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Rob 501 Handout: Grizzle
A Useful Cauchy Sequence in (R, |- |)

Proposition Let 0 < ¢ < 1 and let (a,) be a sequence of real numbers satis-
tying, V n > 1,

|an1 — an] < cla, — an—1].
Then (a,) is Cauchy in (R, |-]).

Proof:
Claim 1: V n > 1, |aps1 — ap] < *a; — ag.

Proof: First observe that
a3 — as| < claz —ar| < CQ\al — ap|.

15
Then complete the proo%y induction.

Claim 2: Vn > 1,k > 1, |apx — an| < 1C—_nC|a1 — ap|.

Proof:

‘an—i—k - anl < |an+kz — Qptk—1 T Qpik—1 — Qptk—2 + " Qpy1 — an|
< |an+k - an—l—k—l‘ + ’an—kk—l - an+k—2| + ’an—kl - an‘
< " Nay — aol + R ay — ag) + -+ Mag — ag

k—1
<) ) |ar — a
i=0
>0
< c"(ZcZ) la; — ay
i=0
< Cn(L) \al — CL()‘
- 1—c
n
< lar — ag

—C
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Claim 3: (a,) is Cauchy

Proof: Consider m and n. WLOG, suppose m > n. If m = n, then |a,,—a,| =
0. Thus assume m = n + k for some k > 1. Then

C’ﬂ

0
a1 — ap] ————,

‘am - an' - ‘an—kk - anl <
—cC N—00,M—00

and thus it is Cauchy.

Remark: Because WLOG we could assume m > n, from n — oo, we have
both n — oo and m — oo.
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