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Abstract

In this paper, we proved some fixed point theorems in complete normal cone metric
spaces, which are the generalization of some existing results in the literature.

1. Introduction

There exist a number of generalizations of metric spaces, and one of them is the cone
metric spaces. The notion of cone metric space is initiated by Huang and Zhang [2]
and also they discussed some properties of the convergence of sequences and proved the
fixed point theorems of a contraction mappings cone metric spaces.

Many authors have studied the existence and uniqueness of strict fixed points for single
valued mappings and multivalued mappings in metric spaces [1, 5, 6, 10]. In this paper
discuss existence and unique fixed point in complete normal cone metric spaces, which

are the generalization of some existing Contraction principle.
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Definition 1.1 : A subset P of F is called a cone if and only if:
1. P is closed, nonempty and P # 0
2. ax + by € P for all x,y € P and nonnegative real numbers a, b
3. PN P~ ={0}.

Given a cone P C FE, we define a partial ordering < with respect to P by x < y if and
only if y — x € P. We will write £ < y to indicate that x < y but = # y, while z,y
will stand for y — x € intP, where ¢ntP denotes the interior of P. The cone P is called
normal if there is a number K > 0 such that 0 < x < y implies ||z|| < K||y|| for all
x,y € E. The least positive number satisfying the above is called the normal constant.
The cone P is called regular if every increasing sequence which is bounded from above
is convergent. That is, if {x,} is sequence such that z; < zo < --- <z, -+ < gy for
some y € E, then there is x € F such that ||z, — z|| — 0 as n — 0. Equivalently the
cone P is regular if and only if every decreasing sequence which is bounded from below
is convergent. It is well known that a regular cone is a normal cone. Suppose F is a
Banach space, P is a cone in F with intP # 0 and < is partial ordering with respect to
P.

Example 1 : Let K > 1 be given. Consider the real vector space with

1
E={ar+b:a,beR;x € [1_E’1]}
with supremum norm and the cone
P={ar+b:a>0,b<0}

in E. The cone P is regular and so normal.

Definition 1.2 : Suppose that E is a real Banach space, then P is a cone in F with
intP # (), and < is partial ordering with respect to P. Let X be a nonempty set,
a function d : X x X — F is called a cone metric on X if it satisfies the following

conditions with
1. d(z,y) >0, and d(z,y) = 0 if and only if x = y Vx,y € X,

2. d(z,y) =d(y,x), Yo,y € X,
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3. d(w,y) < d(z,2) +d(2,y), Vo,y,z € X,

Then (X, d) is called a cone metric space (CMS).
Example 2 : Let £ = R?

P={(z,y): 2,y >0}

X =Randd: X x X — FE such that

d(z,y) = (|lz = y|, afz - yl)

where o > 0 is a constant. Then (X, d) is a cone metric space.

Definition 1.3 : Let (X, d) be a CMS and {z,, }»>0 be a sequence in X. Then {z,}n>0
converges to  in X whenever for every ¢ € E with 0 < ¢, there is a natural number
N € N such that d(z,,z) < c for all n > N. It is denoted by lim, o z, = x or
Ty — T.

Definition 1.4 : Let (X,d) be a CMS and {z,},>0 be a sequence in X. {xy}n>0 is
a Cauchy sequence whenever for every ¢ € E with 0 < ¢, there is a natural number
N € N, such that d(x,, z,) < ¢ for all n,m > N.

Lemma 1.5 : Let (X,d) be a cone metric space, P be a normal cone with normal
constant K. Let {x,} be a sequence in X. If {z,} converges to x and {x, } converges to
y, then = y. That is the limit of {z,} is unique.

Definition 1.6 : Let (X,d) be a cone metric space, if every Cauchy sequence is con-
vergent in X, then X is called a complete cone metric space.

Lemma 1.7 : Let (X,d) be a cone metric space, P be a normal cone with normal
constant K. Let {z,} be a sequence in X. Then {z,} is a Cauchy sequence if and only

if d(zp, ) — 0 (n,m — ).

2. Main Result
Theorem 2.1 : Let (X,d) be a complete cone metric space and P be a normal cone
with normal constant K. Suppose the mapping T : X — X satisfies the following

conditions:

d(z,Tx) + d(y, Ty)
d(z, Tx) +d(y, Ty) +1

d(Tw, Ty) < ( )d(z.y) (1)

for all x,y € X, where [ > 1. Then
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(i) T has unique fixed point in X.

