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XIV.—On Equations of the Fifth Degree : and especially on a certain System
of Expressions connected with those Equations, which Professor Badano®
has lately proposed. By Sir Wirriam Rowan Hamicron, LL.D., P.R.L. A,
F.R.A.S., Honorary Member of the Royal Societies of FHdinburgh and
Dublin ; Honorary or Corresponding Member of the Royal or Imperial
Academies of St. Petersburgh, Berlin, and Turin, of the American Society
of Arts and Sciences, and of other Scientific Societies at home and abroad ;

Andrews’ Professor of Astronomy in the University of Dublin, and Royal
Astronomer of Ireland.

Read 4th August, 1842,
1. LAGRANGE has shown that if a be a given root of the equation
TPt a1 =0,

n being a prime factor of m, and if p denote for abridgment the quotient

po L2.3..m

— s
(1.2.3...93
n

then the function
=2 Y ar’ + 22 Fam ™
has only p different values, corresponding to all possible changes of arrangement

of the m quantities «’, 27, ... 2™, which may be considergd as the roots of a
given equation of the m™ degree,

a"™ — A" T BT —ca™ ... =03
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and that if the development of the " power of this function ¢ be reduced, by
the help of the equation

"= 1,
(and not by the equation «" ' 4 &c. = 0,) to the form
= Laf f o . aTETY,

then this power ¢ itself has only g different values, and the term £ has only

—E__ such values, or is a root of an equation of the degree
n(n—1)
1.2.3....m

n(n_l)(l.z.g...%’)n’

of which equation the coefficients are rational functions of the given coefficients
A, B, 0, &c.; while &, &7, ... &7V are the roots of an equation of the degree
n — 1, of which the coefficients can be expressed rationally in terms of £° and
of the same original coefficients 4, ... of the given equation in .

2. For example, if there be given an equation of the sixth degree,

2’ — ar®+4 B2* — ca® 4 pa* — Ex +F =0,

of which the roots are denoted by #', 2/, &', 277, #”, #”%, and if we form the

function
t: "D/ +a$// +a2$“l+a3$1V+a4$V+a5$VI,

in which @ = — 1; we shall then have
_ o 120 oo P —10-
m._6,n_2, ”——36_20,7—7,—10, m—lo,
and the function ¢ will have twenty different values, but its square will have only
ten. And if, by using only the equation «’ = 1, and not the equation a = — 1,
we reduce the development of this square to the form
& =&+ af,

the term £ will itself be a ten-valued function of the six quantities &7, ... z"';
and & will be a rational function of £ and 4, namely,

£I=A2’—' g(o)o
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3. Again, if with the same meanings of #/, ... #”%, we form ¢ by the same
expression as before, but suppose « to be a root of the equation

@+a+1=0,
then
e bmn—8 =120 g P
')01,_-6,7?,.__3,;u._-——8—._90,7—2_30,7—2—(ﬁ—1—)__15,

so that the function ¢ will now have 90 different values, but its cube will have
only 30 ; and if that cube be reduced, by the equation o® = 1, to the form

£ = & 4ot L,
then & will be a root of an equation of the fifteenth degree, while £ and & will
be the roots of a quadratic equation, the coeflicients of this last equation being
rational functions of £, and of the given coefficients a, &ec.
4. And if, in like manner, we consider the case

m:5,n:5, ”:120,5224’;}—7,_(7;‘/‘—_—1):6’

so that 2/, .. 27 are the roots of a given equation of the fifth degree

2°— ar*+B2* — o’ +pr —E=0,
and
t=a' + ar’ + @ & + @ 27+ o 37,
in which « is a root of the equation
¢4+ a4 a1=0,
then the function ¢ has itself 120 different values, but its fifth power has only
24 ; and 1if this fifth power be put under the form

P = ‘,;;(o) + agl + ol g// + o 5,:”/ + at %-IV,
by the help of the equation «® = 1, then £ is a root of an equation of the sixth
degree, of which the coefficients are rational functions of a, B, ¢, b, , while
g, &, &7, &7, are the roots of an equation of the fourth degree, of which the co-
cfficients are rational functions of the same given coefficients 4, &c., and of £.
5. LacrancE has shown that these principles explain the success of the

known methods for resolving quadratic, cubic, and bigquadratic equations; but
2vu2
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that they tend to discourage the hope of resolving any general equation above
the fourth degree, by any similar method. And in fact it has since* been shown
to be impossible to express any root of any general equation, of the fifth or any
higher degree, as a function of the coefficients of that equation, by any finite
combination of radicals and rational functions. Yet it appears to be desirable to
examine into the validity and import of an elegant system of radical expressions
which have lately been proposed by Professor Bapano of Genoa, for the twenty-
four values of Lacrance’s function ¢ referred to in the last article; and to in-
quire whether these new cxpressions are adapted to assist in the solution of equa-
tions of the fifth degree, or why they fail to do so.

6. In order to understand more easily and more clearly the expressions which
are thus to be examined, it will be advantageous to begin by applying the method
by which they are obtained to equations of lower degrees. And first it is evident
that the general quadratic equation,

2*— Aar 4+ B =0,
has its roots expressed as follows :
¥=a+p 2" =a—p;
a not here denoting any root of unity, but a rational function of the coefficients

of the given equation (namely }4), and 8 being another rational function of
those cocflicients (namely }A*— B); because by the general principles of article

1., when m = 2 and n = 2, we have %: 1, so that the function (2’ — 2”)* is

symmetric, as indeed it is well known to be.
7. Proceeding to the cubic equation

2 — ar®+Br —c=0,
and seeking the values of the function
P=(a + 02 + 62",
in which 6 is such that
>4 60+41=0,

¥ Sce a paper by the present writer, « On the Argument of Abel,” &c., in the Second Part of
the Lightcenth Volume of the Transactions of this Academy.
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we know first, by the same general principles, that the number of these values is

two, because % =2, when m =3, n = 3. And because these values will not

be altered by adding any common term to the three roots a’, 2", 2, it is per-
mitted to treat the sum of these three roots as vanishing, or to assume that

-Z""l— w”—l—x’” — O;

that is, to reduce the cubic equation to the form

4 pr'4qg=0.
In other words, the function
£ = (z,+ 0z, + 0x,),
in which z,, #,, @, are the three roots of the equation with coefficients a, B, c,

will depend on those cocfficients, only by depending on p and ¢, if these two
quantities be chosen such that we shall have identically

2 — A’ +Br—c=(r—3tay+plr—3a)tq.

8. This being perceived, and #” and 2’

the quadratic equation

being seen to be the two roots of

1'/,2+$/.Z'“ +x/2+p -‘:0,
which is obtained by dividing the cubic
23 +px//_m/3 __px/: O,

by the linear factor 2/ — &’; we may, by the theory of quadratics, assume the
expressions

" =a+B 2"=a—8
provided that we make
a=—3%a, F=—32"7—p,
that is, provided that we establish the identity
(¢ —af — f=a"p o o 2 p.
And, substituting for 2’, 2", "', their values as functions of a and g, and reduc-

ing by the equation 6>+ 0 4 1 = 0, we find
f={—3at(0— )P =0 +§;
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in which
= —2Ta(«® — ), B*= —27p (9> — B~

But « and B are rational functions of 2’ and p; and substituting their expres-
sions as such, we find corresponding expressions for «' and 3, namely,

/ 2 / 192 /2 2 /2 /2 2
¢ =2 @ rp) =2 (307 4p) (30 4 p)

9. Finally, #’ is such that
24 pr = —gq;
and it is found on trial to be possible by this condition to eliminate #’ from the

expressions for o’ and 8% obtained at the end of the last article, and so to arrive
at these other expressions, which are rational functions of p and ¢:

27 27
=—3q =219+
In this manner then it might have been discovered, what has long been other-
wise known, that the function # is a root of the auxiliary quadratic equation

(&) +20q () — 21p°= 0.

And because the same method gives

('Z,I + 0’2,11 + Og.z,l//) (xl + 02 x// + exlll) — 9a2+ 362 _ 3p’

we should obtain the known expressions for the three roots of the cubic equation

x" +pr' 4+ g =0,
under the forms :

/

_t p L0t 6p 0O
$—3~—— X Z —-—3—

GQp.
£ —3 ¢ t

b

which are immediately verified by observing that

t\3 P\°
13— s — —
=1 (3) (t) =-7
The foregoing method therefore succeeds completely for equations of the third
degree.
10. In the case of the biquadratic equation, deprived for simplicity of its
second term, namely,
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2 pa? g - r=0,
so that the sum of the four roots vanishes,
¥ 4a " 27 =0,
we may consider &/, 2"/, 77, as roots of the cubic equation
&4 o (4 p) o+ & pa’ g =03
and this may be put under the form
(2" — a)’*— 3y (2" — a) — 26 =0,

of which the roots (by the theory of cubic equations) may be expressed as fol-
lows :

' =at+Btq " =at 0B+ 0y 27" =a4 0B+ 0y,
B, v> and 6, being such as to satisfy the conditions
BH+v¥=2¢ pPy=mn 0*+04+1=0.

Comparing the two forms of the cubic cquation in #”, we find the relations

y=—3a, 2°+p=3(F—1n), 2°4p2’+q¢=— &4 San— 2¢;
which give

a=—2%t2, y=—4%(22"+3p), e="77 (202" + 18pa’ + 27¢).

Thus, any rational function of the four roots of the given biquadratic can be ex-
pressed rationally in terms of a, 8, v; while «, By, and g° |- «°, are rational func-
tions of ', p, ¢; and the function #™* 4 pa’® -+ g2’ may be changed, wherever it
occurs, to the given quantity — 7.

