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We now discuss that term of D from the point of view of the re-
ciprocal network. The above properties, transferred to the reciprocal
network, will read as follows:

(1) Every junction is reached by the conductors in that term, of
D, N—p-1 in number

(2’) These N—p+1 conductors

(a’) reach all the N—p junctions

(b’) contain no closed circuits.
It is to be noted that remaining two statements follow as consequences
of the above, thus we can say:— these N—p~1 conductors

(¢’) hang together in a single piece

(d’) offer one and only one path joining any two junctions.

These four interesting properties, which characterize only the
skeleton after we suppress the conductors on the original network, also
characterise these conductors themselves in any term of D, if only we
consider on the reciprocal network,

As an illustration,
we give in figure 4
the network recipro-
cal to the network of
the Anderson’s bridge 4
in figure 1. In figure
4 all conductors and
junctions are labelled m' 6
as outlined in the last
paragraphs, From
this reciprocal dia- 7
gram, one can easily 5 1
verify that everyone
of the 45 terms of ’
D, which have been ”
given in part one,
satisfies all the four requirements (a’) (b’) (c¢’) (d’) in the previous
paragraph.

Fig. 4.
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coefficient + 2, for, by drawing vertical lines from the slant terms under
consideration, we get one set of the product a.b.c.d...g.h, and then by
drawing horizontal lines from the slant terms, we get another set of the
same product. We have thus shown that all the slant products just serve
to cancel out terms of type B in the main product.

Part Three

We want to add a few more lines about the geometrical interpreta-
tion of the terms of the common determinant D. For this purpose we
introduce the idea of the reciprocal network. The class of networks we
are considering being always mappable on the surface of a sphere, we
designate the conductors by the letters 1, 2, 8, 4.... and the regions
bounded by these conductors by the letters I, II, III, IV.....; on any
conductor there are always fwo adjoining regions. Now on another
diagram or surface of sphere, let us allot points I', II’, I/, IV’.... to
correspond fo the regions I, II, III, IV.... of the original network.
Furthermore, corresponding to the conductor, say 1, adjoining the two
regions, say, I and I, on the original network, we draw a conductor also
called 1 joining the two points I’ and II’ on the new diagram. The net-
work thus constructed on the new diagram is said to be reciprocal to the
original network. If we then give names to the different regions on the
reciprocal network and the corresponding points on the original one, the
same reciprocal relation exists.

We now propose to discuss the terms of the common determinant
first as viewed from the original network and then as viewed from the
reciprocal one. Considered from the originral network, every concern-
ing term of D, as our previous discussions show, the following statements
can be made:

(1) Every mesh contributes a representative conductor into that
term, which is a product of N—p+1 resistances

(2) If we suppress all the conductors appearing in that term, the
remaining skeleton on the original network, consisting of p—1 conductors
(a) contains no closed circuits
(b) reaches all p junctions
(c) hangs together in a single piece
(d) offers one and only one path joining any two junctions.

It has also been pointed out that of the last four statements any
two follow from the rest. '
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know the diagonal terms, from which it is an easy matter to complete
the determinant.*

The product of the terms of the main diagonal, which are just the
terms in the different meshes that we write down for the multiplication
table of part one, is the totality of terms of the types A, B & C of that
section. The determinant D’ is equal to this main product supplemented
by other products involving off-diagonal terms (we shall call such terms
slant terms and their products, slant products). It is therefore our re-
maining task, in justifying the rule of part one, to prove here that these
slant products just cancel all the terms in the main product of the type
A and B mentioned above.

The exclusion of terms of type A has been justified elsewhere above
already. Here, also, it is clear that in view of the form of the square

array (_’:: ';f), all quadratic terms are canceled out.

Let us now consider a certain slant product (which, we shall see
corresponds to a B term). We collect all the slant terms in that product
and consider the subdeterminant out of which these slant terms arise.
By rearranging the rows and columns at the same time so that the main
diagonal terms remains in that position, we can bring the slant terms
into the following standard position (also on account of the slant terms
coming in square arrays):

This kind of rearrangement
evidently does not affect the
sign of the product terms. It
is then seen that the slant pro-
duct in question, with the
negative sign before every
term, is always negative, mo
matter whether the order of
the subdeterminant is odd or
even. There are two such
negative slant products in view
of the symmetry about the N
diagonal. Corresponding to -h
these two negative slant pro-
ducts, there is in the product Fig. 3.
along the main diagonal this
same product term but with a coefficient -+ 2; these products have the

#The most general type of metwork differs from the restricted one (mappable

. +
on a sphere) merely in that the square array may sometimes be of the form ( +§ ;)
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After writing out and collecting the terms for the system of equa-
tions for the cyclic currents, we find the determinant I’ has a very charac-
teristic structure which we symbolize by the following diagram:

aibic -¢ “b
N ]
die+f -tlz ~f ~d
g+ +i'1__-’r
-C - -L c +h+
{ [ ‘—r—' ")
-b  -d jni-rd
|
. Fig. 2.

