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PLANE TRIGONOMETRY. 3

the direction of Y'AY is posilive, because it lies on the upper
side of X'AX. )

Similarly, the ordinates of P, and P, measured in the direction
of X'AX are negalive and positive respectively; and the ordinates
measured in the direction of Y'AY are negative in both cases.

4. Dgr. If a straight line revolve » F
in one plane round its extremity A4
from a given position, as 4B, into any
other position, as 4 C, the inclination i
of AC to AB is called an angle (2); |, A //
and the angle is signified by the letters
BAC or CAB, the middle letter being
that placed at the point in which the
two lines meet.

By continuing this revolving motion, the angle may be sup-
posed to become of any magnitude whatever.

5. Drr. If AD be equally inclined to the parts 4B, AB of
the straight line BAB', each of the angles BAD, B'AD is called
a right angle.

6. Der. An acule angle is less, and an obtuse angle is
greater, than a right angle.

7. If the angles formed by AC revolving in ome direction,
(as BCD) from the fired line AB, be considered positive, then
if AC revolee in the contrary direction from AB, t will trace
out negative angles.

If to the angle BAC, Fig. Art. 4, it be required to add a
given angle, CA must move in the direction BCD through an
angle CA E cqual to the given angle, and the whole BAE will be
the angle required. And if it be required to take a given angle
from BAC, CA must evidently move in a contrary direction
till it come into a position £'4, such that z CAE’ is equal to the
angle to be subtracted.

Then 2 CAE'+ : EAB = BAC;
‘ ¢ E’AB=1: BAC—- :CAL.

Now if ¢« CAE’ be greater than < CAB, ¢

E’A4 lies on the other side of 4B, -

and : EAB=:BAC- . CAE -
=—(2.CAE'-:BAC), B
a negative quantity, whose magnitude is * =
the difference between the angles CAE’ E

1—2

i)




4 PLANE TRIGONOMETRY.

and BAC; which difference lies in this case on the lower side
of AB.

Hence, when an angle i is called negative, it is meant that #f is
formed by the revolving line momng Jrom the fixed line in a di-
rerl;(m contrary to that in whick it revolved o irace out positive
angles.

8. A right angle is divided by the English into 90 equal
angles whxch are called degrees; a degree is subdivided into 6O
minutes, and a minute into 60 seconds. And the magnitude of
an an«rle is expressed by stating how many degrees and subdi-
visions of a degree are contained in the angle. If great accuracy
be required, the parts of an angle which are less than a second
are expressed in decimal parts of” a second.

A degree and its subdivisions are thus indicated, 24°, 50/, 34™7,
which denotes an angle containing 24 degrees, 50 minutes, 34
seconds, and seven tenths of a second.

9. By the French and other Continental Mathematicians, a
right angle is divided into 100 equal angles called grades, a grade
into 100 minutes, and a minute mto 100 seconds; and the divi-
sions are thus marked, 26¢, 24", 3247,

N 1¢ 1 1 16

ow since 1'= 160= ‘01%, and 1" = 100" 1000" =-0001%;
The above angle might have been written thus, 265:243247.

Whence it appear: that if the French division be adopted,
arithmetical operations can be performed on angles in the same
manner as on any other decimal fractions; an advantage which
does not attend the English division.

10. 7o find the relation between X and F, the number
of Degrees and of Grades contained in the same angle BAC.
(Art. 14. Fig. 1.)

'0
In the English division, B _given: BAC

Sﬁ’ right £
Fe ngen < BAC
1006~ " right.

E= §- F=F-=..(1),

’

In the French division,

; and

_E_F
" 50 =700
Y F-E- E+— (@).
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NoTEe. In empleying the latter of these formule it will be necessary to
express the minutes and seconds of the angle in decimal parts of a degree,
since E represents the number of degrees in the angle.

L]

Ex. 1. To find how many degrees, minutes and seconds are
contained in the angle 42¢, 34, 56",

F =42-3456

h

F
—= 23456
iv 4-23456

ro.

o E=F-LX _s
1= 311104
60

Or 38 ', 39”74, retaining the tenths and hundredths aud neglecting the
thousandth parts of a second.

. Ex. 2. Find how many grades, minutes and seconds are con-
tained in the angle 249, 51°, 45"

First reducing the minutes and seconds to the decimal parts of a degree,

60 ) 45" . E =24:8625
605175 §= 27625
-8625; B+ E _o76950

and .-, F =27, 62', 50"

11. Der. The Complement of an angle is its defect from
a right angle.

Thus, 90° - 240, 32’=65° 28', is the complement of 24°, 32'.
90°—1109 15'=- (209, 15’) is the complement of 110°, 15,

12. Der. The Supplement of an angle is its defect from
two right angles. *

Thus, 180°— 56°, 20’=1239, 40’, is the supplement of 56°, 20'.
180° - 186°, 12'= - (6°, 12'), is the supplement of 1869, 12/,

A Collection of Examples and Problems is placed after the
fourth Appendix.



CHAPTER II.

TIHE GONIOMETRICAL RATIOS, AND SOME F(_’)](MULJE CONNECTING
TIHEM WITIHI LEACII OTHER.

13. Der. Plane Trigonometry, in its original meaning,
implics the measuring of plane triangles; in its extended sig-
nification it treats of the formula connecting the relations of
angles with each other, and of the determination of the parts
of planc rectilineal figures from sufficient data.

14. Let a straight line revolve from the fixed line 4B round
the point 4, in the direction of the letters B, D, B, I, and
come into the position AC.

D
D D) D
c c
B ¥ N Bp N A_BE N _B
A ey A ‘ A
» D p4 N - c

From any point C in 4C draw CN at right angles to AB,—
produced either way if necessary; and through 4 draw DAD at
right angles to 4AB.

Now, for the reasons given in Arts. 2 and 3, in these figures
the signs of NC are +, +, —, — respectively, and those of AN
are +, —, —, + respectively.

15. DeriNiTions. See the figures of the last Article.

NC NC

L ac is the Sine of the : BAC; or, Sin « BAC'_'—A_C;
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o i AN

2. Ac S the C:osmc of the - BAC;, or, Cos: BAC= Vi
.38, ;Z;](\; is the Tangent of the - BAC; or, Tan - BAC = g;{
4. A(: is the Secant of the : BAC; or, Sec ¢ BAC:.A(’"
o AN

5. 1-cos 2 BAC is the Versed-sine of the + BA(";
or, Versin z BAC'=1-cos : BAC.

6. The Tangent of the Complement of the - BAC is called the
Cotangent of the - BAC;
or, Cot £ AB( = tan (90°— 2 BAC).
Cor. If 90°- 2 BA(' be the original angle, its Complement
is « BAC, Art. 11,
. Cotan (90°~ 2z BAC)=tan  BAC,
or, Tan z BAC = cotan (90°- ¢ BAC).
7. The Secant of the Complement of the - BAC is called the
Cosecant of the - BAC;
or, Cosec - BAC'=sec(90°— 2 BAC).
Cor. If 90°~ 2 BAC be the original angle, its Complement
is « BAC, Art. 11,
. Cosec (90°— 2 BAC) = sec - BAC;
or, Sec s BAC = cosec (90"~ « BAC).

16. The cosine of £ BAC might have been defined to be the Sine of the
Complement of 2 BAC.

For Cos £ BAC = %:sin L ACN =sin(90° - 2. BAC). Art. 14: Fig. 1.

Also, Sin £BAC = ‘%'—g =cos L ACN =cos(90° — . BAC),
e

or the Sine of an angle is equal to the Cosine of ils Complement.

For the sake of convenience an angle will generally hereafter
be indicated by a single letter, as Sin 4, Cos 4, Tan B, where
A, B respectively represent the number of degrees contained in
the angle.
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17. So long as the magnitude of the anglc is unaltered, its
Sine, Cosine, Tangent, &c. remain the same, whatever be the
magnitude of AC.

For let D be any other point in 4, and D M perpendicular to A B.

. . NC
Then, by definition, Sin A4 = ik Sin 4 _%) . D/
. . NC MD . .

But by similar triangles il iA—ﬁ’ or Sin A4 is
the same wherever in the line A the point C be /
situated. Similarly it may be shewn that ('os 4,
Tan A, Sec A ... are invariable quantities so long as i
the magnitude of A4 remains unaltered. A N M B

Hence, if any of the quantities Sin 4, Cos 4, Tan 4, Sec 4...
be given, the angle 4 may be determined.

18. Der. The Ratios which are called the Sine, Cosine,
Tdnvent &c., of any angle are termed * The Goniometrical
R'mos because when any one of them is given the angle may
be determme(l to which it belongs. These Ratios are also called
« Trigonometrical Functions” of angles.

19. o express Versin A, Cot A Cosec A, <n terms of the
sides of the triangle ANC. (I* g, Art 0)

AN
Ac’
€) Cot 4 =tan (90°~ 4) = tan ACN
_N4A
“oN
(8) Cosec 4 =sec(90°— 4) =sec ACN
¢4
TN’

(1) Versind=1-cosAd=1-
by def. of the tangent.

by def. of the secant.

20. To trace the variation in the algebraic signs of Sin A,
Cos A, Tan A, Sec A, as A increases from 0° to 360°.

(1) Sind =§rg, and therefore has the same sign in any case

as NC has; for AC which lies in the direction of neither of the



PLANE TRIGONOMETRY. 9

lines AB and A, cannot change its sign, and is always to be
reckoned as posi.tive.

Hence (14) Sin 4 is positive if 4 be an angle between 0° and
180° (figs. 1, 2); and is negative if 4 be between 180° and $60°.
(Figs. 8, 4.)

AN

[2) P

(2) Cosd= ic

Hence (14) Cos 4 is positive if 4 be between 0° and 90°, or
between 270° and 360° (figs. 1, 4); and is negative if 4 be be-
tween 90° and 270". (Figs. 2, 3.) *

, and therefore has the same sign as 4N.

C C

5

. NC . .
(3) Tand = AN’ and is therefore positive or negative ac-
cording as NC and AN have the same or different signs.

Hence (14) Tan 4 is positive if 4 be between 0° and 90°, or
between 180° and 270" (figs. 1, 8); and it is negative if 4 be
between 90° and 180°, or between 270° and 360°. (Figs. 2, 4.)

A4
(4) Secd= ﬁc\;, and therefore has the same sign as AN.

Hence Sec 4 is positive if 4 be between 0° and 90°, or between
270° and 360°; and it is negative if 4 be between g0° and 270°.

_21. To trace the variations in the magnitudes of the
Sine, Cosine, Tangent, and Sécant, as the angle increases from
0° 20 360°. (Figs. Art. 20.)

Since (17) the values of the Sine, Cosine, Tangent, and Secant
are not affected by the magnitude of AC, suppose this line to
remain of the same magnitude while the angle 4 increases from
0° to 860°.
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Now (fig. 1) as AC revolves from the position 4B into the
position 4D, NC increases in magnitude from 0 to AC, and is
positive ; and AN decreases from.4C to 0, and is positive.

As (fig. 2) AC revolves from the position 4D into the position
AD, NC decreases in magnitude from AC to 0, and is positive ;
and AN increases from 0 to AC, and is negative.

As (fig. 8) AC revolves from 4B’ to ‘ID NC increases in
magnitude from 0 to AC, and is negative; and AN decreases
from AC to 0, and is negative.

As (fig. 4) AC revolves from A1)V to AB, NC decreases in
magnitude from AC to 0, and is negative ; and 4N increases from
0 to AC, and is positive.

Hence it appears, that as

A changes fmmr 0° to 90" J 90° to ]6()"

180° to 2 0“!270“ to 260°
|

0, ymmc 0 ‘ 0 —AC-AC o
A e actac | ac®Tac acac

os A > +AC 0 10 :AC~AC 0 | 0 adC
(4(‘ ACTAC | ACTT AC ACTAC | 4CTAC
(mA<.>

SecA(

Sin 4 (

|

0 +AC4AC 0 | 0 —AC-
HACTT 0 | 0 TT-AC-ACTT 0
AC\ | AC AC | AC  AC AC AC | AC AC
AN)"'l;CAc“"o’ ' -A(' —A4ACTT0 | o T RA4e

These changes in sign and magnitude of the Sine, Cosine,
Tangent, and Secant may be thus exhibited ; the signs which
belong to them in each right angle being written in a bracket.
The symbol e indicates an infinitely large quantity.

A'being| | ¢ and go° 90“ and 180° | 180" and 270° |270° and 360°
between | R N R .
Sind...... Oand 1,(+) |1 and 0, (+) | O and -1, (—) —~1and 0, (-)
Cosd...... 1...0,(+)|0...=L,(-) -1 ... 0,(=)| 0...... 1, (+)
Tand...... 0...c0(+)|w...0,(=)]| 0...... e, (=) | c..eee 0, (-)
Secd...... 1...0o,(+)|..=1, (=) |-1...... e ()| ... 1, (+)
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Since Cos 4 is'never greater than unity, Versin 4 (or 1-cos 4)
is always positive; and its greatest value is when 4 becomes 180°,
when Cos 4 becomes— 1, and Wersin 4 becomes 2.

22, To shew that Sin A = sin (180°—= A), or = — sin (180°
+A), or =—5sin (360" = A), or =—sin (—=A); where A 4s an
angle less than a right angle™.

Let BAC,= A= B ACy= B'AC,= BAC, ;
and AC,= ACy= ACy= AC,

Join C,C,, and C,C,. ~

It may easily be shewn that the angles y—M \
at M and N are right angles; and that /
NC,, MC,, J\I(,a, NC,, are equal in

C2

C
VA//]N B

magnitude,—as are also AN and 4 M. Cy , Cy
. ., NC,_MC, .
Now, Sin4 = AC,= A0, =D BAC,
=sin (BAD + DAB' - B'AC,)
=sin(180°— A) ...ooeeniinennne (1.
. ., NC _-MC, . _
Again, Sin A_AC, =4, ’ since NC,=- MC,,
_Mc,
AC,
=—sin (BAD+ DADB + B'AC,)
=—5in(180°+ A4) cooeverininiannanannn, (2)-

. NC_-NC,_ NC,
Again, Sin A=) ==Y

NC
but A(" is either the sine of the positive angle
{BAD + DAB + B'AD' +(D'AB- BAC,)},
or the sine of the negative angle BAC,, (7);
* Sin 4 =—sin(360°= A).eecooiiiiniinniiienniinen (3),
or =-=58in(—=dA)iiiiiiiiiiininiiiie, (4).

* In strictness these angles ought to be written thus, A4°, (180 — 4)°, (180+4)°,
&ec.
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23. Inlike manner it might be shewn that®
(1) Cos A=~cos(180°—A),=—cos(189%+4),=cos(360°~4),= cos(-4).
(2) Tan4=-tan(180°—4),=tan(180+4),=—~tan(360°—4),=—tan(—4).
(3) Sec 4 =—sec(180°-4),=—sec(180%+4),=sec(360°~4),=sec (—4).
24. If any angle, as BAC,, be increased by 360° the line
which bounds it will come into the same position again, and the
sine of the angle will therefore remain unaltered. Wherefore
sin 4 is in all cases the same with sin(860°+ A4); and in like
manner, sin (3600 + 4) =sin (2 x 300°+ 4), and so on. If] there-
fore, n be any positive integer,
Sin 4 =sin (n.360°+ 4) = sin (2n. 180+ A)evveeneeen... (n.
Himilarly, Sin 4 =sin (180°- 4), Art. 22, (1),
=sin {2n.180° + (180°— A4)}
=sin{(2n +1).180° = A}...cerrinreiiiieniannacni. (2).

In like manner it appears from (2) and (4) of Art. 22, that
Sind=-sin{(2n+1).180°+ A}irerereriiinieanaannnnn, (3),
Sin 4 = ~sin (2n.180°~ A4)........ errreeeeer e (4)-

25. By the same process of reasoning it may be proved from
the formulee of (23) that
Cos 4 =cos (2n.180° + 4), or=—cos {(2n +1).180°-4),
or=—cos{(21n+1).180°+ 4}, or= cos(2n.180°- 4).
And, Tan 4 =tan (2r.180° + 4), or =—tan {(2n +1).180°-4},

or =tan {(2n +1).180" + 4}, or =—tan(2n.180" — 4).
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Similarly it might be proved that
Sec A= sec (2».180°+ 4), ot =—sec{(2n+1).180° - 4},
or=—sec {(2n+1).180°+ 4}, or= sec (2n.180°— A)*.

* The relations, similar to those given in Arts. 2225, between the trigono-
metrical functions of m. 180°4 4 and those of 4 may be established directly,
whatever be the magnitude of A, as follows. [See Figure to Art. 22.]

All angles are supposed (Art. 4) to be described by a line revolving from the
initial position 4B to some other position 4C. Let AB be called the initial
line, and A4 C the terminal line of the angle BAC.

Then it will be seen that .

1. The Sines of all angles whose terminal lines lie on the same side of B'AB
will have the same algebraical sign;

2, The Cosines will have the same sign for all angles whose terminal lines
lie on the same side of D' AD; .

3. The Tangents will have the same sign for all angles whose terminal lines
lie in the same quadrant, or in the alternate (or opposite) quadrant.

Now A and 2n.1800+ A4, (where n is any integer, positive or negative),
have the same terminal line, and therefore all the trigonometrical functions of
2n.180°4 A are the same as those of .

Again, the terminal line of (2rn +1).180"+ 4 will be the terminal line of 4
produced, and will therefore be in the alternate quadrant and on the sides of both
B AB and 1)’ AD that are opposite to that in which the terminal line of A les.
Hence, the magnitudes of the trigonometrical ratios remaining the same,

Sin {(22.41). 180°+ 4} = —sin 4, Cos {(2rn+1). 180°+ 4} =—cos 4, Tan
{(2n+1).180° 4 A} = tan 4.

Again, A and — 4 will have their terminal lines in the adjacent quadrants
that are on the same side of D' 4D but on opposite sides of B'4AB. Hence,

Sin(— 4)=—sinA4, Cos(~A)=cos A, Tan(- A)=—tan4.

Also (— 4) and 2n.180° - 4 will have the same terminal line, and there-

fore
Sin (2r.180°— 4) =—sind, Cos(2rn.180° - 4)=cos 4,
Tan(2n.180° = 4) = —tan 4.
Again, A4 and (2n +1).180°— 4 have their terminal lines in the adjacent

rﬁmdmms which lie on the same side of 13’4 B and on opposite sides of 1)’4D.
ence

Sin {(2n +1).180° — 4} = sin 4, Cos {(2n +1).1800 = 4} = ~ cos A,
Tan {(2n+1).180°~ A} =—tan 4.
Collecting the abeve results, *

Sin 4 =8in(2n.180° + 4) =sin {(2n +1).180° — 4}
=—8in (2n.180° — 4) = — sin {(2n +1).180° + A4};

Cos A=cos(2n.180° + A) = cos (2n.180°— 4)
=—cos{(2n +1).180° + A} = — cos {(2n +1).180° - 4] ;

TanA=tan (2n.180° 4 4) = — tan {(2n +1). 1800 — 4}
=—tan (2n.180° — 4) = tan {(2n +1).180° + 4}.
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26. From Arts. 16, 22, 23, it will appear that

Sin 4= cos (90° - 4) Cos A= sin(y0°— 4)
Sin 4 =sin (180° — 4). Cos 4 =—cos (180°— 4).
Tand= cot(90°— 4) Sec A= cosec (90°— A)

Tan A4 =—tan (180° — 4). Sec 4 =—sec(180°— A).

That 1is,

Tle Sine of an angle = cosine of its complement,
or, = sine of its supplement.
Cosine of an angle =  sine of its complement,
or, = — cosine of its supplement.
Tangent of an angle =  cotangent of its complement,
or, =—tangent of its supplement.
Sccant of an angle =  cosecant of its complement,
or, =—sccant of its supplcient.

Notk. These relations between the sine, cosine, tangent, and
secant of an angle and the sine, cosine, tangent, and secant of
its complement and supplement, are perpetually occurring in
practice, and will often be made use of in the following pages.

These two formule also are often useful ;
Sin 4 =cos (90°— 4) =~ cos {180°—(90° — A)} = —cos (90" + 4);
Cos A=5sin (90"~ A)=sin {180° - (90"~ A)} = sin (90° + A).

27. It will be found necessary to carry in memory the
following expressions,

e /
NC AC sind
(O Tand = 43 =T~ cosa”

AC P
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AC 1 1 1
(2) Sec AzAN-_-W:cB;—A’ - CosA-;ﬂTA.
AC .
AN

AN  AC cosd

(8) Cotd= NC= NG sind’
AC
AN 1 1
(1-) COt A=2v(,'= v):‘t:“_j:]’
AANV
L4 — 71 -
. rszl-(_utll,
- A 1 1 o 1
(3) CUSeCA=N0=7\-;ﬁ—=n—l'A~, .~ SmA_-cosecA.
AC
) NCO\* /7AN\?
2__ AT/2 2, . _ <1
(6) A¢?= NC +AN,..1_(AC)+(AC),

or 1=(sinA)’+ (cos A)*;*
. Sin A= ~/<1 —c(,sg_,[)) and Cos A = ~/(1 —sin®4).

(7)  AC*= AN*+ NC*;
TN 2 7, 2

(:;]i, =1+ (j; , or Sec*A =1+tan*4;
< Sec A =,/(1+tan’4); and Tan 4=,/(sec® A —1).

) AC*=AN* + NC?;
Yy 8 2 N

(f\’i’) = j/:’I(Y_> +1; or Cosec*4 = cotan’4 +1;

- Cosec A =,/(1+cot*A); and Cot 4 =,/(cosec’ A —1).

* The powers of the goniometrical ratios, as (sin A)?, (cos A)*, (tan A)", are
generally written thus, sin? 4, cos® 4, tan* 4.
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98. By means of the expressions proved in the last Article

the value of any one of the quantities defined:in (15) may be
found in terms of any other of tbem. For example:

sin 4
(I) Tan 4 =W—Sl}]zﬂ
. sin A - . snd
For Tan 4 = cos A’ Art. 27,(1); = Ti—sind)’ (27, 6).
@ T4 54 1= co)

Tcosd cosA
N . sin 4 1 tan 4
(®) Sind=_ yecosd=tand. oo 4= S+t A)

99, The formula proved in the Jast Article will often be found useful to the
analyst. The same method of proof is applicable to all other questions of the

same kind. Thus, required to express the cosine of an angle in terms of the
cosecant, and the cosecant in terms of the versed-sine:

(1) Cos A = /(1 —sin?d) = J{l ot VeosectA =)

T cosectd) T cosec A
(2) Cosecd = ._]_._ [ 1
sin A~ /(1 = cos?d)
e c— ] .
VI (= vasm )
1

= V@ versin A — versin?4) ’

30. It will be found useful to remember the following values
of Sin 4, Cos 4, Tan 4, Sec 4.

Sin 4 Cos 4 Tan 4 Sec 4
J(1—cos*4) | /(1-sin’4) sind 1

tan A 1 (1 =sin®* 4) | /(1 - sin® 4)
J(1+tan4) | /(1 +tan® 4) | /(1 —cos® 4) 1
J(sect 4 —1) ] cos 4 cos 4

sec 4 sec 4 Jseet 4-1) | J(1+tan® 4)
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31. If A be less than half a right angle, or 45°, Cos A is
greater than Sin A. .
Let < NAC be less than 45°¢
Then, since <« NAC-I-L NCA=90°, + NCA

is greater than 45°. And in every triangle
the greater side is opposlte to the greater , -- /_L_
angle (Eucl. 1. 19): N B
. . . AN_NC
. AN>NC; . 4O T AC or Cos A >sin 4.

Similarly, for angles between 45° and 90°, it may be shewn that
the Cosine is less than the Sine.

32. To find the Sines, Cosines, and Tangenis of 45°, 30°
and 060°

(1) (Fig. Art. 27) Let - NAC=45°; .-, - NCA=90"— 2 NAC=45";

: jg .]IO" or Sin 45°= Cos 45°.
Also, AC*=AN*+CN*=24N?;
.. AN 1 1 NC
. A : 50 = — . 1] 0— - =1,
. Sin 45"= 4C J Cos 45 75 Tan 45 AN 1

(2) Let ABC be an equilateral and equi-
angular triangle; each of its angles, therefore, A
being 4 of two right angles, contains 60°

Let A D be perpendicular to BC;
. BD=DC=1BC=}A4B;
and « BAD=:DAC=30;
*. Sin 30°= DB _3i48B_ .
Cos 30°= /{1 - sint30} =, /(1 ~ ) =2,

sm 30° 1

€0s 30° ﬁ'

Tan 30°=
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() SinGo=cos (90°—60%), by (1), = cos 30°= f
1

Cos 60" = sin (90°— 60°) =sin 30°= _,
O:‘Sil] ‘(i00= o
Tan 60°= = o J3-
33. Equations like the following may often be solved by
means of the relations established in (27) between the different
Goniometrical Ratios.

Fx. 1. From the equalion, Sin®A + 5 cos’A = 3, required the
value of Sin A.
Since Cosz2d =1—-sin%d, the equation becomes Sinf+5{l —sin®d} -3;
whence 4sin*A=2; and S A =- N
Ex. 2. From the equations Sin A =m.sin B, and Tan A -
n.tan B, requered the values o/ Sin A and Cos B.
For Sin A put 2, and for Cos B put y; .. sin 1)’=~~/lty—“~’:

sin A o 30
il =sinzd) T )L e (30),
11 —cos2 R Iy _ 2
Tan gV ZCO BN N0 ),
cos I8 Y

Making these substitutions, the equations become

Tan A=

— > NT=#
x:.—ma/l—y‘“, and -~  =m. —--—3;
N —a y
I in A me —n? d p" 1 —m?
whence, a=sin A= ———; and y=cos B= — —_—
? 1-n2’ y " 1-n2

Ex. 5. Given fm=cosccA—sinA) oot 1o find an equa-
n=secA—cosA |4 S 7

lion between m and n in which the angle A shall not appear.

. . cos?d sin4
The equations severally give, m = — and = -
1 y give, s’ cos A’

: b

n sin8A4 ni
e = o= =tan’d Sotand =— .

m cosd b 1

m3
costd  confdqd 1
sin? A tan*d  tan*dsectd
comftan® . (1 +tan®q) =15
whence, by substituting its value for tan .4,

Also, m®=

2 2z
min® (md4+nt)=1



CIIAPTER III.

GONIOMETRICAL FORMULZE INVOLVING MORE TIIAN ONE

ANGLE.

34. Given the Sines and Cosines of two angles, to find the
Sines and Cosines of the angles cqual to their Sum and to their

Difference.

Let BAC, CAD be two angles repre- /
D,

sented by A and I3 respectively.

From D, any point in AD, draw DB
and DC perpendiculars on AB and AC;
and from (¢ draw ('K and CF perpen=
diculars on 4B and DDB.

Then FE is a rectangle; FB=CE,

and FC = BI. /

[9)

. CDF=90"—:D(F -+ FCA

=4, since FC is parallel to 4E.
. BD _BF+FD ]"(’ FD
J
Now, Sin (4 + B) = AD™  AD = Apt aD
e -4C+FD DC
TACADT DCTAD
=sin 4 cosB+ cos A sin B.........

hfu; AC _FC ¢D
TAC'AD CD'AD

=cos 4 cos B—sin 4 sin B.............

@)
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Again; let . BAC=A4, and : CAD=D.
From D, any point in AD, draw DB

and DC perpendlculars on AB and AC, (‘\
CE a perpendicular from ¢ on AB, DF =
perpendicular to CL.
FB is a rectangle; FE= DB, and
FD = EB;
<¢DCF=90"- 2 ACE = A. Ja

BD EC-CF EC _CF
AD~ AD T AD AD
_EC 4AC CF CD
TAC'AD T CcD 4D
=sin 4 cos B—cos A sin B............ 3).

A O " ; Al
Also, Cos (4 -B)= IS_T/IFA'*‘DEB:{:Z*_jg

_dAE AC . FD D
TAC T AD T CDAD
=cos Acos B +sindsin B............ (4).

Then, Sin (4 - B) =

Nore. The four formul:e of this Article are proved gene-
rally for all values of 4 and B in Appendix 1v.

Ex. Given the Signs and Cosines of 45° and 30°, required
the Sine and Cosine of 75° and of 15°

. 1 V3
Sin 45 _con45“—-\7—2, s1n30"—5, cos30"—f2, (32).

Sin 75° = sin (45° 4+ 30°) =sin 45°. cos 30° + cos 45° . sin 300
_1 \/Ei 11
VaTe \/2 27 2\/ 9

Similarly, Cos 750 = cos (45°+ 30°) = 5 (\/'3__ 1).

(\/3+l)

Sin 15°= sin (45° - 30%) = ——_ (\/3“- 1).

Cos 15° = cos (45° - 31°) = —(\/3 +1).
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35. In the figures attached to the last Article, each of the simple angles
A and B was represented as less than a right angle,—as was also their sum.
But of whatever thagnitude these simple angles are, if the same construction
be made, and proper attention be peid to the signs of the sines and cosines of
A and B, the same result will invariably be arrived at. For example, let it
be required to prove the formula

Sin(A4 - B)=sin A cos I3 — cos Asin B

from the annexed figure, where BAC"= 4, and C'AD = B; each angle being
greater than a right angle.

From D, any point in AD, draw DC perpendicular to (.4 produced; let
CLF he perpendicular to AB, DI parallel to 4B, DB perpendiculax to 4B.

'Igien I B is a rectangle, and EF €

B> _EF

AD " AD
_cr-cr B
T 4D

CF CD CE AC

Now, 8in(4-B)=

=cos FCD.sinDAC —sin CAE.cos DAC,
but Cos F'CD = cos EAC = - cos (180° — C 4 B), by Art. 26,
=—cosC'AB =—cos A.
sin DAC =sin(180°— DAC), Art. 26, =sin C'4D =sin B,
sin CAE =sin C'AB’ =sin A4,
cos DAC = - cos (180° — DAC) = - cos B ;
.. Sin(4 - B) = — cos A sin B +sin 4 cos B

= sin A cos B — cos A sin B,

36. If any one of the formule of Art. 34, as Sin (A + B)
=sin A .cos B+ cos A.sin B, te given, the others may be deduced
from i, ‘
For let B become (— B), then
Sin(4 ~ B) =sin{4 + (— B)} =sin 4 .cos (- B) + cos 4 .sin(~ B).
But  Cos(— B)=cos B, (23), and Sin(- B)=-sinB, (22);
.. Sin(A4 - B) = sin 4 cos B — cos 4 sin B.
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Again, Cos (A + B) =sin {80° — (4 + B)}, (16) = sin {(90° — A) + (— B)}
=s5in (90° = A).cos (— B) + cos(90® — 4).sin (— B)
= cos A cos B — sin A sin B,

Similarly, Cos (A4 — B) may be proved = cos 4 cos B + sin A sin B,

37. From the formule of (34) the Sine or Cosine of the sum
of threc or more angles may easily be found in terms of the
Sines and Cosines of the simple angles.

Given the Sines and Cosines of the angles A, B, C, required
the Sine of (A +B +C).

Sin(A + B+ C)=sin{(4+B)+ C}=sin(A4 + B) cos C +cos (A + B) sinC
= (sin A cos B + cos A sin B) cos (' + (cos.4 cos B — sin A sin B) sin C
=sin A4 cos B cos C + sin B cos A4 cos C + sin C cos.1 cos B

— sin 4 sin B sin C.

In like manner Sin(A4 + B+ (), and Cos (.4 + B+ (), may be found in
terms of the Sines and Cosines of A4, B, (‘5 and the same method may be applied
to the sum of any number of simple angles.

Cor. If A+ B+ C'=(2n+1).180° where n is an integer,

since sin (2n+1) 180" =0,

the above equation becomes
Sin A sin 3 sin C =sin 4 cos B cos O
+sin B cos A cos C +sin C cos A cos B.
If n=0, A+ B+ C=180° and therefore this equation expresses a relation

which exists between the sines and cosines of the thice angles of any plane
triangle.

38. 7o shew that Sin 2A = 2 sin A.cos A.
Sin (4 + B) =sin A cos B+ cos 4 sin B,

which becomes, by writing 4 for'B,
Sin24 =sin A4 cos 4 + cos A sin 4 =2 sin 4 cos 4.

39.  To shew that (1) Cos 24 = cos®’ 4 —sin®4;
(2) Cos24=2cos’A4—1; (3) Cos24=1—2sin’A.
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(1) Cos (4 + B) =cos A cos B—sin 4 sin B,
and writing 4 for B,
Cos 24 = cos A cos A — sin A4 sin 4 = cos®4 — sin’4.
Again; Cos 24 =cos®*A —sin’4,
and 1=cos’4 +sin’4 ;
oo 1 +cos24 =2cos’4, and 1—cos24 =2 sin®A4.
(2) Therefore, Cos24 =2 cos®4—1.

(8) And, Cos24 =1-25sin°4.

Cos A +sin A =1 4/(1+sin2]),
4. To shew that {Cos A —sin A=+ 4/(1—sin2A).

Since, Sin2A4 =2sin4.cos 4, and 1=cos’4 +sin*4 ;
.. by addition and subtraction,
1+5sin 24 =cos*4 +2sin A cos A + sin’4,
1 —sin 24 =cos’A — 2 sin A cos A +sin’4 ;
o Cos A +sin 4 ==,/(1+sin24),
and Cos A —sin 4 ==,/(1 —sin24).

41. To skew that if A be less than 450,

then {C‘os 4=/ + sin 24)+,J(1 - s.in 24)},
Sin 4 = 4 [\/(1*+sin24) - ,/(1 —sin 24)}.
By (31) if A <45% Cos A is > Sin A, and they are both positive; therefore
Cos 4 +sin 4 and Cos 4 — sin A4 are both positive quantities when A is < 46°;
. Cos 4 +8in 4 =++/(1 +5sin24),
and Cos 4 —sind =+4/(1 —sin24);
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whence, by addition and subtraction,

2eos A = /(1 ++in 24) + /(1 —sin 2.1), ..
25in A =~/(1 +sin2.4) = /(1 = 5in2.4);
(Cos A =3 (\/(1 +8in24) + \/() - sin2.4)],
18in . = ) Iy/(1 +sm244) — /(1 - sin 2.4)).

42." The equations of Art. 40 can bhe applicd in any case (o
determine the Sime and Cosine of A from the Sine of 2A.
For example, (1) If .1 be an angle =- 3 x 43 but < 4 ¥ 43, (i.e. if it be

any angle comprehended under the form 180° — B, where B 1s = 45%) Cos A 1a
negative, and greater in magmtude than SinLf, which 1s a positive quantity.

In this case, therefore,
Cos A + sin A == /(1 +sin2.1),

Cos A - s =-4 (1 -sin2.1);
o Cos i =— LI+ sin2.0) + /(1 - sin 2.1,
Sind = L RAL = sin 2.0 — (1 + sm2U1))

If at first sight this value of Sin A appear to be negative, it is to be remembered
that sin 2.4 1s a negative quantity, (2.1 being between 2700 and 360°) and there-
fore 1 —sin 2.4 is greater than 1 +sin2.4; wherefore the value of sin 4 18 here
a positive quantity, as it ought to be.

So (2), It A be a negative angle which is hetween —45Y and —490°, Cos A
is a positive quantity, and 1s Jess i magnitude than S 1, which is a negative
quantity ; wheretore the equations to be taken of Art. £) are

Cos A 4 sin A = - (] +s3m 2.,
Cos o —sin.d =4 (1 -sm2.)*

* Pronivy. To determine the limits between which the values of A must
he, which satisyy the equations,

Sin A4 + cos 4 =~ /(1 +sin2.7),
Cos A - sin A = — /(1 —sin2.1).
For poxitive values of A,

The former equation is fulfilled if .4 be between 90° +45° and 180°: for the
value of Cos .4, which 15 neganve, is greater for such angles than the value of
Sin A, which is postive. S0 . may he between 150° and 270"; and between
270¢ and 270° 4 459,

Wheretore, it A4 be between 135° and 315, the former equation is fulfilled.
And it may be shewn, 1n like manner, that the latter equation 1s fulfilled if A lic
between 44" and 2250,

Wherefore both equations will be fulfilled if 4 be between 135" and 225",
And as the Sine and Cosine of uny angle remaimn the same if the angle 1tself be
increased by 36", it follows that all the positive values of A4 which satisty both
the equations, lie between » . 360° + 135 and n . 3600 4 225, {i.e. between
(B +3).45" and (Un + ). 45°}, where n is 0 or any positive integer.

And 1n the same manner
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43.  Given the Tungents of two anqgles, to find the Tangents
of their Sum amd their Diffcrence.

- _sin(4+DB) ' sin A cos B+cos Asin B
Tan(4+5)= cos (A +83) " cos A cos B—sin 4 sin B’

and dividing the numerator and the denominator by cos 4 cos B,

sin A4 N sin I3
o o : an B
Tan (4+ B) = cos.d  cos I3 _ tan A +tan T

sind sm B I1-tandtan B’
Tcond cos BB

o tan A —tan B
Similarly, Tan (A4 - B) = ) 3"
imilarly, Tan (.1 - B) 1 +tan A tan I3
' i Qtan A
Cor. 1, If B=A, Tan24 = 1—-tan*4d’

Con. 2. If B=45% since Tandy"=1......(32):

Tdn(lff")—“i'l SO Q.

- tan .{

sin .1

cos | sin A + cos )
- sm.d - cosd —sm 4 T TR

“cos .1
. “ L. ” _,_tanA—l .
Con. 3. Similarly, Tan (A4 - 43°) = tan A 4] e ceeenn(3)
or S s A, (4).

= sin A + cos A

tanA4 +1 tanA -1

CoR- 4. Tan (A4 +45) +tan (4 =45 =) 0 4% U an 4

= 14 ::‘;44, =2tan2A4, by Cor. Lcccee ot et vincccincnn ().

And in the same manner the negative values of A4 which umfy both the
equations may be shewn to lie between —m.360° — 136" and —m. 360° ~ 225¢,
m being 0 or any positive integer;

i.e. between — (8m +3).45° and ~ (8m + 5). 45,
which are of the same form as the limits obtained for the positive values of A.
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If 4 be <45°;
Since Tan (A + 45%) = tan — (45" — 4) = - tan (45" — 4), (23),
the last expression becones .
Tan (450 + A4) - tan (43" — 4) =2tan 2.4 .cceeeeeeeeen . voeeen (B

Tan 4 +tan B sin (4 + B)

TanA—tan B sin(4 - 25)"
sin.4  sin B

Tan 4 +tan B cos N + cos 8

Tan A ~tan B2~ _Mn NS l}

con.d cos B

44. To shem that

_sin.fcos B +cosAdsinB sin (. A+ R)

Tun.dcosB —cosdsmB  an(d - B)

13.  Given Tan A, Tan B, Tan C, fo _find Tan (A + B+ C).

tmid+ D +tan O
1- tnf+ BytanC’

+tan C

Tan( 4+ B+ C)-=tan {(A + B) + C} = (43),

tan .1 +tan n
T tan.1 tan B
tan .f + tan li
Tletandan ki’
tan.f + tan B + tan - tan A tan B tan «
“1-tan.fwnB--tan.d tan ' — tan B tan €

Ltan ('

In the same manner the tangent of the sum of four or more angles might
be found in terms of the tangents of the suuple angles.

Conr. IfA+B+C (21+1).180° n being 0 or an integer, Tan (.1+B+C)=0;
ootan . + tan B 4+ tan (' — tan .{ tan B tan " - 0,
or, Tan.{ + tan B + tan C = tan A tan B tan (.

And since if n =0, .1+ B + (=180, this relation between the tangents of
A, B, C, 1» one which exists between the tangents of the angles of any plane
mangle.

4G, To find the calues of Sin 2.\, and Cos 2.\, 1 terms
of Tan A.

. . 2sin A .
Sin24=2sin4.cos 4, (88), ==—=.cos'd.
cos A
2tan A 2tan 4

== 7. 2
sec'd 7 V! ) = 1 + tan’
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to
-1

0
Again, CO.S 24=2cos’d -1, (39.2), = oA 1.

_ Q . 1= tan"4
" 14 tan’4 T1+tand

47. The following values of Sin2?A4, Cos24, Tan24 are
of frequent occurrence, and necessary to be remembered ; those
which have not been proved already are casily found after the
method of the last Article.

1. Sin2A =2sin.{cos A. 1. Cos 24 =costA - sih’4.

|
1

. _ 2tan A ' 2 s....=2cos’M-1.

o Tl tan'd |8 eevne. =1-2sin’d.
!

3 _ 2/ (sec" A - 1) - 1—tan’4

a sec?.q T T Tt
i
2 tan .1 ' 2 — sec?A
$. Tanug-—--~---") . L
Tan24 1—tan’Ad | ° see .

48. TIn the same way the following values of Sin 24 and
Cos 2.4 can be found in terms of Cot 4, Cosee A, and Versin 4.

Sin2.4 2cot 4 . 2. ccosec?f - 1)
U Txeodln? - cosee® ’
or- 2(1--versin.4).y'(2vers.l--vers®.1).
N cot”.4-1 cosec” A -2
Cos24-— - —— or ] s or-1--2(2versA~vers®4).
w41 cosee? .l

49. The easiest method of deducing such formulw as these,
is first to express Sin2.4and Cos24 in terms of Sin A and
Cos A.

! i : . cosec2 A -2
Thus let it be required to prove that Cos 2.4 = f
cosec* 4
L]
S \qtn_-g‘__‘..z. Sind= ‘.y-,
ince Cos 2.1 —=cos? 4—sin? 4 —1-2sin’4; and Sin 4 = ()
2 osec?. 4 -2
o Cos2d=1--—"— = cos
cosec® /A cosec? A

50. Since Sin (4 + B)=sin A cos B + cos 4 sin B,
and  Sin(4-B)=sinA4 cos B—cos 4sin B;
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.. by adding and subtracting,
Sin (4 + B) +sih (4 - B) =2 sin 4 cos B......(1).
Sin (4 + B) - sin (4 — B) =2 cos A'sin B......(2).

Similarly,
Cos (4 + B) + cos (4 - B)=2cos 4 cos B...... (3).
Cos (4 —B)—cos (4 + B)=2sin Asin B...... (4).

51, 7o fiud the values of Sin A + sin B, and Cos A + cos B,
n terms of the Stnes and Cosines of 4 (A + B) and § (A =D).
Since
A=1(4+B)+)(4=DB), mdB=1(4+B)-}(A-B):
< Sind =sin } (4 + B)cos ) (4 =B)+cos ) (4 + B)sin } (4~ B);
Sin B=sin} (4 +B)cos }(A-B) - cos ) (4 + B)sin}(4-B),
< Sind+sinB=2sin) (4+B)cos ) (4-DB)...... (1.
Sind-sinB=2cos } (4 + B)sin ]} (4 -DB)......(2).

Similarly,
Cos A + cos B=2cos ) (A + B)cos } (4~ B)......(3).
Cos B—cos A=2sin } (4 + B)sin } (4 - DB)...... (#).

These four formulie (which are of the very greatest utility) might
have been deduced from the formule of the last Article, by
making A + B=Sand 4 — B=D; in which case 4=} (S+D)
and B =] (8- D).

52, Dividing (2) of Art. 51 by (1),
Sind-sinB _2cos}(A+ B)sin}(4-B) tan}(4-B)
SmA+snB - 2sinl(4+B)cos}(4-B) un d+m)

Similarly, dividing (4) by (3),

Cos B —cos 4
Cos .4 +cos B
Sin 4 +sin B SinA4+sinB

S Sin gtz _ +£B); and onAZsinB
0 also, Cos A +-cox 8 tan (4+B); an Cos B —cosd

(The upper of the double signs going together, and the lower together).

=tan }(4+B)tand (4-B).

=cotan } (d 5 B).
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SEE A sin B

cos d  cos B .

_nin Acos B+ cos Asin B _ sin(.4+ B)
- cos A cos BB cos . cos B °
sin (4t B)

sm A s B°

53. Tan 4 *tan B =
L

Similarly, Cot B+ cot.l=
(The upper signs going together, and the lower together).

54. Sin(d + B) sin( 4 — B) =sin.{ cos®B — cos®d sin*p
=sin®A4.(1 - sin?B) - (1 — sin®.1). sin®R,
= sin®{ - sin?B.
Similarly, Sin(Ad + B) sin(A — B) = cos®BB — cos®.d.
And in bke manner it may be shewn that .
Cos (A + B) cos(A — B) = cos®.1 — sin?B; or =cos?2 -- sin’ 1.

sa. To prove that

SinnAd+sin(n-2)A=2sin(n-1) 4. cos A,
{Cosnxl +cos(n—2)A=2cos(n—=1)d.cos A.
SinnA=sin{(n—1).d + A}=sn(n—1).4cos A+cos (n=1) Asin A,
So, Sin(n—2)Ad=sin(n-1)dcos.4—-cos(n—1)AsinA;
oo Sinnd +sin(n—2)d =2sin(n—1) A co8 A ........ ........ ).
Cosnd =cos(n—1)A cos A —sin(n—1) A4 sin A,
and Cos(n -2)d =cos(n—1).4 cosAd +sin(n—=1)dsinAd;
oo Cosnd +cos(n -2)d=2co8(n—1)A cosd........ ......... (2).
Cor. If n=2, then, from (1), Sin 24 = 2 sin A cos A,
crereerienennnee from (2), Cos2.4 + 1 = 2 cos?4, or, Cos 24 =2 cos?A —1.
If n=3; from (1), Sin3A4 =2sin2.4 cos A — sin A =4 sin A cos?A - sin A
=4sin A (1 - sin®A) - sin A = 3sin A — 4 sind.1.
......... from (2), Cos3A4 =2cos2 cos A —cos 4
=2cos.A(2cos?4 —1)—cos A =4cos®A—~3cosA;

and, by successive substitutions, Sin 44, Sin54... Coxd4, Cos5A... might be
found 1n terms of the Sines and Cosines of A respectively.

56. In like manner,
Sinnd -sin(n—-2)4=2cos(n—1) A .sin4...... ),
Cos(n—2)A ~cosnd=2sin(n~1)A4.sind......(2).
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57. From the latter of these formula, by means of successive substitutions,
the Cosine of 7.4 may be found in terms of the Sines of 4 and its multiples.
‘ ¢

Suppose 7 to be an even positive integer and = 2m.
. Cos2(m—1)A —cos2mA = 2sin(2m —1) 4 sin 4,
s0 cos2(m—2)A —cos2(m —-1)A=2sin(2m —-3)A sin 4,
cos2(m —3) A —cos2(m—2) 4 =2sin(2m —5).1sin4d,
&c. = &e.
cos2(m -m) A4 ~cos2{m—(m-1)} A= 2sin.{ sin 4.

Whence, by addition, Since cos2(m —m) A, or cos0, =1,...
1—cos2mAd =2sind.{sin(@m —=1) A + sin @m =3) 4 + ... + sin 3.1 + sin A4].
oo Cos 2mA = 1-2sind . {(sin2m - 1).A +5sin (2m~ 3) .1+ ... 4+ sin 34 +sin }...(1).

In like manner, if 2 were odd and = 2m + 1, it would appear that
Cos(2m +1).1=cos A—2sin 1. fsm2mAd +sin2(m 1)1 +...+sind. L+sin2.4). (2).
Cor. If m =1, these formulwx give,
Cos2.4 =1~ 2sin 4 sin 4 =1—2sin%4.
Cos 3.1 =cos A — 2sin.4 sin2.4 =cos A — 2sin.{.2sin 4 cos 4
=cos.A —4 cos.A (1 —cos®d)=4cos*.A -3 cos A.
58, To find the Sines and Cosines of 18°, 72°, 3¢°, and 54°.
Sin 36° = cos (90" — 36") = cos 54",
or, if 18°=4, sin 24 =cos 3.4;
.. 2sind cosd=2cos24 cos 4 —cos 4, (55);
oo 2sinAd=2cos24-1=2(1-2sin’°4)—1;

< 4sin®4d +2s5in 4 =1.
. . . . +=./5-1 . .
And, solving this equation, Sin 4= — of which the posi-

tive sign is to be taken, because sin 18° is a positive quantity.

<+ 1 (W5-1)=sin 18°= cos (90°— 18°) = cos 72°.......(1).
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. 6-2/5 10+2/5
2 Ly s t'= -— = e——
And Cos®*18°=1 —sin"18°=1 16 6

~ Cos18°=1 J(10+2,/5) =8in 72% . .eureen. ().
Again ; Sin 54°= cos 86" = cos 2 x 18°= cos” 18°— sin® 18°.