11. With these preparations it is easy to express, as follows, the function

(w/___ 2 _l_m/// . xnr)z’

which the general theorems of LaGrANGE, already mentioned, lead us to con-
sider. Denoting it by 4z, we have

2= (—2a+ 0B+ Py =d 4 68 4 0%';
in which
d =4a*+ 28y, B =«o*— 4aB, o = B — 4ay:

and the three values of z are the three roots of the cubic equation
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(z —a)’—3y (2 —d) —2¢d =0
in which
o = 4a® + 2,
= py = + 16a’ — 8ae,
€ =3 (8% -+ ¢°) = 2¢ — o° — 12aen + 48a® 5> — 64d’.
Substituting for a, 7, ¢, their values, as functions of 2/, p, ¢, we find
o ="2p;
7 =3F(— 122" — 12pa” — 12¢2' + p*);
¢ =gy (72" 4 12" 4 T2pga’ + 27" +-2p°) 5
and eliminating ', by the condition
ot A pa g = —
v =4 (12r +p°);
€ = gy (— T2pr + 27¢° + 2p°).
The auxiliary cubic in z becomes therefore

(z+2p)— 320+ p*) (2+ %p) + o7 (72pr — 279" — 2p*) = 0;
that is

we obtain

Z+2p2+ (PP —4r) 2 — ¢ =0;
and if its three roots be denoted by 2/, 2”, 2", in an order such that we may
write

F=3@ o - =P =d

Y= (@ — 0 — o= 0 O

=1 —a —a" L2y =+ 4 0y,
we may express the four roots of the biquadratic equation under known forms,
by means of the square roots of 2, 2”, 2’”/, as follows :

R S R 2
2 =4 §VE — v — VD,
& =— VY I —
o= —hy/d — 3V Ly
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It may be noticed also that the present method gives for the product of these
three square roots, the expression :
1/2’. 1/.2”. 1/2”/ — ”{% (x/ _,(__m// . m///_wn’) (.Z'/ — + 2 — wIV)
(.Z'I——.Z'”—— x/// +$IV)
= (—2a+ B+ 7)(—2a+ B+ 0y) (—2a+ B+ 67)
=— 8d® + bay + 2¢e =—¢q;
a result which may be verified by observing that, by the expressions given above
for o, o, €, in terms of a, %, &, we have the relation
222" = o« — 3d'nf + 2¢ = (— 8d® + Gan -+ 2¢)

12. In this manner, then, it might have been discovered that the four roots

Xy Ty T T, of the general biquadratic equation
&' — a2’ + B’ — cx 4 D =0,

are the four values of an expression of the form a8+« 4 &, in which, «, 8*4-
v+ &, Byd, and B 4 % 4 885 are rational functions of the coefficients
A, B, C, D, and may be determined as such by comparison with the identical
equation

(et Bryti—af—2(8+7+5) (@tp+y+o—ay

+ B+ =8 (a+B+v+8—a) + 4By + 4T+ T,
of which each member is an expression for the square of 2 (By -+ &+ §8). It
might have been perceived also that any three quantities, such as here g’, o &,
which are the three roots of a given cubic equation, may be considered as the
three values of an expression of the form o 4 g’ 4/, in which, «, 8y, and

B -+ +* are rational functions of the coefficients of that given equation, and may
have their forms determined by comparison with the identity,

(B o — ) =38 (4 B Ao — ) — o =0
And finally that any two quantities which, as here g and /% arc the two roots
of a given quadratic equation, are also the two values of an expression of the form

a”’ 4 87, in which «” and 8”2 may be determined by comparing the given equa-
tion with the following identical form,

(“1/ + ﬂ” — “II)Q . ﬁ/lz — O.

VOL. XIX. 2 x
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Let us now endeavour to apply similar methods of expression to a system of five
arbitrary quantities, or to an equation of the fifth degree.
13. Let, therefore, #, @, @, x,, ,, be the five roots of the equation
2®—ar* 4325 — ca?+ D2 —E=0, (1)

and let &/, 2, o', 2”7, 7, be the five roots of the same equation when deprived
of its second term, or put under the form

4 pa - gat - ra’ 45 =0, (2)
so that
T + .Z"’ +x”’+x”’+w" — 0’ (3)
and
o, =a' 41, oz, =2 4 14, & (4)

Dividing the equation of the fifth degree
2 — 2 p (8 — ) g (@ —a?)Fr (2’ — ) =0, (5)

by the linear factor 2/ — 2/, we obtain the biquadratic
gt 2/ a? - (o p) &4 (7 4 pa’ 4 ¢)a + &+ pa® g2’ 4 r =0, (6)
of which the four roots are 2/, 2/, ", ”. Hence, by the theory of biqua-
dratic equations, we may employ the expressions :
' Zatptoy+5 ¥ =at-f—y—8 2" =a— B4y —8 2" =a—P—y+5; (7)
provided that «, B, v, & are such as to satisfy, independently of 2, the condi-
tion :
(2" — ) = 2(B o ¥ B) (2 — ) — 8D (5 — ) o ' 8
— 2(f7* + %0 + &p)
— $/I4 + :D/m/ls + (mIQ +p) ‘1‘//2 + (mla +p‘v/ + q) a,;ll + w/4 +pw/2 r
+ g2 +7;

which decomposes itself into the four following :

(8)

—da=a'; 1
+ 602 — 2 (8 4 + 5) = 2”  p;
— 4a* o o (B o+ F) — 8D = 0 4 po/ + ¢ )
= 26 (B )+ BoPyi ok (B + 8V — 4 (B +7E + TF)
=34 pa? 4 qa’ Fr; ]
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and, therefore, conducts to expressions for a, 824 o° 4 &, B8, and B* -} %6 +
88", as rational functions of 2/, p, ¢, . Again, by the theory of cubic equations,
we may write :

B=etr+N =€+ 04 N & =e+ 6%+ OA, (10)
in which 6 is a root of the equation
¢ 0-41=0, (11)

while ¢ ¥\, and «* 4 A® are symmetric functions of g2 % & Making, for
abridgment,

Byo =1, kA= (12)
we have, by (10) and (11),
4N = — €} 3eyy (13)
and
By +P=3¢ Fr4yB o8P =3(—0); (14)

and, therefore, by (9),
—da=a"; 6(a*—¢) =2 +p;
— 4d® 4 12ae — 8y = o”° 4 pa’ + ¢ b (15)
a* — Ga’e 4 8an — 3¢ 4 120 = a* 4~ pa* 4+ g2’ + 73

conditions which give

a="11"; ]

¢ = 45 (547 + 8p); ! (16)
1= "5y (527 + 4pa’ 4 8¢) 5 }

¢ = + 11z (102" 4 11pa’™® 4 9q2’ + p* + 12r).

Thus, @, ¢ 7, and ¢, on the one hand, are rational functions of 2, p, ¢, ; and,
on the other hand, 2, 2”, 2, 2%, #7 may be considered as functions, although
not entirely rational, of a, ¢, #, «. In fact, if these four last quantities (denoted
to help the memory by four Greek vowels) be supposed to be given, and if, by
extraction of a square root and a cube root, a value of « be found, which satis-
fies the auxiliary equation

= (=4 3a) 72 =0, (17)
2x2
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and then a corresponding value of A by the condition ¥\ =, we shall have = g8
by extraction of another square root, since 8 = e+ « -4 A ; and may afterwards,
by the extraction of a third square root, either find & ¢ from the expression
Y* = e+ Or 4~ 0°\, and deduce & from the product By = #, or else find
=+ (y+ &) from the expression

(7+5)2:2€—x—?\+%; (18)

and may then treat 2, 2, 2"%, &”, as the four values of « - 84y 4§, while
#' = — 4a. Hence any function whatever of the five roots of the general equa-
tion (1) of the fifth degree may be considered as a function of the five quantities
A, @ ¢ 7, ¢; and if, in the expression of that function, the values (16) be substi-
tuted for a, € 1, ¢, s0 as to introduce in their stead the quantities &/, p, ¢, 7, it is
permitted to make any simplifications of the result which can be obtained from
the relation (2), by changing #”° 4 pa’® 4 qa’*4 72/, wherever it occurs, to the
known quantity — 5.

14. Consider then the twentyfour-valued function, referred to in a former

article, and suggested (as LagranGE has shown) by the analogy of equations of
lower degrees; namely, #, in which

t =2, 4+ vz, + o'z, + oz, + 'z, (19)
and
'+ ot ow+1=0; (20)
o here (and not a) denoting an imaginary fifth root of unity, so that
o’ =1. (21)

Observing, that by (4) and (20), #,, &c. may be changed in (19) to 2/, &e.; and

distinguishing among themselves the 120 values of the function ¢ by employing
the notation

taose = 7 08239 - 2 I 22 - 019, (22)
which gives, for example,
bioss = ¥ 4 '’ 4 7" + P27 - 02”7 (23)

we shall have, on substituting for # its value — 4a, and for 27, 2, &7, x”
their values (7), the system of the twenty-four expressions following :
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93y = — Da -+ BB 4 ¢y 4 D N

tigss = — Sa BB — ¢y — D8 (24)
yses = — Sa — BB -} ¢y — D&;

ligo = —5a — BB — cy+4Dd;

bows = — Sa+ By +cé4+0B; ]

b14335 = — Ba 4~ By — €6 — pg; (25)
ligapy = — — -+ —

g =— — — + ]

s = — Sa =~ B8 4 ¢ 4 Dy ; ]

tmas = - + - - ! (26)
o = — —  + —

bypge=— — — ]

bowa = —Sa BB cb4Dy; ]

bops =— + — —

b . ' 27)
busy = — - - + J

tiosss = — Sa 4~ BS 4~ ¢y 4+ DB

by =— 4+ - —

bups = —  — + - ‘ (28)
by =— — — 4

bipzs = — Sa -+ By -+ ¢B - D5; ]

bz =— 4+ — -

b= — — 4 — : (29)
bsyg = —  — — - J

in which we have made, for abridgment,



342 Sir WiLriam Rowan Hamivron on Equations of the Fifth Degree.

B = o'+ ¢* — o’ — v, ]
¢ =ov'— o+ *— 0, (30)
D= o'— & — o’ o j
But also, by (22) and (21),
. tbcdea, = a’tabca'e’ tsbcdea = tsabcde; (31)
making then
tlsabczl = Tapeas ( 32)

the twenty-four values of the function ¢ will be those of the function T which
arise from arranging in all possible ways the four indices 2, 3, 4, 5; that is, they
are the fifth powers of the twenty-four expressions (24) ... (29). It is required,
therefore, to develope these fifth powers, and to examine into their composition.

