
Given f : IR+ → IR and n ∈ IN with n > 2

Define g : IR→ IR by

g(x) =


arctan(x)− π if x ∈ [ 0 , ∞ )
x− π
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, 0 )

f(tan(x+ nπ
2
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2
)

Then

x ∈ [ 0 , ∞ )
⇒ g(x) = arctan(x)− π ∈ [ −π , −π

2
)

⇒ g(g(x)) = arctan(x)− 3π
2

∈ [ −3π
2

, −π )
...

...
⇒ gn−2(x) = arctan(x)− (n−1)π

2
∈ [−(n−1)π

2
,−(n−2)π

2
)

⇒ gn−1(x) = arctan(x)− nπ
2

∈ [ −nπ
2

,−(n−1)π
2
)

Hence

gn(x)
= f(tan(gn−1(x) + nπ

2
))

= f(tan(arctan(x)− nπ
2

+ nπ
2
))

= f(tan(arctan(x))
= f(x)

That is, g is an nth functional root of f .


