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DERIVATION OF FORMULAS FOR EVALUATING THE STANDARD 
ERRORS IN B, C, AND N^^q WHICH APPEAR IN THE 

EQUATION: = (Z^/P^)f N^^^ P^ 

by 

1/ 2/ 
B. J. Dalton— and Robert E, Barieau— 

ABSTRACT 

The method of treating a set of isothermally measured pres¬ 

sures P^, Pj^, P2, ... , P^, for a Burnett experiment, consists of 

expressing the compressibility factor isotherm of the gas in terms 

of a function of either P or p and evaluating the volume ratio, 

Np_Q, and the constants in the function by least squares solution. 

This report gives the method of least squares as applied to the 

fundamental equation for the Burnett experiment, taking into con¬ 

sideration the change in Np_Q with pressure. 

Formulas are given for evaluating the standard deviation of 

a single P^, the standard deviation of each of the constants eval¬ 

uated, and the standard deviation of the compressibility factor. 

_1/ Research Chemist, Helium Research Center, Bureau of Mines, 

Amarillo, Texas. 

£/ Supervisory Research Chemist, Project Leader, Thermodynamics, 

Helium Research Center, Bureau of Mines, Amarillo, Texas. 

Work on manuscript completed September 1965. 
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INTRODUCTION 

The method of treating Burnett type data consists of expressing 

the compressibility factor isotherm of the gas in terms of a func¬ 

tion of P or p and evaluating the best values for the constants in 

the function by least squares solution. 

Underlined numbers in parentheses refer to items in the list of 

references at the end of this report. 

uating the best values for the constants appearing in the fundamental 

equation for the Burnett experiment: = (Z^/P^)N P^, assuming N, 

the cell constant, to be independent of the pressure. 

Canfield (5^, 7) has pointed out that the volume ratio varies 

with pressure due to distortion of the bombs and a shift in the null 

point of the differential pressure indicator. This change in the 

cell constant, for a given expansion, was expressed by the equation 

N 
r 

(1) 

where 

N. 
P=0 

N 

P 
r 

r 

volume ratio at zero pressure 

volume ratio for the expansion 

pressure after the r-^ expansion 

P , = pressure before the 
r-1 

th 
expansion 
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= change in the total volume, 

(Vj^ + V2)p_p divided by the 
r 

total volume at zero pressure 

3P^ = change in at P=P^ divided 

at P=0 

Therefore, representing the change in the volume ratio by equation 

(1) , the fundamental equation for the Burnett experiment assumes 

the form 

Z = (Z /P )N, • N. • 
r o o 1 2 

N P 
r r 

Since 

1+^ 

^1 ^P=0 (l + pp 

A + 

^2 " ^P=0 \1 + 

(2) 

N 
r 

1 + c^P 

1 + pP 

equation (2) is expressible as 

Z 
r 

(Z /P )f N 
o o 

r 
P=0 

P 
r 

(3) 

where 
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Associated with this function, equation (3), whose constants 

have been evaluated by least squares, the following errors are of 

the standard deviation of a single P , , v; 
r(obs; 

interest: ; the stan¬ 

dard deviation of each of the constants; and the standard deviation 

of compressibility factors. 

The method outlined in reference 1 served as the basis for 

evaluating the least squares solution for the constants appearing 

in equation (3). The methods outlined in reference 2 were used 

for evaluating the above-mentioned errors. 

METHOD OF OBTAINING THE LEAST SQUARES SOLUTION FOR THE 
CONSTANTS APPEARING IN THE EQUATION: Z = (Z /P )f N^; . P 

r o o P=0 r 

The fundamental equation for the Burnett experiment, assuming 

the variation of the volume ratio with pressure to be expressible 

by equation (1), is of the form 

(3) Z 
r 

where f is defined by equation (4). 

Now there are two series expansion which can be employed for 

representing the compressibility factor isotherm: the Leiden 

expansion in powers of p and the Berlin expansion in powers of P. 

The Berlin expansion 

Z 1 + BP + CP^ + ... 
r r r 

(5) 
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Z = 1 + BP + CP^ + . . . 
o o o 

(6) 

was chosen because all of the parameters for which we seek a least 

squares solution can be expressed in terms of the original obser¬ 

vations. It was assumed that the series expansion in powers of P 

could be truncated after the third virial coefficient. 

Suppose we let the functional relationship between the variables, 

P^ and r, involving the three parameters, , B, C, be 

F = F(r, P^, Np^Q, B, C) =0 (7) 

Now because of random errors in the observed pressures, when 

is substituted in the above expression, F will not be exactly zero. 

Let F be the value of F when the observed values of r and P are 
r r 

substituted in equation (7). Thus, 

^r(obs)’ ''P=0> "=> 
(8) 

Now we assume that r, the expansion number, is accurately known. 

