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Abstract

Motivated by many recent constructions of permutation polynomials over FF 2, we study
permutation polynomials over F s in terms of their coefficients. Based on the multivariate
method and resultant elimination, we construct several new classes of sparse permutation
polynomials over F s, ¢ = pF, p > 3. Some of them are complete mappings.
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1 Introduction

Let ¢ be a power of prime p and F, denote the finite field with ¢ elements. Define F} to be
the multiplicative group of F,. A polynomial f(x) € [F,[z] is called a permutation polynomial
over F, if the associated polynomial function f : ¢ +— f(c¢) from F, into F, is a permutation of
F, ﬂﬂ] A permutation polynomial f(z) € F,[z] is a complete permutation polynomial over F, if
f(x)+z permutes IF, as well. In general, for an € € F; a permutation polynomial f(z) over [F, is
called a e-complete permutation polynomial if f(x)+ex is also a permutation polynomial. Note
that if f(x) is an e-complete permutation polynomial then ¢! f(z) is a complete permutation
polynomial.

Finding new permutation polynomials and complete permutation polynomials is of great
interest in both theoretical and applied aspects. Many constructions of permutation polynomi-
als appeared in the recent years; see for instance ﬂ, ﬁ:@, @, , @] The reader may refer to
ﬂﬂ, Chapter 7], ﬂﬂ, Chapter 8], @] and references therein for more information.
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Permutation polynomials with few terms are interesting for their simple algebraic forms
and have wide applications in coding theory ﬂﬁ], combinatorial designs ﬂﬂ], and cryptography
]. Recently, the multivariate method (a key tool in the proof of Niho’s conjecture ﬂﬁ]) has
been used to construct permutation polynomials with few terms. Dobbertin developed the
multivariate method ] to confirm the permutation property of certain types of polynomials
over [Fon. Later on, Ding et al. NE] explored the multivariate method to construct several
classes of permutation trinomials over finite fields with even characteristic. Motivated by what
Ding et al. did for permutation trinomials in @], Li et al. @] proposed several classes of
permutation trinomials over Fon. Three more classes of permutation trinomials were given by
Ma et al. @] as well. Recently Bartoli and Zini B] determined all permutation trinomials of
the form a2+ 2P "+ \z" over F,r when (2p*+7)* < p'. Wang et al. ﬂﬂ, @] presented several
classes of permutation trinomials over [Fy» with characteristic 2 and 3. Furthermore, Bartoli
B] characterized four classes of permutation trinomials over [F s in terms of their coefficients in
F,, ¢ =p" and p > 3.

Other types of approaches can be seen as applications of the AGW criterion ﬂ] In partic-
ular, polynomials of type

2’ (2@ (1.1)

over the finite field IF, has been studied earlier by Wan and Lidl ﬂﬁ], Park and Lee ﬂﬁ], Akbary
and Wang E], Wang @], and Zieve @] A polynomial of the form (L.I)) permutes F, if and
only if ged(r, (¢ — 1)/d) = 1 and 27 f(2)(@Y/? permutes the set jy of the d-th roots of unity
in F,. Many classes of permutation polynomials are characterized using this criterion. For
example, using this approach, permutation trinomials over F > from Niho exponents

mo__ mo__
az® @ DAL ppt 1)+1_|_I’

have been characterized; see ﬂﬂl, @, H, , @, @, , , @] In particular, Hou ﬂﬂl, @]

completely determined the permutation behaviors of trinomials with (s,t) = (1,2) over F,2 by
discussing all possible cases of the coefficients a and b. Tu et al. | characterized a class of
new permutation trinomials with with (s,¢) = (¢,2), ¢ = 2™, in terms of the coefficients a and
b over F 2. They proved the sufficiency of the conditions and conjectured their necessity. Then
Bartoli E] proved the necessity using low degree algebraic curves and computational packages
such as MAGMA. Hou ﬂﬂ] found a way to prove both directions at the same time.

In this paper, we study permutation polynomials over F,s of types as shown in Table[Il The
paper is organized as follows. Section [2] gives some preliminaries on the resultant between two
polynomials. In Section B, by using the multivariate method, a class of complete permutation
binomials, three classes of permutation trinomials, four classes of permutation quadrinomials
and one class of permutation pentanomials over Fs are costructed in terms of their coefficients.
The conclusion is presented in Section [l Some necessary Magma programs are included in the
Appendix [l

2 Preliminaries

In some of our proofs we will need to investigate the solutions of a system of polynomial
equations. In these situation an important tool we use is the resultant of two polynomials. We
recall here some basic facts about the resultant.



Table 1: Types of permutation polynomials

‘ Polynomials ‘ References ‘
T Ay Theorem B.]
20+l 4 Ap—+a 4 By Theorem
2T L A ¥ Oy Theorem B.4]
21 L Byt 4 O Theorem
21 4 Ax?® & Bat + Cx Theorem
27T | A=+ | B & O Theorem [B.7]
2 PFT—1 | Ax@—+ + Byl + Ox Theorem
20T A=+ { Bt 4 Oy Theorem
a0l 4 A=+l 4 Bad® 4 Ox¢ + Da | Theorem

Definition 2.1. ], p.36) Let f(z) = apx™ + ayz" ' + -+ -+ a, € Fylz] and g(z) = box™ +
bia™t + -+ by, € F,[x] be two polynomials of formal degree n respectively m with n,m € N.
Then the resultant R(f,g) of the two polynomials is defined by the determinant

CI/O al ... aTL 0 ... 0
0 Qo aq (07% 0 0
> 1M rows
- 0 0 ag aq (07% /
R(f7 g) bo by - b, O 0 .
0 by b b 0
n rows
0 O b(] bl bm /

of order m + n.

If deg(f) =n (ie., if ag # 0) and f(x) = ap(x — 1) (x —az) - - - (¥ — av,) in the splitting field
of f over F,, then R(f,g) is also given by the formula

fg—aH

In this case, we obviously have R(f,g) = 0 if and only if f and g have a common root, which
is the same as saying that f and g have a common divisor in F,[z] of positive degree.

For two polynomials F'(z,y), G(z,y) € F,|x, y] of positive degree in y the resultant Res(F, G, y)
of F' and GG with respect to y is the resultant of F' and GG when considered as polynomials in the
single variable y (that is, as elements in R[y] with R = F,[z]). In this case Res(F,G,y) € F,[z]
is in the ideal generated by F' and G, and therefore any pair (a,b) with F(a,b) = G(a,b) =0
is such that Res(F, G, y)(a) = 0; see e.g. ﬂﬁ, Prop 3.6.1].

Let d be a divisor of ¢> — 1. We denote by piqg = {z € Fz : 2% = 1} the set of d-th roots of
unity in [Fgs.



3 The classes of permutation polynomials and complete
permutation polynomials over F 3

In the section, we characterize a class of complete permutation binomials over [F s, three
classes of permutation trinomials, and four classes of permutation quadrinomials and one class
of permutation pentanomials over Fys in terms of their coefficients over F,. The multivariate
method as a very useful tool is applied to prove these new results.

3.1 A class of complete permutation binomials

One class of complete permutation binomials is presented over s in the subsection.

Theorem 3.1. Let A € Fs with ATTH = 1, (A+ DT = 1 and A,A+1 ¢ ppig .
3
Then

flz) =2+ 4 Ag (3.1)
is a complete permutation binomial over Fs.
Proof. We will prove that for each a € Fs, the equation
T L Ar =g (3.2)

has at most a solution in F;s. We demonstrate z = 0 if and only if a = 0. Supposing x # 0 is
one solution of equation

2T Ar =0, (3.3)
which is necessary to prove that
2H2 L A= (3.4)
has no solution. Setting u = 29! implies u? +7*! = 1. From Eq. (B4) we have u? = —4 and
u? = —AZj. Substituting them into w4ttt = 1, we get
u’ = b
AT

Since ged(q + 2, 3) = 3, substituting u® = —% into the equation u¢*t? + A = (0, we obtain

?+q+1
3

=1

Y

which contradicts A is not the q2+—3q+1 roots of unity in Fys. So f(x) = 0 if and only if = = 0.
If a # 0, we show that Eq. (32) has one nonzero solution. Let y = 23°, z = 43 b = ¢*
and ¢ = b®, then we obtain the system of equations
yz + Az® —azx =0, (3.5)
2+ Aly? — by = 0,
xy + AT22 — 2 =0,
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Let B = A%, C = A7, then C? = A and through a series of computations of the resultant with
ABC = —1 (see ), we have

Bz"(Az — a)[(—a*B*C® — 2abcAB*C” + abcBC + W’ AC? + *AB?)x
+ a’beB*C? — ab’C? — ac’B* + b°¢*] = 0.

Since a # 0, z = 0 is not a solution. If x = %, then substituting 2 = % into Eq. (3.2) gets

x = 0, which is impossible, therefore the equation has at most one solution.
Similar computations show that the equation gty (A+1)x = a, where a € F3, has at
most a solution in Fgs if (A +1)7T = —1 and A+ 1 ¢ pi2.,., and the claim follows. O
3

Corollary 3.2. Let ¢ = p*, k € N. The number of A is 2(¢*> + q + 1) such that

flz) =2+ 4 Ag (3.8)

: . . : mig-1) : S
is a complete permutation binomial over F s, where A = 0 T with 0 € IF;S 1S a primaitive

element of F,s and m = +1(mod 6).

3.2 Three classes of permutation trinomials

Three classes of permutation trinomials of the form f(x) = 2% + Ax® + Bz € F[z] are
given in the subsection.

Theorem 3.3. Let A,B € F, with A,B # 0, AB—-1# 0, AB+2#0, A+ B+1 #0,
A2~ AB—-A+B*~B+1#0and A>+ AB+1=0. Then

fz) = a9 4 Ag? 0+ 4 By (3.9)
is a permutation trinomial over F s.
Proof. We show that for each a € F s, the equation
gm0 4 At By = g (3.10)

has at most a solution in F . We prove z = 0 if and only if a = 0. Suppose that x # 0 is one
solution of equation

g0 4 Ag @ 4 By — (), (3.11)
Setting u = 27! implies u?° 7t = 1. It is necessary to prove that
w4+ Au”t + B =0 (3.12)
has no solution. Raising Eq. (812]) to the ¢g-th power results in

u’ 4+ Autt + B =0 (3.13)



Combining Egs. (812)) and ([3.I3) obtains

A*uT? —y? + ABu — B =0, (3.14)
therefore we deduce u?¢ = ]iglu_ﬁ? and u?° = B(AQ(f;;i;fgj(_l@g‘;‘g(_ASZQ‘”. If A2u?—~1 =0,

then u = % or u = —%. Again substituting v = % into Eq. BI2) results in AB +2 = 0,
which is a contradiction. Similarly, we plug u = —% into Eq. (812) obtains B = 0, which is
impossible. If (A2Bu — AB)? — (A?u? — 1)* = 0, then we obtain A*u?+ A?Bu— AB—1=0or
A*u? — A2Bu+ AB —1 = 0. We only discuss the first equation, the other is similarly discussed.

Combining Eq. (3.I4) and the first equation derives
B(Au—1)(Au? — 1) = 0.

Since B # 0 and u # %, thereby we have u? = % which contradicts u # %.

By u?°t9t! = 1 and A% + AB + 1 = 0 we have
(Au—1)*(Au+1)(Au+ AB + 1)((A - B> u — AB+1) =0, (3.15)
since AB 4+ 2 # 0 and B # 0 means that u # % and u # —%. Therefore we have
Au+ AB+1=0, (A—B*)u— AB+1=0. (3.16)

If Au+ AB+ 1 =0, then substituting u = —42t! into Eq. [BI2) derives AB(AB + 2) = 0,

which contradicts A, B # 0 and AB + 2 # 0. Since AB # 1, hence we obtain u = 2]_3;%.
Substituting v = 42=} into Eq. (B12) leads to B*(A+ B+1)(A>—~ AB—A+B*—B+1) = 0.
Since A+ B+1#0and A2 — AB— A+ B?— B+ 1# 0, it is a contradiction, hence f(x) =0
has one unique solution x = 0.

If a # 0, then we show that Eq. (8I0) has one nonzero solution. Let y = %, z = y?, b = a?

and ¢ = b?, then we obtain the system of equations

x> + Axy® + Bryz — ayz = 0, (3.17)
yr? + Ayz* + Baryz — bzx = 0, (3.18)
2y? 4+ Aza® + Bayz — cxy = 0. (3.19)

Eliminating z by (8I7) and (3I9), we have
fE&y' + &Y+ &Y+ Eay + & =0,
where &; :=&;(z, A, B,a,b,c), i =1,2,3,4,5.
Furthermore, by Eqs. (3I8)) and ([B.19) we get
f2 & my* +my® +n3y® +nay +ns = 0,

where n; :== n;(z, A, B,a,b,c), i =1,2,3,4,5.
Computing the resultant of f; and f, with respect for y and recalling that A3 = —AB — 1,
we derive

Frt(ax + 8) =0,
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where o := (A, B,a,b,c), 5:= B(A, B,a,b,c). Since a # 0 implies ¢ # 0 , thus z = 0 is not a
solution of the above equation and the equation has at most a solution z = —g. Therefore Eq.
(B10) has at most a solution and we complete the proof. O

In the following we present two classes of permutation trinomials with the similar form
which have been discussed in B], however, the two classes of polynomials that we will discuss
next require different restrictions on coefficients.

Theorem 3.4. Let A,C € F, with C* = C +1 =0, A # —1 and mac(t) = Ct* + A(C +
1)t? + A% — C € F[t] has no roots in pgziqr1. Then

flz) =2+ 4 Ag® 4 O
is a permutation trinomial over F s.
Proof. As in the previous theorems, we will show that for each a € IF s, the equation
2T 4 A 4 O =a (3.20)

has at most a solution in F;s. We prove = 0 if and only if @ = 0. Supposing = # 0 is one
solution of equation

2+ Ag” 4 Ca = 0, (3.21)
Setting v = 297! implies urTT =1 Tt is necessary to prove that

uIt? + Aut™ +C =0 (3.22)

has no solution. From Eq. [B22) we deduce uf = ——% and ut’ = %. If u>+ Au = 0,

then since u # 0 and substituting v = —A into Eq. ([322) leads to C = 0, which is a
contradiction. If A(u? + Au) — C = 0, then we obtain u = —A, which is impossible.