The corresponding diagram for the example of the Anderson’s
bridge is as follows: ’

2+6+7+8 -2 -6 -7
-2 2+3+4 —4 -0
-6 -4 4+5+6 -5
-7 0 -5 1+5+7

- The essential thing about these determinants is that it is symme-
trical about the main diagonal. Those conductors cccuring at two places
in the main diagonal (corresponding fo the physical fact that the con-
ductor is a member of two adjoining independent meshes) always have
two off-diagonal terms with a negative sign to supplement them, thus

forming a square array of the form(_:: ': . It is thus only necessary to
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through a certain mesh hijk.... As shown in the last section, PQRT...
cannot be on h, nor i, nor j.... That is to say the mesh hijk... is with-
out a representative in the product PQRT.... This is a contradiction to
the fundamental property of any term in the current determinant and
we draw the conclusion that the presence of such cyclic currents is im-
possible.

We come now to the question of finding the terms of D from the
multiplication table as prescribed in the rule given in part one. It is
clear that all terms of D are included in the terms from the multiplication
table; what we have to prove is that terms of type A and type B do not
exist in D while terms of type C all occur with the coefficient+1.

That terms of type A cannot -exist in D is quite clear. Since in
the system of linear equations the coefficient r; can go with i, only and
so forth, it follows in the determinant the resistances can enter in the
first power only. .

The situation about the exclusion of the terms of type B is not so
clear cut. In order to make the proof not too involved,* we have to
impose the restriction that the network can be so drawn on a sheet of
paper that no conductors need to cross over; we can also describe this by
saying that. the network can be laid or mapped on the surface of a
sphere.

Let us recall that the solution of any network problem can also
proceed by using, instead of the currents through all the conductors, the
set of the so-called Maxwell’s cyclic currents through the different inde-
pendent meshes as the unknowns. Thus in our example of the Anderson’s
bridge, there would be, instead of the Eight currents on the conductors,
the four cyclic currents as our unknowns and the four potential difference
equations are just necessary and sufficient to solve them. The reduction
of the number of unknowns in the system of simultaneous equations lies, of
course, in the fact that by using the cyclic currents and nothing else, the
junction equations for the currents are identically satisfied. Now these
cyclic currents can also be regarded as nothing but linear combinations
of the old currents on the conductors, it follows that the common deter-
minant D’ for the system of equations with the cyclic currents as un-
knowns differs from the common D by an integral multiplying factor only.
In fact this factor is unity and D’ is merely D simplified. We shall then
prove that terms of D’ have the property given in the rule of part one.

*Further investigation is being carried on to remove this restriction, if pessible,
or to generalize the rule. - -
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- The terms in Dy, have the same property with respect to thé minor
network (complete network minus the branch 1); that is:to say ‘the
skeleton remaining after the suppressing of the resistances in any term
of D, will contain no meshes. Any term of D, is of degree N—p; hence
this skeleton will contain N—1—(N—p)=p—1 conductors. Now, in gen-
eral, if the p—~1 conductors containing no meshes hang togéther into a
single piece, they will just pass through p junction; if, on the other hand,
they fall into p—1 pieces, they will pass through 2p-2 junctions. Here,
since there are only p junctions, it therefore follows that the skeleton of
p—1 conductors will pass through all the p junctions and will hang
together in a single piece, that is to say the skeleton will furnish one path
and one only (since there would be a mesh otherwise) connecting any two
of the p junctions,

Now we consider the expression for the total current D,. Every
term in it will have to enter the minor network at one end and leave it
at the other. In other words, every term has to appear in the expressions
for the currents of a number of conductors forming a connected path
joining the two end junctions; for no term can disappear at a certain
junction nor can any be split into fractions and divide them on several
branches in view of the integral nature of all coefficients.