Therefore, equation (7) may be solved for that equa¬ 

tion (7) is exactly satisfied. Thus, 

^r(calc)’ (5^ 

and P . ^ . is the solution of equation (9). 
IT \XC/ 

Now Ap the residual of P , is the difference between the 
r r 

observed and calculated values. This is not the true random error 

in our observed P because we do not know the true value of P . 
r r 

However, we can maximize the probability that the AP^'s are equal 



1. ? * I 

a 
Q 

3isnrX B inf /foiff» loi «T£»j‘«]ifi'tiM7 »rf3 lio l)o ^^duii33d n9«of<a saw 

-7»fcdo lAniaJrTO *^r(3 io sonoJ nk s)<X /t*o nQiJyXoa sa7ak/'.>s 
f 

*! io B7aifQ<? nl rroi &nA<y?^<» a^T»i: «yf3 Xfjfj bfytoinsa iLHW 31 ,Bnoi3av 

£ai i.tv hiXH) aila sd blr.ftj::^ 

saldaXiav «d4 isidStToi^alsT Iacoi3vrtii »43 i&i ‘iw 

ad *0 ,a «^„^-,,gia'aaflia3<>q sd4 ,i beta S 

(S) <^ •« .3)q * ^ 

(gdu)!*^ fT^wfv bavT'asda aifi iri a-507Ta moktcMi^ 3a ^oiJiaa^ wrVf 

oias \{l3j&xa ad 3oit IJrw i .nojeaaigjca avotlB odJ baiuii^edD'a at 

^Tfc *1 hoTB 7 io aaijlav bavia^tdo sd3 nadw 1 3to ouXiv add ad ^ dtxl 
7 7 

*airtfr , (V) ootlfctipa r*i badiididsduc 

.(«> 

iHwond '{iarfiTuaaa ai .lar^ooio doXwra^pca add ,i dBdi jai/esit jw waM 

dRrId oa y - . ^ lol b^vXoa ad Viiio (C) noXlau&a ’ (3laa)i V -v r . , 
V 

,au/fT .bdiXaiiae aX (t) noia 

bns 

W 0. (3 " 
I • 

?» • 
.<€) fr>Xiawpa ^o noXdyioe 'vid il , , . 

^i. MWl-t 
Drtj nasiWdad j-U ®rf j ajfe );o [at/biead orfj • 

7<j779 loobctai 90zJ add h.o ai -jirfT .<es«4(lav j brjc bav^oado 

io 9tilkv aOjJ add w>ail Jem ob aw aewii-aad ^*l bti\rt£>©do luo ni 

Xmupa ©i* add 3ad3 y,J^iidenJoTg adJ ajsinotxaoi rwi;> j'lovavp'jjH 

■E.'v: 

I 



8 

to the true random errors, and this is just what the principle of 

least squares does. The principle of least squares says that we 

maximize the probability that the AP^'s represent the true random 

errors by minimizing the sum of the squares of the weighted resi¬ 

duals. Thus, we should minimize the function 

R = ywp (AP 
r(obs) 

and evaluate , B, and C so that 

(10) 

r 

2 y w 
r,P . . jC,N 

r(obs) P=0 r=l 

/3AP . 

P , , 
r(obs) 

= 0 (11) 

\dc 
’^’^r(obs) ’®’^P=0 

2 /_ ^P , , ,^^r( ^ 
r(obs) 

= 0 (12) 

BR 

dN 

r 

2 ) W. 

^ ° ^’^r(obs) 

.SAP 
AP 

VSN 
r(obs) P=0 

= 0 (13) 

In equation (10) , W 
r(obs) 

is the weight ot be assigned to 

the observed P . If the P 's all have the same precision index 
r r ^ 

then they will have the same weight and W 

do not all have the same precision index, then 

_ = 1. If the P 's 
^r(obs) 

w. 
r(obs) 

2 
where L is a constant and S 

r(obs) 

is the variance of P 
r(obs) 

r(obs) ' 
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W, 

In a particular problem, it may be necessary to assume 

= 1 in the beginning. However, if this is done the 
r(obs) 

residuals, Y. = [P. -.s], should be examined to see 
1 r(obs) r(calc) 

if there is any statistical evidence for the residuals squared 

being a function of assumption as to the variance 

being a function of always be checked by examining the 

residuals. In any event, W is not a function of the con- 
r(obs) 

stants to be evaluated. 

In order to evaluate B, C, we need to linearize Y. 
P=0 1 

with respect to the undetermined constants. A truncated Taylor’s 

series expansion was used to do this. 

In a previous report (_1) , we show that the linearized normal 

equations are expressible as 

a^^AB + b^AC + C2.^^p=0 ~ ^1 

a^AB + b^AC + C2ANp^Q = m^ (15) 

a^AB + b^AC + c^AN^^^ = m^ (16) 

Equations (14), (15), and (16) result from expanding Y^, (AY^/dB), 

(dY^/5C) , and (3Y^/dNp_Q) about an approximate solution Y^, ig¬ 

noring second and higher order derivatives. The linearized coeffi¬ 

cients AB, Ac, are defined as 
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where B, C, Np_Q are the undetermined constants and , C°, Np_Q 

are approxjjnate values for these quantities. 

The a's, b's, c's, and m's appearing in the normal equations 

are given as (jL) : 

SY.,o 
r 

. rCobs) 
r=l 

xw /S^Y..o 

3B 
(18) 

^2 = h 

,3Y., o.SY., o 

r(obs) 
j 

(19) 

SY..O aY. . a^Y. ,o 

•3 '1 ^ "P , , ^Lvar) (rf +4aiaii-)j 
, r(obs) P=0 P=0 

r=l 

a., = c. W, 

r 

V 
.3Y.sO 

^2 
Y..O 

°k±)\ (21) 

b = c = ^ W 
3 2 P 

r=l 
r(obs) 

; /SY..O/ ^Y. .,o . d Y. .0-, 

l(^) (ai^y ^i(acdNp^p) j (22) 

= I w. 
I , dY. vO^ d^Y. . o 

L(55r:) * A-x^)' 
r=l 

r(obs) P=0 SN 
J 

(23) 

P=0 
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■■’V 
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•',0. .Y^e 

1 

i ^ j v> 
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i-1 

o . o .Yc.o y6, u . I r. o ti^vO. , 

L V :>"3;) 
- '■ A (Btfo)*! 

1 
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I e® 

(IS) 
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where 

m. = -I W 

r=l 

/SY.^o 

P ,,, 
r(obs) 

(24) 

m. = -I W 

r=l 

/dY.. o 

Y° (-^) 
P . , . i \dC / 
r(obs) 

(25) 

m. = -I«, ° (—- 

SY. 