Note that u?°+9+! = 1 we have
u(u+ A)(Cu’® + A(C + 1)u? + A%u — C) = 0. (3.23)

Since u # 0, u + A # 0 and mac(u) = Cu® + A(C + 1)u? + A%u — C has no roots in gz 4.1,
hence Eq. (8:23) has no solution.

If a # 0, we show that Eq. (3:20) has one nonzero solution. Let y = 29, z = y4, b = a? and
¢ = b7, then we obtain the system of equations

yz + Azx + Ca? — ar = 0, (3.24)
2x 4+ Azy + Cy? — by = 0, (3.25)
vy + Ayz +C2* —cz = 0. (3.26)

Eliminating 2 by ([3.24) and (3.25), we have
fiE&y’ + 607+ &y +8& =0,

where &; := &(z, A, C,a,b,c),i=1,2,3,4.



Furthermore, by Eqs. (824) and ([B:20) we get
f2 = my® + may® + nsy +ma =0,

where n; :== n;(z, A,C,a,b,c),i=1,2,3,4.
Computing the resultant of f; and f> with respect for y and recalling that C? = C' — 1, we
deduce

2*(Cz — a)*(ax + ) =0,

where o := a(A,C,a,b,c), 5 := (A, C,a,b,c). Since a # 0 which implies ¢ # 0 , thus x = 0
is not a solution of the above equation. If Cx —a = 0, then plugging z = & into Eq. (3.20)
derives —A? = 1, which is a contradiction. Hence the above equation has at most a solution
T = —g. Therefore Eq. ([320) has at most a solution and we complete the proof. O

Theorem 3.5. Let B,C € F, with C?* —C +1 =0, B> # —1 and mpc(t) = Ct* — B*t* —
BCt — Bt — C € F,[t] has no roots in 2 441. Then

flz) = 2T+ 4 Bal 4 Cu
is a permutation trinomial over I s.
Proof. We show that for each a € F s, the equation
2T 4 Bal 4+ Cr = a (3.27)

has at most a solution in F,s. When a = 0, we need to prove that f(z) = 0 has the unique
solution x = 0. Suppose that = # 0 is one solution of equation

2 4 Bt 4 O = 0. (3.28)
Setting u = 77! implies u? t7™ = 1. In the following we verify
u™ + Bu+C =0 (3.29)

has no solution. From Eq. (B29) we deduce u? = —£44€ and u’ = %W. If
Bu+C = 0, then substituting u = —£ into Eq. ([29) leads to C' = 0, which is a contradiction.

Note that u?+t9+1 = 1 we have
u?*(Bu + C)(Cu® — B*u* — BCu — Bu—C) =0, (3.30)

since u # 0, Bu+C # 0 and mp c(u) = Cu® — B*u? — BCu — Bu — C has 1o roots in ;2 441,
thus Eq. (830) has no solution.

If a # 0, we show that Eq. (3:27) has one nonzero solution. Let y = z9, z = y4, b = a? and
¢ = b, then we obtain the system of equations

yz + Byr + Cz® — ax = 0, (3.31)
2 + Bzy + Cy* — by = 0, (3.32)
zy + Brz + C2* — cz = 0. (3.33)
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Eliminating z by (831)) and (332), we have
fi2&y’ + 607+ &y + & =0,
where &; := &;(x, B,C,a,b,c), 1 =1,2,3,4.
Furthermore, by Eqs. (331)) and ([3:33) we get
f2 2 my’ + nay® + sy +na = 0,

where n; :== n;(z, B,C,a,b,c), i =1,2,3,4.
Computing the resultant of f; and f, with respect for y and recalling that C? = C' — 1, we
deduce

2*(Cz — a)*(ax + B) =0,

where a := a(B,C,a,b,c), f:= B(B,C,a,b,c). Since a # 0, thus z = 0 is not a solution of the

above equation. If Cz —a = 0, then plugging » = & into Eq. ([3.27) derives —B3 =1, which is

a contradiction. Therefore the above equation has at most a solution x = —g and thereby Eq.
(B27) has at most a solution and the proof is completed. O

3.3 Four classes of permutation quadrinomials

In the subsection, we propose four classes of permutation quadrinomials of the form f(z) =
¥ + Az® + Ba® + Cx € F[].

Theorem 3.6. Let A, B,C € F, with A,B #0, A3+ —1, B3+ -1, C* - AB—-C+1=0,
AB—C#0, A+B+1#0, A —AB— A+ B>~ B+1#0 and mapc(t) = C + (AC +
A — BY)t? 4+ (A? — BC — B)t — C € F,[t] has no roots in piz2y4e1. Then

flz) = 277 4 Ag? + Bat 4+ Cx
is a permutation quadrinomial over IFgs.
Proof. We prove that for each a € [Fys, the equation
2+t 4 Ax” 4 Bt Cr=a (3.34)

has at most a solution in F,s. We first show f(z) = 0 only has a solution = 0. Assume that
x # 0 is one solution of equation

2T 4 Ax” 4 Baf + Cx = 0. (3.35)

Setting u = z7! implies u?t7t1 = 1. Tt is necessary to prove that

u?™? + Auttt + Bu+C =0 (3.36)
has no solution. From Eq. ([33€) we have u? = —UBQ“TJFA(’; and

:  —Cu'+ (B* - 2AC)uw’ + (BC + AB* — A°C)u® + ABCu
B (Bu+ C)? — A(Bu+ C)(u? + Au) '

q

u
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Note that u?+Au = 0 implies u = — A, substituting u = — A into Eq. ([3.36]) obtains AB—C' = 0,
which is a contradiction. Furthermore, if (Bu+ C)* — A(Bu+ C)(u*+ Au) = 0, then we obtain
u = —% or Au* + (A*> — B)u — C = 0. Substituting v = —% into Eq. (B30) results in
AB — C' = 0, which is a contradiction. Combining Au® + (4% — B)u — C = 0 and Eq. (3.30)
leads to (Bu + C)(u? 4+ A) = 0, which means that Bu+ C = 0 or u? + A = 0, from the two
equations we also obtain AB — C' = 0, which is not possible.

Since u? Tt =1 and AB = C? — C + 1, we deduce

u(u+ A)(Bu + C)(Cu® + (AC + A — BHu® + (A* — BC — B)u — C) = 0, (3.37)
from the above discussion we obtain u = 0, u = —A and u = —% are not solutions of Eq.

[B37), therefore we have
mapc(u) = Cu’ + (AC + A= B*)u® + (A? = BC = Bju— C =0,

which contradicts my gc(u) = 0 has no solution in j,2,41 and hence f(x) = 0 has a unique
solution x = 0.

If a # 0, we show that Eq. (834) has one nonzero solution. Let y = 27, z = ¢4, b = a? and
¢ = b%, then we obtain the system of equations

yz + Azrz + Bry + Ca® — ax = 0, (3.38)
2x + Ayx + Byz + Cy* — by = 0, (3.39)
xy + Azy + Bzx +C2* — cz = 0. (3.40)

Eliminating the indeterminate z by ([B.38) and (3.39), we have

A 26y’ +&y° +&y+6=0,
where §; ;= &(x, A, B,C,a,b,c),i=1,2,3,4.
Furthermore, by Eqgs. ([3.38) and (8.40) we get

fo 2 my® +my® +my +ma =0,

where n; :==n;(z, A, B,C,a,b,c), i =1,2,3,4.
Computing the resultant of f; and fy with respect for y and simplifying the resultant with
AB = C? — C + 1 obtains

C?*2*(Cx — a)((C — 1)*z 4+ a)*(azx + B) = 0,

where o := (A, B,C,a,b,c), := B(A,B,C,a,b,c). Since a # 0, hence x = 0 is not a solution
of the above equation.

If Cx —a = 0, then from Eqs. (3.38)), (8.39) and (3.40) we have B(A + B + 1)(A%* — AB —
A+ B*—~B+1)x =0, because B# 0, A+ B+1#0and A> -~ AB—- A+ B>~ B+1#0
means x = 0. It is a contradiction.

If (C'—1)*r+a = 0, then we have z = —@gyz Which implies y = —ﬁ and z = — 7 32
Substituting them into Eq. (338 and using C? = AB+C — 1, we deduce (Aa+b)(Ba+c) = 0.
Suppose that Ba + ¢ = 0, we derive ¢ = —Ba which implies a = —Bb and b = — Bc. Therefore
¢ = —Ba = —B(—Bb) = B*(—Bc) = — B3¢, yielding —B?* = 1 which contradicts B* + 1 # 0.
The same should happen from Aa + b = 0. Hence Eq. ([3.34) has at most a solution z = —
and we complete the proof.

e e
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Theorem 3.7. Let A, B,C € F, with C #0, A+ B+1#0, A3+ AB+1+#0, A>— AB— A+
B®-B4+1#0, A~ ABC + AB+C2—C+1=0 and mapo(t) = (AB — O) + (—A2C +
AB? — BC — B)t* + (A’B — AC?* — AC — B*)t — AB + C € F[t] has no roots in pz24qe1. Then

flx) = gl Ap?atl 4 pa?® 4 Op
is a permutation quadrinomial over [Fs.
Proof. We show that for each a € [F s, the equation
*+q-1 7> —q+1 ¢ _
x + Az +Bx? +Cr=a (3.41)

has at most a solution in Fg . We prove z = 0 if and only if a = 0. Suppose that x # 0 is one
solution of equation

gL AP et | Ba? 4 O = 0. (3.42)

Setting u = z7 implies u? t7t1 = 1. Tt is necessary to prove that

u?™? 4+ Au? + But™ +C =0 (3.43)
has no solution. From Eq. ([343) we have u? = —ﬁ and
e C’(u2 —I—Bu—I—A)2

" T TAW ¥ Bu+ A2+ BC(W2 + Bu+ A) — C2

If u> + Bu+ A = 0, then from Eq. ([843)) we have C' = 0, which is impossible. If —A(u? + Bu+

A)? + BC(u?*+ Bu+ A) — C? = 0, then using the equation A*> = ABC — AB—C?+(C — 1 and
we obtain

Aut 4+ 2ABuU? 4 (2A4% + AB* — BOW? + (2A’B — B*C)u —AB+C —1=0.  (3.44)
Raising Eq. (344) to the ¢g-th power gets

(AB — C + 1)u® + (4AB* —4BC + 4B)u" + (2A’BC + 4AB + 6AB® — 4AC

4A — B?C* — 6B*C + 6B*)u’ + B(6A’BC + 12A°B + 4AB* — 12AC

12A — 3B%C? — 4B*C + 4B*)u® + (6A*BC 4+ 6A*B + 6A*B*C

12A°B® — 2A%C? — 6A*C + 6A% + AB® — 4AB*C* — 12AB*C

12AB* — 3B*C? — B*C + B* + BC*)u* + B(12A*BC + 124°B

2A’B3C + 4A%B% — 4A%C? — 1240 + 1247 — 8AB?C? — 4AB*C

4AB? — B'C* + 2BC*)u® + (6A*BC +4A*B + 6A°B*C + 6 A B®

— 4APC? —4A3C +4A° —TA’B?C? — 6A’B*C + 6A’B* — 4AB*C? + 4ABC*

+ B)C*)u? + AB(6A’BC +4A°B — 4A?C? — 4A%C + 4A? — 5AB*C? + 4BC?)u

+ 24°BC + A°B —2A%C? — A'C + A" = 2A°B*C? + 3A’BC? — AC* = 0. (3.45)

+ o+ o+ 4+

Combining Eqs. (3.44) and B.45) and A* = ABC — AB — C? + C — 1 leads to
(A*+AB+1)* =0.
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Since A%+ AB + 1 # 0 and therefore Eq. ([8:44)) has no solution, which means —A(u? + Bu +
A)2 + BO(u? + Bu+ A) — C* #£0.
By u? 7! = 1 we deduce

(u* + Bu + A)[Au* + (2AB — C*)u® + (2A* + AB* — BC* — BC)u®
+ (2A°B — AC? — B*C)u+ A* — ABC + C?] = 0.

Since C' # 0, we have u? + Bu+C # 0 and A> — ABC + AB+C?* - C +1=0,

Aut 4+ (2AB — C*)u® + (2A* + AB* — BC? — BC)u® + (24°B — AC* — B*C)u
— AB+C—-1=0. (3.46)

Raising Eq. (340) to the g-th power results in

(AB — O+ 1)u® + (4AB? — 4BC + 4B)u" + (2A’BC + 4A’B + 6AB®* — AC® — 4AC
+ 4A— B?C? - 6B%C + 6B*)u’ + B(6A’BC + 12A’B + 4AB® — 3AC® — 12AC + 124
— 3B2C? —4B*C +4B*)u’ + (6A*BC + 6A%B + 6A’B*C + 12A*B? — 3A%C® — 2A2C?
— 6A°C +6A* + AB® —3AB*C® — 4AB*C* — 12AB*C + 12AB* — 3B*C* — B'C
+ B'+ BC*+ BC*)u' + B(124°BC + 12A°B + 2A’B*C + 4A°B® — 6 A*C® — 44°C?
— 12A%C +12A? — AB*C® — 8AB*C? — 4AB?C + 4AB* — B*C? + 2BC* + 2BC®*)u?®
+ (6A'BC +4A'B +6A°B*C + 6A°B* — 3A°C® — 4A3C? — 4A°C + 4A® — 3A*B*C?
— TA’B*C? —6A*B*C + 6A*B* — 4AB*C? + 2ABC* + 4ABC® + B3C* 4+ B*C® — C°)u?
+ B(6A*BC +4A*B — 3A3C® — 4A3C? — 4A%C + 4A® — 5A’B*C? + 2ABC* + 4ABC?
— CPu+24°BC + A°B — A*C? — 2A*C* — A'C + A* — 24°B?C? + A*BC* 4 3A’BC?
— AC® - AC*=0. (3.47)

Combinging Eqs. ([348) and (847) and A* = ABC — AB — C* + C — 1, we derive
C°((AB — O)® + (=A*C + AB* — BC — B)u® + (A’B — AC? — AC — B> )u— AB+C) =0,

since C' # 0, we have my po(u) = (AB— C)u® + (—=A*’C+ AB?> — BC — B)u?> + (A?B — AC? —
AC — B*)u — AB + C = 0, which contradicts ma g c(u) = 0 has no solution in g2, and
hence f(x) = 0 has a unique solution x = 0.

