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. . 
This paper cons iders the proble m: Given 'a seque nce {I;} I' of inte rval s on th e rea l axi s find a 

sequ ence {j i}:' of closed inte rvals which minimizes the su m-of-Ie ngths S = I" iJd s ubject to' I i <:;;; Ji 
a nd Ji n Ji+l '*' <p for a ll i. The paper gives a simple a lgorithm for dete rminin g the Ji a nd notes that 
linear programming can be app lied to the more co mpli ca ted prob le m whe re S is change d to l~o<dJd, 
O<i > O. 
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1. Introduction 

This paper deals with the following proble m: Given a sequence {l;};' of intervals on the real 

axis, find a sequence {j i} ~/ of closed intervals which minimizes the sum-of-lengths 

(1.1) 
subject to the constraints 

Ii ~ Ii (i = 1, 2, "' n) , (1.2) 

(i = l , 2, . .. , n-1). (1.3) 

Interes t in this problem arose while studying the determination of shortest length networks 
consisting only of vertical or horizontal lines connecting a set of points in the plane. If the points 
form "clusters ," where each cluster lies on some ve rtical line, and if the clusters are far enough 
apart so that it is clear that only one horizontal line joins any two successive clusters, the n the 
above problem arises as follows . For each cluster, it is clear that a vertical interval containing 
its highest (greatest ordinate) and lowest (smallest ordinate) point will be necessary and sufficient 
to cover the given cluster minimally. These vertical intervals correspond to the l;, above. Since 
horizontal lines will be used to connect successive intervals , the intervals may need to be enlarged 
to some new intervals i i, so that any two successive Ji have overlapping ordinates. Since the 
length of horizontal connecting lines is constant, a minimization of the above type results. 

A simple solution algorithm for this problem is presented in section 2 and justified in section 3. 

2. The Algorithm 

Set JI = 11, Given {h};, Ji+1 is found as follows: 

(a) If Ji nli+ ,oF cp, set Ji+1 = [i+ l. 

(b) If max Ii < min [ i+ I, set 

Ji+ 1 = [max Ji , max l i+d· 
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(c) If max Ii+l < min Ji, set 

The process clearly yields a sequence Vi};' which is feasible, i.e., satisfies (1.2) and (1.3). 

It remains to show that this sequence is also optimal, i.e., minimizes S over all feasible sequences. 

3. Justification 

The dependence of S on its arguments will be indicated by writing;S ({Jd f), while the minimum 

value of S for the problem with data {I;};' will be denoted Smin( {Ii};'). 
The proof of optimality will be by induction on n. Clearly the algorithm yields an optimal 

result for n = 1. Suppose this is true for n = N, qnd let {Ji} ii +1 be the result of applying the algorithm 

to data {Ii}~+ I. There are two cases to be considered. 
CASE I: II n I2~4>. Then J2=I2 holds, in addition to JI =ft. Hence {Ji}~+1 would result from 

applying the algorithm to {Ii}~+ I, so by the induction hypothesis 

Consider any {Jn~+ 1 feasible for {Ii}~+ I. Ii will cover It, and {Jn~+ 1 will be feasible for {Iig+t, 
so that 

proving that {Ji}~+ 1 is optimal. 

CASE II: II n 12 = 4>. Let {Jf}N+! be any sequence optimal for {Ii}~+ I. Define a sequence 
{J/}f+ I as follo~s: J( = It, J; is the smallest interval covering J~ and meeting It, and J/ = Jr 
for i > 2. Clearly {J;}~+ I is feasible for {Ii}~+ I, and it will be shown below that 

IJ;I + IJ~I = lId + IJ~I = IJ~I + IJgl, (3.1) 

implying S({J;}~+ I)=S({Jn~+ I). Since {J?}~+ I is optimal, the same must be true of {J;};v+!. 

Now {Ji}~+ 1 would result from applying the algorithm to the sequence (J2, {Ii}~+ I), and so it 

is optimal for this sequence, by the induction hypothesis. But {J;}~+I is feasible with respect 

to this same sequence, since J~ meets II and covers 12 , while the algorithm generates J2 as the 

smallest interval covering 12 and meeting II. Hence 

and since JI=J;=IJ, it follows that 

Because {J;}~+ I is optimal with respect to {Ii} ii+t, as noted above, the same must be true of {Ji}~+ t, 
as desired. 

It only remains to prove (3 .1). Since {Jr};V+I is optimal,J? must be the smallest interval which 
covers II and meets J~. Recall that J~ is the smallest interval which covers J~ and meets II. 

Assume without loss of generality that max II < min 12. Then max II < maxJ~. If II and Jq 
meet, then we must have n= II and J~ = JJ so that (3.1) holds. Therefore, suppose max II < minJJ. 
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Then 

J? = [min I., minJq] , J~= [maxIJ,maxJJ] , 

and so 

= maxJ~ - min I, 

= (maxJ~- minJf) + (min'lf- minld 

This completes the justification of the algorithm. 

4. Differently Weighted Intervals 

A proble m similar to the above but slightly more complicated IS the following. Minimize 

(4. 1) 

subjec t to constraints (1.2) a nd (1.3) of section 1, where all (X i. > O. 
Although no algorithm as simpl e as the above has been found to solve this case, it is worth 

noting that the minimization can be performed by a linear program , as follows. 
Let Ii. = [a;, b;] and Ii = [Ai, Bi] . Then the problem is minimized when 

is minimized, s ubj ec t Lo 

A; ~ a·; , Hi ~ bi (i = 1, 2,. . . , n ) , (4.2) 

and 

(4.3) 

where (4.2) is equivalent to (1.2) and (4.3) is equivalent to (1.3). It is clear that thi s formulation 
results in a linear program in the variables Ai and Bi• 

(P a per 73Bl- 288) 
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