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ADVERTISEMENT. 

The Committee appointed by the Royal Society to direct the publication of the 

Philosojihical Transactions take this opportunity to acquaint the public that it fully 

appears, as well from the Council-books and Journals of the Society as from repeated 

declarations which have been made in several fonrier Transactions, that the printing of 

them was always, from time to time, the single act -of the respective Secretaries till 

the Forty-seventh Volume; the Society, as a Body, never interesting themselves any 

further in their publication than by occasionally recommending the revival of them to 

some of their Secretaries, when, from the particular circumstances of their affairs, the 

Transactions had happened for any length of time to be intermitted. And this seems 

principally to have been done with a view to satisfy the public that their usual 

meetings were then continued, for the improvement of knowledge and benefit of 

mankind : the great ends of their first institution by the Royal Charters, and which 

they have ever since steadily pursued. 

But the Society being of late years greatly enlarged, and their communications more 

numerous, it wms thought advisable that a Committee of then’ members should be 

appointed to reconsider the papers read before them, and select out of them such as 

they should judge most proper for publication in the future Transactions; which was 

accordingly done upon the 26th of March, 1752. And the grounds of their choice are, 

and will continue to be, the importance and singularity of the subjects, or the 

advantageous manner of treating them ; without pretending to answer for the 

certainty of the facts, or propriety of the reasonings contained in the several papers 

so pubhshed, which must still rest on the credit or judgment of their respective 

authors. 

It is likewise necessary on this occasion to remark, that it is an established rule of 

the Society, to which they will always adhere, never to give their opinion, as a Body, 
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upon any subject, either of Nature or Art, that comes before them. And therefore the 

thanks, which are frequently proposed from the Chair, to be given to the authors of 

such papers as are read at their accustomed meetings, or to the persons through whose 

hands they received them, are to be considered in no other light than as a matter of 

civility, in return for the respect shown to the Society by those communications. The 

like also is to be said with regard to the several projects, inventions, and curiosities of 

various kinds, which are often exhibited to the Society; the authors whereof, or those 

who exhibit them, frequently take the hberty to report, and even to certify in the 

public newspapers, that they have met with the highest applause and approbation. 

And therefore it is hoped that no regard will hereafter be paid to such reports and 

public notices; which in some instances have been too lightly credited, to the 

dishonour of the Society. 
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1900. 

List of Institutions entitled to receive the Philosophical Transactions or 

Proceedings op the Royal Society. 

Institution.s marked a are entitled to receive Philosophical Transactions, Series A, and Proceedings. 

„ B Series B, and Proceedings. 

., AB )> i) Series A and B, and Proceedings. 

r ?> „ Proceedings only. 
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Agram, 

p. Jugoslavenska Akademija Znanosti i Um- 

jetno.sti. 

V^OL. CXGVI.-A. 

Austria (continued). 

p. Societas Historico-Naturalis Croatica. 
Briinn. 

AB. Naturforschender Verein. 

Gratz. 

AB. Naturwisseuschaftlichor Verein fiir Steier- 

mark. 

Innsbruck. 

AB. Das Ferdinandeum. 

pi. Naturwissenschaftlich - Medicinischer 

Verein. 

Prague. 

AB. Konigliche Bohmische Gesellschaft der 

Wissenschaften. 

Trieste. 

B. Museo di Storia Naturale. 

p. Societa Adriatica di Scienze Naturali. 

Vienna. 

p. Anthropologische Gesellschaft. 

AB. Kaiserliche Akademie der Wissenschaften. 

p. K.K. Geographische Gesellschaft. 

AB. K.K. Geologische Reichsanstalt. 

B, K.K. Naturhistorisches Hof-Museum. 

B. K.K. Zoologisch-Botanische Gesellschaft. 

p. Oesterreichische Gesellschaft fiir Meteorc- 

logie. 

A. Von Kuffner’sche Sternwarte. 

Belgium. 

Brussels. 

B. Academie Roy ale de Medecine. 

AB. Acadende Royale des Sciences. 

B. Alusee Royal d’Histoire Naturelle de 

Belgique. 

p. Observatoire Royal. 

p. Societe Beige de Geologie, de Paleonto- 

logie, et d’Hydrologie. 

p. Societe Alalacologique de Belgique. 

h 
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Belgium (continued). 

Ghent. 

AB. Universite. 

Liege, 

AB. Societe des Sciences. 

p- Societe Geologique de Belgique. 

Louvain. 

B. Laboratoire de Microscopie et de Biologie 

Cellulaire 

AB. Universite. 

Canada. 

Fredericton, N.B. 

p. University of New Brunswick. 

Halifax, H.S. 

p. Nova Scotian Institute of Science. 

Hamilton. 

p. Hamilton Association. 

Montreal. 

AB. McGill University. 

p. Natural History Society. 

Ottawa. 

AB. Geological Survey of Canada. 

AB. Royal Society of Canada. 

St. John, N.B. 

p. Natural History Society. 

Toronto. 

p. Toi'onto Astronomical Society. 

p. Canadian Institute. 

AB. University. 

Windsor, N.S. 

p. King’s College Library. 

Cape of Good Hope. 

A. Obsei’vatory. 

AB. South African Library. 

Ceylon. 

Colombo. 

B. Museum. 

Denmark. 
Copenhagen. 

AB. Kongelige Danske Videnskabernes Selskab. 

Egypt. 

Alexandria 

AB. Bibliothequc Municipale. 

England and Wales. 
Aberystwith. 

AD. University College. 

Bangor. 

AB. University College of North Wales. 

Birmingham. 

AB. Free Central Library. 

AB. Mason College. 

p. Philosophical Society. 

England and Wales (continued). 

Bolton. 

p. Public Library. 

Bristol. 

p. Merchant Venturers’ School. 

AE. University College. 

Cambridge. 

AB. Philosophical Society. 

p. Union Society. 

Cardiff. 

AB. University College. 

Cooper’s Hill. 

AB. Royal Indian Engineering College. 

Dudley. 

p. Dudley and Midland Geological and 

Scientific Society. 

Essex. 

p. Essex Field Club. 

Falmouth. 

p. Royal Cormvall Polytechnic Society. 

Greenwich. 

A. Royal Observatory. 

Kew. 

B. Royal Gardens. 

Leeds. 

p). Philosophical Society. 

AB. Yorkshire College. 

Liverpool. 

AB. Free Public Library. 

p. Literary and Philosophical Society. 

A. Observatory. 

AB. University College. 

London. 

AB. Admiralty. 

p. Anthropological Institute. 

AB. Board of Trade (Electrical Standards 

Laboratory). 

AB. British Museum (Nat. Hist.). 

AB. Chemical Society. 

A. City and Guilds of London Institute. 

p. “ Electrician,” Editor of the. 

B. Entomological Society. 

AB. Geological Society. 

AB. Geological Survej' of Gi’eat Britain. 

p. Geologists’ Association. 

AB. Guildhall Library. 

A. Institution of Civil Engineers. 

p. Institution of Electrical Engineers. 

A. Institution of IMechanical Engineers. 

A. Institution of Naval Architects. 

p. Iron and Steel Institute. 

AB. King’s College. 

B. Linnean Society. 

AB. London Institution. 
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England and Wales (continued). 

London (continued), 

p. London Library. 

A. Mathematical Society. 

2J. Meteorological Office. 

V. Odontological Society. 

p. Phaiunaceutical Society. 

p. Physical Society. 

p. Quekett Microscopical Club. 

p. Royal Agricultural Society. 

A. Royal Astronomical Society. 

B. Royal College of Physicians. 

B. Royal College of Surgeons. 

p. Royal Engineers (for Libraries abroad, six 

copies). 

AB. Royal Engineei’S. Head Quarters Library. 

p. Royal Geographical Society. 

p. Royal Horticultural Society. 

p. Royal Institute of British Architects. 

AB. Royal Institution of Great Britain. 

B. Royal Medical and Chirurgical Society. 

p. Royal Meteorological Society. 

p. Royal Mici’oscopical Society. 

p. Royal Statistical Society. 

AB. Royal United Service Institution. 

AB. Society of Arts. 

p. Society of Biblical Archseology. 

p. Society of Chemical Industry (London 

Section). 

p. Standard Weights and Measures Depart¬ 

ment. 

AB. The Queen’s Library. 

AB. The War Office. 

AB. University College. 

p. Victoria Institute. 

B. Zoological Society. 

M anchester. 

AB. Free Library. 

AB. Literary and Philosophical Society. 

p. Geological Society. 

AB. Owens College. 

Netley. 

p. Royal Victoria Hospital. 

Newcastle. 

AB. Free Library. 

p. North of England Institute of Mining and 

Mechanical Engineers. 

p. Society of Chemical Industry (Newcastle 
Section). 

Norwich. 

p_. Norfolk and Norwich Literary Institution. 

Nottingham. 

AB. Free Public Library. 

h 

England and Wales (continued). 

Oxford. 

p. Ashmolean Society. 

AB. Radcliffe Library. 

A. Radcliffe Observatoiy. 

Penzance. 

p. Geological Society of Cornwall. 

Plymouth. 

B. Marine Biological Association. 

p. Plymouth Institution. 

Richmond. 

A. “ Kew ” Observatory. 

Salford. 

p. Royal Museum and Library. 

Stonvhurst. 
%/ 

p. The College. 

Swansea. 

AB. Royal Institution. 

Woolwich. 

AB. Royal Artillery Library. 

Finland. 
Helsingfors. 

p. Societas pro Fauna et Flora Fennica. 

AB. Societe des Sciences. 

Fra.nce. 
Bordeaux. 

p. Academic des Sciences. 

p. Faculte des Sciences. 

p. Societe de Medecine et de Chirui'gie. 

p. Societe des Sciences Physiques et 

Naturelles. 
• Caen. 

p. Societe Linneenne de Normandie. 

Cherbourg. 

p. Societe des Sciences Naturelles. 

Dijon. 

p. Academic des Sciences. 

Lille. 

p. Faculte des Sciences. 

Ljmns. 

AB. Academie des Sciences,Belles-LettresetArts. 

AB. Universite. 

^Marseilles. 

AB. Faculte des Sciences. 

Montpellier. 

AB. Academie des Sciences et Lettres. 

B. Faculte de Medecine. 

Nantes. 

p. Societe des Sciences Naturelles de I'Ouest 

de la France. 
Paris. 

AB. Academie des Sciences de I’lnstitut. 

p. Association Francaise pour PAvancement 

des Sciences. 

p. Bureau des Longitudes. 
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France (continued). 

Ppiis (continued). 

A. Bureau International des Poids et Mesures. 

f. Commission des Annales des Fonts et 

Chaussees. 

p. Conservatoire des Arts et Metiers. 

"p. Cosmos (M. l’Abbe AMlette). 

AB. Depot de la Alariue. 

AB. Ecole des Mines. 

AB. Ecole Normale Superieure. 

AB. Ecole Poljtechnique. 

AB. Faculte des Sciences de la Sorbonne. 

B. Institut Pasteur. 

AB. Jardin des Plantes. 

p. L’Electricien. 

A. L’Observatoire. 

p. lievue Scientifique (Mons. H. DE Varigny). 

p. Societe de Biologie. 

AB. Societe d’Encouragement pour I’lndustrie 

Nationale. 

AB. Societe de Geograpbie. 

p. Societe de Physique. 

B. Societe Entomologique. 

AB. Societe Geologique. 

2^. Societe Alathematique. 

p. Societe Meteorologique de Fj’ance. 

'Toulouse. 

AB. Academie des Sciences. 

A. Faculte des Sciences. 

Germany. 

Berlin. 

A. Deutsche Chemisclie Gesellschaft. 

A. Die Sternwarte. 

p. Gesellschaft fiir Erdkunde. 

AB. Konigliche Preussische Akademie der 

AA^issenschaften. 

A. Physikalisclie Gesellschaft. 

Bonn. 

AB. Universitat. 

Bremen. 

p. hTaturwissenschaftlicher Veroin. 

Breslau. 

p .Schlesische Gesellschaft fiir Vaterliindische 

Kultur. 

Brunswick. 

p. Verein fiir Naturwissenschaft. 

Charlottenburg. 

A. Physikalisch-Technische Reichsanstalt. 

Danzig. 

AB. Naturforschende Gesellschaft. 

Dresden. 

p. Verein fiir Erdkunde. 

Germany (continued). 

Emden. 

p. Naturforschende Gesellschaft. 

Erlangen. 

AB. Physikalisch-Medicinische Societat. 

F rankfurt-am-AIain. 

AB. Senckenbergische hTaturforschende Gesell¬ 

schaft. 

p. Zoologische Gesellschaft. 

Frankfurt-am-Oder. 

p. hTaturwissenschaftlicher A'erein. 

Freiburg-im-Breisgau. 

AB. Universitat. 

Giessen. 

AB. Grossherzogliche Universitat. 

Gorlitz. 

p. Naturforschende Gesellschaft. 

Gottingen. 

AB. Konigliche Gesellschaft der AVissenschaf ten. 

Halle. 

AB. Kaiserliche Leopoldino - Cai’olinische 

Deutsche Akademie der Xaturforscher. 

p. Naturwissenschaftlicher A^erein fiir Sach¬ 

sen nnd Thtiringen. 

Hamburg. 

p. Katui’liistorisches Museum. 

AB. jSTaturvvissensclmftlicher A^erein. 

Heidelberg. 

p. hTaturhistorisch-AIedizinischer A^erein. 

AB. Universitat. 

Jena. 

AB. Medicinisch-Haturwissenschaftliche Gesell¬ 

schaft. 

Karlsruhe. 

A. Grossherzogliche Sternwarte. 

p. Technische Hochschule. 

Kiel. 

p. Naturwissenschaftlicher A^ereiu fiir 

Schleswig-Holstein. 

A. Asti'onomische Nachrichten. 

AB. Universitat. 

Kdnigsberg. 

AB. Konigliche Physikalisch - Okonomische 

Gesellschaft. 

Leipsic. 

p. Annalen der Physik uud Chemie. 

AB. Konigliche Siichsische Gesellschaft der 

AVissenschaf ten. 

Magdeburg. 

p. Naturwissenschaftlicher A'erein. 

Marbiu’g. 

AB. Universitat. 
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Germany (continued). 

Munich. 

AB. Kdnigliche Bayerische Akademie der 

Wissenschaften. 

jp. Zeitschi’ift fiir Biologic. 

Munster. 

AB. Kdnigdiche Theologische und Piiilo- 

sophische Akademie. 

Potsdam. 

A. Astrophysikalisches Observatorium. 

Rostock. 

AB. U niversitat. 

Strasburg. 

AB. Unirersitat. 

Tubingen. 

AB. Universitat. 

WUrzburg. 

AB. Physikalisch-Medicinische Gesellschaft. 

Greece. 

Athens. 

A. National Observatory, 

Holland. (See Netherlands.) 

Hungary. 

Buda-pest. 

p. Konigl. Ungarische Geologische Anstalt. 

AB. A Magyar Tudos Tarsasag. Die Ungarische 

Akademie der Wissenschaften. 

Hermannstadt. 

p. Siebenbiirgischer Verein fiir die Natur- 

Avissenschaften. 

Klausenburg. 

AB. Az Erdelyi Muzeura. Das Siebenbiirgisciie 

Museum. 

Schemnitz. 

p. K. Ungarische Berg- und Eorst-Akademie, 

India. 

Bombay. 

AB. Elphinstone College. 

p. Royal Asiatic Society (Bombay Branch). 

Calcutta. 

AB. Asiatic Society of Bengal. 

AB. Geological Museum. 

p. Great Trigonometrical Survey of India. 

AB. Indian Museum. 

p. The Meteorological Reporter to the 

Government of India. 

Madras. 

B. Central kluseum. 

A. Observatory. 

Roorkee. 

p. Roorkee College. 

Ireland. 

Armagh. 

A. Observatory. 

Belfast. 

AB. Queen’s College. 

Cork. 

p. Philosophical Society. 

AB. Queen’s College. 

Dublin. 

A. Observatory. 

AB. National Library of Ireland. 

B. Royal College of Surgeons in Ireland. 

AB. Royal Dublin Society. 

AB. Royal Irish Academy. 

Galway. 

AB. Queen’s College. 

Italy, 
Acireale. 

p. Accademia di Scienze, Lettere ed Arti. 

Bologna. 

AB. Accademia delle Scienze dell’ Istitulo. 

Catania. 

AB. Accademia Gioenia di Scienze Naturali. 

Florence. 

p. Biblioteca Nazionale Centrale 

AB. Museo Botanico. 

p. Reale Istituto di Studi Superior!. 

Genoa. 

p. ■ Societa Ligustica di Scienze Natui’ali e 

Geogi’aficho. 

Milan. 

AB. Reale Istituto Lombardo di Scienze, 

Lettere ed Arti. 

AB. Societa Italiana di Scienze Naturali. 

Modena. 

p. Le Stazioni Si^erimentali Agrarie Italiane. 

Naples. 

p. Societa di Naturalisti. 

AB. Societa Reale, Accademia delle Scienze. 

B. Stazione Zoologica (Dr. Dohbn). 

Padua. 

p. University. 

Paleiano. 

A. Circolo Matematico. 

AB. Consiglio di Perfezionamento (Societa di 

Scienze Naturali ed Economiche). 

A. Reale Osservatorio. 

Pisa. 

p. II Nuovo Cimento. 

p. Societa Toscana di Scienze Natural!. 

Rome. 

p. Accademia Pontificia de’ Nuovi Lincei. 

p. Rassegna delle Scienze Geologiche in Ifciba, 
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Italy (continued). 

Kome (continued). 

A. Reale Ufficio Centrale di Meteorologia e di 

Geodinamica, Collegio Romano. 

AB. Rcale Accademia dei Lincei. 

p. R. Comitato Geologico d’ Italia. 

A. Specola Vaticana. 

AB. Societa Italiana delle Scienze. 

Siena. 

p. Reale Accademia dei Fisiocritici. 

Turin. 

p. Laboi'atorio di Fisiologia. 

AB. Reale Accademia delle Scienze. 

Venice. 

p. Ateneo Veneto. 

AB. Reale Lstituto Veneto di Scienze, Lettere 

ed Ai’ti. 

Japan. 

Tokio. 

AC. Impeiial University. 

2). Asiatic Society of Japan. 

Java. 
Buitenzorg. 

p. Jardiii Botanique. 

Luxembourg. 

Luxembourg. 

2>. Societe de.s Sciences Uaturclles. 

Malta. 
p. Public Library. 

Mauritius. 
p. Royal Society of Arts and Sciences. 

Netherlands. 
Amsterdam. 

AB. Koninklijke Akademie van Wetenscbappen. 

p. K. Zoologiscb Geuootschap ‘Uatura Artis 

]\Iagistra.’ 

Delft. 

p. Ecole Polytechnique. 

Haarlem. 

AB. Hollandsclie Maatschappij der AVeten- 

scbappen. 

p. Musee Teyler. 

Leyden. 

AB. University. 

Rotterdam. 

AB. Bataafscb Genootschap der Proefonder- 

vindelijke AALjsbegeerte. 

Utrecht. 

AB. Provinciaal Genootschap van Kunsten en 

AV etenschappen. 

New Zealand. 
AVellington. 

AB. New Zealand Institute. 

Norway. 
Bergen. 

AB. Bergenske Museum. 
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PHILOSOPHICAL TRANSACTIONS. 

I. The Kinetic Theory of Planetary Atmospheres. 

By G. H. Bryan, Sc.D., F.B.S. 

Keceived March 15,—Read April 5, 1900. 

1. The possibility of applying tlie Kinetic Theory to account for the presence 

or absence of different gases in the atmospheres surrounding the various members of 

our Solar System, and in particular to explain the absence of any visible atmosphere 

from the Aloon, was first discussed by AYaterston in 1846, in his memoralfie paper 

on “ The Physics of Media,” that so long remained unpidffished in the archives of 

the Boyal Society.* This application of the theory is distinctly mentioned in tlie 

abstract of Waterston’s paper published in 1846,t which is reproduced by Lord 

IIayleigh as an appendix to the paper itself Hence we may say that the kinetic 

theory of planetary atmospheres is as old as the kinetic theory of gases. 

The present subject received the attention ot Dr. Johnstone Stoney somevdiere 

about the year 1867. It was brought under my notice by a note written by Sir 

Robert Ball in 1893,| and in that year I read a pa})er before the Nottingham 

meeting of the British Association on “ The Moon’s Atmosphere and tlie Kinetic 

Theory,” in which numerical results were obtained sufficing to account for the 

absence of a visible atmosjDhere on the Moon and the existence of such gases as 

hydrogen in presence of the Sun. At that time, ho^vever, 1 did not see clearly liow 

to take account of axial rotation, which evidently might play an important part in 

whirling ofi* the atmospheres from certain planets, and thus the results given only 

represented the state of affairs at points along the polar axes of the bodies in (juestion. 

Owing to this objection I did not deem it desirable to publish a more detailed pajier 

than the abstract which appeared in the Nottingham lieport.§ 

In the following year I published a note “ On the Law of Molecular Distribution in 

the Atmosphere of a Rotating Planet,” as an appendix to my Report on the Kinetic 

* ‘Phil. Trans.,’ A, 1892. 

T ‘ Proc. Roy. Soc.,’ vol. 5, 2^. 604. 

I ‘Science,’ February 24, 189.3. 

§ ‘ British Association, Nottingham Re2Jort, 1893, 2^. 682. 

VOL. CXCVL—A 274. B 18.2.1901 
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Theory Init various-circumstances have prevented me from following up the line of 

investigation thus started. In the interval, the new elements discovered by Professor 

Hamsay have su2:)plied fresh material for discussion, and in 1897 a j^aper “ Of Atmo¬ 

spheres upon Planets and Satellites” was published by Dr. Johxstoxe StoxeavI 

The latter paper, however, does not in any way anticipate the methods that I 

had contemplated using, and there are so many points on vdiich further investigation 

appeared desirable that a continuation of the present work seemed to me fully justified. 

Since the present investigation was completed, I have seen Mr. S. 11. Cook’s jDaper,;}; 

the method of wdiich is closely analogous with that adopted in the calculations of my 

Nc>ttingham j^aper. 

2. Watekston’s Method. 

Waterstox’s investigations take no account of the fact that the molecular 

sj)eeds of the molecules of the gas are distributed about a mean, according to such 

an arrangement as the Boltzmaxx-Maxwell distribution. Hence in dealing with 

planetary atmospheres it is assumed that at any point all the molecules are moving 

with the same sjDeed. On such an assumption the conditions for the existence of an 

atmosphere are very simple, especially if no account is taken of axial rotation. 

For supposing the celestial body under consideration to be a sphere of radius o, and 

that the acceleration of its attraction at distance r is then v being the transla¬ 

tional speed of a molecule at the surface of the body, it is evident that if 

1 
O 

a 

the molecules will describe hyperbolas, and will ultimately fly off to infinity, so that 

the Ijody will lose its atmosphere ; while if 

the atmosphere will not extend Ijeyond a concentric sphere whose radius r is 

given by 

If Waterstox’s hypothesis were correct it would have the following advantages :— 

(i.) It would enable an exact limit to be fixed for the temperature at vliich any 

gas could exist in the atnios])here of a planet. 

(ii.) It would enable an exact limit to be fixed for the height of that atmosphere, 

(iii.) It would account for the decrease of temperature of the atmosphere vith 

increase of height. 

Waterstox concludeil that the Moon was capalile of retaining an atmosphere of 

air })rovided that its temperature was not greater than 2405° F. 

* ‘ British Associiition Report,’ 1894, p. 100. 

t ‘ Trans. Roy. Dublin Soc.,’ vol. 6, p. 305. 

t ‘The Astrophysical Journal,’ vol. 11, 1. 
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3. Afi'plication of Maxwell’s Law. 

The results tabulated in my British Association paper of 1893 were based on the 

assumption that the speeds of the molecules were grouped according to Maxwell’s 

Law, so that out of any N molecules at any point the number whose speed lies 

between c and c + dc is 

\/ TT 

e .(1). 

where 2I^{ttK) is the mean speed, and 3/2A the mean scpiare of the speeds of the 

molecules (Watson, ‘ Kinetic Theory of Gases,’ p. 6). 

If V be the least velocity required to carry oflP a molecule to infinity, and given by 

the relation = p,/a, then the number of molecules having sufficient speed to fly off 

from the atmosphere will he 

VTr J v 

which on putting hc^ = d gives 

4N 

\/ • V V/i 
f’ 

Ywh 

To calculate the integral, we have on integration by parts 

[ e ^t^dt = ^te + -g [ e 
' t ' h 

= i ■ 

where Erfc t denotes the complement of the error function of t. 

The values of '2rr~^ Erf t are tabulated for small values of t in Woolsey Johnson’s 

‘Method of Least Squares,’ p. 153, but in the present problem the values of t are 

necessarily large. Employing the series for Erfc t given in Woolsey Johnson, p. 46, 

Ex. 11, we deduce that the number of molecules moving with speed greater than the 

critical speed is 

+ A _ A + lA _ 1^6 , 
v/tt 1 2(2 2V ^ 2V 2V ~ 

where t = v^h. 

For very large values of t, such as occur in many of the calculations, the first term 

of the series need alone be taken into account for jjurposes of rough approximation. 

From this formula were calculated the results given in Table I. of my Nottingham 

paper, and wliich it may be convenient to reproduce here. This table shows the 

values of N when the number of molecules given by the above formula is taken to be 

unity ; in other words, the number of molecules of oxygen or hydrogen at difierent 

temperatures out of which there is, on an average, one molecule moving wdh sufficient 

B 2 
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speed to overcome the attraction of the Eartli, the Moon, Mars, or the Sun, as the 

case may l:»e. 

The wide difference in the numhers, due to the presence of the exjionential factor, 

is sufficient to account for the practical permanence of the atmospheres of certain 

planets and the non-existence of certain gases in the atmospheres of others. 

'fABLE of Average Numher of Molecules of Gas to every one whose Speed is suffi¬ 

ciently great to overcome the Attraction of the Corresponding Body. 

Hydrogen at 
TemjDeratnre. 

Oxygen at 
Temperature. 

Surface of 
Moon. 

Surface of 
Mars. 

Surface of 
Earth. 

Earth’s atmo¬ 
sphere at 

height of 80 
miles. 

At Earth’s 
distance 

from Sun. 
Ah.solute. Cent. Absolute. Cent. 

273“ 0° 4368 4095“ 3-6 3920 6-0 X 101-1 2-3 X 1019 2-7 X 10301 i 
68 -205 1092 819 610-0 5-0 X 1015 3-3 X 1081 7-6 X 10™ 6-6 X 101283 i 
17 -246 273 0 

O
 

X
 1-0 X 10'« 2-3 X 10819 5-7 X 1082-2 2-0 X 101110 

4.1 -269 68 -205 6-9 X 10^1 1-8 X 10'i63 4-5 X 101821 1-5 X 101298 1-7 X 1019101 

4. Mr. Cook’s Method. 

Mr. Cook has enp^loyed a method almost identical with that explained above. 

He uses the formula (4), and proceeds to calculate the number of molecules crossing 

a unit of surface with velocity exceeding the critical velocity, which would just suffice 

to carry a molecide to infinity. For the Earth the number of molecides is computed 

under the following conditions :— 

(1) For a spherical sliell at the Earth’s surface at a mean temperature of 5° C. 

(2) For a spherical shell 200 kiloms. from the Earth’s surface at a temperature of 

-66° C. 

(3) For a spherical shell 20 kiloms. from the Earth’s surface at a temperature of 

-66° C. 

(4) For a spherical shell 50 kiloms. from the Earth’s surface at a temperature of 

180° C. 

Ajiart from the fact that no account was taken of axial rotation in either my earlier 

calculations or those of Mr. Cook, the assumption of the Boltzmann-Maxwell dis¬ 

tribution prevents us from drawing any hard and fast line between gases which can 

exist, and gases which cannot exist, at any given temperature on any planet. It seems 

natural to think that, mathematically speaking, the condition of jDermanence would 

be satisfied if the number of molecules out of which one would attain the critical 

velocity were greater than the total number of molecules in the planet’s atmosphere. 

But the loss of a good many cubic centimetres of air from our atmosphere in the 

course of a year might easily he taking place without producing any perceptible efiects 

on its practical permanence. 
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5. Dr. Stoxey’s Method. 

If V be the critical velocity which would enable a particle to overcome the attrac¬ 

tion of a planet, so that = p/a, and u he the velocity of translation at the planet’s 

equator due to axial rotation, it is clear that a particle moving in the proper direction 

with relative velocity v — u would escape. If this relative velocity be a large 

multiple of the mean molecular velocity of the gas, then the escape of molecules will 

he of rare occurrence; if it be a comparatively small multiple, the gas cannot remain 

permanently on the planet. Dr. Stoney, in his paper of 1897, calculates the corre¬ 

sponding critical relative velocity v' — u' at the top of the atmosphere of the planet; 

then, if ?(; be the velocity of mean square in the gas, his condition of permanence is 
/ / 

, . . V — 
that the velocity-ratio -must be CTeat, 

J yj o 

The limiting value of this ratio consistent with permanence might for convenience 

he called the critical velocity-ratio. 

There being no well-defined fheorefical limit to this velocity-ratio. Dr. Stoxey has 

adopted the plan of judging the unknown from the known. Assuming that free 

hydrogen and helium could not exist in our atmosphere, while watery vapour does 

actually so exist, it is inferred that a velocity-ratio of 20 is consistent with perma¬ 

nence, while a velocity-ratio of 9‘27 is incompatible with permanence. Applying 

these criteria to the case of other members of the Solar System, Dr. Stoxey investi¬ 

gates the possibility of the existence of different gases in the atmospheres of the 

other members of the Solar System. Those for which the velocity-ratio falls between 

the two above limits are uncertain as constituents of the corresponding atmospheres, 

and any observations as to their actual existence or non-existence will enable closer 

limits to be fixed for the velocity-ratio. In making these calculations. Dr. Stox'EY 

assumes a temperature of —6G° C. 

Now there are many circumstances which render a furtlier investigation of the 

ocnditions of permanence of planetary atmospheres desirable. It is not obvious that 

inferences drawn from the value of the velocity-ratio in different planets are neces¬ 

sarily conclusive. Thus, for example, the relative velocity v' — u might be the same 

for two planets—one rotating very slowly and having the smaller gravitation poten¬ 

tial, and the other rotating very rapidly and having the greater gravitation potential. 

The above velocity only determines the j^Toportion of molecules at the ]olctnef s equator 

moving in the direction of rotation which would fly off But it is clear that in the 

planet with the smaller potential and slower rotation a greater proportion of molecules 

at other points or moving in other directions woidd leave. For a non-rotating body, 

the velocity-ratio determines the proportion of all the molecules that would fly olf, 

provided that they were moving away from the planet. A planet would get rid of 

its atmospliere much more quickly if the molecules flew off to infinity in all directions 

from all parts of its surface than if they were only whirled off near its equator. 
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Again, the molecules which at the surface of the ^^lanet happen to be moving with 

velocity greater than the critical velocity, so far from leaving its atmosphere, will 

only collide with other molecules, provided the atmosphere is of sufficient density to 

possess the attrilDutes of ordinary gases, he., is of density comparable with that of 

our atmosphere. It is only in media of extreme tenuity, possessing the properties ot 

high vacua, where the mean free path of the molecules is very great, that there is 

practically any chance of a molecule, Avhich possesses sufficient speed, escaping with¬ 

out coming: into collision witli other molecules. In the case of the Earth this circum- 

stance is taken into account hy Dr. Stoxey, where he calculates the critical velocity- 

ratio at a certain distance from the Earth’s surface, this distance being assumed to 

represent the limit of height of the atmosj^here. But this bring us to the question 

as to what is to he regarded as the limit of a planet’s atmosphere, and we are thus 

brought to consider the problem of the law of stationary distribution of the molecules 

in the atmosphere of a rotating planet. 

The original object of the present investigation was to clear up a number of obscure 

points such as those mentioned above, and at the same time to replace considerations of 

the critical velocity-ratio by results of a more statistical character. But the calculations 

have led to the residt that certain gases believed by many physicists to escape from 

our atmosphere either do not so escape, or, if they do, that their escape takes place 

under different conditions as to tenq)erature, &c., to those commonly assumed, or is a 

result of causes lying outside the principles of the Kinetic Theory of Gases. 

6. The Laio of Molecular Distribution in the Atmosphere of a Rotating Planet. 

d’he modification of “ Maxwell’s Law ” for the case of a gas in a field of external 

force has been discussed by several writers, the proofs given by Watsox being- 

simple and neat."^' The case of a rotating gas was discussed by Maxwell, but his 

treatment is hardly lucid. We now proceed to investigate the modifications which 

must be made in the Boltzmaxx-Maxwell distribution in order to take account of 

axial rotation. We assume the field of force due to the planet’s attraction to be 

symmetrical about the axis of rotation. 

Let F^, Fo be the functions determining the frequencies of given distributions of 

co-ordinates and momenta of two molecules. These satisfy the following con¬ 

ditions :— 

(i.) In the absence of encounters, Fj and Eg are constant. 

(ii.) When an encounter occurs, the values before and after the encounter are con¬ 

nected by the relation 

FiF,= F/Fb.(5). 

Condition (i.) is satisfied if and F^ are functions of any of the integrals of the 

* ‘Treatise oa the Kinetic Theory of Gases,’ § 11. 
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equations of motion of the molecules. In the case commonly considered tlie only 

known integral is the energy, and hence and Fo are taken to he functions of the 

energies E, and Eo. 

Condition (ii.), combined with the fact that the sum of the energies is unaltered by 

an encounter, then leads us to the well-known forms 

Fj OC c 
-/■Ej F.1 oc e 

But if the field is symmetrical about the axis of 2, and F,, are the angular 

momenta of the molecules about this axis, we also know that— 

(o) In the absence of an encounter F^ and Fg are constant; 

{Jj) The total angular momentum is unaltered by encounters, so that the values 

before and after an encounter satisfy the relation fi- F^ = F/ -F F./. 

We thus see that a more general solution satisfying conditions (i.) and (ii.) now 

exists, of the form 

F, rqe' /tEj d* A:F 
F.t = 71,e (7), 

the frequency functions F^ and Fo now containing exponential functions of the 

angular momentum as well as of tlie total energy. Take the case in which the 

molecules are regarded as material points of mass m, and siq)pose in the fii'st 

instance tliat x, ?/, 2, and a, c, tv represent co-ordinates and velocities referred to 

fixed axes, the axis of 2 coinciding witli the axis of rotation. Also let V he the 

gravitation potential of the field of force, and siq)pose /.' = IiD.. Tlien the above 

expressions for F^ and Fo show that a permanent distribution can exist, in which the 

number of molecules whose co-ordinates and velocities lie witliin the limits dx dy cA 

and du dv dw respectively, is of the form 

7% exp — hi7i{^[u~ + ~~ ^ — uy) — Vj dxdydz dudvdtv . (8), 

where A, n, may he any constants iqj to tliis point, and ti is proportional to the 

total number of molecules. 

Now take axes of y, rotating about the axis of 2 or { with angular velocity Q 

and instantaneously coinciding with the axes of x, y, 2. Then the velocities of a 

molecule relative to these axes are , y', C respectively, where 

= t = “ + 
f dt] r= 

^ ,u 
w. 

and the expression determining the frequency of distribution becomes 

71 exp - hm {i (P -f y'-^ + _ V - i n-^ {e T y'^)] d^dy dCd^dydC (9). 

The distribution of co-ordinates and relative velocities is thns the same as if the 

axes were fixed, and the potential of the field of force had the term — ^12 + y~) 

added to it. This term represents the potential of centrifugal force due to rotation 

with angular velocity H. 
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The Hb(jve distribution, if it exist at any instant, will be permanent in the absence 

of encounters, and will lie unaffected by encounters between the molecules ; moreover, 

if the molecules form the atmosphere of a planet or other body rotating with angular 

velocity O, the distribution will clearly be unaffected by the molecules colliding with 

obstacles on the surface of the planet, while this could not be said of other distribu¬ 

tions that might be assumed. 

7. Conditions for the above Law of Distribution. 

Let iis now examine how far the conditions necessary for establishing this distri- 

biition are fulfilled in the atmosphere of a planet. 

In the denser regions of the atmosphere where collisions are frequent, the effect 

of these collisions must be to distribute the velocities of the molecules, occurring j^er 

unit volume in the neighl^ourhood of a point, according to Maxwell’s law, the 

rate of progress towards the stationary state being calculable by the methods of 

Boltzmanx, Watson, Burbury, and Tait. The tendency to equalisation of the 

value of F in different regions of the atmos})here is determinable ])y the known 

metliods of investigating diffusion, thermal conductivity, &c. 

As we ascend in the planet’s atmosphere, collisions l)etween the molecules will 

become more and more infrequent, and at last we shall reacli a region where practically 

all the molecules are descril^ing free })aths. These molecules will be those which are 

projected frt)ni the lower regions, and those which do not escape will frequently 

return to these lower regions. And since the pro230sed law of distribution remains 

permanent in the absence of interniolecular encounters, it follows that the molecules in 

question will remain distril)uted according to the same law, and this distribution will 

be brought about by the collisions which these molecules undergo in the less rarefied 

portions of the atmosphere. 

At still greater distances from the planet we may have to deal with cases in which 

instead of there being a large number of molecules in a unit volume, the presence of 

a single molecule in, say, a cuiiic kilom., is an event of rare occurrence, owing to the 

smallness of But as the Boltzmann-Maxwell distribution is generally 

accepted to be a theorem in probability, we may still apply the present distribution 

to determine the probability that a molecule may reach these regions. It has been 

ol jected that the error law cannot be applied to calculate the probability of events of 

exceptional occurrence ; but it appears to l^e the generally accepted view that such 

cases should, if anything, Ije excluded. Practically, it is immaterial which course we 

take. If theory proves that the escape of a molecule is of such exceptional occurrence 

as will be found in some of the subsequent calculations, it will make no difference to 

the permanence of the atmosphere whether we assume the escaping molecule to exist 

or not. 

’fhe chief objection to the distribution is that it is an isothermal one, whereas in 
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the lower regions of our atmosphere, in consecjnence of convection currents and winds, 

the adiabatic law more nearly represents the true distribution of density. The calcu¬ 

lation of numerical data showing the effect of this correction must be deferred for 

future investigation, but a general discussion of the etfects which may be expected 

to arise from this cause will be given later. 

8. Rate at which the Molecules are escaping across a Concentric Spherical 

Surface. 

Assuming the distribution given by (7) and supposing the planet to be spherical, 

so that the potential at distance r from the centre is M/r, let us calculate the number 

of molecules per unit time which are crossing a concentric spherical shell of radius r 

with sufficient velocity to carry them to infinity if they do not encounter other 
I 

molecules in their subsequent paths. 

For this purpose refer to polar co-ordinates, then the frequency of distribution (7) 

assumes the form 

11 exp [ — hm + %") ~ Httg r sin 6 — M/rj] 

r” sin 0 dr cW clef) cluy du^ du^.(lO); 

where w,, u.^, are the velocity components relative to axes fixed in space coinci¬ 

ding with the directions of the line elements c/r, reW and r sin i'6(f) at the point (r, 6, ef)). 

Thus Ui, th, are the velocities resolved along the vertical, the meridian and the 

parallel of latitude at the point. 

To find the number of molecules crossing the spherical surface-element sin 6 d6 d(f> 

with velocities within the limits of the multiple differential du^, du-,, du.^, we write 

^q dt for dr in the above expression, and if the number is re(.[uired per unit time we 

divide by dt. 

Of the molecules crossing the surface outwards, those which will escape from the 

planet’s attraction if they do not encounter other molecules, have their residtant 

velocity greater than Q where Q* = 2M/V. Calling these the escaping molecules,” 

the number of escaping molecules across the element r” sin 6 cW d<f) per unit time is 

sin 6 cW d(f> n exp [ — hm (tq'^ -f- up + — fiWg r sin 6 — M/r}] duy du.2 du.^ 

.(11)> 

the limits of integration being defined by the relation if + if + ^'3^ > 

Now transform the integral by putting 

tq = q sin a sin /3, ?q = q cos a, Wg = q sin a cos 

and at the same time integrate with respect to 9 and <f). 

Then we obtain for the total number of escaping molecules the expression 

VOL. CXCVI.—A. o 
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I dq [ d0\ dj)\ da \ d/S. n exiD [ — hm flrq sin a cos /3 sin 8 — M/rH 
• Q 0 • 0 0 J 0 

q sin a sin /3 . q^ sin a, sin 6. 

Integrate first with respect to /3 and </>. AVe obtain 

(12). 

2irn f dq [ dO [ da j.in. .m» _ - j-m,-,nn . 
J Q J 0 J 0 L 

Sine I n- sm g 

liniV. 

This expression cannot be integrated very simply wdth respect to a alone or 8 alone. 

dx and 
J rt 

flc sin X c. sin X dx. as we shonld obtain inteo’rals of the forms 
1 0 

It is therefore not possible to express the number of “escaping molecules” in the 

neighljonrbood of a given parallel of latitude except by integrals of these forms. 

But the double integration can be effected very simply by regarding a, 8 as polar 

co-ordinates of a point on a sphere, and changing the axis of polar co-ordinates to one 

at right angles to the former axis. 

Thus considering the integral 

I" rgtsinasinS 

• J 0 • 0 

v’e choose two new variables, y, xjj, defined by the relations 

sin a sin 8 = cos y, 

sin a cos 8 = sin y cos if/. 

cos a = sin y sin if/. 

and by spherical geometry or otherwise 

sin a da d8 = sin y c/y dijj 

and the integral transforms into 

(13). 

■ i:m>: y e sin y cZy = 2?? 
'■’ - 1 

(14). 

Substituting k = limD.rq and k = — hmD,rq in turn in (12), we obtain 

(15). 

The form most convenient for evaluating this integral must depend on the par¬ 

ticular problem considered. If tlie etfects of axial rotation on the rate ot escape are 

small, then 2 cosh hmP.rq may be expajided in powers of limD.rq, and we thus obtain 

in the limiting case when H = 0 
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I e 7'~(fdq = — e 
^ o + 2 , -p 2" 

7 0 O 
Il-ITI'^ 

^ 0 1 + 
= 47r"n?-- 

h-mr 
(since = 2M/'r) . (IG), 

a result more easily obtainal)le independently of the present method. If, however, 

the expansion of 2 cosh hniflrq in a series becomes inapplicable, we must express the 

integral by means of error functions. It becomes 

47^2.„ytMm/',- 

hh)d9J 

Now 

f gV'mnV I Q-lhraiq + nrf _ 2 1" 1 
j Q J Q J Q j 

f = 

•'q 

"^[q — 9.r)dq = y — ih7n{q—ilr 

JAmQ2 

hm 

- nr)r 

km 

[ e ^''^'Qrdq = , yy . Erfc [(Q — flr)^{^hm)], 
jq y/{Z/im) 

and similarly for the reduction of the remaining integral. Hence we obtain 

finally 

hVDJ 

+ 

_|_ ^-7i?)!nrQ _ 2^ 

VLry/{^hn) ^Erfc [(Q — 9r)y/— Erfc [(Q + 9r)y/[^hmy] (17), 

and when tlie argument is large we may expand the error-function complements by 

means of the descending series referred to in § 3, equation (4). Remembering, too, 

that Q" = 2Mb-, Ave obtain 

477-71 r 

hhrdD. I 
,hritnr(i 

1 + 
Hr 

+ e 1 

4(Q - VLr) 

VLr 

1 — xO + 

1 . 3 

4(Q + n?-) 
1 

hmdd — 9.r)~ ]ihii-{Q, — n?-)- 

1 1.3 

2 ]ihn?(Q km{Q. + n?’) (Ci 4 9rf 

This formula might be applied to form an estimate of the rate at Avhich a planet is 

losing its atmosphere. We shall noAv, however, show that the law of distribution, 

and therefore the above formula, cease to hold good beyond a certain distance from 

the planet. 

9. Limit to the Height of a Planet's jitmos'phere. 

It is obvious, on the n.07r-kinetic vleAv, that no matter could be retained in relati^^e 

equilibrium beyond the distance at which a planet’s attraction is just Italanced by 

C 2 
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centrifugal force. On the kinetic theory, this limitation finds its interpretation in 

the fact that the density of the atmosphere according to the above law of distribution 

is proportional to 

exp — hm{Y — + t)) = ~ hm{'V — l-Qb’'} where yf . . (19). 

If clYjdr > the density decreases as we proceed outwards from the axis of 

the planet, it becomes a minimum when dVjdr = Ddr, and begins to increase again 

outwards when dY;'dr < Ob*. Hence the point at which centrifugal force is just 

balanced by the planet’s attraction is the point of minimum density in the atmo¬ 

sphere according to the above law of permanent distribution. And since the 

atmosphere does not extend to infinity, we conclude that it cannot be permanent 

unless the density at the point of minimum density is infinitesimal, and practically 

zero. 

This may be made clearer by drawing the meridian sections of the surfaces of 

equal density, and thus reproducing the results first obtained by Edouard Eoche, of 

Asymptotes. 
0-6 O-a 10 12 1-4 l-t 1-8 2-0 

Montpellier. In the case of a spherical planet of mass M (astronomical units), these 

curves are given in cylindrical co-ordinates by the equation 
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—=i== + AhV = const. 
+ r- 

This equation may be written 

^ \ = C (a constant).(20), 

Avhere • 

At the point of minimum density in the equatorial plane, 2 = 0, r = a, and the 

curve of equal density through this point is the one for which C = 1‘5. This curve 

has a double point at the point in question. 

The curves for which C > 1'5, and for which the density is therefore greater than 

the equatorial minimum, each consist of a closed oval and an infinite brancli having 

the line ^(r/«)" = C as asymptote, while the curves for which C < 1‘5 consist of 

infinite branches only. It is clear then that if any gas of appreciable density were 

to pass by diffusion beyond the closed portion of the surface C = 1‘5, it would diffuse 

itself indefinitely over the unclosed surfaces of equal density, and its molecules would 

not be able, by their collisions, to maintain the equilibrium of the distribution of 

molecules within the surface. 

Calling the surface C= 1'5 the critical surface, one condition for permanence is 

that the molecules which reach this surface must be so few and far between, that 

collisions rarely take place between them. 

Such molecules will then describe free trajectories under the planet’s attraction. If 

their velocity be greater than that required to cany them to infinity, they will leave 

the planet, describing parabolic or hyperbolic orbits. If the velocity be less tlian 

that amount, they will describe ellipses, and return to the planet’s atmosphere. 

Now at the singular point of the critical surface, the velocity due to axial rotation 

is just sufficient to make a particle, if projected with it, describe a circular orbit. 

For a parabolic orbit the velocity is ^2 times as great. Hence a molecule at the 

singular point moving tangentially in the direction of rotation, will just leave the 

planet if its relative translatory velocity, due to the temperature of the atmosphere 

which it has left, be ^"1 — 1 times the velocity due to rotation. If it be moving in 

any other direction, or it be situated at any other point of the critical surface, its 

velocity will have to be correspondingly greater. 

10. The Critical Density-ratio. 

It thus becomes important before proceeding further to calculate and tabulate, for 

different gases at different temperatures, the ratio of their densities at the surfaces 

of different members of the Solar System to their densities at the corresponding 
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critical surfaces, assuming the law of permanent distribution of § 6. This can easily be 

done from the formula, according to which the density at any point is proportional to 

g — 7i/K{V — 

Calling the ratio in question the critical density-ratio, the condition for a permanent 

atmosphere requires this ratio to be very large. It must in fact be the ratio of a 

density of molecular distribution at the surface of the })lanet comparable with that 

of the gases in our atmosphere to one at the critical surface in which the molecides 

are very few and far l)etween. For most purposes it will be sufficient to knov' the 

value of this ratio coi-rect to the nearest power of 10, and this is shovui quite as 

clearly l^y tahidating the logarithm of the ratio to base 10, for which purpose it is 

only necessary to multiply the difference of the potentials of gravitation and centrifugal 

force at the planet’s surface and at the critical surface hylimy,, where g is the modulus 

of common logarithms. The tables are tlius easy enough to calculate, but it is necessary 

to have them before one in order to arrive at any definite conclusions. 

The logarithm to base 10 of the critical density-ratio, as thus defined, is equal to 

(Vo + iu— VO.(21), 

where Vq is the gravitation potential at tlie j^lanet’s surface, 

u is the velocity at the planet’s equator due to axial rotation, 

Vj is the coml)ined potential of gravitation and centrifugal force at the critical 

surface. Since this is constant over the critical surface, we may take V^ to be the 

potential, due to gravitation alone, at the extremity of the polar radius of the ciitical 

surface. Tliis polar radius is | of tlie equatorial radius, and the latter is obtained by 

e(piating tlie planet’s attraction to centrifugal force. 

hm is equal to 3/Q'q wliere is the mean of the squares of the velocities of the 

molecules. This quantity is proportional to the molecular weight and inversely 

proportional to the absolute temjjerature. 

Starting with the case of the Earth and hydrogen, I have used the data given in 

Dr. JoHNSTONi'] Stoxey’s paper, pp. 310, 312, viz.. 

Earth’s equatorial radius = 6378 kiloms. 

Value of p' at equator due to Eartli’s attraction at equator = 081'5 centims./sec.^. 

V, the equatorial velocity due to rotation = 464 metre/sec. 

= (11140)' T, in C.G.S. units at absolute temperature T. 

It will be convenieiiL co assume a temperature of 100° absolute (—173° C.) in tlie 

first calculations, since tlie values for other temperatures can be more easily calculated 

by taking a round number to start with. 

We thus obtain the followine- values fin' the various teinis :— 
O 

pAmVo the term due to tlie gravitation potential at the Earfli’s surfiice = 65’718 

Call this term A. 
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ixlim . the term due to centrifugal force at the Earth’s surface = '1130. 

Call this term B. 

IxhmV^ the term due to the total potential at the critical surface = 14'880. 

Call this term C. 

Tlie logarithm of the critical density ratio is equal to A + B — C. 

Hence we obtain the following results :— 

Table of Logarithms of the Critical Density-ratio for Hydrogen relative to 

the Earth. 

Absolute temp. Centigrade temp. Log. crit. dens, ratio. 

100° -173° 50-951 
200 - 73 25-475 
300 + 27 16-987 

To make the meaning of these figures perfectly clear we notice, as remarked by Dr. 

Stoney, that at the bottom of our atmosphere the number of molecules in each cub. 

centini. of air is about 10~b Supposing now that the earth was invested with an 

atmosphere of hydrogen containing 10^^ molecules per cub. centim. at the surface 

of the earth. Then at a temperature of 27° C. there would he i(j;n-iG-087^ 

roughly 10"*^ or 10,000 molecules in every cul), centim. at the critical surface; at 

— 73° C. there would be on an average one molecule to every or roughly 

lOLUo Qj. 30,000 cub. centims. at the critical surface; at —173° there would only be 

one molecule per or 10®*^ cub. centims. at the critical surface. 

In the first case a considerable escape of gas would take place thinugh molecules 

passing beyond the critical surface. In the second case it will be noticed that there 

would be about 33 molecules per culjic metre up at the critical surface, so that 

molecules would escape fairly frequently, though the rate of loss of the atmosphere 

Avould of course be very slow. In interpreting the third case it will be convenient to 

observe that the equatorial radius of the critical surface is about 4'225 X 10^ centims., 

and the volume of a sphere having this radius, and therefore enclosing the whole of 

the Earth’s atmosjDhere, is about 3'162 X 10"*^ cub. centims. The calculated result 

for the frequency of distribution at the critical surface represents an average of about 

one-third of a molecule per volume equal to this vast enclosing sphere. 

11. Calculation Jor other Planets. 

In performing the calculations of the logarithm of the critical density-ratio for 

other planets, the data for the Earth may be taken as a starting-point, it being 

observed (as may be easily proved) that 
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(i.) The term A representing the gravitation potential at the planet’s surface, 

mass of planet , , 

melius—.(-2)- 

(ii.) The term B representing the jDotential of centrifugal force at the surface of the 

equator, 

/ radius of planet '\~ . . 

\ time of axial rotation /./• 

(iii.) The term C representing the combined ijotential of gravitation and centrifugal 

foi'ce over the critical surface, 

/ mass of planet _ 

\time of rotation/./• 

(iv.) It will also be convenient to notice that the equatorial mdius ot the closed 

[)art of tlie critical surface (which we have denoted by o) 

cc (mass)3 X (time of rotation)^.(25)- 

Employing the values for the radii, masses and times of rotation given in 

Dr. Stoxey’s paper, taking the Earth’s as unity, I obtain the following results :— 

Table of Logarithms of the Critical Density-ratio for Hydrogen for various 

Planets. 

100° absolute. 200° absolute. 300° absolute. 

Venus . 40-6360 20-3180 13-5453 
Earth . . 50-951 25-475 16-987 
Mars . . 10-4690 5-2345 3-4896 
Jupiter. . 
Saturn . . 

711-94 355 - 97 237-31 
165-98 82-99 55-33 

The logarithm of the critical density-ratio being inversely proportional to the abso¬ 

lute temperature and directly proportional to the molecular weight of .the gas, it 

l)ecomes unnecessary to perform the calculations for othei' gases or other temperatures, 

as this is a mere matter of simple arithmetic. 

The high values for the logarithm of the critical density-ratio on Jupiter and 

Saturn leave little doubt as to the possibility of the lightest gases, such as hydrogen, 

remaining practically permanent in the atmospheres of these planets. When we 

apply the methods to helium (assuming its molecular weight twice that of hydrogen) 

on the Earth and watery vapour (molecular weight nine times that of hydrogen) on 

Mars, we have the following results :— 
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100° absolute. 200° absolute. .300° absolute. 

Terrestrial helium . 101-90 50-95 33-97 
Water on i\Iars . 94-22 47-11 31-41 

The values of the logarithm of the critical density-ratio at 200° absolute—a point 

sufficiently near the temperature — 66°C. assumed in Dr, Johnstonj] Stoney’s paper— 

appear far too great to be consistent with any appreciable loss taking place from the 

planets at those temperatures. Even at 300° absolute or 27° C,, the figures repre¬ 

sent averages of 100 and 30,000 molecules per cub, kilom. at the critical surface for 

every 10^^ molecules per cub. centim. at the surface of the planet. While the figures 

show that the conditions for water on Mars are less favourable tlian for terrestrial 

helium, they appear distinctly favourable to both these elements at the temperatures 

ordinarily assumed for planetary atmospheres. To examine this point more fully it is 

important to calculate limits for the rate at which a planet would lose its atmosphere 

for the supposed values of the critical density-ratio, and for the time in which this 

loss would become appreciable. 

12. Rate of Flow across Critical Surface. 

The total rate of eftusion across the closed portion of the critical surface may he 

calculated from the fornnda 

i-zpS.■ . . . (26). 

where q is tlie mean translational speed of the molecules, p the density, and S the area 

of the critical surface. 

Without entering into the matliematical prol)lem of the quadrature of the surface 

In question l)y actual Integration, Its area can be found sufficiently closely for our 

purpose by noticing that the closed portion In question consists of two caps cutting 

their common base at 60°, and whose lieights are f of the radius of the base. Now, 

if we take two spherical caps the radius of whose common base is o, and whose 

lieights are each | «, the area of the closed surface formed by them = -^-Tra®; while 

if we take two spherical caps on the same base and cutting that base at an angle of 

60° the area = -^ira^. As the closed part of the critical surface lies between the first 

and second pair of spherical caps, we know that its superficial ai’ea is -g-Tra^, correct 

to within ffi 4 per cent., and this value we shall adopt. 

For the Eartli a = 6'625 R, where 11 = Earth’s radius; 

a — 4'225 X 10° centims. 

If we Imagine all the molecules which cross the surface in question to leave tlie 

planet’s atmosphere, and leave out of count all those which return after describing 

VOL, CXCVI.—A. D 
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free trajectories, the formula gives a superior limit to the rate at which the pla.net is 

losing its atmosphere. To obtain an estimate of the time which must elapse before 

the loss in question would have an appreciable effect on the amount of the gas 

present in the atmosphere, let us calculate the time in which the loss would represent 

an amount of gas equivalent to the removal of a layer I centim. thick from the 

surface of the planet. If q he measured in centims. per sec., and if L represent the 

critical density-ratio, then the recpiired time 

__ 144 m L 

“ 25 iF q 

Putting this equal to L 'E years, we have 

_ 365-25 X 24 X 60 X 60 X 25 RY/ ^ ^ 
E = -—- —.(27). 

144 a~ ' ' 

Calculating the value of log E from this formula for hydrogen at temperature 100° 

absolute, we have the following results :— 

Hydrogen at - 173° C. = 100’ absolute. Log E. 

The Earth .. 14•40133 
Venus. 14-35456 
Mars. 14-35149 
Jupiter. 13-47129 
Saturn . 13-27377 

For other gases at other temperatures, the value of log E is easily deduced. 

For E varies as q, which varies as tlie square root of the absolute temperature 

divided by the square root of the molecular weight. Thus for hydrogen at 200° 

absolute, the temperature is doubled, E is increased in the ratio ^'1 ; 1, and log E 

has to be increased by ^ log 2. For oxygen, the molecular weight is 16 times as 

great as for hydrogen, E is decreased in the ratio of 4:1, and log E has to be 

decreased by log 4 ; similarly for other cases. It will be seen, however, that log E 

is, roughly, somewhere about 14 for the majority of gases at ordinary temperatures 

relative to tlie Earth, Venus, or Mars, and rather less (namely, about 13) for the larger 

planets. 

It follows that if the logarithm of the critical density-ratio for a given gas at a 

given temperature relative to a given planet is equal to about 14, the total rate of 

effusion of that gas across the critical surface woidd he equivalent to the removal of 

the amount of that gas present in a layer 1 centim. thick over the surface of the planet 

in a period of time comparable with a year. 

If the logarithm of the critical density-ratio is 20, the corresponding period of time 

would he comparable with a million years; if 26, ivith a billion years, and so on. 
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The rate of effusion is proportional to the quantity of gas present, so that in cases 

where a gas does not exist in appreciable quantities in the atnios])here of the planet, 

the figures enable us to calculate what would happen siqiposing the planet to be 

endowed with an atmosphere of any given gas at a given temperature. 

We now obtain the results given in the following tables : — 

Number of Years in which the Efflux across the Critical Surface would equal the 

Removal of the Gas in a Superficial Layer 1 centim, thick. 

I. Earth’s Atmosphere. 

Hydrogen at 
absolute temp. 

Helium at 
absolute temp. Years. 

100“ 200“ 3‘54 X 10^'^ 
150 300 3-06 X 1010 
200 400 8-40 X 1010 = 84,000,000,000 
250 500 6-02 X 100 = 602,000 
300 600 2-22 X 102 ^ 222 

II. Atmosphere of Mars. 

Vapour of water at 
absolute temperatm-e. 

Years. 

200“ 1-22 X 1033 
250 3-37 X 1023 
300 1-94 X 1013 
400 2-40 X 103 = 2,400,000,000 
500 4-28 X 10-1 = 42,800 
600 1 -06 X 102 206 

The following table shows tiie corresponding absolute temperatures on the Earth 

and Mars at whicli the calculations for helium and water respectively would lead to 

approximately the same numerical results :— 

Earth and helium . . 200“ 300“ 400“ 500“ 600“ 
Mars and water . . . 187 281 376 472 571 

The removal of a layer of atmosphere 1 centim. thick from tlie surface of a })lanet 

would of course decrease the barometric pressures on that planet by an amount equal 

to the decrease for 1 centim. of altitude, and such a change would therefore be prac¬ 

tically quite imperceptible. A secular diminution in atmospheric pressure would not 

make itself noticeable to any practical extent till it corresponded to an altitude com¬ 

parable with, say, 100 metres. For such a change the iiumbers of years in the fore¬ 

going table would have to be multiplied by 10,000. 

i> 2 
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13. Effect of Air Currents in the Lower Regions. 

As previously indicated, one effect of convection currents, or winds, is to produce 

a teniperature-gradient in the lower regions of a planet’s atmosphere, rendering the 

adiabatic law of distrihution a closer aj^proximation than the isothermal. While a 

discussion of the numerical results obtained witli that law must be left for future 

investigation, there appear to be many reasons on general grounds why such a dis¬ 

tribution should not lead to results differing widely from ours, and why these results 

should certainly not be more favourable to the escape of the lighter gases from the 

atmospheres of planets. 

The correction required to take account of the temperature-gradient may be 

roughly estimated in various ways • 

(1) We may calculate the values of the critical density-ratio for the highest and 

lowest temperatures known to exist in the atmosphere, the actual state of affairs 

being intermediate between these extreme cases. 

(2) We may apply a correction to the results above calculated by conq)armg the 

actual gradient of density in the strata of the atmosphere which have been explored 

with the gradient which would exist if the distribution were isothermal. To make 

this correction sufficient, it would be necessary to carry the investigation up to the 

height at which the temperature becomes sensibly constant. 

Now if the density ot' the atmosphere at the assumed iqjper limit be appreciable, 

the factor by whicli the critical density-ratio must be multijDlied in order to apply 

the correction will be finite. Such a correction, then, cannot possibly affect the 

permanence, for example, of helium in the Earth’s atmosphere at ordinary tempera- 

tui'es, where, if the rate of escape were multi|)lied, say, a millionfold, it would still be 

inappreciable. 

But the existence of these air currents has a further infiuence on the distribution 

of the atmosj^here. For, according to the isothermal distribution of the kinetic 

theory, the density of the heavier constituents falls ofi’ much more rapidly with the 

altitude than that of the lighter ones, and we therefore believe that the lighter gases 

extend to altitudes at which the heavier ones have practically ceased to exist. The 

efiect of air currents is to equalise the pei'centage composition of the atmosphere in 

the upper and lower regions ; in this way a greater percentage of the lighter con¬ 

stituents will ])e retained in the lower regions than Avould be the case if e({uilibrium 

were attained by difi’usion. The conditions Avill be more favourable to the escape of 

the heavier constituents, or less fin'orirable to the escape of the lighter ones, or both. 

14. Conclusions. 

Without entering into the debatable question of the “Age of the Earth,” Ave may 

take Lord Kelaun’s estimate of lU® year's as afibrding some indication of the order of 
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maguitude of the times which have to be taken into account in tracing the past 

history of our planet under conditions more or less similar to those prevailing in 

present or geological times. 

The times calculated in the })revious paragraph range up to far higher orders of 

magnitude. 

We may therefore safely draw the following conclusions 

1. The Earth’s attraction is cajDable, according to the kinetic theory, of retaining a 

gas of twice the weight of hydrogen in the form of a (practically) permanent atmo¬ 

sphere of uniform temperature, as high as any temperatures commonly existing in 

its present atmosphere. 

2. The vapour of water is similarly capable, according to the kinetic theory, of 

existing on Mars in the form of a (practically) permanent atmosphere of uniform 

temperature, at any ordinary temperature. Hence it follows tliat either 

{a) Helium df)es not escape from our atmosphere and water does not escape from 

that of Mars ; 

Or {h) The escape takes place under far more favourable conditions, such as far 

higher temperatures thantliose assumed in previous investigations, or than we should 

be naturally led to assume from our knowledge of the conditions prevailing in those 

regions of our atmosphere that have been explored ; 

Or (c) The escape is due to translational movements of molecules other than 

those investigated by the methods of the kinetic theory of gases. 

[Postscript added August, 1900; revised October, 1900. 

Since the above paper was read, Dr. Johnstone Stoney has written several papers 

in which he maintains that helinm does escape from our atmosphere. If this view 

be adopted, the present investigation must be regarded as a proof that the escape, 

instead of being attributable to tlie motions which the kinetic theory assigns to 

the molecules of a gas under ordinary conditions as to temperature, &c., must Ije 

due either (1) to the existence of other causes or conditions, or (2) to a divergence 

between the law of distribution which forms the basis of our commonly accepted 

kinetic theory and that occurring in an actual atmos})here. 

Owing to the vastness of the subject, it appears only desirable for me in the 

present note to touch briefly on a few of the main points. 

In connection with (l) Dr. Stoney points out that the actual distribution of mole¬ 

cules of a gas in any particular problem is dependent on two functions, tt and 8, of 

which he supposes the first to determine the normal distrllmtion, wliile the second 

represents the deviations due to disturbing causes. He is of opinion tliat the effect 

of the 8 function is to increase the probability of a molecule acquiring a velocity con¬ 

siderably in excess of the mean velocity. In tliat case it must also correspondingly 

decrease the probability of the molecule jiossessing a velocity not considerably in 
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excess of the mean. Tlie mean itself' may be increased, but as the present calculations 

are based on tlie hypothesis that the mean translational energy is projDortional to the 

temperature, such an increase would be equivalent to an assumed increase of the 

temperature. 

Now if the molecular distribution in the rqjper regions of the atmosphere were 

dejjendent entirely on encounters between the molecules taking place in those regions, 

the rare occurrence of such encounters would no douht practically prevent their having 

any appreciable effect in bringing about the normal or “ tt ” distribution; and the 

distribution, if it followed any law at all, would be determined by any disturbances 

whose aggregate effect was sufEciently marked to give rise to a “ 8 ” function. 

But it is my contention that the molecules in the upper regions in describing free 

paths frequently descend to the denser portions of the atmosjDhere where they collide 

with other molecules, and their place is supplied by molecules shot up from these 

lower regions. The causes tending to bring about the law of distribution investigated 

in this paper are therefore not of infrequent occurrence, and we are justified in 

assumiiip’ the effects of the “ 77 ” function to be considerable even in the hig-her strata 

of the atmosphei'e. 

Going now to the disturbing causes, the following include the principal ones 

suggested by Dr. Stoney, viz. :— 

(«) Tides in the atmosphere. 

(h) Convection currents. 

(c) Solar radiation. 

(d) Atmospheric storms and the transferences of energy associated with them. 

(c) Electrical disturbances giving rise to “ prominences.” 

Of these causes, tlie effects of tide-generating forces still remain to be dealt with 

in a subsequent investigation. The same applies to convection currents, except so 

far as their general effects, introducing a temperature gradient, have been briefly 

mentioned. The effect of solar radiation is to increase the temperature of the gas on 

which it falls. But I freely admit that given a sufficiently high temperature helium 

\vill escape. Yet in his 1897 paper"^'" Dr. Stoney assumes so low a temperature as 

— 6G° C. or 207” absolute, while with considerably higher temperatures I find helium 

permanent. The question as to how the energy of solar radiation is absorbed by 

molecules and converted into kinetic energy of translation is one of great difficulty, 

and cannot be adequately discussed here, but if the view be accepted that the 

increase of translational kinetic energy takes place entirely at encounters, the effects 

of solar radiation in the upper layers of the atmosphere would seem to be small. Of 

the last two causes, if storms occasionally give rise to exceptionally high temperatures, 

it is clear again that our assunqjtions as to temperature conditions must be modified. 

Lastly, if the escape of gases be attributed to jets or prominences, the problem is 

‘Scientific Transactions of the Royal Dublin Society,’ vol. 6, p. 13. 
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removed from the field of study of the kinetic theory, and the velocities necessary for 

the escape of gases are largely dependent on the velocities of the jets as a whole. 

But if disturbing’ causes of any kind have to be invoked in order to account for the 

escape of gases, the Boltzmann-Max well doctrine being abandoned as insufficient, 

I do not see how the arguments used by Dr. Stoney, in his 1 897 paper, can be 

regarded as conclusive. In that paper the condition for escape is made to depend 

on the ratio of the velocity necessary for escape to the velocity of mean square. 

This implies that the velocities of the molecules of a gas are distributed about the 

mean according to some definite fixed law, such as “ Maxwell’s Law,” so that (as 

stated on pp. 310, 314 of his paper) a velocity of say nine times the velocity of 

mean square is sufficiently frequeiit to give rise to a marked escape of gas, while a 

velocity of 20 times the velocity of mean square occurs so seldom as to have no 

appreciable effect on the progress of events. But directly external disturbing causes 

are brought to bear on the question, there is no longer any necessary fixed relation 

between the velocities these are capable of producing, and the velocities of mean 

S(piare of the molecules on which they act. 

For example, if the disturbing causes take the form of jets or prominences, they 

will have the effect of impressing on all tlie molecules affected the common velocity 

of the jet. If several different gases occur in the same jet, the changes of velocity 

will bear no fixed relation to the velocities of mean square, but will be independent 

of the latter. Again, consider the effects of tide generating force. If on two 

different planets, one with a satellite and one without, the conditions were equally 

favourable to the permanence of a certain gas, the tide-generating force due to the 

satellite might remove the gas from one planet while it was retained on the other. 

Or again, a certain gas on one planet might, owing to the smallness of the disturbing 

causes, so rarely attain a velocity of 10 times tlie velocity of mean square that 

such occurrences had no appreciable influence. On anotlier planet the disturbing 

causes might become so great as to frequently give the molecules a velocity of 

20 times the velocity of mean square. 

In connection with (2), wlien reading Dr. Stoney’s 1897 paper, I naturally Imagined 

(as I believe others liave done) that Maxwell’s Law was tacitly assumed as the 

basis of his investigations, and my present calculations were undertaken in order to 

place the question on a statistical basis, in the expectation that the conclusions would 

confirm Dr. Stoney’s. I assumed that the object of the d 2^osteriori method was to 

overcome a difficulty I had long felt, of drawing a hard and fast line between gases 

wliich do escape, and those which do not. The nearness of the values of the critical 

velocity-ratios found by Dr. Stoney for helium in our atmosphere and water on 

Mars, interpreted in the light of the kinetic theory, naturally justified Dr. Stoney’s 

inference that if the former gas escapes the latter will also escape. My calculations, 

however, show that on the assumed hypotheses neither gas escapes. 

We are now told, however, that Dr, Stoney abandoned “Maxwell’s Law” 
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about thirty years ago. The special objections which at that time might have been 
raised against the law being applied to planetaiy atmospheres, and which arise from the 
necessity of taking account of the effects of gravitation, axial rotation, &c., appear to 
l)e met by the modified form of the Boltzmanx-Maxw'ell distribution used as the 
basis of the })resent Investigations (§ G. equation 9), and the arguments in § 7. There 
I’emains the more general objection ]iow raised by Dr. Stoxey that Maxwell’s Law 
does not correctly represent the distribution in any actual gas, in support of which 
he remarks that the distribution according to Maxwell’s Law is a function of one 

variable, while he thinks that the distribution in an actual gas may be represented 
by a far less simple law. 

Hitherto it has been generally supposed, however, that the deviations of an actual 
gas from Maxwell’s Law only l^ecome important in the ca.se of dense gases, where 
the ratio of the volume of the molecules themselves to the total volume of the o-as is 

o 

no longer so small as to be negligible, where the time during which a molecule is 
encountering otlier molecules is not infinitely small compared with the time during 
which it is describing free paths, and where multiple encounters are not so 
exceptional that their effects may he neglected. So far as I am aware, the most 
successful attempt at dealing theoretically with such dense gases is Mr. Buebery’s 

method, in which tlie view is advanced that the velocities of neighbouring molecules 
become correlated, and the distribution function involves two constants. It is 
precisely in the more rarefied poidions of a planet’s atmosphere that the conditions 
seem to me to approach most nearly to those assumed in the ordinary proofs of the 

permanency of Maxwell’s Law, and of the generalised Boltzmax^X'-Maxwell distri¬ 
bution. Dr. Stoxey’s objection appears to inquire either {a) that the gases in the 
upper atmosphere do conform much more nearly to Maxwell’s Law than the denser 

gases near the Earth, and that the deviations in the latter are so great that experi¬ 
ments made with them lead to the velocity of mean square in the upper regions of 
the atmosphere l)eing greatly under-estimated, or (J>) that the Kinetic Theory of 
Gases must be abandoned in just those cases in which we have been accustomed 
to regard it as being least open to objection. 

With regard to tlie contention that these deviations have been omitted from the 
present investigation, there do not as yet appear to be sufficient data available for 
including them in any calculation. The present methods may be utilised in tlie 
determination of such data. Bv calculations in wliich the unknown data are omitted, 
combined with experimental observations, it is possible to formulate an estimate of 
the extent to which the Boltzmaxx-Maxwell distribution may fail to account for any 

experimentally observed phenomenon. The present investigation Avould tlien hecome 
an a posteriori determination indicating the extent to which the omitted causes must 
be invoked, and it would thus afford an estimate of their magnitude.] 
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11. Energy of Ron tgen and Becqnerel Rays, and the Energy required to 

produce an Ion in Gases. 
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McClung, B. a., Demonstrator in Physics, McGill University, Montreal. 

Communicated hy Professor J. J. Thomson, F.R.S. 
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The primary object of the investigations descril3ed in this paper was the determination 

of the amount of energy required to produce a gaseous ion when Ebntgen rays pass 

through a gas, and to deduce from it the energy of the radiation emitted per second 

hy uranium, thorium, and other radio-active suhstances. In order to determine the 

“ ionic energy ” (as it will be termed for brevity), it has been necessary to make 

a special investigation to measure accurately the heating effect of X rays when the 

rays are absorbed in metals, and also the absorption of the rays in gases. 

The method employed to determine the ionic energy was briefly as follows :—The 

total energy of the rays emitted per second was determined by measuring the heating 

effect of a knovni proportion of the rays when absorbed in a metal. The total number 

of ions produced by complete absorption of the rays in the gas was deduced from 

measurements on the current produced by the ionization of a known volume of the gas 

and of the absorption of the rays in the gas, assuming the value of the ionic charge 

recently determined by J. J. Thomson. 

On the assumption that all the energy of the X rays is absorbed in producing ions 

in the gas, the total energy of the rays, divided by the total number of ions produced, 

is a measure of the energy required to produce an ion. 

In the course of the investigation the following subjects have been considered :—■ 

(1.) Measurement of the heating effect of X rays and the total energy of the rays 

emitted per second. 

(2.) Efficiency of a fluorescent screen excited by X rays as a source of light. 

(3.) Absorption of X rays in gases at different pressures. 

(4.) Energy required to produce an ion in gases, with deductions on— 

(a.) Distance apart of the charges of ions in a molecule. 

(6.) Minimum potential required to produce a spark m the gases. 

(5.) Eate of emission of energy from the radio-active substances, uranium, thorium, 

radium, and polonium. 

VOL. cxcvi.—A 275. E 27.2.1901. 
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Heating Effect of X Rays. 

Experiments on the heating eflPect of Rontgen radiation have been made by Dorn.* 

The rays were partly absorl)ed in metal foil placed in one bulb of a difterential air- 

thermometer. The heat absoiTed by the metal was communicated to the gas and the 

resulting change of volume observed. In order to obtain a measure of the heat 

supplied, the heating effect due to a current in a wire placed inside the bulb was 

observed. 

MoffatI has deduced the energy of X rays from photometric comparisons of a 

fluorescent screen with the Hefner amyl lamp, assuming the efficiency of a fluorescent 

screen excited by X rays as a source of light. Knowing the value of the energy of 

the visible light of the Hefnei' standard, the heating effect of the rays can be 

deduced. 

In determining the heating effect of the rays, difficulties arise from which measure¬ 

ments of the iieating effect of weak sources of visil)le light are free. In the first case, 

the inconstancy of an X-ray bulb as a source of radiation for measurements extending 

over long Intervals is always a cause of trouble. In the second place, the X rays 

are only slightly absorl)ed in thin metal foil, while light rays are completely absorbed 

at the surface'of thin metal coated with lampblack. Only a small portion of the 

energy of the rays is absorbed in passing through thin metal foil, and in consequence 

a bolometer like Langley’s, where the change of resistance of a very thin metal 

sheet, due to heat sup})lied by the rays, is observed, is not very suitable for measure¬ 

ments on the energy of X rays. Ordinary thermopiles are o2)en to grave objections, as 

will be explained later in this paper. 

In order to measure the heating effect of the rays, a specially designed platinum 

Ijolometer was employed, and the heating effect was determined from the change of 

resistance of the platinum. 

Description of Bolometer. (Fig. 1.) 

A platinum strip, about 3 metres long, A centim. wide, and '003 centim. thick, 

was wound on an open mica frame made as light as was compatible with rigidity. 

The frame was 10 centims. square, and of a shape shown in fig. I («). The platinum 

strip was wound round and round the frame, the strips on the front of the frame 

partly overlapping the corresponding ones at the back, but not touching tliem. The 

platinum strip (fifteen complete turns in all) was held in position l)y notches in the 

side of the mica frame, and the distance between each turn of the strip was 1 millim. 

* ' tVied. Aniial.,’ vol. 63, p. 150. 

t ‘ Roy. Soc. Edin. Proc.,’ 1898. 
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Two of these grids were constructed as similar as possible, and mounted in the same 

vertical plane on a wooden base. 

Resistance of each grid = 4'2 ohms. 

Ai’ea of platinum surface of grid = 92'2 sq. centims. 

The X rays incident on the grid for the most part passed through two thicknesses 

of platinum, but, on account of the windings not completely overlapping, the rays in 

some portions passed through one thickness only. This was clearly shown in an 

X-ray photograph of the grid, which is sketched in fig. 1 (6), where the shaded 

portions are the areas where the rays only passed through one thickness of the 

platinum. 

The absorption of the rays in the mica frame was very slight, and it was only on 

very careful inspection of the photograph that the outline of the frame could be 

observed. For the X rays .employed, the intensity was cut down to •45 of its value 

after passing through the grid. 

Focus Tube. 

The rays were excited in an automatic focus tube of the pattern shown in fig. 2, 

with a platinum anode and an aluminium cathode. The tube was excited by a large 

coil, using a Wehnelt interrupter on a 110-volt circuit. The alternative spark gap A 

was always kept the same length—about 5 inches. The bulb was a very hard one, 

and there was generally a fairly rapid succession of sjiarks across A during the 

working of the bulb in order to keep the vacuum constant. The constancy of the 

length of the spark A is of great importance in these experiments, in order to obtain 

rays of the same degree of penetration. A diminution of the spark length lowers 

the vacuum of the gas in the tube and produces rays of lower penetrating power. 

E 2 
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After working the coil for 10 seconds, the platinum plate became red-hot and 

remained fairly constant during the next 30 seconds. It was generally found 

advisable to run the bulb at intervals for a quarter of an hour before beginning 

measurements, in order to get it into a steady state for the emission of rays of 

constant intensity. Under these conditions exj)eriments could be made from day 

day with a maximum variation of intensity of 30 per cent., and generally vdth 

much less. 

Fig. 2. 

The bulb employed gave out rays of great intensity and great j^enetrating power. 

A fluorescent screen was brightly lighted at a distance of 20 feet from the bulb. 

With a “ soft ’’ tube and less intense rays, it would have been difflcult to measure 

the heating effect with accuracy. 

Wehnelt Interrupter. 

The Wehnelt interrupter was of a simple joattern. One lead plate was placed 

inside a thick glass vessel (a Leclauche cell was used) with three holes about 

1 millim. in diameter bored in one side. The glass vessel was placed inside an 

ebonite box with a lead electrode, and was filled with dilute sulphuric acid in the 

usual manner The acid was kept cool by having a water circulation through a 

coil of lead pipe in the ebonite box. By suitably tapering the holes in the glass 

the interrupter was made to work steadily at a slow speed and gave strong dis¬ 

charges in the coil. The E.M.F. employed was 110 volts and the current was about 

15 amperes. The average number of breaks per second was 57. In the course of 

more than six months’ work the glass vessel was only replaced once, on account of 

the gradual increase of the diameter of the holes. 
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Arrangement oj Apparatus. 

Fig. 3 shows the general arrangement of the experiment. The bulb and coil 

were completely enclosed in a small lead-covered room connected to earth. Tlie 

rays passing through a circular hole in the lead, covered with aluminium, fell on 

one of the platinum grids A. A pencil of the rays, after traversing the grid, passed 

through a rectangular hole in the thick lead plate B, and made the air a partial 

conductor inside the discharge cylinder D. The vessel D merely served as a means 

of testing the constancy of the rays given out by the bulb by noting the current 

produced between the charged electrodes. The discharge apparatus will he described 

in detail later. 

Fig. 3. 

The two grids A and A' formed two arms of a Wheatstone Ijridge (fig. 4). Tlie 

other two arms were formed by a manganin cylinder potentiometer of 22 ohms, 

corresponding to a length of about 25 metres of wire. A sensitive low-i'esistance 

galvanometer was employed, and the deflection read with a telescope and scale. 

Tlie balance was first ol3tained for a momentary passage of the battery current. 

The rays were tlien turned on for a given time, generally either 30 or 45 seconds. 

The rays falling on the grid A were partly absorbed and heated the platinum to a 

slight extent, and the resistance consequently changed. The deflection from zero 

was noted immediately after the cessation of the rays. 

In order to obtain a measure of the heating efiect, a steady current was sent 

through the grid A for the same time as the rays acted. The magnitude of this 

current was adjusted until the deflection from zero was the same as for the rays. 
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When this is the case, the amount of heat, H, supplied per second by the rays is 

equal to the amount of heat generated by the current: 

H = ‘24 R gramme calories, 

where i = current through the grid, 

and R = resistance of the grid. 

The heating effect due to the rays was small and consequently care had to be 

taken to avoid disturbances of the balance due to outside causes. The grids were 

enclosed in a lead vessel with an aluminium window in front of the grid A. A thick 

covering of felt completely enclosed the lead vessel. Between the bulb and the 

grid there was one plate of aluminium L millim. thick and two sheets of thin 

aluminium, besides the felt covering. A lead screen in addition could be placed 

over tbe bole H. When the hole was covered thus with the lead plate, there was 

no disturbance of the zero, showing that the rays falling on the grid were responsible 

for the heating effect and the rays alone. 

In practice it was found necessary to remove the sensitive astatic galvanometer 

employed a considerable distance away from the induction coil before the magnetic 

disturbances due to it were negligible. This necessitated additional leads, and in 

consequence more troublesome changes of the balance. For the most part, however, 

the changes of the balance point were gradual and, if necessary, could be accurately 

allowed for during the short time the grid was exposed to the rays. 

Two observers were required, one to start and stop the rays and to note the electro¬ 

meter deflections, and the other to observe tbe galvanometer deflections. With the 

aid of a simple system of signals, the experiments presented no serious difficulty. 

In order that the rays should be, as far as possible, of constant intensity when 

falling on the grid, the hole in the lead plate between the bulb and the grid was 

covered with a lead screen, operated from a distance, during the first 15 seconds 

after the rays were turned on. By means of a cord the screen was suddenly removed 

and the rays stopped after a definite time by breaking the current. 

The following table is an example of a succession of observations extending over 

several hours :— 

Time of exposure to the rays = 30 seconds. 

Testing current through the grids = '04 ampere. 

Deflection of 
galvanometer in millims. 

17'0 

18-6 

18-4 

17'8 

Deflection of 
electrometer in scale divisions 

per second. 

5-17 

5-53 

5-33 

5-27 

Mean value = 17'9. Mean deflection = 5'32 
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In order to measure the amount of heat corresponding to this deflection of the 

galvanometer, a steady current from a separate battery was passed through the grid 

previously exposed to the rays and for the same time. 

Fig. 4 shows the connections. As it was necessary to determine the change of 

zero immediately after the passage of the current for a definite time, the arms of 

the bridge were undisturbed, and consequently a portion of the heating current 

passed through the grid R,,. 

Fig. 4. 

Resistance of grid R| exposed to rays = 4'2 ohms. 

,, second grid R^ = 4'28 ohms. 

Total resistance of the other two arms and leads, S = 23‘04 ohms. 

If ^ be the current from the battery supplied for heating purposes then. 

Current through R^ = "867 i. 

,, ,, R^ = T33 h 

Heating effect on R^ = 752 gramme calories. 

„ „ R^i^-OlSr 

Difference in amount of heat sujqDlied to R^ and R^ = ‘734 

We thus see that most of the heating effect is confined to the grid Rj. 

From a special series of experiments it was found that the deflection from zero of 

the galvanometer in a given time due to the heating by the current was very closely 

proportional to the square of the current. It was therefore not necessary to find 

experimentally the exact value of the current to give the same deflection as the rays, 

but from observations on one known current the results could be obtained by 

interpolation. 

It was found that under the same conditions as the table given above, a current 

i — -0200 ampere gave a mean deflection from zero in 30 seconds of 37‘4 divisions. 

The mean deflection due to the rays was 17'9 divisions. 
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Tims the amount of heat supplied to the grid per second by the rays 

17‘9 
= —^ X (•02)® X '734 —- •000141 gramme calorie. 

In the first stage of the investigation a null method was employed to measure the 

heat of the rays, but unexpected difficulties arose, and the method was abandoned. 

The battery current was kept steadily flowing through the grids, and the balance 

obtained. During the time the rays were on, a portion of the current through the 

grid was shunted through a resistance of known value. The value of the shunt 

resistance was adjusted until there was no change ol the balance immediately after 

tbe rays were sto^Dped and tbe shunt circuit broken. 

It was difficult, however, to obtain satisfactory results, partly on account of the 

inconstancy of the rays, but cbiefly on account of the slight difference of heating 

effect of the two grids for equal currents. The strength of current through the grid 

was generally •QI of an ampere, and with this current the inequality of the grids was 

immediately seen by a change of balance, when the current was apjdied for some 

time. The addition of a shunt to one grid caused a variation of current through both 

grids, and the change of temperature, due to inequality of the grids, introduced an 

error which was not negligible compared with the small heating effect of the rays. 

The method was not so luj^id or certain a the one finally employed. 

Measurement of Heating Effect by Thermojnle. 

Some experiments were made to see it a thermopile was suitable for a measure of 

the heating effect of X rays. The only thermopiles in the laboratory were of the 

ordinary solid type of 65 bismuth antimony couples. The thermopile was placed 

inside a metal tube covered with aluminium at one end and a rock-salt plate at the 

other. With a sensitive low-resistance galvanometer a deflection of 15 millims. could 

be obtained in 30 seconds. The rate of siq^ply of heat was standardised by using a 

standard Hefner amyl-acetate lamp, the total radiation from which has been deter¬ 

mined in absolute measure by Tumliez."^^ It was observed that the thermopile, 

when exposed to the X rays, took up its final temperature very much more slowly 

than when exjDosed to the radiation from the lamp, and tlrat the results obtained 

differed considerably from the bolometer method. The cause of the discrepancy lies 

in the unsuitability of a solid thermopile for measurements on X rays. The radiation 

from the lamp falling on the lampblack coating of the thermopile is absorbed at the 

surface of the metal, while the X rays penetrate a distance of the order of 1 millim. 

before much of the energy is absorbed. On account of this, the maximum rise of 

temperature near the surface of the junction on which the E.M.F. depends is less 

* ‘ Wied. Annal.,’ vol. 38, p. 6t0. 
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with X rays than with light for equal intensities of radiation. The deflection of the 

galvanometer is thus less for X rays than for light-waves of equal energy. 

From these considerations it is obvious that the solid type of thermopile is most 

unsuitable for such work ; but a modified thermopile of thin plane sheets of metal, c.p., 

iron and Constantin, would probably give better results and be simpler to manipulate 

than the bolometer. With thin sheets the heat would be equally distributed over 

the cross-section due to diffusion, and no appreciable error would arise. The method, 

however, has the objection that the amount of heat must be standardised by a known 

lamp or source of radiant energy. 

Total Energy of the Rays emitted 'per Second. 

When X rays fall on a metal plate, the plate is heated, and tlie question at once 

arises whether we are justified in assuming that the energy of the rays stopped by 

the metal plate is transformed into heat in the j^late. The experiments of Perrin, 

Sagnac, and J. J. Thomson have clearly shown that when X rays strike a solid 

body, secondary rays are set up which ionize the gas and act on a photographic plate. 

These secondary rays are of a far less penetrating character than the rays that excited 

them ; but on account of the ease with which they are absorbed in the gas, the amount 

of ionization per cub. centim. in the gas near the surface of the body may be greater 

than that due to the direct rays. The total number of ions produced by the scattered 

rays depends to a great extent on the density of the metal as well as on the intensity 

of the incident rays. The total number of ions produced by complete absorption of 

the scattered rays is generally only a small proportion of the number produced liy 

complete absorption of the direct rays. Assuming that an ion in both cases requires 

the same expenditure of energy to produce it, the energy of the scattered rays is thus 

only a small projiortion of the total energy of the incident rays. 

The secondary rays are set uji both at the points of incidence and emergence of 

the rays falling on the grid. The heating effect on the grid is thus less than the 

heat equivalent of the energy of the rays stopped by the grid by the portion of tlie 

energy used uji in exciting secondary rays. The correction is probably small, and 

has been neglected in these experiments, but it is hoped in a future investigation to 

determine its value. 

There is no evidence that the chemical energy of j^latinuni is iii any way altered 

by the passage of the rays through it, and, as far as our present knowledge goes, the 

energy of the rays stopjied minus the energy of the scattered radiation, is transformed 

into heat within the platinum. 

In a case where there is a chemical change, e.g., when the rays fall on a photo¬ 

graphic film, the heating effect would not be the equivalent of the energy absorbed. 

It has been shown by Fontgen and other observers that the intensity of the rays 

given out from the front surface of a platinum plate of a focus tube is approximately 

VOL. CXCVI.-A. F 
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equal in all directions. In the experiment the rays fell normally on the centre of the 

grid, hut on account of the size of the grid, the intensity of the rays could not he 

considered constant over its surface. The intensity of the rays diminishes, and the 

obliquity of the angle of incidence increases from the centre of the grid outwards. 

In consequence of this, a greater proportion of the incident radiation is absorbed at 

the edges than at the centre. 

The intensity of the rays was cut dovm to about '45 of its incident value in passing 

normally through the grid. It can be shovm, by approximate integration over the 

surface of the grid, that for the distance of the grid from the source of the rays, 

namely, 26 centims., and the dimensions of the grid, the actual energy absorbed 

is about 2 per cent, less than if the rays had the same intensity over the surface of 

the grid as at the centre, and had fallen normally at all points of the grid. 

For the special bulb employed, it was shown that the rate of sujDply of heat to the 

grid was equal to 
'00014 gramme calorie per second. 

This corresponded to a maximum rise of temperature of about 1/200° C. 

Distance of the centre of the grid from the source of the rays = 26 centims. 

Area of grid = 92'2 sq. centims. 

Now '55 of the incident radiation was absorbed in the grid. 

Total energy of the rays falling on the grid is aj^proximately 

= '00025 gramme calorie per second. 

Therefore the total heating effect due to all the rays emitted from the front of 

the plate (omitting absorption in the glass, air, and screens) 

27r X (26)2 

92-2 
X '98 X '00025 = '011 gramme calorie j^er second. 

or '046 watt. 

Now the number of discharges per second in the bulb was 57, and Troutox"^ has 

shown that the duration of the rays during each discharge of an induction coil is less 

than 10~® second, and probably about 10“^ second. Assuming the average duration 

of the rays for each discharge is 10”^ second, the rate of emission of energy while it lasts 

= 1'95 gramme calorie per second. 

The heating effect of the sun’s rays falling normally on 1 sq. centim. surface is about 

= '035 gramme calorie per second. 

The maximum rate of emission of energy as X rays from the bulb is thus about 

56 times greater than the amount of energy per sq. centim. due to the sun’s rays. 

* ‘ Brit. Assoc. Report,’ 1896. 
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Efficiency of a Fluorescent Screen as a Source of Light. 

Experiments were made to determine the efficiency of a fluorescent screen as a 

transformer of Rontgen radiation into visible light. 

Photometric observations of the light emitted by a fluorescent screen, excited by 

X rays, have been made by A. Moffat,* who deduced the energy of tlie rays, by 

assuming that the coefficient of transformation of the energy into visible light was 

4 per cent., the value found by E. Wiedemann! for the transformation of radiant 

energy into luminescence. 

It was not the object of this investigation to make a complete photometric com¬ 

parison, but to deduce an ajiproximate coefficient of transformation for a definite 

experimental arrangement which could readily be reproduced in practice. For this 

purpose a piece of fluorescent screen was placed over one of the diffusive surfaces ot 

a Lummer-Brodhun screen, and the diffused light of the screen compared with the 

diffused light of the amyl lamp in the usual manner. The ratio of the square of the 

distance of the screen from the bulb to the square of the distance of the lamj) was 

taken as the ratio of the intensities of the light emitted by the X-ray bulb and lamp. 

In this case the amount of the light of the amyl lamp absorbed in the plaster of Paris 

surface was neglected. 

Dr. E. SumpnerI has shown that a jiiece of blotting-paper reflected over 80 per 

cent, of the light incident upon it, and it was found experimentally that the plaster 

of Paris surface of the screen was a still better reflector. 

The current in the discharge vessel was determined, during the measurements of 

the energy, in absolute measure, and also during the comparison of the screen with 

the amyl lamp, in order to correct for changes of intensity of the rays during the 

observations. In this way it was found, using a })latino-barium cyanide screen, 

that 
Intensity of light from 11 norescent screen -QOQg 

Intensity of light froin amyl lamp 

Now if the intensity, I, of the visible light from a Hefner amyl lamp is given by 

I K/r‘' 

from the experiment of Tumlirz§ the value of K for the visible light is equal to 

■00361 gramme calorie per second, 

and the total energy radiated by the lamp is 41'1 times the energy of the light 

radiation alone. 

Now in the exjieriments with the bolometer the heating effect of the rays incident 

‘ Roy. Soc. Edinburgh Proc.,’ 1898. f ‘ Wied. Annal.,’ vol. 37, p. 233. 
1 ‘ Phil. Mag.,’ February, 1893. § ‘ Wied. Annal.,’ vol. 38, p. 640. 
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on the grid, area 92’2 sq. centims., at a distance of 26 centims. from the source ot 

rays, for the same strength of rays as those incident on the fluorescent screen, was 

•00032 gramme calorie 2)er second. 

I = K/r^, and the value of K, which represents the amount of energy due to the 

rays falling normally on a surface of 1 sq. centim. at a distance of 1 centim. from 

the source of rays 
= '0023 gramme calorie. 

The intensity of the X rays was thus ‘64 of the intensity of the visible light of the 

standard Hefner lam]). 

Now the efficiency of transformation of X rays into light 

_ energy radiated as light _ ‘0206 x ’OOSGl _ -Qq^ 

energy supplied by the rays '73 x -0023 ’ 

since it was found electrically that '73 of the rays were absorbed in the screen. 

The efficiency of transformation is thus 

4'4 per cent. 

If we assume that 8 5 per cent, of the incident light is diffused from the surface of 

the Lummer-Brodhun screen, the efficiency of transformation is about 3'7 per cent. 

A calcium tungstate screen, in which the absoiq3tion was ‘36, gave almost the same 

efficiencv of transformation. 

The results we have obtained afford a simple means of expressing the intensity of 

X rays in absolute measure, assuming the coefficient of transformation of a fluorescent 

screen to be about 4 per cent. 

Two experiments would l)e necessary— 

(I.) The intensity of the light from the screen would be conqxrred with a Hefner 

standard lamp. 

(2.) The a1)sorption of the rays by the screen would be measured electrically 

or photometrically by placing a 23ortion of the screen to absoi'b the rays. 

Let and L be the intensities of X rays and a Hefner standard lamp in absolute 

measure, disregarding absorj)tion of rays in glass, metal screens, air, &c. When there 

is ecpiality of illumination let and be the distances of the source of rays and 

lamp from the Lummer-Brodhun screen. 

Let 7q and be the distances for equal illumination when the rays pass through a 

])iece of the screen before falling on the Lummer-Brodhun screen. 

Then p, the lutio of transmitted to incident rays for the fluorescent screen, is 

given by 

p = 

Batlo of incident energy absorbed = 1 — p. 
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Therefore it is readily seen that 

h 
L 

X 
100 

- p) 4-4 

since efficiency is 4'4 per cent. 

Thus, since I3 = ‘00361 gramme calorie, 

2 

Ii = ‘082 - -r oTamme calorie. 
1 - p)^ 

Thus two simple j^hotometric com|)arisons would be required to express the energy 

of the radiation of any particular bulb in absolute measure. 

For penetrating rays the absorption in the cardboard of the screen is negligilde, ljut 

if necessary it can readily be allowed for. 

The chief source of difficulty in the comparison is the difterence in colour betw'eeu 

the light from the Hefner lamp and a fluorescent screen. The fluorescent light 

appears a greenish-blue, and the amyl lamp a reddish-j^ellow, when seen side by side 

in the telescope of a Lummer-Brodhun screen. 

Some experiments were made using a coloured glass to make the sources of liglit 

more nearly a match in colour. A greenish coloured glass was found to give a good 

colour match when interposed between the screen and amyl lamp. On determining 

by means of a thermopile the amount of the visible energy of the Hefner lamp which 

was allowed to go through the glass, it was found to be so small (less than 2 per 

^ent.) that a special investigation was required to find the coefficient of transmission 

with accuracy. The experiments were not continued, owing to lack of time, but the 

evidence showed that by using a coloured screen in the path of the amyl lamp to give 

the same tint as the fluorescent screen, the efficiency of the transformation of the 

screen wais much higher in that case than the 4 per cent, obtained by using no 

coloured glass or solution. 

Energy required to lyroduce an Ion. 

The method employed to determine the energy required to produce an ion in gases 

exposed to Bhntgen rays depended on the measurement of the heating effect of the 

rays, and of the total number of ions produced l^y the radiation in the gas. If H is 

the number of calories given out per second by the rays, and E the energy in ergs 

of the rays emitted per second, then 
E = JH.(1). 

If W is the average amount of energy required to produce an ion, then 

nW = E.(2), 

where n is the number of ions produced per second, suj^posing that all the energy of 

the rays, absorbed in the gas, is due alone to the production of ions. 
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In order to determine the number of ion.s, n, it is necessary to measure the maxi¬ 

mum current that can be produced between two electrodes when all the ions produced 

by the rays in the gas reach the charged electrodes before there is any appreciable 

loss of their number due to recombination. If i is the maximum or saturation 

current through the gas, then 

i = ne, 

where e is the charge on an ion. 

The value of e has been determined by J. J. Thomson,^ and is equal to 6'5 10~^° 

electro-static unit. 

From (1) and (2) 
nW = JH, 

therefore 

In order to determine W it is thus nece.s.sary to determine the value of H and i. 

The considerations on which the method is based are ; 

(1.) When the X rays are absorbed by a solid substance, the greater pro¬ 

portion of the energy is given up to the substance in the form of heat. 

(2.) The energy of the rays absorbed in passing through a given volume of 

the gas is used up in ^^I’oducing ions. 

(1) has been considered earlier in the paper, and it has been sho^vn that we are 

probably justified in assuming that a very large proportion of the energy due to rays 

absorbed in a substance like jdatinum is transformed into heat. A small proportion of 

the total energy is used ujd in setting up secondary rays at the point of incidence of 

the rays on a solid conductor and also at the point of emergence. 

In regard to (2), one of theauthorst has previously shown that the absorption of the 

rays in a gas is roughly jDrojDortional to the intensity of the ionization in the gas. 

Gases and vapours, which are made good conductors by the rays, also strongly absorb 

them. The absorption of the rays in the gas has no direct connection with the 

molecular weight or density of the gas. For example, in hydrochloric acid gas the 

rays are far more readily absorbed than in carbonic acid, a gas of greater density. 

Perrix has shovai that the ionization of a gas is approximately proportional to the 

pressure. This result has been confirmed by us, and the authors have also found 

that the absorption of the rays varies directly as the pressure, i.c., as the ionization of 

the gas. These results point to the conclusion that the absorption of the rays in a 

gas is closely connected witli the number of ions produced. It is possible that there 

is a certain anioimt of scattering of the rays in passing through a gas, but if the 

apparent absorption of the rays were due in any great measure to scattering, Ave 

* ‘Phil. Mag.,’ Dec., 1898. 
t Rutuerfokd, ‘Phil. Mag.,’ April, 1897. 
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should expect the ahsorption to depend chiefly on the density of the gas, and such is 

not the case. Rontgen and others have observed that the gas itself which has been 

acted on by the rays gives out a radiation which is able to light uj) a fluorescent 

screen. This radiation may be due either to the scattering of the rays, or to the 

radiation caused by the recombination of the ions. In either case it is probable that 

the radiation is of a type similar to the secondary radiation set up at the surface of 

metals when X rays impinge upon them. This secondary radiation is far more 

readily absorbed in gases than the primary radiation, and would be absorbed in jdi’o- 

ducing ions in the gas. The rate of discharge wmuld be increased, and provided all 

the scattered, or secondary, radiation were used up in j^roducing fresh ions between 

the electrodes, no correction for the amount of scattered radiation would be required. 

This of course proceeds on the assumption that the ions produced by the primary and 

secondary radiation are the same, and require the same amount of energy in each case 

to produce them. 

It is not practicable to measure directly the total maximum current through the 

gas, due to the passage of all the ions produced between charged electrodes, as the 

rays could jDass through several hundred metres of the gas before ajDjDroximately 

complete absorption took place. 

In practice the number of ions produced in a known small volume of the gas is 

determined, and also the coefficient of absorption of the rays by the gas. The total 

number of ions that would be produced, j)rovided all the rays were absorbed, can he 

directly calculated. 

An account will now be given of the experiments performed to measure the 

absorption of the rays in gases. 

Ahsorption of the Rays in Gases. 

The bulb employed gave out rays of great intensity and penetrating power, and 

the absorption of the rays in air was small. About 3 per cent, of the rays were 

absorbed in passing through a metre of air at atmospheric j^ressure and temperature. 

In order to measure the absorption, a delicate null method was employed. No direct 

method can be employed on account of the smallness of the absorption and the varia¬ 

tion of the intensity of the rays during the experiments. 

Fig. 5 shows the general arrangement of the apparatus. A similar method was 

employed by one of us^' on a previous occasion to measure the absorption of the rays 

in gases. 

Two long brass tubes, A, A', 118 centims. long and 3'4 centims. in diameter, were 

placed horizontally at a slight angle to each other, and in such a position with regard 

to the bulb that the axes of the two tubes met at a point on the surface of the 

platinum plate of the anticathode. The ends of the tubes were covered with 

E. Rutherford, ‘Phil. Mcag.,’ April, 1897. 
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aluminium caps 1 millim. in thickness, and were made air-tight and caj)able of standing 

a pressure of 3 atmospheres. The rates of discharge due to the rays after passing 

through the tubes, were taken between two sets of parallel plates, CD and C' D'. The 

plates D and C' were of the same size and cut into three portions, of which the 

Fig. 5. 

centre plates were carefully insulated. The centre plates were thus surrounded by a 

guard ring, and the rates of discharge to the centre plates alone were measured. The 

centre plates, D and C', were connected together, and to one pair of quadrants of the 

electrometer, the other pair of quadrants being connected to earth. The plates, 

C and D', were connected to the terminals of a battery of small storage cells of 310 

volts, the middle point of winch ivas to earth. The electrometer will show no deflec¬ 

tion if the intensity of the rays between C and D is exactly equal to the intensity 

between C' and D', since the current between C and D is equal and opposite to the 

current between C' and D'. 

Lead screens, L, M and N, were placed at the positions marked in the figure, in 

order to prevent any stray radiation from reaching the testing plates. The wires 

leading to the electrometer were enclosed in metal tubes, which were connected to 

earth in order to avoid any loss of charge due to sti’ay radiation or disturbances by 

any electrostatic field. The electrometer was completely surrounded by a wire gauze 

The separation of the quadrants of the electrometer was operated from a distance by 

means of suital)le keys. Such precautions are very necessary during the very dry 

Canadian winter, when the slightest movement causes frictional electrification. The 

table and the woodwork on which the apparatus was placed was covered over with 

metal, to prevent the collection of charges either from frictional electrification or the 

action of the rays near chiirged conductors. 
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The tubes were first adjusted so that the rays caused no movement of tlie electro¬ 

meter needle. The tube, A, was then rapidly exhausted by means of a Fleuss pump. 

The intensity of the rays after emerging from tlie tube was thus greater than for 

the tube A' on account of the less absorption, and the electrometer therefore showed 

a deflection. If the tube A' were exhausted and the tube A filled with air, the 

electrometer gave a deflection in the opposite direction. If the end of one of the 

tubes was closed with a thick lead plate so that no rays could get through, then the 

rate of movement of the electrometer needle corresponded to the intensitv, I, of the 

rays after emergence from the other tube. 

If \ is the coefficient of absorption of the rays in the gas, then the intensity of the 

rays after passing through a distance d of the tube is of its value if there had 

been no absorption. 

Since the currents between C and D and l^etween C' and D' are proportional to tlie 

intensities of the radiations between the jilates, then 

Difference between currents I — 

Total current I 

— I _ 

= \d, if hJ is small. 

In order to determine Xd, we thus reipiire the ratio of the number of division,^ jier 

second, given Iiy tlie electrometer needle from the balance when one of them is 

exhausted, to the number per second when the end of tlie tube containing the gas is 

covered with a thick lead plate. 

The following table gives the results for air at pressures in one tube ranging 

from '5 of an atmosphere to 3 atmospheres, the other tube being exhausted ;—■ 

Difference of pressures 
in atmospheres. 

Number of divisions in 
5 secs, with one tulje 

screened. 

Deffection from balance 
in 20 secs. 

XJ. 

o •0187 
1 160 21-8 •0.34 
•) 169 48-0 •071 
•> o 172 70-0 •102 

The above resiflts are the mean values of a series of measurements. The results 

for '5 of an atmosphere were obtained at a different time from the others and with a 

different sensitiveness of the electrometer. The table shows that the absorption of 

the rays in the gas is approximately proportional to the pressure. 

The value of d was 118 centims. 

The value of X for different pressures is thus given by the following table :— 

VOL. CXCVI.—A. o 
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Pressure in 
atmospheres. 

A alue of A. 

• 5 
1 

•000158 
1 •00028S 
0 •00060 
o 
O •00086 

The value of X at atmospheric pressure and temperature obtained for the same bulb 

after daily use for tv'o months ^vas found to be '000270. The value of ‘X at 

atmosjjheric pressure and temperature in the calculations is taken as the mean ot 

these two values, and is thus oiven l^v 

X = -000279. 

It is probable that the rays were not homogeneous, and the value of X must be 

considered as the mean value for the different kinds of ravs. On account of the verv 
t/ 

small absorption of the rays it was difficult to deteiinine with accuracy the absorption 

for pressures lower than half an atmosphere. Tlie results, however, indicated that 

the absorpticm was, roughly, proportional to the pressure for still lower pressures. 

The value of X was determined for carbonic acid gas at normal pi'essure and 

temperature. The absorption was 1'59 times that of air, and the value of X was 

found to be '000457. The results wei'e contirmed hy varying the pressure of the air 

in one tid^e until there was no disturbance of the electrometer zero. The results 

agreed with the value obtained above, assuming the absorption in air is pro23ortional 

to the pressure. 

We see from the results given above that the radiation is reduced to half its value 

with no absorption after passing through a length of 24'7 metres of air at ordinary 

pressure and tem})erature. 

The value of X for uranium rays^ is 1'6, or the absorption is 6000 times as great 

for uranium rays as for the X rays employed. The value of X obtained some years 

ago for a much “ softer ” l)idl) was '001, or about four times the absorption of the bulb 

employed in these ex})eriments. 

Mcasurcrncnt of the Current through the Gas. 

In order to determine the amount of ionization in a known volume ol gas, the 

apparatus shown in fig. 6 was employed. 

The rays jtassed into a l)rass cylinder, 12 centims. in diameter and 30 centims. in 

length, through a rectangular orifice, O, at one end covered with an aluminium 

window, 1 mihim. in thickness. Inside the cylinder two parallel I'ectangidar plates, 

* E. ErTiiEKFORr), ‘Phil. Mag.,’ January, 1899. 
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A and BCD, were fixed on a liglit Avooden frame. The plate opposite to A AAoas cnt 

into three parts, B, C, D, and (J AAms insulated fi'oni B and D. The ])late A A\ as 

connected to one pole of a battery of 310 \mlts, the other j)ole of AA4iic]i Avas connected 

to earth. The plate (J aa^.s connected to one })air of quadrants of the electroineter, 

the other pair of AAdiich aa^s connected to earth. Tlie plates B and D AAmre in 

connection Avith the CAdinder, AAdiich AAors also connected to earth. The plates B and 1) 

tlius corresponded to a partial guard ring for the plate 0, and sei’Amd tA\aA jiuipioses. 

The electric field aa^s rendered uniform from C to A, and most of the secondary 

radiation set up at the tAAm ends of the c}dinder Avas absorbed betAA^en A and B and 

between A and D, and thus did not produce apprecialde ionization lietAAmen A and C. 

A large lead plate, L, AAuth a rectangnlar orifice, aauis so placed tiiat tlie rays from the 

source passed into the cylinder, and did not fall on tlie parallel jilates. This aAuiided 

the presence of secondary radiation. The tAA’o ends of the cylinders Avere coAmred 

inside AAuth cardboard in order to make the amount of secondary radiation as small as 

possible. The amount of radiation set up at the surface of air and cardboard is very 

small. The amount of insulating material inside the cylinder aauas reduced as far as 

possible in order to aAmid the collection of free charges on them, and consequent 

disturbance of the electric field. For tliis reason the plates AAmre mounted on a 

wooden frame instead of an ebonite one. The AAmod Avas a sufficiently good conductoi' 

to quickly discharge any electrification that readied its surface. 

Fig. 6. 

The current lietAA^een C and A is thus due only to the ions AAdiich AAmre produced liy 

the passage of the rays betAAmen them. 

The length of the plate C AAms 12‘0G centims., measuring from the centre of the air 

spaces. The distance betAA-een the plates AAms 4TG centims. The rays, before entering 
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tlie cylinder, passed tliroug'li a rectangadar orifice in a thick lead plate. Knowing the 

distance from the source of the rays and the area of the opening, the area of a section 

of the cone f»f rays at any point in the cylinder could be determined. 

The results calculated in this way vrere compared v.uth tlie area of the impression 

on a })h()togra2ohic ])late at different distances from the orifice, and it was found that 

file correction to a])]ily for the source of the rays, not being a point source, was 

] )ractically negligible. 

Let l^ he the intensity of the rays at the beginning of the plate 0, and S the area 

of tlie cross-section of the cone of rays at that point. Tlie energy crossing the surface 

per second is TS. 

If there vras no ahsorjition of energy in the gas, the energy crossing the cross-section 

of the cone of rays at the further end of the plate C would he the same as at the 

heginning. But in conseipience of absorption the energy cro.ssing the surface per 

second is 

where I = length of the plate Cl, and X = the coefficient of absorj^tion of the rays in 

the gas. The energy absorbed in the gas jier second is equal to 

LS(1 - = LS\/ 

if \J is small, as was the case in the experiments. 

The current between the jilates A and 0 was determined for a voltage sufficient to 

move all the ions to tlie electrodes before any appreciable recombination could take 

]ilace. 

Let n — total number of ions produced ]ier second. 

I — current between the plates through the gas. 

e = charge on an ion. 

W = average energy requii-ed to produce an ion. 

Then Wr; — LSX/ and i — ??e; 

i 

The value of L was determinefl from the heating effect of the rays, as explained in 

the earlier part of the paper. 

Let = intensity of the rays at tlie surface of the bolometer. 

Pj z= transmission ratio of the rays when passing through the platinum grid. 

Then 

energy absorbed in the grid per second = — P\) > 

where A = area of grid. 

Assuming the value of the intensity uniform over the surface of the grid, and equal 

to the value at the centre, the total energc absorbed in the grid is slightly less than 
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the above amount, and it has been shown earlier in the paper that very approximately 

the energy absorbed in the grid = 'OSI^A (1 — p,). 

In practice the current in the discliarge cvlinder was o])served at the same time 

as tlie heating effect. Tlie cylinder was placed l)ehind the platinum giid in such 

a position that the ravs entering tlie cvlinder jiassed slightly to one side of the 

centre of tlie grid, thus avoiding the mica frame of the bolometer. The luys before 

entering the cvlinder were cut down in intensitv bv their passage tlirough the grid, 

by the enclosing envelope and the aluminium window in tlie discharge cvlinder. 

Let p., = transmission ratio of the rays through the })latinum grid + Hi*? f*?lf 

cover + the aluminium windov', &c. 

= distance of grid from source of rays. 

Let fL = distance of the beginning of the plate 0 in the discharge cylinder from 

the source of the rays. 

Then it can easily be seen that 

I, 

b 
- P: JJ e (!)• 

’I’he factor e is nearly equal to unitv, and is tlie correction for the absorption 

of the ravs in the gas between the grid and the discharge cylinder. 

If H is the number of heat units communicated to the liolometer per second, tlien 

and 

•98AL(1 - pi) = JH 

_ LSX/e 

Dividing (3) by (2) and substituting the value of L b ffom (1), we obtain 

411 

•OSAA - p) 

S\/e 

i ■ Pi 

1 - 

A- 

Determination of i. 

The value of i Avas determined by an electrometer with an additional capacity of 

•00248 of a microfarad in parallel. Tlie heating effect on the bolometer and the 

quantity of electricity discharged between the plates of the cylinder were obseived at 

the same time. A lead screen cut off the rays from the platinum grid and the 

discharge cvlinder for 15 seconds after the bulb had started, for it Avas found that the 

rays gradually increased in intensity for the first 10 or 15 seconds. At the end of 

15 seconds the lead screen Avas suddenly remoA’ed by a cord operated from a distance. 

After the passage of the rays for 30 or 45 seconds, the rays AA-ere stopped. The 

deflection from the zero of the bolometer AA-as taken by one obser\’er, AAdiile the 
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deflection of the electrometer was taken 1)}^ another. In the later experiments the 

capacity of the electrometer and connections was oV of the capacity added, and 

the total capacity of the circuit was '00257 of a microfarad. 

The following is an example of the determination of i in electrostatic units :— 

1 Clark cell of 1'434 volts E.M.F. gave 57'0 divisions on the electrometer scale. 
O 

The deflection of the electrometer due to the passage of the rays for 30 seconds Avas 

160 divisions. 
i = quantity of electricity ^^er second 

00257 

10« 

160 1-434 

57 
X 3 X 109 

= 1'03 electrostatic units. 

Determination of the Absoi'ption of the Rays in the Bolometer, the Aluminium 

Window, &c. 

The values ot and p.i were determined electrically by utilising the discharge 

cylinder of fig. 6. The rate of discharge in the cylinder was observed with the grid 

l)efore the hole in the lead plate and then without the grid. The ratio of the 

currents in tlie two cases is proportional to the ratio of the intensities, since the 

ionization is proportional to the intensity of radiation. A inean value of tlie ratio for 

different portions of the grid was taken, and it was found that p^ = '453. It is thus 

seen that the intensity of the radiation was cut down to a little more than lialf in passing 

through the platinum grid. Tlie value of p.i was determined in a similar manner. The 

intensity of the rays in this case was cut down more in consecjuence of passing through 

a thickness of felt, an aluminium window of '1 centim. thickness, and a thin layer of 

aluminium, as well as the platinum grid. The value found for this ratio was pr^^ "31. 

The absorption of the rays in the mica frame appears in the values of p^ and p.y 

Tlie absorption, however, was small and practically negligible in any case. 

Dimensions of the Apparatus and Yahies of Constants. 

The area of the rectangular hole through winch the rays passed into the discharge 

cylinder, and from which S was calculated, was 7'1 sq. centims. The length of 

the centre plate in the discharge cylinder was 12'06 centims. For most of the 

experiments, the distance d of the grid from the source of rays was 26'0 centims., 

and the distance of the hole in the lead plate from the source was 45'2 centims. 

Area of platinum grid was 92'6 sq. centims. 

Mean value of X — '000279. 

Value of e = 6'5 X lO"^^ electrostatic unit. 

The correction for the absorption in air between the grid and the discharge 

cylinder was negligible. 
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The following table gives tlie values of i, H, and W for different times of the 

exposure to the rays:— 

Time of 
to 

exposu'e 
rays. 

i in electrostatic 
units. H in calories. tY in ergs. 

45 secs. ■S94 1 49 X 10-^ 2 * 22 X 10- -10 
•976 1 56 X 10-i 2 •13 X 10- -10 

1 ■ 045 1 47 X 10-i 1 •87 X 10- 10 
1-115 1 57 X lo-i 1 •82 X 10- -10 

•996 1 38 X 10-^ 1 •84 X 10- -ly 

30 secs. 1 -00 1 34 X 10-+ 1 -79 X 10- -10 
1-07 s. 1 47 X 10-1 1 •83 X 10- -10 
1-03 1 45 X 10--* 1 •87 X 10- -10 

5' 1-09 1 41 X 10^1 1 •72 X 10- -10 

The mean value of W, the energy required to produce an ion in air at atmospheric 

pressure and temperature, is given 1)y 

W = 1-90 X 10-10 erg. 

The energy required to produce a positive and a negative ion from a neutral 

molecide is twice tliis amount, and since one ion cannot lie produced without the 

other, then 3'8 X 10“lo erg is the smallest amount of energy tliat will jiroduce 

ions in air. 

The mean intensity of the rays in aljsolute measure at the surface of the bolo¬ 

meter is given liy 
JH = ■98AIj(l — Pi). 

Taking the value of H as 1‘5 X 10 calorie, we find that 

Ij = 127 ergs. 

On account of the very short duration oi‘ the rays from each discharge, the 

maximum intensity of the radiation at any time is probably over a thousand times 

greater than the above value. 
i 

The energy absorbed per second in producing ions in the cylinder = - W = '29 

erg, taking i = 1 E.S. unit. 

This absorption of energy is spread throughout a volume of over 100 cub. centims. 

of the gas, so that tlie ab.sorjition of energy per cub. centim. in the air is very 

■small. 

The value of W, the ionic energy, is seen to depend on tlie measurement of the 

current through the gas, the coefficient of absorption, and the heating effect of the 

rays. The absorption of the rays in the gas lias to be determined separately from 

the current and heating effect, and an uncertainty consequently arises on account of 
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the variation of the penetrating power of the rays as the bulb varies. The value 

of X determined for tlie rays, under different conditions as regards the frequency of 

the Wehnelt interrupter, was found to be apj)roximately the same, after the l)ulb 

had l)een in constant use for several months. It is probable that the type of 

rays does not on an average vary much from day to day, but the greatest source 

of error is probaljly due to the assumption that tiie rays are homogeneous in 

character. Rontgen and others have shown, from experiments oii the absorption of 

successive thicknesses of metal, that rays ai'e not simple in character, but contain 

rays of widely different order of penetrating power, so that the value of X is the 

mean value for the different ty})es of rays. 

The value of W also depends upon the value of e, tlie charge on an ion, and if 

future investigations should assign a different value to e, the value of W would be 

altered in a like ratio. 

Energy required to 'produce an. Ion in other (jases. 

When the energy required to produce an ion in one gas is known, the energy 

re(pnred to jJroduce an ion in another gas can be detei'inined from the ratio of the 

absorptions of tlie rays and the intensity of ionization in the gases. 

Let ;q and n.^ be the number of ions produced per cub. centim. in two gases. 

Let X| and X^ be the coefficients of absorption. 

Let and l)e the energies re(piired to produce ions in the two gases. 

Let q and L be the maximum currents through the gases. 

Then for the same intensity of rays, 

AJ _ 

— ryy-’since h — assuming 

charges on the ions are equal. 

_A,2 q 

W “ ’ b ' 

Tlie ratios X.dX.^ and q/L can be readily determined, and if W^ is known, then W^ 

can be calculated wdthout recourse to experiments on tlie heating effect of the rays 

in each case. 

Idle value of X^, tlie lutio of the absorjition coefficient of carbonic acid gas to 

that of air, was found to be 1’59 for the rays employed. The ratio q/q Hie 

current in air and carbonic acid gas for a potential difference of 300 volts was found 

to be 1'43. 

Therefore the energy required to jn'oduce an ion in carbon dioxide 

= -|-|^XXq = fllWi = 2-11 X 10-^Wrg. 

absorption of energy in gas.^ 

absorption of energy in gas^ 

Idierefore 
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This value is a little higher than in the case of air. The measured amount of io, 

the current in carbon dioxide, was somewhat less than the maximum, since the 

electromotive force applied was not sufficient to move all the ions to the plates before 

recombination. A correction for this would make the values for air and carbon 

dioxide more nea,rly equal. 

Taking the value 1’53, found by J. J. Thomsox,"^ for the relative ionization in 

carbonic acid and air, the ionic energies are nearly the same. 

The results for air and carbon dioxide show that the energy required to produce 

ions in the two gases is not very different. The results of a previous paperf showed 

that the absorption of X rays in gases was roughly proportional to the ionization 

produced. From this it follows that the energy required to produce ions in the 

gases examined was, roughly, the same. 

The results obtained with uranium ]‘adiation;j; showed that the total number of 

ions produced by complete absorption of the radiation in air, oxygen, hydrogen, 

carbonic acid gas, hydrochloric acid gas, and ammonia were approximately the same. 

The results in that case were more readily olffained as the radiation Avas almost 

completely absorbed in a few centims. of the gas, and the maximum current through 

the gas was a measure of the total numljer of ions produced. 

The recent results of McLexxan§ also point strongly in the same direction. 
In his experiments, cathode rays were passed out of the discharge tube into another 
vessel, and the maximum current produced by the cathode rays Avas found for 
different gases. Using a constant supply of cathode rays, the current, ?'.c., the 
total number of ions produced, was independent of the nature of the gas (proAuded 
the pressure of the gas Avas adjusted to give the same absorption of the rays in eacli 
case). The gases examined Avere air, hydrogen, oxygen, nitrogen, caiFonic acid, 
nitrous oxide, and the total number of ions produced in them Avas nearly the same. 
Assuming that the same proportion of energy of tlie cathode rays was used up 
in producing ions in the gases, it follows that the energy required to produce an ion 
in all the gases is the same. 

The results on the ionization of different gases by the agency of Rontgen, Becquerel, 

and cathode rays all strongly point to the conclusion that the same energy is required 

to produce an ion whatever the gas. 

Variation of Ionic Energy with Pressure. 

It has been shoAvn earlier in the paper that from half an atmosphere to three 

atmospheres’ pressure the absorption is proportional to the pressure. A special 

* J. J. Thomson, ‘ Camb. Phil. Soc. Proc.,’ a'oI. 10, Part I. 
t E. Rutherford, ‘Phil. Mag.,’ April, 1897. 
I E. Rutherford, ‘ Phil. Mag.,’ January, 1899. 
§ ‘Roy. Soc. Proc.,’ 1900; ‘Phil. Trans.,’ A, a^oI, 195. 

VOL. CXCVI.-A. H 
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investigation has shown that for the same range the intensity of the ionization is also 

approximately proportional to the pressure. This shows that for the pressures 

examined the ionic energy is independent of the pressure. The results on the 

variation of absorption with pressure for uranium'^ and thorium t radiation also point 

to the same conclusion. 

In order to fully establish such a general law that the energy to produce an ion is 

independent of the gas and its pressure, a large number of careful experiments will 

be required. The results so far obtained can only be considered to show that such a 

law is approximately true. It is intended to continue these investigations on ionic 

energy for other gases besides air and carbonic acid. 

Deductions from the Results. 

If ions of the same kind are joroduced in a gas by different agencies, it is 

probable that the same amount of energy has been absorbed to jjroduce the ions in 

the different cases. The only test we have at present for equality is to compare the 

velocity of the ions in the gas for a potential gradient of 1 volt per centim. 

J. J. Thomson has .shown that the charge on an ion produced by Ptontgen rays is 

probably the same for the gases hydrogen, air, oxygen, and carbonic acid, and 

Townsend| that it is equal to the charge on a hydrogen ion in the electrolysis of 

water. The velocity of the ions in a given electric field depends upon the ratio 

ej-ni of the charge to the mass of the ion, and thus if the velocities of ions 

produced in the same gas by different agencies are the same, the masses must be 

the same, since the charges are ec|ual. 

It has recently § l:)een shown that the ions in the “electric wind” travel in air 

with the same velocity as the ions produced l^y rays. Tlie energy used up in 

producing the ions can thus ])e immediately calculated. 

Let i — the current through the gas due to the electric discharge from a wire 

or point. 

Energy absorbed in producing ions = n W — — W, 

where n is the number of ions produced per second and e the charge. 

Therefore, neglecting recombination of the ions, 

- W 
Energy recpiired to produce ions _ e _ ^ ^ 

Total loss of energy Xi e 

where V is the potential of the discharging wire. 

E. Rutherfoiid, ‘Phil. Mag.,’ January, 1899. 

t R. B. Oavexs, ‘Phil. Mag.,’ October, 1899. 

I ‘Phil. Trans.,’ A, 1899. 

§ Chattock, ‘Phil. Mag.,’ October, 1899. 
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If V = 6000 volts = 20 electrostatic units, then the proportion of the total loss of 

energy used up in the production of ions 

1-90 X 10-1° 1 1 

6-5 X 10-1° • 20 “ C9 

Thus quite an appreciable jDroportion of the total energy supplied is absorbed in 

producing ions. The proportion decreases with the increase of voltage. 

Distance hetween the Ions in a Molecule. 

If we suppose that most of the energy required to produce a positive and a 

negative ion from a neutral molecule is due to the work done in separating the ions 

from each other against the forces of electrical attraction, we can at once form an 

approximate estimate of the distance apart of the charges in the molecule. 

The work done in separating a charge "f- e from a charge — e, both charges 

supposed concentrated at points from a distance r to an infinite distance, is equal 

to e-/r. 

If this is equal to the energy required to produce two ions, then 

. ^ = 3-8 X 10-10, 

since e = G’5 X 10-1° 

r=:lT X IQ-o centim. approximately. 

The average diameter of an atom, calculated from various methods, is about 

3 X 10“® centim. This is a very much greater distance than the value found for the 

distance apart of the charges on the ions in a molecule. The residts support the 

theory advanced by J. J. Thomson, that ionization is produced by the removal of a 

negative ion from the molecule, and that the negative ion is only a small portion of 

the mass of the atom. The positive ion is supposed to remain attached to the rest 

of the molecule. It is to be expected from the theory that the distance of the 

charges from each other would be less than the diameter of an atom. 

The energy required to produce an ion in air is very much greater than the 

energy required to produce an ion in the electrolysis of water. If V (1’46 volts) is 

the least E.M.F. required to dissociate water, the work done in moving a quantity 

1-46 
of electricity e is Ve. The work done in producing an ion thus is Ve or X 

6‘5 X 10~i° = 3TG X 10“i" erg, or about of the energy required to produce an 

ion in air by the agency of X rays, so that in water the ions are about two atoms apart 

H 2 
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Least Potential, required to qjroduce a SqKirJc in Air. 

The ions in the “electric ^vind” in air have been shown to move with the same 

velocity as the ions produced by X rays. It is probable that the passage of a spark 

between two electrodes is heralded l)y tlie production of ions in the gas, and that 

these ions are of the same kind as the ions in air produced by X rays. 

Let V be the difference of potential between two electrodes in air, one electrode 

being connected to earth. Suppose a pair of ions to be produced and to travel to 

the electrodes. A cpiantity of energy 3'8 X erg is absorbed in their produc¬ 

tion, while the energy of the electric S3^stem is diminished by an amount Ve. The 

energy recpiired to produce the ions must be derived from the electric energ}^ of the 

system. In order for an ion to be produced consistent with the conservation of 

energy, we must have Y of such value that Ye is greater than the energy required to 

produce a pair of ions. 

;j-8 X 10~“ 
Y > TV-electrostatic unit. 

b'o X 10 

Y > 175 volts. 

Now Peace (J. J. Thomson, ‘Pecent Pesearches,’ p. 89) has shown that it is 

impossi1)le to produce a spark in air Irelow alrout 300 volts, however close the 

electrodes are together. This is a somewhat greater value than the one found 

above, Irut is of the same order. Strutt"”' has recently showui that the minimum 

potential difference for the passage of a s]jark in pure nitrogen is about 251 volts. 

As most of the ions in air are probably produced from the nitrogen molecides, this 

value makes the agreement still closer. The results obtained would indicate that it 

would be impossible to produce an ion, and therefore an electric spark, below 175 volts. 

If the energy required to produce an ion w’ere the same at all pressures, the minimum 

sparking potential according to the alcove theory would be unaltered. This is borne 

out 1jy Peace’s results {Joe. cit., }). 8G), wdiere it is showui that the minimum 

potential difference for a spark lietween spherical electrodes '001 centim. apart is 

approximately the same for pressures from 300 to 50 millims. of mercuiAu The 

minimum potential rises below 50 millims., indicating that the energy required to 

produce an ion may possilily increase below that pressure. 

This theory wmuld suggest that the minimum potential required to produce a spark 

conversely might be used as a means of determining the energy to produce an ion. 

The jihenomenon, liowever, is moi'e conqdex than this wmuld indicate. The minimum 

sjiarking potential is to a small extent influenced by the metal used for the electrodes 

and also by the gas, and moreover it would leave unexplained the remarkable fact 

that wdien the electrodes are a small distance apart the spark does not follow the 

shortest path [loc. cit.) between them. 

* ‘ Phil. Trans.,’ A, 1900. 
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Energy of Radiation of Radio-active Substances. 

In a previous paper it has been shown that tlie ions produced in air l:)y uranium 

radiation have the same velocity as the ions produced by Rontgen rays. On the 

assumption that the same amount of energy is required to produce the ions, whether 

the agency is Rontgen or uranium rays, the energy of the radiation given out into 

the gas can be at once determined. Fig. 7 shows the arrangement of the apparatus 

to determine the current through air produced Iry the uranium rays. 

Two large parallel plates, A and B, 4‘1 centims. apart, were insulated from each 

other. A was connected to the electrometer in the usual manner, and B was con¬ 

nected to one pole of a battery of small cells of 310 volts. The uranium oxide 

employed was placed in a square shallow hole cut in a lead plate placed on the plate 

B. The current between A and B was determined for a potential difference of 310 

volts, an amount sufficient to practically remove all the ions before recombination. 

Fig. 7. 

Since the area of the uranium surface is small conpiared vbtli the area of the 2)lates 

between which the uranium was placed, the total energy }ier second emitted liy the 

surface S of uranium is approximately equal to IS, where I is the intensity of the 

radiation at the surface of the uranium. 

If \ is the coefficient of absorption of the rays in air, and W is the energy required 

to produce an ion, the energy absorbed per second between the plates at a distance d 

apart is equal to 

IS[1 - = nW = -W, 
€ 

where n is the number of ions produced per second, i is the current, and e the charge 

on an ion. 

The total energy emitted per second is eijual to 

AY 

€(1 - 



54 PROFESSOR E. RUTHERFORD AND MR. R. K. McCLUNG 

In the case of uranium it has been shown (loc. cit.) that apparently two types of 

radiation are emitted, one of which is readily absorbed in air. The ionization due to 

the more j)enetrating rays is in general a small part of the total, especially for thin 

layers of uranium ; so that in the present calculation we will only consider the 

energy given out by uranium in the production of the more absorbed type of 

radiation. 

The intensity of the radiation emitted from uranium falls to half its value after 

passing through 4‘3 millims. {loc. cit., p. 128). Therefore X = 1‘6. 

Since d = 4'1, therefore e~^'^ is small and may be neglected. 

Thus the energy given out into the air is — W. Now for a thick layer of uranium 

oxide (3‘6 grammes spread over a surface of 38 scp centims.) the current i — 'Oolo 

electrostatic unit. Thus the energy emitted per unit area of uranium surface 

per second 
•0515 

= X 1-90 X 10“i° = -0004 erg 
o'o X 10 X 38 ° 

= 10"^^ calorie per second, approximately. 

This amount of energy wmuld suffice to raise 1 cub. centim. of water 1° C., assuming 

no radiation of lieat, in about 3000 years. 

It is a difficult matter to determine the total energy given off in the radiation by a 

given weight of uranium on account of the ease with which the radiation is probably 

absorbed by the heavy metal uranium itself in its jDassage through it. Some experi¬ 

ments were made on the current due to a given surface of uranium oxide when 

different depths of the active material were spread over it. The following are some 

of the results :— 

Surface of Uranium Oxide = 38 sq. centims. 

Weight of uranium 
oxide in grammes. 

Current in E.S. units 
per second. 

•138 •0201 
•365 •0365 
•718 ■0471 

1-33 •0515 
3-63 •0560 

Tlie uranium oxide in the form of a fine powder was dusted on uniformly by means 

of a fine wire gauze. The results show that the current per gramme of uranium 

oxide is greater for small than for large thicknesses. Even with a very thin layer of 

uranium oxide in tlie form of powder it is probable that a large proportion of the 
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energy emitted (supposed produced throughout the volume of the substance) is 

absorbed in the substance itself. An approximate determination of the total energy 

per second that can be radiated by 1 gramme of uranium could be determined by 

dissolving a few cin^stals, say, of uranium nitrate in water and pouring the solution 

over a large surface area. On evaporating the water a very thin film of the nitrate 

would be left on its surface. In such a case the rays produced throughout the volume 

of the film shoidd reach the surface without much loss due to absorption, and the 

maximum current through the gas would be proportional to the total energy radiated. 

In this case half of the total energy would be absorbed in the substance on which the 

film was jfiaced and only half would be efiicient in producing ions. 

In order to obtain an approximate value of the total energy of radiation, uranium 

oxide in the form of a very fi]ie dust was spread over a surface of 38 scp centims. 

\Yeight of uranium oxide = ’138 gramme. 

Current = ’02 electrostatic unit. 

Total energy radiated into the gas per second = 1’4 X 10~^° calorie. 

Energy per gramme of uranium oxide radiated into the air 

= 10“^ calorie per second. 

= ‘032 calorie per year. 

Ill our present state of knowledge it is uncertain whether the radiating jiower is 

confined to the surface of the uranium or is given out uniformly throughout the 

mass. In any case, the total energy radiated is probably greater than the value 

above on account of absorption of the radiation in the uranium itself, and also on 

account of the existence of a more penetrating type of radiation, the energy of which, 

has been neglected in the above calculations. 

Energy of Thoi'iurn Radiation. 

The ajiparatus employed was the same as that for uranium. Thorium oxide was 

employed and the following results were obtained. Area of surface = 38 scp 

centims. ;— 

"Weiglit of 
thorium oxide. Current. 

gramme. 
•339 • 0445 electrostatic unit per second. 
•66.5 •0622 vu*.-. ,, ,, ,, 
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Ill previoii-s papers by Owens* and Rutherford,! the behaviour of thorium 

oxide as a radio-active substance has been carefully examined. It has been shown 

that thorium compounds give out a material emission of some kind, which possesses 

temporary radio-active projierties. This emanation is most apparent with thick layers 

of thorium oxide. In the present case the layer was not thick enough to give out 

much emanation, and the rate of discharge was due to the radiation alone. Owens 

has shown that the radiation from thoiium is approximately homogeneous. 

The value of X, the coefficient of absorption of thorium radiation in air, is ‘69 and 

d = 4-1 1 — — -96. 

Thus for a weight of ‘665 gramme the total energy radiated into the gas per unit 

iW 
area = same assumptions as for uranium, the energy radiated 

into the air per second = 1-2 X 10“^^ calorie, a somewhat greater value than for an 

equal weight of uranium oxide. 

Excited Radio-activity due to Thorium. 

Thorium compounds, in addition to the property of giving out a radio-active emana¬ 

tion, possess the power of exciting temporary radio-activity on all substances in their 

neighbourhood. The excited radiation is homogeneous in character, and is of a more 

penetrating type than the radiation from either uranium or thoiium. The intensity 

of the excited radio-activity can lie greatly increased by concentration on the negative 

electrode of small area by means of a strong electric field. On the assumption that 

the energy of the radiation excited on the electrode is dissipated in producing ions, 

an estimate can be formed of the energy stored up on the electrode. 

In a particular experiment a fine platinum wire, '018 centim. in diameter and 

1 centim. long, caused the separation of about 10 coulombs of electricity before the 

radio-active power was lost. This corresponds to an emission of 2 X 10“° calorie. 

This by no means inconsiderable quantity of energy is in some way derived from 

the surface of a platinum wire '056 sq. centim. in area, without the slightest appre¬ 

ciable change either in the weight or appeai'ance of the wire. 

Radium and Polonium^ 

The question of the equality of the velocity of the ions, produced by thorium 

radiation and the rays from the powerful radio-active substances radium and polonium, 

with the velocity of the ions produced by X rays, has not been specially investigated, 

but from the very close similarity of the types of these radiations, it seems very 

probable that the ions produced by all are the same. 

* ‘Phil. XIag.,’ October, 1899. 

t ‘Phil. Mag.,’ January and February, 1900. 
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In one respect, however, some of {the radio-active substances, notably radium, differ 

in their type of radiation from X rays. Becquerel, Curie, and others, in a series of 

papers in the ‘ Comptes Rendiis,’ have shown that radium gives out a type of rays 

which are easily deflected by a magnet. This emission of rays similar in character to 

cathode rays of low velocity is very remarkable, Imt does not seem to lie a necessary 

accompaniment of a radio-active substance. For example, Giesel found polonium 

gave out rays deflected by a magnet, while Becquerel could obtain no magnetic 

action for the same substance. The rays which are deflected liy a magnet seem to he 

present or absent according to the mode of preparation of the substance, and depend 

possibly on the age of the specimens. Two impure and not very sensitive specimens of 

radium and polonium obtained from pitchblende have been tested by one of us, Init 

no magnetic action has been observed. Becquerel has found no trace of magnetic 

action in uranium radiation, and one of the authors has tested both uranium and 

thorium radiations in a magnetic field at atmospheric pressure and obtained negative 

results. 

The experiments of Curie and Becquerel have shown that, in radium, two types 

of rays are present, one of which is deflected by a magnetic field and the other is not. 

The non-deflected type is similar in character to secondary X rays, and the deflected 

ones similar to low velocity cathode rays. 

We thus see that the phenomena exhibited by the radio-active substances are not 

simple, and that they differ from one to the other. It is still possible, however, to 

form an approximate estimate of the energy of the radiation whatever its kind, 

provided the energy is all completely absorbed in ionizing the gas, and produces ions 

of the same kind. It seems probable that the radium rays acted on by a magnetic 

field are a type of cathode rays, and that they ionize the gas in their passage through 

it. The results of McLexxan^ clearly show that the energy of the cathode I'ays is 

lost in its passage through the gas, due partly to the work done in ionizing the gas in 

its path. Provided the ions produced by the deflected and undeflected rays of the 

radio-active substances are the same, and absorb the same amount of energy in their 

production, the relative energies of the radiations emitted can be compared by noting 

the total maximum current produced by the rays when completely absorbed between 

the electrodes. 

If n = the ratio of the currents between parallel plates for equal areas and 

thicknesses of the test substances and uranium oxide when the plates are at a 

sufficient distance apart to approximately absorb all the rays, then 

Energy radiated out by the test substances into the gas = n X the energy 

radiated by an equal area of uranium oxide. 

This will probably apply roughly to the conductivity produced by the deflected and 

undeflected rays. 

* ‘Roy. Soc. Pioc.,’ vol. 66, 1900; ‘Phil. Trans.,’A, vol. 195. 

VOL. CXCVL — A, I 
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In some experiments Curie mentions using a specimen of radium 100,000 tunes 

more active than uranium. It this applies to measurement for equal weights and 

areas of radium and uranium, then the total energy radiated out into the gas by 

1 gramme weight of radium is not less than 10—^ calorie per second, or 3200 calories 

per year. 

It is evident that, unless energy is supplied from external sources, the substance 

cannot continue emitting energy at such a rate for many years, even supposing a 

considerable amount of energy may possibly be derived from rearrangements of the 

components of the molecule. 

In the light of the results on the amount of energy given out by radio-active 

substances, it is of interest to consider some speculations as to the origin of the rays, 

and of the su|)ply of energy required for a continuous emission of the radiation. 

We will first briefly review the state of our present knowledge of the radio-active 

substances. Uranium, the first of the radio-active sulxstances discovered, has been 

closely investigated. Becquerel has shown that it gives out radiation constant!}' 

from year to year, even when placed in the dark. The radio-activity is preserved in 

solution, and persists if the substance is recrystallised in the dark. The radiation 

given out is independent of the gas around it, and of the pressure of the gas, and is 

not much affected by considerable changes of temperature. The same radiation is 

given out by all the uranium compounds. The radio-activity appears to depend on the 

uranium molecule alone, and not what it is comliined with. Pitcliblende and other 

uranium minerals are active, and, as far as exiieiiments have gone, continue radiating 

indefinitely. 

In considering the question of the emission of energy per unit weight of uranium, 

an important point arises which it is difiicidt to decide satisfactorily by experiment, 

viz., whether the radio-activity is confined to the surface or possessed by the whole 

mass of the substance. At first sight the radio-activity appears to be superficial, 

since the intensity of the radiation does not increase with increase of thickness of 

uranium. Such an action, however, is to be expected, even though there is volume 

radio-activity, since the radiation can C)nly penetrate to the surface from a very short 

de])th below the surface. The inci-ease of the intensity of the radiation with increase 

of thickness for thin layers and the action of solutions support, as far as they go, the 

supposition that the activity is throughout the volume. The energy given out in the 

interior of tlie substance would most probably be dissipated as heat in the material. 

If the radio-active power is possessed by the whole volume, it follows from the above 

supposition that the mineral pitchblende must have been radiating energy since its 

formation as a mineral. If we supjiose the radiation lias heen going on constantly at 

its present rate in the course of 10,000,000 years, each gramme of uranium has 

radiated at least 300,000 calories. 

It is difficult to suppose that such a quantity of energy can be derived from 

regroiqiing of the atoms or molecular recombinations on the ordinary chemical theory. 
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This difficulty is still further increased when we consider the emission of energy 

from radium, a substance 100,000 times more active than uranium. The emission of 

energy in that case is, at least, 3000 calories ])er year. If future experiments should 

show that radium, as well as uranium, gives out radiation at a constant rate from 

year to year, in order to account for such a I'apid emission of energy, it would be 

necessary to suppose that the radio-active substance in some way acts as a transformer 

of energy. Such a supposition does not seem probable, and leads us into many 

difficulties. 

On the view, however, advanced recently l)y J. J. Thomson, that an atom is not 

simple, but composed of a large number of positively and negatively charged 

electrons, the possiljle energy to be derived from the closer aggregation or regrouping 

of the components of a molecule is very much greater than on the atomic theory, as 

ordinarily understood. The energy recpiired to completely dissociate a molecnle into 

its component electrons would be many thousand times greater than the energy 

required to dissociate a molecule into its atoms. The energy that might be derived 

from a greater concentration or closeness of aggregation of the com])onents of such a 

complex molecule would possibly be sufficient in the case of uranium to supply the 

energy for the emission of radiation for long j)eriods of time. The sudden movements 

of electrons would set their cliarges in oscillation, and give rise to a series of electro¬ 

magnetic jiiilses corresponding to X rays. The remarkable pro})erty of some of the 

radio-active sidrstances in naturally emitting a kind of cathode I'ays shows tliat the 

present views of molecular actions require alteration or extension in order to explain 

such phenomena. The energy that mlglit possibly be derived from regrouping of 

the constituents of the atom would not, however, suffice to keep up a constant 

emission of energy from a strong radio-active substance, like radium, for many years. 

It is of importance tliat experiments to test ffihe constancy of tlie radiations of a 

powerful radio-active sulistance, like radium, should be carried out at definite intervals. 

If the radiation shonld keep constant from year to year, it would lie strong evidence 

that the energy of the radiation was not derived at the expense of the chemical 

energy of the radio-active sulistance. 
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III. The Circulation of the Surface Waters of the North Atlantic Ocean. 

By H. N. Dicksox, B.Sc., Lecturer in Physical Geography in the University of 

Oxford. 

Communicated by Sir John Murray, K.C.B., F.R.S. 

Received March 23,—Read May 17, 1900. 

[Plates 1—4.] 

1. 

The history of our knowledge of the currents of the North Atlantic Ocean up to the 

year 1870 has been written once for all by PetermANN (l), who in that year published 

a memoir maintaining, contrary to the opinion of Findlay, Blunt, and Carpenter, 

that eastern and northern extensions of the Gulf Stream were the prime factors in 

the circulation. Petermann subjected practically the whole of the material in tlie 

way of observations then extant to an exhaustive critical examination, and came to 

conclusions which are worth quoting, in the summary. Inasmuch as the observations 

of the twenty succeeding years did not seriously modify them :— 

1. The hot source and core of the Gulf Stream extends from the Strait of Florida, 

along the North American coast at all times .... up to the 37th degree of 

northern latitude. 

2. Under the 37th and 38th degree of latitude the hot core of the Gulf Stream 

turns away from the American coast toward the east beyond the meridian of 

Newfoundland and its banks to long. 40° W.Ph-om there it proceeds to 

the north-east, diffuses nearly across the entire Atlantic, and surrounds the whole 

of Europe, to the Arctic and the White Sea of Archangel, with a broad and permanent 

watercourse .... The south-west winds receive their high temperature from 

the Gulf Sti'eam ; and only through the Ocean, not by the winds, can warmth be 

carried into latitudes as high as those of the European coasts are. 

3. The Gulf Stream, as a whole, is as yet but little explored; we only know its 

influence in some degree. How limited our knowledge of it is may be inferred, for 

instance, from the fact that there are most contradictory statements of its velocity 

and strength. A. G. Findlay, one of the pi'incipal authorities on the Gulf Stream, 

11.3.1901 
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computed (1.869) its velocity as inquiring one to two years to reach Europe from 

Florida, while, according to my computation, two months would suffice. 

4. To conclude from the soundings, obtained so far, the Gulf Stream must be, iqD to 

the Arctic Ocean, a deep and voluminous watercourse ; if it should not he so, the 

Polar ice would reach the European coasts.The Gulf Stream, in its 

course, is more powerful and steady than all the winds ; only the Polar ice and the 

Polar currents, in spring, and summer, exercise a great influence over it. The Polar 

Stream presses at three places against it; first from the north-west, east of New¬ 

foundland ; then from the north, east of Iceland; at both these places the Polar 

Stream is buried and proceeds beneath the Gulf Stream, after having pushed it off 

literally to the south-east. But for the third time, at Bear Island, the Pcfiar Stream 

conies directly against the Gulf Stream, from the north-east, splits it into two or 

tfiree branches, and in places even presses it beneath its own waters, at least in 

July .... 

5. These three conflicts with the Polar currents cause the summer (July) isothermal 

lines of the Gulf Stream to make deep cuts at the respective places, and to assume a 

certain concavity of form which will not he found in those of the winter (January). 

But even if the July curves, when compared with those of January, appear pressed 

l)ack somewhat to the south, they show, nevertheless, on the whole a very high 

temperature for the entire Atlantic basin.A great depression of the 

temperature of the surface is caused by the Polar Stream descending east of Iceland, 

and, after its collision with the Gulf Stream, proceeding beneath the latter, principally 

when reaching the shallow German Sea. It is evident that this Iwanch of the Polar 

Stream, and the winds blowing from it, are dejDressing also the summer temperature 

of a considerable part of Western Germany.It is pretty certain that a 

sub-surface Polar current reaches, in summer, from Iceland and Jan Mayen to the 

German coast, hut there have been so far hardly any inquiries made about it. 

G. In winter (January) the Gulf Stream is cut-into much less, The pressure of 

the Polar Stream at Newfoundland is hardly visible on the chart, the curves being 

simply parallel with the coasts ; east of Iceland a Polar Stream proceeding to the 

south-east cannot Ido inferred at all from the observations of the temjjerature of the 

sea at Iceland, the Faeroe Islands, Scotland, and Norway, which bear toward each 

other quite different relations in January and in July. The relations in winter 

between Bear Island and Spitsbergen are yet unexplored, hut we have known for a 

long time the grand effects of a relatively high-tempered sea up to Spitsbergen and 

Nova Zemhla.The Polar streams, in conformity with the general laws 

of nature, are less powerful in the winter than in the summer; the Polar ice does not 

drift as far southward.The Gulf Stream is in winter more powerful than 

in summer; while the Polar streams, so to say, set at rest in some measure, withdraw 

their ice and concentrate it round the land. 

7. The relations of the temperature of the Gulf Stream within themselves, are 
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about the same in January as in Jiily. In the latter month the isothermal curve of 

7°'5 C. runs from Newfoundland far toward the north, l)eyond tlie whole of Europe ; 

it corres})onds in general with the January curve of 2'^‘5 C. ; the amplitude of tlie 

Gulf Stream, therefore, the fluctuation Ijetween its maxiniTun and minimum 

temjjerature (July to January, or August, and February) would be, on the average, 

only about 5° C. 

This general description was amplified in many directions l^y the additional data 

collected by special expeditions, and by the discussion of surface oljservations made 

on board merchant vessels, during the period 1870-90. Amongst the former are to l)e 

noted the contributions of H.M.S. “ Challenger” (1873-76) (2), which made soundings 

in the western part of the Atlantic basin ; of the Norwegian North Atlantic Expedition 

(1876), which explored the whole eastern part of the basin up to Spitsbergen; of 

H.M.SS. “ Knight Errant ” (1880) and “ Triton ” (L882), chiefly in tlie Faeroe-Shetland 

Channel; the different expeditions to the Polar Seas ; the expeditions of the Danish 

ships “ Fy 11a ” and “ Ingolf” (1877-79); of the United States Coast and Geodetic 

Survey (3), especially within the region of the Gulf Stream properly so called; and 

amongst the latter, the meteorological and hydrographical services of Denmark, 

Germany, Great Britain, and the United States. 

Stated in the most general way, the eflect of the increased information was to 

reduce the relative importance of the Gulf Stream current; it was recognised that 

while in the first instance most of the stream moving northward near the eastern 

seaboard of the United States was derived from the I'egion outside the West Indies, 

and did not pass through the Strait of Florida, that stream did not cordhiue as such 

much beyond the south-eastern extremity of the Newfoundland Banks (4). At the 

same time, observations at the higher latitudes, while defining more fully the general 

northward movement of the waters in the upper layers of the Eastern Atlantic, 

brought out the unexpected magnitude of the Polar streams moving southward both 

at the bottom and at the surface. Both results led, after much discussiou, to 

increasing belief in the direct frictional action of wind as the })iime factor in oceanic 

circulation, the gravitational influence of inequalities of specific gravity being 

relegated to second place, except in the greater depths : this doctrine was filially 

established by the observations of Murray (5) in Scottisli loclis. 

Up to this point little or no attempt was made to ascertain the limits within which 

the circidation in different parts of the ocean was liable to periodic or other varia¬ 

tions, notwithstanding the emphasis with which Petermann had insisted on the need 

of it. The seasonal variations in the strength of the Gulf Stream, recognised by 

Petermann, and indeed the seasonal variations of all currents except in the monsoon 

regions, were practically ignored, either because their existence was disbelieved in, or 

because they were assumed to be so small as to be Iieyond investigation with the 

available observations, and therefore too small to prevent any observations being com¬ 

parable, The only exception to this was the preparation by Meteorological Depart- 
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ments of charts showing the seasonal changes of mean surface temperature, changes 

which are in part affected, or effected, hy variations in the currents, and a few 

“ current charts,” showing tlie mean residt of numl^ers of surface current ohservations 

mafle at different seasons of the year (6). In these cases, however, it was of course 

necessary to ignore the possibility of irregular or long-period changes, trusting to a 

sufficiency of observations to give a})proximate seasonal values from the means. 

It seems scarcely necessary to attempt to account for the gradual recognition, 

during the past decade, of the existence of extensive changes in the circulation of 

oceanic waters at different times. The discoveries of the “Challenger” Expedition 

with regard to the geographical distribution of maiiiie organisms raised innumerable 

(juestions which demanded fuller knowledge of the physical and chemical conditions 

than coidd be obtained hy merely extending and continuing ol)servational work 

along the old lines. The development of a general mathematical theory of atmo- 

S})heric circidation which agreed with the residts of observation in the main outlines, 

1)ut presented many local anomalies, required moi'e detailed study of the physical 

conditions of parts of tlie earth’s surface, and es})ecially over the sea, for their eluci¬ 

dation. Lastly, the necessity for the regulation of some of the great fisliing industries 

was becoming increasingly urgent, and it was more and more evident that any such 

regulation must l)e Imsed on full scientific knowledge of the physical and chemical 

conditions upon which, directly or indirectly, tlie positions of the great fishing 

grounds had been shown to depend. All tliese influences worked in the same direc¬ 

tion, and the economic importance of the fishery question strengthened the hands of 

the societies or government departments upon which the expense of further investiga¬ 

tion must fall. 

The first investigation carried out with the requisite detail and accuracy of method 

was that undertaken l)y Professor F. L. Ekman, who directed the Swedish explora¬ 

tion of the Baltic in the year 1877 (7); and it is to tlie subsequent labours of Swedish 

hydrographers, and especially of Professor Otto Petterssox, of Stockholm, that the 

development of the modei-n methods of research are very largely due. Put shortlv, 

the outstanding feature may lie said to he the application of the idea of the syno]itic 

chart—the survey of the part of the ocean under investigation in such a manner that 

the physical or chemical conditions in its waters are known at successive instants of 

time, at intervals sufficiently short to allow of the changes being continuously traced. 

While allowing a full measure of credit to the Swedish hydrographers in this respect, 

it is necessary to notice that similar methods wei'e develo])ed independentlv by the 

officers of the United States Coast and Geodetic Survey and hy Professor W. 

Ltbeey, Jun. (8), in their work on the Gulf Stream, and hy Mile and Mueeay (9) 

in the Clyde Sea Area, and on various lakes and fjoi-ds in Scotland. 

As the wmrk of the Swedish hydrographers in the Baltic and Skagerak progressed, 

they were driven further and further seaward in their inquiries, until, in 1890, 

Pettersson and G. Ekman (10) began a systematic investigation of the waters of the 
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North Sea. At the same time, the S^Yedish scientists, with the support of their 

government, made efforts to secure the co-operation of other nations interested in the 

regions under examination, which were so far successful that a preliminary recon- 

nrdssance consisting of four sets of observations, at three-monthly intervals, was 

made during 1893 and 1894 by expeditions sent out simultaneously by Sweden, 

Norway, Denmark, Germany, and Great Britain, These observations have been 

worked up and reported on Ijy the directors of the several expeditions, and the results 

have been combined in a number of important papers by Professor Petteesson (11). 

During 1891 and 1892 a Danish expedition made important investigations in the 

seas north of Iceland and east of Greenland, extending a line of soundings as far as 

Spitsbergen (12). 

Althongh no further joint investigations have been carried on since those of 1893 

and 1894, active work has been continued in nearly all the countries concerned. Tlie 

Danish cruiser ‘‘ IngolfV’ under the command of Commodore C. P. Wandel, made 

important investigations in the seas round Iceland and Greenland in 1895 and 

1896 (13), and the Danish Hydrographic Office has continued the ansdysis and prompt 

publication of observations of surface temperature and of the position of the ice in the 

northern seas traversed by its merchant ve.ssels (14). Investigations were begun by 

Norway, under the direction of Dr. Johan H.iort(15), in November, 1893, in time to 

take part in the later of the joint expeditions referred to above, and since then 

Dr. Hjoet has continued his researches, especially with reference to fishery questions, 

with conspicuous success. Besides these we have the valuable ol)servations made by 

the Nansen Expedition, and numerous observations have been made by yachts and 

other vessels cruising in high latitudes. Professor Petteesson and his colleagues 

have continued to follow tlie changes in the Skagerak and Kattegat. In 1896 some 

of the stations in the Faeroe-Shetland Channel visited by H.M.S. “ Jackal ” in the 

work of 1893-94, and some of the stations of the earlier expeditions near the 

Wyville-Thomson Ilidge, were re-visited by H.M.S. “ Pie.search ” (16). 

Many of these observations, althongh not made on a preconcerted plan, can ])e 

discussed together, and they form a fairly efiective continuation of the work r)f 

1893-94, pending a systematic inve.stigation of the wdiole area by international co¬ 

operation. 

In tracing the movements of oceanic waters, live elements may be taken into 

account :— 

1. Direct mea.suremeiit, either by current meter, or l)y the drift of floating bodies. 

Hiese measurements are practically restricted to surface movements, and they are 

attended by difficulties of two kinds ; single observations of current from a vessel 

may be made in merely local and temporary streams, and observations of ‘‘ drifters” 

may be affected by errors due to uncertainty of their }iath, tlie effect of local drifts in 

shifting them from one current to another, uncei’tainty as to the time ad which they 

are found, and so on. The first method gives valuable results where very large 

YOL. cxcvi.—A. K 
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numbers of observations are dealt with, as in the admirable charts published bv the 

Meteorological Office; the second must still be regarded as of doubtful value except 

whei'e its indications can be very fully controlled by observations of another 

kind (17). 

2. Observations of temperature; important at all depths, but especially at a 

considerable distance from the surface, where seasonal variations need not be taken 

into account, and where differences of salinity are extremely small. Temperature 

observations give as yet by far the most trustworthy information about the slow 

vertical or horizontal “creep” of waters in the greater depths. In shallow waters 

near land, temperature observations may be exceedingly difficult to interpret; the 

oceanic waters tend to have a small annual range of temperature which may vary 

greatly according to the degree of mixing of the surface waters by sea disturbance, 

tidal streams, &c., while the normally greater annual range of the land waters is 

affected by the source from which tliey ai-e derived, e.y., glaciers, &c. 

3. OlDsei’vations of salinity. In the cases just mentioned, and indeed in all surface 

waters, the amount of salt affords a surer guide as to movement than does the tempera- 

tui-e, provided the determinations of salinity are made with sufficient exactness, chiefly 

because it is not liable to considerable local or seasonal variations, except by active 

mixing of w'aters from diffei'ent sources. Tims in the open ocean, <')bservations taken 

in a small area and witliin a few days of each other may show considerable irregulari¬ 

ties of temperature, but the coi'responding salinities will agree very closely ; hence it 

is not necessary in the latter case to “ generalise ” the observations in showing the 

isohalines, and thereby introduce risk of erroi' due to misinterpretation, to the same 

extent as in drawing the isothermals. 

4. Dissolved Gases. The results of analysis of the gas ct)ntents have recently been 

employed with marked success I)y Pettersson (18) and Knudsen (19) in traciug the 

source of origin of different ocetiiiic waters. It is unnecessary to refer to this in more 

detail here. 

5. Plankton. Qualitative and quantitative examinations of the plankton contained 

in samples of sea-water have recently, in tlie opinion of Cleve and others, proved a 

valuable assistance to the physical and chemical methods mentioned (20). 

In attempting to investigate the movements of water within a given area by 

applying the synoptic method to tlie distribution of tlie elements just enumerated, 

the limitations imposed are determined by the extent of that area and the nature and 

rapidity of the changes from the observation of which the movements are to be 

inferred. Wliere the changes take place slowly, observations distributed over a 

considerable period may be regarded as having been made simultaneously in the 

middle of that period, and treated as in all respects comparable with each other; 

and further, if with a large number of observations distributed fairly evenly over 

the “ period of observation,” we find tliat the condition revealed by successive sets of 

observations can be shown to follow iiaturally Iroin h^qiothetical continuous changes 
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during the “ intervals,” we are justified in assuming that we have made a legitimate 

and adequate application of the method, and ultimately that the supposed changes 

have actually taken place. A more limited application of the method can be made 

where sets of observations are separated from others by intervals too long for the 

assumption of continuous change. Under this heading comes, for example, a com¬ 

parison of the state of affairs at the same season in different years; wdiich is valuable 

in that strictly seasonal variations are eliminated, and irregular or long-period changes 

can be studied by themselves. 

The joint observations of 1893-94 were, for the most part, made wfithin a period of 

a week or ten days, and except in certain localities, or under unusual weather 

conditions, it was found that, at least in so far as temperature and salinity were 

concerned, the observations of each set could be treated as simultaneous, and plotted 

together on curves or charts. Again, the interval of three months was, for the most 

part, found to be sufficiently short to allow of comparison of each set of observations 

with its successor, at least in the main outlines (21) ; and the general nature of the 

changes in temperature and salinity could be traced. 

The net result of these comparisons was to establish, beyond all reasonable doul_)t, 

that the variations in the circulation already knowai to exist in more or less enclosed 

areas like the Baltic, occurred not only in the comparatively open North Sea, ljut 

even in the open channels connecting it with the Atlantic (22); that not only d() 

seasonal variations of wdde amplitude take place from month to month, hut tliat 

irregular variations of probably equal magnitude render the type of circulation 

markedly different at the same period of different years. These latter variations, 

about which no chart of average conditions can give any infoiination, certainly 

originate in the waters at or near the surface, and prol^alily involve remote regions 

of the ocean. Althoim'li tlie existence of irreo'ular variations in the surface conditions 
O O 

of the North Atlantic was recognised by Petermann, and probably accounts for the 

widely divergent views held about the general circulation by scientific men almost up 

to the present day, as well as for the persistent scepticism of a large number of 

efiicient navigators, the large proportion wdiich they bear to the wdiole mean move¬ 

ment in circulation has not been realised, and no systematic attempt has hitherto 

been made to ascertain their nature and extent. The reason for this is perhaps to be 

looked for in the tenacious hold Avhicli the idea of “rivers in the ocean ” still retains 

in the minds of many with regard to currents. 

The importance of a knowledge of the changes just referred to wns strongly 

impressed upon me in the course of the work done under my direction on board 

H.M.S. “ Jackal ” in 1893 and 1894. Believing that, at least in so far as the open 

ocean is concerned, the greater part of the information required could be obtained 

from surface observations, I determined to see if the observations ordinarily recorded 

in the log-lx)oks of sea-going vessels w’ould provide sufficient material for the constinic- 

tion of synoptic charts of temperature and salinity, wdien, as seemed nec&ssary (partly 

K 2 
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because of the number of observations required and partly for the sake of comparison 

with existing charts of “ mean ” conditions and with meteorological charts) the 

“ period of observation” was extended to one month and the “ interval” restricted to 

the same period. Using data kindly furnished by the Danske Meteorologisk Institut, 

the British Meteorological Office, and other similar departments, I found it possible to 

construct, with a fiiir approximation to accuracy, charts showing the distribution of 

surface temperature over the North Atlantic during the months of May, August, and 

November, 1893, and February and May, 1894 (23). Tlie usefulness of these charts. 

notwithstanding their being altog 
O & O 

ether of the nature of a first attempt, has been 

shown by Pettersson (24) and Meinardus (25). The attempt to construct similar 

charts of surface sallnitv was unsuccessful, tiie material, consisting of rough hvdro- 

meter deteiinlnations made on ])oard ship, proving, naturally, perfectU worthless. 

(It wars not uncommon to find salinities of 32 and 39 j)ro mille within a few days and 

miles of each other in the middle of the Atlantic.) 

Tlie preliminary expeibnent being so far successful, it seemed worth while to make 

a continuous series of monthly temperature charts extending over a considerable 

period, and if possible to obtain material for adding charts of salinity for the same 

tiine. 

II. Material used in Constructing the Charts. 

Having decided to attem])t the preparation of charts showing the distribution of 

surface temperature and salinity for each month of the two years 189G and 1897, a 

study of existiiig charts of mean surface movement and of my 1893 and 1894 charts 

satisfied me that the parallel of 40'’ N. lat. should be retained as the southern 

Ijoundary. The Meteorological Council agreed to furnish me with extracts from logs 

of all temperature observations niade north of that line during the years as they were 

received. The copying and arranging lias Ijeen done throughout b3'Mr. W. G. James, 

of the Meteorological Office, and the observations extend over 600 sheets, roughly 

16,000 observations, forming the greater part of the temperature data utilised. In 

addition to the Meteorological Office oljservations the temperature values on the 

maps published monthly Iq^ the Danish Meteorological Department were inserted on 

the charts, along with occasional data, pidilished and in manuscript, kindh" sent to 

me 1)}^ the United States Hydrographic Department, the Bureau Central Meteoro¬ 

logy jue de France, and by Professor Petterssox. iMany of the temperature 

observations received directly from the observei's collecting samples of water were 

also sent to the Meteorological Gffice and came to me in duplicate, but a large 

number of additional observations was received and jJaced on the charts. In some 

cases verified thermometers were supplied to observers. 

Temperatures were all reduced to the Centigrade scale before charting. Apart 

from the necessity for making tlie \vork comparable with that of workers in other 

countries, 1 found the difference of temperature represented b}' 1° C. better adapted 
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to the work than the smaller Fahrenheit decree ; the simpler numbers are also an 

advantage in charting large numbers of observations, and I found the occasional 

negative sign no trouble whatever. Taking into consideration the excellent quality 

of the instruments used, and the general nature of the observations, no attempt was 

made to correct the observations for either instrumental error or diurnal range. 

With the view of obtaining material for constructing salinity charts the following 

arrangements were made. At my request the Meteorological Council authorised 

their secretary, Mr. Ik H. Scott, F.R.S., to write to a number of the commanders 

and officers taking temperature observations, asking if they woidd be willing to 

undertake the additional trouble of preserving and sending to me samples of the 

v/ater collected for their temperature and hydrometer observations, in bottles supplied, 

and to fill up a form with the necessary details as to ship’s position, temperature, &c. 

The Ijottles, when full, were to he sent to me as soon as the ship reached its nearest 

point, and were to be replaced by a fresh supply as required. 

Favourable replies were received from a considerable number of observers; and this 

number was added to by observers working for the Danish Hydrographical Depart¬ 

ment, the officials of which, under Commodore AAaxdel, took a great deal of trouble 

in the matter. A number of volunteei'S were obtained in response to an appeal 

pu])lished in the ‘ Field ’ newspaper, amongst whom was the late Sir CfEOiiC4E Baden 

Powell. Mr. C. M. Mundahl, of Grimsby, added largely to the material obtained 

from the regions between Faeroe and Iceland, during 1896, by observations made on 

board his vessels, and I am indebted to friends for assistance from other observers. 

The necessity for restricting tlie expense connected with the investigation, an 

important item of which was the cost of carriage of boxes to and from the vessels, 

made it necessary to kee}) the number of oljservers consideraljly Ijelow what could 

easily have been oljtained, and even to diminish the number during the second year 

of the work. The detailed list of observers is given in Appendix I., and I have to 

express my most cordial thanks to them for the enthusiasm, skill, and accuracy, witli 

which the work was carried out. In addition to the work of collecting and forwarding 

the samples, done with one exception altogether gratuitously, I received a number ot 

letters containing valuable hints and suggestions bearing on the interpretation of tlie 

results. 

Tlie boxes used were each capalde of holding thirty G-ounce bottles, the liottom of 

the box being lined with felt, and the bottles kept in position by perforated frames, 

also lined with felt. The tops of the corks in the Ijottles were exactly level with the 

top of the box, so as to be in contact with the lid when closed, preventing all 

possibility of movement, and yet avoiding all need foi' special packing. The efhcacy 

of the arrangement is apparent from the fact that not one of tlie 4100 samiDles was 

lost throuo-h a breakage in transit. 

The bottles were made of ordinary blue glass, and v/ere supijlied by Messrs. Baird 

and Tatlock. 



70 MR. H. N. DICKSON ON THE CIRCULATION OF THE 

A label was affixed to each, bearing a number (1 to 30), and the distmguisbing 

number of its box : these labels were secured by a thick coating of shellac varnish. 

The corks, which were carefully selected, were soaked in very hot melted paraffin 

wax, and allowed to drain for a considerable time at a temperature above melting 

point. Except in cases where the samples had only been a short tune in the bottles 

(as in, e.g., the boxes supjdied to E.M.S,. “ Teutonic ”), the corks were stirred together 

in hot water and dried between each voyage, and all defective or dirty corks replaced. 

I have not found any difficulty with this method of the nature described by 

M. Knudsen (26), nor have I any reason to suppose that the paraffin could give rise 

to error in any of the analytical determinations. The trouble caused by particles 

getting into the pipettes is entirely avoided by taking care to remove superfluous 

paraffin in the manner described, and in the absence of paraffin particles of cork 

occasionally find their way into the samples. 

As soon as the analyses of each box of samples were examined and booked for 

charting, the l)ottles were emptied, thoroughly washed in several changes of warm 

water, and allowed to drain for at least twelve hours. In view of Instruction a 

(Form A) it was thought unnecessary to attempt further drying. 

The details of working were simple. One Ijottle was filled daily in accordance with 

the instructions given in Form A (Appendix II.), and the details as to position, &:c., 

filled up in Form B in the line numbered to correspond with the number on the 

bottle. On the return of the ship to the home port the box was at once sent to 

Oxford, along with F(U’m C, containing particulars as to forwarding of a fresh box. 

III. The Determinations of Salinity, dc. 

The estimations of salinity of the samples were made, in the first instance, from 

the amount of halogen contained. My own experience of this and other metlu^ds 

led me to agree entirely with the views so strongly expressed by Professor Petterssox 

as to its superiority ; especially in dealing with large quantities of material. The 

mode of operation adopted was practically the same as that described in a paper pub¬ 

lished recently by Professor Petterssox (27), but a number of details throwing light 

on the accuracy of the work are of some importance. It is to be distinctly understood 

that no attempt lias been made to obtain the highest possible degree of accuracy of 

which the methods are capable ; the olqect was rather to work in such a way that the 

values obtained should Ije sufficiently close for the geographical purposes of the 

investigation, and that it should be possible to deal with the large quantities of 

material in the limited time at my disposal. 

The chlorine determinations were made volumetricallv with silver nitrate, usino; 

potassium chromate as index. The amount of sea-water used for each was 10 cub. 

centims., the titration being ])erformed with a silver solution of about one-fifth normal 

strength. The pipette and burette used were made by Geissler, the former being 
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furnished with a tap and finely drawn point, and with fiducial marks above and below 

the bulb, while the latter, also furnished with a very fine point, was divided to 

OH cub. centim. and read to '01 cub. centim. by means of a float. After a little 

practice the delivery of the burette could be easily regulated to '02 cub. centim. 

In each determination, the pipette was washed out twice with the sample about to be 

titrated, and it was always filled direct from the bottle containing the sample. 

The volume of the pipettes was ascertained by filling them repeatedly with care¬ 

fully tested distilled water at different temperatures. The following set of weighings 

give some idea of tlie accuracy attained in filling. Pipettes marked .’. and | — 

Weig ht of distilled water. 

Pipette. Temp. (!)■ (2). 
• 70.3 10-0113 10-0080 

• 7°-2 10-0118 10-0151 

8°-7 — 10-0117 

; 8°-7 10-0152 10-0130 

12°-8 10-0068 100048 

12°-8 10-0092 10-0093 

These give for volume of pipette | , which was used for the winkle of the deter¬ 

minations— 

At 7°"2 C.10'02G cub. centims. 

8°-7 „ . . . . 10-027 „ 

12°-8 „ . . . . 10-025 „ 

showing that the volume of the pijoette is constant within limits of measurement 

throughout the whole range of temperature ordinarily experienced in the laboratory, 

and that the difterence of two fillings is not likely to exceed -004 cub. centim., a 

degree of accuracy greater than that required l)y the burette. The amount of silver 

solution ordinarily required was something over 25 cub. centims., measured to 

i -02 cub. centim., whereas the pipette gives Jh '001 X 2-5 = -01 cub. centim. 

The determinations of the first 250 samples were made in duplicate, with results as 

shown by the following half-dozen, taken at random from the laboratory book :— 

Sample. Cub. centims. 
1. 

of silver solution, 
2. 

11 27-51 27-51 

12 25-91 25-91 

13 25-59 25-58 

14 24-88 24-87 

15 28-71 28-72 

16 27-56 27-55 
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These seemed so consistent, and as the work progressed the chance of a serious error 

failing to be caught on the charts seemed so small, that duplicate determinations 

were afterwards made of onl}^ every fourth or fifth sample, merely to make sure that 

one’s eye was not “ out” in deciding on the end-points. 

The standardising of the silver solutions with sufficient accuracy gave some httle 

trouble. The silver nitrate was obtained from Messrs. Johxsox, Matthey & Co. 

as triple crystallised and fused, and notwithstanding very careful testing in various 

ways, no impurity of significant importance was detected, and in particular no free 

acid. The solution was made up in Cjuantities of about 5 litres at a time, and each 

lot was stored in two Winchesters and treated, so far as standardising went, as two 

separate solutions. The strength of each solution was ascertained by titrating 

'weighed cpiantities (about 10 grammes) of four different solutions, containing approxi¬ 

mately the same amount of chlorine as an average sea-water ; two of these solutions 

were prepared from carefully purified KCl, and two from similar NaCl, and it was 

arranged that the supply of more than one solution should not run down at the same 

time, so that each fresh solution should always control, and be controlled by, three 

old ones. The following S2)ecimens, selected at random, indicate the general accuracy 

obtained - 

Silver solution No. 24— Gramme Cl in i cub. centim. 

KCl solution A . . . . -00692.3 

,, ,, B . . . . . . -006936 

NaCn ., C . . . . . . -006919 

„ a. • . . . -006930 

i\Iean . . . . -006927 

Silver solution No. 65- — 

KCl solution A. . . . -007-fit 7 

,, ,, B . . . . . -007259 

NaCd „ C . . . . . -007245 

,, 1>. . . . . -007252 

Mean . . . . -007256 

These values are consistent to vrithin '00002 gramme, again well within the limits 

recpiired. 

In the earlier 2:)art of the work, the conpxirison with some of the Siu'engel tube 

determinations, to be descril)ed presently, raised some doubt in my mind as to the 

real accuracy of the jnethod, and the reason which first suggested itself was the quite 

distinct difterence in the appearance of the end reaction with KCl and NaCl solutions 

and with sea-vrater, the last being sharjDer and showing less tendencv to ‘‘ go back.” 

