PROCEEDINGS

OF

THE ROYAL IRISH ACADEMY.

1846-7. . No. 68.

June 14th, 1847.

REV. HUMPHREY LLOYD, D. D., President, in the
Chair.

Arthur Sidney Ormsby, Esq., and John C. Egan, Esq.,
were elected Members of the Academy.

It was ReEsoLvep,—That the Secretary of the Academy
be requested to prepare a draft of an Address to His Excel-
lency the Lord Lieutenant, to be submitted to the Academy
at its next Meeting.

Sir William Rowan Hamilton made a communication re-
specting the application of the Calculus of Quaternions to the
Theory of the Moon,

I. At two Meetings of the Royal Irish Academy, in the
month of July, 1845, Sir William Rowan Hamilton had exhi-
bited and illustrated the following general equation of motion
of a system of bodies, with masses m, m/, . ., and with vec-
tors a, o/, . ., and attracting each other according to New-

ton’s law :
d2a m’

de =2 (a—d) v § —(a—a’)?}’ M

He had, at that time, deduced from this equation the known
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laws of the centre of gravity, of areas, and of living force, for
any such multiple system; and had shown that the corres-
ponding, but less general, equation of relative motion of a bi-
nary system, which (by changing a—a’toa, and m+m’ to m)
becomes
R — (@)
de? " ay/(—a¥)

can be rigorously integrated by the processes of his new cal-
culus of quaternions, so as to conduct, with facility, when the
principles and plan have been caught, to the known laws of
elliptic, parabolic, or hyperbolic motion of one of the two at-
tracting bodies about the other. (See the Proceedings of July
14th and 21st, 1845, Appendix to Volume I1I., pp. xxxvii.,
&e.)

At a subsequent Meeting of the Academy, in December,
1845, Sir W. Hamilton had shown that the general differential
equation (1) might be put under this other form:

2 2 ’

0:%2.1::(8ag7‘,'+37;’8a)+82 W_i-;"_—m; 3)
and that it might, theoretically, be integrated by an adaptation
of that ¢“ General Method in Dynamics” which he had pre-
viously published in the Philosophical Transactions of the
Royal Society of London, for the years 1834 and 1835 ; and
which depended on a peculiar combination of the principles of
variations and partial differentials, already illustrated by him,
in earlier years, for the case of mathematical optics, in the
Transactions of this Academy. (See Proceedings of Decem-
ber 8th, 1845, Appendix already cited, pp. lii., &e.)

At the same Meeting of December, 1845, Sir W. Hamilton
assigned the two following rigorous differential equations for
the internal motions of a system of three bodies, with masses
m, m/y m”, and with vectors a, 3+a, v+ a,—thatis, for the
motions of the two latter of these three bodies (regarded as
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points) about the former,—as consequences of the general
equation (1) :
(ig_ﬁ__’f—n-lﬂ_ I/{ (B"'Y)—l 74 } 4
ey R R T B TR ] R
dy_ m4mr ,{ (y=p)" - } 5
T vi—a-mrrtvems @

de* "y v (=)

It was remarked, that by regarding m, m’, m", as repre-
senting respectively the masses of the earth, moon, and sun,
{3 and y become the geocentric vectors of the two latter bodies ;
and that thus the laws of the disturbed motion of our satellite
are contained in the two equations (4) and (5),—but especially
in the first of those equations (the second serving chiefly to
express the laws of the sun’s relative motion).

The part of this equation (4), which is independent of the
sun’s mass m”, is of the form (2), and contains the laws of the
undisturbed elliptic motion of the moon ; the remainder is the
disturbing part of the equation, and contains the laws of the
chief lunar perturbations. A commencement was made of the
development of this disturbing part, according to ascending
powers of the vector of the moon, and descending powers of
the vector of the sun; and an approximate expression was
thereby obtained, which may be written thus :

m//{ (B_'y)_‘ __+ 7~‘ _ }: milwﬁ'y—), (6)
Vi—B-=1% V(=) 2(—7)

There was also given a geometrical interpretation of this
result, corresponding to a certain decomposition of the sun’s
disturbing force into two others, of which the greater is triple
of the less, while the angle between them is bisected by the
geocentric vector of the sun; and the lesser of these two com-
ponent forces is in the direction of the moon’s geocentric vec-
tor prolonged, so that it is an ablatitious force, which was
shown to be one of nearly constant amount.