10+2./5 6-2J/5

o160 716
EF L ¢ R NZ:) PR )]
Cos510=1 — sin®54" =1 O +1?;J3 = il(i (10-2,/5);
< Cos 510=1 /(10 -2,/5) =sin 36° ... ... o ()

5.  If an angle receive any increment, to find the corresponding
increment of the Sine of the angle.
Let the angle .1 reccive an_increment a, and let the corresponding increment
of the Sine of . be represented by 4 sin .
Then, & sin.d =sin(4+a) - sin 4
= sin 2 cos a + cos A4 sina —sin 4
=08 o sina = sin A (1 - cos a)
24in?} m)

=cos .4 sina (l —tan..
Sl e

. 2sintla
=cos.{sine (1 -tan.f, —— - =—
2.‘1!14(4(:05.54
=cos.{ sin a (1 — tan A tan }a).

. Con. If abe very small, Tan }a is very small. In this case,
if Tan 4 be not exceedingly large, (that is, if 4 be not nearly
equal to (22 +1) 90" 2 being 0 or an integer), tan 4 tan ja is a
very small quantity, and may be neglected in comparisop with
unity.  When, therefore, a is very small, and A is also not nearly
equal to (2n + 1) 90°, ,

asin 4 =cos 4 sina, very nearly.
Hence it appears that when A is an angle of a triangle, this
result cannot be applied to determine the corresponding incre-

ment of Sin 4 which results from A receiving a small given incre-
ment, if 4 be nearly equal to a right angle.
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60. Ifan angle receive an increment, lo find the corresponding
decrement of the Cosine of the angle.

Acos A =cos (A+a)—cos A =cos A cosa—sinA sina—cos 4

2sin? ,', a
sl a

=—sind sina - cos 4 (1 — cos a) = — 8in 4 sina(l-i—COtA -0

==sin A sina (1 + cot 4 tan}a).

Cor. I. And as before, if « be very small, and also Cot 4
be not exceedingly large (i.e. if 4 be not =2n.90° nearly),
cot A tan Ja may be neglected with respect to unity, and

acos A=~ sin Asin a, very nearly.

Note. Hence it follows, that unless (1st) « be a very small
angle, and also (2nd) 4 be an dnglc which is not nearly equal to 0°
or 180° this result cannot be applied to any particular case where
A is an angle of a triangle.

Cor. 2. If A4 be less than 00", Cos 4 is positive, and Sin 4
being also p()smve, in this case a cos A is necessarily negatlw
Wher efore, in angles less than a right angle, as the angle increases
its cosine decreases.

If A be greater than one right angle but less thun two,
Cos A is negative, and, Sin 4 being positive, s cos 4 is negative.
Wherefore, when the angle is greater than one right angle but
less than two, as the angle increases the cosine also increases in
magnitude, but is negative.

61.  If an angle receive any increment, to find the corresponding
increment of the Secant of the angle.

1 1 cos A —cos (A + a)
Cos(Ata) cosd  cosdcos(A+a)
sm A sina {1 +cot A tan 1 Ja} by (60)

" cos.f (cos A cosa - sin A sina)

AsecA=sec(4d+a)—secd =

sin 4 1 nm 1 +co I ¢ t
_sind sina ltcotdtanda (oo ng 1Hcotd tanda
cos. A cosd cosa’ 1-tand tana 1-tan 4 tav a

Cor. If a be very small, and neither Tan 4 nor Cot 4
be very large (that is, if A be not mearly equal to " 909,
when = is 0 or any positive or negative integer), cot 4 tan }a and
tan Atana will both be so small that they may be ne«rlected
when compared with unity, In this case therefore

asec A=tan A sec 4 tan a, very nearly.
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Note. It is to be remarked that before this result can be
applied in any case where 4 is an zngle of a triangle, ¢ must
be a very small angle, and 4 must also not be nearly equal
to 0, or 90", or 180"

62. If an angle receive any increment, to find the correspond-
ing increment of the Tangent of the angle.

sin(4 +a) sin A4

Atan . d =tan (A +a)—tan 4 = con(4 +a) = cos A

_sin(M+a)cosd —cos(Ad+a) sin 4

con A (cos .4 cos a — sin A sin «)

But Sin(A4+a)cos d--cos(.4+a)sin.d —sin {(A+a)- 4} =sina;

sin a 1
= scctd tana. | --

oo OLtan A =-- - — .
1 —tan 4 tan «

cosfilcosa. (1 - tan' A tan«)

Conr. If a be very small, and also Tan 4 be not very large,
(that is, i A be mot (2n+1)90° nearly, ...n being 0, or any
integer, ...), then

Atan 4 =sec’4 tan a, very nearly.

Note. If 4 be an angle of a triangle, this result will not
hold when 4 is nearly equal to a right angle.

63. For a given small increment of A, the increment of the
Sine of the angle is >, =, < the decrement of the Cosine, according
as Cos A is -, =, <Sin A; A not being very small, or nearly a
multiple of 90",

For £ sin 4 =cos A sina, if A benotnearly (2n+1)90"; Art. 59. Cor.

4 cos A = —sin A8ina, if A be not nearly 2n.90°; Art. 60. Cor. 1.

Whereft i integ i ]
. m“m;rlee o;‘g x;(r’to,bemg 0, or any integer), if 4 be not very small, or nearly

AsinAdis>, =, <(—AcosAd), as cos A is>, =, <sinA.
Cor. In angles less than 90°, Asin A4 is> or <(=Acos . 4)

as A is < or > 45°..(31).
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64. Drr. By Tan™' the angle is indicated of which the
tangent is £; i.e. it 1 =tan A, then A =tan't. |

So Sin7's, and Cos'e, &c. tespectively indicate the angle of
which the sine is & and that of which the cosine is ¢, &e.

. s t, +t,
G5, To skew that Tan™'t, +tan™'t, = tan™' ]' e and
—hte

1=t

Tan™t, - tan "'t, = tan™' .
1 2 1+t

Let Tan.d=¢, and Tan B =t,.

Then, by definition (61), A= tan-'/,, and B - tan-'f,.

tan.1 + tan B3

Now Tan(.l+B)- 1 wo.funB’

tan o +tan B

.. by def. I = tan-! .
y def. A+ R BN tan B2’

/)
Qr, Tan-'/, + tan-14, = tan~! h+ A, (n.
- 4,
Simlacly, Tan-'¢4, - tan-1{, = tan-! h~le .. . (2)
) 1 2 14 4,0, vesces sosesnmsoncass sonesases .
66, If t, ty......... t, be the tangents of any angles, then
t,—1 ty—1 [ /
Tan™'l, - tan™, = tan™* —— % 4ean™ * 4 4 tan”t "M
1+ 4,4 1+ 14, Tr duyls
For, Tan-14 — tan-1/, = tan-! h -t
’ ! # L+t
1y — 1,
~lp —1f = -1 ¢ 3
tan-!f, — tan-'¢, = tan 1+ ’2’3,
Seesmstesseseisceal sa = mssssemesseaseaans
=1
-y -y = e .,
tan-!{,., — tan-!{, = tan L+l
.*. by addition, Tan-'¢, — tan-1/4,
i ~t by — &, [ AP ¢
tan=! 1T % gptap-l 2T 4 gptant 2T
=w l'l'len+ l+lgf;+ + | Y AT
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7. Examples of questions solved by the application of
formule proved ingthis Chapter and the preceding.

Cos A +sin"A

- LT =sec 2A + tun2 A\,
Cos A —sin A ‘

(1) 7o prove that

It is here required to bring the proposed fraction into one of which the
denominator shall be cos 2.1, or cos*.f —sin“.1.  Muluply, therefore, the nu-
merator and denominator by the nwmerator, and]

Cos A +sin.l (cos. 4 + s D cos®Ad 4 sind + 2cos .1 sin A4
Cosd —sind ™ costf - smief cos?.{ = sm*d
1 + sin2.4
Tocon2Ao
1 sn 2.4

=+
cos 2.1 7 cos 2.1

. by (27, 6), and (38), (.‘f!’).
- see 24 - tan 2.8,

1

2)  To prove that Cos 2.\ = ..
Q) eprre 1+tan2A . tan A

[The equation becomes, when inveried, =1+tan2 4 tan 4; wher: if

cosz. |t
the right-hand side were expressed n terms of the sines and cosines of 4 and 2.4,
and then put into a fractional form, the denommator would be cos 2.1, cos A,
and the numerator would involve the smes and cosines of the same angles.  The

lirst step therefore is to express in a fraction of such a form.]

co> 2.4

Now 1 cos A cos (2.1 — A4)
Now, | = =
Con2.4 7 cos2.4cos.d ™ cos2.dcos A

_€on2.d cos A -} sm 2.1 sin A sin 24 sin A

. =1 4 tan 2.4 .
cos 2.1 cos A cos 2.1 cos A +tan 2.4 tan A;

1

. Cos2.4 = R
Cor 2. 1 +tan 2.4 tan A

Note. In the following Examples it is required to determine
an angle from some given relation between its Goniometrical
Ratios and those of either a multiple of the angle sought, or of
sume given angle; and conversely.

(3) Determine a value of A that will satisfy the equation
Sin2A =sin A. 4 4 !
Sin A4 = sin 24 = 2 sin A cos A.oceceinnnn(38);
<-2co84=1, and cos.4=L Wherefore 4 =600............(32).

3—2
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(4) Determine values of B that will satisfy the equation,
Sin A +sin (2B +A)—~sin (2B— A)=sin(B+A)—sin(B- A);
. 8in 4+ 2cos2Bsin 4 =2cos BsinA; Art. 50, (2).

. 1+2cos2B =2cos B;
o 14+2(2 cos? B —1) =2 cos B............ (39).
Whence Cos B = -~ (1+4/5);3
and, Art. 58, (3), 3 (1 ++/5) = cos 36"

Art. 58, (1), 2 (1 =/5)=~ %(v/b—1)=— cos 72" = cos (180" - 72") = cos 108".
.. B is 36° or 108°,

(5) To prove that 2 cos 11°, 15" = /2 + /{2 + \/2}.
Cos 45" = '712—; . 2c0845°=

- 2.{2cos® 1= /2, . 2cos }.45°- Jo 4 /2;

45° -
2. {gcos o ~ 1= J2+ J2;
0 — -
Qcos—z—, or 2cos11° 15 JB-:—J" + /2

Cor. By repeating the same process n times, it would appear
0

. 450 .
in like manner that 2 cos e T J2+./(2 + &c.), where 2, with

the sign of a square root over it, appears n+ 1 times in the
second member of the equation, the square root every time
reaching to the end of the expression.

(6) If x.tanA=(/T+x-1). (J1=x +1), required to prove
that x = sin 4 A satisfies the equction,

Vitz+l ViTo+l
cand=(Vitae-1).(Vi-z+l). 5 T=—=z. , """ 3
y 1=Wl+a-1)( +)\/1+ +1 NI a ]

NT-z+1=(VIitaz+1)tand;

oo (l-tan AP ={V1+ziand-V1 -2}
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Whence, 2tan A = {1 —tan?4} +2VI— 2% tan 4;
L

.
- 2
. ‘12 t:;?]n;{-‘i +VE=a% VT —a?=1-2cot24..(47);

ol -22=1- 22 cot24 + a® cot?2.4;

S l=a
 22(1+ cot?24) — 22 cot24 = 0;
2 2 ¥ .

war=0; or x=- cot 24 cot2.4 2 sin 24 cos 24 = sin 44.

’ T+ cowt24 ~ °" cosecr24

(7) To prove that Tan™ % + tan™ 13 +tan™ ; +tan™! ; = 45"
7

11
Tan™ % + tan“% = tan™' lgjf 10 (05). =tan™ :—; N
8’5
1 ;*% 3
So Tan™ = +tan~' = = tan"-l-:—i—-z = tan™ i
7°'8
Tan™ % +tan™ % + tan“% +tan™? %
4.3
= tan"é tan"‘% = tan™! I%?IE = tan—'(()):—:: =tan™' 1 = 45"
71

68. The Appendices 1, 11, 111, on the Logarithmic Tables
of Numbers and of Goniometrical Ratios, ought to be read
before entering on the next Chapter.



CHAPTER IV.
ON TUE SOLUTION OF TRIANGLES.

63). A TRIANGLE consists of six parts, namely three sides
and three angles.  When three of these parts are given, (except
they be the three angles), it will be shewn that the other three
can, generally, be determined.

The number of degrees in the angles of a triangle will be
designated by the letters 4, I3, C, which are placed at the angular
pomts of the triangle; and thc length of the sides resp(ctxvelv
opposite to the angles 4, B, C, by the letters a, b, c.

70. The Sines of the Angles of a Triangle are proportional
to the Sides respectively opposite to them.

Let ABC be the triangle. From C draw CD perpendicualar
to 4B, or AB produced either way.

AN

Then Sin CAB =sin 04D = C

A
(With reference to the third figure, see Art. 26.)
. ° . DC
Also, Sin CBA =sin CBD = B’
sinCAB_CB_
“"sinCB4  CA’
. Sind a Sin4 SinB

“SmBTH T T



PLANE TRIGONOMETRY. 39

In like manner, if a perpendicular were let fall from B upon
the side opposite tb it, or that side proluced, it might be proved
that ¢

SinA _SinC
a ¢

Sin4 SinB SinC .

Wherefore, ~a "——b ='—~~(_r ;—the magnitudes of the
lines a, b, ¢ being represented by the nwmber of units of lgngth
they respectively contain: for otherwise Sin A and a would not
be quantities of the same kind, and consequently no ratio could
exist between them.

71, Since (Euclid, 1. 32), the interior angles of a triangle are
together cqual to two right angles; ... A + 3+ C =180"

Snd a SinB A

Also, Smu=b’ and =

SinC ¢

And three of the parts of the triangle being given, the remaining
three parts may be determined by these three equations.

One, at least, of the three given parts must be = ~ 1, or the
ralios only are given which a, b, ¢ bear to eact other, and their
magnitudes cannot be determined, because there are but (mo equa-
Sind_a dSin]f_b
sinB~T ™ sincTe
the three unknown quantities a, b, c.

tions given, namely, , for determining

And this is also apparent from the consideration that an in-
definite number of triangles having the same angles, of all pos-
sible degrees of magnitude, may be formed by drawing lines
parallel to the sides of a given triangle.

72. There is however one case, commonly called “the am-
biguous case,” in which the equations of the last Article are not
sufficient to determine the triangle when three of the parts are
given.
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If two Sides be given, and an Angle onposite to one of them
(a, b, A), the triangle can be determined only when the side
oppostte to the given angle is the greater of the two given sides ;
1. e. when a 4s greater than b.

The equations of the last Article are
. . vy o b . sinC
(i) B+ C=180"-4, (i) SmB:a, sind,  (ii}) c=b.m.

If B can be determined from (ii), C and ¢ are known from
(i) and (iii), and the triangle is determined But since the sine of’
an angle is equal to the sine of its supplement, there are two
values of the angle B which satisfy (ii), the one greater and the
other less than 90°.

(1) Let a be greater than b; .. 4 B. Eucl 1. 18.

Now B cannot be greater than 90°; for if it could, then 4 + B
would be greater than 180° which is impossible, (Eucl. 1. 17):
.. B<90° and the lesser angle which satisfies (ii) is to be taken
for the value of B.

(2) Let a be less than b; ... 4 <B.

In this case, since the only limitations, B+ 4 < 180", and B~ 4,
may he satisfied whether B be greater or less than 90°, it is
impossible v >termine from (ii) whether B be > or < g0°.
Thus,—taking the annexed
figure,—if CB = Ch it is evi-
dent that both the triangles A BC,
AB'C have a, b, 4 of the same
values; also, in this case,

[o]

’
¢ A is less than the exterior £ - S

angle CBE), or the exterior an- = = T N

gle CB'D, i.e. 4 is less than

CB'd, and therefore is less thah CBA4; and also a <b. Which

agrees with what has been asserted above.

D

78.  To find the Cosine of an angle of a Triangle in terms
of the Sides. (Fig. Art. 70.)

Let ABC be a triangle, and from C draw CD perpendicular
to AB, or AB produced either way.
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Then, figs. 1, 2 of Art. 70, CB*=AC*+ AB* -~ 24AB. AD,

Eucl. 11. 13.
fig. 3, CB*=AC'+ AB* +24B. AD, Eucl. 1. 12
And-

~ic = €08 CAD, =cosCA4B in figs. 1, 2.

—cos CA B in fig. 3...(206).
Therefore, in each of these cases,
CB* = AC* + AB*~2A4B. AC.cos CAB;
AC*+ 4B - CB? b+ -a’
. Cos CAB = 9AB.AC Or, Cos 4 = ~abe

4. To shew that Cos F A = '\/i__‘_q__—_a)
S=4(@a+b+ec).

5 where

4+ —a® b+ 20c+c? —a
For 1+cosd=1+ Cobe = e
_(b+oy-a (b+c+a)(/i+c a)
- 2bc = 2bc
Now,

1+cosd=2cos’} A

(39, 2).
And S-a=)(a+b+c)—a=L(b+c—-a);
.« 9cost) A= (b+c+a). (b+c—a) 28.2(8~-a)

2bc 2be ’
. Cosid= /5:(5-9)

75. To shemw that Sin § A = J(S -b). (S - C)
By Art. 39, (3),

2 _ _ 2
Qsin’-%A=1—cosA=l—b+c’ a @ (b °)

2be T 2

_(@a+c— b)(a+b—c)
2bc




42 PLANE TRIGONOMETRY.

Now S-b=)(a+b+c)=l=L(a+c=10),
andso S—c=)(01+b-c);
2(5-0).2(S~0)

Cogntl A=
L 2sin® ) A ohe

Smpae D=0
o L be ’

The positive sign of the root must be taken both here and
in the last Article; because A, being an mngle of a triangle, is
less than 180, and therefore Cos 14 and Sin !4 are necessarily
positive quantities.

76. Sin’A =1-cos’A=(1+cos.A).(1-cos A)
(, O +c’=a’) { I;’+('”~ﬂ"’}
77 A L

=4Z)IT"E’(6+C_”)([) +c+a)a+b—c)(a+c—10)

2be

1
= 4 .28.2(S—a).2(S-10).2(S-¢)

= e S(S=a)(S-8)(S=0);

v Sin A =2 /1S (S—-a)(S—B)(S - o)},

sindd (§-0)(S~-0)

1 4= = -
So, Tanid= 14 $(S—a)

77. To explain the meaning of the double sign of the second
member of the equation

S(S—(I)
Cos é—A =*/\/T.
U4 c?—a®

Since Cos(2n.180°+ 4)= cos 4, (25); .. cos (2n.180° £ 4) = T Rt

Whence it may be proved in the same manner as in (74), that
_ S.(S—a)
Cos (n.180°+ 3 4) =+ ~/—- b

Now the first member of this equation ought to furnish two sets of angles whose
cosines are of the same magnitude but are of different signs.
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First. Let n be even, and =2m.

Then Cos(n. 18804 lA)—('os("’m lﬂﬂ“—k.‘A)_-cm (m . 36004 941), which,
by making m cqual v 0,1,2,3 . succetaively, gives the series of an;.,les-_k,lA
360" £ 'A, 2x 3600 S A, 3x 36001 (‘,A . all the cosines of which are of
the same magnitude as that of + lA or of +3 14,

Second. Let » be odd, and =2m +1.

Then Cos in. 1800+ ]A~ms("m 1807+ 180"+ ) 145 which, by making
w equal to 0, 1,2, 3...... successively, gives the xene\ of angles 180023 4.7,
SE0Y 4 (1000 = Do), 2 36004 (1800 1.4),... .. all the cosines of which are of
the same mdgrmtude as that of 180" A, which

=cos(180"4 J A)=—cos }.1.

Wherefore the first member of the equation does furnish two sets of angles whose
cosines are of the same magnitudes but are of different signs.

And in like manner sets of angles may be determined corresponding to each
of the signs affecting the expressions which have been obtamed as the values
of Sin 34, Tan 34, and Sm 4.

I. ON THE SOLUTION OF RIGHT-ANGLED TRIANGLES.

8. The right angle, a side, and another part being given,
to determine the remaining parts.

Let ABC be a right-angled triangle, C' being the B
right angle.

(1) Let c and A be the other given parts.

b a .
Then S =cos A; and*-=sind;
c

Cie..

Lia=l,c+ Lsin 4—10; which determines a.
Also, - B=90°— A ; which determines B.
In like manner, if B were the given angle, A might be determined,

{1 b= l,oc + L cos 4 —10; which determines b,
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(2) Let A and b be given.
c
/2

. {lwc = 1,‘,b + L sec A —-10; which determines c,
"Ua=1,46+Ltan 4-10; which determines a.

Then + =sec 4; and%nt&’hA;

Also, B =90°— A; wbich determines B.

(8)  Let A and a be given.

a a

Then 7 =tan A; = en 4’ and 1,5 =lma — Ltan 4 + 10.

. a a
Again, -=sind; ..¢c=- -, or=a.cosec 4 ;
gam, ’ sin 4’ ’

Andlc=1,a—Lsin4+10. Also, B=90"— 4.

(4)  Let a and b be given.
Then, tan 4 :%; LtanA:l,oa—],ob + 10.

Again, B=90"-A4.
¢
b

The equation ¢=+/(a®+ 4*) would give ¢; but the operation of determining
¢ is tedious, particularly if @ and 6 be large numbers.

Again, »=secd; .. L= ]mb + L sec A-10.

(5) Let c and a be given.

Then, sind= g H and .. Lsin 4 =1,a-1¢+10.

Again, g— =cosd; .. 1p=l,c+Lcosd-10.
Or ¥=c*—a'=(c+a)(c—a);
a L =3flo(c+a) + 1 (c-a)};
which determines b without previously finding 4.
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79. Different methods must be used in different cases to deter-
mine the unknown quantities; for what is said in Appendix 111,
11, must always be carefully bomse in mind, and such a formula
must be selected in each case as is calculated to give the result
with the greatest practical degree of accuracy.

Thus in the last case, if b be very small compared with a and ¢, the angle 4
is nearly a right angle, and the increment of sin A corresponding to a small given
increment a of the angle, [i.e. cos 4.sina.{l—tan A4 .tan %a}, ...... (59)], is in-

considerable, and does not, besides, vary nearly as the increment of the angle. In
thix case therefore the value of sin 4 cannot be determined from the Tables with
any great degree of accuracy. (App. 111. 11.) .

A better way of determining A in such a case is first to find the value of
b, and then to determine .1 from its cosine.

Thus CosA-:—é

pAED LcosA:lwb—lmc+10,
= 1‘10\/,("'2 - “2) _]luc + 10’

=3 he(r+a)+ ] (c—a)} +10-1,.
80. ExamprLE. Given ¢=365'1, and a = 3483, lo find A.

~ (The Logarithms employed in this Example and others, will generally be
found 1n the three pages of Loganthms subjomned to Appendices 1. and 11.)

Here, c¢4+a=7134, and c—a=168.

Performing the operations indicated in the last line of the last Article,
1,,713-4 = 2:8533331
1, 16:8=1-2253003

2 4 0786424
20393212

10
12-0393212
1,,3651 = 25624118

9-4769094
And L cos72°, 33’ =94769380 See App. 111. 9, Ex. 4.

Difference = 286

Now Diff. for 1” is in this case 67-016;

286
and G oie
o A=72, 38, 4-2], neatly.

= 4'267 = 4-27 nearly,
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II. ON THE SOLUTION OF OBLIQUE-ANGLED TRIANGLES.

81. Let two angles and the side between them be given.
A, C b))
Since 4+ B+('=180", .. B=180"-(4+C);

c
which determines I3, 7’

-

. /
Again, a=5b. sxlnA; ol .
sin B A )

~ Lia=1,b+Lsin 4— L sin B; which detcrmines a.

sin O .
‘s B’

lmc = lwb + L sin C — L sin B ; which determines c.

Again, ¢=b

If A + C be <90° the value of I is not required in order to
determine @ and c;

For since Sin B=sin {180 = (.1 + €)} =sin (4 + C);
- Loa=10+ Lsin A= Lsin(4 +C),
and 1c=1,+ Lsin C~ Lsin (4 + C).

82,  Let two angles and a side opposite to one of them be
gicen. (A, C, a.)
Then, B=180"—(4+C).
:‘i:A; 1,.,6 =1,,,a + LsinB—Lsin A,
or  =la+Lsin (4+C)-LsinA.
o L= ]ma +Lsin C—L sin 4.

Again, b=a.

sin 0
sind’
83. Let two sides and the angle included between them be
given. (c, A, b.)
First, to determine B and C.
B+C=180"-A4; «~ 3(B+C)=1(180"-4).

Again, c=a.
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b 1 sin B
‘;\]50 L -’~ an lg ot m— 'T_ .= EE-‘—:— ;
¢ sinC ; _J_' 1 sm B+l
+ sm ('

Lb—c sinB-sinC_tan}(B-0)
“b+e¢ sinB+sinC tanl(B+C) (52).

And Tan (B + C)=tan 1 (180"- d)=cot ! 4 ;
o Tan ) (B-C)= b) : 2 .cot ) 45 .

e Ltan 1 (B=C)=1,(b—c)=1,(b+c)+ Leot 1 4. (2).

) (B - C) being thus determined, and } (B €) being known,
B=1(B+C)+ }(-C)

and C= 1(1)’+C)- J(B-0C)

sin A .
, determines a.

s C

} are known;
And a=c.
8. The side a can be determined without preciously deter-

mining B and C. (¢, A, b.)

For a*=0°+c¢*—=2bc.cos 4

=b% +c*~2bc (1 —2sin*} 4)...... 39, (3).
=(b-0c)’+ 4-bcsm‘.i/l
- (b-arite 4bc)l.sm“.4}

~-or {1 +(ﬁ{”: sind) ]

Now lec sin 4 may be of any magnitude and sign, and

therefore there is some angle of which the tangent is equal to this
quantity. Let 0 be the angle.

Then Tanf= i{? sindd........... eeeeees (1).
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And a’= (b-c)*(1 + tan® 6) = (b —c)’sec’0;
~oas=(b-c)secf......... (2)
me(D,.Lwn0=hﬂ+éLﬁ+éL¢—h@—cf+Ldn{&
=3 +l)+L 2+ Lsinid-1,(6-c);
which determines 6.
From (2), La= lm(b —¢)+ Lsec0~10; which determines a.
2,)‘1’0‘- sin 1.4, the value of tan 6,

is very large, (unless éA, and therefore sin }4, be very small.) And since the

tangents of angles which are nearly right angles are very large, 6 in this case is
nearly a right angle.

85. If b=c nearly, b—c is very small, and

Now if it be required to find from its tangent, an angle which does not consist
of a certain number of degrees and minutes exactly, the additional seconds have
to be determined on the principle that the increment of the tabular logarithm
varies as the increment of the angle. But when the angle is equal to (2 +1). 90"
nearly, this principle does not obtain for the tangent, 62, Cor., App. 111. 11; and
therefore 6 cannot in this case be determined near enough to find ¢ with any great
degree of exactness from the cquation a =(b—c)sect.

When therefore ¢ is nearly equal to /, and 4 is not a very small angle, the
followmg method will give a with more exactness than the last Article does.

a?= %4 c?-- 2bc cos A = b+ 2 — 2bc {2 cos? 5 A~ 1} .... .39, (2)
LIS 2
= b+ c*+2c) —dboccos® i d = (b+ c)“{ 1- (:bl/” .cos} A) } .
+c
Now (1/b = /e)%, or b —2V4i + ¢, being a square, is necessarily a positive
gnantity ; thercfore the positive part of it is greater than the negative part, or

i~ 2Vbe 2Vie
b+e>2\bes o, © is fractional, and a fortiori ©
bte b+e

.cos} 4 is fractional.

Let therefore ¢ be the angle whose sine =

i*f_'j.cosz;zt. ........... wenen(D).
Then, a®=(b+c)?(] - sin®e), *and .*. @ = (b +¢) COS B ovrrverrereerenne (@).
From (1), Lsing=le2+3L0b+3loe-1,0(5+c)+ Leos}d,
=3 (lob+100)+ 1102+ L cos 341, (8+¢).
e (2)y loa=l(b+0)+Lcomep~10:

which give ¢ and a respectively.
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86. Let two sides be given and an angle opposite to one of
them. (a, b, A.)

It has been shewn in (72) that with these data the solution is
ambiguous unless @ be greater than 6. But if a be greater than
b, then

Sin B= g.sin A, where B is an angle less than 90°

sin C
Also, C=180"— (4 + B); and, C=a. .

87. Let all the sides be given. (a, b, c.)

Now, Sin4 == /{S (S - a) (S - &) (S - )},

Sin} 4 2\/(S_b)1;5§”1),

_ ]S(S-a)
COS%A—-\/‘ T

4= JE=D(S-9),
Tanjd = \/ S—a) .

* When the three sides of a triangle are given, the angle A is more easily
found in practice by dividing the triangle into two right-angled triangles in the
following manner, than from the formule in the text.

If a perpendicular CD be let fall from the vertex on the base or the base pro-
duced, it may be shewn from the results arrived at in Euclid 11. 12, 13, that

Base
: Sum of the other two sides
:: Difference of the sides
: Difference, or Sum, of the segments of the base;

the fourth term of the proportion being the Difference of the segments of the base,
or their Sum, according as the perpendicular cuts the base or the base produced.

And the fourth term of this proportion being found, AD(=AB % BD) is
known, and thence Cos A (= %) may be determined.
4
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88. Oms. If A be nearly 90°, the first formula of (87) will not give the
value of A very exactly, becarse the increment of sin A4 does not in that case
vary as the increment of A4, and 1t 1s also very small; app. 111. 11. In this
case any one of the last three forms may be used, and the second or the third form

must be taken according as cos 4,4 or sin ;}A is the greater, i.e. as -é—A is less or
greater than 45% (63). The fourth form is applicable in all cascs except where
1.1 is ncarly 90°, (62).

9. Exampies. 1. If BC be a perpendicular object stand-
ing on a horizontal plane, its height may be deter- B
mined by measuring in that plane a line 4C, which
is culled @ base, and observing the angle BAC with
a proper instrument.

For BC = AC.tan B.1C; /
£

L BC=1,4C + L tan BAC - 10. [y

2. If it be not practicable to come to the foot of the object,
let a base DA be measured, such that the poiuts 1), A, ¢ 'ma
be in the same straight line; and let the angles BDA, BAC be
observed.

Here two angles and a side of the A BAJ) are known. I!
by first deternining the side B34 the height BC can be /
found from the night-angled triangle B.AC.
” B4 sinBDA sin BDA .
Thus, ——=- - = s, -
AD  smDBA  sin(BAC—-BDA) 2 /
b A C

sin BDA_}}}\ BAC

sin(BAC — BDA)
. 1oBC=),,AD + Lsin BDA + L sin BAC — L sin (BAC — BD 4) - 10.

And BC=BA.sinBAC=AD.

8. If D be not in the line 4AC, the height BC can still be
determined.

At A let the angles BAC and BAD be
observed, and at ) the angle BDA.

D

Then in the A BDA, the angles BDA,
BAD and the side AD are given. If then

24 be determined from these data, BC can D ¢
be found from the right-angled triangle BAC. \//-
A
BA _sin BDA _ sin BDA .
4D~ sin DBA  sin {180°— (BDA + BAD)}’

Thus,
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sin BD A4 -
“sm(BDA%w BAD)’

sin BD A sin BAC .
sin (BDA + BAD)’

LoBC=)0AD + Lsin BDA + Lsin BAC - Lsin (BDA + BAD) - 0.

S Bl=A4D
e

.
And BC=DBA.sinBAC=A4D.

[It is evident that this determination of B(' is not affected by the circum-
stance ot 1) lying out of the horizontal plane which passes through A4 and C.
Hence 1t follows that it a straight base 4 /) be measured m any dnection from A,
and the angles BAC, BAD, BI) A be obscrved, these data will be sufficient for
tinding the height of B above the horizontal plane passing through .4 and «.]

4. Required to find the breadth of a river AD, from ob-
servations made from the top of a tower ZC of which the height
is known. (Figure to Ex. .

At B let there be observed the angles of depression of the points 7) and A

below a horizontal hine passing through 2 and parallel to ('1). The angles BD(C
and B.1C are equal to thesc angles of depression; and

sin DRA sin (BAC — BDA)

sinBDA4 "~ ' sin BDA

__BC_ sin(BAC—BDA)
T sinBLIC” sin BDA

DA=BA.

5. Required the error in height arising from a small given
crror in an observation of the angle in Example 1.
Let BC=h, AC=a, :BAC = A.
Let k be the error in height produced by an error a of the observed angle.
Then h=a.tand, h+k=a.tan (4 +a);

sin (A4 +a) &in A}

v k=a.{tan (4 +a)—tan A) =a.{mM To) " oos d

—a sin(A+u)co<A—cos(A+a)sinA_ gin {(A + a) — A}
o cos (A +a) cos J T "con(d + a)cos 4

= a.-—g—;:é; since cos A = cos (A + a) nearly, when « is very small, (60).

Cor. Hence it can be determined when the error in height,

arising from a small gicen error in the observed angle, will be
the least,

4—2
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sina A sina hsina 2h sin a _2hsina
cos’4  tan A cos’A sinAdcosd 2sin dcosd  sin24 °

For k=a.

Now A being constant, and a being ‘given, this expression, (which is the error
in altitude, ) will be the least when sin 24 is the greatest; that is, when 24 =90"
or A4 is 45",

The observer, therefore, ought to move along the base until
2 BA(C = 45° and then by measuring AC he will determine CB
(which is in this case equal to AC) with the least chance of
error.

90. 7o find the Area of a triangle, the sides being given.

Let ABC be the triangle, and from C draw CD perpendicular
to AB, or to AB produced either way.

o c (o}

/|
F 55 \]J z_{./____/“Z __ ,_! N

A B D [§)

A B

Then Area of the triangle A BC, being half of the rectangle
on the same base and between the same parallels,

=3AB.CD=} AB. AC.sinCAB

= Jeb. 28 (S- a) (S -5) (S-0)}, by (76).
= S (8-a)(S=0) (S—0)}.

angle also=} o2, M B sin C
91.  The Arca of the triangle also %‘hsm B+
For Area=} AB.CD=4 AB.BC.sin B
sin C . p_ ¢ SinBsin C,
= % BC’.;m .BC.sinB= 4-0 . (Sil-lnB -I;—C),

since Sin 4 =sin {180°~ (B +()} =(sin B+ C).

92. To find the Radii of the circles described within and
about a regular polygon of any number of sides.
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Let AB be a side of a regular polygon of n sides

Since the polygon % rcgular, it may have a’ circle
described in and about it; and each of the sides will
subtend the same angle at the common center C of these
circles.

Draw CD perpendicular to 4B. Then 4D =D5B,
and CD is the radius of the inscribed circle. Let
r=CD, and R = CA.

Now the sum of all the angles which the sides subtend at C=nx £ ACB =360°;

3 300 AD
. LAC'B—~—.0 PN LA(‘I):-&LA(‘]]:“‘O 3 an 1 = tan ACDe%
n n CD
1800
o7y =CD,=AD.cot ACD =3 AB . cot s (1).
. AD lan 180° ”
Again, R, = AC, = sin ACDH = —Tﬂ_(l: = ;.18 . cosec e .(2).
sin -

n

93. 1o _ﬁnt? the Area of a reqular polygon Qf anJ number
of sides which s described within or
about a circle of given radius.

Let AEB be an arc of the circle whose
center is C; AB a side of the inscribed
regular polygon of n sides; CI at right

angles to AB, and therefore bisecting it; F'G

a tangent through E, meeting CA and CB in \A D B/
F and G; then F'G is a side of the circumscribed i A

regular polybon of n sides. Let CA =7, ¥ > — %

0
AB =2AD = 2rsin ACD = 2rsm¥-2r9my‘—0—

FG=2FE =2CE.tan ECF =2rtan¥.

A, = area of inscribe® polygon, =n.A CAB
CA.CB.sinACB n . 3600

=n,————— = -, % gin—.

2
A’y = area of circumscribed polygon, =n.ACFG

=n.CE.FE= nr’un-l-s—oﬂ.
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Con. These arcas may be thus compared ;

0

Aren of inscribed polygon ACAD C};z , since the As are similar ;

Area of circumscribed polygon “ACFET C

_(CDY’ e 18
T cos® ——.

M. To find the Area of a reqular polygon of n sides in
terms of a side of the polygon. (Fig. Art. 92.)
AB bring a side of the polygon,

Arca=n.A0CAB=n.} AB.DC=34n. AB.AD . cot ACD

"Il
=34n.AB .} AB .cot ":‘" In(AB)cot ]—‘—(—

95.  To find the Radic of the circles deseribed in and about
a triangle of which the sides are given.

Let the lines bisecting the angles .{ and B meet in
0, and from O draw 01) OFE, OI perpendiculars to
the sides.

Then, Euclid 1v. 4, O is the center of the inscribed
circle; and its radius 7 = OD = OFE = OF'.

Now, Area of AABC =2A0B+ ABOC + ACOL1;
o VIS (S = a)(S = B (S — )
=r.%c+r.%a+r. lb=18;
o ray/ S0 0)

Again; bisect the sides of the triangle in D, E, F,
and draw pen)endnculars from these points which will meet
in a point O which is the center of the circumscribed
circle; R, its radius, =04 = OB = OC, Eucld 1v. 5.

And ... 4=1 BOC, Euclid 111.20;

. Sin 4 = sin } BOC = sin BOE = gg é"

. by (76) %wsw—a)(S—bMS—c» .

abe

s R= Z— -{—_(s—a)(s b)(S 0)} .................. ereecnstniacienes (..).
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96. 7o find the Area of a quadrilateral figure of whick the
opposite angles ale supplements to each other.
Let ABCD be the quadrilateral. ) B
Let AB=a, BC=0, CD=¢, DA=d; Join AC.
Then Area ABCD = AABC +0ADC
=labsinB + JedsinD A c

= g(ab + cd) sin B

s
b )
since Sin D = sin (180° — D) = sin B. \/_
Now from AABC, a® + 12 — AC?*=2ab cos B; NS
and from A1CD, ¢?+d? — AC? = 2cd cos D) = —2¢cd cos B
,» by subtracting, a®+ % —¢* = d® - 2(ab +cd)cos B ;
. 20203 1)
. Sin?B=l—co?B=1-f4 1 "~
in l-cos?B =1 VTt red) }
_ 4 (ll[)+ l'll).)'" (aﬂ+ I'ﬂ__c?__ ,l‘))?
= 4 (ab+cd)? :
And (area .’lBCD)":J (ab+ed)? sin? B
ll(~ 4 (ab +cd)? = (a® + b* — c® - d?)%}
= l 2(abt+ed)+ (a® + 02— ¢? - d?)} . (2(ab +ed) - (a® + b2 - c? — d?)}
"l_ti (@ +8)?=(c—dy}{(c+d)*~(a—b)}

=l%(a+b+c_d)(a+b+d-c)(c+d+u—b)(c+d+b—-a),

and if S=3%(a+b+c+d),
Area ABCD = \/|(§ —a)(§ -b)(S~-¢c)(S~-d)}.

97. The determination of the unknown quantity in an equa-
tion may often be facilitated by breaking the equation up into
two others by means of the. Goniometrical Ratios. This artifice
has been employed in Arts. 84, 85, and the following are addi-
tional examples of its use.

Examrres. (1) Having given a, a, and 2, to determine 1 in (0
Jorm adapled to logarithmic calculation Srom the equatwn,

Sin @ = cos/ cos & cos a + sin/ sin 4.
(Hymers' Astronom
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The equation may be thus written,

' ¢
Sina =sin & (sinl+ cos?. cos¢.5cos )
g siné
Now since there are tangents of every magnitude and sign, there is some angle ¢,
such that

sing _ cosd cos a
Tan ¢, or s’  sino = cotd cos a. (D)3

.. Sina =siné (sin T+cosl. ﬂl¢)

(smlcos¢+co~lsm¢)_ :.sin @+ )

~ cos 4>

sina cos ¢
g e ceerrrereanabaa———. (2).

oo Sin(l+¢) =

From, (1), Ltan¢=Lcotd+ L cosa— 10, which gives ¢.
(2), Lsin(l+¢)=Lsina+ Lcos¢—Lsinc,
which gives I+ ¢, and thence .
(?) To express a.cos 0+ .cos(0+a) under the form
A .cos(B+8).

Let p=acosf+0cos(f +a)
=acos 0+ b cosa cos@ — b sina sinf

b
=a(l+; . cos a) cos 6 — b sin & sin 6.

Let ¢ be the angle whose tangent is s .cosa; or, Tan¢p = % . €08 a..........(1).

1 1
b cos ¢ + sin \/ . CO8 ¢+ /_.smqp
A | —. =14+ tan =_—— T /2, Ve
taremeslvine cos ¢ v cos ¢
=V, 8in 45° cos ¢ + cos 45° sin ¢ 3. 8in (45°+ ¢)
cos ¢ cosp 3
vop=avVE MO P) (g bsinacosd
p=a cos ¢ teos aV2in(45°+ ¢) 8-
, bsinacosp
Let Tang'= aV/2sin (45°+ ¢) (2).

— 8in (45°4 ,
Then p=a+2, m‘fr) « €08 (@ +0) cuerericeiiiennnnnns(3)

a result of the required form.
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(8) Adapt \/ \/ a+b logarithmic compulation.
a+db a-b4a + b 2a 2

STV e =70 -E)

Now = 1s necessarily a positive quantity, and it may be of any magnitude;

52
let therefore 6 be an angle such that Tan?0 = ‘([z_’ eeeeeretectetitnitttttiinenenianes (1).
2 2 cos 0 )
¥ sn6\¥, = Veostd - anto
\/(1 ) \/ (ws 0) %
2 cos 6
-—; an expression of the required form.................. (2).
cosi 20

98. Der. The angles introduced to assist the solution of an
equation, by breaking it up into other two equatlons or more, are
called Subsidiary Angles.



CHAPTER V.

ANALYTICAL TRIGONOMETRY.

99. The Circumference of a Circle varies as its Radius.

Let P, p be the perimeters of two regular polygons of n sides cach, which
are inscribed in two circles whose radii are X, r and circumferences C, ¢
respectively.

Let X=C-P, x=c—p.

Now when n increases, P and p increase; therefore .Y and z are variable
quantities dependent on the value of n.

Let 4B, ab be sides of the polygons; O, o the centers of the circles.

R uJ
Then £ 40B = i‘%?— = Laob; and AOB, aob are similar triangles :

.R_AB =axAB _P _C-X

%0 — == e == — = H

r ab nx ab ? c—-w
S Rxe—Rxa=rxC-rxX.

. Now since R x ¢, r x C are constant, and R x x, rx X are variable quanti-
ties, (by Franceur's Pure Mathematics, Art. 167,)

Rxec=rxC, and Rxo=rx X; .

OrCecr,
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. c the circumference of a circle\ .
Cor. 1, Since copry v s (OF --"), is a con.

stant quantity.

.

This constant quantity is always represented by 2r ; the approximate valuc
of r, (3:14159...), will be determined hereafter.

.oc .
CoRr. 2. Since ;= 23 .. €= 2mr; or 2zrr represents the circumference of a

circle whose radius is 7.

100. THE CIRCULAR MEASURE OF AN ANGLE. If an
arc be traced out by a point in the line CB, by the revolu-
tion of which from the position CA an angle ACB s de-
seribed, the angle ACB may be properly measured by the ratio

arc AB

Tadius AC*

Since in equal circles (and therefore in the K\
C

same circle) angles at the center have the same
ratio to each other as the arcs on which they D
stand, Euclid vI. 33,

Vs
)

.t 4ACB - arc AB NG /
4 right angles ~ whole circumference 4 BDA —
AB
= 5—‘”—(/"‘4 ) (99, Cor. 2) H
. _ 4 right angles 4B
.oz ACB--~—~2"~~—— ‘cA’

ight angles , . .
4—'35—;;%-{{9 1s a constant quantity, fég increases

or decreases in the same ratio as the angle ACB increases or de-

Now, since

arc .
creases, and therefore — ..-- is a proper measure of the magni-

radius
tude of an angle.
. the subtendi
Wherefore an angle may be said to be equal to e IR ATC
radius
ar

Com.1. If 0=—2"C , then Arc=70.
radius
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Cor. 2. Since the circular measure of an angle (arc +radius)
becomes unity when the arc is equal to the radius, the angle
which is subtended by an arc that is equal to the radius is the
Unit of the Circulur measurement of angles*.

* The theory of Angular Units may perhaps Le rendered more intelligible
in the following maunner.

From Art. 100, it appears that Angle cc

arc
— ; wherefore Angle=c.———,
radius radins

where ¢ is a constant quantity, whose value may be determined if a particular
angle be taken for the unit of measurement; and, conversely, if a particular
value be assigned to the constant quantity ¢, the magnitude of that angle may be
determined which, in consequence of such assumption, will become the unit of
measurement.

For the purposes of analytical calculations it is convenient that the above
equation should be of the simplest form possible, and this will be the case if ¢ be
taken =1; the equation then becomes Angle = arc -+ radius,

Now to determine the angular unit implied in the assumption ¢ =1, make in
this last equation, the Angle=1, the arc then which subtends this angular unit
is equal to the radius. In the case therefore, that any angle is represented by
the ratio arc =- radius, the unit of measure is that angle which is subtended by
an arc which is equal to the radius with which it 1s describea.

Again, if ¢ have any particular value (as a) assigned to it, then the angle

that is the unit of measurement, is such that its arc=z.radius; for in that
. 1
case the general equation becomes, Angle =a x = 1

Example. The unit of measurement being the fourth of a right angle, find

the relation between any angle, its arc, and the radius.
arc
Generally Angle=c. radius”

In this case, when the angle taken is the unit of measurement,

the subtending arc  subtending arc of% of a right angle

radius = radius
_ 1 arc subtending tvo b right angles _ % -
o8 radius '

8
Wherefare 1=c¢.lm, and .. c=-,
kg
.. the general equation would become, on the suppoaition that % of a right angle

. . 8 arc
is the Angular Unit, Angle = = radius®
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101. In the preceding Chapters the magnitude of an angle has been measured
by the number of times it contains a fixed and definite angle (which is the
ninetieth part of a right angle, and is called a degree), and its subdivisions; for

is much

Lo _— . . arc
several analytical investigations, however, the circular measure vn
adius
more convenient. The circular measures of angles will, generally speaking, be
denoted by the letters of the Greek Alphabet.

. . . arc
102. Iluving given the circular measure (——fd. - ) of an
’ radius
angle, to determine how many degrees the angle contains ; and
conversely.

Let 0 be the circular measure of the angle which contains
A degrees.

. circumference .
Since — --,, - =2m, and the circumference subtends
radius
four right angles, therefore 2= is the circular measure of four
right angles.

A° given angle 6

Now

.
- }]

360° ~ 4 right angles 2T

R P

T
300 m.A ....... Seesreetes i -.t.'(])
=-017453... x 4.
And A4=360.2 =15 g
n = =T RN ()

= 5729577 ... x 0.

Ex. 1. If 4 =60,

60

=20 -1 xs ...=1-04719......
0 180 ™ =5 X 314159... =1:04719
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Ex. 2. Required the number of degrees, &c. in lhe angle
which is the unil of measurement when the circular measure is
used ; i.e. the degrees, &c. sublended by the arc which is equal
to the radius. (100. Cor. 2.)

arc
Here =———-=1;
radius
180 189
od = — 0= — = H70 20577
P Fiatauzg
60
177462
69
4477

And the degrees, minutes, and seconds required are 57, 17, 44"°77.

Cox. 1. The number of seconds subtended by an arc which is equal to the
r;uln]xs with which it is described, is 57-29577 x 60 x 60 = 206264772 = 206265
nearly.

The nuniber of minutes subtended by the same arc is 3438 nearly.

Cor. 2. Since the angle subtended by an arc which is equal to the radius
contains a degree 57 29577 times, the unit of measurement when the magnitude
of an angle is estimated by the circular measure is §7-29577 times as great as the
unit of measurement when the angle is expressed in degrees.

103. Four right angles heing represented by 2w, and therefore two right
angles by r, if the angle 4" be represented, according to the circular measure,

by 0, it follows from 24, 25, that
{Sm 0= sin(2nr +0), or — sin (2nw — 6).

