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conv

#include <stdlib.h>      // to use max, min
/* conv.c - convolution of x[n] with h[n], resulting in y[n] */
/* h : filter array, M : filter order */
/* x : input array, L : input length */
/* y : output array  with length of L+M */ 

void conv(int M, double *h, int L, double *x, double *y)
{
       int n, m;

       for (n = 0; n< L+M-1; n++)
              for (y[n] = 0, m = max(0, n-L+1); m <= min(n, M-1); m++)
                     y[n] += h[m] * x[n-m];
}
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Index Variable Constraints

hx y

h[0..M-1] 
filter array, 
M (filter order)

x[0..L-1]
input array
L input length

y[0..L+M-2] 
output array
(M+L-1) output length

    M+L-1              M                   L

y[n] += h[m] * x[n-m];
n      ∈ [0, L+M-2]
m    ∈  [0, M-1]
n-m ∈  [0, L-1]

    M+L-1              L                   M

y[n] += x[m] * h[n-m];
n      ∈ [0, L+M-2]
m    ∈  [0, L-1]
n-m ∈  [0, M-1]

Assume 
M < L 

Case A

Case B
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● Flipped and shifted functions 
● Case A: h[n-m]
● Case B: x[n-m]

● Range partitions for n
● Effective index ranges for n, m, n-m
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Flipped and shifted function of h[n-m]

x[m] 

h[m] 

h[0-m] 

  M+L-1      L                     M

y[n] += x[m] * h[n-m];

y[0] 

n      ∈ [0, L+M-2]
m    ∈  [0, L-1]
n-m ∈  [0, M-1]

m

L

M

h[L+M-2-m] y[L+M-2] 

L M-1

n

m

m

M

function

function

function

function

value

value

n n

Case A
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Flipped and shifted function of x[n-m]

h[m] 

x[m] 

x[0-m] 

  M+L-1      M                     L

y[n] += h[m] * x[n-m];

y[0] 

n      ∈ [0, L+M-2]
m    ∈  [0, M-1]
n-m ∈  [0, L-1]

m

n

x[L+M-2-m] y[L+M-2] 

L-1M

L

M

L

m

m

value

value

function

function

function

function

n n

Case B
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Range partitions for n (1)

x[m] 

h[n-m] 

L

x[m] 

h[n-m] 

x[m] 

h[n-m] 

partial overlap

full overlap

partial overlap

M

Case A

n

n

n

m’

m’

m’

m

m

m

n  ∈ [0, M-2]

n  ∈ [L, L+M-2]

n  ∈ [M-1, L-1]
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Effective index for x[m] (2)

x[m] 

h[n-m] 

L

x[m] 

h[n-m] 

x[m] 

h[n-m] 

partial overlap

full overlap

partial overlap

M

Case A

n

n

n

m’

m’

m’

m

m

m

m’  ∈ [    0,      n] for a given n

m’  ∈ [n-M+1, n] for a given n

m’  ∈ [n-M+1, L-1] for a given n

n  ∈ [0, M-2]

n  ∈ [L, L+M-2]

n  ∈ [M-1, L-1]
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Effective index for h[n-m] (3)

x[m] 

h[n-m] 

L

x[m] 

h[n-m] 

x[m] 

h[n-m] 

partial overlap

full overlap

partial overlap

n-m’  ∈ [n, 0]

n-m’  ∈ [M-1, n-L+1 ]

n-m’    ∈ [M-1, 0]

M

Case A

n

n

n

m’

m’

m’

m

m

m

   m’  ∈ [0, n] for a given n

 m’  ∈ [n-M+1, n] for a given n

   m’  ∈ [n-M+1, L-1] for a given n

n  ∈ [0, M-2]

n  ∈ [L, L+M-2]

n  ∈ [M-1, L-1]
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Index n and m Case A

n

n

n

0 L-1

n

n

n

min max

 m

 h[n-m]  x[m]

n

0 L-1

n
m: Fixed zero

min max

 effective m

 h[n-m]  x[m]

m’

m’

m’

m’

m’
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Index m and n-m Case A

M-1 0

M-1 0

M-1 0

M-1 0

n

n

n

M-1 0

M-1 0

n

M-1 0

n

effective n-m

n-m: Floating zero

max min

 h[n-m]  x[m]

n

0 L-1

n

min max

 effective m

 x[m]

m’

m’

m’

m’

m’m: Fixed zero

n-m’  ∈ [n, 0]

n-m’  ∈ [M-1, n-L+1 ]

n-m’    ∈ [M-1, 0]
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Range partitions for n (1)

h[m] 

x[n-m] 

L

h[m] 

x[n-m] 

h[m] 

x[n-m] 

partial overlap

full overlap

partial overlap

n  ∈ [0, M-2]

n  ∈ [L, L+M-2]

n  ∈ [M-1, L-1]

M

Case B

n

n

n

m’

m’

m’

m

m

m
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Effective index for h[m] (2)

h[m] 

x[n-m] 

L

h[m] 

x[n-m] 

h[m] 

x[n-m] 

partial overlap

full overlap

partial overlap

n  ∈ [0, M-2]

n  ∈ [L, L+M-2]

n  ∈ [M-1, L-1]

M

Case B

n

n

n

m’

m’

m’

m’   ∈ [      0,     n]  for a given n

m’  ∈ [      0,   M-1] for a given n

m’  ∈ [n-L+1, M-1] for a given n

m

m

m
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Effective index for x[n-m] (3)

h[m] 

x[n-m] 

L

h[m] 

x[n-m] 

h[m] 

x[n-m] 

partial overlap

full overlap

partial overlap

n  ∈ [0, M-2]

n  ∈ [L, L+M-2]

n  ∈ [M-1, L-1]

