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Th e objec t of thi s IHlpe r is til prove: 
THEo BEM 1. Th e eqnatiofl 

p'x " + 3 px 'y2 + y"= Z2 

where p is all odd prime , ha.s no so lntiofls in illtegers with xy oF 0 iJp = .5 or p = 3,7 (mod 20) or p = 13 
(mod 40). 

Key wo rds: Diophant ine equation , Infinit e desce nt. Quadrati c res idu es . 

I n thi s paper we ind icate certain values of p, where p is an odd pri me, s uc h that the eq uation 

has no integer solutions with xy # 0, and note some applications for th e case p = S. 

(1) 

1. It is known that for p = 1 th e equation (I) has no so lution in intege rs with xy # 0 [lJ. I We 

now let p stand for a n odd prime a nd consider the intege r solutions of (1). We need on ly cons ide r 
the solutions with x ~ 0, y ~ 0 , z ~ 0 and (x, y) = 1. If ply, the n pi z, and d ividing through by 
p2 we get equation which is the same as (1) with x, y inte rchanged. He nce we assume th at p +y (and 
so y # 0). Then it fo llows that x, y, zare prime eac h to each , and z is odd. Multiplying through by 4 

we write (1) as 

Since p is an odd prime we have (y2, 2z, 2px2 + 3y2) = 1 or 2 according as y is odd or even. Hence 
[3] 

(2) 

where d= l or 4 according as r , s are intege rs of the same parity or of opposi te parity, (r, 5s) = 
1, r ~ 1, s ~ 1. From the firs t equation in (2) we have r = R2, S = 52, Y = Vd R5 > 0, where R , 5 
are integers, (R, S5) = 1, R ~ 1, 5 '" 1. Writin g D = Vd> 0, so th at D = 1 or 2 accord ing as 
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Rand 5 are of the same or of opposite parity we have from (2) 

(3) 

as the solution of (1) in pX2 , Y a nd z. If R = 5, the n x= 0, y2 = ± s. S uppose now that R =1= 5, and con· 
side r the first e qu ation in (3). It is clear that eith e r R > Vs5 or R <5; also that either p I (R2 - 52) 
orp I (R ~-55~). W e nowprove 
LEM MA 1. Let (J I(R~ - S"). Then 

(i) if R > VsS, the first equation in (3) is impossible if p == 3 (mod 4) or p == 5 (mod 8). 
(ii) if R < 5, there cannot occur a minimum value of z > O. 
For, le tting 8 = (R-5, R+5) we have 8 :S 2, and 8 '= (R2-55 2, R2-52) = (45 2 , R 2- 5 2) 

= 82 . Sin ce pi (R2 -52) we have R + 5 == 0 (mod p ) and so from th e firs t equation in (3) we have 
e ithe r 

(a) R + 5 = p 8 u" , R ± 5 = 8 v2 , W - 55" = 8"w", (R > vS5) 

or 

(b) 5 + R = p 8 u"' 5 ± R = 8 v", 55" - W = 8"w", (R < 5) 

where u , v, ware positive integers, relatively prime pairwi se. u =1= v, v ¥= 0 (mod p), and w is odd. 

The case (a) gives 

He nce pi (v~ + w"). This is impuss ible if p "" 3 (mod 4). Also, ifp == 5 (mod 8), th e numbe r 3pu"v2 is 
nut a su m of three squ a res, because thi s numbe r is uf th e form 4"(8N + 7), k ?c O. The result (i) of 

Le mm a 1 follows. 

The case (b) gives 

which is the same as (1) and where 

(4) 

Now, since 1 :S R :S 5 -1, we have 

and so 

Also, plainly VS:5+ R < v'S5 2 + R2 for all R , 5 under consideration . However , when R, 5 are both 
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odd, we have, since 2 ~ R + l ~ 5-1, 

VS+l < VS(R+l)2 +(R - l) 2 ~ VS(5-l)2+(R - l) 2 
= (v'S5 2 + R 2) - 2 ( v's5 + R) + VS + 1 

and so 

Thus (with D d efin ed a bove) 

Hence the product of the two factors on the right hand side of (4) is 

By the me thod of infinite desce nt the res ult (ii ) of Le mm a 1 follow s. 

LEMMA 2. iI p i (R 2 - S5 2 ), th e first equation in (3) is impossible iI p ~ ± 3, ± 7 (mod 20). 

For , if p i (R 2 - S5 2 ), the n p =l= S, s ince otherwise SIR, contrary to the fac t that (R, S5) = l. 

H e nce (~) = 1. But (~ )=-1 for p ~ ± 3, ± 7 (mod 20), 1"21. Le mma 2 follow s. 

From the L e mm as 1 a nd 2 now follow s direc tl y 

THEOREM 1. Th e equation (J) , where p is all, odd prime, has no solutions in integers with xy =l= 0 , iI 

p = S or p ~ 3,7 (mod 20) or p ~ 13 (lIwd 40). 

2. Ap pli c ation s for the case p = S. 
THEOREM 2. The equation 

(S) 

has no solutions in integers with x 2 =l= y2. 

PROOF. We ma y s u ppose th a t (x, y, z) = 1. Th e n x, y, z are pri me eac h to each. Put t = xy 
so that (z, t) = 1. Th e n from th e e quation (5) 

1 :2 

Sz2- t 2= (x 2+ y2) = U2, 5z2-St2= (X 2_y2) = 2SV2 > 0 (6) 

From the second equation in (6) we have, with a = (z + t, Z - t) ~ 2, 

z =+= t = sa m 2, Z ± t = an 2 (7) 

where m, n are relative ly prim e pos itive int c~e rs. From (7) and th e firs t e quation in (6) we th e n have 

which is imposs ible b y th ('OI"em 1. 
THEOREM 3. Th e cllbi c curve 

hus ollly th e (fi nite) mtionul {Joints (1 , ± 1) . 

(8) 

For, le t (s. 1)) be a finit e rational point on (8). Clearly /;1) =l= O. Write (with I, m, z, n integers) 
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L z s= - , (L , m)=l,m > O, L=I= O; 7}= -, n > O, z =l= O. 
m n 

Then fro m (8) n2(L 2 + 3Lm + m2) = 5Lmz2 

IF 51n , we have, sin ce (L 2+3Lm+m2, Lm)=I , 

L2 + 3Lm+ m2= 5z2, 1m = n2 

Since m > 0, we have L> 0. Thus L=x2, m =y2, where x, y are intege rs, (x, y )=I , xy=l= 0, and so 

By theore m 2, this equation has only the solutions x 2 = y2 = 1. Hence L = m = 1 and so S = 1, 7} = ± l. 
For n=5n ' we have s imilarly Lm=5n '2, L=5x 2 , m= y2, leading to 

which is imposs ible theore m 1. Th eorem 3 follow s. 

C 0 ·· 1 Y (X 0) h h b OROLLA RY. n wntwg x= S, X= 7} , =1= we see t at t e cu ic curve 

has only the (finite) rational points (0 , 0), (1 , ± 1) . 
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