Sn 6=—sin{(2n +1)w+6}, or sin{(2n+1)m - 0}.

{ Jos 6= cos (2nm + 6),
Cos 6 =—cos {(2n + 1) = + 6},
Tan6 = tan (2n7 + 0),
{Tan0= tan {(2n + 1) = + 6},
{Sec 0= sec {2nw + 6},
Sec 0 =—sec{(2n 4 1) + 6},

or cos(2nr —0).
or — cos {(2n + 1) 7 — 6}.
or — tan (2nwr - 6).
or —tan{(2n 4+ 1) = — 6},
or sec(2nr—6).
or —sec{(2n +1)m —6}.

104. The Circular Measure of an angle less than a right
angle 1s greater than the Sine and less than the Tangent of

the Angle.

——, and ;- -7
sin ¢ tan 6
does Lecome equal to untty.

Also as the angle decreases, each of the quantities

approaches to unity, and on 0 vanishing, each
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Let 6 be an angle less than a right
angle, and =, BAC, =:CAB. Frdm
any point €' in AC draw CB, CB' perpen-
dicular to AB and AB’; then the triangles 3
CAB, CAPB are similar and equal in every ~
respect. With center 4 and radius 4B
describe a circle ; this will pass through
¥, and RC, B'C will touch it at I3 and J3’.

Join BI¥, cutting AC in N.

Then (Legendre's Geometry, 1v. 9), arc BB’ is > BNB’ and
<BC+CHB.

. bare BE' _}BNB 1is . 2 (BCH CB)
A~ T 4 BT o4

, BN . BC

or - /1]; y AlNd 18 < /IB 5

that is, 0> sin 0, and is <tan 0.
AGAIN; since 0 lies between sin 8 and tan 0,

6 .. 0 . 1
._— lies between 1 and t__:.m , (Le---).
sin ¢ sin ¢ cos @

But when 0 is diminished, cos 6 is increased ; and when 0 is
diminished indefinitely and vanishes, cos becomes equal to unity.

0 . .
Wherefore ol becomes ultimately equal to unity, and conse-

0 . . S .
quently g’ which = sin® T oosh’ likewise ultimately becomes
equal to unity. [Lefebure de Fourcy.]

105. If 0 be an angle less than a right angle,
Sin6<0- 16

. . 2sin30

Sm0=25m50.c0s50=~é6~s—%d~.cos’i}6;
in l

but 5720 an16), is> 20, (104).

cos 40’
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<. Sin8=>2(}0)cos*L0>0{1—sin*}06}
a fortiori, >0{1-(30y}>0-16.

106.  The Sine of a very small angle ¢s equal to the Cir-
cular Measure of the angle, very nearly.

Since, (105), 0-}6%<sin0, .~ 6—sin0 <16

Now if the angle be very small, § is a very small fraction
and §6° a still less quantity, so that the circular measure may be
written in the place of the sine in any numerical calculation
into which such an angle enters without introducing errors of
consequence by the substitution.

Cor. If a and 3 be circular measures of two very small
angles,

sina a the number of seconds there is in the z a

sinf3 = 3 number of seconds in < /3 :
sin?2” 2 sin3” 3
Hence -3, =2, -~ =2,
sin 1 17 sinl 1

And, generally, if n be any small number, but not othermise,
sinn”
sin 1”

.
=73

. Sin2”=2sin1", Sin38”=3sin1”, sina” =nsin 1",

)

107, Required the number of seconds contained in the angle
of which 6 is the Circular Measure.

Let a be the required number of seconds.

Arc subtending a”

Now, in the same circle, Arc subtending 1”

a
=-1—’

arc subtending a”

" arc subtending 1”””
radius
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arc subtending a” . .
vadius g_‘_ =0; and since 1” is

But, by hypoth.esis,

a very small angle,

arc subtending 1° .
¢ subtendmng 1 -1 , nearly; (105).

** 777 radius

0

S a=—,
sin 1

3
a result which is often of great practical use.

108. The Area of a Circle of radius r is wr’.

The Area of a Regular Polygon of u sides inscribed in the Circle is 2 times

. . . . . 2w
the arca of a triangle two of whose sides are 7, 7 and the included angle is =~ ;
n

Now as the number of the sides increases the Area of the Polygon approaches
nearer and hearer 10 that of the Circle, and when 2 1s infinite becomes 1dentical

T : . 27 . .- .
with it; in which case == becomes an indefinitely small angle, and therefore
n
2

Red
——--— becomes 1. (104.)
" n

sin
. Area of the Circle = o7,

109. Demorvee’s Tueorem. To shew that for any valuc
o m,
(coFS 0= ,/=1sin 0)"= cos mf = J—1sinmé;
the upper signs being taken together, or the lower together.
(Cos 0=,/ =1 sin 6) (cos 0 =,/ —1sin6)
= c0s’0 — sin®0 =,/ — 1 2 sin 0 cos 0).
Or, (cos0,/—1 sin 6)* = cos 20 =,/ = 1 sin20.
Again, (cos0=,/—1sin 0)*(cos 0=,/ —1sin6)
= (cos 20 =,/ =1 sin 20) (cos 0 =,/ 1 sin 0)
= (cos 20 cos 0 — sin 20 sin 0) =,/ —1 (sin 20 cos 8 + cos 20 sin 0) ;
. (cos @ =,/=1sin 6)*= cos 30 =,/=1sin 30.
5



66 TLANE TRIGONOMETRY.

Suppose this law to hold for m factors, so that
(cos 8=,/ 1 sin 6))‘"=cosm6é=,\/——_] sinmé;
then (cos 0,/ — 1 sin@)™
= (cos m0 =,/ =1 sin m0) (cos 0 =,/ =1 sin 6)
= cos m0 cos 6 — sin m0 sin 0 =,/ —1 (sin m0 cos 0 + cos m0 sin 0)

=cos (m+1)0=,/=1sin (m +1) 6.

If therefore the law hold for m factors, it holds for m + 1
factors; but it has been shewn to hold when m = 3, it therefore
holds when m=4, and so by successive inductions it may be
proved to be true when the index is any positive integer.

: SRy —-n__{__,, .] - = }"
Again, (cos0=,/—1 sin )™= lcos B+ /— 1 sin 0
_ { - 08?0 + sin’d }"
cos 0=/~ 1sin8)
=(cos 0 =/~ 1 sin B)", by actual division;
= cos m0 =,/— 1 sin m = cos (—mb) =,/ 1sin (- 7r;0),-
which proves the theorem for negative integral indices.
Again, (cos 0 =,/~1 sin 0)™ = cos m0 = =1 sin mb.
But (cos Zs 0=,/=1sin 7—2 0)"= cosmf= /=1 sinmé;

cos 0+,/= 1 sin6)"=(cos = 9= /:—l'sinzlﬂ”;
n N n

< (cos0%,/27 sin 0)7-‘ = cos'—: 0+./=1 sin-’i: 0;

which proves the theorem for fractional indices.
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Cor. By the theorem just proved,
(cos ¢’=l= V=1 sin )™ =cosme +V=Tsin me,
m being positive or negative, whole or fractional.
Let ¢ =2pm + 6, where p is any integer;
. Cos¢ =cos (2pmr +6) =cos0, } . (103).
Sin ¢ = sin (2p7 + 6) =sin 6,
First, let the index of (cosf+v —1sin6) be integral, as m;
Then Cosmep = cos (2mpm + mb) = cos mb,

Sinm¢ = sin (2mpw + mb) = sinmb.

. . m . .
Second, let the index be fractional, as o) Then p, being an integer, may

be represented by ¢gn + r, where ¢ may be 0 or any integer, and » may be 0
or any integer less than n;

< CosZp=cos T (2pm + 6) = cos T [ 2(qn +7) w40}
=cos { mg.2r + g (2rr+0)}= cos;’?(f.’nr-n-O).
Similarly, Sin g ¢ =sin :i: (2rm +0).
From these two cases, therefore, it appears that the theorem
might have been thus enunciated ;
If the index be an integer,
(cos 0= ,/= 1 sin 0)"=cos m0 =,/ =1 sin mf;
If the index be fractional,
(cos 0=,/ =1sin 0)5= cos:—:l(2r1r+ 0)=/—1 sin;f(2mr+0);
where xr may be 0, or any inleger less than n.

[NoTE. It is to be obeerved that by giving = all values from 0 to n — 1
there will be obtained from the second member of the second equation the n
different values of

(cos § £ V—1sin0)s.
Also these values will recur if r have values given it which are greater than

:lh;-nl. For taking 7 = pn + ¢, where p is any integer, and ¢ any integer less
n,

5—2



68 PLANE TRIGONOMETRY.

Since g {2(pn+¢q) T+6} ="m1r+’-£ (207 + 6),
therefore the cosine and the sine of ;’:{2( pn+q)m+0] are respectively equal to

the cosine and the sine of 7% (2¢m + 0), and the numbers ¢ and pn+q when sub-

stituted for 7 give the same value for (cos § =V =1 sin 6);].

then 2,/—1sin 6

. 1 1
will be represented by X—2, 2cos mé by X"+ 5 and

110 If 2 cos 6 be represented by x +%

7

. 1
2./—1 sin m@ by x™— o

- 1\e .
For —sin’0 = cos?0 -1 =;}(x+-x—) -1 =i(.r -2 +;'—‘);
— 1
QJ—I me=x—:E;
. 1 . .
And since 2cos0=uz+ FERE by addition and subtraction,
—_ 1 —y
z=cos 0 +,/—1sin 6; and;:cosO—,\/—-lsmﬂ;

a™ = (cos 0 +,/~1 sin 0)" = cos m0 +,/ =1 sin m0

1 (cos 0=/~ 1sin 0)" = cos m0 — /=1 sin m#,

o

&X

1 1 —_ .
x"+;,;= 2 cosmf; and .r”'—-;m =2,/=1 sinmé.

Cox. By taking the equations of the corollary to (109), the following results
arc obtained ;

(1) The index being an integer,

2cosm6=z"‘+;l;; 2\/T-lsinm9=z-"—£;;

(2) The index being a fraction (’;’:—) .

= 1 —_— m - 1
2008% (rr+0) =av+—;  2vT1sing, (2rm+6) =27 - 4
2" P

where » may be 0 or any integer less than n.



PLANE TRIGONOMETRY. 69

111.  To express any positive integral power of the Cosine
of an angle in te¥ms of the Cosines of the multiples of the
angle. ‘

Lect 2ccs@=z'+‘l;; 2cosn6=.z"+%......(110).

Now

(2 cos 0)‘:(.v+1‘;,)“=.r"+n1‘"+n.-’—'—;;~1.z““-r...+n.27—l.-—1— + n—]-—,+£—_ (1).

2 Tas-t an=:

1 1
= — -2 - . )
_(.z*‘+‘r.)+n (d +.z-"-2)+" ............ . )
If n be even; the last term of (2), or the (L + 1) term of (1), is
n—1n-2 n—Jdn+l

2 s T
If » be odd; the sum of the two middle terms of (1), viz.
the {3 (n —1)+ 1}t and the {}(n —1) + 2t

(which have the same coeflicient, being terms equidistant from the extremities
of the series (1)), is

n—1l n=3@-1)+1 1
n. S ——.(,r+;‘).

2 TL(n—l)

Hence (2) becomes
(2cosO)*=2cosnb + n.2 cos(n —2) 0+...

n—1 n—%n+]
n.—-— .

5 . — 3 Pt when n is even,
2

+
n—1l n-—dn-1)41 . is odd s
n.=y e é(,r_l.}—.ZcosO, when n is odd ;
2"-‘cos'6=cosn9+ncos(n—2)6+n.n—;—1.cos(n-4)6+...

the last term of the series being
1, n=1 n - %n +1 .
tgn.—5— _—%n -3 n being even,

n-1 n-3%(mn-1)+1

g e —é (T_—U-——.cose; n being odd.
Cor. Thus, when n=2, 2cos?0=cos26+1,
vereres =3, 4c0s30 =cos 30 + 3 cos 6,

veeeee n=4, Bcos*d=cosd0+4cos20+3,
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112.  To express any positive integral power of the Sine of
an angle in terms of the Sines and Cosines of the multiples of
the angle.
Let 2\/:-l'sinﬂ=a‘—1; RS 2\/:'isinn6=a-’--1.
z @»
. - 1 n— ‘ _ —l- n
And (2V7T sin6) _< _w) _{,+( I)%

. n-1 n=1 (=1p=  (=1»1 (-1y
s ate-nat=ttn, e e PRl L et S (1)

e (e G on 5 e ()

1. Let »n be even;

then (V)" = (VD)= {(WT)3i= (= 1)i;

th
and the middle, or (g-f- ]) , term of the expansion (1) is

Wherefore when 7 is even the series (2) becomes

(—-1)32'sin'9=(r+-zl'—.)—n(.z“’+;:]:;)+n.l2_—]. x--4+}l:‘ — e
s n-1 n—zn+l
RIS (o0
2
=2cosn0-n2cos(n—2)9+n.n—;—l.2cos(n-4)6-...
. - 1
e+ (= )7, . ﬁ——z:" ;

.'.(-l); 2*-!5in" 0 = cos nf ~n cos (n - 2) 6 -t—n.";l .cos(n—4)0 - ...
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2. If n be odd, then (V=1 =V=I (VZ1pg = (-1pe-b V-1

and the last binomial in (2) is

-1 n-l(n—])+1 1
—1)e-ngp P P2 __( ..._)
(=1)i-Dn g - D z--).

Wherefore, when n is an odd number, the series (2) bzcomes

1.»1—'.' aﬁ-4

("‘)“"“2"*/-"1-sin"6=(.z"--;lm)_n(.pn-z_ 1 )+n.":]. J__-‘—L L

n-1 n-g(n-1+1 )|
coeses ey, —— 2 (-1
( 1) n 3 %("_1) (.z‘ z

=2V -1sinnf—n2vV-1sin(n-2)0+..

n-1 n—z]z(n—l)+1 —_
vee - 1)1 —_— —— — . —_ .
e (= 1) m, — L1 2V =Tsin0;
.t (= 1)H*-N2*15in" 6 = sin nf — n . sin (n — 2)6 +n."—;—l 5in(n-4)0+ .....

n-1 p-?};(n—])+1
27 p(n-1)

.sin0.*

...... (=100,

113. Having given Tan 6, to find Tan no.
CosnB + V-1 sinnb = (cos § + vV —1 sin 6)*= (cos 6)* (1 + V=1 tan )

=(ms0)‘{l +nvV-1 tane-n.’i;—l .tan’O—n.'i;—l .{E?.\/—ltan"o-p...} (1).

And equating the possible and impossible parts of this equation,

Cosn0 = cos* 0 g I—n.'—'—;l. tan®0 +n '12_1?;2";9 .tan‘f - ... } we(2).
-1 n-2
8in nd = cos* 0 i ntan0-n. 250 222 a0t (B).

® Cos 76 can be expanded in terms of cos 0 alone, when n is a positive integer,
by an algebraical calculation, but the problem is solved more easily by means
of the Differential Calculus. [See Gregory's Examples.]
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sinnd " T g
cosnt _, n-1

.~ Tannf =

Cor. If nbe a positive integer, the series (1) will terminate, and the last
term is (V=1 tan 0)n.
1. Let 2 be even; then

(V=T tan 0y = (\/—_1-)9'3 tan = (—])Etan“o;

.
therefore the last term is (—1)2 tan” 0, and

n—1 n-2 L
ntand —n. g " tan?0 4 . (=) 1 tan=-1 9

Tann6 =

-1 »
1-n .1—1', -tan®0 +....4+ (=1)% tan" 9

2. Let 2 be odd; then
(V=T tan 8)* = VoI (VZT)"tan 0 = V21 (= 1)30-D tann 05
thercfore the last term of (3) is (—1)'™-1 tan"0, and

n—1 n-2

ntanb-n .- o -tan? 04 ...+ (=1)1C-D {an"f
2 3
Tannf = - S
l-n. ‘2 -tan?0 +...... +(=Dit=D ptan-19
2 4

a a

12712732

114. To shew that Cosa=1-

ab

N
1.2.3 '1.2.3.4.5

and Sina=a-—-

By 113, (2)

n-1 ) n-1n-2n-3 .
.tan6+’n. R i .tano-...}.

Cos n6 = cos"0 {1 -n.

2

* The sign of n tan™! 0 is the same as that of tan"0, because every odd
term in the expansion (1) has the same sign as the term immediately following
it; and when n is odd, n tan*-! § is an odd term, and has therefore the same
sign as tan"0.
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Let nf=a, and §. 7 = %,
a

- - R
" a 0 wp. @ b 19_
.. Cosa =cos"t l—y. 5 .tan~6+6.-—2—.T.—4—--mn9

a-0 (tanﬂ 2 a—0 a-20 a—30 (t_:mﬂ)‘_ }
2"f%")+“'_§" 3 "1\ N

Now this is true whatever be the value that is given to 6.

=cos'6§ l-a.

Let then 0 be written for 6;

tan 0

In this case =1, and cos 6 =1, Art. 104,

and with regard to the value of cos® 6 when 0 = 0 and 7 is infinite,

a\" ., \2 n . .a n-21 ., «a
cos — ) =(1—sin®*—)2=1—-.sin* -4 n,——.—.sin? - —......
n n 2 n g a2 n

a
. @ . a
sin—\ 2 1-= , /sin=*
g n n af n
=l | | ] — | —] — .
2n a 2 2% a
n n

but the limit of sin =+ =, when a is constant and 7 is increased indefinitely, is 1;
nn

Wherefore all the terms of the above series which is the value of (cos ;)
L
vanish in the limit, except the first,

a\" . . . . v .
. 1=limit of (cos 71) ; when a is constant and 7 is increased indefinitely.

a® at

o («Osa=l~ré+l:2.3': ................... (1).
By a similar substitution in 113, (3),
. a® a’
Slna=a—m+r“2‘—‘3r4.5— ....... eosessrssee (2).

If a be less than %w (or a right angle), the series (1) and (2) here obtained
are immediately convergent.

. . tan 0
Nore. To arrive at these expressions 5 has been sup-

posed to become 1 when 0 is written for 6, which is the case only
when the angle is referred to the circular measure. Hence a,
which is equal to 6, is also referred to that measure in the series

(1) and (2).
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Cor. If a be an angle so small that a® and higher powers of a may be
neglected when compared with unity, equatien (1) becomes

Cosa=1.

If «%, «® be retained, but higher powers of a be neglected, (1) and (2)
give,
3 2
Sma=a-—%, Cosa=1-—';;

approximations which are often practically very useful.

115. Ife anl V- be crpandcd in terms of 0./ -1
aml—O,f—l in the same manner as € is cxpanded in terms of x
in the series,

. a"
€ --l+.‘r+l SR VON o3t (App. 1. 18. Cor.)
then,
(1) CosB=21 (AVII40VET). (2 sme:o—/l—T (SV=1-¢0V=T),
2V~
1 c29~/-_1_1
3) = T,
(3) Tano Vs BT Y
— 6 0
FDl‘, eov:l=l+0\/—l—'rl- 1 2 d\/_l+l_§. s T
and e9VT=1-0v 1o RV AL
€ T.271.2.4 z 3 1.2.3.4
_ o
ROPL LY S LV =2(1_i——2+l—-2~3——4-—...)=2cos8; (114),

and Vo0V = 2\/_1(0— 6 g gt)= 2V 1sinb;

. Cos 6 =,; (EW—_1+;°~’5’1) ........................... .

And, Sin6= 2 (ew" _e VT vrrrrerensenessnannnens (2)

VIV
Also, Tanf =20 =

and multiplying the numerator and denominator by & \/——,
e“ V=i

Tand = ——_ . —5————
8 V=1 529’/'1.}.]
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SERIES WOR DETERMINING THE' VALUE OF .
[ ]
116. Grecorie’s SEries. To prove that
O0=tan0- ] tan®0 + J tan*6— ... ;
nhere 0 lies belween — 4w and + 4 .
Let 6 =nm + 6,; where 8, is any angle between — L and + J =, and n any

positive or negative integer,

Then Cos 0 = cos (nm + 6,) = (- 1)" cos 6,.

Now emV=l=cosw+V= lsinw=—1; o (—l)":e’"’m;

nw A~

socosb =€ L cos B, ;

And from (1) and (2) of Art. 115,
e?Y=1= cos0 + /"1 sin 6 = cos 0 (1++v~Tltan6)
Vo1 LV
1+V=1tan 6
e efVEI 1 MV cos g, -}-1e (1+VZ1tan0)

cos 0,

o VST =nwr VT + 1 cos B+ V=T tanf + 4 tan? 6 — ' V=1 tan?0 — ...
and equating the impossible parts of this equation,
6 =nm+tanf -  tan®6 + 4 tans 6 — ...... (1.
If 0 lie between — %r and + %‘n’, n =0 and the above becomes
G=tan0-—étan36+.}:tan56— ...... ; (2.
which is Gregorie’s Series.

And generaily n must be an integer so taken that 6 — nar shall lie between
- —%—r and + 4.

The series (1) is convergent only when tan 0 lies between =1 and +1; that
is, when 6 — n lies between — 1 and + L.

Cor. Tangent of half a right angle, (or tan J}vr), =1;
STl r 111 2 .2 . 2
S Sl Rt A Rt V Ul W S O A0
w8 (_’_. el 1y )
cr=tA\tatsgtent)

a reries not convergent enough to be of much use for calculating the numerical
value of ar.



76 PLANE TRIGONOMETRY.

117. Evrer’s Series. To prove that
T 1 1 1 1 1 1
i=Goie s ) (5.3 * 5.9 ):

1— 1.
By (65), Tan-'1 - tan-‘ = tan-! ﬁy = tan—! é

. tan11 = tan-! é+ tan—! 1 s
11 11

—+ ,—.,Tdn-11§=-- Tt -

273w
3 1 1 1 1 1 1
*. Tan-'], or i’ =(§—.—3'23+—5'25 )+ (3 P JJ TE ),

a series which converges much more rapidly than that deduced in the Corollary
to the last Article.

and Tan- } = .5 «a(116).

118. Macmin’s Series. Zo prove that

st o) (s . oy
PRV By 5" 239 3. (u))“ 5.(2235)7""

1 1
—+__
4t:a.n-‘l—2><2tm'x-‘—l-=2tan-1 5 9 =2t:m-’—!i
1 11 12
“5'5
_]_(!
12 120
- nZ - 1
= tan 1_25 tan 119 °
144
12 ]Ti_g‘l
—l_._ =11 = -1 = -t H
and tan 119 tan=11 = tan— . 50 tan' 23
119
1 = 1
-1 T tan=! —— s
or dtanl gy =tan~iogs
. T -1.]_._ a1,
o 4=4tan 5 tan 359°

L3 1 1 1 1 1 1
- E=4(5‘ﬂﬁ+5”_.55“"') ~ (o5 - 5wy sy~
In this way it is found that » =3:1415692653589793......



PLANE TRIGONOMETRY. 77

1 1
— 4 —

99 239

‘i 1
. Si -1 -1 — — tap=!
Cor. Since Tan % + tan =5 t.an

T 99" 239

338 1
= tan-! - = -1 _
= tan 33660 tan 70°
T -11_ -1_!_ al,
. 4_4tan 3 tan 70+txm R

a series by means of which Mr Rutherford (hil. Trans. 1841) succeeded in
determining the value of = to 208 places of figurcs.

MisceLLANEOTS P ROPOSITIONS, SHEWING THE APPLICATION OF TIE

TuroremMs AND ForMrra or s ClrAPTER.

119. Having given Tan a, Tan f3,...TanA, fo_find Tan (a+B+.42).

(Cos @+ v =1sina) (cos f ++/ 1 sinB)
= (cos a co$ B — sinasin ) + V=1 (cosasin 8 + cos 3sin a)
=008 (a +B) + V= Isin(@+ ) eevrerrecerercncennnnn. (1.
Suppose this law to hold for n factors, so that
(cos a +V=1sin a) (cos B + V=1 sin B) ... (cos x +~/= 1 sin A,
=cos(a+ B+ .. + k) + Vo 1sin(a+ B+ +4)3
by introducing another factor,

(cosa +V=Tsina) ... (cosk + /=1 sinx) (cos A + V=1 sin})
={cos(a+ B+ +K)+V=Lsin(z+ 8+ + )} (COSA +V=1sin\)
=cos(a+pB+ .. +A) +VIsin(a+B+...+7), by (1);

and therefore the law holds for z+1 factors. *
But bl)]' actual multiplication the law has been shewn to hold for two factors,

it must therefore hold tor three factors, and thus by successive inductions it is
concluded that it holds for any number of factors.
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Let §, = the sum of the quantities Tana, Tan f, ...; S; = the sum of the
products of every two of them; S, = the sum of the pro iucts of every three of
them; and so on.

Then, Cos(a+ 8 +... +\) + \l/'——l sin(a+ 8+ - +\)
= (cos @ + V= 1sina)(cos B + V=1 sinB) ... (cosX + V=1 sin])
=cosa(l+V-T1tana)cosB(l +V=1tanpg)...cosA(l ++=1 tan})
= cosacosf . cosA(L+V=18 =8, -VIT8+ S +...).

Wood's Algebra, Art. 271.
Hence, by equating the possible and nnpossible parts of this equation,
Cos(a+ B+ ewe+A)=cosacosf...cosA (1 =8+ 8,—-S,+...)
Sin(a+ B+ ... +A) =cesacos .. cos A (S =8, + 85— ...)

Ril}»('u +7ﬂ + e+ )\7) _ S-Sz + S{.:j ..

IR N B et )T 1= S S

If there be n of the angles a, B, ..., it may be shewn as in (113. Cor.) that

L]
v -1
Ta.n(a+ﬁ+...+)\)=‘g‘_s“+‘s5_"'»+(_n’ _S’,.__l

“ , neven.
1-8; + 8=t (=1)2 8,

S-St S (DS,
1= Syt 8= e (= 1D g, )

120. If Sinp =sin P.sin (z + p), required {o cxpand p in
lerms of Sin P and of the Sines of z and ils multiples.

Hymers’ Astronomy, Art. 247.

2\/]__1_ (e2V=1 - -#V=1) by (115), the equation becomes by

substituting such values of Sin p and Sin (z + p),
1
2vV-1

and, by multiplying both sides of the equation by 2V -1.¢? V=,

Since Sin p=

(V71 - 7Y = sin Pé?/_l'—l (ee1PVTT - i1 VTT)

e?V-1_1=sinP (e(’+b)~/'-_1 - e-‘V-_l)

= sin PesV=1, e V=1 —gin PeV-1;
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s’ﬂl:f(l —sin Pe'*’:-l) =1-—sin Pe* V':_‘;
\

L]
. epy/Ti 1 PesVal

1-sin PV’
v 2pVTT = Le(1 = sin Pe=V=1) — e (1 = sin PerV7)
= - sin Pe-rV=1 - J sin? Pe-2V=1- § sind Pe-mV=T_ .

+ sin Pex V-1 +4 sin? PeuN=14 3 sind PV 14 .,
Appendix 1. 14. iii.
. pesi 1 VT eeVoTy D2 P L (2 VET -2 VT
.. p=sin P 2—————__1(5 -€ )+ sin PQ\/:_I_(e —€ )t
= sin P’ sinz 4 % sin? P sin 2z + % sin® P sin 3z +...

Coxr. The number of seconds contained in the angle p, which is expressed
by the arcular measure, is (107)

» sin P sin? P 8in? P

_ s G oa i 1 .
L= , sin 2 L 8in2z + 1 L, 8indz 4+ ..
sin 1”7 sm 1”7 "+2mul' *T8aml1”T" +
sn P, sin? P, sin* P,
or = -———sin%g + ——-sin 25 + — sin 3z ...
sin 1 s 2 sin 3

121.  1In the same manner if tan /= . tan /, and the tangents
be expressed in terms of {,/—1 and /' /=1 by the formula of
(115), it may be proved that,

1—n

U=l—-msin2] + im*sin 47— y»’sin 6/ + ... where m = l+n®

Cor. The number of seconds in V', is (107)

r l m . ;. m
= = _.r_ —- —sindl - ...
sml” sml’ s’ sin 21+ 5 sinl” sin
! msin2/ m?sin4l
or = - = e

Tsin1” " “sin 1” s 2"
['!‘he angle /, which is the observed latitude of a place, is read oft in degrees,
minutes, and seconds from the instrument by which the observation is mat}e;
therefore to find the degrees, minutes, and seconds n J’, the only computation
necessary is to determine the number of seconds in the latter part of the series,
viz,

2
T sindl-..]

m_ .
Tsinl 8 2l+sm2"
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1 . .
) ] oo 7
122, To c.rpand i Secosp M @ serics of the Cosines of 6 and

its multiples ; e being less than 1.

By hypothesis, ¢ is less than 1; and since (1-5)%, or 1—2b+2? being a
square, is necessarily positive, 1+ 0% is greater than 20,

L 2b
ct .. C=l+b”’

- V) puy

1 P 45 1-02\2
caear- ook

o (e
1- ‘\/l—(" l—VI-(' I+V1T'

Whence, i2=—,. - = — =
P T IVI— 1eVl—e

¢
14vl-et

1
Let 2cos 0=a’+-‘;_.

1 .
Then = 2, - R
M T ecost ™ ('+ ) (+89 (I =brya—b)°
]+b

Assume 4_ B

- ba)(z—b) ity
coa=d(w=0)+B(1-02).

Whence, by putting 2 successively equal to % and b,
A== ! B= b

1-3% -4
‘Wheref ore,

1+b (
1- ccosO 1-02'\I=oz bz- a— b)

l+b’" 1 b 1
1o (l—bw z 1__5)
x

1400 [0+ 8%+ 8+ ...
- }
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1422
S Snwrk {L + 2b cos 0 + 20% cos 20 4- ...}

'
1
=— {1 + 2b cos 0 + 202 cos 20 + ....}.

NT—¢?

e . . .
Since ¢ is less than 1, b, or —— ---, is small, and thercfore this series
. 1+V1 = et
converges rapidly.
. . . 1—¢f
Cor. The equation to an ellipse is r =@ ————
1-ccost
pole and 0 being measured from that vertex which 1» the further from the
focas

, the focus being the

4

cor=aVI—F{1+2bcos 0 22cos 20 + ...} 5 where b= - __ |
14+Vi—e?

193. The approximations of 114, Cor. to the values of the
sine and the cosine of a very small angle, may often be applied
to determine the magnitudes of Astronomical Corrections.

Ex. 1. If Sin(w—y)=sinw.cosu, where y is very small,
required an approximale value of y.

Here, Sinw cosy— cosw siny =sinw cosu;
o (1—3y%) sinw—y cosw =sinw cosu;
ycos«u-{—%y’siuw:sinw——sinw cos u
=sinw(l—cosu)=2sinwsin?Ju;

< yll+ Lytanw} =2tan wsin® Lu;
2tanwsin3%u o .
—————— —— =2tanw sin® S u{l + }y tanwj"

=2tanwsin®Jufl-Jytanw+ ..}

. By neglecting the second and all the succeeding terms of the expansion, as
being small when compared with 1, a first approximation (7)) to the value of

y is obtained,
y=2tanw sin’%u;

And by putting for y in the second member of the equation this its first
approximate value, a second approximation (y) is obtained;
6
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Yo =2tanw sin® Ju {l - tan w sin? § u tan w}
<
=2tanw sin® 1z {1 — tan®w sin?} u}.
The number of seconds contained in g, is  (107)

Y2 tanw . ooq 0 e o0\,
2 sin1” sintlu);

and the two terms of the expression having been separately determined by means
of logarithms, the number of seconds in g, is known.
Hymers® Astronomy, Art. 176,
Ex. 2. In the same manner it may be shewn from
Cos (z+ y)=sinz.sinz.cosm+ cos . cos n,
where y and = are very small, that

The number of seconds in y is

Y 7 cosm + n®
sinl”~  sml1” " san2”

cot = sin®m,

nearly. The terms of this expression arc, as in Ex, 1, determined separately
by means of logarithms.
ITymers® Astronomy, Art. 161,

124. The expressions of Arts. 115, 110, have been employed
in Arts. 120, 122, to expand certain quantities in the form of a
series. The operation can be reversed, as in the following
instances.

To find the sum of the series,

(1) Sina + sin 2z + sin 3a +... + sin na.

(2) Cosa+ cos2a +cosda+ ... + cos na.
— 1
(1) Let 2\/—lsin{1-_-(r—;;

o2V sin 22 = 2% — zl (110).

1

28

2V 1sin3a =23 -

2\/—lsinna=.r"-%;
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.. representing the sum of the series (1) by S,

1) .
1 1/
W S=z+a2+ P4t 1
z 3% a8 T
1
-1 1 g} -l““+—1——-.z-—l

. & L

=T ,
-1 z =

= = . S =%

1 2\/ lamga

cos & —cos ) (2n +1) a} = s:n?]ff

J

e 9 = Ghinla’ ind
~ 8 25in?1§u { .sing(n+1)a.

(2) Similarly, 2(cosa + cos2a + cos3a +... + cos na)

() (-3)

,1-}—._-

at

_ sin 4.)( n+1)a-—<m},a
- sin ia ;

1

sin § na

, the scries (2) = _hlntl PRL F(n+1)a.
B

125. The formule of Chapters II. and III. may sometimes
be employed for the like purpose.

To sum the Series,
(1) Sina+sin(a+d)+sin(a+2b)+... +sin{a+(n—-1)d},

(2) Cosa+cos(a+b)+cos(a+2b)+... +cos{a+(n—1)b}
6—2
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(1) Cos(a-}b)—cos(a+3b)=2sin Lhsina,...(51, 4).
so cos(a+}b)—cos(a+3b)=2sinlbsin(a+0)
cos (a +3b)—cos(a+£5b)=2sin}bsin (a4 20)

cos {(4+1}(fzn—3)b}—cos fa+d(@n-1)b}=2sindbsin{a+(n-1)b};

.. by addition,
2sindb[sina+sin (@ +b) +sin (@ +25) + ...
+sin{a+ (n—1)bj]=cos (¢« —4b) —cos {a+ % (2n—1)b};

G
sin ) nb

*. the series (1) = .sinfa+3(n-1)0}.

0
sin 46
(2) In like manner, beginning with Sin (a + }b)—sin (a - 1)

= 2sin 1 b cosa and proceeding as in the last case,

Cosa + cos (a+b)+cos (a+2b) + ... + cos {a +(n—1)b)
_sinr;}nb

sinﬁ,b—.cos {a+d@m-1)dl.

Conr. Writing a for b in these results, the results of (124) arc
immediately obtained.



CIHAPTER VI.

ON THE SPLUTION OF EQUATIONS AND THE RESOLUTION OF
CERTAIN EXPRESSIONS INTO FACTORS.

126. To solve a Quadratic Lqualion.

1. Let %+ pr - ¢ = 0 be the equation.

Thcnz:—‘g:,- (7_’:"4_9)::_\/7‘ L ./’f_,]):.

{ 4 (2\/,1 ig
4
Let ;Z:tan’ﬂ ................ ceevenseans (D)3
oL Jantesly)
e E= \ll(!..m(l:F tan ¢
;1 fsech v cosf 1
TV om0 TV Ting
cosf—1 —2¢in2l6
N ST o TEMRY _ _anl
NOW nd 2sin 10 cos 10 tan 2 6,
Q )
an 8039-!-1_ 2 con? al;ﬁ 1
b s v _2311146(:0»%6“!&";50'

If therefore 2, and r, be the two roots of the equation,

- 1
P=Vgtan 30, ..o (2); @y =y s (3).

From (1), Ltan0=1,2+1.1,¢~1,p+10, which determines 6,
(2), ]m‘l‘x=t¥-]wq+Ltall~;—0—-IO,
3), Lo(-2)=%.Li0g - L tan }6 + 0.

11. If the equation be 2° — px — ¢ = 0, the roots are the same as those of the
preceding equation with their signs changed ; for the product of the roots with
their signs changed (~ ¢) remains the same, and the sum of the roots with their
signs changed (the coefficient of the second term) changes its sign, but continues
f the same magnitude. (Wood's Algebra, 8th Ed., Art. 281.)
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11 Let the equation be 22— pz + ¢=0; then ,
Pl 49
_2zlx /(1—? .

If i‘p—z be less than 1, assame ;—3=sin96

ceerereenn( 1),

Then, x, and 2, being the roots of the equation,

s1=3p(+c0s8)=pcos?l O ..unurennnnneen. (2).
g=3p(l—cosb)=psin®l ... ceene(3)e

From (1), Lsin6=),,2+ «}-]m’]‘]n,]l+10,
), llu &= lw P+ 2L cos } 0 - 20,
), ]lo’z=llop+f-’L Sin-;ﬁ—f.’ﬁ.

1v. If the equation be z’A+ px +q = 0, the roots are the same as those of
the last equation with their signs changed. (I17vod's Algebra, Art. 281.)

o 4
In the last two cases, if ]T({ be > 1, let };’-7 = sec?0;

then z=1pil< V-(sect 0 - 1)} = Fplxtang V),
and both roots of the equation are impossible.

These solutions may be employed in preference to the common method of
solution when p and ¢ are very large numbers,

Ex. Required the roots of x*+ 365°42x — 34691 = 0.

By case (1.) Ltan6=1,2+1.),3469-1 - 1, 365-42 + 10,

By the tables.

y ’ 1,2= -3010300

3.1,03469°1 = } x 3-5402168 = 17701084
10

12:0711384
Subtract 1,,365-42 = 2-527923

9-5083461 = L tan 17¢, 52', nearly ;
o Loz = 3.1,34691 4 L tan 8, 56'= 10,

3 .1,,3469-1 = 17701084
L tan 8°, 56' = 91964302
10-9665386

Subtract 10

9665386 = 1,092584, nearly.
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Again, Lio(-23) 5311034691 = L tan 8, 56 + 10,
10 + .1, 34691 = 11-770p084
L tan 8, 56’ = 9-1964302

2-5736782 = lm 374 69 nearly.
Hence the ;pproximate values of the roots of the proposed equation are
92584 and - 374-6.
After , was found, z, might have been more easily determined from the equation

- (2, + x;) = 36542, (Wood's Algebra, Art.271.)

127. 7o solve a Cubic Equation.

Let the equation when transformed, if nccessary, to another which wants the
second term (M ood’s Algelra, Art. 284), be 2® —qz —r=0; ifz= % , this
equation becomes y* - gn?y — rn?=0.

Now Cos®¢p =  cos ¢ - 71 cos 3¢ =0. (55, Cor.)

And this equation is identical with the equation y* - gny — ra® =0, if
(1) Cos¢p=y.

(2) 3=¢n%; and .. 1»:%\/3-
r T
® Yoodpmrats and . Cosdg=drat= 3V 5,

Let a be the least value of 3¢ which satisfies the equation (3); then one
value of y is cos ¢, or cos %a.

Also since, (103), Cos a = cos(2mm % a), the two other values of y are
contained among the values of Cos 3 (2mmw a).

Now m, being an integer, must be of one of the forms 3p, 3p 41,

and Cos 2—"3:;1'-*—“ = cos (2pw & } a) = cos ba. (103).

Co“2(3p.-£;) Tda

2rLa’ 2r+ a
=—.cos(2p1r.-.!= 3 )-cos—s——».
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Wherefore the three, values of y are
CosJa; Cos}(?r+a); Cos}(2r—a);

and the three values of z, or% , are

- - —
gx/g.cos%a: 2\/§.cos$(27+ a); EVIg.cosb(‘.’.?r-—a).

128. The solulion of a cubic equalion given in the last Article
applies 1o those cases only where all the rools are possible: i e. to
the wreducible case of Cardan’s Rule. [ Wood's Algebra, Art. 331.]

Since Cos a is necessarily less than 1,

07 s 2
.'.'r\/%<l, I eV 4 r.4

3

2V 2 570 1T

which is the irreducible case of Cardan’s Rule.

129.  To resolve the equation x™—1=0 inlo its quadralic
Jactors, n being a posilive infeger.
Here a®™=1.

Now (cos 0 + /=1 sin 6)2 = cos 226 + v = 1 sin 26,

s mm . PP
and if 0= ™ and n being positive integers,

mm . mar\* —_—
(cosT+V-lsmT) =cos‘2m7r+\/—-lsm‘2m1r

=1, since sin 2m7 =0;

=a%;
v 2=cos ZZ 4 /T sin 2.
n n
Now m, I.)eing an integer, must be of the form ».2n 4 », where p is 0 or
any positive integer, and 7 is 0 or any positive integer less than 2n.
.2 .92
Wherefore, z = cos (L-';j' 1)—15 + vV —~1sin (_P___f_j-_j)_ T
n
” -
= cos (2p1r+ —n—w) +4/=1 sin (Qp-rr +’;;r)

rmr

rw —
=08 — + V-1 sin
n n

, by (103),
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And for r writing (b 1,2 ..2n-1, succcssi.vely in

7 — ., T
x = cos I+\/-— 1in —-3
n n

(1) If r=0, x=1,

9 — - ™ TG T

(2) r=1, .z'--cosn+\/ Lsin—,

(3) r=2 o= con X +V =T sin 2m
’ n n’

(n+1) r=n,

on -2 —_
en—-1) r—2n-2, &=cos- wT+V ~1sin - -7
n

REJ —_, 27 .
=cos =- =\ —lsin" -, (1C3).
n n

o 9
o2n -1 — . 2n -1
3n) r=2n-1, 2=cos——w+V —1sin -
’ n n

™ —_ ..
=C0S- =V —1Lsin—.
n n

Now the equations (1) and (n + 1) give the quadratic factor (x -1)(x+1)=a?—1;
the equations (2) and (2n) give

™ —, T m —_—, T ™
& - cos —\/—lsmw) 2 —cos ~ +V=Tsin- ) =a?-2rcos +1;
n n " n n

and so on

~1
1‘9‘—]={‘l‘2—”‘1‘2—21‘(‘0§7+1 ! e 2r cos 2 m+1 :
n n

Yo

Wherefore,

130. To resolve the rqua!ion X™+1=0 nlo ils quadralic
Jactors, n being a positive integer.

2 +1=0; .a™=-1

Now (cos0 + V=1 sin 0)2 = cos 270 + /=1 sin 220. And making 2n0 =
(2m + 1), and proceeding as in the last Article,

2m + 1

2 —_—
m+1 m+V=1sin" gn ™

& = CO8 '2"
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Also, assuming m =p.2n 4 r, where p is 0 or an” positive integer, and
r is 0 or any positive integer less than 2n, as before,

2r +1 . +1
= cos =3 \/—Tsm- —a;
r=c 2n + 2n O ?

by means of which it may be proved that
L 3
a% 4 1 = {2%— 27 cos ot 1} {22 — 22 cos ot 1} ...

.o fa?— ”zcos 11r+l}

131. 7o resolve the equation x™' —1=0 inlo its quadratic
Jaclors, n being a positive inleger.

As in the last two Articles,

(cosB + v/ =7 gin 0)+! = cos (2n+1)0 + V=1 sin (2n +1) 0
Dn

=1, if (20 +1) 0 =2mw, orf = +1°
-

= afntly

0 0
<m o -m
e X =€08 —— -z +V-1sin- L
2n 41 2n 41

and making m = p.(2n + 1) + r, this becomes

2rmw 2rr
-
.r-coq2"+ +‘\/ lblﬂqn+l

Whence

O 2nwr
Wil ] = {g - 2 = oo {2% = 22 COS o—— .
@ 1= {2 -1} {22 - 22 cos Ty 1} e {2 &+ Cos 5T +1}

132, To resolve the equation x**+1=0 inlo ils fuclors, n
being a positive inleger.
Here a*tl=-1,
(cos 0 + vV —1sin0)24 = cos (2n + 1) 0+ =1 sin 2n + 1) 6,

2m + 1

and let (2n+1)0=(2m+1)m, °r6=7'7z—+_1 w;

* Here if r=0, ¥ =1, and one factor is 2 —~1; the values of & corre-
sponding to 7 =1 ’and r =2n form one quadratic factox, those corresponding
to r=2 and r =2n—1 form another; and so on.
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e fc0s 0 + V= 1sin0)2H = — 1 = 2%t

2m + 1 'I—l . 2m+1
a 4+ V—1s8n gl

™3

and making m = p.(2n +1) + r, this becomes

2r + 1 .
.r:cos—r—-—"—'lr-i—\/—lsm

2r+1
2n 41 2n

+1

™.

Whence, as before,

2 41 ={r+1}{2®- 2z cos +1}......

2n+1

133. To resolve Sin 0 and Cos 0 into factors.

The values of 6 which satisfy the equation Sin 6 =0 are 0, =m, ﬂ:?jr,
+3m, ...l +nary n being any integer whatever. Assuming then that the series
which expresses the value of Sin is divisible by 6, 6 —m, 6+, 6 —2m,
0 + 2, &c., let Sin0=a.0 (8 —m)(0+m) (b —2m) (0+2m)..., where a is
some constant quantity whose value is to be determined.

oo Sinf=%a.0(r=0)(r+0)2mr-0)(2r+6)......

o
=ia.e.w(1-—).w(1+9).27r (1-%’—).27(“;,6—) ......
™ s - ug

2 2
==|-a.7r’.2"'7r’.3"'7r"’......x0( ¢ )(l-—e——) cseses

1- purs 92 e

3 ] 2
. s.‘l‘.ﬂ::&a.vr"'.?%r?.:i?vr’. v X (l— 6—) (I --L)
Y ar?

2-‘7‘-4
in 6
now if 6 become 0, ﬂ%— becomes 1, (104), and this equation becomes

1=+ta.n?.2272, 322, ...

® Here the values of x corresponding to the values 0 and 2n of r form
one quadratic factor; those corresponding to the values 1 and 2n -1 form
an?\her; and so on. When 7 is n the value of # is —1, and  + 1 is therefore
a factor.
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02 62 62
o’ SmB 8(1-—;))(1—@—’”‘) (1—3_11;) ...... (]).
3
Again; the values of 0 which satisfy the equation Cos6 = 0 are % ;—:, + —;—.
9
s 2n+1 My weeee 3 0 being any integer whatever.

3 B)

Hence, making an assumption lke that in the former case,

2 2 2 o202 92 092
Cose=ib.1.i—”—....(1-'0)(1—_‘,6,) ..... .

a2 21 7,-2

Now if 0= 0, this equation becomes 1 =+15. U .

2202 2207 22092
Cosﬂ.—.(l - ) (1-3%2) (1 -5,_,72) ...... .

Con. If 6= 2 m, the cxpression for Kin @ becomes,

17:( 2)( 41)(1_‘})(1_1—’) ......

L -1 £2-1 62-1 821
=~i' u" VAAI.‘_'_(;‘-.AU'V ..... .

(21 (241) A=-D+D) (B-D6B+1)
2" 2¢ : 4 : [

. I
..1r=..l—.—.3.§'.—5.ﬁ.7.9---

This is Wallis's Theorem for the determination of 7r; in which the successive
factors become more and more nearly equal to 1.



APPENDIX 1.

ON THE LOGARITIIMS OF NUMBERS, AND TIE CONSTRUCTION OF
THE LOGARITIIMIC TABLLS O NUMBLRS.

.

1. Der. If n=a% zis called the Logarithm of the Number
n to the Base a; or the Logarithm of a Number to a given Basc
is that power to which the base must be raised to give the number.

If a logarithmic formula be generally true whatever may be
the value of the base, the logarithms of the quantities involved
will be written thus, log m, log 2 ; but if the logarithms are cal-
culated to some particular base, (as 10 for instance), they will
be written thus, log,,m, log,u; or thus, l‘om, ]mn.

If n=a", and, while ¢ remains the same, successive values
be given to n, and the corresponding values of & be registered,

the tables so formed are called < Z'ables of a System of Logarithms
{o the Basc a.”

It will hercafter (10) be shewn that a system of logarithms
calculated to the base 10 is attended with peculiar advantages.

2, Since if n=a*, z=ln;

therefore, in all cases, n=a"=a"""

Cor.1. If =1, = becomes=a, and .- la=1.
If =0, a* (or n) becomes 1; and .- 1“1 =0.
CoR. 2. Ifa be the basc of any system of logarithms,

since m=a"", and n=adl",
1 1
w.mm=q, and nle*
1 1

oo mP=plet s and mlet = nlem;

=da,

a true result, whatever be the value of a.

Wherefore, m"&" = n'&™,
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3. Required from tables of logarithms calculated to a given
base, as ¢, to _form tables of logarithms to any other base, as 10.