M

Case B

n

n

n

m’

m’

m’

  m’  ∈ [0, n] for a given n

   m’  ∈ [0, M-1] for a given n

  m’  ∈ [n-L+1, M-1] for a given n

m

m

m

n-m’  ∈ [n, 0]

n-m’  ∈ [L-1, n-M+1]

n-m’  ∈ [n, n-M+1]
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Index n and m Case B

n

n

n

0 M-1

n

n

n

min max

 m

 x[n-m]  h[m]

0 M-1

m: Fixed zero

min max

 effective m

 x[n-m]  h[m]

m’

m’

m’

m’

m’
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Index m and n-m Case B

L-1 0

L-1 0

L-1 0

L-1 0

n

n

n

L-1 0

L-1 0

n

L-1 0

n

effective n-m

n-m: Floating zero

max min

 x[n-m]  h[m]

0 M-1

m: Fixed zero

min max

 effective m

 x[n-m]  h[m]

m’

m’

m’

m’

m’

n-m’  ∈ [n, 0]

n-m’  ∈ [L-1, n-M+1]

n-m’  ∈ [n, n-M+1]
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● Summary
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Summary (1) : effective ranges for m 

x[m] 

x[m] 

x[m] 

Case A, B

m’  ∈ [        0,     n] 

m’  ∈ [n-M+1,    n]

m’  ∈ [n-M+1, L-1]

h[m] 

h[m] 

h[m] 

m’  ∈ [       0,      n]

m’  ∈ [       0,  M-1] 

m’  ∈ [n-L+1, M-1] 

x[m] 

h[n-m] 

m

h[m] 

x[n -m] 

m

Case A Case B

n n

m’ m’ Fixed zeroFixed zero
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Summary (2) : effective ranges for n-m 

h[n-m] 

h[n-m] 

h[n-m] 

Case A, B

n-m’  ∈ [     n,        0] 

n-m’  ∈ [ M-1,        0]

n-m’  ∈ [ M-1, n-L+1]

x[n -m] 

x[n -m] 

x[n -m] 

n-m’  ∈ [   n,          0]

n-m’  ∈ [   n, n-M+1] 

n-m’  ∈ [L-1, n-M+1] 

x[m] 

h[n-m] 

m

h[m] 

x[n -m] 

m

Case A Case B

n n

n-m n-m Floating zeroFloating zero
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Summary (3) : memorizing effective ranges for m Case A, B

x[m] 

h[n-m] 

m

h[m] 

x[n -m] 

m

[max(0, n-(M-1)), min(n, L-1)] [max(0, n-(L-1)), min(n, M-1)]

Case A Case B

n

n-(M-1)

L-1

n

n-(L-1)

M-1

m’ m’
Fixed zeroFixed zero
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Summary (4) : lower and upper bounds for m Case A, B

m m

Case A Case B

n n

min(n, L-1)

max(0, n-(M-1))

upper bound

lower bound

min(n, M-1)

max(0, n-(L-1))

upper bound

lower bound

m’ m’
Fixed zeroFixed zero
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● Range Partitions for n
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Sizes of overlapped index regions 

L

partial overlap full overlap partial overlap

M-1 M-1

M L

M L

[0, M-2] [L, L+M-2][M-1, L-1]

amount of the 
overlapped indices

L-M+1
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Four boundary points

partial overlap full overlap partial overlap

M-1 M-1

M L

[0, M-2] [L, L+M-2][M-1, L-1]

amount of the 
overlapped indices

L-M+1

0 M-1 L-1 L+M-2

n
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h[n-m] at the boundary points  (1)

x[m] 

h[m] 

h[0-m] 

h[M-1-m] 

h[L+M-2-m] 

L

h[L-1-m] 

M-1

  M+L-1      L                     M

y[n] += x[m] * h[n-m];

y[0] 

y[M-1] 

y[L+M-2] 

y[L-1] 

n      ∈ [0, L+M-2]
m    ∈  [0, L-1]
n-m ∈  [0, M-1]

m

n n

effective m : overlapped regions 

Pt 1

Pt 2

Pt 4

Pt 3

partial overlap

full overlap

partial overlap

n

Case A

value function

value function

value function

value function
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x[n-m] at the boundary points (2)

h[m] 

x[m] 

x[0-m] 

x[M-1-m] 

x[L+M-2-m] 

x[L-1-m] 

  M+L-1      M                     L

y[n] += h[m] * x[n-m];

y[0] 

y[M-1] 

y[L+M-2] 

y[L-1] 

n      ∈ [0, L+M-2]
m    ∈  [0, M-1]
n-m ∈  [0, L-1]

m

n n

effective m : overlapped regions 

Pt 1

Pt 2

Pt 4

Pt 3

partial overlap

full overlap

partial overlap

L M-1

n

Case B

value function

value function

value function

value function
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Effective ranges of m and n-m Case A, B

m m

Case A Case B

n n

min(n, L-1)

max(0, n-(M-1))

upper bound

lower bound

min(n, M-1)

max(0, n-(L-1))

upper bound

lower bound

[      0,       0]     
[      0,       1]     

[      0,  M-1]     

[   L-M,  L-1]
[L-M+1, L-1]

[    L-1,  L-1]    

[    0,     0]
[    0,     1]

[    0, M-1]

[    0, M-1]
[    1, M-1]

[M-1, M-1]

[      0,       0]     
[      1,       0]     

[   M-1,     0]     

[   M-1,     0]
[   M-1,     1]

[    M-1, M-1]    

[     0,        0]
[     1,        0]

[M-1,        0] 

[L-1,     L-M]
[L-1, L-M+1]

[L-1,      L-1]

0 

M-1 

L+M-2 

L-1

0 

M-1 

L+M-2 

L-1

m n-m m n-m
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Effective ranges of m in x[m] (1)

x[m] 

h[m] 

h[0-m] 

h[M-1-m] 

h[L+M-2-m] 

