rd, 

1895, was charged and discharged in the ordinary manner. After the results given 

in Table III. for January 3rd were obtained, the flask was charged for 21 minutes at 

1,500 volts, the direction of charge being reversed after 10 minutes, the temperature 

of the flask being 133°. We see that on January 4th, Table III., the same effect is 

observed, namely an apparent increase in residual charge for the same time at high 

temperatures. This may probably be attributed to a change in the composition of 

the material by electrolysis. 
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Capacity, 

(a.) Loiv Freqvency. 

Fig. 3 gives a diagram of connections, showing how the apparatus is arranged for 

the purpose of determining the capacity of poor insulators, such as window glass or 

ice, at varying temperatures. I'his is a bridge method, the flask F being placed in 

series with a condenser of known capacity K, and on the other side non-inductive 

resistances H^, By means of keys h,, the bridge can be connected to the poles 

of a Siemens alternator A; its potential difference is measured on a Kelvin multi¬ 

cellular voltmeter V. On the shaft of the alternator is fixed the revolving contact- 

maker B, which makes contact once in a period, and the epoch can be chosen. 

The Kelvin quadrant electrometer Q has one pair of quadrants connected to a pole 

of the revolving contact-maker B, and the other to a mercury cup 4 in a block of 

paraffin. The other terminal of B is connected to the junction between F and K ; by 

means of mercury cups 1, 2, 3, the electrometer can be connected through the contact- 

maker to either end, or to the middle of the bridge. 

The compensating resistance B is the resistance due to pencil lines drawn on fine 

obscured glass strip,'^' about 12 inches long and f inch wide, contact being made at 

each end by means of mercury in a small paraffin cup, and the whole varnished whilst 

hot with shellac varnish. A series of these resistances was made, ran^iner in value 

from a few megohms to a few tens of thousands of ohms. For the purpose of these 

experiments a knowledge of their actual resistance is of no moment, although for the 

purpose of manipulation their resistances are known. 

The method of experiment is as follows ;—Mercury cups 1 and 4 are connected bv 

a wire, placing the electrometer and contact-maker across F, and the contact-maker is 

moved until it indicates no potential. Cups 3, 4 are now connected, and resistance B 

is adjusted until the electrometer again reads zero. After a few trials, alternately 

* See ‘Phil. Mag.,’ ]\[arcli, 1S79 
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iDlaciug the bridge between 1, 4 and 3, 4, and adjusting E, the potentials are brought 

into the same phase, that is, the potential across the electrometer is zero in each case 

for the same position of the contact-maker. Mercury cups 2, 4 are now connected, 

the contact-maker B is adjusted to the point of maximum potential, and E^, Ej 

adjusted until balance is obtained. We now know that K/F = Ej/Eg. 

A‘3 is the ordinary key supplied with the electrometer, which reverses the charge on 

the quadrants or short circuits them. The range of frequency varies from 1.00 to 7 

or 8 complete periods per second. 

(b.) High Frequency. 

For high fre([uencies a method of resonance is used,"^^ and the apparatus shown in 

fig. 4. The primary coil consists of 1, 9, or 160 turns of copper wire 4 feet in diameter, 

having a condenser in its circuit and two adjustable sparking knobs «, h. The 

secondary is placed with its plane parallel to that of the primary, and usually at a 

distance of 4 or 5 feet from it; adjustable spark knobs c, d are provided in its circuit, 

which consists of 1, 9, or 160 turns of copper wire of the same diameter as the primary. 

The diameter of the wires for the 1, 9, and 160 turns are respectively 5‘3, 2'65, and 

1 '25 millims. A Euhmkorff coil excites the primary. Between the spark knobs c, d. 

are placed the capacity to be found F, and a large slide condenser K. The method 

is one of substitution, that is to say, maximum resonance is obtained with both 

condensers attached by variation of K ; F is removed and maximum resonance a,gain 

obtained by increase of K, In order to bring K on the scale for the two maxima, it 

is necessary to adjust Kj, the condenser in the primary. This condenser consists of a 

* Tins method, we find, has been used by Thwino, ‘ Physical Society’s Abstracts,’ vol. 1, p. 7b. 
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sheet of ebonite with tin-foil on either side; three such condensers are available, and 

by variation of the area of tin-foil, if necessary, a suitable value for was speedily 

obtained. Platinum-foil was used for the electrodes in the acid inside and outside the 

jar in the glass experiments instead of wire, as shown in fig. 1, in order to secure that 

the connections should not add materially to the self-induction of the circuit. 

The frequency is calculated from the formula 

Frequency = 

where 
K is the capacity in secondary in microfarads, 

L is the self-induction in centimetres. 

where 
n is the number of turns on the secondary, 

2a is the diameter of the ring = 4 feet, 

2/‘ is the diameter of ware on secondary. 

When n = 1, L = 4230 centimetres. If K be taken '00096 microfarad the fre¬ 

quency is 2’5 X 10®. 

The lowest frequency we have tried with this apparatus is when = 160 

L = 136 X 10®. If K be taken '0028 microfarad, the frequency is 8,400. 

That the capacity of some kinds of glass does not vary much with a moderate 

variation of temperature is known (‘Phil. Trans.,’ 1881, p. 365). Experiments wmre 

tried on the same blue flask as before, using the method in fig. 3. The results 

obtained and many times repeated for a frequency of 70 or 80 are given in Table IV. 

As the specific inductive capacity of this flask, measured in the ordinary manner, is 

about 8, it appears that at 170° it is about 21. Knowing from the results in 

Tables I. and II. how great was the residual charge for high temperatures and short 

times, it appeared probable that the result would depend upon the frequency. This 

was found to be the case, as shown by the results of November 26, 1894, Table I^ ., 

the apparent capacity being somewhat more than one-half at frequency 100 of 

what it is at frequency 7‘3. Experiments on the window-glass flask show the same 

result. 

The next step was to determine whether or not this large increase of a23parent 

capacity was due to residual charge. To do this the resonance experiments fig. 4 

were resorted to and the capacity of the flask was determined with a frequency of 

about 2 X 10® ; it was found to be sensibly the same whether the flask were hot 

or cold. The results show that the capacity varies from 185 to 198 in arbitrary 

units with a variation of temperature from 25^° to 127°. With frequency 8,400 the 

capacity varies from 240 to 285 in arbitrary units for a variation of temperature 

L = 4:7Tn~a ( log^ 
r 
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from 21° to 122°, but here the sensibility was not so good as with the higher 

frequency. We conclude that the apparently great capacity of this glass at a 

temperature from 120° to 170° is due to residual charge, but that the effects of this 

part of the residual charge are not greatly felt if the frequency is greater than 

about 10,000 a second. 

The extent to which the capacity of the window-glass flask is affected by the 

frequency at ordinary temperatures, 8° C., is shown by the following figures :— 

Frequency .... 12 39 70 

Capacity.'00075 '0008 '001 

Table IV. 

20th November, 1894. 
Frequency, 72 ; volts, 70. 

21st November, 1894. 
Frequency, 85|; volts, 71^. 

26tli November, 1894. 
Temperature, 120° C. 

Tempera¬ 
ture. 

C. 

Capacity of 
flask in 

terms of itself 
at 1.5°. 

Tempera¬ 
ture. 

C. 

Capacity of 
bask in 

terms of itself 
at 25° C. 

Frequency. R./Ri. Remarks. 

L”) 1 2.54 1 7-3 1-27 Standard conden- 
92 1-31 54 1-05 12 111 ser unaltered 

117 l-()6 9.5 1-27 394 •87 throughout ex- 
l.")4 2-6 120 1-.59 7U •78 periment 

170 2-61 100 •75 

Conductivity after Electrification for Short Times. 

The Battery.—This consists of 12 series of small storage cells, fig. 5, each series 

containing 50 cells. The poles of each set of 50 cells are connected to mercury 

cups in a paraffin block, and numbered 1, 3, 5, . . . 21, 23, on the positive side; 

2, 4, 6, . . . 22, 24, on the negative. Cups h, d, are connected to the poles of the 

56 cells in the Laboratory, and therefore, by connecting d, 1, 2 . . .21, 23, together 

on the one side, and 2, 4, . . . 22, 24, h, together on the other side, the cells can 

be charged in parallel. For the purpose of these experiments, a large potential 

difference is required ; this is obtained by removing the charging bars, and replacing 

them by a series of conductors connecting a; to 1, 2 to 3 . . . 22 to 23, 24 to y. In 

this manner, the whole of the 600 cells are placed in series with one another. 

Across the terminals x, y, are placed a condenser Kg of about 4'3 microfarads, and a 

Kelvin vertical electrostatic voltmeter V. In order to change over quickly, and for 

the purpose of safety, the charging bars and connections for placing the cells in series 

are mounted on wood. 

MDCCCXCVIl,—A. R 
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TliC Contact Apparatus.—Tins consists of a wooden pendulum carrjdng lead 

weights iCj, which were not moved during the experiments. The pendulum is 

released from the position p by the withdrawal of a brass plate, and, swinging- 

forward, strikes a small steel contact piece f, carried on a pivoted arm of ebonite. 

The initial position of this ebonite arm is determined by a contact pin e, about 

inch diameter, contact being maintained by a spring rn with an abutting rod 

insulated from a brass supjoorting tube by means of gutta-percha. This insulated 

rod is continued by a copper wire to the insulated pole of a quadrant electrometer Q. 

The brass supporting tube is continued by means of a metallic tape covering on the 

outside of the insulated wire, and is connected to the case and other quadrant of 

the electrometer. J.f, then, the pendulum be released from position ^9, the time which 

elapses between the termiiial piece g first touching the plate f, and the time at 

which contact is broken between e and the insulated stop is the shortest time we 

have been able to employ in these experiments, its duration being -00002 second. 

For longer times an additional device, showm in plan only, is used. It consists of 

a brass pillar li, which carries a steel spring S, and which is moved to and fro in 

V-shaped slides by means of a screw provided with a milled head n. which is 

divided into twenty equal parts on the outside surface. A pointer fixed to the 

frame indicates the position of the head, and a scale on the brass slide shows the 

number of revolutions of the head from zero position. The pendulum steel piece g 

is of sufficient width to touch the spring S as it moves forward and strikes the 

plate f. The zero of the spring S is determined electrically by moving- forward the 

pillar /q and noting the position of the nulled head when contact is first made, the 

steel piece g being in contact with f, but not disturbing its initial position. The 

plate jf is connected by a flexible wire with the slides which are in connection with 

the spring S through its support h. When, therefore, the spring S leads the plate f 

by any distance, the time of contact is that time wdiich elapses between g first 

striking S and the severance of contact between the pin e and its stop, always 

supposing- that g keeps in contact with S. A good deal of trouble was experienced 

before making this contact device satisfactory. The ebonite arm carrying- e and f 

was originally of metal,/"being insulated; but inductive action rendered the results 

untrustworthy. Then again, the spring- S, when first struck by the pendulum 

evidently again severed contact before f was reached. To get over this difficulty a 

subsidiary series of fine steel wires were attached to S, so that as the pendulum 

moves forward the wires are one after the other struck. In order that the pendulum 

should mT foul these wires or the spring S on its return to position p, it was slightly 

pressed forward by the hand at its central position. 

The method adopted is that of the hridge. Starting from mercury cups x, we 

proceed by a fine wire to the terminal /, and theiice, b}- a wire passing- down 

the pendulum, to g. From g we pass through spring S and tlie piece f dui-ing 

contact to one end of tlie bridge. Tlie flask F, or condenser to be experimented 
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upon, is placed in series with metallic resistances a, these forming one arm of 

the bridge, the condensers K^, K3 forming the other arm. The stop e is connected 

to the junction between a and F ; and the junction of K^, K.j is connected to the 

case of the electrometer by the outer conductor of the insulated wire leading to the 

instrument. The whole of the pendulum arrangement is suppoi ted on paraffin feet. 

In the first instance pencil lines on glass were used for a, and Kg; but, 

for short times and varying current densities it was proved that these were 

R 2 
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unreliable, when a knowledge of their actual resistance at the time of contact 

is taken to be the same as measured in the ordinary way on a Wheatstone bridge. 

Time of Contact.—The connections were altered from those in fig. 5 to those 

in fig. 6. Eight dry cells having low internal resistance were used for charging. 

In fig. 6 let K be the capacity of the condenser, equal to microfarad. Let h be 

the capacity of the quadrant electrometer at rest in zero position, equal to 

'000015 microfarad. Let L be the insulation resistance of K, and r the resistance 

through which the condensers are charged. Let E be the E.M.F. of the battery, 

V be the E.M.F. of condenser, and t the time of contact in seconds. 

Then 

(K+2')V + |= 7(E-V) 

Y = f \ ^_) • 
R + /■ V 10- K 4 kj 

To determine E. Let E = oc , K = 0, ?■ = 0 ; the deflection of the electrometer 

needle from zero after the pendulum has struck gives E in scale divisions. 

Fi^e. 

To determine b Let K be known and great as conq)ared with k. Let K = cc , 

and let r be such that the steady deflection from zero, Y, after })endulum has struck, 

is about equal to half E. 

V = E (1 - e-K,), 

which gives 

t ? K log ^ * 



CAPACITY AND RESIDUAL CHARGE OF DIELECTRICS. 125 

The following are the values of t in seconds, so deduced, in terms of revolutions 

of the milled head n from zero :— 

Turns of milled head from zero. 

0 1 1 2 3 4 5 G 

Time of contact in seconds. 

•00002 -00035 -00099 -0028 -006 -009 ’Oil -014 

The experiments have so far dealt with frequencies ranging from 2 X lO*" 

to 8,000, and 100 to 10. The gap between 8,000 and 100, during which the great 

effects of residual charge become apparent, is filled up by experiments with the 

pendulum apparatus just described. An attempt was made to fill up this gap 

by means of the method shown in fig. 6, from which the effect on the capacity 

could be found for various times of contact, but this method was finally abandoned 

and used only for the determination of times of contact. 

lleferring to fig. 5, F is the same window-glass flask mentioned above, and 

mounted as in fig. 1 ; rt is a non-inductive metal resistance, the effect of the capacity 

of which was at the most, when a is large, only capable of disturbing our experi¬ 

ments to the extent of eight per cent., but in most cases the disturbance is a 

small fraction of this ; is a one-third microfarad condenser, and Kg the large 

slide condenser used in the other experiments. The advantage of this method 

of experiment is that the charging potential difference V is great, and the actual 

ohmic resistance of a is small as compared with that of the flask F. In this manner 

the effect of the instantaneous capacity of tlie flask is overcome at once and tlie 

after effects due only to residual charge can be examined directly. The results are 

shown in Table V. 
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Table V.—Window-Glass Flask. 16tli-31st October, 1896. 

a. Resistance box. 

Kj. ^rd m.f. = 118,000 divisions of large slide condenser. 

Ko. Large slide. When at zero =100 of its own scale divisions. 

,, ,, When at 435 = '00146 

K = '0005 'ni.f, from highest frequency resonance experiments. 

In the diagram, fig. 7, giving curves of conductivity and time for given temperature. 

1 centim. vertical = 2 X 10“® 0- 

1 centim. horizontal = 2 X 10“^ {t) seconds. 

Therefore, area X 4 X 10“® gives capacity in microfarads. 

Time of contact. Temperature of Flas k, 15-4° C. 

Resistance of (It - 
^ c 

-Ac 
F = 

Turns Large j 
a t 

Flask c in 10® ohms. 1 6^ J 7 
of Time in slide J c 

in 10'' 
ohms. 

-- 
- J_A milled 

head. 
seconds. position 

Kj 
From 

a + Ac 
From 

in 10~® 

w'o. 
Area in 
siqnare m.f. 

a + c 
7 a - . 

K.J centims. in vi.f. 

0 •00002 160 •0056 •000794 3-99 2-5 •286 
0 •00002 430 •0090 •00117 2-80 2-0 

••5 •00035 11-0 •000044 •000.544 

I'O •00099 160 •105 48 48 •0208 16-25 •000065 •000565 
10 •00099 
2-0 •0028 70 •130 , , 90 90 •0111 •22-05 •000088 -000588 
3-0 •00(50 

1000 
I'OUgll 

•001 

1 
.54-57-3° C. ' 

0 •00002 160 •00608 •00139 7-45 2-76 •200 
0 •00002 430 •0094 •00142 3-27 2-10 

•5 •00035 430 •055 1/330000 12-2 12-2 •085 10-7 ■000043 •000543 
•.5 •00035 160 •025 1/1-6x1012 11-4 11-4 

1-0 •00099 160 •065 29-5 29-5 •035 18-6 •000074 •000574 
1-0 •00099 160 •062 •28-1 •28-1 
2-0 •0028 70 -075 52 52 •019 26-2 •0001 •0006 
:3-0 •0060 

X 170 •0059 
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Table V.—Window-Glass Flask. 16th--Slst October, 189G—(continued). 

Time of contact. Temperature of Flask, 80'^ C. 

Turns 
of 

milled 
; head. 

Time in 
.seconds. 

Large 
slide 

position 
K,. 

a 
in 10*^ 
ohms. 

ttK 
G = A. 

resistance of 
Flask c in 10® ohms. 1 

c 
in lO""® 

fi.zz - 1 z. 
L- 

F = 

K + f i 
c 

-St 
Co, 

in m f. 

From 
«+ Ac 

From 
Ki 

"kV 

Area in 
square 

centims. 
m.f. 

0 
i 0 

•5 
1-0 
2-0 
3'0 

•00002 
•00002 
•00035 
•00099 
•0028 
•OOGO 

160 
430 
430 
430 
430 
160 

•0041 
•0079 
•023 
•066 
•100 
•065 

•000058 
•0063 

1/16x10^2 
.. 

2-.52 
2-04 
5-1 

14-7 
22-3 
29-5 

1-86 
1-&0 
51 

14-7 
22-3 
29-5 

•435 

■196 
•068 
•045 
•034 

23-3 
38-25 
54-1 
76-3 

•000093 
•000153 
•000216 
■000381 

■000593 
•000653 
•000716 
•000881 

X 65 •0154 

1 
1 ( 

110-112°C. 

0 

1 9 
'0 

1-0 
20 
3-0 

•00002 
•00002 
•00035 
•00099 
•0028 
•0060 

430 
430 
430 
430 
430 
430 

•0047 
•0043 
•0177 
•020 
•025 
•029 

•00020 
•000091 

1/16 X 10i« 

1-88 
•973 

3- 9 
4- 5 
5- 6 
6- 5 

1-05 
•96 

3- 9 
4- 5 
5- 6 
6'5 

•714 

•256 
•222 
•178 
•154 

24-5 
44-1 
78-7 

113-6 

•000098 
•000176 
•000315 
•000568 

•000598 
•000676 
•000815 
•00107 

X 8-5 •118 

Window-Glass Flask. 2nd November, 1896. 

Time of contact. 
1 

Temperature of Flask, 126° C. j 

0 
•.') 
1 
2 
3 
4 

•00002 
•00035 
•00099 
•0028 
•0060 
•009 
•Oil 

430 
430 
430 
430 
430 
430 
430 

•0035 i 
•0082 
•0105 
•012 
•0133 
■0135 
■0135 

1/89000 •779 
1- 83 
2- 34 
2-68 
2- 97 
3- 0 
3-0 

•780 
1- 83 
2- 34 
2-68 
2- 97 
3- 0 
3-0 

1”28 
•546 
•427 
■373 
•337 
•333 
-.333 

32-7 
5.5-5 
70-8 

102-2 
103 
103 

•000131 
•000222 
000283 
•000511 
•000515 
•000515 

•000631 
•000722 
•000783 : 
•000101 
•00101 
•00101 

1 
X 3-00 •333 

145° C. 

1 
i 

i -i 
4 
5 

•00002 
. -00035 

•00099 
•0028 
•0060 
•009 
•Oil 

430 
430 
430 
4.30 
430 

•0018 
•0032 
■004 
•0043 
•0043 

1/4-36 X 10'^ ■401 
■713 
•892 
•959 
•959 

•401 
■713 
•892 
•959 
■959 

2-49 
1-40 
1-12 
1-04 
1-04 

.50-8 
83 
93 
93 

•000255 
•00033 
•00037 
■00037 

•00075 
•00083 
■00087 
•00087 
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Table V. (continued).—iOtli November, 18.9G. 

Window-Glass Flask. Solder used instead of Acid. 

Time of contact. n in ohms. 
Resistance 

of flask c in 
Temperature of 

flask °C. 

1 
c 

10® ohms. in 10“® ohms~h i 

f-00002 •7 •0001.56 about 350 6410 
J •00099 1-.5 •000334 „ 350 3000 
S •0028 1-5 •000.334 „ 3.50 3000 
[•on 1-5 •000334 „ .3.50 3000 

•00002 18 •00446 285 224-0 
•00002 130 •0290 229 34-5 
•00002 200 •0446 219 22-4 

r -00002 270 •0602 •203 16-6 
J •00099 330 •0736 202 13-6 
> •006 370 •082.5 200 12-1 
[•014 370 •0825 200 121 

Summary of 
iv'.snlt.s with acid. 

•00002 1000 •223 160 4-48 
•00002 1800 •400 143 2o 
•00002 4700 1 05 112 •71 
•00002 4100 1-86 80 •43 
•00002 6080 2-76 55 •0 

•00002 5600 3-99 15 •28 

Let Kj, Kg, and F be discharged and let the potential difference Y be applied to 

the bridge for time t. Let c be the ohmic resistance of the flask at the end of time t. 

Let K be its instantaneous capacity which is found by resonance at frequency 

2 X 10'^. Let V be the potential across a. Then 

V 

a 

Y -V 

c 
+ (V - vy 

V 
Ya 

a + c 

Cl f C a+c I 
We know a, K, and t, and measure-il + — e“HTiA- 

’ ’ a + c \ ' a .1 

Now c is large compared to a, hence ~, therefore e 

equal A. Then we have 

«+c 

a -f- Ac Ivo 

o + c Kj -f Kg 

is known; let it 

We have reduced a consistent with fair sensibility until the correction due to 
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instantaneous capacity is so small as to be almost negligible, that is, until is 

sensibly equal to — 

« + c 

Ko + Ki 
How far we have been able to carry this can be seen by an inspection of Table V. 

It is only for the shortest time of contact that the correction for e becomes at all 

sensible. 

Fi". 7. o 

All temperatures from 15° to 145° were obtained by heating the flask as mounted 

in fig, 1 ; for 200° to about 350° acid was taken away and a solder, melting at about 

180° C., substituted. Since the solder only half filled the flask the conductivity 

should be about doubled for 200° to 350° when comparing with the lower temperatures. 

Since — is the conductivity of the jar at time let curves of conductivities be 

s MDCCCXCVII.—A. 
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drawn in terms of times of contact in seconds. Fio;, 7 gives these curves, which have 

'oeen plotted from Table V. They show that, after a given time of contact, the effect 

of residual charge gradually diminishes as the temperature increases, until only the 

conductivity of the jar for infinite times is experienced. For instance, at about a 

temperature of 250° the table shows that the whole effect of residual charge has died 

away after 1/10,000 of a second. The total capacity of the jar at time t will be 
pi 1 

K + — dt — -— t; where K is the instantaneous capacity which has been found 
J 0 r c X 

by resonance to be = ’0005 microfarad for frequency 2 X 10®. 

= 118,000 divisions of the large slide condenser. 

The curves in fig. 7 have been integrated, and their area up to ‘0028 second, w'hen 

reduced to microfarads and added to K, shows that, for time of contact ‘0028 second, 

the total capacity, which is *000588 at temperature 15*4°, is *00087 at tempera¬ 

ture 145°. This total capacity diminishes as the times of contact diminish, until wm 

get to the results which resonance has shown; and then the capacity of this flask is 

sensibly the same for all temperatures when the frequency is of the order 2 X 10® per 

second. 

Ice. 

Ice was next examined, both in regard to its residual charge and its capacity. 

The residual charge is considerable, and increases as the temperature rises. 

Table VI. gives the residual charge of ice at two temperatures: the higher is 

produced by a freezing mixture of ice and salt, and is about — 18° C. ; the lower by 

placing carbonic acid snow round the beaker, the whole being wrapped in thick felt. 

The apparent capacity depends on the frequency, as shown by the results in 

Table VII. At — 18° the cajDacity is twice as great with frequency 10 as with 77*6. 

At the lower temperature the capacity is greater for frequency 9 than for frequency 

77*6, in the ratio 1*39 to unity. 

The specific inductive capacity of ice w^as next determined, with a high frequency, 

by resonance : it was found to be about 3."^^ Decreasing the frequency to about 

10,000 rendered the method by resonance less sensitive, but it is certain that the 

specific inductive capacity is, for this frequency, of the order 3 rather than 50. We 

conclude that the great deviation of ice from Maxwell’s law is due to residual 

charge, which comes out between frequencies 10,000 and 100. 

Our next step was to determine the resistance c, as in the case of glass, by the 

method shown in fig. 5. The platinum plates, fig. 2, were used, and to observe the 

temperature of the ice a platinum wire of resistance 1‘32 ohms at 0° C. was frozen in 

the ice and surrounded the condenser. Table VIII. gives the results. K the 

capacit}'- as given by the resonance exj^eriments with frequency 2 X 10® was *00022 
g 1 1 

microfarad. Adding’ to this — dt-t, we find that at time *0028 the total 
Jo c 

* Tewing finds 2-85 to 3-36 ; Blonelot 2; Perrot 2-04. 
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capacity is *0038 at — 30° C., whereas it is for the same time *0065 at — 18° C. 

The curves of conductivity are given in fig, 8, and show the same character of 

results as those in the case of glass, fig. 7. 

Piff. 8. 

Table VL 

Time in 
seconds. 

About 
- 18° C. 

About 
- 30°. 

Remarks. 

10 2800 866 Charging volts 890. 8th December, 1894. 
20 760 314 Duration of charge, I minute in each case. 
60 .377 74 Resistance at 94.5 volts. 
90 347 44 - 18° C., 7-2 X 106 ohms; - 30°, 32-5 x 106 ohms. 

Table VII. 

8t]i December, 1894, — 18° C. about. 8th December, 1894, — 30° C. about. 

Prequency. Capacity. Prequency. Capacity. 

77-6 •01 77-6 ■0072 
10 ■019 9 ■01 

u O 
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Table VIII.—Ice, 5th November, 1896. 

a = E-esistance box. 

= ^rd m.f. 

Kg = Large slide condenser, 

K= Instantaneous capacity of ice condenser = ‘00022 m.f. See Eesonance, 19th 

November, 1895. 

Time of contact. Temperature of Ice, — 18'' C. j 

Resistance of Con- f 1 f 1 
K + f ^ (U. denser c in 10'" ohms. J r 

Turns 
of 

milled 
head. 

Time in 
seconds. 

Large 
slide 

position 
Kj. 

a i 
t X J c 

iu 10''' 
ohms. 

6~ ^ A. 
From 

a + Ac 
From 

K, a ‘. 

C 

in 10“*^ Area in 
square m.f. in VI f. 

a + c ’ K. centims. 

0 •00002 430 •00019 
■00022 

10-200 •0424 •0424 23-6 

1 
2 •00035 430 •00096 

■0010 
• • •214 •214 4-67 16-8 •0034 •00362 

1 •00099 430 •003 • • •669 •669 1-49 25-15 •005 •00525 
■003 

2 •0028 430 •0059 
■0060 

• • 1-32 1-32 •758 31-4 •00628 •00650 

3 •006 430 •0078 • • 1-74 1-74 ■575 37-4 •0075 00772 
■0079 

4 •009 430 •0095 • • 2-12 2-12 •472 39-2 •0078 •00802 
5 •oil 430 •Oil * • 2-45 2-45 •408 40 •008 •00822 

■Oil 2^45 2^43 
G •014 •oil 2-45 2-45 •408 40 •008 •00822 
7 •012 2-68 2-68 •373 40 •008 •00822 

■013 2^90 2^90 ■345 
9 430 ■013 2-90 2^90 ■345 40 o

 
o

 
C

D
 

•00822 

The italics give the result of a second experiment. 

1 
Temperature of Ice, — 32° C to - 27° C. 

0 •00002 430 •00045 1/7 X 10-se •100 •100 10 
1 «> •00035 430 •0015 •334 •334 2-99 9-3 •00186 •00208 
1 •00099 430 •005 112 112 •893 14-2 •00284 •00306 
2 •0028 430 •014 312 312 •320 17-9 •00358 •00380 
*> o •006 430 •021 4-68 4-68 •214 22-4 •0045 •0047 
4 •009 430 •0255 5-69 5-69 •176 23-9 •0048 •0050 
5 •oil 430 
6 •014 •032 713 7-13 •140 25-1 •0050 •0052 
8 • • 430 •039 8-7 8-7 •115 

10 • • , ^ •043 9-59 9-59 •104 1 

11 430 •045 lO'O 10- 0 •100 
i 
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[A.dded January IStli, 1897.] 

Castor Oil. 

This oil was obtained from Messrs. Hopkin and Williams, and was tested as 

supplied. The platinum plates, fig’. 2, were submerged in this oil. Resonance 

experiments give, for frequency 2 X 10®, a capacity equal to 105 divisions on the 

large slide condenser. For long times the method was not that shown in fig. 3, but 

a bridge method, used in the earlier experiments,* in which a Ruhmkorff coil is used 

for exciting. This test gives 139 scale divisions on the same slide condenser. In 

air the plates have capacity 30 scale divisions. We see, therefore, that at frequency 

2 X 10® the specific inductive capacity would be 3’5 as against 4'63 for long times. 

The short-time contact experiments, fig. 5, give the results in Table IX., the 

temperature of the oil being 6°C, from which we see that residual charge in this oil 

is considerable. The total capacity after time of contact ’006 second is *00034 ; 

whereas, with high frequency by resonance, it is *000287 microfarad. The curve 

in fig. 9 gives the relation between conductivity and time of contact, and has been 

plotted from Table IX. 

Fig. 9. 

* See ‘ Proc. Roy. Soc.’, vol. 43, p. 156. 
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Table IX.—Castor Oil. 16th November, 1896. 

^ microfarad Condenser; Kg = large slide Condenser. 

K = '000287 microfarad from Hig’h Frequency Resonance Experiment. 

Time of contact, i Temperature of Castor Oil, 6° C. 

Turns 
of 

milled 
head. 

Time in 
seconds. 

Large 
slide 

position 
K^. 

a 
in 10® 
ohms. 

/ 

Resistance of 
Flask e in 10® ohms. 1 

c 
in 10“® 

(rD). 

If* J c 
1 F = 

~ ■ K ^ \Ldt 
^ ^ \ 

From 
a + Ac 

a + c 

From 
Ki a —t. 
^2 

Area in 
square 

centims. 

-Ae ' 
m.f. . 

m m.f. 

0 •00002 430 •015 1/100 - 2-7 3-34 •3* 
1 O •00035 160 •095 1/361000 431 43-1 •023 6-2 •000025 -00031 
1 •00099 40 •110 92'7 •0108 8-5 -000034 -00032 
D •0028 40 •223 188 •0053 12 •000048 -00033 , 
o O •006 40 •320 270 •0037 14 •000056 -00034 
5 •01 40 •460 388 •00258 
7 40 •620 523 •0019 

slightly 
greater 
than 

y 40 •620 

Glycerine. 

This glycerine was obtained from Messrs. Hopkin and Williams, and has been 

tested for purity and dried very carefully by M.r. Herbert Jackson, of the Chemical 

Department of King’s College, London. The platinum plates, after careful cleaning 

in benzene, caustic-potash, and water were thoroughly dried and submerged in the 

glycerine in a beaker, the whole being placed in a glass receiver over a strong 

dehydrating agent. After exhaustion, just sufficient air was admitted to render the 

space inside sufficiently non-conducting to stop discharge between the terminals of 

the condenser which are sealed into glass tubes supported by an indiarubber stopper. 

The short-contact experiments show that the apparent resistance is 60,000 ohms, 

whether the time of contact be '00002 or *001 second, showing that there is no 

residual charge. The resonance experiments with high frequency give '005 micro¬ 

farad fur the capacity with glycerine, whereas with air the condenser had '000082 

capacity ; the specific inductive capacity is, therefore, about 60. A test made as with 

castor oil with a Kulimkorff at low frecjuency was difficult, but a fair approximation 

* Taken from , since the negative value obtained from - is untrustworthy, probably 
Kg U + 0 

owing to K being' still too large. To satisfy Maxwell's law, K should = '000176 microfarad. 
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was made introducing a suitable compensating leakage into one of the other 

condensers of the bridge/^ The result indicated a capacity between 50- and GO. 

Water. 

The platinum plates (fig. 2) were placed in ordinary distilled water in a beaker 

which was cooled to 0° C. by a surrounding brine solution composed of water, common 

salt and ice. The experiments with the short-contact apparatus show no material 

difference in the apparent resistance, whether the time of contact be "00002 or 

•00099 second; the apparent resistance for these times is 379 ohms. The effects of 

residual charge in water do not affect the resistance within the range of times of 

contact given by this apparatus. 

[Added March 17th, 1897.] 

Oil of Lavender. 

This oil was supplied by Messrs. Hopkin and Williams : it was tested with the 

short-contact apparatus, fig. 5, = ’33, = *0015 microfarad. The charging 

potential was 1250 volts ; the following figures give the results :— 

Time of contact in seconds . . ‘00002 *00099 ’0028 '006 '01 

«in ohms. 9500 14000 14500 14800 14800 

The high frequency resonance experiments give specific capacity 3'89 : the 

frequency being of the order 2 X 10®. 

Two experiments were made at low frequency. First, the Bridge method, fig. 3, 

which gives the following results, the temperature of the oil being 16°C. :— 

Frequency Charging Specific. 

Volts. Capacity. 

18 65 5'6 
79 30 4-,34 

Second, the Bridge method with Ruhmkorff coil as used in the castor oil experi¬ 

ments. Temperature 14°C. Specific capacity 4*18. 

Experiments have been made by Stankewitsch (‘ Wied. Ann.,’ 52), showing a 

variable capacity for oil of lavender. We, however, have not succeeded in obtaining 

any result so high as his. 

* This appears to have been done bj Nernst, ‘ Physical Society’s Abstracts,’ vol. 1, p. 38. 



4 
n >i- '.z.r 

-w •It' 
■ ■ r 

.•-^>iir''m.i:n(i; nsf /n-T WJK^ir-, 
^ . ■ .- pE-'^r,..: ■^-■■“’ - 

f f ' . ■■■'*" 
J. I '/{ili V**’''*• ,i g/[j*>n.(*<rr»Oi /.i;, iUiiit tyfCti 

I y^tu.M r[r'* r* >ffiit< 'f/Tr .“'I nlr|.. 

ISiiii^S ■ 

r. ''V . iv'iHi r-.'li V'l.uti|)i'i iP b^mUt n u "ifTT 

■ il. ,/ (■» 1 ('otlt'loA 'grfib.apirf'.. /W.<»r.(>'-i)lpVo if •• i 

■'( ./ ■: i - I ■ • i:'•■lO’b'nuiip '.ul ‘ liib P' -=-.’U lAln'JPytH*’ bkit* lUiTlj 
.' . ' - j- "i ~i^ ' Mti . 

'! '■?'•’ ' i'l.vii 'Jo lOP.: u(,-t •' i^^r! Iw'<> 
• ' 1 '-I 

' .i ' . ‘• . . *! t' uij •To'^ P; .<• ;f v... r- tuiQ- 

1“ ■ „ ' - 'I 'lOO ' ■ • 11 i;-'! Il'i't- ■' ’ ' iw oJi (‘),'i v/ /r -v 

' - '^1- — 

. 'P'. I .il'JTf H-J-! ' - 

■tl. 

7 A.J ■. M 

}, 7/ r - <V* o/'qi|- Pf,^ 

>1 i I f/P' 

'.'!/ *' *' L ■' 

♦ Mu') ^ i.'M 

■bj -t'l V'O ■bii :VP‘77i .-ttlt' , ^hV-f -t'" fplLtii^^uroig'l 

' , '-j'lfri'* ' • o '-'.thfii'j j,t.' vl'i.i-l' ’’'9 

. . ?: ;' !o ilflV ' 
• •. ' J 

1 , c’^t- -K, -•.‘j'r, .bji- wIM' ‘ 

. ‘J K ......: L'7'r i /■*•"■ 'Mf* 
- ■ ■ 'Tn^* " ' 

fltU'T, 

. -t * * t ! • j vjf' ."'p -,••• ,-..ji'Pt/iiib ;'j{3 . ij:fi 

lO p.'". 

. I 

iP', p ■' ’; il -p 

. . u' 11 / ■ < , |■'^•^ 

■b'j, . i'M ■■ r<ifj,M|.; I jliiir-' 

'•..'^jt;'' ''I' - i,TTM.,,n,‘?H' in| 

■ 'p' 'l.'Mij 'I ^'lit 

, )/ *i;i b> Jp'» (1)“. i-ri ‘^tjj 

.-.lb vl, ,{,jii,. ,1 illfrtl't /rtj| 

,■■ ' f ii/ ; Ml'' If I't 

i 



INDEX SLIP. 

Worthington, A. M., and Oolb, R. S.—Impact with a Liquid Surface, 
studied by the aid of Instantaneous Photography. 

Phil. Trans. A, 1897, vol. 189, pp. 137-148. 

Cole, R. S., and Worthington, A. M.—Impact with a Liquid Surface, 
studied bv the aid of Instantaneous Photography. 

Phil. Trans. A, 1897, vol. 189, pp. 137-148. 

Impact with a Liquid Surface. 
Worthington, A. M., and Cole, R. S. 

Phil. Trans. A, 1897, vol. 189, pp. 137-148. 

Liquid Surface, Disturbance of by Impact. 
Worthington, A. M., and Cole, R. S. 

Phil. Trans. A, 1897, vol. 189, pp. 137-148. 

Photography, Instantaneous, of Splashes. 
Worthington, A. M., and Cole, R. S. 

Phil. Trans. A, 1897, vol. 189, pp. 137-148. 

Splashes, studied by Instantaneous Photography. 
Worthington, A. M., and Cole, R. S. 

Phil. Trans. A, 1897, vol. 189, pp. 137-148. 



,30/:r(o8 i’liupiJ j: iliiw .-iosqml-—.H ,NjfiO har. ,.K .A .xOTaziH'rao?/ 
.ynq.frf§o3orf'-l aiioenfiinsiip.al 3o bia 93l.j -^d fwibnJa 

.8iti-vSI .qq X>81 .lov Jfi?! .A .arfinT .IrriH' 

,9oa1(rr8 fjra[>.fJ n i{ih/ 30f;qffjl—M .A bns .H ,3joO 
.Yilq.in’ioJod'l aoo9-mdaii3;^nl lo b/B aril 7d fasiboJa 

.8W-VSI .qq ,081 .!ov ,T«8I .A .v.cfB'iT .lid^ 

.9;)r^ijj8 biirpiJ r. /Iir*' JOBqml 
.8 .H ,9loO bna .,M .A .aolsnnUioV/ 

.84rI-T<U .qq_^J!8I iov .TGSi ,A .aamT .Iirl‘1 

.tfoaqail Xi donBd-iwiaiQ ,oOBho8 biupIJ 
.8 ,H .oIoO &0J! ,.iC .A .nobjrjEdJTO'// 

.8i*i-TSI .qq ,(!8I Jov ,A .subiT .lidH 

.aatlsBlq?! lo- .aaosaBJaidaal .•[<!qB-i;gojori'i 
,H .H ,t)IoO OOB ,.M .A .aotgfihtttoV/ 

.qq d.’8f .Iov J<?81 ,A .aroviT .rid^ 

.Yiiip'igoioa'I aJJOaniiJfluJanl xd bsibuia ,a9rfaBlq8 
.8 .fl ,0loO hiiK ..M .A .i!otani({3-ioV/ 

.8-M-Y81 .qq ,681 ,!ov ,T68I ..A'.afiB-iT .liira 



[ ISJ' ] 

V. Impact with a Liquid Surface, Studied hy the Aid of Instantaneous Photography. 

By A. M. Worthington, M.A., F.R.S., Professor of Physics, Royal Naval 

Engineering College, Bevonport, and E. S. Cole, M.A. 

Received September 25, 1895,—Read February 6, 1896. 

[Plates 1-8.] 

Preliminary Statement hy Professor Worthington. 

[n three papers, published in tlie 'Proceedings’''' of the Society, in 1877 and 1882, 

I had the honour to comnuiuicate to the Society the results of experiments on 

various classes of impact with a liquid surface which may all be conveniently referred 

to as "splashes.” The splashes studied were those produced (i.) by a liquid sphere 

falling on a horizontal solid plate, (ii.) by a liquid sphere falling into a liquid, (iii.) by 

a solid sphere falling into a liquid. 

The phenomena were examined by means of an electric flash of very short 

duration, which by a suitable mechanism could be so timed as to illuminate the 

splash at any stage which it wms desired to observe, within three or four thousandths 

of a second. After a sufficient number of repetitions to secure accuracy, a drawing 

was made of the configuration thus revealed, and when one stage had been 

sufficiently studied, the observer passed on to a later sta.ge. Since, however, each 

drawing was made from a separate, though similar splash, it was not possible to 

obtain accurate information about those details which were at once too minute to be 

seized in such single, momentary glimpses, and too unstable to be capable of exact 

reproduction in another splash. 

A photograph, which can be studied at leisure, is under such circumstances 

indefinitely more valuable than a drawing, and produces that confidence in one’s 

knowledge of the facts wuthout which speculation as to the causes can hardly proceed. 

But, at the date when the observations were made, photographic plates, sufficiently 

sensitive to respond to such extremely short exposures were not obtainable, and my 

efforts to secure photographs were unsuccessful. A year and a half ago, encouraged 

by Professor Boys’s success in the photography of flying bullets, I returned to the 

attempt, being also so fortunate as to obtain the co-oj^eration of my colleague at 

* ‘ Proc. Roy. Soc.,’ 1877, vol. 25, pp. 261 and 498, and 1882, vol. 84, p. 217. 

MDCCCXCVII.—A, T 3,5,97 
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Devonport, Mr. Cole, and after taking advice from Professor Boys, and excnauging- 

my old self-induction spark for the much shorter Leyden-jar spark that had been 

employed by Lord Rayleigh" for a similar purpose, we obtained after a few weeks 

of failure, some preliminary photographs which were shown at the lloyal Institution, 

May 18, 1894.t These photographs, while amply confirming the old drawings, gaYe 

so much new and detailed information as to make it seem worth while to go oxer the 

whole ground again. Of this review, which is our joint work, the following com¬ 

munication is the first instalment.—A. ]\f. W. 

Fig. 1. 

Method of Taking the Photographs.—-The method consists in letting fall, simuL 

taneously vdth the drop, a metal timing-sphere. This in its fall passes between two 

other insulated spheres connected to the inner coats of twm large, oppositely-charged 

Ley den-jars that stand on the same badly-conducting table. From the outer coats 

of these jarg=^wires are led into the dark room, and there terminate in a spark-gap 

between magnesium terminals at the focus of a small concave mirror. The timing- 

sphere, in it.s fall, discharges the inner coatings of the two Leyden-jars, and this 

produces a simultaneous discharge at the spark-gap between the outer coatings, and 

it is this that illuminates the splash. 

Fig, 1 is a magnetic releasing key, of which two were used on the same electric 

* See ‘Xatnre,’ July 16, 1891, p. 249. 

t ‘ Ou tbe Splash of a Drop and Allied Phenomena ’—a Friday Evening Discourse. This will be 

found to contain a resume of all previous papers. See also in ‘ Xature,’ July 5, 1894, a paper by 

Mr. Cole. 
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circuit, one in the dark room for releasing the drop or sphere whose splash is to be 

photographed, and the other in the laboratory for releasing simultaneously the timing- 

sphere. 

A B is a light wooden rod, about 20 centims. in length, and rather stouter than a 

lead pencil; this is pivoted at C. At the end B is fixed a metal ring (B), on which tlie 

timing-sphere (T) can be placed. At the other end (A) is fixed a thin strip of tinned 

iron plate (D), which is held down by the electromagnet beneath ir against the 

pressure of a catapult made of an indiarubber ring stretched between the two hooks 

E and F. On cutting off the current of the electromagnet, the end A is tossed up by 

the catapult, and thus T is left in mid-air free to fall from rest. The end B is 

prevented from rebounding, and thus possibly interfering with the fall of T, by 

impaling itself on a suitably placed pin, which is hidden from view in this diagram, 

but is seen at H in fig. 2. 

The releasing key in the dark room is precisely similar to this, with the exception 

that when a liquid drop is to be let fall it carries, instead of the ring It, a small and 

deeply concave watch-glass, on which, when well smoked, a drop of milk or water will 

lie with little or no adhesion. 

On breaking the circuit of the two electromagnets the drop and timing-sphere are 

thus simultaneously released, and the former makes its splash at the moment that 

the latter, by passing between the fixed spherical terminals P and Q, insulated by 

supporting blocks of paraffin wax, discharges the Leyden-jars. 

The timing of the spark is effected by adjusting the height of fall of the timing- 

sphere, which is done by sliding the releasing key up or down its vertical supporting 

rod, the height being read off on a millimetre scale which was pinned against a firmly 

fixed and well planed, oak batten. 

The general arrangement of the apparatus is shown in fig. 2. 

It will be noticed that on the left-hand side of either figure there is an idle 

releasing lever. This projected over the edge of the table, and was used instead of 

the rightdiand lever when the height of fall was more than about 2 metres, the 

paraffin blocks carrying P and Q being then put on the floor. Instead of the rough 

electrometer figured, a pith ball, hanging by a cotton-thread from the upright stem 

of one of the jars, was more frequently employed to show the extent to which 

charging had proceeded, of which also the sound of brush discharges was a useful 

indication, for, in order to secure a bright spark, we generally charged the jars up to 

the limit determined by leakage. 

P]wtogra2)]iic A’pj^uratus and Details.—The chief necessity is to secure adequate 

illumination, and for this as little light as possible must be wasted. After many 

trials the difficulty was successfully met by using as a mirror a concave watch glass 

of a width about equal to that of the area to be illuminated, and very approximately 

parabolic in form and sufficiently deep for the focus to be very nearly in the plane of 

its circular edge. This glass was found to be suflhciently “ silvered ” by means of a 

T 2 
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slieet of thin tinfoil rubbed suiooth over the inside, and renewed occasionally after it 

had become too much dimmed by magnesium oxide. This mirror, with the sparking 

wires close in front of it, was brought within 8 or 9 centims. of the place of impact, 

and, in order to brinsf out the details of the confio-uration to the o-reatest advantao;e, 

the beam of Imht was directed down on the surface at an angle of between 30° and 

45° with the horizontal, and the camera was so placed that the line of sight was at 

right angles to the plane of incidence of the axis of the illuminating beam, and also 

inclined at about 30° to the horizontal (fig. 2). 

Fig. 2. 

The camera employed was an ordinary quarter-plate camera. For our earlier 

observations the ordinary camera lens was exchanged for a single quartz spectacle 

lens with the object of avoiding the absorption of useful actinic rays by glass. This, 

however, gave imperfect definition in parts of the field away from the centre, and the 

position of the best actinic focus was also troublesome to find. And we soon found 

that the illumination was amply sufficient for the ordinary lens. This had a focal 

length of 15 centims. and was used with fidl aperture of 2'22 centims., and placed at 

such a distance from the splash as to give an image three-fourths (linear) of the real 

size. 

The plates used were Thomas’s cyclist, and were developed in complete darkness 

by treatment with a saturated solution of eikonogen for about 40 minutes, according 

to the advice kindly given us by Professor Boys. 

In order to identify the photographs it was necessary to number the negatives, 

and, to escape the difficulty of doing this in pitch darkness by scratching the film or 
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Otherwise, we adopted the plan of “ numbering the phenomenon ” by means of a 

ticket which was photographed simultaneously. 

