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ON THY CONDITIONS FOR THE EXISTEZNCE OF THREE SHOCK WAVES

19 Statement of the problem. J.von Neumann has studied
the problem of the reflection of shock waves by a rigid plane
surface and finds that for a given intensity of the 1lncident
shock (as scecified for instanée by the ratio of the pressures
L on the two sides of the shock front) regular reflection can
take place only for angles of incidence a less than a certain

critical value a (&)

extreme

Qe{lac’cui Shock | Imeident Shock
Fig . 4.

a' of
VAN VN T AT AT

- < t colutions are possible.
Moreover, for a value « gextreme(c) WO pOS e

It is,however, generally supposed that the solution with.the
emaller of the two possible values a! represents the physically
realizable solution. The reason for this supposition 1s that
in the acoustic limit £= 1 the solution with the smaller !
nasses continuously into what is believed to be true for the

sound waves (namely a= a').

The question arises as to whatl happens when o> “extreme(c)'

ts that for angles of incidence of a shock

ugges |
e s the critical value the Hach effect takes

wave greater than
place (Fig. 2)
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in which the line of intersection of the incident and the
reflected shocks no longer remains in contact with the wall
but moves away from it. Under these circunstances a new
shock wave M (the Mach wave) is formed and moreover in the
region included between the reflected (R) and the Mach wave
there is a surface of discontinuity S. Across & the normal
components of the velocities remain continuous whille there 1s
a discontinuity in the tangential components: in other words, S
1s a vortex sneet. &trictly speaking, the idealization of the
Mach effect in terms of plane shock waves and a plane of dis-
continulty S cannot be valid. For at the reflecting surface
(assumed rigid) the motion of the gas must be parallel To the
wall and this cannot in zeneral be accomplished on both sides
of the mach front. However, it would seem tnat 1f we are
prepared to ignore this difficulty of the boundary condition

on the reflecting surface behind the iach front the idealization

of the Mach effect in lerms of plane shocks and a plane vortex

sheet may provide a 'first' spproximation to the true situation.

In other words, we are led to examine the conditlons under which
‘hree shock waves cwn be in eguilibrium. In this note we shall
nresent certain results relating to this problem.

Z . The stationary--Mach Zffect. Phys@cal considerations
wonld suggest that a particularly inpgrestlng case of the
idealized) Mach effect arises when tne vortex sheet § is
parallel to the reflecting wall (Fig. 3). Euch solutions may
be regarded as limiting cases of the situation depicted in

E‘igl 2'
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~Fig. 3 can also be determined (as we shall see presently) :

' PRWELTLNIS Tgpregent‘r’l 4 Hé“"i;g- {-:DJI. M—ﬂ. ions
of }:‘he problem of the Mach effect in as much Wa iu,l_h,_,m
igp lguratlons the valocity of‘the gas wlliﬁbef- .

":I,IF—,—-'__ = |
Configurations of the type of Figure 3 can bé’ "’Tﬁ‘*"’ "

isolated from the results of‘the theor of the
HBI& ;
lection of shock waves. This can be zeen as’féi%ﬁ*

For a given intensity of the incident shock'wavéﬁ'
ratio of the pressures in the region behind the reflecb
in front of the incident shock waves is determinate aﬁdu'e
only on the angle of incidence @« . On the other hﬁndﬁfheﬁ?_ '
pressure benind the Mach front M under the c1rcumsbancegﬂ@§5 '

the intensity of the incident shock wave and the angle o . =Sﬂﬁ§§.'
now the regions behind the reflected and the Mach shocks are
divided only by a vortex sheet the pressures behind the re-
fiected shock derived from the theory of reflection of shock.
waves must agree with tvhat computed behind the Mach shock.

This will deLermine @, as & function of the 1nten51ty~er the

incident shock.

