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ADVERTISEMENT

The Smithsonian Institution has maintained for many years a group of
publications in the nature of handy books of information on geographical,
meteorological, physical, and mathematical subjects.  These include the
Smithsonian Geographical Tables (third edition, reprint, 1918), the Smithsonian
Meteorological Tables (fourth revised edition, 1918), the Smithsonian Physical
Tables (seventh revised edition, 1921); and the Smithsonian Mathematical
Tables: Hyperbolic Functions (second reprint, 1g921).

The present volume comprises the most important formulae of many branches
of applied mathematics, an illustrated discussion of the methods of mechanical
integration, and tables of elliptic functions. The volume has been compiled by
Dr. E. P. Adams, of Princeton University. Prof. F. R. Moulton, of the Univer-
sity of Chicago, contributed the section on numerical solution of differential
equations. The tables of elliptic functions were prepared by Col. R. L. Hippisley,
C. B., under the direction of Sir George Greenhill, Bart., who has contributed the
introduction to these tables.

The compiler, Dr. Adams, and the Smithsonian Institution are indebted to
many physicists and mathematicians, especially to Dr. H. L. Curtis and col-
leagues of the Bureau of Standards, for advice, criticism, and cogperation in
the preparation of this volume.

Craries D. WaLcort,
Secretary of the Smithsonian Institution.
May, 1g922.



PREFACE

The original object of this collection of mathematical formulae was to bring
together, compactly, some of the more useful results of mathematical analysis
for the benefit of those who regard mathematics as a tool, and not as an end in
itself. There are many such results that are difficult to remember, for one who
is not constantly using them, and to find them one is obliged to look through a
number of books which may not immediately be accessible.

A collection of formulae, to meet the object of the present one, must be
largely a matter of individual selection; for this reason this volume is issued
in an interleaved edition, so that additions, meeting individual needs, may be
made, and be readily available for reference.

It was not originally intended to include any tables of functions in this
volume, but merely to give references to such tables. An exception was made,
however, in favor of the tables of elliptic functions, calculated, on Sir George
Greenhill’s new plan, by Colonel Hippisley, which were fortunately secured for
this volume, inasmuch as these tables are not otherwise available.

In order to keep the volume within reasonable bounds, no tables of indefinite
and definite integrals have been included. For a brief collection, that of the
late Professor B. O. Peirce can hardly be improved upon; and the elaborate
collection of definite integrals by Bierens de Haan show how inadequate any
brief tables of definite integrals would be. A short list of useful tables of this
kind, as well as of other volumes, having an object similar to this one, is appended.

Should the plan of this collection meet with favor, it is hoped that suggestions
for improving it and making it more generally useful may be received.

To Professor Moulton, for contributing the chapter on the Numerical
Integration of Differential Equations, and to Sir George Greenhill, for his Intro-
duction to the Tables of Elliptic Functions, I wish to express my gratitude,
And I wish also to record my obligations to the Secretary of the Smithsonian In-
stitution, and to Dr. C. G. Abbot, Assistant Secretary of the Institution, for the
way in which they have met all my suggestions with regard to this volume.

E. P. Apams
PrinceETON, NEW JERSEY
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SYMBOLS

log logarithm. Whenever used the Naperian logarithm is understood.
To find the common logarithm to base 10:

logio @ = 0.43429 . . . log a.

loga = 2.30259 . .. logia.
Factorial. #! where » is an integer denotes 1.2.3.4....... 7.
Equivalent notation I*

* Does not equal.

> Greater than.

< Less than.

p- Greater than, or equal to.

< Less than, or equal to.

(Z) Binomial coefficient. See 1.51-

- Approaches.

| @1 | Determinant where @, is the element in the sth row and kth column,
. . . ) Functional determinant. See 1.37.

(wr, 2 . . .. )

|a| Absolute value of ¢. If ¢ is a real quantity its numerical value,

without regard to sign. If o is a complex quantity, ¢ = & + 83,

| ¢ | = modulus of ¢ = +Va? + (2

) The imaginary = ++/ — 1.
k=n
2 Sign of summation, ie., Eak =@ +mtat....+0n
k=1
k=n

II Pro;luct, ie., II(I +Ex)=(q+x)T+20)(1+3%) .... (1+m)

k=1



I. ALGEBRA

1.00 Algebraic Identities.
ar=br=(a=0)(a"t+a B+ a2+ ... .. + abm2 4 hY).
2. A" £ 0" = ((Z + b)(an—l — a2 + a3 —~ .. .. F ab™? & bn—l).

-
.

n odd: upper sign.
n even: lower sign.

3 @G+a)@+ta)..... (@+a,) =2+ Pxv 4+ Pox™ 24 . ...
+ Ppt + Py
Pr=g+o,+...... + @y
P, =sum of all the products of the o’s taken % at a time.
Pn=dla2(ls. P/

4 (@@ +b)(a+ B) = (ea F80) + (aB + ba)
(a2 - t%(a2 - () = (ea = 0P)2 — (aB + ba)
6. (@+0+A(a+ B +7) = (aa + b8 + cy)? + by - Bo)* + (ca - va)?
+ (6B - ab) ~
7. @+ P+ +dA)(a+ B+ v+ 0) = (ca+ 0B + ey +do)?
+ (@B = b + ¢ — dy) + (ay — b8 — ca + dB)* + (ad + by — ¢B — da)
8. (ac — bd): + (ad + bc)? = (ac + bd)? + (ad — bo).
9. (@+b)(b+0c)c+a)=(e+b+c)(eb+ be + ca)—abe.
10. (@400 +0)c+a) = a®( +¢) + 8(c + a) + *a + D) + 2abe.
1. (a4 b0)b + ¢)(c + a) = bc(b + ¢) + calc + a) + ab(a + b) + 2abc.
12. 3@+ D)0 +0)c+a) =(@+b+0)P (¢ + 5+
13. (0—a)(c—a)(c—0)=ac—0)+a—c)+ b -0
14. (b—a)(c—a)(c—0b)=a®®— A +b—a) +c(® - ).
15. (b —a)(c—a)(c—b) = be(c - b) + cala — c) + ab(b - a).
16. @b+ (0 -cl+(c-ap=2le-Da-)+b-a)l-0)
+(c~a)c-0)]
7. a8 — ) + B - ad) + A(a - 1) = (@~ B)(b - ¢)(a — c)(ab + b + ca).
18. @+b+c)(@+b+c)= bc(b‘-l—a) + calc + a) + ab(a + b) + ¢ + B2+ &2,
19. (@+ b+ ¢)(be + ca + ab) = a*(b + ¢) +.6%c + a). + *(a + b) + 3abe.
20. (b+c— c+ao-d(e+b-0) = a’(b+c) + Wc+a) + e+ b)
—(a‘+b*+63+ 2abc).

kh

I



2 MATHEMATICAL FORMULE AND ELLIPTIC FUNCTIONS

2. (a+ b+ —a+b+)a—-0+0)a+b—0) =200 + ** + ¢3?)
—(a* + bt 4 oY),
22. (@+b+c+df+@+b—c—dPF+@+ec~b—-dyF+@+d—b—c)p

= 4(¢* + 0* + ¢ + d)).
I d=aa4dy+cB
B =af +ba+cy
C=ay+b8+ca
23. (a+b+)(a+B+7)=4+B+C.
24. [+ 0+ — (@b+bc+ca)][a+ B2+ 42— (af + By + va)]
= A2+ B4+ C = (AB + BC +CA).
25. (@@ + B+ & — 3abc)(a® + B+ v® — 3a8y) = 4* + B + C* — 34 BC.

ALGEBRAIC EQUATIONS
1.200 The expression

J(x) = ape® + a@® a4 L L + Gpax + Gy
is an integral rational function, or a polynomial, of the sth degree in .
1.201 The equation f{x) = o has » roots which may be rcal or complex, dis-
tinct or repeated.
1.202 If the roots of the equation f(x) =0 are ¢, &, . . ., €n,

flxy =aolx —a)(x —). .. ... (v —en)

1203 Symmetric functions of the roots are expressions giving certain com-
binations of the roots in terms of the coefficients. Among the more important
are:

ay
Cy + Co + ---------- + Cp = =
ao
ag
ace+Cis+ . . .+t C0e+. ... + Cneiln = P
ag
OCg+ CilaCa+ . - GGG+ . - L + Cnglnrilpn = — E;
ap
T I cp = (—1)0—
ao

1204 Newton’s Theorem. If s; denotes the sum of the kth powers of all the
roots of f(x) = o, . .

sp=0+6+-. ... + Ca

Ia + $H18¢ = 0O

203 + $101 + 200 = O

308 + its + Sa81 + $x@o = O

485 + 8104 + S202 + $301 + S480 = ©

L R T )

........

» e s 8 8 s 0
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or:

ay
S = ——
Qo
205 a2
Sy = — — -3
ao agy
3@, 3mm o
==t -y
ao apo Qo
s 404 40103 401’0y | 209 +a14
4= - =T -3
ao G ao? a® = aot

. °

1.206 If Sy denotes the sum of the reciprocals of the kth powers of all the
roots of the equation f(x) = o:

1T
Sk=EFG+-G-276+ ..... +—

1001 + Si0n = 0
2812 + S10na + S2an =0
303 + S10ng + S20n1 + S04 = 0

-----

Ty
Si=— oot Lo
an
200 | @pa
Sg = — 5
@y ay
30n3 , 3Ap-1Cn-2 asn—l
Sz = — + 2 3
an On a3,

L A R )

® e e & o e 0 0 0

1220 If f(x) is divided by x — % the result is

f@) = (x - HQ+ R.
Q is the quotient and R the remainder. This operation may be readily per-
formed as follows:

Write in line the values of ao, @1, . . . ., @n. If any power of # is missing
write o in the corresponding place. Multiply @, by % and place the product in
the second line under ¢;; add to o; and place the sum in the third line under a;.
Multiply this sum by % and place the product in the second line under a,; add
to @; and place the sum in the third line under a,. Continue this series of
operations until the third line is full. The last term in the third line is the
remainder, R. The first term in the third line, which is ao, is the coefficient of
21 in the quotient, Q; the second term is the coefficient of "2, and so on.
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1221 1t follows from 1.220 that f(k) = R. This gives a convenient way of
evaluating f(x) for x = A.
1222 To express f(x) in the form:

flx) = Aolx — B)" + Aile =Bt ...+ Az — k) + 4,
By 1.220 form f(h) = An. Repeat this process with each quotient, and the
last term of each line of sums will be a succeeding value of the series of co-
efficients An, An-1y « « « - « , Ao.

Example:
f(x) = 3%° + 2a* — 8% 4- 22 — 4 h=2
3 2 o -8 2 —4
6 16 32 48 100
3 8 16 24 50 96 = 45
6 28 88 224
14 44 112 274 = Ay
6 40 168
20 84 280 = A3
6 52
26 136 = As
6
32 = A
3=4
Thus:
Q = 3x* + 8x® + 162% 4+ 24% + 50
R = f(2) = 96

f(@) = 3(c — 2)¥+ 32(x — 2)* + 136(x — 2)* + 280(x — 2)? + 274(x — 2) + 96

TRANSFORMATION OF EQUATIONS

1230 To transform the equation f(#) = o into one whose roots all have their
signs changed: Substitute —« for .

1231 To transform the equation f(x) = o into one whose roots are all multi-
plied by a constant, m: Substitute x/m for #.

1232 To transform the equation f(x) = o into one whose roots are the
reciprocals of the roots of the given equation: Substitute 1 /% for x and multiply
by xm.

1233 To transform the equation f(x) = o into one whose roots are all increased
or.diminished by a constant, s> Substitute « = 4 for # in the given equation,
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the upper sign being used if the roots are to be diminished and the lower sign
if they are to be increased. The resulting equation will be:

JCeh) + 7' () + %17 + ’3—‘3; R 4. =0

where f/(x) is the first derivative of f(x), f”(x), the second derivative, etc.
The resulting equation may also be written :

Aox™ 4 Apx L4 Aoxn2 4, . .. .. A, x+ A4, =

where the coefficients may be found by the method of 1.222 if the roots are to
be diminished. To increase the roots by % change the sign of A.

MULTIPLE ROOTS
1.240 If ¢ is a multiple root of f(x) = o, of order m, i.e.. repeated m times,

then
@) = (x = )mQ; R=o

¢ is also a multiple root of order m — 1 of the first derived equation, f'(x) = o;
of order m — 2 of the second derived equation, f”/(x) = o, and so on. )
1.241 The equation f(x) = o will have no multiple roots if f(x) and f'(x) have
no common divisor. If F(x) is the greatest common divisor of f(x) and f'(x),
f(x)/F (%) = fi(x), and fi(x) will have no multiple roots. T

1.250 An equation of odd degree, #, has at least one real root whose sign is
opposite to that of an.
1.261 An equation of even degree, %, has one positive and one negative real
root if @, is negative.
1.262 The equation f(x) = o has as many real roots between « = %; and x = %,
as there are changes of sign in f(x) between x; and x,.
1.263 Descartes’ Rule of Signs: No equation can have more posrr.We roots
than it has changes of sign from + to — and from — to +, in the terms of f(x).
No equation can have more negative roots than there are changes of sign in f( —-qc).
1264 If f(x) = o is put in the form

A=+ Alx =BT+, ... .. +A,=0
vy 1.222, and 4o, 43, . . . . . , A, are all positive, 4 is an upper limit of the

positive .roots.
If f(—) = o is put in a similar form, and the coefficients are all posmve,

ks a lower limit of the negative roots.
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If /(1/%) = o is put in a similar form, and the coefficients are all positive,
h is a lower limit of the positive roots. And with f(—~ 1/x) = o, % is an upper
limit of the negative roots.

1265 Sturm’s Theorem. Form the functions:
F®) = apx® + o™ F a2 4. ..+ 0
fule) = f'(x) = nogr™t 4+ (n ~ o™ +. . . . + Gna
fol®) = =Ry in f(%) = Qufs(®) + R
fa(x) = —=Rs in fi(x) = Qafa(x) + Re

.........

The number of real roots of f(x) = o between # = x; and x = x, is equal to the

number of changes of sign in the series f(x), fi(x), fo(x), . . . when = is sub-
stituted for x minus the number of changes of sign in the same series when x,
is substituted for x. In forming the functions fi, f5, . . . . numerical factors
may be introduced or suppressed in order to remove fractional coefficients.
Example:
f(®) = x* — 20% — 302 + 10K — 4
filw) = 26° — 34% — 3¢ + 5
fo(x) = ou? — 272 + 11
fo(@) = =8z — 3
falw) = —1433
f h e s Ji
X =—c + —_ + + - 3 changes
x=0 - + + - - 2 changes
% =40 + + + - - 1 change

Therefore there is one positive and one negative real root.

If it can be seen that all the roots of any one of Sturm’s functions are
imaginary it is unnecessary to calculate any more of them after that one.

If there are any multiple roots ofjthe equation f(x) = o the series of Sturm’s
functions will terminate with f,, » < #. f,(x) is the highest common factor of
fand fi. In this case the number of real roots of f(x) = o lying between & = «;
and % = %2, each multiple root counting only once, will be the difference be-
tween the number of changes of sign in the series f, fi, fs, . . . ., f» when x; and »,
are successively substituted in them.

1.256 Routh’s rule for finding the number of roots whose real parts are
positive. (Rigid Dynamics, Part II, Art. 297.)
Arrange the coefficients in two rows:

xn [+ 1)) [12] ay LRI ]
xﬂ'—_l a as as e« o 3 e
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Form a third row by cross-multiplication :

Q102 — G003 0104 — Q005 G10¢ — G071

xn—z
a ay 24

Form a fourth row by operating on these last two rows by a similar cross-
multiplication. Continue this operation until there are no terms left. The
number of variations of sign in the first column gives the number of roots
whose real parts are positive.

If there are any equal roots some of the subsidiary functions will vanish.
In place of one which vanishes write the differential coefficient of the last one
which does not vanish and proceed in the same way. At the left of each row
is written the power of x corresponding to the first subsidiary function in that
row. This power diminishes by 2 for each succeeding coefficient in the row.

Any row may be multiplied or divided by any positive quantity in order
to remove fractions.

DETERMINATION OF THE ROOTS OF AN EQUATION

1.260 Newton’s Method. If a root of the equation f(x) = o is known to lie
between %; and x, its value can be found to any desired degree of approximation
by Newton’s method. This method can be applied to transcendental equations
as well as to algebraic equations.

If b is an approximate value of a root,

b~ fi'(% = ¢ is a second approximation,
c— f]:—%% =d is a third approximation.

This process may be repeated indefinitely.

1261 Horner’s Method for approximating to the real roots of f(x) = o.

Let ; be the first approximation, such that p; + 1 > ¢ > p1, where ¢ is the
root sought. The equation can always be transformed into one in which this
condition holds by multiplying or dividing the roots by some power of 10
by 1.231. Diminish the roots by p; by 1.233. In the transformed equation

i Ao(x—pﬁ"+A1(x—p1)"‘1+. .. .+A,,_1(x—p1) +A4A,=0

put
p_ An

10 Ana
and diminish the roots by p./10, yielding a second transformed equation

Bo(x—pl—-?—2)”+B1(x—p1—ﬁ)”“+. ...+ B, =o0.

I0, I0
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If B, and B, are of the same sign p» was taken too large and must be dimin-

ished. Then take
- 21 _ Ba

100 Bna

and continue the operation. The required root will be:

y2] Pz

G—-P1+ +

1.262 Graefie’s Method. This method determines approximate values of all
the roots of a numerical equation, complex as well as real. Write the equation
of the nth degree
f&) =a@r —ow™t + ot~ . .. .xa,=o0.
The product
f@)f(—x) = A — A2 4 A4 — . L L L An =

contains only even powers of x. It is an equation of the »th degree in 4?. The
coefficients are determined by.

Ao = 1102

A = a® — 20002

Ay = a2 — 20103 + 20004

Az = a2 — 20004 + 20105 — 2G00g

Ay = ad — 20305 + 2020 — 20307 + 20003

The roots of the equation
Aoy"' - Aly"'_l -+ Azyn—z — . e e o= An. =0

are the squares of the roots of the given equation. Continuing this process we

get an equation
Rur —Ru» '+ Run2 —, ... R, =

whose roots are the 2'th powers of the roots of the given equation. Put A = 2.
Let the roots of the given equation be ci, ¢z, . . . ., ¢a. Suppose first that

a>6>062>..... > Ca
Then for large values of N,
R R R
Ao A 2 Ao tm
TRy TR " “" = R

If the roots are real they may be determined by extracting the Ath roots of
these quantities. Whether they are + is determined by takmg the sign which
approximately satisfies the equation f(x) = o.

Suppose next that complex roots enter so that there are equalities among
the absolute values of the roots. Suppose that

lal 2lal2lal >....2¢l; [eo| > | conls
leor| 2 [epa] 200002 |l
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Then if N is large enough so that ¢, is large compared to cpri®, i, 62», « o « .
¢, approximately satisfy the equation:

Rju? — RyuP + Ru?2 — . . . . £ R, =0
and cpp®, Cpiad, « - ., Ca’ approximately satisfy the equation:
Ry ? — Ryt P p Rpyo 22— | | . £ Rp,=o0.

Therefore when A is large enough the given equation breaks down into a number
of simpler equations. This stage is shown in the process of deriving the suc-
cessive equations when certain of the coefficients are obtained from those of
the preceding equation simply by squaring.

RerereNcEs: Encyklopadie der Math. Wiss. I, 1, 3a (Runge).

BatrsTow: Applied Aerodynamics, pp. 553-560; the solution of a numerical
equation of the 8th degree is given by Graeffe’s Method.

1270 Quadratic Equations.
22+ 200+ b = o.
The roots are:

X =~a+Vat-b
Xy = —a—a® -0
X1t %= —20
213 = b.
If + @& > b roots are real,

@* < b roots are complex,
@ = b roots are equal.

1.271 Cubic equations.
(1) #*+ax2+bx+c=o0.

Substitute
a
2) x=9 ——
(2) -3
(3) Y¥*—3py—2¢=o0
where
a2
=—=?
39 3
2¢ = @_z @ -c
12377 )
Roots of (3):

If p>o0,¢>0,¢>p
S ‘cosl‘n‘¢=‘\7%-;
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y1=2Vp cosh%3
Y2 = —%1+i\/§,—13 smhﬁg-
y3=—2;5—73\/:37> sinh%-
Ifp>o0,9g<o, ¢ > p
coshq}=:\/——%3
=—2vp cosh%,3
y2=—2}2-1+i\/§§sinh%
y3=—%—i\/§'§sinh5§-
Ip<o
sinh¢=\/z_P_3
y=2v—p sinh-(éé
y2=—2;—1+i\/-:€f> cosh%

Y3 = —&—iv—3p cosh%-

2

It p >0, ¢ < p5

cos ¢ = -\—/Q——F
y1=2Vp cos%

.

yz=—223+v3p sin%

ys=—%—\/§ sin%-

1272 Biquadratic equations.
aort + 019 + aa® + azx + a4 = o.
‘Substitute

a1
x=y—a—0

6 4 1
4y — —F =
y +anzﬂy’+a°3Gy+ao4F o
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H = goa; — a2

G = ad’as — 300mar + 20,

F = a¢®as — 400’05 + 6aoa’a: — 30

I = a0as — 40103 + 302

F = ol — 3H?

J = Go0e0s + 2010003 — @0as* — 41’04 — a3
A = I® — 27]% = the discriminant
G + 4H% = a(HI — aJ).

Nature of the roots of the biquadratic:

A =o Equal roots are present
Two roots only equal: I and J are not both zero
Three roots are equal: I =J =0

Two distinct pairs of equal roots: G =0; @il —12H*=0

Four roots equal: H=1=J =o.
A <o Two real and two complex roots
A > o Roots are either all real or all complex:
H <o and ¢l — 12H? < o Roots all real
H > o and a¢’ — 12H?> > o Roots all complex.

DETERMINANTS

1.300 A determinant of the nth order, with #? elements, is written:

A=]C1 Qo B3« v vt vt 0o 0 Ain | = [ a,-,] N (,', 75 =1y 2 o
o1 B2 @23 « o o o o o e o o a e aQ2n
31 Q32 (33 « ¢ o o o o o e 0 0 0 . 278
Apl Tn2 An3 ¢ o ¢ ¢ ¢ o o o o o o« » Ann

1.301 A determinant is not changed in value by writing rows for columns and

columns for rows.

1.302 If two columns or two rows of a determinant are interchanged the re-
sulting determinant is unchanged in value but is of the opposite sign.

1.303 A determinant vanishes-if it has two equal columns or two equal rows.

1.304 If each element of a row or a column is multiplied by the same factor

the determinant itself is multiplied by that factor.
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1.305 A determinant is not changed 1n value if to each element of a row or
column is added the corresponding element of another row or column mul-
tiplied by a common factor.

1.306 If each element of the /th row or column consists of the sum of two
or more terms the determinant splits up into the sum of two or more de-
terminants having for elements of the /th row or column the separate terms of
the Ith row or column of the given determinant.

1.307 If corresponding elements of two rows or columns of a determinant
have a constant ratio the determinant vanishes.

1.308 If the ratio of the differences of corresponding elements in the pth and
gth rows or columns to the differences of corresponding elements in the rth
and sth rows or columns be constant the determinant vanishes.

1309 If p rows or columns of a determinant whose elements are rational
integral functions of # become equal or proportional when x = %, the determinant
is divisible by (& — &)#-1,

MULTIPLICATION OF DETERMINANTS

1320 Two determinants of equal order may be multiplied together by the

scheme :
[ Ga | X | bus| = | ciy ]
where
Cij = azlb11+az2672+ e e e ot d,,nb:,n.

1321 If the two determinants to be multiplied are of unequal order the one
of lower order can be raised to one of equal order by bordering it; ie.:

O @2 e oo nl=lT 0 0. ... o
091 o2 o e e oo Gy O I O v v veeennunns ..o
e o o 4 « s e s e s e o O I e 6 6 e s s a s o o [e]
anl anz o+ e e o ann ......... @ o o o o e o & v o
O O O...0au1 OQp .« Q1n
O O O...0a1 a2 - dgn
O O O...CQu OQp e Qpp

2% SR, S [Vl I/ 2 bin

® s, 6 6 4 ® a4 e e o 8 e s s o . s e 8 8 o o a 4 e o o e .
|

4l s o e o o '¢c 4 ¢ e o o o o e o] |.o . e e & 4 e o ® a4 o © o v o
" ! ' ' [ '

B R bir' « v v i et ban
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........

DIFFERENTIATION OF DETERMINANTS

........................

..........................

1.330 If the elements of a determinant, A, are functions of a variable, &

..........

..............

v ! !
aA a1 G2 . ... Qin |+ 01 @12
7 ’ ’
dt Gop G v u... . Qon 1 Qo
’
Gnl Gn2 o o o o o Ann an1 Q@ n2
s o s e s e o e A e o
a1 Qo2 .
An1 Gp2

where the accents denote differentiation by #.

EXPANSION OF DETERMINANTS

1.340 The complete expansion of a determinant of the nth order contains #!
terms. Each of these terms contains one element from each row and one ele-
ment from each column. Any term may be obtained from the leading term:

Q11022033 « « o v o o o o Opn

by keeping the first suffixes unchanged and permuting the second suffixes among
1,2,3,....n Thesign of any term is determined by the number of inversions
from the second suffixes of the leading term, being positive if there is an even
number of inversions and negative if there is an odd number of inversions.

1341 The coefficient of a;, when the determinant A is fu]ly expanded is:

% = Aﬂ"

aa,,-
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A,, is the first minor of the determinant A corresponding to 4., and is a de-
terminant of order » — 1. It may be obtained from A by crossing out the row
and column which intersect in @.,, and multiplying by (~1)**.

1342
_ o if iy
ay A]l + 012A12 +.ee it A:n = '—“A if—-—‘l:_:]'
o if iy
011,A17+0rz1,A27+ ----- +a'mAng = Alf2=]

1.343
A A 8A.,

is the coefficient of @.,ai; in the complete expansion of the determinant A. It
may be obtained from A, except for sign, by crossing out the rows and columns
which intersect in a; and ag.

1.344
IAUI Xltl”‘ = An

| A, | = AL,

The determinant | A;;| is the reciprocal determinant to A.

1.346
A A Aa| _0A A A 0A
aa,,adkzu Ar, Aw —aa” 0oyt 0a, Oaij
1.346
. 33A _ Ai;  Au Ay,
00,,00100p, | Ari  Am  Axg
AM Azﬂ AM
1.347
PA_ @A
Ba;,-aakz 60@16(11”-
1348 If A = o,

9A9A _9A A

da;4 0ar  Oas Oaxj

1350 If ¢,;=0,; the determinant is symmetrical. In a symmetrical
determinant
Aij = Ann
" 1361 If a;, = ~a; the determinant is a skew determinant. In a skew
" determinant
J J Au = (‘I)n_IAn-
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o, the determinant is a skew symmetrical

1352 If 4., = —a,, and a.
determinant
A skew symmetrical determinant of even order is a perfect square
A skew symmetrical determinant of odd order vanishes
1.360 A system of linear equations: Tt E T
w4 G 4 . Gt = F Tk
Gu%y + Gu%e + . . ... + Gontn = ko T o =
e e e e e e « o e ;: :‘
OmiL + G2+ o oo + Gnntin = k -~ =
has a solution:
Ag,=kAn+kls+.....+Ek Ay
provided that
= [ ai, I Fo.
G=1,2,....m

1361 If A =o, but all the first minors are not o,

Ayxi=zx + 2 bp———
o7 =% By aa,saa,,
ce oy M
he=...... = k, = o, the linear equations are homogeneous,

where s may be any one of the integers 1, 2, .
1,2, -..%).

1362 If & =
and if A =o,
X X .
AS] 88 (J
1.363 The condition that » linear homogeneous equations in # variables shall
be consistent is that the determinant, A, shall vanish.
1.364 If there are » + 1 linear equations in # variables
X+ apXe + .. ... + Gintn = k1
X1+ Q%2 + . ... + Gon%n = By
CmXy + Ga®s + . o o . . + Gpnn = kn .
sy + s + ... ACnXn = Epp
the condition that this system shall be consistent is that the determinant
11 A1 ¢« ¢« o o e 00w a1n kl = 0
o1 22 o v v v v e a s on ko
Bnl Qn2 o o v v o v v ot Gnn kn
7 Cn  Rapn
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1.370 Functional Determinants.

Y1, Yoy « « « 4 ¥n are n functions of wy, %2, . « v . .. y Xnt
B Ve = fu(o, %y 0 o o 0 e , %n)
the detérminant:

’]= _(?2}_1?_3,_1. ayl — é}_’i =a(3’1>3’2;----;yn)
dxy Oz " 77T A% 9%, (a1, Xay « « .+ -5 Xn)
dyz By ALY
3o m 3,
9Yn 09n 9y
oy Oxe T 0%y,

is the Jacobian.
1371 X vy, 99y o v e e v e , Vs are the partial derivatives of a function

F(xy 22, o o o o , %n):

aF .
y.=—z(z=1,z,....,n)

the symmetrical determinant:

(2,282
H- OF | \owm’ 9m " T o
axq, ax, a(xl’ x2’ ....... ) xn)

is the Hessian.
1372 Ify, v . - - . . , ¥» are given as implicit functions of %1, #z, . « « « . o
%, by the # equations:

Fl(yl’ Yoy o o 0 o s y Vg X1y Xy o o 0 0 0 o« , xﬂ) =0

Fulyi, ¥y o o v v s R
then

. 3(3’1, P2y o o o oo , yn) - (—-—I}na(FI’FZ’ BEIRT) Fn) . B(Fl, Fz, ceey F'n)

a(xly‘ X2y ¢ o o xﬂ) a(xl; X2y o v vy xn) N 3(3’1, V23 o0 ey yn)

1.373 If the » functions y;, ¥5,. - - - - , ¥» are not independent of each other
the Jacobian, J, vanishes; and if J = o the # functions yi, e, . . . .« Y are not
independent of each other but are connected by a relation

F(y;, Voy o o o oo y Yn) =0
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1374 Covariant property. If the variables %, #3,. . . ., #» are transformed
by a linear substitution:

wi=ag Eitagh+.. .. .. + Ginkn (G=1,2,0 ... n0)
and the functions yi, ¥, . . . . . sYnOf Xy, %, L oL , %, become the functions
My Moye v = v s Mnof £, b oL , En:
J = Ay May . . . .. s 1) _ Ay vy o o - . . ) Yn) | | a5
3(51; 521 ---- ’ fn) a(xlj X2y 0 0 00 1 x"l) !
or J' =T | ajl|

where | a;,| is the determinant or modulus of the transformation.

For the Hessian,
H’=H~ Id.jlz.

1.380 To change the variables in a multiple integral:

I=/....... SFEOy, vy e v v .. , Yn)dydys . ... dyn
to new variables, 1, %3, . . . ., %, When yi, y2,. . . . . , Yn are given functions
of xy, %y . . . .. y Xn s
I=f....... Oy e - . - » ¥) Flx)dudzy . . . . . dxy,
A, %oy o v v o y ¥n

where F(x) is the result of substituting ui, xz,. .. ., a for 31, y2, . . ., ¥
iIn F(Y1, Y25« o o o oy Yn)s

PERMUTATIONS AND COMBINATIONS

1400 Given # different elements. Represent each by a number, 1, 2, 3,. . . . o
n. The number of permutations of the » different elements is,

P = n!
eg., n=
(123), (132), (213), (231), (312), (321) = 6 = 3!
1401 Given 7 different elements. The number of permutations in groups of
r (r<m), or the number of r-permutations, is,
n!
'n,Pf =T (n — r)!
e g 5N =4,7r=3:
(123)(132) (124) (142) (134) (143) (234) (243) (231) (213) (214) (241) (341) (314)
(31 2) (321) (324) (342) (4! 2) (421) (431) (413) (423) (432) =24
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1.402 Given # different elements. The number of ways they can be

divided into m specified groups, with %1, %3, . . . . . , %m in each group respec-
tively, (@1 + a2+ .. . .. + %m) =nis
n!
alel oo X!

eg,n==0,m=3, %1=2 % =3, %=1

(12) (345) (6) (13) (243) (6) X 6 = 60
(23) (145) (6) (24) (135) (6)
(34) (125) (6) T (35) (124) (6)
(45) (123) (6) (25) (234) (6)
(14) (235) (6) (15) (234) (6)

1.403 Given # elements of which x; are of one kind, #» of a second kind,

..... .. @m of an mth kind. The number of permutations is

1.404 Given » different elements. The number of ways they can be permuted
among m specified groups, when blank groups are allowed, is
m+n—1)!
(m — 1)!
eg, n =3 Mm=2:
(123,0) (132,0) (213,0) (231,0) (312,0) (321,0) (12,3) (21,3) (13,2) (31,2) (23,1)
(32,1) (1,23) (1,32) (2,31) (2,13) (3,12) (3,21) (0,123) (0,213) (0,132) (0,231)
(0,312)(0,321) = 24
1.406 Given  different elements. The number of ways they can be permuted
among  specified groups, when blank groups are not allowed, so that each group
contains at least one element, is
nlln — 1)!
(n —m)!(m ~ 1)!
eg, n=3 m=2:

(12,3) (21,3) (13,2) (31,2) (23,1) (32,1) (1,23) (1,32) (2,37) (2,13) (3,12) (3,21) = 12
1406 Given # different elements. The number of ways they can be combined
into m specified groups when blank groups are allowed is

. -
eg, =3 m=2:
- (123,0)(12,3) (13,2) (23,1) (1,23) (2,31) (3,12) (0,123) = 8
1407 Given # similar elements, The number of ways they can be combined
into m different groups when blank groups are allowed is
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(n+m-—1)!
(m — 1)ln!
eg,n="06 m=3:

Groupr 655444333322222IIIIITI0000000
Group2z 0I0201302I1403I2504132605T1I423, =28
Group3 00102I103I1204I3205142306I15243
1.408 Given # similar elements. The number of ways they can be combined

into m different groups when blank groups are not allowed, so that each group
shall contain at least one element, is

(n —1)!
m—0)lm—ml

BINOMIAL COEFFICIENTS

L (n>=___”_'__=< nk>=nck=n(n—1)(n—-2)k'. . (n—k+1)
>+<kj—1>=(;:iz)
o (e (-

@
=
o I

(=)
e
[ [
~——
+
~/
_;
=+
H
~——
+
_
&+
N
N—"
+
+
D
~——
|
N
& I
+ +
H M
N——

)+ ()= ..
s (G20 G2)E)
) .

10. T — (7;) + (Z) - .. +/(—I)"(Z) =o.
1L :+<’:>2+<’:)2+. .. +<Z)2=(2;‘)
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1562 Table of Binomial Coefficients.

(-
HOOBEOO0EEE

N
=S
~——

1
2

3 3 1

4 6 4 1

5 IO 10 5 I

6 15 20 15 6 1

7 21 35 35 21 7 I

8 28 56 70 56 28 8 1

9 36 84 126 126 84 36 9 1

I0 45 I20 2I0 252 2I0 I20 4§ 0 I

1T 55 165 330 462 462 330 163 55 II I

12 66 220 495 792 024 792 495 220 66 12 I

1621 Glaisher, Mess. of Math. 47, p. 97, 1918, has given a complete table
of binomial coefficients, from # = 2 to # = 50, and 2 =0 to & = #.

161 Resolution into Partial Fractions.
If F(x) and f(%) are two polynomials in # and f(x) is of higher degree than

F(),
F(x) Fle) 1 d* [ F(c) 1
) e $(a) x—0+2(;/’— ! de*7 $(c) x—G]

s0-[1Z] _,
¢ = [(xffx)c) ] e

The first summation is to be extended for all the simple roots, ¢, of f(x) and the
second summation for all the multiple roots, ¢, of order p, of f(x).

FINITE DIFFERENCES AND SUMS.
/1811 Definitions.
. Af(@) =f(x+ k) - f().
A*f(x) Af(x + k) — Af(a).
=f&+ 2h) - of @ + b) + /().
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3. A%(x) = A% (x + k) — A% ().
=f@+38) — 3f(x + 2k) + 3f(x + h) - f().

--------

4 A (x) = f(x + nh) — ?f(x +7m—1h) + ﬂnz—r—llf(x +n—2h) =
+ (= 1)),
1.812
1. Alcf(x)] = cAf(x) (c a constant).
2. A[fi@) +fo@) +. ... =20/) + Ak +. ...
3. ALfi() f2(%)] = fi@)- Afe(x) + folw + B)- Afi(2)
= f1(x) - Afa(x) + fo(®)- Afi(%) + Afi(2) - Afa(#).
ALE) _ L@ Af(@) — fi(x) - Af(x) |
f fole) ~ (@) falx + 1)
1.813 The nth difference of a polynomial of the nth degree is constant. If
f&) = g + @™t 4. oL + Qns® + an
Arf(x) = nlaghn.

1.82 ‘
Az —0)(x—b—Rh)(x—b—2k)..... (x—b—n—1h)}
L. nn—1)(n—2)..... (n—m+1)hm
=x -0 —-b—-R(x—-b—2k....(x—-b—n—m—1k).
1
@+dD)E+b+n)(x+b+2h) . ... x+b+n—1k)

= (_I)m n(n+ 1) (”""‘ 2) ...... (ﬂ,+m_ I)hm .
(4 b) (x+b+h) wA+b+2h) .. .. (&+b+n+m— 1h)

3. Amaz = (@b — 1)™a®

»

. Alog f(x) = log (I + Af](’(o)c))

A sin (cx + d) =(2 sin7h> sin(cx+d+m0hj7r)-

@

ch+7r).
2

o

Amcos (cx +d) = (2 sin %)mcos (cx +d+m

2T
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1.83 Newton’s Interpolation Formula.

xr—a

1) = 7(0) + 222 agte) + E=LE2 2 pogt) 1

x—a) x—a—h (x—a—zk)Nf(a)_l_

+ TR M@
x—0a) @=a—h)..... (x—a—n— 1k
+ x a) (x—a )n! = x—a I )A”f(a)
- —a—=-h...... —a—nh
+(x a) (x—a 1)¢+I! (x—a n)f“*'”(f)

where £ has a value intermediate between the greatest and least of g, (¢ + nk),
and .

1.831
S0+ 1) = 760) + % @) + 272 wegta) 4 2= (22 Ay
Fovinnn + nAf(a) + A7f(a).
1.832 Symbolically
1. A= eh':—x . :
2. f(a+ k) = (1 + B)f(g)
1.833 If uo = f(a), w = fa+ &), wa =fla+ 2h), . . . ., 4z = f(a+ xh),

3
Ba= (1 + D) 7up = "85 uo.

1.840 The operator inverse to the difference, A, is the sum, Z.

S=A1= 7
N2
eMdx—1

1841 If AF(2) = f(x),
' Zf(x) = F(x) + C,

- where C is an arbitrary constant.

1802
1. Zof(x) = cZf(#).
2. ZLA@ + fol®) +. . T =ZA@) + ZH@) +. . .
2 Z[f)-Afa()] = fi(®)-fo(@) — Z[folo + 1) - Afi (%) ]



ALGEBRA

1.843 Indefinite Sums.
L Z[x-0)@=-b-R(x—b—2h) ... (@—b—n—1k)]

I

=m<x—b)(x—b—h) ..... (€ —b—nh) +C.

I
% 2(x+b)(x+b+h) . . @+btn_1n

I I

T T Dk D)+ b+ h) ....(x+b+n—zlz)-+c

az
3. Za =a”'—1+c'

sin (cx - -C-IZ + d)

2
4. Ecos (cx +d) =——ﬂ——+C.
2 sin —
2
cos (cx—cz—h+d)
5. Zsm (cx+d) = ———T—+C.
2511'1;‘

1.844 If f(x) is a polynomial of degree #,

Do) = s {16 = i A1) + (5 AV -

ot — 1 ah —1 ah —1

+ ( —a’ )nA"f(x) +C.

e —1

1.846 If f(x) is a polynomial of degree #,

fl@) = ax™ + ax™ 4. . ..+ Cua® + G,
and

F(®) = cow™! 4 ™ + cx™ 1+ . . . . 4 Ca + Cnya,
where

(m+ 1)hco = ao

gn_-{;'i@ hZCo -+ ﬂhG;[ = a3

”(”2-'- 1) Koo+ (n — 1)hey = a2

..........

..........

The coefficient c¢n41 may be taken arbitrarily.

23
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1860 Definite Sums. From the indefinite sum,
2f(x) = F(x) + C,

a definite sum is obtained by subtraction,
a+nh

Ef(x) = F(a + nk) — F(a + mh).

at+mh

1.851
atnh

. Zf(x) =f@)+fla+h) +fla+2k)+....+fla+n—1k)
’ = F(a + nk) — F(a).

By means of this formula many finite sums may be evaluated.

1.852
at-nh
Z(x—b)(x—b—h)(x—b—zk) e (@—b-F—1h)
_(@—b+nh)a—-b+n—1h) .... (a—b+n—kh
B+ 1)k
(e=08)(a~b—Fk)....(a—0b—Fkh
- (B+ 1)k )
1.863
atnk
Z(x—a)(x—-a—h) e (w—a—-kE=1h)
" ar—Dm-2) . ... (=B,
&+ 1)

1854 If f(x) is a polynomial of degree m it can be expressed:
fl@)=A¢+Ailx—a) + Az —a)x—ac-h)+....

+Anx—a)(x—a—-h) .. (x—a—m— 1h),
a+nk

2/ =A°”+Alﬁ@2—_—llh+A2M;I;(”_:_@hz

nn—1) ... (n.—m)hm.

Am
+ (m + 1)

1.866 If f(x) is a polynomial of degree (m — 1) or lower, it can be expressed:

flx) = Ao+ Ai(x + mh) + As(x + mh) (x + m — 1h)

- Feeeitdnalx+mh) ... (x+ 2h)
and,

% f(@) _ 4o 1
x(x + h) (= + 2k) ce (% + mh) mk{a(a+h) eo.(a+m—1h)
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1
(e4+nk) ..... (a—l—n-l—m—lh)}
+ A I _ I
(m-—I)lz{a(a+h)...(a+m—2h) (a+nh)...(a+n+m—2h)}
Apna 1 I
+ e + 7 {E_a-}-nh}'

1.856 If f(x) is a polynomial of degree m it can be expressed:
J@) = 4o+ As(x + mh) + Az(x + mh) (5 + m — 1h) + .

+An(x+mk) ... x+h)
and, ;
a+n.
2 (=) _4o 1
-l +h) ... (@+mh) mhlal@+h)....(@+m~—1k)
1
(a+nh) ..... (a+m+n—1h)}
A at-nk
m—1 [ I I I
e + 7 {c_z_a+nlz} +Am2;
where,
a+nh

ZE._.E 1 + I + +__I__
x & a-+h a+ 2k a+n—1k

1.86 Euler's Summation Formula.

b b
DICEE f 10ds + 4 {10 5@ } + a0 {10 -1 @},
‘ S+ Am = { D) (B — fm=2 (a) },

f ¢m<z> S\ (xhixf»' 2R

hgm h2gm—2

| — z__ m—1
¢m(z) = m! + Al (m I)‘ -+ A2 (m 2)[ . + Am—lh 2.
m!Pn(z), with & = 1, is the Bernoullian polynomial.
Ay = —%, Agr+1=o0; the coefficients As; are connected with Bernoulli’s
numbers (6.902), By, by the relation,
By,
— 7)FH
A?k ( I) (Zk)'
X g R SR
4y Y 42 Ti2 ‘ A‘ 720 4o = 30240 """
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1.861
, |
D =1 [ o= -1} + L0 -r@)}

- _le__ ff'"(b)-—f"'(a) } + "

720 | 30240

(ror-rep-.....
1.862

1 1 du, 1 Pup 1 Pus
Zux=c+-/‘uzdx—;uz+; dz ~ 720 di? +3024o des T

SPECIAL FINITE SERIES

1871 Arithmetical progressions. If s is the sum, ¢ the first term, d the common
difference, ! the last term, and # the number of terms,

s=a+@+8+@+280)+....[a+ m~-1)0]
l=a+(m—1)0

s = 1:[211 + (n - 1)d]

%
= ;(a +10).
1.872 Geometrical progressions.
s=a+aptapr+..... + apnt
L
s = aP —
a
If p<1, n = =, S=1—%"
1.873 Harmonical progressions. @,b,¢c,d,. . . .form an harmonical progression
if the reciprocals, 1/a, 1/b, 1/¢, 1/4, . . . . form an arithmetical progression.
1874,
St _ ntne) SV, [als 0P
_nin+1x _frn+1
I. Ex = . 3. 2953 = [———;—{I
x=1I =1
NN, _ a4 @nt) =
nn+1) (2n+1 wowt w o
R x? = . e — o — o — - —
2 6 4 Zx 3 + 2 + 3 30

¥=1 x=1
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1.875 In general,

x

n

k+1 k
b e B B e 30 pr s K

I

]

£

By, B, Bs, ... are Bernoulli's numbers (6.902), (2) are the binomial

coefficients (1.61); the series ends with the term in # if 2 is even, and with the
term in #? if & is odd.

1.876
I a2

ST iy tlg -2
12 PRIt LI n(n + 1)

3
. R
nn+1) +2)

v = Euler’s constant = 0.5772156649 . . .

I
as =
12

0 =22 ak=%frx(1—x)(2—x).....(k—x—x)dx

8o
-2
=%
1.877 2 b
I I I rL.T_ —— b
12+22+32+“"+n2—6 n+1 (m+1) (n+2)
bs -
(mt+1) (m+2) (43 "77°°
_ (-t
bk—' k
1.878
11 I e
statat e eIy ey

C3

BRI DIE

C = 22—3 = I1.2020569032

k=1

—I,
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1!879 Stillllls D A Villuice,e
" log (nl) = log V27 + (n +-§-) logn—n

A (2k ~4)!

+-;2+. I L s e I
(2k —2)!
+0A2k—n7z_1—

0<0<z1. The coefficients 4} are given in 1.86.

1.88
. i+xl+z22l 4334+, .. +unl= (n+ 1)!

2. 1:2:3+2°34+3°4'5+....+n@+1) (n+2) =i—n(n+r) (n+2) (n+ 3).

3123, .. 7+234. .+ F +uln+1) (n+2)
e mt+r—0
_n(n+1) n4+2) ... .(n+r).
h 741
4. 1p+2(p+D)+3(p+2D)+. - +n(p+n-—1)

= Zn(n+ 1) (3 + 2n = 2).
5. pq+ (p—1) (g-1)+(p—-2)@—2)+. ... (p—mn) (g—mn)

= 2nl6pg — (n— 1) (3p + 37 = 22 + D)

b b(b+1) bb+1)....(0+n—1)
6. I+E+a(a+l)+' Tt '+a(a+1).. L Gt+n-1
po+1)....0+n) a—1

TGtt+ri-aae+. ...(a+n-—1)_b+1—a.



II. GEOMETRY

2.00 Transformation of coordinates in a plane.

2.001 Change of origin. Let «, ¥ be a system of rectangular or oblique codr-
dinates with origin at O. Referred to x, y the cobrdinates of the new origin O’
are a, b. Then referred to a parallel system of cobrdinates with origin at O’
the cobrdinates are «/, /.
: x=3+a
y=9+b.
2.002 Origin unchanged. Directions of axes changed. Oblique cobrdinates.
Let w be the angle between the x — y axes measured counter-clockwise from
the #- to the y-axis. Let the x’-axis make an angle o with the x-axis and the
y'-axis an angle 8 with the x-axis. All angles are measured counter-clockwise
from the wx-axis. Then

zsinw =« sin (0 — a) + 9 sin (w - B)
ysinw =« sin & + 9’ sin 8
w=8-a.

2.003 Rectangular axes. Let both new and old axes be rectangular, the new
axes being turned through an angle § with respect to the old axes. Then

™ ™
w=T,a =0,="+0.

x=2a"cos -y sinb
vy =4’ sin 6 4+ 9’ cos 6.

2.010 Polar codrdinates. Let the y-axis make an angle w with the x-axis and
let the x-axis be the initial line for a system of polar coérdinates 7, 6. All angles
are measured in a counter-clockwise direction from the x-axis.
o:; _rsin (w— 0)
sin w

y= rsin 0_

2011 Tf the w, y axes are rectangular, @ = %;

x=rcos 0
¥y =rsin 6
0
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2.020 Transformation of codrdinates in three dimensions.

2.021 Change of origin. Let x, v, 2z be a system of rectangular or oblique codr-
dinates with origin at O. Referred to «x, y, z the coordinates of the new origin
O’ are a, b, c. Then referred to a parallel system of codrdinates with origin at
O’ the cobrdinates are ', y', 2

rx=x +a
y=y+0
2=3+c¢

2.022 Transformation from one to another rectangular system. Origin un-
changed. The two systems are %, y, z and &’ 3’ 2'.

Referred to #, v, z the direction cosines of &’ are Iy, m1, m
Referred to x, v, z the direction cosines of y’ are Iy, ms, #2
Referred to #, y, z the direction cosines of 2" are s, ms, #3

The two systems are connected by the scheme:

x/ 3}I zl
X L Iy Is
y my e m3
2 My ne ]
x=ha' + Ly + I’ &' = hx + my + mg
y = mx’ + mayy’ + mgz’ 3 = low + may + Mz
z = mx' + ngy' + ng’ "= lgx + may + nz
W+ m? +n? =1 W+ P+ =1
L+ m?+mf =1 m? + m? +md =1
I +ms +nd =1 m? 4+ 4 nl =1

hils 4+ muma + mme = o
lols + mamg + moms = 0
lly + mgmy + ngmy = o

hmy + lowny + lymg
mimy + matle -+ mang
by + naly  + mals

I

2.023 If the transformation from one to another rectangular system is a rotation
through an angle 6 about an axis which makes angles @, 3, v with «, y, 2 re-
spectively,
! 2c050 =0 +m+m—1
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cos? a _ cos? 3 3 cos? ¥
Mo+ n3—h—1 myt+h—m—1 hLh4m—n—1I

2.024 Transformation from a rectangular to an oblique system. «, y, 3 rec-
tangular system: ', ', 3’ oblique system.

/\, /\I /\,

cos xx’ =13 cos xy’ = Iy cos 2z’ = I3
/\I /\I /\,

cos yx' = m cos vy = me cos vz’ = mg
/\l /\, /\,

cos 28’ = m cos zy’ = my cos 2z’ = ng

x=hx' +ly + L
y = mx’ + mgy’ + mgz’
2 =mx’ + nyy' + ngz’

s

cos 'z’ = lols + mams + mamg
NN

cos g'x’ = Isly + mamy + ngmy
N

cos x'y" = Il + mums + mymy

R4m2+n?=1
I* 4 me® + mg = 1
I2+md+nt=1

2.0256 Transformation from one to another oblique system.

/\, /'\l /\,
cos xx’ =1y cos xy’ =1 cos xz’ = I3
-~ _ A _ 5 _
cos yx' = m cos yy' = my cos yz' = ms
cos zx’ =m cos 2y’ = s cos 23’ = ng
A = ll lz l3
M1Mat3
71 N2 N3

x=hy' +hLy -+

vy = mx’ + myy’ + mgz’

z=mx' +ngy + mz'
A5 = (mang — mang)x + (nals — male)y + (lams — lsma)z,
A-y' = (mym — mmng)x + (nghy — mls)y + (g — homs)z,
A-z' = (mumy — mam)x + (mibe — maly)y + (homa — Lmy)z.

h? + m? + n® + 2mum; cos yz + 2ml; cos zx + 2lymy cos xy =1,
b? + ma® + ne? + 2mmgmy cosyz+ 2%2[2COSZ.’X?+ 2lzmzcosxy =1,
1 + mg? + ng® + 2mgng COS yz + 2mgl3 cos W + 2lyms cos xy = I.

x+ycosxy+zcosxz—llx +lzy + I’
y+xcosxy+zooszy mx’ +mzy + mg2’,
z+xcosxz+ycoszy—n1x + my’ + naz'.
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2.026 Transformation from one to another oblique system.
If #g, ny, . are the normals to the planes yz, zx, xy and #.', n,”, n.” the
normals to the planes y'z’, z'x’, &'y’

AN ' /I\ ’ /l\ ’ //\
XCOS XMy =X COSE Mg+ ) COSYHz+ & COSZ W,

—~ , /I\ ’ /l\ P /I\
YCOSyny =& COSXNy+ Y COSYMy—+ 2 COSZHy

A~ ’ /,\ ’ /I\ ' /;\
Z2Cosgm, =X COSX N+ Y COSY#;+ 3 COSZ N,

, /\, /\’ /\, /\'
%’ cos x'n,’ = x cosxny’ + y cos yn,' + 2z cos zm’.

)

’ o = = T
Yy’ cos y'ny =% COSXny -+ Y COS Yy + 3 COS sy .
, 7 ’r /\, /\, /\'
8 COs3'Mm, =%COSXN, -4y COSYyYn, -+ 2 COS2N,.

)

2.030 Transformation from rectangular to spherical polar cosrdinates.
7, the radius vector to 4 point makes an angle 6 with the z-axis, the projection
of 7 on the x-y plane makes an angle ¢ with the x-axis.

2 =rsin 0 cos ¢ 7= a4 P 422
z
= rsin 0 sin 0 = cog~ ——————=x=
g ? Vit + 9 + 2
2=7cos 0 ¢=tan‘1%

2.031 Transformation from rectangular to cylindrical cosrdinates.
p, the perpendicular from the z-axis to a point makes an angle 6 with the
x-z plane.

x=pcos@ p =2+
y=psinf 6 = tan~12
z=3

2.032 Curvilinear cosrdinates in general.
See 4.0

2.040 Eulerian Angles.

Oxyz and Ox'y'z" are two systems of rectangular axes with the same origin O.

OK is perpendicular to the plane 20z’ drawn so that if Oz is vertical, and the

projection of Og’ perpendicular to Oz is directed to the south, then OK is directed

‘to the east. . .

Angles 3’0z =0,
y/QK =@,
y'OK = .
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The direction cosines of the two systems of axes are given by the following
scheme :

x y z

/| cos ¢ cos 0 cos Y — sin ¢ sin sin ¢ cos 6 cos Y +cos @ sin & | —smn 6 cos Y
| —cospcosOsiny —smepcosyy| ~sinpcos@smy +cospcosy| smbsm
cos ¢ sin 0 sm ¢ sm @ cos @

~

N 8

2.060 Trilinear Coordinates.

A point in a plane is defined if its distances B
from two intersecting lines are given. Let CA4,
CB (Fig. 1) be these lines:

PR=p, PS=gq, PT=r R

T
Taking CA and CB as the x-, y-axes, including P
an angle C,
?
X = )
sin C C 5 A
=9 .
Y=%c Fie. 1

Any curve f(x,y) = o becomes:

; ? ,_ ¢\ _
I (sin ¢ &n c) =0
If 5 is the area of the triangle CAB (triangle of rererence),
28 = ap + bq + cr,

a = BC,
b=CA,
¢ = AB,

and the equation of a curve may be written in the homogeneous form :

7 ( 25p ) 25q ) _
(@p+0g+cr)sinC (ap+bg+ersnC) ~

2.060 Quadriplanar Cobrdinates.
These are the analogue in 3 dimensions of trilinear codrdinates in a plane
(2.050). ‘ o ‘
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%1, %2, %3, %4 denote the distances of a point P from the four sides of a tet-
rahedron (the tetrahedron of reference), L, mu, #1; lo, e, n2; I3, ms, n3; and
ls, ma, 1y the direction cosines of the normals to the planes x; = o, %2 = 0, 45 = 0,
x4 = o with respect to a rectangular system of coordinates %, ¥, 2; and di, ds, ds,
ds the distances of these 4 planes from the origin of coordinates:

= hx +my +mz — d,
(I) x2=12x+m»2y+nzz—d2
X3 = l3x+m3y + 132 — ds
Xy = 1% + Mgy + 143 — da.

51, 52, 3, and s, are the areas of the 4 faces of the tetrahedron of reference

and V its volume:
3V = 151 + %282 + X353 + XS4,

By means of the first 3 equations of (1) #, v, z are determined :

x = A + Bixs + Cuxs + Dy,
Y = Ay + Baxy + Coxz + D,
3 = Agx; + Bsxs + Csws + Ds.

The equation of any-surface,
F (x;y7z) = 0,
may be written in the homogeneous form :

D .
F [ rAm + Buty + Citg + = (5121 + So25 + 3% + %) |,
L 3V

i D,
Agwy + Baxs + Cows + g%, (5101 + S0 + S35 + 349\?4):',

i D
Aswy + Bsxy + Caws + 3—13/ (101 + S22 + S35 + 54304)] } =0

PLANE GEOMETRY

2.100 The equation of a line:
Ax + By + C = o.

2.101 If p is the perpendicular from the origin upon the line, and @ and 8 the
angles p makes with the x- and y-axes:
P =xcos &+ ycos B
2102 If o’ and B’ are the angles the line makes with the #- and y-axes:
p=1ycos e —xcos .
2,103 The equation of a line may be written
Yy = ax + b.

a = tangent of angle the line makes with the x-axis,
b =.intercept of the y-axis by the line.
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2.104 The two lines:

Y = aix + by,
. Y = a% + by,
intersect at the point:
x = b2"'bl3 - dlbz—%bl.
ay — @ , a1 — Qo
2105 If ¢ is the angle between the two lines 2.104:
ay — a2
t = 4 —————
an ¢ I+ Q02

2.106 Equations of two parallel lines:
Adx+By+Ci=o0 0 Yy = ax + by,
Adx+By+Cy=o0 o Yy = ax + by
2.107 Equations of two perpendicular lines:

{Ax—|—By+Cl=o or y = ax + by,
1 Bx— 4 Co =
» y+C=0 y=—%+bg.

2.108 Equation of line through x;, y; and parallel to the line: i
Ax+By+C=o0 or y = ax + b,

Al —x) +Bly—ym)=0 or y—y=alx—ax).

2.109 Equation of line through %, ¥, and perpendicular to the line
Ax+By+C=o0 or y=ax+ b,

X — X
a

Blx—x)—Aly—-y)=0 o y-—y=-—

2.110 Equation of line through #;, y: making an angle ¢ with theliney = ax 4 b

e + tan ¢

1—atan¢n(x_xl)'

Yy—n=

2.111 Equation of line through the two points, %1, v, and xs, 2

—_yy = 2T N
y-n=o @ ).

2.112 Perpendicular distance from the point %1, y; to the line
Ax+By+C=o0 or y=ax+b,

p=Ax1+By1+C or p___yl‘—axl—b.
Ay + By Vi +a?
2.113 Polar equation of the line y = ax + b:
b cos o

T 6 -
where
tan @ = ¢
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2.114 1If p, the perpendicular to the line from the origin, makes an angle 3
with the axis:

p=rcos (8 —B).

2.130 Area of polygon whose vertices are at %y, Y1} %2, Y25 + o o0 o s o
Zny Yo = 4.
24 = y1(%n — %0) + Yooy — w) + ya(w2 — %) +. . . . .. + Yo (@1 — @1).

PLANE CURVES

2.200 The equation of a plane curve in rectangular coordinates may be given
in the forms:

(@) y = f(a).
(b) % = fi(£), ¥ = fo(t). The parametric form.
© : F(xy) = o.
2.201 If 7 is the angle between the tangent to the curve and the x-axis:

Wy Y
(a) tan 7= 2= =" 4

V.
df(?)

(b) tanT = _d N ?

AC) €

as 5
OF (z, y)
ox

= — . X

(c)' tan T (e 3) 0 QT M N
dy R
In the following formulas,
b
19
Y =5 tan 7 (2.201).
F1e. 2
2202 OM ==x, MP =y, angle XTP = 7.
A/ /2
TP=ycscT = Z—Iy—,-'_y—- = tangent,

TM =ycotT= ;’—, = subtangent,
PN = ysec 7 = y4/1 + ¥ = normal,
MN =y tan 7 = vy’ = subnormal.
2203 OT =x-— %; = intercept of tangent on x-axis,

OT' = y ~ %y’ = intercept of tangent on y-axis,
ON = x4 yy' = intercept of normal on x-axis,

ON' = y+ ;% = intercept of normal on y-axis.

'



2.204

2.2056

2.206

2.207

0Q =

0S =

OR =

PR =

oV =

PV =

%+ vy’
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y —xy’
V14"

= distance of tangent from origin = PS = projection of
radius vector on normal.

Yy =) y—ay

Codrdinates of Q: 1197 P T1 "

= distance of normal from origin = PQ = prujccuon ui
radius vector on tangent.

x4+ 9y @+ )y
14+9y%’ 14y

VI+y*

Coordinates of S:

Vot + 92 (v — xy')
x4+ 5y

@249 Vit y?
x4+ yy

= polar subtangent,

= polar tangent,

g 2@ =) x(y—xy)

Coordinates of i
%+ Yy %+ 5y

VA + (x+yy)

= polar subnormal,

y —xy’
2 2 /2
& +5) \/I Ty = polar normal,
y—ay’
o 5+ 2o+
Cobrdinates of V: ¥ ygi ), ( vy’) :

y - xy y - xy’

2.210 The equations of the tangent at i, y; to the curve in the three forms

of 2.200 are:

(a)
(b)

()

y—y=f(x) (® - ®).
(y — ¥ () = (& — 2)fo" ().

(& — 1) ( af:)x—x; + = ( >x=x1 = o.

I=n y=n

2.211 The equations of the normal at x;, v to the curve in the three forms

of 2.200 are:

(a)
(b)

(o)

flx) (9 —9) + (x— %) =o.
(y — yfe’ () + (x —x)fi’(h) = o.

G = 2 (jj)y_m 6= (E)eon-
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2.212 The perpendicular from the origin upon the tangent to the curve

F(x,y) = o at the point x, y is:
9z 7 9y

VG -G
ox dy,
2.213 Concavity and Convexity. If in the neighborhood of a point 2 a curve

lies entirely on one side of the tangent, it is concave or convex upwards according
2

d?y
asy”’ =73
in figure 2.

P =

2 s positive or negative. The positive direction of the axes are shown

2.220 Convention as to signs. The positive direction of the normal is related
to the positive direction of the tangent as the positive y-axis is related to the
positive x-axis. The angle 7 is measured positively in the counter-clockwise
direction from the positive x-axis to the positive tangent.

2.9221 Radius of curvature = p; curvature = 1/p.
1 dT

=

p das
where s is the arc drawn from a fixed point of the curve in the direction of the
posilive tangent.

2.222 Formulas for the radius of curvature of curves given in the three forms

of 2.200.
{e @)
(a) U TG [y
a p= d_2_)_1 - y//
dx?
(G-} ()
) W& e g a
TR EF+(@- &7
di d ~ dt de az) T\@#) - (ﬁ)
If s is taken as the parameter #:
’ s B2 e @ @)
() p " de as a2 \\as) (21}3
2 3
(&) &)
© p=- L)
6_%‘(@‘) ) 62F OF OF 9%F (OF\2
9x2\dy axay dx 8y t 57 d9y? (c')x
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2.223 The center of curvature is a point C (fig. 2) on the normal at P such
that PC = p. If p 1s positive C lies on the positive normal (2.213); if negative,
on the negative normal.

2.224 The circle of curvature is a circle with C as center and radius = p.

2.225 The chord of curvature is the chord of the circle of curvature passing
through the origin and the point P.

2.226 The coordinates of the center of curvature at the point x, v are &, 9:

E=x-psinT

dy
tan’r—%

Nn=y+pcosT

If I/, m' are the direction cosines of the positive normal,
E=x+1lp
n=y+mp.

2.227 1If J, m are the direction cosines of the positive tangent and !, m those
of the positive normal,

a_U dm_n
ds p ds p
UV'=m, m' = -,
d__L i _ _m
ds ~p ds  p

2.228 If the tangent and normal at P are taken as the x- and y- axes, then
limip %°

P= g0 2y

2.229 Points of Inflexion. For a curve given in the form (a) of 2.200 a point

of inflexion is a point at which one at least of z = 2 and g_z;_g exists and is con-
2 2.
tinuous and at which one at least of j = 2 d i vamshes and changes sign.

If the curve is given in the form (b) a point of mﬂemon, t1, is a point at which
the determinant:
A (%) £ (t)

G S )]
vanishes and changes sign.
2.230 Eliminating x and y between the cotrdinates of the center of curvature

(2.226) and the corresponding equations of the curve (2.200) gives the equation
of the evolute of the curve — the locus of the center of curvature. A curve
which has a given curve for evolute is called an involute of the given curve.
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2231 The envelope to a family of curves,

I. F(xz, v, a) = o,
where a is a parameter, is obtained by eliminating a between (1) and
2. F_.
da
2.232 If the curve is given in the form,
I. z= A, a)
2. y =50 ),

the envelope is obtained by elimmating ¢ and a between (x), (2) and the func-
tional determinant,

3. Z—((};—l,’—g =o0 (see 1.370)

2.233 Pedal Curves. The locus of the foot of the perpendicular from a fixed
point upon the tangent to a given curve is the pedal of the given curve with
reference to the fixed point.

2.240 Asymptotes. The line
y=ax+b
is an asymptote to the curve y = f(x) if
¢ = a::'—njm ()

b=t [5@) - 2f' ()]
X =f1(t)7 y =f2(t):

and if for a value of 4, #, fi or f» becomes infinite, there will be an asymptote if
for that value of ¢ the direction of the tangent to the curve approaches a limit
and the distance of the tangent from a fixed point approaches a limit.

2241 1If the curve is

2.242 An asymptote may sometimes be determined by expanding the equation

of the curve in a series,
” o«
Z: by,
Y= apx® + &
k=o k=1

limst b »
I x—r)m xl; =0,
F=1
the equation of the asymptote is

”
y= 2ot

k=o
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If of the first degree in w, this represents a rectilinear asymptote; if of a higher
degree, a curvilinear asymptote.

2.250 Singular Points. If the equation of the curve is F (%, y) = o, singular
points are those for which

9F _9F _
B9y~
Put,
a-ZEOE_(FTY
dx? 3y* \ox 9y

If A<o the singular point is a double point with two distinct tangents.
A>o the singular pont is an isolated point with no real branch of the curve

through it.
A = o the singular point is an osculating point, or a cusp. The curve has two
branche 1 a common tangent, which meet at the singular point.

it OF, OF, OF FT—F
dx 9y dx* 8yt 9x Oy

point is one of higher order.

simultaneously vanish at a point the singular

PLANE CURVES, POLAR COORDINATES *

2.270 The equation of the curve is given in the form,

r = f(0).
In figure 2, OP = r, angle XOP = 0, angle XTP =7, angle pPi = ®.
2971 0 is measured in the counter-clockwise direction from the initial line,
0X, and s, the arc, is so chosen as to increase with 0. The angle ¢ is measured
in the counter-clockwise direction from the positive radius vector to the positive
tapgent. Then,

T=0+¢.

2.272 tan ¢ = ”w
¢ rd0

cos¢> éf

. ds
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2.273 . dr
sin 6 70 +7 cos 8

tan 7 =
cosG————r sin 6

af
ar
ds = {,,2 <d0> } a0
2.274 PR=7\/1+ (rd@) polar tangent

PV = \/ rt 4 (g)z = polar normal
a0
OR = 7= = polar subtangent

oV = =5 = polar subnormal,

7’2
Ve ()
a0

" 39
0S = —=—=———— = distance of normal from origin.

Vo
do
2276 Ifu = ;, the curve 7 = f(6) is concave or convex to the origin according as
L 2
d6?
is positive or negative. At a point of inflexion this quantity vanishes and changes
sign.

= p = distance of tangent from origin.

2.280 The radius of curvature is,
{ r? 4+ (ﬂy } '
B aé
ae ae:
2281 If u =-Ir— the radius of curvature is

(@)

p =
d*u
e )
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2.282 If the equation of the curve is given in the form,
r =7

where s is the arc measured from a fixed pomnt of the curve,
dr\*
¥ — =
_ \/‘ (ds) _
(-
ds® " \ds

2.283 1If p is the perpendicular from the origin upon the tangent to the curve,

_,ar . TP
1. p—rdp 2. p=p+75
2.284 Ifu=;
T_ .2 @2
pr““L(de)
du 7 (dp
2,285 T (dr>

2.286 Polar cosrdinates of the center of curvature, 7y, 6;:

2 a6) ~ | *\ze) \\ag) 7
o

- ar\2 d2r )2
{724—-2(35)—1’3@}
01=0+X7

dr\3 dr
(zé) +7' 7

tan X = dr\? &r
(%) -7

i) ~ " ae

2.287 If 2¢ is the chord of curvature (2.225):
ey I _ o8
2c = 2p dp_Zpr’

)

- a0

VIR

2 au

% <u +7 02>

2.290 Rectilinear Asymptotes. If r approaches o as 0 approaches an angle «,
and if 7(a — 6) approaches a limit, b, then the straight line

rsin (@—0)=2%
is an asymptote to the curve r = f(6).
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2.295 Intrinsic Equation of a plane curve. An intrinsic equation of a plane
curve is one giving the radius of curvature, p, as a function of the arc, s,

p =10
If 7 is the angle between the x-axis and the positive tangent (2.271):
dT=-(-ii x=xo+/scos7'-ds
f(s) o
T="To+ & y=yo+/ssin'r-ds.
s J(5) 5o

2.300 The general equation of the second degree:
aus? + 201%y + any? + 2a1% + 202y + 63 = 0

4= an G ai|;
Qou @2 QG| Gpx = Cka
a1 ds; a3
A e = Minor of Q pke '
Criterion giving the nature of the curve:
AuF0 A =0
Ax<0 Au>0
d]]A or (122A
A+0 <0 >0 Parabola
Hyperbola l
Ellipse | Imaginary
Curve
Ay or Az Ay = Ay
Ax<O Ax>0
? # <0 | >0 -
‘ Pair of | Pair of Imaginary | Real Imaginary
A4 =0 Real Lines Doub]'e
Straight Line
Lines Pair of Paralle]l Lines
i Intersection Finite

(Pascal: Repertorium der héheren Mathematik, II, 1, p. 228)
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2400 Parabola (Fig. 3). Y
2401 O, Vertex; F, Focus; N
ordinate through D, Direc-
trix.
Equation of parabola,
origin at O, o P <
Y= 4z DEA/
x=O0M, y=MP, Y
OF=0D=a T N F MmN X
FL = 2a = semi latus b
rectum.
FP =D'P.
2402 FP =FT =MD
=X+ a.

FiG. 3
NP = 2Va(a + %), TM = 26, MN = 2a, ON = % 4 2a.

- ®
ON' = \/‘_’i(x_i_w), 0Q=x\/a—_%—x, 0S = (¢ + 2a)\/a+x.

FB perpendicular to tangent T'P.
FB =+Va(e+ %), TP = 2TB = 2Vx(a + x).
“FB’ = FT x FO = FP x FO.

The tangents TP and UP’ at the extremities of a focal chord PFP’ meet
on the directrix at U at right angles.

7 = angle XTP.

tan'r=\/2-
x

The tangent at P bisects the angles FPD’ and FUD'.
2403 Radius of curvature:

p2tal 1 NP
Va 4 @

Coordinates of center of curvature: _

E=30+20 n=— 2x\/2v
Equation of \Evolﬁ'té: ‘ 1
V 27ay? = 4(x — 20)3.
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2404 Length of arc of parabola measured from vertex,

s=m+a10g (\/1-{-%:-—1-\/%)-

Area OPMO = §xy.

2.405 Polar equation of parabola:

r = FP,

6 = angle XFP,

o —22 .
T 1—cos

2.406 Equation of Parabola in terms of p, the perpendicular from.F upon the
tangent, and 7, the radius vector FP:
l
7

! = semi latus rectum.

RN

2410 Ellipse (Fig. 4).

\é
Iy
B P
L
D
N
X
5 M F A T
D'
F16. 4
2411 O, Centre; F, F’, Foci.
Equation of Ellipse origin at O:
g g
2TE=*t

%=0M, y=MP, a=04, b=0B.
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2.412 Parametric Equations of Ellipse,
x=acos ¢, y=>0sin .

¢ = angle XOP’, where P’ is the point where the ordinate at P meets the
eccentric circle, drawn with O as center and radius a.

2.413 OF =0F' =ea
.. Va2 — B
e = eccentricity = —

2
FL = Z—)- =a(1 — ¢?) = semi latus rectum.

F’P=a+ex,FP=a—-ex,FP—!—F’P:M.
7 = angle XT7".
bx
Vet — )
b , b a® — o?
NM——Z,ON ex, OT——OT—y— ur =2 o’

tan 7 = —

\/az—ocz\/az—e‘*x2 N _éa ab
PT = " ) '\/d x2 Ps—m,
"4 ‘I
0S = exVa® —
R o

2414 DD’ parallel to T'T; DD’ and PP’ are conjugate diameters:
OD? = a? — ¢?a2 = FP X F'P.
OP+ 0D = a* + V.

. P§ x OD = ab.
Equation of Ellipse referred to conjugate diameters as axes:
-x—2-|-lz=1 a = angle XOP
a? " b B = angle XOD
o’ = 0D’ a? = prpe aa-?bQ o tan o tan B = — Z—:
b = OP b2 = il

a? sin® B+ B2 cos? 8
2.416 Radius of curvature of Ellipse:
(o + Bt (@ - ezxz)i_

a'ht T ab
angle FPN = angle F'PN = w,
tan @ = e—gz—y,
2 I 1
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Cobrdinates of center of curvature:

&’ a2e2y3
‘E = ag ) 1’ b4 .