7 
r=l 

r(obs) P=0 
(26) 

( 
3Y . o 
_i\ 
dB J 

(dF/5B) 
o 

(3F/ap . , .) 
r(calc) 

o 
(27) 

(&)° 
(dF/dC) 

o 

(dF/^P ) 
r(calc) 

o 
(28) 

(dF/dNp^^) 
o 

(29) 

/S^Y.- o 

(a^F/SB^)° 
20 F/aB3P^(^^^^^)°OF/aB)° 

j (dF/dP 
r(calc) )“J 

+ 
(3F/aB)° 

(30) 



0/,V6. 
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(8S) 
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( W\^6) 
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O 

(,^M6\'»6) 0/ \ 
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B^Y.vO 

(a^F/sc^)° 

(SF/ap 
r(calc) ) 

2(a^F/acap^^^^^^,)°(aF/ac)° 

(aF/ac)° 

.3 
j_(dF/dj 

r(calc) )°j 

(31) 

d Y. X o 
_1 

aNp^o^®^ 

a^Y, 
1 

O 

aBdN 
P=0 

(a2F/aNp^(jaB)° (a^F/aBap^^^^p^^)°(aF/aNp^Q) 

.o " ,2 

o 

(dF/dP 
r(calc) ) 

(aF/aB)°(a^F/ap^(^^^^^aNp^p)° 

[^(dF/dP 
o 

r(calc)'^ J 

(aF/aB)°(aF/aNp^Q)°(a^F/ap^^^^P^p 

L(^"/S®r(calc)>°J 

3 

(32) 

O 

= C 
/ 

dCdN 
P=0 

o 

(3S/aNp^ac)° (a^F/3cap^^^^p^^)‘(aF/aNp^Q)° 

(SF/^®r(calc)) 
L(^®^^®r(calc)>° J 

_ OF/3c)°(a^F/ap^^^^p^^aNp^p) 

L<S^/S®r(calc)>°j' 

+ 
(aF/3c)°(aF/3Np^p)°(3Vap^^^^P^^) 

o 

L(^®/^®r(calc)> J 

(33) 
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‘l-«c\^^>) ^(g6^l^€\^-6) 

|->i&3)'J 
IfcV^Oj 

£ ^ 

L ^(>J<*:>)t 

/s 

L ‘C=IS3),’^^'’*">. 

0-<j 
HcJS/ 

-&3 iiUai I 

( 

r 1 
Y^6 , 

tatf. '( 
L (3Jii:*)‘t 

(Ki 
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P*=0 

■fi 

(d^F/aNp^(j)° 

(5F/aW°'(s"F/ap^^calc^> 

[(S"/^"r(calc)>°f 

(34) 

dC3B/ UbSC/ 

(a^F/acdB)^ 

(SF/5P . - O 
rCcalc)*^ 

-.2 

,('"^'^r(calc)) J 

(SF/aB)°(a^F/sp^^^^^^^3c)° ^ (aF/aB)°(aF/ac)°(a^F/ap^^^^^^^) 

|_(aF/ap^( 
calc)' _ 

(SF/3P . , .) 
r(calc) 

Y° = r p - p 1 ° 
i r(obs) r(calc) 

(36) 

Now in order to evaluate the solutions of our linearized 

normal equations, we need values of first and second derivatives 

of the function, F, 

" = ^r(calc)’ ''P=0’ <'> = ° 
(9) 

and 
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( 

(calc) 

^r(calc) ’ ^^o'^V^(calc) ^P“0 ^r(calc) " ° 

1 + BP . , . + CP' , . 
r(calc) r(calc) 

- /I + BP + CP 
2 f_o_o_ 
r(calc) ■ \ P ^(calc)^P=0 ^r(calc) 

where of equation (37) is given as 

(1 + oP,, , J(1 + aP„. , J ... (1 + aP , - O 
l(calc)'^^ 2(calc) r(calc) 

(calc) (1 + BP„)(1 + (1 + PP^., ) 
(calc) 

(38) 

Therefore, from equations (37) and (38), the first and second 

derivatives of F are: 

\SB/ 
r,C,Np^O’^r(calc) 

= P . , .(1 - f, , ^N^ ^) 
r(calc) (calc) P=0 

—= P 1 P - f P ' bcJ r(calc)L r(calc) (calc) P=0 oj 
r,ii,Wp^O»^r(calc) 

t 

K 
P=0 r,B,C,P . , c 

’ r(calc) 

/ / s - r(Z /P )f. , ^ P , , c 
o o (calc) P=0 r(calc) 

0 = B + 2CP , , . - (:r^ 
/ T, ^ M r(calc) \P r,B,C,Np^Q o 

^ r ^^r(calc) 
f. , vN .1 + -7T—^ 
(calc) p=0 

1 + _I 
i- (1 + cyP / , sV ' r(calc)“ 

tA) 
'aB^ r,C,N_ _,P , - . 

» P«0 r(calc) 

» 0 



■ 

: I .. 

** • 

, * Sd + <ltf + I 

di^ou'* a^uu.)^{- ^ ) - (3I„^)^^ * + J - 

K 
h- 

'p ^ 
8ft aayjg al {Kt) aol^avpu 3t> siirtw 

V. 'i 

bno^»* fcnft J07JJ 9rt3 , (*)e) luia (te) BnoXta^py .-•jil 

tft'iA "J io uftvliftvltsi) 

' %r^ I" 
•V.^' 

V9ift3) T ' (K? 

I'if'' 
» M J - 

t I 
LoVi"(jJ.3)* - 

1-1 

(aiaa)t^ 0^^(3X«3)^ 
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r ,B,N„ 

(^) 
be J^>B.Np^o’^r(calc) 

(#) 
li 
UL ^^P=0 ^’®’^’^r(calc) 

r-2 
r(r-l)(^p /f(calc)^P=0 ^r(calc) 

_ . L- 
f b^Y 
x.„2 
bV 

2C - 2(^)f, , . 