15. For this purpose it is convenient first to consider those parts of any one
such power, which are common to the three other powers of the same group,
(24) or (25), &c., and, therefore, to introduce the consideration of six new func-
tions, determined by the following definition :

Vape — % (T2abc + Tases F Tocra + Tclva2) H (33)
which gives, for example,
Va5 = (— 5a)® 4 60 (— 5a)* BcDByS 1
10 {(— 5e)f + 2000py5} (5" 4 O+ 078 } (39)

+ 5(—b5a) (38" 4 ¢'y* + D' 4 682c28% 4 6% %8 4 6p28%56?) 5

this being (as is cvident on inspection) the part common to the four functions
Tz Taose Tasor Tse OF to the fifth powers of the four expressions in the group
(24). By changing B, v, §, first to v, &, 8, and afterwards to §, g, v, the ex-
pression (34) for v,; will be changed successively to those for v, and v,
which, therefore, it is unnecessary to write; and v, V., v436; may be formed,
respectively, from vy, v, Vi, Dy interchanging o and 8. Or, after substitut-
ing in (34) for B, 4% &, their values (10), and writing » for By, it will only
be necessary to multiply « by 6, and A by 6% wherever they occur, in order to
change v, to v,5;; and to repeat this process, in order to change v,,, to v,,:
while v, Vi Vi will be changed, respectively, to vy, Vi Vi by inter-
changing 6 and 6%, or x and A.
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16. In this manner it is not difficult to perceive that we may write
Vs =&+ 241,
Vs = g -+ 0h - 6%, , (35)
Vi = g + 6N - 64,

and
Vo =8+ 47, .]
Vi = &' + 0k 4 6%, , (36)
Vs = & + W 407,

in which,

g =g = (— 5a)® 4 60 (— 5a)*>xBCD

+ 10 {(— 5a)® 4 2y4BcD} € (B2 + ¢* 4 D?)

4+ 5 (— 5a) € (B* + ¢' 4 p* 4 6¢*p® 4 60%8* + 68%?)
+ 10 (— 5a) ¢ (8* 4 ¢* 4 p* — 3¢*p* — 3p’B*> — 3B°C?) 3

h=ke+IN, 1=kKNS$TUx } (38)
=N+ ¢=Kct+IN;

(37)

k =10 {(—5a)’ 4 2yBeD} (32 6c* + 6°D%)
+ 10 (— 5a) e(B* 4 0c* 4 6°p* — 3¢’p® — 36D°8* — 30°B°C?) ; l (39)
=5 (— 5a) (8* 4+ 0c* + 6°p* 4 6¢°p° - 60p%8* 4 66°8°C?) 5 Jl

and &/, I are formed from %, /, by interchanging 6 and ¢°. Hence also, by the

same properties of ¢ #, 1, which were employed in deducing these equations, we
have :

M = kA PP El (f — €+ 3ed) 5 ] (40)
B 13 = 23K — o) le-(Ie 3P) ke (1 — - Bet) 4B (sp —E4-3er); |
and ', ¢° 4- ¢ have corresponding expressions, obtained by accenting % and /.
17. If then we make
g=H+VH, g =H —VH; (41)
BR4+r=2un, I—N=2/u; (42)
4P =20, *—=2/Hg (43)



344 Stz WiLuiam Rowan HamivtoN on Equations of the Fifth Degree.

we see that the six functions v may be expressed by the help of square-roots
and cube-roots, in terms of these six quantities H, by means of the following for-
muleae :

-

V345:Hl+ '\/H2 + &Ha_‘_ ’\/H4 + '\7}15 - '\/Hs;
Vi = H; */H2+9'\/5UJ+ \/H4+02'\5/H5_ A Hgs : (a)
Vio = H, - V'H, +02\}".i+’\/114+ 0'\}1'15_"\/}16;

and

v"-‘"‘:Hl__'\/Hﬁ—‘_ '\7";3_'\/}14"“ jﬁ—5+\/ﬂﬁ;
Vo = 1, — V1, + 0 H, — Vi O Vi ()
V435=H1_\/H2+62*7E3—"\/H4+0&E5+«/H6:

J
which have accordingly, with some slight differences of notation, been assigned
by Professor BApano, as among the results of his method of treating equations
of the fifth degree. We see, too, that the six quantities m,, ... H, (of which in-
deed the second, namely, H, vanishes), are rational functions of a, ¢ », ¢; and
therefore, by article 13., of 27, p, ¢, 7. But it is necessary to examine whether
it be true, as Professor Bapano appears to think (guided in part, as he himself
states, by the analogy of equations of lower degrees), that these quantities u are
all rational functions of the coefficients p, g, 7, s, of the equation (2) of the fifth
degrece ; or, in other words, to examine whether it be possible to eliminate from
the expressions of those six quantitics H, the unknown root 2’ of that equation, by
its means, in the same way as it was found possible, in articles 11. and 9. of the
present paper, to eliminate from the correspondent expressions, the roots of the
biquadratic and cubic equations which it was there proposed to resolve. Tor, if
it shall be found that any one of the six quantities 1, ... H, which enter into the
formule (a) and (b), depends essentially, and not merely in appearance, on the
unknown root 2”; so as to change its value when that root is changed to another,
such as &/, which satisfies the same equation (2) : it will then be seen that these
formula, although true, give no assistance towards the general solution of the
equation of the fifth degree.

18. The auxiliary quantities o, B, ¢, D, being such that, by their definitions
(20) and (30),
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— 1484 c+ b =40 "

— — — — 3
14+B—c—p=4¢", [ (44)
—1—B4¢c— D=4 i
—1—38 — ¢+ D=4, J
while o, 0’ ¢°, * are the four imaginary fifth roots of unity, we shall have, by
the theory of biquadratics already explained, the following identical equation :

{(x+1)* — (3*+ >+ p*)}* — 88D (x4 1) — 4 (B°c®>+ ¢®p* + p8?)
= {(z+4+1)+4 5}*+ 40 (= 4 1) -} 180, (45)
the second member being equivalent to
2t 42’ 4 422 - v + 44
we find, therefore, that
B4+ p*=—5; BeD = — 5; B’ ' +4-DB* = —45; (46)
and, consequently,
B* 4+ ¢* 4 p* = 115. (47)
Hence, by (37), the common value of g and g’, considered as a function of «,
AT
g=g =125 (— 25a® + 500’ — 60a’y 4 3lae® — 100a: 4 4en) ; (48)

and if in this we substitute, for the quantities a, ¢ 7, ¢, their values (16), or
otherwise eliminate those quantities by the relations (15), and attend to the de-

finitions (41) of the quantities B, and 1, we find:
H = %5— (252" + 25pa’® + 2694 + 25ra’ + pg) 5 (49)

and, as was said already,

H, = 0. (50)
It is therefore true, of these two quantities H, that they are independent of the
root & of the proposed equation of the fifth degree, or remain unchanged when
that root is changed to another, such as "/, which satisfics the same equation :
since it is possible to eliminate &’ from the cxpression (49) by means of the pro-
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posed equation (2), and so to obtain H, as a rational function of the coefficients
of that equation, namely,

125
H = o5 (pg — 25s). (51)

Indeed, it was evident d priort that m, must be found to be equal to some ra-
tional function of those four coefficients, p, ¢, 7, s, or some symmetric function
of the five roots of the equation (2); because it is, by its definition, the sixth
part of the sum of the six functions v, and, therefore, the twenty-fourth part of
the sum of the twenty-four different values of the function T ; or finally the mean
of all the different values which the function # can receive, by all possible changes
of arrangement of the five roots 2/, .. %, or .. z,, among themselves. The
evanescence of H, shows farther, that, in the arrangement assigned above, the sum
of the three first of the six functions v, or the sum of the twelve first of the
twenty-four functions T, is equal to the sum of the other three, or of the other
twelve of these functions. But we shall find that it would be erroneous to con-
clude, from the analogy of these results, even when combined with the corres-
ponding results for equations of inferior degrees, that the other four quantities
H, which enter into the formul® (a) and (b), can likewise be expressed as ra-
tional functions of the coefficients of the equation of the fifth degree.

19. The auxiliary quantities 8% ¢% p% being seen, by (46), to be the three
roots 2, 2, 2, of the cubic equation

2} 4 5z — 452 — 25 = 0, (52)

which decomposes itself into one of the first and another of the second degree,
namely,

2—5=0, 22410z 5=0; (53)
we see that one of the three quantities B, ¢, b, must be real, and = = /5,
while the other two must be imaginary. And on referring to the definitions
(30), and remembering that  is an imaginary fifth root of unity, so that «* and

o® are the reciprocals of w and «° we easily perceive that the real one of the
three is », and that the following expressions hold good :

BP= -5 —2p; *=—542p; D*=35; (54)

with which we may combine, whenever it may be necessary or useful, the rela-
tion
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BC = — D. (55)
If then we make, for abridgment,
(= (0—0)D=(0—6) (o' — o — o + ), (56)
0 being still the same imaginary cubic root of unity as before, so that
C=—15; (57)
we shall have, in (39),
D’ 4 687 4 6°c® = 10 — 2¢, 1
p* 4 6B* -} 6°c* = — 20 4 20¢, (58)
B°C® 4 6¢’p® 4 6°p°B” = 30 4 10¢;
and, consequently (because Bcp = — 5),
0 = — 100 (5 — ) (250 +20) + 500 (1 4 Jees | 50
6l = — 2000 (2 4¢) a3 }

while 6*4" and 6°/ are formed from 0% and 0/, by changing the signs of ¢. It is
easy, therefore, to see, by the remarks already made, and by the definitions (42)
and (43), that the quantities u,, H,, H,, H, when expressed as rational functions
of a, ¢ , 4, or of #’, p, g, , will not involve either of the imaginary roots of
unity, 6 and w, except so far as they may involve the combination { of those
roots, or the radical 4/ — 15; and that u, will be formed from #,, and H, from
H,, by changing the sign of this radical. We shall now proceed to study, in par-
ticular, the composition of the quantity m,; because, although this quantity,
when expressed by means of 2/, p, ¢, r, is of the thirtieth dimension relatively to
Z', (p, ¢, and r being considered as of the second, third, and fourth dimensions,
respectively), while m, rises no higher than the fifteenth dimension ; yet we shall
find it possible to decompose H, into two factors, of which one is of the twelfth
dimension, and has a very simple meaning, being the product of the squares of
the differences of the four roots 2/, 2'”, %, #”; while the other factor of u, is
an exact square, of a function of the ninth dimension. We shall even see it to be
possible to decompose this last function into three factors, which are each as low
as the third dimension, and arc rational functions of the five roots of the original
equation of the fifth degree; whereas it does not appear that v, when regarded
2v2
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as a function of the same five roots, can be decomposed into more than three ra-
tional factors, nor that any of these can be depressed below the fifth dimension.
20. Confining ourselves then for the present to the consideration of u,, we
have, by (42) and (38), the following expression for the square-root of that
quantity :
VH, =3 (& — N) {I® — BEPN — P (K + N} (60)

and, therefore, by (59), and by the same relations between «, A, and ¢, %, ¢, which
were used in deducing the formulz of the sixteenth article, we obtain the follow-
ing expression for the quantity u, itself, considered as a function of a, ¢ #, «:

H, = 25" { (i — €4 3e)® — 44} L?; (61)
in which we have made, for abridgment,
L= — 3w’ 4 (g — € + 3er) 1V, (62)

and

= (=540 (5 + )+ (L4 Dagr=142+a  (63)
Now, without yet entering on the actual process of substituting, in the expression
(61), the values (16) for a, ¢ 7, ¢; or of otherwise eliminating those four quan-
tities by means of the equations (15), in order to express H, as a function of 2,
P, ¢, 7, from which 2’ is afterwards to be eliminated, as far as possible, by the
equation of the fifth degree ; we see that, in agreement with the remarks made
in the last article, this expression (61) contains (besides its numerical coefficient)
one factor, namely,

(7 — €+ 3et)* — 48 = (& — N°), (64)
which is of the twelfth dimension ; and another, namely, r? which is indeed it-
self of the eighteenth, but is the square of a function (62), which is only of the
ninth dimension : because a, ¢ 7, ¢, are to be considered as being respectively of
the first, second, third, and fourth dimensions; and, therefore, u is to be re-
garded as being of the third, and v of the first dimension.