Although the foregoing formule may be found in the Appen-
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dices already cited, to the Proceedings of the above-mentioned
dates, yet it is hoped that, in consideration of the importance
and difficulty of the subject, and the novelty of the processes
employed, the Academy will not be displeased at having had
this brief recapitulation laid before them, as preparatory to a
sketch of some additional developments and applications of
the same general view, which have since been made by the
author. It may, for the same reason, be not improper here to
state again, what was stated on former occasions, that all ex-
pressions involving vectors, a, o', &c., such as are considered
in this new sort of algebraical geometry, and enter into the
foregoing equations, admit of being translated into others,
which shall involve, instead of those vectors, three times as
many rectangular coordinates, x, y, z, ', ', 2/, &c., by means
of relations of the forms

a=ir+jy+kz, o =in' +jy + k2, &e.; )
where 7 j %k are the three original and coordinate vector units

of Sir William Hamilton’s theory of quaternions, and satisfy
the fundamental equations

=P =hkl=1; ‘l
J

y=k,jhk=1i, ki=j;
Ji=—k bhj=—1, th=—j;

®)

which were communicated to the Royal Irish Academy at the
Meeting of the 13th November, 1843. (See the Proceedings
of that date, and the author’s First Series of Researches re-
specting Quaternions, which Series has lately been printed in
the Transactions of the Academy, Vol. XXI1. Part 2.)

1I. Itis evident, from inspection of the equations above re-
capitulated, that every transformation of the vector function,

$(a)=a”'(—a’)? ®

which represents, in direction and amount, the attraction ex-
erted by one mass-unit, situated at the beginning of the vector
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a, on another mass-unit situated at the end of that vector, must
be important in the theory of the Moon; and generally in
the investigation, by quaternions, of the mathematical conse-
quences of the Newtonian Law of Attraction. The integration
of the equation of motion (2) of a binary system was deduced,
in the communication of July, 1845, from a transformation of
that vector function, which may now be written thus:

2\ —.
_;:2d.a(—al_*_; (10)
where d is, as in former equations, the characteristic of diffe-
rentiation. And the hodographic theory of the motion of a
system of bodies, attracting each other according to the same
Newtonian law, so far as it was symbolically stated to the
Academy, at the meeting of the 14th of December, 1846, de-
pends essentially on the same transformation. In fact, if we
make

-1 2
“ ( a) ada-—-daa

da=rd¢, a=Srdt; (1)

and if, by the use of notations explained in former communica-
tions, we employ the letters v and v as the characteristics of
the operations of taking the versor and the vector of a quater-
nion, writing, therefore,

U(a) =a(—a®)7%; viar= —v.ra=3(ar—71a); (12)
the equation (2) of the internal motion of a binary system be-

comes d (S d )
~—Mau(\rdf
V(rgrdt)-— ; (13)

where the denominator in the second member is constant, by

dr =

the law of the equable description of areas. Hence, this second
member, like the first, is an exact differential; and an imme-
diate integration, introducing an arbitrary but constant vector
&, coplanar with a and 7, gives the law of the circular hodo-
graph, under the symbolical form
. ='M(£—USTd_t): (14)
V.rSrdt
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the constant part of this expression (14) for the vector of the
velocity, =, being the vector of the centre of the hodograph,
drawn from that one of the two bodies which is regarded as
the centre of force; while the variable part of the same ex-
pression for r represents the variable radius of the same hodo-
graphic circle, or the vector of a point on its circumference,
drawn from its own centre of figure as the origin.