The Duration of the Spark.—Although it was not necessary for the success of our 

experiments that the spark should be excessively short, yet y/e cannot doubt that its 

effective duration was less than three-millionths of a second. This was ascertained 

by photographing by its means a cardboard disc, 22 centims. in diameter, roughly 

graduated round its edge with pen and ink, and kept rotating by means of a small 

electromotor at a rate of between 52 and 54 revolutions per second. This rate of 

rotation was ascertained by smoking the back of the disc and touching it v/ith a 

style attached to an oscillating tuning-fork, or with the fork itself, and the result 

was confirmed with a second fork. The edge of the disc was thus found to be 

moving at about 36'5 metres per second (or about 78 miles per hour) during 

exposure, yet no trace of motion is apparent in the photographs. A motion of one- 

tenth of a millimetre during illumination would correspond to less than tln-ee- 

millionths of a second, and would have prodnced in the photographs a blurring of 

three-fourths of one-tenth of a millimetre which, with a lens, would certainly be 

visible. This interval of less than three-millionths of a second bears to one second 

just about the same ratio as a day to a thousand years. 

Although the outside limit thus obtained is 30 times greater than the effective 

duration of the spark employed by Professor Boys with his flying bullets, yet we 

think it worth while to mention the result, for it shows how excessively short is the 

exposure necessary for taking even very detailed “objective views ” as distinguished 

from shadow photographs requiring no camera. 

It may be mentioned here that the illuminating spark-gap was sometimes as much 

as 3'3 centims. wide ; that the two jars were of not quite equal capacity, the lesser 

consisting of a set of jars and presenting an area of about 4000 sq. centims. and a 

mean thickness of dielectric of about 0‘3 centim., while the potential difference was 

such as would make a spark leap across from P to Q when'the distance betvreen 

them was about 3 centims., P and Q being spheres of 2 centims. in diameter. 

The Accuracy of the Timing.—The interval between the release of the drop 

and the production of the illuminating spark is liable to slight variation, chiefly 

from two causes—(i.) irregularity in the potential difference between the two 

terminals P and Q, on account of which the spark would leap through varying 

distances to meet the timing sphere before it reached the line of centres, and 

(ii.) want of consonance in the rates of demagnetization of the two magnets. Thus, 

after long running, one magnet would get hotter than the other, and again an 

alteration in the strength of the magnetizing current was found to shift slightly the 

stage of the splash revealed by the spark. Nevertheless, after allowing the current 

to run for a few minutes, and after taking a few preliminary discharges, a condition of 

affairs was reached so steady that changes in the height of fall of the timing-sphere 

corresponding to intervals not greaffer than 2 or 3 thousandths of a second, produced 
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a very steady progress through the phenomenon., and in four test experiments that 

were made by photographing a solid sphere falling past a divided scale, three 

consecutive trials, made under ordinary good conditions, agreed within 3-0V0 second, 

while the fourth was not in error by as much as y-^o- second. 

When, however, the splash, not of a solid sphere, but of a falling drop was being 

observed, a further cause of irregularity was introduced.by the oscillations set up in 

the drop itself on its release, and by the slight adhesion between it and the 

supporting watch-glass. This adhesion is proved in the case of a wmter drop by its 

invariably carrying down with it a little lamp-black from the smoked surface. A drop 

of milk, on the other hand, carried down very little, and on this account, and probably 

also because of the greater viscosity of milk, the splash of a drop of milk is less 

troublesome to follow in its initial and most rapidly changing stages than is that of a 

drop of water. We had also reasons to suspect that after setting a drop in place on 

the watch-glass the film of intervening air gradually escaped and led to a suctional 

adhesion if the release were too long postponed. Dusting the watch-glass, after 

smoking, with lycopodium powder appeared to diminish the adhesion. 

Nevertheless, when care was taken to preserve regularity in the procedure, the 

same one of us always manipulating the Wimshurst machine and the laboratory 

releasing key, and the other the dark-room releasing key and the setting of the drop 

in place, the apparatus worked and worked well, and if the steps taken between 

the photographs of a series are as much as to^o of ^ second, reversals of the proper 

order will be exceptional, and there is no difficulty in obtaining stages at closer 

inteiwals if desired. 

We found, however, that between series of photographs taken on different days 

there were sometimes noticeable breaches of continuity in the timing, which may be 

attributed to changes in the potential difiereiice between P and Q, and therefore in 

the distance from them of the timing sphere wdien the flash took place, and perhaps 

to other causes that escaped our notice; we have consequently distinguished photo¬ 

graphs taken on different days by letters placed just above the right-hand corner. 

For the rest it may be observed that it has not yet seemed worth while to press 

the accuracy of the timing much beyond what is required for a complete record of 

the consecutive phenomena. 

No misapprehension can arise as to the times assigned, if it is remembered that 

they refer to the setting of the apparatus, and are liable to such uncertainties as have 

been mentioned. 

The Photographs.—Series I. (Plate 1), consisting of 33 photographs, gives the splash 

of a water drop, weighing '2 of a gram.,* falling 40 centims. into milk mixed with water, 

* Drops of a constant size were obtained from a vertical glass tube, connected by indiarubber tubing, 

with a wide funnel, in Avhicb the level was slightly higher than the month of the delivery tube. The 

experimental drop was made up of a definite number (1, 2, 3, or 4) of such drops, caught in a smoked 

and lycopodium-dusted watch-glass and thus conveyed to the I’eleasing cup. 
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scale |- of actual size (linear). The first 7 or 8 show the evolution and rise of the 

crater to its maximum height, which is attained in about two hundredths of a second ; 

this crater then remains poised with but little change for another hundredth of a 

second (figs. 8 to 12), and then (figs. 13 to 20) in about two and a half hundredths 

more widens out and subsides till nothing but a lobed rim is left above the surface 

surrounding a central hollow (fig, 20). This is followed by the rise of a central 

column carrying the liquid of the original drop on its summit. The distinction 

between the more transparent water at the top and the comparatively opaque adherent 

milk below is quite observable in the original of Photograph (22) though hardly 

apparent in the reproduction, and, in all, the lamp-black carried down by the drop 

is seen to be collected chiefly at the summit. The rise of the column takes 

about second (figs. 21 to 26), and its subsequent subsidence (figs. 27 to 29) 

about second more. In Photograph 24 is seen the first appearance of an out¬ 

ward-spreading ripple. Photographs 26 to 30 show how the base of the column 

gi'adually flattens down into a “ cake” of liquid, whose edge marks the position of the 

next well-marked ripple, while figs. 3], 32, and 33 show how by the oscillations of the 

centre, a third “ cake ” is superposed on this, contributing the third outward-spreading 

ripple and so on. We were not able conveniently to follow the phenomenon further, 

through the laboratory being too low for the height of fall necessary for the timing- 

sphere at these late stages. 

It should be mentioned that it is known (Worthington, ‘ Proc. Roy. Soc.,’ 1882, 

vol. 34, p. 217) that the subsidence of the central column gives rise to a vortex ring 

that descends through the liquid."^ 

The reason for mixing milk with the water into which the drop fell was to secure 

something which would photograph. It was found that the addition of milk in the 

proportion of about one part of milk to three of water, though it must have reduced 

the value of the surface tension, did not make any decided or very noticeable change 

in the phenomena. If pure milk was used the crater thrown up was indeed some¬ 

what higher and had longer arms, indicating a smaller efficiency of the surface tension 

in opposing the rise of the liquid. 

Series II. (Plate 2).—This gives, in 37 photographs, the spla.sh of a milk drop of 

diameter '75 centim. [circa) falling 100 centims. into water. Scale f linear, as far as 

No. 18 (the single quartz lens being used). Thence onward f linear (with the ordinary 

lens of the camera). In Nos. 15-18 a little milk was added to the water to make the 

photographs clearer, and from 19 onward a good deal of milk (about one part of milk 

to three of water). In this splash the crater rises to a greater height and closes 

completely over the central hollow, opening again, however, very shortly afterwards 

to make way for the column that rises from the base, and whose subsidence produces 

“cakes” as before. In Photograph 18 the bubble has apparently not yet burst 

before its top is struck by the column rising inside. Sub-group A consists of special 

* See also Thomson and Newall, ‘ Proc. Roy. Soc.,’ 1885, vol. 39, p. 417, 
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studies showing the babble opening quite centrally I’ound the emergent column, and 

the fact that the base of this does not photograph shows how completely the original 

milk drop is collected at the top of the column. Sub-group B illustrates what 

happens when, as in Photograph 18, the top of the bubble is struck by the column 

and burst at one side. Under the influence of the surface tension, rotundity of form 

is soon regained, and by the time the stage of Photograph 21 is reached all traces of 

previous irregularities have disappeared. 

Examination with a lens of Photographs 3, 4, and 5 shows how the drop, on fli’st 

entering, punches a very sheer-walled hole.* From the fact that these early stages 

photograph so Avell as compared (see next series) Avith corresponding stages when the 

drop is of Avater and the liquid is milk, we infer thaP the first liquid thrown up is 

milk drawn from the fringe of the drop itself. It must be remembered that OAving to 

the closeness of the camera, front and back parts of the crater cannot be quite in 

focus together. The first flow of the liquid appears to be very much along the 

surface, afterAvards it is much more perpendicular to the surface, and this alone 

appears sufficient to account for the sharp curling-OA’er of the edge of the crater 

(Photograjahs 4 to 6); for superposition of the photographs seems to show- that in the 

early stages each particle continues to moAm for some distance in the straight line 

along Avhich it Avas first projected from the surface. As to the reason of the closing 

in of the crater shall make some remarks in connection with the next series. 

Series III. (Pla,te 3).—This gives, in 24 photographs, the splash of a Avater-drop 

Aveighing '4 gram, falling from a still greater height, 137 centims., into milk mixed 

with Avater. Taken Avith the quartz spectacle lens. Scale -g linear. The crater 

closes up at a much earlier stage and forms a bubble Avhich becomes smoother in out¬ 

line as the liquid drains doAvn its sides or distributes itself more evenly OAmr its Avails. 

This bubble may remain closed (Photograph 16) or may open at a comparatUely early 

stage, following the course shoAvn by Photographs 13, 11, and 18. Or it may be 

from the first much depressed by the hearty mass of liquid at its top (Photographs li, 

15, and 17). Sub-group A shoAvs the configurations of earlj" stages Avhen the Avater- 

drop is exchanged for an equal drop of milk and falls into Avater. The increase in 

visibility is very marked. The original of No. 1A bears examination Avith a lens. In 

Sub-group B the crater obtained Avas smaller than usual, perhaps through the drop 

striking the Avater in a very prolate form, as in Series I., Photograph ]. 

With respect to the closing-in of the crater, it Avill be noticed that in Photographs 6, 

7, and 8, the upper edge is surmounted by a rim of greater thickness than the walls 

beloAV ; there can be no doubt that the accumulation of liquid here is due to the 

upAvard floAv being checked by the surface tension. When such an annular rim is 

formed, an elementary calculation shoAvs that the centripetal acceleration Avith Avhich 

*■ So much of the detail of the oi’igiiial photographs has been lost in the reproductions tliat it is only 

in fig-. 5 that the edge of the vertical cliff of liquid is visible at tlie far side of the crater. Tins edge 

marks the free horizontal surface of the, as yet, undisturbed liquid, 
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it will contract under the influence of the surface tension exceeds the inward 

acceleration of the cylindrical walls of the crater arising from the same cause, so 

long as the diameter of the rim is less than 1-61 of the thickness of the wall. Although 

this must be a vera causa in determining the more rapid contraction of the uj^per 

portion of the crater, 3mt it may not be the sole cause. Photograph 8, and particularly 

Photograph 2^, of the sub-group suggest that there may be a diminution of air- 

pressure within the crater, owing to the descent of its base whereby the crater is in 

part forced in by excess of external air-pressure. (See also, with a lens, Photograph 5 

of Series IX.) 

It appears to be characteristic of all closing bubbles that the arms are inclined 

outwards (see also Series II. and IX.), as if they were being dragged in by the 

contracting rim from which they spring. In an opening bubble they are much more 

erect (Series III., 13 and 14), or even inclined inwards (No. 18). A late stage 

in a bubble is also differentiated from an early one by the greater smoothness of its 

surface, and by the absence of very small drops in air above it, such smaller drops 

having apparently had time to agglomerate into larger. 

Splashes of Solid Sp)heres.—The remaining Series exhibit the splash of solid 

spheres. It was already known (Worthington, ‘Proc. Poy. Soc.,’ 1882, loc. cit.) 

that the disturbance set up by a very smooth and well-polished sphere is quite 

different from that due to the impact of the same sphere when rough or wet, and it is 

a matter of great interest to find that the difference is quite pronounced from the first 

instant of contact. 

Series IV. (Plate 4) gives, in 17 photographs, the splash of a well-polished sjihere 

of ivory, 1'9 centim. in diameter, falling 60 centims. into water mixed with milk, con¬ 

tained in a glass bowl about 1 foot deep and 9 inches in diameter (scale f linear). In 

order to secure that the splash shall follow the lines here recorded, the polishing with 

a dry cloth or wash-leather must he repeated just before each observation, and after 

this the sphere must be handled as little as j)ossible ; with these precautions a stone 

sphere behaves in just the same way. Photographs No. 2 and No. S'* show that the 

liquid rises over and surrounds the sphere with a thin close-fitting sheath. Figs. 5 

and 6 show a subordinate side-sheath, which, without doubt, wms due to the fact that 

the sphere had a crack in it, which occasionally carried down air with it, and 

disturbed the symmetry of the splash. In Photograph No. 7, however, the symmetry 

is complete, and it is nearly so in Photograph No. 8. When any failure of the 

polishing occurs, the liquid is kept away from the sphere, and the splash, instead of 

being almost noiseless, is accompanied by a sound of bubbles rising to the surface and 

bursting. Photograph No. 4 shows this driving away of the liquid, and our note-book 

records that this splash was attended by “ noise, bubbles,” &c. In Photograph No. 8 

there is a similar sign of roughness on the right-hand side. Very important is the 

information given by the shadow thrown across the surface in such figures as 8 and 9. 

'* The light mai’kiug on the right .side of Photograph No. .3 is due to a flaw in the negative. 

MDCCCXCVII.—A. U 
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The sphere has passed below the surface, yet this is almost undisturbed, and there is 

no trace of the equivalent quantity of dis[daced liquid. Indeed, in Photograph No. 9 

(as in Photograph No. 3 of Series V.) there is an indication of a slight depression 

surrounding- the small column. The conclusion we arrive at is that the general level 

of the whole liquid surface rises simultaneously with the entry of the sphere, or, at 

any rate, after an interval corresponding to the velocity of sound through the liquid. 

Direct evidence of this will be given later. But the surface, though undisturbed, is 

no longer the surface of dead liquid. Already in Photograph No. 9, and in the 

corresponding Photograph No. 3, of the next series, there are traces of convergent 

radial stream lines, indeed, the slight depression is itself evidence of velocity; in 

Photograph No. 10, after a relatively long interval, the base of the column has 

gathered liquid, and Nos. 11, 12, and 13, wdiich are coincident in point of time, show 

the very considerable column that subsequently rises (No. 13 probably owes its double 

column to some such antecedent condition as is shown in Photographs 5 and 6). 

Photographs 15 and 16 show the curious and characteristic manner in which this 

column topples over, while No. 17 shows how it occasionally succeeds in attaining a 

more considerable height. 

Series V. (Plate 5) shows the similar splash of a rather smaller stone sphere, 

1’5 centim. in diameter, falling through the same height of 60 centims. Examination 

of No. 2, wdth a lens, shows how, on the front side, the sheath (owing, no doubt, to 

imperfect polishing) has been driven away from the surface of the sphere, while at 

the back it has run up almost to the vertex. Of this splash we recorded that 

‘•'bubbles were heard.” Photographs 4 to 9'“ are all characteristic of the manner in 

which the column breaks up or topples, and appear to deserve record, if only to help 

future observers in what is sometimes a rather puzzling identification. 

Series VI. (Plate 6) was taken with a large stone sphere 3‘2 centims. in diameter, 

falling only 14 centims. (scale f linear), with a view to obtaining further information 

about the displaced liquid. In Photograph No. 1, the plate w^as accidentally exposed to 

a spark beforehand. No. 2 shows very well the rise of the sheath. No. 4 is interesting 

as illustrating in a very complete manner the influence of some slight roughness on 

one side only. The puckering of the surface, which is strongly marked in No. 5, 

seems to us to show that lines of flow near the surface wdien once determined are 

very persistent, for w^e should otherwise expect to find a gradual thickening of the 

sheath as the vertex is approached, but not these separate radial streams. In No. 6 

the general surface is very level, wdiile the amount of liquid in the column can hardly 

be of the volume of the whole sphere. It still remained, however, just doubtful 

wdiether a very gradual sloping-olf of the surface might not provide, in a manner not 

easily noticed, accommodation for a large amount of liquid just round the place of 

impact. We, therefore, choosing the narrower vessel of No. 8 to make the pheno¬ 

menon more apparent, filled it brim-full and placed the lower edge of a card 

* Tlie ilavk streak on the left side of No, 9 is an accidental flaw on the plate. 
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millimetre scale, just in contact with the liquid surface at one side. Photograph 

No. 9 shows the general rise of level due to the entry of the sphere. The rise at the 

edge of the scale is about 3 millims., but the rise at the spout of the vessel is much 

more marked, though this is at a greater distance from the place of impact, and the 

liquid enveloping the sphere seems to rise very abruptly out of the flat surface on 

this side. We think that all the facts point to rise of level at great distances from 

the impact even when the vessel is much wider. 

When the ivory sphere, which when dry and well polished gave the splash of 

Series IV., was allowed to fall wet into the liquid, all other circumstances remaining 

the same, the splash of Series VII. (Plate 7) was obtained, which from the very 

first is entirely different. The wetting was effected by dipping the sphere into the 

bowl of milky water in which it was to fall and then shaking off as much as possible 

of the adherent liquid, but in all cases the splash quickly becomes unsymmetrical, 

probably through the liquid during the fall drifting to one side of the sphere, indeed, 

in all the figures from 4 onward, but especially in 4 and 5, there is seen a tendency 

to behave as a smooth dry sphere on the left-hand side where convergent foldings 

may (in the original photographs) be seen on the surface. The confusion arising 

from this want of symmetry made it seem unprofitable to examine this splash any 

further. 

This disturbing want of symmetry entirely disappears, however, when we employ a 

rough sphere, as in Series VIII. and IX. (Plate 8). In Series VIII. the impiuging 

sphere was of marble 1‘5 centims. in diameter, and the height of fall was 15 centims. 

The sphere was on each occasion dried and then well rubbed with emery paper. 

When dipped into the liquid it was at once “ wetted ” in the usual sense of the 

term. Yet the liquid on impact seems to do anything but wet it. The first flow is 

evidently very much along the surface away from the place of impact, and the 

subsequent behaviour of the crater, as far as Photograph No. 14, is very similar to 

that of Series I., which w'as due to the impact of a liquid sphere. Indeed, 

figs. 8 to 10 of tins series hardly differ from Nos. 17-20 of Series I. In the column 

that afterwards emerges there is, however, a very wide difference. In each case it 

rises from the bottom of a hollow, but in the present series it is a far finer jet and 

moving with much greater velocity. This jet was, in fact, observed with the naked 

eye, in continuous daylight, to rise even to a greatei’ height than that from which 

the sphere had fallen. 

Comparing the crater of this series with that of Series I., we observe that while 

the outside dimensions are not very different, the crater of the present series is 

distinctly thinner in the wall, also that the number of lobes or arms is larger. The 

number seems always to be decided at a very early stage, and to be due, as was 

suggested (Worthington, ‘ Proc. Pmy. Soc.,' 1882, Joe. cit.), to the instability of the 

annular rim. Thus, in Series I., fourteen appears to be a frequently recurring number 

in the earlier stages, and in Series VIII., twenty-six or twenty-eight, and in both 

u 2 
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series the number afterwards diminishes, often by coalescence, as the annulus subsides 

and thickens. This view of their origin appears to gain confirmation fi.’om the fact 

that there is a larger number in the crater with the thinner walls. It is not, however, 

easy, even from the photographs, to estimate the number very accurately. The 

reader will best ascertain the nature of the difficulty by trying. Sometimes, on 

account of the foreshortening of the front rays, these are more easily counted in 

the image of the crater, that is, reflected by the smooth liquid surface in front of it. 

In Series IX., we have the splash of a rough stone sphere, 1’25 centims. in diameter, 

falling 60 centims., into milky water. Photograph No. 1 shows even better than 

No. 1 of the previous series the way in which the liquid, from the very first, is 

driven away from the sphere. The subsequent crater is very like that of Series II. 

or III. obtained from a liquid sphere, and the manner in which the bubble is formed 

does not seem to differ materially from the course followed in Series III. It is 

jDerhaps doubtful whether the creasing on the left of the neck of the bubble in 

Photograph No. 5 is due to an excess of external air pressure, as suggested on p. 145, 

or whether it is a puckering due to radial inflow, as when the sheath closes over a 

smooth sphere. 

This series terminates the record of phenomena that we have at present to lay 

before the Society. We hoi^e next year to be able to complete the survey, and to 

obtain information as to what is proceeding below the surface, and to secure also a 

succession of photographs of different stages of the same identical splash. 

It will have been noticed that useful information is yielded by the comparison of 

one kind of splash with another, and for this reason it appears desirable that the 

study of each shall be fairly complete and minute. Observations that we have already 

made on the impact of a drop with a solid surface, seem to throw light on some of 

the phenomena that are here described. 

In presenting the results so far obtained without waiting for a further accumulation, 

we are influenced by the reflection that there can be, happily, no doubt about the 

accuracy of the photographic record, and by the hope of eliciting from competent 

judges some expression of opinion as to the value of the investigation, with 

suggestions as to the points which it would be most profitable to elucidate. So little 

seems to be known about the actual behaviour of real, as opposed to imaginary fluids 

that we cannot but think that trustworthy information about the motions that follow 

very simple initial conditions may jirove of real value, and not of merely curious 

interest. 
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VL Experiments on the Absence of Mechanical Connexion hetiveen Ether and 
Matter. 

By Oliver Lodge,^ F.R.S., Professor of Physics in University College, Liverpool. 

Received January 19,—Read March 4, 1897. 

The conclusion of the experimental part of a previously published memoir, on 
“ Aberration Problems and the connexion between Ether and g-ross Matter,” dated 
March, 1892, and published in the ‘Phil. Trans.,’ Series A, for 1893, p. 777, is as 
follows: — 

“ The velocity of light between two steel plates moving together in their own 
plane, an inch apart, is not increased or diminished by so much as ^^yth part of 
their velocity.” 

Since that date, of March, 1892, a considerable number of further exjieriments 
have been made, tending to confinn and extend the above conclusion; and of these 
experiments it is the object of the present communication to give a brief account. 
The general plan of experimenting having been sufficiently indicated in the previous 
memoir, no more details will now be related beyond those necessary to make the 
record of use to a later student of the subject.t The figures on pp. 759, 761, 767 
illustrated the apparatus used. 

The chief conclusion of the theoretical part of the former paper (p. 752) is that no 
first-order effect of purely irrotational etherial motion can ever be optically detected ; in 
other words, that as long as the motion of a medium is characterised everywhere by a 
single-valuedj potential function, the course of all observable rays through it, however 
reflected and refracted they may be, is independent of the motion (no matter how the 
leaves may be tilted), and the time of journey along any given path through any kind 
of material is likewise perfectly definite, and independent of the motion, except for 

experiments directed to the second order of aberration-magnitude. 
Hence no attempt to disturb the ether by using a spoked wheel, or revolving bars 

* Assisted by Bknjamin Davies. 

fit may be argued that the details of an experiment having a negative result should not be publislied ; 

but to me it seems that their publication in that case is more essential than in any other, because on 

them alone can a judgment be made as to how far the problem has been attacked in a careful and 

responsible manner, and because an answer “no,” tvhen really attained, is just as definite and positive a 

reply to some questions as an answer “ yes.” 

f The epithet “ single-valued ” should be explicitly prefixed to the words “ potential function ” in 

§ 29, p. 752, of the memoir referred to, ‘ Phil. Trans.,’ A, 1893. 
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or paddles, would have a chance of success, unless there existed a trace of something 

akin to viscosity by which the medium could be got hold of, and as the previous 

arrangement of apparatus seemed as well calculated as any other to detect the 

existence of a trace of viscosity, whereby ether in the immediate neighbourhood of 

moving matter should sooner or later be more or less carried along by it, no funda¬ 

mental change in the mode of experiment seemed necessary ; only improvement in 

details, and some modifications, in order to secure a closer and a wider generalisation. 

Hitherto the experiments had been conducted with a pair of hard steel disks like 

circular saws, clamped together on a vertical axis, at a distance apart of one inch. 

These disks had been spun, at a speed not exceeding 1250 revolutions a minute in 

the most accurate experiments, and the effect of the motion on a bifurcated beam of 

light, whose two halves travelled in opposite directions several times round in the 

space between the disks, was observed. One half of the light travelled in the same 

sense as the motion, while the other half travelled in the opposite sense ; the two 

half beams were made to interfere in the field of view of a micrometer eye-piece, and 

a shift of the central band of the system by so much as the hundredth part of the 

width of a band could be observed. In making the above careful estimate of the 

result, however, the safe course was taken of assuming that gwfh of a band shift was 

the minimum certainly detectable. 

There were some modifications still to be fuade before accepting a definitely 

negative result of experiment. 

1st : to steady the motion, so that quantitative readings could be taken without 

tremor at a much higher speed of rotation. 

2nd : to continue the motion for some considerable time, and to narrow the light 

channel or watch the effect close to a disk. 

3rd : to increase the mass of the revolving matter. 

4th : to magnetise the revolving material. 

5th : to electrify it. 

The connexion looked for between ether and matter being something of the 

nature of viscosity, the space between the disks may be considered rather wide; 

though it is difficult to suppose that any motion generated at the surface of the disks 

in a substance possessing any of the properties of an ordinary fluid, should not spread 

into the nearly enclosed space between them. It may, however, be conceivably 

argued that this diffusion of motion might take considerable time, and hence the 

modification labelled No. 2 above wars called for. The modification No. 3 is to meet 

the argument that, even though a viscous connexion between ether and matter were 

disproved, it did not follow that there was not another mode of connexion com¬ 

petent to transmit motion from one to the other, viz. : the unknowm kind of 

connexion which is concerned in gravitation ; and to display any effect on this, 

a large mass must be used. 
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Probably the mass necessary to demonstrate any action of the gravitational kind 

would be impractically large, unless the earth itself could be used. Now, by staking 

out mirrors at the corners of a field, it is arithmetically quite possible to arrange 

for a perceptible shift of the bands due to the rotation of the earth, if it carries ether 

round with it ; but it does not seem possible to experimentally observe that shift, 

unless some method could be devised of making the observer and his apparatus 

independent of the rotation. 

It is to be observed, that since a motion of the disks relatively to the observer 

and the light causes no effect, the ether being stationary, it follows that a motion of 

the light and observer would produce an effect, since they would be moving 

relatively to the ether. Hence if, instead of spinning only the disks, the whole 

apparatus, lantern, optical frame, telescope, observer and all were mounted on a turn¬ 

table and caused to rotate, a reversible shift of the bands should be seen. It would 

not matter in the least whether the disks were revolving or not, and they might just 

as well be absent. The effect would be of an aberrational kind, the opposite light 

beams being accelerated and retarded by the motion appropriately. In an actual 

experiment of this kind, centrifugal force would give some trouble by introducing 

strains, and rapid rotation would be uncomfortable for the observer ; but really rapid 

rotation should be unnecessary to show the effect. My present optical apparatus 

mounted on a turn-table revolving 4 times a minute should show something, viz. : 

y^oth band shift each way. A certain amount of discomfort during the accelerative 

stages of any speed could hardly be avoided, and even during steady motion there 

would be some inconvenience ; for instance, at 30 revolutions a minute the observer’s 

weight, at a metre and a half from the centre, would be half as much again, and 

would be inclined at 45° to the vertical. This, however, might be tolerated. 

If the ether is stationary near the earth, that is, if it be neither carried round nor 

along by that body, then a single interference square, 1 kilometre in the side, would 

show a shift of rather more than one band wfidth, due to the earth’s rotation in these 

latitudes ; see p. 772, ‘ Phil. Trans.,’ 1893. But as the effect depends on the area 

of the square, a size of frame capable of mechanical inversion is altogether too small; 

there may, however, be some indirect ingenious way of virtually accomplishing a 

reversal of rotation—something for instance based on an interchange of source and 

eye—and if so, it would constitute the easiest plan of examining into the question 

of terrestrial ether drift. 

It matter conceivably drags the ether with it in proportion to its mass, an ordinary 

lump of matter can hardly be expected to cope with the heart and to shift it in 

opposition to that body ; nevertheless, since nothing is known on the subject one 

way or the other, it was thought well to give a more massive body a chance, by 

rotating a solid piece of iron about three-quarters of a ton in weight, and with 

a much narrower groove or channel cut in it for the passage of the light. It was 

easy to arrange at the same time for the magnetisation of this piece of iron when 
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desired, so as to be able to attack the question above, numbered 4, without additional 

expense. Accordingly, I ordered from Messrs, Mather and Platt an oblate spheroid 

of best Swedish iron, a yard in diameter and half a foot thick, with a deep channel 

or groove half an inch wide cut into its rim to a depth of one foot all round. It 

was not found practicable to make the iron all in one piece, and accordingly it was 

constructed of two pieces bolted together, and its section is shown in fig. 1. 

Fig. 1. 

The bottom of the groove was wound with wire to a depth of 4^ inches, the wire 

used being No. 20 B.W.G, double silk-covered copper; and of it 14 lbs. 10 ozs, 

was wound on, in 94 layers of 9 convolutions per layer, the central iron core being 

1 foot thick. The ends of the wire come out through small holes drilled for the 

purpose, with balancing holes drilled at equal opposite radii so as to leave the centre 

of gravity undisturbed, and the wire was then tightly bound with tape and steel to 

resist centrifugal force. 

The free ends of the covered wire were clamped to the surface of the disk and led 

to a set of insulated brass rings on the upper part of the axle, so that an electric 

current either steady or commutated could conveniently be supplied whenever 

desired. 

The resistance of the wire coil was measured by one of my students as 29'9 ohms, 

and its insulation resistance was just short of 2 megohms. The length of the wire is 

about 1 kilometre or two-thirds of a mile. 

The magnetising current was usually supplied from the town mains, at 110 volts 

nominal, which gave a current of 3*8 amperes through the coil of 846 turns, and 

accordingly developed a magneto-motive force of 4000 cgs. 

The lines of force so generated streamed across the half inch gap from the one half 

of the oblate spheroid to the other, being rather more plentiful in the deep parts of 

the channel. But the course of the beam of light only partially penetrated into the 

most intense region, and its mean track was situated about 4'6 inches from the 

periphery ; so at this place I asked a student to measure the magnetic field excited 

by various strengths of current (by the common method of suddenly snatching out a 

small exploring coil and comparing the galvanometer throw with that caused b}^ an 
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earth inductor in the same circuit thrown over two right angles). There was a 

certain amount of permanent magnetism, and the result is indicated in the following 

table and plotted in a curve (fig. 2). The field intensity was not very different at 

different depths in the channel; it varied from 1730 cgs. near the rim to 1830 near 

the winding, when 110 volts were applied. 

Intensity of field in the channel of the oblate spheroid (with decreasing current), 

at a depth of 4’6 inches from the outside. 

Exciting current in amperes . . O’O 0 31 0*67 1*32 1*92 2*52 3*18 3*80 

Field in cgs. lines per sq. centim. 92 255 490 980 1310 1530 1670 1800 

The maximum current was commonly used for purposes of excitation; and some¬ 

times for a short time this current was doubled, by the application of 220 volts. 

By the 8th June, 189*2, this iron mass, weighing 14 cwt., had been mounted on the 

vertical shaft of the whirling machine, in place of the steel disks, and a spin was 

taken, with the optical frame in good action, and one half of the beam of light going 

three times round in the channel of the iron. 

The shaft, however, was I'ather too weak to carry the weight, and exhibited a 

tendency to bend, which prevented the attainment of high speed. Moreover, the 

step bearing on which the shaft rested (as described in the previous paper, the shaft 

was supported on a hard steel pivot resting on another steel surface inside an oil 

MDCCCXCVII.—A. X 
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chamber) had insufficient area ; the intensity of pressure was too great for lubrica¬ 

tion, and accordingly the surfaces ground together and got hot, causing the oil vessel 

to smoke vigorously. Considerable power was, therefore, needed to drive it, even at 

300 revolutions a minute, but at this speed some observations were made. The bands 

were so clear that yoof^ ^ band shift, could have been seen, but there was not a 

trace of shift when the mass was spinning, either with or without its magnetising 

current. The 110 volts of the town main were switched on and off and reversed 

many times, both when the mass was stationary and when it was revolving five 

times a second, but there was no effect. 

Before proceeding to greater speeds it was obvious that the greater part of the 

weight of the iron mass must 1)e taken off the pivot and dynamo-axle, and must be 

supported in some other way.. A safety collar or guard attached to a frame above 

the wooden clutch, as shown in Plate 32, ‘ Phil. Trans.,’ A, 1893, suggested the use 

of ball-bearings resting on this collar, which hitherto had been an inactive safety- 

guard, but was quite strong enough to support the weight required. 

Accordingly we had this arrangement made, all the weight of the spheroid now 

rested on the guard collar by means of ball-bearings, and the steel pivot had nothing 

but the dynamo armature to support, this axle also being quite relieved from strain. 

The old wooden friction clutch was now of course useless, and it was replaced by gripping 

brass collars on the ends of the joining shafts, just below the ball-bearings, the power 

being transmitted by a pair of tangential stout copper wires, one on each side, looped 

round screw heads on the brass collars, so as to transmit a driving couple of consider¬ 

able magnitude; but if by any accident the force transmitted was too great, the 

wires could snap and permit independent movement of the mass. Parenthetically it 

may be here stated that the wires broke several times during the course of the series 

of experiments, showing that the precaution was very necessary, and that a rigid con¬ 

nexion between the axles would have been dangerous. 

During these alterations, other experiments, to be presently recorded, were in 

progress, and it was not till May, 1893, that careful optical spins were again conducted 

with the iron spheroid. 

At this date the fringes were sometimes used after the light had been four or five 

times round, but usually the superior brightness and definition of the three-times- 

round beam was preferred. With a driving current of from 30 to 40 amperes and a 

voltage of about 80, the speed of 1000 a minute was readily maintained in the heavy 

mass by aid of the ball-bearings. 

At first, however, a new disturbing phenomenon was observed : on beginning a 

spin the bands began to tremble and became partially obscure. This was not from 

shaking, nor did it seem likely to be due to wind reaching the semi-transparent 

plate, because the speed was quite slow. Screens glazed with microscope cover-glass 

were nevertheless provided, and next day another attempt was made. The fiickering 

of the bands was just the same as before at low speeds, although there was no 
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shaking, but as the speed increased they became clear, and at 800 revolutions were 

quite sharp. At 1000 revolutions per minute a careful set of observations was made, 

with the magnetising current applied to the spheroid,—on, off, reverse, oft*—many 

times. But there was no effect whatever on the bands. Then we slackened speed 

and repeated the magnetisation and reversals down to stoppage, but not a trace of 

shift. The flickering and blurring of the bands, already spoken of, which still occurred 

at low speeds, and especially at increasing speeds, was not a serious trouble. It of 

course prevented exact observation while it occurred, but it was a purely temporary 

disturbance and did not cause the slightest permanent shift. As soon as the bands 

were clear again their position was absolutely unchanged. Nevertheless it was 

desirable to detect and remove the cause of the disturbance. Accordingly air was 

blown into the channel from foot bellows, but unless the wire coil inside had been 

recently used and imperceptibly warmed by the current the air jet made very little 

difference, though if there was the slightest inequality of temperature it caused a 

slight flicker. But a whiff of coal gas, the merest trace, distorted the bands with 

agony—sent them waving through ellipses and contortions into invisibility, allowing 

them to re-appear as the gas diffused away. They were manifestly extremely sensi¬ 

tive to fluctuating density, and hence we traced the previous flicker to hot air from 

the carbon rheostat which regulated the driving current. It seemed to get drawn 

into the channel sometimes at low sjDeeds, but at high speeds was blown clear away. 

Starti]ig and stopping tire iron by hand did not cause the bands to flicker; they only 

flickered when the motor was used. It was plainly a heat convection effect. Hence 

we arranged that the carbon rheostat should be far away, and even the slight heat of 

the motor itself was screened and diverted off by a suitable platform or tray of wood 

and cardboard arranged above the motor. 
T 

Now I repeated the observations over and over again, with all sorts of changes, and 

never found either motion or magnetisation of the heavy iron mass cause the slightest 

real shift of the bands at the speed of 1000. 

The channel being narrow, the plates themselves were visible in the eye-piece, and 

the bands could be seen reflected in them. Also diffraction or interference phenomena 

could be seen where the bands terminated on the iron (Lloyd’s bands due to oblique 

reflexion) at one or other of the plates. A frequent appearance of the bands under 

these circumstances is depicted in fig. 3, next page. 

These reflected bands, and also the horizontal houndary stripes with the swellings 

of the bands on them, were also watched, the cross wires being shifted and set 

upon one feature after another, but in no case was the slightest shift seen on 

magnetisation; though certainly the test was not so delicate as with the free-air 

bands, because the plane of the channel-boundaries was not absolutely steady as the 

plates revolved. 

The bands observed were often so broad that the distance between them was 

comparable with the half-inch channel-width, nnd sometimes the cross of the hyper- 

X 2 
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bola-sjstem was used as the feature upon which the cross wires were set, so that an 

exceedingly small fraction of a band-width could have been observed. 

At 1000 revolutions a minute, the ball-bearings began to get hot, and some 

attention had to be paid to them to get the number of steel shot and the lubrication 

as perfect as possible. The iron mass took a long time to slow down from full speed, 

and after being left to itself for twenty minutes or half an hour was still moving. 

Sometimes it was stopped more quickly by a brake, to see if acceleration had any 

effect, but none was seen. 

On the 8th May, 1893, we had a good spin at 1200 a minute with the spheroid. 

Appearance of tlie interference bands as seen in the half-inch channel of the oblate sphei-oid. The 

bands hap2iened to be reflected in the upper iron surface, and to show subordinate interference 

stripes in the lower iron surface. 

magnetised and reversed, etc., looking as carefully as possible at the bands reflected 

in the iron and at every part of the bands, but no change of the minutest kind 

was visible. 

On the 9th May, we had a similar spin in the reverse direction, conditions fairly 

satisfactory, and results definitely negative. 

Sometimes an alternating or commutated current was supplied to the coil, but its 

self-inductance and time-constant were so gTeat that little power could be thus 

developed. Anyhow, no shift of the bands was seen. 

Experiments at Higher Speeds. 

During the next few weeks, the iron spheroid was replaced by the old steel disks, 

and great pains were bestowed on getting these accurately balanced, so that a high 

S2)eed could be reached without tremor. 

By June, the ether machine could be driven at speeds above 3000 a minute, the 

power used being 50 amperes and 100 volts. 

But at these higher speeds there were many difficulties. The blast was, of course, 

excessively strong, and it was necessary to carefully screen it from the mirrors and 

frame by boxing the plates up in the wooden drum before described ; moreover, 

higher speeds could be attained with the air thus boxed up. But the air got very 
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hot, and this spoiled the fringes, so that at high speeds they were often invisible. 

Without the drum the fringes remained visible, but the blast caused a shift often of 

as much as two bands. This shift came back on stopping, and sometimes rather 

more than came back, ultimately settling down as if slow strains were woi’king them¬ 

selves out. The drum was now replaced without floor or roof, and with only very 

narrow slits for the light to get through. The light was often got four times round. 

A smaller shift still remained, and there was nothing for it but to glaze the slits, and 

broaden the drum above and below, so tiiat no trace of air blast could reach the frame, 

at the same time that there was plenty of ventilation to keep the air quite cool. 

It need hardly be said that the presence of so many glass surfaces in the course of 

the beam increased the difflculty of getting the fringes distinct for the three-times- 

round path, for each half of the beam had to undergo not only 11 reflexions as usual, 

before returning to the semi-transparent plate, but also 24 transmissions through 

panes of glass, i.e., 48 transmissions through a glass-air surface at 45°. The intensity 

of the beam is thereby greatly enfeebled, and the glass has to be of excellent optical 

quality and free from strain if good definition is to be got. Ultimately, by selecting 

from a number of glass plates supplied by Mr. Hilger, the patience of Mr. Davies 

overcame the difficulties, and fringes were got of sufficiently satisfactory quality with 

the beam three times round ; a Brockie-Pell arc light imaged upon the aperture of 

the collimator, and kept finally steady by hand, being used as the source. It was 

found that a great width of beam was difficult to use, probably for a reason sub¬ 

sequently to be mentioned (varying air density due to centrifugal force), and a 

diaphragm was commonly used over the object glass of the collimator. 

Under these conditions a set of observations were made, with the speed up to 2,800 

a minute, first in one direction, then the other, and then the first way again. 

In each case the bands remained visible at the highest speed, though at certain 

intermediate speeds, especially about 1000 and 1700, a slight tremor smudged them. 

The shift observed now was moderately small but quite distinct, and was estimated 

with the micrometer at i^-th band. It repeated itself each time without regard to 

the direction of spin, and disappeared, though not instantly, when the disks stopped. 

It seemed probably due to some obscure residual effect of the blast, perhaps on the 

cover glasses of the drum. The shift was irreversible, and of reversible shift there 

was none. 

At these higher speeds it would naturally be thought that the true theoretical 

effect due to whirling air (p," — 1) should be observable ; but if its amount be 

reckoned it will be found to be less than -j^th band, and therefore not detectable for 

certain under the above conditions. 

The only effect distinctly due to heat in the above experiments was a flicker of the 

bands at the lowest speeds, just before stopping. It was due to the gentle warmth 

of the motor, an air current rising towards the disk and mirrors when the blast was 

Insufficient to drive it away. But it never did the least harm, amd could only be seen 
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just before stopping’, or sometimes a second or two after stopping’. When it was over, 

the bands were absolutely in the old place ; its effect had been to wave them about 

slowly and slightly. 

In all these experiments the brass collar coupling, with the copper wire force- 

tiansmitters, was used to connect the two axles, instead of the old friction clutch, 

which was insufficient and not so dependable. 

Possible Time Effect. 

On June G w'e kept the disks spinning for three hours at 1900 revolutions, to see if 

any shift developed with time. The result on this particular occasion w’as an apparent 

shift followed by a blur and invisibility of the fringes. They did not recover on 

stopping, but could be brought into visibility by moving some of the screws. This 

wais evidently a bad experiment, and the apparatus w'as overhauled and steadied up. 

Took another spin next day, at a speed of 2400 revolutions, for three hours, and not 

the slightest shift developed itself in this time. 

By June 23, the step bearing at the bottom of the axle shaft w’as replaced by a new 

one, and other inechaincal conditions were improved. The machine now ran up to 

2400 wdthout a tremor, and a current of 30 to 35 amperes was sufficient to do the 

driving. An observation w'as made with the drum in, with glazed wundows, no top or 

bottom (as before), the light going three times round, and the speed being kept at 

2100 for two hours. At the first instant there w^^s a shift of -2^-th band, but it did 

not increase, nor did it recover on stopping. Went on with a reverse spin, also at 

2100, under the same conditions, and saw not a trace of shift at going or stopping, or 

during long spin—^only the usual flicker as the speed got very slowx The bands were 

distinct all the time. A good experiment. We conclude that time has nothing to do 

with the matter. 

Atiem'pt to Observe the Air Effect. 

From June to November, 1893, continual attempts w'ere made (except during a 

month’s vacation), by careful and repeated setting of the micrometer w'U’es on the 

bands, by taking the average of a set of readings at each speed and plotting them, to 

get some dependable record of the true air effect, free from disturbing causes. This 

labour was undertaken not only because it w'as thought of interest to observe this 

hitherto unobserved small quantity, but also because its detection w'ould emphasise 

the truly negative character bf the ether effect. 

Taking jx for air as 1’00029, the I' = 1 — y = "00058 6, and the fraction of a baud 

shift observed being a: at an angular speed w, and with n light-journeys round the 

optical square of side «, w^e should have Z’uwfr = 4 X lO^.r (see p. 772, loc. c?t.); 

wherefore, writing w = 'JttN, and considering that the observable a' is i^otli of a 
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band, it follows nN must be 800, in order to show the air effect, that is, the speed 

must'rise to 6000 revolutions a minute with a light-journey of three times round. 

This speed would lead impractically near to the bursting-strength of materials; but it 

was hoped that, by taking the average of a series of settings, f of a band could 

be safely observed, and thus the effect of the air-spin detected. And if everything 

had gone well, I think this might have been done, but the difficulties met with 

caused a careful examination of the brick pillars and foundations beneath the floor, with 

the result of discovering that the brick pillars, bj^ which the optical frame was ulti¬ 

mately supported on its gallows support (fig. 11, p. 767, ‘Phil. Trans.,’ 1893), were 

not so entirely independent of the whirling machine’s stone altar as they ought to 

have been. During the vacation bricklayers and carpenters were accordingly called 

in to re-set the warped pillars beneath the floor, and to clear away all joists and every¬ 

thing that could be suspected of in any way helping to transmit vibration. The 

result of this work was a beautiful steadiness and visibility 

at high speeds; but still the bands showed what we call a 

concertina action, that is, a slio-ht movino’ of the lateral 

hands in or out from the central one, as the speed varied. 

There would be no strong objection to such motioir, if the 

precise symmetry of the central band could be assured, 

but, as this assurance was not forthcoming, the central band 

sometimes shared in this motion ; and even if it did not, its 

steadiness was suspicious, because perhaps it ou(jht to have 

slightly moved. 

The residual trouble appeared possibly due to an obscure 

influence on the glass windows of the drum, possibly a slight 

warping due to warmth or air pressure, and an attempt was 

made to dispense with the window panes and to screen 

from the blast by another method. Accordingly a fresh 

drum was made of brass, with a pair of deflecting rims or 

flanges, so placed as to catch the air whirled off the disks 

all round, and deflect it out of the way upwards and down¬ 

wards, the light passing on through a chink or slit in the 

brass drum to the region protected by these flanges (fig. 4). 

Some residual draimht did however manao-e to reach the 
O O 

mirrors, and, although they were strongly supported, it seemed to flutter them even 

if unable regularly to tilt them. It was then attempted to lessen the freedom of air 

supply to the axis of rotation, by wooden circular boards, fitting the axle loosely, and 

nearly as large as the drum, thus greatly interfering with the supply of air. As soon 

however as the ventilation was thus interfered with the air got distinctly hot, which 

was a worse evil. 

The drum was supported separately on long wooden girders, so that no part of it 
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was in immediate contact with the optical frame. The girders at first rested on 

the same gallows as supported the frame (as shown in the figaire, page 767, just 

referred to), but this was ultimately found to be bad, because of a torque receiv'ed 

from the whirling air and transmitted to these piers, which conveyed some trace 

of it to the fi'arae. So while the frame was still supported on its independent piers, 

and the whirling machine was still clamped to its massive stone altar on the rock, 

the drum which received and screened the blast was now separately supported by 

special uprights from the floor (on which people did not walk during an observation), 

and this, on the whole, was an improvement. Any torque effect, however minute, 

being of a reversilfie character, was peculiarly dangerous, for it might easily have 

been mistaken for a result of the kind that was being looked for. 

This memoir shall be abbreviated by the omission of all the careful sets of readings 

taken during this period, a record which occupies seventy pages of the laboratory 

note book ; for it must be admitted that, although representing a good deal of work, 

they fail ultimately to show the air effect; and this probably for the reason that any 

effect of that magnitude would be certainly masked by the residual slight disturbing 

causes present. 

The only thing I will record is a plotting of one of the larger spurious shifts 

(obtained before the foundation was inspected and altered) to illustrate its typical 

lagging character. The dots in this case represent individual readings, not averages 

of setting, and they incidentally show the kind of setting which is possible at high 

speeds through all the cover-glasses, with the light three times round, and when the 

steadiness was by no means perfect. The process was as follows:— 

The micrometer wires were set, the single vertical wire in the middle of the middle 

band, and the X wire on the yellow of the first band to the left; or else vice versa. 