M

h[L-1-m] 

  M+L-1      L                     M

y[n] += x[m] * h[n-m];

y[0] 

y[M-1] 

y[L+M-2] 

y[L-1] 

n      ∈ [0, L+M-2]
m    ∈  [0, L-1]
n-m ∈  [0, M-1]

m

[      0,       0]     
[      0,       1]     

[      0,  M-1]     

[   L-M,  L-1]
[L-M+1, L-1]

[    L-1,  L-1]    

min(n, L-1)max(0, n-(M-1))

L M-1

n

Case A

effective m : overlapped regions 
upper boundlower bound

n n-m
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Effective ranges of m in h[m] (2)

h[m] 

x[m] 

x[0-m] 

x[M-1-m] 

x[L+M-2-m] 

L

x[L-1-m] 

  M+L-1      M                     L

y[n] += h[m] * x[n-m];

y[0] 

y[M-1] 

y[L+M-2] 

y[L-1] 

n      ∈ [0, L+M-2]
m    ∈  [0, M-1]
n-m ∈  [0, L-1]

[    0,     0]
[    0,     1]

[    0, M-1]

[    0, M-1]
[    1, M-1]

[M-1, M-1]

min(n, M-1)max(0, n-(L-1))

n

m

L M-1

n

Case B

effective m : overlapped regions 
upper boundlower bound

n-m



DLTI.1A Convolution 32 Young Won Lim
3/25/19

Effective ranges of n-m in h[n-m] (1)

x[m] 

h[m] 

h[0-m] 

h[M-1-m] 

h[L+M-2-m] 

L

M

h[L-1-m] 

  M+L-1      L                     M

y[n] += x[m] * h[n-m];

y[0] 

y[M-1] 

y[L+M-2] 

y[L-1] 

n      ∈ [0, L+M-2]
m    ∈  [0, L-1]
n-m ∈  [0, M-1]

m

[      0,       0]     
[      1,       0]     

[   M-1,     0]     

[   M-1,     0]
[   M-1,     1]

[    M-1, M-1]    

min(n, L-1)max(0, n-(M-1))

L M-1

n

Case A

upper boundlower bound

n n-m
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Effective ranges of n-m in x[n-m] (2)

h[m] 

x[m] 

x[0-m] 

x[M-1-m] 

x[L+M-2-m] 

L

M

x[L-1-m] 

  M+L-1      M                     L

y[n] += h[m] * x[n-m];

y[0] 

y[M-1] 

y[L+M-2] 

y[L-1] 

n      ∈ [0, L+M-2]
m    ∈  [0, M-1]
n-m ∈  [0, L-1]

[     0,        0]
[     1,        0]

[M-1,        0] 

[L-1,     L-M]
[L-1, L-M+1]

[L-1,      L-1]

min(n, M-1)max(0, n-(L-1))
m

L M-1

n

Case B

upper boundlower bound

n n-m
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Index n-m value example

     M+L-1              L                   M

y[n] += x[m] * h[n-m];
n=0

n=1

n=2

n=3

n=4

n=5

n=6

n=7

n=8

n=9

n=10

n=11

L=8

M=4

   0

1 0

2 1 0

3 2 1 0

3 2 1 0

3 2 1 0

3 2 1 0

3 2 1 0

3 2 1   

3 2   

3    

    

0

0

1 2 3 4 5 6 7

1 2 3

L-1M-10

M

M-1

0

L-M

L-1

M-1

L-M-2

h[0-m]

h[1-m]

h[2-m]

h[3-m]

h[4-m]

h[5-m]

h[6-m]

h[7-m]

h[8-m]

h[9-m]

h[10-n]

h[11-n]

x[m]

h[m]

L-
M

+
1

M
-1

M
-1

Case A
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Index n-m value example

     M+L-1              M                   L

y[n] += h[m] * x[n-m];
n=0

n=1

n=2

n=3

n=4

n=5

n=6

n=7

n=8

n=9

n=10

n=11

M=4

L=8

0 1 2 3

L-1M-10

M

M-1

0

L-M
L-

M
+

1

L-1

M-1
M

-1

L-M-2

x[0-m]

x[1-m]

x[2-m]

x[3-m]

x[4-m]

x[5-m]

x[6-m]

x[7-m]

x[8-m]

x[9-m]

x[10-n]

x[11-n]

0 1 2 3 4 5 6 7

0

1 0

2 1 0

3 2 1 0

4 3 2 1

5 4 3 2

6 5 4 3

7 6 5 4

7 6 5

7 6

7

 

h[m]

x[m]

M
-1

Case B
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● Reasoning about lower and upper bounds of m
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Index Variable Constraints

    M+L-1      L                   M

y[n] += x[m] * h[n-m];

Constraint 1 : n      ∈ [0, L+M-2] y[ ]   : array with size of L+M-1 

Constraint 2 : n-m  ∈ [0, M-1] h[ ]   : array with size of M 

Constraint 3 : m    ∈  [0, L-1] x[ ]   : array with size of L

hx y

Case A
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Constraint 1 – counting n  

n=  0 n= 0
n=  1 n= 1
n=  2 n= 2

n= M-1
n=  L-1 n= M+0
n=  L+0 n= M+1
n=  L+1 n= M+2

n=  L+M-2 n= M+L-2
n=  L+M-1 n= M+L-1

L

M

M

L

M < L is assumed 

len(filter) < len(input) 

L+M-1 output length

     M+L-1              L                   M

y[n] += x[m] * h[n-m];

Constraint 1 :n  ∈ [0, L+M-2]

Counting 1 Counting 2

Case A
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Lower Bound of m = max(0, n-(M-1))

     M+L-1              L                   M

y[n] += x[m] * h[n-m];