- If the term under consideration is the product LMN. ..., the path
corresponding to this product certainly cannot contain the member L, or
M or N. (This is best seen by considering the complete N row deter-
minant giving the NUMERATOR for the current iy, in which deter-
minant the Lth column is replaced by many zeros and the emf.) Hence
the path corresponding to the product LMN. .. must lie completely within
the skeleton network formed from the minor network by suppressing the
members L, M, N... This is just the situation we investigated in the
last article and we have seen that there is one and only one path corres-
ponding to each product in the expression D,. This immediately leads
to the procedure we gave in the illustrative examples by classifying and
entering the different products of D, into the expressions for the currents
through different conductors.

There . is, however, one remaining question to be settled. That
is whether the true current is through a conductor S may contain, in
addition to those terms in D, that pass through S, some other terms (pro-
ducts in the resistances) that are of the nature of eyclic currents. Their
presence would be quite mdependent of ‘the distribution of the total cur-
rent-D, flowing into the minor network and thus would escape our atten-
tion. But it is easy to prove that there can be ho such currents present.
For, suppose there is cyclic current term of the form PQRT..., going
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- Summing up -all the terms under each column, we gef the expres-
sion for the carrent in that branch. Thus from the above, we have, for
instance,

i;=e.m.f.X (635+734+725+736—845) /D.

and so forth for the other currents.*
Part Two

In this section we shall be concerned with the proof of the state-
ments made in the last section, particularly with the two following pro-
positions: - -

(1) that the common determinant D can be found by merely exﬂuding
terms of type A and B from the multiplication table,

(2) that the currents through the conductors other than the battery
branch, or the determinants D,, D;, Dy...... ete., can be found from
the total current through the battery by a mere accounting process.

We shall begin with the second proposition, which is the important
thesis of this paper. Consider the N simultanecus equations with the N
currents as unknowns. Let there be p junctions in the network considered.
Of the N equations, p—1 equations are junction equations (current inflow
equals outflow), while the remaining N—p+1 are mesh equations (p. d.
around a mesh equals zero) with the resistances as coefficients. The
common determinant D is therefore a polynomial in the resistances of
degree N—p+1, Consider any term in this determinant; we can evident-
ly assign the N—p-+1 different (necessarily different, as is evident from
the structure of the equations) resistances in this term one to each of .
the N—p+1 independent meshes or the N—p+1 meshes can be said cach
to contribute a different resistance into this term under consideration.
It follows if we suppress from the network just these N—p+1 conductors,
the remaining network, which we call the skeleton, will contain none of
the N—p+1 independent meshes. We know that the choice of the set
of N—p+1 independent meshes is quite arbitrary, but transformation
from one set to another will leave the determinant D unchanged. It
follows that the skeleton from any term in D will contain no meshes
whatsoever.

*Note: In the previous section regarding the exclusion of the terms of the
type B in D, we may add that an additional check will comz up here. For, if
these B terms were included by an-oversight, we would have the extra ferm 624
in D; then, after suppressing the branches 6, 2, and 4, it will be found that there
will be two paths left joining a and b. This distinct anomally calls our attention
to the oversight
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junction a and leaves it at the junction b:  Consider one by one the
terms of D,. ~Take the first one, 234; in the minor network, we suppress
just these branches, 2, 3,"and 4; it is then found that :the remaining
skeleton of conductors will furnish one and only onec path joining the
junctions a and b. In the present case of the term 234, the only path
left is 7-5. We now construct a table with columns corresponding to the
branches in the minor network and we enter this product 234 into ihe
columns for the branches 7 and 5 with a positive or neqative sign in each
case according as the traced path from @ to b along 7 and 5 is in the
same or opposite sense as the oné tentatively drawn on the figure.’ In this
manner we enter the term 234 under 7 and 5, and repeat this process
with every term of D,. For our present example, the table will run as
follows:

Branches 2 3 4 5 6 T 8
0 0 0 234 0 234 0
0 0 235 0 235235 0O
0 0 0 23 0 236 0
0 245 0 0 0 0 245
0 625 0 0 0 QO 625
0 0 0 634 0 634 0O

635 0 635 0 0 O 635
0 645 O 0 0 0 645
0 724 0 0 0. 0 724
0 725 0 0 0 0 1725
0 726 ¢ O 0 O 1726

784 0 0 734 -734 0 734

785 0 735 0 ©0 O 1735

786 ¢ 73¢ 0 0 O 136
0 745 0 0 0 0 745
0 746 0 0 0 O 746
g 0 0 824 0 824 0
0 0 825 0 825825 0
0 0 O 826 0 82 0
0 0 0 84 0 84 0
0 0 83 0 835835 0
0 0 O 836 0 836 ¢

845845 0 O 845 845 O
0 0 0 846 0 846 O
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Typé B, Terms which appear more than once (generally twice,
‘but can be 2n times in complicated cases), such as, in
the present example, the terms (245)7, (246)1, (246)5,
(246)7, (625)7, (635)7, (645)7.