Both wires were read, at gradually increasing, and then at decreasing speeds, and 

the results plotted on the right-hand side of the two diagrams (figs. 5 and 6), so as 

to show (a) the shift of the middle band due to strains and slight communicated 

tremors, (h) the change in the scale of wave-length due to concertina action. Then 

the brushes of the dynamo were reversed, and another spin taken in the opposite 

direction, and then the readings taken which are plotted on the left-hand side of the 

two diagrams. The total maximum shift was about :|;th of a band on this occasion. 

The following averages of a set of readings taken in July, 1893, may also be 

quoted :— 

With disks stationary, tlie middle band read . , 94 4 

Disks revolving 3000 a minnte, the middle band 

read.94'4 

Disks stationary again, the middle band read . 95‘6 

Disks revolving 3000 a minnte in the opposite 

direction, the middle band j-ead.95-5 

Disks stationary again, the middle band read 92‘3 

each division being .V-th of a n'ave-lengtli. 
O O i o 

„ A-tli 

—til J 9 0 U 95 
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Fig. 5. 
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Details of one of the larger spurious shifts of the middle band, as observed before the brick pier 

supports of the optical frame had been properly overhauled. 

The dots represent individual settings and readings of the micrometer cross wire set on the middle 

band during a pair of spins in opposite directions, while the speed was first increasing and then 

decreasing. 
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Corresponding concertina action (on same scale), or change in the breadth of the bands during the 

above spurious shift. Dots represent diffei’ences between the readings of a micrometer wire set 

on the yellow of the 1st order and the readings of the cross wire set on the middle band. The 

zero of the vertical scale is far below, 7 squares below 0. At that distance this figure may be 

placed above fig. 5. 
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(To realize that such readings fail to show the air effect it may be simplest to 

write down ideal readings that would show it exactly, viz. :— 

each division being -troth X 

J? r 

9 • 5 

9 9 : ? 

9 9 9 9 

Or the following would do equally well, though less obviously :— 

94-4 

94- 6 

94*4 

95- 2 

94-4 

where there is an irreversible shift of half a division (x2o superposed upon the 

reversible effect.) 

After the overhauling of the foundations, in September, the bands were beautifully 

distinct, and there was no tremor. There was now no clearly perceptible shift of 

the middle band, but still there was a concertina action, shown by a broadening of 

the bands during spin, thus altering the scale of wave-length. The following 

extract will serve to illustrate this 

8tli September. 

IFitb the Disks at rest, the middle 

hand read. 7 while the yellow of the first hand read 85 divisions 

With the Disks spinning 3000 I’evs., 

the middle hand read .... 7 107 

With the Disks at rest, the middle 

band read . 7 85 

With the motion reversed 3000 revs., 

the middle hand read .... 7 102 

AVith the Disks at rest, the middle 

hand read. 7 85 

Here the constancy of the number 7 means that no change could, be seen, but the 

readings are not averages, nor was the wire reset, and nothing less than a whole 

division shift would have been observed. The air effect would require a division 

shift. The existence of the concertina effect was held to render useless an attempt 

to take a serious set of averages ; and by no means could it be wholly got rid of. 

Ultimately we decided to do away with the optical frame so close to the disks 

altogether, and to arrange the mirrors at a distance, out of the blast, on brackets 

94-4 

94-1 

94-4 

94-7 

94-4 

if they had been obtained. 
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fixed to opposite walls of the room, sending the light round a large oblong instead of 

a square, and letting two sides of this oblong pass through the channel between the 

disks. (The arrangement of this experiment is shown in fig. 8.) Meanwhile, we 

dismantled the machine and sent the disks back to Mather & Platt to be fitted 

with a third one for electrification. (26th Oct. 1893.) 

If there were good reason to push the experiment still further (and for tlie 

present I see no such good reason), I should be disposed to attempt placing the disks 

in an air-tight chamber, kept exhausted by a mechanical oil pump, so as to do away 

with the greatest part of the troublesome air phenomena. 

A possible reason for the concertina effect, and for the slight residual irreversible 

shift sometimes observed, suggests itself in the gradation of density in the air 

between the disks, due to centrifugal force. To estimate its magnitude under any 

circumstances, we may consider the equilibrium of an element dm of air at radius r 

and write :— 

Toi^ dm — dr. rdO, 
dr 

or 
prdr = dp = kdp, 

whence the density at any radius is 

p = p^e 

Hence, for disks a yard in diameter making 3000 revolutions a minute, the density 

at centre is about fths of that at circumference; and the change of density per 

centimetre breadth of beam, at a radius of 1 foot, is 

= -425 X 10“^; 
dr 

which, if P — 1 be taken as proportional to p, gives dp about equal to '23dp ; or say 

lO"*^ as the difference of refractive index, on either side of a beam of light 1 centi¬ 

metre broad, in the region of the mean light path. This is equivalent to the effect 

of a difference of temperature, in the air on either side of the beam, of a -^th of a 

de gree centigrade. 

The gradation of density could therefore cause a distinct effect if the beam of light 

had an odd number of paths between the disks ; but since there are in our case an odd 

number of reflexions, and therefore an even number of paths, with the beam laterally 

inverted at each reflexion, the effects must very nearly compensate each other. 

If by reason of some want of symmetry there was on the whole a centimetre length 

of path uncompensated by a laterally inverted portion elsewhere, the corresponding 

retardation due to gradation of density would be a millionth of a centimetre, causing 

an irreversible shift of -5-0-th of a band. This cause may therefore account for part 

Y 2 
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of the residual irreversible shift observable at high speeds, when all kinds of 

mechanical and thermal disturbance have been apparently eliminated. 

TJie question of Electrification. 

Although it must now be taken that such masses of matter as we had been dealing 

with are incompetent to disturb the ether in a rotational manner (for, as has been 

emphasised in the previous memoir, irrotational motion of a single-valued kind could 

not be detected by interference or any other optical experiments, since such motion 

in no way affects either the path or the speed of a ray), and although further it has 

nov^ been shown that the conveyance of a magnetic field by moving matter confers 

no power of gripping the ether, yet it was thought possible that electrification might 

do it; because an oscillatory charge certainly radiates wave motion into the ether. 

And although radiation is not any knowir kind of mechanical disturbance, but is 

concerned with the ether’s electrical properties, and need not necessarily involve any¬ 

thing analogous to etherial viscosity even in the neighbourhood of matter, 3mt it was 

thought possible that electric charge, being as it were the connexion between ether 

and matter, might confer upon a matei’ial body some power of gripping and rotation- 

ally carrying forward the ether in a C[uasi-viscous manner. At any rate, whatever 

reason could be urged for or against such a connexion, it was desirable to bring it to 

the test of experiment and superpose an electric field u])on the moving disks. 

The natural plan for electrifying the disks would seem to be to make one of the 

disks positive and the other negative, but after consideration it was found impractic¬ 

able to insulate the existing disks satisfactoril}"; and a third disk half way between 

the other two was contemplated. This might possibly' have been stationary and 

independently supported, but some preliminary experiments with a plate thus held 

sliowed that in the draught of air it developed some warmth and interfered with the 

Fig. 7. 

Avrangement of tlie insnlatecl steel disk between the oilier two, showing the mode of electrical 

connexion, witli an axial stud touching a Voss machine terminal. 

fringes ; so a rotating disk, clamped in insulating washers between the other two, 

was decided on, and made as shown in fig. 7. The new disk was made an inch 

smaller in diameter than the others, but otherwise it was just like them. Connexions 

were arranged through insulating holes for the supply of electricit}" near the axle 
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while spinning-, and with a Voss or Winishurst machine a constant succession of sparks 

could be maintained from the middle insidated disk to the earthed outer ones. These 

sparks were about halt an inch long, and were sharp and clear ; they usually occurred 

from its rounded edge, but sometimes from its flat surface, which on account of the 

bevel was slightly nearer the other plates than the edge was. It may be taken that 

the difference of potential concerned was not far short of 40,000 volts., and that the 

electric tension was about as much as common air can stand. 

The interference bands could now’ be seen bisected by the middle disk, and usually 

either the upper or the lower half was used for an observation, the positions of the 

bands close to one of the plates being specially Avatched, especially at and before each 

spark, Avhile the disks Avere revolving at 2800 a mi]iute and the light going three 

times round. 

One of the latest arrangements of tlie optical pai'ts, on the opposite walls of a room, so as to be unclis- 

tnrbed by tbe force or beat of the blast from the disks revolving in the middle of the room. 

L is the electric lamp; C, the collimator; T, the double micrometer telescope ; and S the double 

boiler-plate screen to protect the observer; M is the semi-transparent plate, and the light i.s 

indicated going three times round a rectangle, with ]ia]’t of its course between the disks. The 

whole is drawn to scale, the diameter of disks being- 3 feet, or nearly 1 metre. 

The experiments Avere chiefly done in Februat-y, 1894, and the bands Avere broad 

and clear. There Avas a trace of irreversible shift A\'hen the disks Avere spinning, but 

its amount was quite independent of the direction of rotation, and there Avas not the 

slightest difference Avhether the plates Avere electrified or not. 

The path of light in this set of experiments was the long oblong Avith tAvo of its 

sides betAveen the disks as already briefly mentioned. The mirrors Avere supported 

on opposite Avails of the room, and a diagram of the arrangement is annexed (fig. 8), 

the light being sent three or more times round the oblong. 

With this plan, alternate light paths go betAveen the disks, and accordingly the 

density-gradient-effect, if any, is uncompensated. A very narroAV beam Avas used, 

however, and the effect is demonstrably small, though it probably accounts for the 

irreversible shift observed. 
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There was not a wink when the sparks occurred, whatever the speed. The test 

for electrification effect is easy, because the charge can be switched on and off while 

in a state of steady spin, and the slightest difference would be observed. There is 

certainly no perceptible effect. 

When the disks were slowed down and nearly stopped, there was the old temporary 

flickering of the bands, but this had nothing to do with electrification, it Avas merely 

irregular warmth in the air. 

We tried also a couple of Leyden jars with their outer coats connected to the 

disks, so as to get strong “B” sparks between them (see ‘ Proc. Roy. Soc.,’ 1892, 

vol. 50, pp. 4 and 18), but still there was no effect. 

Without further delay I conclude that neither an electric nor a magnetic transverse 

field confers viscosity upon the ether, nor enables moving matter to grip and move it 

rotationally. 
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VII. An Attempt to Determine the Adiahatic Relations of Ethyl Oxide. 

By E. P. Perman, D.Sc., W. Ramsay, Ph.D., LL.D., F.R.S., and J. Rose-Innes, 

M.A., B.Sc. 

Received November 6,—Read December 10, 1896. 

The object of the research described in this Memoir is the determination of the 

behaviour of ether, in the state of gas, approaching towards the state of liquid, when 

no heat is communicated to it, so that its condition is altered adiabatically. Some 

experiments have also been made on liquid ether, an account of which we append. 

After several proposals, depending for their success on the sudden expansion of the 

substance, so that it might cool without sensible entrance of heat, recourse was had 

to a modification of Kundt’s process, whereby the velocity of sound in the liquid 

or gas is ascertained. The material for research, pure ether, was prepared and dried 

as already described in a paper by Dr. Young and one of the authors (‘Phil. Trans.,’ 

A, 1887, p. 57, et seq.). It had a constant boiling-point, identical with that already 

given. 

The experiments were carried out by Edgar Perman and William Ramsay 

during the Session 1891-1892. Various attempts were made to deduce from the 

results, by a graphical method, the true position of the curves representing the 

adiabatic expansion of the gaseous ether, but with small success. At a later date, 

J. Rose-Innes examined the figures contained in the tables annexed, and making 

use of the fact that, without serious error, the isochoric lines, as in the case of 

isothermal expansion, may be regarded as straight, contributed the mathematical 

treatment given in Section 5. 

For want of sufficient knowledge of the thermal data for liquid ether, a similar 

treatment has not been found possible; but it is the opinion of the authors that the 

experimental data should be published, inasmuch as they may be found in future to 

afford a means of determining the adiabatic relations of a liquid, of which the 

behaviour in the state of gas is now obvious. 

I. Apparatus Employed. 

The pressure apparatus. A, was the same as that employed in the former research, 

but important modifications had to be made, so as to render it fit for its present 

purpose. 
31.5.97 
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between 100° and 130°; bromobenzene, givdng a range of 130° to 150°; aniline, 

of 160° to 180° ; and quinoline, of 180° to 200°. Observations were always made 

at even temperatures, the pressures being adjusted so as to cause the liquid to give 

oh vapour of the temperature recpired—100°, 110°, 120°, &c,, up to 200°. 

The method of filling the tube also requires description. First, as regards the 

powder introduced to show the wave-lengths of the vibrating gas. In air and similar 

gases, lycopodium dust gives the most distinct figures ; but it is a resinous substance, 

and hence it was not possible to place it in contact with ether. After many trials of 

magnesia, alumina, precipitated silica, &c., a quantity of somewliat impure silica was 

prepared, by fusing glass with carbonate of sodium and potassium, and treatment 

with hydrochloric acid ; this gelatinous silica was not very well washed, but was 

dried in a somewhat Impure state, containing a trace of common salt. It was 

ignited, and fritted together to rough lumps. These were powdered in an agate 

mortar, and sifted through gauze. The small fragments of microscopic size were 

approximately spherical, and fiowed easily, not adhering to each other. Pure silica 

is too dusty ; sand is too large-grained, or, if powdered, too angular; to obtain the 

best results the grains should be round and not too small. 

A sufficient quantity of such sand was introduced into the experimental tube ; its 

open end, A (fig. 3), was then sealed to a bulb, B, of the form shown in the woodcut; 

and the tube at the seal was drawn out into a wide capillary, C. Ether was placed in 

the bulb, and the open end, D, was then ccmnected with a water-pump, and the bulb 

was exhausted. The ether began to boil and expelled air from the bulb. By admitting 

air, ether entered the experimental tube, A ; and the hidb was again exha,usted and 

then sealed at E. The amount of air was then reduced to that dissolved in the 

liquid ether. The experimental tube was next warmed, so as to boil the ether it 

contained ; the vapour rushed up, driving pistons of liquid before it, and condensed 

in the bulb, which was artificially cooled. After about ten minutes, all possible air 

had been expelled from the tube into the bulb. On gently warming the bulb, B, 

and cooling tlie tube, A, liquid ether entered, and the absence of air was certain, 

inasmuch as the ether closed up rapidly and completely, no trace of a bubble being 

left in the tube. If even a small bubble were left, dissolvino’ in the etlier on its way 

up tlie sloping tube, the operation was repeated. The silica during this operation 

usually found its way into the bulb D (fig. 2) at the end of the experimental tube. 

The tube was again warmed so as to expel ether. And here arose a difficulty. 

It was necessary to guess at the quantity of ether which was required. Usually, 

the experiments were adjusted to suit the particular quantity which accidentally 

remained. But with a little practice it was found possible to leave in the tube 

approximately the amount required. The capillary junction, C (fig. 3), between the 

experimental tube and the bulb was then sealed, leaving a thin tail of glass. The 

silica was then sliaken out of tlie bulb of the experimental tube (see fig. 1, G, and 

fig. 2, B) into (he tube itself, and distributed along its length as evenly as possible 
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and the experimental tube was then screwed into the pressure apparatus by means 

of the iron cap for the purpose. 

It was found that if mercury entered the space between the rod, D (tig. 2), and 

the internal wall of the experimental tube, A, it could not be removed by tapping, 

after the apparatus had been set up ; and also that it interfered with the vibrations 

of the rod. Hence it was necessary to take precautions to prevent mercury entering 

the tube so far as to touch the end of the rod. 

Fig. 2. 

The experimental tube having been placed in position in the pressure apparatus, 

and the cap tightly screwed on, the temperature was raised to a given point, 

determined by the amount of ether left in the tube ; tlie pressure was then raised by 

turning the screw of the pressure apparatus A (fig. l), and when the end of the screw 

came in contact with the drawn-out capillary end of the experimental tube, C (fig’. 3), 

whicli is there shown unsealed, it broke it. It was necessary so to regulate the 

temperature of the ether that only a little escaped when the capillary end was 

broken. If the pressure in the interior were too great, too much ether escaped ; it 

too small, cold mercury entered, and came in contact with the internal rod. After 

some ])raciice it was found possible to arrange the apparatus successfully nearly every 

z 2 
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time. During the breaking of the capillary point, the whole apparatus was tilted, so 

as to incline the experimental tube. The pressure was then raised so as to cause 

some mercury to enter the tube, which was then placed in a nearly horizontal 

position. By tapping, the silica was made to flow down, so as to form an evenly 

distributed layer in the experimental tube; the temperature was then finally 

adjusted, and after placing the mercury at a given mark on the tube, experiments 

were begun. At the temperature chosen the ether was wholly gaseous. On rubbing 

the projecting rod, the ether gas vibrated, and the silica arranged itself in heaps, 

which, wdien the ether gas wars at its greatest volume, amounted to over thirty in 

number. They w'ere, for the most part, regularly distributed. A millimetre scale 

etched on a slip of mirror, JK (fig. 1), wus laid below^ the experimental tube, and 

the distance between the heaps was read. But instead of reading the actual position 

of all the heaps an average was taken in the followdng manner:—Suppose the total 

number of heaps to be 30 ; the 1st and 27th were read ; the 2nd and 28th ; the 3rd 

and 29th ; and the 4th and 30th ; and, dividing by the total number read, four 

averages w^ere obtained. These usually agreed with each other to within 0'5 per cent. ; 

the mean of all four was taken as the true wave-length. 

The middle of each heap of silica wus taken as most easily read. The silica could 

hardly be said to form “heaps”; it distributed itself in streaks of varying length 

across the tube, each set of streaks forming an oval-shaped patch, of which the 

middle point could be estimated with fair accuracy. 

The volume of the gas w^as then diminished, and another set of readings taken in 

a similar manner. The mercury entering the tube covered up a portion of the silica ; 

but on again increasing volume it flowed away, leaving the silica as before. This, of 

course, made it difficult, if not impossible, to determine accurately the volume 

occupied by the ether gas ; for the volume of the silica wms an uncertain quantity. 

But the whole amount of silica wms very small, certainly not amounting in volume to 

0*5 per cent, of that of the ether. To compensate for this error, by one in the 

opposite direction, no correction was made for the increase in volume of the tube on 

rise of temperature. The error thus introduced is about the same order of magnitude 

and opposite in sign to that involved by neglecting the volume of the silica, and 

hence the two errors may be taken as compensating each other to some extent. 

iMoreover, the volume of one gram of ether at definite temperatures and pressures 

had been determined by Dr, S. Young and one of the authors ; and it wms necessary 

to know the actual volume merely for the purpose of deducing the weight. 

The volume of the gas was successively decreased, and observations made similar 

to those described. The temperature having been raised by increasing the pressure 

on the boiling liquid, a fresh set of observations w'ere made. It wars necessary, 

hov/ever, wdrenever the jacketing vapour w'as changed, to refill the tube, because the 

contraction of the ether, owdng to its condensation, brought the mercury into contact 

with, the rod, and filled the space between it and the inner wnll of the experimental 
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tube. This, of necessity, made the experiments somewhat tedious and difficult; but 

we venture to think they are as accurate as the method allows. 

11. Method of Ascertaining the Weights of Ether Employed. 

For each set of experiments with a single jacketing vapour, the tube had to be 

specially ffiled with ether. This involved a ditferent weight of ether each time, it 

was necessary to know the weight, in order to calculate the volume occupied by 

1 grm. of the vapour. 

To ascertain the weight, the volume at any given pressure and temperature was 

ascertained from an isothermal diagram showing from previous experiments, by 

IIamsay and A^oung, the relations between volume, temperature, and pressure. From 

this the weight was calculated at each different volume. All the results thus obtained 

were averaged, and the mean results accepted as the weight. 

To take an instance :—At the temperature 140° C., the actual observed volumes 

and pressure were found as in the first two columns. The volume of 1 grm., corre¬ 

sponding to the pressure in each case, is given in the third column, and is taken from 

the Memoir referred to ; and the weight, calculated from the volume of 1 grm., is to 

he found in the fourth column. The mean result of all these determinations was 

taken as the true weight. The volumes of 1 grm. were then calculated by dividing 

each observed volume by the mean weight. The details of one s^t of observations are 

given in the following table :— 

Temperature 140° C. 

Pressure. Actual volume. 
Volume of 1 grm. 
(from diagraui). Weight. Corrected volumes. 

Miiliius. 
' 4586 2-279 67-60 -03371 67”29 

5070 1-973 60-25 -03275 58-26 
5649 1-791 53-00 -03379 52-88 
6394 1-552 45-80 •03388 45-82 
6798 1-433 42-60 •03364 42-31 
7290 1-315 39-00 •03371 38-81 
7830 1-197 35-75 ■03348 35-34 
8725 1-079 31-10 ■03470 31-86 
9487 09615 27-80 •03459 28-39 
9912 0 9027 26-20 •03445 26-95 

Similar sets of observations at other temperatures with the same ether were 

taken, and from them the mean weight was ascertained. But it frequently 

happened that the results at one temperature did not coincide with those at 

another. It must be remembered that the tube lay horizontally, and that on tilting 

it, after a set of observations had been made, more ether wmuld escape up the tube. 

For the hot mercury in passing down gasified ether remaining in that portion of 



174 DR. E. P. PERM AN, DR. W. RAMSAY, AND MR. J. ROSE-INNES, 

the experimental tube which was inside the pressure apparatus, and the result was 

that the ether was almost invariably increased somewhat in amount at the higher 

temperature. Thus, in the above case, calculation of weight at 130° G., 140° C., 

and 150° C., gave the following numbers as means :—0'03246, 0'03387, 0'03174, 

the individual results agreeing as closely as those in the preceding table. Each 

temperature was therefore treated on its merits, and unless no alteration in weight 

had been proved to occur on changing temperatui'e, the calcadations were made 

on the basis of measurements at different volumes and pressures at the same 

temperature. 

III. Determination of the Frequency of the Yibrating Rod. 

Ten sets of experiments were made in order to ascertain accurately the wave¬ 

length in air of the note given bj^ the glass rod. The mean result of each is 

here given ; the temperature was 15'5° C. 

L IT III. IV. V. VI. VII. VIII. IX. X. 
19-4 19-5 19-2 19-2 19-3 19-44 19-22 19-71 20*05 19*33 

Mean 19*46 millims. 

From these results the number of vibrations per second of the rod may be calcu¬ 

lated by the formula 
n = V/\. 

The velocity of sound in air was taken as 33253 centims. per second at 0° C. 

(‘ Encyc. Brit.,’ Article Sound). The wave-length at 0° is 18'93 millims. Hence 

n — 17,566 per second. The note was a shrill squeak. 

The close agreement of the values for the wave-length quoted above seems to 
show that the accidental sources of error are here only trifling; and they may 
be considered as practically eliminated from the final mean value. But it is still 
possible that there may be some constant source of error affecting all the experiments 
equally ; thus it is well known that the wave-length in gases is affected by the 
diameter of the tube, and this effect may become quite noticeable if the tube is 
narrow. It is not likely that such an effect really existed in the above experiments, 
for though the tube was rather narrow, the pitch of the note was exceedingly high. 
But it was thouglit as well to make quite cei'tain, and a set of experiments was 
carried out to test the accuracy of the value of n obtained. 

(1.) Confirmatory Experiments until Hydrogen. 

The velocity of sound in hydrogen has been made the subject of investigation by a 
large number of experimenters, some of vdiom used tubes sufficiently wide to obviate 
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all possibility of any marked friction effects occurring. The final result of such 

experiments is that the velocity of sound in hydrogen is to the velocity in air at 

the same temperature as the square roots of the specific volumes. Now the mean of 

nine readings with hydrogen, at ]7’5° C., gave 7’3r) centime, as the wave-length for 

the note of the vibrator. Taking the density of air as compared with liydrogen 

to be 14'47, this gives n — 17,526 per second as the frequency of the vibrator. 

(2.) Coiifirmatorij Experiments ii'ith Argon. 

Experiments were made lay one of the authors on the velocity of sound in argon ; 

these experiments were originally undertaken to determine the value of the ratio of 

the specific heats for argon, but as some observations were carried out with the 

actual tube described above, they can be used for our present purpose. The following 

are the measurements observed .— 

Mean of 40 readings in original tube with argon at 17'5° C. 

0° M 

Mean of C readings in wider tube with argon at 6 o° C. 

0° 
?5 >) >) 

Mean of 5 I’eadings in wider tube with argon at 8'64° C. 

Me.an of 11 readings in wider tube with argon at 1I'49° C 

Mean of 5 readings in wider tube wdth air at 0‘7° C. 

0° 

Mean of 5 readings in wider tube with air at 7'22° C. 

0° 15 

iMean of 11 readings in wider tube with air at 11'2° C. 

I'SOS centims. 

1-753 

3-1 centims. 

3-064 

3-131 centims. 

3-083 

3-168 centims. 

3-103 „ 

3 373 centims. 

3-332 „ 

.3-41 centims. 

3-366 

3-423 centims. 

3-355 „ 

From these numbers we easily find that the mean wave-length at 0° in the wider 

tube is for argon 3‘083 centims., and for air 3-351 ; this gives us n — 17,452 in the 

original tube. 

(3.) Confirmatory Experiments with the Phonograph. 

An attempt was made to discover the number of vibrations emitted per second by 

the rod with the aid of a phonograph. Such an experiment, if it could have been 

carried out, would have been extremely valuable as affording a direct determination 

of the frequency required. Unfortunately, the sound produced by the vibrator was 

too feeble to make a distinct impression upon the wax cylindei’. A long tube of the 

same kind of glass was, therefore, taken, and this produced a much graver and 
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Stronger note, capable of leaving a distinct trace upon the wax ; the experiment was 

also repeated with a shorter tube. The following results were obtained ;— 

Length. 
i 1 

No. of points in 
one revolution. 

millims. 
Tube No. 1 . . 1.5.5-59 766 1 

„ 2 . . . 100-0-2 1190 
' 

A tuning-fork, of frequency 1024, was found to leave 232 imjiressions in one revo¬ 

lution. This gives as the velocity of sound in tins particular kind of glass 263,000 

and 262,700 centims. per second for the two tubes respectively. 

We may take the mean, 262,850 centims. per second, as the velocity of sound in 

the glass rod, and this assumption, though we have no guarantee of its exact truth, 

is unlikely to introduce any serious error. We then find that a rod 28'3 centims. 

long will emit 18,578 vibrations per second, and this number may be accepted as 

giving roughly the frequency of the glass rod when performing free vibrations. In 

the actual apparatus used, the rod was sealed on to a glass tube, near its middle, and 

this may well have had the effect upon it of a rider on a tuning-fork, and lowered the 

tone. The test in the present case is, therefore, only a rough one, but it has some 

value all the same, as it shows that the dust-heaps observed in all these experiments 

were really due to the vibrations of the fundamental note in air, and not to the 

higher harmonics in the glass. 

It was decided upon the whole to adopt the value of 7i, derived from the experi¬ 

ments with air, as there is less manipulation required in this case, and, therefore, less 

liability to experimental error. By comparing the experiments with air, hydrogen, 

and argon, it will be seen that the value of the frequency is uncertain, to an extent 

of about I per cent. ; but it will be shown later on that the particular manner in 

which this constant enters into the equations renders the uncertainty of far less 

importance than might [it first appear. 

IV. Calculations of the Adiabatic Elasticity. 

Having ascertained the volume of 1 grm. corresponding to each pressure and 

temperature observed, and having also found the corresponding mean wave-lengths, 

the velocity of sound in the ether-gas was calculated by the formula — 

V = nX, 

where V is velocity, n the number of vibrations per second, 17,56(), and X the wave¬ 

length. The following results were obtiiined : — 
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•vr 1 j. Wave- (Velocity 
-r, Volume ot , ,i • ■ rressure. t lengtli in in centims. 

1 ffrm. -7,. 
° inillims. per second)-. 

1 
Temperature 100" C. 

3,93-2 71-22 11-41 4-0174 xl0« 1 
4,T61 55-97 11-08 3-7884 ! 
4,422 61 67 11-00 3-7338 j 
4,843 52--20 10-94 3-6933 
4,876 50-35 10-88 3-65-28 
4,921 Condensed. 

Temperature 110° C. 

4,089 69-49 11-54 4-1190X 
4,629 60-17 11-41 4-0175 
5,016 54-66 11-36 3-9823 
5,289 50-93 11-14 3-8296 
5,609 47-32 11-04 .3-7611 
5,905 43-70 11-04 3-7611 ;1 
6,080 40 08 10-67 3-5131 1 
6,100 Condensed. 

Temperature 1-20° C. 

4,232 69-50 11-87 4-3478 X 10« t 

4,803 60-26 11-65 4-1882 ! 
5,218 54-62 11-47 4-0597 ^ 

i 5,833 47-32 11-25 3-9054 i 
; 6,196 43-71 11-37 3-9892 'i 

6,623 40-09 10-97 3-7136 , 
7,073 36-50 10-71 3-5396 i 
7,301 34-70 10-60 3-4673 ii 
7,452 32-91 10 75 3-5661 
7,579 Condensed. 

Temperature 130° C. 

4,378 70-51 12-08 4-.5031 X 10« 
4,965 61-06 11-98 4-4-288 ! 
5,389 5542 11-49 4-0739 ; 

; 6,073 48-01 11-85 4-3.332 ' 
6,447 44-34 11-25 3 9054 fj 
6,900 40-67 11-25 3-9054 
7,424 37-03 11-34 3-968-2 f 

1 8,001 33-39 10-85 3-6327 P 
8,299 31-57 10-41 3-36.33 ! 

i 8,683 29-75 10-22 3-2231 !' 
9,331 Condensed. 1 i 

Second tilling. Bromobenzene jacket. 
Temperature 130° C. 

4,317 70-22 12-06 4-4882 X 10« 
4,940 60-80 11-88 4.3552 

: 5,366 55-26 11-71 4-2314 
6,061 47-81 11-43 4-0315 
6,432 44-16 11-26 3-9124 

- 6,883 40-50 11-29 3-9332 
7,419 36-88 10-86 3-6394 
7,971 33-26 10-58 3-4542 
9,073 29-62 10-37 3-3184 

i 9,272 27-81 10-30 3-2738 
i 9,445 Condensed. 1 

! 

Pressure. 
Volume of 

1 grm. 

Wave¬ 
length in 
millims. 

(Velocity 
in centims. 

per second)'. 

Temperature 140° C. 

4,586 67-29 12-28 4-6534 X 10^ 
5,070 58-26 12-14 4-5479 
5,649 52-88 11-90 4-3699 
6,394 45-82 11-73 4-2459 
6,798 : 42-31 11-67 4-2025 
7,290 38-81 11-53 4-1023 
7,830 . 35 34 11-48 4-0668 
8,725 . 31-81 11-00 3-7338 
9,487 28-39 10-62 .3-4883 
9,912 26-65 10-56 3 4410 

10,373 24-92 10-44 3-3633 

Temperatui-e 150° C. 

4830 ' 65-61 12-37 4-7218 xlOS 
5,451 56-81 12-23 4-6156 
5,930 51-56 1-2-14 4-5479 
6 685 44-67 11-94 4-3992 
7.147 41-26 11-92 4-3846 
7,632 37-84 11-57 4-1308 
8,422 34-46 11-44 4-0386 
9,281 31-07 11-21 3-8778 

10,098 27-68 10-83 3-6193 
11,074 24-29 10-75 3-5661 

Third filling. Bromobenzene jacket. 
Temperature 140° C. 

10,898 2.3-00 10-06 3-1230 xl0« 
11,.550 21-20 9-87 3-0061 1 
11,618 20-90 9-.59 2-8439 1 
11,675 20-75 9-70 2-9034 

1 

Temperature 150° C. 

11,401 22-80 10-55 3-4346 X 108 
12,469 19-80 10-14 3-17-29 

Fourth filling. Fresh ether. Aniline jacket. 
Tempei-ature 150° C. 

5,483 57-10 1 12-28 4-6534 X 108 
6,733 44-88 ! 12-00 4-4436 
7,627 38-88 11-67 4-2025 
8,657 32-94 11-43 4-0315 

10,081 27-04 11-06 3-7746 

Temperature 160° C. 

5,719 56-39 12-43 4-7677x108 
7,051 44-32 12-03 4-4659 
7,973 38-40 11-89 4-3624 
9,048 32-53 11-78 4-2822 
9,41.3 26-70 11-33 3-9612 

MDCCCXCVII.—A. o A 
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Pressure. 
Volume of 

1 grm. 

Wave¬ 
length in 
millims. 

(Velocity 
in centims. 

per second)^ 

Fifth filling. Aniline jacket. 
Temperature 170^ C. 

18,195 12T3 9-14 ! 2-5779 X 10« 
18,649 11-48 8-56 2-2611 
19,112 10-83 8-08 2-3249 
19,191 10-05 7-97 1-9602 

Temperature 180° C. 

19,339 12-04 9-30 2-6689 X 10^ 
20,596 10-42 8-59 2-2769 
21,471 9-46 8-26 2-1054 
22,481 8-20 7-42 1-6990 
22,533 7-57 7-55 1-7590 

Temperature 185° C. 

19,756 12-06 9-52 2-7903 X 10« 
21,177 10-44 8-80 2-.3896 
22.135 9-48 8-30 2-1258 
23,267 8-21 7-74 1-8486 
23,847 7-58 7-37 1-6380 
24,305 6 96 6-90 1-4692 
24,368 6-33 6-65 1-3646 

Sixth filling. Aniline jacket. j 
Temperature 150 C. | 

7,845 37 07 12-23 4-6156x10^ 
8,893 32-10 11-27 3-9193 ! 
9,578 29-13 11-00 3-7338 1 

10,626 25-24 10-64 3-4934 
11,232 23-31 10-37 3-3184 ; 
11,884 21-38 10-28 3-2610 ; 
12,025 19-47 10-25 3-2420 i 

13,371 17-55 9-67 2-8856 i 
13,687 16-60 9-58 2-8321 

Temperature 170° C. 

8,509 36-95 11-94 4-3992 X lO"^ 
9,526 31-99 11-83 4-3185 

10,276 29-04 11-55 4-1165 
11,477 25-16 11-15 3-8363 
12,890 21-31 10-90 3-6663 
14,656 
19,246 

17-50 
Condensed. 

10-39 3-3313 

Temperature 180° C. 

8,755 37-35 ■ 12-27 i 4-6467 
9,854 32 35 12-12 ; 4-53-28 

10,644 .30-04 11-78 j 4-2822 
11,893 25-44 11-44 ! 4-0386 
13,398 21-.55 11-25 i 3-9054 
14,268 19-62 11-12 1 3 8157 
15,294 17-69 10-71 3-5396 

Pressure. Volume of 
1 grm. 

Wave¬ 
length in 
millims. 

(Velocity 
in centims. 

per second)h 

Seventh filling Quinoline jacket. 
Temperature 18.5° C. 

19,650 12-27 ' 9-26 2-6460 X 10^ 
21,056 10-63 8-75 2-3626 
21,914 9-65 8-32 2-1360 
22,488 9-00 7-91 1-9308 
22,671 8-36 8-92 1-9848 
23,281 7-72 7-63 , 1-7964 

Temperature 190° C. 

20,119 12-44 9-51 2-7908x10^ 
21,.583 10-77 9-06 2-5330 
22,613 9-77 8-52 2-2400 
23,904 8-47 7-96 1-9552 
24,530 7-82 7-64 1-8012 
25,028 7-17 7-35 1-6671 
25,478 6-53 7-00 1-5121 
26,372 5-89 6-76 1-4102 

Temperature 193-8° C. 

20,495 12-42 9-65 2-8736x108 
22,085 10-75 9-17 2-5948 
23,107 9-76 8-90 2-4443 
24,466 8-45 8-21 2-0799 
25,205 7-81 7-86 1-9064 
25,904 7-16 7-50 1-73.58 
26,235 6-52 7-17 1-5864 
26,860 5-88 6-92 1-4777 
27,302 4-92 6-14 1-1633 
27,357 4*60 6-31 

-.0 
CO

 

Temperature 195° C. 

20,613 12-42 9-75 2-9334 x IQS 
22,188 10-88 9-24 2-6346 
23,260 9-76 8-90 2-4443 
24,679 8-45 8-83 2-0952 
25,315 7-81 7-91 1-9308 
26,583 6-52 7-22 1-6086 
27,144 5-88 7-04 1-5294 
27,518 5-24 6-74 1 4018 

Temperature 200° C. 

21,056 , 12-81 ! 9-98 3-0735 X 108 
22,739 11-09 9-47 2 7674 
23,806 10-06 9-12 2'5666 
25,252 8-72 S-.39 2-4498 
26,024 1 805 8-62 2-29-29 
26,707 ' 7-39 7-99 1-9700 
27,438 , 6-73 7-69 1-8249 
28,082 6-06 7-50 1-7358 
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Pressure. 
Volume of 

1 grm. 

Wave¬ 
length in 
millims. 

(Velocity 
in centims. 

per second)®. 

Ei Q^litli filling. Saturated vapour. 
Temperature 190° C. 

26,030 5-577 6-79 1-4227 Xl0« 
26,026 4-830 6-75 1-4060 

Temperature 193-8° C. 

27,538 5-577 ! 6-35 1-2433 X 108 
27,595 4-830 6-26 1-2092 
27,595 4-383 6-09 1-1445 
27,595 4-088 6-23 1-1977 
27,646 3-798 6-22 1-1938 
27,584 3-508 636 1-2482 
27,584 3-217 6-55 1-2938 
27,674 2-929 6-63 1-3564 
27,758 2-929 7-07 1-5424 
28,291 2-785 8-50 2-2295 
29,722 2-641 10-45 3-3699 

Temperature 195-15° C. 

27,949 5-577 6-48 1 -2957 X108 
28,147 4-830 6-13 1-1452 
28,233 4-383 5-95 1-0925 
28,258 4-088 5-85 1-0561 
28,288 3-798 5-60 0-9677 i 
28,389 3-508 5-47 0-9-233 

1 

Temperature 193-8° C. 

27,441 5-577 6-35 1-2443 X 108 
27,605 4-830 6-37 1-2521 
27,553 4-383 6-27 1-2131 
27,553 4-088 6-21 1-1900 
27,553 3-798 6-41 ] -2679 

Liquid. 

27,5.53 3-798 6-08 1-1407x108 
27,553 3-508 6-25 1-2054 
27,553 3-217 6-31 1-2287 
27,580 2-929 6-65 1-3646 1 

27,627 2-856 6-75 1-4060 1 

27,958 2-785 7-93 1-9405 ; 
28,415 2-713 8-22 2-0850 i 

28,817 2-641 9-15 2-5835 
! 29,702 2-584 10-06 3-1230 

Pressure. 
Volume of 

1 grm. 

Wave¬ 
length in 
millims. 

(Velocity 
in centims. 

per second)®. 

1 

1 
1 

Temperature 195-15° C. 

; 27,888 5-577 6-49 1 2997 X108 
i 28,140 4-830 6-38 1-2561 

28,166 4-383 6-19 1-1824 
28,195 4-088 6-02 1-1183 
28,206 3-798 5-44 0-9132 
28,222 3-508 5-26 0-8538 
28,275 3-362 
28,337 3-217 
28,598 3-073 
28,857 2 9-29 
29,253 2-856 
29,679 2-785 
30,358 2-713 

Tempei-ature 195-15° C. 

28,235 3-362 5-24 0-8173x108 
28,278 3-217 5-57 0 9574 
28,337 3-073 5-80 1-0381 
28,598 2-929 6-99 1-5078 
28,857 2-856 7-62 1-7918 
29,253 2-785 8-54 2-2506 
29,679 2-713 8-70 2-3357 
30,358 2-641 9-72 2-9155 

Temperature 195-15° C. 

27,968 5-577 6-45 1-2838x108 
28,137 4-830 6-07 1-1370 
28,165 4-383 5-92 1-0815 
28,207 4-088 5-72 1 0096 
28,223 3-798 5-49 0-9301 
28,223 3-508 5-18 0-8280 
28,311 3-217 5-42 0-9065 
28,625 2-929 7-06 1-5380 
28,892 2-856 7-51 1-7404 
29,158 2-785 8-50 2-2295 
29,649 2-713 8-97 2-4829 
30,225 2,641 9-91 3-0305 

Temperature 200° C. 

29,432 5-577 6-82 1-4353 X 108 
29,870 4-830 6-39 1-2600 
29,964 4-383 6-26 1-2092 
30,258 4-088 6-16 1-1709 
30,355 3-798 6-13 1-1596 
30,457 3-508 6-39 1-2600 1 

30,823 3-217 7-00 1-5121 

From these observations a set of isothermal curves was constructed, where was 

plotted against volume (see fig. 4). The results are not veiy concordant; some 

2 A 2 



180 T)R. E. P. PERMAN, DR. W. RAMSAY, AND MR. J. ROSE-INNES, 

Fig. 4. 

are altogether erratic, and this is to be expected, for it was not always possible so to 

rub the rod as to produce the required tone. A rod so placed is capable of many 

kinds of vibrations, and the particular rate of vibration, though the one most usually 

produced, may, by some difference in the method of rubbing, be I’eplaced by another. 
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But, on the whole, the resulting curves show good concordance. Where a number of 

curves such as these, differing from each other by regular intervals, is drawn, the 

position of each of them lends control to that of its neighbour, and a close approxi¬ 

mation to accuracy may be deduced from very unpromising material.'" 

These curves were then further utilized by reading off the values of for equal 

volumes, 70, 65, 60, and so on, at intervals of 5 down to volume 20 cub. centims. per 

grm., and at smaller intervals, viz., 17’5, 15, 14, 13 cub. centims. per grin., and so on, 

down to 4 cub. centims. per grm. at smaller volumes. 

From these numbers a second diagram was constructed, representing the values of 

\^]v plotted againsb temjDerature, the^lines being isochoric. These curves were 

observed not greatly to deviate from straight lines—:they intersected at small 

volumes. They would probably also intersect at larger volumes if produced.. It has 

not been thought necessary to reproduce this figure as it is virtually contained in 

fig- 4. 
The value of V'Vt’ is, of course, the same as the adiabatic elasticity, .and, like the 

isothermal elasticity, it has the dimensions of a pressure. It will be remembered 

that V was measured in centimetres per second, and v in cub. centims. per grm. 

Consequently, the elasticity, as calculated above, must be given in absolute units, or 

dynes per sq. centirn. It was found more convenient to change to pressures measured 

in millimetres of mercury, and this can be readily done by dividing all the foi’mer 

numbers by 1384’2. 

V. Mathematical Discussion of Preceding Kesults. 

We noticed above that for equal volumes the adiabatic elasticity is roughly a linear 

function of the temperature, and this fact seems to hold out some hope of bringing 

all the experimental results obtained under the power of analysis. An inspection 

of the diagram shows that the difference between the isochorals actually drawn and 

straight lines is no greater than the uncertainty due to experimental errors, so that 

as far as the direct evidence goes it is possible that the isochorals are really straight. 

Even if it should turn out on subsequent investigation that the isochorals are slightly 

curved, the treating them as straight lines may be considered as a first approximation 

to the truth, and as a justifiable simplification of a very complex problem. 

Let us call the adiabatic elasticity measured in millimetres of mercury E, then we 

may put 
E = ./T - h, 

where g and h are functions of the volume only. Now, it was shown by one of the 

authors, in conjunction with Dr. Sydney Young, that for constant volumes there is a 

* The cnrve.s actually given in fig. 4 have been calculated by meaius of the formula on p. 183; they 

are the smoothed version of a set of similar curves drawn to represent the actual observations. They 

agree with the observations better than the original free-hand curves. 
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linear relation between the temperature and pressure, so that we may put 

p = hT - a, 

where h and a are functions of the volume only (‘ Phil. Mag./ voh 23, p. 436). From 

these two equations it is possible to eliminate the temperature, and we obtain 

p — h + 
cja 
h • 

Thus we see that for constant volumes E may be expi’essed as a linear function 

of p ; the next step is evidently to find the value of g/h. For this purpose the 

isochoral diagram was employed; a straight edge was laid so as to pass as near 

as might be to the drawn points, and the slope of this edge was then determined ; 

this slope gave the value of g. To obtain h nothing more was needed than to use 

the values given in Pamsay and Young’s paper [loc. cit., p. 441). On calculating 

the value of gjb for various volumes, it was found to be nearly constant; such 

deviations as existed were not arranged in any orderly manner, but occurred some¬ 

times to one side and sometimes to another, as if fluctuatino’ about a mean value. It 

appeared as if gjh = 11/9 might be taken as a fair mean between all the values 

obtained. We may therefore put 

u 7 L 11 E = -j, - h + JO., 

and this leads to the equation 

V~ = 1631 — f{v), 

where /{v) is a function of v only. In order to determine the value of f{r), the 

above was written 
f{v) = 1631 jjy — Vh 

Keeping the volume constant, and changing the temperature, this equation gives 

values of_/(r) differing slightly from one another; the arithmetical mean was chosen 

as giving the value of f{v) for that particular volume. In this way /(?^) was deter¬ 

mined for a large number of volumes, and it was found that its values could be 

approximately represented by means of the empirical formula 

, 785,300,000 317,700,000 3,114,000,000 f{0 = —^55-jr,-- 

The above formula was selected from a large number that were tried, and it 

repjroduced the found values of f{v) fairly well, but it is not suggested as being 

anything more than an empirical formula. Unfortunately the Kinetic Theory of 

Gases is not sufficiently advanced to enable us to form any d prion notion as to 
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what form the function f{t') might be expected to have, so that we are perforce 

driven to employ an empirical formula. With a large amount of time and labour 

it might be possible to find a formula for f{v) simpler in character, and more exact 

in its results, but it did not seem worth while to undertake the amount of trouble 

involved in such a search. The formula can be successfully used for the purposes of 

interpolation within the field of observation, but any use of it for extrapolation would 

be hazardous. 

We may now write the equation for as 

785,300,000 . 317,700,000 . 3,114,000,000 
V-^ ^ 163 L pv-—---d-^- 

This formula has been obtained as the result of four consecutive approximations, 

and it is possible that each succeeding approximation has led us further from the 

facts. On the other hand, it is conceivable that the errors of the various approxi¬ 

mations have to a large extent neutralised one another. It was thought advisable 

therefore to test the above formula by calculating out the isothermals, and comparing 

them with the observed measurements. The result is shown in fig. 4 ; and it is 

easily seen that the calculated isothermals may be fairly taken as a system of smooth 

lines passing through the observed points. 

From the equation to we obtain 

or, 

17 E = yp 
785,300,000 
- — V 
1334-2 

, 317,700,000 
0.5 I 

- 1334-2 

,,,, , 3,114,000,000 
' _L -I' 

^ 1334-2 

dp 11 588,000 238,100 2,334,000 

Multiply by — and we get 

11, 27J _ °88,000 238,100 2,334,000 
^.25/9 

Integrating 

, 9 588,600 , 9 238,100 , 9 2,-334,000 

Hence, 

P - ^11/9 
/,: 1,324,000 , 214,300 1,313,000 

..5/3 + .7/3 + 

The constant k is a-t our disposal, and we may choose it so that the adiabatic shall 

pass through any assigned point. By giving a series of different values to k we obtain a 

system of adiabatic lines. We may get a convenient system by giving to k succes- 
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sively the values 710,000, 720,000, 730,000, 740,000, 750,000, 760,000 ; such a system 

is shown in fig. 5 ; the curves have been drawn for a great part of their length so 

as to exhibit to the eye their general shape, but only that portion of the system which 

is intersected by the drawn isothermals has been really investigated experimentally, 

mid can, therefore, be safely trusted. The adiabatic for h = 720,000 passes close to 

the critical point. 

t'ig. 5. 

