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temperature ; and, likeit, is represented by a single oscillation.
In themean of the years hitherto examined the minimum occurs,
both for the intensity and temperature, in the month of Febru-
ary. The epochs of the maxima do not accord quite so closely,
that of the intensity taking place-about the beginning of July,
while that of the temperature occurs a month later ; but as the
amount varies very little near the epoch of the maximum, and
as there is considerable difference in this respect in the results
of different years, we may reasonably expect a closer agree-
ment in the means deduced from a greater number of separate
years. The mean amount of the annual variation of the inten-
sity is about *0014 of the whole.

The author concluded by some remarks on the bearing of
these facts upon the physical explanation of the phenomena;

Sir William Rowan Hamilton communicated to the Aca-
demy some results, obtained by the quaternion analysis, re-
specting the tnscription of gauche polygons in surfaces of the
second order.

If it be required to inscribe a rectilinear polygon p, »,
Ps...P,_; in such a surface, under the conditions that its n
successive sides, pp, P; Py, ... P, , P, shall pass respectively
through n given points, a), As,...An, the analysis of Sir W,
R. H. conducts to one, or to two real right lines, as contain-
ing the first corner », according as the number z of sides is
odd or even: while, in the latter of these two cases, the two
real right lines thus found are reciprocal polars of each
other, with reference to the surface in which the polygon is
to be inseribed. Thus, for the inscription of a plane triangle,
or of a gauche pentagon, heptagoﬁ, &ec., in a surface of the
second order, where three, five, seven, &c. points are given
upon its sides, a single right line is found, which may or may
not intersect the surface; and the problem of inscription ad-
mits generally of two real or of two imaginary solutions.
But for the inseription of a gauche quadrilateral, hexagon,
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octagon, &c., when four, six, eight, &c. points are given on
its successive sides, two real right lines are found, which (as
above stated) are polars of each other; and therefore, if the
surface be an ellipsoid, or a hyperboloid of two sheets, the
problem admits generally of two real and of two imaginary
solutions : while if the surface be a hyperboloid of one sheet,
the four solutions are then, in general, together real, or toge-
ther imaginary.

When a gauche pentagon, or polygon with 2m + 1 sides,
is to be inscribed in an ellipsoid or in a double-sheeted hyper-
boloid, and when the single straight line, found as above, lies
wholly outside the surface, so as to give two imaginary solu-
tions of the problem as at first proposed, this line is still not
useless geometrically ; for its reciprocal polar intersects the
surface in two real points, of which each is the first corner of
an inscribed decagon, or polygon with 4m +2 sides, whose
2m + 1 pairs of opposite sides intersect each other respectively
in the 2m + 1 given points, Ay, Ay ...Az4.. Thus when, in
the well known problem of inscribing a triangle in a plane
conic, whose sides shall pass through three given points, the
known rectilinear locus of the first corner is found to have no
real intersection with the conie, so that the problem, as usually
viewed, admits of no real solution, and that the inscription
of the triangle becomes geometrically impossible ; we have
only to conceive an ellipsoid, or a double-sheeted hyperboloid,
to be so constructed as to contain the given conic upon its
surface; and then to take, with respect to this surface, the
polar of this known right line, in order to obtain two real or
geometrically possible solutions of another problem, not less
interesting : since this rectilinear polar will cut the surface in
two real points, of which each is the first corner of an inscribed
gauche hexagon whose opposite sides intersect each other in the
three points proposed. (It may be noticed that the three
diagonals of this gauche hexagon, or the three right lines
joining each corner to the opposite one, intersect each other



382

in ome common point, namely, in the pole of the given
plane).

If we seek to inscribe a polygon of 4m sides in a surface of
the second order, under the condition that its opposite sides
shall intersect respectively in 2m given points, the quaternion
analysis conducts generally to two polar right lines, as loci of
the first corner, which lines are the same with those that would
be otherwise found as loci of the first corner of an inscribed
polygon of 2m sides, passing respectively through the 2m
given points. Thus, in general, the polygon of 4m sides,
found as above, is merely the polygon of 2m sides, with each
side twice traversed by the motion of a point along its peri-
meter. But if a certain condition be satisfied, by a certain
arrangement of the 2m given points in space; namely, if the
last point Agy, be on that real right line which is the locus of
the first corner of a real or imaginary inscribed polygon of
2m — 1 sides, which pass respectively through the first 2m — 1
given points Ay, . .. Azm_;; then the inscribed polygon of 4m
distinet sides becomes not only possible but indeterminate,
its first corner being in this case allowed to take any position
on the surface. For example, if the two triangles »' ', P%,
?" p", P’y be inscribed in a conic, so that the corresponding
sides P ?, and P” p", intersect each other in a,; ¥, P and
P, P in A ; and P, P, P, P, in a3; and if we take a
fourth point a4 on the right line » »”, and conceive any sur-
face of the second order constructed so as to contain the given
conic; then any point ®, on this surface, is fit to be the first
corner of a plane or gauche octagon, P P,...P;, inscribed in
the surface, so that the first and fifth sides ¢ »,, »; »5 shall
intersect in A, ; the second and sixth sides in as; the third and
seventh sides in a3; and the fourth and eighth in a5, And
generally if 2m given points be points of intersection of oppo-
site sides of any one inscribed polygon of 4m sides, the same
2m points are then fit to be intersections of opposite sides of
infinitely many other inscribed polygons, plane or gauche, of
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4m sides. A very elementary example is furnished by an in-
scribed plane quadrilateral, of which the two points of meet-
ing of opposite sides are well known to be conjugate, relatively
to the conic or to the surface, and are adapted to be the points
of meeting of opposite sides of infinitely many other inscribed
quadrilaterals.