(calc) i^’B,C,Np^Q 
P^y (calc) P=0 \1 + aP^(caie) 

Oi 

'A. 
ude \bB/ 

= 0 

r,C,Np^O>^r(calc) ^’^P=0’^r(calc) 

i 
P=0 ^’^p=0’^r(calc) ’^r (calc) 

-r f P 
(cah') P=0 r(eaK') 

i-i_(^) 

P=0 

r “ I 
r P f N P 
^ \) ^calc) P-0 r(calc) 

O'? 

r ^ 
(bY\ , 

(calc) ’^•‘=’«P=0'’’r(c.alc) 

r ( c a I c ) 
= 1 - r. . .nL.. ii —J 

r,B,C,Np^Q 
(calc) P=0 L 1 + (calc) 

L <i). „, , J 
P“0’ r(calc) 

t^P 
p I 1 + 

Av \ac/ J M ^^r(calc) “ ^(calc)^P*0^’oL^ 1 + J 
^Pr(calc)^‘’^\.»,N„.„,P,,II.C.N„.,, r(calc) 

P*0 

|_J3_ 

‘-'•"’r (calc) ^®'^P-0' r ,H ,C ,P^"r ,B .C .Np^^ 

.jAf N*"^ 1 1 + -'i 
^\P /*^(calc) P*0 L 1 + '^^V(calc)“^ 

C) 
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\ 

'^1 
1 __ 

^ ’^p=0’^r(calc) 
r,C,N_ «,P / IN 

» > P=0 r(calc) 
LdC 

r C N P 
» > p=0* r(calc) ^ ’^P=0 (calc) 

[A. ( SF 1 
..SB V 

^”p=o ^ >Np_Q 

s / SF ) 
Lsc \ ̂ ^P=0 

^’®’C»Pr(calc) ^»®>Np^0’^r(calc) 

s / SF 
~i 

' d 

.aN^ ^ \SB J 
P=0 -’B’C’^rCcalc) 

(~) 1 
-aNp=0 

L'^Np^O ^^’^r(calc)"r,B,C,Np^Q^r,B,C,P^^^^j^^ 

.dB \dV . . J j 
r(calc) r,B,C,Np^Q ^’^P=0’^r(calc) 

a / bF 

K(calc) r,B,C,Np^o4,B,Np^Q.P^(^^^^^ 

r s ' SF 

^^^r(calc) 

f dF'\ 
Lsp 

r(calc) 
KbFJ 

r , 

1 ^ 
(bF\ 

LSP , , , \bc) 

=0 

=0 

J 

Therefore, equations (27) - (35) can be expressed in terms of 

the original observations by the following expressions: 

dY.x o 
_1 

dB 
r(calc) 

1 - f. , xN" 
(calc) p=oJ 

B + 2CP 
Z \ , QfP / 1 \ 

f 11+ »■■■■ ■ 
r(calc) (calc) P=0 L 

+ “^r(calc)^-‘ 
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o p 
r(calc) -^r(calc) ^(calc)^P=0 j 

\dC 7 /Z ^ 
B + 2CP . , - 

r(calc) \P / 
o ^(calc)^P=0 

1 + ^^r(calc) j 

^ + “fr(calc))J 

dY o 
±. 

dN 
^(calc^Co ^(calc^ 

P=0 
B + 2CP 

r(ca Ic) 

Z 

O 

Q^P 
N" ' 1 + _^ K^cil-VJ 

(calc) P=0 + (1 + 
r(calc) 

d^Y. o 
1 

dB 
2 J 

r(calc) 

Q-P 

’ '(^ ■ ^(calc)yoA^ ■ ^(calc)yo (1 + 
r(calc) 

(calc)^ ^ 

B + 2CP 
r(calc) 

' f n"" 1 + --] 
o (calc)P=0L (1 +^Pr(calc)>^ (/) 

+ 2P^. , .(l - f. , ^ 
r(calc)\ (calc) P=0 

Z s 
C - (^j f 

o 
N, 0( 

■ I 

(calc) P=Q (1 + o^Pr(calc)^-^ 

B + 2CP 
r(calc) 

f°) f n" j 1 + . , 
P / (calc) P=0 L (1 + cyp , , Jj 

o r(calc) 



i --+ I I ’« :. /'af'i 
^ '> J 0-^'‘(3l6o)^ W 

'(■ 
(DliiD)ir 

‘IDS + a 

; ^.'-p 
ir ,' 

1.’ 

^Cy 

o .y 
I I 

i M 
^{:.U3)7^^ (5U3)* V^<J (4)' (aX8»)i ̂

os + a ^6»<i 

«5 

•S' 

•9 ■-•TIB-* 
v ' * 

I j_ 
L*<. , , ?! -»> J) + 1 

.. t* 

(dIbd) /(3Ibo)i *IS - 

^ 'J 0.9^3I.o)» (^)- o (o1bo)t q 

„> 'V:> 

(=i«)* - 0— 
S„,. ' 

(o1B3)1 

aij 

+ i) * ‘j - (jj65). 
n 

(\)- los + a 



- 2P - f 
r 

r(calc)L"’r(calc) ■^(calc)^P=0 ^oj L^^r(calc) ^(calc)^P=0 ^o\ ^ (1 + o'P , , 
______r (calc)^^ 

c^P 
r(calc) 

L 
B + 2CP 

o \ 

r(calc) KV J ^(calc) '^'P=0 ^ ' (1 + aP - l-i f 
o 

n: fi + 
^^r(calc) 

r(calc) )>J 

2 r 
+ 2P^ 'P -f N^P C 

r(calc) L r(calc) (calc) P=0 oj L 
N 

O' 