The system of isothermals and adiabatics intersecting one another divides the plane of 

pv into a set of curvilinear parallelograms, such as that suggested in Maxwell’s ‘Theory 

of Heat’ (p, 156); and, if our interpretation of the experimental results is correct, 

it ought to be possible so to select the system of adiabatics that the areas of all the 

parallelograms are equal. The following thermo-dynamic investigation will sho\v to 

what extent this can be done. 
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Let us assume that the equation to the isothermals of a gas can be written in the 

form 
/> = 6T — a, 

where h and a are functions of the volume onl3^ Let us also assume that the equation 

for the adiabatic elasticity E can be put in the form 

E = pT - h, 

where g and h are functions of the volume only. Then, by eliminating T, and putting 

for E its value — ^that we have a linear differential equation for p of the 

first order, the independent variable being v. Idle integral of such an equation must 

be of the form 
p = 74 -j- y, 

where h is the constant of integration, while ip and y are functions of v only ; we see 

also that we must have i//'4 = — This equation determines a system of 

adiabatics by giving successively different values to I', and by taking two neighbouring- 

values, say k and h + dk, we obtain two adiabatics as near together as we please. Let 

Fio-. 6. 

now the pair of adiabatics be crossed by two isothermals at temperatures T and 

T -j- c7T, then the area of the infinitely small parallelogram formed must be inde¬ 

pendent of T by the Second Law- of Thermo-dynamics. 

Let ABCD in fig. 7 denote a magnified picture of this small parallelogram ; then. 

Fig. 7. 

b}- shearing the figure after the manner of Maxw-ell in obtaining his fourth thermo¬ 

dynamical relation {Joe. cit., p. 168), we obtain 

MDCCCXCVTI.—A. 2 B 
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area ABCD = increase of pressure when we pass from lower to higher adiabatic 

at constant volume. 

X increase of volume when we pass from higher to lower isothermal 

along adiabatic. 

Now, whatever the variations of pressure volume and temperature, they are subject, 

if small, to the relation 

Let us denote differentiation with regard to v by accents, then we may put this 

dj) = bdT -{-{h'T - a')dv. 

Also any adiabatic alteration will be subject to the relation 

dp — (^kxp' + y') di\ 

Hence, 

h dT + (//T - a') dv = {kx}j' + x') dv 

ch 

dT ;,- kf' + ^' + a' -¥T , .,P + kf + X + (I -b —p- 

W + x' + ft' \ + a) k lir' - + X + (x + ft) 

Therefore 

- xIj{v) 
dv 

\ftT/^ 

\ 

V 

;.■ ( -vlr I - ^ (x + ft) - X - a' 

Now this quantity is to be independent of T so long as we keep k unaltered, hence 

we have 

^b' <r'\ . V ,1b' f \ / . N X + ^' n • r. 7 1 

(v “ 4+) + SV (X + “) - "ST " ^ 

' ^ ft' 

This can only be the case if the expressions y, — — , (y + «) “ ^ d. 
■’ ^ b^ byjr ■ b-yp- ^ byp 

are 

functions of k only. But both these expressions, from their form, can be seen to be 

functions of v only ; hence they must be numerical constants. Let 

h'/lr — \p'/h\p = C, say. 
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then 
h'jh - C6 = f/t//. 

Substituting for “^7 write this 

l/jh -Cb= ~ g/bv, 

so that 

g = Cb'^v — b'v. 

As long as there is no assumption made about the connection between g and b, 

this equation simply gives g in terms of b. The adiabatics we have drawn, however, 

were the result of further assuming that gjb is equal to a constant; and if this 

condition is introduced, we find that the form of b is restricted. Let us denote 

by y, the constant value of gjb, theu 

b'jb^ + gjbH = C, or 5762 + yjbv = C. 

Put 1/6 = u, and we have 

(lujdv — yujx' = ~ C. 

This equation is easily integrated, and we obtain 

so that 

V + ev^ 

where E, and e are constants at our disposal. 

If we confine ourselves to volumes which lie between 70 and 4, the values of 6 may 

be roughly reproduced by means of the above formula, taking care to give suitable 

values to R and e. But if, in such a formula, we were to attempt to extrapolate to 

large volumes, the result would be that we should obtain values of 6 totally at 

variance with experiment. This shows us once more the need of restricting our 

formulae entirely to those portions of the field that have been experimentally 

investigated. 

Appendix. 

Experiments with Liquid Ether. 

In experimenting with liquid ether, the apparatus and method of working were 

similar in every respect to what has already been described. 

The volume of 1 grm. of the ether was, as before, not directly determined, but was 

2 B 2 
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inferred from a knowledge of temperature and pressure. It was more easy to obtain 

well-defined heaps of silica in the liquid than in the gas. 

The following results were obtained :— 

Pressure. 
Volume of 

I grm. 

W ave- 
lenglli in 
inilliras. 

(Velocity 
in centims. 

per second)”. 

Temperature 100” C. 

4,859 1-638 37-67 43-786 xl0« 
15,8.34 1-6225 38-20 45-026 
28,665 1-610 40-43 50-436 

Temperature 120° ( 

7,496 1-73.5 32-42 32-431 X 10? 
1.5,823 No data 33-50 34-707 
28,644 35-25 38-341 

Temperature 150° C. 

13,281 1-931 23-33 16-794 X 10? 
1.5,861 1-913 24-53 18-567 
18,5.50 1-903 25-00 19-285 
21,.59.5 1-894 25-47 20-017 
28,712 1-870 27-34 23-064 

• 

Temperature 175° C. 

19,998 2-218 15-27 7-195x10? 
21,625 2-208 15-61 7-519 
23,565 2-176 1664 8-544 
28,7.53 2-110 18-54 10-606 

Temperature ISo*^ C. 

23,356 2-490 10-93 3-686 X 10? 
24,677 2-424 12-52 4-859 
25,898 2-376 13-23 5-401 
27,250 2-330 14-42 6-416 
28,753 2-299 15-19 7-120 
30,431 2-262 15-97 7-869 
32,313 2-229 16-84 8-7.50 

1 
Pressure. 

i 

Volume of 
1 grm. 

W ave- 
lenjrtli in 0 
millims. 

(Velocity 
in centims. 

per second)’. 

j 

Temperj iture 190° ( 

25,074 2-730 8-.35 2-151x10? 
1 25,867 2-668 9-81 2 969 
1 27,250 2-546 11-61 4-159 

28,753 2-463 12-81 5-063 
,j 30,431 2-398 14-04 6-082 
- 32,313 2-342 15-18 7-110 

; 36,681 2-256 17-12 9-044 

1 Temj)erature 195° C. 

i 25,898 * 7-14 1 573 X 10' 
' 27,250 3-285 7-22 1-608 

28,753 2-779 9-58 2-832 
; 30,431 2-601 11-28 3-926 

1 32,313 2-501 12-79 5-047 
34,441 2-426 14-07 6-108 

: 36,681 2-366 1.5-31 7-233 
' 39,700 2-307 16-50 8-400 

Temperatui-e 200° C. 

: 30,431 3-282 8-20 2-075 X 10? 
i 32,313 2-803 10-28 3-261 
! 34,441 2-6.32 11-90 4-370 
1 36,681 2-520 13-46 5-590 

39,700 2-415 15-00 6-943 

Temperature 205° C. 

30,398 6-67 1-373x10? 
i 33,282 3-314 762 1-792 

34,409 2-931 9-84 2-988 
36,681 2-721 11-62 4-166 
39,658 2-565 13-13 5-319 

Temperature 210° C. 

32,282 * 7-10 1-555 x 10? 
1 34,409 3-535 7-88 1 916 
' 36,681 3-122 9-83 2-981 

39,658 2-788 11-57 4-131 

'IVeating these data as before, the isochoric lines for ^'^jv are found to be straight. 

The investigation was not pushed further, however, as the formulae involved appeared 

to be even more complicated than in the case of the larger volumes; but the above 

experimental data have been given for the sake of anyone who feels interested in the 

subject. 

* Volume not read; curve nearly boi'izontal. 
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VIII. On the Relation between Magnetic Stress and Magnetic Deformation in Nickel. 

Big E. Taylor Jones, D.Sc. 

Communicated by Professor Andrew Gray, F.R.S. 

Received January 13,—Read February 25, 1897. 

The object of the experiments described below was to determine how much of the 

contraction, which occurs in a nickel wire when magnetised, is due to stresses brought 

into play by magnetisation. This has been attempted by several experimenters, but 

it has been assumed by some that the magnetic stress concerned is a contracting stress 

of magnitude W'/Stt, an assumption which has only recently been shown to be 

unjustihable.'*' 

That the system of stresses in a magnetic held, described by Maxwell (“ Elec- 

tricity and Magnetism,” Art. 642) as explaining the observed forces between 

magnetic bodies, is not suthcient to account for the observed deformation of bodies in 

the held, is clear from the fact that these stresses increase continually with the 

magnetisation and held-strength, while the deformation in iron and cobalt becomes 

reversed when the field reaches a certain value. It can also be shown that 

Maxwell’s stresses would produce no change in the dimensions of a ring magnetised 

by a uniform circumferential field, whereas BidwellI has found considerable change 

both in the diameter and the volume of rings of iron. 

ITe theory of magnetic stress has, however, been extended, chiefly by v. Helm¬ 

holtz,! Kirchhoff,§ Professor J. J. Thomson, || and Hertz, ^ who have shown that, 

in addition to Maxwell’s distribution of stress, there are other stresses in a mag¬ 

netised body due to the fact that the magnetisation depends upon the strain in 

the bodv. 
A/ 

Hitherto no direct experiments have been made with the object of ascertaining 

whether these stresses, in addition to those of Maxwell, are sufficient to account 

for the observed deformation of bodies placed in a magnetic field. The facts that 

“ Villari reversals ” of opposite kinds exist in iron and cobalt, and also opposite 

reversals of magnetic deformation, and that in nickel (at any rate at moderate field- 

* C. Chree, ‘ Nature,’ January 23, 1896 ; H. Nagaoka and E. T. Jones, ‘ Phil. Mag.,’ May, 1896. 

t S. Bidwell, ‘ Proc. Roy. Soc.,’ vol. 55, p. 228 ; vol. 56, p. 94. 

X ‘ Wied. Ann.,’ vol. 13, p. 400, 1881. 

§ ‘Wied. Ann.,’ vol. 24, p. 52, 1885. 

II ‘Applications of Dynamics to Physics and Chemistry,’ p. 48, 1888. 

^ ‘ Ausbreitung der Elektrischen Kraft,’ p. 275, 1892. 

10.6.97 
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strengths) there is neither Villari reversal nor reversal of deformation, suggest that 

there is a close connexion between the two phenomena, and this general similarity 

between the effects of stress on magnetisation, on the one band, and magnetic 

deformation on the other, has led some experimenters to assume that magnetic 

deformation is completely accounted for by the above stresses, and to calculate from 

the observed deformation the general effect of stress on magnetisation. ” 

Before this assumption can be legitimately made, however, it is necessary to make 

direct experiments to test its truth, and it was with this object that the following 

experiments were instituted. 

The experiments were made in the Physical Laboratory of the University College 

of North Wales, and, before proceeding to describe them, I wish here to express my 

great indebtedness to Professor A. Gray for kindly placing at my disposal all the 

necessary apparatus, and for many valuable suggestions. 

Theory. 

One method of experimenting, suggested by Mr. NAGAOKAand the present writer,t 

would be to measure both the effect of hydrostatic pressure on magnetisation and the 

magnetic deformation of a ring of soft magnetic material. From these measurements 

a direct comparison could be made of the observed deformation and the value 

calculated from the theory of Kirchhoff. 

There is however another method which, though theoretically not so simple, is 

probably easier to carry out experimentally. It has been shown by Cantone^ that 

the elongation M of aii ellipsoid of revolution of great eccentricity and soft magnetic 

material, when placed in a uniform longitudinal field H is, on Kirchhoff’s theory, 

given by 

U 47rPa + 6'\ IH K'm 

l '~ 3E \1 + 2el 2E(1 + 20) 2E(l + 2^) 2E •••()’ 

where 

I = length of ellipsoid, 

I = magnetisation, 

K, k" are the coefficients of change of magnetic susceptibility with change of 

density and of elongation § respectively, 

E = Young’s Modulus for the material, and 6 is defined by 

^ = ngid'ty = n. 

* Cantone, ‘Mem. R. Acc. Line.,' ser. 4, vol. 6, 1890; Winkelmann, ‘ Handbuch der Physik,’ Bd. 3, 

Part II., p. 250, 1895. 

t Loc. cit., p. 461. f Loc. cit. 

§ The fundamental equation defining k and k" is 1 = (e + / + S^) ~ a." e) H, where e,/, g are 

the dilatations parallel to the direction of magnetisation, and to two axes at right angles to it. 
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It can also be shown that if a tension 8P per unit area be ajiplied to a long uniform 

wire of the material and produce a small increase SI in the magnetisation, then 

E SI k' 

H SP ~ 1 + 29 

Between (1) and (2) the quantity ^ + k'j can he eliminated, and the result¬ 

ing ecjuation is 

81 ^ ^ I J 1 IT 
I ~~ 3E ■ 1 + 2^ 2E(1 + 2^) ^ ^ 8P 

(3). 

In order to compare this result with experiment a long cylindrical specimen should 

first be used to determine I and 8I/SP for several constant field-strengths. Then the 

specimen should be turned down to the form of an ellipsoid of revolution and the 

magnetic elongation a"* measured with the specimen in the same magnetic state as 

that in which I and SI/SP were determined. 

At first it was intended to do this, hut afterwards it was thought sufficient to use 

a wire of the material (of length very great in comparison with its thickness) in both 

parts of the experiment, thus assuming that the elongation of a long thin wire is the 

same as that of an ellipsoid of revolution having the same dimensional ratio.! The 

general agreement between the results of different experimenters, who in measuring 

magnetic elongation have used wires, strips and ellipsoids of various shapes and 

degrees of purity, shows that this is at least approximately the case. 

It can also be proved independently that in a uniformly magnetised wire the 

81 
term ^IT which is generally by far the greatest on the right-hand side of (3), 

represents the elongation due to those stresses which arise in consequence of the fact 

that magnetisation depends upon strain. For the potential energy, which unit 

volume has in consequence of the magnetisation, is — iHl-t Hence, if the body 

has dilatations e, f, cj, parallel to the axes of x, y, z, respectively, the part of the 

Lagrangian Function depending on magnetisation and strain coordinates is (supposing 

the quantities to vary infinitely slowly) 

L = JHI - (e +/+</)<=- in {e'i + - 2<y - ifij - 2</e).§ 

* The symbol a, is here used for the observed elongation of the specimen, i.e. the ratio of the observed 

increase of lens’th to the whole lenerth. 

t A change in the state of the surface of the specimen would be caused by the turning down, which 

would make that process inadvisable. 

X Maxwell, “Electricity and Magnetism,” vol. 2, § 632. 

§ J. J. Thomson, loc. cit. 
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Professor J. J. Thomson has shown that the strains due to the dependence of 

magnetisation upon strain are given by the equations 

0L/3e = 0, 0L/^ = 0, SL/0^ = 0. 

'i.e., 

IH 
06 

m (e +/+ g) - -f- g) = 0, 

^ - m (e +/+ ff) -n(f-g-e) = 0, 

- m (e +/+ g) -n{g - e -/) = 0. 

3/ 

S' *> -LJ- 
- og 

In the case of a long cylindrical wire with axis along ox, we have g = f, and 

01/0^ = dljdf, hence solving for e 

ne — 1 ■m „ 01 ^ m — V ^01 J tn „ / 01 m — n 01 
Zm — n de ^ 3 m —n df ~ '3 m ~ n \ 0e m oj 

• (4). 

Now if a tension SP per unit area be applied to the wire and produce an increase 

SI in the magnetisation and strains Se, Sy’ = S^, then 

SI = |be + 2|8y; 

But if the elastic properties of the material are not altered by magnetisation, 

therefore 

Hence (4) becomes 

therefore 

S/= 
ra 

, oe rn oj j 

lie _ 1 
3 m — a 8e 

e = — H S' = J-H S' 
2E Se ^ SP 

This strain will be the same at all points of the wire, which is supposed uniformly 

magnetised, and will therefore be that part of a which is due to these stresses. 
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Ai^'paratus. 

In the experiments nickel was used because the quantities to be measured are 

both greater and of a simpler nature than in the other magnetic metals. The 

specimen was an annealed wire of length 85'2 centims. and mean diameter 

1'65 millims., containing about 98 per cent, of nickel and traces of iron and cobalt. 

This was obtained from Messrs. Johnson, Matthey and Co. 

The magnetising coil was over a metre long, and consisted of seven layers of 

No. 18 copper wire wound on a hollow brass core provided with a water-jacket 

through which water could be made to flow steadily. The coil was mounted on a 

stand W (fig. 1) in a vertical position. 

Fig. I. 

The ends of the nickel wire N were soldered into two brass pieces, the upper of 

which. A, was a long cylindrical bar, and the other, B, a short block of brass 

prolonged downwards by a tube T'''' closed at the lower end. Both bar and tube 

fitted loosely in the core of the coil, the bar projecting and being fixed to a rigid 

* It was at first intended to measure Young’s Modulus for the nickel wire, a nieasui’ement for which 

the above apparatus was not very suitable, and which was moreover afterwards rendered unnecessary. 

MDCCCXCVII.—A. 2 C 
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support S above the coil, and the tube projecting slightly from the coil below. 

A thin brass rod R was screwed into the block B, and passing downwards through 

an opening in the lower end of the tube T, was attached to a scalepan below. 

The method adopted for observing changes in the length of the nickel wire was 

essentially the same as has been used by several experimenters. At one end of a 

long light lever L, of wood, a sharp gun-metal point pressed upwards against the 

lower end of the tube T, and the fulcrum F consisted of two gun-metal points 

resting on two plates of glass fixed on a support which was rigidly connected with 

the upper support S; the connexion is not shown in the diagram (fig. 1). At the 

end of the other (longer) arm of the lever, a small metal plate was attached, at one 

point of which a slight depression was made; in this depression rested one of the 

three needle-point feet of a small light table on which a plane mirror was mounted. 

The two other feet rested on a fixed horizontal metallic support. Deflections of this 

mirror were observed by a telescope and vertical scale at a distance of about 

3 metres. 

Levers of various lengths were tried ; the arms of the lever ultimately chosen were 

3‘275 centims. and 60’92 centims. long, measured from the hue joining the fulcrum 

points to the point at one end, and the depression at the other, respectively. The 

distance of the moving foot of the mirror table from the line joining the two flxed 

feet was 8*97 millims. The magnifying power of this arrangement Avas 12,300. 

The nickel wire was thus suspended inside but independently of the coil. The 

effect of any “suction” between the coil and the wire was, however, quite negligible, 

on account of the great rigidity of the support S, and becamse this support was 

rigidly connected with the fulcrum support of the lever, so that any displacement of 

the ujAper support involved a similar displacement of the fulcrum support, and 

therefore no turning of the lever. This was tested by observing the scale deflections 

caused by placing weights on the upper support S. Even if the wire had only one 

pole, the error due to this cause would be less than 0*1 per cent, of the deflection 

observed when the current Avas made. 

The error due to the slight non-uniformity of the field of the coil towards the ends 

of the nickel wire Avas also of the same order. 

The magnetising current Avas generally measured by a Kelvin graded galAmnometer, 

standardised by electrolysis of copper, the smaller currents by a Kelvin centiampere 

balance. 

For measuring the magnetisation, which Avas done in separate experiments, 600 

turns of No. 40 double-silk coAmred and shellacked copper AAu're AA'ere Avound in one 

layer near the middle of the nickel Avire. These Avere connected to a ballistic 

galvanometer Avhich Avas Avound Avith wire calculated to give the greatest sensitive¬ 

ness,* A long solenoid with secondary coil was used to standardize this galvanometer 

in the usual AAmy. 

* See A. G-ray, “ Absolute measurements in Electricity and Magnetism,” vol. 2, Part II., p. 369. 
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Measurement ofl and 8I/SP. 

The magnetisation was measured by observing the deflection of the galvanometer 

needle when the magnetising current was reversed. The sectional areas of the nickel 

wire and of the coil wound on it being known, and the galvanometer being frequently 

standardised, the induction in the wire, and hence the magnetisation, were calculated. 

In order that equation (3) should hold, it was necessary that the nickel wire should 

be in the saine magnetic state in the magnetisation and in the elongation experiments. 

Hence, both experiments were made with increasing reversals of magnetisation. Also, 

since during the reversals of magnetisation the magnetic stress is alternately applied 

and removed, the weight used in measuring 8I/8P was added and removed several 

times before readings were taken. An initial weight of 1 kilogram was always kept 

in the scalepan and the effect observed at several fields of adding a few kilograms, 

the magnetisation being measured before and after the additional load was applied. 

An increase of tension always caused a diminution of magnetisation, which was not 

in general proportional to the weight added.^ [Added May 15.—This depends on 

the field-strength. At low fields, within the range of tensions used in the present 

experiments, the effect of tension in reducing magnetisation diminishes slightly as 

the tension is increased, at stronger fields the opposite is th ecase ; in other words, at 

low fields 0H/0P^ is positive, at high fields negative. This may partly explain the fact 

observed by Bidwell that at low fields increase of tension diminishes the magnetic 

contraction in nickel, at high fields increases it. For if part of the contraction is 

represented by 

_ g _ Ijj 
^ P0 ’ 

then 
0c 0“I 
^ = - 2-bL ^2 , 

which is negative at low, positive at high fields,] It could, however, be assumed that 

the change of magnetisation, divided by the increase of tension per unit area of section 

of the wire, gave the value of 8I/8P for the mean load. The curve of increasing 

reversals for the mean load was then determined. 

Several loads were tried, but the effects of adding 2 and 7 kilograms respectively 

sufficiently show the nature of the results. Thus, the curves of increasing reversals 

of magnetisation, and the corresponding values of 8I/8P, were determined with 2 and 

4’5 kilograms in the scalepan, the total tensions being 2’4 and 4’9 kilograms. 

Since the dimensional ratio of the nickel wire was about 500, the mean demagnet¬ 

ising forcet was '00018 I. This was never more than about O'l per cent, of the 

magnetising force due to the coil. 

* See Ewing, ‘ Magnetic Induction in Iron and other Metals,’ p. 196, 1893. 

t Du Bois, ‘The Magnetic Circuit in Theory and Practice,’ p. 41, 1896. 

2 c 2 
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All ballistic measurements were repeated a number of times, and mean values taken, 
to eliminate, as far as possible, small errors of observation. 

Measurement of Magnetic Change of Length. 

It was necessary to determine the change of length of the nickel wire under 
tensions of 2‘4 and 4’9 kilograms, for a series of increasing fields, the current being 
reversed a few times at each step. 

Instead of doing this directly, by first demagnetising the wire and then applying 

the current, it was found, more convenient to measure the temporary and residual 
changes of length separately. 

The temporary change of length was determined by first making and reversmg 

several times a measured current, and then observing the scale deflection caused 
by breaking the current. The reversed current was then made, the deflection 
observed on breaking it, and the mean of the two deflections taken. The wire 
always lengthened when the current was broken. 

No complete hysteresis loops were obtained, but the opportunity was taken of 
noting how much of the residual contraction could be removed by applying a 

reversed field. Thus each time the current was broken a small reversed current was 
applied, causing an increase of length, and this current was gradually increased 
until the length reached a maximum, and at higher fields again diminished. 

Next a series of residual contractions was determined, the wire being demagnetised 
by reversals before each reading and a current made for a short time, the scale 
reading being taken before the current was made and after it was broken. 

The residual contraction was always found to be greater than the contraction 
which can be removed by applying an increasing reversed current. This has also 
been observed by Mr. Nagaoka.* 

As the magnetising field is increased both the residual and the “ removable ” 
contraction at first increase and then become nearly constant, the former being then 
about 2'5 X 10“® and the latter 1‘9 X 10*^ of the length of the wire. 

The reversed field corresponding to minimum contraction was about 16 C.G.S. 
The temporary contraction was, however, still increasing in the highest fields 

employed, its value at H = 350 being about 33 X 10“*^, with a tension of 

4’9 kilograms. 
The curve representing the total contraction was obtained by adding the ordinates 

of the “ temporary ” and “ residual ” curves.! 

The difference between the tensions 2‘4 and 4*9 kilogs. weight was not sufficient 

* ‘ Phil. Mag.,’ Jan., 1894, p. 131. 

t Since about a centimetre of the nickel wire at each end was soldered in the brass pieces A and B, 

the length of wire whose changes were measured was only 83'2 centims. This exposed length Z was 

used in calculating a. 
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to cause much difference in the curves. At the highest fields used the contractions 

were, however, rather greater with the greater tension. 

At low and moderate field-strengths the contraction is less, but at strong fields 

greater, than the value obtained by IVI.r. Nagaoka for an ellipsoid of nickel.* 

Water was kept flowing through the coil for a considerable time before readings 

were taken, and all temperature changes took place so slowly that their effects were 

easily distinguishable from the magnetic effect. 

All the readings were repeated several times, and the points representing the 

results always lay very near the curve (fig. 3). 

Final Fesults. 

On the right-hand side of the equation (3) the third term is much greater than the 

other two. Hence it was not necessary to know E and 0 with very great accuracy. 

The value of Young’s Modulus for a 98’1 per cent, nickel wire has recently been 

given by MeyerI as 21'3 X 10^^ C.G.S. This value of E was used, and the rigidity 

was measured by observing the torsional oscillations of the wire, to which a cylindrical 

vibrator was attached. This gave n = 7’75 X 10^'^ approximately. Hence 6 = 1*5. 

The greatest numerical value of ^ H (8I/8P) obtained was about 8'2 X 10“^, while 

the sfreatest value of the first two terms in (3), representing the elongation due to 

Maxwell’s stresses, was but 0'29 X 10“^ 

Tables I and H contain the values of H, I, the change SI of magnetisation caused 

by increasing the tension by 8P per unit area of section, the values of Sl/l calculated 

from equation (3), and the observed total contraction — a. 

Table I. 

Load = 2'4 kilogs. SP X section of wire = 2 kilogs. Temperature = 6° C. 

H. I. M. 
- . 106 
z 

calculated. 

a. 106 
observed. 

D . 10-6. 

7-49 
12-36 
36-3 
64-3 
85-5 

107-5 
159-0 
212-0 

31-0 
105 
270 
332 
365 
389 
428 
452 

- 1-6 
- 6-4 
- 17-0 
- 15-3 
- 13-4 
- 13-0 
- 9-7 
- 5-0 

- 0-063 
- 0-412 
- 3-23 
- 5-15 
- 6-00 
- 7-.30 
- 8-07 
- 5-45 

- 0-1 
- 0-3 
- 5-2 
- 11-35 
- 15-05 
- 18-35 
- 23-6 
- 27-4 

- -037 
+ T1 
- 1-97 
- 6-2 
- 9-05 
- 11-05 
- 15-53 
- 21-95 

0-92 
121-5 

5316 
12,140 
17,750 
22,890 
33,550 
41,730 

* ‘ Wied. Ann.,’ vol. 53, p. 487, 1894. 

f ‘ Wied. Ann.,’ vol. 59, p. 668, 1896. 
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Table II. 

Load = 4'9 kilogs, 8P X section of wire = 7 kilogs. Temperature = G°C. 

H. I. fl. 
p 108 

calculated. 

a . 108 
observed. 

(.-I) 10.. H. 10-8. 

36-8 243 - 63-0 - 3-5 - 5-3 - 1-8 3490 
65-2 308 - 60 0 - 5-9 - 11-5 - 5-6 9000 
88T 343 - 54 0 - 7-17 - 15-45 - 8-3 13,850 

I29-0 386 - 40-3 - 7-81 - 20-75 - 12-9 22,200 
164-8 415 - 32-0 - 7-89 - 24-2 - 16-3 29,650 
213-0 443 - 22-4 - 7-09 - 28-0 - 20-9 38,500 
243-1 456 - 18-0 - 6-46 - 30-0 - 23 5 43,250 
291-5 471 - 12-1 - 5-14 - 32-6 - 27-5 49,200 
345-0 

' 
480 - 11-1 - 6-59 - 34-8 - 29-2 53,100 

Fig. 2. 

60 200 260 
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In fig. 2, Curve'A is the curve of increasing reversals of magnetisation with a load 

of 1-4 kilogs. The difference of the ordinates of Curves A and B represents the 
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diminution of magnetisation caused by adding two kilogs. to the load, and the diffe¬ 

rence of ordinates of A and C represents the effect of adding seven kilogs. to the load. 

In fig. 3 curve D represents the observed total contraction — a, curve E the 

residual contraction after the field H has been removed, F the least contraction 

attainable by reversing the current after the field H has been removed, G the value 

of hljl calculated from equation (3), and K the difference a — hljl, all as functions of 

the field H, the load being 4'9 kilogs. The curve K therefore represents the 

contraction in nickel corrected for the effects of known stresses. 

In the last columns of Tables I and II, the corresponding values of I^ are given. 

It will be seen that these numbers are approximately proportional to the numbers in 

the preceding column representing the values of a — §?//. 

This is also shown in fig. 4, where the abscissae of the points . . . -j—1—h are 

proportional to P, and the ordinates to the corrected contraction — (a — ^Ijl) for the 

load 4‘9 kilog. The j^oints all lie, to within about 5 per cent., on a certain straight 

line passing through the origin. An error of 5 per cent, in the values of P and 8I/8P 

might be caused by much smaller errors in the measurement of I. Especially was this 

the case with the other load 2’4 kilog., for the change of magnetisation 81 in this case 

(Table I) was smaller, and therefore more difficult to measure accurately, though even 

in this case there is no regular deviation from proportionality between Pand a — 8//?. 

With the load 4'9 kilog., however, the change of length a observed in the nickel 

wire is closely represented by the equation 

a = cP + 
dvr 1 -r 6 

3E‘ I +~2A* 
___L AH 
2E(I -t- 2^) ^ ^ 8P ’ 

where c has the value — '056 X 10“^^ at the temperature 6°C., and where the 

second and third terms on the right-hand side are numerically very small in com¬ 

parison with the first and fourth. 

[Added May 15.—The result that the magnetic contraction in nickel, corrected in 

the manner described above for the effects of Kirchhoff’s stresses, is under certain 

conditions approximately proportional to P, is at present to be regarded as purely 

empirical, and without further experiments it cannot be said to be generally true. 

It is, therefore, proposed to continue the investigation by repeating the experiments 

on the nickel wire under different conditions, especially as regards temperature. 

It should be borne in mind that in the deduction of the theoretical value of the 

magnetic contraction, the material is supposed to be perfectly “soft,” and no account 

is taken of hysteresis. Some experiments made by Nagaoka on an ellipsoid of 

nickel (‘ Wied. Ann.,’ 53, p. 496, 1894) seem to show, however, that the contraction 

in this metal depends only on the value of the magnetisation, being almost inde¬ 

pendent of the manner in which that value has been reached. It is, therefore, 

unlikely that any considerable discrepancy can arise in consequence of hysteresis.] 
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IX. On the Apj^Iication of Harmonic Analysis to the Dynamical Theory of the 

lides. — VKvi I. On Laplace’s “Oscillations of the First Species,'' and on the 

Dynamics of Ocean Currents. 

By S. S. Hough, M.A., Fellow of St. John's College, and Isaac Newton Student in 

the University of Cambridge. 

Cominunicated by Professor G. H. Darwin, F.R.S. 

Received Mai’cli 12,—Read April 8, 1897. 

The earliest attempt to subject the Theory of the Tides to a rigorous dynamical 

treatment was given by Laplace in the first and fourth books of tlie ‘ Mecanique 

Celeste.’ The subject has since been treated by Airy,"^ Kelvin,! Darwin,^ Lamb,§ 

and other writers, but with the exception of the extension of Laplace’s results to 

include the theory of the long-period tides, but little practical advance has been made 

with the subject, in spite of the enormous increase in the power of the mathematical 

resources at our disposal, and the problem has remained in very much the same 

condition as it was left by Laplace. This arises no doubt partly from the difficulties 

inherent to the subject, but partly from the form in which the theory was originally 

presented by Laplace in the ‘ Mecanique Celeste,’ which has been described by Airy 

as “ perhaps on the whole more obscure than any other pait of the same extent in 

that work.” The obscurity complained of does not however seem to have beer, 

entirely removed by Laplace’s successors, and it was the fact that every presentment 

of the theory with which I was acquainted offered some points of difficulty, that in 

the first instance led me to take up the problem ab initio, partly with the purpose of 

allaying the doubts which had arisen in my own mind as to the validity of certain 

approximations employed by Laplace and adopted by his successors, and partly in 

the hope that I might be able to extend the results of Laplace to meet more fully 

the case presented by the circumstances actually existent in Nature. 

Up to the present I have been unable to free the problem to any extent from the 

limitations which have been imposed by previous writers, and consequently it wmuld 

be futile to claim that the results I am now able to put forward materially advance 

* ‘ Encyc. Metropolitana ’; Art., “ Tides and Waves,” Section III. 

t ‘ Phil. Mag.,’ 1875, vol. 50. 

t ‘ Encyc. Britannica ’ (9th edition) ; Art., “ Tides.” 

§ ‘ Hydrodynamics,’ chapter viii. 
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our knowledge of the tides as they actually exist; but I venture to hope that these 

results, as applied to the oscillations of an ideal ocean, considerably simpler in 

character than the actual ocean, may prove of some interest from the point of view 

of pure hydrodynamical theory. 

In §§ 1—4 I have devoted considerable space to the formation of the dynamical 

equations. The equations obtained agree with those used by Laplace, and 

consequently it may be thought that I have been unnecessarily diffuse over this 

part of tlie subject. My apology is that the questionable, if not erroneous, reasoning 

Avhich has often been assigned for the various approximatioi s introduced seemed to 

me to warrant a very minute examination of the formation of these ecjuations. An 

analytical treatment, such as that I have used, seems to me to be the only safe 

method of procedure to ensure that the approximations do not involve the neglect 

of any terms which may be of equal importance with those retained, many of Avhich 

are extremely small. The method adopted follows liAPLACE in so far as it consists 

of a transformation of the general equations of oscillation of a rotating fluid. I 

trust however that these general equations in the form I have used, which seems 

to be the simplest form to which they can be reduced, may be found less “ repulsive ” 

than those employed by Laplace. 

§ 5 deals with the integration of these ecjuations. The forms of solution discussed 

in the present paper are those Avhich are symmetrical with respect to the axis of 

rotation. The types of oscillation represented by these solutions have been named 

by L aplace, “ Oscillations of the First Species,” but he omitted to discuss them in 

detail on the grounds that the oscillations of such character, which might be 

expected to exist in Nature, would be modified to such an extent by friction that 

they Avould be far better represented by the old “ equilibrium theory,” than by a 

dynamical theory which failed to take due account of the action of friction. The 

tides in question will be of long period, the shortest of the periods being half a lunar 

month in duration, but Professor Darwin Avas, I believe, the first to call attention 

to the fact that this length of period will hardly be sufficiently great to render the 

effects of friction of such paramount importance, and hence he added to the Avork of 

Laplace a discussion of the long-period tides AALen hot subject to frictional 

influences. I have recently attempted to estimate the effects of friction on the tidal 

oscillations of the ocean,and the results at vrhich I have arrhmd fully confirm 

the view of Professor Darwin as to the small influence of friction on the lunar- 

fortnightly tides, and render it highly probable that the effects Avill be almost 

et|ually slight on the solar long-period tides. 

The method of integration I have employed differs from that used by Daraaan, my 

aim having been to express the results by means of series of zonal harmonics instead 

of by the power-series obtained by him. The advantages of this are two-fold; firstly, 

* Ill a paper read before the London Math. Soc., December lOtb, 1896. 
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it allows of our including in our analysis the effects due to the gravitational attrac¬ 

tion of the water ; and secondly, the convergence of the series obtained will be much 

more rapid. The latter circumstance is of particular value, as it has enabled me to 

treat with considerable success the problem of the free oscillations of the ocean. 

The general problem of the small oscillations of a rotating system possessing a 

finite number of degrees of freedom has been discussed by Thomson and Tatt but 

the extension to meet the case where the number of degrees of freedom is infinite 

involves analytical considerations of some delicacy. As a rule, the transition from 

the case of a system with finite freedom to that of a system with infinite freedom is 

effected by the employment of “ normal coordinates,”! and the chief difficulty in the 

solution of problems relating to the vibrations of the latter class of system consists in 

the discovery of these coordinates. The researches of Thomson and Tait just men¬ 

tioned shew however that in a rotating system these normal coordinates do not 

exist, and hence that the methods ordinarily employed to deal with the oscillations 

of a system about a state of equilibrium will no longer suffice for the treatment of 

our problem. In most “ gyrostatic ” problems which have been solved hitherto,| the 

solution has been obtained by means of a system of quasi-normal coordinates. When 

such coordinates exist, only a finite number of oscillations of certain particular types 

are possible, and, by constraining the system to vibrate in one of these types, we may 

treat it in the same manner as a system rvith a finite number of degrees of freedom. 

The period-ecjuation for the free oscillations of an assumed type will then only possess 

a finite number of roots, and will consecjuently l)e an algebraic equation usually 

most readily obtained in a determinantal form. It is shewn at the end of § 5 that 

the coordinates we have used possess this property when the depth of the ocean 

follows certain restricted laws ; but in general no such quasi-normal coordinates exist, 

and whatever coordinates be employed, the displacements in any of the fundamental 

modes of vibration can only be expressed by means of an infinite number of such 

coordinates. The most advantageous choice of coordinates will then be that which 

lead.s to most rapidly converging series. 

As however the oscillations of an assumed type can only be expressed by an infinite 

series of coordinates, it follows that an infinite number of oscillations of any assumed 

type must he possible, and that consequently the period-equation for oscillations of 

this type will have an infinite number of roots and will therefore be transcendental 

instead of algebraic in character. It is possible that the transition from systems 

with finite freedom to systems with infinite freedom may be treated with advantage 

by the employment of determinants of infinite order (as a means of expressing the 

transcendental period-equation), after the manner introduced into analysis by 

* ‘ Natural Philosophy,’ Part I., § 345. 

t Rayleigh, ‘ Theory of Sound,’ vol. I, § 87. 

t Cf. PoiNCARi, ‘Acta Mathematica,’ vol. 7 ; Brian, ‘Phil. Trans.,’ 1889. 
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G. W. Hill, in his ‘ Researches on the Lunar Theory but in the present instance 

we are able to avoid the difficulties involved in the use of these infinite determinants, 

in that the forms of determinant which occur are those which are associated with 

continued fractions. 

§ G deals wdth the analytical discussion of the deduction of the period-equation. 

The method is based on a paper by Lord Kelvin,t in wdiich the author defends the 

procedure of Laplace against certain allegations to which it had been subjected 

by Airy, but I have endeavoured to present the arguments in a somervliat different 

light, so as to bring out more clearly the analogy between our problem and the 

general problem of vibrating systems with finite freedom. 

In 7-10 I have given illustrations of the method of solving the period-equation 

numerically, and of the subsequent determination of the type of motion for the 

different fundamental modes. As the ground covered in these sections is almost 

entirely new, I have devoted considerable time and labour to the arithmetical 

determination of the periods and types of the principal oscillations for a system 

comparable with the earth in magnitude. The results are tabulated in these 

sections. 

§ 11 deals briefly with the forced tides of long period due to the moon in an ocean 

of uniform depth. The results agree with those previously obtained by other 

methods, but differ from them in analytical form. In § 12 I have given illustrations 

of a means of extending the method of numerical computation to cases where the 

law of depth is less restricted in character. 

The consideration of forced tides of very long period, dealt with in § 13, points to 

the existence of free oscillations of infinitely long period. This, I believe, was 

first noted by Professor Lami3,| but the application of the dynamical equations for 

the tides to the treatment of these free oscillations has not been previously carried 

out. The types of motio]i in C[uestion appear to be of considerable Importance, as 

they throw light on a phenomenon which in the past has been the subject of 

considerable controversy. The difficulties wdiich have been met wdth in attempts to 

account for the existence of ocean currents all seem to me to arise from an over¬ 

estimate of the eflects of viscosity on the motion of the sea. The large-scale ocean 

currents have been attributed by Sir John Herschel§ and others entirely to the 

influence of the ‘'trade” and other prevailing winds, wdiich give rise to slow steady 

motions vdiich, in the absence of friction, wmuld remain permanent even w^ere the 

originating' cause entirely to cease. The difficulty in accepting this view^ arises from 

the assumption that such currents wmuld succumb to the influence of frictional 

* ‘ Acta IMatliematica,’ vol. 8. 

t ‘ Pliil. Mag.,’ 1875, p. 227. 

t ‘ Hydrodynamics,’ § 198. 

§ ‘Physical Geograph}'^,’ §§ 57-60. 
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resistances in the course of a few clays.* If this assumption be correct it will of 

course be necessary to invoke some more constant cause than the fickle winds in 

explanation of ocean currents, but unfortunately the causes put forward by the chief 

opponents of the wind theory, namely, the differences of density arising from 

differences of temperature, salinity, &c., though no doubt satisfying the criterion of 

being more constant in their action, seem to be equally ineffective in maintaining the 

currents against such large resistances as would be required to destroy the currents 

due to the winds in a few days. If, on the other hand, the period of subsidence of 

the free current-motions is to be reckoned rather by years, these motions could not 

fail to be excited and maintained by such causes as the winds even against the 

action of friction. 

In § 14 I have dealt with the dynamics of ocean currents on the supposition that 

they are of the nature of free steady motions (probably maintained by a variety of 

causes), and that the influences of viscosity are extremely small. A remarkable 

result is the extremely restricted character of the po.sslble forms of steady motion as 

contrasted with the case where the ocean covers a non-rotating globe, in which latter 

case the possible forms of steady motion are to a large extent arbitrary. It is found 

that if the density of the water is uniform, the only forms of steady motion possible 

when the depth depends on the latitude alone are those in which the water always 

moves along parallels of latitude, while in general the paths of the fluid particles 

coincide with certain lines depending only on the distribution of land and water and 

on the configuration of the ocean bed. The equation by which these lines are defined 

is of an extremely sinq^le character, and from it we could at once trace out the forms 

of the stream-lines on a chart if we had a sufiicient knowledge of the configuration 

of the ocean bed. The equator will always be one of these stream-lines, and herein 

we seem to have the explanation of the fact that the ocean-currents always tend to 

set along the equator, but in other respects it is shewn that the effects of variations 

of density will seriously interfere with the sinqfie laws which must hold so long as 

the density is uniform. 

The importance of the earth’s rotation in influencing ocean-currents has long been 

recognised by physicists, but I am not aware that any previous attempt has been 

made to investigate this influence mathematically. The numerical results obtained 

in § 15 are interesting, as showing how a cause, which on a non-rotating globe could 

not give rise to any appreciable currents, may be rendered highly effective in main¬ 

taining currents as a consequence of the rotation of the earth. 

In attempting to account for ocean currents, the real question at issue is : How 

far are the suggested causes capable of maintaining currents against the action of 

friction ? To answer this Cjuestion an investigation, either mathematical or experi¬ 

mental, as to the effects of friction is essential. Such an investigation I have endeavoured 

* Mauey, ‘ Physical Geography of the Sea,’ § 9.3. 
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to supply in another paper,''' ljut mathematical difficulties have compelled me, in 

treating of friction, to omit from consideration the important influences due to the 

rotation. We have already called attention to the fact that the free steady motions 

on a non-rotating globe are far less restricted in character than those on a rotating 

globe, while, in that the latter essentially violate vdiat appears to be a necessary 

condition when the water is viscous, namely, that there can be no slipping at the 

bottom, it seeins to me to be probable that even the limited forms of steady motion 

here dealt with would be no longer possible if the water were viscous, but that, if 

they were started by any means, they would at once give place to periodic motions 

of comparatively short period.t This conclusion has been forced on me by the 

apparent impossibility of satisfying the equations of motion of a viscous ocean on a 

rotating globe by means of slowly declining current-motions. If such should be the 

case, it follows that no stable currents can exist without variations in the density of 

the water. As however I have not a.s yet been able to support this vnew by 

anything approaching a rigorous mathematical treatment, the cjuestion must for the 

present remain open. 

^ 1. Di fferen tial Equation!^ for the Vihration of a Rotating Mass (f Liquid. 

Suppo.se we are dealing with the small oscillations of a mass of liquid about a state 

of steady motion consisting of a rotation as a rigid body with angular velocity co about 

a certain axis. 

Take this axis as axis of 2, and refer to a set of rectangular axes rotating about it 

with uniform angular velocity w. Then, in the steady motion supposed, the fluid will 

have no motion relatively to these axes. 

Let It, V, w denote the relative velocity-components at the point x, y, z due to the 

small oscillations. The actual velocity-components parallel to the instantaneous 

positions of the moving axes will then be 

u ■— (oy, V -f- (jiX, w, 

and, therefore, if we suppose the amplitude of the vibrations sufficiently small to allow 

of our neglecting squares and products of the small quantities u, v, u\ the differential 

equations of motion of the liquid may be written in the form| 

* Loc. cit., ante. 

t The condition that there can be no slipping at the bottom Avill reduce the number of degrees of 

freedom of the system, and hence we may anticipate that certain tyjics of motion which were possible 

before this condition was imjjosed will no longer exist afterwards. 

J Basset, ‘ Hydrodynamics,’ vol. 1, p. 22. 
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where V deiiotes the potential of the bodily forces acting’ on the licpiid, p the fluid 

pressure, and p the density. 

If now we put 
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the above equations reduce to 
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while the incompressibility of the liquid is expressed by the additional equation 

dv d/'j 

dij 03 
= 0 (3). 

These equations, originally given by Poincare,"^' sufiice, in conjunction with 

certain conditions which must hold at the boundary, for the determination of the 

four functions u, v, iv, p. They are perhaps the simplest equations of which to 

make use when dealing with the oscillations of a mass of liquid of finite extent in 

three dimensions, and, for this purpose, they were first solved by Poincare in a 

form adapted for satisfying boundary-conditions at an ellipsoidal surface, while 

additional applications have been considered by Bryan,! Love,| and myself § The 

possibility of solution in each of these cases however turns on the fact that it only 

required to satisfy boundary-conditions at a single ellipsoidal or spheroidad surface, 

whereas, in the problem presented b}^ the tides, it is necessary to satisfy conditions 

at two surfaces, namely, the ocean bed and the free surface of the ocean. 

There is, however, a feature attached to this problem which enables us to surmount 

* ‘Acta Mathercatica,’ vol. 7, ]). 356. 

t ‘ Phil. Trans.,’ 1889. 

X ‘ Proc. Lou. Math. Soc ,’ vol. 19. 

§ ‘Phil. Trans.,’ 1895. 
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the difficulties arising frnm this cause ; the fluid which constitutes the ocean may be 

regarded as a thin layer distributed over an approximately spherical surface, a 

circumstance which enables us to reduce the number of our independent variables 

and to treat the problem as a two-dimensional one. 

Before proceeding to the transfoi-mation of our equations, let us examine them in 

the form in which they are given above. If we suppose the system is executing 

a simple harmonic vibration in period 27r/'X, we may put v, iv, ifj each proportional 

to and therefore replace du/dt, &c., by iku, &c. Thus the equations (2) give 

iku — 2ojv 

iXv + 2(jju 

i\iv 

dip' 

d.v 

dip- 

vy 

dip- 

dz' 

Now in an important class of oscillations, viz., the tides of long period, the value 

of X will be small compared with that of oj ; while for another class of motions, viz., 

the steady ocean-currents, we must suppose X absolutely zero. In these cases, if we 

retain only the most important terms, the equations of motion take the approximate 

form 

— 2o)V = 
dip 
d.v ’ 

Hence, applying the operators d/dz to the first two, and making use of the third, 

we find 
dujdz = 0, dvjdz = 0. 

Likewise also from the equation of continuity, 

dw dii dv _ 1 / d~ip d-ip \ _ 

dz dx dy 2co \dx dy dy dxj 

From this we see that in the case of tides of very long period the velocity of the 

fluid particles is approximately the same at all points in the same line parallel to the 

polar axis, while in the case of the ocean-currents this is rigorously the case. 