Equation of Evolute of Ellipse,

ax\!  (by §
(72) + (’22) =t
2.416 Area of Ellipse, mab.

Length of arc of Ellipse,
f VI — ¢ sin?¢ do.

2.417 Polar Equation of Ellipse,
r = F'P, 0 = angle XF'P,
ez -¢&)
T 1—ecos 0
2.418 r = OP, 0 = angle XOP,
I S
T V/1—¢ cos? 0
2419 Equation of Ellipse in terms of p, the perpendicular from F upon the
tangent at P, and r, the radius vector FP:
!
F =

! = semi latus rectum.

S
Q1+

2.420 Hyperbola (Fig. 5).

2421 O, Center; F, F’, Foci.
Equation of hyperbola, origin at O,

x2y2

a2
x=OM,y=MP, a=04 =04".

24922 Parametric Equations of hyperbola,

= a cosh #, y =05 sinh u.
or’

x=ase @, y=0> tan ¢.
‘ ¢ = angle XOP’, where P’ is the point where the ordinate at 1” meets the
eircle of radius e, center O.
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2423 OF = OF' = ea.
2
¢ = eccentricity = V& + ¥
a
Y
N'
S
P P
L
Q
7 i T
F'AA £ra AANF M N
Fic 35

2
FL = % = a(e® — 1) = semi latus rectum.

F'P=ex+a, FP=ex —a, F’P — FP = 2a.

7 = angle XTP.
tan 7o — 2
TS W -

) 2 2
v =25 on = an, 07 =% o1 = &,
P x y

MT=x2—a2’ PT=\/x2_02\/62x2_a2, ON'=€Z£\/x2—aza

X X
PS = '—'—_—_.a—‘—i___.—'-: = M._—_;__i
Vet — o Veu? — a?
2.424 . - OU = Asymptote.
' tan XOU = 2.
a

b = distance of vertex 4 from asymptote.

49
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24256 Radius of curvature of hyperbola,
_ (¢ — o)}
=

angle F'PT = angle FPT.

angle FPN = & = = — FPT.

angle F'PN = w'= ’—: + F'PT.

tan W = a—?—’-
b
Cos W =
e — a2
2 I I

Codrdinates of center of curvature,

8 a*ey®
bt

62
€=72“,7l=—

Equation of Evolute of hyperbola,

ERCE

¢ et

2.426 In a rectangular hyperbola & = a; the asymptotes are perpendicular to
each other. Equation of rectangular hyperbola with asymptotes as axes and
origin at O:

a2
Xy =—.
Y 2

2.427 Length of arc of hyperbola,

) 2
R AN k- B SV 7.}
aeJo V1 —FEsin? ¢ b2
2.428 Polar Equation of hyperbola:
2 _
r=FP, 0=XFP, r=a¢— "
ecos -1
b2
Tecost -1
2429 Equation of right-hand branch of hyperbola in terms of p, the perpen-
dicular from F upon the tangent at P and 7, the radius vector FP,

!l 2 1

P ora’

r=0P, §=XOP,

! = semi latus rectum.
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2.450 Cycloids and Trochoids.

If a circle of radius ¢ rolls on a straight line as base the extremity of any
radius, @, describes a cycloid. The rectangular equation of a cycloid is:

¥ = d(d) — sin ¢))
y = a(z — cos ¢),

where the x-axis is the base with the origin at the initial point of contact. ¢ is
the angle turned through by the moving circle. (Fig. 6.)

Y

F16 6

A = vertex of cycloid.
C = center of generating circle, drawn tangent at 4.
The tangent to the cycloid at P 1s parallel to the chord AQ

Arc AP = 2 X chord 4AQ.
The radius of curvature at P is parallel to the chord QD and equal to 2 X chord QD.
PQ = arcular arc 4Q.

Length of cycloid- s = 8a; ¢ = CA.
Area of cycloid S = 3ma?

2461 A point on the radius, b>a, describes a prolate trochoid- ~ASpoint, S
b<a, describes a curtate trochoid. The general equation of tgop.ho‘fds Sang™
cycloids is T

x=ap— (a+d) sin ¢,

y=(a+d) (1 —cos ¢),

d = o Cycloid,

d>o Prolate trochoid,

d<o Curtate trochoid.

Radius of curvature: ‘
__(eay+ @)}
ay + ad + d*
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2.462 Epi- and Hypocycloids. An epicycloid is described by a point on a
circle of radius @ that rolls on the convex side o a fixed circle of radius 6. An
hypocycloid is described by a point on a circle of radius ¢ that rolls on the con-
cave side of a fixed circle of radius b.
Equations of epi- and hypocycloids.
Upper sign: Epicycloid,
Lower sign: Hypocycloid.
bxa
o

% = (b+a) cos ¢ Fpcos o,

y=(bxa) sin g —a sinbjaqs.

i

The origin is at the center of the fixed circle. The z-axis is the line joining the
centers of the two circles in the initial position and @ is the angle turned through
by the moving circle.
Radius of curvature:
20(b+a) . @
= : é.

=————*% gin —
b=+ 2a 2

2463 In the epicycloid put b = . The curve becomes a Cardioid:
(a2 + 42t — 6a%(2® + y%) + 8aPx = 304
2454 Catenary. The equation may be written:

I. y'=§a(e§+ F9).
x
2. vy = a cosh .
— 2
3. % =a log Z_ﬂi‘_/(y.

The radius of curvature, which is equal to the length of the normal, is:
- = 2 %,
p = a cosh’ 5

2453:, Spiral of Archimedes. A point moving uniformly along a line which
;olaté?-‘,unjfornﬂy about a fixed point describes a spiral of Archimedes. The

Equation isy
=L T 7 = ab,
or, "z« -
RN T y
253" VS e tant
The polat’ subtangent = polar subnormal = a.
Radius of ‘Gurvature:
A o o= r(i 4+ ) (P4 o)t
" 0z + 6 72+ 202

9456 Hyperbolic spiral: )
oo ' 70 = a.
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2.457 Parabolic spiral:
7t = a%0.
2.458 Logarithmic or equiangular spiral:
r = qe",
n = cot o = const.,
« = angle tangent to curve makes with the radius vector.

2.459 Lituus:

2.460 Neoid:

2.461 Cissoid:
(& + P)x = 2097,
r = 2¢ tan 6 sin 6.
2462 Cassinoid:
(2 + 3 + @) = 4022 + B,
7% — 20%% cos 20 = b* — ot

2463 Lemniscate (b = ¢ in Cassinoid):

(0 + 972 = 20%(a? — 9?),
7% = 2a* cos 20.

wty = (b + )*(a? — 5.
o’y = 4a*(2a — ).

2.464 Conchoid:

2.465 Witch of Agnesi:

2466 Tractrix:

x=2aloga \/az—yz
S
dx —\/az_yz’

ava -y

SOLID GEOMETRY

2.600 The Plane. The general equation of the plane is:
Ax+ By + Cz+ D = o.
2.60L [, m, n are the direction cosines of the normal to the plane and p is the
perpendicular distance from the origin upon the plane.
Lom o= 2B C
Vi 10
p =1z + my + nsz,
| X e -——D _ .
S SRV Ty

[ '
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2.602 The perpendicular from the point x1, 31, 2 upon the plane Ax -+ By +

Cz+D=o0is:
_Ax1+B’V1+CZ1+D

vV A2 - B4 C?

2.603 0 is the angle between the two planes:
A+ By + Ciz+ Dy = o,
Asx + By + Coz + Dy = 0,

4145 + BiBy + CiCa .
VAP + B+ CE VAR + B2 + C2
2.604 Equation of the plane passing through the three points (21, y1, 21) (%2, ¥2, 22)
(23, 3, 23):

cos 0 =

% Y1 %1 + v % %1 I + 2z X1 Y1 I = N A
Yo %2 I %2 %2 I X2 Yo I X2 Yo %
V3 %3 I %3 X3 I X3 Y3 I ¥3 Y3 %3

THE RIGHT LINE

2.620 The equations of a right line passing through the point %1, y1, 21, and whose
direction cosines are , m, » are:
x—x1=y‘—y1=z—21-
l m n

2.621 0 is the angle between the two lines whose direction cosines are /1, m, n,
and lz, e, Ml

cos 0 = Ly + mums + mne,

sin? 0 = (home — lym)® + (mume — mam)® + (e — mah)?.
2.622 The direction cosines of the normal to the plane defined by the two lines
whose direction cosines are /1, 71, #, and lo, mens are:

M — Many wds — naly Limg — lomy
sinf ’ sin § ’ sin 6

2.623 The shortest distance between the two lines:
x—xl___y—;w:z-zl and x—x2=y—y2=z—zz
A my m ly Mma )

is:
d= (31 — 29) (myma — mgmy) + (91 — 2) (malo — maly) + (21 — 22) (limg — lowmy)
{ (mmg — mam)? + (maly — mahh)? + (loma — lgmy)? 3

2.624 The direction cosines of the shortest distance between the two lines
-are:

)

(1 — mamy), (mads — mah), (homs — byma)
i — mam N2 L (e — N2 L (e — L \212
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2.625 The perpendicular distance from the point s, ys, 2 to the line:

X—a y—% 3—2

h m 1

is:
d= {(xz - 9(;1)2 + (yZ - yl)2 + (22 - 741)2}% —_ {ll(xz - x1) +'m1(y2 - yl) + nl(z,- —_ Z]_)}_

2.626 The direction cosines of the line passing through the two points i, 1, %
and s, Ve, % are:
(=), (a—), (~az)
{2 — @) + (32 — 3)* + (22 — 2)*}*

2.627 The two lines:

% =mz+ p, % = Mm% + P,
and
y=mz+ q, Y = mz 1+ G,

intersect at a point if,
(my — mz) (@1 — o) — (m — m2) (pr — p2) = o.
The coordinates of the point of intersection are:

_ Mipa— MaP1 y = 102 — M2 5= P — P _e—q,

my — My Ny — M2 my— My M — W

The equation of the plane containing the two lines is then

(1 — 1) (& — myg — p1) = (my — ma) (y— 113 — qv).

SURFACES

2.640 A single equation in «x, y, 2z represents a surface:

F (x7 Y Z) = 0.
2.641 The direction cosines of the normal to the surface are:
| F o OF
ox ay’ 0z

T
o ay 0z
2.642 The perpendicular from the origin upon the tangent plane at x, y, 2 is:

‘ p=1Ilx+ my+ ns

2.643 The two principal radii of curvature of the surface F (%, 3, 2) =o a‘re“‘
given by the two roots of: - ‘
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k  OF 2F 8%F oF =0,

9x? dxdy x93 ox

oF B OF  ¥F  F

dx0y p 9 0yaz dy

#F FF  k OF  OF

dx02 dydz p 0z 9z

oF OF  F

ax oy dz °

where:
F\2 OF\? oF
2 [ — —_
k ‘(ax> +<ay> +<az)

2.644 The codrdinates of each center of curvature are:

T ] e
2.645 The envelope of a family of surfaces:
1. F(x, v, 2, &) =0
is found by eliminating o between () and
2. F_o
oa

2.646 The characteristic of a surface is a curve defined by the two equations
(1) and (2) mn 2.645.

2.647 The envelope of a family of surfaces with two variable parameters,
«, B, is obtained by eliminating o and (3 between:

1. F(x, v, 2, &, B) =o.
2 9F _.,
) da

oF
3. 'a—B = Q.

2.648 The equations of a surface may be given in the parametric form:
X =f1(“7 1’), Y =f2('lt, 7))7 2 =f3<u: ‘Z)).
The equation of a tangent plane at i, 1, 2 is:

(& — 2) 22 D 3( fa, fa) A(fsy f1)

( + @y — gy ) s + (5 — g LT L) a( f, f2)

a(u, v)
where

o fu fo) _ |9f Ofe |
a(w, v)  |du oo |’ etc. Sf:e 1.370.
afs %

| du OV
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2.649 The direction cosines to the normal to the surface in the form 2.648 are:

3 fe, fi)  9(fs ) O(fu, f2)
d(u, v)° O(m, v)’ d(u, v)

(GEs) + Gy - (Ge5) )
2.650 If the equation of the surface is:
z = f(%, ¥),

the equation of the tangent plane at x;, v, 2 is:
Z~21=( f) (x~x1)+( )(y ¥1)-

2.661 The direction cosines of the normal to the surface in the form 2.650 are:

e D)

(GG

2.662 The two principal radii of curvature of the surface in the form 2.650
are given by the two roots of:

(rt— D2 — {3+ @7 —2pgs+ G+ PEVI+ P +@p+ (1 + P2+ ¢ =o,
where
_Y af i Y ?f
T o q=@’ =y S=6x6y’ t=@2'
2.663 If p; and p. are the two principal radii of curvature of a surface, and p
is the radius of curvature in a plane making an angle ¢ with the plane of py,
1 _ cos? qb+sin2 qb.
P P P2
2.664 TIf p and p’ are the radii of curvature in any two mutually perpendicular
planes, and p; and p. the two principal radii of curvature:

I, m, n=

I I
_+._-.—__+—.
p P P ope

2.6556 Gauss’s measure of the curvature of a surface is:

SPACE CURVES

2.670 The equations of a space curve may be given in the forms:
(a) Fi(x, y, 2) =0, Fa(x,y, ) =o.

(®) z =5, =70, z=/7 0.

© y=0®), z= ).
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2.671 The direction cosines of the tangent to a space curve in the form (a) are:

OF; 0F; OF, 0F,
dy 9z oz ay
T

OF, dF; OF; dF,

@ ow o o
m = T )
0F, dF, OF; dF,

— —— e — —

l=

where T is the positive root of:
o () (2 (2 ) { (22 (22 4 (2
pv_{(ax)-l‘(éy)-l— 9z 6x>+ dy T\ %
OF OF,  3F; 3F,  OFy 03"
or ox dy 90y = 0z 0z
2.672 The direction cosines of the tangent to a space curve in the form (b) are:
', y', &

where the accents denote differentials with respect to 2

I, mn=

2.673 1If s, the length of arc measured from a fixed point on the curve is the

parameter, i
dx dy dz

L my 45 ds ds
2.67T4 The principal radius of curvature of a space curve in the form (b) is:
(& 4+ 3 4 51
= {(ylzll — zlyll)z + (z/xll — x/zl/)z + (xlyll — y/xll)z}*
5"
= G ry 2t 22 _ 81/2);'
where the double accents denote second differentials with respect to £, and s,
the length of arc, is a function of Z.

2.676 When ¢ =s:
1 [ (@a\2 | (dy\E O [d2\ |}
- (G @@ )
2.676 The direction cosines of the principal normal to the space curve in the
form (b) are:
,(Z' " xlzll) y (xl 144 y/xll)
L )
m, _ ,(x’ 123 ylxll) I(yl 1 z/yll)’

ll
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, _ yl(ylzll — zlyll) - x/(zlxll _ xlzll)
2

” 13

where
L = {x’2 4 ylz + Z/g};{(y/zn _ Zry//)g + (z’x” _ er//)g + (x/y// _ y/x//)z}g.
2.677 The direction cosines of the binormal to the curve in the form (b) are:

100 )
pw_YE —ZY
e "

S

’
., Zx =g
=

S

t

7.0 !
144 Xy ' - y,x’
n = —————
S
where

S = {<ylz/l — zIyll)z + (zlxll — xlzll)z + (xlyll — ylx/I)Q}}.

2.678 1If s, the distance measured along the curve from a fixed point on it is
the parameter, #:

d*x d*y d’
’ y ’ !
UV=p=— m n'=pIs

ds? =P
where p is the principal radius of curvature; and
2, 2
- p(dy d* dz z_i_y>’

’” (dz dx dx dzz)
=pl>= = ~——= )
ds ds® ds ds

dx d?y dy &%
" _
ne= p(ds s " ds ds2)'

2.679 The radius of torsion, or radius of second curvature of a space curve is:

7= (2" + 9" + 2"}
AN [Am'\2  [on''\P| %
{<7> +<7> +<'«F) }

’

Z,

Q=

14 124

[ R4
x
z"’ z

11 1244 1244
%

z ’

where S is given in 2.677.
2,680 When ¢ = s:

1 AN 3am!\ | (an"\?
;={(3:)+(~a—;)+(§-)}
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—-p |y i
ds ds ds
ds?® ds?  ds?
ds®  ds® ds®|.
2.681 The direction cosines of the tangent to a space curve in the form (c) are:
I yl Z,
ILom n=—r222
where accents denote differentials with respect to x:
' do (x) g = d'ﬁb(x)_
Y dx ’ dx

2.682 The principal radius of curvature of a space curve in the form (¢) is:
(424 3
p= (y'z” — zlyll)2 ¥ y"2 s °
2.683 The radius of torsion of a space curve in the form (c) ds:

S SR L\
pz(yllzlll — zllylll)

2.690 The relation between the direction cosines of the tangent, principal
normal and binormal to a space curve is:

! m n =1I.
Uy m  a
lll mll nII

2.691 The tangent, principal normal and binormal all being mutually perpen-
dicular the relations of 2.00 hold among their direction cosines.
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sin x I I I
3.00 tan x = y 86C £ = ——; CSC & = — COt & = 5
Ccos x cos x sin & tan x

sec? & = 1 + tan2, csc?x = 1 4 cot?x, sin*x + cos’r

I

. . . . . X
versin ¥ = I — COS &, coversin ¥ = I — SIn %, haversin & = sin? -2"'

. . I — COS 2x X X
3.01 sinx=—sin (—x) = \/——;——-——, = 2\/0052; — cos* >

%
2 tan —
. X x tan «x 2
=zs1n—2-cos;=\/____2= o
1 + tan‘x I+ tan? 2
2
I I I .

2
X X
cot;—cotx tan ;—|—cot x

" \/1 + cotlx

= cot f (r — cos «) = tan g-(r + cos T),

=sin y cos (¥ — y) + cos ¥ sin (x —y),
=cos ¥ sin (x4 y) —sin y cos (x+ ),
= —}1 (¢ — e~ ™).

\ /Lt cos 2% . L%
38.02 cos x =cos (—x) = — =12 s1n2;:

I

\/1+ta.n2x’

290 .296 2x
=cos? = —sin?4 =2 cos?~—1=
2 2 2

x
I — tanZ=
2

I I

= = = ’

X X X
1+tan2—2- I+ tan x ta.n; tan x cot;—:

x x
cot — — tan - .
2 2 cot « sin 2%

- % % 7. 2 Sin %
cot £ 4 tan £ V1 + cotx

- ' =co"sycosv‘(x+y)+sinysin\ (x + ),
= cos y cos (x — y)—sin y sin (x — ),

= }(¢i* 4+ 7).

o 61
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sin 2% I — COS 2%
I+ cos 2x  sin 2z

/1 —cos 2¢ sin (x+3) +sin (x —y)
14 cos 25 cos (®+y) +cos (x —y)
_cos (x—y) —cos (x+39)
Tsin (x4 9) — s (x— )

3.03 tanx = —tan (—x) =

= cot ¥ — 2 cot 2%,

% x x

tan; tan; ztan;
- P % x
r—tan= 14tan= I — tan®-=
2 2 2

3.04 The values of five trigonometric functions in terms of the sixth are given
i the following table. (For signs, see 3.05.)

sinx=a¢ |{cosx=¢ |tanx=a| cotx=qa | secax=qa [csCx = a
a I Va2 — 1 I
sin x = a Vi-a I
Vitae | Vi+a a a
1 a Vg —
cosx= | Vi—a a I yoe-r1
Vita| Vi+a a a
" a Vi— g 1 N I
an x = a - - S
Vi - a a a - V-1
V- g il I I
cot x = = a vV —
a Vi~ a Vi —1 e-1
I I VIt @ a
sec & = =z Vitg | T2 a
Vi-a a + a Vet —1
I I \/1-|-a2 a
csCx = - V1 2| a
a Vi e a te vVa—1

3.06 The trigonometric functions are periodic, the periods of the sin, cos, sec,
© csc being 27, and those of the tan and cot, . Their signs may be determined
~from the following table. In using formulas giving any of the trigonometric
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functions by the root of some quantity, the proper sign may be taken from this
table.

0o—-—| — — -1 T T —2T 2 | 27— 27 | 2w
R 2 2 2 2 2 2
o)

0 — 90°| 90° |90° — 180° | 180° | 180° — 270° | 270° | 270° ~ 360° | 360°
sin| o + I + o - -1 - 0
cos| I + o] - —1I - o) + I
tan| o + +o - o -+ + o - o
cot| Feo + ] - Foo -+ e} — Foo
sec| I + “+o - —1I — +o + I
cse| Foo + I + +o — -1 - Foo

3.10 Functions of Half an Angle. (See 3.05 for signs.)

3.101 oI I — COS %
sin —x = :I:\/ —_—
2 2

=§{:|:\/1+sin xF V1-—sin x}

I I
Y o——
2 +V1 + tan? x

3.102 I I 4 cos x
COos ;x = 4 -—2——1

il

I n
;{i\/x-[—sin % +V71—sin x}y

Vi )

3.103 | tan Ex _ i\/ I — COS &

I

t
T L rne o
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sin x I — COS %

T 14cosw  sinax

b

_=|=\/I+tan2x—1
n tan x

3.11 Functions of the Sum and Difference of Two Angles.

3.111 sin (x +£v) =sin x cos y = cos x sin v,

cos x cos y (tan x =+ tan y),

]

]

_ tan x = tan y

= sin (x F
tan x F tan ¥y 2,

=—:—{cos (x + ) + cos (x—-y)}(tan % & tan y).

I}

cos & cos ¥ F sin « sin y,
cos x cos y (1 F tan x tan y),

3.112 cos (x+7v)

cot x F tan y
= ———————— O F
cot x & tan ¥y s (£ F9),

cot y Ftan %

=———""""gin (xF
cot y tan & F 1 in (%% 9),

cos ¥ sin y (cot y F tan x).

3.113 tan x =+ tan y

IFtan « tan y

tan (% =+ ¥)

cot y 4 cot x
—_—r =,
cot x cot yF 1

_ sin 2« £ sin 2y
Cos 2% +- COS 2y

3.114 cot x cot y Fr

ot @) = cot y £ cot % ’

sin 2x =F sin 2y
COS 2% — COS 2Y

3.116 THe cosine and sine of the sum of any number of angles in terms of the
sine and cosine of the angles are given by the real and imaginary parts of
cos +%+....+%)+isin +x+. ...+ %)

=(cos %1+ 4 sin x1)(cos %+ 4 sin %) .+ . . . . (COS %n 4+ 4 Sin %)
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312 Sums and Differences of Trigonometric Functions.

3121

3.122

3.123

3.124

3.126

3.130

sin x £sin y =2 sin $(x £ 9) cos 3(x Fy),
= (cos x + cos ) tan 3(x %),
= (cos y — cos x) cot i(x Fy),

_ tan F(x = y)

R CED) (sin x F sin y).

cos x4 cos ¥y =2 cos 3(x+7y) cos 3(x— ),
_sin x £ sin y

Ttan f(x £ v)

cot 3(x+ v)

= m (COS Yy — COs x).

cos ¢ —cos ¥y =2 sin 3(y + %) sin 3(y — =)
—(sin x + sin y) tan 3(x Fy).

sin (x+9)

tan x = tan y =
COs %+ COS Y

_sin(wxy)

= STy (tan x F tan y),

tan v tan (x %= y)(cot y F tan x),

_IFtan x tan y
cot (x &= ¥)

= (1 F tan & tan v) tan (» £ ).

2

sin (x£9)
sin # sin y

cot x = cot y

sin  + sin y

_ 1
COS % + COS Yy tan (% =+ 9).

sinx +siny

—coti(xFy).
COS & — COS Y HeFy)

sinx +siny tan3(x+9)
sin x — siny tani(x —%)
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AT el

3.150

3.170

MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS

sin? % + sin?y = 1 — cos (x + %) cos (x — ¥).
sin? % — sin? y = cos? y — cos® x
=sm (x+y) sin (= — ).

cos?x — sin?y = cos (x + y) cos (x — ).
sin? (x + ) + sin? (x — ) = 1 — COs 2% COS 2).
sin? (x + ) — sin® (x — y) = sin 2% sin 2y.
cos? (x + ) + cos? (x — y) = 1 + CcOs 2% COS 2Y.
cos? (x + ) — cos? (x — y) = — sin 2x sin 2y.

cos nx cos mx = % cos (w — m)x + % cos (n + m)x.

(SRR

sin nx sin mx = % cos (w — m)x — % cos (n + m)x.

cos nx% sin mx = % sin (n + m)x — % sin (n — m)2.

e*t1 = ¢% (cos y +Zsin _,
a®+tv = g {cos (y log @) + i sin (y log @)}.
(cos % == 4 sin x)" = cos nx %= ¢ sin #x
[De Moivre’s Theorem].
sin (x =+ 4y) = sin % cosh y = ¢ cos «x sinh y.
cos (% &= 4y) = cos x cosh y F 7 sin « sinh y.
cos & = 3(er® + e*%).

sing = — % (er® — e™*2).

e'® = cos % + 7 sin x.
™% = cos X — ¢ Sin .

Sines and Cosines of Multiple Angles.

3.171 £ an even integer:

sin nx = n cos x {sinx—-

n .
cos mx = I — —sin?x +

2 _ 52 2 9\ (42 — 42
(n |2)sin3x+(n 2)‘(71,
3 5!
2002 _ o2 (02 _ o2 2 _ 9
| n?(n : Z)Sin“x—n(n 22) (n )
2 4! 6!

L sinfx — .

sinfx4...
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3.172 7 an odd integer:

. . nt — 12) n? — 1% (n® - 32 .
smnx=n{smx—(—37—)sm3x+( )an 3)51115:\':—....}-
e — 12) . —1?) (2 _ 2
cosnx=cosx{1—£—2—'—)sm2x+( Ill(% 3)51114 }

3.173 # an even integer:
. 2oz . (n — 2) .
sin mx = (—1)2 cosx { 2n1 sm”‘lx——T—z"’*‘ sin®—3 x

(n— 3) (m—4) . (n—24) (n—75) (n—06)

sin®=5 x — 277 gin*7 g
2! 3!
. } :
z n(n — 3) :
cos nx = (—1)2§ 2" Lsin® x — — 2"—3 sin*2? g 4 ———== o 2 Sgin "ty
_n(n—3) (n—7s)

3 2n Tginr=b g 4. , . }

3.174 # an odd integer:
n(n 3)

n—1I
. -t ” .
sin nx = (—1)72 { 27 1gin® x — T 2773 gin"2 g - ———=< 2n—b ginn—d g

—-7-1@-—_-—%”;-2"‘7sin"‘°x+. . }

1 . ”—
cosmx = (—1) 2 cosx { 2" tsin*lx —

I I S T N N et
2' B 3|

2 .
2738 gin»3 &

21T si_nn—7 X

b

31756 # any integer:

-2
273 cosn38 ¥

(=2 =8) g s, (=D (=9 (1=6)
2! 3!

. . n
sin #x = sin % { 2"l cosl x —

+ 27 cos™ 7 %
n(n 3)

n__________(n — 4:2'(" 5) 2" cos® S x 4 .

cos nx = 2™1 cos™ x — —' 278 cogn2 g 4 ————2% 275 o4
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3.176 sin 22 = 2 sin x cos x.
sin 3% = sin x(3 — 4 sin? %)

sin x(4 cos® x — 1).

sin 4x = sin x(8 cos® x — 4 cos %).
sin 5% = sin (5 — 20 sin? x + 16 sin* x)
= sin %(16 cos* x — 12 cos? x + 1).
sin 6x = sin x(32 cos® ¥ — 32 cos® x + 6 cos %).
3.177 cos 2% = cos* x — sin® x
=1—2¢8n*x
=2cos’x — 1.
cos 3% = cos x(4 cos? x — 3)

cos #(1 — 4 sin? x).
Cos 4 = 8 cos* ¥ — 8 cos® x + I.
cos 5x = cos (16 cos* x — 20 cos? x + §)
= cos %(16 sin* x — 12 sin® ¥ + 1).
cos 6x = 32 cos® x — 48 cos* x + 18 cos? x — I.

2 tan x
3.178 tan 28 = ————
I — tan*x
cot?x — 1
cot 246 = ————
2 cotx

3.180 Integral Powers of Sine and Cosine.

3.181 # an even integer:

siin® x = (;1_)12 { cos nx — n cos (n — 2)x + ﬂ%%—lz cos (n — 4)x
- ﬂ@-——l)—'(ﬁ—:—z-) cos(m—6x+....... + (1) ¥ 7T~
3! ),
E)(
08" =-2:—_1{cosnx+ncos (n— z)x+n—(n2—'_-i)-cos (n — 4)x

nn—1) (n=2)

+ 3] a

cos (m—6)x+ . . .+1}—n——-
G
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3.182 # an odd integer:

n—I

sin® x = (_2?_12 { sin nx — # sin (n — 2)x + 73%:,.—1) sin (n — 4)x
nin—1) (n—2) . s %! .
- o am(n—6?x+....+(—-1)z(n_1y<n+llsmx}_
2 A
n(n — 1)
COS" & = —= | CoS My +ncos (n— 2)x + — 7 cos (n — a)x
_ - !
wccs(n—é)x+ ...... T cosw
3! (n—x),(n-i— 1>! '
2 J\ 2
3.183
sin? # = (1 — cos 2x).
sin® x = 1(3 sin x — sin 3%).
sin? ¥ = $(cos 42 — 4 cos 2x + 3).
sin® x = & (sin 5z — 5 sin 3% + 10 sin x).
sin® ¥ = — g5 (cos 6% — 6 cos 4%+ I5 COS 2% — 10O).
3.184

cos? x = 3 (1 + cos 2x).

cosd x = 1(3 cos x + cos 3%).

costx = 3(3 + 4 cos 2% + COS 4%).

cos® x = %5 (10 cos & + 5§ cOs 3% + COs 5%).

cos x = 445 (10 + 15 cos 2% + 6 COS 4% + cOs 6x).

INVERSE CIRCULAR FUNCTIONS
3.20 The inverse circular and logarithmic functions are multiple valued; i.e., if
. T
o<sin7lx <—2 ,

the solution of x = sin 0 is:
0 = 2nm + sin1x,

where # is a positive integer. In the following formulas the cyclic constants are
omitted. ‘
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3.22

3.23

MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS

sin"! x = — sin~!(—~x) = g —cos™lx = cos~I V1 — a?

T . N
== —sin?Vi1—a?=—+4=sin"? (22 — 1)
2 4 2

T x
= =cos7! (1 — 2¢?) = tan™! ———=

2 ( ) Vi — &

1=V —2? 1 22V — «?
=z2tanl{ ———— % =-tan~lg ————
x 2 I — 2%
G Vi—-2 7 Z

= cot =~ —4log (x + Va? —1)-

T . 1
cosly =7 — cos™ (—x) = S - sin~! x = z—cos‘1 (222 — 1)
I+ . V1 — a2
=2 cos—l\/ tx_ sin7! V1 — «* = tan™! ————
2 x
I—% I 25V'1T — 22 x
= 2 tan™! \/ == tan7l{ ——— } = cotlTT/——
I+x 2 22 — 1 VI - a?
= ¢ log (x+\/x2—- 1)=7—ilog (Va? — 1 — x).
. x I
tan~!x = — tan—! (—%) = sin™! ——— = cos™*

VI 4 a? V1 4 x?

2% T —_—

= —sin™1 =— —cotlx =sec! V1 + a?
2 I4+a2 2 Vi+
T T I T — x?

= — — tan~! = = = cos™*
2 x 2 14 %2

5 % T —
=zcos_1{z+____r_ \/IH} =zsin_1{i£i1__1
241 + «2 21 + &
2 _
=X 2x2=2tan_1{\/_I+L_}_}
2 I —X X
- — tan—l¢ 4 tan— 2EE
I — X
=£ilog1—zx=£ilog1ﬁ+x=—--I—ilog1+w-

2 I+ 2 7 —% 2 I — X

L
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sin~! % = sin™! y = sin a1 — 32 £ yV1 — 22}

cos™ x =+ cos y = cos~Hay F /(1 — 22 (1 — )}

sin? % = cos™! y = sinHay £ V(1 — 22) (1 — 1)}
= cosH{yV1 — & F 11 — 32},

-1 1y gl XEY
tan™ x 4+ tan™ y = tan TF ay
Xy =+ I
yFx
¥z,
Xy 1

tan=! # & cot™ y = tan™!

= cot™!

HYPERBOLIC FUNCTIONS

7L

3.30 Formulas for the hyperbolic functions may be obtained from the corre-
sponding formulas for the circular functions by replacing « by 4x and using the
following relations:

I.

2.

I0.

sin ix = 34(e? — e~ %) = i sinh x.

cos ix = 3(e® 4 e~ %) = cosh x.

- (et —1) .
tanzx=-—§—-————)-——ztanhx.
% 4 1
. L7 4 .
cot ix = —i = —icothw.
e® — 1
sec ix 2 sech x
= —= A
e +e
. 21 .
CSC i = — ———— = —jcsch a.
eT —e—%

sin ix = i sinh~! & = i log (x + V1 + 9.

cos™! jx = —icosh—1x=:—r—ilog (x + V1 + 2D
tan~t i = i tanh~ x = i log \/ * -2

I—2%
cot™ ix=—icoth‘1x=—1alog\/z:’—_:-
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3.310 The values of five hyperbolic functions in terms of the sixth are given in
the following table:

sinh & = a|cosh & = ajtanh x = a|coth x = ajsech x = ¢lcsch x =
. a I \/I._az I
sinh # = a @ — 1 -
v VI—at | Vat—1 a a
cosh & =| /1 + a* a - 2 z Vitd
Vi-a | Va -1 a a
a Va -1 I — I
tanh x = a = V1 - a? —
\/I+112 a a '\/I+(12
Vit + 1 a I I
coth z = = a === | \/1 4 ¢g?
a Va -1 a VI - a? +
I I — @ -1 a
SeCh X = ——— - .\/I__a2 \/__ a —_——
V14 a a a VI+ @
I I VI~ & a
csch x = - @F -1 | a
a Ve~ 1 a v VI - a

3.311 Periodicity of the Hyperbolic Functions.

The functions sinh «, cosh #, sech #, csch « have an imaginary period 277, e.g. :

cosh x = cosh (% + 2min),

where n is any integer. The functions tanh #, coth x have an imaginary period 7.

The values of the hyperbolic functions for the argument o, -:—ri, i,

are given in the following table :

o T i 3 T
2 2

sinh o 7 o -1
cosh 1 o -1 o)

tanh o ®- o ®-3
coth © o ® o
sech 1 © -1 ®
csch © -1 © 7

3

-















3.320

3.33

3.34

TRIGONOMETRY

S cosh x — 1
smh —-X = —
2 2

I coshx + 1
cosh = \/—2—+

tanhzx_coshx—x_ sinh x __/coshx—x‘
2~ sinhx  coshx+1 VYcoshx+r

sinh (x & y) = sinh x cosh y =+ cosh  sinh y.
cosh (x £ y) = cosh « cosh y =+ sinh x sinh 4.

tanh x & tanh y
I =+ tanh x tanh y

tanh (x £ 9) =

coth x cothy & 1

coth (v = ) = coth y £ coth ® )

sinh « 4 sinh y = 2 sinh % (% 4 y) cosh ¥ (x — v).
sinh « — sinh y = 2 cosh }(x + y) sinh % (x — ).
cosh x + cosh y = 2 cosh 1(x + 9) cosh 3 (x — 9).
cosh x — cosh ¥ = 2 sinh %(x 4 y) sinh (x — ¥).

sinh (x 4+ 9)

tanh x + tanh y = cosh % cosh ¥
tanhx—tanhy=é%.
coth¥+cothy=§—§§;—£xg——m.
‘cothx—cothy-—-—Siih—(ﬁy—).

sinh « sinh y

73
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3.35
1. sinh (x + ) + sinh (x — ) = 2 sinh % cosh y.
2. sinh (x 4+ y) — sinh (x — 9) = 2 cosh « sinh y.
3. cosh (x + ) + cosh (x — v) = 2 cosh % cosh ¥.
cosh (x +y) — cosh (x — y) = 2 sinh # sinh y.
1 _ sinhx +sinhy
5 ‘ tanh § (v + ) = cosh x + cosh y
6. coth & (x = 3) =smhaFFsmhy_

cosh x — cosh ¥

tanh « + tanh ¥y sinh (x 4+ 3). .
7 tanh x — tanh y  sinh (x — ¥).
cothx +cothy  sinh (2 + y)‘
cothx — cothy ~ sinh (x — y)

3.36
1. sinh (x+ 9) 4+ cosh (x + y) = (cosh x + sinh x) (cosh ¥ + sinh ¥).
2. sinh (x 4+ y) sinh (x — y) = sinh? x — sinh? y

= cosh? x — cosh? y.

cosh (# 4+ y) cosh (x — ) = cosh? x + sinh? y

3.
= sinh? x 4 cosh? y.
. 1 + tanh ix
4. sinh % 4+ cosh x = 1 tanh ix
5. (sinh x + cosh x)* = cosh nx + sinh #nx.
3.3%

e® = cosh % + sinh x.
e~% = cosh ¥ — sinh x.
sinh x = (e? — e~2).

cosh x = 3 (e® + e~%).
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3.38
I. sinh 24 = 2 sinh x cosh x,
__2tanh x
" 1 —tanh? &
2. cosh 2% = cosh? x + sinh? x = 2 cosh? x — 1,
=1+ 2 sinh? %,
_ I+ tanh® x
T 1-—tanh?w
2 tanh %
3 tanh 2z ~ I+ tanh? &
4. sinh 32 = 3 sinh % + 4 sinh3«.
5. cosh 32 = 4 cosh® x — 3 cosh .
_ 3 tanh x 4 tanh® «
6. tanh 37 = I+ 3 tanh®x

3.40 Inverse Hyperbolic Functions.

The hyperbolic functions being periodic, the inverse functions are multiple
valued (3.311). In the following formulas the periodic constants are omitted,
the principal values only being given.

I. sinh x = log (¥ + V#® + 1) = cosh™ Va? + 1.
2, cosh™t x = log (x + V2% — 1) = sinh~ Va2 — 1.
- . I+ %,
3. tanh x—-log\/I_x
1 x4+ _ -1 I,
4. coth™ x = log\/x — tanh =
5 sech™ z = log <£ + \/ L I> = cosht =
: x
6. csch™ « = log ( \/— + 1) = sinh™? :_c
341
I. sinh™ x + sinh~ y = sinh~1(xV'1 + 3* £ yV'1 + a?).
2. cosh™ x & cosh™! y = cosh™ (zy & V(a® — 1) (3* — 1)).
3. tanh~ & + tanh~ y = tanh— rxy,

Iy
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342
cosh™ E(9:: + E) = sinh™? :—[<x — 5),
2 X 2 X
«? x— I
= =1 = -1
tanh e 2 ta e
= log «.
2. cosh™ csc 2x = — sinh~? cot 22 = — tanh™ cos 2%,
= log tan «.
3. tanh—! tan? (7—5+ gf) =1 log csc .
S \4 2 I
4. tanh—! tan? = = = log sec .
2 2
343 The Gudermannian.
If,
I. cosh x = sec 0.
2. sinh « = tan 6.
3. e® =sec 0 + tan 6 = tan (£+g)-
4 2
4. x = log tan (E +-g>
5 0 =gd =
3.44
I. sinh # = tan gd x.
2. cosh x = sec gd «.
3. tanh x = sin gd «.
x I
4. tanh-;:tan;gdx-

T
s 6ac__x-}-sin ed x——x—-c?s(;-+gdx).
ST (Tigas)




3.50

Given

a b, ¢

e, b, a

a’ a’B
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tanh™ tan x = 3 gd 2x.

tan™! tanh & = 3 gd—* 2x.

SOLUTION OF OBLIQUE PLANE TRIANGLES

a, b, ¢ = Sides of triangle,
«, B, v = angles opposite to @, b, ¢, respectively,
A = area of triangle,

s=3(@+b+0).

Sought Formula

@ sinie-y/EzBG-9,
2 bc
cos La= /36 =9,
2 be

o Lo (/D=0
2 s(s—a)
cos = EEE =2,
2bc
4 A=vVs-a)(s=0( -0
3 sin B=b s1: a

When ¢>b, 6<§ and but one value results. When 5>a

B has two values.

5y v = 180° — (a + f).
a Sl
A 4 =% ab sin 4.
b ___a.sinﬁ
. sin a ‘
Y v = 180° — (a + P).

el sin ¥ _asin (@+8)
~ sin @ sin o
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78
Given  Sought Formula ) .
A = 24b sin 7=}a2______s1n§sm .
2 2 sin o
__asiny
a, b, v [0 tana—b——_acos’y

o, B F(a+B) = 90° — 3.
I _ae=-? 1
tan 2(a—6)_a+b cot v
¢ = (a®+ b — 2ab cos )L

= {(a + b)? — 4ab cos® 3y}}

= {(a — b)? + 4ab sin? }v}%
_a-=b _ sin 3+
~ b where tan ¢ = 24/ab o

a sin vy
sin &

4 A=1%absin 7.

SOLUTION OF SPHERICAL TRIANGLES

3.61 Right-angled spherical triangles. .
a, b, ¢ = sides of triangle, ¢ the side opposite 7, the right angle.

o, B, v = angles opposite a, b, ¢, respectively.

3.611 Napier’s Rules:

The five parts are a, b, co ¢, co &, co 3, where coc = palal The right angle

7y is omitted. ,
The sine of the middle part is equal to the product of the tangents of the

adjacent parts.
The sine of the middle part is equal to the product of the cosines of opposite

parts.
From these rules the following equations follow:
sin @ = sin ¢ sin «,
tan ¢ = tan ¢ cos B =sin b tan «,
sin b = sin ¢ sin S,
tan b = tan ¢ cos a = sin ¢ tan f3,
cos & = cos ¢ sin S,
cos 8 =cos b sin
cos ¢ = cot & cot 8= cos a cos b.



TRIGONOMETRY

3.62 Oblique-angled spherical triangles.
a, b, ¢=sides of triangle.

o, 3, «v = angles opposite to a, b, ¢, respectively.

Given

a, b, ¢

a, B, v

a, c, o

Ambiguous case.

Two solutions
possible.

a, 7, ¢

Ambiguous case.

Two solutions
possible.

s=1@+b+0),
c=%(a+B+7)

€ =a+ B+ v — 180 = spherical excess,

S = surface of triangle on sphere of radius 7.

Sought Formula
@ sin? £ @ = haversin ¢,
_sin (s = ) sin (s —¢)
h sin b sin ¢
I sin (s — in(s—c¢
tan? - @ = ( b). sin (. )-
2 sin s sin (s — @)
b sinssin (s —a
cos? —a = ——-—(S—l
2 sin b sin ¢
. va—hav (b —¢
haversin ¢ = ha - ; ( )-
sin b sin ¢
a sin? % a = haversin ¢,
—cos 0 cos (0 —a)
~ sin Bsin vy
T —cos 0 ¢bs (60— a
tan? - @ ( )

277 ¢cos (o — B) cos (cd—7)

o2 Lg o S8 (e -~ PB) cos (c-7.
2 sin B sin ¥y
sin _sin e sin ¢
Y Y= "dna
8 tan 0 = tan « cos c.
sin (B + 6) = sin 6 tan ¢ cot @
' cot ¢ = tan ¢ cos a.
. cos a sin ¢
in (b =T
sin (b4 ¢) cos ¢
¢ gGn ¢ Spasiny

sin @
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Given Sought Formula

b tan 6 = tan @ cos 7.

sin (b — ) = cot o tan 7 sin 0.
tan 1p =SB E@+7)

b 2 sin 3(a — 7y)

cos 3(a+ )

cos 3(a—1y)

{ cot ¢ = cos ¢ tan 7y

tan 3 (e —¢)

tan 1(a + o).

B . _cos a sin ¢
sin (B - @) = ——— ~
1, _sin L(a+0) '
5 cot 26 e v tan 1 (a — ).
_cos 3(a+ ) 1
= s 3ia—0 tan (o + 7).
a, b, v ¢ COs ¢ =C0s a cos b+ sin a sin & cos 4.
tan 6 = tan e¢cosy cos ¢ = 505 @ cos ®-0
tan ¢ =tanbcosy ¢ B cos 0
_cos bcos (a—¢).
- cos ¢
hav ¢ = hav (¢ — b) + sin @ sin b hav y
_sin 6 tan v
@ tan &= )
. sin 7 sin &
B sin 8 = sin ¢
" _sin asin b
~ sina
_sin ¢ tan vy
tan = sin (a — @)
[ 1 _cos 3(a —b) cot 3y
8 tan 2(a+B) B cos i(a +b)
i tan E(a—- 6) = sin 3(a — b) cot %’y_
2 - sin £(a + d)
¢, a f8 ¥ cos ¥ = —cos & cos B+sin a sin B cos c.
tan 6 = cosctan cos ~ = 508 @ cos B+6)
tan ¢ = cosctan 8 v = cos 6
_cos B cos (a+¢)
B cos ¢
a’ tan a tan ¢ sin 6

“sin B+ 0O
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Given Sought Formula
tan ¢ sin ¢
b tan b = ————~-
sin (@ + ¢)
3(a ~ f) tan %¢
n Ha ) o SR = B) tan
5 3 ) cos 2(a+ B)
a, tan 3(a = b) = sin (o — 8) tan %c
T )
1 1
a, b, v € cot ie = cot 3a Czitnfz"' cos ¥,
a, b, c € tan? e = tan 3s tan 3(s —a) tan 3(s — d)
tan 1(s —¢).
€& Y S S =—I§€o—°7rr2-

FINITE SERIES OF CIRCULAR FUNCTIONS
3.60 If the sum, f (r), of the finite or infinite series:
f=awt+taur+ar+.....
is known, the sums of the series:
Si=aocos x+ar7 cos x+9)+ar?cos (x+29)+....
Se=ao sin s +a7sin (x+7vy)+a7r® sin (x+29)+. ...

S = Herre) + e ofre)),
So= — 2{eefre) = eoflre ).

are:

3.61 Special Finite Series.

. nx . n4+1I
ks sm——sm-—+—-—x
. 2 2
1. Z‘,smkx:
sinx
k=1 2

ne . n4+1
kid Ccos — sln —— &

Z} 2 2
2. cos kx =/ .

x
k=0 sin -
| b2
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3.

I0o.

II.

I2.

13.
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n

. n cos (m -+ 1)x sin nx
2;51n2kx=;~ ( ) .

FUNCTIONS

2 sin x
k=1
n ( ) -
n -+ 2 cos (# -+ 1)x-sin wnx
E cos? kx = -+ : .
2 2 sin x
k=o
21 — 1
n—I in g T COS <——2——)x
. si
E\, k sin & -
- . x
=1 4 sin? = 2 sin >
27 — I
~ 7 s 2 I — cos nx
Z: k cos kx = — .
. c . X
o 2 sin = 4 sin® =
” .
. sin? nx
sin (2k — 1) = ———-
s x
k=1
. # . (m+1
n sin <x + _y) sin <—+— y)
. 2 2
E\,sm(x—l—ky)= 5 .
E=o sin ;
n . (m+1
” cos(x—i—;y)sm( + y>
E cos (x + ky) = 5 .
- sin =
k=o 2
nt+x . ( + )
sin (2#n + 2)x
E—1 qy — n
—1I sin (2k — 1) = (—1)? ——=~.
(—1)*isin (ak — ) = (—)n SIE
k=1
2n 4+ 1
” . , cos (T+ x)
2:(—1)"c05 kx=—-;+ (=)~ .
= 2 Ccos
k=1 2
n—1I . .
b oo 7 sin (1 — 7™ cos nx) — (1 — 7 CcOS x)7™ sin nx
r¥ sin kx = 5 .
I — 27 COSXF7
k=1
n—I - -
% (x — 7 cosx) (x — 7" cos nx) -+ »**! sin x sin nx
7% cos kx = 5 .
4 I — 2VYCOSx +7
=0

n
E: Isecx2 cse? x Icscx2
2k 2k) T 2 27

.. x\? .ox\2
k 2 — n
E: 2% sin = (2" sin
< 2") ( 2”)

.

o~

— sin? «x.
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k2
16 z tanx Icotx t 2x
. z;——— - =— — — 2 cot 2x.
4 2k 2k on 2"
=0

n—1I

B  /n nwr . AT
I7. ECOS——— = —|(1I+4+ COS— + SIn —}-
7 2 2 2
k=0
n—1I —
. Bam  A/n nT . AT
18. sin =—|(1I+4+ Ccos — — sin — )¢
7 2 2 2

k=1
n—1
. kT T
I9. sin — = cot —-
n 21
k=1
n

2n+2

I x 2 —1 1 x

2:_ 2 X _ s - 2 —— =

20. : 22ktan P + 4 cot® 2x pors cot2n
—o

3.62

n7n—1I

kr
Sn = 2 csc ==
k=1
Watson (Phil. Mag. 31, p. 111, 1916) has obtained an asymptotic expansion
for this sum, and has given the following approximation:
Sy = 21{0.7320355992 logio(27) — 0.1806453871}

0.087266 = 0.01035 ©0.004
- + 3 j—

0.005
7 3 n® ‘

nl

+

Values of S, are tabulated by integers from # = 2 to # = 30, and from # = 30
to # = 100 at intervals of s.

The expansion of

‘WLICLT - —<ﬂ<'—,

is also obtained.
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3.70 Finite Products.

”n
=—1
2 .
. . sin? x
I. sin #x = 7 sin % cos & I-— 7 even.
. BT
k=1 sin? —
#
4
2 .
sin? x
2. COS #x = 1 ————— | 7 even.
.. 2k—1
k=1, s T
2n
n—1I
2 -
. . sin? %
3. sin 7% = # sin & I- » odd.
. R
k=1 sSin® —
7
Nn—1I
° -
sin? x
4. COS %% = COS & I——— |7 odd.
k=1 sin2 ——— 7
2n
Nn—1I
- 2km\
5. COS 7x — COS 7y = 2™ COS X — COS y-i-7 f
k=0
n—1
2 2 2 2k 2
6. a?* — 2a™b™ cos nx -+ b = a—2abcos\x+—;— 30 -
k=0

ROOTS OF TRANSCENDENTAL EQUATIONS
3.800 tan x = «.
sin x

The first 17 roots, and the corresponding maxima and minima of —

are given in the following table (Lommel, Abh. Munch. Akad. (2) 15,123, 1886):

n Xn Max sin x
Min «
I o I
2 4.4934 —0.2172
3 7.7253 +0.1284
4 10.9041 —0.0913
5 14.0662 +o0.0709
6 17.2208 —0.0580
7 20.3713 +0.0490
8 23.510% —0.0425
9 26.6661 +0.0375
10 29.8116 —0.0335
I 32.9564 +0.0303
12 36.1006 —0.0277%7
I3 30.2444 +0.0255
14 42.3879 —0.0236
I5 45.531I +0.0220
16 48.6741 —0.0205

17 51.8170 +o0.0193



3.801

The first three roots are:

If x is large

Tn =0T — — —

3.802

The first two roots are:

3.803

The first two roots are:

3.804

The first seven roots are:

3.806

TRIGONOMETRY
tan ¥ = ——

2 — x?
X1 = 0,

X 119.26 T
9 = 26 —
9 180’

43 = 240.2% ——.
3 = 340.35 780
2 16

3ndms

(Rayleigh, Theory of Sound, IT, p. 265.)

nm

¥ = 0,

%2 = 3.3422.
(Rayleigh, 1. c. p. 266.)

%
tan x = T2

X1 =0,

X2 = 2.744.

(J. J. Thomson, Recent Researches, p. 373.)

x
tan x = 3 i ey
X1 = 0O,

x2 = 1.8346,
x3 = 2.8950T,
X4 = 3.0225T,
¥5 = 4.9385,
%8 = 5.0489,
x7 = 6.9563.

(Lamb, London Math. Soc. Proc. 13, 1882.)

4%

tan x .
4 — 32

85
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The first seven roots are:

X1 = 0,

x2 = 0.8160T,
X3 = 1.9285T,
%3 = 2.9350T,
x5 = 3 9658,
Xe = 4.9728T,
X7 = 5.97747-

(Lamb, 1. c.)

3.806
cos & cosh x = 1.
The roots are:

X1 = 4.7300408,
x3 = 7.8532046,
x3 = 10.9956078,
% = 14.1371655,
x5 = 17.2787596,

%n=%(2n+ 1)T N>5.
(Rayleigh, Theory of Sound, I, p. 278.)

3.807
cos x¥ cosh x = — 1.

The roots are:
%= 1I875104,

%= 4.694098,
% = 7.854757,
%= 10.995541,
X5 = I14.137168,
%y = 17.278750,
X =3%(2m — 1) B>6.

3.808
1 — (x4 %) cosx = o.
The roots are:

% = 1.102500,
*2 = 4 754761,
x5 = 7.837964,
%4 = I1.003766,
x5 = 14.132185,

%g = 17.282007.
‘ (Schlomilch: Ubungsbuch, I, p. 354.)
3.809 The smallest root of
@ —cotf=o,
is 0 .
=49° 17" 36".5.
(L. c. p. 355.)
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3.810 The smallest root of
0 —cos 0 = o,

is
0 = 42° 20" 47".3.
(L c. p. 353.)
3.811 The smallest root of
. xe® — 2 =0,
is
x = 0.8526.
(L c. p. 353.)
3.812 The smallest root of
log (1 4+2) —3x=o0,
is
% = 0.73360.
(L c. p. 333)

3.813
I
tanx — x + > = 0,
The first roots are:

% = 4.430,
Xe = 7.723,
%3 = 10.90,
%y = 14.07.

(Collo, Annalen der Physik, 65, p. 45, 1921.)
3.814

I
cotx+x—-=0.
x

The first roots are:

%= O,
X2 = 2.744,
x3 = 0.117,
Xg = 9.317,
X5 = 12.48,
xg = 15.64,
x7 = 18.80.

(Collo, L. c.)

3.90 Special Tables.
sin 6, cos 6: The British Association Report for 1916 contains the following
tables:

Table I, p. 60. sin 0, cos 0, 0 expressed in radians from 6 = o to 6 = 1.600,
interval o.001, 10 decimal places.

Table II, p. 88. 6 —sin 6, 1 — cos 6, § = o.00001 to 6 = o.00100, interval
0.00001, 10 decimal places..
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Table III, p. go. sin 6, cos 6; 6 = o.1 to f = 10.0, interval o.1, 15 decimal
places.

J. Peters (Abh. d. K. P. Akad. der Wissen., Berlin, 1911) has given sines and
cosines for every sexagesimal second to 21 places.

hav 0, logw bav 6: Bowditch, American Practical Navigator, five-place
tables, 0° — 180°, for 15" intervals.

Tables for Solution of Spherical Triangles.

Aquino’s Altitude and Azimuth Tables, London,-1918. Reprinted in Hydro-
graphic Office Publication, No. 200, Washington, 1918.

Hyperbolic Functions.
The Smithsonian Mathematical Tables: Hyperbolic Functions, contain the
most complete five-place tables of Hyperbolic Functions.

Table I. The common logarithms (base 10) of sinh %, cosh %, tanh %, coth u:
% = 0.000I to # = 0.1000 interval o.ooo1,
# = 0.00I tou = 3000 interval o.cor,
# =300 tow =600 interval o.o1.

Table II. sinhw,cosh %, tanh#, coth . Same ranges and intervals.

Table IIT. sin %, cos #, log sin %, logy cos u:
% = 0.0001I t0 # = 0.1000 interval o.coor1,
% = 0.100 tou# = 1.600 interval o.cor.

Table IV. logwe* (7 places), e* and e~ (7 significant figures):
= 0.001 to # = 2.950 interval o.001,
% = 3.00 tou = 6.00 interval o.o1,
u =10 tou=100 Iinterval 1.0  (9-r0 figures).

Table V. five-place table of natural logarithms, log .

% =10 towu= 1000 interval 1.0,
% = 1000 t0 % = 10,000 Vvarying intervals,

Table VI. gd » (7 places); u expressed in radians, # = o.001 to # = 3.000,
.interval o.cor, and the corresponding angular measure. % = 3.00 to % = 6.00,
interval o.or.

Table VII. gd~u, to o’.o1, in terms of gd » in degrees and minutes from
0° 1’ to 8¢° 59/,

Table VIII. Table for conversion of radians into angular measure.
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Kennelly: Tables of Complex Hyperbolic and Circular Functions.
Cambridge, Harvard University Press, 1914.

The complex argument, x + 4g = pe*®, In the tables this is denoted p Z8.
p=Ve+ tan § = g/a. .

Tables I, II, IIT give the hyperbolic sine, cosine and tangent of (pZ£d)

expressed as rZy:
0 =45°to 0 = go® interval 1°

p =o.01 to p = 3.0 interval o.1.

Tables IV and V give ing—e, tan;1 6 expressed asr £y, 0 = p£9,

p=oI top=3.0 intervalo.1,
0 =45°tod = go° interval 1°
Table VI gives sinh (pZ£45°), cosh (p£45°), tanh (p £45°), coth (pZ£45°),
sech (p£45°), csch (p £45°) expressed as7Z %:
p=o top= 6.0 intervalo.r,
p = 6.05 to p = 20.50 interval o.03.

Tables VII, VIII and IX give sinh (x + 4q), cosh (x + 4g), tanh (x + 4g),

expressed as # + 0:
x=otox = 3.05 interval o.o5,

g=otog =20 interval 0.05.

Tables X, XI, XII give sinh (x + 49), cosh (x + 4g), tanh (x + i¢) expressed

asrZqy: .
x=otox = 3095 interval o.05,

g=o0tog =20 interval 0.05.

Table XIII gives sinh (4 + 4q), cosh (4 + 4g), tanh (4 + 4¢) expressed both

asu +svandrZy:
g=otog=20 interval 0.05.

Table XIV gives 2— and logy -e;-

% = 4.00 to ¥ = 10.00 interval o.o1.

Table XV gives the real hyperbolic functions: sinh 6, cosh 6, tanh 8, coth 6,

sech 0, csch 6.
=0 tof =25 interval 0.1,

0 =2.5to 0 =75 interval o.1.
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Pernot and Woods: Logarithms of Hyperbolic Functions to 12 Significant
Figures. Berkeley, University of California Press, 1918.
Table I. logy sinh x, with the first three differences.

x = .0000 to x = 2 018 nterval o.001.

Table IT. logip cosh .
% = 0.000 to & = 2.032 interval 0.001.

Table III. logi tanh .
% = 0.000 to £ = 2.018 interval o.001.

sinh %

Takle IV. log p
% = 0.00 to = 0.506 interval o.co1.

Table V. logio tar;h %,

% = 0,000 t0o = 0.506 interval o.oor1.

Van Orstrand, Memoirs of the National Academy of Sciences, Vol. XIV,
fifth memoir, Washington, 1g921.
nm
Tables of 1%, €%, e~%, e, ¢, ¢ 36, sin x, cos %, to 23-62 decimal places or

significant figures.



IV. VECTOR ANALYSIS

4.000 A vector A has components along the three rectangular axes, x, vy, 2+
Az A4y, A
A = length of vector.

A=VAZFT AT 42

. . A, 4y 4.
Direction cosines of A, R —j’, Vi
4.001 Addition of vectors.
A+B=C.
C is a vector with components.
Cz = A z + BI.
C,=A4,+ B,
C,=A4,+ B..

4.002 6 = angle between A and B.

C=~/A2+ B+ 24 B cos 6.
A,B,+ A,B,+ A,B,
AB

cos 0 =

4.003 If a, b, c are any three non-coplanar vectors of unit length, any vector,

R, may be expressed:
R = aga + bb + cc,

where a, b, ¢ are the lengths of the projections of R upon a, b, ¢ respectively.

4.004 Scalar product of two vectors:

SAB = (AB) = AB
are equivalent notations. -
’ AB = AB cos 4B.

4.005 Vector product of two vectors:
VAB = A X B = [AB] = C.
C is a vector whose length is R
C = ABsin AB.
The direction of C is perpendicular to both A and B such that a right-handed

rotation about C through the angle A/E turns A into B.
[}
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4.006 i, j, k are three unit vectors perpendicular to each other. If their direc-
tions coincide with the axes #, y, z of a rectangular system of coordinates:

A=A4,i+ A4,j+ 4k

4.007
i=f=jj=P=kk=k =1,
jj=ji=jk=kj=ki=ik=o.
4,008
Vij = - Vi =k,
Vik = — Vkj =i,
Vki = — Vik = j.
4009 R
AB=BA=ABcos AB=A,B,+ A,B,+ 4.B..
4010
VAB=-VBA=]i j k
A, A, 4,
B, B, B,

= (4,B.— A,B)i+ (4.B,— A.B)j+ (4,B,~ 4,B.)k.

410 If A, B, C, are any three vectors:

AVBC = BVCA = CVAB
Volume of parallelepipedon having A, B, C as edges

= 4, 4, 4,
B, B, B,
c. C, C.

411

1. VA(B + C) = VAB + VAC.

2. V(A +B) (C +D) = VA(C + D) + VB(C + D).

3. VAVBC = BSAC — CSAB.

4. VAVBC + VBVCA + VCVAB = o.

5. VAB-VCD = AC-BD — BC-AD.

6. V(VAB-VCD) = CS(DVAB) — DS(CVAB)

= CS(AVBD) - DS(AVBC)
= BS(AVCD) — AS(BVCD)
= BS(CVDA) — AS(CVDB).
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4.20
I. dAB = Ad B+ BdA.
2. dVAB = VAdB + VdAB
= VAdB — VBdA.
421
., 0 . 0 d
I. v=1'5‘;+]a—3;+k-a—z'

04, 04, 04,
+____.

2. VA=divA = F 3 Ew

3 V¢=grad¢=ig—f+j%+k—z¥f-
4. VVA=curl A=rotA
=1 j k
22 9
dx Jdy 0z
A4, A, 4.

=i<6A,_aA,,) +j<aA,,_ 6A=>+k

dy 8z 3z  ox

92 0? 92
— 2 - — —
5. VV=Vi=iht st s

4.22
1. curl grad ¢ = curl V¢ = VvV = o.

3P 0%

2. divgrad ¢ = VV@ =V = — + — +

0x2  9y?
div curl A = o.

3

4. curl curl A = curl? A = ¥V div A — J/2A.
5. A = iVA L+ iV, + KV .
6

‘ a i) d
Av=A::5:.+AyE"+.A15;.

(e - 22
ax dy
¢
a7

93
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4.23
1. VAB = grad AB = (AV)B + (BV)A + V.A curl B + V.B curl A,

YV VAB = div VAB = B curl A — A curl B.
VVVAB = (BYV)A — (AV)B + A div B — B div A.

div A = ¢ div A + AV ¢.

curl pA = V VoA + ¢ curtl A = V.grad ¢.A + ¢ curl A.

VA2 = 2(AV)A + 2VA curl A.
C(AV)B = A(CV)B + AVC curl B.
BVA? = 2A(BV)A.

AR S

424 R is a radius vector of length » and r a unit vector in the direction of R.

R =71,
=224y + 2%

I ;= ——7—3R= -7
2 Vi =o
7
3 Vr=~;R=r=gradr
% = 2
4 Vi ==
5. VVR =curl R = o.
VR =divR = 3.
do
7. E —IV¢
dA
8. (RV)-A=7‘E'
dA
9. FV)A = 2=
10. (AY)R = A.

4.30 dS = an element of area of a surface regarded as a vector whose direction
is that of the positive normal to the surface.
dV = an element of volume — a scalar.
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ds = an element of arc of a curve regarded as a vector whose direction is
that of the positive tangent to the curve.

4.31 Gauss’s Theorem:
S S S div AdV = S fAdS.

4.32 Green’s Theorem:
. SSSoVNAY + S S SOV = S S ovYdS
2. SSS @OV - V)V = S S 6V — YV p)dS.

433 Stokes’s Theorem:
JJ curl AdS = fAds.

440 A polar vector is one whose components, referred to a rectangular system
of axes, all change in sign when the three axes are reversed.

4401 An axial vector is one whose components are unchanged when the axes
are reversed.

4402 The vector product of two polar or of two axial vectors is an axial vector.
4403 The vector product of a polar and an axial vector is a polar vector.

4404 The curl of a polar vector is an axial vector and the curl of an axial vector
is a polar vector.

4,406 The scalar product of two polar or of two axial vectors is a true scalar,
Le., it keeps its sign if the axes to which the vectors are referred are reversed

4.406 The scalar product of an axial vector and a polar vector is a pseudo-scalar,
i.e., it changes iy sign when the axes of reference are reversed.

4.407 The product or quotient of a polar vector and a true scalar is a polar
vector; of an axial vector and a true scalar an axial vector, of a polar vector
and a pseudo-scalar an axial vector; of an axial vector and a pseudo-scalar a
polar vector. ‘ .
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4.408 The gradient of a true scalar is a polar vector; the gradient of a pseudo-
scalar is an axial vector.

4409 The divergence of a polar vector is a true scalar; of an axial vector a
pseudo-scalar.

4.6 Linear Vector Functions.

4610 A vector Q is a linear vector function of a vector R if its components,
01, 02, Qs, along any three non-coplanar axes are linear functions of the com-
ponents Ry, Ry, R; of R along the same axes.

4611 Linear Vector Operator. If & is the linear vector operator,
Q = &R.
This is equivalent to the three scalar equations,

Q1 = wuR; + wieRe + wisRs,
Qs = Wy Ry + weeRe + wasRs,
Qs = wa Ry + W3Ry + wasRs.

4612 1If a, b, ¢ are the three non-coplanar unit axes,
wy = S.akda, wy = S.bda, ws = S.cda,
Wy = S.adb, wy = S.bdb, ws = S.cdb,
Wiz = 5.a0C, Wy = S.bAC  wss = S.cdc.

4.613 The conjugate linear vector operator @’ is obtained from & by replacing
Wt bY wen; by k=1, 2, 3.

4614 In the symmetrical, or self-conjugate linear vector operator, denoted
by w,

© =3 + ).
Hence by 4.612 ,
S.awb = S.bwa, etc.

4616 The general linear vector function &R may always be resolved into the
. sum of a self-conjugate linear vector function of R and the vector product of
R by a vector ¢!
AR = wR + V.cR,
where
w =3+ &,
and
€ = F(ws — waa)i + 3(wis — wa)j + §(wa — W)k,

if i, j, k are three mutually perpendicular unit vectors.

4.616 The general linear vector operator & may be determined by three non-
. coplanar vectors, A, B, C, where,
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A =awn + bws + cwyg,
B = aws + bwse + Cwag,

C = aws + bwse + cwss,

and .
@ = aS.A+DbS.B+cS.C.

4617 If @ is the general linear vector operator and &’ its conjugate,
&R = R&/,
'@'R =R&

4.620 The symmetrical or self-conjugate linear vector operator has three
mutually perpendicular axes. If these be taken along i, j, k,

@ = iS.wii + jS.wsj + kS. w3k,
where w;, ws, ws are scalar quantities, the principal values of w.

4,621 Referred to any system of three mutually perpendicular unit vectors,
a, b, ¢, the self-conjugate operator, w, is determined by the three vectors (4.616):
A = wa = awy; + bwye + cwis,

B = wb = awa + bwa + Cwzs,

C = wc = awy + bwz, + Cw3g,
where
Whr = Wk,

w =aS.A + bS.B + cS.C.
4.622 If 7 is one of the principal values, w;, ws, ws, these are given by the roots
of the cubic,
78 — n2(S.Aa + S.Bb + 5.Cc) + #(S.aVBC + S.bVCA + S.cVAB)
—~ S.AVBC = o.
4623 In transforming from one to another system of rectangular axes
the following are invariant:
SAa+ SBb +S5.Cc = w + wy + ws.
SaVBC + SbVCA + S.cVAB = W3 + Wi + Wils.
S.AVBC = W1 Wol3.

4,624 .
W 4 W2+ W3 = Wy + Wz + Was,

W W3 + WiW; + WiWs = Waass + W3sWn + WnWes — Wz — Wy + Wy,
WiWeWs = WnWaelss + 2WaWaWis — Wil — Waaw?s ~ Waswis.
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4.626 Referred to its principal axes the equation of the quadric is,

W + wey? + wsz® = const.

4.627 Applying the self-conjugate operator, w, successively,
WR = iw R + jweRs + kw3 R,
wwR = R = w?2R; + jw?Rs + kws*Rs,
WwR = PR = i Ry + jw*Rs + kws* Ry,

. R . Re R;
—1IR — { — = —.
w R'1w1+1w2+kw3
4.628 Applying a number of self-conjugate operators, a, 3, . . . ., all with the

same axes but with different principal values (a:azas), (8:8:03), - -
aR =ia Ry + ja2R2 + ka3R3,
BaR = afR = ia;3i R + jasBaRe + kasBsRs.

4.629
S.QwR = S.RwQ,

= 01 R; + wsQ2Re + wiQsRs.



V. CURVILINEAR COORDINATES

5.00 Given three surfaces.

{ (7 =f1(xr Ys z):
I. v =f2(x1 Y, Z),
w = f3(%, 3, 2).
x = ¢1(u: v, ZU), !
2. y= ¢2(u: 7, ‘ZI)),
z = ¢3(u, v, w).

““)2 () + ()
2+ () + (5
e (%%Y (%) + ()
09y 09y 3y 3y 90y 0,
w

8= w T o dw T o

91 91 Oy 9y s Oy
dw Ou ' dw Oouw  Ow ou
l _ 91 91 02 0y 3¢5 s
8 =30 B0 " ou v T ou ov

kIH
/—\/\ A

_I_
3. 2
L

5.01 The linear element of arc, ds, is given by:

dv?  dw?

ds? = da? + dy? —|—dzz——+l222 —h—z—l—zgldvdw+2gzdwdu+2g3dudv.
3

65.02 The surface elements, areas of parallelograms on the three surfaces, are:

'dS, = dv dw VI — hPhgd,

hohs
as, = % VI-— h32h12g22’
dSw —.d:]f:\/l — h?he?gs?.

99
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5.03 The volume of an elementary parallelepipedon is:

dr = du dudw { 1 — mhlgs® — h22h32g12 — hhlg? + h12h22h32g1gzgs }
bk

5.04 w}, ws, w; are the angles between the normals to the surface fa, fs; fs, fi;

f1, f» respectively:
cos wy = haohsg,

cos Wo = hghige,
COS W3 = hlhzgs.

5.06 Orthogonal Curvilinear Codrdinates.

51=58=8=0
du?  dv®  duw?
9 _OW OV 4w
ds? = X + h22+ ﬁsz’
dv dw dw du du dv
= "7 7 7 a v =TT =77
W= Ty 0= T S = T
i = du dv dw .
A

5.06 7.2, h?, hs* are given by 5.00 (3) and also by:

e (-2 (2
- () (22
- (8 )+ @
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5.07 A vector, A, will have three components in the directions of the normals
to the orthogonal surfaces #, v, w:

Ad 4+ AL+ Ao”

5.08
Au 8 (A 3 [Ay
- divA= h‘h”“{au(hzha)*‘ e Z(m))-
o 0N, 8 (ke 0) 0 (ks O
2. = Inhahs { n (hzhs 6u> +6—'v(}_13_h—1 6_71) + T (h;kz 3w> }

curly A = ks

curl, A = ke

3- curl, A = kg {

5.09 The gradient of a scalar function, ¥, has three components in the directions
of the normals to the three orthogonal surfaces:

m¥ a:,b a¢ ai

Erk s d
5.20 Spherical Polar Cobrdinates.
u =7,
I. { =70,
w = ¢.

{x:rsinﬂcosqS.

y =7 sin 0 sin ¢,

z =7 cos 0.
T I
3 L R T
dS, = rsin 0 d 0 do,
4. {dSo =rsinf@drd ¢,
dSe =rdrd 0.
5. dt =r*sinfdrd0do.
. I . a0,y a (. Z-)A]
16. | leA=,,Tsin‘—g{51n05;(’2Ar)'*"gy(Slner) %% |
' — T . a d i) 1 8 )
- "v2=‘rz‘siu9{5m06_r( >+60<5m060> tsmoag
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1
curl, A = ey {60 (sm 7] A¢)

_ I 04, . 6(rA¢)
| curls A = o} { e b sin 0—-ar

{cur1¢A= H g;(rAe)— 4. } _

Cylindrical Coordinates.

u = p,
{v =6,
w = 2.
= pces 0,

X
{y=psin0,
z

h1= I, ]Z2=-I].:;, }Z3= I.
S, = pdb dz,
{ dSe = dz dp,
dS . = pdpdb.
= pd pd 6dz.
div A = { :p<PAp) +220 4 p aAZ’} -

I

)
ot 2(p2), 12, 20,
v—p{ap Pap +p602+p6z2

Ellipsoidal Cobrdinates.
u, v, w are the three roots of the equation:

x2 ,V2 Z2
Z10 T rretar6" "
a>b>c, u>v>w.

6 = »: Ellipsoid.
@ = v: Hyperboloid of one sheet.
0 = w: Hyperboloid of two sheets.

2

- 8

},
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(2 @+u) (@+9) (@ +w)
(@ =0 (@=-¢) ~’

Jop_ B +u) @ +1) @ +w)
T E-aw@-m

(@ +u) (+9) (¢ +w).

22 =

L (@~ (B2 =P
'h2 4@+ u) (B4 w) (@ +w)
o (# — ) (u—w) !