Multiplying this integral equation (14) by {rd¢, taking the
vector part of the product, dividing by m, and multiplying
both members of the result into the constant denominator of
the second member of (13) or of (14), we find, by the rules of
the present calculus,

where s and T are the characteristics of the operations of taking
respectively the scalar and tensor of a quaternion, so that, as
applied to the present question, they give the results,

r{rdt=Ta= /(—a®)=r; (16)
and
s.e§rdt = $(eca + ae) = ercosv; (17
where
e=Te= ¢/ (—¢*) =const. ; (18)

while v is the angle (of true anomaly) which the variable vec-
tor a of the orbit makes with the fixed vector —¢ in the plane
of that orbit ; and » denotes the length of a, or what is usually
called (and may still in this theory be named) the radius vec-
tor of the relative orbit. The first member of the equation
(15) is a positive and constant number, representing the quo-
tient which is obtained when the square of the double areal
velocity in the relative orbit is divided by the sum of the two
masses ; if then we denote, as usual, this constant quotient (or
semiparameter) by p, and observe that the constant e is also
numerical (expressing, as usual, the eccentricity of the orbit),
we shall obtain again, by this process, as by that of July,



513

1845, the polar equation of the orbit, under the well-known
form,
S

"=T+¥ecoso (19)
This sketch of a process for employing the general transfor-
mation (10) in the theory of a binary system, may make it
easier, than it would otherwise be, to understand how the fol-
lowing equation for the motion of a multiple system,

(m+ Am)du(§Ardé)

v(Ar.{Arde)
(where m + Am, 74 Ar, are the mass and the vector of velocity
of an attracting body, as m, r are those of an attracted one,
which is analogous to, and includes, the equation (13) for the
motion of a binary one, and which agrees with a formula com-
municated to the Academy in December, 1846), was obtained
by the present author; and how it may hereafter be applied.

II1. The vector function ¢(a) in (9) may be called the
TRACTOR corresponding to the vector of position a, or simply
the tractor of «; and another general transformation of this
tractor, which is more intimately connected than the foregoing
with the problem of perturbation, may be obtained by sup-
posing the vector a to receive any small but finite increment
{3, representing a new but shorter vector, which begins, or is
conceived to be drawn, in any arbitrary direction, from the
point of space where the vector a ends; and, by then developing,
in conformity with the rules of quaternions, the new tractor
¢(3+a), (answering to the new vector (3+a, which is drawn
from the beginning of a to the end of 3), according to the
ascending powers of this added vector 3. In this manner we

find

dr=3=

pBra)={—(B+a)} B+ =
{~a’(I+a7B) (1 +Ba)}Ha(l +a'B)}
= (14+Ba) (1 +a By a'(—a’) ¥ (21)

‘ (”(ﬁ +“) = S b, nn (22)

that is,
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if we make, for abridgment,

¢n,nl= My, n (Ba)" (aﬁ)"’a“(—az)""’""' (23)
where
1.3.. (2n—1) 3.5..2n'+ 1
2.4.. (2n) 2.4..(2n) ' (24)

m,., no—_

The attraction ¢(3 + ) which a mass-unit, situated at the
beginning of the vector 3+a, exerts on another mass-unit
situated at the end of that vector, is thus decomposed into an
infinite but convergent series of other forces, ¢, », of which
the intensities are determined by the tensors, and of which the
directions are determined by the versors, of the expressions
included in the formula (23) ; or by the following expressions,
which are derived from it by the rules of the calculus of qua-
ternions :

Thnn =Mnn (’r g)"ﬂl (Ta)7?; (25)

Cpn= (0 oy~ (0a) = (v L) v (—a). (26

Let a, b, be the lengths (or tensors) of the vectors a, 3,
and let ¢ be the angle between them, which angle we may
conceive to express the amount of the positive rotation, in
their common plane, from the direction of —a to the direction
of +(3 ; then the positive or negative rotation in the same
plane, from the same direction of —a, to the direction of the
component force ¢ n, is expressed as follows :

angle, from—a to force ¢, »,=(n—n)C; 27
and

!

b n
intensity of same component force:m,.,,.’(z> a®  (28)

The case n= 0, n’' = 0, answers to the old tractor ¢(a), or to a
force of which the intensity is represented by a2, while its
direction is the same as that of —a.