Now in order to effect the transformation of the equations of motion, it has been 

assumed by Laplace and his followers that, on the analogy of “ long waves ” when 

there is no rotation, all fluid particles which are at one instant in a vertical line 

will remain in such a line. This assumption appears to require some modification in 

the case of our rotating system. We shall see hereafter however that the assump¬ 

tion in question will not lead to appreciable error, provided that the depth of the 



ANALYSIS TO THE DYNAMICAL THEORY OF THE TIDES. 209 

water is small in comparison with the radius of the solid globe on which it resides^ a 

hypothesis which will certainly be applicable in the case of the earth. 

§ 2. llie Boundary-conditions. 

Before proceeding with the approximations which we propose to employ hereafter, 

let us examine the boundary-conditions to which the functions u, v, iv, ip are subject 

in the general case. 

Suppose the fluid resides on the surface of a solid nucleus which is constrained to 

rotate with uniform angular velocity co about the axis of 2. We introduce this con¬ 

straint so as to avoid the complications resulting from the reactions of the fluid 

motion on that of the nucleus. Since in the case of the earth the mass of the ocean 

is exceedingly small compared with that of the solid parts, such reactions would be 

very minute, while for most of the more important types of oscillation they would not 

exist at all. In such types the problem is not affected by the introduction of the 

constraints. The boundaries of the ocean where it is in contact with the solid 

nucleus may then be regarded as fixed relatively to the moving axes Ox, Oy, Oz, and 

the condition to be satisfied at these boundaries is that there is no flow of fluid across 

them. Denoting by I, m, n the direction-cosines of the normal to the surface, this 

condition is expressed analytically by the equation 

\lu -f mv -h nid\ =0.(4). 

Next, let us examine the boundary-conditions at the free surface. Let I, m, n 

denote the direction-cosines of the normal to this surface in its undisturbed position, 

and let ^ be the distance between the displaced surface and the mean surface 

measured along the normal to the latter. Then we may equate the velocity at the 

mean surface in the direction of this normal to the rate at which ^ increases ; thus at 

the undisturbed surface we have 

\Ju -j- mv -f- mv\ — .(5), 

Lastly, we must express the condition that the pressure at the actual free surface 

is zero (or constant). Now if dn' denote an element of the normal to the undisturbed 

surface, and «, denote the values at this surface of the pressure and its rate of 
0)1 

increase along the normal, the pressure at the actual surface is 

v-\- i 4 
7)1 

and this we have seen is to be equated to a constant. 

2 E MDCCCXCVII.-A. 
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But by detiiiition of xp we have 

pjp = const + V' + ^ oi® (a;- + 'if) —xp 

= const + V'o + v' + a + 1 .(7), 

where V'q denotes the potential at x, y, z in the steady motion, v' the potential due 

to the attraction of the layer of fluid contained between the actual free surface and 

its mean position, and v the disturbing potential, which may be regarded as due to 

some external attracting system. 

Since in (6) 'dpfii is already associated with the small factor in calculating cpjoii 

we may omit all small quantities of the order and thus replace this expression by 

its value in the steady motion. But from (7) we have in this case 

whence 

pip — const + Vh + ^0)' [x^ + y~), 

1 

P 

C2J   0 
0/f d/I 

> (v; -b 1 2 {x^ + f) } 
s- 

Now, since the free surface of the ocean must be an equipotential surface, the 

resultant of gravitation, including centrifugal force, must be perpendicular to this 

suriace. Denoting by <j its value, we have 

and therefore 

U — ~ pp + f) 
L It 

■) 

1 dp _ 

p dll' 
(8). 

Introducing the values ofp, from (7), (8) into the expression (6), and equating 
0 Ih 

the latter to a constant, we And 

[ ^' u “1" H" ^ “h y") ~ ~ — const, 

or, on equating periodic parts to zero, 

i/; = v' — g 'C-\- V (9), 

vhere the bars are used to denote surface-values at the undisturbed free surface. 
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§ 3. Transformation of the Equation of Continuity. 

We proceed now to the transformation of our equations into a form analogous to 

that used by Laplace, dealing first with the equation of continuity. 

Let us refer to a system of orthogonal curvilinear coordinates a, /S, y, and suppose 

that the undisturbed surface of the ocean coincides with one of the surfaces y=const, 

say y = y^. 

On the surface y = yg take a small parallelogram PQLS, bounded by curves of the 

systems a = const, ^ — const. 
.s 

Through the sides of this parallelogram draw the surfaces a = const, yS = const, to 

meet the inner surface of the ocean in the cpiadrilateral P'QTb'S' and the distorted 

free surface in ixirs. 

The surfaces a = const, y8 = const, are, of course, supposed to be in rotation with 

angular velocity w, in common with the axes Ox, Oy, Oz. Let U, Y, W denote the 

relative velocity-components at the point (a, /3, y) parallel to tlie normals to the 

surfaces of reference and in the directions in which a, jS, y respectively increase, and 

let y = y^ where y^ may be regarded as a function of a, yS, be the equation to the 

surface of the solid earth. 

Let hi, h.2, be parameters associated with our orthogonal system of coordinates, 

such that the line-element ds is given by 

= da^lhf -f d/Syh^^ + dyfhf. 

Then the volume of liquid which flows in a unit of time across the face a = const 

of an elementary parallelepiped whose adjacent edges are 8a/7q, ^y/ho is 

But if in the above figure we suppose that a, /3, yQ are the coordinates of P, and 

that PQ = PS = 8a//q, the total flow of liquid across the face PP'Q'Q will be 

2 E 2 
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found by integrating the above expression with respect to y between the limits y=y\, 

y = To- 

Thus, the rate at which liquid is entering the elementary volume PPt' across the 

face PQ' is expressed by 

Sy8 dy. 
* Ti 

If in this expression we change a into a + 8a, we shall obtain the rate at which 

fluid is flowing in the positive direction across the face SP'; therefore, the rate at 

Avhich fluid is leaving the element across the face SP' is expressed by 

8^ fdU/Vis) dy + Sa 8^ F Ildu/A^A,) c«y| • 

In like manner, the rate at which fluid enters across the face PS' is 

8a r(V/;.3/.i) dy, 
Yi 

and that at which it escapes across the face QP' is 

8« nY/hJ,,) dy + SaS/3^ {fV/Vh) • 

Lastly, in virtue of the boundary-equation (4), which holds at the surface 

P'Q'PdS', the rate at which fluid enters over this surface is zero, while in virtue 

of (5), which holds at the surface PQPS, the rate at which fluid escapes over the 

latter surface is expressed by 

Su 8^ _ 
/q h.2 dt 

Xow the total amount of liquid contained within the elementary volume under 

consideration is constant, and therefore, if we equate to zero the sum of the rates at 

which fluid is entering over all the six faces, we obtain the equation of continuity in 

the form 

or 

{fyUAA)f*r} — a} - q ;f af - 

I • • (10)- 

So far no approximation has been made other than that involved in supposing the 
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vibrations small. If we now suppose that the depth of the water is small, so that 

Yo — Yi is a small quantity, the above equation admits of considerable simplification. 

Using square brackets to denote values at the mean surface y = Jq, we have, by 

Taylor’s Theorem, 

whence 

U/Mo = [U/V^g] + (y - Yo) 

p(u//a,) A = [U/Aj!3](r, - r.) - i(x„ - y,)’[|;(u//a3) + ... 

Now, if Jq — y-^ be small as supposed above,even though ^(U/ZioAg) is finite, we 

may omit all the terms on the right except the first. This amounts to supposing 

that the horizontal velocity is sensibly uniform throughout the depth, not on account 

of the small value of its rate of variation, but on account of the small distance 

through which this variation can take effect, a supposition which is not inconsistent 

with the results of § 1. Hence, on neglecting small terms of the order (yg “ Yi)^’ 

we have 

f(U/Vi3)f?y = [U//a3](r„-y,), 
* Yi 

and, in like manner, 

f(V,V,3),/y = [Y//,3A,](y„-y,). 
• yi 

Let h denote the depth of the ocean at the point (a, /3). Then, provided h be 

small in comparison with the radii of curvature of normal sections of the surfaces 

fx — const, ^ = const, y = const, we may put 

7o ~ 7i 

[/^sl 
= /q 

with errors of the order of the square of the ratio of li to these radii of curvature ; 

and therefore 

['■(U/Wis) dy = h [U//l.], 
* Vi 

f"(V/V,3)c;y = A[V/A,]. 
* Yi 

Substituting these values in (10), we find 

a? 
0^ 

— — 
a /iu\ a_ nil 

0« \ lu j a/3 \ /q /_ .(11). 

where we have now used bars to denote surface values. 

* Tlie standard of conqiaiHson is considered in the next section. 
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If we suppose that the free surface of the ocean is a spheroid of revolution about 

the axis Oz, it will be convenient to refer to a system of spheroidal coordinates /x, (f), v 

1 elated to x, y, z by the equations 

a: = c ^{1 + v^(l — cos cf), 

y = c y(l y(l — y?') sin (f), 

z = cuy. 

The line-element ds for this system of coordinates is given by 

7 0 d(v~ + y^^) 7 o , 9 /-. I 0\ /o 9,\ 7 lO | ^ (v” + /X") ,9 
ds~ = ^ _ dy- + c® (1 +v^){l — y^) dcfj- + dv^; 

w hence, if we identify y, (f), v with a, /3, y respectively, we have 

^ _ C\/(r" -t y~) 

h, ~ v^(I - y^ T = C v/(i + v") x/{l — y^), 
'^2 

jL _ c + y~)^ 
Ag \/(l + v~) 

and, supposing that is the equation to the free surface, the equation (II) 

becomes 

^ ^ 1 J //I _ 21 7 TTI - 1 1 [ hY 1 
0/ c\/(y" -f- v) 0/x p ' ^ ^ J c^(vd + 1) d(f) iv/(l — y~) i 

We have already neglected on the right smah terms of the order h compared with 

those retained; we now propose to make the further hypothesis that the spheroidal 

surface of tlie ocean is of small ellipticity e. In this case c will be small and Vq 

large, in such a manner however that cvq is finite and equal to the polar radius a ; 

further Ipo” approximately equal to 2e. Hence we find 

07 
ri 
1_0/X 

P(1 -P)AU -f 
h V" 

— I 
dcf> lv/(l -P)JJ 

where the terms omitted on the right are of order h and of order e compared with 

those retained. 

^ 4. 'Transformation of the Dynaniical Equations. 

Let 6 denote the Inclination to the axis of 2 of the normal to the surface v — const, 

through any point ; then the direction-cosines of this normal will be 

sin 6 cos <^, sin 6 sin <h, cos 6 ; 
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and the direction-cosines of the normals to the surfaces fx = const, (f) = const, will be 

— cos 6 cos 4>, — cos 0 sin (/>, sin 0, 

— sin (f), cos (p, 0, 

respectively. Hence we have 

U = — {tc cos (p V sin (p) cos 0 -{- w sin 0, 

V = V cos (p ~ It sin <p, 

W = (u cos (p V sin 6) sin 0 -}- iv cos 0, 

from which we obtain 

Again 

— U cos + W sin 0 = u cos (P -f- v sin (p. 

7 3"^ o-i/r ^ 0i/r . ,3 I . 
/o ^ cos <p cos (J — ^ sill 0 cos 0 4-^ sin t>, 

Cfx av cu oz 

and therefore from (2), we find 

, d\Ir / dtc ^ \ , /i ^ \ , /I , 3^^ • /I 
^ = — ( -g- — 2(ov j cos (p cos ^ ^ d" zojuj sm <p cos 0 ~r ^ 0 
djjb 

Similarly 

and 

3U . 
= gy -fi 2c(jV cos 0. 

, C\lr C-dr C\!r . 
h:, - cos (h — ^Sin (p 

■'00 01/ dr 

= + 2coiij cos (p — — 2ojv) sin (p 

3V 
= -f- 2(0 (W sin 0 — U cos 0), 

cyp dyjr . „ ; . 3i/( . ^ , 30- ^ 
<3 g - = sm 0 cos 9 gy sin u sin 9 -r yy cos 0 

= — 2ci)V^ sin 0 cos (p -fi -}- 2(oii^ sin 0 sin 0 -f yy cos 0 

= -„ r — 2(oV sm 0. 
ct 

Allowing' for the diftereiices in the notation, the three equations just obtained agree 

with those given by Professor Lamb.'“ If we suppose U, V, W, 0, each proportional 

to they may be written 

* ‘ Hydi’odyuamics,’ p. 344. 
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/XU + 2oN cos e = h, " 
C/U. 

/XV - 2aj (U cos - W sm /o I-.(13). 

/XW — '2a)Y sin 0 = ho 

The equations in tlie form we have just written them will hold good whatever be 

the de]:)th of the ocean or the ellipticity of its surface. We now proceed to introduce 

a})proximations similar to those of the last section. 
_ 

In the first j^lace we have, as in § 2, W = , and this by (12) we see is of the order 

h/a compared with IT or V. Hence, omitting terms of the order kja, and of order e, 

compared with those retained, the equations (13) take at the surface the approximate 

foi’ms 

iXU + 2wV cos 6 = 

/XV — 2ajU cos 9 = 

- 2coY sin ^ = XV 

\/ (1 — vb dy 
a dfj, ’ 

1 Oxfr q 
«v/(l -gb , 

d-yfr 

■ ■ (lU 

where, in conformity with the notation of ^ 2, we have denoted by cxjjjdn’ the rate of 

variation of xp in the direction of the normal to the surface of the ocean. 

From the equations (14) it appears that dxfj/cu is a quantity of the same order of 

— 3 
magnitude as xjj/a; also if we apply the operator to each of the equations (13), 

we shall obtain equations which enable us to express dU/dn', dYjcn, oW/3n' in terms 

of U, V, W, and the surface-values of \jj and its differential coefficients. A little 

consideration will show that in general 0U/0»', 0V/0?f, 0XX"/0/f must be of the 

order U/«, Y/a. 

Now the approximations introduced in the last section will hold good provided 

that we may neglect 

(ro - Ti) j_a7 and (yo - Ti) 

in comparison with [U/Ao/v]’ 5 io our present notation, that 

neglect 

h^ {cv (e + V'' (1 - f) ej aiui h A 
cYv^ + V 

\/ (1 “ V) \/ (1 + 

we may 
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in comparison with 

c (Li + 

But we have seen that dU/dn, 0V/3n' are of the order U/a, while 

d fc^ {u~ + jj?) 

'dll' (_ \/ (1 + v“) 

are of the order c'vJa. 

Hence 

h gE {CVC + E) n/(1 - E) U}, h i. 
C^(p^ + V 

l\/ (1 — \/ (1 + r"') 

are both of the order 

U 
r h . 

O-'Pn 

The aj^proximations will therefore be admissible, provided h/a is a small quantity, 

that is, provided that the depth of the ocean is small in comparison with the radius 

of the solid earth, a hypothesis as to the validity of which there can be no doubt. 

Beturning now to equations (14), and solving for U, Y we find 

U(X2 - 4w-cos’= 

V(X2 - Tco-^cos^^) == - 

A \/ (1 ~ A<-") ^ 1 -o) co.s 9 
a dfx, « y/ (1 — fj?) 

0\p 

2(0 cos 0 
y/(1 — /u-'b 

a 

'/X d^Jr 

ft y/ (1 — /A-) dcf) 

But we have rigorously 

cos 0 = jX ^ (i'o~ + 1) 

v/ (v + 

and therefore, with errors of the order of the ellipticity, we may replace cos 0 by p. 

Hence, finally, we obtain the values of U, V with errors of the order hja, e compared 

with their true values in the form 

i\ y/ (1 — 1 2uj/x Syjr "^1 

ft(X^ — 4«"p^) 0p ft y/ (1 — p^) (Y — 4ft)-p" d(p 1 
|» • • (15). 

2(ofjb y/ (1 — P^) I 
ft (X“ — 4(w®p') 0p ft y/ 11 — p") (^" ~ 4w"/u,“) 0<^ J 

2 F MDCCCXCVII.—A. 
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Substituting these values in the right-hand member of (12), we obtain 

0/x 1_ — 4:Co-fjr 0/i X" — 4(y"yLt^ d(f) J 

2cofjiIi 

X" — 4co^/j,“ d/u. 

i\h 

(1 - (X2 - 4a,V) j 
_ 
2„2\ f (16). 

Hence, provided that X be not equal to zero, we have 

_ 0 [ h(l — /u,-) 0-vp 2fo/iX 
~ 011.1 >.2 _ 4.,>3,,2 017 ■" oX r>i.3 - 4r„2,,2 

01^ 

0yLi|X“ — 4(o~/j.~ 0/A aX (X“ — 4o)”iJ?) d(p 

0 f 2a)/iX 
+ 

dir A ^'l 

0^ [ aX (X^ — 4a,~/A^) 0/6 (1 — /A®) (X“ — 4aj“/A^) 0^ J ■ • (17)- 

This equation, in conjunction with the pressure equation (9) of § 2, serves to determine 

i//, ^ in terms of /a, (j). It is equivalent to the well-known equation used by Laplace 

in the ‘ Mecanique Celeste.’'"' Omitting from consideration for the present the types 

of motion defined by X = 0, we propose in the present paper to discuss only those 

solutions which are symmetrical with respect to the axis of rotation. In order that 

such solutions may exist, we must suppose that h, i// are independent of the 

equation (17) will then reduce to 

(18), 

where for brevity we have put X/2co = f. 

0 
0/6 

A (1 — /A“) 0-Vp 

r - Sa 
I = 4aV^{ 

§ 5. Integ7'ation hy Means of Zonal Harmonics. 

Suppose that ^ is expressible as a series of zonal harmonics of the form 

C = X C„P„ (/a). 

U=1 

Neglecting the ellipticity of the surface, we may at once write down the value at 

the surface of the potential due to this distribution ; we have, namely, 

® ='‘y4Tl:C.p.(/.), 
)i=l 4- A 

* Part I., Book IV., § o. 
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where the density p is expressed in gravitational units, 

density of the earth as a whole, including the ocean, 

degree of approximation, 

g = iTTcra, 

and therefore 

But if cr denote the mean 

we have, with the same 

V 

71=00 

= S 
op 

n=l (2/i + 1) cr 
gO,^n {p)- 

As this only involves the ratio pjcr, it is independent of the unit of mass employed. 

Next suppose that the surface-value of the disturbing potential can be expressed 

by means of the series 
ty,^n {p)- 

Then equation (9) of § 2 gives 

^ = — gi-\-v 

gU - = - s 

or, if we write for brevity, 

op 

(2n + 1) cr 

op 

0 11 Yn yn (a^). 

we have 

Now, from the equation 

d 

dp. 

— yn ■“ gif^n 

4, = trn'Pn{p) . . 

(19). 

(20), 

which defines the zonal harmonics, we find 

Hence, if we integrate (18) with respect to p, we obtain 

^^ ^ = 4aVSC„rP„ dp 
i' Oa J P-p^ dp 

= A — (l — p^) 'Z 
Cn dP„ 

n (n 4- 1) dp 

where A is an arbitrary constant, which may be seen to be zero by putting p. = zb 1. 

Therefore 

2 F 2 
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n .7T> 
_ 4a2a;2 (1 - /x2) S , : - ij}) 

^ ‘ ' n {n + 1) ' dfjb 
(21). 

But, by well known properties of the zonal harmonics, we have 

— n{n \ P„ f//r /n 2\ _ 

n(n + 1) I cl? 

2n +1 j \ dfi 

(l?n-, 

d jjb 

_ ('!'>■ + 1) /p _ p \ 

” 2?i + 1 1 

no firbitrary constant being necessary since both sides vanish when jx — 1 ; and 

therefore 

r/P 
(/' — ?') d ip 

{p 

whence 

f?P 
/ 2\ ” 

‘'f 

p- 

n (n -|- 1) 

2a -h 1 (P« + l - P.-l) 

p- 

a (a -1- 1) 1 ■ 1 / dP„+2 d?n\ 1 /dP„ dP„. 

2/1 + 1 ] ,2 a -f 3^, d^x d^j 2n -\\dix dfx 

a (n -}- 1) d?n+o 

{2ii + l)(2?r + 3) d/j, 

2n(n + 1) 
+ U-i + rr 

rfp„ ?/, ( /i+1) d?„2 

(2n — 1) {2n + 3)/ d/x (2n — 1) (2a + 1) dfx 

This relation will hold good when n = 1, provided we replace (:/P_'^/r//r by zero. 

Thus the right-hand member of (21) is (iqual to 

4aV(l-/r2) ^ 
= 1 

-C„ 
P-l 

+ /0-, 

C 71 + 0 

(2a, —3) (2a—1) \a,(a-t-1) (2h,—I) (2a,+3)/ (2/1-1-3) (2?i-|-5) 

The left-hand member may in virtue of (20) be written in the form 

dP 

dfx 

A(i - ^®)2r. 
d/x 

Equating the two members and dividing by 4&>®a’^(l — g^), Ave obtain 

h ^ dP„ 
-- - 

" dix 

a o dP„ 

d/x [(2a — 3)(2?/, — 1) 
c. (-f 

2 

a(a-(-l) (2a — 1) (2?/-f 3)/ (2a-f 3) (2?r-f 5) + 
C. m+2 
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Hence, provided li be constant, the two members will be identical, if for all positive 

integral values of n we have 

C«_2 

{2n - 3) {2n - 1) \ tz {n + 1) ^ (2??. - 1) {2n - 3)/ {2n + 3) {2n + 5) ~ 

C 
(22), 

it being understood that Og = 0, = 0. 

This is on the hypothesis that the depth is constant ; a more general hypothesis 

would be to suppose that h is of the form 

-f- ^(1 — 
where h and I are constants 

Assumnng this form for h, the left-hand member of (21) becomes 

ni - Sr. (1 - sr., (1 - . 

which, by the properties proved above, is equal to 

{n-2){n-l) 

_(2yi - 3) {2n - 1) 
r._,, - 

2n{n + 1) 

{2n - l)(27y + 3) ̂
r. + - 

(w A 2) (n 3) 

{2n -f 3) (271 + 6) 

dVn 

Identifying this with the right-hand member, we obtain 

C„_=, . / P -1 . 2 \ . C 

(2??, — 3) (271 — 1) y; + 7R 71 (71 + 1) (2/1 — 1) (271 + 3)/ (2?! + 3) (2n -|- 5) 

n+<2 

ITn I r (71- 2) (71-1) 27l(71-fl) (71-I-2) (71+ 3) 
2 /O,. 1 \ , O,, 1 ON ~t“ ^ 4&)^rd ‘Iw-P l(2?i —3)(27i—1) (271-1)(27i + 3) (271-1-3)(27i-1-5) n+2 (22a). 

On introducing the values of r„ from (19), equations (22), (22a) may be written 

c„_2 (' r -1 2 /i^. 
(2?i - 3) (27? - 1) (71 -1- 1) (271 — 1) (271 + 3) 4a) 

_^>7,1 

{2n -f 3) (271 -1- 5) 4ara? 
. . . . (23). 

C,,_, 
1 - (71 - 1) (71 - 2) If/n-il4a)ht~ 

(27? - 3) (27? - 1) 

(/^ - 1) , 2(1- 71 (71 + 1) Iffnpaf^ 

71 (71 + 1) (271 - 1) (271 4- 3) 

hn 1 
4&)%^ J 

c. ̂ +2 
J 1 — (71 -f 2) (71 -f 3) fffa+zl4o)hd 1 

I (271 + 3) (271 -f 5) j 

H,_I r (71-2) (71-1) 

4a)%2 4co~P L (271-3) (271-1) 7/7-2 
2?! (714-1) 

(271—1) (271-1-3) 

(714-2) (714-3) 1 V 

3) 7" + (2n+-6)(inT5) J ’ 
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The law of variable depth which we have assumed appears to be the most general 

law which will lead to a difference-relation connecting the successive C’s of order not 

higher than the second. We shall confine ourselves chiefly to the case where the 

depth is uniform, but the following remark with respect to the more general case 

seems worthy of attention. 

If we put for brevity 

^ _ 1 — n{n + 1)_ 1 — n{n + 1) 

~ {-In -H1) {2n -f .s) ’ '^"“2 ~ ~72«"^ny(2wny~ ’ 

_ /2 — 1 2 {1 — n{n + 1)/^„/4&)-ft-} ^ leg,, 

~ n {n +[1) {2n - 1) {2n + 8) 4(»k/-^ ’ 

and suppose all the y’s zero, so that there is no disturbing force, equations (23a) 

mav be written 
,/ 

— L^O] T^^Cg = 0, 

— L3C3 T^gCg = 0, 

4C3 - L5C5 4- ^507 = 0, 

Now, suppose I in the expression Z: + Z (1 —/x®) for the depth is of the form 

, where r is an integer, and for greater definiteness let us suppose that r 

= 0 and y],_o = 0, and therefore the equations (24) will all be satisfied if 

~ L2C3 = 0, 

— L j,G4 -b = Oj 

£._4CV-4 — L.-2C,-2 = 0, 

|^,._2C,._2 — L,.C,. + ')7rC,.4.2 = 0, 

“ '^r+2^y+2 "b Vr+2^r+i — b, 

l’i- + 2Gi. + 2 L,.^.4C,. + 4 “b '>^}- + 4G,. + 6   h, 

4&)kr 

r(r + l)g, 

is even. 

Then ir 

~ L2C2 + >7304 

~ LgCc -b 

= 00 

= 0, 

= 0, 
. (24). 

J 

end all the C’s with odd suffixes vanish. 

Further, these will be satisfied if C,.+2> Cr+4, . . . are all zero, provided X is a root of 

the equation 
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\-u, 0, 0, 

1 sV — Ijj, ^4> 0, . 

1 0, ^4. big. ’7c 

- ’7r—65 0 

f.-e, L,._4, Vr-i 

. 0, e-4, - L,._2 

It follows that there exist certain types of free oscillation for which all the values 

of C with sujEhxes greater than r are zero. For these types the height of the surface- 

waves will be expressible by a finite series of terms terminating with a term 

involving P,.. 

In like manner, if the disturbing force be derivable from a potential function of the 

form of a second order harmonic, the equations which determine the forced 

oscillations are 

'^■2^-2 d" . V-) “h 7 4a)2«2’ 

^4^4 ~ + ’76^8 = 

^-A-2 

L,._20,._2 - 0, 

L,.C,. -p 'q,Gr+2 — 0) 

L, +2Ci.+2 'P Vr + 2^r+i — 0* 

If we suppose C,.^2) ^r+i, • • • all zero, the first r/2 of these equations will serve to 

determine Cg, C^, . . . C,- in terms of y^) while the remaining equations will be 

satisfied identically. Thus the forced tides for the law of depth in question will be 

expressible by a finite series of terms terminating with a term involving P,.. 

This general law does not hold when r = 2, owing to the presence of a term in the 

right-hand member of the second equation. 

The fact that for these laws of depth the tide-heights could be expressed by finite 

series, instead of by the infinite series usually required, was originally proved by 

Laplace in the ‘ Mecanique Celeste.’'^' 

* Part I., Book IV,, § 5. 
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§ (). The Period-Equation for the Free Oscillations. 

Returning to the case of uniform depth, we see that the equations (23) divide 

themselves into two groups, in one of which only even suffixes and in the other of 

which only odd suffixes are involved. We therefore conclude that the types of 

oscillation divide themselves into two classes, in the former of which the height of the 

surface-waves will be expressible entirely by harmonics of even order, and in the 

latter by harmonics of odd order alone. An exactly similar treatment is applicable 

to each of these classes; we shall therefore select for discussion the former set, 

contenting ourselves as regards the latter with merely stating results. 

Denote by L„ the expression 

f - 1 , _'i_^ 
n {71 + 1) (2n - 1) {2n + 3) 4wV“ 

(25). 

Then, putting all the y’s equal to zero, the types of free oscillation will be deter¬ 

mined by the equations 

7.9 
-aL, + .-;, = o 

C., 

5.7 ^ ' 11.13 
— -f — 0 

(26). 

{2n - 3) (271 - 1) 
'-'n+2 

{271 +3) {2)1 -p 5) 
r: = 0 

J 
At first sight it might appear that whatever be the value of X these equations will 

serve to determine C4, Cg,. . . in succession in terms of C2, whereas we know that this 

should only he possible for certain determinate values of X corresponding to the 

different periods of free oscillation. The manner in which these values of X are to be 

determined involves arguments similar to those used by Kelvin* in justification of 

the procedure of Laplace with reference to the forced oscillations after it had been 

attacked by AiRvt and Ferrel|. 

From equations (26), we obtain by actual solution 

C4 ^ _ 
7.9 

7.9.11.13 = C2 

5.7’ 

i 
I 
1 

* ‘ Phil. Alag.’, 1875. Cf. also au analogous problem treated by Niven, ‘ Phil. Trans.,’ 1880, Part I., 

p. 133 et seq. 

t “ Tides and Waves,” § 3. 

t “Tidal Researches ” (U. S. Coast Survey 1873). 
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and in general 

(- 

7.9.11 . . . (2?i + 5) 
1 

7.9’ 

1 

5.7’ 

0, 
1 

9.11’ 

0, 0, . 

0, 0, , 

0, 

1 

11.IJ 

0 

0 

, -L, '65 15.17 

L 

0, 

"■2’ {2n-l){2n+l) 

^ — L 
{2n-Z){2n-l) 

or, denoting the determinant which multiplies C3 in the last equation written down 

by A„, 

a,3= (-1)'*/^7.9.11 . . . (2w+5)A„C25 (n=2, 4, 6, . . . ) 

Now the determinant A„ is an algebraic polynomial of degree n/2 in If therefore 

we equate it to zero, we should obtain an algebraic equation of degree W./2. If 

has as its value any of the nj"! roots of this equation the first 7?/2 of equations (26) 

will be consistent, while 0,1 + 2 vanish. By increasing the value of n we shall 

approximate mor-e and more closely to the case where an infinite number of such 

equations are satisfied, while we shall impose an additional condition on the C’s, 

viz. :—that at some stage one of them must vanish. Though in general in the actual 

motion none of the quantities Cg, C^, . . . are zero, they are however subject 

to an important restriction, namely, that the series Cg, C4 . . . must form a 

converging series, and therefore we must satisfy the equation 

B^C;, + 2 = 0. 
n = 00 

The latter equation may be regarded as the period-equation for the free oscillations. 

It follows that as n is increased the roots of the equation A^^ = 0, which make 

0, must approach closer and closer to certain definite limiting values, which 

correspond to the different periods of free oscillation, and that the series Cg, C4 . . . 

calculated in succession from equations (26) can only form a convergent series when 

/has one of these values. 

Now we see that A„ = 0 is the equation obtained by eliminating the C’s from the 

set of equations 

MDCCCXCVII.—A. 2 G 



226 MR. S. S. HOUGH OH THE APPLICATION OF HARMONIC 

7 9 ~ 

a r — 2 

(2r - 3)(2r - 1) 
- aL, + C 

' +2 

(2r + 3) (2r + 5) 

1 

= 0, ^ 
• • • • 

c„, 
(2?i - 3) (2?i - 1) - = 0 

From these we obtain 
1 

a_o/a _ T _ (2r + 3) (2r + 5) 
-3)(2r-l) '• CV/C, + 2 (2r 

_ j __ (2r+ l)(2r +3)^(2r + 5) 

a/C,+2 

and therefore by successive applications 

a_2/C, = (2r - 3) (2r — 1) L, — 

(2r -t- 1) (2r + 3) 

(2r + 1) (2r + (2r + 5) 

L, + 2 — 

1 “j 
(2n - 3)(2n - 1)^(2m + 1) 

(27). 

Tlius the eliminant of equations (27) can be exj)ressed in the form 

111 1 

L c,/c. 
7.9_ 5.7^.9 9.11L13 

■i 

(2w - 3)(2?i - 1)^271 + 1) 

L, L, - . . . - a 

We therefore see that the roots of the equation A„ = 0 are the roots of 

1 

L., 
5.7C9 9.1P.13 

h - h - . . . - 

(271 - 3)(2n - 1)^2/^ + 1) 
= 0. 

This form for the equation = 0 has an advantage over the determinantal form, in 

that it enables us at once to proceed to the limit when n is made infinitely great, 

and thus to express the period-equation for the free oscillations by means of the 

transcendental equation 

“2^ ,... = 0.(2S). 
L.J Lg — , , . ad inf. 
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We may however obtain a number of alternative forms for our period-equation. 

From (27) we find 
1 

Cr^JCr_^ _ (2r - 3) (2r - l)'^ (2r + 1) 

(2r -f 3) (2r -f 5) 
(2r - 1) (2r + 1) 

and therefore by successive applications 

1 1 

Cr + j (2r- 3) (2r - lf(2r + 1) 5.7b 

(2r + 3) (2r + 6) ~ ' Ij)-_2 ““ • . . - L, 

Thus, we have 

1 1 
(2,--3>(2,--l)»(2r+ 1) (2r + 1) (2r + 3f (2r -H 5) 

“ c,/a_2 + CrlGr + 2 
(2r - 1) (2r + 1) (2r + 1) (2r -f 3) 

1 1 1 
(2r - 3) (2r - l)^ (2r + 1) (2r - 7) (2r - of (2r - 3) 5.7^ 9 

1 I 

1 1 1 - Lo 

1 1 1 

+ 
(2r-H)(2r + 3)3(2r-f5) {2r + 5)i2r + 7y {2r + 9) (271-3) (271-7^(271 + 1) 

Lr + 2 u +i 

This is an alternative form for the equation A„ = 0 ; by making n infinite, we 

obtain as an alternative form of the period-equation 

1 

L. 
(2r - 3) (2r - 1)^ (2r + 1) (2r - 7) (2r - 5f (2r - 3) 5.7^ 9 

-‘r-z 

1 1 
(2r + 1) (2r -H 3f (2r + 5) (2r5) (2r-t- 7)M2r-f 9) 

-^r + 2 -‘r + i ad i7if. 
, = 0 (29), 

where r is any even integ’er. 

§ 7. Numerical Solution of the Period-Equation. 

The method I have used to solve the above equation will perhaps be best explained 

by giving a numerical example in detail. 

Taking for the ratio of the mean density of the earth to that of water the value 

given by Boys,* we deduce 

* ‘ Roy. Soc. Proc.,’ vol. 56, 1894, p. 132. 

2 G 2 
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whence 

pjcr = ’18093, 

yj9 = 

uJy = 

gjg = 

9%!9 = 

9iJ9 =■- 

•89144 

•93969 

•95825 

•96807 

•97415 

9iil9 = 

9iJ9 = 

9iJ9 = 

9iil9 = 

9%^\9 = 

•97829 

•98128 

•98355 

•98533 

•98676 

the values of g^lg approximating closer and closer to unity as n increases. 

Next take hgjiora^ = which corresponds to a depth of -^y-Q of the earth’s 

radius, or about 7260 feet. With this value of the depth we find 

L = 0-3 (£. - ’) + -0^295, 

L = o (£= - ') + -002482, 

= 6-7 (£=-t)--0”835, 

L = sb (£=-i)--04^1«4, 

L-=lo!u(4b-l)--019777, 

L,3 

L 

L 

L 

12. 13 V4a)-’ 

1 

~ 14. 15 Ua)2 

1 

“ 16. 17 \4&)2 

1 

~ 18. 19 \4:C^ 

1 fX^ 

“ 20. 21 ' V4a)2 

14 — 

16 

18 — 

•021237, 

•022143, 

•022746, 

•023168, 

•023476. 

Introduce for brevity the notation 

K.= 

_ {-In + 1) (291 + 3)2 (2i4 + 5) {2n - 3) {2n - l)^ (2ft + 1) ^7^9 
L. 

1 

—2 

1 

- ... - U 

{2n - -S){2n - If {2n + 1) i2n + 1) {2n + 3f {-2n + 5) 

L,j +2 — ad inf. 

The period-equation (29) may then be written 

L/i H«_2 ^« + 2 — fi. 

Suppose now that X^/4aj^ has a value found by equating to zero one of the quantities 

say for example Lg; putting Lg = 0, we obtain with the numerical values given 

above . 

^,= 2-23726, 
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and with this value for we find 

= - -008529, 

L^2 = — -013306, 

= - -016251. 

The value of log- --7^—-rr is 
® (2?i + 1) {2n + 3)2 {2n + 0) 

L3 = -27916, 

= -064345, 

Lg = -017624, 

for n = 2, 4-6566, for n — 8, 6-8898, 

„ n = 4, 5-8490, „ n - 10, 6-5564, 

„ 71 = 6, 5-3034, „ n = 12, 6-2769. 

With these values we find for the successive convergeots to the continued frac¬ 

tion Hg 

-001141, -001217, -001219, 

while the successive convergents to the continued fraction 

- -000910, - -000939, - -000940, . . . 

It will be observed that these continued fractions converge with great rapidity; so 

long as the depth of the ocean is not less than that we are here using, I find that 

when X^doj® has a value in the neighbourhood of a root of the equation = 0, the 

continued fractions H„_2, K«+2 are represented without sensible error by their fourth 

convergents, while in many cases the second convergents will form a sufiicientl}'’ 

accurate approximation to their values; this rapid convergence of course greatly 

facilitates the numerical computation. In practice, the simplest method of evaluating 

the continued fractions is to assume that, for a sufficiently large value of n, K„ = 0, 

and then to compute K,;_3, &c., in succession from the formula 

K„_o = 
{271 - 7) {'2n - 5)2 {2n - 3) 

_ 2 IV,; 

Thus, in the present instance, we may put K^g = 0, and deduce 

log Ki4 = ^4*06, log K^3 = n4-436, log K^q = u.4'9730. 

K ]o — 

whence, as above, 
- -000940. 
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In like manner, in order to evaluate H„_2, we assume that, for some sufficiently 

small value of r, H, = 0, and then compute H. + o, ^r + i, • . . = H„_3 in turn by 

means of the formula 
1 

Tr (2r + 5) (2r + 7)^ (2r + 9) 
xl,- + 2 — • 

4- 2 XX;. 

In the present case we find 

log Hg = 3-2107, log = 3'0516, log Hg = 3-0860, 
whence 

Hg = -001219, 
and 

Lg - Hg - K^o = - -001219 + -000940 

= — -000279. 

This being a small quantity we conclude that there is a root of the period-equation 

differing but slightly from the value assumed for A.^/4cu^, namely, 2-23726. A closer 

approximation will be found by using this value in Hg, K^g, and again equating 

Lg — Hg — Kjq to zero; in other words, by putting 

Lg = + -000279. 

The second approximation to the root is therefore given by 

X74a;2 = 2-25735. 

Taking this value, and proceeding as before, we find 

Lg - Hg — Kjo = -000279 — -001183 + -000961 

= -000057. 

We have now found that, when — 2’23726, 

Lg - Hg — Kjo = - -000279, 

and when = 2-25735, 

Lg - Hg - Kjo = + -000057, 

whence, by interpolation, we conclude that 

Lg Hg = 0, 
when 

X3/4w" = 2-25394. 

In general we shall at this stage obtain a sufficiently close approximation to the 

root sought, as may be verified by actual substitution. Should however great 

accuracy be desired, we may re-start the computation, using the value already found 

as a first approximation, and so continue until the desired degree of accuracy is 

attained. The number of cases in which I have found a repetition of the process 

necessary is however extremely limited. 
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By the method here sketched I have calculated the first six roots of the period- 

equation for four different depths of the ocean corresponding to the values 

'io’ iVj "sj respectively, for hgjioi^a‘^. These depths are equivalent to about 

7260, 14520, 29040, 58080 feet respectively, and the results are embodied in the 

following tables :— 

Table I. 

i 
1 
j 

j 

Approximate value 
of computed 

from equation 
L. = 0. 

Corrected value 
of 

Period of 
o.scillation expressed 

in sidereal time. 

Corresponding 
period when there 

is no i-otation. 

h. m. h. ra. 

Depth 7,260 feet {kgjico^a^ = ; pja- - = T8093. 

n = 2 •56230 •44155 18 3-5 32 49 
w = 4 •95036 •96357 12 13-5 17 30 
n = 6 1-4971 1-5224 9 43-5 11 58 
rz. = 8 2-2373 2-2539 7 59-6 9 5 
n = 10 3-1755 3-1867 6 43-3 7 20 
n = l2 4-3130 4-3209 5 46-4 6 9 

i 
Depth 14,520 feet = 2^); p/o- = T8093. 

n = 2 •69600 •62473 15 11-0 23 12 
n = 4 1-4202 1-4368 10 0-7 12 23 
91 = G 2-5032 2-5168 7 33-8 8 28 
M = 8 3-9798 3-9882 6 0-5 6 26 
n = \0 5-8544 5-8600 4 57-4 5 11 
n = 12 8-1283 8-1322 4 12-5 4 21 

Depth 29,040 feet (%/4mW = 1^); p/o- = -18093 • 

n = 2 •96344 •92506 12 28-6 16 25 
w = 4 2-3599 2-3707 7 47-6 8 45 
n = 6 4-5155 4-5224 5 38-6 5 59 
w = 8 7-4649 7-4691 4 23-5 4 33 
w = 10 11-2123 11-2150 3 35-0 3 40 
n = 12 

1 
15-7588 15-7609 3 1-4 3 4 

i Depth 58,080 feet (/ip/4&>®a^ = i); p/o- = -18093. 

n = 2 1-4983 1 -4785 9 52-1 11 35 
71 = 4 4-2393 4-2453 5 49-4 6 11 
71 = 6 8-5402 8-5437 4 6-3 4 14 
71 = 8 14-4352 14-4371 <> o 9-5 3 13 
n = 10 21-9275 21-9293 2 33-8 2 36 
71 = 12 31-0202 31-0212 2 9-3 2 10 
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By a comparison of' the 2nd and 3rd columns it will be noticed that in most cases 

the roots of the frequency-equation are given at once with a fair degree of accuracy 

by simply solving the equations = 0, and that this approximation improves the 

greater n becomes. In the fifth column I have given the periods of oscillation for an 

ocean of the same depth when the rotation is annulled, calculated by means of the 

formula 

_ n in + 1) lujn 

where w now denotes a constant such that ir/w = 12 hours. It will be seen that the 

approximation obtained by omitting the rotation continually improves with increasing 

values of n, but in no case will it lead to as accurate a result as the formula 

1 
{2n - 1)(2 7i + 3) 

For instance, taking the case hgjAoy^a' = n = 8, the error introduced by using 

the first formula amounts to about 14 per cent., whereas the second form gives the 

frequency with an error less than one per cent, of its true value. 

8. Unsymmetrical Types. 

An exactly similar method of treatment is applicable to the types which are 

represented by a series of harmonics of odd order ; the period-equation for these types 

is given by 

II^;_2 + 3 — 0 

where n now denotes an odd integer and K„ denote respectively the continued 

fractions 

_1_ _1_ _1 
{2n -f 1) (271 -f 3)~ (2ft -1- 5) {2n — 3) (27i — 1)- {2n -f 1) 3.5- 

1 1 
(2ft - 3) (2ft - l)-(2ft + 1) (2ft -f l)(2ft + 3)-(2ft -|- 5) 

L„ — — . . . ad inf. 

Treating this case in the same manner as the last, I have found the first six roots 

and the corresponding periods of oscillation for the four depths employed as follows :— 
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Table II. 

Approximate value 
of 

Corj’ected value 
of 

Period of oscillation. 
Corresponding 

period 
without rotation. 

li. ni. i h. m. 

Depth, 7,260 feet {hgjAor'd^ = ; pja- = *18093. 

n = 1 •24095 •15491 30 29-3 59 17 
7t — o 

o •7434U •70890 14 15-2 22 49 
n = o 1-2002 1-2270 10 50-0 14 13 
u = 7 1-8426 1-8633 8 47-5 10 20 
n = 9 2'6815 2-6951 7 18-6 8 7 
11 11 3-7193 3-7287 6 12-9 6 41 

Depth, 14,520 feet {JigjAoScd' — - h)\ PICT = *18093. 

n = 1 •2819L •22204 25 28-0 41 55 
71 — 3 1-0201 1-0160 11 54-3 16 8 
n = 5 1-9132 1-9300 8 38-3 10 3 
11 = 7 3-1919 3-2025 6 42 3 7 18 
n = 9 4-8672 4-8741 5 26-1 5 44 
n — 11 6-9414 6-9461 4 33-2 4 44 

Depth, 29,040 feet {hglAorcd i\.-); p/or = *18093. 

n = 1 -36381 •32658 20 .59 9 29 39 
11 = 3 1-67362 1-57822 9 33-1 11 25 
71 = 5 3-.3391 3-34816 6 .33-5 7 h? / 
U ~ 7 5-8906 5-8959 4 56 5 5 10 
71 = 9 9-2387 9-2421 3 56-8 4 4 
71 — 11 13-3856 13-38S0 3 16-8 3 21 

Depth, 58,080 feet {ligj^oreC'' = i); p/o- = *18093. 

71 = 1 •52763 •50650 16 51-7 20 58 
11 = 3 2-6806 2-6853 7 19-4 8 4 
71 = 5 6-1911 6-1957 4 49-3 5 1 
71 = 7 11-2879 11-2906 3 34-3 3 39 
7^ = 9 17-9816 17-9833 2 49-8 2 52 
n = 11 26-2742 26-2753 2 20-5 2 22 

§ 9. Numerical Comiyutation of the Height of the Surface-Wa'vcs. 

We have next to evaluate the quantities ; when once the periods have 

been determined this will present no difficulty. Suppose we are dealing with the 

MDCCCXCVII.—A. 2 H 



234 MR. S. S. HOUGH ON THE APPLICATION OF HARiMONIC 

type whose frequency approximates to the root of the equation L,, = 0 ; we have 

seen in the preceding sections how to evaluate + K;,+4, . . . and H„_2, . . . 

Also we have 

+ — (2r + 3) (2?’ + 5) K^4.2j 

C,_2/C, = (2r - 3) (2r - 1) H,.., 
and therefore 

+ 0 = (2'n 3) {2n + 5) K„ 0,„ 

+ 4 = (2;; + 3) {2ii + 5) (2n + 7) {2n + 9) + o C„, 

0«_2 = {2ii — l){2n — 3) H,,_2 C,,, 

a,_4= (2n - l)(2n - 3) (2n - 5) (2n - 7) H,_2H,_4C,, 

Thus the height of the surface-waves is given by 

--+ (2n - 1) (2n - 3) (2n - 5) {2?i - 7) H„_2 H„_4 P„_4 

+ {2n — 1) [2n — 3) H;i_2 P«_3 + P« -f- {2ti -1-3) (2n + 5) K/i+3 Pn+o 

_+ (2n -{- 3) {2n p 5) {2n -1-7) (2n -f- 9) K„+4, P„+4 4- - • • 

where X is the root of the frequency-equation in question, and C„ is an arbitrary 

constant. 

Continuing with the particular numerical example dealt with in § 7, we take 

7-, = 2-25394, or ^ = 1-5014 
2(0 

and deduce 

Lo -281944, L,2 = - -013199, 

L 4 -- -065179, 11 - -01G171, 

L, = -018021, 11 - -01814, 

Ls = 

Lio — ~ 

-000232, 

■ -008378. 

L,8 = - -01951, 

Neglecting Koq, we find 

log Kjg = 5-535, log Kjg = n 5-7785, log K^4 = n 4-0698, 

log Kio : = n 4-4397, log Kio = 9i 4-9812, 

and in like manner 

log Ho = 3-2UG4, log H4 = 3-0458, log i p = 3-0753 ; 
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from these we deduce 

log (C.2/C4) = 27505, 

log (Cj/Cu) = T'0414, 

log (CJCs) = T-.3653. 

whence, finally 

Cg/Cg = -0014, 

CVCg = -0255, 

ayCg = -2319, 

log (Cio/Cg) = 11 1-5822, 

log (Ci2/Cio)=n 1-1994, 

log (Cji/Cio) = 712-9636, 

log (^le/C^) = « 2-7885, 

log (C^g/C^e) = n 2-647 ; 

Cio/Cg = - -3821, 

Cjo/Cg = + -0605, 

CiVCg = - -0056, 

Cic/Cg = + -0003, 

Cig/Cg = - -00002 

Combining witli our solution a second, obtained by changing the sign of i wliere- 

ever it occurs, we obtain a solution in the real form 

^ = 08 cos {\t + e) -OOI4P3 + -0255?^ + -2319Pc + Pg 

- -382lPio + -OOOoPij - -0056Pi^ + -OOOSPjo 
5 

where Cg, e are arbitrary constants. 