2]1. Again, on examining the factor (64), we see that it is the square of
another function, namely, «* — A%, which is itself of the sixth dimension, and
is rational with respect to 2, #’”, #7%, #”, though not with respect to a, ¢, 1, 4
nor with respect to z’, p, ¢, 7. This function «* — A® may even be decomposed
into six linear factors; for first, we have, by (11),
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2 — N = (k—N) (k— ON) (k— ON); (65)
and, secondly, by (10),
Bk= B 4 0y + 65, 3\ =g+ 0y 6%, (66)
expressions which give
k=X =30 — ) @ =),
k—A=1(1—0)(F—2), ! (67)
k= OA=3(0"—1) (v —F);
but also, by (7),
Bt = § (0" — &) (27— a7)
F—=1("—=27) (s —2"), | (68)
V= =1("—a") (a7 —2);

and
(6—0)1—0)(*—1)=(1—0))=—3(0—06°; (69)
therefore,
B N= 27372 (0—6) (¢" —2") (' — 27 (a" —2") ]

(@ —a7) (@ —a") (a7 — "), po

Thus, then, the square of the product of these six linear factors (70), and of the
numerical coefficients annexed, is equal to the function (64), of the twelfth di-
mension, which itself entered as a factor into the expression (61) for u,; and we
see that this square is free from the imaginary radical 6, because, by (11),

(6 — ) = —3; (71)

and that it is a symmetric function of the four roots #”, 2", #**, #”, being pro-
portional to the product of the squares of their differences, as was stated in article
19.: so that this square (though not its root) may be expressed, in virtue of the
biquadratic equation (6), as a rational function of #’, p, ¢, ; which followed
also from its being expressible rationally, by (64), in terms of ¢ 4, «

22. Introducing now, in the expression (64), here referred to, the values
(16), or the relations (15), we find, after reductions :
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E+N=n—eé+3a= 7
—276373{255" | 75pa’ + (48p°+ 457) 2>~ 27pga’ - (72)
—2p°+ 72pr — 21¢°};
(PN = (sf—e - Ber) =213 62502437 50pa -+ (8025p™ + 22507 )2
+ f350pq.z‘” + (7100p® 4- 10350pr — 1350¢%) 2" + 4050p°qx’
+ (2004p* 4 15120p% — 4050pq* + 20257) 2'*
+ (2592p°g + 2430pgr) 2  (73)
+ (—192p° + 6732p°r — 1863p°y* 4 6480pr® — 2430¢°r) 2™
-+ (—108p*q + 3888p’qr — 1458pg°®) »’
-+ 4p° — 288p*r -+ 108p°® + 5184p’r* — 3888pg’r + 729¢%};

46N = 47 = 27 3-${10002"" + 3300pa"® -+ 2700¢2"° ]
+(3930p*4-3600r) 2/°+ 5940pga’+ (1991p°*+ 7920pr +2430¢%) 2°
+(3807p%g-+-6480gr) 2/ (393p*+ 5076p%r - 2673pg* + 4320r%) 2
+ (594p’g + 7128pgr + 729¢°) 2*° (74)
4+ (33p® + 792p°r 4 243p°¢* 4 4752pr* + 2916¢°r) 2
+ (27p'q + 648p°qr + 3888¢r’) 2’
+ p°+ 36p*r 4 432p°* + 1728r%};

and, finally,

(=N =((—€+4+3a) -4’ =
— 2712 3-3(1255 4 350pa’" 4 400¢z° + (285p® + 450r) 2'®
+ 830pga’”” + (32p° + 790pr 4 410¢%) 2° 4 (414p’q + 960g7) 27
4 (— 16p* + 192p°r + 546pq¢® + 565¢°) 2’
+ (— 8p’q + 966pgr 4 108¢°) " (75)
+ (12p> — 132p°r 4 105p°¢* + 464pr® + 522¢°r) 2"
+ (8p'q — 48p°qr + 54pg® + 5764r%) 2’
+ 16p*r — 4p’¢* — 128p%* + 144pg°r + 256r° — 27¢*}.

23. This last result may be verified, or rather proved anew, and at the same
time put under another form, which we shall find to be useful, by a process such
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as the following. The biquadratic equation (6), of which the roots are 2", ',
x", x”, shows that, whatever # may be,
(2—2") (x—2"") (. —27) (2 — 2") =
222 %8 + A o2t
tp(@f2rx+2)+q(@+ ) +7;
and, therefore, that

(76)

R

(" —a") (2" —2") (& — &) (& — 27) = b2’ 4 3pa”® + 292" + r.  (77)
If then we multiply the expression (75) by the square of this last function (77),
we ought to obtain a symmetric function of all the five roots of the equation of
the fifth degree, namely, the product of the ten squares of their differences, mul-
tiplied indeed by a numerical cocfficient, namely, — 272377 as appears from
(70) and (71) : and consequently an expression for this product itself, that is for

| (x/ . x//)2 (x/ . x,///)‘l (x/ . ‘1'1[/)9_ ('/v/ - ',‘;V)',Z (.'I;I/ — x///)‘.! ]

(wll___xIV)2 (xll — xV)Z (x/l/ . a’,IV)‘J (.,l;lll —_— V)2 (‘x17_$,7)2’ ]

must be obtained by multiplying the factor 1252 4 &c. which is within the

brackets in (75), by the square of 5z’* 4 3pz”® 4 2¢2’ + r, and then reducing

by the condition that #’® 4 pa’® + qa’® 4 72’ = _s. Accordingly this process
gives :

p = 3125s* — 3750pq¢s’

+ (108p° — 900p™r + 825p°¢* 4~ 2000pr® 4 2250¢°%r) s*
— (72p*qr — 16p°¢® — 560p°qr® 4 630pg’r + 1600¢7° — 108¢°) s
+ 16p*r° — 4p%¢°r* — 128p°r* 4 144pg™r® + 256r° — 27¢"7° ;

an expression for the product of the squares of the differences of the five roots of

an equation of the fifth degree, which agrees with known results. And we see
that with this meaning of », we may write :

(K — N2 = __ 2723 %p (52’ + 3pa’”® 4 2¢a" 4-7) 7" (80)
The expression (61) for 11, becomes, therefore :

(78)
|
'\> (79)
|

Hy=— __2"23-358p (l"d"" 3‘:‘“’2 + ("12 — ¢+ 35‘) ”3)2,
! S5a7 + Bpa’ 4 2q4" -7 ?

p and » having the meanings defined by (63).

(81)
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24. With respect now to the factor L, which enters by its square into the
expression (61), and is the numerator of the fraction which is squared in the
form (81), we have, by (62), (63), and (57),

L—=4% ( 156250° + 2437547 + 37500y

— 16125a° + 1500a® + 3900a'ey + 7605a%
— 8820a%: — 6260a’;* — 1290a¢’y + 120a’y 4 156aen® + 8%*) 5 (82)
+ 32 ¢ (15625 (®— d’e) + 3750a") — 125a°¢ + 15500a° — 2500a’ey
+ 1125a°—4500a%:— 100a’p*—10a*ey + 12400 — 100aey® + 8y°) 5 |

and when we substitute for a, ¢ %, 1, their values (16), we find, after reductions,
a result which may be thus written :

205%°L == 5L’ — {1 ; (83)
if we make, for abridgment,
L = 25pa’" + 275¢2"° + (135p® — 350r) 2° 4 210pgz’*
+ (141p°>—500pr + 385¢%) 2" 4 (93p°q — 20¢r) 4> +20pga’ —A¢° ;
L’ = 17502 + 2825pa’”" + 2100g2° + (1120p* + 1825r) a” . (84)
+ 1615pqa’™ 4 (39p® + 1060pr + 500¢°) £
+ (109p%¢ + 620¢7) 2 + 68pgs’ 4 12¢°. J

With these meanings of 1. and L”, the quantity 1,4, considered as a rational func-
tion of 2*, p, ¢, r, may therefore be thus expressed :

. 1" 2
m=— 2787 5 e (o - g;x'2 _fLqu, —); (85)
? being still the quantity (79), and ¢ being still = 4/—15.

25. Depressing, next, as far as possible, the degrees of the powers of 27,
by means of the equation (2) of the fifth degree which 2’ must satisfy, we
find :

V=1 4+, 2 +1,2” 41, 2%+ U/, 2" 1
V=1 U+ L2 L+ U 2 {

(86)

in which the coefficients are thus composed :
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vy = — 110p’s — 4¢* + 350rs, 1
L', = — 110p°r 4 20pg> — 275¢s -+ 3507°,

L', = — 17p*q — 25ps -+ 55¢r, . (87)
Ly = - 31p* — 175pr 4 110¢%
L'y = — 90pq;
and
L’y = — 45p* 4 12¢° — T5rs; 1

17"

!

\ = — 45p°r -+ 68pg* — 350gs — 75r*;
"y = 4 64p°¢ — 1075ps + 195¢r; . (88)
/'y = — 6p® — 90pr 4 150¢°;

3

s = =+ 190pg — 1750s.