If a # 0, we show that Eq. (3:41]) has one nonzero solution. Let y = 29, z = y9, b = a? and
¢ = b?, then we obtain the system of equations

v’z + Ax?z + Bayz + Cz’y — axy = 0, (3.48)
22x + Ay*xr + Bryz + Cy*z — byz = 0, (3.49)
22y + Az*y + Bayz + C2%x — czax = 0. (3.50)

Eliminating the indeterminate z by ([B:48) and (8:49), we have

&y + 6P+ &y + &y + & =0,

where &; :=&(x, A, B,C,a,b,c),i=1,2,3,4,5.
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Furthermore, by Eqgs. (848) and ([B50) we get
f2 & my* + ey’ +15y” + 4y +ns = 0,
where n; :== n;(z, A, B,C,a,b,c), i =1,2,3,4,5.

Computing the resultant of f; and f, with respect for y and recalling that A* = ABC —
AB — C? + C — 1, we derive

2 (Cx —a)*(ax + ) =0,

where o := (A, B,C,a,b,c), f:= B(A,B,C,a,b,c). Since a # 0, hence x = 0 is not a solution
of the above equation. If x = & is a solution, then from Egs. (B.48), (3.49) and (B.50) we
obtain (A+ B+ 1)(A> + AB+1)3(A> — AB—- A+ B? - B+ 1)2® =0, since A+ B+ 1 # 0,
A3+ AB+1#0and A2 — AB— A+ B? - B+ 1 # 0, thus z = 0, which is a contradiction.
Therefore Eq. (B41]) has at most a solution x = —g and we complete the proof. O

Let r(A,C) = (3A9C? —2A°C + 11ASC* —17TASC3 + TASC? + 6 A°C' — 4 A5 + A3CB — A3C" +
6A3CC —17A3C5+23A3C* —12A3C3 +3A3C%+ C¥ —3C"+60° —TC°+60C* —3C3+ C?) (A3 —
4A°C? 4 4A%C + 5AC® — 23A°C* + 33A°C3 — 10A°C? — 12A5C + 8AS — A3C® + 104307 —
36A3C6 4 57A3C — 38A3C* — A3C® +16A3C? — 8A3C — C10+6C° — 1708 + 2707 — 25C° +
10C° + 3C* — 5C° + 2C?),

(A, C) = (22A%C — 14A* — 3TA?C5 + 99A?'C* + 1210A%4C3 — 2488 A1 C? 4 1600 A%4C —
336 A% +15A2CY—8T7 A C8—12T1 AP CT4-5737 A CO+3800 A% C5—35038 A% C* +50748 A2 O3 —
32984 A%1C? + 10360A%'C — 1288A2%1 + 12A18C"2 + 290ABCH — 2516A8C1° — 605A18C? +
3278TABC® —69632A8C" 444484 A8CC+5966 A CP—T086 ABC*—12012ABC3+10920A8C? —
2012A18C + 208 A1 + 156 APCM — 276 A C13 — 4186 AP C'2 + 22731 ABCH — 75149 ABC10 +
171008 A C?Y — 33196 AP C® — 942781 AP C7 42546731 AP C° — 3326620 A5 C5 42545906 A C* —
1186900 A C3 4328328 A1 C? — 48620 A C +2860 A +12A12C16 — 1432 A2 C1° 419052 A2 O —
888T9AC13 +88879A2C12 4621676 A2 C1 —2430430A2C10 43274376 A12C° 4139178 A2C® —
6582658 A12C7+10211906 A12C%—8340288 A12(C5 44159232 A12C* —1277848 A2 C3 4225368 A12C? —
18304A2C + 208 A% — 444 A°C18 + 5289 A9C'" — 16063 A°C*0 — 51418 A%C5 4- 455342 A°C1* —
1098227 A%C13 4516193 A°C12 2843722 A9C™ —6952122 A°C10 7234639 A°C? — 3222583 A% C® —
513169A%C7+1104863A°C%—90992A°C5—447786 A°C*4-322868A°C3—107016 A°C?+18200A°C —
1288 A% 4+ 168 A°C20 + 162 A°C" — 15656 A°C™® 4 93907 A°C''" — 214051 ASC*6 + 15156 ASC™° +
1037482A5C1* —2608867 ASC13 43126827 A°C'2 —1416714A°C™ —1893680A°C°+5178859 A5C? —
7077049 A5C® 4- 6924516 ASC™ — 5076720 A5C° 4- 2770090 A5C° — 1102178 A5C* 4 309708 ASC® —
58184 A5C?+6560A5C —336 A°+96 A3C?2 —1424 A3CH + 7744 A3CP — 15684 A3C1P—21180A3C 8+
191679A3CY" — 466253 A3C10 + 50605443015 4+ 135174 A3CH — 1419473 A3C*3 42575061 A3C12 —
2690813 A3C™ + 1610495 A3C™° — 111070 A43C? — 862278 A3C® + 1007205 A43C™ — 672531 A3CS +
307316 A3C° — 99690A3C* 4 22756 A3C3 — 3496 A3C? + 326 A3C — 14A3 — 3203 + 4800% —
3024C?' +10328C2° — 19486C"? +12448C"8 +35461C'7 —119645C16 +184024C" —161830C* 4
48906013 4- 81918C*2 — 1503000 4 138410C*°0 — 86294C? + 38780C® — 12674C" 4 2954C6 —
467C° + 45C* — 2C3).

Theorem 3.8. Let A,B,C € F, with A # 0, C # 0,1, A> + AB+ 1 # 0, B* = 44,
A3 —ABC+AB+C*—C+1=0,r(A,C)#0 and r1(A,C) #0. Then

Fla) =2+ 4 Ag = 4 Byt 4 O

is a permutation quadrinomial over IFgs.
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Proof. We prove that for each a € Fs, the equation
g AP L Byt 4 O =a (3.51)

has at most a solution in F,s. We demonstrate f(x) = 0 only has a solution z = 0. Suppose
that x # 0 is one solution of equation

gHT 4 AgTCH 4 Byt 4 O = 0, (3.52)
Setting u = 29" implies u?" 9+t = 1. It is need to prove that
w4 AuTH 4 Bu+C =0 (3.53)

has no solution. Raising both sides of Eq. ([3.53) to the g-th power and then multiplying by u
leads to

u? + Autt? + Byt + Cu = 0, (3.54)
from Eq. (353) we have u? = —% and
e C*u(Au* + Bu+1)

u

(Au? + Bu +1)? — BCu(Au? + Bu+ 1) + AC?u?

If Au> 4+ Bu+1 = 0 implies C = 0 from Eq. (B.54]), which is a contradiction since C' # 0.
Furthermore, if (Au? + Bu + 1)* — BCu(Au? + Bu + 1) + AC?*u? = 0, then we obtain

A?u* + (2AB — ABC)u® + (AC* +2A — B*C + BHu? + (2B — BC)u+1=0.  (3.55)
Raising Eq. (355) to the ¢-th power with A> = ABC — AB — C? + C — 1 gets

AP 4+ (APBC? — 2A°BC + 4A°B)u’

A?(AC* +2AC? + 4A — B*C® +4B*C? — 6B°C + 6B*)u’

AB(BAC* — 2AC® + TAC? — 6AC + 124 — 2B*C® + 5B%*C* — 6 B*C + 4B*)u®
(BA2C* 4+ 4A%C? + 6A% + 2AB*C* — 4AB*C?® + 10AB*C? — 12AB*C

12AB? — B'C® + 2B*'C* - 2B*'C + BY)u*

B(3AC* — 2AC® + TAC? — 6AC + 124 — 2B*C® + 5B*C? — 6 B°C + 4B*)u?

(AC* +2AC? + 4A — B*C® + 4B*C? — 6B*C + 6B%)u?

+ (BC?* —-2BC +4B)u+1=0. (3.56)

+ o+ o+ 4+ + o+

Combining Egs. (3355) and (8.56) eliminates u we have
AP (AP + AB +1)*' =0,

since A # 0 and A® + AB + 1 # 0 and therefore Eq. (3.53) has no solution, which means
(Au® + Bu+1)* — BCu(Au® + Bu + 1) + AC%*u? # 0.
Note that u¢ T =1 and A3 = ABC' — AB — C? + C — 1, we derive

(Au* 4+ Bu+1)[A%u* + (2AB— ABC + C*)u® + (2A — AC? — B*C + B*)u* + (2B — BO)u+1] = 0.
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Since C # 0, hence u? + Bu + A # 0 and
A?u* + (2AB — ABC + C*u? + (24 — AC?* — B?’C + B*u? + (2B — BC)u +1 = 0. (3.57)
Raising Eq. ([3.357) to the ¢-th power gets

A*u® 4+ (A*BC? — 2A°BC + 4A*B)u’

A?(—AC* + 2AC? + 4A — B*C® + 4B*C? — 6 B*C + 6B*)u°

A(—ABC* —2ABC? + TABC? — 6ABC + 12AB — 2B*C® + 5B3C* — 6B3C + 4B* — C%)u®
(—A2C* +4A*C? + 6A* — 4AB*C® + 10AB*C? — 12AB*C

12AB* — B*C® + 2B*C? — 2B*C + B* — BC®%)u*

(-3ABC* — 2ABC?® + TABC? — 6ABC + 12AB — 2B*C® + 5B*C? — 6B*C + 4B* — C®)u?
(—AC* +2AC? + 4A — B*C® + 4B*C? — 6 B*C + 6B*)u”

(BC?* —2BC +4B)u+1=0. (3.58)

Combining Egs. (857) and (3.58) results in
23A0C(C —1)?-r(A,C) =0,

+ o+ o+ o+ o+

where r(A, C) = (3A%C? —2A%C + 11A°C* —17ASC3 +7TASC? + 6 ASC — 4A5 + A3CB — A3C" +
6A3CC —17A3C%+23A3C* —12A3C3 +3A3C%+ C¥ —3C"+60° —TC°+60* —3C3+ C?) (A3 —
4A9C? + 4A°C + 5A5C5 — 23 A°C* + 33A4°C3 — 10A°C? — 12A5C + 8A® — A3C® + 1043C7 —
36A43C6 4+ 57A3C? — 38A3C* — A3C3 +16A3C? — 8A3C — C10+6C° — 17C% + 27C7 — 25C° +
10C° + 3C* — 5C3 + 2C?), however, A # 0, C # 0,1 and 7(A, C') # 0 and therefore f(z) =0
has a unique solution = = 0.

If a # 0, we show that Eq. (85]]) has one nonzero solution. Let y = 29, z = y9, b = a? and
¢ = b7, then we obtain the system of equations

y2* + Ax?y + Baryz + Ca?z — axz = 0, (3.59)
22® + Ay?z + Bayz + Cy’x — byx = 0, (3.60)
ry? + Az*x + Bryz + C2*y — czy = 0. (3.61)

Eliminating the indeterminate z by ([8:59) and (8:60), we have

24y + 6P + &y + &y + & =0,

where & :=¢&;(x, A, B,C,a,b,c), 1 =1,2,3,4,5.
Furthermore, by Eqgs. (3.60) and ([B61]) we get

fo Emy* +my® + may® + nay +n5 = 0,

where n; .= n;(z, A, B,C,a,b,¢),i=1,2,3,4,5.
We compute the resultant of f; and f, with respect for y and recall that A> = ABC — AB —
C?+C—1,

74 (C%2* + bBCx + b*A)*(ax + ) = 0,
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where a := «(A, B,C,a,b,c), 5 := B(A, B,C,a,b,c). Since a # 0, hence = 0 is not a solution
of the above equation.

If C%?2? +bBCxz + b*A = 0, then by B? = 44 we have z = —%. Substituting z = —% into
Egs. (3.59), 3.60), (3.:61) and eliminating b, ¢ with A*> = ABC — AB — C?* + C — 1, we deduce

29487 (A, O) - a'® =0,

where 171 (A, C) = (22A%7C —14A% —3TAZACP+99 A% C*+ 1210 A% (C3 — 2488 A4 C? + 1600 A% C —
336 A2 +15A1CO—8TARCB8—12T1AXCT+5737T A2 O 43800 A2 C°—35038 A2 C*+-50748 A2LC3 —
32984 A21C? + 10360A2'C — 1288A21 + 12A8C"2 + 290ABC — 2516 ABCY0 — 605A8CY +
32787 ABC®—69632ABCT+44484 ABCO 45966 ABC5—T086 ABC*—12012A8C3+10920 A8 C? —
2912A'C + 208A™ + 156 APCM — 276 AP C13 — 4186 APC'? + 22731 AVCH — 75149A5C +
171008 APCY — 33196 A C® — 942781 AP C7 42546731 AP CC — 3326620 A5 C5 42545906 A5 C* —
1186900 A (C3 4328328 AP C? —48620 A C' +2860 A +12A2 (16 — 1432 A12C15 +19052 A2 C1 —
88879 A2C13 + 88879 A2 +621676 A2 CH — 2430430 A2C10 43274376 A12C° +139178 A2 (C® —
6582658 A12C74+10211906 A'2C6—8340288 A12(C5+4159232 A2 C*—1277848 A2 (34225368 A2 C? —
18304A2(C + 208 A2 — 444 A9C™® + 5289 A%C'T — 16063 A2C*6 — 51418 A°C''® + 455342 A9C —
1098227 A?C*3 4516193 A°C1? 42843722 A9CM — 6952122 A%C10+ 7234639 A C? — 3222583 AYC*® —
513169A°C7+1104863A°C°—90992 A% C®—447786 A?C*+322868 A°C*—107016 A°C?+18200A°C —
128847 + 168 A°C?0 + 162A°C" — 15656 A°C*® + 93907 ASC''" — 214051 A°C*6 + 15156 ASC'*® +
1037482 A5C1* —2608867 ASC13+3126827 ASC12—1416714A°CM —1893680 A°C*0 45178859 A°CY —
7077049 A°C® 4 6924516 A°C'T — 5076720 A°C*® + 2770090 A°CS — 1102178 ASC* + 309708 ASC —
58184 AC2+6560A°C'—336 AS+96 A3C?* 1424 A3C* + 7744 A3C?0 — 15684 A3 C19—21180A3C 18+
191679A3CY — 466253 A3C16 + 506054 A3C° + 135174 A3CM™ — 1419473 A3C13 + 2575061 A3C2 —
2690813 A3C™! +1610495A43C* — 111070A43C? — 862278 A3C® + 1007205A4%C7 — 672531 A3C° +
307316 A3C° — 99690 A3C* + 22756 A3C3 — 3496 A3C? + 326 A3C' — 1443 — 32C% + 480C* —
3024C?" +10328C%° — 19486C1° 4-12448C"8 +35461C1" — 119645C*6 +184024C*5 — 161830C* +
48906C"3 + 81918C12 — 150300C™ + 138410C1° — 86294C? + 38780C® — 12674CT + 2954C —
467C5 4 45C* — 2C3).