Ibis seemed to indicate an uncertainty (lue to a varying jiersonal equatifiii ni judging 
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the end-points with the sea-water and with the solntions ; but on repeated strength 

determinations of the same silver solution with the same NaCl solution, it was found 

that the uncertainty did not exceed OH cub. centim. of the burette, giving as limits 

Gramme Cl in 1 cub. centim. . . . "007747 

„ „ „ . . . "007718 

•000020 

This satisfied me as to the cmisistency of the strength determinations, l)ut in order to 

estimate their accuracy I compared tlie mean given l)y the four solutions ("007724) 

with the mean of two gravimetric determinations obtained by weighing the AgCl 

precipitated from 30 cut), centims. of the silver solution, whicli was "007722. A 

further comparison was made by mixing a numl)er of samples together in two lots, 

A and B, and determining the chlorines by the Dittmar-Yolhaid method, which gives 

a better-defined reaction susceptiljle of “zig-zag” repetition, for comparison with the 

chromate method, with tlie following results— 

Dittmar-Volhard . 1. 

A. 

19-476 

B. 

19-523 
2 19-470 19-521 

Chromate .... . 1. 19-48 19-48 

jj .... 2 19-51 19-50 

The following are eight duplicate 

solutions :— 

determinations made wfith different 

Sample. No. 14. 

Cl. 
Silver solution. 

No. 15. No. 17. Diff. 

592 19-38 — 19-36 --02 

594 19-48 — 19-47 --01 

597 19-51 — 19-49 —-02 

599 19-51 — 19-49 —-02 

621 — 18-44 18-45 + •01 

624 — 19-67 19-69 + -02 

626 — 19-35 19-38 + •03 

630 — 19-52 19-56 + •04 

silver 

This gives fir "02 as the probable error of any one chlorine estimation. Repeats of 

the twelve samples 1775—1779, 1787—1790, 1794, 1796, 1797, and 1800, with No. 40, 

No. 45, and No. 46 gave a probable error for each Cl = fii "024. 

These experiments, and the further experience gained in the course of the work, 

VOL. CXCVI.-A. L 
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gave me perfect confidence in the chromate method for the purpose I had in viev\ 

The results seem to show conclusively that without spending the time necessary for 

the highest degree of accuracy, but merely taking ordinary care, the chlorines of 

large numbers of samples can be determined with comparatively little trouble, to 

within the admissible limit of error of i '03. 

In working out the chlorine titrations and computing the corresponding salinities, 

I have employed tallies of four-place logarithms, and have in no case gone beyond the 

second place of decimals in the results. The use of the third figure, which cannot be 

significant, is misleading, and its absence greatly simplifies the calculations. 

Although I was unable to use the material collected for any special investigations 

into the properties of sea-water, I thought it desirable to determine the specific 

gravities of a certain number of each hatch of samples, partly to get further evidence 

of the accuracy of the factors used in calculating the salinities, partly to act as a 

check on the chlorine work, and partly to give warning of any impurity in the samples. 

Six samples, usually the two saltest, the two freshest, and two others, were, as a rule, 

taken from each box, after the chlorine estimations were finished, and their specific 

gravities determined by means of Spreiigel tubes containing about 50 cub. centims. 

The determination was made at 15° 0., the tubes lieing set in a frame immersed in a 

tank, in which water wa,s kept actively circulating by means of paddles, driven by a 

small motor. The thermometer used was a standard, made and tested by Casella, 

and repeatedly verified by myself in comparison with standards in use in the 

laboratory. The tubes were left in the tank for ten to twenty minutes after any 

change of volume was apparent, and set before the paddle was stopped—the whole 

time in the bath being thirty to fifty minutes. They were then carefully dried and 

placed in an open cardboai'd box beside the balance for some time before weighing. 

The general accuracy of the pykiiometer method, even when sj^ecial precautions are 

not taken to get the best possible results, may be judged from the following, in Avhich 

the tubes were filled with the same samples 1 and 2 :— 

Sample. 

Tube. 1. 2. 2 re-weighed next day. 

1 1026-17 1026-22 1026-24 

2 •12 •26 •21 

3 •18 •19 •19 

4 •13 •23 •19 

5 — •28 •29 

6 — •20 to
 

o
 

the second sample the first weigh: inof was made durino; 

weather of a cyclone front, and the second under the drier conditions succeeding. 

The following is a specimen of du})licate determinations taken in the ordinary 

course of routine work : — 
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4S15. 

Sample. Tube. 1. 2. Diff. 

1803 1 1005T2 1005-12 -00 

1805 3 07-74 07-74 -00 

1809 4 20-15 20-11 H--04 

1817 5 20-06 20-05 + -01 

1830 6 17-91 17-97 --06 

But these can scarcely be taken as representing the certainty of the method in 

dealing with large numbers of samples. On comparison with the chlorines a Sprengel 

determination was every now and then found to give a widely diflerent salinity, and 

repetition almost invariably proved the latter to be wrong. Speaking generally, 

single Sprengel determinations are much less trustworthy than single chlorines, the 

possible sources of error in obsei'vation are more numerous, and the errors arc much 

less easily detected, while the work is slower and more troublesome. It is worth 

while to note that thorough rinsinor with distilled water l^efore and after each observa- 

tion, and washing through twice with each sample before filling, is not sufficient to 

keep the tubes thoroughly clean. A transparent, apparently gelatinous, film is slowly 

deposited on the wadis of the tube, diminishing its volume and veiy slightly increasing 

its weight. It was found necessary to wash the tubes thoroughly at intervals with 

soda and strong nitric acid, drying them in a current of hot air. The following shows 

the effect of this treatment on a couple of tubes a.fter being in use some time :— 

Tube. 

No. 3. No. 4. 

Washed with distilled waiter and dried in 

hot air : after being in use some time . . 19'4069 20‘5916 

Washed wuth soda and water, and dried. . 19'4051 20’5901 

differences cpiite sufficient to aftect results unfavourably, although the presence of the 

film causing it could not he detected by examination of the tube. The occurrence of 

this deposit was unfortunately not definitely recognised until the work had reached 

its later stages, and it is possible tliat its presence may slightly aftect the ratios about 

to be discussed. 

Grouping the pairs of values according to the chlorines, and averaging, we get the 

following table ;— 
No. of Mean Mean 4815 

Cl. samples. Cl. •4S15. from (1) below, 

17-00 to 17-99 98 17-640 23-635 23-635 

18-00 „ 18-49 57 18-243 24-478 24-475 

18-50 „ 18-99 43 18-734 25-160 25-160 

19-00 „ 19-49 128 19-327 25-991 25-986 

19'50 „ 19-99 162 19-675 26-489 26-480 

20-00 and over 41 20-220 27-239 27-245 

529 

L 2 
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These give the relation between and Cl 

^Si5 = 1-399 Cl - r045 (1), 

a straight line which satisfies excellently the determinations of fifty-two samples in 

which Cl was less than 17'00 (28). 

The samples used as standards in j^revious work (29) give for the same relation 

= 1-389 Cl - 0-805 (2), 

an equation which gives values agreeing fairly well with (l) for values of Cl met with 

in open water, but diftering to a serious amount for very fresh waters, e.g.— 

4815 481.^ 
Cl. from (1). from (2). Ditf. 

20 26-94 26-97 -03 

17 22-74 22-80 -06 

5 5-95 6-14 -19 

The discre})ancy indicates that in the waters of low salinity the chlorine forms a 

smaller percentage of the total salts in my samples than in those used as standards ; 

the difference may possibly be accounted for by the fact that while in the low-salinity 

standards the salinity has been reduced Ijy admixture of land water from the Baltic, 

my samples liave been freshened by water from melting ice (30). It seems not 

impossible that tlie relative deficiency in chlorides known to exist in surface waters 

near melting ice may make itself ap])arent in this way in the North Atlantic, but the 

differences are so small as t(j re(pnre confirmation by other obser\-ers, and it would be 

quite inq^ossible to deal with differences in valuations quantitatively by any known 

methods. This point will be referred to again in discussing the salinities. 

Partly with the oljject of checking the purity of the water-samples, and partly with 

a lino'erinn hope that some variation inio-ht be found suflicientlv laro'e to be useful in 

studying the circulation, 1 made determinations of the total sul})hates present in a 

number of the samples received during the first year. The method described liy 

Dittmar (31) was followed absolutely all through, about 40 cub. centims. (all that 

could be spared) being taken for each determination. The results are given hi the 

last column of Table I. (p. 117, et 6'cay.). The chief interest of the.se determinations 

is in the ratio of the total sulphate ])er kilogramme of water to the chlorine, usually 

. lOU SO,, 
expres.setl as ~ 

It may be tloubted if, under ordinary conditions, the .sulphate estimations in sea¬ 

water are really trustworthy to much less than 1 per cent. As the chlorines are taken 

as correct to fir ’03, we may neglect their errors, and treat the errors of observation in 

. .. . 100 Sty inn -,11 1 • • 
the fraction —^ as wholly due to eii'ors m the sulphate deternimations; we 

may take 1 pe-r cent, as the probable error of ;i value of the fraction. To make this 
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clearer, we may take hypothetical values of Cl and SO3, such as might be oljtained 

from the examination of one samj^le, as follows 

100 SO3 

Cl. SO3. Cl. 

19-97 -00236 11-82 

19-97 -00234 11-72 

20-00 -00236 11-80 

20-00 -00234 11-70 

20-03 -00236 11-78 

20-03 -00234 11-68 

Thus we know the value of the fraction to approximately the first decimal place, 

even with a low standard of accuracy in the sulphate determinations. It would 

seem, however, that the margin allowed is unnecessarily large, involving, as it does, 

differences of about 4 milligrammes in weighing in an ordinary sea-water determina¬ 

tion. The following duplicate series would indicate that an error of 2 milligrammes, 

or about per cent., covers most of the errors likely to be made in an analysis :— 

100 SO3 
SO3. CL ~ 

Sample. 
1. 11. 1. 11. 

2314 -00238 -00237 11-88 11-84 

2318 235 235 11-85 11-86 

2326 235 235 11-84 11-86 

2331 241 240 11-82 11-77 

2337 242 242 11-89 11-89 

2338 244 242 11-85 11-78 

An examination of some of the values actually obtained confirms this ;— 

Cl. 
No. of 

samples. 
Mean of SO3 

ProbaWe error 
of one determination. 

15 to 17-5 15 11-77 ± -047 

17-5 to 20 20 11-75 ± -055 

Over 20 14 11-74 ± -036 

i.e., the probable error of any one determination of ^ is d- '^15 approximately, 

or about ^ per cent. 

The values of —obtained for the 322 samples examined were first arranged 

according to the latitude from whicli the samples were obtained, with the following 

result:— 
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Arranged 

were :— 

Lat. N. 
No. of 

samples. 
100 SO: Mean 

Under 50° 139 11-74 

50° to 60° 

C
O

 11-79 

Over 60° 110 11-76 

according to the chlorine contents of the samples, the mean values 

No. of 100 SO3 
Cl. samples. Cl 

0 to 5 2 11-49 

5 „ 10 0 11-64 

10 „ 15 0 0 11-69 

15 ,, 17-5 15 11-77 

17' ■5 „ 20 286 11-75 

Over 20 14 11-74 

of which the four samples with chlorine less tlian 10 may be regarded as untrust¬ 

worthy, on account of the small amount of the total sulphate v'eighed. 

The net result is to show that so far as the surface waters of the North Atlantic 

are concerned, the proportion of sulphates to chlorides (X 100) is 11'754, and that no 

variation takes place in this Cjuantity which can be determined by tliese methods. It 

may be interesting to note here that a mixture of samples collected in the Faeroe- 

Shetland Channel and North Sea on board tl.M.S. “Jackal” n 1893, gave the 

following values in January, 1896 :— 

19-473 

•00216 mean of 8 determinations 

LflO 

showing a diminution in the proportion of sulphates far beyond i^ossible limits of error, 

probaljly caused by reduction of the sidphates by organic matter. It seems therefore 

necessary that sulphate determinations pretending to high degrees of accuracy must 

be made fi-om fi-esh samples. 

In calculating salinities (^9) from the values of Cl, the tables in the previous 

work (32) were extended Ijy the formula and constants there emplo3'ed, and used 

throughout. As the corresponding tables for obtaining salinity from given values of 

4,S^5 were computed from formulre based on an extension of the same data through the 

chlorine values (33), the values of 2^ obtained from the chlorines (p Cl) and from the 

Sprengel determination (p S) are not independent. As I fully expected when the 

work was begun that the ratio .^S^j/Cl found for the standard samples (34) would hold 

good all througlr, tlie diherences in the values of p Cl and j) S seemed an eas}* 

Cl = 

SO3 = 
100 SO3 _ 
~cl 
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method of checking the purity of the samples, and the accuracy of the work as it 

progressed. The following table gives the mean values of these differences ;— 

Mean diff. A 

p- 

No. of 
samples. 

^ Cl - j) s 
{fro mille). r. R. 

0 to 5 5 -b-17 ±•06 ±•03 

5 „ 10 9 + •17 •05 •02 

10 „ 15 7 + •13 •04 •01 

15 „ 20 A bfc + •15 •02 •01 

20 „ 25 A -X + •12 •07 •03 

25 „ 30 12 + •13 •06 •02 

30 ,, 35 183 + •03 — — 

Over 35 270 •00 •07 •00 

The actual values of the differences correspond, of course, to the difference of 

density and chlorine ratios found, and indicate that while the values of p obtained 

from the chlorines are substantially correct within limits of error of observation for 

salinities above 30 pro mille, the values for fresher waters are too high by an amount 

rising to nearly 0‘20 in waters below 5 pro mille salinity. So far as this inquiry is 

concerned, these errors are altogether negligible, as isohalines lower than 30 y)ro mille 

rarely appear on the charts, and when they do the number of observations is never 

more than sufficient to merely indicate their position roughly ; Indeed it seems very 

unlikely that in oceanic waters, sufficiently fresh to make it worth while to take the 

differences into account, the distribution of salinity would require so great refine¬ 

ments for its elucidation. 

If we accept the mean values of A in the third column as correct, and allow for 

them accordingly, the second differences afford a measure of the comlfined errors of 

the chlorine and Sprengel determinations ; the values of r give the probable error of 

one observation of the difference A, which amounts to about 0'05. The quantity R 

is the probable error of the values of A. 

Table I. gives jDarticulars as to the samples, and the results of the various determina¬ 

tions. The first column gives the “ Laboratory Number” assigned to each sample on 

its receipt; the next the name of the vessel; the next two the date and hour of 

collection ; the next two the latitude and longitude at time of collection ; the next 

the surface temperature observed; the next the amount of chlorine estimated ; the 

next the salinity calculated, by table (35), from the preceding ; the next the 4,8^5 from 

Sprengel tube. The last column gives the amount of SO3 in grammes per kilo. 

The working charts, upon which the temperatures and salinities were plotted, were 

drawn on Mercator’s projection, to a scale of 1° long. = ‘37 inch ; each chart was 

divided into four sheets. After the plotting of the observations was completed the 

lines were drawn in in pencil and carefully revised three times, first independently, 

and then in comparison ^vith the charts for the months preceding and following. The 
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lines were then transferred, point by point, to blank maps, reprints of part of the 

Polar chart used in the “ Challenger ” Ileports. These were then photographed and a 

set of prints coloured. From these Plates 1-4 liave been prepared. In numbering 

the lines on the Salinity Maps the first figure and the decimal point have been omitted 

for all salinities over 30'00 pro mille—thus 34'5 appears as 45, and so on. Salinities 

below 30'0 are given in full. The C(dours used ai-e as follows :— 

Salinity 36'0 or ovei’. dark blue. 

„ 35-0 to 36-0. . iniddle blue 

•34-0 „ 35-0. . liolit blue. 

33-0 „ 34-0. . dark green. 

32-0 „ 33-0. . lio-ht green. o O 
31-0 „ 32-0. . dark red. 

30-0 „ 31-0 . middle red. 

,, Under 30-0 . light red. 

tem})erature is :— 

Over 25° ■ lark red. 

20° to 25° . = . . light red. 

15° „ 20° . yellow. 

10° „ 15° . • green. 

5° „ 10° . light blue. 

0° „ 5° . middle blue. 

Below 0° . dark blue. 

In both the Temperature and Salinity Maps intermediate lines have been drawn 

where the observations seemed specially well able to define them, or when they 

seemed to throw additional light on the distril)ution (36). 

IV. 27/e Distribution of Teiiiperuturc and SaJimtij m the Surface Waters. 

January, 1896.—The observations for this inonth are limited to an area bounded 

by the 40th parallel and a line joining the Newfoundland Banks and the Faeroe 

Isles. The isothermal of 15° appears north of 40° N. lat. between the coast of 

Portugal and 35° W. long., and again between 60° and 65° AV.—the mean position of 

the axis of the Gulf Stream (37). The 10° isothermal cuts the 40th parallel in 50° W., 

and again in about'60° AV., further defining the head of the Gulf Stream ; the obser¬ 

vations do not define the course of the 10° line between 40° and 50° AV., but at 40° it 

reappears in 50° N. lat., following that parallel to about 22° AV., where it swerves up 

to 55° N. to enclose an area of relatively warm water S.AV. of the British Isles, 

turning soutli again some distance from their western coasts, and just touching the 

S.AV. point of Ireland. Between the two areas outlined l)y the 10° isothermal an 

area of cold water extends S.E. from the Newfoundland Banks, the line of 5° runs to 

about lat. 48° N., long. 43° AV., and then turns AA^., keeping well to the south of 
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Newfoundland and the Gulf of St. Lawrence, and appi'oaching the coast between 

Nantucket Island and New York. Temperature falls quickly on the land side of the 

5° line, especially to S.E. of Newfoundland. The isothermal of 7° fits into the loop of 

the 10° line when the latter follows the 50th parallel, i.e., east of long. 40"^ W. ; it indi¬ 

cates that the temperature gradient is turned southward rather than south-eastward. 

On the eastern side, clear of the land, the distribution of temperature is extremely 

uniform, TemjDerature falls from 15° to 10° in 15° of latitude ; the position of the 9° 

line is ill-defined. The lines of 7° and 8°, however, indicate that the fall becomes 

more rapid to north and west of the Faeroe Islands. The Faeroe-Shetland Channel 

is marked by an axis of over 7°, and a similar axis extends into the North Sea between 

Scotland and the Shetlands. 

The distribution of salinity shows the same general features as that of temperature. 

On the western side the line of 35 mille closely agrees with the 10° isothermal iii 

defining the northern border of the Gulf Stream, while the line of 3G pro mille agrees 

with that of 15°. On the eastern side the 36 pro mille line again agrees with the 

15° isothermal, hut the salinity remains about 35 over the whole area covered by 

tlie observations up to the Faeroe Islands. The head of the 10° line and the position 

of that of 7° in mid-ocean are reflected in the form of the line of 35'4 pro mille 

Salinity, and again in tlie detached part of the 35 line running east from lat. 50° N. 

long. 40° W. The hand of low temperature I'unning S.F. from the Newfoundland 

Banks is represented, hut in a much more marked degree, by water of low salinity ; 

there is a steep gradient from 35'0 to 30'0 on both sides, and water of 34'0 extends 

down to lat. 40° N., and apparently spreads westwai'd along the southern L'order 

of tlie Gulf Stream. 

I'hus we have In lat. 40° N. two surfaces of almost eipially warm and salt water, 

one on each side of the Atlantic. One—the Gulf Stream water—stops off the 

land near the deep water line to the south of the Gulf of St. Lawrence ; the other 

extends northwards along the coast of Europe, as for as the observations go, in a 

steadily narrowing tongue, and westwards to about long. 40° W. These tv/o surfaces 

are entirely separated, down to 40° N., by a band of fresher colder water, stretching 

S.E. from the Newfoundland Banks. 

Fehruary, 1S9G.—The observations for this month are increased by a line to 

Reykjavik. 

In the lower latitudes the isothermal of 15° now follows the ^larallel of 40° N., 

exce})t between about 12° and 22° W. long., when it bends slightly southward, and 

between 40° and 45° W., where there is a t\nn northward. The line of 5° has 

moved southward, hut retains practically the same shape as in January. Temperature 

gradients have thus become much steeper west of 40° W. long. In mid-Atlantic the 

distribution of temperature .shows little change, hut in the eastern part of the ocean 

there is a tendency to equalisation; the water is slightly colder off the coast of 

Portugal, and apparently warmer between Faeroe and Icelaiid, the line of 8° liaving 

VOL. cxcvi.-- A. :\r 
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iiioved Jiorthward. Water of 8° or more uow occupies tlie Faeroe-Shetland Channel, 

but the 8° line does not enter the North Sea. The two parts of the 10° isothermal 

have not altered their positions much, but they are now joined together by an ahnost 

straight line. 

The salinity line shows similar changes of form. The line of 34'0 salinity occupies 

nearly the same position south of the Gulf of St. Lawrence and west of Newfound¬ 

land, blit south-east of the Newfoundland Banks it does not extend so far south, the 

two pai'ts of the line being now joined by a nearly straight portion. Water of 36 

pro mille salinity appears north of 40° N. in patches, as far east as 40° W. ; between 

40° and 50° W. the fresh waters have entirely disappeared from the low latitudes. 

Little change is apparent in the eastern Atlantic ; the 35'5 line is a little more to 

the north, and the 35'3 line stretches from Iceland to the Faeroe Islands, and forms a 

loop extending well into the Noifh Sea. The low temperatures and salinities south¬ 

west of Iceland am to be noticed 

The most important changes are thus, the advance of a warmer and salter area 

into the reuloii north of lat. 40° N. and between Ions;. 40° and 50° W., ajid a verv 

sliglit iiorthwai'd extension of warmer' and salter water along the whole of the 

European coast. 

March, 1896.—The isothermal of 15° now ap])ears north ot 40° N. lat. only in 

mid-Atlantic ; the position of its eastern portion remains ahnost unchanged, but it 

has reti'eated southward off the Gulf of St. Lawrence and the American coast. In 

this region the 5° and 10° lines are somewhat fuller to the south-east, and the gradient 

below 5° has become steeper, apparently on account of an extensive southward move¬ 

ment of ice-cold water from the Gulf of St. Lawrence and east of Newfoundland. In 

mid-Atlantic there is little or no change, and in the eastern part the conditions are 

the same as far north as 60° N., but north of this and east of 30° W. thei'e is a 

marked fall of temperature, averaging al)out 1° between East Iceland and the Faeroe 

Islands. Temperature seems to have risen considerably to the west of Iceland. 

Salinity observations are unfortunately not very well distributed for this month, 

the south-eastern part of the area being unre})resented. The most marked change is 

the advance of the 36 pro mille line to a point in about lat. 50° N. long. 10° W., off the 

south-west of Ireland, apparently due to a continuati(ni north-eastwards of the move¬ 

ment of this line indicated by the comparison of tlie January and February maps; 

the angle formed l)y the 36 line is fairly acute ; in all probability it may be sipjposed 

that it crosses loim. 20° W. in al)out lat. 45° N. In the Western Atlantic the fresher 
CD 

waters a2:)pear further to the eastward ; south-west of long. 50° the 36 line has disap¬ 

peared. In the north-eastern region there is a sliglit but distinct freshening of the 

water; the line of 35'5 now scarcely goes north of lat. 50° N., and between Faeroe 

and Iceland the line of 35‘2 replaces that of 35‘3, and the latter does not now appear 

in the North Sea. 

There is tlius a marked lowering of temperature and salinity in the western region, 
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a strong increase of salinity without any corresponding change of temperature in the 

south-eastern region, and a distinct lowering of temperature and salinity in the north¬ 

east. 

April, 1896.—The area covered by the observations for this month is largely 

increased by the records of the whaler “ Active,” and vessels trading to Greenland. 

In the south-west the isothermal of 15° reappears in the Gulf Stream region, and 

north of this the temperature gradient is exceedingly steep, for the 5° line retains the 

position of the previous month. Further east, in long. 50° W., temperature has 

fallen, the 15° line disappears, the 10° and 5° lines are jD^cked close together, and the 

0° isothermal comes dovm to lat. 45°. In mid-Atlantic the 15° line has moved north¬ 

ward, chiefly in the region of long. 25° to 30° W., where it appears in about lat. 45°, 

and it continues in lat. 40° to 42° to the Portuguese coast. There is a distinct rise of 

temperature west and north-west of the British Isles—the 10° isothermal touches 

the north-west of Ireland, and the 8° line has recovered its February position. 

The 5° line starts at the south-eastern corner of Iceland, runs to just nortli of the 

Faeroe Islands, turns north-east till it cuts the meridian of 0° in al)out lat. 64° N., and 

then goes north to lat. 7 0°, wliere it turns eastwards. The line of 0° follows a similar 

course somewhat to the north-west of the 5° line, hut north of 72° it bends repeatedly, 

recrossing the meridian of 10° E. several times, the warmer water lying always to 

the eastward. 

Temperature has apparently undergone little change to the west of Iceland, the 5° 

line starting from about the middle of tlie western coast. To tlie south and south¬ 

west of Greenland tlie isotliermal forms a tongue pointing W. and N.AV., temperature 

0° to 5° ; further up Davis Strait there are very low tenpieratures near the land. 

In the eastern region the chief changes in salinitv are a marked fall off the coast 

of the United States and a rise in about long. 58° AV., making the lines run more 

S.AV. and N.E., and packing them closer together. Between the 40th and 50th 

meridians all the lines have moved south-eastward, the 36 line a little, the 35 and 34 

lines moi'e, hence the gradients are steeper. In the south-eastern region the position 

of the 36 line last month is confirmed, and tlie 35‘5 line remains unaltered. 

A narrow belt running tlirough the Faeroe-Shetland Channel, and apparently 

widening out beyond it, is enclosed by the 35‘3 line. Tlie 35 line skirts the coasts of 

the North Sea and the entrance to tlie Skagerak, and then sweeps westward to the 

meridian of 0° in about lat. 64° N. liefore finally turning N.E. Another branch of it 

runs close to the south of Iceland, and then apparently turns slowly to the north-east 

to form the north-western border of a wide lielt which runs eastward to the noi'th of 

Norway and spreads northwards and westwards to Spitsbergen and the meridian 

ofl0°E. 

It would seem that between Iceland and the Faeroe Islands the freshening of the 

surface water noticed last month continued; and that west of Iceland salter waters 

appeared farther north. The S-shaped form of the 35‘0 and 35'3 lines in mid-Atlantic 

2 
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is one of the most important features of this chart, being a complete change, at least 

for the latter, since the previous month, and representing an increase of salinity over 

a wide Ijelt just south of lat. G0° N. The westward-jDointing tongue formed by these 

lines is continued into Davis Strait hv the 34'5 and 34’0 lines. 
c/ 

Apart from the increased information afforded by this majj, the most im23ortant 

features are—marked steejDening of gradients, both of temperature and salinity, on the 

American side ; extension of the cold mid fresh area south-eastward, between long. 40° 

and 50° W. : absence of anv channe in the south-eastern reo'ion : slio-ht freshenino; 

and steejiening of temiierature gradients east and soutli-east of Iceland; sudden 

extension of a salter area westwards just south of lat. 60° N. 

J/ay, 1806.—This month is marked by great rise of teiipjerature, es^iecially in the 

lower latitudes, with the advancinu- season. In the Gulf Sti'eam region the isothermal 

of 20° reaches the 40tli parallel between 55° and 65° W. long., and further east the 

15° line runs Uji to lat. 50°. The 10° and 15° lines have again closed in south-east of 

Nev-Toundland, l)y a change like tliat between January and Feljruary. The 5° line 

lias not moved much, hut the water lietween it and the coast has become warmer, 

the line of 0° noic only f>ff Gajie llace. In mid-Atlantic the rise of 

temjDerature only appears south of 50° N. lat., the 12° and 15° isothermals have 

moved u]), ljut the 10° line remains unclianged. East of long. 30° W. the distribution 

has become more complex, there is everywhere a rise of temiieiuture—the 15° line 

comes uj) to 50" N. lat., and near to the entrance to the English Channel, the 12° line 

touclies the north of Ireland, the 10° line runs u]) to 60° N. north-we.st of Scotland, 

and the 8° line nearly takes the j^lace of the 5° line east of Iceland, although the 

latter has lieen very little disj^laced. But the of the isothermals has altered 

considerably, the axis of maximum temj^erature in the Faeroe-Shetland Channel has 

become more strongly marked—note the two 0° lines, and the “head” of the 10° line— 

the 8° line is bent sharply round at the Faeroe Islands, and to south-east and south of 

Iceland the rise of temiierature from last month is relatively small. West and soutli- 

west of Iceland the isothermals form a small wedge pointing nortliwards, while on 

both sides of the southern extremity of Greenland temperature seems to have fallen 

somewhat. On the west coast of Greenland temperatures are higher north of 

about 62° N. 

Off the coasts of New England and Nova Scotia the fresher waters have retreated 

closer to the land, and the 36 line re-apj^ears. Tliere is little change oft the New¬ 

foundland Banks, but in the lat. 45° to 50° N. long. 40° to 45° W. area the salinity is 

greater. In the south-eastern region the 35‘5 line retains its position, but east of 

long. 20° W. the great l)end of the 36 line has disappeared, and the line runs straight 

on to the middle of the Bay of Biscay. 

North of 50° N. lat. the 35 line has moved iiearA 10° to the west, and it now runs 

nearly straight south along the meiidian of 40° W. In the region between Norway 

and Iceland the lines have become much crowded together ; a patch of water of over 
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3 5‘2 north of the Shetlands protrudes into the North Sea, and north of the Faeroe 

Islands has narrow ridges running out N.E. and S.W. Salinity falls rapidly to helow 

33 pro mille between this patch and tlie Norwegian coast, and a tongue of water 

helow 35 runs south-eastwards from the east of Iceland. There are indications of 

increased salinity to the west and nortli of Iceland and along the west coast of 

Greenland, but tlie April observations are insufficient to make this quite certain. It 

is probable, that the 34 line reaches a m\ich higher latitude in Davis Strait and keeps 

nearer the Greeidand coast, and that the 35 line west of Spitsbergen has moved 

westward. 

Thus the main features are—great increase of the seasonal element in the changes 

of temperature ; closing in of warmer and salter water towards the land on the 

American side ; equalising of salinity in tlie south-east; great freshening of vaiter off 

the Norwegian coast and between Iceland and the Faeroes; probable increase of 

salinity west of Iceland and Greenland. 

June, 1896.—-The rise of temperature in the south-western region continues, but 

the distribution has now become very irregular—the isothermals prohalily i'e|)resenting 

only the general features of complex changes. The isothermal of 20° follows the 

parallel of 40° N. as liir east as 35° W., the 10° line skirts the edge of the deeper 

waters, and the 5° line appears close to the south coast of Newfoundland, and again 

out to the eastward. Temperature has risen slightly in the south-eastern area, the 

line of 18° now appearing near the 40th parallel, hut the 15° lias scarcely moved, 

except near the land, where there is a marked rise. 

In the north-east, the 10° line nmv follows the GOth })arallel from long. 25° W. to 

long. 10° W., where it turns up into the Faeroe-Shetland Channel, defining a narrow 

belt of warm water west of the Shetlands. Temperature has risen a little between 

the Faeroes and Iceland, and east of Iceland, and the hand of cold water is rather 

less clearly marked. AVest of Iceland a large rise has taken place, the 8° line taking 

the }ilace of the 5° line and sweeping well out to sea, while to the north-west and 

north the 5° line replaces that of 0°. 

South-east of Cape Farewell the 0° line retains nearly its last month’s position, 

while tlie 5° bends far to the westward. AVest of Greenland, inlat. 60° N., temperature 

has risen 3°, further north there is little or no change along the coast. North of 

70° N. temperatures are highest near the American coast, in the freshest waters. 

South of Spitsbergen the temperature falls rapidly from 5° to 0° towards the east 

and north-east, slowly towards the west and north-west. 

AVest of long. 50° AV. salinity has diminished—the 36 line has disappeared, and 

the 33 line is crowded close down to the 35, which, however, has scarcely moved. In 

the lat. 40° to 50° N., long. 40° to 50° AA^. area, the increase of salinity noted last 

month continues, the 33 to 35 lines now running north and soutfi, slightly to the east of 

long. 50° AV. East of this area, salinity has increased, both the 36 and 35‘5 lines being 

again convex northward, but this is partly due to a decrease of salinity in the Bay of 
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Biscay and off the Portuguese coast. Between 50° and 55° N. lat. the 35 line has 

moved eastward, almost to its old position, and it is closely followed by the line 

of 34-5. 

Salter waters cover a large area to the eastward and northward, the 34 line touches 

the Norwegian coast, and the 35 line presses it closely. The lines of lower salhiity 

(33 and 34) have retreated somewliat to the east of Iceland, and salter water extends 

u]) to the south coast of that island (line of 35’2). AVest of Iceland there is an 

immense inbrease of salinity; the 35 line, which has the same position as last month 

in lat. 60°, runs almost due north to the coast of Greenland. 

Salinity has apparently increased considerably in the northern j^arts of Davis 

Straits. It seems likely that the 35 line should more closely follow that of the 34 
c/ 

west of Spitsbergen. 

Tlie general features are thus—lowering of salinity with irregular rise of tem¬ 

perature in the south-west; increase of salinity in the south (middle) and south-east; 

spreading of salter area in the' Faeroe-Shetland region, and more especially towards 

tlie Norwegian coast ; great increase of salinity west of Icelajid ; and lowering of 

salinity in mid-Atlantic just north of lat. 50° N. 

July, 1896.—The isothermal of 25° now appears iiorth of 40° N. lat. between about 

52° and 64° AA^. lony’. The 20° line starts from New A"ork and runs eastward very 

close to the 25° line, and between it and the land the distribution of temperature is 

very iii'egular, with warmer, and colder patches, but inrely falling below 10°. East 

of Newfoundland there is a considerable area of water between 5° and 10°, and otf the 

Labrador coast temperature seems to keep below 5° far to the eastward. 

In the middle south region the surface is warmer generally, the line of 20° appears 

in about lat. 42° N. and the 15° line follows the 50th parallel. The 20° line runs 

eastward to the Portuguese coast, while the line of 15° goes north-east to the iiorth of 

Ireland. 

AAAst and north-west of Scotland there is a further rise of about 1°, but the 10° and 

12° lines continue the sharp bend tov'ards S.E. shown by the 8° and 9° lines in the 

previous months. Except f(U’ a narrow band close to the land, the whole area 

between East Iceland aiid Norway is now about 5°, the 5° line cutting the 70th parallel 

in about long. 5° A¥., whence temperature falls to 0° off the Greenland coast. AA'est 

of Iceland temperature rises to 10°, and the cold waters are apparently only met with 

close to the land. Tempei'atures are also considerahlv higher towards the eastern side 

of Davis Strait. 

South of the American coast, as far east as long. 50° AA^., there is little change in 

the distribution of salinit}", but to the south-east of Newfoundland the fresher waters 

extend much further eastward, the 35 line having moved nearly to long. 40° AA^. 

East of Newfoundland, in lat. 50°, the lines have opened out, the 34 line is further 

to the west and the 35 line further east. From lono;. 40° AA^. the 35 line takes 

another bend eastward to long. 30°, recurving in a wider loop than before to the same 
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position as last montli in lat. 57°. This change of form is closely followed by the line 

of 34'5. 

In the south-eastern region the increase of salinity noticed last month is continued, 

the 36 line almost reaches the mouth of the Channel, and the 35'5 line takes a fuller 

northerly bend off the west of Ireland. 

Observations are unfortunately not numerous in the Orkney and Shetland region. 

A central axis of 35 water probably extended far south into the North Sea during 

both June and July. East of Iceland the water is fresher, and a narrow strip of 

water of less than 34 'pro mille salinity runs along the south coast of the island. 

The belt of 35 water to the west of Iceland is a.pparently narrower, Imt the observa¬ 

tions do not make this quite clear. 

The observations in the north of Davis Strait do not indicate any marked 

change. 

The principal features are thus, continued rise of temperature everywhere, without 

much change in distribution, except to the south-east of Newfoundland, whei'e tlie 

rise is slight ; a slight increase of salinity in the south-eastern area; marked 

freshenino- east and south-east of Newfoundland and in mid-Atlantic between 
O 

lat. 50° and 55°; freshening and narrowing of the low-salinity belt east of Iceland, 

and extension of that belt I'ound the south side. 

August, 1806.—In tlie south-western area, under the land, the distrilmtion of 

temperature is much simpler. The position of the 20° and 25° isothermals is little 

changed, but instead of iri'egular patches of colder water there is a steady fall 

towards the north-east to 12° just off Cape Dace. This means on the whole a con¬ 

siderable rise of surface temperature in the shallower waters. There is a great rise 

of temperature to the east of Newfoundland, but the area of relatively cold water 

retains its position, and its form is better defined 1)y the greater number of olrserva- 

tions—note tlie loops in the isothermals of 8°, 10°, 12°, and 15°. 

Between the meridians of 30° and 50° W., the isothermal of 20° remains in its 

position near lat. 50° N., but tlie temperature has increased further south, the 20° 

line being novr close to it. To the north of lat. 50° there is a very marked change of 

temperature, the 10° line has moved northward and westward and straightened out^ 

closing in towards tlie coasts of Labrador and Greenland, while the 8° line, parallel to 

it, almost touches Cape Farewell. 

In the soutli-eastern area temperature is practically unchanged, but to the west of 

L-eland it has fallen, causing the 15° isothermal to follow the 50th parallel closely for 

nearly 30 degrees. The line of 12°, which further west has moved somewhat to the 

north-west, following the 10° line, remains in the same position to the north and north¬ 

west of Scotland, but it has moved far to the eastward from the Faeroe-Shetland 

Channel, changing from a V to a U shape, and leaving an area with a temperature of 

10° or less. This area probably extends far northward and eastward over the Norwegian 

Sea; the line of 9° reaches long. 30° F., and temperatures over 5° occur far along the 
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north coast of Europe, and again sonth and west of Spitsbergen. North and east of 

Iceland the distribution of temperature has probably undergone little change. 

Between Iceland and Greenland the cold-water area has increased, the line of 10° 

having inoved to the north-east. Temperature seems somewhat higher in the middle of 

Davis Strait, hut there may he more ice-cold water close to the coast of Greenland. 

Salinity observations are unfortunately almost wanting for August along the 

parallel of 40° N. and 60° N. In the southern latitudes there seems to be little 

change. The line of 33 |U’o mille is in nearly the same position west of long. 50° Ah, 

hut the 32 line is ]io closer to the land. The ends of the 34 and 35 lines in lat. 

46° N. are in the same place as last month, and the part of the 36 line shown is also 

unchanged. In lat. 50° N. the 35 line is bent a little more to the south, and the 

35‘5 line more to the east, indicatino; a further lowering of salinitv towards south and 

east. Salinity seems to have increased slightly oft‘ the mouth of the English 

Channel, and a tongue of 35 water protrudes further tlirough the Straits of Dover 

into the North Sea. The axis of 35 extending into the North Sea, from the north, 

has withdrawn somewhat. 

South of Iceland, the line of 35 salinity has moved closer inshore, and off the 

Faeroe Islands its position is also a little more to the north. The form of the line 

lias, however, changed ; it now runs out to the east, greatly narroAving the belt of 

water oA'er 35, and the 34 line east of Iceland has moved soutliAAmrd and taken a 

similar form. 

The line of 35 folloAvs the coast of Norway, packing the 34 and 33 lines close in 

hetAveen it and the land, and forms a loop south of Spitsbergen in about long. 20° E.— 

which bends round AvestAA’ard and probably joins the other part of tlie line by folloAving 

the meridian of 0°. An isolated patch of 35 AA'ater appears north of the AVhite Sea. 

A considerable freshening lias apparently taken jilace to the north of Iceland, and 

there noAv seems to he no 35 Avater hetAveen Iceland and Greenland. It appears 

also from the form of the 35 and 34‘5 lines that a considerahle loAA erincr of salinitA" 

has taken place in the area to the south-east of Cape FareAvell. 

The principal changes are therefore—small changes in the Ioav latitudes ; e([uali- 

sation of tenpieratures and salinities AA'est of long. 50° Ah ; slight rise of tempera¬ 

ture in mifl-Atlantic ; the colder fresher AA’aters form a AA'ider belt to the east and 

south-east of Iceland, and they occupy more of the Ilenmark Strait and the area 

east of Carjie FareAA’ell; temperature has risen in mid-Atlantic hetAveen 50° and 

60° N. lat., salinity has fallen a little in the southern jiart of that area, and more in 

the northern. 

Septemher, 1806.—In the south-Avest the 25° isothermal folloAvs the 40th j^arallel from 

long. 50° AA. to long. 70° AA., and between these meridians temperature is unchanged 

nortliAA’ai'ds to the land, except for a A’ery iiarroAv strip of cold Avater (under 15°) close 

inshore. This strip extends AvestAvards, south of Long Island to Ncav AArk, bending 

the 20° line soutliAvard, and eastAA’ard and south-eastAA ard past Cape Itace, Avhere it 

deflects the 15° and 20° lines soullnvard. 



SUEFACE WATEES OF THE AOIiTH ATLANTIC OCEAN. 8t) 

Temperature is practically unchanged in tlie middle and eastern Atlantic between 

lat. 40° and 50° N. 

Between lat. 48° and 55° N. the principal changes are in the west and north-west : 

lower temperatures prevail eastvrard from the coast of Labrador, and to the south¬ 

east off Newfoundland, and north-east tlie form of the isotherms has undergone a 

marked change, tongues of colder water pointing S.E. and E. respectively. Note 

especially the changes in the 10°, 9°, and 8° lines. 

South of Greenland, temperature has risen : there are loops to the westward in 

the 8° and 9° lines. The rise of temperature extends north into Davis Strait : note 

the change of form and position of the isothermal of 5°. 

To the west and south-west of Iceland temperature has fallen further, the 10° line 

does not now touch the west of tlie island at all. East of Iceland temjierature has 

fallen considerably, and the cold area seems to have extended. A uniform general 

fall seems to have taken place in the Norwegian Sea up to high latitudes. 

Comparing the salinities in the lower latitudes with both July and August; the 

salter waters appear further north ; the 33 line has moved up towards the iiorth- 

we.st of long. 55° W., and the gradients have become very steep, the 36 line pressing 

close up in long. 60° W. In long. 50° the isohalines bend southward, and there is a 

marked freshenin'.^ of water south-east of Newfoundland ; the 34 line novv^ touchiim- 

the 40th meridian. 

In the south-eastern region the 36 line remains unmoved, but salinities of 36‘5 

appear near the Azores. 

Along the whole length of a belt about 2° or 3° on each side of a line joining 

lat. 50° N., long. 40° W. Avith the west of Scotland there is everywhere a marked 

loAvering of salinity : the 35 line is moved al)Out 5° to the east, and the 35'5 line 

disappears from the area altogether. To the nortli of tliis there a})})ears to ])e a 

.slight increase of salinity across a strip whicli is widest soutli of Iceland, but 

extremely narrow further Avest. South-east of Greenland the area of fresher AA^ater 

seems to have extended, although the observations are insufficient to be certain 

of this. East of Iceland and south of Spitslj>ergen the 35 line lias retreated 

soutliAA'ard. 

Tlie cliief changes are tlnrs—in the .south-Avest a ri.se of temperature and salinity 

at the head of the Gulf Stream : and the appearance of a colder fre.sher band 

close to the land, AAdiich extends east and Avest ; increase of salinity AAuth small 

change of temperature in the south-east; .slight fall of temperature and marked fall 

of salinity southAvards and eastAAm'ds from the east of NcaaTomidland, and right 

across the middle belt of the Atlantic to the British Isles; fall of temperature 

and salinity east of Iceland, sijuth-eo.st of Greenland, and in the north round 

Spitsbergen. 

October, 1896.—In this month the seasonal changes of temperature are again 

strongly marked. Temperature has fallen considerably near the 40th parallel west 

VOL. cxcvi.—A. N 
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of long. 50^ W., except in about long. 05° AV., where the 25° line .still appears. 

Near land the fall averages about 4°, and the 10° line now clears the south of New¬ 

foundland. 

East and south-east of Newfoundhand there is a very great fall of temperature ; 

the 20° line is cut through, and the 15° line bends .south to lat. 42° N. ; the curve of 

the 10° line has filled out, and moved a long way to the ea.st. 

In tlie lower latitudes the fall of temperature becomes less as we go eastward— 

till near the Portuguese coast. Near tlie Azores temperature is unchanged. The 

15° line has moved irregidarly southward except in mid-Atlantic, where it remains 

stationary. The 10° line has moved southward, and changed its form, since the 

greatest change has taken place west of the Faeroe I.slands and of long. 30° AA". 

Temperature has fallen considerably west of Iceland and in Davis Strait, and 

south of Greenland tlie distribution has liecome more uniform—note the form of 

the line t)f 7°. 

Salinity does not appear to have changed much west of long. 50°AA^., except for a 

slight increase south of the Gulf of St. Lawrence. Between 50° and 40° AA"., how¬ 

ever, the i.sohalines up to 35'5 have crowded together to the N.AV. East of this the 

3G'0 line and the 35'5 lines have moved northward, and there is a marked increase of 

salinity east of 20° AV. long, up to the south-east of Iceland. Note the position 

of 3 5’3. The 35 line is also pressed towards the coast of Norway, and there is 

apparently a large surface of 35 water in the North Sea. Salinity has also increased 

to the west of Iceland. 

South of Greeidand there is a freshening of the surface watei', the bends of the 

35 and 34'5 lines retain the form shown last month, but very much compressed, and 

driven southward and eastward. Salinity has jiroliably diminished in Davis Strait— 

at least since Alay, the last month with adequate observations. 

The chief jjoints, besides the marked seasonal fall of temperature, are—great lall 

of temperature and salinity southward on the meridian of 50° AV. ; increase of salinitv 

towards the north-west, and I'elatively small change of teni2)ei'ature east of that line ; 

increase of salinity l)etween Scotland and Iceland, in the North Sea, and west of 

Iceland; lowering of .salinity and equalisation of temperature in the central region 

south of 60° N. lat. 

A'oveiuher, 1896.—In tins month the seasonal change becomes .still more marked, 

and, as in the season of rising tenqjerature (Alay), the distribution of tenq)erat\ire 

becomes very irregular. In mid-Atlantic, the fall of tenq)erature in the lower 

latitudes is .scarcely ap2)reciable—note that the 15° line has hardly moved. On the 

50th meridian, soutli-east of Newfoundland, the fall averages about 5°, but the 

isothermals retain ahno.st the .same form. AA^est of this, the fall near land is 3° to 5°, 

l)ut much less at the liead of the Gulf Stream in lat. 40° N. 

Off the European coast, the fall amounts to 2° or less, exce})t in the north, in the 

Faeroe-Iceland resrion, where the 5° and 8° lines have scarcelv moved. South of 
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Iceland the 10° line has retreated southward, but further west, i.e., south of Green¬ 

land, the fall is inconsiderable till the American coast is approached. A marked faU 

has taken place east of Cape Farewell—note the change in the 8° line, and the 

change of places by the 7° and 5° lines. 

There is practically no change of salinity from last month south of lat. 50° N- 

(the loop in the 36 line in mid-Atlantic is uncertain) except for an extension eastward 

of the 32 line from Cape Race. Between 50° N. and 53° N. the loojss of the 35 and 

3 5‘5 lines have increased in size and now extend much further to the east, while to 

the north of 55° the 35'5 line now bends westward, and the 35 line shows a wider 

and fuller loop (compare September) to the west and north. The fresher waters east 

of Southern Greenland now extend to the south of Iceland—note the 34 line, and the 

whole line from the east of Iceland to the Faeroes, Shetlands, and Norway is probably 

occupied by water under 35. The observations show the 35 line between the 

Faeroes and Shetlands, but it must be regarded with suspicion. 

South of lat. 50° N. there are therefore few variations beyond the ordinary 

seasonal changes of temperature ; north of 50° N. the lines have moved westward; 

south and south-west of Iceland the water is fresher and colder. 

December, 1896.—The distribution of temperature is again very irregular, and the 

seasonal change from November well marked. The 20° line north of 40° N. lat. has 

shrunk to a small arc between long. 55° and 60° W. The 10° line has, roughly, 

taken the place of the 15° line, and the 5° line of the 10°, as far east as long. 50° W. 

East and south-east of Newfoundland temperature has fallen to 0°; the 10° line has 

moved little, but beyond it temperature has fallen; the 15° line has retreated to the 

south-east. 

In the south-eastern region a slight fall of temperature has taken place, but there 

is no marked change. 

The 10° line has scarcely moved between long. 20° W. and the Irish coast, and 

north of this to Ijetween Iceland and the Shetlands there is little or no change 

(lines 8°, 7°, and 5°). Toward the Norwegian coast, however, the fall seems to have 

been considerable. 

A considerable fall of temperature has evidently taken place in the northern 

central region—note the portion of the 8° line close to that of 10°, which has also 

moved southward. 

Salinity has changed little in the fresher waters off the American coasts, the 

positions of the 32 and 33 isohalines being practically unaltered. Further seaward 

there is a marked increase of salinity northward and westward, indicated by the 34, 

35, and 36 pro mille lines. Off Gape Race the belt of fresher water protrudes 

further to the south, while in the area bounded by 40° and 50° N. lat. and 40° and 

50° W. long, there is a general equalisation—the 33 line has moved westward, and 

the 36 line southward. A similar tendency to more uniform distribution appears all 

over the Eastern Atlantic, the 36 line has moved southward, especially near the coast 

N 2 
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of Europe, while one part of the l^roken 35 line shown has moved northward, and the 

other runs along the south coast of Iceland. 

The principal features are thus—marked seasonal fall of temjDerature off the 

American coast, with increased area of salter water round the head of the Gulf 

Stream. Slight fidl of temperature in the south-eastern and eastern areas, with 

marked tendency to a more uniform distribution of both temperature and salinity. 

Jamiary, 1897.—In the lower latitudes temperature has .scarcely changed, except 

near the land—note the isotheimals of 15° and 20°. The low temperature area off 

Cape Race has extended itself eastwards, hut very slightly : the axis of the 0° line 

has not moved. In the Easteiii Atlantic temperature has fallen in the Bay of Biscay, 

to the west of Ireland and Scotland, and in the North Sea, but there is no change 

in the Eaeroe-Iceland region. In the northern region, between long. 30° and 40° AV., 

temperature has fallen very considerahlv. 

We.st of lono’. 52° AV. the isohalines have .straiRitened out ; the 30 line has altered 

little, hut lines of lower .salinity have moved southward. East of Gape Race the 

fresher waters have moved considerably to southward and eastward (note the 

30 line), wliile further south, along 50° AA^. long., tlie .salter waters tend to close in, 

o'ivinn a similar .straio’htenino’. 
o & O C? 

In tlie eastern and north-ea.stern part of the ocean there is an increase of salinity in 

all latitudes; the line of 36‘5 reappears east of long. 30° AA"., and the isohalines 30, 

35‘5, 35’3, and 35 all trend more to the nortli. In the northern region (?.c., south of 

Iceland) this increase seems to extend considerably to the westward. 

Thus we have—.small changes of temperature near 40° N. lat. ; extension eastward 

of a cold freshwater area from Cape Ptace ; in the eastern region a fall of temperature, 

decreasing northward, but a marked increase of salinity, which extends also nortli- 

westward. 

Compared with the corresponding month of 1890, the area we.st of 50° AA". long, is 

warmer and salter, the axis of greatest warmth and .salinity Ijeing more to the east. 

The same differences hold good east of C-ape Race, lienee there is not the same 

southward jirotrusion of a cold and fresh area. There is again greater warmth and 

saltness in the south-eastern region. In the Eaeroe-Iceland region temperatures 

apjiear to 1)8 lower, and probably also salinities, but it is inpiossible to be certain 

about tlie latter. In the northern central portion temperatui'es are certainly lower, 

])robably also salinities. 

Fehruary, 1897.—AVest of long. 50° AA^. a fairly uniform fall of about 5° lias taken 

place; the observations are insufficient to .siiecify details, but there does not appear 

to be much change in the general distribution. In the area between 40° and 50° N., 

and 50° and 60° AA^., the -axis of low tempei’ature has moved eastwards—a rise has 

taken place in the south-western part of the area—see line of 15°, and a fall in the 

north-eastern part—line of 10°. 

East of long. 40° AV., the line of 15° has moved .southward, the 12° line remains 
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stationary, and the lower isothermals have moved southward west of long. 10° W. 

Off the west of Scotland and in the Faeroe-Shetland Channel the water is warmer 

West of the Faeroes temperature has scarcely changed. 

Salinity appears to have changed little in the western region, except for a fall in 

the neighbourhood of lat. 50° N. long. 40° W. East of long. 40° W. there is a farther 

etpialisation ; the 36 line has moved down to lat. 40° N., the 35‘5 line has straightened 

out towards the N.W. of Ireland, and salinity has increased slightly in the Faeroe 

Channel and towards the south of Iceland. The 35 line has moved nortliward in the 

North Sea, but a tongue of 35 water protrudes through the Straits of Dover. 

The changes in distrilmtion during the month are therefore small, colder and 

fresher water has Sj)read east of Newfoundland, the distribution of temperature and 

salinity has become more uniform in the south-east, nortii-east the surface water is 

slightly warmer, and salter. 

Compared with February, 1896, the distribution of temperature is more irregular in 

tlie south-west, the lines showing a dou])le bend, while the 5° line is apparently 

farther from the land. Salinity, on tlie other liand, sliows more uniform distri])ution. 

Temperature and salinity are lower in the south central and south-eastern regions— 

note the lines of 15° and 36 pro viille; and again south-east of Newfoundland. In 

lat. 50° N., long. 30° to 40° W., the conditions are little different from last year. 

Temperature and salinity are lower in the north-eastern regions and in the North Sea. 

March, 1897. — South of NeAvfoundland and the Chdf of St. Lawrence the iso¬ 

thermals have crowded together—the 15° line has moved northward and stralgldened 

out betweeii 50° and 60° W. long., and the 0° line appeal's nearly parallel and a long 

way from land. In the south central region the tongue foi'ined liy the 10° and 12° 

lines has disappeared, giving a rise of temjierature in about lat. 46° N., long. 43° W. 

Further east little change is apparent south of lat. 50° N., except that tlie 15° line 

has reappeared on the Poi'tuguese coast. 

West of Ireland and Scotland, and south of Iceland, a distinct rise of temperature 

is apparent, and this extends along a narrow axis west of the Orkneys and Shetlands, 

and into the North Sea. East and south-east of Iceland, on the other hand, 

temperature seems to have fallen. 

In the south-west the isohalines seem to be crovaled together in a manner similar 

to the isothermals, 1)ut the February observations are hardly sufficient for comparison. 

Between 40° and 50° N. lat. there is a very distinct movement of the isohalines to the 

N.W.. off' the Newfoundland Banks. East of this salinity ha,s also increased, the 

36 line having moved northward. In tlie north-east there appears to be little 

change, there is if anything a slight increase of saltness, except north-west of the 

Faeroe Islands. 

Thus the principal features are—a rise of temperature and salinity at tlie head ot 

the Gulf Stream, and a fall of temperature, and probably also of salinity, in the same 

region oft' the land; a I'ise of tenpierature and salinity in all the south central and 
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south-eastern regions; and a rise of temperature in the north-eastern, probably with 

slight increase of salinity, except between Iceland and the Faeroes. 

Comparing 1897 with 1896, the characteristic difference in the south-west is the 

greater warmth and saltness along the line of 40° N. to the west of long. 50° W., and 

the crowding together of the lines immediately to the north of this. In the south¬ 

east and east, and probably in mid-Atlantic, the distribution of both temjDerature and 

salinity is much the same as last year, hut in the Faeroe-Shetland Channel and 

North Sea temperature and salinity are lower. Temperature is very markedly lower 

to the west of Iceland. 

April, 1897.—The distribution of temperature in the south-west has become very 

irregular : there is no very clear rise or fall, but the crowding together of last month 

has given rise to bending or “ interdigitating ” of the lines. Little change is apparent 

in the south centre, south-east, and east, except a slight seasonal rise, and in the 

south a tendency to e(|ualisation of temperature shown by the straightening out of 

the 12° and 15° lines. North of the Faeroes temperature has fallen slightly—the 

5° line has filled out southwards and eastwards. Tenp^erature has risen to the west 

of Iceland, and v^est of Cape Farewell. 

In the south-west there is distinct increase of salinity just north of lat. 40° N. and 

about long. 50° W.—note the appearance of the 36'5 line and the retreat of the 

34 line, which now has a sharp bend. In the south centre there does not seem to be 

much chanp’e, but there is an increase of salinity iii the east and north-east—note the 

position of the 35‘5 line, and the re|)lacing of the 35 line by that of 35'3. The 

increase of salinity does not, however, appear to extend north or west of the Faeroe 

Islands, to judge from the form of the 35'3 line. 

Thus the changes are, on the vdiole, slight; the distribution of temperature has 

become irregular in the south-west, and in the south centre, south-east, and east up 

to the Faeroe Channel salinity has increased. 

Compared with April, 1896, the temperature is much the same W'est of long. 50° W., 

but east of that meridian it is lower—the lines runnino’ more east and west—note the 

isothermals of 8°, 10°, 12°, 15°. Tem2:)erature is lov’er in the Faeroe-Shetland 

Channel, but while the 5° line is in nearly the same position, the water east and 

north-east of Iceland is warmer. East of Greenland temperature is lower—note the 

5° line S.W. of Iceland and S. of lat. 60°, but to the west slight A warmer (3° line). 

West of long. 50° W. salinity is on the whole greater, and between long. 40° W. 

and 50° W. there is a marked increase. The increase holds good all over the south¬ 

eastern and eastern area, up to the Faeroes, and across to the south of Iceland. 

Beyond this the form of the 35 line, so far as it can be depended on, supports the 

temperature observations in indicating more uniform conditions than last year. 

West and south-west of Iceland the water is fresher, the 35 and 3 5'3 lines have 

retreated south-eastward. 

May, 1897.—In the south-w^estern region the seasonal rise of temperature is great 
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near the land, and in lat. 40° N. the 20° line has reappeared. The 10° and the 15° 

lines have not altered their positions much. In the south central region tempera¬ 

ture has risen, and there is again a marked rise near the European coast, but north 

and north-east of the Azores there is little or no change. The 8° line has filled out 

north-eastward between Iceland and the Faeroes, and ofi’ the Faeroes the 5° line has 

retreated northward, but east of Iceland itself tiiere is little change. West of 

Iceland there is also little change ; temperature has risen considerably south-east ol 

Greenland and again to the west of Greenland. The greater number of observations 

east and north-east of Newfoundland show a warm area extending westwards 

towards Lal^rador. 

Salinity has fallen along tlie 40th parallel west of long. 50° W., the 36 line has 

moved southward and eastward, while the lines of lower salinity Ijend southward, 

along the coast, towards the west. East of Newfoundland the salter waters extend 

further to the north and west—note tlie 35 line. 

In the south-eastern region the 36 line has retreated from the European coast 

and moved south-westAvard nearly to the Azores, while in the north-east the 35‘5 

line sends a tongue into the Faeroe Channel. The greatest change appears in the 

north central renion, Avhere the 35 line has moved Avestward and north-AvestAAarrd— 

bending up into Denmark and Davis Straits, and apparently running parallel to the 

Labrador coast. The 34‘5 line runs Avell to the N.W. of Iceland. Note the position 

of the 35 line Avest and south of Spitsbergen and ofi’the NorAvegian coast. 

The characteristic changes are therefore marked fall of salinity and absence of 

seasonal rise of temperature north and north-east of the Azores ; increase of salinity 

and rise of temperature in the Avhole of the northern area—in the Faeroe Channel, 

east of Gi'eenland, Avest and south-Avest of Greenland, across to Labrador. 

Comparing the distribution Avith 1896, tlie Gulf Stream “axis” in the south-west 

lies further to the eastAvard—compare temperature 20° and salinity 36 mille. In 

the central southern area temperature and salinity are both greater, tlie loAA^er lines 

being croAA^ded nortliAAmrds and AvestAA'ards towards NeAAdoundland and Labrador. In 

the south-eastern region temperature and salinity are loAver. 

In tlie north-eastern region temperature is very markedly loAver—note the 

isothermals of 10°, 9°, 8°, and 5°. This dilference holds good to a greater or less 

extent over the Avhole distance from south-eastern Iceland to the coast of Noiavay, 

into the North Sea, and along the south coast of Iceland. West of Spitsbergen 

temperature seems higher, east and south-east of Greenland rather lower, and Avest 

of Greenland markedly higher. 

The salinity observations do not, unfortunately, shoAv the distribution east of 

Iceland in 1897. It appears, hoAvever, tliat Avhile salter water extended up the AA^est 

side of the British Isles, the surface of the North Sea AA^as fresher. The salter Avaters 

apparently spread farther to the west of Spitsbergen, but not so far north, and a 

similar difference occurs off the Labrador coast and in Davis Strait. 
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June, 18‘J7.—Tlie isothermal of 20° a})pareiitly follows the 40th parallel closely 

almost all the v/ay across, repi'eseiitiiig a marked rise except at the head of the 

Gulf Stream. Temperature has also risen near the land, hut has remained almost 

steady to the south-east of Newfoundland. 

Temperature has lisen markedly everywhere else, hut on the whole uniformly ; 

the general tendency is for the isothermals to become somewhat straighter, and to 

trend mo)‘e S.W. to N.E. 

In tlie south-western region, salinity has increased to the west of long. 60° W., 

hut diminished east iind south-east of Newfoundland. North and west of the 

.Vzores salinity has increased again, the 35'5 and 36 lines have moved northward, 

and the 36’5 line reappears. The 36 line fails, however, to reach the Portuguese 

coast, and to the west of tlie British Isles salinity has diminished slightly. In the 

north-rvestern renion the 35 line has retreated south.ward and eastward. 
O 

Thus the chief changes are ;—the increased salinity in the central southern area; 

the small change of temperature and distinct fall of sadinity on the north-west and 

off Newfoundland ; and the slight fadl of salinity west of the British Isles. 

Comparing witli 1896, the distribution of temperature is more regular. West of 

long. 50° W. the waters near land are warmer, and tlie gradients seavrards not so 

steep. A lower temperature extends east from C'aiie Pace, but to tlie south-east the 

lines are ratlier more crowded together. 

In the eastern area there is little difference till we come to the Shetland-Iceland 

region, where temperature is distinctly lower—note the 10°, 8°, and 5° lines. To the 

west of Iceland and east and south-east of Greenland there is no marked difference. 

Tlie differences of salinity closely follow those of temperature in the south-west. 

The isohalines are not so crowded, the very fresh waters not extending so far south- 

As ards from the land; hut on the other liand the fresher water sIioavs farther 

eastvaird. 

Observations in the eastern region are rather deficient for 1897, lint so far as they 

go they indicate little or no difference. The 35 line is more to the westward betAA’een 

lat. 50° N. and 57° N., hut heloiv lat. 60° N. it is bent shar})ly eastward again, instead 

nf continuiim- imrthward as in 1896. 

July, 1 897.—In the south-AA'est the a.xis of higliest temperature is now far to the 

Avest in about lonir. 65° AV., AAdiere it has risen to 25°. lu about lone'. 50° AY. tern- 

perature has fallen a little, the 20° line is broken, and the 15° line is further south. 

The 10° line iioav forms a loop east of NeAAdbuudland, extending to nearh’ 40° AAh, 

and recurving AimstAA^ard at least to long. 50° AY. On the 40th meridian the isother- 

mals liarm scarcely moved; temperature lias risen toAiairds the coast of Europe, but 

the lines have straiglitened out farther. AA^est of Iceland there is a rise close to the 

land, but the direction of the isothermal has changed. Note also the changed form 

of the 10° line tS.E. of Greenland, In the south-A\estern region an immense freshen- 

ing of the surlace AAmter has taken jAlace. AAAst of long. 50° AY. the 35 line iioaa" 
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encloses a wide area south and east of the land. East of this area, in lono;. 45*^ W., 

the lines up to 36 are crowded closely together, and beyoiid this little ciiange is 

apparent from last month. Li the north-eastern region there is again little change. 

In mid-Atlantic the S-shape of the 35 line is more marked, and there is an east¬ 

ward movement of the whole. 

Tims the great feature is an expansion of a large cold fresh area east and south¬ 

east of Newfoundland, and the freshen!]m’ and coolino- (d' the water east of Lahradoi' 

and east and south-east of Greenland. 

Comparing with 1896 : the cold fresh area extends further south and aljout the 

same distance east of Newfoundland; salinity and temperature are somewhat lower 

in the south-eastern area. In the Faeroe-Shetland Channel, temperature is lower ; 

west of the Faeroes the 10° line takes a similar course to the south-east of Iceland ; 

east of Iceland the course of the 5° line show’s much low’er temperatures. To the 

east and south-east of Greenland the surface water is colder and fresher, wdiile in 

Davis Strait the general tendency is tow’ards greater warmth and saltness. 

August, 1897.—In this month the relatively cold area to the east of Newfoundland 

is less pronounced, hut it becomes more marked towards the south ; tlie lines close in 

eastward off the land, and vrestward in about long. 45° W. In the eastern region 

there is a general rise of temperature, w’hich becomes very marked in tlie Faeroe- 

Shetland Channel—-note the changed position of the 10° line. To the east, south¬ 

east, and west of Greenland the type of distribution remains the same. There is a 

great rise of temperature in the north of Davis Strait. 

There is a marked fall of salinity west of Cape Race along the land. East of this 

the isohallnes tend to run more north and south, hut the higher lines are more to the 

eastward. In the north-eastern region the 3 5'3 line has opened out across the 

Faeroe-Shetland Channel, and the 35 line has shifted to the W. and N.W. 

The most important changes are therefore the spreading of the tresh water area, 

wliich has become hotter near the land; and of the salter waters tow’ards tlie iiorth- 

east and north-west. 

Temperature and salinity are higher off the United States coa,st than in 1896, but 

off Newfoundland the cold fresh area extends lioth farther east and farther south. 

In the south-east temperatures are much the same, salinities slightly low’er; north¬ 

east temperatures are higher in the Faeroe-Shetland Channel, salinities apparently 

nearly the same. South of Spitsbergen the 35 w’ater does not seem to cover such a 

large area, but (if we compare also July, 1897) it curves more to the west. 

To the south-west of Iceland temperatures and salinities are both lower—note the 

35 line and the 10° line—hut this difference does not persist over any great area to 

the south or south-east of Greenland, at least in the case of the salinity. 

Septeviher, 1897.—Temperature has fallen considerably in the south-western area, 

and especially to the east of Newfoundland, wdiere the bend of the 12° line has filled 

out. In the south central and south-eastern region temperature is unchanged. East 
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of Iceland, and in the Iceland-Scotland region, a considerable fall has taken jdace ; 

the 10° line takes a wider bend, and the 12° line is turned round into the Xorth Sea. 

To the east of Greenland the 10° line has retreated south-eastward, but in the area 

south of Greenland and east of Newfoundland and Labrador temperature has risen 

slightly, the 10° line and the 12° line being fuller. There appears to be little change 

in Davis Strait. 

Salinity has changed little under the land west of Cape Race. To the east ol 

Newfoundland the isohalines have become crowded together towards the land, and 

the 35 line has moved irregularly north-westward into the area north of 50° N. lat., 

and between long. 40° and '50° AV. The 35‘5 line appears close to the Greenland 

coast. West of the British Isles the 35’5 line has moved northward. 

The principal change is therefore the extension ot salter areas northward and 

north - westward. 

Comparison with the corresponding month of 1896 is somewhat difficult in the 

south-western regions, as the observations for this year do not extend down to lat. 

40°. Salinity is higher close to the land south and south-east of Newfoundland ; 

temperature slightly lower—the 12° line has a wider bend. In the south centre and 

south-east temperature and salinity seem nearly the same in both years, but north of 

a line joining Cape Race and the north of Scotland salinity and temperature are 

nearly everywhere liigher—note specially the 35 'pro mille and 10° lines. 

October, 1897.—A considerable fall of temperature appears all over the south¬ 

western region, but the fall is most marked round the south and east of Newfound¬ 

land, where a large area of relatively cold water runs S.AV. and N.E. East of this 

area the fall of temperature is very slight, even along the west coast of Europe to 

north-west Scotland. East and south of Iceland a considerable fall has taken place— 

note the retreat of the 8° and 10° lines, and there is another marked fall south of 

Greenland, in about lat. 55°, and from there towards the Labrador coast. 

The changes of salinity correspond to those of temperature. The cold area south¬ 

east of Newfoundland is an area of relatively fresh water : in the eastern and south¬ 

eastern regions there is little change : south of Greenland, in about lat. 55° N. a 

fi'esh water area extends eastwards, while between it and the Newfoundland area 
/ 

there is a narrow lidge of salter water pointing westward. 

The principal change is thus the extension of a colder and fresher area south and 

east from the coast of Labradoi-. 

The type of distribution of both temperature and salinity is the same as in 1896, 

but there are marked differences. The fresh cold area off N ewfoundland was broader, 

and its axis turned more east and west, in 1897 than in 1896 : in the eastern and 

south-eastern regions temperature was slightly higher in 1897, but salinity markedly 

lower. Salinity is, however, higher than in 1897 along the 55° N. lat. region west of 

long. 20° W., the ai'ea of relatively cold fresh water not extending so far eastward. 

Teniperature and salinity seem hoth lower on the western side of Davis Strait 
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November, 1897.—In the soutli-westerii region the higher isothermals at the 

head of the Gulf Stream have scarcely moved, but temperature has fallen to the 

west along the land, and in the area south and east of Newfoundland. East of this 

area temperature remains unchanged till about long. 30° W., where there is a marked 

fall, the 15° line opening out southward : east of 25° W. there is again no change. 

In the north-eastern region the temperature has fallen very slightly, chiefly to the 

west of Scotland, where a large area of about 10° temperature appears. In the region 

north of 50° N. lat. and on each side of 40° W. long, a very marked fall has taken 

place—the 10° isothermal is bent sharply round in lat. 50° N. long. 47° W., and runs 

almost due east for about 8°. 

West of Cape Race there is no significant change of salinity. The fresh water off 

Newfoundland extends further eastward, and east of long. 45° W. ail the lines have 

spread out south-eastward and southward in the direction of the Azores. In the 

north-east all the higher isohaiines have moved southward—the 35'5 line does not 

get beyond 54° N. lat., and the 35'3 line scarcely crosses lat. 60°N. Note, however, 

that the 35 line appears between Norway and Spitsbergen. In the central area 

between the 50th and 60th parallels there is little change in the north (35’0 and 35'3 

lines south of Greenland) ; in the southern half there is the southward movement 

already referred to, and the 35 and 3 5'3 lines also bend farther eastward. 

The chief changes are thus the increased area occupied by relatively cold and fresh 

•water east of Newfoundland and Labrador, and the extension of this area southward 

towards the Azores. 

At the head of the Gulf Stream (long. 55° to 60° W.) the temperature and 

salinity are much the same in the two years, hut south of the Gulf of St. Lawrence 

and Newfoundland a much larger area is occupied in 1897 by water of temperature 

about 5° and salinity below 34 pro mille. The stee}) salinity gradients and complex 

distribution of temperature east of the intersection of the 50th })arallel and 40th 

meridian in 1896 are not reproduced, for the colder fresher area extends more to the 

southward {i.e., towards the Azores), and not so much to the eastward (towards 

Ireland). Note the different positions of the 10°, 12°, and 15° isothermals, and the 

35'0, 35'5, and 36’0 isohaiines. 

In the north-eastern region and south of Iceland temperature and salinity are 

markedly higher in 1897 : the isohaline of 35 runs south-west froiu Iceland right 

across the area occupied by water below 34 in 1896. The type of distribution is on 

the whole the same, the fresher and colder areas extending more eastwards in 1896 

and southwards in 1897. 

December, 1897.—West of Cape Race a considerable fall of temperature has taken 

place, the 10° line touching lat. 40° N. just off Cape Cod. South and east of 

Newfoundland temperature has fallen largely, an axis of ice-cold water stretching 

south-eastward over the region covered by the 15° line last month. North of the 

Azores temperature has risen a little, hut elsewhere there is a general fall of about 

o 2 



100 MR. II. N. DICKSON ON THE CIRCULATION OF THE 

2^ ill the south-eastern area. Temperature has not fallen much in the north-east, 

1jut south-west of Iceland the 10° line has moved a long way to the south-east. 

This line keeps its position in lat. 50° N. on the 40th meridian, hut to the north 

temperature lias fallen in this longitude—note the movement of the o'" isothermal. 

The salinity ol)servations are, unfortunately, not very numerous for this month, 

being the last. They are sufficient, however, to show an immense extension of the 

fresh-water area east and south-east of Newfoundland, and some increase of salinity 

in the south-eastern and eastern areas. 

The most important facts are therefore the extension south-eastward of the cold 

and fresh area from Newfoundland, and the fall of temperature, and probably also of 

salinity, in the region south-east and south of Greenland. 

Except near tlie United States coast, temperature and salinities are lower in 1897 

than in 189G, and this difference is greatly exaggemted east and south-east of New¬ 

foundland, In the east and south-east temperature and salinity are higher than 

in 1896. The line of 8° runs along the east side of the Faeroe-Shetlaud Channel 

instead of tlie west, but the line of 7° is rather more to the north, and the salinity 

seems practically the same. 

V. The Movements uf the Surface Waters. 

The detailed description of the charts has shown that while considerable variations 

of an irregular type occur, there are nevertheless changes over the whole area 

covered which evidently represent a continuous secpience. The charts for each 

month differ from those for the montlis immediately preceding and following in such 

a way as to form a satisfactory intermediate step between the two : they tell, in fact, 

an intelhgil)le story about the distribution of l)oth temperature and salinity, showing 

progressive changes ])earing certain relations to each other, having certain seasonal 

phases wliich occur in l)oth years, and certain features in which the one year differs 

materially from the other. The Important jioint is accordingly established, that the 

metliod em})loyed is adequate to its purpose. Hence, without employing special ships 

or observers, a continuous survey (,)f tlie surface changes in the North Atlantic could 

be kept up with comparatively little trouble or ex}iense : a much larger number oi 

observations than I was able to deal witli could be olitained, worked up, and charted 

for about .£300 a year. 

In attempting to explain changes of temperature and salinity in the surface waters 

witliout a knowledge of those occurring in the layers below the surface, it is necessary 

to consider separately the })robal)le effects on these elements of seasonal changes 

without movement of water, and of horizontal or^ vertical movements with or with¬ 

out seasonal changes siqierposed. The most impoi-tant points ajipear to be these : — 

I. The annual range of temperature increases with the latitude, and the normal 

temperafure gradient northward is greater in winter than in summer. Temperature 
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rises and falls quickly in spring and autumn, and the changes of temperature are 

slow near the minimum and maximum. The waters in areas enclosed l)y land are 

abnormally warmed in summer, forming a Sprungschich t, and cold water tends to 

sink below the surface in winter on account of its greater specific gravity. 

Salinity has practically no seasonal variation (38), except perhaps in regions of 

permanent winds, where the evaporation is great, as in the region of the Trades, and 

possibly also on the north side of the Atlantic anticyclone. Thus while changes of 

temperature of water are due both to actual warming or cooling and to admixture 

with other water, changes of salinity are almost wholly due to the latter. 

2. In the North Atlantic surface water in low latitudes is normally warmer and 

salter than water to the north of it or l)elow it; hence an intrusion of water from tlie 

north, or a mixture with waters from l)elow, reduces both temperature and salinity at 

the surface; and a movement of this water northward is indicated by an increase of 

temperature and salinity. This holds good at all seasons, 1)ut it is specially true of 

temperature in summer. 

3. Surface water in high latitudes and near land is normally relatively fresli, on 

account of the large admixture of water derived from the land or from ice in propor¬ 

tion to the amount of evaporation. During autumn, winter, and early spring tlie low 

temperature of this water is strongly marked, l^ut in the hotter months of the year 

this is not so characteristic, e.specially where land influences are strong, either in the 

way of direct heating or addition of large quantities of wai’in land water. Similarly 

the surface layer is normally fresher than that underlying it, colder than it in winter, 

and warmer in summer. 

A southward movement of this water is therefore indicated by the extension of 

relatively low salinity at all seasons, and this is accompanied l)y a fall of temperature, 

which is in general well marked in winter, Init not in summer. It is to he iioted that 

any considerable southward fresliening is a certain indication ofsoutliward m(')vement, 

for the freshening by mixture with underlying layei'S or Ijy heavy rainfall is sliglit, 

even in low latitudes (39). 

4. A mixture of the surface water with the underlying layer produces the same 

apparent effect, in [a) low latitudes as an intrusion of water from the north, and in 

(Jj) high latitudes as an intrusion of water from the south. _ 

5. In the case of wider moving in an easterly or westerly direction, inequalities of 

temperature tend to disa})})ear, tlir(.>ugh prolonged exposure to uniform conditions, 

and such movements can frequeidly Ije traced on the salinity maps after they have- 

ceased to appear on those of tenq^erature. In spring and autumn, when the distril)u- 

tion of temperature on land and .sea tends to great local irregularities of heating 

and cooling, the isothermals give no reliable information al)out such movements. 

Applying these as general principles, and keeping es})ecial]y in mind the constant 

danger of misinterpretation due to No. 4, the rate and amomdof mixing of surface 

and under layers being practically an unknown quantity, tlie following seems a fair 
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description of the movements of the surface waters so tar as can be gathered from the 

charts :— 

In January, 1806, two surfaces of warm and salt water, one off the American 

coast and the other extending eastward from mid-Atlantic to the coast of Europe, 

were entirely separated from each other at the surface by a band of cold fresh water 

running south-eastward from Newfoundland to the parallel of 40° N. This band is 

evidently an offshoot from a large area occupying the whole of the region off the 

Labrador coast, and another band extends due east from this area. There was 

probably a third similar band south-east of Greenland, and certainly one east of 

Iceland. 

During the tAvo following months there Avas a persistent moA^ement eastAvard and 

slightly northAvard OA^er nearly the AAdiole distance between lat. 40° and 60° N. The 

result is the cutting off of the southern end of the cold fresh band from Newfound¬ 

land, and the banking up of Avarm salt Avater toAvards the eastern side in the lower 

latitudes. The greater part of this escapes northward, Imt to the north of lat. 50° N. 

it is overlaid by the colder, fresher Avater from the Lalirador coast, AA'hich has also 

moved eastAvaixl, and takes part in the noitherly drift moA'-ement as it neai'S the land 

(note the 8° isothermal and the 35'2 isohaline to the south of Iceland in February 

and March). 

In the month of April there is the first marked indication that the general easterly 

movement is losing strength in the higher latitudes. The easterly drift from 

Laljrador begins to retreat, or rather to ])e absorbed by mixing, and it shrinks 

rapidly all round its edge, giving the appearance of Avarm salt AAurter, moA'ing west- 

Avard, to the south of Iceland. Farther south there is not the same Aveakening of the 

eastAvard movement, Imt there is evidence, l)oth from temperature and salinity, that 

more AAxrter is making its escape south-eastAvard. 

At the same time (April and May) the soutliAvard moA’ement of the fresher AA'aters 

alono; the land Ijegins ao-ain. South-east of NeAvfoundland the hiolrer isohalines do 

not give AAury, but the loAver lines are croAvded together by an increase in the streams 

from the land. The area covered by this Avater shoAA's a great rise of temperature 

in May, and in June it expands soutliAvards and contracts eastAA’ard, indicating that 

it is then largely due to the AAmter from the Gulf of St. LaAvrence, Avhich rapidly 

becomes AAarrmer. 

All this time a strong curi’ent of cold fresh Avater I'uns south-eastAvard from the 

north and east of Iceland; tlie north-easterly drift from the Atlantic comes to the 

surface only on the east side of the Faeroe-Shetland Channel, and the 35 AA^ater 

appears ovei- a large part of tlie North Sea. This south-easterly current apparently 

covers a larger and lai'ger area as the spring progresses; the nortli-easterly drift gets 

narroAver and narroAver, and the fresher surface Acater extends AvestAvaixl along the 

south coast of Iceland, though this is, no doubt, partly due to increased outlloAv of 

Avater from the land. 
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To the west of Iceland the branch of the Irminger current going northward gains 

strength quickly in spring, and ajDparently reaches its greatest surface extension in 

June. During the same period salt water makes its way steadily northward along 

the west coast of Greenland ; this is the westerly branch of the Irminger current 

discovered by the “ Ingolf” expedition. 

In July the drift of water eastward from the American coast attains immense pro¬ 

portions in the lower latitudes. The “ banking-up ” of salt water (35'5 p/u mille 

and over) towards the European coast becomes more marked, and with it the 

tendency to spread northward. But the eastward movement is still apparent farther 

north, a tongue of land water makes its way east from Cape Bace, and again there is 

a drift from the Labrador coast. 

Along with this there is everywhere a large increase in the supplies of Polar water. 

Strong currents appear running southward close to the Labrador coast; the Irminger 

current is overwhelmed by a rush of water southward across the wliole binadth of the 

Denmark Strait, which gradually spreads over a large area to the south-east of 

Greenland ; the current to the east and north-east of Iceland is strengthened, though 

to a less degree ; and to the north of Europe currents of relatively cold and fresli 

water extend southward to the coast, entirely covering the 35 pro miUe water except 

in isolated patches. 

These conditions continue for two months, with the general result that gradients 

of both salinity and temperature become steeper and steeper on the margins of the 

areas described. In September a drift, consisting partly of fresh water from near 

the Newfoundland Banks which has been delivered there by the Labrador current, 

extends across towards the British Isles; the northern area is largely covered by 

Polar water, and between the two is the only part of the western branch ol the 

Irminger current which appears at the surface. 

The autumn conditions following the culmination of the summer type in August 

and September are chiefly the result of a weakening of the easterly currents south of 

lat. 50° N., and a strengthening ot them to the north. The Labrador cui*rent again 

makes its way to the southward round the Newfoundland Banks, the stream being 

not now turned eastward, hence there is an increase of salinity immediately to the 

eastward (due, according to the temperature observations, to mixture from below; 

it is interesting to note the rapidity vdth which the fresh water advances and 

retreats south of the Newfoundland Banks, where it evidently forms a very thin 

though widespread layer), while the weakening of the easterly movement also causes 

lower temperature and salinity in the south-east Atlantic. 

North of lat. 50° N. there is a strong easterly drift from the coast ol Labrador, 

and another from the east coast of Greenland. The current from the east coast of 

Iceland is also deflected more to the north-east, broadening the north-easterly current 

between that island and Scotland. 

This brings us to a distribution of temperature and salinity in Decemljer very 
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similar to that oijserved in the preceding Januaiy, the principal difterence being thiat 

the salter and warmer waters press closer np in the south-east and south centre, tlie 

current south-east of Newfoundland being mucli restricted, while temperature and 

salinity are much lower between the Azores and Portugal. 

The development of the conditions observed in the spring of 1896 accordingly 

occurs earlier in 1897, but with this difterence, that the movement appears to be, on 

the wliole, more from the south, and the easterly components are Aveaker. The 

result is that the salter warmer waters spread more uniformly northwards and west- 

Avards r)AAr the Avhole of the central area of the North Atlantic ; they come closer to 

tlie south-east coast of Greenland and the coast of Labrador, and occupy a Avider area 

in DaAus Strait. At the same time, })erhaps because there is less “ banking-up ” 

against the European coast, the stream iiorthAvards and through the Faeroe Channel 

a])pears to be Aveaker—this apj)ears chiefly from the temperatures. Both branches 

of the Irminger current seem to haAm less j^enetratiA’e poAver. East and north-east of 

Iceland the distriljution is altogether more uniform, as if both Avarm and cold currents 

Avere Aveaker than last year. 

This deAmlopment evidently culminates in May, but in April the enlargement of the 

southern end of the Lpubrador current is already apparent. Another change is the 

increasing soutliAvard moAmment betAveen the Azores and the coast of Portugal, Avhicb 

becomes more marked than in 1896. 

The easterly drift from the loAver latitudes Ijecomes Avell defined in June and 

July, but it does not attain the same deA^elopment eastAAmrds as in 1896; off the 

Labrador coast the fresh Avaters do not extend so far to the east, Avhile the higher 

isohalines retain their position near the Greenland side of the entrance to DaA’is 

Strait. The branch of the Irmlno’er current Avest of Iceland is eAudenth" Aveaker ; 

Polar AAvater siAreads south-east from Greenland, but again to a less extent than in 

1896. The current east of Iceland tends to spread eastAvard, but nortliAvard rather 

than southAvard. 

In August the characteristic change is a large extension soutliAvard and eastAvard 

of the Labrador cuiTent, and the apparent retreat southAvard and eastAvard of the 

salter AAmters in the Azores region. At this season the easteily diift Avas moie to the 

south-east than in 1896. 

The increase of tlie Polar current in Denmark Strait is Avell marked, but not so Avell 

as in 1896, and the Polar Avaters are sloAver in making their AA'ay eastAAmrd. Salinity 

ol)servatit)ns are unfortunately AAmnting to the east of Iceland, and it is dangerous to 

draAV any conclusions from the temperatures on account of the higher temperatures 

everyAvhere near land. It Avould seem that the Polar Avater continued to moA’e east- 

AAmrd from tlie east and north-east of Iceland, but there is no information as to hoAv 

far it covered the north-easterly current from tlie Atlantic. 

So far as the information goes, the north-east current lietAveen Scotland and Iceland 

Avas Aveaker during the aaLoIc of the early part of 1897 than in the corresponding 



period of 1896, and in the far north the whole circulation of hoth warm and cold 

streams at the surface seems to have been slower. 

In September, 1897, the general direction of the drift loses its southerly component, 

and in October it becomes due east. Hence there is at hrst “ banking-up ” of water 

against the European coast and escaj^e noidhward, causing the nortliAvard stream west 

of the British Isles to run stronger, and salter water to spread over the central area 

generally. After October the supply from the lower latitudes diminishes, hut the 

drift eastevarel from the Labrador coast continues into November. It is to he 

remarked that the spreading of the Polar water eastwarel from the soutli-east of 

Greenland, so strongly marked in 1896, is scarcely noticeable in 1897. 

Towards the end of the vear the drift from the Labrador current, which has not 

contracted to its usual size after the expansion in August, expands southward again, 

and the “north and south” distribution becomes more marked than in 1896, partly 

because of tills, and partly l)ecause of tiie iielated strengthening of the northward 

streams on tiie eastern side. 

It is a matter of some difficulty to ascertain with any detail hmv far the features 

common to tlie circulation in tlie two vears descrilied are reproduced every year. Tlie 

most relialile means of comparison is proliaiily the series of temperature and current 

charts published by the Meteorological Gftice (lO), 1)ut these do not contain much 

information about the circulation north of 40° N. during the winter months. In the 

lower latitudes tiiev show, liowever, vliat is important to our purpose, that the cir¬ 

culation round the Atlantic anticyclone is more active and definite in summer tlian 

in winter (January and August). 

The current chart, of course, cannot define the source of the surface waters off the 

Newfoundland Banks, lint in spring and early summer (April and June charts) the 

apparent direct continuation of tlie Gulf Stream becomes shorter, while there is 

increased eastward movement from the east of Newfoundland. 

In August the easterly drift shows a tendency to divide near the south-west ot 

Ireland, the greater part appearing to go southv’ard, while a narrow stream moves to 

the north. Further north the general direction of movement is more to the south. 

The charts for October and November show tliat the head of the Gulf Stream 

broadens and retreats, while in the north the easterly component lieconies well marked ; 

note the easterly direction of the arrows south-east of Greenland. The dividing line 

formed by a hand of “ no current ” between Nevdbundland and the British Isles is an 

important feature : it moves northward in winter, southward in summer. 

It appears, therefore, that there are certain important seasonal changes in the 

surface circulation which occur in the two years 1896 and 1897, and which can, to 

some extent at least, be traced in the less definite outlines of the composite pictures 

obtained by the method of averages. These changes may be summarised as 

follows :— 

The surface circulation in the North Atlantic between the parallels of 40° and 
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60° N., forms during winter part of a cyclonic movement, resulting in a southerly and 

south-easterly drift on the western side, and a northerly drift on the eastern side. In 

the lower latitudes, about 40° N., the easterly movement is comparatively weak. The 

northerly movement in the easterly half of the area is considerable, but it is hampered 

by the configuration of the land—the Faeroe Isles, Iceland, Greenland, &c., hence the 

water tends to spread widely over the surface northward and north-westward, hut 

stream currents of any marked degree of energy are not developed. Hence there is a 

tendency at the end of winter towards uniform distribution of salinity and tem¬ 

perature, which is aided by a diminution in the supplies of Polar water. 

In spring the north and south comj)onents become less marked, and the easterly 

movement becomes stronger everywhere south of lat. 50° N., the increase being most 

noticeable in the lowest latitudes. The greater angle now made by the drift with 

the European cgast line causes increased “ banking-up ” of water against the land, 

and this Avater escapes by stream currents running northward and soutliAvard. The 

total discharge of these streams must depend on the rate and volume of the 

easterly drift, and the proportions discharged to north and south on the angle 

made by the drift with the coast. The direction of drift is probably always someAvhat 

towards the north, but the resistance due to the configuration of the land and to the 

influence of the earth’s rotation hinders the development of a northward stream 

sufiicient to carry off the Avater as fast as it accumulates, and the banked-up Avater 

tends also to sink beloAv the surface, causing the high temperatures ohsei’A'ed at Ioav 

levels in the Eastern Atlantic (41), and to accumulate further AvestAAmrd and north- 

Avestward, floAAnng out AAdiereA^er opportunity presents itself, as in the branches of the 

Irmino'er current. 

The northward discharge of Atlantic Avater from the loAver latitudes is therefore 

greater during the months of spring and summer, Avhen a stream current, independent 

of the local surface drift, sets nortliAAnrd betAveen Scotland and Iceland, attaining its 

greatest strength in the Faeroe-Shetland Channel, and haAung marked inductiA'e 

effects on the Polar bottom AAnter at the Wyville-Thomson Ridge (42). 

As the summer progresses, the drift circulation in the higher latitudes becomes 

Aveaker, but after midsummer the increased strength of the current from the south is 

replied to by an enormous delivery of Polar AAnter—first and chiefly from the area 

between the east and north-east of Iceland and Jan MaAmn, then later, as the ice 

breaks up, from the Polar current east of Greenland. The Labrador current also 

increases largely in volume, but a greater proportion ot this increase is likely to be 

due to melting of ice by the AA'-arm air sent uj) by the cyclonic circulation deA’eloped 

over the continent of North America. 

Except in the case of the Iceland—Jan Mayen Stream, AAliich deAmlops the features 

of a stream current of great energy, for reasons recently set forth by Petterssox (43), 

the Polar Avater forms lai'ge pools of fresh AA’ater to the east of the southern part of 

Greenland, and ofi' the Labrador coast, Avhere it seems to collect in a comparatiA'ely 
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limited area, mixing little with the waters on which it lies, and being gradually 

warmed by the direct rays of the sun. Between Iceland and Jan Mayen, and in the 

Spitsbergen area, the quantity of water coming from the south is greater, the melting 

of the ice takes place more rapidly, and there is therefore a greater return of Polar 

water on the surface, forming streams which may cover over large portions of the 

northerly current, and penetrate southward into the Faeroe Channel and along the 

coasts of the British Isles. 

This circulation reaches its greatest development in August or early in September, 

when the easterly movement again becomes marked in the higher latitudes—50° to 

60° N.—and wmakens in the lower. The northward discharge by a stream current in 

the eastern area accordingly diminishes, but the increased drift is shown Ijy the 

spreading eastward of the Polar water from south-east of Greenland and from the 

Labrador coast. This can be distinctly traced in October and November, and it is 

followed by a transition into the partial cyclonic circulation first described, the drift 

nature of the circulation being characterised by the gradual lessening of gradients, 

both of temperature and salinity. 

If it be admitted that the surface circulation undergoes the periodic changes 

described, it appears that they follow directly from the seasonal changes in the 

circulation of the atmosphere at the surface, modified by the position and form of 

the land. 

During winter the prevailing winds on the east coast of Canada are north-westerly. 

Large cyclones make their way in continuous succession north-eastward across the 

Atlantic, the region of lowest average })ressure forming a Ijelt from the south-east of 

Greenland, round Iceland, and thence in a north-easterly direction; so that the 

prevailing winds to the right of that belt are west in the central area, south-west 

nearer Europe. Pressure is high, Avith anticyclonic circulation, over the Eurasian 

continent. The Atlantic anticyclone is during the winter months at its smallest and 

weakest, and the AAfiiole ai'ea doAvn to 40° N. is therefore practically under the control 

of the equatorial side of the cyclonic circulation. Under the influence of the strong 

Avinds, Avhich noAvhere form a large angle AAuth tiie coast-line, an immense system of 

surface drifts is developed, the AAarter moving northAvard in the eastern half of the 

basin, and soutliAA^ard in the AA^estern half, AA'hile the main area of purely easterly drift 

is confined to the centre and to loAver latitudes (44). 

The characteristic feature of the Avinter circulation is therefore the purely drift 

nature of the surface currents : it is specially important to notice this in relation to 

the north-eastern part of the area, for the Avater moving nortliAvard betAveen Scotland 

and Iceland is then a Avide surface stream of small depth, consisting of mixed Avaters 

brought from different sources into the central Atlantic area during the preceding 

autumn. 

The transition from AAfinter to summer conditions in the atmospheric circulation 

consists of a gradual increase in size and strength of the Atlantic anticyclone, and 

1’ 
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dimiimtiou in the number 'and energy of the cyclones following the Icelaiid low- 

pres.siire belt. The effect is to weaken t]ie drifts in the higher latitudes, and to 

strengthen them in the south, the latter l)eing sup})orted hy the fall of pressure over 

the North American continent. The fall of pressure over Europe, and the tendency 

of the Atlantic anticyclone to project north-eastwards, causes steady westerly winds 

to })revail over a broad belt in the widest part of the North Atlantic, and the drifts 

accordingly set eastward against the land in much greater volume, and much further 

north, than in winter. Hence there is a e'reat increase in the relief current inovino- 

northward ; this current is known to extend down to 300 fathoms at the Wyville- 

Thomson liidge, and to penetrate far into the Arctic regions (45). 

The enormous cpiantities of warm Atlantic water sent north by this current are 

much more effective than the seasonal warmino- of the air in melting’ the ice of the 

Arctic seas, and the southward movement of the Polar water is apparent in July and 

August. Tlie light variable winds prevalent at that season do not induce any marked 

drift of these waters. 

During autumn the transition phases of spring are reversed : the coast currents 

again become weaker through the changes of wind force and direction due to the 
O o O 

shrinkage of the Atlantic anticyclone, and the drift system is re-established. The 

first result is to spread the Polar waters eastward over the Atlantic area, where they 

are more or less rapidly absorbed by mixture with underlying water; but the mixed 

Avaters may partly or wholly cover over the weakened and retreating coast current 

so well marked in the summer season. 

Tlie additions made to our knowledge of the warm northerly currents in the lijgher 

latitudes of the Atlantic by recent expeditions have been fully summarised and 

discussed by Petterssox since this inve.stigation was begun (46), and the conclusions 

ariived at with ingard to them are fully supported by the extended surface observa¬ 

tions in the lower latitudes, d’he great development of these streams is to be 

accounted for by the transfer of the warm salt waters, sent up along the American 

coast by the Gidf Stream, as surface drifts to the south-western coasts of Europe, 

where they are Ijanked up, stored as it were in a vast resei-voir, fi'oni which they escape 

northwards, southwards, and downwards, filling the whole basin of tlie eastern and 

nortli-eastern Atlantic, and overflowing as northward streams wherever the form ot 

the basin makes it possilJe. Tliese northward currents are })ermanent, hut they 

suffer variations corresponding t(j the changes in the rate at which the drift-water is 

accumulated, and in their more remote branches they have a surface circulation 

superposed vi})ou them—a thermal circulation in the late summer and early autumn, 

and a drift circulation in late autumn and winter. 

Tlie general circulation of the North Atlantic is therefore the result of a large 

number of factors, each of which is subject to wide variation. From a consideration 

of the mean result in its relation to the mean atmosplieric circulation, it appears that 

the oceanic circulafion is directly couti-olled by the winds; the form, position, and 
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intensity of the Avhole of the Atlantic anticyclone, and of the cyclonic area to the 

north of it being taken into acconnt. The movements of water set up directly Ijy 

these systems are modified by, firstly and chiefly, the configiii'ation of the land, and 

secondly by the etfects of melting of ice. 

The precise effects of variations in the atmospheric systems, which must in the first 

instance be regarded as the independent variables, can ])e ascertained to some extent 

by comparing the circulation in the two years 1896 and 1897. The changes in 

circulation required to account for the observed differences in the distril)ution of 

temperature and salinity have already been suggested, hut it seems desirable to state 

them in a more general form before attempting to discuss their causes. 

The principal point to be considered in the early part of 1897 is the weakness of 

the drift circulation compared to 1896. The south-easterly drift from the north- 

u'estern area is weaker, and the surface waters generally are therefore warmer and 

salter. Again, the easterly drift towai'ds Europe is weaker, there is less “ banking 

up ” of water on the lAiropean coast, and the outflow to the north-east and to the 

Irminger current is weaker ; the main easterly drift appears, in fact, to be further 

south than last year, it consists more exclusively of Gulf Sti'eam water, and its 

course is more towards the African coast. 

The differences are of tlie same general type until August, when the large 

delivery southward in the Azores region becomes most strongly marked. The efiect 

of the decreased strength of the northward streams during spring and early summer 

appears in the diminution in the supply of Polar water ; the melting of ice has 

obviously gone on more slowly, and the increase in the fresh-water streams is smaller 

and occurs later. The difference is least marked in the case of the Labrador current, 

which depends least on the warm streams for its supply. 

In the autumn the movement l)ecomes more easterly and northerly, and the direction 

of the easterly drift is more towards the land in the soutli-west of Europe, causing 

more “ banking-up ” and conse(piently stronger noitherly streams than at the corre¬ 

sponding period of 1896. The change, however, comes too late for these .streams to 

produce the enormous melting of ice and consecpient outlk)w of Polar water observed 

in the previous year, and the phase quickly gives way to tlie drift circidation of 

winter. The characteri.stic “ north and south ” feature becomes strongly developed, 

owing to the form of the autumn distribution just noted, and to the absence of 

Polar water spreading over the surface. 

The construction of charts showing the distribution of atmospheric pressure and 

temperature during individual months is a matter of great difficulty. The discussion 

of material obtained from ships’ logs is beyond the resources of the private investi¬ 

gator; the only means of getting at the information required is to utilise the 

monthly averages of observations made at coast stations surrounding the area, or on 

islands situated within it, and to eke out the information obtained with the excellent 

general summaries puljlished in the ‘ U.S. Pilot Chart,’ and the ‘ Bulletin mensuel du 



no MR. H. X. DICKSON ON THE CIRCULATION OF THE 

Bureau mdteorologique de France.’ Even this is a troublesome matter, as it is not 

easy to get all the corrections necessary for rendering the observations fully compar¬ 

able, and many of the data are only published after long delays. 

The simplest method of obtaining an approximate view of the atmospheric con¬ 

ditions prevalent during 1896 and 1897 seemed to be to use the differences of the 

monthly means from the long-period averages at a number of stations, thus avoiding 

all the troublesome reductions to sea-level, and to plot the differences on charts. 

The data for the two years were partly obtained from the publications of the 

meteorological services concerned, l)ut through the kindness of the Director I was 

furnished with the as yet unpublished means for a large number of the stations of 

the Danske Meteorologisk Institut. The long-period means used were those in the 

“ Challenger ” Report on Atmospheric Cii'culation, and the differences are given in 

Table III. 

The anomalies shown by the charts are not, of course, to be regarded as having 

sufficient local accuracy to be worth detailed quantitative discussion ; even if they 

were it would not be possible to deal with them rigorously, for the relation between 

a drift current and the wind which causes it is still quite uncertain. It is necessary 

to look merely at the lu'oader outlines, and to seek for differences which occur con¬ 

sistently over considerable areas and continue for successive mouths. 

The most marked departure from the average distribution of pressure in 1896 istbe 

excess in the lower latitudes during the first half of the year. With the single excep¬ 

tion of the month of June there is continued high pressure from January to August, 

and the excess is greatest to the south and south-west of the British Isles. This 

indicates an unusual extension of the Atlantic anticyclone north-eastwards, and 

consequently stronger and steadier westerly and south-westerly winds, which would 

produce an unusually large easterly surface drift south of the 50th parallel, and 

excessive banking-up of water south-west of Great Britain. Hence we should 

expect all the branches of the northerly current to exceed their usual strength, and 

later in the year to find large supplies of Polar water making their appearance, the 

residt of excessive melting of the Polar ice : this is precisely what the observations 

have shown. 

In January 1896 the area of high barometric pressure extended over Iceland and 

Southern Greenland, the least excess being in the south-western area round Newfound¬ 

land ; but during Febi'uary, March, and April pressure was l^elow the average in the 

north, and the deficiency increased eastwards to form a belt of specially low pressure 

lying along lat. 60° to the Norwegian coast in March. This would lead to abnormal 

easterly drifts from tbe Labrador-Ginenland region during spring, which would 

ultimately join the nortlierly currents on the eastern side. The waters of the 

northerly streams are therefore chiefly derived in winter from the Gulf Stream 

area, while in spring there is an increasing admixture of water from the Labrador 

currents. 
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liuring the midsummer period, pressure was ou the whole above the average ; but 

the dilFereuces did uot lead to any definite disturbance of the normal gradients, and 

so far as the winds are concerned the conditions are to be regarded as normal. 

The months of September and October are characterised by deficient pressures in 

the low latitudes, due to the passage of cyclones from the south-west to the Bay of 

Biscay and the British Isles, and by relatively high pressures in Greenland and 

Iceland. This distribution would give an easterly tendency to the winds in the 

north, and the slowness of the easterly movement of the fresh surface waters derived 

from the ice is therefore probably abnormal. In November the cyclone track moved 

northward, and an anticyclone developed over South-western Europe, conditions 

which would increase the easterly movements in the higher latitudes in the 

Atlantic. 

In December 1896 we find the beginning of a different distribution of pressure, 

which continues, somewhat irregularly, but with little interruption, till August 1897. 

The characteristic feature is pressure above the average in the north and west, and 

below it in the south and south-east, the region of deficient pressure being chiefly 

south and south-west of the British Isles. The Atlantic anticyclone does not therefore 

expand north-eastwards as far as it did in 1896, and the track of cyclones skirting it 

is further south and more directly eastward ; it appears also that the cyclones were 

shallower or less numerous than usual. 

Hence the main easterlv drift is weaker on its northern maroin, and the direction 

of movement is more to the southward, tlie chief region of banked-up ^rater, the 

source of the northward-moving currents, is further south, and the currents receive 

less direct aid from the surface drifts. The relatively high pressure in tlie higher 

latitudes would give weaker westerly winds in the Atlantic, and therefore a weaker 

drift circulation, and less spreading of tlie Labrador stream water eastward. The 

drift delivery northward on the eastern side would lie less, the winds being weaker 

and more westerly ; but, on the other hand, the southward deflection of the main 

cyclone track would increase the easterly component of the winds between Iceland 

and Spitsbergen. The water sent northward by the current from the coast of Europe 

would therefore tend to mix less with the water underlying it, and on reaching the 

Spitsbergen region to drift westwards. We know, as a matter of fact, that an 

unusually large area west and south-west of Spitsbergen was open during 1897 — 

probably the result of the enormous amount of warm water sent up in the preceding 

year, and that the open area was covered to an unusual extent by Atlantic 

water (47). 

The supplies of Atlantic water being smaller, and the ice more remote, in 1897 

than in 1896, the increase of the Polar streams in autumn is much less marked ; hence 

an unusually large area is then occupied by the warmer and salter s-urfajce-waters, 

and this is maintained by the peculiar atmospheric changes which take place in the 

latter part of the year. 
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in September pressure Is somewhat above the average south and south-west of the 

British Isles, l)ut below it over Norway, a phase which would increase the strength 

of the westerly winds, but which is quickly modified by the spreading northward 

the relatively high pressure over nearly the whole of Western Europe, while further 

west ])ressure keeps to the average, or falls a little below it. The gradients are thus 

stronger than usual for southerly winds, and the “ north-and-south ” form of tlie 

winter drift circulation becomes S2)ecially well marked. 

The circulation of waters in the No]Th Atlantic therefore not only follows the 

general seasonal changes in the atmospheric circidatlon, but tlie irregularities in the 

seasonal changes, which in these latitudes may amount to a large fraction of the 

whole, are acconq)anled by irregular variations in the oceanic streams, also amounting 

to large changes in tlie total movement: the oceanic changes bear similar relations to 

tlie atmospheric in both cases. The effect of changes in the direction and force of 

prevailing winds makes itself felt almost Immediately on the “ drift ” circulation, 

wliile the relief currents produced by tlie lianking-up of water are longer in responding, 

and “thermal” currents due to melting of ice liv warm water below the surface take 

longer still. The difference in the time-interval arising in this way must lead to 

a smoothing out of the effects on the deeper movements of water, and it is probably 

onl}^ when unusual conditions pei'sist for a long time, as in the case of the Atlantic 

anticyclone during 189G, that there is any considerable variation in them. 

The principal conclusions may therefore be summed up as follow’s : — 

1. The surface waters along the whole of the eastern seaboard of North America 

north of (about) lat. 30° N., consisting partly of water brought from the equatorial 

currents by the Gulf Stream and parth'" of water lirought down by the Labrador 

current, are drifted eastwairl aci'oss tlie Atlantic towards south-western Europe, and 

banked up against the land outside the continental shelf(48). This continues all the 

year round, but it is strongest in summer, when the Atlantic anticyclone attains its 

greatest size and Intensity ; and the propmdion of Gulf Stream water Is greatest at 

that season. 

2. The drifts in tlie northern })art of the Atlantic area are under the control of the 

cyclones crossing it. The circulation set iqi accordingly reaches its maximum intensity 

In winter, and almost dies out In summer. In the winter the drifts tend to be south- 

eastw^ard from the mouth of Davis Strait, eastward in mid-Atlantic, and north¬ 

eastward in the eastern region. In spring and autumn the movement is more easterly 

over the wliole distance, and a larger quantity of water from the Labrador current is 

therefore carried eastward. 

3. The water banked up in the manner described in (l) escapes partly downwards, 

partly southwards, and jiartly northwards. It occupies the whole of the eastern 

basin of the North Atlantic, and to the north it extends westward to Davis Strait, 

being confined below 300 fathoms dejith by the ridges connecting Europe, the 

Faeroes, Iceland, and Greenland. Above that level it escapes northward by a strong 
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current through the Faeroe-Shetland Channel and between Faeroe and Iceland, and 

by the two branches of the Irminger current, one west of Iceland, the other west of 

Greenland. As it seems desirable that this northerly current should have a distinc¬ 

tive name, it might be well to call it the European stream, and its branches the 

Norwegian, Irminger, and Greenland streams respectively. 

The strength and volume of the European stream is liable to considerable variation, 

according to the form and position of the Atlantic anticyclone, which causes the 

amount of banked-up water and the proportions escaping northwmrd and southward 

to vary. It is also modified by the strength and direction of the surface drifts in its 

course. It is, however, always strongest in summer. 

4. The Norwegian stream is by far the largest branch of the European, and it 

traverses the Norwegian Sea and enters the Arctic Ocean. The warm wmter thus 

sent northward melts enormous quantities of ice, and the fresh water derived from 

the ice moves southward in autumn, chiefly in a wide surface current, between Iceland 

and Jan Mayen, which may entirely cover over parts of the Norwegian stream. Part 

of the surface water also comes soutliward through the Denmark Strait, but the 

amount is much smaller, probably chiefly because the melting of the ice is slower, and 

the channel is longer blocked. 

The Greenland branch of the European stream also causes melting of ice in llavis 

Strait, but the warm winds from the American continent and the large quantity of 

wmter received from the land are i^robably more eftective in increasing the volume of 

the La.brador current. 

5. The water from the melted ice is spread over the surface of the North Atlantic 

during late autumn and winter by the increasing drift circulation, and it is 

gradually absorbed by mixing with the underlying water. 

6. The circulation described is liable to extensive variations corresponding to varia¬ 

tions in the atmospheric circulation. 

The meteorology of the North Atlantic area during tlie period under discussion, 

and the reaction of the oceanic upon the atmospheric circulations, really form part of 

a separate investigation, and will be discussed in anotlier j^aper. Special interest 

attaches to the departures of the monthly temperatures from the mean and their 

relation to the ]U'essure anomalies. One or two important points, however, may be 

touched on. 

Quite recently, Pettersson and Meinardus (49) have shown that a relation exists 

between the mean barometric pressure over an oceanic area during the winter months, 

and the temperature of its surface voters; high temperatures tending to lower 

pressures, and low temperatures to higher pressures. This is jDrobably seen on its 

largest scale in the southern hemisphere, whiere the areas west of the land masses 

(50), supplied with cold water Ijy the Antarctic currents, coincide with the strongest 

developments of tlie southern high-pressure belt. 

It has been showm that the exiDansion north-eastward of the Atlantic anticyclone 
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during the early part of 1896 led to increased strength in the European stream, 

resulting in the delivery of unusually large quantities of warm water by the Norwe¬ 

gian stream, with subsequent excessive melting of Polar ice. Hence at the end of 

1896 the northern seas were covered with water below the average temperature. 

But the characteristic of the first half of 1897 is the relatively high pressure persist¬ 

ing in this region, and the deflection southward of the main cyclone tracks, which is 

therefore probably the result of the low surface temperature in autumn, prolonged 

automatically by the weakness induced in the drift circulation. The presence of 

unusual quantities of warm water below the surface would, on the other hand, keep 

up the melting and retard the formation of ice, and temperature would be above the 

average in the higher latitudes, but below it in the regions usually free of ice because 

of the spreading of the ice-cold water. The influence of the warmer water would 

become gradually more apparent at the surface late in the winter, as the colder waters 

Vv^ere absorbed by mixture. 

The weakness of the Norwegian stream in 1897 and the comparatively oj)en sea 

left in the preceding winter resulted in less melting of ice, and, consequently, a more 

limited distribution of Polar water ; hence in the autumn the warmer water appea.red 

more at the surface, and the result is relatively low pressure over the northern sea 

areas and a rapid development of the drift type of circulation. 

The main result obtained by Petteessox is accordingly confirmed, but the jjroblem 

is complicated by the varying influence of the high-pressure areas to the south and 

over the land. The key to the position seems to be the Atlantic anticyclone, which 

controls the low-pressure areas, both directly and indirectly, by its far-reaching eftect 

on the oceanic circulation; and it seems scarcely likely that the causes modifying 

tliis system are confined to the Atlantic, even if they are to be found at the surface 

at all. 
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Table 1. 

Xo. 
Ship. Date. 

1 1 

Hour. Eat. Long. Temp. X. 
p. from 

X- 
4S15 

Sprengel. 
i 

SO3. 

1 Teutonic. 
1895. 

j Dec. 19 midnight 
N. 

51° 24' 
Ah 

13° 58' ' 10-6 19-79 35-75 
j_ 

2 n 20 noon . 51 22 20 24 11-7 19-68 35-56 -- — 
3 n 35 20 midnight 50 45 26 37 11-1 19-79 35 - 75 -- — 
4 1 

33 21 noon . 50 24 31 40 5-6 19-64 35 - 48 — 1 - 
5 53 21 midnight 49 18 37 28 6-1 19-67 35-54 26 - 45 -- 
6 7 J 22 noon . 48 44 41 25 11-1 19-68 35-56 — — 
1 M 22 midniglit 47 24 44 45 2-8 18-78 33-94 — -00219 
8 53 23 noon . 45 44 50 3 ' 2-8 17-96 32-48 — -00209 
9 >5 33 23 midnight 44 23 55 17 6-1 18-07 32-66 24-23 — 

10 ?? 33 24 Jioon . 43 0 60 39 6-1 17-83 32 - 24 — -00208 
11 35 24 midnight 41 25 65 38 6-7 18-83 34 - 03 _ — 
12 n 3 3 25 noon . 40 22 70 8 8-9 18-90 34-16 — -00217 

13 
1896. 

Jan. 1 midnight 40 22 68 37 2-8 19-22 34-72 
14 33 

2 noon . 41 11 64 11 11-7 19-45 35-14 — — 
U') 33 

2 midnight 42 28 59 34 4-4 17-95 32-46 — -00205 
IG 33 3 8 A.M. . 43 15 56 25 6-1 18-41 33-28 — 
17 n 3 3 3 noon . 43 38 54 45 5-0 18-14 32-79 24-32 -- 

18 35 3 midnight 45 5 49 58 5-6 18-06 32-64 — -00208 
19 3 3 4 8 A.M. . 46 3 46 42 8-3 18-47 33-39 — -- 
20 33 4 noon . 46 34 44 58 6-1 18-58 33-58 — ■- 
21 33 4 midnight 47 53 39 50 12-8 19-82 35 - 80 — -00231 
22 5 > 33 5 8 A.M. . 48 46 36 22 11-7 19-73 35-64 — — 
23 ? 5 5 3 5 noon . 49 19 34 41 11-7 19-67 35-54 — — 
24 ?? 33 5 midnight 50 16 28 59 9-4 19-81 35-79 26-69 — 
25 ?? 3? 6 8 A.M. . 50 37 25 12 8-9 19-70 35-59 ■- 
26 » 3 6 noon . 50 53 23 0 100 19-72 35 - 63 — 
27 3 3 6 midnight 51 8 17 1 11-1 19-67 35-54 — — 
28 3 3 7 8 A.M.'' . 51 18 13 4 11-7 19-68 35-56 — — 
29 5) 33 noon . 51 33 10 44 7-8 19-67 35-54 26-54 — 
30 33 midnight 52 32 0 56 8-3 19-22 34-72 — ■00224 

31 Ethiopia . . 
1895. 

Dec. 22 noon . 55 21 11 19 9'4 19-52 35-27 26 - 28 -00229 
32 1) 33 23 55 1 19 27 10-0 19-59 35 - 40 26 - 34 — 
33 3 3 24 54 1 27 39 8-9 19-39 35-03 — — 
34 )) 55 25 52 31 35 19 7-2 19-31 34-89 — — 
35 n 33 26 50 27 42 27 8-9 18-93 34-21 — — 
3G 33 27 33 47 54 49 30 1-1 17-87 32-31 — — 
37 , 33 28 3 3 45 11 55 35 3-3 17-80 32-19 23-88 ■ -00208 
38 n 33 29 5 3 42 40 60 59 5-0 17-80 32-19 23-82 — 
39 j? 33 30 33 41 5 67 20 8-3 18-24 32-97 24-46 — 
40 j) 33 31 3 3 40 30 72 50 6-7 18-06 32-64 — -00211 

41 5? 

1896. 
Jan. 12 53 40 41 69 32 5-6 18-18 32-86 

42 5? 53 13 33 41 49 63 54 6-7 18-05 32-63 24 - 23 — 
43 '> 33 14 3 3 43 16 58 29 3-9 17-97 32-49 24-26 -00208 
44 JJ 33 15 33 44 54 52 51 3-9 17-92 32-40 — 
45 )} 33 16 33 47 7 47 5 0-6 17-94 32-44 — -00207 
46 )> 33 17 33 49 24 41 32 11-1 19-39 35-03 26-05 — 
47 5) 33 18 33 51 20 35 45 8-3 19-39 35-03 26-04 — 
48 »> 33 19 33 52 58 29 10 7-8 19-32 34-91 — -00226 
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Table I. {continued). 

Lab. 
No. 

1 

Ship. Date. Hour. Lat. Long. Temp. 
p. from 

X- 

4S15 
Sprengel. SO3 

49 ILhiopia . . 
1896. 

Jan. 20 noon . 
N. 

54° 23' 
W. 

21° 42' 10-6 19 58 35 38 26-33 
50 21 55 55 1 13 35 10-6 19 59 35 40 — •00229 
51 22 55 55 16 6 26 7-2 19 32 34 91 25 • 97 •00225 
52 Teutonic. . 16 midnight 51 8 13 39 11-1 19 70 35 59 26-56 — 
53 17 noon . 50 39 19 29 11-1 19 66 35 52 — •00231 
54 1 17 midnight 49 57 23 41 11-1 19 60 35 41 — — 
55 18 noon . 49 14 27 54 5-6 19 67 35 54 — — 
56 18 midnight 47 57 33 22 5-0 19 57 35 36 — •00229 
57 19 noon . 46 40 38 51 7-2 19 69 35 58 — — 
58 19 midniglit 44 45 42 53 16-1 19 81 35 79 26-66 — 
59 20 noon . 42 50 47 55 5-6 18 23 32 95 24-52 •00214 
60 ♦ n 20 midnight 42 13 53 21 12-8 19 65 35 50 — — 
61 21 noon . 41 35 58 48 11-1 19 88 35 91 -- •00234 
62 21 midnight 41 23 63 44 10-0 19 71 35 61 — — 

63 22 noon . 40 37 68 46 7-2 18 38 33 22 — — 
64 29 Oft' Sand v 0-0 17 76 32 11 23-91 •00207 

65 29 midnight 
Hook 

40° r 
L. ^ 
68° 36' 6-1 18 48 33 41 

66 30 noon . 40 36 64 2 17-2 20 10 36 30 — — 
67 30 midnight 40 59 59 59 12-2 19 48 35 19 — — 

68 31 noon . 41 23 53 15 6-1 18 87 34 10 — •00221 
69 31 midnight 42 38 49 9 6-1 18 51 33 46 24-75 — 
70 Feb. 1 noon . 43 54 44 22 12-8 19 77 35 72 — 
71 1 midnight 45 38 39 34 13-9 19 82 35 80 26-66 — 
72 2 noon . 47 20 34 46 11-1 19 64 35 48 — •00231 
73 2 midnight 48 33 29 15 10-0 19 76 35 70 — — 
74 • 1 3 noon . 49 46 23 43 11-7 19 63 35 47 — — 

75 3 midnight 50 31 18 0 11-1 19 70 35 59 — 
76 4 noon . 51 17 12 .16 11-1 19 69 35 58 — -- 

77 Laura. Jan. 24 11 A.M. . 59 52 3 20 7-6 19 49 35 21 — — 

78 24 10 P.M. . 60 49 5 5 8-0 19 57 35 36 — •00229 
79 25 6 A.M. . 61 42 6 4 6-5 19 47 35 17 — •00226 ' 
80 26 11 A.M. . 61 52 6 15 6-0 19 14 34 58 25-79 — 
81 Feb. 1 55 62 8 6 20 6-2 19 39 35 03 — — 
82 11 3 2 P.M. . 62 28 7 2 6-2 19 46 35 15 — — 
83 3 10 P.M. . 62 36 9 30 8-0 19 54 35 30 — — 
84 4 11 A.M. . 62 39 12 55 8-0 19 54 35 30 26 - 39 — 
So 4 10 P.M. . 62 42 15 1 8-2 19 60 35 41 — — 
86 5 11 A.M. . 62 54 17 45 8-0 19 56 35 34 — — 
87 5 10 P.M. . 63 19 19 46 8-0 19 55 35 32 — — 
88 6 11 A.M. . 63 17 20 18 7-0 19 48 35 19 — — 
89 6 4 P.M. . 63 35 22 0 6-0 19 36 34 98 — •00224 
90 6 10 P.M. . 64 0 23 2 5-5 18 18 32 86 24-41 •00212 , 
91 11 7 1 A.M. . 64 18 22 45 4-5 19 30 34 87 — •00225 ! 
92 11 8 A.M. . 64 17 22 42 4-2 18 91 34 17 — •00220 
93 11 noon . 64 1 22 59 5-0 18 35 33 17 24 - 66 — 
94 11 10 P.M. . 63 21 15 6-8 19 54 35 30 — — 
9.5 12 7 A.M. . 62 45 19 18 7-2 19 55 35 32 — — 
96 12 noon . . 62 40 18 10 7-8 19 50 35 23 — — 
97 12 10 P.M. . 62 32 15 23 8-1 19 55 35 32 — •00228 j 
98 13 7 A.M. . 62 26 12 31 8-0 19 54 35 30 — -00229 
99 13 noon . 62 31 11 3 8-0 19 53 35 28 26-28 : •00227 1 

100 13 10 P.M. . 62 33 7. 55 , 7-2 19 53 35 28 — 
101 14 7 A.M. . 62 35 6 58 ' 7-0 , 19 50 35 23 — 1 

j 
102 15 >5 62 9 6 20 6-7 j 19 47 35 17 , - 1 - 1 
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Table I. {continued). 

1 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. 
1 

X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

1896. 7s 7. W. 1 
103 Laura . . Feb. 15 10 P.M. . 61 Ml' 5° 15' 7 0 1 19-49 35 21 — — 
104 16 7 A.M. . 60 8 3 31 8 3 19-61 35 43 26-48 — 
105 16 ' noon . 59 40 2 25 8 

0 19-52 35 27 — — 
106 Teutonic. . 13 midnight — 8 9 i 19-77 35 72 — — 

' 107 14 noon . 50 39 20 49 10 6 19-66 35 52 — — 
108 14 midnight 49 39 25 58 11 7 ^ 19-69 35 58 — — 
109 15 noon . 48 40 31 7 12 2 , 19-71 35 61 — 
110 11 15 midnight 47 18 35 37 9 4 1 19-71 35 61 — -00231 

i m 16 noon . . 45 57 40 7 11 7 1 19-67 35 54 — — 
! 112 >5 16 midnight 44 18 44 30 11 7 1 19-14 34 58 — — 

113 M 17 noon . 42 40 48 53 8 9 ; 18-69 33 78 

OC 
0

 -00219 
’ 114 11 17 midnight 42 6 53 41 5 0 ' 19-08 34 47 _ j _ 

, 115 18 noon . 41 32 58 50 11 1 i 19-38 35 01 -00228 
1 116 ?? 18 midnight 41 2 64 3 11 1 19-36 34 98 — 
! 117 1 * 19 noon . 40 32 69 36 3 9 ' 18-26 33 00 —. -00214 
! 118 ^ ? 11 19 midnight oft' Fire Island - 1 1 18-02 32 58 — — 
: 119 5^ n 26 11 

— _ 2 2 17-54 31 71 23-46 — 
120 11 27 noon . 40 33' 64° 14' 15 6 2019 36 46 27-21 -00237 

1 121 27 midni.ght 40 56 59 21 10 0 19-40 35 05 26-06 — 
122 28 noon . 41 20 54 28 10 0 20-09 36 29 — -00235 
123 >> 1 28 midnight 42 13 50 20 5 0 19-19 34 67 25 -75 i 

i 124 29 noon . 43 6 46 12 15 6 19-98 36 09 26-91 
125 29 midnight 44 51 41 43 15 6 19-92 35 98 — — 

1 126 n ^lar. 1 noon . 46 36 37 13 13 9 19-77 35 72 — -00231 
! 127 1 midnight 47 44 31 50 12 8 19-73 35 64 — — 1 

128 11 11 
2 noon . 49 13 26 27 12 2 19-71 35 61 — — 

129 1 2 midnight 50 6 21 0 11 1 19-71 35 61 -00233 
130 11 3 noon . 50 31 15 33 11 1 19-75 35 68 — 
131 11 11 3 midnight 51 3 11 56 10 6 19-97 36 07 
132 Ethiopia . . Feb. 2 noon . . 55 6 14 55 10 0 19-65 35 50 26-43 
133 11 11 3 54 7 22 49 10 6 19-62 35 45 — --- 

1 134 11 11 4 11 53 22 28 46 8 3 19-36 34 98 — — 
135 ,, 11 0 11 51 53 34 35 7 2 19-25 34 78 — -00224 
136 5 ’ 6 11 50 8 39 48 11 1 19-62 35 45 — — 
137 11 7 1 47 49 45 26 2 8 18-74 33 87 — — 

1 138 1^ 11 S 11 45 26 50 28 2 8 17-92 32 40 24-10 -00211 
139 1 • 9 44 11 54 17 1 7 18-35 33 17 — — 
140 ,, 10 42 58 60 14 4 4 18-37 33 20 ■-- — 

141 11 • 1 11 ’ 41 58 62 34 3 9 18-28 33 04 -- — 
142 11 11 12 41 12 64 49 5 0 18-40 33 26 24-74 — 

143 11 11 13 40 41 69 5 4 4 18-23 32 95 — -00215 
144 11 23 i 40 34 68 13 4 4 18-15 32 80 — — 
145 11 24 j 41 38 61 50 2 8 18-00 32 54 — — 
146 •1 11 25 42 31 55 37 3 9 18-28 33 04 — -00216 
147 11 11 26 43 43 49 29 0 

mJ 8 17-93 32 42 24-06 — 
148 ,, 11 27 46 29 44 4 3 9 18-68 33 76 25 - 08 — 

149 11 11 28 49 0 38 12 11 1 19-52 35 27 — -00231 
150 11 11 29 51 9 31 32 9 4 19-35 34 96 — — 
151 11 Mar. 1 52 53 24 10 9 4 19-42 35 08 — — 

152 11 11 2 54 15 16 26 10 0 19-57 35 36 26 - 39 — 
153 11 „ 3 

1895. 

11 55 17 8 33 8 3 19-42 35 08 -00227 

154 Loughrigg 
Holme 

Dec. 29 11 51 10 9 16 10- 3 19-57 35 - 36 -- 
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Table 1. {continued). 

Lab. 
No. 

Shi}). Date. Hour. Eat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

1895. b . W. 
155 Lon^hriaiej Dec. 30 noon . . 49’ 41' 13° ir 11 •8 19 •63 .35- 47 — •00228 

Holme 
156 n „ 31 yy 48 12 16 57 11 •8 19 •63 .35- 47 26-40 — 

1896. 
157 .Ian. 1 yy 46 31 21 15 13 . o 19 76 35 70 26-61 — 
158 1 8 P.M. . 45 51 2'2 41 12 ■9 19 71 35 61 — — 
159 o ,, ^ 4 A.JI. . 45 6 24 16 12 ■7 19 73 35 64 — •00229 
160 o noon . 44 20 25 53 13 •8 19 80 35 77 — — 
161 •) 8 r.:\r. . 43 34 27 02 13 •4 19 81 35 79 — — 
162 „ 3 4 A.M. . 42 49 28 48 13 •9 19 89 35 93 — — 
16.3 „ 3 noon . 42 4 30 14 14 •4 19 86 35 88 — — 
164 n 3 8 P.M. . 41 19 31 35 14 •6 19 87 35 89 — 
165 „ 4 4 A.M. . 40 32 32 47 14 •0 19 87 35 89 — 
166 noon . 39 47 33 59 15 •8 20 02 36 16 26-96 — 
167 Eel). 15 >5 41 14 49 *>2 13 ■0 19 60 .35 41 _ — 
168 „ 15 midnight 41 59 47 13 14 •0 19 82 35 80 — •00233 
169 „ 16 noon . 42 41 45 10 13 •9 19 75 35 68 — — 
170 16 midnight 43 26 43 6 15 •6 19 96 36 05 26-82 — 
171 17 noon . 44 16 40 54 14 •6 19 81 35 79 — •00226 
172 17 midnight 45 9 39 0 14 ■4 19 76 35 70 — — 
173 1 > „ 18 noon . 45 53 36 45 13 •1 19 75 35 68 -- — 
174 18 midnight 46 25 34 13 12 * 2 19 75 35 68 — — 
175 ., 19 noon . 46 53 32 0 12 ■ 2 19 68 35 56 — 
176 19 midnight 47 23 29 40 12 •6 19 73 35 64 26-58 
177 ., 20 noon . 47 59 27 9 12 •1 19 66 35 52 -- •00229 
178 „ 20 miilnight 48 17 24 40 11 ■8 19 74 35 66 -- — 
179 21 noon . 48 20 22 11 11 i 19 64 35 48 -- — 
180 „ 21 midnight 47 55 19 48 11 •3 19 71 35 61 --- — 
181 OO noon . 47 53 17 28 11 • 7 19 69 35 58 --- 
182 .') .■> midnight 48 25 15 20 11 •6 19 68 35 56 --- -- 
183 „ 23 noon . 49 0 12 54 11 * 7 19 67 35 54 •00229 
184 Laiir.'i Mar. 7 6 A.M. . 59 42 ») 38 6 '5 19 52 35 27 26-23 
185 V 7 noon . 60 1 3 13 8 •0 19 70 35 59 - - 
186 ,, i 10 p.jr. . 60 47 4 52 8 ■0 19 59 35 40 — - — 
187 8 6 A.M. . 61 37 6 o o OO 6 * 3 19 49 35 21 — - _ 
188 „ 12 10 ]'.M. . 62 27 7 45 6 * 2 19 50 35 23 26-30 — 
189 1 y ., 13 6 A.M. . 62 40 10 25 7 • o 1!) 50 35 23 — . — 
1 90 ' y „ 13 noon . 62 47 12 49 7 •6 19 52 35 27 — _ 

191 y y „ 13 10 P.M. . 63 4 16 27 h- 
{ ■4 19 50 35 23 - - 

192 y y „ 14 6 A.M. . 63 17 19 21 7 ■4 19 50 35 23 - — 
193 y ^ „ 14 noon . 63 34 21 10 6 . O 19 48 35 19 26-22 •00229 
194 y) „ 14 10 P.M. . 64 23 0 4 ■ 2 19 23 34 7 4 •00226 
195 M 17 6 A.31. . 64 12 0 2 10 0 •5 18 81 34 00 •00222 
196 „ 17 neon 64 4 OO 24 0 ■ 7 18 85 34 07 — •00222 
197 19 63 46 o*> 41 5 •4 19 26 34 80 •00227 
198 „ 19 10 P.3r. . 63 23 20 42 6 •4 19 48 35 19 •00226 
199 ^ y „ 20 6 A.31. . 63 1 19 41 7 •5 19 51 35 25 — 

200 y y „ 20 noon . 62 54 18 50 7 •6 19 49 35 21 — 
201 yy „ 20 10 P.M. . 62 46 17 24 7 •6 19 51 35 25 26-25 — 

202 21 6 A.3t. . 62 37 16 18 7 •8 19 49 35 21 — 
203 „ 21 noon , 62 13 14 27 •9 19 52 35 27 — — 
204 ,, 21 10 P.IA. . 62 11 11 55 7 •9 19 53 35 28 26 • 22 — 
20.5 00 

yy 6 A.31. . 62 15 9 0 1 ■ 7 19 53 35 28 — — 

206 1' OO noon . 62 16 7 35 6 •8 19 48 35 19 — — 



SURFACE WATERS OF THE NORTH ATLANTIC OCEAN. 121 

Taljle I. {coiitinued). 

Lab. 
1 No. 

Ship. Date. Hour. Eat. Long. Temp. X. 
p. from 

X- 

4S15 

Sprengel. 
SO3. 

1896. h S . W. 
207 Laura Mar. 23 noon . . 62' 10' 6' 15' 6 0 19 45 35 14 — -- 

' 208 5? 55 24 10 r.M. . 61 34 6 20 6 4 19 47 35 17 — — 

209 5) 25 6 A.M. . 60 50 5 14 7 0 19 53 35 28 — -- 

i 210 25 noon . . 60 10 3 46 8 2 19 57 35 36 26 • 34 — 

211 Teutonic. . 12 midnight 51 7 14 19 11 1 19 64 35 48 — — 

212 13 noon . 50 42 20 48 11 1 19 58 35 38 — -00231 
213 51 13 midnight 49 35 26 36 10 0 19 60 35 41 — — 

2U 55 14 noon . . 48 28 32 25 11 1 19 70 35 59 — — 

215 14 midnight 46 48 37 47 10 6 19 4o 35 14 — — 

' 216 55 15 noon . 45 7 42 10 6 7 19 92 35 98 26-89 — 

217 15 midnight 43 42 46 29 1 1 18 64 33 69 25-03 — 

218 16 noon . 42 17 51 48 3 9 18 31 33 10 — 

219 55 16 midnight 41 54 57 0 6 7 IS 37 33 20 -- -00218 
220 17 noon . 41 20 62 12 6 7 18 58 33 58 — — 

221 
5 5 17 midnight 40 57 66 59 4 4 19 10 34 51 — — 

222 55 18 noon . 40 33 71 47 4 4 18 46 33 37 — — 

223 55 25 midnight 40 16 68 30 5 6 18 25 32 98 24-51 -00216 
224 55 26 noon . 40 31 64 12 8 9 18 90 34 16 — -00223 
225 55 26 midnight 40 55 59 34 13 3 19 17 34 63 — — 

226 55 27 noon . . 41 16 54 57 14 4 19 66 35 52 — -C0233 
227 

5 5 27 midnight 42 23 50 4 10 6 19 03 34 39 25-57 — 

228 28 noon . 43 30 45 12 15 0 19 85 35 ^6 26-70 — 

229 28 midnight 45 14 40 0 0 13 3 19 50 35 23 — •00233 
230 29 noon . 46 58 35 32 13 3 19 72 35 63 — — 

231 29 midnight 48 16 30 45 12 2 19 65 35 50 — 

232 30 noon . 49 34 24 48 11 7 19 71 35 61 --. 

233 5 5 30 midnight 50 26 18 54 11 7 19 72 35 63 - - 

234 31 noon . 51 9 13 1 11 7 19 65 35 50 
235 Ethiopia. 14 51 

51 58 14 17 10 0 19 51 35 25 - - 

236 15 53 57 20 48 10 6 19 50 35 23 — . . - 

237 16 52 54 25 56 8 9 19 20 34 69 — — - 

238 17 51 41 30 13 10 6 19 59 35 40 — — 

239 18 50 16 35 17 11 1 19 48 35 19 - - •00230 
240 19 49 11 36 19 11 1 19 67 35 54 — •-- 

241 20 48 14 39 8 11 1 19 68 35 56 — — 

242 21 46 9 45 7 5 0 18 59 33 60 — 

243 22 44 00 50 40 2 8 17 81 32 21 23-90 •00210 

244 23 43 0 0 56 48 3 9 18 21 32 91 — -- 

245 24 42 0 63 36 0 8 18 02 32 58 — — 

246 25 40 24 70 5 3 3 18 07 32 66 — •00212 

247 29 40 28 69 0 3 9 18 26 33 00 — — 

; 248 30 41 28 63 2'^ 0 
8 17 80 32 19 23-89 — 

i 249 31 42 20 58 17 8- 
i 8 18 75 33 89 25-18 --■ 

I 250 5 5 Apr. 1 42 50 54 30 0 O 18 15 32 80 24-32 •00214 
1 251 2 44 28 49 0 0 0 18 17 32 84 26-43 — 

: 252 55 

o 
O 46 54 43 44 3 9 18 80 33 98 — ■- 

253 4 49 17 37 46 13 3 19 62 35 45 •00230 
254 5 51 23 30 57 11 1 19 38 35 01 ■- 

255 6 53 8 23 34 11 1 19 48 35 19 — — 

256 7 54 30 16 19 10 6 19 52 35 27 — — 

2.57 '5 8 55 19 8 5 9 4 19 22 34 72 — •00221 

258 , Monarch. . Feb. 13 50 214 0 33 8 3 19 55 35 32 — — 

259 14 52 124 5 19 9 4 19 45 35 14 — — 

260 ! 15 52 564 4 43| 8 3 19 40 35 05 — — 

1 261 

VOI 
! „ 

-. cxcvr.—A 
55 16 55 52 56|- 4 

R 

32 8 3 19 34 34 94 
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Table I. (contmued). 

i 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 

4S15 

Sprengel. 

, 

SO3. ; 
I 

262 Monarch. . 
1896. 

Feb. 17 noon . . 
N. 

52°3U-' 
IV. 

5° 42' 8 3 19 35 34-96 
263 99 18 99 52 13f 6 18 8 9 19 33 34-93 — — 

261 99 19 52 17 6 31 8 3 19 13 34-56 — -00226 
265 20 52 13 6 141 9 4 19 33 34-93 — — 

266 
99 21 ,, Off Passage 10 0 14 91 27-02 19-83 -00174 

267 ?? 99 23 8 9 11 47 20-82 15-06 -00134 
268 n 99 24 7 8 19 38 35-01 26-04 — 

289 ?? Mar. 1 56° 17' 5° 49f' 
f” 
/ 8 18 89 34-14 — — 

270 99 
2 

9 9 57 13 5 391 7 8 18 63 33-67 — — 

271 M 99 3 57 571 5 45 7 2 18 95 34-24 — — 

272 n 99 4 9 9 58 55 3 141 7 2 19 14 34-58 — — 

273 9 5 9 9 Cairstoin Rd., 6 7 18 84 34-05 — — 

274 n 9' 6 

Strom 
58° 43' 

ness 
3° 0' 6 7 19 16 34-62 

275 7 9 9 Leith Roads 6 1 17 80 32-19 — _ 
276 8 — — 6 1 17 92 32-40 — 

277 9 _ _ 5 6 17 85 32-28 — _ 

278 99 10 9 9 
-- — 5 6 — — — 

279 11 Incli Ivei til Lt. Ilo. 6 7 18 59 33-60 — — 

280 12 

N. G2;-“ E. 
3 A.y. 

Leith 

(true) (list. 

Roads 5 6 18 60 33-62 

281 ?? 13 53^371' 
E. 

0°40' 7 8 18 71 33-82 
282 n 21 Zandvo ort T E. 7 8 11 97 21-73 15-81 — 

283 0 0 52° 25' 4° 8' 6 7 18 55 33-53 — — 

284 n 99 24 52 21-1 3 41 7 8 IT 82 32-22 — — 

285 Apr. O 
O 50 421 0 10 8 9 19 46 35 -15 — — 

286 n 4 50 13 
Mb 

5 541' 10 6 19 67 35-54 26-47 -00230 
287 ?) 5 51 231 5 58 8 9 IS 90 34-16 — -- 

288 Frolic 0 59 30“ 6 10 7 8 19 44 35-12 -- -00230 
289 99 

o 
6 I’.M. . 60 0 7 56 8 9 15 57 35-36 — — 

290 JJ 99 3 6 A.M. . 60 50 10 53 9 4 19 48 35-19 — — 

291 99 99 3 noon . . 61 10 12 3 9 4 19 45 35-14 — -00230 
292 9 9 9 3 6 P.M. . 61 40 13 46 8 9 19 17 35-17 — 

_ 

293 9 9 99 4 6 A.M. . 62 .30 16 48 8 9 19 46 35-15 — 

294 9 9 '9 4 noon . 62 40 17 28 8 9 19 45 35-14 
295 99 99 4 6 I’.IM. . 63 0 18 42 8 3 19 41 35-07 26-05 — 

296 9 9 6 A.m. . 63 10 19 18 7 8 19 33 34-93 — 

297 9 9 99 5 noon . 63 20 19 55 7 8 19 36 34-98 26-01 — 

298 9 9 17 63 30 20 16 8 9 19 42 35-08 26-14 ■— 

299 99 99 17 6 r.M. . 63 10 19 9 8 9 19 43 35-10 ■-- -00230 
300 99 99 18 6 A.M. . 62 20 16 8 8 9 19 43 35-10 26-11 — 

301 99 9 9 18 noon . 61 50 14 18 8 9 19 45 35-14 — — 

302 99 99 18 6 r.M. ’. 61 10 11 56 8 9 19 14 34-12 — — 

303 99 19 6 A.M. . 59 50 7 14 8 9 19 44 35-12 — -00230 
304 99 99 19 noon . 59 30 6 5 10 0 19 50 35-23 26-23 — 

305 99 99 19 6 r.M. . 59 0 4 25 9 4 19 03 34-39 — — 1 

306 99 99 20 6 A.M. . 57 40 _ 8 3 19 17 34-63 — — ! 
307 99 99 20 noon . 56 30 —, 8 9 19 17 34-63 — — 

308 99 20 6 ]>.M. . 55 40 — 8 9 19 16 34-62 ! — -00226 
309 Teutonic. . 99 10 noon . 50 39 19 58 11 1 19 59 35-40 j — -00232 
310 99 99 10 midnight 49 43 27 14 12 0 19 04 35-48 — — 

311 99 9 9 11 noon . 48 47 34 31 12 2 19 58 35-38 ' — - ; 
312 99 99 11 midnight 47 17 37 1 13 3 19 83 35-82 26-63 — : 



SITEFACE WATEES OF THE NOETH ATLANTIC OCEAN. 123 

Table I. {continued). 

Lalj. 
No. 

Ship. Date. 

1 

Hour. 
1 

Lat. Long. Temp. X- 

1 

p. from 

X- 
4S15 

Sprengel. 

0
 

0
2

 
1 ! 

1 
1 
■ 313 ! Teutonic 

1896. 
Apr. 12 

j 
noon . 

> 

45 ^47' 
i W. 
! 41°32' 13-3 19-59 

j 
.35-40 

314 1 ” 12 midnight 44 5 47 20 8-3 18-68 I 33-76 — — 
' 315 13 noon . . 1 42 24 51 8 8-3 18-31 33-10 — — 
^ 316 13 midnight 41 52 56 38 10-0 20-10 36-30 — — 

317 14 noon . 41 20 62 8 5-6 18-30 33-08 — -00216 
' 318 14 midnight 40 57 67 37 6-1 18-17 i 32-84 i __ — 

319 15 noon . 40 34 73 7 7-8 17-72 i 32-04 23-71 — 
320 22 midnight 40 9 69 47 ' 6-7 18-36 j 33-19 — -00215 

i 321 23 noon . . 40 27 65 37 7-2 , 18-46 ! 33-37 ' - -00217 
' 322 5? 23 midnight 40 53 60 43 ' 11-7 1 19-65 35-50 26-43 — 
, 323 24 noon . 41 19 55 48 16-7 20 - 25 1 36-57 27-17 -00238 

324 n 24 midnight 42 10 50 56 6-1 18-47 ' 33-39 24-93 — 
: 325 ?? 25 noon . 43 1 46 3 16-7 20-01 ' 36-14 _ — 
; 326 ? > 25 midnight 44 51 41 18 12-8 19-78 35-73 — -00233 
1 327 91 26 noon . 46 41 36 33 13-3 19-77 35-72 _ — 
i 328 11 26 midnight 48 0 31 11 12-2 19-71 35-61 — — 
1 329 11 27 noon . 49 19 25 50 13-3 19-65 35-50 — — 

330 11 27 midnight 50 17 20 0 10-0 19-74 35 - 66 — 
- 331 11 28 noon . 51 16 14 14 12-2 19-63 35 • 47 _ — 

332 Capricornus. 14 1.30 r.M. 59 24 4 25 8-1 19-40 35 • 05 _ — 
333 11 15 8 A.M. . 61 11 7 23 7-2 19-45 35-14 _ -00230 

■ 334 11 15 1.30 i-.M. 61 42 8 55 7-5 19-47 35-17 — 
335 11 15 7 P.M. . 62 15 10 23 7-5 19-45 35-14 — — 
336 11 16 8 a.:m. . 63 15 14 4 7-8 19-43 35-10 — 
337 11 16 2 P.3I. . 63 46 15 42 6-7 19-39 35-03 — — 
338 11 16 9 p.:u. . 63 37 17 0 7-2 19-40 35 - 05 26-08 — 

339 11 17 8 A.M. . 63 28 17 53 5-8 18-65 33-71 25 - 00 — 
340 11 18 63 0 0 20 23 6-4 19-38 35-01 — -00229 
341 11 19 noon . 63 22 20 23 6-1 19-29 34-86 _ — 
342 11 20 63 22 20 23 6-1 19-29 34-86 _ — 
343 11 21 63 22 20 23 6-4 19-30 34-87 — — 

344 11 22 63 22 20 23 6-1 19-28 34-84 — — 

345 11 23 63 22 20 23 6 A- 19-29 34-86 — — 
346 11 24 63 22 20 23 6-7 19-28 34-84 25 - 90 --- 
347 11 25 7 P.M. . 63 42 16 55 7-2 18-26 33-00 24-48 -00216 
348 11 26 8 a.:m. . 63 50 16 11 7-8 19-42 35-08 26-11 — 
349 11 26 noon . . 63 50 16 11 8-1 19-42 35-08 — -00228 

; 350 11 26 6 P.M. . 63 50 16 11 8-1 19-42 35 • 08 — — 
351 11 27 8 A.M. . 62 39 11 6 8-1 19-41 .35-07 — — 

352 11 27 noon . 62 18 9 37 8-3 19-46 .35-15 — -00230 
353 11 27 6 P.M. . 61 57 8 0 7 * 8 19-46 .35-15 — — 
354 11 28 8 A.M. . 60 30 5 35 8-0 19-47 35-17 — — 
355 11 28 noon . . 60 0 4 45 9-7 19-52 35-27 — -00229 
356 11 28 6 p.jr. . 59 24 3 54 8-6 19-47 35-17 _ — 

357 Hercules. . 24 7.30 A.M. 59 50 6 10 14-7 19-52 35-27 _ — 
358 11 24 1 P.M. . 60 11 7 8 11-4 19-52 35-27 — — 

359 11 24 7.30 P.M. 60 38 8 25 8-6 19-52 35-27 --- — 

360 11 25 8.30 A.M. 61 20 10 48 8-3 19-52 .35-27 — — 
361 11 25 4 P.M. . 61 44 12 6 8-3 19-48 35-19 1 — — 
362 11 25 8 P.M. . 62 3 13 6 8-3 19-46 35 -15 — — 
363 11 26 8.30 A.M. 62 49 15 6 8-3 19-47 35-17 _ 
364 11 26 noon . . 63 6 16 30 8-3 19-47 35-17 - . — 
365 11 26 5 P.M. 63 45 22 45 8-3 19-39 35-03 --- 1 — 
366 11 27 4 P.M. . 64 47 24 11 4-3 19-07 34 - 46 — — 
367 11 1 ^ 27 7 P.M. . 64 57 24 15 4-3 19-07 34-46 — 

B 2 
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Table 1. {continued). 

Lab. 
X’o. 

1 

Ship. Date. Hour. Lat. Long. Temp. y. 
p. from 

X- 

481; 

Sprengel. 
so. ’ 

1 1896. X. w. 
1 

j 368 Hercules. . Apr. 28 noon . G4' 47' 24° 12' 4 3 19 09 34 49 — — 
i 369 28 6 F.:\r. . G4 57 24 15 4 3 19 07 34 46 — — 

! 370 „ 29 10 a.m. . G4 57 24 15 4 3 19 08 34 47 — — 

371 ? ? 29 5 P.M. . G4 47 24 12 4 3 19 06 34 44 — — 

372 'I ? 30 2 P.M. . G4 57 24 15 4 3 19 07 34 46 — _ 1 

373 n 30 8 P.M. . G4 47 24 12 4 3 19 07 34 46 — — 

374 -May 1 3 P.M. . G4 57 24 15 4 3 19 08 34 47 — — 

375 0 9 P.M. . G4 47 24 12 4 3 19 06 34 44 — — 

37 6 3 4 P.M. . GG 8 24 20 2 8 19 06 34 44 — — 

377 4 8 P.5,1. . GG 7 24 20 2 8 19 06 34 44 — — 

378 5 10 A.M. . GG 25 21 0 2 S 19 07 34 46 — — 

379 „ 6 4 P.5r. . G3 27 19 24 6 5 19 41 35 07 — — 

380 n 7 7 P.M. . G2 27 19 24 6 5 19 41 35 07 — — 
381 8 uoon . G2 45 16 50 8 3 19 42 35 08 — — 

382 8 4 P.5r. . G2 26 15 27 8 9 19 45 35 14 — — 

383 n 8 9 P.5r. . G2 8 14 IS 8 9 19 41 35 07 — — 

384 1 > 9 9 A.]\I. . G1 38 11 45 10 0 19 51 35 25 — 

385 9 5 P.5I. . GO 52 9 38 10 0 19 50 35 23 — — 
386 9 9.30 P.M. GO 30 8 30 10 0 19 47 35 17 — _ 

387 Ethiopia. . xVpr. 18 noon . . 54 46 13 29 10 6 19 54 35 30 — — 

388 n 19 53 26 20 35 10 6 19 53 35 28 — 

389 20 51 43 27 25 11 1 19 53 35 28 — — 

390 21 49 44 33 21 12 2 19 64 35 48 — -00230 
391 "I ? 22 47 57 38 6 11 i-f 

1 19 59 35 40 — — 
392 23 46 11 42 24 12 2 19 54 35 30 26-31 — 
393 24 5 5 44 17 46 50 4 4 18 43 33 32 — -00214 
394 n 25 42 59 53 7 2 8 18 20 32 90 -- — 

395 ? ? 26 42 35 59 57 3 9 18 10 32 72 — — 

396 M 26 41 21 66 39 0 18 07 32 66 24-32 — 

397 n 28 40 25 73 32 / 0 17 66 31 9.3- ■- •00208 
398 ? 1 iMay 3 5 5 40 30 68 18 6 / 18 10 32 72 ,—• — 

399 n 4 40 36 62 10 19 4 19 93 36 00 — — 

400 5 41 14 55 38 18 9 20 05 36 21 27-06 •00233 
401 'I > 6 41 42 48 53 14 4 19 54 35 30 — 
402 f-r 

i 44 43 43 29 13 9 19 66 35 52 28-49 
403 5 ? 8 *5 47 25 38 8 12 o 

w 19 47 35 17 -- 

, 404 i ^ 9 49 39 32 6 11 1 19 35 34 96 26-11 -- 

‘ 405 1 ^ 10 51 56 25 28 12 8 19 47 35 17 — •00228 
' 406 5 1 11 5 5 53 42 17 54 12 2 19 53 35 28 — — 

407 , , 12 55 8 10 15 12 8 19 53 35 28 -- — 

i 408 Frolic Apr. 27 6 A.M. . 59 10 5 3 10 0 19 48 35 19 — •00231 
409 55 27 noon . 59 40 6 44 10 0 19 50 35 23 — — 

410 27 6 P.M. . 60 10 8 30 9 4 19 53 35 28 — 

411 
5 5 28 6 A.M. . G1 10 12 0 8 9 19 45 35 14 — ■ 

412 ,, 
55 28 noon . G1 35 13 26 8 9 19 45 35 14 — 

413 5 5 55 28 6 P.5r. . 62 0 15 3 8 9 19 47 35 17 — — 

414 >•5 '5 29 G A.5r. . G2 40 17 26 8 3 19 46 35 15 — -- 

415 55 29 noon . 63 0 18 41 8 3 19 40 35 05 26-07 — 

416 J ) 55 29 6 P.jr. . 63 10 19 IS 8 9 19 15 34 60 25-74 •00226 
417 M 55 30 6 A.5r. . 63 25 19 54 8 3 19 40 35 05 — — 

418 ? ? 55 30 noon . 63 25 20 2 8 9 19 45 35 14 - - — 

419 55 30 G P.5r. . 63 25 20 8 8 9 19 45 35 14 — — 

420 5 5 M’av 4 G .\.5I. . 64 30 23 8 7 • ) 19 38 35 01 — — 

421 5 * •5 4 noon . 64 50 24 24 6 t 19 39 35 03 -- — 

422 5 5 ,, 4 G P.M. . 65 10 24 10 6 7 19 34 34 94 — — 
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Table 1. {continued). 

1 
Lab. 

; No. 
i 

j Ship. Date. 1 Hoiu*. 
1 

1 

Eat. 
1 

Long. Tern]?. 

1 

1 

X- 
p. from 

X- 

rt 

4^15 
Sprengel. 

SO3. 

i 

423 

1 

: Frolic. . . 
1896. 

May 5 6 A.M. . 
N. 

65° 10' 
Mb 

24° 20' 5-6 19-27 34-82 
424 i 

)! 5 noon . 65 30 24 56 6-7 19-28 34-84 — _ 

425 n „ 8 1) 65 50 24 48 6-7 19-28 34-84 — — 

426 „ 9 6 A.M. . 64 0 23 46 7-8 19-31 34-89 25-97 •00228 
427 „ 9 noon . 63 40 23 30 7-8 19-09 34-49 25-57 _ 

428 „ 9 6 P.M. . 63 0 1 20 16 9-4 19-47 35-17 26-18 
429 n „ 10 6 A.M. . 62 20 16 28 10-0 19-42 35-08 — _ 

430 „ 10 noon . . 62 0 14 44 10-0 19-45 35-14 — _ 

431 „ 10 6 P.M. . 61 40 13 25 10-0 19-44 35-12 — _ 

432 n 11 6 A.i\r. . 60 40 10 2 11-1 19-52 35-27 — _ 

433 „ 11 noon . 60 0 8 26 11-7 19-52 35-28 — _ 

434 >> „ 11 6 P.IM. . 59 20 5 46 12-8 19-54 35-30 — •00229 
435 Laura. . . Ajm. 27 6 A.M. . 60 4 3 26 9-2 19-53 35-28 — _ 

436 n „ 27 noon . . 60 30 4 42 9-0 19-53 35-28 — ^ - 

437 „ 27 10 P.M. . 61 30 6 10 8-0 19-42 35 • 08 — _ 

438 „ 28 noon . . 61 54 7 26 7-0 19-44 35-12 — — 
439 M „ 28 10 P.M. . 62 17 11 4 7-7 19-48 35-19 — — 
440 n „ 29 6 A.M. . 62 32 13 47 7-6 19-49 35-21 — _ 

441 n „ 29 noon . . 62 40 16 7 8-0 19-48 35-19 — — 
442 5 > „ 29 10 P.M. . 63 17 19 20 7-7 19-34 34-94 — — 
443 30 6 A.M. . 63 20 20 0 7-2 19-40 35 - 05 — •00229 
444 11 „ 30 noon . . 63 44 22 14 7-2 18-95 34-24 25-50 _ 

445 11 May 3 10 P.M. . 61 30 23 32 0-0 19-26 34-80 25 - 95 _ 

446 11 „ -1 6 A.M. . 65 5 23 45 4-3 19-14 34-58 — •00226 
447 11 n 0 65 16 24 0 4-7 18-95 34-24 — -- 

448 11 „ 8 11 66 4 23 53 2-8 18-81 34-02 -- •00223 ! 
449 11 „ 8 10 ]’.M. . 66 17 23 35 3-0 18-80 33-98 _ 1 

450 11 „ 9 6 A.M. . 65 19 24 34 4-7 19-20 34-69 _ 
451 11 „ 9 noon . 64 34 23 24 6-8 19-26 34-80 _ _ 
452 11 „ 1.3 6 A.M. . 63 47 22 48 8-0 18-07 32-66 24-24 •00214 
453 • 1 „ 13 noon . 63 34 21 17 8-0 19-13 34-56 25-69 
454 11 „ 13 10 P.M. . 63 7 18 12 8 • 5 19-40 35-05 26-15 
455 11 „ 14 6 A.M. . 62 50 14 54 8-9 19-45 35-14 — _ 
456 11 „ 14 noon . 62 38 12 37 8-7 19-44 .35-12 — _ i 

457 11 „ 14 10 J’.M. . 62 27 8 40 8-0 19-45 .35-14 — —. ; 

458 11 1.5 6 A.M. . 62 26 7 0 7-5 19-39 35 - 0.3 — - 1 

459 11 „ 16 10 P.M. . 61 8 5 45 9-0 19-45 35-14 — •00231 
460 11 „ 17 6 A.M. . 60 25 4 17 9-7 19-54 .35 - .30 — ___ 
461 11 „ 17 noon . 59 45 2 50 9-7 19-49 35-21 — _ 
462 Lou'i:hi’i><i^ Mar. 21 ^ 58 43 3 52 7-4 19-08 34-47 25-70 •0022.3 

463 
Holme 

11 21 midnight 58 30 7 7 8 * 0 19-43 35-10 •00228 ! 
464 11 

oo 
11 noon . 58 18 10 8 9-9 19-48 35-19 — •00230 ! 

465 0 0 
• 1 — midnight 58 1 12 21 9-1 19-49 35-21 -- _ i 

466 11 „ 23 noon . 57 48 13 46 1 8-4 19-47 35-17 26-30 a 

467 11 „ 23 midnight 57 20 15 48 8-0 19-50 35 - 23 — _ 
468 11 24 11 noon . 56 33 18 48 9-5 19-44 35 -12 — ___ 
469 11 ^4 11 — ^ midnight 55 40 21 32 9-4 19-47 35-17 _ 

- i 

470 11 „ 25 noon . 55 3 23 50 8-9 19-40 35-05 __ _ 
471 11 25 midnight 54 27 25 40 8-4 19-40 35 - 05 - ^ — 
472 „ 26 noon . . 53 47 27 49 8-0 19-34 34-94 -- •00225 
473 „ 2(3 midniglit 53 1 29 39 7-8 19-29 34-86 — — 
474 •• „ 27 noon . . 52 34 30 51 7-3 19-23 34-74 — — 
475 1* „ 27 midnight 51 47 32 28 9-5 1 19-35 34 - 96 — — 
476 11 28 noon . 50 54 34 14 ’ 8-1 1 19-25 34-78 1 — 1 — 1 
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Table I. {continued). 

Lab. 
Xo. 

vSliip. Date. Hour. Eat. Long. Temp. A 
ji. from 

X- 
4S15 

Sprengel. 
SO3. 

477 Louglirigg 
1896. 

Mar. 28 midnight 
X. 

50° 14' 
AY. 

35° 44' 12 2 19 63 35 •47 

478 
Holme 

„ 29 noon . . 49 32 37 0 11 8 19 52 35 27 
479 „ 29 midnight 48 54 38 30 12 8 19 60 35 41 — — 

480 ., 30 noon . 48 17 39 48 11 8 19 0( 35 36 — _ i 

481 .. 30 midnight 48 2 40 35 10 1 19 66 35 52 — •00230 1 

484 ,, ., 31 noon . 47 53 41 8 11 6 19 53 35 28 — 

483 „ 31 midnight 47 21 42 11 12 3 19 71 35 61 26-63 1 

484 Apr. 1 noon . 46 16 43 55 4 3 18 76 33 90 25-31 1 

485 9' „ 1 midnight 45 21 45 41 8 5 18 90 34 16 — 

486 9' 0 9 ' — noon . . 44 39 47 4 4 6 18 46 33 37 — — 
487 0 midnight 43 43 48 36 0 

8 18 43 33 32 — •00213 
488 >> „ 3 noon . . 42 54 50 24 1 7 18 07 32 66 24 • 34 — 

489 3 midnight 42 54 52 45 5 6 18 54 33 51 — — 

490 4 noon . 43 3 54 49 3 7 IS 25 32 98 — -- 
491 4 midnight 43 2 57 10 3 0 18 22 32 93 — — 

492 5 noon . 43 2 59 18 0 4 18 07 32 66 — — 

493 .. 5 midnight 42 49 61 39 o 2 18 01 32 64 — — 
494 „ 6 noon . 42 36 64 1 1 3 17 48 31 63 23-52 •00206 
495 ,, „ 6 midnight 42 28 66 35 o o 9 18 11 32 73 — — 

496 ,, t noon . 42 28 69 10 3 i 18 25 32 98 — — 
497 ., 14 99 43 2 66 34 4 1 17 87 32 31 — — 

498 14 midnight 42 58 65 8 
o 0 17 60 31 83 — -- 

499 .. 15 noon . 43 54 62 20 1 9 17 64 31 90 23-69 •00205 
500 May 12 46 33 54 35 1 9 17 93 32 42 24-17 — 
501 ./ 13 46 51 51 17 1 8 17 95 32 46 — •00211 

502 „ 13 midnight 47 14 48 44 0 8 18 10 32 72 -- — 

503 1 s .. 14 noon . 47 46 46 19 2 1 18 73 33 85 -- — 
504 ,, „ 15 48 47 41 13 11 5 19 55 35 32 — — 

505 15 midnight 49 11 38 33 8 3 IS 67 33 75 — — 

506 9 ' „ 16 noon . 49 33 36 54 11 5 19 40 35 05 — — 

507 16 midnight 49 50 34 15 12 8 19 67 35 54 — — 

508 „ 17 noon . 50 7 30 36 12 9 19 55 35 32 — •00227 
509 , , ., 17 midnight 50 15 27 55 13 0 19 54 35 30 — — 

510 18 noon . 50 23 25 i 13 3 19 42 35 08 — — 

511 .. 18 8 P.M. . 50 24 23 12 14 1 19 54 35 30 — — 

512 ,. 18 midnight 50 25 22 14 13 9 19 60 35 41 — — 

513 „ 19 4 A.M. . 50 25 21 16 14 2 19 60 35 42 26 • 38 — 

514 , , 19 noon . 50 25 19 17 14 i 19 62 35 45 — — 

515 9 9 19 4 P.M. . 50 22 18 00 14 8 19 67 35 54 ■- — 

516 „ „ 19 midnight 50 14 16 33 14 1 19 63 35 47 — •00231 
517 „ 20 8 A.M. . 50 8 14 45 14 9 19 62 35 45 — — 

518 „ 20 noon . 50 5 13 40 14 8 19 65 35 50 — — 

519 9 9 „ 21 8 A.M. . 49 56 9 1 13 19 55 35 32 — — 

520 99 „ 21 noon . 49 55 8 5 14 1 19 68 35 56 26-58 — 

521 „ 21 6 P.M. . 49 49 6 37 12 8 19 67 35 54 — — 
522 Capricornns „ 3 midnight AY. side of Pent- 8 1 19 16 34 62 — — 

523 9' „ 4 8 A.M. . 
land 

59°23' 
Eirth. 

5° 4' 9 < 19 49 35 21 

524 9 9 „ 4 noon . . 59 48 6 20 10 3 19 49 35 21 — — 

525 7 P.M. . GO 17 7 47 9 0 19 46 35 15 — — 

526 4 midnight GO 42 9 2 8 6 19 53 35 28 — — 

527 ,, 5 8 A.M. . 61 18 10 52 8 9 19 45 35 14 — — 

528 ,, 5 noon . 61 38 11 54 9 2 19 50 35 23 — — 

529 99 5 7 P.Ji. . 62 13 13 ■44 8 6 1 19 45 35 14 — — 
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Table I. [continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 

4S15 

Sprengel. 
SO3. 

530 Capricoriius 
1896. 

May 5 midnight 
N. 

62° 40' 
W. 

15° 7' 8-3 19-45 35 14 
531 6 8 A.M. . 63 3 16 22 8-9 19-45 35 14 — - ■ 
532 6 noon . 63 20 17 27 9-2 19-44 35 12 --- 

533 6 midnight 63 26 17 32 8-1 19-29 34 86 -- — 

534 7 noon . 63 50 16 24 8-3 19-30 34 87 — — 

535 7 midnight 63 50 16 24 7-8 19-33 34 93 — — 

536 8 8 A.M. . 63 3 19 46 8-3 19-42 35 08 — — 

537 8 noon . 63 36 21 37 7-5 ' 19-41 35 07 — — 

538 8 6 P.M. . 63 45 22 45 7-2 19-26 34 80 — — 

539 5) 8 midnight 64 44 24 0 6-7 19-37 35 00 — -00226 
540 ♦5 9 noon . 65 50 24 10 3-9 19-00 34 33 25-53 -- 

541 9 midnight 66 36 22 47 3-3 19-12 34 54 25-66 -00224 
542 10 noon . .66 39 22 28 2-5 18-85 34 07 — -00222 

543 1 11 55 66 39 22 28 2 ‘ 2 18-79 33 96 25 - 26 -00221 

544 17 i midnight 63 44 16 0 8-1 19-38 35 01 — -00228 
545 18 1 noon . . 63 7 12 3 9-2 19-41 35 07 — — 

546 19 midnight 62 18 9 10 6-7 19-39 35 03 — — 

547 20 8 A.M. . 61 45 7 0 7-2 19-40 35 05 — — 

548 21 noon . . 61 9 6 26 8-9 19-49 35 21 26-12 — 

549 21 55 60 15 5 12 9-2 19-06 34 44 25-64 — 

550 22 midnight 59 42 4 32 8-9 19-05 34 42 — — 

551 21 noon . 59 0 3 36 9-7 19-06 34 44 — — 

552 Teutonic. . 7 midnight 51 6 14 22 12-8 19-58 35 38 — — 

553 8 noon . 50 39 20 46 13-3 19-58 35 38 — -00229 
554 8 midnight 49 28 27 1 13-9 19-63 35 47 — — 

555 9 noon . 48 20 33 4 13-3 19-68 35 56 — 

556 9 midnight 46 28 38 23 13-3 19-58 35 38 — 

! 557 10 noon . 44 50 43 10 14-4 19-78 35 73 — 

1 558 10 midnight 43 18 47 42 8-9 18-43 33 32 — — 

' 559 11 noon . 42 26 52 28 6-7 18-30 33 08 -- -00215 
' 560 n 11 midnight 41 49 57 50 11-1 19-56 35 34 --- — 

561 12 noon . 41 12 63 31 14-4 19-67 35 54 -- -00231 
: 562 5 12 midnight 40 43 68 43 7-2 18-21 32 91 — -00213 
' 563 20 55 40 8 69 43 10-0 18-29 33 06 — — 

564 21 noon . 40 31 64 58 16-7 19-78 35 73 -- -00232 
I 565 21 midnight 40 50 60 6 17-8 20-13 36 35 — -002.35 

566 22 noon . 41 12 54 47 14-4 19-54 35 30 — — 

567 '1'2 midnight 41 44 49 46 14-4 19-68 35 56 — 
568 23 noon . 43 21 45 0 17-8 20-14 36 37 — 

569 23 midnight 45 15 40 15 16-1 19-67 35 54 — — 
570 „ 24 noon . 47 0 .35 21 15-0 19-54 35 30 — — 
571 „ 24 midnight 48 20 29 53 14-4 19-68 35 56 — — 
572 25 noon . 49 32 24 16 15-6 19-68 35 56 — — 

573 25 midnight 50 32 18 26 15-0 19-67 35 54 — — 

574 i 26 noon . 51 10 12 22 14-4 19-68 35 56 — — 

575 Frolic. . . 17 6 A.M. . 59 10 5 4 10-0 19-49 35 21 — — 

576 5^ 17 noon . 59 35 6 32 11-1 19-60 35 41 — — 

577 17 6 P.M. . 60 0 8 0 11-1 19-53 35 28 — — 

578 18 6 A.M. . 60 50 10 58 8-9 19-49 35 21 — — 

579 5) 1 55 18 noon . 61 10 12 17 9-4 19-47 35 17 — — 
580 55 18 6 P.M. . 61 35 13 47 9-4 1 19-50 35 23 — 

581 55 55 19 6 A.M. . 62 20 16 37 8-9 ■ 19-50 35 23 
582 55 ! 55 19 1 noon . 62 40 17 48 8-9 , 19-48 35 19 — 

583 55 19 i 6 P.M. . 63 0 19 0 8-3 19-49 35 2] 1 26-25 
584 

55 1 55 20 i 6 A.M. . 63 40 22 8 7-8 1 17-45 31 53 ! 23-42 — 
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'lable I. {contudied). 

Lai). 
Xo. 

Ship. Date. Hour. Eat. Long. Temp. 
X- 

p. from 

X- 

^ 4S15 

Sprengel. SO3. 

1 

1 585 Ei'olic. . 
1896. 

May 20 noon . 
X. 

64° 20' 
■\v. 

23° 16' 7-2 19 34 34-94 25 - 99 
i 586 20 6 r.Ji. . 65 0 24 35 6-7 19 23 34-74 — — 

587 5? 21 noon . 65 40 25 8 5 • 6 19 31 34-89 — -00227 
588 24 66 20 24 38 5-0 19 02 34-37 — -00223 
589 26 66 35 23 28 2-8 18 66 33-73 — -00218 
590 27 66 50 23 15 1-1 18 30 33-08 24-55 -00216 
591 30 65 0 24 36 6-7 19 33 34-93 25 - 99 -00226 
592 30 6 r.:\i. . 64 20 23 50 7-2 19 38 35-01 — -00229 
593 31 noon . 63 20 22 46 7-8 18 50 33-44 — 

594 June 1 6 A.M. . 62 25 17 18 8-3 19 48 35-19 — 
595 > • s 1 noon . 62 5 16 10 8-9 19 56 35 - 34 — 
596 n 1 6 r.M. . 61 40 14 38 8-9 19 49 35-21 — — 

597 n s s 
0 6 A.:\i. . 60 30 10 36 9-4 19 51 35 - 25 — — 

598 55 
2 noon . 60 0 8 45 10-0 19 52 35 - 27 — — 

599 > > 
2 6 P.M. . 59 .30 6 56 10-6 19 51 35-25 — — 

600 California . .Mar. 20 noon . 31 6 47 36 20 20 36-48 — -00238 
601 20 midniij;ht 31 6 49 56 20 08 36-27 — -002.38 
602 M 21 noon . 31 51 52 19 20 23 36-53 — -00239 
603 5 T S 5 21 midnight 32 39 54 39 — 20 49 37-00 — •00242 
604 V 

22 noon . 33 35 56 34 20 06 36 - 23 — __ 

605 s s 22 midnight 34 16 58 27 20 20 36-48 — — 

606 23 noon . 34 59 60 21 — 20 08 36-27 — — 

607 24 36 43 64 51 — 20 21 36-49 — •00237 
608 24 midnight 37 17 66 43 — 20 24 36-55 — 

609 25 noon . 37 51 68 18 — 20 07 36-25 27-15 •00236 
610 SI 25 midnight 38 41 70 35 — 19 66 35-52 26-47 •00228 
611 5? 26 noon . . 39 37 71 50 — 19 40 35 - 05 26-18 •00229 
612 ii 26 midnight 40 27 73 53 — 18 12 32-75 — •00213 
613 n Apri’ 9 noon . 40 25 70 22 — 18 30 33-08 -00215 
614 10 40 49 66 6 — 19 22 34-72 •00226 
615 11 41 27 61 34 -- 18 11 32-73 •00211 
616 SI 11 midnight 41 49 59 14 -- 19 78 35-73 — 

617 S 1 s s 12 noon . 42 21 56 50 — 20 02 36-16 -- 

618 s s 12 midnight 42 41 54 18 — 18 88 34-12 — — 

619 s 1 13 45 15 49 9 — 18 15 32-80 — — 

620 ss SS 14 noon . 43 58 47 6 — 18 33 33-13 — — 

621 ss 14 midnight 45 5 45 0 — 18 44 33 - 34 — — 

622 ss ss 15 noon . 46 19 42 52 — 18 27 33-02 — —^ 

623 S) 15 midnight 47 22 40 39 — 18 60 33-62 — — 
624 S) 16 noon . 48 27 38 18 — 19 61 35-43 — — 

625 )S 16 midniglit 49 21 35 50 19 54 35 - 30 — — 
626 )) s? 17 noon . 50 20 35 10 - - 19 35 34 - 96 — — 
627 ?S 17 midnight 51 4 30 18 — 19 45 35-14 -- — 
628 18 noon . 52 5 27 39 — 19 53 35-28 — -- 
629 18 midnight 52 45 24 47 --- 19 45 35-14 — — 

630 S» ss 19 noon . 53 25 21 52 — 19 52 35-27 — — 

631 )) 5? 19 midnight 53 55 18 56 — 19 61 35-43 — — 

632 5 S ss 20 noon . 53 33 16 8 — 19 61 35-43 --- 

633 Corean . . May 3 55 off Quee nstown 11-7 19 68 35-56 — — 

634 4 51° 25' 15°35' 12-2 19 72 35 - 63 26-68 — 

635 ss 5 SS 51 32 22 50 12-2 19 58 35-38 •- — 

636 5) 6 51 44 30 15 11-1 19 55 35 - 32 ■-- — 

637 n ss 7 ss 50 38 37 14 10-0 19 34 34-94 — — 

638 8 ss 48 44 43 35 7-8 18 74 33 - 87 — •00221 
639 1 55 9 55 47 47 47 1 0-6 18 49 33 - 43 - •00217 
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Table 1. {continued). 

1 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. 
X- 

p. from 
X- 

rSij 

Sprengel. 
SOj. 

1896. N. ■NT. 

640 Corean . jMay 10 noon . 47“ 28' 50” 15' 1 1 18 07 32-66 24-24 — 

641 11 6' off St. John’s, _ 2 2 18 14 32-79 — — 

Newfou ndland 
642 15 55 off C. Race -1 1 17 75 32-09 — — 

643 16 5 5 44” 50' 59° 20' 0 0 17 67 31-95 23-76 — 

644 n 19 55 41 45 66 0 7 8 18 32 33-11 — — 

645 ’ 5 20 5 5 39 37 70 45 13 9 19 58 35 - 38 — -00230 
646 n 27 55 39 32 70 47 14 4 18 94 34-23 — — 

647 28 55 41 6 65 40 11 7 18 52 33-48 -- — 

648 29 55 42 48 60 23 5 18 09 32-70 — .—. 