A

Wi = 4(a®+v) *+9) (2 + )
w-w) (o-u

4@ +w) B+ (E+w)
(w—u) (w—2)

Via2+u) (BB+u) (E+u) 9 ——
w—v (u—w) (VI G )

Vi + ) (B2+9) (c +92) 8
(v — w) (u—

bt =

o S(vETImTy4,)

V(e +w) (B2 +w) (¢ + w») 9
(w—w) (v—w) dw

4 = (VEmm e v 4.)

Vi2+u) P+u) (E+u) o
(u — ) (u—w) du

Vit +19) B49) (bt +v) d
(w—2) (v—w)

Vidyrw @ +w) (E+w) 9 ; .
p O et D L (VI T G )

b5 BT .
i \/(a2+w) (#+0) (¢ +w) 9 (mA }
- - {\/(a2+w NGET) <c2+W> 9 (\/_:TvA)

_\/(a2+q.n (2% + u) (62+u) 8(\/——1; )}

72 =

<\/(a2'+ u) (8% + u) (¢ + u) ;ﬁ)

+4 (\/(a2+v) B+ 12) (@ +0) —)

v—u

curl, A = 2 { (a2+u)(b2+u)(cz+u)i(\/

u—1v w— % du v—uA,,)

\/@2-!-1)) (B +1) (A+0) 8 (\/—A>}

w—-19
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6.23 Conical Coordinates.
The three orthogonal surfaces are: the spheres,
1. 2+ V42 =

the two cones:
x2 y2 22

2. -v;-i— 7B + F_o o.
x2 y2 Z‘l
3. 2 + _ _—7 =0
62>v2>b2>w2.
. uu?
=
(e — ) (w? — B?%)
4 Y= B2 — &%) )
o (2 — ) (W — &)
62(52 — 62)
(22 — 8%) (c® — o®) 2 — w?) (& — w?)
5- G I ) R
. 1 9., \/('u—b)(cz-—v‘6< —
6. leA——Ea (uAu)+ (v2 w2) v \/ wA
V(62 — w?) ( c‘—w‘)a( —
+ u(1? — w?) Vi -ui4 )

1

— — b2 2
i (e D) T EEA

a5 ).
w2 (1 — w?) (\/( ) (¢ -7) 37})
LV —w) (@ - wh) i(ﬂm—a—)-

u?(2? — w?) dw dw

(curl, A = T wﬁ){\/(vﬁ—bz)(ﬁ—v?)-——-(\/ﬁ wA)

-V - (¢ - w) a—w<\/v2 - w? Av)}:

cu, p - YEZZCF 0419 (,0)],

u‘\/vl — w2 Jw u 0u

curl, A = _@_(MA”) NV ) (@ =) 4,
\

I
% ou U/ — 2 o]

6.30 Elliptic Cylinder Cobrdinates.
The three orthogonal surfaces are:

1. The elliptic cylinders:
¥

— 4 = =T,
cu? + c2(u? — 1)
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2. The hyperbolic cylinders.

2 _ ¥
T ea )
3. The planes: Z = w.
2¢ is the distance between the foci of the confocal ellipses and hyperbolas:
4. % = cuw.
5. y=cVu:—1 V1-—1
I I
> s =), k=t
1 = ____.}__ _(?_ 2 Q_ ‘2 aAz
L S e
Tt (L 2) 4 2
8. V= A(u? — ) (Buz toi) T o2
I 94, 94,
whA =m0
9. 1 curl,,A——A—“———I—— 94

I .

curl, A = m{a—i (\/uz_——v“’ A,,) —%(VMA,,)} .

5.31 Parabolic Cylinder Codrdinates.
The three orthogonal surfaces are the two parabolic cylinders:
I. ¥ = goux + 447

2. 12 = —4gcux + 4672
And the planes:

3. z=w.
4 x = c(v — u).
5. y = 2¢\/uv.

%+ I w+v 7

I
6. 71?=M,E 2

-

) v a( uto ) a<\/ufv> 94,
7 dJVA—u+'v{0u o At o u A”} oz
C— Vw 6<u 9\ K 9 (vd 9
8 ‘7’=¢+‘v{@ 55)+5%(Ea_zz)}+3'z'2
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curl, A = \/ -—————L %
u+v O u+v 93

u 04, u 94,

0. Cuﬂ"A—u—}-v—az__vm_a;’
Vw9 \/ v 3 \/ u )}
Cuﬂ’A—u+v{6u< u+vA”>_%< u+vA"

540 Helical Cobrdinates. (Nicholson, Phil. Mag. 19, 77, 1910.)

A cylinder of any cross-section is wound on a circular cylinder in the form of
a helix of angle @. ¢ = radius of circular cylinder on which the central line of
the normal cross-sections of the helical cylinder lies. The z-axis is along the
axis of the cylinder of radius a.

u = p and v = ¢ are the polar codrdinates in the plane of any normal section
of the helical cylinder. ¢ is measured from a line perpendicular to z and to the
tangent to the cylinder.

w = 0 = the twist in a plane perpendicular to z of the radius in that plane
measured from a line parallel to the x-axis:

x = (a+ pcos @) cos 6 + p sin « sin 8 sin @,

L. vy = (a4 pcos @) sin § — p sin & cos § sin ¢,
2 =aqa0tan o+ p cos a sin .
171=I, h2=£)

2. P .
he? =

0? sec® a + 2ap cos ¢ + p*(cos? @ + sin® « sinp)

5.60 Surfaces of Revolution.

z-axis = axis of revolution.
p, 0 = polar coordinates in any plane perpendicular to z-axis.

I. ds? = dz* + dp® + p*d6?
dw?  dv*  dw?
“EImtE
In any meridian plane, z, p, determine #, v, from:
2. flz+1ip) = u + 2.
3. w=0.

Then %, v, 6 will form a system of orthogonal curvilinear coérdinates.
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5.561 Spheroidal Coordinates (Prolate Spheroids):
1. z+1p = ¢ cosh (u + v).

, {z=ccoshucosv,

p = ¢ sinh # sin v.

107

The three orthogonal surfaces are the ellipsoids and hyperboloids of revolution,

and the planes, 0:

22 . 02
Pcost’u T Zsinbia | O
3 22 0?
ccos Asiny
With cos =\, cos v = u:
Z=CcANM,
* {p = cvm.

N~ 1

5 b = 62()\2 ) b =

¢ (?\2 w2)’

5.62 Spheroidal Codrdinates (Oblate Spheroids):

I. p + 1z = ¢ cosh(u + ).
z = ¢ sinh # sin 2.
2 p = ¢ cosh # cos 2.
3. coshu =N, cosv=p.
U ol AT __&__I-, 2 _
4 i TN — 1) ) b = 2N — 1) hs

65.63 Parabolic Coérdinates:

I. 24 ip = c(u + )%
2 = c(u? — ),

2 p = 2cu.

3. W=\, ?= U

With curvilinear cosrdinates, N, oM, 6:

Bt =

I

N1 G-&

T
N -1 (1-

M)
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I A I o I
. = g/ D =g py e ——
4 * c"/?\+y, 2 c"/7\+,u. T 2V A

5.64 Toroidal Coordinates:

24+ a4+ ip
Z—a+ip
a sinh % .
cosh # — cos v

I. % + 1v = log

p=
asinv
cosh # — cos v

3. By o= by = cosh # — cos U = cosh % —COS
a a sinh %
The three orthogonal surfaces are: .
(a) Anchor rings, whose axial circles have radii,
a coth u,
and whose cross-sections are circles of radii,
a csch u;
(b) Spheres, whose centers are on the axis of revolution at distances,
=+ a cot v,

from the origin, whose radii are,
a csc v,
and which accordingly have a common circle,
p=a, 3=0;

(c) Planes through the axis,
w = 6 = const.



VI. INFINITE SERIES

6.00 An infinite series:
o]
Zun=u1+u»z+u3+. e
n=1x
is absolutely convergent if the series formed of the moduli of its terms:

lw |+ lwe |+ |w| +. ...
is convergent.

A series which is convergent, but whose moduli do not form a convergent
series, is conditionally convergent.

TESTS FOR CONVERGENCE

6.011 Comparison test. The series Zu, is absolutely convergent if | u, | is
less than C | v, | where C is a number independent of #, and v, is the #th term
of another series which is known to be absolutely convergent.
6.012 Cauchy’s test. If
X

Limit | 4| ”<I,

n— o
the series 2Zu, is absolutely convergent.
6.013 D’Alembert’s test. If for all values of # greater than some fixed value, 7,
U1

n

the ratio

is less than p, where p is a positive number less than unity
and independent of %, the series Zu, is absolutely convergent.

6.014 Cauchy’s integral test. Let f(x) be a steadily decreasing positive function
such that,
f(n)2an.

Then the positive term series Za, is convergent if,
@
Jr@as,
»

6.016 Raabe’s test. The positive term series Ta, is convergent if,

is convergent.

n(i"_ - 1>>l where I>1.
- 3 | . ! 'a”-*’l
It is divergent if, '
' P ‘ Ln I)SI'
" . ' C \@n1
109



110 MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS
6.020 Alternating series. A series of real terms, alternately positive and nega-
tive, is convergent if a,1<a, and

limit

n— ©

"=
In such a series the sum of the first s terms differs from the sum of the series by
a quantity less than the numerical value of the (s + 1)st term.
limit
N—>

Uny1

6.026 If

=1, the series Zu, will be absolutely convergent if

n

there is a positive number ¢, independent of #, such that,

limit { }
n —I}=—-I—¢

N—r 0

Unt+1
Un

'

6.030 The sum of an absolutely convergent series is not affected by changing
the order in which the terms occur.

6.031 Two absolutely convergent series,

S = Ut U +us+. .. ..
T=vm-+vw+v+.....
may be multiplied together, and the sum of the products of their terms, written
in any order, is ST,
ST =wv + vy + e +. . . ..

6.032 An absolutely convergent power series may be differentiated or inte-
grated term by term and the resulting series will be absolutely convergent and
equal to the differential or integral of the sum of the given series.

6.040 Uniform Convergence. An infinite series of functions of #,
S) = ui(x) + wa(x) +us®) +. ... ..

is uniformly convergent within a certain region of the variable x if a finite number,
N, can be found such that for all values of # >V the absolute value of the remain-
der, | R. | after # terms is less than an assigned arbitrary small quantity e at
all points within the given range.

Example. The series,
j z
bt (I + xZ) n’

is absolutely convergent for all real values of x. Itssum is 1 + 2 if x is not zero.
If « is zero the sum is zero. The series is non-uniformly convergent in the neigh-
borhood of & = o.
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6.041 A uniformly convergent series is not necessarily absolutely convergent,
nor is an absolutely convergent series necessarily uniformly convergent.

6.042 A sufficient, though not necessary, test for uniform convergence is as
follows:
If for all values of # within a certain region the moduli of the terms of the

series,
S =u(x) +uax) +.....

are less than the corresponding terms of a convergent series of positive terms,
T=M+Mo+Ms+....
where M, is independent of x, then the series S is uniformly convergent in the
given region.
6.043 A power series is uniformly convergent at all points within its circle of
convergence.
6.044 A uniformly convergent series,
S=wumx) +m@ +.....

may be integrated term by term, and,

S Sdx = %fun(x) dx.

6.046 A uniformly convergent series,
S = w(x) +ualw) +. ...

may be differentiated term by term, and if the resulting series is uniformly

convergent,
d d
=8 = D (@),
n=1I

6.100 Taylor’s theorem.
)3 2 hn
S+ B = @) + 1@ + 5@+ 4 TS0 + Re

6.101 Lagrange’s form for the remainder:

L]

hn—H
= f (+1) L ..
R.=f (x + Ok) R o<f<1.

6.102 Cauchy’s form for the remainder:

I(I _ g)n

nt
Ry = f®+0) (x + 0h) k py ; o< 0<.
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6.103

1@ = 1) + 7 @-E oy EZ ey E2 B,
R, = fot{h + 0 (x — h)} Q(Cn_‘jl;)i’d o<h<.

6.104 Maclaurin’s theorem:
f@) =J@ + 7@ % +1"( ) PO S+ R

xn+1
R. =f‘"+1)(0x) ol (x— 0); o<1

6.106 Lagrange’s theorem. Given:
y =2+ xp(y).
The expansion of f(y) in powers of x is:

16) = 16) + 2@ @) + 5 £ 6@
fo S L@@

SYMBOLIC REPRESENTATION OF INFINITE SERIES
6.160 The infinite series:
T
f(x)—1+a1x+ a,zx2+3—a3x3+ +Eakx’°+

may be written:
f (x) = ¢

where a* is interpreted as equivalent to a.
6.161 The infinite series, written without factorials,
f@ =14+ax+ex®+....... +axt+. ...,

may be written:

I
1) =
where a* is interpreted as equivalent to a.
6.162 Symbolic form of Taylor’s theorem:
d
flo+h) = "3 ().

6.163 Taylor’s theorem for functions of many variables:

flas+hy %2+ by . .. .) = e"‘ax +h""+ e Py o )

= f(@, %2, . . )+hlaf+sz+
12 3f tlhz i h22 aﬁf+-.

2'Bx 0210% —275_9622
+ ...




INFINITE SERIES 113

TRANSFORMATION OF INFINITE SERIES

Series which converge slowly may often be transformed to more rapidly
converging series by the following methods.

6.20 Euler’s transformation formula:

S=a+ax+a+.........
s B
I I %
= ao + 2 ; A a,
I—% I—-% I—2%
k=1
where: Aay = a1 — a,

ANy = Agy — Aay = az — 201 + ay,
Adgy = A%y — A%y = a3 — 300 + 301 — a0,

----------

k
Akg, = 2 (—I)m<z>ak+n_m-

The second series may converge more rapidly than the first.

Example 1. -~
S = k
g s 2k+1
x"‘_I’ ak— : ’
2k +1
1 k!
=2§1 35, Gkt 1)
Example 2. i
= )k X
S—kZ( 1) P log 2,

6.21 Markoff’s transformation formula. (Differenzenrechnung, p. 180.)
xk+n

2 axt — <T) 2 aFAmgy = E = x)k+1A @0 = E @ x)k+1A e

=0
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6.22 Kummer’s transformation.

Aq, A1, 4o, . . . . s a sequence of positive numbers such that

a 1

A= Am — Amps —2

am’

and
Limit
my

m—»r @

approaches a definite positive value. Usually this limit can be taken as unity
If not, it is only necessary to divide 4 by this limit:

_ Limit

Am am.
m—> ©
Then:
Eam = (Anan - OC) + E(I - )\m)dm.
m=n m=n
Example 1.
I
S= 5
m=1
m Limit
An =m, )\m=m+1, m—> © =1
a=o0

S ”Zm o
m (m + 1)m?
m=1 m=1

Applying the transformation to the series on the right:

m
m+ 2’

An=2 An=
2

= o,

I 1
mo =I-+- +22_m2('m+1) (m+2)'

Applying the transformation # times:

m=1I

2 m 2m2(m+1) (m+2) .(m+n).

m=n-{1
@
1
—_ —r)ym—l1
S 2( n 2m — 1’

Example 2.

m
I 2m
A = - k = Q=0
T T am4 1 ?
s=14 Z;( 1)m-t
2 4m2—1
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Applying the transformation again, with:
2m + I 4m? + 1
a =o,

em—1 " am— 1

e
NV I
= — —_rym=l ..
t 22/( 1) (4m? — 1)?
m=1I

Applying the transformation again, with:

2
Tamt Ty 4m+3 a=o,

Am"— m
22m—3 ——9

I
"2

= ‘_1’ —1)n1 b .
3 + 24; (=2) (4m? — 1)* (4m* — 9)

Example 3.

- a 1
S = ;(—I) lm,

2m — 1 am? — 4m + 1

=em=3 " m—pGemtr ¢

5 m—1
5 42( ) (2m — 1) (2m + 3) (em + 12

6.23 Leclert’s modification of Kummer’s transformation. With the same

notation as in 6.22 and,
Limit
Ao =w

7

m— ©
S 4
Zdn =ao+ )101 —+ 2<>\m+1 )A m+1 Gmil.
n=o0
Example 1.

—_ 1)1
s= 20t
4m

=0 Amw=1I, W=2 O=o0, )\m=2m+1’

-

__-3_ Em —T7)m—1l I .
S_4+4§( 2 m(2m + 1) (m + 1)
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Applying the transformation to the series on the right, with:

_ _am4x _ (2m + 1)?
G =0 Am= m—1" " (m—1) (m+ 2)

wW=4, a=0,

219,90 - r :
S 24 + 22( 1) m(m + 2) (2m + 1)% (2m + 3)2
m=3

6.26 Reversion of series The power series:
=% — 0% —box® —bgxt— ... ...
may be reversed, yielding:
x=z4+c 4+ttt ...,
where:
€1 = by,
Co = bp + 202,
s = b3 + 5bibe + 504%,
c4 = by + 6bibs + 3b9® + 2102y + 14514,
¢s = bs + 7(b1ba + bads) + 28(bs%bs + 10:%) + 84b1%bs + 42b1%,
C6 = bg + 4(2b1bs + 2Dabs + bs?) + 12(3b1%b4 + 6b1bobs + b5?)
+ 60(2b:%bs + 3b:20:2) + 330b:%bs + 132015,
o1 = by + 9(bibe + bobs + bsbs) + 45(5i2bs + bibs® + bo2bs + 2b1boby) ’
+ 165 (5134 + b1be® + 3b:2bsbs) + 495 (b1%b; + 25,%5,%)
+ 1287055, + 42957

Van Orstrand (Phil. Mag. 19, 366, 1910) gives the coefficients of the reversed
series up to c.

6.30 Binomial series.
nin ~ 1)
2!

n(n —1) (n— 2)
3!

n! " _ " n ) n .
+(n—k)!k!x +... .—1+(I>x+(2>x2+<3>x3+. .. .<k>x"+. .

x2 4 e

(I+x)”=1+%x+
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6.31 Convergence of the binomial series.

The series converges absolutely for | # | <1 and diverges for | x| >1.
When « = 1, the series converges for #>—1 and diverges for n< —1. It is abso-
lutely convergent only for »>o.

When « = —1 it is absolutely convergent for #>o, and divergent for n<o.

6.32 Special cases of the binomial series.
A R Y A
(e+d)r=a <I+a> =b <I+b>

It ’§I<I putx=gin 6.30; if |§|>x put z = 2 in 6.30.

b

6.33

1 (1+x)’%—1+?—x—n(7:!n;2”) n(m—z)mifm—n)x3_

....... < (_I)" nim —n) (2m — n) . krmk [(& - I)m——n:]xk

2. I+a)t=1—2+22—af+at—. .. .. -
3. (14+x)2=1—20+322 — g2+ 5t — . . ..

4. m=1-.-§x—;—:x2+:igx3_;:ggx4+
5.\/;I_ﬁ=I—;x+z—'zx2—;:igx3+;:i:g.;x4—

6 (1+x)*=1+£x——%—62—x2+ ;'ggx:‘—s:["éz;)‘;..jx“

7 (I+x)‘3‘=1—§x+;:gx2—;:g’:;xi‘—i-;.g:;:izx‘*——

8 (I+x)3~1+§x+i—:ix2—‘2:;:;x"+‘z :;gx" 2;2 g:rsox“r
9. (1+x)-t=1 gx-{—iix? ‘zigx3+ .....

S S SO SR SAOE S
0. (1 +2%) 1+4x 32x +128x 2048:\c"+...

G I, 5,0 15 295 4
11. (1 + %) 1 “.ac-l—szx2 I2890"+2048:)c

L)t = I._2 6 52t
12. (1--%) I+5x 259::2+12590 625x4+
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13. (1+x)‘6—x—gx+ 5 125 +625

5 2 _&_ 3 935 4
72 v 1296x 31104x +.

“t o 9T s, 1729 4
15. (14+2) %=1 6:)c+72x2 1296x +31104x

14. (I+x)ff-1+ % -

6.350
* IfxzI-T-x+xj-x2x2+1f;4+xixsx3+"" [x*<zl.
2. Ifx=1fx2+1f2x4+1f4x8+ ..... ' [@<1]
3'xi1=xj—1 x2-2i-1+x4i-1+ ..... [2*>1].
6.351

o (e ool 220

2!

— —_ 3
+ZL_(’_¢___43)'(L_5_)(§> ... } e [at<r]
n may be any real number.

e\ 2 202 _ o2 2012 — 22) (52 — 42
2. <x+\/r—|—x2> =I+%x2+n(n4, 2)oc‘*+%(n 26)!(’1 4>x6+...
” n(n? — 1%) n(n? — 1% (n? — 2)
+E et 4 S, .. [e<i]
6.362 If ¢ is a positive integer:
a—1
1 1 I . _(a=D'f | "
a+a(a+1)x+a(a+1)(a+2)x+ """ T e {e —Enl}
n=0

6.363 If o and b are positive integers, and a<b:

ala+1) +a(a+1) (a+2)x2+.

+

56+1) " Th@+1) O +2)
= (b —a) (Z:;){ (=1 i;g (1 - %) (1 = a)p—et
R —
va( 1) <b_kizl)§xnk}'

(Schwatt, Phil. Mag. 31, 45, 1916)
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POLYNOMIAL SERIES
bo+blx+b2x2+b3x3+ PR

6.360 Qo+ Gx + agx® + azx® + . . .

I
=a—0(60+51x+62x2+' . '))

Ca—bu=0,

C1a1 | CoQ2

— — =0
e+ o + P b2 = o,
Col1 . C1G2 . CoQs3
— +—+—

¢+
aop Qo Qo

—b3=0.

(=1)* | (3160 — aoby) a9 O e o
ay” (asbo — @ob) o Q0 e e e e o
(asbo — aobs) as 7, o

(@pabo — aobay) Gn2 Qg v v v o v ao
(@nbo — @odr) Gn1 Gneg « v v o o . o

6.361
(ot ax+a+....)"=co+axhcx?t+....
Co = ao™,
ayt1 = Na:Co,
2092 = (n — T)aic1 + 2masco,
3¢ = (n — 2)aice + (2n — 1)ascy + 3nasco.
e ¢f. 6.317.

6.362
V=% + aox® + axd + . ..
by +0y+ by +. . o=+ o+ oxd ..
o = aiby,
Cy = agh1 + a’hy,
63 = aghy + 201G5hy + @;3bs,
Cs = asb1 + a0*b + 20103b2 + 3020903 + 01%D4.

6.363
e B G 2 S

= o,

I 2
02=02+';al,
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C3

1

1
as + a0z + 3 ad,

C4

I 2,1 oL X 4
a4 + 0103 + — a2° + — 301" + — ar’.
2 2 24

6.364
log (1 4+ @+ ae® + asx® + . . ) =0 + c® + o + . . .
a = ¢,
205 = @161 + 203
3a3 = @01 + 20162 + 3C3,
404 = a301 + 20262 + 303C3 + 404.
= a,
1
Cy = Qg — — 014y,
2
C3 = L 2 o
3= Q3 — ~ Q0 — — Cally
3 3
i 2 3
C4 = Q4 — — C1A3 — — Coly — = C3Q3.
4 4 4
6.3656

ux + asx? + agx® 4. . .

z = b+ box® + bgx® 4+ . . .
V3 = ca® + g + caxt 4. L

cy = aiby,

s = aibe + by,

s = b3 + asbe + ashy.

o = abp_1 + Gobra + agbrs+. . . Gr—1 b1,

6.37. The Multinomial Theorem.

The general term in the expansion of
(1) (@Go+ax +ax®+a®+....)"
where # is positive or negative, integral or fractional, is,

(2) nn—-1)(m—2)...0+1)

61!62'63' PRI

PO A, . . ottt
where

p+atet+at+.. ... = n.
¢y, ¢, C3,. . . . are positive integers.

If » is a positive integer, and hence p also, the general term in the expansion
may be written,
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n!
p!l:]_!Cz! P
The coefficient of x* (% an integer) in the expansion of (1) is found by taking
the sum of all the terms (2) or (3) for the different combinations of ¢, ¢,6s,
3 . . - . Whica satisfy
i+ 20+ 334+ .. .. =k,
pt+tat+aet+agt....=mn

aPatastas® . L L ettt

(3)

cf. 6.361.

In the following series the coefficients B, are Bernoulli’s numbers (6.902)
and the coefficients E,, Euler’s numbers (6.903).

6.400
x5 2n+1
I. sinx =% — 3|+5[ ; 2( )" (22-{—1)' [#2< o]
22 xt AP . X" 2
2. COS%=1~— 21"'41 6_1+'°"=2(—I) Gy [2< ]
=0
62
. tanx =2 x3 x5+-——7— 2.
3 HE TR +2835
on (20 _ 2
—22 (27 — 1) p gonmt [x2<1]-
(2m)! 4
4. cotw=s -2 Lys_ L S S S
3 45 045 4725
= E — %x‘ln—l [x2<7r?]
% (2m)!
n=1
—rt LS GFE -3 B "<
5. secx—1+2!x2+ x4 (zn)!x'”‘ [x2<4
n=0
7 31
6. CSC$=;+; +3—5—lx3+é.—7!x5+...
_I 2(2 — I) 2n41 2
—x+2 (2m + 2)! Buyi Lot <],
n=0
6.41 h
o1 I s, I3, 1-3°5 4 <]
1. sin x-x+2_3x +2.4'5x5—|—2467x+. [oﬂ I

T (2m)!
= cos~lx = 2 22"(11,')2 nt D x?"'+1
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2. tant g =% — é w4 ia -2 4. ... (Gregory's Series) [x% 1]

5 7
d 2n+1
s 2 x4
=—‘——C0t_1 = —_T)? .
2 ¥ ( I) 2n + I

2 2 2
3. tan~lx = x2{1+ Y 2+ < ad 2>—|—...}
I+X 314 3*5\I+%

B 2 22 (nl)? 2 )n 2<
T4 a? (2m+ 1) \1 + 22 ’
n=o
4 tntg=2 Iy LT T

; 2z 38 5 g

=27 2 (-1 )n(zn + 1)o?n L [xz?l]'

4, F_r_* r 3 1 135 I _
5. sec ¥ x 234 2432 2467 %
- (2m)! [ ]
P — =1 = — —_— N —2n—1 .
csctx 222"(714!)2 (2%+1)x x>1
n=o0
6.42

. 2 2t 2:4 2% 2-4-6 28
I (sin'x) =24 - =4 — =4 —— — 4. ...
( ) 32 353 3574

= i D) LR 2<
- eI v
! I
2. (sin™t x)3 =x3+%32<1+—15>x5+%3252<1 +§—2+§>x7+.... l:ngx]-
p—t p~1 [fka—1
-1 = Pl k—1—°___ - r .
3. (tanlx)? PZ( 1) zko+P—2g<§2ka+p—a—z>

(Schwatt, Phil. Mag. 31, p. 490, 1916).

3 . -
4. \/I—xzsm—lx=x—2;—+ 224 2+

35 357
- e 2 =) g2 [2 ]
—x+2( n (2n—1)'(2n+1) w1
sin~! x 2 2:4 2:4-6
: —at i s T
5 Vi —x? 3 35 357
- S 20 e
_2(2n+1)1x P <1
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6.43
1 — — 2 —_ I 8
1. log sin x = log x {6x +180 +2835x +... }
= 2n—1 0
= logx — (m)' [x2<7r ]
2. logcosx————xz—ix"——lxs——ﬂ—xs—-....
12 45 2520
2n—1 2n 2
- _22 2 (2= 1) By, [xz<z]
n(2n)! 4
_ LIPS 127
3. logtanx—logx—|-3x % +2835 +18goox8+'
_ (22n—l_ 1)22n n [2 12:]
log x + 2 (o) Boa? 2 p
4. logcosx=-E{sin2x+;sin4x+§sinﬁx+. . }
_ — E S E inn g 2 Zr_ﬂ]
= 2Ensm x. [x <4
n=t

6.44

1 I I
.o +x)=x—=2F-af -t ..
1. log (1 +2) 2 +3 4

=D o [-r<eer]
n
n=1

{log (1 + #)}? see 7.369.

1 TFR) ma— Ll LT3 IS,
2. log x4+ Vi+ad) == 2.3x+2-4-5 2:4 6-7 -

~ - . (en—=1)l I:.. <x< }
= x-l—Z (-1) 22yl (n— 1)! (20 + 1) R

I'1°3,4, 11735
vt et

w (om—1)! 2
—logz—Z(—) 22»——1”1/”_1)' 2% bl

3. log(1t+\/1+962)=10a‘§2+1_'“1"2
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— ) _ L_rrzx L
4 log 1+ V1i+o) =loga+ 238 245D

TN n (2n—1)! gt 2> :I
=logx+;;+2(—1) 22 nl (n = 1)! (21 + 1) [x/I
5. logx=(x—1)—§(x-1)2+§(x"1)3—
= > (g 220 [o<w<:]
m=1
6. logw ="—= E<x_l>2+l<x_l>3+
. logx = % +2 x 3 X et
S
= pd
% — 1 1\*  1/x—1\°
e e

©

— 2n+1
- () [=><]
2n+1 \x+ 1

Nn=o
8. log 212~ {x+ o+ < x5+ }
_ I nH 2 .
_222n+1x2 I:x<1]
x4+ 1 II
9. log——— = { +——5+5x5+ }
_ . r 2 :
__22_ (2n+1)ﬁﬂ+l [x>1:|
o VIR log (4 VIR < 00 T2
n_I|22n n!
"“2( )n( (2n)+1)' e I:x2<1]-
. log(x+\/1+x2)=x_2xs+ﬂx5_££§x7+...
-\/I+x2 3 3'5 3’5'7
NV e 2, [ ]
—Z(—I) nt 1% o<

2 4 . 6
12. {1og (x+\/1+x2)} =-I—_§-%+%'%_

) E(_I)'n—l 222=2(p — 1)! (n — 1)! % [x2<1:|

(2n — 1)!
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13 %{log(H-x)} =§slx~——52x3+—ssx4— . [x2<1:[-
I I I y
where Sp==+-+=+...= (See 1.876).
I 2 3 n
{log(l-l-x)} =§'§51x3—£<§3‘1+§-.¥2>x4
EYESNNE SRS 0 P 1.
+5<251+ Sz+483>x [xz<1_
log (1 +x%) (1 1 \#
B T rar =w=nln+1) n+n+1>2!
I I I \«® M, ]
D) (4 2) (24 n+2>3l— <]
5445 (See 6.705.)
3 (:[—.';c)2 I I x %2 [ T
L4 x2+ BT T3 234 a5 7<)
l{l—t_—gfl I+\/x+2log(1—x)—-2}= L i
4| x CI—o 123 345
x2
+ +. [o<x<1]-
5:6-7
CI I—x 1 %
.= —log(14+2)— —=tanty} = —— —
3 2x{I g (1 + %) 7 } T3 T
&2
= <zl-
+5-6-7 [o<x\1]
6.456
—log (1 +%)-lo (I—ac)—Jc2+<1—-5+£>£i
I. g g = 2 T3)%
1 1 1 1\af
T L [x2<1]-
+(I 2 3 4+5 3
I tan-tp-log LTZE g <_z z)ch <_3 11 z)&i“
2. 2’catn x]ogI_x 22 4+({1 3+5 3+ 1 3+5 PR i
[x?<1]
Etan—lz’c-log(l—!-ocg)=(1+£>3 (1+ + I )x"’ [x2<1]-
33 2/3 5

6.456
2 2 (b2 2
L COS{klog(x+\/x+x2)} —1_’;, +k(k4-'l-2)
‘ 2( b2 0) 2 9
_RG +26)'(k +4)

125

.....
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k may be any real number.
—e 2 (b2 2
2. sin{klog(x+\/1+x2)} =%x—w3—fﬂoﬁ

LEEE) @)

5! |
6.457

I
_—————— =1 4 A xm
1 — 2% COS @ + x2 2 "
n=1

where,
n
= n —_T)k ’ﬂ+k> 2k
Asn = ("I) Z( I) ( Py (2 cos a) )
- n ntkt 2k
Aopp1 = (~1) E( 1)( Y )(2cos o)L,
6.460
© x"
I. -I+x+ + l—{- ..... = =
3! n!
n=Q
2 3
2. a*=1+2loga l_(xloga) _l_(xl(;g'a) Fon

. 2 2.5 5, 18 ,
3. € —e<1+x+2!x2+3!x3+4|x4+...)

SINT xZ 35('4 83\3 x 56907
4. € I+x+—_—?-?+"5" 7r+
o8 X x2 4x4 3Ix6
5. ¢ =e<1——2—!+——— 6l + . )
x?
6. ¢onr =1+t +3,+ +Zx5+
- xz 3 4
7. e = 1 x4+ = +239£’-—|—5x'+ .....
2 4
8. e"m‘"-r-{—x-I-i——'l'”
6 24
6.470
x5 hd x2n+1
1. sinhz =% P
+ +5,+7,+ (2n_|_1)'

x2<1,

<]

1

x2< w:l-

<L oo |

[#<=]
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4 hod 2n
2. coshx = 1+x2+ + 2 id l:x?<oo]-
. tanhx=x—£x3+ix5—1—7-x7+. e
3 PSR TEETT
 \n—l 22— 1) 5 gy [2 12:[
2( 1) (zn)‘ Bnx x<4
T
.xcothx =14+~ LI B “+—--oc6
4 3 45 945
— n—l " x2n 2 2.
I+2( 2 (zn)‘ [x <7r]
— __1_. 2 _.5. 4____]: G = 2 n_—"_ A2n 2 I:I
5. sechx =1 5% +24x 720x 1+ (1) ( )[ 9c<4
6. xcschax=1—= x2+ —‘E—x6+
360 15120
L2022 —1) 1) . 2:[
_..I-I-E(—I) )] Ba? [x2<7r
6.475
22 24
I. coshxcosx=1——‘x4+—x8————1,‘2+
PRI y
. . 22 24 2
2. sinhasing==—a2—=af+—20—.. ...
2! 6! 10!
6.476
had n, 7]
I. e%*? cos (x sin 0)=29—C—C—Z§,iq [x2<1 .
n=0 -
[~ . 6 — —
2. ezcosﬁsin (xsin e) =E.x_sln_u_ 2<1|-
#n! | i
n=1
. o 427 cos 2120 i 7
3. cosh (x cos 6)-cos (x sin 6) =2——(;;),——— <1

n=0

©
a2+ cos (2m + 1)0

4. sinh (x cos 6)-cos (xsin 6) = 2 (2n + 1)!

n=o0

. s n+l o)
5. cosh' (x cos 6)-sin (xsin 6) = sz (z]: _*(_2?:)_1*_ 2

n=0

6. sinh (x cos 6)-sin (xsin 6) = Exz ® (Sziz)?nﬁ

n=x
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6.480
I. sinh"‘x=x-——I—x3+ LI H .
2:3 2:4°5
(2"')’ n+1
—2 (=2) 22 (nl)? (2n + 1) 2
inh=! % = L S
2. sinh x—log2x+2 Py Rlpo 4x4+' .
= log 2x + i (~1) COI
22 (nl)?2n
n=0
-1 _rr 13
3. cosh™ x = log 2x 7 24 gad
(2m)! y2n
= log 22 — Zzzn(n')"’zn
hod 2ntl
1, 3 7+ -
4. tanh™lx x+ x+ x5+ X 22n+1
—1_ I rr 3T _
5. sinh poia 3x3+ P ..

. S )| B —
=csch™w = E( 2k 2l (an+ 1) :

_— -1 —_ 2. — ._(gﬂ.- 2n
= sech™ x = log - 2 (e

n=o

<
" (2m)!
p— ~1 —_ st T el 421
= csch™lx = log = + 2:( 1) ()
n=0
8 tanht E I L o &
S x+3x3+5x5+
x—2n—1
= 1 =
coth—! x po—-

<)
]

x2>1]'

-
x2<1]-

Fx2> I] .

o<
[e<s]

[o])
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6.490
(=]
I. I - z:e"‘(z”"'ﬂ-
2 sinh x
n=o
(o]
1
2. = —1)n gm#(antT),
2 cosh % 2 (1)
n=0o

.]E 1_ = —_ n p—2nzx
3 2 (tanh - 1) 2( )7 g2,

<«

_I *_ — 2 (2n1)
4. 2log tanh 2 Ezn T e .
n=o
6.491 \
N V21, ()
= (mx)2 = VT J 2 .
A LR SR
n=1I n=1I

By means of this formula a slowly converging series may be transformed

into a rapidly converging series.

6.495
I 1
2 + 2 2 + .
I. tan & = 2% (7_I')_xz (ﬂ) — 2 (5_.) 2
2 2
— S 81‘ .
= (27 — 1)°m2 — 42
=1
I 2% 2% 2x I 2%
2. COtx—;(;—')rz—ﬁ_ (27!')2—:(2— (37,-)2_3,2_' =;—Zn27r2_x2.
_ T _ 3T ST _
3. secx—-(£>2_x2 (ﬂ)2~x2+(5—7r)2—x2
2 2 2
_ o \aer 4lm—TDT
Z_}( 2 (2n — 1)%m? — 42
csc x‘— ;_+ 2 2% 2% _
4 Tt moar (emr-a2 gmi-at T

I )1 2%
x+z( 1) n*n? — &P
n=1I

By replacing « by 4z the corresponding series for the hyperbolic functions

may be written.
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INFINITE PRODUCTS

6.50
had 2
I sin &= xH (1 - na:qr")
2. sinh x =« (I+;%Zr;>
@ 4_:)(:2
3. cos x= II (I T (en+ 1)271'2)
- 42
4. coshx = II (I-l—m)'
n=090
6.51
sin = cos =
x ~ L 2"
6.52
I n
L = H (z + ).
6.63

(-]

[x?< 1]

I. coshx —cosy=2 (I +§> Sinﬁ%l II(I + (m::_ y)z) (I

n=1

902
T G = y)z)‘

_ _ ARy —
2, COS% cosy—2<1"yz)sm2]](1 (2nm + 3)?

n=1

6.66 The convergent infinite series:

1+t .- .=I+Zun.

xz
P Gnr = y)ﬁ)'
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may be transformed into the infinite product

T4+m) T+w (T+wm).....
- G+,
n=1I
where
Un
Un

TSIttt ot

6.600 The Gamma Function:

> (x4 1)
I‘(z)—-—fzg—:—i—’_;),
n

z may have any real or complex value, except 0, —I, =2, =3, « « « »

6.601
(e
n=1I
6.602 L
imit 11 1
= {I-I—;—I—g-l—. . .+%-—logm}
Y Sl G O
—.[ {I—e“— 7 }dt—o.5772157. -
6.603
T'(z+ 1) =2I'(z),
T
INCINCESE)! =S

6.604 For z real and positive = x:

'O
T'(x) = f et 1=l di,
o

1 I 1} dt
t

] (el x4l i S 3
logI'(1+x)—(x+2>]ogx x+2log2r+[ {e‘-—x Ftoe

6.606 If z = n, a positive integer:
I'(n) = (-1},

I‘(n+£>=1'3'5' -

'@ = v

..(m-—r)\/q_r’

2
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6.606 The Beta Function. If x and y are real and positive:

B(x: y) = B(% 9") = %{.(%_il%%).’

B(xr,y) = [ t=1 = pvrd,

B+ 1,9) = 74 B9,

B, 1—2) =

sin x

6.610 For x real and positive:
. CM(x) ~ 1 1
Yix) = T(x) —y—z(x-f—n_n—}—x).

n=o0

6.611
Y +1) = i + ¥(2),

Y(1 — x) = Y(x) + 7 cot wx.

‘p(%) ==Y —2 log 2,
IP(I) = =7,
110(2) =I-7%,

1[/(3)=I+':""'Ys

6.612

I I
Y@ =1++--7

-----

ooooo

6.613
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6.620
B = Z} ==
I + AN
T2 { <2)}
6.621
B +1)+Bx) ==
B@ +Br—2) = ——-
6.622
B(z) =log 2,

()5

6.630 Gauss’s II Function:
3

. I (& 35) = kst f .

_ Lo Ltz |
Z.H(k,Z-I-I)—H(k,Z) I+I+z
k
3 H()_LumtII(k 2.

4 I @) =T(z+1).
5. I (-5l (z—1) = T csc s,
i G) -1vE

o

6.631 If z is an integer, #,
I (n) = n!

DEFINITE INTEGRALS EXPRESSED AS INFINITE SERIES

* o NV_(DE
6.700 j:e dx P kl(2k+1)x2 .

k-]

ky2k+1
= —2z% 2 .
¢ 21-3-5....(2k+1)

k=o
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Darling (Quarterly Journal, 49, p. 36, 1920) has obtained an approximation
to this integral:

N2 — -
- - ——tan™! VT 2,~Vr)2
. r n { &7 (1 + ae=VT)
Fresnel’ Integrals:
6.701 f cos (x)dx = (2k 1( (41[2 n 1) !

) 2 - Syt
=cos (x -1
et 1°3°5.... (4k+1)

o o
92k+1 x4k+3

+ sin (ﬁz (“I)k1.3-5. . (ak+3)

. S (o
6.702 f sin (#%)dx = { (ak + 1)1 (4 + oA
. 22k
= sin (2 ]E (_I)k1-3-5 ... (4k 4+ 1) o

e 2k+14045+3
— cos (#?) (=1)F—o Z .
; 1-35....(4k+3)

1la—-1 hod I
6.703 ﬁmdt=2(_x)a+nb

1 a1y — )kt
6.704 (k~1) [.fo‘ 1 — xf a

x'n
_; (@G+nb) @+mb+1) @+mb+2)...@a@+nb+%—1)
[6>0, 22<1].

(Special cases, 6.445 and 6.922).

o

6.705 f et 191t = il caliid -
;( 2 nlln+y) Zoy(y+1)-.-(y+n)
6.706 If the sum of the series,
@) =26wx" [o< x <1]
is known, then "t
Cn™
n=°(a+nb) (@+nb+1)(@a+nb+2)..... (a+nb+k—1) [>0]

T - 1)’./ £ — Y () di.
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6.707 ff(x)z = sin nx-dx = —f (m - t)Zf(t+ 2nr) - dt.

n=0

Example 1. flx) = e~*= [k>0].
1 S 1 i
* l;+2k2 [ R e
n=1

Replacing % by é, and subtracting,

I I 27
2 ];‘i‘ Zkz (-—I)"k2 + n = gk _ gk
n=1

Example 2. With f(x) = e~ cos ux and e~ sin uax.

A + 2 A + A _ wsinh 2\ .
S TRy od | N+ (n—p)* N+ (m+w? |  cosh 2T — cos 2um
M _2! nop L ntp )= wsin 2um _
N N4 (n—u? N4+ (n+ p? cosh 2AT — cos 2uT
m=1 |

6.709 If the sum of the series,

16 = 2 o,

n=0

is known, then
f e~ ey () dt

stay+ay@y+n)tayly+n) G+2)+. ... . =
I' )

6.710 The complete elliptic integral of the first kind'

K= ./v<r—x2) (t — B / I_k~smz
—;{ (>k2 <2 >k4 }
-F{ae i“fa LD | De<l

I—Vi-—Fk
I+VI-R

K=”—-(I—+—k'l{x+(—‘->2k'2+<§:—i)2k'4+. . }
1r(1 +k'){ +E(1.3.5,6. . (em — I)>2k’2”}‘ )
2:46....2n

If ¥ =
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6.711 The complete elliptic integral of the second kind

[\/1 — k2 sin? 0 40.
2B (1 3)2k4 }

(2
2 2/ 1 \2:4/ 3
T SV(3s. JETL)
—2{I 2( 2:46....2n ) 2m—1
-1~ R
It A S S
1441~k

E=M{1+5<>k’2+9(2 4>k’4+. .. }

_ 7r(12— k') { - 2(4” + I)(1-32-54.. .. ('m; I)>2k’2"}

6...2
I Vo
)k +<246

- (e Jire o}
-l i D)

FOURIER’S SERIES

6.800 If f(x) is uniformly convergent in the interval
—c<x< + ¢

f(x)——bo+blcos7r—6x+bzcosa76—r§+b3 0s ¥— +
i SLES
c +.

. TX 27X
+a151n-—+agsm————+a sin

o
bm = fx) cos 2% dx,
(79

Ej_c f(x) sin de'

6.801 If f(x) is uniformly éonvergent in the interval
o<x<¢

f(x)~—bo+b1cos£7—:§+bgcos4-§7—r+bs 0s —= +
+alsmz~+ s 1ny—r~+a m§§—+...

ff(x) cos 2
Om = -G—J:f(x) sin zmcﬂ-xdx
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6.802 Special Developments in Fourier’s Series.

where k is any integer, including o.

6.803

6.804

6.8056

f(x) =a from x = kc to x = (k+-2I-)c,

f(x) = —a from x = (k + z)c to x = (B + 1)c,

2(2n— 1)7rx_

JORE=

f®)

[
N
R

.....

.....

c
¢
—iga g4l
4 4
%SxQ X
Xgeg L
4 4

2(2n L
We

f(x) = ma,

= m(x— C)’

flx) = %nz __(_211-1 sin

n=1x

f(x) =—a
= F+ab),

.....

~fca<tl
2 2

td
¢ 3
+2<x< py)

2NTX
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6.806

6.807

6.810

6.811

6.812

6.813

6.814

6.816

6.816

6.817

6.818

MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS
f(x)=élo:-|—b, ~I<z<o,
b
= - —l-x+ b, oLx gl
8 . 1 ™
f(x) = ?Zm Cos (2n + I) —2—2—
a
f(x)":z’x: ogx<Y,
a al
= — ——— <x<
ey SRl S A
__20P m I . ML
7@ = 0= 2%2 " sin ]

> (_I)n*l . B T
X =2 E,Tsmnx —m<lx<mT
n=1 -
<) g —
2 . I (~1)»t
Cosaxr =—sinar{ —+a 55 COS 1% —T<x<T |*
sy 2a n — | |
fn=1
@ — -
. 2 (=x)»1 .
sin ax = — sin e 5 7 7 SIn %y ~r<x<m
™ " — | |
n=1I
[e=] . -~
T—2 sin %%
= Zt [o<x<27r .
2, n i
n=1I
[ -
T I COS nx
-log———= = 2',~—~—- o<x<z2m]|*
2(1 — cos %) n |
n=
2 2 had 7]
™ 7Tx COoS nx
____..__|__=—Z-: 5 o< <2
6 2 4 v
n=1
2 2 3 9 o T
T WY X sin nx
—_—— e — = E, 3 o< e <2
6 4 12 4 n
n=1
4 2,2 3 4 o~ * T
T 25 ™% x Cos nx
—_—— o E: 1 o< < 2t
9o 12 12 48 n
B n=1
«©
T  wxt mat a8 sin nx o< < 2T
go 36 48 240 7 i

n=1=1t

.



6.820

6.821

6.822

-6.823

6.824

6.8256

6.830

6.831

6.832

6.833

6.834
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o«

. 4t (~1)nt nTL

= ), —5— cos —= -c
3 7" ¢

ex —_-_I. — 02 (_I)n—l—I._. Cosw
e —¢° 2 (nm)? + 2 c

n=1I

i,

W', 1

nTx

—T1\n—1 _ __I 1n —
+ FZ( ) (nm)? + ¢ S

n=1I

e = % (€™ — 1) { por Z (- 1)"*1

T . . . <\ Cos2 (n+1)% - =

cos 2 — (— — xJsin 2x1 2 x) = pidedath i W74
(2 x) 2% + sin? x log (4sin? ) E: A1) = -
n=1I -

[osx < 7]
sin 26 — (m — 2x)sin? x — sin % cos % log (4sin? %) - -

= 2 ___—sinnzén_l:}—l)x)x [o Lz < 7r].

y
LI

|
vl
}
8
A
Cacd S s

5 COS 7% } l:o’< <

I T nxe COS 2nx << T
2 4 (2 — 1) (28 4 1) °CRES T
n==I
. (<]
7 sin x 2‘\ o sin ‘2 7
I — 27CoS % + 72 r<I|
n=1I - -
. [e-]

tan—! rsiny E: > yn sin mx [ :
I—7CoSx ” M <t|

s —
I ian- L 27 smx y2n—l in ) o]
- 2: ; sin(zn — 1)z 7 .
2 1—72 21 — r<I
g A A
@© —

I—7COS % Zrn 08 )
—_— e = r .
1 — 27 COS & + 72 <IJ

7n=0 -

o]

1 . r s
o —_————— = Z:—r COs nx r*<I|*
g\/I-—ZTCOSx-|—1’2 % | i

n=1I
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NUMERICAL SERIES

©
I
-2
k=1

I, 27COS% n-—l
6835 > tan— T2 2 N ()
n=x
6.900
Se=ct bt
T T Ty
Sy=w

- 71-2
Sg = 5= 1.6449340668
3

25.79436
4

Si= 5— = 1.0823232337

Sz = = 1.2020569032

_— 7‘-5
Sg,:= Zo5T215 1.0369277551
6.901 -
Uy =1 — :3—' + '5—' - F 4.0 0.
w =1

Uy = 0.9159656 . . .
s = 0.98804455 . . . .
#g = 0.09868522 . .

A table of u, from # = 1 to #n = 38 to 18 decimal places is given by Glaisher,

s 6
Sy = 4 = 1.01 0620
6 045 7343 p

7

= 10083492774

- 2995.286
3 = 9~45_6 = 1.0040773562,
S, s 83928
= = 1.002008392
* T 2072935 - 3925
S0 = 1.0009945751,

S1 = 1.0004941886.

=3 . .
; (—I)k (2k+ I)"’

Messenger of Mathematics, 42, p. 49, 1913.

6.902 Bernoulli’s Numbers.

2% lqrn 1 I 1
Tt Bn = 12" +—22—"+3_2"-+42”
(22 — 1)men 1 I I

T a@ml T mtEmtmtE
(221 — L 1 1
3 (2m)! B = ot 3%
B.=%
By =
30

2n

3
2 (2k + e

I I
—_— = - 1.
42n+....- zt( )" 7in
k=1
I
B = —
2
I
4 = —

2n—1
— ¢os (2n — 1)x [72<I]'
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-3, _ 3617

Bs = 66 Bs = 510
_ 691 43867
7 2730 B =58
B, = %, By = 174611,

330

6.903 Euler’s Numbers

qrentl I 1 I ~ _ I
222 () | En=1- gt + gt Tt o= g(—l)k ]Wf
E]_ =1I, E4 = 1385,

Ey =5, Es = 50521,
E; = 61, Eg = 2702765,
6.904
B, 2n(21:'— 1) Byt an(en — 1) (2Z'— 2) (a2 3) Eope o ...
— e + (-1)"=0
6.905
2n (27 —_ _ —_
22 (2 1) By = (2 — 1)Eny — (2n — 1) (21 — 2) (21 — 3) E,
27 3!
_ - — 2) (21 — _
4 lan 1) (21 — 2) (msl 3 (2:z Qn-9p _ . + (=)t
6.910
nf
Sy = i
Si=e Ss = 52e,
Se = 2¢, S = 203¢,
Ss = se, Sz = 877,
Ss = 156, Ss = 4140e€.
6.911
I
5= 2 @ =
a2
S1= ix Sz = 32— 3% 6431!',
2 4 2
Sz___r 8 S4=1r + 30m? — 384

6 768
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6.912
1
1. log2 = 2 we2m
n=1I
1
r_z 2 _

2. — (log 2) Z e
6.913

I
I. 210g2—1=2m-
n=1

<o

2. -32-(log3—1)=2@;——_——5-

n=1
1
3 =3+ 2lgstaloge= D) mriry
n=1
=) 2
_ﬁ I°3°5. . ... (m-—:)) I
6.914 Sr = 2 ( 24°6..... 2% m+r
n=1I
Uy = 0.9150656 . . . . (see 6.901)
2
So=210g2-:’—ru2, S_.1=I-—'7;,
=4, =X I_*
51—1ru2 1, S_2a210g2-|—4 2ﬂ_(2u2+1),
2 1 10
Sz—;—- ) S—a_g_gr’
S3=—I—(2u2+1)—-1—, S4=‘9—10°' +‘—‘——_(18”2+I3)
27 3 ™ 32 128 327 ’
o 1 _1_8
St o 4 S = 5 2251
_ 3 _2s o
S5 = 327 (82 + 13) 5 Ss 128 log 2+ 1536 1281r (0 + 43).
-8z
L 2257r 6
St = 1287r (s0uz + 43) ~ ;’ _
When 7 is a negative even integer the value n = g— is to betexcluded in the
summartion.
6.915
2. _ — 1!
L A,.=I35""(2n D) (em-—1)!

2:46....2n 2 pln— 1))
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[ee]
T 1
7 7°F _EA"zn+I )
fn=1I
I
4. log (x + V2)—1= 2(— 1)"A,.-27L-_I_—£-
n=1
I an+ 1
P ZA (en—1) (20 + 2)
n=

©
2_I_ _qp)nHig s AnTT .
6 T 2 2( 2 A"(zn—x)(2n+2)

Nn=I

I_4_ 4 4n + 1 .
8 2 ZA”(:m—- 1) (20 + 2)
n=1i1
6.916

If m is an integer, and # = m is excluded from the summation:

©

I _3__2_1__.
: am? mE — n?

Nn=I

had —T1)n—1
. 4_3_m2 = (mzlz — (m even)
n=x

©
_ n—
= n'

n=z2

©
s
2

Nn=I

2
s 2log 2= 2_12"_2_%
ld 7.(47° — 1)

2 14+3 . 2746, ..., 2n I
6918 -log Sy 2( N T
6.919 2(1 —log 2) = 2 { nlog(m + i) I } .

6.920 ”‘I

I.e=1+l'+1—'+1—'+.... = 2,71828.
il o2l 3l
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I I 1 I
2 ;:I_ﬁ+;—z——3—i— =0.36788.
I I I I
3 ;(e+—e>=1+2~'—|-z’+ = 1.54308.
I I I
4 ;(6-— —6-) =1 —}-3—"{- T + = I.I7520I.
I I _
5. COST =TI ;—!+Z—I-.... = 0.54030.
6. sihx =1 I'+§—' = 0.84147.
6.921
4_,_ L, _L
I. 5 I 22+24 2s+ .
9o _, L, =
2. o=1 32+34 36+ .
16 1 I X
3. E«I—Zﬁ+44_4_-—s+
25 _ L., _ L
HT TR R TR
i 1
6.922 Q———J}I—)—,Ij—ii)—= e T e ¥ 4B 4L 3 T(3) =3.6256. . ..
PRy
6.923 (Special cases of 6.705):
I I 1 I
1. . =log 2 — ~.
re3t3as Tser 8272
I I 1
2. - + - = = (1 — log 2).
1-2:3 345 567 2 g2)
I I I =§~
3. 2-3-4+4-5-6+6~7-8+' .. p log 2.
I I I I
4. 2-3-4-4-5-6+6-7~8"" -4(1:'—-3)
T T 1 1
. T - -
Y 123 456 789 4
1 1 T
6. 2'3-4+6'7'8+10-II'12+. 7%
T 1 1 1 T 1
R i ) s
" T34 24567 78g10" 6\" T 2v3) 3 983



VII. SPECIAL APPLICATIONS OF
ANALYSIS.

7.10 Indeterminate Forms.

7.101 g. It 1) assumes the indeterminate valuea for x = a, the true value

F(x)

of the quotient may be found by replacing f(x) and F(x) by their developments
in series, if valid for x = a.

Example:
[ sinzx]
I — COS X |z=0
x3 2 x2 2
sin? & _(x—g"—i—l—...) —(I——S—!-I-..)
I—cosx &% «t R
‘2—1—4—!-!-.. ;—!—H-*-'
Therefore,

[ sin? % :| _
T — COS % |am0 -
7.102 L’Hospital’s Rule. If f(a + %) and F(a + %) can be developed by Taylor’s

(1@

Theorem (6.100) then the true value o 20

'@
F'(a)

provided that this has a definite value (o, finite, or infinite). If the ratio of the
first derivatives is still indeterminate, the true value may be found by taking
that of the ratio of the first one of the higher derivatives that is definite.

for x = a is,

7.103 The true value of {r(()) for x = a is the hmlt for % = o, of
4 e L2 (@
p! F (9(a)
where f () (a) and F @ (@) are the first of the higher derivatives of f(x) and F(x)

RC))
F(2)

that do not vanish for « = a. The true value of for x =aisoif p>¢q, » if

() a .
p»<g, and equal to jﬁ;% if p=gq.
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sinh x — x coshz [ —wsinhx
SINZ —%COS% ls=0 | £Sin% |s=o
B sinh x B cosh x -
. ; SIN® Jpm0 | COSX jumo
7.104 Failure of L'Hospital’s Rule. In certain cases this rule fails to determine
the true value of an expression for the reason that all the higher derivatives

vanish at the limit. In such cases the true value may often be found by factoring
the given expression, or resolving into partial fractions (1.61).

Example:

Example:

[Ve=2] ~rviva, =va
\/06 — g Jo=a z=q

7105 In applying L’Hospital’s Rule, if any of the successive quotients contains
a factor which can be evaluated at onceits determinate value may be substituted.

Example:
(1 —x)e®~1 B —xe®
tan? x =0 L2tan xsec? % |z=g

i =1
tan x ;=u— '

Hence the given function is,

ez
25eC?% | gm0

7.106 If the given function can be separated into factors each of which is
indeterminate, the factors may be evaluated separately.

Exzample:
[(e”— 1) tan%c] [(tan x)2 €% — 1]
— = e = I.
x3 =0 x X z=0

NI
.

7.110 % If, for x = g, 1;22) takes the form z—, this quotient may be

written:
I
F(x)

I
f(x)
which takes the form g for ¥ = o and the preceding sections will apply to it.

7.111 L’Hospital’s Rule (7.102) may be applied directly to indeterminate forms
g, if the expansion by Taylor’s Theorem is valid.
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X I t
- =|— = Q.
2% Jz=c0 2 P

7.112 If f(») and x approach « together, and if f(x + 1) — f(x) approaches a

definite limit, then,
Limit [@] _ Limit

Example:
g—o| x Z—®

[ 16+ 0 -1

7120 o X .. If forx = a, f(x) X F(x) takes the form o X =, this product
may be written,

1)
I
i
F(x)
which takes the form 2 (7.101).
7130 o —w. T, 270 1) — o and PP Pl - o,
X—a X—> @

F(x)
flx) — F(x) =f(x){1 —]@_}

Limit F(x). .. . .
Ifx_)m (@) is different from unity the true value of f(x) — F(x) forx = ais =. -
Limit E@ = + 1, the expression has the indeterminate form e X o which
r—o f(x)
may be treated by 7.120.

7140 10,09 »0, If {F(x)}YU? isindeterminate in any of these forms for x = g,
its true value may be found by finding the true value of the logarithm of the

given expression.
[( >t | -
L\ 5—0-
I

tan
(;) =1y; logy = —tan x-log x,

Example:
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1 i .
l:tan x.]_og x} = l;gg.f] = [ 5 :, = [S_l.rﬂ‘sln x:l = 0,
x=0 cotx =0 CsC* & z=0 X z=0

Hence,
- =1,
X z2=0

7141 If f(x) and x approach « together, and %—Q approaches a definite
limit, then, ( )

Limit 1 Limit f(x + 1

L ] = i Le ),

]I

7.160 Differential Coefficients of the form g. In determining the differential

coefficient 9 from an equation f(z, 9) = o, by means of the formula,

dx
9f
dy  0x
&Y (x)
dy

it may happen that for a pair of values, # = ¢, ¥ = b, satistying f(x,9) = o,

gy takes the form °
dx o

Writing % = 4/, and applying 7.102 to the quotient (1), a quadratic equation
is obtained for determining 4/, giving, in general, two different determinate values.
If 4/ is still indeterminate, apply 7.102 again, giving a cubic equation for deter-
mining ¥'. This process may be continued until determinate values result.

Example:
~ f,9) = (& + 97" = ey = o,

s _ @ty -y

4y + 97 — P

For x =0, y =0, y takes the value g-

Applying 7.102,
gy 1244+ (Bry— Ay

T Y@ ) By - ¢
Solving this quadratic equation in y’, the two determinate values, 3’ = 0,3’ = o,
result for x = o, y = o.
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7.17 Special Indeterminate Forms and Limiting Values.

149
In the following the

notation [ f(x)], means the limit approached by f(x) as x approaches a as a limit.

7171
(¢ a constant).

il

9]

2. [Va+c—-Val,=o

3 [Val+0) - #]. =

NI(\

4. [\/(x -+ 61) (x + 62) - x]oo = 2(51 + 62)

5. i(/ (x + a) @+ c) - .

6. [log (c1 -; cs e‘)] -5

7 10g<61 + C2 e”)-log (I +i>] = I.
8. (log x){' .
[Tr
ra’]
I0. | — =
[ 2™ Joo
_az:l
IT. - =0
| %! lw

L
12. [x"] =1I.

3. 1_053] —o.

I
14. | (@ + bc‘)"]

(e>1).

(x a positive integer).

16. - log (o + bez):' = %

%
Lo + B2

Z m
7. [(a+bxm) °‘+B"’"‘]m= eB

(m>o).

. .(x+c,,)—x:] =7E»(Cl+62+' . . Cn).
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7.172

. C
I. Lxsm;-c] = (.
=)

i ¢
2. J((I — COs ”)] = 0.
L X, ©

7.174
1. [#%o=1.

—_ 1
2. x“+“°g{l =e¢b
0

- T
3. 5 log (e"—:)] = e.
L 0

o

=)

4. | x™ logi](): o (m 2 1).

. [log cos x - cot &y = o.

. [1ogtan (E-l—f) - cot x] = 1.
4 2 0

[cot—] I

7 ¢

8. [sm£ - log (a + bex):l = (.
[/ DL

10. I:(: + a tan ) :L= e%°,

II. [<cos— + a sin )z:Iw= e,

4. [sin™'x - cot £]o = 1.

[{enlz 9]

ut

e

q. pranll Rl

[xmlog 2]y =0 (m>o0).
[e” —e % — 2x} _I

' (e==1)* 1l 3

10. [26%]p = .
e -

* Llog (z + %) o

[1og tan 2x:|
12, | 72— =
log tan % _|o

®

O

I

[l
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7.175
I. I:xl_‘—"] =2 5 l:cos—1 -tan I—ﬂ = ®
1 e 2¢
2. [(m— 20)tan &Jr = 2. 6. [(a+ betan)™27], = ¢2,
2 z
_ f _759_6 _ _2_. 2x\tanz 2z
T R
2
c __ pT = - 20 . tan 2277 _ L.
4 [(e ¢%)tan po» ]c ¢ 8, [(tan #) 7_; "

7.18 Limiting Values of Sums.

Limit /s + 284+ 38 4. . . .+ nF T,
'n->oo( papaE) )-k+11fk>_1'
oif k< — 1.
Limit /1 1 I T
2. n——>m<;¢71+na+b +na+2b+' © '+na+(n—1)b>
_log(a+?b) —loga ‘
- b
Limit( n— 12 + n— 22 L #n — 32
$ now\tznt1) " 23 (0 +2) 34(n+3)
(n— >=1—lo 2
n(n+ 1) -(n+n) g2
.. Ve VAT AT
4 L“nlt[(a+b——5) +(a2+b——2) +<a3+b—3-> e
n—> # n #n
Vn\? a? b
-|—<a +b7>]=1—az 2’
if @ is a positive proper fraction.
5. lelt[\/ 4= +\/a'2+ + d3+ + . +\/(Z" __:]_
#—> o
if >0 and « is a positive proper fraction.
Limitfy /o0 3 i\ L oyfos b Ve -2
6. n-—-m[ eIt Cr T a+3-n+""+ L
Va
=I—-\/E+2\/b—’

if >0 and ¢ is a positive proper fraction.

I 1 I
I_|.-2-+§+. . .+—1;-10gn]——’)’-°-5772157-

Y p—oo

Limit [
(6.602).
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7.19 Limiting Values of Products.

Limit c c c c .
B n—w[<1+7¢><1+n+x><l+n+z>' " '<I+m—z>]' >
if ¢c>o.
Limit c ¢ ¢ ¢
2 n—)w[(1+%)(l+na+b)(1+na+ 2b)' © '(I+na+ (n - I)b)]

q,

if @, b, ¢ are all positive,

Limit[{m(m L) (mta). . ... (m+n— mi]
H—® m+3(n— 1)

Limi 2¢ 4c 6¢ anc\ | _
4. 7 t[(l-l-ﬁ)(l-{-',?z)(I-{*;?) ..... <I+nz>]—~6.

7.20 Maxima and Minima.
7.201 Functions of One Variable. y = f(#) is a maximum or minimum for the
values of x satisfying the equation, f/(x) = gj% =0,

provided that f'(x) is continuous for these values of x.

7202 I, for « = a, f'(a) = o,
y = f(e) is a maximum if f”(a)<o
y = f(a) is a minimum if f”(a)>o.

Exzample:
%
Y Frarp PO
f’(x) - —a% 4 B

(#* + ax + B)¥
f'(x) = o when z = i\/B:
e 285 = 608x — 208

N

- _ -2 I
For o= +VB 10 = 2 TR o

Maximum,
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For z = —\/B) f”(x) = '3—‘% —E:\—/—B—I-—.E)E Mlmmum,

I
VYmax = a+2*\/B’
.____.—.I .
Vman a_sz

7203 If for x = ¢a, f'(e) =0 and f"(a) = o, in order to determine whether
v = f(a) is a maximum or minimum it is necessary to form the higher differential
coefficients, until one of even order is found which does not vanish for % = a.
y = f(a) is a maximum or minimum according as the first of the differential
coefficients, 1/ (a), fv(a), fi(a),. . . . . of even order which does not vanish
is negative or positive.

7.210 Functions of Two Variables. F(x, ¥) is 2 maximum or minimum for the
pair of values of x and y that satisfy the equations,
oF oF
% =0, '@ =0,
and for which
(ZEy_2E 2,
dx 9y, dx® 4y =

2
are negative for this pair of values of x and v, F(x, ) is

&°F d°F
If both 'a—x*z and a—yz
a maximum. If they are both positive F(x, ) is a minimum.

7.220 Functions of #» Variables. For the maximum or minimum of a function
of » variables, F(xy, %2. . . . . . , %), it is necessary that the first derivatives,
QE, Qf’ ..... R 9 all vanish; and that the lowest order of the higher deriv-
6901 Oxz Xn

atives which do not all vanish be an even number. If this number be 2 the
necessary condition for a minimum is that all of the determinants,

Dk= fufm ...... flk,k=1,2,....1‘l/,
f21 f22 ...... fzk
fkl fm ...... fkk
where
9*F
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shall be positive. For a maximum the determinants must be alternately negative

2
and positive, beginning with Dy = -g—;li; negative.
1

7230 Maxima and Minima with Conditions. If F(x;, 22, .. ... . , Zn) is to
be made a maximum or minimum subject to the conditions,
G1 (%1, X2y e o . . ,%n) =0
Go(21, %2y e v o o ,%n) =0
Iode o oo nnns
Lq&k(xl, Doy o o e e , %n) = O,
where 2<#, the necessary conditions are,
k
or 4] .
2. 3x,+2)\’6f:=0 P=1,2,....%
J=I

where the N’s are % undetermined multipliers. The # equations (2) together with
the % equations of condition (1) furnish % + # equations to determine the & + 7
quantities, %1, ¥z, . - . . - s %m A, Agy e e e , N

Example:

To find the axes of the ellipsoid, referred to its center as origin,

an®® + 02)® + 0% + 2010%Y + 203Y3 + 2013%% = 1.

Denoting the radius vector to the surface by 7, and its direction-cosines by
1, m, m, so that x = Ir, y = mr, 3 = mr, it is necessary to find the maxima and
minjma of

7’ = :
anl® + Boem® + Qga® + 20dm + 2a5m + 2a:3lnn’

subject to the condition
U, mmn) =P+m+n—1=0.
This is the same as finding the minima and maxima, of
F(Q,m,n) = anl® + agm? + o + 2anim + 200mn + 20100,

Equation (2) gives:
((111 + )\)l -+ aGpm + am = O,

@l + (@ + N)m + aasm = o,
ozl + oaym + (0 + Mm = o.

Multiplying these 3 equations by Z, m, » respectively and adding,

I
>\=—F‘
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Then by (x. 1.363) the 3 values of 7 are given by the 3 roots of
1
au — ;E a a13 = 0.
1
Q12 - ;5 az
I
13 1] a3 — 7-5
7.30 Derivatives.
7.31 First Derivatives.
dx™ et dx® .
oo = et 4. dx-x(x-{-logx).
da® | dlogsx 1 logae
S log . S Tdx T wloga
de® dlogx 1
3 dm T R
dxlogz
= og z—1
T 25! log .
8. d(l——(}%@— = (log )= {1 + log x-log log x}.
4ol
e x\® dcscx 0
P (;) log » 15— — = —CsC #-Cos X.
dsiny _ o5 & 6 dsin“x___dcos—lx_ 1
T T Codw dx 1—a2
dcosx__sinx . dtan‘lx__dcot‘lx_ I
S " ) T T dx 14+
L dtanx__seczx 8 dsec‘1x=_dcsc—1x_ I
> Tde T " dx iz ave—1
13. éid.;t-—x= —cs 19. dsg;hx=coshx.
dsecx R dcoshx .
4. —— = sec? x-sin x. 20. e sinh .

155
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o dtanhx sech? dtanh™x dcoth™'x 1 .
e dx x 27 dx - dx 1 — a2
dcothx 9 dsechlx 1
22, praniade csch? x. 28. Tn — e
dsechx dcsch™x 1
23. Pl sech - tanh . 29. In - Yy
24. é_g;_cxggc = — csch - coth &. 30. i—%—x = sech x.
) dsinh™'x I . dgdlx sec %
S T UE 3. —o— = :
26 deosh™tx 1
: dx - »\/x2 —
7.32
d(yiyays . - . . Yn) _ (I dyr 1 dp X djﬁ*)
I. ax =yYY2. . .Yn " dx+y2 dx+"'+y,. dx
o(f) oo det _ du
>N "dr " Vi O T dn
dx 22
da* _ . du ) _ ) du
3 I T % dx log . O dx T du dx

7.33 Derivative of a Definite Integral.
(a)

f(x, @)dx =

20)

2. -d—-a/f(x)dx=f(a). 3.
b

" da

7.36 Higher Derivatives.

160, 0 %@ _ 0,0 2 4 [

b (a)

d
— f(x, a)dx.
V() da

£ [ fayix = - 1
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T7.361 Leibnitz’s Theorem. If # and v are functions of x,
d(uv) v mdudrv | n(n—1)du d"

der Yz T 1l dx dart 2l dx? dgn?
n(n — 1) (n — 2) d*u d" %0 amu
+ . THEgE T oo
7.352 Symbolically,
dr(uv) (n)
dx" - (u +‘7)) ’
where
w=u =0
dnrevry " a\»
7.353 L Y (“Zz&) u
7.354 If¢<i>‘sa lynomial in -~
. ) is @ polynomial in =,

¢(é§>e“”u = ¢¥¢ (a + %)u

7.3656 Euler’s Theorem. If % is a homogeneous function of the nth degree of 7
variables, x;, %, . . . %,

d a\" m
(xlgx—l+x2—+ . .-I-xrac—r) u = n"y,

where 7 may be any integer, including o.

7.36 Derivatives of Functions of Functions.
7.361 If f(x) = F(y), and y = ¢(x),
L 2w = 2P+ Do) + 2P0+ 2P0,

where

2. Uy = o Eon k(k 1) o s

k k—-l
oxn? T 117 9an Y + ¥ o) Tttt

L P (2) = L pe (2) 4 2T 2 e ()
o9 m D2 pen ()
X 2 X,
2. (-1)" Ed;; «3‘i = 5157' e% { <g)n + (-1 l, <q)n_1
, £ -1 (- 22D (G

X

+m—1)(n—2) (n—3)1"-<—”————1—;-!—<2:—22<§>n—3+. .. }

-+

......
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7. 363
F (@) = (22)"FM (¢ + ———2 (2x)»2 FnD(x?)

nn—1) (n—2) (n—3) (2) "= F(n=2) (52)

2!

n(n —D)(n—-2)(n—3) (n—24) (n- 5)(2x)n—e Flo=d) (a2) 4 .

3!
a® e noaat wn—1) nn—-1)nm—2)(n-—3)

2 g O = (o) {I+ 1!(402%) 21(400)?

n(n—I)(n—-z)(n—s)(n—4>(n—s) }
3'(4aa%)? T
3 = n(x + ax)*
_pp-np-2) . (M—%+I)(Zax)"{1+ nn—1) (1+ax)
(1 +ax2)“"” 1-(u—n+1) 400

nn—1)(n—2)(n—3) [1+ax?\?
2'(M~ﬂ+1)(u~—n+2)< 4ax* ) +}

ar 135 ... (om— 1) sin (m cos™!x).