When all the sides but one, of an inscribed gauche poly-
gon, pass through given points, the remaining side may be
said generally to be doubly tangent to a real or imaginary sur-
Jace of the fourth order, which separates itself into fwo real
or imaginary surfaces of the second order, having real or ima-
ginary double contact with the original surface of the second
order, and with each other. If the original surface be an
ellipsoid (&), and if the number of sides of the inscribed po-
lygon, PP,...Psm, be odd, = 2m + 1, so that the number of
fixed points A, ... Ass is even, =2m, then the two surfaces
enveloped by the last side pgy, P are a real inscribed ellipsoid
('), and a real exscribed hyperboloid of two sheets (£”); and
these three surfaces (&) () (8") touch each other at the two
real points B, B', which are the first corners of two inscribed
polygons BB, . .. By and B'B;. .. Ban-1, Whose 2m sides pass
respectively through the 2m given points (a). If these three
surfaces of the second order be cut by any three planes pa-
rallel to either of the two common tangent planes at B and B/,
the sections are three similar and similarly placed ellipses ;
thus B and 8’ are two of the four umbilics of the ellipsoid (&),
and also of the hyperboloid ("), when the original surface &
is a sphere. The closing chords Pe, F touch a series of real
curves (c) on (&', and also another series of real curves (c”)
on (£"), which curves are the arétes de rebroussement of two
series of developable surfaces, (1) and (p”), into which latter
surfaces the closing chords arrange themselves; but these two
sets of developable surfaces are not generally rectangular to
each other, and consequently the closing chords themselves
are not generally perpendicular to any one common surface.
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However, when (E) is a sphere, the developable surfaces cut
it in two series of curves, (¥'), ("), which everywhere cross
each other at right angles; and generally at any point » on
(£), the tangents to the two curves (¥') and (¥") are parallel
to two conjugate semidiameters.

The centres of the three surfaces of the second order are
placed on one straight line; and every closing chord pg, P is
cut harmonically at the points where it touches the two sur-
faces (&), (£”), or the two curves (c'), (c”), which are the
arétes of the two developable surfaces (p), (p”), passing
through that chord Py, P. In a certain class of cases the three
surfaces (&), (&), (") are all of revolution, round one common
axis; and when this happens, the curves (¢), (¢"), (¥), (¥)
are certain spires upon these surfaces, having this common
character, that for any one such spire equal rotations round
the axis give equal anharmonic ratios ; or that, more fully, if
on a spire (c), for example, there be taken two pairs of points
¢, €% and C3, ¢y, and if these be projected on the axis B B’
in points &', 62 and 6’3, Gy, then the rectangle B¢’ .G B’
will be to the rectangle BG;. 6 B, as BGs. 6’y B to BG'y . 6’38,
if the dihedral angle ¢, BB'C; be equal to the dihedral angle
c3 BB cg. In another extensive class of cases the hyperbo-
loid of two sheets (") reduces itself to a pair of planes, touch-
ing the given ellipsoid () in the points B and B'; and then
the prolongations of the closing chords, Py, P, all meet the
right line of intersection of these two tangent planes: or the
inscribed ellipsoid (£) may reduce itself to the right line BB,
which is, in that case, crossed by all the closing chords. For
example, if the first four sides of an inscribed gauche penta-
gon pass respectively through four given points, which are
all in one common plane, then the fifth side of the pentagon
intersects a fixed right line in that plane.