649 30 55 45 18 55 40 1 7 17 87 32-31 — 

650 31 46 12 53 45 2 2 17 80 32-19 — — 

651 June 1 55 off C. Race 1 7 17 69 31-99 — — 

652 ; ? 

o 
O 55 off St. J ohn’s 1 1 17 52 31-68 23-41 •00206 

653 4 55 48° 48' 48° 38' 0 0 17 77 32-13 — •00209 
654 ♦ ? 5 50 48 43 30 11 1 19 48 35-19 — — 

655 6 5 5 52 30 -37 20 8 9 19 20 34-69 — — 

656 7 55 53 53 30 40 8 9 19 37 35-00 --- — 

657 8 55 54 55 23 50 12 8 19 55 35 - 32 — — 

658 n 9 55 55 22 16 40 10 6 19 53 35-28 — — 

659 j) 55 10 5 5 55 17 9 30 13 O 
O 19 51 35 • 25 26-26 — 

660 Otia . Jan. 12 55 57 38 
i_j. 

1 47 7 2 19 49 35-21 _ _ 
661 28 55 60 41 2 57 7 5 19 61 35 - 43 --- •00231 
662 28 11 P.M. . 60 4 2 6 6 7 19 53 35 - 28 26-35 — 

663 5^ 29 noon . . 58 54 0 37 6 9 19 51 35 - 25 — — 

664 ; > Feb. 5 55 57 40 0 17 7 0 
w 19 35 34-96 — — 

665 ') 6 55 60 4 4 57 5 8 18 68 33-76 25-19 •00221 
666 V 19 55 61 4 2 25 7 8 19 51 35 - 25 — — 

667 19 11 P.M. . 60 18 1 4 6 7 19 44 35-12 — — 

668 I't Mar. 27 noon . . 59 00 
_ -J 1 41 6 4 19 47 35-17 -- •00230 

669 y 1 Apr. 13 7 P.M. . 62 22 5 10 5 6 18 45 3.J - 36 24-85 •00219 
670 14 noon . 60 29 2 5 7 8 19 54 .35 - 30 — — 

671 M 15 8 A.M. . 58 5 1 12 6 9 19 29 34-86 — — 
Mb 

672 n May O 
O noon . 60 19 7 51 8 3 19 44 35-12 •- — 

673 o 
O midnight 61 8 10 54 8 3 19 50 35-23 — — 

674 U 4 noon . 61 56 13 58 8 3 19 65 35-50 — — 
675 ? > 4 midnight 62 46 16 44 7 8 19 64 35 - 48 — — 
676 5 noon . 63 35 20 40 7 2 19 62 35 - 45 — — 
677 5 midnight 64 5 23 15 7 5 19 20 24-69 — — 
678 5 5 10 55 64 50 24 10 5 6 18 95 34 - 24 _ 

679 • ^ 14 noon . 66 10 19 50 0 8 18 58 33-58 — — 
680 55 15 2 A.M. . 66 15 18 55 0 6 18 12 32-75 — — 
681 5^ 17 noon . 66 12 17 55 1 7 19 10 34-51 — — 
682 5) 17 midnight 66 35 19 45 2 2 19 19 34-67 — — 
683 

55 18 noon . 66 18 23 50 2 2 19 29 34 - 86 — — 
684 n 55 22 midnight 64 30 13 50 2 5 19 08 34-47 — 
685 n 24 1 A.M. . 65 25 13 40 2 8 18 09 32-70 .-. •00213 
686 „ 24 10 P.M. . 65 45 14 5 2 8 18 26 33-00 — — 
687 ^ j June 6 midnight 64 20 11 58 8 3 19 54 35 - 30 — — 
688 n 55 7 noon . 63 5 10 5 8 3 19 61 35 - 43 26-30 — 
689 8 1 A.M. . 61 35 7 45 7 8 19 60 35-41 — •00231 
690 Capiiconius. May 30 6 A.M. . 59 0 4 0 9 7 19 56 35 - 34 — — 
691 

55 30 noon . . 59 o o 
oo 5 38 10 0 19 56 35 - 34 — —■ 

VOL. CXCVI,-A. S 
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Table I. [continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. 
SO3. 

692 Capricornus. 

1896. 
May 30 6 P.M. . 

N. 
60° 4' 

W. 

7° .5' 9 4 19-57 35-36 
G93 11 30 midnight 60 32 8 22 9 4 19-48 35-19 — — 

G94 5) 11 31 8 A.M. . 61 3 10 4 9 7 19-56 35 - 34 — -00230 
695 11 31 noon . 61 22 11 3 9 4 19-55 35-.32 26 - 38 -00230 
696 ?) June 1 8 A.M. . 62 55 16 42 8 6 19-48 35-19 — — 
697 1 midnight 63 23 18 10 7 8 19-48 35-19 — — 

698 11 11 
2 8 A.M. . 63 36 21 20 7 5 18-18 34-65 — — 

699 11 11 
2 noon . 63 45 22 42 7 5 19-40 35 - 05 — 

700 11 11 3 66 17 23 47 5 0 19-06 34-44 — 

701 11 11 4 midnight 66 17 23 47 4 7 19-13 34-56 — — 

702 5 noon . 66 27 24 15 5 6 19-17 34-63 — — 

703 11 11 7 66 43 23 13 5 3 18-75 33-89 — — 
704 8 66 43 23 13 5 0 18-89 34-30 — 

— i 
705 11 11 11 66 33 22 24 4 7 19-07 34-46 — — 

706 11 12 66 33 22 24 5 0 19-02 34 - 37 — — 

707 13 66 40 22 17 4 4 18-88 34-12 — — 
708 13 midnight 66 23 18 25 3 3 18-37 33-20 — — 

709 11 14 6 A.M. . 66 37 16 18 3 1 18-29 33-06 — — 

710 14 noon . 66 22 14 27 2 8 18-34 33 -15 — — 

711 14 6 P.M. . 65 40 13 27 3 9 18-24 32-97 — -00216 
712 11 11 14 midnight 65 0 12 24 3 1 18-68 33-76 25-19 -00222 
713 15 noon . . 63 30 9 40 7 2 19-25 34-78 26-03 — 
714 11 15 6 P.M. . 63 0 8 30 9 o 19-41 35-07 — — 

715 11 15 midnight 62 35 7 48 8 9 19-60 35-41 26-18 — 

716 16 6 A.M. . 61 52 6 15 8 6 19-53 35 - 28 26-20 -00231 
717 16 noon . 61 2 5 25 10 6 19-67 3o o-i -00231 
718 11 16 6 P.M. . 60 10 4 37 10 6 19-56 35-34 — — 
719 11 11 16 midnight 59 26 4 6 11 9 19-23 34-74 — — 

720 Longhirst . Jan. 28 noon . 50 58 4 47 9 4 19-71 35-61 — 
721 11 29 48 22 7 29 12 2 19-73 35-64 — 

— 
722 30 45 29 9 12 12 5 19-76 35-70 26 - 78 -00233 
723 11 31 11 42 27 10 35 14 4 19-97 36-07 26-86 -00235 
724 11 Juno 6 48 13 61 56 7 2 16-80 30-40 22-54 -00198 
725 „ 11 7 47 2 58 11 5 6 17-71 32-02 23-77 -00209 
726 8 46 25 54 10 5 0 17-87 32-31 _ — 
727 11 9 47 12 50 13 5 6 18-08 32-68 — — 
728 ^ 1 11 10 11 48 32 46 14 5 0 18-42 33-30 — -00217 
729 11 1' 49 58 42 10 12 8 19-40 35-05 — -00227 
730 12 51 28 38 29 11 1 19-13 34-56 — — 
731 13 52 47 34 35 11 7 19-30 34-87 — — 
732 11 14 53 37 29 55 11 4 19-40 35 ■ 05 — — 
733 11 11 15 11 54 28 24 37 12 2 19-56 35-34 — - 1 

734 11 11 16 11 54 58 19 20 13 o O 19-68 35-56 26-38 — 
7.35 11 1 17 11 55 7 13 58 13 9 19-68 35 - 56 — — 
736 ,, 

11 IS 11 55 18 8 17 15 0 19-59 35-40 — — 
737 11 11 19 53 48 4 22 12 2 19-45 35-14 26-01 — 
738 Teutonic. 11 4 midnight 51 5 14 25 13 9 19-61 35 - 43 — — 
739 11 11 5 noon . 50 43 20 47 14 4 19-80 35 - 7 7 — — 
740 11 5 ^ midnight 49 28 26 46 13 9 19-17 34-63 — — 
741 11 6 noon . 48 20 32 56 13 3 19-71 35-61 — -00233 
742 11 6 ' midnight 46 48 38 28 15 0 19-78 35-73 — — 
743 7 noon . 44 52 43 46 18 3 20-01 36-14 26 - 96 -00234 
744 11 7 midnight 43 4 48 44 10 6 18-30 33-08 — — 
745 8 noon . 42 2 53 50 15 6 18-21 32-91 — — 

1 746 11 11 8 midnight 41 37 58 18 8 9 18 - 38 33-22 — — 
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Table I, {continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

747 Teutonic. . 
1896. 

June 9 noon . 
N. 

41° 2' 
W. 

64° 46' 10 6 17-88 32 33 24-04 -00208 
748 )> 55 9 midnight 40 34 70 2 13 3 17-90 32 37 — -00211 

749 5) 55 17 55 40 20 69 59 20 6 18-14 32 79 — — 
750 5) 55 18 noon . 40 34 64 51 22 2 19-21 34 71 — — 
751 > J 55 18 midnight 40 56 59 58 17 8 19-29 34 86 — — 

752 J> 55 19 noon . 41 19 54 41 16 7 19-22 34 72 — — 
753 n 55 19 midnight 42 3 49 34 12 2 18-30 33 08 — — 
754 55 20 noon . 43 27 44 44 20 0 20-02 36 16 26-89 -00235 
755 55 20 midnight 45 0 40 6 16 1 19-72 35 63 — 
756 J J 21 noon . 47 28 34 53 15 0 19-62 35 45 — -00231 
757 )5 5 5 21 midnight 48 41 29 1 14 4 19-51 35 25 — — 
758 >> 55 22 noon . 49 54 23 12 15 6 19-50 35 23 — — 
759 55 22 midnight 50 31 17 11 15 0 19-65 35 50 26-52 — 
760 n 55 23 noon . . 51 16 11 5 15 6 19-68 35 56 — — 

761 Laura 
55 8 4 A.M. . 59 55 3 12 9 0 19-47 35 17 26 - 33 -00230 

762 J) 55 8 noon . 60 56 4 54 9 2 19-53 35 28 26-31 -00231 
763 55 55 8 8 P.M. . 61 45 6 20 8 0 19-39 35 03 — — 

764 55 55 10 4 A.M. . 62 8 6 26 7 0 19-40 35 05 — — 

765 55 55 11 55 62 4 8 20 8 0 19-45 35 14 — — 

766 55 55 11 noon . 62 16 11 28 9 0 19-45 35 14 — — 
767 55 55 11 8 P.M. . 62 32 14 25 9 2 19-48 35 19 — — 
768 55 55 12 4 A.M. . 62 48 17 30 9 0 19-40 35 05 — — 
769 55 55 12 noon . 63 14 20 4 8 7 19-39 35 03 26-18 -00230 
770 55 55 12 8 P.M. . 63 50 23 2 8 7 18-08 32 68 24-30 -00215 
771 55 55 16 noon . 64 35 23 23 8 5 19-24 34 76 — -00228 
772 55 55 16 8 P.M. . 64 59 24 25 8 1 19-09 34 49 — -00225 
773 55 55 17 4 A.M. . 66 4 23 59 6 0 18-87 34 10 — — 
774 55 55 18 55 66 13 23 46 ■ 5 9 18-87 34 11 — — 
775 55 55 20 55 65 22 24 26 7 6 18-65 33 71 — — 
776 55 55 22 55 65 16 23 28 7 9 18-75 33 96 — — 
777 55 55 22 noon . 64 28 23 26 9 2 18-93 34 21 -- — 
778 55 55 25 4 A.M. . 64 5 22 55 9 8 18-73 33 85 -- — 

779 55 55 25 noon . 63 34 20 15 9 8 19-24 34 76 — — 
780 55 55 25 8 P.M. . 62 55 19 5 10 0 19-37 35 00 — — 
781 55 55 26 4 A.M. . 62 40 16 8 10 5 19-42 35 08 — — 
782 55 55 26 noon . 62 30 13 7 10 5 19-47 35 17 — — 
783 55 55 26 8 P.M. . 62 25 9 56 10 0 19-41 35 07 — — 
784 55 55 27 4 A.M. . 62 26 7 4 8 7 19-39 35 03 — — 
785 55 55 28 8 P.M. . 61 22 6 20 9 7 19-46 35 15 — — 
786 55 55 29 4 A.M. . 60 38 4 38 10 7 19-47 35 17 26-32 — 
787 55 55 29 noon . 59 39 2 39 11 1 19-41 35 07 — — 

1 

788 Moor . . . 
1895. 

Dec. 8 48 6 5 35 12 8 19-61 35 43 26-53 -00232 
789 

55 8 midnight 45 41 7 45 13 O 
O 19-71 35 61 — — 

790 55 55 9 noon . 43 7 9 50 16 1 19-81 35 79 — -00234 
791 

J5 9 midnight 40 44 11 36 16 7 19-96 36 05 26 - 95 — 

792 55 

1896. 
Feb. 2 4 A.M. . 40 40 11 16 13 9 19-83 35 82 -00233 

793 55 55 
2 noon . . 42 4 10 10 13 6 19-86 35 88 — — 

794 55 55 
2 midnight 44 22 8 30 12 8 19-79 35 75 — -00234 

795 
55 3 noon . 46 47 6 52 12 2 19-74 35 66 — — 

796 55 Apr. 27 midnight 40 14 11 37 15 0 19-92 35 98 — -00236 
797 55 >> 27 4 A.M. . 39 24 12 12 13 9 19-89 35 93 26-94 — 
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Tal)le I. {continuad). 

Lab. 
No. 

Shijj. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4^1.5 

Spreiigel. SO3. 

1896. N. 
798 Moor . . June 18 4 P.M. . 39” 55' 11° 49' 19 4 19 92 35 98 — -00236 ^ 
799 M 55 IS midnight 41 41 10 39 16 7 19 89 35 93 — — 

800 55 19 noon . 44 11 8 50 16 7 19 75 35 68 — -00234 
801 Corean . 55 17 55 Off Ball ycottiu 16 7 19 41 35 07 — — 

802 55 55 18 55 51° 7' 14° 23' 14 4 19 61 35 43 — — 
803 55 55 19 55 51 40 20 33 14 4 19 73 35 64 26-56 -00231 
804 55 20 51 37 26 35 14 4 19 62 35 45 — --- 
805 55 21 55 51 26 34 0 12 8 19 10 34 51 25-75 — 

806 55 22 55 50 34 40 25 13 9 19 41 35 07 — — 

807 55 23 55 48 55 46 38 8 3 19 17 34 63 — — 

808 55 55 24 55 47 45 51 25 6 7 17 57 31 77 -- -00207 
809 55 26 45 34 57 44 9 4 17 67 31 95 -- — 

810 55 55 27 55 Off Ha lifax 12 8 17 19 31 09 -- -00202 

811 55 55 29 55 40° 38' 67° 10' 19 4 17 38 31 43 — — 

812 55 30 39 2 73 50 21 7 19 54 35 30 26-35 -00230 
813 5 5 July 5 40 6 69 40 20 0 18 38 33 22 — — 

814 5 5 55 6 41 30 64 25 16 7 18 00 32 54 — — 

815 5 5 5 5 7 5 5 43 37 59 20 11 1 17 56 31 75 — -00207 
816 5 5 8 46 6 54 0 10 0 17 63 31 88 -- — 

817 » 5 5 9 55 Off Cap e Race 8 9 17 68 31 97 — I 
818 55 55 10 55 48° 58' 49° 3' 9 0 18 62 33 66 — 1 

819 55 11 51 17 43 0 12 
0 19 48 35 19 -00229 ! 

820 5 5 12 52 57 36 45 10 0 19 12 34 54 — —■ ; 
821 55 55 13 55 54 7 29 45 13 3 19 31 34 89 -- 

i 
1 

822 55 55 14 55 54 58 0 0 25 12 8 19 46 35 15 — 1 

823 55 15 55 29 14 30 13 9 19 53 35 28 26-38 — ! 
824 55 55 16 55 Off L. Foyle 14 4 19 33 34 93 — — 

825 Teutonic. 2 midnight 51° 6' 14° 25' 16 1 19 57 35 36 — -00232 
826 55 3 noon . 50 37 20 35 15 6 19 7 3 35 64 — — 
827 55 5 5 3 midnight 49 39 26 26 15 0 19 72 35 63 — — 
828 55 4 noon . 48 34 31 47 15 6 19 51 35 25 -- 

829 55 55 4 midnight 47 0 37 20 15 6 19 74 35 66 -- 

830 55 55 5 noon . 45 19 42 40 17 8 19 61 35 43 — -00231 
831 55 55 5 midnight 43 23 47 29 14 4 18 35 33 17 — — 

832 55 6 noon . 42 12 52 00 15 0 18 28 33 04 — -00216 
833 55 6 midnight 41 39 57 47 18 9 18 78 33 94 — — 
834 55 7 noon . . 41 8 62 58 23 3 19 61 35 43 26-57 — 
835 55 7 midnight 40 44 68 23 13 o 

O 18 20 32 90 24-37 — 

836 55 15 40 8 69 46 19 4 17 99 32 53 24-19 — 
837 55 16 noon . 40 31 64 53 19 4 18 45 33 36 — — 

838 55 55 16 midnight 40 56 59 38 23 3 19 34 34 94 — — 

839 55 17 noon . 41 19 54 30 22 2 19 17 34 63 — -- 
840 55 55 17 midnight 42 4 49 32 21 1 18 67 33 75 •—■ -00220 

841 55 18 noon . . 43 43 44 45 18 9 18 73 33 85 -- — 
842 55 55 18 midnight 45 30 39 57 17 8 19 60 35 41 — — 
843 55 55 19 noon . 47 20 35 1 16 7 19 71 35 61 26-48 — 

844 55 55 19 midnight 48 28 29 43 14 4 19 54 35 30 — -00230 
845 55 20 noon . 49 34 24 40 16 7 19 77 35 72 — — 
846 55 55 20 midnight 50 22 19 0 15 6 19 83 35 82 — -00232 
847 55 55 21 noon . 51 10 13 9 16 i 19 87 35 89 — — 

848 Ethiopia . June 27 55 54 46 14 3 13 9 19 63 35 47 — — 

849 55 28 53 34 21 25 13 3 19 60 35 41 — - 1 

850 55 55 29 52 0 28 42 12 8 19 00 34 72 -- - 1 

851 55 55 30 55 49 50 35 27 15 0 19 48 35 19 — -00231 ! 
1 852 1 July 1 55 47 30 40 44 15 6 19 52 35 27 26-49 — i 
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Table 1. {continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. j Temp. 

i 
X- 

; 23. from 
X- 

4S15 

Sprengel. SO3. 

853 Ethiopia . . 
1896. 

July 2 noon . . 
N. 

44° 35' 
W. 

45° 47' 13-9 18-17 32-84 24-54 
854 „ 3 42 51 51 49 12-2 18-15 32-80 — -00214 
855 „ 4 42 31 58 23 13-3 18-14 32-79 — — 
856 „ b 41 34 64 55 15-6 18-32 33-11 — 1 -00217 
857 „ 6 99 40 36 71 3 17-8 17-86 32-30 24-07 ■-- 
858 „ I-' 40 44 68 19 12-S 18-28 33-04 — — 
859 „ 13 >> 41 56 62 27 17-2 17-96 32-48 — -00211 

860 „ 14 43 42 56 29 13-3 18-06 32-64 _ — 
861 „ 15 45 30 50 32 10-0 17-81 32-21 — — 
862 „ 16 48 27 44 55 i 10-6 18-75 33-89 — — 
863 „ 17 50 41 38 50 i 13-9 19-08 34-47 25-67 __ 

864 „ IS 52 43 31 1 11-7 19-27 34-82 — — 
865 95 „ 19 54 7 22 38 13-9 19-69 35 - 58 26-50 — 
866 99 „ 20 55 1 14 38 3-3 19-64 35-48 — -00231 
867 Alds:ate . . Mar. 20 44 0 10 10 13-3 19-86 35-88 — — 
868 21 41 3 11 48 14-4 19-96 36-05 — — 
869 95 

00 
95 

38 0 14 10 15-6 20-09 36-29 27-10 — 
870 June 25 40 33 54 3 19-4 19-67 35-54 — -00232 
871 „ 25 midnight 40 38 51 40 20-0 19-83 35-82 — _ 
872 „ 26 noon . . 41 17 48 56 20-6 20-03 36-18 __ — 
873 „ 26 midnight 42 4 46 45 19-4 20-12 36 - 33 _ — 
874 95 „ 27 noon . 43 4 44 19 19-4 19-91 35-97 — 
875 „ 27 midnight 43 52 42 4 18-9 19-97 36-07 26-82 — 
876 „ 28 noon . 44 43 39 58 17-8 19-84 35-84 _ — 
877 55 „ 28 midnight 45 27 37 38 16-7 19-66 35-52 — — 
878 „ 29 noon . . 46 14 35 3 17-8 19-76 35 - 70 — -00234 
879 „ 29 midnight 46 57 32 26 16-7 19-81 35-79 — — 
880 „ .30 noon . . 47 43 30 4 16-1 19-93 36-00 _ _ 
881 „ 30 midnight 48 9 26 55 16-1 19-62 35 - 45 _ _ 
882 55 July 1 noon . 48 38 24 35 17-2 20-06 36-23 — _ 

883 55 „ 1 midnight 48 55 21 56 10-7 19-69 35 - 58 — -00232 
884 0 noon . 49 16 19 2 17-8 19-72 35 - 63 _ _ 
885 0 midnight 49 30 15 50 17-2 19-75 35-68 __ _ 
886 55 „ 3 noon . 49 48 13 20 17-8 19-68 35 - 56 — -- 
887 55 „ 3 midnight 49 47 10 10 17-2 19-72 35 - 63 — — 
888 95 „ 4 noon . 49 50 7 22 17-2 19-72 35-61 26 - 49 -00234 
889 55 „ 4 midnight 50 2 4 41 15-0 19-67 35-54 _ _ 
890 „ 5 noon . 50 29 1 49 17-2 19-53 35 - 28 _ 
891 59 „ 5 midnight Off Dungeness O 

V 

15-0 19-61 
1 

35-43 — 

892 55 „ c noon . . 1 52° 21' 3° 3' 15-6 19-22 ' 34-72 
893 99 „ 6 midnight ' 53 38 5 27 15-6 18-63 33-67 — — 

894 „ 20 noon . 51 57 2 48 17-8 19-23 34-74 _ _ 

895 55 „ 21 50 16 
M'. 

3 14 17-8 
i 

19-65 .35 - 50 -00234 
896 99 95 — 8 P.il. . Off' the Lizard 10-7 19-71 35-61 26-50 _ 

897 Lou2;hrigcr June 18 noon . . 55° 25' 8° 9' 14-7 19-35 i 34 - 96 26-13 _ 

898 
Holme 

95 „ 19 59 55 IS 15 56 13-7 19-58 35 - 38 -002.32 
899 95 „ 20 99 54 55 18 .35 12-3 19-41 35 - 07 26-29 — 

900 55 „ 21 54 28 24 31 11-9 19-49 35-21 — — 

901 55 
00 

99 — 95 53 47 30 22 11-0 19-40 35 - 05 — — 

902 
95 „ 23 55 53 8 35 16 9-7 19-25 34-78 -- — 

903 >5 „ 24 n 52 15 40 8 13-9 19-39 35-03 -• 1 — 

904 19 „ 25 55 50 43 44 8 12'7 19-48 35-19 — 1 - 1 
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Table I. (continued). 

Lab. 
No. 

Ship. Date. Hour’. Lcit. Long. Temp. > 
p. from 

X- 
4S15 

Sprengel. SO3. 

905 Loughrigg 
1896. 

June 26 noon . 
N. 

48° 38' 
W. 

48° 15' 7 * 2 18 85 34 ■07 

906 
Holme 

27 55 46 35 52 43 5 3 17 92 32 40 ■00210 

907 J) 55 28 55 46 24 57 24 9 6 17 73 32 06 — — 
908 )) July 22 noon . 46 18 55 59 12 4 17 68 31 97 23-59 _ 

909 n 22 midnight 46 18 53 32 8 6 17 81 32 21 _ — 
910 23 noon . 46 43 51 24 11 7 17 81 32 21 

_ -- 
911 5 ? 23 midnight 47 25 49 5 9 8 17 75 32 09 — ■00208 
912 ? » 24 noon . . 48 4 46 55 9 3 18 20 32 90 — — 

913 5> 24 midnight 48 49 43 39 12 8 18 69 33 78 — — 

914 n 25 noon . 49 27 41 0 16 1 19 34 34 94 — ■00227 
915 55 25 midnight 49 44 37 58 14 4 19 59 35 40 — — 
916 >) 26 noon . . 50 15 35 8 16 1 19 52 35 27 — — 
917 >> 26 midnight 50 37 32 9 14 1 19 36 34 98 — — 
918 27 noon . 50 57 29 25 15 0 19 64 35 48 — ■00231 
919 27 midnight 51 4 26 37 15 0 19 65 35 50 26-27 _ 1 

1 

920 55 28 noon . 51 7 23 42 15 3 19 57 35 36 -- 
921 55 28 midnight 51 8 21 1 15 1 19 77 35 72 — - ' 
922 55 29 noon . 51 9 18 19 15 6 19 70 35 59 — _ i 

923 55 29 midnight 51 15 15 25 15 4 19 74 35 66 26-47 
924 30 noon . 51 21 12 36 16 3 19 75 35 68 — — 
925 30 midnight 51 23 9 25 11 7 19 47 35 17 — •00229 
926 55 31 noon . 52 2 6 40 15 0 19 46 35 15 -- — 

927 Laura. 19 8 I’.M. . 59 36 2 37 11 7 19 35 34 97 — _ 

928 55 20 4 A.M. . 60 28 4 26 11 9 19 50 35 23 26-28 — 

929 55 20 noon . 61 13 6 10 11 6 19 45 35 14 — •00233 
930 55 22 8 P.M. . 62 28 7 23 9 0 19 42 35 08 ■- ■- . 

931 55 23 4 A.M. . 62 35 9 55 8 0 19 14 34 58 — — 

932 55 23 noon . 62 53 12 50 11 0 19 48 35 19 — •00231 
933 55 23 8 P.M. . 63 1 15 47 11 0 19 90 35 95 — — 

934 55 24 4 A.M. . 63 10 18 48 10 7 19 24 34 76 — ■00228 
935 55 24 noon . 63 26 20 38 11 0 19 23 34 74 _ — 

i 936 '5 24 8 P.M. . 63 59 22 59 10 7 18 11 32 73 — •00215 
i 937 Aug. 0 

-t noon . 64 6 22 56 10 7 18 73 33 85 — — 

1 938 5 5 
2 8 P.M. . 63 30 20 34 11 5 IS 80 33 98 25-29 — 

939 3 4 A.M. . 62 54 18 6 11 3 18 08 32 68 24 ■ 30 — 

‘ 940 55 

O 
O noon 62 48 15 11 11 9 19 36 34 98 •00230 

, 941 3 8 P.M. . 62 39 12 20 11 5 19 45 35 14 — — 

942 5 1 4 4 A.M. . 62 31 9 27 10 5 19 46 35 15 — 

943 5 5 4 noon . 62 29 7 10 10 2 19 46 35 15 •00231 
944 55 6 4 A.M. . 61 20 6 20 11 6 19 47 35 17 — — 

945 6 noon . 60 29 4 25 12 2 19 52 35 27 26-36 _ 1 

i 946 G 8 P.M. . 59 50 2 34 11 7 19 40 35 05 — 
_ 

1 947 Traveller Apr. 8 noon . 59 29 . 4 38 8 6 19 63 35 47 — — 

948 55 9 59 54 5 48 8 6 19 66 35 52 26-39 •00234 
949 5 5 10 55 60 41 5 50 8 1 19 64 35 48 — — 

950 55 11 5 5 61 4 5 56 7 2 19 62 35 45 — — 

951 55 55 12 5 5 60 30 6 52 7 2 19 64 35 48 — •00233 
952 55 13 60 5 9 26 8 3 19 65 35 50 — — 

! 953 55 14 60 5 12 38 8 2 19 63 35 47 — — 

i 954 55 55 15 55 60 7 15 31 8 4 19 55 35 32 — — 

1 955 55 55 16 55 60 32 17 24 8 3 — — 

; 956 17 59 56 17 41 8 4 19 61 35 43 — — 

957 18 „ 59 4G 18 38 8 6 19 57 35 36 — •00231 
1 958 )5 19 55 59 27 20 28 8 9 18 97 34 28 — — 
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Table 1. {continued). 

Lab. 
No. j 

1 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

1896. N W. 
959 Traveller Apr. 20 noon . 59° 20' 22° 42' 8 9 19 55 35 32 — — 

960 n yy 21 yy 59 6 26 11 8 6 19 56 35 34 — — 

961 j? yy 22 yy 58 51 31 1 7 9 19 54 35 30 — — 

962 23 yy 58 45 35 39 6 1 19 47 35 17 — — 
96.3 ^ y yy 24 yy 58 52 37 30 5 6 19 45 35 14 — -00230 
964 j? 25 yy 58 35 38 39 4 4 19 34 34 94 — — 
965 5? 26 yy 57 46 38 1 6 1 19 51 35 25 — — 

966 yy 27 yy 57 55 38 1 6 4 19 46 35 15 — — 
967 yy 28 yy 57 38 38 33 5 7 19 42 35 08 — — 
968 yy yy 29 yy 58 21 39 20 5 3 19 42 35 08 — — 
969 yy 30 yy 58 42 40 45 3 9 19 18 34 65 25-66 — 
970 1 M May 1 yy 58 19 42 4 3 6 19 20 34 69 — — 
971 1 yy yy 

2 
55 58 9 42 16 3 7 19 34 34 94 — -00227 

972 yy 3 51 57 46 43 17 4 2 19 29 34 86 — — 
973 y y 4 15 57 46 45 41 3 4 19 27 34 82 — — 
974 y y 5 11 57 56 47 51 2 5 19 23 34 74 — -00229 
975 yy 6 57 44 48 28 3 0 19 28 34 84 — — 
976 yy yy 7 57 41 48 34 3 1 19 29 34 86 — — 
977 yy yy 8 57 28 47 26 3 6 19 29 34 86 — — 
978 

yy yy 9 yy 58 1 49 48 1 4 18 82 34 01 — — 
979 M „ 10 15 58 40 50 36 1 1 18 59 33 60 24-98 — 
980 y y yy 11 58 59 50 45 1 9 18 95 34 24 — -00229 
981 yy yy 12 58 48 51 18 1 4 18 80 33 98 — — 
982 yy yy 13 1' 59 3 51 2 1 7 18 87 34 10 ___ -00228 
983 yy yy 14 59 56 50 56 0 0 18 42 33 30 24-65 — 
984 yy yy 15 60 12 51 0 0 8 18 93 34 21 — — 
985 yy yy 16 yy 59 59 50 51 0 4 18 71 33 82 — -00219 
986 yy yy 17 1' 60 18 51 20 0 6 18 68 33 76 — — 
987 yy yy 18 i> 61 2 51 35 0 3 18 54 33 51 24-82 — 
988 yy 19 61 11 51 45 0 6 18 65 33 71 — — 
989 yy 20 51 60 50 52 0 0 0 18 78 33 94 — 
990 yy yy 21 51 60 -16 52 10 0 0 18 78 33 94 -- -00220 

991 • y yy 22 51 60 52 52 10 0 3 18 77 33 92 — — 
992 *y .Inly 3 yy 60 22 52 43 4 6 18 97 34 28 — _ 
993 yy y 4 yy 58 30 50 53 6 1 19 05 34 42 — — 
994 yy yy 5 yy 57 29 47 14 5 6 18 93 34 21 — 
995 yy 6 yy 57 34 44 58 6 7 19 06 34 44 — - _ 
996 yy yy 7 ,, 57 26 42 22 7 2 19 32 34 91 -- — 

‘ 997 yy yy 8 11 57 27 39 27 7 2 19 29 34 86 — — 
! 998 ,, yy 9 11 57 50 36 7 8 1 19 16 34 62 — — 

999 yy 10 55 58 39 36 31 8 1 19 37 35 00 — — 
1000 yy 11 51 58 42 35 52 8 3 19 50 35 23 — 

; 1001 yy yy 12 15 58 40 34 6 8 9 19 39 35 03 — 
! 1002 yy yy 15 11 58 12 22 

O 
•) 11 9 19 56 35 34 26 - 25 

1003 V yy 13 11 58 21 29 39 10 0 19 48 35 19 — -00229 
' 1004 yy yy 14 11 58 21 26 7 11 7 19 52 35 27 _ — 
i 1005 yy yy 16 11 58 12 17 35 12 0 19 52 35 27 — — 

1006 yy yy 17 11 58 0 ' 14 43 12 8 19 52 35 27 — — 
1007 yy yy 18 11 58 7 12 24 12 2 19 42 35 08 _ 00232 
1008 yy 1 n 19 ' 58 18 . 8 0 , 13 3 19 51 35 25 _ -00231 
1009 Para . 1 Apr. 10 55 46 48 ' 14 51 ' 12 5 20 10 36 30 _ — 
1010 

yy 1 11 15 43 57 21 35 13 6 19 88 35 91 — — 
! 1011 yy 

1 
15 12 5' 40 40 1 27 32 15 0 19 97 36 07 — -00232 

! 1012 
11 13 51 37 2 32 39 16 7 20 05 36 21 — 

i 1013 1 
yy May 22 11 37 48 38 5 20 0 1 20 24 36 55 27 09 _ 
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Table I. {continued). 

: Lab. 
: No. 

Ship. Date. Hour. Eat. Long. Temp. X- 
p. from 

X- 
4S10 

Sprengel. SO3. 

1014 Para . . . 
1896. 

May 23 noon . . 
N. 

40° 36' 
JV. 

32° 0' 18 9 19-98 36-09 *00236 
1 1015 yy 24 yy 43 16 25 10 18 6 19-87 35-89 -- — 
> 1016 M yy 25 yy 45 45 18 8 16 7 19-85 35 - 86 — 

1017 yy 26 yy 47 56 11 48 15 3 19-87 35-89 — — 
1 1018 27 y y 50 3 4 55 13 3 19-73 35-64 26-51 — 
1 1019 y*. July 2 

yy 48 47 6 58 16 1 19-93 36-00 — — 
! 1020 yy 3 y y 45 52 14 7 18 9 20-01 36-14 — — 
I 1021 • < 4 y y 42 52 20 55 20 6 19-92 .35 - 98 — -00234 

1022 yy yy 5 ' y 39 56 27 25 21 t 19-63 35-47 27-37 — 
1023 y y Aug. 15 41 26 29 28 25 0 19-72 35 - 63 26-76 — 
1024 ,, 

y y 16 s y 44 27 22 39 20 6 20-04 36-19 — — 
1025 yy y y 17 47 3 15 8 19 4 20-09 36-29 — -00236 
1026 18 SS 49 15 6 57 17 5 19-86 35-88 -- — 
1027 yy yy 14 „ 37 22 34 55 25 6 -- -- - - — 
1028 yy 13 y y 33 21 40 18 29 4 — — — i 

1029 y 1 y y 12 29 15 45 11 32 8 — — — — 
1030 Wvdale . . Feb. "^2 •1 49 12 6 24 11 1 19-65 35-50 — — 
1031 23 , 47 o 

O 8 20 12 3 19-78 ■3.5 - 7 3 — — : 
1032 y' n 24 y y 44 18 10 24 12 8 19-78 35-73 -- -002.35 

1 1033 y y y y 25 y y 41 28 12 16 13 9 19-85 .35-86 — 
1034 SI Apr. 

yy 

25 • y 40 6 57 10 18 3 20-00 36-12 — — 
1035 26 y y 40 48 53 50 14 4 19-78 35-73 — -00234 

: 1036 ,, 27 y y 41 44 50 4 12 8 19-64 35 - 48 — - ' 
’ 1037 y y y y 28 ,, 43 3 47 20 8 9 19-08 34-47 - ! 

1038 y y y» 29 44 12 43 20 14 2 19-83 35-82 — ■— ! 
1039 y s 30 s y 45 13 39 18 14 4 19-82 .35 - 80 — — i 
1040 s s May 1 y s 46 11 35 15 14 2 19-69 35-58 — — ! 
1041 »S SI o 47 10 31 o 0 13 o 

O 19-52 35-27 - - — 1 

1042 ss s y 
o f) s y 48 o O 26 30 13 o o 19-65 .35 - 50 -- -00233 

1043 1 s y y 4 y y 48 40 21 33 13 1 19-70 35-59 — •- 
1044 y y 5 • y 49 8 16 45 13 9 19-75 35-68 — — 
1045 1 s y y 6 y y 49 35 11 38 18 8 19-68 35-56 — — 
1046 y s July 25 yy 40 51 64 0 22 2 18-01 32-56 — -00214 
1047 26 yy 42 22 60 17 18 3 17-92 32-40 24-10 -- 
1048 y y y y 27 • y 43 23 56 31 16 7 17-67 31-95 23-71 
1049 y 1 y y 28 y y 44 26 52 19 15 6 18-02 32-58 — 
1050 y y yy 29 45 24 48 o 

o 10 6 17-47 31-60 23-37 
1051 ,, y y 30 ,, 46 22 44 0 12 8 18-35 33-17 — _ 

1052 ^ s y y 31 ,, 47 21 40 45 18 9 19-88 35-91 — — 
1053 ,, Aug. 1 4.S 20 37 20 17 2 19-61 35-43 — 
1054 ,, y y 2 48 48 33 25 16 1 19-57 35 - 36 
1055 y s y' 3 ., 49 20 29 o 15 6 19-23 34-74 — --- 
1056 y y 4 49 47 23 51 17 2 19-65 35 - 50 — — 
1057 y y ss 5 49 54 19 14 17 2 19-74 35 - 66 — - i 

1058 y y s y 6 y y 49 51 14 21 16 7 19-81 35-79 26-59 — 

1059 yy yy 7 49 50 10 24 17 2 19-85 35-86 — -00234 ; 
1060 Teutonic July 30 miJuiglit 51 24 14 8 15 0 19-64 35-48 -- — 
1061 1) yy 31 110011 . 51 24 20 27 15 6 19-69 35-58 — _ 
1062 ss y y 31 iiiidiiiglit 50 47 26 30 15 0 i 19-67 35-54 -- -00232 
1063 y s Aug. 1 noon . 50 9 i 32 47 13 3 1 19-58 o X . O 

OO OO 26-51 — 
1064 s S yy 1 midiiiglit 48 47 38'45 16 1 , 19-61 .35-43 , 26-26 — 
1065 yy 

O 110011 . 47 28 ■ 44 33 ! 11 7 ’ 18 - 37 3.3-20 1 — — 

1066 y y 
2 midnight 45 34 49 8 ‘ 13 •i 

i 17-99 32-53 23-97 — 

1067 ,, 
yy 

o 
o noon . . i 43 58 55 35 ' 16 7 1 18-04 : 32-61 — — 

1068 y' y y 3 inidniglit 43 1 60 39 16 7 17-98 ' 32-51 — — 
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Table I. [continued). 

Lab. 
No. 

Ship. Date. 

! 

Hour. Lat. Long. ' Temp. X- 
p. from 

X- 
4S15 

Sprengel. 
SO3. 

1069 Teutonic 
1896. 

Au^. 4 noon . 
N. 

41° 38' 
W. 

65° 45' 14 4 17 77 32 13 23-73 
1070 >) 55 4 midnight 40 16 71 44 18 9 18 20 32 90 — — 
1071 55 55 12 5 5 40 9 69 52 , 23 3 18 21 32 91 — — 
1072 55 13 noon . 41 3 65 27 i 20 0 18 23 32 95 — — 

1073 55 55 13 midnight 42 16 60 32 J 20 0 18 38 33 22 — — 

1074 14 noon . 43 24 55 40 i 18 9 18 09 32 70 _ — 
1075 55 55 14 midnight 44 52 50 48 15 6 17 86 32 30 — -00210 

1076 15 noon . . 46 24 45 40 15 0 18 14 32 79 24-30 _ 
1077 55 55 15 midnight 47 37 40 47 18 9 19 67 35 54 — — 
1078 55 55 16 noon . . 49 2 35 49 16 7 19 36 34 98 — — 
1079 55 55 16 midnight 49 55 30 16 16 1 19 45 35 14 — — 
1080 55 55 17 noon . 50 50 24 31 16 1 19 64 35 48 — -00230 
1081 55 17 midnight 50 1 18 31 17 2 19 65 35 50 — 
1082 55 55 18 noon . 50 20 12 21 17 2 19 68 35 56 — -00233 
1083 Ethiopia. . 55 1 55 55 9 14 39 14 4 19 71 35 61 26-56 — 
1084 55 55 

2 
55 54 40 23 25 13 9 19 64 35 48 26-34 — 

1085 55 55 3 55 53 30 31 12 12 2 19 41 35 07 — _ 
1086 55 55 4 55 51 40 38 14 12 8 19 16 34 62 — -00227 
1087 55 55 5 55 49 36 45 8 13 3 18 97 34 28 — — 
1088 55 55 6 55 46 55 51 5 11 7 17 71 32 02 — - 00209 
1089 55 7 55 44 9 57 16 15 0 17 99 32 53 — — 

1090 55 55 8 55 42 7 63 47 18 3 18 02 32 58 — — 

1091 55 55 9 55 40 42 69 56 17 2 18 11 32 73 — -00213 
1092 55 55 16 55 40 37 68 22 18 3 17 98 32 51 — — 
1093 55 55 17 55 42 8 62 23 20 0 17 99 32 53 -00213 
1094 55 55 18 55 44 26 57 2 16 1 17 52 31 68 23-57 — 

1095 55 55 19 55 47 0 51 23 13 9 17 52 31 68 23-31 — 
1096 20 55 49 33 45 15 13 3 18 78 33 94 — — 
1097 55 21 55 51 45 38 31 15 0 19 08 34 47 — — 
1098 55 55 22 55 53 25 31 3 13 3 19 33 34 93 — -00228 
1099 55 55 23 55 54 29 23 7 14 4 19 54 35 30 — — 
1100 55 55 24 55 55 6 14 38 14 4 19 69 35 58 26-44 — 

1101 Corean . J uly 26 55 Galley Head 17 2 19 45 35 14 — -00229 
1102 55 55 27 55 51° 40' 16° 36' 16 7 19 79 35 75 26-71 — 
1103 28 55 51 41 22 48 15 6 19 63 35 47 — — 

1104 55 55 29 55 51 52 27 28 13 9 19 29 34 86 — — 
1105 55 55 30 55 51 38 34 15 14 4 19 24 34 76 — -00226 
1106 55 31 55 50 31 41 14 13 3 18 91 34 17 25-41 — 

1107 55 Aug. 1 55 48 46 48 2 11 1 18 77 33 92 — — 
1108 55 55 4 55 45 46 55 49 13 3 17 58 31 79 — — 
1109 55 5 44 31 62 10 14 4 16 94 30 64 22-58 — 

1110 55 55 7 55 40 48 67 25 16 7 16 88 30 54 — -0020] 
nil 

55 55 8 55 39 3 73 26 24 4 17 95 32 46 — 
1112 55 55 15 55 39 34 71 22 25 6 17 61 31 85 — 

1113 55 55 16 >) 41 5 66 29 16 1 17 87 32 31 — -00210 

1114 55 55 17 55 42 47 61 48 18 9 17 90 32 37 23-91 — 
1115 55 55 18 55 44 34 56 36 17 8 17 81 32 21 

_ — 
1116 55 55 19 55 46 34 52 54 15 6 17 93 32 42 — — 

1117 55 55 20 55 48 12 51 5 13 9 17 43 31 52 — — 
1118 55 55 21 n 50 19 45 25 12 2 18 77 33 92 - 1 — 

1119 55 55 22 55 52 27 39 3 14 4 18 92 34 19 — 
1120 

55 55 23 ;> 53 58 31 55 13 9 19 30 34 87 - 1 — 
1121 

55 55 24 >, 54 48 24 19 16 7 19 51 35 25 — — 

1122 
55 >5 25 55 55 7 16 25 13 9 19 59 35 40 __ -- 

1123 
55 55 26 55 55 10 8 58 13 9 19 53 35 28 26-27 j 

VOL. CXCVI.-A, T 
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Table I. {continued). 

Lab. 
Xo. 

• 

Ship. 1 )ate. Hour. Eat. Long. Temj). 
X- 

p. from 

X- , 

4815 
Sprengel. SO3. 

1896. X . 1 W. , 1 

1124 Corean . Aug. 27 IIOOU . off Gre enock — — 
1125 Longhirst . July 7 99 55° 28' j 14° 20' 13 9 19 75 35 68 26-64 — 
1126 99 8 99 55 2 ‘ 19 52 13 3 19 67 35 54 — -00231 
1127 5 ? 99 9 99 54 28 25 36 12 8 19 50 35 23 — — 
1128 

99 10 99 53 47 30 25 10 6 19 36 34 98 26-03 — 
1129 

M 99 11 99 53 33 34 12 10 6 19 40 35 05 — — 

1130 
9) 12 99 52 15 37 35 11 1 19 18 34 65 — — 

1131 
>9 99 13 50 50 42 30 11 1 19 01 34 35 — — 

1132 
99 14 99 49 19 46 44 10 0 19 04 34 40 — -00224 

1133 
99 99 15 99 47 27 51 15 10 0 17 72 32 04 — — 

1134 
99 99 16 99 46 28 55 42 11 9 17 73 32 06 — -00206 

1135 
99 99 21 99 48 9 61 54 15 8 15 90 28 80 21-15 — 

1136 
99 Aug. 15 99 48 45 68 7 11 7 15 65 28 35 20-77 -00231 

1137 
99 99 16 99 50 0 63 22 11 9 17 38 31 44 23-26 

1138 
99 99 17 99 50 26 58 52 12 8 17 01 30 77 — 

-00200 1 

1139 
99 18 99 51 58 54 46 9 4 16 34 29 58 — — 

1140 
99 99 19 99 53 10 49 38 11 4 18 91 34 17 — - 1 

1141 
99 99 20 99 54 23 44 14 11 7 19 07 34 46 — — 

1142 
99 21 99 54 47 38 34 11 1 19 14 34 58 — l 

1143 
99 99 

00 
99 55 12 33 33 12 8 19 43 35 10 — — 

1144 
99 99 23 99 55 38 27 56 13 3 19 36 34 98 — — 

1145 
99 24 99 56 6 22 30 13 3 19 47 35 00 — - 1 

1146 
99 99 25 99 55 54 16 46 10 6 19 66 35 52 — — 

1147 
99 99 26 99 55 0 w 11 40 14 4 19 73 35 64 — — : 

1148 
99 99 27 99 55 26 7 43 14 4 19 55 35 32 — — 1 

1149 
99 28 99 53 42 3 41 15 6 18 85 34 07 — i 

1150 Jame.sia . . 7 midnight 58 56 3 44 11 7 19 31 34 89 — 
1151 

99 8 noon . 60 10 6 44 11 4 19 54 35 30 — — 
1152 

99 99 8 11.30 r.M. 61 23 9 46 11 4 19 47 35 17 — — 
1153 

99 99 9 noon . . 62 36 12 54 11 7 19 50 35 23 — — 
1154 

>) 99 9 midnight 63 40 14 58 11 4 19 15 34 60 — 
1155 

99 99 15 noon . 63 23 16 34 10 8 18 97 34 28 25-61 _ 1 

1156 
99 99 16 99 63 28 17 34 10 3 18 99 34 32 25-48 — 

1157 
99 99 18 99 64 0 15 14 10 6 19 43 35 10 — — 

1158 
99 99 19 99 63 48 13 49 11 4 19 42 35 08 _ — 

1159 
99 20 99 62 34 10 10 11 7 19 49 35 21 _ _ 

1160 
99 99 20 midnight 61 6 7 30 11 9 19 49 35 21 — — 

1161 
99 99 21 noon . 59 46 4 50 12 5 19 61 35 43 — — 

1162 
99 99 21 10 P.M. . 59 16 4 26 11 9 19 46 35 15 — — 

1163 
99 99 28 noon . 59 56 4 30 10 3 19 50 35 23 _ _ 

1164 
99 99 28 midnight 61 44 5 42 10 0 19 49 35 21 26-11 _ 

1165 
99 99 29 noon . 61 56 7 26 10 0 19 49 35 21 _ _ 

1166 
99 99 29 midnight 62 16 8 16 9 4 19 50 35 23 _ _ 

1167 
99 99 30 noon . 62 16 8 20 9 4 19 50 35 23 _ _ 

1168 
99 99 30 midnight 62 12 8 24 10 6 19 50 35 23 _ _ 

1169 
99 99 31 noon . 62 12 8 18 10 8 19 45 35 14 _ _ j 

1170 
99 99 31 midnight 62 12 8 24 10 3 19 52 35 27 _ _ 

1171 
99 Sejjt. 1 noon . 62 20 8 20 10 6 19 49 35 21 _ _ 

1172 
99 99 

2 midnight 62 12 8 16 10 6 19 49 35 21 _ _ 
1173 

99 99 3 noon . 62 20 8 18 10 6 19 47 35 17 _ _ 
1174 

99 99 3 midnight 62 12 8 20 10 3 19 45 35 14 _ _ 
1175 

99 99 4 noon . 62 22 8 16 10 0 19 48 35 19 _ _ 
1176 

99 99 4 6 P.M. . 61 48 8 0 10 8 19 55 35 32 _ _ 
1177 

99 99 4 midnight 60 58 6 40 11 1 19 33 34 93 26-03 
1178 

99 99 5 6 A.M. . 60 10 5 20 11 7 19 34 34 94 — — ! 
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Table I. [continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. p. from 
X- 

4S15 

Sprengel. SO3. 

1896. N. w. 
1179 Jamesia . Sept. 5 noon . . 59' 22' 4° 6' 

E. 
11 •7 19 39 35 03 — — 

1180 Active . . Apr. 16 55 62 33 0 0 8 3 19 57 35 36 — — 

1181 17 65 38 1 0 4 2 19 37 35 00 — — 

1182 n 18 55 68 20 2 0 5 0 19 40 35 05 — — 
1183 19 70 30 2 40 1 7 19 47 35 17 26-29 — 

1184 19 8 P.M. . 71 10 2 50 3 5 19 40 35 05 — — 
1185 5) 20 noon . 71 52 7 0 -1 0 19 07 34 46 — -00225 
1186 21 73 56 7 0 -0 3 19 07 34 46 — — 
1187 „ 22 55 74 51 6 0 -0 8 19 16 34 62 25-78 — 
1188 23 74 50 6 0 -1 3 18 99 34 32 — — 

1189 24 76 0 6 0 -1 7 19 02 34 37 — — 

1190 J) 25 77 40 5 0 1 i 19 36 34 98 — -00229 
1191 26 79 0 4 30 -0 6 19 26 34 80 25-84 — 
1192 27 80 15 4 0 0 6 19 16 34 62 — — 
1193 28 79 50 3 30 0 0 19 10 34 51 — -00227 
1194 29 4 P.M. . 79 40 3 30 -1 4 19 15 34 GO — — 
1195 JJ 30 noon . . 79 13 3 0 -1 4 19 03 34 39 25-50 — 
1196 May 1 4 P.M. . 78 50 2 0 -0 6 19 39 35 03 — — 
1197 )) 2 78 40 1 0 0 0 19 35 34 96 — -- 
1198 55 3 noon . 79 0 1 30 

W. 

-1 7 19 02 34 37 — — 

1199 )) 4 79 20 0 45 -1 7 18 90 34 16 25 - 37 — 
1200 J) 55 8 55 78 20 0 15 

E. 
-0 6 19 18 34 65 — — 

1201 >5 10 4 P.M. . 79 30 2 30 0 0 19 14 34 58 — -00227 
1202 5) 11 noon . 79 50 2 30 0 8 19 20 34 69 — — 
1203 )) 12 55 79 45 2 30 -0 3 19 19 34 67 — — 
1204 13 79 20 1 30 -0 8 18 92 34 19 — — 
1205 55 14 79 15 1 0 -1 1 18 85 34 07 — — 
1206 n 15 79 25 0 0 -0 6 18 92 34 19 — -00222 

1207 5) 16 79 50 *20 -0 3 18 96 34 26 — — 

1208 n 17 79 35 1 30 -1 1 18 90 34 16 — — 
1209 18 79 40 1 30 -1 1 18 94 34 23 — -00223 
1210 n 55 19 55 79 30 0 0 

M'. 

-1 1 18 81 34 00 — — 

1211 55 20 79 10 1 0 -1 4 18 77 33 92 — — 

1212 55 21 79 0 2 0 -1 1 18 51 33 46 — -00217 
1213 55 22 78 50 2 30 -1 4 18 17 32 84 
1214 55 23 78 55 3 0 -1 4 18 24 32 97 — 
1215 55 24 79 0 3 10 -1 0 18 25 32 98 — — 
1216 55 25 78 40 3 30 -1 0 18 32 33 12 — — 
1217 55 26 78 45 3 0 -1 3 18 17 32 84 — -- 
1218 55 27 79 0 4 30 -1 4 18 10 32 72 — -00212 

1219 55 28 78 58 3 20 -1 4 18 10 32 72 — -00211 

1220 55 55 29 78 20 5 0 -1 2 18 26 33 00 24-54 — 
1221 55 55 31 78 26 5 0 -1 3 18 25 32 98 — -00213 
1222 55 J une 1 78 1 6 0 -1 6 18 28 33 04 — — 
1223 55 

2 4 P.M. . 77 50 7 30 -1 2 18 27 33 02 — — 
1224 55 55 4 noon . 78 5 4 0 -1 2 18 36 33 17 24-59 -00214 
1225 55 5 78 40 2 0 -0 7 19 06 34 44 25 - 56 — 
1226 55 55 6 79 0 1 30 -1 3 18 57 33 56 — — 

1 1227 55 55 7 55 78 40 0 30 
E. 

1 20 

2 

0 0 19 11 34 53 — -00224 

1228 55 55 8 55 79 10 

I 

-0 •6 18- 82 34- 01 — — 
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Table I. {continued). 

Lab. 

No. 

I 

Shijj. 

1 

Date. 

1 

Hour. Lat. Long. Temp. X- 
p. from 

X- 1 
1 

4S15 
Sprengel. 

SO3. 

1896. * N. E. j 

1229 Active . June 10 noon . 79° 33' 1° 28' 0-3 — : — — 

1230 ' 11 i 55 79 28 1 40 0-9 18- 89 34-14 ’ — -00224 

, 1231 1 ■ 

1232 n 55 13 55 79 37 2 0 0-8 18 78 33-94 ‘ — — 

1233 y ? 55 14 55 79 30 3 0 1-4 19 03 34-39 i — -00221 
' 1234 n 55 15 55 79 25 2 0 1-3 — — 

1 1235 n 55 17 i 55 79 35 2 0 1-4 18 76 33-90 — — 

: 1236 18 78 56 0 40 -0-2 18 49 33-43 24-74 — 

W. 
1237 T) 55 19 55 78 40 1 0 -0-6 18 51 33-46 — — 

1238 55 20 55 78 20 1 30 -0-1 18 62 33-66 — — 

1239 55 21 5 5 77 20 2 30 0-4 18 95 34-24 — — 

1240 5 5 55 22 55 76 30 3 30 0-4 19 14 34-58 — -00226 
1241 n 55 23 55 75 40 8 40 -0-3 18 59 33-60 — -00219 
1242 n 55 24 55 74 43 11 30 0-8 18 83 34-03 — -00217 
1243 55 25 55 74 0 13 0 0-0 18 31 33-10 — — 

1244 55 55 26 73 48 13 0 0-0 18 26 33-00 24-51 — 

1245 55 55 27 73 30 13 10 0-0 18 25 32-98 — — 

1246 55 55 28 73 20 14 0 -0-8 17 98 32-51 — -00211 
1247 55 55 29 73 0 16 0 -0-3 17 87 32-31 — 

1248 55 30 73 0 17 30 0-1 17 93 32-42 24-02 — 

1249 55 July 1 72 50 17 40 0-5 17 86 32 - 30 — -00210 
1250 5 5 55 2 72 50 18 0 0-3 17 90 32-37 — — 

1251 55 55 3 55 73 4 19 20 0-1 17 89 32 - 35 — — 

1252 55 55 4 72 45 18 40 0-8 17 76 32-11 23-78 - 1 
1253 55 » 5 55 72 40 18 30 0-8 17 65 31-92 — 

1 
i 

1254 55 55 6 72 50 18 20 0-8 17 56 31-75 — 

1255 55 55 7 55 72 45 18 0 0-4 17 73 32-06 -- — 

1256 55 55 8 72 20 17 40 0-0 17 64 31-90 — - : 

1257 55 55 9 55 72 20 17 40 0-5 17 57 31-77 — - : 

1258 55 55 10 72 18 17 40 1-1 15 21 27 - 55 — — 

1259 55 55 10 55 72 18 17 40 _ — — — 

1260 55 55 11 72 25 18 0 1-1 17 17 31-06 23-01 —. i 

1261 55 55 12 55 72 30 18 30 0-8 17 63 31-88 — — 

1262 55 55 13 55 72 30 19 0 0-6 17 53 31-70 — -00207 i 
126'3 55 55 14 72 35 19 30 0-8 17 19 31-10 — — 

1264 55 55 15 72 30 19 0 0-6 17 45 31-56 — — 

1265 55 5 16 72 35 18 20 0-6 17 46 31-57 — — 

1266 55 17 72 41 18 0 0-4 17 37 31-41 — — 

1267 5 5 55 18 72 27 17 40 0-0 17 60 31-83 — - 1 

1268 5 5 55 19 55 72 22 17 40 0-2 17 50 31-65 — - i 

1269 5 5 55 20 55 72 20 17 40 0-0 17 56 31-75 — -00207 1 
1270 55 55 21 55 72 13 18 0 0-7 17 57 31-77 — -00207 J 
1271 5 5 55 22 55 72 36 18 30 O . 0 

w 17 45 31-56 — -00202 ‘ 
1272 55 55 23 55 72 10 18 0 1-0 IT 24 31-18 — -00203 
1273 55 5 5 24 55 72 12 ' 19 10 1-7 1 16 16 29-25 — .:— 

1274 5 5 55 25 55 i 72 35 17 50 0-9 i IT 22 31-14 — — 

1275 55 ! 55 26 55 1 72 35 i 17 40 -0-1 IT 41 31-49 23-41 — 

1276 55 ) 55 27 55 72 30 17 30 0-8 ! IT 45 31-56 — — 

1277 5 5 55 28 55 72 40 ' 17 10 0-0 ; IT 09 ! 30-91 — — 

1278 55 55 29 1 ■ 55 72 40 17 0 0-7 17 29 , 31-27 — — 

1279 51 55 30 55 72 55 16 40 ' 0-9 17 18 1 31-07 — — 

1280 11 ' 55 31 55 j 73 0 16 30 1 0-6 : 17 28 1 31-25 — — 

1281 55 Aug 1 55 ; 72 50 16 0 1-1 17 18 j 31-07 22 - 97 
1282 ' 55 55 

2 
55 1 72 55 16 30 1 0-4 17 14 ' 31-00 - 

! 
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Table I. [continued). 

Lai). 
No.' 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

1283 Active . . 
1896. 

Auff. 3 noon . 
N. 

73° 10' 
W. 

16° 5' 0 9 16 92 30 60 22-56 -00199 
1284 4 55 73 5 16 55 1 1 16 43 29 74 — ■- 

1285 5 55 73 10 17 50 1 4 17 12 30 97 — — 

1286 6 55 73 10 17 50 1 2 17 22 31 14 — — 

1287 7 55 
72 50 19 0 1 6 16 77 30 34 — -00198 

1288 8 55 72 2i 18 40 0 8 16 89 30 55 — -00198 
1289 10 55 72 0 18 0 1 1 16 77 30 34 — 

1290 11 71 30 18 20 1 1 16 88 30 54 — — 

1291 12 55 71 10 20 0 1 9 17 07 30 87 — — 

1292 13 55 70 20 21 25 1 9 15 35 2.7 81 — -00181 
1293 22 55 69 0 19 30 0 6 16 99 30 73 22-69 — 

1294 23 55 68 10 17 0 3 6 17 96 32 48 — — 

1295 24 55 66 54 13 30 5 6 18 53 33 49 — — 

1296 25 55 65 15 10 30 6 9 18 42 33 30 — — 

1297 26 55 62 10 7 40 9 9 19 49 35 21 — -00231 
1298 27 55 60 40 4 30 11 1 19 52 35 27 — — 

1299 >> 5) 28 55 59 30 1 45 
E. 

27 20 

11 7 19 46 35 15 — — 

1300 Otaria . July 30 55 71 8 9 5 19 08 34 47 _ _ 

1301 n Aug. 1 55 71 40 38 10 6 2 19 29 34 86 
_ — 

1302 1 10 P.M. . 72 1 41 38 6 9 19 29 34 86 — — 

1303 2 noon . 71 58 45 57 6 2 19 31 34 89 25 - 97 — 

1304 2 10 P.M. . 72 7 47 55 5 9 19 08 34 47 — -00222 

1305 12 noon. . 72 22 51 28 5 1 17 24 31 18 23-02 -00203 
1306 12 10 P.M. . 72 19 48 54 5 6 18 69 33 78 — -00218 
1307 13 noon . . 72 22 44 25 6 2 19 33 34 93 — — 

1308 13 10 P.M. . 72 16 41 40 6 7 19 35 34 96 — — 

1309 14 noon. . 72 24 38 7 5 3 19 33 34 93 — — 

1310 14 10 P.M. . 72 8 35 34 6 8 19 37 35 00 — — 

1311 15 noon . 71 49 30 50 8 9 19 17 34 63 -- — 

1312 i) 15 10 P.M. . 71 22 28 26 9 2 19 21 34 71 — — 

1313 16 noon . . 71 5 27 10 8 8 18 84 34 05 --- — 

1314 16 10 P.M. . 71 56 26 0 9 4 18 60 33 62 — — 

1315 26 55 68 55 16 48 12 1 17 20 31 10 — — 

1316 27 noon . 67 46 14 13 13 o 
0 17 42 31 51 — - 00207 

1317 28 65 11 11 52 12 0 18 06 32 64 — — 

1318 29 55 63 45 7 39 11 7 17 58 31 79 --- -- 

1319 Sept. 1 55 63 15 7 29 13 1 18 67 33 75 --- — 

1320 2 55 62 47 4 49 14 8 18 68 33 76 — — 

1321 2 10 P.M. . 62 18 4 36 14 0 18 27 33 02 24-42 -00213 
1322 3 noon . 61 31 0 9 13 2 19 55 35 32 — - 00229 
1323 3 10 P.M. . 61 3 1 9 13 6 19 34 34 94 — — 

1324 7 0.30 p.m. 60 n 
w. 

1 8i 12 3 19 51 35 25 

1 

1325 n 7 10 P.M. . 59 18 1 17 12 2 19 52 35 27 26-26 — 

1326 8 noon . 58 26 1 23 12 3 19 46 35 15 — — 

1327 8 10 P.M. . 57 48 1 34 12 2 19 38 35 01 — — 

1328 j) 9 10 A.nr. . Near B ell Rock 13 1 18 87 34 10 — 
1 

1329 
1330 

n 

Laura Aug. 24 8 P.M. . 60' 8' 3° 37' 11 5 19 56 35 34 
1331 5? 25 4 A.M. . 60 53 5 20 11 0 19 56 35 34 - - — 

1332 n 5) 25 noon . 61 26 6 24 10 7 19 07 34 46 — — 

1333 26 4 A.M. . 61 42 6 30 9 9 19 51 35 25 26 25 — 
1334 ! )) 27 noon. . 62 8 6 26 10 2 19 46 35 15 — — 

1 1335 ' >5 1 55 28 , 4 A.M. . 62 27 7 8 10 0 19 46 35 15 — — 
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Table I. {continued). 

1 
. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
iSlo 

Sprengel SO3. 

1336 Laura 
1896. 

Aim. 28 noon . 
N. 

62° 35' 
W. 

9° 36' i 10-5 19-51 25-25 
' 

1337 5) „ 28 8 r.Jr. . 62 48 12 22 8-9 19-50 35-23 26-21 -00228 
1338 ? • „ 29 4 a.jM. . 62 52 15 38 10-0 19-44 35-12 — — 
1339 > J „ 29 noon 63 16 18 48 10-5 19-12 34-54 — — 
1340 >> „ 29 8 P.M. . 63 30 20 50 9-5 19-17 34-63 — — 
1341 „ .30 4 A.M. . 64 14 22 51 9-5 19-05 34-42 25-57 — 
1342 Sept. 4 8 P.M. . 64 10 22 48 10-1 18-31 33-10 — — 
1343 n „ 5 4 A.^r. . 63 30 21 20 10-0 19-30 34-87 — — 

1 1344 5) ,, 5 noon 63 6 18 56 10-0 19-10 34-51 — — 
134-5 „ ■ 5 8 P.M. . 63 0 16 18 10-2 19-46 35-15 — — 

1 1-346 n n 6 4 A.M. . 62 52 12 34 10-1 19-51 35 - 25 — — 
1 1-347 ? ? „ 6 noon 62 35 10 24 10-5, , 19-53 35-2S — -00230 
1 1348 55 „ 6 8 P.M. . 62 29 7 33 9-4 19-54 35 - 30 — •00229 

1-349 1) ,, 7 n 61 54 6 30 9-5 19-46 35 -15 26-18 — 
1350 „ 8 4 A.M. . 61 21 ^ 6 20 10-5 19-53 .35 - 28 — — 

1-351 „ 8 noon 60 41 5 4 11-5 19-48 35-19 — •00230 
1-352 „ 8 8 P.M. . 59 45 3 10 11-7 19-53 35 - 28 — — 

' 1353 Teirtouic Aim. 27 midnight 51 24 14 26 14-4 19-73 35-64 26-64 •00231 
1354 28 noon 51 24 20 42 15-6 19-77 35 - 72 -^ — 

1 1355 >) „ 28 midnight 50 46 26 36 16-1 19-49 35-21 — — 

i 1356 5) „ 29 noon 50 9 32 42 17-2 19-23 34-74 — — 

; 1-357 „ 29 midnight 48 56 38 38 17-8 19-40 35 - 05 26-15 •00229 
i 1-358 „ 30 noon 47 32 44 24 13-9 18-20 32-90 — — 
i 1359 „ 30 midnight 45 56 49 56 11-1 17-83 32-24 — — 

1360 „ 31 noon 
midnight 

44 21 55 10 18-3 17-96 32-48 24-02 — 
1-361 n n 31 43 5 60 10 16-7 17-70 32-01 23 - 75 •00208 
1362 5? Sept. 1 noon 41 40 65 19 17-8 18-06 32-64 — — 

1 1-363 „ 1 midnight 40 26 69 54 15-6 18-04 32-61 — — 
1364 j) n 9 n 40 11 70 2 17-8 18-66 33-73 25-19 — 
1365 n „ 10 noon 40 57 66 12 23-3 18-30 33 - 08 — — 

1-366 „ 10 midnight 41 49 61 31 18-9 18-23 32 - 95 — •00213 
1367 „ 11 noon 43 4 56 39 21-7 18-62 33-66 — — 
1368 „ 11 midnight 44 17 52 5 18-9 17-85 32-28 23-90 — 
1-369 „ 12 noon 45 45 47 32 14-4 17-59 31-81 23-54 — 
1-370 „ „ 12 midnight i *7 o 4^ o 42 51 15-0 18-20 32 - 90 — — 

i 1371 „ 13 noon 48 35 37 43 17-8 19-53 35 - 28 — — 

1372 „ 13 midnight 49 30 32 14 15-6 19-34 34-94 25-89 — 

1-37-3 „ 14 noon 50 33 26 35 16-7 19-51 35 - 25 — — 
1374 „ 14 midnight 50 50 20 1 14-4 19-59 35 - 40 — — 
1375 „ 15 noon 51 22 15 2 16-1 19-71 35-61 26-55 — 
1376 LouMu’i^if Aug. 16 midnight 55 36 8 45 14-3 19-57 35-36 — — 

1-377 
Holme 

n „ 17 ' noon 55 57 12 4 14-7 19-55 35 - 32 
1378 „ 17 midnight 56 3 15 0 14-2 19-56 35 - 34 — — 
1379 „ 18 noon . 56 11 17 53 13-9 19-55 35 - 32 — — 
1380 „ 18 midnight 56 14 i 20 48 1.3-9 19-58 35 - 38 — — 

1381 „ „ 19 ! noon . 56 16 1 23 44 13-7 19-52 35-27 — — 

1382 1 n „ 19 ' midnight ‘ 56 19 i 26 12 13-9 19-49 35-21 — - ! 
1-383 1 „ 20 noon . 56 22 1 28 57 12-2 19-33 34-93 — - j 
1384 „ ' „ 20 : midniglit 56 11 ; 32 10 12-1 19-35 34-96 — — 
1385 1 21 noon . .' 56 7 35 22 12-1 19-26 34-80 — - 1 

1386 i 21 midnight 55 41 37 26 10-9 19-20 34-69 — 

1387 j noon . 55 14 ' 40 14 10-8 19-16 34-62 — 
1 

1 

1388 ' 
1 

»> midnight i 54 44 ' 43 23 10-5 19-16 34-62 — - j 

1389 )> „ 23 ' noon . . : 54 13 i 46 39 11-4 19-03 34-39 — — 1 
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Table I. [continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

1896. N. W. 
1390 Loughrigg Aug. 23 midnight 53° 29' 49° 42' 11-7 19 •02 34 37 — — 

Holme 
1391 24 noon . . 52 46 52 28 7-2 17 62 31 86 — — 
1392 24 midnight 52 10 54 35 10-0 16 32 29 54 — — 
1393 Sept. 12 55 52 0 54 40 9-4 17 08 30 88 — — 

1394 13 noon . 52 28 51 46 6-1 17 85 32 28 — — 

1395 55 13 midnight 52 57 49 5 10-0 19 06 34 44 — — 
1396 14 noon . 53 12 46 17 11-0 19 14 34 58 _ — 
1397 14 midnight 53 39 43 23 12-2 19 15 34 60 — — 

1398 15 noon . 54 5 40 24 10-2 19 04 34 40- — — 

' 1399 15 midnight 54 42 37 33 11-0 19 20 34 69 — — 
1400 16 noon . 55 13 34 37 10-7 19 40 35 05 — — 
1401 17 55 55 42 28 1 12-3 19 30 34 87 — — 

1402 17 midnight 55 49 24 42 12-8 19 44 35 12 — — 

1403 18 noon . 55 57 21 21 13-5 19 45 35 14 — 

1404 18 midnight - - 
00 53 18 4 12-8 19 59 35 40 

1405 19 noon . 55 48 14 48 13-1 19 52 35 27 — — 

1406 Ethiopia 55 5 55 55 16 14 21 15-0 19 20 34 69 — - 

1407 6 55 54 27 22 59 15-6 19 46 35 15 — — 

1408 7 55 53 18 31 1 13-3 19 28 34 81 — — 

1409 8 55 51 39 38 19 15-6 19 10 34: 51 — — 

1410 9 55 49 42 43 54 15-0 18 95 34 24 — — 

1411 10 55 47 23 50 24 14-4 17 51 31 66 23-52 — 

1412 11 55 44 51 56 13 17-8 17 80 32 19 23-87 — 

1413 12 42 27 61 42 18-3 17 44 31 54 — — 

1414 
?? 13 55 40 55 67 46 16-7 17 97 32 49 — — 

1415 20 55 40 45 68 28 16-1 17 99 32 53 — — 

1416 21 42 23 62 44 16-1 17 73 32 06 — -- 

1417 22 55 44 25 56 54 16-1 17 65 31 92 — --- 

1418 23 55 46 59 51 16 14-4 17 41 31 49 2 3-.30 — 

1419 
n 24 55 49 29 45 29 12-2 18 61 33 64 — 

1420 25 51 22 38 53 13-3 19 07 34 46 — 

1421 26 55 53 3 31 59 11-7 19 20 34 69 25 ■ 87 — 

1422 27 55 54 11 24 26 12-8 19 33 34 93 — -. 

1423 28 55 54 55 16 27 12-8 19 56 35 34 — — 

1424 29 55 35 8 29 13-3 19 51 35 25 — 

1425 Corean 6 Off F;astnet 15-6 19 50 35 23 --~ 

1426 7 51° 4.3' 16° 42' 15-0 19 57 35 36 _ — 

1427 8 51 52 23 28 16-7 19 63 35 47 — — 

1428 9 51 38 30 25 10-7 19 46 35 15 26-32 — 

1429 10 55 51 5 36 30 14-4 18 95 34 24 — — 

1430 
)) 11 55 50 16 41 45 10-7 18 78 33 94 — — 

1431 •Se. 12 48 50 47 59 18-3 18 45 33 36 — — 

1432 13 6'E. of St. John’s 13-9 17 19 31 09 23-08 — 

1433 15 45° 42' .57° 0' 16-1 17 55 31 73 — — 

1434 
J) 16 55 8' S. of Halifax 15-6 16 49 29 84 — 

1435 
55 17 43° 42' 64° 12' 17-2 17 32 31 32 — 

1436 
55 18 40 22 68 58 17-2 17 96 32 48 — — 

1437 
55 19 55 38 53 74 40 20-0 17 79 32 17 — — 

1438 
55 55 26 55 39 30 71 38 17-8 18 81 34 00 — --- 

1439 
55 27 41 6 66 30 15-6 17 85 32 28 — 

1440 
55 28 42 49 61 20 1 17-8 17 68 31 97 23-67 1 — 

1441 
55 55 29 44 45 56 13 ’ 14-4 — — 

10' E. of St. 
1442 

55 55 30 55 Jo hn’s 11-1 17- 20 31- 11 — — 
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Table I. [continued). 

Lah. 
No. 

Ship. Date. Hour. Lat. 
1 

Long. 

1896. N. AV. 
144.3 Corean . . Oct. 1 noon . 49 ’33' 47° 30' 
1444 2 

55 51 40 40 55 
144.5 3 55 53 2 33 54 
1446 4 55 53 35 27 5 
1447 •5 55 54 49 20 6 
1448 6 56 24 12 40 
1449 5 7 55 Off Ho ly Isle 
1450 Thorwaldsen June 0 8 A.M. 59 ’55' 3° 4' 
1451 2 noon . 59 57 4 25 
1452 0 4 r.M. 59 56 1 5 41 
1453 3 S A.M. 59 46 ' 10 41 
1454 3 noon . 59 38 12 5 
1455 55 3 4 P.M. 59 28 13 15 
1456 55 4 8 A.M. 58 50 17 20 
1457 55 4 noon . 58 40 18 19 
1458 » 4 4 P.M. 58 36 18 58 
1459 „ 5 8 A.M. 58 12 22 24 
1460 5 noon . 58 1 23 50 
1461 55 5 4 P.M. 57 56 24 57 
1462 ,, 6 8 A.M. 57 40 28 27 
1463 6 noon . 57 37 28 50 
1464 55 6 4 P.M. 57 32 29 0 
1465 5 5 7 8 A.M. 57 17 28 58 
1466 7 noon . 57 9 28 53 
1467 55 7 4 P.M. 57 10 29 7 
1468 55 8 8 A.M. 57 9 29 34 
1469 55 55 8 noon . 57 15 29 59 
1470 )) 8 4 P.M, 57 15 29 59 
1471 >) 55 

9 8 A.M. 57 7 34 22 
1472 55 55 9 noon . 57 6 35 42 
1473 55 9 4 P.M. 57 7 36 46 
1474 10 8 A.M. 57 0 39 21 
1475 55 10 noon . 57 0 40 10 
1476 10 4 P.M. 57 1 40 15 
1477 11 8 A.M. 56 54 42 10 
1478 55 55 11 noon . 56 53 43 2 
1479 55 11 4 P.M. 56 56 43 31 
1480 5 5 Sept. 15 noon . 56 42 45 29 
1481 55 15 4 P.M. 56 45 44 31 
1482 55 16 noon . 57 0 40 21 
1483 55 16 4 P.M. 57 3 39 59 
1484 55 55 17 8 A.M. 57 2 36 4 
1485 55 55 17 noon . 57 4 35 14 
1486 55 17 4 p.]\r. 57 4 34 19 
1487 55 55 18 8 A.M. 57 4 30 51 
1488 55 S5 18 noon . 57 5 29 56 
1489 55 55 18 4 P.M. 57 9 29 1 
1490 55 19 8 A.M. 57 25 25 48 
1491 55 55 19 noon . 57 27 25 25 
1492 55 55 19 4 P.M. 57 29 24 56 
1493 55 55 20, 8 A.M. 57 35 24 22 ' 
1494 55 55 20 noon . 57 45 24 3 
1495 55 20 4 P.M. i 57 54 23 37 
1496 55 55 21 ! 8 A.M. , , 57 52 23 20 ' 
1497 55 55 21 1 noon . 1 

58 1 23 10 

Temp. X- 
p. from 

X- 
4S15 

; Sprengel. SO3. 

11 •7 18 •78 33 •94 
14 •4 19 •04 34 •40 25-55 — 
11 •7 19 •27 34 •82 — 
12 •8 ! 19 •31 34 •89 — — 
12 • 0 ! 19 •66 35 •52 — — 
11 ■7 •66 35 •52 26-46 — 
12 •2 ! 18 •79 33 •96 — — 

9 •0 : 19 •38 35 •01 -- -- 
9 •7 ! 19 •58 35 •38 — — 

10 • 2 19 •58 35 •38 — — 
9 •8 19 •56 35 •34 26-42 — 
9 •8 19 •59 35 •40 — — 

10 ■0 19 •59 35 •40 — — 
9 •6 19 •57 35 •36 ■- -- 
9 •8 19 •56 35 •34 26-27 — 

10 ■0 19 • 56 35 •34 — 
10 •5 19 •51 35 •25 — — 
10 •1 19 •55 35 •32 — — 
10 •5 19 •50 35 •23 — — 
10 0 19 •45 35 •14 • -- — 

9 5 19 •45 35 •14 — — 
10 6 19 40 35 05 — — 

9 5 19 50 35 23 26-10 — 
9 5 19 40 35 05 — — 
9 8 19 44 35 12 — — 
9 5 19 46 35 15 — — 
9 0 19 44 35 12 — — 
9 5 19 46 35 15 26-05 — 
8 19 43 35 10 — — 
8 0 19 43 35 10 — — 
7 6 19 37 35 00 — — 
6 5 19 30 34 87 — — 

6 5 19 40 35 05 — — 
6 2 19 34 34 94 — — 
5 0 19 32 34 91 25 • 92 — 
5 2 19 30 34 87 — — 
5 2 19 IS 34 65 — •- 
8 0 19 11 34 53 — — 
8 0 19 11 34 53 — — 
8 0 19 15 34 60 — — 
9 19 21 34 71 25 • 88 — 
9 5 19 37 35 00 — — 

10 0 19 31 34 89 26-oa — 

10 5 19 40 35 05 — ■- 
10 0 19 37 35 00 — — 
11 0 19 39 35 03 — — 
11- 5 19 46 35 15 — — 
10- 5 19- 43 35- 10 — — 

12- 0 19- 46 35- 15 26-14 — 

13- 0 1 19- 49 35- 21 -- — 
11- 2 1 19- 46 , 35- 15 — — 
11- 7 : 19- 50 35- 23 i -- _ 

12- 2 19- 53 35- 28 — — 

12- 0 19- 55 , 35- 32 1 — — 

12- 5 ’ 19- 53 ! 35- 28 — — 
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Table I. {continued). 

Lab. 
! No. 
i 

Ship. Date. Hoiu’. Lat. Long. Temp. X- 
p. from 

I X- 
i 

4S15 
Sprengel. SO3. 

i ■ ' 
1896. N. 

1498 Thorwaldsen Sept. 22 noon , 57 51' 23 ’15' 12 0 19 50 35 23 -- — 
1499 23 8 A.M. . 58 10 20 26 11 5 19 54 35 30 26-22 — 

1500 23 noon . 58 15 19 30 12 0 19 50 35 23 — — 

1501 23 4 P.M. . 58 20 18 40 11 6 19 49 35 21 — — 
1502 24 8 A.M. . 58 43 15 21 11 5 19 53 35 28 — -- 

1503 n 24 noon . 58 47 ' 14 38 10 8 19 55 35 32 — — 

1504 25 55 59 5 ! 11 26 12 0 19 58 35 38 — — 
1505 26 O 59 37 9 18 11 5 19 52 35 27 — — 

1 1506 27 55 59 37 i 7 11 5 19 55 35 32 — — 

1507 June 12 4 P.M. . 58 13 47 14 5 0 18 97 34 28 25-50 
1508 ?» 12 noon . 57 54 46 9 5 5 19 05 34 42 — 

1509 12 8 A.M. . 57 37 45 25 4 5 19 01 34 35 -- 

1510 Teutonic Sept. 25 noon . . 51 23 10 7 15 0 19 92 35 98 — 
1511 25 midnight 51 23 15 51 14 4 19 68 35 56 
1512 26 noon . . 51 23 20 50 15 0 19 64 35 48 — — 

1513 n 26 midnight 50 53 26 45 14 4 19 79 35 i ■) 26-69 — 

1514 >) 27 noon . 50 16 32 32 14 4 19 60 35 41 — — 

1515 27 midnight 48 55 38 12 14 4 19 20 34 69 — 

1516 28 noon . 47 29 43 55 14 4 18 51 33 46 — — 

1517 28 midnight 46 4 49 30 13 3 17 73 32 06 23-75 — 

1518 n 29 noon . 44 26 54 42 15 6 18 40 33 26 . - — 

1519 29 midnight 43 34 58 21 16 1 17 96 32 48 — — 

1520 n 30 noon . 41 30 65 43 16 7 17 75 32 09 — — 

1521 n 55 30 midnight 40 40 70 31 15 9 18 05 33 63 — — 

1522 jj Oct. 7 55 40 48 66 49 20 0 19 49 35 21 — 

1523 8 noon . 41 10 64 59 21 7 19 75 35 68 -- — 

1524 8 midnight 42 7 60 58 17 2 17 97 32 49 — — 
1525 9 noon . 43 23 56 9 16 7 18 47 33 39 24-79 — 

1526 9 midnight 44 43 50 59 15 0 17 96 32 48 — — 

1527 jj 10 noon . 46 10 46 10 15 6 18 37 33 20 — — 
1528 55 10 midnight 47 39 41 9 16 7 19 70 35 59 — — 

1529 11 noon . 49 7 36 7 16 7 19 68 35 56 26-37 — 
1530 55 11 midnight 49 49 30 50 14 4 19 47 35 17 26-16 — 

1531 12 noon . . 50 43 25 11 14 4 19 61 35 43 — — 

1532 12 midnight 50 57 19 22 13 9 19 74 35 66 — 

1533 13 noon . 51 23 13 31 13 3 19 91 35 97 _ — 
1534 Granuaile . .Tune 14 55 55 48 10 40 13 5 19 60 35 41 — -00230 
1535 14 4 P.M. . 56 17 11 25 12 8 19 57 35 36 — — 

1536 n 14 8 P.M. . 56 44 12 6 12 8 19 62 35 45 26-49 ■- 

15.37 n 14 midnight 57 10 12 50 11 7 19 60 35 41 -00230 
1538 55 15 4 A.M. . 57 39 13 36 10 7 19 53 35 28 26-27 — 

1539 5 5 15 11.30 a.m. 57 35 13 44 10 4 19 63 35 47 •- — 
1540 55 15 4 P.M. . 57 23 13 27 11 1 19 58 35 38 — — 

1541 15 8 P.M. . 57 35 13 44 10 8 19 53 35 28 — - 00230 
1542 

55 15 midnight 57 32 13 48 10 8 19 63 35 47 -- — 
1543 55 16 4 A.:\r. . 57 35 13 43 10 4 19 56 35 34 26 - 25 — 

1544 16 8 A.]\[. . 57 36 13 40 10 6 19 59 35 40 — — 

1545 5 5 16 4.15 P.M. 57 36 12 0 11 5 19 60 35 41 — - 00230 
1546 

55 16 8.30 P.M. 57 36 10 50 11 7 19 63 35 47 — — 

1547 5 5 55 16 midnight 57 46 9 50 12 0 19 60 35 41 — — 

1548 17 4 A.M. . 57 48 8 42 12 1 19 54 35 30 — — 

' 1549 17 4 P.M. . 57 0 0 8 16 12 8 19 44 35 12 26-17 -00229 1 
1 1550 China . . Aug. 5 11 P.M. . 63 34 16 31 9 7 18 97 34 28 — — 

' 1551 
5) 6 noon . 63 34 16 31 10 0 19 07 34 46 1 — 

i 1552 

VOL 

» 

. CXCVI,—A, 

55 6 midnight 63 37 15 

F 

12 11 7 19 22 34 72 1 
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Table 1. {continued). 

Lab. 
No. 

Ship. Date. Hour. Ltit, Long. Temp. X- 
p. from 4S1,-, 

X. Sprengel. 
1 

SO3. 

1896. N ' 

1.0.53 China .Aug. 7 noon . 63^ 37' 15° 12' 11 7 19 25 34 78 25-90 — 
1.5.54 11 8 11 65 10 14 22 7 2 18 50 33 44 ~ — 
1555 n 11 8 midnight 66 23 14 .34 8 3 18 21 32 91 — — ; 
1556 n 11 9 9 A.M. 66 31 18 4 8 3 18 50 33 44 — — 

1557 11 9 11..30 P.M. 66 27 20 21 7 2 18 74 33 87 — — 

1558 M 11 10 noon . 66 27 20 16 6 7 18 72 33 S3 — — 
1559 11 11 midnight 66 27 20 16 6 7 18 56 33 55 — — 
1560 11 12 11 A.M. 66 33 20 10 7 0 17 89 32 35 — — 
1561 13 9 p.jr. 63 35 18 10 7 2 18 48 33 41 24-81 — 

1562 n 11 15 11 A.M. • 63 28 18 40 
T7 

10 6 19 17 34 63 — — 

1563 11 27 1 A.M. 57 38 
L. 

14 50 12 8 19 56 35 34 _ 

1564 11 27 2 P.M. . 57 38 14 50 12 
0 19 53 35 28 — — 

1565 n Sept. 12 noon . , 56 56 14 20 13 3 19 51 35 25 26-24 — 
1566 12 11 P.M. 56 56 14 20 12 2 19 57 35 36 — — 
1567 11 11 11 56 56 14 20 13 3 19 58 35 38 — — 

1568 11 28 62 10 6 20 13 3 19 45 35 14 _ — 
1569 11 29 noon . 62 10 6 20 13 3 19 45 35 14 26-08 — 

1570 Oct. 14 11 P.M. 62 12 6 15 5 1 19 46 35 15 — — 
1571 11 15 noon . 62 12 6 14 6 1 19 50 35 23 — — 

1572 >> 11 16 11 P.M. 62 5 6 10 6 1 19 25 34 78 — — 
, 1.573 )) 11 17 noon . 62 5 6 10 6 

►- 19 28 34 84 25 - 94 — 

1 1574 )) 11 18 11 P.M. 62 3 6 12 6 i 19 25 34 78 — — 

1575 11 19 noon . 62 3 6 12 7 •> 19 27 34 82 _ — 

^ 1576 )» 11 20 11 P.M. 62 1 6 2 7 •) 19 29 34 86 — — 

1577 j) 11 21 noon . 62 1 6 2 ( 0 19 28 34 84 — — 

1578 )) 11 
00 11 P.M. 62 15 6 15 6 1 19 28 34 84 ' — — 

1579 j) 11 23 noon . 62 16 6 16 6 1 19 28 34 84 — — 

j W. 
! 1580 Laara . . Sept. 27 8 P.AI. 59 46 3 13 10 7 19 51 35 25 — — 

1581 n J) 28 4 A.M. 60 45 5 2 10 5 19 57 35 36: — — 

1582 11 28 noon . 61 5 5 47 9 0 19 50 35 23 — — 

1583 11 11 29 8 P.M. 61 39 6 34 9 0 19 48 35 19 26-23 — 

1584 11 Oct. 2 62 14 8 2 8 5 19 32 34 91 — — 

1585 11 11 3 4 A.M. 62 24 10 24 9 0 19 46 35 15 ' — — 

1586 11 11 3 noon . 62 30 13 11 9 5 19 50 35 23 — — 

1587 11 11 3 8 P.M. 62 44 16 13 9 5 19 48 35 19 — — 

1588 11 4 4 A.M. 62 51 18 2 8 5 19 45 35 14 — — 

; 1589 11 11 4 noon . 63 29 21 11 7 8 IS 77 33 92 25-25 — 

: 1590 11 11 4 8 P.M. 63 49 22 54 6 5 19 66 35 52 — -— 

1 1591 11 11 5 4 A.M. 64 12 22 20 5 0 19 09 34 49 — — 

1592 11 11 10 8 P.M. 64 19 22 35 6 5 19 32 34 91 — — 

1593 11 11 11 4 A.M. 65 5 24 16 6 5 19 33 34 93 — 

1594 11 11 11 8 p.i\r. 65 10 23 28 6 f) 19 26 34 80 ^ — 

1595 
11 1* 15 8 A.M. 66 9 23 50 5 2 19 14 34 58 25-56 — 

1596 11 11 18 8 P.M. 65 41 24 57 5 6 19 16 34 62 — — 

1597 11 11 19 4 A.i\r. 64 40 24 5 6 0 19 35 34 96 ‘ — — 

1598 •>1 11 
0 0 JlOOll . 63 50 22 59 6 1 19 20 34 69 — — 

1599 11 11 
00 8 P.M. 63 34 20 33 6 0 18 97 34 28 — — 

1600 11 11 23 4 A.M. 63 24 20 0 6 2 19 31 34 89 — — 

1601 11 11 23 noon . 62 55 17 23 S 7 19 49 35 21 — 

1 1602 11 11 24 4 A.M. 62 53 14 59 7 0 19 22 34 72 — — 

t 1603 11 24 noon . 62 58 13 23 6 9 19 99 36 11 — 

1 1604 11 24 8 P.M. 62 14 13 0 7 0 19 64 35 48 — — 

1605 11 11 25 4 A.M. 62 0 11 28 8 0 19 52 35 27 - — — 
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Table 1. {continued). 

Lab. 
No. 

Ship. Llate. Hour. Lat. Long. Temp. X- 
p. from 

X- 
rS.s 

Sprengel. 

1896. N. ^\b 
1606 Laura Oct. 25 uoon . 6r 45' 9' 29' 8 5 19 52 35 27 ■- 

1607 55 „ 25 8 P.M. . 61 40 8 4 8 2 19 53 35 28 -- 

1608 „ 28 60 38 4 8 8 0 19 57 35 36 — 

1609 „ 29 4 A.M. . 59 30 2 50 8 0 19 59 35 40 — 

1610 Thyra Mav 13 noou . 60 7 5 3 10 0 19 60 35 41 — 

1611 ,, „ 13 8 p.sr. . 61 5 5 51 9 2 19 57 35 36 — 

1612 ,, „ 11 noou . 61 49 6 39 7 5 19 48 35 19 — 

1613 „ 16 4 A.M. . 63 45 10 3 8 0 19 50 35 23 26-26 
16U „ 16 noon . 64 31 11 48 2 0 18 94 34 23 — 

1615 ,, „ 20 8 A.M. . 63 59 15 33 8 0 19 44 35 12 — 

1616 „ 20 noon . 63 44 16 35 7 5 19 36 34 98 — 

1617 ,, „ 20 8 P.M. . 63 21 18 51 7 0 19 38 35 01 26-04 
1618 5? 21 4 A.M. . 63 40 21 26 8 

o 
O 17 93 32 42 24-00 

1619 ?<> .June 14 8 P.M. . 64 58 12 37 3 0 18 77 33 92 — 

1620 „ 15 4 A.M. . 64 11 10 33 5 0 19 11 34 53 -- 

1621 „ 15 noon . 63 22 8 39 8 5 19 46 35 15 — 

1622 V 15 8 P.M. . 62 30 6 51 8 5 19 38 35 01 — 

1623 
„ I' noon . 61 31 6 40 9 0 19 49 35 21 — 

1624 „ 17 8 P.M. . 60 43 4 50 10 5 19 51 35 25 — 

1625 ,, 1!^ 8 A.M. . 59 44 2 25 10 5 19 54 35 30 — 

1626 July 10 8 P.M. . 59 42 2 53 12 0 19 42 35 08 — 

1627 „ 11 8 A.M. . 60 52 4 01 12 6 19 57 35 36 — 

1628 
„ 11 noon . 61 21 6 9 12 0 19 52 35 27 — 

1629 „ 13 8 P.M. . 63 0 8 3 10 5 19 43 35 10 — 

1630 ,, 
» IJ 4 A.M. . 63 56 9 56 9 8 19 38 35 01 — 

1631 Aue;. 12 8 P.M. . 61 14 5 20 12 0 19 51 35 25 — 

1632 Sept. 21 noon . . 60 13 3 42 10 9 19 54 35 30 — 

1633 21 8 P.M. . 61 5 5 3 9 5 19 44 35 12 — 

1634 51 „ 23 4 A.M. . 62 21 8 20 8 3 19 46 35 15 — 

1635 51 „ 23 noon . . 63 6 10 4 8 5 19 25 34 78 — 

1636 5 1 „ 23 8 P.M. . 63 57 11 43 6 5 19 01 34 35 -- 

1637 24 4 A.M. . 64 51 13 30 5 0 18 62 33 66 24 - 95 
1638 15 Oct. 31 noon . 63 7 8 35 6 3 19 34 34 94 — 

1639 ?5 

America . 
Nov. 2 59 53 3 5 8 8 19 51 35 25 — 

1640 Aug. 6 11.30 a.m. 12 9 19 49 35 21 ■- 
1641 55 „ 7 noon . 12 9 19 40 35 05 — 
1642 55 „ 9 11.30 a.m. 13 9 19 97 36 07 — - 
1643 55 „ 11 10.45 a.m. 57 40 8 20 12 8 19 51 35 25 26-33 
1644 55 „ 18 noon . 56 30 14 0 14 4 19 97 36 07 — 
1645 55 „ 20 56 30 14 10 13 9 19 52 35 27 — 

1646 55 
oo 57 0 11 45 13 9 19 54 35 30 

1647 55 Sept. 3 11..30 A.M. 58 10 8 56 12 8 19 46 35 15 26-15 
1648 55 noon . 57 30 11 5 12 8 19 55 35 32 — 

1649 n 5 11.30 A.M. 56 36 14 22 13 3 19 60 35 41 
1650 55 „ 6 noon . 56 40 14 27 13 9 19 54 35 30 — 
1651 55 „ 7 57 0 14 20 13 9 19 49 35 21 26-21 
1652 55 ,, « 11.30 A.M. 56 30 14 42 12 8 19 52 35 27 -- 
1653 55 „ 9 56 30 14 36 13 3 19 54 35 30 — 

1654 „ 10 57 0 14 25 13 3 19 32 34 91 — 

1655 55 „ 11 58 0 8 30 12 8 19 29 34 86 ■- 

1656 55 „ 12 noon . 59 0 6 25 12 8 19 25 34 78 - -- 
1657 55 „ 13 56 0 9 5 12 8 19 29 34 86 — 

1658 „ 11 55 30 9 10 12 8 19 31 34 89 — 

' 1659 5' „ 15 56 39 8 52 12 8 19 52 35 25 — 

1660 55 „ 16 55 56 30 

1 

8 

J 2 

48 12 8 19 47 35 17 ■ 
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Table I. [contimied). 

Lal>. 
No. 

Ship. Date. 

1G61 America . 
1896. 

Sept. 17 
\()(y2 „ 18 
1G().3 51 Oct. 9 
1661 „ 11 
1665 55 „ 1.5 
] 666 „ 17 
1667 Teutonic . 55 - 

1668 5 5 „ 23 
1669 55 „ 23 
1670 55 „ 24 
1671 55 „ 24 
1672 55 „ 25 
1673 55 „ 25 
1674 55 „ 26 
1675 55 26 
1676 55 „ 27 
1677 „ 27 
167 8 55 Nov. 4 
1679 55 n 5 
1680 5 5 5 
16S1 * 5 „ 6 
1682 55 „ 6 
1683 55 „ 7 
1684 55 „ 7 
1685 55 „ 8 
1686 55 „ - B 
1687 55 „ 9 
1688 5 5 „ 9 
1689 55 „ 10 
1690 Eclipse . Apr. 9 
1691 55 „ 10 
1692 55 „ 11 
1693 55 „ 12 
1694 55 „ 13 
1695 55 „ 11 
1696 55 ,, 15 
1697 )) „ 16 
1698 55 „ 17 
1699 55 „ 18 
1700 5 5 „ 19 
1701 ^ 5 „ 20 
1702 55 21 

! 1703 5 1 
00 

1 1704 , , „ 23 
1705 5 5 „ 24 
1706 „ 25 
1707 55 „ 26 
1708 5' 27 
1709 ' 5 „ 28 
1710 1 1 „ 29 
1711 „ 30 
1712 5 5 May 1 
171.3 ,, •) 

55 - 

1714 5 5 ). 3 
1715 , 55 „ I 

Hoiu'. Lcit. Long. Temj). 

N Ah 
noon . 56° 4' 8° 57' 13 0 0 

55 57 0 • 8 54 13 9 
55 

62 0 9 20 11 7 
62 25 11 7 12 8 
63 10 12 52 12 8 

55 63 0 14 45 12 2 
midnight 51 24 13 47 12 2 
noon . 51 24 19 57 13 3 
midnight 50 54 26 18 13 3 
noon . 50 11 32 31 14 4 
midnight 48 54 38 24 16 7 
noon . 47 38 44 32 13 3 
midnight 46 0 49 46 11 7 
noon . 44 20 54 52 15 6 
mididght 43 3 60 1 14 4 
noon . 41 39 65 23 12 2 
midnight 40 31 69 51 13 3 

40 12 70 21 12 8 
noon . 41 8 65 36 12 2 
midnight 42 16 60 55 18 9 
noon . 43 21 56 15 14 4 
midnight 44 38 51 35 12 2 
noon . 45 54 46 57 12 8 
midnight 47 2 42 16 13 3 
noon . 48 30 37 8 17 2 
midnight 49 33 31 52 14 4 
noon . 50 40 26 14 13 3 
midnight 50 59 20 ■>2 12 8 
noon . 51 10 14 9 12 0 

59 2 4 3 8 3 
60 26 5 30 8 0 0 
60 39 6 5 6 7 

5 5 59 48 8 50 8 3 
59 20 10 48 8 8 
59 40 15 56 8 9 

55 59 33 20 43 8 9 
5 5 60 •>2 25 8 8 3 

59 0 25 19 8 9 
59 28 30 19 7 8 
60 25 32 42 ■7 2 
60 13 35 34 5 1 
58 45 42 6 3 2 

55 58 3 45 23 2 8 
59 3 48 23 0 

w 8 
59 50 50 23 1 7 

55 59 21 50 12 2 5 
55 59 2 50 36 3 9 

60 30 53 5 1 i 

55 62 18 55 20 -0 6 
55 63 54 52 32 -0 6 
55 64 5 52 40 -1 1 
55 65 25 53 30 1 1 
55 65 55 53 24 1 1 

66 8 54 30 -0 6 
55 68 25 55 30 _ 2 

p. from 4S15 * J.Q 
X- Sprengel. 

19 46 35 15 
19 55 35 32 
19 54 35 30 26- 
19 54 35 30 
19 54 35 30 
19 53 35 28 
19 83 35 82 
19 59 35 40 
19 63 35 47 
19 29 34 86 
19 44 35 12 
18 41 33 28 
17 65 31 92 23 66 
18 44 33 34 24 78 
18 61 33 64 
18 12 32 75 
18 09 32 70 
18 12 32 75 
18 06 32 64 - 

18 82 34 01 
18 83 34 03 
17 83 32 25 23 83 
18 49 33 43 
18 66 33 73 
19 76 35 70 
19 16 34 62 
19 53 35 28 
19 62 35 45 
19 63 35 47 
19 42 35 08 
19 57 35 36 
19 48 35 19 - 

19 58 35 38 26 45 
19 55 35 32 
19 53 35 28 
19 50 35 23 
19 50 35 23 - 

19 56 35 34 
19 48 35 19 
19 55 35 32 
19 44 35 12 
19 02 34 37 
19 17 34 63 
18 96 34 26 -- 

18 98 34 30 25 53 
19 21 34 71 
19 28 34 84 
19 02 34 37 _ - 

18 78 33 94 25 17 
18 74 33 87 
18 54 33 51 24 79 
18 90 34 16 
18 93 34 21 - 

18 95 34 24 — 

18 95 34 24 — 
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Table I. {continued). 

1 
Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 

481,3 
Sprengel. SO3. 

1 

1716 Eclipse . 
1896. 

Hay .5 noon . 
N. 

68° 40' 
W. 

54° 23' -1 7 18-60 33-62 
i 1717 6 55 68 53 55 19 -1 7 18-61 33-64 — — 

1718 55 7 55 69 15 54 12 - 1 1 18-58 33-58 — — 
1719 8 55 69 0 55 21 -1 1 18-61 33 - 64 — — 

! 1720 55 9 55 
— — - 1 1 18-62 33-66 — — 

1721 , , 
5 10 55 68 45 55 13 -0 6 18-62 33-66 — — 

1722 5 11 55 68 30 54 36 - 1 1 18-54 33*51 — — 
172.3 5? 55 12 55 68 12 55 42 -1 1 18-63 33-67 -- — 
1724 13 55 69 18 56 12 - 1 1 18-66 33-73 _ - 1 

i 1725 55 14 55 69 9 53 25 - 1 1 17-53 31-70 — — 

: 1726 55 15 69 9 53 25 - 1 0 17-53 31-70 — — 

1727 55 16 69 9 53 25 - 1 1 18-09 32-70 — - ] 

i 1728 55 17 69 27 54 56 - 1 1 18-67 33-75 — 

, 1729 55 18 5 r.M. . 70 25 55 0 - 1 6 18-51 33-46 — — ! 
' 1730 55 19 noon . 70 25 55 0 -0 8 18-56 33-55 ,_. — 
1 1731 55 20 70 36 55 12 -1 0 18-60 33 - 62 — — 

17.32 55 21 70 20 55 0 -1 1 18-64 33-69 — — 

I 1733 5? 55 22 70 25 55 0 -1 1 18-55 33-53 — — 

1734 55 23 70 25 55 0 -0 6 18-58 33-58 -- — 

1735 n 55 24 70 26 54 53 -0 6 18-60 33-62 — — 

1736 n 55 25 70 29 54 53 0 6 18-61 33-64 — — 

1737 55 26 70 40 54 30 -0 7 18-60 33- 62 — — 

17.38 55 27 70 40 54 30 -1 0 18-54 33-51 — — 

1739 ) 5 55 28 72 46 56 10 -0 2 18-62 33-66 — - ! 
1740 55 29 72 57 56 15 0 4 18-72 33 - 83 — — ; 
1741 n 55 30 73 28 57 0 -1 6 18-20 32-90 — __ 1 

1742 n -June 1 73 38 57 3 -0 9 18-49 33 - 43 — —• I 
1743 V 55 

2 73 55 58 0 -1 0 18-49 33 - 43 — —- 1 
1744 55 3 74 3 57 55 -0 i 18-57 33-56 .. _ _ 1 

1745 n 4 74 13 58 20 -0 9 18-46 33-37 24-77 — i 
1746 n 55 5 74 13 58 20 -1 1 18-48 33-41 -- i 
1747 55 6 74 13 58 20 -0 2 18-47 33 - 39 — — 1 
1748 ! n 55 7 75 10 59 40 -0 2 18-48 33-41 — — 

1749 ?i 55 8 75 10 59 40 -0 1 18-48 33-41 — — 

17.50 55 55 9 75 10 61 47 -0 3 18-52 33 - 48 — — 

1751 55 55 10 75 10 61 47 -0 1 18-55 33-53 - - — 

1752 55 55 11 75 10 61 47 0 4 18-61 33-64 — —. 

1753 55 55 12 — — -0 4 18-53 33-49 - - — j 

1754 55 13 — — -0 2 18-50 33-44 — - 1 
1755 55 14 — -0 4 18-52 33 - 48 -- 

1756 55 55 15 — — -0 6 18-55 33-53 . - 
_ 

17.57 55 55 16 — — -0 2 18-.55 33-53 24-89 
1758 55 17 — 0 1 18-36 33-19 — — 

1759 55 55 18 — — 0 3 18-28 33-04 — 

1760 55 19 — — -0 2 18-52 33-48 -- 

1761 55 20 — — -0 2 18-51 33 - 46 — — 1 
1762 55 55 21 75 29 67 18 -0 6 18-51 33-46 — .— j 
1763 55 55 22 75 51 — -0 8 18-53 33-49 --- — 

1764 55 55 23 76 15 68 46 0 0 18-24 32-97 — — 

1765 1 5 55 24 76 28 70 4 -0 6 18-12 32-75 — 

1766 55 5 25 5 5 74 47 76 12 0 
0 6 18-37 33-20 — .— 

1767 55 55 26 — — 3 3 17-84 32 - 26 - - — 

1768 55 55 27 51 
— 3 1 17-93 32 - 42 — _ 

1769 55 55 28 74 3 71 52 3 6 17-61 31-85 — — 

1770 55 55 29 15 

_ 
— 2 8 17-34 31-36 —• — 
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Table I. {continued). 

Lab. 
No. 

Ship. ] )ate. Hour. Lat. Long. Temp. X- 
p. from 

X- Spreiigel. 
SO,. 

1771 Etli])se . 
1896. 

June 30 noon . 
N. 

73’ 45' 
AV. 

72° 57' 6-4 17-40 31-47 
1772 July 1 11 73 51 — 2-5 17-23 31-17 — 

1773 2 11 73 0 69 30 0-0 17-31 31-31 — — 
1774 3 72 51 — 0-3 17-92 32-40 — — 
1775 „ J 11 72 45 76 5 1-2 15-96 28-90 21-33 — 

1776 11 y 11 72 45 7 6 5 0-6 3-31 6-04 3-66 — 
1777 ,, „ 6 •1 72 45 7 6 5 1-1 3-05 5-57 3 - 34 — 
1778 11 „ 7 1* 72 45 76 5 0-9 1-62 2-93 1-31 — 
1779 11 „ 8 11 

— — 1-20 2-18 — — 
1780 11 „ 9 11 71 30 70 30 4-4 17-74 32-07 — — 

1781 11 „ 10 11 71 45 72 40 1-4 16-00 28-97 — 

1782 11 „ 11 11 
— — 2 • 2 16-32 29-54 

1783 11 „ 12 11 
— _ 1-1 16-50 29-87 -- 

1784 11 „ 13 ' 1 
— — 1-7 16-37 29-63 — 

1785 11 „ u 72 8 69 30 3-6 16-19 29-31 — -—- 
1786 11 „ 15 »1 — — 3-1 16-70 30-21 — — 

1787 •1 „ 16 11 
— _ 1-7 16-78 30-37 22-34 -00198 

1788 11 17 11 71 33 71 0 1-7 16-47 29-81 — -00197 
1789 11 „ 18 11 

— — 2-6 13-15 23-85 — -00156 
1790 11 „ 19 11 70 36 66 30 1-6 16-28 29-48 21-83 -00193 
1791 • 1 „ 20 11 70 34 67 55 1-4 8-41 15-31 10-85 -00097 
1792 11 „ 21 11 70 34 67 55 0-3 9-09 16-54 11-75 
1793 11 

iTO 
11 — 11 — ^0-1 5 - 36 9-78 6 - 50 — 

1794 11 „ 23 11 
-- 0-1 5-52 10-06 6-79 -00065 

1795 11 „ 24 11 — 0-3 15 - 48 28 - 04 20-60 -00183 
1796 1» „ 25 11 69 45 67 30 0-2 5-76 10-49 7-06 -00069 
1797 11 „ 26 ,, 69 45 67 30 0'5 4-26 7-78 4-99 -00051 
1798 11 » 27 11 69 45 67 30 1-1 6 - 86 12-50 8-86 ■00082 
1799 ^ 1 „ 28 11 69 45 67 30 0-4 4 - 92 8 - 97 5 - 94 ■ 00058 
1800 11 „ 29 11 69 45 67 30 0-5 5-49 10-01 6-74 ■00065 
1801 •1 „ 30 11 69 45 67 30 0-6 8-74 15-90 11-18 ■00104 
1802 ,, Aug. 1 11 69 45 67 30 0-8 8 - 32 15-14 — ■00097 
1803 11 

•') 
11 69 45 67 30 0-3 4-28 7-82 5-12 ■00049 

1804 11 „ 3 69 45 67 30 0-5 6-04 11-01 ■00070 
1805 ,. „ 4 11 69 45 67 30 0-4 6-22 11-34 7-74 — 

1806 11 n 5 11 69 45 67 30 1-1 4-36 7-96 — ■00050 
1807 11 „ 6 11 

— — — 6-29 11-46 — — 
1808 ,, V 7 11 69 43 67 20 0-4 16 -59 30 - 02 — 
1809 11 „ 8 11 70 18 68 8 1-1 15-09 27 - 34 20-13 — 
1810 11 „ 9 11 70 18 68 8 0-2 12-88 23-36 — — 

1811 11 „ 10 11 70 17 69 20 3-9 12-95 23 - 49 — 
1812 ,, „ 11 11 70 17 69 20 4-4 13-21 23-96 — — 
1813 11 „ 12 11 70 17 69 20 4-3 13-32 24-15 — — 

1814 11 „ 13 11 70 17 69 20 4-3 — — — — 

1815 11 „ 14 11 70 10 69 12 4-6 13-31 24-14 — — 

1816 11 „ 15 11 
— — 4-4 13-82 25 - 05 — 

1817 ,, „ 16 11 70 15 69 5 1-1 15-15 27-45 20 - 06 ■00179 
1818 11 17 11 70 28 68 45 1-7 15-00 27-18 — 

1819 11 „ 18 11 70 28 68 45 1-7 14-14 25-63 — — 

1820 11 „ 19 11 70 28 68 45 1-6 15-22 27-57 — 

1821 11 „ 20 11 70 28 68 45 2 * 2 14-88 26 - 96 — ■00174 
1822 11 „ 21 11 70 28 68 45 1-8 14-38 26-07 — — 

1823 ,, 22 11 — — 2-9 13-52 24-52 _ .. — 

1824 11 „ 23 , , - 1 — 4-4 13-79 25 - 00 — 

1825 11 24 11 — — 2 * 2 14-48 26 - 25 — 
— 
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Table I. {continued). 

Lab. 
No. 

■ 

Ship. Date. Hour. Lat. Loug. Temp. X- 
p. from 

X- 

4^15 
Sprengel. 

1896. N. W. 

1826 Eclipse . . Aug. 25 noon . 70° 34' 68° 18' 1-4 15-03 27 24 

1827 26 M 70 57 70 34 1-7 14-15 25 65 — 

1828 27 70 57 70 34 0-6 13-22 23 98 — 

1829 fj 28 ? J 70 57 70 34 1-7 13-22 23 98 — 

1830 1 3-1 13-51 24 50 17-97 
1831 ? ? > 70 57 70 34 2-5 13-48 24 44 — 

1832 n Sept. 1 70 54 70 0 2-8 2-60 4 2-74 
1833 2 n 70 40 69 50 2-1 16-45 29 76 21-93 
1834 3 70 54 70 0 2-9 6-98 12 72 8-66 
1835 
1836 
1837 
1838 T~ 70 54 70 0 3-8 10-44 18 97 
1839 8 70 54 70 0 3-2 8-22 14 96 — 

1840 9 70 54 70 0 2-5 2-74 4 99 2-76 
1841 10 ,, 70 54 70 0 2 • 2 7-64 13 92 9-73 
1842 11 71 8 70 25 2-3 16-67 30 16 — 

1843 12 71 44 73 40 2 ■ 2 16-95 30 67 — 

1844 13 n 71 44 73 40 1-8 16-62 30 08 -. 

1845 
1846 15 71 50 73 10 1-7 17-68 31 97 
1847 16 ?? 72 2 74 40 1-4 17-20 31 12 23-03 
1848 17 72 2 74 40 1-1 17-20 31 11 — 

1849 18 72 15 74 35 1-4 17-32 31 32 — 

‘ 1850 19 M 72 45 76 10 0-8 17-90 32 37 — 

1851 20 72 35 76 12 1-0 17-37 31 40 23-24 
1852 

1 1853 22 72 44 78 10 1-2 16-58 30 01 
' 1854 23 — 17-23 31 17 
i 1855 24 72 10 73 51 1-1 17-51 31 66 — 

1856 25 71 52 73 14 1-1 17-53 31 70 — 

: 1857 26 70 40 69 50 0-8 16-84 30 46 --- 

1858 27 70 40 69 50 1-4 17-08 30 89 
1859 28 70 40 69 50 0-8 17-19 31 08 23-00 

i 1860 29 n 
- - — 17-10 30 93 — 

i 1861 30 70 40 69 50 1-4 17-14 31 00 — 

j 1862 Oct. 1 • 1 70 54 69 25 0-8 19-51 35 25 — 

' 1863 •> .j 70 5 67 12 0-3 17-29 31 27 — 

1864 3 69 30 66 30 -0-6 17-44 31 54 — 

1865 4 0-0 16-37 29 63 — 

1866 5 69 30 66 30 0-0 17-24 31 18 — 

■ 1867 6 >> 69 30 66 30 0-3 17-31 31 31 — 

1868 
1869 8 69 34 66 58 0-0 17-16 31 04 — 

1870 9 69 43 67 25 0-1 16-82 30 43 — 

1871 10 70 6 67 0 0-0 17-43 31 52 --- 

, 1872 11 70 17 67 34 0-3 17-23 31 17 — 

1873 12 70 47 70 0 -0-1 17-29 31 27 -- 

1874 13 70 47 70 0 -0-2 17-25 31 19 — 

' 1875 n 14 70 47 70 0 -0-3 17-37 31 42 --- 

; 1876 15 70 49 69 20 0-0 17-43 31 52 
1877 n 16 ?? 70 17 68 10 0-1 17-23 31 17 — 

1878 
n 17 53 70 4 1 67 25 -0-4 17-30 31 29 — 

1879 1 )> 18 35 69 32 ; 67 53 -0-8 17-32 31 32 — 

1880 1 >> 19 1 i 69 32 67 53 -0-6 17-40 31 46 — 
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Table I. {continuecl). 

Ltib. 
No. 

Shiji. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. 

1 

SO3. 

1 

1881 Eclii3.se . . 
1896. 

Oct. 20 noon . . 
N. 

69° 13' 
W. 

66° .30' -0-6 17-56 31-75 
1882 21 55 55 67 .52 6.3 40 -1-1 17-69 31-99 — ■ — 
1883 oo 5 5 — — 55 66 28 61 53 -1-4 17-97 .32-49 — — 

1884 M „ 23 55 66 12 60 .30 -0-8 17-95 32'46 — — 

188.5 „ 24 64 50 59 39 0-0 18-09 32-70 — — 
1886 51 51 11 63 7 57 54 1-7 17-89 32 • 35 . 

1887 15 „ 26 11 62 2 60 45 2‘2 18-23 32 - 95 — ■-- 

1888 51 07 15 - * 11 61 22 58 53 2-8 18-52 33-48 — — 

1889 55 M 28 15 60 13 54 26 4-4 18-90 34-16 -- — 

1890 51 „ 29 59 50 52 46 4-7 18-66 3.3 - 73 — 

1891 51 „ 30 51 59 93 50 22 5-0 18-98 34-30 -- — 

1892 51 Nov. 1 58 41 44 52 5-0 18-94 34-23 — — 

1893 11 
0 58 34 40 45 6-7 19-22 34-72 — 

1894 11 3 55 58 21 35 59 7-5 19-37 .35-00 — — 

1895 51 11 "1 11 58 2 .30 45 8-8 19-46 35-15 
1896 51 „ 0 11 58 6 26 27 10-6 18-61 33-64 - 

1897 11 „ 6 58 7 22 46 10-6 18-74 33-87 
1898 11 „ 7 11 58 21 17 40 9-4 18-48 33-41 -- 

1899 55 „ 8 11 58 44 12 7 9-7 19-57 35-34 — 

1900 55 „ 9 58 40 6 12 9-9 19-64 35-48 — — 

1901 Coreaii . . Oct. 18 Off- K insale 10-0 19-67 35 - 54 -- — 

1902 15 „ 20 51 52° 20' 16° 22' 11-1 19-75 .35 - 68 — — 

1903 11 21 .52 12 22 35 12 ■ 2 19-58 35 - 38 — — 

1904 15 51 52 29 45 12-8 19-62 35 • 45 26-29 — 
1905 15 „ 23 55 50 58 37 10 12 • 2 19-17 34-63 — — 
1906 11 „ 24 50 3 43 .50 14-4 19-23 34-74 — — 

1907 ,, 05 48 3 49 50 8-3 17-22 31-14 — 

1908 11 „ 27 46 5 55 24 10-0 17-60 31-83 23-57 — 

1909 11 „ 28 11 44 48 61 51 12 • 2 17-12 30 - 97 22-85 — 

1910 51 „ 30 55 42 0 66 10 11-7 17-79 32-17 — — 

1911 55 „ 31 51 39 .30 71 15 10-6 18-94 34-23 — — 

1912 55 Nov. 7 15 39 28 71 55 10-6 19-14 34 - .58 — 

1913 55 „ 8 41 5 67 12 10-0 18-03 32-59 — 

1914 55 „ 9 55 42 39 61 46 13-3 18-29 33-06 — — 

1915 51 „ 10 55 44 6 57 5 12-8 18-48 33-41 .— — 

1916 15 „ 11 25' S. of St. 7-8 17-42 31-52 — -- 

1917 • 51 „ 12 55 

Joh 
48° 3' 

n’s. 
51° 36' 6-7 17-53 31-70 

1918 11 „ 13 50 1 45 55 10-6 19-15 34-60 ■- — 

1919 55 „ 14 55 51 54 39 45 11-7 19-16 34-62 — — 

1920 55 „ 15 55 53 23 33 3 10-6 19-22 .34-72 — --- 

1921 11 „ 16 55 54 52 26 10 11-1 19-45 .35-14 — — 

1922 51 „ 17 11 55 24 18 50 11-1 19-69 .35-58 — — 

1923 11 ,, 18 55 24 11 16 10-0 19-67 35-54 — — 
1924 Loughiigg Oct. 9 55 50 .32 7 57 12-6 19-.55 35 - 32 — — 

1925 
Holme 

51 „ 9 midnight 51 3 10 48 11-7 19 - 55 .35-32 
1926 .. 10 noon . 51 33 1.3 17 13-1 19-66 .35-52 — — 

1927 11 „ 10 midnight 52 5 16 1 12-3 19-55 35 - 32 26-42 — 

1928 11 „ 11 noon . 52 37 18 55 13-1 19-64 35 - 48 — — 

1929 11 11 midnight 52 52 21 45 12-8 19-47 35-17 _ — 

1930 » 12 noon . 53 28 25 4 11-8 19-39 35 - 03 
1 

— 

1931 11 „ 12 midnight 53 44 28 2 11-1 19-21 34-71 — i — 

1932 51 „ 13 noon . 53 58 30 28 10-3 19-24 34-76 _ 1 -- 

1933 55 „ 13 midnight 54 5 33 50 10-1 19-34 34-94 — i — 
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Table I. {continued). 

Lab. 
No. 

ShijD. Date. Hour. Lat. Long. Temp. 
1 
1 

X- 
p. from 

X- 
4S15 

Sprengel. 
SO3. 

1 
, 1934 Loiighrigg 

1896. 
Oct. 14 noon . 

N. 
54° 11' 

W. 
37° 0' 9-6 19-18 34-65 

! 

1935 
Holme 

J) „ 11 midnight 53 58 40 7 

i 

9-4 i 19-04 34-40 
: 1936 „ 15 noon . 53 45 43 4 10-2 ' 19-04 34-40 — —. 

! 1937 „ 15 midnight 53 27 46 16 9-0 i 19-07 34-46 — — 
1938 „ 16 noon . 53 10 49 37 9-4 18-88 34-12 — — 

1939 n „ 16 midnight 52 29 . 52 26 5-6 1 17-94 32-44 24-01 — 

1940 „ 17 noon . . ' 51 48 .55 14 3-9 17-41 31-49 — — 

1941 bi ov. 5 55 46 10 57 18 10-1 , 17-63 31-88 — — 

1942 n 5 midnight 46 22 54 31 10-6 17-85 32-28 — — 
1943 „ 6 noon . . 46 48 51 58 8-5 17-37 31-41 23-23 — 
1944 » 6 midnight 47 25 49 30 9-8 i 17-75 32-09 — — 

1945 „ 7 noon . 48 1 47 3 7-3 17-38 31-43 — — 

1946 » 7 midnight 48 30 44 38 9-8 17-32 31-32 — — 

1 1947 „ 8 noon . . 49 1 42 2 17-8 19-67 35-54 26-44 — 

1 1948 55 „ 8 midnight 49 19 39 26 15-9 19-52 35-27 — — 

j 1949 „ 9 noon . 49 37 36 42 15-4 19-46 35-15 — — 

19.50 55 „ 9 midnight 49 55 34 18 15-6 19-54 35 - 30 — — 

1951 „ 10 noon . 50 13 31 35 13-6 19-19 34-67 — — 

1952 55 „ 10 midnight 50 26 28 51 13-8 19-39 35-03 — — 

1953 „ „ 11 noon . 50 38 25 57 12-7 19-36 54-98 — .— 

1954 
1955 
1956 

i 1957 
19.58 
1959 

1960 California . May 16 55 37 16 
E. 

3 2 17-8 20-46 36-94 
1961 „ 17 55 37 47 7 29 17-8 20-43 36-89 — 

1962 „ 18 55 36 51 12 18 17-2 20-54 37-08 — •— 

1963 „ 21 43 8 15 31 16-7 21-27 38-39 28-77 — 

1964 .June 28 55 37 13 
W. 

10 29 18-3 20-08 36-27 
1965 55 

„ 28 midnight 37 53 12 46 18-3 20-10 36-30 — — 
1966 „ 29 noon . 38 28 15 8 18-3 20-04 36-19 -- .— 

1967 „ 29 midnight 39 6 17 41 18-3 19-97 36-07 26-78 — 

1968 „ 30 noon . 39 45 20 26 18-3 19-99 36-11 — — 

1969 „ 30 midnight 40 18 22 50 18-3 20-02 36-16 — -—, 

1970 July 1 noon . . 40 50 26 0 18-3 19-97 36-07 — — 

1971 „ 1 midnight 41 10 28 45 17-8 19-94 36-02 — — 
1972 0 noon . . 41 30 31 29 18-3 19-92 .35-98 — — 

1973 55 „ 2 midnight 41 38 34 6 20-6 19-97 36-07 — — 

1974 „ 3 noon . . 41 46 36 48 21-1 19-97 36-07 — 

1975 „ 3 midnight 41 51 39 25 20-0 20-02 36-16 i ■— ' 

1976 55 
noon . 41 57 42 2 20-6 19-89 .35 - 93 1 — _ 

1977 55 ^ midnight 42 5 44 37 20-6 20-07 i 36-25 — j _ 

1978 „ 5 noon . 42 12 47 12 21-1 19-98 36-09 1 — — 

1979 55 ,, 5 midnight 42 16 49 34 13-3 18-14 ! 32-79 24-28 — 
1980 „ 6 noon . 42 20 51 57 18-9 18-58 33-58 — 

1981 55 „ 6 midnight 42 14 54 20 15-0 18-52 1 33-48 — — 
1982 ’■ „ 7 noon . . 42 8 56 43 14-4 18-22 .32-93 — — 

1983 5J ; „ 7 midnight 41 57 59 7 ' 17-2 18-15 32 - 80 24-22 - 

1984 i ” ^ noon . 41 40 1 61 31 16-7 17-89 32-35 — ■ 

1985 
55 ! „ 8 midnight 41 17 1 63 47 14-4 17-91 32-39 — 

VOL. cxcvi. A. X 
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Table I. {continued). 

Lab. 
No. 

Ship. Date, 
1 

Hour. Lat. 
1 

Long, i Temp. 
p. from 

X- 
4S15 ' 

Sprengel. SO3. 

1 
1896. N. W. 

i 1986 California . July 9 noon . . 40“ 53' 66° 4' 16-1 19-61 35 - 43 — — 
1987 55 9 midnight 40 41 68 40 16-7 18-19 32-88 — — 

' 1988 10 noon . 40 28 71 17 16-7 17-98 32-51 — — 
1 1989 19 55 40 17 70 16 18-3 18-09 32-70 24-29 — 
1 1990 55 19 midnight 40 22 67 48 18-9 19-06 34-44 — — 
' 1991 20 noon . 40 27 65 20 21-1 18-88 34-12 — ■- 
; 1992 55 20 midnight 40 38 62 30 24-4 19-68 .35-56 26-41 — 

1993 21 noon . . 40 50 59 39 26-1 19-45 35-14 — — 
■ 1994 21 midnight 40 56 56 51 25-6 19-32 34-91 — — 

1995 22 noon . 41 3 54 2 25-6 19-26 34-80 — — 
■ 1996 22 midnight 41 6 51 16 24-4 19-66 35-52 — — 

i 1997 23 noon . 41 8 48 50 24-4 19-77 35-72 — — 
1998 55 23 midnight 41 19 46 26 24-4 19-68 35-56 — — 
1999 24 noon . . 41 29 44 3 24-4 19-75 35 - 68 — — 
2000 51 55 24 midnight 41 37 41 34 23-9 19-82 35-80 — — 
2001 2.5 noon . 41 45 39 6 2.3-3 19-90 35 - 95 — — 

! 2002 55 55 25 midnight 41 42 36 24 22-8 19-97 36-07 — 

, 2003 26 noon . 41 39 33 43 22-8 19-95 36-04 — 
2004 55 55 26 midnight 41 19 31 4 22-8 19-90 35 - 95 — — 

I 2005 27 noon . 41 0 28 26 22 • 2 19-88 35-91 — — 

, 2006 27 midnight 40 32 25 56 22-2 20-03 36-18 — --- 
2007 28 noon . . 40 4 23 26 21-7 20-03 36-18 — — 

2008 28 midnight 39 35 20 57 21-1 20-01 36-14 26-89 — 
2009 29 noon . 39 5 18 27 20-6 20-12 36-33 — — 

! 2010 55 55 29 midnight 38 32 16 8 20-6 20-11 36-31 — — 

i 2011 30 noon . 38 0 13 50 20-0 20-15 36-39 — — 

2012 55 55 30 midnight 37 24 11 43 19-4 20-16 36-40 27-24 — 

1 2013 31 noon . . 36 48 9 36 19-4 20-20 36-48 — — 
' 2014 55 55 31 midnight 36 20 7 15 20-0 20-15 36-39 — — 
! 2015 Aug. 1 noon . . 36 10 4 44 20-0 20-12 36-33 — — 

2016 55 1 midnight 36 36 2 4 21-1 20-26 36-58 — — 
2017 55 55 

0 noon . . 37 36 0 36 
TT 

22-8 20-40 36-84 ■ — 
1 

2018 55 55 
2 midnight 38 37 1 u 

w 
22-8 20-38 36-80 — — 

2019 55 Sept. 3 55 36 30 7 29 21-1 20 - 22 36-51 _ _ 
2020 4 noon . . 37 6 9 46 21-1 20-10 36-30 — 
2021 55 4 midnight 37 47 12 1 20-6 20-23 36-53 — 
2022 5 noon . . 38 28 14 22 20-0 20-17 36-42 ' - — 
2023 55 1 55 

5 1 midnight 39 5 16 36 20-0 20-11 36-31 1 27-21 — 
2024 i ” 6 noon . 39 43 18 51 20-0 20-19 36-46 1 - — 

! 2025 55 

t 6 midnight 40 13 21 1 20-0 19-97 36-07 — — 
2026 7 noon . 40 35 22 59 20-0 19-99 36-11 [ — 
2027 55 55 7 i midnight 41 2 25 13 20-0 20-10 36-30 — 
2028 55 8 noon . 41 26 27 .34 20-0 20-01 36-14 — — 
2029 55 8 midnight 41 51 30 3 20-0 19-97 36-07 

1 — 
2030 55 9 . noon . 42 17 32 32 20-6 i 19-95 36-04 1 26-83 — 

2031 55 55 9 midnight 42 28 34 .30 21-1 * 19-83 35 • 82 ! 
— 

2032 55 10 noon . 42 39 36 28 21-7 ! 19-84 35 - 84 — — 
2033 55 55 10 midnight 42 49 38 39 21-7 ' 19-90 35 - 95 — — 
2034 55 55 11 noon . 42 59 40 50 22-2 1 19-97 36-07 — — 

2035 ' 55 55 11 midnight 43 16 43 3 22-8 19-94 36-02 — — 

2036 55 12 noon . . 43 32 45 16 23-3 19-75 35-68 — — 

20.37 1 55 55 12 midnight 43 32 47 47 20-0 ' 18-13 32-77 — _ 

2038 55 1 55 13 noon . . 43 .32 50 17 16-1 17-76 32-11 23-83 — 
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Table I, {continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

2039 California . 
1896. 

Sept. 13 midnight 
N. 

43“ 16' 
W. 

53° 3' 20 0 17-99 32 53 
2040 55 14 noon . . 43 1 55 50 21 1 17-97 32 49 -- — 
2041 J5 55 14 midnight 42 40 58 23 20 0 18-55 33 53 — — 
2042 15 noon . 42 19 60 57 19 4 17-70 32 01 — — 
2043 55 55 15 midnight 41 50 63 30 17 8 17-54 31 71 — — 
2044 55 55 16 noon . 41 22 66 6 17 8 17-65 31 92 23-64 — 
204.5 55 55 16 midnight 40 58 68 41 15 6 18-32 33 11 — — 
2046 55 55 17 noon . 40 34 71 16 15 6 18-03 32 59 — — 
2047 55 55 26 midnight 40 24 72 37 18 9 17-86 32 30 — — 
2048 55 27 noon . 40 23 70 12 16 7 17-87 32 31 — — 
2049 55 55 27 midnight 40 33 67 51 16 7 18-01 32 56 — — 
2050 55 55 28 noon . 40 43 65 29 21 1 19-55 35 32 — — 
2051 55 55 28 midnight 40 54 63 9 22 2 19-48 35 19 — — 
2052 55 55 29 noon . . 41 6 60 49 22 2 19-91 35 97 — — 
2053 55 55 29 midnight 41 27 58 24 22 2 20-04 36 19 — — 
2054 55 30 noon . 41 48 56 0 22 2 19-20 34 69 25 - 96 — 
2055 55 55 30 midnight 42 6 53 39 21 7 19-67 35 54 — — 
2056 55 Oct. 1 noon . 42 24 51 18 20 0 17-92 32 40 24-00 — 
2057 55 55 1 midnight 42 34 48 56 20 0 19-17 34 63 -- — 
2058 55 55 

2 noon . 42 43 46 34 20 0 19-76 35 70 — — 
2059 55 55 

2 midnight 42 45 44 10 23 3 19-86 35 88 — — 
2060 55 3 noon . 42 47 41 47 23 3 19-87 35 89 — — 
2061 55 55 3 midnight 42 36 39 17 22 2 19-84 35 84 — .- 
2062 55 55 4 noon . 42 25 36 45 22 2 19-91 35 97 — — 
2063 55 55 4 midnight 42 10 34 11 22 2 19-92 35 98 — — 
2064 55 55 5 noon . 41 56 31 36 22 2 19-91 35 97 — — 
2065 55 55 5 midnight 41 31 29 4 21 1 19-93 36 00 — — 
2066 55 55 6 noon . 41 6 26 32 20 6 19-94 36 02 26-82 — 
2067 55 55 6 midnight 40 41 24 2 21 1 19-94 36 02 — — 
2068 55 55 7 noon . . 40 16 21 33 21 1 20-14 36 37 — — 
2069 55 55 7 midnight 39 40 19 11 21 1 20-27 36 60 — — 
2070 55 55 8 noon . 39 3 16 50 21 1 20-15 36 39 — — 
2071 55 55 8 midnight 38 23 14 33 20 6 20-26 36 58 27-26 — 
2072 55 55 9 noon . 37 44 12 16 20 6 20-14 36 37 — — 

2073 55 55 9 midnight 37 7 10 1 20 6 20-44 36 91 — — 
2074 55 55 10 noon . 36 31 7 46 20 0 20-18 36 44 — — 
2075 55 55 10 midnight 36 0 5 50 20 0 20-12 36 33 — — 
2076 Anchoria Nov. 7 noon . 55 18 14 9 10 3 19-64 35 48 — — 
2077 55 55 8 54 39 23 5 11 4 19-70 35 59 — — 
2078 55 55 9 53 20 31 29 11 4 19-17 34 63 — — 
2079 55 55 10 55 51 47 38 46 13 9 19-42 35 08 — 

2080 55 55 11 49 47 44 27 14 4 19-19 34 67 25 - 90 
2081 55 55 12 47 22 50 46 8 6 17-55 31 73 — — 

2082 55 55 13 44 41 56 28 11 9 18-21 32 91 — — 

2083 55 55 14 42 13 63 27 11 7 18-25 32 98 24-50 — 

2084 55 55 15 55 40 36 69 40 11 1 17-92 32 40 — — 

2085 55 55 16 40 33 71 3 12 2 18-12 32 75 — — 

i 2086 55 55 17 40 33 71 3 12 2 18-02 32 58 — — 

i 2087 55 55 18 40 34 72 34 12 2 18-02 32 58 — — 

2088 55 55 24 40 48 68 40 11 7 17-93 32 42 — — 

2089 55 55 25 42 8 62 11 11 7 19-17 34 63 — 

2090 55 55 26 44 20 56 31 10 3 18-43 33 32 ■ - 

2091 55 55 27 55 47 6 51 11 0 0 17-63 31 88 23-57 — 

1 2092 55 55 28 55 1 49 16 45 16 5 8 18-78 33 94 — ■- 

, 2093 55 55 29 55 51 11 39 17 10 •8 19-22 34 72 — — 

X 2 
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Table I. [continued). 

Lab. 
Xo. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4^15 

Sprengel. 

1 
so.. 

1 
1896. F « W. 

2094 Anchoria Xov. 30 noon . 52° 57' 32° 20' 9 7 19 23 34-74 — — 
2095 Dec. 1 55 54 2 25 34 12 9 19 34 34-94 25-91 — 
2096 J5 „ 2 55 55 1 17 30 10 3 19 54 35 - 30 — — 
2097 „ 3 55 55 22 9 24 9 7 19 56 35 - 34 — — 
2098 Teutonic. . Nov. 19 midnight 51 24 13 37 11 1 19 60 35-41 — — 
2099 J) „ 20 noon . 51 18 18 59 12 2 19 63 35 - 47 — — 
2100 „ 20 midnight 51 6 24 26 15 0 19 68 35 - 56 — — 
2101 J) „ 21 noon . 50 30 30 9 12 2 19 42 35-08 26-25 — 
2102 21 55 midnight 49 26 35 41 10 0 19 52 35-27 — — 
210.3 22 noon . 48 19 41 30 11 1 19 94 36-02 — .— 
2104 „ 22 midnight 46 50 46 38 11 1 18 59 33-60 — — 
2105 J) „ 23 noon . 45 24 50 58 6 1 17 82 32-22 23-93 — 
2106 )> „ 23 midnight 44 10 56 2 5 6 18 16 32-82 — — 
2107 )) 91 

55 noon . 42 39 61 17 12 2 18 57 33-56 — — 
2108 )) 55 midnight 41 25 66 24 10 6 18 08 32-68 — — 

2109 5J 25 5 5 noon . 40 28 71 20 10 6 17 98 32-51 24-13 .— 
2110 JJ Dec. 2 midnight 40 10 70 7 8 9 18 09 32-70 — — 
2111 55 „ 3 noon . 41 1 65 43 8 9 18 03 32-59 — — 
2112 55 „ 3 midnight 42 3 60 8 13 9 19 48 35-19 — — ; 

I 2113 55 „ 4 noon . 42 55 56 37 7 2 18 05 32-63 — 1 
1 

! 2114 55 55 4 midnight 44 11 51 56 6 1 18 69 33-78 — 
_ 1 

2115 55 „ 5 noon . 45 48 47 6 4 4 18 67 33-75 — — 

2116 55 „ 5 midnight 47 19 42 11 7 8 18 78 33-94 — — 

2117 55 „ 6 noon . 48 45 36 59 12 8 19 64 35-48 — — 

2118 55 „ 6 midnight 49 39 31 37 12 2 19 46 35-15 — — 

2119 55 „ 7 noon . 50 22 26 15 11 1 19 57 35 - 36 — — 

2120 55 ). 7 midnight 50 49 20 36 10 0 19 59 35-40 — — 

2121 55 „ 8 noon . 51 16 14 43 11 7 19 55 35-32 -- — 

2122 Laui'a. . . Nov. 18 59 54 3 1 9 5 19 30 34-87 — -- 

2123 55 „ 18 8 P.M. . 60 40 4 38 8 5 19 32 34-91 — -- 
2124 55 „ 19 4 A.M. . 61 27 6 16 8 2 19 32 34-91 — — ^ 

2125 55 „ 24 8 P.M. . 62 28 8 12 7 5 19 29 34-86 — — 

2126 55 „ 25 4 A.M. . 62 31 10 40 I” 5 19 40 35 - 05 — — 
2127 55 „ 25 noon . 63 1 13 0 7 4 19 39 35-03 — — 

i 2128 55 „ 25 8 P.M. . 63 8 15 50 7 2 19 29 34-86 — -— 

2129 55 „ 26 4 A.M. . 63 9 18 46 7 2 19 32 34-91 25-99 —■ 

2130 55 „ 26 noon . 63 20 20 16 6 5 19 04 34-40 — — 

2131 55 „ 26 8 P.M. . 63 48 22 50 7 2 19 33 34-93 — — 

1 2132 55 27 55 * 4 A.M. . 64 14 22 14 5 5 19 10 34-51 — — 
I 2133 55 Dec. 3 noon . . 63 48 22 48 5 7 18 85 34-07 25-20 — 

2134 55 » 3 8 P.M. . 62 58 21 0 7 0 19 41 35-07 •- _ 1 

! 2135 55 „ 4 4 A.M. . 62 47 18 15 7 2 19 42 35-08 — 
2136 55 „ 4 noon . 62 39 15 57 7 2 19 41 35-07 — —■ 
2137 55 55 8 P.M. . 62 32 13 8 7 5 19 49 35-21 — - 1 
2138 55 „ 5 4 A.M. . 62 25 10 17 7 0 19 48 35-19 — i 
2139 55 M 5 noon . 62 20 7 54 7 5 19 47 35-17 -- 
2140 55 n 9 61 20 6 20 8 0 19 38 35-01 — _ I 

2141 55 „ 9 8 P.M. . 60 28 4 27 9 0 19 58 35-38 26-18 — j 
2142 55 » 10 4 A.M. . 59 58 2 50 8 5 19 46 35 -15 — - 1 
2143 Longhii’st . Xov. 19 noon . . 51 20 7 11 11 1 19 99 35 - 93 --- — 
2144 55 „ 20 55 50 29 11 20 11 7 19 96 36-05 — — 
2145 55 „ 21 55 48 47 15 18 10 6 19 85 35-86 — — 
2146 55 2'^ 55 — 55 48 40 20 0 12 8 19 84 35-84 26-75 — 
2147 55 „ 23 55 48 29 25 1 13 9 19 72 35-63 — — 
2148 55 „ 24 55 48 36 30 0 14 4 19 77 35-72 — — 
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Table I. {continued). 

Lab. 
No. 

Shij). Date. Horn’. Lat. Long. 
! 
Temp. 

p. from 

X- 

4^15 
Sjjrengel. SO3. 

2149 Longhirst . 
1896. 

Nov. 25 noon . 
N. 

48° 34' 
W. 

34° 52' 14 4 19 •73 35 •64 
2150 55 26 55 48 24 39 15 10 0 19 •81 35 79 — — 

2151 )) 55 27 55 47 23 42 0 11 1 19 93 36 00 — ■- 

2L52 55 28 55 46 13 46 25 7 2 18 90 34 16 •- — 
2153 >> 55 29 55 4.5 41 51 45 7 8 18 03 32 59 — — 

2154 ? J 55 30 55 45 5 55 53 7 8 17 98 32 51 24-02 — 
2155 )) Dec. 1 55 44 28 61 35 6 7 17 23 31 16 23-06 — 

2156 5) 55 
2 

55 41 54 65 45 7 8 17 72 32 04 — — 
2157 55 3 55 39 55 70 37 11 7 18 52 33 48 — — 
2158 J) 55 11 55 37 48 70 20 20 6 19 93 36 00 — — 

2159 55 12 5 5 38 35 66 54 11 7 18 69 33 78 — — 

2160 )) 55 13 55 39 36 62 58 21 7 20 16 36 40 26 • 99 — 
2161 55 14 55 40 15 58 20 21 1 20 00 36 12 — — 
2162 J? 55 1.5 55 41 38 54 13 15 6 19 59 35 40 — 

2163 )J 55 16 55 43 3 50 34 2 8 18 33 33 13 — 
2164 5) 55 17 55 45 4 47 5 10 0 18 70 33 80 
2165 55 18 55 46 54 43 26 7 2 19 19 34 67 — — 
2166 )J 55 19 55 48 21 40 7 12 8 19 75 35 68 — — 
2167 ?) 55 20 55 49 14 38 15 12 8 19 70 35 59 — — 
2168 55 21 55 50 32 34 14 11 7 19 78 35 73 — -- 
2169 5J 55 22 55 52 15 28 51 11 1 19 53 35 28 — — 

2170 )) 55 23 55 53 27 23 .38 11 1 19 47 35 17 — — 
2171 >J 55 24 55 54 27 18 2 11 1 19 61 35 43 — — 

2172 55 25 55 54 44 13 17 10 0 19 63 35 47 — — 

2173 California . Nov. 20 55 36 31 8 28 15 6 20 20 36 48 — — 
2174 JJ 55 20 midnight 37 20 10 55 15 6 20 14 36 37 — — 

2175 )) 55 21 noon . 38 9 13 22 15 6 20 22 36 51 — — 
2176 J) 55 21 midnight 38 53 15 57 15 0 20 22 36 51 — — 
2177 55 22 noon . 39 .37 18 .32 15 0 20 05 36 21 — — 
2178 n 55 22 midnight 40 19 21 8 15 6 20 13 36 35 — — 
2179 55 23 noon . . 41 2 23 45 15 6 20 01 36 14 — — 
2180 n 55 23 midnight 41 27 26 26 15 6 19 98 36 09 — — 
2181 n 55 24 noon . . 41 52 29 7 15 6 19 89 35 93 26-80 — 
2182 55 55 24 midnight 42 13 31 46 15 6 19 89 35 93 — — 
2183 55 55 25 noon . 42 18 .32 39 15 6 19 95 36 04 — — 
2184 55 55 25 midnight 42 4 33 31 15 6 19 95 36 04 — — 
2185 55 55 27 noon . 41 50 .34 27 15 6 20 01 36 14 — — 
2186 55 55 27 midnight 41 48 36 14 16 1 19 99 36 11 -- — 

2187 55 55 28 noon . 41 45 38 1 16 1 19 97 36 07 — — 

2188 55 55 28 midnight 41 54 J^O 25 16 1 20 01 36 14 — 
2189 55 55 29 noon . 42 4 42 49 16 1 20 11 36 31 — 
2190 55 55 29 midnight 42 33 44 52 16 1 20 15 36 39 27 • 05 - ' 

2191 55 55 30 noon . 42 53 46 52 16 1 19 47 35 17 — 
— 

2192 55 55 30 midnight 43 3 49 36 8 9 18 55 33 53 — — : 

2193 55 Dec. 1 noon . . 43 13 52 20 5 6 18 94 34 23 — — 1 

2194 55 55 1 midnight 42 59 54 53 12 2 19 05 34 42 — — 

2195 55 55 
2 noon . . 42 44 57 26 12 2 18 65 33 71 24-98 — 

2196 
55 55 

2 midnight 42 26 59 58 12 2 19 72 35 63 — — 

2197 55 55 3 noon . 42 8 62 30 13 3 20 02 36 16 — — 

2198 55 55 3 midnight 41 40 65 13 8 9 18 16 32 82 — 

— 

2199 55 55 . 4 noon . 41 4 68 6 7 8 18 01 32 56 24-07 — j 

2200 55 55 4 midnight 40 34 70 53 7 8 17 90 32 37 — — 

2201 55 55 5 noon . . 40 28 73 40 8 9 17 75 32 09 23-77 — 

2202 Corean . . Nov. 29 >> off Que enstown 10 0 19 82 35 80 — — 

1 2203 55 55 30 51° 48' 13° 51' 10 0 19 75 35 68 ■— ! — 
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Table I. {continued). 

Lab. 
Xo. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. 
SO3. 

2204 Forean . . 
1896. 

Dec. 1 noon . 
X. 

51° 53' 
W. 

20° 4' 12 2 19 68 35 56 
2205 >> 2 53 51 42 26 16 14 4 19 61 35 43 -- — 
2206 )) 3 33 51 32 31 6 10 0 19 60 35 41 — — 
2207 4 33 51 18 35 8 11 1 19 68 35 56 — — 
2208 5) 5 33 50 50 39 18 8 3 19 26 34 80 — — 
2209 6 33 50 15 41 45 12 2 19 90 35 95 26-91 ■-- 
2210 5 J 7 35 49 56 43 28 f- 

i 2 19 30 34 87 — --- 
2211 5? 8 35 48 15 48 56 0 6 18 73 33 85 — — 
2212 11 33 46 0 56 10 3 3 17 77 32 13 -- — 
2213 )) 12 35 44 33 62 0 4 4 17 30 31 28 23-03 — 
2214 

J5 13 53 43 48 64 4 5 0 17 18 31 07 — — 
2215 5? 14 33 40 33 68 15 8 O o 18 02 32 58 — — 
2216 >> 15 33 39 4 73 15 10 6 18 58 33 58 — --- 
2217 35 16 33 38 56 73 27 11 1 18 76 33 90 — — 
2218 33 23 33 39 30 71 12 8 3 18 49 33 43 — — 
2219 33 24 33 39 58 66 54 12 2 19 49 35 21 — — 
2220 33 26 33 43 57 57 52 3 3 17 85 32 28 — — 
2221 33 27 33 off C. Race 0 6 17 73 32 06 23-90 
2222 33 28 33 48° 7' 50° 50' — 2 2 18 07 32 66 — 1 
2223 33 29 35 50 4 45 24 10 0 19 61 35 43 — _ 
2224 33 30 33 51 50 39 6 5 6 19 27 34 82 — 
2225 33 31 33 53 25 32 10 5 6 19 42 35 08 26-03 — 

2226 33 

1897. 
Jan. 1 33 54 58 25 22 9 4 19 58 35 38 

2227 35 
2 

55 56 0 19 35 8 9 19 56 35 34 — — 

2228 35 3 55 55 45 12 20 8 9 19 68 35 56 — — 

2229 C ilifornia . 
1896. 

Dec. 17 33 40 5 71 36 7 8 18 08 32 68 
2230 33 17 midnight 40 23 69 52 7 8 18 00 32 54 — — 

2231 53 18 noon . 40 42 68 9 7 8 17 97 32 49 — — 
2232 55 18 midnight 41 2 65 54 i 8 18 33 33 13 — — 

2233 53 19 noon . 41 23 63 40 10 0 18 41 33 28 — — 

2234 33 19 midnight 41 46 61 0 15 6 19 96 36 05 26-99 — 

2235 33 20 noon . 42 10 58 20 15 6 19 82 35 80 — — 

2236 33 20 midnight 42 36 55 37 13 9 19 25 34 78 — — 

2237 33 21 noon . 42 52 53 5 13 3 18 91 34 17 — — : 
2238 33 21 midnight 43 1 50 25 3 3 18 19 32 88 — — 
2239 33 22 noon . 43 10 47 45 8 9 18 48 33 41 — — : 
2240 

53 22 midnight 43 10 45 1 14 4 18 45 33 39 24-77 — 
2241 33 23 noon . 43 10 42 17 14 4 19 68 35 56 26-53 — 
2242 35 23 midnight 43 6 39 53 14 4 19 94 36 02 26-81 .— 
2243 33 24 noon . 43 2 37 29 14 4 19 99 36 11 — — 
2244 33 24 midnight 42 45 34 50 15 6 19 84 35 84 — — 
2245 33 25 noon . 42 28 32 11 15 6 19 51 35 25 — — 
2246 35 25 midnight 42 1 29 32 15 6 19 93 36 00 26-91 — 

2247 33 26 noon . . 41 35 26 53 15 0 19 85 35 86 — — 

2248 33 26 midnight 41 4 24 11 15 0 19 79 35 75 — — 

2249 35 27 noon . 40 33 21 29 15 0 19 89 35 93 — — i 

2250 33 27 midnight 39 48 18 56 15 0 19 92 35 98 -- — 

2251 53 28 noon . . 39 3 16 24 15 0 19 98 36 09 — — 

2252 33 33 28 midnight 38 18 14 2 15 0 19 99 36 11 — — 

2253 33 29 noon . 37 33 11 40 15 0 20 11 36 31 — — 

2254 
33 33 29 midnight 36 50 9 14 15 0 19 98 36 09 -- — 

2255 33 30 noon . . 36 8 6 50 15 0 20 01 36 14 — — 

2256 33 33 30 midnight off Tari fa, St. Gi braltav 20 01 36 14 — i 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. 
SO3. 

1896. N. W. 
22.57 Teutonic. . Dec. 17 midnight 51° 22' 13° 27' 10-0 19-69 35-58 — — 

22.58 18 noon . 51 26 19 23 11-7 19-68 35 - 56 — — 

2259 55 18 midnight .50 52 25 42 12-2 19-61 35 - 43 — — 

2260 19 noon . . 50 21 31 .38 12-2 19-59 35-40 — ■- 

2261 55 19 midnight 49 6 36 57 11-7 19-73 35-64 — — 

2262 20 noon . 48 2 42 1 12-8 19-86 35-88 26-77 — 

226.3 55 20 midnight 46 37 47 16 4-4 18-70 33-80 — — 

2264 21 noon . 45 17 52 8 5-0 17-12 30-97 22-85 — 

2265 55 21 midnight 43 56 57 10 6-1 18-11 32-73 -- 

2266 22 noon . 42 29 62 40 5-6 17-80 32-19 — — 

2267 55 22 midnight 41 10 67 35 6-7 18-02 32-.58 -- — 
2268 „ 23 noon . 40 29 73' 7 .5-0 17-77 32-1.3 23-70 — 

2269 55 30 midnight 40 9 70 7 8-3 18-04 32-61 -- — 

2270 31 noon . 41 8 65 8 10-0 18-61 33-64 — — 

2271 n 55 31 midnight 42 17 60 22 11-7 19-64 35-48 — — 

1897. 
2272 Jan. 1 noon . 43 29 55 40 6-7 18-46 33-37 24-67 — 
2273 1 midnight 44 52 50 53 3-3 17-95 32-46 — — 

2274 2 noon . 46 6 46 16 -0-6 18-39 33-24 — — 

2275 2 midnight 47 29 41 16 6-7 18-83 34-03 — — 
2276 3 noon . 48 44 36 35 12-2 19-74 35-66 26-49 — 

2277 55 3 midnight 49 43 31 24 10-0 19-44 35-12 — — 
2278 4 noon . 50 46 25 24 11-1 19-63 35-47 — — 
2279 n 55 4 midnight 51 6 19 28 11-1 19-66 35-52 — — 
2280 55 .5 noon . . 51 35 13 45 11-1 19-73 35-64 — — 

1896. E. 
2281 Monarch. . June 20 noon . . 53 16 1 0 14-4 19-01 34-35 — — 

w. 
2282 21 55 56 49 1 39 13-3 19-06 34-44 — — 
2283 22 55 Sinclair B. Wick 10-6 19-22 34-72 — -- 
2284 23 55 .58° 36' 2° 4.3-R 11-1 19-38 35-01 — — 
2285 5) 55 24 55 Sincla ir Bay 11-1 19-36 34-98 — — 

2286 55 55 26 55 56° .5-1' 5° 41f' 12-2 19-11 34-53 25-75 — 

2287 27 55 52 10 5 25 13-.3 19-45 .35-14 — — 

2288 28 Morte B., Bris- 16-1 19-52 35-27 — _ 

tol Ch. 
2289 55 55 29 55 55 55 16-7 19-48 35-19 — — 

2290 30 55 S. E. B ay, Lun- 1.5-6 19-68 35-56 — — 

cly Id. 
2291 ,, July 1 55 Croyde Bay 15-6 19-75 35-68 — — 

2292 55 
2 

55 55 55 15-6 19-44 35-12 — — 

2293 55 3 55 55 55 16-1 19-46 35-15 — — 

2294 55 4 55 IRraco mbe 16-1 19-30 34-87 — — 

2295 55 55 .5 55 55 16-1 12-50 35 - 23 — — 

2296 55 55 7 55 Croyde Bay 16-7 19-34 34 - 94 26-04 — 

2297 55 » 8 55 Lundy Id. 16-1 19-67 35 - 54 — — 

2298 55 9 55 50° 30' 2^15' 
TT 

16-7 19-66 35-52 .— — 

2299 )> Sept. 13 55 50 48 0 38 17-2 19-66 35 - 52 _ 
W. 

2300 55 14 55 .50 29 2 24 17-2 19-62 35-45 — — 

2.301 )> 1.5 55 51 21 5 19 16-1 19-75 35-68 — — 

1 2302 • 
55 55 16 55 Milford Haven 15-6 19-20 .34-69 25-81 — 



160 ME. H. N. DICKSON ON THE CIRCULATION OF THE 

Table I. {continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

2303 Monarch. . 
1896. 

Sept. 30 noon . 
N. 

51° 49' 
Mb 
5° 22' 15-0 19-56 35-34 

2301 )) Oct. 1 55 51 50 5 15 13-9 19-65 35 - 50 26 - 55 — 
2305 ?) „ 3 55 51 48 5 24 14-4 19-64 35 - 48 — — 
2306 „ 4 55 40 5 59 12-8 19-13 34-56 — — 
2307 55 5 Staosii naig 11-7 19-24 34-76 — — 
2308 6 55 off Col onsay 11-7 19-21 34-71 — — 

2309 „ 7 
E. 

N. end 
side. 
Iona Sd. 12-2 19-25 34-78 

2310 M - „ 8 55 Toberm ory Hrb. 
6° 8' 

12 • 2 18-86 34-08 — — 
2311 Para . . Sept. 10 55 48° 12' 17-2 19-83 35 - 82 — — 
2312 M „ 11 45 31 11 29 17-8 20-00 36-12 — — 
2313 5} „ 12 40 9 22 40 22 • 2 20-21 36-49 27 - 33 — 
2314 Oct. 24 38 39 33 10 19-7 20-06 36-23 27-00 -00237 
2315 55 „ 25 41 20 28 4 18-9 20-07 36 - 25 — — 
2316 55 „ 26 55 43 57 21 20 17-2 20-06 36-23 — — 
2317 55 „ 27 46 32 14 20 13-3 20-01 36-14 — — 

2318 55 Nov. 19 48 19 6 16 11-1 19-80 35-77 — -00235 
2319 55 „ 20 45 13 12 56 12-8 20-00 36-12 — — 
2320 55 „ 21 41 39 19 34 16-7 20-23 36 - 53 — — 
2321 55 55 55 38 8 25 23 18-3 20-25 36-57 — 

2322 55 

1897. 
Jan. 2 39 5 32 24 17-2 20-28 36-62 27-23 

1 
1 

2323 55 „ 3 42 14 26 18 13-9 20-01 36-14 -- 
2324 55 55 ^ 44 42 19 10 12-2 19-89 35 - 93 -- 
2325 55 55 5 47 37 11 30 11-7 19-85 35-86 _ 

2326 55 „ 6 Dodman Pt. 10-6 19-84 35-84 — -00235 

2327 55 „ 1 

N.W. 

35° 20' 

10' 
Mb 

38° 2' 17-5 20-21 36 - 49 _ 

2328 55 

1896. 
Dec. 31 31 35 42 43 20-0 20-29 36-64 

2329 55 Nov. 23 34 52 30 39 19-4 20-14 36 - 37 — — 
2330 55 Oct. 23 35 0 36 20 20-0 20-03 36-18 26-89 — : 
2331 55 

0.') 
55 31 34 40 18 23-1 20-35 36 - 75 — — i 

2332 55 Sept. 23 11 32 69 18 29-4 19-64 35 - 48 — — ! 

2333 55 
09 

55 — 14 21 63 36 29-4 19-26 34-80 — — 1 
2334 55 „ 20 15 18 57 5 28-9 19-70 35 - 59 — — 

2335 55 „ 19 18 38 52 41 27 • 2 19-24 34-76 — — 
2336 55 „ 18 22 1 47 58 26-7 20-50 37-01 — — 
2337 55 „ 17 25 41 43 10 26-1 20-34 37-08 — -00242 
2338 55 „ 16 29 24 38 34 25-6 20-58 37-15 27-74 -00243 
2339 55 ,, 15 33 11 33 15 24-4 20-30 36 - 66 — — 
2340 55 „ 14 37 2 28 8 23-3 20 - 33 36-71 — — 
2341 xVnchoria Dee. 12 55 27 10 30 9-27 19-60 35-41 — — 

2342 55 „ 13 55 55 7 16 20 10-0 19-57 35-36 — — 

2343 55 „ 14 54 36 23 17 11-7 19-40 35-05 — — 

2344 55 „ 15 53 46 29 30 8-3 19-28 34-84 26-06 — 

2345 55 „ 16 55 52 32 35 44 7-8 19-21 34-71 , -- — 
2346 55 „ 17 50 51 41 32 7-5 19-08 34-47 j — - 1 
2347 55 „ 18 55 48 40 47 30 4-4 19-91 35-97 — — 
2348 55 „ 19 55 46 22 52 28 1-7 17-75 32-09 ’ 23-80 — 
2349 55 „ 20 55 44 27 57 10 4-4 18-82 34-01 -- — 
2350 55 „ 21 55 42 47 61 24 6-1 18-20 32-90 — — j 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

23.51 Anchoria 
1896. 

Dec. 22 noon . 
N. 

40° 48' 
W. 

67° 42' 7-2 17-96 32-48 24-14 
2352 5 J „ 27 55 40 49 68 47 6-7 18-03 32-59 .— — 
2353 55 „ 28 55 41 55 63 14 7-8 18-56 33-55 —■ .—■ 
2354 55 „ 29 55 43 53 57 56 5-6 18-07 32-66 _ 

— 

2355 55 „ 30 55 46 17 52 49 0-6 17-78 32-15 -- -- 
2356 55 „ 31 55 48 43 47 17 2-5 18-96 34-26 25-42 ■ — 

2357 55 

1897. 
Jan. 1 55 50 47 40 59 12-8 19-75 35-68 

2358 55 
0 

55 51 47 34 55 8-9 19-35 34-96 .— — 

2359 55 ,, 3 55 53 26 28 10 7-8 19-30 34-87 •- --- 
2360 55 „ 4 55 54 16 21 4 10-3 19-56 35 - 34 26-40 — 
2361 55 „ 5 55 54 54 14 5 10-0 19-65 35 - 50 — — 
2362 55 » 6 55 55 19 ' 9 3 9-4 19-60 35-41 — — 

2363 Loughrigg 
1896. 

Nov. 11 midnight 50 41 22 55 13-5 19-68 35 - 56 

2364 
Holme 

55 „ 12 noon . . 50 45 20 3 12-4 19-57 35 - 37 
2365 55 „ 12 midnight 50 43 18 4 11-7 19-64 35 - 48 — 
2366 55 „ 13 noon . 50 41 14 5 11-9 19-64 35-48 — ■- 
2367 55 „ 13 midnight 50 24 11 8 12-1 19-68 35 - 56 — — 
2368 55 „ 14 noon . 50 7 8 14 11-1 19-61 35-43 ■- — 
2369 55 Dec. 3 55 49 31 6 7 11-4 19-67 35-54 — — 
2370 55 „ 3 midnight 48 6 6 52 11-8 19-74 35 - 66 — — 
2371 55 n 4 noon . . 47 38 7 5 11-9 19-79 35 - 75 — — 

2372 55 „ 4 midnight 47 41 7 10 11-7 19-76 35-70 — — 

2373 55 » 0 noon . 46 16 7 53 11-9 19-69 35 - 58 — — 

' 2374 55 ,, 5 midnight 45 24 7 27 12-2 19-75 35 - 68 — — 

2375 55 „ 6 noon . 45 18 8 42 12 ■ 2 19-76 35 - 70 _ — 
2376 55 „ 6 midnight 43 48 9 39 12-8 19-79 35 - 75 — — 
2377 55 „ 7 noon . 42 3 9 39 13-4 19-88 35-91 — — 
2378 55 » 7 midnight 40 18 9 39 14-6 19-95 36-04 26 - 94 — 
2379 55 „ 8 noon . 39 26 9 40 14-8 19-94 36-02 ■— — 

2-380 55 

1897. 
•Jan. 1 55 40 20 9 32 13-2 19-.55 35-32 

2.381 55 1 midnight 42 13 9 23 12-8 19-64 35 - 48 — — 
2382 55 

9 
55 noon . 43 59 9 8 12-8 19-82 35 - 80 26 - 73 

2383 55 
0 

55 midnight 45 50 8 26 11-4 19-68 35-56 — — 
2.384 55 „ 3 noon . 47 41 7 45 11-7 19-82 35 - 80 26 - 77 — 

2385 55 55 3 midnight 49 29 6 50 10-4 19-68 35-56 — — 

2.386 55 „ 4 noon . 51 19 5 56 9-4 19-68 35-56 26-47 — 

2.387(1) Teutonic „ 14 midnight 51 22 13 5 10-0 19-71 35-61 — 

2387(.,, 55 „ 1.5 noon . 51 24 20 30 11-1 — — — 

2387(3) 55 5 5 1'^ midnight 50 37 26 37 10-0 — — — 
i 2388 55 „ 16 noon . 50 8 32 43 10-0 19-65 .35-50 _ — 

2389 55 „ 16 midnight 48 52 38 52 13-3 19-88 35-91 26-79 — 
2390 55 „ 17 noon . . 47 44 43 20 7-8 18-02 32-58 24-12 — 
2391(1) 55 „ 17 midnight 46 19 48 42 -0-6 16-50 29-87 — — 
2391(2) 55 „ 18 noon . 44 35 54 2 5-6 — — . - — 

2391(3) 55 „ 18 midnight 43 17 59 14 8-3 — — -- — 

2392 55 „ 19 noon . 41 50 63 42 0-0 18-22 32 - 93 — — 

2393 55 , „ 19 midnight 41 1 67 24 — 2 * 2 18-24 32-97 — - — 
1 2394 55 „ 26 55 40 8 69 40 5-0 18-20 32-90 24 - 34 — 

VOL. CXCVl.- A. Y 
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Table I [continued'). 

. 
Lab. 
No. 

Ship. Date. ! 
1 
1 

110^. Lat. 
1 

Long. 

1 

Temp., 
i 

p. from 

X- 

1 

4815 
Sprengel. SO3. ! 

2.395 Teutonic. . ■ 
1897. 1 

Jan. 27 noon . . 
N. 

40° 30' 
W. 

64° 43' 15-6 
1 

19-98 36-09 

! i 
_ j 

2396 5 > „ 27 midnight 40 .54 59 44 14-4 19-96 36-05 — — 1 
2397 „ 28 noon . 41 17 54 46 1 15-0 i 19-95 36-04 : -- — 1 
2398 „ 28 midnight 41 56 50 33 15-0 19-43 35-10 1 26-03 _ ! 

2399 „ 29 noon . . ' 4.3 12 45 52 15-6 20-09 36-29 ^ — — j 
2400 i M „ 29 midnight ' 44 57 40 59 15-0 19-71 35-61 — 
2401 , n „ .30 noon . . 46 45 36 37 13-9 19-70 35-59 1 — - 1 
2402 1 ? 1 „ 30 midnight 47 53 31 21 11-7 , 19-77 35-72 ! — 
2403 n „ 31 noon . . ' 49 22 25 56 12-2 , 19-65 35-50 — — 
2404 1 M 1 „ 31 ' midnight 1 50 16 20 18 11-1 19-65 35 - 50 — — 
2405 Feb. 1 noon . 50 54 14 11 10-6 19-71 35-61 1 — i 
2406 Laura . . i Jan. 22 8 r.M. . 60 25 4 5 7-0 19-60 35-41 26-36 1 

2407 ” „ 23 4 A.M. . 1 60 45 i 4 54 7-0 19-45 35-14 — -- : 

2408 „ 23 noon . 61 30 6 42 6-6 19-45 35-14 — — 

2409 „ „ 26 62 7 6 30 5-7 19-40 35-05 — — 

2410 „ 29 62 29 7 58 7-0 19-51 35-25 — — 

2411 n „ 29 8 P.M. . 62 47 10 49 7-0 19-52 35-27 — - , 

2412 „ .30 4 A.M. . 63 0 13 38 7-0 19-49 35-21 — — 

2413 n „ 30 noon . 63 9 16 58 7-3 19-53 35 - 28 •- — j 
2414 55 . ,, 30 8 P.M. . 63 26 20 5 O’O 19-29 34-86 — _ 1 

2415 55 „ 31 4 A.M. . 63 44 21 48 5-0 19-44 35-12 ■-- 
1 

2416 55 Fel>. 6 noon . 64 5 22 57 4-0 19-27 34-82 25-80 -- 
2417 55 „ 6 8 P.M. . 63 8 21 35 6-2 19-50 35-23 — — 

2418 55 „ 7 4 A.M. . 62 41 19 4 6-5 19-46 35-15 — — ■ 

2419 55 „ 7 noon . 62 42 16 9 6-5 19-46 35-15 — — 

2420 55 „ 7 8 P.M. . 62 35 13 7 7-2 19-45 35-14 -- — 

2421 55 „ s 4 A.M. . 62 30 10 2 7-2 19-55 35-32 26-22 — 
2422 55 „ 8 noon . 62 23 7 10 5-5 19-49 35-21 --- — 
2423 55 „ 0 55 62 8 6 30 5-4 19-45 35-14 26-16 
2.424 55 „ 10 4 A.M. . 61 57 6 36 5-6 19-43 35-10 --- — 
2425 55 „ 10 noon . 61 27 5 36 6-0 19-45 35-12 --- — 

2426 55 „ 10 8 P.M. . 60 28 3 40 6-5 19-54 35 - 30 — -- 

2127 Aiichoria Jan. 16 noon . 54 43 15 25 9-4 19-57 35 - 36 — — 

2428 
55 „ 17 53 9 22 56 10-6 19-55 35-33 26-40 — 

2429 55 „ 18 )) 52 0 28 23 9-4 19-55 35-32 — — 
2430 55 „ 19 50 53 , 31 56 10-8 19-65 35 - 51 ' 26-44 — 
2431 55 „ 20 48 33 38 41 12-2 19-67 35-54 -- — 
2432 55 21 55 55 45 59 43 32 3-9 18-81 34-00 — — 
2133 55 

0-) 43 48 48 14 6-7 18-82 34-01 — — 
2434 55 „ 23 55 43 12 54 37 6-7 18-63 33-67 -- — 

2435 5 5 „ 24 42 32 ; 60 5 3-9 18-.34 33-15 — -- 

2436 55 „ 25 55 41 21 64 56 2 * 2 18-02 32-58 — — 
2437 55 „ 26 55 40 49 67 17 4-4 18-22 32-93 — — 
2438 

55 „ 27 40 31 71 19 4-7 18-02 32-58 — — 

2439 55 Feb. 1 40 20 ' 67 25 5 • 6 18-28 33-04 — — 

2440 55 
0 

55 55 40 59 j 61 1 15-6 19-95 36-04 26-74 — 

2441 55 „ 3 55 41 35 54 31 13-9 19-90 35 - 95 -- — 
2442 55 55 55 42 46 48 36 8-9 19-10 34-51 _ -- 
2413 55 » 3 55 45 3 44 23 11-7 19-44 35-12 -- — 

2444 55 „ 6 5 46 49 40 43 8-3 19-07 34-46 25-62 — 

2445 55 I ” 5 47 36 39 3 12-8 19-83 35-82 — — 

2446 55 ” 8 55 47 54 38 14 12-8 19-76 35-70 — — 
2447 55 ’ „ 9 55 47 9 57 48 13-3 19-75 35 - 68 — — 

i 2448 „ 10 55 49 11 36 0 12-2 19-68 35 - 56 — — 

1 2449 1 55 1 „ 11 55 50 56 31 1 10-3 19-47 35-17 — — 
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Lab. 
No. 

Ship. Date. Horn-. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3. 
1 

2450 Anchoria. . 
1897. 

Feb. 12 noon . 
N. 

i 52° 32' 
W. 

25° 10' , 11-4 19-57 35 36 
2451 )J 55 13 55 1 53 47 18 58 1 10-6 19-63 35 47 — — 
2452 14 i 55 i 54 52 12 3 9-4 19-68 35 56 — — 
2453 Laura. Mar. 8 4 A.M. . ' 59 53 3 23 7-2 19-47 35 17 — — 
2454 „ 8 noon . 60 27 4 19 7-5 19-35 34 96 — — 
2455 8 8 P.M. 61 22 6 12 6-5 19-36 34 98 — — 
2456 55 9 4 A.M. . 61 35 6 44 6-2 19.-45 35 14 — — 
2457 J) 55 10 55 1 61 38 6 40 i 5-5 i 19-32 34 91 — 
2458 JJ 55 13 noon . i 62 8 6 30 5-8 i 19-37 35 00 — _ 
2459 14 4 A.M. . ’ 62 30 6 49 5-5 : 19-11 34 53 — — ! 

2460 JJ 55 14 noon . 62 32 8 10 7-0 19-47 35 17 — 
1 

2461 5) 55 14 8 P.M. . 62 39 11 8 7-0 19-48 35 19 — 
2462 55 15 4 A.M. . 62 52 14 6 7-0 19-49 35 21 — — 
2463 55 15 noon . 62 58 17 39 7-5 19-48 35 19 — — ‘ 

2464 n 55 15 8 P.M. . 63 19 20 10 6-0 19-43 35 10 26-27 — 
2465 55 16 4 A.M. . 63 41 22 40 5-0 19-34 34 94 -- 
2466 M 20 8 P.M. . 63 38 22 23 5-5 19-45 35 14 — — 
2467 n 55 21 4 A.M. . 63 32 21 22 5-7 19-48 35 19 — .— 
2468 5) 55 21 noon . 63 29 20 24 5-7 19-43 35 10 — — ' 

2469 )) 55 22 4 A.M. . 63 10 19 50 5-5 19-50 35 23 -- — 
2470 55 22 noon . 62 56 18 4 7-0 19-48 35 19 — — 
2471 55 22 8 P.M. . 62 48 15 38 7-7 19-56 35 34 — — 
2472 n 23 4 A.M. . 62 38 13 2 7-5 19-49 35 21 — — 
2473 55 23 noon . . 62 39 10 22 7-7 19-46 35 15 — — 

2474 )) 55 23 8 P.M. . 62 28 , 7 38 7-2 19-48 35 19 — — 
2475 55 26 noon . . 61 28 6 28 6-5 19-44 35 12 — — 
2476 )) 55 26 8 P.M. . 61 0 5 17 7-0 19-44 35 12 26-30 — 

2477 jj 55 27 4 A.M. . 60 28 4 20 7-2 19-50 35 23 — — 
2478 55 27 noon . . 59 31 3 5 7-5 19-45 35 14 — — 
2479 Teutonic. . 55 11 midnight 51 5 14 20 7-2 19-76 35 70 — — 
2480 55 12 noon . 50 39 20 42 9-4 19-76 35 70 -- — 
2481 55 12 midnight 49 28 26 40 10-0 19-69 35 58 — — 

2482 55 13 noon . 48 33 32 4 8-9 19-89 35 93 — — 
2483 55 13 midnight 47 5 37 4 8-9 19-94 36 02 27-02 — 
2484 55 14 noon . . 45 31 41 29 13-3 19-81 35 79 — 
2485 55 14 midnight 44 16 45 19 4-4 19-70 35 59 — — 
2486 >) 55 15 noon . 42 30 49 31 9-4 19-29 34 86 — — 
2487 55 15 midnight 41 57 53 50 5-6 19-40 35 05 — — 
2488 55 16 noon . 41 40 56 27 9-4 19-70 35 59 — — 

2489 M 55 16 midnight 41 21 60 25 12 • 2 20-14 36 37 27-26 — 
2490 )) 55 17 noon . 40 56 64 21 7-8 19-87 35 89 — — 

2491 55 17 midnight 40 41 68 43 3-3 18-23 32 95 24-50 — 
2492 55 24 55 40 12 70 32 5-6 18-03 32 59 24-30 _ 1 

2493 )) 55 25 noon . . 40 34 65 13 13-3 19-.57 35 36 — i 

2494 55 25 midnight 40 54 60 17 13-3 19-80 35 77 — — 
2495 >) 55 26 noon . 41 12 55 23 13-3 19-80 35 77 — — 
2496 55 26 midnight 41 51 50 33 12'2 19-69 35 58 — .— 
2497 )) 55 27 noon . 43 21 46 0 16-7 20-06 36 23 27-06 — 

2498 5J 55 27 midnight 45 3 41 18 13-3 19-63 35 47 — .— 1 

2499 J> 55 28 noon . . 46 51 36 15 12-2 19-73 35 64 ! — — i 
2500 )J 55 28 midnight 48 8 30 49 IM 19-73 35 64 1 

i 
3501 55 29 noon . . 49 21 25 42 11-1 19-70 35 59 _ 1 

2502 n 55 29 midnight 50 7 20 7 1 11-1 19-66 35 52 - i — 
2503 )> 55 30 noon . . 50 54 14 44 11-7 19-68 35 56 _ 1 _ i 

2504 Corean . . 55 10 55 51 41 7 54 7-8 19-67 35 54 ■ — 1 
Y 2 
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Table I. [continued). 