By (2), n=¢e"; n=1010"; 10 = ¢l

& oo = (e"“’)’lﬂ' = WOl

and equating the indices of ¢,
1

1. 10" bem

lLin=1:10. l,n; and lyn=

Hence the logarithms of any number n in (wo syslems calcu-
lated to any bases, as 10 and €, are connected by a constant multi-

>

plier, (viz. o > which is called the ““modulus;” and therefore

L10
from tables of logarithms calculated to a base e, tables may be
formed to the base 10.

.. . . 1
Cor. By writing a for 10 in this proof, 1,,n=1—a.l,n; or,
the modulus connecting the logarithms of a number in the two

systems whose bases are a and ¢, is I
€
4. The logarithm of the product of any number of factors is
equal (o the sum of the logarithms of the several faclors.
For m.n.r...=am, ala®, glar .., = qOamtln+lar+...)
But m.n.r..=alnr.);
oL (m.n.r.)= lom + Lo+ ],'r + e
or, log(m.n.r..)=logm+logn+logr+..
Hence if there be found in the tables the number whose

logarithm is the sum of the logarithms of the several factors, the
product of those factors is obtained.

5. The logarithm of a quotient is cqual to the logarithm of
the dividend minus the logarithm of the divisor.

m 1,m
For obZ) =72 alam=lan
n " ala

m m
o L(;) =lm-1n; or, log (;) =log m —log n.
Hence if there be found in the tables the number whose

logarithm is the logarithm of the dividend minus the logarithm
of the divisor, the quotient is obtained.
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6. The logaritln of the c™ power of any number is equal o
c times the logarithm of the mumber ;—c being either whole or
fractional.

For i) =m = (alc"l‘)‘-‘ =a .l,m;

vo Lm)=c.lim; or, log (m?) = ¢ . log m.

h) L L
Also, alelm) _ m = (a]a"l)p - ac.l.m;

1 1
e L (me) = 1—- Lm; or, log () :-cl- « log m.

Hence if any number be given, the ¢ power of it is that
number in the tables whosc logarithm is ¢ times the logarithm of

the given number; and the ¢" root of it is that number in the

t

. .1 .
tables whose logarithm is = ® of the logarithm of the given

number.

#. From the last three Articles it appears that the operations
of multiplication, division, involution, and evolution can be per-
formed with greater facility by means of tables of logarithms
than by the common arithmetical methods, particularly when
the numbers arc large. The easier arithmetical operations of
addition and subtraction cannot be performed by logarithms.

8. In the common (or Briggs’) system of logarithms, the basc
of which is 10, the logarithms of 10" x N and To° ™4y be deter-

mined from the logarithm of N.
For 1,(10"x N)=1,10°+ LN, by (4)
=n. 1,10+ 1N, ... (6)
=1+ Nuvererrreenenn (8, Cor. 1),
And I,O(Tlg") 1L N1, 107, e ().

=11°N— n,
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‘Thus from the pages of logarithms printel at the end of thi,

Appendix,
Pl 1.8=07781515;

~ 1,60 =1,10+1,6 =1+07781513 = 1-7781518,
1,600 =1,,(10)+1,,6= 2 + 07781513 = 27781518,
16 =1,6-1,10 =07781513~1,
1,006=1,6-1,(10" 07781515 - 3.
‘The last two logarithius are written thus, 1'7781513, 3°7781518.

Drr. The integral part of the logarithm is called the “ Cla-
racteristic” of the logarithm of the number; the decimal part is
called the “Manlissa”* of the significant digils of which the
number is composed.

Thus, in 1,600 = 27781518, 2 is the Characleristic of the
L.ognrilllm of the Number 600, -7781513 is the Mantissa of the
significant digit G,

9. In the common system, to delermine the Characteristic of
the Logarithm of any given Number.

If a number be between

1 and 10, its log. is between 0 and 13 .*. the characteristic is 0.
10 and 100, .......... 1 and 2; .
100 and 1000, .. .. 2and 3;
10*-! and 10° .. e n—1and n; ..

Hence the characteristic of the Logarithm of a Number of 2 integral places (and
which therpfore lies between 10*-Iand 10%), is » — 1, or is Jess by one than the
number of integral places of figures in the number.

Again, if the number be between

1
1 and 10 its log. is between O and ~1; .. the characteristic is 1,
l -
- — — —-— 2. ... T TR T T T Y p
i and TO) rreeeeeseeeseenssaseens land - 2; 2,
1 L werenernesnrnene —(M=1) 80 =75 v cneeiennnns TS
e T

% ¢ MaNTISSA;" a handful thrown in over and above the exact weight;
an overplus.
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Hence, the Characte{islic of the logarithm of a decimal fraction having n — 1
cyphers after the decimal point, is 7.

Generally therefore, the Characteristic of the Logarithm of any Number is
the number of its digits minus one; wheie1f the number be a decimal fraction,
the cyphers which follow the decimal point are alone counted, and are reckoned
negatively.

Wherefore, conversely, if logarithms be given having characteristics 1, 2, 3...
1, 2, 3... there are in the integral parts of the numbers to which these logarithms

belong 2, 3, 4......0, — 1, — 2... digits respectively. o

Thus the logarithms of 245 and 25400 have for Characteristics 2 and 4, and
the Characteristics of the Logarithms of 2-54, 254, 0-254, ‘000254 arc 0, 1, 1, 4.

The Mantissa given in the tables for 1,,3652 is -5625308.
<. 1,,3652 = 35625308, 1,,36-52 = 1-5623308,
1,,365200 = 55625308,  1,,-3652 = T-56625308,

1003632 = 3-5625308.

10. Tle advantages of DBriggs’ system of logarithms.

From the last Article it appears, that it the Basc of the system be 10, it i
requisite to register the Mantisse only in the tables; because the Characteristics
can be determined by counting the digits in the integral part of the numbers
whose logarithms are required. This omission of the characteristics renders the
common tables /ess bulky than those calculated to any other base.

Also, from (8) it appears that in this system the Mantissa of MV is also
the Mantissa of 10" x N, and of I:(T"’
stance renders the common tables more comprehensive than if any other base
were taken; for if any other base were uscd, the Mantissa of IV would not

N
be the Mantissa of 10*. V, or of 1o

—where 2 is any integer: this circum-

In the same way it might be shewn that if the system of arithmetic in
common use were duodecimal mstead of being decimal, tables calculated to the
base 12 would possess the same advantages which have been here shewn 10
belong to the tables in common use.

11. The tables of logarithms in common use register, some to five, and
others to seven, places of decimals, the mantisse for numbers from 1 to 100000,
Two pages of logarithms are printed at the end of this As)pcndix. in which the
mantissa are calculated to seven places of decimals. The line at the top of the
second of the pages begins with the number 3650 (or 36500), and its mantissa
-50:22929 is placed opposite to it. And because the mantissz of all numbers from
36500 to 36559, (comprised in the first six lines of the page), have the same initial

7
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three figures, viz. *i62, these three figures are registered,’once for all, opposite to
the number 3650, and the last four figures of each succeeding mantissa are
placed under the number to which they belong. Thus the first line of the

page is
Num. 0 1 2 3 4 5 6 7 8 9 :
5650 | 5622020 l 3()48‘ 3167 | 3266 l 3403 35-24] 364~2| 3761 I 3680 | 3999!

Whence is obtained, Mantissa of 36600 = -562 2929

................ 36501 = 562 3048
................ 36502 = -562 3167
ot cerereenents 36503 = -562 3286,

and so on.

In the same manner, the next line gives the mantisse of numbers from 38510
to 36519 inclusive.

12. Since a change in the valuc of the third figure may not take place at
the beginning of one of the horizontal lines, whenever a mantissa is sought
from the tables, carc must be taken to get the mght initial figures. Thus
(sce p. 111), the mantissa of 36643 is -5639910, and the last four hgures of the
mantissa of 36itid4 are put down as 0024. Now if the mantissa of these two
numbers had the same third figure, the mantissa of 36644 would be less than
that of 36643, which cannot possibly be. A change n the value of the third
figure does, in point of facr, take place here: and the mantissa of 36644 (as
do those of the numbers immediately following 36644) begins with -564, and
not with -563.

Similar changes of the third figure of the mantissa occur at the numbers
36724, 36813, 36848, 36483, and are indicated by printing in a smaller type the
fourth figure of the mantissee of those numbers.

The construction and use of the small tables in the last column
of page 111 will be explained hereafter.

13. Examrres. (1) Tomulliply 23 by 16. Art. 4.
By the tables, p. 110,  Mantissa of 23 is ‘3617278,

Mantissa of 16 is -2041200;
o 1,28 =1-3617278
1,y 16 = 1:204120)

25658478
As?,g, p. 111, the significant digits corresponding to the mantissa *5658478 are

?

. 110 3680 or 1,,368 = 2 5 58478 ; and .-, 368 is the product sought.
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(@) To multiply 0172 by +00214.

1, -0172 =3-2355284
1,,-00214 = 33304138,

55659422,

=1,,-000036808 ; p. 111;
Whergfore 000036808 is the product sought.

(8) To divide 3672 by 51000. Art. 5.

1, 3672 = 3-5649027 p. 111.
1,,51000 = 47075702 p. 110.

2-8573325
= lm 072

a3

Wherefore ‘072 is the quotient sought,

(4) To find the values of (15°4), and (G50):. Art. 6.
1,154 = 111875207 p. 110.
3
3-6625621 =1,, 36
approximate cube of 15-4.
Again, 1,650 = 2:6120134,

6523, nearly, p. 111
- 3652-3 is the

p- 110,
.1,,650 = -5625826 = 1,,3-6524,

L‘Il—'

nearly, p. 111,
.*. 3:6624 is the approximate fifth root of 650.

(5) To find the values of (085)", and of (-000065)%.

2:0294189 = 1,, 085
4

57176756
and the mantissa is that of 522006, nearly. Therefore 0000522006 is the number
sought, nearly.
Again, 1,,°000065 = 58129134 = 6 + 18129134 ;
o 3)58129134

2:6043044 = 1,,-040207, nearly.
Nore. In dividing it is to be remembered that 5'8... = 6 + 1-8...

—2

99
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14. To cxpand L(1+x) in a series astending by powers
of x.

Let p denote the logarithm of (1+2) to the basc a, so that
1+xz=a". Then (1+a)"=a™={1+(a-1)". And expanding
both sides of this equation by the binomial theorem,

m-1 e 2+
]+mz+m.—2—v.x+m. g g T e

-1
=l+mp(a-—1)+mp.-7y%——~.(a—])’+ ...... ;

and arranging according to powers of m,
1+(@-32+32"—..)m+ P+ Qm* + ...
=1+{a-1)-L(a-10 +§(a=1)"'=...}pm+ Pm* + ...

This relation being true for all values of m, the coefficients of like
powers of m on each side of the equation will be equal; wherefore

{la=1)=3(a=1)+L(a-1)~-.}p=a— )2+ "~ ...;

1,2 ) il
Slea),=p = TR ENE T .G
1+ =p, (@a=1)=4(a-1y+L@=1)y=...7""" @)
Let ¢ be the quantity which when substituted for a makes
the denominator of this fraction equal to unity ; then

G B B PP (i)
and .~ la=(@a-1)=3@-17+3(@-1P—... ...... (iii.)

And hence
],(I +I)=le (z=32°+ 32"~ ..) @iv.)

1 .
Cor. The modulus :— of the common system of logarithms

1o
may be calculated thus; by taking for granted the formula (ix.)
and (vi.) which are proved hereafter,
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. \ 1 1 1 1 1
By (ix.), 1!5=]E4+2%8+ +3- (8*_'_])., 5" u"_;r'ﬁ-l--..g
(1 11 11
=2 ]¢2+2(g+§ ;n+3.-‘:’-§+. y3
1 11 11
..1510,=1¢2+155,=3.1,2+2:T+;.@+5,§+.
e 1 11 11
()254'-3.@‘-}—3.,—5—{* %by(vx),
= (111 1 )
+2(§+§-9—..+5'§5+"'5
l+1 1 1 l+
Y 39 ThrgeT
R R T T B A |
totggty gt
= 2-30258509...
. . 1
Whence is obtained, ] -0=0'434294819. .....
1

15. Some rapidly-converging formulic for the calculation of
logarithms will next be investigated.

.. -1 r—1 Jrr—1\*
L. By (ii.), ]‘;, =1, (1-. - ), ==, —2(——7 —
But L1-Ya-Le-—la;
r— r—1\2
IS ]¢¢‘=—';— +%(—J--) 4 ceecossencccescrarae seee ceoee (V.)
2 3
II. Again; ]((1+z)=z-——;—+%—...; and L(l—z):-z-—%-%f_...;
2
].(l+z)-1¢(1-z), orl——-— =2{z+-3-+%6+...}.
o 142 L, _r=1 .
And if =5 and..z_l+—l, this becomes,
o =l Y z—1\ 1rz—1\¢ ) .

' l'x_"'lw+l+ sle 41, +3 Py Foeo [ eeerenennncnn (ViL)

If = be a little greater than 1, this series converges very rapidly.
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1 1
111. Again, ]gz = ],(w"')"'= m .lca""
1 1
=mi(a™ -1)- 4 (2" - 1)2+...}, by (ii.)
1

and, (# being greater than 1,) by assuming m of sufficient magnitude a™ may
be made to differ from 1 by any definite quantity, however small the quantity
may be; in which case the succeeding terms of the series may be neglected as
being of inconsiderable magnitude with respect to the first, and

](.rsm(xi-l) ..... eereeeerereree st (vii.)

16. Having given lcx, to find le(x +2); z being small when
compared wilh x.

Lol o () e s 1(0+3)

(3]
[. & __=z ]
(l +§)+ 1 r+s

lLz42)=lir+2 % _:,;;“;; + 1‘ <_T”"+ ;)3" ; ............. (viii.)

Expanding 16 (l + f) by (vi.),

. (11 1 11 ) )
Con. If z=1; Lata)=1 242 L 5eii ¥5 sl 5 et T cees (iX)

which is useful in computing ]E(l +a) from le x, particularly when o is large.

17. Iaving given the Napicrian Logarithms of two successive
numbers, x —1 and x, to find that of the number next following.

1
.1'9(1 -—~)
-1 2*
le(z+1) = L = l.__:l_._

= 215.1'—1e (I—l)+]e(l _a,lﬂ)

(1-4)-
. L ince 22 ___1 ]
Expanding (l-;—, y (vi.), [si ( 1)+1 =-gm_i 1

1 1
16(1‘-&-]) =2]!I-]e (1’—1) —2{2—;’T-l + g .(’:2—55';'"]734- .-.} ............ weore (X.)
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18. To (wpand a* in a series ascending by powers of x;
i.e. to expand the number in a series ascending by pouers‘
of the Logarithm.

a =1 +(a—l)}’

_1+.r(a-1)+x ——- (a-—l)’+.z- -1 -2 1)a
2 3

let the coefficient of x {which is(@a=1)-3(a-1)+] ((l -1)-
be represented by p,, and let the coefficients of 2%, a%...be repre-
sented by p,, ps,..-; then

@ =1+ P+ P2+ P+ ...
at=1+pl+ St pt
Now a"“*' =a".a%
or 14+p(x+3)+p(a+2)f...+p.(z+2)+...
={1+pr+pa®+ ... +pa"+ . x {1+ p5+ s+ oo+ p™ + ..,

and b) equatmg the coefficients of the terms involving zz, x*z,

""N
£’z

2
2p,=p,. P, ])2=l’9"—

3ps=pi- Pas S PaT g g

RO O W
RePa=PiPais < Pa= T, g o
Now Px=(a—1) Ya-1y+l(a-1y-..=la; by (iii)

] a a) (1 a) (] a)
Lat=1+-. € ___‘_ B — . i
nat=1 1 =+ 1.2° .2.3 E 1.2.8...n o4 --..(x:.)
Cor. If the base be €, (xi) becomes
x*

E=1+x+ — 2 +— ca -+ ii
T2*tTas" -l—‘QW-n-l-.........(xn.)
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19. To find the value of , the base of the Napierian system
of logarithms.

If 2 =1, and the base be ¢, the series for a* in the last Article becomes

1 1 !
B PR PR R I T

1 3
'NOW, 1+1+ i =25
l 2 re.
1.2.3 = 16666666606
1
e - . 66666
1.2°.3 4 0416666666
1
1.2.3.4.5 = 0083333333
— T = 0013888888
1.2.3.4.5.6 ° s ]
1

= 00019864126

-, = 0000218015

- ——— - — ® g nn

12208 o, .y T (0000027557
1

_— = 0000002755

128 49 10~ 000 755

27182818
This result gives the correct value of ¢, the base of the Napierian system, so far as

the figures are f)ut down. By taking more terms and a greater number of figures
in each, the value of ¢ might be determined to any degree of accuracy required.

20.  On the construction of the common tables of logarithms.

From one of the series (v), (vi) (vii), the Napierian logarithms of low prime
numbers may be found. The logarithm of a high number which is not a prime
may be determined from the logarithms of its factors, by resolving the number
into powers of its prime factors;

Thus, 1,288=120.31=1 2541 32-51242.13,

And the expressions (viii), (ix), (x), will greatly facilitate the computation of
the logarithms of high numbers.

The Napierian logarithms having been determined, the tables to base 10 are
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deduced from them by multiplying each by l—l—l(-), which is equal to *434204819...
€

Arts. 3 and 14, Cor. 4.

Some of the artifices employed in computing the tables may be found in
Sharpe’s * Method of making Logarithms®” prefixed to Sherwin’s Tables.

2]. In the common tables are registered the mantissx of the
logarithms of numbers of five places of figures, these mantisse
being computed to seven places of decimals. At the #ide of each
page is placed a * Table of proportional parts,” by which, as it
will be shewn, the mantissa may be found of the logarithm of a
number containing six or seven places of figures; and converselfr,
if a logarithm be given whose mantissa is not contained exactly
in the tables, the number corresponding to it may be determined,
}i)y means of these additional tables, to six or seven places of

sures.

22,  On the construction and use of the Tablcs of Proportional
Parts.

Let m, and m, be the mantisse of two consecutive integral numbers, n and
n + 1, which contain five digits each ; and let m be the mantissa of the number

n + 1—‘:—), which contains siz digits, the last of which (a) is after the decimal point.

Now, since n and n + lf(—b

logarithms have the same characteristic;

have the same number of integral places, their

+ _a
10
n

a
, Art. 5. =1,0 (l +m)

which, by expanding 1, (1 + %l) by (iv.) and neglecting the succeeding terms

/ a
wom-m=l \"‘*‘16) ~ln =1,

as being small compared with the first term, hecomes —1——. 2 , nearly.
110" 102
Similarly, my—m, = Lo(n+1)=lon = .1,
’ 2 1 10 10 l. 10 n’

a
S m—my = (m,—m,).-l—o-.

Whence m may be found, it m,, m,, a, be given; or a may be determined, when
m,, m,, m, are known.

Should n +1 be a number of the form 107, where p_is an integer, the above
proof will hold, if the characteristic and the mantisse of l,o (n+1) ge taken to be
p -1 and 1 respectively.
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23. By the Tables, p. 111,

Mantissa of 36633 = m, = -5638725
wreereernnone 36632 = m, = 5638606

0000119

. my—my

And in the evpression m —m, = (m, — m,)la—u, writing for @ the numbers 1, 2,
3,4, 5,6,7, 8, 9 successively, the former of these tables is obtained.

!K u m, — 7"1
oo - - 11y
1 0000119 x - & -
10 Vo2
or 00000119 0000012 nearly. . l oy
2 00000238 0000024 . ... 31 36
3 -00000357 0000036 ... ... ol
4 -00000476 0000048 .. ... 0 o
5 -00000595 -0000060 ......... 6l 7
6 -00000714 0000071 ... . .. 7|
7 -00000833 0000083 ....... i o
8 00000952 0000095 ... ... 0 g 07
9 -00001071 0000107 ... . | 1717 L

Now the ¢difference’ put down in the Tables for numbers near 36600 is 119,
and the ¢ Table of Proportional Parts”’ is the latter of the Tables above.

It appears then, that the significant digits only of the whole difference, and
of the differences corresponding to the several digits, are inserted in the table of
proportional parts. Hence the following Rule for constructing Tables of Pro-
portional parts is evident:

Of the significant part of the whole differencé point off the
last digit as a decimal ; (this is the same thing as multiplying the

whole difference by 110 , the whole difference being treated as an

integer). Multiply the resulting number by 1, 2, 3,...9 succes-
sively, and the mhole numbers thus obtained (the last digit in the
integral part being increased by unity where the decimal part is
not less than *5) are the significant parts of the differences for the
digits respectively.
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Thus, let the sig'niﬁcant part of the whole difference be 156.
156x 1= 156G= 16 nearly. 156 x 6= 93-6= 94 nearly.
..x 3= 468= 47
ceoxd4= 624= 02 :
cooxh= 780= 78 ! eee X 9 =1404 = 140.

i
Lo x2= 812= 31 g vee x T=1092 =109
|

. x 8=1248=125

If the digit be given, the difference is immediately known
from such a table, or vice versa. To avoid the necessity of per-
forming the operation of subtraction in any particular case in
order to find the whole difference, there is a line in the tables
marked at the top with “Diff.”, in which the difference is placed
opposite to that logarithm at which such difference begins. To
know what the difference therefore is in any particular case, it is
merely requisite to take the number in this line next above the
logarithm in question.

Ex. 1. To find the Number whose Logarithm is 3-5677766.
By the Tables, p. 111, the mantissa next below the given mantissa is that of
1, 36963, and the whole diffcrence put down is-117.
Mantissa of the given Logarithm =m = ‘5677766
Mantissa of 1,,36963 =m, = 5677672

!

com—my = 94

By the Table of Proportional Parts to ¢ Diff.” 117, the difference 94 corre-
sponds to the digit 8; therefore the significant part of the Number sought is
369638. Also, since the given Logarithm has 3 for 1ts characteristic, the Number

required is 3646-38.
Ex. 2. Required the Logarithm of 367-654.
By p. 11, 1,,367-650 = 2:5654346
And “Diff.” being 118, Part for 4= 47

= 1,0367-654 = 25654393

24. To find the Mantissa of the Logarithm of a Number
whick has seven places of digits.

Let m, and m, be the mantisse of n and n + 1, two successive integers of

five digits each : let M be that of n + Ia(_, + T0o° which has the same number of
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integral places as » and n +1, and has also one digit () in the place of the
tenths, and another (4) in that of the hundredths.

Since @ and b are digits after the decimal point, the numbers n and
a b . . .
n+ 15+ 100 have the same number of integral places, their logarithms have

the same characteristic, and therefore the difference of their mantisse is the
same as the difference of their logarithms;

420
Nt
a b 10 7 100
SeaM-m =], n+m+m)—-],un=lw.__r_

21 1(1 L) =_14.,1(1 L) "
"’{l‘*n 10 100 } 1,10 "% 10 * T00) P (i)
neglecting the terms of the series after the first.

Similarly, since #» and =z + 1 are integers of the same number of digits,
1 1 1
me—m =l (nt1)-Ln =llu(1 +17)=m6 s

b
100

1

10 { (me = m) o)

a
.- ﬂ[—mln—.(mg—m,)(m—f- 108

a
): (mgy ""‘QE'F

Now the first part of the expression, (m, — m,) %, is the quantity to be

added to m, for the first additional digit a; Art. 22. And (mq - m,)—l% is what

would have been added, had b been the firs additional digit, instead of being the
second ; wherefore the quantity which 1s to be added for 4 when it is the second

additional digit, namely, ]l(—] (my—m,) is the tenth part of what would

b
o}
gave been added, had & been the first, instcad of being the second, additional
gure,
The following Examples will explain what has been said.
Ex. 1. To find 1103684'286.
By the tables, p. 111, 1,(.3684-" = 35663432, and ¢ Diff.” being 118, the part
for a first additional digit 8 1s 94 ; and for a first additional digit 6 the part is 71,
and therefore the part when 6 is a sccond additional digit is 100 7°1. The
operation is thus performed ;
1036842  =3-5663432
Part for 8 = 94
Part for 6= 7'}

.. 1,03684-286 = 3-5663533
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Ex. 2. To findthe Number whose Logarithm is 2:5656560.

2-5656560
Now 2 5656471 =1,,367-83, p. 111.

89
83 = Part for digit 7; “Diff.” being 118.

6 = Part for a second digit 5.

T - 2:5656560 = 1, 367-8375,
and therefore 367-8375 is the number sought.

25.  On the adaptation cf formule to logarithmic computation.

After a table of logarithms has once been constructed, the
labour of certain arithmetical operations can be matcrially dimi-
nished, while at the same time the chance of committing errors
is lessened. But by referring to Articles 4, 5, G of this Appendix,
it will appear that the sole arithmetical operations which can be
performed by logarithms, are those of Multiplication, Division,
Involution, and Evolution. Before, therefore, the value of an
expression can be calculated by means of logarithms, the expression
must be put into such a form that no other arithmetic operations
than these have to be performed. Such an arrangement of an
expression is called the adaptation of it to logarithmic computation.

Thus if a, 3, ¢, the three sides of a triangle, be given, logarithms cannot be
directly applied to determine the value of cos A fiom the equation.

02+ % - a?
Cos 4 = obe " 3
but if from this equation the formula,
Cos 34 =\/‘s(—§w_@, where =3 (a+ b +¢),
be deduced, logarithms can be immediately applied to determine the value of
Cos 14.

2

For a, b, ¢ being given, § and §— a are easily determined; and these being
known, Cos 44 is determined from the equation

LoCos 34 = 1 {ho [8(8—a)] ~Liobe) = 1 Lo S + 110 (5-2) = L1y & = Lpcl.

The two accompanying pages of logarithms are taken from
Babbage's Tables, the most correct and the best arranged, per-
haps, of any which -have been published. The columns have
been omitted which in those Tables are given to determine the
number of seconds in an angle containing a given number of
degrees, minutes, and seconds, and conversely.
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0000000 51 | 7075702 101 | 0043214 151 | 1789769 201 | 3031961
3010300 52 | 7160033 102 | 0086002 162 | 1818436 | 202 | 3053514
4771213 53 | 7242759 103 | 0128372 153 | 1846914 | 203 | 3074960
6020600 b4 | 7323938 104 | 0170333 154 | 1875207 204 | 3096302
6989700 b6 | 7403627 106 | 0211893 166 | 1903317 205 | 3117539

7781513 56 | 7481880 106 | 0253059 156 | 1931246 | 206 | 3138672
8450980 57 | 7568749 107 | 0293838 157 | 1958997 207 | 3159703
9030900 b8 | 7634280 108 | 0334238 158 | 1986571 208 | 3180633
9542425 59 | 7708520 109 | 03742656 159 | 20138971 209 | 8201463
10 | 0000000 60 | 7781513 110 | 0413927 160 | 2041200 | 210 | 3222193

11 | 0413927 61 | 7853298 111 | 0453230 161 | 2068259 211 | 3242825
12| 0791812 62 | 7923917 112 | 0492180 162 | 2095150 | 212 | 3263359
13 | 1139434 63 | 7993405 113 | 0530784 163 | 2121876 | 213 | 796
14 | 1461280 64 | 8061800 114 | 0569049 164 | 2148438 | 214 | 3304138
16 | 1760913 65 | 8129134 1156 | 0606978 165 | 2174839 215 | 3324386

16 | 2041200 66 | 8195439 116 | 0644580 166 | 2201081 216 | 3344538
17 | 2304489 67 | 8260748 117 | 0681859 167 | 2227165 | 217 | 3364597
18 | 2652725 68 | 8325089 118 | 0718820 168 | 2253093 | 218 | 31384566
19 | 2787536 69 | 8358491 119 | 0755470 169 | 2278867 | 219 | 3404441
20 | 3010300 70 | 8450980 120 | 0791812 170 | 2304489 | 220 | 3424227

OW/IMD S CIND

21 | 3222193 71 | 8512583 121 | 0827854 171 | 2329961 221 | 3443923
22 | 3424227 72 | Bh713325 122 | 0863598 172 | 2365284 222 | 3461630
23 [ 3617278 73 | 8633229 123 | OR99051 173 | 2380461 2233 | 3483049
24 | 3802112 74 | 8692317 124 | 0934217 174 | 2405492 224 | 3502480
25 | 3979400 75 | 8760613 125 | 0969100 175 | 2430880 225 | 3521826

26 | 4149733 76 | 830R136 126 | 1003705 176 | 24556127 226 | 3541084
27 | 4313638 77 | 8-G4907 127 | 10380537 177 | 2479733 227 | 3560259
28 | 4471580 78 | 8920046 128 | 1072100 178 | 2504200 228 | 3679348
29 | 4623980 79 | 8976271 129 | 1106897 179 | 2528530 § 229 | 35983565
30 | 4771213 80 | 9030900 130 | 1139434 180 | 2562725 230 | 3617278

31 | 4913617 81 | 9084850 131 | 1172713 181 | 2576786 | 231 | 3636120
32 | 5051500 82 | 9138139 132 | 12056739 182 | 2600714 | 232 | 3654880
33 | 5185139 83 | 9190781 133 | 1238516 183 | 2624511 233 | 367:3559
34 | 53147R9 84 | 9242793 134 | 1271048 184 | 2648178 | 234 | 3692159
30 | 5440680 | 85 | 9294189 136 | 1303338 185 | 2671717 235 | 3710679

36 | 5563025 | 86 | 9344985 136 | 1335389 186 | 2695129 | 236 | 3729120
37 | 6682017 87 | 91395193 137 | 1367206 187 | 2718416 | 237 | 3747483
38 | 5797836 88 | 9444827 138 | 1398791 188 [ 2741578 | 238 | 3765770
39 | 56910646 89 | 9493900 139 | 1430148 189 | 2764618 | 239 | 3783979
40 | 6020600 | 90 | 9542425 140 | 1461280 190 | 2787536 240 | 3802112

41 | 0127839 | 91 | 9590414 141 | 1492191 191 [ 2810334 | 241 | 3820170
42 | 6232493 § 92 | 9637878 142 | 1522883 192 | 2833012 | 242 | 3838154
43 | 6334685 | 93 | 9684829 143 | 15663360 193 | 2855573 | 243 | 3856063
44 | 0434527 94 | 9731279 144 | 1583625 194 | 2878017 | 244 | 3873898
45| 65632126 | 95 | 9777236 145 | 1613680 195 | 2900346 | 245 | 3891661

46| 6627578 | 96 | 9822712 ] 146 | 1643529 | 196 | 2922561 | 246 | 3909351
47 1 6720979 | 97 | 9867717 147 | 1673173 | 197 | 2044662 | 247 | 3926970
48 | 6812412 | 98 | 9912261 148 | 1702617 198 | 2966652 | 248 | 3944517
49 | 6901961 | 99 | 9956352 | 149 | 1731863 § 199 | 2988531 | 249 | 3961998
50 | 6889700 § 100 | 0000000 | 150 | 1760913 | 300 | 3010300 | 250 | 3979400
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APPENDIX IL

ON TIE CONSTRUCTION AND USE OF TABLES OF GONIOMETRIC
RATIOS.

1. Ir it be required to find the value of a trigonometrical
formula in which the sines, cosines, tangents, secants, &c., of
given angles enter, much labour will be avoided if the values of
these quantities be determined once for all, and registered in
Tables.

In very small angles the sines and tangents are exceedingly
small quantities, and if they be expressed as decimal fractions,
two or three cyphers will follow the decimal point before the
significant digits are arrived at. Now in order tv avoid the
inconvenience of printing these cyphers, the real values of all
Goniometrical Ratios are multiplied by 10,000 (or the decimal
point is moved four places to the right) before they are regis-
tered in the tables; and the tables so formed are called, ¢ Tables
of natural sines, cosines, &c.*”

® The tables of Goniometric Ratios are sometimes said to be “ calculated to
a radius of 10,000.” To explain the meaning of this expression,

If with C as centre, and radius CA4, an arc 4B he T
described, and BN, AT be L to CA, the hines NB, B
CN, AT, CT, AN respectively, are sometimes de- M
fined to be the sine, cosine, tangent, secant, and versed
sine, of the angle ACB to the radius C A,—or the sine,
cosing, tangent, secant, and versed sine, of the arc

The expression ‘“to the radius CA ™ is necessary &
to these definitions, because the lines N B, 4 T...depend
on the magnitude of C'A as well as upon that of the angle ACB; in fact, fora
given value of the angle AC B, those lines vary directly as CA. N
ow
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2. To find the sine and cosine of 10”.

Let 6 be the Circular Measure of an angle of 10”.

Then L = a0 6550 = i’
.. 6 =000048481368110.
But Sin6>0 - 16% Art. 105
.., a fortiori,
Sin 10" > 6 — 1 (+00005)2
> 000048481368110 — *000000000000032
> -000048481368078.

Also, Sin10”"<#, or, ‘000048481368110.

Wherefore a near approximation to the value of Sin 10”7 is obtained bv
taking the first twelve places which these two quantities have in common, and
therefore '

Sin 10" = 000048481368 very nearly.

By substituting this value of Sin 10” in the formula Cos 10”=+/{1 —sin? 10"},
there is obtaned
Cos 10” = -9999999988248.

Now by the definition of the sine which has been adopted in this treatise,

. NB
Sin ACB:?E;

. 10,000
.. 10,000 x sin ACB= NB, <i"
But 10,000 x sin ACB is the tabular, or natural, sine of 4BC;

0
.. tab, sin4CB=NB. ]—C’,Tmo= NB, if CA=10,000.
Wherefore the tab. sine of 4 CB expresses the magnitude of the line N B,
(the Sine of ACB to the radius C4), the magnitude of ('4 being represented by
1

0,000,

Similarly, the tab, cosine, tab. tangent, &c., of 4CB, express the magni-
tudes of the lines CN, AT, &c., the magnitude of C.A being 10,000,
8
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3. The Sine and Cosine of 10” being known, the Sines of all
angles between 10" and 90° may be calculated.
Sin (A4 + B) =2sin 4 .cos B —sin (4 — B);
and writing ».10” for £ 4, and 10" for £ B,
Sin (n +1)10” = 2 sin 210", cos 10" - sin (n —1) 10",
Now 2 cos 10" = 1:9999999976496
= 2 = 000DMN0023504
= 2 — k suppose;
.. Sin (7 4+ 1)10” = 2 sin 210" = k. sin 210" - sin (n—1) 107
= {sinn. 10" = sin (2 — 1) 10"} + sin 210" =k .sin 210",

And by writing successively for # the numbers 1, 2, 3...
Sin 20” = (sin 10” = sin  0”) + sin 10” — k. sin 107,
Sin 30” = (sin 20" — sin 10”) 4 sin 20” — k. sin 207,
Sin 40" = (sin 30” — sin 20”) + sin 30" — k. sin 30”.

This method is not very laborious. In the last line, sin 30” and (sin 30" —
sin 20”) are known from the two lines preceding, and the chicf labour is in
multiplying sin 30” by k.

The Sines of angles up to 60° having been successively cal-
culated by the above method, those of angles between 60° and 90°
may be thus determined.

Sin (60°+ A4)— sin (60" = 4) =2 cos 60°. sin A =sin 4;
. Sin (600 + 1) = sin A + sin (60°— 4).

So that if 4 be made to increase by 10” at a time from 0° up to 60°, this last
formula, by addition merely, will give the sines of angles from 60° to 90°,

4. The Sines of angles up to 90° having been determined,
their Cosines are also known.
For Cos A =sin (90° - 4).
Thus Cos 25° = sin (90° — 25°) = 8in 657 ; Cos 72° = sin (90° - 729) = 8in 18°; &c.

5. The Tangents, Cotangents, Secants, and Cosecants can
be determined from the Sines and Cosines.

F =s_in_il_ _cos A - 1
e Tand4 cos A’ COtA'sinA’ Sec 4 cos 4

1
’ Cmcd=m.
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6. Since,
Sin 4 = cos (90°— 4), Tan A = cot (90°— A), Sec 4 = cosec (90°— 4),
the Sines, Tangents, and Secants of angles from 45° to 90" are
respectively the same as the Cosines, Cotangents, and Cosecants
of angles from 45° to 0°. Wherefore it is unnecessary to carry
the tables further than to the angle 45°.

Thus Cos 72° 20" == sin (90"— 72°% 20") = sin 177, 4Q,
Sin 72°,20" = cos 17°% 40’, Tan 72°, 20 = cot 17°, 40,
Sec 72°, 20" = cosec 17°, 40",
At the bottom of the page containing the Sines, &c. of angles
from 17° to 18° is placed the angle 72°, and the column which at
the top of the page is marked to indicate the Sines of angles

from 17° to 18° is marked at the bottom to shew the Cosines
of angles from 72° to 73°; and so for the other Goniometric

Ratios. See page 117.

4. Formule of Verification. Since the Goniometrical Ratios
are determined successively one from another, one error will affect
every successive result. A's checks against the possibility of errors,
several formule (of werification as they are called) are used to
examine the accuracy of the results; and the values registered
in the tables arc presumed to be correct if they satisfy these
formule.

The following are the principal formula of verification.
(1) SinA=3%T+sm24—VIZsm2d]
(2) Cosd =) (VITsm2d+ Vi-sm 2;11}

A being an angle less than 45°,

/5 5
Again, Cos 360 =Y "4+.‘; Cos 7zo=‘./_"4—_'; Art. 58, (3), (1)-
. Sin (36" + A) — sin (36° — 4) = 2 cos 36" . sin A = ‘/—;,ﬂ . sin 4,

and Sin (72° 4 A4) —sin (72°— A4) =2 cos 72°. sinA=-\/i'.2:—l .8in 43
«. by subtraction,
Sin (36°+ A) + sin (72°— 4) — sin (36° — 4) — sin (72°+ 4) = sin 4.
§—2
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(3) .. Sin A +sin (36° = 4) + sin (72° + A) = sin 36° + A) + sin (720~ A),
which 1s Euler's formula.
5 —_
Again, Sin 54°=‘1';L’; Sin18°= \’54 1. Ar. 58, (3), (1),

and 2 sin 54°. cos 4 = sin (54° + A) + sin (54" — A)}

2 8in 18°, cos 4 = sin (18° + A) + sin (18" - A4)
(4) ... Cos A, or Sin (90° — A),
= 8in (64° + A) + sin (54° — A) — sin (18" + A) — sin (18° — 4),
which is Legendre's formula.

This formula might have been proved by writing 90° — A4 for 4 in Euler's
formula,

Ex. To exemplify the use of these formule. By muking A4 =13° in
Legendre's formula ;

Cos 13° = sin (70 4 sin 410 — sin 310 — 8in &°.

Now the tables give for the quantities in the second member of the equation
9295:049 + 6560-5490 — 5150-381 ~ 871-5567, which = 9743701, the quantity given
by the tables as the Cosine of 13",

Since, therefore, these quantities satisfy the relation which ought to exist
between the Sines of 67°, 419, 310, 5°, and the (‘osine of 13", it may be concluded,
without much chance of error, that the values of these Goniometric Ratios are
correctly given by the tables.

8. The values of the Goniometric Ratios having been thus
calculated, multiplied by 10,000, verified, and registered in
tables, are called ¢ Tables of Natural Sines, Cosines, Tangents,
Cotangents, Secants, and Cosecants.” To find the real Gonio-
metric Ratios from these tables, the tabular numbers have to
be divided by 10,000; that is, the decimal point has to be re-
moved four places to be left.

9. The logarithmic sines, cosines, tangents, &c. of angles
will next be treated of, by which, rather than by the natural
goniometric ratios, mathematical calculations are most frequently
made.

A page from Sherwin’s Logarithmic Tables, calculated for
angles which differ from one another by 1’, is here subjoined,
the Natural cosines, tangents, secants, and cosecants being omit-
ted. The column following that of the N. sines, which is marked
“N.D. 1”,” will be explained in the next Appendix.
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APPENDIX IIL

ON TOE LOGARITIIMIC TABLES OF GONIOMETRIC RATIOS.

1. WHEN the Sines, Cosines, &c., of angles have been de-
termined, ‘their logarithms may be found from the tables of the
]og«mthms of numbers. There are, however, methods by which
the Jogarithms of the Goniometric Ratios can be found inde-
pendently.

2. To find ]m sin 0, sin 0 not being given.

. 62 62 ’
sino=0.(1-13) .(x 5 ,) (1 , ) ..... .Art. 133,
ar- D 2o ;_

By makingﬂ:%’-. T, and taking the logarithms of both sides of this

2 ’
equation,
m? m?
lo“m( Z) m( )+ w(l -5373 + 10 (1 - )}‘ w(l b"n*) + e
{and 1,, (l ngvoy ,), l(,(1 - =) &c. being expanded by (ii), p. 100}

1 ')ﬁn'! — m-
o\ 9t

1 m? m* mo
—_— 1l
]. 10" \&%n2 +3. Tnts et )

1 m® o mt
-lgl—() (bzus'l"q 64 4+3 66‘8+ )

1 m’_‘}_1 mt o, omS
le1o \6n2 9'3‘1L4+3'W+'")

- &ec.
Now ],(, 2)-],0m+],07r -l,n-1,2

2°n® - m? =1

and ],,=- T

w{(2n +m). (20— m)} - 1,0(2%2)

=l (28 +m) +1y(2n - m) - 2{1,2 + Lon};
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o Ly sin (:'L: . ;_r) = llom +ho(2n + m) + 130 (2n - m) +lm-3 flion+ 1,02

111 m
etEtet-)w

111 mt

__]« + 5 F+Ez+§2+' por
Le1o e
(4“" +ﬂ"+ S

by giving m and n different values, the logarithmic sines of all angles may be
found by this formula,

3. In like manner from the series

‘)’e’ Qﬂﬁ‘l 22”’
coso=(1-22).(1-35) - (1 - 5) o A 133,

the following formula is obtained ;

lwcos( 2)_]10(n+m)+]w(n m)—2l,n

ml
(32 5 73 ) nt
m4
——]—-x +%(J'+ + + nt ¢
Lo
md
AGrprnt)i

+ &c.

4. The logarithms of the Sines and Cosines having been
thus determined, those of

sin 0

Tan 0= cos0°

may be severally found.

1 cos 0 1
Sec0=~cF, CotG--sinb, C°se°0—§,{§'

5. Since all Sines and Cosines are, generally, less than 1,
their logarithms to base 10 are negative. In order to avoid the
inconvenience of printing negative characteristics, the logarlthms
to base of 10 of all Goniometrical Ratios are mcreased by 10,
and the resulting numbers bemg registered are calle ables
of Logarithmic Sines, Cosines,” &c.
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Hence if any one of these tabular logarithmic quantities be
given, by subtracting 10 from it the real logarithm of the go-
niometric ratio may be obtained.

These tabular logarithmic quantities will be indicated by the
letter L ; thus the tabular logarithmic sine of 4, or 10+ 1,;sin4
will be written L sin 4.

6. Tke common Logarithmic Tables of Goniometric Ratios
are calculated for angles which differ from one another by one
minute. If, beside degrees and minutes, the angle contain some
seconds, its tabular logarithmic function may, with certain ex-
ceptions, be found on the principle proved in the next Article.

7. The increments of tabular logarithmic sines, &c., of angles
vary, except in cerlain cases, as the increment of the angle.

Let the angle A receive the increments a”, and 60”, successively.
Then Sin (4 +a”)=sin 4 % 140 (A+a") —sind]
sin A )

{ cos A sin a”

=smA.ll+ P

2 , unless A4 =90° nearly; Art. 54, Cor.

oo lipsin(4 4+ a”) =1psin 4 +1,,(1 + cot 4 sina”);
o {104 ]osin (A + @)} — {10 + 1y sin 4} = 1,5 (1 + cot A sina”);
.. Lsin(4+a")—Lsind

= j»ll_o +{cot 4 sina”— L cot? 4 sin?a” +...} App. 1. (14) (iv.)
€

1 .
=T10" cot A sin @”; by neglecting the higher powers of cot 4. sina";
€
which may be done unless A4 = 2n.90° nearly.

And writing 60” for a” in this equation, it becomes
Lsin(A4+60")— Lsind = —l—-. cot A sin 60"
lelo

Lain(da e - Lsind.  sina”
. Lsin(d+a”)-Lsind _ sina” _a . 146 cop

** Lsin(A4+60")— Lsin A sin 60" 60

And in an exactly similar manner it may be shewn that for the Cosine,
Tangent, &c., of an angle, the increment of the tabular logarithm varies as the
increment of the angle, except in those cases mentioned in the Corollaries to
Arts. 60, 61, 62,
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8. To explain‘the meaning and use of the columns of differ-
ences for one second (Diff. 1”), which are placed afler the columns
of logarithmic sines, langents, &c.

If «” become 1”, the equation arrived at in the last Article becomes,
Lsin(A+1")—Lsind={L(sind+60")- L sinA}.%,
which is the difference for L sin 4 corresponding to one second.

Now, if this quantity be computed and registered, L (sin A + &) — L sin 4
may be determined, when « is given, by merely muluplying this registered
difference by «; and when L sin (4 + «”) is given, « may be found by dividing
L sin (4 + a”) — L sin 4 by this difference. For

Lsin(A4 +a”)— L sin 4 = {Lsin(4 + 60") — L sin A4} . o:;
_ Lsin(A4+60") — L sind
B 60
L sin(4+a")—LsinA4
W {L sin (4 + 60”) — L sin 4}

. a,

and a =

Thus, L sin 179 1’ = 94663483
L sin 17°, = 9:4659353

oo Lsin179, 1" = L 8in 17° = -0004130

3
Now 4130

difference for one second to L sines of angles between 17° and 179, 1",

= (8-833, which is the quantity put down in the Tables as the

The significant part of the difference is considered as a whole
number, or the real difference is multiplied by 107, in order to
avoid the necessity of printing the three or four cyphers which
in nearly every case precede the significant part of the difference®.

9. Ex.l. Tofind L sin170,14,12".

L sin 17°, 14/, = 94716785
Now Diff. for 1" = 67-850
.*. Diff. for 12" = 814200 = 8142

o L 8in 17°, 14', 12" = 9°4717599.

* The column of differences for the natural sines, &c. of angles are computed
after a manner similar to this, and the differences themselves are all multiplied by
1000, to avoid the necessity of printing the cyphers immediately following the
decimal point.
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Ex.2. If Lsin A = 94685537, required A.
L sin A = 9-4685537
L sin 17°, 6’ = 94684069

Diff. = 1468

1468
68400
Ex.3. If Lcos A =99784328, required A.

In this case, because the increase of the angle is attended by the decrease of
the 1. cosine, Art. 60, Cor. 2, the given L cosine must be subiracted from that in
the tables which is next greater than it.

Now I, cos 17°, 15’ = 9 9784519

Now Diff. for 1” is in this case 68400, and

=2146; .. A=17° 6, 21"46.

Lcos 4 =9 9784328
Dif. = 191
[}
Now Diff. for 1”in this case is 6-800, and (il—l:(li) = 28-088 = 2809 nearly;

and the angle required is 17°, 54", 28"09.

Ex.4. Required the L cosine of 72°, &, 8".
By the Tables, p. 117,
Lcos72,, 5  =0-1880335 , and Diff. for 1" = 65:15;
.*. Dift. for 8= 5212

. 1ocos 729, &, 8" = 9-4879814

the difference for the additional seconds being in this case sublracled from
L cos 72°, &'. Art, 60.

Nore. It may here be observed, that the difference for
additional seconds must be added for I. sines, I tangents, and
1. secants, Arts. 50, G1, 62; and subtracted for L cosines, Art. 60,
L cotangents, and L cosecants.

10. To shew that the same columns of “Differences for 1””
serve for Lsin A and L cosec A, for Lcos A and Lsec A, and
Jor Litan A and L cot A,

For Sind = c—m:

o~ Lsind, =10+ losin 4, =20~ (10+1,, cosec A) = 20~ L cosec 4,
Similarly, Lsin (A4 +1”) =20 — L cosec (4 +1”);
o Lsin(d4 +1") - Lsin 4 = — {L cosec (A + 1”) — L cosec A}

o Lpsin 4 =-.1“, cosec A,
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Hence a column of *dMfferences for 17" is printed between the column of loga.
richmic sines and cosecants; serving to the former as a column of increments tor
17, and to the latter as a column of decremenis for 17,

In like manner it may be shewn that
L cos(Ad +1”)— Lcos A = — {Lsec(d+1”) = I sec 4}
Ltan(4 +1”) - Ltan 4 =~ {L cot (4 +1”) - L cot 4}.

o
Wherefore the columns of cosines and secants have the same
differences for 1”, as also have the tangents and cotangents: and
it is to be observed that these differences serve respectively as
increments to the secants (Art. 61), and to the tangents (Art.
62), and as decrements to the cosines (Art. 60), and to the

cotan gen ts.