Case A

M-1

M-1 0

M-1 0

n

n

n m

0 L-1

min

UB(n-m) = n

UB(n-m) = M-1

LB(m) = 0

LB(m) = n-(M-1)

Fixed zeroFloating zero

LB(m) = max(0, n-(M-1)) UB(n-m) LB(m)

0
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Upper Bound of m = min(n, L-1)

     M+L-1              L                   M

y[n] += x[m] * h[n-m];

Case A

M-1

M-1 0

M-1 0

n

n

n m

0 L-1

min

UB(m) = n

UB(m) = (L-1)

Fixed ZeroFloating zero

0
LB(n-m) = 0

LB(n-m) = n-(L-1)

UB(m) = min(n, L-1) LB(n-m) UB(m)
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Constraint 1 & 2 – UB(n-m) LB(m)

    n - m :     M-1  ... 0Constraint 2 : n-m  ∈ [0, M-1] (0, n+1-M)

for UB(n-m) values
m should be least possible

0 ≤ (n-m) ≤ M-1

Case A) n ≤ M-1
UB(n-m) = n
LB(m) = 0

Case B) n ≥ M
UB(n-m) = M-1
LB(m) = n-(M-1) 

LB(m) = max(0, n-(M-1)) 

max min

Case A

Floating zero

     M+L-1              L                   M

y[n] += x[m] * h[n-m];

M-1

M-1 0

M-1 0

n

n

n

UB(n-m) = n

UB(n-m) = M-1

0

m

0 L-1

min

Fixed zero

LB(m) = 0

LB(m) = n-(M-1)
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Constraint 1 & 3 – UB(m) LB(n-m)

Constrain 3 : m ∈  [0, L-1]     n - m :     M-1  ... 0 (n,          M-1)

for LB(n-m) values
m should be greatest possible

0 ≤ (n-m) ≤ M-1

Case A) n ≤ M-1
UB(m) = n
LB(n-m) = 0

Case B) n ≥ M
UB(m) = L-1
LB(n-m) = n-(L-1)

UB(m) = min(n, L-1) 

max min

Case A

Fixed zeroFloating zero

     M+L-1              L                   M

y[n] += x[m] * h[n-m];

M-1

M-1 0

M-1 0

n

n

n

0
LB(n-m) = 0

LB(n-m) = n-(L-1)

m

0 L-1

min

UB(m) = n

UB(m) = (L-1)
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n=  0 n= 0
n=  1 n= 1
n=  2 n= 2

n= M-1
n=  L-1 n= M+0
n=  L+0 n= M+1
n=  L+1 n= M+2

n=  L+M-2 n= M+L-2
n=  L+M-1 n= M+L-1

L

M

M

L

M < L is assumed 

len(filter) < len(input) 

L+M-1 output length

     M+L-1              L                   M

y[n] += x[m] * h[n-m];

Constraint 1 :n  ∈ [0, L+M-2]

Counting 1 Counting 2

Case A
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Constraint 1 & 2 – UB(n-m) LB(m) 

    n       – m   : M-1  ... 0Constraint 2 : n-m  ∈ [0, M-1] (0, n+1-M)

max(0, n-(M-1)) = LB(m)LB(m) UB(n-m)

n=  0 m=  0 ... 0 –  m = 0 ...  (0,   1-M  )
n=  1 m=  0 ... 1 –  m = 1 ...  (0,   2-M  )
n=  2 m=  0 ... 2 –  m = 2 ...  (0,   3-M  )

n=  M-1 m=  0 ... M-1 –  m = M-1...  (0,  M-M )
n=  M m=  0 ... M –  m = M-1...  (0,    1    )
n=  M+1 m=  1 ... M+0 –  m = M-1...  (0,    2    )
n=  M+2 m=  2 ... M+1 –  m = M-1...  (0,    3    )

n=  M+L-2 m=  M-1... M+L-2 –  m = M-1...  (0,    L-1)
n=  M+L-1 m=  M ... M+L-1 –  m = M-1...  (0,    L   )

m = [max(0, n-(M-1)), min(n, L-1)]

Case A

     M+L-1              L                   M

y[n] += x[m] * h[n-m];

M

L
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Constraint 1 & 3 – UB(m) LB(n-m)

Constrain 3 : m ∈  [0, L-1] 

min(n, L-1) = UB(m)

   n       –   m  :  M-1    ...   0
(n,          L-1)

M

UB(m) LB(n-m)

n=  0 m=   ... 0 0 –  m =  ... 0 (   0,  L-1)
n=  1 m=   ... 1 1 –  m =  ... 0 (   1, L-1)
n=  2 m=   ... 2 2 –  m =  ... 0 (   2, L-1)

n=  L-1 m=   …L-1 L-1 –  m =   ... 0 (L-1, L-1)
n=  L+0 m=   …L-1 L+0 –  m =  ... 1 (L+0, L-1)
n=  L+1 m=   …L-1 L+1 –  m =  ... 2 (L+1, L-1)

n=  L+M-2 m=    …L-1 L+M-2 –  m = …  M-1 (L+M-2, L-1)
n=  L+M-1 m=   …L-1 L+M-1 –  m =  …  M (L+M-1, L-1)

m = [max(0, n-(M-1)), min(n, L-1)]

Case A

     M+L-1              L                   M

y[n] += x[m] * h[n-m];

L
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Constrain 3 : m ∈  [0, M-1] 

min(n, M-1)

   n       –   m  :  L-1    ...   0 (   n,   M-1)