Lab. 
No. 

Ship. 1 )ate. Hour. Lat. 
i 

Long. Temp. 

. 
X- 

p. from 

X- 
4S15 

Sprengel. 

2505 Corean . . 
1897. 

Mar. 11 noon . 
N. 

50° 58' 
W. 

14° 6' 1 9-4 19-82 35-80 
250G „ u 33 . 50 14 20 11 10-6 . 19-78 35-73 — 
2507 „ 13 53 49 30 25 58 10-0 19-89 ' 35-93 — 

2508 „ u 33 49 3 28 20 10-6 19-70 35-59 — 

2509 „ 15 33 48 14 31 52 12 • 2 19-74 35 - 66 — 
2510 „ 16 33 47 27 35 17 10-0 19-76 35-70 — 
2511 „ 17 33 47 37 35 45 8-9 19-55 35-32 — 

2512 „ 18 » 45 53 39 37 11-7 19-93 36-00 — 
2513 „ 19 53 43 36 44 37 15-0 20-36 36-77 27 -45 
2514 „ 20 33 42 36 49 0 5-6 19-16 34-62 — 
2515 „ 21 35 42 49 55 36 3-9 18-73 33 - 85 — 
2516 •'>*2 33 43 47 62 6 0-6 17-72 32-04 — 
2517 33 33 43 54 63 55 0-0 17-50 31-65 23-34 
2518 „ 25 33 40 36 67 22 2-8 18-21 32-91 — 
2519 „ 26 33 39 49 69 36 6-1 18-81 34-00 — 
2520 07 

33 * 33 off Dela ware R. 5-0 16-51 29-87 21-97 
2521 Apr. 2 33 39° 6' 70° 18' 11-1 19-61 35-43 — 
2522 „ 3 33 39 58 64 38 14-4 20-21 36-49 — 
2523 „ 4 33 40 43 59 35 17-2 20-18 36-44 27-10 
2524 „ 5 33 41 19 53 41 13-9 19-89 35 - 93 — 
2525 „ 6 33 42 13 47 49 10-0 19-03 34-39 — 
2526 „ 7 44 58 42 17 16-1 20-15 36-39 27-06 
2527 5 5 )) 8 33 47 44 37 12 12-8 19-89 35 - 93 — 

2528 3) „ 9 33 50 12 31 32 8-9 19-63 35-47 — 

2529 33 „ 10 33 52 25 25 40 9-4 19-62 35 - 45 — 

2530 33 „ 11 33 54 4 18 47 9-4 19-67 35 - 54 — 

2531 33 „ 12 33 55 14 11 17 10-0 19-75 35 - 68 — 

2532 Louoihriga; Jan. 20 35 51 20 5 54 9-1 19-77 35-72 — 

2533 
Holme 

53 „ 20 midnight 49 34 6 36 8-8 19-49 35-21 
2534 33 „ 21 noon . 47 50 7 21 10-4 19-68 35 - 56 — 

2535 33 21 33 
midnight 46 11 8 3 10-8 19-65 35 - 50 — 

2536 00 noon . 44 25 8 28 12-1 19-81 35-79 — 

2537 33 
00 

33 ' midnight 42 40 9 29 11-7 19-45 35-14 26-73 
2538 33 „ 23 noon . 40 50 9 30 13-3 19-84 35-84 — 

2539 33 „ 23 8 P.M. . 39 39 9 33 12-9 19-90 35 - 95 27-21 
2540 33 Mar. 7 noon . 41 19 9 49 13-8 19-87 35-89 27-27 
2541 33 53 ^ 

midnight 42 50 9 39 12-8 1 19-82 35-80 — 

2542 „ 8 noon . 44 17 9 11 11-9 1 19-75 35-68 — 

2543 33 „ 8 midnight 45 45 8 33 i 10-8 i 19-72 35-63 — 

2544 33 » 9 noon . . 47 17 8 1 : 11-3 ! 19-77 35-72 -- 
2545 33 „ 9 midnight 48 45 7 23 1 10-0 19-70 35-59 — 

2546 33 „ 10 noon . 50 8 6 50 i 9-1 19-64 35-48 — 

2547 33 „ 10 midnight 51 33 5 55 7-8 19-57 35-36 — 

2548 33 
09 

33 33 48 40 5 48 1 10-3 19-76 35-70 — 

2549 33 „ 23 noon . 47 0 5 0 i 11-4 19-69 35 - 58 — 

2550 53 „ 23 midnight 45 12 4 0 12-3 19-75 35 - 68 — 

2551 33 „ 24 noon . 43 28 2 59 13-2 19-45 35-14 26-52 
2552 33 Apr. 6 midnight 44 15 3 33 ' 12-1 19-77 35-72 — 

2553 33 „ 7 noon . 45 24 4 15 11-7 19-75 35 - 68 — 

2554 33 „ 7 midnight 46 21 4 46 ' 11-3 19-77 35-72 — 

2555 33 „ 8 noon . 46 54 5 8 11-3 19-77 35-72 — 

2556 33 „ 8 midnight 48 22 5 59 11-1 19-75 35 - 68 — 

2557 Auchoria Mar. 20 noon . 54 50 12 41 11-1 17-59 31-81 — 

2558 31 „ 21 33 53 46 19 44 10-6 19-63 35-47 — 
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Table I. [continued). 

^ Lab. 
i No. 
i 

Ship. Date. Hour. Lat. Long. Temp. 
1 

X- 
p. from 

X- 
4S15 

Sprengel. SO3. ; 

i 

2559 Anchoria 
1897. 

Mar. 22 noon . 
N. 

52° 30' 
W. 

I 26° 26' 9 7 17 54 

i 

31 71 
2560 M 23 

JJ 50 31 32 47 10 0 19 59 35 40 — — 
2561 J? 24 JJ 48 13 39 11 11 1 19 60 35 41 — — 
2562 J) 25 JJ 45 19 45 2 13 3 19 68 35 56 — — 
2563 n 5) 26 JJ 42 25 50 20 - 1 1 18 08 32 68 — — 
2564 >? >> 27 JJ 42 53 57 14 4 4 18 82 34 01 — 

2565 j) 28 JJ 41 53 63 36 1 7 18 14 32 79 24-25 _ j 

2566 29 JJ 40 35 70 8 4 4 18 12 32 75 — — ; 
2567 Apr. 4 JJ 40 27 68 31 5 0 18 16 32 82 — — 
2568 ?? 5 JJ 40 41 62 7 20 0 19 96 36 05 — _ ! 

2569 6 JJ 41 18 55 41 14 4 19 93 36 00 26-78 _ i 
2570 jj JJ 7 J J 41 50 48 52 17 2 20 19 36 46 27-07 [ 

2571 jj JJ 8 JJ 44 45 43 8 14 4 19 90 35 95 _ 
— 

2572 J J 9 JJ 47 34 37 26 13 3 19 80 35 77 — — 
2573 )> JJ 10 JJ 49 56 30 45 10 3 19 63 35 47 — _ 

2574 JJ 11 JJ 52 4 24 5 8 9 19 62 35 45 — 
— ! 

2575 JJ 12 JJ 54 44 16 43 10 6 19 75 35 68 — — 1 
2576 JJ 13 JJ 55 6 9 29 8 9 19 69 35 58 — ( 

2577 Teutonic. . 8 midnight 51 1 14 54 11 1 19 81 35 79 — — 
2578 n JJ 9 noon . 50 36 20 46 10 0 19 83 35 82 —. 
2579 5? JJ 9 midnight 49 33 26 39 12 2 19 81 35 79 — — 
2580 10 noon . 48 36 31 55 7 8 19 75 35 68 — — 

2581 JJ 10 midnight 47 30 35 40 6 7 19 78 35 73 — — 

2582 n JJ 11 noon . 46 7 40 11 14 4 19 95 36 04 — — 

2583 JJ 11 midnight 44 33 43 59 13 9 19 67 35 54 — — 

2584 JJ 12 noon . 42 59 48 24 14 4 19 72 35 63 — — 
2585 n JJ 12 midnight 42 23 52 33 1 7 18 47 33 39 — — 

2586 n 13 noon . 41 49 58 15 5 0 19 47 35 17 -- — 
2587 )) JJ 13 midnight 41 16 63 56 10 6 20 11 36 31 — — 
2588 14 noon . 40 40 69 19 10 0 18 27 33 02 24-56 — 

2589 JJ 21 midnight 40 10 69 39 11 1 18 06 32 64 — — 

2590 22 noon . 40 10 64 50 10 0 19 62 35 45 — 
2591 JJ 22 midnight 40 10 59 56 14 4 20 04 36 19 — 

2592 23 noon . 40 10 54 53 14 4 20 13 36 35 — — 
2593 » JJ 23 midnight 40 25 48 52 15 6 20 26 36 58 -- — 
2594 )) 24 noon . . 41 58 45 33 13 9 20 20 36 47 27-32 _ 1 

2595 )) JJ 24 midnight 44 9 40 44 11 1 20 05 36 21 — — 1 
2596 25 noon . 45 55 36 2 9 4 19 83 35 82 — — 

2597 n JJ 25 midnight 47 24 31 7 10 6 19 83 35 82 — — 

2598 
JJ JJ 26 noon . 48 46 25 56 10 0 19 79 35 75 — — 

2599 J J 26 midnight 50 0 20 51 12 2 19 90 35 95 — — 

2600 27 noon . . 50 51 15 29 11 7 19 84 35 84 — — 
2601 California . Feb. 21 JJ 36 31 7 52 13 9 20 11 36 31 — — 1 

2602 n JJ 21 midnight 37 16 10 16 13 9 20 05 36 21 — — 
2603 

JJ 22 noon . 38 1 12 41 13 3 20 02 36 16 — — 
2604 JJ 22 midnight 38 44 15 14 13 3 19 98 36 09 — — 
2605 )) JJ 23 noon . 39 28 17 47 13 3 19 93 36 00 — — 
2606 JJ 23 midnight 40 4 20 10 13 3 19 97 36 07 — — 

2607 >) JJ 24 noon . 40 41 22 47 13 3 19 90 35 95 — 
2608 n JJ 24 midnight 41 13 25 14 13 3 19 22 35 98 - i 

1 

2609 JJ 25 noon . . 41 44 27 41 13 3 19 87 35 89 - * 
— 

2610 
JJ 25 midnight 41 58 29 28 13 3 19 93 36 00 — — 

2611 jj JJ 26 noon . 42 12 31 15 13 3 19 94 36 02 — 

2612 
JJ 26 midnight 42 28 33 18 13 9 19 99 36 11 — 

_ 1 

2613 5) J J 27 noon . 42 44 35 22 14 4 19 85 35 86 
♦ 

— — 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3 

1897. b W. 
2614 California . Feb. 27 midnight 43' 2' 37' 38' 14 4 19 88 35 •91 -- — 
261.5 >5 28 noon . 43 20 39 54 14 4 19 86 35 88 --- — 
2616 55 28 midnight 43 16 42 3 13 3 19 84 35 84 — — 
2617 ^lar. 1 noon . 43 11 44 12 13 3 20 12 36 33 27-15 — 
2618 55 1 midnight 43 12 44 52 13 3 19 97 36 07 — — 
2619 2 noon . 43 14 46 20 13 3 19 85 35 86 — — 
2620 55 55 2 midnight 43 22 48 24 6 7 18 88 34 12 — — 
2621 55 3 noon . 43 30 50 29 0 0 17 96 32 48 ■- — 
2622 55 3 midnight 43 12 53 3 1 11 18 29 33 06 — — 
2623 55 4 noon . 42 54 55 40 5 6 18 44 33 34 — — 
2624 55 4 midnight 42 38 56 40 0 8 18 38 33 22 24-72 — 
2625 -5 noon . 42 17 57 41 7 8 19 41 35 07 — — 
2626 0 midnight 42 10 59 30 11 1 19 46 35 15 — — 
2627 6 noon . . 42 1 61 42 11 1 18 57 33 56 — — 
2628 6 midnight 41 33 63 45 3 3 17 88 32 33 23-97 — 
2629 7 noon . 41 11 66 0 4 4 19 62 35 45 — -- 
2630 55 7 midnight 40 50 68 30 4 4 18 09 32 70 — — 
2631 17 55 40 27 71 4 4 4 18 13 32 77 — — 
2632 18 noon . 40 27 68 41 4 4 18 09 32 70 24-40 — 
2633 18 midnight 40 45 66 20 5 6 18 71 33 82 25-16 — 
2634 19 noon . 41 5 63 58 13 3 19 56 35 34 — — 
2635 55 55 19 midnight 41 17 61 43 13 3 20 02 36 16 — — 
2636 20 noon . 41 30 59 28 14 4 20 15 36 39 27-19 — 
26.37 55 20 midnight 41 39 57 45 9 4 19 42 35 08 — — 
2638 21 noon . 41 48 56 1 11 1 19 65 35 50 — — 
2639 55 21 midnight 42 0 53 49 8 9 19 49 35 21 — — 
2640 5 5 22 noon . 42 13 51 37 4 4 19 68 35 56 — — 
2641 55 22 midnight 42 21 49 19 5 6 18 85 34 07 25 • 39 — 
2642 55 23 noon . 42 29 47 1 13 3 19 82 35 80 — — 
2643 55 23 midnight 42 29 45 1 15 6 20 09 36 29 — — 
2644 24 noon . 42 30 42 31 15 6 19 97 36 07 — — 
2645 55 24 midnight 42 27 40 0 13 3 19 99 36 11 — — 
2646 55 2.5 noon . 42 24 37 29 14 4 20 07 36 25 — — 
2647 55 25 midnight 42 24 35 4 14 4 20 04 36 19 
2648 55 26 noon . 42 29 32 39 14 4 20 03 36 18 — _ 

2649 55 26 midnight 42 19 30 22 13 9 19 94 36 02 — — 
2650 5 5 27 noon . 42 8 27 54 14 4 19 90 35 95 — — 
2651 55 27 midnight 41 34 25 23 14 4 19 99 36 11 -- — 
2652 55 28 noon . 41 1 22 51 14 4 19 95 36 04 — — 
2653 55 28 midnight 40 10 20 31 14 4 19 50 35 23 — — 
2654 55 29 noon . 39 38 18 12 15 0 20 10 36 30 — — 
2655 55 29 midnight 38 54 15 56 14 4 20 05 36 21 — — 
2656 55 5 30 noon . 38 10 13 41 14 4 20 11 36 31 — — 
2657 55 55 30 midnight 37 32 11 33 14 4 20 20 36 48 27-10 — 
2658 55 31 noon . 36 56 9 25 14 4 20 01 36 14 — — 
2659 55 31 midnight 36 18 7 0 14 4 20 16 36 40 — — 
2660 Laura. . Apr. 26 noon . 59 56 3 18 8 0 19 56 35 34 — — 
2661 55 55 26 8 P.M. . 60 50 5 8 7 2 19 52 35 27 — — 
2662 M 55 27 4 A.M. . 61 55 6 32 7 0 19 43 35 10 — — 
2663 55 55 27 noon . 62 1 7 40 7 3 19 45 35 14 — — 
2664 55 55 27 8 P.M. . 62 20 10 22 8 0 19 50 35 23 — _ 1 

2665 55 55 28 4 A.M. . 62 22 13 14 8 2 19 49 35 21 — — 
2666 „ 55 28 noon . 62 28 15 46 8 5 19 50 35 23 -- — 
2667 55 55 28 8 P.M. . 62 55 17 54 7 3 19 51 35 25 — 
2668 

55 29 4 A.M. . 63 10 19 14 7 3 19 51 35 25 — — 
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Table I. [continued). 

Lab. 
No. 

Ship. Date. Horn’. Lat Long. Temp. 
i 

X- 

! 
p. from 

X- 
4S15 

Sprengel. SO3. 

2669 
t 

Laura . . ' 
1897. 

Apr. 29 noon . 
N. 

63° 30' 
Mb 

21° 41' 1 7-3 ' 18-96 34-26 
2670 May 5 8 P.M. . 64 5.5 24 16 ' 4-5 19-30 34-87 — — 
2671 55 7 4 A.M. . 65 24 23 0 1 4-0 19-24 34-76 - 1 — 
2672 1 55 7 noon . 65 26 24 30 4-5 19-30 34-87 - 1 — 

2673 i 
55 7 8 P.M. . 65 57 23 55 ' 3-5 19-04 34-40 — 

2674 >> 1 8 noon . 65 59 23 59 i 3-0 ; 18-91 34-17 25-54 — 

2675 1 
n I 55 9 55 66 15 23 27 i 2-8 ! 19-15 34-60 — — 

2676 55 10 , 55 65 39 24 36 j 2-9 i 19-15 34-60 i — — 
2677 10 8 P.M. . 65 0 24 29 1 4-9 : 19-42 .35-08 ' — — 
2678 ?? 55 11 1 4 A.M. . 64 19 22 24 , 5-3 19-09 34-49 25-81 
2679 M 55 13 1 55 64 7 23 0 > 5-2 19-27 34-82 — — 
2680 13 ! noon . 63 30 21 19 6-5 19-44 35-12 — — 
2681 )) 55 13: 8 P.M. . 63 0 18 25 7-5 19-51 35-25 — — 
2682 55 14 4 A.M. . 62 49 15 34 8-0 19-50 35-23 26-31 — 
2683 55 14 ‘ noon . 62 40 12 27 8-2 19-51 35 - 25 — — 
2684 14 8 P.M. . 62 30 9 43 8-2 19-49 35-21 — — 
2685 )) 15 4 A.M. . 62 25 7 15 8-2 19-52 35-27 — — 
2686 )) 55 16 8 P.M. . 60 57 5 17 8-5 19-58 35 - 38 26-47 — 
2687 17 4 A.M. . 59 57 3 18 9-3 — — — — 
2688 Anchoria Apr. 18 noon . 55 12 10 9 9-4 19-71 35-61 — — 
2689 n 55 19 55 54 2 17 33 10-0 19-70 35 - 59 — — 
2690 55 20 55 52 33 24 33 10-0 19-61 35-43 — — 
2691 » 21 50 22 31 18 10-0 19-65 35 - 50 — -- 
2692 n 55 22 55 47 47 37 22 9-7 19-64 35-48 — — 
2693 jj 55 23 55 44 36 42 40 14'4 20-18 36-44 — — 
2694 55 24 55 42 33 48 13 8-9 19-15 34-60 --- — 

2695 n 55 25 55 42 0 54 55 1D7 19-26 34-80 -- - 1 

2696 ? j 55 26 55 41 39 61 33 7-2 17-85 32 - 26 — -- ' 

2697 55 27 55 40 49 67 14 6-1 17-90 32 - 37 24-04 — 
2698 57 5’ 28 55 40 27 73 30 0-7 17-45 31-56 23 - 42 — 
2699 55 May 9 55 40 28 70 23 7-8 18-06 32-64 — — 
2700 55 55 10 55 40 30 64 30 18-9 19-88 35-91 — — 
2701 55 55 11 55 40 43 58 42 17-2 19-68 35-56 — — 

2702 55 55 12 55 40 33 52 45 20-6 20-08 36-27 26 - 94 — 
2703 55 55 13 55 41 28 46 42 18-3 20-07 36 - 25 27-05 — 
2704 55 55 14 55 43 32 41 27 16-1 19-90 35 - 95 — — 
2705 75 55 15 55 46 19 36 50 15-0 19-99 36-11 — — 
2706 55 55 16 55 48 48 31 29 11-1 19-65 35 - 50 — — 
2707 55 55 17 55 50 52 25 55 12-2 19-69 35-58 - 1 
2708 55 55 18 55 52 39 20 3 11-7 19-63 35-47 — - 1 
2709 55 55 19 55 54 12 13 -50 11-1 19-67 35-54 — - i 
2710 Teutonic. . 55 6 midnight 50 11 14 18 11-7 19-83 35 - 82 — _j 

1 2711 55 55 7 noon . . 50 11 i 20 40 12-8 19-63 .35 - 47 — _ 
2712 55 55 7 midnight 48 59 26 37 13-3 19-73 35 - 64 _ _ 
2713 55 55 8 noon . 47 35 ! 32 25 16-1 19-81 35-79 _ _ 
2714 55 55 8 midnight 45 49 37 39 16-7 ' 19-98 36 - 09 — - i 
2715 55 55 9 noon . . 44 11 42 41 16-7 20-12 36-33 — - 1 
2716 55 55 9 midnight 42 9 46 59 11-1 20 -12 36-33 — — 

2717 55 55 10 noon . 41 0 51 48 10-6 19-92 35 - 98 _ — 

2718 55 55 10 midnight 40 47 57 4 15-0 20-21 36-49 — — 

2719 55 55 11 noon . . 40 49 62 1 18-3 19-64 35 - 48 — — 

2720 1 ” 55 11 midnight 40 41 67 8 8-9 17-77 32-13 23-91 — 

2721 55 55 12 noon . . 40 32 72 5 10-6 17-82 32-22 — 

2722 55 55 19 midnight 40 8 69 41 10-0 17-88 32 - 33 23-97 
2723 55 55 20 noon . . 40 12 64 40 16-1 i 19-81 35-79 — — 1 
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Table I. {continued). 

Lab. 
Xo. 

Ship. Date. Hour. Eat. Long. TemjJ. X* 
p. from 

X- 
4S10 

Sprengel. SO3. j 

1897. h W. 
2724 Teutonic May 20 midnight 40° 12' 59' 44' 19 4 19 •20 34-69 — — 
2725 55 21 noon . 40 12 54 54 20 0 19 58 35 • 38 — — 
2726 55 21 midnight 40 26 50 1 20 0 19 52 35-27 — — 
2727 '5 22 noon . 42 13 45 27 20 6 20 12 36 • 33 — — 
2728 55 22 midnight 44 8 40 49 17 8 19 95 36-04 — — 
2729 55 55 23 noon . 45 55 35 55 18 3 19 92 35 • 98 — — 
2730 55 55 23 midnight 48 25 30 46 12 8 19 79 35 • 75 — — . 
2731 55 55 24 noon . 48 53 25 18 13 9 19 80 35 -77 — — 
2732 55 55 24 midnight 50 8 19 31 10 6 19 72 35-63 — — 
2733 55 55 25 noon . 50 59 13 36 12 0 19 76 35 • 70 — — 
2734 Loughrig^- 55 31 noon . 47 43 46 12 5 6 18 57 33-56 25 • 03 — 

Holme 
2735 55 55 31 midnight 48 3 44 15 7 1 19 02 34-37 25 • 65 — 
2736 55 June 1 noon . 48 24 42 5 13 2 19 62 35 • 45 — — i 
2737 55 55 1 midnight 48 49 39 22 13 4 19 56 35 • 34 — — 
2738 55 55 

2 noon . 49 14 36 37 13 3 19 75 35 • 68 26-63 — 
2739 55 55 

2 midnight 49 36 33 58 12 8 19 75 35 • 68 26-63 — ; 
2740 55 55 3 noon . 49 52 31 18 12 6 19 68 35-56 — — 
2741 55 55 3 midnight 50 7 28 56 11 7 19 63 35-47 — — i 
2742 55 55 4 noon . 50 16 26 36 11 / 19 60 35-41 — — 
2743 55 55 4 midnight 50 22 25 18 11 7 19 63 35 • 47 — _ 1 

2744 55 55 5 noon . 50 27 0 0 54 12 5 19 67 35-54 -- — 
2745 55 55 5 midnight 50 30 20 28 12 8 19 69 35-58 26 • 60 — ' 
2746 55 55 6 noon . 50 33 18 3 12 5 19 63 35-47 — — 
2747 55 55 6 midnight 50 22 16 2 13 1 19 61 35-43 — — 
2748 55 55 7 noon . 50 9 13 45 13 1 19 64 35 • 48 — 
2749 55 55 7 midnight 50 4 10 34 13 9 19 66 35-52 — 
2750 55 55 8 noon . 49 59 7 24 15 1 19 62 35 • 45 — 
2751 55 Apr. 25 midnight 55 24 7 50 8 1 19 35 34-96 — _ 

2752 55 55 26 noon . 55 29 11 2 10 0 19 65 35 • 50 — — 

2753 55 55 26 midnight 55 19 14 13 10 3 19 62 35 • 45 — 
_ 

2754 55 55 27 noon . 55 9 17 22 10 4 19 63 35-47 26-46 
2755 55 55 27 midnight 54 54 20 30 9 9 19 64 35 • 48 — — 
2756 55 55 28 noon . 54 40 23 11 10 1 19 57 35 • 36 — — 
2757 55 55 28 midnight 54 17 25 55 9 8 19 54 35 • 30 — — 
2758 55 55 29 noon . 53 56 28 17 9 3 19 49 35-21 — — 
2759 55 55 29 midnight 53 23 30 47 8 3 19 46 35-15 — — 
2760 55 55 30 noon . 52 48 33 17 7 9 19 36 34-98 — — 
2761 55 55 30 midnight 52 0 36 1 8 2 19 36 34-98 — — 
2762 55 hlay 1 noon . 51 17 38 46 9 3 19 50 35-23 — — 
2763 55 55 1 midnight 50 26 41 34 10 1 19 59 35-40 — — 
2764 55 

2 noon . 49 38 44 10 6 8 19 11 34-53 — — 
2765 55 55 

2 midnight 48 56 46 16 4 7 19 16 34-62 — -— 

2766 55 55 3 noon . 48 21 47 32 0 3 17 81 32-21 23-95 — 
2767 55 55 3 midnight 48 0 47 55 0 0 17 98 32-51 _ — 

2768 55 55 4 noon . 47 34 49 28 1 1 17 98 32-51 — — 
2769 55 55 4 midnight 46 57 51 17 0 0 18 17 32-84 — — 

2770 55 55 5 noon . . 46 20 53 15 1 8 18 01 32-56 — 
2771 5 5 55 6 2 A.M. , 46 17 56 14 2 2 17 87 32-31 — — 
2772 55 55 6 noon . 46 53 58 ■ 4 2 2 17 30 31-29 

— i 2773 55 55 27 55 46 43 57 27 4 9 17 06 30-86 — 
1 

■ 2774 55 55 27 midnight 46 17 55 24 4 3 17 83 32 • 24 — 
2775 55 55 28 noon . 46 17 53 25 4 0 17 98 32-51 _ — 
2776 55 55 28 midnight 46 22 52 24 4 5 17 99 32-53 — — 
2777 5 5 n 29 noon . 46 40 50 56 4 o 

O 18 09 32-70 — — ; 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. Hoim. Lat. Long. TemiJ. X- 
p. from 

' X- 
4S15 

Sprengel. SO3. 

1897. N. 4Y. 
2778 Loughrigg 

Holme 
)) 

May 29 midnight 47' 5' 49° 2' 4 2 18 •03 32 •59 — — 

2779 55 30 noon . 47 21 47 52 3 7 17 93 32 42 _ _ 
I 2780 JJ 55 30 midnight 47 30 47 10 3 2 17 98 32 51 — _ 
f 2781 Anchoria 29 noon . 54 24 14 7 11 1 19 63 35 47 — 

2782 30 52 48 20 44 10 6 19 59 35 40 — — 

2783 n 31 51 22 27 15 12 2 19 68 35 56 — — 
2784 55 June 1 55 49 7 34 35 12 8 19 64 35 48 — — 

1 2785 55 
2 

55 46 9 41 11 12 8 18 69 33 78 — — 
I 2786 55 3 55 43 28 46 8 17 2 19 68 35 56 — — 

2787 55 4 55 41 0 50 58 15 0 18 81 34 00 — — 
2788 55 55 5 55 41 37 56 58 17 8 19 70 35 59 26-59 — 
2789 55 55 6 55 41 30 63 50 18 3 19 50 35 23 — — 
2790 55 55 7 55 40 31 70 39 11 7 17 86 32 30 24-00 — 
2791 55 55 13 55 40 39 61 '32 11 1 18 03 32 59 24-21 — 

2792 55 55 14 55 42 7 62 52 10 6 17 68 31 97 23-78 — 

2793 55 55 1.5 55 44 13 57 22 9 4 18 12 32 75 — — 
2794 55 55 16 55 46 55 51 37 4 4 18 07 32 66 — — 
2795 55 55 17 55 49 28 45 29 8 3 18 i i 33 92 — — 
2796 55 55 18 55 51 34 38 24 12 2 19 38 35 01 — — 
2797 55 55 19 55 53 3 30 43 12 2 19 35 34 96 — — 
2798 55 55 20 55 54 13 22 44 12 2 19 57 35 36 — — 
2799 55 21 55 54 51 14 5 12 2 19 59 35 40 — — 
2800 Teutonic. 3 midnight 50 53 14 49 13 3 19 77 35 72 — — 
2801 55 55 4 noon . . 50 25 21 27 11 1 10 68 35 56 — — 
2802 55 55 4 midnight 49 0 27 10 11 1 19 79 35 75 — — 
2803 55 55 5 noon . . 47 35 32 27 13 3 20 00 35 12 — — 
2804 55 55 5 midnight 45 58 37 24 12 8 19 99 36 11 — 
2805 55 55 6 noon . 44 14 42 33 12 2 20 23 36 53 27-37 — 
2806 55 55 6 midnight 42 7 47 1 10 0 19 39 35 03 — — 
2807 55 55 7 noon . 40 59 52 7 11 7 19 77 35 72 — — 
2808 55 55 7 midnight 40 48 57 31 16 1 19 16 34 62 — — 
2809 55 55 8 noon . 40 31 63 6 16 7 20 15 36 39 27-27 — 
2810 55 55 8 midnight 40 34 68 34 13 9 18 45 33 36 24-84 — 
2811 55 55 14 55 40 10 69 41 15 0 19 36 34 98 — — 
2812 55 55 15 noon . 40 30 64 46 13 3 20 02 36 16 — — 
2813 55 55 15 midnight 40 54 59 27 14 4 19 50 35 23 — — 
2814 55 55 16 noon . 41 22 53 53 17 8 19 31 34 89 — — 
2815 

55 16 midnight 42 9 48 54 14 4 18 44 33 34 — — 
. 2816 55 55 17 noon . 44 12 44 12 17 8 19 62 35 45 — — 

2817 55 55 17 midnight 45 51 39 11 17 8 19 97 36 07 — — 
! 2818 55 55 18 noon . 47 31 33 56 15 6 19 71 35 61 — — 

i 2819 55 55 18 midnight 48 46 28 26 15 6 19 63 35 47 — 

2820 55 55 19 noon . . 49 47 22 45 15 6 19 68 35 56 — 

2821 55 55 19 midnight 50 36 16 52 14 4 19 63 35 47 — — 

2822 55 55 20 noon . 51 15 10 53 
E. 

1 45 

13 9 19 63 35 47 — — 

2823 Monarch . . Jan. 6 50 59 6 7 18 98 34 30 
2824 55 55 7 55 50 59 1 45 6 1 18 94 34 23 — -- 

2825 55 55 8 55 51 29 1 31 6 7 19 17 34 63 — — 

2826 55 55 9 55 52 55 4 12 2 2 19 31 34 89 .- — 

2827 55 55 10 55 53 36 6 14 1 1 17 47 31 60 23-54 — 

2828 55 55 12 55 53 48 6 43 0 0 17 50 31 65 — — 

2829 55 55 13 55 53 46 6 42 1 7 17 54 31 71 — — 

1 2830 

VOL 

55 

. CXCVI,—A 

» 14 55 53 50 6 36 

Z 

1 7 17 53 31 70 — 
— 
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Table I. [continued). 

! 
Lai). 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

28.31 Monarch . 
1897. 

Jan. 1.5 noon . . 
N. 

.53“ 48' 
E. 

6° 41' 1-7 17-57 31-77 
2832 55 16 55 52 44 3 28 5 • 6 19-35 34-96 — — 
2833 5? Apr. 12 55 52 24 4 21 7-8 16-78 30-37 22-59 — 
2831 5) 55 13 55 52 24 4 23 7-8 17-07 30-87 22-97 — 
283.5 55 1.5 55 52 11 3 11 7-8 19-31 34-89 — — 
2836 iMay 3 55 Calais Roads 10-0 18-89 34-14 — — 

2837 n 55 15 55 50° 19' 
W. 
4° 33' 10'8 19-49 35-21 

2838 55 16 55 52 16 5 26 9-4 19-32 34-91 — — 
2839 n 17 55 55 55 6 6 8-3 18-90 34-16 — — 
2840 n 18 55 

Castle Bay, Barra 9-4 19-22 34-72 — — 

2841 5? 55 19 55 

I 
55 

d. 
55 9-4 19-19 34-67 

2842 20 55 Oban H arbour 9-4 18-58 33-58 — — 
2843 n 55 21 55 54° 3' 4°47'50'' 11-1 19-03 34-39 — — 
2844 55 23 55 Holyhead 

51° 25' 
Harb. 10-0 19-12 34-54 — — 

2845 n 55 25 55 9° 28' 12-2 19-42 35-08 — — 
2846 55 26 55 Crook haven 11-7 19-49 35-21 26-28 — 
2847 ? 5 June 3 55 51° 2.3' 30" 9° 38' 11-7 19-43 35-10 — — 
2848 4 55 Fastnet Rock 11-1 19-45 35-14 — — 

2849 55 5 55 

L.H. 
dist., 
cables 

5r27' 

S.55°E. 
2-3 

9° 6' 14-4 19-42 35-08 
2850 55 6 55 51 53 6 22 12 • 2 19-41 35-07 — — 
2851 55 12 55 51 26 5 13 13-3 19-18 34-65 — — 
2852 55 13 55 50 25 1 55 

E. 
5 10 

13-3 19-49 35-21 26-27 —• 

2853 California . Apr. 0 •5 P.M. . 36 8 15-0 20 - 45 36-93 _ _ 
2854 0 8 P.M. . 36 14 4 38 15-0 20-21 36-49 — — 
2855 57 55 

2 midnight 36 21 3 56 15-0 20 - 45 36-93 — — 
2856 )) 3 4 A.M. . 36 29 3 0 14-4 20-79 37-53 28-11 — 

2857 55 55 3 noon . 37 3 
W. 
1 26 14-4 20-66 37-30 

2858 55 55 3 8 P.M. . 37 52 0 18 
E. 

0 40 

14-4 20-55 37-10 — — 

2859 5 5 55 4 4 A.M. . 38 58 13-9 20-84 37-62 — __ 
2860 55 55 4 noon . 40 6 1 36 13-3 20-91 37-75 -- — 
2861 55 55 4 8 P.M. . 41 10 2 36 13-3 20-86 37-65 — — 
2862 55 55 5 4 A.M. . 42 6 3 22 13-3 20-81 37-57 -- — 
2863 55 55 5 noon . 42 47 4 30 13-3 20-78 37-51 — — 
2864 55 ’5 13 55 43 54 8 28 13-3 21-01 37-93 — — 
2865 55 May 2 

55 39 25 10 30 15-0 21-06 38-02 — — 
2866 55 55 

2 midnight 38 42 8 10 15-6 20-78 37-51 — — 
2867 55 55 3 noon . 38 11 5 35 15-6 20-44 36-91 _ — 
2868 55 5 5 3 midnight 37 44 3 11 15-0 20-70 37-37 27 - 87 — 
2869 55 55 4 noon . 37 18 0 48 15-0 20-76 37-47 — — 
2870 55 55 4 midnight 36 52 2 22 15-0 20-78 37-51 — — 

2871 55 55 5 noon . 36 26 
W. 
4 4 15-6 20-33 36-70 27 - 46 

2872 5 5 55 7 55 36 47 9 3 15-0 19-88 35-91 — — 
2873 55 55 i midnight 37 25 11 24 15-0 19-97 36-07 — — 
2874 55 55 8 noon . 38 3 13 45 15-0 20-03 36-18 — — 

2875 5 5 55 8 midnight 38 42 16 21 15-0 19-96 36-05 — — 

2876 55 55 -9 noon . . 39 22 19 0 15-0 19-86 35-88 — — 
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Table I. {continued). 

\ 

. Lab. 
' No. 

Ship. 

1 

Date. Hour. Lat. Long. Temp. X- 
p. from 

1 

4S15 
Sprengel. 

C
O

 

0
 

cc 

1 
. 

1897. j N. W. 1 
2877 California . jMay 9 midnight 39° 53' 21° 37' 15-0 19-88 35-91 — i — 
2878 10 noon . . 40 24 24 18 15-0 19-97 36-07 — — 
2879 1 )) 10 midnight 40 33 27 7 15-0 19-90 35 - 95 1 1 

2880 11 noon . . 40 41 29 56 14-4 19-86 35-88 i 
1 

2881 11 midnight 40 47 32 23 14-4 19-96 36-05 1 - 
1 
i 

2882 12 noon . . 40 53 35 14 14-4 20-18 36-44 — — 
2883 12 midnight 40 59 37 49 15-0 20-03 36-18 — ' — 
2884 13 noon . 41 6 40 25 15-6 i 20-10 ' 36-30 ; —■ 1 
2885 33 13 midnight 41 5 42 43 16-7 20-08 36-27 i 
2886 14 noon . . 41 3 44 51 17-2 20-05 36-21 — _ 

2887 33 14 midnight 41 3 47 20 16-7 19-95 36-04 — — 
2888 15 noon . 41 1 49 50 16-7 19-64 35-48 — — 
2889 15 midnight 41 4 52 10 14-4 19-32 34-91 — — 
2890 16 noon . . 41 7 54 31 14-4 18-70 33-80 .— — 
2891 16 midnight 41 7 56 46 15-6 19-88 35-91 _ ! 

2892 17 noon . 41 7 59 2 16-7 18-70 33-80 — 
2893 )) 33 17 midnight 41 9 61 27 16-7 19-49 35-21 — ■ — 
2894 18 noon . 41 11 63 53 16-7 19-83 35-82 — — 
2895 18 midnight 40 56 66 23 8-3 17-97 32-49 — — 
2896 „ 19 noon . 40 42 68 58 7-8 18-05 32 - 63 — — 
2897 >5 33 19 midnight 40 30 71 28 7-8 17-70 32-01 — — 
2898 29 33 40 23 72 0 8-9 17-15 31-02 — — 
2899 30 noon . 40 21 70 1 11-1 17-87 32-31 24-08 — 
2900 30 midnight 40 24 67 48 11-1 18-30 33 - 08 — — 
2901 31 noon . . 40 28 65 35 15-6 17-68 31-97 23-86 — 
2902 33 31 midnight 40 35 63 26 16-7 18-74 33-87 •— — 
2903 J une 1 noon . 41 26 61 16 13-9 18-53 33 - 49 — — 
2904 1 midnight 41 27 58 52 18-9 19-51 .35 - 25 — — 
2905 2 noon . 41 28 56 28 16-7 19-08 34-47 — — j 
2906 2 midnight 41 23 54 1 17-8 19-44 35-12 — — 
2907 3 noon . 41 17 51 34 16-7 19-67 35-54 — — 1' 
2908 3 midnight 41 44 49 22 15-6 19-15 34-60 — — 
2909 4 noon . 42 19 47 10 10-0 19-13 34 - 56 — — 
2910 4 midnight 43 25 45 14 14-4 19-10 34-51 — — 
2911 5 noon . . 44 32 43 17 15-6 20-06 36 - 23 27 - 02 — 
2912 5 midnight 45 54 41 28 15-6 20-07 36 - 25 — — 
2913 6 noon . 46 16 39 39 14-4 19-80 35 - 77 — — 
2914 6 midnight 47 19 37 40 14-4 19-75 35-68 -' — 
2915 7 noon . . 48 22 35 40 14-4 19-78 35 - 73 •- — 
2916 )) 7 midnight 49 18 32 28 13-3 19-59 35 - 40 — — 
2917 8 noon . 50 14 31 15 11-1 19-57 35 - 36 — — 
2918 8 midnight .50 59 28 44 12-2 19-50 35-23 — — 
2919 n 9 noon . . 51 45 26 12 12 • 2 19-62 1 35 - 45 — — 1 
2920 9 midnight 52 29 23 53 12 • 2 19-60 35-41 — — 
2921 >5 10 noon . 53 13 21 34 12-2 19-59 35 - 40 — — 
2922 33 10 midnight 53 49 18 45 11-1 19-63 35 - 47 — — 

2923 >3 11 noon . 54 24 15 56 11-1 19-63 35-47 — — 

2924 33 33 11 midnight 54 57 18 57 11-1 19-59 35 - 40 — — i 

2925 33 33 12 noon . 55 30 9 54 11-1 19-57 35 - 36 — — 

2926 Siberian . . 21 I » 51 22 14 47 13-9 19-68 35-56 26-58 .— 

2927 35 33 
22 

35 51 32 21 20 13-9 19-64 35-48 — — 

2928 5) 33 23 51 43 28 40 13-9 19-57 35-36 — — 

2929 >3 33 24 53 51 15 35 48 12-2 19-49 ' 35-21 — — 

2930 33 33 25 52 18 42 16 12-8 19-14 1 34-58 — I — 

2931 33 26 33 48 39 

Z 

48 32 

2 

5-6 18-32 33-11 _ 1 
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Table I. [continued). 

1 
Lab. 
Xo. 

Ship. Date. Hour, Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

189 7. X. W. 
2932 Sil)erian . June 27 noon . 17° 5T 51° 46' 6 7 18 31 33 10 — — 

! 2933 55 29 55 1-5 18 55 55 8 3 17 89 32 35 — — 
1 2931 JJ 55 30 55 Egg I., X. Scotia 12 2 17 79 32 17 — — 

12 miles 
2935 J) July 2 55 11° 15' 66° 15' 12 2 17 97 32 49 — — 
2936 55 55 3 55 39 33 71 12 21 7 18 20 32 90 — — 

2937 55 55 10 55 39 28 71 19 25 0 19 06 34 44 — — 

2938 55 55 11 55 11 3 66 18 22 2 19 11 34 53 — — 

1 2939 55 55 12 55 12 30 61 30 15 6 18 19 32 88 — — 

2910 55 55 13 55 11 11 56 29 11 1 17 29 31 27 — — 

i 2911 55 55 1.5 55 19 23 17 58 10 0 18 58 33 53 — — 
' 2912 55 55 16 55 51 25 11 50 13 9 19 31 34 89 — — 

2913 55 55 17 55 52 55 36 2 12 2 19 29 34 86 — — 
2911 55 55 18 55 51 3 29 13 13 3 19 47 35 17 — — 
2915 55 55 19 55 55 2 22 12 13 9 19 52 35 27 — — 
2916 55 55 20 55 55 35 11 55 15 6 19 57 35 36 26-32 — 

1 2917 55 55 21 55 X. coast Ireland 15 0 19 29 34 86 — — 
! 2926a Laura . . June 6 55 59° 32' _2° 2T 9 5 19 35 34 96 — — 

2927a 55 55 6 8 r.M. . 60 17 3 12 9 3 19 58 35 38 — — 
2928a 55 55 7 1 A.M. . 61 10 5 32 8 3 19 61 35 43 26-42 — 
2929a 55 55 9 55 62 29 8 2 8 5 19 56 35 34 26-40 — 
2930a 55 55 9 noon . 62 12 11 11 9 5 19 51 35 25 — — 
2931a 55 55 9 8 P.M. . 62 55 11 1 9 2 19 49 35 21 — — 

2932a 55 55 10 1 A.M. . 63 9 17 6 8 8 19 50 35 23 — — 

2933a 55 55 10 noon . . 63 23 19 16 9 5 19 49 35 21 — — 

2931a 55 55 10 8 P.M. . 63 31 21 19 9 0 19 47 35 17 — — 
2935a 55 55 20 1 A.M. . 61 8 22 51 7 5 19 03 34 39 25-73 — 

1 2936a 55 55 20 noon . 63 33 20 15 9 0 19 42 35 08 — — 
2937a 55 55 20 8 P.M. . 63 11 18 15 9 0 19 35 34 96 — — 
2938a 55 55 21 1 A.M. . 62 57 16 30 8 8 19 50 35 23 26 - 37 — 
2939a 55 55 21 noon . 62 12 11 27 9 5 19 50 35 23 — — 
2910a 55 55 21 8 P.M. . 62 37 11 52 9 0 19 49 35 21 — — 
2911a 55 55 22 1 A.M. . 62 31 9 25 9 0 19 48 35 19 — 
2912a 55 55 22 noon . . 62 26 7 10 8 5 19 45 35 14 — — 

1 2913a 55 55 21 1 A.M. . 61 10 6 10 8 0 19 46 35 15 — 
j 2911a 55 55 21 noon . 61 5 5 28 10 0 19 47 35 17 — — 
1 2915a 55 55 21 8 P.M. . 60 8 3 25 11 0 19 55 35 32 — 
1 2918 Teutonic July 1 midnight 51 3 11 10 13 9 19 58 35 38 — — 

2919 55 55 
2 noon . 50 25 20 17 15 0 19 61 35 43 — — 

2950 55 55 
2 midnight 19 30 26 39 15 6 19 70 35 59 — — 

2951 55 55 3 noon . 18 22 1 32 21 15 6 19 56 35 34 — — 
2952 55 55 3 midnight 16 31 ’ 38 0 16 7 19 53 35 28 — — 
2953 55 55 1 n 0011 . 15 13 12 51 17 8 19 92 35 98 — — 
2951 55 55 1 midnight 13 17 ! 17 56 12 2 18 16 32 82 — — 
2955 55 55 5 noon . 12 10 53 23 17 8 19 36 34 98 — _ 

; 2956 55 55 5 midnight 11 10 58 53 18 3 19 54 35 30 — 
' 2957 55 55 6 noon . 11 10 61 18 15 6 17 56 31 75 — — 

2958 55 55 G midnight 10 37 69 11 16 1 17 63 31 88 — — 
2959 55 55 11 55 10 12 69 35 21 1 18 38 33 22 — — 
2960 55 55 15 noon . 10 31 65 20 26 1 19 85 35 86 — — 
2961 55 55 15 midnight 10 53 60 30 18 9 18 08 32 68 — —r 

2962 55 55 16 noon . . 11 16 55 37 23 3 19 03 34 39 _ — 
2963 55 55 16 midnight 11 37 50 11 20 0 18 92 34 19 — — 
2961 55 55 17 noon . 13 8 16 17 20 0 19 41 35 07 — — 

1 2965 J5 55 17 midnight 11 55 11 10 17 8 19 93 36 00 — — 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long, i 

1 

Temp.; X- , 

i 

p. from 

X- i 

4S15 

Sprengel. 

! 

SO3. 

2966 - Teutonic. . ^ 
1897. 

July 18 noon . . 
N. 

46° 35' 
W. 

37° 7' 15-6 19-69 35 - 58 
2967 ” i 55 18 midnight 47 57 32 0 ! 15-6 20-09 36-29 — 

2968 1 
>> 1 55 19 noon . 49 12 26 57 [ 16-1 19-69 , 35-58 — — 

2969 » 55 19 midnight 50 5 21 24 j 16-1 19-62 35-45 — — 

2970 i 55 20 noon . . 50 57 15 39 16-1 19-59 ' 35 - 40 — — 

2971 Anchoria June 27 55 55 16 11 59 12-8 19-55 35 - 32 — — 
2972 55 28 55 54 51 20 17 12-2 19-57 35 - 36 — — 

2973 55 29 55 53 45 28 22 12-8 19-58 35 - 38 — — 

2974 n 55 30 55 52 39 35 42 12-2 19-39 35-03 — — 

2975 July 1 55 50 39 42 12 15-0 19-78 35-73 26-79 — 

2976 55 
2 

55 48 20 48 3 6-1 18-23 32 - 95 — — 

2977 n 55 3 55 45 43 53 45 7-8 18-03 32-59 — — 

2978 55 4 55 43 23 59 39 12-8 18-09 32-70 — — 

2979 55 5 55 41 19 65 45 15-0 18-17 32 - 84 — — 

2980 55 6 55 40 30 71 36 21-1 17-55 31-73 23 - 58 —. 

2981 55 11 55 40 34 69 20 17-2 17-68 31-97 — — 

2982 5? 5 5 12 55 41 50 63 11 16-1 17-62 31-86 23-64 — 

2983 55 55 13 55 44 9 57 27 13-9 17-84 32-26 — 

2984 55 55 14 55 46 30 52 5 ■8-9 17-89 32 - 35 — — 

2985 55 55 15 55 49 9 46 13 11-1 18-85 34-07 — — 

2986 55 55 16 55 51 20 39 40 12-8 19-29 34-86 
2987 55 55 17 55 52 43 33 2 12-2 19-39 35 - 03 — — 

2988 55 55 18 55 53 55 26 5 13-9 19-57 35 - 36 — — 

2989 55 55 19 55 54 49 18 27 13-9 19-60 35 - 41 — 

2990 55 55 20 55 55 21 11 6 15-0 19-63 35 - 47 26 - 44 -—■ 

2991 Laura . . 55 15 4 A.M. . 59 38 2 45 10-7 19-26 34-80 — — 

2992 >> 55 15 noon . 60 34 4 34 12-5 19-53 35-28 26 - 25 — 
2993 55 55 15 8 P.M. . 61 16 6 15 12-5 19-47 35-17 — 

2994 55 18 4 A.M. . 62 26 8 58 11-2 19-50 35-23 — — 

2995 55 55 18 noon . 62 37 11 22 10-7 19-50 35-23 — 
2996 55 55 18 8 P.M. . 62 51 14 11 11-0 19-49 35-21 — — 
2997 55 55 19 4 A.M. . 63 20 16 45 11-5 19-45 35-14 — — 

2998 55 55 19 noon . 63 24 18 40 12-2 19-48 35-19 — — 

2999 55 55 19 8 P.M. . 63 24 20 3 11-5 19-29 34 - 86 — — 
3000 55 55 20 4 A.M. . 63 26 21 40 11-7 18-69 33-78 — — 

3001 55 55 20 noon . 63 57 23 1 12-0 18-57 33 - 56 — — 

3002 55 55 22 8 P.M. . 64 25 22 19 11-5 18-27 33-02 24 - 59 — 

3003 55 55 23 4 A.M. . 65 8 23 45 10-5 19-11 34-53 — — 

3004 55 55 23 8 P.M. . 65 29 24 36 10-5 18-51 33-46 — — 

3005 55 55 25 66 14 23 40 9-5 18-80 33 - 98 — — 

3006 55 55 26 noon . 66 7 23 42 9-0 19-07 34-46 — — 

3007 55 55 26 8 P.M. . 65 20 24 30 11-5 19-15 34-60 — — 
3008 55 55 27 4 A.M. . 64 26 22 58 11-5 18-99 34-32 — 
3009 55 55 30 55 64 14 22 33 11-5 18-54 33-51 24-97 — 

3010 55 55 30 noon . 63 32 21 6 11-0 19-14 34-58 — — 

3011 55 55 30 8 P.M. . 63 17 18 58 Il-O 19-45 35-14 — — 

3012 55 55 31 4 A.M. . 62 48 16 30 11-7 19-49 35-21 — — 

3013 55 55 31 noon . 62 36 13 39 12-5 19-41 35 - 07 — — 

3014 55 55 31 8 P.M. . 62 32 10 45 12-0 19-46 35-15 — — 

3015 55 ' Aug. 1 4 A.M. . 62 24 8 1 12-0 19-53 35-28 — — 

3016 55 „ 1 noon . 62 24 6 47 11-5 19-45 .35-14 — — 
3017 55 55 1 8 P.M. . 62 8 6 30 11-5 19-45 35-14 --- — 
3018 55 55 

2 61 15 5 21 11-8 19-40 35 - 05 i - — 
3019 55 55 3 4 A.M. . 60 12 ; 3 34 j 12-7 19-15 34-60 — i — 
3020 55 55 3 noon . 59 35 ' 2 26 1 13-0 19-36 34-98 .— i — 
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Table I. [continued). 

1 Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. 

1 
SO3. , 

1 

3021 Para . . . 
1897. 

Jan. 28 noon . . 
N. 

47° 48' 
W. 

7° 11' 11 1 20 01 36 14 
3022 55 29 55 44 29 13 40 11 1 20 03 36 18 — — 1 
3023 30 55 41 22 19 53 13 9 20 45 36 93 — 1 
3024 Mar. 14 55 42 41 24 42 13 1 20 15 36 39 — 
3025 15 55 45 32 17 49 12 2 20 23 36 53 — — 1 
3026 16 55 47 37 10 24 11 1 20 41 31 86 27-37 

i 

3027 Apr. 8 55 48 2 7 0 10 6 20 03 36 18 — ■— 1 
3028 9 55 45 6 12 55 12 2 20 09 36 29 — — 
3029 5? 10 55 41 31 18 48 12 8 20 02 36 16 — — 
3030 5) May 23 55 41 51 27 50 15 0 20 12 36 33 -- — 
3031 55 24 55 43 53 21 23 13 9 19 78 35 73 26-77 — 
3032 55 25 55 46 22 14 58 13 3 19 90 35 95 — — 1 
3033 55 26 55 49 6 7 38 12 8 19 85 35 86 -- .— 
.3034 55 June 17 55 47 51 6 36 15 0 19 85 35 86 — — 
3035 55 18 55 44 38 12 47 17 8 19 84 35 84 26-72 — 
3036 55 19 55 43 12 15 34 18 9 19 91 35 97 — — 
3037 55 5 5 20 55 40 50 19 43 19 4 19 86 35 88 — — 
3038 55 Aug. 2 

55 40 24 25 30 21 1 19 89 35 93 — — 
3039 55 3 55 43 4 20 0 19 4 19 90 35 95 — — 
3040 55 4 55 45 38 13 53 18 3 19 88 35 91 — — 
3041 55 5 55 48 29 7 44 18 3 19 78 35 73 26-61 — 
3042 Loughrigg July 3 midnight 58 40 5 20 10 6 19 36 34 98 — ■— 1 

3043 
Holme 

55 4 noon . 58 32 8 22 11 9 19 56 35 34 
i 

3044 55 55 4 midnight 58 22 11 50 11 1 19 53 35 28 — — 

3045 55 5 noon . 58 14 14 5 11 0 19 50 35 23 — — 
3046 55 55 5 midnight 57 41 16 44 10 8 19 54 35 30 — — 

3047 55 6 noon . 57 9 19 20 11 7 19 50 35 23 — — 

3048 55 6 8 P.M. . 56 53 21 27 11 6 19 57 35 36 -- — 

3049 55 6 midnight 56 44 22 35 11 1 19 53 35 28 — — 

3050 55 7 4 A.M. . 56 36 23 38 11 4 19 51 35 25 — — 1 

3051 55 7 noon . 56 22 25 27 11 4 19 46 35 15 — — 1 

3052 55 7 8 P.M. . 56 4 26 52 10 8 19 44 35 12 — — 1 

3053 55 55 7 midnight 55 54 27 40 10 3 19 44 35 12 26-14 — 1 

3054 55 8 8 A.M. . 55 36 29 16 11 8 19 47 35 17 — 

3055 55 8 noon . 55 27 29 59 10 6 19 33 34 93 — — 

3056 55 8 8 P.M. . 55 7 31 36 10 5 19 39 35 03 — 
— 1 

3057 55 8 midnight 54 56 32 27 10 7 19 42 35 08 — — 

3058 55 9 8 A.M. . 54 35 34 14 10 6 19 30 34 87 — — ’ 

3059 55 9 noon . 54 23 35 12 10 4 19 00 
w ^ 34 72 — — 

3060 55 9 8 P.M. . 54 8 36 38 10 7 19 27 34 82 — — 

3061 55 9 midnight 53 55 37 9 10 0 19 30 34 87 25-90 — 

3062 55 10 8 A.M. . 53 24 38 22 9 7 19 20 34 69 — — 

3063 55 55 10 noon . 53 3 39 8 11 2 19 31 34 89 — — 

3064 55 55 10 midnight 52 0 41 38 11 2 19 22 34 72 — .— 

3065 55 11 noon . 50 49 44 26 14 2 19 44 35 12 26-13 
3066 55 55 11 midnight 49 32 46 59 11 1 19 OS 34 47 — 

3067 55 55 12 noon . 48 17 49 27 5 8 17 99 32 53 -- 

3068 55 55 12 midnight 47 20 50 42 7 3 17 99 32 53 — 
1 

3069 55 55 13 noon . 46 43 52 0 8 7 17 98 32 51 24 - 03 
3070 55 55 13 midnight 46 27 55 13 10 0 17 84 32 26 -- — 

3071 55 55 14 noon . 46 21 57 52 12 8 17 79 32 17 — — 

3072 55 Aug. 6 6 A.M. . 51 48 55 38 6 9 16 25 29 42 — — 

3073 55 55 6 noon . 52 4 54 26 9 3 16 45 29 77 — — 

3074 55 55 6 8 P.M. . 52 37 52 52 8 0 17 74 32 07 — — 
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Table I. [continued). 

Lab. 
No. 

Ship. ' Date. 
1 

Hour. Lat. Long. Temp. 

I 

X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

! 

3075 Lou^hrigw 
1897. 

Alls;. 7 4 A.M. . 
N. 

53° 9' 
W. 

51° 20' 8-0 18-58 33-58 24-95 

3076 
Holme 

noon . 53 38 49 56 11-0 18-92 34-19 
3077 7 8 P.M. . 54 9 48 12 10-6 19-06 34-44 — — 

3078 n 8 4 A.M. . 54 40 46 28 9-6 19-16 34-62 — — 

3079 8 noon . 55 10 44 43 11-3 19-16 34-62 25-76 — 

3080 8 8 P.M. . 55 34 42 46 10-0 19-23 34-74 — — 

3081 )) 9 4 A.M. . 55 59 40 47 9-5 19-26 34-80 — — 

3082 9 noon . . 56 24 38 52 9-3 19-30 35-87 — — 

3083- JJ jj 0 
u S P.M. . 56 38 36 43 9-8 19-40 35 - 05 26-04 — 

3084 n n 10 4 A.M. . 5-6 52 34 30 10-0 19-39 35-03 — — 

3085 )) >5 10 noon . . 57 7 32 25 11-1 19-44 35-12 — _ 

3086 J) )) 10 8 P.M. . 57 20 30 11 11-8 19-47 35-17 — — 

3087 J) 11 4 A.M. . 57 33 27 58 12-1 19-47 35-17 26-14 — 

3088 n )) 11 noon . 57 47 25 52 12-3 19-45 35-14 — — 

3089 n 11 8 P.M. . 57 57 23 42 12-3 19-43 35-10 — — 

3090 12 4 A.M. . 58 6 21 48 12-9 19-49 35-21 — — 

3091 » 12 noon . 58 12 20 33 12-9 19-48 35-19 26-16 — 

.3092 >5 12 8 P.M. . 58 18 18 23 13-2 19-56 .35 - 34 — - 1 

3093 n 55 13 4 A.M. . 58 24 16 25 13-4 19-54 35 - 30 — 1 

j 3094 n 55 13 noon . . 58 31 14 20 13-9 19-52 35-27 — — 

; 3095 n 55 13 8 P.M. . 58 34 12 6 14-3 19-59 35-40 — _ 

3096 )) 55 14 4 A.M. . 58 36 9 54 14-4 19-57 35 • 36 — 

3097 >> 55 14 noon . . 58 39 7 38 14-3 19-50 35-23 — — 

3098 >> 55 14 8 P.M. . 58 39 5 8 14-3 19-34 34-94 — 

.3099 Minia. 

1896. 
Oct. 24 noon . 50 0 7 52 11-6 18-93 34-21 

3100 JJ 55 26 55 51 20 13 23 11-4 19-57 35-36 — — 

3101 n 55 27 55 51 29 19 32 12-2 — — — — 

3102 J) 55 28 55 51 16 26 0 12-8 19-16 34-62 — — 

3103 55 29 55 50 52 32 28 13-0 — — — — 

3104 )) 55 30 55 50 37 38 23 14-4 19-35 34 - 96 — — 

3105 )) 55 31 55 49 35 44 26 12-3 17-90 32-37 — — 

j 3106 Nov. 1 55 48 25 49 45 6-8 17-23 31-17 23-16 — 

i 3107 55 9 8 A.M. . 46 32 59 30 8-3 16-26 29-44 21-75 — 

3108 )) 55 13 55 44 54 61 21 9-2 16-30 29-50 — — 

, 3109 J) Dec. 22 6 A.M. . 49 0 50 27 -0-6 18-15 32-80 — 

^ 3110 
1897. 

.Jan. 22 noon . . 42 42 68 54 - 4-7 
3111 n Hay 16 8 A.M. . 48 52 50 35 0-6 — — — _ 

3112 )) 55 24 4 P.M. . 48 19 48 16 2-8 : 18-03 32-59 — — 

3113 5) 55 2.5 noon . . 48 21 44 22 6-2 17-96 32-48 — _ 

3114 , 55 26 8 A.M. . 48 19 40 24 14-0 17-97 32-49 24-19 _ 

3115 .June 1 48 22 39 30 13-3 18-94 34-23 — _ 

3116 n July 19 1 P.M. . 47 44 43 53 11-1 19-62 35-45 — _ 

3117 J) 55 20 noon . . 48 18 39 49 16-9 19-63 35 - 47 — - - 

3118 
55 21 55 49 20 36 24 14-2 18-60 : 33-62 24-97 — 

3119 55 20 55 48 18 39 49 16-9 19-72 35-63 26-60 -- 

3120 55 21 55 49 20 36 24 14-2 19-41 35-07 — — 

3121 
’5 55 22 1 P.M. . 50 20 31 30 15-0 19-43 35-10 — — 

3122 1 55 23 noon . . 51 21 26 12 15-8 19-61 35-43 j — — 

3123 55 25 51 53 14 57 16-4 _ _ — _ 
3124 Traveller. . Apr. 

8| 55 59 8 5 1 7-2 19-48 35-19 1 — — 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. Hour. Eat. Long. Temp. )< 
p. from 

X- 

4S15 

Sprenge 

312.0 Traveller 
1897. 

Apr. 9 noon . 
N. 

59° 45' 
W. 

7° r 8 3 19 61 35 43 
3126 99 10 99 58 56 7 50 8 9 19 61 35 43 ■- 
3127 99 11 99 59 28 11 9. 8 8 19 59 35 40 — 

3128 )) 99 12 99 60 8 13 9 8 3 19 57 35 36 26-21 
3129 99 13 99 60 28 16 13 8 3 19 55 35 32 — 

3130 99 14 99 60 18 16 13 8 4 19 64 35 48 
3131 99 15 99 60 9 14 20 8 3 19 55 35 32 — 

3132 ?? 99 16 99 59 32 13 11 8 4 19 59 35 40 — 

3133 99 17 99 58 39 12 16 8 3 19 60 35 41 — 

3134 99 99 18 99 57 32 12 10 8 9 19 59 35 40 
313.5 99 99 19 99 58 3 12 40 8 8 19 57 35 36 — 

3136 99 99 20 99 58 2 14 0 8 9 19 54 35 30 26-25 
31.37 99 99 21 99 57 50 18 40 9 4 19 54 35 30 ■- 
3138 99 99 22 99 58 17 22 56 8 9 19 54 35 30 -- 
3139 99 99 23 9 9 58 34 25 32 8 3 19 52 35 27 — 

3140 99 99 24 99 58 44 26 47 8 3 19 53 35 28 — 

3141 99 99 25 99 58 37 29 33 7 2 19 45 35 14 
t 

3142 99 99 26 99 57 47 30 31 7 4 19 46 35 15 26-18 
3143 99 99 27 99 56 55 30 50 8 4 19 46 35 15 — 

3144 99 99 28 99 57 35 30 34 7 9 19 44 35 12 — 

3145 99 29 99 58 23 28 36 8 1 19 54 35 30 — 

3146 99 30 99 58 59 27 55 7 8 19 47 35 17 — 

3147 99 May 1 99 59 38 26 55 7 2 19 53 35 28 _ 

3148 99 
2 

99 60 3 25 59 6 1 19 53 35 28 26-31 
3149 9 9 3 99 59 44 26 52 7 5 19 49 35 21 — 

3150 99 4 99 59 16 27 26 7 3 19 54 35 30 — 

3151 99 5 99 58 28 27 46 7 3 19 52 35 27 — 

3152 99 6 9 9 58 25 27 22 7 6 19 44 35 12 — 

3153 9 9 7 99 59 1 27 37 7 4 19 46 35 15 26-19 
3154 99 8 99 59 1 27 37 6 19 44 35 12 — 

3155 99 9 99 58 3 27 57 I 8 19 41 35 07 — 

3156 99 10 99 58 41 30 .36 7 3 19 40 35 05 — 

3157 99 11 99 58 50 33 41 6 3 19 36 34 98 — 

3158 99 99 12 99 59 6 36 15 5 6 19 45 35 14 — 

3159 99 13 59 59 35 44 4 7 19 35 34 96 — 

3160 99 14 99 59 6 36 0 6 2 19 46 35 15 26-10 
3161 99 15 99 58 20 37 37 5 3 19 35 34 96 — 

3162 99 16 99 58 8 38 57 4 7 19 36 34 98 — 

3163 99 17 99 58 2 41 25 3 1 18 72 33 83 25-28 
3164 99 18 99 58 23 42 42 3 3 18 94 34 23 — 

3165 99 99 19 99 58 28 45 38 o O 2 19 05 34 42 -- 

3166 99 99 20 59 28 47 58 2 8 18 99 34 32 — 

3167 99 21 » 60 58 48 28 0 3 18 50 33 44 — 

3168 99 9t 22 99 61 6 48 40 0 6 17 20 31 11 — 

3169 99 July 12 99 58 19 49 58 5 8 19 10 34 51 — 

3170 99 99 13 99 58 11 47 9 5 7 19 04 34 40 — 

3171 99 99 15 99 57 57 41 2 6 7 19 26 34 80 — 

3172 99 16 .. 58 10 39 13 7 1 19 26 34 80 — 

3173 49 99 17 99 58 19 38 5 5 19 28 34 84 — 

3174 99 99 18 99 58 14 34 49 8 9 19 29 34 86 — 

3175 99 99 19 99 58 23 32 22 10 0 19 31 34 89 — 

3176 99 99 20 99 58 52 31 16 10 0 19 32 34 91 — 

3177 99 99 21 99 59 4 30 32 10 6 19 29 34 86 — 

3178 99 99 22 99 59 8 30 26 11 1 19 31 34 89 — 

3179 99 99 23 99 58 46 28 44 11 • 4 19 45 35 14 i — 
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Table I. [continued). 

Lab. 
No. 

3180 
3181 
3182 
3183 
3184 
3185 
3186 
3187 
3188 
3189 
3190 
3191 
3192 
3193 
3194 
3195 
3196 
3197 
3198 
3199 
3200 
3201 
3202 
3203 
3204 
3205 
3206 
3207 
3208 
3209 
3210 
3211 
3212 
3213 
3214 
3215 
3216 
3217 
3218 
3219 
3220 
3221 
3222 
3223 
3224 
3225 
3226 
3227 
3228 
3229 
3230 
3231 
3232 
3233 

Ship. Date. 

Traveller 

Thorwaldsen 

1897. 
July 24 

„ 25 
„ 26 
„ 27 

5 Apr. 

May 

5 
5 
6 
6 
6 
7 
8 
9 

10 
11 
12 
13 
14 
21 
21 
21 
22 
22 
22 
23 
23 
23 
24 
24 
24 
25 
25 
25 
26 
26 
26 
27 
27 
27 
28 
28 
28 
29 
29 
29 
30 
30 
30 

7 
8 
9 
9 
9 

10 

Hour, f Lat. j Long. 

noon 

8 A.M. 

noon . 
4 P.M. 

8 A.M. 

noon . 
4 P.M. 

noon . 

8 A.M. 

noon . 
4 P.M. 

8 A.M. 

noon . 
4 P.M. 

8 A.M. 

noon . 
4 P.M. 

8 A.M. 

noon . 
4 P.M. 

8 A.M. 

noon . 
4 P.M. 

8 A.M. 

noon . 
4 P.M. 

8 A.]M. 

noon . 
4 p.]\[. 
8 A.M. 

noon . 
4 P.M. 

8 A.M. 

noon . 
4 P.M. 

8 A.M. 

noon . 
4 P.M. 

noon . 
5? 

8 A.M. 

noon . 
4 P.M. 

8 A.M. 

N. 
58° 29' 
58 26 
58 34 
58 21 
59 -48 
59 50 
59 52 
60 7 
60 1 
59 55 
59 57 
59 51 
59 30 
59 11 
59 11 
59 22 
59 33 
58 51 
58 25 
58 16 
58 13 
57 49 
57 48 
o7 
57 
57 
57 

50 
25 
17 

6 
57 13 
57 10 
57 11 
57 6 
56 57 
56 47 
55 55 
56 9 
56 26 
56 24 
56 29 
56 40 
56 35 
56 27 
56 11 
56 16 
56 27 
56 39 
56 25 
56 18 
56 5 
56 56 
56 17 
56 40 
56 47 
56 53 
57 5 

W. 
27° 44' 
26 55 
24 13 
21 37 

2 18 
2 53 
3 36 
8 17 
9 26 

10 46 
11 59 
14 8 
13 33 
13 52 
16 26 
15 44 
17 45 
17 25 
20 33 
20 50 
21 8 
24 1 
24 46 
25 8 
25 38 
25 39 
25 36 
26 37 
27 32 
27 42 
28 28 
28 43 
28 59 
29 52 
30 30 
30 35 
30 40 
31 16 
30 47 
32 10 
32 14 
32 25 
33 23 
33 21 
33 19 
33 6 
33 7 
33 5 
34 46 
36 22 
38 34 
39 42 
40 37 
43 36 

Temp. 

12 
12 
12 
12 

6 
6 
6 
7 
7 
7 
8 
7 
8 
8 
8 
8 
8 
8 
9 
9 
9 
8 
8 
8 
7 
6 
7 
7 
8 
8 
6 
6 
6 
7 
6 
7 
7 
7 
7 
6 
7 
7 
7 
7 
7 
7 
7 
7 
5 
5 
5 
5 
4 
3 

X- 
p. from 

X- 
4^15 

Sprengel. SO3. 

19 •45 35 14 
19 45 35 14 — — 
19 47 35 17 26-11 — 

19 47 35 17 — — 

19 55 35 32 — — 

19 53 35 28 — — 

19 56 35 34 — — 

10 57 35 36 26-28 — 

19 57 35 36 -- — 

19 63 35 47 — — 

19 59 35 40 — — 

19 56 35 34 26-21 — 

19 57 35 36 — — 

19 59 35 40 — -- 

19 58 35 38 — — 

19 57 35 36 26-20 — 

19 57 35 36 — — 

19 56 35 34 — — 

19 54 35 30 — -- 

19 56 35 34 26-23 -- 

19 57 35 36 — — 

19 40 35 05 — — 

19 54 35 30 — — 

19 56 35 34 26-20 — 

19 50 35 23 — — 

19 44 35 12 — — 

19 45 35 14 — — 

19 51 35 25 — — 

19 52 35 27 — — 

19 46 35 15 — — 

19 41 35 07 — — 

19 43 35 10 — — 

19 46 35 15 — 

19 42 35 08 — — 

19 41 35 07 — — 

19 43 35 10 — — 

19 45 35 14 — — 

19 45 35 14 26-06 — 

19 43 35 10 --- — 

19 44 35 12 — — 

19 43 35 10 — — 

19 37 35 00 25 • 92 — 

19 40 35 05 — — 

19 45 35 14 — — 

19 44 35 12 — — 

19 39 35 03 — — 

19 43 35 10 — — 

19 39 35 03 — 

19 40 35 05 — — 

19 35 34 96 — — 

19 24 34 76 — — 

19 32 34 91 — — 

19 30 34 87 — — 

19 30 34 87 — 
— 

2 A VOL. CXCVI.—A. 
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Table 1. [contimicd). 

Lab. 
Xo. 

Ship, Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel 

3234 Th orwaldsen. 
1897. 

May 10 noon . . 
> 

57° 
^ . 

28' 44° 30' 3 8 19 29 34-86 
3235 11 10 4 P.M. . 57 33 45 29 4 0 19 22 34-72 — 

3236 >5 11 11 8 A.M. . 57 46 47 17 2 7 19 15 34-60 — 

3237 11 11 noon . 57 51 47 X3 3 0 19 16 34-62 -- 

3238 n 11 11 4 P.M. . 58 3 48 4 3 5 19 29 34-86 — 

3239 July 31 noon . 60 18 7 16 12 0 19 44 35-12 — 

3240 ?? Atig. 1 11 60 9 5 47 13 8 19 44 35-12 — 

3241 2 8 A.M. . 59 44 3 59 13 7 19 61 35 - 43 26-30 
3242 ? 1 2 4 P.M. . 59 36 2 55 12 8 19 54 35 - 30 26-20 
3243 1 > July 16 noon . 56 4 33 20 10 7 19 37 35-00 — 

3244 10 4 P.M. . 57 55 49 17 5 5 19 18 34-65 -- 

3245 ?» 11 8 A.M. . 57 19 47 1 5 5 19 19 34 - 67 — 

3246 11 noon . 57 8 46 31 6 0 19 21 34-71 — 

3247 11 4 P.M. . 57 8 46 14 6 0 19 25 34-78 25-81 
3248 11 12 8 A.M. . 57 8 43 38 5 5 19 28 34-84 — 

3249 11 12 noon . 56 52 42 57 6 5 19 25 34-78 — 

3250 11 13 8 A.M. . 56 59 39 50 6 4 19 33 34-93 -- 

3251 11 13 noon . 57 1 39 15 6 5 19 28 34-84 25 - 88 
3252 11 13 4 P.M. . 57 2 38 35 7 3 19 27 34-82 ■-- 

3253 • 1 14 8 A.M. . 57 5 35 57 8 8 19 30 34-87 — 

3254 ,, 14 noon . 56 51 35 20 9 0 19 35 34-96 
3255 ,, 14 4 P.M. . 56 51 35 3 9 7 19 30 34-87 25-71 
3256 1 < 15 8 A.M. . 56 19 34 9 9 5 19 39 35-03 
3257 15 noon . 56 12 33 51 10 7 19 45 35-14 
3258 15 4 P.M. . 56 5 33 29 10 7 19 47 35-17 -- 

3259 1' 21 noon . 57 10 32 53 11 5 19 41 35-07 — 

3260 • 1 25 11 57 9 28 27 14 0 19 56 35 - 34 — 

3261 1» 26 8 A.M. . 57 48 25 57 12 4 19 53 35-28 --- 

3262 11 26 noon . 57 49 24 43 12 8 19 56 35 - 34 -- 

3263 11 26 4 P.TiI. . 57 59 24 2 13 0 19 36 34-98 — 

3264 11 27 8 A.M. . 58 30 21 52 12 2 19 50 35-23 — 

3265 11 27 noon . . 58 36 20 58 13 6 -- — 

3266 27 4 P.M. . 58 48 20 2 13 0 19 53 35-28 — 

3267 28 8 A.M. . 59 7 17 34 13 0 — — 

3268 • 1 11 28 noon . 59 11 16 52 13 1 — — 

3269 
11 28 4 P.M. . 59 15 16 6 13 0 — — 

3270 ,, 29 8 A.M. . 59 29 13 11 12 5 - -- - ^ — 

3271 ,, »^ 29 noon . 59 30 13 4 13 0 - -- — — 

3272 29 4 P.M. . 59 34 12 31 13 0 . __ 

3273 1 ^ 30 noon . 59 55 9 51 12 7 — — 

3271a Teutonic. . Aug. 5 midnight 51 28 15 18 16 1 19 63 35 - 47 — 

3272a 11 6 noon . . 51 30 21 0 15 6 19 61 35-43 — 

3273a 11 11 6 midnight 50 46 27 25 15 0 19 66 35 - 52 — 

3274 11 7 noon . 50 0 34 4 15 0 19 47 35-17 — 

3275 11 11 7 midniglit 48 34 40 7 15 6 19 53 35 - 28 — 

3276 1? 11 8 noon . . 47 10 45 58 11 7 18 28 33-04 — 

3277 11 11 8 midnight 45 32 51 25 13 3 18 01 32-56 — 

3278 1* 11 9 noon . . 43 53 56 55 17 8 18 11 32-73 -- 

3279 > • 11 9 midnight 42 33 62 22 18 9 17 57 31-77 23-52 
3280 11 11 10 noon . 41 11 67 57 16 7 17 90 32-37 24-03 
3281 '1 11 10 midnight off Fire Island 21 7 17 02 30-78 I — 

3282 11 18 11 40° 10' 70° 0' 22 2 1 18 66 33-73 ! — 

3283 1 'I 11 19 iKKin . 41 16 65 12 0 0 0 1 

! 

1 

19- 00 
i 
i 

34 - 33 
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Table I. [continued). 

Lai). 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
2). from 

X- 
4Si;3 

Sprengel. 
SO3. 

3284 Teutonic. . 
1897. 

Auft-. 19 midnight 
N. 

42° 14' 
W. 

60° 26' 19 4 17 69 31-99 
328.5 55 20 noon . 43 27 55 41 20 6 18 50 33 • 44 — — 

328G 55 20 midnight 44 48 .50 55 16 7 17 98 32-51 — 

3287 n 55 21 noon . 46 11 45 40 13 9 17 95 32-46 — — 
3288 55 21 midnight 47 41 40 14 15 0 18 45 33-36 — — 
3289 5? 55 22 noon . 49 5 35 1 17 0 19 68 35-56 -- 
3290 55 22 midnight 50 8 30 0 15 6 19 69 35 - 58 — — 
3291 5) 55 23 noon . 50 47 23 33 15 0 19 67 35 - 54 — 
3292 n 55 23 midnight 51 10 17 27 15 0 19 65 35 - 50 — -- 

3293 55 24 noon . . 51 20 11 29 14 4 19 63 35 - 47 -- — 

3294 Anchoria Julv 31 5 5 55 10 14 4 15 0 19 63 35 - 47 — — 
3295 Aus;. 1 5 5 54 36 22 11 14 4 19 59 35 - 40 — — 

3296 55 2 5 53 39 29 47 13 3 19 49 35-21 — 

3297 5 5 3 55 52 9 37 0 14 4 19 53 35 - 28 — 

3298 5? 5 5 4 55 •50 10 43 29 15 6 18 73 33-85 — — 

3299 55 .9 ,, 47 45 49 57 11 7 17 52 31-68 — — 

3300 55 6 55 45 4 55 26 16 1 18 11 32-73 — 

3301 55 7 55 42 36 61 37 17 0 17 67 31-95 23 - 60 — 

3302 55 8 55 40 59 68 34 15 0 18 00 32-54 — 

3303 15 55 15 5 5 40 36 69 23 15 0 18 01 32 - 56 — — 

3304 55 5 16 ,, 42 2 63 40 18 9 17 56 31-75 23-42 — 

3305 5 5 17 5 5 44 6 57 37 17 0 17 38 31-43 23-36 — 

3306 55 55 18 55 46 30 51 45 13 9 17 93 32-42 -- 

3307 55 55 19 5 5 49 6 45 49 12 2 IS 61 33-64 — — 

3308 55 55 20 55 50 53 39 14 14 4 19 46 35-15 — 

3309 55 55 21 55 52 30 32 0 12 0 19 42 35-08 26-08 — 

3310 55 55 22 ,, 54 2 24 33 12 8 19 55 35-32 — — 

3311 55 55 23 5 5 54 50 16 29 13 9 19 61 35 - 43 26-30 — 

3312 5^ 24 55 16 8 26 13 9 19 47 35-17 — — 

3313 Siberian . 5 1 5 5 offKin salelld., 17 8 19 44 35-12 -- — 

3314 55 55 
2 

55 

Irel 
51° 36' 

and 
1.5° 56' IS 0 

0 19 72 35-63 
3315 55 5 

o 
.) 51 44 23 23 15 6 19 26 34-80 — — 

3316 55 , 4 . ^ 51 46 29 51 14 4 19 82 35-80 26-58 — 

3317 55 •5 5 5 5 51 18 37 0 15 0 19 68 35-56 — _ 

3318 55 55 6 5 5 50 1 43 35 16 7 18 79 33 - 96 — — 

3319 55 55 7 55 48 10 49 48 11 1 17 46 31-57 23-54 _ 

3320 55 5 9 55 i off’ C. Spear., 16 1 17 40 31-47 — _ 

3321 5 5 55 10 5 5 

Newfou 
45° 30' 

ndland 
58° 15' 16 7 16 78 30-37 22-12 

3322 5 5 55 13 55 41 17 66 53 15 6 18 09 32-70 -- 
3323 55 55 14 55 39 8 72 18 23 9 18 93 34-21 — — 

3324 55 55 20 55 38 52 74 3 23 9 17 20 31-11 -- — 

3.325 55 55 21 55 40 7 69 5 22 2 17 21 31-13 — — 

3326 55 55 '^2 5 5 41 38 64 0 19 4 18 97 34-28 — — 

3327 55 55 23 5 5 43 36 59 7 20 0 17 46 31-57 23-39 — 

3328 55 55 24 55 45 58 54 0 15 0 17 52 31-68 — — 

3329 55 55 25 5 5 48 12 51 5 11 7 17 43 31-52 — — 

3330 55 55 26 55 50 12 45 32 14 4 19 25 35 - 78 — — 

3331 55 55 27 55 52 3 39 15 12 2 19 45 35 -14 — 

3332 55 55 28 55 53 25 32 23 11 7 19 56 35 - 34 26-28 ■- 
3333 55 55 29 55 54 25 25 20 16 1 I 19 64 1 .35-48 — — 

3334 1 »» 55 30 55 55 11 17 55 15 6 ' 19 60 35-41 — — 

3335 55 1 » 31 55 55 19 10 10 13 9 ■-- 
i 

9 A 9 
•U I\ ^ 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 

O
 4S15 

Sprengel. SO3. 

3336 Siberian . . 
1897. 

Sept. 1 2 A.M. . 

N. 
off Ails 

W. 
a Craig 13 •9 18 58 33-58 

3337 Laura Aug. 22 8 P.M. . 59- 28' 3° 3' 12 3 19 57 -35-36 — 

3338 55 23 4 A.M. . 60 6 3 43 12 0 19 60 35-41 — 

3339 55 23 noon . 60 55 5 29 12 0 19 49 35-21 — — 

3340 J) 55 24 4 A.M 61 56 6 45 10 3 19 46 35-14 26-12 - I 
3341 )) 55 2-5 8 P.M. . 62 24 7 26 11 3 19 45 35-14 -- — 

3342 55 26 4 A.M. . 62 31 10 24 11 5 19 41 35-07 — — 

3343 5) 55 26 noon . . 62 41 13 32 12 0 19 47 35-17 — — 

3344 ')') 55 26 8 P.M. . 62 48 16 28 12 0 19 46 35-14 26-06 — 

334.5 n 55 27 4 A.M. . 62 50 19 18 11 5 19 54 35-30 — — 

3346 55 27 noon . 63 37 21 14 11 5 19 20 34-69 _ 
— 

3347 55 27 8 P.M. . 64 14 22 34 11 0 18 98 34-30 25-53 — 

3348 n Sept. 0 4 A.M. . 64 8 23 0 10 2 19 16 34-62 _ 
— 

3349 55 
2 noon . 63 30 20 52 11 0 18 78 33-94 25-21 — 

33-50 55 
2 8 P.M. . 63 20 19 33 10 5 18 81 34-00 — — 

33-51 55 3 4 A.M. . 63 0 16 51 10 3 19 47 35-17 — — 

3352 55 3 noon . . 62 42 14 9 10 5 19 46 35-15 26-12 — 

3353 5? 55 3 8 P.M. . 62 36 11 24 10 0 19 51 35 - 25 — — 

3354 n 55 4 4 A.M. . 62 25 8 46 9 5 19 53 35-28 — — 

3355 )) 55 4 noon . 62 20 7 0 9 5 19 53 35-28 — — 

3356 * 55 5 4 A.M. . 61 56 6 35 9 5 19 52 35-27 — 

3357 )) 55 5 noon . 61 10 5 12 10 0 19 50 35-23 — 

3358 )) 55 6 4 A.M. . 60 12 3 33 11 0 19 47 35-17 — _ 
3359 5) 6 noon . 59 41 2 40 11 5 19 60 35-41 — — 

3360 Teutonic. . 
55 

2 midnight 51 24 15 0 14 4 19 78 35 - 73 — — 

3361 5) 55 .3 noon . 51 19 21 19 13 3 19 81 35-79 26-60 — 

3362 55 55 3 midnight 50 37 27 46 12 2 19 72 35-63 — — 

3363 55 55 4 noon . 50 0 33 55 16 7 19 60 35-41 — — 

3364 55 55 4 midnight 48 45 39 50 18 9 19 14 34-58 — 

3365 55 55 -5 noon . 47 10 45 51 13 3 18 35 33-17 — — 

3366 55 55 -0 midnight 45 3 51 0 14 4 18 00 32-54 — — 

3367 n 55 6 noon . 43 47 57 11 17 8 16 72 30-24 22 - 22 - * 

3368 55 55 6 midnight 42 23 62 40 20 0 18 03 32-59 — _ . 

3369 55 55 7 noon . 40 58 67 56 16 7 18 04 32-61 — — 

3370 55 55 7 midnight off Fire Island 20 0 17 11 30-95 OO • QO W «/ 1 

3-371 55 55 1-5 55 40° 9' 69° 5-5' 18 3 18 73 33-85 — 
1 

3372 55 5^ 16 noon . 41 4 65 4 17 8 17 67 31-95 23-65 — 

3373 '5 55 16 midnight 42 15 61 10 16 7 18 03 32-59 -■ — 

3374 55 55 17 noon . 43 30 55 23 17 8 17 90 32 - 37 -- — 

3375 55 55 17 midnight 44 48 50 33 15 0 17 98 32-51 — — 

3376 55 55 18 noon . 46 2 45 40 15 0 IS 24 32-97 — — 

3377 55 55 18 midnight 47 35 40 33 18 9 19 44 35-12 — 

3378 55 55 19 noon . 49 5 35 22 17 2 19 60 35-41 — — 

3379 55 55 19 midnight 49 56 29 50 16 7 19 56 35-34 — — 

3380 55 55 20 noon . 50 35 23 34 15 6 19 67 35 - 54 26-34 — i 
3381 55 55 20 midnight 51 2 17 22 15 0 19 64 35-48 — — 

3382 55 55 21 noon . 51 24 11 12 
E. 

2 0 

14 4 19 65 35-50 — — 

3383 Balaena . Apr. 19 4 P.M. . 64 40 7 8 19 45 35-14 ■ _ 
3384 55 5 5 20 noon . 66 22 2 40 6 1 19 41 35-07 — — 

3385 55 55 21 55 68 40 2 50 5 0 19 40 35 - 05 26-04 — 

3386 55 55 
22 

55 71 40 2 50 3 1 19 36 34-98 — — 

3387 55 55 23 55 74 5 3 0 2 2 19 25 34-78 — — 

3388 55 55 24 55 76 40 2 30 2 2 19- 35 34-96 — 
— 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. 

I 

Temp. X- 
p. from 

X- 

4S15 

Sprengel. 

3389 Balaena . . 
1897. 

Apr. 25 noon . 
N. 

77° 40' 
E. 

1° 0' 0-6 19-31 34-89 
3390 n 55 26 55 78 30 0 0 - 1-1 19-13 34-56 — 

3391 55 55 27 55 79 10 1 0 0-0 19-00 34-33 — 

3392 55 55 28 5 79 0 1 30 0-3 19-06 34-44 25-58 
3393 

3394 55 May 1 1 P.M. . 78 30 
W. 

0 30 0-0 18-78 33-94 
3395 55 55 19 55 77 5.5 3 30 0-0 19-13 34-96 — 

3396 55 55 20 55 77 6 4 30 -0-6 18-97 34-28 — 

3397 55 55 21 55 76 25 6 20 -0-1 18-99 34-32 — 

3398 55 55 22 55 76 20 5 0 -0-2 18-94 34-23 25 - 40 
3399 55 55 23 77 30 3 30 0-3 19-19 34-67 — 

3400 55 55 24 78 30 
E. 

0 20 0-6 19-38 35-01 
3401 55 55 2.5 51 79 20 1 30 0-1 19-21 34-71 — 

3402 55 55 26 55 79 45 2 0 0-4 19-02 34-37 — 

3403 55 55 27 55 78 40 0 0 0-6 19-08 34-47 25 - 58 
3404 55 55 30 78 35 0 20 0-0 19-08 34-47 — 

3405 55 June 1 55 78 11 
W. 

2 0 0-3 19-09 34-49 
3406 5 5* 55 

2 78 30 1 0 0-0 18-89 34-14 _ 

3407 55 55 3 55' 79 20 
E. 

3 10 0-0 18-88 34-12 
3408 55 55 4 79 10 2 30 -0-6 18-82 34-01 — 

3409 55 55 5 55 78 50 1 20 -0-6 18-92 34-19 — 

3410 55 55 6 78 40 0 50 0-3 19-10 34-51 25-.50 
3411 55 55 7 78 38 0 0 0-0 18-96 34-26 _ 

3412 55 55 8 55 78 32 
W. 

0 50 0-6 18-96 34-26 
3413 55 55 10 77 15 1 20 0-6 19-11 34-53 — 

3414 55 55 11 55 76 0 6 20 1-1 19-03 34-39 — 

3415 55 55 12 55 74 45 10 0 0-6 18-98 34-30 — 

3416 55 55 13 55 74 50 12 0 0-0 18-73 33-85 25-12 
3417 55 55 15 , 55 74 45 13 0 -0-6 18-62 33 - 66 — 

3418 55 55 17 74 24 13 0 -0-1 18-53 33-49 — 

3419 55 55 18 55 74 4 14 40 0-0 18-55 33 - 53 1 

3420 '5 55 22 75 10 12 0 0-3 18-67 33 - 75 — 
3421 5) 55 24 73 36 15 30 0-8 18-.38 33-22 j 

3422 55 55 25 55 73 5 13 0 2-8 18-67 33-75 - 1 
3423 55 55 26 55 73 10 6 0 1-1 18-75 33-89 — : 
3424 55 55 27 73 10 0 0 2-5 19-05 34 - 42 _ ' 

3425 n 55 28 73 30 
E. 

8 0 5-6 19-35 34-96 
! 

3426 55 55 29 74 0 15 0 6-1 19-40 35-05 26-04 . 
3427 55 55 30 4 P.M. . 75 0 20 0 0-6 18-.58 33-58 - 1 
3428 July 2 1 P.M. . 75 50 28 0 2 • 2 18-60 33-62 24-98 
3429 55 1 55 3 76 2 31 0 0-0 17-57 31-77 — 
3430 55 ' 55 4 76 0 37 30 0-0 17-73 32-06 — 
3431 55 55 5 76 40 44 0 0-6 17-84 32-26 _ 
3432 55 55 6 78 20 47 0 0-6 18-60 33-62 — 
3433 55 55 7 55 79 .35 50 0 0-8 18-70 33-80 — 
3434 55 55 11 80 0 48 0 1-4 18-48 33-41 24-67 
3435 55 Au^. 13 55 77 .50 34 0 0-0 16-64 30-11 22-20 
3436 55 55 14 „ > 76 30 31 0 1-7 17-65 31-92 — 
3437 » 55 15 „ 1 76 0 31 30 i 2-8 17-99 32-53 — 
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Table I. {continued). 

Lab. 
No. j Ship. 

1 

Date. Hour. j Lat. Long. Temp. 
1 

! 
1 

: 13. from 
X- 

1 

3438 Balaena . 
1897. 

Aug. 16 j 1 P.M. . 
1 

75° 30' 
E. 

32° 30' 4-4 

! 

19-21 

j 

34-71 
3439 n 55 17 1 

1 ” 73 30 36 0 6-4 19-45 35-14 
3440 >5 18 1 

i ’’ 71 40 29 0 8-9 19-06 34-44 
3441 55 20 ! 70 20 23 0 1 10-0 18-48 33-41 
3442 n 11 21 I 

I 70 10 17 10 . 10-0 19-12 34-54 
3443 j) 51 ‘1'2 

1 
1 ’’ 68 40 12 0 12 ‘2 18-81 34-00 

3444 5 23 
1 

55 67 0 9 10 13-3 18-66 33-73 
3445 M 11 24 11 65 20 7 30 12-8 18-60 33-62 
3446 55 25 11 64 6 6 30 13-3 18-65 33-71 
3447 11 26 62 48 4 0 13-6 18-82 34-01 

3448 Anclioria. Sept. 4 llOOU . 55 14 
Mb 

14 11 13-3 19-78 35-73 
3449 11 5 5 5 54 42 21 41 13-3 19-65 35-50 
3450 51 6 >) 53 40 29 33 12-8 19-62 35-45 
3451 11 5 7 51 57 37 23 12-8 19-59 35-40 
3452 11 1 8 49 57 43 49 15-0 19-50 35-23 
3453 11 55 9 11 47 34 49 52 11-7 17-52 31-68 
3454 11 10 51 45 2 55 58 13-9 17-97 32-49 
3455 11 15 11 11 42 34 62 17 17-8 17-81 32-21 
3456 11 11 12 40 51 69 0 17-2 18-30 33-08 
3457 11 11 19 11 40 28 68 45 16-1 17-95 32-46 
3458 11 1 20 11 41 54 63 0 20-0 18-64 33-69 
3459 11 11 21 11 43 59 57 24 15-6 17-94 32-44 
3460 11 11 22 15 46 35 51 32 11-7 17-40 31-47 
3461 j, 1 23 49 7 46 3 11-1 18-81 34-00 
3462 >1 11 24 51 51 16 39 26 11-7 19-18 34-65 
3463 51 55 25 51 52 57 32 16 11-7 19-45 35-14 
3464 55 51 26 55 54 9 24 33 12-8 19-61 35-43 
3465 51 55 27 11 54 51 16 14 12-8 19-70 35 - 59 
3466 55 51 28 55 55 4 8 41 13-9 19-45 35-14 
3467 Traveller. . July 28 15 57 46 17 31 13-6 19-55 35-32 , 
3468 55 51 29 11 57 38 13 28 13-6 19-52 35-27 1 
3469 15 11 30 15 58 7 11 14 13-4 19-58 35-38 1 
3470 5) 55 31 55 58 28 10 38 13-9 19-56 35-34 
3471 „ Aug. 1 55 58 36 7 56 13-9 19-57 35-36 
3472 11 51 

2 
15 58 36 5 30 13-8 19-43 35-10 

3473 51 55 30 55 58 41 7 2 12-8 19-55 35 - 32 
3474 51 51 31 51 59 25 12 16 12-2 19-50 35-23 
3475 51 Sept. 1 51 59 7 18 30 12-2 19-44 35-12 
3476 11 51 

2 
51 58 40 22 46 12-2 19-51 35 - 25 

3477 11 55 3 55 58 31 25 59 11-9 19-50 35-23 
3478 15 51 4 55 59 33 28 54 10-6 19-42 ' 35-08 
3479 11 51 5 55 59 50 30 18 10-0 19-39 : 35-03 
3480 11 55 6 55 59 25 32 44 10-0 19-33 1 34-93 
3481 15 51 7 51 59 6 35 0 9-7 19-31 i 34-89 
3482 11 55 8 55 58 32 39 27 9-3 19-28 34-84 
3483 55 15 9 55 58 22 44 40 8-1 19-17 ! 34-63 
3484 15 55 10 55 58 55 46 38 8-1 19-21 34-71 
3485 55 11 11 55 59 30 47 35 7-3 19-15 34-60 
3486 55 55 12 55 61 0 48 40 1-4 17-03 30-80 
3487 55 51 24 51 59 40 49 13 6-7 19-15 34-60 
3488 55 51 25 51 58 27 45 55 7-1 19-35 1 34-96 
3489 55 51 26 55 58 8 43 40 7-1 19-27 j 34-82 
3490 55 55 27 55 58 1 38 38 8-1 19-31 34-89 
3491 55 55 28 55 57 48 34 36 9-2 1 19-36 1 34-98 

4^15 

Sprengel. 

23-79 

26-10 

26-23 

26-23 

25 • 75 

22-93 
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Table I. {continued). 

i 

Lab. 
! No. 

Ship. 
1 
i 

Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

3492 Traveller 
1897. 

Sept. 29 noon . 
N. 

57°47' 
W. 

33° 12' 10-1 19-51 31-25 
3493 n „ 30 55 .58 28 31 46 9-7 19-33 34-93 — — 
3494 Oct. 1 5 5 58 40 30 23 10-0 19-36 34 - 98 — — 
3495 0 

55 58 40 25 45 11-1 19-50 35-23 — — 
3496 „ 3 55 58 47 21 41 11-6 19-51 35-25 — — 
3497 „ 4 5 5 59 7 18 19 11-4 19-49 35-21 — — 
3498 55 5 5 5 59 37 16 31 11-1 19-45 35-14 — — 

3499 1) „ 6 55 58 57 12 14 11-7 19-53 35 - 28 — — 
3500 )) 58 18 8 4 11-9 19-39 35-03 25 - 95 — 
3501 5 > „ 8 55 Pentlan d Firth 

V 

11-8 19-21 34-71 — — 

3.502 n „ 9 55 58° 2' 
Ij. 

0°52' 11-1 19-57 35 - 36 
3503 „ 10 57 54 4 33 11-3 18-89 34-14 — — 

3504 Siberian . Sept. 12 5 5 51 40 
A'. 

8 22 14-4 19-59 34-50 
3505 55 „ 13 55 51 44 15 33 15-0 19-67 35-54 — — 

3506 55 „ 14 55 51 48 22 22 15-0 19-56 35-34 — 
3507 55 „ 15 55 51 37 28 26 13-9 19-59 35-40 — 
3508 5 5 „ 16 5 5 51 5 35 20 13-9 19-44 35-12 — 
3509 55 „ 17 , , 50 7 42 3 15-6 19-40 35-05 — — 
3510 <5 „ 18 , , 48 47 48 32 10-6 18-71 33 - 82 _ 

1 3511 ,, 
55 “ ^ '5 oft' Fer ryland 12-8 17-05 30-83 22-77 — 

3512 5» 
0 0 

55 — 

« 

• 5 

Point, 
found 

45° 42' 

New- 
land 
55° 39' 12-2 17-82 32 • 22 

3513 55 93 oft' Gr een Id. 15-0 16-34 29-58 — — 

3514 55 „ 2.5 55 

Nova 
42° 21' 

Scotia 
65° 30' 15-0 17-45 31-56 23-25 

3515 5» „ 26 ,, 39 51 70 20 19-4 19-23 34-74 — — 
3516 55 Oct. 3 55 39 G 72 35 18-9 18-98 34-30 — — 
3517 55 „ 4 55 40 20 68 50 15-6 18-33 33-13 — -- 
3518 55 „ 5 5 1 41 42 64 12 15-6 17-85 32-28 — — 
3519 55 „ 6 55 43 28 59 9 13-3 17-03 30 - 80 — -- 
3520 55 „ 7 • 5 45 50 54 56 12-2 17-87 32-31 — — 
3521 55 „ 9 55 49 17 48 20 6-7 18-76 33-90 — — 
3522 55 „ 10 , ^ 51 17 42 19 15-6 19-57 35 - 36 — — 
3523 5 5 „ 11 5 5 .52 30 36 24 10-0 19-32 34-91 26-00 — 
3524 ,, n 12 5 5 53 49 29 43 11-1 19-54 35-30 — 
3525 „ 13 5 1 55 0 22 50 13-3 19-68 35-56 — — 
3526 5 5 „ 14 55 55 20 19 0 7-8 19-67 35-54 — 
3527 55 „ 15 5 5 55 33 16 25 11-1 19-64 35 - 48 — — 

1 3528 55 „ 16 56 0 13 30 11-1 19-64 35 - 48 — _ 
; 3529 55 „ 17 5 5 oft' iM nil of 13-9 18-79 33-96 -- -- 
1 

’ 3530 Teutonic Se^rt. 30 midnight 
Kin' 

51° 23' 
tyre 

15° 30' 13-9 19-67 35 * 54 
3531 55 Oct. 1 noon . 51 22 21 14 15-6 19-91 35 - 97 — — 
3532 55 „ 1 midnight .50 13 27 5 15-0 19-73 35 - 64 — — 

3533 55 
0 noon . . 50 5 33 27 14-4 19-50 35-23 -- — 

1 3534 55 
0 

55 midnight 48 50 38 20 16-1 19-75 35 - 68 — — 
j 3535 55 „ 3 noon . 47 34 44 19 10-6 18-69 33 - 78 25-10 — 

: 3536 55 „ 3 midnight 46 0 49 10 12-2 18-03 32-59 <- — 

' 3.537 55 4 noon . 44 26 54 56 14-4 18-21 32-91 — — 

3538 55 4 midnight 42 50 60 26 12-8 17-27 31-23 — — 

1 3539 55 ,, b noon . 41 36 65 56 16-7 18-21 32-91 — — 

1 3540 „ 5 midnight oflf Fi re Id. 16-1 18-34 33-15 — — 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. ! Hour. Lat. 

1 

Long. 

1 

Temp. 
i 

X- 
p. from 

X- 
1 

4S15 j 
Sprengel. 

i 
3541 Teutonic 

1897. 
Oct. 13 midnight 

N. 
40° 10' 

W. 
1 70° 0' 20-0 19-68 

! 
' 35-56 

! 3542 11 14 noon . 40 58 65 17 16-7 18-22 i 32-93 — 

1 3543 n 11 14 midnight 42 10 60 10 15-6 17-89 ! 32-35 — 

3544 15 noon . 43 23 55 40 15-6 18-40 33-26 — 

3545 11 15 midnight 44 47 50 3 12-2 18-01 32-56 -- 

3546 16 noon 46 12 45 51 11-1 18-49 33-43 — 

3547 11 16 midnight 47 32 40 50 17-8 19-66 35-52 — 

3548 11 11 17 noon . . 48 51 35 39 16-7 19-76 35 - 70 — 
3549 11 11 17 midnight 49 48 1 29 55 15-0 19-78 35 - 73 -- 

3550 11 11 18 noon . . 50 45 ! 24 37 15-6 19-76 35-70 — 
3551 11 11 18 midnight 51 3 18 30 15-0 19-74 35 - 66 — 

3552 11 11 19 noon . 51 20 12 23 15-0 19-72 35-63 i - 

3553 Laura Sej^t 27 4 A.M. . 59 36 2 28 11-0 19-39 35 - 03 — 

3554 n 11 27 noon . 60 20 3 57 10-0 19-60 35-41 1 - 

3555 11 27 8 P.M. . 61 21 5 52 9-5 19-47 35-17 1 - 

3556 11 11 28 4 A.M. . 61 57 6 45 9 • 5 19-49 35-21 26-17 
3557 11 11 30 11 62 24 6 50 9-0 19-46 35-15 — 

3558 11 11 30 noon . 62 29 8 25 9-0 19-44 35-12 1 
3559 11 11 30 8 P.M. . 62 35 10 53 9-0 19-50 35-23 — 
3560 11 Oct. 1 4 A.M. . 52 39 13 32 9-0 19-46 35-15 26-16 
3561 1^ 11 1 noon . 63 2 16 56 9-3 19-34 34-94 — 
3562 11 11 1 8 P.M. . 63 16 18 46 8-5 18-53 33-49 — 

3563 11 11 
0 4 A.M. . 63 18 21 16 8-5 19-26 34-80 -■ 

3564 11 11 
2 noon . 64 12 22 33 8-.5 18-31 33-10 24-61 

3565 11 11 6 8 P.M. . 64 33 24 10 9-0 19-43 35-10 — 
3566 11 11 7 4 A.M. . 65 45 24 55 8-0 18-38 35-01 — 
3567 11 11 10 noon . 66 2 23 53 7-3 18-96 34-26 25-33 
3568 11 11 15 4 A.M. . 65 8 23 26 5-2 19-30 34-87 — 

3569 1' 11 15 noon . 65 18 23 12 6-3 19-19 34-67 — 
3570 11 11 18 11 64 58 24 10 6-2 19-26 34-80 — 
3571 11 11 18 8 P.M. . 64 15 22 26 7-7 19-33 34 - 93 — 
3572 11 11 20 11 64 11 22 26 7 • 5 19-20 34-89 — 
3573 11 11 21 4 A.M. . 63 40 21 47 7-0 19-43 35-10 — 
3574 1« 21 8 1>.M. . 63 6 19 36 8-4 19-50 35-23 — 
3575 1' '1 22 4 A.M. . 62 52 16 54 9-0 19-44 35-12 - ^ 

3576 1‘ 
.70 noon . 62 42 14 8 9-0 19-46 35-15 26-11 

3577 1 ^ 1« 22 8 P.M. . 62 33 11 14 9-0 19-49 35-21 -- 

.3578 '11 11 23 4 A.M. . 62 23 8 25 7-5 19-43 35-10 — 

3579 '1 23 noon . 62 38 7 5 8-0 19-54 35-30 — 

3580 11 24 11 61 56 6 41 8-0 19-57 35-36 — 

3581 11 11 24 8 P.M. . 61 3 5 15 8-0 1 19-45 35-14 — 

3582 ,, 
11 25 4 A.M. . 60 15 3 47 8-7 1 19-57 ' 35-36 — 

.3583 Anclun’ia 9 noon . . 55 23 14 7 12-2 19-64 ; 35 - 48 
3584 

’’ 1 11 10 11 54 41 21 51 12-8 i 19-56 35-34 1 — 

3585 1 

! i; 11 11 53 36 30 21 12 • 2 ' 19-47 35-17 ! — 
3586 1 

11 11 12 11 51 56 38 0 11-7 19-24 i 34-76 i 25-73 
3587 11 11 13 ' 11 49 48 44 17 11-1 18-77 33-92 i — 

3588 11 11 14 ! 11 47 47 50 13 j 6-7 17-54 31-71 — 

3589 11 11 15 11 44 47 55 58 ! 10-6 17-89 32-35 — 

3590 
, 11 16 1 11 42 32 62 21 ! 13-3 17-42 31-51 23-24 

3591 I 
” 1 11 17 i 40 48 68 11 1 12-8 18-02 32-58 — 

3592 11 ' 11 24 ; 11 40 40 68 54 1 12-8 17-93 32-42 — 

3593 11 11 25 i 1' 41 55 63 6 12-8 18-26 33-00 - 1 
3594 i 

»1 11 26 ii 44 11 57 47 6-7 18-00 32-54 24-08 1 
3595 1 11 27 11 46 24 52 10 5-0 17-75 32-09 — 1 

SO,. 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. 

1 

Hour. 

! 

Lat. Long. 
i 
i Temp. 
! 

X- 
p. from 

X- 

4S15 
1 Sprengel. 

1 

SO3. 

3596 
I 

Anehoria 
1897. 

Oct. 28 noon . 
N. 

48° 55' 
W. 

42° 26' 7-2 18-87 34-10 
3597 „ 29 55 51 4 39 51 11-1 19-16 34-62 — — 

3598 )) „ 30 33 52 44 32 14 10-6 19-34 34-94 25-90 — 

3599 ?? „ 31 33 54 6 24 14 12-2 19-58 35 - 38 — 

3600 53 Nov. 1 35 54 57 16 0 12-8 19-61 35-43 — 

3601 35 „ 2 35 55 22 7 39 12-2 19-46 35-15 — — 

3602 Teutonic . . Oet. 28 midnight 51 25 14 0 15-0 19-67 35 - 54 _ — 

3603 53 „ 29 noon . . 51 25 20 45 14-4 19-64 35-48 — _ 
3604 53 „ 29 midnight 50 50 26 48 14-4 19-67 35 - 54 — — 

3605 35 „ 30 noon . . .50 15 32 51 13-9 19-51 35 - 25 — — 

3606 53 „ 30 midnight 48 21 38 21 15-0 19-57 35 - .36 — -- 

3607 55 „ 31 noon . 47 33 43 49 9-4 18-72 33-83 _— -- 

3608 
55 „ 31 midnight 45 57 49 52 8-3 17-89 32-35 — — 

3609 35 Nov. 1 noon . . 44 24 55 54 9-4 18-33 33-13 — — 

3610 53 „ 1 midnight 43 2 60 50 13-9 18-28 33-04 — — 

3611 55 
0 

55 noon . 41 40 65 45 12-2 17-44 31-54 23 - 35 — 

3612 55 
0 

55 midnight 50 mi les W. 13-9 17-90 .32 - 37 — - i 

3613 » „ 10 55 

Nan 
40° 10' 

tucket 
70° 0' 13-9 18-40 33-26 

1 
i 

.3614 
55 „ 11 noon . . 41 1 64 56 13-3 18-11 32-73 — — 

.3615 55 „ 11 midnight 42 14 59 50 12-8 18-03 32-59 — — 

3616 
55 „ 12 noon . 43 26 55 26 12-8 18-33 33-13 — — 

1 3617 
55 „ 12 midnight 44 56 50 40 8-3 17-84 32-26 23-93 .— 

! 3618 „ 13 noon . 46 15 45 50 8-.3 18-40 33-26 — — 

i 3619 55 „ 13 midnight 47 35 40 53 14-4 18-96 34-26 — — 

' 3620 5) „ 14 noon . 48 48 35 57 15-6 19-57 35 - .36 — — 

3621 55 ,, u midnight 49 55 30 37 14-4 19-47 35-17 — — 

3622 35 „ 15 noon . . 50 35 25 15 14-4 19-50 35-23 — — 

.3623 55 „ 15 midnight 50 58 19 50 13-9 19-61 .35-43 — 

3624 53 „ 16 noon . 51 14 13 39 14-4 19-53 35 - 28 — 

3625 Eclipse . Apr. 20 35 58 .57 8 0 9-7 19-40 35-05 26-08 — 

3626 55 „ 21 53 59 2 12 5 9-4 19-57 35-36 — — 

3627 35 „ 22 33 59 16 16 13 9-1 19-62 35 - 45 — — 

3628 
55 „ 23 59 51 21 25 9-2 19-57 35-36 — — 

3629 33 „ 24 55 59 25 23 21 8-7 19-53 35-28 26-21 — 

36.30 33 „ 25 35 59 10 26 38 7-7 19-49 35-21 — — 

3631 55 „ 26 59 17 29 26 7-2 19-.50 35-23 — — 

3632 55 
97 

55 - ‘ 55 58 34 30 12 4-4 19-49 35-21 — 

3633 » „ 28 58 12 31 20 7-5 19-46 35-15 — 

3634 35 „ 29 56 36 31 32 7-2 19-51 35 - 25 26-14 — • 

3635 35 „ 30 53 56 24 32 0 7-5 19-52 35 - 27 — _ 
3636 

35 May 1 35 57 30 31 20 6-8 19-64 35-48 — _ 

3637 
53 „ 2 57 50 ' 30 32 7-2 19-.54 35-30 — _ ' 

3638 
53 „ 3 58 15 30 27 7-2 19-57 35-36 — — 1 

3639 33 55 55 58 47 30 0 7-5 19-56 35-34 — — 

.3640 33 n 5 55 58 49 30 45 6-7 19-49 35-21 — — 

3641 
33 „ 6 59 7 32 43 6-8 19-47 .35-17 — — 

3642 
55 » I” 55 60 51 35 1 5-3 19-40 35-05 — — 

3643 
53 „ 8 — — 6-0 19-48 35-19 26-11 — 

3644 „ 1 „ 9 ” t 
60 31 40 39 4-3 19-19 34-67 — — 

3645 
33 » 10 55 58 26 42 22 3-1 19-05 .34 - 42 — — 

3646 
53 „ 11 55 57 49 43 31 3-9 19-32 34-91 - 1 — 

3647 35 „ 12 58 30 i 46 36 2-9 19-15 34-60 25-83 — 

3648 
35 „ 13 ! 

— 1-9 19-00 34-33 — — 

3649 
53 „ 14 35 .58 24 i — 3-2 19-38 35-01 — .— 

roL CXCTI.—A. 2 B 
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Table I. [continued). 

Lab. 
No. 

Ship. 

1 

Date. Hour. Lat. Long. Temp. X- 

j 

p. from 

X- 

s ' 4'J15 

Sprenge 

3650 

i 

Eclipse . . 
1897. 

May 1.5 noon . 
N. 

.58° 36' 
i W. 

53° 44' 3-2 19 39 35 03 
3651 5? 55 16 55 

— — -DO i 18 66 33 73 25-01 
3652 5? 55 17 55 60 53 57 55 -1-1 18 72 33 83 — 

3653 5) 55 18 55 61 18 58 51 -DO 18 74 33 87 — 

3654 5) 55 19 55 62 0 58 15 - 1-1 18 63 33 67 — 

3655 5? 55 20 55 62 46 57 5 -1-1 18 52 33 48 — 

3656 J? 55 21 55 63 10 56 30 - 1-1 18 45 33 36 — 

3657 55 22 55 64 19 54 52 0-0 18 61 33 64 — 

3658 55 23 55 65 45 53 22 1-7 18 73 33 85 — 

3659 ? J 55 24 55 
— — 1-7 18 59 33 60 24-87 

3660 >5 55 2.5 55 
— — 1-7 18 66 33 73 — 

3661 )> 55 26 55 65 53 54 30 0-3 18 81 34 00 — 

3662 „ 55 27 55 66 6 56 34 0-2 18 65 33 71 — 

3663 55 28 55 
— — -0-6 18 59 33 60 — 

3664 55 55 29 55 67 51 55 10 -1-0 18 37 33 20 — 

3665 55 55 30 55 68 38 54 10 0-0 18 31 33 10 — 

3666 ,) June 1 55 
-- — 0-8 18 02 32 58 — 

3667 55 55 
0 

55 70 38 54 50 -0-6 18 37 33 20 — 

3668 55 55 3 55 70 57 54 15 0-0 18 24 32 97 — 

3669 55 4 55 71 6 55 3 0-1 17 86 32 30 — 

3670 55 55 5 55 72 7 56 3 -0-9 18 49 33 43 — 

3671 55 55 6 — — -0-7 18 32 33 11 — 

3672 55 ■55 7 55 
— — 0-0 18 45 33 36 — 

3673 55 55 8 55 73 40 57 20 -DO 18 34 33 15 24 • 50 
3674 55 55 9 55 74 24 58 0 — 18 38 33 22 — 

3675 55 55 10 55 75 33 65 0 -0-6 18 47 33 39 -- 

3676 55 55 11 55 76 15 70 0 — 18 53 33 49 — 

3677 55 55 12 55 
— 5-0 18 52 33 48 — 

3678 55 55 13 55 75 11 73 20 -1-1 18 56 33 55 — 

3679 55 55 14 55 75 0 78 0 1-0 18 02 32 58 24-11 
3680 55 55 15 35 74 30 75 0 1-6 17 95 32 46 — 

3681 55 55 16 ,, 74 10 74 30 — — 

3682 55 55 17 » 74 2 74 19 0-9 17 77 32 13 — 

3683 55 55 18 55 
— 1-7 17 86 32 30 — 

3684 55 55 19 55 
— _ 1-7 17 82 32 22 — 

3685 55 55 20 55 
— — — — 

3686 
ff ” 55 21 55 

— — 0-1 17 56 31 75 — 

3687 55 55 22 55 73 53 _ 0-2 17 42 31 51 — 

.3688 55 55 23 35 
— — 4-4 16 98 30 72 — 

3689 55 55 24 55 73 53 73 47 1-7 17 27 31 23 — 

3690 55 55 25 35 — — 4-9 17 95 32 46 — 

3691 55 55 26 35 — — 3-6 17 26 31 21 — 

3692 55 55 27 33 
— — 0-3 17 97 32 49 — 

3693 55 55 28 53 
-- — 0-1 17 88 32 33 — 

3694 55 55 29 55 74 10 81 30 -1-1 17 90 32 37 — 

3695 55 55 30 35 
— — -1-1 15 44 27 97 — 

3696 ») July 1 35 74 10 81 30 -0-6 13 83 25 07 — 

3697 55 55 2 35 — — 0-4 4 91 7 11 — 

3698 55 55 3 55 -- — 0-6 5 05 9 21 6-04 
3699 55 55 4 55 — 0-6 6 88 12 54 8-63 
3700 55 55 5 55 

— _ 0-0 9 88 17 95 — 

3701 55 55 6 55 — — -0-3 16 56 29 96 — 

3702 55 55 7 35 73 45 77 50 0-6 17 72 32 04 — 

3703 55 55 8 55 72 45 76 4 0-8 18 29 33 06 — 

3704 55 55 9 33 73 22 73 3 1-1 17 56 31 75 — 
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Table I. [continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. 
p. from 

X- 
4S10 

Sprengel. 

' 

SO3. 

3705 Eclipse . . 
1897. 

July 10 noon . . 
N. 

73° 30' 
W. 

72° 50' 0 0 16-74 30 28 
3706 11 72 50 75 0 1 1 17-37 31 41 — 

_ 

3707 JJ 12 72 45 -- 1 1 16-40 29 68 — — 

3708 ?5 13 — — 1 1 16-04 29 04 — — 

3709 14 72 50 76 12 1 7 17-20 31 11 — — 

3710 n 15 72 30 76 12 1 7 16-87 30 52 — 

3711 5) 16 72 0 73 30 1 4 17-29 31 27 23-12 — 

3712 5) 17 -- — 0 8 16-15 29 23 — — 

3713 18 71 48 73 34 0 4 7-29 13 28 — — 

3714 19 70 50 69 50 0 6 9-61 17 46 — -- 

3715 20 — — 1 1 3-59 6 55 — — 

3716 )) 21 — 1 7 13-86 25 13 — — 

3717 )) 55 22 — — 1 4 4-38 7 99 — -- 

3718 5? 23 — — 1 7 1-84 3 36 — — 

3719 5) 55 24 — — 1 1 1-97 3 60 1-75 — 

3720 55 55 25 — — 4 8 2-39 4 37 — — 

3721 M 26 70 47 68 18 2 7 12-73 23 09 — — 

3722 27 — — 1 1 9-29 16 90 — — 

.3723 M 28 — — 1 3 2-94 5 37 3-11 — 

3724 15 55 29 — — 0 9 4-17 7 61 -- — 

3725 11 30 — — 0 8 4-61 8 41 _ 

3726 51 Aug. 1 69 47 67 18 0 9 15-61 28 27 20-74 — 

3727 2 ■- — 1 2 13-89 25 18 — — 

3728 51 3 — — 0 8 10-85 19 70 — -- 

3729 4 — — 0 6 15-46 28 02 — — 

3730 55 5 — — 0 6 16-63 30 09 22-13 — 

3731 55 6 70 20 68 4 0 9 7-19 13 10 — — 

3732 55 7 70 27 68 50 0 6 14-83 26 87 — — 

3733 8 — — 0 7 8-93 16 24 11-51 — 

3734 >5 9 — — 4 3 7-21 13 13 — — 

3735 5» 10 — — 1 7 12-61 22 87 — — 

3736 55 11 — — 3 9 8-88 16 15 — -- 

3737 55 12 70 36 68 28 3 3 13-29 24 11 — — 

3738 55 13 — — 5 0 4-64 8 46 5-61 — 

3739 55 55 14 55 
— — — — 

3740 15 - . — 5 8 4-77 8 70 — — 

3741 16 70 40 71 10 5 8 11-09 20 14 — — 

3742 17 — — 5 7 0-46 0 84 99-72 — 

3743 55 55 18 — — 5 8 — _ — 

3744 55 19 — — 5 8 0-06 0 11 — -- 

3745 55 20 — — 5 7 1-37 2 50 — — 

3746 55 21 — — 5 7 — — -- 

3747 55 22 — — 5 8 0-16 0 29 — 

3748 23 70 50 — 4 7 10-28 18 68 — 

3749 55 ^ 24 70 57 70 41 4 3 11-38 20 66 — — 

3750 55 25 71 13 70 39 3 9 15-79 28 60 — — 

3751 
55 26 71 45 73 40 4 3 12-65 22 94 — - i 

3752 27 — — 4 2 13-11 23 78 17-25 - ' 

3753 55 28 — — 4 1 13-16 23 87 — ■— ! 
3754 29 — — 5 1 12-53 22 73 — — 
3755 55 30 — — 3 9 15-77 28 56 ^- — 

3756 55 Sept. 1 71 55 74 35 3 3 14-37 26 05 — — 

3757 5 5 2 — — 0 1 14-43 26 16 — — 

3758 55 55 3 55 
— — — — 

3759 55 55 4 55 — — 2 •9 14-83 26 87 1 

2 B 2 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. Hour. Eat. Long. Temp. X- 
p. from 

X- 
^ 4S15 

Sprengel. SO3. 

3760 Eclip.se . . 
1897. 

Sept. 5 noon . . 
N. W. 

2-7 14-83 26-87 
.3761 99 6 99 

— — 2-1 15-32 27-76 — — 

.3762 ?? 99 7 — — 2-3 15-07 27-31 — — 

3763 )) 99 8 99 
— — 1-6 16-76 .30-32 — — 

3764 9 99 
— — 2-7 15-85 28-70 — — 

376.5 J? 10 — — 2 • 2 15-74 28-51 — — 

3766 ^*1 99 11 99 
— — — — — — — 

3767 5? 99 12 99 
— — — — — — — 

3768 59 13 — — — 16-01 28-99 — — 
3769 99 14 — — 0-1 15-85 28-70 — -- 

3770 99 99 15 99 
— — — — — — — 

3771 99 16 — — 0-0 16-04 29-04 — — 
3772 99 17 71° 50' 73° 56' 0-4 16-13 29-20 — — 
3773 99 18 — — 0-6 16-13 29-20 _ — 
.3774 99 99 19 — — 0-3 16-69 30-19 — 
3775 99 20 — — — 16-40 29-68 
3776 99 99 20 — — — 16-25 29-42 — — 
3777 99 9 9 20 99 

— — _ — — — — 
3778 99 23 72 2 0-0 16-22 29-36 _ — 
3779 99 99 24 99 

— — — 
3780 99 25 — -0-3 15-21 26-94 _ — 
3781 99 26 71 44 73 40 0-1 16-27 29-46 - — 
3782 99 99 27 — — 0-6 16-42 29-72 — — 
3783 99 28 70 40 69 58 0-0 16-00 28-97 — — 
3784 99 99 29 99 

— — — — — — — 
3785 99 30 70 20 68 8 0-2 16 - 75 30-.30 — ’ 

3786 99 Oct. 1 70 17 68 9 0-1 16-69 .30-19 22 - 27 - 1 
3787 99 99 

2 
99 

__ — — — — — 1 

3788 99 3 70 4 67 15 0-3 16-77 30-34 — - i 
3789 99 4 69 32 67 42 0-1 16-93 30-62 — — ! 
3790 
3791 
3792 99 7 69 26 66 10 -0-7 17-15 31-02 22-93 
3793 
3794 99 9 69 .50 67 10 -0-7 16-80 .30-40 
3795 99 10 70 17 68 9 -0-1 16-87 30-52 — — 

3796 99 11 — — -0-6 16-75 30 - 30 — — 
3797 99 12 70 4 67 15 -0-3 16-89 30-55 — — 
.3798 99 13 69 30 66 12 -0-6 17-72 32-04 — — 
3799 99 14 — — -0-6 17-00 30-75 — — 
3800 99 15 — — -0-3 17-06 30-85 — .—■ 
3804 99 99 19 69 10 66 40 -1-1 17-14 31-00 — — 
3808 99 99 23 68 0 65 45 -1-1 17-41 31-49 — — 

1 3811 99 99 26 66 25 62 0 -1-3 17-40 31-47 -- — 
3813 99 99 28 64 26 57 55 0-6 18-53 3.3-49 — — 
3814 99 99 29 — -- 1-1 19-10 34-51 * — — 

' 3815 99 99 30 61 21 54 36 1-4 18-23 32-95 24-38 
3816 99 Nov. 1 58 10 44 18 5-3 19-35 34-96 — — 1 

i 3817 99 99 2 58 29 39 0 6-1 19-30 34 - 87 — — i 
1 3818 9 9 3 58 44 34 52 7-3 19-35 34-96 — — 1 

3819 99 99 4 58 32 31 18 6-7 19-64 35 - 48 — _ 

1 3820 99 99 5 — — 9-4 19-49 35-21 — 
3821 99 99 6 — — 8-9 19-42 35-08 — 

3822 99 99 7 99 
-- — 8-9 19-42 35-08 — — 

3823 9 9 99 8 99 60 27 28 11 9-4 19-44 35-12 26-09 — 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. Hour. Eat. Long. Temp. X- 
' p. from 

X- 

4S15 
Sprengel. SO3. 

, 

i 

1897. N. W. 
3824 Eclipse . . Nov. 9 noon . 60' 29' 24° 44' 8 •9 19 50 35 23 — — 

3825 5? 10 11 60 8 20 39 10 4 19 55 35 32 — — 

3826 11 11 59 36 15 17 10 6 19 55 35 32 — — 

3827 5? 12 11 59 6 13 0 10 1 19 52 35 27 26-18 — 

.3828 ?? 13 11 58 10 12 11 10 8 19 63 35 47 — — 
3829 14 11 57 27 10 32 10 2 19 62 35 45 — — 

3831 16 11 57 48 6 15 11 0 19 23 34 74 25 • 75 — 

.3832 California . Oct. 13 11 36 33 8 31 18 9 20 37 36 78 — — 

3833 55 13 midnight 37 15 11 4 18 9 20 07 36 25 27-18 — 

3834 14 noon . .37 58 13 36 18 9 20 01 36 14 — — 

3835 14 midnight 38 28 15 38 18 9 20 08 36 27 — — 

3836 15 noon . 38 54 17 25 18 9 20 05 36 21 — - 1 

3837 15 midnight 39 24 18 51 18 3 20 07 36 25 
3838 >> 16 noon . 39 55 20 18 18 O 

•) 20 04 36 19 — 
3839 M 16 midnight 40 14 21 58 IS 3 20 10 36 30 — — 

3840 ?5 17 noon . 40 33 23 43 18 3 20 06 36 23 — i 
3841 ? ’ 17 midnight 41 1 26 7 17 8 19 91 35 97 26-96 
3842 5? 18 noon . 41 29 28 32 17 8 19 97 36 07 — 

- ; 

3843 11 18 midnight 41 57 31 0 17 8 19 95 36 04 — 

3844 19 noon . . 42 24 33 32 17 8 19 81 35 79 — — 

3845 19 midnight 42 36 35 39 17 8 19 87 35 89 — — 

3846 20 noon . 42 52 37 48 17 8 19 81 35 79 
3847 20 midnight 42 57 39 38 17 0 19 87 35 89 — — 

3848 21 noon . 43 3 41 28 17 0 19 71 35 61 — 
.3849 21 midnight 43 10 43 56 17 0 19 67 35 54 — - ; 
.3850 5) 22 noon . . 43 18 46 25 19 4 19 65 35 50 — — 
3851 11 22 midnight 43 00 49 f) 11 1 18 57 33 56 — 

3852 23 noon . 43 25 51 44 8 9 17 94 »-/ —1 44 23-99 i 
3853 23 midnight 43 1 54 33 14 4 19 03 34 39 25-52 
.3854 24 noon . . 42 37 57 22 13 3 18 67 33 75 — — 

3855 11 24 midnight 42 15 60 9 12 2 18 68 33 76 — 

3856 n 25 noon . 41 53 62 56 13 3 18 42 33 30 — 

3857 11 25 midnight 41 22 65 48 11 1 17 53 31 70 — — 

.3858 >> 26 noon . 40 51 68 44 11 1 17 94 32 44 — — 

3859 ?? 11 26 midnight 40 30 71 24 11 1 18 54 33 51 — — 

.3860 M Nov. 5 11 40 15 72 0 11 1 18 28 33 04 — - j 

.3861 6 noon . 40 21 69 36 11 1 17 95 32 46 — - 1 

.3862 6 midnight 40 36 67 o 11 1 17 37 31 41 — _ 

.3863 7 noon . 40 46 64 28 16 7 19 77 35 72 — — 

3864 JJ 7 midnight 41 9 61 53 18 9 19 60 35 41 — — 

3865 11 11 8 noon . 41 32 59 22 19 4 19 50 35 23 — — 

.3866 11 11 8 midnight 42 3 56 59 19 4 19 15 34 60 — — 

.3867 11 9 noon . 42 34 54 15 17 8 18 89 34 14 — 

3868 11 11 9 midnight 42 56 51 40 4 4 18 40 33 26 - i 
3869 11 11 10 noon . 43 18 49 5 5 6 18 35 33 17 — - 1 

3870 11 11 10 midnight 43 25 46 12 15 6 19 61 35 43 — — ; 
3871 11 11 11 noon . 43 34 43 19 16 7 19 53 35 28 — — ; 
3872 11 11 11 midnight 43 17 40 23 16 7 19 87 35 89 — - ; 
3873 5' 11 12 noon . 43 1 37 28 15 6 19 91 35 97 — — 1 
3874 11 11 12 midnight 42 36 34 54 15 0 19 91 35 97 — _ i 

.3875 11 11 13 noon . . 42 11 32 8 14 4 20 07 36 25 26-92 — 

3876 11 11 13 midnight 41 46 29 27 14 4 19 93 36 00 '- — 

3877 11 11 14 noon . 41 21 26 46 14 4 19 94 36 02 1 

3878 11 11 14 midnight 40 51 23 18 14 4 20 11 36 31 _ — 
3879 „ )) 15 noon . . 40 20 21 50 14 4 19 90 35 95 26-78 — 
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Table I. {continued). 

! Lab. 
! No. 

Ship. Date. Hour. Eat. Long. Temj). X- 
p. from 

X- 
4S15 

Sprengel. 
SO3. 

3880 California . 
1897. 

Nov. 15 midnight 
N. 

39° 47' 
W. 

19° 27' 15-6 20-21 36-49 
. 

3881 » 16 noon . 39 14 17 4 15-6 20-16 36-40 _ -- 

3882 55 16 midnight 38 46 14 42 15-6 20-00 36-12 — — 
3883 17 noon . 37 59 12 22 15-6 20-13 36 - 35 27-13 - ' 
3884 17 midnight 37 14 10 5 15-6 20-15 36-39 — 

3885 n 18 noon . 36 29 7 48 15-6 20-19 36-46 — — 

3886 55 18 midnight 36 0 5 20 15-6 20-27 36-60 — — 

3887 Siberian . . Oct. 24 noon . Galley Head, 14-4 19-66 35 - 52 — — 

3888 25 

Ireland, 
N. 

51° 43' 

bearing 
W. 

15° 47' 13-3 19-63 35-47 
3889 26 51 48 22 38 13-3 19-61 35-43 — — 

3890 ?? 27 51 37 29 25 13-9 19-58 35-38 — — 
3891 55 28 51 8 35 35 12-8 19-42 35 - 08 - - — 
3892 5' 29 50 34 41 8 14-4 19-56 35-34 — — 

3893 5' 30 49 12 45 55 7-8 18-82 34-01 — — 

3894 5 31 47 49 51 29 4-4 17-82 32-22 — — 

3895 5’ Nov. 2 46 1 55 12 6-1 17-72 32-04 — — 

3896 55 3 44 57 61 0 8-9 16-91 30-59 — -- 

3897 ,, 5 43 36 64 15 9-4 16-85 30-48 — — 

3898 55 6 55 40 24 68 48 13-3 17-99 32-53 — — 

3899 55 7 38 59 73 0 16-1 19-29 34-86 — 

3900 55 55 13 39 44 70 16 16-7 19-62 35-45 — 

3901 55 14 41 8 66 57 12-8 18-01 32 - 56 -- - : 
3902 55 15 44 1 64 0 8-3 17-20 31-11 — — ; 
3903 55 16 oft'Chebr ieto Hd., 7-2 17-25 31-19 — — 

3904 5’ 17 

Hali fax, 
Nova Scotia 

42° 25' , 58° 14' 6-1 17-42 31-51 
3905 5 5 18 off C. Eace, 3-9 17-49 31-63 —„ — 

3906 5 5 55 19 
Newfoundland 
48° 33' j 49° 55' 1-1 18-08 32-68 

' 

3907 55 55 20 55 50 22 44 49 11-7 19-24 34-76 — — 

3908 55 55 21 52 4 39 16 9-4 19-30 34-87 ■- — i 
3909 5 5 55 22 53 2 34 53 10-0 19-29 34 - 86 — — 

3910 55 55 23 1 5 53 28 31 27 10-6 19-35 34 - 96 — — 

3911 55 55 24 55 54 21 25 20 11-1 19-49 35-21 — — 

3912 55 55 25 55 55 4 18 14 11-7 19-61 35 - 43 26-37 — 
3913 5 5 55 26 55 17 11 0 11-1 19-64 35-48 — -— 
3914 55 55 27 Mull of 11-7 18-91 34-17 — — 

3915 55 28 
Gallo 

in Crosby 
Avay 
Cliannel 10-6 18-34 33-15 

3916 5 5 55 29 
Livei' 

off Port 
pool 
Patrick, 10-0 19-14 34-58 

3917 Anchoiia 55 13 55 

Scot 
55° 19' 

land 
14° 40 11-7 19-52 35 - 27 26-21 

3918 5S 55 14 55 54 34 22 51 12-2 19-58 35 - 38 — — 
3919 5' 55 15 53 24 30 49 10-6 19-41 35-07 — — 
3920 55 55 16 5 5 51 51 38 23 9-4 19-28 34-84 — — 
3921 55 55 17 55 50 0 44 11 11-7 19-63 35-47 26-47 — 
3922 5 » 55 18 55 48 22 48 22 5-0 18-92 34-19 — — 
3923 5 5 55 19 55 45 41 54 1 3-3 17-74 32-07 — — 
3924 » 20 55 43 14 60 9 5-0 18-12 32-75 — —^ i 
3925 55 55 21 41 13 66 31 8-3 17-53 31-70 23-42 — 1 
3926 55 55 22 55 40 25 73 7 11-7 , 18-19 32-88 1 — i — 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. SO3. 

1897. N. W. 
3927 Anchoria Nov. 28 noon . 40^ 44' 68° 50' 9 4 18 05 32 63 — — 

3928 11 29 55 41 56 63 27 6 1 17 52 31 68 — __ 

3929 11 30 55 43 42 58 17 6 1 17 94 32 44 — — 

3930 Dec. 1 55 46 16 53 11 1 7 17 76 32 11 — — 

3931 55 
2 

55 48 46 47 10 3 9 19 10 34 51 - . — 

3932 5 J 55 3 55 50 59 40 25 12 2 19 52 35 27 — — 

3933 )J 55 4 55 52 8 35 55 7 2 19 20 34 69 — — 

3934 5) 11 0 55 53 12 33 43 7 2 19 45 35 14 26-14 — 

3935 11 6 55 53 45 30 54 9 4 19 41 35 07 — — 

3936 11 7 55 54 31 23 35 10 0 19 65 35 50 — — 

3937 JJ 11 8 55 54 48 15 32 10 6 19 68 35 56 — -- 

3938 5? 11 9 55 55 17 8 5 10 0 19 47 35 17 .- — 

3939 Laura Nov. 16 4 A.M. . 60 10 3 32 8 0 19 44 35 12 — — 

3940 )) 55 16 noon . . 61 8 5 31 7 5 19 45 35 14 — — 
3941 )5 55 18 4 A.M. . 61 55 6 33 7 0 19 42 35 08 — -- 

3942 55 23 8 P.M. . 62 27 8 51 6 5 19 48 35 19 26-10 — 

3943 55 24 4 A.BI. . 62 36 11 12 7 5 19 46 35 15 — — 
3944 n 55 24 noon . 62 45 14 31 7 0 19 49 35 21 — — 

3945 55 24 8 P.M. . 62 47 17 22 8 0 19 49 35 21 — — 

3946 55 25 4 A.M. . 62 50 19 48 8 0 19 39 35 03 26-12 — 
3947 1) 55 25 noon . 63 23 20 0 7 0 19 30 34 87 — — 
3948 )) 55 25 8 P.M. . 63 32 20 57 7 0 19 63 35 47 — — 
3949 5) 55 26 4 A.M. . 63 30 22 10 7 0 19 67 35 54 — — 
39.50 55 26 noon . . 63 45 22 48 6 0 19 33 34 93 — — 
3951 n Dec. 8 8 P.M. . 63 46 22 47 5 5 19 21 34 71 — — 

3952 55 9 4 A.M. . 63 29 20 23 5 5 19 37 35 00 — — 

3953 9 noon . 63 20 18 50 5 5 19 16 34 62 — — 
3954 11 9 8 P.M. . 62 53 16 16 7 5 19 51 35 25 — — 
3955 >5 )) 10 4 A.M. . 62 47 13 35 7 2 19 49 35 21 -- — 

3956 55 10 noon . 62 31 11 2 7 2 19 50 35 23 — — 

3957 55 10 8 P.M. . 62 26 8 16 7 3 19 48 35 19 — — 
3958 JJ 55 13 4 A.M. . 61 16 6 7 7 5 19 49 35 21 — 
3959 55 13 noon . 60 31 4 33 7 8 19 49 35 21 — 
3960 >5 55 13 8 P.M. . 60 5 3 37 8 5 19 56 35 34 — — 
3961 14 4 A.M. . 59 38 2 38 9 0 19 56 35 34 — — 
3962 Teutonic. . 55 

2 midnight 51 23 14 30 12 8 19 71 35 61 — — 
3963 55 3 noon . 51 23 20 46 13 9 19 64 35 48 — — 
3964 >, 55 3 midnight 50 48 26 56 13 9 19 62 35 45 — — 
3965 n 55 4 noon . . 50 14 33 7 10 0 19 34 34 94 — — 
3966 11 55 4 midnight 49 8 37 33 9 4 19 44 35 12 — — 
3967 11 55 5 noon . 48 2 42 0 7 2 19 63 35 47 — — 
3968 11 55 5 midnight 46 48 46 38 6 1 18 82 34 01 — — 
3969 11 55 6 noon . . 45 34 51 17 6 1 17 86 32 30 — — 
3970 „ 55 6 midnight 44 9 56 37 5 -o 17 98 32 51 — — 
3971 „ 55 7 noon . . 42 45 61 58 8 3 18 26 33 00 — — 
3972 11 55 7 midnight 41 37 67 32 7 2 17 96 32 48 — — 
3973 11 55 8 noon . 40 29 73 7 10 0 18 11 32 73 — — 
3974 11 55 15 midnight 40 12 69 57 9 4 17 73 32 06 — — 
3975 11 55 16 noon . 41 6 65 14 12 2 18 71 33 82 — — 
3976 11 55 16 midnight 42 15 60 50 10 6 18 47 33 39 — -- 
3977 11 55 17 noon . . 43 25 55 38 10 0 18 37 33 20 — — 
3978 11 55 17 midnight 44 50 50 39 5 0 17 90 32 37 — — 
3979 11 55 18 noon . . 46 16 45 41 5 0 18 69 33 78 — — 
3980 11 55 18 midnight 47 43 40 43 7 2 18 69 33 78 — -- 
3981 11 55 19 noon . . 49 11 35 46 12 8 19 66 35 52 — — 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X 
p. from 

X- 
4S15 

Sprengel. SO3. 
i 
1 

3982 Teutonic 
1897. 

Dec. 19 miduight 
N. 

49° 57' 
W. 

30° 13' 13 3 19 82 35 80 

i 

3983 „ 20 noon . 50 43 24 40 13 9 19 70 35 59 — — 
3984 )> „ 20 midnight 51 1 18 42 15 6 19 73 35 64 — — 
3985 ? 1 ,, 21 noon . 51 20 12 44 12 8 19 69 35 58 — — 
3986 Loughrigg Aug. 28 55 58 42 3 38 14 7 19 27 34 82 — — 

3987 
Holme 

n „ 28 8 P.M. . 58 41 6 10 13 7 19 36 34 98 
3988 „ 29 4 A.M. . 58 38 8 39 13 9 19 56 35 34 — — 
3989 n „ 29 noon . 58 34 10 38 13 7 19 54 35 30 26-23 — 
3990 „ 29 9 p.:m. . 58 27 13 14 12 9 19 49 35 21 _ ; 

3991 5 5 „ 30 4 A.M. . 58 20 15 15 12 9 19 54 35 30 — 
3992 5 i „ 30 noon . 58 12 17 47 12 9 10 45 35 14 — _j 

3993 „ 30 8 p.]\[. . 57 57 20 11 13 0 19 49 35 21 26-13 - ! 
3994 , , „ 31 4 A.M. . 57 43 22 33 12 2 19 51 35 25 — - j 

3995 „ 31 noon . 57 29 24 55 12 9 19 47 35 17 — _ i 

3996 1 » „ 31 8 P.M. . 57 11 27 15 12 1 19 49 35 21 — - : 
3997 Sept. 1 4 A.M. . 56 53 29 29 11 5 19 46 35 15 — —■ ; 
3998 „ 1 noon . 56 35 31 50 11 1 19 46 35 15 — - 
3999 „ 1 8 P.M. . 56 16 34 3 10 7 19 42 35 08 — — : 
4000 0 55 4 A.M. . 55 57 36 19 10 0 19 46 35 15 — — ! 
4001 0 •>5 noon . 55 37 38 34 10 6 19 25 34 78 I 

4002 •) 5 5 8 P.M. . 55 11 40 27 10 4 19 22 34 72 - - 
4003 „ 3 4 A.M. . 54 44 42 23 10 3 19 19 34 67 25 - 72 — 
4004 „ 3 noon . 54 16 44 27 11 4 19 53 35 28 — — 
4005 3 8 1>.M. . 53 47 46 30 11 0 19 09 34 49 — — 
4006 55 "i 4 A.M. . 53 18 48 32 11 2 19 52 35 27 — — 
4007 4 noon . 52 47 50 35 8 0 18 0/ 35 56 — — 
4008 „ 4 8 P.M. . 52 14 52 29 8 2 17 74 32 07 — — 1 
4009 „ 5 4 A.M. . 52 0 54 30 8 1 16 69 30 19 — — 

4010 „ 5 8 A.M. . 51 44 55 26 9 2 16 60 30 03 — 

4011 „ 5 noon . 51 30 56 22 13 0 16 77 30 34 — : 
• 4012 „ 5 4 P.M. . 51 11 57 15 13 2 16 54 29 93 — — ■ 
4013 „ 5 8 P.M. . 50 48 58 3 12 7 17 10 30 93 — 1 
4014 M Nov. 28 8 A.M. . 46 6 56 55 3 5 17 I t 32 13 — 

4015 „ 28 noon . 46 6 56 0 3 2 17 85 32 28 — 

4016 „ 28 8 P.M. . 46 15 54 30 2 3 17 63 31 88 23-58 — 

4017 „ 29 4 A.M. . 46 26 52 51 1 6 17 64 31 90 — — 

4018 M „ 29 noon . 46 42 51 14 2 4 17 92 32 40 — ; 

4019 „ 29 8 P.M. . 47 2 49 38 0 6 18 14 32 79 _ 

4020 11 „ 30 4 A.M. . 47 22 48 0 0 ^5 18 24 32 97 — 
4021 s ^ „ 30 noon . 47 44 46 26 2 9 18 81 34 00 — — 
4022 ?? „ 30 8 P.M. . 48 2 44 52 5 1 18 81 34 00 — — 
4023 55 Dec. 1 4 A.M. . 48 20 43 24 7 2 18 75 33 89 — — 

4024 55 . 1 noon . . 48 29 42 23 7 8 18 74 33 87 — — 
4025 55 „ 1 8 P.M. . 48 47 41 8 10 8 19 15 34 60 — -- 

4026 55 
0 

^5 —' 4 A.M. . 49 5 39 27 11 6 19 63 35 47 — — 

4027 55 2 noon . 49 22 37 42 9 9 19 23 34 74 — — 

4028 55 
0 

55 8 P.M. . 49 36 35 49 12 9 19 60 35 41 — 
4029 55 „ 3 4 A.M. . 49 50 33 58 11 8 19 48 35 19 — — 
4030 55 3 noon . 50 4 32 8 11 3 19 38 35 01 — — 
4031 55 „ 3 8 P.M. . 50 13 30 20 10 2 19 59 35 40 26 - 29 — 

4032 55 5' 4 A.M. . 50 22 28 29 11 8 19 52 35 27 — — 

4033 55 „ 4 noon . . 50 30 26 37 12 2 19 59 35 40 — — 

4034 55 „ 4 8 P.M. . 50 31 24 42 12 6 19 60 35 41 — — 

' 4035 55 5 4 A.M. . 50 32 22 56 12 9 19 74 35- 66 — — 
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Table I. {continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X- 
p. from 

X- 
4S15 

Sprengel. 
SO3. 

1897. N. W. 
4036 Loughrieig Dec. b noon . . 50° 32' 21° 6' 12-2 19-78 35-73 — — 

Holme 
4037 >> 55 b 8 P.M. . 50 29 19 17 11-7 19-62 35 - 45 — ■- 

4038 JJ 55 6 4 A.M. . 50 26 17 25 11-2 19-71 35-61 -- — 

4039 5) 55 6 noon . 50 23 15 45 12-5 19-62 35-45 — — 

4040 >5 55 6 8 P.BI. . 50 16 13 49 12-3 19-63 35 - 47 -- — 

4041 5J 55 7 4 A.M. . 50 8 11 54 12-7 19-67 35-54 -- — 

4042 5) 55 7 noon . . 50 0 9 58 11-6 19-56 35-34 — — 
4043 n 55 7 8 P.M. . 49 42 8 6 12-3 19-63 .35-47 — — 

4044 55 8 4 A.M. . 49 23 6 14 1D8 19-66 35-52 — — 

‘ 404.5 55 8 noon . . 49 48 4 35 12-2 19-66 35-52 -- — 

4046 Siberian . . 5 off Tus kar Rk. 11-1 19-40 35 - 05 — — 

L. Ho. 
4047 M 55 6 51° 27' 12° 0' 11-1 19-65 35-50 — — 

4048 n 55 7 55 51 37 16 1 12-2 19-67 35-54 — — 
4049 jj 55 8 51 51 40 17 45 11-7 19-67 35-54 -- — 

4050 5J 55 9 51 40 20 40 11-1 19-72 35-63 — — 

! 4051 55 10 55 51 44 24 0 11-7 19-67 35-54 — — 

I 4052 >) 55 11 55 51 44 29 25 10-0 19-65 35 - 50 — — 

! 4053 55 12 55 51 26 35 2 9-4 19-51 35-25 — — 
4054 J) 55 13 55 51 17 36 55 7-8 19-33 34-93 ■- — 

4055 55 14 50 46 41 49 7-8 19-16 34-62 — — 

i 4056 51 55 1.5 49 27 47 18 5-0 18-98 34 - 30 — 
4057 55 55 16 4 miles N. of St. 0-6 17-72 32-04 — — 

1 John ’s, N.F. 
4058 55 55 17 55 off Bay of Bulls, 1-1 17-80 32-19 — — 

N. F. 
4059 55 55 18 55 45° 47' 56° 45' 1-7 17-80 32-19 — — 

■ 4060 55 55 19 55 44 49 60 10 -1-7 16-80 30-40 — 

4061 55 55 20 44 25 62 50 1-7 17-14 31-00 — 

4062 55 55 21 55 43 58 63 53 3-3 17-18 31-07 — — 

4063 55 55 22 40 33 68 5 7-8 17-98 32-51 — — 

- 4064 55 55 23 55 38 50 73 15 11-1 19-02 34 - 37 — -• 

4065 55 55 31 55 39 17 72 50 11-1 19-04 34-40 — — 

i 

1898. 
4066 55 Jan. 1 40 36 68 3 7-2 18-00 32-54 — — 

! 4067 55 55 
2 42 3 63 6 6-1 18-20 32-90 — -- 

4068 55 3 43 53 58 10 1-7 17-66 31-93 — — 

4069 55 55 4 46 18 53 35 - 1 ■ 1 17-70 32-01 — — 

4070 55 55 5 47 52 51 39 - 1-7 18-08 32-68 — — 

4071 55 55 6 49 33 46 13 3-9 18-99 34-32 ■- --- 

4072 55 7 50 40 43 43 10-0 19-59 35-40 — — 

4073 55 55 8 51 51 38 5 7-2 19-28 34-84 — — 

4074 55 9 53 7 33 8 7-2 19-41 35-07 -- •- 

4075 55 55 10 55 54 9 26 53 8-9 19-48 35-19 — — 

1897. 
4076 Anchoria Dec. 20 55 9 15 43 10-6 19-67 35 - 54 — — 

' 4077 55 55 21 54 31 24 11 10-6 19-54 35 - 30 — j 

4078 55 55 22 53 34 31 26 8-3 19-42 35-08 — 
1 

4079 55 n 23 52 13 36 42 6'7 19-24 34-76 — 
1 

4080 1 
' 55 55 24 50 26 42 16 6-7 19-02 34 - 37 — — 

i 4081 55 55 25 48 28 47 44 -0-6 18-57 33-56 — — 

4082 55 55 26 55 47 5 50 33 0-6 18-23 32'95 — — 

2 c VOL. CXCVI.-A. 
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Table I. [continued). 

Lab. 
No. 

Ship. Date. Hour. Lat. Long. Temp. X 
p. from 

X- 
4S15 

Sprengel. 

1 
SO3. 

4083 Anehoria 
1897. 

Dec. 27 noon . 
h 

45° '.O' 
W. 

55° 20' 1 7 17 97 32 49 
4084 JJ 28 55 42 35 61 15 6 1 18 32 33 11 — — 

4085 29 55 40 53 67 22 i 2 18 01 32 56 — — 

4086 30 55 40 30 73 37 7 2 17 98 32 51 — — 

4087 
1898. 

Jan. 4 55 40 27 73 6 5 6 18 01 32 56 
4088 5 55 40 49 67 17 7 2 17 99 32 53 -- — 

4089 )) 6 55 42 14 61 10 2 8 17 58 31 79 — — 

4090 JJ 7 55 44 9 55 24 2 8 18 38 33 22 — — 

4091 5? 8 55 46 18 49 58 1 1 18 11 32 73 — — 

4092 5) 9 55 48 32 44 54 3 3 19 10 34 51 — — 

4093 )J 10 55 50 53 38 12 8 9 19 44 35 12 — — 

4094 5) 11 55 52 34 30 47 I 8 19 29 34 86 — — 

4095 5) 12 55 54 2 23 3 10 6 19 66 35 52 — — 

4096 )) 13 55 54 53 14 46 10 6 19 63 35 47 — — 

4097 Loughrigg 
1897. 

Dec. 25 55 49 45 5 59 11 i 19 66 35 52 

4098 
Holme 

? J 25 8 P.M. . 48 49 6 33 11 3 19 67 35 54 
4099 26 4 A.M. . 47 51 7 7 12 t- 

/ 19 77 35 72 — 

4100 >> 26 noon . . 46 53 7 42 13 6 19 80 35 77 — — 
4101 26 8 P.M. . 45 52 8 18 13 8 19 80 35 77 — — 

4102 27 4 A.M. . 45 2 8 47 14 2 19 88 35 91 — — 

4103 )) 27 noon . 44 28 9 5 13 6 19 75 35 68 — — 
4104 27 8 P.M. . 43 48 9 27 13 3 19 79 35 75 — — 
4105 )) 28 4 A.M. . 42 54 9 44 14 1 20 03 36 18 — — 
4106 55 28 noon . 41 48 9 47 15 0 20 02 36 16 — — 
4107 55 28 8 P.M. . 40 39 9 47 16 6 20 04 36 19 — — 
4108 55 28 midnight 40 4 9 47 14 6 20 08 36 27 — — 

4109 J5 

1898. 
Jan. 23 noon . 40 38 9 33 14 9 19 96 36 05 

4110 J) 55 23 8 P.M. . 41 57 9 26 14 4 19 95 36 04 — — 
4111 )) 55 24 4 A.M. . 43 13 9 27 13 4 19 93 36 00 — — 
4112 55 24 noon . 44 24 8 56 13 3 19 92 35 98 — — 
4113 >> 55 24 8 P.M. . 45 35 8 24 12 7 19 81 35 79 — — 
4114 55 25 4 A.M. . 46 52 7 51 12 2 19 80 35 77 — — 
4115 >> 55 25 noon . 48 1 7 16 11 9 19 67 35 54 — — 
4116 55 25 11 P.M. . 49 45 6 47 11 2 19 62 35 45 — — 
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Table II.—Chlorines and Densities used as Standards. The Densities in the Second 

Column are calculated from the Chlorines by Equation (2), page 76. 

Cl. 4S15 Ccllc. 4S15 found. Difference. 

19-517 26-30 26-29 + 0-01 
19-415 26-16 26-14 + 0-02 
13-335 26-05 26-12 -0-07 
19-171 25-82 25-82 0-00 
18-.320 24-64 24-68 -0-04 
17-040 22-87 22-90 -0-03 
17-005 22-82 22-85 -0-03 
16-277 21-80 21-75 + 0-05 
15-421 20-62 20-68 -0-06 
14-220 18-95 18-97 -0-02 
12-928 17-15 17-19 -0-04 
12-628 16-74 16-75 -0-01 
15-571 16-65 16-65 0-00 
11-263 14-84 14-84 0-00 
9-475 12-35 12-37 -0-02 
7-067 9-01 9-03 -0-02 

2 (j 2 
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APPENDICES. 

Appendix I.—List of Observers. 

Ship. 
1 

Observer’s Name. 
No. of Boxes 

supplied. 

SS. Ethiopia. Captain J. Wilson, R.N.R. . . 18 
R.M.S. Teutonic. ,, J. G. Cameron, R.N.R.. 25 

R.M.S. Para. „ W. H. Milner .... 4 
Sch. Traveller. ,, A. Simpson .... 7 
H.M.T.S. Monarch .... „ T. Alford. 3 ! 
R.M.S. Moor. ,, E. J. Griffin, R.N.R. 1 

SS. Loughrigg Holme . ,, J. "W. Millicau . . . 14 
SS. Otra. ,, Christopherson 1 

SS. Longhirst. ,, 0. E. Anderson . . 3 
SS. Laura. ,, E. P. Christiansen . . 16 
SS. Wydal. ,, J. H. Gibson .... 1 

SS. Acti^m. ,, T. Robertson .... 5 
SS. Balaena. 5 
SS. Eclipse. „ W. F. Miln .... 15 
SS. Aldgate. ,, G. H. Cheshire . . . 1 

SS. Castor. Mr. Barentz (mate) .... («) 
! SS. Frolic. Captain T. Bryant. 3{b) 

SS. Hercules. ,, J. Wilson. Hb) 

SS. Capricornus. „ W. Carrington . . . 3{b) 

SS. Jamesia. ,, A. Neale. Hb) 

SS. China. ,, A. Christiansen . . . \{b) 

SS. America. „ C. Venables .... l{h) 

5 S. Thorwaldsen. ,, Jensen. 
H.M.S. Thyra. ,, Garde. l(r) 
SS. Corean . „ W. S. Main .... 7 
SS. Siberian. 
SS. California. ,, G. Mitchell .... ! 13 
SS. Granuaile. Mr. R. M. Barrington .... • 1 

! S.Y. Otaria. Sir G. Baden-Powell .... ! 2 
SS. Miiiia. Captain Trott. 1 

Total 164 

1 

(a) Lost with all hands, October, 1896. 

(b) Through the kindness of Mr. p. M. Mundahl, Grimsby, OAvner. 

(r) Royal Danish Navy. 



SURFACE WATERS OF THE NORTH ATLANTIC OCEAN. yol 

Appendix TI.—Set of Forms supplied. 

A. 

INSTRUCTIONS. 

(a.) Fill one of the bottles about half full with the sample in the Imcket, shake it, and throw away the 

contents. Then till the bottle almost but not quite full with the sample, and cork as iiijJith/ as 

imsihle. 

Note the number on the Ijottle, and opposite the same number till in the particulars required in 

Sheet B. 

(//.) On reaching England send the bo.x to Mr. LtiCKSON, Chemical Laboratoiy, University Museum, 

Oxford, unless it contains enough cnq)ly Ijottlcs for another outward and homeward voyage. 

(Send l)y passenger train, and do not pay carriage.) 

The filled up sheets, with request form C, should be iiosU'd to Mr. Dick,SON as soon as possible after 

arrival. 

N.E.—It is requested that samples be collected at least once daily, at the same hour each day (noon if 

possible); but only in the Atlantic north of 40° N. lat. The collection should be made fi’om a point 

as far forward as possible, well clear of all discharge pipes. Samples which ha^'c l)een contaminated 

by water from the ship are of no value. 

VOL. CXCVI.—A. '1 D 
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B. 

tSainple of Surface Water collected on Ijoard SS._ 

Captain_, during voyage from 

to 

No. of 
Sample. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
IG 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

Date. Hour. Eat. Long. Temjjera- 
ture. 

Remarks. 

Observer. 
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C. 

ss. 

Dear Sir, 

Please send.boxes of bottles for samples of sea ivater to me here not 

later than. 

Yours faithfully. 

Commander. 

Appendix HI.—Numbers of the Samples in Talile I., which contain less than 

17 grammes of chlorine per litre, and of wliich the densities have been 

determined. 

266, : 267, 282, 1109, 1135, 1136, 1283, 1293 , 1775^ , 1776, , 1777, 1778, 1787, 1790, 

1791, 1792, 1793, 1794, 1795, 1796, 1797, 1798, 1799, 1800, 1801, 1803, 1805, 

1809, 1817, 1830, 1832, 1833, 1834, 1840, 1841, 2520, 2833, 3107, 3321, 3367, 

3435, 3698, 3699, 3719, 3723, 3726, 3730, 373.3, 3738, 3742, 3752, 3786. 

2 D 2 
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IV. On a New Manometer^ and on the Law of the Presmre oj Gases between 

1'5 and O’Ol MiUinietres of Mercury. 

By Lord Hayleigii, F.R.S. 

Received January 15,—Read February 21, 1901. 

Introduction. 

The behaviour of air and other gases at low densities is a sidyect wiiich presents 

peculiar difficulties to the experimenter, and liighly discrepant results have been 

arrived at as to the relations between density and pressure. While Mendeleee and 

SiLJERSTRoM have announced considera,ble deviations from Boyle’s law, Amagat* 

finds that law verified in the case of air to the full degree of accuracy that the 

observations admit of. In principle Amagat’s method is very simple. Tlie reservoir 

consists mainly of ffivo nearly equal 1ju11)s, situated one aljove the other and con¬ 

nected by a comparatively narrow passage. By the rise of mercury from a mark 

l^elow the lower bulb to another on the connecting passage, the volume is altered in 

a known ratio which is nearly that of 2:1. The corresponding pressures are read 

with a specially constructed differential manometer. Of tiiis the lower part whicli 

penetrates the mercury of the cistern is single. Near the top it divides into a U, 

widening at the level of the surface of the mercury into tuljes of 2 centims. diameter. 

Higher up again tliese tid^jes re-unite and l)y means of a three-way ta}) can l)e con¬ 

nected either with an air-pump or with the upper bull). Suitable taps are provided 

by which tlie two branches can be isolated from one another. During tlie ol)serva- 

tions one branch is vacuous and tlie other communicates wltli the enclosed gas, so 

that the difference of levels represents the pressure. This difference is measured liy 

a cathetometer. 

It is evident that when the pressure is very low the principal difficulty relates 

to the measurement of tliis quantity, and that the errors to be feared in respect to 

volume and tenqierature are of little Importance. Amagat, fully alive to this 

aspect of the matter, took extraordinary pains with the manometer and witli the 

cathetometer by which it was read. An insidious error may enter from the refraction 

of the walls of the tubes through which the mercury surfaces are seen. But after 

all his precautions Amagat found that he could not count upon anything less than 

* ‘ Ann. de Chimie,’ vok 28, p. 480, 1883. 

16.3.1901 
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ininiiu., even in the means of several readings. It may Ije well to give his 

exact words (p. 494) :—“ Dans les experiences dojitje donnerai plus loin les resultats 

numeriques, les determinations sont faites en general en alternant cinq this les 

lectures sur chaque menisque; les lectures etaient faites au demi-centieme, et les 

divergences dans les series regulieres oscillent ordinairement entre im centieme et un 

centieme et demi ; en prenant la moyenne, il ne faut pas compter sur plus d’un 

centieme ; et cela, hien entendu, sans tenir compte des causes d’erreur iudependantes 

de la lecture cathetometrique.Les resultats numeriques consignes 

aux Tableaux cpie je vais donner maintenant sont eux-momes la moyenne de 

plusieurs experiences; car, outre que les lectures out ete faites en geneu-al cinq this 

en alternant, on est toujours, apres avoir reduit le volume a moitie, revenu au 

volume })rimitif, puis au volume moitie : chaque experience a done ete taite aux 

moins deux fois, et souvent trois et quatre.” 

The following are the final results for air :— 

Rression inittile 
en millims. 

pv 

p'v'" 
Pression initiale 

en millims. 
pv 

p'v'' 

inillims. millims. 

12-297 0-9986 1-898 1-0050 
12-260 1-0020 1-852 0-9986 
10-727 0-9992 1-751 [lJ-0030 
7-462 1-0013 1-457 1-0150 
7-013 1-0015 1-414 1-0143 
6-210 1-0021 1-377 1-0042 
6-160 1-0025 1-316 1-0137 
4-946 1-0010 1-182 1-0030 
4 - 275 1-0048 1-140 1-0075 
3-841 1-0027 1-100 0-9999 
3-770 1-0019 0-978 1-0160 
3 - 663 0-9999 0 - 958 1-0100 

3-165 1-0015 0-860 1-0045 
2-531 1-0013 0-295 0-9680 
2-180 1-0015 

Since, as it would appear, the “initial” pressure is tlie smaller of a pair, the 

lowest pressure concerned is about '3 millim. ot mercury, and the error at this stage 

is about 3 per cent. It is not (piite clear which is ANdiich of and p'v'. For while 

it is expressly stated that is smaller than p\ the nature of v'/v is given at 2'07(5. 

I think that this is really the value of v/v'. But any lingering doid)t that may Ije 

telt iqjon this point is of no consequence here, inasmuch as Amagat’s comment upon 

the tabular numbers is “ On ne saurait done se prononcer, ni sur les sens ni meme 

sur fexistence de ces ecarts.” 

After such elaborate treatment by the greatest authority in these matters, the 

(piestion would probably have long remained where A:magat left it, had not C. Bohr 



AND ON THE LAW OF PEESSURE OF GASES, ETC. 207 

found reason to suspect the behaviour of oxygen at low pressures. Tliis led to a 

prolonged and apparently very careful investigation, of which the conclusion was 

that at a pressure of ‘7 millim. of mercury the law connecting pressure and volume 

is subject to a discontinuity. 

“ 1. Bei einer Temperatur zwischen 11° und 14° C. weicht der Sauerstotf innerhalij 

der beobachteten Druckgrenzen von der BoYLE-MARiOTTE’schen Gezetze ah. Die 

Abhiingigkeit zwischen Volumen und Druck fur einen Werth des letztgenannten, 

grosser als 0‘70 mm., kann man annahernd durch die Formel 

(p + 0-109) V = k 

ausdiTicken, wahrend die Formel fUr Werthe der Drucke, welche kleiner als O'fO 

mm. sind : 

(p + 0-070) V = k 

ist. 

2. Sinkt der Druck unterhalh 0-70 mm., so erleidet der Sauerstolf eine Zustands- 

veranderung ; er kann wieder durch ein ErhOhen des Druckes l)ls liber 0-70 mm 

die ursprlingliche Zustandsform tihergefulirt werden.”^ 

Fig. (1) is a reproduction of one of Bohr’s curves, in which the ordinate repre¬ 

sents pc. and the abscissa represents p on such a scale that 1 millim. of mercury 

corresponds to the number 20. It will he seen that at the }dace of discontinuity a 

change of pv to no less than -j-j of its amount occurs with no })erceptihle concomitant 

change in the value of p. In the neighbourhood of the discontinuity the pressure is 

uncertain. Thus (p. 475) “ Wenn man bei einer gewissen Sauerstoffmenge im 

liohre CL das Quecksilber erst in der Art einstellt, dass der Druck einen etwas 

geringeren Werth als 0-70 millim. hat, und dann durch Verringern des V^oluniens den 

Druck liber 0-70 millim. steigert (z.B. Ids 0-8 millim.), so zeigt sicli,dass dieser Druck 

nicht constant bleibt, sondern im Verlaufe von 3—5 Stunden his zu emem Werthe 

sinkt, der ungefahr 10 Proc. kleiner ist, als der urspriingliche.” 

* ‘ tVied. Ami.,’ vol. 27, p. 479, 1886. 
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So far as I am aware, no attempt to repeat Bohr’s difficult and remarkable experi¬ 

ments lias been recorded, but some conffi-ination of anomalous behaviour of oxvo-en in 

this region of pressure is afforded by the observations of Ramsay and Baly."^ 

SuTHERLANDt iutei'prets the results as a “ Spontaneous Change of Oxygen into 

Ozone and a Btemai'kable Type of Dissociation,” and connects tbere^Yith some 

o])servations of Crookes relating to radiometer effects in oxygen gas. (3n the other 

hand, chemical tests applied by Professor Threlfall and Miss Martix;*; failed to 

indicate the presence of ozone in suitably expanded oxygen. 

Improved ApjKiratus for Measurvng very small Pressures. 

In spite of the interest attaching to the anomaly encountered by Bohr, I should 

hardly have ventured to attack the question experimentally m^^self, had I not 

seen my way to what promised to be an improved method of dealing with very 

small pressures. In operations connected with the weighing of gases, extending 

over a series of years, I liave had much experience ot a specially constructed 

manometric gauge in which an iron rod provided above and below with suitable 

points is actually a})plied to the two mercury surfaces arranged so as to be situated 

in the same vertical line.§ Although tivo variable quantities had to be adjusted— 

the pressure of the gas and the supply of mercury—no serious difficulty was 

encountered ; and the delicacy obtained in the observation of the approximation of 

a point and its image in the mercury surface with the assistance of an eye-lens of 

25 millims. focus was very satisfactory. In order to get actual measures of the 

delicacy, a hollow glass apparatus in the form of a fork was mounted upon a levelling 

table. The stalk below was terminated with a short length of rubber tubing 

compressible by a screw. This allowed the supply of mercury to be adjusted. The 

mercury surfaces in the U were about 20 millims. in diameter, and were exposed to 

the air. They were to be adjusted to coincidence with needle points, rigidly 

connected to the glass-work, by suitable use of the conqDressor and of the screv' of 

the levelling table. Readings of the latter in successive and independent settings 

showed that a degree of accuracy was attainable much superior to the limit fixed 

by Amagat for the best work with the cathetometer. It is unnecessary to record 

tiie numljers obtained at tliis stage of the v'ork, inasmuch as the final results 

to be given below prove that the errors of setting are considerably less than 

ToW millim. 

It will now be possible to form a preliminary idea of the proposed manometer. 

Tlie readings of the levelling screw, obtained as above, may be regarded as corre- 

* ‘ Phil. Mag.,’ vol. 38, p. 301, 1894. 

t ‘ Phil. Mag.,’ Yol. 43, p. 201, 1897. 

1 ‘ Proc. Eoy. Soc. of New South tVales,’ 1897. 

^ “On the Densities of the Ih'iiicipal Gases,” ‘ I’roe. Eoy. Soc.,’ yuI 53, p. 134, 1893. 
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M 

sponding to the zero of pressure, or rather of pressure difference. If the 2)ressures 

operative upon the mercury surfaces lie slightly different, the setting is disturbed ; 

and the change of reading at the screw required to re-establish the adjustment 

represents the difference of pressures. In order to interpret the result absolutely it 

is*only necessary to know further the pitch of the levelling screw, the leverage with 

which it acts, and the distance between the points to which the mercury surfaces are 

set. If the space over one mercury surface be vacuous, the change of reading at 

the levelling screw represents the absolute pressure in the space over the othei- 

mercury surface. 

The difficulty, which will at once present itself to the mind of the reader, in the 

use of a manometer on this plan, is the necessity for a flexible connection between 

the instrument aud the rest of the ajiparatus, such as tlie air-pump and the vessel in 

which the pressure is required to be known. With the aid of short lengths of 

rubber tubing this requirement could be easily met, l)ut the class of w(_)rk for which 

such a manometer is wanted would usually pre¬ 

clude the use of rubber. In my a})paratus the 

requisite flexibility is obtained Ijy the insertion of 

considerable lengths (3 metres) of glass tubing 

between the manometer and tlie parts which can¬ 

not turn with it. Altliough the adjustment was 

made by tlie screw of a levelling table as descril)ed, 

the actual readings were taken by the mirror 

method, the sup])orts of the mirror Ijeing connected 

as directly as possible with tlie })oints whose 

angular motion is to be registered. In this way 

we become independent of the rigidity of the 

glass-work, and are permitted to use wood freely 

in the levelling table and in its supports. It 

frequently happened that an adjustment left 

correct was found to be ont after an interval. 

The screw had not heen moved, but the mirror- 

reading was altered. On resetting by use of the 

screw, the original mirror-reading was recovei’ed 

within the limits of error. 

The essential parts of the manometer, as flnally 

employed, are shown (fig. 2) in elevation and plan, 

and the general scheme of tlie mounting is indi¬ 

cated in fig. 3. At A is the stalk of the glass 

fork, of such length that the mercury in the hose 

below is always at a pressure aliove atmos]ihei‘e ; 

B, B are bulbs of about 25 millims. diameter, at 

VOL CXC’VT.-A. 2 F. 



210 LOl;i) IlAYLEIGII OX A XEA' MAXOMETEE, 

the centres of vrhicli are situated tlie points. These are of glassA" which need 

not he opatjiie ; and tliev must he carefully finished upon a stone. A considerable 

degree of sharpness is desirable, but siniilcivitij is more important than the extreme 

of sharpness. In the actual apparatus complete simila,rity was not attained, and 

in the first trials the ditference was rather emharrassim;’. However, after a little 

})ractice the eye becomes educated to set tiie mercury to each point in a constant 

manner, and this is all tliat is really required. The same consideration shows 

that minute outsta.iiding capillary differences sliould not lead to error. It may 

be remarked that the mercury is always on the rise at the time of adjustment, 

and in fact it was found best to make it a rule not to allow the points to be 

drowned at anv time when it could be avoided. After such' a drownino- it was* 
V O 

usually (perha})S alvaiys) found that the mercury surface was disturbed by the 

proxunitu of the points without actual contact, an effect attrihuted to electrification. 

The presentation of the jioint to the mercury, or rather of the point to its image 

as seen by reflection in the mercury, was examined with the aid of two similar eye- 

lenses (not showii) of 22 millims. focus. The illumination, from a small gas flame 

^ At first iron iicuiUo points were trieil. 
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siiitalDly reflected by mirrors, was from ])ebind, and it and tlie lenses were so 

arranged that l)oth points coidd 1)e seen witliout a motion of the liead. Precautions 

were required to prevent tiie radiation from tlie gas flame and h'om the observer 

from producing disturbance, especiallv by unetjual lieating of the two limbs of the Pb 

The U itself was well bandaged up, and between it and the observer were inter¬ 

posed sheets of coj^per mid of insulating material so as to ensure that at all events 

there should lie no want of symmetry in any heating tliat might take place. 

The adjustment itself is a double one, requiring both the use of the levelling 

screw J and an accurate feed of mercury. The hose terminates as usual in a small 

mercury reservoir D. This facilitates the preliminary arrangements, but in use tlie 

reservoir is cut ofl’ by a screw clamp E just below it. The rough adjustment of the 

supply of mercury is eftected by a large wooden compressor F. The fine adjust¬ 

ment required for the actual setting is a more delicate matter. The first attempts 

were by fine screw compressors acting upon the pendent part of the hose, but the 

tremors thence arisino; were found very disturbinq-. A remedv was eventually 

applied by operating u}>on the jiart of the hose which lies flat upon the floor or 

rather on the bottom of a mercury tray. 1'he compressor is shown at G, fig. fl ; tlie 

screw' being provided with a long handle 11 to bring it wdtliin convenient reach. 

The advantage accruing from this small device waiuld scarcely lie credited. 

The glass-w'ork is attached by cement to a board, wfliich hangs dowmw'ards in face 

of the observer and is Itself fixed rigidly to the levelling stand K. This is supported 

at tw'o points I, wdiich define the axis of rotation, and liy a finely adjustable screw' J, 

wdthin reach of the observer. The wdiole stands in a very steady position upon 

the floor of an underground cellar in my country house. 