11. Before the increment of the tabular logarithm of a Go-
niometrical Ratio can be determined from the small given incre-
ment of the angle, or conversely, these two conditions must be
fulfilled ;

I. The logarithmic increment must in that particular case
vary as the increment of the angle ;

II. The increment of the logarithm must not be an exceed-
ingly small quantity.
Thus, if it were required to Jetermine I sin 84°, 40’, 3”, from Tables in which
L sines were registered for all angles from 0% to 90® which differed from one
another by 1’ it would be found that,
L sin 849, 41’ = 9-9909934
L sin 89", 40" = 9-9999927

.. Difference for 60" = 7

\\fhere’fore, if even the first of these conditions held for the L sines of angles about
89, 40’ 1n magnitude (which it does not, Art. 5Y, Cor.), yet a difference of lin the

L sine would produce a difference of T or 9" nearly, in the angle; and therefore
any increment of 89°, 40’ which was not greater than 8", would produce no change

,

at all in the first seven tigures following the decimal point of L sin 8¢°, 40",
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12. To determine the degree of accuracy to whick additional
seconds may be calculated in a given case by assuming that the in-
crease of the angle is proportional lo the increase of some logarithmic
Sunction of the angle.

Let 7 be the number of seconds by which a difference of unity
is produced in a certain logarithmic function of a given angle. and
let I be the difference for 00" ;—the differences being considered
in both cases as whole numbers ;—

n 1 60
Then 00 = 1° and n=—.

The quantity (;(—) therefore gives the number of additional seconds

corresponding to the least possible increase of the given logarith-
mic function of the angle, and is consequently the measure of the
degree of accuracy to which small increments of the angle may be
calculated on the principle that the increments of the angle vary
as the increments of the logarithm of some particular Goniometric
function of’ it.

13. It has been observed, App. 111. 5, that the real logarithm
of a Goniometrical quantity is obtained by subtracting 10 from
the tabular logarithm. It is therefore necessary

To establish a general rule for supplying the TrNs when the
tabular logarithms of gomiometrical quantitics are used.

Let Cos"4 =a.sin"B.tan’C be any trigonometrical formula
adapted to logarithmic computation, App. 1. 25.
Then n. ]wcos A= l,ua +m. 1, sin B +p. 1,tanC;
Son .(10+lmcosA) -n.10= ]wa +m. (10 + 1,0 sin B)—m. 10
, +p.(10+]wtanC)-p.10;

eon.Leosd=,a+m . LsinB+p.LtanC+ {n—(m+p).10.
And here 7, m, p may be whole or fractional.

Whence the RuLE ; Add to the second member of the equation
as many tens as the number of times the tabular logarithms of
the gontomelrical ratios have been taken in the former member of
the equation cxcceds the number of times they have been taken in
the latter member,
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Ex.1. Tan’4 =cdsB.cos?C;
s b.Ltand=LcosB+2.Lcos C+{5-(1+2)}.10= Lcos B+2.Lcos C+20.

Ex.2. Tan®4.sin®°B =%. sec* C,

2.LtanA+6.LsinB=l,a-1,b+4.1secC+{2+6)-4}.10
-_—]wa-—]wb+4.LsecC+40.
8 9dint
Ex. 3. Tan‘A:——Sl’-:——’z:
coss (7

3 5o 2 (3 /5 9\
.« _ 9 - S - ——f- -
..2LtnnA—]m-+2LamB :iLcosC+l2 ( _)510

5 2
=],“2+§Lsmll—i’-LcosC—--§.10.

[Had both sides of this equation been raised to the sixth power, the fractional
indices would have disappeared, and the value of tan A would have been practi-
cally determined much more easily. |

14. Lastly, the methods will be explained by which small
angles are determined from their L sines, and conversely.

When an angle reccives a small increment, the Differential
Calculus affords the means of determining with facility the con-
sequent increase of the Goniometric Ratio.

Required the increase of Lsin 0 arising from 0 receiving a
small increment 80,

By Tavior's THEOREM,
y

2
L sin (0 +00) = L sin0 + dg L sin0 .60 4+ d% L sin 0 .(-fi; + e

Now Lsinf6=10 +]msin 03

1  oné —1~.cot0,

oo dol, si ==
oL 8in 6 Lo smo=Ti1o

whence, d% Lsinf=-~ J_ll— . cosec? 0 5
&
86)

- Lsi inf=— L conect 0, 0"
«% Lsin(0 4+ 30) Lsmﬂ—l‘w.cote.ao l.m.com:c 0. g T
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15. Now if 0 be very small, cosec 8 is very large, and there-
fore (unless 20 be exceedingly small also) the second difference,

oy . . . .
- .cosec’ﬂ.(t)a, is of such a magnitude that it cannot be

.10

neglected in comparison with the first difference, IRTH cot 0. c0.
€

1
10
In this case, therefore, since the increment of I. sin @ does not vary
as 30, the simple power of the increment of 6, the quantity to be
added to L sin 8 for a small increment of @ cannot be obtained by
a simple proportion, but will have to be determined approximately
by the tedious process of computing the first two terms of the
series which gives the value of the increment of L sin 6.

There are three mcthods of escaping this inconvenience.

16. The first method is to construct tables for the first few
degrees to intervals of a second, instead of to intervals of a
minule as the tables in ordinary use are constructed.

Here a0 is less than one second, and I, sin (0 + 80) may be roughly computed
to decimal parts of a second by neglecting the second term of the series obtamed

in the last Article but one, 1n which case,
1
L sin (8 +¢0) — Lsin0=,-—.cotf.40;
110
Therefore, for any particular value of 6, The increment of L sin 6 << 66, and

Increment of L sin 6 for §6” 0
Increment of L sin@ for 0" — 60°

. 17. Second method. By the following formulx, which are
given by Maskelyne in his introduction to Taylor’s Logarithms, a
small angle may be determined very accurately to decimal parts
of a second from its L sine and conversely, by the aid of tables of
L sines and I. cosines which are calculated to every second for
a few degrees,

S

" 62 (i
bln9=0*;’—3+.-.=6—5—3 nearly.

2

. 02 0
Losﬁ:l—T—,,+...=l—-—,-z nearly.

Sin 6 62 63\¥
s 1 53" (l - E.;) nearly, = cos? 6.

Let 0 be an angle containing #”, then n = or 6 = n.sinl";

sin 1’
and ., Sin0=n.sin 17, cost6.
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Writing n” for 0, apd taking the logarithms,
Lsinn"=lgn+ Lsinl"+} L cosn” - }.10;
o Lsinn”=lgn 4+ Lsin1”— L. (10 = L cosn”) ccovvneuennnns (i),
. (ii.)

DEeF. The quantity 10 — L cos n” is called *the arithmetic complement”’
of L cosn”.

and lgn=Lsinn"+ 5 (10— L cosn")— L sin 1"......

18. 1Itis to be remarked, that in using these formulax to determine L sinn”
when #n is given, or conversely, an approrimate value of I, cos n” may be tuken
from the tables and written in the second member of the equations without sen-
sibly affecting the result, because the variation of L cos »”1s exccedingly small
when 7 is small, as may easily be shewn*.

The whole matter will be rendered more clear by an example.

Ex. If Lsina"=7-3217783, required n.
Taylor'’s tables give,

L sin 7/, 12"

7:3210583 L cos 7', 12" 9-9999990
L sin 7', 13"

73220624 L cos 7, 13" 99999990

Therefore the angle is 7', 12" nearly ; and 7’, 12” is the approximate value of
the angle which must be taken in the second member of (ii.) of the last Article.

Now, by (ii.),
L sin n” = 73217703
1(10 -, cos 7, 12")

or %x +0000010, = "0000003

7°3217786
L sin 1" = 4-G855749

o Lon =26362037 = 1,,432717;
o n=432717; or the angle required is 7', 12+717.

64 62

L J c 6'
0s =1~ Y] o=l = 5 nearly ;

2t1.2.3.4

. __ 1 qe 6%\ ).
o liocos6, or L cos6 — 10, _—m.3?+§(§) + e (3

3
__+"s by the Differential Calculus, dp (L cos 6 —10) = — ]—11-6 0+ (-’2- +..), 8
very small quantity, if 6 be an angle of a few minutes only. ‘
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19. Inlike manner a formula may be established for finding
L tan »” from #, and conversely.

03
sin 8 T 2.3
Tan 6 = cosh = -1-_—23- nearly ;

LB ey
" tan 0 _2..1 ( —5-) 62 -2
R = (1——) =(cos6)F;

oo —5 = - ‘f — 9—2 2
2 2
mnn
e = Lo
A enT (cosn”)y-%;

.. Ltann” _]0n+Lsml”—~ Lcosn"+ 3 L1035
- Ltann"=l,yn + Lsinl” + g(lo — L cosn”) ...... osssesressersens (ifi.)

And lyn=Ltann” - I sinl” — g (10 = L €052") cureerrrnnnens (iV.)

90. Delambre’'s Tables.  The third method alluded to, (15, p.
126,) is to construct tables as far as an angle of one degree, which

give 1 -~ (or tables which give lm-—— + L sin1”), for every

second.

Such tables are printed in no collection, perhaps, except those
of Callet; they may be easily constructed in the following man-

ner:

Let 0 be an angle of n seconds; .. 6 == .s8inl".

sn n o sinn” o . 1w
Then l,,——=1, 105 ol = L sinn"=1,on - ]m sin 1
=1L sinn"—lmn - Lsinl";
KN 1,,, smO + Lsinl”= L sinn" - ]mn.

Similarly, if @ be an angle of n2 minutes,

] umo+Laml’ Lsmn—lun.
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21. To determine the Sine of a given small angle, or con-
versely, from Delambre’s Tables.

Since SinO:NZO. _ﬂ:—o.n sinl”;

. Lsinf = (110 +Lsxn1)+1mn,

* .. Lsion’= (1.‘,‘—0-4r Lsinl") 410 eirigreienns (i),
And l,on=Lsina" = (], fi;—o R ZFS TN K DU (ii).

: . . . sin 6 .1,
The most convenient tables are evidently those which give (] 10— +Lsinl”)

for every second.

22. Ex.1. To determine L sinn” by Delambre’s Tables.

. . ] sin@ . .
Since, as shewn below®, ]m 5t L sin 1”increases very slowly

as 0 increases, the value of L sin2” is obtained without sensible

error by taking for 1, 6 + L sin 1” the quantity which is given

sin

0
in the tables for the angle containing that number of seconds
which is the nearest integer to the given number (z) and adding

lmn to it.
Thus; Jf n=546'25, required L sin 546™25.

By Taylor’s Tables. L sin 5467, or L sin ¥’ 6", is 7-4227670;
and 1,546 = 2:7871926.

Therefore, when 6 is an ang.le of 546",
sm 6 +Lsinl"=Lsinn"=],,n Art 20: p.128.
= 74227670 — 27371926 = 4'6855744,

2 4 2
* For 2‘—:;-9-=1 l‘l 3471 z = =l—'e— nearly ;
.1 smﬂ_ 6’ %(6’)
[ 110
sin 6 _l_ (] 26°
“io @)

a very small quantity, if 6 be an angle of a few minutes only.

..y by the Differential Calculus, dj ].o
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the quantity corresponding to the angle 546" which would be given in the tables

of l,oﬂ:,—e + Lsinl”.

.. By (i) of the last Article,
L sin 564”25 = 4-6855744 + 1, 564-25
= 4'6855744 + 27373914
= 7-4229658.

Ex. 2. To delermine n when L sinn” is given.

By referring to the tables of L sines in common use the in-
tegral number of seconds is found which is contained in the angle
whose L sine is next below the proposed quantity : suppose this
number to be m. Then substituting in (ii) of the last Article, the

quantity given in the tables for that value of l,o S-l%o-i-L sin 1”

which corresponds to the angle m”, a near approximation to the
value of n is obtained.

Thus, If L sinn” = 7-4230612, required n.
By Taylor’s Tables,
L sin 546" = 7-4227670, and L sin 547" = 7-4235617 ;

*. the value of m in this case is 546.

Now, as in the last cxample, the value of ],0 sn;ﬂ + Lsinl” for an angle
564" is 46855744,
Therefore by (ii) of the last Article,
1ion = 7-4230612 - 4-6855744 = 27374868 = 1, 564-37;

and ... 54637 is the angle sought.



APPENDIX 1IV.

TrE GeneraL Proor oF TnE ForMuLz

Sin (A= B)=Sin 4 . Cos B=Cos 4. Sin B,
Cos(A=B)=Cos 4. Cos B+ Sin 4. Sin B.

On the Theory of Projections.
1. Let X'OX be an indefinite

straight line, and PQ a finite ¢
straight line from which PM, QN

are drawn perpendicular to A’OX; » R
the length M N intercepted on X'OX

between these perpendiculars is X’ X
termed the Orthogonal Projection® M 4

(or simply the “projection”) of PQ
on X'0OX, and X'OX is termed the Line of Projection.

Let lengths on X'OX be reckoned positive if measured in the
direction OX, and negative in the opposite direction OX’; and l?t
the sign of the projection of any line on X’OX be determined in
accordance with this convention. Then in the above figure the
projection of PQ (being MN, measured from M to N) will be
positive; while the projection of QP (being measured from N to
M) will be negative.

2. From this explanation of projections it will be seen that
the projection of a line on a line parallel to it is equal to the line
itself,—that the projection of a line on a line perpendicular to it
is zero,—and that the projections of two equal and parallel lines,
taken in the same direction, are equal in magnitude and of the
same sign.

. An orthogonal projection is made b[ means of straight lines that are per-
F‘endzrular to the line of projection. There are other modes of projecting a
ine on another line, as for instance, by means of lines drawn from a fixed
point through the extremities of the firet line.

9—2
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3. If two points be joined by any series of .vlra?glzl lines, the
algebraical sum of 1he projections of the lines taken in order jrom
one point {o Lhe other is constant.

Thus, let 4B, BC, CD, DE, EF
be any series of straight lines com-
mencing at A4 and terminating at F.
Their projections are MN, NP, PQ,
QI2, RS, 6f which the algebraical sum

=MN+NP-QP+ QR-SR
= MS, the projection of AF.

This is a proposition of very frequent application; and it may
he remarked that it will be equally true if the straight lines do
not all lie in the same plane. It is sometimes convenicnt to
cxpress this result by saying that the sum of the projeclions on any
straight line of the sides laken in order, of a closed polygon, is zero.

4, If PR (Tig. to Art. 1) be drawn parallel to X'0X, it will
be seen that MN = PR = PQ.cos QPR; and therefore the length
of the projection of a line is obtained by multiplying the length
of the line by the cosine of its inclination to the line of projec-
tion. The same will be true with regard to sign as well as
magnilude, it the following conventions be made.

5. Trom a fixed point O in
X'0X draw a line parallel to PQ,
the line to be projected, and in the
same direction as P’Q; and let the
angle which this line makes with
the positive portion (OX) of the
line X’0X be considered as the in-
clination of PQ to the line of pro-
jection; then will the sign of the
projection be the same as that of the
cosine of the inclination.

Thus the inclination of PQ to X’0X is XOT, an angle whose
terminal line lies in the first quadrant,and whose cosine therefare
is positive, as is also MN the projection of PQ. But the incli-
nation of QP is XOT", an angle whose terminal line lies in the
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third quadrant, and 'whose cosine therefore is negative, which is
also the case with NM, the projec- P

tion of QP. r \
Again, in the annexed figure, \
(]

where OT, 07" lie in the fourth
and sccond quadrants respective- "
ly, the same will be scen to be \\

T

true.

6. The line to be projected has not in the preceding Articles
been considered as affected by any sign®; but if it lic on a line
on which the positive and negative directions are assigned, the
inclination of the line to be projected must be taken to be the
inclination of the posilive side of the line on which it lics to the
positive side of the line of projection.

Thus, if PQ be considered as negative, (that is, if ’Q lic on
a line on which lengths measured in the same dircction as from P
towards Q are taken as negative), its inclination to the line of
projection must be considered as X071 in both the figures to
Art. 5; and the cosine being in both cases negative, PQ x cosince
of the inclination will be positive as before.

7. From the preceding considerations, a perfectly GENERAL
Proor may be derived of the formula which give the values of
Sin (A = ) and Cos (4 + B) in terms of the Sines and Cosines of
the simple angles.

Suppose a pair of rectangular T
axes 2'Os, 'Oy to be originall 9

es 2'Or, y Oy to be originally
coincident with the axes X OX, N _o
Y’0Y, having their positive sides x’ o] _—

Oz, Oy coincident with the posi- e N
a \

tive sides OX, O0Y; and then

suppose them to revolve through ,

any angle A, in the positive or LSV 4
negative direction of revolution

according as A is a positive or negative angle. Thus, in the
figure, Oz and Oy have revolved from OX, OY through an angle

e :i distinction has been made throughout betwcen the lines /°Q and QP,
but we have not before supposed that distinction has not been supposed to be
expressed by means of the algebraical signs + and —.
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in the positive direction greater than two right angles and less
than three, or through an angle in the negative direction greater
than one right angle and less than two.

Also, suppose a line OP, initially coincident with Oz, to
revolve through any angle I3, measured from Ocr in a positive or
negative direction according as B is positive or negative. Thus,
in the figure, OP has revolved through a positive angle zOP that
is greater than one right angle and less than two, or through a
negative angle greater than two right angles and less than three.

Let ON, NP be the projcctions of OP on 2'Oxz, y' Oy;

. ON=0P .cos B, and NP =0P. cos (B-90") = OP.sin B;
as well with regard to sign as to magnitude (Art. 5).
Now projecting OP, and also the lines ON, NP on X'0X, the

projection of the first will be equal to the algebraic sum of the
projections of the other two (Art. 3).

But the angle between OP and OX (the positive part of
X'OX,is 4+ DB),
~. the projection of O’ on X'OX = OP. cos (4 + B).
Also, by Art. 6,
the projection of ON on X’OX
=0ON.cos A= 0P .cos A.cos B;
and the projection of NP on X'OX
=NP.cos(4+90°)=~OP.sin 4 . sin B.
Therefore, '
OP .cos (A +B)=0P.cos 4.cos B- OP.sin A.sin B,
or Cos(4d+B)=cos4.cos B—sin 4.sin B;
for all values of 4 and B, positive or negative.

8. The formula for Sin (4+ B) may be found in like manner,
by projecting on Y’0OY, but it may be derived from the formula
just proved by writing in it 90°+ A for A, when

Cos (90°+ 4 + B) = cos (90°+ A). cos B —sin (90°+ 4).sin B,

o —sin (4+B)=—sinA.cos B—cos 4.sin B, =
& Sin(4 +B)= sind.cos B+cosd.sin B.
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9. The demonstration given above is due to Professor De
Morgan: see Chap. 111. of his ¢ Trigonometry and Double Alge-
bra.” And it ought to be remarked in his words, that “it can
be convincing only to those who enable themselves to understand
in the most general sense the preliminary theorems. Any want
of such mastery over the universal character of theorems in
projection will follow the student through all his course, particu-
larly in the higher Geometry and in Mechanics.”

10. Exampres. (1) Shew, by projecting the sides of a
regular polygon on any line, that

Cos 0+cos(0+?1>-r ...... + cos -{0+2—(—n———1—)—1}=0,
n n

(2] [ p.
Sin 0 + sin (6 +%) + oeeens + sin {0 +“—(ﬁ —])_7'} =0,

n

whatever be the value of 6, » being an integer.

(2) If x,y, and ', ¥’ be adjacent sides of two parallelograms
described on the same diagonal, shew that

e LA
y.sinyz=x".sin2’z +y .siny'z,

. , . AN , . AN
r.sinxy=2x.sinzy +y .sinyy;

AN
where yr denotes the angle which y makes with z, and so for
the other expressions 7'z, &c.

[These 'are the general formul® for the transformation of
co-ordinates in Analytical Geometry.’]

(8) 1If the inclinations of the sides a, b, ¢ of a triangle,
taken in order, to a given line be a, B, y respectively, prove that
a.cosa+b.cosB+c.cosy=0,

and that a.cos(B+7)+b.cos(y+a)+c.cos(a+B)=0.



EXAMPLES.

I. Prove that 45° 15, 20" = 50¢, 28", 39%50; 10° 15, 37"
\ A\ ’ 00
=115, 40','3%09; 18° 10, 48" =20¢, 20'; 1’35 =115¢, 47\
1I. The Complements of 17°, 36/, 43"; 29°, 27/, 6"32; and
216° 45'; are 72°, 28, 17"; 60% 52, 58"°68; and - 120°, 45'.

III. The Supplements of 37°, 4/, 3”; 115°, 13, 24"-66; and
22(°14',17"; are 142°% 55, 57"; 6G4°, 406', 35”34 ; and — (46°, 14',17").

IV. 1. If CotA =2, find the values of Sin4, Cos4,
Cosec 4, Versin 4, and Sec 4.

2. What angles have the same sine as 320°? Ans. The form
9m.180°+ A...see Art, £4. (1),...gives 320° 6S0° 1010°...for the
values 0, 1, 2...of m, and — 40° — 400°, — 760"...for the values —1,
-2, ~8,...of m. The form (¢9m+1) 180°— 4, see Art. 24. (4),
gives —140° 220° 580°...for the values O, 1, 2,...0f ; and — 500,
—860° ~ 1220°...for the values —1, ~2, - 3,...0f m,

8. What are the angles that have their tangents of the same
magnitude as that of —110°% but affected with a different sign?
Ans. 110° 2900, 470°% 650°,... —70°, ~ 250°, — 430°....The angles
are comprised under the form (see Art. 25) m . 180°+110° where
m is O or any positive or negative integer.

V. Prove the formulae,

1. Sec’d cosec’d = sec’A4 + cosec’4.

2. Cot’4 cos®4 = cot’4 — cos’4.

U(Iic_:%_t’_ff')' 4. Versin 4 =%€%.
1

tand +cot 4

8. Cosd=

5. SinAcosd=
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VI 1. If Tan’4 +4sin°4=6; A-G0°
) . -n
2. Ifm=tan4 +sin 4, and n=tan 4 —sin 4; Cos 4 =::+".
8. IfmsinA=ncosd; SinAd=s—"__,
Jnﬁ-ﬁ- n?
sin A\? 2. tan A
4. If1= (si—n—B> + (cos 4 cos C)*; Sin C—tm)’"
cos A cos B
= 00— z) = .
5. If Cosx S C’ and Cos (90°— z) sin G’
then Cos’4 + cos*B + cos*C =1.
VII. Prove the following formulx;
1. Tand +cot A =2coscc24. 2. CotA—tan A=2cot24.
sin 24 l1+sin4 1+tan} 4
S TanA~1+cosﬂ' 4. \/] —S.nA=i:-ivz;n;§T4°
5. Cosec2A4 +cot24=cotA, 6. 2coscc24 =scc A cosec 4.
sin A Versin 4
_SnaA ot 1 4. . - =tan®l A.
7 1—-cosAd cot 34 versin (180"~ A) tan} 4
9. 8cot24 cosec’24 = cot A cosec’ 4 — tan A4 sec’ 4.
10. Versin (180°~ 4) =2 vers § (180° + 4) vers } (180°— 4).
cot A +tan 4 2sin 4-sin24
et o ' el A - T v ~a
1. Sec24 cotA—tand’ % Tan®} 4 2sind +sin24’
od—o . cos Q_/l+ sin24
13. Cosec24 = 2. (cos A —sin 4) — (cos 34 —sin 34)°
14. Cos* 4 =(cosi A—sinA)®

15.

+2cos} Asin} A (cos} A —sin  4)%

J(A+sind)=1+2sin14.,/(1-sin}d4). Shew also

‘that the radicals have their proper signs in this equation if 4 be
between — 90° and 180°.
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16. Cotd +cot24 +cotdd=— +2cos24 + 3 cos 44).

4.4 -

241 2541
17. Prove that Se:c(oﬂ’:xf)):ll %;—Ei;—_,:g
and thence shew that
(sec 24 -1) (sec 2°4 - 1) (sec 2°A — 1).. - to n factors
(sec 4 ~1)(sec 2°4 — 1) (sec 2°4 — 1) ... to u factors
=cot {4 tan (2"14).
18. Cosec 24 + cos 44 = cot A — cosec 4.4,

19. Sin 34 sin*4 + cos 34 cos’A = cos®2 A.

20 Sin nA sec (n + &) A~ sec (n —-)) A
" cos2nd +cosd 4smid s

and thence shew that

Sin 4 sin24 sin 34

S il TR _ — to n term
cos24 +cos A + cos4Ad + cos A4 + o cos 64 + cos A +o(ton )

_sinjnd.sind(n+1)4
“sind.cosi(@n+ 1) 4"

VIII. Prove that, whatever be the values of the angles,

1. Cos24 + cos 2B =2 cos (4 + B) cos (4 - B).

1+cos 24 cos 2B =2 (sin®4 sin®B + cos*4 cos*B).

8. Cos’(4 + B) —sin’4 = cos B cos (24 + B).

Sin (4 - B) N sm_ (B-C) LS sin (C - -4) _

sind sin B " sinBsin C ~ sin O'sin 4

5. Cos (4 + B)sin(4 - B) +cos (B + C) sin (B-0)
+c0s(C + D) sin (C— D)+ cos (D + A) sin (D - 4) = 0.

6. Cos(4 + B)sin B—-cos (4 +C)sin ¢ -

=sin (4 + B) cos B - sin (4 + C) cos C.

P
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7. Sin(4+B)cos B—sin(4+C)cos C=sin (B-C)cos(4+B+0).
8. Sin(4+B-2C)cosB—sin(4+C-2B)cosC
=sin (B—- C) {cos(B+ C—A4) + cos (4d+ C— B) +cos (4 + B~ C)}.
9. Sin A4 sin (B — C) + sin B sin (C— 4) + sin C'sin (4—B)=0;
and Cos 4 sin (B - C) + cos B sin (C — 4) + cos Csin (4 - B) =0.
10. * Cos 24 + cos 2B + cos 2C
=cos{B+C)cos(B-C)+cos (C+4) cos(C~A)+cos(4 +B)cos(A—B)
and Sin 24+ sin 2B +sin 2C
=sin (B+C)cos(B-C)+sin(C+4)cos (C-4)+sin (A+B) cos (4-B).
11. If28§=4+B+C,
4cos A cos Beos C=cos2(S—A)+cos2(S—B)+cos2(S- C) +cos2§ ;
and 4 sin 4 sin Bsin C
=sin2(8—-4)+sin2(S—B)+sin2 (§- C)-sin28S.
12. Sin Bsin(4 - B) +sin Csin (4 - C)
=cos (B - C) cos 2 (§—4)—cos 4.
13. (Sin*4+sin®B+sin®C){sin*(4-B)+sin*( B—C) +sin’(C-4)} '
={cos A—cos(B-C)cos2(S—4)}* +{cos B—cos(C— 4) cos2(S-B)}*
+{cos C —cos(4— B)cos 2(S—C)}*; where 28 =4+ B +C.
Sin (4 - B) sin(B - C) + sin (0 - 4)

14. sinC ~  sind sin B
+sm (4-B)sin(B- C')sm (C- A)
sin A sin B sin C

Tan 4 tan (tan B tan (_tan C _tan A)
tan B~ tan D tan C ~ tan B tan4 tan C
sin2(B—4)+sin2(C—-B)+sin2 (4- C)

sin 24 sin2Bsin 2C

=9
2

16. The formula in the last Example is also equal to
8 sin (4 - B) sin (B— C) sin (C - A)
sin 24 sin 2B sin 2C
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IX. Prove that

14+sind
1-sind

2. Secc (45" + A) sec (45°— A) =2 sec 24.

1.

= tan®(45°+ 4 4).

8. 2secA =tan (45°+ L 4) + cot (45°+ } 4).
’ 2cos24 -1
v 0 o__ I odhig ot
4. Tan(80°+ 4) tan (30°~ 4) Teos2A T 1
5. Sin (60°+ A) — sin (60° = 1) = sin A.
sin 4
sin (45°= 3 A) +cos (45°+ 5 4)°

6. J(1-cosd)=

7. Cos A + cos (120°— A4) + cos (120°+ 4) = 0.

8. Cos®4 + cos® (60° — A4) + cos® (G0°+ A)=1.

9. Cos* A+ cos® (72°+ 4) + cos* (2.72° + A) + cos* (3.72" + 4)
+ cos* (4.72°+ 4) = ]é; .

X. Find the numerical values of Sin15°, Sin9°, Cos 12°,
Versin 15°, Tan 22°, 12/, Sin 150°, Cos135% Sin3°, Sin75°,
Sce225°; and prove that

1. Tan 50"+ cot 50° = 2 sec 10°.

4 T R — .
2. Qcos§;=J2+J{2+&c.+J(ﬂ+2('osA)}; where 7 is a

positive integer, and the symbol ,/ is repeated n times, each time
affecting all the quantities which follow it.

XI. Determine A4 in the following equations:

1. Sind4 =sin 24. ’ 2. Tan24=3tan 4.

8. Tan 4 =cosec 24. 4. Cos A=tan 4. ~
5. Tan’24=3tan 24. 6. TanA+3cotd=4.
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(%) Log(l —},>=log (z+1) +log(x—1)—-2log 2.

1t. Iflogx+1log 6 =log12 —log2 —log z, then z*=1.

12. From ]w?" and 1“-'3’ find 1“’72'
1
~ 3. ' From 1“,14-, and ],016, find ]m‘l: 11057 llo7a ]w 1960°

4y l:_’:’ 2 4 NG
14. ]‘{(1+N)2.(1—A7)‘}=1£5+’3N‘4+'5 0.+u.

15. If logxz =loga —logh, shew that

-g(a+b)=loga+]og<l + :1), and log(a—l;)=]oga—-logwi1 .
1 1

1
16. If y=¢'—lr, and z=¢'~%y; then x=¢l=4L5.

« 17 IfmerB_pyt8=0, then x = B ]0{5_71:‘? 0 log_n .
alog m—ylogn

18. If a®*+b0¥=c, and a"— 1Y =d, then
log (c—d)

1
s g=logilord) gy
loga ., logbd
w
un 19 Prove that
rad’ log (tan 270) = 2 log (2 sin 2"0) — log (2 sin 2*'0);
ad thence shew that
th
4 log (tan2"d) +-23;. log (tan 2°0) + ... (to n terms)

= log (2 sin 20) - ., . log (2 sin 2°*0).

11



SPHERICAL TRIGONOMETRY.

CHAPTER 1.

ON CERTAIN PROPERTIES OF SPHOERICAL TRIANGLES.

1. Dxer. A Sphere is a solid bounded by a surface of which
every point is equally distant from a fixed point which is called
the center of the sphere.

Drr. The straight line joining the center with any point in
the surface is called the radius of the sphere.

2. Every section of a sphere made by a plans is a circl.

Let ABCD be a sphere of which the
center is O ; AFCG the curve in which
a plane cutting the sphere intersects its
surface ; OF a perpendicular from O upon
the cutting plane.

Join E with F any point in AFCG, and
join FO. Then since OE is perpendicular
to the cutting plane, it is perpendicular to
EF, a line meeting it in that plane;
<. EF =,/(OF’- OFE?), a constant quantity. 35

Now E is a fized point in the cutting plane, and F is any point in
the curve AFC. Therefore AFC is a circle whose center is E and
radius is EF. Euclid, 1. Def. 15.

Cor. If the cutting glane pass through the center of the
sphere, EO vanishes, and EF becomes equal to OF, the radius of
the sphere.
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3. Der. The &ircle in which a sphere is cut by a plane 1.
called a greaf, or a small circle, according as the cutting plane
passes, or does not pass, through the center of the sphere.

Cor. Since the radius of every great circle is equal to the
radius of the sphere (2, Cor.), all great circles of the sphere
must be equal.

Note. Unless the contrary be expressly mentioned, when
hereafter*an arc of a sphere is spokén of, an arc of a g:cat circle
is meant.

4. Drr. Sruericarn TRIGONOMETRY investigates the rela-
tions subsisting between the angles of the plane faces which form
a solid angle, and the angles at which the plane faces themselves
are inclined to one another.

For the sake of convenience the angular point is made the
center of a sphere, which, being cut by the plane faces containing
the solid angle, presents on its surface a figure of which the sides
are arcs of great circles.

Let ABC be a triangle of this kind, whose A
sides AB, BC, CA are formed by the intersection Nk
of the planes AOB, BOC, CO4, with the surface N\
of a sphere of which O is the center. The angle of \P
ar;ygli’ Pl. Trig. Chap.vr.; © ¢
and the angle contained between any two faces . B
(as BOA and COA), is the angle contained between the lines .AD
and AE which are drawn in the planes BOA and CO4 at right
angles to their intersection O4. Euclid, x1. Def. 6.

The lines AD, AE, being at right angles to the radius 04,
and lying in the planes of the arcs AB and AC, are tungents to
those arcs.

any face, as 40B, is

5. After certain properties of spherical triangles have been proved, it will
not be requisite, in pursuing further investigations, to represent in the figures
attached to the Propositions the center of the sphere on which the triangles
ure described.

It must not, however, be forgotten, that when the words ¢ the angle BAC”
or *“ the angle 4 occur, the angle meant is that of the inclination of the two
planes which pass through O the center of the sphere and the arcs 4B and AC;
and that this is the angle contained between two lines drawn from any point in
AO at wight angles to it, and respectively lying in the planes AOB and AOC.
Also, whenever the expression ‘* the‘sine of 4B " occurs, the sine is meant of the
angle whi&x the arc 4 B subtends at the center of the circle of which it is a por-
tion. . If this circle be a great circle, its center is also the center of the sphere.

/' 11—2
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6. In the following pages the angle BAC will commonly be
indicated by the letter 4, and the angle subtended by BC, the
side of the triangle opposite to - BAC, will be indicated by a.
The other parts of the triangle ACB will be represented in like
manner.

7. Der. If OE (fig. Art. 2), which is perpendicular to the
plane AF(, be produced both ways to meet the surface of the
sphere in I3 and D), these points are respectively called the nearer
and the further poles of the circle AFC; and the straight line
BOD is called the axis of the circle AFC.

8. The pole of a circle is equally distant from every point
wn its circumference. (Fig. Art. 2.)

Join B with F any point in AFC'G. Then, BEF being a right
angle, BF*=BE'+ EF*=BE‘+(OF?- OF®), a constant quan-
tity. And F being any point in AFCG, B is equally distant from
every point in the circumference of that circle.

Similarly, DF*= DE*+ EF*= DE*+ (OF*~ OE*), a constant
quantity. Hence D) is equally distant from every point in the
circumference of 4FCG.

Again; let BNF be an arc of a great circle passing through B
and F, any point in AFC. Then since the chord BF is the
same for every point in the arc AFC, and that in equal circles
equal circumferences are subtended by equal straight lines
(Euclid, 111. xxix.), the arc BNF is constant; and also, because
the radii of all great circles are equal,.the angle BOF subtended
at the center of the sphere is constant.

Hence it appears that every point in the circumference of a
circle of a sphere is equally distant from the pole of the circle,
whether the distance be measured by the length of a straight line
joining the point with the pole, or by the arc of a great circle
connecting the same points, or by the angle which such an arc
subtends at the center of the sphere.

9. Since BO is at right angles to the plane 4 FC, every plane
through BO is at right angles to that plane. Hence, theangle
between any circle whatever and a great circle passing through its
pole is a right angle.
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10. If B le a quadrant drawn _at right angles to the great
circle AFC from any point ¥ in it, B s the pole of AFC.

Join B and F with O the center of the 15
sphere, and in the plane of AFC draw 04 at
right angles to FO.

Then, A0 being perpendicular to OF,
and (since FB is a quadrant) BO being
perpendicular to the same line, therefore
2 BOA = ¢ between the planes AOF and
BOF, whose intersection is OF ; an angle
which is by hypothesis a right angle. <

And BO, being at right angles to O4 and OF, is at right

angles to the plane 4OF in which they lie; and therefore I3 is
the pole of AFC.

0| T
I —

Cor. If B be the pole of AFC, AQ and FO, any two lines in
the plane CFAG, are at right angles to BO, and AOF is the
inclination of A0B and FOB;

.. Art. 5, 2 AF = ABF.

Der. Great circles which pass through the pole of a great
circle are called secondaries to that circle.

11.  If from'a point on the surfuce of a sphere there can le
drawn two arcs (not parts of the same circle) which are at right
angles to a given circle, that point is the pole of the circle. (Fig.
Art. 10.) '

Let B be the point, B4 and BF arcs (not parts of the same
circle) through A and F, points in the circle AFC; and let BA
and BF be at right angles to AF.

Then since B4 and BF are at right angles to AF, and are not
parts of the same circle, the planes BOA and BOF must intersect,
and their intersection BO is at right angles to AOF, Eucl. x1. 19.
Therefore B is the pole of AFC.

[The proof holds whether AFC be a great or a small circle.]

Cor. Hence also it appears that the intersection of two arcs
drawn at right angles to a given circle through any two points in
it, is the pole of that circle.
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12. The angle subtended at the center of the sphere by the
are of a great circle which joins the poles of two great circles,
is the <nclination of the planes of thuse circles.

Let the given circles be FD and FE
intersecting in F, 4 and B their respec- /

tive poles, and ABDE the circle through
A and B,

Now 40is perpendicular to OF, which
is a line in the plane DOF,

And BO is perpendicular to OF, a
line in the plane EOF; N

.. OF is perpendicular to the plane S =k
AODB; and therefore to OD and OF, .
which are lines in that planc;

. DOE is the angle of inclination of the pl:mesl FOD, FOE.
And 40B = A0D - BOD =90°— BOD
=BOE - BOD = DOE.

Cor. Hence also it appears that  AB=.DE = : DFE
Arts. 5, 4.

13. Two great circles are bisccted by thelr dnterscetions.
(Fig. Art. 10.)

Let BAD and BFD be arcs of two great circles intersecting
each other in B and ). Join BD.

Then since BAD is a great circle, the center of the sphere is a
point in its plane ; similarly, it is a point in the plane of BFD;
therefore the center of the sphere is a point (0) which is in the
intersection of these planes, that is, in the line Joining B and D.
Therefore BAD and BFD are semicircles, having BOD for their
common diameter, and the two great circles are bisected by the
points B and D. '

14 Any side of a spherical triangle is less than a semi-
circle, and any angle is less than two right angles.

Since Euclid takes two right angles as the limit of a plane
angle, this is also his limit for the angle of any plane face of a solid
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angle. Hence in a spherical triangle no
side can be equal to a semicircle.

Thus, if ACB intersect AEBF in the
points A and B, and CD be any other
arc, the triangle connecting the points B,
C, D is not the figure formed by BC, CD,
DAF B (of which the side DAFB is greater
than a semicircle), but the figure formed by
BC, CD, DED. ¥

If a side, as ADEB, become a semicircle, then the arcs which
join A and B with any other point C, are portions of the semi-
circle BCA, and the arcs joining the points 4, B, C cease to form
a triangle. :

Wherefore the side of a triangle is less than a semicircle.

Con. 1. Hence it follows that an angle of a triangle must be
less than two right angles.

For if possible let BFADC be a triangle having the angle
BCD greater than two right angles. Produce BC to 4 ; then
BFA4 is a semicircle, and BFAD is greater than a semicircle;
which is impossible.

If the angle BCD become equal to two right angles, BC and
CD become parts of the same circle, and the figure ceases to be a
triangle.

Wherefore the angle of a triangle is less than two right angles.

Cog. 2. Hence also it follows, that if the great circle be

completed of which any side AB of a tri-

angle ABC formns a part, the triangle lies

within it. C
For if possible, let C lie without the

circle, and let C4 cut it in D; then since

D4 is a semicircle (13), a side CDA4 of a A

triangle is greater than a semicircle; which

is impossible. B

15. If P be the pole of a great circle BAC and of a small
c;'rcle bac which are cut by the great circles PaA and PbD,
then

Arcab

m ;&E = Sm Pa.
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Let O be the center of the sphere, and OP, which is at right
angles to the planes of both circles, cut the plane of the small
circle in D. Join 40, BO, aD, 4D. Since these lines lie in
planes which are perpendicular to OP, each of them is perpen-
dicular to OP. Join aO.

Then aD), being perpendicular to PO, is parallel to 40, a line
which lies in the same plane with itself. 2

Similarly, D is parallel to BO;

. 2zaDb=2 AOB. Eucl. x1. 10,

that is are ”é = AE ;
> aD A0 °
. Are ab aD _aD
** ArcAB~ 40~ a0
Cor. 1. Since POA=90° sin POa=cosa04;
. Arcab
** ArcdB
Cor. 2. If AB be any circle of which P is the pole, it may
be proved in like manner that
Arcab sin Pa

=sin POa, or sin Pa.

=cosa0A, orcosad.

16. Dgr. If the angular points A, B, C of a spherical tri-
angle ABC, Fig. Art. 17, be the poles of the three great circles
1)2‘, EF, FD respectively, the triangle 4 BC is called with respect
to DEF the Primitive Triangle, and DEF is called with respect
to ABC the Polar Triangle. .

17.  The angular points of the polar triangle are the poles
of the sides of the primitive triangle.

Join AE and BE, by arcs of two great
circles.

Then, since 4 is the pole of ED, A E=1},

Art. 10.

And, since B is the pole of EF, BE =},

Therefore the great circle of which £ is
the pole passes through A and B, or E is the
pole of AB. Similarly D and F are the
poles of AC and BC respectively.

I
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18. The Polar.Triangle is called also the Supplemental Tri-
angle, from the following property it possesses.

The sides and angles of the polar triangle are the supplements
of the angles and sides respectively of the primitive (riangle.
(Fig. Art. 17.)

For : A=HG, Art. 10, Cor.,= EG - EIl
=EG-(ED-DH)=EG+DII-ED;
but EG and DH are quadrants, or each subtends an angle
©“ 2A=m—ED.
Similarly, ¢B=x-EF, and «C=m-FD.
Again, AB=AG-BG=AG-(IG- BI)
=AG+BI-IG
=ir +lm—F, since E=IQ. (10, Cor.)
=x—FE.
Similarly, BC=x-F, and AC=n-D.

.

19. If a general equation be established between the sides
and the angles of a spherical triangle, a true result is obtained
1f in the equation the supplements of the sides and of the angles
respectively be written for the angles and sides which enter tnto
the equation.

For if the equation te proved for any triangle whatever, the
sides @/, ¥/, ¢/, and the angles A’, B’, (', of the polar triangle may
respectively be substituted in it, in the place of the sides a, b, c,
and the angles A, B, C, of the primifive triangle. And in the
equation as it then stands, putting for the sides and angles of the
polar triangle their equivalents drawn from the primitive triangle,
viz.

m—A =d, - B =V, -rr-C=c',

m—a =4, m—b =B, m—c=C,
a true result is obtained, which differs from the original equation

in having the supplements of the sides and of the angles respec-
tively written for the angles and the sides of the triangle.
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Ex. If A, B, C be the angles, and a, b, c‘be the sides, of any
triangle, it will hereafter be proved (29) that

cosa—cos h cosc
Cosd=-"-. , .~ -~ —,
sin 6 sin ¢
in which the cosine of an angle of a spherical triangle is expressed
in terms of the sides.
, , ,
. cos a' —cos b cosc
Therefore Cos A’ =- Lm e, e
sin O s ¢
Now A'=nw—a, d=n—A, O'=n—B, ¢’=7n-C;

cos (w — A4) — cos (m — B) cos (- C)

-+ Cos (m—a)= sin (= — B) sin (#— C) ;

cos A+cosBcosC . . . . .
. . - ; in which the cosine of a side of a
sin /2 sin C

triangle is expressed in terms of the angles.

. Cosa=

20.  Any two sides of a spherical triungle are together
greater than the third; and the sum of the three sides is less
than the circumfercuce of a great circle.

For, Eucl. xt1. 20, any two of the angles
AOB, BOC, C04,
o ATC 4B arc BC arc CA)

( 40 "’ 40 ° 40 )’
which form the solid angle at O, are together
greater than the third. Therefore any two of B
the arcs 4 B, BC, CA are together greater than the third.

Also, Eucl. x1. 21, the three angles forming the solid angle
at O are less than four right angles ;

. gxlgAB+achC+arcCA
T 40T 40 T 40T

< M.

. Arc AB +arc BC + arc C4 <2« . 40, which is the circum-
ference of a circle whose radius is 40.
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.

Cor. 1. Since the sum of the plane angles which contain any
solid angle is less than four right angles, Eucl. x1. 21, it follows
from the same mode of proof, that the sum of the sides of any
polygonal figure which is described on a sphere, and whose sides
are arcs of great circles, is less than the circumnference of a great
circle.

[The polygonal figure, however, must be such that the angle between any
two adjacent sides is less than two right angles, and also that 1§ area 1s con-
tained on the surface of a hemisphere: for by 'Euclid, the angle between two
planes is less than two right angles, and in the proof of the proposition referred
to, 1t is supposed that e/l the plane faces which contamn the solid angle may be
cut by one plane ; which cannot be the case unless all the edges of the solid
angle lie within the same hemusphere.]

Cor. 2. Also, let ABCDEA be a five-sided figure described
on a sphere, and let it be divided into triangles by the ares AC,
AD. (A figure is easily drawn.)

Then AB + BC> AC;

SAB+BC+CD>AC+ CD> AD, for AC+CD> A4D;
< AB+BC+CD +DE >4D + DE > AL.

And the same method of proof being applicable to a polygon of
any number of sides, it follows that the suin of all the sides but
oue of a polygon described on a sphere is greater than the re-
maining side.

Cor. 3. If aandd i)e two sides of a spherical triangle, since
each is less than o,
a+b<m, S (a+d)<m.
And a-b<m, oo d(a=b)<)m.
So, (4 +B)<m, and §(4 - B)<i}m.

Cor. 4. da, b, ¢, being the sides of the polar triangle,
ad+b>c¢; o (m—A)+(x-B)>(n-C);
S w>A+B-C; or,A+DB-C<m.
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21. The sum of the anglvs of a spken’cal' triangle is greater
than two right ang'es, and less than st.r.

Let A, B, C be the angles, and a, b, ¢ the sides, of a triangle;
A, B, C, and &, b, ¢, the angles and sides of its polar tri-
angle.

Now 25 >da'+b'+c. (20)
>(r=A)+(r-B)+(r—C)>8r-(A+B+C);
W A+DB+C>r.

Also, since each of the angles A, B, C is less than =,
o A+ B+ C<3m,

22. Theangles at the base of an isosceles triangle are equal
to each other.

Suppose ARC to be an isosceles tri-
angle, having AB = AC, and therefore
< AOB= ¢ AOC.

From D, any point in 04. draw DG
perpendicular to the plane BOC,—and
therefore at right angles to every line it
meets in that plane; and from G draw
GE and GF perpendicular to OB and
0C; join DE, DF, GO.

Then
OE*=0G*-GE*=(0D’- DG*) - (ED'- DG*)=0D* - ED*;

.. DE is perpendicular to OF, and ... - DEG = inclination of the
planes BOC and BOA, = ¢ B.

Similarly, DF is perpendicular to OC, and « DFG =.C.
Now DE=0D.sin AOB=0D.sin AOC = DF.
And EG’=DE'- DG'=DF* - DG*= FG*.
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Hence, since G’E, ED are equal to GF, FD, each to each,
and GD is common,

. ¢tDEG=:DFQ@, or<:B=:C.

23. Conversely, if ¢t B=:C, or : DEG = DFG, it may be
shewn from the same figure that A3 = AC'; that is, the angles at
the base being equal, the sides opposite to them are equal.

Cor. Hence also it follows that every equilateral triangle is
also equiangular; and conversely, that every equiangular triangle
is also equilateral.

24.  Of the two sides which are opposite to two unequal
angles in « triangle, that is the greater whick ¢s opposite to the
angle which is the greater.

Let 2 ABC be greater than : BAC. B
Then AC > BC. \ T~
Make : ABD=: BAD; .. DA=DB. \\\\
. A /C
And AC=CD+ DA=CD +DB; S

But CD + DB is > BC (20); .. AC> BC.

25. Conversely, it may easily be shewn that of two angles in
a triangle which are opposite to unequal sides, that is the greater
which is opposite to the side which is the greater.