M

L

UB(m)

n=  0 m= 0  ... 0 0 –  m = 0 ... 0 (0,   1-L  ) (   0,  M-1)

n=  1 m= 0 ... 1 1 –  m = 1 ... 0 (0,   2-L  ) (   1, M-1)

n=  2 m= 0  ... 2 2 –  m = 2 ... 0 (0,   3-L  ) (   2, M-1)

n=  M-1 m= 0  …M-1 M-1 –  m =   ... 0 (0,   -2    ) (M-1, M-1)

n=  M+0 m= 0  …M-1 M+0 –  m =  ... 1 (0,   -1    ) (M+0, M-1)

n=  M+1 m= 0 …M-1 M+1 –  m = L-1 ... 2 (0,    0    ) (M+1, M-1)

n=  M+2 m= 1 ... M+2 –  m = L-1 ... 3 (0,    1    ) (M+2, M-1)

n=  M+3 m= 2 ... M+3 –  m = L-1 ... 4 (0,    2    ) (M+3, M-1)

n=  M+L-2 m=M-1  …M-1 M+L-2 –  m = L-1 …  L-1 (0,    M-1) (M+L-2,M-1)

n=  M+L-1 m=M …M-1 M+L-1 –  m = L-1 …  L (0,    M   ) (M+L-1,M-1)

m = max(0, n-L+1)  .. min(n, M-1)

(0, n+1-L)

max(0, n+1-L)LB(m)

Constraint 1, 2, 3 – max m and min m Case B

L

M

     M+L-1              L                   M

y[n] += x[m] * h[n-m];
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Valid index set example

     M+L-1              L                   M

y[n] += x[m] * h[n-m];
n=0

n=1

n=2

n=3

n=4

n=5

n=6

n=7

n=8

n=9

n=10

n=11

L=8

M=4

   0

1 0

2 1 0

3 2 1 0

3 2 1 0

3 2 1 0

3 2 1 0

3 2 1 0

3 2 1   

3 2   

3    

    

0

0

1 2 3 4 5 6 7

1 2 3

L-1M-10

M

M-1

0

L-M

L-1

M-1

L-M-2

x[m]

h[m]

L-
M

+
1

M
-1

M
-1

Case A

m ∈  [0, L-1]
n-m∈  [0, M-1]

n ∈  [0, L+M-2] 

n=0 m=0 
----------------
n=1 m=0 
n=1 m=1 
----------------
n=2 m=0 
n=2 m=1 
n=2 m=2 
----------------
n=3 m=0 
n=3 m=1 
n=3 m=2 
n=3 m=3 
----------------

n=4 m=0 
n=4 m=1 
n=4 m=2 
n=4 m=3 
----------------
n=5 m=0 
n=5 m=1 
n=5 m=2 
n=5 m=3 
----------------
n=6 m=0 
n=6 m=1 
n=6 m=2 
n=6 m=3 
----------------

n=7 m=0 
n=7 m=1 
n=7 m=2 
n=7 m=3 
----------------
n=8 m=1 
n=8 m=2 
n=8 m=3 
----------------
n=9 m=2 
n=9 m=3 
----------------
n=10 m=3 
----------------
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Index Variable Constraints

    M+L-1      M                   L

y[n] += h[m] * x[n-m];

Constraint 1 : n      ∈ [0, L+M-2] y[ ]   : array with size of L+M-1 

Constraint 2 : n-m  ∈ [0, L-1] x[ ]   : array with size of L 

Constraint 3 : m    ∈  [0, M-1] h[ ]   : array with size of M

hx y

Case B
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Constraint 1 – counting n  

n=  0 n= 0
n=  1 n= 1
n=  2 n= 2

n= M-1
n=  L-1 n= M+0
n=  L+0 n= M+1
n=  L+1 n= M+2

n=  L+M-2 n= M+L-2
n=  L+M-1 n= M+L-1

L

M

M

L

M < L is assumed 

len(filter) < len(input) 

L+M-1 output length

     M+L-1              M                   L

y[n] += h[m] * x[n-m];

Constraint 1 :n  ∈ [0, L+M-2]

Counting 1 Counting 2

Case B
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Lower Bound of m = max(0, n-(L-1))

     M+L-1              M                   L

y[n] += h[m] * x[n-m];

Case B

L-1 0

L-1 0

L-1 0

L-1 0

n

n

n m

0 M-1

min

UB(n-m) = n

UB(n-m) = L-1

LB(m) = 0

LB(m) = n-(L-1)

Fixed zeroFloating zero

LB(m) = max(0, n-(L-1)) UB(n-m) LB(m)
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Upper Bound of m = min(n, M-1)

     M+L-1              M                   L

y[n] += h[m] * x[n-m];

Case B

L-1 0

L-1 0

L-1 0

L-1 0

n

n

n

m

0 M-1

max

M-1

LB(n-m) = 0

LB(n-m) = n-(M-1)

UB(m) = n

UB(m) = M-1

UB(m) = min(n, M-1) 

Fixed zeroFloating zero

LB(n-m) UB(m)
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Constraint 1 & 2 – UB(n-m) LB(m)

    n - m :     L-1  ... 0

     M+L-1              M                   L

y[n] += h[m] * x[n-m];

Constraint 2 : n-m  ∈ [0, L-1] (0, n+1-L)

for UB(n-m) values
m should be least possible

0 ≤ (n-m) ≤ L-1

Case A) n ≤ L-1
UB(n-m) = n
LB(m) = 0

Case B) n ≥ L
UB(n-m) = L-1
LB(m) = n-(L-1) 

LB(m) = max(0, n-(L-1)) 

max min

Case B

L-1 0

L-1 0

L-1 0

L-1 0

n

n

n
m

0 M-1

LB(m)

UB(n-m) = n

UB(n-m) = L-1

Fixed zeroFloating zero



DLTI.1A Convolution 53 Young Won Lim
3/25/19

Constraint 1 & 3 – UB(m) LB(n-m)

     M+L-1              M                   L

y[n] += h[m] * x[n-m];

Constrain 3 : m ∈  [0, M-1]     n - m :     L-1  ... 0 (n,          M-1)

for LB(n-m) values
m should be greatest possible

0 ≤ (n-m) ≤ L-1

Case A) n ≤ M-1
UB(m) = n
LB(n-m) = 0

Case B) n ≥ M
UB(m) = M-1
LB(n-m) = n-(M-1)