The arranqemeiits for the connection of the mirror must now be descrilied. The 

glass stems, whose lownr extremities form the “ points,” are prolonged iqiwairds by 

substantial tubing, and terminate aliove in three slightly rounded ends, L, L, suitable 

for the support of the mirror platform N. The tw'o supports iiecessary on the lelt 

are olkained by a symmetrical l)rancl)ing of the tube on that side. The platform is 

of worked glass, so that a slight displacement of the contacts has no effect oil the 

slope of the mirror. Tlie latter is of w'orked glass silvered in front. 8nital)le stops 

are provided to guide the mirror platform into the right position and to prevent 

accidents, but these exercise no constraint. 

The axis 11 about wfliich the ajiparatus rotates is horizontal and parallel to the 

face of the mirror, so that the sine of the anqfle 6 of rotation from the zero nosition 

represents the difference of levels of the mercury surfaces. The axis T I lies approxi¬ 

mately in the mirror suiflace and at about tbe middle of the height of tlie operative 

part. Tlie I'otatioii of the mirror is observed in tbe usual wny liy means of a telescope 

and vertical millimetre scale. The aperture of the object-glass is 30 inllllms., and 

the distance from the mirror 3150 mllllms. The readinqs can be taken tn about 

*1 mlllini. 

2 E 2 
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In many kinds of observation the zero can only be verified at intervals, as it 

requires the 2)ressures over the mercury to be equalised. On the whole the zero was 

tolerably constant to withiii two or three-tenths of a millimetre of the scale. A 

delicate level was attached to the telescope to give warning of any displacement of 

the stand (all of metal) or of the ground. 

The differences of pressure to Ije evaluated are not quite in simple proportion to 

the scale reading from zero. The latter varies as tan 20, while the former varies as 

sin 0. Tlie correcting factor is therefore 

1 , = 1 — ^6' apinoximatelv. I tan 26 - 11 

If the zero reading (in millimetres) he a, and the current reading x, D the distance 

l)etween telesco})e and mirror, 

6 — ^ .qyp apprf)ximately ; 

so that the correcting factor is 

1 _ 3 
- • 

The actual correction to be applied to [x — a) is thus 

__ 3 (■^- - 
41R ■ 

in practice {x — a) rarely exceeded 350, for wliich the correction would be — f’6. 

When (.r — a) falls below 120, the correction is insensible. 

The ]iext question is the reduction to absolute measure. What (corrected) scale¬ 

reading corresponds to 1 millim. actual diftereiice of mercury levels ? The distance 

between the points is 27’3 millims., so that 1 millim. mercury corresponds to 

231 millims. of the telescope scale. The highest pressure tliat could be dealt with is 

about 1-^ millims. of mercury. 

The above reckoning proceeds upon the supposition that the distance between the 

points can Ije regarded as invariable. Certain small discrepancies manifested at the 

liigher slopes of the apparatus induced me to examine the question more jDarticularlv, 

for it seemed not impossible that owing to the bending of the glass-work some 

displacement miglit occur. But a rather troublesome measurement of the actual 

distance in various positions l)y means of microscopes negatived tliis idea. I would 

liowever recommend that this })oint be kept specially in view in the design of any 

snbsecpient apparatus of this kind. 
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Ex'periments to determine the Relation o f Pressure and Volume at 
given Temperature. 

In order to test Boyle’s law one of the lateral branches C is connected to the air- 

pump and the other to the chamber in which the gas is contained. The pump is of 

the Toepler form, and is provided witlr a bulb containing phosphoric anhydride. No 

tap or contracted passage intervenes between the pump-head and B. A lateral 

channel communicates with a three-way tap, by which this side of the apparatus can 

be connected with the gas-generating vessel. The third way leads to a Idow-otl' 

under mercury more than a barometer-height below. 

The two sides of the apparatus are connected by a cross-tube which can be closed 

or opened by means of a tap. The plug of this tap is provided with a wide bore. 

When it is intended to read the zero, the tap is open. If desired, the mercury may be 

raised in the Toepler so as to prevent the penetration of gas into the pump-head. 

When pressures are to be observed, the tap of the cross-tube is closed, and a good 

vacuum is made on the pump side. No particular difficulty was experienced with the 

vacuum. In the use of the Toepler the mercury was allowed to flow out below, and 

was transferred at intervals to the movable reservoir. The latter was protected from 

atmospheric moisture by a chloride of calcium tube. When, after standing five or ten 

minutes, the mercury \vas put over, and, on impact, gave a hard metallic sound with 

inclusion of no more than a small speck of gas, the vacuum was nearly sufficient, and 

no further change could be detected at the manometer. The capacity of tlie pump- 

head was two or three times that of tlie remaining space to be exhausted. 

In the earlier experiments the gas-containing tulje, placed vertically, was graduated 

to 50 cub. centims. at intervals of 10 cub. ceutims. Prolonged below by more than a 

barometer-height of smaller tuljing, it terminated in a hose and mercury reservoir, 

the latter protected by , chloride of calcium. In order to get rid of most of the 

adherent moisture and carbonic anliydride, the tuljes on both sides of the apparatus 

were heated pretty strongly in a vacuous conditif)n. The first trial was with oxygen 

in the hope of at once obtaining a confirmation of Bohr’s anomaly ; l)ut not succeeding 

in this, I fell back upon nitrogen and hydrogen. With a vacuum on the pump side, 

readings of pressure were taken witli the mercury in tlie chamber at 0 and at 50 cub. 

centims., and the ratio of jDressures (about 2:1) was deduced. Wlien this had been 

repeated, some of the gas was allowed to escape by opening the cross-tap, the zero 

was again observed, and the vacuum re-established on the pump side. Another ratio 

of pressures could now’ be obtained, corresponding to tlie same (unknown) volumes as 

before, but to a different total pressure. 

In utilising the ratios of pressure tlius oljtained, it was of course necessary to 

consider how far the temperature could l)e assumed to be unchanged within each pair 

of pressures brought into comparison. The general temperature of the cellar was 

extremely uniform, and no difierence could be read upon a thermometer w'orth taking 
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into accmiiit. Passing over this (jnestion for the present, vve may consider how far 

the results conformed to Boyle’>s law. The agreement of the ratios, except, perhaps, 

at the highest pressures of alxait iT milliins. of mercury, was sulficiently good, and of 

itself goes a long way tr) conlirm Boyle’s law. Iji strictness, all tliat the constancy 

of the ratio can proye is that tlie relation between pressure (/>) and density (p) is of 

the fo]'ni 

•p = 'xp’‘.(1), 

where n is some numerical quantity. To limit n to the yalue unity, the constancy of 

ilie ratios might ])e fidlowed up into the region of pressure for which Boyle’.s law is 

knoYcn to hold, l)ut this can scarcely be said to haye been done here. Otherwise, vre 

need to know what the ratio of densities in the two positions of the mercury really is, 

and iiot merely that it remains constant. 

In the case of the original yolume cTiam])er the first was the method emvjloyed. 
O X V 

’file smaller volume, defined by the upper mark in the yolume tube and by the 

'■ 2>oint ” in the manometer, yras fitted with dry air at a known atmospheric iiressure. 

The included air was theii isolated and exiianded until it occiqiied the larger 

(ajijn'oximately double) yolume, and the new piressure determined by obseiwation of 

the difference of leyels in the tube and in a mercury reseryoir similarly fashioned, 

'fhe operation was rather a difficult one, and the result was only liarely accurate 

enough. The ratio of yolumes thus determined by use of Boyle’s law, as ajijilied to 

air at atmospheric and lialf atmos|)heric pressures, agreed sufficiently well with the 

ratio of jiressures found by the manometer for rare hydrogen and nitrogen: and thus 

BoimE’s law may be considered to be extended to these rare mises. The rarefaction 
*j O 

Y'as carried doivii to a total jiressnre of only ’02 millim. At this stage discrepancies 

of the order of 5 per cent, are to be ex^iected. 

Having obtained fairly satisfactory results with iiydrogen and nitrogen, I returned 

to oxygen, fully ex})ecting to yerify the anomalous behaviour described by Bohr. In 

this I have totally failed. The gas was 2)re2jared Iw heating ])ermanganate of 2)otash, 

dried by 2)lios|)horic anhydride, and may be regarded as fairly 2)ure. The region oi 

2)i'essure round '7 millim. was carefully examined, use being made of the inter¬ 

mediate diyisions of the 50 cub. centims. rano-e of volume. No unsteadiness of the 

kind indicated by Bonn, or apiirecialile dejiarture from Boyle’s law, was detected. 

And when the jiressures were diminished down to a few hundredths of a millimetre, 

there was no falling off in the product of ])ressure and volume. The observations 

YY're rejieated a second time with a fresh su2)2)lv of oxvgen, 

I’he exiierience gained up to this date (August, 1900) showed that the manometer 

worked well, and that there yns no difficulty about the vacuum, hut I was uot alto¬ 

gether satisfied Avith the Avay in AA'hich the A'olumes had been determined. There 

was some AAOint of elegance, to say the least, in using Boyle’s Liav for tliis purpose, 

and barely adecpiate accuracy in the a])])lication itself The latter olijection might 
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have been overcome l;)y the use of a suitaljle cathetometer, but such was not to hand. 

The most direct method by actually gauging with mercury the spaces concerned 

being scarcely feasible, I devised another method which has the advantage of easy 

execution and is practically independent of the assumption of Boyle’s law. The 

opportunity was taken to increase the range over which the volume could be varied. 

The new chamber, composed mainly of tubing of 18 millims. diameter, is graduated 

at intervals of 10 cub. centims. over a total range of 200 cub. centims. It is 

prolonged above and Ijelow by narrow tubing in order to connect it with the sloping 

manometer bulb and with the hose and mercury reservoir as before. The zero mai’k 

is situated on the upper tube a few centimetres above its junction with the wider 

one. It is scarcely necessary to say that no rubber -Nvas employed except for the 

hoses, and that these were always occupied by mercury under a pressure above 

atmosphere. The mercury reservoirs themselves were protected against damp by 

chloride of calcium. 

If we call the ungauged volume (from the zero mark to tlie bulb of the sloping 

manometer with “ point ” set) V, and the gauged volume v, the total volume occupied 

by the gas is V + f ; and the problem is how to determine V. If we may assume 

the correctness of Boyle’s law for rare gases and may rely upon tlie sloping 

manometer, the process is simple enough. We have only to find the pressures 

exerted by the included gas at volumes Y and V + r, whence by Boyle's law the 

ratio of these volumes is kncwn and thus Y determined in terms of v. In order to 

avoid the use of Boyle’s law, further observations are necessary. 

The requisite data can Ije obtained Ijy changing tlie quantity of gas. Suppose that 

with the original (plantity of gas certain pressures, P, P', correspond to total volumes, 

V + V 4- tq, and tliat with a reduced amount of gas the same jiressures are 

recorded with vedmnes Y -f v-^, Y -|- W Since the pre.ssure is a function of the 

density, whether Boyle’s lav' be applicable or not. it must follow that 

A + ''i _ Tq 

A + To ^ "t ('[ 

whence Y is determined in terms of tlie known volumes I'j, Co. iq, iq,. It may lie 

remarked that this argument does not a.ssume even the correctness of the scale of 

pressures. 

In carrying out the method practically it was necessary to work to tlie fixed marks 

of the volume chamber, and thus the same pressures could not be recovered cxaetly. 

But the use of Boyle’s law in order to make what is equivalent to small corrections is 

unobjectionable. 

AVitli this explanation it may suffice to give the details of an actual determination 

executed with nitrogen. With the original quantity of gas, volumes Y + 70, Y + 170 

gave pressures proportional to 345’4, 184'0. Sufficient gas was now removed to allow 

the remainder to give nearly the .same higher pressure as before with v — 0. Thus, 
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coiTespoiidiiig to volumes Y + 0, V + 40 the pressures were 344-9, IBS’S 'We have 

now only to calculate V from the eepiation 

A' + 40 _ 344 9 184-9 A’' + 170 

' A^^ "" 3454 ’ 

or ' Y- + 110 + 2800 = 1-0072 {\~ + 170 Y); 

wlience A’ = 45-5 cub. centims. 

The adopted value, derived from observations upon nitrogen and hydi'ogen, is 

A" = 45-6 cul). centims. 

lu charging the apparatus, tlie first stej) is to make a good vacuum throughout, the 

cross-tap Ijeiug o})en. The gas su]j})ly being started, the first portions are allowed to 

IjIow off from under mercury, and then, by use of the tliree-way tap, a sufficiency is 

introduced into the apparatus to an absolute pressure of, perhaps, 10 centims. of 

mercury. The gas-leading tube would then l)e sealed off. Ultimately the remainder 

of the supply tube and the ljlow-(jff tube were exhausted to diminish the risk of 

leakage. 

Tlie “nitrogen” was jaepared from air by passage over red-hot copper and desicca¬ 

tion with })hosphoric anhydride. Accordingly it contained argon to the amount of 

about 1 2)er cent. 

In taking a set of ol)servations the procedure would he as follows. Assurance 

having l>een ol^tained that the vacuum was good, tire next step would l)e to set the 

mercury in tlie volume chamber so tliat v =■ 190 cub. centims., then after a few minutes 

to adjust the sloping manometer and to read the telescope scale. It was of course 

necessary to ensure that sufficient time was allowed for uniformity of jDressure to 

establish itself, and oliservations were frequently renewed after a quarter of an hour 

or longer. In the case of oxygen, to lie considered later, several hours were sometimes 

allowed. If operations wei’e leisurely conducted, with first a rough setting of the 

volume and tlien a rough setting of the manometer followed liv accurate settings in 

the same order, little or no cliange could afterwards be detected. Indeed I Avas 

rather surprised to find hoAV rapidly ecpiilibrium seemed to lie established. The next 

smaller A'olume, r.r/., v = 150, aa-ouII then lie observed, and so on until v — 40. In 

observations to he used for the examination of Boyle’s laAv v Avas not further reduced, 

as too much stress might thereby he throAvn upon the accuracy of Ah The same 

observations Avere then repeated in reA’erse order and the mean taken. The numbers 

recorded are thus the mean of tAvo settings only of the manometer. 

The next ste|i Avas to alloAv aliout half the gas to esca}ie. The mercury at the 

pump AA-as alloAA^ed to rise so as to cut off fhe pump-head and A" -fi v Avas so adjusted 

as to he equal to tlie A’olume remaining iqiou the other side, about ISO cub. centims. 

The cross-taj) aavis then opened, and after a sufficient interA'al of time the zero, 

corresponding to no pressure, Avas read. In the course of the obseiwations upon 
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nitrogen, extending over ten days, the zero varied from 43’5 to 43'S. Whenever 

possible the zero used for a set was the mean of values found before and after. 

The annexed tables give the results for nitrogen in detail. In Table I., dealing 

with the highest quantity of gas, the first column gives the volume (V = 45‘6 cub. 

centims.); the second represents the pressure, being tlie mean of the two actually read 

numbers (exjDressing millimetres of telescope scale) less the zero reading 437 and 

corrected to infinitely small arcs as already explained. The third column is the 

logarithm of the product of the first two, and should be constant if Boyle’s law 

holds. The fourth column gives the approximate value of the pressure in millimeti’es 

of mercury ; the fifth the deviation of jw from the mean taken as unity. In the 

sixth column is shown the amount by which the ol)served value of p exceeds that 

requisite in order to make pv constant, expressed in millimetres of mercury. 

Table I. — Nitrogen. 

November 9-11, Zero = 437. 

Volume in 
cub. centims. 

Pressure in 
scale divisions. 

Log. pioduct. Pressure in 
millims. FW. O 

Deviation 
of pr. 

Error of p 

in millims. 

V + 70 345 • 4 -G013 1-49 + -0002 + -0003 
V + 80 318-3 -G018 1-38 + -0014 + -0019 
V + 90 294-1 -6007 1-27 - -0012 - -0015 
V +110 25G-8 -601G 1-11 + - 0009 + -0010 
V +130 227-4 -6013 -98 + -0002 + -0002 
Y +150 203-7 -6004 -88 - -0018 - -0016 
V +170 184-9 - 6005 -80 - -0014 - -0011 
V h-190 1G9-8 -6021 

-6012 

’ 7 3 + -0021 + -0015 

Table II.—Nitrogen. 

Novemljer 11-12, Zero = 437. 

Volume in 
; cub. centims. 
1 

I’ressurc in 
scale divi.sions. 

Log. product. Pressure in 
millims. Hg. 

1 )eviHtion 
of pr. 

Eii'or of ji 
in millims. 

1 V + 0 344-9 -1966 1-49 + -0007 + -0010 
1 V + 10 282-3 -1958 1-22 - -0012 - -0015 

V + 20 239-5 -1962 1-04 - -0002 - -0002 
i V + 40 183-3 -1956 -79 - -0016 - -0013 

V + 60 148-8 -1963 -64 -0000 -0000 
j A + 80 125-2 -1966 -54 + -0007 +-0004 

V+110 101-1 -1968 -44 +-0012 + - 0005 
I V+150 80-2 -1955 - 35 - -0018 - -0006 
j V +190 66-9 -1976 -29 + - 0030 + - 0009 

-1963 
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Table III.—Nitrogen. 

November 13, Zero = 43’6. 

Volume ill 
cull, centims. 

Pressure iii 
scale divisions. Log. product. 

Pressure in 
millims. Hg. 

Deviation 
of 'pV. 

1 

Error of^ 
in millims. 

1 

V + 40 91-1 •892 •394 •000 
1 

•0000 1 
V + 60 73-9 •892 •320 •000 •0000 i 
Y + 80 62-3 •893 •269 + -002 + -0005 : 
Y +110 50-2 •893 •217 + -002 +-0004 
y +150 39-6 •889 •171 - -007 - -0012 
Y +190 33-1 •892 •143 •000 •0000 

•892 

Table IA".—Nitrogen. 

November 14, Zero = 43‘5. 

Yolume in 
cub. centims. 

Pressure in 
scale divisions. 

Log. product. 
Pressure in 
millims. Hg. 

Deviation 
of 2)v. 

Error of p < 
in millims. ^ 

V + 40 46-0 •595 •199 + -005 +-0010 
V + 60 37-1 •593 •160 •000 •0000 
Y + 80 31-1 •592 •135 - -002 - -0003 
V +110 25 • 1 •592 •109 - -002 - -0002 
V +150 20-1 •595 •087 + -005 + •0004 
Y +190 16-5 •590 •071 - -007 - -0005 

•593 

Table -“Nitron'en. 
o 

November IG, Zero = 43'5. 

A’olume in 
cub. centims. 

Pressure in y i ^ , T • ■ Loif. product, scale divisions. ° ^ 
Pressure in 
millims. Hg. 

Deviation 
of pv. 

Error of p 
in millims. 

1 

Y + 40 22-8 •290 •099 •000 •0000 
A' + 60 18-6 -293 •081 + -007 + -0006 
A' + 80 15-6 -292 •067 + -005 . + -0003 
Y +110 12-7 -296 • 055 + -014 ' +-0008 

1 A’ + 150 i 9-9 -287 •043 - -007 - -0003 
Y +190 8-15 -283 . • 035 - -016 - -0006 

• 290 
’ ! 
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Table VI.—Nitrogen. 

November 17-18, Zero = 437. 

Volume in 
cub. centims. 

Pressure in 
scale divisions. 

Log. product. Pressure in 
millims. Hg. 

Deviation 
of ])V. 

Error of -p 

in millims. 

V + 40 11-40 •989 •049 + -005 + -0002 
V + 60 9-10 •983 •039 - -009 - -0004 
V + 80 7-65 •983 •033 - -009 - -0003 
V +110 6-25 •988 •027 + -002 + -0001 
V +150 5-10 •999 •022 + -028 +-0006 
V +190 4-05 •980 •017 - -016 - -0003 

•987 

Table VII.—Nitrogen. 

November 18-1'J, Zero = 43'8. 

1 

Volume in 
cub. centims. 

Pressure in 
scale divisions. 

Log. product. 
Pi essure in 

millims. Hg. 
Deviation 

of pr. 
Error of p 
ill millims. 

V + 40 5-90 • 703 •02G + -014 + -0004 
V + GO 4-GO • G8G • 020 - ■ 02G - -0005 
V + 80 4-15 •717 ■018 + -047 + -0008 
V +110 3-10 •GS3 •013 - -033 - -0004 
V +150 2 • 55 •G98 •on + -002 •0000 

• G97 

In the second set the quantity of gas had been adjusted to give a snitalde })ressure 

with V — 0. It is from it and from Tal)le 1. tliat tlie data were oljtained for the 

calculation of V already given. 

These tables give a fairly complete account of the behaviour of nitrogen from a, 

pressure of about 1'5 millims. down to ‘01 millim. of mercury. In each set the range 

of pressure is nearly in the ratio of 3:1, and overlaps the range of the pre¬ 

ceding and following sets. An examination of the fifth column shows no indication 

of departure from Boyle’s law. The sixth column allows a judgment to he formed 

of the degree of accuracy to which the law is verified. It gives the amount by 

which p exceeds the value necessary in order that pv should be absolutely constant, 

expressed in millimetres of mercury. The errors thus exhibited include not only those 

arising in the setting of the manometer and the reading of the telesco})e, hut also 

those entailed in the measurements of volume, and in consequence of fluctuations of 

temperature. The latter source of error is of course more important at the higher 

pressures. It will he seen that the accuracy attained is very remarkal)le. Even at 

the higher pressures the mean error is only about ‘001 millim., while at the lower 
O 1,1 o 
w X' 
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pressures of Tables 111.— \MI. tlio mean error is less than ‘0004 millim. And it 

must be remembered that tlie numbers to which these errors relate are the means of 

two observations only. 

As a means of dealing with very small pressures, the sloping manometer has 

proved itself in a high degree satisfactory, the performance being some tvrenty-five 

times better than Amaciat’s standard. It could hardly have been expected that the 

mean error would prove to Ije less than one wave-length of yellow liglit.'^'' Considered 

as a pressure, the mean error corresponds to the change of barometric pressure 

accomi)anvino; an elevation of 4 niilhms. 
1^/0 

On hydrogen more than one series of observations have been carried out. The 

S2)ecimen that will be given is not in some respects the most satisfactory, hut it is 

chosen as having l)een pursued to tlie greatest rarefactions. The gas was dried 

carelully with phosplioric anhydride and was introduced into the apparatus as already 

described. It is tliought sutHclent to record oidy numbers corresponding to the 

three last columns of Tables I.—YIl., the hrst column giving the pressure in 

minims, of mercury, the second the deviation of pr from the mean value of the 

set taken as unity, the third the eriur in p from what would Ije rerpilred to make 

2)U a])Solutely constant. 

* I had at one time contemplated an apparatus from which a fnrilier ten-fold increase in accuracy might 

he expected. Two beams of light, reflected nearly perpendicularly from the mercury surfaces, would be 

brought to interference by an arrangement similar to that used in investigating the refractivity of gases 

(‘Proc. Roy. Soc.,’ vol. .59, p. 200, 189G; vol. 64, 23- 97, 1898). Preliminary trials proved that the 

method is feasible; luit the delicacy is excessive in view of the fact that according to Hertz the jiressure 

of mercury vapour at common temperatures itself amounts to '001 millim. 
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Table YlII.—Hydrogen. October-November, 1900. 

Pressure iii Deviation Error of p 

1 

1 Pressure in Deviation Error of p 
inillims. Hg. of in millims. millims Hg. of pv. in millims. 

1 • 43 + •0025 + •0036 1-44 4- •0018 + •0026 
1-31 + •0030 4- • 0039 1-lS - •0005 - •0006 
1-20 "r •0002 + •0002 1-00 + •0009 + •0009 
1-11 — •0012 — •0013 •87 + •0007 4" •0006 

•97 — • 0005 — •0005 * 77 + •0005 4_ •0004 
•86 — •0002 — • 0002 •62 •0000 •0000 
* 77 _ •0016 — •0012 * 57 — •0028 — •0016 
•70 — •0025 •0017 •52 _ •0009 — • 0005 
•64 + •0007 + •0004 •48 — •0018 — • 0009 

— — •42 + •0018 + •0008 

•769 + •0021 -L. •0016 • 386 •0000 •0000 
•624 H- •0028 + •0017 •315 + •0014 + •0014 
•524 •0000 • 0000 •264 _L 1 •0023 j_ •0006 
•423 1 T • 0002 + •0001 •213 + •0014 4- •0003 
• 335 — • 0037 - •0012 •168 - •0072 — •0012 
•279 - •0018 - •0005 •140 — •0014 - •0002 

•196 -r •0079 -h •0015 •098 - •009 _ •0009 
•158 + •0046 + •0007 •080 •000 •0000 
•133 + •0053 + •0007 •068 + • 005 4" •0003 
•106 _ •0053 — •0006 •055 + •007 4- •0004 
•085 _ •0037 — •0003 •044 •007 4- •0003 
•070 - •0083 - •0006 •036 •005 - •0002 

•051 + •007 + •0004 •027 _ •047 _ •0013 
•041 + •002 + •0001 -023 + •016 4- •0004 ! 
•034 — •009 •0003 •018 — •054 — •0010 1 
•027 — •023 •0006 •016 4“ •021 4- •0003 : 
•023 + •036 + •0009 •013 4- •040 4- •0005 1 
•018 — •014 — • 0003 •010 + •019 4- •0002 : 

j 

In several of the sets of observations recorded in Table VIII., there would seem to 

be a tendency for the positive errors to concentrate towards the beginning, i.e., for 

pv to diminish slightly with p. It was at this stage that a suspicion arose that the 

distance between the glass points of the manometer might not be cpiite constant, but, 

as has Ijeen related, the suspicion was not verified. It is just possible that at the 

higher pressures and smaller volumes the temperature changes were not insensible. 

It is probable that they would operate in the direction mentioned, inasmuch as at 

the smaller volumes a larger proportion of the gas would be in the connecting tubes 

at a higher level in the room, and therefore warmer. Considerable precaution was 

taken, and I was not able to satisfy myself that disturbance due to temperature 

really existed. In another series of observations on hydrogen the tendency was 

scarcely apparent, and it remains doubtful whether there is any real indication of 

departure from Boyle’s law. It may be noted that interest was concentrated 

rather upon the lower pressures, and that perhaps less pains were taken over the 
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readings oi the higher pressures, where in any case the error would he a smaller pro¬ 

portion ot the whole. Also some of the observations were not repeated. Another 

2:)oint that may he noted is that the means are chosen with respect to the values of 

and that a different choice would in many cases materially reduce the mean error 

in the last column. 

Having thoroughly tested the a23paratus and the method of exj^erimenting with 

liydrogen and nitrogen, I returned with curiosity to the case of oxygen. Special 

2)ai2is were taken to ensure that the gas should l^e pure and above all dry. To this 

end glass tubes were prepared containing permanganate of potash and phosphoric 

anhydride, and these were connected l)y sealing to one of the l^ranches of the 3-way 

tajD. A liigh vacuum having been made throughout, heat was gradually aiDjDlied, 

and some of the oxygen allowed to blow off. The phosjDhoric tulje (of considerable 

cajjacity) was then allowed to stand full of gas for some little time, after which 

the necessary gas to a jji’^'^sure of about 10 centims. was allowed to enter the 

a2)2Jai’atus by means of the 3-way tap. With regard to the maintenance of the 

juirity of the gas under rarefaction, it may be remarked that the method of exjjeri- 

menting was favourable, inasmuch as the last stages were not readied until the 

apparatus had been exposed to the gas under trial for a week or two. Any con¬ 

tamination that might be communicated from the glass during tlie first few days 

would for the most part be removed before the final stages were reached. 

Before the regular series was commenced, sjiecial observations extending over 

several days were made in the region of jiressure (from 1 millim. to '5 niillim.) where 

Bohr found anomalies. No unsteadiness could be detected. Whatever reading 

was obtained within a few minutes of a change of pressure was confirmed after an 

interval of an hour or more. Foi’ exainjile, on November 29, at 12'‘ 25“ the jii’ossure 

which had stood for some time at '80 millim. was lowered to '05 millim. At 8'' 0“ 

the jiressure was unaltered. In no case was the liehaviour in any way different to 

that which had been observed with tlie other gases. It is true that Avhen the 

oliservations were reduced one preliminary set showed an excess of ^.iressure at the 

smaller volumes similar to that recorded in the case of hydrogen, ljut the tendency 

is scarcely visible in the regular series now to be given, which extended from 

November 27 to December 9. 

An examination of the numbers in the Table IX. shows that Boyle’s law was 

observed, })ractically u}) to the limits of the accuracy of the measurements, and in 

particular that there was no such falling off in the value of pv at low 2)ressures as 

was encountered by Bohr. What can be the cause of the difference of our 

exjDeriences I am at a loss to conjecture. I can only su23|)ose that it must be 

connected somehow with the quality of the gas, conpdicated })erha2)S by interaction 

with the glass or with the mercury. 
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Table IX.- —Oxygen. 

Pressure in Deviiitioii Error of p Pressure in Deviation Error of p 

millims. Hg. | of pv. in millims. II millims. Ilg. oipv. in millims. 

1-53 + -0016 + -0024 •580 --0035 - -0020 
1-17 - -0012 - -0014 •472 + •0005 + -0002 

, -95 + -0005 + -0005 ■396 - -0007 - -0003 
' -80 + -0007 + -0006 -.321 + -0016 + •0005 

• 65 + -0012 + -0008 •255 + -0012 + -0003 
•57 - -0009 - •0005 •’21'^ + -0010 + -0003 
•51 - -0014 - •0007 — — 

•47 - -0014 - -0007 — — — : 
•43 + -0009 +-0004 — — 

•288 + -002 + -0007 •142 + • 005 + -0007 
•233 •000 •0000 ■115 + -009 + -0011 
•196 •000 •0000 •094 - -019 - -0018 
•159 + -005 + -0008 •077 •000 •0000 
•125 - -002 - -0003 •062 + -012 + -0007 
•103 - -009 - -0010 ■051 - -012 - -0006 

•068 - -002 - -0002 ■034 ■000 • 0000 
•056 + -005 + -0003 •029 + -059 + -0017 
•048 + -019 +-0009 •022 - -042 - -0009 
•038 + • 009 + -0004 ■019 + -023 + •0004 
•029 - -019 - -0005 •014 - -035 ' • - •0005 
• 025 1 - -009 - -0002 — — 

The hiial result uf the ohservatioiis on tlie three gases may 1)e said to 1)6 tlie full 

confirmation of Boyle’s law between pressui-es of I'o millims. and '01 millim. of 

mercury. If there is any doubt, it relates to the case of hydrogen, wliich appears 

to press somewhat in excess at the highest pressures. But when we consider the 

smallness of the amount and the various ctanplications to ^^'hich it may be due, as 

well as d priori probabilities, we may well hesitate to accept the departure from 

Boyle’s law as having a real existence. 

So far as the })resent results can settle the (juestion, they justify to the full the 

ordinary use of McLeod’s gauge within the limits of pressure mentioned and for 

nitrogen and hydrogen gases. The same might he said for oxygen ; l)ut until the 

discre})ancy with the conclusions of Bohr can l)e explained, tlie necessity for some 

reserves must he admitted. 

In any case tlie new manometer lias done its work successfully, and is proved to 

he capable of measuring small ])ressures to about of a millimetre of mercury. 

It was constructed under my direction by Mr. GoRiDOX. 
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V. Data for the Frohlem of Evolution in Man.— VI. A First Study of the 

Correlation of the Human Shull. 

By Alice Lee, D.Sc., with some Assistance from Karl Pearson, F.B.S., 

University College, London. 

Received July 13,—Read November 15, 1900. 

NOTE. 

The substance of this paper was presented by Miss Lee as a thesis for the London D.Sc. in March, 1899. 

After its presentation Miss Lee asked me to criticise and revise it with a view to publication. Illness in the 

spring of 1899 and later pressure of other worh prevented my completing this revision until now. When 

Miss Lee started her work practically nothing had been published on the correlation of the parts of the 

skull; since then an interesting paper has appeared by Dr. Franz Boas. To this reference is made in the 

footnotes at points where there is agreement or disagreement with his conclusions. The subject is of 

such great scientific interest, and anthropologically of such importance, that I urged Miss Lee to somewhat 

enlarge her original thesis by a series of additional investigations now incorporated in this jjaper. I have 

further rearranged a good deal of her material and reworded some of her conclusions, but the reduction of 

the material and the inferences drawn from it are substantially her work. My task has been that of an 

editor, who wished to mould the author’s researches into a component jjart of a wider series dealing 

generally with the Cjuaiititative data for the problem of evolution in man. Such is the limit of my revision. 

I have passed of course nothing Avhich did not seem to me valid, and have suggested to the author some 

lacunte which coidd be filled up liy a consideration of additional data.—Karl Pearson. 
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§ IL Personal Errors made in the Direct Determination of Skull-capacity. Least square 

Eormulie.245 

§12. Formulte involving Total Height and not Auricular Height of Skull.247 

§13. Transition from Mean Product of Diameters to Product of Mean Diameters of Skull . 249 
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Characters not Measurable during Life.250 

§15. General Conclusions.260 

Appendix.—On the Correlation of Capacity and Circumferential Measurements of the 

Skull.261 

(1.) The reconstruction of an organism from a knowledge of some only of its parts is 

a problem which has occupied the attention of biologists for many years past. 

Cuvier was the first to introduce in his ‘ Discoui's sur les Revolutions de la Surface 

du Globe,’ 1812,"^' the idea of correlation. He considered that a knowledge of the 

size of a shoulder blade, leg, or arm might make it possible to reconstruct the whole 

individual to which tlie bone had belonged. The conception was taken up by Owex, 

but has fallen into discredit owing to the many enurs made in attempts from a wide 

lint only qualitative knowledge of the skeleton, to reconstruct forms the appreciation 

of which depends reall}" on quantitative measurement and an elaborate quantitative 

theory. Such a theory having now Ijeen developed, and anatomists having provided 

large series of measurements, it has become jiossible to reconsider the jnoblem on a 

sounder basis, and to determine more closely the limits under which our modern 

methods may be safely ajiplied. 

The three fundamental jiroblems of the subject are : (i.) The reconstruction of an 

individual, of whom one or more organs only are known, when a series of organs for 

individuals of the same local race have been measured and correlated. 

As illustration, one may take the reconstruction of the probahle stature of an 

individual for medico-legal purposes when a limb only has been found. 

(ii.) The reconstruction of the mean type of a local race from a knowledge of a 

series of one or more organs in that race, when a wide series of these and other 

organs have been measured in other races. 

As illustration, we may consider the reconstruction of the stature of ju’ohistoric 

and defunct races from the measurement of their long bones, v'hen the correlations 

between stature and long bones for some modern race have been determined from 

measurements made in the dissecting room.! 

An important question in all researches of this kind is the legitimacy of applying 

results obtained for one local race to a second. We know that the variability and 

* Page 98 of the edition of 1830, the earliest in our Librarj’. 

t See Pearson, “On the Stature of Prehistoric Races,” ‘Phil. Trans.,’ A, vol. 192, pp. 169-244. An 

attempt is now being made by Professors Windle and Pearson to collect data from English dissecting 

rooms, and an elaborate series of measurements with the like end in view are now being made in Strasburg 

on German material. 
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correlation are not constant for all the local races of a species ; some of the limits of 

this legitimacy will be considered in this paper. A very full discussion of the matter 

for the regression equations of the long bones in the case of twenty local races in 

man by Mr. Leslie Bramley-Moore is nearly completed. 

(iii.) The reconstruction of an organ in the living individual not measurable during 

life, from a determination of the size of accessible organs, and a knowledge of the 

correlation between these organs and the inaccessible organ obtained from measure¬ 

ments made on individuals of the same race after death. 

As an illustration, we may take the determination of the skull capacity from 

measurements made on the head of living individuals. 

In all the three problems cited above, we can only obtain 'probable results, i.e., 

we obtain the average value—generally not very far from the modal value of the 

second organ in a group of individuals with their first organ equal to that of the 

particular individual measured. The closeness of the result obtained is determined 

fairly accurately by the probable error of the array or group of individuals above 

referred to. If, instead of reconstructing an individual, we reconstruct a local race 

from a fairly large number of organs, this pi’obable error will l)e at once largely 

reduced ; but in doing this we assume tlie legitimacy of applying results obtained 

from one local race to a second local race. 

(2.) The whole theory of reconstruction is summed uji in the determination of the 

regression equations. It has been shown"^ that the most probable value of an organ. 

B, reconstructed from n oi’gans A^, Ao . . . . A,„ is given by the expression 

I) I Lni ^0 
5 — Win = — ‘ 

(^1 ~ + p'”" ” (^3 + • • ■ + p^ 
J-Ioo *^1 -*-‘00 -*■'■00 

with a probable error = •67449o-ov/E/R, / -^‘'00 

wher '•e = correlation coefficient of B and A^, 

A A 59 59 95 

ctq = standard deviation of B, 

,, ,, 

niQ = mean of B, 

nir^ 

L^ CTfi 

Boo 

A„ 

= partial regression coefficient of B from A, 

and Pi is the following determinant, B.^^ the miiior corresponding to 7},^ : 

1, '^’oo A|-2» . . . 

Ad’ L 1'],/ 

^ ?i0) 1 //i) r,o . . . . . 1 

* ‘ Phil. Trans.,’ A, vol. 192, jr. 172. 

2 G 2 

(ii-), 
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All the regression equations in the present paper have been worked from the above 

results, the most lengthy being those which depended on the evaluation of the 

numerical magnitude of the above determinant for the correlation of four organs. 

(3.) The special object of this investigation is to apply the theory given in the 

last section to the reconstruction of skull capacity—to determine which of the 

measurements, length, breadth, height, or cephalic index of skull, or which combina¬ 

tion of these measurements, will give the best result. In carrying out this special 

investigation, all the three fundamental problems considered in section (l) naturally 

arise, and will l)e referred to below. Further, certain problems regarding variation 

and correlation in man and woman also occur, and will he considered in their places. 

The problem of the determination of the capacity of the skull has been one which 

has long occupied the attention of craniologists and anthropologists, and a great 

variety of methods have been considered and have found acceptance from one or 

another authority. The ideal method has not, however, been yet discovered, and in 

the well-known ‘ Frankfurter Verstandigung ’ of the German craniologists, the matter 

was reserved for “further consideration,” and has remained for a number of years in 

tljat unsettled state. From a fairly elaborate system of skull capacity measure¬ 

ments made at University College by Miss C. D. Fawcett, B.Sc., it would appear that 

the same experimenter may, with very slight practice, reach surprisingly close results 

for the capacity by very diverse methods ; but that two different experimenters 

may giv^e a mean skull capacity for a series which differs by 15 to 40 cub. centims. 

Tliis of course only denotes about 1 to 3 per cent, of personal equation; hut it 

appears large when read in gross. I cannot think that any conclusions as to relative 

racial differences ought to be based solely on divergencies in skidl capacity of less than 

40 cub. centims. when the two or more series under consideration have been measured 

by different observers. The knowledge of this divergence arising from the personal 

equation of different observers has led certain craniologists to suggest formulre for 

calculating the capacity of the skull without measuring its contents, hiit from 

measurements of its girth, its heiglit, length, or breadth. These formulae seem to 

he unsatisfiictory because they have not been based on a knowledge of the mathe¬ 

matical theory of correlation. It will he shown in the sequel that a formula can 

be found which gives the average capacity of a series of skulls from their mean 

heio'ht, lenoth, and hreadtli with a fair deo-ree of accuracv. In view of this it is a 

matter for consideration whether its use might not effectively replace the laborious 

and unsatisfactory methods of determining capacity by seed, shot, or sand. These 

could always he fallen hack upon should any suspicion arise that the formula in 

question was being ai^plied to a too widely divergent local race. 

(4.) In selecting material for this investigation, I had to hear in mind residts 

already reached by my co-workers at University College, hut only in part at present 

published. In particular, that there was comparatively small correlation between the 

parts of the skull usually measured, and, further, that such correlation as actually 
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exists vanes enormously, even in sign, as we pass from one local race to another. 

This want of correlation, or want of steady correlation, in the parts of the skull, as 

compared with the correlation exhibited by the long bones, or by parts of the hand, is 

extremely interesting from the standpoint of evolution. It would appear to be much 

easier to modify a single character of the skidl by selection without altering other 

characters than can he the case with other parts of the skeleton. 

The measurements considered in this paper are ; L tlie greatest length, B tlie 

greatest breadth of tlie skull, H the height measured from the auricular line, I tlie 

cephalic index = B iL, and C tlie capacity. In choosing the material several points 

had to be borne in mind : 

(i.) A sufficiently large series must he used. 

As a matter of fact, 50 to 100 skulls are considered by craniologists to be a fair 

series, hut such numbers are small from the mathematician’s standpoint. 

(ii.) Material must be dravm from as widely different races as possible, if we are to 

measure the legitimacy of applying results obtained from one local race to another. 

(hi.) The capacities must have been determined by competent observers using 

approximately like methods of measurement. 

The data which seemed to me to ajiproximately fulfil these conditions are the 

following :— 

(n.) A series of Bavarian [AU-Baierische) skulls measured by Professor J. PvANKe, 

and given in his ‘ Beitriige zur physischen Anthropologie der Bayern.’ In 

this case there were 100 d and 99 ? Avith L, B, H, I, and C available. 

(6.) A series of Aino skulls measured by Koganei, a craniologist trained in 

German schools, and given in the ‘ Mittheilungen aus der Medicinischen 

Facultat der Kaiserlich-Japanischen Universitat,’ Tokio, Bd. ii., 1894. In 

this case L, B, H, I, and C are giA^en for 76 d and 52 $ skulls, and there 

are lid and 11 ? skulls for AAhiich L, B, H, and I only are giAmn. 

(c.) A series of Naqada skulls discovered in Egypt by Professor Flinders Petrie, 

and measured by Miss C. D. Fawcett, B.Sc., on the basis of the ‘ Frank¬ 

furter Verstaudigung.’ I have to thank her for alloAAung me to use her 

results liefore publication. In this case L, B, H, and C AA^ere available for 

69 d and 98 ? skidls, and L, B, H only for 76 d and 100 ? skulls. 

As supplementary and test series, I have used primarily— 

(d.) 201 d and 96 ? skidls of ancient Egyptians. This series consists of mummies 

from Thebes in the Mook collection at Leipzig. 

(c.) 76 d and 23 ? skulls of modern Egyptians in a PrivaUSammltmg at Leipzig. 

The details of both these series are taken from the great craniological catalogue ot 

the German Anthropological Society."^ 

(5.) Starting with the series (a) and (6), I have obtained for their means and 

* The parts are published separately as off-prints from the ‘ Archiv fiir Anthropologie.’ 
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variabilities the results in Table I. below. In this case the Aino may be looked upon 

as a jirimitive uncivilised and the Germans as a highly-developed civilised race. An 

examination of this table shows that the Germans while gaining in breadth have lost 

in length, the mean auricular height for both sexes in both races remaining fairlv 

stationary. Thus the hrachycej^halic tendency is in this case accompanied by a loss 

of length, and is not merely a gain in breadth. 

Table I. 

1 

Mean. 
Standard 

deviation. 
Coefficient of 

variation. 

Aino, male . . Length .... 185-82 millims. 5 - 936 3-195 
Breadth .... 141-23 3-897 2-759 
Height .... 119-32 4-377 3-668 
Capacity. . . . 1461-64 cub. centims. 100-605 6-883 
Cephalic index 76-50 2 - 392 3-127 

Aino, female Length .... 177-17 millims. 5-453 3-077 
Breadth .... 136-79 3-662 2-677 
Height .... 114-97 3-651 3-175 
Capacity . . 1307 - 69 cub. centims. 89-751 6-864 
Cephalic index 77-40 2-440 3-152 

German, male . Length .... 180-58 millims. 6-088 3-371 
Breadth .... 150-47 5-849 3-887 
Height .... 120-75 5 - 397 4-469 
Capacity . . 1503-72 cub. centims. 116-890 7-773 
Cephalic index 83 - .30 3-500 4-201 

German, female Length .... 173-59 millims. 6-199 3-571 
Breadth .... 144-11 4-891 3-394 
Height .... 114-17 4-463 3-909 
Capacity . . 1337 -15 cub. centims. 108-730 8-131 
Cephalic index 83-10 2-973 3-578 

i 

It will further he seen that tlie Aino are less variable than the Germans in all the 

characters under discussion,^ and in both sexes. The increase in skull capacity of 

the Germans on the Aino is less for the female than for the male, whilst in the varia¬ 

tion of this character the change is greater for the female than the male. Further, 

the variability of the two sexes is more nearly ecpial in the Ainos than in the 

Germans. 

These results are in good accord with tliose obtained l>y Karl Pearsox in his 

paper on “ Variation in Man and Woman,” and l)y him and myself in our paper On 

the Relative Variation and Correlation in Civilised and Uncivilised Races,” the con¬ 

clusions there reached being— 

[a.) Civilised races are more variable than uncivilised races. 

* It must be noted that the Germans are not a town population, but skulls from the churchyard 

mortuary chapels (Ochehi-Hauser) of a limited rural district. 
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(h.) There is greater equality of variation for the two sexes in uncivilised than in 

civilised races. 

(c.) Man tends with advance in civilisation to gain in size on woman. 

(cl.) Woman tends with advance in civilisation to gain in variability on man. 

(6.) Turning to the correlations we obtain for Aino and Germans the results given 

in Table II. The correlation-coefficients are clearly very different for the two races. 

Putting aside the somewhat erratic correlation of capacity and cephalic index, we note 

that for the Aino the female correlations are all less than the male, but for the 

Table II.—Coefficients of Correlation. 

Organs. Male Aino. Female Aino. 

Capacity and length = ryi . 
Capacity and breadth = . 
Capacity and height = /'os . 
Capacity and cephalic index . 

•8928 ± -0157 g 
'5606 + '0531 II 
•5444 ± -0544 

- -3069 ± -0701 ^ 

•6627 ± -0525 g 
•5021 + -0700 II 
•5210 + -0681 

- -2466 ± -0878 ^ 

Length and breadth = / ^.j . 
Length and height = ryi . 
Breadth and height = r-si . 

•4316 + -0588 
•5008 + -0542 II 
•3454 + -0637 c 

•3765 ± -0729 ^ 
•3489 + -0746 H 1 
•1778 + -0823 d 

Male German. Female German. 

Capacity and length = /'oi . 
Capacity and breadth = i\,-2 . 
Capacity and height = rij3 . 
Capacity and cephalic index . 
Length and breadth = ry> . 
Length and height = / ja . 
Breadth and height = ■ 

•5152 + -0495 
•6720 + -0370 g 
•2431 ± -0635 ^ 
•2022 + -0647 H 
•2861 ± -0619 c 

- -0975 ± -0668 ^ 
•0715 ± -0671 

•6873 + -0366 
•7068 ± -0339 
•4512 + -0540 

- -0307 ± -0677 II ' 
•4876 -t- -0517 d 
•3136 + -0611 ^ 
•2764 ± -0626 

German the female are all greater than the male. Further, with the same omission 

in live out of the six cases, the Aino male is more highly correlated than the German 

male, and in four out of the six cases the German female is more highly correlated 

than the Aino female. This is again in general agreement with the results suggested 

in the second paper cited above, namely :—^ 

(«.) That correlation is more nearly equal for the two sexes in uncivilised than in 

civilised races, and 

(6.) That woman tends with advance to gain in correlation on man. 

* This confirmation of the results of the above paper is of interest, since they have been called in 

cpiestion by E. T. Bkewster (‘Proc. Boston Soc., Nat. Hist.’ vol. 29; pp. 1.5 61). His series, however, 

are extremely small and his treatment of them not entirely satisfactory. 
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In the Aiiio I'ace the length is more highly correlated, with the capacity than the 

other dimensions are. In the German race, on the other hand, it is the breadth. Thus 

Ave shall find for the Ainos that formnlse involving the length, and for the Germans 

that formnla3 involving the breadth, give the least probable error in the reconstruc¬ 

tion of the cajAacity. It AAmiild be of interest to investigate whether this result is a 

distinguishing mark of dolichocephalic and ijrachycephalic races. 

The correlation of capacity and cephalic index is, as I have said, somewhat erratic. 

For the Aino male and female it is quite sensible but negative. In other words, in a 

dolichocephalic race, it Avould appear as if dolichocephaly tended toAA’ards greater 

skull capacity. On the other hand, among the brachycephalic Germans, there is for 

the males a sensible correlation of a positive kind between capacity and brachy- 

cephaly. For the German Avonien, however, we find this correlation less than half 

the probable error, and thus practically non-existent. 

In order to throw, if possible, more light on this point the results in Table III. 
were Avorked out for tAvo races, one of AAdrich is rather more dolichocephahc than the 

Aino. Ill this case very little stress can be laid on the ? modern Egyptians ; they 

are far too fe-Av in number. The ? Theban mummies gi\’e a sensibly zero correlation, 

but in the three other cases the correlation is clearly negative. Thus there appears 

to lie little doubt that in dolichocephalic races those Avho ])ossess the race character 

most markedly have the greater skull capacity. 

Table III. 

Mean. 
Standard 
deA'iation. 

Correlation. Numher. 

Male Thebans (Mummies): 
Capacity. 
Cephalic index. 

1393-6 
74-8 

120-80 1 
3-17 j; 

- -1480 ± -0482 187 

Fciiude Thebans (Mummies) ; 
Capacity. 
Ceiihalic index. 

1248-2 
76-3 

102-02 \ 
3-70 J 

+ -0080 ± -0736 84 

}[uh Modern Egtjptiuns: 
Capacity. 
Cephalic index. 

1356-5 
77-3 

116-55 I 
5-42 / 

- -1410 ± -0883 56 

Female Modern Egijjdiuns: 
Capacity. 
Cephalic index. 

1195-8 
76-7 

85-74 I 
5-10 J 

- -4960 ± -1060 23 

In Table lY. will be found similar data for three fairly brachycephalic races :— 
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Table IV. 

Race. Mean. Standard 
deviation. 

Correlation. Number. 

Male French: 
Capacity. 
Cephalic index. 

1473-05 
79-8 

107-33 I 
4-078 J -1437 ± -0883 

j 

56 

Male Mcdaijs: 
Capacity. 
Cejahalic index. 

1429-76 
81-9 

100-243 1 
5-127 J -0331 ± -0773 

1 

76 

Male Etruscam: 
Capacity. 
Cephalic index. 

1455-9 
78-5 

135-87 4 
3-322 J 

-2157 ± -0729 78 

Female Etruscans: 
Capacity. 
Cephalic index. 

1323-6 
78-3 

110-77 1 
3-300 J 

-1443 ± -1071 38 

We see that the correlation is in all cases positive, but it is small, and in three of 

the cases given is hardly sensible considering the size of the probable errors. On the 

whole, I think we must conclude that while there is only a small relationship between 

cephalic index and capacity, yet that in brachycephalic races greater roundness points 

to greater ca2)acity, and in dolichocejjhalic races less roundness jioints to greater 

capacity. In either case the emjjhasis of the racial character denotes an increase of 

cajDacity. 

Accordingly, while we have been able to draw some interesting general conclusions 

as to the relationshi^J of ljrachyce}Dhaly and capacity, it will be clear that the 

correlation here is far too uncertain to base any reliable reconstruction formula upon 

it. The regression formula for cajiacity in tliis case will be found to have, on the 

whole, the largest jirobable error, and to give the worst results when applied to test 

cases selected at random."'^ 

(7.) I turn to the general regression formulie for the determination of capacity. 

These are given for the Aino and Germans of both sexes in Tables V. to VIII. It 

will be seen from these tables that the reconstruction formulae based on the cejihalic 

index has in each case the largest }irobable error. Further, a very slight examination 

ot the tables confirms the remark already made that for the Aino the length is a more 

imijortant factor than the breadth, and that for the Germans tlie breadth is more 

important than the length as far as capacity is concerned. In the formei' race, 

* ilie general result as to cephalic index agrees with that obtained by Dr. Fn.vxz BoAS, ‘American 

Anthropologist,’ N.S., July, 1899, “ Tlic Cephalic Index,” p. L18. - 

VOL. CXCVL.—A, 2 H 
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formulae involving the length give, on the whole, a lower probable error in the value 

calculated for the capacity ; in the latter race we must replace in this statement 

length by breadth.* 

Table V. 

Probable 
Formula; for Aiiio males. error of mean. 

(0 C = 15-130 L - 1349-05. 
30-57 

Vn 

(•-^) C = 14-472 B - 582-24 . 
56-19 

y'n 

(3) c =. 12-511 H - 31-21. 
56-92 

\/n 

(b c = - 12-907 I -f 2449-00 . 
64-58 

\/n 

(5) c = 13-555 L + 5-562 B - 1842-61 . 
27-58 

v/re 

(6) c = 14-029 L + 2-984 H - 1501-23. 
29-61 

v/« 

(/) c = 10-921 B + 9-153 H - 1172-95. 
50-14 

•/n 

(8) c = 12-857 L + 5-171 B + 2-190 H - 1919-24 . 
27-02 

s/n 

(9) c = -000328 (L X B X H) 4- 430-30. . . . 
42-89 

\/n 

Capacity is measured in cubic centims.,and length, breadth, and height in millims. 

n — number from which C is determined. 

1 = cephalic index = 100 B/L 

* Dr. Franz Boas {hr. df., p. 461) states: “The relation between capacity and head-diameters is 

found to 1)C of fundamental imjiortance, and among these the relation between transversal diameter and 

ca|tacity is most significant.” This, 1 thiidc, is only true for fairly brachyccphalic races. He is dealing 

■with S7 Sioux Indian skulls with ceplndic index = 79. 
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Table VI. 

Formiiliie for Aiiio females. 

(1) C = 10-908 L - 624-86 . 

(2) C = 12-334 B - 375-63 . 

(3) c = 12-809 H - 164-95 . 

(4) c = - 9-071 I + 2028-00 . 

(5) c = 9-084 L + 7-210 B — 1288-10 .... 

(6) c = 9-013 L 4- 8-112 H - 1221-74 .... 

(7) c = 10-363 B + 10-961 H - 1370-10 . . . 

(8) C 7-379 L + 6-795 B + 7-752 H — 1820-40 

(9) c = -000400 (L X B X H) -f 187-80 . . . 

Proliable 
error of mean. 

45-33 

\/n 

52-35 

\/ n 

51-67 

y/ n 

58-67 

\/n 

42-22 

Y n 

41-29 

\/ n 

45- 12 

\/ n 

46- 42 

y/^'n 

37-90 

y/ n 

a) 

(2) 

(3) 

(4) 

(5) 

(6) 

(") 

(8) 

(9) 

Table VII. 

Formulae for German males. 

C = 9-892 L — 282-55 . .. 

C = 13-432 B — 517-34. 

C = 5-264 H + 868-05 . 

C = 6-754 1 + 941-11 . 

C = 6-752 L + 11-421 B - 1434-06 .... 

C = 10-446 L + 6-414 H — 1157-17. . . . 

C = 13-152 B + 4-245 H - 987-76 .... 

C = 7-348 L + 10-898 B + 5-228 H - 2094-31 

C = -000332 (L X B X H) + 415-34 . . . 

Probal)le 
error of mean. 

67-58 

y/n 

58-39 

y/n 

TCriS 

y/ n 

77-22 

y/n 

51^9 

y/'n 

63-46 

y/n 

55-47 
\/ II 

75-97 

y/n 

55-41 

\/ n 

2 H 2 
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Table YlII. 

Formulae for German females. 
Probable 

error of mean. 

(^) C' = 12‘055 L — 755*53 . 
53-27 

\/ n 

^(2) c = 15716 B — 927-66 . 
51-88 

\/?i 

(3) c — 10-993 H + 82-13. 
G5-45 

\/ 

(^) c - -1-125 I + 1430-60 . 
73-31 

\/n 

(5) c = 7-884 L + 10-842 B - 1593-96 . 
43-16 

(6) c = 10-618 L + 6-366 H - 1232-85. . 
58-70 

\/ n 

(n c = 14-014 B + 6-749 H — 1452-89. . 
48-06 

\^n 

(8) = 7-065 L + 10-126 B + 4-848 H - 1902-02. 
V n 

(9) c = -000383 (L X B X H) + 242-19 . 
42-58 

\'^n 

It will be noticed that a formula, No. (9), not hitherto referred to, has been 

introduced into these tables. As capacity is of three dimensions, an attempt has 

been several times made by anatomists to determine a relation betv'een capacity and 

the product, L X B X H. This attempt seems to me to ha^'e foiled because it has 

Vjeen based on a relation of the kind 

capacity = constant X (L X B X 

whereas the mathematical theory shows that we should rather expect a relation of the 

type 
capacity = constant -f constant X (L X B X H), 

Of course, if L, B, and H differ only by small quantities, x^, x^, aq, from their 

means, the last relation may be written 

capacity = yo + yiO?b + 

where Jq and yj represent constants, or 

C = 7o ff 72-'^i + y-dP^-i d" 7-1^3 + products of small quantities 

= 7o + 72 + 73 B + y.iH, 

where y^, y^, yg, y^, are constants, if we neglect terms of the order x^'m^ X aq/zH., as 

compared with x^jm^ and xjm.2, Szc. 

* Relations of the form : capacity = const, x (L + B + H)-^ have also heen suggested. 
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This Avould simply throw us back on the regression formula (8) of our tables. 

Now the order of xjm is of the order of cr/m, or the coefficient of variation, say, 

•03 to '04. Blit deviations equal to 3cr may and do occur ; hence, in individual cases 

an error of 9 to 12 per cent, might arise, if we were to assume that formula (9) can 

he replaced in all cases by (8). Accordingly, at Mr. Title’s suggestion, 1 formed the 

product of L X B X H, and correlated this product with the capacity. In tlie 

following Table IX. I give the data for Aino, German, and Naqada races 

Table IX. 

Mean 
L X B X H. 

Standard 
deviation. 

Coefficient 
of 

variation. 

Coefficient of 
correlation 
L X B X H 

and capacity. 

Male, Aino .... 3144286-72 237683-63 7-559 -7949 + -0389 
Female, Aino . . . 2797031-90 174791-20 6 - 249 -7797 + -0367 
Male, German . 3282337-66 246992-49 7 -525 -7006 ± -0343 
Female, German . . 2860212-85 231245-01 8 - 084 -8142 -r -0229 
I\Iale, Xaqacla . . . 2881136-61 199446-14 G - 922 -6736 -r -0443 
Female, Xaepda . . 2619630-70 179387-60 6-864 -7934 + -0253 

I supplement this 

Egypt 

talile by the remaining data recpiired for the three races from 

Table X. 

Itace. Xo. 

Capacity. E X F X 11. 

Mean. 
Standard 
deviation. 

Mean. 
Standard 
deviation. 

Ancient Egyptians, 201 1389 - 6 120-80* 2859374-1 t 
Ancient Egyptians, ? . 96 1253-7 102-02* 2589814-6 t 
iModern Egyptians, ^ . 76 1354-5 116-55* 2801989-8 t 
Modern Egvptians, ? . 23 1195-8 85-74* 2424920-4 t 
Xacpida, d . • . . 69 1386-6 104-36 2881136-6 199446-1 
Xaqada, ? . . . . 98 1279-3 94-03 2619630-7 179387-6 

For the Naqada race we deduce the regression formidie from the above results :— 

Males . . . . C = -000352 X (L X B X H) + 372-39. 

Females . . . G = -000410 x (L X B X H) + 189-81. 

Tlie probable errors for reconstruction by aid of these are :— 

Males 
52-0228 

\/» 
Females 

* Values cited from the smaller series in Talde Ill. 

38-G02(i 

t Xot calculated. 
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We have now all the data necessary for reconstructing the skull capacity, and it 

remains for us to consider how we can apply these to our three fundamental 

problems. 

(8.) First Fundamental Problem. The Peconstruction of the Individual from the 

Icnown Fornmlre for his own Race. 

In order to illustrate the degree of exactness with which we can reconstruct the 

individual from their own racial data, a perfectly random selection of twenty skulls 

was taken out of those of each sex for the Ainos and Germans, and their capacities 

reconstructed from each of the nine regression formulm given in Tables Y. to YTII. 

respectively. The results are tabulated in the following Tables XI. to XIY., and will 

enable the reader to appreciate the degree of exactness with which it would he 

possible to reconstruct the capacity of an individual skull from any one or more 

measurements made u2:)on it. 

These results show us at once that the last five formulm are, when available, hv 

far the best to use. (3) and (4), namely, reconstruction from the auricular height 

and the cephalic index, give occasionally very poor results. The latter formula, 

while of much interest from the racial stand]Doint,* need never be used for reconstruc¬ 

tion, for the knov.dedge of the cephalic index means a knowledge of L and B, and 

accordingly we can always use (5) if not (8). 

An examination of the actual mean error made when we use all nine formulae and 

take the mean of their results shows that, as a rule, we shall obtain less error by 

selecting one good formula like (8) or (9) and using that only than if we attempt to 

use them all. In round numbers we see that the mean error made in reconstruction 

by these formulae is aljout 5 ^Der cent., but if we use (8) or (9) tbe mean error will lie 

between 3 and 4 j^er cent. Tlie maximum error reached by a good formula like (8) 

or (9) is ujawards of 10 per cent., but its occurrence is infrequent. On the whole, I 

consider this reconstruction of the individual from data for his own race fairly 

satisfactory. It is jDractically nearly as good as we get in the reconstruction of 

stature from the long bones, f I would also remind the reader that the theory of 

correlation shows tliat we cannot hope to get better results. We have solved the 

2)roblem as closely as it can be solved, so long as tbe skull is a variable organ. From 

a knowledge of the degrees of variation and correlation of an extended number of 

parts of tlie skidl (unj^ublislied data), I feel fairly confident that no external measure¬ 

ments can be taken iq:)on it which will give substantially better results than those 

ah’eady considered.! When we bear in mind that tv'o difterent ol^servers, using even 

* Tf wc wish to identify criminals, wc select characters to he measured and indexed which exhihit the 

least correlation. In the same way to ditferentiate and specify races, it is best to select a group of 

ehai'acters having the least correlation ; one such is certainly the cephalic index. 

t See Pearson ; “On the Reconstruction of the Stature of Prehistoric Races” (‘Phil. Trans.,’ A, vol. 

192, pp. 188-189). 

I An appendix is devoted to a consideration of the horizontal and vertical girths. 
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the same process—if they have not worked together, watching and comparing each 

other’s methods—may easily differ by 20 to 40 cubic centims. in their determination 

of skull capacity for the same skull, we appreciate that the errors made by our recon= 

struction formulae are not much greater than the personal equation of two observers. 

We may then conclude that our formulae will allow us to make from the us\ial 

measurements of L, B, and H a fair estimate of the capacity of a skull, which is too 

fragile or too imperfect to have its capacity determined directly, 

(9.) The next problem under this section is; The determination of the individual 

ca'paciti) from data drawn from a second race. This really involves the second 

fundamental problem, but for purposes of practical convenience I consider it here, 

justifying my application later. I found very poor results arose when I calculated 

individual Germans from Aino formulse except in the case of formula (9). This on 

the other hand gave almost as good results, as if the individual Germans had been 

determined directly from their own racial formula (9). To illustrate this, I give in 

Tables XV. and XVI. the reconstruction for the selection made at random of forty 

German skulls, and further, a reconstruction for forty Naqada skulls also taken at 

random. In both cases I calculated the capacity from the Aino formula (9). 

German formula (9) applied to the Naqada gave very nearly identical results. 

Table XV,—German Capacity calculated from Aino Formula (9). 

Male. Female. 

Actual capacity. ^ Calculated. Difference. Actual capacity. Calculated. 
1 

Difference. 

170.5 1558 - 147 1520 1417 - 103 
1660 1573 - 87 1490 1458 - 32 
1640 1678 + 38 1444 1422 — 22 
162.5 1733 + 108 1433 1329 - 104 
1600 1545 - 55 1415 1407 - 8 
1.572 1554 - 18 1390 1405 + 15 
1560 1667 + 107 1378 1330 - 48 
1535 1505 - 30 1362 1362 0 
1.500 1497 - 3 1355 1356 + 1 
1485 1421 - 64 1335 1395 + 60 
1475 1506 + 31 1322 1300 — 22 
1460 1457 - 3 1300 1337 + 37 
1450 1496 + 46 1280 1289 + 9 
1433 1459 + 26 1270 1276 + 6 
1425 1465 + 40 1255 1314 + 59 
1405 1476 + 71 1240 1188 - 52 
1375 1369 - 6 1225 1250 + 25 
1360 1532 + 172 1202 1226 + 24 
1325 1388 + 63 1185 1192 + 7 
1260 1280 + 20 1100 1034 ^ - 66 

Mean error = 56-7 Mean error = 35 • 0 

2 I VOL. CXCVI.-A. 
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Table XVI.—Naqa(4a Capacity calculated from Aino Formula (9). 

, Male. 
1 

Female. 

Actual capacity. Calculated. Diflerence. Actual capacity. Calculated. Dilference. 

1448 1418 - 30 1266 1271 
i 

+ 5 i 

1354 1375 + 21 1174 1171 - 3 : 
1354 1379 + 25 1148 1146 - 2 1 
1260 1351 + 91 1195 1213 + 18 ! 
1481 1502 + 21 1160 1228 + 68 ' 
1232 1285 "j- 0 3 1120 1223 + 103 
13.35 1329 - 6 1248 1209 - 39 
1388 1430 + 42 1451 1383 - 68 
1326 1288 - 38 1160 1268 + 108 
1338 1348 + 10 1290 1276 - 14 
1305 1413 + 108 1106 1124 + 18 
1224 1366 + 142 1214 1159 - 55 
1368 1380 + 12 1120 1249 + 129 
1328 1321 - 7 1190 1280 + 90 
1475 1435 + 40 1304 1276 - 28 
1281 1305 + 24 1173 1215 + 42 
1440 1426 - 14 1152 1137 - 15 
1174 1252 + 78 1135 1173 + 38 
1292 1321 + 29 1299 1285 - 14 
1253 1374 + 121 1158 1152 - 6 

INleaii error = 45 • 6 Mean error = 43-15 

Now Tables XllT. and XIA^. show that the mean errors made for the 20 c? and 

20 ? German skulls, reconstructed hy the German formuhe (9) were respectively 

55'4 and 36'3 cul). centims. The same skulls reconstructed from the Aino formulm (9) 

give mean errors of 56'7 and 35‘0 cub. centims. ; while the Naqada skidls have mean 

errors of 45'6 and 43 T cub. centims. respectively. We may thus conclude that within 

the limits of error occurring in reconstructing capacity, foi'inula (9) as found for 

any race may lie safely used to calculate the capacity of an individual of a diHerent 

race. This is a very important result, and its basis will be further considered in the 

next section of this paper. We conclude that an average error of, say, 3 to 4 per 

cent, is all we shall make in ap])lying (9) to determine the skull capacity ot any 

individual not necessarily of the same race. 

(10.) Second Fundamental Frohlem. On the determination of the mean skull 

capacity of any local race of man from the reyression formulae of a second race. 

Professor Karl Pearson has shoAvn in a memoir, not yet published, that a general 

theorem hc)lds for the influence of selection on the regression formulm. A statement 

of this theorem is given by him in the ‘ Phil. Trans.,’ xk, vol. 192, p. 177. It may be 

summed up as follows : If selection has differentiated local races, then the regression 

formulae will in nenei'al chano-e from local race to local race, but that certain 
o o 
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indirectly selected organs, when they have their values expressed in terms of cdl 

the directly selected organs, and any number of indirectly selected organs will have 

reo-ression formnlre the same for the differentiated races. Further, if size he the 

character chiefly selected, then the changes in the constants of the regression 

formulfe will only be of the second or third order. 

Without entering into a discussion of this and allied theorems by which Professor 

Peaeson hopes to quantitatively attack the problem of the evolutionary relationship of 

local races, I would note that for our Immediate purposes we seek a formula which 

will apply to all local races, and that the best formula will be one that is sensibl}^ 

identical in its results for extremely different types of life. 

Now a very short inspection of Tables \. to \III. shows that for neither sex are 

the constants for any one of the first eight regression formulfe approximately alike. 

It seems therefore absolutely impossible to apply successfully any one of these to 

any other local race. On the other hand, considering the comparative paucity of 

the skulls dealt with, there is a remarkable agreement between the constants of 

formula (9) for both races. This agreement for different races again receives striking 

confirmation when we examine the results for the Naqada race given on p. 237. I 

reproduce the whole series here :— 

Table XVII.—Peconstruction Formula (9). 

Males, 

German formula . . . C = '000332 X L X B X H + 415'34 

Aino formula . . . . C = '000328 X L X B X H + 430'30 

Naqada formula . . . C = '000352 X L X B X H + 372'39 

Mean formula , . . . C = '000337 X L X B X H + 40G'01 

Females, 

German formula . . . C = '000383 X L X B X H + 242'19 

Aino formula .... C — '000400 X L X B X H + 187'80 

Naqada formula . . . C = '000416 X L X B X H + 189'81 

Mean formula . . . . G = '000400 X L X B X H + 206'60 

We could hardly have selected three more diverse races than German, Aino, and 

Naqada, and yet we have reached for sparse material a surprising identity of results ! 

If we want the mean skull capacity of any race for which L, B, and H are known, 

we have only to select the closest race out of Table XVII., or, failing knowledge of 

racial relationships, the mean formula, and we shall obtain a result well within the 

error of the personal equation of two observers, or the differences arising from usiug 

2 I 2 
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different methods of directly determining capacity. These points we shall now 

demonstrate numerically. 

In Table XVIII. a comparative illustration is given of the accuracy of formula (9), 

and the failure of formulm (5) to (8) when they are applied from one local race to a 

second ; formula (9) alone comes out and comes out triumphantly from the test. The 

errors made are from 2 to 5 cubic centims. on a total of 1300 to 1500, or the large.st 

error is less than '45 per cent. 

Table XVIII. 

Fornuila. 
Mean capacity of 

Germans calculated 
from Ainos. 

1 
! 

Actual 
value. 

jNIean capacity of 
Ainos calculated 
from Germans. 

Actual 
value. 

Male Male 
(•^) 1442-07 1433-59 
(fi) 1.392-44 1549-29 
0) 1.'57.5-.50 1376-13 
{^) 144.5-00 1432-61 
(9) 1506-91 1503-72 1459-14 1461-64 

Female Female 

(•5) 1327-82 1285-92 
(6) 1268-97 1380-24 
(R 1.374-73 1240-01 
(S) 1324-77 1292-20 

(9) 1331-89 1.337-15 1313-45 1307-69 

Tabt.e XIX.—Eeconstruction of Local Races from Formulae (9). 

Race. Sex. 

German 
fonmda. 

Aino 
foimula. 

Naqada 
formula. 

Mean 
formula. 

' 

Actual 
value, i 

1 
! 
1 

Value. Error. Value. Error. Value. Error. Value. Error. 

German. d 1.507 + 3 1528 + 24 1512 + 8 
1 

1504 ! 
Aino. d 1459 - 3 — — 1479 + 17 1466 + 4 1462 
Na(|ada. d 1372 - 15 1375 - 12 — -- 1377 -10 1387 i 
'theban Mummies . d 1.368 — 22 1365 -25 1379 - 11 1370 -20 i 1390 ■ 
Modein Egyptians . d 1346 - 9 1349 - 6 1359 + 4 1350 - 5 1355 
Ancient Etru.scans . d 1427 -29 1430 -20 1445 - 11 1433 -23 1456 I 

German. ? 1.3.32 - 5 1380 + 43 1351 + 14 1337 
Aino. ? 131.3 + 5 — — 1353 + 45 1325 + 17 i 1308 
Naq.'ida. ? 1246 -.33 1236 -43 — — 1255 -25 ' 1279 
Theban Mummies . . ? 1235 - 19 1224 -30 1267 + 13 1243 -11 , 1254 ‘ 
Modern Egyptians . ? 1171 -25 1158 -38 1199 + 3 1177 -19 ; 1196 1 
Ancient Etruscans . ? 1294 -30 1287 -37 1332 + 8 1305 -19 . 1 1324 : 
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In Table XIX. a more elaborate investigation is made of formnla (9) only, using 

the four forms given in Table XVII, and tabulating the errors made. We see that 

the maximum error of the mean formula is under 2 per cent,, and the average error 

under 1 per cent. These errors appear to me less than the personal ecpration of two 

observers, measuring the same series of skulls. In fact, I am inclined to think that 

the errors of the mean formulae may be as much due to the dilferent observers 

who have determined the “actual” values as to defects in the formulae them¬ 

selves. The close association of the Aino and German results is specially note¬ 

worthy. 

The results for the correlation and i-egression, not only of the skull, but of the 

long bones of the Ainos, show a relation much closer to modern Europeans (French 

and German) than the latter bear to the Naqadas. The })rimitive Aino race appears 

to be in some manner much more closely related to the evolutionary source of the 

Aryan races than either are to the Naqada. 

On the other hand, it will be seen that the Naqada formula while giving bad 

results for German and Aino gives much better results than they do for both the 

ancient and modern Egyptians. Its maximum error as applied to the Egyptian 

races is only slightly over 1 per cent., while its average error as applied to all three 

Egyjjtian races is under ‘4 per cent. 

The mean formula over-estimates the Aino and German, and under-estimates the 

Egyptian races.* 

The general rule for deducing the best result, would clearly be to work with the 

formula for the most closely associated race. But if no association can be predicted, 

then we shall hardly have an error as large as 2 per cent, if we use the mean 

formula. As this error is less than that frequently obtained by diherent observers 

for the same series, I conclude that a fairly satisfactory formula has been reached for 

the reconstruction of skull capacity from external measurements, 

(11.) At this point it seems desirable to say a few words about the errors made 

hy different observers in estimating skull capacity. I believe the differences of the 

same observer using different methods on the same skidl can be reduced to a very 

few cubic centimetres, but the personal equation of two observers using different or 

even nominally the same methods on the same skulls will be very considerable. When 

the observers have been trained in different schools and use different methods the 

divergences may be very great. The value of the capacity depends so largely on 

the amount of “ packing” both in the skull and in the measuring glass. Thus I found 

with two very careful investigators measuring about fifty skulls, their averages 

differed by about 30 cubic centlms., and this difference was approximately constant for 

each skull. Three measurers using the same process with great care got results for 

individual skulls occasionally differing by even as much as 40 cubic centims. ! On the 

* It should be noticed that the German formulae give better re.sults than the Aino for the Naqadas, 

although in cephalic index the Aino is much closer to the Naqada than the German is. 
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other hand one measurer using the same method soon obtained practically identical 

results in making re-measurements, and even one measuring in three different ways. 

If the reader will merely look at the Table XX. which follows, giving the 

capacity and chief dimensions of the skull for a number of races, he will easily 

convince liimself that the differences in capacity must be largely due to the 

differences of personal equation and of method and not to the thicknesses of bone 

in the crania. Take the French (P) skulls ; they are not decisively the largest in the 

series and yet they are credited with capacities which easily head the list. For relative 

purposes it is almost impossible to credit different series with a correctness within 

30 cubic centims. of the true value. Hence such deviations as we find in the second 

column of Table XIX. seem well within the ol)servational accuracy attainable, and 

I think it quite j^ossihle that if we had some further large series of L, B, H, and C, 

determined by careful observers, we should have a fonnula giving more trustworthy 

results for the mean capacity than could be obtained by the direct measurement ot 

an individual observer. The averaging of a number of series would tend to eliminate 

the large personal equations which I feel sure exist in measurements of this kind. 

Table XX.—General Table of Skull-dimensions for divers Paces. 

Race. Number. Sex. L. B. H. H'. C. 

Aino. 76 185 82 141 •23 119 32 139 50 1462 
Malay!. 76 d 174 3.3 142 •36 116 88 140 68 1430 
Negro* * * § . 54 d 185 04 135 20 rii5 17?]§ 

75 
134 77 1430 

Bavarian. 100 d 180 58 150 47 120 133 78 1503 
Badenserf . 78 d 181 50 148 60 113 40 132 50 1525 
French (M)|. 56 d 179 96 143 41 112 86 128 95 1473 
French (P)*. 77 d 182 69 145 22 [117 71d§ 132 01 1560 
Egyptians, ancient! . . 201 d 181 83 137 14 114 28 135 94 1390 
Egyptians, modern! . . 76 d 179 11 136 51 115 42 137 50 1355 
Naqada. 69 d 185 13 134 87 115 59 135 21 1387 
Etruscans! . 78 d 182 88 143 53 115 90 139 20 1456 

Aino. 52 $ 177 17 136 79 114 97 135 10 1308 
Negro*. 2.3 ? 174 52 130 52 [106 5iq§ 126 91 1256 
Bavarian. 100 ? 173 59 144 11 114 17 128 01 1337 
Badenser!. 45 ? 172 20 141 30 107 70 124 90 1339 
French (P)* . 41 ? 174 34 135 49 [112 101]§ 125 10 1338 : 
Egyptians, ancient! . . 96 ? 175 92 134 16 110 25 130 64 1254 
Egyjrtians, modern! . . 23 ? 175 04 131 00 107 65 130 81 1196 
Naqada . 98 ? 177 48 131 61 113 11 129 55 1279 , 
Etruscans! . :38 ? 177 47 138 •81 111 34 133 71 1324 j 

* Extracted for Profe.ssor Pearson from Broca’.s manuscript registers at Paris, by the courtesy of 

M. Manouvrier. 

t From the German Antliropological Catalogue. 

I Shulls of French prisoners who died in Munich during the Franco-German war. (German Anthropo¬ 

logical Catalogue.) 

§ Rough estimate, as data were wanting. 
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While I believe strongly in picking out the formula for the most closely associated 

race, I give the value of the constants for the male and female formulm as obtained 

not by correlation, but by the method of least squares from the results in Table XX. 

For the males excluding the negroes, I find for the ten races 

d C = -000365 L X B X H + 359-34 .(lO). 

For the females excluding the negroes, I find for the eight races : 

? C = -000375 L X B X H 4- 296-40 .(11) 

Table XXL gives the capacities of the races as found from (10) and (11). 

Such equations should, I think, only be used when we have no knowledge of the 

evolutionary history of the race, which would lead us to adopt one of the special 

equations of Table XVII. 

(12.) In attempting to use the formulm given in this section, the reader must 

bear in mind that they can only be applied when the maximum length, maximum 

breadth, and the auriculai' height are known. The latter measurement unfortunately 

is occasionally omitted in series of skull measurements. If the total height of the 

skull H' be given, then the following formulas can be used, which have been 

calculated by the method of least squares from all the results in Table XX. 

d C = -000266 L X B X H' + 524-6 .(12), 

$ C = -000T56 L X B X H' + 812-0.(13). 

The following table includes results from (12) and (13) as well as from (10) 

and (11) :— 

* Excluding for various reasons the unsatisfactory French (P), the French (M), and the Badenser, I ftnd 

C = -000.370 L X B X H + 321-16.(10) his. 
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Table XXL—Calculated and Observed Ca]mcity for 10 Races. 

j Race. Sex. From L, B, and H. From L, B, and H'. Observed. 

1 Aiiio. d + 40 ( + 17) + 36 1462 
Malay. d -12 (-35) + 23 1430 
Negro. d [-191] - 9 1430 
Bavarian .... d + 54 ( + 32) - 11 1503 
Badenser .... d -50 - 50 1525 
French (M) . . . d -51 - 63 1473 
French (P). . . . d -61 -104 1560 ! 
Ancient Egyptian . d + 10 (-15) + 36 1390 1 
Modern Egyptian d + 34 ( + 10) + 64 1355 
Naqada. d + 23 ( + 2) + 36 1387 ; 
Etruscan .... d + 14(-9) + 40 1456 : 

Mean deviation — 34-8 (17-1) 42-9 _ 1 

Aino. ? + 34 + 15 1308 i 
Negro. ? [-501] + 7 1256 
Bavarian .... ? + 31 -25 1337 ' 
Badenser .... ? -60 -53 1339 
French (P). . . . ? -49 - 65 1338 
Ancient Egyptian . ? + 18 + 39 1254 i 
Modern Egyptian . ? + 26 + 82 1196 
Nacjada. ? - 1 + 0 1279 : 
Etruscan .... ? + 1 - 6 1324 : 

Mean deviation . — 24-6 

o
 

1 
^

 
! 

C
O

 

1 i 

— 

The table illustrates several important points, thus : 

(i.) We obtain less average error by estimating with H than LL, c»r the capacity of 

the skull is better determined from the auricular height, than from the total height 

of the skull. 

(ii.) If we exclude tlie series for which the values of the capacity seem to be 

doubtful, i.e., the Badenser and French, AA^e obtain (Ijracketed numbers from (10) his, 

footnote, }). 247) a mean error of about 1‘2 per cent, and a maximum error of 2‘5 per 

cent. For the series as a whole Ave have a mean error of about 2 "4 per cent. Avith a 

maximum error of 4 per cent. 

The latter occurs in the case of the Parisian French ; but I have not the least 

hesitation in asserting that the capacities of the French skulls as deteiinined in 

France, are quite incomparable Avith the capacities as determined by German liiA'esti- 

gators. I believe the French ca]xicity is GO to 80 cubic centims. beyond its true 

value, and I hold that my formula determines that A’alue far more closely than the 

mean of the numbers (1560) given by Broca’s MS. registers. 1 do not think it can 

differ by more than a feAv cubic centimetres from 1499, and this difference is probably 

in defect. It will be seen that the Munich French skidls are somewhat smaller than 

the Parisian French skulls, but this does not account for the Avhole difference of 87 

cubic centims. found by German and French determinations. It is largely a question 
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of method. Again Mr. Herbert Thompson found for the ca23acities of 39 d and 55 $ 

Naqada skulls, 1339 and 1243 cid^ic centims. respectively, hut Miss C. D. Fawcett 

using a diftereut method on 69 d and 98 ? skulls obtained 1387 and 1279 cid). centims. 

respectively. Something here is due to the difference of the samples, 1jut as in tlie 

previous case the personal equation is the chief source of difference. Now if 

differences of sample, of observer and of method will lead to determinations of racial 

capacity differing by 3 to 6 per cent., is not a great deal to be said for a formida 

Avhich when applied to a series of results of a uniform character (like those of the best 

German determinations given above) leads to an error of only 2*5 per cent, as a 

maximum ? I should personally feel as content with the results in Table XXL of my 

mean regression formulm and of the least square formulm of}). 247, as with the average 

found for a ]‘ace after days of laborious determination of ca})acity l)y aid of shot, 

seed, or sand. If the reader be not content rvith tliis degree of a}3})roximation, 

then I think no formula will satisfy him ; for nature being inherently variable, the 

caypacity is no elefinite function of any dimensions of the skull, it is only moderately 

correlated ivith these dimensions, and the probable error of the determination cannot 

be reduced beyond (pate sensible limits. 

The alternative to a formula is, of course, to make direct determination more 

uniform and exact. Now I believe two observers may l^e trained to get fairly 

accordant results, but will these results be the reed ca}3acity of the skull ? May 

not the reality lie more nearly in the mean of the determinations of a number of 

careful observers measuring inde})endently ? Their errors may fall on eitlier side of 

the truth, whereas a systematised })rocedure may give their errors a common l)ias. 

Hence a formula based upon a fairly vdde set of results by different, but careful, 

observers may after all be more trustworthy than direct determination Ijy a conven¬ 

tional method. It might, of course, Ije jjossible to reduce the conventional method to 

physical exactness; but I do not think this exactness is reached Ijy the construction 

of control skulls {Normalschadel, Crane Cedon), which cannot cover all tyjies ; it 

might }30ssil3ly Ije done by o}3ening each skull (allowing for the thickness of tlie saw 

cut), and then tilling either half But such a })rocess is laljorious, it destroys the 

skull for some other })urposes, and when the true ca})acity has been found we should 

have only the average of a sample. With the size of cranial sam})les at })resent 

available, the mean errors of the means amount to aljout 12 cubic centims., or are 

of the order of the errors of a good formula. Hence }3hysical exactness (whicli would 

also im}3rove the constants of the formula) is not all that is wanted. 

(13.) Accepting the }3roduct formula as a working result, a further question may 

still arise as to whether it is needful to form the mean })i'oduct of L X B X H or 

whether we may content ourselves with the }3roduct of the mean values of L, B, 

and H for the race. 

The following table indicates the order of error made by using the }3roduct of 

means for the mean product 

VOL. cxcvi.—A. 2 K 
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Table XXII. 

Race. Mean product. Product of means. 

Etruscan $. .3,046,886 3,042,2.32 
Etruscan $ . 2,746,817 2,742,818 
German J'. 3,282,-3.38 3,280,662 
German $. 2,860,213 2,856,6.35 
.. 2,881,137 2,886,107 

Xaqada 2 . 2,619,631 2,642,039 
Aino $. 3,144,287 3,129,8.31 
Aitio ?. 2,797,032 2,786.983 
Thebans $ . 2,859,374 2,849,705 
Theljans ?. 2,589,815 2,602,057 
Modern Egyptians $ . . 2,801,990 2,822,055 
i\Jodern Egyptians ? . . 2,424,920 2,468,440 

It will be found that whether w'e use the mean product or the product of the 

means will make only a few cubic centimetres difference in the estimate, something 

under the 1 })er cent., within which we cannot sip^pose our results to be correct. 

Hence for practical purposes we may content ourselves with using the product of the 

means, the determination of which is far less laborious. Our least square formukn 

have all been based on the product of the means. 

(14.) Third Fundamental Problem. To reconstruct from external measurements an 

organ not vieasurcdde on the liuing organism, i.e., the skull capacity from measure¬ 

ments on the living head. 

It has been shown Ijy Karl Pearson (‘ Phil. Trans.,’ A, vol. 192, p. 183) that if 

a' and y be two characters and ni, n, m', n four constants, then the correlation 

coellicient of nix -p n and ni y -f- n' is the same as that of x on y. The regression co¬ 

efficient wall be the same if m = m'. Now in the case of length, breadth, height, 

/, h, and h measured on the living Iiead we have differences from their values as 

measured on the skull depending on the thickness of the living tissues covering the 

skull. These tissues of course vary from individual to individual, but as the thickness 

of the tissues themselves are of the second order of small Cjuantities as compared Avith 

the length, breadth, and height of the skull, Ave may safely assume that their Amriations 

Avill be of the like order compared to those of /, h, and h. AAe shall thus obtain a 

A"ery fair a])proxiniation to the mgression coefficients connecting the skull capacity 

with head-length, breadth, and auricular height, by using those already found for the 

like quantities measured on the skull. Thus aa'c should haAm a formula (9) of the foi’in 

C - Go = a{l - I,) F ^{b - y -f y(A - Ao).(A) 

Avhere bg, h^ are the mean lengtli, breadth, and auricular height of the liA'ing head, 

and Cg, a, (3, y constants to be determined fi'oni the measurefnent of skulls. 

Further, formula (9) takes the form 

C:^e{/-8,){h-K)(e-S3)-P>7.(B) 
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where e and iq are to be determined from skull measurements, and Sj, 8,,, 83 give the 

mean differences between head and skull measurements. What values are to be given 

to these quantities ? 

As we have seen, the constants e and rj of (B) do not vary very much from local 

race to local race, while, on the other hand, a, /3, y of (A) differ very considerably 

from race to race. We shall hardly expect, therefore, to obtain as good results from 

(A) as from (B). Let us accordingly take (B) first, and consider 8j, 8^, 83. 

H. Welcker^ o'ives the followino- measurements for an averao-e of thirteen males 
C) o 

in middle life :— 

Thickness of flesh at back of head = G'8 millims.* 

,, ,, middle of forehead = 4’3 millims. 

., .. top of crown = 5'9 millims. 

The values at the side of the head and on the auricular orifices are not given. But 

the results seem to show an averag-e of 11 to 12 millims. to be subtracted from the 

head measurements when we wish to get those of the skull. 

MeekelI gives G millims. as an average thickness of the tissues covering the skidl. 

Thus Welcker and Merkel are in good agreement. 

We can consider this matter from another standpoint. I can find no head 

measurements from Bavarians or Badenser to compare with my skull measurements 

in Table XX., but the following table gives some results from English sources :— 

Table XXIIT.—Mean Head Measurements. 

Organ. 
Male. Female. 

B.A. Anatomists. U.C. Staff. B.A. B.C. Students. 

u 198-1 198-4 196-38 185-6 189-71 
h 1.5.5-0 157-2 153-48 147-3 146-78 
ho 130-9 133-1 134-78 128-4 132-73 

^ (b + ^0 + ho) 161-3 162-9 161-55 153-8 156-41 

The British Association measurements are averages obtained by myself from the 

values given for several years in the “ Beports of the Anthropometric Committee ” 

which are published in the ‘ Transactions.’;}: They cover tpiite a long series. The 

“anatomists” are the head measurements of thirty-five of the anatomists attending 

* ‘Schillers Schiidel und Todteiimaske,’ Braunschweig, 1883. 

t ‘ Handbuch der topographischen Anatomie,’ Bd. I., p. 12. 

t Repoi’ts of Committee, 1889 . . . 1893. 

2 K 2 
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the meeting of the Anatomical Society in Dul)lin, June 10, 1898. They 'were 

measured in tlie Anthropometrical Laboratory of Trinity College, and the data were 

piddished in the ‘Journal of Anatomy’ in 1898. The University College .stall 

consist of twenty-five members only of the staff of University College, London, 

measured Ijy Professor Karl Pearsox. The Bedford College students were 

measured Ijy Miss C. 1). Fawcett, B.Sc., and myself, and were thirty in number. In 

all these cases there were undoubtedly a good many heads not of English origin, but 

this was especially the case at the Anatomical C’ongress, where a number of foreign 

savants were present. 1 sliould consider the Briti.sh Association returns the most 

homogeneous and reliable for woi'king witli, but it is noteworthy to what an extent 

the Bedford Colleo’e women exceed in size of head the women attendino; the British 

A.ssociation meetings. 

Now it woidd be impossilJe to compare the /q, /jq, of the British Association 

measurements directly witli the Lq, B,j, of the Bavarians, for the latter belong to a 

far more brachycephalic race. But if we compare y + A,j) witli ^ (L,j -f B() -p Ho) 

we find a difference of 107 for ^ and 9’8 for 5. If we compare the corre.sjionding 

residts for tlie Aino, a race ivith somewhat tlie same degree of dolichocejihaly, we 

find difierences of 12’5 and 10‘8 respectively. Although we cannot lay much stress 

on this reasoning which supposes | (L,, -p Bq + Hq) approximately con.stant for local 

races, still it confirms Welcker and Merkel’s results so far as it goes. I think, 

without differentiating betiveen the sexes, we shall obtain reasonable re.sults by cou- 

sideiino’ that we must subtract about 11 millims. from the head measurements in 

order to obtain tlie corresponding skull measurements. This being so, we have the 

following fundamental eipiations deduced from the mean ecpiation of p. 243, to find the 

capacity from measurements on the living head :—• 

cJ C = -000337 (/- 11) (fi - 11) (/;.-11)-P 406-01| 

? C = -000400 (/- 11) (fi - 11) (/? -11)-p 206-60] ’ ' ' 

If we use tlie Britisli As.sociation mean values in (14), we find that for the mean 

skull capacity of the British—no doulit English in the bulk—the values 

S 1495 cubic centims. ? 1323-5 cubic centims. 

There apjiears at jiresent to be no satisfiictoiy determination of the skull caj^iacity 

of English men and women, and tliese results are, I iielieve, as reliable as any e.stimates 

yet formed.^' The ratio of d to ? skull capacity Avould thus be 1-13, corresponding 

well with the ratio of lirain weights, 1-12, as determined by Eeid and Peacock, but 

considerably higher than the ratio for brain weiglits given by CTexdixxixg and Sims. 

A rough sort of control formula for comparison with (14) may be obtained by 

substituting the British A.ssociation values for Cjj, Iq, h^, and in tlie eipiation 

C — (1,3 -= e (I X h X h — Iq X X h^). 

* See Reahsox, “ Y.'iriatioii in Man .and Wnnian,’' ‘ The Chances of Death,’ vol. I, p. 328. 
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In this way we find : 

s C = ‘000,337 Ixh xh ^ 140'13| 

? C = '000,400 I X h X h - 80-62J. 

This formula merely assumes that the factor multiplying the product of length, 

breadth, height remains the same, whether these quantities are measured on the head 

or the skull. 

We now turn to the discovery of linear formulae corresponding to (8) of pp. 234, 236. 

Here we are met by the very obvious difficulty that unlike formula (9) the constants 

of formula (8) change much from local race to local race. If we take the formula for 

the Germans as being nearest akin to tlie English, we are met by the ol^vious fact 

that the constants change widely when we pass from a brachycephalic to a dolicho¬ 

cephalic race; the English, indeed, have a cephalic index nearer to the Ainos than 

to the Germans. Accordingly, in default of more amj^le data for striking a mean 

formula, I have Inserted in (A) ofqx 250, the mean values of the German and Aino 

constants. We tlius have :—• 

c? C - Co = 10-1025 (/ - Q + 8-0345 (5 - b^) -j- 3‘709 {h - /g, 
? G - Co = 7-222 {I - Iq) + 8-4605 {h - h^) -f 6-300 {h - /q,). 

Inserting the British Association mean values for Iq, and /^-o, as well as the mean 

capacities found from (14), we have ; — 

d C = 10-1025 I + 8-0345 h + 3-709 k - 2237-52 1 

? C= 7-222/ + 8-4605 6-f 6-300 /^ - 2071-22 ) . 

Another linear formula may be obtained in an entirely diderent manner ])y taking 

the tangent plane at the mean to the surface in (14). Thus the skull measurement 

surface is :— 

C = eLBH + 7}, 
and the tangent plane is 

C - Co = eLoBoHor^ ^ 
L J-'o * *0 -*^0 

How introduce the British Association values, remembering that Lo = /o — H, 

Bq = 6o — 11, Ho = Hq — 11, and we find :— 

J C = 5-8185 /-f 7-5600 /> + 9-0796/;, - 2017-96-1 

? C = 6-4006 / d- 8-1992 6 + 9-5192/; - 2294-46J • • - - i G- 

Equation (17) will be found to give results excellently in accord witli (14) ; it is the 

linear formula most comparable witli (14), yet the coefficients differ very widely 

from those of (16), the height which is least influential in (16) being now the most 

influential factor. It would have been satisfactory to find (17) more closely iii agree- 
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ment with (16), l)ut the universality of (14) on which (17) is based, is quite wanting 

in (16). 

Lastly, Ave may place here the linear formula found by taking the value of the 

German coefficients of formula (8), (pp. 234 and 235), and using British Association 

mean values, we have :— 

(7 C = 7-348 ? + 10-898 6 + 5-228 A - 2334-17) 

? C = 7-065 / + 10-126 A + 4-848 A - 2101-811 • • • • (^ )• 

The following table illustrates the degree of closeness of these various formulae as 

applied to 17 selected heads of very different sizes. We observe that while the formulae 

give considerable differences in the absolute capacities, especially in the case of the 

macrocephalic heads, the relative order of the heads as determined by all the formulae 

is the same with but two exceptions. In the first place (14), (15), (17) and (18) 

give a relative order entirely the same, except for the slight displacement of Professor 

Howes under (18). For the females (16) is also entirely in accord Avith (14), (15), 

(17) and (18). The second displacement is that of Professor Weldox’s head under 

(16), Avhich alters its place by tAvo, I can only account for this by the fact that 

Professor Weldox' has a higli cephalic index (82-7), aud therefore the German 

formula Avas likely to gi\^e a better result than one based on the aA^erage of the 

German and of a less brachycephalic race like the Aino, 

Table XXIV.—Skull Capacities from LiAung Head by Various Formulae. 

Xame. 

1 

F ormula. 

14. 17. 1.5. 16. 1 18. 

J. La'nn Thoaias .... 1813 1789 1861 1785 

1 

1 
1773 S 

W. F. R. tVEr.DON .... 1616 1616 1632 1533 1579 
W. Raaisay. 1581 1579 1594 1569 1572 
A. Keith. 1530 1530 1536 1557 1548 
A. Platt . 1501 1502 1501 1479 1481 
G. B. Hoaat.s. 1483 1485 1481 1458 1496 
K. Pearson . . . . . 1452 1454 1444 1398 1410 
E. Barclaa" Saiith .... 1408 1407 1396 1365 1396 
J. Kollaiann. 1373 1370 1353 1332 1369 

? Student 1 . 1647 1620 1697 1593 1587 
? Student 4 . 1514 1507 1543 1471 1458 
$ Student 8. 1488 1481 1512 1453 1440 
? Student P2. 1450 1447 1471 1442 1430 
? Student 16. 1368 1368 1376 1384 1388 
? Student 20. 1321 1321 1320 1318 1307 
7 Student 24. 1302 1305 1299 1303 1284 
$ Student 28. 1230 1227 

1 1 

1214 1225 
1 

1216 ! 
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Thus of the two exceptions to complete accordance we see that only Professor 

Weldon’s head in the case of formula (16) presents any serious disturbance of tlie 

relative order. 

On the whole, my methods will, I think, determine within reasonal)le limits the 

relative order of skull capacity from measurements on the living head. It is note¬ 

worthy that excej^t for the macrocephalic heads of Mr. Lynn Thomas and Bedford 

College student No. 1, forniulm (17) and (14) give sensibly identical results, or tliere 

is one linear formula Avhich gives I'esults sensibly identical with those of the product 

formula. This shows us that the surface represented Ijy (14) is sensibly })lane fi)r tlie 

range of skull measurements actually occurring. On consideration accordingly we 

may conclude that (14) (or its linear form (17)) gives the best results ; (15) gives a 

good control formula ; while of formulm directly obtained from the regression ecpiation 

for length, breadth, and height, the German apj)ears hest for the males, the mean of 

the German and Aino best for the females. For the remainder of my investigations 

on the capacity of the living head I shall accordingly use oidy the fornndce (14) and 

(16) or (18) for comparison. 

I propose first to investigate whether tliere is any olivlous relationship between 

skull capacity and current appreciation of intellectual aljility. 

My first series is contained in Talile XXV. We have here the estimated skull 

capacities of thirty-five living anatomists. Tlie list contains the names of many of 

great scientific rejiutation, and of otliers of less distinction. It will lie seen that 

about the middle of the list, if we divide at D. Hepeurn, the eighteenth man, certain 

transfers would occur from the up])er to the lower half, and vice versa, if we judged by 

formula (18) and not (14). But these transfers are of men having roundly about the 

same skull capacity, and I tliink that generally we may feel (juite satisfied with the 

accordance of tlie two series."^' Now the average capacity of the first eighteen 

anatomists is 1601 cub. centims., and of the last seventeen anatomists is 1468 cub. 

centims. There is thus a most substantial difference, t Yet he would be a liold man who 

would assert tliat there is a substantial average intellectual superiority in the first half 

In fact, a number of most capable men fall into the last nine, and J. Kollmann, one of 

the ablest living anthrojiologists, has absolutely the smallest skull capacity ! 

My second list contains the estimated skull capacity of twenty-five members of the 

teaching staff of University College, London. I give here the actual head measure¬ 

ments, as possibly of service in tlie future; those of the anatomists are published in 

the ‘Journal of Anatomy’ (see above). Here the first thirteen have a mean skull 

capacity of 1579 cubic centims. and the last twelve of 1436 cubic centims.—again a 

* tVe mast h1 ways romember that (14) is (1 to be consirlererl a much better formula than (18), 

for the charge of its constants from race to race is far less. 

t The mean of the whole series as given Ity (14) is 1537, and by (18) is 15.34, a remarkable accordance 

in the average results of the two methods. 
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Table XXV.—Estimated Skull Capacity of 35 Anatomists. 

Name. Formula (14). Formula (18). 

-T. Lyxn Thomas .... 1813 1773 
A. IE YorxG . 1656 1640 
B. A. tViNDLE. 1649 1605 
D. C. Cunningham . . . 1635 1600 
Hector Lebouc*! 1631 1654 
C. DE Bruyne . 1616 1636 
T. Symington. 1604 1627 
A. M. Paterson .... 1595 1616 
E. H. Taylor . 1593 1624 
tViLHELM His. 1587 1556 
C. R. Broavne. 1585 1578 
G. Elliott Smith .... 1573 1570 . 
C. D. Marshal!. 1570 1561 
F. Frohse. 1569 1625 
A. F. Dixon. 1541 1513 
R. J. Berry. 1539 1538 
A. Robinson. 1538 1532 
D. Hepburn. 1531 1537 

Arthur Keith. 1530 1548 
Anonymous . 1520 1524 
Robert Howden .... 1511 1498 
G. Disse. 1507 1519 
T. H. Bryce. 1507 1491 
Hans Gadow. 1506 1483 
Stanley Boyd . 1499 1466 
James Canti.ie. 1486 1496 
G. B. HotvEs. 1483 1496 
Sir Wm. Tuhnei; .... 1469 1473 
A. Macalister. 1456 1458 
Mb Spalteholtz .... 1455 1.524 
G. 1). Thane. 1443 1413 
Ja:\ies Mi'sgrove .... 1425 1445 
E. Barclay Smith . . . 1408 1396 
Peter Thompson .... 1385 1318 
J. Kollmann. 1372 1369 

very sensible difterence."'" The only dilierentiatit)!! 1 feel able to make between the 

two divisions here is that six out of the second twelve are mathematicians, and no 

mathematician has here a head above the average. In the first group we find not 

the exact but the descriptive sciences and the arts. No generalisation can be drawn, 

however, from such narrow data. We have only the suggestion of a field for further 

enquiry, f 

The agreement in Table XXVI. between the results of formulog (14) and (18) is 

not so good as in the case of Table XXV., but the approximate general order is 

* The mean of the whole table is 1511, which may be compared with the 1537 of the anatomises. 

Both are sensibly larger than the British Association mean. 

t The data for 1000 Cambridge men classified according to head measurements, branch of study and 

academic distinction, are at present Ijeing investigate'!. 
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maintained, and only one interchange between the first and second groups would take 

place. 

Table XXVI.—Head Measurements and Estimated Skull Capacity of certain 

Members of the Teaching Staff of University College. 

Name. 

1 

Head Measurements. Estimated Capacity. 

L. B. H. (14) (18) 

1 

II. Toxks. 201 154 145 1633 1579 
i F. tv. Goodbody .... 203 160 137 1621 1617 

T. G. Foster. 201 159 139 1619 1602 
t\'. F. R. tVELDOX .... 193-5 160 143 1616 1579 
M. Travers. 199 158 140 1607 1582 
F. G. Donxax. 197 155 143 1597 1550 
Mh Ramsay. 202 157 136 1581 1572 
A. tv. Porter. 199 154 140 1575 1535 
J. Sully. 202 156 135 1563 1556 
H. R. Kenwood .... 194 162 135 1561 1563 
R. Russell. 202 155 134 1546 1540 
tv. A. Osborne .... 197 150 138 1513 1470 
A. Pl.ATT. 197 153 134 1501 1481 

E. H. Starling. 201 149 131 1483 1473 
L. N. G. Filon. 201 151 130 1473 1468 
tv. P. Ker. 190 154 134 1467 1441 
E. C. C. Baly. 201 144 135 1462 1418 
K. Pearson. 191 150 135 1452 1410 
M. J. M. Hili. 193 152 132 1452 1430 
G. E. Petavel. 192 155 130 1451 1445 
G. Thane*. 195 150 130-5 1436 1415 
II. T. Harris. 18S 154 131 1430 1410 
G. H. Fowler. 187 153 128 1391 1376 
Swale Vincent .... 193 153 123 1381 1394 
G. U. Yule. 187 lit 131 1352 1291 

My third and last series, that of Table XXVII., contains the estimated skull 

capacities of thirty women students of Bedford College. I arranged these students 

on a considerable pei'sonal experience of their work into three classes of ten each, 

representing clever, medium, and dull students. I then divided the skull capacity 

list into three sections—large, medium, and small capacity. I was totally unalde to 

find any correspondence between these two divisions into three classes. 

I have used in this case formulae (14) and (ft)). They give results generally in 

very good agreement, the general order not being substantially modified when we })ass 

from one series to the other. The mean found from (14) is 1390 culjic centims., and 

* The Viilues for L, B, II differ somewhat from those determined at the Dublin Anatomists’ Congress, 

but they are, I believe, correct. 
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from (16) is 1376 cubic centims. These are in fairly good agreement. The average 
capacity is thus veiy sensibly larger than that of the British Association women (p. 251). 

Tap.le XXVII.—Head Measurements and Estimated Skull Capacity of 30 Bedford 

College Women Students. 

Students. L. P. II. Formula (14). Formula (16). 

Xo. 1 200 157 141-5 1647 1593 
o 198 154 138 1565 1531 
•> 196-5 149 140 1527 1491 

55 190 151-5 141 1514 1471 
„ 5 187 151 143 1508 1458 
,) G 189 151 141-5 1507 1463 
„ 7 195 144 142 1489 1450 
„ 8 191 150 139 1488 1453 
„ 9 200 145 1.35 1463 1450 
„ 10 195 149 134 1456 1442 
„ 11 194-5 144 139 1456 1427 
„ 1:1 199 146 133-5 1450 1442 
„ 13 190 150 1.35-5 1446 1424 
,, 14 190 149 131 1393 1387 
„ 13 192 155 124 1385 1408 
„ 1(3 194 149 126 1368 1384 
„ 17 187 148 130 1354 1350 
„ 18 188 147 1.30 1352 1349 ' 
„ 19 180 152 129 1331 1327 1 
„ 20 189 142-5 1.30 1321 1318 , 
„ 21 186 147 128 1320 1322 

O-T 184 148 127 1306 1310 
23 55 187 145 127-5 1306 1.309 

„ 24 192 138 130 1302 1303 
„ 25 187 137 133 1289 1276 
55 187 142 127 1276 1281 
„ 27 187 138-5 127 1248 1251 
„ 28 180 141 127-5 1230 1225 
„ 29 186 135 127 1213 1214 
„ 30 170 148 125 

1 
1200 1196 

From my Tables XXV. to XXVII. I conclude that there is certainly no marked 
correlation between skull capacity and intellectual alnlity. 

There is another standpoint, however, from which these things may be considered. 
I know of no measurements upon which a direct determination of the correlation of 

brain iveujht and skull capacity could be made. Of course, the two are nc)t 
proportional ; still, there can hardly be a doubt that they are highly correlated. 
Now, if two quantities are correlated with a third, it does not invariably follow that 
they will be correlated with each other.Yet I take it that it is rather quantity than 
density of brain stuff which is at the basis of the current belief that size of brain is 
closely related to intellectual ability, and that any illustration of tlie absence of 

* A child is corrtdated with Loth parents, but, unless there be sexual selection, the j)arents are not 

correlated with each other. 
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sensible correlation between skull capacity and intellectual ability will tend to weaken 
current conceptions as to a relationship between brain weight and intellectual ability. 
The whole problem of the relation of size of head to intellectual distinction as judged 
by popular standards is under investigation from wider data ; meanwhile, I think we 

may conclude— 

(i.) That there is no marked correlation between skidl capacity and intellectual 
power in the case of either sex alone. 

(li.) That, brain weight must have a very considerable correlation with skull 
capacity, and, therefore, our data present nothing to encourage the belief that 
there is a relation between brain weight and brain power. 

(iii.) That arguments based on the relative brain weight of the two sexes as 
showing relative brain power require a more solid quantitative basis than they 
at present exhibit.^ 

(iv.) That such arguments as those of A. R. Wallace against the evf)lution of 

man’s intellectual powers by aid of natural selection turn wholly on the size of 
the brain. But it would not aj^pear from the above results that skull capacity 

at any rate is a character closely correlated with intellectual ability in the indi¬ 
vidual, and, therefore it is quite conceivably not correlated with racial ability. 

So soon as data are forthcoming connecting the skull capacity with brain weiglit^ 

or .still better, brain weight with head measurements, we sliall he in a position to 

reconstruct Ijrain weight from head measurements. I do not see that the error of 

the determination is likely to he much larger than that found in the case of skull 

capacity, hut if it reached 8 to 9 in.stead, say, of 3 to 4 per cent., it would .still he 

sufficiently approximate to give (piite reasonable results for large numbers of 

individuals classified into big groups according to their ability. It is, I hold, only by 

such methods that we can hope to reach any quantitative certainty of a relation 

between brain power and brain size. Personally I am inclined to hold with Professor 

Pearson that the complexity of the convolutions of the lu’ain, and the variety and 

efficiency of its commissures, rather than its actual size, are the characters we might 

expect to differentiate race from race and sex from sex, and to have developed with 

man’s civilisation.! 

I am not unaware that a correlation has often been asserted between brain weio-ht 
and ability on the ground of the actual measurement of the brain weights of a 
number of men of genius. But what is the average of such brains compared with ? 
The average brain weight of the bodies which reach the dissecting rooms of our 
hospitals, a large proportion of which belong to the emaciated and worn out. 
Probably on the .same basis a correlation between genius and body-weight could 

* Before questioning whether man or woman (relatively to stature, body weight, or other character) has 

the greater brain weight, it seems desirable to settle whether brain weight in either sex alone, absolute!}', 

or relatively to some other character, has anything to do with intellectual ability. 

t ‘Grammar of Science,’ 2nd ed., p. -539. 

L 2 o 
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easily l^e demonstrated. Or again because English women have a mean brain weight 

of 1235 grs. and French women of 1142 grs., are we to argue that Engli.sli women 

are intellectually abler than French women? The fact is that to solve a problem ot 

this kind we ought to keep within one fairly ecpially nourished class, and within one 

local race and actuallv correlate brain size and alnlitv. I do not see how this can he 

done for brain weight, hut it seems to me quite possible for the capacity of the brain 

chamber estimated from external measurements. 

(15.) Conclusions. I liave now completed the discussion of the three problems I 

nroposed to investigate. It will he seen that the accuracy of predictions depends 

sensibly on two factors: (i) the existence of suitable data upon which the regression 

formulae can he based and (ii) the number of measurements used to form an estimate. 

Thus in the third fundamental problem we do not get as good absolute results as we 

miglit hope to do, because we have not really at present available the best data 

jcossible. Again in the first fundamental problem we cannot expect to reconstruct 

the capacity of the individual skull without a fairly large average error. For it is of 

the very essence of the principle of variation, on which evolution itself depends, that 

in any population we should have an array of skulls with the same length, breadth, 

and height, and yet having within certain limits a variety of capacities. All we can 

hope to say is, that with such a length, breadtli and height such a capacity is most 

frequent. When we come to averaging a series, then we shall determine with far 

greater accuracy the mean of an array. Here the nature of the problem is, however, 

modified. Tlie question is now how far can we a])ply results deduced from one local 

race to a second. We want in fact a “ panracial ” regression formula to replace our 

intraracial regression formula. As it is imj^ossible to find such a regression formula for 

the primitive stock from which man may be siq^posed to be derived, we are compelled 

to take the regression formulae which are least changed as pass from race to race. 

The mean formula thence derived appears to give excellent results, when applied to 

detei inine tlie capacity of very diverse races. While I do not profess to have solved 

the problems proposed to the degree of accuracy which might be obtained with wider 

data and measurements made ad hoc in the anatomical school, I yet consider that 

1 have given practical solutions to the following prolfiems :— 

(i.) The reconstruction of the capacity of the individual skull, when this cannot be 

measured directly. This is done with a mean error of 3 to 4 per cent. 

(ii ) I'he determination of the mean skull caj)acity of a race vhthout the use of 

sand, seed, or shot, to a degree of accuracy comparable with that of the direct 

method owing to the personal equation of the measurers even when using the 

same method of direct determination. 

(iii.) The determination of the skull capacity of living individuals with a degree of 

accuracy sufficient to determine wlietlier skull capacity is or is not closely 

correlated with intellectual powei'. 
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Appendix. 

On the Correlation of Shull Capacity with Circumfereyitial Measurements on the Skull. 

It may have occurred to some readers that other measurements of the skull beside 

length, breadth, and auricular height would give effective means of reconstructing the 

capacity. The two that most readily suggest themselves are the horizontal 

circumference, U say, and the vertical circumference, from the top rim of one auricular 

passage over tlie top of the skull to the other, V say. The following are the values 

for C, U, and V for the Naqada skulls as measured and calculated by Miss C. 1). 

Fawcett, B.Sc., who has most kindly placed them at my disposal. 

Naqada Skulls, S- 

Organ. Mean. 8. I). Correlation. 

U . . . 509-170 12-178 Tuc = - 6803 
C . . . 1379-23 109-213 /-av = --5116 
\^ . . . .304 - 423 9-850 •rye = -6736 

Naqada Skulls, ? . 

H . . . 492-759 11-958 /-ye = - 6588 
0 . . . 1283-238 86-902 / UV “ * 4:1) 1 0 
Y . . . 29G-615 8-430 rye = -5821 

The units are millims. for U and V and cubic centims. tor C. From these the 

following equations for the reconstruction of C in terms of U and V result :— 

For males 

For females 

C = 3-5035 U + 2-7789 V - 1250-6041 

> ■ 

C = 3-2244 U + 3-2859 V - 1280-286 

(IS). 

I have worked out somewliat fuller data for the collection of skulls of Theban 

Mummies at Leipzig, the measurements of which are given in the German Anthro¬ 

pological Catalogue. 
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Ancient Egyptians, S, 202 Skulls. 

Organ. 

i 

Mean. S. D. Correlation. 

1 
IT . . . 511-722 14-010 r = -8133 ± -0161 
c . . . 1391-54 121-616 /-j;y = ‘6651 + ‘0265 
5' . , . 306-703 8-204 r^c = -7876 ± 0176 

Ancient Egyptians, ?, 96 Skulls. 

IT . . 495-104 14-116 -8262 + •0218 
C . . 1251-98 102-063 'Vy = •6246 ± •0420 
5' . . .1 296-073 

i 
8-414 >Vc = •6731 ± •0377 

From these data I have deduced the following equations for reconstruction :— 

For males : 

C = 7-060 U - 2220-98 p.e. 

C = 11-676 V - 2189-61 p.e. 

C = 4-505 U+ 6-559 V -2925-31 p.e. 

For females : 

47-72 

\/ n 

50-54 

\/n 

39-28 

Vn 

. (20)". 

. (21)". 

. (22)". 

0 = 5-974 11 - 1705-73 p.e. 

C = 8-165 V - 1165-66 p.e. 

0= 4-811 U + 3-124 V- 2054-94 p.e. 

\/ n 

50-91 

s/n 

36-23 

\/« 

Now, although the Naqada and Theban skulls have in some cases very close mean 

values—and it is impossilDle not to consider the races very closely related—yet the 

reconstruction equations for C from U and differ very widely. It is true that the 

Theban skull capacity calculated from the Naqada formula or the Naqada capacitv 

calculated from the Theban formula do not o-ive verv bad results • 

i 

1 
Aetna!. From Theban 

formula (22). 

Naqada ■ r d • ■ 1379 1365 
L ? • • 1281 1242 

Actual. From Naqada. 

Theban < fd • • 1391 
1251 

1394 
1285 i 
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But this agreement does not arise from any real accordance in the formulae, but 

fi-om the fact of the close equality of the Naqada and Theban mean values for U, Y 

and C. 

To test the ajjplicability of these circumferential formulas when extended from one 

race to a second, I take the following data :— 

Organ. 

Race. 

J Aino. ? Aino. French.* 

U . . . . 522-5 501-7 527-6 
. . . 328-5 317-1 317-9 

C . . . . 1462 1308 1475 

These lead to the following results for capacity :—• 

Race. Actual. From Nacpida formula (19). From Theban formula(22). 

.A.ino U ■ • • 1462 1493 1583 
Aino $ . . . 1308 1379 1350 
French . . 1475 1482 1537 

We see : 

(i.) That the Naqada and Theban formulae, although deduced from kindred races 

auid from very consideralde numbers, lead to widely divergent results. 

(ii.) That tlie Naqada, which is for Aino S and French d 1:)etter than the Theban 

formula, gives results worse than the formulae based upon L X B X H previously 

discussed. 

We conclude, therefore, that it appears unlikely that a reconstruction formula, 

based on the circumferential measurements of the skull, can be found which will 

give good results, if extended from one local race to another. 

If we apply these formulae to reconstruct the capacity within the race, (20) and 

(21) give differences much of the order of the earlier reconstruction formulae (I) 

to (8), while (22) gives results as good as (9). 

The following table gives the errors made in estimating the capacity of forty Theban 

skulls, twenty of either sex, chosen at random. It will be seen that the errors can be 

fairly large when we use circumferential measurements. 

* From the skulls of 50 French jnisoners who died at Munich 

given in the German Anthropological Catalogue. 

during the Franco-German war. Data 
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Actual Values couipared witli Values Predicted from Circumferential Measurements 

m t he case of 40 Theban Skulls. 

Male skulls. Female skulls. 

Xo. 
Actual Error by Error 1jy Error by Actual Error by Error by Error by 
value. (20)«. (21)«. (22)». value. (20)b (21)h - (22)h 

1 1480 - 2 - 50 - 10 1280 + 1 + 37 + 20 
o 1383 + 32 -23 + 5 1337 -74 -69 -70 
3 1563 -42 -203 - 107 1356 -15 -48 -11 
4 1380 + 70 - 7 + 39 1253 + 22 -10 + 14 ; 
5 1543 -79 - 8 - 25 1413 -90 -23 -51 , 
6 1390 -32 + 28 - 4 1420 -109 -103 -96 
7 1310 + 21 + 74 + 38 1227 + 24 + 65 + 39 
8 1355 -61 - 18 + 7 1120 + 23 + 66 + 19 
9 1353 -44 -60 -98 1220 + 121 + 80 + 122 

10 1407 + 29 -35 - 2 1270 -54 + 14 -35 
11 1250 + 143 -77 + 20 ' 1333 -142 - 8 - 102 
12 1550 -86 -143 -104 1330 - 133 -62 -116 
13 1430 - 12 0 - 6 1260 + 93 -17 + 70 
14 1435 _j_ 22 - 17 + 14 1390 + 22 -147 -12 
15 1493 -50 -40 O ( — oP 1165 o — O + 94 + 17 
16 1250 + 31 + 75 + 33 1195 — 3 + 24 - 5 
17 1290 + 69 + 23 + 36 1093 -31 + 60 + 24 
18 1443 -56 -48 -53 1347 - 6 - 22 + 4 
19 1170 + 19 -67 -70 1245 + 24 + 31 + .30 
20 1525 + 10 - 130 -40 1250 -76 + 83 -29 

Mean 1 
error / •— 45-5 56-3 37 • 25 53-3 Do * lu c.

 

Finally for our third proljlem—tliat of reconstructing the capacity of the living 

head—there appears no obvious method of alloAving for the diiference between the 

circumferential measurements with and without the living tissues. Of course such 

measurements as those now' being made at Strasburg in the Anatomical Institute may 

surmount this difficulty and enable us to predict capacity from measurements on the 

living head. 

It would thus seem that, as far as the present investigations go, circumferential 

measurements do not present great advantages over those discussed in the body of 

this pa})er, although the C(jrrelations betw'eeii capacity and these measurements 

appear, as far as yet has been investigated, to have high values.'^ 

lliis is directly op2:)Osed to the view of Dr. Franz Bo.vs (‘American Anthropologist,' X.S., vol. I., 

p. 461). He holds that: “It would seem that circumferences are the most available means of judging 

cranial size.” He does not appear, howe^■er, to have correlated the circumferential measurements with 

capacity, and seen how widely the resulting ecpiations differ from race to race. 
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1. Imtboduction. 

The present paper continues my researches in the theory of gamma fimctious. 

Previously to a certain extent I obtained known results by new methods : none of 

2 M 2 
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tlie succeeding investigations however liave, I Ijelieve, 1)een undertaken or suggested 

l^y other inatheinaticians. 

In tlie tirst pa})er"'" pnl)lished in the connection I attempted to give a homogeneous 

theory of tlie ordinary gamma function, considered from tlie point of view of 

WeiePuSTUASs’ function tlieory. I introduced a parameter w, and showed that the 

theory was suljordinate to that of a function satisfying the ditference equation 

f{z + to) — t\z) = ih 

s l)eing any conqdex quantity. 

That theory led naturally to the considerationt of the G function, satisfying the 

ditference etpiation 

G(.+ i) = r(.)G(^), 

and sul)stantially a function all of Avhose properties could l^e obtained by ditferentiating 

tlie simple gamma function witli respect to the parameter. 

1 next considered^ an extended function G(2/r) satisfying the two functional 

relations 

f(z + 1) = r(: ,/■(•.); f(z + r) = r(2) (-in) T--*V'C). 

and reducible to the G function when r = 1. Several points in that paper suggested 

the formation of a symmetiical double gamma function, in which r should be replaced 

by the quotient of two parameters Wj and Wo. In the present investigation such a 

huiction is defined, and its theory developed in, I hope, complete detail. The 

function is the natural extension to two parameters of the simple gamma function 

l’l(2 I «)■ 
It is necessary for a complete exposition of the theory to consider the properties of 

wliat I pro})Ose to call doidjle Bernoullian numl)ers and functions : functions which 

are the natural extension to two parameters of the simple Bernoullian functions, 

considered in Part II. C)f the earliest ])aper of the seiies. 8ucli a theory is develojoed 

in Part I. of the present paper. 

In Part II. I consider the elementary theory of the double gamma function. It 

is shown that certain symmetrical modidar constants arise as finite terms of 

asymptotic expansions in a majiner exactly analogous to the origin of Euler’s 

con.stant y. 

Such considerations lead naturally to Part III., in nhich are deduced from a 

contour integral, which is a doulde generalisation of Biemann’s 4 function, certain 

noteworthy asymptotic approximations, of which the most impoidant is an extension 

Barxes, “The Theory of the tTamma Function,” ‘Messenger of Mathematics,’ vol. 29, pp. 64-128. 

t Barnes, “The Theory of the Ct Function,” ‘ Quarterly Journal of Mathematics,’vol. 31, pp. 264-314. 

I Barnes, “Genesis of the Double Gamma Function,” ‘Proceedings of the London Mathematical 

Society,’ vol. 31, pp. 358-381. 
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of Stirling’s tlieorem. By the aid of this theory it is possible to express the 

logarithm of tlie double gamma fimctioii and the double gamma modular constants as 

contour integrals similar to those given in Part III. of the ‘ Theory of the Gamma 

Function.’ 

In Part IV. I consider the mnltiplication and transformation theories of double 

gamma functions as ^yell as certain curious integral formulie, which correspond to 

IIaabe’s theorem for the simple gamma function, and are elementary cases of a 

general theorem connecting successive similar transcendents of higher orders. 

In Part V. the asymptotic expansion of the double gamma function is obtained, 

and it is shown that the function cannot arise as the solution of a dilferentlal equation 

Avhose coefficients are more simple transcendents. 

There exist similar functions of any number of parameters, and these transcendents 

I propose to call multiple gamma functions. I reserve the formal expressl(m of their 

properties for puldication elsewhere. I have worked out the theoiy for doidde 

gamma functions independently inasmnch as, the complex variable being Gvo 

dimensional, there are many points in whicli a liigher analogy breaks down ; and also, 

since many proofs in the higher theory are, in their simplest form, inductive and, 

to be rigorous, require a knowledge of tlie theorem for the two slm])lest cases. Not 

only so, hut in the case of the double gamma functions it is possible to give easily an 

algebraical theory (such as that worked out in Part II.), which is more simple than 

if one derived all the f()rmulfe from the fundamental consideration of certain contonr 

integrals. 

I ajipend a statement of the notation ado})ted in this ])a])er, mentioning the j)lace 

in the j)resent series of investigations where such notation is used for the tirst time. 

I )orivation. Name. Symbol. First occurrence. 

-Algeln'aic solution of 

f{a + to) - /(tt) = 

Simple Bernoullian func¬ 
tion 

S,((tf 1 to) “ Gamma Function,” 11. 

1 oj) 

11 

Simple Bernoullian num¬ 
ber 

iB,j(oj) “Gamma Function,” § 15. 

! 

Algebraic solution of 

t\a + o^i) - /(tt) 

= S„G 1 ^n)+ + 
n-\-l 

1 )oul)le Bernoullian 
function 

1 toj, (Oo) For the case of etpuil para¬ 
meters : 

“ G Function,” § 15. 

In general: 
“ Double Gamma Function,” 

§2. 

2^'nip 1 (Oi, Wo) 

11 

Double Bernoullian num¬ 
ber 

oBn-nCwi) W2) “DoubleGamma Function,” 
§7. 

ww iyoj/ 

Simple gamma function FiCe 1 w) “ Gamma Function,” § 2. 
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Hci’ivaiion. Name. | 
1 

Symbol. First occurrence. 

§,^ogT,{z\o>) ^ 
Logarithm derivative of 

simple gamma function 
1 0;) “ Gamma Function,” § 2. 

Solution + 1) = V{z)f(z) C function . . . . . 
1 

G(.) “ G Function,” § -3. 

Solution of 7(5; + 1) = j 
Un.symmetrical double 

gamma function 
1 

GCdr) “ Genesis,” &c., § 1. j 

Vide 18-24 Double gamma function V2{Z 1 OJi, OJo) “ Double Gamma Function,” 
§19. 

-i. log E.jd' 1 coi, (0.) 
(A* 

Logarithm derivatives 
of double gamma func¬ 
tion 

“ Double Gamma Function,” 
§19. 

2/7 1 1 — 6' 

Simple Riemann ( (zeta) 
function 

((.?,«,w) “ Gamma Function,” § 23. 

Doul)le Riemann (func¬ 
tion 

(■’(•b 1 "Ji, ojo) For equal parameters : 
“ G Function,” § 23. 
In general: 
“ Double Gamma Function,” 

§39. 

2- J(1-e““i-)(l-e~"2b 
L 

7 los' (0 _ / + J- 
(0 OJ 

Simple gamma modular 
form 

7ll(id “ Gamma Function,” § 2. 

Finite terms of certain asymp¬ 
totic limits 

Uusymmetrical double 
gamma modular forms 

C(r) 
D(t) 

“ Genesis,” Ac., §§ 3 and 4. 

Do. ilo. Symmetrical douldc 
gamma modular forms 

y2i(wi, W2) 
722(^1,0J2) 

“ Doulde Gamma Function,” 
§§ 21 and 23. 

I )o. 4o. Glaisher-Kinkeliii con¬ 
stant 

A “ Gl Function,” § 3. 

7277 

V 77 

Simple Stirling modular 
form 

di(‘d “ Gamma Function,” § 31. 

Eimit of a certain dclinite in¬ 
tegral 

Double Stirling modular 
form 

P2(wi, W2) “ Double Gamma Function,” 
§43. 

Constants which take the values 
0i ± 1, according to the dis- 
tril)ution of and mo 

m I 
iri! J 

“ Doulde Gamma Function,” 
i §21. ^ 
“Doulde Gamma Function,” 

§39. 

The symbolic notation by Avbicb F.£f{z + w)] is written for 

f{z + wi + oj-z) -/(2 + -/{^ + ^2) 

is introduced in § 49. 
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Part I. 

The Theory of Double Bernoullian Funcfio'us and Numbers. 

§ 2. In the “ Theory of the Gamma Function,” Part II., we have defined tlie simple 

Bernoullian function | &j) as that solution of the difference equation 

f{a + w) — f{a) = a\ 

where n is a positive integer, wliich is such that it is an algebraical polynomial and 

S„(o I m) = 0. And it was j)roved that such a solution does exist. 

In exactly the same manner it may he pi'oved that the difference equation 

f{a + Wi) -f{a) = S„(« l w.) +- 
Sh+i(c I &).,) 

+ 1 

has an algebraic solution, which is a rational integral polynomial of degree n + 2. 

The difierence l)etween any two solutions will he a simply periodic function of 

period w, and will therefore be a constant if the solutions are both algebraic 

polynomials. 

There thus exists a unique algebraical polynomial of degree n + 2, which is a 

solution of the difference eipiation. 

/(« + wj) —f{a) — 1 w,) + - 
n -\- 1 

v/ith the condition f[o) — 0. 

This solution we call the double Bernoullian function of a with parameters Wj and 

Wo, and we denote it l)y oS„(rt | oj|,wo). By symmetry with this notation the simple 

Bernoullian function would be denoted by | w). 

We shall often omit the parameters w^ and Wo, when there is no doubt as to their 

existence, and write the function simply oS,;(«). 

§ 3. We now proceed to show that the double Bernoullian function of a of order n 

is also the uni(|ue algebraical polynomial which is the solution of the difference 

ecpiation 

4.1(01 wd 

f (« + f'u) ~J ('"0 — 1 *^1) + ‘It 4" 1 

with the condition f{(>) = U. 

For since 

„s„(« -I- «,) - .s„(«) = S.(«1<»,)+ 
7i. + 1 (^•) 

we liave at once 

2S,;(a -p OJji + 6J2) — oS„(« -p Wo) — oS„(>‘ -p Wi) + 2S,;(«) 
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And therefore if we put 

f„{a) — + oj.) — 2S,,(o) — S,,(a | coj) 

u'e shall have 
f,[a + ojj) —/„(«) = 0. 

Now oS„(«) and S„(«/aj|) are algehraical polynomials of a, and therefore is 

also such a function. And, therefore, since it is simply periodic of period it must 

he a constant. Thus we have 

since 

oS;,(« -)- 0J.2) — 2S„(a) = S„((:< jwj) + constant.(2.) 

Again, integrating the relation (l) with respect to a between 0 and Wo, we have 

toi + a)2 rwj roj2 

2S„(«)da — ~ oS„(o)(/« = 0, 
u" Jo" Jn' 

Su{(i\(o..)da = 
J f) 

OJ.y 
h n + l(0 I 

?i + 1 

Integrating the relation (2) in the same manner between 0 and wj, we obtain for 

the value of the constant 

1 / I \ 7 h „ t.|(o I COj) 

And thus is the unique algebraic solution of the equation 

/■(« + <»,) - /(a) = S„(« I <„,) + , 

with the condition/'(o) = 0. 

From the symmetrical nature of the e(piations which give oS„((r|c/jj, (0.2), we see that 

this function itself must be symmetrical in Wj and Wo. 

§ 4. If new we assume 

oS;,(a|c(j,, 0)2} = a«+o + . . . + apq 

the calculation of the liighest coefficients may he readily effected. 

For we have 

oS,,(a + Wj) — I H“ 
S'„+i(c|a)d 

•/?{+! 

('?/ + 1) COn 

a” , 
a" ‘(D., 1 / *> "" \ *> / ‘? , i / \* ) / O 

n 1 

Hence if we substitute the assumed expansion for equate corresponding 

powers of a, we find 

(it fi- 2) O)^ ^h + 2 — 

(w + 2) {n. + 1) 

1 . 2 
O) 

(li -f- 1) Wo ’ 

a«+.3 + (tt "h 1) a,12.1 — — .f. 
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{n-\-2) {n-\-l) n „ {n-k-l)n 
- + 

?i\Bi 

3 ! 
O) 

2 ! 

and so on 

U *^"+1 Cl/; \ 1 / 9 

On solving these e(tnations successively we readily obtain 

1 
a 

(vi + 1) (/I + 2) 

+ (y.i 

'^«+l — 

and, since 

Thus 

j C/J^, - 

— 1 '2 

•,n+2 

2(/l +1) 0)^C02 ’ 

3 I 3 I o 
^ Ct)| + 0)^2 “T 00)1^0)2 

COiWo 

+ &).,) , &)i“ -t O).," + 
- - -i-_J_ (-/Jt -1-^-1-: 

(/I F1) (?i F 2) 2(yi F 12c()|(i)o 
-^+ . • . 

Further terms can he calculated if necessary. It will be seen, however, that they 

form what we propose to call double Bernoullian numbers, whose })ro})erties may be 

investigated without tlie necessity of their formal evaluation. 

Corollary. AVe note that 

And hence 

'l 0/ I \ 0 I o , »> 
Ci / \ \ Cl’ Cl~\U). F Wo) I COi F Wo F'^w,Wo 

2S,(«|wi,a;o) = T - --/ ---+ ft i -- 
Gw^wo ^CO^Wo 12a)jWo 

0* S\(«| W^, Wo) = 
a{oyY i- coo) ^ 

12w^a)o 

1W^, C-Jo) = 

a Wi F Wo 

w, w :aiiC0 

oS/3)(c/, 1 OJI, W2) = 
a)i&)o 

It will be found that these expressions are of constant occurrence 

the present investigation. 

Note also that 

ok So( a 1 w^. Wo) = 

WjWo 

a (w^ F Wo) 

2w^W2 

in the course of 

5. We will now prove that, if u —/j>0, h > 0, 

oS,/^'b''a. 1 W], w.,) = 
n! 

We have, when n — Z; > 0 aud h < 0, 

I w^, Wo) + I c^o ^2)- 

08//^) (« + W,) - 28/) («) = 8/> (u| Wo) 

ni f 
= 8//'''^ (0 1 Wo) + y_ '^n-lc{u 1 Wo) 

(“ Theory of the Gamma Function,'’ § 14). 

2 N VOL. CXCVI.-A. 
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and therefore 
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,S/)(a+ a;,)-„S/)(«) 

n! 
= S„V)(o 1 c.,) + 

{n — A:) ! 
oS„_^.(a -f- ojj) — -7 

I Wo) 

n — k + 1 

Tims if we write 
n! 

f{a) = gS/) («) - ^ oS,_,f (a) 

we shall have 

/ {a d- Wj) — f{c() — (o I Wo) — 
n: 

Similarly 

(7i - h + 1)! 

= 0 (“Gamma Function,” § 15). 

/’(« -r Wo) ~/{u) ~ 0. 

S'„_i.+ i (ojw^) 

and therefore since _/’(«) is an algebraical polynomial in a, it is a constant. 

On making « = 0 and rememhering that oS„(o) = 0, we obtain 

n! 

(7i — Jc)! 
Ol' S„_, («) == {0\ 

which is the required i-esult. 

^ G. We are now in a position to prove that 

[ ('"0 “ — A* 1 2^'»+i 1 "n ^2) “h 
J (■) + 1 

^ H + O 0|«^d 
(/i + 1) . G + 2) 

['“Ml / \ 7 ^3 Cl/ /,| \ I ^ii42(^l‘^l) 

and at the same time tlie im})ortant relation 

(0 1 a.,, a.,) = ' + I “1. ‘"i)' 

Since 2S,,(o) = 0 we see from the lundamental difference equation that 

Sk+h*^ I "2I 
2^/' (^]) — n + 1 

Hence, if we })ut a — co, in § 5, we see that when n—l' > 0, and /.■ > 0, 

,(o-,) 

n! 

(7i + 1 — A) 
S'„_7- + i {o\oj.X 

Take now the relation 
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and integrate with respect to a between 0 and we obtain 

— oS/“^'(o) = — oJ^n-k{o)da + nS/^(o), 
(n — /d) i j f) 

so that 

<0^ .C («) <«) + (,. + 2 -/.). —‘A I -.)■ 

Write now n for [n — k), as is evidently allowable, since both n and k are positive 

integers, and we have 

)„ =s. («) 'la = - (0) + 

We thus see that 

n 
— (O] 07,, ojJ 

{11 + /i-’) ! 

is independent of k, since this is the only time in the relation just obtained which 

depends on k. 

Putting then k = 1, we have when k > 0 and n > k. 

c'ik'i I I \ T 7 )! , , I . 
I 07^) - "+1 1 *^1’ ^3)’ 

which is one of the relations re<piired. 

And also 

t o / \ 7 O' / \ I ^ « + 2 (o I (O.t) («) da = — -: ..b „,, [o) + ,-—-—— . 

another of the given relations. The second integral formula of course may Ije 

written down by symmetry. 

We notice that in the notation formerly introduced (“ Gamma Function,” § 15) 

we have 

h ,,^.0 (0 I COj) _ ll'«+2(iy2) 

{n + 1). (71 + 2) 71 + 2 ’ 

and therefore that each of tliese expressions 

= 0 when n is odd, 

(->'B|+. 07/+' 

(a + 1). (77, + 2) 

Thus we see that when n is odd 

when n is even. 

3S, (a) da = - aS'«+i (0) 

2 N 2 
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§ 7. We now introduce doul^le Bernoulli an numbers analogous to the simple 

Bernoullian numl^ers introduced in the theory of the gamma function. 

In that theory the simple rdli Bernoullian number was defined by the relation 

T) / \ I 
1^4") = —— > 

and now the ath double Bernoullian number is given by 

T> /■ \ 2^ I (Mo) 

oi>/i (CJi, (Oo) — . -Vi-/ 

We note that by the tlmorem of § G we may put 

3^«+i (^n *^2) ~ _|_ /.yi 3^4/.' (0 1 Wj, oj^), 

and therefore 

oS,/'''* (0) = ("n "3)- 

§ 8. At this point ^ve may conveniently note the reduction which takes place in 

tlie double Bernoullian functions and numbers when the parameters are ecpial to one 

anothei". 

If we put = oj, = (o we have as the single difference equation of the rdli double 

Bernoullian function the relation 

/(a -b oj) — /(a) — S„(rt4) + iT1«+i(<w)5 

and tlie function is now defined as the algebraical solution of tins equation with the 

condition o>S„(o | w, w) = 0. 

Put now 

y (n) ~ — bt;, (n| oj) -j- (a — oj) S„(u | oj) -|- (c 
bh+i(ol&)) 

and we Jiave 

^ (a -{- co) — f('0 “ a)8„(o 1 <y) “b 

71 + 1 ’ 

I oj) 

?l + 1 

Hence, the otlier definition conditions being satisfied, we see that 

ob,, {(( w, oj) — - (n oj) — - ^ oj) +-—j—, 
■ ' ' ' 0) \ I / ^ 1 i \ I / CO 71 + 1 

that is, the double Bernoullian function when the parameters are equal reduces to 

simple Bernoullian functions and numbers. 

It will be seen later that it is for this reason that it was possible to obtain all the 

expansions in the theory of the G function in terms of simple Bernoullian functions. 

Note that the above relation may be writte]i ,; _ 

.S„(« I », a,) = S„ («1 <.) - i S,,,, (a I «,) + - ,B„, (<«). 
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On differentiation we have 

{a I a», oj) — S,, (a I oj) + - I ~ (a ] oj) -f- (<y)) 
0) CO CO 

so that jS',, (o I OJ, w) = — Sh (o I w)-+ i (oj), 

and therefore oB„ (co, co) = — j^B,, (co)- iB«+i ( co), 
cv 

§ 9. We now see at once that 

oS„ (a I co^, CO.,) ■ 
■,11+3 

CO I + CO.2 

(w F 1) F 2) coj C0.2 2 (n F 1) coj^ co^ 
- oBj^ n'* 

H~ ( 1 ) 3^2 (<^1, £^3) ft" ^ + ( ] .2B3 (w^, C0.2) cG ^ + . 

pnid so com]dete tire expansion of § 4. 

For by Maclaurin’s theorem we have 

3S„(al»,.<».) = a.S',(o) + ^~L‘‘‘ + . . ■ 

since the hijxher differentials vanish. O 
From the few terms found in § 4 we see that 

,s,S"*Uo) = 
01 ! 

Now when n > k and k >0, we have 

CO^CO.2 

oil (CO^ F cot) 

2co-^co2 

3^/^-U](f^n "3)> 

and thus we have the expansion in question. 

§ 10. It may now he shoAvn that 

(-) 
)i — \ 

,S„(«) = ( —)" oS„(w3 + oq — O.) + q ^ . [^«+i + i (tt|£F)]> 
ih “i“ F 

or, as we may write it, 

oS,, («) = (~)"3S,, (w^ -F on — a) 4- ( —[i^F + i("l) + iE>« + i(oq)]. 

Ptemembering the value of, iB„+i(a>) we thus prove that 

gS;, {a) = oS,, (cui + wj — a), when n is even. 
Tc - 1 

3S;, (a) oS„ (oj, + Wo — «■) + ^ Ba + 1 (w^" + w/), when n is odd. 
\ i I .V / > ri, F 1 "V- 
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Sul^stitute Wo —a for a in the fundamental difterence equation and we find 

oS;, (o)]^ d“ — ®) — ^«(wo — « ] Wo) + + 

and therefore, since S,;(wo —alwo) = ( —S,;(rt|wo), we have 

oS«(a)^ + w,j — a) — o&„ (wo — a) — (— S;i(rtlwo) -f iB/i + i(w]). 

If therefore we put 

f{a) = (-)" 
a 

+ ~ + i ("i)> a)i 
otS„ (wj^ d“ Wo — a) + — iB/i + i(wo) 

we see that / (o.) is an algebraic solution of the dinerence ecpiation 

J-[a + W|) — ,/{<0 = S/;(«iwo) + iB,,4,^(wo), 

and tiierefore can only differ liy a constant from oS„(«). 

Determine tliis constant by making a = 0 and we have the relation 

oS„((r) = (—)“ [oS„(a)j + Wo — a) — oS,,{wj -f- Wo)] + - lB/i + i(wo) 

"l 

+ — iB,, +1 (wo). 
W, 

When n is odd the last two terms cancel each other, and when n is even ^B,;^.^(wo) 

vanishes. 

Hence oS?^,(«|w^, oj.,) — (—)" [oS„(w. + wo — o) — oS,,(ojj -|- Wo)]. 

From the fundamental difference ecjuations we see at once that 

a / , X S,i+i(o|a)i) , 8,(+i(o|wo) 
oh„(w^ + wd = -—---— 

' n -{■ 1 11 + 1 

= lK/i + l(wi) -f iB,,+ ;(wo), 

and therefore we have tlie relation stated. 

§ 11. We may now show that, when n is even, 

Bo/2, 
oB„(Wi, Wo) = ( —)“ -^'(wff ^ + w/ 1), 

a simple expression for the even double Bernoullian numliers wliich corresponds in 

some degree to the fact that the even simple Bernoullian numliers vanish. 

On differentiating Avith regard to a the result of the previous paragraph Ave ffnd 

oS n (u I W^, Wo) ~t“ ( — oS (wj -j- Wo -— (x) = 0. 

From the fundamental difference equations Ave haAm 

oS;j (a -f- w^ + Wo) — oS„ {a + w^) — .oS,, \ci ff- wo) + 
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and hence oS'„ + oj^) = oS'„(&ji) + oS',; (w^) — oS'„ (o) 

= (o) “h S^( (o I Wo) + S „ (o I Wj). 

Thus, since (“ Gamma Function,” § 15) 

S'„ (o I oj) = 0 when n is odd 

n 

= ( —) “~^ oj”~^ when 'll is even, 

we see that 2S',; (w^ + w^) = oS'„ (0), when n is odd ; 

and oS'„(wi + Wo) = oS',, (0) + (-)-”' B,^(wh'"^ + when n is even. 
2 

But our former relation gives us, when n is even, 

(W| + Wo) = - oS',; (0). 

Hence, when n is even, 

,S'„(..) = (-)^ .1/ ■ (<“1-'+ «/-'). 

which is e(|uivalent to the relation re(|uired. 

§ 12. We now proceed to show that 

“,S„(a) ,1a = (a,,, 
0 n -t I 

We have 

oS;, (rt "h Wj) — .oS„ (a) — S„ {(I j ojo) -h 
S'„^l(ol Wo) 

/G+1 • 

Hence, integrating with res2)ect to a 

fa + u)i ra ru, ra Q' ) 

oS, («) da - oS„ («) da = oS„ (o) da + S. {<i \ wo) da + « ' 
0 " ■'o'' h) ~ Jn a + 1 

But (“Gamma Function,” § 19) 

[ S„ (a I Wo ) da + 
Jn 

a 
n + 1 'l l 4- 1 

so that, if /’(«) = (^0 Biis function is an algebraic solution of the difference 
J 0 

ecpiation 

f(a + 0,,) -/(«) = f ,S„ («)</« + 
.'0 71 + i 

But this difference efjuation is evidently satisfied hy 

a 
[ oS„(«) da 
Jn 

h K+2 (c I Wo) 

+ 71+1 WiLJo'^ ^ ' (7^ + 1) (?t + 2) J n-\- 

Ci‘ / \ ”1 I + l 1 £• 
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lienee as these two solutions both vanish when a = 0, we have 

f" oS„ (a) da = - a ,B,„, (»., a,,). 
J 0 /I “h 1 

As a corollary we liave on differentiation 

2^ « + l (*^0 ~ i-) 2^" ('"^) d“ 2^ J' + l ('^)- 

§ 13. The limitIplication theory of double Bernoullian functions may be con¬ 

veniently expressed l>y tlie formula 

S/ I \ I""! i I 1 \ Ania coi, fo»,d = a , —- . 
~ ~ ~ \ Hi m / 

From the fundamental difference relation we have 

^ m a 4- - 
m 
«i 

Cl, CJo ^ — .iS;, -yllia I 61^, cio] ? in" 

1_
 

/oioXn 

\ 1_ ^ 
in j 

—
1 

rH 
+

 0.^ 

Hence — oS„ ima I oi,, oj.d satisfies the difference equation 

—/{«) = 
n + 1 

and is the only algeliraical solution such tliat J\o) — 0. 

Ct)o 

llei ice 
J. 

IIV 
- oS„ {ma 101^, 01.) = .S, Hi --j, 

which is the relation required. 

As a corollary we see that the ?dh double Bernoullian number is homogeneous 

and of degree [n—1) in the w’s. 

For in § 9 we liave seen that in the expansion of 

i^a j Clj, Cl.i^j 

the part of the coefficient of which involves the w’s is .,B^.(ajj, &i^). 

§ 14. The transfoimation of the jiarameters of the double Bernoullian function is 

given by the relation 

aij &)., 

V’ *1 / A=o r=o p 
01 n "2) 

+ P(/2th + i (o>i, 01.) — ^B„ + J ( 

as we proceed to prove. 

Let d(n) oH, (o q- -p ‘ oi|, ojo), 
/.■=0i = 0 V <l\ 

tlien we obtain at once 
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/(«+ -/{«)=*- 
3-1 

I =0 

3-1 ■ 

l=o\ 

3^4 rt + j — oS„^a + ^ y 

S a + 
ho 2 

•^3 ) “1“ iB,,+i((y2.) 

= S„ a 
CO 

"f" {“ Gamma Function,” § 18). 

Thus f{a) is an algebraic solution of the difference equation satisfied by 

The two solutions can then only differ by a constant, and thus o S ;j ( Ct 
P ' 9. J 

oS^f a 
(Oi «. p-l 7-1 
J,-) = ‘S 2 „s„ A + 
i? 2/ 1=0 ( = o“ \ p '1 

w, , Ct)o I —h It#, 

where R# is independent of a. 

To determine this constant, let us integrate between 0 and We find 

r"H 

J f! 
a , da = t I nSA + 

P qj i=o-'o \ q 
CO, „ coG^ + ^R 

p 

and therefore by § 6 

CO.i 
, 1"''43( , 

CO, T-. / <^1 <^2 \ ^ \q _Tl D 
p " q ?i, + 1 5 

— qo)^ ("n "3) “b - 

,_l2S# + i( ~ 'j _ + 
P 

I =0 'll .1 
\ ?? / q_ —IR^, by § 12. 

p 

And therefore 

so that 

T) / \ I / ^ \lh»+3l^2) I ,d^“ + 2(®2) I ‘^IT) 

S"! "i) + [pr, -1) + 3 + iW" 

(“Gamma Function,” § 18). 

p 2^3 + 1 
p q 

— qwi gB^+i (co^, coj) -f ^4 R«, 

R« — pq sB/i+i (^n ^3) 3®»+i 
CO] CO3 

p' q 

On substituting this value we have the theorem enunciated. 
O 

As a coro//rtry we have on making a — 0. 

V V Si j_ ^ 2 A A oO„ — q- 
1=01=0 \ p q 

CO n *^3) — 31^3+1 ( ^4 (cii, CI2), 

§ 15. We now proceed to prove the expansion of fundamental importance in the 

theory of double BernouUian functions :—• 

ze 

(1 — e “I*) (1 — e “2^) 

VOL. CXC7I.- 

_ jSi«>(a) + A*r 3 +. . • + + . . 
n ! 

O 



282 MR. E. M. BARNES ON THE THEORY OF THE 

In tliis expansion the double Bernoullian functions have and Wo for parameters, 

and the expansion is valid provided 12 | is less than the smaller of the two quantities 

2771 j 2771 
"1 ! ’ &’2 

For Avithin a circle A^drose radius is less than this quantity, the function 

z-e 

(1 — c “1^ (1 ” ^ 

has no poles, and hence it is expansible in a Taylor’s series of poAAmrs of 2. 

Thus Ave may assume, for all finite Amines of a, 

Ay«) 
— AQ(a) + 

/iFO 
1! + ...+(-) 

>;-1 /»fo) 
71 ; 

+ (1 — e “‘"J (1 — “2--) ^ 

where it is obAuous that the functions of a Avhich enter as coefficients are all alge¬ 

braical jDolynomials. 

Change noAv a into a -|- and subtract the expansion so obtained from the one 

just written. 

We find 

re--- Aq«)-Aqa + a)d w,a , , a 1 /ifo)+ ‘“i) .. . 
- = -;-Ao(«) -f Ao(a + wi) -1-7A-2 + 

1: 

„_1 + «l) 
71 i 

+ 

' But in the “ Theory of the Gamma Function,” § 20, Ave obtained the exj^ansion which 

may be written 

■ Tl = - 1 j 2" + ... 1 - c- 

Equating coefficients in these tAAm ex^Aansions, Ave obtain 

Ai(^ ffi ^1) — A]^(nj 0 

A|,(a + ojj) — A^,(«) = S/~^(rt|a)o) 

/l(« + - /l(«) = S'i(rtla>o) 

f„{a + Wj) —fn{ci) = S'„(a| Wo) 

and it is obvious that a similar set of equations hold in which and are inter¬ 

changed. 

Hence Aj(n) is a constant AAdiose Amine, from the first term of the expansion, is 

(O^CO:^ 
= oSi®(o,[a;i,a;.) by § 4. 

Again A,j(a) = for these two expressions can only difter by a 

constaait Avhich 1jy § 4 and the actual expansion is at once seen to A-anish. 
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Finally for all positive integral values of ')h, can only differ from .2^'^{a ] wj, 

by a constant,— i.e., let us say, 

I Wo) + 

Differentiate the expansion thus obtained with respect to «, and we tind 

(1 — — c““^) 

and hence we have finally (§ 6) 

= +...+(-)■ 
n ! + . . . 

ze 

{1 — e "‘h (1 — e “2^) 1 ! 
+ (-)»-> ="^'4"-2“ + 

111 

which is the expansion I'equired. 

This expansion may be used to define the double Bernoullian numbers, and tdl their 

properties may be deduced from it. A procedure analogous to tlie one here suggested 

will he the one employed in the general theory of multi})le Bernoullian functions. 

§ 16. Several expansions of constant occurrence may he deduced from the one just 

obtained. 

In the first place, note that we may write the expansion in the form 

ze~ 

(1 — (1 _ 

Wj + CO., a „S'] («) 
+ . --h — S + . . . 

C0|(0.,S -SCOjCO, co^to., 1 ! 

1 

JlCO.i- 

+ (-)"■'vr""+' • ■ 

Put now a = 0, and we have by definition of the double Bernoidlian numbers. 

(1 — cojcoo^ 

We thus have (§11) 

1 I + "3 I T> / \ I 

+ .... .. ' + 3-t^i (*^n + • • • 

4. / V<-1 
^ ' { n - 1)1 ’ 

(1 — “iq (1 
-—-p _ ‘ _ 
— cojco,* -'^1*^3 

*^l “8 COo , 2^1 (*^l! ^2) _ , 2^15 (*^1’ ^3)..,3 + 2 + 
! 

2^2,^ + ! (^1, ^2) ^2n + 1 
{2n) ! 

+ - ( —) 
})l = 1 

And the last series may be written 

, ^ B„Acod"‘~^ + coA'^-B^-" 
2 . (2w) ! 

+ 1 — e ““1" 1 — e 

1 1 

CO, COo 

Hence we find 

2 o 2 
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z 

(1 — “1-) (1 — f “ "(1 

z 

— C~ "1-) 

■r i*- 

as tlie expaiision from which the odd double Benioullian numbers may be derived. 

Finally if we integrate the fundamental expansion of § 15 with re.spect to a 

between 0 and a, we obtain 

1 — 

(1 — 6'“ "ip (1 — e” 

or, as we may write it, 

1 — e 

(c.) - oSf^) (o) ,, 
T* ~ 1-2^ 1 “ 2'^ 1 (<5) J H-^ -T ■ ■ ■ 

. . . + 
n . 

U, ~ 2^0 + • • • + 
(_)«-yS„ («) 

n! 
t' + 

2Tri 
and 

27rt 

&>! "2 

(1 — “ip (1 — “2p Wj 

as the expansion from which the double Benioullian functions themselves are at once 

obtained. 

All these expansions are valid within the circle whose radius is the smaller of the 

two quantities 

§ 17. Hitherto we have considered the double Benioullian function as defined by 

one of two difierence equations, each of which involves the sini])le Bernoullian 

function. 

We proceed now to prove tliat, to a linear function of o, nS„(a) is the only rational 

integral algebraic function of a satisfying the difierence equation 

/ [<i + + Wo) — / (n + Wj) — / (a fi- Wo) + / (a) = o". 

In the first place it is at once evident that oS,,(a) does satisfy this equation. 

Again the difierence of any two solutions is a solution of 

J [d fi- Wj + Wo) — / {a fi- wi) — / (« + Wo) + / {a) = 0. 

Putting f{a + wj) —/(«) = </>(«), 

we have 4> {a + Wo) — <p (a) = 0. 

Hence, if /’(«) is the difierence of two algebraic solutions of the original equation, 

(^((x) will be an algebraic sinqily periodic function, and therefore a constant. 

And thus we shall have 

-f Wj) — f{a) = constant, 

so that if/'(«) is to be an algeliraic polynomial, it must be of the form 

Xu —h jjL, 

where X and g are constant with respect to a. 
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Thus the dilFerence of any two rational integral algebraic solutions of 

y(a + + ^-2) ~ J ~ + (^-2) +/(f') = cj." 

is of the form A.a + /a. Whence the theorem in question. 

[Dr. E. W. Hobson has kindly pointed out to me that the analysis of the 

preceding paragraphs would be much simplified by starting from the direct definition 

of the double Bernoullian function in § 17. 

We should thus define the double Bernoullian function by the expansion 

1-e- 

(1 — (1 ■ 
= "--2So(«) + • . ct>^a)o 

_p ^ 1^1’ *^2) q_ 

n! 

On differentiating with respect to a, we get the expression of § 15. 

From the relation 

1—+ l—g-az g-az 

(1—(1 — (1—(1 — e~'^zz^ 1 — e~“a-’ 

we obtain the fundamental difference relations for the double Bernoullian function. 

The result of § 10 follows from the identity 

\—g-az 1 — g{oii + u.^-a)z ^ 

(1 — ) (1 — ) (1 — (1 — 1 — (1 —^ 

and that of § 14 from 

g-aqi _ 
a>|Z 

(l-H"? )(i_e“T) 

Inasmuch as theoretically the properties of an algebraical polynomial should not 

be derived from consideration of the coefficients of an infinite series, the original 

investigation has been retained. I had already j^roposed to myself to work out the 

theory of multiple Benoullian functions by a method closely allied to that suggested 

by Dr. Hobson.—Note added Jidij 3, 1900.] 

P-] 2-1 
N N 

X;=o ;=o 
1 — e-i“+ k + '?)4 = PI 

Part H. 

The Double Gamma Function ro{a | coi,<yo) cmd its Fdememtarxj Properties. 

§ 18. In the elementary consideration of the simple gamma function it was found 

to be necessary to rely on two algebraical limit theorems :— 

(1) Euler’s theorem Lf[l + ^ + . . . + — — logn] = y. 

(2) Stirling’s theorem Gt 
71 ! 

yjn + ig-B 
= A,/27r. 
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In an analogous treatment of the double gamma function we may expect that 

similar limit theorems will be i-equired. This, in fact, is the case ; but for our 

present purpose it is sufficient to take particular cases of the asymptotic expansion 

for log r(2:). 

To make use of this approximation we need only remember that (“Theory of the 

Gamma Function,” § 39) if 2 and w he any finite complex quantities, and n a positive 

Integer, 

log H {z + nioj) = log [2 + (n + l)w | w] — log Fj (21 w). 
m = 0 

We suppose that such values of the logarithms are chosen that additive terms 

involving 'Ittl do not enter. In other words, we shall say that the logarithms have 

their absolute values, the formula just written ])eing merely a convenient way of 

w]'iting the identity 

n 

II (2 ffi wiw) 
a> = 0 

I\[2 + {n + !)&)] 

I>) 

On differentiating this identity with respect to 2 we have 

k 1 

, = 0 + '»;&)) 
= v///^'[2 + (n + l)w i w] — i//f^)(2 1 w) 

with the notation of § 2 of the “ Theory of the Gamma Function.” 

§ 19. The double gamma function of 2 with jmrameters and we write 

ffi(2|w^, 6J0). 

When there is no doubt as to their presence the parameters are omitted. From 

tills function we form the subsidiary system 

1/1.3'^’ (2 1 0)^, C0.2) = log To(2 1 013, W3). 

^^2® (21 "2) = log r2(21 "n "2)- 

and so on. 

As a definition we assume 

I 01,, 013) = _2 V-^ 

n!, = 0 i)ij=oG "t wq&l^ + 

This double series is, liy Eisenstein’s Theorem,^ absolutely convergent, provided 

the ratio of oij to 013 is not real and negative. This limitation on the parameters 

holds throughout the whole theory of the double gamma functions. It corresponds 

to the limitation in Weierstkass’ theory of elliptic functions that F must not be a 

real quantity. 

* r. Forsyth, “ Theory of Functions,” § 56. 
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We shall show that hy successive integrations we may determine r2(t|wj, 0)2) as a 

function symmetrical in and Wo such that 

Fg + <»i)   fl(^| ^2) ^-2mmS'iC I W2) 

^2“^*) 81(^2) 

Fg + Mo)   I ](^l t«Jl) _2m'77iS'i(« I wa 

where ^](w) = {‘Ittj(d) (“ Theory of tlie Gamma Function,” § 31), and m and m' are 

integers (unity or zero), to l)e determined in accordance with the detailed theory 

which we proceed to give. 

And the function so determined will be unique, provided 

Lf[zFo(z I a»_^, w^)] = 1. 
£ = 0 

§ 20. We readily see that the function 

(O u 
CD CO 

_ 9 V S' 
mi = 0 m2=0 

1 

(2 + U)'' ’ 

where Q = -j- uIo&Jo satisfies the two difference equations 

+ "l) = (2) — I Wo) 

+ Wo) = (z) - wj. 

where here, as always, we suppress the parameters of the functions ^2''\z) 

{r = I, 2, ... ) and Fo(2:) when these parameters are supposed to exist in perfectly 

general form. 

For we have at once from the definition-series 

+ Ci) - = - _ V 
n!2=0 G + 

= — I Wo). (“ Gamma Function,” § 2) 

Next, we may show that the function 

CO 00 

xljo]^^\z\a}^ W2) — — yoi (w^. Wo) + ^2 “1" ^ 
1 

,=0 )rt,=0 L(^ + 

satisfies the two difference equations 

+ "j) — ~ 

+ (^-2) = W^), 

whatever he the value of the constant yo^(wi, Wo). 

For the series for <^o^^^(2) is absolutely convergent so long as 

1 1 

{z + ny~ 
1 

ns 



288 MR. E. W. BARNES ON THE THEORY OF THE 

is regarded as one term, and we may subtract two absolutely convergent series by a 

term-by-term process. Hence we have immediately 

(2 + wj) — (2) = 
m2=0 + ’''2*^2)" 

and therefore (“ Theory of the Gamma Function,” § 2) 

[Z (z) = -. 

Similarly, (2 -f- (2) = — (2 | Wj). 

§ 21. It may now be shown that the function 

*0 CO 

- (21 W2) = 2 721 (oji, Wo) + 723 ("n ^^2) + 4 + - ^ , o 
)ni=0 7)12=0 L* 

satisfies the two difference relations 

^■2^’ (2 + Wi) — ^2^'' (z) = — V’ (Z I Wo) + 

,>/■> (2 -f Wo) - lAo'^> (2) = - ^i<*> (2 I Wi) + 

for certain values of the numbers m and m', provided 

721 ("n '^3) = — Lt 

2mi7L 

Wo 

.m TTL 

W, 

71 n 1 1 

S S' --logn 
^1 = 0 )n2 = 0^^ ^2 

1 

Ct)| &>.T 

H-\ log (Wi -f Wo) — log Wi — log Wg 1 I, 

the principal values of the logarithms being taken. 

We may write 1//0 *'^(2) in the form 

- Lt 
n = a 

and now we obtain at once 

rf^i^Z + CO,) - 

1 ’* ” ( 1 1 z 

2721 ("n "3) + 723 ("1. "2) + - + - - 1 TT?) “ o + fr2 
77i, = 0l71j = 0 L'* “T il 12 

n 1 
V _ s' V V' "1 I — — 721 (^1) ^'’) “h / 1. /-V • 

7i = » L7)ia=0 2 + 7)ij = 0Z + ()l "f- IJWj + Wo 01^=0 

Hence we may take 

+ Wj) — l/io'^^(2) = ~ l//iO> (2 I Wo) d- 2- 

mirc 

CO, 

provided 

/ \ I 111/ I \ 7mri 
"i721 ("n "3) = 7i (21 W2) — 2- 

CO, 

-\-Lt 
=2 00 i )/», 

n 1 n 

_ V 1 

~ i" llloWj ,,^^-qZ + 7ll,CO, (?^ + 1) Wi 

- V' -0 
171, = 0 7)1, = on*J 
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or, utilising § 19 Corollary, provided 

+ (n + 1) Wo I Wo] + [z + (n + 1) wj Wo] 

— [5; + (?i + 1) • (<^i + I <^3] ~ ^ • 
j«i = 0 III., = 0 _ 

But (“Gamma Function,” Part IV.) we know that when Izj is very large, and 

2- not real and negative, 

log Ti (2; + « I w) = (- i) jlog f + log i log 
CO / [ 0) J W CO 

+ terms which vanish when |2:| becomes infinite. 

In every case the principal value of the logarithm is to be taken, i.e., that value 

whose amplitude lies between —n and tt. 

Now log — + log w = log 2: 

in all cases except when 2 lies in the region formed by lines from the origin to the 

points —CO and —1 (shaded in the figure). 

/ \ I -1 T Wiyofiwi, Wo) “T 2-— 
Wo )i = X 

(Cl) 

When 2 does lie Avithin this region, we readily see that 

log + log w = log : + 2 TTL 
CO 

if I (w), the imaginary part of w, is positive, and 

log- + log w = log 2 — ITTi 

if I (w), the imaginary part of w, is negative. 

Thus 

log fo(2 -f a \ w) = (i ) ■' log 2 + 2/t77C ~ + 2 log 
(O CO CO 

+ terms Avhich vanish when 121 is infinite. 

where k = 0, unless 2 lie within the region between the axes to — 1 and 

VOL. cxcvi.—A. 2 r 

w. 



290 MR. E. W. BARXES OX THE THEORY OF THE 

and where h = d: 1- the np})er or lower sign being taken according as 1(a)) is positive 

or nen’ative, Avhen 2 does lie within this region. 

(.)n differentiating, we have the derived expansion"^^ 

+ « 1 w) = ^ (log 2 + '2l-m) 
CO 

+ terms wliich vanish when !2| liecomes intinite. 

the ])rincipal value of the logarithm l)eing again taken, and h being determined as 

before. 

Substituting in the expression for 'y.-i(a)^, o)^), we have 

(a)|, 0J.2) d- 2 - = Lit 
= X CO^ 

'll 1 1 ■ tog hoj.i “h — ncoy 
CO .T ' 0) 

— log n . (a)| “h ca.i) _ X X' ffl 

= 0 m., = 0 11 ’ 

'IJCTTI 

&).i 

where Jc = 0, unless 
a)| does ^ (o)] -j~ w.-,j cioes 1 

” (a)| + oi.d does not j aij does not J 
("] + oio) does] 

lie in the region hounded by lines from the origin to —1 and — o).,. [It is understood, 

of course, that tlie principal values of the logarithms are to he taken.] 

When, as in the tigures 1 lie within the region of exception, k 
^ (oji + o),.) does not! ^ 

= ih i, the upper or lower sign being taken according as I(a)^) is positive or nega¬ 

tive. 

From the diagrams, we see at once that it is impossible that should | 
a)^ should not j 

lie within the region hounded l)y the lines from the origin to —1 and o;^. 

Fake now m = l\ tliat is to say, let m he such that we have m = 0, unless 

coj does j region of exception, and in = dz 1 according as 1(a);) 
(•^i + a).i) does not! 

is positive or negative, when this exceptional circumstance takes place. 

* According to i\L Roincarcf we may not in general differentiate ;in asymptotic expression. The one 

in cjnestion, however, may be readily established Ip' the methods emplo^’ed for log ri(: -1- a \ w). 



DOUBLE GAMMA FUNCTION. 201 

T1 len 

7^1 (wj, M,) = 
n= T> L^l 

1 " 1 
— {lognwo 4- log?;.aii — logri((yi + wo)} — 2) ^ TT 

" m,=0 m,= oG" 

But this expressioji is symmetrical in co^ and Wo; and we must therefore liave the 

analoo;ons relation 

w here m = 0, unless 

-f CJ3) ~ — ~ "1“ 

co.^ does 

O/i TTi 

W, 

lie within the region bounded by the axes 
(<^i + con^ does not 

from the origin to — and —1, in which case ni = dr B the upper or lower sign 

being taken as I (w^) is positive or negative. 

Provided therefore that 

721 (*^0 ^-*2) — 
>; = 00 

1 n 1 1 
logn ~~ S %' ”3 d“ (") *^21 

WiCO.i COiW,, 

we have, with the assio-ned values of m and m , the two difference relations 

&)o 

The function (w,, we propose to call the first double gamma modular form. 

It will subse<[uently be expressed in terms of the function D(r) introfhiced into the 

theory of the functions G (2:|t) (“ Genesis of the Double Gamma Function,” § 4). 

It will be seen later that the alo'ebra of the double namma function would have O CO 

been slightly simplilied had a modified value been taken for this function 731(01, o,), 

and the analogue sliortly to be considered, 733(01, 03). I did not observe tins fact 

until the theory liad l)een completely devek)})ed, and the matter is scai'cely of suffi¬ 

cient importance to demand the labour whicli such a change would entail. 

CoroUarij.—Notice that it has been proved incidentally that 

n n 1 

V n;'' ___ 
«!i=o 

is infinite, when n is infinite, like --— loo- n. 

§ 22. As the numbers in m and m' enter constantly into the analysis, it is necessary 

to consider their pro])erties. 

Suppose that the functif»ns log 2;, log^y, log^y are natural logarithms (with e as 

base), which are real when 2 is real and positive, and which are rendered \miform by 

cross-cuts along the axes of — I, —-Oj and —03 respectively. 

2 P 2 
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Then it is readily seen that 

("i + "2) — = log (w| + "0) — log 6J| — 2miTL 

logy^ (wj + ct)^) — logy^oj^ = log (wj + w;) — log Wo — 2m ttl 

logo,., (wj + CO.2) — log^^Wo = log (co^ + Wo) — log Wo — 2m'TTL 

l^&%("i + ~ l*^gY"i = log(w| + Wo) — log wi — 2mTn. 

By inspection of a diagram we see that m and in i^otli vanish if the difference ot 

tlie amplitudes of w^ and Wo is less than tt, these amplitudes l)eing measured between 

0 and hb positively or negatively from the positive lialf of the real axis. In 

jjarticidar when the real parts of Wj and Wo are both positive, m and m' both vanish. 

Not only so, but in all cases either m or m' must vanish. 

Again, if the differeiice of the amplitudes of Wj^ and Wo is greater than tt, m and m 

cannot l)oth vanish. In fact, in this case we liave the important relation 

in m' = ± 1, 

! Wo 
the upper or lower sign ijeing taken according as Is negative or positive. This 

result is intuitive geometrically ; in tlie figure, for instance, two cases are indicated 

in which I 
Wo 

Wi 
IS negative. 

For corresponding to the unaccented value of w.,, 

in = L 

m' = 0 

and corresponding to the accented value of Wo, 

in = 0 

m' — — 1 

Tlius in both cases in — m' — 1. 

No such simple expression can be given for rn + in, a numlier wliich is of constant 

occurrence in the liigher theory. 

However, from the values for m and in previously given, we see that when the 

axes of Wj and Wo include the axis of —1 within an angle less than two right angles, 

the values of [m + in') are given liy the table 
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(m + m') I((Ol) I(wi + Wl) 

1 + ve + ve 

- 1 + ve - ve 

- 1 - ve + ve 

1 - re - ve 

and therefore m + m = dc 1, the upper or lower signs being taken according as 

I(w^ -|- Wo) and I(<y^) have the same or opposite signs. 

§ 23. It may now l)e shown that, if C have any arljitrary value, the function 

To I Wj, Wo) — 0 e 
CO oc 

. s X n n' 
//?! = 0 VI.2 = 0 Lv' + 

where O = wz^w^ -f- nzow.,, will satisfy the two difference relations 

lo + Wj) _ r^(.:| Wo) - i) 

To-iGy Wo) _ Uj^lwi) 

,v.y - v: 

where m and m are the numliers previously specified, and 

n n 1 
V V' 
; 7 n 

Wi + Wo I 
-f-= log n — 

0... o 
a + 1 

_Wi w lU/n CO., 
Uog(l + “;)- 

n + 1 1 I w^ 
-log 1 + ^ 

Wi \ Wo 

+ .L „' ("i + 
J^COjCO.-) 

log W, — log Wo} 

the principal values of the logarithms being taken. 

OlDserve that with the notation previously introduced (“ Theory of the Gamma 

Function,” §§ 16 and 31) we may write these difference relations in the form 

Fo feg + W,) _ FjlC I Wo) S'lfe I u,,) 

Fuk^' + COo) _ rh^iwd S',0 I .,) 

Fo“h.s) PiGi) 

The proof, to wliich we now proceed, is exactly analogous to the one just given. 

We have 

Fo + Wo) _ “1^ + V21-“l + y22“l Z' -f Wj j ^ J ^ ^ )*^1 ■*“ 

tf — 30 |_//Zj — 0 il/^ — 0 + zzpw^ + '^^OWo 

X C « + 
~zo)i H” 

20- 

where y^i and yoo are understood, as always, to mean 731(0)1, ojo) and 7.32(0)1, o)o). 
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Substitute now the value of oj^) obtained in § 21, and we find 

+ cod 
r.-i (z) 

= exp. 
ZZCOi + CO 

'-CO,CO 
~ {lo^' (0.1 -}“ — loo’ (<^1 + C0.1 )1 + "ir-2 

X u exp. 

+ COi 

2.i(Oj + co^~ 

2(o^(Ui 
loo- 'll o 

ji n' + (?/p + 1) + 
nj=0»i2=e 1 ~ "T //pcOj + 'in.2CO^ J _ 

exp. 
2rco, E (0.1 

-COiCO., 
floo’ (Oj (^1 ~b ^■■’)} ~b cojy.i.i . r/21 CO.) 

X 
r 2,iC0j + cop 

[ 2coiCOi 

71 d 
log n — tl' 

r^[;g + {ii + 1) • {cOi + <^3) I _ 

Ih [" + ('/2 + 1) COj I C0|>] + (?t + l)cOn I C0i]_ 

by the employment of the identity of § 18. Their principal values must throughout 

be assigmed to the logarithms. 

But, as has fjeen seen in §21, from the formula obtained in the “ Theoiy of the 

Gamma Function,” §41, we have when \z\ is large and 2: not in the vicinity of the 

axis of —6J, 

log Ih (2 + a I co) = ^ '' — i) {log 2 + -ZIcttl] - - + log pi((o) 
CO ' CO 

+ terms which vanish when is infinite, 

where 1: = 0, unless 2 lies within the reo’ion between the axes of —1 and — co, in 

which case = d: 1, tbe upper or lower sign being taken as I(co) is positive or 

negative. I’he principal value of log 2 is to be taken, and the prescription to fie 

given to log ri(2 + «| w) is left indeterminate ; it is obvious that we only get additive 

terms involving 27rc, which vanish in the secpiel. 

Inasmuch as when n is large, none of the points 

2 “F (d “h l)(6jj “h ^•’)) ~ "k (d “k 1) and 2 -F ~F 1) cj.i 

lie in tlie vicinity of the negative direction of the axis of co., we may substitute the 

Ik^kr + a)j) 
values given liy the asymptotic expansion in the expression for 

We shall find 
F.,-kd 

G ^ (2 + Ml) 

rw (2)l\(,da)i) 
exp. Lt 

+ COi" 

71 = cc '•COiCO^ 

log' /ico. “F log cjj — (^1 ~k “k cj2'y.i.i 

^ ^ - + ( --ijlog + ^h) - - 
0 0 o CO, 

1 , 1 / .2 + (li + 1) &)., , , , 
log p-,{co.) — 1-- — A I loG' 7cCO. 

CO. 

/z + (n;+l)coi i\i 
(---- i ) log ’^"1 + V CUo / 

iljcOi + CO.) 

CO. 