4 Ggm—i (xt —a)mt = (= )™ m
7. 364
P(x/%) nln—1) F*D (/)

-— F — - —

I. dx" (V ) (va)" II (2'\/x>"+1
(n + Dn(n - 1)(n = 2) F* (V)
2! (2\/x)n+2

a “Nome1 _1:3°5 . ... (en—1) L(z_f)n—l.
2 dz® (I + a'\/x) = 27 \/:)—c 5 P
7.365
w L pey = B + 2 B paprren) + 22 = Es sapro) +
where
2 Ek=k"—-1k—'(k—1)" HED (- -

a1 , sin (2 tan~le~ %) 5, Sin (3 tan—le~®)
3 G T+ &F ! (T + 252 + e NICEYEE

sin (4 tan~le~ %)
— Byse SR A C
3 ‘\/(I + 821)4

ar et , €0s (2 tan~le~=) 5, CO8 (3 tan~le~ =)

S N e s Y e

cos (4 tan—le—%)

—_ Eeazt b i
? V(1 + &)
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7.366
dar 1 fn ” n
I. %F(log x) = po CoF™(log %) — CLF" 1 (log x) + CoF 2 (log x)—}
n
C0= I,
Ci=14+2+3+..... + (#—1) =f(”—2—_1_),
Co=124+13+14+...... +1(z—1)
+2:3+24+. ... +2:(n—1)
+34+...... +3-(n—1)
eI
_l_(n_2)(n_I)=n(n—1)(n——2)(3n~1)'
24
n+x n n
2. Cp = Cp + #Ch.
-n  —(n-1) bt d
3. Cr= Cp +nCia.
”n k — -1
Co=1 Cr=o, Co=1 Cr=1,
2 3 4 —2 -3 —4
C1=I C1=3 C1=6, C1=3 Cl= C1=IO,
3 4 —2 -3 —4
C2=2 C2=II, C2=7 Cz=25 Cz=65,
6'3=6. E’:: 15 E’;=9o a:=350.
n
7.367 Table of Cp.
n=| —4 —3—2|—1|+1+2/+3|+4/+5{+6|+7 +8 +9
Co= i 1 1| 1| I| I 1 1 I I I I I
Ci= 10 6 3| 1. 1| 3| 6| 10| 15| 21/ 28 36
Cy = 65 251 7| I|. . 2| 11| 35| 85| 175 322] 546
Cs= 350 oo| 15| 1. . 6| s5o|225]| 735 1960 4536
Cy=| 14701| 301/ 3I| I 24| 274 [1624] 6769| 22449
Cs=| 7770 966 63| T|...| . . - | ...l 120|1764|13132| 67284
Cs =| 34105| 3025/ 127 | T!...|... |....]-.. | . |...| 720{13068|118124
Cr =|145750| 9330] 225 =|...|...-f.-.-.|- . |.. ] ...] ..| 5040[109584
Cs = |611501|28501| 5TT| T|.. |.. |... .. oo o o] o | 40320
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7.368
ar ( _ I)n-—l n . n o
- & tog a)> = L= G ipliog )71 - Cosp(p = 1) log )7
+Cosp(p = 1) (p — 2)(log 7= — . . . }

where p is a positive integer. If #<p there are n terms in the series. If
nZp, )

ar (__ I)n—l n _ ” )
2. ’gx’,‘,(IOg x)p = 7" {CTL—IP(IOg x)P 1 Cnf-zjb(j) — I)(log x)p o

I

+..... + (=0 Cppp-D(p—2) . ... 2-1}-
7369 {1 G P R Al s R i
‘ {Og(””)} BRI Cy sy i
—i1<zr <+

7.37 Derivatives of Powers of Functions. If y = ¢(x).

5 () ) e (1)
t dx"yp~?< n ){__(I)p—xyp g T2 p—zyp der ~ [

B gy = (P 242 _ (m)_L_ <n>_r_d"y3
2 dx"logy-<1>1~ydx"_(2)2~y2 ao T 3/3 98 dam "~ T

7.38
I. ‘E%E@—)f =mm—-1)(m—-2)...... (m = [n - 1]) b*(a + bx)m.
dr(a + bx)™t e nl™
2 dxm =(-1) (a + bx)»H
d(a + bx)~t LI35....(n—1)
3 dam =(-1) 2"(a + bx)»t? br.
drlog (@ +bx) . ., (mn—1)b"
4 dam =(~1 (@ + bx)"
dneaz Npa T
5. T anre*®,
drsinxy .
6 = sin (T + ).

. dx

dr cos x
7o g = COS Gnmr + x).
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d» (log x . I 1 I I
855(_36—):(_1) Wllogx~<—+-+g+....+;>}'
amt o 1-3'5. (2n—1)[ I (n)r—x

9- d_———x"“‘lsm X = 2"(1—:1:)” \/1—le Tom—1\1)14u

T n - :) (Sm -3) <n> <; 4—-*> "~ (en— 1)(217;2:53)(21z - 5) @ C -—k :)3

9 an-lp) = (= 1)! ( _11>
0. — (tan~%) = (- 1) (1+x2)’;—sm 7 tan -

7.39 Derivatives of Implicit Functions.

7391 If y is a function of %, and f(x, ) = o.

a
B T
dx af
dy

(1)262]’ 9faf BF (af\ &f
, 2y \ay/ 3? T 2% oy axav (5%) P
af
&l

7392 If z is a function of x» and y, and f(x, v, 2) = o.

I

af af
L0 _ om0z 9y
C9x af ' ay af
0z dz
o\ ®f  of f &  [3f\2
. izf=_<& a_x?“??é'}axaz (j-)azZ_
T oax? !
(&)
27 of of &f (a_ 2 g2f
v (B 525 5 mut(5) @
e oY '
(%)
(A 2L (0 2f of 21y, o of &
% dz) 0xdy 0z \dx ayaz+ 9y 0dxdz T or dy 55.

 amay T " (_6_[)3
9z



VIII. DIFFERENTIAL EQUATIONS.

8000 Ordinary differential equations of the first order. General form:
. dy
dx - f (x, y)-
8.001 Variables are separable. f(x, ¥) is of, or can be reduced to, the form:

o) = -5

where X is a function of x alone and ¥ is a function of y alone.

The solution is:
fde+ dey=C.

8.002 Linear equations of the form:

dy -
Solution:

y = e—'fp‘”)d"{ fQ(x)e_fP(”)d” dx +C }
8.003 Equations of the form:

d
3—1 + Py = y"0@).

Solution:
I 1) SPdx + (n-1) fQ(x)e- tn~1) SP@EGy - C.

y'n—l ¢

8.010 Homogeneous equations of the form:

dy Pz, 9)
dx Qlx, )’

where P(x, y) and Q(,y) are homogeneous functions of & and y of the same

degree. The change of variable:
y=1w,

dv
fp———(I’v)+w+logx= C.
Q(1,v)

gives the solution:

162



DIFFERENTIAL EQUATIONS 163

8.011 Equations of the form:
dy _dx+¥y+d
dx  ax+by+c
If ab’ — &'b & o, the substitution
x=a'+p y=3+g,

where
ap +bq + ¢ = o,

adp+bg+dc =o,
renders the equation homogeneous, and it may be solved by 8.010.

If ab” — a’b = o and &’ & o, the change of variables to either x and z or »

and z by means of
2 = ax + by,

will make the variables separable (8.001).

8.020 Exact differential equations. The equation,
P(x: 3’)dx + Q(x7 y)dy =0,
aQ 9P

dx 9y

is exact 1,

The solution is:

Sres [0t -5 [Pee)o-c

/Q(x, ’,\’)dy+f{P(x,y) —(%/Q(x, y)dy}dx=c.

or

8.030 Integrating factors. u(x, y) is an integrating factor of

if P(x, y) dx + Q(x’ y) dy =0,

<] 9
5 (00 = B (2P).
8.031 If one only of the functions Px + Qy and Px — Qy is equal to o, the

reciprocal of the other is an integrating factor of the differential equation.
8.032 Homogeneous equations. If neither Pz + Qy nor Px — Qv is equal to o,

I . . . . op .
———— is an iIntegrating factor of the equation if it is homogeneous.
Pr+ 0y g g q g
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8.033 An equation of the form,
P(x, y)yda + Qw, y)x dy = o,

has an integrating factor:
I

xP =30
8.03¢ If
P _ 90
oy dx
Q
is a function of x only, an integrating factor is
ef F(x)dx,
8.036 If
aQ _op
9r 9y _ .
is a function of y only, an integrating factor is
eSF)dy,
8.036 If
P _ 90
dy Ox
is a function of the product xy only, an integrating factor is
e/ F(xy)d(xy)
8.037 If

X,

o (30_aP
s

is a function of the quotient 2 only, an integrating factor is

o7 ()2()-

8.040 Ordinary differential equations of the first order and of degree higher
than the first.

Write:
dy
dx = ¥
General form of equation:

S, 9, 9) = o
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8.041 The equation can be solved as an algebraic equation in p. It can be
written

(jJ - Rl)(? —R) ... ... (p — Rn) = o.

The differential equations:
?= R (x7 y):
P = Ro(x, 9),

......

may be solved by the previous methods. Write the solutions:

filx,y,0) =0; fal®,y,¢) =0, ... ....

where ¢ is the same arbitrary constant in each. The solution of the given
differential equation is:

fl(x; b2 C)f2(x7 Y, C) --------- fn(xy ¥, C) = O.
8.042 The equation can be solved for y:
I. y =f(x, $).
Differentiate with respect to x:
d
2. ?=‘//(5’f,107 Eé)

It may be possible to integrate (2) regarded as an equation in the two variables
x, p, gliving a solution

3 @ (x, p, ) = o

If p is eliminated between (1) and (3) the result will be the solution of the given
equation. .

8.043 The equation can be solved for x:

1. X = f(ys P)
Differentiate with respect to y:

I_ ap),
2. j—)—\l’(y;?,d))
If a solution of (2) can be found:
3. ¢ (y? b, C) =0.

Fliminate p between (1) and (3) and the result will be the solution of the given
equation. :

8.044 The equation does not contain x:

L. f (ya P) =0.
It may be solved for p, giving,
dy
a =F (y):

which can be integrated.
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8.046 The equation does not contain y:
f (x: P) = 0.
It may be solved for p, giving,

dy _

dx - F (x)}
which can be integrated.
It may be solved for x, giving,

x=F (P):

which may be solved by 8.043.

8.050 Equations homogeneous in x and y.
General form:
F (p, i) = o.

(a) Solve for p and proceed as in 8.001
(b) Solve for 7—3;

y = 2f(9).
Differentiate with respect to «:
de _ /(p)dp
s p—f)

which may be integrated.

8.060 Clairaut’s differential equation:

I. A . y=px +f (P);
the solution is:

y = cx + f(0).
The singular solution is obtained by eliminating p between (1) and
2. %+ f(p) =o.
8.061 The equation .
I. y = x(p) + ¢ (2).
The solution is that of the linear equation of the first order:
. & 0 _ &0

dp ¢~ -1

which may be solved by 8.002. Eliminating p between (1) and the solution of
(2) gives the solution of the given equation.
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8.062 The equation:
xp(p) + y¥ () = x(p),

may be reduced to 8.061 by dividing by ¥(p).

DIFFERENTIAL EQUATIONS OF AN ORDER HIGHER THAN THE FIRST

8.100 Linear equations with constant coefficients. General form:
dn—Zy

dx™ dxml T dxm?

The complete solution consists of the sum of

(2) The complementary function, obtained by solving the equation with
¥V (x) = o, and containing » arbitrary constants, and

+.oeitay=V(=).

(b) The particular integral, with no arbitrary constants.

8.101 The complementary function. Assume y = ¢**. The equation for
determining A is:
AN+ o\ N L +a,=o0.

8.102 If the roots of 8.101 are all real and distinct the complementary function
is:
Y= 0eMT 4 geNT L et

8.103 For a pair of complex roots:
M= 1y,
the corresponding terms in the complementary function are:
et=(A4 cos vx + B cos vx) = Cet= cos (vx — 0) = Ce#® sin (vx T o),
where

C=vVETF, tnf=2-

8.104 If there are r equal real roots the terms in the complementary function
corresponding to them are:

eNt(Ay 4 Ao + A 4. . . .+ A,
where A is the repeated root, and 4y, 4s,. . . . . , 4, are the r arbitrary constants.

8.105 If there are m equal pairs of complex roots the terms in the complementary
function corresponding to them are:
er={ (A + dox + A +. . . .+ Amx™Y) cos vx
+ (B + Byx+ Bsa? +. . . . + Bna™1) sin vy}
=et={Cycos (vx ~ 01) + Coxcos (wx — G) +. . . . . + Cpx™t cos (vz — 0,)}
=¢et={Cysin (wx + 0) +Coxsin (wx +00) +. . ... + Crx™ 1 sin (vx + 6,,)}
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where N =+ iu is the repeated root and

Cy = VA2 + B,

B
tan 0}; = IATI]:
The particular integral.
2
8.110 The operator D stands for D for ; Sy e e e e e
The differential equation 8.100 may be written:
Dr 4+ DVt 4+ @ DL L L + an)y = f(D)y = V(%)
V(@)
Y= 7oy
fD)=@-MN)D=N) + ... (D - ),
where Ay, Ay -+« . . - , A, are determined as in 8.101. The particular integral is:

y = eh® f ehaM)w g f e(MMysdy . ... L. f e~Ml2) V (x)dx.

may be resolved into partial fractions:

IR /S L L
D D-NTDoNT DN

The particular integral is:
y = Nigh® f e~V (x)dx 4+ Noe™® f e N2V () . . . . -
+ Naehs "f M2V (x)dx.

8.111 7D D)

THE PARTICULAR INTEGRAL IN SPECIAL CASES
8120 V(x) = const. = ¢,
c
y= ';
8121 V(x) is a rational integral function of # of the mth degree. Expand

f(D) in ascending powers of D, ending with D™. Apply the operators D, D?,

..... , D™ to each term of V(%) separately and the particular integral will be
the sum of the results of these operations.
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8.122 V(x) = cets,
= ._f_ 1%
NTOME

unless % is a root of f(D) = o. If k is a multiple root of order  of f(D) = o

_ erek:c
y= riy (k)
where
D) = (D - By(D).
8.123 V(x) = ¢ cos (kx + o).
If 7% is not a root of f(D) = o the particular integral is the real part of
S gkt
f(ik)

If 4% is a multiple root of order 7 of f(D) = o the particular integral is the real

part of
cxrez( k z40)

where f)(s%) is obtained by taking the rth derivative of (D) with respect to D,
and substituting & for D.

8.124 V(x) = ¢sin (kx + ).
If ¢£ is not a root of f(D) = o the particular integral is the real part of
— e@(kx-{-a)
f(k)

If sk is a multiple root of order 7 of f(D) = o the particular integral is the real

part of
_ icxre'z(k z+ar)

P (ik) :
8.125 V(x) = céb=- X,
where X is any function of x.

= kz___I_ .
V= SRy

If X is a rational integral function of x this may be evaluated by the method
of 8.121.

8.126 V(x) = c cos (kx + a)- X,
where X is any function of x. The particular integral is the real part of
wkate) L y.
C DR
8.127 V(x) = c sin (kx + o) - X.

The particular integral is the real part of
I

elkate)
ice D) X.



170 MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS

8.128 V() = ceP= cos (kx + ).
If (B + ik) is not a root of f(D) = o the particular integral is the real part of
certheta) ——— (ﬁ eB=,

If (B + i%) is a multiple root of order 7 of f (D) = o the particular integral is

the real part of
Cez(lca:+a)xr63 z

JEICEEON
where 7@ (8 4 4k) is formed as in 8.123.

8.129 V = cébe sin (kx + ).
If (B + ik) is not a root of f(D) = o the particular integral is the real part of
— jcerkzta)g Bz
f(B + i)

If (B -+ ik) is a multiple root of order 7 of f(D) = o the particular mtegral is the

real part of
_ u:eb(k:c+ot)xreﬁz

8.130 V(@) = amX,
where X is any function of .

m—1 j m(m — I) —2 _d2—- _L_
y=% f(D)X+mx lde(D)}X—‘_ 2! & {dD2f(D) X+ .......

The series must be extended to the (m + 1)th term.

8.200 Homogeneous linear equations. General form:

dry 18y dy _
i e S +an.1xd + any = V(@)
Denote the operator:
a_y
Y=Y
"vmﬁ=0(0—1)(0—2) ..... (6 —m + 1).
The differential equation may be written:
F(0)-y=V(x).

The complete solution is the sum of the complementary function, obtained by
solving the equation with V(x) = o, and the particular integral.
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8.201 The complementary function.

y=cxM a4, L. + o™,
where A, Ag, « o v v .. , A, are the # roots of
F\) =o

if the roots are all distinct.

If N\x is a multiple root of order 7, the corresponding terms in the comple-
mentary function are:

{0+ by log 2 + b3 (log )2 4. . . . + b, (log 2)71}.
If N = u =+ iy is a pair of complex roots, of order 7, the corresponding terms
in the complementary function are:
w#{[A1+ Aslog z + A5 (log x)* +. . . .+ 4, (log x)7*] cos (¥ log )
+ [Bi+ B log x + B; (log )2 + . . . .+ B (log )] sin (v log x)}.

8202 The particular integral.

If
FO) =@ -N\)@E-N)..... 0 -\,

y = gh f g1y f aho=h=ldy L, f aM-Ma=1 Y () dop,

8.203 The operator [T(I?) may be resolved into partial fractions:

I _ N1 + NQ + + Nn
FO) 68— "60-XN"""""° 60—\,
y = Nh f N1 () d + Noze f N1V () d
Feeen + Nah f M1V (x)d.

The particular integral in special cases.

8.210 . V(%) = ca,
==l
y= F(k) ’

unless % is a root of F(f) = o.
If % is a multiple root of order » of F(f) = o.
_ ¢ (log )
FO)/(R) ?
where F)(k) is obtained by taking the rth derivative of F(f) with respect to 0
and after differentiation substituting & for 6.
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8.211 V(x) = cx*X,

where X is any function of =. o I
Y= R

8.220 The differential equation:

dr1y dy
(e + bx)" + (a + bx)» gy =1 oo, + (& + bx)@a Te + azy = V(x),

may be reduced to the homogeneous linear equation (8.200) by the change of

variable 2= a4 b

It may be reduced to a linear equation with constant coefficients by the

change of variable: - a4 b

8230 The general linear equation. General form:

dr drly dy
PoZ 4 P2t 4 PG + Pa= T,
where Py, Py, . . . .. , Pn, V are functions of x only.

The complete solution is the sum of:

(a) The complementary function, which is the general solution of the equation
with V' = o, and containing # arbitrary constants, and

(b) The particular integral.

8231 Complementary Function. If 41, 92, . . . . , ¥» are n# independent solu-
tions of 8.230 with V' = o, the complementary function is

y=ayu-+cy+"""""" + CnYne
The conditions that ¥, v, . . . ., ¥, be # independent solutions is that the
determinant A = o,

A= dn—ly1 dn—lyz dn—ly”

el e RS e

dn—2y1 dn—2y2 dn—z n

dxr—2 dgr—2 ° " T dxr—2

dx e ~ 7 dx

n S TR Y
When A =+ o: "

Py
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"Ul_Vlc
n

8.232 The particular integral. If A, is the minor of e

in A, the par-

ticular integral is:

VA VA, VA,
y—ylfPOAdx+3g P—OA—dx—E-. R POAdx.
8.233 If y; is one integral of the equation 8.230 with v = o, the substitution
du

Yy = uyi, ‘Z)=E)

will result in a linear equation of order n — 1.
8234 If vy, 99, . . ... , ¥n—1 are # — 1 independent integrals of 8.230 with

V = o the complete solution is:

n—I n—1I

Ay - B
y=k2yckk+cnk2ykfﬁe 2" g
=1 I

where A is the determinant:

A= dr—2y, d"_vzyz d "—2}’“,1
dxr—2 dxn—2 D dxn—2
dn—3y1 dn—3y2 dn—3yn_1
dgn=3  dynd T T T dxn3
an dys dYn1
dx de © 7T T T dx
Y1 Voow o o o 0 0 Yn—1

. . a2y .
and A; is the minor of Zpz i A

SYMBOLIC METHODS
8240 Denote the operators:

d

T D

d

xa = 0

8241 Tf X is a function of x:
I. (D ~m)tX = ¢n= /‘e‘""‘de.
2. (D —m)~to = cem=.
3. @ —-m)X = am f 2~ Xdx.

4. @ ~ m)~'o = cx™
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8242 1If F(D) is a polynomial in D,

1. F(D)em= = em=F(m).

2. F(D)em=X = em*F(D + m)X.

3. em2F(D)X = F(D — m)em=X.

8243 1If F(f) is a polynomial in 6,

I. F(@)x™ = x™F(m).

2. F(@®)xmX = xmF (0 -+ m)X.

3. amF(0)X = F(f — m)amX.

8.244 x’"a—m'— 6@ -1)(@—-2)...... (0 —m +1).

INTEGRATION IN SERIES
8.250 If a linear differential equation can be expressed in the symbolic form:
[amF(0) + f(6)] y= o,
where F() and f(#) are polynomials in 6, the substitution,

©
= E: +
y= anxp mn,
n=0

aof(p) = o,

aF (p) + a1 f(p +m) = o,
aF(p+m) +a f(p + 2m) = o,
aF (p + 2m) + a3 f(p + 3m) = o.

leads to the equations,

8.251 The equation
f (P) =0,

is the “indicial equation.” If it is satisfied ap may be chosen arbitrarily, and the
other coefficients are then determined.
82562 An equation:
(70 +66) 2|y =,
may be reduced to the form 8.250, where,
f@ =@ -mO@-1) @ -2)..... (0 —m+1).

If the degree of the polynomial f is greater than that of F the series always con-
verges; if the degree of f is less than that of F the series always diverges.
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ORDINARY DIFFERENTIAL EQUATIONS OF SPECIAL TYPES
8.300

where X is a function of x only.
= Gool 1) ; / (@ =) Tdt + e 4 0ox™ 2 . .+ Com1 X+ Cny

where T is the same function of ¢ that X is of x.

8.301
ay _
dx? =5
where Y is a function of y only.
If
vo) =2 [ Tay,

the solution is:

dv _
f o) +ap e

8.302
@ _ dn—ly)
dx™ F (dx"“ ’
Put
iy dv
e b e
sta= [ =40,
Y = ¢(x + 61):
d _

ax n—l = ¢+ ),

and this equation may be solved by 8.300.
Or the equation can be solved:

_(dy [y vdy

Y= o ) Fy FYy
where the integration is to be carried out from right to left and an arbitrary
constant added after each integration. Eliminating ¥ between this result and

. . Y=¢@+c)
gives the solution.

8.303

@y _ g (4
dzm F (dx""’)'
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Put ,
dm2y
prhl
?Y
= F(),
which may be solved by 8.301. If the solution can be expressed:
Y = ¢(),
n — 2 integrations will solve the given differential equation.
Or putting
Vo) =2 [Yay,
) v v Y d¥Y
YT ) @) s @p o+ ¥

where the integration is to be carried out from right to left and an arbitrary
constant added after each integration. The solution of the given differential
equation is obtained by elimination between this result and

Y = ¢(x).

8.304 Differential equations of the second order in which the independent
variable does not appear. General type:

dy @\ _

F (y’ v dx2> =0
_b dp _ &y
?= dx’ de dz*

A differential equation of the first order results:

If the solution of this equation is:
p=r (y)’

the solution of the given equation is,
dy
x4+ cy = f‘-———
T Jio)

8.306 Differential equations of the second order in which the dependent variable
does not appear. General type:

dy d*
F( ? dx’ dxz)
py dr_y
de dx  da

Put

Put
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A differential equation of the first order results:

F(x, b, %) =0,

If the solution of this equation is:
p=1 (x)y
the solution of the given equation is:

y =0+ Sf(x)dx.

8.306 Equations of an order higher than the second in which either the inde-
pendent or the dependent variable does not appear. The substitution:

dv
= ? ’
as in 8.304 and 8.305 will result in an equation of an order less by unity than the
given equation.

8.307 Homogeneous differential equations. If y is assumed to be of dimensions

. . d*y
n, ¥ of dimensions 1 of dimensions (n — 1), T of dimensions (# — 2),

dy
' dx
..... then if every term has the same dimensions the equation is homogeneous.
If the independent variable is changed to § and the dependent variable changed
to z by the relations,

x=6, y=2z

the resulting equation will be one in which the independent variable does not
appear and its order can be lowered by unity by 8.306.
dy &y
EJ-&-?’ E—xz', PRI
equation is homogeneous, the substitution:

If v, are assumed all to be of the same dimensions, and the

Y= efudz’

will result in an equation in # and « of an order less by unity than the given
equation.

8.310 Exact differential equations. A linear differential equation:

ary drly dy
Pndx"+P1b—1dn_1+ -+P1%+PO=P,
where P, Py, Py, . . . .. P, are functions of x is exact if:
dP, , d?P, LGP,
Po—dx+dx'z— ...... +( I) dxﬂ=0.
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The first integral is:

gr-1 dn—2y
Q%dxn_l—l_Qn—ldxn_z'l"- .« . .+Q1y = dex-}-ch
where,
Qn = P ny
dP,
Qn—l = Ppq— —d;,
dPn—y | &*Pn

Ons=Puaz— e +%2“’

dPy, d*P; n—1 d"'P, .
Q1=P1*7E+W—""+(‘I) dxn—1

If the first integral is an exact differential equation the process may be con-
tinued as long as the coefficients of each successive integral satisfy the condition

of integrability.

8.311 Non-linear differential equations. A non-linear differential equation of
the nth order:

dry d*ly dy >_
V (dxn’ dxn—v """ b dx’ Y, %] =0,
to be exact must contain % in the first degree only. Put
Ty, dy_dp
denl ™ Y7 dan e dx
Integrate the equation on the assumption that p is the only variable and
' n—1
9 it differential coefficient. Let the result be Vi In V dz — dVy, 22 is

dx dxn—1

the highest differential coefficient and it occurs in the first degree only. Repeat
this process as often as may be necessary and the first integral of the exact dif-
ferential equation will be

: Vi+Vot.......=¢C
If this process breaks down owing to the appearance of the highest differential
coefficient in a higher degree than the first the given differential equation was
not exact.
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8312 General condition for an exact differential equation. Write:

Zy =y j«,}; =y, a%: =3
In order that the differential equation:
V(x, AR AT , ¥™) = o,
be exact it is necessary and sufficient that
LA YCANE T N YT A
dy  Aw\dy'/ = 0x2\dy” dx™ \dy™

8400 Linear differential equations of the second order.
General form:

7 x2 2+ P -l- Qy =R,
where P, Q, R are, in general, functlons of z.

8401 If a solution of the equation with R = o:

y=w
can be found, the complete solution of the given differential equation is:
_ dx — rpas 0% .
y=czw+clwfe S Pdz ;02—+'wfe S P s wRe/ P4z dx.
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8.402 The general linear differential equation of the second order may be

reduced to the form:

d:; + Iy = Ret/ Pz,
where: Y = ye S Fdz,
1 dP 1
I=Q- 2 d5 2 P2
8403 The differential equation-
dy
d x2 + P + Q3 =0,
by the change of independent vanable to
g = feSPd= gy,
becomes: dzy ) 4 QarPiny = o,
.By the change of independent varlable.
dz = Q¢S Pz dx
Pix

it becomes:
gl dy -
dz{Udz} ty=o
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8404 Resolution of the operator. The differential equation:

@ d
dsz’-{-'u y+wy- o,
may sometimes be solved by resolving the operator,
az
= T d T
into the product,
bt
? dx "9\ dx
The solution of the differential equation reduces to the solution of
d —(e
rd—i’+ 5y = cie f?dx'
The equations for determining p, 7, g, s are:
pr =u,

d
+ps+rT =y,

qs+j>—=w

8410 Variation of parameters. The complete solution of the differential

equation:
Py
it + Qy =R,

L £
y = @) + o) + & / RO { A@A® - AER® | &,

where fi(x) and fa(x) are two particular solutions of the differential equation
with R = o, and are therefore connected by the relation

fldf

2 _ f2 EJE
C is an absolute constant depending upon the forms of f; and f, and may be
taken as unity.

fl — Pdx

8.500 The differential equation'

(a2 + box) dx2+ (a1 + blx) S+ (a0 + box)y = o.

8.601 Let
= (aob1 — a1do) (@1bs — a2by) — (@ohe — azho)?.
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Special cases.
8602 by = b = by = o.
The solution is:
. = cle)\m + 628)\”,
where:
AN —a Vel — 4000z
N 20,

8503 D =o, by =o,

2
y = e)\x { o+ Cgfe—(k+2)\)z:—-mz dx} ,

ax 61 }\ bo

E=B o=l - -2

a2 202 by

where:

8604 D =o, by Fo:

y = ¢ { a+c f e~ N2 (g, 4 byx)"dx } )
where
ashy — arbe
0o ’

b
k= 5:: m =
and A is the common root of:
@\ + o\ + g = o,
boA? + B\ + by = o.
8606 Do, by=b =o. If n=f() is the complete solution of:

dgz+£7’
o+ Px
V- “f< )
where

8.610 The differential equation 8.500 under the condition D ¥ o can always
be reduced to the form:

Ed?+(p+q+£) d5+1”¢‘°

8.511 Denote the complete solution of 8.510:
¢ = F{}.
y = =teal Flo(u + va)i},

8512 b, =b;=o:

where:
Lo s )
2, 409 obe?
3
-

I
?=q=g-
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8.613 b = o, b1 F o:
y=eM F { (o + Bax)? }

261
where: b
b b, — b
Aol g mb—teh g
_ axbo® — aiboby + @obi®
1:’ = 25,3 ?
I
9=,-2
b?
8514: bzzl:O bo = =0
4bs
. ysekz+VM+V$F{2-\/p,+vx},
where:
b1 400bs®> — 2a101bs + a2b:°
A=-— 255 M= — 0 et 4
_ 4aobe® — 2a1b1bs + asbi®
V= — 623 ’
oo Gl —ab 1
p=g= B >

2
8515 b = o, boq:fl;—z:
o | Bilce + Box)
where s = a2, (2 = b2, B1 = 25N + by and A is one of the roots of
627\2 -+ blk —I— bu = Q.
_ a2>\2 -+ (11)\ —+ ag _ dle - (12b1
% N S 9=z &

8.520 The solution of 8.510 will be denoted:
¢ =F(p,q 9.
F(P: q, E) =et F(‘Z: b, — E)-
F(Paga —E) =6€F@,P» E)
Flg,9,5) =e*t F(p,q, — B.
F(p,q,8) =87 2F(x1—-q,1—~9,8.
F(—-p,—q 8 = E“’”q F(z+gq,1+2 5.

Fp+m,q, &) = E F(P, g, §).
7. Flpg+mb = (= —E?{efﬁ(p,q, s)}

& v h»oNH
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8.521 The function F(p, ¢, £) can always be found if it is known for positive
proper fractional values of p and g¢.

8522 p and ¢ positive improper fractions:
p=m+r, g=n-+s
where m and #» are positive integers and 7 and s positive proper fractions.

Fm+r,n+s8 = (—1)"5——;[6 dgn{eEF(r s, E)}:l

8.623 p and ¢ both negative:
pulrorin) g=-Goxi,

F(—m+1—r,—n+1—s,£)=(—1)m£m+"+’+“1;£n[ dE’" {efF(s r,E)H

8524 # positive, ¢ negative:
p=m+r, ¢g=—-n++s,

Flnetr, = nts,8) = S| e S PG — s 1 =1, 8) |

8.626 p negative, ¢ positive:
=—-—m+7r, ¢=n+s,

F(=mtr s, 0 = (=Dt G bmis o @G =50, | |

8.630 If either p or ¢ is zero the relation D = o is satisfied and the complete
solution of the differential equation is given in 8.502, 3.

8.631 If p =m, a positive integer:

dm—l gm—1
¢=F(m,q,8=a pro] [E“"e'g f E"“efdf] + 6 d—gmtl[f“’ 6“5]'
8.632 If p = m, a positive integer and both ¢ and £ are positive:
¢=F(m g b =a 1: w1 —w)r e du + et f ((DI + w)mlya—t g gy,
8533 If ¢ ==, a positive integer:
& =Pl &) = et fpm| e [t aet 2 gm0t ]
8.634 If ¢ = n, a positive integer and both p and £ are positive:
¢=F(p,n k) = 61f u?(x — w)rledu dy + oge"ff?r + w) Pyt gEu gy,
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8,640 The general solution of equation 8.510 may be written:
¢ = F(?JQJ 2) = 51M+C2Na

— ) p=1 . g—~1,~&u P>0
M—-/:u (1 — u)9te~tudy > o
N- f "¢ + 1) yieEi gy 7>
T p £ 20+ 8 p+D(+2) &
o= I'(s) {I—§;+s(s+1) 2! s(s+1)(s+ 2) 3!+""}
s=p+gq,
T'(ge* (¢ - - - 2)q(
= (g)qe {1+ Pllsr)q+(p I)(ﬁﬂg_zqqﬂ) P
L-00-2) ... .. (p-n-—D@g+1) .. ... (g+n—2)
(n— 1)l
+p(zb—r)(1>—2) e (p-meg+D(g+2) . ... (g+n-D]
nién /

where o < p < 1 and the real part of £ is positive.

[]

THE COMPLETE SOLUTION OF EQUATION 8.510 IN SPECIAL CASES

8650 p>o, g>o, real part of £>o:
F,¢8=a f w1 - w) e B + e f cc’(I + u) Py letudy,
8561 p>o, g>o0, £<o:
F(p,0,6) = f x%"‘1(1 — ) lebudy + 62fmup‘1(x + u) e teu du,
8562 p<o, ¢g<o, £>o:
F(p,q,8) =20 { a [ (x— )t du et f Wt u)‘qe‘f"du} .
8563 p<o, g<op, £<o:
F(p,q, §) = §—»¢ {ler(I —w)~ry—teErdy + ¢y

8664 p>o, ¢<o

p =m+r, where m is a positive integer and 7 a proper fraction.

F(m'l'r:q"g):éi?";{gl_r—g-p(l_r: I—-gq 5)1[,

(1 +u)~Pu—9etiudy } .

=]
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§>0: Fa-r1-¢8= 61[;—'(1 — u)~ % dy

«©
+ cet f (1 + ) "u—%e~$udu,

(<o Fa-r1-¢, 8 = clfru—’(x — u)~%Sudy
o
+ sz w (1 + 1)~ % du.
=]

8.655 p<o, ¢>o,

g =n+ s, where » is a positive integer and s a proper fraction.

F(p,n+s,£)=e‘ %{ggl_p_sF(I_S)I—PJE)}"

£>0: F(i—-s,1-p,6) = leru"“’(l - 1) Pt dy

+ cet / (1 + w)~*u—?e~5*du,

(<o: F(z—s,1—p,§ = clfru"’(l —w)~ret du
+ e f (1 + w)~?ef*dy.

8.556 £ pure imaginary:
p=r, ¢g=s, where r and s are positive proper fractions.

r+s = 1:
F(r,s,8 =¢c f wl(r — w)* et du

I
+ gl f u= (1 — u)~re~E du,
r+s=1I:

Fr,5,9 = o f "W (x — )t du
+o /Iur—-l(:[ _ wytetelog { Bu(r =) } du.

8.600 The differential equation:
Y P _ay=
vt (V-9 g —ay=o
is satisfied by the confluent hypergeometric function. The complete sofition ‘1{5:
¥= CLM((X:. e x) + o™ M (.~ Y EI,2 -, x) = E(-aﬂ 73\;56);;
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where

? 3
M(a,’y,x)_I_I_ _I_a(a-l-l)x a(a+1)(a+2)a

vy + o2t y(y+ (v +2) 3!
The series is absolutely and uniformly convergent for all real and complex values
of a, 7y, x, except when < is a negative integer or zero.

When <y is a positive integer the complete solution of the differential
equation is:

y= {61+6210gx}M(a,'y,x)-;-cz{ax(i__E_I)

.....

Y\ v
ala+1) 22 I 1 I 1
vy +1) 2'<a a+1-§_m—1—g)
ala+1)(a+2) 231 1 1 1 1 1 I I
('y+1)(7+2)3(a a+1+a+2—§_‘y+1 ’)/+2—I_;-§>

.

8.601 For large values of x the following asymptotic expansion may be used:
M(a, v, )

T (g (- 2oz r alerd@opinlecyen 1 |

=P(7—a) I x 2! %2
T'(Y) 0 (-a)(y=a)1 (=) (=) (y=0) (y—a+1)
+1"( )exxay{1+ I x 2! Io:z }
8.61

I. M(a: Y, x) = 8“M(’Y—— Q, v, _x)-
2. Y M~ y+1,2—9, %) =e " MUT-a, 2—- 7, —x).

3. 26~M(oz+1t, Y41, 8) =M+, v, x) - M, 7y, ).
aM(a+I, Y+1, ) =(@~-7VM, v+1, 2+ vM(e, v, 2).
(@+a)M@+1,v+1,2) = (- VM, v+1,2+yYMa+1, v, 2.

avM(a+r, Y, %) = v(a+ )M (a, v, %) — 2(y — )M (e, v + 1, %).
aM(a+1, v, %) = (& + 20 — V)M (@, ¥, %) + (v - )M (a -1, v, 2).

‘O\‘f"?

gy

—

xM(a:'Y‘l'I;x): (x""Y—I)M(a’ ')/,x)+(1—’y)M(a,'y—I, x)'

8.62

(A

d ==
o M(a, Y x)=;M(a+I, Y+ ).

»(x—aafma, v, ®)dx = (1 = VM(a—1, ¥ -1, ) + (y = 1).
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SPECIAL DIFFERENTIAL EQUATIONS AND THEIR SOLUTIONS IN TERMS OF M (, 7, %)
8.630

d'_z_y d_y 2 211,2
dx2+2(?+qx)dx+{4aq+ﬁ— m + 2q5(p +qm) 1y = o,

y = ¢~ ptams Jf (a, -;—, —q(x ~ m)z)
8.631
&y z> &y [ z( ) -
dx2+(2P+x T\ P A\ Y zad)y =0,
y = e @2 I (o, 7, 282).
8.632

f—x’;+2(p+qx)%+ {q+6(1—4a)+ (P+qx)2—cz(x—-m)2}y=o,

y = mpr—heat—hele—m) 1 (a, e c(x —m) )
8.633

e i L e |

Yoe__
y=¢ o2y 2 M (a, 7, 2tx).

8.634
Py [z | dy
=t +2a+2(b_c)xfdx

+ {g(z_’yx;_x) + (a? + 20y — g4a¢) + 220 — )x + b(b — 2c)x2}y=o,
y = e~ M (o, 7, ca?).
8.6356
&Py dy
2 % <2px’+qr—-r+ I)dx
+;—2{(pz—ﬁ)xzf+r(;i>q+vt—2at)x'+ir2(7-q)(2—q— 7)}y=

(p+!)
x' (7-4)— 2tx"
y = 6 M (a: Y r )'

8.640 Tables and graphs of the function M (e, v, %) are given by Webb and
Airey (Phil. Mag. 36, p. 129, 1918) for getting approximate numerical solu-
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tions of any of these differential equations. The range in % is 1 to 10; in
a, +0.5 to +4.0 and —o0.5 to —3.0; in 7y, 1 to 7. For negative values of » the
equations of 8.61 may be used.

SPECIAL DIFFERENTIAL EQUATIONS
8.700
By o
Sty =X

where X (%) is any function of . The complete solution is:

Y = C1€"F + Lo~ 1—2/3((2) sinh n(x — §) d&.

8.701
i G
ot /cdx+ny—X(x).
The complete solution, satisfying the conditions:
x=0 = Yo,
d
X =0 d?; yo )
Yy = g—3kz {yol sin 'l’b + % (COS w'x + —21:7 sin n’x) }
3 [embine-px® %
2
where n = \/n K.
4
8.702
D2 4@ (2 o,
_ e—ff(z)dx dx
Y= | Te @ gx)dx+c + o
8.703 '
d
2410 (2] +60) = o,
e/ 1w gy
T if o= sy ermamgG) dyp T
8.704

2410 2+e0)(2) =o

e/ 9W) gy

a — J e/ 9w j’(y) dy

x = + .
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8.705
0L+ e0)(Z) =0
fef (¥)ay dy = leg—fj(z)dx dx + Co.
8.706
&?
dxjé + (a+ bx) S T abxy=o.
y = e*{c1 + ca S e 10 (i}
8.707
+ (a+bx) +aby— o,
Y= e—b"{cl + ¢ S x % dx)
8.708
Py, ody
da? + x dx + =7
1. (a — 1)?>4b; =2 V(e —1)?—4b

N

a—1

y=a 2z {aF+ cx N}

2. (@—1)2<4d; A= § Vb — (a — 1)?

y = x—a;zx{cl cos (A log #) + ¢» sin (A log )}
3. (a—1)*=4b
y=a "7 (c1+ c log x).
8.709
&y
dx?

1. a<b, A= +b—g,
ba?
y=¢ 7 (e + ce™?).

2. a>b, A=+Va-1b,

+2bx—+(a+b2x2y-o

bat
y =€ 2 (c1 cos A& + ¢, sin Az).
8.710
f(x) d (a + bx) + by = OJ

a + bx

@ %

‘y=61(a+bx)+cz{ex— (a-—[—bx)fjg;)-gxdx}.
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8.712

8.713
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a’y dy
2 _ 2 - - =
(a* — 2% 7+ 2(p — 1)x ; u(u — 1)y =0,

_ sl
y=(d+x),;'{11+62 %‘:——g‘)—”ﬁ x}-

24y
x dx

&y

a
2= 2
a2 THY=2

—EJ COS MZ 4+ ¢ Sin x-l-g-}
'—xl 1 M G2 M “2 *

dy
dxt

&y Y W,
+2ddx3+cdx2+2bdx+ay—o,

y = e P={py sin (w2 + 1) + wy cos (W + )}

where:

+ ceeP={py sin (wex + i) + ws cos (wex + )},

4wi=z+c—2d+2VF — 40— 2dVz — ¢ + &,
40f =z4+c~28— 24/ 40+ 2dV5 — ¢+ &,
i =d+Vi—c+d,
2pp=d = /7 - ¢ + 7,

and z is a root of

2 — o — 4(a — bd)s + 4(ac — o — B) = o,
(Kiebitz, Ann. d. Physik, 40, p. 138, 1913)



IX. DIFFERENTIAL EQUATIONS
(continued )
9.00 Legendre’s Equation:
(x - x2)-- - 2xq—+n(n-|- 1)y = o.

9.001 If » is a positive integer one solution is the Legendre polynomial, or
Zonal Harmonic, P,(x):

(zn)!{xn n(n — ) +‘ﬂ(ﬂ D)~ 2)(n — 3) r—— }

Palw) = 2n(n!)? 2(2n — 1) 2-4-(2n — 1) (28 — 3)
9.002 If » is even the last term in the finite series in the brackets is:
(_1)2 (nl)3

B

9.003 If 7 is odd the last term in the brackets is:
(- )l

S A ( Yoy Y e Ty

9.010 If #» is a positive integer a second solution of Legendre’s Equation is the
infinite series:
_2M(nl)? f (D) (n+1)(n + 2) 5—(n+3)
() = (Gn+1)! | + 2(2n + 3)
(ntDn+2)mt3)nm+4) +

[—;

. T e Gnten+ )
9.011
Py,(cos 0) = (—1)" Z(n( )')2{ sin?» @ — % sin?*2 § cos? 6
I (2n)2 (27 —(2:).' ... 422 cost 0} .
9.012

(2m

Pypys (cos 0) = (—1)™
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9.02 Recurrence formulae for P,(x):

I. (n 4 1)Ppyy + #Pra = (25 + 1)2Py.

2. (2n+ 1) P = ‘—%)xil - fd—{;—;-‘i

3. (n+ I)Pn=%;ﬁ—xd£:.

4. #Pp = x(f;; d{;;.‘l-

5. = (n+ 1) (@Py — Ppyy).

6. (-2 —~ dP" = n(Ppy1 — xPr)

7. (2n + 1) (z — %) %— =n(n + 1) (Prai — Pp).

9.028 Recurrence formulae for Q.(x). These are the same as those for P,(x).

9.030 Special Values.
Po(x) =1,
Pi(z) = #,
Py(x) = 3(3%* — 1),
Py(x) = 3(52° — 3%),
Py(x) = (352 — 309* + 3),
Ps(x) = §(63%° ~ 70%° + 15%),
Po(x) = f5(2312° - 3152* + 105%° ~ 35),
Py(x) = 1%(4294" — 693%° + 3152° ~ 35%),
Py(x) = t35(643528 — 1201228 4 69308* — 126042 + 35).

9.031
x4+ 1
Qo(x) - log prat)
Q) = Jxlog T - 1,
0u(a) = SPa(w) log T - 3,
1 THI_ Syl
Q) = SPo@) log T ~ St 42
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9.032

Pan(@) = (-a) L85 e om0 D)

Pyna(0) = o,
Pn(I) =1I,
Po(—2) = (=1)"Pu(x).
9.033 If 2 =7 cosf:
dPn(cosb) n+1 { Pi(cos 6)P,(cos 6) — Pryi(cos ) }

9z 7

_nlntr) [ )
= (Qn, T I)?’ IPﬂ_l(COS 0) - P"+1(COS 6) J )
9.034 Rodrigues’ Formula:
T a4
Pn(x) =2"—n! (% (x2—1) .
9.035 If 2=# cosf: '
P, (cosB) = (—T'I)_ et g‘; G)

9.036 If m<%:

_ c ApmpArAns (2n+ 2m — 4k + 1
Pm(x)Pﬂ(x) = & An+m—k (2n+ 2m — 2k + I)-Pn-;-m-»Zk (x)J
where: )
A, = 1-3°5 . . x (27 — 1),
r!

MEHLER’S INTEGRALS
9.040 For all values of #: )

Pn(COS 0) = —E 6 cos (n + %)d)dqs

T_Jo v/2(cos ¢ — cos B)

9.041 If » is a positive integer: )
Palcos §) = 2 T gin (n + 3)pdo
) Valcos0-cosd)

LAPLACE’S INTEGRALS, FOR ALL VALUES OF %
9.042

P, (x) =;I-/1{rx+ V¥ — 1 cos ¢} de.

[ a5 ,
On(e) = f {% 4+ V22 — 1 cosh p}nH!
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INTEGRAL PROPERTIES
9.044

f:le(x)Pn(x) dx=oifm=*tn

if m = n.

2n 4+ I

9.045
(m —n)(m+n -+ I)ﬁIPm(x)Pn(x) dx
= 3{Pul(n + 1)Pup — #Pus] ~ Pul (1 + 1) Py — mPpy]}-
9.046
(2n + I)fIP,P(x) dex =1 — 2P — 22(P2+ P2+ . ...+ Puopd
+ 2(PPo+ PoPs+ . o o .+ PpyiPy)

EXPANSIONS IN LEGENDRE FUNCTIONS

9.060 Neumann’s expansion:

@

f5) = DjaaPa(a),

n=0

tn= ) [ 1@)P) dx,

9.061 Any polynomial in x may be expressed as a series of Legendre’s poly-
nomials. If fa(x) is a polynomial of degree n:

fole) = DjauPi(o),
k=0

2k 4+ 1
%= —

- (%) Pr(x) dx.

SPECIAL EXPANSIONS IN LEGENDRE FUNCTIONS

9.060 For all positive real values of %:

1. cosnf = — %g%z)_r { Py(cos 0) + —>— e 2 ) Py(cos 6) ,
on?(n? — 22) I — COS AT
+ T — 37 (P = )P4(cos O+.... } PCET) { 3P;(cos )

11(n? — 12) (12 — 3?)
W =) =)

+ 702 - 1) Py(cos 0) +

2 — 49 Ps(cos ) + . . } .
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2. sinnf = -2 (—ZI;ILW) { Py(cos 0) + —2— C 2 Pz(COS 0)
2(52 2 3
+ w fs(:; (n22—) 3 Pylcos ) +. . . } +§ % { 3Py (cos 6)
2 _ .2 (n? — 12 2 __ L2
+ 7(;772' — 412)) P3(cos 0) + Iz;::_ 421})(7(:_ 63)) Ps(cos6) +. .. } .
9.061 If » is a positive integer:

I 2-4:6.
1. cosnl == 4

_.23'57. (2n+1){(2”+1)P(Cosﬁ)

+ (2n —3) m n—2(cos 0)
+ (2 —7) Eng —(n+ 32% EZZ (n — 32% P,_4(cosB) +. }
2. sinnf = — g g‘: : 2; { (21 — 1)Pp(cos §)

+ (21 + 3) %%Z-:—Z:—;—;g% P,yi(cos 6)
[ — (n— 0% [#* — (n+ 1)°] .
+(2n+ 7)[ 2 (ﬂ+2)2] [1’52— (n+4)2]Pn+3(COS 6>+- .. }

9.062
T w (4n—1) 1°3°5. . .(2n — 1)\?
L 0—2 _2 (2n—-1)2< 2:4°6....20 >P2"_1(C050)'
_ (47 + 1) 1°3°5. . .. (20 — 1)\?
z 51n0————2(m_1)(2n+2)< 2:4-6....2n )Pg,,(cose).

o 2n(4n——1)<1-3-5. .. .(m—x))2
3. cot 6 = 2 (2m — 1) 2:4°6....20 Pyns(cos ).

n=I

o i . _ °
4. csc = g_r_l_ gz (4m + 1) (I 32 546 .' .' .(2'nm I)> Py, (cos 0).
9.063 -

T+ sm -
1. log =1+
sm—
tan 3(m — 6) _ Q < )
2. log “ismf " —log sin — — log {1 + sin 2 P,(cos 0).

9.064 K(k) and E(k) denote the complete elliptic mtegrals of the first and
second kinds, and % = sin §:

2 2 — v — 3
R e L
n=I
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w2 T it (4n 4+ 1) 1:3°5....(2n—1)\3 .
z E(k)—__l— 21(_1)+ (202 — I)(2n+2)< 2:4:6....21m )PZn(cose).

(Hargreaves, Mess. of Math. 26, p. 89, 1897)

9.070 The differential equation:
ay m? _
(z x2)————2xd+{n(n+1)—1_x2}y-o.

If m is a positive integer, and —1>x> + 1, two solutions of this differential
equation are the associated Legendre functions

" mdnP,
Pl = (- )3 502,

0T = - a9 L0,

9.071 If n, m, r are positive integers, and #>m, r>m:

+1 m
PZ(x)P, x)dx =0 if r £ n,

-1
2 (n+m)!
Toond1 (n—m)!

ifr

9.100 Bessel’s Differential Equation:

&y  1dy V2
dx2+xdx+<l_:)—c—>y=o'

9.101 One solution is:
_ _ Y xV 2k
y=Jv @) g (1) 2RIy + k4 1)

9.102 A second independent solution when » is not an integer is:
y=J(x).

9.103 If » = #, an integer:
Jon(@) = (—0)"Ta(x).

9.104 A second independent solution when » = %, an integer, is:

TV (x) = zJ,.L(x)-logf;f _ nglﬁz;%-_—__}_)_! <§>2k_n

k=o

- 2 ('I)kk!(kI-i-nNC'C)nml Y&+ 1)+ Yk +nt) }
k=0
(see 6.61).
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9.106 For all values of », whether integral or not:

Vu(x) = s:nlvw (cos vaJy(x) — T (x)),

J_v(x) = cos vrJ(x) — sinvw¥u(x),
V_y(x) = sin »wJy(x) + cos v¥y(x).
9.106 For » = #, an integer:
V_o(z) = (—1)"V.(x).

9.107 Cylinder Functions of the third kind, solutions of Bessel’s differential
equation:

L B, (%) = Jy(@) + V().
2 Hy (2) = Ju(x) — iVs(®).
3 B, () = e™ Hy(a).

4. H_If, (%) = e*”’”HI,,I (x).

9.110 Recurrence formulae satisfied by the functions J», V5, H,I,, HI:, Cy
represents any one of these functions.

. Cos(®) — Crua(s) = 2 B%C,,(x).

2. cqw+am@=§a@.
26, = Coslw) — 2

3. dn v\¥) = Ly X —.’)_C V(x)
d

& 7:C @ = 2Co@) = Con(®).
d

5. 7 {x"Cv(x) } = 5 Crv (%).

6. dzg;gx) = i { Crya(x) + Cra(x) — 2Cu(%) } .

9111

ay, aJy
R A L L ACRN Ay ARERE
ASYMPTOTIC EXPANSIONS FOR LARGE VALUES OF %
9.120

1. Ju(x) = \/;_—Z:x{ P (x) cos(x— 2”:— : 7r> — Qv(z) sin (x— 2”:- : 7:') },
2. Vy(x) = \/%c { P,(x) sin (x - %_—'——EW) + Qv(x) cos( _'?_”_;_l'_l.w> },
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Y T
3. H,E(x) = e( 4 r)\/% {Py(x) + 1Qy (%) },c
w5
4. HIwI(x =e z( 4 )\/'7}2} {Pv(x) ~ 1Qy (%) };

where ,
—1) (=3 .. ... 2 _k — 1
Py) =1 +2 (_I)k (4% = 1%) (4¥ (32/)2)! N, (4% -2k — 1 )’
S o) (-3, ... Tz
Qu(x) = Z (mqyint @I ) ((421;e - f))’ NERES —(iw 4k—3).

SPECIAL VALUES

2430 1 [x\? 1 [x\* 1 (%)
- J 1 P}

5. T¥ole) = (g 7)1+ (5 - g s+ ) ()

ram(r i) -

= <10g02—0+ ’y) Jolx) + 4{—;-]2(95)— :1]4(96) + g.fe(x)—- .

4 THE = <log§+ v) 1) - X 7o) - fl A (I + 5) (’fy

1l2! 2/ \2

___'( 1 z)(&)“_
+2,3 1+2+3 2

= (logf + 7)]1(56) - i]o(x) -+ r;Js(x) - 2—5315(90)

v = o.5772157 (6.602).

9.131 Limiting values for z = o:
Jo(x) =1,
Jl(x) =0,

Yo(x) = :; <1og$—;- + 'y>,

Y]_(x) = ~ ;2;

:
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9.132 Limiting values for z = «:
T . T
cos (“v - Z) sin (v - Z)
Jo(x) = T’ Vo) = Trx )
2 V>
- T T
-3 o=
h) = 7@ = - — =2

X
2 V5

9.140 Bessel’s Addition Formula:

©

. T+ ) = <x-g|c—k>"2 (—-I)klz_’; (2x+ h>k_7,,+k(x).

2%
k=0

9.141 Multiplication formula:

SN (I — o2k /a\E
Tv(ax) = a"z (_k!c_\:_)_ <§> ().
k=0

9.142

(o) Tu(Ba) = i (—1)*4s (’“)*+
k=0

where \
a2k——23‘82a
A = ésl(k — )T +k-s+ DL (p+s+1)
9.143
B © (-—I)k /‘l’+y+2k (§>u+v+2k.
T @) u(®) = &d T(v +k+ 00w+ k+1) ( k ) 2
DEFINITE INTEGRAL EXPRESSIONS FOR BESSEL’S FUNCTIONS
9.150 £\
(&
Ju(x) = — /2 cos (x sin ¢) cos® ¢-do.
Va(v+1) 7
9.151

Jy(x) = ——2@2—'

V(v +3) f o o o5 ) sia® 14,
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9.152 (r>
To(@) = —22 / " s sinh- dp.
\/?rT<v+§> ° :

If » is an integer:

9.153
Ton(x) = ;I [ Tcos (x sin ¢) cos (2ng)dep = 731_ i T
9.154
Jon(x) = —-——f cos (x cos @) cos (2n¢)dd = 2(= I) f
9.1565
Joni1(®) = -—f sin (zsin ¢) sin (2n + 1) ¢ do = f
9.156 )
Jonya (%) = (—;)"[rsin (x cos @) cos (21 + 1)pdp = .QL'TI_){/O‘?
9.157

I '+ 1 2T
Jn(x) = ;_r _ e—m¢+zz sin ¢ d¢ = E‘[ e—md)-}—za:smcp dqb.

INTEGRAL PROPERTIES
9.160 If C,(ux) is any one of the particular integrals:
Ty (ua), Voluw), Hy(par), Hy (),

of the differential equation:

@y  1dy v_2> _
dxg_l_ocdx-l—<y'_x2 y=9

f Co (i) Cy (uax) xdax

b
= { ) ) — o )G ) | T's e

9.161 If y; and w; are two different roots of

" CP(IJ'b) =0,
f Co (i) Co () dit = ——— { #Co(aa)Cy’ (ra) — uCo (ura)Co' (1a) } :
a M —
9162 If u; and m; are two different roots of
Cy'(ua) I
® Colua) ~PF T
and Cy(ubd) = o,

f Co (i) Co (uax)xdoe = pCo (ura)Cr(pua).
If ue =

f Cy (ux) Co (i) ada = = { 02C2 (b)) — a*Cy"2 (ura) — (a2 - %;)C#(;.Lka) }
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EXPANSIONS IN BESSEL’S FUNCTIONS

9.170 Schlomilch’s Expansion. Any function f(x) which has a continuous
differential coefficient for all values of « in the closed range (o, ) may be expanded
in the series:

@) = 00+ D ado(ka),

k=1
where
1 [T
ay = f(o) +7—rf u./zf’ (u sin 6)d0du,
ar = 2}/ ucosku [ 2f'(usin 6) dOdu.
9.171 ) °
(@) = apxm +2 arJ n(C0x) o<x<1,
k=1
where
Jan(ow) = o,
X
ag = 2(n+ 1)/ Fle)xn+1 dx,
2 I
R » dx.
o= Lyt [, H e
(Bridgman, Phil. Mag. 16, p. 947, 1908)
9.172
fl®) = ZAIJO(#M) a<x<b,
k=1
where: o)
Jo'(ma) 9,
¢ Tolma) ~ PR,
and Jo(ﬂkb) = 0,
4 . 3 @ o(i)dm — p7(e)To(kaa)
PRI (uab) — T3 (wa) — (@ + 2p)T ¢ (a)
(Stephenson, Phil. Mag. 14, p. 547, 1907)
SPECIAL EXPANSIONS IN BESSEL’S FUNCTIONS
9.180

I. sinz = 22 (1) g 41(),
k=o

2. cosx = Jo(x) + 22 (—1)*J ().

k=1
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9.181

1. cos (xsin 0) = Jo(x) + 22 Jon(x) cos 2k0,

k=1

2. sin (zsin 0) = 22 Jox41(x) sin (2% + 1)0.
k=o

9.182
n = — !
. (gc) _ (n+42k) (w+k I)'J,,+u(x),
2 k!
k=o
c 4k 4+ 1) (2k)!
9.183

Lo g2 - Y40} 70 +2< . e O

- ¢(v+k +1) ¥\ 7?2k
= Jy(2) log ; —2 (- B To+k+1) (;) (see 6.61)

9.200 The differential equation'
d
2 dy (ﬂ _n(n+1))y_

dx2 2t % dx a2 =0
with the substitution: B
z = y\/ X, X =p
becomes:
d2 1 dz ( (n + %)2>
—_——_— 1 2 =0
pap T \! P

which is Bessel’s equation of order » + i

9201 Two independent solutions are:
z = Jas1(p).

z = J_s3(p).
The former remains finite for p = o; the latter becomes infinite for p = o.
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9.202 Special values.

9.203

9.204

9.206

@

76 = /2 sins,
J(x)=\/1r7—x<§-i-;-f_cosx>,

1@ = \/ZC{(%—I>sinx—f—ccosx},
S P S

Jy(w) =\ — s { <I;45 i;s-.{— I) sin x — (—Ig%s - I—;) cos % } .

J_3(%) =\/;i; coSs %,
J_3(x) = _\/’ﬂ'i‘x <smx + —?),
J_3(x) = \rf—smx+ (— - 1> cosx},
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9.210 The differential equation:

Py 1 dy ( f) _
et zds IT@)Y=%

with the substitution,

becomes Bessel’s equation.

9.211 Two independent solutions of 9.210 are:

Iy (x) =77Jy (ix))

v+
K@= I H, @)

9.212 If v = #, an integer:

o= D)

K, (x) = ivH ZE HL (2).

9.213

I (x) = (5—:)1} ]; ::rosh (x cos @) sin? ¢pdo,

I
vl (v+ 3)
Ky ( x) - ‘\/7—F (g_c)ll f ;}_nhzv (}56_:‘ cosh ¢ d¢_

Tw+3)\2

9.214 If «x is large, to a first approximation:
I, (x) = (2mx cosh (3)~% ¢z (coshf— B smh ),
K, (%) = mw(2mx cosh [3)—4¢—= (cosh f —Bsmh )
n = x sinh B.

9.215 Ber and Bei Functions.
ber x + ibeix = T (x\/%),
ber x — i bei x = Io(32/%),

x I x

berx =1 —(—21—!)—§<—2—>4+m;<;)8 -
bei o = (g)z_é?(g)%@(g)“_. ..
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9.216 Ker and Kei Functions:
ker x + i kei x = Ko(%V/%),
ker x — i kei z = Ko(ixv/7),

kerx=<1og-—'y>berx-l— bei x — (202( 1)(;_;)4
I 11 1) /%\8
+w(1+;+§+2)<5)"

2 6
keix=(logi—')/)beix—fberx.l.(’_g (31)2< +I+:31_><§) +.

9.220 The Bessel-Clifford Differential Equation:

+(1/+I) S+y=o

With the substitution: ~
z =2 %= 24/,

the differential equation reduces to Bessel’s equation.

9.221 Two independent solutions of 9.220 are:

Cy(@) = 23Ty (23/) = 2 ST +i+D f P11
k=0

Dv(x) = x_lé Yv(z\/ﬂ_c)~
9.222
Con@) =~ C(a),
Cris(a) = 0+ DCon(®) ~ G0,

9223 If v = », an integer:
Cal®) = (- I)"—Co(x),

Cole) = 2(—:)70(:—;‘)2
k=o

9.224 Changing the sign of », the corresponding solution of:

220 Piy-o

y = 27Cy(%).
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9.2256 If » is half an odd integer:
sin (24/% + €)
2% ’
sin (2% + €) _cos (2% + e)’

4x 2%

i) =

i) = - 2 Cy) =

d —4x — cos (24/% + €
Cg(x) = — %Cg(x) = 3 8x£4x sin (2\/96 + 6) - é‘gs‘g%xz—x——z’

.....

C_3(x) = —cos (2% + €),
C_3(x) = 2°Cy(#),
Cs(x) = £'Cy(x).

€ is arbitrary so as to give a second arbitrary constant.

9.226 For x negative, the solution of the equation:

&y & _
xdx2+(:hv+1)dx—y—o,

when » is half an odd integer, is obtained from the values in 9.225 by changing

sin and cos to sinh and cosh respectively.

9.227
(414 1) [ Canr(@Crn(@) di = = 2Cmis@ICana) — CaaICa(a)

W+wH)ﬂm%@Q@M=WW%%mMMm@+%@Q@}

9.298
L f" C_3(x cost ) dp = TCo(a).

2. f "Cy(w cos? ) dp = TCa(x).

3. f' Colsin® @) sin ¢ dp = C3(x).
" f’ Ci(a sin® ) sin® & dp = Ci ().

5 f Cy(a sin? ¢) sin ¢ dp = ﬂ‘;_sd%
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9.229 Many differential equations can be solved in a simpler form by the use
of the C, functions than by the use of Bessel’s functions.
(Greenhill, Phil. Mag. 38, p. 501, 1919)

9.240 The differential equation:

Py 2ntndy
R PR
with the change of variable:
y =gz}

becomes Bessel’s equation 9.200.

9.241 Solutions of 9.240 are:

I. y =% Ju(x).
2. y=a7% V().
3 y=a""" H ().
4. y=a"% H ().

9.242 The change of variable:
% = 2%,
transforms equation 9.240 into the Bessel-Clifford differential equation 9.220.
This leads to a general solution of 9.240: \
X
y=Cnp ( 4>
When # is an integer the equations of 9.226 may be employed.

C (a_c_2> _sin (% + €

2

4 x
C <x2> 2sin (x+€ cos (x+ €
I, T e - .
4 x x
9.243 The solution of
2(n+ 1) dy _
dxz x dx 07
may be obtained from 9.242 by writing sinh and cosh for sin_and ¢os
respectively. . = =
9.244 The differential equation 9.240 is also satisfied by the two md‘é;pex; jﬁt

functions (when # is an integer):

Vaw) = (-1 2)7 522

X, X

1 x2* .
. (2n + 1) kzﬂ (=)* 2kkl(2n4+3). .. ... (2n + 2k 1)
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\I’n(x)=< 1 d> cos x

% dx x

_1-3°5 2n — 1) % )
B x2"+1 E( 0" 28k !(x — 2m) (3 — 2m) . . (2k — 2m ~ 1)
9245 The general solution of 9.240 may be written:

(I d> Ae® + Be®

X dx x

9.246 Another particular solution of 9.240 is:
d
y=1s@ = (=1 255 = T@)- Wl

x dx) x

ine—® n(n + I) (ﬂ —_ I)‘ﬂ(’l’l + I) (n + 2)
Jal®) = gntl { + 21% 2 4 (ix)?

I-2°3. .. .. 27
2 4°6....2¢n(x)"

9.247 The functions Y (%), W. (%), fa(%) satisfy the same recurrence formulae:

M == x‘lbwl(x):

LN (m + V@) = Yua0).

9.260 The differential equation:

@?y n(n+1)
T e YTY=o

with the change of variable: ~
Y =uVe
is transformed into Bessel’s equation of order » + E

9.261 Solutions of 9.260 are:

. d\" sl
Lo S =VERee - (-5 SF
::. S ] 1 d\*cosx
£75 0o oV e e (R S
- E :: - ) Y —Ei ﬂe-*-w.
3 ™ 0 Eu(a) =Cal®) —iSu(®) =% < xdx) _

9:26t2_ The functions S.(x), Ca(x), E.(2) satisfy the same recurrence formulae

L AN EY)

n+1
de = TS”<x) — Sppa(x).



DIFFERENTIAL EQUATIONS 209

dsdjx) = 51a(2) - 25,3,
3 Senn®) = 2 5, - Sia(@).

9.30 The hypergeometric differential equation:
dy
-9 P+ {v-(@rBros)Z-afy-o

9.31 The equation 9.30 is satisfied by the hypergeometric series:
af | ale+1)BB+1) 2
2z y(vy+1)
L+ (@+2) BB+ B+2)
1-2:3 'Y(’Y+I)(’Y+2)
The series converges absolutely when x<1 and diverges when x>1. When
% = +1 it converges only when a + 8 — ¥<o, and then absolutely. When
#=~1 it converges only when a+ 8-+ —1<o, and absolutely if
a+ B - y<o.

F(aﬁ:’)’:)—l'*' x+

9.32

%gF{a+I,B+ 1, Y +1,%).

I(NT(y-a-p
Flo B, 7,0 = 70 — Ty = B)°

d
EL_F(aa B: 77‘”) =

9.33 Representation of various functions by hypergeometric series.
(I + x)n = F(—”i B) B; _x):
log (r + x) = xF (1, 1, 2, —%),

e” = %lng(I’ ﬁ’ I, %)7
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(1+x)"+(1—x)"—2F(—; -y ,E,xz),

n nI .
cosnx = F{=, — =, = sin’ x),
27 2’2

sinnx=nsian<n2 , ———
Limit

coshs =  — 8= ( B’z4a,8>

-

Pn(x)=F<——n,n+I, I,I; ),

\/;I’(n+1)_x_:rlF<n+I’n+2,n+§, 1).
2"+1T(n+%>

2 2 2" 22
9.4 Heaviside’s Operational Methods of Solving Partial Differential Equations.

I
sm"x—xF( '

sN I\)IOJ

tan~lx = «F 1,
2

On(2) =

9.41 The partial differential equation,
S _ o
ox* o’
where ¢ is a constant, may be solved by Heaviside’s operational method.

Writing —~ at =, and ]7 = ¢? the equation becomes,
62u
= qu,

whose complete solution is % = eq”A + ¢~ B, where 4 and B are integration
constants to be determined by the boundary conditions. In many applications
the solution # = ¢~%B, only, is required: and the boundary conditions will
lead to u = e %f(q)uo, where u, is a constant. If ¢ %(q) be expanded in an
infinite power series in ¢, and the integral and fractional, positive and negative
powers of p be interpreted as in 9.42, the resulting series will be a solution of
the differential equation, satisfying the boundary conditions, and reducing to
# =0 at £ = o. The expansion of ¢e~%f(g) may be carried out in two or more
ways, leading to series suitable for numerical calculation under different
conditions.
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942 Fractional Differentiation and Integration.

In the following expressions, 1 stands for a function of ¢ which is zero up
to ¢ = o, and equal to 1 for ¢>o.

9.421
1
ip = ——
P Vi
2n+1
o _ I o 2135 ... (2mn—1)
Pt N p2I (-1) N
3
bp=—3
p 222/t
9.422
pr=o
P1=o0 prr=o0
$Pr=o0
9.423
P-§=2 £
T
2 —t- it 22n—1fn 7
=20 /2 T = L
4 3V « ? T 1°35...(n+1)}V 7
32 t
-2t/
? 35y ™
9.424
v
¥ Ta+v)

where ¥ may have any real value, except a negative integer. (Conjectural.)
9.425

pfar=e‘”
2bia'1=(17’(e‘”-—1)

9.426 With p = ag?,
Pt = (= 1) 1:3:5 ... (21— 1)
(2at)™/mat

q——Z’n
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9.427

z?
—
wal

e -2 f me"”’dv
VT Je
w2 fwe—'v’@.
q VT J: o

943 Many examples of the use of this method are given by Heaviside: Electro-
magnetic Theory, Vol. II. Bromwich,.Proceedings Cambridge Philosophical
Society, XX, p. 411, 1921, has justified its application by the method of contour
integration and applied it to the solution of a problem in the conduction of heat.

9431 Herlitz, Arkiv for Matematik, Astronomi och Fysik, XIV, 1919, has
shown that the same methods may be applied to the more general partial
differential equations of the type,

8
231e00) S =

and the relations of 9.42 are vahd. ’
944 Heaviside’s Expansion Theorem.
The operational solution of the differential equation of 9.41, or the more

general equation, 9.431, satisfying the given boundary conditions, may be
written in the form, »
F(p)
“TAp ™ 5
where F(p) and A(p) are known functions of p = oy Then Heaviside’s

ge T =

04928 If z = ——,
# 2/ at

Expansion Theorem is:
F(o) F(a)

v=n{ 55+ Dt |
where « is any root, except o, of A(p) = o, A’(p) denotes the first derivative of
A(p) with respect to p, and the summation is to be taken over all the roots of
A(p) = o. This solution reduces to % =o at £ =o.

Many applications of this expansion theorem are given by Heaviside,
Electromagnetic Theory, II, and IIT; Electrical Papers, Vol. II. Herlitz, 9.431,
has also applied this expansion theorem to the solution of the problem of the
distribution of magnetic induction in cylinders and plates.

945 Bromwich’s Expansion Theorem. Bromwich has extended Heaviside’s
Expansion Theorem as follows. If the operational solution of the partial
differential equation of 9.41, obtained to satisfy the boundary conditions, is

U= Z‘gi (G¥)
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where G is a constant, then the solution of the differential equation is

u=G{Not+N1+ O—ﬁ%ew},

where Ny and N; are defined by the expansion,

M=z\ro+N1p+sz>2+- .

A(p)

« is any root of A(p) = o, A’(p) 1s the first derivative of A(p) with respect to p,
and the summation is over all the roots, . This solution reduces to # = o at
t = o. Phil. Mag. 37, p. 407, 1919; Proceedings London Mathematical Society,
15, p- 401, 1916.

9.9 References to Bessel Functions.

Nielsen: Handbuch der Theorie der Cylinder Funktionen.
Leipzig, 1904.

The notation and definitions given by Nielsen have been adopted in the pres-
ent collection of formulae. The only difference is that Nielsen uses an upper
index, J*(x), to denote the order, where the more usual custom of writing J,(x)
is here employed. In place of H;" and H," used by Nielsen for the cylinder
functions of the third kind, H,! and H,! are employed in this collection.

. Gray and Mathews: Treatise on Bessel Functions.
London, 18¢5.%
The Bessel Function of the second kind, Y.(x), employed by Gray and
Mathews is the function ’
2. + (og 2 - M),
of Nielsen.
Schafheitlin: Die Theorie der Besselschen Funktionen.
Leipzig, 1908.
Schafheitlin defines the function of the second kind, ¥,(x), in the same way
as Nielsen, except that its sign is changed.

Nore. A Treatise on the Theory of Bessel Functions, by G. N. Watson, Cambridge
University Press, 1922, has been brought out while this volume is in press. This Treatise gives
by far the most complete account of the theory and properties of Bessel Functions that exists,
and should become the standard work on the subject with respect to notation A particularly
valuable feature is the Collection of Tables of Bessel Functions at the end of the volume and
the Bibliography, giving references to all the important works on the subject.

9.91 Tables of Legendre, Bessel and allied functions.
P.(x) (9.001).

1 A second edition of Gray and Mathews’ Treatise, prepared by A. Gray and T. M.
MacRobert, has been published (192z) while this volume is in press. The notation of the first
edition has been altered in some respects.
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B. A. Report, 1879, pp. 54-57. Integral values of # from 1 to 7; fromx = o.o1
to x = 1.00, interval o.or, 16 decimal places.
Jahnke and Emde: Funktionentafeln, p. 83; same to 4 decimal places.

P,(cos 6)

Phil. Trans. Roy. Soc. London, 203, p. 100, 1904. Integral values of # from
1 to 20, from 6 = o to 6 = go, interval 5, 7 decimal places.

Phil. Mag. 32, p. 512, 1891. Integral values of #» from 1 to 7, § =0 to
f = go, interval 1; 4 decimal places. Reproduced in Jahnke and Emde, p. 8.

Tallquist, Acta Soc. Sc. Fennicae, Helsingfors, 33, pp. 1-8. Integral values
of nfrom1to8; 8 =otof = go, interval 1, 10 decimal places.