(calc) P=0 (1 + Ck'P X , x) 
o  r (calc) 

i B + 2CP 
r (calc) 

2 \ 
-2) f n"" 
P J (calc) P=0 

o 

Q-P X , 
1 + ■ ■ ^^,(cal,c) 

(1 + aP 
r(caIc) 





r(r-l)(p^j ^(calc) ^P=0 ^r(calc) 

2 \ / / -I \ 

I B + 2CP — )f fl + -r (calc)- 
L r(calc) \P / (calc) P=0 \ (1 + cyP ^ i \) 

o ' ^ ' r(calc)^ 

f N'’ ^ ’ p f 1 H- 
(calc) P=OJ r(calc)\ (1 + cyP 

r(calc) 

r 

L= 
+ 2CP 

r(calc) -&) 
o 

(calc) ”p=o( 
cyP 

1 + r(calc) 

+ 
''J ^(calc) *^P=0 ^r(calc)J ' (fJ V ^(calc) '^P=0 (1 + 

O' 

o 
|_B 4- ~ [p J ^(calc) ^P=0 (1 + cyP 

cyP 
r(caIc) 

o r(calc) ) 





(calc)(^r(calc) ^(calc) ^ 
^ P )[ 
p=o o/L ^ ' ^(calc) ^P=0 (^ '‘' 

aP 
(calc) 

r 
L 

B + 2CP 
r(calc) 

^ ' f n’' f 1 + -".^S.C9.alc}- 
^ (calc) P=0^ (1 + »F^(calc)>'-J 

^r(calc)(^ ^(calc) ^P=o)L^^r(calc) 
- f p f 1 +-r.CPA^.^1 

(calc) P=0 ON (1 + cyP 

aP 

rCcalc 
J 

aP 
1 + 

r(calc) 

(1 + Q'P 
r(calc) t)] 

+ 2P", . ,(l ,2 
r(calc) 

- f 
(calc) '*P=oX ^r(calc) ^(calc) ^P=0 -(^) 

,N -QL 

o (calc) P=Oa+cyPr(calc)^ ■] 

B + 2CP 
r(calc) 

o 
(calc) 

Ck'P 

1 + 
r(calc) 

(1 + “fr(calc)) 

to 
O 



o 



r-1 
- r f N P 
(calc) P=0 r(calc) 

[ B + 2CP 
r(calc) .P / (calc) 

o 
^p=o( 

op 
1 + 

r(calc) 

+ “"^rCcalc) t)] 

O 

r“ 1 
f N P 
(calc) P=0 r(calc) 

1 - f 
(calc) *'p=o( 

I + , ^^r(calc) 

(1 + aP 
i£}_r 
(calc)^ 

B + 2CP 
r(calc) 

^r(calc)C^ ^(calc) 

^ ' f n’' f 1 + 
(calc) P=0^ a+«fr(calc) 

aP 

>)] 

n'' y-^V n'^-1 (1 +-ric^ 
P=0Ap J^(.calc) P=0 \ (1 + cfP , 

“^r(calc)) 

I 

L 
B + 2CP . (^) f n’' f 1 + -y 

r(calc) \-bJ “"(calc) Vo V (1 + ffPr(calc)^^-* 

2t~, , S|(l - f. . f, , ,N .2 
r(calc)’ 

r-1 

(calc)"P=0/"\P^y "(calc)"’P=0 

r / ^ \ 

' ■ f) N 
O' 

O (calc) P=0 (1 + aPr(ealc) t] 

r o 
B + f(^^jLc) ^ P=0 \ 

aP 
1 + 

r(calc) 

(1 + cyP 
r(calc) >)] 
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r-1 
r P f N P 

o (calc) P=0 r(calc) 

B + 2CP 
r(calc) .P / (calc) P 

o 
=o( 

cyP 
1 + 

r(calc) \1 

+ r p, . V r2P N~ ~ P I ZP - f N" 
(calc) P=0 r(calc) L r(calc) (calc) P=0 

N1 ^ P 11 + 
oC 

Q^P r(calc) 

L® ®''®r(calc) ■ Vp i®(calc) 
o 

'*P=o( 

a? 
1 + 

r(calc) 

"** ®r(calc)\ r(calc) ®(calc) «P=0 ®o) (F)®(calc)«p:0 + 
(calc)_^ 

Z X 

L® 
+ 2CP 

(p )^(calc)^P=0 

aP 
r(calc) 

r(calc) (calc) P 

Z - z 

^^r(calc)l^r(calc) " ^(calc)^P=0 0 ^ (p^)^(calc)^P=0 ” (p^)^(calc)^P=0 

r 

L® + ®^®r(calc) - (F)®(calc)''U 
1 

“®r(calc->^~ 
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Now in evaluating the best values for B, C, and Np_Q, we solve 

the linearized normal equations by an iterative procedure. Even 

though it is necessary to solve equations (14), (15) , and (16) by 

a series of approximations, it is important to realize that the 

best values for the constants are determined such that the normal 

equations are exactly satisfied. 