-k 
+ 0^' + 1) («1 + f«o) 1 \ 
-- — A ~ 2 

CO. “ / 

o / ^ "t ( 'll + 1) Wi 
- 1F1 TTl 

CO. 
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In tins expression their principal values are tlironghout to be assigned to the 

logarithms, and the numbers h are to be such that 

= 0, unless (op -f wo) has within the region hounded by axes to — 1 and — in 

Avhich case 

i 1, upper or lower sign being taken as T(w^) is positive or negative, 

while 

= 0, unless Wj lies within the region l)onnded by axes to — 1 and — Wo, in Avhich 

case 

/r, = dz 1, the iip^jer or lower sign being taken as is positive or negative. 

On reduction we now see that 

Fq ^ {Z + OJ) ) 

rrhOOGja),) 
= exp. Lt (X) 

n = '-0 

{2)1 -|- 1 ) Ct).-) — co^ 

^ - o d“ d~ i) ' d" "i) 
0 0 1- 

, ( 2// + 1) &)j — &)o I n / . 

lou’ noj., — -z-nig uco^ — log pj(ai0 
2 Wo 

+ p + + - i)o/,._ (1+ 
0).^ (0.^ 

cases in which /p and /l'o do not liotli vanish. 

(l) Firstly, w'hen 
OJ j does 

("i + Wo) does not 

axes to — i and — Wo. 

/.p = 0 

— i 1 

lie within the region hounded by the 

In this case tlie ipiper or lower sign being taken as I(wo) is positive 

or negative. 

And we have 

Fq + mG 

Fj ' (*) Fh^ I w.o) 
= exp. 

71 = » 

S' s' 
0 0 

1 

n 

± 

{'2n + 1) Wo — Wi 1 

---^- log noj.o 
2w|Wo "" 

•2 + 1)^^ I 2 f '' - 
Wo J \ Wo 

+ (a "F |-) ^ “log a(crj^ + Wo) 
Wj^Wo 

{2)1/ -f- 1)W] — Wo 

iWo 
^ log nwj 

the upper or lower sign being taken as I(w.,) is jiositive or negative. 

But in this case m di 1, the signs Ijeing chosen in the same way. 

If then we take 

/ \ A/ 1 / I 1 \ ^1 + / 1 \ + t) ^3 "" 1 
yoo (wi, Wo) — 2 S — (a “F j) ^ log a(wj^ -F wo) -F log awo 

0 0 WiWo oW.Wo 

. (271 + 1) w, — Wo o , (/i+Dtti 

+-" log nw, ± 2--- 
OJ.-) 2wo 
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we shall have 

_ IVihA’) 2.J: -i,). 
r,-\z) - ^{27r:co,y (I). 

0)^ (lues 1 .. 
(2) Secondly, when ^ ^ lie wdthin the region bounded by i ,^axes to — 1 

and — 

In this case /I’l = i 1, 
i ' m — 0. 

^0 = i h 

We shall have then tlie same relation 

r -1 (X - A 
Wb’) ~ v/(27rVd 

])i'ovided v'e take 

yoo((yj, oj^) 
n 1 c<l -*■ V S' 

0 0 — 

I, t ] \ "l + "3 1 / , \ , (2/? + 1) Wo — Wii 
(/t ~r g) mg 71 ioj I -j~ ^■■>) “k-1*-'K 

WjWo ~ 2a)2^(Uo 

+ 
(‘2'U + 1) Wj — Wo 

2 Wo 
log noj^ =F 

{)l F 1) 77i 

Wi 

the upper or lower sign being taken according as I(wo) is positive or negative. 

(3) The third case, when 
w, does not 

lie within the region bounded by axes 
(ojj Wo) does 

• I and — Wo, is easily seen to l)e impossible. 

In all other cases we shall have the relation (1), })rovided 

^2) — ^ n ~ + i") A ;r b)g?i(w^ + Wo) + . log 
0 0” 

710).■) 
w,w., -^W^W,2 

(2ji F 1) w, — w., , 
+ -^-■ iog no. (^)- 

Suppose now that we liad investigated similai'ly the quotient 

Fg ^ (3; F W., ) 

r.-' (~d ' ’ 

we should have obtained tlie difference equation 

r2~b^ F wj _ ly (,:■ I wp _o„,v,/_ _ 

where yoj (w^, Wo) has the value D, let us say, given by equation (2), except in two 

cases. 
Wo does 

, (w^ 4- Wo)does not 

and — Wj, in which case 

(1)' When lie within the region l)Ounded by the axes to — 1 

(ii F 1) 771 
y-22 ("n Wo) — D dr 

Wt 

the upper (.)r lower sign being taken according as I(wj) is positive or negative. 
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(2)' When 
does 

U"i+ ojo) does 

— w,, in which case 

yg.j (w^, = D d- 2 

lie within the region l)ounded by the axes to — 1 and 

{n + l)7ri 

But the cases (1) and (2)' are precisely the same, as an inspection of the figure 

shows at once, except that I(wo) is positive when I(wi) is negative, and vice versd. 

And, similarly, the cases (2) and (1)' are the same, with a similar change. 

Hence the values which must be assigned to 7oo(w^, Wo), in order that the ecpia- 

tions 

^2 + ^l) _ (1 - i ) 
(^) 27r/cL»o 

r.-i {Z + CO,) _ I\ (d«l) (A - A 

iVH~d “v/ivk" 

may co-exist, are precisely the same. 

We shall have then these two e(|uations, provided 

733 (*^n *^3) — D, 

where D stands for ? V' i_/,, r 1\ "l + yj 

- a + 0 u 0 
log [n (wj + Wo)] 

+ 
(2/!/ l)c()o —fUj 

log nwo + 
(27i -f- 1) Wj — Wo 

jQ)nCO otuj 
log no)^ 

(the principal values of the logarithms being taken), except in two cases, 

(1) When 1 H , ’i 1 I lie within the region bounded by the axes to 
^ U"i + "3) does not] ^ 

and — Wo, in which case 

Wo) = Li p) _p 2 ’ihOLuLllZid”' 
Wo 

(2) When I, ^ , !> lie within the re gion bounded by the axes to — 1 
^ ' [(w^ + Wo) does not.' ^ 

and — Wj, in which case 

733("n "2) = Li D + 2 
in'in + 1)' 7Tl 

VOL. CXCVI.—A. 2 c,! 
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Since m or m always vanishes, we see, on combining these results, that in all cases 

73,3 (cOj, ^3) = 
'rt=co L 0 0 

(2yi, 4 1) , (2/1 + 1) Wj — W, [ni 
+ -^ log nco. s--- log nwi 4-2-1-) (?i + 1) 77t 

NS- (n + t) ----- log n(a/i -H C03) 

^CO^O) 

= Lt 

1^-2 

^ V/ 1 "1 + 1 
S N — — V-- log n 

0 12 2u>^, ° 

-COjO)^ \a>o ! 

0 

1 
— (/i 4- 1) ~ (log (Wi 4- "2) ~ log Wi — 27/1771} 

Wo 

— {ix -{- 1} — {log “h ^>3) — log cJo — 2/)/ 77t} 
w, 

H-o {log ("l + — log Wi — log W3} 
2a)^a)o 

Wo 
But log(wi + W3) — logwj — 2///7r(, = log ^1 + 

log ("1 + “ log Wo — "2111 m = log [^1 + “j 5 

the principal values of the logarithms being always taken. Hence 

733 {w^. Wo} — Lt 
A 1 Wi + Wo , 

S S ^-o ^ log n 
_o 0 22 “W^W^ 

’^ + iiog(i+fk\_^L{;iiog(i + ^i 
Wo W, W. 

lo g Wi — log Wo) 

As a coi'ollarij, we see that, when n is very large. 

tl 71 
V s'' 1 n 
_ _ - is intinite like Iqo- — — log 
= 0 7,i, = o7//iWj + 7//oWo 2W3W0 Wo ^ Wi 

^logf] 
w 1 

+ ~ 
Wo 

■ 
1 

fi ''' '.’n^ 

§ 24. We now determine the constant C in the expression 

IV' (21 Wi, W3) = Ce"^. c. n ir 
///, r= 0 REj = ^ 

by the condition assigned in § 19, tluit 

\jt {z I fo)j, Wo) — 1. 
c = 0 ~ 

This at once gives us 0 = 1. 

It is evident that, witli the conditions of ^ 19, one and only one function can be 

constructed, and this is the doul/le gamma function ro(2;|ajj, Wo), which is such that 
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V.f 1 {z \ Wo) = c - ^. z . n U' 
= 0 m.2 = 0 L 

l + ^ie 
" n 2n2 

where and yoo(w^, Wo) are two constants, which Ave call the first and second 

double gamma modular functions of the parameters and wo. 

These constants are given by the relations 

y.2i (wj, Wo) = Li 
1 1 
— log«-S_ 

nil = 0 rii2 = 0 

1 
d- {log W^ + log Wo - log (W]| d" Wo)l 

Wif/Jj 

yoo (oj^, Wo) = Li 
^ *^1 T Wo 

.7)ll = 0 III., = 0 tt 
A- lo(T n 

2w^wo ^ 

n. + I 

Wo 
log 1 d- - 

Wo 

Wi 

-log (^1 d-+ -T)-(log H" ~ ~ *^2} i ’ 
Oy.-) \ ^3/ — 

AAdrere the logarithms are such that their principal values must ahA'ays l)e taken. 

And the theory is the natural extension of that of the simple gamma function 

r](2:lw^), Avhich is such that 
= 1 

ri-i(2l wj) = . s. n 
m, = 1 

1 +v— e 

where the constant y^ is given by the relation 

r 1 1 
7ii("j) = Li N -- 

)i = » L = U^pWj Wj 
log U w, 

and the principal Aarlue of the logarithm must again be taken. 

§ 25. We may now see at once that 

Ug (W] I Wj, Wo) — ^y(27r/wo) . 

To (wo } o)^, CO2) — *^1) • ^ 

For we have seen that 

To fiz + W,) rUsIwo) -2m7rd--d 
-— —    1—::— p \oj2 y 

^A27r/co,) 

where m is either zero or unity according to the determination of § 22. 

But Li [2r2(2)] = I, 
2 = 0 

and Li [zri(2lwo)] = 1, 
j= 0 

as we see immediately from tlie product expression for 
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Hence, making t = 0, we have 

1 

v/(27r/«j) 

which is one of the relations rec[nired. 

We thus see that ro(&J2) independent of and not only so, hnt its value is 

snhstantially a cpiantity that appeared several times in the theory of the simple 

s:amma function. o 

Thus we saw [§ 4 cor. “ Gamma Function ”] that 

that (§8) 

71—1 

n (v /( 27r/a) 

f log Tj{z\o))dz = 0) log v/(27r» ; 
•' 0 

and the most general form of Stirling’s theorem ^vas seen to Ije 

pn 

log 11 [a + m^co) = 2)^1 n log n — n] + 7i {Si®(rt -j- a))poj logpwl 
jji, = 0 

+ ■; 1 + s^'{a)] log 72 - logr2(«) + log v/(27r» 

^ 1 37?7(«. + w) T 
+ S/{a + fo))logpctj + V 

VI = 1 

W +1 
7nn" (pcoY 

We now see an additional reason why it was proposed to write 

Pi(w) = ^{'Itt/co) , 

and to call 7n(t^) fii^d pi{o}) the two simple girinma modular forms, the latter being 

sometimes called the simple Stirling modidar form. We sliall see that there exist 

tliree double gamma modular forms 

73i("n "2)5 722(^0 ^^2) pe("n ^^2) 

of exactly analogous nature. 

§26. We proceed now to connect tlie function ^(2; | Wi, w,-.) with iUexeiewsky’s 

function G(2|r), some of whose properties were investigated in “ The Genesis of the 

Double Gamma Functions.” 

In the first place, we take t == and then we have 

and wherein 

ft — h. 
p 102 ^<^2 ' . n n 

07.2 = 0 ^ ^ 
1 

where H = 7?2^<y^ + 7)ioaj„, 

'j- 

a = y log 2ttt + ^ log T — yT — C(r) , 

h = — rlogr--t'D(t). 
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We also have 

rr'(^) = 
CO CO 

(^n , + --y.2 _ 2. n n' 
JJlj = 0 3»2 = ® L 

1 + ^)e » »> 

SO that on comparison of the two products we find 

r3-^(z) = + 
w, 

where a, /3, and K are suitable functions of and wo. 

Now G(2:|t) satisfies the diflPerence equation 

and hence G 

G(clT) = r-i - G(2+ ijr), 

CO 

T ] satisfies the relation 

f{z + ojj) = Fj {z I w.)/(z). 

Hence a solution of the difference equation 

f{z + OO,) = ^{coJ'Ztt) . 

IS T{z) = oo. 2ajjt02 2coi 

And it is evident that the coefficient of Zirnn in the last exponential may be 

written 380(2 |ajj, 03). 

The general solution of the difference equation is 

r3-i(2) X p(2|0Ji), 

where ^9(2] Wj) is a function of 2 simply periodic of period Wj. 

G) Hence 
TG) = p {A^\)- 

G-'G) 
But —- has been seen to be an expression of the form where K, a, and 

T(z) 
/3 are independent of 2. We thus have 

(s + 0)1)2 + ^ (3 + Mj) + pz 

Zr 
SO that a = 0 and /8 = where r is some integer. 

CO 

Hence 

and since 

we have at once 

2?*7rt2 “2 / 

r3“^(2) — KeW (co3e~™’"‘)2®‘'^"^(27r)-“iG ( 

[2r2(2)] = 1, Li 
z=0 z=0 G(-|t 

"il / 

V«i 

= 6).- 

(1)> 

■2-> 

K = C03. 
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Now G 
CO, 

T ) satisfies the equation* 

f{z + Wj) _ i /.^ N 
= T «i - (Jtt) 

(O, 
r - / G) 

where r = e ; and the principal value of log t is to he taken. 

(The same remark, of course, applies to every many-valued expression of this nature 

which occurs in the course of the investigation.) 

Employing the relation (1) in conjunction with this equation and the equation 

we obtain 

Fq + (On) _ G(a;| Mj) Sife I u,) 

\/(27r/ft)o) 

Ri (2 1 Wj) " 
0-0-' ■ ' 

r-l 

= C"™" '(2^) ^ Or(2l(y^)a)G "IT (2'^) ’’ 5 

which i-educes to 
— TTL s,'(2 I Wi) __ p 2?-?r!T + sys | w,) [log wj — log aij - log t] 

Eut we have seen (§ 22) that 

log (0.2 — log oj^ — log T = 2 {m — m') ttl 

for m — m' = 0, unless the difterence of the amplitudes of and a»o is greater than tt, 

in wliich case m — m' = i 1, according as — I j is positive or negative. 

We thus find r = 0, and incidentally we obtain a valuable verification of our 

results. 

And now finally 

lN-i(2) = w.,(277)-sG(a;^e-'“’^‘)'^®“(^> g(- 
\"i 

the relation between the two forms of double gamma functions. 

§ 27. From the relation just found we may at once express the gamma modular 

constants C(t) and D(t) of the former theory in terms of (o.,) and yo]L(w|, Wo) 

respectively. 

For we have 

T 

G 
\«i 

r I =: c“"2 
\(> n 2n~ 

where ^ = 3 log 275-t -f ^ log t + yr — C(t), 

TFT- 

= — T log T — 
^ b 

and also 
00 00 

T2~\z) = _ j-j 

)Hj=0 7n.,=0 

1 + _)e n + 

* “ Genesis of the Double Gamma Functions,” §10. 
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Substituting in the relation 

Ug ^ (z) = (27?) _ Q. 
CO, 

we find 

^ z z 
ur5l("n "0) + 2720 (coi, CO.) = - log 277 + ~ dr “ 0~, + 1 ^-2 

_COj \-SCOj^CO. -COj -CO., / 

_ 9 2 ??277l 
V ~ 9 ~ 9-) + ® ^ 9 s • 
.^COnCO., ZCO. ^CO.,/ CO., -ICO.," 

And hence equating coefficients of 2: and we find 

721 (cOi, CO2) 
^ [log coo - 2m7nj + , 

'IcOyW^ *■ ^ ico.,“ 

1 \ Cl 

722 ("n <^2) = ~ 9 ^ [log 277CO3 — 2a777i} — — {log co. + 2777771] + — 
-:coi 

Thus^ 
:co., CO., 

D (t) = — Wi~7oi (coi, CO.) + {log CO. — log r] — — — 2mvL, 
CO., u CO, 

C (r) = - COi7.22(cOi, CO2) — + 9^;j [^^-g ^ ~ 2777771} + 7, 

which are the relations ref[uired. 

Since log co, — log r — 2777771 = log coi — 'Ziu'tti, 

we may evidently write these relations in the form 

D(t) = — CO^jy.i (coi, CO.) + {log COi — 2777'77t] — , 
Cc>o ^ 

C(t) = — COi72.2{cOi, CO.2) “ (^2 + [log Wi — 2777Vtj + 7. 

§ 28. We will now show that, when the parameters coi and oj. are equal, w'e have 

721 ") = 
CO" 

loo- OJ — 1 
77' 

7 

and 700 (co, co) = - [7 — ^ — log co]. 
CO 

By the definition formula of 72i(coi, co^), we at once have 

CO T21 oj)= —Lt 
1 , no) 

-- - - / -A ~ log 
'/!=00 _mi=0 7)72 = 0 ('^^1 + 

VI VI 

s' V' 

Group together all terms for which 777i + m.^ = c, and we have 

VI n 
S' s'. 

(?o.i + rrt,)2 
V 

o 
.= i e~ 

+ 1 
^ (» + 1)'= ^ (>7 + 2)’- ^ ^ (n + nf ’ 

*' Genesis of the Double Gamma Functions,” § G. 
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for we may suppose that the terms are represented by the corners of the small 

squares into which the positive quadrant is divided—in the new grouping we take 

together all terms lyijig on a line equally inclined to the two axes. 

O 

1 

\ 

A 
\ A \ /

 A A 

Thus 
1 « /I 1 

- -= X ( - + -) + —^ 
0 0 (wq + e=i\e e’V 0*'+ 1) 

o + • • • + 

-f + 
n _ o 

{n + 1)2 ' (/t + 2) + 

So that when n is very large 

1 71 n o H 

- = log n + y + ^ + I ^ 
1 

+ 

(w + nj- 

n — n 

{n + n)- 

:dx 
0 0 ^ ^ . o(l T x)~ 

+ terms which vanish when n becomes infinite 

7F • • 

= log n + y + + 1 — log 2 fi- simdar terms. 

Hence rn ") = hi log 6J - -- - 1 y 

which is the first relation, 

In the second place we have, when and Wo are equal. 

ajy23(a), w) = Li 
0 0 5?q + ?/q 

and by the same method of reasoning as before 

1 " e -r i . n 

N N'-— 2n loo’ 2 — loe’ 2?? iwj , 

71 n 

_ _ V J: _p 
0 0 ''“'q + '^'q e = i £ n -\r \ 

V V 1 n — ^ 
+ + • • ■ + n + H 

“1 1 1 = X - + n H-- + . . . q- —X_ 
e=i e ?i- + 1 n + n 

+ « i 2 1 +-— 

n + \ii + 1 .^ + • • • + 
1 

11 + n 

— 71 -{■ log n y log 2 + '2n log 2 — ^ — n, 

neglecting terms wliich vanish when n is infinite, and thus 

yoo (<y, oj) = - \y — h— log 
0) - c. - 



DOUBLE GAMMA FUNCTION. •305 

It is an interesting piece of work to show that these results accord witli those 

previously obtained for the G function of parameter unity. 

§ 29. We proceed now to write do’wn the expansion of log ro(.i) and the first few 

of the derived functions in the vicinity of z = 0. 

We have, by definition, 

1 w.) = — 2 S S' -"g, where 12 = -f- 
-,)l = 0,ii2=oG + 

Since the series on the right-hand side is absolutely convergent, \\ e may ex})and 

in the form 

(3) = - - - ds o, - s2' y+5 — -- 1.2 n-' 

Hence, integrating, 

'I'f (2) = - - (<"1. «■-') - 2 s S' ” + 3 2 S' - 4 S_S' . 
0 

the constant being determined by making « 0. 

Thus integrating again, and determining the constant in the same manner, 

- 7ii ^ - 733 (<^1> "3) - s S' ^ -h S S' - . . . 

and finally. 

r, (z) = - lug 3 - zy,, - - y - SS' y,, + S S' ■s' V W _ 
V 5n> 

the expansion holding good within a circle of radius just less than the least \ alue of 

'/Uj co^ d" 
= 0, 1, 2, . . . 

m. = 0, 1, 2, . . . 

X 

X 
excluded. 

We note that by Eisensteix’s Theorem each coefficient in the series is an alisolutely 

convergent series. 

§ 3U. We jiroceed now to the expressions for the double gamma functions as simply 

infinite products of sini2:)le gamma functions. 

Consider the product 

P (z) = r, (210,1) ri 
?/l2 “ 1 .. 

ly (s: -j- )>in0).2 I &)j) ^ 1 ("'owj I wj) 

The typical term may be written 

— 1 “1) + " - 'l'l(‘)(“2“2 I Wi) + . . . 4! 

and the series S I are absolutely convergent when ?’>3. The product 
=1 

is therefore in general absolutely convergent. 

VOL. CXCVI.-A. 2 E 
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Again, it has no tinite zeros, for its zeros would be those of rj(^ + ojj) for 

nin = 0, 1, . . , CO . And its poles are given by 

z -f" 1)1 ^0)^ —h — b 
wp = 0, 1, . . . CO 

m.. = 0, 1, ... CO . 

Thus^^^'' has no zeros or poles in the finite part of the plane. 

Change now z into z + and we have 

V {Z + ) 

Viz) 
— z U 

■m.,— 1 

GO 

X n 
rn., = 1 

1 -)“ I ® IHjWj 

- I “i) - '“'-‘I'l eawgMa I Ml) + — 

Now the product last written must l)e convergent, for all other terms of the 

identity are Unite for Unite values of \z\, and this product is evidently of the form 
,>p- + 'I , where p and <[ are functions of o)y and oidy. 

Hence w'e must have 

P(;+ <.,) = r(i) rr‘(^ IM,) e-*», 

Now we have proved that 

U(m<»,) = ra2)rr*C|Mi)- 
Sir \ ^ 2//(771 (--0 

Thus if we put 

v e shall have 

and similarly we shall have 

/■(.) = 
^'' i'(j') ’ 

,/ (•^ T W) ) n. • + fl -!_ — + Pi 

/(M 

/’(- + mP 

/(M 

Hence f{z) is a doubly periodic function of the third kind, with no finite zeros or 

poles. 

Thus w'G must have 

for in Hekmite’s expression of such a function the cr functions are each associated 

with a finite non-congruent zero."^^ 

To determine C we put z = 0, and obtain 

0=u r 'Ap 1=1. 
1 = 0 L H (~l "dj 

Hifierentiating logarithmically, the identity 

* t'orsYTii, ‘ Tlieoiy uf Eunctiuns,’ § TIZ. 
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CO, 

P — ( \ T ^’i a — — 7.33 (wx, W3) + - — 

we find on making 2 = 0, 

— 723 ("n "2) = + U "i ~ 7)’ 

and therefore 

Differentiatino’ ao-ain, we have 

I OJj, W,) = 2A + 2 + ^^20^2 I "1) “ '^/'^('''U^2 1 ^1)] 

Again, making t = 0, we find 

ft), ft), 

Wo - 1 

or 

— 7.31 (ftjj, Wo) = 2A, 

A = — 1-7.03 (w,, Wo) . 

Finally, then, we have 

ro(21 wj. Wo) = e - ' U--u,,' ) X r(':;lw3) 

X n 
i/?.> = 1 

li(.i -f* ^/?.oft)., I ft),) — r,/,, (') I wj) — " ,/,i(2)(r,,ou.i I w,) -!- (, ■> 
Ih (//(oft)o I ft)i) 

Thi.s formida is equivalent to the one obtained in the “ Genesis of the Double 

Gamma Functions,” § 2. 

It is an interesting verification to actually transform the one formula into the 

other, making use of the relations e.stabllshed between 7oi(w3, w.,), 7.o.o(w3, Wo), G(t) 

and D(t). 

On account of the symmetry of the ]:)resent functions, the formula corresponding 

to that given in § 8 of the “Genesis of the Double Gamma Functions” may he 

written 

r.T {z ] Wj, Wo) — € 
- V-.1 ~ I Y22 + T log t 

- n ti ' w.> 
V 

• Fi(2 i Wo) 

X II 
m, = 

GG + 7/qft)j I ft)o) 

G (nqft)^ I ft)o) 
— -'I<[(’l0”i“i I “2I 

c 
V I Wa) 

The product formulae just obtained correspond to the expression of the o- function 

as an infinite product of circular functions. 

Such a circumstance, of course, at once prompts us to try and find a fornnda 

corresponding to the expression of the cr function as a mim of exponential functions. 

But it Is readily seen that such is an impossibility. We cannot express the double 

gamma function as a sum of an Infinite series of simple gamma functions of varying 

arp’iiments. o 

It Is this fact, combined with the absence 01 any quasi-addition theorem for the 

double gamma functions, which precludes the possibility of any collection of formulae 

rivalling in number and elegance those of the doubly periodic functions. 

2 R 2 



508 MR. E. W. BARNES ON THE THEORY OF THE 

§ 31. We proceed now to express Wetrk«trass’ elliptic functions in terms of clonble 

mamma functions. 

In Weterstrass’ notation of elliptic functions we have 

+ O)-’ 5 

where Cl = + and and are the periods of 9{z). 

Now by definition 
CO 00 1 

— 2 S S-. 
„)| = 0 ,,)2 = 0 (-• + ) ' 

llepresenting the various terms hy tlie corners of the parallelograms of the figure, 

we readily see that 

0).) = 

(z I Wj, Ct}.^ + [z I — <y^, {z \ — (x).^ + {z \ — co^, — at..) 

+ 
_ _oo (s -f o)" -X (~ + (:■ + 

3 + + .3 

Hence, using the natural summation '%x}j.x^\z\ fi; i w.,) to express the left-hand 

side of this relation, v^e have 

{z \ ± Wi, ± Wo) = 9'{z) -h Sipi^^^{z I ± Wj) -f- {z | ± Wo) + 5,, 

and therefore, on integration, 

9{z) = Si//o® {z 1 ± ojp i Wo) — {z I ± Wj) — {z I ± Wo) + v + V, 

where v is constant with respect to 

Evidently 

^ = %n (± "n db - ETToS + '2 S 1 
N ow 

r 1 n n' i 
7:11 ("i> ^^^1 + ("i -1- "o)] — - - p p 

,/ = = 0 1R2=0v^ 1^1 ' //taCOj/ J 

whei'e the })rlnci})al values of the logarithms are to be taken. 
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And hence 

V — li-it 
,l = » 

_ V 
U ''U 03 

/<?> — — i? i/L>=—i’ “ " 

log((yj -h w.,) + + w.,)] 

L — (<^1 — ^2) — [— (^1 — -I - 

Now, as may lie readily seen 1)y examining the different possilffe cases in a 

diagram, 

l0g(wi + OJo) ff- log [- (Wi + W^)] - log( wi - CO2) - log[- (Wi - Olo)] 

1 &)i + W.I 

= 2 loo- - -, 

where that value of is to he taken whicli is on the same side of the real 

axis as 

With this proviso. 

V = _ V V' Jl 4_ 

_,C ft" CO^Q).-, 
“ l0£.'‘^+“’ 

coi a) .T 

the infinities in the donhle summation being equal in absolute magnitude. 

§ 32. We may now express Weterstrass’ ^ function in terms of derivatives of 

simple and double gamma functions. For on integrating the relation obtained in the 

previous paragraph we find, 

remembering that :^uz)=- p(A* 
rl 

— i{^) — i i "n i ^2) i cjj) — ± — - + r: + p, 

where p is constant with respect to s. 

Making then z = 0, we find 

0 = — Syo2(d:: Wj, dz oj,) — — (^og(wi) — y\ + “log(— w,) — yj 

- ~ {log Wo - y] + ;7 ■! — yI + g- 
(i).l Wo 

Now by § 23, 

-yio(± "i, ± — 9 
_ Wj 4 Wo [ log (wj 4" Wo) - log W^ - log Wo 

Wj^wo [ — log ["— (^i “k ^•’)J ”k (— ^1) ~k ( — Wo) 

&)| — Wo [ leg (wo — W[)-log (— Wj) — log Wo 
+ 

2wjWo [ — ^eg’ (w| ojo) “h ^eg ojj^ ~)“ ^og' (Wo) 

= (7^ -f -y)[log(wi + Wo) — ]og[—(w^ + Wo)]! 
:w, ZWo 

4-{leg(— w,) — logw^ j 4“ ^0) 
w, 

1 

-IW, ZWo 
~ ^h) — l'^g(wi — Wo)j. 

* Jordan, ‘ Cours d’Analyse,’ 2ii(l edition, p. .347. Xote that .JoRD.tx uses 2wi and 2cu.2 instead of 

ui and 0)0 of this paper. 
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Hence /x )n%"(wi + w.) — log[— (wj + "-)]} 
\XCt)| ■^*^3/ 

— [log (oJo - CO,) - log (co, - CO.)}. 

Now (^1 H~ [— ("i "o)] “ i 

according as T(coj + w.) Is positive or negative, and 

log (co.i —CO,) — ^^-^g (^1 — — d“ 

according as T(co, — co.) is positive or negative. Therefore the values of g are given 

in the followino* table :— 

I (oj, + OJ.) 

po.sitive. 

I (oJi + 0)o) 
negative. 

T(oJi — COo) 

]»ositive 
TTI. 

(0i 

TTL 

1‘- = - — 

I (dJ, — (O.i) 

negative 
TTt 

/t = _ 
(Ou OJ, 

In other words, 

if I Ifco,) I > I T(co.) I, g = rt TTi/co,, the upper or lower sign being taken according as 

I(co,) is positive or negative, and 

if I I(co.) I > jT(co,)i, g = ih TTt/coo, tbe upper or lower sign being taken according 

as T(co.j) is positive or negative. 

§ 33. Tbe expression for cr (z) in terms of simple and double gamma functions is 

now immediate. 

For on integrating the residt of the previous paragraph 

— log cr{z) = p pz -b log z H log r.(2; | db oj,, ~ - ^1(2! ±cj,) 

-Slogr,(-|±co,), 
p being the constant of integration. 

Make now z = 0, and we at once see tliat p = 0. 

Hence cr{z) = "1 

and in this expression 

— _ V v* 

nr. + Wj, +ctf.) 

■ nri-ifol ± coi)iTiVHcl ± coj ’ 

1 , - 1 (Wi + &)., 
+ log " 

ii COift). CO, ft). 

the infinities in the double summation being etpial in absolute magnitude, and that 

value of (t», w. heing taken which is on tlie same side of the real axis as CO, -f (0.1; 

while 
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/X — ± — if i l(w J I > j I(Wo) I , the upper or lower sign being taken accord- 

ing as I(wi) is positive or negative, 

771 . 

and /X = i — if | | > | 15 the upper or lower sign being taken accord- 

ing as I(w^) is positive or negative. 

§ 34. By means ot the preceding paragraphs we may now at once prove 

Weierstrass’ relation* 

~ ± -7n, 

the upper or lower sign being taken according as I is positive or negative, 

where and rj., are determined by tlie relations 

^(' + ^1) — 

^(2 + (^z) = + V-2- 

Take the expression for {(t) given in § 3il, and we tind by use of the formulae 

of § 22 that 

C{z) — ^(2 + ojJ = {in — nif^ — ia.2, + m^) + voi^, 
(Mo 

where 

Oil does 1 . . . 
m, = 0, unless , Mie within the reg’ion b(-)unded by axes from 

^ — ojj does not J ^ 

the origin to — 1 and coo, in Avhich case nii = i 1, according as — 1(cm.,) is positive 

or negative, and wio and ni^ are obtained by changing the signs of (i) both cmj and 

(Mo and (ii) respectiA ely in this formula. 

Thus ^ V i 
(Ml Ur PA 

2 

(MjCMo 
log 

(Mj + (Mo 

(Mj (Mo 

-TTi 

CMjCMo 

[?/i — Dll — m-z + aig], 

the infinities in the double summation being ec^ual in absolute magnitude, and that 

A'alue of (Ml (Mo being taken AA'hich is on the same side of the real axis as ((Mi + cmo). 

And, similarly. 

Avhere 
(Mo 

V V'_ 
02 (Mi(Mo 

i{z (mJ — {(2) _ 7^0, 

[— Di + — UI3'] , 
, (Ml + (Mo , 'Ittl 

(M, (Mo (Mi(Mo 

Avhere m has its usual meaning, and m / is obtained from just as is from m. 

Hence — _p _p _ ^y,i^ _ nig')]. 
(Ml (Mo ^l(Mo 

* JoitUAX, ‘ Cours d’Aiialyse,’ p. 351; Fousytu, ‘Theory (A Functions,’ § 13'J. Again notice that 

each of the quantitie.s >/ and oj is double that usually taken. 
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But we have seen in § 22 that, if the difference of amplitudes of oj^ and w., be 

greater than tt, 
r/i — B 

tlie ii})per or lower sign being taken according as l( — | is positive or negative. 

Similarly it may be proved that if the difference of amplitude of ojj and — cu.. 

IS > TT, 

1)1^ —9/i/ = rh 1, according as l(^j i« +''r or —re. 

And .— and is > tt. 

— Tlln — L . . . . 1 ( ~ I IS ff- V6 or —V6 

\"l/ 

while, ffiially, .~ 

7/«3 — = d- 1 • • • • l j is ff-re or — rr. 

In all other cases the differences between cori'espondiiig ms vanish. 

But the difference of amplitude of one, and of only one, pair of the sec 

fajj, oj.^ ; oj^, — w.,; — ojj, (X)., i — oj V ■CO., 

can be greater than tt. 

Hence — (m — m) + (/Uj — in^) -f {m.^ — m.^) — {rn.^ — m..') 

must always ecjual i 1. 

And it is easy to see, by taking tlie particular cases which can arise, that the 

upper or lower sign must be taken according as is positive oi' negative. 

We have then ffnallv 
V- 

0), -'^ = ± 
'.TTL 

and tlierefoi’e ■>7107^ — ~ i 

the upper or lower sign being taken according as l(^) B l)ositive or negative. 
1/ 

^ 35. For brevity, we merely indicate the relation of the formuke which Ave liave 

found to the known relations : 

(T {z OJo) — — C (-f) 

cr(:) 

cr(2). 

By §3 

c" 4' Wj) _ —ti-uji — v——L ~ _j_ 

<t{s) ' : 
"I 

1 

'^{z + Wil +fWp + COo)] 

L lb (-1 + J 

11 ^ A + Wj) n B 1 i «:) 
Ti ± wj) Fi ’ I i ^ 
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and by the previous paragraph, the expression on the right-hand side of tliis relation 

will evidently reduce to the form where is some constant whose value may 

he readily seen to he given hy 

gj — hViCOy 

COi 
fl TTL {ni + 

This value simplifies on detailed consideration. 

When il(wi)l > 

according as I(wi) is positive or negative. 

When lI(wo)| > there are four subsidiary possibilities ;— 

(a) When lies within the axes to — 1 and — 

(/3) ,, Wj ,, ,, ,, 1 and 

(y) ,, ,, — L and — 

and (S) ,, — (x)y ,, ,, — 1 and a»o. 

In cases (a) and (S) §1 — h'>?i = ± the upper or lower sign being taken 

according as I(w,j) is positive or negative ; and in cases (^) and (y) the upper and 

lower signs are interchanged. 

We thus see that in all cases 
^.•^1 ^ _ () ~ hh'^2 

SO that we have tlie required ecpiation 

cr (s + Wj) = — cr ('«;). 

Similarly we find cr (z -|- wo) = — a (z). 

The verification of these results affords substantial proof of the general correctness 

of the signs which are involved in the work. 

§ 36. It is interesting finally to notice that just as the gamma functions do not 

exist when r = coJoj^ is real and negative, so the elliptic functions demand that t 

shall not he real. 

The condition that r must not he real and negative arose explicitly at several 

stages, and might have been jjredicted a 

For, when is real and negative, it is obvious that 

n =z + moOJ., 

~ ~ U/r, z= 0, 1, 

will have a zero value at least once. 

And thus the function 

00 

oo 
^ I excluded. oJ 

00 00 

■n — 1 / \ 2 -i-r -f-T / To ^ {z) = . z . U n 
rill = 0 Wg = 0 

1 + jji« 
_ L+ ill fi 2n2 

will be infinite independently of 2 ; that is to say, it ceases to exist. 

VOL. cxcvr.—A. 2 s 
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For all other values of oj^ and u., the function To ^ | cuj, w.,) exists. But the 

product 

Ur^(21 db i 

and consequently cr (2), will not exist when either Wo/oj^ or — is real and 

negative ; that is, when r is real. The criterion for the existence of multiple gamma 

functions (/^-ple where n is greater than 2) is more intricate, and, as we know, 

7i-ply periodic functions [n > 2) do ]iot exist. 

Part III. 

Contour Tntofirah connected with the Doidjle Gamma Function. The Double 

Riemann Zeta Function. 

§ 37. In the theory of the simple gamma function it was shown that the interven¬ 

tion of a definite integral, coupled with tlie theory of asymptotic approximations, it 

was possible to ol)tain contour and line integrals to express Euler’s constant y, and 

the logarithm of the simple gamma function and its derivatives. We now proceed 

to show that it is possible to extend the method thus previously employed so as to 

obtain expressions as contour and line integrals for the gamma modular constants 

y^j and yoo, and the logarithm of the double function and its deriv^atives. It will be 

noticed that when the real parts of and Wo are positive, the numbers m and m' 

which intervened in Part II. vanish, and there is consequently a noteworthy simplifi¬ 

cation of the formulae olRained. This simplification extends also to the definite 

integral expressions, and consequently we shall first investigate the theory in this 

simple case, proceeding subsecjuently to contour integrals of greater complexity. 

Finally we make use of an extension of Merlin’s method of defining the simple 

^ function by a series Instead of a contour Integral, and we show that there is 

com})lete agreement between the formulae obtained in the difterent ways. 

§ 38. When the real parts of and Wo are positive, and when in addition the real 

part of a is positive, we define the double Riemann ^ function 

i, (.s, a I Wo) 

for all values, real or complex of .s', by the integral 

HRl — s) r z)^-'^dz) 

‘Itt J(1— (1 _ ’ 

wherein r) ''-'log (—2) being real when s is negative and being 

rendered uniform by a cut along tlie positive direction of the real axis. The 

integral is to he taken along a contour enclosing the origin (hut no other pole of the 

* The existence-ci'iteriii for functions which are snljstantialh'^ nniltiple gamma functions have been 

discussed l>y CiiANi, ‘ Batt. Gior.,’ vol. 29. 
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subject of integi'ation), and the positive half of the real axis ; and extending from 

+ 00 to + 00 as in the figure. 

Under the limitations specified the integral is, in general, finite. Moreover, by a 

theorem previously obtained,we have under such limitations 

tUd - s) 

(Ct A -f- COoWoV 

the latter expression having its principal value. 

And therefore 

pa qa. 

S' X 

'Itt 

!, = 0 1)12 = 0 (c + + (^-2^2) 

s)rl — + 

J 1 — (’“"1= 

tr (1 — S) r 1 — e- ^ 1 — ‘ \, 7 

. —--e ‘ U —z}-' "dz 

iPn — s) 
U is, a\o),, OJa)-+-^ -;-—;-^- ( 

jP ^ /■ [<l+i' (il + llu>i + q(a + I) lu,]; 

+ 

(1 — (1 ~ 

J (1 — ^ 

^y-‘dz 

all the integrals being taken along the fundamental contour. 

When u is a large positive integer, we proceed to throw the two integrals last 

written into the form of asymptotic series. 

For this puipose consider the expaiision obtained in § 16, which may be written 

(1 — 

_ ^ / I \ 1 2^ 1 + "ih, I — ; — ob o(« + Wj) d-— 2 + 

I (— )'‘ + C^l) I 

^ -r • • • 

We showed that this expansion is valid provided jzj was less than the smaller of 

• • ‘ wTrt- ^TTt 

the two quantities ^— , — . 
&)l 0)0 

Outside this circle the series diverges. But within the region bounded by lines 

going to infinity from the })oles.of 

-g —(«+W, )2 1 

(1 — C-“U (1 — t'-“U 

* “ Theory of the Gamma Function,” g§ 22, 33 and 34. 

9 Q •> 
W O 
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the series will, lu the language of M. Borel,* * be summable, that Is to say, ^^uthln 

this region (which Is conveniently bounded by straight lines from the points , 

— which pass to infinity through the remaining poles) it is possible from the 
^2 

values of terms of the series at any point to obtain, by the employment of 

intermediate functions, a magnitude, independent of these particular intermediate 

functions, which is the value of the function at the point. 

If then on any term of‘such a series we jierform the operation which is 

expressed by 

we shall expect to obtain a cpiantity which is the i;-th term of a possibly, and even 

probably, divergent sequence, which in turn is, by suitable operations, summable to 

the value which results from the performance of the fundamental operation on the 

function of which the original series is the expression. 

Such considerations being understood to underlie the operations, we liave 

_,s)r ^ “h t’” 

iir 

,r (1 - 6-) r (- z) -yV-3 

COi&Jo 

(1 — (1 — 

[-g-iOio,,. _j_ 

(- 

+ 

+ 

ir(i - .S-) 

tr(i - s) 

ilT 

tF (1 + s) - 

-TT ,„=I 

< + •'«— 2 

J Wj + Wo ~ "2 

W^Wo 
^dz 

1 2w^W3 

[ Wj -f Wo C ~ Wol 
dz 

[ 2wiWo WjW2 J 

m ; 
|oS -|- a)[)e ’I- oS ,n {ci “b <3 ‘^'^\dz 

1 f 1 , 1 

(.s — l)(.s — 2)&)i&)3 

1 ct)| "I- ct)o '2cc 

S — 1 2(0^0),2 
*-l + 

—L—1 
(qnoj.y ij 

+ 
1 r 1 1 1 

l[£Uj ’ ^ ' Wo b 

X ( _) • (g + 1) • • • (g + r oSb(c + wd + Wo) I 

Now it may be readily deduced from the results obtained in Part L, tliat 

oS/„ (a) = ?n[oS„,_j((( -j- Wj) -f- oB„J 

* Borel, ‘ Liotiville,’5 Ser,, ^ol. 2, pp. 103 sey. ‘ Annales de Ecole Normale Superieure,’3 Ser., 

vol. 6, pp, 1 et seq. 
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Hence we have 

tUd - s) Ce — + l)tO| + Ct] 3 _|_ g [(Q/l + 1)10^ + ft] ' _ tUd - s) r 

27r j 

1 

(1 — (1 — e 
(— zV ^dz 

(s — 1) (s — 2)a)^Wo (/picod" " 
+ 

1 2(f -j- co^ "L (jo.2 r 1 

- 1 ■ (OjWo 

+ 
1 

^ :r+ ’ dinw^y M s — 1 ^ ^ 

2>Sh(^f A ohj (ft + fO.i) 

{pnwd' i) J 

_l As + HI- — 1\ J nS,„(ft + (Mj) + I 2^1,1 (ft- + Wo) + 

J/d.= 1 
M + S / L {pnco^y'^'^^ 

In an exactly similar manner we find, since 

2^M (ft 4* W] + Wo) = fi- Wj + ojo) fi- 

that 

fP f' s) r g~[«+(i)n +l)ui+ (<2/1+Ijwa]- ){ fj-la+Qiy 

J (I - e"" 27r J (I — e “i’) (1 — e 

1 ] 

(-zy-h/z 

2(1 A coi A Wo 

(s — l)(s — 2)(yi&)o (p/i&)j A Qfico^y " (s — l)2(yj&)o A piw^) ,^-i 

■ nh]^ (ft A &)o A Wo) I ^ / \m [^ A Wj A Wo) A oB,„^.j 

(jrno)., A qnco^y m=i m 

^ \ I \ ^0/ I ■ 

j (pnw^ A qnoydf 

If now we group together all the results which have been obtained, we find the 

asymptotic quality, true for all values of s, and for values of «, w^, and wo, whose real 

parts are positive. 

im q.l 

V V 
ti,=0 m,=0 (ft A HqWj + ^^qWo)' 

- ^o(<S, ft I O^i, Wo) 

+ 
1 1 1 

in A w, A Wo 

(s — l)(s — 2)ft)^&)o [(pHWj A qnw^y ^ (p/tw,)^ 

1 1 I 

J. 

{qnw2y~''‘ 

2(s A l)wiWo [(p«Wi A qnfo^y ^ (pHwd’-' iqnoy.^y ^ 

s — 1 i_w^(p?iwd* ^ ^ i 

+ 
2^A(ft A Wj A Wo) o&i (ft A Wj) 2^1 (® A Wo) 

{pna>-^ A qnoy^y (FIWj)" {qrmyy 

I (— )r fill s — Id.^,n{n A w^ A Wq) A ^B 

m=l \ A (i>Wl A ^Wo)”^' 

'« + l 2^)n(ft A Wj) + 2®'" + ! 
(pwP"+” 

ohmCft A Wo) A oB'^ + l 

(2^3) 
ni-Vs (A) 

It may readily he seen, just as for the case of a single parameter, that the series 

proceeding by powers of ^ is a series of powers of a real variable, wliose line of con- 

vergency is of zero length. 
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Th Is series is siimmable by an almost evident modification of the application of 

Boeel’s ideas, which was employed in the “ Theory of the Gamma Function,” § 38. 

It is thus the asymptotic equivalent of the sum 

q,i 1 
V _t_. 

iiii=o i)i2=o ’ 

and it satisfies Poincare’s"^ criterion for asymptotic equality that the difference 

between this sum and the first m terms of the series has its absolute value less than 

P 1 1 
a quantity of order ■ 

§ 39. The function a\oi^, co.^) has been dehned, and the asymptotic equality (A) 

has been deduced only for the case in which the real parts of a, oj^, and co., are all 

positive. 

It is natural to try and use the equality to define the function for all values of 

u, and CO.,. 

In the first place, it is evident that when ff(coj) and ure both positive, the 

equality (A) holds for all values of o, for the various terms of the sum and the equiva¬ 

lent asymptotic series are continuous for all hut an enumerable number of values of 

o, co^, and CO,,. Hence in this case ujcoj, co,,) may he defined as the term inde¬ 

pendent of u. in the equality. 

So also when .§ is a real jiositive or negative integer, the equality will hold for all 

values of a, coj, and co.,. 

But when .s is not an integer, tlie various terms involving s in their index are 

multiform functions, and to ensure uniformity we have to assign definite cross-cuts 

to the logarithms which arise in the ecjuivalent exponentials. When, as under the 

limitations for which the ecjuality (A) has been established, these ci'oss-cuts are 

formed by a line outside the smaller angle between the axes of coj and co,,, the expan¬ 

sion is perfectly valid ; but when the common ci'oss-cut lies within this angle, terms 

arise similar to those which occurred in Pai t II. of this paper, which are multiples of 

2771, and involve rt. 

And, therefore, if we attempted in this case (see the second figure) to define 

a I coj, coo^ as the absolute tei'in in an asymptotic ecpiality such as (A) ^ 38, where 

for conqilex values of s the principal value of each term is taken, we should ultimately 

* PoiNCAKE, ‘Acta Mathenialica,’ vol. 8, pp. 295-044 3 ‘ Mecaiiicpie_CeE^ste,’vol. 2, pp. 12-14. 
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find that ^o(.s, a\o)^, ojo) as so defined wonld involve n. In otlier words, we should 

have made an assumption which could not be justified. 

If we wish to obtain an expansion valid for all values of and we must con¬ 

sider as our starting point the integral 

ir( — s) r e~‘^~ (— zy~'^(h 

2 TT J L(1 — (1 — ^““2^ 

where (— = gO-i)iog(-o^ iPg logarithm being rendered uniform by a cut along 

an axis L, coinciding with the bisector of the smaller angle between the axes of ^ 
0)1 

and —, and where the integral is taken along a contour having this axis L for axis 
Wo 

(as in the figure), and enclosing the origin, but no other possible pole of the subject 

of integration. That value of log(— z) is to be taken which is such that the imagin¬ 

ary part of the initial value of log (— L) lies between 0 and — 2ttl. 

This integral of course is only valid when a lies between the smaller area bounded 

by the axes of Wj and w.,, or, as we may say, when « is positive with respect to c^i 

and We notice that the line L is uniquely defined, since the ratio wo/wi cannot 

be real and negative. The definition of the integral is not complete when Wj and Wo 

include and are equally inclined to the axis of'— 1 ; in this case we may take L to 

be a line nearly coinciding with this axis. 

We now define the double Ivieniann { function, when the variable a is positive 

with respect to the w’s, and s, ojj, and have any complex values, by means of the 

equality 

tr(l -s) 
tri 1 
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Avhere M = 0, unless the axes of — and ("i + cj.i) include the axis of — 1, in 
ij 

which case 

M = d- 1) the upper or lower sign being taken as I(ajj + u>n) is po.sitive or 

negative. 

§ 40. Let us take now the integral which has just been defined, and apply to it 

the procedure of § 38. 

We shall evidently have to consider integrals of the type 

«r(l - s) 

27r 

where the axis of n lies within the smaller angle between the axes of and oj.^. We 

can at once see that tins integral 

iFd - s) zy-\h 

where a = 0, unless the axes of L and - 
/t 

embrace the axis of — 1, in which case 

g = d; 1, the upper or lower sign being taken as I(u.) is positive or negative. 

Let n = re'\ wo = he'^, where 0, a and /3 are measured betAveen 0 and 

277 by rotation in the positive direction from the positiA’e half of the real axis. The 

axis of L proceeds from the origin to the point + therefore AA’here 2: is at a 

distance p along tlie axis of L, 

nz — rp e“2“/- 

This quantity has its real })art positiAm Avhen 

a relation Avhich is satisfied Avhen 6 lies betAveen a and /3, and the difference betAveen 

a and /3 is less than 77. It is also satisfied Avhen the axis of L proceeds from the origin 

to the point AAfiiere e is a quantity less than half the excess of 77 oA^er 

a ^ (B. We see then that the axis of — lies Avithin a range of a right angle on 

either side of the axis of L. Hence by the propositions preAuously proA^ed [“ Theory 

of tlie Gamma Function,” §§ 33, 34], 

HGl - s) -1 dz = 
iTil-s) 

ilT n 

-1 dz, 
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unless the axes of L and-- embrace the neo-ative half of the real axis. In this latter 
n ^ 

case, since the imaginary part of the initial value of log (— L) lies between 0 and 

— 2771, as also does that of log ^ — we are giving a different prescription to the 

many-valued function which occurs in the subject of integration. 

We therefore have 

dXl - s) 

2it 
zy~\lz = 

tr(i — .<!) 

i'TT J /I 
dz 

where [jl has the values which have been assigned to it. 

Now fU (1 — s) 

ZTT 

ye-“^-{—zy-^dz = 

the logarithm having its principal value (“ Theory of the Gamma Function,” p. 107). 

Hence ~ g}| g-nc^_zy~^Jz = ^-suog n + 2ix'7ti] 
CTT 

where /x' = 0, unless n and ^ embrace the axis of — 1, in which case fx' = :^ I, the 

upper or lower sign being taken as ) is positive or negative. 

Finally then 

1 

where the latter function = e where log n has a cross-cut along the axis of 

— y, and is real when n is real and positive. In other words, log n has its principal 
JLi 

value with respect to the axis of — p 

§ 41. If now we apply to the integral 

dui —s)r —zy-hh 

277 J L (1 — (1 — e~ 

the procedure of § 38, we shall, for all values of s, a, Wj, and Wo, such that a is positive 

with respect to the w’s, obtain the asymjjtotic e(|uality 

pn qn dffl - s) z)’-hh 

ui = o 111.2 = 0 {y + 4- 277 

r ( — .c 

J L (1 — I 

+ 

-)(1 — 6"“^ 

_1_ J 1 1 _ 1 

(s — l)(s — ‘2) -1- qw.2)'~^ 

1 1 2cc -j- (Uj -|- CO3 

2(s — 1) [(27/^60^ + 

[over] 
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1 

s — 1 

MR. E, W. BARNES ON THE THEORY OF THE 

1 1 

1 co^iqno)^)^ ^ 
+ + 0)^ + COj) 2&' ^l) 2^ "F ^2) 

{pnaiy + (q)lCL).2y 

+ s 
(—)“ /'>>1 + S — I 2^»i (® + + f<^2^ “F 2^^"‘ + l o^mia + Wj) + 2^^'" + l 

I 'll 
III — 1 111 {'po)2 + q^i) m + s 

YmY F (O.i) + 2^"‘+ll > 

wherein all the many-valued functions with s as index have their principal values 

with res^^ect to the axis of — It proves convenient to consider these functions as 
1j 

having their principal value with respect to the axis of — (wj^ + co.^). In order that 

this may be the case, we must multiply the integral by 

^•2Mif7ri 

where, as in § 39, /x = 0, unless -f 7 includes the axis of — 1, in which 

case M = di 1, as I(wi -+- wo) is negative or positive. 

Remembering the definition of « j W], wo) given at the end of § 39, we see that 

we obtain for our fundamental asymptotic equality an expression which in form is 

identical with (A) § 38, but in which the many-valued functions with s as index have 

their principal values with respect to the axis of — (*^1 + It IS evident that 

the equality will hold for all values of a, and will thus serve to define {o('S, a ] oj^) 

for all values of s, a, and oj^. 

§ 42. We proceed now to take such particular cases of the general asymptotic 

equality which has just been obtained as lead to expressions for the logarithm of the 

double gamma function and its derivatives. 

Sujjpose that s is a positive integer greater than 2 ; then, making i/ infinite in the 

general asynqitotic equality, we see that 

where 

(— y Ci(s, a 1 ojy, OJ,) = "'(«1 "n 

^2'^ (a 1 wi, 0J.2) = log lh(a 1 Wi, oj^). 

This relation is true for all values of a, oj, and o)., ; it is the first of a series 

connecting the double zeta and double gamma functions. 

Let us next put s + e for s, where e is a small real quantity and 6' is, as before, a 

positive integer greater than 2. Then, provided a is positive with respect to wj 

and Wg, 

Hhl - e) 
2MTri(5+ e) 

r e~Y — z} 

JL (1 — ‘Itt 

,S ~1 + I dz 

) (1 — e “2^) 

the integral being taken along the L-contour, and M being the integer defined at the 

end of S 39. 
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Hence if log (—2) is real when 2 is negative, and is rendered uniform by a cut 

along the positive direction of the axis L, 

{0(6' -f- e, «IW], Wj) 

. (-)-i 1 
- ch 

_ ^^5—l^SMsTTt 

‘Iir (s — 1) ! e J L (1 — c (1 — 

X 11 — e(T + • • • + — 

for 

1.s - 1 

X "11 -j- 2]\!l7rte -{- . . . 1, 

r(e-s+ 1) = 

1 + ye + . . . 

1 + e log ( ~ 2 ) + . . 

r(e) 

(e — s + 1) (e — s + 2) 

(- 

1 ~ ye -f . . . 
(s - 1) ! e 

Now when s is an integer greater than 2, 

zy~'^d: 

1 + ^( Y^" 

(e-1) 

+ • • • 

r e-‘‘H-zy-^dz _ ^ 

J L (1 — (1 — ’ (1 —e e “2^) 

for the integral may be reduced to two line integrals which destroy one another, 

and an intesfral round a small circle enclosincj the origin whose value is zero. o o 

We have then, on making e = 0, 

C(5, a\o}^, wo) = 
^ (-yy^ f e-«(_2;y-i|_ log(_ z) + 2M7ri + ^ + . . . + - yj 

27r (s - 1) ! 
{1 — e “'b (1 ~ e “2^) 

dz. 

But, when s is an integer greater than 2, 

d-2y-i|2M7rt + Y + • • • + J - 7 

(1 — c““‘b (1 — 
dz 

vanishes for the reason just assigned. 

We see, then, that when a is positive with respect to and Wo, and .s is a positive 

integer greater than 2, 

al«i, (o.2)={ — y 
2)''“^ log (—2) 

27r (s — 1) ! J L (1 — {1 — e 

and therefore under the same conditions, 

e““(— 2)*“^ log ( — z) 

dz, 

1 ^2’ ^2) — 9 dz. 
27rjL(l —e "1^(1“"^ 

43. Put now in this result 5 = 3; then with the assigned limitations 

— 2)- log (— 2) 

"2)-Yrfp (i_6- (1 — e *^1*) (1 — 

2 T 2 

dz. 
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and it is obvious that we may rejdace log (—2;) in the subject of integration by 

log (—2) + y without altering the value of the integral. Integrate successively 

witli respect to a, and we obtain 

log ro(«laJi, w.) = 
(1 — C 

dz + (1, 

where tlie coefficients of the additive quadratic form are constants with respect to a. 

Itemember that 

lA [olb (rt j w.)] = 1, 

then we evidently have 
(1 = 0 

log r,{a I Wj, CO.) = 

■Lt 
a = 0 

(1—c “1^(1 — 

L f «-«-■(- 2)'l{l0g (- Z)+ 7} 

-I 27r J 
-f- log a 

IL (1 —e “^b 

We now define tlie third double gamma modular form co.) by the relation 

log W;:) = — 2M7n oS^j(o | co^, co.) 

- Lt 
a = 0 

L f c 2) Ml»g(- -) + 7} 
dz "h log a 

27r J L (1 ~ e “ib(l — c;~“-b 

and we proceed to show that the constants and X. are such that 

=oSo(a) (M + m + m'yiTTi + oS'i(o)2M77t 

I Wf WMffig(-^)+7} 7. 

’^27rjL (l-(?-“ib(l-c-“^'--) 

, r„(cb copco.) 
log --- 

” Pd/Oi, CO.) 

where the numhers m and m have tlie values assigned in Part II. 

If this relation is true we shall have 

1 I o fie/ 4- CO] ) 

loff — S'] (a 1 CO.) (M + m + m')27n + 
C r C «'■( - [log (-2) +7} 

1—C“ 
dz 

§ 44. Let us now consider this integral. 

It is to Ije taken along a contour embracing the axis L, which we take to be the 

bisector of tlie smaller aiinle lietween the axes of ~ and —, unless such bisector 
^ CO] CO, 

should be the axis of — 1, in which case we take it to be nearl}^ coincident with this 

line. And in tlie suliject of integration that value of log (—2) is to be taken winch 

is real when 2 is real and negative, and is limited by a cross-cut along the axis of L. 

Let us consider the relation of this integral to the integral 

^ I- ],-«q_,:)-l|P]g(_ ~)+ 7} 

27r]j^ (1-c-^^b 

which is defined in the same way with reference to the axis of 1/cjj.. 
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We jiroceed to show that 

Wo 

where ix' = 0, unless the axes L and 1/wo do not enclose the axis of — 1, in which 

case 
/a' = d: 1, according as I(o;2) is positive or negative. 

For take the integral along the contour emhracing the axis L, and suppose the 

contour to expand so that it embraces also the axis of 1/wo. 

Then since a is positive with respect to and Wo, and since the angle between 

the axes of L and 1/w^ is less than Ftt, the value of the integral will be unaltered, 

for its value along the part of the great circle at infinity between the axes of L and 

1 /ojo is zero. 

Suppose now that the contour is taken to lie on the infinite-sheeted Neumann 

sphere, whose sheets intersect in the cross-cut from 0 to oo, on which the subject of 

integration of the integral is uniform. We may, without altering the value of the 

integral, deform the cross-cut so as to take up a position along the axis of I/oj^, 

instead of along the axis L, provided that in doing so we do not give a new specifica¬ 

tion to the logarithm. The latter phenomenon will occur when l/co,j and L embrace 

the axis of — 1, in which case we take the first contour in a sheet in which 2 can 

assume real values, while the second is taken in one in which log (— z) for real 

negative values of z is equal to 27rt. 

After deformation of the cross-cut we may comj)ress the contour so that it 

embraces the axis of l/w^. It is easy to see by this repetition of the argument 

previously employed in the “Theory of the Gamma Function,” that we have 

L r {Fg(-- ~) + 7} j., 
27r J L 1 — c"“2= 

i [ ^ [k'g(— 2) -t 2A7r( -F 7} 
1 - C-“2- 

i f z)-'^ {log(-z) + ryj 

= 2ih <02 
dz 

1 — c 
dz — 2p.'7nS\ 

where [x' has the value previously given. 

§ 45. The assumption made in § 43 for the values of the constants Xj and \.i will 

therefore lead to the relation 

1 ^2 1 I l(C I 0)^) Q/ / I \ I I ' I 

log „ . — log S 1 (a I {M -F m -f- m + 
G ^ (^) Pi ("2) 

for (“ Theory of the Gamma Function,” § 37) 

f I O 
[X f ^TTt, 

log 
_GG|co)_t r e “G— ^{iQg(— + 7} 

Pi H /I J to 
dz. 

1 — 
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Now, by considering the various cases which can arise, it may he readily seen that 

M d- r,i + = 0. 

These constants all vanish unless and embrace the axis of — 1. When 

this take place, suppose that lies above, and Wo below, the real axis. 

Then / [X — 

m' =- > 
M = iJ 

f jX — o-> 
1 

m' — 0 
M = oJ 

when (oj^ -p 0).^ 

when (wj + oj.,) 

lies above and 1/L below the real axis. 

and l/L both lie below the real axis. 

/=-ll 

m = 1 >when (^1 + and 1/-L both he above the real axis. 

M = 0 J 

on — 0 

M= 1 

j>when (oj^ + (Do) lies below and 1/L above the real axis. 

We get similar sets of values when the imaginary parts of and have opposite 

signs to those just assumed. 

In all cases 

M + m -j- = 0, 

and, therefore, with the values assumed for X, and X,, 

Eg ^ + <^]) _ rpc I I Mj) 

To ^ p\ (^2^ 

Similarly we should find 

Fj ^ {a 

But these are identically the fundamental formulge for tlie double gamma function 

found in § 23. 

The values assumed for \ and Xo are therefore correct. 

We have, then, the two important formulae 

■f ro(c. I (0-1, ft).,) 
log ^^ 

P2 
oSo («') (M + m + in') '2ttl -p oS/ (o) 2M77t 

I _L f 1-WMlog(-«) + 7} 
27rjL (1 — (1 ~ 

dz, 

and log po (ct)j, 0J2) = — 2M7rt oS'i (0 | a»o) 

Li 
= 0 

C-"" (— 2) Mlog (- ~) + 7} 7 . 1 , -^^1-A (/2 -p log a 
L (1 — (1 “ ® 
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which express as contour integrals the double gamma function, and the third double 

gamma modular form. The first relation only holds when a is positive with respect 

to the w’s. The second is valid for all values of and subject of course to the 

dominant condition that is not real and negative. 

It is worth noticing that the first formulce may also be written 

oSq (a) {m -f- 7n') ‘Itti + [a) {2M7ri + y] 

+ f dz. 2-77 J L {l—e~ “‘b (1 — 

§ 46. Subject to the condition that the real parts of a and L are positive, we may 

now express our contour-integrals as line-integrals. 

Consider the integral 

r z)-'^ log (- z) , 

277 JL 1 — (1 — 6~“2-) 

, r„(a| WpWo) 
log ^ 

By hypothesis the logarithm has a cross-cut along the axis of L, the initial value 

of its imaginary part lying between 0 and — 27n. Hence if the contour of the 

integral be reduced to a straight line from co to e, where e is a point on the axis of L 

very near the origin, a circle of small radius | e | round the origin, and a straight 

line from e back again to -fi 00, we shall have 

_i f z)-^ Iog(- , _ _ r e-^%-z)-^dz 

277jL(l - je^ (1 “ ^““^0 

I J_ p”" c-”^^‘^ {loge + 1(6 — 77)} ^^0 

The logarithm in this second integral, which results from the small circular contour 

surrounding the origin, has its })rincipal value. The integral itself is evidently equal 

to (§ 15) 

rd0[ioge-f .(d-77)]rf^, e _|_ 2^ 1 (^) 
1! 

+ 

= i,S-,(a)log£ - . + 
1 . 

+ terms involvijig positive powers of e] 

-f- terms which vanish with | e |. 

Thus i_ r log ( - z) , 

277 jb (1 — (1 — e-“2b 

_ r” z)-\iz 

. e (1 — e““ib (1 — e““2b 
gS'i (a) log e — 

1 , 
,2 d" 

+ terms which vanish with 
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Now, as has been seen in the “ Theory of the Gamma Function,” § 28 cor., when 

(L) is positive, 

|(L)< 
dz 

= — log e — 7 + terms which vanish with | e |. 

And evidently 

” dz 1 
(L) =-. ^ 

The integral under consideration is thus equal to 

I (L)'! (1 — (1 — 0)^0) 
1 + 

+ terms which vanish with I e I 

If now we make e coincide with the origin, the integral last written remains finite 

and we have 

I ( e "(- 2) Gog( —2)d.~ 

2?; JL(1 — (1 — 

pQO 

= J(L) J 0 

dz 

\ (1 ~ (1 — 

This equality may equally be written 

..2 + 

2Sf“)(c) 
— e 'oS\(a)l— 72S\(a). 

logEyAnq) _ ^ + 2S'i(o) 2Mfi 
P2 ( <^1; <Wo) 

I f ” c «'( — 2) G lug (— + 7 r ^ _L (■ Cl 
27r J L (1 

= f’(L) 

dz 
(1 — C~ “2*) 

dz r e~‘“ 
o I _ 

z [(1 — c-“‘q(1 
— e 'oS';L(a)| 

under the assigned conditions that a is positive with respect to the w’s, and that the 

real part of L is positive. We thus express the logarithm of the double gamma 

function as a line-integral. 

In order to obtain a line integral for log p.2 (wj, cd.,), we notice that we have 

loi >■« = I {e 
Jo 

and therefore 

q_r 
2-7^) E 

e“(-2) ‘ {log(--r 7}d~ 

= (L) 

:7r j L (1 — e “iq (1 — c~ "“h 

(Jz r 

(1 — 
— e 

+ log a 

2Sh«(a) 2Sd->(a) , 0/ / \G 
- 7r H- ^ \ 
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Therefore on making a = 0, we have by § 45, 

^*-4? ~ ~~ 022(0)2, 0)o) 

r?~J 1 , oSi^^h'') , sSit^.'hy) 

[ (1 ~ e “1=) (1 — c~“20 + e ' [1 — d 

On diiferentiating the formulfe whicli expre.ss the logarithm of the double gamma 

function as line and contour integrals, we obtain 

_yr g-'^--log(-OrL~ 
hi 97-1T n _ “k 2*^ oM^l 0),, OJo 

= f>)fl(TV7^ 

U’ 

cl 

27rjL (1 — e “1^(1— c “aO 
y + (M + m 4- 'ni'). TTi 

+ (1 — e““2=) (1 — 

Similarly, again diiferentiating, 

. _ I C C-«(— 2){log(— 

-1 “ 9„ I I 

e--oS'o (a) + oS'o (o-) [(M + m + my27n]. 

CO] ^ CO.-) \ - 2^ I(1 _ 

= -L(l)“'^{(T3v4u 

And, if .s be greater than 2, 

+ .SV"(«) 

-A + ^- ^^0-^ ^«)I + («) (1_ C-“1=)(1~ c-“2d ' ^2-0 v/jl.O \ / 

y -j- 27n(M A d“ 

(M + m 4- in') . 2771 

yya\co^, coo) = 
I r c “* (— 4 ^ ^ Og (— d' 

(1 — c "rj (1 — c “2=) - (2) 
c “4- ~) 5 — 1 

(1 — c““iO (1 — c “24 
ck 

O) 

Notice that, when we have the more narrow restrictions, the real parts of «, 

2, and o)o are all positive, the constants ?>g m', and M all vanish, and there is a 

substantial simplification in the formulae. 

§ 47. We may ikjw deduce expressions as line and contour integrals for the first 

and second double gamma modular forms 

y22(o)2, ojo) and y2e(<^i) 

We have seen (§22) that 

CO n (02) = yoo(o)^, 0)2) 4” ) 4- 
rc 

■» CO 

s' s'' 

+ 7 *0 
1 1 

+ + m-^co-^ + + '‘h^2 (”h“i 4“ ’”2*^3)" 

and, therefore, on making a — 0, 

yi’3("n "i) = ~ 

so that, by the last paragraph, 

aOO 

y22(w2, Wo) = (L) dz- 

I 0)2, OJ2) 4" “ 
a = 0 

(1 — C "14 (^- — ^ “^) 
1 - + 4.8/^(0 

J 
oS'o (0) 27rt(M -{- ra + in'). 
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The additive term will of course vanish when the real parts of and cog are positive. 

Similarly, we have 

72i("i> "2) = 
a = 0 

= Lt 
a = 0 

_ jl f c ~)+ 7} , 1 
IttJ L (1 — c “!"")(1 — 

— .2Sq~’ {a)27n(M + 7/1 + ni), 

so that tlie first double gamma modular form is expressed as a line integral by the 

formula 

721 ("n "2) - (1- c-^b) ~ ^ 

{o)'27tl(}>1 + m + m'). 

It will be noted that for the modular forms 

P-zi^v 72i("]»"2)/ 722("n "2). 

we have, liy making a vanish, obtained line integrals wliich are in general finite, 

although in our fundamental formulae the restriction was made that the real part of 

a should be positive. 

This restriction was necessary to ensure that the contour integral should be finite 

at infinity. It is clear from the mode of generation of the line integrals, that the 

process which has been carried out is pei'fectly valid, since liy the introduction of the 

terms loii’ n,-— allowance has been made for the manner in which the contour 

integral tends to an infinite value as o. tends to zero. 

§ 48. At the beginning of § 43 we entered on the investigation which has just been 

given by integrating with respect to a under the sign of contour integration, and in 

this way we deduced the contour integral for log ro(a) from that for (n). 

We now proceed to show how the contour integral for log ro(«) may be obtained 

without the employment of this process. 

For this purpose we take the fundamental asymptotic ecpiality of § 38, valid for 

all values of s, a, and Wo, the many-valued functions with s as index having their 

principal values with resj^ect to the axis of — (wj -f- Wo). 

7m qn 
V s* 

1 

„, = 0 m„ = o(« -I- 
— ^2 1 <^1) <^2) “k (s — 1) (s — 

1 1 

ipncoy ~ (qncoy~~ 

2ci -f- a)^ 4“ coj r 1 

2 (s — 1) [QjTicOj + qno)y~^ 
—2_LI 
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+ 
(<Z + &)^ + CO.t) oSj^(« + (Wo) 

^ ^m+s 
m = 1 m 

J 
(^JCWj + (7CW„)'« + ^ 

{jpnw^ + qnw^Y 

* (—)” f'^'n + ^ — 1\ JoS„j (« + cwi + (Wo) + oB,„+| oS„; (ft + (Wj) E qDm+i 

(7-^"i) m-Ys 

o^7« “1" ^i} "f" 

((2cwo)“+* 

where, if a is positive with respect to the (w’s, t, [s, a \ cwj, cwo) may be expressed ])y 

e-‘‘-{—zy-'^dz 

the integral 

,21IS7ri sr(i-.,) 
L (1 — (1 — 6““=^ (§39-) 

Make now s = e, wdiere e is very small; ex2:)and the various terms of the 

asymptotic equality in powers of e, neglecting those higher than the first, and we 

obtain, if the real part of a is positive. 

'pit qn 
(p7i + 1) {qn + 1) — e log II 11 [a fi- + m^ojo) 

mi = 0 y/lo = U 

= ^ fj^ (1 _ (1 + ^log(~ ^)} {1 + ye} {1 + 2M€7rt} dz 

+ ' 1 H~ e (y + ^)] [rd {pMi + qwo)“ [l — e log [paypi fi- qoypi)] 
-j(W]^(Wo 

— [npyoy^^ [1 — elog^^y^cwj — (n()'cwo)'[l — elog qntwo]} 

n {poy^ + ^cwo)[l — elog {pno}^ + qno).^)} 

— np)o)Y [1 — elogpncwj] — ^ 

+ (1 + e)[p7i(l — €logj9»(w^) + (/ft(l — el(jg(^7icw^)] 

+ oS/ (u + (W^ + (Wo) 1^1 “■ e log {^qjyKo^ ~|“ (y?icwo)J {pt “h ^i) [^1 — e log^9/?cWjJ 

oS/ (rt + (Wo) [1 — elog qno},^ 

“b (® “k ~k ^2) (1 “k e) 

IV 
dd= 1 m 

(a + (W]^ + (Wq) + oB,n^.-| A ^l) + 0^*'” + ! oS,,, (ft + 0}^ + 2b»J + 2 

iP^l + 2^2)“ (^CWi)" 

This ecpiality will hold for all values of s, a, cw^, cw., if the integral be replaced by 

C2(e, cwo), the logarithms having their principal value with respect to — ("1 + (W2). 

Equate now the absolute terms in this asymptotic equality, and we find, if a is 

positive with respect to the- (w’s. 

( — 2)~1 

IL (1 — (1 — £;-“^q 

But we have seen (§17) tliat 

dz “k2*^1 ~k ^i“k^2) — 2^/ ~k ^i)—2^L ~k ^2)* 

{p ~k ewj -k cwo) — 2b] ip ~k ^1) — 2^1 (® “b ^2) — —2^1 (^^') ”k b 
2 u 2 
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Hence, provided a is positive with respect to the Hs, 

.S.'(«) = ,hfL 

and for all values of a, and w.. 

-1 

(1 — (’“'"'ip (1 — 
dz. 

^0 (^-^5 I Oi.dj — 

§ 49. Secondly, ecpiate terms involving the first powei’ of e. 

We (jhtain the asymptotic equality 

/HI (/Jil 
— log II n (« + + 

= 0 /)■},, — 0 

a 
{o(s, « j fo).,) 

ft = 0 

(t + ¥}Pd — log (o) [pwj + qaq)' 

~ rdo (o) h [(^<^1 + log (pap + qaj_,) — {po)J^ log (pwi) — (qa)o)'Hog qoj^ 

“h n (p -|- q) — n lc)g n [(iSj^o {ji -|- ajj -f- ajo) (pwj -j- qoi-2) — (o H~ P^i 

— oSi®- [a + cao)pa;o] 

— 'i} (oS|^^'^(ri -f- ajj -j- aj.i) (p*^! “h V^’) log (^^^1 “h ~i~ ^\) P^i log 

— jS/^* (« fi- (0.2) (JC0.2 log qW;>] 

— [oSj^ (rt -|- ajj -|- a>o) log (pa)j^ -|- qw,,) — oS]^ (ft fi- ajj) logpaij 
— oS/ (ft + 0J.2) log qaj J 

— log u [oS]^ (ft -|- a)| -f ajo) — oSj^ {ci -\- a)|) — 2^1^ “h ^2)] 

{ci + a)^ + a)^) ob m + \P^ 4“ ^^*1) oh {ct + a),i) 

(pajj + qw.^“‘ (pajj)"' {ixaP" 

valid for all values of 5, ft, and a;,,, provided the logarithms have their principal 

values witli res])ect to tlie axis of — ("1 + aJo). 

In order that tlie lal)Our of writing down cumhrous formulae like the one just 

obtained may he diminished as much as possible, we propose to introduce a symbolic 

notation suggested by Cayley’s notation of matrices.'^' 

If y’(z) he any function of 2:, we shall represent symbolically 

+ 
(p 

. = i{ni 4- l)vin" 

J{z fi- a;^ + a;,,) — J {'- + ajj) — ^(z + aj,,) 

by F2 [/(^ + aj)], the suffix 2 denoting that we are dealing with two parameters. 

Thus the difference equation fw double Bernoullian numhers (§ 17) is written 

Slmilarl}^ 

H [,S. (. + ca) ] = - .,S„ (z) + Z». 

F2[,,S/~^(ft. -j- a>)paj log/jaj] denotes the function 

* Cayley, ‘ Collected Y orks,’ vol. 2. The corresponding theory for multiple gumma fimetions will be 

developed by employing u sym1.)olic notation uh initio. 
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2S^®(a + <^1 + 4" 4" 9.^2) ~ 4" 

— oSi^^' (a -{- ojo) 70J0 log qo).^. 

[The analogy with the matrix notation would be more complete if q^ and q wei’e 

replaced by and The convention adopted here is, however, (juite natural.] 

And now our asymptotic equality may be vaitten 

jm qn 

log IT n (a + niyO}^ 4“ '^^■2^:) 
J7ii = 0 m.2 = 0 

C2 (^5 1 ^1? ^-2} 
5 = 0 

+ pq [n~ log n — ?i2 (i _j_ A) ] -P (p _p q) [_n log n — ii\ 

4- vFo[oS/’n")(P"r^log(p")] 4- ®(a + c.)(pa;)logOjc.)] 

4- Fo [o^i' (« 4- ") log (pw) ] 4- log n [I — oS/ {o) ] 

. ^ ('~ ) ” i p J 2^'« (^ + ttj) + 2D/7i4 1 1 

for, as may be readily proved, 

[o( -p 4“ (p^i 4“ *2^’) — {pt A cjj] p^i — 2^/'^ 4“ ^■'’)~ P 4~ p* 

When the variable a is positive with respect to the w’s, we note that the part of 

the absolute term in this asymptotic e(|uality which is equal to 

mav be written 
— I 

iTT 

0^, ^2 <^1^0 ^2) 

-4" 1 {7 + iog(- A } (I 

s = 0 

2M77qS; ((() , 
IL (1 — e~ "1-) (1 _ c - “.iq 

which is the expression which has been proved e(pial to oSg (a) 2 (^n + m') ttl 

_ loo-- - 
P2 («1, cop 

integration. 

by the process of differentiation under the sign of contour 

§ 50. But if we take the expression for log To («) which has been obtained in § 24, 

— log To (r() — — y^i (^Jj, cjo) 4” ^^y-22 ^2) 4“ Fg <7 
00 00 

and write it 

+ N N 
r/ij = 0 in.2 = 0 

log {a + n) log n 

~ bo (a) = ^ yoi (wj, w.) 4- 0722 ("n "2) 4“ log a 
pn qn 

+ ht 1 1' 
n = 00 = 0 T)u = 0 L 

log (a + n) log VL 

a a~ 

Jl 2TU 

a a- 

D 2rp 

we may obtain this expression independently. 
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For putting = 0 in the asymptotic expansion of 

pn qa 

log II II (o + .a) 
Ml = 0 ni., = 0 

we find 

pn qn 

log H II fi- WoWo) 
m, =0 m, = 0 

= - 
a = 0 L' 

= 0 

ds 
(5, Cl I coy, Wo) “h log a + 2^q [n" log n - + i) 

-f (p + q)\2n\ogn — n\ + ?t-Fo [oS/'^^ (oj) pw logpw] + nFo (w)pw logpw] 

+ Fo [oS/ (w) logpw] fi- log n [1 — oS/ (0) ] 

+ 2 
m = 1 mn 

(—)“ ^ jpi + 2^m + l 
(yw)" (1). 

This is the extension of Stirling’s Theorem to two parameters. If for all values of 

and Wo, we put 

~ 0 
I (s, a \ wj, Wo) + log a log po (Wj^, Wo) = - lut 

a = 0 
s = 0 

we may call po (w,, Wo) the double Stirling function of the parameters w^ and wo. 

It is the same as the third double gamma modular form |)reviously defined. For we 

have by § 43, 

log po (Wj, Wo) = ht 
a = 0 il 
= u 

a = 0 
5 = 0 

e ‘^’-(-z) i{log( —s) + y]ch 

(1 — (1 — 

0 
— { (s, Cl I W|, Wo) — log Cl 

log a 2M7rtoS/ (0 I w^, Wo). 

by § 42 

We now see the exact analogy between the function po (w|, Wo) and the simple 

Stirling function p^ (w) = .^(27r/w) as defined in § 31 of the “Theory of the Gamma 

Function.” 

For a brief inspection shows us that the result of § 30 of that theory may be 

written 

log II w) = j) [ii log 11 — n) fi- r[Si® (w) j^iwlogp)w] 
•/Uj = 1 

+ [1 4- S'l (0)] log n + log p^ (w) + S/ (w) log pco 

I y ( — Sm(w) + iBffi+i 
m= 1 V/i7l"‘ (7^0))“ 

which is the complete form of Stirling’s Theoi'em for a single parameter. 

The analogy between this asym])totic ex})ansion and 
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pn qn 

log n n ““ (i i)] + P"] 
mi = 0 1112=0 

+ (p + q) {_n log n — 7i] + 7?Fo [cS/''(w) 'poj logpw] 

+ [1 — 2 (o)] log 11 + log (ai^, Wo) + Fo [oS\ (w) log pw] 

^ ^ p j" oS„; (O)) + pFtfi + l 

„~i vin’'^ (pw)™ 

is so evident as to determine the nomenclature. 

Note in the second place that the fundamental asymptotic expansion (A) of § 38 

may, with the symbolic notation subsequently introduced, be Mudtten 

pn qn 

X S' 1 

Tii=0 m^=0 {«- + 

1 

— ^3 ('5) I *^2) “h 
1 

(.s — 1) (s — 2) .n- 
3^Fo 

oSit^pro) 

ipcoy-") 

_p. , 1 F [aS'i + w) 
(5 — 1) . «■' “ |_ I " 1 ipoiY 

§ 51. If in this equality, true for all values of s, a, and wo, we make s = 1, we 

obtain, since 

FUiS/'WCH; = « 

F.fsSi® (« + <«)! = -2Si®(«) ■ 

pn qn 1 
- = lA 

mi = 0 jn,, =0 C + 7?qa)2 + 

4o(S, o 1 Wj, Wo) + ^ , 2 F I 2*^^ (a + co) 
11 ~ [ pco 

+ uF3[2S2^^H") P" logpwj- — 2S2*“'(n)log n + F2h2S2^“^(« + w) log2:>wl 

+ 
* ( —p” p j” 2S,„(« + &)) + 2^^>« + l 

??l = 1 71‘ m+1 (p&))“+i 

which is equivalent to the result of difterentiating the asymptotic expansion of § 49. 

If now we make a = 0, we obtain 

pn qn 

V V' = Lt 
= 0 772^=0 “1“ a = 0 

V/ I X , 1' l{s, «j W2, Wo) + g ^ - 

J = 1 

+ ?iF3{oS2'^^(w)pwlog pw} — oSj^“>(o) log W + Fo{2Sj^“'(w) log 2^w] 

( yy p [ 38m (w) + 

m = 0 
iHl + l 

We now see that 

U 
pn qn 

S' V' 1 

l_))ii = 0 rii2 = 0 + '?^qWo 

(p^)m+l 

+ oS2‘"’(o) logw — F|oSi^“^(w) log 2^0j] 

— nFoi^i^^ioj)poj log pw] 

= U 
a = 0 

= 0 

CoCh « i "n "3) + 5 _ ~ 

which is a quantity independent of p and q. 
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But when 'p — q — 1, the expression on the left-hand side may be written 

lA 
/? = CO 

>\ ■/» 1 
S' V' _ 

n ^ 0 0 

log n + log(wi + W,) - log coi - log O), 
“^1^3 

— (?i + 1) ( ^ log {wy + log loo' OJ \a)y COy (Oi 01.1 o 

Since the principal values of the logarithms with resj^ect to the axis of — (w^ + wn) 

are in all cases to be taken, we see from § E3 that this expression is ecjual to 

y.2o(coi, ojn) + 2^S/^'(o) 2(m + m'jin. 

For denoting by a capital letter the logarithm which lias its principal value with 

res])ect to the axis of — 1, we have 

log + COn) = Log (Wj 4- (d^), 

log CU^ = Log OJ^ + 2mTTL, 

log Cdo = Log Wo + 2771 7TL. 

And therefore 

Id 
a = 0 
s = 1 

(.9, a I (Dy, Wo) + - 
oSpA'^) 1' 

= u ^ - o ~ l^^g '' + ALAT ("1 + "2) - log coi -- log Wo 
00 -^*^1^3 -W^ Wo J 

“ "1“ 1) ( “t" ) log ("1 d" ^2) d-- log ^2 d" log Wi Wo 

I ^ O I ^ o ' ~r 271177 L -{- 2 111 77L 

W, Wo 

Wi Wo 

Wj -f Wo 

2wiWo 
l[m -F -111)77771 

= yoi(wj, Wo) + oS/^^(o) '2(711 -h 111)771. 

We notice that this formula agrees with our previous results. For by § 47 

7n("n "1) d- 28^(0) [(w + ?;f)27rt] 

~ _ L/ f f ^ , 1 
a = oL-'^-h (1— « 

JMttioSj (0), 

and by § 42 this last expression 

== L^ 
a = 0 
5 = 1 

o 1 w^, w 1 1‘ 
s - 1 a. 

It is worth noticing that incidentally yoo (wj, Wo) has been obtained as a limit in the 

more general form 

yoij(wi, Wo) = lut 
% 1 Wi -t Wo o 

S X „-: - log n 
fi 2wiWo 0 0 

d- d- log?M - log<7^2} 

^ " [over] 
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pH -f" 1 j pH “f 1 

co^ 

+ 

pH + 1 

0)., 

<pl + 1 

log (/>W| + qoj^) -f- ^ " (log (/oj, + 
CO.-I 

CO, 
(log (JCO., 4” 

where log (^^^i -j- geo.,) lias its jirincijial value with respect to the axis of —(ai^ + <^2)- 

§ 52. Let us next put 5 = 2 in the final equality of § 50. 

We shall obtain, in the limit when n is infinite, 

irii q'li 
V V 

1 
- ^ , -; = Lf. 

m,= 0 m2 = 0 {cH + IHjWj + }ll^CO.,y s=2 
Co(s, a I oj^, Wo) — ^ ^ + (1 + log n)oS/-'’(o) 

— Fo{oS;"'(w) log^^w], 

the logarithms having their principal values with respect to the axis of — ("i + Wo). 

.oS/3)(0) 1 Thus 
Lt i^is, a W^, Wo) 

oS 

s 
a = 0 

qyii 
— V 

cgil 
y^/ 1 J 

0 0 (hIjWj -t 'IH^CO^y 

cP + 
WiWo 

[log n — log (2)0)1 + qwo) + log pw^ + log gwj. 

Now the left-hand side of this relation is independent of p and cj, and therefore we 

see, by § 22, on putting = g' = 1, that 

Lt 
s = 2 
a = 0 

'r(‘ n\ \ a\co^, CO.,)- 
s 2 cP 

+ — = — 7;’i(a>i, Wo) — 2(7?i + m')7r(,oS['^^(o). 
Wj^Wo ~ 

This formula again agrees with results which can be deduced from the integral 

formulse. Incidentally yo;(wj, Wo) has been expressed as the more general limit 

I p"' 111- I 

yn("n --log ^-v- 

0) 3^0)0 
[log (pco^ + (/Wo) - log pwi - log qco.^ 

where log (y^w^ +'Uywo) has its principal value with respect to tlie axis of — (w^ -b Wo). 

§ 53. We can now finish the investigation indicated at the beginning of § 50, and 

oljtain the expression for hju —^ , without integrating under the sign of contour 
^ ^ po(Wi, CO.p tab fc, 

integration. We have 

— log To (a 1 w^. Wo) — y “b "b lo 

where n = nqwj^ + m.,co.,. 

VOL. UXOVi.—A. 

iga 

P'll qil 

+ Lt t 'Z' 
n=<x) 0 0 

}}(i ht2 

2 X 

h.g (a + O) - log + 2^ 
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Utilising the results of §§ 49-52, we find, when a is positive with respect to the cu’s, 

(- r)-i{loo-(- z) + 7} 
-logr.O) = LOUf 

877 JL (1 — 
dz — 2M7ri.iS/ («) 

+ [oS/-^(c< + w) — (w) l0gp)&j] + Fn[oSQ(« fi- 0})\0gp(x)] 

+ F>g (0) — oS/ («) j — log (ojj^, 6p) 

-]-«[— oS/"’ (o) 2 (»i + m) TTi + (0) log n — Fn{hSf'-^ (oj) logpoj} 

— ?tFo{oS'®^ (aj)^taj logp/oj] ] 

+ ~ [ —{0) 2 (m fi- in') TTL -}- (0) log n — FoUS^ '^^ (w) logjtw} ] | , 

the logarithms having their principal values with respect to — oj^). 

Now oS/ (a) = oS/ (0) + (0) + f ,8/^^ (0), 

for the higher terms in Taylor’s expansion all vanish. Hence 

i _Z2 h0_ _ i. f u"'~(--^UM]og(- + 7} 7 

p.2 ("1 > "3) 2'^ J h (1 “ (1 ~ 

-j- .iSq (rt) 2 (jVI -j- VI -|- VI) TTL -f- .i8| (^0) 2iM7rt, 

which is the expression which has been jtreviously obtained in § 45. 

§ 54. We next proceed to consider the values of the double liiemaim ^ fimctiou, 

^o(s, a 1 w^), when s is a negative integer. 

By the definition of § 39, 

(«,«!<»„ a,,) = AiLV;)<,=M». 
277 

. f _ ez 
L ri - fi- 

c~“~ (— 

L (1 — c-“0 (1 — 
dz. 

a being ])ositive witli respect to the &j’s. 

Now in § 15 it has been proved that 

(1 - 6;-“r)(l 

Therefore 

—i'iU_ _ (0, / X _J_ 2^/ (^0 . 1 

// ; 

4 (,s «10,,,[ ( _ 3).-^ ,h ] U; - (“) 
Ztt j I ct)]^a).T 

n ; 

the latter integral being taken along a small circle surrounding the origin. [Since 6‘ 

is an integer, the two line integrals in the standard reduction of ^ 4G destroy one 

anotlier.] 
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Hence if — m, when in is a positive integer greater than or ef[nal to zero, 

l,{s, a 1 oji, a>,) = r (1 + m) 

Thus, when 5 is a negative integer, 

(<5, tt I Ct)j, Wo) - 
(ft) 

1 - S 

But by § 12 corollary. 
oh K+1 

n + 1 — + l {^l ’ nS,, («) , 

and therefore finally, when s is a negative integer, 

^0 {s, a I Wj, Wo) = (c^) “h (*^i > ^.o)- 

When a is not positive with respect to the w’s this formula continues to hold, as is 

immediately evident liy the theory of the function ^o(-9, o j oj,, w.,), to whicli we shall 

shortly proceed. 

§ 55. We proceed next to find the values of ^o(.'?, «| Wo) for positive integral 

(Including zero) values of s. 

We have seen, in § 48, that when a is positive witli respect to tlie w’s, 

— z)~^dz ^ r /T \ ^ _ Q/ / \ 
27r) (1- (1- “ 2^ 1 (1 — c “1') (1— e "2^) 

so that ^.o(o, a|w^, w.j) — oS'j(«). 

Differentiate with regard to a, and we find 

c~^d 
(L) 27rJ ^ (1 — 6“"*') (1 — c~“D 

Now liy § 39, when e is a small quantity, 

Cd 1 — e, a Wi, = Uo~‘ dz 
’ 1 n 2tt JL (1— 

I r c~"-{1 — e loo' ( — z) + }{l“7e+ • • - HI" 2Me7r6 . . .} 
= -f d -rr ! ^ttJL e(l — H~ 

so that, neglecting powers of e above the first. 

dz, 

efo(l— e, a|a)^, Wo) = oS/'‘d«){^ — ye ~~ 2Me7rt} 

log ( — z)c~''dh 
— * e 27r jL (1-■ 

But we immediately deduce from § 53 that 

d 
-*,logra«) = 

i r c log ( — z) dz 

27rjL(l—c f 

2x2 

— 127n(M + w + in') + 7} oS/-d«)- 
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Thus 

s = 1 _ 
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a j oj^, CO.,) + 
s — 1 — ~ ^''2(^0 + 2(m + m')77tnS/'-(a). 

Again differentiating, we have 

t r _c 
27r J L (1 — 

Also, if e be small, we have 

e z)(h 

e “!') (1— c '^■^) 

^.(2 — e, a j 0)^, CO.,) 
_ tr(e — 1) _2 2MeTri 

'.IT 

zf-^dz 

JL (1 — “ c~'^-^) 

1 T./ 1 \ (1 — 76 . . . )(1+ 6 + . . . ) 1 f 1 , /I N 1 
and I (e- 1) z= =--- ~ e ^ ^ • ' ’J' 

Thus y, I \ 1 I 7 — 1 + SM-TTi 
4.-.(2 — e, a ! oj,, co.,) = — . - -|-- 

ewj CO., cojco.. 

A r 6 «--(_ g)Iog(-,^) 

27rjL (1— 
ch, 

so that, since 

(a I 

we have 

O)^, CO 

^)=2bf 

Lt 
S = 2 

^0(5, nl&ij. Wo) — 

c z) log (— z)(b 

L (1 — 6“1®) (1 — 

1 

(s — 2) 

+ [2(M + w + + y]oS/=^'(a) , 

— 2(m + rn')77-toS/-'^^(a). 
0)1 Wo 

Tabulating our results, we see that 

C2 (■% a I w^, Wo) = ^p.2^%a), when s>2 ; 

^ _g _ J . _ 2{m + 7H')7noSi<^^(a), .s— 2 ; 
6 — S Wj^Wo 

3^1^) _ _g 2(m + 7jf)7rnSi<-^'(«)> « = ^ ; 
S ““ X 

= ,S'i(a) 

= oS_j(<7) A 3Bi-«(wn Wo) 

,5=0 

, s < 0. 

These formulae hold for all values of the varialde a, though we have onff" established 

them for the case when a is positive with resj^ect to the w’s. They evidently agree 

with the results established for the case w^ = Wo in “The Theory of the Cf Func¬ 

tion,” § 34. 

§ 56. In a note appended to the “Theory of the Gamma Function,” it was stated 

that a theory of the simple Biemann ^ function had been developed by Mellix."^ It 

■*■ AIellin, ‘Acta Socictatis Feunicae,’ vol. 24, No. 10, 1899. 
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wa.s, however, published after my paper had ])een sent to press, aiifl I was therefore 

ignorant of his elegant results. Expressed in the notation which I have adopted, his 

method is as follows. 

It is evident from the expression of the function ^{s, a, w) as an asymptotic limit, 

lhat its imjjortance lies in the fact that it is a solution of the difference ecpiation 

co)-f{a)= - i. 

when .s has any value, real or complex. [From this result we see at once that we 

should expect that, when s is a positive integer, the simple ^ function should be sub¬ 

stantially a derivative of the gamma function, and when s is a negative integer, a 

Bernoullian function.] Now when'll(.s) > 1, the simplest .solution of our difference 

equation is evidently 

I {s, a, oj) 

1 

(c -t- ncoY ‘ 

This solution becomes nugatory when 1, but Melltx has succeeded in finding 

a modified solution by the following ingenious modificatiou of Mtttag-Lefflp]r’s 

process. 

We construct the function 

when 1 > i({(s) < — I', by writing — s in place of m in the wf' simple Bernoidlian 

function 

S„,(a 1 (o) 
(^T/l -(- 1) Cl) • 5 

and taking the sum of the first Z’ fi- 1 terms, k being of course a positive integer. 

Thus y 1 S y-S A- = l 

(a I w) — - - r -f- S 
(1 — -s) « J = 1 \ / 

And now ^(.5, «, co) is defined by the relation 

— s 
a ^Bj+,. (w). 

t (■'?,«, (o) 
ao 

— — (<"< 1 / “h ^ — (o + (w + 1) ftj I o)} + (o + no) I (y) 
= oL(« + 

We readily see that this function formally satisfies our fundamental difference 

ef[uation, and we may at once prove that the series does define a function existing 

over the whole plane. 

For when 5 = 0, — 1, . . 

it is evident that {a \ oj) = [a | oj) -f- constant, 

and therefore (a [ w) — S_sj;{a) — cC^ — 0. 
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When a is large and .s has any value, the left-hand side of this relation may be 

expanded in the form 

' rr'+i 
. +AM+ . . • ^,r-rs • ^ ce 

where the P’s are integral polynomials of s of degree indicated by their suffices. 

As they vanish for (^ + 1) values of s, we must iiave 

(n + w) — (a) — a ^ 
b^+i (g) , Px-+2 js) 
(f^s+k+l “t" + 2 

Thus t{s, a, oi) is convergent with S :- —, and is tlierefore convergent, 

provided 

|1 (5 + /^ + 1) > 1, or g (.s) > —A 

which is the condition with which we started. 

There is one point which does not arise in the work of Melltx, who takes the case 

oi = 1. It is that throughout we must work with man}-valued functions with s as 

index, which have their principal values with respect to tlie axis of — w. For in 

expanding (a + w) — (a) — «“h where a is large, we have tacitly 

assumed that log (a -{- to) = log a -f- log (^1 + 5 which, unless w is real, is not the 

case when a is large and nearly real and negative, so that a and a + w lie on oppo¬ 

site sides of the axis of —1, if this axis is the axis of the logarithms. 

§ 57. It is now possible to construct tbe double Piemann { function by extending 

the previous analysis. The function so constructed might be made fundamental in 

the theory of double gamma functions and double Bernoullian numbers, these 

functions arising for particular values of the variable s. We will indicate the 

development of the theory from this point of view, for brevity establishing only the 

principal results, or those which, as in §§ 54, 55, have been established only over part 

of the a plane. 

The double Riemann ^ function ^0(5, a|(yj, Wo) is tbe simplest solution of tbe differ¬ 

ence equation 

f{a -f- ojj -f (0.^ — f[a-\- w^) —f{ct + (0.2) -l-_/(o) = 

a, s, 0)^ and wo having any complex values s\ich that wo/wi is not real and negative. 

T’ne determination of a~^ will appear in tlie course of the investigation. 

In the first place, it is evident that when g (s) > 2, a solution is given by the 

series 
00 CO 1 
^ V __ 

Hij = 0 ,1)^ = 0 + m^CO^ -t- ’ 

which will then, by Eisenstein’s tlieorem, be convergent. 
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When 2 > (5) > — Jc, I: being some positive integer, we form a modified solution 

by the introduction of the function («| w.i), formed as follows. A¥e take the 

mi\i double Bernoullian function, («j w,, w.,), write —s in place of m, and then 

take the sum of the first [h + 2) terms. 

We thus have 

{ci I Ct»o) — 
W, + 

(1 — s)(2 — s)o)y(o^o/ “ 2(1 — s)o)iW^ct’ 

and then ^0 (s, a \ oj^, is given by 

I 2^1 \ ~lk±i 

-1 /yf i r / rC-''- ’ y = 0 

00 CO . 
oS_jg-(a)— 2 S l)(yj^d-(niod-l)(ao} 

//i| = 0 Yi'l2 — 0 

— “k “k 1) ^1 “k 
— [a + + ( ~k f) aj., ^ “k ~k h 
— {a + m^oj^ + moWn)"''] , 

an expression which for shortness we shall sometimes write 

00 x> 

(a) — N - X 1 'b k) • 
nij = 0 //Jo = 0 

It is at once evident that the function so defined formally satisfies the fundamental 

difference equation, and we may readily prove that the series is in general con¬ 

vergent. 

For when s = 0, — f, 2, . . ., — /j, — (/j + 1), obviously 

z^-sjc {<^1' 1 ! <^0) = -z^s 1 <^1 > “k “k P- 

where X and fx are constants. 

And therefore 

x(5:|i',^') vanishes when = 0, — 1, ~ 2, . . . , — k, — {k + 1). 

When 2 is large this expression admits of expansion in the form 

, Mb) + ■ 

Avhere Pq (.!>), (6'), . . . are integral polynomials in s of degree indicated by their 

suffixes, jji’ovided that the logarithms which intervene in defining the many-valued 

functions A\'ith s as index are such that, when e is small compared with 2, 

log 2 + log (^1 -k = log (s + e). 

If the axes of oj^ and include the axis of — 1, this will not be the case for 

terms of the double series, for which the numbers and in the term 

2 = ct -J- m^o)^ + ruM.^ are large, unless the logarithms have their 2)rinci})al value 

with respect to some line between the axes of — Wj and — XVe take this line 

to be — (cij| “k a;.,). 
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And now, since x 1 vanishes for Jc 2 values of s, we see that its expansion 

A\ hen : is large must be 

-1 /r+3 (-S) I Pi+3 (^) I 

.-.i+^+2 V" ,>s+/f+3 ~r • • ■ • 

The series for (s, a|w^, (o.i) is therefore convergent with 

00 00 

7^1 = 0 7/1.2 = 0 

_1_ 

(a + 

It is the]i convergent when .s + A: + 2; > 2 or il (5) > — k, js] being tiiiite. 

We have then obtained a solution of the difference ecpiation 

J [a + -f Wo) — J {(t + Wj) —J{ci + Wo) + / (a) — a \ 

where a has its principal value with respect to the axis of — ("1 + Wo), which is 

valid for all values of s, a, w^ and Wo. 

§ 58. The identity of the function (5, a | w^, w,) just defined with that previously 

employed is easily seen. 

From the mode of formation of oS_,._/: (a ] W[, Wo) it is evident that when a is positive 

with respect to the w’s, we have 

('^ 1 Wo) = the sum of the first (k + 2) terms in the expansion in powers of - of 

^ g2M7riS 
i-i 

and therefore 
L (1 — 

dz, 

2^—00 (^1^1) ^2) — 
/r(i - s) c-«-- ( ~y- 

jTT 'L (1 — c-“r-)(l — 
dz. 

Therefore when is large we have the asymptotic expansion 

of {« + + t) W^ I Wp Woj - 

1 

- 1 . CO, 

1 1 2u “j- W| T Wo 

{s — 1) (s — 2) WjWo (p^Wj)^”" s — 1 2wpt)o (2}nco^y~^ 

+ 
{pncod‘"'''^~^ 

1 _ V /_yo-i s (s + 1) . . . {s + Hi — 2) + wd 

(pnco^y-'^ „Zi III 

a formula which may be jiroved to be true for all values of a by a term-by-term 

ex})ansion of the series for pS_o_oo{rt + + l)wjw|, wo]. 

Now from the expression for {o{6‘, «|wj, wo) given in § 57, we see on takiipg the 

(pn + f) fii'st values of and the {qii + t) first values of ??!o, that 

{o (.S', a ] W|Wo) = 
]ni qii 

— oS_iy,[rt -f- + l)w^ + 
= 00 _oi, = 0 /»,, = 0 ('f ■E /^pWj -f- 7/OWo)^ 

+ pS_o.y, [a -f- ( 'pii “h I ) W| j -)- oS_jy,(« + {([It -b 1) Wo} 
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Putting k = CO, and emplo}dng the asymptotic expansion just obtained for 

oS_^,oo {ct +1} <^i] ''^"6 obtain (.s', a \ oj^, oj^) from the same asymptotic equality 

as that by which it has previously been defined in §§39 and 41. 

§ 59. As an example of the way in which we should proceed in a theory based 

on the double gamma function as defined in § 57, we will prove the relation 

= — \p.2 Wj, (o.i) “h '2{m fi- v/f)7rt.;,Sy (o) 

established in § 55 for the case when a is positive with respect to the w’s. 

In the first place, when 6' = 1 + e and e is small, we see that 

U Ci{s, a I (jj^, Wo) + ^ 2So'(a) 

I ^3) - 2^-l-e,o 

1 , O), + Wo 

— c(l — e)w|wy(^“^ 2ea)^a)o 

— - + log a -+ higher powers of e. 

Therefore taking [s, a | w^, wo) as the limit, when ii is infinite, of the sum obtained 

by taking the first (pn fi- 1, -j- 1) terms of the double series 

^3(1 + 

N N - — - 
///ii=o «i.>=o c + in^oyy + ^1^2 

— oSQ'[a + {p>>' + l)^^i + + f)^2] log+ {p‘^ + 1)^] + (7'^ + 1)^2] 

+ oS(j'[« + (pn + l)wj]log[a + + l)wi] 

+ + [qn + 1) Wo] log [a fi- (qn + 1) w^] > 

the logarithms having their principal values with res^ject to the axis of — (^1 + Wo). 

Putting a ■= 0, p = <1 =1, we find 

U 
n-O 
.< = 1 

^2(s, a I W^, Wo) + 2^(/(o) — y 

— V V' Wj + Wo 

0 ^/i^Wj + '«nwo 

4" 1 

-WjWo 

n + 1 

1 
log n — {n-\- 1) (“ + "7 log + Wo) 

\Wl Wo,' 

+ -^'log w^ + log w.o + _p _ iQg / 
Wo (0^ ~ ^Wj^Wo ' ~ ' 

/ \ Wj + Wo . 
= 722(^1, Wo)-T-2Tn{m + m ). 

WjWo 

And now, in the limit where n is infinite, we find 

VOL. CXCVI.-A. 2 Y 
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u 
«= 1 

{s, a I 6)|, J 

1 — V - 
(j d -T 

a + {'»' + l)fWi + T !)&>., w, + (yo] , / .. 
^ ■' log-n(oji + a;,) 

COj^CO.-) COj^Ct).-> J 

I I T (/*' + l)&).i a)i + ct).i 1 , fft + + 1)Wi Wi + (y.i] , 
+ <1 — ■' — -" [-logncy^ -j- \--j.loo’ w 

J [ ^1^-2 SCO^CO:, ' 

= - + :£ S' 
i) 

a 
O O 0 3 -|- Ciy.i]^ -j- yo.-> “1~ '2 [in -j- m ^ttl , 

2a — Wj — &)o 

2a)yCo.2 

= — I coj^, 0J.2) + oSQ'(a) 2 (?}i. + rn'^TTL, 

where o ~ rn^oj-^ + 

the complete form of the result estahlished in ^ 55 for the case where a is positive 

with respect to the o’s. 

We may establish the other results of that paragraph in a similar manner. 

§ 60. Finally we will hrietly consider the reduction of the secoiid form of the double 

^ function to the doidde gamma function in the case when .s = 0. 

If we put s = e, where |e| is very small, we olRaiii 

I Oj, 0J,i) - [ct [ 0|, 0.1^ 

= {l+e + . . .dl+J + . . .|{1-elogn + . . .; 

u(a)| + w.t) 
{1 + e + . . .} {1 — elogn + . . .} 

+ oBj (oj^, ojo){1 — elogft + . . .] 

= ,,8/(«.)[! — eloga] + e 
o o om 

4&)yo,, 
a 

O), + w., 

-CO,CO. 
+ higher powers of e. 

And therefore, by the second definition of the doid^le ^ function 

C0^ + (0.2 
C,,(e, «i o.,) = oS]'(C()[l — elog«] 4- e 

Sa~ 

4a)j&)., 
— a 

-(0,(0:, 1^2 

{it “h f} “h W| ~j~ i ^ ^ h'g {u 4" d~ ~1~ 

— elog(a 4^4 • • • ] 

_ s' s' w —f 
///^=:0 v/07=U 

— oS/ ( a 

— 2^1 d~ ^ ~h ^’) I ^ ^ ^ 

Tims 

and 

4 2^1 "i“ ")!, 1 — ^ 4 • • • i — 14^ It’S "fi d" .7 

wliere fl = 4 

^.■> ^0, Ct I Oj, (O.-^ - o8| 

IR 
e = (^ 

t> (e, a, I Wj, (o.,) — ,,S/ («) 

€ 

Jill '/it 

= “ S S log {(t 4 tn^oo^ 4 d“ 
/;t^=0 —0 

[over] 
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+ nSj [« + {im + l)w_^ + {qn + log' ['"<■ + 1-)"J 

~ "I" (P^^ “1“ l)"i] H~ “1“ l )*^-^]] 

“ “1“ H“ l-)"J10o H“ “t“ 1)^:.’] 

+ 4cdi&)o 

a 
O 

W, + Wo 

WlWo 
' -T,{pn + l)0pi+ 1) 

ill the limit when n is made iiihnite. 

Substituting the value of oS/(a) in the various terms, expanding tlie logarithms, and 

re-arranging the result in powers of n, we find, with the symbolic notation of ^ 49, 

* = 0 
pn qn 

= — log n n (a + n) + pq\ji~ log n — n-({ + 1)] + {p -h q) [/; log n — 
0 0 

mi 711.2 

+ ^Fo[2S/®>((y) (2:)w)~log^9w] + 5iFo[2Sf~^(a + (o)pxxtlogpoP\ 

-|- F2[oS^'(rt + &))log23w] + [1 — (''0] l^g 

in the limit wiien n is made infinite. 

Since the left-hand side of this ecpiality is l)y the definition of «|wj, w.,) finite 

unless a is at one of the points 

/??! = 0, 1, 2, . . CO I 

m.^ = 0, 1, 2, . . ., GO J ’ 

we see that we have thus been led in a purely algebraical manner to the determina¬ 

tion of the dominant terms of the fundamental exjoansion of ^ 49. 

If we make a = 0, and rememlier the definition of § 50, viz. :— 

^ i ^2-^ 2®1 
S 

— log p.i (wj^, wj) = 
.5=0 

a = 0 

(S, Cl- I Wp W,) nS]^ (c) . 
--— + log a 

we arrive at the dominant terms of the extension of Stirling’s theorem to two 

parameters. 

If we utilise this result in conjunction vdtli the one just obtained, we find 

U 
s = 0 

■?2(S/0 - nS/fft)' 
~ log 

'III i'll’ 'll’- na 

= — log a -f- log 11II' n — log IT n' («-}- n) fi- — F^ [^pw logpt^] 
^00 ^00 ^1^3 

"1“ ^*"3 [{3^0 + w) “ 3^0 (^^)] logp^] — 2^0 (^0 log 

and by the definition of the double gamma function the expression last written 

teduces to 

2 Y 2 
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Thus 

1^2 («) - — a 
Wl + C0.3 

2(/7/. + m) TTl 

exp. U 
«= 0 

fo {■‘<,a) - 08/ (ft) 
I •! I g-An'") 2 (/,i -i- in') 7 

P2 ^2) 

We may utilise this formula to establish the fimdamental difference equations for 

the double gamma function. 

By the definition of the doidde (, function of § 57 

C: {('- + <^i) ~ ^2 [u -f- + ['ll -f" l] COq) — [o + (ll + l) Wo] 

/i 
V 1 

ii,, = 0 (« + 

Tlierefore, in the limit when n is infinite, 

U 
= 0 

^■2 ('I + Wj) — 2*^1 (C' -f- &)j) ^3(^0 — 381^^) 

S S 

— N ~h —■ oh*[ [u ~h Wj -(- [11 -}- I j Wo] log’ -|- Wj -|- [ll -|- 1) Wo 
. = 0 

d- oSj [o. + [n +1) Wo] log [« + (/! + 1) Wo] + — [a + (;/ + 1) t^o] 
a Wo -Wo 

On reduction we obtain 

W]^ + 03.0 

:Wo 

1 J To(" + Wl) --3 2 (jR + )/d; TTt Si'(« 1 OJ.,) 

= U ^ log [a + uJoWo) — (—+ b' + ^2 _ ^ I _|_ 
hl.-i = 0 (O:, 

This latter expression is, l)y the expansion oljtaiued in the “Theory of the Gamma 

Function,” § 30, equal to 

, Fj (c. IW2) o' o ' / I \ 
— Joy — 2m7nDi («. w.,). 

Pifwo) 1 V I -/ 

[The term '2'in'Tn[7i + 1) which arises is absorbed by the identities w'hich change 

log [a + i^oWj) into log 7)),ow., + log ^1 + -—^J. The prescription of the absolute 

logai’ithms has been tbroughout left indeterminate.] 

We thus have 

lo + W)) _ I lO^ I ^*^3) -2,,mS,'(ffi I M,) 

(^) P\ 

one of the fundamental formulae of 5 23. 

Sufficient indication has perliaps now l:)een given of the alternative development of 

the theory of the double C function. 
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Note.—The asymptotic expansions of this jDart were obtained in my original cast of 

this theory, to which reference has already been made in the note which follows the 

“ Theory of the Gamma Function,” by the assumption that they would Involve merely 

powers of n and log n coupled with inductive processes. Such a method, though 

long, is, could the fundamental assumption be justified, probably the most elementary 

way of obtaining these results. 

\^Additional Note added Jvdij 5, 1900.—Dr. Hobson has pointed out that, if we 

admit the validity of the application of the calculus of oj^erators to a parameter in 

the subject of integration of a contour integral, the theory from § 57 onwards may be 

developed in a very elegant manner. 

We take the formula 

J + "■:) —J + <^i) —y + 'y?) + / {*t) — , 

and the known theorem 

1 if (1 - M r 
' / I _ — /r- j'e "'( — zy ^dz, 

and deduce 
r(l - -n 

^■{«) = -:u -TT (g"- du ') • 

^ dpi -.p r 
27r Jfl — e~'^e) n _ '"-I 

Part l\. 

The Midtiidication, Transformation, and Integral Formulce for the. 

Doidjle Gamma Function. 

§ Gl. After the developments of Part IIP, we now return to the pure theory of 

the double gamma function. As regards the multiplication and transformation 

theories, two distinct courses are open to us. We may either proceed entirely alge¬ 

braically, making use of the limit theorems wliich liave been established, and so deduce 

the recpiired results without the intervention of contour integrals at any stage, or vm 

may directly utilise these latter to obtain the formulm in question. The former 

course is, on abstract grounds, preferable we ought to deduce algel)raical results 

by algebraical jwocesses. But it is open to the fatal objection of leading to very 

lengthy algebra. We will employ the two methods, side by side, to deduce the 

multiplication formulae, and it will be observed that the second method is both more 

elegant and more speedy. For the sake of brevity, the results of the transformation 

* In the first sketch of this theory, before the discovery of the contour integral expressions, all the 

results were obtained in this way. 
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theory are obtained solely by this course. Inasmuch as the function ro(?/i2: aj|, oi^) 

/n 

(0.2 

m 
tlie multiplication theory can can be ex|)ressed in terms of the function 

[ 

he deduced from the theory of transformafion. 

expression is in every case almost equal to that of obtaining the results ah initio, we 

adopt the latter course. 

As the work of ohtainino’ the new 

Mid tip lie oAion Theo rij. 

§ 62. We have from the detinition (§ 19) 

= - 2 
00 X 

o s' V 

and thereli»re 

hid (a;.,:) = — 2 X X 

u,=o + + WoWnf 

00 X 

)iii = (()j(2 = 0 / .. _j_ wqcoj ^ finfOn 

rn 

lit 1 til \ QQ 

—_OX X X X 

■III 

1 

V '■ = 0 ® = 0 ’O = 0 = 0 I + Vhfo. + m.oo., i 
in in ~ ~j 

hi — I Til — 1 

— X X Ci) I. 

= 0 S = 0 \ ''hi 

the parameters Ijeing understood to l)e coy and co.^ vlien not explicitly written. 

Integrate with respect to s and we obtain 

m~xfj.d^'> {mz) = X X ) + ^’- 
,, = 07 = 0 ' \ hi , 

where r is constant willi respect to c. 

N ow 
(-) = — y-n ("i, on) + , + X X' 

1 1 
(r+0)3 03 

(i-)> 

Substitute from this relation in tlie identity (1), take the same number of terms 

involving 2 on both sides of tlie ec[uality, and remember that -— ■ — is 
(- + ny- 

ahvays to be regarded as a single entity. We tind that, in the limit Avhen ii is 

intinite, we have 

- r + nr X X' - == nr ^ 
0 0 H" 

rdii + i» — \ —1 1 

X' A 

d; A -' 

wliere D. = iiiyojy + iii. 

Now we have seen that (§ 22), in the limit wlien n is inlinite. 
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- w — — y.2j (<^1, OJ.,) + Iug; + [log w, + log — log (oj| -f" OJ,.)] 
' ' (0^0).^ 0)^(0.^ n n ^ /n^ = 0 9/10 = 0 -- 

the principal values of the logarithms being taken. 

Therefore 

so that we have 

I- = — — Ion m, 

/,=o 2=0 "" \ ; 

ni- 
Ion rn. C? 

Integrate again with respect to 2 and we find 

pco-^ + '/Ct)o'\ V/Us nl— 1 //I— 1 / 

mxjj.2^^'’(m z) = S S + 
^) = 0 7 = 0 "" ' 

log in . . (ii.) 

where s is constant with respect to 

Now we have, in the limit when n is infinite, 

i/;T> (s) = — -721 (wo Wo) — yoo (w,, Wo) — 7 — S S' 
0 0 

■ 1 

r + n o 

Hence we find, on equating the irresolnble terms involving in the same wav oi 

both sides of the identity (ii.), that, in the limit when n is infinite. 

r Ill'll-^//i—1 1 

in |S S' ^ ~ yo., (w^, Wo) !> = s + nr ^ ^ 

nil 
0 

/til ^‘^2 

- 7id Wi, Wo 

-v -4- V V' — 
Til ' 02 (I 

4" //2Wi + gw7, 

0 

/' ‘1 

ill 

and, therefore, when ii is infinite, 

.s‘ = m i N i' — — yoo (w^, ojo 
/ii/i+//i—I 1 1 r 1 
^ N"/-U,.. .,.A I — js S' - — yoo ( W|, CO.) 

+ 9/i (ni — 1) -^-7 -■ jS S' j^o + y^i (wi, Wo 

Now in § 23 we have seen that 

S S' - — yoo = d) lc)g w + (?2 + 1) (77 + ) l*''g' ("1 + ".i) — I'^g 
u 

rn, nu 
2w^Wo 

1 , 'ImiTL 'Im'iTL 

-log Wo — - — - 

W, Wo LX'"! 

w Wo w ““ 9 . + "2) “■ l<^g "1 “ ^'^g 2W|Wo 

and, therefore, after some reduction, we see that 



352 5IE. E. AV. BARNES ON THE THEORY OF THE 

We thus have 

//l—1 7/(—1 
/ (1) / \ K' ^ ; (1) / I 1 I ("l + "A 1 m xjj,, (mz) = N 2 (a + ---) - log m + m log rn. 

j)=o q=o 

Integrate again with respect to 2:, determine the constant by making 2 = 0, 

and remember that : we obtain the formula 
;=0 i 

"ff n‘ r., (. + + *“■' 
m r, (mz) = — 

~ ’ ,„-l rn-l 

'III 

™ * _ / rW] + sco.z 
11 W T, ( 

r=0 s=0 ~ V 

g-.,So (;«;) log ,n 

the principal value of the logarithm Ijeing taken. 

§ Go. By means of the extension of Stirlexg’s theorem to two parameters (§ 50), 
w-i i.i-i 

it is possible to express the form 11 If' F., (' ^ ) which has thus arisen in terms 
r = 0 Nt 

of the double Stirling function oi.z)- 

For, in the limit when n is infinite. 

(2) = 11 rr 
0 0 

1 + n 
•) n m -i 

and therefore, under the same condition, we oljtain from the result of the previous 

jjaragraph 
/it 'd -r 7/1 —• 1 

II n' 
0 

Td 1 

//}: mz , rd'^: 

1 +”-) 

/ rwj + 5W2\2 

V_ rd_} 
'nie log 'll 

Hi — 1 nl — I 

m 

' /'Wi + .SO)., 
- 1 - n , v-ft), + scooA rn 
n n 2 + —^1 c 

r = 0 s = 0 ’ ' 

TO)^ + SCO:,-. z + 

'd n 
X n II ) \ 1 + 

0 0 
-/I, W2 

m. 
o ■N' 

Tojl -h / '/’Wj + 

}il y" Yd / _ -j 1 -i- 
r* T c r\> 

Make now 2=0, and we find 

tn — 1 //< — 1 
r[ II' T-^ 

* "* * _i /rwj + scoA ^ J /rtOj + '' '' 

,■ = 0 3 = 0 ~ \ 

X Exp. 

, /'I'co-i -|- SO)., 

where ' ~ ■ 

= n 11 
,• = 0 S = 0 III 

—A n n'li + 
0 0 

?'&)) + SO)^ 

m 
o 

- ^ _ yA +. (v%. 
■III 0 

//l] Uln 

/ \ 0 
Hi) «i.i 

711 

\ - .. 7‘ = 0] . 
j denotes that in the product the term for which _ q| simul¬ 

taneously is to be excluded. 
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We have then, in the hniit wlieii n is iiitinite, 

r = 0 s = 0 \ 

ill ii + //I — I "I 

• 1- 

n.n'o 
*- W2 

m — — nl^ + 1 

X Exp. 
/ , \ "l + "3 /v ’W' 1 \ . 1) (2™ — 1) / O , ox 

- m {m - 1) —t - - y,,j + ---(ojp + oj,-') 
\ 0 

m.2 

(m - 1)2 
+ - ^ W]^Ct>o 

-I 1 

■V V' -- 4_ 

li/.-y 

Utilise now the extension of Stirling’s theorem and the limit formulas for 

S and S S' Tw. We find that 
0 O 0 0“ 

, ’W ‘ TH -1 / ''"i + '5"3\ 0 0 o o o , T 1 loo’ n n r., M —--= {— m'ii~ — 2«G?i — m- + Ij log ni 
r=0 s=0 ' V //I (. I "’'ft 

fi- (mn fi- m — 1)^ log (mn + m — 1) — f (mn + m — 1)' 

-f (mii. fi- m — 1.)^ Eo [.oS/®^ (co) oj log w] + 2 (nm + w — 1) log (mn fi- m — 1) 

— 2 (mn + m — 1) fi- (nm + m — 1) Eo [38/*^ (cu) co log w] 

+ [1 — oS]' (o) ] log (mn + m — 1) + (1 — nr) log , wo) + Eo [oS/ (co) log co] 

— rn~n~F., [oS/®^ (oj) co log co] — 2m‘^ \ii log n — ii\ 

— ni'ii Ee [oS/®^ (co) CO log co] — m~ [l — .,8/ (0) ] log n — m-Y., [oS/ (co) log co] 

CO I + COo 

— m~ 
o 1 'hd' 

?r loo' n — o *} 

— m (m — 1) ‘ “ I oSj® (0) 2 (rn + ni) ttl fi- iiFo [oS/®’ (co) co log co] — 38/^' (0) log 7i 

+ ^3 [38,^^ (oj) log co] 1 + 
2iv'~‘ — A 1 / 0 1 o\ I — 2'Oc A 1 

(cop + cop) + - C0jC03 

12 

X - 2 (m + m')7rc .8/®' (0) + - log n - [38^® (co) log CO 

CO^CO.T 

where the logarithms have their principal values with respect to the axis of 

— (cOj + COo). 

The labour of reducing such an expression is evidently very great. It is diminished 

by observing that the result must be independent of n, so that we may neglect all 

terms which involve tills letter ; but even then it is only after several steps that we 

prove that the right-hand side is ecpial to 

[1 - 38/ (0) ] log m + (1 - ad) logp3 (co^, co^) 

— 2 (rn rn) ttl 
, 0 + “d" 2od — 3ai + 1 cod + co.r ad — 2oc + 1 

- {nr — m) \ -~ + 
12 COiCOo 4a) j^a)o 

= [1 — 38/ (0) ] log w -h (1 — 'in?') log p3 (coj, COo) + (n? — 1) 2 (m -h m') 77108 ^ (0) 

VOL. CXCVI.—A. 2 Z 
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We thus see that 

Hi 1 ?/l I / \ 

n n' r.( V / ') = [p.(wi, wo).'m =^oo)-2(«i+ 
,■ = 08 = 0' III' 

§ G4. In tlie case when m = 2 the preceding result has an especial importance. 

It is convenient to write 

and in accordance witli this notation we put 

These functions evidently correspond to the functions 

cr{z), 0-1(2), 0-0(2), 0-3(2), 

in Weierstrass’ theory of elliptic functions. 

Emitting the zero argument, we take 

I Wi, ojo) = yi (<^1, Wo) and two similar et[nations, 

so til at 
" ' “ 1 /!’&) + So)., 
n n' r, ~ - 

}■ = 0 s = 0 ~ \ 4 
= 7172 73^ 

the parameters wi and Wo being omitted. 

And now, from the result of the preceding paragraph, 

71 72 73 = e-3.2...NO) 

so that p. (wi, 0).^ = ^(yiyoyg) 2» •>5 [1 - .Si' (0)] .. ’S,' (0)^ 

We thus express the double Stirling function of Wi and wo in terms of the product 

of double gamma functions whose argument is a half quasi-period. 

We have previously seen in the theory of the simple gamma function that 

pA<->)= 2’ri 

and the formula just obtained is the natural extension of this result. 

§ Go. From the results of G2 and (EG we see that we may express the multiplica¬ 

tion formula for lh(2) in the form 
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ni - 1 »t - 1 

IT n r3(,-i + 
p z= ° °_ ^ g(-/ir) log + 2 („i+„(Vc,S|'(o) 

Po''‘"~ V«l> «A 

We now proceed to obtain this result at once from the expression of log 

as a contour integral. 

We have seen (§45) that, when a is positive with respect to the w’s, 

pJrOi, Wo) 

1 1.0 («(-) 
log- —;- 

Pii^V ^i) 
— .ohjj (tt) (j\'l -)“ d“ ) ^TTt -(~ (o) 2]\'l77t 

I [• e SOog(-G A 7} , 

^27rjL (1 — C-“1=) (1 - C ■ “-0 

and, therefore, m being a positive integer, 

rwj + •'Jw.o! 
lit — 1 //6 — 1 , 1\ ( C + 

log n n m 

. =0 .5=0 - p.2 (Wp O).,) 

;/l — 1 ~ 1 
~ r = (M + m + m) ‘Zm 1 £ ,-,80 ( a + 

• = 0 5 = 0 ' Til 

1 /rt-i 

+ .WS/(o)2M7r. + 

,)-l| log ( _ , ) + V V 

7* = 0 5 = 0 

(1 — ('““>=) (1 — e- 

But 

and (§ 14) 

, _,"i , , _(m~l) lu, 
I — c e ' m 

1 — e““i- 
, _“i: 
3 - A 

III — 1 ill — 1 

I' = 0 8 = 0 \ >1' I ' 
^ i\ ^ TO / \1 "D/^I ^2 \ -, “ ) — m ni)^ (wj, Wo) + , , 

III 111/ ~ 1 -/ ~ i \ 

— .3&0 I ^1) ^3) “h (1 — ?n') oBj (w|, w.i). 

Therefore when a is positive with respect to tlie w’s, 

logll n I —2---!f-L j :z= (M + 7n + ?u')27rt 2SQ('?na j Wj, wo) + 2M7n 38/(0) 
'(•=0 5=0 p/wi, Wo) 

-j~ (n2 -[“ ill )27rt(l — ^U') .-iB^ W]^, Wo) -/ 1 
•*' -- ’'TT 

i r e "A —‘d Hlog(— ') + 7}d~ 

27rjL (1 • 

8ince m is a positive integer, the axis L defined with reference to the parameters 

Wj, Wo is the same as that defined with reference to the parameters mco^, ntco., for the 

lines representing these two sets of parameters are coincident. If then we change 

z into mz, the integral last written becomes one which (§ 45) is equal to 

log -j- .o8/(7Ha){log'm — 2Al7Ttj — o8o(7»«)(/?; + m')'27n, 
Po(Wj, Wo) 

the arithmetic value of log m being taken. o O 
z 2 



356 .ME. E. AV. BARNES ON THE THEORY OF THE 

And tlierefore 

1)1 =■ 1 /<t= 1 

l( )g’ II n 
;■ = 0 s =0 

/ rwy + so)n' 

m 
r.T (a + 

pAu)i, Wj) 
— {m m')277(,(l — 

+ oS/(?7ia) log m + log 
lA {run) 

which is the result required. Tliis result has of course only been proved by means 

of the contour integral, under the assumption that a is positive with respect to the 

w’s. To establish it in general \ve should appeal to the principle of continuity. 

§ 66. Before concluding the multiplication theory, we deduce expressions for the 

values of 

, = 1,2,3 
. = n ' m / ^1 = 0 5 = 0 

We recall from § 29, that within a circle of sufficiently small radius surrounding 

the origin, we have 

log lh(:) = — log ': — '-yo. — S N' _L_ V V' - _ 
303 T - - • • • 

Again, finm the multiplication theorem of the preceding paragraph, we have, by a 

similar expansion, 

log ro(7rM) = — {in + m')'lTTL{i — ?>r)oS/(c) + (1 — ?a~) logpo(wi, lo.;^ 

log m ySi'(o) + mz yS/“-’(o) + “ iSf 3>(o) 

I/i—] a? —1 
+ log n IT' To 

2) = 0 (^=0 

pcoj + yWo —1 ))l—1 

ru + s 
y) = 0 (/=0 l_ 

lxfj.2 (1) 

+ log 

»' J 

m ' + V'b 

Combine these two theorems, and equate coefficients of various powers of s in the 

resulting identity. We tind 

//f 

y.,(wi,wA = -1 0^0 (o) log ~ N N 
J nl — L ,, = o r, = 0 Ill ■III p = 0 5 = 

.E s' it at"- + 
111" - 1 y) = 0 5 = 0 m 

and, when r is greater 9 

"y* ”y'\yy) /TBbAlV": 
p = 0 '/ = 0 \ = 0 „!., = 0 
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Tran.'^formation Theory. 

§ 67. We shall now consider the theory of the transformation of the parameters 

of the double gamma function. It must not be supposed that we intend to consider 

the general linear transformation. 

There exists no such theory for the present functions—at any I'ate, no theory 

having the simplicity and elegance which is characteristic of the elliptic functions, 

and the reason is obvious—the change of into Wj + wo makes no difference of form 

in such a series as 
30 » 1 

- S 
,ill= — 00 711-2= —00 "f -j- 

but it makes a change of comparatively great complexity in such a series as 

■30 00 1 
V V___ 

„ii = 0 ,/i,j=0 (- + 

The former series is the basis of those occurring in the theory of elliptic functions, 

the latter of those occurring in double gamma functions. We shall then limit our 

consideration to transformations which result from tlie change of and into 

ojj/p and ojy'q respectively, p and q being positive integers. 

By definition we have 

a»^) = 
CO 00 1 

2 S S — ■ 
„i, = 0 W2 = 0 + tt)” 

where H = + rn.^co.o. 

Hence i//o 
Wj (Oo 

p’ q 

00 00 

= - 2 N ^ 
i/ii=o 111.1=0 

P 
+ 

j)-i a-i 
'2 S S 

,-=0 s=0 

V V__ 
“'0*" / , 'ro)j so)o , 

"'-y p ^ ^ F 

8=0 8=0 \ p (q 

it being understood that the parameters when not expiessed are always and w.,. 

On integrating successively three times witli respect to «, we shall hnd 

log To 
Ct)| 0)2 \ 

p' uj 
yo (.t;) + log 11 

/■ = 0 

where yo (2) is aii algelwaical polynomial in : of order 2. 

As has been stated, it is possible to obtain y., (2) by jjurely algebraical jjrocesses, 

use being made of the limit theorems previously established. We may, however, 

obtain its value as follows ;—^ 
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In the relation which has been obtained, change s into s + oijp and subtract the 

first residt from the f)ne so formed. We find by § 23, 

log 

fti.iX 
G (a 

9 / 

Pi 
CO-: 

2mp,q in S/ (2; ~~) = {^) “ 

+ log 1/ -j ^ ^ ^ y ! "0 f” — 2ot m 

Pi ("j) 

-I 

,<=o 

7 

.<j = 0 ' 9. / 

f ^ 
does 

here m has the value asinned in ^ 22, and where m,,,,. = U, unless y o O' I ^ 1 Wt o)., , 
-—-■ does not 
V ■ 9 

lie between — t and ——. in which case = fo 1 as is positive or negative 

Now (“ Theory of the Gamma Function,” § 7) 

log 11 Fj ( 2 + — log Fj ( 2 
s = 0 ' 9 

+ 7 log Pi (old ~ log Pi ( , 

and by § 18 of the same paper. 

8/(2 Sj(2 + ^ 
=0 9 

01.1 

We therefore have 

Similarly, 

t) ^ - m) S/ 

X2 “ X2 (•) = (p 

oil 

9 

op 

P j 

where m' has the value assigned in § 21, and difiers from it in that poii + yoi^ 

must in the definition be substituted for oi^ -j- 01.1. 

Now we have seen that (§ 22) m — vi = dz 1, the upper or lower sign being taken 

0): 

as I j is negative or positive ; and, since p and 7 are positive integers, the same 

is true of — m' 

Thus 
m 'p^q — m = in'p^j — m = pp,g (say), 

and now y.i (2) satisfies the two difference relations 

X2(" + ^') - X2 i^) = P/i,? 

i / 

1 

ft) 
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and, therefore, since x-z (^) quadratic polynomial in we must have 

+ constant. ^3 (^) = 2^/ 2; 
P 9/ 

If we determine the constant l)y making 2: = 0, we have tinally 

'n’ 'n rJz+—^-h~] 

(z 
"1 "3^ 

,■ = 0 .9=0 \ V 9 

P' 9! ~ P - 1 
n 

,•=0 

rj - 1 
n' IN 

•S = 0 

/ rco^ SCO.-,' 

lu + PI 

t P-p,q J \ p q ' 

From the values of and m, it is readily seen that = 0, unless the axes to 

(o), + 0J.2) and [qco^ -f-include the axis of — 1, in Avliich case 

— — 1 if I(cj^ “h 1® “k and “j~ 

ju.p,^ — q- I if I(ajj + 6j^) is — VC and l(qco^ + pco.i) “k 

§ G8. The constant which enters into the transformation formula of the preceding 

paragraph can be expressed in terms of po(wj, co.^ ) and P2 7~)- ^01’ 

pose we consider the contour integral which represents the doulile gamma function. 

Since p is a positive integer, 

1 — e“"i” 
1 _ M, n 

p- 1 
— V ^ 

r = 0 

And therefore if the integral, its contour, and the logarithm which occurs in the 

subject of integration, be defined as in Part III., we have 

J_ r C - - 2) - I {log ( - s) + ry I (/z 

27r Jl IL (1 - c-f) (1 - .-f) 

/) - 1 rj- I 

27r 

t> ( - ,:■) ' { log (-.?)+ 7} 2 2 c- 
r = 0 .•? = 0 

+ 
•! 

'L (1 - (1 
dz 

f 

for tlie bisector of the angle between the axes of cjjp and co.^/q is the same line as 

the bisector of the angle between the axes of l/wj and l/wo. AVe therefore have by 

§ 45, when a is positive with respect to the w’s, 

log 

"1 
CO:, \ 

a 

\ p 9. / 

P3 
(Oy (0.2 

.p’ 9 

— 2^^0 ( « 
^1 ^ -2 \ / I ' \ o C< ' / ^1 ^ 2 \ n 

- , - m p,q) 2.771 —, 2/r.,, 
p (lJ ^ ‘ ‘ ~ ' V P 9/ ^ 

p- \ q-\ f'-p / r/ -k — I 1 1 4 - 1 / 
= 22 log J 3 7^ + q i \ — 2771 2 2 oSq (a + — + 

•/ = 0 s = u 
P2 (cOy, CO.,) 

• = 0 s = 0 

-'2 '2 „S/(a + ^^+'^M2M7rr 
• = 0.? = 0 " V p 9 ! 

P 

SCO.-, ' 

,771 

SCO., 

9 
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1 
Now l)y § o‘J M = 0, unless the axes of y tuid include the axis of — 1, in 

which case 

1\1 = d" 1 l(wi + con) is positive or negative. 

Therefore 0, unle.ss the axes of r and (qcoi + ^<^-2) include the axis of — 1, 

ill which e.cse 

M;,„ = =F 1, as is positive or negative. 

Again, by § 14, 

CO, CO., 
p-lq-1 

, ,, = h+ 7 + 7A 7 A) • 
We therefore have 

fo (a 

loo' 

CO, CO.-, 

p~\ v-1 
7 '7 

P-2 
CO.,\ r=:0 r=0 

p2 (^1’ ^"*2) 

\P 7/ 

+ 2y<hl\{oj„ OJ.) - 2B1 ( ^ , ^j I (7)1 + m') 271) + ,S'i( 0 j ^ 277) - M) 

Wl CO.P 

277) [ 
p ’ '1' 

But from the values which have just been given, it is clear that 

log r.T (a "1 "3\ A fo 1 — , - ) = X X loc 
1' C] / ,.= o s=0 

rco^ ^ SCO. 

P 7 

+ Pi < 7^ ^ ~ Pi ("n "i) F I / 

OJ s. 

~lp2), 22^0 
Hi; 

■p / *^1 
~2JJl 1 “ 

PP 

5)1 

7/J 
[ill ill') 277) 

-D /"l "-A O 

This result agrees with that of § 67, and on comparison of the absolute term we 

see that 

p-\2-1 
log n Il'r.c ( — + = pcj (log p., (ajj, w.,) — ())) + ill') 277) ..Bj (wj, CO.,)] 

r = 0 s = 0 P ‘1 

CO 

— I ^'\g P-2 + Pp’>/) ^ -.'Bi ^ 
.A1 
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This may be regarded as the transformation formnla foi' the doulde Stirlin 

function (cu^, w^). 

Notice that when p^q — m, = 0, oj.y), and there¬ 

fore the preceding formula liecomes 

vi m 

, //-wj -t- sw, 
log n n r.2' — log p., (oj^, w.,) — log pA~, -- 

=0 s=0 ' / o r~ \ i ./ or- 

"h (l — "//U) 27rt -}- 7/i) oBj^ (^n ^3)* 

Comparing this with the result obtained in § 63, we find 

J) = log di (^1^ + [1 - .S/ (0)] log m. 

This result may also be obtained by the transformation of the line integral 

which expresses log (wj, Wo). 

§ 69. We have still to consider the transformation of the first and second double 

gamma modular forms 

(<^1, Wo) and yoo (wj, w^). 

With this object we write symbolically 

X X 
//Zj = 0 T<?.> = 0 / (t), . ct).,V" ///^—‘ + //r,—- 

V P ~ >1 ' 

and we write 

-f where m > 1 
r=0 s = 0 V P 

so that is a form analogous to the modular forms introduced into the theory of 

elliptic functions by Abel. 

By § 29 we know that within a circle of sufficiently small radius there exists the 

expansion 

log bs A) = - log ^ - '^720 - y yoi - S S' , -f S S'Jo, - . . . 

Take now the formula of § 67 

, ^ / I ft), (t)o\ ■'U'W 1 / I '''’Wi , s&).i\ 1 /^’^i 1 
log To 2 = S S log To 2 + —^ H-^ - S S' log r, —^ + - - 

^ \P qj r = 0s = 0 ^ ~\ p <lJ r = 0s = 0 ^ '\P 7, 

2iTTipp,ii 
a)o 

P ' U 
and expand in powers of z. 
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We evidently obtain 

-log 2 - z)-- yn( - oA + - • 
(O^ 2^ A 

l > ’ (Z/2 ' 4:V* 
a)i Wj 

\ l> <1 

^ 
log 2 y^.j (wj, ajo)?- y.2i ^3)^ ,,^3 + . . . 

H“ H" + • • • + 27rt/i,^ 
OJj w., 1 

d ’ i 
0) 

+ Y 2^0 ( 0 
ft), W.1 

R <1 

where we put symbolically 

+ 

00 GO 1 

mi = 0 »,2=o(''^P«i + 

And now, equating coefficients of the various powers of 

’ TJ ~ ^ '/b ~7 + , - 27n/r^,y.2bo 0 
\1' 1 ' »-0 s=^0 \ P 'J I \ 

/W, a).-,\ , . Sw.A 

\R ?/ / r=0 s=0 \ 7/ \ 

Wj W.i 

2d 7 

a)| o)., 

id (/ 

the transformation equations for the first and second gamma modular forms. 

Note that we also have, where m > 2, 

\(i‘o)\ sco,i\ , , , t \ I r 1 11 

..r..rA“(i7 ’ 7;j = (-)''0-i)'i„-:-s4- 

If T = we may put or yoj (ojj, Wo) = now, putting p = I, (J — 

■\ve liave 
,1-1 

fh 

And putting^; = n, q = 1, 

f/21 {'^) = — wi® N xjj. 
'll 

'll 
'^^"t/21 - 9ii (^) = - "1^ - 27rt^;,,i - 

We get analogous formulae by writing wj y^o (ojj, Wo) = 

The analogy between tliese results and those obtained in the analysis of elliptic 

functions is obvious. We cannot obtain, however, results which will connect such 

expressions as 

f/2i(^+ 1) and goi(T). 
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Integral Formulre. 

§ 70. In the general theory of multiple gamma functions the fundamental integral 

formula expresses the fact that the integral of the ?i-ple gamma function can be 

expressed in terms of {n-\- l)-ple gamma functions of specialised parameters. As we 

have not yet defined the treble gamma function, we cannot prove this theorem for the 

case when n = 2. In the case when n = 1, this proposition reduces to Alexeiewsky’s 

theorem (“Theory of the G Function,” § 13). We proceed first to translate this 

theorem into the notation of the present paper, and then to give an alternative proof 

capable of extension to the ?z-ple gamma functions. 

The G function is substantially the double gamma function with equal parameters, 

the two being connected by the relation 

r.r' {z h, co) = G (^ 
\<j} 

[“ Theory of the G Function,” § 29.] 

Bv differentiatino; Alexeiewsky’s theoi’em we obtain 
a o 

0 = T log 277 - 2 - « + i + (2 + « - 1) £ log r (2 + «) - £ log G (2 + a), 

and therefore, writing 2 for 2 + a, and substituting from the relation just quoted, we 

find 

0= — - -l-|4-(' — log r (+ oj log 1^3 (21 oj) +' “ log oj. 

But logr(^) = logr,(t|‘»)-(^-1 

We thus have 21/;/(21 w) + (2 + w [ w) = S/(21 w).(i.) 

On integration we have 

j log {a I (o) da = a log Fj [a | co) — Sj (n | w) -f w log 
j 0 To (O) I co) 

We may put 2 + « in place of 2, so that 

(2 + a) log (2 + « I oj) + Y, ^‘^8’ ^3 (2 + ri -{- oj j w) = S/ (2 + a I (o). 

And now, on integration with respect to 2 between the limits 0 and 2, we obtain the 

extended formula 

logG(2 + a I (o) dz = (2 + a) log (2 + a I w) + &) log 
J 0 

To H“ (( “h CO I co) 

To (« + w I CO ) 

(2 + a I w) + Si {a\(o) — a log G (a | co). 

3 A 2 
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§ 71. There are two alternative methods of obtaining this formula, or rather ot 

obtaining the fnndamental relation (l). 

Firstly, we may directly transform the series which expresses if;/ (z | cj, oj). 

We have, from the definition, 

— xlj.2' (21 w, 6j) = 2 y.ji (oj, oj) + y.22 (w, oj) + — 

“ r 1 ■s' ■s'-' _1_ < V- + 
0*" + (”6 + »o) « « (»*i + ?«2)“ J' 

Put now + m.. = e, a change which is equivalent to grouping together terms 

corresponding to points on the cross lines ot the figure. 

There we have 

e=l 
— i/zol (2 1 w) = yn.3 (w) + 2 yoj (oj) + -f- ^ 

= 7-22 (") + 2: yo^ (oj) + - ^ 
e = l 

Now we have seen in § 28 that 

e -}- 1 e -f 1 

Z -j- €0) ew 

~ 1 1" 

: 8- eco eco [ 

+ o o e-o)- 

TT" 
1 ~ ) + o ■ p 0} / &)■' 0 

, , 1 
721 (") = go 

0) 

722 (") = g [7 - i "]• 
CO 

We therefore have 

- ^2 (^' 1) " I") - g ►'^1' " I 

log w - 1 - y - . 

which is ecpiivalent to the former relation. 

Secondly, we may make use of the contour-integral exjiression in the following 

manner. 

We have (“ Theory of the Gamma Function,” § 30), when a is positive with resjject 

to CO, 
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Therefore, under the same limitation, 

C“('‘+");(_ *')' jlo" ( — c) + 7} 

Now, since 

(1 - 

Vh® (« h) = S 

fJz = w). 

1 

= o(« + mcof 

it is evident that (a \ w) is homogeneous of degree -- 2 in a and a». 

Therefore, by Euler’s theorem, 

so tliat 
^ 0«) I ~ 1 

(o I oi) -h ojxp.S^ (« + oj I w) — 2i//^^“^ (« j oj) 

On integrating twice with respect to o, we ol)tain 

ccxjj^' (rt I (o) + coxji.2 j (o) = (a I ctj), 

where yi l w) is R linear function of a. 

Changing a into a + &>, and subtracting, we see that Xi 1 <^) satisfies the difference 

equation characteristic of S/ (o ] co), so that it can only differ from this function by a 

constant, wliich will vanish, as we see l)y making a = 0. 

We therefore obtain again the relation required. 

§ 72. We proceed now to tlie analogues of Haabe’s formula. This formula may be 

written (“ Theory of the Gamma Function,” § 8) 

0) 
log (2 + *-<■ 1 w) ~ « loga~ a-\- - log 

zir 

0) 

We Avill evaluate 

fw, _ roi2 

log G (2 + a j coj, (02) dz and log G (2 + a] co.,) dz. 

The metliod wliich will be enqiloyed is the same as tliat by Avhich Eaabe’s formula 

itself Avas originally olitained ; it was, in fact, first invented for the proof of the 

present theorem. 

Let 
r"i 

/■(«) = log ro(2 + a\(x)^, w.,) dz. 
J 0 ~ 

Then 
of {a) r“i r„'(z + «) , 

*r =).n(UJV)* 

To (o + W] ) 
= log 

G («) 

— log Vi {a I oj) + log pY (ojo) + 'Idittl S/ (rt 10J2) , 
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and, tliereidre, on integration, 

log r.T {z “|- ct I oj.^^dz = 
o'" 

log Fj (a 1 (On) da + a log (coo) 

ruj, 

+ 2r}nTL {a j co., ) + log I (0|, (O.n )dz. 
. A * 0 

§ 73. We proceed to evaluate the constant term 

log Fn {z i coi, (On) dz 

by an application ol the multiplication theory for the case m = 2. 

We have 

[ log Fj {2z) dz = ^ [ log Fo {z) dz, 
Jo "" ““Jo 

and therefore, by § 65, 

J 0 

(O: 
log r, (z) + log Fo ( S 4 ) + log F3 {z + 'Jy) + log Fo ( 2 + ^ 

/ ^ / 

— 3 log po (coj, (On) — oS/ (22) log 2 + 3 (m + m') 27tl gS/ (0 

= 1 [ 'dz\2 log Fo(2) - log Fi(2 j C02) + log Pi ((Oo) + 2m7rt Si'(21 coo) • . 

Put a = |(Oi, l^coo, and i ("1 + (On) successively in the formula which we have just 

obtained for log Fo (2 + a) dz. and substitute in the formula just written. We 
Jo 

obtain 

sf log Fo(2)c72 
J n 

j + j “ +1 " ~ 2 J [log hi (2 I (1)2) dz] — i-j + cao j log Pi(w3) 

+ 2m7TL ((Ui I (On) — Sd I OJo ) — Si ( I (Oo ) — Si 
(Oj + COo I 

(o.^ 

+ 3ct»i log po(ct)i, (iJo) + ■^oSi(2ci»i^ log 2 — + m^)27rioSi^(o). 

By means of the formula 

log hi {a I C(j) da = a log Fi [a j co) — Si (« | co) + (o log 
Fi(f( + (01 ft)) 

Pi(") 
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we see that 

CO] a>2 Wj + <0-2 

I" + I' + j ' - i f ’ log hi (2 i ojo)d 
L^o Jo JO -'oj 

"1 1 /'"n \ I "2 1 T-. /"’I \ I "1 ■+ "2 1 /"i + = log hi ( M 1 "2 + T Ti h 1 + —.0“ ^ log Ti — 
a)i + (O.y I 

O)., 

<Wo I 
— -T'log ri(aJi|w2) +4Si(coi|wo) — Sh Si( S^( ^ 'Iw 

2 ' "hi 

"2 
[r„(a,, + "1 Iwo)ro(wo + 1 w 1 r (w + "1 + "21 

".d| 

1 Tjfw^ + Wo 
\<^i) ppis^i) 1 

and this expression in turn, by utilising the inultiplicati(')n formulae when m = 2 for 

the simple and double gamma functions and the simple Bernoullian function, is 

equal to 

- 2C0, + log ^ 7 co,|a,„ co,) 

+ Wo I ^ 

log 2 

+ |S/(oiw,) - S, + ^log 
■/ 

„ 1 i 
, Wo 1 I \ A / I , -JWo 1 , . 

+ "y log <1 -^-—-r-^-r '(■ d-log OoloJo, Wo). 2 ® I ,0 / w. + Wo. \ I - a r ~\ -> -/ 
—":"2jrihTf."2 

L J 

Now, on making wj = Wj, we obtain from the multiplication formula 

loo’ o — 3 log potato, Wo) -|- [oSx^(o 1 ^o)— 1] log 2. 

Therefore the expression which we have just found reduces to 

- 2w, + ^) log p,(w,) + j f f f ,Sh(w, + w, I w„ w,) 

■h ^ 2^1 0^ 1 ^2’ ^2) I log 2 

+ I ^2' (01 <^2) “ ("y I ^2) + 3wo log p.2 (wj, w.o) 

And therefore 

fw, 
log ^2(21 wj, oj.)dz 

0 

— 3w^ log ^2) ^(^2 log Pzi^Jy log Pi (^2) 

— 3w^(rn + ni')27n 2S](o) + (1 + 2inm) ~ ^1(17 I ^2)+ l^2''(0 I 
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since the coefficient of log 2 is equal to 

— ^ ~ 17 + q" "h 1 “h •:)'2^/(^ I "35 ^3)+ I OJo) = 0. 
wCt}o —t -- 

We have, then, finally, 

[ log V^{z)dz = Wi[log 0)^) — {rn + ni') 27rt 28/(0)] + oj., log 
Jo Pl\^2l 

+ 2^/(1 + 2m7n). 

We thus see that substantially the doulfie Stirling function of and is 

expressed by — log Fg (2) dz, or, by symmetry, by - log Fo (2) dz. We have, in 

fact, the relation 

po(w;, w./ — {m + 7/f)27n oS/(o) = — [ log V.\z)dz — ^ log A 
Wj Jo " &)i 

l2co, “ 2?-n7n], 

where A is the Glaisher-Kinkelin constant (“ Theory of the G Function,” § 3) ; and 

therefore 

po(6Ji, W2) — {m + m) 2771 oS/ (0) 

= -o f log Fo (2) dz-„ I log Fo (2) dz + —w log ; 
wy — &)o Jo <^1 —coy Jo J--Jvcoy — &>o ) coj 

(Wo 
lor, by § 22, log Wo — log Wj — 2(??i — m') ttl = log 

u/] 

§ 74. We may readily prove these results by the relation which exists between A 

and po {oj). [The latter is a convenient way of writing po(w, cu).] 

For, when each of the parameters is etpial to co, we have (“ Theory of the 

G Function,” § 29) 

r^^{z\co) = G{p{'27T)-Lod^ 
{Z-UlY + i 

G(i) = F.r‘ I 1 CO ) (277)^07-^, 

and therefore 

Now from the multiplication theorem for the double gamma functions, when m 

we have 

= 9 

27r^" 

CO 
= pHo2) 2-A 

(277)i / \ r\ 7 

Hence 
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Now it has been seen that (“ Theory of the G Function,” § 17) 

2*61? 
A = 

vr 
and therefore '^IC; 

A —— (eoj)-', 
Pi(«) 

which is the relation which was used at the end of the preceding joaragraph. 

S 75. It is interestino- as a verification of the alo-ebra to notice that Alexeiewsky’s 0 o o 
analogue of Faabe’s formula (“ Theory of the G Function,” § 16) yields the result 

of § 73 in the case where the parameters are equal to one another. 

This theorem is expressed by the formula 

[ log G (a; + 1) fA = I log G (i) + Af log TT + 3^ log 2 - Ar, 

and therefore, utilising the relation between the G and double gamma functions. 

18 

2a) 
log To (« + w j co) da = - y log G (^) + ^ log Stt + ^ log 2 + log w. 

If now we ex])ress log G (5) in terms of log (w) by the formula of § 74, 

we find 

P • (^) 
log To {a + 0) ^a>) da = o) log p.^ (a» ) + OJ log 

JO 
+ 

CO 

Pi(«) ' 12’ 

a formula which is equivalent to the result of § 73. 

§ 76. By comhining the results of §§72 and 73, we may now write down the 

value of 

log 10 a I coy, ^i) • 

For we liave seen in § 72 that this integral is equal to 

ra r(ji, 

— I log Ifi (a I &).,) + a log p^ (ojo) + 2rinn (a | oj^) + log U, [z \ oio) dz, 
•0 ~ “ ".0~ 

which expressioii in turn is equal to 

— ft log (ft I oj^) “h (ft I 6J.1) 1^1 -)- 2?)i7riJ — coo log (ft “h Wo | Wo) A (ft "h Wg) log pj (^3) 

+ Wj [logpo (^1, OJ.^) — (m + ni') 277-6 „S/(o)] + *^3 log “1“ fiUl A- Stotti). 
Pi ("3) 

Thus 
ru>i 

l0gr2(z + «1 Wi, Wo)d2 
J 0 

— ftlog^^^'^^^;y + COy [log p., (ojj, OJo) — (m + ni) 27rtoS/(o)] 
Pi ("2) 

Wo 1 
+ (1 + 2m7ri) <|Si(«|&)2)+Ylj — W^log 

3 B 

G + <^21 ^2) 

"2) 
VOL. CXCVI--A. 
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Since, by § 64, 

% P-2 ("n (^2) — 273-t 28/(0) = i log 717^73 + i [1 — 2Si'(f>)] log 2, 

we see that this formula may equally be written 

I log r.i {z "h Cl I cl)]^, ojg) clz 

— — a log 
r,(« I Wo) 

Pi ("2) 
+ I log-7172/3 + m[1 -28/(0)] log 2 

0^ 
*> O 

“h (1 “h 2'nnn) j Sj (a | oio) “8 f — log 
ro(« + Wo 1 Wo) 

P2("2) 

This and the corresponding formula, obtained by the interchange of w^ and lo.j, 

m and m , are tlie analogues for double gamma functions of IIaabe’s formula for 

simple gamma functions. 

§ 77. In the particular case when a is positive with res2:)ect to the w’s, it is possible 

to obtain more sinqjly the value of 

r<oi 

log To (a I W|, Wo) da 

by means of the contour integrals investigated in Part III. 

We give tliis method of proof as it leads incidentally to an exj^ression as a contour 

■ 4. 1 r 1 ^2 mtep’ral tor Iop’ —;—-. 

We find, on integrating the exjDression for log —- given in § 45, 
pn (wj, Wo) 

“1 

•' 0 

log To («) da — log p.^ (wj, 0J.2) 

= (M + m + ni) 2771 [ oS^ («) da + .•>8/(0) 2M7rt — [ 
J 0 ~ ~ 277 J 

^ r (-s) M‘iog(- z)+ 7} 

IL (1 — 

and the right-hand side, by an ai^jilication of the formulae of §§ 6 and 44, becomes 

S/(0 I Wo) 

dz, 

(M + 7n -}- 711') 2771 — faj| 08/ (0) -p -\r 08/(0) 2M77t 

_ I- r (— wMiog(~ 27.1 -f- 7} 
27^] 1 (1 - 

dz 

Now, reducing the contour to a small circle round the origin, we see that 

' (M + m') 2771 f I «2) 
Ztt ' 

and therefore 

, 1 — c “ 
W2 

(M + 771') 2771 , 
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j-ai 

j log Ug (a) da — log (co^, co^) + (m + m') 38/(0) — rtvlm 
S/(o I W.2) 

_ A [ (-- Mlog(- + 7} 
Stt J 1 X — dz. 

Since = y/, we see that, to establish the formula of § 73, it is necessary to 

show that 

!_ ( (- Mlog(- U + 7} 7 _ 1 Piico) , CO 
o I 1 r — CO loff-" -p “ 
STrJy^ 1 — e ^Pi((w) ' 12 

This may be readily done as follows 

We have 

log- 
f g '‘d— Mlog ( — ^) + 7} 

27r J po{co) 27r JL (1 — e 
00 

Integrate with respect to a between co and 2oj, and we find 

dz 

f i [ c 
log r2(a I w) c/a — ajlogpo(w) = — - 

J ^IT J 1 

i [ e z) 2{log(- z) + 7} 

1 — e 
dz 

{-z) -hiog(-g) + 7} 

llT . I 1 — 
dz , 

for it may be readily seen that ^ dz 0. 

[This vanishing contour integral occurs when Raabe’s formula is proved by means 

of the expression of the simple gamma function as a contour integral.] 

But as we have deduced in § 75, from Alexeiewsky’s theorem. 

h / I \ 7 1 , \ 1 Pdco) CO 
logT.{a\co)da- colog p.^ico) = colog-^^ + - 

The contour integral has, therefore, the required value. 

We here conclude our investigations of the algebra of the double gamma functions, 

It is evident that the formulae admit of still further development; they lead, for 

instance, to many curious relations between the integrals obtained in Part III. Such 

considerations are, however, foreign to our immediate purpose. The development of 

the integral formulae and the theories of multiplication and transformation in the case 

of the double Riemann (, function is interesting in that we thus combine many of the 

formulae which have been obtained separately for Bernoullian and gamma functions, 

and the algebra by which such developments are obtained by the extension of 

Mellin’s definition of the simple C function is in many ways attractive. Owing, 

however, to the length of this paper, we do not propose to consider it in this place. 

3 B 2 
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Part V. 

The Asymptotic Expansion and Transcendentadly-transcendental Nature of the 

Double Gamma Function. 

§ 78. There remains now the consideration of two more general characteristics of 

the double gamma function :— 

1. It admits over part of the region near infinity an asymptotic ex2:)ansion in powers 

of the variable. 

2. It cannot be obtained as the solution of a differential equation whose coefficients 

involve exclusively more simple functions. 

It will afterwards be seen that these characteristics are common to all gamma 

functions. 

Let us consider first the behaviour of V^{z) near infinity. We know that its poles 

are given by 

m. = 0, 1, . . . oo 1 
2 + mpj)y + m.-yO}.-, = 0 I ’ ’ L 

nio = 0, 1, . . . CO J 

-Ci)2 

Therefore near z — ^ the jDoles of To {z) are massed together between and on the 

negative axes of ojj and co.,, so as to form a lacunary space on the equivalent portion 

of the Neumann sphere. Between these axes, therefore, an asymptotic expansion 

cannot represent the function. We have to consider whether such an expansion can 

exist outside this lacunary area, within, that is to say, the non-shaded portion of the 

figure. 

We shall in the first place proceed entirely algebraically. It will be proved that 

within this non-shaded area a cpiasi-Laurent asymptotic expansion of the form 

{l,2)Oog3 + (l.a^+ 5 J 
?• = 1 
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exists, and then it will be shown that, the possibility of such an expansion being 

established, its actual form is readily ol)tained Ijy a process of difference-integration. 

Subsequently we shall verify the results by an alternative proof l)y means of contour 

integration, this proof being the natural extension to double gamma functions of the 

one employed for functions of a single parameter (“ Theory of the Gamma Function.” 

Part IV.). 

It should be noticed that the expansion under consideration differs materially from 

the expansions obtained in Part III. In those expansions the limits of the number of 

terms of the series and 2:»roducts, the quantities pn and <pi, formed the infinite basis 

terms; but in the present case that basis is the variable itself 

§ 79. We first write down the asymptotic expansion for 

log Uo (2 d- (.6 1 OJ, (xi) . 

We have obtained (“Theory of the G Function,” § 15) the asymptotic expansion 

1 nr, \ 1 1 A . s ~ 11 r. , — G" log G(2 -p a) = -]bj- — log A +-- log 27r + ' - 
a 

00 ( - 1 CO 

^ ^-S4nll,l)+ S 

- iV j ^Og 2 

+1 
\^1n(PLn + 2>A 

+ 2 - 
=i 2)1 (2)1 — 1)^~ 2(1-1 ’ 

this ex23ansion being valid for all values of a and z such that 121 is large, and the 

principal value of log 2 being taken. There is, in the language jireviously employed, 

a barrier-line along the axis of — 1. 

Now in § 70 it has been seen that 

logG log r3(2l w) + T-loa; 2tt 
2o} ° 

w. 

and 

Tlierefore 

log A - iP- 
Po(co) 

Pl(«) 
+ i log 01. 

h'2(' I 

Pol") 

(z + a — (of 

00 

+ S 
71 = 1 

r-)~" 
^,n{a 1 01) “b 

2bi((fi(c) I 

-I- 1 I ? 

where now there is a barrier-line along the axis of — 01. 

But by § 5 
gh (<r I oi) 

m + 1 — 1 ") + 
ob ni + \ (c) 

VI 1 ’ 

SO that we have finally 
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+ “ i ‘°s" + r ®(«l -)+ fS 

m = 1 ("*' + 1)-™ 

with a barrier-line along the axis of — oj. 

When a = w, we see that we have the asymptotic expansion 

IVi±2LlO =/l _ m 3^4 + I 
° Piifo) \13 2a)'/ ^ 4a)“ = i mcoz’^ 

§ 80. We will now jDrove that, provided 2 be positive with respect to the w’s, there 

exists an asymptotic expansion for log Fj (2) of the form 

(1,2)2 . _j_ + V 
A = 1 

where (1, 2)2 denotes a quadratic function of 2. 

In the first place it is evident that we have 

2 — cc -j- ~h 

where a is some finite quantity, and Uj and ?Zo are singly or together large positive 

integers. 

Now, from the fundamental difference equations of the double gamma function, it is 

at once seen that 

log (a) - log Fo {a + + 

n ”3 / , X , n F, (rt + WiO), lo),) 
= log n n (a -f- m,co, + m.xco.d 4- log H  - ^ —=- 

" m,=0 nu=0 - -/ • o 

+ log H 
3 Fi (a + m„(o^ I a)|) 

77lo = 0 Pi("i) 
— 2m TTL X S/ {a m^co^ \ oj^) 

7nj=0 

— 2niTTL X S2'(a + | Wo). 
?no=0 

A term has been neglected which is an integral multiple of 27tl, and which is there¬ 

fore absorbed by a suitable .specification of the logarithms involved. The above 

formula may be rewritten 

log Fg (« + n^COj -|- «2(iJ2) = 

+ 

1 1-1 / \ 1 TT A 4- ??qa)j I 0)2) 
log I o (a) - log n - ’ Y- 

Jiii = 0 Pi 

1 / \ 1 14 hffc + wpwolo),) 
log To (a) — log IT --- 

)H., = 0 Pi (<^]) 
7?1 ?lo 

log Fo («) + log IT TT (a + 
mj —0 j>?-2 = 0 

+ (1, ^0' + (1) «)". 

In the first place, if we put in place of and n.^ in place of q7i in the procedure 
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of the paragraphs leading up to § 49, we evidently obtain for 

Jll 71.2 

log r3 (a) -f log IT n (a + + wigWo) , 
7J^^ = 0 7Jl2=0 

an expansion in powers of ^ and y, every term of which involves a algebraically, and 

of which the non-ultimately-vanishing terms are typified by (1, n)^ log n -f- (1, ??)“. 

In the second place, consider 

1 T. / ^ 1 ft Tihf + TOi&), l^a) loo- To (a) — loa; II 

We have seen, in § 30, that 

To (a) = e- y-1 - “ (a I Oo) 

X IT 
1 = 1 L hp/MjCudwo) 

the product being absolutely convergent. 

The typical term may be written 

rpa 4- g-ai|(,(‘)(miWi I W..) - i|<i(2)(mioji | u,..) 

Exp. I 41 l"^) + • • • 

Therefore (“ Genesis of the Double Gamma Function,” §§ 4 and 5) 

«i 
log r3 («) — log TT [a + I ojj) 

vii — 0 

admits an asymptotic expansion of the form 

A. 
(l,np)log 7ii + (l,72j)2-f N -1, 

r=l 

each term of which involves a algebraically. 

Combining these results we see that 

log r3 [a + 71.^0)^ + 

admits an asymptotic expansion in powers of — and —, each term of which involves 

a algebraically, and of which the terms which do not ultimately vanish are typified 

by (1, n)‘Gog n + (1, 
But log r3(rt Wjoj, -fi is a function of a -|- -}- n.,o}.^. It must then be 

capable of an asymptotic expansion in powers of ---, each term of which 
“f" 7VctO)2 

involves a algebraically, and of which the terms which do not ultimately vanish are 

typified by 
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(l, 3*^3)log' “1“ ''0*^3) “1“ (ij “1“ 

And now by mere re-arrangement we may include a with the term n i"i + each 

time that the latter occurs, and we obtain for log Eg (2), where z = a + n.oy.^, 

an asymptotic expansion of the form 

(1, 2)'^logz + (1, zf -h 2 
A = 1 

§ 81. We can readily extend the previous proof to the case where 2 lies between 

the axes of — and w,,, so that it is given by 

z = Cl — “b n.^oin. 

By writing the fundamental difference equation in the form 

l\{z - OJ,) = r2(2) “1 1 “2; 

we readily see that 

log To {z — n^Q)^ + noWo) 

'1 -.W \ EiCr + mowd"!) 

log l a (-) - i log--7—^- 
'Dl.i = 0 

Hj '/U - 1 
V log r3(2 — I — oj^, C0.2) +2 2 log (2 — -g W0&J3) 

■Jill = 1 ?n.2 = 0 
+ 

+ — logEo (, 
L 7/ti = 1 Pl\^2/ 

— 2 2,mTTLS^'(z—nijO) J a),j) “h 2 27/^771, S/(2-j-^UoOJo | Wj) . 

I \ I ^ 1 I coo) 
2 — I — Wo) + 2 log  -^^ 

TOi = 1 

But by the theorems just quoted in the previous ])aragraph the three expressions 

in the scjuare brackets severally admit of asymptotic expansions in powers of ^ and 

—, whose terms which do not ultimately vanish are typified by 
>C2 

(1, 7if log a -f (1, -a)- 

and whose coefficients all involve a algebraically. 

Thus, by a repetition of the previous argument, log ro(o — ^qw, -fi 7ioWo) admits 

when z = (I — + n.^cD.^, an asymptotic ex^jansion of the form 

(l.#logZ + (l,2f + 1 g. 
A = 1 

In an exactly similar manner we may show that log r2(2) will admit of an asymp¬ 

totic expansion of tlie same form when l2| is laig " Iving between the axes of — 

and Wy. 
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§82. But when we come to the case of the negative quasi-quadrant given l)y 

it is interesting to notice that the above proof breaks down. 

As Ijefore, 1)y the use of the fundamental diflerence equation, we obtain the 

relation 

log r,,(a — n^o)^ ~ n.,0}.,) — log lh(o) — log r,i(« — wj — w,,) 

— log lh(n- — 01.1 j o)|, —■ (02) — log ro(n ■— o)| — co.^l —o)j, 

I\(o — I a)o) 

OJ .c) 

log r,i(« — o»j j — o)j, Wo) d- S lo. 
„l, = 1 

+ 
do 

Pi(coo) 

Bto. — VI,,(0.2 I &)[) 

'do '1^0 

s s 
nl.y =1 'y/2 J = 1 

— log ro(u — o).-, I Wo, — Wj) q- 2 log 
-/I,, = 1 

'do 

log ro(« — W| — Wo I — Wj, — Wo) +2 2 log ('< — 7?qojj — 

— 2 2/71771 S/(a — I C(J^) — 2 2'77f 77(, S/((f — ')7;oWo|w|) . 
//ij = 1 Vdo =1 _J 

The several expressions bracketed on the right-hand side of this identity admit of 

asymptotic expansions in powers of ^ and —, of which the teiins involve a 

algel)raically ; and therefore the whole of the right-liand side admits of an expansion 

of this form. But there remain the non-algebraic terms 

log' Eo^C^) -|- log — W| I — Wj, Wo) “h log To (ci —■ Wo I Wj, “■ Wo) 

+ log r3(« - OJi - Wo 1 - Wj, — Wo), 

and when we seek to group — 7?jWj — 7?oWo with a, we are forced Ijack on the original 

function ro(« — "/qwj — Thus as regards the possibility of an expansion, when 

2 is negative with regard to the w’s, our results are, as we should expect from § 78, 

entirely negative. The region between the axes of — Wj and — wo is a harrier-region 

for the asymptotic expansion of tlie doulde gamma function. When Wj = wo this 

region closes up into the harrier-line which occurs for the G and sinqjle gamma 

functions. 

§ 83. We can uow find the asymptotic expansion of 

1 1 0 {z -f- c I Wi, W.i) 

lOO’ !-i-- 

■ ^ GGhawd ’ 

for large values of |2| which are such that 2 does not lie in tlie baiTier-region, a being 

any complex quantity of finite modulus. 

For such values of 2 and a we have the expansion 

VOL CXCVI.-A. 3 C 
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log = [L («) s +fi («)] log Z + 4., (a) z + 4, (a) + S 
^2 (*) , = i r(r + 

where / («) and </>(«) are algebraical polynomials of degree indicated by their 

suffixes, and X'-(f') so long as r is finite, likewise an algebraical function. 

Now Ijy the fundamental difference equation 

1 Eol^ + + &)j) Fc, (3; + ft) 
mo' —=-= ioo’ —=- 

FoCO ^ r,(o 
— lo O’ 

Fj ( i + ft I CO.i) 

Pi (^2) 
-f 277l7ri (s “h (7 I CO.iJ, 

Again (“ Theory of the Gamma Function,” § 41), we have the asymptotic 

expansion 

log 
F-] (.? + ft I (Do) 

Pi (Wo) 
— 8/(2 + a 1 CO.,) lo O' 

^10-2 (z + a I oj^) + 

where log„, 2 is that natural logarithm of s which has its principal value with respect 

to the axis of — co^. It is thus equal to 

log 2 — '2m'TTL, 

the latter logarithm having its principal value with respect to the axis of —(wiff co.,). 

We have then, if log z have its principal value with respect to the axis of 

— (Wj + CO.,), 

[/i(« + +yo(a + wi) -fi{a)z -/o(«)]log2 

+ + wj) — + f/>o(a + Wi) — (^o(«) + :£ ( —)'■ 
y*=l 

= — 8/(2 + a 1 (X).,) [log 2 — 2(m + Pi')7n] + 2 8['’(2 + a I w,,) + 

Xr (ft + Ml) — Xr{('-) 
r (r + 1)2'- 

” ( —)'• S',+ifft[wb 

Ti r ( /• +1)^ 

If we equate corresponding powers of 2 on both sides of this result, we find 

X,(a + wi) — x.(«) = 8b+i(«lw.), 

and similar relations among the f’s and (^’s. 

We shall get, in like manner, another set of relations in which 00^ and co., are 

interchanged. Ptemembering that the_/’’s, x}/s, and y’s are all algebraical polynomials 

which vanish with «, we thus prove that 

Ji{a)z +./o(n) = 08(1(2) — 08,1(2 + a) 

(/q(a)2 + r/),(a) = 2(08,1'(2 + a) - 38o'(2)} 

Xr(a) = o8'„;^i(«) — 08T+1 (0). 

By tills process, which may appro})riately be called a ])rocess of finite integration, 

we olitain the asynq)totic expansion 
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= [cSo(2) — .S,|(2 + rt)] [logs; — 2{m + m')TTC\ 
1 ToCO 

log s; having its principal value with respect to the axis of — ("i + Mr,). 

§ 84. We may now obtain the asymptotic expansion for log To (2 A- u), under tlie 

limitations assigned at the commencement of the preceding paragraph. 

For this purpose integrate the relation just obtained with respect to a between 

the limits 0 and wj. 

Then, by the formuige of §§ 12 and 76, we find 

— 5;log^-^^ + M^[logp.{M^, M.^ — (?71+ ni')27noS/(o)] 

+ (1 + 2»^7rt)|Si(2| Wo)+ ~ l<^g 

- [aSi(2) - oSi(2 + M^) + M^ 2^/(^)] [log2 - 2(«1 + m)7n] 

I -,r a I \ O /.A O '/.Xl I ? ( )'"[2Sm 
+ 2[.bo(2 + "1) - obo(2) - „bo (2)] + 2 --• 

))l= 1 

Substitute now the asymptotic expansions for log |Qg UoF -r | 

of which the former has been quoted in the preceding paragraph, and the latter 

obtained in § 79. 

Then we find 

r2(2| <Ui, Wo) 
— h 

jOo(Wi Wo) 

— — (1 'I'niTTl) 

^()Jl4'>/i')27rt .^{{0 I wi, w.j) 

^1(2!";;)+ 
Q / I \ I ^3 I *^3) C! 'I \ 

{log ^a>j + W2 2('//i + m')iTL] 

+ ^ {^0 I I ";?) ~ ■2So'(2) } + 2[ — i) log„, 2 — — + 
Wo Wo 

+ 
i-Y 

,1=1 {n + 1)2" 
+ ~ <^3loga,, 2-^ .02“- 1~2 r + 

:Wo 

32- 

4 Wo 

I Y ( )” ^ ihrt l o(wo) ^ ,_y, lb,i.+ o(fa>o) W| qS m + |(o) 

,iti .^Zi n{)i f 1) 2" 

Bemember that log„, s: = log„j+„, 2 — 'Ziuttl ; then we obtain l)y an easy reduction, the 

asymptotic expansion 

To (2) e ”0 2S1' (0) 
log -;-s- 

po(Wp Wo) 

= — 3S1' (2) {log„^ + ,^2 - 2(m + ni) 7tl] + s; ..S/"' (0) + gS^O) (0) (j + l) 

+ “ (-y%sh,+i(Q) 
iZi {'>11' +1) 2™ ’ 

3 c 2 

/ 
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which is the complete asymptotic expansion for log To {z) when 2; | is large, and z does 

not lie witliin the Imrrier region negative with respect to the axes of — and — 

If we comhine this result with that obtained in § 83 we find the more general 

formula 

Ion & 
To {z + a) 2Si'(o) 

Pi "2) 

= “2^/ + ^0 Uogy^+„, 2 — ) Trt }+ 2 (a) + .,81®' (a) (y + 

, y 2S',,+ l(«) 
= 1 VI (m + 1) ’ 

valid under tlie assigned limitations. 