HoH

=

But because, after the completion of all these transformations and reductions, it
is seen that the five quantitics

Su/y— gL’ 5L, —gn", Su,—¢uL”, oL ¢, U, —{L’s  (89)

which become the coefficients of #°°, #, 2%, #°, #'%, in the numerator 5.’ —{L"”
of the fraction to be squared in the formula (85), are not proportional to the five
other quantities

7 29, 3p, 0, 5, (90)

which are the coefficients of the same five powers of 2’ in the denominator of the
same fraction, it may be considered as already evident, at this stage of the inves-
tigation, that the root 2’ enters, not only apparently, but also really, into the
composition of the quantity m,.

26. The foregoing calculations have been laborious, but they have been made
and verified with care, and it is believed that the results may be relied on. Yet
an additional light will be thrown upon the question, by carrying somewhat far-
ther the analysis of the quantity or function n,, and especially of the factor L;
which, though itsclf of the ninth dimension relatively to the roots of the equation
of the fifth degree, is yet, according to a remark made in the nineteenth article,
susceptible of being decomposed into three less complicated factors ; each of these
last being rational with respect to the same five roots, and being only of the third
dimension. In fact, we have, by (62), and by (11), (12), (13),
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L= (p+ v+ Nv) (gt 0v + OAv) (u+ Cxv + OAv) 5 (91)
that 1s, by (10),
L={(p—e+pfv)(p—e+ o) (p—ev + P); (92)
in which, by the same equations, and by (63) and (57),
p—ev=(—=5+8) B +pv8) +(1—a(F+v+8); ] (93)
v=(8440)a; {=+—15. Ji
Thus, 1 is seen to be composed of three factors,
L = M,M,M,, ( 94)

Mm=p—e+ By M=p—e -+ M=p—e -+ %, (95)

of which each is a rational, integral, and homogeneous function, of the third di-
mension, of the four quantities «, 3, «, & and, therefore, by (7), of the four
roots 2", &, 7%, &”, of the biquadratic equation (6); or finally, by (4), of the
five roots &, &y ¥, #1, 7, of the original equation (1) of the fifth degree : be-
cause we have

7' =z—} (2 + 22+ &+ ¥+ 7)), & (96)

or because
200 = 2, + @, + 2, + 7, — 4, |
PB=z,+x,— 2, — &, l>

(97)
4‘7:$2—w5+w4’—x5’ }
46 =0, — 2,— 2,4+ 25

And the first of these three factors of L may be expressed by the following equa-
tion :

100m, = 5m’, — {M"}; (98)
in which,
M, = 42 — 327 (2, + 2, 4 2, + &) — 20, (0,7 + 22+ 27+ 2) 'l
— 22, (%%, + x,2,) + 62, (2,4 z,) (#,4 x,) > (99)

+2{.772.1“,(.Z'2+.Z'3) +x4x5(x4+x5)} —3 {xzxs(xn;'('xa) -|-..z"4x5(x2+a:3)} 34

and
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M = 42° — 3z (.Z‘2 + v+ 2+ xs) + 2, (xz2 + 2’42’ + xsz) ]
+ 147, (7,75 + 2,2,) — 62, (7,4 7)) (2, + 2,)
— 3{2.7; (7, + 7;) + 2,3, (v,+ 75) } - (100)
- {xﬂs (.Z'4 + .1'5) + Tl (-z'z + xs) }

—{z 2’2+ 222" +2") (2,4 7,)—2 (2" +25") (2,4 2,)} 5 )

while the second factor, M, can be formed from M, by merely interchanging «,

and z,; and the third factor M, from M,, by interchanging x, and x,.

27. If, now, we substitute the expression (94) for the numerator of the frac-
tion which is to be squared in the formula (81), and transform also in like man-
ner the denominator of the same fraction, by introducing the five original roots
Z,...%; through the equations (77) and (4), we find:

2-2373 518 py 2 p,? M2 .
(@ — )" (%, — %,)* (2,— 2,)* (2, — 2,)*”
and we see that this quantity cannot be a symmetric function of those five roots,
unless the product of the three factors M, M,, M, be divisible by the product of
the four differences #,— 2, ... #,— 2, But this would require that at least
some one of those three factors M should be divisible by one of these four dif-
ferences, for example by #, — «,; which 1s not found to be true. Indeed, if
any one of these factors, for example, m,, were supposed to be divisible by any
one difference, such as #, — z,, it is easy to see, from its form, that it ought to
be divisible also by each of the three other differences; because, in M,, we may in-
terchange , and z,, or «, and z,, or may interchange z, and z,, or 7, and =, if
we also interchange z, and «,, or #; and #,: but a rational and integral function
of the third dimension cannot have four different linear divisors, without being
identically equal to zero, which does not happen here. The same sort of reason-
ing may be applied to the expressions (95), combined with (93), for the three
factors M, M, M, considered as functions, of the third dimension, of o, B, 7, &;
because if any one of these functions could be divisible by any one of the four
following linear divisors,

xl“‘z‘2=_5“—(ﬁ+7+8)’
Z— Ty, = —ba— (B—y—8),
z,—z,=—5—(—p+y—278),
7 — ,= — ba— (— B—y +9),

H, = —

(101)

(102)

2z 2
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it ought from its form to be divisible by all of them, which is immediately seen
to be impossible. The conclusion of the twenty-fifth article is, therefore, con-
firmed anew; and we see, at the same time, by the theory of biquadratic equa-
tions, and by the meanings of ¢, 7, ¢, that the denominator of the fraction which
is to be squared, in the form (81) for 1,, may be expressed as follows :

524+ 3pa” + 2¢4' +r = (7, — ) (2, — 7,) (2, — 2,) (3, — %) } (103)
= (5a)* — 6¢(5a)’ + 81 (5a) — 3 (¢ — 40);
a result which may be otherwise proved by means of the relations (15).

28. The investigations in the preceding articles, respecting equations of the
fifth degree, have been based upon analogous investigations made previously with
respect to biquadratic equations; because it was the theory of the equations last-
mentioned which suggested to Professor Bapano the formule marked (a) and
(b) in the seventeenth article of this paper. But if those formulz had been sug-
gested in any other way, or if they should be assumed as true by definition, and
employed as such to fix the meanings of the quantities m which they involve;
then, we might seek the values and composition of those quantities, u,, ... H, by
means of the following converse formule, which (with a slightly less abridged
notation) have been given by the same author:

H+VH =4 (Vs + Vo + Vsa)s
Hy+ v H = gy (Vo + 0V, + 0V5,)° 5 : (c)
Hy — VHg = ghy (Vo =+ 0¥, 4 6V,5)%s
and
H—VH, = § (Vo + Voo + V)3 ]
Hy — &/ H, = ob (Voo + 0V, 0+ 0v,5,)° 5 - (d)
Hy + v Hy = gh (Vo + OV55 + 6°v,5)° ]
Let us, therefore, employ this other method to investigate the composition of H,,
by means of the equation _
54 VB, = (Vais + 0,450 + 0V50,)" — (Vagy + 6Vess + 6,5) 5 (104)
determining still the six functions v by the definition (33), so that each shall still

be the mean of four of the twenty-four functions T; and assigning still to these
last functions the significations (32), or treating them as the fifth powers of
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twenty-four different values of Lacrange’s function ¢, which has itself 120
values : but expressing now these values of ¢ by the notation

bapeae = 0T, + o', + 0’2, + 2, + w2, (105)
which differs from the notation (22) only by having lower instead of upper in-
dices of #; and is designed to signify that we now employ (for the sake of a
greater directness and a more evident generality) the five arbitrary roots =, &c.,
of the original equation (1), between which roots no relation is supposed to sub-
sist, instead of the roots a/, &c., of the equation (2), which equation was sup-
posed to have been so prepared that the sum of its roots should be zero.

29. Resuming, then, the calculations on this plan, and making for abridg-
ment

A=x, 4z 2+ vi+ 2 (106)
so that — A is still the coefficient of the fourth power of # in the equation of the
fifth degree ; making also

Wapede = T Ty + 22,° 22 -+ 48, . .+ 62, 2 v, + 122, &, v xsy  (107)

and
Xpede — 5 (Wabcde + Wheedea + Wedead + Wieane + Weabcd) H (] 08 )

we find (because o® = 1), for the fifth power of the combination (105) of the
five roots x, the expression :
tsabcde = A’ 'Jl‘ (w4 - 1) Xpede + (wa - 1) Xeebd ] (109)
+ (0 — 1) Rews 4 (0* — 1) Xaee'5
and, therefore, for the six functions v, with the same meanings of those functions
as before, the formula :

Vote = % (Lrocae + rezea + Craenc + t10e2) (110)
=24 (0 o' — 2) Yeu + (0 + 0 — 2) Y

in which,
4ch¢ = Xacde + Xoed + Xdeze + Xedcor (111)

If then we make
Y55 — YI?'I‘ Y”p You3 = Y 37 Y’ R (112)

R——— 11 —_— !
Y =Y, + Y, Y, =Y, ]
14
Y534_Y4+Y”4, Yo, = Y4 —Y'4; J
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we shall have, by (20) and (30), the following system of expressions for the
functions v:
Vo = A*— 5Y DY’ ]
Vo = A® — 5Y', 4 DY, ;5 . (113)
Vi = A° — 5Y/, 4+ DY, 5
and
Vi = 4° — 5Y', — pY",;

Vo = A° — 5Y'; — DY";3 L (114)

—— 25 ’ 7
Vs = A” — OY'; — DY 33

D being still = o* — & — &®> 4w, so that D* is still == 5. We have also the
equation :
Xonts F Xaose 1 Xusos =+ Xsaz ]
+ Xouss F Xaoss T Xsans T Xosao
T Xosos T Xioas + Xaaos F Xigse
= Xauss F Xons  Xsszs T+ Xy
F Xosis F Koo+ Xgas - Xouso
F Xouss T Xasg - Xysos + Xsaens
because the first member may be converted into the second by interchanging any
two of the four roots ,, ;, 2,, #;, on which (and on ,) the functions x depend,
and therefore the difference of these two members must be equal to zero; since,

being at highest of the fifth dimension, it cannot otherwise be divisible by the
function

7 = (2, — 2,) (8, — 3,) (2, — &) (¢, — 3,) (8, — %) (¢, — @), (116)
which is the product of the six differences of the four roots just mentioned, and

is itself of the sixth dimension. We may therefore combine with the expres-
sions (113) and (114) the relations :