Cor. Hence A — B and « - b have the same sign.

26. Article 24 has been proved after the manner of Euclid,
I. 19.  The following propositions may be enunciated for spheri-
cal triangles in the terms used for plane triangles, and may be
p(l;owgd in nearly the same words. Euclid, 1. Props. 4. 8. 24. 25.
20. &c.
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27. To recapitulate the more important properties of Spheri-
cal Triangles which have been proved in this Chapter.

Art. 14.
14,
20.

2%

25, Cor.
.
20.
2].
20, Cor. 8.
20, Cor: 3.

©0, Cor. 4.

1.

124
<

3.

e
s

32

=

9.
10 A+ B-C<m.

A side must be less than a semicircle.
An angle must be less than two right angles.

Any two sides are together greater than the
third.

The greater side is opposite to the greater
angle; and conversely.

A- B and a - b are of the same sign.

a+b+c<2m
A+ B+C>m, and <3m.
a+b<2m, a-b<m.

A+ DB <2, A-DB<m.

"“The following properties will also be proved hereafter:

34.

|
|

|

11. 4 (A4 + D) and } (a +b) are “of the same

affection;;” i. e. they arc both = L, or
both <.

. 12. If ABC be a right-angled triangle, € being

the right angle, then 4 and « (as also
B and b) are of the same affection.



CHAPTER II.

FORMULZE CONNECTING TIIE SIDES AND ANGLES OF
A SPHERICAL TRIANGLE.

28.  The Sines of the Sides of a Spherical Triangle are as
the Sines of the Angles to which they are respectively opposite.

Let ABC be the triangle, O the cen-
ter of the sphere. From D, any point in

A
n
0A,draw D@ perpendicular to the plane i
BOC, and from G draw GE and GF / \
perpendicular to OB and OC. Join DE, 0< - F__ 1\ \e
DF. N6 /

Then a line through G parallel to OB \ ,
would be perpendicular to DG and GZ, v/
and ... to the plane DGE': wherefore, B
Fuc. x1. 8, OF is perpendicular to the plane DEG, and .. to
DE and EG; and .. z: DEG = B.

Similarly, ¢ DFG=+C.

Now DE.sin DEG= DG = DF .sin DFG;

». OD.sin 40B.sin DEG = OD .sin AOC.sin DFG;
.. Sin AB.sin B=sin AC.sin C;
. SinB _ sin C
" SinAC sindB’
Similarly it may be proved that
SinB _ Sind
Sin AC ~ Sin BC’
Wherefore

Sind _ sinB _ sinC Q)
S BC s A0 smAB e .
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The Proof will be found to hold whether G fall within the
angle BOC or without it. For if, for instance, G fall without
OB, the angle DEG will be the supplement of the angle B, and
sin DEG =sin B. Also if E be in BO produced, the proof will
still be found to hold.

99. To express the cosine of an Angle of a Triangle in
terms of the Cosincs and Sines of the Sides.

From any point D in 04 draw DE and
DF, in the planes 40B and AOC, at right

angles to 40. Therefore : EDF 1s the incli-
nation of those plancs to each other, that is,
the angle 4. Join EF. Then, from the tri-
angles FOE and FDE,

01+ OE*~20F . OF . cos FOE = FE*
=FD*+ DL*~2FD.DE .cos FDE;
. 20F.OE .cos FOE
= (OF*= FD*) + (0" DE*) + 2FD . DE . cos FDE
=20D*+2FD. DE.cos FDE;
0D OD FI, DE
OF "OE " OF OE

or, Cosa=cosbcosc+sinbsinccosd............... (ii.)

. Cos FOE = .cos FDE;

cosa —cosbcosc

Whence CosA = g e — e
sin'd sin ¢

* In the proof DE and DF are supposed to cut OB and OC, which will be
the case only if AB and .4 C be less than quadrants, The result arrived at is
notwithstanding general, as may be thus shewn. |[The figures may easily be
drawn trom the descriptions. ]

1st. If AC be greater than 90°, and 4B less than 90°, produce C4 and CB
until they meet in (V. Then A4(’B 1s a triangle in which 4(”, -4 B are each less
than 90Y, and therefore by the proof 1n the text,

Cos C'B =cos AC". cos AB + sin AC'. sin AB .cos BAC’
or —cos BC = — cos AC.cos AB + sin AC . sin AB .(— cos BAC);

o €08 BC = cos AC .cos AB + sin AC .sin AB .cos BAC.
2nd.



SPHERICAL TRIGONOMETRY. 177

Cor. By writing = —a for 4, &c. (19),
Cos A+ cos BcosC=Sin BsinCcosa............(ii.)

cos A + cos B cos C
Whence, Cosa= T sinBsinC

30. To shew that Cos a sinb=sina cos b cosC + sinc cos A.

Rroduce the side C4 to P, making AP a ° e
quadrant. Then the formula (ii.) applied to |
the triangles PCDB and PADB gives 4 |

Cos BP = cos (90° + b) cos a ‘;____,_: - ig

+sin(90"+ b)sinacos C
==sinb cosa+ cos b sin a cos C,
and Cos BP =-sinccos d;

Equating these values of cos BP,

Cosasinb =sina cosb cos C +sinccosA...... (iv.)

2nd. If 4C and A B be both greater than 90°, produce .4C and.4 B until
they mect in 4’, Then A’BC 18 a wriangle in which 4B and AC sare each less
than 90°,

.t Cos BC =cos A'B.cos A’C + sin A’B . sin A4°C’. cos A’
= cos (180"~ AB).cos (180~ .1C) + sin (180°— A B) . sin (180° - 4C). cos 4
=cos AB.cos AC + sin AR .sin AC.cos A.

3rd. Let one of the sides, as 4B, be 90",

From B draw BD perpendicular to AC or AC produced. Then the angles
at D are right angles; and from the A BCD,

Cos BC = cos DB .cos DC + sin DB .sin DC. cos D,
where cos DB =cos A; cos DC = cos(90°~ AC) =xin 4C; cos D =0,

and the equation becomes
cosa=cos A .sind,

which i.s the form (ii.) assumes when ¢ = 90°.

4th. If both the sides AB, AC be quadrants, cos A = cos BC = cona; and
this is the form which (ii.) assumes when b and ¢ each become $0°,
12
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Cor. 1. By (iv.), Cosa sinb =sina cosb ¢os C + sin ¢ cos 4,

cosa nc
o2 sinb = cosb cos C + 22 cos A
sing sina
sin C
=cosbcosC+ .-~ .cosd;
sin 4
< Cota sinb=cosb cosC+sinC cot 4...... (v.)

Cor. 2. By writing = —a for 4, &c. (19), the formula (iv.)
becomes,

Sin C cos a = cos A4 sin B + sin 4 cos B cosc......... (vi.)
31. 7o find the values of Cos 3 A, Sin} A, Tan } A, and
Sin A i terms of a, b, c.
By (ii.), Sind sinc cos 4 = cosa —cosb cosc;
*. sinb gin ¢ (1 + cos 4) = cosa — (cos b cosc —sin b sinc);
- sinb sinc 2 cos*} 4 =cosa - cos (h +c)
=2sind(a+b+c)sind (b+c—a).
Andif S=4(a+b+c), S—a=}(@+b+c)—a=%(b+c-a),
sin S sin (8 —a)

. costl 4="5T o a)

-cos’y A= sinbsine  ’

Cos}d = \/s’“ss"’(s D e (vil)
- e veennene (Vi

. cosa— cosh cosc
Again, 2sin°jAd=1-cosd=1-"— ——— "—
sind sin¢

sin (8 — b) sin (S —¢)
s b sinc

’

Whence, Sini 4=

sind 4 sin (§ - 5) sin (§ - ¢) .
Also, Tan} A = Gos4d sinSsin(S—a) (ix.)
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And Sin4d=2sihidcosid

2
" sinb sinc

-»/{sin § sin (8 - a) sin (S - 8) sin (S —c)} ........ «(x.)

The positive signs of the square roots are taken in these cases,
because 4 4 is necessarily less than § .

82. To find the values of Cos}a, Sin}a, Tal}a, and
Sina i terms of A, B, C. :

cos A + cos B cos C

sinBsinC °

By (iii.), Cosa =

. cos 4 + cos B cos C + sin B sin C
oo 2cos’la=1+cosa=——"—--"C"" .-
sin B sin C

_cosd +cos(B-C) 2cosd(A+C—B)cosi(A+B-C)
T sinBsinC - sin 3 sin C '

And if §'=}(4+B+C), then §- B=}(4+C— B), &.;

. _ Jcos (8~ B) cos (8§~ C) .
o Cosda= )\/ CenBsmC e (xi)
. s ey _, _cosAd+cosBcosC
Again, 2sin’fa=1-cosa=1-~ U nBsno
_.cosA+cos(B+C)
T 77 sinBsinC °
. /— cos 8" cos (S’ A) s
y 1=
Whence, Sinla '\/ GBI G e (xii
_sinda — cos §’ cos (S — A)
Also, Tanda= cosga \/ G0 (S—B) cos (§ = C) """ oo (Xiii.)

And Sina=2sin}acos}a

Em?ﬁ-T(,"' w1~ cos § cos(§'~ 4) cos (§'~ B) cos(§'~ C)}...(xiv.)

12—2
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Note. Since the angles of a spherical triangle are together
greater than two right angles and less than six, S’ is greater
than one right angle and less than three, and its cosine is there-
fore a negative quantity. Alsosince (27) A+B-C<m, there-
fore cos}(4+B-C), or cos(8'-C),isa positive quantity ; and
in like manner cos (8’ — B) and cos (8'— A) are positive. 'Where-
fore the last threc formule are not impossible quantities, as at
first sight they appear to be, but real quantities.

33. o prove Napier's Analogies.

By (iii.), CosA +cosB cos C=cosa sinB sinC;
so Cos B + cos A cos C = cos b sin 4 sin C.

By addition,
(cos A + cos B) (1 + cos C) = (cos a sin B + cos b sin 4) sin C;

<. (cos A + cos B)2 cos’} C

. sin b . .
= (cosa sinAd ona cosh sin4)2¢ind Ccos{ C;
[}

sin A

v.cosd +cosB="

. .(cosasind + cos b si LC
sina ( ‘ +cosh sina)tan } C

sind .
=-,—,sin(a+0)tan 3 C.
sina ( ytan g

Again, Sin 4+ sinB=sin4 (1 + s—iE«B) =sin4 (l + s?“ b)
sin 4 sina
sind . .
=z’ (sina +sinb);
. sind+sinB _sina+ sin b
" cosd+cos B sin(a+b)’
2sin } (A4 + B)cos 3(4-B)_2sin}(a+b)cosd(a~— b) t1C.
2cosi(4+ B)cosy(4-B) 2 siné(a+b)cos%(a+b)'c° LA

- Tan} (4 + B)=§‘;;:";—Ef,:23.cotg Coveverr(x72)

cot} C,
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SinA-sinB sina —sivd t,}C;

In like manner, (m; cosB = élm .Co

sin § H (a-

Whence, Tan { (4 -B) = sin d (a4 1,)

.cot 3 C......(xvi.)

By writing #— A for a, &c. (19), the last two formule
become

cos }(4-B) . o
Tan } (a+b) = con ‘E/I+B} tanfc........(xvii)
Tan }(a-b)= ‘}L»ﬁé:_”)) .tanj c.... .....(xviii.)

sind (4+ B)

These four formule are called NariErR’s ANaLociEs. The
latter two may be easily proved independently by beginning with
the formula

Cosa=cosd cosc +sinb sinc cos 4.

34. Since cosd(a—0) and cotd C are necessarily positive
quantities, it follows from (xv.) that tan & 3 (4+ B) and cos  (a + b)
have the same algebraic sign; i.e. 4 (4+ B) and § (a +6) must
both be greater, or both less, thdn a right angle.

Der. When two angles are both greater or both less than a
right angle, they are said to be of the same, or of the like, affection.

Wherefore in any Spherical Triangle,
4 (4 + B) and } (a + b) are of the same affection.

85. Gauss’ Tueorem. To shew that

Coslcsind (4 + B)=cos} C cos} (a—D).......... (xix.)
Cosiccos}(A+B)=sin}Ccos}(a+bd)......... (xx.)
Sin 4 ¢ sin 4 (4 — B) =cos} C sin § (a = d).......... (xxi.)

Sin 4 ¢ cosd (4 - B)=sin } C sin § (a + b).......... (xxii.)
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Since Sin} (4'+ B)=sin} Acos} 3 B + cos }2 A sin } B, taking
the values of the cosines and smes of $ 4 and 4 B from (vii.) and

(viii.),
Sin}(4+B) = Jsin (8—b)sin(S—c).sin S sin(S—5)
3 - s

sind sinc.sina sinc

. \/sin S sin (8§ —a) . sin (S—a) sin(S —¢)

sinb sin ¢ .sin a sin ¢

f sin (§-0) b) sin (§ —a)) 'sin 8 sin (§ - ¢)
|l sinc sinc f sina sinb
-1 1 l(aq-
2sin{S—1(a+b)cosd (a-b) ccos L C
sin ¢

_coshla—b)

s 1o .cos3 C, sinceS—3(a+d)=1c;
e

<. cos §csin} (4+ B)=cos 5C cos (a—0).
And the formule (xx.), (xxi.), (xxiii.) can be proved in like

manner.

There will be no ambiguity respecting the algebraical signs in
these formule, if it be borne in tuind that if 4 be >= < B, then a
is > =<0, and that § (4 + B) and } (a + b) are of the like affection.



CHAPTER IIL
ON THE SOLUTION OF RIGHT-ANGLED TRIANGLES.

86. RIGHT-ANGLED triangles may in all cases (with an ex-
ception which will be pointed out, Art. 40), We solved by means
of the following formulz, when, besides the right angle, two other
qua{xtities are given out of the three sides and the two remaining
angles.

If A, B, C be the angles of any spherical triangle, and a, b, ¢
the sides respectively opposite to them, it has been proved that

(ii.) Cosc=cosacosb+sinasinbcosC............ (a)
(iii.) Coscsin 4 sin B =cos C +cos A cos B......... (5
Cosa sin Bsin C=cos 4 + cos B cos C......... (e)

(i.) SinasinC=sincsin A..coccuvcvuninnneennnnnn.n. (d)
(v.) Cotasinb=cosbcos C+sin C'cot 4............ (e)
Cotcsina=cosacos B+sin Beot C......... N

By making C = 90° there will be obtained,

From (a), Cosc = cosa cos b. From (d), Sina=sin 4 sinec.
(b), Cos ¢ =cot 4 cot B. Sin b = sin B sin c.

(¢), CosA =cosasin B. (€), Sinb=tanacot 4

Cos B=cos b sin A. Sin g =tan b cot B.

From (f), Cos B =cotctana.
Cos 4 =cot c tan b.

37. These results are comprised under the following for-
mule, which the Student will find it necessary to keep in his
memory.
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(1). Cos hkyp =product of cosines of sides.

(2). Coshyp =product of cotangents of angles.
(). Sin side =sinopposite angle x sin hyp.

(4). Tan side =tan hyp x cos included angle.

(5)- Tan side =tan opposile angle x sin the other side.

(6). QUsarlgle= cos opposile side x sin the other angle.

38. An artificial method of remembering these formulx is by
Narier's RuLEs.

The formule of the last Article are comprised under two
Rules, which take their name from Napier, who first gave them.

The right angle being left out of consideration, the two Sides
which include the right angle, and the Complements of the Hypo-
thenuse and of the other Angles, are called the Circular parts of
the triangle.  Any one of these being frxed upon as the middle
part (M), the two circular parts next to it and immediately
Jjoining it are called the adjacent parts (A4,, 4,), and the other
two parts arc called the opposite parts (O,, 0,).

1?

Thus in the triangle 4 BC whase right angle is C;

If A be ' The adjacent Parts are | The opposite Parts are
i

a, (one of the sides including theright angle).| 1o - B, b; dr—d, lr—e.
3 ~ 4, (the complement of an angle), b, dm—c; lr-B, a

évr - ¢, (the complement of the hypothenuse), é-rr—d, %T—B; a, b.

And Narier’s RuLEs are,
Sin M=productoftheTangentsoftheAdjacentparts=tanA .tanA,,
Sin M=productof theCosines of the Opposite parts=cos O, .cosO,;

with which the formule of the last Article will, on trial, be found
to agree.
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39. To shew that in a triangle ABC in,which C 1s a right
angle, A and a are of the like affection, as are also B and b.

tan a

By 37, (5), Sinb= tan A’

Now since b is less than , sin b is positive ; therefore tan a and
tan 4 must be of the same sign. And because  is the limit both
of & and of A, these angles must be both greater or bdth less than
a right angle ; that is, 4 and a must be of the like affection.

Similarly, from Sin a=<:—:~: 1’; it appears that B and b are of

the like affection.

40. If, in a right-angled triangle, an Angle and the Side
npposite to it be the only quantitics given, the triangle cannot
be determined.

For if the circles AB and AC /B—»——\ )
. . . ' v — . .
intersect again in A’, and C be a 7~ A
right angle, it is evident that — -
ACB and A’'CB have the angles c T 7

A, A’ equal, and CB, the side opposite to these angles. is the
same in both triangles. It is therefore ambiguous whether 4 BC
or A'BC be the triangle sought.

This ambiguity will also be found to exist, if it be attempted
to determine the triangle by 87, (5). For it cannot be deter-
mined from the equation Sin 4('=tan CBcot A whether the
angle AC is to be taken, or its supplement 4'C.

41. The solutions of the other cases of a right-angled
triangle from two given parts are not ambiguous, if attention
be paid to these two principles ;

(1) The greater side is opposite to the greater angle,

(2) An angle and the side opposite to it are of the like
affection.
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[For example: Let ¢ and A be given, to find a, B, 5

Now Sina =gin 4 sinc; and since @ and A4 are of the like affection (39),
the greater or lesser angle which satisfies this equation 18 to b2 taken for a,

according as A4 is greater or less than ,}r.
Again, Cosc=cotAcotB; .. Tan B=cotAd secc. And B is <90°

or > 90°, according as the second member of the equation is positive or negative;
that is, as 4 and c are of like or unlike affection.

Again, fosc=cosacosb; .. Cosh=coscseca. And b iz <90 or
> 90, according as the second member of the equation is positive or negative;
that is, as @ and ¢ are of like or unlike affection.]

42. In selecting a formula, attention must be paid to the
principles laid down in Appendix 11 to Pl. Trig. The following
formule may be used with advantage, when the side or angle
required is small, or nearly equal to one right angle, or to two.

Cos ¢ = cot A cot B; whence ¢ cannot be accurately determined, if it be either
a very small angle or nearly equal to two right angles.

« A cos B
N 9sin?le=1— =1- o D PR LLEC A Ak
ow 2sin?l ¢ l—cosc=1~-cotAdcotB =1 PPy L
. - cos (A + B)
le= LG S g
Sin 2° 2sin dsin B

i R — cox(A - B)
So, Cosic= ~ﬂz (1 +cosc)= \/2',1?[;?1} *

In like manner there is obtained from Cosa = con 4 = ﬂn—(}_"r - 4 ,
sin B sin B

Co.§a=,\/5i“{é(B—A)+{~vrSi}n<:s{%(B+A)—%-,r; :
Sin%a=\/5inl&(B+A)—%:i};§;s{&(3—A)+;}1r}.

* Since (21), A+B+C>m .~ ifC=3n, A+B>]}m
and since (20, Cor. 4), A+ B - C<my .0 ceeereenees - A+ B<jm;
wherefore, Cos (4 + B) is necessarily a negative quantity here. .

. Alsosince (20, Cor.4), A+C-B<wx, . A-B <;1r, and Cos (4 - B)
is positive,
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.
So from Cos A4 = cotc tan b, .

) Y v ey sin (¢ — &)
. sz}A—\/q(l cot ¢ tan b) \/2sinccosh’

S . .
COS%A =m+cotc tnnb)=\/""‘(“+ h)

2smccos b°

When ¢ and A are given, if a be nearly a right angle it cannot be accuratelv
determined from its sine. In this case Cot B = cos ¢ tan 4 determines B, and

a may be found from the formula for Sin %a, or from that for Cos.‘; a, (32.)
[ 4

43. DEr. A triangle is called Quadrantal, if any one of
its sides be a quadrant.

A QUADRANTAL TRIANGLE may be solved by applying
to its Polar Triangle the formule employed for solving a
Right-angled Triangle.

A Collection of Examples for practice is added at the end of
this Treatise.



CHAPTER 1IV.

ON THE SOLUTION OF OBLIQUE-ANGLED TRIANGLES.

44, Let the three Sides bc given. (a, b, c.)

The Angles may. be determined from one of the formule (vii.),
(viiiL), (ix.), (x.).

45.  Let the three .Angles be given. (A, B, C.)

The Sides may be determined from one of the formule (xi.),
(xii.), (xiii.), (xiv.).

46.  Let two Sides and the included Angle be given. (a,C,b.)

By Napier’s first and second Analogies, (xv.) and (xvi.),

cosd (a-0)
cos § (a+0)

|Tany (44 B) -

.cot 4 C,

ITan s (4= By = 50800 =8)
Tan} (4 - B) sinl (a_”)).cot?_, C,
3 (4+B), and } (4 - B), are determineil;
{A:,‘E(A +B)+3(4-B),
B} (4+B)-}(4-B),
And 4 and B being known, c is found from
sinC

Sinc=sina.—-
sind’

} are known.

® The easiest practical method of solving this case is by letting fall from A
a perpendicular (A4.D) on BC or BC produced either way, and then determining
t{:e right-angled triangles 4BD and 4CD. Supposing D lies between B and C,
then
Tan CD = cos C tan b, which gives CD.
And .. DB, =a - CD, is known.

Also Cosc = cos DB cos AD = cos DB, gos 3

cxCD’
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47.  To determine ¢ {ndependently of A and B, by forms
adapted to logarithmic computation.

Cos ¢ = cos @ cos b + sin a sin b cos O

= cos b (cos a +sin a tan b cos C).

Let 0 be an angle such that Tan 8 =tan b cos C............ ).
Then Cosc=cosh (cos a+sina 'il?,g)
cos 0,
cos b
= cos 0" €% (@=0)eeeininne (2).

From (1), L tan 0 = L tan b + L cos C — 10; which gives 6.
(2), Lcosc=L cosb + L cos(a—0) — L cos 8; which gives c.
[On comparing this solution with that given in the foot-note

to Art. 40, it will be found to be identically the same, if CD be
represented by 0.]

48. Let two Angles and the included Side le given.
(A, ¢, B)
From Napier’s third and fourth Analogies, (xvii.), (xviii.),

) _cos3(4-D) 1
{Tan;l(a+lj)—c“sé(/1+B).tangc,

sind (d-B
Tan-%(a—b):Ein-;(A_TF;.tan,}c,

] (a+b) and § («—b) are determined ;

} are known.

e b Dl (=D,
b=} (a+0)-% (a-0),

And a and b being known, C is found from

. . sine
SinC=sind.-.—.
sina
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49. 7o find G, independently of a and b, by forms adapted
‘to logarithmic computation.
Cos C ~cos ¢ sin A sin B — cos 4 cos B;
- 2cos'} C~1=(1~2sin*}c)sin 4sin B-cos 4 cos B
=-cos(4 + B)- 2sin*j¢sin 4 sin B;
. 2cos®} C=1-cos(d+B)-2 sin*} ¢ sin 4 sin B;
. cos’} C'=sin"}(4 + B)— sin’ jc¢ sin 4 sin B.

Now Sin*ic sin A sin B is necessarily positive, and less than
unity ; wherefore there is an angle 0 such that

Sin’0=sin’Jc¢sin 4sin B..................... 1);
.. Cos’} C=sin*4 (4 + B) —sin*6
=sin |} (4 + B)+6}sin{§ (4 + B)-6}. FL Trig. Art. 54......(2).

From (1), Lsin0=3 (Lsin 4+ Lsin B)+ Lsin{c-10; which
gives 0.

From (2), Lecos} C=1[Lsin{(4+B)+6}+Lsin{i(4+B)-6}];
whlch gives C.

50. Let two Angles and a Side opposite to one of them be
gwen. (A, B, a.)

Sin b =sina. sin g,
l(a—-
from (xv.), TaniC-= %Z—Z—z—((g—:g .cot §(4+ B);
from (xvii.), Tan}c :‘0%7(%1% tan 4 (a + b).

And b having been determined from the first of these equatwns, :
C and ¢ may be found from the other two.
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51.  To deternvine C and c independently of b, by forms
adapted to logarithmic computation. ~ (A, B, a.
Cos 4 = cos asin Bsin C'—cos B cos ¢

= cos B(cos atan B sin C- cos ).

Let 0 be an angle such that Cot@=cosgtan B............ n;
. Cos A4 =cosB <c‘os 0 .sin C - cos C)
sin ¢
cos B .
=gng - S0 (C=0)eeniiiiiiiiiiiiri e, (2)-

From (1), Lcotf=Lcosa+ Ltan B-10; which gives 6.

(2), Lsin(C—6)=Lcos A+ Lsin0—LcosB; which
gives ' -0, and thence C.

Again, from (v.), Sin B cot 4 = cotasin ¢ — cos ¢ cos B
=cota (sin ¢ — cos B tan a cos c),

and, if ¢ be such that Tan ¢p =cos Btana, ........c...eevuun..... (1),

. cota .
.. Sin Beot 4 =‘c6§'$ .sin (¢ - ¢);

i - 1
.o (e q><) .———- =sin Bcot Atana .-—— 1 s
cos¢  tan ¢ cos Btana
sin(c-¢) tan B
r sin'g S am A e (2).

From (1), Ltan¢=L cos B+ Ltana-10; which gives ¢.
(2, Lsin(c-¢)=Lsing+LtanB-Ltand; which

: *
gives ¢ — ¢, and thence c.

[The method used in Art. 49 might have been employed
here.]

* If from C an arc (D be drawn cutting 4B, or AB produced either
way, at right angles in the point D, the solution in the text is the same as
determining the right-angled triangles CBD and ACD, the angle BCD being
represented by 6, and the arc BD by ¢.
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52. Let two Sides and an Angle opposite to one of them be
given. (a, b, A.)
nb

. . si
Sin B=sin4.—,
smnma

_cos(a-b) .
Tan%C-Eosé(a+b).cot4(A+B),

cos 4 (A + B)

Tan g.} = EO;%@_‘—-B—) . tan % (a + b).

And B having been determined from the first equation, C and ¢
are found from the other two.

53. To deiermine C and ¢ independently of B, by forms
adapted to logarithmic computation.

From (v.) Cotasinb =cos b cos ' +sin C cot 4
cotA . ,
=cos b (cos C+m5 .sin C);

cot A

Whence, if 0 be such that C(:t 0= cos §) e (1),
there is got, Sin (C+0)=cotatanbsinl........................ (2);
from which two equations 8 and C can be found.

Again, Cosa = cos b cos ¢ + sin b sin ¢ cos 4

=cos ) (cos 4 tan bsinc + cosc);

Whence, if ¢ be such that Cot ¢ = cos 4 tanb............... (1),

there is got, Sin(c+ ¢) = c_a%g);ibn e (2),

and from these two equations ¢ and ¢ can be found*.

*If0=Jw-0, tanf = ‘::):‘:’ and 6’ and (C -6') are the segments-of the

angle C made by a perpendicular let fall from C on AB. Also if ¢ = éw -¢',
¢’ and (¢ — ¢') will be the segments of 4B,
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54. In (50) the triangle has apparently sbeen solved when
two angles and a side opposite to one of them are given; and in
(52) the triangle has apparently been solved from two sides and
the angle opposite to one of them.

It is, however, doubtful in some cases, in determining one of
sin4 sina
sin B sinb
the other three are given, whether the angle to be talen should
be less or greater than 1w, The ambiguous -@ases will now be
distinguished from those which are not so.

when

the quantities 4, B, a, b from the equation

(1) Given A, B, b, to determine in what cases a may be
Jound from the cquation,

Sina_sin A
Sinb sinB°

I. Let 4+ B be gredter than two right angles, or .

Then since, (34), ? (a + ) and } (4 + B) are of like affection,
Sa+biss>m

If therefore b be < Jm, a must be >} #. In this case, there-
fore, @ may be determined, and fhe triangle may be solved.

Butif b be > 4 =, the condition a+ !> = affords no means of
determining whether a be > or < m.

II. If A+ B be <x, then a+d is <= ; and a is therefore
<3} if b be > §m, but cannot be determined if b be <3} .

III. If A+ B=o; then, (by xv.), a+b=m, and therefore
a=m—b.
Whence it appears that, (4, B, b being given),
(1), when 4+ B>, and b<}w; thena is greater than § =,
(2); «wee A+ B<m, and b>}m; then ais less than =,
(8)s yeveeen A+B=mw; then a=w-1b;

and in no other case can @ be found, and the triangle determined,
from these data.

13
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(2) Gtven two Sides, and an Angle opposite to one of
them, to determine when the remaining parts of the triangle

may e determined. (a, b, B.) .
> > >
Ifa+b=m; then, as before, A + B=m, and .. A=n-B.
<< < <

Whence it’is collected, as in the last proposition, that
(1), when a + %7, and B= 3 m; then 4 is greater than J,
(2), weeeen a+b<m and I }m; then 4 isless than { =
(3), cenenn a+b=a; then Ad=n—DB;

and in no other case can 4 be determined.

55. By letting fall a perpendicular from any angle upon the
side opposite, an oblique-angled triangle may be divided into
two right-angled triangles, which in moet cases may be solved
by Napier's Rules with not less facility than by the methods just
given. The very same ambiguities, however, will arise (40) when
this construction is used for the determination of the triangle as
lhave been pointed out in (54).

’

56. Tron. To find the radius of the small circle described
about a given triangle in terms of the Angles of the triangle.

G

Let ABC be the triangle ; bisect C4 and //
CBin D and E, and draw from those points
at right angles to AC and to CB arcs inter-

secting in P. Join P4, PB, and PC, » N
Then, from the right-angled triangles /
PCD and PAD, /
¥_-g

Cos PC = cos PD cos DC=<os PD cos DA = cos P4 ;
< PA=PC. Similarly, PB=P(.

Therefore P is the pole of the circumscribing circle.
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Now Cos PBE =cot PBtan BE=co»PBtan {a,
. Cot P4, =cot PB,=cos PBEcot }a;

and since PAC, PCB, PBA are isosceles triangles,
. 2:PAC+2: PAB+2:PBE=A4+B+(C=25";
. : PBE=S"— (< PAC+:PAB)&S' - A.

i), Cotiam [CoR(S =B)eos(S-C).
Also, by (xiii.), Cotga—\/ —cosScos S —4)

. Cot PA= \/(log_(S/:ji) cos (§'— B) cos (S’ - C)

—cos &'

57. Pron. To determine the radius of the circumscribing
circle in terms of the Sides of the triangle.

As in (56), Cot PA =rcot}acos PBE;
And as before,
Cos PBE =cos (8'— A)=cos § {(B+ C)— A}
=cosl (B+C)cosi A+sin} (B+C)sin} 4

=ﬂi—i§i—ﬁ . {cos § (b +¢) + cos § (b + &)}, by (xx.) and (xix.),

sin 4
= cosia’ cosdbcosic;
tanda sindb
cos PBE  cos4bcosgcsin 4

». Tan P4 =

2sin Jasinddsindc
= Jisin Ssin (S—a) sin (8 — b) sin (S—

0)}, by (x)
13—2
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58. DProp. I\ find the radius of the circle inscribed in o
gtven triangle in terms of the Sides of the triangle.

Let ABC be the triangle; bisect 2 4 and 2 C
by AP and CP, arcs of great circles meeting in P;
and from I’ draw the arcs PD, PE, PF perpen-
dicular to the sides.

Then it' may be proved that PE=PD=PF;
and therefore P is .e pole of the inscribed circle.
Also it may be shewn that CL=8—(AF + FB)

=8 —c, and thence that
Tan PE =sin CL'tan PCE =sin (S —-c¢)tan{ C

_ Jsin (S —a)sin (§—1b) sin (S —c)
B sin § T

59. Pron. To determine the radius of the inscribed circle
in terms of the Angles of the triungle.

Asin (58), Tan PE=sinCE.tan}C,
and Sin CE=sin(§—c¢)=sinj {(e¢ + 1) — C}
=sin4(a+b)cos{c—cos(a+d)singc;

Whence, by means of Gavss’ TuneoreM, (xxii.) and (xx.), it
may be proved that

2cos%Acos$.Bcos?’zC

Cot PE=J{_ cos 8" cos (8" — A) cos (8= By cos (S8 —C)}




CHATTER V.

ON TIIE AREAS OF SPHERICAL TRIANGLES, AND THE SOLUTION
OF TRIANGLES WIIOSE SIDES ARE SMALL COMPARED
WITH TIIE RADIUS OF THE SPHERE.

60. DEr. TuE portion of the surface of a sphere which is
contained within two great semicircles is called a lune.

61. 7o find the Area of @ Lune.

If ACBDA, ADBEA, AEBFA be A
lunes each having the same #ngle at 4,
any one may be placed on another so as to
coincide, and therefore be equal with it.
Thus if the angle CAD be repeated any .
number of times, the area ACBDA will ¢ P| ® |
be repeated the same number of times. ' )
Wherefore the Area of a Lune varies as J/

its angle. \ '
)

Area of the lune whose angle is 4° 4
Area of the sphere (whose angle is 360°) ~ 360’

And Area of a sphere = 477, if r = radius of the sphere;
(See Hymers' Integral Calculus.)

A 4
. 1 0 [ — [ J— 2
.. Area of the Lune whose angle is 4 360 4mr’ 180 2nr?,
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0

Let ABC be a triangle upon a hemi-
sphere ABDEGA (14, Cor. 2); and lfst
AC, BC be produced until they meet again
in ¥, which is a point on the side of the
sphere turned from the spectator.

Then sipce CDF =a semicircle = ACD,
o RF=AC;
Similarly, FE=CB; and :DFE=:A4ACH;
+. sDFE= » ACB in cvery respect.
Now = (= area of » ABC)
= surface of hemisphere— BIIDC - AGEC - DCE
= 27~ (lune AIID.A - =) ~(lune BGECB-X
= (lune COFEC-TX)

(. A B C ) N
- ) oo —_ —— —— POR
=~ (l 180~ 180~ 1s0) T 555 (O1)

ar?

180
r%, if E°= A°+ B°+ C°-180°.

62. To find the Area of a Spherical Triungle.
(&3

. S=(4+B+C-180).

“1s0° "

Drr. The quantity 4°+ B'+C°—180°% by which the sum

of the degrees in the angles of the spherical triangle exceeds 180°,
is called the Spherical Excess of the triangle.

The Spherical Excess is generally written thus, E=A4 + B+ ('-180°

Cor. 1. Hence for all triangles described on the same sphere,
Sec A%+ B'+(C°~180° and on this account the Spherical Excess
has been taken as the measure of the surface of a triangle.

Cor. 2. 7o find the Area of a Spherical Polygon. Divide the Polygon
into as many triangles as it has sides, by means of arcs of great circles drawn trom
each of the angular points to any point within the polygon. Let # be the num-
ber of the sides of the polygon. .

Then Area = area of the n triangles = ;fgo x (number of degrees in the angles
of the triangles — n . 180)

arr?

T {number of degrees in the angles of the polygon — (n — 2) 180}.
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63. Cacnour's TueoreM. To shew, that if E be the
Spherical E.rcess,

L N —'I —
then Sin}E= J{sin 8 sin (8§ - @) sin (S - H) sin (§ r)}

T !
2 cos dacosybcos §e

SindE =sin & (4 + B+ C—180") = sin{} (4 + B) = } (1800 - C)}

=sin § (4 + B)sin §C - cos 3 (4+B)cos ) C.
]
cos %("

And by (xix.), Singd(d4+ B)= —g.cosé(a—b),

cos )

nlC

(XX.), (,osg(d—fB)—__ cos & (a+0).
cos ¢
ic 1
. 8indE= {cos ¥ (a—b)—cos S(a+ b)) sin 3 (" cos ‘1(‘ - singasin, " sin C
cos Yo cos o
inlasinlb
= Mpatinsd 2 . y/!sin §'sin (8'— @) sin (8§ — b) sin (8- ¢)}
cos he sin a »>in'

J/fsin 8'sin (§'—a) sin (§'—b) sin (S - —c)}
2 cos 1a cos lbws ' ¢
64. LviuuiLvier’s TuedreM. To shew that
Tan } F=,/{tan } Stan } (§—a) tan § (§-0b)tan } (S-c)}.
By Pl Trig. (51),

bm?(m,m—sm,‘(won -C) m.-4-<A+B+c -180")

; - . =tan} E;
Cos § (4 + B) + cos (180"~ “C) cosi(4+B+C1800)
~. Tan -}‘-E _ sin Q(A-{-B)—cos %(, cos ;&(aob)—f:t_)_s_rzzi cos Qbe (xix.) and (xx.)
cos %(.‘1+B)+em§(,' cos L(atb)tcos ¢ sin JC
sm4(c+a -b) bm4(¢:+b-—a) sin § sin (8- ¢)

cos}(a+b+o) cost(a+b—c) V sm(8=a)sm(5-0)’ by (ix.)
= 4/{tan 4Stan (8 —a)tan 1(8—-0b)tan 3(S-o)h

by exgressmf the sines under the root in terms of the sines and cosines of
half the angles.
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65. [There are some other values of E, the Spherical Excess, which are
symmetrical functions of the sides of the triangle; but not being adapted to loga-
rithmic computation, the demonstrations of them will not be given. The expres-
sions will be found among the Examples which are given at the ensl of the book,
and may be proved without much trouble by Gauss’ formule.]

66. In the following Articles z, y, 2 will generally be taken
to represent the lengths of the arcs opposite to the angles 4, B, (!
of the spherical triangle ABC whose sides are small compared
with the radius of the sphere on which it is described. Also, the
angles of the plane '{‘riangle whose sides are x, y, 2, will be repre-
sented by A’, B’, (’; and the angles which are, in practice,
observed for the angles of the spherical triangle ARC, by 4,, B,,
C,,—the errors a, 3, y being made at the respective observations ;

so that 4 = 4, + a, B=B+p, C=C+7.

67. The Area of a triangle whose sides are small com-
pared with the radius of the sphere being approximately known,
required the number of seconds i the Spherical Exccss of the
triangle.

Let the triangle be described on the surface of the Earth, and
let the Earth be supposed to be a sphere.

Let r = number of linear feet in the Earth’s radius,

n =square feet in the area of the triangle =I€% .ar?, (62);

ard

oo N =E.60-60. 18().60-“'6—6.

Now 180 x length of an arc of 1°=semi-circumference of the
circle = wr;

r .
17—-0 =length of 1° in feet,

= 608591 x 6 feet, by actual measurement ;

1
oor= :%9 x 60859°1 x 6;
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. 180 .
o 7l—E.60-60-;—:—()'(-)~.—&) (60859 1 X6)

. 2
~ E.60.60. 150 (B08591)",
3:141592

o L(E.60.60) =12 — (1,180 + 2.1,,6085-91 — 1,,3:141592)
== 93267736 e ),

whence E. 60 .60, the number of seconds in the Spherical Excess,
may be found.

[NoTE. This reasoning being general, if the radius (r) of the sphere be
kqow(;l,fthe number of seconds in the Spherical Excess may always be deter-
mined from

. xr?
=4 60.60) . uu] :

68. The number = ;nay be determined approximately in the
following manner.

n=area of the spherical triangle, in square feet.

=area (nearly) of the plape triangle whose sides are 2, y, 2,
and whose angles are the observed angles 4,, B,, C,.

R P _1.,2 SinBsinC,, .
=ly.z.8sind,, or =z S Bl Pl Trig. (91).
69. Ex. Ifthe observed angles of the spherical triangle ABC
be A,=42° 2',32", B, =67° 55, 39", C,=170°, Y, 48", and the
side opposile to the angle A be 274042 feet, required Lhe number of
seconds in the sum of the errors made in observing the angles.

Here the apparent Spherical Excess is
A+ B+ C-180°=179, 59, 59"—-180"=~—1",
* General Roy, in the Trigonometrical Survey of England, approximately
determined the area of the triangle to a sufficient degree of accuracy, by laying

down on paper the base and the observed angles at the hase, and measuring the
perpendicular from the vertex to the base by the compasses on a scale.
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. X . . .
Now representing the given side by a,

. sin B, sin C,

=24 gn (B,+0C)’

a

W=~

1.(E.60.60)=1 {; ,_si'nB,sinC,}_ 3967736
and 1 (E.(0.60)=1,33a sin (B,+ C,) 9:3267730
sin 670, 55 89" x sin 70° 17, 48" o,

Sin 1877, 57, 277 f = 9:3267736.

Add, 2 x1,274042 = 2 x 4°4378172 = 8-8756344
L sin 67° 55, 39" = 99669434
L sin70°% 1/, 48" = 00730685
288150463
= +5010300
Lsin137%,57%,27",

Subtract, 1,;2

or Lsin42°0,2, 33", = 98258684
10
93267750
204536720

13619743
= 1,0('23), nearly;

and therefore the computed Spherical Excess (which, for all prac-
tical purposes, may be supposed to be the real Spherical Excess),
is 23"

Hence it appears that the whole error of observation, viz.
real Spherical Excess — apparent Spherical Excess, is -28"—(-1"),
or 1”23, which the observer must add to the three observed
angles, 4,, B,, C,;, in such proportions as his judgment may
direct. (See the next Article.)

70. To shew how the observed angles of a Spherical Triangle
whose sides are small compared with the radius of the sphere may
be best freed from the errors of observation.
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Let 4, B, C, be the real angles of the triangle,
4,, B,, C,, the observed angles,
»

a3 the errors made in observing 4, B, C,
respectively.

So that a+ 8+ y=(4—-4,)+(B-B))+(C-C);
=(4+ B +C-180°)—(4,+ B,+ C,—180°)

L
=real Spherical Excess - computgd Spherical Excess.

Now if a value of the Spherical Excess which differs very
slightly from the real value, be found by the method of the lust
Article, the above equation will give the sum of the errors of
observation which have been made. The distribution, however, of
this sum—(that is, the determining what part of the whole error
is to be assigned to each angle individually)—must évidently be
left to the judgment of the observer, who, from knowing the
state of the atmosphere at the times of the observations, may be
able to form an opinion how far his optical observations can be
depended on, and may then assign to each of the observed angles
such a portion of the whole error as he thinks will be the most
likely to lead to a correct solution of the triangle.

»

[If a + B+ (the sum of the errors of observation) be found by means of (67),
and thence the several angles 4, B, C be determuned by the arbitrary assign-
ment of the several parts of this whole error to each of the observed angles d,,
B, C,, the sum of the errors of observation may be supposed to be got rid of.
Yet 1t is highly probable that the judgment of the observer has not been abso-
lutely correct in tins arbitrary assigmment of the parts of the whole error. The
following theorem will point out what relation the sides of the triangle ought to
bear to each other, in order that the small quantities by which the corrected
angles differ from the real angles of the triangle may have the least possible
effect 1n producing errors when the other two sides of the triangle have to be de-
termined from a measured side and the correcled angles. ]

71.  Having given the Corrected Angles and one Side of a
Spherical Triangle whose sides are small compared with the
radius of the sphere, required the relution which the Sides of
the Tyiangle ought to bear to each other in order that the other
sides may e determined from these data with the least probabl
amount of error. .
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Let A, B, C be ¢he real angles of the triangle, and z, y, z the
sides respectively opposite to them; o', 3, ' the errors of the
corrected angles; therefore 4 +a’, B+ 3, C + v+ are the corrected
angles.

Then, since the Spherical Excess (and therefore the sum of
the real angles of the triangle) is supposed to be known exactly,
the sum of the corrected angles is known exactly, and therefore
the sum of*the separate errors o’, &, v’ must vanish;

)

<
Sd+ [+ =0, or a’=— (' +7).

ﬁrm[’a}i)ﬁm{,;ihz\éé l:a}::it: dirivestigation, powers of a’, 8, v of any order ahove the

Now, considering the spherical triangle to be very nearly a
plane triangle, :
s sin (C +v') _ sin(C+7)
FETGin ()T sin {d = (B4 )}
sin C cos v" + cos C sin v/
“sin 4 cos (3’ + v’') - cos Asin (3" + ')

sin C 1+9’cotC

R (5 +) cot 4° nearly,

sin C , ;.
=x'éinA’{1 +v'cot C} {1+ (B +7') cot 4}
—2.5mC tA+cotC):4-/3’cotA}
= gna y(eo
__sinC , sin C ﬂ'l(ALC).,.ﬁ' cos A sin C}
—I'§m+‘r{7'si71A'sinAsi110 * sin’d

And Sin B=sin (v — B) =sin (4 + C) nearly;
' sin C) .
, is

Therefore the error in the value of z, (or R |

I{,smB °°sAs“‘C} ...... )

4
7" sin°d +8 sin®4
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Similarly the error in the value of y is

sin C cos A sin B ’
:‘{ﬂlt‘-‘, +'I’-‘—.,'— ctrestencens (Q)-
sin*4 sin*4
The question is now reduced to determine what are the values

of 4, B, and C which make botk the quantities (1) and (2) the
least possible.

Since @’+B' +v'=0, two of the three quantitiessa’, ', o
must be of the same sign and one of the contgary sign. Where-
fore the probability is that any particular two, as 3’ and v/, are of
different signs. If then (3’ and 4’ be of different signs, the expres-
sions (1) and (2) are diminished in magnitude by giving Cos 4
a positive value®; that is, by supposing A to be less than a right
angle. .

And if it is further supposed,—that the errors 8’ and ¥/,
though different in sign, are yet nearly equal in maﬁnitude,—it
is clear that (1) and (2) satisfy this hypothesis if 5 be nearly

equal to C. .

This conclusion is therefore arrived at,—that there is tke great-
est probability of a small spherical triangle having been correctly
solved from three observed angles and a measured side, if the
angle opposite to the known side be less than a right angle and
the other two sides be nearly egual. And these conditions will
be best fulfilled for a series of triangles if each triangle be nearly
equilateral.

72. [It may be as well to recount the gratfuitous suppositions made in the
last Article. .
1. The Spherical Excess has been accurately determined.

11. The Errors 8 and ¢’ are of different signs.

111. These errors are of the same magnitude.

* 1t is evidently more advantageous in determining a series of triangles from

one another, that tge errors should be inconsiderable and equally diffused through

all, than that any one calculated side, by differing mucn from its real value,

should affect witﬁ considerable errors all the triangles successively determined

from it. If, B’ and o’ being of different signs, cos Ag become negative, the errors

{'}) and (2) are increased, and considerable inaccuracies might so be introduced
to the calculations.
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‘
Now for any particylar triangle it is very probable that some of these suppo-
sitions may not be t-ue. It may happen that none of them may be correct. In
very few cases indeed will they al/ be fulfilled.

L

With respect to the Spherical Excess, it may generally be supposed to be
known accurately.

With respect to the signs of 8’ and 7/, since two of the quantities «’, 8/, ¥,
are of the same, and the third is of the contrary sign, the probability of " and y’
being of different signs is twice as great as the probability that they are of the
same sign.  And if they he of differcnt sygms, then (1) and (2) of (71) shew that
the errors wil not be so great if Cos 4 be positive, as if 1t be negative. This
consideration renders it gdvisable that each of the angles of the trniangle should
be less than a right augie; which will be the case if the triangle be nearly equi-
lateral.

3ut if the third hypothesit be admitted, since a’ vanishes in this case, the
angle A is supposed (w?ﬂch is highly improbable) to have been determined with
mathematical exactness. Besides, it is very unhkely that an observer after
making an error + @’ in observing an angle, should make an error — B’ (for o’
= ~ ') in ob<erving, with the same instrument, an angle C which is ncarly of the
same magmitude as 3 and again, using still the same instrument, and observing
a third angle 4, (nearly cqual to B or to C), that he should make no error at all. ]

.

73. LucENDRE'S THEOREM. If.cach of the angles of a
Spherical Triangle whose sides are small when compared with
the radius of the sphere be diminished by one third of the
Spherical Eircess, the triangle may he solved as a Plane T'rse-
angle, whose sides are equal to the sudes of the Spherical Triangle,
and whose angles are these reduged angles.

Let , y, = be the lengths of the sides respectively opposite to
the angles 4, B, C of a small spherical triangle, and 4', B, C' the
angles of that planc triangle (4'B'C’) whose sides are z, y, =.