Since A # 0 and r1(A,C) # 0, we obtain a = 0 which contradicts a # 0. Therefore Eq.
(B51) has at most a solution and the proof is completed. O

Let ri(v,v1) = (v+v; + 1) (0*+v+1)(v2 —vvy —v+0? — vy + 1) (03 + v, +1)5 (v — 2020, +
v} — v+ v3) (vt — 02 + v — ) (v + 2070 — v +0]),

ra(v,v1) = (v—v; — 1)(v* — v+ 1) +vvy + v+ v — v + 1) (03 + ooy — 1)5(v* — 2020y —
vvd + v+ 0) (v — v?v; — v — V)2 (vt + 20%0 + v + 0vP).

Theorem 3.9. Let A, B,C € F, with A # —1,0,1, A> — A+ 1 #0, AB>+ C? # 0, A> —
2B+ AB*+1# 0 and A — A2 B+ AB*+ C? —C+1=0, r(A,B) # 0, (A, B) # 0,
ma pc(t) = Mt?+ Xt + A3t + Ny € Fo[t] has no roots in pgpeigir, \i = N(A,B,C),i=1,2,3,4,
(see Appendiz[d). Then

flx) = gL Ap?atl | et 4 Og
is a permutation quadrinomial over IFgs.

Proof. We prove that for each a € Fgs, the equation

g At 4 Byt 4 Oz =a (3.62)
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has at most a solution in Fs. We demonstrate o = 0 if and only if a = 0. Assume that  # 0
is one solution of equation

g A L Bt 4 O = 0. (3.63)

Setting u = 297! implies uTl =1, Tt is necessary to prove that

uIt? + Au?+ Bu+C =0 (3.64)
has no solution. From Eq. (3.64) we have u? = —Ji;“‘:g and u?° = (B%Jgii)c(:;::()@i%;mg' Note

that u? + A = 0, substituting it into Eq. ([3.64]) obtains AB*+ C? = 0, which is a contradiction.
If (Bu+ C)*+ A(u? + A)? = 0, then we obtain

Au* 4 (247 + BHu? +2BCu + A* + C* = 0. (3.65)
Raising Eq. (3.65) to the g-th power gets
(A + C*)u® — 2B*Cu” + (4A" 4+ 24°B* + 4AC* 4+ B' — 2BC*)u°

+ (4A2BC — 6AB*C +2B3C)u’ + (6A° + 4A3B? + 8A%C? 4+ 3AB* — 6ABC? + B*C*)u*

+ (8A’BC — 6A?B*C + 8AB*C)u® + (4A° + 24 B? 4 8A’C? + A’B* — 6A°BC? + 8AB*C?)u?

+ (4A*BC - 24°B*C + 2A?B*C + 4ABC®)u

+ AT 4 3A'C? —2A3BC? + A’B?C? + AC* = 0. (3.66)
By Egs. ([3.65) and (3.66) eliminate v we have

(A+1)"(A* — A+ 1)*(A° —24°B+ AB* + 1) = 0,

since A # —1, A2 — A+1#0and A% —2A42B + AB? + 1 # 0, which means Eq. ([3.65) has no
solution, thereby (Bu + C')? — A(u? + A)? # 0.
Note that u?T4t! = 1, we obtain

(u* + A)[(A — BO)u' + (B* — C*)u® + (24% — ABC + 2B*C + B*)u®
+ (=AC? + BC?*+2BC)u + A* + C* = 0.

Since AB* 4+ C? # 0, we get u? + A # 0 and by A3 = A2B — AB? — C? + C — 1 we derive

(A— BC)u" + (B* — C*)u® + (2A% — ABC + 2B*C + B*)u* + (—=AC? + BC? + 2BC)u
+ A*B-AB*+C—-1=0.

Raising both sides of the above equation to the ¢-th power results in

(A2B — AB? + C — 1)u® + (ABC? — B?C? — 2B*C)u" + (4A°B — 2A?B* — AB3C + AC?
4AC — 4A + 2B*C + B* — BC® — 2BC?)u® + B(3A’C? + 4A?C — 5ABC? — 6ABC — B®
5B°C? +2B?C)u’® + (6A*B — 2A°B?* — 2A?B*C + 3A*C? + 2A4°C? + 6A%C — 6A?
4AB*C + 3AB* — 4ABC® — 6 ABC? — 4B°C + 5B*C® + B*C?*)u* + B(3A’C* + 8A4°C

— TA’BC? - 6A°BC — AB® + 9AB?C? + 8AB*C — TB*C? + 3C*)u® + (4A°B — 2A*B?

+ 4+ +
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— APB3C +3A%C? + 4A3C? + 4A°C — 4A° + 2A°B*C + A*B* — 5A*BC® — 6A*BC?
— 3AB°C +7TAB*C? + 8AB*C? — TB*C® + C°)u? + BC(A*C + 4A* — 3A°BC — 2A®B

+ 4A’B*C +2A°B? — 3AB*C + 3AC® + 4AC? — 4BC*)u + A°B — A°B? + A'C?
+ 2AC? 4+ A'C — A* —2A°BC? - 2A°BC? +2A?B*C® 4 A*B*C* — AB3C?
+ AC® + AC* — BC® = 0. (3.67)

Through a series of computations we obtain my pco(u) = Aud 4+ Xau? + Agu 4+ Ay = 0, \; =
Ni(A,B,C),i=1,2,3,4, (see Appendix [{)), which contradicts ma g c(u) = 0 has no solution in
Hq2+q+1 and therefore f(z) =0 has a unique solution z = 0.

If a # 0, we demonstrate that Eq. (3.62) has one nonzero solution. Let y = 29, z = y,
b= a? and ¢ = b?, then we obtain the system of equations

y*z + Az?z + Bay® + Ca’y — axy = 0, (3.68)
220+ Ay’ + Byz® + Cy*z — byz = 0, (3.69)
v*y + A2’y + Bza® + C2%r — czx = 0. (3.70)

Eliminating the indeterminate z by (B.68) and (3.69), we have

AR+’ + &Y + &y + & =0,
where & :=¢&;(x, A, B,C,a,b,c), 1 =1,2,3,4,5.
Furthermore, by Eqgs. ([8.68) and (B.70) we get
f2 & my* + ey’ + n5y® + 4y +ns = 0,

where n; .= n;(z, A, B,C,a,b,¢),i=1,2,3,4,5.
Computing the resultant of f; and f, with respect for y and recalling that A® = A?B —
AB? — C? + C — 1, we derive

7 (AB%*2* + (Cx — a)*)*(ax + B) = 0,

where o := a(A, B,C,a,b,c), f:= (A, B,C,a,b,c). Since a # 0, which means x = 0 is not a
solution of the above equation. If AB%x? + (Cx —a)? = 0, since —A is a square, then replacing
A with —A? we have v = ABc O T = —gp=g. Substituting x = 457 into Egs. (B.63),

[3.69), (B.70) eliminates b, ¢, we have
A4(A — l)ﬁrl(A, B) - a'® =0,

where 11 (A, B) = (A+B+1)(A?+A+1)%(A2— AB— A+ B*—B+1)(A*+AB+1)°(A*"—2A?B+
AB?— A+ B?)(A*— A’B+A— B?)?(A* +2A?B — A+ B?). Because A # 0,1 and r,(A, B) # 0,

hence we have a = 0, which is a contradiction. Similarly, we can discuss © = —4z5 is also
not a solution of the above equation. Therefore Eq. (8.62) has at most a solution x = —g and
we complete the proof. O
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3.4 A class of permutation pentanomials

In the subsection, we give a class of permutation pentanomials of the form f(x) = gaira-l g
Az?—9+1 4 Bg?® 4 C29 4 Dx € F,[z).

Theorem 3.10. Let A,B,C,D € F, with C # 0, B> —4A =0, A> — A’C — ABD + AB +
AC? —BC+D*-D+1=0, AC? - BCD+D*+#0, A> —2A2C+ AB+ AC* - BC +1#0,
A3—AB*C+AB+B*C?—-2BC+1#0, B*+8 # 0 and AB—3BC+2C3+2 # 0, mapcp(t) =
Mt3 4+ Xot? + Mgt + Ay € Fyt] has no roots in ppeygi1, Ni = N(A,B,C,D),i =1,2,3,4, (see
Appendiz[d). Then

Flz) = a7 4 Az 4 B 4 Ot + Dax
is a permutation pentanomial over Fs.
Proof. We prove that for each a € Fgs, the equation
pTH L Ag? =0t 4 Ba? 4 Ol 4 D =a (3.71)

has at most a solution in [Fs. We demonstrate o = 0 if and only if a = 0. Assume that  # 0
is one solution of equation

g Ap 0t 4 Ba® 4 O 4 Dz = 0. (3.72)
Setting u = 297 implies u? T4+t = 1. Tt is necessary to prove that

ul™? + Au? + But™t + Cu+D =0 (3.73)

Cu+D

u2+Bu+A and

has no solution. From Eq. [B.73]) we have u? = —

2 C(Cu+ D)(u? + Bu+ A) — D(u* + Bu + A)?
"~ (Cu+ D)2 = B(Cu+ D)(u%+ Bu+ A) + A(u® + Bu + A)?’

q

u

If u> + Bu+ A = 0, then substituting it into Eq. [.73) gets AC? — BC'D + D? = 0, which is a
contradiction. If (Cu+ D)? — B(Cu+ D)(u?*+ Bu+ A) + A(u®> + Bu+ A)? = 0, then we obtain

Au* 4 (2AB — BC)u? + (2A% + AB* — B?’C — BD + C?)u?
+ (24°B — ABC — B*D +2CD)u+ A*> — ABD + D* = 0. (3.74)

Raising Eq. [B.74) to the ¢-th power gets

(A2C — AB — AC* + BC + D — 1)u®
+ (2A’BC — 4AB* —3ABC? + B*CD + 4B*C 4+ 4BD — 4B — 2C*D)u’
— (2A2BD +4A*B — 2A*C? + 6AB® + 2AB?C? — 5ABCD + 4AC? — 4AD +4A — 3B*CD
— 6B*C + B*C® — B*D* — 6B*D + 6B* + TBC*D — 4BC? — C* + 6CD? — 4CD + 4C)u®
— (2A’B*C +6A*B*D + 12A*B* — A’BC? — 4A*CD + 4AB* — AB*C? — 14AB*CD
— G6AB*C +8ABC® —12ABD + 12AB + 6AC?D — 3B*CD — 4B*C + 2B*C® — 3B*D?
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— 4B*D +4B® +10B*C?D — 6B*C? — 3BC* + 14BCD?* — 6BCD + 6 BC — 2C*D)u’

— (A’B*C +6A’B*D + 12A?B* + 2A’B*C? — 11A*BCD + 6A*BC + 2A*C® — 2A2D?

— 6A%°D 4+ 6A* + AB® — AB'C* — 13AB3CD — 12AB*C + 4AB*C® + 2AB*D?

— 124B*D + 6AB? + 10ABC?*D — 8ABC? + AC* + 12ACD? — 6ACD + 6AC

— B°CD - B°C + B*C®-3B'D? - B'D + B* + 7B3C?D — 2B*C* + 11B*CD?

+ 6B°CD+6B*C —7TBC*D — 4BC® — 5BD* — 6B + 3C?D?* — 4C*D + 4C*)u*

— (2A%B*D +4A°B* + A’B*C? — 11A’B*CD + 6A*B*C + TA*BC® — 4A*BD* + 12A*B
— 12A2BD — 2A%C?D — 4AB*CD — 6AB'C + 4AB*D?* — 4AB*D — 8AB? + 5AB*C*D
— 17TAB*C?* —2ABC* + 20ABCD? + 2ABCD + 6ABC — B°D? + 2B*C?D + 2B*C?

+ 4B3CD?+14B*CD + 10B3C — 5B*C*D — B*C? — 10B*D?® — 12B* — 4BC*D?

— 9BC?D + BC* +8CD?* — 8CD? +8CD)u?

+ (4A’B?CD —3A*B*C® + A*B*D* + 8A*B*D — 2A?B* + 4A*BC?D + 2A*BC?

— 3A4%C*" —6A%CD?* +8A*CD — 8A*C — 2AB*D? + 6AB* + 8AB3C? 4+ 2AB*C*

— 9AB?’CD? —19AB*CD — 4ABC®D + 8ABC® + 6ABD* — 2ABD?* — 6 ABD

+ 8AB + 2AC° +2AC*D* — 2AC*D +2AC?* — B*CD?* — 6B*CD — 6B*C

— 2B3C®+5B*D?+ 6B + 6B*C?D?* + 7B*C?D — 2B*C? — 2BC* — 8BCD?