To make the remarks in the preceding parugraph'more specifig,
consider a. frame of reference in which the point O is at rest.
Then the familiar equations of the Rankine-Hugoniot theory
which relate the conditions on the two sides of a sheock front
can be parametrically represented as follows:
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where cl and Co denoté the velocltfes of sound in the two

regions respectively end the rest of the symbols nhave their

usual meaningzs. [finally

- ol

In G%her words, if we measure thei“&:

t of sound 1in region AL the
s (including the velocity
eseed parametrically in term
7@&?ﬁed we shall measureﬂﬁh

”ziﬁﬁ&fef the pressuresa
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_;_f_ Fdgs 3, since ’-1,2 is assumed ]mamdp

For the Mach shock the appropriate value'ur
. ~ Hence N, o

R 7 ..__._5 | (1’2ij > z- =5
§ e = ”E’l | cosec® a (y-1)

"1

fire . ; ‘ '
Y e | o2 b o1ty COSEC® o
| | i T
3 : .. 20
-5": s ut the equality of tne pressures in regions 3 and 4 1*equi1.relﬁff§ '33?
- ".. k. L _41 !t .,v .
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T Ty N 3 2
. 'f'.rl.Ll . 1 - - -
B he quantmy ol e becs) plottea‘byw

e e ¥  hccor “g‘él.'-f
Mok, of the ‘angle of :an1dence A 11

3 - b o O B TR . Y 3 e 5 the 1er q-fl _

N 3 5 Bhe fcurve 7 3(:1) with Cl, 4/ '1;2 detérmd.ne __an‘ E

..t,-,
L %r;.--h‘&-ﬁ*e have what we might cell the %ﬁtﬁ@n Ma@ﬂﬁ?eiaﬁ
tﬂa. S

[n this manner it is found tha‘f‘.’ -.'-‘!1 ‘

I}rﬂ 't ven _‘,;- mann ¢
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hprﬁ gxgct and extengive caiculations of the type indicated
nave :1nce‘been carried out by Dr. R. Seegel,whose results

ﬁie §ummarlzed in Figure 5. An examination Bf this curve
reveals that for Clﬁ,) 2.26 the stationmary Mach effect occurs

for an angle oif incidence % which is less than the corre-
extreme® On the other hand for A

svonding « l?'¢2.26 the
statlonary idach reflection occurs &as a branch‘along the se-

HUusnce of the so-called 'unstable! regular reflections. Con-
sequently, for strong shocks with ¢ >2.26 we may expect the
Macn effect to start at an angle of incidence smaller than
that at which regular refiectibn becomes kinematically im-
possible. The basis for this suggestion is that we may
reasonably expect the sequence of Mach-reflections to Jjoin

the seguence of the regular reflections at a point corresponding
to the stationary Mach reflection. However, when we turn to
weak shocks the situation becomes somewhat peculiar: The
stationary limit of the sequence of Mach reflections and this
does not join the sequence of the stable regular reflections.
Tne guestion thus arises whiether for the reflection of shock
waves with Cl o< 5> 26 the 'unstabie! reflections with angles

5 R

of incidence g greatlter than CIM cannot after all be realized.
We shall return to these questions after we have considered in
¢/ 3 the general conditions for the exlstence of tnree shocks
together with a vortex sneet 10O be in eguilibrium.

5 The Conditions for the Stationary Existence of Three
cShocks

© 3 : ~uration of 3 shock waves (03, OC, OE) and a
C°§§;ieih§eio?gﬁ§ as shown in Figure 6. We shall consider the
vg omeﬁon in a frame of reference in which the line of inter-
g e%'on of the shock waves -nd tne vortex sheet is at rest.
§igaily, let OA define the direction of motion of the gas in

] ! erence chosen.
region (D) im the frame of refer
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according to the Ranklne—Hugonlot eq_p.a' 3~_ 4- d
and (2) the velocity of the gas in regi 0 nal to t
shock front 05 in units of the velfocn.;.__-.-. sou i in thi

regloen is given by equation (3) T._}.,.'j!"“ | |
. | o . el “; o Secaahey ety - 1

oy N . : A oy -'-3‘;*-‘-‘. . ‘4'.'. "H"“""I |

eI qa,-:)- e e e

1Lk 1 * ' - | > 3 o '”'?-"ﬁ.gt';'—‘_ll .