Yaus T+ Yysa = Yoau = Yags + Yois + Yz 3 (117)
Y, 4+, + Y, =0. (118)
30. With these preparations for the study of the functions v, or of any com-

bination of those functions, let us consider in particular the first of the three
following factors of the expression (104) for 54 v/n, :

(115)

and
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Vags — Vasg 4 07 (Vyss — Vous) + 0 (Vsza — Vags) 3 }

Vo — Vo 0 (Vass — Vazs) + 0 (Vig0 — V350) 5 T (119)

Vags — Vags + 07 (V453 — Vy5,) + 0 (V534 - V543); }

6 being still an imaginary cube-root of unity. We find:

Vo3 = Vi3 = 5 (Y, — ¥'5) — DY"33
Viay = Vg = — 5 (YI4 - YI&) - DY”:); (120)
Viss — Vags = 2DY"33

expressions which show immediately that

Vags F Vass F Vi = Vasa + Viss + Vasor (121)
and, therefore, by (c¢) and (d), that
=20,

as was otherwise found before. Also,

2 —0—1=(0—1)(220+1)=—(1—0)(0—0);  (122)
and, consequently, by (120), the first of the three factors (119) is equivalent to
the product of the two following :

1—96, 5(Y,—Y,)—{"s; (123)
in which, as before,
{=(0—6)p=+—15.
But, by (112) and (117),
2(Y, = Y'5) = Yo — Vs — (Yous — Yzs) == 2 (Y550 — Yyo5) F Vg5 — Vpup (124)

and

2" = Yy — Y3 (125)
so that the first factor (119) may be put under the form:
(11— 0) {10 (v, — Yy35) + (5 — &) (Y50 — Y513) (126)

Besides, by (111), the three differences

Yede — Yeedy Yede — Yedc, Yete — Yacer (127)
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are divisible, respectively, by the three products
(% — %) (Ba— )y (2 — 22) (%0 — @), (%, —2.) (2 —mg); (128)
and, therefore, the factor (126) is divisible by the product
(7, — x,) (v, — =), (129)

the quotient of this division being a rational and integral and homogeneous func-
tion of the five roots #, which is no higher than the third dimension, and which
it is not difficult to calculate.

31. In this manner we are led to establish an equation of the form :

Vais— Vasa T 0 (Vasg— Vaug) F 0 (Vagy — Vips) = (1 — 6) (#,—3) (4—2,) N, 3 (130)

in which if we make

28, = 10N, 4 (5 — ¢) v, (131)
we have
Yoz Va5 " Y53 — Ysa3
N, = , N = . 132
(@) (7 — ) () (3 — 3,) (132)
Effecting the calculations indicated by these last formulz, we find
N/1 —_ % (Mlll _— Mll), NIII —_—— g_M//]’ (] 33)

M, and m”, being determined by the equations (99) and (100) ; and, therefore,
with the meaning (98) of m,, we find the relation :

N, = —125m,. (134)
Thus, the first of the three factors (119) may be put under the form :
—125(1 — 0) (2, — @,) (®m, — x5) M, 3 (135)

in deducing which, it is to be observed, that the first term, #,* x;, of the formula
(107) for Wapess gives, by (108), the five following terms of X4, ¢

5, 1, + 5x5* T + St vy + 52t v + 5%t Ta s (136)

and these five terms of x give, respectively, by (111), the five following parts
of Yedo +
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% z! (.Z'2 + o+ v+ xe)’

g (‘1"2fl ‘Tc + -Z'c‘i .2‘2 + xd‘l ‘Z'e + ‘Z'ed 'T(l)s

A CARIE SR AR A A R SN (137)

§(zd' w2 vat 20 v+ 2 2,),

F(x' t ot ot tat) 2 J
which are to be combined with the other parts of v, derived, in like manner,
through X, from the other terms of w, and to be submitted to the processes in-
dicated by the formule (132), in order to deduce the values (133) of N, and
N"}, and thence, by (131) and (98), the relation (134) between w, and m,, which
conducts, by (130), to the expression (135). TFor example, the first and last of
the five parts (137) of v, contribute nothing to either of the two quotients
(132), because those parts are symmetric relatively to @, 4 #.; but the second
part (137) contributes

— S (@it ettt 2l e el xl),  (138)

to the quotient

Yode — Yedo
@ — 20) (e — o) (139)

and

+ 4 (2} F+ vt vt F 2l 2l v w’+28), (140)
to the quotient

Yede— Yice .
@ =) (r—a)’ (141)

this second part (137) of v contributes therefore, by (132),
— ¢ (&’ v+ w2l 20 2 2lr - v al’+20),  (142)

to the quotient N',, and the same quantity with its sign changed to the quotient
n’,: and the other parts of the same two quotients are determined in a similar

manner.
32. The two other factors (119) may respectively be expressed as follows :
—125 (1 — 0*) (v, — x,) (2, — x,) M, (143)
and
—125(60 — 6°) (7, — ;) (w,— x,) My3 (144)

VOL. XIX, 3a



362 Sir WirLiam Rowan Hamivton on Equations of the Fifth Degree.

in which, M, and M, are formed from », as in the twenty-sixth article; be-
cause the second factor (119) may be formed from the first, by interchanging z,
and z,, and multiplying by — 6*; and the third factor may be formed from the
second, by interchanging x, and #;, and multiplying again by — 6. If then we
multiply the three expressions (135) (143) (144) for the three factors (119)
together, and divide by three, we find :

18 V/H,=—5°(0 — 6*) oM, M, M5 (145)
= denoting here the product (116) of the six differences of the four roots z,, . ..
x;. 'The expression (101) for u, itself is therefore reproduced under the form :

H,= — 2723750 a2 M 2 M2 M2 ~ (146)

and the conclusions of former articles are thus confirmed anew, by a method

which is entirely different, in its conception and in its processes of calculation,
from those which were employed before.

33. It may not, however, be useless to calculate, for some particular equa-
tion of the fifth degree, the numerical values of some of the most important
quantities above considered, and so to illustrate and exemplify some of the chief
formule already established. Consider therefore the equation:

2 — 52+ 42 = 0; (147)
of which the roots may be arranged in the order:

=2, z,=1 z=0 z=-1 2 =—2; (148)
and may (because their sum is zero) be also written thus:
=2 2'=1 22"=0 27"=-1, 2"'=—2. (149)

Employing the notation (32), in combination with (22) or with (105), we have
now :

Ty = (2 4 o — o* — 20)%;

Tot = (2 + o — 2" — 0)'; 1
Ty = (2 — o' — 20° 4 0*)°; }
Toaz = (2 — 20* — &® + w)°.

But «® = 1; therefore,

(150)
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Ty = (— 2 — o'+ & 4 20)’, (151)
and

Toges T+ Taaze = 0. (152)
Again,
Tos = (1 — 0’ (2 — 0)%, Ty, = (1 — &°)° (2 — o')’; (153)

and if we make

(2—w)P=e—0, (24 00y =Et-to, (154)
we shall have
E = 32 4 80¢® 4+ 10¢*, 0 = 80w + 400’ | o*; (155)
also,
(1—e¢)Y=—5(1— ) (1 — e+ '); (156)

we find, therefore, by easy calculations,

(1 — «*)°E == 300 4 4300w — 1106® — 5400® — 80w,
(1 — *)* 0 = 600 4 1900 — 4050* — 3950° 4 10e";

L asn

J

and by subtracting the latter of these two products from the former, and after-
wards changing w to its reciprocal, we obtain :

Ty = — 300 - 240w 4 2950% — 1450° — 90,
Ty = — 300 -+ 2400* + 2050° — 1456* — 90w
We have, therefore, by (20),
Ty + Tysps = — (503 (159)
and, consequently, by (33) and (152),

} (158)

Vagy == ~— §—27-§. (160)

34. In like manner, to compute, in this example, the second of the six func-
tions v, we have

Toss = (24 o' — o’ — 207)° = — Ty3
Ty = (1 — w)’ (2 4 &)y Tiy = (1 —o')° (24 e*);

adding then the two products (157) together, and afterwards changing w to «®
and «® successively, we find, by (154):

} (161)

342
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T 3 = 900 + 6200® — 5150 — 9350* — 704, } (162)
Ty = 900 + 6200 — 5150* — 9350 — 700" ;
but, by (20), (30), and (54),
2(w40y=—1+40p, 2(«*+o’)=—1—p, D*=5; (163)
therefore,

Tagss T Tasee = 0y Tyops - Ty, = 2250 —1000D ; (164)
and

Vs = & (1125 — 500D). (165)

35. To compute the third of the functions v, we have, in the present ques-
tion, the relations :

Tosos = — Taaser Tososs = " Taonw  Toes = Ty Tyase = ~ Tisez5 (166)
and, therefore, by (159) and (164),
Vs = — 375 -+ 250D. (167)

For the fourth function v, we have, by processes entirely similar to the forego-
ing :
Tosu = — (1= P (24 '), Ty = — (1 — )" (24 w)’, |

168
Tysen + Tuggp = — 2250 — 1000 ; I (168)
Tyge = (1 — ')’ (2 — o?)’, Ty = — (1 — “’)5 (2 — ) )
- r (169)
Tygus + Ty == 750 ; J
Vo = — 375 — 250D. (170)
For the fifth function v, we have the relations:
Tosas = ~ Tagse 3 Tsoza ™= —Tysess  Taasg == — Tys 3 (171)
and, therefore, by (168),
Vo = 4 (1125 -4 500D). (172)
Finally, for the sixth function v, we have
Toszs = ~ Tosep Ty = — Tazep  Tizg = — Tages 3 (173)

and, therefore, by (169),
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Vs = — %f"’ | (174)

The three first values of v may therefore be thus collected :
Vs = —3; ThVem=0— 105 rhVe=—644p; (175)

and the three last values, in an inverted order, may in like manner be expressed
by the equations :

185V =—38; 185V =9+ 4D; 1fzVu,=—6—4p. (176)
36. It is evident that these six values of v are of the forms (113) and (114),
and that they verify, in the present case, the general relation (121). They show
also, by (c) and (d) of article 28., that not only B, but H,, vanishes in this ex-
ample ; the common value of the two sums (121), of the three first and three
last values of v, being zero. Accordingly, if we compare the particular equa-
tion (147) with the general forms (1) and (2), we find the following values of
the coefficients (B, ¢, D, E, not having here their recent meanings) :

A=0, B=—5 ¢=0, p=4, E=0, (177)
and
p=—5 ¢q=0, r=4, s=0; (178)
and therefore the formula (51) gives here
H, = 0. (179)