1V. Thus, if the vector a be conceived to begin at a point
B, and to end at the point c, while the vector (3 shall be con-



515

ceived to begin at ¢, and to end at A; and if we conceive an
unit-mass at B to attract two other masses, regarded as col-
lected into points, and as situated respectively at c and at a3
this attraction of B will disturb the relative motion of a about
¢, if A be supposed to be nearer than B is to c, by producing
a series of groups of smaller and smaller forces, of which
groups it may be sufficient here to consider the two following.

The first and principal group consists of the two disturb-
ing forces ¢ and ¢o,, and of these the first is purely ablati-
tious, or is directed along the prolongation of the side of the
triangle aBc, which is drawn from c to a,and it has its inten-
sity denoted by the expression 1ba—, since we have for this
force, and for its tensor and versor, the expressions

$10=3B(— )5 Tho=1ba=; vg,zuB.  (29)

The second disturbing force, of this first group, has for ex-
pression

o1 =3a3a'(— aQ)‘% =3afa"'a?; (30)

its intensity is exactly triple of that of the former force, being
represented by $ba—*; and its direction is the same as that of
a straight line drawn from c to a’, if A’ be a point such that
the line a4’ is perpendicularly bisected by the line Bc (pro-
longed through c if necessary). These two principal disturb-
ing forces evidently correspond to those which were considered
for the case of our own satellite in a communication above al-
luded to ; the second force being the one which was described
in that former communication as being directed to what was
there called the ‘¢ fictitious moon,” and was conceived to be
as far from the sun in the heavens on one side, as the actual
moon is on the other side, but in the same great circle.

If we now extend that mode of speaking so far as to con-
ceive a similar reflexion of the sun with respect to the moon,
and to call the point in the heavens so found the ¢ fictitious
sun,” the moon being thus imagined to be seen midway among
the stars between the actual and the fictitious sun: and if we
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farther imagine a ¢ second fictitious sun,” so placed that the
actual sun shall appear to be midway between this and the first
fictitious sun; we shall then be able to describe in words the
directions of the three disturbing forces of the second group,
and to say that they tend respectively, for the case of our own
satellite, to these three (real or fictitious) suns. For these
three forces will have, for their respective expressions, the three
corresponding terms of the development of the tractor (22),
namely, the following :

a0 = §BaB (—a®)F;
$11 = F%a(—a’)H; Gy
$o2 = 5 affafa (—a?)H;
of which the intensities are respectively
§0%a; fbla~; Libat; (32)

so that they are exactly proportional to the three whole num-
bers, 1, 2, 5 ; while they are directed, respectively, to the first
fictitious sun, the actual sun, and the second fictitious sun.
The disturbing force of a superior planet, exerted on an infe-
rior one, may be developed or decomposed into a series of
groups of lesser disturbing forces, the intensities of theseveral
forces in each group being constantly proportional to whole
numbers, in an exactly similar way ; nor does the application
of the principle and method of development thus employed
terminate here. In the applications to the lunar theory, a and
b, in therecent expressions, are to be regarded as denoting the
variable distances of the sun and moon from the earth; and
the expressions for the forces are to be multiplied by the mass
of the sun. Nothing depends, so far, on any smallness of ec-
centricities or inclinations.