. J-."‘.I 1-“, =l ) *

and in direction can therefore be readily determined through

the equations (1) and (2). For crossing the shocz 0C inclined == e

e
i -
The velocity of th« gas in the regionboth in magnitude ol
at an angle B to the direction of 0B we can dgaln use the

Hankine-Hugoniot eguations with ) ]
(&8 Bl (0512)) Ao FroAdE ) iy - i
o, = cz('tl cos BT SoRSe sin B) | 2 ||
_ (9) 2
| 5 qosoNE 3 ol
(2,3 1l (1,2) (1,2) |
— = i J . Ve H
Y Cﬁ(TJ_. sin B o ~cos §) B
2 : f5); | _ !
T
Thus with the foregoing values Ior 0y and all we can ceduce | .:f“"
+he conditions behind 0C. In particular we shall arrive in » ':*i‘}-,‘.'
| 1-'egion vith a definite direction for the motion oi‘ the gas st 1
in this region. Moreover ._ e, |

=l

; r,..“_'.' ) iy -l g L - 1&
: A frasous e
he shock OE must be so. .’m"-s ':!_.;_né“a*-% -;ﬁt;he :“daj.réctﬁé‘
i"’;;ejg;:ion fthat the pf'es the sh
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di';’;ngidetig.nined E byith.x.f relatmn we can Cross the ﬁge
4 ¥nown intensity : th
e ) Ok and arrive in ruglan . ith

ction for the motion of inhe. 5. for ct*fb“?':-'
trarily initiesil 858 a8

sk y usslgned value of § the direction of e R

e erived for r-gion (3)ufter crossia; the two Shotks G5, Iy
v will not in general agree with t.hat derived for re&len Q’.é'* -

after crossing tiae single shock 0if. gy trial =nd error wes

can adjust tne angle USRI C O G olrehtmns ofisnobiioNS ST

E]ﬁi beBdons @ andl dE.PE‘C' ¥ In this ménn:-r we can determﬂn@

directlon and intensities of the t\o sahocha 0L =nc OF di s .
the direction of tne vortex sheet waicn will be in eoui.:.xbrlum

with a shock 0Ob of given intengity and with a specified direction
of motion in region (O).
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The method described in the pieceding paragrusn is sultnble <
for the purposes of isolating numerically configurations of B 71
tihiree ShOCRb in equilibrium, particularly if tables of solutions
of the av ropriate Rankine-Hugoniot eguations are avaiiable.
v Tables of the nankine-Hugoniot functions for y = 1.4 are & ';
- provided in the aAopendix. Using these tables the three snock el |
~ solutions depicted in figs. 7, 8 i 9 were obtained. | = Se

4. Discussion 'of the Results of £igs. 7, o and 9. 1

t

considering first thp case of & strong incident L%

shock we fTind that for = 7.0225 (Fig. 7) the htqtionary | o |

slach reitlection occur's 10r un angle of incidence a = 31.25°, " |

This angle is less than the ungle at whieh regular reficciion . |

ceases for shocks of this intensity, ndiely 4?“ Joreover this o ;v

stationery Mach reflection oceurs when tne reflected shock et

corresnonds to a "stzble! refiection. For increasing angiec . .

of incidence we get tne thlee shiocle confipgurations of Figs 7SS -ﬁa

It is to be warticularly noticed that vhese solutions terminate

for an angle of incidence a ~ o03°. At this angle the 'Mach® "
' - shocK becomea a continuation of the o jeinaid shock ,whiiliath o

Ve reflected shock and the vortex sheet disappear. We ‘hQuld, e
-» nowever, note in this uonneutlon.that Tor anlamgle ol =S T
B . cidence ol 59° the vortex sheet ie inclined to the ho'lzenﬂal

AU by about 20°. Consequently the non-saticfection of the fg;_

'y Tboundary‘condltlon on the refliecting surface in the reg ion ;ﬁ Uy

S EE pehind the Maca front will make the sliuation actuaLly 'y q-ﬁi;:

"‘-'f.«:--; y ;-eaiizedu, in practice to deviate cunsicerably from thqg_e:_ ,}1!

"ﬁ%&ﬁ{f, Erfved here on the basis of th@ statlanary 1nterdc£1 n of

. "l' . g ';.taf‘ g - " d 4 i 4 .‘i -
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ol ' F‘ﬂL ‘h.-- -
‘..‘1. -'
»

-...
‘-H _

- K 3
g e o
“ -ria.-

T T : _.%
'J-lf-'- 5

:ﬂmmu au:ﬂx “th: ".;_lj’ re;



RESTRICTED

three shocks.

i On the other hand,for wngles of incidence g
ich

are only slightly greater thancxM the inclination of

Lhe vortex sheet to the horizontal is only very slight:
acgorgingly under these circumstances the three shock
solutlons may pe expected to represent cn a first approxi-
mation the situations actually realized in the Mach effect.