An example of imaginary envelopes is suggested by the
problem of inscribing a gauche quadrilateral, hexagon, or po-
lygon of 2m sides in an ellipsoid, all the sides but the last
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being obliged to pass through fixed points. In this problem
the last side may be said to touch two imaginary surfaces of
the second order, which intersect each other in two real or
imaginary conics, situated in two real planes ; and when these
two conics are real, they touch the original ellipsoid in two
real and common points, which are the two positions of the
first corner of an inscribed polygon, whose sides pass through
the 2m — 1 fixed points. Kvery rectilinear tangent to either
conic is a closing chord Py,_; P 5 but no position of that clos-
ing chord, which is not thus a tangent to one or other of these
conics, is intersected anywhere by any infinitely near chord
of the system. These results were illustrated by an example,
in which there were three given points; one conic was the
known envelope of the fourth side of a plane inscribed qua-
drilateral ; and this was found to be the ellipse de gorge of a
certain single-sheeted hyperboloid, a certain section of which
hyperboleid, by a plane perpendicular to the plane of the el-
lipse, gave the hyperbola which was, in this example, the other
real conic, and was thus situated in a plane perpendicular to the
plane of the ellipse. And to illustrate the imaginary charac-
ter of the enveloped surfaces, or the general non-intersection
(in this example) of infinitely near positions of the closing
chords in space, one such chord was selected; and it was
shown that all the infinitely near chords, which made with this
chord equal and infinitesimal angles, were generatrices (of
one common system) of an infinitely thin and single-sheeted
hyperboloid.

Conceive that any rectilinear polygon of n sides, B3,...
Ba.p;, has been inscribed in any surface of the second order,
and that n points ;... a, have been assumed on its » sides,
BBy, ...B,_;B. Take then at pleasure any point P upon the
same surface, and draw the chords PAPy, . . . Pn_y AnPy, passing
respectively through the n points (a). - Again begin with p,,
and draw, through the same n points (1), n other successive
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chords, PuA\Pn.1y+.. Pon.1AnP2s.  Again, draw the z chords,
P2nAiP2as1s » - - P3n1 AnP3s.  Draw tangent planes at p, and py,,
meeting the two new chords »p,, and P,P3, in points R, R';
and draw any rectilinear tangent Bc at B. Then one or other
of the two following theorems will hold good, according as
nis an odd or an even number. When nis odd, the three
points BRR' will be situated in one straight line. When 2 is
even, the three pyramids which have Bc for a common edge,
and have for their edges respectively opposite thereto the three
chords PPg, PoaPn, PnP3., being divided respectively by the
squares of those three chords, and multiplied by the squares
of the three respectively parallel semidiameters of the surface,
and being also taken with algebraic signs which it is easy to
determine, have their sum equal to zero. Both theorems con-
duct to a form of Poncelet’s construction (the present writer’s
knowledge of which is derived chiefly from the valuable work
on Conic Sections, by the Rev. George Salmon, F. T.C.D.),
when applied to the problem ofinscribing a polygon in a plane
conic: and the second theorem may easily be stated generally
under a graphic instead of a metric form.

The analysis by which these results, and others connected
with them, have been obtained, appears to the author to be
sufficiently simple, at least if regard be had to the novelty and
difficulty of some of the questions to which it has been thus
applied; but he conceives that it would occupy too large a
space in the Proceedings, if he were to give any account of
it in them : and he proposes, with the permission of the Coun-
cil, to publish his calculations as an appendage to his Second
Series of Researches respecting Quaternions, in the Transac-
tions of the Academy. He would only further observe, on the
present occasion, that he has made, in these investigations, a
frequent use of expressions of the form @+ v/ (- 1) @, where
v (= 1) is the ordinary imaginary of the older algebra, while
q and @ are two different quaternions, of the kind introduced
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by him into analysis in 1843, involving the three new imagi-
naries , j, k, for which the fundamental formula,
P=p=R=gk=-1,
holds good. (See the Proceedings of November 13th, 1843).
And Sir W. R. Hamilton thinks that the name ¢ Biqua-
TERNION,” which he has been for a considerable time accus-
tomed to apply, in his own researches, to an expression of
this form Q@+ v/ (-1) Q| is a designation more appropriate to
such expressions than to the entirely different (but very inte-
resting) octonomials of Messrs, J. T. Graves and Arthur
Cayley, to which Octaves the Rev. Mr. Kirkman, in his paper
on Pluguaternions, has suggested (though with all courtesy
towards the present author), that the name of biquaternion
might be applied.

Dr. Todd presented, on behalf of Mr. Caulfield of Cork,
the rubbing of a grave-stone found in the ancient church of
Keel, East Carbery, County Cork.

The stone from which the rubbing was taken is flat, and
the exact size and shape of the paper; and is a species of
granite, of a kind, as Mr. Caulfield thinks, quite different
from any found in the neighbourhood. The back of the stone
is somewhat concave, and, as Mr. Caulfield thinks, made so
by art.

Mr. Caulfield stated, in a letter to Dr. Todd, that he had
opened in the same district three forts, in one of which, called
Aghalusky, he found Ogham inscriptions on the flags of the
ceiling. ¢ Near one of the forts, called Tullymurrihy,” Mr.
Caulfield says, ‘“my attention was attracted by a rise in the
ground, which I determined to have opened, and was rewarded
by the appearance of loose stone masonry ; and after getting
larger stones removed, to the depth of seven feet, I came to an
earthen floor, on one end of which were enormous quantities
of bones, teeth, charcoal, and large heaps of the bones of
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