The expansion is written in the j)recise form ado})ted, in order that the analogy 

with the corresponding formula in the theory of multiple gamma functions may he 

more clearly displayed. 

§ 85. We might now conclude this investigation. 8ince, however, this Avoidd appear 

to l)e the first time in analysis in which an asymptotic expansion with a barrier 

I'egion has been obtained, it seems better to give an alternative proof which shall not 

need the difficult argument of §§ 80-82. This proof is the direct extension of that 

})reviously given for tlie case of the simple gamma function."'" We therefore proceed 

as l)riefly as possilde. 

In the investigation of § 57 it was shown that when |5| is finite and (•'’) > — k, 

where k is a positive integer, the series for {s, o | wj, m.,) is absolutely convergent. 

8up2)Ose now that s = cr + It, where a > — k, and suppose further that 2 does not 

lie within the region hounded by axes to — and — wo, and that a is positive with 

respect to the w’s. 

Then, since 

(1 — s) (2 — .s) oj] co.i (P 

_I dh _j_ ^ 
2(1 — s) Wo ,, = 0 1 

+1 
■•i + r ’ 

it is evident that, if p lie any positive integer, the absolute value of each term of the 

expression 

ST if 

sin TVS 28-s, k I Wo) 

tends to zero as lr| tends to infinity. For, liy the restrictions on 2 and a, 

A.-'f 

Y == + g where o < xp < ±: v, 
« (( 

and therefore 

* “ Theory of the Gcamma Function,” Part IV. I regret to say that the Lemma of § 40 is fault}'; the 

theorem is evidently only true when a/w is real. A slight modification will, however, establish the truth 

of the main proposition under the conditions enunciated. 
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S'* s“ 

sin ITS 

g-^T-,r|T| _ jP 

where M is finite, however large |r| may be. 

Hence the absolute value of 

sill ITS 
S^s,k{u O)^, (W 

tends to zero as | t j tends to infinity; and this theorem is true if a is replaced hy 

a + fi- m^oj.T, where and vi.^ are positive integers. 

Hence the absolute value of 

~ Y (ft “b W?|(y| -|- 1.9, k) 
Sill TTS ' ~ 

(where y is the function introduced for brevity in § 57) tends to zero as |rj tends 

to infinity. 

But 
re X) 

i.{s, a \ oji, oj.) = — - - X 1 'h f>'), 
Hi, = 0 Hij = 0 

and therefore 

lyS 

Sill TTS 
C: (•?, <( I Wo) = sin TTS 

00 x> 

■ - - p"!,X (« + »bwi + I-b Z^)- 
iHi = 0 nii = 0 

Now the double series on the right-hand side is absolutely convergent for all 

finite values of | t j, and the absolute value of each term tends to zero as j r j tends 

to infinity. 

Therefore 
■sP.rNo (s, c [ wd 

sill TTS 

remains finite as |sj tends to infinity, '£\{s) being finite and not greater than 2. 

When ’ii(''') is greater than 2, we have 

(.9, a 1 Wp CO,) 
CC CO -Sq/? 
V V ^ 

sin TTS »i,= 0 ))!,2 = o(ff T ^»iCOj -i- >11,(0,)' siu TTS 

and therefore the expansion on the left-hand side is finite however large | s | may be, 

provided \z\ < 1. 

§ 86. Consider now the Integral 

1 r ^,5 7r^o(.s-,a|M,,oJo) 
'2irL j * s sin tts 

The subject of integration is a uniform function of s, wherein 2'^ is to have its 

principal value with respect to the axis of — (w; + ojo), z is to lie within the region 

bounded by axes to —&![ and and a is to be positive with respect to the oi’s. 

/ 
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Ill the first pLice let tlie contour l)e taken to lie along the real axis, passing from 

+ CO to + 03, and cutting the axis lietween the points cr = 2 and cr = 3, as the 

contour 1 of the figure. This is equivalent to taking the integral round a contour 

enclosing the points 3 and + cc. 

When 1 s I < 1 the integral is, by the theorem of the preceding paragraph, finite ; 

and by Cauchy’s theorem it will be equal in value to the sum of the residues inside 

the contour. 

Now by § 53, when 5=2 + 1:, where k is an integer, 

= I 

Hence the value of the integral along the contour 1 is 

03 ^2 + i + i- 

/.• = o(b+2)! d(c- + ^ 
log r, (a) , 

and by Taylor’s theorem this expression is, under the assigned limitations, equal to 

log 
+ a) 

Ta («) 
(a). 

Let us now make tlie contour expand until it becomes a straight line perpendicular 

to the axis of cr, cutting the axis between the points 2 and 3, and a half circle at 

infinity. The value of the integral will be unaltered, since the contour in expanding 

passes over no poles of the subject of integration. And by the theorem of the previous 

paragrapli the })art of the integral which is taken along the semicircle at infinity 

vanishes. Hence the integral along the perpendicular line (the contour numbered 2 

in the figure) is equal to 

log 
+ (() 

H(cc) 
— 2+3^’^ (n), when < 1, 

But the integral and this expression both remain continuously finite when 12 j becomes 

greater than unity. They are therefore equal to one another for all values of 12 j. 
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Let now the perpendicular contour be distorted into a contour which encloses the 

points 2, 1, 0, . . . — n, and which after the point cr = — 7i again goes off to 

infinity perpendicularly to the real axis. 

So far as the value of the integral is concerned this contour will differ from the 

second contour only hy two strips at infinity of length less than (?i -j- 3) parallel to 

the real axis : and by the previous paragraph the integral along these strips will 

vanish. 

By Cauchy’s theorem the value of the integral along this third contour will be 

equal to minus the sum of its residues at the points 2, 1, 0, . . . — n, together with 

the integral. along the perpendicular line cutting the axis of cr between the points 

— 71 and — (n + 1). 

Now, when s = 1 or 2, the residue of the integral is equal to the coefficient 

of 1/e in 

(-f 
e 

T —'>«+' /I 1 \ 
^ ^ («) + (+•••+ 7-1) («) eU- 1)! = 

1 . . . 
s 

+ (g + 1^; 2(m + 111) 7TL 2S/*+'>(o) ^ {1 + elog 2 + 
] .yS 

and is therefore equal to 
by § 53, 

sd f + • • . + y - log 2 («) — 2{'ni + 7-ii) m (o,)]. 
s: 

where tlie logarithm has its principal value with respect to the axes of — (a)| -f 

AVhen e = 0, the residue is the coefficient of 1/e in 

1 + e ]oo' z . 
S'\ (a) + e log + by § GO. 

and is therefore equal to 

,8', (a) log j +log 

When s = — 711, the residue is 

We therefore liave 

(-)”^+Cfr»+i(<0 
m (//; + 1) 

1 haC + ^0 ^ , ni f \ 
loo; --- {a) r Loffi) 1! 

log : {uyL <’ '"■'“’=‘""'>"1 - 2S'.(«)[iog^ - 2(.» + «>.] 
[p2 "of J 

2 .vS 
— s — 

ffiis! 
+ («) jlog 2 — 2{7n + Jh') TTt — ^ . . . 

(-)lS/n + l(«) + “ ra(m + ^)z^ 
ffi (2, a 0),, Wo) 
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where the quantity log 2 has its principal value with respect to the axis of — (wi + 

and Ju(z, Wo) is equal to the fundamental integral taken along a perpendicular 

contour cutting the axis of cr between —n and — (71 +1). It is evident that the 

integral when |2. | is large is of an order of magnitude less than . 

We therefore have the asymptotic expansion, when |2| is large, 

lO'" " og 
P: ("i, w.d 

= - 74; (a) [log 5: - '2{m + m) ttl - | - 1] 

- .f, (^') [log z m) ttl - |] 

o ' / \ ri 0/ I o n I V 1 )AoS„;_^|(ft) — oS| (a) [log s — 2(?n + m) tti + N -;—=— 

and tlie residue after 7i terms of the final series have been taken is of the same order 

of mao-nitude as the final term taken. 

This expansion is evidently the same as that previously obtained. The limitation 

that a must be })Ositive with respect to the w’s may evidently be removed by 

employing the fundamental difference relations for the double gamma function and 

the asymptotic expansion for log E^ (2 + a). AVe are finally left with the essential 

limitation that s shall not lie within the barrier region hounded by the axis to — Wj 

and —Wo. 

The Tra7iscemlentally-t7'nnsceiideiital Nature of 1^(2). 

§ 87. We finally pi'ove the theorem that the double gamma function cannot arise 

as the solution of a ditferential equation whose coefficients are not generated from the 

function itself Modifying slightly the nomenclature introduced by Mooee,^ we 

may say tliat rjj(z) is a transcendentally-transcendental function. The proof is a 

slight modification of that given for the G function (§ 30), which in turn was similar 

to the investigation of Part V. of the “ Theory of the Gamma Function.” 

In the first place it may he proved exactly as before that if the theorem is true for 

log To (2), it is true for ro(2). We shall therefore confine ourselves to the considera¬ 

tion of the function 

0 (.) = - 7 log r, (z). 

By the fundamental ditterence equations of § 20, we have 

(2 + w,) - (h (z) = ili{z\ w^) 
</) (2 -h Wo) — (j> (2) = Xp{z\ W^) 

cl^ 
where, for convenience, we put x/j(z) = ri(2). 

* Moore, ‘Math. Ann.,’ vol. 48, pp. 49 et seq. MooRE uses the term only to describe functions which 

cannot be generated by a differential equation with algebraic coefficients. 
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Suppose that 
y z= (f) (x) satisfies the difierential equation 

y, y', ■ ■ ■ 2/'"^) = 0, 

so transformed that it is rational and integral in y and its derivatives. 

Let the terms of class s be symbolically 

Ko(x) Q,o {y), Rj (a:) Q',(2/), ... , R^- (aj) Q/ {y) ; 

in terms of class (s — 1) being 

So {x) QVi(2/),. , S/ (a?) QLi (y), 

and the functions R(x), S(x) being holomorphic. 

If ^(cc) satisfies the differential equation, <l){x) + i/;(a’|(yo) will satisfy the equation 

in which (x + Wi) is written for x and 4){x) + \fj{x\co{) the equation in which (x + wo) 

is written for x. 

Make the first substitution, divide the equations by Ro(^c) and Ro(fl7 -j- respec¬ 

tively, and subtract one from the other. We find 

Ato;Q -W-) + ^L.)] + . . + Q/+ -)] 

+ terms of lower class = 0 . 

But [<f){x) + xjj{x I ^2)] — Q.° 

consists solely of terms of lower class than s. 

Hence either the equation which has been obtained vanishes identically, or we can 

reduce the equation for y to one in which there are fewer terms of class s. 

The equation cannot vanish identically uiiless the coefficients of the various terms 

of class s all vanish, which necessitates that the ratios 

Pt/i- (x) 

Po(*) Po(^) 

are doubly periodic functions of x of periods and ojo. 

The equation for y can thus be always reduced to one of the form 

R(a?)[po(x)Q,o(y)-f . . . 

+ So(cc)Q,"_i(y)-f . . . + S/(x)Q3_i(y) 

+ terms of lower class = 0. 

where all the coefficients are holomorphic functions, and, in addition, the functions 

p{x) are doubly periodic of periods and wg. 

VOL. cxcvi.—A, 3 D 
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Divide the equation by Pv(x) and subtract it from the equation which results from 

changing x into x (d^ We obtain 

+ 
Sn(.2; + wd 
ii{x + +^(^1^2)}- 

+. 

+ 7Y (a;)[Q/{ ^(^’) + ^{x\ CO.)} 

- Q/[</>(^)}] 
^o(D /^o 

+ h R {x + 0)2) R(v) 

+ terms of lower class = 0. 

This equation will not vanish identically unless the functions 

Sd.D S/Dd 
R(D 

. , all satisfy relations of the form 
Rf-r) 

f{x + ^2) —f{x) = S p^a;) Q2^[i//(a;-l W.2)] 
i- = 0 

and therefore l)y symmetry relations of the form 

f{x + Wo) -f{x) = X iH- (x) Qi^' 
A-=0 

ip(xlo)i) 

The quantity (?? + 1) which gives the number of terms on the right-hand side of 

these two relations will not vanish unless the original equation can be reduced to the 

form 

(*0 [2h,0 (^) Qs (y) + • • + (•^) Q' (,v) 
+ Ps.o (^) Q^i 0/) + • ■ . /(.x) Q^-1 (y)] 
+ To (x) Ql, (y) + . . . + T„, (x) Qn 0/) 

-\- terms of lower class = 0.(1), 

where the coefficients are holomorphic functions of x and the p’s are doubly periodic 

functions of periods Wj and oj.. 

Either then the original equation can Ije reduced to this form, or at least one of the 

ratios 
R(,r) ’ 

is composed of an additive numl)er of solutions of difference 

equations of the form 

r f{x + wj) -f{x) = p (x) xfj (a; I Wo) 

\f{x -f Wo) -f{x) = p {x) xfj (a'jwi) 

But the most general solutl(m of such a })air of equations is 

<2 {x) <ji (a:) -f r [x) 
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where g{x) and rix) are doubly fiinctions of x of periods and wo. And 

So(.r) S>i(x) 

(ic) ’ ‘ ’ E(a?) 
must be a function generated from the therefore one of the ratios 

function r3(xlc(jj, w^). 

The original equation therefore either contains the double gamma function 

implicitly among its coefficients, or it is reducible to the form (1). 

Continue our former procedure, and we see that either at least one of the ratios 

Tg(y) 

R{x) ’ E(a;) 
is composed of an additive number of equations of the type 

/(^ + "]) “/(■») = A (^) Qi 

f{x + Wo) - f{x) =2^ (x) Qo {xp{x\oj^)] 

and is therefore generated from the double gamma function, or the original equation 

is reducible to one in which the ratios of terms of the three highest classes are doubly 

periodic functions of x of periods and co.,. 

The successive repetitions of the argument are now evident. Ultimately we 

reduce the equation to one in which either all the coefficients are doubly periodic 

functions (which is absurd), or to one in which the last term is generated from the 

double gamma function. 

Thus the ^proposition is established. The double gamma function cannot satisfy a 

differential equation in which the coefficients are finite combinations of, e.g., 

(1) Rational or irrational algebraic functions of a', 

(2) Simply or doubly periodic functions, 

(3) Simple gamma functions, 

(4) G functions, 

(5) Theta functions, 

or, in fact, of any functions which are not substantially reducible to or comijounded 

of the double gamma function itself. 

3 D 2 
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VIT, Some Additional Notes on the Orientation of Greek Temples; heincj the 

Result of a Journey to Greece and Sicily in April and May^ 1900. 

By F. C. Penrose, M.A., F.R..S. 

Eeceived January 17,—Eead February 14, 1901. 

A JOURNEY to Greece and Sicily in the spring of last year enabled me to obtain a few 

more examples of the orientation of Greek temples, and to make a correction in the 

case of one of those previously published. 

Delphi. 

At Delphi the complete clearance of the site of the Temple of Apollo allowed of 

the measures of the existing foundations being taken by direct observation, and I 

found the orientation angle to be 227° 8' ; that is, east amplitude + 42° 52'. I also 

examined more particularly the openings between the mountains which would be 

available for the sunrise. Of these there are two, one with amj^litude — 7° 42' E. 

has the altitude above the temple floor of 3° 8', reduced as respects the sun by refrac¬ 

tion to 2° 49'. The other at amplitude — 23° 16' E. with altitude 2° 6', reduced to 

1° 40'. 

The temple seems to have been rebuilt at least twice. Of the middle building (if 

the number was three) there is historical record. The terrace on which the temple 

area stands is supported by a wall of polygonal masonry, covered with inscriptions, 

from which the orientation of the present foundations differs by about 4°; I have 

presumed that this marks the line of probably the earliest foundation. The ampli¬ 

tude of —23° 16' seems to agree best with this, and that of — 7° 42' with the 

existing foundations. I have accordingly given the elements of the two separately. 

Delphi. Latitude 38° 27' 33". 

! 
Name of Orienta- 

; temjJe. Itioii angle. 
j 

Eef. 
letter. 

Details 
Stellar 

elements. 
Solar 

elements. 
Name of 

star. 

1 1 

Ancient 231° 17' A Amplitude of star or sun .... -42° 12'W. - 23° 16' E. € Canis 
; temple B Corresponding altitude. 3° 30' 1° 40' Majoris; 

of C Declination. -29° 9' -16° 55' setting 
; Apollo. D Hour angles. 3" 51“ 5'' 58“ towards 

i 

i : E Depression of siui when star heliacal — 10° south- 
i F E. A. 511 5111 14h 54m western 

1 1 G Approximate date—930 B.C., November 8. axis. 

29.4.1901 
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Delj)hi. Latitude 38° '27' 33"—continued. 

Name of 
temple. 

Orienta¬ 
tion angle. 

Ref. 
letter. 

Details. 
Stellar 

elements. 
Solar 

elements. 
Name of 

star. 

Later 227° S’ A AmjDlitucle of star or siui .... -44° I'vr. -7° 42' E. 
temple P> Corresponding altitude. 3° 30' 2° 49' 

of C Declination. - 30° 18' -4° 1.5' Id Lupi; 
Apollo. D Hour’ angles 3h 45in 7h gm setting. 

E Depression of .sun when star heliacal — 16° 
F R. A. 1211 28“ 23'' 21“ 
G Approximate date—585 B.C., March 9. 

Delos. 

The Isle of Delos, besides a group of five (or more) temples of the classical period, is 

remarkable for containing a very ancient religious structure, certainly one of the 

most ancient shrines now remaining in Greece or her colonies. A short stay in the 

sland enabled me to examine this example, but I was obliged to confine myself to 

this one. 

This Cynthian Grotto has no structural flank walls, but two masses of natural rock 

are connected by a solid roof formed by large wrought stones placed rafterwise, and 

well jointed at their meeting line at the apex. This meeting line is the only leading 

architectural line in the whole structure. The access was from the east, where are 

remains of a wall of jDolygonal masonry. 

The west end of the grotto was closed ; near it there seems to have been a statue. 

The northern jamb of the doorway in the eastern wall remains. The return or 

southern face of this door jamb is not parallel with the line given by the roof stones. 

As it is probable that this obliquity may have had some astronomical reference to the 

star which seems to have been connected with the line derived from the ■ roof, I have 

added elements on the hypothesis of such an intention. 

This doorway is to all appearance of later work than the roof, and this seems to 

point out that a structural alteration Avas made so as to follow the star. 

Delos. Latitude 37° 22' 

Name of 
temple. 

Orienta¬ 
tion ange . 

Ref. 
letter. 

Details. 
Stellar 

elements. 
Solar 

elements. 
Name of 

star. 

Grotto A Amplitude of star or sun .... + 0° 13' E. - 6° 2' 
on Mt. B Corresponding altitude..... 3“ 30' 0 0 

Cynthus 276° 2' c L)eclination. -^2° 18' -H 4° 47' 
sacred to D Hour angles. 

Depression of sun when star heliacal 

5h 49m Gh 46m a Libra3; 
Apollo. E — 12° rising. 

F R. A. llh 47m 12" 44“ 
G Approximate date—1550 B.C., October 5. 
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The same Temple. Elements calculated for a Line parallel to the Southern 

Face of the Door Jamh. 

Onenta- Ref. 
Details. 

Stellar Solar Name of 
tion angle. letter. elements. elements. star. 

A Amplitude of star or sun .... - r 44' E. - 12° 38' E. 
282° 38' B Corresponding altitude. 3° 30' 0 0 

C Declination. -3° 10' -10° 27' 
D Hour angles. 

Depression of sun when star heliacal 

5h 34m 6*' 39"' a. Librse ; 
E — 14° risinff. 
F R. A. 12'' 35"' 13'' 40"' 
G Approximate date—580 B.C., October 19. 

Sijracuse. 

In the temple at Syracuse, vulgarly attributed to Diana, but really, as determined 

Ijy an inscription, sacred to Apollo, I found that both the architectural remains and 

the character of the inscription referred to, recpiired a much earlier date than I had 

previously derived from the orientation as measured along the axis."^"" I have, there¬ 

fore, changed the elements to those which are given by the northern limit of the 

eastern intercolumniation—an alternative not always possible, but not unfrequently 

found to be the only satisfactory one, having respect to the proper depression of 

the sun. 

Syracuse. Latitude 37° 3' 30". 

Name of temple. 
Orientation 

angle. 
Ref. 

letter. 
Stellar 

elements. 
Solar 

elements. 
Name of 

star. 

Temple of Apollo A + 2° 30' E. + 0° 7' 
(incorrectly 271° 45'; B 3° 0' 0 0 

called Temple of the C + 4° 0' + 0° 6' Spica; 
Diana). northern 1) 5'' 56"' 6'' 50"' rising. 

limit of east E — 10° 
opening F ID 6"' IP' 59'" 

■ 2G9° 53'. Gr 700 B.C., September 21. 

The date so derived is 30 years subsequent to the Hellenic foundation of the city. 

This improved determination led to the examination of the elements of the Syracusan 

temple on the site of the present duomo, of which the architectural detail points out a 

date decidedly later than the Temple of Apollo; whereas the orientation datef 

already })ublished is nearly 100 years earlier than the ari’ival of tlie Greeks ; the 

‘Phil. Trans.,’ A, vol, 100 (1897), p. 59, 

t IbiiJ., p. 58. 
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result was the discovery of an error I had made in working out the example, which 

showed that, the orientation angle should have been 271° 2' instead of 269° 12'. 

With this alteratio2i, and taking as usual the line of the axis, and with the same 

star, the approximate date becomes 550 b.c. instead of 815. If in this case the 

northern limit of the intercolumniation had been used instead of the axis, it would 

have made the date still earlier. 

Selimts [a newly discovered Temrple named in Kalloway and Puchsteix’s Work 

Me gar on of Demeter''). See Plan. 

This small temple, which lies apart from the two great groups of temples, and near 

the right bank of the little stream (the Selinus), must have been of great 

sanctity, judging from the great number of votive offerings which have been found 

near it. Its plan is remarkable, and would he difficult to explain, except on the 

astro]lomical theory of its orientation. 

It is clear from the angle of its orientation that, if intended for a solar temple, it 

could only have been so at the summer solstice. The eastern axis has the amplitude 

of + 30° 11'. That of the sunrise in that latitude and at the presumed date, here¬ 

after given, and on a level site, would have been -j- 30° 35', but the eastern horizon 

in this case is not level, and when first shining into the temple the sun would have 

had the amplitude of 28° 16'. To account for the presumed error made in setting out 

the work, let it be assumed that the normal amplitude at the solstice of 30^° had 

been ascertained elsewhere, and that at some other time of year the lines of the 

temple had been laid down on the actual site to that angle (for the meridian could be 

ascertained very nearly at any time), and that some jorogress had been made with the 

work, when the solstice came round and the error was noticed. Instead of taking the 

work down and iDeginning again, other means were taken to meet the difficulty; what 

these Avere is very clearly pointed out by the plan. 

It Avould have been observed that the sun’s first ray entering centrally the eastern 

door Avould haA^'e fallen considerably to the iiorth of the niche AAdiich seems to haA'e 

been proAuded for the statue, which niche is centrally placed betAveen the flank walls. 

To meet this difficulty, a narroAver naos AA^as constructed,, of AAdiich the foundations 

remain, hugging the north AA^all of the temple ; the centre of AA’hich, marked also by a 

foundation-stone for the statue, Avould haA^e receiA^ed the ray in the desired manner. 

What further marks the incident is that the southernmost angle of the Propylaca, 

AAdiich gives access to the temple area, is exactly kept clear of the line requmed 

for the sunrise. The altar, AAdiich stood nearly in front of the eastern door, could 

not have interfered Avith it, being itself Ioav, and standing on rather loAver ground 

than the temple. 

The AA^arning star AA"ould, indeed, have to be seen oA^er the roof of the Propylma, 

but there is sufficient difference betAA^een the leA^el of the ground at the tAvo sites to 
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allow this to have been done. The star at the place calculated for it would have the 

advantage of about a degree of elevation more than the sun (more could have been 

given if it ha,d been necessary), and the detail of the Propylfea is sufficiently well 

preserved to enable its height to be computed with sufficient accuracy. 

3 E VOL. CXCVI.-A. 
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Selinus. Latitude 37° 35'. 

Ref. 
letter. 

Stellar 
elements. 

Solar elements. 
Name of 

star. 

A + 35° 29' E. + 28° 16' 
B 3° 30' 2° 38' ji Geminorum; 
C + 29° 46' + 23° 46' rising. 
D 7h 23m 8*1 15"! 
E — 10° 30' 
F 5h gm 6h 0™ 
G 520 B.C., June 2 • 

Taormina. 

Lately, some foundations of a small Greek temple have been discovered adjoining 

the celebrated Theatre of Taormina. Although the architecture of the theatre now 

visible is evidently Roman work, it is clear from some remains of foundations and an 

inscription that originally it was truly Greek. But these do not supply distinct 

information as to the antiquity of the first construction ; but the orientation of the 

temple seems to do so. The important city of Naxos, the earliest of the Hellenic 

colonies in Sicily (founded 735 B.C.), lay immediately below the site, but this city was 

utterly destroyed by the Syracusans about 400 b.c. Some remnants, however, of the 

population were collected about fifty years afterwards l:)y a leader named Andromachus 

and established in a new city on a ridge adjoining this theatre, which is about 800 feet 

above the site of the cit}^ of Naxos, and he named it Tauromenium. 

The very great scale of the theatre might, indeed, of itself suggest that it had 

been the work of the flourishing population of the ancient city in the palmy days of 

Greek civilisation, and not that of a town inhabited by returned exiles, and nearer to 

the days of Grecian decadence. And it would not have been out of parallel with 

Greek habits (as seen, for instance, at Segesta) for a theatre to he placed at a great 

height above the inhabited parts of a town, and in tliis case on a site so remarkable 

for its beauty. 

But, in addition to such arguments, the temple seems to give convincing evidence 

that the Taormina Theatre is not that of Tauromenium but of Naxos. Its situation is 

exactly where a small temple dedicated to Bacchus is found in connection with 

several of the Greek theatres. The orientation angle lies between 281° and 282°. 

Owing to a slip in my record, I cannot be positive as to the minutes, but 281° 25' 

vdiich I have adopted must be very near the mark, and I make out the elements to 

that figure. Tovmrds whichever of tlie limits it should be placed, it points out 

a Librm as the star, and the date derivable as at least 300 years earlier than the 

foundation of Tauromenium. 
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Taormina. Latitude 37° 48'. 

Name of temple. 
Orientation 

angle. 
Ref. 

letter. 
Stellar 

elements. 
Solar 

elements. 
Name of 

star. 

Sujjposed Temple A -5° 41' E. - 11° 25' 
of Bacchus. 281° 25' B 3° 30' 0 0 

(approximate) C - 2° 20' - 9° 0' a Libra3; 
D 35“ 6>i 33“ rising. 
E — 12° 
F 12*‘ 28“ 13h 26“ 
G 715 B.C., October 16. 
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yill. The Distribution of Molecular Energy. 

By J. H. Jeans, B.A., Scholar of Trinity College, and Isaac Newton Student in 

the University of Cambridge. 

Commwiicated by Professor J. J. Thomson, F.R.S. 

Received June 14,—Read June 21, 1900. 

Introduction. 

§ 1. This paper is primarily an attempt to deal with certain points connected with 

the apjilication to the Kinetic Theory of Gases of Boltzmann’s Theorem on the 

partition of energy in a dynamical system. 

It is found by experiment that the ratio of the two specific heats of certain 

monatomic gases {e.g., mercury, argon) is If. If we admit that the energy of these 

gases is distributed in The manner indicated by Boltzmann’s Theorem, then this 

theorem leaves no escape from the conclusion that the molecules of these gases must 

he ligid and geometrically perfect sjfiieres. A similar diJficulty arises in connection 

with other gases : the number of degrees of freedom which a consideration of the 

ratio in question leads us to expect a molecule of a gas to possess, is always less than 

the number which the spectrum of tlie glowing gas shows to actually exist. 

Further, Boltzmann’s Theorem excludes the possiljility of the ratio of the two 

specific heats having any values except one of a certain series of values, whereas 

exjieriment shows that the ratio is not always equal to one of this series, although 

it is generally very near to such a value. Finally Boltzmann’s Theorem leaves no 

room for a variation of this ratio with the temperature, although such a variation is 

known to exist. 

In the present paper I have tried to suggest a way by which it is possible to 

escape from this dilemma. As there is not snificient known aliont tlie constitution 

of a molecule to enable it to be completely specified as a dynamical system, the 

paper is limited to the consideration of two imaginary types of molecules. 

The conclusions arrived at are the same in each case. In the first place the 

distribution of energy which is given by Boltzmann’s Theorem is the only distri¬ 

bution which is permanent under the conditions 'postidated by this theorem. And in 

the second place, this law of distribution may break down entirely as soon as we 

22.5.1901 
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admit an interaction, no matter how small, between the molecules and the sur¬ 

rounding ether. That such an interaction must exist is shown hy the fact that a 

gas is capable of radiating energy. In fact, Boltzmann’s Theorem rests on the 

assumption that the molecules of a gas form a conservative dynamical system, and 

it will appear that the introduction of a small dissipation function may entirely 

invalidate the conclusions of the theorem.* Thus we may regard the Boltzmann 

distribution as unstable, in the sense that a slight deviation from perfect conserva¬ 

tion of energy may result in a complete redistribution of the total energy, and it 

will appear that this new distribution of energy will lead to values for the ratios of 

the two specific heats which are not open to the objections mentioned above. 

§ 2. A second difficulty, of a mathematical rather than physical nature, may be 

mentioned here, as it will occur incidentally in the course of the analysis. It is 

well illustrated by the consideration of an imaginary type of molecule which has 

been suggested by Boltzmann.! A loaded sphere, that is to say, a sphere of which 

the centre of gravity is at a small distance r from the geometrical centre, will, for 

the present purpose, possess five degrees of freedom, and this is true, however, small 

r may be. The ratio of the specific heats of an ideal gas whose molecules are of 

this type ought accordingly to be If. If, however, r actually vanishes, the molecules 

must be regarded as completely symmetrical, and possessing only three degrees of 

freedom, so that the ratio ought now to be l-f. There is thus seen to be a discontinuity 

when r has a zero value, and this requires investigation. 

It must be borne in mind that a degree of freedom, for purposes of Boltzmann’s 

Theorem, is not idendical with the usual dynamical degree of freedom. In the strict 

dynamical sense every sphere possesses six degrees of freedom, the principal momenta 

being the momenta of the centre of gravity in three rectangular directions and the 

three rotatory momenta about the principal axes of inertia. But if the sphere is 

perfectly smooth, rigid, and symmetrical, it is impossible to change the three latter 

momenta by the application of any forces which are at our disposal in the kinetic theory 

of gases, and for this reason the corresponding degrees of freedom must be left out 

of account, when apjfiying Boltzmann’s Theorem. Similar remarks apply, in the 

case of the loaded sphere, to the degree of freedom which arises from rotation about 

the axis of symmetry, so that the loaded sphere must be supposed to possess five 

degrees of freedom, and not six. 

* The matter may he looked at from a slightly different point of view as follows: If an interaction 

between matter and ether exists, no matter how small this interaction may be, the complete dynamical 

system will consist of the molecnles of the gas, together with the ether, and must therefore be regarded as 

a system 2)ossessing an infinite nundjer of degrees of freedom. Apj^lying Boltzjiaxn’s Theorem to this 

system we arc merely led to the conclusion that no steady state is possible until all the energy of the gas 

has been dissi|)ated by radiation into the ether. This apjdication of the theorem may or may not be 

legitimace, out it is, I think, certain that no other ap})lication is legitimate. 

t ‘ Vorlesungen iiber Gastheorie,’ Part 11., p. 129. 
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It is obvious that the degrees ot freedom which have been rejected do not in any 

way influence the motion of the sphere, whereas if they are counted as separate 

degrees of freedom, the series of states through which the sphere is made to pass by 

varying all the co-ordinates, is no longer such as to satisfy Maxwell’s condition 

of “Continuity of Path.” (See § 11 of the present paper.) 

PAPvT I. 

The Distribution of Energy in a Gas of which the Molecules are 

Loaded Spheres. 

The Transfer of Energy caused hy Collisions. 

§ 3. We may begin with the consideration of a gas of which the molecules are 

loaded spheres of the kind mentioned in the last section. These spheres are to be 

perfectly elastic, each of radius a, and the centre of gravity of each is to be at a 

small distance r from the geometrical centre. 

We require to find equations giving the transfer of energy between the various 

degrees of freedom in such a gas. If we know the law of distribution of the various 

co-ordinates of the molecules, we shall he able, upon making the usual assumptions of 

the kinetic theory, to calculate the number of collisions which are such that the 

values of the variables, which are required to completely specify a collision, lie 

within certain specified small ranges of value. At each of these collisions the 

transfer of energy is the same, a function of the variables which specify the collision ; 

so that by multiplying this quantity by the number of collisions of the kind under 

consideration which occur during the interval dt, and integrating over all possible 

values of the variables which specify the collision, we shall obtain an expression for 

the transfer of energy during the time dt. 

Let us denote the mean energy of translation of all the molecules at any specified 

instant by K, the mean energy of rotation by H. If we regard the number of mole¬ 

cules in the gas as infinite, we may regard the quantities H and K as varying 

continuously with the time, and the expressions which have just been found for the 

transfer of energy will enable us to calculate and ddLjdt corresponding to any 

state of the gas. The values of dTLjdt, dTE/dt will in general depend on r, a, p (the 

density of the gas) and the coefficients which occur in the various laws of dis¬ 

tribution of co-ordinates. 

If we consider the case in which r = 0, we find that no transfer of energy is 

possible, so that dJd/dt, diK/dt must vanish with r. We further notice that these 

dififerential coefficients must remain unaltered, if — r be written for r, so that, 

assuming for the moment that they can be expanded in ascending powers 

of r, we see that the lowest power of r which can occur is We shall suppose 

r to be so small that terms in C may be^ neglected in comparison with terms 

containing r^. 
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Since the total energy remains unaltered at every collision, we must have 

dKjdt == - dK/dt - 

it is therefore only necessary to calculate one of these differential coefficients. 

§ 4. The state of a molecule at any instant will be determined by the following 

12 variables, 

(i.) The co-ordinates in space of its centre of gravity x, y, z, and their time-rate 

of change u, v, tv. 

(ii.) Any three independent variables, e,f, g, sj^ecifying the orientation in space 

of the molecule. 

(ili.) tn-o, CTg, the rotations about three principal axes, the last of these being 

the rotation about the axis of symmetry of the molecule. 

Let accented letters refer to a second molecule ; then a collision between these two 

molecules, if possible, is completely specified by the whole 24 variables, but these 

are not all independent, and the collision will, as regards transfer of energy, be 

sufficiently specified by the independent variables 

u — u , V — v\ w — tv', 

' f f 
TTTi, aT23 7^3*3, tS" oT 2, ^3? 

and six other variables to determine the direction in sjDace of the axes of the mole¬ 

cules, and the line of centres. 

Let the variables after collision be distinguished from those before collision by 

placing a Ijar over them, then we can from the ordinary equation of impact calculate 

the value of 

c" + c"^ — (c^ -j- c'^) 

where c" = td tv^, in terms of the variables before collision. 

This expression must be a quadratic function of the velocities, and ts-g, cir'g cannot 

enter. If we write 

(u — u')^ -j- (v — + (tv — w')^ = 

O I O 0 
“1“ 

it is easily seen that the expression must be of the form 

4. - (c^ + c'^) = -f .(L), 

where a^, are functions of the six variables determining orientations in s^Dace, 

and are algebraical functions of r, in vffiich the lowest power is 
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§ 5. In calculating the nnmher ot collisions of tliis kind wliich are to be expected 

in the interval of time dt, a consideration enters, which does not enter in the simpler 

case in which the sjiheres are symmetrically loaded. 

From the co-ordinates of the two molecnles just before collision, we can trace back, 

as far as the previous collisions, the paths by which the molecnles arrived at tliis 

position. If these j^aths are such that the spaces occupied by the two molecules, at 

any two corresjDonding points of these paths, are found to overlap:), then it is clear that 

a collision of the kind we are investigating can only occur, either when the same two 

molecules have previously collided, or when one of them has collided with a third 

molecule within a certain small interval previous to the collision in question. In 

either case it would be wrong to calculate the probability of such a collision upon the 

assumption that the molecules of the gas are, in Boltzmann’s sense, nngeordnet. 

When, however, terms of degree higher than v~ are neglected, it will be legitimate 

to ignore this consideration altogether. For the number of collisions to which it 

applies will vanish with r, so that if equation (i.) be summed over all collisions, the 

terms on the right-hand side which are influenced by this consideration will be of 

a higher order in r than ?•“, and may accordingly he inaccurately calculated, without 

invalidating the result as far as terms in r^. 

§ 6. When we agree to ignore this consideration, we may at once average equation 

(i.) over all values of the six variables of orientation. The probability of these 

variables having specified values at a collision is not independent of the velocities 

of the collision, but will be the same for all collisions such as we are now considering, 

in wlilch these velocities have specified values. In this way we find that tlie mean 

increase in c~ -b c'-^ at a collision at which tlie velocities are u, i\ w, ct, u, v\ w', ct', is 

of the form 

r'[a2Y“ /lo (ct" "k -f- terms of a liigher order in . . . (ii.), 

in which a,,, are constants. 

Now if we suppose that the gas has reached its present state through a series 

of natural processes, the law of distribution of velocities will depend only on 

c" and crh In the case in which r = 0, this law is known to be 

e~'''""y(77T) dll dv div drs.(ii'-)* 

Hence in the case in which r is small, it may be taken to be 

Y (c,-ni) da dv div drs. 

where F is a function of which the coefficients involve r, Init is such that (Iv.) reduces 

to (iii.) when r ~ 0, 

* Direct calculation shows that the values of ao, /Jo are ao = - /Jo == where k is the radius of 
OK“ .O 

gyration of a molecule about a line perpendicular to the axis of symmetry. 

VOL. CXCVI.—A. d F 
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Calculated upon the usual assumption, the number of collisions which occur in a 
volume n of the gas and within a time dt, between pairs of molecules of which the 
velocities lie within a range du do div dzs du' dv' did dzs' surrounding the values 
it, V, u\ zs, u', v', w', zs', is 

Trco'Y dt 

’ a 
F {c, zz) F(c, cs')du dv div dzs du'dd did dzz\ 

Hence referring to expression (ii.) we see that the total increase in the translational 
velocity of the gas, in time dt, is 

TTUrYdt 

n F(c,t;T)F(c',CT')[r'aaV“ + r'/3,{TZ- + +.] 

du dV die drs du dd did dzs'. 

If we reject all terms of a degree liiglier than d In r, tliis expre.ssion becomes 

+ ^'')] dv div drz did dd did dzr' 

.... (V.). 

2t2 

Now the functional form represented by f is unknown, but the part of the above 
integral which contains depends only upon J/(ct) (/ct and this can he seen to be 

proportional to p and to involve k. Let us denote jy'(^) dzz by pi, so that I is a 
function of Ji only ; then the part of (v.) vJiich contains a.i, contains p'l~ multiplied by 
7r(i~dt o .. n ,. i? 7 

r* and a lunction oi h. 

The part of (v.) wliich contains depends on I and also on dzs. If we 
write I / ( zs) zd (7n7=pLF (.SO tliat T Is the mean value of zd taken over 
all the molecules of the gas), then this part of (v.) will be p~I'T multiplied by 
TTCl'^dt , p , PI 

and by a lunction ol h, 
2n 

Hence determining the functions of h from a consideration of dimensions, we find 

dK 

in which a^, are constants ; or in terms of H and K, 

itK 
dt 

= apK^'- + ySpK’HI*.(vli.), 

in wlilch the constants a, yS do not In any way depend upon the law of distribution 
of velocities. 

* Using the values for a, ft given in the footnote on p. 401, "vve can find for a, ft the v.alues 

9 mK- ^ 3m 3 ??iK“ ^ 3m 

In this way we can prove the relation H = K, insteac] of assuming it. 
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In Boltzmann’s steady state, = 0, and H = |K, since the energy is equally 

divided between the five degrees of freedom. This leads to the relation 

« = — 3/^, 

and equation (vii.) may be written 

'll = (H - |K).(viii.). 

The rate of variation of 11 on account of collisions is therefore given by 

'f = - (H - |K).(ix.). 

Int7'oduct{on of Dissipation. 

5 7. If the changes in the values of H and K arise solelv from collisions, the 

equations just found will enable us to trace these changes, starting from any initial 

values. Let us, ho-wever, suppose that there is a secenid cause of change in H 

and K ; suppose that the angular velocity ax is retarded by a frictional reaction 

betA^'een the molecules and the surrounding medium, the amount of this retardation 

being ecir. It is not suggested that a reaction of this type exists in nature, but this 

reaction may be taken as being the simplest reaction possible, just as a loaded sphere 

has been taken as the simplest dynamical system which will serve our purpose. Due 

to a frictional reaction of this kind, the mean rotational energy H will suffer a 

decrease of amount 2eII 2>er unit time. 

The equations expressing tlie rates of change of II and K will therefore be 

(IK 

(It 

cm 
(It 

= (ipx/K (II _ |K) . . . . 

= - 2eII - (II - ^K). 

(x.), 

(xi.). 

§ 8. A steady state is now impossible, on account of the dissipation of energy 

which takes place. If, however, we supjjose the translational energy to be in some 

way increased at such a rate as exactly to counterlxdance the loss of energy, the gas 

will rapidly assume a steady state given by c/U/c/^ = 0, or, l)y equation (xi.), 

2eH + fp^/K (H - |K) = 0.(xii.). 

The value of IT corresponding to a given value of K is therefore 

(xiii.). 

Hence if e, /8, K have values such that e is very great in comparison with /Sy/K, 

then H will be very small in comparison with K. The rate at which the external 

agency introduces energy is 2eH, and this may be made very small by supposing e to 

be very small, although great in com})arison with /S^/K. If this agency is removed 

3 F 2 
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the state of the gas will only change very .slowly, so that the state specified by 

equation (xiii.) may be appropriately described as the " approximately steady” state. 

When H vanishes in comparison with K, the equation giving this state takes the 

simpler form 

= .(xiv.) 

The conditions which have been found to be necessary in order that this state 

may exist, are that e, ^ should be small, and that K should be so small that 

is very great. Thus the steady state will be possible for all temperatures below 

a certain temperature, namely, the temperature at which /S^/K begins to be com¬ 

parable V'ith €. Below this temperature H vanishes in comparison with K, and the 

rate of dissipation of energy is a small quantity (T the second order. 

It follows that if exj)eriments are conducted at temperatures so low as to be 

below this critical temperature, no value of y can possibly be observed except 

At higher temperatures, there is no definite ratio between IT and K which tends 

to establish itself In fact, if experiments are conducted with a view to determining y, 

the value observed will depend on the past history of the gas and the duration 

of the experiment, so that y may have any value between If and if. 

Thus it appears that if, under the conditions we are now considering, a consistent 

value is obtained for y from experiments on the gas in question, this value can be no 

other than 1|, and the temperature at which the experiments are conducted must 

1)e what has been referred to as a low temperature. It must be particularly noticed, 

that this tenqoerature is only low relatively to the other temperatures considered : no 

knowledge as to its absolute value is possible so long as e and rja remain unknown 

([uantities. If, how'ever, for the moment, we assume that the present molecules are 

a fair representation of the molecules of an actual gas, and that the dissijoation of 

energy caused by our assumed frictional reactions supplies a true analogy to radia¬ 

tion of energy in nature, then we can form some estimate as to what a “ low ” 

temperature must mean. It is a temperature at which H, and therefore the 

radiation, is inappreciable ; that is to say, it is a temperature at which the gas is 

non-incandescent. 

The Dist rihution of Energy in the approximately Steady State. 

\ 9. To sum iq), it appears that if we are v illlng to admit that our present dynami¬ 

cal system supplies a sufficiently good analogue to a real gas, then the introduction 

of a dissipation function will supply an explanation of the difficulties mentioned in 

the introduction, at any rate for the case of a non-luniinous gas. Part II. of this 

paper consists of an effort to show that our present system is a fair analogy, if not 
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of an actual molecule, vet at any rate, of a dynamical system which contains all the 

features we believe to be essential to a molecule. 

Ileferring back to equations (x.), (xi.) and (xiv.), it is now clear that, for a non- 

luminous gas, the equations determining H and K will be 

dKjdt =: - PpK^-.(xvi.), 
and 

eH = .(xvii.). 

Equation (xvii.) is the relation between H and K which must now replace the 

etpiation of Maxwell and Boltzmaxx, viz. : 

H |K. 

It therefore a})pears tliat, in the present case, the total radiation Avill be propor¬ 

tional to K® ", and in the more general case discussed in Part II., the radiation will be 

seen to increase still more rapidly with the temperature. Thus it is easy to see 

how it is possible for the total radiation to increase very rapidly near the temperature 

of incandescence, whereas if we supposed the energy divided in any invariable ratio 

between the diherent degrees of freedom, it is dihicult to see how the radiation could 

be anything but directly proportional to tlie temperature. 

Extension of the fo)rgoinrj Theory. 

§ 10. It is possible, under certain conditions, to apply the above methods to a 

more general type of molecule. 

Let the energy of the molecide consist partly of translational energy, and partly 

of various kinds of internal energy, potential as well as kinetic. The only case 

considered will be that in Avhich the internal energy is small ; the potential energy 

will therefore arise from small oscillations about a position of equillljiium, and these 

oscillations will be of definite period, and such as may be supposed to result in the 

emission of liglit possessing a line-spectrum. Thus the total energy corres])onding 

to any such principal mode of vibration, will, when averaged over a large number of 

molecules, be half potential and half kinetic. 

It is necessary for tlie success of the present method that the })robability of a 

collision between tw^o molecules shovdd depend solely on their relative velocity, and 

not on their internal co-ordinates. Now a rotation is to Ije regarded as Internal 

energy, and a rapid rotation will be equivalent to an increase of volume, and will 

therefore increase the probability of a collision unless the molecules are spheres of 

invariable radius, and of which the centres move in straight lines. Thus the 

molecules must either be spheres of which the centre of gruvity and the geometrical 

centre coincide, or else as in the former case, they must ditter by so little from this, 

that the divergence has no effect on the final result {of. § 5). 
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We shall further suppose for the present that the internal energies are only 

slightly altered by collision, as was the case in the former problem. 

The law of distribution of internal energy will now be independent of the velocity 

of translation, so that the mean value of the internal energy of any specified 

mode, Avill be the same whether the average is taken over all collisions or over all 

molecides. 

The same notation as before will be used in connection with the motion of trans¬ 

lation. Tlie energies of the various internal modes will be denoted by e^, Co . . . . 

and their mean values taken over all molecules by E^, . . . . If ty are the 

potential and kinetic energies of which the sum is Ci then the mean value of will 

be Pi. 

AVe begin by calculating the increase at any single collision in (c~ c'-), 

(Ci “b e\), &c. Each of these quantities will be a quadratic function of the velocities 

concerned, and is symmetrical as reyards the two molecules. We next assume the 

law of distribution of tran.slational velocities to be 

(f) (u, V, H’) = 

and average the values we have found over all collisions, the procedure being 

exactly identical with that already followed in the former problem. 

Eor given velocities we arrive at an equation similar to equation (i.), p. 400. It is 

to be })articularly noticed that the translational ^■elocities can only enter through 

the term V~. We now continue in the manner of § 6. The factor A" again occurs 

multiplying every integrand, and giving rise to the term -^/K in the final result. 

By this means we arrive at equations similar to equations (viii.) and (ix.), p, 403, 

giving the rate of change of K, Ej, E,,, . . . arising from collisions. By what has 

been already said, these must be of the form— 

c/Ej/c/^ = pyP{cqjE| -f- cq^E^ + O^K} 

dYjJdt = Pv/K{«.,^E^ -b cqoEo -b . . . + ?>oK}, 

and similar equations, together with 

= py^Kjc'^E^ -b c^Eo -b . . . fi- cK} .... (xviii.). 

It is here assumed tliat a s})ecified value of any internal velocity is just as 

probable as the equal negative velocity, otherwise the mean value of products of 

difterent velocities could not be siqiposed to vanish. The equations determining the 

steady state are 

"b “b . . . + bji. = 0, 

ci^^i ”b ^D^E^ *b . . . “b = 0, 

t-jE^ -b tqE^ “b . . . . “b riv — 0.(xix.). 



MR. J. H. JEANS ON THE DISTRIBUTION OF MOLECULAR ENERGY. 407 

These equations are not Independent; when they are added together the resulting 

equation vanishes identically in virtue of the fact that the mean total energy is, 

under all circumstances, unchanged by collisions. 

Hence the equations can all be satisfied when the variables E^, Eo . . . K are in a 

definite ratio. The distribution of energy indicated by this ratio will therefore be 

permanent, and since the equations which determine it are linear, it will be unique. 

This is the distribution discovered by Boltzmaxx, in which the energy is equally 

divided between the various degrees of freedom. 

Continuity of Path. 

§ 11. Anv of the coefficients in the above system of equations may vanish ; so tliat 

it will be possible for the equations to fall into two groups, in such a way that no 

variable occurs in both groups. The motion will in this case be steady provided all 

the variables of the first groiqi are in a given ratio, and all the variables of the 

second group are in a given ratio, but there need be no fixed ratio between the two 

groups. 

Thus the total energy of the first group will be divided according to Boltzmann’s 

Law, and the same applies to the second group, but the distribution between the two 

groups will not follow this law. 

This is the analytical expression of Maxwell’s condition as to “ Continuity of 

Path.”=^^ 

The Two Kinds of Internal Co-ordinates. 

§ 12, Let us suppose, as before, that certain velocities are subject to a retardation 

proportional to the velocities. The mean energies arising from these degrees of 

freedom will be denoted by F^, F^, . . . , the letters E^, E^. . . . being reserved for 

those energies which are not dissipated by friction. 

The system of equations (xvlli., p. 406) must now be replaced ijy 

d.Y.Jdt = pfK {Scq.E, 4- 2p„F, + 6iK}, 

dFfdt = Pv/lx {S(^ijE^ + SrjjFj — ^iFi, 

d^idt = p^/K\tcJI,■Yto:Y,feKd^.(xx.). 

If we supjjose that at a collision only a small amount of energy can be exchanged 

between the F modes and the remaining modes, then all the coefficients p, q, V, and 

c will be small. 

It is immediately obvious that equations (xx.) may be treated exactly as equations 

* Maxwell, ‘Camb, Phil. Soc. Trans.,’ vol. 12, p. 548 ; or ‘Collected tVorks,’ vol. 2, p. 714. 



408 ME. J. H. JEANS ON THE DISTRIBUTION OF MOLECULAR ENERGY. 

(x.) and (xi.) were treated. At low temperatures the ratios F E all tend to zero, and 

the equations may he replaced by 

cmjdt = pv/K 

p\/K [Sq^E, + S^i.E^ 4" ~ ^iFi = 0, 

and d'Kjdt = pv'^K (Sc^E^ + cK].(xxi.). 

A steady state would he possible, if we could simultaneously satisfy all equations 

of the type, 
+ hiK = 0, 

together with , Sc^sE^ -}- cK =0.(xxii.), 

by values of K, Ej, E^, &c., which were different from zero. 

Let us use S to denote summation with resj^ect to degrees of freedom. Then since 

we know the solution of equations (xix., p. 406) we can, by substitution, arrive at a 

system of relations between the coefficients. 

Making allowance for the alteration in notation {cf. equations xx., p. 407) these 

relations can be written in the form 

Suis + -f 36^ = 0, 

and Sc^ “h -{- 3e = 0. 

If we attribute an amount of energy X to every degree of freedom, we have 

2oi,E, + hiK = X (Soils + 3^i) = —XS^ij 

and Sc^Es + eK = X (Sc^ + 3e) = — XSc',. 

Tims tlie equations (xxii.) are very approximately satisfied, in virtue of the 

smallness of the and c' coefficients. The solution we have found will therefore 

give a state which is approximately steady. 

§ 13 Thus at a sufficiently low temperature the energy of the gas which we have been 

considering Avill distribute itself in such a manner that an equal amount of energy 

will correspond to each degree of freedom Avhich is not retarded by friction. The 

amount of enei’gy corresponding to a degree of freedom Avhich is retarded by friction 

Avill he vanishingly small. The amount of such energy is given by the equations, 

F, = p'/'A {lq„E. + b\K} (xxiii.). 

If the degrees of freedom included in the E’s are n in number, and those counted in 

the F’s are m in number, it is obvious that the ratio of the specific heats must he 

taken to be 

7=1 + 
2 

n + 3 
(;xxA.), 
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whereas Boltzmann’s theorem would lead to 

.y 1 ^ . 
* 9)1 ^ 71 -f* 3 

The equation (xxiv.) will only hold in the limit when the temperature 0 = 0. At other 

temperatures y will have a slightly different value, since the F energies cannot be 

entirely neglected. Our results as before only hold up to the temperature at which 

the gas begins to emit an appreciable amount of radiant energy, and this temperature 

may be supposed to be somewhat above the point of incandescence. 

Up to this point, Fj, Fo, . . . will always be in the same proportion to one 

another, so that the brightness of the various lines in the spectrum will be in a 

constant ratio, each being proportional to 6^ 

§ 14. We have been working on the assumption that there is a complete absence 

of frictional forces acting on K, and on E^, Eo, .... These assumptions, however, 

are not necessary. In the steady state we have from equation (xxlil.), 

F, = pIU q 

where is a quantity which depends only on the construction of the molecule.^ Tlie 

temperatures which have been considered have been those for which —y^K, —y^K, 

&c., are all very small. But if for any single degree of freedom, say that for which 

the energy co-ordinate is F^, either is exceptionally small or exceptionally great, 

the range of temperature will he greatly restricted on this account. At temperatures 

at which —.y/K is large while the remaining similar quantities are small, it is clear 
^1 

that Fi must be treated as an E co-ordinate. 

At zero temperature all the energy co-ordinates to which friction corresponds 

must be regarded as F co-ordinates. As the tem])erature increases we must supjDOse 

these co-ordinates one by one to change from being F co-ordinates, and after 

occupying a position intermediate between that of an F and that of an E co-ordinate 

to finally become E co-ordinates. If there is a co-ordinate for which e is extremely 

small, or yS very great, that is to say, a co-ordinate corresponding to a degree of 

freedom which is only very slightly retarded by friction, or to one from which energy 

passes freely, then such a co-ordinate will become an E co-ordinate at such a low 

temperature that it may be regarded as always being an E co-ordinate. 

* It may be noticed that the value of fSi supplies a measure of the facility with which energy is 
exchanged between the Fi mode and the other modes. If 0i — 0, it is impossible for such an exchange 
to take place, and the Fi mode does not satisfy the condition of continuity of path. Thus if friction 
dissipates the energy of the Fi mode, the value of Fi will finally be zero. If, how'ever, we have fSi = 0, 
together with €i = 0, the value of Fi is indeterminate. The rotation of the loaded sphere about the axis 
of symmetry supplied a good illustration of a mode of energy for which /? = 0. 

VOL, CXCVI.—A. 3 G 
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Variation of y with Temperature. 

■ff 

§ 15. Thu.s our conclusion is tliat it is not permissible to count the degrees of 

freedom ; they must be weighted as well. We can write 

7=1 + 3 + Art, 

where o, is the “ weight ” of the sth degree of freedom. So long as —is small, 

we may put «, = 0. AVhen this quantity is very great, either owing to the greatness 

of K or the absence of e„ we put a, = 1. For intermediate values of —^K, rvill 

be a proper fraction, the value of which depends not only on the temperature but 

also on the series of changes through which the gas has passed. 

As a consequence of this, it is clear that y may be expected to vary with the 

temperature, and that it is no loiiger restricted to having one of the values given by 

the formula 1 + 2/72. It would be going too far to expect any agreement with 

experiment at present, since we are considering a, purely arbitrary type of molecule 

such as certainly does not exist in nature. 

Case of a Diatomic Molecule. 

^6. As an illustration of the forenoino- theorv, we mav examine the case of a 

molecule which is composed of two atoms lield together by an attractive force. The 

atoms can execute internal vibrations olviup' rise to the emission of lio-ht : for these 
O O & ’ 

viljratlons we can suppose — ^/K to be very small, so that a = 0. The molecule can 

rotate about its axis of .symmetry, but we can suppose /3 to be zero, so that again 

a = 0. For the rotation about the two remaining axes ^ will be large, so that we 

may take a = 1. We can suppose that the oscillations of the atoms as a whole about 

their position of equilibrium are dissipated by radiation so that a = 0."^ 

This leads us to the value y = If, a value which it is impossible to arrive at by 

means of Boltzmaxn’s theorem when we are considering a molecule which is made up 

of two separable parts, but which is nevertheless known to be the true value for many 

diatomic gases, such as hydrogen, nitrogen, and oxygen. If the present theory in 

* Riidiation of this kind would give rise to definite lines in the spectrum of a frequency which might, 

and probably would, be r^ery different from the frequencies of the light vibrations given out by the 

internal vibrations of the atoms. In this connection it is of interest to remember that experiments with 

Hertzian vibrators have demonstrated the existence, in certain substances, of free periods of which the 

frequency is only about 1/1,000,000th of the frequency of the sodium lines. (P. Drude, ‘ Wied. Ann ,’ 

vol. 58, p. 1; vol. 59, p. 17 ; vol. 61, p. 131.) 



mi. J. H. JEANS OX THE DISTRIBUTION OF MOLECULAR ENERGY. 4II 

auy way corresponds to the tacts, the molecules of these gases must possess a 

symmetry similar to that possessed by figures of revolution. 

PART 11. 

The Disteibgtiox of Energy tn a Gas of which the Molecules are of a 

MORE General Tyre. 

Statement of Problem to he Discussed. 

§ 17. Having discovered, by means of the simple dynamical illustration discussed 

in Part I., what sort of results are to he expected, it now becomes possible to examine 

the case in vdiich the molecules form a more complex dynamical system, and as this 

may be done by an entirely ditferent metliod from that previously followed, it is now 

possible to remove the restrictions which it was previously found necessary to impose 

on the nature of the molecules. 

The molecides are, as before, supposed to be all exactly similar, l)ut intermolecular 

forces are no longer excluded, and the radiation is supposed to be of a more general 

type. 

Let us su})pose that each molecule is a d3mamical system, possessing in itself 

k + n degrees of freedom in addition to the freedom of the molecule to move in 

space. There will therefore be 2 {Ic + n) + 3 co-ordinates required to specify tlie 

condition of a molecule apart from its position in space, and 4 [k -f n) -f- 8 quantities 

are required to specify a collision. 

The co-ordinates of position of any molecule will be 

X, II, z, the co-ordinates of its centre of gravity referred to axes fixed in space, 

Pu Pc’ • • • co-ordinates which do not occur in the expression for the 

potential energy ; as, for example, the co-ordinates which determine the 

, orientation of a rigid body. 

?q, r„, . . . the co-ordinates Avhich do occur in the ex})ression for the 

potential energy'. 

The co-ordinates of velocity will be 

iq, iq, iq the time-diflerentials of x, y, z. 

7i, p, • . • <ln ,, „ ,, Pi, ih, ■ • • P«. 

6q, q, . . . s^ ,, ,, ,, r^, . . . r^. 

We shall write c® for u~ + -p w~, and it will frequently be necessary, for the 

sake of brevity, to denote all co-ordinates of the same type liy a single representative 

letter without a suffix. 

Thus F(p) po, . . . p,) 

du — (/(q fpq cZiq, &c. 
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We shall assume that these co-ordinates are principal co-ordinates of the system, so 

that both the kinetic and potential energies will be the sums of squares. We may, 

in fact, write 

2V = cpq2 _p cpv + . . . + c,?v 

2T = mc2 + 2Q -h 2S 

where 

2Q = + ^^9.2 + • • • d~ ^n9n 

2S = “h -f- . • . “h clnS,“. 

We shall suppose the oscillations of the r, s co-ordinates to be so small as to be 

isochronous, and in this case the c and d coefficients will be constants. Since the r 

co-ordinates are to be very small, the “ configuration ” of a molecule may be supposed 

to be determined by its p co-ordinates. 

With a view to simplifying subsequent analysis, we shall assume that the ds also 

are constants. It will be seen that the character of our results is not materiallv 

modified by this .simplification, and the assumption is, of course, legitimate if we 

suppose the molecule, except as regards small oscillations, to behave like a rigid 

body, the atoms never moving far from certain equilibrium positions. We shall 

s\q)})Ose that the A’ibrations of the molecule result in a radiation of energy, and we 

accordingly assume a dissipation function G. This will be siq^posed to be a quad¬ 

ratic function of the 6’ co-ordinates with constant coefficients ; it will not in general 

be reducible to the sum of squares. The existence of G inqjlies an interaction 

between matter and ether. The assumption that G contains no terms in u or q is in 

strictness only legitimate if we suppose the u and q velocities to be unintluenced by 

the ether, but it is easy to see, as in § 14, that even if these velocities are acted upon 

by the ether, the neglect of these actions is of no Importance so long as they are 

sufficiently small. 

We have spoken of T and V as kinetic and potential energy, but there is ilo 

reason whv these energ-ies should not be regarded as electro-magnetic and electro- 

static energy, or indeed as energy of any other kind, provided only that it is always 

possible to deduce the equations of motion from the energy function by LagkaxgeIs 

method. But it is probaldy best to regard the system just specified as simply a 

dynamical system in the strictest .sense, this system being capable of illustrating all 

the })roperties which experiment .shows to be po.s.sessed by a molecule. 

§ 18. Corre.sponding to a collision in the ca.se of two S2)heres, we shall suppose that 

it is possible for an action to take place between two molecules, and this action will 

he spoken of as an “encounter.” For the present, it is not necessary to specify the 

exact nature of an encounter, but it will be supposed 

(i.) that the duration of an encounter is infinitesimal, so that an encounter 

causes no direct change in the co-ordinates of position of a molecule. 
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(ii.) that an encounter is similar to an impact in the former problem, in that it 

may or may not entirely change the translational velocities of the two 

molecules concerned, but that the internal velocities are only changed by a 

small amount. 

The sudden increase in any quantity f consequent on an encounter will be denoted 

by A^. 

In virtue of the above assumptions 

= 0, Ar = 0, 

Af^ and As are small, and Aw will in general be comparable with u. 

A “collision” wdll be a special case of an encounter, and may be described as 

follows. Suppose that every molecule is surrounded by a small sphere, of which the 

centre coincides with the centre of gravity of the molecule, and which moves as 

though it were rigidly attached to the molecule. The radius of the sphere is not 

yet fixed, but it must be such that the s])here entirely encloses the matter ot which 

the molecule is composed. Tlien a collision will be defined as an encounter which is 

such that the spheres of the two molecules which are engaged, intersect; the 

“ duration ” of a collision will be taken to be sufficiently long to include the whole 

interval from the instant at which the spheres first intersect to the instant at which 

they separate. The assumptions as to the nature of the gas, which are usually 

expressed by saying that the gas is molekular-iitigeordnet, and that the number of 

collisions in which three or more molecules are engaged, is infinitely small in com¬ 

parison with the number of binary collisions, will be replaced by the following 

assumptions : 

(i.) The duration of a collision is so short, that the positional co-ordinates may be 

treated as constant throughout the collision, while the velocity co-ordi¬ 

nates are abruptly changed. 

(ii.) The chance of any molecular sphere intersecting two other spheres at once, 

vanishes in comparison with the chance of its intersecting one other sphere. 

(iii.) The chance that a molecule A is found with all its co-ordinates within certain 

small ranges of values, which are such that the sphere of the molecule does 

not intersect any other sphere, depends solely upon the co-ordinates of the 

molecule A, and upon the potential upon A of the field of intermolecular 

force; it does not depend upon the arrangement of the other molecules. 

The Charaeteristic Equation. 

§ 19. Starting from the state of the gas at the time t = 0, we can arrive 

at the state after an interval dt, by imagining the following succession of 

events. Suppose in the first })lace that each molecule is allowed to move under 
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no force excej:)! its own internal forces for a time dt, and let all the collisions 

^\•llicll would occur in this time he supposed to occur. After this imagine the 

molecules divided into pairs in every possible way and sujDpose an encounter to 

occur bet’s^'een the two molecules of every such pair. The duration of the encounter 

is to be dt; during it the co-ordinates of each molecule are to change only on account 

of the forces of the encounter; that is, on account of the intermolecular forces 

existing between the two molecules under consideration. These encounters are to 

take place consecutively, not simultaneously. 

It is easily seen that each molecule has now been acted upon by exactly the same 

forces by which in the actual course of events it would have been acted upon in the 

interval dt. Hence, since there is no limit to the smallness of dt, the final state of 

the gas is independent of the order in which this series of events takes place, and is 

identical with the state in which the ^as would have been found if the forces had 

acted simultaneously. 

Two points deserve attention in connection with this argument. Firstly, it might 

be objected that the changes in the co-ordinates of molecules which exjoerience an 

actual collision are not additive, inasmuch as one of these changes is not infinitesimal. 

It is, however, clear that there is no necessity to take the infinitesimal changes into 

account at all in the case of these molecules, for the number of these molecules 

vanishes in comparison with the total number when dt is made to vanish. Secondly, 

it is true that the number of molecules within any specified limits will not always 

consist of the same individual molecules. But it is a fundamental assumption of the 

kinetic theory that any N molecules which have nothing in common except that 

certain co-ordinates have specified values, will behave exactly like N other similarly 

conditioned molecules. 

We can therefore reduce the continuous chano-es of the co-ordinates of molecules 
O 

whicli arise from the action of intermolecular forces, to a series of encounters of the 

kind described in § 18. 

§ 20. To completely specify an encounter, we require the values of all the co-ordi¬ 

nates enumerated in § 17, of both molecules. It will, however, be convenient to 

write 

t 
X =. X — X, 

with a similar notation for y, z, n, v, w, and to specify a collision by the values of 

x", . . . instead of the values of a;' . . . 

As regards the law of distribution of the various co-ordinates, we notice that 

whatever the values of the y, r, s, and it co-ordinates may be, the probability that the 

■p co-ordinates lie within the limits dp may, in the absence of external forces, be 

taken to be fi{p)dp where f{p) dp = 1. Since the internal energy is only slightly 

changed by encounters, we shall again suppose that the distribution of internal 
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energy is independent of the translational energy, and hence we may suppose that 

the number of molecules per unit volume which lie within a raiige d]^ dq dr ds du is 

* {u) F [q, r, s) f{p) dq) dq dr ds du, 

or, as it will be frequently written, 

(hF/fZp c^P du, 

r/P being written for dq dr ds. 

We shall suppose that the gas has adjusted itself so that the distribution of the 

energy of translation is the permanent distribution. Thus at a point at which the 

potential energy of a molecule is rp we shall have 

As we are going to admit the existence of intermolecular forces, the potential of a 

molecule at a point will depend on the co-ordinates of the molecules as well as the 

position of the point. Thus x(j will in general he a function of x, y, z, p and r. 

Let molecules of which the co-ordinates lie within limits dp c/P du be called 

molecules of class a ; if the limits are dqj c/P' du , let the molecules be described as 

molecules of class Each of these classes will consist of a number of molecules 

wliich is indefinitely small in comparison with the total numljer of molecules 

present. 

At any moment, let us imagine all the molecules placed in position, except those 

belonging to one or other of these two classes. Let them produce a field of force such 

that if a molecule of class a is placed with its centre at the point x, y, z, then 

the potential of this molecule will be U. 

Then the probability that a molecule of class a will be found with its centre within 

an element dx dy dz at x y 2 is 

g-;i(mc2+2n)pjp 

Hence the total number of such molecules to be found in the whole unit volume 

may be obtained by integrating this expression over the whole volume, and may be 

written as 
N, = e-^‘^'^‘'^~^^FfdpdFdu.(i.), 

where 

Q-zh'i _ clx dy dz.(ii.). 

The integral is taken over the whole unit volume, since the integrand is supposed 

to vanish if the point x, y, z is such that the centre of a molecule of class a cannot 

be found there. 

The tpiantity F will be called the mean intermolecular potential for a molecule of 

class a. It is clearly a function of all the coefficients which occur in the law of 

distribution as well as of the co-ordinates of molecules of class a. If we remember 



416 MR. J. H. JEAXS ON THE DISTRIBUTION OF MOLECULAR ENERGY. 

that the r co-ordinates are supposed to be very small, it is clear that it will be 

sufficient to imagine that is a function of 

(i.) /;, on account of the way in which this coefficient enters in equation (ii.), 

(ii.) the coefficients occurring in f{p) (these have, however, alread}^ been 

assumed to be invariable), 

(iii.) the p co-ordinates of molecules of class a. 

Thus, for our purpose, is a function of li and p only. 

Fixing our attention on any one of these molecules of class a, the probability that 

the centre of a molecule of class /3 may be found within the limits dx" cly" dz" 

measured relatively to the first molecule will be 

Pjy dV dll' dx" dy" dz", 

where fit' is the potential of a molecule of class 8 at this point. Now n'can be made 

up of two parts, the part due to the jmesence of the single molecule of the first 

class, and Ho the part due to all the other molecules combined. 

It is clear that will only depend on the two molecules of the encounter, and is 

therefore a function of p' v x," y" and z". 

The total number of encounters of the type we are now considering, namely those 

within limits 
dp dP dll dp' dV dll' dx" dy" dz".(ill.), 

will be 
¥'f dp>' dV dv' dx" dy" dz", 

where the summation extends to all the molecules of class a. 

This number may be written as 

f/p' dV dll' 2 dx" dy" dz". 

Now it is obvious that the mean value of taken over all the elements of 

volume Included in the summation, will be where ‘4'' is the mean intermolecular 

potential of a molecule of class /3, and is therefore a function of h and p/ only. 

Thus, since the summation extends to N,, elements of volume, 

y ^-2;,n, y yp ^ yp, yy^ y. 

This gives us for the total number of encounters of the type we are considering, 

y^^ y-p y^ yy yp> yp yp> yy> yp. 

or, if we write 

the number is 

7? = h{m{c- -f c'-) -f 2'¥ -f 2^E' -f 2^1) . 

e-” ¥¥'//' dp dT dll dp' dV dll' dx" dy" dz" (v.). 
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Let us call encounters of this type, encounters of class A, and denote their number 

(expression (v.) ) by N^. 

There will be a second class of encounters which will lie called class B, such that 

the co-ordinates after the encounter lie within the limits (iil.), (p. 41G). The 

co-ordinates before the encounter will accordingly lie within certain other limits, 

(Ip dV (lu dp dP' du' dx" df dz". 

surrounding certain values p, P . . . &c. By Liouville's Theorem, tlie complete 

diflerential (vi.) is equal to the complete differential (iii.), hence the number of 

encounters of class B will, by compaiTson with (v.), be seen to be 

e-” FF77 dp dP du dp dP' dll dx" df dz". 

the positional co-ordinates and therefore also remaining unaltered by the 

encounter. 

Let No be the total number of molecules lying within a range dP. Then a 

certain number of encounters of class A will result in a unit lo.ss to N^, a certain 

number of encounters of cla.ss B in a unit o-aln. Thus, if for one at least of the 

co-ordinates which are changed by the encounter, say we have where A 

denotes an increase due to an encounter, then it is certain that the co-ordinate ^ will 

be placed outside the limit d^, and No will accordingly be diminished by unity. 

It is, however, conceivable that for every co-oixlinate we may have Af <d^, and in 

this case there is a prol)ability \ that no single co-ordinate passes outside its limits, 

and therefore that the molecide after encounter must still Ije counted in No. It is 

easy to see that the probaldllty that the ^ co-ordinate remains with the limits cf is 

( 1 )) and therefore that 

\ = n 1 - 

where IT denotes continued multiplication extending to all the <p s co-ordinates. The 

I0.SS experienced by Nq on account of encounters of class A will therefore be (1 —■ X) Na 

where X = 0 for certain values of x" y" z", and is a proper fraction over the remainder, 

and the boundary of these regions depends on the co-ordinates of encounter. 

It follows tliat as the result of encounters of classes A and B com1)ined, there is a 

net gain to Nq of 

[(1 _ FP' - (1 - X)c->> FF']#' dp dP du dp dV du dx” dy” dz". 

Tlie expression in square Ijrackets may Ije written as A {(1 — X)e~’'FF'}. Hence 

the total gain to N^ arising from all classes of encounters will be 

dP >A{(1 - X)c FF'j ff dp du dp' c7P' du dx” dy" dz". (vii.). 

o 
O II VOL. CXCVI.-X. 
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Here, as throughout the paper, a single tall integral sign denotes integration over 

all values of the variables, of which the differentials occur after the sign of integration. 

For those values of x'\ y", z", for which X is different from zero, we have seen that 

is, for every co-ordinate ^ of the same order of small quantities as d^, and hence 

it follows tliat 

\ A [Xe-” ¥¥']//' dp du dp' dP' dll' dx" dy" dz" 

t.' 

is of the same order of small quantities. 

In the limit, when the differentials such as r/f are supposed to vanish, this integral 

will vanish also, so that we may put X = 0 in expre.ssion (vii.). 

The total gain to Nq from all encounters is therefore F/P, where 

I = ^Afe-” FF'Ij^^' dp du dp dP’ da dx" dy" dz" .... (viii.). 

§ 21. Now we have seen (§ 19) that the change in Nq in time dt will arise from 

three causes— 

(a) the change arising from collisions, 

(/3) the change arising from encounters otlier tlian collisions, 

(y) the change arising from the change in the co-ordinates of the various mole¬ 

cules during the time dt, which would occur if there was no interaction 

lietween different molecules. 

Now any molecule. A, will collide with a second molecide, B, in the interval of 

time dt, provided that at the beginning of this time the centre of A lies within a 

certain region of space ; provided, tliat is, that x" y" z" lie within certain limits. It 

is easily seen that these limits are arrived at by writing dx" = u" dt, and allowing 

for y" z" a range of values corresponding to points inside a certain circle of diameter 

equal that of a molecular sphere. Hence the increase in Nq arising from cause (a) 

will be Jc/P dt where 

J = \ Ale-" PP']ff' dp du dp' dP' du' u" dy" dz" .... (ix.), 

and A denotes the Increase due to a collision. 

The Increase arisino- from encounters other than collisions has alreadv been found 

to be h/P (see viii.), where A must denote the increase due to an encounter of which 

the duration is dt. Since dt is to be very small, we may replace A by dt H/D/, 

where D Di denotes the rate of increase under tlie influence of intermolecular forces 

only. The increase to Nq arising from cause (^) will therefore be Kc/Pt/h where 

K [e ’’FF'] ff dpdu dp' t/P 'du' dx" dy" dz 
(x.). 
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§ 22. In addition to the gain or loss which has just been calculated, Ng will experi¬ 

ence a further g-ain or loss on account of the gradual changes in the co-ordinates of 

the various molecules. 

Let i be a typical co-ordinate, and and -f the limits of the values of ^ for 

> • • • ^ 
molecules counted in Ng. After a time dt, f will have increased to ^ + dt, so that 

id 

some molecules will enter within the above limits, and others will pass out, in course 

of the time dt. 

The molecules Avhich enter within the limits will be those for which, at the begin- 

ning of the interval, ^ had a value which was between |^g — ( —) dt and ^g. The 

number of such molecules is accordingly 
/ ^0 

Similarly the number of molecules which esca^je from between these limits is 

(No f) rf'. 

so that the resvdtant gain to Ng on account of changes in the ^ co-ordinates, the other 

co-ordinates being su|»posed to remain constant, will be 

-al(Nof)'''- 

There is no limit to the smallness of dt, so that if all the co-ordinates vary simul¬ 

taneously, the gain to Ng will be 

— (7^ N — (n — 

or — dt N dt^—i*^— 

in which the summation extends to all tlie co-ordinates q, r, and s. 

The value of d^^ dt must be found from the equations of motion of the molecule 

when under the action of no external forces. If -q be any co-ordinate of position, and 

E be written for the total energy T -f- V, then these equations will be of the form 

d /0E\ _ 0E 0G 

dl \c~^) ~ crj ~ dq ■ 

This leads to the following scheme of values for the various time-differentials 

dt = 
d?! 

— 0 
di\ 

dt — o. 
dt 

ds^ A,. _ i 
dl ' d, 

(7Gr du.^ 
= 0. 

dt ~dt 

3 H 2 

U’ 
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Now it appears from the scheme of values just found that terms of the form 

can only arise in connection with the s co-ordinates, so tliat (-r) mav he 
d^\rUj r^\iUj 

replaced hy — e where 

— 1 ^ I 1 

Tl lus the gain to N^ arising from the cause (y) will be 

-dl.t ® ” J + e N„ cU (xL). 

We have now counted u}) all sources of change in Nj; we therefore have, as the 

equation to be satisfied by Nq, 

= JdPdt + KdPdt -h 
vt Cq dt 

§ 2-3. We have found the etpiation ( (i.), p. 415), 

(xii.). 

and No = :SN„ 

where the summation is such as to cover all ranges of p and u. 

We may therefore write 

where 11 is given by 

N,. = HF (7P 

II = \e (/n.(xiii.), 

and is therefore a function of h only. 

Substituting this value of Nq in equation (xii.), we have the equation 

|(HF) = J + K + .HF-Hr|f . . . . (^N) 

Tjet us write F = e ^ and substitute this value for F in the integrals J and K. We 

have 

A {c"’’FF'} = + 

- g - (^ + X + x') (J - 1 + X + X') _ ■[ j 

lleferring to equation (iv.) we find that 

T7 -h X x' “ h'{m (c" -p c') + 2^' -g 2'F -f- 20] -f y “F X • 

From the equation of energy (see p. 412), 
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A ' in (c' -|- c 2 (Q -j- -l- Q -f- < — 0. 

Hence A (>; + x + x') == — H, 

where C = 2A (Q + S + Q" + S') — x — X • 

Ill virtue of the assumptions which have been inacle, ^ is a small quantity, so that 

■we mav put 

- 1 = AC, 

and therefore A { e “ FF'} = Fe “ ^ AC- 

The same transformation holds if A is replaced by 1)/DL Hence we have (see 

equations (ix.) and (x.), p. 418). 

J = FL, K = FM, 

where L= dp dndp dV' du u-i dy" dz' .... (xv.), 

Making these substitutions, equation (xiv.) becomes 

-F - HF'if = F(L + M) + eHF + HF^ 
at dt 0^ dt 

or dividing throughout by HF, 

I = lF",/-^-l7a+M)-X _ _ _ ^x 
dt ~ n dt " H^ 0c Jt 

This is the characteristic ecjuation satisfied by x- 

(xvi.). 

(xvii.). 

Form of General Solution. 

§ 24. We must first examine in what way the integrals L and M involve q, r, and 

5. In L these co-ordinates are only involved through the factor A^^ which occurs in 

the integrand. 

Now Ar = 0, and Aq, As can, from the equations of impact, be expressed as linear 

functions of all the velocities concerned. The coefficients will be functions of p, p', r, r', 

but we may as usual put r, r' = 0. 

It follows that A^ is a function of q, r, and s of degree equal to that of and will 

involve q)> q>'^ these variables. If, then, ^ is of degree n in q, r, and s, 

we may regard A^^ as a function of r, and s of degree n, of which the coefficients are 

functions of the variables with respect to which integration is performed in 

evaluating L. Hence after integration we shall have L as a function of (p r, and 5 of 

degree n. 
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In the same ’way, the variables q, r, and s only enter the integral 1\I, through the 

term D^,Dt, and we may write 

Dt 0^ ■ 

Now denotes the rate of increase in f owing to the action of forces of which 

the potential energy is 

Write E = T -f T' + then 

H \ ^ 
\)t drj j d.Tj 

in which p is any one of the p or r co-ordinates, and 77 is the corresponding velocity 

co-ordinate. 

^ Dq 1 dn^ Dri . Dsi 1 dn^ 
jyt ~ \ dqq ’ ’ Di ~ rfr/ 

The right-hand members of these equations will be functions of the p, p\ r, r co¬ 

ordinates, but it is clearly legitimate to put r, r' all equal to zero, and regard the 

expressions as functions of p) and pj' only. 

It therefore ap^Dears that Dy/D^ will be a function of g, r, and s, of Avhich the 

degree is [n — l), and upon integration, that M is a function of g, /’, and s of the 

same degree. 

The terms ^ and X ^ ^ 
ct dt 

and s of degree n. 

§ 25. It is therefore clear that the correct form to assume for y is a rational integral 

algebraic function of the co-ordinates g, r, and i?. 

If we assume y to be the most general function of degree n in these co-ordinates, 

the coefficients being functions of the time, and if we substitute this assumed value 

for y in equation (xvii.), we shall get. on each side of the equation, a function of 

g, r, and s of degree n. 

If therefore Ave equate the coefficients ot every term on the two sides of the 

equation, we shall have found a solution of equation (xvii.). p. 421, inasmuch as this 

equation is noAv satisfied identically for every value of g, r, and s. 

The process of equating these coefficients leads to a series of difierential equations, 

in Avhich the time-rate of increase of every coefficient is given explicitly in terms of 

the other coefficients and of It. If, therefore, Ave suppose the coefficients to A'ary A\’ith 

the time in the manner given by these equations, the A'alue of y so obtained AA-ill be a 

solution of equation (xA'ii.) for all time. Since the equations inA’olA'e h, and h A-aries 

Avith the time, one further equation is required before Ave can express the co-ordinates 

at any time in terms of the initial A'alues of the co-ordinates and the time. This 

additional equation is supplied by the fact that N, the total number of molecules, 

remains constant. 

AA'hich occur in equation (xAui.) Avill be functions of g, r, 
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We have (see § 23, equation (xiii.) ), 

N = ^ HF c/P = j e-M^c^+2^)j-Y dp dF du . . . (xviii.), 

and the equation dN/cZ^ = 0 is the equation required. With the help of the other 

equations, it can be written so as to give dhjdt explicitly as a function of h and the 

other co-ordinates. 

Thus if we have the initial form of y given, we have obtained sufficient equations 

to enable us theoretically to determine y at any subsequent time. It is not proposed 

to attempt the solution of the system of equations in the most general case ; the dis¬ 

cussion is confined to the modified forms which these equations assume in the two 

states of which the physical interest is greatest, namely the steady state, and the 

state in which the gas is non-luminous. 
O 

Solution in Steady State. 

§ 20. The mathematical condition that a steady state may be possible, is that it 

may be possible for the time rates of variations of the coefficients to vanish 

simidtaneously. From the equations found by equating to zero the time rates of all 

the coefficients except h, it is possible to find these coefficients in terms of h so that 

the condition for a steady state to be possible is that the function of li obtained by 

substituting these values in the expression for dh'dt shall vanish identically for all 

values of A. It is, however, known that the condition that a steady state shall be 

possible is that G shall be identically zero, and we may therefore begin by putting 

G = 0 and neglecting the equation dhjdt — 0. 

Thus all the equations necessary are contained in the characteristic equation 

satisfied by y, and this is now {cf. equation xvii., p. 421) 

H 

or substituting for d^jdt from the scheme of p. 419, 

) (L + M) 4- i (? s, - h II ' 1 ' crj fq oq 
= 0 (xix.). 

Let us assume as a possible value for y the most general expression of degree n in q, 

r and s, the coefficients now being independent of the time. 

Consider the system of equations which is obtained when we equate to zero tlie 

coefficients of terms of degree n in equation (xix.). The terms of degree n in the 

integral L arise entirely from the terms of degree n in y (see § 24). These terms 
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will each l^e multiplied by linear functions of the coefficients of terms of degree n in 

y, and tlie whole expression will he multiplied by X where 

X = ^ d]) dll dp dY du u" dx" dif. 

Now XF dP is the number of collisions per unit time which are experienced by all 

the molecules of which the q, s, co-ordinates lie within limits dP. Since tfie 

probability of a collision does not depend on the q, r, s co-ordinates, it follows that 

the total number of collisions per unit time is X |F dP. It follows that X is a 

function of h only, and does not depend on the coefficients which occur in y. 

I]i the second integral M, terms of degree n do not occur at all. 

In the remaining terms of erpiation (xix.) terms occur of degree n in q, /*, s, the 

coefficients l)eing of the same form as those occuriing in L excej^t that the factor X 

does not occur. 

We have thus found as many equations as there are coefficients ; in these 

equations every term is a coefficient multij^lied by a constant. The only solution 

of tills system of equations is that every coefficient vanishes. 

This result depends on the assimq:)tlon that n is greater than two. Hence in tlie 

steady state y will contain no terms of a degree higher than the second in q, r and 

At the same time y can contain no terms which are linear in q, r or s. The intro¬ 

duction of these terms would give a law of distribution such that an Infinite nund)er 

of molecules would have an infinite value for di dc 

We may, therefore, suppose tliat, except for an additive constant, y is a quadratic 

function of q, r and .s, in which only square terms occur. 

The equations between the coefficients of this quadratic expression must he linear, 

since they are the coefficients of the terms of highest degree in y, and hence must 

lead to unique value for these coefficients. 

Thus for the type of molecide wliich we have been considering, there is onlv one 

steady state })ossible on the assumptions we Iiave made. 

It is easily verified that 

y = Q + S + V.(xx.) 

is a solution of equation (xix.). For, with this value for y, 1)^/1)/ and both vanish, 

• 0Y fd cy 
so that L and M both vanish, and we have also ,s, = ?’|. Hence everv term 

of equation (xix.) vanishes separately, and the value of y given by eipiatlon (xx.) 

supplies a solution which, as we liave seen, must he unique. This is the solution of 

Maxwell and Pair.TZAr vxx.''" 

* The possiliility of x hoiiig an infinite series has l)een disregarded in tlie ahovc sections. lYe may, 
however, consider that a series which was divergent for any finite values of tlie variables would lead to an 
impossible latv of distrilmtion, whilst a series v Inch is convergent for all finite valne.s, may be treateil as 
the limit of a finite series in which the number of teims is made infinite. 
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Solution for Loiv TemperatU7'es. 

§ 27. Ill the approximately steady state which was found to be possible at low 

temperatures, for the previous system of molecules, it was found that the various mean 

energies varied very slowly with the time. But if such a state were possible for the 

present system, it would not follow that y would only vary slowly with the time, so 

that an approximate solution of cZy/cZ^ = 0, even if it could be found, would be useless. 

Let us, however, examine under what circumstances we could have dxidt equal to 

zero, without approximation. From the remarks at the beginning of the last section, 

it is clear that the coefficients in y can be so chosen as to make dy/di equal to zero, 

but that it is only in the event of G being absent, that these values will also make 

dhjdt = 0. 

Let us suppose that by some external agency h is caused to increase uniformly 

throughout the whole gas, at a rate exactly equal to the rate at which it decreases 

in consequence of the value of dh/dt, found in the manner described at the beginning 

of § 26, being different from zero. Then a completely steady state will have become 

possible, and this is because the imaginary'agency introduces exactly sufficient energy 

to compensate that lost by radiation. In a state such as that which, in the first 

part, was described as approximately steady, the radiation was very small. If a 

similar state can be shown to be possible in the present case, the radiation will be 

very small, and therefore the energy introduced from outside will be very small. 

Hence it will be legitimate to describe the state which would be arrived at by 

checking the external flow of energy as approximately steady. 

The equation which leads to such a state is dy/d^ = 0, or 

€ + (L + M) + 
7\0r ^ 3% 1 G 0Si 3q 

(xxi.). 

The last term in ecjuation (xxi.) is of the same degree as y, so that just as in the 

last section it may be shown that y cannot contain terms of a degree higher than 

the second. And for the same reason as before, y cannot contain terms linear in any 

of the coefficients, so that we may assume 

X — + Kj. 

Now at low temperatures all the terms in equation (xxi.) are small, except terms 

of the form 

^ . _ b ^ 
0q ^ G 35j ^ ‘ 

These terms must therefore vanish approximately for all values of the variable, and 

this requires the relation 

Ti/^i — Cj/dj. 

3 I VOL. CXCVI. — A. 



426 MR. J. H. JEANS ON THE DISTRIBUTION OF MOLECULAR ENERGAL 

This merely shows that, neglecting small quantities of the order of the coefficients 

in G, the energy of any of the s modes of vibration must he equally divided 

between kinetic and potential energy. 

It is now clear, that at high temperatures the last term in equation (xxi.) is small 

in comparison with the others, so that the law of distribution will be very little 

altered by the presence of a dissipation function, w^hereas at .sufficiently low teinj^era- 

tures, the term arising from the dissij^ation function becomes as important as any 

other term in the equation, and, therefore, the presence of a dissipation function, 

however small, will l3e sufficient to entirely alter the law of distribution. 

And without investigating the solution of the system of equations which determine 

the coefficients in y, it is clear that since they are all linear, every coefficient must 

be a single-valued function of h only. Hence, as before, there is only one approxi¬ 

mately steady state for a given temperature, but it is no longer true that the various 

lines of the spectrum increase in brightness in the same ratio when the temperature 

is increased. Since the u, q modes of energy sufter very little loss of energy, and 

since energy passes freely between these modes, it follows that the energies of these 

modes will very approximately be distributed according to Boltzmaxx’s Law. 

Hence all that w^as said about the ratio of the two specific heats with reference to 

the former type of molecule considered, will apply also to molecules of the tyjje wdiich 

we have just been discussing. 

PART HI. 

Physical consequences of the Foregoing Theory. 

§28. We have thus been led to the same results in both parts of this paper. It 

seems natural to suppose that I'esults which are qualitatively the same will be found 

to be valid for any gas, and, assuming this to be the case, to examine some of the 

consequences of these results. 

Radiation at a given Temperature. 

§ 29. In the first dynamical illustration, the radiation from each degree of freedom 

at temperature T was found to be 2)roportional to T^ ", In the second illustration, the 

expression for the radiation would have been too complicated for the calculation of it 

to have been profitable. 

A modification of the system discussed in Part 11., leads to an interesting 

expression for the radiation. In tliis modified system the molecules are to be 

spheres with modes of internal vibration to and from which energy only passes with 

difficulty. Each sphere is surrounded by a field of force, such that when two molecules 
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are in contact in any position, their potential has a constant value H. When two 

molecules are not very near, let us suppose that the transfer of energy between 

different r, s modes may be neglected, so that the main transfer of energy takes 

place through collisions.* 

At any collision, the r, s energy of the colliding molecules will be small, so that the 

amount by which the r, s energy is increased will depend only on the u and q 

energies of the colliding molecules; that is to say, on the average, on h. 

Thus if n collisions take place per unit time, the total transfer from the u, q modes 

of energy to any specified r, s mode may be taken to be Cn/h, where C is a constant 

for any particular r, s mode. 

The sum of such amounts must be equal to the amount radiated per unit time, 

and may therefore be supposed to he roughly proportional to the energies of the 

r, s modes. It follows that for a single molecule the r, s energy is proportional 

to n/NA. 

Now we may take for the number of collisions 

- ^/h ’ 

n ANe“^” 

m ~ ’ 

and if p be the density, the radiation will be proportional to e~^^, or, in terms of 
cn 

the temperature, to 

This example is of such a special nature that not much imjDortance can be attached 

to the actual result obtained. It is, however, of interest, as showing that it is at any 

rate possible for the radiation to increase very rapidly with the temperature. A 

comparison with the result of § 9, shows that the introduction of a field offeree has 

introduced a factor e~'r into the expression for the radiation, and a factor of this 

form figures in every formula for radiation, t 

The presence of the factor p multiplying the expression for the radiation, is an 

essential feature of the present theory.]; If the exponential factor changes very 

rapidly with the temperature, so that the point of incandescence is sharply defined, 

then this point will clearly be ahnost independent of p, and variations in radiation on 

* This assumption, although not stated explicitly in the investigation of Part 11., is implied in the 

assumptions made there. 

t Wien and Planck give for the radiation in the part of the spectrum between X and X + SX, the 

formula e~n cl'K. Lord Rayleigh, on theoretical grounds, suggests as an emendation ciTX”^ elk. 

(‘Phil. Mag.,’ June, 1900.) 

\ [Added March 19, 1901.—I was not aware, when writing this, that the presence of the factor p had 

been detected experimentally. See Liveing and Dewar, ‘ Roy. Soc. Proc.,’ 49, p. 217, or Kayser, ‘ Hand- 

buch der Spectroscopic’ (1900), L, p. 143.] 

where A is a constant. 

Hence 

3 I 2 



428 MR. J. H. JEANS ON THE DISTRIBUTION OF MOLECULAR ENERGY. 

account of density will be unnoticeable in comparison with variations on account of 

temperature. 

It is, however, clear that in considering radiations from gases of great density, such 

as for example occur in tlie sun, the factor p would be of considerable importance. 

Generalised Theory of Temperature. 

§ 30. The state of a gas may be regarded as depending upon a principal 

temperature T, and also on a number of subsidiary temperatures r^, To, . . . , each 

of these temperatures corresponding to one (or possibly more) of the degrees of 

freedom of tlie molecule. The principal temperature is to correspond to the three 

degrees of freedom implied by the possibility of translation through the ether, 

and to any other degrees of freedom which are such that their mean energy is at all 

temperatures equal to a third of the mean energy of translation. 

The principal temperature is to be proportional to the mean energy of translation 

of a molecule and each subsidiary temperature proportional to the mean energy of 

each of the modes to which it corresponds. Thus two modes can only have the same 

subsidiary temperature when their mean energies are, under all circumstances, 

equal, as, for example, when they are tlie kinetic and potential energies of the same 

vibration. When the energy is equally distributed between all the degrees of freedom 

all these temperatures are to become equal. 

We have found that at temperatures below the temperature of incandescence there 

is an approximately steady state in which 

^i = d/i(T), To = p/;(T), &c., 

where /((T), fif), &c., are functions of T, which at these temperatures are very 

small in comparison with T. 

At higher temperatures we have not investigated the forms of t^, To, . . . , but at 

infinite temperatures, 

Ti =: To = . . . . = T. 

§ 31. The steady state sjiecified above was arrived at on the assumption that 

external agencies could only influence the energy of translation, and that the other 

energies were only influenced indirectly through changes in the energy of translation. 

Thus the above equations will not hold in the presence of agencies which exert a 

direct influence on the subsidiary temperatures. Such influences may be looked for 

in the forces of chemical action, disturbances in the ether, and possibly in the cathode 

rays, if we supjoose these rays to be streams of charged ions which are so small as to 

penetrate inside a molecule rather than act on the molecule as a whole. 

When such agencies are present, the above equations must give place to others. 

The subsidiary temperatures which are most directly concerned may attain to 
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abnormally high values, and this may result in the phenomena of phosphorescence, 

chemi-luminescence, &c. To take a definite instance, sujopose that corresponds to 

a vibration in the molecule of frequency y). If a ray of light passes through the 

substance, those components of this wave of which the frequency is nearly equal to p 

will supply energy to the mode of the molecules, and this energy will be distributed 

from the mode to the other modes, and so through the substance. Thus the result 

is a heating of the substance, and an absorption band in the spectrum of the light 

transmitted through it. The illustration might be varied by supposing that energy 

could not easily distribute itself from to all the other temperatures, but that it 

passed freely to a second temperature Tj. In this case the temperature Tj might 

conceivably attain to such a high value as to emit its own spectrum, and so set up 

fluorescence or calorescence. 

The spectrum of the .gas in any condition whatever will be arrived at by the 

superposition of the various spectra of the subsidiary temperatures, and the state 

of the gas as regards the emission of radiation will be completely specified by the 

values of the various subsidiary temperatures. 

Thermodynamics. 

§ 32. At temperatures at which the gas is dark, we may take 

'^1 = "^2 = • • • — 

Thus at these temperatures we are cftily concerned with the princij)al temperature, 

and the total energy of the gas is proportional to this temperature. If n degrees 

of freedom correspond to this temperature, the ratio of the specific heats will be 

1 + 2/n, 

both specific heats being constant as regards the temperature. The view which we 

have put forward does not clash with the ordinary thermodynamics as regards 

dark gases. 

When the subsidiary temperatures begin to have appreciable values the case is 

different. The total internal energy is now given by 

W = C {nT + S/CiTil, 

where C is a constant, and is the number of modes of energy of which the 

subsidiary temperature is r^. The specific heat at constant volume is given by 

Cl = c^W/cZT = C {n + S/oki//(T)}, 

and therefore depends on both the temperature and density. 
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If a quantity (7Q of work be absorbed by a gas, 

dQ = NrfW — pdv 

= CNjnJT + (fi/; (T))} - . 

If the gas be made to pass through any succession of states so as to return to the 

same temperature and density, 

= CNS^, rfX. 

Thus the second law of thermodynamics will only hold in special cases for a gas which is 

emitting radiation of any kind. This part of the subject of luminosity has, however, 

been developed by Wiedemann,"^ so that it seems unnecessary to pursue it any 

further here. 

E. WiEDEMjiNN, “Mechanics of Luminosity,” ‘Phil. Mag.,’vol. 28, 1889, p. 152, or ‘ Wied. Annalen 

Tol. 37, p. 181. 
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IX. IJher Reilien cmf der Convergenzgrenze. 

Von Emanuel Lasker, Dr. Phil. 

Communicated hy Major MacMahon, F.R.S. 

Received March 15,—Read April 5, 1900. Revised February, 1901. 

1. Es seien ... r complexe Variabele, welche in einem 2?’-dimensionalen 

fictiven Eaiime als Coordinaten seiner reellen Punkte dienen mogen. Das System der 

Werte iCi . . . a:,, sei kurz mit “Punkt”a:^ . , . a:,, bezeichnet. Smd . . . e,. r 

positive endliche im iibrigen beliebig kleine Zahlen, nnd niinmt y]i alle complexen 

Werte an, die der Ungleichung 

h.-1 = 

geniigen, so beisse das Aggregat aller Punkte 

^1 “k ^2 “k "k Vr 

die Nachbarschaft des Pimktes x^ . . . x,.. 

2. Es sei ferner u^ . . . u,i . . . eine Folge unendlicb vieler Fiinctionen von 

iCj . . . Xr und 
r/-i W3 + . . . + + . . . 

absolut und gleichmassig convergent fiir die Nachbarschaft eines Pnnktes 

V = x^ . . . Xr. P \vird dann innerer Convergenzpunkt der Peihe Sr w,, genannt 

werden. Die Gesammtheit aller inneren Convergenzpiinkte der Peibe bilden ihren 

inneren Convergenzhereich, die Begrenzung dieses Bereiches ibre Convergenzgrenze. 

1st die Peihe absolut, aber nicht gleichmassig in der Nachbarschaft von P con¬ 

vergent ; oder convergiert sie in P absolut, jedocb nicht mehr in der Nachbarschaft 

von P, so heisst P “ iiusserer Convergenzpunkt ” der Peihe. Das Aggregat der 

ausseren Convergenzpunkte der Peihe formt geometrische Gebilde, die “ ilussere 

Convergenzgebilde ” der Peihe genannt werden mogen. 

Wir werden im folgenden nur von den inneren Convergenzbereichen und der 

Convergenzgrenze reden, viele der folgenden Untersuchungen bleiben aber anwendbar 

auch auf iiussere Convergenzgebilde und deren Grenzen. 

3. P durchlaufe eine continuierliche oder discontinuierliche Folge von Lagen 

P P P 

29.5.1901 
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im inneren Convergenzbereiche der Reihe, derart dass die Folge der P nur einen 

Grenzpunkt L ziilasse, welcher auf der ConvergenzgTenze gelegen ist. Die Summe 

f = ii^-Y u^+ . . . + + ■ • • stellt eine PuTiction von P dar, imd die den Lagen 

P] . . . P« . . . entsprechenden Werte seien mit /■>, ... fn • bezeichnet. 

Die folgende Untersucbiing Ijescbaftigt sich dann mit dem Verhaltiiis von lim zu 
n = 00 

dem Werte, den ip + . . . + pp + . . . in P = L annimmt, imd mit der asymptoti- 

scben Darstellimg von f in L bei zu Grundelegimg des Grenztiberganges 

P = P P P p J. — X J, r o, r 3 . . . . . . 
= 00 

iiberhaupt. 

4. Es sei in L die Peihe convergent imd ihr Wert mit /l bezeichnet. Alsdann 

ist 
limy; = /l 

n = 00 

immer dann, ivenn die Peibe 

“H ^3 + • • • + + • • • 

bei zu Grundelegimg des Grenzuberganges 

p = p p p 

gleichmdssig convergiert, d. h.ivenn sich bei vorgegebener Zahl SPidices N, M angeben 

lassen, so dass 

hbj+i + '?%+2 + • • • I < S) 

sobald als P irgend eine der Lagen P^, Pm+i, Pm+2 • • • einnimmt. Dieser Satz ist 

woblbekannt. Ein Specialfall desselben sagt aus : Ist die Peibe 

'^1 + + . . . + u,i + . . . 

in L absolut convergent, und convergiert auch die Peihe 

Uj + Uo + . . . + U„ + . . ., 

wo U/i den Maximalwert des Moduls von U/, bezeichnet, wenn P die Lagen P^, Po . . . 

P„ , . . durchlliuft, so ist 

limy;, = /l. 
n = 00 

Der Satz kann dazu dienen, bis zu einem gewissen Grade Aufschluss zu geben 

liber das asymptotische Verhalten von , wenn P die Lagen 

Pi durchlauft. Es sei z. B. angesetzt 

F {x) = Cq + c^x + c^x^ + . . . + c„a:'‘ + . . . 
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Der Convergenzradius der E,eihe sei = 1. Die Reihe multipliciereii wir mit (1 — x)^, 

wo X eine positive Gvosse bezeichnet, inid erhalten 

F (5c) . (1 — xY = . (1 — rK)\ 

Wir lassen nun x die positiven Werte zwischen 0 nnd 1 dnrchlanfen und wenden 

obiges Criterion an. Der Maximalwert von x”'{1—xY miter den obigen Umstanden 

ist = ,-fi, ist oftenbar =0, da iedes Glied der Reihe in x = 1 verschwindet. 

Mithin ist 

lim F (x) . (1 — xY 
X = 1 

c 
iininer dann = 0, wenn absolnt convergiert; imd dassell3e edit oftenbar auch flir 

lim F (.r) . (x — j'Y, 
X = j 

j irgend ein Pimkt des Convergenzkreises. 

1st mngekehrt bekannt, dass flir einen bestimmten Wert von X nnd irgend einen 

Pmikt des Convergenzkreises j lim F (,r) . (x —JY niclit gleicli U ist, so folgt darans 
X = i 

die Divergenz von 

Genau analoge Untersnclmngen lassen sick vielfircli anstellen, z. B. bei Annahme von 

Potenzreihen von mebr als 1 Veranderlichen, bei zu Grundelegung von Reihen der 

Form —, bei Betrachtimg von Integralen etc. Erminzt, nnd in eewissem 

Sinne erweitert, wird der Satz durch die nun folgende Uberlegnng. 

5. Es sei in P = L die Reihe 

"'b + + 1^3 + . . . -i- u,. 

divergent. Gesucht ist ein Criterion, welches anzeigt, dass daranfhin lira f, = co. 
= CO 

Wir behanpten, dies sei immer der Fall, wenn sick irgend eine endliche Zahl c 

angeben lasst, derart dass die Ungleiclmng 

i + '^b “b • • • "k • • • I > c • (I '^11 "k hb I “b • • • “k ! 1 + • • •) 

gUltigbleibt flir alle Lagen von P, deren Index grosser ist als eine angebliare endliche 

Zahl N. Dies Criterion sei das Criterion K genannt. 

Um seine Existenz zu beweisen schliessen wir wie folfft. Es ist fiir alle Lae:en 
IT? O 

von P 

k — hb 1 “k hb I "k hb I "k • • • + | ^'n 1+--- 

> hb 1 + hb 1 + 1 1 + • • • +1 1, 

3 K VOL. CXCVI.—A. 
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wo li iro'eiid eiiie endlicbe Zahl. Nun ist 

1 H j i + 1 "^2 1 + • • • + 1 I + • • • 

in P = L divergent; mithin lasst sich ein Index h angeben, derart dass in P = L 

! ! +1 «21 + • • • + I > , 

wie gross r} auch sei. Andererseits sind die in den Lagen Pj, Po, Pg . . . P„ . . . 

stetig und endlicli (oder diese Untersuchung wiirde gar keinen Sinn haben), iind 

dasselbe gilt somit fur die | u,\. Ist daher 8 eine beliebig kleine endlicbe vorgege- 

Ijene Zalil, so ist es nioglicb, einen Index M zu finden, derart dass fiir aUe Lagen von 

P deren Index ^ M, der Wert von 

I "b hk I + • • • 4- 1 W;, ] 

ill P =:L sicb von dem Wert desselben Ausdruckes fiir obige Lagen von P um 

weniger als 8 unterscheide. Somit ist der Wert von F in P =P„, v'o n > M ist, 

grosser als 77 — 8. Dies besagt dass F, wenn P die Lagen P^, Po . . . P« . . . 

durchlauft, liber alle Grenzen wiichst. Es ist somit 

lim F = 00 , 
n = 00 

und somit infolge der Ungleichung 

hb "b “b • • • ~b^G + • • • I ^ (I 1 ~b | "^21 “b • ■ • +1 I + • • •) 

aucb linryl = co q. e. d. 
n = 00 

G. Es seien nun 

f z= u.^ . . . -F + . . . 

Xjj = 7)^ -F 7;, + . . . + + • • . 

zwei Peiben, von denen bekannt sei, dass die zweite dem Criterion K genlige, und 

dass, wenn P die Lagen P^ . . . P„ . . . durcblauft, 

lim — gleichmdssig = einer endlicben Grosse p. 
P = L, n = 00 

Alsdann geniigt aucb die erste Pteibe dem Criterion K; es ist also 

bin f = CO , lim == ao ^ 
P = L P = L 

und ferner findet sicb 

1 • f 1 • '^^11 

inn ~ — bm — =. p, 
P = L Y P = L, ii = 00 '!'» 

Dieser Satz beisse das Tbeorem T, 
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Der Grenzubergang, in welchem P die Lagen Pj . . . P,, . 

knrz der Grenzubergang G. 

Un — p . sei = Dann ist 

lim 
P = L, ?i = 00 

= 0. 

Mithin ist aucb = 0. 

durchliluft, sei 

Es sei T irgend eine vorgegebene beliebig kleine endlicbe positive Zahl. Es liisst 

sich dann innner ein Index N nnd eine Lage Q von P angeben, so dass wenn 72 > N 

und P beiin Grenzubergang G die Lage Q passiert hat, 

Vn 
< da ja nach Voraussetznng 

Der Ausdruck 

(jlciclimdssi(j 0. 

sr 1 1 — T. IV 

zerfallt in drei Teile A, B, C. 

Im ersten Teile A stehen alle Glieder, deren Index < N. Derselbe ist immer 

kleiner als | iVa j, also kleiner als eine angebbare endlicbe Grbsse. 

Im zweiten Teile B stehen alle Glieder 

deren Index > N. Derselbe ist fiir jede Lage von P jenseits Q negativ. 

Der dritte Teil C ist 5^ — - 1und nidiert sich, da nach Voraussetznng die 

Beihe dem Criterion K genllgt, dem Werte — oo, 

Somit kisst sich eine Lage Q' von P angeben, so dass beiin Grenzubergang G bei 

einer Lage von P jenseits Q' 

immerfort negativ bleibt. Daraus folgt dann, da t eine beliebige Griisse war, 

lim 
P = L 

Wu 
= 0; 

also a fortiori 
2 CO 

1 

iim Woo-,—I = 0. 
P = L •§^1 G?! I 

3 K 2 
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Aiidererseits, da deni Criterion K genilgt, liisst sich eine endliche Zahl c fiiiden, 

so dass beim Grenzubergang G gleichniiissig 

Somit ist 

uiid daher 

S v„ > c .t\ I. 

lim = 0 , 
P = L 

1 • 

I> = L -1 Vn 

Q. e. d. 

Das Theorem T lileibt noch giiltig, wenn die in L selbst nnendlich gross Averden. 

nur muss dann das Criterion K durch ein anderes ergiinzt u erden, Avelches AA’ir 

das Criterion K' iieniieii mbgen. Dassell^e liesagt, dass, wenn rj eine A’orgegebene 

beliebig grosse Zahl sei, wenn ferner ein Index M gegebeii sei, sich immer eine Lage 

It von P fiiiden lasse, so dass beim Grenzliliergang G jenseits 11 immerfort 

7] . {\ U-i 1 + ! ! + hG I “h • • • “(“1 I ) I + '?tM + 2 + ?bl + 3 H“ • • • • I • 

Der Beweis ist dann ganz genau analog dem oliigen, d.h., liasiert darauf, dass bei 

belieliig V( irgegebenem t (| w,, \ — r. ] ]) schliesslich immerfort negatiA' Avird. 

Es ist klar, dass sich die obigeii Bemerkungen oliiie Aveiteres auf bestimmte 

Integi'ale ZAAUSclien positiven Grenzen imd bei positiAmi’ Balm erAveiterii lassen. 

Audi fllr unendliche Producte existiert ein Theorem T. Sei 

n — (1 + «j) . . . {1 + U.2) . . . (1 + Un) . . . 

ein aljsolut convergentes Pi-oduct imierhall) eines imieren CoiiAmrgenzbereiches 

Sei @ die GonAmrgenzgrenze, und sei der Grenzubergang G Avie obeii konstruiert. 

Die Ui erfullen das Criterion K, und ausserdem sei noch 

lim tin gleichniiissig = 0. 
fi = » r = L 

Alsdaim ist log 11 = iS lt)g(l -f’ ^ht); 

ferner 
1 • k'St (1 “t ifh) 1 ■ 1 * I 
hill " meicJimassm' = 1, 0/ ^ o ^ 

= X P = L 

nach einer elementaren Eigeiischaft der naturlicheii Logaritmen, somit uach 

Theorem T 

lim 
P = L 

log-n 
= 1. 

7. Wir Avolleu nun auf einige iiahe liegende AiiAYendungen des Theorems T niiher 

eingehen. 
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Eine elementare Formel ist 

ebenso 

r ...». 
r(7i + i)r(x) ’ 

X nahere sich durch positive AVerte wachsend der 1. 

Es sei angesetzt f{x) = So”c„a;" uiid der Convergeiizradiiis der Potenzreihe sei = 1. 

AVir erhalten dann ohne weiteres 

Satz I. Ist 

uiid fiir \ = 0 

lim c.j . ^ = p, so findet sich 
n = CO 

lim f{x) . {I — xY = p . T (k) 
X - 1 

lim 
x= 1 

/dr) 
= P- 

Satz I gilt aucli iioch fiir imaginare A., dereii reeller Teil positiv ist. Er gilt auch 

iioch, wenn x sich so der 1 niiliert, dass sich durch 1 eine gerade Liiiie legen liisst, die 

mit der reellen Axe eiiieii spitzeii AA^inkel bildet, innerhalb welchem und dem Coii- 

vergenzkreis x variiert. 

Alan kann iiamlich nachweiseii, dass daiiii das Criterion K befriedigt ist. Es sei 

/\ = a + und a positiv. Alsdann ist identisch 

r + k) 1 _ 1 ' r (n + X) 1 
“'0 r{n + 1). rx ‘"1 rx r {n + 1) 

Nun ist nach einer Eigenschaft der T Function 

lim ^ 
r(n + A)|_ 

r (u + 1) ■" ’ 

somit nach dem evidenten Teil des Satzes I, wenn \x\ sich wachsend der Einheit 

iiithert, 

lim (1 — 1 A' I)“ • 
1^1 = 1 

.^00 I r {n + X) I 

T{n + 1) 

Ist 8 eine beliebig vorgegebene kleine Crosse, so liisst sich also nach obigem 

immer ein AAArt $ so nahe an 1 linden, dass fur alle Lageu von x, fur die \x\> 

|r(ft + A.)| , ro + 8 
r(?t + 1) I ' (1 - \x\Y ‘ 

1st IV der erwiihute spitze AVinkel, so ist aus elementar geometrischen Grunden fiir 

alle Lagen von x 
1 — 

I r (71 + Xj [ 
r (77. + 1) 

\x\ < cos IV . \1 — 

r(a) + 8 

X 

X < 
(cos wY Vl - XI 

somit 
(cos vSy 
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Fiir alle Lagen welche ilberhaii2:)t in Betracht kommen, iibersteigt das Argument 

von 1 — X niemals einen gewissen endlichen Wert d'; scmit ist abgesehen von einem 

endlichen Factor der Wert von 

identiscli mit Das Criterion K ist demnach in Kraft fiir die Beihe 

““ roi + 1). r(A) 

nnter den oben erwidinten Beding-ungen, somit gilt aiich das Theorem T imter 

denselben Bedingungen ; q.e.d. 

Satz I wurde von Appell gefunden—‘ Comptes Rendus,’ vol. 87 (Sm’ certaines 

series ordonnees par rapport aux puissances croissantes d’lme variable)—-jedoch 

mit der Einschrankimg, dass \ positiv und kleiner als 1 sei und dass x auf der 

positive!! Axe wachsend sich 1 nahere. Der Satz findet sich in der Appellschen Form 

auch l!ei Picaed, ‘ Traite d’Analyse,’ Tome 1, j!. 208, 209, 210 aus dem Jahre 1891. 

Satz 11. Es sei fix) wiedermn = So Cn . x'\ 

Es ist dann identisch 

1 - a- -0 (Cq + <^1 + Co • • • H" C„) . 
Indem wir auf /(^) 

\ — X 
Satz I anvenden, erhalten Tvir Satz II. Derselbe lautet also 

Sind die CoefScienten einer Potenzreibe S“ . x*' derart beschaifen, dass 

so ist 

lim 71 ^ (Cq + Cl + . . . + c„) = p , 

lim fiyx) . — xY — p , r + 1). 

Dabei niihert sich x dem Punkte 1 auf die namliche Weise wie im Satze I, und X ist 

eine complexe Zahl, deren reeller Teil grosser als — 1. 

Fiir X = 0 eroiebt sich der Abelsche Satz, fiir X = 1 der Satz von Feobenius 

(tlber die Leibnitzsche Beihe, ‘ Crelle,’ Bd. 89, Jahr 1880). Auch die Siitze von 

Holdee, ‘ Math. Annalen,’ Jahr 1882 (Uber Grenzwerte von Reihen an der Conver- 

genzgrenze) ergeben sich leicht als Specialfalle des obigen durch mehrfache Ausfiihrung 

der Division durch 1 — x. Satz II findet sich fiir den Fall, dass x auf der positiven 

Axe wachsend sich 1 annahert, im Aufsatz von Feaxel, ‘ Math. Annalen,’ Bd. 52, 

Jahr 1899. 

AVenn im Satz II X. = — 1, so findet sich 

lim 
X = 1 

/(D _ 
] — P' 

(1 - D log - 
\ — X 
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Satz III. Es sei wiederum wie im Satz I 

imd 

f{x) = 

lim ~ ^ = p 

X = a /3{, 

wobei a eine negative Grosse = —y. 

Die kleinste gauze Zahl grosser als y sei h. 

Alsdann convergieren iiach bekaimten Criterien die Eeiben SoC,,, So ■ c,„ 

Son{n — l)c,I . . . Son{)i— 1) ... {n ~ hl)o„, welcbe wir beziebungsweise 

mit bezeichuen wollen. 

Satz III sagt dann aus, es sei 

/w=/(i)+/'(i)-(*-i)+^G- (* -1)-^ +,.. + J ;i) 

{h - 1) ! 
(.r - 1) 7,-1 

WO 

-f /3 . (1 — a?) ^ . i// (.r), 

lim i//(x) = r(X). 

Der Beweis berubt anf folo’endem Hiilfssatze : o 
1st a.2, ... .. . eine Folge derart, dass 

lim a,I . n'" = p, 

wo p eine complexe Zahl, deren reeller Teil positiv imd grosser als 1 ist, so dass also 

«! + O3 + . . . + o„ + . . . convergiert, 

so ist lim(a,„ + a,n+i + a,,,+2 + . . .) 
TO = 00 p — I 

In der That, es sei 

«« = — {n + 1) + 
p — i 

also lim . n'^' = 0, wo p' der reelle Teil von p. 
il — -X) 

Es ist filr jedes vorgegebene S moglich einen Index N zu finden, so dass fiir 

> N 

\h,i \ < + ^ — {n — 1)“'"'^^). 

Walden wir 711 > N, so ist also 

+1 + ^m + 2 + • • • < 1 I + 1 Gi + 1 I + < 8 . 

lim {J)„i + ^>m+2 T" • • •) • ^ — 0 ; 
'nl — CO 

+ i + + 2 + . . . ist aber identiscb 

— ^ h„i ^m + 2 ■ • • 
p - 1 

Daher muss sein 
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Der Hiilfssatz ist somit ei’wiesen. 

Nun wenden wir ims zum Beweis des Satzes III. 

Es war 

Wir bilden 

+ ^1 + Co + . . 

iind 

• + + . -/(I). 

f(^ - /(I) 
a; — 1 

0 (c‘,i + +1 + C;, + 2 + . . .) a:" “ ^; 

Cu + + c„+2 + . . . setzen wir = c„. Da nun 

lim Cn . =r p war, so ist nach deni HiiUssatz 
>i = X 

lim c'n 
= CO 

Somit kbnnen wir diese Beihe genau so behandeln, wie die urspriinglicbe Reihe; 

und es ist unschwer zu seben, dass sicb dies Verfahren fortsetzen liisst, so lange als 

die Summe der Coefficienten der neu geliildeten Reihen convergiert, d. h. A mal. 

Scbliesslich erlialten wir auf der rechten Seite eine Reihe, deren Coefficienten der 

Bedingung geniigen 

lim (f),i . n ^ = _P_ 

_ X . (_ X - 1) ( - A - 2) . . . (- A + 1 - A) ■ 

Ftir die dazugeborige Reihe F (x) = gilt aber nach Satz I 

lim FH . (1 - x)"*^ =—,.(-x-l) ."..(-> + 1-/0 ■ + 

Nach dem bekannten Functionaltheorem der r-Function ; und Avenn man beriick- 

sichtigt, dass 

F(a;) - /(I) 
.ni) 

a; — 1 ■A I 

a; — 1 
— etc. (A mal). 

ergiebt sich dann rein aritmetisch die oben gegebene Form des Satzes III. 

Fiir den Fall, dass y eine gauze Zahl ist und der imaginilre Teil von A von 0 

verschieden ist, hbren unsere Beweise auf gtdtig zu sein, und wir lassen es dahin- 

gestellt, was dann eintreten mag. Ist aber X selbst eine ganze Zahl, so tritt offenbar 

die logaritmische Modification des Satzes I in Kraft und alles andere bleibt unver- 

iindert. 

8. Einige kurze Andeutungen, wie man die Siltze I, II, and III ausbeuten mag, 

mogen bier nicht am unrechten Platze sein. 
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Es sei etwa angesetzt 

+ g) ■ rp?, + /3). r(a + 7). 
JK^} ^0 ^ 4. e). r Oi 4- o 

Alsdann geniigt f{x) ofFenbar einer homogenen linearen DifFerentialgleichiing mit 

rationalen Coefficienten. Der Punkt x = 1 ist ein singularer Punkt derselben. Fragt 

man nach der Fortsetziing des Integrals f{x) beim Pnnkte x = 1, so liisst die 

Fnchssche Theorie nocb die Frao-e nach dein Werte einio-er Coefficienten often, die 
O e5 

gerade dnrch Siitze 1 iind III in befriedigender Weise gelost wird. 

Oder sei angesetzt 

f{x) = 

und fragen wir nach dem asymptotiscben Verhalten der Function, wenn x sich 

geradlinig vom Nullpunkt einem Pnnkte _/ des Convergenzkreises nilhert. 1st = 1, 

so sagt uns Satz II obne weiteres, dass 

lim f{x) . y/1 — X = r(3/2). 

Ist j/’ = — 1, so setzen wir x ~ — x' und lassen x'sich der positiven Einheit nidrern. 

Es ist dann 

F(.F) =/(- x) = 

p--" + .r' + , . . + x'^'"'), also 

So"(4» + 

Nach Satz II ist aber 

und ebenso 

Daher ist 

lim (1 — x) . S {4:)i + 1) . x'*"' = p 

lim (1 — rC) . (4n -f- 1) . 
x' = 1 

lim/(x) = 

Es sei ) — und t — ajb eine rationale Zabl, insbesondere h eine ungerade 

Primzabl. Alsdann ftlhrt ein Verfahren zum Ziel, welches wir fiir den besonderen 

Fall 6 = 5, « = 1 durchfubren werden. Wir setzen wiederum 

X = j . X 

und lassen x' sich positiv wachsend der Einheit nahern. Es ist identisch 

j\x) = 

3 L VOL. CXCVI.-A. 
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Nun ist nach Satz II 

lim . 
x’ = 1 

V^l ^ — 5 , r3/2, 

lim 
= 1 

.yi-x=i. , r3/2, 

lim 
x' = 1 

v/1 - = f ^ , r3/2. 

Daraus era’lebt sich o 

lim ,/•(*) • V'l - = i ■ r3/2(l + 2/ + 2/) , 
X' = 1 

lim/(.r) . ,/y~x = ,/j . i . r3/2 . (1 + 2j + 2/). 
.T = .; 

Diese Schlussweise ist ganz allgemein. Es geht aus diesem asymptotischen Gesetz 

ohne weiteres hervor, dass die singularen Piinkte der Function unendlich dicht auf 

ilem Convergenzkreise liegen, dass derselbe also eine natiirliche Grenze der lleilie 

bildet. 

9. Es sei (f) (1), 6 {‘Z) . . . (f){n) . . . eine Folge, derart dass 

(^(l) + c/,(2)+ . . . d-(/>(n)+. 

in einein Grenzpindcte der Convergenz L beim Grenziibergang G das Criterion K 

erfullt. Ferner sei eiiie Function der reellen })ositiven Veriinderliclien u, derart 

dass lim ^ Grenzul^ergane’ G, und zwar in pieichmassiger Weise. 
P = L„=v:. ^ C 

Diese Grenzbeziehung soli Geltung haben fi\v jeden endlicben j^ositiven Wert von 

h <1. Unter diesen Voraussetzungen ist 

liin 
p = L 

<^(1) + 4>(2) + (j) (?i) + 

J1 

1. 
(Ill 

Dies ist eine unmittelbare Folge des Theorems T. Es ist namlich identisch 

r2 ro ni + I 

(j)[u)dii= (f){ii)du-{- (f){u)d.u . . . + (f){u)du-{- . . . 
] J 1 .2 n 

Ferner ist [ - du, infolge der Grenzbeziehung lim ^ = 1, flir 
in ^(») ^ ^« = xP = L 

o-enugend grosse Werte von u und Lagen von P genllgend nahe an L, kleiner als 8, 
& O i!5 

wie klein S auch sei. Somit ist 

lim 
n = CO P = L 

rn + 1 

4> (u) 
J 51 

<^00 

du 

= 1 

in gleichmassiger Weise, also folgt nacli Theorem T die Behauptung. 
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Ein ganz analoger Satz gilt ofFenbav aiich fllr mehrfache Siimmen und mehrfache 

Integrale. 

Die Voraussetzimg, dass ^ (1) + </> (2) + . . . + . bei bin P = L 

das Criterion K erf idle, kann aiich durch die andere ersetzt werden, dass 

das Criterion K erftdle, d. b., dass sicb eine Constante c bnden lasse, so dass gieich- 

massig 
^00 I ^00 

(f) {u) f/w I > c . \ (f)(u)\ du. 
JI I JI ' 

10. Der Satz 9 ist ftir die ivirklicbe Berechnung von Grenzwerten sebr dienlicb, 

da das Rechnen mit bestimmten IiiteuTalen viel eintacher ist als das Recbnen mit 

Reiheii. 

Es sei z. B. X eine jiositive reelle Verilnderliclie iiiid angesetzt f {x) — E7 
_ 

.7’ -f 

X > 1. Der Grenziibergang G bestehe darin, dass x unendlich gross wird. Es ist 

das asymptotische Verhalten von f (x) zii untersuchen. 

lini _/‘(a’) ist ofienbar = 0, jedoch bin x ■ f{x) — oo , da es dem Criterion K geniigt. 
X = CO X = x> 

Das Integral 

0 

■ du 

ist nun leicht zu bnden, wenn man 

id = X . setzt, 

wobei weder Integrationsbahn nocb Grenzen geiindert werden. Dasselbe ist augen- 

sclieinbcb 

r ' r* (/v 
~ J 0 r + ~ J 0 ] + d 

Somit ist nach dem Satz des Art. 9 

bm ^ . _/'(,r) 
dv 

1 + r" * 

11. Eine Folge von Zablen cio, .... a„ filr welche 

,1 = 00 ^*'“Gog log log. . . loglog log(Xnial)?6“'‘ 

bei irgendwelcben Werteii der a, gehore tmiw Bonnetschen Typus [a^^, a^, a., . . a/,]. 

Eine Folge des Typus [— 1, — 1, — 1 . . . . {k + 1 mal) ] sei kurz L^Gi- 

Im Zusammenhang hiermit stellen wir nun gewisse Siitze ant. 

3 L 2 
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Satz IV. 1st c„ = p [ry.Q, a-^ ... . a/J und ist 

ferner 

lini f(x) . (I — . (lo 

“o > — ^ > 

f (x) = c„ . x", so fiiidet sich 

j = 1 
O’ — 

» 1 - 

1 / 1 
• (log log 1 _ J . . . = P .r{l+ a,) 

Ist jedoch a.Q = — 1 und a/ +1 die erste der Zahlen a, welche von — 1 verschieden 

ist, so ist 

liin f{x) . [log log (A; + 1 inal) 
+1 

P 
«/■■ +1 + 1 

(/c+ 2 mal) 

Dabei niihert sicli x durch positive reelle Werte wachsend der Einheit. 

Der Beweis l^erubt anf der Aussage des Art. 9. /(x) lasst sich daranfhin seinem 

asyinptotischen A^erhalten nach studieren durch Betrachtung des Integrals 

j (log w)“'(log log a)“- . . . (log log (A mal)cr" , 
• C 

wohei die untere Grenze des Integrals irgend eine passend gewahlte endliche 

Constante, die Bahn die jiositive Axe der u ist. 

X = e . log .!■ log .r = Wir ersetzen u durch pv. Das Integral wird dann 

6 . [p . . (log7;r)“' (log log/u,’)'^- . . . p . civ . 

p 

Wir hetrachten sein asymptotisches Verhalten, wenn p durch positive reelle Werte 

idler alle Grenzen wilchst. 

Das Integral ist identisch 

wo 
- Ob 

= k 

7+“+' (log (log log . 

/log log pv 

\ log p / ' \ log log2> 

I, 

dv 

Es ist identisch 
I'g jpp 

log p 

. los V 
1 + 7^ . lerner ist 

log p 

log log pv 

log log p 
< 1 + 

log log_r 

log log id 
wenn p 

und V gentigend gross gewahlt sind, niimlich so, dass log p > 2 und log v > 2, da 

dann 

logiJ + log ?’ < logjP • logr, also 

loglog(/) . v) < log log + log log t!. 
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tiberhaupt findet man leicht, dass bei genilgend grossen Werteii von p und u 

log log . . . (li mal) p . V ^ log log . . . (Amal) ?; 

' log log . . . (/i mal) ^^' log log . . . (A mal) ^7 

Somit ist fur beliebige Werte von 

/log log . . . (A mal)p . rX" 1 

\ log log . . . (Amal)p / 

immer zwischen 1 und 

1 + 
log log ... (A mal) vV 

log log . . . (A mal)27/ 

gelegen, Avenn nur pj und v genilgend gross gewllhlt sind. 

Das Inteo-ral 

I = 
= J, 

I i 
. 1’“" 

(l+logli) I- 

^ log lug vY^ 

loglogp 
dc 

ist aber in 2)= x> convergent. Die bereits erAA^ihiite specielle Form des Criterion 

der Gleichmiissigkeit der Convergenz trifft nun nach obigen Ungleicliungen bier zu. 

Es ist daber 

bin I = f a ■ v"'’ dv = E (i + a^) 
2? = 30 Jo 

fur irgendwelcbe Werte der a, vorausgesetzt nur, dass der reelle Teil von grosser 

ist als — 1. 

Ist andererseits — I, a^= — 1.~ I, und a/. + j von — 1 verscbieden, 

so verfabren wir wie folod. 

(^'u + <-'i + • • • “b G;) • 

Durcb ein Verfabren, AA elcbes dem im Hulfssatz Amn Satz III angeAvandten parallel 

biuft, beAveisen Avir leicbt, dass die Folge c'„ = -b Cj + . . . +0,, zu dem Boniiet- 

scbeu Typus [0, 0, 0 . . . , a/ + id- 1, a/, + 2 . ■ • “/J gebdrt, geuauer das--—-- 

fache einer Folge dieses Typus ist. Dieser Fall ist somit auf den ersten Fall 

reducierbar. 

Damit ist im Avesentlicben der BeAveis A'ollendet. — —Avar = log; x. Da x sicb 

wacbsend der Einbeit nabert, ist bin — 1. Also ist p durcb , -— zu 
a; = 1 1 — J- — 

ersetzen und man braucbt nur nocb Tbeorem T anzuAvenden, um die Bebauptimg zu 

erscbliessen. 
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Das Analogon der Satze II uiid III ist oftenbar auch im bier erbrterten weiteren 

Sinne moglich. 

Satz V. Es sei eine Folge positiver Grossen, ^yelche immerfort wachsen, 

derart dass lini ci,, = cc . 
H = » 

Es sei feriier «„ eiii Bonnetscher Typus 

= [0, 0, 0 . . . a, y . . . 8] 
n't "b 1 niul 

a > 1 

und F(a^) = r 
^ ' 1 a: + 

Wir Avollen das asymptotisclie Verhalteii voii F (a-) imtersuchen, wenn x durch 

positive reelle Werte liber alle Grenzen wiiclist. 

rcF (a) = St geniigt beim Greiizubergang a: = co ofFenbar dem Griterion 

K. Somit koiinen wir die Summe durch das Integral ersetzen o 

xdu 

J,. n log u log log u . . . log log {m mal) u . {u) 

wo c eine geeignet gewahlte Coiistante und (f) {u) ~ (log log . . . {m + 1 mal) 

(log log . . . {vi + 2 mal) uY . . . ist. Nun ist du 1 (■?{) offenbar das 

Differential von log log . . {ni -f 1 mal) (v). Das letztere ersetzen wir durch r ; 

alsdann wird das Integral 

r_affr_ 

.'(.'a + . (log vY . (log log 

WO c' wiederum eine geeignet gewahlte Constante. 

Den Ausdruck u'" (log I'Y (log log I'Y . . . setzen wir = w, also div 

dv . dv 

tv (a 
dv 

+ ^ “k y • — 
V . log V ' V . log V log log V 

xvdtv 

J to (x + to) 

Mithin ist nach Theorem T 

+ ....). Das Integral 

dx . ^ r d v 

logr(» + 10 

;st = + 
] X -i- w ' ^ J 

cc , V , d w 
f 

Um ^ + „ iJ-XXX (JJJ —. lA, 

.1: =: CO r dv 
J X + to 

. r . dto 

to {X + w) 

Es bleibt uns noch das Integral 
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zu betrachten. Nach Theorem T konnen wir ftlr v bier seinen asymptotischen 

Wert setzen. Da aber 

(log vY (log log vy . . . — w, 

so ist fiir w = CO asymptotisch 

V = (, . Ilf' (log n^Y' (log log wY' .... 

aa' = 1, a/3' /3 = 0, ay' -f- y = 0, . . . 

und C' • = b cl. b. = a^. 

wo 

«S' + s = 0 

Somit kommen wir aiif das Studiiim eines Integrals 

c.fc-- 
. ?ya ^ . (log loY . (log log w)y’ 

X + 10 
-. . . (hv 

In demselben ersetzen wir w durcb x . f/. 

Es ist dann das Integral 

I 
L r* 

= a . { . . 
(log a; . t’^y . (log log a; . . . . dt 

Dieses bebandeln wir genan so wie das entsprechende Integral im Satz IV. 

findet somit als ersten Term seiner asymptotischen Entwickelmig 

Man 

I = a . ^ . (loga-)^' . (loglog . . . a^' . j 

^ war = a“ r- a Somit kommt 

i , ' 
I = a . a:“ . (log xY'. (log log x)'^' ... 

Jo 1 

0 1 + G 

dt 

0 i + ^ 

Es war aber lim = a . Also ist schliesslicb 
j; = 00 a . I 

1 - A A r® 
lima? “. (loga?)“. (log log a?)". . . F(a?) = 
p= Jo 1 

dt 

0 

Um das Verfahren zu beschreiben, welches im Falle a = 1 znm Ziele fiihrt, 

gentigt es, ein concretes Beispiel zu betrachten. Es sei angesetzt 

F (^) = s: 
1 

(log ft)^ . + ■»,) 

und yS> 1. Dies fillirt uns zur Untersuchung des Integrals 
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Dasselbe ist identisch 

Di. cl (log ^ 

X + u 

Es ist nun nach der Formel der partiellen Integration 

— [ ' — . d (log uy~^ + (logw)^"^ . d—-— = —— . (log c)‘ 
J, X + V. V is / 1 V & / X A- u X A- C ^ ^ ^ 

Diese Formel gilt fnr alle Werte von x. Gehen wir jetzt znr Grenze lim x = cc 

idjer, so kann man, da 

lim cc , F (x) = cp , 
X = CO 

die reclite Seite der obigen Identititt ansser Spiel lassen. Der asymptotische 

Ausdruck von F(.r) wird somit 

—yj x(logw) 1-/3- 
clic 

(x + ‘i/y' 

Ersetzen wir bier u durch x . v iind gehen wir dann znr Grenze x = cc iiber, so wird 

nach dem frliheren Verfahi'en gezeigt, dass der Ausdruck asymptotisch 

= -^(logxy 
dv 

Jo (1 + r)- 

Somit ist lim F (x) . (logx)^ ^ = 

/3 - 1 

1 

. (log x)^ ^ 

/3 - 1- 

Danach lautet der Satz V wie fol^t: o 
Es sei [n) irgend ein Bonnetscher Typus [—1, —1, —1 . . ■ —1] und a„ein 

1)1 + 1 nial 

Bonnetscher Typus [0, 0, 0 ... 0, a, ^8, y ... 8], derart dass Sr absolut con- 
m + 1 inal 

vergiert. Es sei angesetzt 

F(x) = S" 

1st dann a >1, so findet sich 

. lim x' “ . (log 
X = CO 

1st jedoch a = 1, ;8 = 1 . . 

ist, so lindet sich 

lim (log log . . . x)" “ ^ . (log log . 
X = CO 

(% % «•)" • • • F (x) = . 

. und e die erste dieser Grossen, die von 1 verschieden 

. . . xy . (log log . . . x)G . . (log log . . . x)G F (x) 

1 

e - 1 ’ 
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wo nun rj, ^ S die aiif e folgendeji Werte der obigen Zahlenreihe l^edeuten. 

Dabei ist der Logaritme so oft iteriert als der Platz des dazugehorigen Buclistaben 

(e, 7], ^ .. . S) in der Zahlenreihe a, /3, y . . . S anzeigt, wobei von a mit 0 zu 

ziihlen angefangen wird. 

12. Aus dem Satze V kann man leicht Folgerungen ziehen, welche fiir die Theorie 

der ganzen (transcendenten) Fnnctionen niclit obne Interesse sind. Einzelne, dock 

nicht alle, der folgenden Eesultate sind anticipiert von verschiedenen Autoren, 

haipAsacblich Lagueree, Poincare, FTadamard, Borel, von Schafer. Man findet 

eine sebr eingehende Bespreclinng der Literatur des Gegenstandes in Borer’s ‘ Lecons 

snr la Theorie des Fonctions entieres,’ 1900. 

Es sei 7\, Co . . . r„ . . . eine Folge immerfort wachsender positiver Grossen, 

derart dass lim 7\ = co . Hat die Reihe 

einen inneren Convergenzbereich, so werden wir sagen, dass die Folge zur Bonnet- 

schen Classe 1 gehort. Hat diese Pteibe keinen Convergenzbereich, jedoch die andere 

so ffehort die Folg-e zur Bonnetschen Classe 2. Hat aucb diese Reihe keinen Con- 

vergenzbereicb, jedoch 

so gehort die Folge zur Bonnetschen Classe 3, u. s. f. 

Die Reihen convergieren nur fiir complexe AAerte von x, deren reeller Teil negativ 

ist. Die reelle Convergenzgrenze der Reihe rp + R/ + • . . hat von Schafer 

Converge7izexponent, Borer Ordnung, genannt. Wir wollen heide Namen henutzen. 

Es sei a,, . . . a,, . . . eine Folge complexer Zahlen, deren Moduln |a„| = 7-„ 

immerfort wachsen, so dass lim r„ = co . Alsdann kann man beliebig viele gauze 
H = CO 

Fnnctionen bilden, die nur in den «/, und zwar dort einfach, verschwinden. 

Dazu kann man die Metode von Weierstrass henutzen, oder auch wie folgt 

verfahren. Man bestimmt irgend eine Folge ganzer Fnnctionen von x 

9\ 9z{^) . . . 9n{x) . . . 

^ ■» (hi (R ) 

(hi {<-!,,) ■ n-H 
derart, dass 

fiir jeden Wert von x ahsolut und gleichmitssig convergiert, und setzt dann 

G (r*) _ ^00 fjn 

C(D ■ {X — CCn)' 

Diese Differentialgleichung deliniert offenbar eine ganze Function G (x), welche die 

gestellte Forderung erfiillt. Das Integral der Gleichung erluilt man in der Form 

3 M VOR. CXCVI. —A. 
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demi dieses Product ist absoliit und gleichmassig convergent. Das letztere zeigt sich 

sehr leicht wie folgt. Da ^ 
® <Jn (««; • «« 

Wert von x convergiert, so auch 

absolut und gleichmassig fUr jeden endlicben 

gn (ab 
(Jn (a„) . D - On) 

mit Ausnabme der Pole. Ist .Tq ein gegebener Wert und B irgend ein endlicber 

gegebener Bereicb, der 0 und Xq einschliesst, ist ferner eine kleine Zahl S vorgegeben, 

so konnen wir eiiien Index rn' bestimmen, so dass 

+ ^5 gn (-r) I 

gn {On) {x - 0„) i 
<S, 

wie gross auch sei, wenn nur x in B gelegen ist und m ^ m' ist. 

Somit ist 

+ 2^ gn (x) 
0 gni^On) . {X 0,i) 

dx <S.\xq 

Diese LTngleichung scbliesst aber die absolute und gleicbmassige Convergenz des 

obigen Productes in sich ein. 

Wenn nun die {x) . . . g^ (x) ... in ZAveckmiissiger Weise gewalilt sind, so 

erbalten wir gauze Functionen G (x), welche inannigfache interessante und wichtige 

Pligenschaften besitzen. 

1 3. Ein Satz von ScHOU (‘ Comptes Ilendus,’ t. CXXY, p. 763) besagt folgendes : Ist 

der Modul einer ganzen Function G {x), wenn jX[ = r ist, kleiner als so ist die 

Anzabl N der Wurzeln von G (.r) = 0, deren Modul kleiner ist als r 

V (g . r 

log (.s — 1) 

wo 5 irgend eine Zald grosser als '2 bedeutet."'" o o 

Ist V (v) = r fur irgend einen endlicben Wert von a, so beisst G {x) nach Lagueere 

eine gauze Function eines endlicben genre und nach Y. Sohaeee eine Hadamardscbe 

Function. Ist V (r) = e’’", so \vollen wur G (x) eine Borelsche Function 2'^'' Classe 

nennen. Ist V (r) = , so beisse G (.r) eine Borelsclie Function dritter Classe, u. s. f 

Die Moduln der Wurzeln einer Borelschen Function Classe bilden eine Folge, die 

zur /d®'‘ Bonuetsclien Classe gebort, vue sich aus der Ungleicbung von Schou ergiebt. 

Man braucht iiur < r mit der ol)igen Ungleicbung zu verbinden, um dies sofort 

einzusehen. 

* Man konnte uuschwer den Schouschen Satz wie folgt priicisieren : Es sei 4' (•'') eine Potenzreibe, 

deren Convergenzradius = />, r irgend eine positive Zahl < p, K die Anzahl der Win-zeln von 41 p) = 0) 

deren i\Iodul ^r, M tj-'c der Maximalwert von 41 (.r) fiir |;r| = r, -s eine Zahl grosser als 1 und kleiner als 6-; 

alsdann gilt N. log < log hi 41s. y, wiilirend der Schousche Satz nur besagt N. log (s) < log hi 4' (s + i, >', 

also /■ nicht gestattet, iiber die Halfte von p hinauszugehen. 
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Jetzt nehmen insLesonclere an, dass die Folge der Wurzeln von G (.r) einen 

Bonnetschen Typns bildet, und bringen dadiircli nnsere Untersucliiuig in Berlihrimg 

mit der Aussacje des Satzes Y. 

1 4. Gehort r/,, znr ersten Bonnetscben Classe, und ist k die kleinste gauze Zahl, 

flir welche S | cr | nocb convergiert, so definiert 

g'(G 
GG) a/-^{x—a„) 

eine Function G (x), deren genre ” nach Laguerre = Z; — 1 ist. Ist z. B. o„ = ?Y, 

a keine ganze Zahl und 
(Jc ~ 1) y. <1 < Z-a , 

so definiert die Gleichung 

Ya' (^) _ _ 
Ya G) {x — tV^) 

eine ganze Function vom genre Z' — 1. You dieser Function wissen wir, nach 

Satz Y, dass flir negative Y^erte von x, wenn j x | fiber jede Grenze wiichst, 

lim 
{x) 

f X\ a 
dll 

Jo (1 + 
ist. 

Das letztere Integral wolleii wir G^ nennen. Dieselbe Grenzbeziehung gilt, vrenn 

durch eine Function f ersetzt wird, deren AYurzeln a,, eine Folge bilden, die zum 

Typus gehort. Dies Besultat ergiebt sich aus der nun folgenden Uberlegung, 

welche den Beweis des Satzes Y nachtriiglich erganzt. 

c c ^ ^ It 
Es sei P = . X + a„ X + dll' 

C t. 

Die c,„ C;/, a,;, a,/ seien positive Grossen, derart dass - und S '^7 convergieren, 

aber c,,, c,/ divergieren. Ferner sei lim «•„ = co lim aj = co und 
71. = 00 Jl = 00 

lim 
n = 00 )i 

1 lim ", = 1 
= 30 It 

Alsdann ist, wenii x durch positive AVerte fiber jede Grenze wild ist, 

lim ^- = 1 . 
a;==o (1 

Es divergieren niimlich die Beihen 

.00 • P’' 
X . 'P = 

r. + Cin ’ 
X ^ 

Cji X 

X + 

in x = CO und genfigen unter den gemachten Yoraussetzungen dem Criterion K. 

Bilden wir nun 

^ ^iXn 
X (p - q) ^ S" X. 

(x E «„) {x + a,,'} 

3 M 2 
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imd vergieichen wir den Term dieser R.eihe mit dem rd"'" Term der Pteihe 

X . fy = El 
'•. c„ 

+ On 

SO erhalten 'wir als Quotient den Ausdruck 

■' (Sn } 4“ 0.,i C,i O.jiCji 

c,,' Or + On) 

■s^•elcher unter den zugestandenen Yoraussetzungen otfenbar, fiir lim x = x nnd lim 

n — oc irleiclimassio’ neo’en 0 converp’iert. Somit haben Avir nach Theorem T ^ O O o o o 

lim 
:c = CO 

'>-ip - 9.) 
X . q 

= 0 

d.h. lim - = \ . Q. e. d. 
.c = =o q 

15. Nun ist es ftir uns Amn AVert, fiir die Function A'iel genauere asymptotische 

EntAA’ickelimnen als die obig-e zu geAvinnen. Zu diesem ZAvecke machen AAur A'on 

einem Calclil Gebraucb, den AA'ir in folgendem den Calclil C nennen AA'erden, und den 

AAur zunachst ganz im allgemeinen cliaracterisieren AA^erden. 

Es sei (/. (0) + <^ (1) + </, (2) + (^ (3) + . . . d- {n) + . . . eine Summe derart, 

Avie AAur sie im Anfang betrachtet haben. AYir zerspalteii jedes Glied der Summe in 

seinen reellen und imaginaren Bestandteil und betrachten die Summe der reellen und 

imaginiire]! Bestandteile gesondei't. Wir konnen somit die (f) (ii) als reelle Grossen 

ansetzen. Im inneren Convergenzbereiche der Summe ziehen AA’ir eine stetige 

Okii’A’e (5, AA’elche in einem Grenzpunkt L der CoiiA-ergenz miindet, oder betrachten 

eine Edge discontinuierliclier Lagen des Punktes P, AA’elche einen Grenzpunkt L der 

OJoiiAmrgenz zum Grenzpunkt liat. Wir nehmen an, dass AA’ir eine reelle Function 

der reellen positiA’en Yariabelen u und des Punktes P kennen, deren ^Yert tiir 

u = n mit (f) {ii) identisch ist. 

Fiir irgend eine gegebene Lage Pi^, des Punktes P auf G oder der Folge P, sei nun 

(jj [o) monoton abnehmend oder zimehmend in den Inteimallen 

= U . . . , c = «! ... rx,^ . U = a.2 ... an , ... U — aj, .. . , . . . . 

Der Sinn des Wachsens a’oii (f) (n) iindere sich daher in der Folge AA’achsender jDOsitiver 

Zahlen a.^, rx„ . . . «/, . . . und sonst nirgends. Blickt Py beim Grenzlibergang 

nach L, so imigen die a sammtlich ins oc fallen, oder auch nicht. Es ist dies fiir das 

folgende irreleAmnt. 

Es seien m^, riin . . . ni/i . . . gauze positAe Zahlen, derart dass + 1, 

rn.2 < a.., < m.^ + 1, u. s. f. Um den Ideen eine feste Bichtung zu geben 

Avachse ^ (iQ ZAA’ischen u = 0 und u = , 

nelinie ab zAAuschen a = + 1 und a = nG , 

AA’achse AA’iederum zAAUschen ic = m.;, + 1 und ic = in^, 

u. s. f. 
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Alsdann ist 4>{0) > > ^(1)5 
•' 0 

(/)(!)> [ ^{n) du > (/)(2), 
•' 1 

— 1) > (ji{u)dn > 

mithin 

'»/i riHi 

(f> (u) du + ^ ^ 4^ (d) + 0(l)+ - ■ • + </> ^ 4^ (^0 4* (^) • 
0 Jo 

Genau so ist 

rm.j 

4) (?./} du + 4) {m^ + 1) < (T?) + 1) + . . . + (^ {m.2) < 4> (^0 + 4> (^”2); 
» m\ + 1 J +1 

dann wieder 

p«3 /■™3 
4){u)du + 4>{m.2 d- 1) > 4>{m.2 + 1) + . . . -f > 4> (u) du + 4>{mQ), 

* Wo+ 1 <* RL2+ 1 

u. s. f. 

Alitliiii 

[ (f){u)dn — -f + 1) + + 1) 
J 0 J ’«A 

+ 4> + • • • • 

> (/>(0) + </)(!) + </>(2) + . . . + + • • • 

r ^ +1 

> 4){u)du — H 4){u)du + ({){0) + + 1) + 9{ni^) + ^(jJ'3 + 1)+ • • • 
Jo ™7i 

AVir gehen nuii zur Greuze lim P = L liber. Beim Grenzliljergang G verschieben 

sich (allgemein gesprocben) die I^agen der a, und wir wollen annehmen, dass eine 

endliche bestimmte Aiizalil derselben uiiter einer bestimmbaren endlicheu Greuze a 

bleibt, wiibreud die librigen a sammtlich ins 30 rilcken. Dann betrachten wir nicht 

die Summe (/> (0) + (l) + . . ., sondern nnr den Teil 4> (co) + <^ (a + 1) + (c^ + 2) 

A . . . derselben. Die oben entwickelte Ungleichung giebt nns dann asymptotisch 

diese Summe in der Gestalt eines Integrals mit Zusatzgliedern der Form 

4){u)du imd 4^{mi), 4^{m;,^4), 

welche das eigenartige haben, dass alle ui/,, ins Unendliche rlicken. 

Ohne Zweifel kann man fur den Ausdruck 

(f>{u)dn — r/,(0) — ~ cj){n) — . . 
J 0 
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noch viele andere asymptotische Entwickelungen finden, z. B. dadiirch, dass man den 

Ansdruck in Form eines Integrals schreibt, nnd flir dies Integral den Mittelwertsatz 

oder andere Siitze iihnlicher Art anweiidet. Flir die Zwecke, welche wir hier im Aiiofe 

haben, ist der Calclil C ausreicbend und vielleicbt sogar imersetzlicb. Dennocb ist es 

ausserordentlicb fraglicb, ob dem Calclil C eine allgemeinere Bedeutung zukommt. 

16. Es sei a > 1, also k = I, und 

1 
yjr, ~~ br - ■ 

Wir betracbten zunacbst negative Werte von x. Der Calclil C giebt dann sogleicb, 

weim <f){u) = 
y + w 

— wo y = — X, 

[ + y > 
• 0 y 

y) 

y) 
> f 

J 0 
di 

Nun ist identiscb 
du i-1 ^ 

K = loy + 

somit durcb Integration zwiscben 2 positiven Greiizen y-^, y.^ 

1 1 
{y^f - d- 

Id 

fai-y^) 

fa{— yd 
> {y-2'^ — yd) -^‘ 

wo 2/2 > .Vl, 

. {yy -yd a. C, . I > t;: d, > ^ (?/.• - i/.-) - C. . oder 

Setzen wir insbesondei'e 2/i — I 

. a C„, . yo> 
e°- ■ 

^a( —1) 

flir jeden Wert von > 1. 

Flir einen comj^lexen Wert von x sei 

X = V i. w 

1 V — ')l°- 

yz) > ^2/2“ . a . C, 

also 

Wir setzen 

10 
— i. 

X — {v — 71°-)^ + 10^ ' (r — 'i'fdf' + vr 

Q = 
V — ir- w 

{v — n°-y + x- {v — * 

Es sei Hi eine positive ganze Zabl, derart dass 

nd < 'T < (^*'1 + I)” 
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also = 0, wenn ii negativ, oder positiv aber kleiuer als 1. Fiir Q haben wir danii 

offenbar 2 Intervalle anzusetzen, namlicli 

u = \ . . . imd -p 1.00 . 

Im ersten Intervall nimmt <^{u) zu, iin zweiteii ab. Wir haben daher durch 

Calctd C 

f- I. f-,-. 

w . du pi+i 10 du 10 

} 0 (v — U°-)~ + y- J (^V — u°-f + vf iyV — ap)2 + ir~ 
. > Q>r,, 

Es ist aber identisch 

V - - i . W j / , • X- - 1 
--. du = (r + t . W)’^ . : 

Jo (r - + W- ^ ' ’ 

81 (v + ^ > 

w d u 

-h (r — + w~ 

”1+1 10 du 

(r — + vj~ ' 

soniit 

und 

0 (r - u-f 

(r — !6“) du 

0 (/■ — ?(-“)■' + w~ 

r” 10 du 

j 0 (r — ?r)- + w- 
= Ot i (v + i , 

wo, wie ge'wohiilich, (f) den reellen Teil von ^ bedeutet. 

Setzen wir v + i . iv = r . e'^-\ so kommt 

r” wdu i-1 . /I \ , 
7-•, = — .sin-1 (* . Lb 

Jo (r — u'^y + w \ a / ” 

Andererseits 

!o (r — ?«■")■’ + 10 

X — vf 

(o — 11°-f + v: 
- nimmt zu zwischen u = 0 ... v — u' [w positiv gedacht), 

nimmt ab zwischen v — iv . . . v w , 

und wieder zu zwischen v 2V . . . co . 

Ist V < H’, so fallt das erste Intervall aus der Betrachtung. 

1st w = 0, so fallt das 2'® Intervall fort. - ^— nimmt sowohl im ersten als 2“" 
r — 

Intervall zu. 

Es sei w = 0 und r positiv, ferner 

ny < V < (^^, + 1)“. 

Durch Calclil C wird 

p du r”‘+i du 1 p r''° du r”i+i du I 1 1 

j 1 r — 74“ J V — 7<“ V — /tp J 0 r — J o — r v 

Da die Bahn durch einen Pol von ^ fi'eht, so sclireiben wir statt 

r” du T'li+i clu , f”! du r” du 
- — - ' besser -- 

Jor — V — u^ ]qV — u°- J„ ^ ^4“ — 

(»i + Ip 

V 
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Substituieren wir s°- = v u' — s . V, so wird 

’ll 
' s du r"i du , 

- = 6’' - “ . 
Jo'i’ - 1 — u°- 

und 

r d70 r 

J «, + 1 — 'I' ' j n, + I - 1 * 

s 

f !ii (jv cl)f . . T , 
I )ie Integrale " - - iind -—- liaben odenbar einen bestimmten Wert fur 

^ Jo 1 - + i 

jeden positiven Wert von y > 1, der keine gauze Zahl ist. Bezeiclmen wir die 

Tntegrale kurz mit hi, und c^., so ist 

du 

j 0 r — “ n, + 1 - r 
= V- {h, — c,). 

ri—^ ^ 00 
Wir wollen einen Moment a1)scliweifen. Haben rvir ein Inteo’ral ^-, 

^ Jo 1 - w ’ 
wo 

/'(y) im Inter vail 0 ... 1 eudlicb und stetig und l)ei 'll = 1 in eine convergente 

Potenzreihe entwickelbar ist, so ist offenbar 

1--^ /(?0 
du = ,/(!)■ log- +J 

und ,/'(!) ■ log- + [ 

0 1 — u 

\f(u) - /(I) 

u 

7] Jo 1—24 
d'u — p . jn > ''"f^-du > /(I) . log ' 

n 1—24 ^ J \ ! o V 
ri 

+ f{u) -./(i) 
1 — u 

du — 17 . M 

wo m den Miniinalwert, M den Maximalwert dei' Function 

/(«) - /(t) 

im Intervall 1 — 77 1 bezeichiiet. 

Es sei nun s = e, 
iU + t" 

: = Vi 

1 — u 

’ n, + 1 = Vu 

''' = - )„ iwu -«■ i“s “ +u ’ji. H, 

"'“’ll du 

'0 Vi 

wo K eine Constante ist, und fur jeden M^ert von e endlich und stetig ist, und wo 

lim H = einer bestimmten (Jonstanten ist. 

Ahiilich ist c,. = I ——wenn ti durcli ^ ersetzt wird, 
Jn, + 1 - 1 U 

0,. = f 1-7,, du 
, . = V log - + K' + 7). . H', 

Q n~ “(1 — ?4“) a ' 

WO K' und H' eine ahnlicbe Bedeutung wie K und H oben haben. O 
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Schliesslich wire! — c,, = -. log,' — + K" + '>?! • H — 7^0 . H' 

= -. lo 

« ^ 7?j 

6 
O’ -- 

1—6 + L + lU 

wo h eiiie C'Onstante unci M eine fur alle in Betracht kommenclen Werte von e 

enclliche unci stetige Function ist, die fiir n = co einen encllichen Grenzwert hat. 

Soniit erhalten wir 

V' ’ loo- ^ J_ L + — ) + -=-• ( - 
a ^1 — e n^j ' V — "^aCr) ^ 

■- 1 ' ^ a. 6 . ^ . M 
- log + L + 

+ E + 
1 

V V — {u-i + 1)“ ’ 

wenn V = {n^ + e)“, 0 < e < 1. 

Wenn wir e constant halten, v clagegen unencllich gross wircl, so giebt uns cliese 

'xir ^ (p's 1 ^ 
Una:leichuno: eine sehr ^enaue asymptotische Beziehuno- fur ---— . r derzufolo-e 

-^aiv) 1-1 1, 
hm . V - loe: 
r=3o'^a(r) « ° 1 — e 

+ L. 

1 6 
Die Wurzeln, fur grosse Werte von i', von xpj = 0 erhiilt man also durch —. log 

1 — e 

+ L = 0, natlirlich asymptotisch. Ist z. B. a = 2, so ist {x) = 

_ 1 
2- 

1T\/X 

woraus e 

Ist IV von Null verschieden, so sincl v — iv unci v + w die Werte, in clenen cler Sinn 

cles W^achsens von 

V — 

(y — u°-f + 

sich lindert. Ist sowohl v — w wie v + iv negativ, so folgt claher 

f” V — , 

J 0 (r — «“'V + vr 
> P> 

V — 76“ 

[v — + to- 
dll 

V- + w- 

Ist V — IV negativ, clagegen v iv positiv unci die ganze Zahl, flir welche 

np < V + IV < (W) + I)"", so ist 

r” V — 16“ 

io (y — 16“)' - + ii'- 
dii — 

M, + 1 ^ ^ 
- du + 7;;^ ; > P !> 

-r Jmi 

{V — 1C“)2 + w 

+ 1 ^ 
2 "P 

v~ + tv'- 

V — 

V — 16“ 

+ 

0 (y - 16“/ + w- 

V — (»i + 1)“ 

du 

{V — 16“)- + ' G ~ [*-’ ~ (”l + ' 

Sind schliesslich v — iv wie v + IV positiv, unci 

< V — tv < (7?^ + 1)" 7-6/ < u + < (7?3 + 1)“ 

VOL. CXCVI,—A, 3 N 
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so wil’d 

r" V — u°- , f”! 

V — + 1)“ 

111 ^ V — %l°- 

+ \v — (v/j + 1)“]- + vr 

^ -du — 
(y — M")- + w J 

> P > 

r)l2+ 1 _ 7^0, 7, _ 7, o 

-du + - 
(y — u“-)~ + io~ {v — '/R“)" + v:~ 

r” V — ir , f''! 

Jo (y Jn. 

+ 

■/li + 1 V — 
da — 

(v — n,^^) 

{V — ?<“)- + W' 

V — (llo + I)"" 

Ho + I 

c/l( + o . o r- + u- 

.2 + (y — li/)- + ly- [y — {n„ + 1)“]- + ly-’ 

, . . dll 
In iedem Falle ist P 4- P Q darstellbar dnrcli -^- iind eine Anzahl 

] 0 V + tiv — u"- 

L_i 
Ziisatzglieder. 1st iv 4= 0,so ist das Integral identiscli = {v + i.v'Y . C^. Somit wlrd 

scldiesslieh eine Beziehiing der Form erhalten 

{d) {v + i . \ a + A > > (f + i . vj)^ 
i-i 

a + B, 

wo A nnd B gewisse Znsatzglieder darstellen, w 0, nnd die Zeichen > sich sowohl 

anf reellen wie imaginiiren Bestandteil der betreffenden Grossen beziehen. 

Sind nnd die Endpnnkte einer Geraden G, innerlialb deren, wenn man sich 

von nacli x.^ bewegt, in dx = dv + i. du\ dv wie div positiv sind, so kann man 

obige Ungleicbung mit dv + i . div mnltiplicieren nnd zwiscben a’j nnd x.^ integrieren. 

Dadnrch wird 

+ [ B (dv + idiv). 
J(®) 

Ist dagegen anf der Geraden dv jiositiv, aber div negativ, so muss man in der 

Ungleiclinng [6) i durch — ^ ersetzen nnd erhidt dann eine Ungleicbung derselben Art 

wie im ersten Fall. 

Die Grossen A {dv 4 i dw) nnd B {dv + idiv) sind mm sammtlich der Art, 

dass, wenn Xo beliebig wiichst, die Integrate kleiner bleiben als angebbare Multipla des 

Logaritmen von w~ 4- U. Denn da wir mis anf einer Geraden ins 00 bewegen sollen, 

so ist yy asymptotisch ein Miiltiplnm von v, nnd alle Grossen, die A nnd B ansmachen, 

sind Miiltijila von 1/v. Wir komnien daher leiclit zn dem Resnltat : Be^vegt sich x 

anf einer Geraden nach 00 , so ist der asymptotische Ausdriick flir (x) 

1 

xp^{x) = 

vvo \ eine Function von x ist, die immerfort zwiscben angebbaren endlichen Grenzen 
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bleibt. Voraiissetzung ist niir, dass die Gerade nicht mit der positiveii Axe coincidiert 

(oder ihr parallel laufend in demselben Siiine ins oo geht). 

Audi Grenzilbergange anderer Art lassen sich durcli obige Ungleichungen durch- 

fiihren. Fiir die Zwecke dieser Arbeit ist die genaue Aiisfuhrung dei- angeregten 

Untersuchungen irrelevant, und wir wollen daber nur noch einige Worte liber die 

Borelsdien Functionen, deren Wurzeln einen Bonnetschen Typus bilden, zufugen. 

Die Function f{x) babe die Wurzeln = (log 

Ist /X eine rationale Zabl, = so setzen wir, wenn p die kleinste gauze in p, 

entbaltene Zabl und p die Einheitswurzel bezeiclinet. 

die eventuell auftretenden negativen Potenzen von x vernachlassigend. Die ganze 

Function H(a;) ist dann otfenbar der Art, dass diverniert, aber — 

convergiert. 
/(■D ^ HP-) 
f{x) H(«„) . X — a 

deliniert eine Borelsche Function f[x), denn es liisst sich leiclit zeigen (in der Art 

wie es am Elide des 2“^^" Capitels ausgefiihrt wird), dass der Maxinialwert von f (x), 
b 

wenn \x\ = r, < 
fix) 

wo c eine ano'ebbare Constante. .,-7—;——- 
^ H(D./(D 

ist eine der Beiheii, 

wie sie ini Satze V untersuclit worden sind, wenn man x negativ wiililt. 

diesen Fall kann man aucli ganz leiclit den Calclll C anwenden. 

Ist p keine rationale Zabl, aber > 1, so setzen ivir 

Fiir 

H (x) = xpA- 

Nacli den asymptotisclien Bezieliungen, welclie fiir (—x) entwickelt waren, 

diverniert ;-, aber Sf , — converciert. Im libiifi’en behalten die 

obigeii Benierkungen ibre Giiltigkeit. 

Audi wenn /x < 1, kann man alinlicli verfaliren, indem man H(a;) =\jj^[p.x) 

setzt, wo |p|= 1, im iibrigen eine passend gewiililte Grosse, und xfj^^x) die lY zu 

Niillpunkten hat, so dass ^ = W-i)^ (Z; — 1) p < 1 < k . p. 

Man kann ganz genau so zu Borelsdien Functionen liolierer Classe aufsteigen. 

Die so gebildeten ganzen Functionen sind interessant, weil sie mancherlei Bezieliungen 

ziir Theorie der algebraisclien Difterentialgleicliungen mit rationale!! Coefficienten 

liaben, wie aucli zu ganzen Functionen, die durch bestimmte Integrale entstelien 

(nach Art der Inversen der R-Function oder der Bieniannsdien Primzalil-Function). Sie 

3 N 2 
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siiid ausseidem fiir die allgemeiiie Tljeorie der ganzeii Fiinctioiien sehr dienlich als 

Vergleiclisfmictionen. Sehr hauiig kaiin man luimlich mit Hiilfe eiiier Ungleichimg, 

welche wir jetzt nocli eiitwickelii werden, Theoreme allgemeiner Art ziiiiickfliliren 

aiif den l)esonderen Fall der Functiouen, die ohen hetrachtet wnrden. 

17. 1st ttj, . . . a,, .. . eiiie Folge positiver Grossen, deren Summe con- 

vergiert, imd a., . . . a„ . . . eine Folge positiver Grossen, die monoton wachsend 

00 zur Grenze liaben, so ist immer 

“t + • • • + _ Q 

Dies foD't soo’leich aiis der Uno-leichimv 
O O O 

~t •••"!“ k • • * 4" I ^/n + 1 k • • • k 

«« 

^ k . . . k / . N 
< ^ + y-^m + l + • • • + «//) 

< Xi ai d- («w+i + . . . + a,,), 
O-n 

wenn m < n, 

in Verbindimg mit lim = oo mid der Gonvergenz der Keibe. 
n = CO 

Divergente Reiben besitzen diese Eigenttimlicbkeit nicbt. Ist ^8^ 4" + . . . 

+ + . . . divergent, so kann man bei vorgegebener Zahl n eine Zabl finden, 

so dass 

+ A;+i "F • • • + 7> 1. 

. immerfort mid liber alle eine Folge n,, 

so, dass 

— +1 — • • 

11 + 11 

etc., 

so ist fiir diese Folge cij, (welcbe fiir wacbsende n immerfort imd liber jede Grenze 

wacbsen soli) lim <^1 k + • • • k8» (-n — q. 

18. Sind die ibrer Grbsse nacb geordnet, so kann man cp, = — mablen, mid 

erbalt dann 
lim n . ri,, — 0, 

den Pringsbeimscheii Satz. 1st ancb . n eine geordnete Folge, so kann man 

a,I — ^ wiililen, mid es koiiimt lim n . log n . a.,, = 0. Ist aucli n log n . a„ 
, 11 
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eine geordnete Foltje, so kaiiii man =-^- setzeii, was lim n . loc: n . loa; 
^ ^ ' a„.n. log n = ^ ^ 

log n . a,, — 0 ergiebt, n. s. f. 

Es sei Him ?’o . . . . . . eine Folge immerfort Avaclisender positiver Gi'ossen, 

deren Grenzwert = oo. Die Folge gehore zuv /d"" Bonnetscben Glasse, es sei also 

(d) Sr . (logn)“^. (log log n)~^ . . . (log log . . . 4 — 1 mal {n) )~^. r~^ Ibv endliche 

positive Werte von X convei'gent. 1st dann a der Grenzpnnkt der Convergenz 

(der Convergenzexponent Glasse, oder die Ordnimg 4'®*' Glasse) nnd die Ideilie in 

X = (T noch convergent, so haben wir, wenn wir . (log setzen, 

da die Folge der wie der n . a,„ wie anch der n . log n . . . . nnd scbliesslicli 

der n . log n . . . log log (4 — 1) mal n . eine monoton abnebmende ist, 

lim log log . . . li mal [n). = 0. 
?i = CO 

Dies liisst sich auch schreiben 

1 

r,, > Tj . (log log ... 4 mal {n) f, 

wo n einen niir von 17 abhangigen Index iibersteigt. Divergiert die lieihe (6) in X=(t, 

so ersetzen wir cr durcli or + e, wo e l)eliebig kleiii ; die Schlnssfolgeriing bleibt danu 

erhalten. 

Oftenbar ist a der kleinste Wert, fiir welchen eine solche Ungleicliimg besteben 

kann. 

19. Die Betrachtiingeii dieses ersten Gapitels waren in ihrer Mehrbeit derart, 

dass sie mebr oder weniger interessante Ergebnisse liefern, ohne aber zu einer 

allgemeinen Theorie zu fuliren. Wie man leiclit die bier angefiibrten Beispiele, in 

denen die discutierten Metoden frucbtbar sind, noch bedentend erweitern kann, so 

ist es auf der anderen Seite leicht, Beispiele von Functionen zu bilden, zu welchen 

die hier angeflilirten Siitze nur in einer sehr loseii Bezieliung stehen. Zu einer 

Vertiefung der Metoden gelangt man erst durch Einfilhrung eines neuen Begriffes. 

Dieser Begrilf wird seine Definition und Erlauterung in den nachfolgenden Seiten 

finden. 

CAPITEL 2. 

1. Es sei + . . . + + . . . eine convergente Summe, welche eine 

Function einer complexeii Variabelen x definiere. Innerhalb eines Bereiches B hal)e 

die singularen Punkte a,,, Die a,,, mogen in ihrer Gesammtheit eine Folge 

bilden, welche den einen Grenzjjunkt a zuliisst.. In a sei jede der ui regular und 

habe dort den Wert 0. Verlangt ist, die Bedingungen aufzustellen, denen eine 

in B verlaufende und in a mtindende Curve 6 gentigen muss, damit der Wert der 

Summe 2)^ Ui bei Aunaherung auf (§, an x =a die 0 zur Greuze habe. 
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Dies Problem fuhrt ziir Betrachtuiig gewisser Bereiche, welche wie folgt con- 

stiiiiert sind. In eliien einfach zusammenhangenden Bereich B werden unendlich 

viele Lbcher Li, L,, . . . L,, . . . gebohrt. Jedes Loch stelle eineri einfach 

zusammenhangenden Bereich dar. Keines der L, schliesse den Pimkt a ein, mit 

wachsendem n komme L„ aber dem Punkte a beliebig nalie. Der so hergestellte 

Bereich L werde asymptotischer Bereich inn den Pimkt a genannt. Die Gesammt- 

heit der Bereiche heisse der asymptotische Nichtbereich inn ci. 

Im folgenden werden wir das oben angegebene Problem nicht in seiner Allgemein- 

heit angreifen, wir weixlen jedoch besondere Falle von genhgender Wichtigkeit imd 

Ausdehmmg in Angriff nehmen. Es wird sich zeigen, dass die Curve C der 

Bedingimg geniigen muss, innerhalb eiues asymptotischen Bereiches zii verlaufen, 

(lessen asymptotischer Nichtbereich die a,„ einschliesst. Die Ausdehnung der 

Lbcher L^ wird dabei nicht gleicligiiltig sein, sondern wird erst (lurch bestmunte 

Verfahrimgsarten festzustellen sein. 

Ohne von vornherein die Begriffe zu sehr complicieren zu wollen, werden wir doch 

noch zwei Bedingungen erwahnen, welchen die asymptotischen Bereiche geniigen sollen. 

Schlagt man inu a mit einem sehr kleinen Radius p einen Kreis, so muss die Summe 

des Flacheninhalts aller in diesem Kreise liegenden Lbcher L^ im Verhilltnis zum 

Flacheninhalt des Kreises mit p beliebig • klein werden. Und ferner muss eine 

Contour C um a innerhallj des asymptotischen Bereiches mbglich sein, deren 

Maximalabstand von a kleiner als hp, deren Minimalabstand von a grbsser als kp 

ist, wo h, k zwei beliebig vorgegebene Grbssen kleiner als 1. 

Es geht hieraus hervor, dass eine endliche Anzahl asymptotischer Bereiche um a 

einen asymptotischen Bereich um a gemein haben. 

2. Im folgenden nehmen wir an, dass der Punkt a im Unendlichen liege, con- 

struieren liir eine besondere Gattung von Reihen ST Ua den oben erwahnten 

asymptotischen Bereich, und zeigen seine Bedeutung flir die Characterisierung der 

durch Sr definierten Function. 

T-i • 1 1 . T I Un I • I fC/ I / T-v 

Es sei Un =-. Sv—r sei convergent und ^ sei > — r , wenii u> n . Der 
X — \a,i\ ° n — n 

asymptotische Bereich, in welchem — fiir lim x = cc sich der 0 niihert, wird 
X — (Cfi 

dann ivie folgt construiert. Wir schlagen um als Centrum einen Kreis L„ mit 

dem Radius U;,. lim r„, sei = co , jedoch lim - - =0. Die Gesammtheit der 
n = n= CO 

Ki ■eise L„ bildet den asymptotischen Nichtbereich. 

Dies ergiebt sich leicht aus den Voraussetzungeii. Es sei 

/(^•) = sr- 
1 

I/(■'») I = -r-r: 

X - 

1 

G’ — I' 
alsdann ist 
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Es sei |.t1 irgend eine Zahl grosser als |«„| und kleiner als |«ot+i1- Dann ist 

_-__ ____ 
\x — a.A la; — a,A la; — a„ 

+ 
I \ I ^ n 1 

Ferner ist 

^ , 1 ^ , 1 

^ I.'' — I ’ G’ I — I fli, 
< ^ ra — 1 

rt»i — 

Setzen wir = n. h,„ so ist |6,;| nach Voraussetzung eine Folge niemals abneh- 

mender Grossen. Somit ist 

1 
-'1 < X'l 

'^m—l 1 t 1 1 loo-7H. _ 'y«l— 1__,_P._ 
7?i. [ hjfi I 'i'b, [ h^fi j I I 7)1 “• 71 I hffi I 

Nach der in 18 erorterten Erweiteriing des Pringsheiinschen Satzes ist dieser Ans- 

druck mit wachsendem m kleiner als jede beliebige Grosse. Mithin a fortiori 

bin t'r' 
X — a„ 

— 0. 