Airey, Proc. Roy. Soc. London, ¢6, p. 1, 1919. Tables by means of which
zonal harmonics of high order may be calculated.

Lodge, Phil. Trans. Roy. Soc. London, 203, 1904, p 87 Integral values of
» from 1 to 20; 6 = o to 8 = go, interval 5, 7 decimal places. Reprinted in
Rayleigh, Collected Works, Volume V, p. 162.

8P (cos 0)
a6
Farr, Proc. Roy. Soc. London, 64, 199, 1899. Integral values of # from 1 to 7;
6 = o to 6 = go, interval 1, 4 decimal places. Reproduced in Jahnke and Emde,
p. 88.

Jo(x), Ji(x) (9.101).

Meissel’s tables, x = 0.01 to & = 15.50, interval o.o1, to 12 decimal places,
are given in Table I of Gray and Mathews’ Treatise on Bessel’s Functions.

Aldis, Proc. Roy. Soc. London 66, 40, 1900. % = 0.1 to x = 6.0, interval
0.1, 21 decimal places.

Jahnke and Emde, Funktionentafeln, Table III. x = o.01 to % = 15.50,
interval o.o1, 4 decimal places.

Ja(x) (9.101).

Gray and Mathews, Table II. Integral values of # from # = o to # = 6o;
integral values of x from x = 1 to # = 24, 18 decimal places.
Jahnke and Emde, Table XXIII, same, to 4 significant figures.
B. A. Report, 1915, p. 29; # =0 to n = 13.
x=o0.2to vr= 6.0 interval o.2 6 decimal places,
%= 6.0 to £ =160 interval o.5 10 decimal places.

Hague, Proc. London Physical Soc. 29, 211, 1916~17%, gives graphs of J,(x)
for integral values of # from o to 12, and #» = 18, % ranging from o to 17.

- I T - Gi@); -2 Bi) = Gila).

B. A. Report, 1913, pp. 116-130. % =o0.0I to % = 16.0, interval o.o1, 7
decimal places.
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B. A. Report, 1915, # = 6.5 to x = 15.5, interval o.5, 1o decimal places.

Aldis, Proc. Roy. Soc. London, 66, 40, 1900: z = o.I to # = 6.0. Interval
o.r, 21 decimal places.

Jahnke and Emde, Tables VII and VIII, functions denoted Ko(x) and Ky (%),
% =o0.1 to ¥ = 6.0, interval o.1; x = o0.01I to x = 0.99, interval o.01; x = 1.0
to % = 10.3, interval o.1; 4 decimal places.

-gm@=m@.

B. A. Report, 1914, p. 83. Integral values of #» from o to 13. % = o.01 to
x = 6.0, interval o.1; x = 6.0 to x = 16.0, interval o.5; 5 decimal places.

Z Yo(®) + (log 2 = 7o), Denoted Yo(x) and ¥i(x)
g— Vi(x) + (log 2 — y)J1(x). respectively in the tables.
B. A. Report, 1914, p. 76, * = 0.02 to & = 15 50, interval o.02, 6 decimal
places.
B. A. Report, 1915, p. 33, x =01 to x = 6.0, interval o.1; = 6.0 to

% = 15.5, interval o.5, 10 decimal places.
Jahnke and Emde, Table VI, & = o.or to x# = 1.00, interval oc.o1; x = 1.0
to x = 10.2, interval o.1, 4 decimal places.

Yo(x), Yi(x). Denoted No(x) and Ni(x) respectively.

Jahnke and Emde, Table IX, x = 0.1 to # = 10.2, interval o.1, 4 decimal
places.

:_r Valx) + (og 2 ~ ) Ja(x). Denoted V,.(x) in tables.

B. A. Report, 1915. Integral values of » from 1 to 13. x =o0.2to x = 6.0,
interval o.2; x = 6.0 to & = 135.5, interval o 5, 6 decimal places.

Ja+3(®)-
Jahnke and Emde, Table II. Integral values of # from # = o to # = 6, and
n=—Itom=—7; &=o01t0x = 350, interval 1 o, 4 figures.

Ji(x), Jo4(x).
Watson, Proc. Roy. Soc. London, ¢4, 204, 1918.

= 0.05 to x = 2.00 interval o.os,

®=20 tox=2_80 Iinterval o.2,
4 decimal places.

J (@), Ja(@)

- gya(a), _:_r Ya(a). Denoted Gafar) and Gai(c) respectively.
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% Va(a) + (og 2 = 7)Julc);

’;—E Vaa(a) + (og 2 — y)Jaa(a). " Denoted ~Vao(e) and — ¥4 i(0).
Tables of these six functions are given in the B. A. Report, 1916, as follows:
From a to Interval
1 50 1
50 100 5
100 200 10
200 400 20
400 1000 50
1000 2000 100
2000 5000 500
5000 20000 1000
20000 30000 10000
100,000
500,000
1,000,000

Iy (x) N I (x) (9.211) .

Aldis, Proc. Roy. Soc. London, 64, pp. 218-223, 1899; % = 0.1 to « = 6.0,
interval o0.1; x = 6.0 to # = 11.0, interval 1.0, 21 decimal places.
Jahnke and Emde, Tables XI and XII, 4 places:

x=0.0I to = 5.I10 interval o.o1,
x=3510 to = 6.0 interval o.1,
x=60 toZ%=110 interval 1.0.

L(x) (9.211).

B. A. Report, 1896; % = o0.001 to % = 5.100, interval o.001, ¢ decimal
places.
Li(x) (9.211).

B. A. Report, 1893; # = o0.001 to x = 5.100, intérval o.oor, 9 decimal
places.

Gray and Mathews, Table V, x = o.o1 to & = 5.I0, interval o.ox, 9 decimal
places.

I.(x) (9.211).

B. A. Report, 1889, pp. 28-32; integral values of # from o to 11, # = 0.2
to x = 6.0, interval o>2, 12 decimal places. These tables are reproduced in
Gray and Mathews, Table V1.

Jahnke and Emde, Table XXIV; same ranges, to 4 places.

o (V) =X -iY,
V2T (xVi) =X +i¥y
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Aldis, Proc. Roy. Soc. London, 66, 142, 1900; & = 0.1 to # = 6.0, interval
0.1, 21 decimal places.
Jahnke and Emde, Tables XV and X VI, same range, to 4 places.

Jo(x\/z).

Gray and Mathews, Table IV; x = 0.2 to » = 6.0, interval c.2, ¢ decimal
places.

Volxvi) (9.104) Denoted No(x+v7) in table.
Hy(w\/), Hy(xV).

Jahnke and Emde, Tables XVII and XVIII; x = o.2 to & = 6.0, interval
0.2, 47 figures.

T Hyix) = Kofa),
2 (9.212).

T 1.
- —2- Ho(ll’x) = Kl(x))

Aldis, Proc. Roy. Soc. London, 64, 219—223, 1809; % = 0.I to & = 120,
interval o.1, 21 decimal places.

Jahnke and Emde, Table XIV; same, to 4 places.
iHy(iw), —H(ix) (9.107).

Jahnke and Emde, Table XIII; % = o.12 to x = 6.0, interval o.2, 4 figures.
ber %, ber’ .

’ 7 (9.215).

bei x, bei’ x, ( )

B. A. Report, 1912; # = 0.1 to x = 10.0, interval o.r, g decimal places.
Jahnke and Emde, Table XX; x = o.5 to x = 6.0, interval o.5, and x = 8,

10, 15, 20, 4 decimal places.
ker %, ker’ x, (9.216).

kei , kei’ x,
B. A. Report, 1915; # = o.I to & = 10.0, interval o.1, 710 decimal places.

ber? x + bei? «,

ber'2x + bei? x,

ber x bei” x — bei « ber’ x, and the corresponding ker and kei
ber x ber’ x + bei x bei’ «, functions.

B. A. Report, 1916; x = 0.2 to & = 10.0, interval o.2, decimal places.
Sa(x), §'a(x), log Sa(x), log §'x(x),
Ca(x), C'u(x), log Ca(x), log C'n(x), (9.261).
En(x), E'a(%), log Ea(x), log E'(x),
B. A. Report, 1916; integral values of # from o to 10, # = 1.1 to % = 1.9,
interval o.1, 7 decimal places.
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Gl) = -v21I G) vy <§> =~ o.781012 w43 C—’ﬁ)

D) = 7511 (— i) At @ = T @

Table I of Jahnke and Emde gives these two functions to 3 decimal places
for x = 0.2 to # = 8.0, interval 0.2, and # = 8.0 to x = 12.0, interval 1.0.

Roots of Jo(x) = o.

Airey, Phil. Mag. 36, p. 241, 1918: First 40 roots (p) with corresponding
values of Ji(p), 7 decimal places.
Jahnke and Emde, Table IV, same, to 4 decimal places.

Roots of Ji(x) = o.

Gray and Mathews, Table III, first 5o roots, with corresponding values
of J4(x), 16 decimal places.

Airey, Phil. Mag. 36, p. 241: First 40 roots (r) with corresponding values
of Jo(r), 7 decimal places.

Jahnke and Emde, Table IV, same, to 4 decimal places.

Roots of J,(x) = o.

B. A. Report, 1917, first 10 roots, to 6 figures, for the following integral
values of #: o—10, 135, 20, 30, 40, 50, 75, 100, 200, 300, 400, 500, 750, 1000.

Jahnke and Emde, Table XXII, first ¢ roots, 3 decimal places, integral
values of # o—9.

Roots of:
(log 2 — ¥)Ja(x) + 2I V.lx) = o. Denoted Y,(x) = o in table.

Airey: Proc. London Phys. Soc. 23, p. 219, 1910-11. First 4o roots for
n=o, I, 2, 5 decimal places.

Jahnke and Emde, Table X, first 4 roots for n = o, 1. E decimal places.
Roots of:

II:::((:)) :Z’ Denoted Ny(x) and N(x) in tables.
Airey: 1. c¢. First 10 roots, 5 decimal places.

Roots of:
Jo(x) = (og 2 = v)Jo(x) + 21 Vo(x) = o. Denoted  Jo(x) + Vo(x) = o.

Ji(x) + (og 2 — Y)Ji(x) + g Yi(x) = o. Denoted  Ji(x) + ¥1(#) = o.
Jo(x) — 2(log 2 — ¥)Jo(x) + 1:— YVo(x) = o. Denoted Jo(x) — 2Vo(x) = o.

10J0(x) = (log 2 — ¥)Jo(x) + ?2-r~ Vi(x) = o. Denoted 10J0(x) + Yo(x) = o.
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Airey, L. c. First 1o roots, 5 decimal places.
Roots of*
Tots®) | Tois®) _
Ja(x) © Ia(x)
Airey, 1. c. First 10 roots: # = o, 4 decimal places, # = 1, 2, 3, 3 decimal

places.
Jahnke and Emde, Table XXV, first 5 roots for #n = o, 3 for » = 1, 2 for

n = 2: 4 figures.
Airey, 1. c. gives roots of some other equations involving Bessel’s functions
connected with the vibration of circular plates.

Roots of:
(@) Yo(x) = Jp(kx) Vo(kx).

Jahnke and Emde, Table XXVI, first 6 roots, 4 decimal places, for
=o0, 1/2, 1, 3/2, 2, 5/2: k=1.2, 1.5, 2.0.
Table XXVIII, first root, multiplied by (k¢ — 1) for £ = 1, 1.2, 1.5, 2—11,
19, 39, ®: ¥ same as above.
Table XXTX, first 4 roots, multiplied by (¢ — 1) for certain irrational values
of k,and ¥ = o, 1.



X. NUMERICAL SOLUTION OF
DIFFERENTIAL EQUATIONS

By F. R. Mourron, Pr.D.,
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INTRODUCTION

Differential equations are usually first encountered in the final chapter of
a book on integral calculus. The methods which are there given for solving
them are essentially the same as those employed in the calculus. Similar methods
are used in the first special work on the subject. That is, numerous types of
differential equations are given in which the variables can be separated by
suitable devices; little or mothing is said about the existence of solutions of
other types, or about methods of finding the solutions. The false impression
is often left that only exceptionally can differential equations be solved. What-
ever satisfaction there may be in learning that some problems in geometry and
physics lead to standard forms of differential equations is more than counter-
balanced by the discovery that most practical problems do not lead to such
forms.
10.01 The point of view adopted here and the methods which are developed
can be best understood by considering first some simpler and better known
mathematical theories. Suppose
I. Fl)=2"+ax"14+..... + a1+ an=0
is a polynomial equation in x having real coefficients a1, az, . . . , @n. I 2 is
I, 2, 3, or 4 the values of  which satisfy the equation can be expressed as explicit
functions of the coefficients. If # is greater than 4, formulas for the solution
can not in general be written down. Nevertheless, it is possible to prove that »
solutions exist and that at least one of them is real if # is odd. If the coefficients
are given numbers, there are straightforward, though somewhat laborious,
methods of finding the solutions. That is, even though general formulas for
the solutions are not known, yet it is possible both to prove the existence of the
solutions and also to find them in any special numerical case.

10.02 Consider as another illustration the definite integral
b
1. I= f f(x) dx,
where f(x) is continuous for ¢ Sz <b. If F(x) is such a function that

2 L jw,

220
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then I = F(b) — F(a). But suppose no F(x) can be found satisfying (2). It
is nevertheless possible to prove that the integral I exists, and if the value of
(x) is given for every value of x in the interval ¢ < x <3, it is possible to find the
numerical value of 7 with any desired degree of approximation. That is, it is
not necessary that the primitive of the integrand of a definite integral be known
in order to prove the existence of the integral, or even to find its value in any
particular example.
10.03 The facts are analogous in the case of differential equations. Those
having numerical coefficients and prescribed initial conditions can be solved
regardless of whether or not their variables can be separated. They need to
satisfy only mild conditions which are always fulfilled in physical problems.
It is with a sense of relief that one finds he can solve, numerically, any particular
problem which can be expressed in terms of differential equations.
10.04 This chapter will contain an account of a method of solving ordinary
differential equations which is applicable to a broad class including all those
which arise in physical problems. A large amount of experience has shown that
the method is very convenient in practice. It must be understood that there is
for it an underlying logical basis, involving refinements of modern analysis,
which fully justifies the procedure. In other words, it can be proved that the
process is capable of furnishing the solution with any desired degree of accuracy.
The proofs of these facts belong to the domain of pure analysis and will not be
given here.
10.10 Simpson’s Method of Computing Definite Integrals. The method of
solving differential equations which will be given later involves the computation
of definite integrals by a special process which will be developed in this and the
following sections. :

Let ¢ be the variable of inte- y
gration, and consider the definite
integral

b
r. F - f A0 dt.
This integral can be interpreted /
¥

as the area between the f-axis and /]
the curve y = f(#) and bounded
by the ordinates ¢ = ¢ and ¢ = b,

figure 1. Xl
Letty=a,t.=0,y.=f(),and o h t
divide the interval e << b up into a b

n equal parts, each of length % = FiG. 1

(b — @)/n. Then an approximate value of F is
2. Fo=h@1+y2+...+yn).
This is the sum of rectangles whose ordinates, figure 1, are y;, y2, . . . , Vn.

10.11 " A more nearly exact value can be obtained for the first two intervals,
for example, by putting a curve of the second degree through the three points
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Y0, V1, ¥2, and finding the area between the /-axis and this curve and bounded
by the ordinates #; and #. The equation of the curve is

1. Y = 0y + 01(15 — to) -+ Gz(t — t0)2,

where the coefficients ao, a1, and a» are determined by the conditions that y
shall equal yo, 1, and y; at ¢ equal to %o, #; and # respectively; or '

|

Yo = Qo
2. Y1 = o + ar(ty — o) + a2(b1 — 10)?,
L yo = ag + a1(te — o) + a2(fe — #0)2

It follows from these equations and & — & = #; — ¢y = 4 that

Qo = Yo,

]

a1 = — = (30 - )
1= = 7 3Y 491 + ¥2),

1
a = ;—h—z(yo — 231+ 9).

4
The definite integral j: 2ydt is approximately

)7
1= oo+ ot =19+ e - 107 i = oh [ou 4 o+ £ o]

to
which becomes as a consequence of (3)

Y/
4. I=g(3’o+43’1+3’2)-

10.12 The value of the integral over the next two intervals, or from # to Z,
can be computed in the same way. If # is even, the approximate value of the
integral from &, to £, is therefore

F1=§[yo+4y1+2yz+4ys+ 2Vat . oo oot 4Yn1+ Yal

This formula, which is due to Simpson, gives results which are usually remarkably
accurate considering the simplicity of the arithmetical operations.

1013 If a curve of the third degree had been passed through the four points
Yo, 1, Y2, and ys, the integral corresponding to (4), but over the first three
intervals, would have been found to be

h
= 5 Do+ 331+ 392 + 31

10.20 Digression on Difference Functions. For later work it will be necessary
to have some properties of the successive differences of the values of a function
for equally spaced values of its argument.

As before, let y, be the value of f(¢) for # = #,. Then let
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A13'1 = Y1 — Yo,
A1y2 =Y — ),

.......

These are the first differences of the values of the function y for successive values
of ¢. All the successive intervals for ¢ are supposed to be equal.
10.21 1In a similar way the second differences are defined by

Azyz = Alyz - Am,

Azys = A1y3 - Alyz,

............

............

10.22 In a similar way third differences are defined by

Aays = Azys - Azyz,
As}’«z = A2y4 - Azys,

........

and obviously the process can be repeated as many times as may be desired.
10.23 The table of successive differences can be formed conveniently from the
tabular values of the function and can be arranged in a table as follows:

TaBLe I
¥ Ay Agy Agy
Yo
N A1y1
¥ Alyz Azyz
Vs Ayys Ay Agys

In this table the numbers in each column are subtracted from those
immediately below them and the remainders are placed in the next column to
the right on the same line as the minuends. Variations from this precise arrange-
ment could be, and indeed often have been, adopted.

10.24 A very important advantage of a table of differences is that it is almost
sure to reveal any errors that may have been committed in computing the y;.
If a single y, has an error ¢, it follows from 10.20 that the first difference Ay
will contain the error +€ and A;y;4: will contain the error —e. But the second
differences Asy,, Aey.41, and Agy,42 will contain the respective errors +€, —2¢,
+e. Similarly, the third differences Agy,, Agy,+1, Agyit+e, and Agy,4s will contain
the respective errors +€, —3€, +3€, —€. An error in a single y; affects j + 1
differences of order j, and the coefficients of the error are the binomial coeffi-
cients with alternating signs. The algebraic sums of the errors in the affected
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numbers in the various difference columns are zero. Now in such functions
as ordinarily occur in practice the numerical values of the differences, if the
intervals are not too great, decrease with rapidity and run smoothly. If an
error is present, however, the differences of higher order become very irregular.
10256 As an illustration, consider the function y = sin ¢ for ¢ equal to 10°,
15°, The following table gives the function and its successive differ-

------

ences, expressed in terms of units of the fourth decimal:?

Tasre II

¢ sin ¢ A;sin ¢ Ay sin g *Ajgsin ¢
10° 1736
15 2588 852
20 3420 832 —20
25 4226 806 —26 -6
30 5000 774 —32 -6
35 5736 736 —-38 -6
40 6428 692 —44 -6
45 7071 643 —49 -5
50 7660 589 —54 -5
55 8191 531 —58 —4
6o 8660 469 —62 ~4
65 9063 403 —66 —4
70 9397 334 —69 -3

Suppose, however, that an error of two units had been made in determining
the sine of 45° and that 7073 had been taken in place of 7071. Then the part
of the table adjacent to this number would have been the following:

TasLe IIT

t sin ¢ A, sin A; sin ¢ As sin ¢
25° 4226
30 5000 774
35 5736 736 —38
40 6428 692 —44 -6
45 7073 645 =47 -3
50 7660 587 -58 —II
55 8191 531 —56 + 2
6o 8660 469 —~62 -6
65 9063 403 —~66 — 4

The irregularity in the numbers of the last column shows the existence of an
error, and, in fact, indicates its location. In the third differences four numbers

1 Often it is not necessary to carry along the decimal and zeros to the left of the first
significant figure.
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will be affected by an error in the value of the function. The erroneous numbers
in the last column are clearly the second, third, fourth, and fifth. The algebraic
sum of these four numbers equals the sum of the four correct numbers, or —18.
Their average is —4.5. Hence the central numbers are probably —5 and —4.
Since the errors in these numbers are —3€ and +3¢, it follows that € is probably
+2. The errors in the second and fifth numbers are +€ and ~e respectively.
On making these corrections and working back to the first column, it is found
that 7073 should be replaced by 7o071.

10.30 Computation of Definite Integrals by Use of Difference Functions.

Suppose the values of f(#) are known for ¢ = ¢,-, f4_1, £, and #,41.  Suppose
it is desired to find the integral

int1
1. I, = f; 1) dt.

The coefficients &g, by, b2, and b3 of the polynomial can be determined, as above,
so that the function

2. Yy =Dbo+ 0i(t — tn) + bo(f — ta)% + bs3(t — £,)8

shall take the same values as f(£) for ¢ = £,_s, tn_, tn, and t,p1.
With this approximation to the function f(#), the integral becomes (since
tnir = ba = F)

- rht+1
3. I,= ﬁ [oo + b1t — 22) + ba(F — 22)® + bs(t — £,)*] dt
n
- I I790, X413
= h[bo‘l‘ 261h+3 byl +4b3h].

The coefficients by, b1, b2, and s will now be expressed in terms of yat1, Aiynya,
Asyny1, and Agynia. It follows from (2) that

V-2 = by — 201k + 4b2}l2 - 8b3h3,
Va1 = by — bik + boh® — boh®,
Yn = boz
| Pt = Bo + bik + BoJ? + B,
Then it follows from the rules for determining the difference functions that
Alyn—l =bhh — 3bo/% + 7b3h3,
Ayyn = bih — bol? + bsh3,
Aryngr = bik + bok® + bah®.
6. {Azy,, = 262]12 b 6b3h3,
Azyn+1 = szhz.

g A3yrl-l-1 = 6bsh3.
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It follows from the last equations of these four sets of equations that

by = Yol — Alyn-}-l,

hh = Ayypy — zAzynfu - é Agynia,

boh? = 2 Azyn+1,

b3h3 = %Asynﬂ.

Therefore the integral (3) becomes

I 1
9. In = ]’LI:}',,,.H - §A1y7,,+1 - 'I‘;Azym-l - aAaynﬂ e s e e jl-
The coefficients of the higher order terms A,y and Agy. are — ;I;%and
ﬁrespectively.

10.31 Obviously, if it were desired, the integral from ¢, o to £,—, or over any
other part of this interval, could be computed by the same methods. For example,
the integral from £, to ¢, is

tn
In—l = f(t) dt;

tn-l

- _3 3 z
= h[yn-l—l zAlyn+1 + IQAzyn+1 -+ 24A3y'n+1 +. .. ]

NUMERICAL ILLUSTRATIONS

10.32 Consider first the application of Simpson’s method. Suppose it is required

to find
557 55°
I= f sindf = — [cos t] = 0.3327.
25° 25°

On applying 10.12 with the numbers taken from Table I, it is found that
o
I = %—[.4226 + 2.0000 + 1.1472 + 2.5712 + 1.4142 + 3.0640 + .8191 ],

which becomes, on reducing 5° to radians,
I, = 0.3327,
agreeing to four places with the correct result.

10.33 On applying 10.11 (4) and omitting alternate entries in Table II, it is
found that

s, 10°
I= j sin ¢ dt = ?[.4226 + 2.2044 + 7071 = 0.1992,
25°

which is also correct to four places. These formulas could hardly be surpassed
in ease and convenience of application.
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10.34 Now consider the application of 10.30 (9). As it stands it furnishes the
integral over the single interval £, to fu1. If it is desired to find the integral
from £, to fnim, the formula for doing so is obviously the sum of 7 formulas
such as (g), the value of the subscript going from # + 1 to » + m + 1, or

I’n, m = h[(yn-l-l + ----- + yn+m+l> - §<A1yn+1 + ----- + Alyn«}-m-}-l)

- ;I; <A3yn+1 +....+ Asyn+m+1> +. . J

On applying this formula to the numbers of Table I, it is found that

I
<A2yn+1 +.o.. 0+ A2yn+m+1> ~

*55° -
I= j sin ¢ d¢ = 5°[( 5000 + .5736 + .6428 4+ 7071 + .7660 -+ .8191)
25 -
- % (0774 + 0736 + 0692 + .0643 + .0589 + .0531)
-+ é (.0032 + .0038 + .0044 + .0049 + .0054 + .c058)

+ i (.0006 + .0006 + .0006 + .0005 + .0005 + .0004) ]

= 0.3327,
agreeing to four places with the exact value. When a table of differences is at
hand covering the desired range this method involves the simplest numerical
operations. It must be noted, however, that some of the required differences
necessitate a knowledge of the value of the function for earlier values of the
argument than the lower limit of the integral.

1040 Reduced Form of the Differential Equations. Differential equations
which arise from physical problems usually involve second derivatives. For
example, the differential equation satisfied by the motion of a vibrating tuning
fork has the form

d_‘lx = —kx

ag ’
where % is a constant depending on the tuning fork.
10.41 The differential equations for the motion of a body subject to gravity
and a retardation which is proportional to its velocity are

Px_ dx
@ - Ca
d*y dy

(@ =@ ¢
where ¢ is a constant depending on the resisting medium and the mass and shape
of the body, while g is the acceleration of gravity.
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1042 The differential equations for the motion of a body moving subject to
the law of gravitation are

TS

ar 3

@y _ 23’

e o

a2z

TP

7 =a?+ 3 422

1043 These examples illustrate sufficiently the types of differential equations
which arise in practical problems. The number of the equations depends on
the problem and may be small or great. In the problem of three bodies there
are nine equations. The equations are usually not independent as is illustrated
in 10.42, where each equation involves all three variables «, y, and 3 through 7.
On the other hand, equations 10.41 are mutually independent for the first does
not involve y or its derivatives and the second does not involve x or its deriva-
tives. The right members may involve #, y, and 2 as is the case in 10.42, or
they may involve the first derivatives, as is the case in 1041, or they may
involve both the coordinates and their first derivatives. In some problems
they also involve the independent variable 2.

1044 Hence physical problems usually lead to differential equations which are
included in the form

dx (x dx dy t)

P REANGAY ARk
Py dx dy
dzﬁ‘g( D g0 dp ‘>

where f and g are functions of the indicated arguments. Of course, the number
of equations may be greater than two.

1045 If we let
p_dv o, _dy
YEw YT a

equations 10.44 can be written in the form

d
T~ fx oy, @, ¥, D),
dy
dat
dl
| @ =gz, 34,9, 9.
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1046 If welet x =w;, &' =%, y=23, ¥V = %4, . . . . . equations 10.45 are

included in the form

dx
A

..............

..............

i =f7l<x1’ X2y o o oy ny t)-

This is the final standard form to which it will be supposed the differential
equations are reduced.

10.50 Definition of a Solution of Differential Equations. For simplicity in
writing, suppose the differential equations are two in number and write them in
the form

dx
E = f(x; ¥, t):

d
d—g = g<x’ y! t)?
where f and g are known functions of their arguments. Suppose x =a, y = b

at £ = o0. Then
{x = d)(t))
y =@,

is the solution of (1) satisfying these initial conditions if ¢ and ¢ are
such functions that .

2.

¢(°) =aq,
¢(°) = b:
3- Lfi_(f = f(d): ‘)0: t);

dd_‘f = g(¢: ‘b: t),

the last two equations being satisfied for all o< #< 7, where T is a positive con-
stant, the largest value of ¢ for which the solution is determined. It is not neces-
sary that ¢ and ¥ be given by any formulas — it is sufficient that they have
the properties defined by (3). Solutions always exist, though it will not be
proved here, if f and g are continuous functions of ¢ and have derivatives with respect
to both x and y.

10.61 Geometrical Interpretation of a Solution of Differential Equations.
Geometrical interpretations of definite integrals have been of great value not
only in leading to an understanding of their real meaning but also in suggesting
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practical means of obtaining their numerical values. The same things are true
in the case of differential equations.
For simplicity in the geometrical representation, consider a single equation

dx
I. d7 = f(x: t);
where x = ¢ at # = o. Suppose the solution is
2. X = ¢(t)’

Equation (2) defines a curve whose coordinates are x and #. Suppose it is repre-
sented by figure 2. The value of the tangent to the curve at every point on it
~ is given by equation (1), for there
is, corresponding to each point, a

pair of values of x and # which gives

g;_c’ the value of the tangent, when

substituted in the right member of
equation (1).

Consider the initial point on the
curve, viz. x = a, £ = o. The tan-
gent at this point is f(a,0). The

o t curve lies close to the tangent for a

%1 short distance from the initial point.

Fe. 2 Hence an approximate value of
at ¢ = &, # being small, is the ordinate of the point where the tangent at a
intersects the line ¢ = 4, or

ay

%1 = f(a, 0)h.

The tangent at 1, 4 is defined by (1), and a new step in the solution can be made
in the same way. Obviously the process can be continued as long as x and #
have values for which the right member of (1) is defined. And the same process
can be applied when there are any number of equations. While the steps of this
process can be taken so short that it will give the solution with any desired
degree of accuracy, it is not the most convenient process that may be employed.
It is the one, however, which makes clearest to the intuitions the nature of the
solution.

10.6 Outline of the Method of Solution. Consider equations 10.50 (1) and their
solution (2). The problem is to find functions ¢ and y having the properties

(2). If we integrate the last two equations of 10.50 (3) we shall have

¢=d+£}(¢,¢,t)dﬁ,
¢=b+fg<¢,¢,t>dt.

The difficulty arises from the fact that ¢ and ¥ are not known in advance and
the integrals on the right can not be formed. Since ¢ and ¥ are the solution
values of x and y, we may replace them by the latter in order to preserve the
original notation, and we have
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12
x=a+ff(x,y,t)dt,

2
y=b+fg(x7y,t)dt-

If # and y do not change rapidly in numerical value, then f(x, v, £) and g(x, ¥, £)
will not in general change rapidly, and a first approximation to the values of x
and vy satisfying equations (2) is

y
x1=a+ff(a,b,t) dr,

1
Ly1=b+fg(a,b,t)dt,

at least for values of ¢ near zero. Since ¢ and & are constants, the integrands in
(3) are known and the integrals can be computed. If the primitives can not be
found the integrals can be computed by the methods of 10.1 or 10.3.

After a first approximation has been found a second approximation is given by

}

(x2 =a+ ff(x17 Y1 t) dt,
1

[yz =b+ f g1, 1, 2) d8.

The integrands are again known functions of  because #; and 3, were determined
as functions of ¢ by equations (3). Consequently x, and ¥, can be computed.
The process can evidently be repeated as many times as is desired. The nth
approximation is

7
¥n =@+ ff(xn——l: Yn—1, t) dt,
°

17
Yn = b + fg(xn—h Yn—1, t) dt
(<]

There is no difficulty in carrying out the process, but the question arises whether
it converges to the solution. The answer, first established by Picard, is that,
as # increases, %, and v, tend toward the solution for all values of ¢ for which all
the approximations belong to those values of #, v, and ¢ for which f and g have
the properties of continuity with respect to ¢ and differentiability with respect

to x and y. If, for example, f = mgr;x and the value of x, tends towards zero

for ¢ = T, then the solution can not be extended beyond ¢ = T.

It is found in practice that the longer the interval over which the integration
is extended in the successive approximations, the greater the number of approxi-
mations which must be made in order to obtain a given degree of accuracy. In
fact, it is preferable to take first a relatively short interval and to find the solution
over this interval with the required accuracy, and then to continue from the end
values of this interval over a new interval. This is what is done in actual work.
The details of the most convenient methods of doing it will be explained in the
succeeding sections.
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10.7 The Step-by-Step Construction of the Solution. Suppose the differential
equations are

lr% = f(x; Yy t),

g_t'y =3 (x; ¥y t):

with the initial conditions = @, ¥y = b at t = o It is more difficult to start a
solution than it is to continue one after the first few steps have been made. There-
fore, it will be supposed in this section that the solution is well under way, and
it will be shown how to continue it. Then the method of starting a solution will
be explained in the next section, and the whole process will be illustrated
numerically in the following one.

Suppose the values of x and y have been found for £ ='£, 8, . . . . , s Let
them be respectively %1, 915 %z, ¥2; + + -} ¥, ¥n, Care being taken not to confuse
the subscripts with those used in section 10.6 in a different sense. Suppose the
intervals &, — y, fs — s, . . . , tn — tn ave all equal to % and that it is desired
to find the values of # and y at #,41, where faps — #a = A.

It follows from this notation and equations (2) of 10.6 that the desired

quantities are
in-+x

Xnpr = %n + tf(x’ Y t) dt,

tntz
Y1 = Yo +£ g (xy ¥, t) dt.

The values of x and vy in the integrands are of course unknown. They can be
found by successive approximations, and if the interval is short, as is supposed,
the necessary approximations will be few in number.

A fortunate circumstance makes it possible to reduce the number of approxi-
mations. The values of x and y are known atf = tn, tay, ins, . . . From these
values it is possible to determine in advance, by extrapolation, very close approxi-
mations to # and y for £ = ... The corresponding values of f and g can be
computed because these functions are given in terms of «, y, and & They are
also given for £ =1tn, fpyy « . . . . Consequently, curves for f and g agreeing
with their values at £ = fuy1, fa, fas, - - - - can be constructed and the integrals
(2) can be computed by the methods of 10.1 and 10.3.

The method of extrapolating values of %.4: and y.41 must be given. Since
the method is the same for both, consider only the former. Since, by hypothesis,
% is known for f=ts, fua, fns, . . . - the values of x., A, Asx, and
Ay, are known. If the interval % is not too large the value of Agtny. is very
nearly equal to Ag,. As an approximation A, may be taken equal to Ay,
or perhaps a closer value may be determined from the way the third differences















NUMERICAL SOLUTION OF DIFFERENTIAL EQUATIONS 233

Asn_s, Asyo, A1, and Asx, vary. For example, in Table ITitis easy to see
that A, sin 75° is almost certainly —3. It follows from 10.20, 1, 2 that

Azxn-]-l = Asxn,.,.], —+ A2xn,
3. Alxnfl-l = Agxn+1 + Alxn,
| ®npr = Astbnps + %

After the adopted value of Agr,i: has been written in its column the successive
entries to the left can be written down by simple additions to the respec-
tive numbers on the line of £,. For example, it is found from Table IT that
As sin 75° = —y2, A sin 75° = 262, sin 75° = 9659. This is, indeed, the correct
value of sin 75° to four places.

Now having extrapolated approximate values of %41 and y.41 it remains to
compute f and gfor = Xnt1, ¥ = Yny1, § = fnpa.  The next step is to pass curves
through the values of f and g for ¢ = ¢4, tn, tp—1, . . . . and to compute the inte-
grals (2). Thisis the precise problem that was solved in 10.30, the only difference
being that in that section the integrand was designated by y. On applying
equation 10.30 (g) to the computation of the integrals (2), the latter give

Xnt1 = Xn '|‘]1[fn+1 - ';‘A1fm§.1 - ;1-2‘ Agan e -2—]; A:,fn+1 « . e :I,

4.
I I T
YVot1 = Yn+ hlgnt — ;A1gn+1 - EAggn_,_l — 2—4 Ang_l ... ]’
where
5 { frrr = f@nsay Yty bna)s
gnt1 = g(xﬂrl-ly Ynt1, tn+1).

The right members of (4) are known and therefore x,;; and y.u: are
determined.

It will be recalled that futs and gnt: were computed from extrapolated values
of %41 and Y41, and hence are subject to some error. They should now be re-
computed with the values of #,+1 and v,y furnished by (4). Then more nearly
correct values of the entire right members of (4) are at hand and the values of
Zng1 and ynq should be corrected if necessary. If the interval % is small it will
not generally be necessary to correct x,11 and y,;. But if they require correc-
tions, then new values of fot: and gni: should be computed. In practice it is
advisable to take the interval % so small that one correction to fn1 and guys is
sufficient.

After #,41 and yn1 have been obtained, values of x and y at ¢,4» can be found
in precisely the same manner, and the process can be continued to ¢ = Zuts, Znts,

If the higher differences become large and irregular it is advisable to
interpolate values at the mid-intervals of the last two steps and to continue with
an interval half as great. On the other hand, if the higher differences become
very small it is advisable to proceed with an interval twice as great as that used
in the earlier part of the computation.

The foregoing, expressed in words, seems rather complicated. As a matter of
fact, it goes very simply in practice, as will be shown in section 10.9.
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10.8 The Start of the Construction of the Solution. Suppose the differential
equations are again

dx
AL
d

% = g(x: Y, t))

with the initial conditions = a, y = b at ¢t = o. Only the initial values of x and
y are known. But it follows from (1) that the rates of change of x and yat¢ =o
are f (a, b, 0) and g (a, b, o) respectively. Consequently, first approximations to
values of x and y at £ =4 = £ are

f 0 =a+ hf(”’y b: O),
> | 9:® = b+ hg(a, 3, 0).

Now it follows from (1) that the rates of change of x and y at x = %, y = y,,
t = t, are approximately f(x,W, y:, ;) and g(x:®, ., #). These rates will be
different from those at the beginning, and the average rates of change for the
first interval will be nearly the average of the rates at the beginning and at the
end of the interval. Therefore closer approximations than those given in (2) to
the values of x and y at ¢ = 4, are

3. [#:® =a+3h[f(a,b,0) + fla®, 3.0, H)],
| 9:® = b+ 3k [g(a, 8, 0) + g, 3.9, 1)].

The process could be repeated on the first interval, but it is not advisable when
the interval is taken as short as it should be.

The rates of change at the beginning of the second interval are approximately
F@®, 9@ t)) and g(2.@, 3@, #) respectively. Consequently, first approxima-
tions to the values of x and vy at ¢ = &, where &, — 4, = £, are

4. x2(l) = xl(z) + hf(x1(2), yl_(z)’ tl)’
y_,'(l) - yl(z) + hg(xl(m, yl(z), tl)-

With these values of x and y approximate values of f, and g, are computed. Since
fo, g05 1, g1 are known, it follows that Afs, Aige; Asfe, and Asg are also known.
Hence equations (4) of 10.7, for #» + 1 = 2, can be used, with the exception of
the last terms in the right members, for the computation of x, and ..

At this stage of work %o = @, yo = b; %1, 315 %», ¥2 are known, the first pair
exactly and the last two pairs with considerable approximation. After f, and g,
have been computed, x; and ¥, can be corrected by 10.31 for # = 1. Then ap-
proximate values of x; and y; can be extrapolated by the method explained in
the preceding section, after which approximate values of f; and g; can be com-
puted. With these values and the corresponding difference functions, x, and y,
can be corrected by using 10.31. Then after correcting all the corresponding
differences of all the functions, the solution is fully started and proceeds by the
method given in the preceding section.

10.9 Numerical Illustration. In this section a numerical problem will be treated
which will illustrate both the steps which must be taken and also the method of
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arranging the work A convenient arrangement of the computation which pre-
serves a complete record of all the numerical work is very important.
Suppose the differential equation is

= ~(1 + )z + 223,

(d“’x
L x=o,d—f=1 at = o.
The problem of the motion of a simple pendulum takes this form when expressed
in suitable variables. This problem is chosen here because it has an actual physi-
cal interpretation, because it can be integrated otherwise so as to express ¢ in
terms of x, and because it will illustrate sufficiently the processes which have
been explained.

Equation (1) will first be integrated so as to express ¢ in terms of x.
On multiplying both sides of (1) by 2 g—f and integrating, it is found that the

integral which satisfies the initial conditions is

2. <Z—;c>2= (1 = 2% (x — k%Y.
On separating the variables this equation gives
‘ * dx
3 t=£\/(1—-x2) (I—szz).
Suppose k2 <1 and that the upper limit # does not exceed unity. Then
4 —-——_IiKW:x+§/<2x’-’+%/<4x4+-l%lcﬁx6+...

where the right member is a converging series. On substituting (4) into (3) and
integrating, it is found that

s t=sin? w4+ 12V — 22 +sinl 22 + -3V — 2 — 3x(z — 22)}
+3Vi -+ Esin Tk 4. ..., 1

When « = 1 this integral becomes

T 1\? I-3\? 1-3-5\2

* v flee Qe G e

Equation (5) gives ¢ for any value of # between —1 and +1. But the problem
is to determine x in terms of & Of course, if a table is constructed giving # for
many values of %, it may be used inversely to obtain the value of # corresponding
to any value of 2. The labor involved is very great. When &2 is given numerically
it is simpler to compute the integral (3) by the method of 10.1 or 10.3.

In mathematical terms, ¢ is an elliptical integral of « of the first kind, and the
inverse function, that is, z as a function of Z,is the sine-amplitude function, which
has the real period 47.
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Suppose k% ——-% and let y = lé—-f Then equation (1) is equivalent to the

two equations

(2,
7. 1L§%=_§x+x3’
which are of the form 10.50 (1), where

=9
8. oo % b,

and x =0, y=1 at i =o.

The first step is to determine the interval which is to be used in the start of
the solution. No general rule can be given. The larger f; and go the smaller
must the interval be taken. A fairly good rule is in general to take % so small
that Afs and /g, shall not be greater than rooo times the permissible error in the
results. In the present instance we may take z = o.1.

First approximations to x and y at £ = o.1 are found from the initial conditions
and equations 10.8 (2) to be

1

{x#) =0+ — I = 0.1000,
10
1

¥ = 1 4+ — o = 1.0000.
l =

It follows from (8) and these values of x; and y, that

: {f (@, 1@, £,) = 1.0000,

I0.
g, 3.0, £) = —o.1490.

Hence the more nearly correct values of x; and y,, which are given by 10.8 (3), are

o1
%® = o +— [1.0000 + 1.0000] = 0.1000,
1I.
oI
n? =1 + [0.0000 — 0.1490] = 0.9925.

Since in this particular problem x = Sy df, it is not necessary to compute
both f and g by the exact process explained in section 10.8, for after y has been
determined « is given by the integral. It follows from (7), (8), (z0), and (x1)
that a first approximation to the value of y at ¢ = ¢, = 0.2 is

12. 3»® = 0025 — ;IS .1490 = .9776.

With the values of y at o, .1, .2 given by the initial conditions and in equations
(9) and (12), the first trial y-table is constructed as follows:
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First Trial y-Table

¢ y Axy Azy
o] I 0000
I 9925 — 0075
2 9776 — o149 —.0074

Since y = f it now follows from the first equations of (x1) and 10.7 (4) forn =1
that an approximate value of x, is

13. 2, @ = o.1000 + Iio [.9776 + i .0149 + ;I; .0074:, = .1986.

With this value of #, it is found from the second of (8) that g. = .29oz. Then
the first trial g-table constructed from the values of g at ¢ = o, 0.1, 0.2, is:

First Trial g-Table

t g Asg Asg
o ©000
I —'. 1400 — T400
2 —.2Q0I — . I4IT + 0079

Then the second equation of 10.7 (4) gives for #» = 1 the more nearly correct
value of v,

1 " I
14. Y2 = .0925 + To [—.2901 + P JI411 — P .0079] = .9705.
This value of y, should replace the last entry in the first trial y-table. When

this is done it is found that Ay, = —.0220, Ayy, = —.0145. Then the first equa-
tion of 10.7 (3) gives

I I I
I5. Xy = .I000 + o [.9705 + 2 .0220 + T .0145] = .1983.
The computation is now well started although x;, ¥, «., and y. are still subject
to slight errors. The values of #, and y, can be corrected by applying 10.31 for
n = 1. Itis necessary first to compute a more nearly correct value of g by using

the value of wx: given in (x5). The result is g, = —.2896, A = —.1406,
Asg: = +.0084. Then the second equation of 10.7 (4) gives

1 I I
16. Ve = .9925 + o [—.2896 + > 1406 — o .0084] = .9705,

agreeing with (14). This value of v, is therefore essentially correct. An applica-
tion of 10.31 then gives
S

- X 3 -2 =
17. ¥y = .0000 + o [.9705 + 2 0220 12 .0145] .0997,
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after which 1t is found that g, = —.1486, Aigi = —.1486. Now the first trial y-table
can be corrected by using the value of 9, given n (14). The result is:

Second Trial y-Table

1 y Aly Azy
o 1.0000
I 9925 | — 0075
2 .9705 — 0220 — 0I45

In order to correct x, and y. by the same method, which is the most convenient
one to follow, it is necessary first to obtain approximate values of gsand 35 The
trial g-table can be corrected by computing g with the values of « given by (x7)
and (15). Then the line for g; can be extrapolated. The results are:

Second Trial g-Table

¢ g Ayg Asg
o 0000
— 1486 —.1486
— 2806 —.I4I0 + o076
— 4230 — 1334 + o076

Then the second equation of 10.7 (4) gives for # = 2,

s I 1
18. Ys = 9705 -+ = [—-.4230 + 51334~ .oo76:I = .0348.

When this is added to the second trial y-table, it is found that
19. ys = 9348, Ayys = —.0357, Awys = —.0137, Asys = +.0008.

Now #, and y, can be corrected by applying 10.31 to these numbers and those
in the last line of the second trial g-table. The results are

- X 3 -3 Xz -
% = 0907 + - [.9348 + 5 0357 — 7, ©137 + ) .oooSJ = .1980,
20.
Y2 = .0025 + L [—.4230 + 3 1334 + 3 .0076 | = .9705.
10 2 12

The preliminary work is finished and # and y have been determined rorz = o,
.I, and .2 with an error of probably not more than one unit in the last place. As
the process is read over it may seem somewhat complicated, but this is largely
because on the printed page preliminary values of the unknown quantities can
not be erased and replaced by more nearly correct ones. As a matter of fact, the
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first steps are very simple and can be carried out in practice in a few minutes if
the chosen time-interval is not too great.

The problem now reduces to simple routine. There are an x-table, a y-table
(which in this problem serves also as an f-table), a g-table, and a schedule for
computing g. It is advisable to use large sheets so that all the computations
except the schedule for computing g can be kept side by side on the same sheet.
The process consists of six steps: (1) Extrapolate a value of g4 and its
differences in the g-table; (2) compute y.4: by the second equation of 10.7 (4);
(3) enter the result in the y-table and write down the differences; (4) use these
results to compute x,4; by the first equation of 10.7 (4); (5) with this value of
%n41 COMpUte gny1 by the g-computation schedule; and (6) correct the extrapolated
value of g4 in the g-table.

Usually the correction to g1 will not be great enough to require a sensible
correction to y,;. But if a correction is required, it should, of course, be made.
It follows from the integration formulas 10.7 (4) and the way that the difference
functions are formed that an error € in g,.: produces the error /e in y,.., and

the corresponding error in #,4. is 39;, he. Tt is never advisable to use so large

a value of 4 that the error in %, is appreciable. On the other hand, if the differ-
ences in the g-table and the y-table become so small that the second differences
are insensible the interval may be doubled.

The following tables show the results of the computations in this problem
reduced from five to four places.

Final x-Table

t X A1x Azx Aax
o 0000

-1 -0997 -0997

.2 .1980 .0983 — 0014

.3 .2034 .0954 *| — o029 —.0015

.4 .3847 L0013 — 0041 —.0012

.5 .4708 .0861 — 0032 —.00II

.6 .5508 .0800 — o061 — .0009

7 .6243 .0735% —.0065 — .0004

.8 .6gog .0666 —.0069 — .0004

.9 .7505 .0506 —.0070 — .000I
1.0 .8030 .0525% — ooyI — .000I
I1I .8486 .0456 — o069 +.0002
1.2 .8877 .0301 —.0065 -+ .0004
13 9205 .0328 — 0063 +.0002
I4 0472 .0267 — 0061 + .0002
I3 .9682 .0210 — . 0057 +.0004
1.6 .0837 .0I55 —.0055 + ooo2z
1.7 .0940 .0103 —.0052 +.0003
1.8 .0993 .0053 —.0050 +.0002
1.9 .9995 .0002 —.0051 — .0001
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Final y-Table

7 y Ay Ay Asy
o I 0000
I 9925 — 0075
.2 9705 —.0220 — 0145
3 9352 — 0353 — 0133 + oor2
.4 .8882 —.0470 — 0117 + o016
.5 8320 —.0562 —.0092 + o023
.6 .7687 —.0633 —.0071 + oo1g
7 7009 —.0678 —.0045 + oo16
8 6308 —.0701 — o023 + o022
9 .5602 — .0706 — 0005 + o008
I.0 .4906 — 0696 +.oo010 + oo1g
I.I 4231 — 0675 + oozr + oo1z
1.2 .3584 —.0647 + 0028 + oocoy
I3 .2968 — 0616 +.0031 + 0003
I4 .2382 — 0586 +.0030 — 0001
Ig .1824 —.0558 +.0028 — 0002
1.6 1290 — 0534 +.0024 — 0004
1.7 L0775 — O3I5 +.0019 — 0005
1.8 .0271 — 03504 +.0011 —.0008
1.9 — 0230 — o501 + o003 — 0008
Final g-Schedule
t I .2 .3 .4 .5 .6 7 .8 .9
logz | 89989 | 9.2967 | 94675 | 95851 | 96728 | 97410 | 97954 | 0.8304 | 08753
log x® | 69967 | 7.890r | 84025 | 8.7553 | 9.0184 | 9 2230 | 9 3862 0 5182 9 6259
3% 20902 .5041 8802 | 1.1541 | 14124 | 16524 | 18720 | 2.0727 2.2513
_3, —.1496 | — 2970 | ~ 4401 | —.5770 | —.7062 | — 8262 | — 9365 | ~1 0364 | —1.1257
2
x3 oor0 0077 0252 .0569 1044 1671 2434 .3208 4227
g —.1486 | — 2893 | — 4149 | —.5201 | —.6018 | —.65091 | —.6931 | — .7066 | — .7030
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Final g-Table
¢ g Ag Asg Asg
o .0000
.1 —.1486 —.1486
.2 —.2893 —.1407 + o079
.3 —.4149 —.1256 + o151 + oo72
-4 —.520I —.1052 +.0204 + 00353
.5 —.6018 —.0817 +.0235 +.0031
.6 —~.6501 —.0573 + o244 + ocog
.7 ~.60931 —.0340 +.0233 — ooII
.8 — 7066 —.0I35 +.0205 — 0028
.9 —.7030 +.0036 +.0171 — 0034
1.0 —.6867 +.0163 + orz27 — .0044
I.T —.6618 + 0249 + 0086 — 0041I
12 ~ 6320 +.0208 + o049 0037
1.3 —.6008 +.0312 + oo14 —~.0035
I.4 —.5710 + 0298 — 0014 — 0028
I.5 ~.5447 +.0263 — 0035 — o021
16 —.5230 + o211 — 0052 —~—.00I7
1.7 —.5088 +.0148 —.0063 — o0II
1.8 —.501I +.0077 — 0071 — 0008
1.9 ~ .5008 + 0003 — 0074 — 0003
Final g-Schedule — Continued
1.0 1.1 12 13 I4 15 16 1.7 1.8 1.9
090471 90287 | 904831 99640 9.9764| 99860| 9.9920 | 9.9974| 9.9997 | 9.9998
9.7141| 9.7861| 0.8449| 98920| 9.9202| 99580| 9.9787| 99922| 9.099T | 99994
2.4990 | 25458| 26631 | 27615| 2.8416| 29046 | 2.951x| 29820| 2.9979| 2.9983
—1.2045 | —1.2720 | —1 3316 | —1 3807 | —T 4208 | -1 4523 | —1.4756 | —~1.4910 | —1.4989 | —1.4992
.5178 6111 6096 7799 8498 .9o76 .9520 .0822 .0978 .0084
— .6867 |~ .6618 | — .6320 |~ .6008 |~ .5710 |— .5447 |— .5236 |~ .5088 |— .50II |— .5008
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Ashas been remarked, large sheets should be used so that the «, y, and g-tables
can be put side by side on one sheet. Then the -column need be written but once
for these three tables. The g-schedule, which is of a different type, should be on

a separate sheet.

The differential equation (r) has an integral which becomes for &2 ==
2

dx
and Et- =Y.
I
2I. 3}2+%x2—zx4=1,

and which may be used to check the computation because it must be satisfied at
every step. It is found on trial that (21) is satisfied to within one unit in the
fourth place by the results given in the foregoing tables for every value of £.

The value of # for which # = 1 and y = o is given by (6). When &% = § it is
found that T = 1.8541. It is found from the final x-table by interpolation based
on first and second differences that x rises to its maximum unity for almost exactly
this value of ¢; and, similarly, that y vanishes for this value of .
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INTRODUCTION TO THE TABLES OF ELLIPTIC
FUNCTIONS

By Stk GEORGE GREENHILL

M+ N VX
: P+Q0vX
where M, N, P, Q are rational algebraical functions of x, can always be expressed
by the elementary functions of analysis, the algebraical, circular, logarithmic or
hyperbolic, so long as the degree of X does not exceed the second. But when
X is of the third or fourth degree, new functions are required, called elliptic
functions, because encountered first in the attempt at the rectification of an
ellipse by means of an integral.

To express an elliptic integral numerically, when required in an actual
question of geometry, mechanics, or physics and electricity, the integral must
be normalised to a standard form invented by Legendre before the Tables can
be employed; and these Tables of the Elliptic Functions have been calculated
as an extension of the usual tables of the logarithmic and circular functions of
trigonometry. The reduction to a standard form of any assigned elliptic-integral
that arises is carried out in the procedure described in detail in a treatise on the
elliptic functions.

d
In the integral calculus, f :/—9;——(’ and more generally,

b

11.1. Legendre’s Standard Elliptic Integral of the First Kind (E. I. I) is
¢ do _ f % dx
Fd)—j; VI — kZsin? ¢ o V(I —2)(x — k22

defining ¢ as the amplitude of #, to the modulus &, with the notation,

u,

¢=am u
% =sin ¢ = sinam

abbreviated by Gudermann to,

x=snu
cos ¢ =cn %
A ¢ = (1 — ksin? ¢) =Aamu:dnu,

and sn %, cn %, dn % are the three elliptic functions. Their differentiations are,

*
dp damu _
e Ao or —— = dn %
dsin¢g . dsnu _
T = cos ¢- AP o =conudnu

245
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dcos ¢ . denu
T=_sm¢Aq§ or ~——— = sn#dn %
%:—K”sin¢cos¢ or dzu=——lczsnucnu

11.11. The complete integral over the quadrant, o < d< —:——, o< % <1, defines

the (quarter) period, K,

T rdd
kK=F>=), &
making
sn K =1
cn K =q
dn K = «'.
k' is the comodulus to x, K%+ &> =1, and the coperiod, K, is,
X do
[ 2 — .
K o V(1 — k2sin? ¢)
11.12.

sy +cn?u =1

cn?u + K2sn?u =1

dn?u — K2 cn?u = K%
sn o=o0, cn o=dn, o=1I.
snK=1, ¢cnkK=o, dn K = «'.

11.13. Legendre has calculated for every degree of 6, the modular angle,
k = sin 6, the value of F¢ for every degree in the quadrant of the amplitude ¢,
and tabulated them in his Table IX, Fonctions elliptiques, t. II, go X go = 8100
entries.

But in this new arrangement of the Table, we take # = F¢ as the independent
variable of equal steps, and divide it into go degrees of a quadrant K, putting

ro ] )
u=eK=9—oc—,K, r° = go’e.

As in the ordinary trigonometrical tables, the degrees of  run down the left of
the page from o° to 45°, and rise up again on the right from 45° to 9o°. Then
columns I, III, X, XTI are the equivalent of Legendre’s Table of F¢ and ¢,
but rearranged so that F¢ proceeds by equal increments 1°in 7°, and the incre-
ments in ¢ are unequal, whereas Legendre took equal increments of ¢ giving
unequal increments in « = F¢,

The reason of this rearrangement was the great advance made in elliptic
function theory when Abel pointed out that F¢ was of the nature of an inverse
function, as it would be in a degenerate circular integral with zero modular
angle. On Abel’s recommendation, the notation is reversed, and ¢ is to be
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considered a function of #, denoted already by ¢ = am #, instead of looking
at #, in Legendre’s manner, as a function, F¢, of ¢. Jacobi adopted the idea
in his Fundamenta nova, and employs the elliptic functions

sin ¢ = sin am «, cos ¢ = cos am u, Ad = Aamu,
single-valued, uniform, periodic functions of the argument u, with (quarter)
period K, as ¢ grows from o to 3m. Gudermann abbreviated this notation to
the one employed usually today.

11.2. The E. I. I is encountered in its simplest form, not as the elliptic arc,
but in the expression of the time in the pendulum motion of finite oscillation,
unrestricted to the small invisible motion of elementary treatment.

The compound pendulum, as of a clock, is replaced by its two equivalent
particles, one at O in the centre of suspension, and the other at the centre of
oscillation, P; the particles are adjusted so as to have the same total weight as
the pendulum, the same centre of gravity at G, and the same moment of inertia
about G or O; the two particles, if rigidly connected, are then the kinetic equiva-
lent of the compound pendulum and move in the same way in the same field of
force (Maxwell, Matter and Motion, CXXI).

~ Putting OP = I, called the simple equivalent pendulum length, and P starting
from rest at B, in Figure 1, the parti-
cle P will move in the circular arc
BAB'asifsliding downasmooth curve;
and P will acquire the same velocity

E

as if it fell vertically KP = ND; this £
is all the dynamical theory required. q
y D) K
(velocity of P)? = 2¢-KP, 7 & \
(velocity of N)?=2¢g ND-sin2A0P N W \/
- 25.ND- Y22 _82 np s
= 2g-ND- 50 =5 ‘ND-NA-NE, 2 '

and with AD =%, AN =y, ND
=h—9v, AE = 2l, NE = 2] — ¥,

LY _ 28 . -

@) -%m-ne-»-%r,

where YV isa cubiciny. Then¢is given T

by an elliptic integral of the form Fi6. 1
d . . . .
:/%- This integral is normalised to Legendre’s standard form of his

E. I I by putting y=~% sin? ¢, making 40Q =¢, h—y=~h cos® ¢,
2l —y = 2l (x — &2 sin? @),
, hk AD
K= —= —
2l  AE
k is called the modulus, 4EB the modular angle which Legendre denoted
by 6; V(1 ~ x*sin? ¢) he denoted by Ad.

= sin? AEB.
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With g = /u?, and reckoning the time ¢ from 4, this makes

% do
nf = A E=F¢,

in Legendre’s notation. Then the angle ¢ is called the amplitude of nf, to be
denoted am n, the particle P starting up from 4 at time = o; and with » = =i,

_4P_AQ ., _AN
SL%=UBTAD =4
_ Do 2, - LK
cnu—AD cn M—AD
EP , _NE
dnu=ﬂ dnu—A-—E

Velocity of P = n-AB-cn u = V/BP PB’, with an oscillation beat of T seconds
in u=eK, e=2t/T.
11.91. The numerical values of sn, cn, dn, tn (%, k) are taken from a table

to modulus k = sin (modular angle, 6) by means of the functions Dr, 47, Br,
Cr, in columns V, VI, VII, VIII, by the quotients,

VK sneK = %
cneK = -g
dneK C
N
v 7{7‘ tn eK = %
7° = go’e
% = eK.
These D, 4, B, C are the Theta Functions of Jacobi, normalised, defined by
Ou Hu
D(T) = —é—(;, A(r) = E——y
B(?) = A(go°® ~7) C(#) = D(go® ~ 7).

They were calculated from the Fourier series of angles proceeding by multiples
of 7°, and powers of ¢ as coefficients, defined by

’

g=e¢"%
Ou = 1 ~ 2 Cos 27 + 2¢* cos 47 — 2¢° cos 6r + . . .
Hu = 2¢tsinr — 2¢t sin 37 + 2¢*'sinsr —. . . .

11.3. The Elliptic Integral of the Second Kind (E. I. IT) arose first historically
in the rectification of the ellipse, hence the name. With BOP = ¢ in Figure 2,
the minor eccentric angle of P, and s the arc BP from B to P at = a sin ¢,

y = b cos ¢,
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ds
g~
to the modulus «, the eccentricity of the ellipse. g
Thens=a E¢, Wherej;¢A¢ -d¢p is denoted by E¢
in Legendre’s notation of his standard E. I. II; ~
it is tabulated in his Table IX alongside of F¢
for every degree of the modular angle 8, and to
every degree in the quadrant of the amplitude ¢. —o M A
But it is not possible to make the inversion
and express ¢ as a single-valued function of E¢.

= V@ cos® @ + B sin® ¢ = al(9, k),

Fic 2

11.31. The E. L II, E¢, arises also in the expression of the time, ¢, in the oscil-
lation of a particle, P, on the arc of a parabola, as F¢ was required on the arc
L of a circle. Starting from B along the parabola

BAPB’, Figure 3, and with A0 =%, OB = b,
BOQ =¢, AN =y =hcos® ¢, NP = x=b cos
’ . ) ¢ and with OS =24 =0 tan «a O4’' =SB
¢ ) ® =5 sec a, the parabola cutting the horizontal
A at B at an angle ¢, the modular angle, BRA'B’
N 4 . . . .
is a semi-ellipse, with focus at .S, and eccen-
X tricity k = sin .
(Velocity of P)? = < ) + (‘?;)
) R 2 2 aIn2 d¢ g
| = = (b2 cos? ¢ + 4k% sin? ¢ cos? ) I
A
FiG. 3
. . dp\2
= ¢¥(1 — sin? o sin® @) cos? ¢ ) = %= 2gh cos? ¢
= V2 cos? ¢,

if V denotes the velocity of P at 4, and OA4’ = a. Then with s the elliptic arc BR,

dqb aA¢—ad¢, Vi=s,

and so the point R moves round the ellipse with constant velocity V, and ac-
companies the point P on the same vertical, oscillating on the parabola from B
to B'.

In the analogous case of the circular pendulum, the time # would be given
by the arc of an Elastica, in Kirchhoff’s Kinetic Analogue, and this can be placed
as a bow on Figure 1, with the cord along AE and vertex at B.

Legendre has shown also how in the oscillation of R on the semi-ellipse BRB’
in a gravity field the time # is expressible by elliptic integrals, two of the first
and two of the second kind, to complementary modulus (Fonctions elliptiques,

I, p. 183).
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11.32. In these tables, E¢ is replaced by the columns IV, IX, of E(r) and
G(r) = E(go — 7), defined, in Jacobi’s notation, by

E() =zneK = Ep — eE

G(r) =zn (1 — K, r = goe.

This is the periodic part of E¢ after the secular term eE = %u has been set

aside, E denoting the complete E. L. II,
E=Ejr= ["A¢-do.
The function zn %, or Zu in Jacobi’s notation, or E(#) in our notation, is
calculated from the series,

Er = Zu = 2 sin Zmr 2 (qm + qsm + q5m + . _) S]_n 2my.

sinh mﬂ' i

m=I

This completes the explanatlon of the twelve columns of the tables.

114. The Double Periodicity of the Elliptic Functions.

This can be visualised in pendulum motion if gravity is supposed reversed
suddenly at B (Figure 1) the end of a swing; as if by the addition of a weight
to bring the centre of gravity above O, or by the movement of a weight, as in the
metronome. The point P then oscillates on the arc BEB', and beats the elliptic
function to the complementary modulus «/, as if in imaginary time, to imaginary
argument n#i = fK’i: and it reaches P’ on AX produced, where tan AEP’
= tan AEB-cn (nt'i, ), or tan EAP" = tan EAB-cn (ut/, '); or with nt’ = g,
DR’ = DB-cn (4, &), DR = DB-cn (v, '), with DR-DR' = DB, EP’ crossing
DB in R .

. I
cn (i, K) = o)

> !
sn (@0, K) = 1'0—?—(%2 =1itn (v, &)
dn (v, ) 1

dn. (&, 1) = cn (v, &) sn(K' -9, &)

where K’ denotes the complementary (quarter) period to comodulus «’.
If m, m' are any integers, positive or negative, including o,

sn (# + 4mK + 2m'iK") =Ssnu
cn (4 + 4mK + 2m/(K + iK')] = cnu
do (u + 2mK + am'iK’) =dnu

1141, The Addition Theorem of the Elliptic Functions.

sn#cnvdno £snvcnudnu

sn (u £9) =
I — K2sn?usn?v
cnucnyvFsnudnusnovdny
en (v+u) = 3
I— K2snusny
dnudnov Fx2
dn (v %) = K2sn#cn#snovcne

T — k%2sn®wu sn?y
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11.42. Coamplitude Formulas, with v = = K,

sn (K —u) = ——-——sn(K—i—u)
cn (K —u) = Kd]inuu cn (K +u) = — lcc’hslnuu
dn(K—-u)—i—dn(K+u)
tn (K —u) = Ktnu tn(K+u)=—m

11.43. Legendre’s Addition Formula for his E. I. II,
E¢p = fyAP-dp = ydn’u du, ¢ = sSdnu-du = amu.
E¢p +EY — Ed = k2sin¢psinysino, Y =amo, 6 =am (v 4+ u)
or, in Jacobi’s notation,
nu+znv—zn(u+9) = Ksnusnvsn (v 4+ u),

the secular part cancelling.
Another form of the Addition Theorem for Legendre’s E. I. II,

— 2k%sin ¢ cos Y Ay sin? ¢ 0

I — KZsin? @ sin?y = am (2~ w)

Eo — Ef — 2EYy =
or, in Jacobi’s notation,

—2k2snocnvdnosn’u
n(v+u)+2zn(v—u) —22zn9 = & Y ?

T — k?sn2usn?y

11.5. The Elliptic Integral of the Third Kind (E. I. III) is given by the next
integration with respect to #, and introduces Jacobi’s Theta Function, Ou,

defined by, Jlox ©
og Ou

du

%1; exp. fznudu

Integrating then with respect to %,

=2Z%=2nu

—2k?snvcnvdnosn?u
loge(v—}-u)—loge(v—u)—zuzn'u=j; T oo du,

and this integral is Jacobi’s standard form of the E. I. IIT, and is denoted by
— 211 (u, v); thus,

Ksnvcnvdnvsn?u O (v—u
I (4, %) =f I— kZsn?usn?y du—uznv+2loge(v+u)~

Jacobi’s Eta Function, Hy, is defined by
= =+/ksno,

and then
dlogHy cnwvdnv

dv . snv

+ zn v, denoted by zs v;
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so that
cnvdny
sn v cnvdno
b T~ Ksnfusnto  © sno + 1T @, 9)
1, O(—wn
=%zsv+ —10 e—«—————(v )
= El e_(z___l 25V
2 %0 (v + u)
This gives Legendre’s standard E. 1. IIT,
M d¢
It+nsnig Ad
where we put # = — k2sn?v = — k*sin?y,

cos? YA cn’vdnio,
sinfy sy '

M2=—<1+—':;;)(I+n)=

the normalising multiplier, M.

The E. 1. III arises in the dynamics of the gyroscope, top, spherical pendulum,
and in Poinsot’s herpolhode. It can be visualized in the solid angle of a slant
cone, or in the perimeter of the reciprocal cone, a sphero-conic, or in the mag-
netic potential of the circular base.

11.61. We arrive here at the definitions of the functions in the tables. Jacobi’s
Ou and Hu are normalised by the divisors O0 and HK, and with 7 = goe,

OeK HeK
D(r) denotes oK’ A(r) denotes oid

while B(r) = A(go — 1), C(r) = D(go — 7), and B(o) = A(go} = D(o) = C(go)
=1, C(0) = D(90) = m

Then in the former definitions,

Al) _Al00) ook

D(») ~ Dlgo)

B(r) B(o)

D) = Do) mu=cnek
C(r) _ C(o) dn _dnek
D) ~ Do) K

Then, with # = ¢K, v = fK, r = goe, § = 90f,
(#,v) = eK zn fK + :—zlog g%—i%ié
= eK E(s) + Elogg——g—_—l_—g

mfK=E(s), zm(-f)K=E(go—5s)=G(s).
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The Jacobian multiplication relations of his theta functions can then be
rewritten
D(r + s)D(r — s) = D*D% — tan? A% A%,
A(r 4+ $)A(r — 5) = A% D% — DA%,
B(r +5)B(r — 5) = BB%s — A%A%.

But unfortunately for the physical applications the number s proves usually
to be imaginary or complex, and Jacobi’s expression is useless; Legendre calls
this the circular form of the E. I. III, the logarithmic or hyperbolic form corre-
sponding to reals. However, the complete E. I. ITI between the limits o <¢ <3,
oro<u <K, o<e<1, can always be expressed by the E. I. I and I1, as Legendre
pointed out.

11.6. The standard forms are given above to which an elliptic integral must be
reduced when the result is required in a numerical form taken from the Tables.
But in a practical problem the integral arises in a general algebraical form, and
theory shows that the result can always be made, by a suitable substitution, to
depend on three differential elements, of the I, IT, IIT kind,

where S is a cubic in the variable s which may be written, when resolved into
three factors, ,
S =445 — sl)(s — s%@ - sa)

in the sequence cc>s;>s2>5> — o, and normalised to a standard form of
zero degree these differential elements are
/sy — s3ds

VS

s—a ds

Vsi— 53 VS

1./5 ds
m ivZ &
s—0 /S

I

I

% denoting the value of .S when s = 0.
The relative positions of s and ¢ in the intervals of the sequence require
preliminary consideration before introducing the Elliptic Functions and their

notation.
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11.7. For the E. I. I and its representation in a tabular form with
=25 K= 275
S1— Ss §1— S3
°°‘2\/sl—53 ds ’ 5158 /51 — 53 dS
K = K = _—
s1, 53 —\/S sm—o 4/ 8

and utilizing the inverse notation, then in the first interval of the sequence,

X>S>8

. —foo\/sl—ékd.? 1‘/ Cn_l\/s-_Sl 1 §— 8

s A s—53 s — 53 s — 53
S\/s1 — s3.ds s~ S1— Sa SzS—S
(I—e)K=‘f——._———=sn‘1 T 3
51 \/S S — Sy 51—835—52

S — 8

indicating the substitutions,

-5 . s—s1 .
DTN _ gin? ¢ = sn?ek, ! = sin? ¢ = sn? (1 — &)K.
s — 53 s— 5

In the next interval S is negative, and the comodulus «’ is required.

S1>8>8
K = f 5i0/51 — 53 ds ds _ /=S _ /5= W/ 5=
V=35 51— S Si—s S1— 83
(1= K’ = f\/ sads ‘/51—835—82 S2— S5 51— S
S — 52°§ — S3 S1 =SS — &

S3 — S3

= dn—-l
S — 3

S is positive again in the next interval, and the modulus is «.

Sg >8 >83
$14/51 — S5 dS Sy — S3°Sp — § S1— $3°8 —
(I—C)K=f 1 _3 — sni\ /2L 3752 = cn! 1 — 525 — 53
s ,\/S So — §3:81 — S

Sy — §3°8§1— S
S — S
= dn‘l\/———1 2
S1— 3§

eK = f SM = cn! i
S5 /S Sg — S3 52 - Sa S1— S
indicating the substitutions,
51 = 2 s—s .
= AW = dn? (1 - ¢)K, ; ; = sin? ¢ = sn?eK
2 — 93

S1 — S
= s 8in? @ + 53 cos? ¢.
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S is negative again in the last interval, and the modulus «’.

$3>85> — ©
(I—f)K'=fss_\/S_1__s3_dﬁ | VA _1\/ T Sk
s /=S -5 2—5 S — 8382 —§
x f‘ V's1 — 53 ds _1\/51 o \/32 -
= ——— " =sn =cn
-~ /=8 - sl—s S1— S

11.8. For the notation of the E. I. IT and the various reductions, take the
treatment given in the Trans. Am. Math. Soc., 1907, vol. 8, p. 450. The Jacobian
Zeta Function and the Er, Gr of the Tables, are defined by the standard integral

\/S;'_Ssg = j A¢p-de = Ed = f dn? (eK)-d(eK) = E am eK = eH +zn ¢k,

or,

e g —s3 4o ff , : / , ,
p————— d2 K .d K =E K: H K,
aV—ssV =2 Yo n? (fK')-d(JK') am f. JH' 4+ znf.

where zn is Jacobi’s Zeta Function, and H, H' the complete E. I. II to modulus
K, k', defined by,

H= (A, 1) b = [ (eK)-d(eK)

T
B = [FA@, k)¢ = [ dn® (fK")-d(K).
The function zn % is derived by logarithmic differentiation of Ou,

U = d log Bu or concisel
zn - du b Y )

Ou = exp. fzn u-du,

and a function zs # is derived similarly from

dlog Hu

25U =
du

_ dlog9u+dlogsnu
T du du

cnu dnu

=2zn4 +
snu

For the incomplete E. I. IT in the regions,

® >§>8>50>5>83

and
S1 — S — 83
sn2eK= S or ——
S — 83 §g — S3
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51 — 2 6o e —
$— % .fii=j;32 s V55 VIS % g o —(1—¢)H +23¢K

s Vsi— s VS S—5 /S
s—8 ds fgl_s.\/m /
5 JiTs =—-(1-¢H- KK K
Vsi— 53 VS R RYAY (x )( ) +zse
s—s3 ds f32—53\/—__
RV ds=(1—¢)(K - H) +2seK
Vs — 53 VS S—8 /S ( )( )

the integrals being « at the upper limit, s = =, or at the lower limit, s = s
where ¢ = o0 and zseK = .