(il) T™z’ converges to a fixed point, for all 2’ € X.

Proof: (i) Let zp € X be arbitrary and choose a sequence {z,} such that x,,1=Tz,.

d(wn—f—l, mn) = d(Txnv Txn—l)

d(l‘n, Txn) + d(xnfla T-rnfl)
< d n»y n—
= (d(:nn, Tan) + d(@n_1, Ton_1) + l) (@, 1)
d(n, Tni1) + d(Tp_1,2n)
< A(Tp, Tp—
- (d(l’n,$n+1) + d(xn—1,2n) +l) (Zn, Zn-1)
Take
p— d(l‘n, anrl) + d(gﬂnfla xn)
" d(l‘nv anrl) + d(xnflv xn) +1
we have

d(xn-‘rlv xn) < )\nd(xna xn—l)

< ()\n)\n—l)d(xn—la $n—2)

< ()\n)\n—l co )\l)d(xla m0)-

Observe that (),) is non increasing, with positive terms. So, Aj...A, < A} and A} — 0.

It follows that

lim ()\1)\2 cee >\n)

n—oo

0.

Thus, it is verified that

lim d(xpy1,2,) =0
n—oo
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Now for all m,n € N and m > n we have
d(l’m, -rn) < d(-rn, xn—i—l) + d(xn—i-h xn+2) + -+ d(xm—la xm)

< [()\ An—1 A1)+ (Ang1dn - A) + -+ (A—1Adm—2 -+ A1) ]d(1, w0)

Z (AkAk—1 - - M1)d(z1, 20)

d(@m, zn)|| < K Z AkAk—1 -+ Ar)d(@1, 2o) ||
k=n

m—1

d(@m, zn)| < K ) (ApAp—1---A1)[|d(z1, o) ||
k=n
—1

ld(zm, xzn)|| < K Z arlld(z1, zo)ll,

where ap, = (AgAgp_1- )\1) and K is normal constant of P.

Now hm a’;“ <1 and Z ay, is finite , and Z (AgAk—1 -+ A1) — 0, as m,n — oo.
k=1
Hence {ak} is convergent by D’Alembert’s ratlo test, Therefore {z,} is a Cauchy se-

quence. There is ' € X such that z, — 2’ as n — oo.

d(Tz',2") < d(Tx Txy) + d(Txp,x)

(2, Tx") + d(xy, Txy) , /
= d(@n, ') + d(Txy,
_( !, Tx' +d($n=T33n)+l> (n,2") + d(Txy, x')

d(2', Tx") + d(xn, Tny1) , ,
< d d
B ( ! T'CC + d(xnaxn-i-l) + l) (l"n,.%' ) + ($n+1,.%' )

d(T2',2') <0 as n— oo
Therefore ||d(z’,T2')|| = 0. Thus, T2’ = 2.

Uniqueness
Suppose z’ and 1 are two fixed points of T
d(a',y') = d(Ta',Ty)

o (AT AT
=\ )+ dly Ty) + 1

<0

Therefore ||d(z',y)|| = 0. Thus 2’ = y/'.

Hence 2’ is an unique fixed point of T.
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(ii) Now
AT 2"y = d(T" N (T2),2") = d(T" o', 2') = d(T"*(T'),2")--- = d(T2',2') =0

Hence T"2’ converges to a fixed point, for all 2’ € X. a
Corollary 2.2 : Let (X, d) be a complete cone metric space and P be a normal cone
with normal constant K. Suppose the mapping T : X — X satisfies the following

conditions:

d(z, Tz) + d(y, Ty)
d(z,Tx) +d(y,Ty) + 1

d(Te, Ty) < ( Jd(a.v) 2)

for all z,y € X. Then
(i) T has unique fixed point in X.
(il) Tz’ converges to a fixed point, for all 2’ € X.

Proof : The proof of the corollary immediate by taking [ = 1 in the above theorem. O
Theorem 2.3 : Let (X, d) be a complete metric space and let T' be a mapping from X
into itself. Suppose that T satisfies the following condition:

d(y, Ty)
d(xz,Tz) +d(y, Ty) +1

d(Tz,Ty) < ( >d(:p,y) (3)

for all x,y € X, where [ > 1. Then
(i) T has unique fixed point in X.