UB(m) = min(n, M-1) 

max min

Case B

L-1 0

L-1 0

L-1 0

L-1 0

n

n

n

m

0 M-1

UB(m)

M-1

Fixed zeroFloating zero

LB(n-m) = 0

LB(n-m) = n-(M-1)
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Constraint 1 & 2 – UB(n-m) LB(m) 

    n       – m   : L-1  ... 0

     M+L-1              M                   L

y[n] += h[m] * x[n-m];

Constraint 2 : n-m  ∈ [0, L-1] (0, n+1-L)

max(0, n-(L-1)) = LB(m)

L

M

LB(m) UB(n-m)

n=  0 m=  0 ... 0 –  m = 0 ...  (0,   1-L  )
n=  1 m=  0 ... 1 –  m = 1 ...  (0,   2-L  )
n=  2 m=  0 ... 2 –  m = 2 ...  (0,   3-L  )

n=  L-1 m=  0 ... L-1 –  m = L-1 ...  (0,   L-L  )
n=  L+0 m=  1 ... L+0 –  m = L-1 ...  (0,    1    )
n=  L+1 m=  2 ... L+1 –  m = L-1 ...  (0,    2    )

n=  L+M-2 m=  M-1... L+M-2 –  m = L-1...  (0,    M-1)
n=  L+M-1 m=  M ... L+M-1 –  m = L-1...  (0,    M   )

m = [max(0, n-(L-1)), min(n, M-1)]

Case B
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Constraint 1 & 3 – UB(m) LB(n-m)

     M+L-1              M                   L

y[n] += h[m] * x[n-m];

Constrain 3 : m ∈  [0, M-1] 

min(n, M-1) = UB(m)

   n       –   m  :  L-1    ...   0 (n,          M-1)

M

L

UB(m) LB(n-m)

n=  0 m=   ... 0 0 –  m =  ... 0 (   0,  M-1)
n=  1 m=   ... 1 1 –  m =  ... 0 (   1, M-1)
n=  2 m=   ... 2 2 –  m =  ... 0 (   2, M-1)

n=  M-1 m=   …M-1 M-1 –  m =   ... 0 (M-1, M-1)
n=  M+0 m=   …M-1 M+0 –  m =  ... 1 (M+0, M-1)
n=  M+1 m=   …M-1 M+1 –  m =  ... 2 (M+1, M-1)
 M+2 –  m =  … 3
 

n=  M+L-2 m=    …M-1 M+L-2 –  m = …  L-1 (M+L-2, M-1)
n=  M+L-1 m=   …M-1 M+L-1 –  m =  …  L (M+L-1, M-1)

m = [max(0, n-(L-1)), min(n, M-1)]

Case B
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     M+L-1              M                   L

y[n] += h[m] * x[n-m];

Constrain 3 : m ∈  [0, M-1] 

min(n, M-1)

   n       –   m  :  L-1    ...   0 (   n,   M-1)

M

L

UB(m)

n=  0 m= 0  ... 0 0 –  m = 0 ... 0 (0,   1-L  ) (   0,  M-1)

n=  1 m= 0 ... 1 1 –  m = 1 ... 0 (0,   2-L  ) (   1, M-1)

n=  2 m= 0  ... 2 2 –  m = 2 ... 0 (0,   3-L  ) (   2, M-1)

n=  M-1 m= 0  …M-1 M-1 –  m =   ... 0 (0,   -2    ) (M-1, M-1)

n=  M+0 m= 0  …M-1 M+0 –  m =  ... 1 (0,   -1    ) (M+0, M-1)

n=  M+1 m= 0 …M-1 M+1 –  m = L-1 ... 2 (0,    0    ) (M+1, M-1)

n=  M+2 m= 1 ... M+2 –  m = L-1 ... 3 (0,    1    ) (M+2, M-1)

n=  M+3 m= 2 ... M+3 –  m = L-1 ... 4 (0,    2    ) (M+3, M-1)

n=  M+L-2 m=M-1  …M-1 M+L-2 –  m = L-1 …  L-1 (0,    M-1) (M+L-2,M-1)

n=  M+L-1 m=M …M-1 M+L-1 –  m = L-1 …  L (0,    M   ) (M+L-1,M-1)

m = max(0, n-L+1)  .. min(n, M-1)

(0, n+1-L)

max(0, n+1-L)LB(m)

Constraint 1, 2, 3 – max m and min m Case B

L

M
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Valid index set example

     M+L-1              M                   L

y[n] += h[m] * x[n-m];
n=0

n=1

n=2

n=3

n=4

n=5

n=6

n=7

n=8

n=9

n=10

n=11

M=4

L=8

0 1 2 3

L-1M-10

M

M-1

0

L-M
L-

M
+

1

L-1

M-1
M

-1

L-M-2

0 1 2 3 4 5 6 7

0

1 0

2 1 0

3 2 1 0

4 3 2 1

5 4 3 2

6 5 4 3

7 6 5 4

7 6 5

7 6

7

 

h[m]

x[m]