Type C, .Terms remaining after excluding those of types A and B.
Our rule states that the determinant D consists just of those terms
iin the entire group C, all with the coefficient+1*. In the present example,
there are 49 terms in group A, 14 terms in group B and 45 terms in
group C. The last are given in full as follows:

2341, 2345, 2347, 2351, 2357, 2361, 2365, 2367, 2451, 625],
6341, 6345, 6347, 6351, 6451, 7241, 7261, 7261, 7341, 7345,
7351, 7361, 7451, 7461, 8241, 8245, 8247, 8251, 8257, 8261,
8265, 8267, 8341, 8345, 8347, 8351, 8357, 8361, 8365, 8367,
8451, 8457, 8461, 8465, 8467.

These are the terms in the common determinant D.

We come next to the determinants- in the numerators (D, D,,...)
for the currents. Each of these determinants is a polynomial of the
resistances of degree 3 (number of meshes minus one). We begin with
the current through the e.m.f. branch, or D;. Dy is obtained from the
common determinant D by collecting all terms in D involving the factor
1 and then suppressing this factor 1, getting a polynomial of degree 3.
Thus in the present example the terms of D, are:

234, 2385, 236, 245, 625, 634, 635, 645, 724, 725, 126, T34, 735, 736, 745,
746, 824, 825, 826, 834, 835, 836, 845, 846.

The current i;, which is the total current through the battery, is

iy =em.f. x %

We then want to find the numerators for the currents through the
other branches. Our new method enables us to write them ouvt all at once
merely by examining Dy and without any computation indeed. We con-
centrate our attention on the network, which we shall call the “minor”
network, consisting of the conductors 2, 8, 4, 5, 6, 7, 8, after the branch
1 has been left out. The total current from the battery i, or Dy, if we
omit the common denominator D, flows into this minor network at the

*To be precise, certain restriction must be placed‘on tﬁe network in order that
this rule is valid; this restriction (network mappable on a spheie) is discussed at
length in part two when we come to the proof of this rule.
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the ratio of two determinants, the denominator determinant being common
to all eight. We shall first show how this common determinant, which
we shall call D, can be found by our new method.

Fig. 1.

It is clear, after a little thought about the co-efficients, that D is
a polynomial in the resistances of degree 4 (number of independent
meshes). We obtain all the terms of this polynomial from a “multiplica-
tion table,” which is formed by tabulating the conductors in each mesh
in a row and then multiplying the four rows one after the other in the
ordinary way. The four rows are:

Mesh I 2 617 8
Mesh' 11 2 3 4
Mesh 1II 45 6
Mesh IV 157

We could proceed to write all the 4-product terms out, thus: 2241,
6241, 7241, 8241....1In all there would be 4x3x3x3=108 terms. It is
found that these terms can be grouped in three types as follows:

Table A, Terms involving the square of a branch or branches,
thus, 2241, 6441, 2255....
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INTRODUCTION

The steady state solution of an electric network resolves itself into
the problem of a system of simultaneous linear equations. The solution
of this latter problem is usually expressed in the form of the ratio of two
determinants. But the reduction of these determinants involves such an
enormous amount of computation in most cases that mistakes are very
likely to creep in. The object of the present paper is to show, how in
virtue of the special form of the simultaneous equations for an electric
network, the algebraic work mentioned can be so very greatly reduced
and results can be written down almost at once.

The paper will consist of three parts: in the first part, we shall
introduce the rules of the new method by working with an illustrative
example from the beginning to the end, in the second part, we shall be
concerned with the more abstract proof, the third part contains some
additional discussion.

Part One

The working example we choose shall be the network of the familiar
Anderson’s bridge. The eight conductors have been named as shown in
figure 1, the em.f. being in branch 1. On each conductor a tentative
direction of flow of current is assigned, (except the battery branch, which
has a known direction of flow). In this circuit of 8 elements there are
4 independent current equations from the 4 junctions, and 4 potential
difference equations from the 4 independent meshes (or closed circuits)
giving 8 simultaneous equations in all. Among these equations the junc-
tion equations have coefficients of +1, —1, or 0 and the co-efficients of
the p. d. equations are the resistances (or the impedances) of the different
branches. Each of the eight currents can be expressed in the form of

1
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