(il) Tz’ converges to a fixed point, for all 2’ € X.

Proof : (i) Let g € X be arbitrary and choose a sequence {z,} such that z,;=Tz,.
We have

d(xn-‘rlv xn) =
d(ajn—ly TJ:n—l)
d(l‘nv xn—i—l) + d(xn—l yIn

d
(
< d(xp—1,2n)
(

T l)d(xn, Tp—1)

d mny n—
d(xn,xn+1)+d(:cn_1,xn)—|—l> (@, 1)

d(xn—la xn)
d(l‘nv xn—i—l) + d(CCn_l, xn) +1

)d(mn,xn_l).
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Take
d(xn— 1, xn)

)\n == )
d(Tp, Tpi1) + d(Tp—1, ) +1

we have

d(xn-‘rlv xn) < )\nd(xna xn—l)

< ()\n)\n—l)d(xn—la fEn—Z)

< ()\n)\n—l to )\l)d(wla m0)-

Observe that {\,} is non increasing, with positive terms.

S0, A\1...A, < AT and A} — 0. It follows that

n—odo

Thus, it is verified that

lim d(xp41,2,) =0.
Now for all m,n € N we have

(X, ) < d(Tpy Tpt1) + A(Tpt1, Tpgo) + -+ d(Tm—1, Tm)

[()\ An—1 A1)+ (Ang1dn - A) + -+ (A—1Adm—2 -+ A1) ]d(1, 7o)

Z (AeAg—1 -+~ A1)d(z1, 20)

[d(@m, zn)|| < K Z AeAk—1 -+ A1)d(z1, o) |

m—1

[ d(@m, 20|l < K Y aglld(z1,zo)]|
k=n

where a;, = Mg A\p—1--- A1 and K is normal constant of P.

Now hm a’;“ <1 and Z ay, is finite , and Z (AgAk—1 -+ A1) — 0, as m, — oo.
k=1 =
Hence {ak} is convergent by D’Alembert’s ratlo test, Therefore {z,} is a Cauchy se-
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quence. There is 2’ € X such that z,, — 2/

d(Tz',2") < d(Ta', Tx,) + d(Txy,x)

«%'naTxn) / /
< ny T ny
< ( 7T +d(xn,Txn)+l)d(x ) +d(Txn, ')
ZUn,-Z'n—i-l) / /
< d mny d n b
—< o, T +d(xn,xn+1)+z> (0, @) + d(@n1, )

d(Tx',2") <0 as n — oo

Therefore ||d(«’, T2")|| = 0. Thus, T2’ = 2’
Uniqueness

Suppose z’ and y’ are two fixed points of T

d(z',y)

(T, Ty)

d
( y Ty') )d(m/,y/)
0

IN

2, T2) + d(y', Ty) +

IN

Therefore ||d(2’,y')|| = 0. Thus 2/ = /.
Hence 2’ is an unique fixed point of T.
(ii) Now

AT 2') = d(T" N (T2),2") = d(T" o/, 2') = d(T"*(T'),2")--- = d(T2',2') =0

Hence T"z’ converges to a fixed point, for all 2’ € X. O
Corolary 2.4 : Let (X, d) be a complete metric space and let T' be a mapping from X
into itself. Suppose that T satisfies the following condition:

d(y, Ty)
d(Tz, Ty) < (d(:v,TiU) +d(y, Ty) +1

)d(z.y) (4)
for all z,y € X. Then

(i) T has unique fixed point in X.

(ii) T™z’ converges to a fixed point, for all 2’ € X.

Proof : The proof of the corollary immediate by taking [ = 1 in the above theorem. O
Theorem 2.5 : Let (X,d) be a complete cone metric space and P be a normal cone

with normal constant K. Suppose the mapping T : X — X satisfies the following
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conditions:

d(z,Ty) + d(y, Tx)
d(z,Tz) +d(y, Ty) +1
for all x,y € X, where [ > 1. Then

AT, Ty) < ( ) (@, Tx) + d(y, Ty)) (5)
(i) T has unique fixed point in X.
(ii) T™x’ converges to a fixed point, for all 2’ € X.