+ 17BCD? —9BCD +2C°D* — 2C*D + 2C® — 4D* + 4D* — 8D + 4)u®

— (A?B3D? —2A’B*D — 4A?B® — 5A’B?C?D — 5A*B*C? 4 2A*BC* 4 8A*BC D?

— 2A4°BCD +6A*BC + 10AB*CD 4 2AB*C + 5AB*C®D — 4AB*C® — 6AB*D?

+ 2AB?D? 4+ 6AB*D — 8AB? — 3ABC® — 4ABC?D? 4+ 3ABC*D — 5ABC? 4+ 2AC*D

— 4ACD? +4ACD —2B*C?D + 2B%*C? + 3B*C* + B*CD? — 8B*CD? + 2B*C

— 3BC*D?*+ BC®*D — 3BC? +4BD* —4BD* 4+ 8BD — 4B + 2C*D? — 20?D* + 2C*D)u
— A’B?*CD? - 2A*B?CD + A’B*C + A*BC®D + 3A?BC? 4+ A’BD? — 2A*BD? — A’BD
+ 2A2B —2A%C?D? + A2C?D — A*C? + AB3D? — AB® + 2AB?C*D? — 2AB*C*D

— 3AB%*C? —3ABC*D — ABC* +6ABCD? — 4ABCD + 2ABC + AC® + 2AC3D?

— 3ACPD +3AC? — AD* + AD?® —2AD + A+ B*CD + B*C + 2B*C®D + B*C?

— B?D? - B? - BC® - 2BC?D?® + BC?D — 3BC* + C*D? — C*D + ¢* + CD*

— 30D?+45CD?* —4CD +2C = 0. (3.75)

By Eqgs. 8.14) and ([B.73) eliminates u we have
(A —2AC + AB + AC? — BC +1)"*(A® — AB?>C + AB + B*C? —2BC + 1)? =0,

since A3 —2A%C' + AB+ AC? — BC +1 # 0 and A% — AB?C + AB + B?>C? —2BC + 1 # 0,
which means Eq. ([3.74) has no solution, thereby (Cu + D)? — B(Cu + D)(u* + Bu + A) +
A(u? 4+ Bu+ A)* # 0.

Note that 2 T4t! = 1, we obtain

(v’ + Bu+ A)[(A— CD)u* + (2AB — BCD — BC + C* — D*)u®
+ (24 + AB? — ACD — B*C — BD* — BD + 2C?D + C?)u?
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+ (2A’B — ABC — AD® — B’D + CD” + 2CD)u + A* — ABD + D*] = 0.

Since AC? — BCD + D? # 0, we get u> + Bu + A = 0 has no solution and using A3 =
A?2C + ABD — AB — AC?* + BC — D* + D — 1 we deduce

(A—CD)u*+ (2AB — BCD — BC + C* — D*)u?
+ (2A* + AB? — ACD — B*C — BD* — BD +20?D + C?*)u?
+ (2A’°B — ABC — AD? — B*D + CD* +2CD)u+ A*C — AB— AC*+ BC +D —1=0.

Raising both sides of the above equation to the ¢-th power leads to

(A2C — AB — AC* + BC + D — 1)u®

(2A’BC — 4AB* —3ABC? + ACD?* + B*CD + 4B*C + 4BD — 4B — C*D* — 2C*D)u’
— (2A%BD 4+ 4A%B — 2A*C* + 6AB* + 2AB?C? — 3ABCD? — 5ABCD + AC®D + 4AC?
— AD? —4AD +4A - 3B3CD — 6B3C + B*C® — B?D? — 6B®D + 6B? + 4BC*D?

+ 7BC?D —4BC? —20'D — C* + CD? + 6CD?* — 4CD + 4C)u®

— (2A?B3C 4 6A*B?*D + 12A*B?* — A2BC? — 3A*CD?* — 4A*CD + 4AB* — AB*C?

— 3AB*CD? — 14AB*CD — 6AB?C +2ABC®D + 8ABC?® —3ABD? — 12ABD + 12AB
5AC%D?* + 6AC*D — 3B*CD — 4B*C 4 2B*C® — 3B*D? — 4B*D + 4B* 4+ 5B*C*D?
10B%C*D — 6B*C? — 5BC*D — 3BC* + 5BCD? + 14BCD?* — 6 BCD + 6BC + C°

— 5C3D? - 2C°D)u’ — (A’B*C + 6A*B>*D + 12AB* + 2A? B*C? — 6A* BOD?
11A2BCD + 6A*BC + 2A%C®D + 2A*C? — 3A%D? — 2A*D* — 6A%D + 6A% + AB®
AB'C? — AB3CD?* — 13AB3CD — 12AB3C + AB?C®D + 4AB*C?® — 3AB*D?
2AB*D* — 12AB*D + 6AB?* + 12ABC?D?* + 10ABC?D — 8ABC? — 4AC*D + AC*
4ACD? +12ACD?* — 6ACD + 6AC — B°CD — B°C + B*C® - 3B*D?* — B*D + B*
2B3C?D?* + 7B3C?D — 3B*C*D — 2B*C* + 7TB*CD?® + 11B*CD? + 6B*CD + 6B*C
BC® —12BC®*D?* —7BC®D — 4BC® + BD* — 5BD* — 6B + 4C°D — 5C*D? + 3C*D?
— AC?D +4C%)u' — (2A?B*D + 4A°B* + A’ B*C? — 3A*B*CD? — 11A*B*CD + 6A’B*C
2A°BC®D + TA’BC?® — 6A’BD?® — 4A’BD? — 12A’BD + 12A?B + 4A%*C?D?

2A%C*D — 4AB*CD — 6AB'C — AB®*D?® + 4AB*D? — 4AB3D — 8AB?® + TAB*C*D?
5AB*C*D — 1TAB*C? — 5ABC*D — 2ABC* + 9ABCD? + 23ABCD?* + 2ABCD
6ABC 4+ AC® — 6AC3D? — B°D? + 2B*C?D + 2B*C? + 3B3CD? + 4B3C D?

14B*CD + 10B3C — 7B*C®*D?* — 5B*C®*D — B*C? + 2B*D* — 10B*D? — 12B?

3BC°D — 10BC?D? — TBC?D* — 9BC?D + BC? + 7C*D? + 5CD* — 5CD* + 8CD)u®
(4A’B3CD — 3A’B*C® + 3A’B*D? + A’B*D? + 8A’B*D — 2A?B? — 5A*BC? D?
4A2BC?D + 2A*BC? + A*C*D — 3A*C* — 2A°CD? — 6A*CD?* + 8A*CD — 8A*C

— 2AB'D? 4+ 6AB*+8AB3C? + 2AB*C* — 5AB*CD?® — 12AB*CD?* — 19AB*CD
TABC?*D? —3ABC®D +8ABC?® + ABD* + 3ABD?® — 2ABD?* — 6ABD + 8AB

— 2AC°D +2AC° + 4AC?D? + 2AC*D* — 2AC*D + 2AC? — B*CD? — 6B*CD

— 6B'C —2B3C?® - B*D* +5B3D? 4+ 6B + 5B*C?D? + 9B*C*D? + 7B*C*D

+ +

+ + o+ A+

+

+ 4+ + + + +

+
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— 2B*C? - 3BC*D* — BC*D — 2BC* + BCD* — 2BCD? 4+ 14BCD?* — 9BCD

— 6C°D* 4+ C®*D? — C*D +20° — 2D° — D* —3D? +4D?* — 8D + 4)u?

— (A?B3D? —2A’B*D — 4A?B® — 5A’B?C?D — 5A*B*C? 4 2A*BC* 4+ 3A*BCD?

+ 9A’BCD?* —2A*BCD + 6A*BC — A’C®*D?* + 10AB*CD + 2AB*C + 5AB*C*D

— 4AB%C® — AB*D* — 3AB%D?® + 2AB?D? + 6AB*D — 8AB* — 3ABC® — 2ABC?D?

— TABC?D? + 3ABC*D — 5ABC? + AC*D? 4 2AC*D — 2ACD* — ACD? — 3ACD?

+ 4ACD —2B*C?D 4 2B%*C* + 3B*C* — B*CD* — 2B*CD? — 8B*CD? 4 2B*C

+ BC®D?— BC®D*+ BC®D — 3BC® +2BD° + BD* + 3BD? — 4BD* + 8BD — 4B

+ 2C%D* 4+ 4C*D? — 4C*D?* 4 2C*D)u

— A’B*CD? —2A’B?CD + A’B?C + A’BC3D + 3A?BC? — 2A’BD? — A’BD + 2A%B

— 2A%C?D* + A’C®D — A%C? + AB3D? — AB? + 2AB*C?D? — 2AB?*C?D — 3AB?*C*

— 3ABC*D — ABC* + 2ABCD? + 6ABCD? —4ABCD + 2ABC + AC® + 2AC?D?

— 3AC®D +3AC3 —2AD + A+ B3CD + B3C +2B*C®D + B*C® — B*D? — B> — BC®

— 3BC®D? + BC?D — 3BC* + C'D* — C'D + C* — 20D* + 5CD* — 40D + 2C = ({3.76)
Through a series of computations we obtain ma g o p(u) = Mud + Xou? 4+ Agu + My = 0,
Ai =N(A, B,C,D),i =1,2,3,4, (see Appendix [), which contradicts ma g c p(u) = 0 has no
solution in fi24,41 and therefore f(x) = 0 has a unique solution z = 0.

If a # 0, we demonstrate that Eq. (B1) has one nonzero solution. Let y = 27, z = y4,
b= a? and ¢ = b?, then we obtain the system of equations

y*z + Ax?z + Bayz + Cay® + Dy — axy = 0, (3.77)
22x + Ay*z + Bawyz + Oyz* + Dy*z — byz = 0, (3.78)
2y + A2?y + Bayz + Cza® + D2%x — czax = 0. (3.79)

Eliminating the indeterminate z by ([B.77) and (3.78), we have

fE&y' + &Y+ &y + Sy + 6 =0,
where & :=¢&;(x, A, B,C,D,a,b,c),i=1,2,3,4,5.
Furthermore, by Eqs. [B.77) and (B.79) we get

fo Zmy* +my® + may® + nay 4+ ns = 0,

where 7; .= n;(z, A, B,C,D,a,b,c),i=1,2,3,4,5.
Computing the resultant of f; and f, with respect for y and recalling that A3 = A2C +
ABD — AB — AC? + BC — D?> + D — 1, we have

2*((AC? — BCD + D*)2* 4+ (BC — 2D)ax + a*)*(az + ) = 0,

where a := a(A, B,C, D, a,b,c), 5 := B(A,B,C,D,a,b,c). Since a # 0, which means x = 0
is not a solution of the above equation. If (AC? — BCD + D?*)z? + (BC — 2D)az + a* = 0,

. 2 . . 2a(2D-BC) 2b(2D—BC)
since B —4A = 0, then we obtain x = BECT-dBCD AT BICT-ABODLAD?
2c(2D—BC)

Brcz—apcpraps- Substituting them into Egs. B77) and factoring the equation, we have

and

which implies y =

z =

(BC —2D)(Ba+ 2b)(Bac + 2Cab + 2bc) = 0,
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if b = —Za, then we deduce (B® + 8)a = 0, however B® 4+ 8 # 0, a contradiction. Since
BC — 2D # 0, we obtain
Bac +2Cab + 2bc = 0,

raising the equation to the ¢-th and ¢*>-th power and eliminating b, ¢ with B? = 4A, we deduce
8C(AB — 3BC +2C? + 2)a = 0.

Because C' # 0 and AB — 3BC + 2C? + 2 # 0, hence we have a = 0, which is a contradiction.
Therefore Eq. (B.71]) has at most a solution z = —g and we complete the proof. O

Despite that there are many conditions on these coefficients in several of the previous the-
orems, these conditions can be easily checked by using computer programs. In Table 2 we
provide some explicit classes of permutation polynomials as examples to demonstrate the pre-
vious theorems.

Table 2: Permutation polynomials over [Fs

PPs Conditions Theorems
p?ta-1 4 3g q=T" kis a integer Theorem [B.1]
20t 4 9pa®—a*+a 4 34 q =5, k is a integer Theorem
pPHa-1 4 9.8 4 4y q =13k # 2 (mod 3) Theorem [B.4]
pPHa=1 L 940 4 3y q="T" k#2 (mod 3) Theorem
g1 pd® 4 940 4 3y q="5" k#2 (mod 3) Theorem
{L’q2+q_l + {L’q2_q+1 + 41.112 + 2x q= 5k’ k §_£ 2 (mod 3) Theorem [3.7]
pta-1 4 pi®=a*+a 4 9,0 4 Gy g=11% kK #£2 (mod 3) Theorem
gl 4 gt 4 g0 4 g q = 11%, k is a integer Theorem
gL g0t 0 4 200 4 3 g =5F k£ 2 (mod 3) Theorem

4 Conclusion

By using the multivariate method, we construct a class of complete permutation binomials
with the coefficient over F s, several classes of permutation trinomials, permutation quadrino-
mials and one class of permutation pentanomials in terms of their coefficients in F,. Their
permutation properties are proved by using the resultant elimination method which is a useful
tool in this paper.

5 Appendix

In this section, we list some necessary MAGMA programs used in the proofs of the results
in the previous sections and some equations.