V. The lunar theory is, very approximately, contained in
the differential equation (4), provided that we regard vy as the
elliptic vector of the sun, drawn from the common centre of
gravity of the earth and moon; and the laws of the sun’s re-
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lative elliptic motion, with respect to that centre of gravity,
are then contained in the following differential equation, which
takes the place of the equation (5) :

d®y _m4m'+m"
2~ yy(=yY) (33)

Indeed, when we come to consider the small disturbing
forces which belong to the second group, and which depend on
the inverse fourth power of the sun’s distance, the correspond-
ing terms of the development of the first member of the formula
(6) are then, for greater accuracy, to be multiplied by the

. m’ . . .
fraction pegrpe) which expresses the ratio of the difference to

the sum of the masses of the earth and moon. But if we neglect,
for the present, those small disturbing terms, we may regard
that formula (6) as accurate, without as yet neglecting anything
on account of smallness of eccentricities or of inclinations ; and
even without assuming any knowledge of the smallness of the
moon’s mass, as compared with the mass of the earth ; v still
denoting, as just stated, the elliptic vector of the sun. And
thus, if the moon’s geocentric vector 3 be changed to the sum
3+ 33, where the term &3 is supposed to depend on the dis-
turbing force, and to give a product which may be neglected
when it is multiplied by or into the expression for that force,
we shall have the following approximate differential equation,
by developing the disturbed or altered tractor ¢(3+3f3), and

confining ourselves to the first power of 50 :

B EB__mim

T T O
m 4’ o _m”
2(_[32)3(&3 +IBTBL +
The disturbance 83 of the moon’s geocentric vector is thus
exhibited as giving rise to an alteration 3¢((3) in the corres-
ponding tractor ¢(f3), which alteration is analogous to a dis-

B+3y7"By). (34)
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turbing force, and occasions the presence of the first of the
two parts of the second member of the equation (34) : which
equation will be found to contain a considerable portion of
the theory of the moon.

VI. The author will only mention here two very simple
applications, which he has made of this equation (34), one to
the Lunar Variation, and the other to the Regression of the
Node. Treating here the sun’s relative orbit as exactly circu-
lar, and the moon’s as approximately such, neglecting the in-
clination, taking for units of their kinds the sum of the masses
of the earth and moon, and the moon’s mean distance and
mean angular velocity, and employing, as usual, the letter m
to denote (not now the earth’s mass, but) the ratio of the sun’s
mean angular motion to the corresponding motion of the moon,
the differential equation (34) becomes :

TESACB 3B+ B3Py ()

in which the laws of the circular revolutions of the vectors 3
and y give
@B _ &y, )
d_tz_—ﬁ; ag- ™ (36)
Assuming, from some general indications of this theory,
an expression for the perturbation of the moon’s vector, which
shall be of the form

SB=m*(AB+ By~'By+ B~y By), (37)
and neglecting all powers of m above the square, we find

d%z@ = —m (AR + By By +3 Py PP (38)

BeR.L=m*(AB+ Cy By + BEyByP)s (39
so that the three numerical coefficients, 4, B, C, must satisfy
the three following equations of condition :

—A=24+1%; givingd=—1; (40)

and
—B=}(B+3C)+}; —9C=4(C+3B); (41
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giving
B=_-1%; Cz=+45. (42)
Thus, if we neglect eccentricities and inclinations, and con-
fine ourselves to the first power of the disturbing force, or to
the second power of m, the perturbation of the moon’s vector,
produced by the sun’s attraction, is composed of the three fol-
lowing terms :

L PRV LT ST WE T

The first of these three terms expresses that the sun’s abla-
titious force, by partially counteracting the earth’s attractive
force on the moon, allows our satellite to revolve in a some-
what smaller orbit than would otherwise be consistent with
the observed periodic time : the ratio of the diminished to the

2
undiminished radius of the orbit being that of 1— %- to 1.