Proof :(i) Let xp € X be arbitrary and choose a sequence {z, } such that x,1=Tz,.

d(xny Txn—l) + d(xn—la T$n)
d(xp, Tzy) + d(zp—1,Txn-1) +1

d
(

< (G e Y )+ e )
(
(

)(d(xn, Txzy) + d(zp—1,Txn-1))

d(ﬂfn—la xn—&-l)
d(Xp, Tpt1) + d(xp—1,2,) +1
d(xn—l, xn) + d(xna xn-i—l)
d(Xp, Tpt1) + d(xp—1,2,) +1

)(d(xn7 xn—i—l) + d(xny xn—l))

)(@@n, @n41) + dln, 2n-1))

Take
d(xn—lv wn) + d(xm mn—i—l)
d(.’L’n, xn—l—l) + d(xn—ly :Un) + I

Ap =
we have

d(xn—&-laxn) n(d(wrwxn—i—l) +d($nuxn—1))

<A

(1 - )\n)d(mn—&—laxn) < )\nd(xnvxn—l)
A
(1 - )‘n)
>\n>\n—1

S (1 - )\n)(l - >\n—1)

d((l)n+1,$n) < d(x’mxn—l)

d(l’nfl, mnf2)

)\n)\nfl te )\1
(T=X)(X = Xpeq) - (L= Ap)
< ’Ynd('rlax())

IN

d(ﬂ?l, xo).

where

o AnAn—1-+ A1
T A0 = dt) (L=
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Observe that {A,} is non increasing, with positive terms. So, A1...A,, < A} and A} — 0.

It follows that

lim (A1 A+ Ay) = 0.
Therefore
lim v, =0

Thus, it is verified that

lim d(zp4+1,2,) =0
n—oo
Now for all m,n € N we have

d(wma xn) < d(.%'n, xn—l—l) + d(xn—l-h $n+2) +---+ d(xm—la xm)

< [+ Vg1 + -+ Ym—1]d(z1, 20)

m—1
<Y wd(x, o)
k=n
m—1

ld(@m, za)| < K|l Y (w1, 20)]

k=n
m—1

d(@m, zn)ll < K Y yelld(zy, zo)l,
k=n

where a; = v, and K is normal constant of P.

00 m—1
Now klim a’;—:l < 0and ) ag is finite. Since ) -~y is convergent by D’Alembert’s ratio
0 k=1 k=n

test, as m — oo.

Therefore {z,} is a Cauchy sequence. There is 2’ € X such that =, — 2’ as n — oo.

d(T',2") < d(Tx', Txy,) + d(Txp, x')
( d(z', Txy) + d(zy, T2')
0

d(@', Tan) + d(zn, Ta') + z) (d(@n, 2") + d(Ten,2")

(2, xpi1) + d(xy, T2')
d(x!, xpy1) + d(xp, Ta') +1

as n — o0

)@z, a) + (a1, )

Therefore ||d(z’,T2')|| = 0. Thus, T2’ = 2.
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Uniqueness
Suppose z’ and 3 are two fixed points of T
d(a',y') = d(Ta',Ty)

< ( d(@',Ty') + d(y', Ta')
d(@', Ta') +d(y', Ty') +1

)@, Ta!) + d(y, Ty))
<0
Therefore ||d(2’,y')|| = 0. Thus 2/ = /.

Hence 2’ is an unique fixed point of 7.
(ii) Now

AT 2"y = d(T" Y (T2), o) = d(T"1a!,2') = d(T"2(T2'),2) - - - = d(T2',2') = 0

Hence T"z’ converges to a fixed point, for all 2’ € X. a
Corollary 2.6 : Let (X, d) be a complete cone metric space and P be a normal cone
with normal constant K. Suppose the mapping T : X — X satisfies the following

conditions:

d(z,Ty) + d(y, Tz)
d(z,Tx) +d(y, Ty) + 1

d(Tw, Ty) < ( )(d(. T2) + d(y, Ty)) (6)

for all x,y € X. Then
(i) T has unique fixed point in X.
(ii) T™x" converges to a fixed point, for all 2’ € X.

Proof : The proof of the corollary immediate by taking [ = 1 in the above theorem. O
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