We find also, with the same meanings of 6 and { as in former articles :
185 (Vaus + V455 + 05, ) = 3 (46° — 0) + 4¢; (150)
2 (Vass + OVsis + 0v,s) =3 (40 — %) + 4¢ :

125
and, therefore, by (c) and (d),
2339570 (1, + V1) = {3 (46° —60) + 4¢P, } (1)
223%57° (0, — VH,) = {3 (40 — ) 4+ 4}’
equations which give, by (11) and (57):
VH,=2725°(0— ¢) (234 3¢) 5 (182)
and

H, = — 27 3'5% (197 4 69¢). (183)
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Let us now compare these last numerical results with the general formule found
by other methods in earlier articles of this paper.
37. The method of the thirteenth article gives, in the present example,

a=_—%, B=1, 9=4 =0, e=f =0, 1*

2 [
D N NN, =
SN =g, L(E—N)=—27°371(0—6);

and, therefore, by (59),

364

301 1
W —5(1—f), M=12@249) |
Job — SEPRA — I° (& 4+ A%) = — 2031 5° (23 + 3¢) ;

(185)

and, accordingly, if we multiply the last expression (184) by the last expression
(185), we are led, by the general formula (60), to the same result for +/&,, and
therefore for Hi, as was obtained in the last article by an entirely different me-
thod. The general formula (60) may also, in virtue of the equations (13), (59),
(62), (63), (70), (116), and (4), be written thus :

18y/H,=—5 (60— 6*)wL; (186)
which agrees, by (94), with the general result (145), and in which we have now
=1.2.3.1.2.1=12; (187)

while L may be calculated by the definitions (62) and (63), which give, at pre-
sent, by the values (184) for a, ¢ 4,

p=g(1—g), v=—2(2+0)  (s8)

and
L=—12(2343¢): (189)

and thus we arrive again at the same value of »/H, as before. The same value
of L may be obtained in other ways, by other formulae of this paper ; for example,
by those of the 24th and 25th articles, which give, in the present question,

L= —2°3'5°23; L'= 4 2°3*5% (190)

We may also decompose L into three factors M, which are here:
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M=—3CB+4); M=§B—-¢); m=4; (191)
and which conduct still to the same result.

38. An equation of the fifth degree, which, like that here assumed as an ex-
ample, has all its roots unequal, may have those roots arranged in 120 different
ways ; and any one of these arrangements may be taken as the basis of a verifica-
tion such as that contained in the last five articles. But we have seen that no
such change of arrangement will affect the value of either m, or H,; and with
respect to Hy;, which has been more particularly under our consideration in this
paper, it is not difficult to perceive that an interchange of any two of the four
last roots (@, @, @, x5 or 2, 2, 7%, 27), of the proposed equation of the
fifth degree, will merely change the sign of the square-root, 4/H,, in the fore-
going formule, without making any change in the value of u, itself, which has
been shown to depend on the first root (2, or 2’) alone. It will, however, be
instructive to exemplify this last-mentioned dependence, by applying the fore-
going general processes to the casc of the cquation of the fifth degree (147), the

two first roots being made to change places with cach other, in such a manner
that the order shall now be chosen as follows:

=1 £=2 x=0 z,=-1,2r=—2 (192)
or (since the sum of all five vanishes),
F=1 2'"=2 2"=0 a7=_1 z"=_2. (193)

We find, for this new case, by calculations of the same sort as in recent articles

of this paper, the following new system of equations for the values of the six
functions v :

T95Vas =124 4D5 185V = —9—4D; i3V, = —3; 1 (194)
T8z Ve = 12 — 4D T’g?vms =—9-44p; T??Tfs‘vsm - 3 H _!
in which, p has again the meaning assigned by (30): and, consequently,
3
92
5:_2?, (Vais = 0 Vass =+ OV5) = 3 (56° — 20) — 4 ; L (195)
15 (Vo OV + O0v) = 3 (50— 2 — 455 |
203570 4/ 1, = {3 (50° —20)— 4¢}* — {3 (50 —20%) —4¢}°; ] (196)
L
VH, = 2757 (0— 0% (55 —060); J

and
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H, = —2763'5°7% (497 —1320): (197)
results which differ from those obtained with the former arrangement of the five
roots of the proposed equation (147), but of which the agreement with the ge-
neral formulz of the present paper may be evinced by processes similar to those
of the last article.

39. As a last example, if the arrangement of the same five roots be

2,=0, =1 z,=2 zr,=—1, 2=--2 (198)
we then find casily that all the six quantities v vanish, and, therefore, that we
have, with this arrangement,

\/H4 =0, H,=0. (199)
All these results respecting the numerical values of mi, for different arrange-

ments of the roots of the proposed equation (147), are included in the common
expression :

H4:_-2—433518(

5 (122’ 4 5a"%) — 2¢ (382’ — 1727\ ?
S5x't— 152" + 4 ) ? (200)

which results from the formula (85), combined with (79) and (86) (87) (88):
and thus we have a new confirmation of the correctness of the foregoing calcula-
tions.

40. It is then proved, in several different ways, that the quantity m,, in the
formulae which have been marked in this paper (a), (b), (c), (d), and which have
been proposed by Professor Bapano for the solution of the general equation of
the fifth degree, is not a symmetric function of the five roots of that equation.
And since it has been shown that the expression of this quantity H,, contains in

general the imaginary radical { or +/— 15, which changes sign in passing to the
expression of the analogous quantity H,, we see that these two quantities, u, and
H,, are not generally equal to each other, as Professor Bapano, in a supplement
to his essay, appears to think that they must be. They are, on the contrary,
found to be in general the two unequal roots of a quadratic equation, namely,

. . H'+ qH, 4 r* =0, (201)
in which
: Q= — (H,+ H;) = 27¥37%5% %" (5.2 — 31/, (202)
an

R=VH. VB, = — 2743?5553 (51% 4 31"?), (203)
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@, L, and L”, having the significations already assigned ; and the values of the
coefficients @ and ® depend essentially, in general, on the choice of the root 7,
although they can always be expressed as rational functions of that root.

41. It does not appear to be necessary to write here the analogous calcula-
tions, which show that the two remaining quantities 1, and u,, which enter into
the same formula (a), (b), (¢), (d), are not, in general, symmetric functions of
the five roots of the proposed equation of the fifth degree, nor equal to each
other, but roots of a quadratic equation, of the same kind with that considered
in the last article. But it may be remarked, in illustration of this general result,
that for the particular equation of the fifth degree which has been marked (147)
we find, with the arrangement (148) of the five roots, the values:

H,= 2723725 (1809 — 914¢), 1, = 27°37*5° (1809 4 014¢); (204)
with the arrangement (192),
= 272372 5° (1260 + 781¢), 1, = 2723725 (1260 — 781¢); (205)
and, with the arrangement (198),
H, =0, H,=0. (206)

The general decomposition of these quantities 1, and m,, into factors of the fifth
dimension, referred to in a former article, results easily from the equations of
definition (42) and (43), which give:

2, = (h+¥) (h+ 0I') (h+ 6°'); ’% (207)
om, = (i 4 &) (44 6i') (i + 6%'). )

And the same equations, when combined with (40) and (38), show that the
combinations

H— B, =/h° B2—B;=0¢0 (208)

are exact cubes of rational functions of the five roots of the equation of the fifth
degree, which functions arc cach of the tenth dimension relatively to those five
roots, and are symmetric relatively to four of them ; while each of these func-
tions, A4’ and %', decomposes itsclf into two factors, which are also rational func-
tions of the five roots, and are no higher than the fifth dimension.
42. In the foregoing articles, we have considered only those six quantities
VOL. XIX. 3B
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which were connected with the composition of the six functions v, determined
by the definition (33). But if we establish the expressions,

Tocde — Vede + V/cde + V”crle + v”’cda

Teoed = Vede + - -

—

Tae2c = Veae — -+ - i (209)
Tedcz = Vede — — + j

which include the definition (33), and give,
Ve = :}; (T2cde + Tores — Taere — Tedcz), 1
Vet = % (Tocae — -+ — )s L (210)
VVe=3(Toee — — 4+ ) Jl

we are conducted to expressions for the squares of the three functions v/, v”,
v/, which are entirely analogous to those marked (a) and (b), and have ac-
cordingly been assigned under such forms by Professor Bapano, involving
eighteen new quantities, H,, .. Hy,; which quantities, however, are not found to
be symmetric functions of the five roots of the equation of the fifth degree,
though they are symmetric relatively to four of them.

43. In making the investigations which conduct to this result, it is convenient
to establish the following definitions, analogous to, and in combination with, that
marked (111):

4Y' cge = Xacte F Xered — Xtere — Xeders 'i
4Y" g = Xocze — -+ —_ s b (211)
4Y" e = Xooge —  — -4 5 J‘
for thus we obtain,
Xoote = Yote 4 Vote & ¥ cte + Y ctes .i
Xeoed = Yede "+ - — ’ |> (212)
Xaoe =Y —  +  — 5 |
Xetor = Yoie —  —  + ;)
Ve = (¢* — ) Yot + (o — @) Y 4oe 1
Vete = (0" — 0) Y ege — (0° — ) Yiees ‘> (213)
Vi = (0 0 — 2) ¥ et (0" 0 — 2) Y. |
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Introducing also the following notations, analogous to (112),

Yy =Y+ Y7 ¥iu=v,—¥", ]
Yu=Y,+Y",, Y, ,=Y,—Y", : (214)
Yo=Y, 47", Yu=Y,—Y"; ]
Yo=Y Y, Y=Y, — Y, ]
Vi =Y+ Y, Y=Y, — 1, ] (215)
Y s = Y . + \\//4, YI354 o Y\\/4 — Y\V’4; ]
and
Yo =Y Y =YY — Y, }
Y “3 —_ Y\\v3 + \\V/a’ YIHM:’ —_ Y\\v3 - Y\\w:n } (216)
Y=YV, ™V, Y=YV, —YV,; J

we find, by (30), results analogous to (113) and (114), namely,

\\II h

Vs =BY 4 Y, Vi =BY ; —CY
Vi =BY ;4 CY";, Vi =BY ;— CY“” » (217)

Vi =8BY  F Y, Vi, =8Y ,— vV )

e oV w7 "o e M N
Vi = CY 5+ BY 5 Vi, =CY ,—BY

’ AV V73 11 e M 4 8
Vi =cY, 4+ 8YY,, v/ ,=cy’, —BY",, (218)
Vg =cYVa+ BYY,, V', =cy’,—BY s ]
and
111 — ANV ANV — AV \\\II b
V" = DYV, — 5y, v m,_DY s+ 9Y
1 — V7] —_ RV} \\VI §
A mr“" — 57, v/, =Dy ;4 5Y (219)

V.
V m—DY 4_.5 \\\//uv m—DY\“l +5 \\/

And squaring the eighteen expressions (217) (218) (219), we obtain others, for
the eighteen functions v, v*% v%, which depend indeed on eighteen others of
the forms v, determined by the definitions (211) (214) (215) (216), but which
are free, by (54) and (55), from the imaginary fifth root of unity, @, except so
far as that root enters by means of the combination D, of which the square is=5.