M
-1

Case B

n=0 m=0 
----------------
n=1 m=0 
n=1 m=1 
----------------
n=2 m=0 
n=2 m=1 
n=2 m=2 
----------------
n=3 m=0 
n=3 m=1 
n=3 m=2 
n=3 m=3 
----------------

n=4 m=0 
n=4 m=1 
n=4 m=2 
n=4 m=3 
----------------
n=5 m=0 
n=5 m=1 
n=5 m=2 
n=5 m=3 
----------------
n=6 m=0 
n=6 m=1 
n=6 m=2 
n=6 m=3 
----------------

n=7 m=0 
n=7 m=1 
n=7 m=2 
n=7 m=3 
----------------
n=8 m=1 
n=8 m=2 
n=8 m=3 
----------------
n=9 m=2 
n=9 m=3 
----------------
n=10 m=3 
----------------

m ∈  [0, M-1]
n-m∈  [0, L-1]

n ∈  [0, L+M-2] 
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Impulse Response

an y [n ] + an−1 y [n−1] + ⋯+ an−N y [n−N ] = x [n]

anh [n] + an−1h [n−1] + ⋯+ an−Nh[n−N ] = δ[n]

h[n] =
1
an

(δ[n ] − an−1h[n−1] − ⋯− an−Nh [n−N ])

x [n ] y [n ]h[n ]

δ[n] h [n ]h[n ]

x(t ) y(t)h(t)

δ(t) h(t)h(t)

y [n] = ∑
m=−∞

+ ∞

x [m ] h[n −m] y(t) = ∫
−∞

+ ∞

h(τ) x(t − τ) d τ

Discrete Time LTI System Continuous Time LTI System

The most general form of 
a Discrete Time LTI System
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Convolution Sum

y [n] = ⋯ x [−1] h[n + 1] + x [0] h [n] + x [1] h[n− 1]

m= 0 m = 1m=−1

y [n] = ∑
m=−∞

+ ∞

x [m ] h[n− m] = ∑
m=−∞

+ ∞

x [n −m] h [m]

−1+ n+ 1= n 0+ n−0 = n +1+ n−1= n

y [n] = ⋯ x [n + 1] h [−1] + x [n ] h [0] + x [n− 1] h[1]

m = 0 m= 1m =−1

−1+ n+ 1= n 0+ n−0 = n +1+ n−1= n

y [n] = ∑
i , j

i+ j=n

x [i] y [ j]

= ∑
m=−∞

+ ∞

x [m ] h[n−m]

= ∑
m=−∞

+ ∞

x [n −m] h[m]
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Difference Equation

an y [n] = bnx [n] + bn−1 x [n−1 ] + ⋯+ bn−M x [n−M ]

Non-recursive 
Finite Impulse Response (FIR) filter

ai =0 for all i

ai ≠0 for some i

Recursive 
Infinite Impulse Response (IIR) filter

an y [n] = bnx [n] + bn−1 x [n−1 ] + ⋯+ bn−M x [n−M ] − an−1 y [n−1] − ⋯− an−N y [n−N ]

an y [n] + an−1 y [n−1 ] + ⋯+ an−N y [n−N ] = bn x [n] + bn−1 x [n−1] + ⋯ + bn−M x [n−M ]

past outputspresent 
output Feedback

recursive
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Infinite Impulse Response (IIR)

an y [n ] + an−1 y [n−1] + ⋯+ an−N y [n−N ] = bn x [n ] + bn−1 x [n−1] + ⋯+ bn−M x [n−M ]

an y [n] + an−1 y [n−1] + ⋯+ an−N y [n−N ] = bnx [n ]

an y [n] + an−1 y [n−1] + ⋯+ an−N y [n−N ] = bn−1x [n−1]

an y [n] + an−1 y [n−1] + ⋯+ an−N y [n−N ] = ⋯

an y [n] + an−1 y [n−1] + ⋯+ an−N y [n−N ] = bn−M x[n−M ]

bnh [n]

bn−1h[n−1]

bn−Mh [n−M ]

an y [n] + an−1 y [n−1] + ⋯+ an−N y [n−N ] = x [n]

hall [n] = bnh[n] − bn−1h[n−1] + ⋯+ bn−Nh[n−N ]

h[n] =
1
an

(δ[n ] − an−1h[n−1] − ⋯− an−Nh [n−N ])
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IIR and a Superposition of Inputs

x [n] y [n ]h [n ]

bnδ[n ] bnh [n ]

bn−1δ[n−1 ] bn−1h [n−1 ]

bn−M δ[n−M ] bn−M h [n−M ]

h [n ]

h [n ]

h [n ]

anh [n] + an−1h [n−1] + ⋯+ an−Nh[n−N ] = bnx[n]

anh [n] + an−1h [n−1] + ⋯+ an−Nh[n−N ] = bn−1x [n−1]

anh [n] + an−1h [n−1] + ⋯+ an−Nh[n−N ] = bn−M x [n−M ]

an y [n] + an−1 y [n−1] + ⋯+ an−N y [n−N ] = x [n]

h[n] =
1
an

(δ[n ] − an−1h[n−1] − ⋯− an−Nh [n−N ])
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IIR as an Sum of All Impulse Responses 

an y [n] + an−1 y [n−1 ] + ⋯+ an−N y [n−N ] = bn x [n] + bn−1 x [n−1] + ⋯ + bn−M x [n−M ]

xall [n ] y [n ]hall [n ]

xall [n ] = bn x [n] + bn−1 x [n−1] + ⋯+ bn−M x [n−M ]

an y [n] + an−1 y [n−1] + ⋯+ an−N y [n−N ] = x [n]

hall [n] = bnh[n] − bn−1h[n−1] + ⋯+ bn−Nh[n−N ]

h[n] =
1
an

(δ[n ] − an−1h[n−1] − ⋯− an−Nh [n−N ])
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IIR Example

x [n] y [n]h[n ]

Discrete Time LTI System

(0.7)nu(n)u(n)

y [n] = ∑
m=−∞

+∞

x [m] h[n−m]

y [n] = ∑
m=−∞

+∞

(0.7)
5u(m)u(n−m)

= ∑
m=0

n

(0.7)
5

=
1−(0.7)

n+1

1−0.7

=
10
3

(1−(0.7)
n+1

)

Infinite length
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Discrete Time Exponential γn

x [n ] y [n ]h[n ]