Then SinA +sind'="17.sin B+>.sin B

sin b Y

=;—. (sin B +sin B’) nearly;
o 2sin}(4+4) cos%(A—A‘):i
x sin B’ -
cocosy(d-4)= ymA” cos § (B - B), nearly;
v cos} (4 —A)=cos} (B-B), or A—A'=B-B.
Similarly 4-A4'=C-C.

.2sin } (B+ B) cos} (B-B);
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Now E=A+‘B+C—180",
and 0=A4"+ B+ C'-180°;
o E=(4-4)+(B-B)+(C-C)=3(4-4);
JE=A-A", or=B-DB, or=0~-C"

Hence if BC (z) be measured, and one third of the computed
Spherical Excess be subtracted from each of the observed angles
of the triangle 4, B, C, the other two sides (y and =) of that
triangle can be determined by solving the plgne triangle 4'B'C”
whose angles are 4 — J E, B~} E, C—} E, and whose sides are
z, Y, 2

NoTe. It may here be remarked that the determination of
E is a matter of considerable importance when triangles haye to
be solved whose sides are small compared with the radius of the
sphere on which they are described. The observed angles have
to be corrected by means of it (70), and this Articlg shews that
it is employed in Legendre’s approximate method of solution.
How it may be ‘determgined from three measured or observed
parts of the triangle is given in (68).

74. T find the angle contained letween the chords of two
spherical arcs which subtend given angles at the center of the
sphere, the angle between the gres themselves betng also given.

Let AB and AC be the arcs, O the center of the sphere. Let
the straight lines 40, AB, AC meet the surface of a sphere which
is described with center 4 and any radius 4D, in the points
D, E, F respectively. Then the angle EDF is the inclination of
the planes BAQ and CAQ, i.e. the angle contained between the
arcs AB and AC, or < A.

)

A
Let —A%;(j}—} =c, ﬂ;g—g= 0. D
Now <CAO =} (m—c AOC)=} (x—b). ‘\\
So <BAO=}(r—c). °‘ B
And from the triangle EDF, ‘

. c
Cos EF = cos DF cos DE + sin DF sin DE cos EDF;
Or Cos EAF =sin 4 bsinjc+cosdbcosdccos 4 ............... (1).
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75. Two formyle will now be deduced from (74), which are
convenient for determining the angle EAF practically.
«

Let c EAF=A-0;
Then
Cos(4 —0)—cos 4 =sin {bsinc+(cosbcosfc—1)cos 4;

And since, P1. Trig. (54),

Sin 3 b sin dc=sit} (b +¢) - sinl (b —¢),
Cosdbcosdc=cos®) (b+c)—sin®t (b -c)
=1—sin"} (b+¢)—sin*}(b—c);
<. 28in(A4d~40)sin {0={sin*% (b+c)—sin®] (b—c)}
~{sin®3 (b +c¢) +sin®} (b —c)} cos A
={l+cosAd}sin’} (b +¢)—{1+cos 4} sin*] (b—c).
For an approximation to the value of 9, take Sin } 6= 0, and
Sin (4 -2 0)=sin 4; then, since
1—-cosA . 1+cos A
:;1 .A -=tan "ZA’ and ~~‘s-. —— ==

2 1
i A coti4,

the above equation becomes

0=tan } 4 sin®} (b+ ¢) — cot L 4 sin*1 (b—c).

. . . 0
The number of seconds in this angle is =57

1 . 1 .
= 5oyv-tan LAsin*)l (b+c)— T oot 34 sin’l(b-c)....... (1D);
and by determining the two terms of the second member of this
equation separately by means of tables of logarithms, the number
of seconds in 6 is obtained, and the angle 4 — 6, contained by the
straight lines B4 and C4, may then be found.

Cor. If y, zbe the measured lengths of the arcs AC, AB,

. b=c . YE3 y=3
e T T

, nearly.



SPHERICAL TRIGONOMETRY. 209

.. the number of seconds in 0

Y {1+ na _(-'/_"E)’ 1 ,

=Snr {( P ) tan § 4 P cot 3 4, nearly......(2).
If then the radius of the Earth and the sides of the spheri-

cal triangle be approximately known, the chordal triangle can
be determined; since its sides can be found by the expression,

c . .
Chord =2r. sin (% %) , and its angles can be determised by one

of the last two Articles:

46. Another method is to solve the triangle by the rules
laid down for the solution of spherical triangles whose sides are
not small in comparison with the radius of the sphere. In<%his
case the logarithms of the sines and tangents of the sides, which
are very small, must be found by the methods pointed out in
Appendix 111, to Pl. Trig.

14



CHAPTER VI.
ON GEODETIC MEASUREMENTS.

77. TuE object of Geodetic Measurements is to obtain a cor-
rect representation of a part of the Earth’s surface which is too
large in extent to be considered as lying in one plane.

A horizontal line of considerable length is first measured,
which is called a base.

Next an object is fixed upon, so situated that it forins with
the extremities of the base a triangle wifich is nearly equilateral
(Arts. 71, 72). The angles of this triangle are then measured by
a Theodolite, (an instrument described hereafter in Art. 84), and
the remaining parts of the triangle computed by some one of
these three methods:

1. By the common processes of Sphericaul Trigonometry,
Chap. 1v.

2. By the Chordal Triangle (74), (75.)
3. By diminishing each of the observed angles by one third

of the Spherical Excess, and then treating the figure as a plane
triangle®. (78.)

78. The use of Geodetic Measurements.

. The form and position of the polygon being thus determined,
it may be represented on paper according to any projection of

the sphere (See Hymers' Asironomy, Appendiz 1.), and a map of a

® The first of these methods was preferred by Delambre, the second was em-
ployed in the English Survey, and the third in the French Survey.
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Al
country obtained. If the object in view he to determine the
figure and dimensions of the Earth with ’

great accurgcy, the length of an arc mn,
which passes through two given points of
the polygon, may be found by calcula-
tion. If these points, m and n, be situated
on the same meridian, and the difference of
the zenith distances of the same fixed star
when on the meridian be noted by obser-
vers at m and », the Earth’s radius of cur-
vature at the middle point of the calculated
arc may be approximately found. From
arcs thus measured in different latitudes
the figure of the Earth hasbeen determined
withgreatexactness. (Ilymers’ Asironomy,
2nd Edit. Chap. 11. Arts, 123—142.)*

EW]

Next, one of the computed sides is taken as thesbase of ano-
ther triangle, whose angles are observed and sides computed ;
and thus, by a series of® triangles, the figure and dimensions of a
polygonal area on the Earth’s surface are determined. The form
of the Earth is, in fact, spheroidal, but it is so nearly spherical,
that eack triangle may individually be supposed, without appreci-
able error, to be described on the same sphere. 1f the triangu-
lation be carried over a very ,extensive tract of country, it will
become necessary to take into consideration the alteration which
a change of latitude produces in the Earth’s radius. (Hymers’
Astronomy, Art. 125.)

79. DBase of Verification.

A side of the last triangle of the series, after being computed
in this manner, is carefully measured. The degree of exactness
with which the measured coincides with the computed length tests
the accuracy of the survey. Any considerable error is easily de-
tected in the course of the calcuf;tions, in the following manner.
(Fig. Art. 78.) If the value of b, as calculated from the original

* The student will find this part of the subject treated clearly and concisely
in the Articles on * Trigonometry *” and *“ The Figure of the Earth,”” written by
the Agtronomer Royal for the Encyclopzdia Metropolitana. From Section 179 of
the former of these Articles, 71 of this treatise has been taken.

For a more particular description of the details of Geodetic operations any of
the published accounts of the English Survey may be consulted.

14—2
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base a through the, triangles 4, B, C, D, E, be found to agree
closely with its value as computed from the same base through a
different set of triangles, as 4, B, C, E, it may be presumed to
have been accurately determined *.

89. Corrections of Measurements.—There are several causes
productive of error in Geodetic Measurements. (1) The refiaction
of light is affected by the perpetual variations of the atmosphere
in density and temperature, and thus the observed angles cannot
always be relied on. (2) It is almost impossible to find a line
perfectly straight and perfectly horizontal, to measure for a base.
(3) Neither can a portion of the Earth be found which is altoge-
ther free from inequalitics of surface. To get rid of the errors
thus*introduced several corrections are uscd. Some of these,
which do not depend on experiment but are capable of mathema-
tical investigation, will now be given.

(1) If there be a slight rise in the lina of the' base, to Jefermine
the reduction to the horizon.

Let CB be horizontal, CE the line
of the base, ED the small rise,—which e
is obtained by levelling with a spirit- /

: : : e
level (83). Describe a circle twith =)
center C and radius CE. / \

DB

—_—
/ i
/
Then BD=CB-CD=CE-CD & Cc
=the “ Reduction to the horizon.”
BE* BE* DE?

And BD= -A—B- = é‘CE = é—cr". 'f', nearly;

the formula made use of in the English Survey of 1784.

_* In the English Trigonometrical Survty of 1784 and succeeding years, the
ongmal‘ base on Hounslow Heath was by admeasurement 27404:2 feet; and the
base of verification on Salisbury Plain was, as measured, 36574'4 feet, and as
computed throui;h three difterent series of triangles, 36574'3, 365746, and 365749 ;
any one of which is an approximation sufficiently near for all practical purposes. ’

E* 0+ a?

. B
+ If BD=x, CE=a, DE=b, T= = and neglecting

¢
powers of » above the first, # = 26-—(-‘, nearly,
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) - . . .
(2) Let the measured base, inslead of being one slraight line,
consist of two straight lines, a and b, encloding an angle = -0,
where 0 is vgry small.  Required the correction to find c.

¢ =a*+0° + 2ab cos 0 -
—a* + b+ 2ab (1 = } 07), nearly, o
_ o | ab o). //b
=(@+d) ll—(TH_b),.G}, =

ab =)
RRNE -0, 0" pynearly;
c=(a+b) {1 20 snearly ;
_ ab .
=@+ D=5y "
__ab .
2 (-a rb) U
Or if 6 be an angle containing ", where z is very small,
L. 1 ab(nsin1”)*  abn®sin1”
the Cor . =——— =
e Correction, in secon(’]s, T 2(a+b) 2@+b)

[In practice it is seldom necessary to apply this correction.]

.. Correction=(a +b)—c=

(8) From observations made at a point D which is at @ small
known distance from a signal C, required to find the angle which
A and B subtend at C.

[ ]
Let the angles BDA and ADC be observed at D. The dis-
tances CB and (4 are known approximately frcm the base 4B
and the observed angles BAC, ABC.

Then 2 BDA + : DBE A B

= exterior angle BEA = BCA + : CAD,
. The reduction, viz. - BCA—- :BDA,
=sDBE~:CAD
= sin « DBE —sin 2 CAD, nearly,

_ g; .sin BDC- %) .sin ADC
_ {sin BDC _sin ADC)
=0D \—¢p c4 }

when expressed in seconds.

or CD {sin BDC sin ADC)

“sin1’l” CB ~cd )
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(4) The angles of elevation or depr('sszon being small quan-
tities, of two ob_;a"t.s’ having becn obscrved, and also the angle the
objects sublend at a certain point, to find the horizontgl (mnle they
subtend. (Encycl. Metrop.)

Let Z Le the Observer’s zenith, CDRO his horizon, A and B
the two objects; - BOA=0; - DOC,
its reduction to the horlzon, -8+.t,

CA=h, DB=F.
From the 2 AZB:

cos 0—-cos ZA cos ZB R

Cos CZD =" sinZA sin ZB

_ cosf—sin ksin &'
cos k cos I’

Making Sin Iz h, Cos h=1-41% &c., and neglecting powers of
the angles above the second, this becomes

. , ‘ s0— hi
Cos CZD = qu{(’/[éi?/}?)
= (cos 0 — 2k') {1 + % (* + *)}, nearly,
= cos 0k + 1 (A* + ") cos 6.
But Cos CZD=cos (0 + x) = cos 0 cosx —sin 0 sin x

E]

= cos 0 — x sin 0, nearly.
And from these two equations,
4 s 749, COS O
x__sx—nﬂ_é(l +h )sind"
Now if p=h+k, and g=h—1"; then hl'=1(p*~ @), I’ + 1" =L (p*+ ¢*);
cos 0
wz=1 {P ¢ -+ ). }

sin 0 sin 0

{ g 1-cosf l+cos0}
P—ne "7  "sne

-1
-1

{p*tan$ 0 - ¢* cot 4 6}.
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In seconds, this correction

1]
=S I(p’sin 1”)* tan 4 0 — (¢’ sin1”)* cot § 0}, where
7'y ¢’ are the seconds in the angles p and ¢,
=1sin1”{p*tan } 0 — g cot } 6}.

Notre. This reduction is not required when a Theodolite is
used.s

INSTRUMENTS USED IN SURVEYING.

8l. Drr. Tur VERNIER is a contrivance for subdividing
equal graduations that have been made on a straight line or a gircle.

»
I |lll=jl]‘lllllj 11 Iili_
ST I SAE SEREN '

AB is a portidn of a,straight line, or a circle, which is divided
by straight lines at right angles to it into any number of equal
parts. CD, the Vernier, is another scale, which slides along 4B

when 4B is a straight line, and revolves round the center of 4B
when it is a circular arc.

If it be required to subdjvide each of the divisions of 4B
into n equal parts, take QM =n—1 of these parts, and divide
QM into = equal parts by straight lines at right angles to it ; if a
be the length of a division of 4B, the magnitude of each of these

parts will be 2-;—! .a.

Let R, the 7% division from @, coincide with a division on

AB; then PQ=PR—QR=ra«-r.-'!':~1.a=r.$, and the
length of PQ is known.

Ex. If each of the original divisions were an inch, and nine
inches were divided into 10 parts on the Vernier, then, supposing
that the extremity of a line 4 Q which it was wanted to measure
came to @, and that the inches marked at P were p, if the third
division of the Vernier coincided with a:division on the scale, the

length required would be (p +1—'?2)) inches.
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€
82. Tur Seirit Lpver is a glass tube DABE of circular
bore, which is grodnd into the form of a circular arc of very large
radius—sometimes 800 feet. It is then nearly filled, with some
fluid, and the ends are closed.

If the instrument be placed in a
vertical plane, and the extremities D
and E rest on a horizontal surface, the
bubble (4B) of air left in the tube will be at the highest part of
it; and if 2 be gradually raised the bubble will continually keep
moving towards £%:'

If there be a plane of an instrument (such as a Theodolite)
which it is necessary to bring into a horizontal position, it is pro-
vided with two levels, as nearly equal to one another in every
resptut as possible, which are placed at right angles to each other
and permanently attached to the plane. The nstrument-maker
marks the positions of the bubbles when the plane is horizontal,
and therefort if the bubbles occupy these positions on any occa-
sion, the plane to which the levels are attaclred must then be
horizontal, ¢

If the plane be inclined at any angle to the vertical and the
positions of the bubbles be noted, then if at a second observation
they occupy the same positions, the plane will have the same
inclination to the vertical which it had before.

83. Tb level between two points.

Tor the purpose of finding the altitude of one point above
another point, a spirit-level is attached to a telescope, and so

* The grinding the bore of a Spirit-level is done with a plug of metal covered
with emery. The elasticity of the glass, assisted probably by that of the metal
of the plug, enables the workman, by means of pressure on the outside, to wear
away any particular portion of the interior surface he chooses. If, after the grind-
ing is finished, the bubble be found to move through equal lengths of the tube for
equal increments of inclination, and to be always of the same length, the bore of
the tube must be uniform, and the form of the tube a truly circular arc.

If I be the lenﬁth through which the bubble moves in consequence of an
increase of #” in the inclination (n being a small quantity), the radius of the
L L 06965,
nsinl” — n

Ether is the best fluid with which spirit-levels can be filled ; because inether
the bubble is found to come into a state of rest in the shortest time after a sudden
displacement,

circular arc =
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adjusted that the c:ptical axis of the telescope is horizoutal when
the bubble is at the middle of the level. "

Let there be two staffs set up verti- D E
cally, AB, CD; and when the instru- ®
ment is at B and its axis is horizontal, & ¥
let the point C be seen on the cross wires; and when the instru-
ment is placed at I) with its axis horizontal let /7 be seen on the
crosg wires ; then, by measuring A and CD, E'F, the altitude of
L above the horizontal line AF passing through 4, is found. The
operation can be repeated as often as it may be nccessary.

84. Tue Turonorite. This is an instrument for measuring
the angles of elevation of objects above a horizontal planc$ and
also the horizontal angle which two objects subtend at the obser-
ver's eye.

»
The accompanying figure is an elevation (or projection on a
vertical plane by fines perpendicular to the plane) of a Theodolite.

The two circles I and K fit close
to each other, the lower one having
attached to it three horizontal bars, /
making angles of 120" with each other,
on which the instrument resta The
feet of the instrument are three screws,

M, M, M, working in these bars;
and by moving the screws in one
direction or the other, the planes of
the circles I and K, which are parallel
to each other, can be brought into a

. e 2
horizontal position. £ s K
The upper circle I is graduated, EF_JU-M - L\J @“”—%

and revolves with the utmost possible

nicety upon the lower circle by means of an axis attached to the
upper circle, and working within the collar L which forms a part
of the frame of the instrument. The circle K has two Verniers
engraved upon it, and in the best instruments the divisions are
read off by microscopes attached to the Verniers.

To the revolving circle I, which is called “the limb” of the
Theodolite, two levels at right angles to each other are attached.
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To this circle also two stands are fixed dia;netrically opposite
to each other (one ot which, DOE, is here represented) support-
ing an axis parallel to the revolving circle I. To this axis a circle
ABC is permanently attached at right angles to it; and a telescope
(GH) is fastened to the circle, with its line of collimation perpen-
dicular to the axis of the circle. The circle and attached telescope
revolve along with the axis in such a manner that the whole can
turn completely round without touching ¢ the limb” of the instru-
ment. Thesrim BB of the circle is graduated ; and there are two
Verniers, A and C, ,unconnected with the axis, but carried by a
support which is scen to enter the circle I (but not the circle K)
at F,

: 8:’)3.. To explain how the Theodolite us used.

The two circles I and K are first rendered horizontal by length-
ening or shortening the screw-feet. The limb is then turned
round upon the lower circle until the plane of the vertical circle
passes through the object whose altitude it is eequired to find,
and the axis carrying the vertical circle i$ made to revolve until
the observer, on looking through the telescope, perceives the
object on the cross wires with which the telescope is furnished.
The graduations at the points of the rim of the vertical circle
which are opposite to the beginning of the scales engraved on the
Vernier plates are then read off.

Next, without touching the axis to which the telescope is
attached, the limb is made to revolve through 180% The plane of
the vertical circle again passes through the object, but the direc-
tion of the telescope (4’B’) is now as much de-
pressed below the horizon as it was before (4B) & B
elevated above it. Let the vertical circle and its \
axis be turned in the direction A’AB’ until the S
object is again seen on the cross wires of the tele- A
scope; the telescope A’ B’ is therefore now brought
into the same direction (4B) that it had at the %
first observation. The graduations are again read off at the Ver-
niers, and the number of degrees marked on the arcs 44’, BB’
of the instrument, (which are the arcs that have passed between
the two Verniers), is four times the zenith distance of the object.

. [For let O be the real center of the graduated circle; then twice the zenith
distance is BPB’, or APA’; join BA’, AB';



SPHERICAL TRIGONOMETRY. 219

\

.. 4 x zenith distance = BPB' + APA'= (PABR' + PB'A) + (PBA’'+ PA'B)
=BAB' + AB'A+ ABA' + BA'E

=2BAB +24ABA’' = BOB' + A04’'; Eudlid, 111. 20

=sum of the differences of readings at the Verniers at

the two observations.

It appears, therefore, that any errors arising from the axis of rotation of
the circle not coinciding exactly with the center of its graduation are wholly

avoided by using the instrument in this manner. (Hymers' Astronomy, Art.
117.)] -

To observe the Lorisontal angle between two objects, the limb
of the Theodolite is made horizontal, and the angle is noted (by
four readings off, as in the last case) through which the limb
revolves to bring the two objects successively on the cross wires
of the tclescope. '

86. Tue RerraTiNGg CircLE was the instrument used in the
French Surveys for observing the angles. The observations, how-
ever, which are made by it, are of questionable value for this
reason, that although the errors of imperfect graduation (which
are but slight, if the instrument be a good one) may possibly be
destroyed, as they probably are, by repeating the observations
and taking the mean of them, yet, for anything that can be known
to the contrary, the errors arising from the inability of the obser-
ver to distinguish the position ’of a point with perfect exactness,
may have been accumulating all the while.

Also, from the construction of the Repeating Circle, it is
scarcely possible to avoid errors arising from the instability of the
instrument. .



CHAPTER VIIL

ON (I) THE SMALL CORRESPONDING VARIATIONS OF THE PARTS OF
A SPIORRICAL TRIANGLE; AND (I].) TIE CONNEXION EXISTING
BETWEEN SOME ¢fORMULZE 1IN SPHERICAL TRIGONOMETRY AND
ANALOGOUS FORMULE IN PLANE TRIGONOMETRY.

‘1., THE process of Differentiation can be applied to deter-
mine the errors introduced in determining the other parts of a
Spherical Triangle from three given parts, when one of the given
parts is affected by a small known error.

87. If C and c remain constant, the corresponding small
variutions 8a and 8b of the sides a and b are connected Ly tle
equation,

b .cos A +da.cos B=0.

Considering C and ¢ constant, aud differentiating with respect
to a, the formula Cos C sin a sin b = cos ¢ — cos a cos b,

Cos C{cosasinb+db.cosbsina} =sinacosb+db.sinbcosa;
< Cos C{da.cosasinb+3b.cosb sina}

=2da.sinacosb+3b.sinb cos a, nearly ; da and 3) being
small corresponding increments of @ and & ;

». 0=2da. {sin a cos b — cos C'sin b cos a}
+8b . {sin b cos @ — cos C'sin a cos b}
=da.cos Bsinc+2db.cosdsin c; by (iv.)
< 0=23a.cos B+3b.cos A.
This method is always applicable. A small spherical triangle,
however, is frequently treated as a plane triangle after the follow-

ing manner; particularly in establishing formule for calculating
the corrections used in Astronomical investigations.
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88. If c, the side opposite the right angle in a right-
angled spherical triangle, recetve a small known dncrement, to
determine he corresponding increments of the sides enclosing the
right angle.

Let AB=c¢, BD=3, ¢BAC=w. Draw BD“_
DE perpendicular to AE, and let BF be an arc .
of a small circle which has the same pole as A</]
ACE®, BF is therefore parallel to 4E, and per- ~—c¥
pendicular to DE. ‘-

Now, considering BDF as a small plane triangle,

1’;5: cos DBF =sin ABC,
for :CBF=90°, and .. zABC=90"-:DBF;
. cosw -
.. BF=3dc. cos BO? by (37).
BF « COosw
.~ 8(40), or CE, = s BC’ (15), =éc. o BO (n.

Again, 8(BC)=FD=dc.sin DBF
=dc.cos ABC=0dc.sinwcos AC............ (2).

[Cor. If @ be constant,

{8 (AC) has its greatest value, when BC is the greatest.

0 (AC) werreneen least  ......, when B¢ = 0°,
8(BC) has its greatest value, when AC = 0°, or 180°,
S(BC) aeereeee  least ..l , when 4C = 90°.

This result shews, that if the Sun's daily motion (d¢) in longitude be nearly
constant (as it is in fact), his greatest daily change in Right Ascension, é(A4C),
i at the Solstices, and his greatest daily change in Declination, 8 (CB), is at the
Equinoxes ; and his least ga.ily changes in Right Ascension and in Declination,
ate at the Equinoxes and Solstices respectively.

Also; since when BC and A C are small angles the variation in magnitude of
their cosines is then the least, it appears from (1) and (2) that the daily change,
both in Right Ascension and in eclination, is more nearly proportional to the
change in longitude, (that is, to the time), when the Sun is near the Equinoxes,
ilun inh[el)'n] he is in any other part of his apparent orbit. (Hymers’ Astronomy,

rt. 171
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, SinA sina g e,
II. 89. Feofu the formula, SaB =’ which is tr 1fe
for a Spherical Triangle, to deduce the analogous formula in
the case of a Plane Triangle.

Let o', ¥ be the lengths of the arcs subtending the angles 4
and B; r the radius of the sphere.
n

) . a a 1 a® 1 ] :i’_’+
Then SnA4 _S07°_ 7 g3 7t _d TI3 R
VR G W Y N I

sng T-ogymte "33

* And if @ and ¥ be indefinitely small compared with the radius

of the sphere, the formula becomes

3 ’
—2%;%: %, ; a property of Plane triangles.

90. And, in like manner us in the last Article, from the formule

sin § (a—~b)
sin | (@ +6)

cos a—cos bcosc

= L(A-B)=
Cosd= sin b sin ¢ ,andTan} (4-B)=

.cot ) C,
there may be deduced these analofous formula of Plane T'rigo-
nomelry.

a-U b2+ —a”

Tan)(4-B) “dad cot} C, and Cos 4 =— YO

91. ProB. If two arcs of greal circles intersect each other
in_« small circle, the product of the tangenis of the semi-segments
of the one is cqual io that of the tangents of the scmi-segments
of the other.

Let AB, CD be the arcs of great circles intersecting in
a point E within the small circle whose poleis P; FEPG
an arc of the great circle through E and P; PQ perpendi-
cular to 4B,

Then ARB is bisected in Q, and 4PQ, BPQ are tri-
angles equal in every respect.

Also P4 =PB=PF=PG.
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By (37), )
Cos PE =cos EQcos PQ, and CosPA =cos AQcos PQ;
L]

. Cos EQ —cos AQ _cos PE ~cosPA

** Cos EQ+cos AQ ~ cos PE +cos P.1’
* Tan [ (A4Q + EQ)tan §(4Q -~ EQ) = tan §(PA + PE)tan ) (P4 — PE),

or Tan] BE tan 1EA=tan 3G L tan LEF

= tanéC'Et .r_v.z%l?]), in like manner.

Cor. If o', ¥’ represent the lengths of the segments of the arc AB, and ¢/,
d’ represent the lengths of the segments of the arc CD ; and these quantities be
indcfinitely small compared with the radius of the sphere, this formula becomes,
in the case where the radius of the small circle vanishes with respect to the radius
of the sphere, @’d’ = ¢’d’; which agrees with Euclid, 111. 33,



CHAPTER VIIL

ON THE REGULAR SOLIDS.

02. Ders. (1) A DPolyhedron is a solid bounded by plane
rectilizear figures.

1f the bounding surface be composed of any similar and equal regular recti-
linear figures, the polyhedron is called a Regular Polyhedron.

(2) A Tetrahedron is bounded by four equal and equilateral
triangles.

(3) A Hezahedron, or Cube, is bounded by six equal squares.

(4) An Oclahedron is bounded by eight equal and equilateral
triangles.

(5) A Dodecahedron is bounded by twelve equal and equi-
lateral pentagons,

(6) An Icosahedron is bounded by twerity equal and equi-
latoral triangles.

g It will be proved hereafter that no more Regular Polyhedrons exist than these
ve,

93. In any reqular Polyhedron, if
F = number of Faces, S = number of Solid Angles,
E = number of Edges,  m =number of Sides in each Face;
" then 2E=mF, and 8+F=E+2
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(1) Since every edge is made by two sidgs, the whole num-
ber of sides in the polyhedron is 2E, and this

= Aumber of faces x number of sides in a face,
. 2E =mPF.

(2) Take any point within the polyhedron as the center of a
sphere whose radius is 7, and join it with cach of the angular points
of the polyhedron. Let the points in which these lines meet the
surface of the sphere be joined by arcs of gtsat circles; the sur-
face of the sphere will then be divided into as many polygons as
the polyhedron has faces, and the Area of one of these polygons
_ mr® (number of degrees in the angles of the polygon}

T 180° {— (number of sides of polygon —2). 180
(62, Cor. 2.)

.*. Area of all these polygons

on the sphere

« (number of’degrees in the angles of all the polygons
{— (number of a]l the sides — 2F). 180 }

=" {8.360 - (E~F). 360} = 2mr*.(S— E + F).

]
But Area of all the polygonal areas= area of the sphere =4mr*;
o S—-KE+ F=2,
and S+F=FE+2.

[These results are evidently true whether the Polyhedron be
Regular or Irregular.]

94.  The sum of all the Plane Angles which form the Solid
Angles of a Requbar Polyhedron= (S — 2).360°

For the Sum of the Plane Angles=sum of all the Interior
Angles of each face,
=F.(m-2).180° Eucl. 1. 82, Cor. 1.
=2(E-F).180°
=(§-2).360° } by (93).
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(]
ON THE REGULAR SOLIDS.

.92, DEers. (1) A Polyhedron is a solid bounded by plane
rectilMear figures.

If the bounding surface be composed of any similar and equal regular recti-
linear figures, the polyhedron is called a Regular Polyhedron.

(?) A Tetrahedron is bounded by four equ:.tl and equilateral
triangles,

(3) A Hexakedron, or Cube, is bounded by six equal squares.

(4) An Octahedron is boundedsby eight equal and equilateral
triangles,

(5) A Dodecakedron is bounded by twelve equal and equi-
lateral pentagons.

(6) An Icosahedron is bounded by twer;ty equal and equi-
lateral triangles.

g It will be proved hereafter that no more Regular Polyhedrons exist than these
ve.
93. In any regqular Polyhedron, if
F = number of Faces, S = number of Solid Angles,
E = number of Edges, = m = number of Sides in each Foce;

then 2E=mF, and S+F=LE+2



SPHERICAL TRIGONOMETRY. 225

(1) Since ever)': edge is made hy two sides, the whole num-
ber of sides in the polyhedron is 2E, and this® *

= Aumber of faces x number of sides in a face,
.. 2E =mF.

(2) Take any point within the polyhedron as the center of a
sphere whose radius is r, and join it with each of the angular points
of the polyhedron. Let the points in which these lines meet the
surface of the sphere be joined by arcs of great circles; the sur-
face of the sphere will then be divided into as many polygons as
the polyhedron has faces, and the Area of one of these polygons
_wrt {number of degrees in the angles of the polygon
7 180" |~ (number of sides of polygon — 2). 180 }

(62, Cor. 2.)

.. Area of all these polygons

number of' degress in the angles of all the polygons

w
= IW){ on the sphere }
— (number of all the sides — 2F). 180

wr?

=~180.{S.360—(E—F).360}=2w'.(S-E+F).

But Area of all the polygonal areas = area of the sphere =472%;
o S—E+F=2,
and S+ F=FE+2,

[These results are evidently true whether the Polyhedron be
Regular or Irregular.]

94.  The sum of all the Plane Angles which form the Solid
Angles of a Regular Polyhedron= (S'—2).360°%

For the Sum of the Plane Angles=sum of all the Interior
Angles of each face,

=F.(m-2).180° Eucl 1. 32, Cor. 1.
=2 (£-F).180°
,a(s("--e)l.".?mo‘ } by (93).

: 15
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95.  To prove that in a Reqular Polyhedron

4m 2mn 4n
S—2(m+n)-—mn’ E—2(m+n)—mu’ F—2(m+n)—n;1"

where m and n are respectively the number of Sides in every
Face and the number of Plane Angles in every Solid Angle.

Since e—ery face has m plane angles,

-, number of the Pl.ne Angles which form all the Solid Angles
=mF, and ... =8n.

Hence, (93,) Sn=mF =2E; and since S+ F=E +2,

4m 2mn 4n
e—-—13 E= ; F= .
2(m+ n)—mn 2(m+n) —mn 2(m +n)—mn

8=

96. There can be but five Regular Polyhedrons.

In any regular polyhedron, m, n, S, E, F must each be a
positive integer.

In order that the values of S, E, F obtained in the last
Article may be positive, 2(m+n) must be greater than m=n; and
that each of them may be integral, 4m, 2mn, and 4n must be
severally divisible by 2(m + n) — mn.

Now if 2(m + n) be greater than mn,

.1+l>.]l or _.1.>_1.__lo
m n 2 m~2 =n’
but n cannot be less than 3,

1 1 1
- cannot be so small as 5~ 3° or 6’

Therefore, since m must be an mteger and cannot be less than
3, it can only be 3, 4, or 5.

. . 1
Similarly, since e % - —1;‘, and m cannot be less than 3;

.. the values of n can only be 8, 4, and 5.
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It will be found, on .trial, that the only values of m and » which
satisfy all the required conditions are the follwing. Each regular
solid takes,its name from the number of its plane faces.

m. | n S. | E. | F. Name of the Regular Solid.
3 1 3] 4| 6| a i Tetrahedron. (Regular Pyramid.)
43| 8|12 6| Hexahedron. (Cube) »,
3 | 4 6112, 8 E Octahedron. *»
5 3 | 20| 30 | 12 | Dodecahedron.
3 5 11230 20 [ Icosahedron.
|

2 2
Cor. If 2(m+n)=mn, S, E, and F become infinite quanti-
ties, and the solid itself becomes a sphere.
97. If 1 bs the inclination of two contiguous faces of a
Regular Polyhedron,

1800 S
. cos — cos + . 90°
. n E
then, Sin}l==——pgn,  OF = ——p—.
sin o sin E.QO"

Let C and E be the centers of the circles
inscribed in two adjacent faces whose com-
mon edge is AB; bisect AB in D, and join
A4, B, and D with the points C and E; CD
and ED are manifestly perpendicular to 4B,
and ... :CDE= 1. c

In the plane CDE draw CO and EO at
right angles to CD and ED respectively; let
these lines meet in O; join 04, OB, OD.

About O as center describe a spherical
surface which is cut by the planes 40D,
DOC, COA in ad, dc, ca.

Now since 4B is perpendicular to CD
and to ED, it is perpendicular to the plane
CDE, and therefore the plane 40B, in which
AB lies, is perpendicular to the plane COE; .-, cadc is a right
angle; ‘

el A

o

15—2
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And, ¢cad
= 4.360°+ number of edges which meet in a solid angle

. . . 180°
=180+ number of plane angles which meetin a solid angle ==

Also 2 acd
360° 180°

%z which each side of a plane face subtends) _1 360°_180
at the cerier of the circle inscribed in the face) 2" m  m

Now by (37), Cos ¢ cad = cos dc sin zacd,

180° . 180°
. Cos =cosdcsin----- ;
n m

And Cos dc =ccs DOC=cos } COE = cos }(180°~ CDE) =sin } I;

1800

. S' 1 I_COS —"—

e e (TN
sin —

m

Again, Since n._—— ...(95), and m_—— ..(93),

. Sin }1 = cos (— 90”)
sin (E 900)
98. To find the Radius of the Sphere which may be inscribed
in a Regqular Polyhedron. (Fig. Art. 97.)
OC = OE, (=r), is this radius. Let 4B =2a.

Then CL=A4AD .cot ACD=a.cot ACD =a. cotwo"

And r=CD.tanCDO=CD.tanil=a. tan%[cotmoo

99. To find the Radius of the Sphere described about «
Regular Polyhedron. (Fig. Art. 97.)

04=0B, (=R), is thisradius,
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180° 180°
cot——
m n

And r=R.cosac = R .cotacd cot cad = R. cpt

00 0 00
o R=r.tan !fn~ tan 120 =a.tan}]f tan]—%—, by (98).

100. If a Hexahedron and an Octahedron be described
ahout a given sphere, the sphere described about those Polyhe-
drons will be the same; and conversely.

Let R and r, B and 7, be the radii of the inscribed and
circumscribed spheres for a hexahedron and an octahedron re-
spectively.

0 0 * '
Then E:tan!»s-o— . tan 180°_ R .
r 3 4 r

Wherefore, if R’ g equal to R, 7’ is equal to 7; or if ' be
cqual to r, R is equal to R. That is, if a hexahedron and an
octahedron be described about the same sphere, the spheres
circumscribing them Will also be the same; and conversely.

In like manner it may be proved that if a dodecahedron and
an icosahedron be described i a given sphere, they will have the
same circumscribing sphere; and conversely.

101. To find the Volume of a regular Polyhedron.

From O in fig. Art. 97, draw 04, OB, &c. to all the angles of

the polyhedron. The solid will thus be divided into F pyramids,
whose common altitude is 7, and common base, being the area

of a face, =m.AQB. CD=m.a.CD=m.a.r.cot}];......(98)
.. Whole Volume =} . F.m.a.r.cot3 7
0
=}.F.m.tan #I.cot’%?-.a', by (98).

Cor. Therefore in similar Polyhedrons, Volume < a®
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102. In a Parallelopiped, given the three Edges which
meet, and the Anyles between them, to find the Altitude, Sur-
face, and Volume of the solid.

Let 40, BO, CO be the three
edges meeting in the point O; and
let
. BOC=4, ;,CO04=B, :AOB=C; 4

OA=a, OB=b.. O0C=c;

$§=3(4+B+0).

O perpendicular to the plane AOB. Join OD, LD, DA.

Abcut O describe a spherical surface, and let it be cut by the
planes 40B, BOC, C04, DOC in ab, be, ca, de.

Then, the gngles at d being right angles,

Sin de =sin ac sincad, or Sin DOC = sin B sin cad;
1

And, by (x.),

. 2 et e AN i (e B i (S (-
Sin cad = P P J{sin 8 sin (8 — 4) sin (§— B) sin (§ - C)} ;
. DC=c.sinDOC = - /{sin S sin (S 4)sin (S B) sin (8- C)}.

sin C

The Surface =2 {bc sin A +ac sin B + ab sin C}.

Volume of rectangular, parellelopiped on the

The Volume ={ same base, and of the same altitude.

= area of base x altitude. Euclid, x1. 81.
= 2abc \/{sin §'sin (§ — 4) sin (§ - B) sin (§ - O)}.

103. The same things being given, to determine the Dia-
gonal which passes through the Solid angle O of the Parallelo-

piped.
Let D be the diagonal required; and now suppose OdD in-the

fig. Art. 102, to be in the direction of the diagonal of the face 40B.
Let this diagonal =d.
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Then d=a®+8* + 2ab cos C,
and ?’: ¢+ d*—2cd cos (180°- DOC)
=c*+d*+ 2cd cos DOC,
« =a'+ b+ ¢*+ 2cdcos DOC + 2ab cos C.
Now Cos DOC = cos cd = cos ac cos ad + sin ac sin ad Gos bac

»
. . *cos 4 —cos Beos C
=cos Beosad +sin Bsinad, ——— —.— "~

sin Bsin C
1 . . .
=——— {cos B sin C cos ad — cos B cos C sin ad + cos A sin ad
sin C

1 . "
=ano {cos B sin (C' - ad) + cos 4 sin ad}

= {cos'Bsin BOD + cos 4 sin 40D},

But -8 BOD" 4 b _sind0OD,
d sinC d " sinC

. CosDOC_'acosB+bcosA
a T d
And D%=a®+b*+ c*+ 2bc cos A + 2ac cos B + 2ab cos C.

<. D=,/{a*+ b* +c* + 2bc cos A +2ac cos B +2ab cos C}.

Cor. 1. At the solid angle C,
The Cosine of the angle between ¢ and b =—cos COB =-cos 4,
.......................................... ¢ and a = -cos B,
.......................................... a and b = cosC;
Therefore the square of the diagonal through C

=a*+ b+ ¢*—2bc cos A — 2ac cos B + 2ab cos C.
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Similarly, the squares of the diagonals through the other solid
angles, B and 4, are,
a*+ b+ ¢ — 2bc cos A + 2ac cos B— 2ab cos C,.
a® + ¥ + ¢* + 2bc cos A~ 2ac cos B —2ab cos C.

Cor. 2. Hence it appears that the sum of the squares of the
four diagonals

=4(a’+ 0"+ ).



EXAMPLES FOR PRACTICE.

.

Note. In the following Examples, unless it be expressly stated otherwise,
the word ¢ Triangle” is to be understood to mean a Spherical Triangle, whoxe
sides are arcs of great circles.

1. Two arcs of great circles intersect at right angles in a
point in the circumference of a small circle. If one of them
touch the small circle, the other bisects it.

2. On the surface of a sphere draw a’great circle passing
through a given point, and touching a given small circle.

IN A RIG’IIT-AN‘}LED SPHERICAL TRIANGLE, C BEING
THE RIGHT ANGLE.

8. 2cosc=cos(a+10)+cos(a—b).

4. Tan)(c+a)tan} (c—a) tan®  b.

5. Sin*} ¢ = sin*{ a cos %b+cos’§a sin*3 b.
6. Sin’d cos’a =sin (¢ + @) sin (¢ —a).

7. Sinatan%A-sinbtan1B—sin(a-b)

8. If Cos A = cos’a, shew that b+ c is equal to é-rr or }m,
according as 6 and c are both less or both greater than £ .

9. OAA4, is a spherical triangle, 4, bemg a right angle;
A, 4, is an arc perpendicular to 04 cutting it in 4,, 4,4, an arc
perpendxcular to 8 A,, 4,4, an arc perpendicular to OA 2, and so
on; prove that 4,4,,, ultimately vanishes when n becomes in-
ﬁmte, and shew that Cos 44,.cos 4,4,.cos 4,4,...(ad infinitum)
= cos 04.

10. Deduce the property of a plane right-angled triangle
which corresponds to the formula Cos ¢ =cos a cos b.

Ans. c*=a'+ 0"
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11. If there be two right-angled splllerical triangles 4BC,
AB'C, having the angle 4 common to both,
Tan { (a+a')tan} (c—c)=tan § (a—~a’)tan } (¢ + ¢).
12. If a, B be the arcs drawn from C, respectively perpen-
dicular to ¢ and bisecting c;
_ . 0y . _ cosg+cosb
Cota=,/(cot’a +cot’d); Cotf= J(sin’a + sin*b)’

o Qi lp o sin
Sinde =7 4 sina)’

18. Through the vertical angle 4 of an isosceles triangle
there is drawn an arc of a great circle meeting the base in D;
shew that .

Tan'} BD. tan § €D =tan 4 (B4 + AD).tan% (B4 — 4D).

14. If 4 =a, and B=1}, then C = 180°—c.

.

IN SPHERICAL TRIANGLES NOT RIGIT-ANGLED.

15. If each of the three sides be quadrants, and a, 3, vy be
the distances of a point within the triangle from the angular
points;

Cos’a + cos* B +cos* ¢y = 1.

16. If d be the length of theearc which bisects C and is

terminated by the opposite side,

Tan d sin (a +b)=2 sinasin b cos  C.

17. If @ and b be nearly equal,
a =% (a+D)+tan }(a+b)tan 4 (4 - B) cot-d (4 + B), very nearly.
18. If one angle of a triangle, plane or spherical, be equal to

the sum of the other two angles, the greatest side is double of the
distance of its middle point from the opposite angle.

>

19. If O be any point in which arcs of great circles drawn
through the angular points of 4BC intersect, then

Sind _sinB_sin
sina sinb sinc
-5ind0sin BOsin €O ¢\ 40 sin BOC + cot BOsin COA

sina sin b sin ¢
+ cot CO sin AOB}.
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4 .

20. Find the locus of the vertices of all right-angled spheri-
cal triangles which have the same hypothehuse; and from the
equation pyove that the locus is a circle when the radius of the
sphere is infinite.

21. Divide, by drawing an arc from an angle to the side
opposite, a-given triangle into two others whose areas are in a
given ratio.

22. The sides of a spherical triangle are each 114°, 28’; find
its angles, and shew that its area =1 surfac®ef the sphere.

{111°, 28’ =2 x (55°, 44'), and Tan } (55°, 44") =,/2}.
23. If C be a right angle, E (the Spherical Excess)
=2tan™" (tan § a tan 4 4).,
cosdacosid

scosdc

inlasing b
. sin @ sin
Also Sind E="-2-""%" and Cosl E=

cos 4 ¢

24. If E be'the Spherical Excess,

cot lacotdbd+ cosC
Cotl H=—"H-2_"""° """
E . sin C ’
.- 1+cosa+cosh+cosc
2,/isin S gin (§—a) sin (§~b) sin (§-¢)}’
1 + cos 0
Cosy E= 1 +cosa+cosbtcoso
4casfacosibcosdc
1 1csi 215 tan® ] c sin 24
In seconds, % E= taqg_b_tfg §”{: sind tan'5 _TM,%”
. sin 1 sin 2
R tan’4 b tan® ) ¢ sin 84

sin 3"’
25. If P be the Perimeter and E the Spherical Excess of the
triangle 4 BC, then
2sind Psin{ 4sin} Bsin} C
={sin § E'sin (4 ~ } E) sin (B - } E)sin (C- 4 )}
26. Determine the area of a spherical triangle from the data

a, b, C; and shew that if a and & be constant, and also a + & be
less than , the area admits of a maximum value.
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27. The angles of a spherical trianglé, of which the area is

.z
%wr', where r is the radius of the sphere, form an arithmetic
progression of which the common difference is 45°%. Find them.
28. If the sides AC, BC of a triangle be produced to D and
E, points such that Tan § AC. tan  BC = tan } DC.tan } EC, and
DE be joined by an arc of a great circle, the triangles 4 BC, CDE
are of equal area.

"29. IF S be the svrface of a spherical triangle‘ whose angles
are each 120°, and §’ that of its polar triangle,

Tan} S : Tanl 8 =6./2+./3 : 2/2-./5.

80. If a be one of the n sides of a regular spherical polygon,
its surface () may be found from the equation

1
Cos

—

hd 1
=cos - sec }a.
n n
81. The Spherical Excess of a triangle is 1”*5. Find its area,
the radius of the Earth being taken to be 7757 miles.

82. If the three sides of a spherical triangle measured on the
Earth’s surface be 12, 16, and 18 miles, find the Spherical Excess.

33. A plane triangle whose sides are a, b, ¢, is placed in a
sphere of radius 7. Prove that the<angle between the arcs of the
great circles of which @ and & are the chords is a right angle,
if 2r,/(a*+ 6"~ c*) =ab.

34. If P be the pole of the small circle circumscribing a
triangle ABC, prove that - APB is double of the angle between
the chords of AC and BC. :

35. The middle points of the sides 4B and AC of a triangle
are D and E respectively, and P is the pole of DE; shew that
< BP( is double of : DPE.

86. If an arc of a great circle be bisected, its segments will
subtend equal angles at any point on the great circle of which its
middle point is the pole.

37. A lune is formed by two great circles which intersect at
a right angle; prove that from any point in one of the circles
two arcs of great circles can be drawn to the other cutting it at
equal angles, and find the least value of these angles. [The
points are equidistant from the extremities of the lune.]
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38. ABC and A'B’C’ are equal triangles; prove that arcs
drawn at the middle points of the arcs of the gteat circles A 4’, BF’,
CC’, and 3t right angles to those lines, meet in a point at which
AA4', BB, CC’ subtend equal angles. What limitation is there
to this proposition? [The triangles 4BC, 4’B'C’ must be such
that if placed one upon the other they would coincide.]

39. There is a great circle ABC, and 44, BB, CC’ are
arcs at right angles to it, which are reckoned positive on one side
and negative on the other: prove that the condition®f A4’, B',"¢”
lying in a great circle is

Tan AA’ sin BC +tan BB’ sin CA4 +tan CC’sin AB=0.

40. Two quadrants (Od4, OB) of great circles include a
right angle ; a great circle meets them in C, D respectively, and
through P, any pont in it, arcs of great circles APY, BPX are
drawn meeting OB, O4 respectively in Y, X; if OX=6, OY = ¢,
OC=a, OD =3, shew that

Tan 0 tan¢
, tana  tang '

41. Two great circles, inclined at an angle w, intersect at O,
NN’ and MM’ are equal arcs on the two circles respectively, and
NM and N'M’ are arcs perpendicular to OMM’; if NM =3,
N'M' =&, shew that Cos 3 cos & =cos w; also that

sindsino’ . .
Cos MM = 1= cosm * Cos NN’ =sin ON . sin ON’. (1 +cos ).

42. P is the pole pof a small circle; §,8,8,...8, a series of
points in this circle equidistant from one another; if Z be any
other point and Z8S,, ZS;...be joined, shew that the sum of the
cosines of Z8,, ZS,...=ncos PZ.cosd, where d is the radius
of the small circle.

48. Three small circles are inscribed in a spherical triangle
whose angles are each 120°, in such a manner that each circle
touches each of the other circles and also two sides of the triangle;
prove that the radius of each circle is 80° and that the centers
of the circles coincide with the angular points of the polar triangle.