44. If, now, we write like Professor Bapano (who uses, indeed, as has been

stated already, a notation slightly different),
382
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:

5 5

V" s = By + A Hy '\/SHm + V1, + '\/H23 — /Hy,;
5 7

V”/5342 = H, + '\/Hzo -+~ 9\/51{21 + */Hez + 02\5/ Hy; — N Hyuy ot (3. )

vm3452 = H19 + '\/Hzo + 92VH21 + 1/1‘122 + BV H23 - ‘/H24 5 3

and
Vs = g — A Hy + &m + “5/;23_;—7;;4 >
VY s = Hyg— VHy 0&;1—11_:'_—\75; + ezm;
V72 = Hy— A Hy + o Hy, — A/ Hy, + oV Hy, 4 A Hy s

(v")

together with twelve other expressions similar to these, and to those already
marked (a) and (b), but involving the functions v’ and v**; we shall have, as the
same author has remarked, a system of converse formule, analogous to (c) and
(d), for the determination of the values of the eighteen quantities H,, ... Ho.
Among these, we shall content ourselves with here examining one of the most
simple, namely the following :

Hyy = % (Vs + V% V"l Vm.m2 + Vs V50 5 (220)

for the purpose of showing, by an example, that this quantity is not independent
of the arrangement of the five roots of the original equation of the fifth degree.

45. Resuming with this view the equation (147), and the arrangement of
the roots (148), we find the following system of the twenty-four values of the
function X :

Xpus = — 0003 Xy, = — 905 X, =240 Xgum = 500 1
Xyyss = 11655 Xyp50 = — 0353 X5, = — 5153 x5, = — 11655 + (221)
Xopens = 905 Xoos = 93535 Xpppy = 8155 Xy, == — 240;
Koy = — 0203 Xp, = — 29535 X0, = 1455 X, = 70; 7
Xpous = 0205 X0 = — 7205 Xy = 7203 Xy = — 703 > (222)
Kogzs = — 14535 Xy, =37535 Xy, = — 3753 Xg3p = 295
which give, by (211),
4y, = — 1503 4y, =1450; 4y, = —1600;
4y, = 150; 4y, = 550; 4Y",, = — 400;

L (229

J
and, thercfore, by (216),
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8y, =0; 8Y™, =2000; 8y", = — 2000;

% (224)
8y, = —300; 8y";=900; 8Y,=—1200; |
whence, by (219),
ﬁzﬁ' V”I345 =3; Tz%v’”%s: —9--4p; T%“.s‘ Vmss«a =12 —4p; (225)
75 Vs =—38;5 18 Vs =9+40; 13;V"u =—12—4p; i

and the squares of these six second members are
9, 161 =72p, 224 x 96D, (226)

so that we have, by (220), with this arrangement of the five roots of the equa-

tion (147),
(147) H, = 27137150197, (227)

But with the arrangement (192), we find, by similar calculations,

T%'g_vllla‘45 — 6 + 4D H ..-‘..%.KVIII“")3 = — 9 — 4D H T%?)- v”/")34 et 3 M 1 (228)

o5V = — 6445 185V =9 — 405 15 V=433
of which the squares are
116 = 48p, 161 =x172p, 9; (229)

and we have now
H,=27'3715°11'13, (230)

a value different from that marked (227). And, finally, with the arrangement
of the roots (198), we find instead of the quantities (225) or (228), the follow-
ing:

+18 —8p, =6, 0, (231)

of which the squares are
644 = 288p, 36, 0, (232)
and give still another value for the quantity # now under consideration, namely,
H, = 23715717, (233)

46. The twelve other cxpressions which have been referred to, as being ana-
logous to (a) and (b), are of the forms:

Vl?345= H, + '\/Hs -+ ":’/uu + Vi, + \3/1111 - '\/le; (al)
V2 =H, — V' Hy -} 'e/Hs — '\/Hlo + '\3/1‘111 + V'Hy; (bl)
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Ve =Hy+ VH,+ "?‘/Hls + v'H+ '\3/H17 — V/H; (@)
V2 = Hyy— VH, + :}/Hw - V;I:G + v Hy, + v/ Hys (b")

and they give, as the simplest of the expressions deduced from them, the two
following, which are analogous to that marked (220) :

H, =} (V305 F V0 V500 V200 V%0 + V2%0) 5 (234)
Hy =+ (V"4 V"5 1 V"% V%00 V%0 1+ V%) (235)

For the case of the equation (147), and the arrangement of roots (148), we find
the numerical values :

2= — 1268 — 7035 2V 5 = 2028 — llc; £V =258 4 50c; ]

236
29" =—126c 4 TB; 2775, =202c4118; £ V", = 25¢c—50B; j (20)
2V 5= —18B - 47¢; 253 = 1008 —1750; 2V, = — 61B— 52¢; ) (237)
2" = —18c—478; 2v’4;,=100c-41758; £v";, = —61c--528; .ur

which may be obtained, either by the method of article 43., combined with the
values (221) (222) of the twenty-four functions x; or by the formule (210),
combined with the following table :

$ Typy = — 1758 — 2503 £ Ty = — 150 — 11B—T7c; 1
2 Ty = -+ 3778 4 89c; 2 Ty, = 450 - 1118 4 27c 4 200D 3 } (238)
% Pyny == 150 - 778 — 11C35 £ Tyyy = — 450 — 1118 — 27¢ — 200D ; J

and with the condition, that, if we write for abridgment,

Tocte = T beze & BT vede =+ €T pote 4 DT peaer (239)
we have in general the relations,

o / % 1 .
Tedery — %026 — BT gogs — CT" pode —+ DT hede 3

° /7 Zi 7
Teepda = T( )bcde + CT pege = BT "pede — DT pedes

} (240)

And hence, for the same equation of the fifth degree, and the same arrangement
of the roots, we find, by (54) and (55) :

H, = — 272371 5* (10975 -+ 706D) ;

24
H,= — 272371 5* (10975 — 706D). } (241)
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But, for the same equation (147), with the arrangement of the roots (192), we
find, by similar calculations, the values:

H, = — 272371 5* (10975 — 1472p) ; 1 (242)
H,= — 272371 5! (10975 - 1472p) ; J
and with the arrangement (198),
H, = — 272371 5* (10975 4 3832p) ; 1
H, = — 27237 5 (10975 — 3832p). [ e

We see, therefore, that in this example, the difference of the two quantities
H, and H,, is neither equal to zero, nor independent of the arrangement of the
five roots of the equation of the fifth degree. However, it may be noticed that
in the same example, the sum of the same two quantities B, and H,, has not been
altered by altering the arrangement of the roots; and in fact, by the method of
the 43rd article, we find the formula:

- %5—8 (1, 4 Hi3) = (Roas5 — Xogz)” + (Katss — Xoawn)” - (Kasas — Xzen)? ]
4 (Raos — er«;)2 + (X4235 — xsm)y2 -+ (Xsm — Xgq95)°
+ (Xggss — X4532)2 + (Xms — Xgu0)” (Xou3s — X5342)2
-+ (X3245 - X5423)2 + (X5234 - X4325)2 + (X4253 - X3524)2 5]
of which the second member is in general a symmetric function of the five roots,
and gives, in the case of the equation (147), by (221) and (222), the following
numerical value, agreeing with recent results,
H, 4+ H, = — 271 371 5° 439, (245)
47. It seems useless to add to the length of this communication, by enter-
ing into any additional details of calculation: since the foregoing investiga-
tions will probably be thought to have sufficiently established the inadequacy of
Professor Bapano’s method® for the general solution of equations of the fifth de-

gree, notwithstanding the elegance of those systems of radicals which have been
proposed by that author for the expression of the twenty-four values of LacranGE’s

(244)

* Professor BapANO’s rule is, to substitute, in cach H, for each power of #/, the fifth part of the
sum of the corresponding powers of the five roots, #’,..4%; and he proposes to extend the same

method to equations of all higher degrees.
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function #. Indeed, it is not pretended that a full account has been given, in the
present paper, of the reasons which Professor Banano has assigned for believing
that the twenty-four quantities which have been called 1 are all symmetric* func-
tions of the five roots of the equation of the fifth degree; and that those quanti-
ties are connected by certain relations among themselves, which would, if valid,
conduct to the following expression for resolving an equation of that degree, ana-
logous to the known radical expressions for the solution of less elevated equations:

$= Kl+'\/K2+’\S/K3+\/K4+’\7K3—«/K4

+ V(KA VK, + VG FVE,+ VE, — V)
VR, VR OV K, FVE, + OV, — V)
+ V {KyF Vg OV, F VK, + OVE, — V).

But it has been shown, in the foregoing articles, that at least some of the relations
here referred to, between the twenty-four quantities 1, do not in general exist ;
since we have not, for example, the relation of equality between u, and 1, which
would be required, in order to justify the substitution of a single symbol k, for
these two quantities. It has also been shown that each of these two unequal
quantities, H, and H,, in general changes its value, when the arrangement of the
five roots of the original equation is changed in a suitable manner : and that u,,
H,3, H,y, are also unequal, and change their values, at least in the example above
chosen. And thus it appears, to the writer of the present paper, that the inves-
tigations now submitted to the Academy, by establishing (as in his opinion they
do) the failure of this new and elegant attempt of an ingenious Italian analyst,
have thrown some additional light on the impossibility (though otherwise proved
before) of resolving the general equation of the fifth degree by any finite combi-
nation of radicals and rational functions.

* « Dunque le B sono quantitd costanti sotto la sostituzione di qualunque radice dell’ equa-
zione.” To show that the constancy, thus asserted, does not exist, has been the chief object pro.
posed in the present paper; to which the writer has had opportunities of making some additions,
since it was first communicated to the Academy.