So also,

f‘”"s—-sz \/sl——s3d _ [ ds _eH +znekK

sa S—S /S \/sl——ssx/S (1 — e)H —zn ek
fs—51\/51—53ds S-S _di e(H — k?K) + zn eK
e A \/sl-—ss\/S (1 — e)(H — k?K) — zneK
R—S V=S, s — 53 _d_s_=e(K—~H)—zneK

s—=355 /S Vsi—3534v8 (11— /K —H)+znek

Similarly, for the variable o in the regions

S1>0>8>83>0> — ®©
2 negative, and
S1— 0 S1 — 83

sn? fK' =
Si—S8  Si—0

f‘y“d S1— 0 do _f” » 5 S1-—Sz '\/31— S3 4 f(K’ HI) - anK,
o Vs—s5V -2 Joe51—0 /ZF (x=f)K'-H)+ 2z fK’

f o—s _do_ _ f53—0' Vs — 3 do_=f(H’— k?K') + zn fK’
V-V -2 -0 £/ -2 (1 = f)H - K”K') — zn fK’

c—s5 _do__ _ — 0 Vs do = fH' 4+ zn fK’
V-V -2 81—6\/ 2 (1-HH' - mfK’'

o'Sl—Sz‘\/Sl—-Ss do = f53$1-—0' do

(1~ HK - B) + 25 /K

n9 =0 /=3 e Vi-u5vV-2
P 0’\/51 Ssd So— O ii_o'__:— B A ,‘
f Y > J v (1-f)(H - K¥K") + zs fK

Se— O V58— 5 s3—0 do ‘
do = f =—(-fHH !
JEm2s Sl - 4K
these last three integrals being infinite at the upper limit, o = s;, or lower limit
0 = — o, where f =0, zs fK' =
Putting e =1 or f=1 any of these forms will give the complete E. I. II,



11.9. In dealing practically with an E. L. IIT it is advisable to study it firs
in the algebraical form of Weierstrass,

/ 13 ds ,
(s — o)V/S

where S = 4-5 — §1°5 — $o°s — 53, & the same function of o, and begin by ex
amining the sequence of the quantities s, o, s1, S2, S3
Then in the region

§>8§1 >8>0 >S5,
put .
1— 83 5 o S2— 33
S—S3= 0 —S3= (52— s3) sn?v, K2 = —>
Sngu: (2 3) ’ 51— S3
S1— S3 V/sy — sz ds
§—0="5— (1 — ¥sn’usn?v), ———— =dy,
sn? % VS

VZ = /51 — 53 (52 — 55) sn v cn v dn v, making
1 2 2
Jf \/Ejs__flc snvcznv;{nvsﬂn * g = Ti(u, 9).
S—04/S I — K°sn®#%snv
But in the region,

0 >81>8>8>S83,

sl—s:», 1 cnvdnv
s—53=(sa~s3)sn?u, 0 — 53 = \/2_(31_53)3 s
S1— 93 2 «n2 2
c—5= 1 — K2sn?usn?y
snzv ( )7
making,

cnovdnv

du

1\/2d_s_ __snv _ _ _ cn-vdnv_
fU—S \/S—‘./‘I—K2sn2usn2v_HI_H(”’W)“*'”“——SH,U

In a dynamical application the sequence is usually

! S>>0 >8>5>85
or
S>H>R>5>8H>0,
making £ negative, and the E. I. IIT is then called circular; the parameter
is then imaginary, and the expression by the Theta function is illusory.
The complete E. I. III, however, was shown by Legendre to be tractable
and falls into four classes, lettered (') (m), p. 138, (&), (¥), pp- 133, 134 (Fonc-
tions elliptiques, TI).

$1>0 >8
sn? fK' = nh—-a
S1 — S2
cn? fK = —— %2
1 — 2
— §3
dn? K’ = ———

S1— S3
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® %\/Tf ds_ = A(fK") = 37(x — f) — K zn fK’

x> >81 5 - \/,_S
321
a>s>s [ T2 jSS—B(fK’) ~ 37f + K zn fK’
A4+ B=3%
Sg>0 > — o
2 R oo SLT S8
sn? fK g
2 ,_33——0'
cn? fK _—_sl—-o'
2 £t 2 — T
dn? fK’ = -
°°1\/ 2 ds , ,
co>S>SlL Py \/S C(fK)—KZSfK——zﬂ'(I——f)
3V TS ds
2V T & = = n — ’
Sz>5>$3£ s—o V5 D(fK") = K zs fK’ + 7f
D-C=3m



TABLES OF ELLIPTIC FUNCTIONS
By Cor. R. L. HippisLEY



260 ELLIPTIC FUNCTION
K =1 5737921309, K’ = 3 831742000, E = 1 5678090740, E’ = 1 012663506,

T Fé ¢ E() D) Ar)
0| ©0 00000 00000 o° o 0 00000 00000 I 00000 00000 | O 00000 00000
1 0 01748 65792 1 0 0 00006 64649 I 00000 05812 | O 01745 23906
2 0 03497 31585, 2 0 0 00013 28485 I 00000 23240 | O 03489 94650
3| © 05245 97377 3 o 0 000I9 90699 I 00000 52264 | 0 05233 59088
4| 0 06994 63169 4 O 0 00026 50480 1 00000 92847 | 0 06975 64107
51 © 08743 28962 5 I 0 00033 07023 I 0000 44942 ‘o 08715 56642
6| O 10491 94754 6 I 0 00039 59525 1 00002 08483 | 0 10452 83693
7| 0 12240 60546 7 I 0 00046 07190 I 00002 83393 | 0 12186 92343
8| 0 13989 26338 8 1 0 00052 49226 1 00003 69582 | O I39I7 29770
9 0 15737 9213L 9 I 0 00058 84849 I 00004 66945 | O 15643 43264
10| O 17486 57923 10 I 0 00065 13283 I 00005 75362 | O 17364 80247
II 0 19235 23716 II I 0 00071 33760 I 00006 94702 | O 19080 88283
12 | 0 20983 89508 12 I 0 00077 45523 I 00008 24819 | 0 20791 I15I0I
13 0 22732 55300 13 I 0 00083 47824 I 00009 65555 | O 22495 08603
14 | O 24481 21092 14 2 0 00089 39929 I 0001I 16738 | 0 24192 16887
15 | ©0 26229 868853 15 2 0 00095 21114 1 ooo1z 78184 | 0 25881 88257
16 0 27978 52677 16 2 0 00I00 Q0670 I 00014 496096 | 0 27563 71244
17 0 29727 18469 17 2 0 00106 47903 1 00016 31066 | O 29237 14618
18 | 0 31475 84262 18 2 0 00III Q2132 1 00018 22072 | O 30901 67404
19 0 33224 50054 19 2 0 00117 22694 I 00020 22482 | 0 32556 78900
20 0 34973 15846 20 2 0 00122 38041 I 00022 3205I | O 34201 98690
21 0 36721 81639 21 2 0 00127 40244 I 00024 50525 | O 35836 76658
22 | O 38470 47431 22 2 0 00132 25992 I 00026 77636 | O 37460 63009
23 | © 40219 13223 | 23 2 0 00136 95594 | I 00029 I3I09 | O 39073 08277
24 | O 41967 79016 | 24 =2 0 00141 48476 I 00031 56657 | O 40673 63347
25 | 0.43716 44808 | 25 3 0 00145 84087 1 00034 07982 | O 42261 79464
26 | 0 45465 10600 | 26 3 0 00150 01897 I 00036 66779 | O 43837 08251
27 | 047213 76393 | 27 3 0 00154 01398 | I 00039 32731 | O 45399 01723
28 | 0 48962 42185 28 3 0 00157 82103 I 00042 05516 | O 46047 12303
29 | 0.50711 07977 | 29 3 0 00I6I 43549 1 00044 84801 | 0 48480 92833
30| 052459 73770 | 30 3 | O 00164 85297 | I 00047 70246 | O 49999 96593
3I 0 54208 39562 31 3 0 00168 06931 1 00050 61502 | O 51503 77311
32| 055957 05354 | 32 3 0 00171 08062 1 00053 58215 | O 52991 89180
33| 057705 71147 | 33 3 0 00173 88322 I 00056 60024 | O 54463 86870
34 | 059454 36939 | 34 3 0 00176 47373 I 00059 66561 | O 55919 25543
35| 061203 02731 | 35 3 0 00178 84901 I 00062 77451 | O 57357 60867
36 | 0 62951 68524 | 36 3 0 00181 00617 1 00065 92318 | 0 58778 49028
37 | O 64700 34316 p 37 3 0 00182 94261 I 00069 10776 | O 60181 46744
38| 0 66449 00108 | 38 3 0 00184 65599 I 00072 32438 | 0 61566 11280
39 | o 68197 65900 | 39 3 0.00186 14423 1,00075 56912 | O 62932 00458
40 | 069946 31693 | 40 3 0.00187 40556 1 00078 83803 | 0 64278 72670
41 0 71694 97485 | 41 4 0 00188 43845 I 00082 12712 | O 65605 86895
42 | O 73443 63278 | 42 4 0 00189 24166 I 00085 43239 | O 66913 02706
43 0 75192 29070 | 43 4 0 00189 81424 I 00088 74981 | 0 68199 80287
44 | 0 76040 94862 | 44 4 0 00190 15552 1 00092 07533 | O 69465 80439
45 78689 60655 | 45 4 0 00190 263510 I 60095 40492 | O 70710 64600
90°r Fy 1Y/ G(r) C(r) B(r)

SMITHSONIAN TABLES .



TABLE 6 =5°
g=0 000476569916867, ©0 = 0 9990468602, H(K) = 0.2955029021
B(r) C(r) G(r) ¥ Fy
1 00000 00000 I 00190 80984 { © 00000 00000 | 90° O I 57379 21309
0 99984 76949 1 00190 75172 0 00006 63384 89 o I 55630 55517
0 99939 08259 I 00190 57743 | O 00013 25961 88 o I 53881 89724
0 99862 95323 I 00190 28720 | 0 00019 86928 87 o I 52133 23932
0 99756 40458 I 00189 88136 | 0 00026 45481 86 o I 50384 58140
0 99619 46912 1 00189 36042 0 00033 00820 85 1 I 48635 92347
0 99452 18855 1 00188 72501 0 00039 52149 | 84 I I 46887 26555
0 99254 61382 1 00187 97590 | O 00045 98676 | 83 I I 45138 60763
0 69026 80513 I 00187 11401 0 00052 39616 | 82 1 I 43389 94971
0 98768 83186 | 1 00186 14039 | © 00058 74190 | 81 I I 41641 29178
0 98480 77260 1 00185 05621 0.00065 01626 | 80 I I 39892 63386
0 g8162 71510 1 00183 86282 0 00071 21163 79 I I 38143 97593
0 97814 75623 I 00182 56165 0 00077 32046 78 1 I 36395 31801
0 97437 00200 1 00181 15429 0 00083 33534 77 1 I 34646 66009
0 97029 56747 I 00179 64246 0 00089 24894 76 2 I 32898 00217
0 96592 57675 1 00178 02800 | © 00095 05409 | 75 2 I 31149 34424
0 96126 16296 1 00176 31288 O 00I00 74371 74 2 I 29400 68632
0 95630 46817 I 00174 49918 0 00106 31089 73 2 1 27652 02840
0 95105 64338 1 00172 58912 O 00III 74885 72 2 I 25903 37047
0 94551 84846 | 1 00170 58502 | © 00II7 05097 | 71 2 I 24154 71255
0 93969 25209 1 00168 48932 | © 00122 21081 70 2 I 22406 05463
0 93358 03176 1 00166 30459 0 00127 22208 69 =2 1 20657 39670
0 92718 37364 I 00164 03347 0 00132 07868 68 2 1 18908 73878
0 92050 47258 1 00161 67874 | 0 00136 77470 67 2 1 17160 08086
0 91354 53203 I 00159 24327 | O 00I4I 30440 | 66 3 I 15411 42293
0 90630 76400 1 00156 73002 0 00145 66228 65 3 1 13662 76501
o 89879 38894 1 00154 14205 | O 00149 84301 64 3 I 1I1QI4 10709
0 89100 63574 I 00151 48252 0 00153 84151 63 3 I 10165 44916
0 88294 74161 I 00148 75467 | 0 00157 65289 62 3 1 08416 79124
0 87461 95204 1 00145 96182 | 0 00I6I 27250 | 61 3 I 06668 13332
0 86602 52071 1 00143 10738 | ©0 00164 69592 | 60 3 I 04919 47539
0 85716 70941 I 00140 19481 0 00167 91897 50 3 1 03170 81747
0 84804 78798 1 00137 22768 0 00170 93771 58 3 I 01422 15955
0 83867 03419 1 00134 20959 | O 00173 74846 | 57 3 0 99673 50162
0 82903 73370 | I OOI3I 14423 | 0 00176 34776 | 56 3 0.97924 84370
o0 81915 17995 1 00128 03532 | 0 00178 73244 | 35 3 0 96176 18578
0 80901 67404 | 1 00124 88666 | 0 00180 89958 | 54 3 0 94427 52785
0 79863 52473 1 00121 70208 0 00182 84651 53 3 0.92678 86993
0.78801 04823 1 00118 48546 | 0 00184 57085 52 3 0 90930 21201
0 77714 56818 | 1.00II5 24072 | O 00I86 07047 | 5 3 0 89181 55409
0 76604 41556 I 00III 97181 0 00187 34353 50 3 0 87432 89616
0 75470 92851 1.00108 68272 | ©0 00188 38846 | 49 3 0 85684 23824
0 74314 435232 1 00105 37745 | 0 00189 20395 | 48 3 0 83935 58031
0 73135 33926 1 00102 06003 0 00189 78900 | 47 3 0.82186 92239
0 71933 94850 1 00098 73450 | 0.00190 14287 46 4 0 80438 26447
0 70710 64600 | I 00095 40492 | O 00IQO 26510 | 45 4 0.78689 60655
A(r) D(r) E@) ¢ F¢
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262 ELLIPTIC FUNCTION
K =1 5828428043, K’ - 3 153385252, E = 1 5588871966, E’ = 1 040114396,
T Fo @ E(r) D(r) A(r)
0| 0 00000 00000 o° o 0 00000 00000 1 00000 00000 | O 00000 00000
1 0 01758 71423 b SE) 0 00026 61187 1 00000 23404 | O 01745 21509
2 0 03517 42845 2 I 0 00053 19095 1 00000 93587 | 0 03489 89861
3 0 05276 14268 3 I 0 00079 70448 I 00002 10463 | 0 05233 51918
4 0 07034 85691 4 2 0 00106 11979 I 00003 73890 | O 06975 54570
5 0 08793 57113 5 2 0 00132 40433 1 00005 83670 | 0 08715 44758
6 0 10552 28536 6 3 0 00158 52573 1 00008 39546 | 0 10452 69489
7 0 12310 99959 7 3 0 00184 45182 I 000II 41206 | 0 12186 75849
8 | o0 14069 71382 8 4 0 00210 I5066 I 00014 88284 | 0 13917 I10IQ
9 0.15828 42804 9 4 0 00235 59064 I 00018 80356 | 0 15643 22298
10 0 17587 14227 10 5§ 0 00260 74044 I 00023 16945 | O 17364 57109
11 0 19345 85650 1II 5§ 0 00285 56913 1 00027 97518 | 0 19080 63023
12 | 0 2II04 57072 12 5 0 00310 04619 | I 00033 21491 | 0 20790 87771
13 0 22863 28495 13 6 0 00334 14153 1 00038 88224 | 0 22494 79261
14 | 0 24621 99918 14 6 0 00357 82555 I 00044 97028 | 0 24191 85595
15 0 26380 71340 15 7 0 00381 06920 I 00051 47160 | 0 25881 55080
16 0.,28139 42763 6 7 0 00403 84394 1 00058 37829 | 0 27563 36252
17 0 29898 14186 7 7 0 00426 12186 1 00065 68193 | 0 29236 77883
18 0 31656 85609 18 8 0 00447 87567 1 00073 37362 | 0 30901 29003
19 0 33415 57031 19 8 0 00469 07873 1 00081 44399 | 0 32556 38912
20 | 0 35174 28454 | 20 8 0 00489 70511 1 00089 88322 | 0 34201 57197
21 0 36932 99877 21 9 0 00509 72961 I 00098 68100 | 0 35836 33745
22 | ©0 38691 71299 | 22 9 0 00529 12778 I 00107 82664 | 0 37460 18764
23 | 0.40450 42722 23 9 0 00547 87596 1 00117 30898 | 0 39072 62791
24 | 0 42209 14145 24 10 0 00565 95131 I 00127 11647 | O 40673 16711
25 0.43967 85568 25 I0 0 00583 33185 1.00137 23717 | 0 42261 31771
26 | 0 45726 56990 | 26 IO 0 00599 99643 | I 00147 65874 | 0 43836 59597
27 0 47485 28413 27 11 0 00615 92485 1 00158 36848 | 0 45398 52206
28 | 0 49243 99836 28 11 0 00631 09780 1 00169 35336 | 0 46946 62019
29 | © 51002 71258 | 29 1II 0 00645 49693 | 1 00180 59998 | 0 48480 41881
30 | ©0 52761 42681 | 30 1II 0 00659 10484 | I 00192 09464 | O 49999 45073
31 | © 54520 14104 | 3T 12 0 00671 Q0513 | I 00203 82334 | O 51503 2532I
32| O 56278 85526 | 32 12 0 00683 88242 1 00215 77178 | 0 52991 36820
33| 058037 56949 | 33 12 0 00695 02232 [ I 00227 92542 | O 54463 34239
34| 059796 28372 | 34 12 0 00705 31150 | I 00240 26944 | O 55918 72740
35| 0 61554 99795 | 35 12 0 00714 73769 | I 00252 78880 | 0 57357 07990
36 | 063313 71217 | 36 13 0 00723 28968 I 00265 46826 | 0 58777 96173
37 0 65072 42640 37 13 0 00730 95735 I 00278 29236 | 0 60180 94008
38| 066831 14063 | 38 13 0 00737 73166 | I 00291 24548 | o 61565 58756
39 | 0 68589 85485 39 13 0 00743 60469 I 00304 31183 | 0.62931 48239
40 | 0 70348 36908 | 40 13 0 00748 56962 I 00317 47551 | O 64278 20847
41 0 72107 2833f | 4I 13 0 00752 62073 I 00330 72046 | 0 65605 35555
42 | 073865 99754 | 42 13 0 00755 75345 | I 00344 03056 | 0 66912 51936
43 | 0-75624 71176 | 43 13 0 00757 96433 | I 00357 38959 | 0 68199 30169
44| 0.77383 42599 | 44 13 0 00759 25102 | I 00370 78127 | 0 69465 31055
45 | O 79142 14022 | 45 13 0 00759 61235 | I 00384 18928 | 0 70710 16026
90-r Fy 11/ G(1) C(r) B(r)
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TABLE ¢ = 10° 263
g = 0 00191359459017, © 0 = 0.9961728108, HK = 0 418305976553

B(r) C) G(r) Y By 90-1|
I 00000 00000 | 1 00768 37857 | © 00000 00000 | 9o0° o 1.58284 28043 | 90
0 99984 76907 1 00768 14453 0 00026 40908 8¢ o I 56525 56621 | 89
0 99939 08092 1 00767 44270 | 0 00052 78635 88 1 1 54766 85198 | 88
0 99862 94947 I 00766 27394 | © 00079 10004 | 87 I I 53008 13775 | 87
0 99756 39792 I 00764 63966 | 0 00105 31846 86 2 1 51249 42353 | 86
0 99619 45873 1 00762 54187 0 00I3I 41001 85 2 I 49490 70930 | 85
0 99452 17362 | 1 00759 98311 | 0 00I57 34327 | 84 3 1 47731 99507 | 84
0 99254 59357 1 00756 96650 | ©0 00183 08697 | 83 3 I 45973 28084 | 83
0 99026 77878 I 00753 49572 0 00208 61008 82 4 I 44214 56662 | 82
0 98768 79866 I 00749 57500 | 0 00233 88183 [ 81 4 I 42445 85239 | 81
0 98480 73181 1 00745 20912 0 00258 87173 80 4 I 40697 13816 | 80
0 98162 66600 1 00740 40338 0 00283 54962 79 5 I 38938 42394 | 79
0 97814 69814 1 00735 16366 0 00307 88572 78 5 1 37179 70971 | 78
0 97436 93426 | 1 00729 49632 | © 00331 85063 | 77 6 1 35420 99548 | 77
0 97029 48945 I 00723 40828 0 00355 41538 76 6 1 33662 28125 | 76
0 96592 48785 1 00716 90696 | © 00378 55150 | 75 7 I 31903 56703 | 75
0 96126 06262 I 00710 00027 0 00401 23098 74 7 1 30144 85280 | 74
0 95630 35586 I 00702 69663 0 00423 42636 73 7 1 28386 13857 | 73
0 95105 51861 I 00695 00494 | O 00445 11077 72 8 1 26627 42435 | 72
0 94551 71076 1 00686 93457 0 00466 25790 71 8 1 24868 771012 | 71I
0 93969 10107 I 00678 49535 0 00486 84209 70 8 1 23109 99589 | 70
0 93357 86703 I 00669 69756 0 00506 83836 69 9 1 21351 28167 | 69
0 92718 19488 1 00660 55192 0 00526 22237 68 o9 1 19592 56744 | 68
0 92050 27950 I 00651 06958 | 0 00544 97055 | 67 9 1 17833 85321 | 67
0 9I354 32440 1 00641 26209 | O 00563 06006 | 66 IO 1 16075 13898 | 66
0 90630 54160 I 00631 14139 0 00580 46884 | 65 10 I 14316 42476 | 65
0 89879 15164 I 00620 71982 0 00597 I7561 64 10 1 12557 71053 | 64
o0 89100 38343 1 00610 01007 | © 00613 15997 | 63 II 1 10798 99630 | 63
0 88294 47424 I 00599 02520 | O 00628 40232 62 II I 09040 28208 | 62
0 87461 66961 1 00587 77858 0 00642 88398 61 I1I 1 07281 56785 | 61
o0 86602 22325 1 00576 28392 0 00656 58716 60 12 1 05522 85362 | 60
o 85716 39703 I 00564 55522 | © 00669 49498 | 39 I2 1 03764 13940 | 59
0 84804 46080 I 00552 60678 | © 00681 59I54 | 58 12 I 02005 42517 | 58
0 83866 69240 I 00540 45314 0 00692 86187 57 12 1 00246 71004 | 57
0 82903 37754 1 00528 10912 0 00703 29201 56 12 0 98487 99671 | 56
o 81914 80969 1 00515 58975 0 00712 86900 55 12 0 96729 28249 | 55
0 80901 29003 1 00502 91030 0 00721 58089 54 13 0 94970 56826 | 54
0 79863 12733 I 00490 08620 | 0 00729 41679 53 13 0 93211 85403 | 53
o 78800 63786 I 00477 13308 0 00736 36683 52 13 0 91453 13981 | 52
0 77714 14532 I 00464 06672 | 0 00742 42224 | 5I 13 0 89694 42558 | 51
0 76603 98071 I 00450 90305 | 0.00747 57531 5o 13 0 87935 71135 | 50
0 75470 48222 1 00437 65809 0 00751 81041 49 13 0.86176 99712 | 49
0 74313 99518 1 00424 34799 | O 00755 14902 | 48 13 0 84418 28290 | 48
0 73134 87191 | I 00410 98897 | © 00757 55973 | 47 13 0 82659 56867 | 47
0 71933 47160 | I 00397 59729 | © 00759 04823 | 46 13 0.80900 85444 | 46
0 70710 16026 1 00384 18928 | 0 00759 61235 | 45 13 0 79142 14022 | 45

A(r) D(r) E(r) ¢ F¢ r
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264 ELLIPTIC FUNCTION
K - 1 5081420021, K’ - K+/3 - 2 7680631454, E -1 5441504939, E’=1 076405113,

r Fo o) E(r) Di(r) A(r)
0 | O 00000 00000 0° o 0 00000 00000 I 00000 00000 | O 00000 00000
1| 001775 71334 1 I 0 00059 97806 I 00000 53258 | 0 01745 10959
2 0 03551 42667 2 2 0 00119 88113 I 00002 12966 | 0 03489 68785
3 | 0 035327 14001 3 3 0 00179 63433 I 00004 78929 | O 05233 20359
4 | o o7102 85334 4 4 0 00239 16296 I 00008 50825 | 0 06975 12596
5| ©0 08878 56668 5 5 0 00298 39265 1 00013 28199 | 0 08714 92460
6 | ©0 10654 28002 6 6 0 00357 24940 I 00019 I0470 | O 10452 06976
7 0 12429 99335 7 7 0 00415 65975 I 00025 96929 | 0 12186 03254
8 0 14205 70669 8 8 0 00473 55081 1 00033 86738 | 0 13916 28498
9 0 15981 42002 9 9 0 00530 85039 I 00042 78937 | O 15642 30024
10 o0 17757 13336 10 IO 0 00587 48710 I 00052 72438 | 0 17363 55278
11 0 19532 84669 11 II 0 000643 39044 I 00063 66031 | 0 19079 51850
12 | 0 21308 56003 12 I2 0 00698 49088 I 00075 58383 | 0 20789 67491
13 0 23084 27336 13 I3 0 00752 71998 1 00088 48041 | 0 22493 50127
14 | © 24859 98670 | I4 I4 0 00806 01044 I 00102 33434 | O 24190 47877
15 | 0 26635 70004 15 15 0 00858 29622 I 00117 12875 | 0 25880 09068
16 | 0 28411 41337 16 16 0 00909 51263 1 00132 84561 | 0 27561 82249
17 0 30187 12671 17 17 0 00959 59638 I 00149 46577 | 0 29235 16211
18| o 31962 84004 | 18 18 0 01008 48569 I 00166 96898 | 0 30899 59997
19 | 0 33738 55338 19 18 0 01056 12037 1 00185 33392 | O 32554 62922
20 | O 35514 26672 | 20 1I9 0 01102 44188 1 00204 53820 | O 34199 74584
21 0 37289 98005 2I 20 0 01147 39339 1 00224 55845 | 0 35834 44886
22 | 0 39065 69339 | 22 2I 0 0IIQ0 9I990 1 00245 37025 | O 37458 24043
23 | 0 40841 40672 23 2I 0 01232 96827 1 00266 94826 | 0 39070 62603
2 0 42617 12006 24 22 0 01273 48729 1 00289 26619 | 0 40671 11462
25| 044392 83339 | 25 23 0 OI3I2 42775 1 00312 29684 | 0 42259 21874
26 | 0 46168 54673 | 26 24 0 01349 74251 I 00336 01217 | O 43834 45471
27 | 0 47944 26006 | 27 25 0 01385 38651 1 00360 38326 | 0 45396 34276
28 | 0 49719 97340 | 28 25 0 01419 31688 1 00385 38044 | O 46944 40717
29 | O 51495 68674 | 29 23 0 0I451 49297 I 00410 97324 | O 48478 17640
30 | 0 53271 40007 | 30 26 0 01481 87635 | I 00437 13049 | O 49997 18327
31 0 55047 11341 31 26 0 OISIO 43095 1 00463 82031 | 0 51500 96510
32 0 56822 82674 | 32 27 0 01537 12298 1 00491 01019 | O 52989 06380
33 | ©0 58598 54008 | 33 27 0 01561 92109 I 00518 66701 | O 54461 02607
34 | 0 60374 25341 | 34 28 0 01584 79628 I 00546 75706 | 0 55916 40350
35 | o 62149 96675 [ 35 28 0 01605 72204 | I 00575 24612 | O 57354 75273
36 | 0 63925 68009 | 36 28 0 01624 67429 I 00604 09949 | 0 58775 63556
37 0 65701 39342 37 29 0 01641 63146 1 00633 28201 | 0 60178 61912
38 | o 67477 10676 | 38 29 0 01656 57446 | 1 00662 75813 | 0 61563 27596
39 | 0 69252 82009 | 39 29 0 01669 48676 | 1 00692 49193 | 0 62929 18421
40 | 0 71028 53343 40 29 0 01680 35433 1 00722 44718 | 0 64275 92769
41 0 72804 24676 | 41 30 0 01689 16569 I 00752 58740 | 0 65603 09607
42 0 74579 96010 | 42 30 0 01695 9IIQI 1 00782 87587 | 0 66910 28494
43 0 76355 67344 | 43 30 0 01700 58662 1 00813 27567 | 0 68197 09600
44 | o 78131 38677 | 44 30 0 01703 18597 | I 00843 74977 | © 69463 1371I
45 0 79907 10011 45 30 0 01703 70869 I 00874 26104 | O 70708 02248
90-r Fy ¥ G() C() B(r)
















TABLE 0 = 15°
g = 0 004333420509983, ©0 = 0 9913331597, HK = 0 5131518035
B(r) C(r) G(r) ¥ Fy
I 00000 00000 I 01748 52237 | © 00000 00000 | 90° O 1 59814 20021
0 99984 76723 1 01747 98979 | © 00058 94801 8 1 1.58038 48688
0 99939 07356 1 01746 39271 0 00117 82606 88 2 1.56262 77354
0 99862 93293 I 01743 73307 0 00176 56424 87 3 1 54487 06021
0 99756 36857 1.01740 01412 0 00235 09281 86 4 I 52711 34687
0 99619 41297 | I 0I735 24037 | © 00203 34228 | 85 5 I 50935 63353
0 99452 10792 1 01729 41766 0 00351 24342 84 6 I 49159 92020
0 99254 50444 I 01722 55307 | O 00408 72741 8 7 I 47384 20686
0 99026 66280 I 01714 65496 | O 00465 72589 82 8 I 45608 49353
0 98768 65251 I 0I705 73297 | O 00522 I7I02 81 o9 1 43832 78019
0 98480 55225 I 01695 79795 | © 00577 99557 | 80 IO I 42057 06685
0 98162 44990 I 01684 86202 0 00633 13300 79 11 I 40281 35352
0 97814 44248 1 01672 93849 0 00687 51750 78 12 1 38505 64019
0 97436 63613 I 01660 04190 0 00741 08412 77 13 1 36729 92685
0 97029 14608 I 01646 18796 | © 00793 76880 76 14 1 34954 21352
0 96592 09661 I 01631 39354 | ©O 00845 50845 75 15 I 33178 50018
0 96125 62102 1 01615 67668 0 00896 24102 74 16 1 31402 78684
0 95629 86158 1 01599 05651 0 00945 90560 73 17 1 29627 07351
0 95104 96947 | I 01581 55329 | © 00994 44245 | 72 18 1 27851 36017
0 94551 10478 1 01563 18834 | O 01041 79308 71 18 I 26075 64684
0,93968 43642 | I 01543 98405 | © 01087 o033 | 70 I9 I 24299 93350
0 93357 14207 I 01523 96380 | O 01132 70844 | 69 20 1 22524 22016
0 92717 40815 I 01503 15198 0 01176 16310 68 20 I 20748 50683
0 92049 42975 I 01481 37396 0 01218 2II5I 67 21 I 18972 79349
0 91353 41057 1 01459 25602 | O 01258 80246 | 66 22 1 17197 08016
0 90629 56284 I 01436 22536 | O 01297 88640 | 65 23 I 15421 36682
0 89878 10728 I 01412 51003 0 01335 41547 64 23 I 13645 65348
o 89099 27303 1 01388 13892 0 0I371 34359 63 24 1 11869 94015
o 88293 29756 I 01363 I4174 | O 01405 62649 62 25 1 10094 22681
0 87460 42661 I 01337 548093 | 0 01438 22180 | 61 25 1 08318 51348
0 86600 91414 I 0I31I 39167 | O 01469 08906 60 26 I 06542 80014
o 85715 02219 I 01284 70184 | © 01498 18982 | 59 26 1 04767 08681
0 84803 02083 1 01257 51195 | O 01525 48767 | 58 27 I 02091 37347
o 83865 18817 I 01229 85512 0 01550 94825 57 27 I 01215 66014
o 82901 81005 I 0I201 76507 0 01574 53939 56 28 0 99439 94680
o 81913 18020 I 01173 27599 | O 01596 23105 55 28 0 97664 23346
o 80899 59997 I 01144 42262 | O OI6I5 99545 | 54 28 0 95888 352013
0 79861 37836 I OIII5 24009 | © 01633 80704 53 29 0 04112 80679
o 78798 83184 1 01085 76397 0 01649 64258 52 29 0 92337 09346
0 77712 28430 I 01056 03017 | O OI663 48119 51 29 0 90561 38012
0 76602 06691 1 01026 07491 0 01675 30432 50 29 o 88785 66678
0 75468 51808 | 1 00995 93468 | © 01685 09584 | 49 29 0 87009 95345
0 74311 98330 1 00965 64622 | O 01692 84205 48 30 0 85234 24011
0 73132 81506 | 1 00935 24642 | © 01698 53170 | 47 30 0 83458 52678
0 71931 37274 1 00904 77232 | © 01702 I5600 | 46 30 o 81682 81344
0 70708 02248 I 00874 26104 | ©0 0I703 70869 | 45 30 0.79907 10011
A(®) D(r) E(r) o) Fo
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266 ELLIPTIC FUNCTIO
K - 1 6200258991, X’ =2 5045500790, E =1 5237992053, E’ -1 118377738

E(r) D(r) A(r)

©

F¢

s}

00000 00000
00000 96218
00003 84757
00008 65263
00015 37152

00000 00000
01744 81883
03489 10604
05232 33377
06973 96909

00000 00000
00106 89581
00213 65522
00320 14202
00426 22042

o
Q

00000 00000
01800 02878
03600 05755
05400 08633
07200 IISII

O 0O O0OO0O0
0000
O e
O 0000

08713 48313
10450 34678
12184 03169
13914 OIO5I
15639 75697

00023 99603
00034 51572
00046 91770
00061 18689
00077 30591

00531 75519
00636 61189
00740 65708
00843 75848
00945 78515

09000 14388
10800 17266
12600 20144
14400 23021
16200 25899

O O Ut HWNHO
-t
[¥8) \e]

o0 000

o

00000

O 3 W
Oo0o00o0

10 o0 18000 28777 10 19 0 01046 60772 I 00095 255I0 | O 17360 74610
11 | o 19800 31655 | IX 20 0 01146 09855 | I 00II5 01262 | O 19076 45434
12 0 21600 34532 1z 22 0 01244 13188 I 00136 55438 | © 20786 35973
13 | © 23400 37410 13 24 0 01340 58406 1 00159 85414 | 0 22489 94205
14 | 0 25200 40288 14 25 0 01435 33370 1 00184 88351 | 0 24186 68298

15 | 0 27000 43165 | 15 27 0 01528 26180 I 002II 61200 | O 25876 06626
16 { 0 28800 46043 16 28 0 01619 25197 I 00240 00704 | O 27557 57786
17 | 0 30600 48921 17 30 o 01708 19057 I 00270 03405 | 0 29230 70609
18 | 0 32400 51799 18 32 0 01794 96683 I 0030I 65642 | 0 30894 94182
19 | 0 34200 54676 | 19 33 0 01879 47304 | 1 00334 83565 | O 32549 77855

01961 60466 00369 53131
02041 26046 00405 70112

1 34194 71266
I
02118 34268 I 00443 30101
I
I

35829 24349
37452 87349
39065 10844
40665 45753

20 0 36000 57554 20 35
21 0 37800 60431 21 36
22 | 0 39600 63309 | 22 37
23 | 0 41400 66187 | 23 39
24 0 43200 69064 | 24 40

02192 75711 00482 28518
02264 41321 00522 60614

O 0000
©00O00O0

02333 22426 00564 21475
02399 10740 00607 06033

I 42253 43354
1
02461 98378 I 00651 09067
1
1

43828 55296
45390 33618
46938 30761
48471 993582

25 | ©0 45000 71942 | 25 4I
26 0 46800 74820 26 42
27 | o0 48600 77697 | 27 44
28 0 50400 80575 28 45
29 | 0 52200 83453 | 29 46

02521 77862 00696 25213
02578 42130 00742 48968

00000
o000

02631 84541 00789 74700
02681 98888 00837 96651

I 49990 93370
1
02728 79396 1 00887 08946
I
I

51494 65858
52982 71240
54454 64181
55909 99835

30 | 0 54000 86330 [ 30 46
31 0 55800 89208 31 47
32 | 0 57600 92086 | 32 48
33 | 0 59400 94963 | 33 49
34 | 0 61200 97841 34 50

02772 20732 00937 05600
02812 18009 00987 80523

OO0 00O
00000

02848 66791
02881 63091
02911 03382
02936 84591
02959 04103

57348 33858
58769 22416
60172 22208
61556 90470
62922 84994

01039 27539
0I0QI 40371
01144 12669
o119y 38011
0I25I 09908

35 | o0 63001 00719 | 35 50
36 | 0 64801 03597 [ 36 5I
37 | o 66601 06474 | 37 51
38 | o 68401 09352 | 38 52
39 | o 70201 12230 | 39 52

o000 O0
O
© 0000

01305 21815
01359 67138
01414 39245
01469 31466
01524 37112

64269 64140
65596 86845
66904 12642
68191 01665
69457 14668

02977 59763
02992 49874
03003 73198
03011 28953
03015 I68II

40 | 0 72001 I5107 | 40 53
41 | o 73801 17985 | 41 33
42 | o 75601 20863 | 42 53
43 | 0 77401 23740 | 43 53
44 | o 79201 26618 44 53

o000
oM H - -
OO0 0O0O0

(=]

03015 36896

-
o

45 | o 81001 29496 | 45 53 01579 49474 | © 70702 13033
90-r Fy v G C) B(r)
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TABLE 6 = 20°
g = 0 007774680416442, O 0 = 0 9844506465, HEK = 0 5939185400
B() C(r) G() 2 Fy
I 00000 00000 I 03158 99246 | 0 00000 00000 | ¢0° o I 62002 58991
0 99984 76215 1 03158 03027 | © 00103 62474 | 89 2 1 60202 56113
0 99939 05327 1.03155 14488 0 00207 12902 88 4 I 58402 53236
0 99862 88734 I 03150 33980 [ O 00310 39250 87 6 1 56602 50358
0 99756 28767 | 1 03143 62088 | 0 00413 293509 | 86 7 1 54802 47480
0 99619 28686 I 03134 99632 | O 005I5 71704 | 85 9 I 53002 44603
0 99451 92682 I 03124 47661 0 00617 53910 84 1I 1 51202 41725
0 99254 25876 I 03112 07458 | © 00718 64259 83 13 1 49402 38847
0 99026 34315 I 03097 80534 | © 00818 90957 82 15 1 47602 35970
0 98768 24970 I 03081 68627 0 00918 22293 81 16 I 45802 33092
0 98480 05736 1 03063 73701 0 01016 46651 80 18 1.44002 30214
0 98161 85429 I 03043 97942 O OIII3 52523 79 20 1 42202 27337
0 97813 73781 I 03022 43759 | © 0I1209 28519 78 22 I 40402 24459
0 97435 81442 I 02999 13775 0 01303 63381 77 23 1 38602 21581
0 97028 19968 1 02974 10829 0 01396 45994 76 25 1 36802 18704
0 96591 01827 I 02047 37972 | 0 01487 65396 | 75 27 1 35002 15826
0 96124 40390 1 02918 98458 0 01577 10793 74 28 I 33202 12048
0 95628 49924 | I 02888 95748 | 0 01664 71568 | 73 30 I 31402 I0070
0 95103 45595 I 02857 33501 | O OI750 37292 | 72 3I 1 29602 07193
0 94549 43456 | I 02824 15568 | o0 01833 97739 | 71 33 1 27802 04315
0 93966 60449 1 02789 45992 0 01915 42895 70 34 I 26002 01437
0 93355 14391 | I 02753 28994 | O 01994 62967 | 69 36 1 24201 98560
0 92715 23977 I 02715 69001 0 02071 48399 68 37 1 22401 95682
0 92047 08768 I 02676 70574 | O 02145 89881 67 38 1 20601 92804
0 91350 89187 1 02636 38468 | © 02217 78360 | 66 40 1 18301 89927
0 90626 86515 I 02594 77596 0 02287 05049 65 41 1 17001 87049
0 89875722880 1 02551 93029 0 02353 61442 64 42 I 15201 84171
0 89096 21252 1 02507 89985 0 02417 39320 63 43 I 13401 81294
0 88290 05436 1 02462 73829 | 0 02478 30767 | 62 44 I 11601 78416
0 87457 00067 I 02416 50064 | 0 02536 28172 61 45 I 09801 75538
0 86597 30595 I 02369 24323 | O 02501 24248 | 6o 46 1 0800I 72661
0 85711 23285 1 02321 02363 0 02643 12037 59 47 I 06201 69783
0 84799 05205 I 02271 90060 | O 0269I 84920 | 58 48 1 04401 66905
0 83861 04218 I 02221 93398 0 02737 36626 | 57 49 I 02601 64028
0 82897 48973 I 02171 18465 | O 02779 61243 | 56 49 I oo§01 61150
0 81908 68896 I 02119 71444 | 0 02818 53227 55 50 0 99001 58272
0 80804 94182 I 02067 58606 | 0 02854 07409 | 54 5I 0 97201 55395
0 79856 55784 I 02014 86302 0 02886 19001 53 5I 0 95401 52517
0 78793 85407 1 01961 60955 0 02914 83611 52 52 0 93601 49639
0 77707 15491 1.01907 89054 | © 02939 97245 | 5I 52 0 91801 46761
0 76596 79209 I 01853 77143 | O 02961 56313 | 50 53 0 90001 43884
0 75463 10450 1 01799 31816 0 02979 57642 49 53 0.88201 41006
0 74306 43814 | 1.01744 59707 | © 02993 98477 | 48 53 o 86401 38129
0 73127 14598 I 01689 67484 | © 03004 76489 | 47 53 0 84601 35251
0 71925 58784 1.01634 61837 | O 0301I 89783 46 53 o 82801 32373
0 70702 13033 1.0I579 49474 | O 03015 36806 | 45 53 0 81001 29496
Ar) D(r) E(@) ¢ F¢
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268 ELLIPTIC FUNCTION
K -1 6489952185, K’ =2 3087867982, E =1 4981140284, E’ =1 1638279645,

r Fo o Er D A
o | © 00000 00000 0° o 0 00000 00000 | I 00000 00000 | O 00000 00000
1 0 01832 21691 I3 0 00167 60815 1 00001 53565 | 0 01744 18531
2 0 03664 43382 2 6 0 00334 99667 I 00006 14074 | 0 03487 84245
3| 0 05496 65073 3 9 0 00501 94629 I 00013 80964 | O 05230 44041
4 | 0 07328 86764 4 12 0 00668 23842 I 00024 53303 | 0 06971 45088
5 0 09161 08455 5 15 0 00833 65551 I 00038 29783 | 0 08710 34544
6 0 10993 30145 6 18 0 00997 98139 I 00055 08728 | 0 10446 59627
7 | o0 12825 51836 7 21 0 0II6I 00163 | I 00074 88092 | 0 12179 67635
8 0 14657 73527 8 24 0 01322 50382 I 00097 65463 | 0 13909 03958
9 0 16489 95218 9 26 0 01482 27797 1 00123 38067 | 0 15634 22095
10 | 0 18322 16909 10 29 0 01640 11677 I 00152 02770 | O 17354 63669
1I 0 20154 38600 11 32 0.01795 81596 I 00183 56081 | 0 19069 78446
12 0 21986 60291 1z 35 0 01949 17458 I 00217 94159 | O 20779 14345
13 0 23818 81982 13 37 0 02099 99533 1 00255 12815 | 0 22482 19454
14 0 25651 03673 14 40 0 02248 08485 I 00295 07519 | O 24178 42052
15 | 0 27483 25364 | 15 43 0 02393 25396 | I 00337 73404 | 0 25867 30615
16 | © 20315 47055 | 16 45 0 02535 31798 | 1 00383 05272 | 0 27548 33838
17 | 0 31147 68746 17 48 0 02674 09700 | I 00430 97603 | O 29221 00649
18 0 32979 90437 18 50 0 02809 41609 I 00481, 44557 | © 30884 80221
19 | 0 34812 12128 19 53 0 02941 10555 I 00534 39986 | 0 32539 21991
20 | 0 36644 33819 | 20 56 0 03069 00II8 1 00589 77438 | 0 34183 75673
21 0 38476 55510 21 57 0 03192 94445 1 00647 50167 | 0 35817 91274
22 0 40308 77201 22 59 0 03312 78272 I 00707 51140 | O 37441 19107
23 | 0 42140 98892 24 1 0 03428 36945 I 00769 73046 | 0 39053 09808
24 | 043973 28382 | 25 3 0 03539 56434 | I 00834 08304 | O 40653 14352
25 0 45805 42273 26 5 0 03646 23352 I 00900 49074 | O 42240 84064
26 | 0 47637 63964 | 27 7 0 03748 24970 1 00968 87266 | 0 43815 70635
27 | 0 49469 83655 | 28 9 0 03845 49232 | 1 01039 14548 | 0 45377 26140
28 | o0.51302 07346 | 29 1II 0 03937 84764 I OIIII 22358 | 0 46925 03045
29 | 0.53134 29037 | 30 1I2 0 04025 20886 I 01185 0I9I6 | 0 48458 54231
30 | 0 54966 50728 | 31 14 0 04107 47627 | I 01260 44231 | 0 49977 32999
3I 0 56798 72419 | 32 15 0 04184 55726 I 01337 40113 | 0 51480 93002
32 0 58630 94110 | 33 I6 0 04256 36643 1 01415 80186 | 0 52968 88703
33 | 0 60463 13801 | 34 18 0 04322 82564 | I 01495 54899 | O 54440 74492
34 | o0 62295 37492 | 35 I9 0 04383 86406 | I 01576 54535 | 0 55896 05600
35 | o 64127 59183 [ 36 20 0 04439 41821 I 01658 69227 | O 57334 37662
36 | o0 65050 80874 | 37 2I 0 04489 43196 | I oI741 88967 | 0 58755 26819
37 | o 67792 02565 | 38 22 0 04533 85655 | I 01826 03617 | 0 60158 29737
38 | 0 69624 24256 39 23 0 04572 65058 1 0IQII 02927 | O 61543 03611
39 0.71456 45947 40 23 0 04605 78000 I 01996 76540 | 0 62909 06189
40 | o0 73288 67638 | 41 23 0 04633 21809 | I 02083 14013 | O 64255 95777
41 0.75120 89328 42 24 0 04654 94543 I 02170 04820 | 0 65583 31255
42 0.76953 11019 43 24 0 04670 94981 1 02257 38374 | 0 66890 72089
43 o 78785 32710 | 44 24 0 04681 22622 I 02345 04035 | 0 68177 78347
44 | 0 80617 54401 45 24 0 04685 77678 | 1 02432 9I122 | 0 69444 10704
45 0o 82449 76092 46 24 0 04684 61065 1 02520 88930 | 0 70689 30463
90-r Fy 12 G) " Cl) B(r)
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TABLE 0 = 25°

g =0 012294560527181,

00 =0 975410924642,

HK = 0 666076159327

B@) C(r) Gl(r) 4 Fy
I 00000 00000 | I 05041 79735 | O 00000 00000 | 90° o 1 64899 52185
0 99984 75111 I 05040 26167 0 00159 57045 8 3 1 63067 30494
0 99939 00912 I 05035 65652 | 0 00318 96046 | 88 6 1 61235 08803
0 99862 78812 1 05027 98750 [ 0 00477 98977 87 o 1 50402 87112
0 99756 11158 I 05017 26395 | 0 00636 47840 86 12 1 57570 65421
0 99619 01235 | I 05003 49895 | © 00794 24686 | 85 15 I 55738 43730
0 9945I 53263 I 04986 70926 0 00951 11627 84 17 I 53906 22039
0 99253 72400 I 04966 91533 | O OII06 908553 83 20 I 52074 00348
0 99025 64734 I 01944 14129 0 01261 44653 82 23 I 50241 78657
0 98767 37287 I 04918 41489 | o0 OI}I4 55416 | 81 26 I 48409 56966
0 98478 98010 1 04889 76746 | 0 01566 05663 | 80 29 I 46577 35275
0 98160 55779 | I 04858 23391 | 0 01715 78054 [ 79 3I 1 44745 13584
0 97812 20395 I 04823 85265 0 01863 55407 78 34 1 42912 91893
0 97434 02576 1 04786 66559 0 02009 20712 77 37 I 41080 70202
0 97026 13962 I 04746 71802 0 02152 57149 76 39 1 39248 48511
0 96588 67101 I 04704 05862 0 02293 48102 75 42 1 37416 26821
0 96121 75452 | I 04658 73936 | 0 02431 77177 | 74 44 I 35584 05130
0 95625 53377 | I 04610 81546 | 0 02567 28218 | 73 47 I 33751 83439
0 95100 16139 I 04560 34530 0 02699 85322 72 49 1 31919 61748
0 94545 79893 I 04507 39038 | © 02829 32857 | 71 52 I 30087 40057
0 93962 61686 1 04452 01522 0 02955 55477 70 34 1 28255 18366
0 93350 79444 I 04394 28728 0 03078 38140 | 69 56 1 26422 96675
0 92710 51976 I 04334 27690 | © 03197 66123 | 68 358 I 24590 74984
0 92041 98958 I 04272 05719 | 0 033I3 25038 | 68 o 1 22758 53293
0 01345 40932 1 04207 70396 | © 03425 00853 67 =2 I 20926 31602
0 90620 99299 1 04141 29561 0 03532 79902 66 4 I 19094 099II
0 80868 96309 1 04072 9QI305 0 03636 48907 6s 6 1 17261 88220
o 89089 55058 1 04002 63960 | O 03735 94992 64 .8 I 15429 66529
0 88282 99477 I 03930 56088 | 0 03831 05700 [ 63 10 1 13597 44838
0 87449 54326 1 03856 76470 0 03921 69009 62 1II 1 11765 23147
0.86589 45184 1 03781 34008 0 04007 73349 | 61 13 1.00933 01456
o0 85702 98444 I 03704 38161 0 0408g 07619 60 14 1 08100 79765
0 84790 41300 I 03625 98035 0 04165 61200 | 59 16 1 06268 58075
0 83852 01744 | I 03546 23272 | 0 04237 23976 | 58 17 I 04436 36384
0 82888 08549 I 03465 23588 | 0 04303 86345 | 57 18 1 02604 14693
o 81898 91269 1 03383 08852 | © 04365 39236 | 56 1I9 I 00771 93002
0 80884 80221 I 03299 89073 0 04421 74127 55 20 0 98939 71311
0 79846 06482 I 03215 74386 | 0 04472 83056 | 54 2I 0 97107 49620
0 78783 01874 | 1 03130 75044 | © 04518 58637 | 53 22 0 95275 27929
0 77695 98956 I 03045 OI40I | 0.04558 04076 | 52 22 0 93443 06238
0 76585 31015 I 02958 63905 | O 04593 83183 51 23 0 91610 84547
0 75451 32053 1 02871 73077 | O 04623 20386 | 50 24 o 89778 62856
0 74294 36775 I 02784 39507 | © 04647 00744 | 49 24 0 87946 41165
0 73114 80583 I 02696 73835 | © 04665 19961 48 24 0 86114 19474
0 71912 99561 1 02608 86741 0 04677 74393 | 47 24 0 84281 97783
0 70689 30463 1 02520 88930 | © 04684 61065 46 24 0 82449 76092
AQD) D) E(r) ¢ Fo
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ELLIPTIC FUNCTION

270
K =1 6857503548, K’ =2 1565156475, E = 1 4674622093 E’ =1 211056028,
T F¢ ¢ E(r) D(r) Ar)
o | O 00000 00000 o° o 0 00000 00000 | I 00000 00000 | O 00000 00000
I 0 01873 05595 I 4 0 00242 48763 I 00002 27125 | O 01742 98716
2| 0 03746 11190 2 9 0 00484 64683 1 00009 08222 | 0 03485 44751
3| © 05619 16785 3 13 0 00726 14977 1 00020 42462 | 0 05226 85438
4 | 0 07492 22380 4 18 0 00966 66975 1 00036 28463 | 0 06966 68140
5| 0 09365 27975 5 22 0 01205 88178 1 00056 64294 | 0 08704 40267
6| o0 11238 33570 6 26 0 01443 46319 1 00081 47472 | 0 10439 49285
7| 0 I3III 39165 7 30 0 01679 09412 I 00110 74975 | O 12171 42736
8 | 0 14984 44760 8 35 0 01912 45813 I 00144 43235 | 0 13899 68254
9| o 16857 50355 9 39 0 02143 24269 | 1 00182 48148 | 0 15623 73574
10 | © 18730 55950 10 43 0 02371 13976 1 00224' 85079 | 0 17343 06551
1I 0 20603 61545 11 47 0 02595 84626 1 00271 48868 | 0 19057 15175
12 | 0.22476 67140 12 51 0 02817 06459 1 00322 33830 | 0 20765 47584
13 | 0 24349 72734 | 13 55 0 03034 50312 1 00377 33773 | 0 22467 52081
14 | © 26222 78329 14 59 0 03247 87664 I 00436 41996 | 0 24162 77146
15 | 0 28095 83924 16 3 0 03456 90685 1 00499 51300 | 0 25850 71454
16 | 0 29968 89519 17 6 0 03661 32272 1 00566 54000 | 0 27530 83886
17 0 31841 95114 18 10 0 03860 86097 I 00637 41929 | 0 29202 63549
18 0.33715 00709 19 14 0 04055 26642 1 00712 06453 | 0 30865 59785
19 | O 35588 06304 | 20 17 0 04244 29236 I 00790 38477 | 0 32519 22190
20 | O 37461 11899 [ 2I 20 0 04427 70092 1 00872 28461 | 0 34163 00625
2I | 0 39334 17494 | 22 23 0 04605 26335 1 00957 66426 | 0 35796 45236
22 | O 41207 23089 | 23 =27 0 04776 76034 I 01046 41971 | O 37419 06461
23 | 0 43080 28684 | 24 30 0 04941 98229 I 01138 44282 | 0 39030 35051
24 | O 449353 34279 25 33 0 05100 72958 I 01233 62150 | 0 40629 82084
25 | 0 46826 39874 | 26 36 0 05252 81275 1 01331 83978 | 0 42216 98975
26 | 048699 45469 | 27 38 0 05398 05273 I 01432 97800 | 0 43791 37495
27 | 0 50572 51064 | 28 41 0 05536 28100 I 01536 91295 | 0 45352 49782
28 0 52445 56659 29 43 0 05667 33976 I 01643 51800 [ 0 46899 88358
29 | O 54318 62254 | 30 46 0 05791 08204 I 01752 66329 | 0 48433 06142
30 | 0 56191 67849 | 31 48 0 05907 37181 1 01864 21583 | 0 49951 56464
31 0 58064 73444 | 32 50 0 06016 08407 I 01978 03972 | 0 51454 93080
32 | 059937 79039 | 33 52 0 06117 10486 | 1 02093 99629 | O 52942 70185
33 | 0.61810 84634 | 34 54 0 06210 33138 I 02211 94428 | O 54414 42428
34 | 0 63683 90229 | 35 55 0 06295 67191 1 02331 73997 | O 55869 64925
35| © 65556 95824 | 36 56 | 0 06373 04587 | I 02453 23743 | O 57307 93274
36 | 0.67430 01419 | 37 58 0 06442 38375 1 02576 28863 | o 58728 83566
37 | 0.69303 07014 | 38 359 0 06503 62710 I 02700 74365 | 0 60131 92403
38| o0 71176 12609 | 40 O 0 06556 72843 1 02826 45087 | 0 61516 76907
39 | 073049 18204 | 41 I 0.06601 65112 1 02953 25714 | 0 62882 94738
40 | O 74922 23799 | 42 2 0 06638 36938 1 03081 00797 | 0 64230 04103
4Y | 076795 29394 | 43 3 0 06666 86806 | 1.03209 54771 | 0 65557 63772
42 | O 78668 34980 | 44 3 0 06687 14255 I 03338 71976 | 0 66865 33089
43 | 0 8054I 40584 | 45 3 0 06699 19865 I 03468 36674 | 0 68152 71988
44 | O 82414 46179 | 46 4 0 06703 05237 1 03598 33070 | 0.69419 41003
45 | O 84287 51774 | 47 3 0 06698 72981 I 03728 45330 | O 70665 01282
90-r Y ¥ G(r) C(r) B(r)
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272 ELLIPTIC FUNCTION
K =1 7312451757, K’ =2 0347153122, E =1 4322909693, E’ =1 2586796248,

T Fo 1] E(r) D(r) A(r)
o | o ooooo coooco 0° o 0 00000 00000 I 00000 00000 | O 00000 00000
1 0 01923 60575 1 6 0 00332 09329 | »I 00003 IQ45I | O OI740 QIIIS
2 0 03847 21150 2 12 0 00663 71847 1 00012 77415 | 0 03481 29991
3| o o5770 81725 3 18 0 00994 40836 1 00028 72724 | 0 05220 64403
4| 0.07694 42300 4 24 0 01323 69759 I 00051 03436 | 0 06958 42154
5] 0 09618 02875 5 30 0 01651 12357 I 00079 66833 | 0 08694 11086
6| O 11541 63450 6 36 o 01976 22733 I 00II4 59427 | O 10427 1QIO00
7 | 0 13465 24025 7 42 0 02298 55446 I 00155 76965 | 0 12157 14162
8| o0 15388 84600 8 48 0 02617 65594 1 00203 14429 | O 13883 44322
9| o 17312 45176 9 54 0 02933 08900 1 00256 66050 | 0 15605 57726
10 | 0 19236 05751 1II O 0 03244 41797 1 00316 25308 | 0 17323 02632
11 0 21159 66326 12 5 0 03551 21508 1 00381 84944 | 0 19035 27418
12 | 0 23083 26901 13 II 0 03853 06122 1 00453 36968 | 0 20741 80603
13 | © 25006 87476 14 16 0 04149 54668 I 00530 72668 | 0 22442 10857
14 | 0 26930 48051 15 22 0 04440 27192 I 00613 82620 | 0 24135 67013
15 | O 28854 08626 16 27 0 04724 84818 1 00702 56701 | 0 25821 98088
216 | 0 30777 69201 17 32 0 05002 89819 1 00796 84103 | 0 27500 53288
17 0 32701 29776 18 *37 0 05274 05671 1 00896 53340 | 0 29170 82026
18 | 0 34624 90351 19 42 0 05537 97118 1 01001 52268 | 0 30832 33939
19 | O 36548 50026 | 20 47 0 05794 30217 1 0IIII 68099 | 0 32484 58897
20 | 0 38472 11501 21 52 0 06042 72392 I 01226 87413 | O 34127 07019
21 | O 40395 72077 | 22 56 0 06282 92476 I 01346 96177 | 0 35759 28687
22 | 0 42319 32652 24 O 0 06514 60751 I 01471 79763 | O 37380 74559
23 | 0 44242 93227 | 25 5§ 0 06737 48988 | 1 01601 22964 | 0 38990 95585
24 | 0 46166 53802 | 26 ¢ 0 06951 30473 I 01735 10012 | O 40589 43019
25| 0 48090 14377 | 27 13 0 07155 80036 [ I 01873 24599 | 0 42175 68435
26 | 0 50013 74952 | 28 16 0 07350 74079 I 02015 49897 | O 43749 23737
27 0 51937 35527 29 20 0 07535 90588 I 02161 68576 | 0 45309 61179
28 0 53860 96102 30 23 0 07711 0QISI I 02311 62828 | 0 46856 33375
29 | 0 55784 56677 | 31 27 0 07876 10969 1 02465 14386 | 0 48388 93314
30| 0 57708 17252 | 32 30 0 08030 78862 I 02622 04548 | 0 49906 94371
3I | O 59631 77827 | 33 32 0 08174 97274 I 02782 14201 | 0 51409 90330
32 | 0 61555 38402 34 35 0 08308 52267 1 02945 23841 | 0 52897 35386
33| 0 63478 98977 | 35 37 0 08431 31523 I 03III 13599 | O 54368 84170
34 | 0 65402 59552 | 36 40 0 08543 24331 T 03279 63263 | 0 55823 91754
35 | O 67326 20128 37 42 0 08644 21580 I 03450 52308 | 0 57262 13672
36 | 0 69249 80703 | 38 43 0 08734 15741 I 03623 59914 | 0 58683 05928
37 | O 71173 41278 | 39 45 0 08813 00853 I 03798 64996 | 0 60086 25017
38 0 ¢3097 01853 40 46 0 08880 72502 I 03975 46228 | 0 61471 27930
39 | O 75020 62428 41 48 0 08937 27798 I 04153 82068 | 0 62837 72177
40 | 0 76944 23003 | 42 49 | 0 08982 65352 | I 04333 50787 | O 64185 15792
41 | o 78867 83578 | 43 49 0 09016 85246 1 04514 30495 | 0 65513 17355
42 | o 80791 44153 | 44 50 0 09039 89009 | I 04695 99164 | 0 66821 35999
43 | o 82715 04728 | 45 50 0 09051 79579 I 04878 34660 | 0 68109 31428
44 | 0 84638 65303 | 46 5I 0 09052 61280 I 05061 14765 | 0 69376 63926
45 0 86562 25878 47 51 0 09042 39779 I 05244 17208 | 0 70622 94378
90-r Fy Y G(r) C(r) B(r)




TABLE 6 = 35° 273
¢ =0 024915062523981, ©O0 = 0 9501706456, HK =0 7950876364

B(r) C(r) G(r) ¥ By 90-1|
I 00000 00000 I 10488 66859 0 00000 00000 90° o I 73124 51757 | 90
0 99984 69394 I 10485 47369 0 00300 62320 | 89 6 1 71200 91181 | 89
0 99938 78065 1 10475 89287 0 00600 93218 88 12 1 69277 30606 | 88
0 99862 27471 1 10459 93781 0 00900 61288 87 17 I 67353 70031 | 87
0 99755 20048 I 10437 62795 0 01199 35156 86 23 1 65430 09456 | 86
0 99617 59200 I 10408 99048 0 01496 83495 85 29 I 63506 48881 | 85
0 99449 49305 | 1 10374 06029 | 0 01792 75043 | 84 35 T 61582 83306 | 84
0 99250 95707 1 10332 87996 | 0 02086 78620 83 40 I 59659 27731 | 83
0 99022 04719 1 10285 49965 0 02378 63141 82 46 I 57735 67156 | 82
0 98762 83615 1 10231 97711 0 02667 97640 81 51 I 55812 06581 | 81
0 98473 40633 1 10172 37756 | O 02954 51279 80 37 I 53888 46006 | 80
0 98153 84966 I 10106 77362 0 03237 93372 80 2 1 51964 85431 | 79
0 97804 26763 I 10035 24524 | O 03517 93404 | 79 8 I 50041 24856 | 78
0 97424 77117 1 09957 87957 | © 03794 21046 | 78 13 T 48117 64281 | 77
0 97015 48073 1 09874 77089 0 04066 46178 77 19 1 46194 03706 | 76
0 96576 52612 I 09786 02047 | 0 04334 38907 | 76 24 I 44270 43130 | 75
0 96108 04649 I 09691 73646 | 0 04597 69592 75 29 I 42346 82555 | 74
0 95610 19028 I 09592 03375 | O 04856 08861 74 34 I 40423 21980 | 73
0 95083 11516 I 09487 03382 0 05109 27637 73 38 1 38499 61405 | 72
0 94526 98796 I 09376 86463 | 0 05356 97161 72 43 I 36576 00830 | 71
0 9394 08461 I 00261 66042 0 05598 8go1igq 71 48 I 34652 40255 | 70
0 93328 29005 I 09141 56156 0 05834 75147 70 52 |., 1 32728 79680 | 69
0 92686 09817 1 09016 71440 | © 06064 27902 69 56 I.*r.30805 19105 | 68
0 92015 61173 1 08887 27107 | © 06287 20041 69 1 | 1:28881 58530 | 67
0 91317 04228 I 08753 38930 | 0 06503 24775 | 68 5 I‘i'?6957 97955 | 66
0 90590 61007 1 08615 23221 0 06712 15792 67 9 I 25034 37380 | 65
o 89836 54396 I 08472 96815 0 06913 67285 66 12 I 23110 76805 | 64
0 89055 08135 1 08326 77048 0 07107 53988 65 16 I 21187 16230 | 63
0 88246 46805 1 08176 81732 0 07293 51200 64 19 1 19263 55655 | 62
o 87410 95823 1 08023 29140 | 0 07471 34824 | 63 23 I 17339 95080 | 61
0 86548 81427 1 07866 37978 0 07640 81398 62 26 I 15416 34504 | 60
0 85660 30670 1 07706 27365 0 07801 68127 61 29 1 13492 73929 | 59
0 84745 71408 1 07543 16809 | 0 07953 72924 | 60 3I I 11569 13354 | 58
0 83805 32290 | 1 07377 26184 | 0 08096 74440 | 59 34 I 09645 52779 | 57
0 82839 42745 1 07208 75705 0 08230 52102 58 36 I 07721 92204 | 56
0 81848 32973 I 07037 85902 | 0 08354 86152 | 57 39 I 05798 31629 | 55
0 80832 33933 1 06864 77599 | 0 08469 57684 | 56 41 I 03874 71054 | 54
0 79791 77333 I 06689 71884 [ 0 08574 48680 | 55 43 I OI95I 10479 | 53
0 78726 95613 1 06512 90086 | 0 08669 42053 | 54 44 I 00027 49904 | 52
0 77638 21945 | I 06334 53750 | 0 08754 21680 | 53 46 0 98103 89329 | 51
0 76525 90201 I 06154 84606 | 0 08828 72448 | 52 48 0 96180 28754 | 50
0 75390 34961 | I 05974 04548 | 0 08892 80287 | 51 49 | 0 94256 68179 | 49
0 74231 91490 | T 05792 35605 | 0 08946 32214 | 50 49 0 92333 07604 | 48
0 73050 95727 | 1.05609 99913 | ©0.08989 16370 | 49 50 0 90409 47028 | 47
0 71847 84273 1.05427 19690 | 0.09021 22056 | 48 50 0 88485 86453 | 46
0 70622 94378 | I 05244 17208 | 0 09042 39779 | 47 5I 0 85562 25878 | 45

A(r) D(r) E@) ¢ Fo T

SMITHSONIAN TABLES



ELLIPTIC FUNCTION

274
K =1 7867691349, K’=1 9355810960, E =1 3931402485, E’=1 3055390943,
r Fo ¢ E(r) D() A(r)
0| ©0 00000 00000 0° o 0 00000 00000 I 00000 00000 | O 00000 00000
1| o 01985 29904 1 8 0 00437 25767 I 00004 34107 | O 01737 52657
2 | o 03970 59807 2 16 0 00873 86910 1 00017 35897 | 0 03474 53796
3 | o 05955 89712 3 24 0 01309 18945 | I 00039 03787 | O 05210 51913
4 0 07941 19615 4 32 0.0I742 57681 1 00069 35136 | O 06944 95525
51 0 09926 49519 5 41 0 02173 3035I | I 00I08 26253 | 0 08677 33185
6 | o0 IIQII 79423 6 49 0 02601 00761 I 00155 72398 | O 10407 13496
7 | o 13897 09327 v 57 0 03024 79420 | I 00211 67791 | O 12133 85117
8 | o 15882 39231 9 5 0 03444 13683 1 00276 05620 | 0 13856 96780
9 0 17867 69135 10 I3 0 03858 42875 I 00348 78042 | 0 15575 97300
10 0 10852 99039 11 21 0 04267 07422 1 00429 76203 | 0 17290 35587
IX 0 21838 28943 12 28 0 04669 48973 1 00518 90239 | 0 18999 60657
12 0 23823 58847 13 36 0 05065 10519 1 00616 09295 | O 20703 21648
13 o0 25808 88751 14 43 0 05453 36499 I 00721 21534 | O 22400 67828
14 | 027794 18655 | 15 35! 0 05833 72013 | I 00834 14154 | O 2409I 48609
15 | 0 29779 48558 | 16 58 0 06205 67422 | I 00934 73402 | O 25775 13559
16 | 0 31764 78462 18 5 0 06368 69435 1 01082 84592 | O 27451 12417
17 | 0 33750 08366 19 "12 0 06922 30203 I 0I2I8 32120 | O 29II8 95099
18 0 35735 38270 20 18 0 07266 02895 1 01360 99487 | 0 30778 11718
19 | o 37720 68174 | 21 25 0 07599 42673 | 1 OI5I0 69318 | 0 32428 12593
20 0 39705 98078 22 31 0 07922 06754 1 01667 23379 | 0 34068 48260
21 0 41691 27981 23 37 0 08233 54475 I 01830 42606 | 0 35608 69491
22 0 43676 57885 | 24 42 0 08533 47336 I 02000 07123 | O 37318 27300
23 | o0 435661 87789 | 25 48 0 08821 49046 1 02175 96267 | 0 38926 72959
24 | 0 47647 17693 26 53 0 09097 25564 1 02357 88616 | 0 40523 58014
25 | 0 49632 47597 | 27 59 | 0 09360 45123 | I 02545 62012 | O 42108 34293
26 0 51617 77501 29 4 0 09610 78252 1 02738 93589 | 0 43680 53924
27 | o 53603 07405 | 30 8 |, 0.09847 97792 | I 02937 59801 | 0 45239 69344
28 0 55588 37300 | 31 13 0 10071 78905 I 03141 36450 | 0 46785 33318
29 | 0 57573 67212 | 32 17 0 10281 99075 I 03349 98717 | 0 48316 98948
30 | 0 59558 97116 | 33 22 0 10478 38101 I 03563 2I19I | 0 49834 19688
31 | 0 61544 27020 | 34 25 0 10660 78092 1 03780 77899 | 0 51336 49360
32 | 0 63529 56924 | 35 28 0 10829 03444 | I 04002 42340 | 0 52823 42166
33 | o 63514 86828 [ 36 3I 0 10983 00821 I 04227 87315 | O 54294 52702
34 | o 67500 16732 | 37 34 | O 11122 59132 | I 04456 85961 | © 55749 35973
35| o 69485 46636 | 38 37 0 11247 69491 I 04689 09786 | 0 57187 47405
36 0 71470 76540 39 39 0 11358 25187 1 04924 30699 | 0 58608 42864
37 | 0 73456 06443 | 40 4I 0 11454 21645 1 05162 20047 | O 60011 78665
38 | O 75441 36347 | 41 42 0 11535 56375 | I 05402 48851 | 0 61397 11590
39 | O 77426 66251 | 42 44 0 11602 28932 | I 05644 87839 | 0 62763 98902
40 | 0.79411 96155 | 43 46 0 11654 40861 1 05889 07481 | 0 64111 98356
41 | o 81397 26059 | 44 46 0 1169 95649 1 06134 78029 | 0 63440 68220
42 | 0 83382 55963 | 45 47 0 11714 98662 1 06381 69550 | 0 66749 67282
43 o 85367 85867 46 47 0 11723 57096 1 06629 51962 | 0 68038 54871
44 | 0 87353 15771 | 47 48 0 11717 79914 | I 06877 95074 | 0 69306 90869
45 | 0 80338 45674 | 48 48 0 11697 77784 | 1 07126 68617 | 0.70554 35725
90-r Fy 12 G() C) B(r)

SMITHSONIAN TABLES




"ABLE 0 = 40° 275
' = 0.033265256695577, © 0 = 0 9334719356, HK = 0 8550826245
B(r) C(r) G(r) Fy 90-1|

I 00000 00000 I 14254 42177 0 00000 00000 90° of 1 78676 91349 | 90
0 99984 63487 I 14250 07942 0 00382 84907 89 8 1 76691 61445 | 89
0 99938 54451 | I 14237 05769 | 0 00765 31872 | 88 13 I 74706 31541 | 88
0 99861 74408 I 14215 37243 0 01147 02963 87 23 I 72721 01637 | 87
0 99754 25881 1 14185 05008 0 01527 60269 86 30 I 70735 71733 | 86
0 99616 12401 I 14146 12760 0 0I906 65913 85 38 1 68750 41829 | 85
0 99447 38506 1 14098 65243 0 02283 82057 84 46 1 66765 11926 | 84
0 99248 09734 1 14042 68243 | 0 02658 70918 83 53 I 64779 82022 | 83
0 99018 32628 1 13978 28584 0 03030 94781 83 1 1 62794 52118 | 82
0 98758 14726 I 13905 54I13 0 03400 16009 82 8 I 60809 22214 | 81
0 98467 64560 1 13824 53698 | 0 03765 97034 | 81 16 1 58823 92310 | 80
0 98146 91652 1 13735 37211 0 04128 00477 80 23 1 56838 62306 | 79
0 97796 06509 1 13638 15521 0 04485 88958 79 30 I 54853 32502 | 78
0 97415 20616 1 13533 00476 0 04839 25314 78 37 I 52868 02598 | 77
0 97004 46432 1 13420 04893 0 05187 72514 77 44 1 50882 72694 | 76
0 96563 97386 I 13299 42539 | © 03530 93702 | 76 5I 1.48897 42791 | 75
0 96093 87866 I 13171 28116 0 05868 52206 75 57 1 46912 12887 | 74
0 95594 33213 I 13035 77242 | © 06200 11573 | 75 4 T 44926 82983 | 73
0 95065 49716 I 12893 06433 | © 06525 35577 | 74 10 I 42941 53079 | 72
0 94507 54604 I 12743 33082 | 0 06843 88251 73 17 I 40956 23175 | 71
0 93920 66032 1 12586 75438 0 07155 33910 | 72 23 I 38970 93271 | 70
0 93305 03082 I 12423 52584 | 0 07459 37177 | 71 29 1 36985 63367 | 69
0 92660 85744 I 12253 84414 | O 07755 63011 70 34 I 35000 33463 | 68
0 91988 34913 1 12077 91607 0 08043 76736 69 40 I 33015 03560 | 67
0 91287 7237% 1 11895 95604 0 08323 44077 68 45 1 31029 73656 | 66
0 90559 20807 I 11708 18582 0 08594 31188 67 5I 1 29044 43752 | 65
o 89803 03745 I 11514 83422 0 08856 04692 66 56 I 27059 13848 | 64