Discrete Time LTI System

y [n] = ∑
m=−∞

+ ∞

x [m ] h[n −m]

eλ t
= γ

t

γ = eλ

λ = lnγ

e−0.3t
= 0.7408t

λ =−0.3

γ = e−0.3
= 0.7408

e1.386 t = 4t

γ = 4

λ = ln4=1.386

γ = eλ

λ = lnγ

eλn
= γ

n
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Finite Impulse Response (FIR)

Tapped Delay Line

Transversal Filter 

an y [n] = bnx [n] + bn−1 x [n−1 ] + ⋯+ bn−M x [n−M ]

anh [n ] = bnδ[n] + bn−1δ[n−1] + ⋯+ bn−Mδ[n−M ]

h[k ] = bk/an (0≤ k ≤ M )

0 (k≤ 0)

0 (k > M )
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FIR Example

x [n ] y [n ]h [n ]

Discrete Time LTI System

y [n] = ∑
m=−∞

+ ∞

x [m ] h[n −m]

finite length

moving average filter
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Convolution Sums in FIR Systems

Computing Convolution Sums of an FIR

●Flip and Slide Form

●LTI Form

●Convolution Table

●Direct Form

an y [n] = bnx [n] + bn−1 x [n−1 ] + ⋯+ bn−M x [n−M ]
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Flip and Slide Form

h0

y [n] = ∑
m=−∞

+ ∞

x [m ] h[n − m] = ∑
m=−∞

+ ∞

x [n −m ] h[m] y [n] = ∑
i , j

i+ j=n

x [ i]y [ j]

h1 h2 h3

h3 h2 h1 h0

x0 x1 x2 x3 xn−1 xn xL−2xL−1xn+ 1

M L

M+ 1 points

L points

y0

h3 h2 h1 h0

x0 x1 x2 x3 xn−1 xn xL−2xL−1xn+ 1

yn

h3 h2 h1 h0

x0 x1 x2 x3 xn−1 xn xL−2xL−1xn+ 1

y L−1+ M
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LTI Form

y [n] = ∑
m=−∞

+ ∞

x [m ] h[n − m] = ∑
m=−∞

+ ∞

x [n −m ] h[m] y [n] = ∑
i , j

i+ j=n

x [ i]y [ j]

x0 x1 x2 x3 xn−1 xn xL−2xL−1xn+ 1

M+ 1

L

L points

h0 h1 h2 h3

h0 h1 h2 h3

h0 h1 h2 h3

h[n]

h[n−1]

h[n−2]

x0h [n]

x1h [n−1]

x2h [n−2]

δ[n] h [n ]h[n ]

x0δ[n ]

x1δ[n−1]

x2δ[n−2]

h [ n ]

h [ n ]

h [ n ]

x [n]

× x0h0 h1 h2 h3

h0 h1 h2 h3

h0 h1 h2 h3

× x1

× x2

y0 y1 y2 y3 y4 y5

x[n] y [n]
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Convolution Table

y [n] = ∑
m=−∞

+ ∞

x [m ] h[n − m] = ∑
m=−∞

+ ∞

x [n −m ] h[m] y [n] = ∑
i , j

i+ j=n

x [ i]y [ j]

x0 x1 x2 x3 xn−1 xn xL−2xL−1xn+ 1

M+ 1

L

L points

h0 h1 h2 h3h[n]

x [n]

x0 x1 x3 x4 x5 x6

h0x0 h0x1 h0x3 h0x4 h0x5 h0x6h0

h1x0 h1x1 h1x3 h1x4 h1x5 h1x6h1

h2x0 h2x1 h2x3 h2x4 h2x5 h2x6h2

h3x0 h3x1 h3x3 h3x4 h3x5 h3x6h3

y [n] = ∑
i , j

i+ j=n

x [ i]y [ j]
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Direct Form

y [n] = ∑
m=−∞

+ ∞

x [m ] h[n − m] = ∑
m=−∞

+ ∞

x [n −m] h[m] y [n] = ∑
i , j

i+ j=n

x [ i]y [ j]

x0 x1 x2 x3 xn−1 xn xL−2xL−1xn+ 1

M+ 1

L

L points

h0 h1 h2 h3h[n]

x [n]

y [n] = ∑
m=−∞

+ ∞

x [n −m] h[m]

0≤m≤M

0≤ n−m≤ L−1

m≤n ≤ L−1+m

0≤ n≤ L−1+ M

−(L−1) ≤m− n≤ 0

n−(L−1) ≤m≤n

0≤m≤M

max [n−(L−1),0] ≤m≤min [n ,M ]

y [n] = ∑
m=max [n−(L−1) ,0]

min[n,M ]

x [n −m] h[m]
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Convolution Property

y [n ] = x [n ]∗ h[n] = ∑
m=−∞

+ ∞

x [m] h[n− m]

y [n ] = δ[n] ∗ h [n] = ∑
m=−∞

+ ∞

δ[m ] h [n − m ]

h [n] = δ[n ]∗ h [n ]

x [n] ∗ Aδ[n − n0] = A x [n − n0]
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Frequency Response

y(t) = h(t)∗ x(t ) = ∫
−∞

+∞

h( τ) x(t − τ) d τ

x(t ) = A e jΦ e jωt

y(t) = ∫
−∞

+ ∞

h(τ) A e jΦ e jw(t−τ) d τ

= ∫
−∞

+ ∞

h(τ) A e jΦ e jwt e− jωτ d τ

= A e jΦ e jwt⋅ ∫
−∞

+ ∞

h(τ) e− jω τ d τ

= x(t ) H ( jw)⋅

y(t) = H ( jw)⋅A e jΦ e jω th(t)
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Direct Form
Convolution Table

LTI Form
Matrix Form

Flip-and-side form
Overlap-Add Block Convolution 

Block Processing Method
Sample Processing Method

Orfanidis intro to signal processing 
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