The second term expresses a displacement of the moon, through
perturbation, from its diminished circular orbit, of which dis-

placement the constant magnitude or length bears to the radius
o . . 19m?
of the undiminished orbit the ratio of Im

16
the direction of this displacement is always from that fictitious
moon, to which it has been seen that one of the two principal
components of the sun’s disturbing force is directed : an oppo-
sition of sign which may at first surprise, but which is exactly
analogous to the contraction of the orbit produced by the ab-
latitious force (when the periodic time is given), and is to be
explained upon similar principles. Finally, the third term of
the formula (43) for 83, expresses that with the two foregoing
displacements a third is to be combined, which is, like them, of
constant amount, being equal to J;ths of the second displace-

ment, or bearing to the radius of the moon’s orbit the ratio of
2

3m
16
sion of a recently employed phraseology, might be called the

“to unity ; while

to unity ; but being always directed {0 what, by an exten-
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second fictitious moon, being so placed that the actual moon
is midway in the heavens between this fictitious moon and the
one which was before considered. These two latter terms of
(43) contain the chief laws of the Lunar Variation ; and are
easily shown to give the known terms in the expressions of
the moon’s parallax and longitude,

. m2
8;:m2cos2()—®); 80:11:' sin2() —@®). (44)

It may assist some readers to observe here, that when the in-
clination of the orbit is neglected, the longitudes of the first
and second fictitious moons are, respectively,

20 —D,and 3)—20@; (46)

while those of the first and second fictitious suns, mentioned
in a former section of this abstract, are, under the same con-
dition,

2)—0,and 30—2D. 47

V1I. The law and quantity of the regression of the Moon’s
Node may also be calculated on principles of the kind above
stated, but we must content ourselves with writing here the
formula for the angular velocity of a planet’s node generally,
considered as depending on the variable vector of position a,
Qa
'd?ga
and also on a vector unit A, supposed to be directed towards

the north pole of a fixed ecliptic. The formula thus referred
to is the following :

. d .
the vector of velocity ﬁa-;, and the vector of acceleration

:S.ak.s.dzadc;_(l, (48)
(v.Av.ada)
where s and v are, as before, the characteristics of the opera-
tions of taking the scalar and vector of a quaternion. The
author proposes to give a fuller account of his investigations
on this class of dynamical questions, when the Third Series
of his Researches respecting Quaternions shall come to be
printed in the Transactions of the Academy : the Second Se-

d8
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ries being devoted to subjects more purely geometrical ; as the
First Series (already printed) relates chiefly to others which
are of a more algebraical character.

Dr. Apjohn read a paper on the composition and optical
properties of a variety of hyalite, from Mexico.

¢ This mineral,” he observed, ¢‘came into my possession as
Professor of Mineralogy to the University, having been pre-
sented, through Mr. Ball, to the College Museum, by Profes-
sor Radice. It occurs in detached mammillary and wrinkled
masses, sometimes larger than a walnut, and pellucid in a
high degree. It is harder than glass, but is scratched by steel,
and, from an experiment very carefully made, was found to
have the specific gravity of 2.1016. It is much more frangi-
ble than quartz, but when broken exhibits something of the
conchoidal fracture.

¢ The different properties just enumerated belong also to
other well-known varieties of hyalite; and, notwithstanding
its occurring in detached glassy drops of unusual size, little
hope was entertained that a chemical examination of it would
conduct to any new result. Upon, however, subjecting it to
experiment, this anticipation was not verified, for it was found
to contain much less water than any variety of hyalite whose
composition has been recorded. Thus, as the mean of four
experiments scarcely differing from each other, it yielded,

Silex, . . . . . . 9748
Water, . . . . . . 252
results which correspond accurately with the formula
1580, 2HO.

¢ Beudant says, that in the case of the transparent opals,
by which he, of course, means the Ayalites, the loss by calcina-
tion amounted always, in his experiments, to from eight to ten
per cent. ; while, in the case of the semiopaque opals, the vola-
tile matter expelled by heat varied from five to seven per cent.
And in two analyses of hyalite, the details of which he gives,