' 0 89019 45598 I 11316 13690 0 09108 31714 66 o I 25073 83944 | 63
o 88208 71618 I IIII2 33599 0 09350 79923 65 5 1 23088 54040 | 62
o 87371 07901 I 10903 67986 0 09583 17573 64 9 I 21103 24136 | 61
o 86506 81367 I 10690 42279 | O 09805 13545 | 63 14 I IQII7 94233 | 60
0 85616 19751 I 10472 82465 0 10016 37391 62 18 I I7132 64329 | 59
0 84699 51593 I 10251 15061 0 10216 59383 61 21 I I5147 34425 | 58
0 83757 06220 I 10025 67080 | © 10405 50557 60 25 I 13162 04521 | 57
0 82789 13739 I 09796 65999 | 0O 10582 82770 59 28 I 11176 74617 | 56
0 81796 05020 1 09564 39724 0 10748 28746 58 32 I 09I9I 44713 | 55
0 80778 11684 I 09329 16556 0 10901 62132 57 34 I 07206 14809 | 54
0 79735 66091 I 0909 25160 | © 11042 57553 | 56 37 I 05220 84905 | 53
0 78669 01322 I 08850 94525 0 III70 90668 55 39 I 03235 55001 | 52
0 77578 51173 1 08608 53932 0 11286 38228, 54 42 I 01250 25098 | 5I
0 76464 50133 1 08364 329%7 | O 11388 78137 | 53 44 0 99264 95194 | 50
0 75327 33376 | Y 08118 61237 | O 11477 89511 | 52 45 0 97279 65290 | 49
0 74167 36742 | 1 07871 68830 | 0 11553 52736 | 5I 46 0 95294 35386 | 48
0 72984 96728 | 1 07623 85782 | o0 11615 49535 | 50 46 0 93309 05482 | 47
0 71780 50468 I 07375 42288 0 11663 63025 49 47 0 91323 75578 | 46
0 70554 35725 | I 07126 68617 | 0 11697 77784 | 48 48 0 89338 45674 | 45

A(r) D(r) E(r) Fo r

IMITHSONIAN TABLES



270 ELLIPTIC FUNCTION
K - K’ - 1 8540746773, E = E’ =1 3506438810,

r Fo [ E(@) D(r) A(r)
0| 0 00000 00000 o° o 0 00000 00000 | I 00000 00000 | O 00000 00000
1 0 02060 08297 1 II 0 00559 22183 1 00005 76114 | O OI732 23240
2| o0 04120 16595 2 22 0 01117 56998 | I 00023 03752 | O 03463 96092
3 0 06180 24892 3 32 0 01674 17286 1 00051 80814 | O 05194 68175
4 | o 08240 33190 4 43 0 02228 16343 I 00092 03796 | O 06923 89126
5| 0 10300 41487 5 54 0 02778 68124 I 00143 67802 | O 08651 08611
6 0 12360 49785 7 4 0 03324 87460 1 00206 66547 | 0 10375 76329
ré 0 14420 58082 8 15 0 03865 90273 1 00280 92364 | O 12097 42023
8| o 16480 66380 9 25 0 04400 93780 I 00366 36213 | 0 13815 55494
9| o 18540 74677 10 36 0 04929 16689 1 00462 87696 | 0 15529 66598
10 | o 20600 82975 11 46 0 05449 79400 1 00570 35065 | 0 17239 25270
11 0 22660 91272 12 56 0 05962 04166 1 00688 65237 | 0 18043 81524
12 0 24720 99570 14 6 0 06465 15306 1 00817 63813 | 0 20642 85463
13| o 26781 07867 | 15 15 0 06958 39334 | I 00957 15001 | O 22335 87294
14 | o 2884r 16165 16 25 0 07441 05129 1 01107 q2088 0 24022 37330
15 | O 30901 24462 17 34 0 07912 44078 1 01267 06562 | 0 25701 86008
16 0 32961 32760 18 43 0 08371 90207 1 01437 09030 | 0 27373 83893
17 | o 35021 41057 | 19 52 0 08818 80301 1 01616 88793 | 0 29037 81691
18| o 37081 49355 | 21 I 0 09252 54012 1 01806 23965 | 0 30693 30262
19 | o0 3914 57652 | 22 9 0 09672 53955 | I 02004 91494 | O 32339 80622
20| o 41201 65950 | 23 17 0 10078 25794 | 1 02212 67193 | O 33976 83967
21 | 0 43261 74247 | 24 25 0 10469 18308 I 02429 25769 | 0 35603 91671
22 0 45321 82545 25 33 0 10844 83435 1 02654 40853 | O 37220 55308
23 | 0 47381 90842 | 26 40 0 11204 76417 | 1 02887 85035 | 0 38826 26656
24 | O 49441 99139 | 27 47 0 11548 55630 | 1 03129 29893 | 0°40420 57714
25 | O 51502 07437 28 54 0 11875 82813 1 03378 46028 | 0 42003 0071I
26| o 53562 15734 | 30 © 0 12186 22978 1 03635 03103 | 0 43573 08120
27| o0 55622 24032 | 31 6 0 12479 44425 1 03898 69880 | 0 45130 32670
28 | o0 57682 32329 | 32 12 0 12755 18736 I 04169 14251 | O 46674 27359
29 | O 59742 40627 33 17 0 13013 20757 1 04446 03288 | 0 48204 45468
30 | o 61802 48924 34 22 0 13253 28561 I 04729 03271 | O 49720 40572
31 0 63862 57222 35 27 0 13475 23413 I 05017 79739 | 0 51221 66556
32| o0 65922 65519 36 32 0 13678 89725 I 05311 97528 | 0 52707 77628
33| o 67982 73817 37 36 0 13864 14993 1 05611 20812 | 0 54178 28334
34 | o 70042 82114 | 38 39 0 14030 89744 | I 05915 13149 | 0 55632 73569
35| o 72102 90412 | 39 43 0 14179 07457 | 1 06223 37524 | O 57070 68597
36 | 0 74162 98709 40 46 0 14308 64509 I 06335 56397 | 0 58491 69061
37 | o 76223 07007 | 41 48 0 14419 60059 I 06851 31742 | 0 59895 31001
38| o 78283 15304 | 42 51 0 14511 96000 I 07170 25103 | 0 61281 10868
39 | O 80343 23602 | 43 54 | +0 1458576849 I 07491 97630 | 0 62648 65539
40 | © 82403 31899 | 44 54 0 14641 09671 | 1 07816 10137 | O 63997 52334
41 | O 84463 40197 { 45 355 0 14678 03964 | 1 08142 23139 | 0 65327 29030
42 | O 86523 48494 | 46 56 0 14696 71583 | I 08469 96910 | 0 66637 53880
43 | o0 88583 56792 | 47 57 0 14697 26631 I 08798 91523 | 0 67927 85625
44 | 0 90643 65089 | 48 57 0.14679 85365 1 09128 66907 | 0 69197 83514
45 | 092703 73387 | 49 57 0 14644 66094 | T 09458 82886 | 0 70447 07318
90-r Fy ¥ G(r) C(r) B(r)

SMITHSONIAN TABLES



TABLE 0 =45° 277
g =e~™ =0 04321391826377, ©0 = 0.9135791382, HK =0 9135791382

B(r) C(r) G(r) Fy 90-1
I 00000 00000 | I 18920 7II50 | O 00000 00000 | 9o0° o 1 85407 46773 | 90
0 99984 54246 I 18914 94665 0 00470 60108 89 10 1 83347 38476 | 89
0 99938 17514 1 18897 65912 0 00940 76502 88 20 1.81287 30178 | 88
0 99860 91406 I 18868 87000 | O 0I410 05467 [ 87 30 I 79227 21881 | 87
0 99752 78584 1 18828 61440 | © 01878 03289 | 86 40 1 77167 13583 | 86
0 99613 82775 1 18776 94140 | © 02344 26255 85 49 I 75107 05286 | 85
0 99444 08767 1 18713 91403 | 0 02808 30653 84 59 1 73046 96988 | 84
0 99243 62407 1 18639 60914 | 0 03269 72774 | 84 ¢ 1 70986 88691 | 83
0 99012 50593 1 18554 11736 0 03728 08916 83 18 1 68926 80393 | 82
0 98750 81276 1 18457 54293 0 04182 95382 82 28 1 66866 72096 | 81
0 98458 63450 I 18350 00363 0 04633 88487 81 37 1 64806 63798 | 80
0 98136 07151 1 18231 63059 0 05080 44575 80 47 I 62746 55501 | 79
0 97783 23446 1 18102 56817 _ 0 05522 19994 79 56 1 60686 47203 | 78
0 97400 24430 | I 17962 97376 | © 05958 71139 | 79 5 1 58626 38906 | 77
0 96987 23216 1 17813 01756 | O 06389 54439 78 14 1 56566 30608 | 76
0 96544 33929 | I 17652 88244 | ©0 06814 26379 | 77 23 I 54506 22311 | 75
0 96071 71696 1 17482 76366 0 07232 43506 76 32 I 52446 14013 | 74
0 95569 52639 1 17302 86866 0.07643 62449 75 40 1 50386 05716 | 73
0 95037 93863 | I I7II3 41680 | 0 08047 39933 | 74 48 I 48325 97418 | 72
0 94477 13447 | I 16914 63907 | © 08443 32799 | 73 57 I 46265 89121 | 71
0 93887 30433 1 16706 77783 0 08830 98027 73 5 1 44205 80823 | 70
0 93268 64814 1 16490 08653 0 09209 92756 72 13 1 42145 72526 | 69
0 92621 37526 I 16264 82937 0 09579 74315 71 20 I 40085 64228 | 68
0 91945 70430 I 16031 28097 0 09940 00252 70 27 1 38025 55931 | 67
0 91241 86305 1 15789 72608 0 10290 28362 69 34 1 35965 47634 | 66
0 90510 08831 I 15540 45920 | O 10630 16727 68 41 I 33905 39336 | 65
0 89750 62579 | I 15283 78419 | 0 10959 23752 | 67 48 1 31845 31039 | 64
0 88963 72995 1 15020 01398 0 11277 08206 66 54 1 29785 22741 | 63
o 88149 66386 1 14749 47011 0 11583 29266 | 66 O 1 27725 14444 | 62
0 87308 69906 I 14472 48239 0 11877 46567 65 6 I 25665 06146 | 61
0 86441 11542 1 14189 38846 0 12159 20252 64 11 1 23604 97849 | 60
o 85547 20099 I 13900 53339 0 12428 11025 63 16 1 21544 89551 | 59
0 84627 25182 1 13606 26028 0 12683 80211 62 21 I 19484 81254 | 58
0 83681 57184 I 13306 95480 | © 12925 89815 61 26 1 17424 72956 | 57
0.82710 47269 1.13002 95477 0 13154 02588 60 30 I 15364 64659 | 56
0 81714 27355 | I 12604 63970 | © 13367 82099 | 59 34 1 13304 56361 | 55
0.80693 30099 1 12382 38537 0 13566 92789 58 38 I 11244 48064 | 54
0 79647 88881 I 12066 57231 0 13751 00077 57 42 1.09184 39766 | 53
o 78578 37785 I 11747 58542 | ©0 13919 70407 | 56 45 I 07124 31469 | 52
0 77485 11587 I 11425 81342 0 14072 71344 55 47 I 05064 23171 | 51
0 76368 45735 I.ITIOI 64844 | O 14209 71663 54 50 1.03004 14874 | 50
0.75228 76332 | I 10775 48548 | O 14330 41415 | 53 52 1.00944 06576 | 49
0.74066 40121 I 10447 72199 0 14434 52037 52 53 0 98883 98279 | 48
0.72881 74469 I 10118 75735 0 I452I 76436 | 51 55 0 96823 89981 | 47
0 71675 17348 | 1 09788 99237 | O 14591 89078 | 50 56 0.94763 81684 | 46
0.70447 07318 | 1.09458 82886 | © 14644 66004 | 49 357 0 92703 73387 | 45

A(r) D(r) E(r) Fo T

SMITHSONIAN TABLES



ELLIPTIC FUNCTION
K =1 9355810960, K’ =1 7867691349, E =1 3055390943,

E’ =1 3931402485,

r Fo ] E(r) D(r) A(r)
0| ©0 00000 00000 0° o 0O 00000 00000 I 00000 00000 | O 00000 00000
1 0 02150 64566 1 14 0 00699 85212 I 00007 52700 | O 01724 17831
2 0 04301 29132 2 28 0 01398 53763 I 00030 09884 | 0 03447 86990
3| 0 06451 93699 3 41 0 02094 89334 I 00067 68809 [ 0 05170 58810
4 0.08602 58265 4 55 0 02787 76288 I 00120 24903 | 0 06891 84630
51 o0 10753 22831 6 9 0 03476 00006 1 00187 71775 | 0 08611 15805
6 0 12903 87397 7 22 0 04158 42717 I 00270 0I222 | O 10328 03705
7| 0 15054 51963 8 36 0 04834 06320 I 00367 03237 | O 12041 99725
8 | o 17205 16530 9 49 0 05501 67694 I 00478 66023 | 0 13752 55283
9 | 0 19355 81096 11 3 0 06160 24003 1 00604 76005 | O 15459 21831
10 | 0 21506 45662 12 16 0 06808 70479 I 00745 17850 | 0 17161 50856
II 0 23657 10228 13 28 0 07446 05194 1 00899 74482 | 0 18858 93888
12 0 25807 74795 14 41 0 08071 29320 I 01068 27105 | O 2055I 02505
13 0 27958 39361 15 53 0 08683 47367 I 0I250 55225 | 0 22237 28335
14 | O 30109 03927 17 6 0 09281 67403 I 01446 36673 | 0 23917 23067
15 | 0 32259 68493 18 18 0 09865 01256 I 01655 47635 | 0 25500 38457
16 | 0 34410 33059 19 29 0 10432 64694 I 01877 62678 | 0 27256 26330
17 0 36560 97626 20 40 0 10983 77593 I 02112 54784 | 0 28914 38591
18 0 38711 62192 21 51 0 11517 64068 I 02359 95379 | O 30564 27234
19 | 0 40862 26758 | 23 2 0 12033 52604 I 02619 54370 | O 32205 44344
20 | 0 43012 QI324 | 24 13 0 12530 76146 I 02891 00179 | O 33837 42110
21 0 45163 55891 25 22 0 13008 72182 I 03173 99787 | O 35459 72832
22 0 47314 20457 | 26 31 0 13466 82799 I 03468 18764 | 0 37071 88930
23 | 0 49464 85023 | 27 41 0 13904 54724 | I 03773 21323 | O 38673 42953
24 | 0 51615 49589 | 28 50 0 14321 39340 I 04088 70352 | 0 40263 87589
25 0 53766 14155 29 59 0 14716 92687 I 04414 27466 | 0 41842 75678
26 0 55916 78722 31 6 0 15090 75443 I 04749 53052 | O 43409 60218
27 0 58067 43288 32 14 0 15442 52892 I 05094 06315 | O 44963 94381
28 0 60218 07854 | 33 2I 0 15771 94871 I 05447 45329 | O 46505 31522
29 | 0 62368 72420 | 34 29 0 16078 75703 I 05809 27090 | 0 48033 25191
30 | 0 64519 36987 | 35 36 0 16362 74123 I 06179 07561 | O 49547 29148
31 0 66670 01553 36 41 0 16623 73178 I 06556 41737 | 0 51046 97376
32 | 0 68820 66119 | 37 46 0 16861 60131 1 06940 83686 | 0 52531 84001
33 0 7097I 30685 38 51 0 17076 26341 I 07331 86617 | O 54001 43761
34 | 0 7312I 95251 39 56 0 17267 67142 I 07729 02929 | O 55455 3I1I9
35| o 75272 59818 | 41 1 0 17435 81713 1 08131 84270 | 0 56893 01177
36| 0 77423 24384 | 42 4 o 17580 72936 1 08539 81601 | 0 58314 09242
37| o 79573 88950 | 43 7 0 17702 47258 I 08952 45247 | O 59718 10935
38| o0 81724 53516 | 44 O o 17801 14536 1 09369 24965 | O 61104 62201
39| 0.83875 18083 | 45 12 0.17876 87890 I 09789 70001 | 0.62473 19335
40 | O 86025 82649 | 46 15 0 17929 83544 I 10213 29153 | 0 63823 38991
41 o 88176 47215 47 15 0 17960 20675 I 10639 50831 | O 65154 78204
42 0 90327 11781 48 16 0 17968 21252 I 11067 83124 | O 66466 94406
43 | 092477 76347 | 49 16 0.17954 09878 | I 11497 73861 | 0 67759 45449
44 | O 04628 40914 | 50 17 0 17918 13641 I 11928 70673 | 0 69031 89618
45 0 96779 05480 | 51 17 0 17860 61952 I 12360 21058 | 0 70283 85652
90-r Fy ¥ G(r) C(r) B(x)

SMITHSONIAN TABLES




TABLE 6 = 50° 279
g =0 055019933698829, OO0 =0 8899784604, HK = 0.9715669451

B(r) C(r) G(r) 11/ By 90-r
1 00000 00000 I 24728 65857 0 00000 00000 g0° o 1 93558 10960 | 9O
0 99984 40186 I 24721 12154 0 00561 92362 89 12 1 91407 46394 | 89
0 99937 61319 I 24698 51964 | 0 01123 36482 88 23 1 89256 81828 | 88
0 99859 65127 1 24660 88048 0 01683 84106 87 37 1 87106 17261 | 87
0 99750 54487 1 24608 24999 0 02242 89646 86 50 1 84955 52695 | 86
0 99610 33424 I 24540 69243 | © 02799 96670 | 86 2 1 82804 88129 | 85
0 99439 07108 | I 24458 29027 | 0 03354 64884 | 85 14 I 80654 23563 | 84
0 99236 81849 I 24361 14410 | O 03906 43123 | 84 26 1 78503 58997 | 83
0 99003 65093 I 24249 37250 | © 04454 82835 | 83 39 I 76352 94430 | 82
0 98739 65416 1 24123 11192 0 04999 35367 82 51 1 74202 29864 | 81
0 98444 92517 1 23082 51648 | © 05539 51961 82 3 I 72051 65298 | 80
0 98119 57210 1 23827 75779 0 06074 83740 81 14 I 69901 00732 | 79
0 97763 71417 1 23659 02476 0 06604 81700 80 26 1 67750 36165 | 78
0 97377 48160 | 1 23476 52334 | 0 07128 96708 | 79 37 1 65599 71599 | 77
0 96961 01546 | I 23280 47629 | © 07646 79497 | 78 49 I 63449 07033 | 76
0 96514 46762 I 23071 12287 0 08157 80662 78 o0 1 61298 42467 | 75
0 96038 00059 1 22848 71860 0 08661 50665 77 10 1 50147 77901 | 74
0 95531 78745 1 22613 53491 | © 09157 39836 | 76 2I 1 56997 13334 | 73
0 94996 01167 I 22365 85882 0 00644 98379 | 75 31 T 54846 48768 | 72
0 94430 86698 1 22105 99257 0 10123 76383 74 42 1 52605 84202 | 71
0 93836 55727 1 21834 25328 | 0 10593 23833 | 73 52 I 50545 19636 | 70
0 93213 29639 I 21550 97252 0 11052 90627 | 73 I 1 48394 55069 | 69
0 92561 30802 I 21256 49596 0 11502 26595 72 11 1 46243 90503 | 68
0 91880 82552 I 20951 18289 0 11940 81521 71 20 1 44093 25937 | 67
0 QII72 09173 1 20635 40582 0 12368 035174 | 70 30 I 41942 61371 | 66
0 90435 35883 | I 20309 54999 [ © 12783 47335 | 69 39 1 39791 96805 | 65
0 89670 88815 I 19974 01294 | O 13186 57834 | 68 47 1 37641 32238 | 64
0 88878 94998 | 1 19629 20396 | © 13576 86595 | 67 55 1 35490 67672 | 63
o 88059 82341 I 19275 54368 | 0 13953 83674 | 67 2 I 33340 03106 | 62
0 87213 79612 I 18913 46345 0 14316 99314 | 66 10 I 31189 38540 | 61
0 86341 16420 1 18543 40490 | O 14665 83999 | 65 18 I 29038 73973 | 60
0 85442 23195 1 18165 81935 0 14999 88516 | 64 24 1 26888 09407 | 59
0 84517 31166 1 17781 16727 0 15318 64017 63 30 1 24737 44841 | 58
0 83566 72345 1 17389 91774 0 15621 62095 62 36 1 22586 80275 | 57
0 823590 79506 1 16992 54783 | 0 15008 34859 | 61 42 1 20436 15709 | 56
o 81589 86161 1 16589 54205 | 0 16178 35017 | 60 48 1 18285 51142 | 55
0 80564 26543 I 16181 39175 | O 16431 15064 | 59 52 1 16134 86576 | 54
0 79514 35583 1 15768 59453 0 16666 31878 | 58 56 I 13984 22010 | 53
0 78440 48891 1 15351 65361 0 16883 37818 58 o I 11833 57444 | 52
0 77343 02735 1 14931 07723 | © 17081 89832 | 57 4 1 09682 92877 | 51
0 76222 34019 1.14507 37802 0 17261 45069 56 8 1 07532 28311 | 50
0.75078 80264 | T 14081 07240 | 0.17421 61892 | 55 IO 1 05381 63745 | 49
0 73912 79584 1 13652 67992 0 17562 00006 54 12 I 03230 99179 | 48
0 72724 70671 1 13222 72263 0 17682 20583 53 I3 I 01080 34613 | 47
0 71514 92767 1.12791 72446 0 17781 86395 52 15 0 98929 70046 | 46
ol70283 85652 I 12360 21058 | © 17860 61952 51 17 0 96779 05480 | 45

A(r) D() E(r) [0 Fo r

SMITHSONIAN TABLES



280 ELLIPTIC FUNCTION
K = 2 0347163122, K’ -1 7312451767, E =1.2586796248, E’ =1 4322909693,

r Fo () E(r) D(r) Alr)
0| O 00000 00000 o° o 0 00000 00000 | I 00000 00000 | O 00000 00000
1 0 02260 79479 1 18 0 00862 00346 1 00009 74600 | 0 01712 13223
2| 0 04521 58958 2 35 0 01722 45749 1 00038 97217 | O 03423 80342
3| o0 06782 38437 3 53 0 02579 81795 I 00087 64305 | O 05134 55249
4| 0 09043 17916 5 IO 0 03432 55123 I 00155 69957 | 0 06843 91832
5| O II303 97395 6 28 0 04279 13942 1 00243 05914 | O 08551 43971
6| o 13564 76875 7 45 o 05118 08539 I 00349 61575 | 0 10256 65538
71 o 15825 56354 | © 2 | 0 050947 91769 | I 00475 24006 | O I1959 10390
8| o 18086 35833 10 19 0 06767 19530 I 00619 77962 | O 136358 32373
9 0 20347 15312 11 36 0 07574 51216 1 00783 05901 | O 15353 85318
10| 0 22607 94791 12 52 0 08368 50144 1 00964 88003 | 0 17045 23039
11 0 24868 74270 14 9 0 09147 83960 I 01165 02201 | 0 18731 99332
12| o 27129 53749 | 15 25 0 099II 25013 1 01383 24199 | 0 20413 67975
13 | © 29390 33229 16 40 0 10657 50604 | I 01619 27508 | 0 22089 82730
13| o 31651 12708 | 17 56 | o 11385 43755 | I 01872 83473 | 0 23759 97340
15| 0 33911 92187 [ 19 II 0 12093 92580 | I 02143 61311 | O 25423 65532
16 | o 36172 71666 | 20 25 0 12781 91435 1 02431 28147 | 0 27080 41017
17 | 0 38433 51145 | 21 40 0 13448 40670 | 1 02735 49030 | O 28729 77496
18 0 40694 30624 22 54 0 14092 46901 I 03055 87080 | 0 30371 28656
19 | © 42955 10103 | 24 7 0 14713 23140 | I 03392 03331 | 0 32004 48178
20 | 0 45215 89583 | 25 20 0 15309 88906 | I 03743 56974 | 0 33628 89743
21 0 47476 69062 26 33 0 15881 70288 I 04110 053I4 | O 35244 07031
22 | 049737 48541 | 27 45 0 16427 99989 | I 0449 03831 | 0 36849 53729
23 | o0 51998 28020 | 28 56 0 16048 17327 I 04886 06244 | 0 38444 83538
24 | 0 54250 07499 | 30 8 0 17441 68208 1 05294 64558 | 0 40029 50181
25| o 56519 86978 | 31 18 0 17908 05075 I 05716 29130 | 0 41603 07408
26 | 0 58780 66457 | 32 28 0 18346 86827 I 06150 48720 | 0 43165 09003
27 | O 61041 45937 | 33 38 0 18757 78710 1 06596 70560 | 0 44715 08801
28 0 63302 25418 34 46 0 19140 52188 I 07054 40415 | 0 46253 60691
29 | 0 65563 04895 | 35 55 0 19494 84794 | 1 07523 02647 | 0 47777 18627
30| 067823 84374 | 37 3 0 19820 59959 I 08002 00285 | 0 49288 36645
31| o 70084 63853 | 38 10 0 20117 66827 1 08490 75092 | 0 50785 68872
32| O 72345 43332 | 39 16 0 20386 00053 1 08988 67634 | 0 52268 69541
33| O 74606 22811 | 40 23 0 20625 59591 | I 09495 17358 | 0 53736 93004
34 | © 76867 02290 41 28 0 20836 50468 I 10009 62656 | 0 55189 93747
35| o 79127 81769 | 42 33 0 21018 82554 1 10531 40947 | 0 56627 26408
36 o 81388 61249 43 38 0 21172 70324 1.11059 88749 | 0 58048 45794
37| 0 83649 40728 | 44 41 0 21298 32611 1 11594 41760 | O 59453 06894
38 0 835910 20207 45 45 0 21395 92364 I 12134 34929 | 0 60840 64903
39 | 0 88170 99686 | 46 438 0 21465 76400 1 12679 02542 | 0 62210 75244
40 | 0 90431 79165 [ 47 50 0 21508 15155 | I 13227 78297 | 0 63562 93571
41 | 0 02602 58644 | 48 5I 0 21523 42440 | I 13779 95386 | 0 64896 75812
42 | 094953 38123 | 49 53 0 2I5I1 95200 | .I 14334 86579 | 0 66211 78175
43 | 0 97214 17602 | 50 53 0 21474 13276 | 1 14801 84299 | 0 67507 57177
44 | O 99474 97081 51 53 0 2I410 39170 1 15450 20711 | 0 68783 69663
45 I 01735 76561 | .52 52 0 21321 17818 1 16009 27802 | 0.70039 72833
90-r Fy ¥ G() C(r) B(r)

SMITHSONIAN TABLES















TABLE 0 = b5°

g =0 069042299609032, . ©0 = 0 8619608462, HK = 1.0300875730

B(r) C(r) G(r) ¢ Fy
1 00000 00000 1 32039 64540 | 0 00000 00000 | 90° O 2 03471 53122
0 99984 19155 1 32029 87371 0 00654 66917 8 15 2 01210 73643
0 99936 77261 I 32000 57060 | © 01308 82806 | 88 31 1 98049 94164
0 99857 76238 I 31951 77192 0 01961 96606 87 46 1 96689 14685
0 99747 19280 I 31883 53734 0 02613 57182 87 1 1 94428 35205
0 99605 10861 I 31795 95033 0 03263 13295 86 17 1 92167 55726
0 99431 56720 1 31689 11801 0 03010 13564 85 32 1 89906 76247
0 99226 63864 | 1 31563 17106 | O 04554 06434 | 84 47 1 87645 96768
0 98990 40553 | I 31418 26349 | © 05194 40144 | 84 2 1 85385 17289
0 98722 96302 I 31254 57253 | ©0 05830 62693 | 83 17 I 83124 37810
0 98424 41861 I 31072 29838 0 06462 21812 82 32 1 80863 58331
0 98094 89213 I 30871 66392 0 07088 64934 | 81 46 1 78602 78851
0 97734 51558 | I 30652 91449 | © 07709 39167 | 81 1 I 76341 99372
0 97343 43300 | I 30416 31759 | © 08323 91270 | 80 1I5 I 74081 19893
0 96921 80039 1 30162 16250 | O 08931 67629 | 79 29 I 71820 40414
0 96469 78546 | 1 29890 75994 | O 09532 14240 | 78 43 I 69559 60935
0 95987 56758 1 20602 44173 0 10124 76688 | 77 56 1 67208 81456
0 95475 33753 | T 29297 56032 [ 0 10709 00133 | 77 IO 1 65038 01977
0 94933 29736 1 28976 48840 0 11284 29301 76 23 1 62777 22497
0 94361 66021 1 28639 61840 | O 11850 08473 75 35 1 60516 43018
0 93760 65006 1 28287 36204 | 0 12405 81487 | 74 48 I 58255 63539
0 93130 50161 I 27920 14980 0 12950 91731 74 O 1.55994 84060
0 92471 45998 T 27538 43041 0 13484 82153 | 73 12 1.53734 04581
0 91783 78055 1 27142 67027 0 I4006 95267 | 72 23 1.51473 25102
0 91067 72870 I 26733 35291 0 I4516 73172 71 35 1 49212 45623
0 90323 57961 1 26310 97835 0 15013 57566 | 70 46 I 46951 66144
0 89551 61797 1 25876 06253 0 15496 89777 69 56 I 44690 86665
o 88752 13778 1 25429 13663 0 15966 10790 | 69 7 1 42430 07185
0 870925 44206 | I 24970 74646 | 0 16420 61290 | 68 16 1 40169 27706
0 87071 84265 1 24501 45176 0 16859 81701 67 26 1 37908 48227
0 86191 65988 1 24021 82552 | O 17283 12244 | 66 35 1 35647 68748
0 85285 22237 1.23532 45329 0 17689 92991 65 43 1 33386 89269
0 84352 86672 1 23033 93242 o 18079 63935 64 5I I 31126 09790
0 83394 93726 1 22526 87137 | O 18451 65064 | 63 59 1 28865 30311
0 82411 78578 1 22011 88895 | O 18805 36444 | 63 6 1 26604 50832
o0 81403 77126 1 21489 61356 0 19140 18312 62 12 1 24343 71353
o 80371 25960 I 20960 68240 0 19455 51177 61 19 1 22082 91873
0 79314 62334 | 1 20425 74072 | O 19750 75927 | 60 24 1 19822 12304
0 78234 24136 1 19885 44102 | © 20025 33955 | 59 30 I 17561 32915
0 77130 49868 1 19340 44225 0 20278 67279 | 8 35 1.15300 53436
0 76003 78612 1.18791 40899 | 0.20510 18688 | 57 39 I 13039 73957
0 74854 50007 1 18239 01066 | 0.20719 31885 56 42 1 10778 94478
0 73683 04220 1 17683 92068 0.20905 51650 | 55 46 1 08518 14999
0 72489 81922 1.17126 81567 | 0.21068 24001 | 54 48 1 06257 35519
0 71275 24260 | -1 16568 37461 0.21206 96376*| 53 50 1.03996 56041
0 70039 72833 1 16009 27802 | o0 21321 17818 52 52 1 01735 76561
A(r) D(r) E(r) ¢ F¢

SMITHSONIAN TABLES



282 ELLIPTIC FUNCTION
K =2 1665156475, K’ -1 6857503648, E =1 211056028, E’ = 1.4674622093,

T Fo ¢ E(@) D(r) A(r)
0| ©0 00000 00000 0° o 0O 00000 00000 | I 00000 00000 | O 00000 00000
I 0 02396 12850 1 22 0 01050 21636 I 000I2 58452 | O 01694 24822
2 0 04792 25699 2 45 0 02098 36904 I 00050 32288 | 0 03388 07351
3 0 07188 38549 4 7 0 03142 40274 1 00113 16945 | O 05081 05279
4| © 09584 51399 5 29 0 04180 27880 I 00201 04822 | O 06772 76275
5 0 11980 64248 6 5I 0 05209 98337 I 00313 85295 | 0 08462 77970
6 | 0 14376 77098 8 13 0 06229 53533 | I 0045I 44723 | O 10150 67944
7 | o 16772 89948 9 35 0 07236 99392 1 00613 66468 | 0 11836 03717
8 | o0 19169 02798 10 56 0 08230 46606 1 00800 309II | O 13518 42734
9| 021565 135647 | 12 17 0 09208 11326 | I OIQII 15480 | O I5I97 42358
10 | 0 23961 28497 13 38 0 10168 15801 I 01245 94672 | 0 16872 59855
II 0 26357 41347 14 58 o0 11108 88976 I 01504 40088 | 0 18543 52386
12 0 28753 54197 16 18 0 12028 67034 1 01786 20463 | 0 20209 76999
13 | 0 31149 67046 17 38 0 12925 93879 I 02091 01701 | O 21870 90619
14 | 0 33545 79896 | 18 57 0 13799 21563 1 02418 46923 | 0 23526 50037
15 | O 3594I 92746 | 20 16 0 14647 10652 1 02768 16504 | 0 25176 II9II
16 | 0 38338 05595 | 21 35 0 15468 30530 1 03139 68120 | 0 26819 32750
17 0 40734 18445 22 53 0 16261 59647 I 03532 56803 | 0 28455 68916
18 0 43130 31295 24 10 0 17025 85702 I 03946 34991 | O 30084 76617
19 | 0 45526 44145 | 25 26 0 17760 05773 I 04380 52583 | 0 31706 11903
20 0 47922 56994 26 42 0 18463 26382 1 04834 57003 | O 33319 30665
21 | 0 50318 69844 | 27 58 0 19134 63517 I 05307 93260 | O 34923 88634
22 | 0 52714 82694 | 29 13 0 19773 42593 I 05800 04010 | O 36519 41381
23 0 55110 95544 | 30 27 0 20378 98371 1 06310 29632 | O 38105 44318
24 | 0 57507 08393 31 41 0 20950 74827 I 06838 08291 | 0 39681 52701
25 0 59903 21243 32 54 0 21488 24988 1 07382 76019 | O 41247 21633
26 0 62299 34093 34 7 0 21991 10718 I 07943 66784 | 0 42802 06069
27 0 64695 46942 | 35 18 0 22459 02484 I 08520 12575 | O 44345 60826
28 0 67091 59792 36 29 0 22891 79082 1 09III 43480 | 0 45877 40585
29 | 069487 72642 | 37 39 0 23289 27342 1 09716 87771 | O 47396 99905
30 | 0 71883 85492 | 38 49 | 0 23651 41807 | I 10335 71989 | O 48903 93230
31 | 074279 98341 | 39 58 0 23978 24399 I 10967 21031 | O 50397 74905
32 0 76676 11191 41 6 0 24269 84060 I 11610 58243 | 0 51877 99184
33 | 0 79072 24041 | 42 13 0 24526 36394 I 12265 05510 | O 53344 20249
34 | O 81468 36890 [ 43 =20 0 24748 03283 1 12929 83350 | O 54795 92224
35 0 83864 49740 | 44 26 0 24935 12513 I 13604 11010 | O 56232 69I1QI
36 0 86260 62590 [ 45 3I 0 25087 97387 I 14287 06563 | 0 57654 03212
37 | 088656 75440 | 46 33 0 25206 96336 | I 14977 87007 | O 59059 54347
38 | o0 91052 88289 | 47 39 0 25292 52540 I 15675 68364 | 0 60448 70673
39 | 093449 01139 | 48 42* | 0 23345 13545 | I 16379 65783 | 0 61821 08313
40 | 095845 13989 | 49 44 0 25365 30884 | I 17088 93642 | O 63176 21451
41 0 98241 26838 50 45 0 25353 59713 1 17802 65652 | O 64513 64364
42 I 00637 39688 51 46 0 25310 58450 I 18519 94959 | 0 65832 91446
43 | 103033 52538 | 52 46 | 0 25236 88429 | I 19239 94253 | O 67133 57232
44 | 105429 65388 | 53 45 | ©0 25133 13558 | I 19961 75873 | O 68415 16433
45 1 07825 78237 54 44 0 25000 00000 1 20684 51910 | 0 69677 23959
90-1, Fy ¥ G(r) C(r) B(r)

SMITHSONIAN TABLES



TABLE 6 = 60° 283
q = 0.086795733702195, OO0 =0 8285168980, HK =1 0903895588

B(r) C(r) G(r) ¥ Fy¢ 90-r
1 00000 00000 I 41421 35624 | O 00000 00000 | 90° o 2 15651 56475 | 90
0 99983 87925 | I 41408 70799 | 0 00746 45017 | 89 19 2 13255 43625 | 89
099935 52434 | 1 41370 77878 | 0 01492 38646 | 88 38 2 10859 30775 | 88
0 99854 95732 I 41307 61515 | 0 02237 29430 | 87 57 2 08463 17926 | 87
0 99742 21491 I 41219 29466 | o 02980 65777 | 87 16 2 06067 05076 | 86
0 99597 34843 | I 41105 92570 | ©0 03721 95889 | 86 35 2 03670 92226 | 85
0 99420 42378 | 1 40967 64744 | © 04460 67701 | 85 53 2 01274 79377 | 84
0 992II 52135 1 40804 62958 | o 05196 28815 | 85 1II 1 98878 66527 | 83
0 98970 73588 1 40617 07222 0 05028 26440 | 84 29 I 96482 53677 | 82
0 98698 17641 I 40405 20551 0 06656 07336 | 83 47 I 94086 40827 | 81
0 98393 96610 | I 40169 28947 | © 07379 17757 | 83 5 I 91690 27978 | 80
0 98058 24210 I 39909 61356 0 08097 03401 82 23 I 89294 15128 | 79
0 97691 15541 1 39626 49639 o 08809 09364 81 41 1 86898 02278 | 78
0 97292 87065 1 39320 28531 0 09514 80095 80 58 1 84501 89429 | 77
0 96863 56591 I 380991 35592 | © 10213 59353 | 80 15 1 82105 76579 | 76
0 96403 43250 1 38640 11169 | © 10904 90175 [ 79 32 I 79709 63729 | 75
0 95912 67478 | 1 38266 98339 | 0 11588 14840 78 49 I 77313 50879 | 74
0 95391 50985 | 1 37872 42853 | O 12262 74837 | 78 3 I 74917 38030 | 73
0 94840 16738 I 37456 93090 0 12028 10844 77 21 I 72521 25180 | 72
0 94258 88926 1 37020 99983 0 13583 62697 76 37 1 70125 12330 | 71
0 93647 92941 I 36565 16965 | O 14228 69378 [ 75 53 I 67728 99480 | 70
0 93007 55342 I 36089 99899 0 14862 68991 75 8 I 65332 86631 | 69
0 92338 03829 I 35596 07006 | O 15484 98749+ 74 23 I 62936 73781 | 68
0 91639 67210 1 35083 98797 | ©O 16094 94967 | 73 37 I 60540 60931 | 67
0 90912 75372 I 34554 37995 | © I669I 93054 | 72 5I I 58144 4808z | 66
0 90157 59245 1 34007 89457 | © 17275 27505 | 72 5 1.55748 35232 | 65
0 89374 50771 | I 33445 20094 | ©O 17844 31913 | 71 18 I 53352 22382 | 64
o 88563 82868 1 32866 98789 | 0 18398 38964 | 70 30 I 50956 09532 | 63
o 87725 89396 I 32273 96308 0 18936 80462 69 42 I 48559 96683 | 62
0 86861 05122 I 31666 85215 0 19458 87340 | 68 54 I 46163 83833 | 61
0 85969 65682 1 31046 39783 | 0 19963 89691 68 5 1 43767 70983 | 60
0 85052 07549 1 30413 35808 0 20451 16802 67 .16 I 41371 58134 | 59
0 84108 67990 I 29768 50969 | O 20919 97204 | 66 26 1 38975 45284 | 58
0 83139 85036 1 29112 63832 0 21369 58722 65 36 1 36579 32434 | 57
0 82145 97438 1 28446 54650 | 0 21799 28546 | 64 45 I 34183 19584 | 56
O 81127 44636 1 27771 04815 | 0 22208 33313 | 63 53 1 31787 06735 | 55
0 80084 66719 1 27086 96850 | © 22595 99196 | 63 I I 20390 93885 | 54
0 79018 04386 1 26395 14305 | O 22961 52018 62 9 I 26994 81035 | 33
0 77927 98915 1 25696 41655 | O 23304 17372 61 1I§ 1 24598 68185 | 52
0 76814 92120 I 24991 64194 | O 23623 20761 60 21 -1 22202 55336 | 51
0 75679 26317 1 24281 67937 | ©O 23917 87758 | 59 27 1.10806 42486 | 50
0 74521 44290 | I 23567 39504 | © 24187 44177 | 58 32 I 17410 29636 | 49
0 73341 89253 1 22849 66025 | O 24431 16265 | 57 36 1 15014 16787 | 48
0.72141 04816 I 22129 35025 0 24648 30908 56 39 I 12618 03937 | 47
0 70919 34952 I 21407 34320 | O 24838 15864 | 55 42 1.10221 91087 | 46
0 69677 23959 I 20684 5IQIO | 0.25000 00000 | 54 44 1 07825 78237 | 45

A(r) D(r) E(r) 0] Fo r

SMITHSONIAN TABLES



284 ELLIPTIC FUNCTION
K - 23087867982, K’ -1.6489952185, E =1.1638279645, E’ =1 4981149284,

r Fo ¢ E(r) D(r) A(r)
0| 0 00000 00000 0° o 0 00000 00000 | I 00000 00000 | O 00000 00000
1 0 02565 31866 1 28 0 0I271 71437 I 00016 31607 | O 01667 62945
2 0 05130 63733 2 56 0 02540 65870 1 00065 24464 | 0 03334 89266
3 0 07695 95599 4 24 0 03804 07622 1 00146 72698 | 0 05001 42309
4| 0 10261 27466 5 52 0 05059 23651 1 00260 66524 | 0 06666 85367
5| 0 12826 59332 7 20 0 06303 44839 I 00406 92257 | 0 08330 81651
6| o0 15391 91199 8 47 0 07534 07235 | 1 00585 32333 | O 09992 94260
7 | © 17957 23085 10 14 0 08748 53252 1 00795 65320 | 0 11652 86159
8 0 20522 54932 11 41 0 09944 32800 1 01037 65954 | O I33I0 20150
9 | o 23087 86798 13 8 0 IIIIQ 04341 I OI3II 05159 | O 14964 58850
10 | 0 25653 18665 14 34 0 12270 35875 1 01615 50083 | O 16615 64662
11 0 28218 50531 16 0 0 13396 05824 I 0I950 64139 | 0 18262 99754
12 0 30783 82398 17 25 0 14494 03827 I 02316 07042 | O 19906 26038
13 0 33349 14264 18 50 0 15562 31436 I 02711 34860 | O 21545 05144
14 | O 35914 46131 20 14 0 16599 02705 I 03136 00060 | 0 23178 98405
15 0 38479 77997 | 21 38 0 17602 44678 1 03589 51569 [ 0 24807 66833
16 | 0 41045 09864 | 23 I 0 18570 97766 1 04071 34825 | 0 26430 71105
17 0 43610 41730 | 24 23 0 19503 16024 1 04580 91848 | 0 28047 71545
18 0 46175 73596 25 44 0 20397 67323 I 05117 61304 | 0 29658 28110
19 0 48741 05463 | 27 4 0 21253 33427 1 05680 78572 | 0 31260 00376
20 | 0 51306 37329 | 28 24 0 22069 00968 1 06269 75825 | 0 32858 47528
21 0 53871 69196 | 29 43 0 22844 06338 1 06883 82109 | 0 34447 28350
22 0 56437 01062 | 3I I o O 23577 45496 I 07522 23418 | 0 36028 01217
23 | 0 59002 32929 | 32 I9 0 24268 63696 1 08184 22789 | 0 37600 24088
24 | 0 61567 64795 33 36 0 24917 I0I5I I 08869 00386 | 0 39163 54503
25 | 0 64132 96662 | 34 52 0 23522 46626 | I 09575 73598 | 0 40717 49584
26 | 0 66698 28528 36 7 0 26084 46988 I 10303 57129 | O 42261 66028
27 0 609263 60395 37 21 0 26602 96698 I II051 63106 | O 43795 60117
28 0 71828 92261 38 34 0 27077 92271 1 11819 01175 | O 45318 87717
29 0 74394 24127 39 46 0 27509 40704 I 12604 78613 | 0 46831 04285
30 | 0 76959 55994 | 40 38 0 27897 58872 | I 13408 00433 | 0 48331 64880
31 0 79524 87860 | 42 9 0 28242 72920 1 14227 69496 | 0 49820 24170
32 0 82090 19727 43 18 0 28545 17629 1 15062 86634 | 0 51296 36449
33 | 0 84655 51593 | 44 26 0 28805 35786 | I I59I2 50752 | O 52759 55647
34 | 0 87220 83460 | 45 34 0 29023 77551 I 16775 58964 | 0 54209 35352
35 0 89786 15326 | 46 41 0 20200 99830 I 17651 06705 | O 55645 28823
36 | 0 92351 47193 | 47 47 0 20337 65659 | I 18537 87860 | 0 57066 89018
37 | 094916 79059 | 48 52 0 29434 43597 T 19434 94887 | 0 58473 68614
38 0 97482 10926 | 49 56 0 20492 07141 I 20341 18951 | O 59865 20033
39 I 00047 42792 | 350 59 0 295IT 34159 | I 2I255 50050 | O 61240 95465
40 I 02612 74659 | 52 1 0 29493 06347 I 22176 77148 | 0 62600 46907
41 I 05178 06525 | 53 2 0 29438 08705 I 23103 88308 | 0 63943 26185
42 | 107743 38392 | 54 2 0 29347 29047 | I 24035 70830 | 0 65268 84992
43 I 10308 70258 55 I 0 209221 57532 1.24971 11383 | 0 66576 74922
44 I 12874 02125 56 o 0.29061 86227 1 25908 96145 | 0 67866 47507
45 1.15439 33991 | 56 58 0 28869 08691 I 26848 10938 | 0 69137 54254
90-r Fy 1/ G(r) C(r) B(r)

SMITHSONIAN TABLES



TABLE 6 = 65°
g = 0 106064020185994, © 0 = 0 7881449667, HK =1 1541701350
B() C(r) G(r) ¥ b2
I 00000 00000 I 53824 62687 | 0 00000 00000 | 90° O 2 30878 67982
0 99983 41412 I 53808 15440 0 00834 87781 88 23 2 28313 36115
0 99933 66526 I 53758 75740 | © 01669 26008 [ 88 46 2 25748 04249
0 99850 77970 I 53676 49688 0 02502 65041 88 o 2 23182 72382
0 99734 80125 | I 53561 47447 | © 03334 55075 | 87 32 2 20617 40516
0 99585 79109 I 53413 83232 0 04164 46052 86 54 2 18052 08649
0 99403 82778 I 53233 75281 0 04991 87582 86 16 2 15486 76783
0 99189 00707 I 53021 45843 0 05816 28853 85 38 2 120921 44916
0 98041 44182 1 52777 21140 0 06637 18564 85 o 2 10356 13050
0 98661 26176 1 52501 31340 0 07454 04819 84 22 2 07790 81184
0 98348 61339 1 52194 10514 0 08266 35068 83 44 2 05225 49317
0 98003 65970 1 51855 96596 0 09073 56016 83 6 2 02660 17451
0 97626 57996 | 1 51487 31329 | ©0 09875 13547 | 8z 27 2 00094 85584
0 97217 56947 I 51088 60218 0 10670 52642 81 48 I 97529 53718
0 96776 83924 1 50660 32466 0 11459 17308 81 9 I 94964 21851
0 96304 61576 1 50203 00916 0 12240 50500 80 30 1.92398 89985
0 95801 14060 1 49717 21977 0 13013 94047 79 50 1.80833 58118
0 95266 67013 I 49203 55559 0 13778 88583 79 IO 1.87268 26251
0 94701 47511 | 1 48662 64993 | © 14534 73477 | 78 30 1.84702 94385
0 94105 84035 1 48095 16947 0 15280 86769 77 49 1.82137 62519
0 93480 06429 I 47501 81348 0 16016 65105 77 8 1.79572 30652
0 92824 45859 I 46883 31288 0 16741 43683 76 26 1 77006 98786
0 92139 34772 1 46240 42933 | 0 17454 56190 | 75 44 I 74441 66919
0 91425 06851 T 45573 95424 | ©0 18155 34763 75 2 1.71876 35053
0 90681 96968 I 44884 70781 o0 18843 09933 74 19 1 69311 03186
0 89910 41140 | I 44173 53793 | © I95I7 10594 | 73 36 I 66745 71320
0 89110 76479 1 43441 31916 0 20176 63966 72 52 I 64180 39453
o 88283 41144 1 42688 95162 0 20820 95570 72 8 1 61615 07587
0 87428 74294 | I 41917 35981 | O 21449 292II | 7I 23 I 59049 75721
o 86547 16034 1.41127 49149 0 22060 86968 70 37 1 56484 43854
0 85639 07366 I 40320 31647 o 22654 89197 69 5I I 53919 11988
0 84704 90138 I 39496 82541 0 23230 54536 69 4 I 51353 80121
0 83745 06991 1 38658 02852 0 23786 99932 68 17 1 48788 48255
o0 82760 01310 1 37804 95440 0 24323 40676 67 29 1 46223 16388
o 81750 17168 1 36938 64865 0 24838 90447 66 41 1 43657 84522
o 80715 99276 I 36060 17261 0 25332 61379 65 52 I 41092 52655
0 79657 92934 1 35170 60205 0 25803 64133 65 2 1 38527 20789
0 78576 43973 1 34271 02582 0 26251 08001 64 11 I 35961 88922
0 77471 98708 1 33362 54449 | © 26674 01012 | 63 20 T 33396 57055
0 76345 03889 I 32446 26900 0 27071 50065 62 28 I 30831 25189
0 75196 06646 I 31523 31927 | O 27442 61086 | 61 35 1.28265 93322
O 74025 54443 1 30594 82284 | © 27786 39198 60 41 I 25700 61456
0 72833 95027 1 29661 91348 o 28101 88920 59 46 I 23135 29589
0 71621 76383 1 28725 72976 0 28388 14388 58 51 1 20569 97723
0 70389 46686 1 27787 41372 0 28644 19600 57 55 1 18004 65856
0 69137 54254 | I 26848 10038 | o 28869 08691 | 56 58 I 15439 33991
A(r) D(r) E(r) ¢ F¢

SMITHSONIAN TABLES



286 ' ELLIPTIC FUNCTION
K - 2 5045500790, K’ -1 6200258991, E =1.1183777380, E’=~1 5237992053,

T Fo o E(r) D(r) A(r)
0| © 00000 00000 0° o O 00000 00000 | I 00000 00000 | O 0O00O 00000
1| o 02782 83342 1 36 0 0I539 55735 1 00021 42837 | 0 01627 42346
2 0 05565 66684 3 II 0 03075 31429 1 00085 68806 | 0 03254 56619
3| 0 08348 50026 4 47 0 04603 49252 1 00192 70294 | O 04881 14698
4 0.1113I 33368 6 22 0 06120 35769 1 00342 34614 | O 06506 88358
5| o 13914 16710 7 57 0 07622 24069 I 00534 44028 | 0 08131 49227
6 | 0 16697 00053 9 32 0 09105 53815 1 00768 75763 | 0 09754 68734
7| 0 19479 83395 11 6 0 10566 83193 I 01045 02032 | O 11376 18057
8 0 22262 66737 12 40 0 12002 70732 I 01362 90072 | O 12995 68083
9 | 0 25045 50079 14 13 0 13409 96984 | 1 oI722 02172 | O 14612 89355
10 | 0 27828 33421 15 46 0 14785 56040 I 02121 95717 | O 16227 52029
11 | 0 306II 16763 17 18 0 16126 58874 | 1 02562 23237 | 0 17839 25828
12 0 33394 00105 18 50 0 17430 34501 1 03042 32454 | O 19447 80006
13 0 36176 83447 | 20 20 0 18694 30948 I 03561 66341 | O 21052 83297
14 | 0 38959 66790 | 21 50 0 19916 16028 1 04119 63185 | O 22654 03885
15 0 41742 50132 | 23 20 0 21093 77918 1 04715 56657 | O 24251 09363
16 | © 44525 33474 | 24 48 0 22225 25549 | I 05348 75877 | O 25843 66697
17 | 0 47308 16816 | 26 16 0 23308 88806 I 06018 45500 | O 27431 42196
18 0 5009I 00158 27 42 0 24343 18557 1 06723 85795 | O 20014 01480
19 0 52873 83500 | 29 8 0 25326 86498 1 07464 12734 | O 30591 09453
20 | 0 55656 66842 30 32 0 26258 84862 1 08238 38086 | 0 32162 30277
21| o0 58439 50184 | 31 56 | 0 27138 25968 | 1 09045 69513 | O 33727 27349
22 0 61222 33526 | 33 18 0 27964 41653 1 09885 10673 | 0 35285 63285
23 0.64005 16869 | 34 40 0 28736 82581 1 10755 61330 | O 36836 99898
24 | 0 66788 00211 36 o0 0 29455 17462 1 11656 17464 | 0 38380 98186
25 | 0.69570 83553 | 37 I9 0 30119 32185 | I 12585 71388 | 0 39917 18323
26 | 0 72353 66895 [ 38 37 0 30720 28884 | 1 13543 11869 | O 41445 19649
27 | o0 75136 50237 | 39 54 0 31285 24953 | I 14527 24256 | O 42964 60668
28 | o 77919 33579 | 41 10 0 31787 52022 | I 15536 90607 | O 44474 99043
29 0 80702 16921 42 24 0 32236 54911 1 16570 89825 | 0 45975 91601
30 | 0 83485 00263 | 43 38 0 32632 90569 | I 17627 97795 | O 47466 94339
31 0 86267 83605 44 50 0 32977 27014 1 18706 87529 | 0 48947 62428
32 | 0 89050 66948 | 46 1 0 33270 42283 1 19806 20307 | O 50417 50229
33 | 0 91833 50290 | 47 II 0 33513 23398 1 20924 90830 | 0 51876 11309
34 0 94616 33632 48 20 0 33706 65364 1 22061 37375 | O 53322 98456
35| © 97399 16974 | 49 27 0 33851 70104 | 1 23214 31946 | O 54757 63701
36 | 1 00182 00316 | 50 34 0 33949 45975 1 24382 35438 | 0 56179 58348
37 | 1 02964 83658 | 51 39 0 34001 05978 | 1 25564 06798 | 0 57588 32996
38 I 05747 67000 52 43 0 34007 67814 1 26758 03194 | 0 58083 37576
39 | 1083530 50342 | 53 46 | ©0 33970 52640 | 1 27962 80178 | O 60364 21381
40 | 1 11313 33684 | 54 48 0 33890 84414 | 1 29176 91861 | 0 61730 33109
41 1 14096 17027 55 49 0 33769 89203 1 30398 91085 | 0 63081 20897
42 | 116879 00369 | 56 48 | 0 33608 94543 | I 31627 29599 | O 64416 32373
43 1.19661 83711 57 47 0 33409 28851 1 32860 58237 | 0 65735 14695
44 1.22444 67053 58 44 0 33172 20892 I 34097 27096 | 0 67037 14605
45| 1 25227 50395 | 59 41 0 32808 99283 | T 35335 85717 | O 68321 78479
90-r1| Fy 1Y/ G(r) C(r) B(r)

SMITHSONIAN TABLES



TABLE 6 = 70°

q =0 131061824499868, © 0 = 0 7384664407, HK =1 2240462555

B(r) C(r) G(r) Y Fy
I 00000 00000 | I 70991 35651 0 00000 00000 | 90° o 2 50455 00790
0 99982 71058 1 70969 53883 0 00917 03805 89 27 2 47672 17448
0 99930 85325 I 70904 11308 0 01833 63062 88 55 2 44889 34106
0 99844 46074 I 70795 16110 0 02749 33119 88 22 2 42106 50764
0 99723 58755 | I 70642 81917 | 0 03663 69110 | 87 49 2 39323 67422
0 99568 30984 | T 70447 27784 | 0 04576 25853 | 87 16 2 36540 84079
0 99378 72533 1 70208 78163 | 0 05486 57745 | 86 43 2 33758 00737
0 99154 95309 | I 69927 62875 | 0 06394 18650 | 86 I0 | 2 30975 17395
0 98897 13334 I 69604 17067 0 07298 61798 85 36 2 28192 34053
0 986035 42725 I 69238 81168 | o 08199 39678 | 85 3 2 25400 5071I
0 98280 01661 I 68832 00831 0 09096 03928 | 84 29 2 22626 67369
0 97921 10356 I 68384 26872 0 09988 05231 83 55 2 19843 84027
0 97528 91023 1 67896 15207 0 10874 93206 | 83 2I 2 17061 00685
0 97103 67835 1 67368 26771 0 I1756 16303 82 46 2 14278 17343
0 96645 66885 I 66801 27439 0 12631 21691 82 12 2 11495 34000
0 96155 16144 1 66195 87940 0 13499 55158 81 37 2 08712 50658
0 95632 45409 1 65552 83761 0 14360 60995 81 1 2 05929 67316
0 95077 86259 I 64872 95046 0 15213 81898 80 25 2 03146 83974
0 94491 71996 I 64157 06491 0 16058 58855 79 49 2 00364 00632
0 93874 37597 I 63406 07230 | 0 16894 31044 | 79 I3 I 97581 17290
0 93226 19647 1 62620 90720 0 17720 35729 78 36 1 94798 33948
0 92547 56289 1 61802 54615 0 18536 08158 77 58 1 92015 50606
0 91838 87155 1 60952 00637 0 19340 81461 77 20 1 89232 67264
0 QII00 53304 I 60070 34445 0 20133 86551 76 42 1 86449 83921
0 90332 97156 I 59158 65494 | 0 20914 52034 | 76 3 1.83667 00579
0 80536 62423 1 58218 06891 0 21682 04110 75 23 1 80884 17237
0 88711 94043 | I 57249 75252 | O 22435 66494 | 74 43 1.78101 33895
0 87859 38106 | 1 56254 90544 | O 23174 60328 | 74 2 1 75318 50553
0 86979 41783 | I 55234 75933 | © 23898 o4IIr | 73 2I 1 72535 67211
0 86072 53257 1 54190 57623 0 24605 13624 72 39 1.69752 83869
0 85139 21644 I 53123 64694 | o 25295 01875 71 56 1.66970 00527
0 84179 96923 I 52035 28933 0 25966 79043 71 13 1.64187 17185
0 83195 29861 1 50926 84668 0 26619 52443 70 29 1.61404 33842
0 82185 71938 I 49799 68595 | 0 27252 26492 69 44 I 58621 50500
o 81151 75269 I 48655 19601 0 27864 026097 68 159 1.55838 67158
0 80093 92537 | I 47494 78592 | o0 28453 79654 | 68 12 1 53055 83816
0 79012 76914 I 46319 88308 | o0 29020 53069 | 67 25 1.50273 00474
0 77908 81986 I 45131 93148 0 29563 15786 66 37 I 47490 17132
0 76782 61683 I 43932 38985 | o0 30080 57852 65 48 1.44707 33790
0 75634 70207 1 42722 72983 | 0 30571 66593 | 64 59 1.41924 50448
0 74465 61957 I 41504 43413 | O 31035 26720 | 64 8 1.39I4I 67106
0 73275 91466 I 40278 99470 | 0 31470 20462 63 17 1.36358 83763
0 72066 13327 1 39047 91083 o 31875 27727 62 24 1.33576 00421
0 70836 82126 1 37812 68735 0 32249 26298 61 31 1 30793 17079
0 69588 52382 I 36574 83271 0 32500 92064 | 60 36 1.28010 33737
0.68321 78479 | 1 35335 85717 | 0.32898 99283 | 59 41 I 25227 50395
Alr) D(r) , E(r) ) F¢

SMITHSONIAN TABLES



288" ELLIPTIC FUNCTION
K = 2 7680631454 — K’/3, K’ =1 5981420021, E =1 076405113, E’' =1 5441504969,

r Fo ¢ E(r) D(r) Alr
0| ©0 00000 00000 0° o 0 00000 00000 | I 00000 00000 | O 00000 00000
I | 0 03075 62572 1 46 0 01878 71553 | I 00028 90226 | 0 01564 67728
2| o0 06I5I 25143 3 37 0 03752 01201 1 00115 57568 | 0 03129 20711
3| o0 09226 87715 5 17 0 05614 50985 I 00259 92025 | 0 04693 44040
4| 0.12302 50287 7 2 0 07460 90790 | 1 00461 76935 | 0 06257 22754
5| 0.15378 12859 8 47 0 09286 02109 1 00720 88997 | 0 07820 41558
6| 0.18453 75430 | 10 3I o0 11084 81632 | I 01036 98288 | 0 09382 84843
7| o0 21529 38002 | 12 I5 0 12852 44620 | I 01409 68295 | O 10944 36574
8 | 0 24605 00574 13 58 0 14584 27986 I 01838 55946 | 0 12504 80220
9 0 27680 63145 15 40 0 16275 93073 1 02323 11658 | 0 14063 98665
10| o 30756 25717 | 17 22 0 17923 28093 I 02862 79374 | 0 15621 74137
11 0 33831 88289 19 3 0 19522 50184 I 03456 96626 | 0 17177 88130
12 o0 36907 50860 20 43 0 21070 07095 I 04104 94593 | 0 18732 21327
13 0 39983 13432 22 22 0 22562 78479 1 04805 98163 | 0 20284 53538
14 | 0 43058 76004 | 23 59 0 23997 76797 1 05559 26010 | 0 21834 63622
15 | o 46134 38576 | 25 36 0 25372 47838 I 06363 90673 | 0 23382 29430
16 | 0 49210 01147 | 27 I2 0 26684 70884 | 1 07218 98642 | 0 24927 27739
17 | o0 52285 63719 28 46 0 27932 58519 I 08123 50446 | 0 26469 34194
18 0 55361 26291 30 19 0 29114 56129 I 09076 40755 | © 28008 23255
19 | o 58436 88862 | 31 50 0 30229 41110 | I 10076 58484 | 0 29543 68145
20| o0 61512 51434 | 33 21 0 31276 21816 1 11122 86903 | O 31075 40803
21 0 64588 14006 34 50 0 32254 36297 1 12214 03756 | 0 32603 11842
22 | o 67663 76577 | 36 17 0 33163 50828 I 13348 81382 | 0 34126 50509
23 | 0 70739 39149 | 37 43 0 34003 58309 | I 14525 86847 | 0 35645 24653
24| o 73815 01721 | 39 8 0 34774 76532 I1.15743 82078 | 0 37159 00694
25| 0 76890 64293 | 40 3I 0 35477 46364 | 1 17001 24008 | 0 38667 43599
26 | 0 79966 26864 | 41 52 0 36112 29881 1 18296 64722 | 0 40170 16862
27| o 83041 89436 | 43 12 0 36680 08467 1 19628 51612 | 0 41666 82489
28 | o 86117 52008 | 44 31 o 37181 80918 1 20995 27538 | 0 43157 00988
29 | o0 89193 14579 | 45 48 0 37618 61563 1 22395 30995 | O 44640 31361
30 | 0 92268 77151 47 3 0.37991 78428 1 23826 96285 | 0 46116 3IIIO
31| 095344 39723 | 48 18 0 38302 71460 | 1 25288 53692 | 0 47584 56238
32 0 98420 02294 | 49 30 0 38552 90817 1 26778 29672 | 0 49044 61259
33| 1 01495 64866 | 50 4I 0 38743 95246 | I 28294 47038 | 0 50495 99214
34 | 1 04571 27438 | 5T 51 0 38877° 50552 | I 20835 25154 | 0 51938 21695
35 1 07646 goOIO | 52 59 0 38955 28159 1 31398 80140 | 0 53370 78866
36| 1 10722 52581 | 54 5 0 38979 03785 | I 32983 25072 | O 54793 19494
37| 1 13798 15153 | 55 10 | O 38950 56204 | I 34586 70195 | 0 56204 90989
38| 1 16873 77725 | 56 14 0 38871 66125 1 36207 23140 | 0 57605 39442
39 | 1 19949 40296 | 57 16 0 38744 15171 1 37842 89138 | 0 58994 09669
40 | 1 23025 02868 | 58 17 0 38569 84955 I 39491 71251 | 0 60370 45267
41 1 26100 65440 59 17 0 38350 56260 I 41151 70596 | 0 61733 88663
42 | I 29176 28011 60 15 0 38088 08305 I 42820 86579 | 0 63083 81179
43 1 32251 90583 6r 12 0 37784 18107 I 44497 17132 | 0 64419 63092
44 | 1 35327 53155 | 62 8 0 37440 59923 1 46178 58952 | 0 65740 73705
45| 1 38403 15727 | 63 2 0 37059 04774 | 1 47863 07744 | 0 67046 51423
90-r Fy 2 G(x) C() B(r)

SMITHSONIAN TABLES



TABLE 6 =175°
g = 0 163033534821580, © 0 = 0 6753457533, HK = 1.3046678096
B() C(r) G(r) 2 Fy
I 00000 00000 I 96563 05108 | 0 00000 00000 | 90° O 2 76806 31454
0 99981 60886 I 96533 12951 0 00989 91720 | 89 33 2 73730 68882
0 99926 44975 | I 96443 40309 | 0 0I979 47043 | 89 5 2 70655 06310
0 99834 56552 | I 96293 98674 | ©0 02968 29453 | 83 38 2 67579 43738
0 99706 02753 1 96085 07176 0 03956 02195 88 10 2 64503 81167
0 99540 93546 | 1 95816 92561 | 0 04942 28154 | 87 43 2 61428 18595
0 99339 41714 | I 95489 89147 | ©0 05926 69738 | 87 13 2 58352, 56023
0 99I0I 62829 I 95104 38778 0 06908 88752 86 47 2 55276 93451
0 98827 75221 1 94660 90763 0 07888 46278 86 19 2 52201 30880
0 98517 99940 1 94160 01803 0 08865 02550 85 5I 2 49125 68308
0 98172 60720 I 93602 35909 | O 09838 16828 | 85 22 2 46050 05736
0 97791 83923 | I 92988 64309 | © 10807 47268 | 84 54 2 42974 43165
0 97375 98498 | I 92319 65349 | © 11772 50798 | 84 25 2 39898 80593
0 96925 35914 I 91596 24373 0 12732 82981 83 55 2 36823 18021
0 06440 30106 | I 90819 33609 | © 13687 97883 | 83 26 2 33747 55450
0 95921 17405 1 89989 92030 | © 14637 47936 82 56 2 30671 92878
0 95368 36468 1 89109 05214 | © 15580 83802 82 25 2 27596 30306
0 94782 28200 1 88177 85195 0 16517 54225 81 55 2 24520 67734
0 94163 35686 1 87197 50301 0 17447 05894 81 24 2 21445 05163
0 93512 04092 I 86169 24991 0 18368 83293 | 80 52 2 18369 42591
0 92828 80593 I 85004 39670 | 0 19282 28550 | 80 20 2 15293 80019
0 92114 14274 1 83974 30516 0 20186 81203 79 48 2.12218 17448
0 91368 356040 1 82810 39279 0 21081 78488 79 15 2 09142 54876
0 90592 58521 1 81604 13089 [ 0 21966 54291 78 41 2 06066 92304
o 89786 75972 | I 80357 04247 | 0 22840 39837 | 78 7 2 02991 29733
0 88951 64174 | 1 79070 70015 | © 23702 63334 | 77 32 1 99915 67161
0 88087 80328 1 77746 72401 0 24552 49406 | 76 56 I 96840 04589
0 87195 82952 | I 76386 77929 | ©0 25389 19433 | 76 20 I 93764 42017
0 86276 31773 | I 74992 57419 | ©0 26211 9II147 | 75 43 I 90688 79446
o 85329 87622 1 73565 85746 | 0 27019 78524 | 75 6 I 87613 16874
0.84357 12322 1 72108 41609 o0 27811 91636 74 27 I 84537 54302
o 83358 68580 1 70622 07286 | 0 28587 36500 | 73 48 I 81461 91731
0 82335 19876 1 69108 68389 0 29345 14936 73 8 1 78386 29159
o 81287 30353 1.67570 13618 0 30084 24433 72 28 I 75310 66587
0 80215 64710 1 66008 34507 | ©0.30803 58026 | 71 46 I 72235 04016
o 79120 88085 1 64425 25175 | © 31502 04176 71 4 I 69159 41444
o 78003 65955 1 62822 82065 0 32178 46673 70 20 1 66083 78872
0 76864 64021 1 61203 03692 | 0 32831 64547 | 69 36 1 63008 16300
0 75704 48103 | 1 59567 90385 | © 33460 32006 | 68 50 I 59932 53729
0 74523 84036 | I 57919 44025 | ©0.34063 18384 | 68 4 I 56856 91157
0 73323 37566 | 1 56259 67789 | 0.34638 88130 | 67 16 1 53781 28585
0 72103 74248 I 54590 65890 | O 35186 00808 66 28 1 50705 66014
0 70865 59347 | 1 52914 43320 | O 35703 11148 | 65 38 1 47630 03442
0 69609 57739 | 1 51233 05588 | © 36188 69115 | 64 47 I 44554 40870
0.68336 33823 | I 49548 58469 | 0 36641 20039 | 63 55 1 41478 78299
0.67046 51423 | 1.47863 07744 | © 37059 04774 | 63 2 1 38403 15727
Ar) D) E() ¢ Fo

SMITHSONIAN TABLES



290 ELLIPTIC FUNCTION
K -3 1633852519, K’ -1.5828428043, E -1 0401143957, E'=1 5888871966,

T Fo¢ ¢ E(r) D(r) A(r)
o | © 00000 00000 0° o 0 00000 00000 I 00000 00000 | O 00000 00000
I 0 03503 76139 2 0 0 02346 68886 1 00041 13182 | O 01460 06854
2 0 07007 32278 4 I 0 04685 05457 1 00164 48264 | 0O 02920 20956
3| o 1o311 28417 6 1 0 07006 85417 1 00369 91860 | O 04380 49412
4| o0 14015 04556 8 o 0 09304 00333 1 00657 21668 | 0 05840 99043
5 0 17518 80695 9 59 0 11568 65173 1 01026 06485 | O 07301 76251
6| o 21022 56835 11 58 0 13793 25363 I 01476 06225 | 0 08762 86871
7 0 24520 32974 13 55 0 15970 63263 1 02006 71948 | 0 10224 36040
8 | o 28030 09113 15 52 0 18094 03901 1 02617 45886 | 0 11686 28061
9| 0 31533 85252 17 47 0 20157 19949 1 03307 61484 | 0 13148 66263
10 | O 35037 61391 19 41 0 22154 35813 1 04076 43440 | O 14611 52882
I 0 38541 37530 21 34 0 24080 30831 I 04923 07759 | O 16074 88922
12 0 42045 13669 23 26 0 25930 41559 1 05846 61800 | O 17538 74040
13 0 45548 89808 25 16 0 27700 63163 1 06846 04345 | 0 19003 06422
I4 | 0 49052 65947 | 27 4 0 29387 49943 I 07920 25667 | O 20467 82669
15 | 0 52556 42086 | 28 5I 0 30988 15035 1 09068 07598 | 0 21932 97686
16 | 0 56060 18226 | 30 36 0 32500 29380 1 10288 23622 | 0 23398 44577
17 | 0 59563 94365 | 32 20 0 33922 20017 1 11579 38955 | 0 24864 14540
18 0 63067 70504 3¢ I 0 35252 67798 I 12940 10647 | 0 26329 96779
19 | 0 66571 46643 | 35 41 0 36491 04618 1 14368 87684 | 0 27795 78408
20 0 70075 22782 37 18 0 37637 10249 I 15864 IIIOI | O 29261 44375
21 0 73578 98921 38 54 o 38691 08879 I 17424 14105 | O 30726 77376
22 | 0 77082 75060 | 40 28 0 30653 65430 | T 19047 22196 | O 32191 57797
23 | 0 80586 51199 | 41 59 | O 40525 81757 | I 20731 53312 | O 33655 63638
24 0 84090 27338 43 29 0 41308 92784 I 22475 17970 | O 35118 70467
25 0 87594 03477 44 56 0 42004 62655 1 24276 19421 | 0 36580 51367
26 0 91097 79617 46 22 0 42614 80965 1 26132 53814 | 0 38040 76896
27 | 0 94601 55756 | 47 “45 0 43141 39095 1 28042 10369 | O 39499 15050
28 | o0 98105 31895 | 49 7 0 43587 26721 I 30002 71557 | O 40955 31244
29 1.01609 08034 | 50 26 0 43954 28505 I 32012 13294 | O 42408 88287
30 | 1.05112 84173 | 51 44 0 44245 21005 | 1 34068 05139 | O 43859 46375
31 1 08616 60312 | 32 59 0 44462 69813 I 36168 10508 | 0 45306 63090
32 | 1 12120 36451 | 54 12 0 44609 46931 | I 38309 86893 | 0 46749 93405
33 I 15624 12590 | 55 24 0 44688 28304 1 40490 86089 | 0 48188 89699
34 | 1 19127 88729 | 56 33 0 44701 92128 | I 42708 54443 | O 49623 01775
35 I 22631 64868 | 57 41 0 44653 16053 I 44960 33094 | O 51051 76900
36 | 1 26135 41008 | 58 47 | O 44544 76404 | I 47243 58241 | O 52474 59832
37 | I 29639 17147 | §9 5I 0 44379 46284 | I 49555 61410 | 0 53890 92878
38 | 1 33142 93286 | 60 53 0 44159 94403 | T 51893 69731 | O 55300 150938
39 1.36646 69425 | 61 54 0 43888 84024 I 54255 06233 | O 56701 66575
40 I 40150 45564 | 62 33 0 43568 72080 I 56636 90138 | 0 58094 80084
41 | I 43654 21703 | 63 30 0 43202 08450 | I 59036 37173 | 0 59478 89567
42 | 1 47157 97842 | 64 45 0 42791 35381 | I 61450 59885 | 0 60853 26019
43 1 50661 73981 65 39 0 42338 87053 1 63876 67967 | 0 62217 18423
44, I 54165 50120 | 66 32 0 41846 89243 I 66311 68595 | 0 63569 93846
45 1 57669 26259 | 67 23 0 41317 59112 I 68752 66770 | O 64910 77548
90-1 Fy 12 G(r) C) B(r)