Firstly, we introduce a “Substitution” function B] which will be applied over and over again.
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Substi

e := 0;

New :=
while

tution := function (pol, m, p)

R! pol;
e eq 0 do

N := R!0;
T := Terms(New);

i:= 0;
for t
if IsD

in T do
ivisibleBy(t,m) eq true then

Q :=R! (t/m);
i:=1;
N := RI!(N + Q* p);

else

N := RI(N + t);

end if
end fo
if i e
return
else

New :=
end if

r;
q O then
New;

RIN;

H

end while;
end function;

5.1

// The
R<x,y,
f1 :=
f2 :=
£3 :=
Rl :=
R2 :=
RR :=
Factor

5.2

// The
R<x,y,
f1 :=
f2 :=
£3 :=
R1 :=
R2 :=
RR :=
RR :=
Factor

5.3

// The
R<x,y,
f1 :=
f2 :=
£3 :=
R1 :=
R2 :=
RR :=
RR :=
Factor

Theorem [3.1]

case of a ne O:
z,A,B,C,a,b,c> := PolynomialRing(Integers(),9);
y*z + A*x72 - axx;
z¥x + B*y~2 - bxy;
x*y + Cxz"2 - cx*xz;
R! (Resultant (f1,f2,z));
R! (Resultant (£2,£3,2));
R! (Resultant (R1,R2,y));
ization(RR);

Theorem [3.3

case of a ne O:
z,A,B,a,b,c> := PolynomialRing(Integers(),8);
X*z72 + A*x*xy~2 + Bixxy*z - axzxy;
Evaluate(f1, [y,z,x,A,B,b,c,al);
Evaluate(f2, [y,z,x,A,B,b,c,al);
R! (Resultant (£1,£3,2z)/x/y"2);
R! (Resultant (£2,£3,z)/x"2/y);
R! (Resultant (R1,R2,y)/c"8/x74);
Substitution(RR, A~3, -A*B-1);

ization(RR) ;

Theorem [3.4]

case of a ne O:
z,A,C,a,b,c> := PolynomialRing(Integers(),8);
y*z + Axz*x + Cxx"2 - a*x;
Evaluate(f1, [y,z,x,A,C,b,c,al);
Evaluate(f2, [y,z,x,A,C,b,c,al);
R! (Resultant (f1,£2,2z));
R! (Resultant (f1,£3,z)/x);
R! (Resultant (R1,R2,y)/x"2/(Cxx-a)~3);
Substitution(RR, C~2, C-1);
ization(RR);
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5.4 Theorem

// The case of a ne 0:

R<x,y,z,B,C,a,b,c> := PolynomialRing(Integers(),8);
f1 := y*z + Bxy*x + Cxx"2 - a*x;

f2 := Evaluate(f1,[y,z,x,B,C,b,c,al);

£3 := Evaluate(f2,[y,z,x,B,C,b,c,al);

R1 := R!(Resultant(f1,f2,z));

R2 := R!(Resultant(f1,£3,z)/x);

RR := R!(Resultant(R1,R2,y)/x"2/(C*x-a)"3);

RR := Substitution(RR, C~2, C-1);

Factorlzatlon(RR)

5.5 Theorem

// The case of a ne 0:

R<x,y,z,A,B,C,a,b,c> := PolynomialRing(Integers(),9);
f1 := y*z + Axx*z + Bixxxy + Ckx"2 - a*x;

£2 := Evaluate(fl,[y,z,x,A,B,C,b,c,al);

£3 := Evaluate(f2,[y,z,x,A,B,C,b,c,al);

R1 := R!(Resultant(f1,f2,z));

R2 := R!(Resultant(f1,£3,z)/x);

RR := R!(Resultant(R1,R2,y));

RR := Substitution(RR, A*B, C"2-C+1);
Factorization(RR);

5.6 Theorem [3.7]

// The case of a ne 0:

R<x,y,z,A,B,C,a,b,c> := PolynomialRing(Integers(),9);
f1 := y™2%z + Axx"2%z + Bkxxkyxz + Ckx"2%y - a*xxy;
f2 := Evaluate(f1,[y,z,x,A,B,C,b,c,al);

£3 := Evaluate(f2,[y,z,x,A,B,C,b,c,al);

R1 := R!(Resultant(f1,£2,z)/x/y"2);

R2 := R!(Resultant(f1,£3,z)/x"2/y);

RR := R!(Resultant(R1,R2,y));

RR := Substitution(RR, A~3, A*B*C-A*B-C~2+C-1);
Factorization(RR);

5.7 Theorem [3.§

// The case of a ne O:

R<x,y,z,A,B,C,a,b,c> := PolynomialRing(Integers(),9);

f1 1= y*z72 + A*x72xy + Bkxxy*z + Ckxx"2%z - axx*z;

f2 := Evaluate(f1,[y,z,x,A,B,C,b,c,al);

£3 := Evaluate(f2,[y,z,x,A,B,C,b,c,al);

R1 := R!(Resultant(f1,f2,z)/x"2/y);

R2 := R!(Resultant(£f2,£3,z)/x/y"2);

RR := R!(Resultant(R1,R2,y)/x"4/(x"2%C"2 + x*B*Cxb + A*b"2 )"4);
RR := Substitution(RR, A"3, A*B*C-A*B-C"2+C-1);
Factorization(RR);

5.8 Theorem

// The case of a ne 0:

R<x,y,z,A,B,C,a,b,c> := PolynomialRing(Integers(),9);
f1 = y™2%z + Axx"2%z + Bkx*y~2 + Ckx"2%y - a*xxy;
£2 Evaluate(f1, [y,z,x,A,B,C,b,c,al);

£3 := Evaluate(f2,[y,z,x,A,B,C,b,c,al);

R1 R! (Resultant(f1,£2,z)/x/y"2);

R2 R! (Resultant (£f1,£3,z)/x"2/y);
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RR := R!(Resultant(R1,R2,y)/x"4/((A*B~2xx"2+(C¥x-a)~2)"4));
RR := Substitution(RR, A~3, A~2%B-A*B~2-C~2+C-1);
Factorization(RR);

ma,g,c(u) = (A2B' +642B3C? —6A2BBC +6A2B' +9A2B0C* —30A2B19C3 +24A2B10C? —3042B0C +9A42B0 +
4A2B7C% —30A%2B7C% +30A2B7C* — 32A2B7C3 + 30A2B7C? — 30A2B7C + 4A%2B7 — 15A2B*C% + 710A2B*C° — 85A2B*C* +
T0A2B4C3 —1542B*C? —6A%2BC® — AB'" —3AB™C? + 9AB™C — 3AB' 4 30AB'1C3 —30AB' C? +30ABY C +2AB8CS +
24AB8C5 —78AB%C* +86AB%C3 — TSAB8C? +24AB8C + 2AB® +6AB°C7 —48AB%C% + T6AB>C® — 97TAB®C* + 76 AB5C3 —
48ABSC? + 6AB°C + 15AB%C% — 15AB2C® + 15AB2C* — B (C? + B5C — B> — 3B12C* + 12B2C3 — 15B™2(C? 4 12B2C -
3B12 —2B9C% +30B°C® — 60B°C* +86BYC? — 60B°C? + 30B°C — 2B° — BSC® +22BSC7 — 79B5C6 + 134BC5 — 170B5C* +
134B%C3 —79B5C? +22B%C — BS —20B3C7 +55B3C% —75B3C® +-55B3C* —20B3C3 — C%)u? + (242BC— A?B' +9A2B12C5 —
15A2B12C24+20A%2B12C—A%2B2+11A42B%C° —51A42B%C*44-8142 B3 —89A42 B2 0% 4-39A2 B°C+ A% B +5A2BSC7 —46 A2 BSC6 +
103A%2BSC® —171A2B5C*+167A2BSC3 —12142B5C?4+28A2B%C — A2B% — 1042 B3C" +50A2B3C% —75A2B3C® +70A2B3C* —
20A2B3C3 — A20% — AB'SC — AB'S 4 2AB'3C? + 3AB'3C —8AB'" + TAB'C5 + 9AB0C* + 5AB'0C? +31AB0C — 12AB'0 +
5AB7TCT + 6AB7C% — 48AB7C5 + 7T6AB7C* — 62AB7C3 + 6ABTC? + 27TABTC — 4AB” + 5AB*C8 — 45AB*C7 4+ 100AB*C% —
155AB*C® + 135AB*C* — 85AB*C3 + 15AB*C? + 5ABC" — 6ABC® + 6ABC® — B'*C? — B™ — B11C% 4 6B C* — 6B C3 —
BY1C?+6BMC—-6B" 4+ B3C74+21B8C% —51B%3C° +87B8C* —57B3C3 +21B8C?+14B%C —6B8 — B>C? 4-24B5C® —105B°C7 +
231B5C% —339B%C5 + 321B5C* — 200B°C3 + 69B%C? — 6B°C — 10B2C® 4 30B2C7 — 45B2C% +36B%2C5 — 15B2C*)u? 4 (C +
1)(A2B™C +3A2B1C3 — 6A2BYC? + 6A2BMC + 2A2B'" +2A%2B8C® — 21A2B3C* + 30A2B3C3 — 35A2B8%C? + 6A%2B%C +
3A2B8 + A2B5C7 — 18A2B%C% + 51A2B%C% — 8242 B5C* + 81A2B°%C?3 — 48A%2B%C? + 6A2B°C + 10A2B2C% — 15A2B2C5 +
15A2B2C* — AB' + 3AB'2C3 — 3AB™C? + 8AB'2C — 5AB'? + TAB°C® — 9ABYC* + 21ABYC® — 19AB°C? + 27AB°C —
5ABY +3ABSCT —10ABSCS + ABSC® —7ABSC* +5ABSC?3 —25ABSC? +16ABSC — AB% —10AB3C7 +30AB3C% —45AB3C5 +
40AB3C* —20AB3C? — ACS — B13C? 4+ BBC — B3 4+ 2B0C5 — 3B10C4 4+ 9B10C3 —11B19°C? +-10B1°C — 4B +3B7C7 —
2B7C%+2B7C® + B7C* 4+ 14B7C3 — 17B"C?2 +17B"C — 3B" +5B*C® — 35B*C7 + 80B*(C% — 125B*C% + 110B*C* — 65B*C? +
15B*C? 4+ 5BC7 — 5BC% + 6 BC®)u — A2B6 — 6A2B13C? + 6A2BC — 6A2B™ — 9A2B0C4 4+ 3042B19C3 — 24A2B0C? +
30A2B0C — 9A2B10 — 4A2B7C% 4 30A2B7C% — 30A2B7C* + 32A2B7C? — 30A2B7C? 4 30A2B7C — 4A%2B7 4 15A2B*C% —
7T0A2B*C® +85A2B*C* —70A2B*C® +15A2B*C? +6A2BC® + AB'74+3AB*C? —9AB"C+43AB* —30AB1C3 +30ABC? —
30ABYMC —2AB8CS — 24AB8CS + 78AB8C* — 86AB8C3 + 7T8AB3C? — 24AB3C — 2AB8 —6AB°C7 4+ 48AB°C% — T6ABSC"® +
97TABSC* —T6AB5C3 +48AB°C? —6AB°C — 15AB2C% 4+ 15AB2C% — 15AB2C* + B'>C? — B15C + B +3B12C* — 12B12C3 +
15B12C2% — 12B12C + 3B 4+ 2BYC% — 30B2C® + 60B°C* — 86B°C?3 + 60B2C? — 30B°C + 2B° + B6C® — 22B%C7 + 79B5C6 —
134B8C®% + 170B6C* — 134BSC? + 79B%C? — 22BSC + BS + 20B3C7 — 55B3C% + 75B3C® — 55B3C* + 20B3C? + CS.

5.9 Theorem B.10

// The case of a ne 0O:

R<x,y,z,A,B,C,D,a,b,c> := PolynomialRing(Integers(),10);

f1 := y 2%z + A*x"2%z + Bkxxy*z + Ckx*y~2 + Dxx"2%y - a¥xky;
£2 := Evaluate(f1,[y,z,x,A,B,C,D,b,c,al);

£3 := Evaluate(f2,[y,z,x,A,B,C,D,b,c,al);

R1 := R!(Resultant(f1,£2,z)/x/y"2);

R2 := R!(Resultant(f1,£3,z)/x"2/y);

RR := R!(Resultant(R1,R2,y)/x"4/((A*C"2 - B*C*D + D-2)*x"2 + (B*Cxa - 2#D¥a)*x + a"2)"4);