This determines the type of oscillation for that particular mode which is in question. 

It will be seen that the coefficient of Pg predominates, and that consequently the 

deformation of the surface will be similar in character to that which takes place when 

there is no rotation, in which case the height of the surface-waves is expressed by a 

single harmonic term. The nodal circles will however be displaced from their 

positions when the rotation is annulled. 

§ 10. Numerical Expressions for the Height of the Surf ace-Waves. 

By the method illustrated in the preceding section I have computed the series 

which indicate the types of oscillation for each of the forty-eight cases for which the 

periods are tabulated in §§ 7, 8 ; these series are given in the following tables. To 

obtain the height of the surface-waves, the series here given must be multiplied by a 

simple harmonic function of the time of arbitrary amplitude and phase, but whose 

period is found from the corresponding entry in the preceding tables. 

2 H 2 
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Table ITT.—Heights of SiiiTace-Waves for Symmetrical Types. 

hgjAM = (7,260 feet). 

n = 2 Pj - 1-2678P4 + •52G7P6 - •1097P8 + ■0137P,o - •0012Pi2 + -OOOlPi^ - ... 
11 — 4 •2373P2 + P^ - •8753P6 + •2595P8 - •0403Pio + ■00.39Pi3 - -GOaSPi^ + . .. 
11= 6 •0269Po + ■2714P4 + Pfi - -StSSPg + •1139Pjo - ■0132Pi2 + -OOlOPj, - -OOOlPig + . .. 
n = 8 ■OOlIPo + •O2.55P4 + ■2319Pf; + Pg - •3821Pio + -OGOoPia - -OOoGPi^ + ■0003Pi6 - ... 
n = 10 . .. + •0012P.j + -0196P6 + -1977P8 + Pio--2934Pi2 + -0373Pii--0028Pi6+-0001Pi8 - ... 
n = 12 .. . +-0009P6 + '0150P8 + -171oPio+ Pjo- •2380Pi^ + -0252Pi6- •OOI6P18+ -OOOlPoo - ... 

/ip/4w’W = 2M 5 (1-4,520 feet). 

11 = 2 Po - •7484P^ + T707Pe - •0I88P8 + •0012Pjo - -OOOlPio + .. . 
n = 4 •I286P2 + P4 - •4070Pe + •0594P8 - 'OCiePio + •OOO2P13 - . . . ' 
n = 6 •0069Po + ■1311P, 4- Pg - ■2556P8 + ■O262P40 - -OOlSPij + -OOOlPi^ - .. . ; 
11 = 8 •OOO2P2 + •OO62P4 + •1127P6 + Pg - -IStOPio + -OlIIPio - •OOO/P;^ + ... 1 
11 = 10 . . . + •0002P^ + -OOISPe + ■0969P8 + Pjq - •I432P42 + -OOgOPj^ - •0003Pi6 + . ■ • 
11 = 12 .. . + -OOOlPe + •0037P8 + •0845Pjn + Pp - HirOPi^ + •0062Pj6 - 0002Pi8 + ... 

hglioj^ar = Ti)-1 (29,040 feet). 

n — 2 P2 - •4029P4 + •0477P6 - •0027P8 + -OOOlPjo - . . . 

11= 4 •0677P2 + P4 - •1989Pe + •0144P8 - -OOOePio 4- • .. 

11 = 6 •OOI7P3 + -OeolP^ + Pg - •1259P8 + •0064Pio - •0002Pp + ... 

11= 8 . . . + •0015P.J + -O.^GOPg + Pg - •0912Pp + •0036Pp - 'COOlPij + . . . 

11 = 10 . . . P •0012Pg + •0482P8 + Pp - •0712Pp + •OO22P14 - ... 

11 = 12 . .. + •0009P8 + •O42IP10 + Pp - •0583Pi4 + -OOlSPig - . .. 

hgjiorci' = 4 ; (58,080 feet). 

n = 2 
i 

Po - •207CP4 + •0125Pc - •0004P8 + . .. 1 

n = 4 •O347P2 + P4 - •0989Pe + •0036P8 - -0001 Pp + • • • 

11 = C •OOOTPo p •0326P^ + Po - ■0627P8 p 'OOlOPio - • ■ • 

II CO
 

. .. P -OOO-IP^ p •0280Pg P Pg - -OlSSPio P 0009P,.2 - . .. 

«= 10 . .. p -OOPlPe ^ •0241P8 p Pjo - -OSSSPio P 'OOOGPi^ - . .. ' 

1 
II 

1 

. .. p -00021^8 p •O2IOP10 P P]3 - •0291Pj4 P •0004Pig - . .. 
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Table IV.—Heights of Surface-Waves for Unsyminetrical Types. 

; (7,260 feet). 

n — 1 P] - l-oOoSPg + YlOePj - •I673P7 -h •O235P9 - ■:022Pii + -OOOlPjj - ... 

n = 3 ■1221Pi + P3 - 1-0907P5 + •3875P- - ■07OIP9 L •0077Pii - -GOOePio + ... 

n = 5 •OI6IP1 + ■2772P3 A Pg - •6837P7 + ■I688P9 - •0226P11 + -OOlGP^g - -OOOlPig + . . . 

n ■=■ 7 •OOlOPj + •028OP3 + •252IP5 + P; - •4498P9 + •O8IIP11 - •0083Pi3 + -oooePjj - . . . 

n ~ 9 ... A’OOMPg +'0224P5 +-2137P- +P9 --.3320^1 +-0468Pig -•0039P,g + •0002Pi. - . .. 

n=ll . .. +-00]0P5 + '0171P;+-1837P9 + Pii -■2628Pi3 + •0304Pi3 --0021 Pg-+-0001 Pjg - ... 

hg/Aorcir' = -^o ; (14,520 feet). 

n = 1 Pi - PO477P3 4- •2986P3 - -OSOGP. + •OO3OP9 + -OOOlPn + . . . 
n = 3 •0778Pi + P3 - •5478Pg + •0993P- - -OOgiPg + -OOOSPn - ... 

n = h ■0048Pi + •I374P3 + P5 - •3156P- + •O38IP9 - •OO25P11 + -OOOlPig - . .. 

51 = 7 •OOOlPi + •OO68P3 + •I2I8P3 + P7 - •214IP9 A -OlOOPii - -OOlOPij A . . . 

n = 9 ... A •OOO2P3 A •OO.54P3 A •1043P„ A Pg - T6IIP11 A •OII3P13 - -OOOSPig A . • • 

71 = 11 ... A -OOOlPg A •0042P. A •O903P9 A Vi - '1288^3 A ■0074Pi. - -0003^3 A . . • 

hgjAora- = ; (29,040 feet). 

n = 1 Pi - -GSiePs A •1034Pg - •0073P7 A ■0003P9 - ... 

n — 3 •O47IP1 A P3 - •2726P5 A •O248P7 - -OOllPg A ... 

71 ~ 5 •0013Pi A •O689P3 A Pg - T547P; A 'OOgSPg - •0003Pii A . • • 
— 7 ... A •OOI7P3 A -OGOSPg A P7 - -lO.DGPg A •0047Pii - -OOOlPig A . • • 

n — 9 ... A -0014Pg A •0519P- A Pg - •O8OOP11 A •OO28P13 - •OOOlPi A • • • 

55 = 11 ... A ’OOIOP^ A O45OP9 A Pn - -0641 Pjg A •OOI8P13 - . . . 

hgjAora^ = \ ; (58,080 feet). 

51= 1 Pj - •3697P3 A -OSlOPg - -OOllPg A . •. 
n = 3 •0265Pi A P3 - -ISGIP. A ■OO63P7 - -OOOlPg A . . • 

55 = 5 •0003Pi A •O346P3 A P5 - •O77OP7 A •OO23P9 - . . . 
51 = 7 ... A ■OOO4P3 A -0302 P5 A P7 - •O528P9 A '0012 Pn - . . . 

55 = 9 ... A •OOO3P5 A •O259P7 A Pg - -O.SggPn A •0007Pig -- . . . 

n = 11 ... A •OOO3P7 A •O22.5P9 A Pn - •0320Pi3 A -OOOSPig - ... 
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§ 11. Forced Tides. 

Leaving now the problem of the free oscillations, let us return to the equations of 

§ 5, when wm retain the y’s. It is obvious in the first place that a disturbing force 

whose potential at the surface is expressible by surface-harmonics of even order alone, 

or of odd order alone, will give rise to a forced oscillation of like character. Further 

we may consider separately the effects of the different terms in the disturbing 

potential and superpose the results. Suppose for example that the surface-value of 

the disturbing potential is expressible by the single harmonic term 

y,P„ (^) 
wLere w’e will suppose n even. 

The equations (23) w'hich determine the type may be written 

- + CJ7 .9 = 0 

C./5 . 7 - + C,./l 1.13 = 0 

L\_J{2n - 3) {2n - i) - CX. + 0,J{2n + 3) {2n + 5) = yX/IojuF 

C.„l{2n + l) {2n +3) — + ^,,+4./ (2n 7) (2/i -b 9) = 0 

w’ith the condition that = 0 ; whence w^e obtain 

Cr.jd = (2r - 3) (2r - 1) {r < n + 1) 

CrJCr = (2r + 3) (2r -f 5) K,+2 - 1) 

and therefore 

- L„} = y„/l/4a;%U 

or 

_ yF 
^.orcc^ (H„_ -2 + F«+2 L,-,) 

Thus the height of the tide is given by 

. . . -f (2^1 - 1) (2r. - 3) (2n - 5) {2n - 7) 

+ (2p — l){2;z — 3)H„_2P«_o-bP;,+(2?^ ■l"3)(2/i-b5)K„4.2pw+2 

-p (2n + 3) {2n + 5) [2n -p 7)(2n + 9) + ... 

4iO}~a- (Hi,_2 -p — L„) 

The expressions H, K, L all depend on X the frequency of the disturbing force. It 

is obvious from the above that the tides become very large when X approaches a root 

of the equation 

L,( “* K„4.o ~ 0 ^ 
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and this equation, as we have already seen, is the equation which determines the 

periods of free oscillation. 

It is usual in Tidal Theory to express the height of the forced tides in terms 

of the height of the corresponding “ equilibrium-tides.” If we denote the height of 

the equilibrium-tide arising from the disturbing potential in question by (p.) 

we see, on omitting all the terms on the left of (23) which depend on inertia, 

and replacing G,, by that 

= y,//./ 4a»'a' ; 

and therefore 

= gMn- 

If then denote the height of the equilibrium-tide, we have 

-b (2n-I) (2/i-3) (2^.-5) {'ln-7) 

+ {2ii—l) (2« — 3) II,,_3P,;_2d-P;, 

+ (2ri-p3) (2«-|-5) + + 

+ (2?i-p3) (2n-p5) {2n-\-7) (2n-|-9) K;; + 3K„_,.^P^; 

+ ... 

The most important practical application of the above theory is the case where the 

disturbing potential involves only a single harmonic term of the second order, and 

the period of the disturbance is long compared with the period of rotation. Thus 

taking = *00133, hgjiuPcir' = 1/40, which corresponds to the case of lunar- 

fortnightly tides in an ocean of depth 7260 feet, we hnd 

Lo = - *09349, Ps = - '03105, 

= - *04745, = — *02886, 

L,; = — *03561, = — *02764. 

whence, neglecting we obtain in succession 

log Kj3 = /i4*T2, log Kjq = /z4*432, log Kg = '/i4*815p 

log Kg = w3'3055, log Kj^, = w3*9992. 

Thus 

— K^, = — *08351, 

log (C4/C2) = wT*7986, log (CyC^i) = wl*4608, log (Cg/Cg) = nl*2216, 

log (Cio/Cs) = ’^1'033, log (Cio/Cio) = 1^2*88, 

jn 

fo (H«-2 ”t Kh + 2 — Pi) Oii 
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and therefore 

= •26G9P3 - -IGTSP, + •0485Pg - -OOSlPg + 'OOOOPio - •OOOIP12 + . . . ’ 

In the same manner, when hg/iartt^ = 

= -TOZOP^ - •IGZlP.i + •0285Pe - •0()27P8 + •OOO2P10 - • • • ; 
W-^3 

when hgliorrir — 

^ = -oGOZP. - •1388Pi + -OlSlPc - -OOOGPg + . . . ; 
bo/ 

and when /((/jAoj-a- — 

= •72O8P2 - -OOZSP^ + •0048P6 - -OOOlPs + • ■ • 
bo/-*- 3 

The hmar-fortnig’htly dedinational tides have been evaluated by Professor Darwin'^ 

for depths which correspond with the first and third cases given above, the results 

being expressed in series proceeding according to ascending powers of the variable [x. 

If we replace the various powers of p, by their values in terms of the zonal 

harmonics,! we may deduce the followfing series from those given b}’- Professor 

Darwin ; when hgjifohi'^ — we find 

= •2889P3 - T755P, -}- •0490Pg - •0079Ps + -00091^10 - . . . , 
bo/ -* 2 

while, when hgjiojhi- = y,-, 

^ = •59G9Po - •1385Pj,+ •012GPg - -OOOGPs + . . . 

The difierence between these expansions and those we have given above, is to be 

explained by the fact that we have included in our analysis the eftects due to the 

attraction of the Avater on itself. I have re-computed the lunar-fortnightly tides, 

starting with the assumption that pjcr = 0, and obtained practically identical results 

by the two methods. 

We see then that the effect of the gravitational attraction of the water is to diminish 

the tides, as compared with the equilibrium tides, in the first case by about 8 per 

cent., and in the second by about 5 per cent. 

* ‘ Eucyc. Brit.,’ Art. “ Tides.” § 18. 
t Ferrkks : ‘ Spherical Hariuonics,’ p. 27. 
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§ 12. Lunar-Fortnightly Tides in an Ocean of Variable Dejjth, 

A similar method of treatment may be employed when the depth follows the less 

restricted law, of the form k I {1 — y?), made use of in § 5. The numerical com- 

m -:— where r is 
(r + VUr 

a small integer, since, as we have seen, the series which express the tide-heights will 

then rapidly terminate. 

For example, taking r = 4 so that 

putation is greatly facilitated in this case when I takes the for 

0 
4<y"-fd 

J._ 

• 5yjy 

which makes the value of I for the earth about 15,454 feet, the values of Cg, C4 arc 

given by the equations 

+ 7 73 

y TP _ ^72 _ 
4:2^2 5.7 4a,kd“ 

whilst all the remaining C’s vanish. The notation employed is that introduced at 

the end of § 5. 

Taking p/o" = T8093, we find in the case of the lunar-fortnightly tides 

L3 = - -27060, L^. = - -23787, 

log 4 = 2-3105, 

whence we obtain at once 

^ 0 \ ff2 % C, = - fA-. + ^ ^ = •74266,, 
\4a)^fd 7 4:(o~a^J (j V 

= O 4&» fl + ^ “ '09806^. 

1 t 
Thus, if o = -^ -h 7- 7 — sin® 6, where 6 denotes the co-latitude, which for a 

5 4.5 

system of the dimensions of the earth makes the law of deptli 

(58080 + 15454 sin® 0) feet, 

we find for the tide-height the expression 

{ e3[-7426P2 - -0980PJ. 

2 I MDCCCNCVH.—A. 
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Similarly, when 

h = 
4«2«2 / I 1 

<y UO 4.5 
— sin® 61 = (29040 + 15454 sin^ 6), 
fJi / 

I = (5,[-6201P.3 - -1446?^ ; 

when 

]i = i JL Q I — (14520 + 15454 sin- d\ 
rj \^20 ^.0 rj^ I ^ 

I = C5o[-5018P3 - -ISOrPJ ; 

and when 

h = — i ^ siiP e ) = (7260 + 15454 sin^ 0), 
'j \40 4.5//, / ' 

I = 62[-4095P3 - •2248P,]. 

x4.gain, if we take 

I = 
4cokr 

6.7//, 
= 7218, 

the series for ^ will terminate with a term involving P^, and the values of C^, C,, C 

must be computed from the equations 

“b 

eoC, - L,c, 

- LeCe 

I 4 Ig \ 72  / hg„ 4 lgc,_ , „ 

4a)Ad 7 4«kd/ g “ 7 4«%"-' 

2.3 

5(7 4«kr 
- • hi 2.3 Ig, 

5.7 4(o%- 
(5.,. 

= 0; 

from which we find, when 
hg^ 

larii? 

f], = -731662, C, = - -097862, Co = -002462. 

Thus for the law of depth 

_ bfdP A _p A Jh gpy ^1 = 58080 + 7218 siiP 6. 
g \o ^ b.l g, J 

^ = 62[-7316P2 - -0978P, + -0024P6]; 

in like manner, when 

li = + A 4k spy 5/1 ^ 29040 + 7218 siiP 9, 
// [10 b.i g^ J 

^ = 62[-5954P.3 - -I426P, + •0064Po] ; 
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when 

h - I™ + i sin= ej = 14520 + 7218 sin"* 6, 

C = gj[-4576P3 - •1821P4 + •0137PJ ; 

and when 

h = j L _i_ L — 7260 + 7218 sin^ 
r/ [40 6.7 ^0 J 

C = (S2[-3457P3 - •2075P4.+ •0234P,]. 

For other values of I we must employ a method similar to that of the last section. 

The general formulae for the computation of the forced tides due to a disturbing 

potential of the second order are 

where 

T p _L n _ I 4 l'y.2 leg, 4 Iq^ 

— ~ 

^4,0^ — LqCj; 4- ^6^8 = 0 

9 f! _ hi 
5.7 4«2rt2 

c2_ I _.. \ rc 
4(o^-a- 7 4«%21 '-3 

2.3 ^2 

5.7 4:co^a 2„2 
6.7 h- • (31), 

iu = 
1 — 91 (n + 1) Ignhw^a? 

{2n + 1) (2« + 3) ^«-2 
1 — % (71 + 1) lg,ilAo)^a“ 

{291 - l)(27t + 1) 

P — 1 , 2{1 — n{9fi+ 1) lg,pw‘’“a~] _ kg„ 

n{n -t .1) (271 — 1) (271 + 3) 4:<jra~ 

Let us introduce the notation 

TT ^ngn ^n — iVn — n 
H„= -- 

— 2 

—2 ^nVn 

T — T 

. - L, ’ 

Then it may be shewn, as in the last sections, that for values of n greater than 2, 

4- 2/— K,; + ^l’^n (32), 

and therefore the first two of equations (31) may be written 

©0 
T p I „ p _ J ^‘^2 I 4 ^5^2 1 

- F3O2 + 773©, _ |^^2^2 + 7 4^2^2| -2. 

fA-(L-K0C,= -|U-g,. 

2 I 2 
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On solving these equations we obtain 

+ 7 L, - "^5.7 4«V 

J ^^72 , _£_ _^2_ 1 ^ Jff2_^3 
7 4a)%2J L. - 5.7 4foV L, - H, - Kg., 

after which we can deduce Og, Cg . . . in succession by means of (32), 

For example, taking 

_ J_ Jl_ _ _! 
20 ’ 4a)2a3 ‘ 30 ’ 

which makes the law of depth for the earth 

(14520 + 9680 sin’^^) feet, 

we find for the lunar-fortnightly tide 

1^2= - -13276, 4 = - -08722, Lg = - *07583, 

Lg = - -07156, Lio = - -06955, = - -0685, 

and 

log ^3% = 4-1437, log = n 6-9549, log 4^70 = 6-9586, 

log ^sVs = 5-4217, log = 5-578, 

whence, if we suppose K^4 = 0, we obtain in succession, from the formula 

?i 4-1062, 

3-7730 ; 

whence from (33) we find 

Cg = *4719(^3, C4 = - -185260. 

Again 

log(Cg/Ci.) =log(Kg/77^) =n 2-6976, 

log (Cg/Cg) = log (Kg/ryg) = 2-3910, 

'og (Cio/Cg) = log (Kio/’^s) — 2-774. 

log K^3 = n 4*75, log K;^q = n 4-583, log Kg = 

log Kg = 4*0758, log = n 3-2025. 

Also 

log Hg = n 3*0206, log ^0 = 2-3707, log 7^2 = 

C3= - 

04= - 

(33), 



ANALYSIS TO TEE DYNAMICAL THEORY OP THE TIDES. 245 

whence finally 

C, = -0092, Cg = *00023, Cjo = *00001 ; 

and the expression for the tide-height becomes 

[•4719P3 - *1852?^ -f •0092P6 + •00023P8 + 'OOOOlPio + • . .]• 

As a further illustration, I have computed the series for the tide-height for the 

case where ^ — sin^ 6^, that is, where the depth is 14,520 feet at the 

poles and shallows to 4840 feet at the equator. The value of ^ in this case is as 

follows :— 

^ = ^2['3082P3 - -llOfiP^ -I- •0467P6 - •0158P8 -h •0048Pio 

- -OOMPig H- -OOOlPi^ - -OOOlPjfi -f . . .]. 

When I is positive, that is, when the depth at the equator exceeds that at the 

poles, the series appear to converge more rapidly than when the depth is uniform, 

but the opposite is the case when the water is deeper at the poles than at the 

equator. 

§ 13. Forced Oscillations of Infinitely Long Period* 

If we suppose X so small that we may neglect we find, on putting = 0, 

for the height of the forced tides the following four series in place of those given 

in S 11 

._L 

^o/Pj 

_L. 
WPa 

•266IP2 - •I671P4 + •0482P6 

“4070P3 - -leeeP^ + •0284P(5 

•5689P3 - •1385P4. + •0130Pfi 

•7201P3 ~ •0973P4 -h •0048Po 

- •0080P8 + •OOO9P10 - -OOOlPia + . . . 

- •0026P8 + •OOO2P10 - . . . 

- •0006P8 + . . . 

- •0001P8 + • • • 

The lunar-fortnightly tides therefore differ only very slightly from tides whose 

period is infinitely long. The difference between these latter and the solar semi- 

* Several o£ the conclusions of the present section have been previously arrived at by Professor 

Lamb (‘ Hydrodynamics,’ chapter viii.); but, on account of the important light which they throw on the 

later sections, I have thought it desirable to treat the questions in some detail, even at the risk o 

repeating what is already well known. 
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annual tides will be quite inappreciable, and we may take the above series as giving 

a good representation of the solar long-period tides, unless the effects of friction 

become important for such tides. 

The fact that when the period of the disturbing force'is increased without limit 

the free surface does not tend to approach its equilibrium form appears at first 

sight to be at variance with the general laws of oscillating systems. The explanation 

of this apparent anomaly may perhaps be made clear by considering a simple form 

of “ gyrostatic” system which possesses only two degrees of freedom. In the absence 

of frictional forces, the general equations of motion of such a system may, by a proper 

choice of coordinates, be expressed in the form 

X — coy n^x = X, 

y + cox -b m-y = Y.'' 

Here x, y denote the generalized coordinates of the system. Of the terms on the 

left, the terms x, y are due to inertia, the terms coy, cox are described by Thomson 

and Tait as “motional” forces, and the terms n^x, m^y as “positional” forces ; X, Y 

are the generalized components of the external disturbing force. 

If now X, y, X, Y be supposed proportional to we find from the above equations 

— Y'x — coiky + n^x = X, 

— k^y coi'kx + mhj — Y, 

whence we may obtain x, y in terms of X, Y. When the period of vibration is 

indefinitely prolonged, k will approach zero as a limit, and the limiting form of the 

solution will in general be 

X = X/rr', y — Y lm~. 

This implies that the displacements will in general tend to acquire their equilibrium- 

values as the period of the disturbing force is lengthened. There will, however, be 

an exception to this law if one or both of the positional forces n^x, m^y vanish. 

Let us first examine the nature of the free oscillations in such cases ; omitting 

X, Y, and supposing that n = 0 while m remains finite, we have for the determina¬ 

tion of the free motions 

— Yx — oiky ~ 0 

— k~y + coikx -f- wry =. 0 

or, if we denote by u, v the generalized velocity-components so that u = x = ikx, 

v = y = iky, 

* Thomson and Tait, ‘Natural Philosophy,’ vol. 1, p. 896 (1886 edition). 
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{u — oiy) = 0, 

— X^y + ww — 0. 

These equations will be satisfied if X = 0, = — — = const. It follows that the 
O) 

system is capable of a small free steady motion relative to the rotating axes, defined 

by 

y ~ const, u — — m^yjo). 

If both m^y are zero, the equations for the free motions become 

— X% — oiiky = 0, 

— \^y fi- o}i\x = 0 ; 

both of which are satisfied by supposing that x, y are small arbitrary constants, and 

therefore X = 0. 

In the latter case the equilibrium-state defined by a; = 0, y = 0 is not the only 

condition of relative equilibrium, but any other configuration of the system in the 

neighbourhood of this one will also form a configuration of relative equilibrium. 

Let us now consider the nature of the limiting forms of the forced oscillations 

when the period is indefinitely prolonged. In the former case we must suppose that 

the disturbing forces are such that they do no work when the coordinate x is varied, 

so that X = 0, as otherwise the stability of the system will be destroyed ; the 

equations of motion for the forced oscillations then become 

iku — Oiiky — 0, 

— X^y -j- (Oil -b wry = Y ; 

II z= coy = 0 , / .2, 
a-" + ( III — X ) 

_ Yo) _ Y 

-t- 'lli^ + co" 

The velocity-component tt will therefore always remain of the same order as the 

disturbing force Y, while the amplitude of vibration ol‘ the coordinate x will tend to 

increase without limit. 

In the latter case the equations of disturbed motion may be written 

whence 

and in the limit 

iku — oiv = X. 

iXv -f- oiU = Y 
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whence in the limiting case 

u = Y/o), V = — X cu. 

Hence both the velocity-components tend to finite limits while the amphtudes of 

vibration of both coordinates increase without limit. 

The essential cbaracteristics of both cases are (i) that one or more of the generalized 

coordinates does not appear explicitly in the equations of motion but only the 

corresponding velocity-component, and hence (ii) that X = 0 is one root of the 

frequency-equation for the free modes of vibration, from which it follows that 

(a) either free steady motions relatively to the rotating system are possible, or 

(yS) that the configuration of relative equilibrium defined by x = 0, y = 0 is not 

isolated. The two conditions (a), (yS) may both be expressed by stating that the 

steady motion defined hy x = 0, y = 0 is not the only form of steady motion of which 

the system is capable. 

The two cases are both illustrated by our problem. For if we supjDose the waters 

of the ocean displaced horizontally in such a manner that the form of the surface is 

unaltered, we shall evidently obtain a new configuration of relative equilibrium, v’hile, 

as we shall see in the next section, if we suppose that the fluid is in relative motion 

in such a manner that the fluid particles are moving along parallels of latitude, it is 

possible by a proper adjustment of the free surface to ensure that such a motion should 

be permanent. 

The coordinates which depend on the horizontal displacements alone are analogous 

to the coordinate x in the former of the illustrations we have given above, and to the 

coordinates x, y in the latter. They do not a2:)pear explicitly in the equations of 

motion, but only through the corresponding velocity-components. We conclude, then, 

that the horizontal velocities will be of the order of the disturbing forces, whereas the 

horizontal excursions of the fluid particles will tend to increase without limit as the 

period is prolonged. 

By way of explaining how these circumstances may arise physically, let us suppose 

for the moment that X is actually zero, and consequently that the disturbing force is 

constant. In the case of a system oscillating about a position of equilibrium, the 

introduction of a constant disturbing force will have the effect of slightly changing 

the configuration about which oscillations corresponding with the free modes of 

vibration take place. Suppose now that a disturbing force, such as that v/hich gives 

rise to the long-period tides, tending to increase the surface-ellipticity of the ocean, 

is suddenly applied to our rotating system when in a configuration of relative equi¬ 

librium. It will immediately set up oscillations, the initial motion being such that 

each particle will tend towards the position in which it would be in equilibrium under 

the new disturbing influence. The new position of equilibrium is such that in it there 

will be more Avater in equatorial regions, and less water in polar regions, than in the 

old. Thus the initial motion involves a flow of water directed from the poles towards 
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the equator. The water however coming from higher latitudes into lower will reach 

these lower latitudes with an amount of rotation less than that which is appropriate 

for these latitudes if the whole were in a state of steady motion as a rigid body. 

There are no forces acting which tend to modify the angular momentum about the 

polar axis of an elementary ring of water, which coincides with a parallel of latitude, 

and consequently currents will be started, in virtue of which each particle of fluid 

will move along a parallel of latitude from east to west. The effect of the disturbing 

force is therefore to modify the state of steady motion about which the free oscilla¬ 

tions take place from a uniform rotation of the whole system as a rigid body to a state 

in which there exist horizontal westerly currents. If, as is usual in dealing with 

forced oscillations, we suppose the free oscillations to be annulled, we see that the 

“forced oscillation " arising from such a constant disturbance as we have been con¬ 

sidering will be of the nature of a steady motion relatively to the rotating earth, 

consisting of a westerly flow of the whole ocean, the velocity however varying with 

the latitude. 

In the case of a periodic disturbance of very long period, the motion set up at any 

instant will be of like character, provided that the viscosity of the fluid is not 

sufficient to sensibly affect the currents in question in the course of a single period. 

An equilibrium-theory will only be applicable when the rate of dissipation of such 

motions is so rapid that they practically disappear in a time which is short compared 

with the period of the disturbing force. Now in an ocean whose depth is equal 

to the mean depth of the actual ocean, it seems highly improbable that such 

curreiits would be appreciably affected by viscosity in the course of a few months. 

Hence it appears that the present theory in which the effects of viscosity are totally 

disregarded will almost certainly give a far bettei’ representation of the lunar long- 

period tides than the equilibrium theory, and most probably also ofdh^ long-period 

solar tides. ■ . • 

§14. Free Steady Motions. 

In the last section we have called attention to the fact that free oscillations of 

infinite period are possible, or that the system with which we are concerned is 

capable of free steady motions. We proceed in the present section to examine the 

nature of these steady motions. 

Referring back to §§ 2-4, we see that the general equations of motion of the ocean 

when free from external disturbing influence, and at the same time supposed steady, 

so that \ = 0, can be expressed in the form 

2 K MDCCCXCVII.—A. 
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_ 

u = 

V = 

^ = 

Ifi 
a dfjL 

0 f JiY ]' 

00 lv/(l-/^^)K 

1 Byjr 

2o)afj, v/ (1 — fx-) 00 ’ 

(1 — ^ 
2a)afx dfx ’ 

v' —gC 

(34). 

where, as there is no longer any ambiguity, we have omitted the bars from the 

symbols U, V, 0, v'. 

Since 0^/0^ = 0 when the motion is steady, we see that the first equation is 

identically satisfied if we suppose h, 0 both independent of 0. In this case we may 

take 

C=tC,'P4ix).(35), 

where the constants C,i are arbitrary, and deduce 

whence 

0 = — S gnC,F,, (p); 

■vr _ _ \/ (I A''^) ^ p 

^ ~ 2ma^ <?/<■ 
(36). 

The last equation gives the velocity which must be imposed on the particles of 

water in latitude sin”^ju, in order that the free surface may be maintained in the form 

defined by (35) without any external force. We see that it is theoretically possible 

to maintain an arbitrary surface-form by correctly distributing the longitudinal 

velocities of the fluid particles. If however the series (35) involves harmonics of 

odd order the value of V given by (36) becomes infinite at the equator, and to 

prevent a flow of liquid across the equator it would be necessary to impose an 

infinite velocity on the particles of water there. Hence, if the water extend either 

wholly or partially over both hemispheres, the distribution of velocity and the form 

of free surface must be symmetrical wuth respect to the equator, at least so far as 

concerns that part of the ocean which communicates across the equator. 

Conversely, any arbitrary initial distribution of longitudinal velocity symmetrical 

with respect to the e(|uator may be rendered permanent by an appropriate adjust¬ 

ment of the free surface. These results hold good whatsoever be the law of depth, 

provided it be a function of the latitude alone. 

If 0 be not supposed independent of 0, we see from the second and third of 

equations (34) that the velocity of How across any element ds inclined at an angle y 

to the meridian is 
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U sin X “ ^ cos x> 

__r . 1 df 
'Iwcifjb ^ \/(l — fj?) dcf) + COS X v/(l - 

1 Bt/t 

2(0//, ds 

Hence, if dxjf/ds = 0, there will be no flow across the element d.s. It follows that 

the function xjj may be regarded as a stream-function, the paths of the particles of 

water always coinciding with the lines 

xjj = const. 

But from the equation of continuity we have, on putting = 0, and replacing 

U, Y by their values in terms of xjj, 

_ d j k Bt/t I d f k Bi|r I 

d/x \ /j, d(f) \ dcf) \ /x dfx } ’ 
or 

B / \ d)fr B / \ Bi/r 

B/i \ /X j 3</> d(f>\ /X / d/x ’ 

the general solution of which is 

^=f(hliO, ..(37), 

where f {hj/x) denotes an arbitrary function of hj/x. 

It follows that the stream-lines i// = const coincide in direction with the lines 

hj/x = const (38). 

Thus, if the depth be a function of the latitude alone, the stream-lines must necessarily 

coincide with the parallels of latitude, and the only forms of steady motion possible 

are those in which the water has no latitudinal velocity. In the more general case, 

the stream-lines of the possible steady motions are given by the equation (38), and 

from this equation they might at once be traced out on a chart if we had a sufficient 

knowledge of the depth of the ocean in different parts. In particular, whatever be 

the law of depth, the equator will be one of the free stream-lines corresponding to an 

infinite value of hj/x, while the shores will also be stream-lines corresponding to zero 

values of this expression. An infinite number of stream-lines will converge towards 

those points where the coast-line intersects the equator, and it is only by passing 

through one of these points that a particle of water could pass from the northern to 

the southern hemisphere, or vice versd. As however the velocities at these particular 

points tend to become infinite, the equations which we have used which involve the 

neglect of the squares of the velocities will not be applicable to the region immediately 

2 K 2 
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surrounding the points in question. It seems most probable that the inclusion of the 

terms involving the squares of velocities would have the effect of diverting the stream¬ 

lines, so as to cause them to follow the coast-lines even in the immediate neiohbour- 

hood of the equator. 

An attempt to trace out the lines /i/p, = const for the North Atlantic Ocean from 

data obtainable from the Admiralty charts quickly showed that the theory here put 

forward is inadequate in itself to explain even the more salient features of the 

circulation in the region in question. Observation however indicates the direction 

in which we must look for the defects of this theory. The excessively low temjDera- 

ture of the water beneath the surface'" in equatorial regions can only be explained 

by supposing that this water has travelled thither from higher latitudes, whereas we 

know that the currents at the surface, for the most part, set from the equator towards 

the poles. We conclude that the under-currents of the actual ocean differ materially 

from the surface-currents, and in this respect the actual circulation differs from the 

types of circulation with which we have hitherto been concerned and which are the 

only possible types of circulation in our ideal ocean in which the density is uniform. 

It has been urged by some authorities that the variations in the density of the water 

arising from differences of temperature, salinity, &c., are the sole causes which 

maintain ocean currents, but in that we have seen that currents could exist even 

without such variations, it seems to me to be highly improbable that such is the 

case, though there can be no doubt, in the-light of our present analysis, that these 

variations are largely effective in determining the course which the currents pursue. 

If we suppose that the ocean consists of a number of horizontal layers of different 

densities, but that the density throughout each stratum is uniform, then for each of 

the strata a function xfj will exist defined by 

xjj =iY' -f y^) — y -f- const, 

and the horizontal velocities for any stratum will be connected with the corresponding 

function by the equations (34). The equation of continuity for any stratum may be 

formed as in § 3, provided we replace h by the depth of the stratum in question 

instead of the depth of the wiiole ocean. The stream-lines for any stratum will 

therefore still be given by the equation (38), with this modification in the meaning 

of the symbol h. It follows that the equator will still be one of the free stream¬ 

lines, but the motion elsewhere may be totally different from what it would be if the 

density were the same throughout. It seems probable then that the result we have 

obtained with reference to the tendency of the currents to set along the equator will 

still hold good even when the density is variable, and this conclusion is borne out by 

* The principal facts at present known in relation to the distribution of toinperatnrc in the ocean 

will be found in the ‘ Report of the Qhallewjer Scientific Results,’ ‘ Chemistry and Phjsics,’ yol. 1. 
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observation^ it being noticeable at a glance at the Admiralty current charts that 

there is no tendency to cross the equator except in the immediate neighbourhood of 

the coasts. 

The rigorous treatment of the problem of ocean currents, as afPected by variations 

in the density of the water, appears to be hopelessly beyond the powers of mathe¬ 

matical analysis, and I will therefore leave the subject with the brief indications 

already given in this section, and will conclude the paper with an example illus¬ 

trating another means by which possibly ocean currents are in part maintained, and 

which is instructive in showing the very important part played by the rotation of 

the earth in rendering effective a cause which otherwise could give rise to no 

sensible currents. 

§. 15. On Currents due io Evaijoration and Precipitation. 

A cause which has been advocated ^ in explanation of ocean currents is the 

fact that in equatorial regions the amount of water evaporated into the atmosphere 

largely exceeds that precipitated in the form of rain in these regions. The excess of 

water in the atmosphere is carried away to be precipitated in temperate and polar 

regions, thereby giving rise to an excess of precipitation over evaporation in the 

latter regions. It has been urged with some reason that, as the actual amount 

of Avater in equatorial regions does not diminish nor that in polar regions increase 

from year to year, there must be a continual flow of water from the poles towards 

the equator. The fact that this flow of water is in the” opposite direction to 

that observed at the surface, which for the most part sets from the equator towards 

the poles, is explained by attributing the counterfloAv to undercurrents. If however 

we subject the question to the test of mathematical analysis, we shall find that 

though such a flow towards the equator must necessarily exist, it is so slow as to be 

completely masked by larger currents due to other causes. The flow in question 

will however give rise indirectly, in consequence of the rotation, to currents which 

in the absence of dissipative forces would tend to increase without limit. The 

explanation of this fact will be obvious after the discussions of § 11. 

The effects of evaporation and precipitation may be conveniently represented 

mathematically by an ajq^ropriate distribution of sources and sinks over the free 

surface. This will modify the surface-conditions at the free surface but will not 

interfere with the dynamical equations. Instead of equating W to 3^/3^ we must 

replace it by a certain function of the position on the surface, independent of 

the time, but depending on the rate of evaporation and precipitation at the place, 

* )See an Article by Proctok in ‘St. Paul’s Magazine,’ Sept., 1869, I’epriuted in ‘Light Science’ 

(1st series), p. 111. , . 
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which over sufficiently long intervals of time we may regard as uniform. A simple 

law which will serve for purposes of illustration may be chosen as follows :— 

W = - aPo(p.). 

The equations with which we have to deal will then be 

SU 
-g- + ^- 

0V _ 1 

dfi 

Cyfr 

dt ~ av/(l - /"“) 

“Ps (^) = V 

. (39), 

where, if we neglect the attraction due to the surface-inequalities, we may take 

^ - gC 

To obtain a particular solution of these equations suppose 

^ = — gi= — i/ (Co + U = Uq + Up, \ = Vq + Vp, 

where &c., are all independent of t. 

Substituting these expressions in the equations (39), and equating coefficients of t, 

we find 

1 
0 = 

a 

If h be a function of fx alone, these will be satisfied by 

U. = 0. = 
^ ^ laojfj, Cfx 

provided be also a function of p alone. 

Next, if we equate the terms independent of t in the two members of (39), we 

obtain 

H- i 

1 

U, + 2o,,.V„=-^^y(l-r) 

Ui — 2w/aUo = — a ^{1 - fi-) d<p 

1 r0 
I ICfJ. «Pa(p) = Ti£{v/(^ - p-)}. * 
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Suppose the system starts from rest in its position of relative equilibrium, so that 

^ = 0 when t = 0, or ^ = 0. Then 

TJj -j- 2cl>^Vq — 0 

Vj — 2wp,Uo = 0, 

whence, 

Ui 

and therefore 

^o=-2i = » 

TT = Yj_ _ _ 
^ 2(oii Aora d/x 

The last equation gives 

(1 - h 

fjr dfi 

4ft)V 
a 

H 
% 

/i — 

0 
a 

no arbitrary constant being added, since both sides vanish when p = dh !• Thus, 

, 0?, 2M „ 
fl r;— =-aixr, 

dfi 

or 

^ 2o)~a~a. r , 

Suppose for example that h is constant; we shall then obtain 

(o^a-'ct 
Cl = ^ + const 

— 1 

fjh 
0 o (o^a'^oc 

{'h + + + const. 

Choosing the constant so that the mean value of Ci over the surface is zero, we 

obtain finally 
o o (o-a~x . / — 1 ^ ^ <• 8_p I 4 P ^ 
gh i3 5-t^4+ 

Hence the particular solutions of the ditferential equations which represent the 

“ forced ” motion due to the disturbing influence in question are 
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C — 

‘lurc^at 

?)ogh 
2P4 -{- 5P2 2J 1 

U — Uq +'Ui^ — k ./j \/(l “ l^~)> 

V = v„ + \V = - 

We see then that the effects of evaporation and precipitation will be to cause a 

steady flow of water, not by means of undercurrents only, but by currents sensibly 

uniform throughout the depth, towards the equator ; in addition to these currents 

the cause in question will give rise to longitudinal currents, not of a steady character, 

but increasing uniformly with the time, and these will be accompanied by an appro¬ 

priate continuous deformation of the free surface. Were it not for viscosity these 

currents would increase without limit and ultimately endang’er the stability of the 

system, but under the action of dissipative forces a steady state must ultimately be 

attained, in which the rate at which the-currents are generated exactly balances that 

at which they are destroyed. Thus, suppose the type of motion set up is such that 

if left to itself it would be reduced in the ratio 1 : e in a period r. If U denote 

the velocity of any jaarticle, the law of variation of U under the influence of vdscous 

forces is then 
0U/0^-f U/7 = 0, 

whereas, if there be no viscosity and the system is subjected to such a disturbance as 

we have been dealing with, the velocity varies according to the law 

0U/0i =/, 

wdiere _/is constant. Equating the rate of increase of the velocity without viscosity 

to the rate of decrease under the influence of dissipative force, we And that the 

ultimate state is deflned by ... 
U/r=/, or U=/r. 

Thus, if the disturbing influence tends to set up one of the possible types of motion 

of which the system is capable under viscosity, the ultimate velocity of any particle 

will be that which it would acquire in a period equal to the modulus of decay of the 

type of motion in question. 

By wey of numerical illustration, take a year as the unit of time and an inch as 

the unit of length, and suppose a = 40. This will imply an annuaTrainfall at the 

poles vv^hich exceeds evaporation by 40 inches, and an annual rainfall at the equator 

which is less than evaporation by 20 inches. Further, suppose hja — o-gVo- Then 

JJ - -1 X 2890 X 40 ya y (1 - [x~). 

U wflll be numerically greatest when jx" = or in latitude 45°, and the 

greatest value of U is 28,900. The maximum latitudinal-velocity will therefore 
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araouni to 28,900 indies, or about lialf-a-mile, per annum. This velocity will be cpiite 

inappreciable to observation. 

The amount of longitudinal velocity generated in the course of a year in -any 

latitude is given by the formula 

aClU! 

— \J?). 

This will be greatest when p,® = f, that is, in latitude 55° nearly, and its greatest 

value corresponds to a velocity of about of a mile per hour. The maximum 

current velocity due to this cause would therefore amount to about four miles per 

hour if the modulus of decay is as long as 20 years. 

The most crucial test to which we can subject the theory of ocean currents here 

put forward will consist in the evaluation of the moduli of decay for the types ol 

motion concerned. This I have endeavoured to do, but as the work involves 

analytical considerations of a somewhat different character from those which occur 

in the present work, I have deemed it advisable to present the results in a separate 

paper.* These results, so far as they are applicable, seem to point to a modulus of 

decay far in excess of the 20 years here required, but the mathematical difficulties 

have compelled me, in dealing with friction, to leave the rotation entirely out of 

account. It appears that in the simpler system so treated, the types of free current 

motion are far more arbitrary in character than those at which we have arrived by 

including the rotation. This arises from the fact that our rotating system will be 

cajoable of a large number of free oscillatory motions besides those which we have 

examined in which the periods of oscillation always bear a finite ratio to the period 

of rotation. As the period of rotation is lengthened, the period of each of these 

types of oscillation is prolonged, and the possible forms of steady motion where 

there is no rotation must include the limiting forms of each of these types of 

oscillatory motion. 

The moduli of decay of the free current motions when there is rotation may 

therefore be very different in value from those obtained in the paper referred to, but 

it does not seem to me that they could be much less in order of magnitude than the 

moduli of decay of the principal types of free oscillation. If this prove to be the case, 

the estimate of 20 years, which we have taken for the modulus of decay, will not be 

so excessive as might at first sight appear. 

Of course, if the v/ater does not cover the whole earth, or if the depth be not 

uniform, the currents due to the rotation will follow the free stream-lines defined by 

equation (38) instead of following the parallels of latitude. The rotation will, no 

doubt, produce its maximum effect when the stream-lines in question coincide with 

the parallels of latitude, but this circumstance does not alter our main conclusion as 

to the adequacy of evaporation and other such causes to generate currents quite 

comparable with those known to exist in the ocean. 

* Read before the London Mathematical Society, December 10th, 189G. 
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X. Preliminary Report on the Results obtained in Novaya Zernlya ivith the Prismatic 

Camera during the Ecligyse of the Sim, August 9th, 1896. 

By J. Norman Lockyer, C.B., F.R.S. 

Received November 17,—Read November 19, 1896. 

[Plate 9.] 

I STATE ill another communication the aiTangements made for obtaining results with 

prismatic cameras in Lapland, and how the attempts failed through bad weather. 

After the instruments had been dispatched to Lapland in H.M.S. “Volage,” Sir 

George Baden-Powell, K.C.M.G., M.P., generously, and with admirable public 

spirit, offered to take an expedition to Novaya Zendya in his yacht Otaria,” if 

observers and instruments were forthcoming. Sir George Baden-Powell consulted 

me on the subject, and ultimately, with the authority of the Vice-President of the 

Council, Mr. Shackleton, one of the computers employed by the Solar Physics 

Committee, was detailed to form part of the expedition, 

Tlie prismatic camera available was that which had been used in Brazil during the 

solar eclipse of 1893. The object glass is a Dallmeyer doublet of 19 inches equiva¬ 

lent focal length, with an aperture of 3’25 inches ; the image of the inner corona, 

therefore, is a ring of 0'2 inch diameter. Two prisms of 3 inches clear aperture were 

used, with their refracting edges perpendicular to the horizontal, each having a 

refractive angle of 60°, the light being reflected into the apparatus by a siderostat. 

The length of the spectrum given by this combination was 1'5 inches, from F to K, 

or 2‘3 inches, from Dg to K. 

In 1893, the photographs obtained by this instrument in Brazil were not in focus 

in the ultra-violet, in consequence of the difficulties of adjustment under eclipse con¬ 

ditions. The precaution was taken, therefore, of making all the necessaiy adjustments 

by obtaining some stellar photographs with the instrument before it left England. 

Ultimately, a photograph of a Lyrse left nothing to he desired, and the then positions 

of all the parts were carefully marked. 

Three specially-constructed dark slides, carrying eight plates each (4^ X If inches), 

were employed, the change from plate to plate being effected by means of a rack and 

pinion attached to the dark slides. The plates used were Edwards’ isochromatic. 

The following table, based on data fui'nished by the results of the 1893 eclipse, 

2 L 2 26.7.97 
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gives the lengths of exposures and times in totality which I drew up for use at a 

station on the central line in Novaya Zemlya :— 

Provisional Table of Exposures. 