The solutions to equations (14), (15), and (16) are (^): 

where 

D AB = 
o ^1™1 ^2"’2 °3“3 

(39) 

D AC = 
o 

D, m, + 
4 1 “5“2 + ^6”3 

(40) 

’o"«P=0 
= + Dgiti^ + 0^0.3 (41) 

= b2C3 - b3C2 (42) 

D. = = b„c, - b^c^ 
4 2 3 1 1 3 

(43) 

Dy ^1^2 ** ^2^1 (44) 

^5 ^1^3 " ^3*^1 
(45) 

Dg Dg a2C^ - a^^c^ (46) 

^9 = ^1^2 “ ^2^1 (47) 

D = D,a. + D„a„ + D^ja^ 
o 1 1 2 2 3 3 

(48) 
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EXPRESSIONS FOR DETERMINING VARIANCES 
AND COVARIANCES OF THE CONSTANTS EVALUATED 

We now proceed to evaluate the variances and covariances of 

the constants evaluated. To do this, we apply the law for the 

"Propagation of Errors" (2y §)• This law states that if we have 

a function or quantity, say Q, that is a function of the indepen¬ 

dently observed quantities > 72» ’ then the variance of the 

quantity Q is given as 

y (3-^^—) 
^i(obs) ^i(obs) 

(49) 

2 2 
where S^ is the variance of Q and S is the variance of 

Q ^Kobs) 

^i(obs)‘ Extracting the square root of the variance, we obtain 

a value on the same scale as the original measurements. This 

value, Sq , is called the standard error or the standard deviation 

of Q. 

The value of the constant B, which we have evaluated is a 

function of all of the observed r's and of all of the observed P 's. 
r 

Since we have assumed that r is accurately known, then the expres¬ 

sion for the variance in B is given by the equation 

r 

V 
L 

r=l 
( 3B 

SP 
r(obs) 

S 
2 

^r(obs) 
(50) 

and there will be an equation similar to equation (50) for deter¬ 

mining the variance of C and the variance of 
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In order to evaluate equation (50) , we must evaluate 

for each » multiply this quantity by 

square the product, and then sum the product over all of the 

observed P 's. 

r(obs) 

r 

In a previous report {2^ , we have outlined the details for 

evaluating the variances and all of the covariances of the con¬ 

stants evaluated. 

For our particular problem, these variances and covariances 

are determined from the following relations : 

y 

I ”p 
r=l 

+ 

SY.x o 

r(obs)l— — 
(^) 

SY.v o 
/ 
\3C 

r(obs)L_ — 

+ 2D 

r=l 

2 r 
.SY..O dY.xO 

+ Z «p , , Aar) 
, r(obs) 

r=l 

^ BY. ^o ^ /^Y.sO/ BY. ^o 

l“3 I ”P , , iw) (^) + 2D2D3 ^ W (^) (^) 

r 
[7 SY. rsT 

y w f-s ^) 
r(obs) 

r=l 
r(obs) P=0 

r=l 
r(obs) P=0 

(51) 

2 V 

r=l 

+ D^ y w 
6 ZA P 

r=l 

u
l. cs 

C
M

 

\BB / ^5 Z. . ^BC / 
- ^r(obs) 

r=l 

_ 
BY. vO 

\BN^ J 
r(obs) P=0 

/BY vO,BY.xO 

+ Z «P , , A^) KW. 
, r(obs) 

r=l 

^ /BY.vO/BY, vO y /BY.v^o.BY. .0 

^ I ^P,, W (bSt:) 2^6 Z '^P /, \^) {rJ 
- r(obs) P=0 - r(obs) P=0 

r=l ' r=l 

(52) 
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^P=0 
o 

-i2 r 

r=l 
r(obs) 

^8 Z , .KSC 
r(obs) 

r=l 

^ih 
)Y. vO 

1 

r=l 
(obs)[^^P=0'_ 

2 r 

+ 2D 

+ 2D,Dg V 
r=l 

r=l 

zdY.xO.dY. xo 

r(obs) 

\u /3Y,\0/3Y \0 

r(obs) P=0 
r=l 

/dY.s^O/dY. >^c 

I 
r(obs) ' ""‘’P=0' 

’2 = LI 
-BC - 

o 

r=l 

JT^Y^. o 

r(obs)Ll^^ _ 

^ .SY .0/dY.,o 

+ (D D + D^D^) ^ W 

r=l 
r(obs) 

+ (D^Dg + D3D3) ^ W 

i« ( 
^r(obs) 

^bY..o,bY. 

J \dNp 

i«P(g)( ,dY.vO/BY. iW 1 
\^C } 

r=l 
P 

(54) 

(53) 
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BN 
P=0 D 

o 

^“7 I "] 
r=l 

r(obs) 

2 r 

+ I « \bC 
r(obs)(_ __ 

V 

I ”p 
r=l 

r(obs) 

+ (D^Dg + D^D^) ^ 

r=l 

o.dY.xO 

^^r(obs)^^ 

+ (D^Dg + DgDp W 
/SY.sO/dY \0 

f 1 ^ 

r=l 
P , , .Ub J Un- J 
r(obs) P=0 

+ (D^D, + D3D3) ^ W ( 
^Y.^O/BY. \0 

iW 1 

r=l 
P . , AdC / \SN_ „ 
r(obs) P=0 

(55) 

CN 
P=0 D 

L ^p 
r=l 

r(obs) 
+ °5^8 Z ”P 

AY., o 
1 \ 

X , , V 'vBC / 
r(obs)L_ _ 

T 

r(obs) 
+ Z “p 

r=l 

+ (“4°8 + Z “P 

r=l 

P\ )° 
t”p=ol 

r(obs) 

AY,, o AY., o 

(sr) (35") 

* o>4»5 - w y»,,, ( 
aY..oAY. .0 

/ 1 

r=l 

P . , .\SB / \3N^ „ 
r(obs) P=0 

+ + °6'’8) I w 

r=l 

AYi.oAY. .0 

P / K A^/ \M^ J r(obs) P=0 

(56) 
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We have indicated that the solutions to equations (14), (15), 

and (16) are solved by an iterative procedure. When we have the 

correct solutions, our linearized normal equations will be satis¬ 

fied exactly. Therefore, once the best values for the constants 

have been determined, the remaining questions to be answered are: 

(1) what is the variance of the calculated P's and any other cal¬ 

culated P that reduces F to zero?; and (2) what is the variance 

of the compressibility factor? 