RR := Substitution(RR, A~3, A"2+C + A*B*D - A*B - A*C"2 + BxC - D"2 + D - 1);
Factorization(RR);

ma,g,c,p(u) = (A2B°COD3+2A2B5C6D2+3A2B°COD—-2A2B5C%+3A2B4C8 D% —8A2B*C8D—11A2B*C®8—6A2B*C° D3~
1242 B*C°D?4+12A2B*C°D—4A?B*C5—6A2B3C10D2-27A2B3C10D—-6A2B3C10—3A2B3C"D*—10A2B3C"D3+61A%2B3C" D%+
20A2B3CTD + 5A2B3CT + 15A2B3C4D3 — 30A2B3C*D? 4 15A2B3C*D — 2A2B%2C12D? + 15A2B2C"2 + 22A%2B2C°D3 +
66A2B2C°D? — 24A2B2C°D + 38A2B2C° + A2B2CSDS + 2A2B2C%D> + 21A2B2C%D* — 130A2B20%D3 + 28A42B2C%D? —
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60A2B2C%D+1542B2C%+4042B2C3 D3 —-20A2B2C3 D% +3A2BC* D+4A2BC +8A2BC11 D3 —12A2BC' D2 -3042BC' D+
3A2BCM +3A2BC8D® — 36A2BC8D* — 47TA2BC8 D3 + 66A2BC8D? — 69A2BC8D — 4A2BC® — 6A2BC°DS — 12A2BC5 D% +
131A2BC®D* — 122A2BC® D3 + 135A2BC°D? — 36 A2BC®D + A2BC® — 30A2BC?D* + 10A2BC?D? — A2C'6 — 6A2C'3D? +
6A2C13D —6A2C13 —9A2C10D* +30A2C10D3 — 2442010 D2 4 30A2019D —9A42C10 — 44207 DS 4 30A2C7D® — 30A2C7 D* +
32A2C7D3 — 30A2C7D? +30A2CTD — 4A2C7 + 15A2C* DS — 7T0A2C* D% + 85A2C4D* — T0A%2C4 D3 4 15A2C*D? + 6A2C D> +
ABSC® — AB5C"D3 —3AB5C"D? +9AB5C"D + 5AB°C" — 5AB3C*D + 12AB*C°D? + 34AB*C°D + AB*C® + AB*CSD* +
8AB*CSD3 — 53AB*C%D? — 2AB*C%D — 9AB*C% + 10AB*C?D? + AB3C' D? + 15AB3C1 D% + 9AB3C' D — 21AB3C' +
3AB3C8D*—58AB3C8D3 —101AB3C8D? +23AB3C® D —37TAB3C® —6AB3C°D*+123AB3C5 D3 —39AB3C5D? +48AB3C5D —
6AB3C® —10AB3C?D3 —18AB2C13D — 15AB2C'3 —5AB2C1°D* —49AB2C0 D3 +39AB2C1°D? + 36 AB2C1°D —11AB2C'0 —
AB2C"DS —6AB2CTD? +115AB2C"D* +52AB2C" D3 —15AB2C" D2 +7T4AB?C"D +9AB2C7 —135AB2C* D* +80AB2C* D3 —
90AB2C*D? +15AB2C*D+5AB2CD* —2ABCYS D+4ABC'5 + ABC2 D3 +44ABC'2D? —~9ABC'2D+27ABC'2 + TABC® D% +
51ABCYD* — 109ABC® D3 + 5TABC®D? — 69ABC®D + 31ABC® + ABCSD7 + 8ABCSDS% — 109ABCSD5 + 69ABCSD* —
T9ABC®D3 + 25ABCYD? — 56 ABCSD + TABCS + 7T5ABC3D® — 65ABC3D* + T0ABC®D3 — 10ABC3D? — ABD® + AC'7 +
3AC™D? —9ACY™ D+ 3AC™ —30AC D3 +30AC" D? —30AC"' D —2AC® D% —24AC8D® +78AC® D* —86 AC8 D3 4- 78 AC8 D? —
24AC8D — 2AC® — 6ACS DT 4+ 48AC5 DS — 76 ACPD® + 97TAC® D* — T6AC5 D3 4+ 48ACPD? — 6AC®D — 15AC? D% + 15AC? D% —
15AC2D*-B%CSD*—-B%C%D3-BSC%D2-BSCSD-BSCS—-2B5C®D3—6B5C®D2—-10B°C®D—-2B>C8+6B°C°D*+6B5C5 D3+
6B°C°D?+5B°C°D+ B°C® —3B*C°D? - 3B*C°D +9B*C10 +3B*C" D% +6B*C"D* +19B*C" D3 +38B*C" D2 +7B*C"D +
12B*C7 — 15B*C*D* — 15B*C* D3 — 10B*C*D? — 5B*C*D + B3C'2D? + 12B3C'2D + 12B3C*? 4+ 5B3C°D* + 14B3C° D3 —
27B3C°D? —23B3C°D+4B3C° —B3CS DT - B3C% D% —18B3C% D5 —41B3C%D* —14B3C%D3 —27B3C% D% -31B3C%D—-7B3C% +
20B3C3D* +10B3C3D3 +10B3C3D? + B2C'" D — 3B2C™ — B2C'' D* —13B2C'' D3 — 27B2C'" D2 —3B2C'' D — 28 B2C1! —
2B2C8DS —15B2C8 D% +13B2C®D* +39B2C8 D3 — 6B20C8D? +59B2C8D — 25B2C® +6B2C°D" + 6B2C5DS 4 51B2C° D% —
24B2C5D* +43B2C°D3 —9B2C%D? +40B%2C°D - 3B%2C® - 5B2C?D* — 10B2C? D3 — BC' — BC'3 D3 + BC13D? + 5BC13 D +
2BC'YD%4-22BCO D +7BCO D3 +9BCO D% +15BC Y D414BC0 +3BCT D7 +13BC7 DS —29BC" D> —28 BC7 D*+33BC7 D3 —
58BC"D? —2BC"D+11BC" —15BC* D" —15BC* D% + 60BC*D® — 120BC*D* + 110BC* D3 — 65BC*D? + 5BC*D — 5BC' D +
5BCD* +C¥ D2 —C5D + C15 4 3C12D* —12C12 D3 +15C12D? — 12C'2 D + 3012 4 2C° D6 — 30C* D5 4- 60C° D* — 8609 D3 +
60C° D? —30CY D 4 2C° + COSD® — 22C6 D7 4-79C6 DS — 134C% D5 417006 D* — 134C% D3 4 79C% D? — 22C% D + C% 4- 2003 D7 —
55C3 DS +7503 D3 —55C03 D*+20C3 D3+ D%)u? 4 (A2 BSCS D3 +2A42B5CS D2 4+-342B5C5 D~ A2B6C64+242B5C8 D2 - A2B5C8D—
TA2B5C8 + A2B5C5D* —5A2B%C®D3 — 1142B5C5D? + TA2B5C®D — 3A2B%C® — A2B*C9D? — 1042 B*C1°D — 7A2B4C10 —
3A2B*C7D* — 6A2B*C"D3 + 19A2B*C"D? 4 25A2B*C"D — 2A%2B*C7 — 5A2B*C*D* 4+ 10A2B*C*D? — 20A2B*C*D? +
10A2B*C*D — A2B3C12D +3A2B3C"2 —5A2B3C° D3 4+ 9A2B3C°D? 4 2A2B3C° + A2B3C%DS — A2B3C%D5 +1342B3C%D* —
12A2B3C0O D3 —44A2B3COD2—4A2B3CSD— A2 B3CO+10A2B3C3 DY +30A2B3C3 D3 —10A2B3C3 D24+ A2B2C 14— A2B2C11 D3 +
1042B2C11 D? — 10A2B2C11 D — 7A2B2C1 +2A2B2C3D5 + 2542B2C8D* — 16A2B208D3 + 43A2B2C®D? + 29A%2B2C8D —
5A2B2C8+A2B2C5D7 —5A2B2CP DS +4A2B2C° D5 —23A2B2C°D*+21A2B2C° D3 —14A2B2C° D2 +24A%2B2C°D—2A? B2C° —
25A2B20C?D*+4A2BC13 D2+ A2BC3D+8A2BC13+6A2BC0D* —25A2BC0 D3 +16 A2 BCO D2 — 2542 BC10 D +26 A2 BC10 —
37A2BC" D% +19A2BC"D*—31A2BC" D3 —21A2BC"D? —47A2BC" D+ 15A2BCT —5A2BC* D" +10A2BC* D% +40A2 BC*D® —
80A2BC4D*+120A2 BC* D3 —60A42BC* D2 +5A2BC*D+5A2 BCD*—2A2CY5 D+ A2C15 —9A2C12 D3 +15A2C12 D2 —20A2C12 D+
A2C12 — 11A2C°D% + 51A2C°D* — 81A2C°D3 + 89A2C9D? — 39A2C°D — A2C° — 5A2COD7 + 46A%2C6D6 — 103A2C6D5 +
171A2C8D* —167A2C0 D3 +121A2C5 D% — 28 A2C D+ A2C% +1042C3 D7 —50A2C3 DS + 754203 D> —70A2C3 D* +20A%2C3 D3 +
A2DS4+ABTC®—ABSC"D3-3ABSC"D24+4ABSC" D+5ABSCT—5ABSC*D+3AB>C? D2 +18AB°C° D+6AB®C9+6AB5CS D3 —
26AB5C%D? — 12AB°C®D — 3AB>C% 4+ 10AB°C3D? + 3AB*C'' D? + 9AB*C™ D — 5AB*C + 3AB*C8D* — 3AB*C8D3 —
5TAB*C8D? — 12ABAC® + AB*C5D® + 60ABAC5D3 4+ 9AB*C®°D? + 17TAB*C5D — 2AB*C® — 10AB*C?D3 — 2AB3C'3D —
6AB3C'3 + AB3C19D* — 124B3C1°D? + 36 AB3C1°D — 3AB3C1° — AB3C"D% — 3AB3C"D® —19AB3C7"D* + 57TAB3C" D3 —
48AB3C"D? +31AB3C"D —2AB3C7 —5AB3C*D® — 50AB3C*D* — 10AB3C* D3 — 25AB3C*D? + 5AB3CD* - 3AB2C'2 D3 —
16AB2C2 D2+ 6AB2C"™2 D — 9AB2C12 —TAB2C°D® — 21AB2C°D* + 57TAB2CD? —91AB2C°D? + 18AB2C°D — 27TAB2C® +
3AB2C%D64+64AB2C%D5 —90AB2C%D*4147AB2C%D3 —49AB2C%D? +33AB2C%D —9AB2C% +10AB2C3 D5+ 15AB2C3 D* +
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10AB2C3D?~AB?D?>+4ABC™D—9ABC +11ABC'' D*+28 ABC1 D3 —23ABC'! D2 +69ABC*' D—15ABC'' +13ABC® DS+
11ABC8D® — TTABC8D* + 139ABC8D? — 137ABC8D? + 101ABC8D — 2ABC® + ABC®D® — T4ABC® DS + 129ABC® D> —
211ABC®D* + 147TABC® D3 — 124ABC®D? + 31ABC®°D — ABC® + 15ABC?D% — 25ABC?D® + 25ABC?D* — 10ABC?D? +
ACYD 4+ AC6 —2AC13 D2 —3AC3D+8AC3 —7TACOD5 —9ACO D4 —5AC10D2 —31AC°D +12AC0 —5ACT D7 —6ACT DS +
A8ACTD® —T6AC" D* +62ACTD? —6ACTD? —27TAC"D +4AC” —5AC* D3 +45AC* D™ —100AC* DS +155AC* D® —135AC4 D* 4
85AC4D3 —15AC*D? —5ACDT +6ACDS —6ACDS -~ B"C%D* - B"CSD? - B"C®D? - B"C%D - B7C% - BSC®D? —4B5C8D? —
7BSC8D — 3BSC® — BSC5D® + 6BSC°D* + 6BSC®D3 + 6BSC°D? + 5B%C°D + BSC® — B5C19D2 — 4B5C19D + 2B5C10 +
3B°C7D®% + 3B°C"D* + 7TB°C7"D3 + 25B°C7"D? + 11B°C"D + 7B°C7 4+ 5B°C* D% — 15B°C*D* — 15B5C*D? — 10B°C*D? —
5B°C*D+2B*C'2D 4 5B*C'2 4 2B*C°D* +9B*C°D? —5B*CD? — 16 B*C° D + B*C® — B*CD" 4+ 2B*C%D% — 14B*C% D5 —
25B4CSD* 4+ 10B*CSD3 —21B*C%D? —17B4C%D —4B*C% —10B*C3 D% +20B4C3D* +10B*C3 D3 4-10B*C3 D2 +8B3C1 D2 +
2B3C1'D—-2B3C1 - B3C®D% —5B3C8D5+11B3C8D* —20B3C8 D3 +17B2C8 D2 +34B3C®D+3B3C® - B3C5 D8 +6B3C5 D7 —
8B3C°DS +27B3C° D5 +7B3C5D* —20B3C5D? —10B3C5 D2 4+ 19B3C°D +10B3C?D% — 5B3C?D* — 10B3C?D? — B2C13 D2 —
3B2CD48B2C18 —2B2C10D5 —17B2C0D* —5B2C1O D3 —6B2C10 D2 —48B2C'1°D +11B2C'0 — 11B2C7 DS +45B2C7 D5 —
64B2C"D*+46B2C"D? +8B2C"D? - 57B2C"D+5B2C*D8 —15B2C* D7 +15B2C* D% +20B2C*D® —65B2C*D*4+80B2C* D3 —
10B2C4D? — 5B2C*D — 10B2CD°® 4+ 5B2CD* — BC'D — BC'> 4+ BC'2D* + BC'2D3 — 5BC'2D? + 11BC'2D — 14BC'2 +
8BC® D% + 8BC° D5 + 6 BC®° D* 4+ 46 BC® D3 — 40BC®° D? 4+ 74BC° D — 20BC®° 4+ 5BC%D® —9BCS D7 + 11BC% DS — 41BCY D5 +
37BC%D* —7BCYD? —44BC%D? 4+ 54BC%D —6BC% — 10BC3 D8 +20BC3 D7 —20BC3 D6 — 15BC3 D® +45BC? D* — 50BC3 D3 +
10BC3D? 4+ BDS + BD?> + C™ D3 4+ O™ + C11 D% — 60" D* 4+ 6C1 D3 + C11 D2 —6C1 D +6C1 — C8D7 — 2108 D% + 5108 D> —
87C8D* 4+ 57C8 D3 — 21C%D? — 14C8D + 6C® + C°D® — 24C° D8 4 105C° D7 — 231C° DS 4 339C° D® — 321C° D* 4 200C° D3 —
69C° D2 +6C5D+10C2 D8 —30C2 D7 445C2 D8 — 3602 D5 +15C2 D*)u? + (A2 BSC5D* + A2BSC3 D3 + A2BSC5 D2+ A2BSC® D +