No. of Plate. Exposures. Time in totality. Remarks. 

Slide No. 1. 

1 Instantaneous — 30 seconds Before totality 
o w -20 „ 
3 5? — 1.5 
4 -10 „ 
5 - 8 „ 

6 3 seconds 0 „ Totality begins 
7 10 „ .5-15 „ 
8 3 „ 17-20 „ 

j 

Change to Slide No. 2. Chromospbere goes 

9 2 seconds 25-27 seconds 
^ 10 20 „ 29-49 

11 40 „ 51-91 
12 5 „ 93-98 
13 Instantaneous 100 Chromospliere again \ isible 
14 10 seconds 102-112 
1.5 Instantaneous 114 
IG W aste 

Slide No. 3. 

17 Instantaneous 119 seconds A series of snapshots, hoping 
IS 121 „ to include the flash 
19 55 323 „ 
20 5 5 125 „ 
21 55 127 „ 
22 55 129 „ 
23 55 131 
24 5 » 133 „ 

i 

Unfortunately, however, the expedition found it impossible to reach the central 

line of totality, and the duration was consequently shortened by 25 seconds. 

INIr. SiiACKLETON, therefore, made the necessary alterations in the exposures, and the 

following revised table Avas determined upon. 

Column 1 contains the numbers of the photographic plates, which Avill be quoted 

in subsequent references ; Column 2 gives the exjiosures ; Column 3 gives the times 

of exposing the plates in totality. 

The exposures were made by means of a card moved by hand in front of the prisms, 

and Avhen this Avas done as quickly as possible the exposures are tabulated as “instan¬ 

taneous.” 
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Revised Table of Exposures. 

No. of Plate. Exposui’e.s. Time in totality. Remarks. 

Slide No. 1. 

] Instantaneous — 30 seconds 
0 )) -20 
3 -10 
4 ? J 0 Totality begins 
5 3 seconds 3-6 
G 10 „ 8-18 „ 
7 3 „ 20-23 „ Chromosphere goes 
8 •2 25-27 „ 

Slide No. 2. 

9 Waste 
10 2 seconds 35-37 seconds 
11 40 „ 39-79 „ 
\-l 5 „ 81-8G 
13 Instantaneous 88-89 ,, C!jronios])herc reappears 
14 10 seconds 91-101 „ 
15 Waste 
IG 3) 

Slide No. 3. vSun reappears 

17 Instantaneous 109 seconds 
18 33 no „ A series of snapshots 
19 113 „ 
20 115 „ 
21 Waste 
22 Instantaneous 117 „ 
23 119 „ 
24 33 121 „ 

As the final reduction of the photographs will take some considerable time, I think 

it of importance to give at once, for the benefit of other workers, reproductions of 

two of the best photographs obtained. These are reproduced in Plate 9. 

No. 4 is given in two sections, on a scale of 3'4 times that of the original negative. 

It was taken instantaneously at the exact beginning of totality. The principal arcs 

are those of hydrogen and the II and K lines seen in the spectrum of calcium; these 

long arcs, together with the numerous short ones, represent the spectrum of the sun’s 

limb at the moment of totality, Mr. Shackleton determining the exact instant by 

watching the disappearance of the bright continuous spectrum with the aid of a 

small direct-vision slitless spectroscope. This plate may undoubtedly be said to 

have been exposed within 0'5 second after the commencement of totality; it had 

an instantaneous exposure, and this was sufficient to give a record of the spectrum 

from D3 to in the ultra-violet. 
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No. 11 is oil a scale of 2’1 times that of the original negative, being exposed for a 

period of 40 seconds, beginning at 39 seconds from the commencement of totality, 

so that it records the spectrum near mid-totality. The two overlapjiing disconnected 

rings to the left are the Images of the prominences round the sun’s limb represented 

in the H and K light, the other discontinuous rings to the right are the images in 

Hg, and radiations respectively, the ring further to the right, which is of 

more continuous structure than the others is the 1474 K ring of the corona spectrum. 

There are other fiiinter rings, both of the prominences and the corona, which are 

well seen on the original negative, but it is too much to hope that these will be seen 

in the Plate, being lost in the process of reproduction. 

F\s 1. 

1474 K ring. Corona. 

Fig. 1 shows an enlargement of the 1474 K ring compared with an oriented 

photograph of the lower corona. It will be seen that the prismatic camera has 

picked out the brightest parts of the corona, and where it is strongest the spectrum 

ring and the continuous spectrum at those points are most intense, whilst a pro¬ 

minence occurring at any point of the sun’s limb does not alter the intensity of the 

ring at the corresponding part. 

The wave-lengths of the lines in Photo No. 11 have been measured by Dr. W. J. S. 

Lockyer, and a j^reliminary comparison of the results obtained in 1893 and 1896 

has shown many points of difference ; it also indicates that the photograph of the 

flash so happily caught by Mr. Shackletox, and the cusp photograph secured by 

Mr. Fowler, in 1893, both represent the spectrum of the chromosphere. 

Except in the case of the lines visible in the spectrum of hydrogen, and the 

cleveite gases and the longest lines in the spectra of some of the metallic elements, 

notablv calcium and strontium, there is little or no relation between the intensities 

of the lines visible in the chromosphere and Fraunhofer spectrum. 

There is already evidence that the photographs which we owe to the public spirit 

of Sir Georoe Baden-Powell and the energy and skill displayed by IMr. Shackle- 

ton will considerably widen our knowledge of solar physics and chemistry. 



NOVAYA ZPJMLYA DURING THE ECLIPSE OF THE SUN, 1896. 2G3 

Mr. Shackleton’s report on the local arrangements, and the complete discussion 

of the results of the observations in their relation to solar physics will form the 

subject of a subsequent communication. The investigation of the chemical origins 

of the various lines will occupy some time, and it seems desirable that the results of 

1893 and 1896 should be studied together. These will also be communicated at some 

future date. 

The enlarged photographs from which the accompanying plate has been prepared, 

and those on which the wave-lengths have been measured, have been prepared by 

Corporal Haslam, R.E. 
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Wilson, C. T. R.—Condensation of Water Vapour in the presence of 
Dust-free Air and other Gases. 

Phil. Trans., A, 1897, vol. 189, pp. 265-307. 

Condensation of Water Vapour in presence of Dust-free Gases—Colour 
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XI. Condensation of Water Vapour in the Presence of Dust-free Air and other Gases. 

Bij C. T. II, Wilson, B.Sc. (Viet.), M.A. [Canted).), of Sidney Sussex College, 

Clerh-Maxwell Student in the University of Camhridge. 

Communicated hy Professor J. J. Thomson, F.R.S. 

Receiv’ed March 15,—Read April 8, 1897. 

The behaviour of air saturated with aqueous vapour and allowed to expand suddenly, 

has been investigated by Couliee,'"' Aitken,! Kiessling.| and E. v. Helmholtz.§ 

As is well known, if the moist air has been previously freed from “ dust,” no con¬ 

densation takes place except on the walls of the vessel, even if the expansion be 

sufficient to produce considerable supersaturation. For convenience, the term “dust” 

is here used to include all nuclei which can be removed either by filtering or by 

repeatedly forming a cloud by expansion and allowing it to settle. 

What is the limit, if such exists, to the degree of supersaturation which can be 

attained without condensation taking place throughout the moist air, is a question of 

considerable meteorological as well as purely physical interest. It was primarily with 

the object of finding an answer to this question that the experiments to be described 

were undertaken, such experimental evidence as already existed on the subject being 

of a very incomplete and contradictory character. 

Aitken|| observed condensation when a large quantity of steam was passed into a 

receiver containing air which had been filtered through cotton wool. Kiessltng!! 

also produced a rainlike condensation in the same way. The latter observer also 

states that if saturated filtered air be even slightly expanded, scattered drops are 

formed visible only in direct sunlight. Again, Aitken^'^ mentions that in his dust¬ 

counting experiments, in which sudden expansion of the saturated air was produced 

by means of an air-pump, a very quick stroke of the pump was found to produce a 

* ‘ Journal de Plaarmacie efc de Cliimie,” vol. 22, pp. 165 and 254, 1875. 

t ‘ Tran,s. Roy. Soc.,’ Edin., vol. 30, p. 337, 1880-81, and vol. 35, p. 1, 1890; ‘ Proc. Roy. Soc.,’ 

Lond., vol. 51, p. 408, 1892. 

t ‘Hamburger Abbandl. der Haturwissenschaften,’ vol. 8, 1884; ‘ Gbtting. Nachr.,’ p. 122, 1884, and 

p. 226, 1884. 

§ ‘ Wied. Ann.,’ vol. 27, p. 509, 1886. 

II ‘ Trans. Roy. Soc.,’ Edin., vol. 30, p. 337. 

^ ‘ Gotting. Hachr.,’ p. 226, 1884. 

** ‘ Trans. Roy. Soc.,’ Edin., vol. 35, p. 1, 1890. 
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shower of drops even in filtered air, while a slow steady one had no such efiect. The 

increase of volume was always the same, and amounted to one-third of the initial 

volume. He attributes the difference to the shock which results from a rapid stroke 

of the pump. 

E. V. Helmholtz,"^' on the other hand, was unable to observe any trace of con¬ 

densation in saturated filtered air, even with a fall of pressure of half an atmosphere. 

Whether, however, the pressure was reduced from one atmosphere to one-half, or from 

one-and-a-half atmospheres to one, is not clear ; fi'om his description of the method 

one woidd naturally take the latter interpretation. He deduces, however, a 

theoretical lowering of 50° C., and a ten-fold supersaturation which correspond to 

the former alternative. 

BARUS,t who made an extensive series of observations on the colour phenomena of 

a steam jet under varying conditions as to boiler-pressure and the temperature and 

dust contents of the surrounding air, concluded that with sufficient supersaturation, 

condensation takes place independently of dust. He does not appear, however, to 

have been able to deduce from his measurements the degree of supersaturation which 

is required to bring about this condensation. 

None of the experiments referred to above are entirely free from objection. 

When steam is blown into filtered air, as was done by Aitken and Kiessling, it 

is likely to carry over with it small drops of spray from the boiler. Even if these 

drops be made to evaporate by superheating the steam, each will leave behind a 

nucleus consisting of the solid matter which it contained in solution or suspension. 

The condensation noticed by Kiessling with very slight expansion may have been 

due to a similar cause, for he appears to have brought the air in his apparatus into 

a saturated state by allowing it to bubble through water after it had been filtered. 

That such treatment does actually introduce nuclei requiring Oidy a slight expansion 

of the saturated air to ctiuse condensation upon them is proved by certain experi¬ 

ments described below. Aitken j; noticed, too, that if the water in his dust-counting 

apparatus was allowed to splash about, such nuclei were produced. 

In none of the experiments mentioned above was the expansion very rapid, the 

apparatus in no case having been specially designed for the puiqiose of investigating 

this particular question. Helmholtz’s failure to obtain condensation may easily be 

explained by the expansion not being sufficiently rapid to produce anything like the 

theoretical lowering of temperature as, indeed, he himself admits. 

The interpretation of steam-jet experiments, such as those of Barus, is very 

difficult, especially as the phenomena depend largely on the roughness or smoothness 

of the bore of the nozzle from which the steam escapes. They cannot be taken as 

* Helmholtz, loc. cit. 

t “ Report on tlie Condensation of AfraosiAeric Moisture; ” 

Weather Bureau, 189.5 ; also ‘ Phil. iMag.,’ vol. 38, ]). 19, I89t. 

i ‘ Edin. Trans.,’ vol. 35, ]). 17, 1890. 

U.S. Department of Agriculture, 
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jjroving beyond doubt that condensation may be made to take place by increasing 

the supersaturation alone, as so many of the conditions besides the degree of 

supersaturation must vary as the initial pressure of the steam, and consequently the 

velocity with whicli it escapes from the nozzle are increased. 

Conditions to he satisfied hy the Expansion Apparatus. 

To obtain unequivocal proof of the production of condensation in moist air, free 

from all extraneous nuclei, it is necessary that we should not be dependent upon any 

process of filtering, for it might always be objected that the filtering apparatus only 

removed those particles which exceeded a certain size. 

If, however, we expand repeatedly the same sample of moist air, while protecting 

it from all chance of contamination, we are able to test whether all nuclei of a 

permanent kind have been removed. For by making an expansion rather greater 

than is sufficient to cause condensation, and allowing the drops formed to settle, we 

remove in this way a certain proportion at least, and if the drops be few and large, 

almost the whole of the nuclei which are able to cause condensation witli this degree 

of supersaturation. 

If this process can be repeated indefinitely without any diminution in the number 

of drops formed, we are justified in concluding that the nuclei are being replaced by 

others as fast as they are removed, and are thus an essential part of the structure of 

the moist gas. 

It is desirable also that the expansion should admit of accurate measurement and 

be exceedingly rapid, so that the lowest temperature and maximum supersaturation 

reached may be calculated with as small an error as possible d\ie to the influx of heat 

during the expansion. 

In a note"^ read before the Cambridge Philosophical Society, I gave an account of 

some preliminary results obtained with a form of apparatus which I believed to 

satisfy these conditions. It was there stated that condensation results from the 

sudden expansion of saturated dust-free air when exceeds a value not differing 

much from 1‘258, where v-^, are the volumes of the air before and after expansion. 

No description of the apparatus was published, as it was then in quite a rudi¬ 

mentary condition. 

The first series of experiments to be described here was carried out with an 

improved apparatus of the same type. 

Apparatus used in the first series of Experiments. 

This is represented in vertical section in fig. 1. 

The air to be expanded is contained in the inverted cylindrical glass vessel A, 

* ‘ Proo. Canili. Phil. Soc.,’ vol. 8, p. 306, 1895. 

2 H 2 
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fixed like a diving-bell below the surface of the water, which nearly fills the outer 
vessel B, 

The latter is a bell-jar of the form shown in the figure, resting on a ground-glass 
plate, to which it is wired down, and having a wide neck, closed by an indiarubber 
cork through which pass two glass tubes, the one, C, serving to regulate the quantity 
of water in B, and provided with a pinch-cock ; through the other, D, the ah’ 
occupying the upper part of B can be suddenly removed by opening communication 
with a large exhausted stoneware bottle F. 

The water is prevented from following the air by means of the valve E, 

Fi^. 1. 

The result is a sudden expansion of the air in A. The increase in volume is equal 
to the volume of the space in the upper part of B occupied by air before the 
expansion, and can therefore be made more or less by running a little water out, or 

drawing some more in through the tube C. 
By opening the tap T, which communicates with the atmosphere, air is admitted 

through the tube D, and the air in A contracts to its original volume. 
To bring about very sudden communication with the exhausted vessel F, the 

arrangement shown in the upper part of the figure was used. A short glass tube, 
H, is closed at both ends by indiarubber corks, each bored to receive two glass tubes. 
Of these, D and T have already been referred to. The tube G, which leads to the 

vacuum vessel F, has its upper end ground smooth, and upon this rests the flat 
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surface of an indiarubber cork K. This closes the opening of the tube in a perfectly 

air-tight manner, when the air above it is at atmospheric pressure, and the pressure 

in F is a small fraction of this, as it always was maintained during a series of 

experiments. 

K can be pulled up by means of the vertical wire shown in the diagram, thus 

rapidly making free communication between D and G and causing the expansion. 

The tap T must of course previously be closed. In order that one may be able to 

work the arrangement from the outside without admitting air, the wire passes up 

through a thin-walled indiarubber tube, M, closed at its upper end by a cork in 

which the end of the wire is fixed. A cord attached to this cork and passing over 

a smooth peg fixed vertically above it, enables the observer to make the expansion, 

while watching the behaviour of the air in the cloud chamber A. 

The tubes D and G had an internal diameter of about 8 millims., so that the fall of 

pressure in the air-space in the upper part of B must be very rapid. The valve E, 

which prevented the water in the bell-jar B from following the air into the tube I), 

was made by cutting a thin slice from the end of an indiarubber cork and supporting 

it with the smooth surface uppermost on a piece of cork just thick enough to float it. 

It was fixed by means of a wire hinge to the lower surface of the indiarubber cork 

of the bell-jar, in such a position that when raised by the water reaching it, it 

covered the hole bored for the tube D. The latter did not quite reach the lower 

surface of the indiarubber cork, so that when the valve closed the contact was 

between two indiarubber surfaces. 

This valve was found to work j^erfectly when the excess of pressure below was 

sufficient, and smooth indiarubber surfaces were used. 

The bell-jar had a diameter of about 14 centims. and was about 30 centims. high. 

The inner vessel had a diameter of about 9 centims. A vertical glass scale, divided 

into millimetres, fixed by means of sealing-wax to the outside of the inner vessel, 

enables the observer to note with the aid of a telescope the level of the water before 

and after expansion. From a subsequent calibration the initial and final volumes are 

obtained. 

To make visible any condensation in the form of fog or rain, the light from a 

luminous gas-flame is brought by means of a convex lens to a focus at the centre of 

the cloud chamber A. Any condensation which may result is most distinctly seen 

when the eye is placed just out of reach of the directly transmitted light. This 

method of illumination was used both by Aitken and R. v. Helmholtz. The 

experiments were performed in a dark room. When an expansion was made the 

only source of light was that mentioned above. After the result had been noted, 

light was admitted by raising a shutter in order that the readings of volume might 

be made. 

The inside of the inner vessel, A, was cleaned before use, first with caustic potash 

and then with nitric acid, and well washed with distilled water. After this treatment 



270 lin. C. T. Pv. WILSON ON CONDENSATION OF WATER VAPOUR 

the water forms a uniform film over the surface of the glass, instead of collecting 

into drops and preventing a satisfactory view of the interior. 

This apparatus appeared to fulfil very well the purpose for which it was designed. 

Nothing can gain access to the air imprisoned in the inner vessel except by solution 

in and diffusion through the surrounding water. 

The water surface which forms the lower boundary to the space occupied by the 

air under observation, drops suddenly to a new position, where it comes to a sudden 

stop, without any splashing, and remains stationary as long as may be desired. The 

whole movement is certainly over in a small fraction of a second, as the expansion 

appears to the eye to be instantaneous. That it should be rapid is what one would 

expect, as the initial driving pressure is nearly one atmosphere, and the distance 

travelled rarely amounted to more than two centimetres. 

There is this further advantage in such a method of expanding the am, that the 

rate of expansion is most rapid just before it is completed, because the driving pres¬ 

sure still remains considerable, and the water is therefore moving with constantly 

increasing velocity until it brings itself to a sudden stop bv closing the valve E. 

Thus the final stage of the expansion, when the temperature is lowest, and there¬ 

fore the influx of heat most rapid, is that which is most quickly passed through. 

The motion of the water cannot, of course, be stopped instantaneously ; in practice 

it was always found that some small air bubbles were left imprisoned around the 

valve E. These, being compressed by the impact, probably served to diminish con¬ 

siderably the strain on the apparatus. 

With a thin float the volume of these bubbles was quite a negligible fraction of 

that of the air which escaped before the valve closed. If any considerable fraction of 

the air tvere left behind when the valve closed, an error would be introduced by its 

momentary compression, the actual maximum value reached being really greater than 

what is afterwards measured by an amount equal to the momentary diminution in 

the total volume of the air bubble. 

Method of Conducting the Experiments. 

To charge the apparatus with air reasonably free from laboratory gases, the bell- 

jar, with the inner vessel fixed inside it, was removed from the ground-glass plate on 

which it rested, and allowed to remain at an open window for some time. It was 

then placed on the glass plate, and bound tightly down with wire. 

Distilled water, which had been boiled for some time to remove the greater part of 

the dissolved gases, was then poured in till it nearly tilled the bell-jar. By inclining 

the whole, air was allowed to escape from the inner vessel till only a convenient 

volume remained. The bell-jar was then again nearly filled up with water, and the 

apparatus then connected up as already described and shown in fig. 1. 

The glass-plate \vas levelled by means of levelling screws supporting the tripod on 
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which the plate was fixed. The reading telescope was then fixed some distance oft", 

on a level with the surface of the water in the inner vessel. 

Some water was now allowed to escape through the tube C, and the level of the 

water read on the glass scale by means of the telescope. The tap T was then closed, 

expansion made by pulling the cord which opens communication with the vacuum 

vessel F, and the effect on the contents of the expansion chamber A noted. The 

new level of the water in the inner vessel was again read by the telescope, and the 

air made to contract to its former volume by opening the tap T. The same expan¬ 

sion could be repeated as often as was wished, or the air could be expanded to a 

greater extent by first running out a little water through C. If it was desired to 

try the effect of a smaller expansion the tap T was only slightly opened, and was 

closed before the water in B had quite returned to its original level. Then the 

pinch-cock on the tube C was opened for a moment while the end of the tube was 

dipped into a beaker of water. 

To find the volumes corresponding to the various readings, the bell-jar, with its 

inner vessel, was removed from the glass plate after every series of observations, and 

fixed in an inverted position so that the water could be poured into the inner vessel. 

The whole arrangement was then adjusted so that the ground surface of the rim of 

the bell-jar was level. The weight of water which had to be poured in to fill the 

inner vessel up to the various readings on the scale was then determined, the 

telescope being fixed in exactly the same relative position as in the expansion 

experiments. 

(jenern] AccoTint of the Phenomena Observed. 

The air was generally admitted into the apparatus in the way already described, 

and, therefore, without any attempt to remove dust by filtering. Ptepeated expansion 

of saturated air, as Aitken has shown, removes all “ dust ” particles, and this method 

was generally employed in these experiments. 

The first expansion made, whether large or small in amount, unless the air had 

been allowed to stand for many hours in the apparatus, always produced a fog. This 

was allowed to settle as completely as possible before allowing the air to contract to 

its original volume. In this way a considerable proportion of the dust was removed, 

the particles being carried down by the drops which condensed upon them into the 

water below. 

When this process was several times repeated, the resulting fog became by degrees 

coarser-grained, the drops being both fewer and larger, and therefore, falling more 

quickly. The fog passed at length into a fine rain. When this stage was reached 

one more expansion vvas generally sufficient to remove the remainder of the dust 

particles, and any further expansion, unless it exceeded the limit spoken of below, was 

without visible effect. 
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Aitken* was able to ]'emove all the dust particles from saturated air by repeatedly 

increasing its volume by -5-^) of its initial amount. An even smaller expansion was 

found in these experiments to be sufficient for that purpose, but the time taken for 

the removal of the dust was naturally much shorter when larger expansions were 

used, on account of the larger size and more rapid fall of the drops in the latter case. 

If, after the dust has been removed in this way the successive expansions be made 

greater and greater, no visible effect is produced till the ratio of the final to the 

initial volume, is equal to about 1’252. When v^/v-^ exceeds this value a shower of 

drops is invariably produced. The drops are not very numerous, even with consider- 

ably greater expansions, yet, however often we expand the air, no diminution in the 

number of the drops can be detected. 

Now, when, owing to the presence of dust particles, a shower of similar density is 

produced with a smaller expansion, all the dust particles appear to be carried down 

with the water drops, and the next expansion produces no condensation. 

Thus, the nuclei which enables condensation to take place when the expansion 

exceeds the limit mentioned, are only present in small numbers at any given time, 

but as fast as they are removed they are replaced by others of the same kind. 

Expansion rripiired to produce Rain-like Condensation in Dust-free 

Saturated Air. 

A large number of observations must generally be made in order to obtain 

within narrow limits a single determination of the ratio of iq to when condensation 

just takes place. 

When expansions of comparatively small amount had ceased to cause condensation, 

each increase in volume was made considerably greater than the preceding, till a 

shower of drops was observed. Then an observation was made with the apparatus 

adjusted to give a rather smaller final volume (the initial volume remaining practically 

constant), and perhaps no condensation seen. By making in this way a series of 

alternately greater and smaller expansions of gradually diminishing difference, 

a stage was at length reached when the smallest measurable difference in the final 

volume was sufficient to determine whether condensation should result or not. 

A large number of experiments were made during the summer of 1895. Only the 

results of the last series of measurements then made are given in the table which 

follows. The apparatus has been improved from time to time and the later experi¬ 

ments were carried out exactly as described above. 

The mean of the results previously obtained for the critical value of tq/i’i, however, 

is practically identical with that given below, and all the determinations of this ratio 

have results lying between 1‘24 and 1'26. 

* ‘ Ediii. Traus.,’ 35, p. I. 
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In the following table, is the initial volume and the final volume when the 

expansion is just sufficient to cause rain-like condensation. 

Date. f C. Vi ro/wi 

I. September 4 22-0 292-9 367-3 1-254 
2. „ 4 22-4 293-4 367-8 1-2.53 
o. „ 5 28-8 3I3-I 392 5 1-253 
4. 27-2 308-5 385-8 1-250 
5. „ 6 27-8 312-5 .390-8 1-2.50 1 
6. „ 6 26-0 309-8 386-7 1-248 i 
7. „ 7 24-5 302-0 378-3 1-252 1 

■ 

iMean 1-252 

The same air was used on September 7 as on the previous day ; otherwise the 

experiments were made on a different sample of air each day. 

It will be noted that the exj^ansion required is sensibly the same at all temperatures 

between 22° and 28° C. Accurate measurements of the initial temperature are 

therefore unnecessary in these experiments. 

The results given in the table show no greater variation than are to be expected 

from the degree of accuracy of the volume measurements. The level of the water 

could be read by means of the telescope to the nearest tenth of a millimetre, 

corresponding to an error of half a cubic centimetre in the volume measurements. 

There may be an error of this amount in the measurement of both and v,, and 

hence an error of 4 units in the fourth figure in the ratio, when the initial volume 

amounts to about 300 cub. centims. 

Other Ex2)eriments made luith the same A'p'paratus. 

1. When sunlight was used to illuminate the drops, exactly the same expansion 

was required to bring about visible condensation. 

The result, therefore, does not depend on the kind of illumination used. 

2. Experiments were made to see if the nuclei which cause the rain-like con¬ 

densation could be removed by repeated filtering. For this puiqjose a hole was 

bored through the glass plate on which the apparatus rested. A glass tube reaching 

to the roof of the inner vessel was passed through a cork which closed this hole. 

Through it the air could be drawn out into an inverted Wolff’s bottle, arranged to 

act as an aspirator, and could be driven from the one vessel to the other as often as 

was desired. 

A tightly-packed cotton-wool filter was inserted between the expansion apparatus 

and the Wolff’s bottle. Passing the air repeatedly backwards and forwards through 

MDCCCXCVII.—A. 2 N 
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the filter was found to be without effect upon the appearance of the rain-like 

condensation, or the expansion required to produce it. 

3. When no cotton-wool filter was present the air could be passed from the one 

vessel to the other and back without any effect, so long as it was not allowed to 

bubble through the distilled water in either vessel. If, however, the air had to 

bubble through water on being driven back, quite a small expansion v/as sufficient 

to cause a shower even some minutes later. 

4. As already stated, the air may be allowed to expand considerably more than is 

necessary to produce condensation without the drops becoming very numerous. 

With very great expansions, however, if, for example, the increase in volume be 

made twice as great as is necessary for condensation to result, a dense fog showing 

colours and settling slowly is produced. 

Second Form of Apparatus. 

'I'he apparatus already described was not suitable for experiments upon pure gases, 

on account of the large volume of water present. 

To remove all the dissolved gases from so large a quantity of water would have 

been very difficult. 

Another reason for changing the form of the apparatus was that I wished to 

investigate in what way the number of drops produced depended upon the degree of 

supersaturation reached. It appeared, from the experiments already made, that the 

drops remained comparatively few with expansions considerably greater than that 

required to cause condensation to begin, and over a considerable range there was no 

appreciable increase in the number with increasing expansion. Yet, with very large 

expansions, the number was very great, and the drops sufficiently small to produce a 

coloured fog which settled very slowly. 

The first apparatus was not convenient for making measurements with very large 

expansions, so no attempt was made to investigate with it whether there was a 

sudden transition from the one form of condensation to the other. It was thought 

that another form of apparatus would be more suitable for the purpose. 

A very rapid expansion is evidently required for this investigation. For, let us 

consider one cubic centimetre of saturated air which is expanded rapidly. If we 

suppose the effect of the walls to be negligible, the ordinary equation for the cooling 

of a gas by adiabatic expansion may be applied to find the lowering of temperature 

and the resulting supersaturation till the volume amounts to 1'252 centims. x4t 

this stage, as we have seen, condensation begins upon a comparatively small number 

of scattered nuclei. There must at once result from the ijiitial condensation a 

simultaneous loss of vapour and rise of tempei’ature in the region immediately 

surrounding each incipient drop. The subsequent growth of the drop must be more 

or less gradual, being the result of the comparatively slow processes of diffusion and 

heat conduction. 
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If the expansion be slow, the supersa.turation can nowhere greatly exceed that 

required for the formation of the first drops. 

With very sudden expansions, however, even if they be much greater tlian that 

required to produce rain-like condensation, the drops which are the first to begin to 

form will not have time to grow sensibly before the expansion is completed, and 

their influence on the temperature and vapour contents of the air will be confined 

to a very small region round each. In that case the lowest temperature and 

maximum supersaturation reached throughout the greater part of the moist air will 

be the same as that calculated on the assumption that no condensation takes place. 

The more numerous the drops, the shorter must the time taken in expansion be 

made, in order that there should be no sensible error due to the formation of the 

drops commencing before the expansion is completed. 

Now the time of expansion can be made shorter in a small machine. The new 

expansion apparatus was therefore made upon quite a small scale, the effect of the 

reduced dimensions in increasing the error due to the walls being counterbalanced by 

the great reduction in the time of expansion. 

The expansion ought evidently to be made most rapid just before it is completed, 

since it is just in the later stages of the expansion that drops are being formed, and 

we wish to reduce, as far as possible, their chance of growing appreciably before the 

expansion is completed. This end was kept in view in designing the apparatus. 

The expansion apparatus (fig. 2), is made wholly of glass, to reduce the risk of 

contamination of the gas under investigation. This is contained in the space A 

under a pressure of from 20 to 40 centims. of mercury above that of the atmosphere. 

This expansion chamber A, is bounded below by the hollow-glass piston P, which is 

ground down so that it just slides freely in the outer tube. 

There is, as indicated in the figure, an annular constriction on the latter. Into 

this the lower end of the piston has been ground with fine em.ery, so that, with no 

other lubricant than water, it prevents the gas in A escaping, even when the excess 

of pressure above is half an atmosphere or more. 

The lower end of the tube is conical, with a circular aperture about 1 centim. 

in diameter, closed by a glass plug G. The grinding here, too, has to be sufficiently 

thorough to enable a pressure of two atmospheres to be maintained above it for 

several minutes without leakage, with only one or two drops of water to serve as 

lubricant. 

The upper end of the tube is drawn out and joined to a narrow-bore tube provided 

with a stopcock T^, serving for the introduction of the gas and water. 

When the apparatus is in use, the inner surface of A is covered with a film of 

water, which also fills the narrow space left between the piston and the walls of the 

tube. 

By pumping air by means of the mercury pump on the left, into the space C below 

the piston, we can drive up the latter and so compress the gas in A to any extent 

2 N 2 
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Ave please. Then, on pushing up the plug G, we suddenly reduce the pressure in the 

small space C to that of the atmosphere, and the piston flies back to its original 

position, producing a sudden expansion of the gas in A. 

After each expansion a small quantity of water is driven in through T^. This 

serves to keep the walls of A covered with a film of water and to lubricate the 

piston. The greater part of it runs down and collects above the latter. When the 

Fig. 2. 

pl,ston is driven up again so that it is suspended freely in the tube, It gradually 

floats up through this water till it comes to rest Avith the water scarcely reaching 

above the straight part of its sides. In this way the water which lubricates the 

piston is continually being renewed, and the gradual contamination of the gas Avhich 

would otherwise result bv solution and difliision of the air from below through the 

water is almost indefinitely retarded. 
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The machine used in nearly all the experiments described below was made from 

moderately tbick-walled tubing, having an internal diameter of 2 centims. The 

expansion chamber A was between 4 and 5 centims. long, and bad a capacity, when 

the piston was in its lowest position, of about 15 cub. centims. The cylindrical part 

of the piston was about 3 centims. in length. 

The time required for the expansion to be completed must be very short. For the 

distance travelled by the piston was never so great as 2 centims., even with the 

greatest expansions used. To support the weight of the piston alone, required an 

excess of pressure below of 1 millim. of mercury. Now the driving pressure, even 

when the expansion was almost completed, was probably never less than 100 times 

as great as this. With the largest expansions used, when the piston had still to 

travel less than 2 centims., the initial driving pressure was more than an atmosphere, 

that is, about 760 times that required to balance the "weight of the piston. This is 

on the assumption of an exceedingly rapid fall of pressure in the space below the 

piston when the plug G is driven up. If we make this assumption, the force driving 

the piston is always some hundreds of times its weight, and its initial acceleration 

some hundreds of time “ g.” Even an average acceleration of lOOq would enable the 

2 centims. to be travelled in about of a second. 

Although the time taken may actually be considerably greater than this, these 

considerations are sufficient to show that it is likely to be exceedingly short. 

Further, the piston must be moving with constantly increasing velocity till brought 

to a sudden stop at the constriction into which it fits. 

The fact that contact takes place simultaneously over a considerable area, probably 

saves the tube from being broken by the blow it receives from the piston. The film 

of water which covers both surfaces, doubtless helps to brea,k the shock. On two 

occasions, a machine was made only slightly larger than the one whose dimensions 

are given above, but in each case it was shivered by the imi^act almost the first time 

the piston was allowed to fly. More than one machine was useless, owing to the 

piston being driven so tightly home when the expansion was made, that all efforts 

failed to release it. To avoid this latter defect, it was found necessary to make the 

constriction a very sudden one. Great care has also to be taken to make it perfectly 

symmetrical; otherwise there is almost certain to be a space left between the piston 

and some part of the vnll of the tube just above the constriction. In this, air-bubbles 

are apt to be entangled when the piston flies into the constriction. These may work 

their way up into A, and in addition they cause a splashing of the water by their 

momentary compression and subsec^uent expansion. 

A supply of water for the lubrication of the piston is stored in the vessel B. The 

Space over the mercury is completely filled with water up to the stopcocks Tg and Tg, 

which remain closed throughout any series of experiments. By fixing the mercury 

reservoir E-i at a sufficient height, the water in B is kept at a pressure high enough 

to drive it into A when the tap T, is opened. In this way the water is preserved 
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from contamination with air, and only comes in contact with glass and mercury. It 

has been obtained free from dissolved gases by boiling distilled water rapidly down 

to about one-sixth of its bulk in the tlask shown on the right. While it is boiling 

down, R] is repeatedly raised and lowered, to wash out any imprisoned air or 

unboiled water from B and the tube leading to the flask. 

While the water is still boiling, B is filled by lowering Ptj, a depth of about 

1 centim. of mercury being, however, always left in B to prevent the water from 

coming in contact with the indiarubber stopper which closes the lower end of the 

tube. The tap To is then closed and Pt fixed high enough to give the requisite 

pressure. 

Introduction of the Gas. 

The apparatus used in the preparation of the various gases was, in all cases, made 

entirely of glass, all joints being made with the blow-pipe. It was fused on to the 

end of the tube H (fig. 2). The methods of preparing the various gases are described 

later. The whole gas generating apparatus must first be filled with the pure gas up 

to the tap To, which is now kept closed. 

Before introducing the gas into the expansion apparatus, A and B must first be 

filled with air-free water. This is done in the following way. 

The piston P is drawn up to the top of A by opening the tap and lowering the 

mercury reservoir Bj, the other taps being closed. The gas which has collected in B 

is then driven out through Tg by raising II^ after closing Water is then drawn 

from the flask F, which is kept boiling the whole time, into B, and Tg is closed. 

Again, Tg is opened and water is introduced into A, driving the piston before it. A 

now contains water with a bubble of air at the top ; this is driven into B by lowering 

Pg. The tap Tg is closed, while the greater part of the water still remains in A, from 

which it slowly escapes by the floating up of the piston. 

The small quantity of water which remains above the piston has, of course, been 

contaminated by contact with the air or other gas which originally occupied A. To 

replace it by pure water, B is first filled with air-free water as described in the last 

section. A small quantity of this is then passed into A while still hot, so that it 

floats above the cold water already there. It is, therefore, mainly the latter which 

flows away as the piston gradually rises. More water is run in from B before the 

piston quite reaches the top of A. This process is repeated two or three times, and 

finally the piston is driven riglit dovvn to the bottom of A, which is thus completely 

filled with water. The tap Tg is left open and Ilg raised to a considerable height, 

and the piston thus pressed down into the constriction so that the water does 

not escape. 

When the apparatus has cooled, the piston is drawn up by lowering Bg, but is not 
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allowed to rise quite to the top of A. There is very little risk of contamination by 

air at this stage, because the piston is slowly floating upwards, and the water Ailing 

the narrow space round the piston has therefore a comparatively great downward 

velocity. Diffusion of the air upwards through this water is thus prevented. 

Then T^ is closed, and some of the gas to be investigated drawn into B by lowering 

Ph and opening Tg. It Is then driven into A by opening and raising To being 

closed. This pumping process is repeated till the pressure in A is rather in excess of 

what is required. 

The gas which remains in B is driven out through Tg, which is then closed, and T, 

opened for a moment, so that the narrow-bore tube and stop-cock are filled with 

water. It is necessary, of course, for this purpose that Rj should be raised high 

enough to overcome the pressure in A; it is, in fact, now kept permanently fixed at 

such a level throughout all subsequent operations. 

The excess of water always remaining above the piston in A at this stage is now 

allowed to escape by applying sufficient pressure below to drive the piston up a little. 

The pressure is applied by pumping air into C, by means of the mercury compressing 

pump shown at the extreme left of the diagram. The plug G is then pushed up and 

the piston thus allowed to fly back into the constriction. 

To prevent contamination of the gas, the glass taps T\ T^ Tg are lubricated with 

water only. The only one which requires to be used after the above operations are 

completed is Tj. Since this is filled with water under considerable pressure, there is 

no danger of air gaining access through it. 

Method of producing expansion of any desired amount. 

With this apparatus, direct volume measurements were not made, but the relative 

volume change was deduced from measurements of the initial j^ressure, and the 

pressure exerted by the saturated gas at the same temperature when occupying the 

increased volume. The final volume Uo, being that of A when the jDiston is at the 

bottom, is always the same ; and the corresponding pressure p^ at the temperature 

of the room shows only comparatively small changes resulting from variations 

temperature, and from the solution of the gas by the small quantity of water which 

is run through the apparatus. 

This final pressure p^ was measured in the following way. A mark was made in 

the wall of A approximately on a level with the top of the j)iston, when this was 

in its lowest position. 

A telescope was then fixed in a clamp about one metre oft’, and its height adjusted 

till the mark appeared to coincide with the top of the piston. By means of the 

compressing pump air was driven into C till the pressiu'e was sufficient to drive up 

the piston a little. Then S3 being left open and S^ closed, the tap Sg, regulating the 

flow of mercury in the pump, was closed and the reservoir R3 lowered and fixed in 
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such a position tliat S3 could be worked by the observer while looking through the 

telescope. 

Sg was then opened very slightly so that the mercury flowed very slowly through 

it into thus lowering the pressure in C. Tlie slow descent of the piston was 

watched and S3 closed just as the piston reached its zero position. The pressure in 

C as indicated by the open mercury pressure gauge was then read to the nearest 

millimetre. 

To obtain the actual pressure iu A we have to add to the pressure indicated by the 

gauge the barometer reading and to subtract the pressure required to support the 

Aveight of the piston. This last term enters as a constant correction which was 

determined combined with any constant error of the manometer, by noticing the 

pressure required to support the piston, when there was free communication between 

the inside of A and the atmosphere. At the same time the freedom of the apparatus 

from errors in the pressure-readings due to friction between the piston and the walls 

of the tube Avas tested by taking readings first Avhile the piston Avas being raised and 

then Avhile it Avas alloAved to sink sloAvly down. No diflerence was detected. 

To obtain any desired initial pressure in A, S3 is opened, Avhile Eg is in its lower 

position in order to clraAV in air through Sg which is then closed and Sg opened. Eg is 

then hung on a support fixed as high as can be conveniently reached, and S3 is closed 

just as the pressure, as indicated by the manometer, reaches the desired amount. To 

make the expansion Sg is closed and the plug G suddenly pressed up. The mano¬ 

meter is again read after expansion. 

In the case of the more insoluble gases, Avheu the temperature AA’as steady, the 

measurement of the final pressure did not require to be determined after each expan¬ 

sion. Several expansions could under such conditions be made Avithout any sensible 

change in the pressure measured when the piston was at the bottom of the tube. 

In order that the rain-like condensation might be visible, the experiments Avere 

done in a dark room, and the same method of illumination AA^as employed as in the 

case of the larger apparatus. 

The glass, too, Avas kept clear inside by periodically removing the expansion appa- 

ra,tus and washing the inside with caustic potash and nitric acid and rinsing Avell Avith 

distilled water. 

Temperature Avas measured by a mercury thermometer hung beside the expansion 

apparatus. This method is sufficiently accurate for the purpose, as the result of an 

expansion of a given amount Avas sensibly constant throughout the ordinary range of 

room temperature. It is necessary, hoAvever, that the temperature should be knoAA'u 

sufficiently accurately to enable the A^apour pressure to be found Avithin the nearest 

millimetre of mercury. An error of half a degree in the temperature reading does 

not make a diflerence of much more than half a millimetre in the vapour pressure. 
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Calculation of from the Ohsei'vaiions of Pi'cssure. 

To obtain the ratio of the final to the initial volume we have, when the gas present 

obeys Boyle’s law, 
= Pj/Po, 

where Pj is the pressure exerted by the gas alone before expansion, and P.^ is its 

pressure after expansion, when the temperature has risen to its former value. 

Now 
P^ = -f B — 77 — 10, 

and 
Po = 7?2 + B — 77 — ?/', 

where p^, p^ are the pressures measured by the mercury gauge, before and after 

expansion, as already described, B is the atmospheric pressure, 77 is the maximum 

vapour pressure at the temperature of experiment, and lo is the pressure required to 

balance the weight of the piston. 

Results obtained ivith Air in the smcdl Apparatus. 

The same phenomena are observed as in the larger apparatus, as well as others to 

be described later. 

After the removal of “dust” by repeated expansio7i, no condensation takes place 

within the moist air, unless exceeds a certain limit. With greater expansions 

rain-like condensation results. As will be seen from the following table, measure¬ 

ments of this critical value of vfv-^ made with the two machines give identical results, 

although the larger one contained twenty times as great a volume of air as the smaller. 

The expansion, therefore, appears to be sufficiently rapid to prevent the walls having 

any sensible effect. 

Expansion required for Bain-like Condensation in Air. 

Pressures all given in millims. of mercury. Correction for piston weight 

= 1 millim. 

Date. B. f C. fv Pi- Pr Ps- PkP2=ri)/vi. 

1 
1 1 February 13 . 77.5 18-5 16 651 1409 372 1130 1-247 

2 „ 14 . . 775 17-5 15 685 1444 386 1145 1-261 
3 „ 17 . . 776 15-5 13 685 1447 392 11.54 1-254 
4 22 764 165 14 602 1.351 330 1079 1-252 
5 „ 22 . . 764 16’5 14 506 1255 2.54 1003 1-251 
G March 2 . . . 7,50 18-5 16 654 1387 377 1110 1-250 

]\Iean 1-252 

2 O MDCCCXCVir. — A. 
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Tlie apparatus was charged with a fresh sujaply of air each day. 

The results of all the measurements made with the small apparatus on the rain- 

like condensation are o;iven in the table. 

The expansion can be measured with quite as great accuracy as in the larger 

apparatus, but the whole number of drops when condensation first begins is incon¬ 

veniently small in the small apparatus. This makes the measurements of the critical 

value of more troublesome. 

Each determination of this requires a large number of observations to be made, 

being always made less or greater according as the pi’evious expansion had brought 

down a shower or not. In this way it was possible, finally, to obtain the least value 

of necessary in order that a shower should result within about 2 millims. 

It will again be noticed that the result obtained is with the limits of experimental 

error independent of the temperature between 15'5° and 18'5° C. 

We may summarise the results of the measurements made with both machines 

upon the expansion required for rain-like condensation in the following statement. 

When saturated air free from all extraneous nuclei is suddenly expanded, rain-like 

condensation takes place if the ratio of the final to the initial volume exceeds 1’252. 

This is true if the initial temperature is between 15° and 28° C. 

It will be noticed that this expansion is less than that used by Aitken in the 

experiments already referred to. The difference between the result of making the 

stroke of his pump slow or quick was therefore evidently due to the expansion not 

being quick enough to give the theoretical lowering of temperature. 

Phenomena ohserred ivith Expansions greater than that re<iuired to produce Rain- 

lihe Condensation. 

If a series of expansions be made of constantly increasing amount, the following 

phenomena are observed. 

The drops are, if the expansion be only slightly greater than is sufficient to pro¬ 

duce condensation, only few in number. More of them are seen if the expansion be 

somewhat greater, but even when is as great as 1‘37, the condensation still 

takes the form of a shower of drops, which settle within a few seconds. To the eye 

there is no marked difference in the density of the shower over quite a wide range 

of expansions. 

If, however, Uj/rq be increased from 1'37 to 1’38, the increase in the number of 

drops is so great that there is no longer any resemblance to a shower of rain, but a 

fog results, taking a minute or more to settle. 

* [Note added July 2'2nd, 1897.—When expan.sion results in a fog, it is of course necessary to get rid 

of all traces of it before proceeding to a fresh observation. This was done by repeated expansions of 

moderate amount, as in the removal of the original dost particles.] 
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With expansions greater than this, the density of the fog appears to go on 

increasing with great rapidity as the expansion is increased. It is now convenient 

to remove the condensing lens and examine the fog by looking directly through it at 

the gas-flame. Coloured diffraction rings make their appearance when is about 

1'38 and they increase rapidly in brilliancy and size as the expansion is made greater 

and greater. 

Before v.^jv^ reaches 1 '40, the region within the fii'st ring, which is whitish with 

smaller expansions, becomes brightly coloured. With greater expansions, the rings 

rapidly become so large that the colour corresponding to the central part of the field 

fills the whole tube. 

The colour phenomena beyond this stage are surprisingly definite. They are best 

observed by looking through the cloud chamber slighly to one side of the source of 

light, which ought now to be made as bright as possible, and have a black 

background. 

If be between 1‘41 and 1'42, brilliant greens and blue-greens are seen. At 

about 1’42 there is a very rapid change from blue to red through violet. The violet 

appears only for a very small range of expansion, a change of one or two millimetres 

in the initial pressure being sufficient to complete the change from blue to red. 

As the expansion is further increased, the colour passes from red through yellow 

to white. With expansions greater than about 1’44, the fog is always white with a 

greenish or bluish tinge. 

The whole of these colour phenomena, it will be seen, are confined to quite a narrow 

range of expansions. Below 1*38 the drops are too large and few ; and above 1’44 

they appear to be too small to produce the colours. 

Colours of exactly the same kind were obtained by Kiessling* and by AitkenI by 

expanding ordinary moist unfiltei’ed air ; but in the reverse order, pale yellow being 

the first to appear, followed with increasing expansions by a reddish colour, then by 

blue, and then green. 

The explanation of the difference plainly, is that in their experiments the number 

of the drops was determined by the number of “dust” particles present, and 

increased expransion caused a larger quantity of water to condense on each particle. 

Increasing the expansion thus increased the size of the drops. Now in the 

experiments here described, the grrjater the expansion, the smaller appear to be the 

resulting drops, which indicates that as the supiersaturation is increased, a larger 

number of nuclei come into pilay, so that each receivt^s a smaller share of the water 

which condenses. 

Similar phenomena are exhibited by light transmitted through a steam-jet under 

* Gotting., ‘ Naclir.,’ 1884, p. 226. 

t ‘ Proc. Roy Soc.,’ vol. 51, p. 422, 1892. 