EVALUATION OF THE VARIANCE OF THE P , , n'S AND 
r(calc) 

ANY OTHER CALCULATED P THAT REDUCES F TO ZERO 

The variance of a calculated P which reduces F to zero for a 
r 

given observed r value is obtained in the following way: P , , . 
o r(calc) 

is a function of the observed r's and, through the constants eval¬ 

uated, is a function of all of the When we apply the 

law for the "Propagation of Errors" to obtain an expression for 

determining the variance of from equation (49) 

that this involves evaluation of the quantity 

r(calc) 

r 

= V 

r=l 

^^r(calc)g2 

^^r(obs) ^r(obs) 
(57) 

In order to evaluate the variance of the calculated P 's, we need 
r 

an expression for • This quantity can be 

determined from equation (9) 

F = F(r, P . , . , N^ B, C) =0 
r(calc) P=0 ’ 

Suppose we differentiate equation (9) with regard to P 

holding r constant. This gives us 

(obs)’ 

(9) 
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( 
dF 

BP 
r(calc)'B,C,r,Np^Q '""r(obs) 

(S^) - (i) ( 
BB 

BP 
C ,r ,N p, ,P X IS r (obs) 

» P=0 r(calc) 

+ (i) (5F^)*( 
BF 

B.>^.Np.o-Pr(calc) 

Bn 
p=o 

^”p=0 ^^^r(obs) 

= 0 (58) 

Solving equation (58) for t (calc)(obs) ^ 

/ r(calc) 

^^^r(obs) 

BB (M.) 
C,r,N P . . ^^^r(obs) 

P=0 r(calc) 

+ (-) ( ) 
B,r,N ,P , , ^®^r(obs) 

P=0 r(calc) 

•yh) (; 
BN 

P=0 

^^P=0^B,C,r,P p , . '^^r(obs) 
r(calc) 

( 
BF 

BP 
r(calc) B,C,r,Np^Q 

(59) 

Multiplying equation (59) by S 
r(obs) 

then summing over all of the observed 

, squaring the 

P^'s, we get 

product, and 
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r(calc) 

^’^>^P=0’^r(calc) ^’®’^P=0’^r(calc) 

+ S /-iFL_Y 
N ^ \SN 

P=0 P=0 r,B,C,P 
r(calc) 

+ ^4c Ki) ̂
’^P=0’^r(calc) ^ >Np=0’^r(calc) 

+ 2S 
BN 

P=0 
Ki) f_a_) 

r,C,N^ _,P , . '^^P=0^r ,B,C,P . . 
P=0 r(calc) ’ * r(calc) 

+ 2S Ki) 1 

^Np=0 '-^^^'^r,B,N ,P . .'^^^P=0^r ,B,C,P . J 
P=0> r(calc) ’ * * r(calc>J 

\3n^ j 

(60) 

( 
dF 

dP 
r(calc) r,B,C,Np^Q 

from which we can evaluate the (n-1) values of S corres- 
r(calc) 

ponding to the observed r's. 

Now we ask ourselves the question: how do we calculate the 

variance of any other calculated P that exactly satisfies equa¬ 

tion (9)? In order to answer this question, we must find a value 

of r, say r^, and we must find a value of f, say fp, which exactly 

satisfy the equation 

= (Z /P )f,, N P/ , V 
^(calc) o o P P=0 (calc) 

(61) 
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where 

(calc) 
^ ®^(calc) ^^(calc) 

(62) 

Now suppose we have previously evaluated B, C, and Np_Q by some 

means or other. We now proceed to evaluate an f, say fp, which 

will exactly satisfy equation (61). We do this as follows: 

from equation (38) , f is given to be 

(calc) 
+ "^l(calc)><^ + “^2(calc)> + “^rCcalc)^ 

(l + PV(l + P^(calc)) + P^r-l(calc)^ 

Briggs (^ has indicated that the constants o' and 3 which are . . .' 

dependent on the dimensions of V° and V^, Poisson's ratio for 

and V2 j and Young's modulus for and V2” ... have the following 

values at 30° C: 

O' = 1.1463 X 10 ^, psi 
> at 30° C 

3 = 1.1457 X 10‘ , psi“'^j 

for the Burnett apparatus located in room 211A of the Helium 

Research Center. Now assuming of = 3> then f of equation (38) can 

be written as 

(1 + O'? 

(calc) 
r(calc) ) 

(1 + c^P ) 
o 

(38) 

(63) 
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or 

(calc) 
1 + aCP . , V - P ) [ 1 - aP + c^^P^ - .. . ] 

r (calc) o'^ *• ^ o o ■' 

4 -3 
For P = 1 X 10 psi, aP ^ 1.1 x 10 . Therefore, 

o ^ o 

^calc) == ^ + "^^rCcalc) ' V ' “V 
(64) 

which is accurate to about 1 part in 10 . Representing the 

correction to „ as a function of P. , ^ by f„, then the value 
P=0 (calc) ^ P 

9 
of fp which satisfies equation (61) to about 1 part in 10 is 

1 +“(^calc) - - “V 
(65) 

Now rp, the expansion number corresponding to fp 

can be determined from the equation 

In Z , - . - ln(Z /P ) - In P. . . - In f 
P(calc) o o(calc)P 

In N 
P=0 

(66) 

Equation (66) results from our taking natural logarithms of 

equation (61) and solving for rp. Now that we have determined 

2 
values of r and f for P. . v , we can proceed to evaluate S- 

(calc) 
the variance of a calculated P that exactly satisfies equation 

(9). 