2A2BSC5+2A2B5C"D3+5A2B5C" D2 +17A2B5C"D+6A2B5C7 —5A2B>C4D* —5A2B5C*D3 —5A2B>C*D? —10A2B>C*D +
8A2B4CYD?420A2B*C°D—10A42B*C° -3A2B*C%D5—-6A42B*C%D*~15A2B*C% D3 -80A4%2B*C%D? —2A2B*CSD—-19A2B*C%+
10A2B*C3D* + 10A2B*C3 D3 + 20A2B4C3D? + A2B3C'D? — 13A2B3C11 D — 24A2B3C1 — 5A2B3C8D* — 41A2B3C8D3 —
30A2B3C8D? + 47TA2B3C8D — 40A%2B3C® + A2B3C5D7 + A2B3C°DS + 15A2B3C°D® + 33A42B3C°D* 4 13242B3C5D3 —
45A2B3C5D? + 87TA2B3C5D — 9A2B3C% — 10A2B3C?D* — 20A2B3C?D3 — 4A2B2C'3D 4 A?2B2C'0D* + 4A2B2CD3 4
49A2B%2C19D2 4+ 23A2B2C0D +18A42B2C10 4-242B2C7DS +14A%2B2C7 D5 4+ 48A2B2C7"D* —8A2B2C"D? — 17A2B2C"D? +
39A2B207D +24A%2B2C7 — 5A2B2C*D7 — 5A2B2C4 D6 — 3542 B2C*D® — 130A2B2C*D* 4+ 10042 B2C* D3 — 140A2B2C*D? +
20A2B2C*D +10A2B2CD* +2A%2BC'5 + A2BC12D3 +9A2BC'2D? — 10A2BC'2D + 14A2BC'2 — 2A2BC° D% — 7A2BC°D* —
62A2BC° D3 +31A2BC°D? —70A2BC° D +21A%2BC° —3A2BC°D™ —9A2BC%D% —38A2BCS D% +77A?BCSD* —96 A2 BC% D3 +
67A2BCYD? —75A2BC%D48A2BCS +10A2BC3 D7 +10A2BC3 DS +50A2 BC3 D% —45A2 BC3 D*+80A2BC3 D3 —10A2BC3D? —
A2BD® — A20MD2 — A2CMD — 3A2C1 DA 4 342011 D3 — 8A2CMI D — 2A2C1 — 242C8D6 4 19A42C8D5 — 9A2C8DY +
5A2C8D3 + 29A208D? — 9A2C8D — 3A2C% — A2C5D8 + 1TA2C5D7 — 3342C5DS + 3142C5D> + A2C5D* — 33A2C5D3 +
42A2C°D? —6A%2C°D — 10A2C2D7 +5A2C2 DS — 15A2C2D* — ABSCSD* —2ABSCYSD? —3AB%C%D? —9ABSCSD + ABSCS —
2AB°C8D3 — 18AB°C8D? — 18AB®C8D + 14AB°C® + AB*C®D® + 6 AB°C®°D* + 12AB°C® D3 + 42AB°C°D? — 12AB®C5D +
9AB®C® — AB*C'0D3 —9AB*C1°D? 4+ 24ABACOD 4 31AB*C'0 4 3AB*C"D® 4 12AB*C"D* + 7T3AB*C" D3 4+ 21AB*C"D? —
33AB*C"D+21ABACT —5AB*C*D® —15AB*C4D* —75AB*C* D3 +40AB*C*D? —35AB*C*D +3AB3C2D? 4+ 28 AB3C'2D +
6AB3C'2 + 5AB3CYD* + 20AB3C° D3 — 129AB3C°D? — 20AB3C°D — 32AB3C® — AB3C®D7 — 5AB3C%D6 — 24AB3C%D® —
128AB3C%D*+70AB3C%D3 —42AB3C%D?2 + AB3C%D —28AB3C%+10AB3C3 D> +60AB3C3 D* —60AB3C3 D3 +50AB3C3 D? —
11AB2C™ —3AB2C' D*—23AB2C™" D3 —62AB2C1 D2 4+-27TAB2C1' D—52AB2C —2AB2C8 D% —10AB2C8 D®+21AB2C8 D* +
184AB2C® D3 —92AB2C8 D% 4+153AB2C8D—41AB2C8+ AB2CP D8 +6AB2C° D7 4+27TAB2C° DS +87AB2C® D> —135AB2C° D* +
173AB2C5D3 — 115AB2C°D? + 90AB2C%D — 5AB?C® — 25AB2C? D5 + 45AB%2C?D* — 30AB2C?D? — ABC'6 4 2ABC'3 D3 +
5ABCYD? + 11ABC'3D — 2ABC13 4+ 10ABC°D® + 22ABC9D* + 25ABC'°D? + ABC°D? + 51ABC'°D + 11ABC'0 +
6ABCTDT—7TABC" DS —32ABC" D576 ABC" D*+44ABC" D3 —112ABC" D2 428 ABC" D+11ABC7 —~5ABC* D8~ 15ABC4 D" —
15ABC* DS + 70ABC*D® — 125ABC* D* 4 110ABC* D3 — 80ABC*D? + 5ABC*D — 11ABCD® + 5ABCD* + AC'5D + AC'5 —
3AC12D* —5AC2 D% —3AC12D+5AC'2 —7TAC® DS +2AC° D5 —12AC°D* —2AC° D3 —8AC®D? —22AC° D +5AC° —3ACSD® +
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TACSDT +9ACSDS + 6ACSD> + 2ACD* + 20ACSD? + 9ACSD? — 15AC%D + ACS + 10AC3D® — 20AC3 D7 + 15AC3 DS +
5AC3 D% —20AC3D* +20AC3D3 + AD7 + ADS — B7C®°D% — BSC"D* - BSC"D3 4+ 2BSC"D? +3B%C"D - 3BSC7 +5B6C* D5 —
B®C®D3 —4B5C°D? —13B°C°D —15B°C® +3B°C%D% 4 2B°C% D5 + B°CSD* + 4B°C%D3 —4B>C%D? 4+ 10B°C®D —4B>C% —
10B3C3D5 — 2B*C' D2 — 16B*CY' D — 7B*C! +2B*C8 D> + 9B4C8D* + 15B4C8 D3 + 68B*C8D? + 37B*C3D + 19B*C8 —
BAC5D® — 13B*CPDS — 12B*CPD® + 4B*C5D* — 38B*C5D? — 9BYC®D? + 2B*C5D + 7B*C5 4 10B*C2D5 + B3C'3D +
9B3C13 + 3B3C1°D* + 29B3C1°D3 + 32B3C1°D? — 3B3C1°D + 40B3C'° — B3C"D" — 7B3C" D% 4+ B3C"D3 — 90B3C"D* —
76B3C"D3 —31B3CTD? —92B3C"D + 14B3C7 + 5B3C* D8 +25B3C*4 D% 4+ 30B3C* D% +45B3C*D* +5B3C* D3 +35B3C*D? —
25B3C*D — 5B3CD® + B2C' — 3B2C12D?% — 12B%2C"2D? — 4B%2C'2D — 6B%2C"2 — B2C°DS — 20B2C° D% — 35B2C°D* +
8B2C°D3 —68B%2CYD? — TB2C°D — 34B2C° 4+ 2B2C%D8 — 5B2CS D7 + 40B2C% DS 4 64B2C%D® 4 28B2CYD* + 99B2C% D3 +
26B2C%D? 4-39B2C%D — 17B%2C% — 10B2C3 D8 — 30B2C3 D% — 80B2C3 D% 4 50B2C3 D* — 80B2C3D? + 30B2C3D? + B2D5 —
BCYD? - 2BC'" +2BC'M D5 +4BC'' D* +11BC' D3 — 6BC' D2 + 17BC' D — 7BC'! +6BC8D™ + 7BC® D% 4 28BC8 D> —
33BC8D*+96BC® D3 —53BC® D2 4+62BC® D —2BC8+2BC° D —12BC® D8 +19BC5 D7 —128 BC® DS +156 BC® D> —241BC® D* +
146 BC°D3 — 119BC®D? + 37TBC®D — BC® + 10BC2D?® + 40BC?D% — 20BC2D5 + 40BC?D* — 10BC?D3 + C13D3 + C13 —
2C19D6 + C1OD5 —6C1O DA 42010 D3 4+ C10 D2 — 600D 4-4C10 —3C"D® — C" DT —3C7 D% — 15C" D* 4+3C" D3 —14C"D +3C7 —
5C*D? 4 30C* D8 — 45C* D7 4 45C* DS 4 15C* D% — 45C*D* 4 50C* D3 — 15C*D? — 50 D8 — CDS% — 6CD%)u — A2B5CSD3 —
2A2B5C%D? —3A2B5CSD+2A2B5C% —3A2B4C® D2 +8A2B4C8D+11A2B4C8 +6A2B*C° D3 +12A2B*C°D? - 12A2B*C°D +
4A2BACP+6A2B3C1OD24+27A2B3C10D+6A42B3C10+3A2B3C"D*+1042B3C" D3 - 6142B3C"D?—20A%2B3C"D—-5A%2B3C7 -
15A42B3C*D3 4+ 30A2B3C4D? — 1542B3C*D + 2A2B2C12D? — 15A2B2C12 — 22A2B2CYD? — 66A2B2C°D? + 24A%2B2C°D —
38A2B2C°—A2B2C%D%—2A42B2C%D%—21A2B2C%D*+130A2B2C% D3 —28A2B2C%D?+60A2B2C%D—15A2B2C%—40A2 B2C3 D3+
20A2B2C3D? —~3A2BC D —4A2BC'" —8A2BC' D3 +12A2BC'' D2 +30A2BC'' D —3A2BC'! —3A2BC8D5 +36A%2BC3D* +
ATA2BC8D3—66A2BC8D%4+69A2BC8D+4A2BC84+6A2BC5 DS +12A%2BC° D5 —131A%2 BC® D*4+122A%2 BC® D3 —135A2 BC® D? 4
36A2BCSD — A2BC5 +30A2BC?D* — 10A2BC2D3 + A2016 + 6A2C13 D2 — 6A2C13D + 642013 +9A2C10 D4 — 30A2C10D3 +
24A%2C10D2 — 3042C10D + 9A2C10 + 4A2CT DS — 30A2C7 D5 + 30A2C7D* — 32A%2C7 D3 + 30A2C7D? — 30A2C7D + 4A%2C7 —
15A2C* DS +70A2C* D% —85A2C*D* + 70A%2C* D3 — 15A2C*D? — 6A2C'D® — ABSC® + AB>C7"D3 +3AB°C"D? —9AB>C"D —
5ABPCT +5AB°C4D —12AB*CYD? —34AB*C°D — AB*C® — AB*C%D* —8AB*CSD3 +53AB*C%D? 4 2AB*C%D 4+ 9AB*CS —
10AB*C3D? — AB3C' 1 D3 —15AB3C1 D2 —9AB3C" D+21AB3C! —3AB3C8 D4 +58 AB3C8 D3 +101AB3C®D? —23AB3C8 D+
37TAB3C® + 6AB3C5D* — 123AB3C°D? + 39AB3C5D? — 48AB3C®D + 6AB3C®% + 10AB3C? D3 + 18AB2C'3 D + 15AB%2C"3 +
5AB2C10D*4+49AB2C10 D3 -39AB2C1° D2 36 AB2COD+11AB2C1°+AB2C" DS +6AB2C" D>~ 115AB2C" D*~52AB2C" D3+
15AB2C7"D? — T4AB2C"D — 9AB2C7 + 135AB2C*D* — 80AB2C*D?3 4 90AB%2C*D? — 15AB2C*D — 5AB2CD* + 2ABC'5D —
4ABCY5 —ABC'?D? —44ABC™ D2 +9ABC'2D—27ABC'2 —7ABC® D> —51ABC® D*+109ABC® D3 —57TABC® D?>4+69ABC° D —
31ABC® — ABC®D" —8ABCYD® +109ABC% D5 —69ABC®D* +79ABC% D3 —25ABC% D2 +56 ABCSD —TABC® —7T5ABC3 D® +
65ABC?D* —~70ABC3D? +10ABC3D? + ABD5 — AC'7 —3AC'*D? + 9AC'* D —3AC™ +30AC D3 —30AC' D2 +30AC' D +
2AC8DS +24AC8 D5 — T8ACED* 4 86 AC® D3 — T8SACS D? + 24AC8D +2AC8 + 6AC° D7 — 48 AC® DS + 76 AC® D> — 9TAC® D* +
T6AC® D3 — 48AC®D? + 6AC®D + 15AC?D% — 15AC? D% + 15AC?D* + BSCSD* + BSCSD3 + BSCSD? + BSCSD + BSCS +
2B5C8D3 +6B°C®D? +10B°C®D +2B>C® —6B°C°D* —6B°C°D? —6B°C°D? —5B°C°D — B>C® +3B*C'°D? +3B4C'°D —
9B*C10 — 3B*C"D5 — 6B*CTD* — 19B4C"D3 — 38B*C"D? — 7TB*C7TD — 12B*C7 4+ 15B*C*D* + 15B*C*D? + 10B*C*D? +
5B4C*D—-B3C'2D?2-12B3C'2D—12B3C12 —5B3C?D* - 14B3C° D3 +27B3C° D2 +23B3C°D—4B3C° + B3CSD" + B3C® D6 +
18B3C%D5 +41B3C%D* + 14B3C%D3 +27B3C%D? +31B3C%D 4+ 7B3C% — 20B3C3D* — 10B3C3D? — 10B3C3D? — B2CD +
3B2C' + B2C11 D* +13B2CM D3 4+ 27B2C1' D2 + 3B2C1 D 4 28 B2C'! +2B2C8 D% 4 15B2C8 D5 — 13B2C8D* — 39B2C8 D3 +
6B2C8D? — 59B2C®D + 25B2C® — 6B2C° DT — 6B2C° D% — 51B2C5D® + 24B2C°D* — 43B%2C° D3 + 9B2C°D? — 40B%C°D +
3B2C5 +5B2C2D* +10B2C2 D3 + BC'S + BC13D3 — BC13D2 —5BC'3D — 2BC10 D5 — 22BC0 Dt — 7BC1O D3 — 9BC1O D2 —
15BCYOD —14BC° —3BC" D7 —13BC" DS +29BC" D5 + 28 BC" D* — 33BC" D3 + 58 BC"D? +2BC"D — 11BC” + 15BC* D™ +
15BC* D% —60BC* D5 +120BC* D* — 110BC* D3 + 65BC* D? —5BC* D + 5BCD® —5BCD* — C'*D2 + C15D — C15 —3C12D* +
12C12 D3 — 15012 D? +12C12 D — 3012 — 2CY DS + 30C° D® — 60C° D* + 86C° D3 — 60C° D2 +30C°D — 2C° — C® D8 + 2206 D7 —
79C% D6 +134C% D5 — 170C% D* 4+ 134C% D3 — 79C% D% 4-22CD — C% —20C3 D7 + 55C2 D% — 75C23 D® + 55C2 D* — 2003 D3 — DS,
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