2 o 2 
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certain conditions. They have been investigated by R. V. Helmholtz/”' Aitken"^ 

and, in a more elaborate way, by BARUS.j 

Measurements of the Ex]jansion required to produce Cloud-like 

Condensation. 

The transition from rain-like to cloud-like condensation is sudden enough to 

enable one to measure, with considerable accuracy, the value of the ratio vfv-^ when 

cloud-like condensation just begins. There is, in fact, a second condensation point, 

below which the drops are few, and the number shows only a slight increase with 

increasing expansion ; while above it the number increases at an excessively rapid 

rate with increasing expansion. 

Expansion required for Cloud-like Condensation in Saturated Air. 

Date. B. t°C. TT. Pi- Pi- P2- Pj- P1/P3 = Result. 

February 14. 775 17-5 15 706 1465 308 1067 1-373 Rain 
„ 14. . 775 17-5 15 712 1471 308 1067 1-378 Fog 

„ 15. . 775 18-5 16 ;9i 1549 369 1127 1-375 Rain 
5, 10, 775 18-5 16 795 1553 369 1127 1-378 Fog 

„ 18. . 769 15'0 13 803 1558 381 1136 1-372 Rain 
„ 18. . 769 15-0 13 813 1568 381 1136 1-380 Fog 

The transition from rain to fog takes place when vfv^ is between 1’37 and 1’38. 

The above results were obtained using the same method of illumination as in the 

experiments on rain-like condensation. Observations were also made with the 

condensing lens removed. 

First Appearance of Diffraction Rings. 

D.ite. B. C. < Pi- Pn P2- P2- P|/P.2 = lyvi. 

February 24 .... 776 15 13 676 1438 279 1041 1-381 
25 .... 772 13 11 667 1427 277 1037 1-376 

jMarch 2. 750 18 15 807 1541 380 1114 1-383 
„ 2. 750 18-5 16 715 1448 318 1051 1-378 

IMeaii . 1-379 

* ‘Wied. Ann.,’ 32, p. I, 1887. 

t ‘ Proc. Roy. Soc.,’ vol. 51, p. 422, 1892. 

t Earus, loc. cit., also ‘ Phil. Mag.,’ vol 35, p. 315, 1893. 
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Observations were also made of the time taken by the drops to settle, as was 

gradually increased. This was of course very short when the condensation took the 

rain-like form. It showed a very sudden increase when the rain was replaced by fog. 

For example, such measurements were made in connection with the last observation 

given in the preceding table. 

Volv^. 

I'.S78 Colours scarcely visible, drops settled in a few seconds. 

I'381 Rings faint, drops took about one minute to settle. 

I'385 Rings brilliant, took several minutes to settle. 

All these methods of making evident the change from rain to fog agree in showing 

that this takes place when lies between 1'37 and 1’38. 

Colour Observations. 

The colour phenomena change so rapidly as ro/uj is increased from 1'38 to 1’40 

that consistent measurements were not possible. In the tables which follow the 

observations therefore begin where the brilliant greens previously referred to first 

appear. The colours are those seen on looking through the tube, almost, but not 

c|uite in the direction of the source of light. 

February 25. 
t = 13° C. t - 

March 3. 
18° to 19° C. 

Colour. 
i 

Colour. 

1-408 Brilliant green 1-410 Green 
1-408 1-410 33 

I-4I2 1-413 35 

I-4I4 1-416 Blue-green 
I-4I4 1-418 Brilliant blue 
I-4I9 Blue-green 1-419 Violet 
I-4I9 Purple 1-420 33 

1-422 1-420 Reddish-purple 
1-424 Brilliant red 1-426 Red 
1-426 Red 1-429 Reddish-yellow 
1-428 1-436 Yellowish-white 
1-429 1-448 White 
1-4.34 Reddish 1-469 Greenish-white 
1-437 Reddish-white 
1-4.53 Greenish-white 
1-458 3? 33 

When the greenish-white fog appeared, the colour was the same from whatever 
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point the tube was \iewed, out of the direct line of the incident light. The particles 

are then evidently small enough to scatter the red light less than the blue. 

Meteorological Applications. 

The question of the degree of supersaturation reached in these experiments is 

postponed till the results obtained with other gases have been given. In considering 

the meteorological applications we are directly concerned with the expansion required 

to cause condensation in air originally saturated. For adiabatic expansion to result 

in condensation in saturated air free from all foreign nuclei, we have seen that the 

final volume must exceed 1’252 times the inititd volume. 

To obtain the corresponding ratio between the final and initial pressures we have 

= IW. 
or 

ih ^ A'l Y. 
Ih V2/ 

where y is the ratio of the specific heat of air at constant pressure to that at 

constant volume. The difference in y for dry and moist air is small, and may here 

be neglected, y being therefore taken as equal to i'41. 

Now 

fl 
^3 

1 

1-252 
therefore Ih 

Ih 

1 
1.2521-ia 

728. 

Condensation must therefore take place in air free from foreign nuclei when the 

pressure is reduced adiabatically to 728 of the value which it has when the air 

is just saturated. The drops which are formed are, as we have seen, comparatively 

few. The fall of pressure required is sensibly the same for all values of the initial 

temperature between 28° and 15° C., and it is therefore probable that the result 

may be applied to considerably lower temperatures without any great error. 

It is natural to suppose that when there is an upward current of moist air, the 

foreign nuclei will be left behind through becoming loaded with the water which 

condenses on them, and that the air which rises above the lower cloud layer 

thus formed will be dust-free and supersaturated. 

It follows from the results of these experiments that condensation will again begin 

when the air reaches such a height that the pressure is reduced to about 73 of that 

at the upper surface of the lower cloud. 

It is not likely that the cloud-like condensation obtained with greater expansion 

has any meteorological significance. For it is unlikely that there can ever be such a 

sudden uprush of air as to enable any great degree of supersaturation to be main¬ 

tained when drops have already begun to form. 
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Oxygen. 

Preparation.—Potassium permanganate v/as heated in a small glass tube fused on 

to H (fig. 2). This was exhausted and then heated till the pressure considerably 

exceeded that of the atmosphere, and the process of alternate exhaustion and heating 

many times repeated. 

The mercury reservoirs B, with the taps Tj, Tg served as a pump. 

Results.—Oxygen behaves exactly like air in these experiments. The expansion 

required to produce both rain-like and cloud-like condensation, is practically the same 

in both. The colour phenomena are also exactly alike. 

Expansion required to produce Rain-like Condensation in Saturated Oxygen. 

Pressures all given in millimetres of mercury. Correction for piston weight, 

IV = 1 millim. 

Date. 
1 

B. f C. IT. Pv Pu Pi- Ps- Pi/Pj = 

May 8. 769 17 14 594 1348 318 1072 1'258 
; „ 14. 768 20 17 638 1388 357 1107 1-2.54 
; „ 15. 
i 
1 

768 21 18 579 1328 307 1056 1-258 ! 

i 
Mean 1-257 

A fresh supply of oxygen was used eacli day. 

Expansion required to produce Cloud-like Condensation in Oxygen. 

Date. B. f C. 'TT. Pv P Pi- Ps- P1/P2 — ^2/D- 

May 9 . . . . 769 18-0 15 732 1485 318 1071 1-386 
1 „ 14 .... 767 20-5 18 659 1407 273 1021 1-378 
2 „ 14 . . . . 766 21-5 19 665 1411 273 1019 1-.385 

Mean 1-383 

Measurements vrere also made of the ratio when the colour produced by the 

expansion was the sensitive tint between the blue and red referred to in the account 

of the colour phenomena observed in the experiments with air. 
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Expansion required to produce the Sensitive Tint. 

Date. B. 

1 

O
 

Q
 

Pi- Pr Pr P- Pj Po— Colour. 

March 6 752 19-5 17 804 1538 347 1081 1-423 Violet 
„ 7 . . 775 17 5 15 799 1558 341 1100 1-417 

Mean 1-4-20 
1 

Carbonic Acid. 

Preparation.—Potassium bicarbonate was heated in a glass tube, fused directly 

to H. This was repeatedly heated and pumped out, 

Residts.—Clarbonic acid shows, like air and oxygen, the two kinds of condensation, 

each requiring a definite minimum expansion for its production. 

The measurements could not be made with the same accuracy in this case on 

account of the solubility of the gas in water. This caused a continual falling off in 

the pressure, necessitating the reading of the final pressure p^ after each expansion. 

On account of the difference in y, the results with COo are not directly comparable 

with those obtained with air, the same expansion corresponding to a different fall of 

temperature. 

The colour phenomena were not looked for. 

In the table which follows, the pressure readings corresponding to the greatest 

expansion which was made without condensation, as well as those of the least 

expansion which resulted in condensation, are given. In the case of the more 

insoluble gases, the difference between these only amounted to 2 millims. ; here, as 

will be seen, it is considerably greater. 

Rain-like Condensation in CO3. 

Date. B f C. "iT» P\- Pi- Pr Po- Pi'Po- 

1 
Result. 

May 23. 764 19 16 710 1457 333 1080 1-349 0 
>5 . 764 19 16 700 1447 314 1061 1-364 Rain 

May 25. 775 17 14 605 1355 247 997 1 -359 0 
99 ..... 775 17 14 612 1362 245 995 1-369 Rain 

May 25. 775 17 14 599 1349 242 992 1-360 0 
99 . 775 17 14 603 1353 240 990 1-367 Rain j 

Condensation begins when Pj/Pg is between 1*36 and 1’37. 

For pressure changes within these limits (between and 2 atmospheres) Boyle’s 
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law is sufficiently nearly obeyed to justify us in saying that condensation begins 

when lies between 1’35 and 1’37. Eegnault founcP that if the pressure of 

the CO3 was changed from 1 atmosphere to 2, the ratio of the initial to the final 

volume was 2 X 1’0076. The difference between P]/P3 and is therefore well 

within 1 per cent. 
Cloud-like Condensation in COg. 

Date. B. f C. 7r. Pi- Pi- P-2- P2- P1/P2- Result. 

]\Iay 25. 775 17-5 15 7.38 1487 223 972 1-530 Rain 
„ . 775 17-5 15 734 1503 230 979 1-535 Fog- 

All the above results were obtained with the same sample of CO3. On absorbing 

the gas by KOH a bubble amounting to less than 1 part in 1000 of the whole 

remained. The gas had been in the expansion apparatus for three days and 

50 expansions had been made. The contamination which takes place by air diffusing 

through the lubricating water round the piston is therefore certainly very slight. 

In the experiments with CO^ the lubricating water was less frequently renewed, 

and a smaller quantity run in at a time than with the less soluble gases. There 

was, therefore, even less chance of contamination of the latter than of the CO3. 

Hydrogen. 

This was prepared by passing steam over sodium. This method was used by Scott 

in his experiments on the composition of water.t 

The apparatus for the preparation of the gas is shown in fig. 3. 

The water was contained in the bulb A and the sodium in B, which was prolonged 

into a narrower tube C, fused directly to H in fig. 2. The vertical tube D served for 

the introduction of the water. 

The sodium was previously heated in a tube, kept exhausted by the water pump. 

The tube was held for several minutes in a Bunsen flame*, and the sodium then 

poured off into the clean part of the tube. 

The water to be introduced into A was obtained free from dissolved gases by 

boiling rapidly down in a flask to about one-sixth of the original volume. This was 

drawn up through D without allowing it to cool, the end of D dipped under mercury 

and the apparatus immediately pumped out. The mercury rose in D, which now 

served as pressure-gauge and safety-tube. 

The bulb A was now warmed till the pressure exceeded that of the atmosphere, 

and bubbles began to escape through the mercury in E. 

The fame was then removed, and the apparatus again pumped out, to as low a 

* ‘ Comptcs Renclus,’ vol. 23, p. 794 (1846). 

t ‘ Phil. Trans.,’ 1893, p. 543. 

2 P MDCCCXCVII.—A. 
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pressure as possible. Hydrogen was thus generated and pumped out several times, 

and lastly a vigorous stream of hydrogen was allowed to escape through the water in 

the flask F (fig. 2) by opening the taps T3 and T^. The flame was then removed and 

T3 closed, the gas which still continued to come ofif escaping through the safety- 

tube D. The hydrogen was then ready to be pumped into the expansion apparatus 

as required. Even in the cold, hydrogen is slowly formed by the water vapour 

reaching the sodium by diffusion, and escapes through the safety-tube. No further 

heating was therefore required when a fresh charge was wanted in the expansion 

apparatus. 

Results.—-The phenomena attending condensation in presence of hydrogen differed 

considerably from those observed with other gases. 

As in air and oxygen, dense condensation begins when is between 1‘37 and 

1'38, and the number of particles rapidly increases with increasing expansion. With 

very slightly smaller expansions, however, the drops are excessively few, and if 

be less than 1'36, they are either absent altogether or at the most one or two 

Fig. :i. 

scattered drops are seen. It was found impossible to get any consistent measure¬ 

ments of the minimum expansion required to make these drops appear. In no case 

was any condensation at all observed when vjvi was less than 1'30, while in one 

series of observations no condensation resulted when was as great as 1’356. 

It is likely that this irregular condensation is due to impurities in the gas. For 

the observations in which no condensation whatever was observed, even when tq/yj 

was not much below 1'36, were all made when the hydrogen was comparatively fresh, 

before it had been allowed to expand more than a very few times. The slight 

contamination which may take place by diffusion of air through the water lubricating 

the piston may account for their subsequent appearance. The contamination which 

can take place in this way must, as has been shown, be very slight; but it is quite 
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possible that an exceedingly small trace of air would be sufficient to cause the slight 
condensation which is observed. It must be remembered that even if only one drop 
separates out it will be seen. Colours like those observed in the other gases made 
their appearance when the expansion exceeded that required to produce the dense 
condensation. Measurements, however, were not made of the expansion required to 
produce a given colour. 

Expansion required to produce Dense Condensation in Hydrogen. 

Date. B. 

d
 

c
 

TT. Pv Pr Pi- Pi- Pl/Pi — 

Aug. 4. 763 22-0 20 670 1412 283 1025 1-378 
„ 6. 767 20-5 18 661 1409 267 1015 1-.388 
„ 6. 767 21-0 18 652 1400 269 1017 1-377 
» 6. 767 210 18 653 1401 269 1017 1-378 

Mean 1-380 

Chlorine. 

This was prepared by heating hydrochloric acid with potassium bichromate. 
The apparatus is shown in fig. 4. The U-tubes contained water. A supply of the 

gas was collected in the tube SP, by allowing a rajiid stream to pass for about three- 
quarters of an hour, and then closing the stopcock, and sealing ofi‘ at P with the 
blow-pipe. 

Fig. 4. 

The tube was then cut at S. The part from S to P was then removed, and the 
open end joined to L (fig. 2) in place of the stopcock Tg. The chlorine was then 
pumped into the expansion apparatus when required, the reservoir B (fig. 2) with the 
tubes connected to it being of course first completely filled with well-boiled water. 
The tube SP was throughout protected from the light by a wrapping of black paper. 

2 p 2 
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After use, the chlorine was absorbed by driving KOH into the expansion chamber. 
(This was done by expelling the water from B, and drawing in potash in its place, 
and then opening Tj, while was raised sufficiently high to overcome the pressure 
in A.) The bubble which remained was then drawn up into the capillary tube for 
measurement. 

Out of the three samples of chlorine used, two were analysed in this way. In both 
cases the volume of gas unabsorbed amounted to between 1 and 2 parts in 1000 of 
the whole. 

Results.—Chlorine shows both kinds of condensation, each requiring a definite 
minimum exjaansion. With expansions greater than was necessary to produce cloud¬ 
like condensation, colour phenomena w^ere observed like those exhibited by air and 
oxygen. 

The solubility of the chlorine introduced difficulties of the kind experienced with 
COg, interfering considerably with the exactness of the measurements. The final 
pressure had to be measured after each expansion, no water being run in till after 
this measurement was completed. 

The drops when the condensation was of the rain-like form appeared to the eye to 
be much more numerous in chlorine than in the other gases. 

Expansion required to produce Rain-like Condensation in Chlorine. 

1 

i Date. B. f C. 77. Ih- 

August 20 761 21-5 19 443 
„ 20 . . 761 21-5 19 420 

August 24 . 760 20 17 560 
„ 24 . . 760 20 17 549 

R- Vi- Po. 
1 

Result. 

1184 166 907 1-306 Rain. 
1161 153 894 1-299 0 

1302 257 9P9 1-304 Rain. 
1291 252 994 1-299 

i 

0 

Rain-like condensation begins when P1/P3 is about 1'30. 

Expansion required to produce Cloud-like Condensation in Chlorine. 

Date. B. t°C. 
j 

TT. , Pi- Pi- P-:- P1/P2- 

Augu.st 28. 768 18 15 ' 741 1490 280 1029 1-448 
„ 28. 768 18 15 660 

1 
1409 223 972 1-449 

Cloud-like condensation begins when Pj/Pg is about 1’45. The second observation 
was made with tlie condensing lens removed, the readings given being those corre- 



IN THE PRESENCE OF DUST-FREE AIR AND OTHER GASES. •293 

spending to the least expansion required to make coloured rings appear. With 

greater expansions the size and brilliancy of the rings rapidly increased. 

We cannot suppose that chlorine at the pressures and temperatures used in these 

experiments obeys Boyle’s law even approximately. It is not allowable, therefore, 

to put P1/P3 = vjvy 

Nitrogen. 

This was prepared by adding ammonium chloride to a nearly saturated solution of 

sodium nitrite, till no more would dissolve, and warming gently. In the first series 

of experiments a concentrated solution of potassium bichromate was added. This was 

omitted in the later experiments. The gas was allowed to pass through two U-tubes 

containing strong caustic potash solution. 

The apparatus for the preparation of the gas is shown in fig. 5. 

Fig. 5. 

The liquid was drawn into the flask through the vertical tube. This was then 

made to dip below the surface of mercury contained in a small test-tube. The 

apparatus was then connected to the water-pump, and the liquid in the flask allowed 

to boil under very low pressure, by warming gently. This was allowed to continue 

for some time. The tap was then closed, and the heating continued till the 

pressure exceeded that of the atmosphere and the nitrogen began to escape through 

the safety-tube. Tj was then again opened and the gas allowed to escape through 

Tg and Tg. The temperature of the flask was never allowed to rise more than was 

sufilcient to give a steady stream of the gas, which gradually ceased after the removal 

of the flame. Finally T2 was closed and the heating discontinued. The nitrogen 

could then be pumped out when required. 

Results.—The results are practically identical with those obtained with air and 

oxygen. 

The experiments of October 6 were made with the same expansion apparatus as 
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had been used with the other ^ases. This was unfortunately broken immediately 

afterwards and the apparatus made to replace it was much smaller, having a capacity 

of only 8 cub. centims., tlie length of the expansion chamber being 4 centims., and 

that of the piston 5 centims. The pressure required to balance the weight of the 

piston was about 2 millims. of mercury. The volume of the gas is, therefore, smaller, 

and the rate at which it expands slower than in the former machine. 

Expansion Ptequlred to Produce Pain-like Condensation in Nitrogen. 

Date. B. t°C. TT. Pi- Pi- P2- P2- 

II 

fL 

cC 

October 6. 754 13 11 681 1423 390 1132 1-257 
November 19 765 17-5 15 562 1310 289 1037 1-263 

„ 19 ... . 764 17 14 546 1294 276 1024 1-264 
„ 19 ... . 764 17 14 540 1288 275 1023 1-259 

November 30 ... . 772 11 10 610 1370 321 1081 1-267 

Mean 1-262 

The number of drops appeared to be small in nitrogen. 

Expansion Required to Produce Cloud-like Condensation in Nitrogen. 

Date. B. fC TT. Pi- Pi- P-2- P2- P1/P2 — 

October 6. 754 13-5 12 765 1506 350 1091 1-380 
November 21 .... 775 15-0 13 713 1473 307 1067 1-380 

„ 21 ... . 775 15-0 13 709 1469 304 1064 1-381 

Mean 1-38 

The colour pheuomena were exactly like those observed in air. 

Measurements were made of the expansion required to produce the sensitive tint. 

Date. 

Q
 

0
 

V^l 

October 6. 13-5 1-417 
November 28. 11-5 1-434 

28 n .. 11-5 1-430 

jMean 1-4-27 

The observations of November 28 were made with the smaller machine, those of 

October G with that which had been used for the experiments on the other gases. 
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Supersaturation Resulting from a Given Expansion. 

By the supersaturation is here meant the ratio of the actual density of the vapour 

when the expansion has just been completed, and the minimum temperature has 

therefore been reached to the density of vapour which is in equilibrium over a flat 

surface of water at that temperature. 

It is assumed in what follows that the expansion is completed before any 

appreciable amount of water has had time to condense on the walls, or in drops 

throughout the moist gas. 

To find the lowest temperature reached we have the well-known equation for the 

cooling of a gas by adiabatic expression, 

e,~\vj ’ 

where 6^, 9^, are the initial and final absolute temperatures, and y is the ratio of the 

specific heat at constant pressure to that at constant volume. This has been assumed 

below to be the same as in the dry gas, the effect on y of the small quantity of vapour 

present being neglected. The error introduced in this way, as pointed out by 

R. V. Helmoltz,"^ is inappreciable at temperatures below 30° C. 

Knowing 6^ and vjv^, the ratio measured in these experiments, we can, therefore, 

calculate 02- 

Let TT^, 713 be the pressure of saturated vapour over a flat surface of water at the 

temperature 0^, 02 respectively, rr^ is then the initial pressure of the vapour before 

expansion. The volume of the vapour is suddenly changed from to % We cannot, 

however, calculate the resulting change in its pressure, there being no reason to 

suppose that Bovle’s law is even approximately obeyed by the highly supersaturated 

vapour. There is no such uncertainty, however, as to the density of the vapour, 

which must change inversely as the volume. It is for this reason that the super- 

saturation is here defined as the ratio of the actual to the equilibrium density over a 

flat surface, and not in terms of the corresponding pressure. 

The supersaturation, according to the above definition, is equal to 

O _ ' / 

^ = P jp-i^ 

where p is the final density of the vapour before condensation takes place, and p^ is 

the density of the saturated vapour at the temperature 6^. 

But — = — ! therefore, S = — X • 
Pi '^2 P2 ^’2 

Now the actual density of saturated water vapour in the presence of air at ordinary 

atmospheric temperatures, has been shown by ShawI' to agree very closely with the 

* ‘ Wied. Ann.,’ xxvii., p. 508 (1886). 

t ‘ Phil. Trans.,’ 1888, A, p. 83. 
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density calculated on the assumption that the vapour behaves like a perfect gas. We 

may, therefore, write 

_ !0 w ^2 

P2 '^2 

Therefore, S 

Supersaturation Bequired for Rain-like Condensation. 

For convenience of comparison the calculations have been made for the case where 

the initial temperature is 20° C. As we have seen, the ratio when conden¬ 

sation just begins, is within the limits of experimental error, constant within the 

ordinary range of room temperature. 

Chlorine is too far removed from the condition of a perfect gas for the fall of 

temperature to be calculated. The error from the sa,me cause may also be consider¬ 

able in the case of COo. 

Ill the following table Regnault’s numbers have been used for the vapour pressure 

at temperatures above the freezing point. The vapour pressui’es over water below the 

freezing point are from a paper by Juhlin,* who has measured directly the pressure 

over water over a considerable range of temperature below the freezing point, t-^, t.2 

are the initial and final temperatures Centigrade, Oi = 273, ^2 = C + 273. 

A- 
_ 

"]• r,!ry 7- OJO.,. /o. 

Air. 293 17-39 1-2.52 1-41 1-097 - 5-8 3-02 4-2 
Oxygeu .... 293 17-39 1-257 1-41 1-098 - 6-2 2-93 4*0 
Nitrogen .... 293 17-39 1-262 1-41 1-100 - 6-7 2-83 4-4 
Carbonic Acid . 293 17-39 1-365 1-31 1-101 - 6-9 2-78 4-2 
(Chlorine 293 17-39 1-30 1-32 1 087 — 3*5 3-58 3-4) 

. 

Hydrogen does not appear in this table, as no regular rain-like condensation was 

observed. 

It will be noticed that the supersaturation required to cause condensation is 

practically the same in COo as in the other gases, in spite of the great difference 

in 

The supersaturation is in each case the greatest which can exist at the temperature 

C. without condensation resulting. 

To find to what extent this depends upon the temperature, w^e may make use of 

tlie fact that ro/i'i, when the resulting supersaturation is just sufficient to cause 

condensation, is in the case of air constant for temperatures between 15'5°C. 

and 28-8° C. 

* ‘ JRbaiig till K S. Yet. Akad. Haiidliugar,’ Bd. 17. 
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Supersaturation required to cause Condensation in air at different 

temperatures. 

h- 0,. TT). 7- 0JO,. b- TTo. S = -"-1 ffiV 
^■3 V^o/ 

155 285-5 13 12 1-252 1-41 1-097 - 10 2-197 4-35 
20^ 293 17-39 1-252 1-41 1-097 — 5-8 3-02 4 2 
28-8 301-8 29-45 ]-252 1-41 1-097 + 2-2 5-377 4-0 

Thus the maximum supersaturation is 4'35 at — 10° C, and 4'0 at + 2'2°C. It 

therefore diminishes with rising temperature at the rate of about ’03 per degree. 

Superstatmntion recpdred to produce Clouddike Condensation. 

The calculations are again made for an initial temperature of 20° C. 

The results for Air, Oxygen, Hydrogen, and Nitrogen are grouped together, the 

difference in the observed value of Po/y^ when the dense condensation begins being no 

greater than can be accounted for by experimental errors. In all these gases the 

least value of Pj/pi when the condensation first becomes cloud-like is about 1’38. In 

air, however, in which more exact measurements were attempted, the beginning of 

the change from the rain-like to the cloud-like form could be detected when Po/y^ 

only slightly exceeded 1'37. 

The calculations have therefore been made taking vjiiy = 1’375. /[ = 20° C. 

^1- V.PVy 7i- opo,. b- .S = /fiV. 
TTo [voj 

Air, 0, H, N . . 293 17-39 1-375 1-41 1-140 - 15-8 1-41 7-9 
COg. 293 17-39 1-.53 1-31 1 141 - 16-2 1-37 7-3 
(Chlorine . . 293 17-39 1-44 1-3-2 1-124 - 12-3 1-83 5-91 / 

If then by sudden cooling a supersaturation exceeding 7‘9 be produced at a 

temperature of about — 16°C., the condensation, instead of taking place on a small 

number of scattered nuclei, as with a smaller degree of supersaturation, takes place 

upon a very large number, the number of nuclei which come into play increasing at 

a very rapid rate with increasing expansion. It will be noticed th.at the super¬ 

saturation required to produce either kind of condensation is practically the same in 

all gases, the rain-like condensation, however, being absent in hydrogen. 

2 Q MDCC'CXCVII.—A. 
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Super saturation recpdred to produce the sensitive tint. 

At first sight it might seem that when the expansion is so great that a very large 

number of drojjs begin to grow before it is completed, the maximum supersaturation 

must be much less than is obtained by calculation according to the above method. 

It is difficult, however, to understand the constancy of the results obtained in the 

observations of the colour phenomena unless the supersaturation resulting from 

expansion of a given amount is always the same in spite of the variations which there 

must be in the rate of expansion. If the maximum supersaturation be independent 

of variations in the rate of expansion, it must be because the maximum supersatura¬ 

tion reached does not differ much from what would result from an infinitely rapid 

expansion. 

This is, perhaps, not very surprising if we consider how little time the drops have 

to grow before the expansion is completed. To produce the sensitive tint in air 

Po/Ui must be made equal to 1‘420. It is only while vjv-^ is increasing from 1’38 to 

T42, that the number of drops in process of formation is at all considerable, that is, 

when the piston has already completed nine-tenths of its journey. Now the piston 

must be moving with constantly increasing velocity ; the whole distance moved by 

the piston amounts to less than 1'5 centimetres; the time taken to travel the last 

tenth of this, that is, less than 1‘5 millimetres, must therefore be very short. We 

have seen that the time taken to travel the whole distance is itself very short. The 

growth of the drops too, as has already been pointed out, cannot be very rapid. It 

is quite likely therefore that even when they are very numerous, the quantity of 

water which separates out upon them before the expansion is complete may be too 

small to diminish appreciably the final supersaturation reached. 

The supersaturation required to produce the sensitive tint in air is calculated below. 

q. a,. TTj. ro/i'i- 7- oje.,- b- 

if
i II 

20'’ 29.9 17-39 1-420 1-41 1-1.55 -19-2 

1 

1-07 9-9 
1 

On the numher of the drops. 

It is possible to obtain some information as to the number of the drops formed for 

a certain range of siqiersaturation from the colour phenomena. For from the colours 

we ought to be able to deduce the size of the full-grown drops, and the total quantity 

of water which condenses in consequence of the corresponding expansion may be 

calculated. With the exceedingly dense fogs with which we are now dealing there 

is no doubt that the water which condenses on the walls will be small in quantity 
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compared wibii what condenses in the form of drops. From the cpiantity of water 

which separates, and the size of the drops, we may calculate the number, assuming 

the water to be equally divided among them. 

It is assumed here that the cloud-particles are actually liquid drops and not ice- 

crystals, in spite of the fact that the condensation begins at temperatures much below 

the freezing point, and that the temperature when the particles are full grown is, as 

we shall see, also slightly below the freezing point. 

Let us consider first the quantity of water which separates out in consec[uence of 

an expansion of a given amount. Let us suppose the expansion to be completed 

before the drops have grown to more than a very small fraction of their final size, so 

that the theoretical lowering of temperature results. Let q be the temperature 

Centigrade before expansion, the lowest temperature reached. 

In consequence of the condensation of the water, heat is set free, and the tempera¬ 

ture of the moist adr rises. A stationary state is reached at a temperature Cj when 

just so much water has separated that the vapour remaining is in equilibrium in 

contact with the drops. The subsequent changes will be slow, being due to the 

inflow of heat and vapour from the walls. They appear to have little effect upon the 

size of the drops, for the colour changes very little, and only gradually fades away ; 

evidently through the drops becoming unequal in size. This is not difficult to 

understand, for the air which comes in contact with the walls of the tube, since these 

are covered with water, must remain saturated in spite of its rise in temperature. 

If we consider 1 cub. centlm. of the moist gas, we have the following equation 

connecting the temperature t reached at any moment with the quantity of water q 

which has condensed, 

l^q = CM {t - t,), 

where M is the mass of unit volume of the gas and C its specific heat at constant 

volume. It will not introduce any serious error, for the present purpose, if we 

neglect the heat spent in raising the temperature of the small quantity of vapour 

present. L is the latent heat of vaporisation, which changes slightly as the 

temperature changes during the process, but may be considered with sufficient 

exactness as equal to 606, its value at 0° C. 

Now,- 

q = Pi - p> 

where is the density of the vapour just befoi’e condensation begins, and p the mean 

density of the vapour remaining uncondensed at any moment. 
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If we consider tlie experimental results obtained with air on March 3rd, we have, 

when the violet colour results, Vo/i'i = 1’420, the initial temperature being 19° C.. 

and the pressure, when the volume = and the temperature = 19° C., being equal to 

1039 milliras. of mercury. The density of air at standard temperature and pressure 

is '00129 gi'in. per cubic centimetre. 

Therefore, 

M — -00129 X X 
7b0 

'001 65. 

Tlie lowest temperature calculated from the expansion is 

Also. 

U = - 20'2. 

Pi - do X 

where — density of saturated steam at the temperature b- 

When b = 19° C. 
Pq = -0000162, 

therefore, 

p^ = -0000162 X = -000114. 

Now G, the specific heat of air at constant volume = ‘167. 

We, therefore, find for the density of the vapour, wdren the temperature has risen 

from b to b 

p = -000014 — 
•167 X '00165 {t — t.2) 

606 

= -000014 - 4-55 X 10-7 {t - u). 

If we put t = — 4° C., we obtain for p the value 4-0 X lO-*'. Now, the density of 

the saturated vapour at that temperature is 3’7 X 10-*". More vapour would, there¬ 

fore, condense, and the temperature would rise further. 

If i = — 3° C., p calculated from the above equation = S'O X 10-7; but the density 

of saturated vapour at — 3° G. is 4-0 X 10-7. Gondensation will, therefore, not go 

so far as this, but only till the temperature rises to about — 3‘5° G., and the density 

of the vapour has fallen to about 3'8 X 10-*' grm. per cubic centimetre. 

This gives us for the quantity of -vvater which separates out from each cubic centi¬ 

metre 
- p.= 11-4 X 10-^^ - 3-8 X 10-'^ 

= 7-6 X lO-'^ gvm. 

In considering how far the condensation would go, the density of vapour in equi¬ 

librium when in contact with drops of the size of those actually present should have 
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been used, not that over a flat surface. But for drops of 5 X 10“® centim. in radius 

the difference, as calculated hy Lord Kelvin’s formula, does not amount to more than 

1 or 2 per cent., and is negligible for the present purpose. 

The exact theory of the colour phenomena which are produced by clouds of small 

water drops such as are formed in these expansion experiments, has not, as far as I 

am aware, been wmrked out. This is especially true of the colours filling the centre 

of the field within the diffraction rings. Since the whole of the colour phenomena 

from the first appearance of small diffraction rings to the disappearance of all colour, 

except the bluish or greenish-white, are confined within quite a narrow range of 

expansions, the size of the drops ev^idently diminishes with great rapidity with 

increasing expansion. 

When all diffraction colours disappear, and the fog appears white from all [)oints of 

view, as it does when amounts to about 1’44, we cannot be far wrong in assuming 

that the diameter of the drops does not exceed one wave-length in the brightest part 

of the spectrum, that is, about 5 X 10~® centim. That the absence of colour is not 

due to the inequality of the drops is evident from the fact that the colours are at 

their brightest when vjv^ is only slightly less than 1'44, and from the perfect regu¬ 

larity of the colour changes up to this point. 

Taking the diameter of the drops as 5 X 10~^ cub. centim., we obtain for the 

volume of each drop about 6 X 10“^^ cub. centim., or its mass is 6 X 10“^^ grin. 

Now, we have seen that when the expansion is such as produces the sensitive tint 

(when t’.j/iq = 1’42), the quantity of water which separates out is about 7’6 x f 0“® grm. 

in each culiic centimetre. With greater expansions rather more must separate out. 

We, therefore, obtain as an inferior limit to the nuniher of drops, w hen Vo/<q = 1‘44, 

per cubic centimetre. 

T't) X Hr'’ 

G X 10-1^ 

Ejj'act of the lidittgeii Rags on Condensation. 

A statement of the results obtained when moist air is subjected to the action of the 

llontgen ra3^s, and then allowed to expand, has already been published,* but tlie 

experimental details were not given. The experiments were made with the second 

form of apparatus (fig. 2). A bulb which was giving out the X-rays energetically, as 

tested by a fluorescent screen, wms fixed about 10 centims. from A. It was found 

that if expansion was made when the bulb was in action, or within a second or two 

after swutching off the current from the induction coil, the number of drops produced 

Avas greatly increased if the expansion was suoh as would have caused rain-like con¬ 

densation in the absence of the rays. Instead of a show'cr settling in one or two 

* • Proc. iioy. vol. GG, [i. .’IGS, ISGG. 
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seconds, a fog lasting for more than a minute was produced. If, how’ever, v.2ii\ was 

below I'25, no condensation resulted, whether the rays were acting or not. 

The same results were obtained when the expansion vessel was completely wrapped 

up in tinfoil, which was only removed after the expansion had been made and the 

current had been switched off. Direct electrical action was thus excluded. 

The air inside A is probably sufficiently well shielded from electrical effects by the 

film of water which covers the inner surface of the walls. For it was afterwards 

found that no effect was produced on the condensation when A was placed directly 

between the terminals of an induction coil while the expansion was made. 

The nuclei introduced by the X-rays only persist a few seconds. No effect is noticed 

if the expansion be made half a minute after the current has been turned off. 

It will be noticed that in these experiments the rays had to pass through the glass 

walls of the tube, and must, therefore, have been very much reduced in intensity. 

Richarz* has recently shown that the condensation of the steam-jet becomes dense 

under the action of the X-rays. The intensity of the radiation was probably much 

greater in his experiments, for the rays had merely to pass through aluminium. 

Hydrogen.—The action of the X-rays when hydrogen was substituted for air was 

afterwards investigated. It was considered unnecessary in this case, for the reasons 

already mentioned, to take any precautions for shielding off’ direct electrical action. 

The arrangements were in other respects exactly as in the experiments with air. 

The hydrogen was obtained as already described. 

In the first experiments the following results were obtained :— 

ij/t'l. Result. 

1-308 
1-296 

No X-i-ays 
X-rays 

No condensation 
Fog 

Several experiments were then made with the tube exposed to the rays, each 

expansion being made less than the preceding one. The number of cloud-particles 

was observed to diminish with diminishing expansion, till, when was made equal 

to 1'260, only a few drops were formed, and none were seen when vjvi was equal 

to 1-255. 

Further measurements were now made of the smallest expansion required to cause 

condensation when the moist hydrogen was under the inffuence of the X-rays. 

* ‘ Wit'd. Ann.,’ vol. 59, p. 592, Ib9li. 
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' 
Result. 

1-326 No X-rays No condensation 
1-253 X-rays Drops very few 
l-3oy X-rays Fog 
1-246 X-rays No condensation 
1-259 X-rays Shower 

With the X-rays on, condensation begins when vjv^ lies between i’246 and 1-253, 

the density of the condensation increasing rapidly with increasing expansion. 

Fresh hydrogen was now prepared. The bulb was 30 centims. from the cloud 

chamber. 

X-RAYS on in all Cases. 

t'o/r,. Result. 

1-251 No condensation 
1-254 Very few drops 
1-253 Very few drops 
1-251 No condensation 
1-258 Drops few 
1-272 Dense shower 
1-282 Fog 

Thus it appears that condensation begins in hydrogen originally saturated when 

is between 1-251 and 1-253, if the gas be exposed to the action of tlie X-rays. 

Condensation therefore begins when the supersaturation reaches the same limit as is 

necessary for rain-like condensation in air, the supersatuvation required to produce 

condensation under ordinary conditions being nearly twice as great. 

As in the case of air the nuclei introduced by the Rontgen rays only last a few 

seconds. Thus immediately after obtaining condensation when was as low as 

1'253, if the expansion was made while the gas was exposed to the X-i-ays, an 

experiment was made in which the current was switched oflF half a minute before the 

expansion. Although was as great as 1-315, no condensation resulted. When, 

however, a similar expansion was made with only a few seconds’ interval a slight fog 

resulted. 

Since the X-rays make condensation begin in hydrogen, with a much smaller 

expansion than is necessary in their absence, it is much more easy to detect the effect 

of very weak radiation than in air, where only an increase in the number of the 

drops results from the action of the rays. 

It was found that the effect of the rays was quite noticeable, even when the bulb 

producing them was at a considerable distance away. For example, quite a distinct 



304 MR C. T. R. WILSON ON CONOENSATIOR OF WATIOR VAPOUR 

shower was produced with the bulb 120 centims. olf, when was equal to 1'326, 

wliile an expansion of the same amount made immediately afterwards wdth the 

current switched off from the coil caused no condensation. 

Wlicn the bulb was as far away as this it was found necessary to make rather 

greater expansion to bring about condensation,, than wdien stronger radiation fell on 

the expansion apparatus. With the bulb 120 centims. off condensation w^as first 

detected when was equal to 1'278, none being visible with smaller expansions. 

Since every nucleus, capable of promoting condensation, in vapour supersaturated 

to the extent reached at the completion of the expansion, becomes visible Iw the 

growtli of a dro23 around it, it is not surprising that even weak radiation should have 

a visible effect. 

I have not yet made any experiments* to see if X-radiation, which has not been 

weakened by passing through glass, makes the condensation begin at a lower super¬ 

saturation or not. The experiments of Richarz, to which reference has already 

been made, do not give us any information on this ])oint, as the extent of the super¬ 

saturation reached in a steam-jet is unknown. 

Interpretation of the ResnJts. 

The view here taken as to the meaning of the phenomena described in this paper 

is lu'iefiy as follows :— 

In aqueous vapour in the presence of air, oxygen, nitrogen, or carbonic acid, there 

always exists at any moment a small number of nuclei, capable of acting as centres 

of condensation when the density of the vapour reaches a certain value amounting at 

— 6° 0. to about 4’2 times that of the vapour in equilibrium over a flat surface of 

water at the same temperature. 

The nuclei capable of acting as centres of condensation when the supersaturation 

lies between this low^er limit and another amounting at 16° to 7'9 are comparative!}' 

few, and their number depends on the nature of the gas, for they appear to be 

absent in moist hydrogen. No attempts have yet been made to count the drops 

produced when the supersaturation lies between these limits, but from the appear¬ 

ance of the resulting shower they almost certainly do not amount to nearly 100 in a 

cubic centimetre. 

When the X-rays, or such components of the radiation as are able to pass through 

glass, act upon moist air or hydrogen, similar nuclei are produced in much greater 

numbers, those of them which are the most effective in helping condensation again 

requiring exactly the same minimum supersaturation in order that condensation may 

take place upon them. 

The number of nuclei capable of acting as centres of condensation when tlie super¬ 

saturation, even slightly, exceeds the upper limit mentioned, is, whatever gas be 

present, very large, and the number which come into play increases with enormous 

* See uote al the eiul of the paper. 
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rapidity as the supersaturation is increased, reaching in air, oxygen, or nitrogen 

probably many millions per cubic centimetre under a tenfold supersaturation. In 

the other gases the observations in the colour phenomena necessary for this estimate 

were not made. There is no indication in these experiments of any limit to the 

number of drops which could be formed by sufficiently increasing the supersaturation. 

It is possible to make an approximate calculation of the size of the smallest drops 

which would be able to grow in vapour supersaturated to any given extent. 

The formula given by Lord Kelvin* for the effect of curvature of a surface upon 

the pressure of the saturated vapour in contact with it only applies, in its original 

form, to cases where the curvature is not sufficiently great to make the density of 

the vapour over the curved surface differ more than very slightly from that over a 

flat surface. Here we wish to calculate the curvature necessary to make the 

equilibrium density of the vapour from four to eight times that over a flat surface. 

If we assume that the supersaturated vapour obeys Boyle’s law, and that the 

surface tension retains its ordinary value in the case of the very small drops with 

which we are dealing, there is no difficulty in seeing how the formula must be 

modified to allow of its being extended to such cases as the present. Both of these 

conditions are, unfortunately, likely to be far from being satisfied. 

If we make these assumptions, the formula becomes, when the density of the 

vapour is as in the present case small compared with that of the liquid, identical 

with that obtained in a different way by R. v. Helmholtz,! 

1 P 2T 

Rs0r 

where is the vapour pressure in contact with drops of radius r, P that over a flat 

surface at the same temperature 0; T is the surface-tension, s the density of the 

liquid, and R the constant in the equation 'p\p = Rd. Since Boyle’s law is assumed 

to hold, p/p is equal to the ratio of the corresponding densities, that is, to what 

is here called the supersaturation S. We thus obtain for the radius of the diops 

just in equilibrium 

2T 

~ log, S ’ 

since s in the case of water is equal to unity. R for water vapour is equal 

to 4-6 X 10". 

The results of the application of this formula are here given. 

* ‘ Proc. Roy. See.,’ Edin., VII., p. 63 (1870). 

t ‘ Wied. Ann.,’ sxvii., p. 508 (1886). 

2 R MDCCCXCVII.—A. 
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Radius, in centims,, of drops just large enough to grow in vapour supersaturated to 

the extent required to make rain-like condensation begin in the presence of Air. 

f 0. e. T. S. r. 

-10 263 77 4'35 8-7x10-8 
- 6 267 76 4-2 8-6 X 10-8 
+ 2 275 75 4-0 8-6 X 10-8 

O' thus appears to be constant over the range of temperature — 10° C. to + 2° C. 

The value obtained for o' is not changed by as much as 3 per cent, when the air 

is replaced by nitrogen, oxygen, or CO^, or by hydrogen under the action of 

the X-rays. 

Radius, in centims., of drops just large enough to grow when supersaturation is 

sufficient to make the dense condensation begin in Air, Oxygen, Nitrogen, or 

Hydrogen. 

f C. e. T. S. r. 

-16 257 78 7-9 6-4 X 10-8 

If we consider the difference in the value found for S in CO^ to be real, and 

not due merely to the error in the calculation of the cooling, due to deviation 

of CO3 from the condition of a perfect gas, we find that r in CO3 is about 3 per cent, 

greater than in these other gases. 

Radius, in centims., of drops just large enough to grow when the supersaturation 

is such that the sensitive tint is produced in the presence of Air or Oxygen. 

f C. 0. T. S. 7', 

-19 254 79 9-9 5-9 X 10-8 

The difference when nitrogen is substituted for Air or Oxygen is exceedingly 

small. 

It cannot be assumed that the surface tension retains its ordinary value in drops 

of such small radii, which are not great compared wfith molecular dimensions. AYe 

know, in fact, from the behaviour of thin films, that it does not. These numbers 

therefore can only be considered as giving a very rough approximation to the 
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absolute size of the water drops which would actually be in equilibrium in vapour of 

the various degrees of supersaturatioii. 

They furnish, however, a convenient means of expressing the relative efficiency of 

the nuclei in helping condensation. Thus, the nuclei producing rain-like condensation 

are equivalent in their effect on the condensation, to water drops of radii between 

6'4 X 10“® and 8'7 X 10~® centim. There are, as we have seen, certainly not more 

than 100 of these in each cubic centimetre of moist air, and they are absent in 

hydrogen. The nuclei equivalent to water drops whose radii lie between the narrow 

limits 5‘9 X 10“® and 6‘4 X 10centim. amount to many millions per cubic 

centimetre. 

It is difficult to account for the immense number of these latter nuclei, otherwise 

than on the view that they actually are simply small aggregates of water molecules, 

such as may come into existence momentarily through encounters of the molecules. 

On this view the dimensions of the molecules cannot be small compared with 

6 X 10~® centim. Bards* states that if it were possible to measure the super¬ 

saturation required to make steam condense in the absence of dust, the dimensions 

of the molecules could be calculated with the aid of Lord Kelvin’s formula. 

Probably he takes some such view as that here suggested. 

The nuclei which bring about the rain-like condensation, and the greater number 

of which appear to be equivalent in their power of causing condensation to water 

drops of not much less than 8‘7 X 10centim. are probably of a different character. 

As, however, I am continuing these experiments, it would be premature at the 

present stage to discuss the various views that might be held as to their nature. 

[Note added Jidy 22, 1897. 

Further Experiments on the Action of the X-rays.—I have lately repeated the 

experiments on air, using an expansion apparatus provided with a window of very 

thin aluminium, so arranged that the whole of the contents of the tube were exposed 

to the rays of a suitably placed Rbntgen lamp. 

This gave results identical with those already obtained, no condensation resulting 

when the air was expanded while exposed to the rays unless exceeded 1’25, 

while with expansions even slightly exceeding this, a comparatively dense fog 

resulted ; only a few scattered drops appearing with similar expansions in the 

absence of the rays. 

As was to be expected, much denser fogs were obtained under the action of the 

rays with this apparatus than with that formerly used. 

A glass plate of 7 millims. thick, placed over the window, appeared to cut off the 

effect of the rays completely.] 

* ‘Phil. Mag.,’ vol. 38, p. 34 (1894); also “Report on the Condensation of Atraospheinc Moisture.” 

U. S. Department of AgTiculture, Weather Bureau, 1895. 
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- Part II... 0 16 0 - Part II... 2 5 0 1897 (A)Vol.l89. 1 0 0 

1855. Part I... 0 16 0 Vol. 168 (extra) 3 0 0 -(B)Vol.l88. 0 19 6 

- Part II... 1 6 0 1878. Part I... 1 16 0 
j 
1 

n hand exceeds One Hundred Copies, the volumes preceding the last Five 

by Fellows at One-Third of the Price above stated. 

BY HARKISOH AND SONS, ST. MARTIN’S LANE, 

AND ALL BOOKSELLEES. 
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