In contrast to the relatively simple case presented by the
Strong shocks the weak shocks present a case which is more
difficult to interpret.  Thus considering the cuse of a
'elatively weak shock we find that for incident shocks of
intensity ¢ = 1.111 we have th~ sequence of three shock con-
figurations depicted in Fig. 9. Here the stationary Mach

reflection occurs for an angle of incidence «, = 42.5°, The

corresponding angle of reflection is 85°. In other words the
solution to the problem of regular reflection to which the
present stationary Mach solution corresponds is the "unstable'
cne. So that from one point of view we may suppose that the
stationary Mach reflection realiized in this manner may not

in fact occur in practice. On the other hand if we formally
continue the three shock solutions beyond the angle a, We are

led to counilgurations of shocks which are in striking agreement
with what have sometim=s been observed in the ppotographs of
shoc¢ks issuing from a bullet of the type shown in Fig. 10

: strength of this evidence we are Femp?eu to’conc}ude
gﬁathzhegrtwﬁ snhocks (at least one of which is of “eiidl?-
tensity) intersect at a relatively small angle we wo n

5 be led to configurations of shocks and vortex sheet of
g ed shown in Fig. 7 (see particularly the cases for g = 50°
thg §3n5°) We may tlierciore even expect that the stationary
an : o
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Mach reflection occurring on the "unstable! branch of the
regular rerlection may indeed be realized under suitable
clrcumstances. If we should accept this, the guestion as to
what happens when the angle of incidence of a relatively weak
shock be gradually increased raises some neculiarly delicate
considerations, wpecliically, what may be expected to happen
LT @ shock of intensity £ =1.111 be allowed tolbe incident
on rigid surface at an angle of 47.5°, Will a stable re-
flection with a'¥ 47.5° or the unstable reflection with a2 84 °
Oor a rach effect with al 296.5° occur? The situations corre-
sponding to the first and the last of the three alternatives
€numerated can apparently be realized under suitable circum-
stances. This places the so called "unstable" reflections in

a very peculiar position. It is not impessible that laboratory

experiments may settle these questions more effectively than
theoretical discussions.

Finally in Fig. 8 we have an intermediate case. liere we
have considered three shock solutions for an incident shock
with &= 2. For this case the stationary Mach reflection zlso
occurs on the unstable branch of the regular refiection but

in this case the two solutions for the reflection do not differ
very appreciably.

8. Chandrasekhar
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AFPENDIX

The I Te ST ® . ~ »
Ihe Lankine-Hugoniot functions (y= 1.4),namely

G =) e 5 e -1y

il
c¢’+5°
ﬂ —

ere of considerable value in nunerically evaiuating the
cqudltlons as we cross a shock in air. thOTGln”ly tables

of these functions havs been computed for steps of L in the
?FHLE 0. 8c DCAL\J}:NE’ﬁ they are most needed. Less extu sively,
the most useful of tne Rankine-Hugoniot functione, nameiv, G .
and T have been computed for @ in the range 0. ;«:o cia.“

Tobles of the Rankine-Hugoniot Functions for air (y= 1.4)
TABLE 1

= %(70f ) 8 TS %{o+5o—i)

= T0 SR =L CT)
(& = s34 ¢ 2.0)
2 G T y =2
.30 5800 el s\() 1.468 9220
.82 6178 il WEPR) 1.4000 . 920
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.86 . 6962 17t 28 1.29:24 .9489
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100 1.0000 1.0000 1,0000 1.0G00
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1507 1.0952 9746 937 1013
1.06 1.1442 . 9648 . 9083 1.0195
1.08 1.1941 29510 ool 150259
1,300 1.2420 . 9409 .8554 1.0220
]l 1.2968 SO0 . 8210 1.0281
Ll 1..3495 . 9210 .8u79 L.qgg+
1% 16 1.403% SCRBE 73¢0 1.050<
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TABLE 1 (CONT'D)
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.9912
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. 5288
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J
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8452
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.8235
.8187
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.8016
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42
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. 1844
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1737
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1132
S5
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1529
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. 0680
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.0796
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Table of the Rankine-Hugoniot & and T Functi
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