To evaluate the variance of P. . . , we employ equation (60) 
\xO) 

where the terms involving derivatives of F are to be evaluated for 

The 
(calc)’ ‘P’ ‘P- tS^^^^calc)lB,C,rp,Np^P 
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given as 

( \ 

'"^^(calc)^B,C,rp,Np^Q 
= B + 2CP 

(calc) \P / P=0 

2£ P 
P (calc) - fn P P o 

- P 

(calc) 
- P 

o 

(calc) 

EXPRESSION FOR EVALUATING THE VARIANCE OF THE CCMPRESSIBILITY FACTOR 

To evaluate the variance of Z, 
(calc) 

, where Z is given by 

(calc) 

(calc) 
= 1 + BP. , . + CP, , ^ 

(calc) (calc) 
(62) 

and is any calculated P which exactly satisfies equation 

(9), we apply the law for the "Propagation of Errors." This law 

says that since Z is a function of rp and, through the constants 

evaluated, is a function of all of the original observed 

then the variance of Z, 
(calc) 

IS given as 

2 
Sz. 

(calc) 

r 

^ V 
L 

r=l 

(calc)\ 2 

SP . , . / ^ 
r(obs) r(obs) 

(68) 

where S, is the variance of Z, and s' 

(calc) 
variance of P . , . . 

r(obs) 

(calc) r(obs) 

(67, 

is the 



< 

i ■ 

16 ndl'ls 
f', ■?. 

■-■ »>" 

o" ^ <>u=)’ J 
(ixXas) 

^3€ ^ 8 » u 
\ 

1( 

^„K,^i,3.S (aUD) 

^ . ' '-"J 

floTOA'i Yj'raiaigaawiDi) aar lo aaw/aaAV 4«t oHiTAu^iAva aoa aoiea-jL^xa 

tfd n«sv>^ fei S o'M^iiv 4 
(di03) 

-S lo aonaltfiv •jHj oT 

(Sd) 
(»J.,) (olM) 

iTux:l6tjp0 6«JrlEi36i ^l33AX9 rfditfw f b^lstualt? ^rro 3i 

« 
W6l tiffT '',8Ton3 lo noiJfi^ijo'i^’' adJ lol wuC 9/I3 vjqqn «# . ($) 

f 3nai4ffC3 9d3 (fguotiffs .bna lo iiol'donui a aX S d^nii jedj 

bdviaado laoigXio swfj lo IIa lo notaarrul a 2I , b»3AuifiV9 

(88) a 

(ido)1 

ta fT0vi^ liT _ 
(af.63) 

■ > 

S 1 

.'• '' . 
16/ i 

1»3 

S jo 9tls fis^n 

(edoj*T <3iao)^ 

£ 
S8 

<( idJ li 2 ip(T0 
(ido}3 

.3k lo oonal jfiy 3tt3 li 

C^l»o) 
<1^ 

<edo)T^ 

*' 1' 

v' I " ij* 



34 

[dZ 

Now in order to evaluate equation (68) , we must evaluate 

P aic)^^^r(obs)^ ^(obs)’ ““Itiply this quantity 

by S. 
r(obs) 

, square the product, and then sum the product over 

all of the observed When we do this, we get 

(calc) 

2 2 
B Sp 

(calc) 

2 2 2 2 2 
+ 4C^P^ 1 N + P/ 1 ^ 

(calc) (calc) B 

4 2 2 2 
+ P. , . S. + 4BCP, 1 X + 2BP. . . p 

(calc) C (calc) (calc) 

+ 2BP. , . S_ ^ 
(calc) C,P 

+ 4CP 
(calc) (calc) 

3 2 3 2 
+ 4CP. , . S_ _ + 2P. . . S^_ 

(calc) C,P, - V (calc) BC 
’ (calc) 

(69) 

2 2 
The terms „ and , which appear in equation 

^’^(calc) ^’^(calc) 

(69), are defined as 

B,B/ 1 N (calc) 

r /^^(calc) 
L \ap . , . 

r(obs) 

-SB_) 2 
aP . , P , , . 

r(obs) r(obs) 

(70) 

’ (calc) 

r 

^ V /^^(calc)Y ac 
L. Vsp , , , Aap / u X-' “P , u \ r(obs) r(obs) r(obs) 

(71) 

and these quantities are to be evaluated from equations (70) and 

(71), which we proceed to do 
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] can be determined from equation (59), 

where the terms involving derivatives of F are to be evaluated 

ion ^(calc) ’ ^P’ ^P’ defined by equati 

(67). Multiplying equation (59) by (SB/SP ^ ^ 

summing the product over all of the observed P 's, we get 

• SP 
(calc)y SB \^2 

r(obs) ^^r(obs) ^r(obs) 
L (dP , , AdP 
r=l 

= S 

,2/^ 
’B\dB 

rp,C,Np^O»P(calc) 

+ S 
BC 

r B N P 
P’ ’ P=0’ (calc) 

+ 
_ ®^p=0 ^”p=0'rp,B,C,P(c4lcjJ 

B,P (calc) 

(72) 

(calc) rp,B,C,Np^Q 

If we multiply equation (59) by then 
^ ' r(obs) 

sum the product over all of the observed P^'s, we get 

^':i^^^r(obs)'^^^^r(obs)^ ^r(obs) ^’^(calc) 

,2 
’bc Vbb 

rp>C >Np^0’^(calc) 

+ S. 

rp,B,Np^O’P(calc) 

+ S G _SF_'\ 

^^NpVtp ,B ,C ,P 

(jp:^) 

(73] 

(calc) rp,B,C,Np^Q 
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Therefore, the use of equations (72) and (73) in equation 

2 
(69) will enable the variance of a calculated Z , S„ , to 

^ p 
(calc) 

be determined. 
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