Andererseits ist 

1 
■'(/i + 2 

— 's;' 

a; — a„ 

1 

< 
-KXi 1 ^ M 1 
■^/?i+2 I I I I ^/« + 2 I I I 

/«+! I 

— -,« + 2 I „ I + ^ 
G/i+1 I 

Ctn 
/»+2 , 

( I I I I ) I \ 

da ja 1 1 = 1 1 war, 

,/i + 2 
I ^0= 

~^nl+7 
(7)1, + 1) irii+\ 1 

(n 1 — ())) + l)|A; + i 1)»• 1 ^"'+11 

— 5“” —1- 4. - ^— s' 
- '^fti + 2 I „ I I 7 

«« Xa+\ I 

7)1 + 1 

n (n — 7)1 — 1) ' 

Es ist aber 

somit 

Mithin schliesslich 

m + 1 • 1 , • 1 1 1 
—--- identiscn = -, 
n [71 — 7)1 — 1) 71 — 7)1 — 1 71 

^—— asymptotisch = loo- m. 
)i{)i — ))i—l) ^ ^ 

'm+2 I . , ,, 1 —<111 + 2 ' — ((n 

1 . loo; 7)1 _L —°- 
IffJ |b«^ll 

Aus der Gonvergenz von —- nnd der bereits ange'wandten Erweiteriing des Prings* 
1 , 

heimschen Satzes fblgt demnach 

bin S m + 2 
1-r — ««1 m = ® 

= 0. 
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Llegt X im asymptotlschen Bereich, so ist 

I *44 Uj)i I — 0 ,11, 

I + \ I — m+\ • 

Audi war lim r,,, = oo . 
Ill = 00 

Daraus geht dann zur Evidonz liervor, dass, wenn x im asymptotisdien Bereiclie sich 

dem Pimkte x — oo annahert (d . li \x\ von irgend einer angebbaren Lage von x 

auf der Annabenmgscurve niemals abninnnt), 

3. Ist 

lim f{x) = 0 . Q. e. d. 

■\ 
ff) [x) = n” 1 — ), so ist 

</>' Cd 

4> (■<’) 

Einen wie oben konstrnierten asymptotisdien Bereich wollen wir L nennen. Yon 

einer ganzen Function F(a’) (des genre 0), deren logaritmisdier Differentialquotient 

in eineni asymptotisdien Bereich 3( sidi der 0 niiliert, Avollen wir sageii, sie gehdrc zn 

dem asymptotisdien Bereiclie 3(. Alsdann ktinnen wir zeigen, dass zu L alle ganzen 

Functionen gehoren, die sich in der Form schreiben lassen 

(fj (x) 4- . . . + c„ . (x) + . . . , 

wenn die c der Bedingung D genligen, dass die Reihe S c„. u’‘ einen von 0 ver- 

schiedenen Convergenzradins hat nnd C|j -/= 0 ist. 

Zunachst wollen wir nachweisen, dass, Avenn die c der Bedingung Q genugen, die 

Reihe Sc,,. <f)^''\x) eine gauze Function xjj{x') von x darstellt. Nachdem wollen vdr 

zur Evidenz brinnen, dass lim 
^ ’ ,.= 00 fix) 

genre 0 ist, deren Nullpunkte im Nichtbereich von L liegen. 

Nadi einem Satze von Poixcare ist die id® Wurzel aus dem idfachen des id®" Co- 

effizienten der Taylorsclien Entwickelung einer Function des genre 0 in der Greuze 

fur n = 00 beliebig klein. Mit anderen Worten, es ist 

wo 8 eine beliebio’ vorneo'ebene Zahl ist, wenn nur n nenuo-end ptoss gewidilt wird. 

Der Wert von x ist dabei beliebig. Soiiiit convergiei't . (f)'"\x) fUr jeden endlichen 

Wert von x, nnd stellt demnach eine gauze Function von x dar. 

Es sei 7], yo . . . y„. . . eine Folge positiver Grossen, derart dass S coiiA’ergiert. 
y It 

Es sei ferner 

0, in L, nnd dass f (x) eine Function des 
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Alsdann ist Jc^, 
2 . Jc^ 3 . 71 . h„ 

I' ’ k I' ’ ' 

mender Grossen, deren Grenzwert die 0 ist. 

. eine Folge positiver immerfort abneh- 

Denn es ist identisch 

^ = t ^ 
S(x) X + 7„’ 

d S'(x) __]__S" (x) _ /d' (ad\“ 

dx B (x) ~ (x + ynf ~ B{x) \B(x)J 

Mithin fiir jeden positiven Wert von x 

B"(x) ^ /3'(x)Y B'(x) ^ S"(x) 

B (x) ^[b(x)/ S(x) ^ d'>) ' 

Nach einem Satze von Hermite ist 

5'(®) = 3'(0)-n(i + ;f,'), 
\ / 

wo die y,/ den y„ zwischengelagert sind. Es ist somit auch 

y'(») ^ -5'" GO ^ ^ 
B'(x) ^ B"(x) > ■ > ^W(^) • 

Nach dem Satze von Poincare zeigt sich, dass der Grenzwert der Folge 0 ist. 

Setzen wir noch a: = 0, so haben wir damit die Behaiiptiing verificiert. 

Es sei nun angesetzt ■z=\x — a,i\, 

t 
B{t) = nr 1 + 

Es ist identisch 

nr 1 + 

a; — a^\j 

<f){x + t) 

— r\ ,i . 6 . 

— — *-<i 

Danach ist evident 

< kn und 

(})(x) n\ 0G) 
t". 

nl <f) X 

fur jeden Wert von n und x. Mithin ist 

yjrix) 

<f>(x) 

(kix) SSlc.l .V- 

Nahert sich innerhalb L x dem Punkte x = oo , so war aber 

lim k^ = 0. 
X = XI 

Daraus kommt dann leicht, dass innerhalb L 

lim •*kG) 
<f>(x) = Co. 

3 O VOL. CXCVl.-A. 
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Audi ist lim 
X=- 

jr'jx) 

i> (®) 
= 0. 

Mithin = dajaOoiO. 

Ein Satz, der, wie es scheint, von Hermite imd Hurwitz unabhiingig von einander 

aufgefunden wurde, besagt folgendes : Ist innerhalb eines einfach zusaminen- 

hiingenden Bereiches B eine Function u eindeutig und ohne wesentliche Singulari- 

tiiten, und ist auf dem Bande von B liberall |'?<| < 1, so nimmt innerhalb B genau 

so oft den Wert 1 an als die Function dort den Wert co annimmt. Der Beweis ruht 
r(R) (^11 

darauf, dass I = 0, da bei Beschreibung des Bandes B, wegen |w| < 1, 1 — u 

eine Contour beschreibt, die den Punkt u — 0 ausschliesst. 

Wir beschreiben nun um jeden der Kreise eine Contour C„, die innerhalb des 

Bereiches L liegt. Wiililen wir n genugend gross, so ist wegen 

auf C„ 

Somit hat die Gleichung 

lim = 0 
n = 00 ^ 

■v^ [x) Cq . (f) (x) g 

^ (ir) — Cq ■ (/) (x) 

(f) (x} 

innerhalb C„ genau so viel Wurzeln, als die linke Seite dort den Wert oo annimmt, 

d. h. genau eine. Die Wurzeln von liegen daher im Nichtbereich von L, und 

zwar je eine ihrer Wurzeln in L„, sobald n einen angebbaren Wert c ubersteigt, der 

nur von den Werten Cq, c^, . . . c„, . . . abhangig ist. Es ist danach \}j{x) 

oflfenbar eine Function des genre 0, denn die Moglichkeit der Existenz eines storenden 

Factor der Form ist nach den entwickelten Ungleichungen uberhaupt aus- 

geschlossen. 

4. Wir werden jetzt daran gehen, den allgemeineren Satz zu erweisen, den wir den 

Satz S nennen wollen. 

SatzS; Ist/(x) = Sr ^ ' X — a,I 

dass 

wo die G; und der Bedingung B unterworfen sind. 

1) 

2) 

3) 

Sr - absolut convergiert, 
(til 

1 cc,, I s I a,^ I wenn n = n, 

lim = CO , 

so giebt es einen asymptotischen Bereich, in welchem 

lim f[x) — 0. 
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Wollte man den Beweis des Satzes S in der Art imd Weise fiihren, wie vorhin den 

Beweis des in 2 gegebenen Satzes, so wiirde man zu keinem Ergebnis gelangen. Der 

zu construierende asymptotisclie Bereich hangt ganz imd gar von der Lagerung der 

o,j und c„ ab, und liber diese kann man ohne besondere Annahmen ausserordentlich 

wenig sagen. Was sich allgemein sagen lasst, ist wenig mehr als in der Grenzbezie- 

hung l^li + 1*^2! + • • • _ Q enthalten ist, die ans den Betrachtungen 

des Art. 18 folgt; denn es lasst sich leicht zeigen, dass man Folgen c„, a,, construieren 

kann, welche den Bedingungen O geniigen und fiir die 

lim ^ I ^2.1 I ^”1 ^ nicht mehr = 0, 
n = 00 

y/o r„ irgend eine vorgegebene liber alle Grenzen wachsende Folge darstellt. 

Es ist i/(*)i < sr-A^ < sr,. ||. 
\x — a„\ I FI ” II I 

Wir wollen zuniichst zeigen, da-ss es eine Folge von Werten ja’[ giebt, so dass 

lim Ixl = 00 und lim ST t;—J " L—rr = 0. In dem Ausdruck 27 —r- fassen I I ic I - I 11 I FI - 1 11 
wir alle Glieder zusammen, fur welche der Modul des Pols | denselben Wert hat. 

Dadurcli erhalten wir einen Ausdruck genau derselben Art. Da wir zuniichst nur 

von positiven Grossen sprechen werden, schreiben wir bis auf weiteres statt | a,, j, 

I c„ I und IX1 kurz c„, x. 

Es sei X grosser als jedoch kleiner als — «;«, nach obigem eine 

positive von 0 verscliiedene Grdsse, sei mit h„i bezeicbnet und 

X — Cl„i I Tj . 1)^1 — Cl„i ^ j ^ 

gesetzt, wo 77, 77' irgend 2 positive von 0 verscliiedene Grossen, die der Beziebung 

geniigen 
77 + 77' = 1. 

Es ist nun 
\x — (In X — 

+ 

X — Ctn 
+ 

L W —1 
+ 

‘'wi—2 

™ C ,i 

V • ^ni C„j_j -p 77 . h„i (l,n 77 . h„ 

('III—-2 

+ • • 

X C( ii + 1 
-k 

+ l / \ 1 "L ^ / \ t 1 
^ 1) "I" ~ 2) "1" 

< + + 2 + . P’> 

3 o 2 
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Ahnlich ist 

+ 1 

C« ^m + \ 

7^ 
+ ('m+2 

a vn+2 — <*)/;+! + V' ■ ^11 

+ l^M + S 

^m+3 m+J + V' • ^n. 
+ 

und 7. S 
Cji 

/)l + 1 Un - X 
< ^/rt+1 

^m+l — Cln 
+ 

^}rt4-2 

^M+2 — a.. + ^M+3 

^m+s 
“1~ • • • — 

Wenn es Indices m giebt, fiir welche pm und q„, kleiner wird als eine beliebig vorge- 

gebene Grosse, so wird es auch eine Folge liber alle Grenzen wachsender Grossen |a:| 

geben, fiii’ welche f (x) kleiner als eine beliebig vorgegebene Grosse wird. 

p„, war = ---— 
0 ^m—A 

und q„ = X" 
^m+A 

Wenn > 2 . a,„ wird, so ist 
% 

^ IJ h' — a,, 
<2.X[ h' 

und diese Summe wird fiir genligend grosse m kleiner als eine beliebig vorgegebene 

Grosse, da nach Voraussetzung die Summe .4^ — convergiert. Somit setzen wir 

+ A 

^ HI + A ■ 

wo ii definiert ist als der kleinste Index, fur den a,n^h und stellen mis 

nun die Aufgabe, zu erweisen, dass die 0 einer der Grenzpunkte der Folge q,,! 

ist. Der Beweis ist moglich nach der bier befolgten Metode. 

Zunachst machen ivir eine Voraussetzung V liber die Folge der a„, welche aber die 

Allgemeinlieit in keiner Weise einschrankt. Wir nebmen an, dass + i — a„ 

kleiner sei als eine Constante e, und dass lim — a„ = 0. Trifft fiir die that- 
n= <x> 

sacblicb gegebene Folge diese Voraussetzung nicht zu, so steht es uns frei, der 

Function f{x) soviel Glieder der Form-zuzusetzen, dass fiir die so condensierte 
X cc 

Folge der a die Vpraussetzung zutrifft. Die c der Zusatzglieder wilhlen wir sammt- 

licb = 0, oder, wenn wir wollen, von 0 verschieden und so klein, dass die Summe 

c » 
% - iminer noch convergiert. Ist fur die erweiterte Function der zu beweisende 

a ^ 

Satz richtig, so ist er es auch gewiss ^11*7(0:). 

Wir definieren nun vier Functionen einer reellen positiven Variabelen f durch die 

Gleichungen 

A (f) = Sr{cin+i — «„) , 

B(^) =Sr 

C (£) = t" p„ . — a,) . , 

D (^) = Sr q,! (««+i — a.,) . . 
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Diese vier Functionen, wie sich sehr bald zeigen wird, sind durch obige Reihen 

erklart fiir die Wei te ^ < 1. 

Es handelt sich nun um die asymptotische Darstellnng der vier Functionen bei 

f = 1. Der Kiirze wegen werden wir statt des haufig wiederkehrenden 

Inn - = 1 
1=1 V 

einfacber schreiben u = v. Ferner werden wir einen bfter wiederkehrenden Prozess 

kurz 4-' nennen. Der Prozess ist auf B(^) angewandt der folgende. Es ist 

B (^) = Sr G. . I''", also, wenn ^ < 1, 

Nun fassen wir alle Glieder zusaminen, die mit deniselben ExjDonenten multi- 

pliciert sind, und nennen den resultierenden Coefficienten von cj. 

src,;. f" = L(o. 
Es ist also L (f) > B (^) > ^. L (^) 

und B(^) = L{^). 

Cm' 
OlFenbar ist XT — convergent, daher auch 

m ^ 

rL(^).df. 
•>0 

Auf A(^) angewandt liefert nacb Theorem T und V 

A(f) zzr f 

Ehe wir T' auf C(^) und D(^) anwenden konnen, miissen wir dieselben transfor- 

mieren. Wir ordnen C(^) und D(|^) um, indem wir alle Glieder, die mit demselben 

Goefficienten c„ multipliciert sind, zusammenfassen. Dadurch wird 

C (^) = X;' X\ 

Setzen wir = T". E, (^), so ist 
1 «„+/, — «„ 

f . 3 (E„) = S\ , 

was nacb ^-^ad Theorem T und V sich verbidt wie ^. Mithin 

E„ E5 log nacb Theorem T 

C(^)-B(0.1og 
1-1 
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cm ist also convergent. Wir Averclen nachweisen, class dasselbe 

richtig ist ftir t -^ d^. Die Notwencligkeit dieses Nachweises war auch 

der Grund, warum wir statt der die q,! einflihren mussten; denn 

^ 1 j ware im allgemeinen nicht mehr convergent. 

Es ist, wenn wir in D(^), wie es vorhin bei C(f) getban wiircle, die Glieder zusain- 

menfassen, welcbe zu demselben Coefficienten c,, gehoren, 

,h -k=b!:l-^l^^an-h+X^ D(^) = c, 

Dabei ist k die grosste ganze Zahl, fiir welcbe die Ungleichung gilt 

cG-a > CG, 

also fiir jedes gegebene n bestimmt. Nun ist evident, nach V, 

^ n—h 

a, —A+1 ^n~1i — h 
0 Cl)i ^^n—U 

, ^ jedoch 

0 a„ — 

Andererseits ist 

- 

3? 

V, (<n-ii+x — a,i-h 
= (cG_i+i - 

somit nach und V 

'■'n-n+i --n-n ^ 

0 Ctn — Un-h 

O'n—h+i d„_fi 

WO Z/ = E (cg), 

t-\ fc-2 fc-3 fc-7 

= ^ + V + . . . 4- z o 4 V 

und nach ^ und I’beorein T 

b '‘ • • • H-! = <?/« 
AS ; 1 

pm~2 

V + V +. 
Z o 

■ +C\ 
' in 

\ 

Es ist aber offenbar nach 
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oder, das Zeiclien < asymptotisch aufgefasst, nach Tlieorem T 

m 

V™ . log w . i D (^) i . logm . p. 
1 1 

Auch ist 

s}c.. f" + f +... + £‘) < (S}c'.. f") log (-jA-j 

1 

also 

. logm . p" p . log 

Daraus geht daiin ziir Evidenz hervor, dass die Operation 

m = D(f) 
«-^o 

log , 
1- ^ 

J— . auf 

angewandt, convergent sein muss. 

Wiire nun + q,' ftir jeden Wert von n grosser als eine angebbare endliche, von 

Null verschiedene positive Zahl 8, so ware 

-r(iA + qn) (««+i — ct,) > 8A , 

C(f) + l)(n S.A(f) 

also 

Nun war aber 

log > log 
1 

1-^/ V-l 

1C(0 + r)(0 

log 
1 - r 

convergent, wiihrend 

wegen A(o = jAj 

•1 A(f) 

log 
^—r divergiert. 

1 

Somit kann eine solche Zahl 8 nicht existieren. Wie klein auch eine vorgegebene 

Zahl 8 sei, die Folge + q,! enthitlt immer Glieder, welche kleiner sind als 8. 

Dasselbe ist auch wahr ftir p„ + also auch ftir wie q^ individuell. Nun 

batten wir aber 

i/wi + 

Somit erhalten wir : Isty(g:) = 
Cn 

X — a,I 
gegeben, so bilden wir alle Ausdrticke 

p,i und qn mit Htilfe der Folgen \c„\ und \a„\- Wir bilden dann + g,; und 

bestimmen diejenige Reihe der Indices 

1 , ip, , Wg . n-, 
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ftir welche p„, + q„. kleiner ist als jedes der vorhergehenden Glieder der Folge 

p. + q,. Diese Folge von Indices existiert nach obigem und erstreckt sich ins 

Unendliche. Die |cv| + nennen wir die ausgezeichneten Intervalle. 

Die Werte von nennen wir und diejenigen 

von , . ej . 

Es ist dann lim 8^ = 0 und lim ej = 0. Alsdann bestimmen wir irgend eine Folge 
j = CO 

positive!’ Zahlen 

; = co 

Vj 

derart, dass beide von 0 verschieden sind, dass 

ferner rjj + pj = 1, 

und dass lim = 0 . 
j = 00 Vj Vj 

Schlagen wir dann mit + i — «//j|)Kreise Q uin den Nullpunkt, 

so ist fill’jeden Punkt Xj auf dem Kreise C^- 

und 

Vj Vj 

lim \f{xj)\ = 0. 
j = CO 

Alle Pole a, deren Modul grosser als und kleiner als, oder = ist, fassen 

wir in eine Gruppe G; zusammen. Dieselbe umgeben wir mit einer Contour L^, die 

derart construiert ist, dass die Summe S , erstreckt iiber die Punkte a der 
X — a 

Gruppe Gy, ftir alle Punkte x ausserhalb L; kleiner ist als die grossere der beiden 

Zahlen 

^ I A. 
' I / 

Vj Vj 

und -p Ati 
Vj+I Vj+I 

Die L; bilden dann den asymptotischen Nichtbereich des zu construierenden asymp- 

totischen Bereiches L. Es ist offenbar in L lim f{x) — 0. Dass L die beiden in 1 
= 00 

erwahnten Bedingungen erfullt, erhellt aus der Thatsache, dass eine beliebige 

endliche Anzahl solcher Bereiche L wiederum einen solchen Bereich L gemein haben; 

und dass Kreise in L moglich sind, deren Radius beliebig gross wird. 

5. Der Satz S liisst sich mit den bereits verwandten Hlllfsinitteln erweitern auf 

Functionen 

derart dass S — und S ~ absolut convergieren. 
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Es tritt nur an Stelle der einfachen Integration nach ^ eine zweifache Integration 

nach Uberhanpt liesse er sich anssprechen fiir Snmmen Sj” derart dass in 

x = ^ 11 n — 0, und dass eine rationale Function von x ist, deren Nenner niemals 

einen angebbaren Grad liberschreitet. Ohne Zweifel kann man ihn anch erweitern 

auf Summen 2” i[„, deren Terme analytische Functionen von - sind, die bei - = 0 

regular sich verhalten. Nur erfordert diese Erweiterung eine ungeinein feine 

Differentiation in den Begriffsbildungen, und der Beweis dieses Satzes dlirfte an 

Scliwierigkeit den des Satzes S bedeutend iiberschreiten. 

Der Satz S litsst sich sehr leicht nach einer anderen Eichtung bin erweitern, welche 

fur die Theorie der o-anzen Functionen sehr wichtig; ist. Nichts hindert uns im 

voranstehenden Beweis anzunehmen, dass die c„ irgendwie von x abhiingen, wenn 

nur eine Constante c sich linden liisst, so dass filr jede in Betracht kommende Lage 

von X Sfy-— < c. Daher kann man ohne weiteres den Satz S' aus.sprechen, der 

lautet: 

Satz S': Ist f{x) = 

in welchem 

gnicin) {X — Ctn) 

SO giebt es einen asymptotischen Bereich L, 

lim 
.77 = CO 

/D) 
M (X) 

= 0, 

wo M (x) = 
. -t/i Di) 

+ 
f/i Gd • «o! 

+ 
li/sGs) • «3 

denn dann ist die obenerwiihnte Zahl c = 1. 

Es sei nun 
G'D) '7«(D 

(D gu{c„) ■ (x — «„)’ 
wo G (x) eine gauze Function, 

fh ("i) 
+ I + + I fhi (x) 

I.''/«(««) 
+ 

sei Aviederum mlt M (x) liezeichnet. Integrleren wir zwischen irgend 2 Punkten x.2, x^ 

eines im asymptotischen Bereiche liegenden Kreises mlt Eadius r um 0, so wird 

log 
G (Xy) = j" - Jx, 

fh, (■'-) 
ijn (C«) . {X — Un) 

dx 

Ist 8. M (r) das Maximum von 1 
G(') 

auf jenem Kreise, so ist also 

G (i2?o) 

G (Xy) 

wo C. r die Liinge des Bogens zwischen Xy und x^ misst, C also eine Grosse < 27t ist. 

Aus dieser Beziehung fliesst sogleich 

VOL, CXCVI.—A. 3 P 
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1) Das Maximum von |G(a;)| auf jenem Kreise ist < e-“ ; 

2) Das Minimum von j G (.x) | auf jenem Kreise ist > 

da ja log 
G I 

> log ist. 

Ferner folgt noch : Das AVachstum des imaginaren Teiles von log G(x), v’enn x 

von .Xj nach Xo sich continnierlich auf jenem Kreise bewegt, ist an absolutem M'erte 

< C. r.S. M(r). 

6. Ist insbesondere G (x) eine Function des genre I, so ist g,i (x) = af, und es ergiebt 

sich daher aus 5 Satz : Ist G (x) eine Function des genre /, so kann man eine 

Folge von Kreisen Cj, C9, C,-, . . . . . . um den NulljDunkt mit den Fvadien Pi,, 

Ro . . . R;, . . . bestimmen, derart dass tiir Punkte x auf C,, 

iG(x)| > 

Avenn nur n geniigend gross gewiililt wird, wie klein die vorgegebene positive Zahl 8 

auch sei. 

In Hadamatid’s beruhmten preisgekrdnten Abhandlung sjjielt ein Satz der obigen 

Art eine sehr wichtige Rolle. Ist p nach Borel die Ordnung von G (x), so ist znfolge 

des Satzes von Hadamard eine Folo’e von Kreisen obio-er Art moolich, auf der die 

Ungleichung besteht 

|G{x)l > 

wo e eine beliebig kleine positive von 0 verschiedene Grosse bedentet. Ist p keine 

gauze Zahl, so ist p < / + 1 und somit geht der Satz von Hadamard dann weiter 

als der obige. Ist umgekehrt p = / -|- 1, so ist der bier ansgesprochene Satz der 

weitergehende. 

Der Hadamardsche Satz liisst sich ubrigens unschwer aus Satz S ableiten. Es sei 

Sr I I convergent, / ^ X /+ 1 . /+ 1 — \ setzen wir = cr. Dann ist in einem 

asymptotischen Bereiche L, 

wenn wieder = /’{*) = -r gesetzt ist, 
P . G(.- ) ^ ^ a.J{x - «„) ^ 

lim .x" . f{x) = 0. 

Es ist niimlich 

Ist 

I • f{^) I < -r 
1 

i 1'. 1 1 ■->-’! - l«b 

< Ixj < ja,„+, 1, so ist 

Das Glied 

1 1 

00 

i 1 

«+l 
u 

= 
\X’’ 

l-'-j) 

\ \) 

1 1 
1 

|<Li'(|««| — |x| j 
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was nach Satz S flir geeigiiete Lagen von x in den ausgezeichneten Intervallen von 
O' —I 

— 1 -— kleiner wird als jede beliebig vorgegebene Grosse. Andererseits ist 

da 

kleiner als 

1 \ 1««1 
' aj{\x\ - \a„\) — ^ 

( 1 1 1 1 ) 

\x\ — \a„\ 1 1 ■ wenn |a3| 

m a . 

1««1 ^ 

Hier ist m' irgend eine Zahl kleiner als m. Die letztere Sumine ist ein Teil einer 

coiivergenten Siimme, ist daher llir geniigend grosse Werte von m', die im Vergleich 

zu m aber noch sehr klein sein kdiinen, beliebig klein. Die Snmme 

1««1 (|a'| - |«„|) 

aber ist aiigenscheiulich, wenn 

wegen 

m ini Vergleich zu 'Ui sehr gross genommen wird, 

l^l >(«;«) 
beliebig klein zu machen. 

Somit ist nachgewiesen, dass ein asyinptotischer Bereich L existiert, innerhalb 

dessen 
lim f{x) = 0, 
T = GO 

und da f [x) — q erhalten wir durch die bereits angewandte Integration 

den Satz von Hadamard. Das obige Verlahren eiuveitert den Satz von HxVDAMARD 

noch in soweit, dass es auch noch die Folgerung G{x) > zuliisst, wenn 

2 I c(,i I noch convergiert, 

wo, wie friiher, p den Convergenzexponent der Folge jr^j bedeutet. 

Der obige Beweis des Hadamardschen Satzes lasst sich librigens unschwer nach 

verschiedenen Seiten hin zu einer Erweiterung; des Satzes S benutzen. Doch ist es 

fiir den Augenblick unnotig, darauf iiither einzugehen. 

7. Man kbnnte die oben entwickelten Ungleichungen benutzen, uin, dem schonen 

Ideengange der Hadamardschen und Borelschen Untersuchungen folgend, eine 

Theorie der ganzen Functionen aufzustellen. Es wilrde sich dabei empfehlen, den 

BegrifF einer Gattung von ganzen Functionen einzufiihren, wobei ein und derselben 

Gattung alle diejenigen Functionen angehbren wllrden, deren {x) . . . g,, (x) . . . 

gegeben ist. Adoptiert man den Borelschen Standpunkt, dem derselbe bereits in 

seiner, in der ‘ Acta Mathematica,’ 1896, erschienenen Abhandlung Ausdruck verliehen 

hat, so wiirde man 
g„{x) = 

8 p 2 
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setzeu, Avo eine passend geAAaihlte Folge ganzer Zahlen ist, die mit wachsendem n 

niemals abnehmen. Setzt man insbesoiidere 

‘log log n 

SO AA’llrde die entstehende Gattung eineii Teil der Borelschen Functionen 2ter Classe 

umfassen, namlich jeiieii Teil, dereu Ordnung '2ter Classe kleiner als die Constaute X 

sein AAdirde. Flir die Borelschen Functionen dritter Classe, deren Ordnung < X, AA'are 

= E X. 
log 71 

I02: log log n ! 
u.s.f. 

iMan konnte sicb mancherlei Aufgaben stellen, insbesondere, zu erweisen, wenn 

und Go einer Gattung G angelioren, dass auch G^ + G,j wie g— G^ ihr angeboren, oder 

dass, wenn f (x) = 1 und G (.r) in den verschAAundet, G {x).f {x) derselben 
it —* il/i 

Gattung angehort AAue G (x). Wir kdnnen allerdings nicht, ohne die Grenzen dieser 

Abhandlung \mgebuhrlich auszudehnen, auf die angeregten Probleme nither eingehen. 

Wir AA’-erden nur noch einen Satz entAAuckeln, der in geAAussem Sinne die Umkehrung 

bildet zu Satz S und die Betrachtungen dieses Capitels zu einem A’orliiufigen Abschluss 

flihrt. Derselbe lautet : 

Satz U: Ist f{x) eine eindeutige analytiscbe Function, AA^elche innerhalb eines 

Bereicbes B erkliirt ist, und existiert in B ein asymjjtotiscber Bereicli L urn einen 

singuliiren Punkt a a’oii f{x), so dass in L 

limy’(5c) = 0, 
=G 

SO ist f{x) entAA'ickelbar in eine coiiA’ergente Summe li tt„(x), A'erniebrt um eine 

in X — a conA'ergente Potenzreibe 4-' {x — «), und zAA'ar derart 

1) dass die u,i{x) durcb die Singularitaten A*on f{x) in B definiert sind ; 

2) dass alle (a:) in a: = a regular sind und dort den Wei't 0 baben ; 

3) dass aucb pi [x — a) in x = a den XX^ert 0 bat. 

Um den Satz zu erAA'eisen, scldagen aaIi’ iimerbalb L um a mit den Kadien po, pg 

. ... Pj, ... . Kreise Cj, G, .... C„ ... . Die p, bilden eine stetig abneb- 

mende lleilie a'ou Grossen, so dass bin p„ = 0. (Statt der Kreise konnte man ulirigens 

and] andere Contoureii AA iildeii, deren Xlaximalabstand Adii a < h . p,„ deren Xlinimal- 

alistand Amn a > k. p,„ ^vv A, /.' AX)rgegel_)ene Constanten. Die Mdgliclikeit soldier 

Contouren in L A\'ar in der Debnition von L Bedingung.) Es sei 2: irgend ein nicbt 

singularer Punkt Axm f{x) in C\. 

Es sei dann 

b,(A=r„G). und 
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v,i{z) ist also das iiber die beiden Kreise C;„ 0/,+^ erstreckte Integral von 

fix) 
——— --c/a;, dividiert durch 27rb Dalier ist (2:) eine eindeutige Function von 
('-i/ CCj\JX^- ““ X) 

z, welche nur von der Art der Singularitaten von / (a;), die zwischen C;, und 

gelegen sind, bestimmt ist. Odenbar ist wegen 

bin f\x) — 0 
x = a 

auch lim = 0, 
/I = » 

mithin 2^” {z) convergent fiir jede Lage von 2 in Cj^. 

2; rticke ZAAdsclien und 0,;;+^ Alsdann ist I;„ {z) — (2) nicht mehr = 'V„i (2), 

sondern, da a; = 2 einen Pol von--- bildet, 
{X - a) i,x - z) 

oflenbar 

kommt 

mithin 

m 
a 

+ v,,,{z). Aus lim p = 0 

(Ii “ I2) + (F - 1,) + (I3 - I,) + 

s: Mz) = Ai: +1.. z — a 

ist nun augenscbeinlich eine eindeutige Function von 2, welche tur AfA Lage von 2 

innerhalb endlich ist. Mithin ist in eine Potenzreihe nach aufsteigenden 

Potenzen von z — a entwickelbar, welche in convergiert. Setzen wir nun 

^^2 _«)=-(,- a)I,(.) 
und u,,{z) = {z — a)v,{z), 

so ist der Satz U verihciert. 

Aus Satz U folgt z. B. ;—Liegen in deni asymptotischen Bereich L keine Singulari¬ 

taten von/‘(a:), so ist /'(a?) in L und dem Nichtbereicli von L regular, und es ist 

liberhaupt limf {x) = 0, Oder auch: Hatf {x) in L keine wesentlichen Singulari- 

taten, sondern nur Pole a.^ . . . , «« .... und ist in 

O' 

regular, so ist identisch 

f{x) — ly (2 — a) 
n + ^2) J 

(2 — «,d" 
o + • • • + 

^h> n 

(2 - 
- ^5 (2 - a). 

Dabei ist die Summe ... . flir jeden Wert von 2 convergent, doch nicht absolut, 

sondern bedingt. Man muss, um die Convergenz der Summe zu sichern, immer 

diejenigen Terme zusammenfassen, welche den singularen Punkten cii entsprechen, die 

gemeinsam zwischen 2 aufeinanderfolgenden Contouren C liegen. Selbst bei dieser 

Zusammenfassung ist die absolute Convergenz noch nicht erwiesen. 
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In the ‘ PhilosojDliical Transactions’ for 1894 were published Parts I. and IT. of 

“Flame Spectra at High Temperatures, the Spectrum of Metallic Manganese, &c.,” 

and Part HI. “ The Spectroscopic Phenomena and Thermochemistry of the Bessemer 

Process.” The results obtained by one of us up to 1895 had reference to the 

phenomena ol)served in flames seen to issue from tire vessels in which are carried on 

the operations of the “ acid ” Bessemer process. The following account deals with an 

inve.stigation of the Thomas-Gilchri.st or “ basic” process. 

Works in various parts of England were visited in order to ascertain wliere 

suitable observations could be made without incurring serious personal risks or 

damage to instruments, and to o1)tain permission to carry on these investigations. 

5.6.1901, 
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The Cleveland district of Yorkshire was chosen as the j^rincipal centre, owing to 

the interest taken in the work by Mr. Arthur Cooper, Managing Director of the 

North-Eastern Steel Company, and, in consequence of the courtesy and attention 

shown us, the North-Eastern Steel Works at Middleshi’ough were selected. 

It was found necessary at the outset to have three observers at work simultaneously^ 

Twenty-eight plates of photographs and copious notes were taken successfully, with 

photographed spectra to tlie number of about 140. 

According to previous experience it was found advisable to obtain photographs 

of the flame, sparks and fume at different stages of the “blow,” as well as jjhotographs 

of spectra. These were executed with a small Anschutz camera and Goertz lens, giving 

excellent pictures witli very rapid exposures. Some of the photogra^Dhs of spectra 

could not be surpassed with the dispersion of the instrument emjjloyed, but the work 

was not accomplished without some difHculty, which was occasioned by the large 

quantity of lime dust blown into the air. 

The results were quite different from those previously obtained ; for instance, many 

lines and bands quite new to the Bessemer flame have been recognised in addition to 

the spectra of the common alkali metals, iron, and manganese. 

Thus rul)idium, cfesium, calcium, copper, silver, and gallium have been identified. 

Very careful analyses of the crude metal, the ore, and lime, and also of the rail steel 

manufactured, were made for the purpose of separating some of these substances and 

identifying them subsequently by a spectrographic observation of the separated bases. 

The technical importance of being able to ascertain the amount of pho.sphorus in 

the metal during the process of “blowing” made us very desirous, if possible, of 

determining this. Notwithstanding that the work has been continuously in progress 

since 1895, and that every line and band in the different spectra photographed has 

been accounted for, our observations so far have failed to yield information or even 

any indication of when the blast should be stopped. The cause is not far to seek if 

we bear in mind that phosphorus existed in the pig-iron probably as a ferrous phos¬ 

phide, which, according to previous experiments, is not volatilised, and that at a high 

temperature in contact with a powerful base like lime and in presence of air it 

becomes a non-volatile calcium phosphate or a feri’ous phosphate. Nevertheless, 

some insight into the chemistry of the process of the “ blow ” has been obtained. 

Tlie greatest interest is attached to the knowledge it lias given us of flame spectra 

under variations of temperature and of the wide distribution of many of the rarer 

elements in minute proportions in ores and common minerals (‘ Boy. Soc. Proc.,’ 

vol. 60, pp. 35 and 393 ; ‘ Chem. Soc. Trans.,’ 1897, pp. 533 and 547). 

As we have had the honour of laying before the Boyal Society and also the 

Chemical Society accounts of some of our results, there is no necessity to make more 

than an incidental allusion to them. 

We have also sought for the spectra of metals in the open hearth steel furnace, 

and propose to very briefly record here our want of success in this direction. 
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The Siemens-Martin Furnace. 

The investigation was made, by the kindness of Mr. F. W. Webb, in the steel 

works of the London and North-Western Railway Company, Crewe, in the first week 

of January, 1895. 

The steel melting furnace No. 3 had been charged with 15 tons of old rails at 

11 P.M. on January the 2nd. The observations were made from about 10 a.m. on 

the 3rd January. Eye observations were first made with a direct-vision spectroscope 

through one of the charging doors of the furnace ; the charge was perfectly fluid, and 

was covered with slag, through which bubbles of gas escaped. The charge was ready 

for tapping about 3 p.m. on the same day. The only line seen in the spectrum of the 

light emitted by the gas above the charge and the furnace wall beyond was the 

yellow line of sodium seen as one bright line ; the continuous spectrum was very 

strong. Photographs of the spectrum were then taken to obtain a permanent record 

and to discover how far the spectrum extended towards the ultra-violet. 

Plate 1.—A Cadett plate stained with erythrosin after McClean’s method. 

Gas 

\o 

Four ex2:)osures were made with the instrument jjointing as indicated in the above 

plan of the furnace, and about 3 yards away from the door. The S23ectrum extended 

to the wave-lengths here recorded. 

A. 

1. Pointed as in A, min. . . . 3800 

2. ,, ,, ,, 2 mins. . . 3540 

3. ,, ,, B, 1 min. . . . 3720 

4. ,, ,, ,, 3 mins. . . 3470 

Plate 2.—Thomas’s “ Sandall ” plate stained with erythrosin. Same direction as 

B, the slit being about 4 feet away from the door in the first, and about 3 yards in 

the second, third, and fourth photographs. 

h. m. s. 

1. Exposed from 11 27 10 to 

2. „ „ U 31 0 „ 

3. „ „ 11 36 50 „ 

4. „ „ 11 39 10 „ 

5. Solar spectj’um for reference. 

VOL. CXCVL—A. 3 Q 

h. m. s. 

11 29 10 . 

11 35 0 . 

11 38 50 . 

11 39 25 . 

A. 

3590 

3565 

3700 
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For 3 and 4 the spectrograph was pointed as in C. 

Plate 1 was very sensitive to the greenish-yellow and yellow rays, but it shows no 

ti'ace of the sodium lines. The spectra are very strong in the blue and violet, but 

fade gradually towards tlie extreme violet, and thence to the wave-lengths recorded 

above. 

It must 1)6 remembered that the dame playing across the hearth of the furnace, 

although at a very high temjoerature, is oxidising, and, as will be seen later (j). 498), it 

should, at the most, give only feeble spectra of such elements as lithium, jDotassium, 

calcium, and, we should infer, iron and probably manganese. The carbon monoxide 

as it escapes from the bath of metal and slag would, however, tend to intensify the 

spectra of these metals, and care was taken to turn the collimator in a direction 

parallel to the surface of the hath and as near to its surface as the opening for the 

door would allow. 

The temperature of the gas must be higher than the temperature of the walls of 

the furnace which are heated by it, hence the fact of the sodium line being bright is 

in accordance with Kirchhoff’s law. 

Ohservations on the Flames from a Cupola Furnace. 

While at Crewe Works, eye observations were made on the spectra of the gases 

passing the opening of a cupola througli which the charge was introduced. Pig-iron 

was being melted in the cuj^ola for the “ acid ” Bessemer jirocess, while the blast was 

turned on the flame was bluish, and lines of sodium, lithium, and potassium were 

detected; the latter were very weak. When the Boot’s blower stopped, the flame 

l)ecame smaller and whiter, and the lines of the above elements became stronger ; 

the ends of the two strongest bands of manganese were also seen. There was, 

doubtless, a large j)roportion of reducing gas in the flame in the latter case. 

Description of the “ Blow ” and “ Over-blow” in the 

Middleshroiajh. 

“ Basic ” Bessemer Process at 

The vessel is first charged with about 2 tons of lime in lumps, and then with 

12 tons of fluid “mixer metal.” The blast is turned on, and the vessel rotated into a 

nearly vertical position. 

The iron used for the Ijasic Bessemer process in the works is a mixture of fluid 

metals coming direct from the blast furnaces with molten pig-iron from a cupola, the 

two fluids being completely mixed and in such proportions that the composition of 

the mixture is practically constant; it is thus rendered suitable for uniform treat¬ 

ment. This, which is technically known as “ mixer metal,” is poured out of a 

Hoerder mixer into a ladle, which delivers it into the converter; this “mixer metal” 

usually contains— 
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Manganese . 

Silicon . 

Phosphorus 

Sulphur . 

Carbon . 

about 1 ‘0 per cent. 

0-08 

,, 3'4 

The blow may be divided into three stages. The first stage ends when the flame 

drops, indicating that the carbon has burnt out. The second stage ends when the 

vessel is turned down for a sample of the metal to he taken and the slag poured off*. 

More lime is then added, and the blow is continued for a few seconds to complete the 

removal of the phosphorus ; this forms the third stage. 

First Stage.—The average duration of this was 12 minutes and 20 seconds. The 

blow begins with the expulsion of a large cpiantity of lime dust, and as soon as this 

has cleared away a flame is visible. It has a yellow or yellowish-red colour, the 

colour being probably caused by hydrocarbons from the tarry matter in the lining of 

the vessel. The flame grows larger and brighter, and assumes the usual appearance 

observed in the “ acid ” process. Sparks are thrown off*, which in turn throw oft* 

other sparks; these are succeeded by larger showers of sparks and a louder roaring of 

the flame. When, after a time, the flame gets thin, some fume is seen; then the 

flame drops and the sparks do not throw off* scintillations. 

Second Stage.—This, technically known as the “ over-blow,” lasts about 5^ minutes. 

In the earlier part the flame is very short; it gradually extends, and the fume arises 

very copiously. It was noticed that the cloud of fume was yellower than that seen 

at Crewe and Dowlais in the “ acid” process. On one occasion tlie fume was observed 

to have a rich purple colour when viewed by transmitted light, which colour faded 

gradually and became more like brown umber; the flame gradually increased in 

density until it became very brilliant indeed, but its colour was always of a golden- 

yellow, until sometimes it resembled phosphorus burning in oxygen. Slag is thrown 

out in large quantities, and with a shower of sparks, just prior to the converter being- 

turned down. 

.Owing to the exigencies in the arrangement of the Bessemer plant and the nature 

of the operations carried on, it was found that the only point of observation available 

was a gallery at one end of a row of four converters, and when the most distant 

of these vessels was in use nearly all the details of the “ blow” as photographed else¬ 

where in the “ acid” process were absent. 

For instance, the manganese bands were not defined or even clearly visible. Then 

again, the spectra were complicated by a superposed feeble solar spectrum. Only 

those vessels nearest the instrument yielded satisfactory photographs. It was proved 

eventually that the lime dust and other dust and smoke in the air reflected the sun’s 

rays and caused an overlying solar spectrum to appear. To get rid of this it became 

necessary to make all the observations during the evening after dark. 

Having described the course of the “blow” in the Thomas-Gilchrist process, it will 

3 Q 2 



484 PROFESSOR W. N. HARTLEY AND mi H. RA:\IAGE OX THE SPECTRA 

1) e noticed that we have to observe the “ blow” in different stages, and also the “ over¬ 

blow ” ; it is desirable that some general account of the photographs which were taken 

at different times be recorded, and that the details of some of the sj)ectra be given 

when of particular interest. 

In all some twenty-six plates were developed, some few of which were failures 

owing to circumstances already described, hut Nos. 4, 14, 15, 17, 23, and 26 were 

particularly valuable. A full account of all the details of the operations witnessed 

witli a precise description of the spectra on each plate being considered unnecessary, 

the particulars of No. 14 oidy are here given, followed by a summary of all the 

spectra on the other plates. In making the observations it was found necessary at 

first for one person to attend to the spectrograph, a second to watch the “ blow” and 

oljserve the flame with a direct-vision hand spectroscope, and obtain a record of what 

was taking place with the Anschutz camera, while the third recorded the time and 

entered the notes and remarks made to him. Subsequently, two observers were 

engaged—one in managing the spectrograph, the other in entering all details in the 

note-book. When a succession of thirteen spectra are photographed in 15 minutes, 

there is ljut little opportunity for entering notes of every detail. The omission of 

these details greatly diminishes the value of the observations; on the other hand, 

photographs of the operations greaffly enhance their vahie. 

Plate No. 14. A series of six spectra which are in very sharply defined focus in 

the green. The following table gives the intensities of the lines and bands in the 

different sj^ectra from 1. to VL, with the period of exposure in each case, the periods 

being consecutive. 

Note.—There were 140 spectra on the twenty-six plates. The plates were 

numbered consecutively and the spectra on each plate were numbered in the order 

of their exposure. The references in the text to numbered plates relate to the 

2) JiOtographs and not to illustrations, which have been omitted. 
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! 

Wave- 
Intensities numbered 1 to 10. 

Element. Description. 
lengths. 

I. II. III. IV. V. 
1 
i VI. 

5893 iSla 7 8 9 9 10 10 Centre of lines. 
5832 FeK _ _ _ 1 2 2 Line and m.r.* edge of Ijand. 
5802 K — _ 1 2 3 2 Sharp line. 
5794 Fe — _ 1 3 3 Sharp line. 
5764 Mn — _ _ _ 2 — Sharp line. 
5756 .Ain — _ — — 2 — Sharp line. 
5720 iMn _ _ _ _ 0 2 Broad line. 
5690 Na _ _ _ _ 2 2 Line. 
5609 Ain _ - _ _ — — Centre of dark space. 
5582 Ain 1 4 ■8 8 7 m.r. edge of band. 
5547 
5539 

Ca \ 
CaFe J — — 1 0 3 

Weak lines which merge into 
band. . 

5439 Ain _ _ 0_ 3 4 3 Line on Imnd. 
5430 Ain _ _ _ 2 3 2 m.r. edge of band. 
5408 Ain _ _ _ _ 1 — Doubtful line. 
5401 Ain _ _ 2 3 4 3 Lino near edge of band. 
5375 Ain -_- _ _ — 1 — Doulkful line. 
5364 Ain — 1 2 3 4 3 m.r. edge of liand. 
5347 K — _ 2 3 3 2 Line. 
5331 K _ _ _ — 1 — Doubtful line. 
5272 Ain _ _ _ 1 o O 3 Line. 
5242 Ain _ _ _ 1 3 2 Band. 
5193 Ain _ _ _ 1 3 — Line or edge of band. 

■ 5179 Ain _ _ _ 1 3 2 Edge of l)and. 
5108 KFe _ _ _ 1 3 — Line. 
4644 K _ _ 1 3 3 1 Line. 
4557 Cs _ __ _ 1 2 Line. 
4485 Fe _ _ _ — 2 3 Line. 
4463 Fe _ _ 1 2 3 Line. 
4429 Fe — _ _ 1 3 3 Line. 
4407 Fe _ _ — — 1 1 Line. 
4385 Fe _ _ _ — 1 2 Line. 
4377 Fe _ _ _ 1 3 3 Line. 
4227 Ca — _ 1 3 4 3 Line. 
4216 Rb — 2 3 3 3 3 ■ Line. 
4202 Rb 1 3 5 5 5 4 Line. 
4172 1 Ca — 2 3 3 3 3 Line. 
4048 
4044 S} 6 7 8 9 9 

h’ i Line. 

4032 Ain 1 3 5 8 8 7 Aliddle of group. i 

Exposure periods . . 
m. s. 
2 0 

m. s. 
2 0 

m. s. 
2 0 

m. s. 
2 2 

m. s. 
2 3 

m. s. 
0 54 

i 
1 

i 

Infcrvals.—Between commencement of blowing and first exposure 3 minutes 35 seconds. 

Between commencement of blowing and dropping of the flame 14 minutes 40 seconds. 

Between first rising of fume from the over-l)low and the end of the operation 4 minutes 25 seconds. 

Diirafipii, of hlow 2'2 mituites 35 seconds. 

* m.r. = more refrangible. 
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The Cause of the Continuous Spectrum^ which is a Marked Feature of the Flame 

from the “ Basic ” Process. 

It has already been stated in the description of the “blow” as observed at the 

North-Eastern Steel Company’s Works at Middlesbrough, that a flame is seen 

issuing from the mouth of the vessel from the first moment after the dispersion of 

the lime dust, a feature which is quite characteristic of the “basic” process. This 

flame is yellow and highly illuminating, but not to such an extent as to be visible 

on the slit plate of the instrument. It is evident, therefore, that some gas is 

evolved, the origin of which can only be the tarry matter used in the lining of the 

vessel. The smaller quantity of silicon in the iron is very quickly oxidised in this 

process. In the spectrum of the flame at this period it is observed that the continuous 

rays are generally stronger in the series of photographs taken at Middlesbrough 

than in those from Crewe and Dowlais, where the “ acid ” process was in use. This 

might be accounted for in part by the presence of larger quantities of the alkalies, 

which emit strong continuous flame spectra accomjDanied by lines, and partly by 

the presence of lime dust from the lime used in the “ basic ” process, which 

becomes incandescent in the flame. iVt this early period of the “ blow ” in the “ acid ” 

process only the lines of the alkali metals and of manganese appear, and they are very 

weak. The continuous spectrum cannot, however, be wholly attributed to the alkalies 

without further inquiry, for both iron and manganese or their compounds yield 

marked continuous spectra in the oxyhydrogen flame, which, however, is hotter than 

that of the flame of the converter at this stage. Moreover, in the “basic” as in the 

“acid” process, especially in the latter periods, this is caused by the flame of carbon 

monoxide. The visible spectra at Middlesbrough shortly after blowing has been 

started show the red and green l^ands of calcium oxide, and a minute later the hues 

of sodium. For instance, in the notes of our first series of photographs it is recorded 

that a flame was visible from the commencement, but it could not be seen ujDon the 

slit; there were showers of .sparks and flashes of red at intervals during the first 

three minutes. The bands of manganese, two red lines, and the yellow sodium lines 

were visi1)le. The manganese bands were mainly those in the violet. A subsequent 

examination of the photographs .showed a band in the green due to calcium oxide, 

the lines of potassium 4047'36 and 4044’29, as also the manganese lines ; hence one 

of the red lines belonged undoubtedly to calcium oxide, for this "would certainly be 

present along with the green calcium oxide Imnd ; the other red line is more likely to 

be that of lithium tlian potassium, owing to the former being so much the brighter, 

and lithium we know l)y eye observations is always conspicuous in these spectra a few 

minutes before the potassium line appears. Lastly, we have the sodium rays in the 

yellow. 

With i-eference to Plate 1 0, we have it recorded that the red and green hands of 
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calcium oxide were seen from the very first appearance of flame and foi' aljont two 

minutes of the “ blow” ; but the lithium and potassium lines a})pear rather more than 

a minute after the beginning. On Plate No. 17, which is a very complete series of 

thirteen photographs taken during a “blow” lasting 15 minutes, and commencing 

directly the converter was turned up, it was recorded that the red lines of lithium 

and potassium, with the yellow line of sodium, were plainly visible with the direct 

vision spectroscope as soon as the shower of lime dust cleared away after the “blow” 

commenced, that is to say, from the first appearance of the flame. 

The bands of manganese were seen very early, but they were not sharp during the 

first 4 minutes; this refers to the bands in the green. 

There can be no doubt that the immediate production of a flame is caused not by 

the oxidation of material in the bath, but by carbonaceous matter in the lining of 

the vessel; that its luminosity is due partly to the volatilisation of alkalies, but 

certainly, anterior to this effect, by the ignition of lime dust carried up Ijy the blast 

into the flame. 

Characteristics of the Spectra of the “Basic” Bessemer Flame. 

A flame spectrum is observed shortly after the commencement of the “ blow,” 

consisting of a band of continuous rays of the red and green hands of calcium oxide. 

One minute later the red lines of lithium and potassium are seen with the lines of 

sodium. There are about fifty-three lines of iron as in the flame from the “ acid ” 

process, hut the lines are of lesser intensity, and some of those near to, hut more 

refrangible than, 430G'7 (the solar line G) are absent. 

A number of lines which do not occur in the spectra of the flames from the “acid” 

})rocess have been observed in most, if not all, of the spectra of the “ basic” process. 

They have been traced partly to elements present in the lime, but the lines are chiefly 

caused by elements introduced with the iron, and are hitherto unrecognised con¬ 

stituents of the iron ores from which the crude metal is smelted for use in the 

Bessemer process. Rubidium and csesium undoubtedly accompany the lime, while as 

certainly gallium, copper, and silver, and some rubidium, enter with the iron. Lead 

lines were not observed in the flame, neither were nickel nor cobalt lines. 

Anotlier feature of these spectra is the less prominent ap})earance of the manga¬ 

nese bands, and lines of manganese, with the greater intensity of the lines of 

potassium. 

The description of six spectra on Plate No. 14 (see p. 485) shows the increase in 

temperature of the flame with the progress of the “blow” until that period when 

the flame drops. 
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The Identification of Lines and Bands observed in the Spectra of the Flames 

from the “ Basic ” Process. 

In the region of the rays more refrangible than the strong manganese hne A. 4030, 

no uncertainty is felt as to any line or band. The continuous spectrum extends 

throughout the whole of this portion to the edge of the plate, about \ 3210. It 

fades gradually, except at two places, from X 3705 to 3600 and from X 3581 to 3500, 

where two broad hands occur. These bands were observed in the Crewe Bessemer 

spectra, and in the spectra of manganese and its compounds heated in the oxyhydrogen 

flame (Flame Spectra), ‘ Phil. Trans.,’A, vol. 185, p. 1029. Between X 4030 and 3448 

the only lines detected are the iron lines, which are present without any considerable 

variation of intensity in the oxyhydrogen spectra of iron and its compounds. The 

lines just beyond X 3448 are the pair of potassium lines, X 3447'49 and 3446’49, the 

latter one slightly stronger than the former, and both of them stronger than the iron 

line 3440‘7. 

The iron line X 34434)6 is present in some of the spectra. Between this point and 

the edge of the plate, about X 3210, no iron lines are found either in the Middles¬ 

brough or the oxyhydrogen spectra. Lines of other elements are visible on the 

photographs of several of the Middlesbrough spectra, the strongest being the sodium 

line X 3303, which is really a pair of lines, but they are not distinctly separated 

unless the quantity of substance is very small. The silver line X 3383'0 is present in 

several spectra, and on Plate 26 the second silver line X 3280'8 is seen. On Plate 26 

the second spectrum indicated by 26^, in which the lines are very sharp near the 

edges of the plate, the two copper lines X 3274’1 and 3247 "7 are present, and beyond 

these again is the lithium line X 3233 and the potassium line X 3217'5. There is no 

indication of the sj^ectrum of water vapour ; the strongest lines in this spectrum 

would not, however, fall on the photographic plate used by us. 

The identiflcation of the lines and hands in the visible portion of the spectrum 

is much more difficult. 

(1.) Lines.—Near the more refrangible end of the visible spectrum the manganese 

triplet occurs, eadi line being very strong ; the neighbouring potassium lines X 4044 

and 4047 are also very strong. Next in order are four strong lines with wave-lengths 

4171-5, 4201-9, 4216-0, and 4226-4. 

These lines are not present in the Bessemer spectra froin the “ acid ” process which 

we had hitherto examined, and their identiflcation was not readily accomplished. 

The first fact noticed was that the first and last lines varied in strength independently 

of all other lines in the spectra, and that of the two intermediate lines, 4201-9 was 

always stronger than 4216-0. These two were, therefore, identified with rubidium, as 

they were the strongest lines in the oxyhydrogen flame spectrum of that element. 

The line 4226-4 was identified with calcium, this being decidedly the strongest line in 
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the oxyhydrogen flame spectrum of calcium oxide. It corresponds with a strong 

Fraunhofer line (best seen in Plate No. 4). 

The oxyhydrogen spectrum of rubidium is such that no further lines of this element 

were expected, and none were found. In the case of the calcium oxide, the hand in 

the green (the wave-length of its centre is about 5530) might be expected, and a band 

does occur, but this will be discussed later. 

The line X 4171‘5 was identified only after a prolonged study. Of the many 

elements and compounds examined in the oxyhydrogen flame, none gave a strong line 

of this wave-length. Reference to published tables of arc and spark spectra indicated 

that it might be the strongest of the gallium lines. 

Lecocq de Boisbaudran gives the wave-length of the strongest of the lines of 

this element as 4170‘4 on Angstrom’s scale, or 4171’0 on Rowland’s. The second 

line he gives as 4031‘9 (Angstrom), 4032‘6 (Rowland) ; this latter would lie between 

the two closely adjacent lines in the manganese triplet, and it would, therefore, be 

quite impossible to distinguish it when the manganese lines are so strong. No other 

strong lines are recorded, and this indication of the origin of the line could he 

confirmed only by analyses of the materials composing the lining of the converters, 

and of the “basic” earth and metals contained in the charge. By spectrographic 

analysis the same line was found in the oxyhydrogen spectrum of the crude iron 

(“mixer metal”). By chemical analysis the metals forming sesquioxides were freed 

from manganese, and the sesquioxides in this condition showed by spectrographic 

analysis the two strong lines, that with wave-length 4032'7 being weaker than 4171’5. 

'Ihe presence of gallium was jiroved by separating the pure oxide from a weighed 

quantity of metal, and determining the amount present. The purity of the oxide 

separated was established by spectrographic analysis (‘ Proc. Royal Society,’ vol. 60, 

pp. 35 and 393). 

Of the lines next in order, ten are identical with lines in the spectra of flames from 

the “ acid ” process and with lines in the oxyhydrogen flame sj^ectrum of iron and its 

compounds. It must be remarked, however, that we now meet witli notable 

differences in the relative intensities of these lines in the various Bessemer and 

oxyhydrogen flame spectra. 

The differences, we believe, result wholly from differences in temperature, and our 

reasons for this we propose now to state. 

The iron lines in this region of the spectrum ol the oxyhydrogen flame appear on 

the following table, with varying intensities :—■ 

3 R VOL. CXCVI.-A. 
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Variations in tlie Intensity of Iron Lines in Spectra from various Sources. 

WaA’e-lengths. Intensity. 

Bessemer flame spectra. 

Oxyhydrogen 
Identified 
in solar 

spectrum. 
Solar. Spark. Arc. 

Oxy¬ 
hydrogen 

flame. 

CO + 0 
Crewe. Middlesbrough. 

flame. flame. 

Temperature. 

I. II. III. 

Low. High. 

4063-75 4063-759 20 10 10 3 1 1 o 3 1 
o 

4071-92 4071-908 15 10 10 2 1 1 
o 

21 T 
o 

4132-24 4132-235 10 8 10 1 1 
2 1 

4144-06 4144-038 15 7 10 1 1 
o 11 

4202-20 4202-198 8 9 10 1 1 
*4216-39 4216-351 3 2 6 1 1 2 4 

4250-93 4250-945 8 8 10 1 1 

4271-93 4271-934 15 10 10 4 2 1 4 1 •/ 1 

4308-06 4308-OSl 6 10 10 4 0 1 4 1 X 
2 

4325-94 4325-939 6 10 10 4 1 1 4 1 . . . 1 
2 

*4376-03 4376-107 6 4 8 0 o 3 5 4 2 o 
O 

4383-71 4383-720 15 10 10 8 4 3 6 4 1 3 
4404-94 4404-927 10 10 10 31 2 0 4 2 1 1 
4415-29 4415-293 8 8 10 1 ... ... 1 1 

*4427-46 4427-482 5 3 8 2 2 3 5 5 2 31 
*4461-78 4461-818 4 3 6 1 1 21 4 2 1 2 

*4482-34 4482-338 5 4 8 1 11 3 1 1 1 
*4489-86 4489-911 4 1 4 1 

2 ... 1 

Wlien the intensity is not stated in these columns the lines are either absent or exceedingly feeble, so 

that no value could be attached to them. 

T. Plate 17, spectrum (8). 11. Plate 14, spectra (5) and (6), and Plate 23 (2.) III. Plate 26, spectrum (2). 

A line at 4045 was hidden by overlying potassium lines. Two lines less refrangible 

than the above appear in seven of the Crewe spectra on Plate 8, and their intensity 

is 1. 

The lines vrith wavm-lengths 4215’0, 4375T9, 4426'7, 4461'5, and 44817 ma}’ all 

be classed as strong lines in the Bessemer flame spectra. In the spectrum of the flame 

during the earlier period of the blow they are practically the strongest lines of the 

above series. As the blow proceeds—that is to say, as the temperature increases — 

other lines, notably those with wave-lengths 4270'6, 43067, 4324'3, 4383‘3 (this 

especially), and 4405'0, become stronger, while those just indicated are not 

strengthened in the same proportion. 

The series of photographs taken at the Crewe works of the London and North- 

By interpolation. The other lines are coincident with strong lines in the spark spectrum. 
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Western Railway during the month of January, 1895, from which the details of two 

spectra are taken for comparison of the changes of intensity in the lines of iron, as 

given in the preceding table, show the gradual progress of these changes in a very 

marked degree. The solar spectrum lines are represented by E,owland’s figures for 

the comparative intensities, and lines of the other spectra are compared directly with 

these as photographed by us with the instrument which was used for the Bessemer 

spectra. 

There can be but little doubt, if any, that the arc and solar spectra are more nearly 

alike in the intensity of their lines than any other two ; next to the arc, we have the 

oxyhydrogen flame spectra and Bessemer spectra. The change in intensity is much 

more striking in the spark spectrum of iron. In this the lines of the first group are 

either absent or present only as very weak lines, while those of the second group are 

very strong lines. 

We have clearly identified all the lines under discussion by making more accurate 

observations of the lines in the flame spectrum of iron. These latter measurements 

were made in the Chemical Laboratory of the University of Cambridge with a 

Rowland’s plane grating and spectrometer belonging to Professor Liveing. 

Oxide of iron heated in the carbon monoxide and oxygen flame gives a spectrum 

intermediate between the Bessemer and the oxyliydrogen flame spectra. 

The next line beyond this group of iron lines is one of wave-length 4555’1. It is 

best seen on the third sj)ectrum on the Plate 15 taken at Middlesbrough, but occurs 

also in other spectra. It is seen best in the earlier spectra of a blow, and is invisible 

in those which come later. It is, therefore, caused by a small quantity of a volatile 

element, unless, perhaps, the stronger continuous spectrum of the later periods of a 

blow masks the weaker lines. In this event, the weak lines of iron should also 

disappear, but they do not ; so the first inference is probably correct. The strongest 

caesium line has, according to Kayser and Runge, the wave-length 4555'44 in the 

arc spectrum, and the line in question is doubtless this line, which we know to be by 

far the strongest in the oxyhydrogen flame spectrum of cmsium. Rubidium and 

other alkali metals are present, and the presence of caesium may therefore be 

expected. 

On a New Line in the Si^ectrum of Potassium. 

In many of the spectra a sharp line occurs near wave-length 4642. This line also 

becomes w^eaker, and on some plates disappears, during the later periods of the blow 

It was not until after much careful study that it was finally traced to potassium. It 

is not recorded on any hitherto j'^ublished arc, spark, or flame spectra of this 

element. 

It occurs in the oxyhydrogen spectrum when potassium compounds are used, but it 

does not appear with the same intensity as in the Bessemer flame. Lonqiarative 

3 R 2 
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experiments were made in which, first, a very small quantity of the potassium 

compound was introduced into the oxyhydrogen flame; secondly, the potassium salt 

was volatilised in the oxygen and carhon monoxide flame. The line was of greater 

relative intensity in the latter spectrum, but it.still did not equal that observed in the 

Bessemer flame. 

There are two possible explanations of the reason for the disappearance of this line : 

first, its emissive power and its chemical action may be greater at lower temperatures, 

and, therefore, its jihotographic intensity greater ; and, secondly, it may be that when 

the flame is less dense, so that the vapour pressure of the metal is decreased, the 

molecules are endowed with greater freedom of motion. 

The following photographs were taken with the object of ascertaining Avhether 

the density of the vapour in the flame really affected the intensity of the line 4642 :— 

Plate 103, Sj^ectritin (2.)—Paper moistened with a solution containing OT gramme 

of potassium chloride. Made into a coil, and burnt in the oxyhydrogen flame. 

Spectrum (3).—The same as (2), but the paper was burnt in thin strips. 

Spectrum (4).—Similar to (3), but 0'2 gramme of potassium chloride was present. 

Plate 104, Spectrum (3).—Potassium chloride as in 103, Spectrum 3, but about one- 

half the quantity taken. 

Spectrum (4).—Potassium chloride, about one-quarter of the quantity used for 

photographing Spectrum (3) on Plate 103. The vapour of potassium in the flame is 

known to be proportionally increased with the larger c[uantity of substance volatilised, 

and the intensity of the chemical action or emissive power of the continuous rays in 

these spectra is observed to be in the inverse proportion to the vapour pressure of the 

substance. With reduction of vapour pressure there is a diminution of chemical 

action exerted l)y continuous rays over a wide range of differences in wave-length, 

and this is accompanied by a greater intensity of chemical action or emissive power of 

the molecules for the ray X 4642. 

The question of the temperature was next examined, as up to this time the line had 

not been observed in a Bessemer flame. 

Plate 373, Spectrum (1).—Spark spectra of metallic lines of known wave-lengths 

for measurements. Exposure, 30 seconds. 

Spectra (2), (3), and (4).—Potassium chloride heated on a support of cyanite. 

(2.) In the flame of hydrogen. Exposure, 1|- hours. 

(3.) In air and hydrogen, using the same burner as that for the oxyhydrogen flame. 

Exposure, 15 minutes. 

(4.) In the oxyhydrogen flame. Exposure, 1^ minutes. 

(5.) In the oxyhydrogen flame. Exposure, 5 minutes. 

Two red lines were seen l^y using a small direct-vision sj^ectroscope. These are 

doubtless the doublets and which have been observed in the arc 

spectrum of potassium. 
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The line 4642 was visible in all the above spectra. It was stronger in (2) than in 

(3), but strongest of aU in (4). 

The density of (5) was much greater than in any of the other photograjDhs, but the 

intensity of the line was not proportionately increased, for there appeared to be very 

little difference between its intensity in Spectra (4) and (5). 

Provided the temperature is sufficiently high to cause the emission of a ray with 

wave-length 4642, its brilliancy or intensity of chemical action is increased by 

diminishing the quantity of vapour or vapour-pressure in the flame, and thereby 

permitting the molecules so great a freedom of internal motion that it becomes 

possible for them to vibrate in the particular manner which causes the emission of 

this ray. 

Taking a survey of all the plates upon which the line 4642 has been observed, and 

of those in which it is absent, and also having regard to the conditions under which 

the sj^ectra in each case were produced, it is not so much reduction of temperature as 

reduction of quantity of vapour in tlie flame which increases its intensity. 

The lines next in order are two of potassium with wave-lengths 5112 and 5098, 

which occur also in the oxyhydrogen flame, the arc, and spark spectra of potassium. 

In the case of a line with wave-length 5112 it is probably intensified in some of the 

Bessemer flame spectra by a closely adjacent iron line, wave-length 5109, observed in 

the oxyhydrogen spectrum of iron. 

About wave-length 5269 there is an iron line and at the more refrangible edge a 

manganese band. The iron line wave-length 5268'9 is the strongest in this region in 

the oxyhydrogen spectrum of iron. 

At wave-length 5328 there is a line due in part each to iron and potassium ; at 

\ 5343 a potassium line is seen, and at X 5361 a line of potassium and the edge of a 

band of manganese. 

In the earlier part of the blow a diffuse band occurs about 5540, and towards the 

end of the first part of the blow it appears to be replaced by two sharp lines. The 

change is best seen in the spectra on Plate No. 14. The band is due to calcium, but 

the lines are not calcium lines, for in tlie sixth spectrum on this plate the violet 

calcium line X 4227 is much weaker than in the fifth spectrum, while the two lines are 

stronger. 

The sixth spectrum is remarkable for aii increase in the strength of the lines of iron 

throughout the whole spectrum, while the lines and bands of potassium and calcium 

are weaker. It is probable, therefore, that they are really iron lines. They are 

present in some Bessemer flame spectra photographed at Crewe in January, 1895, and 

occur in these only when the lines of iron are strongest. In the oxyhydrogen spectra 

of iron and its compounds the continuous spectrum is very strong in this region, but 

on very careful examination of a number of spectra we find a few in which traces of 

these two lines are present on the strong continuous spectrum. The relative intensity 

of the lines as compared with the other lines is, however, not equal to what obtains 
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in the Bessemer flame spectra. Failing to find corresponding lines in the spectrum of 

any other element, we have no hesitation, on the above evidence, in attributing them 

to iron. A line A. 5792 Avas identified in a similar AAmy. 

The line X 5803 is a potassium line, Avhich is seen as a strong line in the oxy- 

hydrogen spectrum of potassium. The line X 5833 is also present in the oxyhydi'ogen 

flame spectrum of potassium, and is, in some of the Bessemer flame spectra, intensified 

Ijy an iron line, 5834'5, observed in oxyhydrogen flame spectra. 

In the region of the spectrum just considered there are many bands, and these are 

almost wholly due to manganese or compounds of manganese. They coincide Avith 

bands in the oxyhydrogen flame spectra of manganese and its compounds; they are, 

in both series of spectra, all degraded toAvards the red, and the more refrangible 

edges are sharp. The measurement of the more refrangible edges only are gAen in 

the tables, and these measurements vary on different photographs as the intensities 

of the bands vary. Sometimes Avhen there is a strong continuous spectrum present, 

the sharp edge of a band has the appearance of a broad or nebulous line. The three 

more refrangible bands terminate about Avave-lengths 4561, 4402, and 4245, and near 

these positions there are lines in the Bessemer spectra Avhich, according to their 

intensities, modify the appearance of the edges of the bands. The line near 4556 is 

the crnsium line 4555, and in the other tAvo cases, iron lines of AvaAm-lengths 4404 and 

4251, 

Lines and Bands Less Refrangible than the D Lines. 

We haAm been able to identify the lines and bands less refrangible than the D lines 

(Avhich were photograplied Avhen using Lumiere B plates) only by direct comparison 

Avith other spectra. We have no lines of reference on the Middlesbrough j^lates from 

AA’hich to draAv a curve. A series of spectra AAms photograjfiied at CreAve in January, 

1895, on a plate stained Avith cyamine, and this includes both solar and Bessemer 

flame spectra. A curAm of Avave-lengths Avas draAvn and the AvaA'e-lengths of the 

unknown lines and bands in the Bessemer flame spectrum Avere determined from it. 

By direct comparison of the Middlesbrough spectra AAnth this plate, and by measure¬ 

ments of the oxyhydrogen flame sjDectra of the metals or compounds of lithium, 

manganese, and iron, Ave have identified the lines and bands in the Middlesbrough 

spectra. They Avere recorded in the analytical table of the second spectrum of Plate 

No. 26, and call for no special remark beyond the fact that the bands and lines are 

due chiefly to manganese, but are modified by bauds and lines of iron, and possibly 

by the orange lithium line 6108. 

The red lithium line 6708, and the' red potassium lines 6938 and 6911, do not 

appear on the photographs, but Avere seen by the eye obserA’ations. 
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The Spectrum of the Over-blow.” 

During the earlier part of the “ over-l^low ” the flame is very short and not very 

luminous ; the light emitted acts but feebly on a photographic plate. There is more 

fume expelled during this stage than during the first or carbon period of the “ blow,” 

and the quantity increases as the “ over-blow ” proceeds ; the flame during this time 

increases in size and lirilliancy, and towards the end emits a brilliant golden-yellow 

coloured light. There is a notable increase in the quantity of fume expelled after the 

‘‘over-blow” has proceeded for 2 minutes. 

The spectrum of the flame during these 2 minutes is very feeble, but during the 

latter 3^ minutes it is much stronger. It extends from the red end of the .spectrum 

to about wave-length 4000, in the violet; it is strongest in the green about wave- 

length 5500, but fades rapidly towards the violet. 

Tlie following lines have l)een observed in the photographs :— 

APave-length. 

5893. A line present in all the .spectra, due to sodium. 

5432. Sharp, observed only on one plate. No. 16. 

5394. Sharp, obseiwed on two plates. Nos. 16 and 17. 

^0^4' present in all spectra due to potassium. 

4034. "j 

4033, VLines present in all .spectra, due to mangane.se. 

4030. J 
These lines are not as sharp on the photographs as the corresponding lines in the 

spectra photographed during the finst period of the “ blow.” 

The two lines, Avave-lengths 5432 and 5394, coincide with two lines near the edges 

of the bands in the flame spectra of the manganese and its compounds. It was not 

apparent at first why these lines should be present in the spectra of some flames and 

not in the spectra of others, and they were not observed in the eye observations made 

during our first visit to Middlesbrough. In August, 1898, on a second visit to the 

same works, eye observations were made with the object of solving the problem. 

Three vessels. Nos. 2, 3, and 4, were in use on the day in question, and it v/as found 

that these two lines were strongest in the spectrum of the flame issuing during the 

“blow” from vessel No. 4, and also that the edge of the strongest green band was 

also seen. 

The lines were sharp, and, when using a very narrow slit, stood out clearly on the 

strong continuous spectrum. The two lines were stronger in the spectrum of the 

flame issuing from No. 3 vessel than in that from No. 2 vessel. They were observed 

in two or three “ blows ” in each vessel and with similar results each time. 
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It was found from the inquiries made of the officials that whilst all three vessels 

were receiving similar charges of metal and lime, the lining of vessel No. 4 was 

almost new, and a new bottom had been fitted to it shortly before the time of 

observation. About forty charges had been blown in vessel No. 3, and about 

seventy in No. 2. The intensity of the line diminishes therefore with the age of the 

lining. 

The tar in the lining is not wholly decomposed when the lining is worn out, hut 

the rate of the decomposition and the quantity of the volatile products must be less 

than in a new lining, and it appears to us that it is the volatile products of the 

decomposing tar which cause these lines to appear in the sjDectra of the flames. In 

the “ acid ” process the flame drops as soon as the carbon is oxidised ; the hands and 

lines in the spectrum Immediately become diffuse, and the spectrum presents more 

the appearance of a continuous band of rays. According to Sir I. Lowthiax Bell, 

carbon monoxide is much more stable in presence of iron at high temperatures than 

carbon dioxide. Snellts (‘ Chem. News,’ vol. 24, p. 159) has shown that the proportion 

of the former oxide exceeds that of the latter in the gases issuing from the converter 

in the “ acid ” process during the latter two-thirds of the time, and towards the end 

there is no carbon dioxide present; so that all the carbon in the volatile products 

from the tar will exist in the flame during the “ over-blow ” as carbon monoxide. 

The hydrogen in these products and in the water vapour in the blast will pass out of 

the converter in the elementary state. These reducing gases acting on the com¬ 

pounds of manganese in the slag reduce some of the metal, which then j^asses off as 

vapour. The combustion of the hot gases, carbon monoxide, and hydrogen outside 

the vessel will give a hotter flame, and the increased temperature, together with the 

reducing gases in the flame, will account for the increased intensity of the manganese 

spectrum. 

There are two points regarding the flame of the “ over-blow ” which require expla¬ 

nation. First, the great brilliancy of the flame during the latter part of the blow ; 

secondl}^ the absence of the spectra of iron and calcium, and the feeble character of 

the spectra of potassium, sodium, and manganese. 

Immediately the carbon is burnt out of the iron the flame drops to about one-sixth 

of its height; its luminosity also diminishes, and the quantity of fume increases. 

There can be no considerable variation in the temperature of the fluid charge during 

the few moments in which this great change takes j^lace ; the gases will therefore 

leave the converter at about tbe same temperature tbrougbout this time. 

It is probable that the impurities in the iron are oxidised chiefly by secondary 

reactions, but a portion of them is oxidised directly by the oxygen of the air. The 

volume of the iron in the converter is veiy much greater than the volume of the 

maiiganese, and yet almost the whole of the latter is oxidised and passes into the 

slag in the first few minutes of the “ blow.” The fact that the flame maintains its 

size until the sudden drop confirms this hypothesis. If this hypothesis is true the 
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greater portion of the oxygen of the air enters into combination with iron, forming 

magnetic oxide of iron which is probably reduced to a lower oxide. This oxide of 

iron will be reduced to the metal by the silicon, manganese, and cahoon present in the 

iron, and by the phosphorus or ferrous phosphide in presence of the lime in the order 

stated, and if the time of oxidation v/ere extended indefinitely each one would be 

oxidised almost completely in turn. In the converter the oxidation is so rapid that 

all the reactions go on together ; but the complete oxidation of each impurity is 

achieved in the order named. 

Any phosphorus oxidised in the early part of the “blow” in contact with and 

entering into comhination with the lime is finally removed from the iron, as the 

resulting compound is not reduced by the reducing agents ])resent. About one-half 

the phosphorus is oxidised in this way before the flame drops (‘ J. I. and S. Inst.,’ 

1896, No. 1, p. 465). 

The chief cause of the flame in the “acid” process has been shown to be carljon 

monoxide which, leaving the vessel at a high temperature, accompanied Ijy vapours of 

iron, manganese, &c., is burnt Ijy the oxj^gen of the air. The hottest 2)art of this 

flame is the outer layer, where the temperature is increased by the comhusti(jn of 

the carbon monoxide and hydrogen. When the carbon is completely removed from 

the iron in the “ basic ” process, there is still the appearance of a flame which 

increases in length as the “ over-ldow ” proceeds ; the quantity of fume expelled 

increases rapidly at this period also. The short Tame is l.)right, and may consist 

principally of finely divided particles of oxide of iron heated to the temperature of 

the bath of metal and slag, and by the heat evolved by the combustion of metallic 

vapour inside the vessel. The particles of matter expelled from the vessel are of two 

kinds : one consists of larger particles of slag produced by tlie violent agitation of 

the fluid charge inside the converter; these quickly fall to the ground. The other 

kind is the fume proper, composed of the products of combustion of the metallic 

vapours. The particles forming this fume are undouljtedly very small; this is 

proved by the fact that they scatter the light falling on thiem, and cast'"' a brown 

sliadow, and also by the great height to which the cloud ascends. These very small 

particles will be kept at the temperature of the escaping gases. 

The spectrum during the “over-blow” is very feeble in the violet and does not 

extend l)eyond 4000. The spectrum of the lime-light extends into the ultra-violet, so 

also does the light emitted mainly from the furnace walls, through the woi'king doors 

of a Siemens-Martin steel-melting furnace. 

It appears, therefore, tlmt the temjDerature of the source of light in the flame of 

the “ over-blow ” is comparatively low, approaching that of a yellowish-white heat, 

and that the light of what is apparently a flame emanates from a torrent of very 

small particles, liquid or solid, heated to a temperature of such luminosity. 

* Mr. C. H. Ridsdale first remarked the colour of this shadow (see ‘ Jouni. Iron and Steel Institute,’ 

No. 2, 1895, p. 35). 

3 S VOL. CXCVI.-A. 
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The temperature of the flame of the “over-blow” is therefore much lower than 

during the first period, when highly heated carbon monoxide is undergoing combustion. 

This will, at least in jmrt, account for the feeble character of the line spectra of the 

alkalies, &c., at this stage. Another reason for this is discovered in the work of Gouy 

(‘ C. Ik,’ vol. 83, p}). 70-2 ; ‘ Phil. Mag.,’ 1877, No. 2, p. 156), who found that with 

salts of lithium, calcium, strontium, and barium the maximum intensity of tlieir 

flame spectra is reached “before tlie flaine ceases to he reducing (for a co})per wire), 

and is followed l3y a rapid diminution. With a large excess of air the .spectrum 

disappears.” The facts ap})ear unfavourable to the opinion which attributes the 

bands of their spectra to oxides. “ AVith sodium, on the contrary, the brightness of 

the flame augments rapidly as it becon\es less reducing ; tlie maximum is })roducedat 

the instant it ceases to be so. and is followed bv a reduction of briolitness much .slower 
^ */ O 

than with other metals.” 

N(3W without the decomposition jjroducts of the tar in the lining of the converter 

the flame cannot be more than feel)ly reducing ; the only reducing gas is the hydrogen 

resulting fi^jm the decomposition of the water vapour in tlie air. Gouv’s results, 

therefljre, also in part explain the absence of the line and bands of calcium, and 

account for the feeljle character of tlie other lines and for the changes in the spectrum 

desci'ibed below.The quantity of fume ex])elled is very great in the latter part 

of the “over-blow”; it is mainly composed of oxide of iron, and yet no bands nor 

lines of iron are present in the sjiectruni. 

The brilliancy of the flame is so great towards the end of the “ blow ” that we 

were led to sujipose that it might be due in jiart to an oxide of phosphorus. It 

is practically impossible to collect a sample of the fume five from the slag, and hence 

no direct evidence can be obtained on this point. F. E. Thompson states (‘ J. I. and 

S. Inst.,’ 1896, No. 1, p. 464) that “ phosphorus towards the end of ‘ hot bloAA's ’ 

does not pass readily into the slag, and scrap must be added,” that is, to cool the 

bath. This indicates that at the highest temperatures, in jiresence of a large excess 

of molten iron, phospliorus jientoxide is not formed as readily as at lower tempei'a- 

tures ; tlie less acid lower oxide of |)lios})horus would probably pass away with the 

nitrogen and be converted into phosphorus pentoxide by the external air. 

* III the Mow recorded on I’late 17 the red lines of the lithium and potassium with the yelloM" lines of 

sodium were seen with the direct-vision spectroscope as soon as the vessel was turned up. The liaiids of 

manganese appeared very early, Init they Avere not shaiqi during the first four minutes; they increased in 

brilliancy thronghont the first part of the blow, that is to say, until the flame dropped. The lithium and 

potassium lines coniinned very bright thronghont the whole of this period. At the dropping of the flame 

the liands all disappeared, as jiractically also did the lithium and potassium lines, the yelloAv sodium linos 

alone remaining visible in the rveak continuous spectrum. The flame at this time Avas A’ery short and 

feeble. It lengthened sloAvly as the Moav proceeded, until it became about one-fourth to one-third the 

length of the longest flame of the first period, and the lithium and potassium lines Iiecame stronger. 

5Vhcn the fume began to issue in ipiantity it had at first a rich purjile colour by transmitted light, Avhich 

colour faded gradually, then became like broAvn umber, Avliile the flame turned denser and denser until 

before long it had become very lirilliant indeed. The appearance during the “ after-bloAV ” (third period) 

Avas similar to that at the end of the second jieriod. 
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Lines and Bands observed in the Spectra of “ Basic” Bessemer Flames and the Lines 

and Bands in Ox}diydrogen Flame Spectra witli which they have been identified. 

tVave-lengths. Element. 

Oxyhydrogen dame spectra. 

tVave-length. Description. 

6290 ' Fe 6290-0 Beginning of a band. 
6240 Mil 6240-0 Broad line. 
6236 Fe 6236-0 m.r. edge of liand. 
6211 iMii 6211-0 Broad line. 
6182 Mu 6182-0 11 
6160 Mn 6160-0 11 
6103 Fe 6103-0 Line. 

Li 6104-0 >> 
6092 Fe 6092-0 11 
5972 Mn 5972-0 Line or edge of liand. 

Fe 5981-0 Line. 
5945 Mn 5945-0 Line or edge of band. 

Fe 5940-0 Line. 
5893 Na 5893-2 Middle of D. and D. 
5864 Mn 5854-0 m.r. edge of band. 

Fe .5870-0 11 11 
5833 K 5834-5 Line. 

Fe 5831-7 11 
5803 K 5799-6 Strong line. 
5793 Fe 5789-8 Line. 
5764 Mn 5765-6 Line on band. 
5756 lln 5753-8 
5720 Mn 5716-5 11 11 
5690 Xa 5686-0 Broad line on band. 
5614 Mn 5612-0 Middle of broad line on liand. 
5581 Mn 5583-7 m.r. edge of very strong band. 
5547 Ca .5543-5 (Eder and Valenta line.) 
5520 Ca 5517-0 11 11 11 

5439 Mn 5434-7 Line on band. 
5430 Mn 5432-2 11 11 

5408 1 Fe 5403 - 2 tVeak line. 
5401 Mn 5394-0 Middle of line on band. 
5387 Mn 5390-5 )) 11 11 
5361 Mn 5359-5 m.r. edge of band. 

K 5360-0 Strong line. 
5343 K 5340-2 11 11 
5328 K 5324-0 tVeak line. 

Fe 5326-9 Line. 
5269 Mn 5266-5 m.r. edge of l)and. 

Fe 5268-9 Line. 
1 5232 Mn 52.30-0 m.r. edge of band. 

5193 Mn 5192-0 n n 
5161 Mn 5158-0 11 11 

5110 K 5111-4 "Weak line. 
Fe 5109-0 Mery weak line. 

5097 K 5098 - 4 tVeak line. 
5090 Mn 5090-4 m.r. edge of band. 
5052 Mn 5051-0 
5017 Mn .5012-5 

Fe 5010 - 5 Very weak line. 
4980 Mn 1 4978-2 m.r. edge of band. 

3 s 2 
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Lines and Bands observed in the Spectra of “ Basic ” Bessemer Flames and the Lines 

and Bands in Ox\diydrogen Flame Spectra with which they have been identified— 

continued. 

Wave-lengths. Element. 

Oxyhydrogen flame spectra. 

’Wave-length. 
1 1 

Description. 

4935 i Mn 4933-2 m.r. edge of band. 
4890 i Mn 4894-0 55 55 

4853 Mn 4854 - 5 55 55 

4820 Mn 4825-0 Line. 
4786 Mn 4784 - 5 55 

47 35 ^In 4739-0 m.r. edge of band. 
4643 K 4642-4 Line. 
4556 Cs 4555 - 4 Very strong line. 

Mn 4561-3 m.r. edge of band. 
4483 Fe 4482 - 34 A"ery weak line. 
4463 Fe 4461-78 5 5 5 5 

4428 Fe 4427-46 5 5 5 5 

4406 Fe 4404 - 94 "Weak line. 
Mn 4402-2 m.r. edge of band. 

4384 Fe 4383-71 Line. 
4377 Fe 4376-03 ’Weak line. 
4327 Fe 4325-94 5 5 5 5 

4307 Fe 4308-06 5 5 5 5 

4272 Fe 4271-93 5 5 5 5 

4250 Fe 4250-93 Verj’ weak line. 
Mn 4245-4 m.r. edge of band. 

4227 Ca 4226 - 93 Yer}- strong line. 
4217 Eb 4215-9 Strong line. 

Fe 4216-39 Weak line. 
4202 Eb 4202-0 Yery strong line. 

Fe 4202-20 tYeak line. 
4172 Ga 4171-6 Yery strong line. 

Fe 4144-06 Weak line. 
Fe 4132-24 5 5 5 5 

In Spectrum. 
26- Fe 4071-92 tYeak line. 

Fe 4063-75 55 5 5 

4047-4 K 4047-4 Strong line. 
Fe 4058-8 Line. 

4043-8 K 4044-0 Yery strong line. 
4034-0 Mn 4034-5 . 5 5 5 5 

4033 -1 Mn 4033 - 2 5 5 5 5 

4030-5 Mn 4031-0 5 5 55 

3929-6 Fe 3930-5 Strong line. 
3927-4 Fe 3928-0 5 5 55 

3923-3 Fe 3922-8 5 5 5 5 

3920-7 Fe 3920-0 5 5 5 5 

3907-5 Fe 3906-4 Weak line. 
3899-5 Fe 3899-9 Strong line. 
3895 - 5 Fe 3895 - 9 *5 >5 

' 3886 - 4 i Fe 3886 - 2 A'ei'V strong line. 
; 3878 - 7 Fe 387 8 - 9 55 5 5 

1 3860-0 j Fe 3860-1 5 5 55 

1 3856-3 i Fe 3856-6 5) 55 
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Lines and Bands observed in the Spectra of “ Basic” Bessemer Flames and the Lines 

and Bands in Oxyhydrogen Flame Spectra with which they have been identified— 

continued. 

Oxyhydrogen flame spectra. 

tVave-lengths. Element. 1 

'Wave-length. Description. 

3840-0 Fe 3840-2 tYeah line. 
3833-7 Fe 3834-2 
3825-4 Fe 3825 - 9 Eine. 
3824-1 Fe 3824-5 Very strong line. 
3820-7 Fe 3820 - 6 
3766-7 Fe 3767-2 Weak line. 
3763-5 Fe 3763-8 
3758 - 6 Fe 3758-4 Line. 
3749-4 Fe 3749 - 3 Very strong line. 
3748 - 6 Fe 3748 - 2 n )) 
3746-0 Fe 3745-8 
3737-4 Fe 3737-4 Very strong line. 
3735-2 Fe 3735-1 Strong line. 
3733-7 Fe 3733-3 Line. 
3726-0 Fe 3727-9 Very weak line. 
3722-8 Fe 3722-5 Strong line. 
3720-1 Fe 3719-9 Very strong line. 
3706-0 Fe 3705-7 
3680-0 Fe 3679-9 Strong line. 
3648-0 Fe 3647-8 AVeak line. 
3633-0 Fe 3631-2 
3619-0 Fe 3618-7 n 
3609-0 Fe 3609-0 
3581-5 Fe 3581-5 Strong line. 
3570-1 Fe 3570 -1 Weak line. 
3566-0 Fe 3565 - 5 J5 n 

3526-0 Fe 3525 - 9 
3523-0 Fe 3521-2 Very weak line. 
3498-0 Fe 3497-6 ALeak line. 
3491-0 Fe 3490-7 Line. 
3477-0 Fe 3476-6 Very weak line. 
3475-5 Fe 3475-4 Line. 
3466-0 Fe 3466-0 
3447-0 K 3447-5 Strong line. 
3446-0 K 3446 - 4 5) M 

3445 - 0 Fe 3443-8 Very weak line. 
3441-0 Fe 3440-7 Very strong line. 
3382 - 0 Ag 3383-0 55 55 

3303-0 Xa 3303 - 0 1 
3302-5/ 

Stroncf line 1 i i i , 
> a doublet. 

5 5 55 J 
3283-0 Ag 3281-0 A^ery strong line. 
3275-0 Cu 3274-0 5 5 5 5 

3247-0 Cu 3247 - 7 5 5 5 5 

3228-0 Ei 3233-0 Strong line. 
3221-0 K 3217-0 5 5 5 5 

In order to confirm the results obtained by observations made on the flame from 

the converters, we decided to examine the metal with wdiich the vessels are charged. 
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A tabulated statement of the spectrographic analysis of the metal is published in the 

‘ Transactions of the Chemical Society,’ vol. 79, p. 61, 1901. An account of the 

chemical analysis and the separation of the different constituent substances has 

already been communicated to the Society (‘Proc, Pioy. Soc,,’ vol. 60, p. 393). 

Analysis of the Crude Metal and Raw Materials used in the Mamifacturc 

of Steel. 

The mixture of raw iron from the blast furnaces with molten pig iron from a 

cupola, and technically termed “ mixer inetal,” was submitted to spectrographic 

analysis. The identity of such lines as were due to the presence of foreign metals 

was proved by careful!}’ executed chemical analyses and by measurements from 

the photographs of the spectra of the various precipitated substances which were 

separated from the iron. 

i\'Ir. C. H. PiDSDALE very kindly supplied us with samples of the following raw 

materials :— 

Poasted Cleveland ore, manganese ore, tap ciiider, mixer metal, and burnt lime. 

Also a sample of flue dust from a blast furnace })lant and a sample of the old lining of 

a converter. 

These were analysed by heating each of them on a cyanite support in the 

oxyhydrogen flame for about half an liour, and photographing the spectrum of the 

flame coloured by the vapours of substances volatilised from them. The results are 

as follows :— 

Roasted Cleveland ore contains iron, sodium, potassium, manganese, chromium, 

copper, gallium, lead, calcium. 

Manganese ore contains manganese, iron, sodium, potassium, silver, copper, lead, 

indium, and calcium. 

Tap cinder contains iron, sodium, potassium, manganese, copper, and lead. 

Mi xer metal contains, besides iron, sodium, potassium, nickel, copper, chromium, 

gallium, and manganese ; also lead, cobalt, and silver in smaller proportions. 

Rurnt lime contains calcium, strontium, manganese, magnesium, iron, potassium, 

and sodium. 

Flue dust contains iron, sodium, potassium, nickel, coj^per, silver, chromium, 

gallium, lead, manganese, calcium, and rubidium. 

OUl converter lining contains calcium, magnesium, iron, potassium, sodium, and 

strontium. 

Some analyses have beeji made on larger quantities of materials, and the presence 

of some other elements detected. Rubidium, strontium, and magnesium occur in the 

part of tlie Cleveland ore which is insoluble in hydrochloric acid. Rubidium also 

occTU'S in the manganese ore. 

The tap cinder contains traces of gallium and chromium. It is well known that 
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vanadium is present both in the Cleveland ore, in the iron smelted from it, and in the 

basic slag. The basic Bessemer steel appears to be free from vanadium. This 

element gives no spectrum in the oxyhydrogen flame by which its presence may 

be recognised, but we have detected it by chemical reactions in solutions of the ii’on 

and of the basic slag. 

The oxy hydrogen flame spectra of all the elements named above have been 

studied in the course of this investigation, as well as those of nearly all of the other 

elements. 

The basic steel contains the following elements : Iron, gallium, manganese, lead, 

copper, nickel, cobalt, silver, chromium, calcium, sodium, and potassium. The 

chromium, cobalt, and silver are present in minute traces. 

The Bessemer flame spectrum does not contain any lines of strontium, chromium, 

nickel, cobalt, or lead, elements present in the raw inaterials which are easily 

recognised by lines in the oxyhydrogen flame spectra. These are doubtless present 

in too small quantities to give lines strong enough to appear on the strong continuous 

spectrum ; some of the weaker iron lines are also lost in the continuous spectrum in 

many of the Bessemer flame spectra photographed. 

Some attempts were made to reproduce the more complex part of the spectrum of 

the Bessemer flame in the laboratory. Bolls of filter joaper containing a powdered 

mixture of compounds of iron, manganese, })otassium, sodium, and calcium were 

burnt in tlie oxyhydrogen flame, and the spectrum photographed in the same instru¬ 

ment as was used at Middlesbrough. After a few experiments, in which different 

proportions of tlie constituents were used, a mixture was arrived at which gave a 

very fair copy of the Bessemer flame spectrum. 

Conclusions. 

(1.) Line si^ectra are not observed in the open-hearth furnace. 

The open-hearth furnace, though at a temperature as high as that of the Bessemer 

converter, does not show in a })hotograph the spectra of any of the metals known to 

be present, but a band of continuous rays extending from the red into the ultra-violet. 

The reason is that the atmosphere of the furnace is an oxidising one, and, moreover, 

the oxidation becomes greater when the furnace doors are opened. This was shown 

by observations on a cnpola furnace ; the metallic lines were visible only when the 

Iflast was turned off, that is to say, when the atmosphere had a reducing action. 

(2.) The phenomena of the “ basic” Bessemer blotv differ considerabhj from those of 

the “ acid ” process. 

First, from the very commencement of blowing a luminous flame appears. It is 

visible as soon as the lime dust has been blown out of the vessel. We have proved 

that it might proceed from possibly three sources : ignited lime dust, ignited alkali 

metals, which give a continuous spectrum, and hydrocarbons from the tar mixed with 
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the “ basic” lining of the vessel. Such ignition could only take place at this stage in 

consequence of the combustion of highly heated carbon monoxide or a hydrocai'bon, 

and the presence of tliis latter substance is easily accounted for. 

We conclude that the immediate production of a flame is caused not by the oxida¬ 

tion of material in the bath of metal, but by carbonaceous matter in the lining of the 

converter ; that its luminosity is due partly to the volatilisation of the alkalies or 

alkali metals, but certainly prior to this eflect to the incandescence of a cloud of lime 

dust carried up by the blast into the flame. 

Secondly, volatilisation of metals occurs Largely at an early period in the blow, and 

is due to the diiference in the composition of the metal bloAvn. In the “ acid ” 

la’ocess the crude metal contains much silicon, carbon, and mano-anese. The cornbina- 

tion of the silicon and manganese with oxygen is ihe cause of the high temperature 

attained withoul any indication of the flame which subsequently appears, for both the 

products of combustion of silicon and manganese are liquid slags at that high tem- 

]:)erature. In the “basic” process the combustion of carbon takes place at a much 

eailier period, because there is practically no distinct period "udien siliceous slags are 

formed; with the carbon monoxide the metals are volatilised, the atmosphere being 

a inducing one. 

Thirdly, a very large amount of fume is formed at the close of the second period. 

This arises from the oxidation of metal and of phosphorus in the iron phosphide being 

productive of a high temperature, but little or no carbon remaining in the bath ; the 

flame is comparatively short, and the metallic vapours carried up are burnt by the 

blast. 

Fourthly, the over-blow is characteiised by a very powerful illumination, from 

what ajipears to be a brilliant yellow flame which is generated within the vessel. 

During this over-blow there is a copious production of dense fume, composed of 

oxidised metallic vapours, chiefly iron. The particles forming the fume are undoubt¬ 

edly of very minute dimensions, as is proved by the fact that they scatter the light 

which falls upon them and cast a brown shadow, and the cloud of fume ascends to a 

great height before it is dispersed. Such small particles while within the vessel are, 

doubtless, at the same temperature as the escaping gases. The spectrum of the 

over-blow is continuous and very feeble in the ultra-violet, as it does not extend 

beyond wave-length 4000. This indicates that the source of light is at a compara¬ 

tively low temperature, approacliing that of a jmllowish-white heat. We conclude, 

therefore, that the source of light, or w4iat apparently is a flame, really emanates 

from a torrent of very small particles, liquid or solid, at a yellowish-white heat. 

From the S]3ectrum measurements we have evidence that the source of light during 

the over-blow is at a much lower temperature tlian that which prevails during the 

first period, when the highly heated carbon monoxide is undergoing combustion. This 

is suflicient to account for the feeble character of tlie line spectra of the alkali metals, 

&c., seen at this stage in the band of continuous rays. But a second reason for this 



OF fla:\ifs resulting from. bessei\ier processes. 505 

may be foimd in the observation of Gouy, that a large excess of air causes the 

spectra of lithium, calcium, strontium, and barium salts to disa})pear, and the 

maximum intensity of their flame spectra is attained before the fiame ceases to exert 

a reducing action. The spectrum of sodium is not affected in the same way, but, on 

the contrary, the intensity of its emitted rays increases rapidly as the flame 

diminishes in reducing power, and is at its maximnm at the instant it ceases to l)e a 

reducing flame. The snbsecpient reduction in brightness is much slower than with 

the other metals. We Ijelieve, therefore, that Gouy’s results, in part, offer a 

satisfactory explanation of the absence of the lines and bands of calcium, and account 

for the feeble character of the other lines and for the changes in the spectrum already 

described (see pp. 485 and 498). 

Fifthly, the spectra of flames from the “basic” process differ from those of the 

“ acid ” jirocess in this respect that tlie manganese bands are almost entirely alisent, 

but lines of elements not usually associated with Bessemer metal, and which have not 

ap])eared in previous photographs, are seen in these. We have proved that the 

difference in the spectra is due in the first place to a difference in the composition 

of the crude blast-furnace iron, which is best adapted to tlie working of the basic 

process. A second reason is the use of charges of “ basic ” materials placed in tlie 

vessel with the metal. The potassium, sodium, lithium, rubidinm, and cmsinm liave 

been traced to the lime ; tlie manganese, copper, silver, and gallium to the ore. 

Other constituents, such as vanadium and titanium, are not in evidence, because 

they do not yield flame spectra, and, furthermore, because they pass in an oxidised 

state along with the phosphorus into the “ basic” cinder. 

(3.) Differences in the Inteusitij of Metallic Lines. 

Iron lines to the number of fifty-three have been measured, as in the spectra of 

flames from the “ acid ” process, but they are of lower intensity, and some of those 

near the position of the solar line G are absent. 

There is a less prominent appearance of the manganese lines and liands, tlie cause 

of which has already been stated ; but tliere is a greater intensity of the lines of 

potassium and calcium, and to these the elements—rubidium, Cfesium, gallium, 

copper, and silver, must be added. 

The variations in intensity of tlie iron lines in the “ basic ” Bessemer flame are due 

to differences in temperature solely. 

There are two lines which in some spectra appear to have become intensified, while 

the calcium band wave-length about 5540 has become greatly enfeelded. It seemed 

as if they had arisen out of the calcium band, but they are not calcium lines. 

They have been observed in many different spectra of Bessemer flames and of iron 

and its compounds in the oxyhydrogen flame, and they are strongest where the iron 

lines are strongest. As no corresjoonding lines have been found in the spectrum of 

any other element, we believe we are justified in attributing them to iron. 

Another line, 5792, was identified with iron in a similar manner. 

3 T VOL. CXCVI. — A. 
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Lines of potassium and the edges of manganese bands are shown to have been 

intensified l^y the proximity of iron lines in some cases. The following are examples : 

X 5864, Fe X 5870, Mn band 5269, Fe X 5268'9. The line X 5361 is common to both 

potassium and manganese, and 5343 to potassium and iron. A similar case has 

already been observed by us with two rubidium lines, 4216’3 and 4203’2, and two 

iron lines. 

(4.) A. New Line of Potassium with Variable Intensity. 

The new line in the spectrum of })otassium, wave-length aj)proximately 4642, 

varies in intensity or disap2)ears altogether; but jjrovided the temperature is 

sufficiently high to cause tlie element to emit this ray, its brilliancy or intensity of 

cliemical action is increased by diminisliing the quantity of vajjour in the flame, and 

so giving greater freedom of motion to the molecules. From a minute examination of 

all the jilates on which the line 4642 has been photograq)hed, and of those in which it 

is absent, and also having regard to the conditions under wliich the spectra in each 

case were produced, we conclude that it is not so much reduction of temperature, as 

reduction of the quantity of vapour in the flame, which increases its intensity. 

This much is quite certain, that increase of intensity does not in this instance indi¬ 

cate a higher temjierature. 

We desire to record our sincere thanks for 2)ermission and facilities given to us to 

visit the works for the jDuiqDose of carrying out these researches, first to Mr. Arthre 

CooRER, Managing Director of the North-Eastern Steel Company, and to Mr. F. W. 

Webb, Chief Engineer of the Locomotive Dej)artment of the London and North- 

Western Railway; for assistance cordially rendered by Mr. C. H. Ridsdale, the 

chemist to the North-Eastern Steel Conqjany, and by our friend Mr. E V. Clark, 

A.R.S.M., sometime Demonstrator of Chemistry and Assaying in the Royal College 

of Science, Dublin. 

We have also gratefully to acknowledge that the exi^enses iq) to the end of 1895 

were defrayed out of a sum voted upon the recommendation of the Government Grant 

Clommittee of the Royal Society. 
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XI. On the Conductivity of Gases under the Becquerel Rays. 

By Hox. R. J. Strutt, Fellow of Trinity College, Cambridge. 

Communicated, by Lord Rayleigh, F.R.S. 

Eeceived December 15, 1900,—Read February 21, 1901. 

§ 1. Introduction. 

It has been known almost from the first discovery of the Becquerel Rays that these 

mysterious emanations caused gases through which they passed to conduct electricity. 

But though careful measurements have been made of the relative conductivity* of 

gases under the Rdntgen rays (J. J. Thomson, ‘ Proc. Camh. Phil. Soc.,’ vol. 10, p. 9) 

and under cathode rays (MacLennan, ‘Proc. Roy. Soc,,’ vol. 66, p. 375), little seems 

to have been done in this direction for the Becquerel rays. This paper deals with 

measurements of the kind in questiou, and with the conclusions which may be drawn 

from them. It will be first desirable to state clearly what conditions must be 

complied with in order that the quantities measured may have an intelligible 

meanino^. 

In the first place, the E.M.F. applied to the conducting gas must suffice to 

“ saturate” the current. In other words, it must be so great that a further increase 

will not increase the current a})preciably (see J. J. Thomson, ‘ Phil. Mag.,’ November, 

1896). In the second place, it is essential to make certain that the layer of gas 

enqiloyed is so far rarefied tliat the absorption of the radiation by it is inajipreciable. 

If this condition is not complied with, the layers of gas more remote from source of 

radiation are less powerfully affected by it than the nearer ones. The effective 

strength of the radiation will thus depend on the absorbing power of tlie gas at the 

particular pressure, and the observed ratio of conductivities of two gases at the same 

pressure will not represent the ratio of their conductivities under radiation of a given 

strength. 

It is universally recognised that the conductivity of gases under Rdntgen and 

Becquerel rays is due to the jiroduction in them of positive and negatively charged 

It is hardly necessary to state that the word “ conductivity ” applied to an ionised gas is used in 

quite a different sense from the same word when applied to a metal. The expression “ conductivity ” of 

a gaseous conductor is used to denote the current which it will carry under a saturating electromotive 

force. 

3 T 2 8.6.1901. 
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ions by the rays. VVlien the current is saturated, the ions travel across from one 

electrode to tlie other so quickly that there is no time for recombination to take place 

to any appreciable extent. Thus the current measures the amount of ionisation 

produced, supposing the strength of radiation to remain constant. In order to 

determine whether or not the radiation was sensibly absorbed, the conductivity was 

olrserved at different })ressures. When the conductivity was proportional to the 

pi’essure, it was concluded that no sensible absorption took place in the layer of gas at 

any pressure within the range of tire experiment. When, on the other hand, the 

conductivity did not increase so fast as the law of proportionality to the pressure 

wordd require, it was clear that the absorption was appreciable. In such a case, the 

gas was rarefied far enough to ensure that the law of proportionality should he 

obeyed. 

§ 2. Ro/lio-active Substances. 

I'he radiation from various ludio-active Irodies has been investigated. These 

included— 

(1.) A preparation obtained from de Haen, of Hamburg (see ‘ Wied. Ann.,’vol. 68, 

p. 902). This substance, as a few simple chemical tests showed, consists principally 

of liarium carbonate, and, no doubt, its very strong radiating power is due to the 

presence of the new metal, radium, discovered by Madame Curie in pitchblende, 

wliich is separated, together with barium, in the analysis of that mineral. 

This radium preparation gave out radiations of at least two distinct kinds : one 

easily absorbable l>y solids or gases, and, as Curie has shown (‘ Comptes Eendus,’ 

vol. 130, p. 73), not deflected by magnetic force. The other, more penetrating, and 

deflectable by the magnet. The relative conductivities in gases due to each of these 

kinds has been investimited. 

Since, when investigating the conductivity due to the non-deflectable kind, the 

other variety were also present, it is important to inquire whether the proportion is 

large enough to vitiate tlie results. 

In Curie’s paper the following numbers are given, showing what proportion of the 

conductivity is due to the non-deflectable I'ays at various distances from the 

source ;— 

I 1 )istaiice ceiitim. . . 7 • 1 0-9 G • '> G • 0 5 • 1 .3 ■ 4 

I Percentage .... 0 0 11 33 5G 74 

The alisorption of the air, of course, accounts for the small proportion at long 

distances. A rough extra-polation from these numbers shows that close up to the 



OF OASES UNDER THE BECQ.UEREL RAYS. 509 

substance only about 10 per cent, of the ionisation is due to deflectable rays. The 

conducti\dty ratio to be measured did not differ in any case more than about 30 per 

cent, for the two kinds of rays. Thus the error due to the presence of deflectable 

rays is only of the order of 3 per cent., an amount not well outside the errors of 

exjDeriment. 

(2.) A preparation containing the other radio-active constituent of pitchblende, 

polonium. This body I obtained as follows :— 

Pitchblende was dissolved in dilute nitric acid. The filtered liquid was treated 

with sulphuretted hydrogen. The precipitate was found to contain antimony, 

arsenic, copper, and bismuth, the polonium being associated with the last. To remove 

antimony and arsenic, the precipitate was digested with ammonium sulphide. The 

liquid was filtered off, and the remaining precipitate, containing copper and bismuth, 

with polonium, wms dissolved in nitric acid, and excess of ammonia added. The 

resulting precipitate, consisting of bismuth and polonium hydroxide, was tested for 

radio-activity, and found to be fairly active. Some of it was fused with an excess of 

potassium cyanide with a view to reducing it to the metallic state. The contents of 

the crucible, digested with watej-, and filtered, gave a black insolulfie jjowder, not a 

coherent button of metal as had been anticipated. This black powder presumably 

consisted of the reduced metal. It was many times more active than the original 

oxidised product, and was accordingly used in the experiments.* 

(3.) Another specimen of polonium was used which I owe to the kindness of Sir 

William Crookes. I have no exact account of the metliod of preparation, but Sir 

W. Crookes tells me that it was, in outline, the same as that described by Curie 

(‘Comptes Piendus,’ vol. 127, p. 175). This substance was considerably more 

powerful than the polonium which I prepared. 

(4) Ordinary uranium compounds, as met with in commerce, have a feeble radio¬ 

activity. Indeed, it was in these that Becquerel first detected the effect. Sir W. 

Crookes has shown (‘ Proc. Boy. Soc.,’ vol. G6, p. 409) that the activity is due, not to 

the uranium itself, liut to a powerlully radiating body accompanying it in small 

quantities, and probably distinct from both radium and polonium. He has shown 

{loc. cit.) that if ordinary commercial crystallised uranium nitrate be dissolved in 

(3ther, the resulting li(|uid divides into two layers—the one consisting mainly of an 

a(|ueous, the other of an ethereal, solution of uranium nitrate. The water, of course, 

is supplied hy the water of crystallisation of the salt. The solid obtained by 

evaporating the aqueous solution is distinctly more powerfully radio-active than that 

from the ethereal one. In my experiments a product was used which had been 

several times concentrated in this way. 

* Tlie improvement in the polonium due to treatment with potassium cyanide at a red heat was so 

marked, that it does not seem possible to explain it by the greater concentration of the material when in 

the metallic condition. The observation is of some interest, and I hope to investigate the matter further; 

but it bears only indirectly on the subject of the present paper. 
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Uranium, as well as radium, gives off two types of radiation, one much more 

penetrating than the other. (See Rutherford, ‘Phil. Mag.,’ January, 1899.) 

Becquerel has shown (‘ Comptes Bendus,’ vol. 130, p. 1583) that some at least of 

the uranium rays are deflected by the magnet, hut he does not seem to have made 

any experiments to decide whether both types are so, or only one. In fact, the 

radiation is so feeble as to make such experiments very difficult. But it seems 

probable that, as in the case of radium, the penetrating type of rays are deflected, 

while tlie others are not so. 

My experiments were exclusively concerned with the rays from the bare compound, 

which consist for the most part of the easily absorbed type. Only a small fraction of 

the total conductivity is due to the other kind, so small, in fact, as to make any 

determination of the conductivities difficidt, unless some more powerful preparation 

than mine were available. The experiments were accordingly confined to the easily 

absorbed type of radiation. 

§ 3. Method of Experimenting. 

The gas of which tlie conductivity was to be determined occupied the space 

between two parallel plate electrodes. Oiie of these was maintained at a high 

potential, the other connected to the one pair of cpiadrants of an electrometer, the 

other pair being to earth. The rate of movement of the needle then gave a measui-e 

of the current through the gas. 

When the rays which had penetrated through a ccmsiderable tlnckness of metal 

were to be investigated, the arrangement was as follows :— 

Tlie gas of which the conductivity was to be determined was contained in the 

apparatus represented in section by fig. 1. It consists of an air-tight cylindrical 

brass box «, aliout 1 inch long, 3 inches diameter, provided with a bottom of thin 

copper sheet 6, soldered on, through which the rays penetrated into it. The bottom 

was ’007 centim. thick. Inside this cylinder, and parallel to its ends, was the 

insulated metal plate/i carried on tlie rod g. This plate was used as the lov^-jiotential 

electrode. 

The arrangements for insulating the plate f from the outside cylindrical brass box, 

which served as the high potential electrode, were somewhat special. 

At e e is seen the brass neck of the main vessel. Inside it is fixed an ebonite 

collar /;, and inside this again a second Iwass tnbe h. This inside brass tube carries 

tlie ebonite stopper /, up the middle of which the brass wire g passes. This latter 

cari'ies the electrode /’ and is connected outside to the electrometer. The intermediate 

brass tulie h is put to eartli. Finally, the outside vessel is put to the + terminal of 

a. battery of 100 storage cells, the other terminal of which is to earth. 

The ebonite collar h lias thus to sustain an E.M.F. of 200 volts; but the ebonite 

stopper I has only to sustain 3 or 4 volts, since the jiotential to which f was allowed 
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to rise, in order that a suitable reading of the rate of charge miglit be obtained, never 

exceeded this value. Now a slight leakage through h is of no importance, its only 

effect being to take a small current from the battery. On the other hand, a failure 

of the insulation of the stopper I would vitiate the measurements. But the danger of 

such a failure is but small, because of the smallness of the E.M.F. to wliich this 

insulation is exposed. If a simple ebonite stopper were used to carry the electrode, 

these more complicated arrangements being dispensed with, it would be essential that 

its insulation should be perfect even when exposed to tlie whole 200 volts. 

Fig. 1. 

^$\\\\\\\\\\\\\\\\\\\\\\\\\\^^ 

InsuLabeol eLecbromeber 
quadrAnbQ. 

'0 

The brass vessel was screwed down to a l)lock of lead, d, l:)y suitable thumbscrews. 

A circular cavity, c, was turned in this block, and served to contain the radio-active 

material. 

At p a side tube was soldered in, through which the apparatus could be exhausted 

and gas admitted. 

For investigating the easily absorbable radiation, a slightly different arrangement 

was employed. Instead of the thin copper bottom soldered on, a thick circular brass 

plate was used. On this was laid a lead tray containing the radio-active body ; the 

brass cover, in this case provided with a flange round the bottom edge, was then 

cemented on with the soft cement known as Puout’s Elastic Glue. 

Fig. 2 will make the arrangement clear. The vessel inside was connected to a 

water-pump, which would exhaust to a pressure of 15 millims., and to a manometer. 
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The procechire in investigating each kind of radiation was as follows :—First, the 

rate of leak was taken in air at different j^ressures; the limit of pressure within 

v/hich the rate of leak was sensibly proportional to the pressure was thus ascertained. 

And in the subserpient measurements care was taken to he well inside this limit. 

Fig. 2. 

In comparing the different gases, air was in all cases taken as the standard. The 

rate of leak in air was measured at a pressure such as to give this rate a convenient 

value. The air was then removed hy the water-pump, and the gas under investiga¬ 

tion admitted. The apparatus was several times exhausted and refilled to ensure 

jiurity. Finally, the pressure was adjusted to give about the same rate of leak as 

that previously measured in air, and the exact rate carefully determined. If p p' 

were the pressures of the gas under investigation and of the air respectively, ^ i' the 

observed rates of leak, then the relative saturation conductivity of the gas was given 

, air at the same pressure and under radiation of the same stn 

being taken as unity. 

The electromotive force used was 200 volts, amply sufficient to produce saturation 

under the conditions of the experiments. 

In investigating the vajjours of volatile licpiids, such as methyl iodide, it was 

necessary to take care that the vapour shoidd not be so nearly saturated as to deviate 

sensibly from Boyle’s law. The rates of leak through vapours were accordingly 

taken at a ])ressure of not more than half that wliich would have been in equilibrium 

over the liquid at the same temperature. These vapours gave large conductivities, 

and the smallness of the pressure at which it was necessary to Avork did not cause any 

by the fraction 
I p 

moonvenience. 
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I shall now mention the methods of preparation of the gases emj)loyed. It would 

not have been worth while, in view of the limited accuracy of the electrometer 

measurements, to have taken more than ordinary care to secure purity. 

The gases were in all cases dried by passing them slowly over phosphorus j^ent- 

oxide. 

The hydrogen was prepared from sulphuric acid and zinc, and purified by occlusion 

in palladium foil, from which it was subsequently expelled by heat. 

The oxygen was obtained by heating potassium permanganate. 

The hydrochloric acid was made by the action of joure sulphuric acid on rock 

salt. 

The cyanogen was obtained by heating mercury cyanide. 

The carbon dioxide by the action of pure hydrochloric acid on white marble. 

The sulphur dioxide from the liquefied gas commercially supplied, in a “ syphon.” 

The chloroform, methyl iodide, and carbon tetrctcldoride vapours were from the pure 

liquids commercially procured. 

§ 4. Exp)erimerits on the Penetrating Radiation from the Active Barium 

Compound. 

The vessel used to contain the gas was that with the thin copper l^ottom, 

•007 centim. thick, through wliich tlie radiation had to pass. As any easily absorb¬ 

able radiation had already been filtered out by the copper bottom of the vessel, it was 

not to be expected that the rate of leak would be otherwise than simply proportional 

to the pressure; but it was thought best to test this experimentally, partly as a 

guarantee of the accuracy of the method of measurement. 

The following measuremeiits were obtained :— 

Pressure of air, 
millims. of mercury. 

Time taken for 
electrometer needle to 

pass over 50 scale 
divisions. 

Current 
(arbitrary scale). 

735 
seconds. 

17-7 565 
591 22-6 443 
454 29-4 340 
.306 44-6 224 
136 95-6 105 

The measurements of the rate of leak were in each case the mean of about six 

ohsei'vations. The results are plotted on diagranr No. 1, and it will be seen that the 

rate of leak is closely proj^ortional to the pressure up to atmospheric pressure, as was 

anticipated. It was safe, then, to employ any j^ressure within that range. 

VOL. cxcvi.—A. 3 u 
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The first experiments were made on hydrogen. These will he given in full as 

specimens. In the other cases only the results of each determination will be given. 

Diagram No. 1.—Eadium. Penetrating Eadiation. 

Hydrogen.—UhrQQ entirely separate determinations were made, with different 

samples of gas. 

(1.) Air. Pressure 144 millims. 

30 scale divisions of electrometer passed over in— 

55’5 57 55 57 57 59 55 5 seconds. 

Mean 56’4 seconds. 

Hydrogen pressure 727 millims. 

30 scale divisions in— 

73-5 71-5 73-0 73-5 71-0. 

Mean 72'5 seconds. 

n ** PIT 564:X r < / ‘ 

Conductivity oi hydrogen = x7^^‘5 ~ = !)• 
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(2.) Air. Pressure 123 millims. 

30 scale divisions in— 

66‘5 64*5 63*5 65 66 seconds. 

Mean 65*1 seconds. 

Hydrogen pressure 696'5 millims. 

30 scale divisions in— 

72-5 74-5 73-0 75-0. 

Mean 73*75 seconds. 

Conductivity of hydrogen ggg.g ^ = ‘156 (air = 1). 

(3.) Hydrogen. Pressure 347 millims. 

30 scale divisions in— 

137 133 134 132-5. 

Mean 134-1 seconds. 

Air pressure 129*3 millims. 

30 scale divisions in— 

57-5 57 58-5 58. 

Mean 57*75 seconds. 

Conductivity of hydrogen = 347 ~ = !)• 

We have then as the results of these three determinations— 

Conductivity of hydrogen *154, *156, *161. 

The final mean value being *157. 

The results for the other gases will now be given in a tabular form, since no good 

purpose would be served by writing them out at full length. To make the table 

complete, the results for hydrogen will be repeated. 

Nature of gas. 

Relative conductivity (air = = !)• 

Separate determinations. Mean. 

Hydrogen. •161 •154 •156 •157 
Oxygen . 1-22 1-23 1-28 1-21 

Hydrochloric acid. 1-48 1-52 1-38 1-46 
Carbonic acid. 1-61 1-57 1-54 1-57 
Cyanogen . 1-82 1-81 1-84 1-82 
Sulphurous acid. 2-35 2-33 2-27 2-32 
Chloroform. 4-83 4-98 4-87 4-89 
Methyl iodide. 5-22 5-33 4-98 5-18 
Carbon tetrachloride .... 5-93 5-78 — 5-85 

3 u 2 
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The oljservations on hydrochloric acid gas are not to he relied on. This gas 

rapidly attacked the metal of which the apparatus was made. The chlorine no 

doubt comlnned with the metal, setting the hydrogen free. The pressure rapidly 

diminished if the apparatus was left standing full of the gas. No doubt the difficulty 

inight liave been avoided by using an apparatus of platinum, but it was thought 

hardly wortli while to go to the trouble and expense which this would have involved. 

It is to he regarded as a matter of accident that the separate determinations agree 

with one another as well as they do. In the other cases I believe the mean re.sults 

are not, for the most part, more than 2 per cent, from the truth, if so much. 

The discussion of these results, as well as those that follow, will be deferred till the 

end of the paper. 

It will be worth while to mention that the conductivities of hydrogen and air were 

compared when an additional sheet of copper, equal in thickness to that which 

formed the bottom of the vessel ('007 centim.), was used to cut down the radiation. 

Almost exactly the same ratio as befoi'e was found. So far as this propert}^ is con¬ 

cerned, the radiation whicli penetrates one sheet of copper '007 centim. in thickness 

is homoo'eneous. 
o 

§ 5. Easily Ahsorhahle Rays from Radio-active Barium Carhonate. 

To investigate the easily absorbable rays, the second form of apparatus was used, 

the radiating body being in contact with the gas under investigation, without the 

interposition of any solid partition. The radiation from the barium compound is 

enormously reduced by the interposition of so thin a screen as an ordinary piece of 

tinfoil; these “ soft ” rays accordingly form much the greater part of the whole. 

They cannot be conveniently separated from the penetrating rays used in the above 

experiments, but these latter are present in so small a proportion that they do not 

much affect the results (see above, p. 508). As is there mentioned, there is a differ¬ 

ence in kind as well as in degree between the behaviour of the two types of rays. 

The penetrating I’ays are deflected by the magnet; the others are not so. 

The barium compound was so very active that even when a very small quantity 

was taken, and the air pressure considerably reduced, the rate of leak was much too 

large for convenient observation. A parallel plate condenser was accordingly con¬ 

nected to tlie electrometer so as to increase its capacity. The distance between the 

plates was adjusted till the lute of leak had a convenient value, and was not after¬ 

wards altered. This plan is much better in practice than diminishing the sensitive¬ 

ness of the electrometer by lowering the potential of the needle. 

The rate of leak in air was determined at various pressures. 
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Pressure, 
millims. 

Time taken to 
pass over 100 scale 

divisions (mean of 5 
observations). 

Current 
(arbitrary scale). 

719 21-4 467 
517 26-1 383 
313 41-6 240 
121 101-0 83 

The results are plotted on diagram No. 2. Here the absorption of the radiation by 

the air is quite perceptible. The current is sensibly proportional to the pressure for 

pressures less than half that of the atmosphere. In comparing different gases, this 

limit of pressure was not exceeded. 

Diagram No. 2.—Radium. Easily absorbed Radiation. 

Pressure, mrn. of Mercunj. 
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The measurements are given in the following table :— 

Gas. 

Conductivity (air = 1). 

Separate determinations. Mean. 

Hydrogen .... •218 -224 _ -212 •218 
Sulphur dioxide . . 1-89 2-00 1-92 2-10 1-98 
Methyl iodide . . . 3-78 3-72 3-82 36-3 3-74 

§ 6. Radiation from Polonium. 

This radiation is not deflected by tbe magnet* (Curie, ‘ Comptes Eendus,’vol. 130, 

p. 73), and, so far at least, resembles the “ soft ” radiation from the active barium. 

The first set of experiments was made with the samjile of polonium prepared by 

myself. The following numbers give the rate of leak at various pressures; about 

five observations were made in each case, and the mean taken. 

Pressure, 
millims. 

Time taken to pass 
over 100 divisions. 

Current 
(arbitrary scale). 

740 19-2 521 
477 27-3 366 
315 39-3 255 
180 76-9 130 

46 302-0 33 

The results are plotted on diagram No. 3. There is not much indication of 

absorption until the pressure is comparable with that of the atmosphere. For the 

various gases, the following results were obtained :—■ 

Gas. 

Relative conductivity (air = 1). 

Separate determinations. Mean. 

Hydrogen .... 215 •226 •242 -215 •226 
Oxygen . 1 13 1-16 — 1 -18 1-16 
Carbon dioxide . 1 53 1-55 — 1-54 1-54 
Cyanogen .... 1 95 1-93 — — 1-94 
Chloroform .... 4 42 4-45 — — 4-44 
Sulphur flioxide . 1 96 2-02 2-14 — 2-04 
Methyl iodide . . . 3 32 3-88 3-43 3-42 3-51 
Carbon tetrachloride. 5 30 5-37 ■ 5-34 

* This result is not in agreement with that arrived at by Giesel (‘ Wied. Ann.,’ vol. 69, p. 834). But 

my own experience confirms Curie’s conclusion. 



OF GASES UNDER THE BECQUEEEL RAYS. 519 

Diagram No. 3.—Polonium, prepared by Author. 

These experiments, as I have said, were made with polonium of my own pre¬ 

paration. Some of the experiments were repeated, using the more jDOwerful 

polonium preparation of Sir W. Crookes. 

The rates of leak at different pressures were determined, with the following 

result : — 

Pressure, 
millims. 

Time taken to pass over 
100 electrometer 

divisions. 

Current 
(arbitrary scale). 

; seconds. 
749 22-4 446 

1 53.5 31-7 316 
375 45-8 218 
170 98-4 102 

See diagram No. 4. 

The rate of leak is here sensibly proportional to the pressure tliroughout the entire 
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Diagram No. 4.—Polonium, prepared by Sir W. Crookes. 

Pressure, mm. of Mercury. 

range. The radiation from this polonium preparation appears to be more penetrating 

than that from the other. 

The next table gives tlie relative conductivities found with this radiation. 

Gas. 

Relative conductivity (air =1). 

Separate determinations. Mean. 

Hydrogen .... •232 -222 -213 -210 •219 
■216 

Sulphur dioxide . . 1-99 2-15 — 2-12 2-03 
Methyl iodide . . . 3-44 5-48 — 3-51 3-47 

The mean values do not differ much from those found for the other sample of 

polonium. There is not, I think, any evidence that the relative conductivities are 

not exactly equal in the two cases. 
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§ 7. Radiation from Uranium Salt. 

The uraiiluni salt having been jDlaced in the apparatus, the mtes of leak were 

observed at various pressures, with the following residts ;— 

Pressure, 
millims. 

Time taken for 
electrometer needle to 

pass over 100 divisions. 

Current 
(arbitrary scale). 

seconds. 
726 27-7 361 
565 32-6 307 
372 44-5 225 
176 81-4 123 
116 116 86 

O 100 200 300 400 500 600 700 

Pressure, nun. of Mercury. 

Diagram No. 5, which exhibits these results graphically, shows that for this type 

of radiation the current begins to deviate appreciably from that value which pro¬ 

portionality to the pressure would recpiire, when the pressure only amounts to 

VOL. CXCVl.—A, 3 X 
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al^out 150 millinis. This type of radiation is, therefore, more rapidly absorbed by 

the air than any of the kinds which have already been discussed. The rate of leak 

at ])ressnres so low was rather too small for convenient measurement. A somewhat 

different metliod of comparing the gases was used, which avoided this difficulty. 

The rate of leak was taken in air, at some convenient pressure, usually about 

250 millins., and afterwards at a slightly greater pressure, })erhaps 260 millims. The 

gas for comparison having been introduced into the vessel, its pressure was adjusted 

till the rate of leak was intermediate between those given by air at the two 

slightly different pressures. The pressure at which the air would have given the 

exact rate of leak observed in the other gas was determined by interpolation, on 

the sufficiently accurate assumption that the rate of leak could be represented 

between these narrow limits as a linear function of the pressure. 

In this way, then, were determined the pressures at which the two gases gave 

exactly tlie same rate of leak. 

If now we assume that the absorption of the radiation by a gas is proportional 

to the saturation conductivity produced in the gas, it follows that if two gases are 

adjusted to give ecpial conductivity, the radiation is absorbed to an equal extent 

in each. Consequently the correction foi' absorption of the radiation is eliminated, 

and the relative conductivities are inversely proportional to the observed pressures. 

The assumption that the absorption by a gas is proportional to the conductivity 

])roduced in it, is justified by PiUTHEEFOEd’s experiments (‘Phil. Mag.,’ Jan., 1899, 

p. 137). He found that if practically the whole of the radiation was absorbed, al} 

the gases tried gave nearly the same rate of leak under a saturating electromotive 

force. This implies the truth of the relation in question. The next table gives the 

values found for uranium radiation, with the different gases. 

Gas. 

Relative conductivity (air = 1). 

Separate determinations. Mean. 

Hydrogen .... •208 -209 -211 -222 •213 
Sulphur dioxide . . 2-11 2-06 2-08 2-0.3 2-08 
Methyl iodide . . . 3-48 3-41 3-69 3-62 3-5.5 

§ 7. Summary of Results. 

The following table collects the final results of the experiments described in this 

paper. It includes also the results obtained by J. J. Thomson (‘ Proc. Camb. Phil. 

Soc.,’vol. 10, p. 9) and Peeetn (‘Piayons Cathodiques et Payons de Pontgen’) for 

relative conductivities under Pontgen rays, and by MacLennan, for cathode rays. 

It is convenient to quote these here for the sake of comparison. 



OF GASES UNDER THE BECQUEREL RAYS. 523 

Relative conductivity. 

Gas, 
Relative 
density. Ronfcgeri rays. 

Cathode 
Radium rays. Polonium rays. 

Uranium 

J. J. Thomsox. Pereix. 
rajs. 

Pencl rat¬ 
ing type. 

Absorbable 
type. 

I. 11. 
rays. 

Hydrogen . • 0693 •33 •026 •069 •157 •218 •226 •219 •213 
Air .... 1-00 1-00 1-00 1-00 1-00 1-00 1-00 1-00 1-00 
Oxygen. . . 
Hydrochloric 

1-11 — — 1-106 1-21 ■-- 1-16 — — 

acid . 
Carbonic 

1-27 8-9 8 -- 1-461 — — — — 

acid . . . 1 -53 1-4 1-34 1-53 1-57 — 1-54 — — 

Cyanogen . 
Snljjhur 

1-86 1-05 — — 1-86 — 1-94 — — 

dioxide . 2-19 G-4 6 ■ — 2-32 1-92 2-04 2-03 2-08 
Chloroform 4-32 — — — 4-89 — 4-44 — — 

IMethyl iodide 
Carbon 

5-05 — — — 5-18 3-74 3-51 3-47 3-55 

tetrachloride 5-3] — — — 5-83 — 5-34 — 

§ 8. Discussion of Results. 

It remains to be considered what conclusions can l^e drawn from the measure¬ 

ments. 

In the first place, let us consider the penetrating radiation from the radium pre¬ 

paration. It will he seen, that in all cases except hydrogen, the conductivity is neaily 

proportional to the density of the gas. Hydrogen is the only case in which the 

departure from this law is considerable, its conductivity being about double what the 

law would recpiire. But, since the conductivity of hydrogen is small, the ahsolute 

difference between the observed conductivity and that which the law wo\dd require 

is not larger than in the other cases. And it is possible that this is the right way 

of regarding the matter. This aspect of the question is brought out Ijy a graphic 

representation of conductivity as a function of density. (See diagram No. Q.'*) I 

think that it is impossible to doid^t, in view of the results exhibited on this diagram, 

that the conductivity depends mainly on the density of the gas. 

The much greater relative departure fi'om tlie law in the case of hydrogen 

naturally raised the question of wliether tlie experiments were open to criticism. 

They were carefully I'epeated, taking additional precautions against contamination 

by impurities. But the accuracy of the former determinations was completely 

confirmed. There is, I tliink, no reason whatever to doidjt their substantial 

correctness, t 

* The determination for liydrochloric acid is not re23re.sented in the diagram, liecause of its nncertaintj", 

mentioned above. 

t It is worthy of note, in connection with the large deiiarture of hydrogen from the law of density so 

3x2 
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It is certain, therefore, that the relative conductivity of gases under the penetrating 

type of Becquerel rays are mainly, tliough not wholly, dependent on their densities. 

This result is of considerable interest; the investigations of Becquerel, Giesel, 

and others have made it clear that rays of this type resemble the cathode rays in 

many respects. Both are deflected Ijy a magnetic and by an electrostatic field ; and 

carry an electric charge. Here we have one more property in common. For the 

experiment of Ma.cLenxan, quoted in tlie table, established the conclusion that the 

Diagram Xo. 6. 

cathode rays too produce a condiictivity in gases ])roportional to the density. There 

is not, however, the same departure from the law in the case of hydrogen. Under 

cathode rays the conductivity of hydrogen relative to the other gases is exactly what 

the law of density would recpiire. 

So much for the rays deflected l)y a magnet. We have still to consider the rays 

which are not deflectable. 

well obeyed by the other gases, that there is large and unexplained discrepancy between the values 

found for the relative conductivity of hydrogen under Ebntgen rays liy J. J. Thojisox and Perrix 

respectively, although their determinations agree fairly well in most other cases, 
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III the first place, it will be seen that all the compounds examined gave very 

nearly the same values for the relative conductivities. There is, in fact, no clear 

evidence of any difference between them in this respect. This result naturally 

suggests the conclusion that all these substances give absorbable rays of the same 

physical nature. Secondly, it will be seen that the non-deflectable rays give some¬ 

what different results from the deflectable ones ; these differences being well outside 

the errors of experiment. For the former, the departure from the law of proportion¬ 

ality is decidedly more marked than for the latter. 

A reference to the table will show that these rays give results much closer to the 

deflectable rays than to the Rontgen rays. The very large conductivities charac¬ 

teristic of compounds of sulphur and the halogens under Rontgen rays are not met 

with in the case of Becquerel rays of any kind. 

It is now very generally agreed that the deflectable Becquerel rays consist of a 

stream of negative ions proceeding from the radio-active body with enormous 

velocities (Becquerel, ‘ CWiptes Rendus,’vol. 130, p. 109). But this theory gives 

no account of the nature of the other variety of Becquerel rays. I wish to make 

some mention of a possible solution of the question, indicating how far it appears to 

fall into line with the known facts. 

Let us, tlien, imagine that the absorbable rays consist of a stream of positive ions 

moving from the radio-active hod}"'. 

Now we know that the positive ions in gases carry tlie same charge as tlie 

negative, and that they have an enormously greater mass (J. J. Thomson, ‘ Phil. 

Mag.,’ vol. 48, p. 547). Unless, therefore, their velocity is smaller out of all 

proportion than the negative ions, it is to be expected that they will he mucli less 

easily deflected l)y the magnet. Tliis theory indicates, theii, that by apjfiying a very 

powerful field, the “ soft ” rays would be deflected. It would he well worth while to 

ex})eriment in this directimi. 

Next, it may l)e noticed that the smaller penetrating jwwer would be well 

accounted foi’ by the size of the positive ions, wliich would, of course, make more 

collisions with the molecules of the surrounding gas than the much smallei' 

negative ions. 

Lastly, the experiments described in this j^aper seem to indicate tliat the deflect- 

aide rays produce conductivity in gases by the same kind of process as the others— a 

process (piite diflerent from that by which the Rontgen rays produce conductivity. 

4'his is in accordance with the suggestion as to the nature of tlie rays, conductivity 

ijeing supposed to be produced in each case by the collision of the moving ions with 

the molecules, and the consequent splitting up of the latter into new ions. 

In this investisration I liave received much kind encouragement from Professor 

J. J. Thomson, and I wisli to express my best thanks to him. 
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Appendix. 

Note on a Practiced Point in connection ivitli the Quadrant Electrometer. 

Most of those ^vho have had occasion to work with an electrometer of the Elliot 

pattern must have experienced the difficulty of oldaining a jar of glass that would 

insulate in a sufficiently satisfactory manner. A jar cannot he considered even 

tolerably satisfactory unless the charge takes at least a week to leak down to half its 

original value. Such jars may occasionally be met with, hut it is by no means easy 

to obtain one. It sometimes happens that a jar will satisfactorily retain a small 

charge for a much longer period than that mentioned, hut, if it be charged moie 

highly, the charge rapidly leaks down to a certain small value, after which the loss 

becomes very much less rapid. But, if the electrometer is recpiired to be highly 

sensitive, such a jar is of course useless. 

The “White Pattern” electrometers are much less suliject to this difficulty, 

because their construction allows of a great length along the glass surface between 

the charged acid and the outside coating of the jar connected to earth. And it is the 

surface leakage alone that is practically to be feared. 

After trying many jars and fiiiling to obtain a satisfactory one, I adopted an 

arrangement which has proved very convenient as a substitute. A short hi ass 

]jillar a (fig. 3) carries a circular lirass disc c. On to <c a round ebonite plate of the 

same diameter is fixed by means of three screws. The heads of these screws are on 

the underside of tlie brass plate, and they pass into tapped holes m the eliomte, 

which do not pass right through it. The outside of this ebonite disc is ^ inch thick. 
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but the inside is turned down until it is very thin—less than h milllin. Into the 

circidar recess thus formed is dropped a flat brass plate, e, of such a size as to fit it 

loosely. The whole arrangement is fixed horizontally between the pillars carrying 

the quadrants. For fixing it a screw, h, is provided, as a prolongation of the pillar, a. 

This screw passes through a hole drilled centrally in the base of the instrument, and 

a nut fixes the whole in position. 

On e is placed a platinum crucible containing strong suljihuric acid, into which the 

]n'olonged axis of the needle dips as usual. A charge is given to the top brass plate, 

which is, of course, in conducting communication witli the needle. The instrument 

can then be used as usual. 

The insulation of this condenser has been found very satisfactory, the charge not 

diminislhng by more than 20 per cent, of its original value in a week, and this when 

the charge was sufficient to make the sensitiveness very high. 

One or two remarks may be made in conclusion. If the insulation shows a 

tendency to deteriorate with time, it can be made as good as ever by removing the 

surface of the thick liin of ebonite in the lathe, with emery paper, subsequently 

polishing the surface with bath-brick, applied on felt. 

A platinum cup was employed for the acid, with the idea that with it there would 

be no tendency to any creeping of electrification, and consequent uncertainty in the 

potential of the needle. But very probably glass would be practically as good. 

A platinum wire dipping in the acid would then have to be connected to the u})per 

brass plate. 

Although there is no novelty in principle in this contrivance, yet it has proved so 

convenient in practice that it has been thought worth while to describe it. 
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XII. The TJteniio-dieinisfini of the AIJoij.^ of ( ojyper and Zinc. 
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Communicated hy Professor J. H. Poynting, F.R.S. 

Keceived December 4, 1900—Read January 17, 1901. 

Introduction. 

It has l(Rig been known that the alloying of certain metals with each other is 

accompanied by evolution or absorption of heat, but in very few instances have any 

measurements of the thermal changes been recorded. 

There is now no reason to doubt the existence of definite atomic combinations 

between metals, and it lias therefore become a matter of considerable interest and 

importance to ascertain the heat of formation of these inter-metallic compounds. 

Laurie,"^ Charpy,! and others have adduced evidence pointing to the occurrence of 

chemical combination between copper and zinc in the making of brass, and an 

investigation of the thermo-chemistry of their alloys appeared particularly desirable, 

because a peculiar interest attaches to them in connection with Lord Kelvin’s 

calculation of molecular dimensions. 

During the progress of this work papers, dealing wholly or in part with the same 

subject, were published by Dr. Galt| and by M. Herschkowitsch §; further 

reference to these will be made in another place. 

Ch oice 0f Mcth od. 

In making brass by the usual method, solid zinc is pushed beneath the surface of 

molten copper. 

A violent action is frequently observed, and this is often cited as indicating the 

occurrence of chemical action between the metals. 

Now copper melts at about 1080° C., but its temperature is doubtless higher when 

the zinc is added in the ordinary process of brass making, and since zinc boils at 

* ‘ Trans. Chem. Soc.,’ 1888, p. 104. 

t ‘Bull. Soc. d’Encouragement,’ Feb. 1896, pp. 33-34. 

I ‘Rep. Brit. Assoc.,’ 1898 and 1899. 

§ ‘ Zeits. f. Physik. Chemie,’ Nov. 1898. 

YOL, CXCVI.—A 285. 3 Y 13.6.1901 
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940° C., the violent action, before mentioned, is not necessarily the consequence of 

chemical union, but may be due to volatilisation of the zinc. 

The difficulty of making a quantitative determination of heat evolution under such 

conditions appeared too great to be overcome. 

The only recorded instance of sucli an attempt is to be found in Lord Kelyix's 

lecture at the Loyal Institution in May, 1897, on “ Contact Electricity in Metals,” 

where it is stated that Sir W. C. Loberts-Austex observed an evolution of 36 

calories jjer gramme of brass formed by the mixture of 30 parts of zinc with 70 parts 

of molten copper. 

No details of the experiment are given. 

A more promising method consists in the determination of the differences between 

the heats of dissolution, in a suitable solvent, of various alloys of copper and zinc 

and of the free metals when merely mixed in the same projjortions. 

This method has been adopted in the present paper. 

Preparation of A Hoys. 

The copper employed in making the alloys was the best electrolytic, which had been 

melted, and then rolled into sheet. 

Analysis showed it to be free from arsenic and bismuth, but it contained about '15 

per cent, of lead and a trace of iron. 

The zinc used had been re-distilled. It was free from arsenic and cadmium, but 

contained '06 per cent, of iron and a trace of lead. 

It dissolved in hot dilute sulphuric acid only after very prolonged immersion. 

Alloys containing more than 30 ])er cent, of copper were made by adding the 

requisite weight of zinc to the copper, which had beeii previously melted in a carbon 

crucible under a layer of powdered charcoal, and thorough admixture was secured by 

vigorous stirring with a charred stick. 

In making alloys containing less than 30 per cent, of copper it was found advan¬ 

tageous to melt the zinc and add the solid copjDer to it. The latter soon dissolved if 

the crucible was kept at a suitable temperature. 

It was easier to make an alloy, lich in zinc, of a pre-determined composition in this 

manner than by adding zinc to molten copper'. 

The alloys were cast in an iron mould yielding jjlates about 7 centims. X 2"5 

centims. X ‘5 centim. and weighing some 70 grammes. 

Their outer surfaces were then removed by filing and the central portions of the 

ingots were used in the experiments. 

The composition of each alloy was carefully determined by estimating the copj^er 

electrolytically. 

In certain experiments, afterwards abandoned, Dutch metal leaf and bronze 

powders were used. 
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In order to remove the oil, which the latter always contain, they were washed in 

carbon bisulphide, ether, and absolute alcohol, and were then dried at 90° C. 

It was hoped that a considerable range of alloys would be covered by these 

materials, as their colours varied greatly from reddish-yellow to pale yellow ; hut 

analysis showed that none contained less than 67 or more than 87 per cent, of copper, 

and it was finally concluded that they were mixtures of various alloys. 

Throughout this investigation it was found absolutely necessary to use the metals 

in a state of very fine division in order that the time occupied by their dissolution 

might be kept within reasonable limits. 

Those alloys which contained between 20 and 40 per cent, of copper were easily 

shattered by a few heavy blows in a steel mortar, and the rough powder obtained was 

then o-round in an agate mortar. 

The remaining alloys were not sufficiently brittle to be thus treated, and the tedious 

process of reducing them to j^owder with a very fine file was employed. 

These filings were then sifted through the finest linen, and only the small fraction 

which passed was used. 

This powder was then thoroughly stirred with a magnet to remove any fragments 

of iron which might have come from the file. 

In almost every case the latter precaution was found to be unnecessary. 

It has been objected that the fragments of a crushed alloy, having been strained, 

possess more energy than before crushing, and that this may affect the heat of disso¬ 

lution. (‘Report on the Chemical Compounds contained in Alloys,’ Brit. Assoc., 

1900.) 

In various experiments the author has employed a particidar alloy, sometimes in 

the form of rolled sheet and sometimes as filings, or, if sufficiently brittle, then either 

as a finely crushed powder or as filings, and in no instance has any difference of the 

nature sugo-ested above become evident. 

Choice of Solvent. 

Those solvents which most readily suggest themselves are chlorine-water, bromine- 

water, and nitric acid. 

The first and second are not only disagreeable to work with but are also Ineftective, 

unless the metal to be dissolved is in a state of extremely fine division. This neces¬ 

sarily limits their application to the small group of very brittle alloys. A number of 

experiments were performed with chlorine-water as solvent. 

Turning now to nitric acid. Dr. Gladstone"^' has quite recently shown that the 

chemical action of a mere mixture of copper and zinc upon it is difterent from that of 

the alloy containing the metals in the same proportion. 

* ‘Phil. Mag.,’ vol. 50, p. 231. 

3 Y 2 
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Since this, in itself, mnst introduce a difference in the heat of dissolution according 

as the metals are mixed or alloyed, the use of nitric acid is unsuited to the purpose 

in view. 

Dr. Galt’s'’^ experiments, mentioned on the first page, were made with this solvent, 

and the conclusions drawn from them are, therefore, open to grave douht. 

After very numerous experiments, two solvents were found which gave very satis¬ 

factory results and were not open to the ohjections urged against nitric acid. They 

are, respectively, mixtures of solutions of ferric chloride and ammonium chloride, and 

of cupric chloride and ammonium chloride. 

Both attack the metals and their alloys rapidly, and no gas is evolved. The 

reactions involved are simple and give rise to a moderate evolution of heat only. 

The latter point is one of considerable importance, because the rather small differ¬ 

ences between the heats of dissolution of the metals when merely mixed and when 

alloyed thereby assume greater relative values, and are consequently less affected by 

experimental errors. 

This matter is further referred to on p. 544. 

A2yparatiis. 

The calorimeter consisted of a thin glass beaker of rather more than 500 cub. 

centims. cajDacity. 

This was supported within a highly-polished nickeled vessel by a stout rubber ring 

of square section, which encircled the beaker just below its rim and rested on a gallery 

soldered inside the metal vessel. 

The latter was screened from external fluctuations of temperature by a surround¬ 

ing copper water-jacket furnished with a stirrer, the air-space between the nickeled 

vessel and the water-jacket being covered in with a copper lid. 

The beaker itself was covered with a thin ebonite slieet pierced with holes for the 

stirrer and thermometer. 

The stirrer consisted of a thin sheet of mica perforated with several holes and 

carried by a thin glass tube, which could be actuated from a distance by a cord pass¬ 

ing over a pulley. 

The thermometer, by Geissler, of Bonn, was divided into ’01° C., and it was easy to 

read to '001° C. 

The position of the mercury thread was so adjusted that at the beginning of an 

experiment it always stood as nearly as possible at the same division, and since the 

)-ise in temperature during an experiment was usually about 1° C., the same portion 

of the scale was always used. 

This 1'^ interval was found sensibly correct when compared with a standarilised 

thermometer. 

* ‘ Eep. Brit. Assoc.,’ 1898 and 1899. 
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The water equivalent of the calorimeter, stirrer, and thermometer was determined 

by the method of mixture, an apparatus similar to that used by Thomsen in 

measuring heat of neutralisation being employed. 

Warm water was placed in an upper protected vessel, and when its temperature 

had been found, a plug was removed from the bottom, thus permitting the water to 

flow directly into cold water of known temperature contained in the calorimeter. 

In three successive experiments the following values were obtained for the water 

equivalent :— 

15’92 grammes, 15‘6 grammes, 16'3 grammes. 

The mean value of 16 grammes was adopted. 

In most experiments a rise in temperature of about 1° C. was arranged, as this 

was a sufficiently large interval to be read accurately, and yet was not large enough 

to necessitate the introduction of a considerable correction for radiation during the 

one or two minutes occupied by the process of dissolution. 

All the determinations were made with the room, as nearly as possible, at 18° C., 

and the temperature of the calorimeter and its water-jacket was always carefully 

adjusted to that of the room before beginning an experiment. 

Series L—-Chlorine-ivater as Solvent. 

Although the use of this solvent was ultimately abandoned, the actual procedure 

in performing an experiment was exactly similar to that employed in Series It. and 

III., and it will therefore be described in this place. 

An aqueous solution of chlorine containing 5’3 grammes per litre was prepared ; its 

lieat capacity was found to be sensibly equal to that of the water it contained. It 

was first sought to ascertain the heat of dissolution of copper. 

The copper employed was prepared— 

(a.) By dissolution of pure copper in nitric acid. Ignition of the nitrate, and reduc¬ 

tion of the resulting oxide by hydrogen. 

(5.) By precipitation of copper from pure copper sulphate solution by means of 

redistilled zinc. 

The copper powder was heated in dilute sulphuric acid, washed repeatedly with 

water, and then with absolute alcohol. 

After drying, it was heated to redness in a current of hydrogen to reduce the 

small quantity of copjier oxide which had formed during the washing and drying- 

processes. 

Copper, thus reduced in hydrogen, retains ’6 volume of that gas, but the heat 

developed by the union with chlorine of the quantity of hydrogen contained in the 

small weight of copper used is negligible. 
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No difference in the thermal Ijeliaviour of the specimens of copper obtained by the 

different processes was observed. 

The powdered copper was sifted through the finest linen obtainable, and was used 

at once. 

It was found necessary to moisten the powder before immersing it in the liquid in 

the calorimeter, because entangled air prevented actual contact between them, thus 

preventing or seriously delaying dissolution of the metal. 

For this purpose the copper was weighed on a paraffined tissue-paper tray, 

measuring about 3 centims. square, and a few drops of water were then thoroughly 

incorporated with it by means of a stirrer made of the same paper. 

Since not more than '3 gramme of water was used, its introduction produced no 

appreciable change in the heat capacity of the calorimeter. 

[The foregoing method of preparing the copper for dissolution was apjDlied to the 

zinc and all the alloys employed in this work, and was absolutely essential to 

success. ] 

Blank experiments were made to ascertain the temperature corrections to be 

applied for radiation, and for cooling consequent on the escape of chlorine from the 

free surface of the solution. 

Notwithstanding every care and precaution, it was only found possible to deal 

with the limited number of alloys w'hich could be easily powdered by blows in a 

mortar, and many of these wmre so difficult to dissolve that the corrections for radia¬ 

tion and cooling by loss of chlorine became too significant and masked any relations 

existing between the differences of observed and calculated heats of dissolution. 

It was, however, discovered that the observed heat of dissolution of an alloy was 

ahvays less than that of a mere mixture of the same composition as calculated from 

the ascertained heats of dissolution of copper and zinc, and that these differences 

were too great to be attributed to error of experiment. 

This evidence of the existence of heat of combination in copper-zinc alloys induced 

the author to seek a more suitable solvent. 

[Note on the Heat o f Solution of Chlorine in Water. 

It was easy to measure the heat of dissolution of copper powder in chlorine-water 

with considerable accuracy, as the process did not occupy more than one or one and 

a half minutes. 

Four experiments, none of wdfich differed more than ‘25 per cent, from the mean, 

gave 

Cu. CLAq = 58,315 

Thomsen gives Cu . CL . Aq = 62,710 

Therefore heat expended in withdrawing CL 

from aqueous solution by copper 
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But the total heat evolved on the dissolution of chlorine gas in water will be 

greater than this by the thermal equivalent of the work done on it by the atmosphere, 

viz., 582 calories (at 18° C.). 

i.e., CL. Aq = 4977 (at 18° C.). 

Thomsen"^ gives CL. Aq = 2G00. 

On communicating with Professor Thomsen it appeared that the latter statement 

is incorrect, and he kindly gave the results of two unpublished experiments whose 

mean, 4870, is not very different from the author’s determination.] 

Series II.—Mixed Ammonium Chloride and Ferric Chloride Solutions 

AS Solvent. 

If finely divided copper is immersed in a mixture of NII_^.C1 and FeoClg solutions it 

is rapidly attacked with formation of cupric and ferrous chlorides. 

Similarly, zinc dissolves with production of zinc chloride and ferrous chloride. 

In neitlier case is there an evolution of gas, and the I'eactioii takes })lace 

quantitatively. 

This point was tested by dissolving weighed quantities of copper, zinc, mixtures, 

and alloys of the metals in separate portions of the solution, and then estimating the 

ferrous chloride produced. 

The presence of ammonium chloride appears necessary, in practice, for the rapid 

dissolution of the metals and their alloys. 

It may be that a thin film of cuprous chloride is first formed over the immersed 

metal, and that the conversion of this into the soluble cupric salt is hastened by the 

solvent action of the ammonium salt. 

A very strong solution of the chlorides was found essential to success, and that 

finally employed contained in each litre 182 grammes FeoClgand 107 grammes NHj^CL 

With tins solution the disappearance of the metallic powders seldom occupied 

more than two minutes, and very frequently not more that one and a-lialf minutes. 

Specific Heat ofi the Solution. 

A mercurial thermometer was constructed with a cylindrical bulb of some 15 cub. 

centims. capacity. Two marks on the stem corresponded to 25° C. and 95° C., and in 

order to reduce its length, a small reservoir had been lilown between the marks. 

The quantity of heat evolved by this thermometer during the fall of the inercury 

from mark to mark was determined by immersing its bulb in 500 grammes of water in 

* ‘ Tliennoehemische Uiitersuchungen,’ vol. 2, p. 400. 
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the calorimeter at the instant the mercury passed the upper mark, and Avithdrawing 

it at the instant it passed the lower. 

It was found to evolve 457'4 calories. 

A similar experiment was now performed with the sidjstitution of 550 grammes of 

the solution for water, and the specific heat was calculated. 

The results of three determinations were :— 

(i.) ‘752 (ii.) '755 (iii.) '755. 

The mean of these values is ‘754. 

The water equivalent of the calorimeter and all its contents was therefore 

(550 X ’754)+ 16 = 430'7 grammes. 

Correction for Radiation. 

Since the excess of temperature of the calorimeter above its surroundings at the 

end of an experiment was usually about 1° C. only, the correction necessary for 

radiation during the short period occupied l^y the dissolution of the metal was alwavs 

very small. 

The temperature was read every half minute from the beginning of an experiment. 

The maximum was usually reached after one and a-half or two minutes had elapsed, 

the greater part of the rise in temperature occurring during the first half minute. 

The readings were then continued for several minutes, as the temperature slowly 

fell, and the rate of cooling per half minute was found. 

It was assumed that during the first half minute of the rise in temperature there 

would be no sensible radiation loss, as a certain interval of time would elapse before 

the exterior of the calorimeter attained the temperature of its contents. 

The radiation correction was therefore calculated by multiplying the rate of 

cooling by the number of half minutes, less one, occupied by the rise in temperature. 

This correction was usually less than ’5 per cent, of the observed rise in 

temperature. 

Heat of Dissolution of Copper in Ammonium Ferric Chloride Solution. 

The copper was prepared exactly as for the experiments with chlorine water, and 

was introduced into the calorimeter on a paraffined-paper tray after it had been 

moistened with a very little water. 
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Table I.—Water Equivalent of Calorimeter and Contents = 4307 grammes. 

Weight of copper Rise in temperature Calories evolved per 
in grammes. W. gramme of copper. 

•672 •279 178-3 
1-7907 •751 179-8 

Mean value = 179. 

Heat of Dissolution of Zinc in Ammonium Ferric Cldoride Solution. 

Carefully sifted filings were employed in a manner similar to that described for 

copper. 

Table II.—Water Equivalent of Calorimeter and Contents = 4307 grammes. 

Weight of zinc in Rise in temperature Calories evolved jier 
grammes. °C. gramme of zinc. 

•4545 •9768 926 
•512 1•1025 928 

Mean value = 927. 

In some early experiments* the anthor found that when nitric acid was used as 

solvent, a distinct difference existed between the heat of dissolution of a mixture of 

Cn and Zn, as determined by actual ex})eriment, and the heat of dissolution cedcvlated 

from the observed values for Cu and Zn when dissolved separately. 

It is probable that this peculiarity may have been caused by the voltaic action of 

the metallic powders, in contact with each other and the liquid, influejicing the mode 

of decomposition of the nitric acid. It was therefore deemed advisable to test this 

point with the present solvent. 

Heat of Dissolution of Mixtures of Copper and. Zinc in Ammonium Ferric 

Chloride. 

The two metallic powders were weighed side by side, but not touching, on the 

same paraffined-paper tray, and after being moistened were placed in the calorimeter 

in the usual maimer. 

* ‘ Proc. Chem. Soc.,' Sept. 1899. 

3 z VOL. CXCVI.-A. 
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The subjoined Table proves that if any voltaic action occurs in this case it does not 

appreciably affect the course of the reaction, for calculated and observed values differ 

by less than 1 per cent. 

TabliiI III.—Water Ecpiivalent of Calorimeter and Contents = 430 7 grammes. 

Weight of mixture 
of Cu and Zu in 

grammes. 

Percentage of Cu 
in mixture. 

Rise in tempera¬ 
ture ° C. 

Calories evolved 
per gramme. 

■ 

Calories evolved cal¬ 
culated from Tables 

I. and H. 

■502.3 . 10^2 ■989 8.50 851 
•5419 18^2 •9925 789 791 
■5836 32 ■ 05 ■ 9365 690 687 
■633 39^95 ■926 632 628 
■ 8203 49 ■ 4 R068 561 558 

ROO 62^27 R067 459 461 
1-2016 79^6 ■9305 334 332 

Beat of Dissolution of Alloys q/ Copper and Zinc in Ammoninm Ferric Chloride. 

The method of preparation and mode of dealing with the alloys was exactly similar 

to that previously described. 

The quantity of water used to moisten the powdered alloys was so small that its 

effect on the water equivalent of the whole was negligible. 

If we subtract the number of calories evolved Ijy the dissolution of 1 gram of any 

alloy from the number calculated for a mere mixture of the same composition by the 

aid of Tables I. and II., the difference represents the heat of formation of 1 gramme of 

the alloy. 

The seventh column in the following Table gives the numbers so obtained for 

twenty-one different alloys. 

Table IV.—Water Equivalent of Calorimeter and Contents = 430'7 grammes. 

Percentage 
of copper 
in alloy. 

AVeight of 
alloy in 

grammes. 

Rise in 
tempera¬ 
ture °C. 

Calories 
per gramme 

of alloy. 

Mean calories 
per gramme 

of alloy. 

Calories per gramme 
of mixture calcu¬ 
lated from Tables 

I. and H. 

Heat of for¬ 
mation of one 

gramme of 
alloy. 

6^73 
■4286 
■4878 

■863 
■9836 

868 

869 
868 ■ 5 876^5 8 

12^0 
■5801 
■5629 

M03 
R073 

820 
821 

820 ■ 5 837 ■ 5 17 

18^17 
■6152 
■5894 

R086 
R043 

761 
763 

762 791 29 
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Table IV.—continued. 

Percentage 
of copper 
in alloy. 

Weight of 
alloy in 

grammes. 

Rise in 
tempera- 
tiu’e ° C. 

Calories 
per gramme 

of alloy. 

Mean calories 
per gramme 

of alloy. 

Calories per gramme 
of mixture calcu¬ 
lated from Tables 

1. and 11. 

Heat of for¬ 
mation of one 

gramme of 
alloy. 

24-32 
-7314 
-4842 

1-201 1 
-797 1 

707 
709 70S 745 37 

28-18 
-4496 
-5418 

-702 
-849 i 

673 
675 

674 716 42 

32-05 
-5964 
-6745 

-879 
-987 

6.35 
631 633 687 54 

1 

35-53 
-6846 
-7266 

-969 
1-0275 

610 
609 609-5 661-5 52 

36-0 -5983 
-7822 

-845 
1-109 

609 
611 610 658 48 1 

1 

38-7 
-8118 
-8053 

1-1065 
1-101 

587 
589 

588 638 50 j 

40-4 
-41 
-6105 

-5514 
-816 

580 
576 578 625 47 

41-8 -5872 
-7318 

-779 
-9608 

572 
569 

570-5 614-5 44 

42-7 -6746 
-6612 

-882 
•858 

563 
560 

561-5 607-5 46 

43-9 
-5193 
-4933 

•669 
•633 

555 
553 554 599 45 

45 - 29 -5615 
-7075 

•7 
•89 

537 
542 539 588 49 

47-85 -7126 
-8039 

•866 

•979 
524 
525 

524-5 569 44-5 

50-91 -5037 
' -6872 

•5826 
•797 

498 
499 

498-5 546-3 48 

62-27 -6733 
-5558 

•6646 
•543 

424-4 
419-5 

422 461 39 

66-8 
-8669 
-9568 

•7815 
•88 

389 
396 

392*5 427-5 35 

72-05 -7952 
-9008 

i 

•654 
•7315 

354 
349 

351-5 387-5 36 

82-18 1-4359 
-844 

•954 
•564 

286 
288 287 312 25 

88-92 1-2681 
-8568 

•715 
•489 

243 
246 

244-5 262 17-5 

3 z 2 
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The numbers in the last column have been plotted as ordinates against percentages 

of copper as abscissm, and will be discussed later. 

Although the results arrived at appeared very satisfactory, it was considered 

advisable to confirm them by using another solvent, and a mixture of ammonium 

chloride and cupric chloride solutions was chosen. 

Series III.—Mixed Ammoxium Chloride axd Cupric Chloride Solutioxs 

AS SOLVEXT. 

Each litre of solution contained 1 gramme-molecule of cupric chloride and 2 

o'ramme-molecules of ammonium chloride. 
O 

Copper is converted into cuprous cldoride by this solution at the expense of the 

cupric salt, which suiters reduction to the cuprous condition. 

The ammonium chloride serves, by its solvent action, to keep the surface of the 

metallic particles free from this cuprous chloride, v'hich would otherwise delay 

dissolution. 

Zinc placed in the solution precipitates finely divided copper from the cupric 

chloride, and this copper is rapidly re-dissolved, as explained above. 

The solution was found to dissolve the alloys rapidly unless the percentage of 

copper was greater than 60, and, owing to this circumstance, the experiments were 

not continued beyond the alloy containing 62'2 jjer cent, of cojiper. 

This difficulty arose from the fact that it was impossible to obtain those alloys 

which are rich in copper in a sufficiently comminuted state. 

Specific Heat of the Solution. 

This was found in a manner similar to that previously described. 

In three successive experiments the following values were obtained :— 

(i.) -8102 (ii.) -8102 (hi.) -812. 

Mean value = '8108. 

In tlie experiments which follow, the calorimeter always contained 520 grammes 

of the solution, and the water equivalent was 

(520 X ’8108) -h 16 = 437'6 grammes. 

Experience sliowed that it was usually necessary to moisten the metallic powders 

with rather more water than when ferric chloride was the solvent, or the rate of 

dissolution was apt to be slow. 

In the following Tallies the weight of water used for this ])urpose has been added 

to the water equivalent given above. 

Heat of Dissolution of Copper in Ammonium Cupric Chloride Solution. 

The heat evolution in this reaction was so small that exceptionally large quantities 

of copper had to he employed. This necessitated the addition of some 3 grammes of 

water to the copper powder to bring it into a suitahle condition for rapid dissolution. 
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Both circumstances tend to render the accuracy of the determination less than 

usual, but this is of small moment in the final results sought, as by far the greater 

portion of the heat of dissolution of the alloys is due to the zinc. 

Table V. 

Rise in temperature 
° C. 

Water equivalent of Calories evolved 
Weight of copper. calorimeter and per gramme of 

contents. copper. 

3 • 22.54 •44 440 60 
4-0741 •545 440-6 59 

Mean value = 59'5. 

Heat of Dissolution of Zinc in Ammonium Cupric Chloride Solution. 

Table VI. 

Weight of zinc. 
Rise in temperature 

“ C. 

Water ecpiivalent of 
calorimeter and 

Calories evolved 
per gramme of 

contents. zinc. 

•5285 •972 438-5 806-4 
•5001 •9214 438-5 807-8 

Mean value = 807. 

Heat of Dissolution of Mixtures of Copper and Zinc in Ammonium Cupric 

Chloride Solution. 

A few experiments were made with mixtures of copper and zinc powders for the 

reason stated on p. 537. 

The agreement between observed and calculated values in Table VII. is sufliciently 

close to render it unlikely that any notable thermal effect is produced by voltaic 

action between the metallic particles and the solution. 

Table VII. 

Percentage of 
copper in 
mixture. 

Weight 
of 

mixture. 

Rise in 
temperature 

° C. 

Water 
ecpiivalent. 

Calories per 
gramme of 
mixture. 

Calories per 
gramme calcu¬ 

lated from 
Tables V. 
and VI. 

30-06 •7366 -984 438-4 584-5 583 
43-86 •967 1-049 438-8 476 479 
50-06 1-0022 -987 438-6 432 433-5 
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Heat of Dissolution of Alloys of Copper and Zinc in Ammonium Cupric Chloride 

Solution. 

The results of these experiments are given in Table VIII., which is arranged on 

the plan adopted for the parallel observations with ferric chloride as solvent. 

Table VIII. 

Percentage 
of copper 
in alloy. 

Weight 
of 

alloy. 

Else in 
temjrera- 
ture “ C. 

AVater 
equiva¬ 
lent. 

Calories 
per 

gramme of 
alloy. 

Mean value 
of calories 

per gramme. 

Calories per 
gramme of mix¬ 
ture calculated 
from Tables V. 

and VI. 

Heat of 
formation , 

of 1 gramme 
of alloy. I 

6-73 
-6201 
-591 

1-06 
1-007 

438-3 
438-3 

749 
747 748 757 9 

12-0 -5545 
-5656 

-887 
-907 

438-4 
438-4 

701 
703 

702 717 15 

18-17 -6377 
-6861 

-942 
1-018 

438-7 
438-3 

648 
650 

649 671 22 

28-18 
- 6565 
-7503 

-832 
-95 

438-5 
438-6 

556 
557 

556-5 596-5 40 ! 

32-05 
-7755 
-7513 

-912 
-89 

438 
438-4 

515 
518 

516-5 567-5 
j 

51 

3G-0 -7843 
-8015 

-884 
-901 

438-2 
438-2 

494 
492 493 538 45 

40-4 
- 8935 
-8983 

-939 
-941 

438-3 
438-5 

461 
459 

460 505 45 ■ 

41-8 -9383 -9595 438-5 448 448 495 47 ' 

45-29 
1-0005 

-9994 
-96 
-965 

438-6 
438-5 

421 
423 

422 468 46 

47-85 -7557 
-9838 

-703 
-906 

438-6 
438-7 

408 
404 

406 450 44 

50-91 -9973 
1-0452 

- 869 
-908 

438-8 
438-9 

382 
381-5 

381-7 426-5 45 

54-07 
1-075 
1-0302 

-889 
-855 

438-5 
438-6 

362-6 
364 

363-3 402-6 39 ; 

62-27 -9919 
1-1792 

-694 
-811 

438-6 
438-4 

307 
302 

304-5 342 37-5 
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Discussion of Results. 

When the results of Table YIII. are plotted in the same manner as those of 

Table IV., the two series of experiments strikingly confirm each other. 

The small divergences from actual coincidence are not surprising, when it is 

remembered that each result is obtained as the difference between two large and 

nearly equal numbers. 

It is evident at a glance that a clearly-defined maximum heat of formation is to be 

found in the case of the alloy containing about 32 per cent, of coj^per. From this 

point the curve drops until the alloy containing some 40 per cent, of copper is 

reached, whence it becomes nearly horizontal until the 50 per cent, ordinate is 

crossed. 

Beyond this the curve drops at once, and proceeds with consideralfie regidarity to 

the axis of percentages. 

The significance of the foregoing lies in the coincidence of the maximum heat of 

formation with the j^ercentage comj^osition which represents an alloy of the atomic 

constitution CuZn^. 

The existence of this comjDound is now pretty generally accepted owing to the 

work of Laurie, Ciiarpy, and Herschkowitsch,"^ and tlie author’s results appear to 

confirm this conclusion. 

It is also worthy of note that the upward trend of the curve, as traced from the 

copper end, ceases temporarily when the alloy containing about 51 per cent, of copper 

is reached. 

This alloy corresponds very nearly witli one possessing the atomic formula, CuZn. 

The author does not wish to lay too much stress upon this circumstance, as con¬ 

siderable irregularity appears to characterise the observations in the region lying 

between the 40 and 50 per cent, ordinates. 

It was, however, the occurrence of this apparent sub-maximum, near the alloy 

containing 50 jier cent, of copper, which led the author to test so many alloys In this 

region. 

Taking the mean of the results afforded by Tables IV. and VIII. we may conclude 

that the heat of formation of 1 gramme of the comjoound CuZng is about 52‘5 

calories. 
* See page 529. 
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This assumes that the alloy possessing that composition consists entirely of that 
compound, and this is perhaps open to question, although its physical properties and 
microsco2)ic structure seem to point to its perfect homogeiuity. 

Since the alloy corresponding to CuZn does not show the simplicity of physical 
structure appertaining to the alloy CuZiio, it is not justifiable to say that the heat of 
formation of 1 gramme of the compound CuZn is 46 calories, although we may make 
that statement with respect to the alloy containing copper and zinc in those pro¬ 

portions. 
It does not appear to be kno^vn at what stage, in the making of brass, the evolu¬ 

tion of heat of formation occurs. 
Suppose that on mixing molten copper and zinc in the proportion of two parts of 

copper to one part of zinc (oixlinary yellow brass), the heat of formation, amounting 

to 36 calories per gramme, is then manifested. Taking the specific heat of the 

molten metals as '1 (?) we should obtain a rise in temperature of 360° C. as a result 

of chemical combination. 

Suppose the molten copper is originally at 1200° C., that the zinc added is at 

0° C., and that the latent heat of fusion of zinc is 28 (Person) ; then the temperature 

of the mixture, neglecting heat of formation, is given by 

2 (1200 - ^) T = -U -b 28 

whence t = 707°. 

Adding the rise in tem])eratnre due to heat of formation, we obtain a final tem¬ 
perature = (707° + 360°) = 1067° C. This is well above the boiling point of zinc 
(940° C.), and may possibly be the explanation of the violent action often observed in 
making brass, although, as mentioned on p. 530, the direct volatilisation of zinc when 
placed in a crucible much above 1000° C. may l)e competent to produce the effect. 

The previously mentioned work of Herschkowitsch was carried out by the disso¬ 

lution of copper-zinc alloys in a water solution of potassium bromide and bromine. 

His measiirements were confined to two alloys containing 43‘95 and 72‘67 per cent, 
of copper, and he gives 9 calories and 12 calories respectively as their heat of forma¬ 
tion per gramme. 

As these quantities were in each case only about 1 per cent, of the heat of dissolu¬ 
tion of the alloy, Herschkowitsch was inclined to the view that the latter possessed 
no heat of formation. 

On reference to Tables IV. and VHI. it is apparent in many cases that the heat of 

formation of an ahoy is about 10 per cent, of its heat of dissolution, and as the 

deterininatlons are not likely to be more than 1 per cent, in error, it is quite certain 

that Herschkowjtsch’s results are inconclusive. 
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Molecular Dimensiojis of Copper and Zinc. 
e 

In Lord Kelvin’s pajier on “ Contact Electricity of Metals ” (Royal Institution, 

May 21, 1897), the question of the determination of the limits of the molecular 

dimensions of copper and zinc, by his method described in ‘ Nature’ (p. 551, 1870), is 

re-opened. 

On the assumption that “ the work done by the attraction of two metallically con¬ 

nected sheets of copper and zinc when allowed to approach through any distance 

towards contact is the dynamical equivalent of the portion of their heat of combina¬ 

tion due to the approach towards complete chemical combination constituted by the 

diminution of distance between them,” Lord Kelvin showed that the molecular 

dimensions were less than 10“® and greater than 10“^ centim. ; for the union of 

plates of copper and zinc 10~® centim. thick and 10“® centim. apart would result in 

the production of 7‘4 calories per gramme of brass formed. 

If the distance apart were reduced to 10“*^ centim. and the plates were each 

10“® centim. thick, then their union would produce 740 calories per gramme of brass 

formed. 

Since the author finds a maximum heat of formation per gramme of brass of 

52’5 calories, the limits of the molecular dimensions of copper and zinc above given 

would be confirmed. 

The foregoing assumption that the Volta effect is capable of explanation as the 

result of the chemical affinity existing lietween copper and zinc has been subjected to 

much criticism (Lodge, ‘ Phil. Mag.,’ vol. 49, 1900, p. 372). 

There seems, however, to have been a tendency to under-estimate the heat of com¬ 

bination of these metals, for the value obtained by the author, viz., 52‘5 calories per 

gramme of CuZuo, is equivalent to 10,143 calories per gramme-molecule—a quantity 

quite conqjarahle with the difterence between the heats of oxidation of copper and of 

zinc (about 49,000 calories) on which Principal Lodge bases his calculation of the 

Volta effect. 

Electro-deposition of Brass. 

Another matter of interest lies in the bearing of these results on the electro-depo¬ 

sition of brass from a solution such as that of the mixed potassium-cuprous and 

potassium-zinc cyanides. 

Here the metals unite on the cathode, and energy must be liberated. 

It would probably be difficult to recognise the production of heat from this source 

owing to the slow rate of deposition of the alloy and to the complication introduced 

by the generation of heat due to the resistance of the electrolyte. 

It certainly appears that a complete theory of the electro-deposition of brass must 

recognise the phenomenon. 

VOL. CXCVI.-A. 4 A 
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Summary. 

1. The production of an alloy of copper and zinc is always accompanied by evolu¬ 

tion of heat. 

2. The maximum heat of formation belongs to the alloy whose composition corre¬ 

sponds to the atomic formula CuZii.^, and amounts to 52’5 calories per gramme 

of alloy formed. 

This coincidence confirms the existence of a definite chemical compound, 

CuZiio, whose heat of formation would therefore be 10,143 calories per 

gramme-molecule. 

3. There is some indication of the possible existence of another definite comj^ound, 

CuZn, having a heat of formation per gramme of alloy of about 45 calories, 

but the evidence is not decisive. 

4. If Lord Kelvin’s calculation of the molecular dimensions of copper and zinc is 

accepted, the results of this paper agree with his estimate of 10~® centim. 

and 10“^ centim. as limits. 

5. The energy liberated in the union of copper with zinc must be taken into 

account in a complete theory of the electro-dejiosition of brass. 
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