44. Three small circles, whose radii are p,, ps, ps; touch one
another in P, Q, B. If 4, B, C be the degrees in the angles
of a gpherical triangle formed by joining their centers, prove that

Area PQR = (A cosp, + B cos p, + C cos p,— 180) 7*,
r being the radius of the sphere.
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45. If in a triangle, R, r be the radii of the small circum-
scribing and inscribed circles, and r,, 7, 7, the radii of the
circles touching one side of the triangle and the other two sides
produced, prove that Cot 7, + cot 7, +cot 7, — cot 7= 2 tan R, and
shew from this result that the corresponding property in a plane
triangle is

1 1 1

1 1 1
==

T Ty T,

46. Determine the points in the sides of a tri;mgle at which
tangents being drawn, they will meet two and two and form a
triangle. If A4, B, C’ be the angles of this triangle, prove that

Tan  4'=cos(S—a)tan} 4.

47° Prove that the square of the area of the triangle formed
by the tangents as in the last question is equal to

r*{tan(§—-a)+4an (§-b)+tan (S—c)} tan (S—a) tan (§—b) tan (S - ¢),
r being the radius of the sphere.

48. If the vertical angle of a triangle be equal to the sum of
the angles at the base, the locus of the wvertex, while the base
remains fixed, will be the small circle described with the middle
point of the base as pole and the base as diameter.

(]
49. ABCD is a quadrilateral whose sides are arcs of great
circles, £ and F the middle points of A4C and BD; prove that

Cos AB+cos BC+cosCD+cos DA =4cos} AC . cos} BD . cos EF.

50. 1f ABCD be a spherical quadrilateral, P the intersection
of AB and DC, Q that of AD and BC, R that of AC and BD,
shew that

Sin AB.sin CD. cos P—sinAD.sin BC.cos Q
=cos AD.cos BC—cos AB.cos CD==xsinAC .sin BD. cos I&.

51. If a, 3, v be the angles which three diameters of a sphere
of radius @ make with one another, prove that the volume of
the parallelopiped formed by tangent planes at their extremities,
(20 being=a+ B +7), is

4a®

A/{sin o sin (¢ — a) sin (o - ) sin (o — 7)}
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52. If i be the inclination of a plane to the horizon, and
a the inclination of a line in it to the intersgction of the plane
with the horizontal plane, the inclination 6 of the line to the
horizon whill be found from the equation, Sin 0 = sinisina.

53. The shadow of a cloud is observed to fall upon a spot
at a knowpn distance on the side of a hill. Given the altitudes
and the azimuths of the cloud and shadow, and the azimuth
of the sun, find the distance of the cloud.

Ans. 1If &, a,, a; be the azimuths of the Surf, cloud, and
shadow respectively, and a,, #, the altifdes of the cloud and
shadow, d the known distance, the distance of the cloud is

oS a, . sin (ay;— a,)
"cos a,.sin (ay—a,)

54. If Z be the zenith, K the pole of the limb (which is not
exactly horizontal) of a theodolite, and § be an object whose azi-
muth is observed, the error is known from the equation,

tSKZ — (SZK = KZ. cot SK .sin SZK.

55. If Z be the “zenith, K the pole of the circle of a theo-
dolite, which is not exactly vertical, and KZ be produced to
Q till KQ is a quadrant, then if § be an object whose zenith
distance is to be observed, the error of observation is known
from the equation,

SQ— SZ % cot SQ. sin  QZ.

56. Given two sides, a and b, of a triangle, spherical or
plane, and the included angle C, to find the variation produced
in A4 corresponding to a small given variation in C.

57. If a solid be bounded by plane figures, of which some
have an odd and some have an even number of sides, shew
that there must be an even number of those faces which have an
odd number of sides.

58. In a triangle C and c remain constant, and a, § receive
small increments da, 8b respectively ; shew that
da + 86 =0; where n sin €
J(=n'sin®a) " J(1 = n*sin*h)  ’ sinc
59. A solid is formed of an equal number of faces bounded

by,3, 4, and 5 sides; find the least number of faces in such a
golid, and the numbers of its edges and solid angles.

dns. F=6, E=12, S=8.
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60. Every solid in which four or more edges meet in each
solid angle must have at least eight triangular faces; and those in
which five or more meet in each angle must have at least twenty
triangular faces. Also no solid can be formed so that nof less than
six edges meet in each solid angle.

61. No solid is entirely composed of faces all of which have
more than five sides; and if there be neither quadrilateral nor
pentagonal faces, there must be more than four triangular faces,
unless the faels be a#l triangles.

62. The base of £ pyramid is an equilateral hexagon whose
alternate angles are equal and adjacent angles are unequal. Given
the angles between any face of the pyramid and two adjacent
faces, find the angle between a normal to any face and the axis of
the pyramid. Ans. The angle required is equal to that which any
plane face makes with the base. 1f a, o’ be the given angles, and 8
be the angle required, then Sin 8=2 cos  («’+a) . cos } ('~ a) .secy,
where ¢ is known from the equation

1 ,
Tan ¢ = —=.tan } (a’+a).tan }/a'~a).

J3
63. If r, R be the radii of the spheres described within
and about a regular tetrahedron, 7/, R’ the’radii of the spheres
to which the edges, and one face and the planes of the three
others produced, are respectively tangents, prove that

¥ =,JrR, and R'=,/2rR.
64. Given the six edges of a triangular pyramid, to find its
volume.

65. Of all triangular pyramids of given volume, the regular
tetrahedron has the least surface. '

66. A cube is turned round one of its diagonals through
180°; shew that 2,/2 is the tangent of the angle at which any
one of the faces is inclined to its original position.

67. The diagonal of a cube is produced until the length of
the part produced is equal to the diagonal, and from the ex-
treme point as pole the cube is projected on a plane perpen-
dicular to the diagonal. Shew that the projection wilF be an
equilateral hexagon, in which the alternate angles are equal and
tl}es adjacent angles are unequal, their sines being in the retio
of 8 to 5.
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MILITARY SERVICK KXAMINATIONS, from I a systematic order, and a Collection of
the care that has been taken to elucdate  Miscellaneous Papers in all branches of
the prnciples of all the Rules.  Testi- * Arithmetie s appended to the book.
mony of its exeellenee has hﬂi" lmlrnlo by |
some of the haehest practical and theo- : . .
retical authorities, of which the tollow-, 4. E_xerCISes in Arith-
mg from the late DEAN PEACOCK may =~ metic. 104 pp. Cr. 8vo. (1860)
be taken us a specumen : | 25 Or with ANswers, 2« 6d.
“Mr. Smuth’s Work is a most meful‘ Also sold sceparately in 2 Parts

publication. The Rules are stated with e .
great clearness. The Examples are well | 1s. each. Answers, 6d.

selected and worked out with just sufti- | These EXERCISES have been published
cient detail without hemg encumbered by | in order to give the pupil examples in
too minute explanations; and there pre-| every rule of Arithmetic. The greater
vails throughout 1t that just proportion of | number have been carefully compiled
theory and practice, which 18 the crown-| from the latest University and School
4ng excellence of an elementary work.” Examnation Papers,
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CI.ASS BOOKS

WORKS by ISAAC TODHUNTER, M.A. F.R.S.

Fellow and Principal Mathematical Leeturer of St. John'’s Coliege, Cambludge.

1. Algebra.
For the Use of Colleges and Schools,

Third Edition. 512 pp. (1862).
Strongly bound in cloth. 7« Gd.
«

This work cofitums all the propositions
which are wsvally meluded ppfelementary
treatises on Algebra, and a large number
of Eramples for Ereicwoe. 'The author
has sought to render the work casily m-
telligible to students without impairing the
accuracy of the demonstiations, or con-
tractimnge the hmnts of the subyect,

to 1llustrate every part of the subject, and
as the nuwber ot them s about Serteen
hundred and fifty, 1t is hoped they will
supply ample excrcise for the student.
Fach set of Examgles has been carctully
arraneed, commencing with very sumple
exercises, and proceeding gradually to
those which are less obvious.

2. Plane Trigonometry
For Schools and C(olleges.

2nd Edit. 279 pp. (1860). Crn. 8vo.
Strongly bound in cloth.  6s.

The design of this work has been to ren-
der the subject mtelligmble to begmners,
und at the same time to afford the student
the opportumity of obtuining all the mfor-
maution which he wall require on this branch
of Mathematics. Each chapter s followed
by u set of Examples; those which are
entitled Mscellaneous Eramples, together
with & few 1 some of the other rets, may
be advantageously reserved by the student
for exercine after he has made some pro-
gress in the subjeet, As the Text and Ex-

amples have been tested by considerable |

experience m teachmg, the hope s enter-
tained that they wall be smtable for impart-
ing a sound and comprehensive know ledge
of Plane Trigonometry, together with
readiness m the application ot this know-
ledge to the solution of problems. Inthe
Second Ldition the hints for the solution
of the Fxunaples have been considerably
increased.

"
The
Exuamplgs have been selected with a view

8. Spherical Trigonometry.
Tor the Use of (olleges and Schools.
112 pp. Crown 8vo.  (1859).
Strongly bound in cloth. 44 Gd.

This work s constructed on the sume
plan as the 7reatise on Plane 1rigono-
metry, to wlieh it 1 mtended as a sequel.
Coustderable lubour has been expended
on the teat m order to rende} 1t compre-
hensaive and aceurate, and the Examples,
w hich have been cluetiy seleeted from Ume-
veraity and College Papers, have all been
carelully verified.

The Elements of Euclid
U For the Use of Schools and Colleges.

L ConpripNG a1 Fiieer Six Boons AND
Portions or 18k ELEVINIH  AND

l Twenrin Books, WITH NoTi, ApP-
PLNDIN, AN} EXERCINER

384 pp. 18mo. bound. (1862). 3s. G4,

As the Elements ot Euclid are usually
placed m the hangls of young students, 1t
s muportant to exhilnt the worh i such
a form as will assist them m overcoming
the ditheultie: which they experience on
then first mu oduction to processes of con-
tinuoy - argument. No method appears to
be o usctul as that of breakmg up the
demonstrations mto then conastituent parts,

and this plun has been adopted mn the
present edition  Each distinet assertion in
the argument begms a new line; and at
the end of the hines are placed the necessary
references to the precedmg principles on
whach the asscrtions depend. The longer
propostions are distributed into subordi-
nate parts, which are distmguished by
breaks at the begmmng ot the hnes.  The
Notes are mtended to mdicate and explam
_the prmerpal dutheulties, and to supply the
"most mmportant mferences which can be
‘drawn trom the propositions. The work
finishes with a collection of Sir hundied
i and twenty-fir ¢ L1e) crses, whieh have heen
i selected principally trom Cambridge Ex-
| umnation papers und have been tested by
tlong eapenience.  As tar as posmble they
are arranged in order of ditheulty. The
Figures will be tound to be lurge and dis-
tinet, and have been repeated when neces-
sury, 8o that they always occur in immedia
ate connealon with the corresponding text.



FOR SCIOOLS AND COILEGES.
WORKS by ISAAC TODHUNTER, M.A., F.R.S.—conltnucd.
i

5.
The Integral Calculus
A:;/l its Applications.
With numerous Examples.

Second Edifion. 342 pp. (1862).
Crown 8vo. cloth.  10s. Gd.

In writing the present 7rcatise on the
Tutegral Caleutus, the ohjeet has been to
produce a work at once clementary and
complete —adapted for the use of hegmner s,
and suffiaent tor the wants of advanced
students.  In the selection of the propo-
sitions, and 1n the mode ot establishing
them, the author has endcavoured to ex-
hibit fully and cleanly the prmmaples ot
the subject, and to illustrate all then most
important results.  In mder that the stu-
dent may find mn ghe volume all that he

requires, a large collectiog of Examples®

for eaereise has been appended to the
different chapters.

6. Analytical- Statics.
With numerows Examples.
Sccond Edition. 330 pp. (185.8).
Crown 8vo. cloth.  10s. 6d.

In this work will be found all the pro-
positions which usually appegr m treatises
on Theoretical Staties. To "the dafterent
chapters Examples are appended, whch
have been seleeted prmeipully from the
TUmversity and Colleze Eagmmation Pa-
pers, these will furmsh ample exerese in
the application of the prmmeiples of the
subject.

7. EXAMPLES OF
Analytical Geometry

of Three Dimensions.
76 pp. (1858). Crn. 8vo. cloth. 4s.

A collection of examnples in illustration

. 8. The
. Differential Calculus.

Nith saonerous Lranmgiles.
Third Edit.on, 398 pp. (1860).
Crown 8vo. clot?, 10s, 6d.

! This work,2: mtended to exlhibit a com-
! prehensive vidw of the Inflerential Culeu-
! lus on the method of Linunts In the more
+elementary  portions, eaplanations have
been gven 1n considerable detal, with
the hope that a reader who 15 without the
aswstance of a tutor may be enabled to ac-
qure a competent acquamtance gath the
subjeet. More, than one mvestigation of
a theorem has been frequently given,
because 1t 18 believed that the student de-
,rives advantage from viewing the same
. proposition under diffesent aspects, and
, that 1n_order to succeed 1 the examina-
{ tions which he may have to undergo, he
should be prepared for a considerable va-
'11etv 1 the order of arrunging the several
. branches of the subjeet, and for a corres-
' ponding yvariety 1n the mode of demonstra-
tion.

9. Plane Co-Ordinate
Geometry
AS APPLIED TU THE STRAIGHT LINE
AND THE CONIC SECTIONN,
With numerous Examples.
Third and Cheaper Edition.
Crn. 8vo. cl. 326 pp. (1862). 7s. 6d.

This Treatise exhibits the subjeet in a
simple manner for the benefit ot begimners,
cund at the sume time includes m one
| volume all that students usually require.

The Exumpler at the end of cuch chapter

will, 1t 1s hoped, furnish sufficient ex ercise,
; as they have been carefully selected with
i the view of illustrating the most impor-
i tant points, and have been tested by re-
{pmted eaperience with pumls. In'con-
| sequence of the demand for the work

of Analytical Geometry of Three Dimen- | proving much greater than had been
sions has long been required both by ! orginally anticipated, a large number of
students and teachers, and the present comes of the Z7%urd Editeon has been
work 15 published with the view of sup- | printed, and a considerable reduction
plying the want. | effected in the price.



CAMRRIDGE
By ISAAC TODHUNTER, M.A.
AN ELEMENTARY TREATISE oXN THE
Theory of Equations.
With a Collection of Eramples.

Crown 8vo. cloth. 279 pp. (1861).
: 175, Gd.

This treatise contains althe proposi-
tions which are ucnally meluded m ele-

mentary treatises on the Theory of Equa-

tions, together with a colleetion of Ex-
ampdes tor exercise.  This work may m
fact be regarded as a sequel to that on
Alpebra by the same writer, and aceord-
maly the student has occusionally been
1 ferred to the treatise on Algcbra tor pre-
Tmiuvary mformation on some topies here
chi~ens~ed The work mecludes three
chapter~ on Detepminants.

11. History of the Progress
of the

Calculus of Variations
Durig the Nineteenth Century.
8vo. cloth. 532 pp. (1861). 12s

1t is of importance that those who wish
to cultivate any subject may be able to
ascertain what results have already been
obtamed, and thus reserve ther strength
for difficultier which have not yet been
conquered.  The Author hias endeavoured
in tlus work to ascertuin distinctly what
has been cffected in the Progress of the
(aleulus, and to form some estimate of
the manner in which it has been effected.

—.——
A TREATISE ON
Mechanics and Hydro-
statics.

With Solutions of Questions
PROPOSED IN THE CAMBRIDGE SENATF. HOUSE

By . U. GIRDLESTONE, M.A.
Christ’s College.

8vo. cloth. 100 pp. 1862.

CLASS BOOKS.

' By J II. PRATT, M.A.

Archdeacon of Caleutta, late *Fellow of
. Gonville and Caus College, Cambrnidge.

| A Treatise on

; Attractions,

' La Place’s Functions, and the Figure
: of the Earth.

. Second Edition. Crowfi 8vo. 126 pp.
X (1861). cloth. 6s. 6d.

1n the present Tireatise the author has

«endeavomred to supply the wane of a work
on a subject of great mportanee and hysh
mterest— La Place’s Coc fierents and Fune-
tions und the ecaleulwtion of the Fyrure of
the Earth by means ot has remarkahle ana-
Iysis.  No student of the higher branches
of Physical Astronomy should be wgnorant
of Ta Place’s analysis and its result—*‘a
caleulus,” says Any, “the most singular

i1 1ts nature and the most powertful in its
upphcation that has ever appeared.”’

| — *q

| By 0. B. AIRY, M.A.

. Astronomer Roval.

; 1. Mathematical Tracts

| On the Lunar and Planelary Theorics,
Figure of the Earth, the Undulatory
' Theory of Optics, &c.
Foudrth Edition. 400 pp. (1858).
8vo. 15s.

2. Theery of Errors of

Observations
And the Combination of Observations.
103 pp. (1861). Crown 8vo. Gs. 64.

In order to sparc astronomers and ob-
servers in natural philosophy the confusion
{and lows of tune which are produced by
| referrmg to the ordinary treatises em-
! 'bracing both branches of Probamhities, the
author has thought 1t desirable to draw
up this work, relating only to Errors of
Observation, and to the rules derivable
- from the consideration of these Errors, for
' the Combination of the Results of Obser-
 vations. The Author has thus also the
| advuntage of entering somewhat more
, fully into several points of intercst to the
observer, than can possibly be done in a
General Theory of Probabilities, ‘



FOR SCHOOILS AND COLLEGES.
[ ]

By GEOGRGE BOOLE, D.C.L., T.R.S.

Profess® of Mathematies in the Queen’s
Umversity, Ireland.

Differential Equations
468 pp. (1859). Cra. 8vo. cloth. 14s.

The Author has endeavoured m this
treatise to convey us complete an account

of the present state of knowledge on the

subject of Infferentinl Equations as was
consi-tent with
tended, primantly, for elementary mstruc-
tion. The object has been first ot all to
meet the wants of those who had no pre-
vious acquamtance with the subject, and

also not quite to disappomt others who

might seck for more advanced mforma-
tion. The earher sections of cach chapter
contain that kind of matter which has
usually been  thought smitable tor the
beginner, while the lutter ones are devoted
cither to an account ot recent discovery,
o1 to the discussion ot such deeper ques-
tions of prieiple as are hkely to present
themselyes to thgreflective student in con-
nection with the methogds and processes
of his previous course.

2. The Calculus of

Finite Differences.

248 pp. (1860). Crown 8vo. cloth.
10s. 6d. ®

In this work particular attention has
been paid to the connexion of the methods
with those of the Infferentaal Caleulus -a
connexion which 1 some instances in-
volves far more than a merely formal
analogy  The work 1> 1n some measure
desigued as a sequel to thesAuthor’s 7rea-
tise on Differential Equations, and it has
been composed on the same plan.

- —

Elementary Statics.
By the Rev. GEORGE RAWLINSON
Professor of Applied Sciences, Elpbin-

stone Coll., Bombay.

Edited by the Rev. E STURGES. M.A.
Rector of Kencott, Oxfordshire.
(150 pp.) 1860. Crn. 8vo. cl. 4s. 6d.

This work is published under the au-
thority of H. M. Secretary of State for
India for use in the Government Schools
and Colleges in India.

the adea of a work -

By P. . TAIT, M.A, and
W. J. STEELE, B.A.
Late Fellows of St Peter’s Coll. Camb.

‘Dynamics of a Particle.
Watl numerous Kramples.
304 pp. (1856). Cr. 8vo. cl. 10s. 64.

In thus Treatise will be found all ,the
; ordinarvy propositions ¢omnected with the
Dynamiesgt Particles which can be con-
vemently d®duced without the use of
D’ A\lembert’s Principles. Throughout the
book will be found a number of illus-
trative Examples introduced in the text,
and for the most part completely worked
out; others, with oceasional solutions or
hints to assist the student are :qwendc(l to
cach Chapter,
—
. By the Reo. G F. CHILDE M. A.
| Mathematical Profesgor m the South
African College.
Singular Properties of
| the Ellipsoid
| .And Associated Surfaces of the Nth
Degree.

152 pp. (1861). 8vo. boards. 10s. 64.

Ax the title of this volume indieates,
1ts object 18 to develope peculiarities n
 the Elliproid; and further, to establish
i analogous properties in unlhimited con-

. generie series of which this remarkable
' suiface 1> a constituent.

-—

By J. B. PHEAR, M.A.

' Fellow and late Mathematical Lecturer of
Clare College.

Elementary Hydrostatics

With numerous Eramples and
Solutions.

Sccond Edition. 156 pp. (1857).
Crown 8vo. cloth. 5s. 64.

‘¢ An excellent Introductory Book. The
defimitions ure very clear; the descriptions
and explunations are sufficiently full and
intelhgible ; the investigutions are simple
and scientitic. The examples greatly en-
hance its value.”—ENGLISH JOURNAL OF
EpvcaTion,

This Edition contains 147 Examples, and
solutions to all these examples are given
at the end of the book.




By Rev. S. PARKINSON, B.D.

Fellow and Preclector of 8t. John’s Coll. |
Cambridge. !

1. Elementary Treatise,
on Mechanics. !

With a Collmition of Ezxamples.

Second Edition. 345 " (1861).
Crown 8vo. cloth. 9s. 6d. :
The Author has endeavoured to render
the present volume suitable as a Manual
for the jumor classes m Universities and
the lighgr classes m Schools.  With this
object there have been mcluded in 1t those
portions of theoretical Mechanies which
can be conveniently mvestigated without
the Differential Caleulus, and with one
or two short except’ons the student is not
presumed to require a knowledge of any |
branches of Mathematics beyond the ele-
ments of Algebra, Geometry, and Trigo-
nometry. A collection of Problems and
Examples hus been added, chiefly taken
from the Senate-Iouse and College Ex-
amination Papers—which will be found
useful as an exercise for the student
In the Second Edition several additional
propositions have been incorporated n
the work for the purpose of rendering
it more complete, and the Collection of
Examples and Problems has been largely
increased.

2. A Treatise on Optics
304 pp. (1859). Crown 8vo. 10s. 6d.

A collection of Examples and Problems
has been appended to this work which
are sufficiently numerous and varied
in character to afford useful exercise
for the student: for the greater part of
them recourse has been had to the Ex-
amination Papers set in the University and
the several Colleges during the last twenty
yeuars.

Subjoined to the copious Table of Con-
tents the author has ventured to indicate
an elementary course of rcading not un-
suitable for the requirements of the First
Three Days in the Cambridge Senate

House Examinations,

CAMBRIDGE CLASS BOOKS.

By R D. BEASLEY, M.A.
Head Master of Grantham Schoot.

AN ELEMENTARY TREATISE ON
Plane Trigonometry.

With a numerous Coliection of
Ezxamples. ,

106 pp. (1858), strongly bound in
cloth. 3s Gd.

This Treatise is speeially mtended for
usc m Schools.  The chowee of matter has
been chiefly guided by the requirements
of the three days’ Exammation at Cam-
bridge, with the exception of proportional
parts 1 logarithms, which have been
omutted. About Four hundred Examples
have been added, mamly collected trom
the Examination Papers ot the last ten
years, und great pumns have been taken
to exclude from the body of the work any
which might drshearten a begimner by
their dafficulty.

By J. BROOK SMITH, M.A
§t. John’s College, Cambridge.

Arithmetic in Theory
and Practice.
For Advanced Pupils.

Parr I. Crcwn 8vo. cloth. 3s. 6d.

This work forms the first part of a Trea-
tise on Arithmetic, in which the Author
has endeavoured, from very simple prin-
ciples, Lo explain in a full and satistactory
manner all the important processes in that
grubject.

The proofs have in all cases been given
in a form entirely arithmetical: for the
author does not think that recourse ought
to be had to Algcbra until the arithmetical
proof has become hopelessly long and per-
pleximng.

At the end of every chapter scveral ex-
amples have been worked out ut length,
in ‘which the best practical methods of
operation have been carefully pointed out.



FOR SCHOOLS AND COLLEGES.

By G. II. PUCKLE, M.A.
Prifcipal of Windermere College.

Conic Sections and
Algebraic Geometry.

With numerous Fusy Lramples Pro-
gressively  arranged.

Second Fdition. 264 pp. (1856).
Crown 8vo. 7s. 6d.

This book has been written with speeial
reference to those ditheulties and misap-
prebhensions which commonly beset the
student when he commences.  With this
object 1n view, the earher part of the
subject has been dwelt on at length, and
geometrical and numenical illustrations of
the analysis have been mtroduced. The
Examples appended to cach section are
mostly of an elementary deseription. The
work will, 1t 1« hoped, be found to con-
tamn all that 1s requued by the upper
classes of schgpls and by the generahty
of students at the Tmiversities.

—

By EDWARD JOI’N ROUTIH, M.A.

Fellow and Asastant Tutor of St. Peter’s
College, Cambridge.

Dynamics of a System
of Rigid Bodies.

With numerows *Eramplcs.

336 pp. (1860). Crown 8vo. cloth.
1

5. 64l.
CoNTeNTS ¢  Chap. I. Of Moments of
Inertia. —1I. 1’Alembert’s Prmnciple, —
III. Motion about a Iuxed Axis.—IV.
Motion in Two Dimensions.—V, Motion
of a Rigid Body in Three Dimensions.—
VI. Motion of a Flexible Strme.—VII
Motion of a System  of Rigid Bodies.—
VI1L. Of Impulsive Forees.—IX, Miscel-
lancous Examples.

The numerous Examples which will be
found at the end of each chapter have
been chiefly selected from the Examina-
tion Papers set in the University and
Colleges of Cambridge during the last few
years.

9

j * The
‘Cambridge Year Book

AND UNIVERSITY ALMANACK
! For 1863.
Crown 8vo. 228 pp. price 2s. 6d.

The specific features of this annual pub-
lication will be obvious at a glance, and
1ts value to teachers effgnged 1 prepdring
students gr, and to parents who are send-
my their @ to. the University, and to
the pubhic generally, will be clear

1 1he whole mode of procecding in
entering a student at the Uwversity and
at any particular College is stated.

2. The course of the stuuies as regulated
by the University exanmimations, the'man-
ner of these examinations, and®he specithe
subject~ and times for the year 1863, are
gnen

5. A complete account of all Scholar-
cships and Ealubitiogs at the several Col-

leges, their value, and the means by which
they are gained.
| 4. A brief summary of all Graces of the
I'Senate, Degrees conferred during the year
i 1861, and Umversity news generally are
L g1ven.

{ 5. The Regulations for the Loc\L Ex-
| AMINATION of those who are not members
;of the University, to be held this year,
. with the names of the books on which the
i Exannation will be based, and the date
on which the Examination will be held

————

By N. M. FERRERS, M. A.
Fellow and Mathematical Lecturer of
Gonville and Caius College, Cambridge.
AN ELEMENTARY TREATISE ON

Trilinear Co-Ordinates
The Mcthod of Reciprocal Polars,
and the Theory of Projections.

154 pp. (1861). Cr. 8vo. cl. 6s. 6d.

The object of the Author in writing
on this subject has maiuly been to place
it on a basis altogether independent of the
ordinary Cartesian System, instead of re-
garding 1t as only a speciul formof abridged
Notation. A short chapter on Determi-
nants has been introduced.




10
By J. C. SNOWBLILL, M.A.
Late Fellow of St. John’s Coll. Camibridge.
Plane and Spherical
Trigonometry.

With the Coustruction and Use of

Tables of Logarithms.
Nirth Edition.~ 240 pp.
Crown 8vo.  7s. 64

(1857).

CAMBRIDGE CLASS BOOKS

Senate-House Mathe-

- €
matical Problems.
With Solutions.

1818-51. By Ferrgus and Jwekson. 8vo.
15s, 6d

1818-31.  (Ripers) By Jamison, 8vo.
7. 6d.

1851, By WarroN und MACKENZIE.
1os 6d. .

1857. By CivploN and WaLroN. 8vo.

8\ 6d
Crown

In preparing a new odm(m‘. the proofs 1860 By Rovra and WatsoxN.
of some ot the more important propositions i 8vo. 7s. 6d.
have heen rendered more strict and ge- | The aboye books contain Problems and
neral; and a considerable addition of more Ev:uu];lvs which have been sct m ‘th(-
than Two Jaowdred Examples, Gahen priv- g hrdge Senate-house Exammitions at
cipally frr‘mm the questionsinthe Examina- + ¢ guy periods during the last twelve
tions of Cglleges and the Twversity, his ; yearg together with Solutions of the sime.
been r{mdo to the (:oll('ctum ¢t Examples irho Solutions are in all cases given by
and Problems for practice. the Exanuners themselves or under their
sunction.

e —o
By W. H. DREW, M.A.
Second Master of Blackheath School.
Geometrical Treatise
on Conic Sections.
With a copions Collection of Examples.

Sccond Edition. Crown 8vo. cloth.
4s. 6d.

> -

By II. A. MORGAN. M.A.
Fellow of Jesus College, Cambridee.

A Collection of Mathe-
matical Problems and

Examples.
Hth dnswers.
190 pp. (1858). Crown 8vo. G6s. 6d.

In this work the subject of Conic Sec-

tions has been placed before the student
in such a form that, 1t is hoped, after

This book contains a number of prob-
lems, chiefly clementary, in the Mathe-
matical subjects usually read at Cam-

mastering the clements of Euclid, he may bridge  They have been sclected from
find 1t an easy and interesting continuation the papers set durmg late yeurs at Jesus
of his geometricul studies. With a view , College.  Very few of them are to be met
also of rendermg the work a complete | with in other collections, and by far the
Manual of what s required at the Um-: larger number are due to some of the most
versities, there have been either embodied | distinguished Mathematicians in the Um-

into the text, or inserted among the ex- |
amples, every book work question, prob- |
lem, and rider, which has been proposed !
in the Cambridge examinations up to the
present time.

Solutions to the Pro-
blems in Drew’s Co-
nic Sections.

Crown 8vo. cloth. 4s. 6d.

versity.
——

Cambridge University

Examination Papers.
Crown 8vo. 184 pp. 2s. 6d.

A Collection of all the Papers set at the
Examinations for the Degreces, the
various Triposes, and the Theological
Certificates in the University, with List
of Cundidates Exammed and of those
ixsr‘)j]())rgircd, and an Index to the Subjects.



FOR SCHOOILS AND COLLEGES.

. A Treatise on
Solid Geometry.

By LER( 'II'AL.]-'IH). T, JM.A.,
St. John's College, and

JOSEPH dVOLSTENHOLME, 1.A.,
Christ’s Coll. Cambridge.

L]
472 pp. 8vo. cloth. 18s.  1863.

The authors ! axe endeavaoared to present
Detore students as comprehensive a view of
the subjeet as possible.  Intendimg as they
have done to make the subjeet aceessible,
at least m the carhier portion, to all classes
of students, they have endeavomed to ex-
plamn tullv all the processes wiich are
most usetul m dealmg with mdmary theo-
1ems and problems, thus dnectme the
student to the seleetion of methods which
are best adapted to the exwigendies ot each
problem.  In the more datheult portions ot
the subject, tifty have_conadered them-
selves 10 be addressm® a hagher eluss of
students, there they have tued to lay
a good toundatton on which to build, it
any reader should gpish to pursue the
science bevond the lnmts to which the
work extends,

AN ELEMENTARY TREATISE ON
.

The Planetary Theory

WITH A COLLECTIONe OF PROBLEMS,

By C. IT. IT. CIETNE, B.A.
Scholar of NSt. John'’s College, Cambridge.

148 pp. 1862. Crn. 8vo. cloth. 6s. 6d.

In this volume, an attempt has been
made to produce a Treatise on the Planctary
Theory, which bemg elementery in cha-
racter, should be so far complete, us to
contam all that is usually requured by
students in the Universmity, A colleetion
of Problems has been added, taken chuefly
from Cambridge Examination papers of
the last twenty ycars.
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Fellow and Classical Leeturer of St John's
College, Cambndge.

1. Juvenal.
ith English Nofes.

464 pp. (1854). Crown 8vo. cloth.
! 104, Gd.

i %A Rehool ediion®gf Juvenal, which,
for reallg 11pe scholarship, extensive ac-
quaintan¢@®with Latin hterature, and fa-

{ mliar knowledge of Continental criti-
eisn, ancient and modern, i~ unsu passed,

, we do not say among English School-books,

| but among Enghsh editions generally —

: EpINBURGH REVIFW,

! -+

| 2. Cicero’s,
Second Philippic.
TFith English Notes.
168 pp. (1861). Fcp. 8vo. cloth. 5s.

The Text 1s that of Halm's 2nd edition,
1 (Leipzig, Wendmann, 1858), with some
| corrections fiom Madvugs 4th Edition
«Copenhagen, 1858). Halm's Introduction
'has been closely translated, with some
additions.  His notes have been curtailed,
omntted, or enlarged, at diseretion; pas-
sages to which he gives a bare reterence,
jare for the most part printed at length ;
| lor the Greck extracts an Eunglish version
has been substituted. A large bady of
notes, chietly grammatieal and historical,
| has been added from varlous sources. A
J st of books usetul to the student of
, Cicero, a4 coprous Argument, and an Index
{ {)o ﬂll{c mtroduction and notes, complete the
0ok.

[ J
{ By JOIIN ¥. B. MATOR, M.A.

P S—

By P. FROST, Jun., M.A.
Taate Fellow of 8t. John's (‘oll. Cambridge.

| Thucydides. Book VI.

With English Notes, Map and Index.
8vo. cloth. 7+ 6d.

It has been attempted 1n this work to
facilitate the attainment of accuracy in
translation, With this end in view the
Text has been treated grammatically.




CAMBRIDGE

\
By B. DRAKE, M A
Late Fellow of King's Coll. Camlnidge.

1. Demosthenes on the

. Crown.
With Enrglish Notes.
Sceond Edition. To which is pre-
fixed EsCHINEs AGAINST (‘TEs1-
rroN. With English Notes.
287 pp- (1860). Feap. 8yo cl. 5
The fi1~t edition of the late M1, Drake's
edition of Demosthenes de Corona having
met with conaderable acceptance in vari-
ous Schools, and a new edition bemng called
for, the Oration of _Eschines agamst (‘tesi-
phon, 1 accordance with the wishes of
many teaghers, has been appended with
useful notes by a ecompetent scaolar.

2. Aschyli Eumenides
With English Ferse Translation,
Copivrs Introduction, and Notes.
8vo. 144. pp. (1853). 7. 6d.

“ Mr. Drake’s ability as a eritical Scho-
lar is known and admitted. In the edition
of the Eumenides before us we meet with
him also 1n the capacity of a Poet and
Historical Essuyist. The tran<lation s
flowing and melodious, elegant and scho-
lurhike. 'T'he Greek Text is well printed :
the notes are clear and useful ’—GuaAnr-
DIAN,

|
i
|
1

——

By C. MERIVALE, B.D.
Author of ¢ History of Rome,” &c.

Sallust.
Trith English Notes.

Second Edition. 172 pp. (1858).
Feap. 8vo.  4s. 6d.

¢ This School edition of Sullust is pre-
cisely what the School edition of a Latin
author ought to be. No useless words
are spent in1t, and no words that could
be of use are spured. The text has been
carefully collated with the best cditions.
‘With the work is given a full current of
extremely well-sclected annotations.”’—
Tay. EXAMINLR,
The * CATILINA" and * JUGURTHA" ma:

be had separately, price 2s. 6d. each,

bound in cloth.

>

CLASS BOOKS

By J. WRIGIT, M.A.

Head Master of Sutton Coldfield School
1. Help to Latin
Grammar.
ith Lasy Frercises,and Vocabulary
Crown 8&vo. c¢loth. 4+ Gd.

Never was there a better ad offered
alike to teacher and scholar 1 that adu-
ous pass  The styvle 1~ at once tamiliar
and stuthmgly siaple and lueid ; and the
caplunations precisely hit the datheulties,

and thoroughly expliun them.”—LNGLIsH
JOURNAL OF EDUCATION,

2. Hellenica.
A FIRST GREEK READING BOOK.

Second Edit. Feap. 8vo. cl. 3s. 6d.

In the last twentv chapters of this
volume, Thueydides shetehes the rise and
progress of the Atheman Empire s so
clear a style and i such sfinple lauguage,
that the autho dotibts whether anv casier
or more  Instructive  passages  can e
seleeted for the use ot the pupl who as
commencing Gizeek.

3. The Seven Kings of
Rome.
A ‘First Latin Reading Book.
Second Edit. Fecap. 8vo. cloth, 38s.

This work is, mmtended to supply the
pupi with an easy Construmng-book, which
may, at the same time, be made the
vehicle for instructing him in the rules ot
grummar and preuneiples of composition.
Here lavy tells his own pleasant stories
m his own pleasunt words. Let Lavy be
the master to teach a boy Latin, not some
English collector of sentences, and he will
not be found a dull one.

4. Vocabulary and Ex-
erciseson ‘“The Seven
Kings of Rome.”’

Fep. 8vo. cloth. 2s. 6d.

*,* The Vocabulary and FErercises may
also be had bound up with * The
Seven Kings of Rome.” 5s. cloth.



F(‘R SCHOOLS AND COLLEGES.

By EDWARD THRING, M.A.
lead Master of Uppingham School.
Elements of Grammar
. Taught in English.
With Qitestions.

Third Edition. 136 pp. (1860).
Demy 18mo.  2s.

2. The Child’s English
Grammar.

New Edition. 86 pp. (1859). Demy
18mo. 1a.
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‘ By EDWAED THEING, M.A.

4. A First Latin Con-
struing Book.

¥

<104 pp. (1855). Feap. 8vo. 2s.6d.

This Construing Book 1< drawn up on
the same sort ot maduated scale as the
Author's Englhish Grammar. Passages
out of the best Latin ggets are gradumlly
built up mto then peffect shape. The
few word®@ggtered, or nnerted as the pass-
ages go on, are printed in Ttalics. It 1s
hoped by this plan that the learner, whilst
acquiring the rudunents of language, may
store his mind with good poctry and a
good vocubulary.

The Author’s effort in these two hooks .
has been to pomt out the broad, beaten. |
every-day path, caretully avoidmg digres-|
s10ns mto the byeways and eecentricities |

. B

of language.
trom questionings m- National Schools,
and the whole of the first part 1s merely
the wiiting out m order the answers to
questions whic® have been used already
with suceess.  The study of Grammar m
Enghish has been much noglected, nay by
some put on one side is an 1mposslity.
There was perbaps myeh ground for ths
opmuon, m the medley of arbitrary rules
thrown before the student, which apphed
mdeed to a certain number of mstances,
but would vot work at all in many others,
as must always be the case whemprncer-
ples ure not put forward m a language
full of ambiguities. The present work
does not, theretore, pretend to be a come-
pendium of 1homs, or a gnlologeal trea-
tise, but a Grammar. 01 m other words,
its mntention 1s to teach the learner how to
speak and write correctly, and to under-
stand and explam the spacch and writings
of others. Its success, not only in National
Schools, from practical work in which 1t
took 1t~ T8¢, but also m classical schools,
is tull of encouragement.

3. School Songs.

A COLLECTION OF SONGS FOR
SCHOOLS.

WITH THE MUSIC ARRANGED FOR
FOUR VOICEKS.

Edited by Rev. E. THRING and
H. RICCIUS.

Music Size. 7s. 6d.

Thisn Work took its rise’

By €. J VAUGIAN, D.D
Head Master of*Iarrow School.

St.

1

| Paul’s Epistle to

the Romans.
The Greck Text ewith FEnglish Notes.

Second Edition. Crown 8vo. cloth.
(1861). v,

By dedieating this work to his elder
! Pupils at Ilurrow, the Author hoper that
he sutliciently mdicates what is and what
is not to be looked for in 1t.  He desires
to record his unpression, derived from the
rexperience of many years, that the Epis-
tles of the New Testument, no less than
the Gospels, are capable of furnishing
uscful and solid instruction to the highest
(lasses of our Publie Schools.  If they are
taught accurately, not controversially;
positively, not negatively; authorita-
tively, yet not dogmatically ; taught with
close and constant reference to their literal
meanmg, to the connexion of their parts,
to the sequence of their urgument, as well
as to therr moral and spiritual mstruc-
tion ; they will interest, they will inform,
they will elevate; they will mnspire a re-
verence for Neripture never to be dis-
curded, they will 1waken a tesire to drink
more deeply of the Word of God, certam
hereafter to be gratified and fulfilled.
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1. ¢
By C. J. VAUGIIAN, D.D. l
Notes for |
Lectures on Confirmation. '
With Suitable Prayers. {
70 pp. (1862). !
8vo. 1s. 6d.

This work, origmally prepared for ﬂm:
use of Harmmow School, 1 pub'-saed 1 the
behef that 1t may .1~~1:-t the labows of
those who are engaged 1n preparing ean- H
didates for Confirmation, and who find 1t
dafficult to lay thewr hand upon any one
book of suitable mstruction at once sufti- |
ciently full to turnish a synopsis of the
subjeet, ur d sufficiently elastic to give free |
scope to the mdividual judgment in the,
use of it. It will al~o be tound a hand- )
book for those who are bemg prepared, as
presenting i a_compact form the very
pomts which a lectarer would wish hus
hearers to remember.

2.

The Church Catechism Illus-

trated and Explained. By
ARTHUR RAMSAY, M.A.

18mo. cloth. 2s.
3.

Hand-Book to Butler’s Ana-

logy. By C. A. SWAINSON,
M.A. 55 pp. (1856). Crown 8vo.
1s. 6d.

4th Edition. Fep.

4.

History of the Christian
Church during the First
Three Centuries, and the
Reformation in England.
By W. SIMPSON, M.A. Fourth
Edmon. Fcp. 8vo. cloth. 3s. 6d.

5.

Analysis of Paley’s vaden-
ces of Chnstmm Y-
CHARLES H. CROSSE, MA
115 pp. (1865). 18mo. 3%. 6d.

FORTHCOMING BOOKS.

1.

'An Elementary Treatise ou

Natural Philosophy.
By WILLIAM THOMSON, LL.D.,,
I‘ It 8., Tate Pellow of St Peter’s Coll
Cambr i we, Professor ot Natural Pin-
losophy m the University of Glaseow
and PETER GUTHRIE TATIT, M.A.,
late Fellow of St Peter’s College,
Cambndge, Professor of Natural Phi-
losophy m the Umversity of Edm-
burgh. With numerous Hlustrations
[In the Press

9

The Narrative of Odysseus.
Homer’s Odyssey, Books 1x—xu. The
Greck Text with Fnahish Notes.  For
Schools and  Collegor. By JOHN
E. B. MAYOR, M.\, Fellow and
Principal Classical Leeturer ot St
John’s College, Cumbndec.

LYearly Ready.

3.

First. Book of Alegbra. For
Schools. BvJ.C. W.ELLI®, M.A,,
and P. M. CLARKE, M A., Sidney
Sussex College, (‘umbndgv

(Preparing

. 4

Aristotelis de Rhetorica.

With Notex and Introduction. By
E. M. COPE, M.A., Fellow und Assist-
ant Tutor of Trinity College, Cam-
bridge.

5.

The New Testament in the
Original Greek. Tcxt revised by
B. 1' WESTCOTT, M.A,, und F. J
HORT, M.A,, formctly llcllows of
Trinity College.
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CAMBRIDGE MANUALS

FOR TIHEOLOGICAL STUDENTS.
. ° .

1. History of the Christian
Church® during the Middle
Ages. By ArciunpeacoNn HARD-
WICK. Sceond Kdition. 482 pp.
(1861). 'With Maps. Crown 8vo.
cloth.  10s. 6d.

This Volume claims to be regarded as

an mtegral and independent treatise on
the Medizeval Church - The History com-

mences with the tite of Gregory thoe Great, '

to the vear 1520,—the year when Luther,
having been extruded from those (‘hurches
that adhered to the Commumon of the
Pope, established a provisional form of
government and opened a fresh ora in the
lustory of Europe.

L]
2. History of tht Christian’

Church during the Refor-

mation. By Axcuon. HARD-

WICK. 459 pp.%(1856). Crown

8vo. cloth. 10s. 6d.

This Work forms a Sequel to the Au-
thor’s Book on The Middle Ages, The
“Author’s wish has been to give theender
a trustworthy veision of those starring
incidents which mark the Roformation
period.

.

3. History of the Book 0¥ Com-
mon Prayer. With a Kkationale
of its Offices. By FRANCIS
PROCTER, M.A. Fitth Edition.
464 pp. (1860). Crown 8vo. cloth.
10s 6d.
In the course of the last twenty yeurr

the whole question of hturgical knowledge

has heen reopened with great learning and
accurate research, and 1t is manly with
the view of epitomuzage their extengjve
publications, and corre®Pgng by their help
tho errorsgand misconceptions which had
obtained Lerency, that the present
1olume has been put togother.

4. History of the Canon_ of
the New Testament during
the First Four Centuries.
By BRQOKE FOSS ®WEST-
COTT, M.A. 594 pp. (1855).
Crown 8vo. cloth. 12s.%d.

The Author has endgavoured to connect,
the history of the New Testament Canon
with the growth and consolidation of the
Church, and to pumnt out the relation
existing hetween the amount of evidence

. for the authenticity of 1ts compouent parts

and the whole mass of Christian hiterature.
Nuch a methaod of mmquiry will convey both
the truest notion ot the conunexion of the
written Word with the hvine Body of
Christ, and the surest conviction of its
d1vine authorty.

5. Introduction to the Study
of the GOSPELS. ByBROOKE

FOSS WESTCOTT, M.A. 458
pp- (1860). Crown 8vo. cloth.
10s. 6d.

This book is intended to be an Intro-
duction to the Study of the Gospels. In
a subject which mvoly es so vast a iterature
much must have been overlooked ; but the
Author has made it a pomnt at least to
study the reseurches of the great writers,
and consciously to neglect none.

This Series of THEOLOGICAL MANUALS has been published with
the aim of supplying Books concise, comprehensive, and accurate ;
convenient for the Student, and yet interesting to the general

reader.



Handsom:aly bound in ex-
*tra clnth, 4s. 6. Morocco

plain, 78. 6d. Morocco ex-

tra, 10s. Gd. each Vq_{ume.

Uniformly printed in 18mo.
with Vignette Titles by
T. Woolner, W. Holm-n (@
Hunt, &c. 0

@ ‘
1. THE GOLDEN TREASURY
OF THE BEST SONGS AND LYRICAL POEMS IN THE ENGLISH
N LANGUAGE. .
Selected and armn;ieg, with Notes, by F. T. PALGRAVE.
TWELPTH Tnoul‘unn. with a Vignette by T. WOOLNER.

“There is no book in the English language which will muke a inore delightful
companion than thus . . . which must not only be read, but possessed, in order to
be adequately valued.”’—SPECTATOR. .

2 THE CHILDRENS GARLAND.
FROM THE BEST POETS.
Selected and Arranged by COVENTRY PATMORE.
FourTH TuousaNp, with Vignette by T. WooLNER.

¢ Mr. Patmore deserves our gratitude for having searched through the wide ficld
of English poetry for these flowers which youth and age can equly enjoy, and
woven them into ‘The Children’s Garland.””’—LoNDON Rk vVIEW.

3. THE PILGRIMS PROGQESS.
By JOHN BUNYAN.
With Vignette by ‘W. HoLmMAN HUNT.
Large paper copies, crown 8vo. cloth, 7s. 6d., half morocco, 10s. 6d.

¢ A prettier and better edition and one more exactly suited for use as an elegant
and inexpensive Gift Book is not to be found.”—ExAMINER.

4. THE BOOK OF PRAISE.
FROM THE BEST ENGLISH HYMN WRITERS.
Selected and arranged by ROUNDELL PALMER.
Eicuta THOUSAND, with Vignette by T. W cOLNER.

¢ Comprehending nearly all that is excellent in the hymnology of the language.
. . . . Inthe details of editorial labours the most exquisite finish is manifest.”—Tus

FREEMAN.

5. BACON'S ESSAYS AND COLOURS OF GOOD
AND EVIL.
With- Notes and Glossarial Index, by W, ALDIS WRIGHT, M. A.,
‘Trinity College, Cambridge.
And a Vignette of Woolner’s Statue of Lord Bacon.

Large Paper Copies, Crown 8vo. cloth, 7s. 6d., half-morocco, 10s. 0d.

¢ Edited in a manner worthy of their merit and fame, as an English classic ought
by be edited.”—DaiLy NEws.

Yonathun Pulmer, Printer, Cumbridge.

(4}


