SMITHSONIAN TABLES



TABLE 6 = 80°

291
g = 0 2066097556200965, O 0 = 0 590423578356, HK = 1 406061468420

B(r) C(r) G(1) Y Ry 90—1]
I 00000 00000 2 39974 38370 O 00000 00000 90° o 3 15338 52519 | 90
099979 75549 | 2 39930 24464 | 0 01049 98939 | 89 39 3 11834 76380 | 89
0 99919 04200 2 39797 88675 0 02099 72691 89 18 3 08331 00241 | 88
0 99817 9I961 | 2 39577 48778 | 0 03148 95952 | 88 57 3 04827 24102 | 87
0 99676 48832 | 2 39269 34364 | ©0 04197 43187 | 88 36 3 01323 47963 | 86
0 99494 88778 2 38873 86793 0 05244 88508 88 15 2 97819 71823 | 85
0 99273 29703 | =2 38391 59122 | 0 06291 05559 | 87 54 2 94315 95684 | 84
0 990II 93406 | 2 37823 16019 | 0 07335 67394 | 87 32 2 90812 19545 | 83
0 98711 05534 | 2 37169 33654 | © 08378 46353 | 87 II 2 87308 43406 | 82
0 98370 95524 | 2 36430 99572 | O 09419 13935 | 86 49 2 83804 67267 | 81
0 97991 96536 2 35609 I2550 0 10457 40674 86 27 2 80300 91128 | 80
0 97574 45380 | 2 34704 82431 | O 11492 9600I | 86 4 2 76797 14989 | 79
0 97118 82434 | 2 33719 29943 | O 12525 48110 | 85 42 2 73293 38850 | 78
0 96625 51552 2 32653 86504 0 13554 63814 85 19 2 69789 62711 | 77
0 96094 99971 2 31509 Q4002 0 14580 08404 | 84 56 2 66285 86572 | 76
0 95527 78200 | 2 30289 04563 0 I560I 45490 | 84 32 2 62782 10432 | 75
0 94924 39913 | 2 28992 80308 | 0 16618 36848 | 84 8 2 59278 34293 | 74
0 94285 41832 | 2 27622 93087 | 0 17630 42256 | 83 44 2 55774 58154 | 73
0 93611 43595 2 26181 24201 0 18637 19320 83 19 2 52270 82015 | 72
0 92903 07633 2 24669 64112 0 19638 23298 82 354 2 48767 05876 | 71
0 92160 99031 2 23090 12139 0 20633 06915 82 28 2 45263 29137 | 70
0 91385 85385 2 21444 76139 0 21621 20167 82 1 2 417359 53578 | 69
0 90578 36660 | 2 19735 72184 0 22602 10124 | 81 35 2 38255 77459 | 68
0 89739 25035 | 2 17965 24214 | 0 23575 20713 | 81 7 2 34752 01320 | 67
o 88869 24749 2 16135 63692 0 24539 92508 80 39 2 31248 25181 | 66
0 87969 11946 | 2 14249 29245 | O 25495 62494 | 80 1I0 2 27744 49041 | 65
0 87039 64511 2 12308 66296 0 26441 63838 79 41 2 24240 72902 | 64
0 86081 61906 2 10316 26690 0 27377 25638 79 11 2 20736 96763 | 63
0 85095 85006 2 08274 68307 0 28301 72673 78 40 2 17233 20624 | 62
0 84083 15928 | 2 06186 54682 | © 209214 25142 | 78 8 2 13729 44485 | 61
0 83044 37863 2 04034 54606 0 30113 98388 77 35 2 10225 68346 | 60
o 81980 34906 2 01881 41730 0 31000 02630 77 2 2 06721 92207 | 59
o0 80891 91886 1 99669 94165 0 31871 42670 76 28 2 03218 16068 | 58
0 79779 94194 1 97422 94075 | O 32727 17611 75 52 I 99714 39929 | 57
0 78645 27612 1 95143 27275 0 33566 20561 75 16 1 96210 63790 | 56
0 77488 78149 | 1 92833 82823 | © 34387 38337 | 74 39 1 92706 87650 | 55
0 76311 31867 I 90497 52611 0 35189 51171 74 1 I 89203 II5II | 54
0 75113 74717 | I 88137 30959 | © 35971 32414 | 73 2I 1 85699 35372 | 53
0 73896 92379 1 85756 14210 | O 36731 48250 | 72 4I I 82195 59233 | 52
0 72661 70097 1 83357 00328 | O 37468 57413 | 71 59 1 78691 83094 | 51
0 71408 92524 1 80942 88493 | o 38181 10919 | 7I 16 I 75188 06955 | 50
0 70139 43563 1 78516 78703 | © 38867 51812 70 32 I 71684 30816 | 49
0 68854 06225 1 76081 71386 | 0 39526 14938 69 47 1 68180 54677 | 48
0 67553 62475 | 1 73640 67003 | O 40155 26735 | 69 O I 64676 78538 | 47
0 66238 93095 1 71196 65668 0 40753 05071 68 12 I 61173 02399 | 46
0 64910 77548 1 68752 66770 | O 4I317 59112 | 67 23 1 57669 26259 | 45

A@) D(r) E(r) ¢ Fo r

SMITHSONIAN TABLES




ELLIPTIC FUNCTION

202
K =3 2553029421, K’ --1.5805409339, E=1 033789462, E’ =1 5611417453,
T i Yo @ E(r) D() A(r)
0| 0 00000 00000 o° o 0 00000 00000 I 00000 00000 [ O 00000 00000
I 0 03617 00327 2 4 0 02466 81037 1 00044 63617 | 0.01430 61216
2 0 07234 00654 4 8 0 04924 41210 | . I 00178 49728 | O 02861 35824
3 0.10851 00981 6 12 0 07363 69132 1.00401 44114 | O 04292 37056
4| 0 14468 01308 8 16 0 09775 72158 1 00713 23089 | 0 05723 77835
5| o 18085 01635 10 18 0 12151 85252 I OIII3 53504 | O 07155 70609
6| 0 21702 01961 12 =20 0 14483 79258 1 01601 92772 | 0 08588 27206
71 o0 25319 02288 | 14 2I 0 16763 68426 | 1 02177 88885 | 0 10021 58677
8 | 0 28936 02615 16 21 0 18984 17049 I 02840 80440 | 0 11455 75144
9 0 32553 02942 18 20 0 21138 45101 1 03589 96677 | 0 12890 85656
10| o 36170 03269 | 20 18 0 23220 32821 1 04424 57511 | 0 14326 98042
11 | 0 39787 03596 | 22 14 0 25224 24183 | I 05343 73577 | 0.15764 18767
12 | 0.43404 03923 24 8 0 27145 20257 I 06346 46282 | 0 17202 52803
13 | 0 47021 04250 | 26 1 0 28979 25485 1 07431 67854 | 0 18642 03484
14 | 0 50638 04577 27 53 0 30722 57913 I 08598 2I4I0 | O 20082 72392
I5 | O 54255 04904 | 29 42 0 32372 38467 | I 09844 81017 | O 21524 592I0
16 | 0 57872 03230 | 3I 29 0 33926 44357 I 11170 11775 | O 22967 61638
17 | o 61489 05557 | 33 IS 0 35383 15704 | I I2572 6989I | 0 24411 75248
18 | o 65106 05884 | 34 58 0 36741 52534 | I 14051 02773 | O 25856 03397
19 | o0 68723 06211 36 40 0 38001 11223 1 15603 49127 | 0 27303 07120
20 0.72340 06538 38 19 0 39162 00536 1 17228 39058 | 0 28750 05037
21 | 0 75957 06865 [ 39 56 0 40224 77358 | T 18923 04189 | 0 30197 73269
22 | O 79574 07192 | 4I 32 0 41190 42239 | I 20688 27779 | O 31645 95358
23 | 0.83101 07519 | 43 4 | © 42060 34838 | I 22519 44855 | 0 33094 52195
24 | o 86808 07846 44 35 0 42836 29362 I 24415 42355 | O 34543 21958
25 | 090425 08173 | 46 4 0 43520 30077 | 1 26374 09274 | O 35991 80053
26 | 0 94042 08500 | 47 30 0 44114 66947 | T 28393 26825 | 0 37439 99070
27 | 0 97659 08826 | 48 54 0 44621 Q1466 | 1 30470 68611 | O 38887 48743
28 1 01276 09153 | 50 16 0 45044 72717 1 32604 00803 | 0 40333 95918
20 | 1 04893 09480 | 5I 36 0 45385 93683 | I 34790 82334 | O 41779 04532
30 | 108510 09807 | 52 54 | ©0 45648 47848 | 1 37028 65097 | O 43222 35599
31 I 12127 10134 | 54 9 0 45835 36084 | 1 30314 94160 | 0.44663 47209
32 | I 15744 10461 | 55 23 0 45949 63831 | T 41647 07992 | O 46101 94525
33 | 119361 10788 | 56 34 | © 45004 38581 | I 44022 38696 | O 47537 29805
34 1.22078 11115 57 43 0 45972 67648 1 46438 12257 | 0.48969 02419
35 1 26505 11442 58 51 0 45887 56209 1 48891 48802 | 0 50396 58883
36 I 30212 11769 50 56 0 45742 05619 1.51379 62870 | 0 51819 42896
37 | I 33829 12095 | 61 O 0 45539 11968 | I 53899 63693 | © 53236 95393
38 1 37446 12422 | 62 2 0 45281 64872 I 56448 55491 | O 54648 54602
39 | I 41063 12749 | 63 I 0 44972 46468 | I 59023 37776 | O 56053 56107
40 I 44680 13076 64 O 0 44614 30615 1 61621 05676 | O 57451 32929
41 I 48297 13403 64 56 0 44209 82256 1.64238 50248 | 0 58841 15607
42 1.51914 13730 65 5I 0 43761 56944 1 66872 58833 | 0 60222 32286
43 | I 55531 14057 | 66 44 0 43272 00503 | 1 69520 15399 | O 61504 08825
44 1.59148 14384 | 67 35 0 42743 48807 1.72178 00903 | 0.62955 68896
45 1.62765 14711 68 25 0.42178 27675 1.74842 93662 | 0 64306 34108
90-r! Fy ¥ G(r) C(r) B(r)

SMITHSONIAN TABLES



TABLE 6 =81° 203
‘g =0 217548949699726, OO0 =0 5693797108, HK - 1 4306906219

B(r) C(r) G(r) Y Fy 90-1
I 00000 00000 | 2 52833 0I251 0 00000 00000 | g0° o 3 25530 29421 | 90
0 99979 22836 | 2 52784 54320 | 0 01060 10292 | 89 4I 3 21913 29095 | 89
0 99916 93515 | 2 52639 20136 0 02119 97963 89 21 3 18296 28768 | 88
0 99813 18540 | 2 52397 18509 0 03179 40278 | 89 2 3 14679 28441 | 87
0 99668 08734 | 2 52058 82420 | 0.04238 14278 | 88 42 3 11062 28114 | 86
0 99481 79213 2 51624 57960 0 05295 96662 88 =22 3 07445 27787 | 85
0 99254 49353 | 2 51095 04254 | ©0 06352 63677 | 88 2 3 03828 27460 | 84
0 98986 42745 | 2 50470 93354 | O 07407 90993 | 87 42 3 00211 27133 | 83
0 98677 87139 2 49753 10120 | O 08461 53590 | 87 22 2 96504 26806 | 82
0 98329 14382 2 48942 52067 | 0.09513 25631 87 2 2 92977 26479 | 81
0 97940 60344 2 48040 29203 0 10562 80337 86 41 2 89360 26152 | 80
0 97512 64836 | 2 47047 63835 0 11609 89854 | 86 20 2 85743 25825 | 79
0 97043 71520 | 2 45965 90364 | o0 12654 25123 | 85 59 2 82126 25499 | 78
0 96540 27806 | 2 44796 55051 | © 13693 55734 | 85 38 2 78509 25172 | 77
0 95996 84748 | 2 43541 15773 | ©0.14733 49785 | 85 16 2 74892 24845 | 76
0 95415 96925 | 2 42201 41749 | © 15767 73727 | 84 54 2 71275 24518 | 75
0 94798 22318 2 40779 13262 | 0.16797 92208 | 84 32 2 67658 24191 | 74
0 94144 22181 2 39276 21349 | 0 17823 67907 | 84 9 2 64041 23864 | 73
0 93454 60898 | 2 37694 67487 | © 18844 61360 | 83 45 2 60424 23537 | 72
0 92730 05843 2 36036 63252 | ©0 19860 30778 | 83 2I 2 56807 23210 | 71
0 QIQ7I 27230 | 2 34304 29976 | o0 20870 31860 | 82 357 2 53190 22883 | 70
0 91178 97950 | 2 32499 98377 | © 21874 17392 | 82 32 2 49573 22556 | 69
0 90353 93417 | 2 30626 08184 | o0 22871 38038 | 82 7 2 45956 22230 | 68
0 89496 91397 | 2 28685 07750 | © 23861 40125 81 41 2 42339 21903 | 67
0 88608 71836 | 2 26679 53647 | O 24843 67407 | 81 14 2 38722 21576 | 66
0 87690 16690 | 2 24612 10260 | 0 25817 50833 | 80 47 2 35105 21249 | 65
0 86742 09743 | 2 22485 49364 | ©0 26782 53494 | 80 19 2 31488 20022 | 64
0 85765 36425 | 2 20302 49697 | © 27737 80358 | 79 50 2 27871 20595 | 63
0 84760 83633 | 2 18065 96524 | o0 28682 68004 | 79 20 2 24254 20268 | 62
0.83729 39541 | 2 15778 81197 | 0 29616 39332 | 78 50 2 20637 I994I | 61
0 82671 03416 | 2 13444 00706 | ©O 30538 12272 | 78 19 2 17020 19614 | 60
0 81589 35429 | 2 II064 57227 | O 31446 99478 | 77 47 2 13403 19287 | 59
0 80482 56467 | 2 08643 57672 | 0 32342 o8o14 | 77 14 2 09786 18960 | 58
0.79352 47945 | 2 06184 13229 | O 33222 39026 | 76 40 2.06169 18634 | 57
0 78200 01623 | 2 03689 38902 | ©0 34086 87415 | 76 5 2 02552 18307 | 56

i

0.77026 09411 | 2 01162 53056 | O 34934 41494 | 75 29 I 98935 17980 | 55
0 75831 63194 | I 98606 76958 | ©0 35763 82644 | 74 53 I 95318 17653 | 54
0 74617 54642 | I 96025 34320 | © 36573 84971 | 74 14 1 91701 17326 | 53
0 73384 75039 | I 93421 50843 | ©0 37363 14953 | 73 35 1 88084 16999 | 52
0 72134 15096 | I 90798 53771 | o 38130 31100 | 72 55 1 84467 16672 | 51
0.70866 64787 | 1 88159 71433 | O 38873 83616 | 72 I3 1 808350 16345 | 50
0 60583 13178 1 85508 32817 | © 39592 14068 | 71 30 1.77233 16018 | 49
0 68284 48256 | 1 82847 67117 | © 40283 55079 | 70 46 1 73616 15691 | 48
0.66971 56781 | 1 80181 033II | O 40946 30040 | 70 I 1.69999 15365 | 47
0 65645 24120 I 77511 69734 | ©0.41578 52846 | 69 14 1.66382 15038 | 46
0 64306 34108 | I 74842 93662 | 0 42178 27675 | 68 25 1.62765 14711 | 45

Ar) D(r) E(r) [0 Fo r

SMITHSONIAN TABLES



204 ELLIPTIC FUNCTION
K =3 3698680267, K’ =1.57848656777, E =1 027843620, E’ =1 5629622295,

r F¢ ¢ E() D() A(r)
0| 0 00000 00000 o® o 0 00000 00000 | I 00000 00000 | O 00000 00000
I 0 03744 29781 2 9 0 02600 53438 I 00048 71379 | O 01396 87846
2| 0 07488 59561 4 17 0 05190 80180 1 00194 80481 | 0 02793 96081
3| o 11232 89342 6 26 0 07760 64875 I 00438 12208 | O 04I9I 44920
4 | 0 14977 19123 8 35 0 10300 14601 1 00778 41400 | 0 05589 54231
5 0 18721 48904 10 40 0 12799 69416 I 01215 32844 | 0 06988 43359
6 | 0 22465 78684 12 46 0 15250 12188 I 01748 41292 | 0 08388 30956
7 0 26210 08465 14 5I 0 17642 77402 1 02377 11470 | 0 09789 34813
8 | 0 29954 38246 16 55 0 19969 58914 1 03100 78103 | 0 IIIQI 71690
9 0 33698 68027 18 58 0 22223 16400 I 03918 65941 | O 12595 57152
10 | 0 37442 97807 20 59 0 24396 80481 1 04829 89781 | 0 14001 05412
1I 0 41187 27588 22 58 0 26484 56468 1 05833 54510 | 0.15408 29167
12 0 44931 57369 | 24 56 0 28481 26740 1 06928 55135 | 0 16817 30451
13| 0 48675 87150 | 26 52 0 30382 51779 1 08113 76835 | 0 18228 45483
14 0 52420 16930 28 46 0 32184 69961 I 09387 95005 | 0 19641 54524
15 0 56164 46711 30 38 0 33884 96193 I 10749 75312 | 0 21056 71740
16 | 0 59908 76492 | 32 28 0 35481 19530 | I 12197 73762 | O 22474 00071
17 0 63653 06273 34 16 0 36971 99918 I 13730 36763 | 0 23893 40100
18 | 0 67397 36053 36 2 0 38356 64197 I 15346 01207 | 0 25314 89941
19 | o 7114I 65834 | 37 46 0 39635 01539.| I 17042 94549 | O 26738 45123
20 | 0 74885 95615 39 27 0 40807 58450 1 18819 34902 | 0 28163 98484
21 [ 0 78630 25396 | 41 6 0 41875 33497 I 20673 31139 | O 29591 40077
22 0 82374 55176 | 42 42 0 42839 71871 I 22602 82998 | 0 31020 57076
23 | o 86118 84957 | 44 16 0 43702 59916 I 24605 81209 | 0 32451 33701
24 | 0 89863 14738 | 45 48 0 44466 19725 1 26680 07616 | 0 33883 51142
25 | 093607 44519 | 47 18 | 0 45133 03888 | 1 28823 35321 | 0 35316 87494
26 | 097351 74299 | 48 45 0 45705 90462 | 1 31033 28836 | 0 36751 17704
27 1 01096 04080 50 IO 0 46187 78212 I 33307 44242 | 0 38186 13526
28 1 04840 33861 5I 32 0 46581 82181 I 35643 29365 | 0 39621 43484
29 I 08584 63641 52 52 0 46891 29597 I 38038 23962 | 0 41056 72843
30 | I 12328 93422 | 54 10 0 47119 56148 | I 40489 59917 | O 42491 63594
31 | I 16073 23203 | 55 26 | 0 47270 02620 | I 42994 61457 | O 43925 74448
32 I 19817 52984 | 56 39 0 47346 11908 I 45550 45373 | O 45358 60835
33 | 1.23561 82764 | 57 50 0 47351 26377 | I 48154 21259 | 0 46789 74917
34 1 27306 12545 5 O 0 47288 85574 I 50802 91764 | O 48218 65611
35 I 31050 42326 | 60 7 0 47162 24256 I 53493 52855 | 0 49644 78621
36 I 34794 72107 61 12 0 46974 70729 I 56222 94100 | O 51067 56480
37 1 38539 01887 62 15 0 46729 45464 I 58987 98960 | 0 52486 38600
38 I 42283 31668 | 63 16 0 46429 59969 I 61785 45092 | O 53900 61335
39 I 46027 61449 64 15 0 46078 15892 I 64612 04680 | 0 55309 58052
40 I 49771 91230 | 65 1I2 0 45678 04338 I 67464 44762 | 0 56712 59210
41 I 53516 21010 | 66 7 0 45232 05363 I 70339 27583 | 0 58108 92454
42 1 57260 50791 67 1 0 44742 87637 | I 73233 10960 | O 59497 82708
43 I 61004 80572 67 53 0 44213 08242 I 76142 48657 | 0 60878 52287
44 | T 64749 10353 | 68 44 | 043645 12599 | I 79063 90777 | O 62250 21016
45 | I 68493 40133 | 69 32 0 43041 34495 | I 81993 84164 | 0 63612 06349
90-r Fy 2 G(r) C@) B(r)

SMITHSONIAN TABLES



TABLE 6 =82° 295
g = 0.229567159881194, OO0 =0 5464169465, HK = 1 4575481002

B(r) C(r) G(r) P 90-r
I 00000 00000 | 2 68054 03437 | O 00000 00000 | 90° o 3 36986 80267 | 90
0 99978 62112 | 2 68000 36787 | © 01069 49135 89 42 3 33242 50486 | 89
0 99914 50809 2 67839 44283 0 02138 78301 89 24 3 29498 20705 | 88
0 99807 73170 | 2 67571 48255 | 0 03207 67423 | 89 6 3 25753 90925 | 87
0 99658 40972 2 67196 85860 0 04275 96209 88 48 3 22009 61144 | 86
0 99466 70666 2 66716 09043 0 05343 44040 88 30 3 18265 31363 | 85
0 99232 83334 | 2 66129 84418 0 06409 89867 88 12 3 14521 01582 | 84
0 98957 04645 | 2 65438 93156 | © 07475 12085 | 87 53 3 10776 71802 | 83
0 98639 64786 2 64644 30842 0 08538 88428 87 35 3 07032 42021 | 82
0 98280 98400 2 63747 07296 0 09600 95847 87 16 3 03288 12240 | 81
0 97881 44497 2 62748 46381 0 10661 10385 86 57 2 99543 82459 | 8o
0 97441 46367 | 2 61649 85778 | 0 11719 07054 | 86 37 2 95799 52679 | 79
0 96961 51474 | 2 60452 76741 0 12774 59701 86 18 2 92055 22808 | 78
0 96442 11348 2 59158 83828 0 13827 40870 | 85 58 2 88310 93117 | 77
0 95883 81466 | 2 57769 84606 | 0 14877 21662 | 85 38 2 84566 63336 | 76
0 95287 21117 2 56287 69342 0 15923 71580 | 85 17 2 80822 33556 | 75
0 94652 93269 | 2 54714 40664 | 0 16966 58376 | 84 56 2.77078 03775 | 74
0 93981 64421 2 53052 13208 | 0 18005 47885 | 84 35 2 73333 73994 | 73
0 93274 04449 | 2 51303 13248 | © 19040 03849 | 84 I3 2 69589 44213 | 72
0 92530 86446 | 2 49469 78294 | 0 20069 87739 | 83 5I 2 65845 14433 | 71
0 91752 86553 | 2 47554 56695 | 0 21094 58556 | 83 28 2 62100 84652 | 70
0 90940 83786 | 2 45560 07207 | 0 22113 72633 | 83 5 2 58356 54871 | 69
0 90095 59853 2 43488 98556 0 23126 83422 82 41 2 54612 25090 | 68
o 89217 98975 2 41344 08985 0 24133 41265 82 16 2 50867 95310 | 67
o 88308 87690 2 39128 25787 0 25132 93157 81 51 2 47123 65529 | 66
0 87369 14660 | 2 36844 44831 0 26124 82501 81 25 2 43379 35748 | 65
0 86399 70475 | 2 34495 70070 | o 27108 48837 | 80 59 2 39635 05967 | 64
0 85401 47452 2 32085 13053 0 28083 27574 80 32 2 35890 76187 | 63
0 84375 39427 2 29615 92414 | O 29048 49692 8o 4 2 32146 46406 | 62
0 83322 41555 | 2 27091 33365 | O 30003 41444 | 79 35 2 28402 16625 | 61
0 82243 50100 | 2 24514 67182 | O 30947 24031 79 5 2 24657 86844 | 60
0 81139 62227 2 21889 30687 0 31879 13276 | 78 35 2 20913 57064 | 59
0 80011 75795 2 19218 65719 0 32798 19272 78 4 2 17169 27283 | 58
0 78860 89149 2 16506 18621 0 33703 46027 77 31 2 13424 97502 | 57
0 77688 00911 2 13755 39706 0 34593 91087 76 58 2 09680 67721 | 56
0 76494 09778 | 2 10969 82742 | 0 35468 45152 | 76 23 2 05936 37941 | 55
0 75280 14315 2 08153 04423 0 36325 91686 75 48 2 02192 08160 | 54
0 74047 12755 | 2 05308 63856 | 0 37165 06505 | 75 II 1 98447 78379 | 53
0 72796 02805 | 2 02440 22044 | ©0 37984 57377 | 74 34 T 94703 48599 | 52
0 71527 81443 | I 99551 41373 | © 38783 03601 | 73 55 T 90959 18818 | 51
0 70243 44736 | 1 96645 85115 | © 39558 95596 | 73 14 1 87214 89037 | 50
0 68943 87648 | 1 93727 16923 | O 40310 74491 | 72 33 1 83470 59256 | 49
0 67630 03866 1 90799 00345 '| © 41036 71725 71 50 1 79726 29476 | 48
0 66302 85617 1 87864 98345 | O 41735 08655 | 71 6 I 75981 99695 | 47
0 64963 23506 1 84928 72824 | 0O 42403 96200 70 20 I 72237 69914 | 46
0 63612 06349 | 1 81993 84164 | O 4304I 34495 | 69 32 T 68493 40133 | 45

A() D(r) E(r) F¢ r

SMITHSONIAN TABLES



296 ELLIPTIC FUNCTION
K =3 5004224992, K’ =1.5766779816, E =1 0223125688, E’ =1 5649475630,
T Fé ¢ E(@) D) A@)
o | 0 00000 00000 0° o 0 00000 00000 I 00000 00000 { O 00000 00000
1 0 03889 35833 2 I4 0 02751 52459 I 00053 54142 | 0 01357 81428
2| o0 07778 71666 4 27 0 05491 49171 I 00214 11230 | O 02715 91294
3| o0 11668 07500 6 40 0 08208 48196 1 00481 55243 | O 04074 57840
4| 0 15557 43333 8 53 0 10891 34862 1 00855 59486 | 0 05434 08922
5| 019446 79166 | I1I 4 0 13529 34531 | I 01335 86590 | 0 06794 71815
6| 0 23336 14999 13 I5 0 16112 24388 1 01921 88518 | 0 08156 73027
7 | o0 27225 50833 15 25 0 18630 43989 I 02613 06577 | 0 09520 38101
8| o 31114 86666 17 33 0 2I075 04315 I 03408 71422 | 0 10885 91438
9| 0 35004 22499 19 40 0 23437 95237 I 04308 03072 | 0 12253 56III
10| 0 38893 58332 21 45 0 25711 91248 1.053I0 10924 | 0 13623 53681
11 0 42782 94166 | 23 48 0 27890 55463 1 06413 93774 | O 14996 04030
12 | O 46672 29999 | 25 50 0 29968 41874 1 07618 39836 | 0 16371 25182
13 | O 50361 65832 | 27 50 0 31940 95974 | I 08922 26769 | O 17749 33141
14 | O 54451 01665 29 47 0 33804 53836 1 10324 2I7I0 | O IQI30 41733
15 | 0 58340 37499 31 42 0 35556 39822 1 11822 81308 | 0 20514 62446
16 | 0 62229 73332 33 35 0 37194 63079 I 13416 51764 | 0 21902 04287
17 | 0 66119 09165 35 26 0 38718 13038 1 15103 68883 | 0 23292 73637
18 | 0 70008 44998 37 14 0 40126 54102 1 16882 58124 | 0 24686 74120
19 | o 73897 80832 | 38 59 0 41420 19722 I 18751 34668 | 0 26084 06476
20| O 77787 16665 | 40 42 0 42600 06064 I 20708 03483 | 0 27484 68440
21 | 0 81676 52498 42 23 0 43667 65427 I 22750 59404 | 0 28888 54637
22 | o 85565 88331 44 I 0 44624 99581 1 24876 87226 | 0 30295 56475
23 | 0 89455 24165 | 45 37 0 45474 53170 1 27084 61798 | 0 31705 62057
24 | 093344 59998 | 47 10 0 46219 07281 I 29371 48135 | 0 33118 56095
25| 0 97233 95831 | 48 40 0 46861 73287 I 31735 01537 | © 34534 19839
26 I 01123 31664 | 50 8 0 47405 87042 I 34172 67728 | 0 35952 31012
27 | 1 05012 67498 | 5I 33 0 47855 03463 | 1 36681 82994 | 0 37372 63757
28 | 1 08902 03331 52 56 0 48212 91569 I 39259 74348 | 0 38794 88593
29 | I I279I 39164 | 54 17 0 48483 29959 | 1 41903 59703 | 0 40218 72381
30 I 16680 74997 55 35 0 48670 02770 I 44610 48057 | 0 41643 78306
31 I 20570 10830 56 350 0 48776 96093 I 47377 39701 | O 43069 65861
32 | I 24459 46664 | 58 4 | 0 48807 94838 | 1 50201 26433 | O 44495 90849
33| I 28348 82497 | 59 14 | 0 48766 80032 | 1 53078 91792 | O 45922 05390
34 | I 32238 18330 | 60 23 | © 48657 26520 | I 56007 II317 | O 47347 57948
35 I 36127 54163 61 30 0 48483 01039 1 58982 52804 | 0 48771 93356
36| 1.40016 89997 | 62 34 0 48247 60647 1 62001 76598 | 0 50194 52865
37 | T 43906 25830 | 63 36 | © 47954 51456 | 1 65061 35895 | O 51614 74196
38 1.47795 61663 | 64 36 0 47607 07644 1 68157 77058 | O 53031 91603
39 I 51684 97496 | 65 35 0 47208 50753 1 71287 39955 | O 54445 35952
40 | I 55574 33330 | 66 31 0 46761 89121 1 74446 58318 | 0 55854 34803
41 1 59463 69163 67 25 0 46270 17621 1 77631 60110 | O 57258 12511
42 I 63353 04996 | 68 18 0 45736 17475 1 80838 67918 | 0 58655 90333
43 I 67242 40829 69 9 0 45162 56249 I 84063 99362 | 0 60046 86540
44 1.71131 76663 69 58 0 44551 87962 1 87303 67513 | O 61430 16549
45 I 75021 12496 | 70 45 0 43906 53283 | 1.90553 81344 | O 62804 93057
90-r Fy 1/ G(r) C(r) B(r)
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TABLE § = 83° 20%
g = 0.242912974306665, OO0 = 0 5211317465, HK =1 4872214813

B(r) C() G(x) ¥ Fy 90-1]
I 00000 00000 | 2 86452 59727 0 00000 00000 90° o 3 50042 24992 | 90
0 99977 91249 | 2 86392 54580 | o 01078 10889 | 89 44 3 46152 89158 | 89
0 99911 67583 2 86212 47652 0 02156 04536 89 27 3 42263 53325 | 88
0 99801 36755 | 2 85912 64461 | © 03233 63597 | 89 II 3 38374 17492 | 87
0 99647 11670 | 2 85493 47485 | 0 04310 70526 | 88 55 3 34484 816359 | 86
0 99449 10345 | 2 84955 56077 | ©0 05387 07471 | 88 38 3 30595 45826 | 85
0 99207 55874 | 2 84299 66356 | 0 06462 56168 88 =21 3 26706 09992 | 84
0 98922 76367 | 2 83526 71062 | 0 07536 97836 | 88 3 3 22816 74159 | 83
0 98595 04884 | 2 82637 79377 0 08610 13069 87 48 3 18927 38326 | 82
0 98224 79350 | 2 81634 16722 | 0 09681 81718 | 87 30 3 15038 02493 | 81
0 97812 42473 2 80517 24517 0 10751 82779 87 13 3 I1148 66659 | 80
0 97358 41628 2 79288 59919 0 11819 94268 86 55 3.07259 30826 | 79
0 96863 28755 | 2 77949 95523 | © 12885 93097 | 86 37 3 03369 94993 | 78
0 96327 60226 | 2 76503 19042 0 13949 54938 86 19 2 99480 59160 | 77
0 95751 96711 2 74950 32957 0 I50I10 54088 86 1 2 95591 23326 | 76
0 95137 03036 | 2 73293 54142 | O 16068 63318 | 85 42 2 91701 87493 | 75
0 94483 48022 2 71535 13465 | 0O 17123 53724 | 85 23 2 87812 51660 | 74
0 93792 04329 | 2 69677 55363 | © 18174 94560 | 85 3 2 83923 15827 | 73
0 93063 48276 | 2 67723 37397 | © 19222 53067 | 84 43 2 80033 79993 | 72
0 92298 59663 2 65675 29786 0 20265 94294 84 22 2 76144 44160 | 71
0 91498 21585 | 2 63536 14921 0 21304 80901 8 1 2 ‘72255 08327 | 70
0 90663 20234 | 2 61308 86858 0 22338 72956 | 83 39 2 68365 72494 | 69
0 80794 44698 | 2 58996 50797 | ©0 23367 27719 | 83 17 2 64476 36660 | 68
o 88892 86753 2 56602 22548 0 24389 99414 82 54 2 60587 00827 | 67
0 87959 40653 | 2 54129 27973 | © 25406 38981 | 82 31 2 56697 64994 | 66
0 86995 02909 2 51581 02430 0 26415 93822 82 7 2 52808 29161 | 65
0 86000 72069 | 2 48960 90190 | O 27418 07525 | 81 42 2 48918 93327 | 64
0 84977 48495 | 2 46272 43859 | o0 28412 19576 | 81 16 2 45029 57494 | 63
0 83926 34134 2 43519 23782 0 29397 65053 80 50 2 41140 21661 | 62
0 82848 32287 2 40704 97447 0 30373 74301 80 23 2 37250 85828 | 61
0 81744 47382 | 2 37833 38374 | o0 31339 72593 | 79 55 2 33361 49994 | 60
o 80615 84738 2 34908 28015 0 32294 79773 79 26 2 20472 14161 | 59
0 79463 50337 | 2 31933 50143 | © 33238 09873 | 78 56 2 25582 78328 | 58
0 78288 50590 | 2 28912 95239 | O 34168 70724 | 78 26 2 21693 42495 | 57
0 77091 92109 | 2.25850 57383 | 0 35085 63539 | 77 54 2 17804 06662 | 56
0 75874 81476 | 2 22750 34151 0 35987 82486 77 21 2 13914 70828 | 55
0 74638 25018 2 19616 26008 0 36874 14237 76 47 2 10025 34995 | 54
0 73383 28587 | 2 16452 35708 | © 37743 37507 | 76 12 2.06135 99162 | 53
0 72110 97334 | 2 13262 67708 0 38594 22578 75 36 2 02246 63329 | 52
0.70822 35503 | 2 10051 27578 | © 39425 30813 | 74 58 1.98357 27495 | 51
0 69518 46210 | 2 06822 21426 | 0 40235 14155 | 74 20 I 94467 91662 | 50
0 68200 31247 | 2 03579 55331 | O 41022 14630 | 73 40 1.90578 55829 | 49
0 66868 90878 2 00327 34790 0 41784 63843 72 58 1 86689 19996 | 48
0 65525 23646 I 97069 64170 | © 42520 82479 72 16 1 82799 84162 | 47
0 64170 26188 1 93810 46179 0 43228 79822 71 31 1 78910 48329 | 46
0 62804 93057 | I 90553 81344 | O 43906 53283 | 70 45 I 75021 12496 | 43

A(r) D(r) E(r) ) Fo e
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208 ELLIPTIC FUNCTION
K - 3 6518559695, K’ =1 5751136078, E =1 017236918, E'=1.5664967878,

r Fo ¢ E(r) D(r) Ar)
0 | ©0 00000 00000 0° o 0 00000 00000 | I 00000 00000 | O 00000 00000
1 0 04057 61774 2 1 0 02925 15342 1 00059 38572 | 0 OI3II 92586
2 0 08115 23549 4 29 0 05837 13484 I 00237 48641 | 0 02624 22974
3 0 12172 85323 6 55 0 08722 94380 I 00534 13262 | 0 03937 28749
4 0 16230 47098 9 16 0 11569 91812 I 00949 04192 | 0 05251 47063
5 0 20288 08872 I1 33 0 14365 89152 1 01481 81886 | 0 06567 14426
6| 024345 70646 | I3 49 0 17099 33783 | 1 02131 95491 | 0 07884 66485
7 | o 28403 32421 16 4 0 19759 49853 | I 02898 82841 | 0 09204 37819
8 0 32460 94195 18 17 0 22336 49075 I 03781 70450 | 0 10526 61731
9 0 36518 55969 20 29 0 24821 39381 I 04779 73504 | 0 11851 70041
10 | 0 40576 17744 | 22 39 0 27206 31341 1 05891 95857 | 0 13179 92889
10 | 0 44633 79518 | 24 46 0 20484 42309 | I 07117 30024 | O 14511 58534
12 0 48691 41293 26 52 0 31649 98365 I 08454 57174 | 0 15846 93168
13 0 52749 03067 28 56 0 33698 34175 I 09902 47131 | o 17186 20726
14 | 0 56805 64841 | 30 58 0 35625 90959 | I 11459 58374 | 0 18529 62711
15 | 0 60864 26616 | 32 55 0 37430 12782 1 13124 38038 | 0 19877 38016
16 | o 64921 88390 | 34 51 0 39109 41430 | I 14895 21925 | 0 21229 62758
17 0 68979 50165 36 44 0 40663 10147 I 16770 34514 | 0 22586 50123
18 | o0 73037 11939 | 38 36 0 42091 36481 1 18747 88983 | 0 23048 10211
190 | o 77004 73713 | 40 24 | 0 43395 14533 | T 20825 87235 | 0 25314 49894
20 | o 81152 35488 42 9 0 44576 06829 1 23002 19929 | 0 26685 72683
21 0 85209 97262 43 51 0 45636 36044 I 25274 66524 | o 28061 78600
22 | o0 89267 59037 | 45 3! 0 46578 76783 | I 27640 95335 | 0 29442 64067
23 | 0 93325 20811 47 8 0 47406 47564 1 30098 63590 | 0 30828 21794
24 | o0 97382 82585 48 42 0 48123 03147 I 32645 17509 | 0 32218 40690
25 I 01440 44360 | 50 I3 0 48732 27312 I 35277 92393 | 0 33613 05773
26 1 05498 06134 5I 42 0 49238 26159 I 37994 12721 | 0 35011 98097
27 1 09555 67908 53 8 0 49645 21966 I 40790 92268 | 0 36414 94689
28 | 1 13613 29683 | 54 31 0 49957 47663 | I 43665 34239 | 0 37821 68497
29 | 1 17670 91457 | 55 51 0 50179 41897 I 46614 31412 | 0 39231 88350
30 | 121728 53232 | 57 9 0 50315 44701 | I 49634 66307 | 0 40645 18927
31 1 25786 15006 58 25 0 50369 93739 I 52723 11369 | 0 42061 20743
32 | 1 29843 76780 | 59 38 0 50347 21104 | 1 55876 29167 | 0 43479 50141
33 I 3390 38555 60 48 0 50251 50624 I 59090 72622 | 0 44899 59303
34 1 37959 00329 61 356 0 50086 95651 1 62362 85241 | 0 46320 96265
35 I 42016 62104 63 2 0 49857 57270 I 65689 01387 | 0 47743 04952
36 1 46074 23878 64 5 0 49567 22903 I 69065 46558 | 0 49165 25218
37 1 50131 85652 | 65 7 0 49219 65260 | I 72488 37696 | 0 50586 92908
38 | 1 54189 47427 | 66 6 0 48818 41583 | I 75953 83514 | 0 52007 39919
39 1 58247 09201 67 3 0 48366 93168 I 79457 84847 | 0 53425 94285
40 | 1 62304 70975 | 67 58 0 47868 45099 I 82996 35024 | 0 54841 80268
41 1 66362 32750 68 51 0 47326 06189 1 86565 20265 | 0 56254 18461
42 1 70419 94524 | 69 42 0 46742 69071 I 90160 20099 | 0 57662 25903
43 | T 74477 56299 | 70 3! 0 46121 10428 | T 93777 07807 | 0 59065 16209
44 | 1 78535 18073 | 71 I9 0 45463 91336 | 1 97411 50831 | 0 60461 99704
45 | 1 82592 79847 | 72 5 0 44773 57684 | 2 01059 II517 | 0 6185T 83573
90-r Y ¥ G() C(r) B(r)
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TABLE 0 =84°

299
g = 0 257940195766337, ©O0 = 0 4929628191, HK = 1 5205617314

B(r) C(r) G(1) Py 90-r,
I 00000 00000 | 3 09301 992I3 | © 00000 00000 | 90° o 3 65185 59695 | 90
0 99977 07150 | 3 09233 85676 | 0 01085 90483 | 89 45 3 61127 97920 | 89
0 99908 31458 | 3 09029 54977 | ©0 02171 66503 | 89 3I 3 57070 36146 | 83
0 99793 81489 3 08689 36827 0 03257 13506 8¢ 16 3 53012 74372 | 87
0 99633 71496 | 3 08213 80679 | 0 04342 16747 | 89 I 3 48955 12597 | 86
0 09428 21381 3 07603 55627 0 05426 61204 88 47 3 44897 50823 | 85
0 99177 56649 | 3 06859 50269 | ©0 06510 31473 | 88 32 3 40839 89048 | 84
0 98882 08340 3 05982 72527 0 07593 11673 88 17 3 36782 27274 | 83
0 98542 12955 | 3 04974 49431 0 08674 85345 | 83 2 3 32724 65500 | 82
0 98158 12363 3 03836 26866 | 0 09755 35344 87 46 3 28667 03725 | 81
0 97730 53698 | 3 02569 69280 | © 10834 43731 | 87 30 3 24609 41951 | 80
0 97259 89240 3 0I176 59358 0 II9II 91660 87 14 3 20551 80177 | 79
0 96746 76286 2 99658 97659 0 12987 59255 86 58 3 16494 18402 | 78
0 96191 77007 2 98019 02223 0 14061 25487 86 42 3 12436 56628 | 77
0 95595 58299 | 2 96259 08137 | O 15132 68040 | 86 25 3 08378 94853 | 76
0 94958 91609 2 94381 67083 0 16201 63172 86 8 3 04321 33079 | 75
0 94282 52769 2 92389 46843 0 17267 85562 85 50 3 00263 71305 | 74
0 93567 21802 2 90285 30783 0 18331 08161 85 32 2 96206 09530 | 73
0 92813 82732 | 2 88072 17308 | 0 19391 02013 | 85 14 2 92148 47756 | 72
0 92023 23376 | 2 85753 19293 | © 20447 36088 | 84 55 2 88090 85981 | 7I
0 91196 35133 | 2 83331 63492 | © 21499 77081 | 84 36 2 84033 24207 | 70
0 90334 12763 2 80810 89917 0 22547 89218 84 16 2 79975 62433 | 69
0 89437 54154 | 2 78194 51210 | O 23501 34034 | 83 55 2 75918 00658 | 68
0 88507 60096 2 75486 11088 0 24629 70143 83 34 2 71860 38884 | 67
0 87545 34034 | 2 72689 48173 0 25662 52995 | 83 13 2 67802 77109 | 66
o 86551 81826 2 69808 46313 0 26689 34606 82 51 2 63745 15335 | 65
0 85528 11491 2 66847 02880 0 27709 63287 82 28 2 59687 53561 | 64
0 84475 32958 | 2 63809 23575 | ©O 28722 83335 | 82 4 2 55629 91786 | 63
0 83394 57809 2 60699 22604 0 29728 34722 81 39 2 51572 30012 | 62
0 82286 99019 2 57521 21966 0 30725 52753 81 14 2 47514 68238 | 61
0 81153 70701 | 2 54279 50725 | © 31713 67705 | 80 48 2 43457 06463 | 60
0 79995 87840 | 2 50978 44281 | 0 32692 04449 | 80 =2I 2 39399 44689 | 59
0 78814 66036 | 2 47622 43648 | 0 33659 82039 | 79 53 2 35341 82914 | 58
0 77611 21247 2 44215 94723 0 34616 13287 79 24 2 31284 21140 | 57
0 76386 69524 | 2 40763 47564 | © 35560 04313 | 78 54 2 27226 59366 | 56
0 75142 26764 | 2 37269 55671 | O 36490 54063 78 23 2 23168 97591 | 55
0 73879 08451 | 2 33738 75276 | © 37406 53814 | 77 5! 2 19111 35817 | 54
0 72508 29409 | 2 30175 64635 | O 38306 86651 | 77 18 2 15053 74042 | 53
0 71301 03561 2 26584 83337 | O 39190 26019 | 76 44 2 10996 12268 | 52
0 69988 43682 2 22070 QI61I9 0 40055 39659 76 8 2 06938 50494 | 51
0 68661 61172 | 2 19338 49695 | O 40900 80023 | 75 3I 2 02880 88719 | 50
0 67321 65825 2 15692 17102 0 41724 92673 74 53 1 98823 26945 | 49
0 65969 65607 2 12036 52053 | O 42526 11165 | 74 13 1 94765 65171 | 48
0 64606 66446 | 2 08376 10820 0 43302 57335 73 32 1 90708 03396 | 47
0 63233 72022 2 04715 47117 0 44052 40667 | 72 49 1.86650 41622 | 46
0.61851 83573 | 2 01059 11517 | © 44773 57684 | 72 5 1.82592 79847 | 45
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SMITHSONIAN TABLES

|



300

ELLIPTIC FUNCTION
E’ = 1 5678090740,

K = 3.8317419998, K’ =1 5737921309, E =1 0126635062,
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TABLE 0 = 85° 30r1
q =0 275179804873563, OO0 = 0 4810905222, HK - 1 5588714533

B(r) C(r) G(r) 112 By 90-r
1 00000 00000 | 3 38728 70037 0 90000 00000 | 90° o 3 83174 19998 | 90
0 99976 05041 3 38649 90904 | ©0 01092 82185 89 47 3.78916 70887 | 89
0 99904 23353 | 3 38413 65337 | 0 02185 52713 | 89 34 3 74659 21776 | 88
0 99784 64504 | 3 38020 28815 0 03277 99847 89 22 3 70401 72665 | 87
0 99617 44409 | 3 37470 40379 | © 04370 11679 | 8 9 | 3.66144 23554 | 86
0 99402 85290 | 3 36764 82512 | 0 035461 76051 88 56 3 61886 74443 | 85
0 99I4I 15622 3 35904 60961 0 06552 80467 88 43 3 57629 25331 | 84
0 98832 70058 | 3 34891 04507 | © 07643 12000 | 88 29 3 53371 76220 | 83
0 98477 89335 | 3 33725 64694 | 0 08732 57205 [ 88 16 3 49114 27109 | 82
o0 98077 20177 3 32410 15504 0 09821 02023 88 2 3 44856 77998 | 81
0 97631 15168 3 30946 52989 0 10908 31677 87 49 3 40599 28887 | 8o
0 97140 32619 | 3 29336 94854 | O 11994 30573 | 87 35 3 36341 79776 | 79
0 96605 36420 | 3 27583 79999 0 13078 82183 87 20 3 32084 30665 | 78
0 96026 95874 3 25689 68018 0 14161 68937 8 6 3 27826 81554 | 77
0 95405 85520 | 3 23657 38654 |, 0 15242 72092 | 86 5I 3 23569 32443 | 76
0 94742 84947 | 3 21489 91220 | ©0 16321 71605 | 86 35 3 19311 83332 | 75
0 94038 78585 | 3 19190 43978 | 0 17398 45990 | 86 20 3 15054 34221 | 74
0 93294 55499 | 3 16762 33486 | ©0 18472 72171 | 86 4 3 10796 85109 | 73
0 92511 09158 | 3 14209 13909 | O I9544 25321 | 85 48 3 06539 35998 | 72
0 91689 37204 | 3 11534 56304 0 20612 78689 | 835 3I 3 02281 86887 | 71
0 90830 41205 | 3 08742 47870 | 0 21678 03419 | 85 13 2 98024 37776 | 70
0 89935 26403 | 3 05836 91177 | © 22739 68349 | &4 55 2 93766 88665 | 69
0 89005 01452 | 3 02822 03368 | 0 23797 39802 | 84 37 2 89509 39554 | 68
0 88040 78152 2 99702 15345 0 24850 81357 84 18 2 85251 90443 | 67
o 87043 71170 2 96481 70925 0 25899 53603 83 358 2 80994 41332 | 66
0 86014 97763 2 93165 25995 0 26943 13876 83 38 2 76736 92221 | 65
0 84955 77491 | 2 89757 47641 | ©0 27981 15977 | 83 17 2 72479 43110 | 64
0 83867 31932 | 2 86263 13272 0 29013 09871 82 55 2 68221 93999 | 63
0 82750 84383 | 2 82687 09732 0 30038 41353 | 82 33 2 63964 44888 | 62
0 81607 59576 | 2 79034 32412 | © 31056 51708 | 82 10 2 59706 95776 | 61
0 80438 83372 | 2 75309 8435I | O 32066 77330 | 81 46 2 55449 46665 | 60
0 79245 82474 | 2 71518 75345 | © 33068 49323 | 81 21 2.51191 97554 | 59
0 78029 84129 2 67666 21047 0 34060 93073 80 55 2 46934 48443 | 58
0 76792 15834 | 2 63757 42081 | © 35043 27789 | 80 28 2.42676 99332 | 57
0 75534 05043 | 2 59797 63158 0 36014 66018 | 80 © 2.38419 50221 | 56
0 74256 78883 2 55792 12198 0 36974 13124 79 31 2.34162 OITIO | 55
0 72061 63864 | 2 51746 19471 | © 37920 66740 | 79 2 2.29904 51999 | 54
0 71649 85603 2 47665 16742 0 38853 16185 78 30 2 25647 02888 | 53
0 70322 68545 | 2 43554 36438 | © 39770 41848 | 77 58 2.21389 53777 | 52
0 68981 35600 | 2 39419 10827 | O 40671 14546 | 77 24 2 17132 04666 | 51
0 67627 08370 | 2 35264 71220 | O 41553 94843 | 76 50 2 12874 55554 | 50
0 66261 05910 | 2 31096 47190 [ O 42417 32345 76 13 2.08617 06443 | 49
0 64884 45467 | 2 26919 65819 | © 43259 64967 | 75 35 2 04359 57332 | 48
0 63498 41750 | 2.22739 50955 | © 44079 18172 | 74 56 2 00102 08221 | 47
0 62104 06800 | 2 18561 22515 | O 44874 04204 | 74 16 1 95844 59110 | 46
0 60702 49768 | 2 14389 95792 | O 45642 21286 | 73 33 I 91587 09999 | 45

A D(r) E@) ¢ Fo¢ r

SMITHSONIAN TABLES



ELLIPTIC FUNCTION

302
K - 4 0627581695, K’ =1 5727124350, E =1 0086479569, E’ =1 5688837196,
T F¢ ¢ E@ D) A
0| 0 00000 00000 0° o 0 00000 00000 | I 00000 00000 | O 00000 00000
s 0 04503 06463 2 35 0 03379 31823 1 00076 14948 | 0 01189 42847
2 0 09006 12927 5 9 0 06740 53633 1 00304 53671 | O 02379 47903
3| 0 13509 19390 7 43 0 10065 84494 | I 00684 97794 | O 03570 77106
4| o 18012 25853 10 16 0 13338 00630 | I 01217 16668 | 0 04763 91855
5| o 22515 32316 12 48 0 16540 61602 I 01900 67332 | 0 05959 52742
6 0 27018 38780 15 18 o 19658 33739 I 02734 94459 | 0 07158 19286
7 0 31521 45243 17 46 0 22677 10168 I 03719 30291 | 0 08360 49670
8 | o 36024 51706 | 20 I3 0 25584 26948 | 1 04852 94558 | 0 09567 00478
9 0 40527 58170 22 37 0 28368 75021 I 06134 94387 | 0 10778 26441
10 | 0 45030 64633 | 24 58 0 31021 07894 I 07564 24197 | 0 11994 80182
I | 0 49533 71096 | 27 18 0 33533 45137 | 1 09139 65585 | O 13217 11972
12| o0 54036 77559 | 29 34 | ©0 35899 71966 | I 10859 87206 | O 14445 69485
13 | 0.58539 84023 | 3I 47 0 38115 35291 | I 12723 44637 | 0 15680 97563
14 | 0 63042 90486 | 33 57 0 40177 36714 I 14728 80243 | 0 16923 37988
15 | 0 67545 96949 | 36 4 0 42084 23033 1 16874 23039 | 0 18173 29260
16 | 0 72049 03413 | 38 8 0 43835 74800 I 19157 88539 | 0 19431 06384
17 0 76552 09876 | 40 8 0 45432 93515 1 21577 78616 | 0 20697 00661
18 0 81055 16339 42 5 0 46877 87966 1 24131 81358 | 0 21971 39498
19 | 0 85558 22802 | 43 58 0 48173 60209 1 26817 70925 | 0 23254 46217
20 | 0 goo6I 29266 | 45 53 0 49323 91602 | I 29633 07415 | O 24546 39877
21 | 0 04564 35729 | 47 35 0 50333 29227 | T 32575 36734 | O 25847 35115
22 0 99067 42192 | 49 18 0 51206 72988 I 35641 90478 | 0 27157 41984
23 1 03570 48656 | 50 57 0 51949 63591 I 38829 85826 | 0 28476 65811
24 1 08073 55119 52 33 0 52567 71528 1 42136 25446 | 0 29805 07071
25 1 12576 61582 54 6 0 53066 87177 I 45557 97413 | 0 31142 61261
26 | 1 17079 68045 | 55 36 0 53453 12033 | T 49001 75157 | O 32489 18800
27 | 1.21582 74509 | 57 2 0.53732 51072 | I 52734 17416 | 0 33844 64932
28 1.26085 80972 58 =25 0 53911 06227 I 56481 68225 | 0 35208 79650
29 1 30588 87435 | 59 45 0 53994 70893 | 1T 60330 36919 | 0 36581 37630
30 | 1.3509r 93898 | 61 2 0 53989 25408 1 64276 98172 | 0 37962 08180
31 1 39595 00362 62 16 0 53900 33421 1 68316 92055 | O 39350 55205
32 | 1 44008 06825 | 63 28 0 53733 39051 | I 72446 24133 | O 40746 37182
33 1 48601 13288 64 36 0 53493 64751 1 76660 65590 | O 42149 07161
34 | 1 53104 19752 | 65 42 0 53186 09786 | 1 80955 73388 | 0 43558 12766
35 1 37607 26215 66 45 0 52815 49246 1 85326 90463 | O 44972 96226
36 | 1 62110 32678 | 67 46 0 52386 33506 | I 89769 45959 | © 46392 94409
37 | 1.66613 39141 | 68 44 0 51902 88062 1 94278 55494 | 0 47817 38881
38 | 1.71116 45605 ( 69 40 0 51369 13678 | I 98849 21476 | O 49245 55978
39 | I 75619 52068 | 70 33 0 50788 86793 | 2 03476 33449 | O 50676 66888
40 1.80122 58531 71 25 0 50165 60117 | 2 08154 68491 | 0 52109 87757
41 1 84625 64995 72 14 0 49502 63387 2 12878 91642 | O 53544 29804
42 T 89128 71458 | 73 2 0 48803 04242 | 2 17643 56384 | 0 54978 99455
43 | T 93631 77921 | 73 47 0 48069 69176 | 2 22443 05163 | 0 56412 98491
44 | 1 98134 84385 | 74 31 0 47305 245350 | 2 27271 69945 | © 57845 24208
45 | 2 02637 90848 | 75 12 0 46512 17631 2 32123 72832 | 0 59274 69597
90-r Fy v G(r) (¢]6))] B(r)

SMITHSONIAN TABLES



TABLE 0 = 86°

303
q =0 295488385558687, ©0 = 0 4242361430, HK -1 6043008048

B(r) C(r) G(r) ¢ By 90-1
I 00000 0000C 3 78623 65254 0 00000 00000 90° o 4 05275 81695 | 90
0 99974 76964 | 3 78529 99318 | 0 01098 79345 | 89 49 4 00772 75232 | 89
0 99899 11477 3 78249 16163 0 02197 49829 89 38 3 96269 6876g | 88
0 99773 14382 3 77781 59714 0 03206 02520 89 28 3 91766 62306 | 87
0 99597 03726 | 3 77128 03065 | © 04394 28343 | 89 17 3 87263 55842 | 86
0 99371 04703 | 3 76289 48312 | 0 05492 18007 | 8 6 | 3 82760 49379 | 85
0 99095 49588 | 3 75267 26317 | ©0 06389 61931 | 88 54 3 78257 42916 | 84
0 98770 77652 | 3 74062 96405 | © 07686 50165 | 88 43 3 73754 36452 | 83
0 98397 35058 | 3 72678 46000 | © 08782 72314 | 88 32 3 69251 29989 | 82
0 97975 74732 3 71115 90IQI 0.09878 17452 88 20 3 64748 23526 | 81
0 97506 56227 3 69377 71248 0 10972 74034 88 8 3 60245 17063 | 80
0 96990 45558 | 3 67466 58061 | ©0 12066 29807 | 87 56 3 55742 10599 | 79
0 96428 15032 | 3 65385 45535 | © 13158 71709 | 87 44 3 51239 04136 | 78
0 95820 43054 | 3 63137 53926 | O 14249 85767 | 87 32 3 46735 97673 | 77
0 95168 13914 | 3 60726 28114 | ©0 15339 56686 87 19 3 42232 91209 | 76
0 94472 17573 | 3 58155 36840 | © 16427 69227 | 87 5 3 37729 84746 | 75
0 93733 49419 | 3 55428 71880 | 0 17514 05085 | 86 52 3 33226 78283 | 74
0 92953 10017 | 3 52550 47184 | © 18598 45746 | 86 38 3 28723 71820 | 73
0 92132 04850 3 49524 97967 0 19680 70842 86 24 3 24220 65356 | 72
0 9I27I 44039 | 3 46356 79762 | 0 20760 58292 | 86 9 3 19717 58893 | 71
0 90372 42062 | 3 43050 67437 | © 21837 84126 | 85 54 3 15214 52430 | 70
0 89436 17453 3 39611 54178 0 22912 22300 85 38 3 10711 45967 | 69
0 88463 92502 | 3 36044 50445 | O 23983 44495 | 85 22 3 06208 39503 | 68
0 87456 92937 | 3 32354 82896 | 0 25051 19896 | 85 5 3 01705 33040 | 67
0 86416 47610 3 28547 93300 | © 26115 14957 84 48 2 97202 26577 | 66
0 85343 88167 | 3 24629 37417 | O 27174 93142 | 84 30 2 92699 20113 | 65
0 84240 48716 | 3 20604 83874 | 0 28230 14649 84 11 2 88196 13650 | 64
0 83107 65499 | 3 16480 13024 | 0 20280 36106 | 83 52 2 83693 07187 | 63
0 81946 76545 3 12261 15798 0 30325 10250 83 32 2 79190 00724 | 62
0 80759 21336 | 3 07953 9255I | O 31363 85568 | 83 1II 2 74686 94260 | 61
0 79546 40466 | 3 03364 51912 | © 32396 05923 | 82 49 | 2 70183 87797 | 6O
0.78309 75297 2 99099 09630 | O 3342I IOI35 82 26 2 65680 81334 | 59
0 77030 67624 | 2 94563 87432 | © 34438 31344 | 82 3 2 61177 74870 | 58
0 75770 59335 | 2.89965 11884 | © 35446 97527 | 81 39 2 56674 68497 | 57
O 74470 92077 | 2.85309 13269 0 36446 28984 81 13 2 52I71 61944 | 56
0 73153 06927 | 2 80602 24483 | © 37435 39786 | 80 47 2 47668 55480 | 55
0 71818 44065 | 2 75850 79940 | © 38413 36176 80 19 2 43165 49017 | 54
0 70468 42455 | 2 71061 14508 | 0 39379 16142 | 79 50 2 38662 42554 | 53
0 69104 39537 | 2 66239 62465 | 0 40331 68729 | 79 20 2 34159 36091 | 52
0 67727 70914 | 2 61392 56481 0 41269 73321 78 49 2 29656 29627 | 51
0 66339 70061 | 2 56526 26633 | 0 42191 98869 | 78 17 2 25153 23164 | 50
0 64941 68038 | 2 51646 99446 | © 43097 03076 77 43 2‘20650 16701 | 49
0 63534 93200 | 2 46760 96971 | © 43983 31542 | 77 8 | 2'16I47 10238 | 48
0 62120 70978 | 2 41874 35806 | 0 44849 16855 | 76 3I 2 11644 03774 | 47
0 60700 23531 | 2 36993 26700 | 0 45692 7765I | 75 52 2 07140 97311 | 46
0 59274 69597 | 2 32123 72832 | 0 46512 17631 75 12 2 02637 90848 | 45

AlD) D(r) E(r) ¢ Fo T

SMITHSONIAN TABLES



ELLIPTIC FUNCTION

304
K = 4.3386539760, K’ =1 5718736106, E =1 0052585872, E’ = 1.5697201504,
r Fo ¢ E@) D(r) Alr)
o | 0 00000 00000 0° o 0 00000 00000 | I 00000 00000 | O 00000 00000
1| O 04820 72664 2 46 0 03700 05198 1 00089 26934 | O 01102 97158
2| 0 09641 45328 5 3L 0 07377 86246 I 00357 01695 | O 02206 73089
3| O 14462 17992 8 15 O IIOII 59944 1 00803 06141 | 0 03312 06260
4| 0 19282 90656 10 59 0 14580 23384 I 01427 09982 | O 04419 74541
5 0 24103 63320 13 41 0 18063 90239 1 02228 70707 | 0 05530 54893
6| o 28924 35984 16 2I 0 21444 22668 1 03207 33471 | 0 06645 23081
7 | 033745 08648 | 18 59 0 24704 57854 | 1 04362 30963 | O 07764 53371
8 0 38565 81312 | 21 34 0 27830 28485 I 05692 83239 | 0 08889 18239
9 0 43386 53976 24 7 o 30808 76822 1 07197 97531 | o 10019 88085
10 | © 48207 26640 | 26 37 0 33629 62369 1 08876 68032 | 0 I1157 30046
11 0 53027 99304 | 29 3 0 36284 63422 I 10727 75652 | O 12302 12218
12 | 0 57848 71968 | 31 27 0 38767 73064 | I 12749 87762 | O 13454 94383
13 | o0 62669 44632 | 33 46 0 41074 90335 | I 14941 57909 | 0 14616 36738
14 | O 67490 17296 | 36 2 0 43204 07437 I 17301 25520 | 0 15786 95139
15| o0 72310 89960 | 38 14 0 45154 93887 1 19827 15591 | O 16967 21746
16 | 0 77131 62624 | 40 23 0.46928 78534 | 1 22517 38362 | © 18157 64776
17 | o 81952 35288 | 42 27 0 48528 30289 I 25360 88987 | 0 10358 68272
18 | o 86773 07952 | 44 28 0 49957 38340 | 1 28382 47193 | 0 20570 71870
19 0 91593 80616 | 46 24 0 51220 925635 I 31552 76945 | 0 21794 10587
20 | 0 96414 53280 | 48 16 0 52324 64512 I 34878 26100 | 0 23029 14612
21 1 01235 25944 | 50 5 0 53274 89656 1 38356 26077 | 0 24276 O9III
22 | 1 06055 98608 | 5r 50 0 54078 50933 | T 41983 91529 | O 25535 14044
23 1 10876 71272 | 53 30 0 54742 63924 | I 45758 20021 | © 26806 43994
24 | 1 15697 43936 | 55 7 0 55274 63730 | I 49675 91734 | O 28090 08008
25 1 20518 16600 | 56 40 0 55681 93566 | I 53733 69175 | © 29386 09452
26 | 1 25338 89264 | 58 10 0 55971 95044 | I 57927 96919 | O 30694 45879
27 1 30159 61928 | 59 36 0 56152 00057 I 62255 01370 | O 32015 08913
28 | 1 34980 34592 | 60 58 0 56229 24153 | I 66710 90351 | O 33347 84147
29 1 39801 07256 | 62 17 0 56210 61265 I 71291 53925 | 0 34692 51057
30 | I 44621 79920 | 63 33 o 56102 79658 I 75992 62260 | 0 36048 82928
31| 1 40442 52584 | 64 46 0 55912 18929 1 80809 67519 | 0 37416 46804
32 | 1 54263 25248 | 65 55 | O 55644 87947 | 1 85738 02804 | 0 38795 03444
33 1 59083 97912 67 2 0 55306 63561 1 go772 82336 | 0 40184 07305
34 1 63004 70676 | 68 6 0 54902 89975 I 95900 01488 | 0 41383 06538
35 1 68725 43240 | 69 7 0 54438 78661 2 01141 36867 | O 42991 42995
36 | 1 73546 15904 | 70 5 0 53019 08711 | 2 06464 46451 | O 44408 52267
37 | 1 78366 88568 | 71 1 0 53348 27539 | 2 11872 69773 | O 45833 63730
38 1 83187 61232 | 71 54 0 52730 51847 | 2 17360 28173 | 0 47266 00609
39 1 88008 33896 | 72 45 0 52069 68791 | 2 22021 25107 | O 48704 80065
40 | 1 92829 06360 | 73 34 | ©O 51369 37297 | 2 28549 46508 | O 50149 13298
41 1 97649 79224 74 20 0 50632 89466 2 34238 61220 | 0 51598 05665
42 | 2 02470 51888 75 5 0 49863 32034 | 2 39982 21493 | 0 53050 56822
43 | 2 07291 24552 | 75 47 0 49063 47860 | 2 45773 63538 | 0 54505 60878
44 | 2 12111 97216 | 76 58 0 48235 97411 2 51606 08149 | 0 55962 06569
45 | 2 16932 69880 | 77 7 0 47383 20219 | 2 57472 61393 | O 57418 77451
90-r Fy 15 G() C(r) B(r)

QMITHQNNIAN TARI ES



TABLE, 0 =87° 1305
g = 0.320400337134867, ©O 0 = 0.3802048484, HK =1 66080931563
B(r) C(r) G(r) Fy 907,

I 00000 00000 | 4 37119 23556 | O 00000 00000 90° o 4 33865 39760 | 90
0 99973 08085 | 4 37002 95871 | 0.01103 73956 | 89 51 4.29044 67096 | 89
0 99892 36540 | 4 36654 32014 | 0 02207 41777 | 89 43 4 24223 94432 | 88
0 99757 97949 | 4 36073 89539 | © 03310 97273 | 89 34 | 4 19403 21768 | 87
0 99570 13248 | 4 35262 64203 | 0 04414 34137 | 89 25 4 14582 49104 | 86
0 99329 11666 | 4 34221 89731 | O 05517 45893 | 89 16 | 4 09761 76440 | 85
0 99035 30638 | 4.32953 37471 | O 06620 25830 | 89 7 4 04941 03776 | 84
0 98689 15704 | 4 31459 15972 | O 07722 66944 | 88 58 4 00120 31112 | 83
0 98291 20378 | 4 29741 70454 | © 08824 61873 | 88 49 3 95299 58448 | 82
0 97842 05999 | 4 27803 82196 | © 09926 02826 | 88 39 3 90478 85784 | 81
0 97342 41557 | 4 25648 67836 | 0 11026 81515 88 30 3 85658 13120 | 80
0 96793 03503 | 4 23279 78580 | © 12126 89076 | 88 20 3 80837 40456 | 79
0 96104 75529 | 4 20700 99336 | O 13226 15989 88 10 3 76016 67792 | 78
0 95548 48341 | 4 17916 47765 | O 14324 51989 | 88 o | 3 71195 95128 | 77

| 0 94855 19406 | 4 14930 73254 | O 15421 85972 | 87 49 | 3 66375 22464 | 76
0 04115 92676 | 4 11748 55826 | o0 16518 05896 | 87 38 3 61554 49800 | 75
0 93331 78308 | 4 08375 04971 | © 17612 98666 | 87 27 3 56733 77136 | 74
0 92503 92359 | 4 04815 58427 | o0 18706 50017 | 87 16 3 51913 04472 | 73
0 91633 56463 | 4 01075 80891 0.19798 44386 87 4 3 47092 31808 | 72
0 90721 97509 | 3 9716I 62682 | 0 20888 64763 | 86 5I 3 42271 59144 | 71
0 89770 47288 | 3 93079 18356 | 0 21976 92546 | 86 38 3 37450 86480 | 70
0 88780 42140 | 3 88834 85274 | © 23063 07363 86 =25 3 32630 13816 | 69
0 87753 22590 | 3 84435 22135 | O 24146 86896 | 86 II 3 27809 41152 | 68
0 86690 32971 | 3 79887 07472 | 0 25228 06673 | 85 57 3 22988 68488 | 67
0 85593 21039 | 3 75197 38123 | O 26306 39853 | 85 42 3 18167 95824 | 66
0 84463 37589 | 3 70373 27678 | © 27381 56982 | 85 27 3 13347 23160 | 65
0 83302 36055 | 3 65422 04910 | O 28453 25731 85 II 3 08526 50496 | 64
0 82III 72113 | 3 6035I 12193 | O 29521 I06IO 84 54 3 03705 77832 | 63
0 80893 03281 3 55168 03915 [ © 30584 72655 84 37 2 98885 05168 | 62
0.79647 88516 | 3.49880 44891 | © 31643 69081 84 19 2 94064 32504 | 61
0 78377 87810 | 3 44496 08773 | ©0 32697 52911 | 84 0 | 2 89243 59840 | 60
0 77084 61787 | 3 39022 76481 [ ©0 33745 72566 | 83 40 2 84422 87176 | 59
0 75769 71307 | 3.33468 34641 | 0 34787 71421 | 83 19 2 79602 14512 | 58
0 74434 77069 | 3 27840 74042 | © 35822 87319 | 82 57 2 74781 41848 | 57
0 73081 39218 | 3 22147 88118 | O 36850 52042 | 82 35 2 69960 69184 | 56
0 71711 16962 | 3 16397 71463 | 0 37869 go740 | 82 11 2 65139 96520 | 55
0.70325 68193 | 3 105098 18371 | 0 38880 21304 | 81 47 2 60319 23856 | 54"
0 68926 49116 | 3 04757 21420 | O 39880 53693 | 81 2I 2 55498 51192 | 53
0 67515 13887 | 2 98882 70090 | © 40869 89202 [ 80 54 2 50677 78528 | 52
0.66093 14267 | 2 92982 49435 | © 41847 19672 | 80 26 2 45857 05864 | 51
0.64661 99275 | 2.87064 38790 | © 42811 26638 | 79 56 2 41036 33200 | 50
0 63223 14865 | 2 81136 10542 | O 43760 80415 | 79 25 2 36215 60536 | 49
0 61778 03606 | 2 75205 28045 | O 44604 3911I | 78 53 2 31394 87872 | 48
0 60328 04384 | 2 69279 48995 | 0.45610 47583 | 78 19 2 26574 15208 | 47
0.58874 52110 | 2.63366 15364 | O 46507 36311 | 77 44 2 21753 42544 | 46
0 57418 77451 | 2 57472 61393 | 0 47383 20219 | 77 7 2 16932 69880 | 45

A(r) D(r) E(r) Fo¢ T
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300

ELLIPTIC FUNCTION
E’ =1 5703179199,

K =4 74271726563, K’ =1 5712749524, E =1 0025840855,

E(r)

D(r)

A(r)

O BN O W RO

DR o e o O O - 0O 00 OO0 000 00000 O 0000

NN

[M

Fo¢ ¢
00000 00000 0° o
05269 68585 3 I
10539 37170 6 2
15809 05755 9 I
21078 74340 | II 39

26348 42925 14 56

31618 11510 17 49
36887 80095 | 20 40
42157 48680 23 28
47427 17265 | 26 13

52606 85850 | 28 53
57966 34435 | 31 30
63236 23020 | 34 2
68505 91605 36 30
73775 60190 | 38 53

79045 28775 | 41 12
84314 97360 | 43 26
89584 65946 | 45 35
94854 34531 | 47 40

.00I24 03116 | 49 40

05393 71701 51 34
10663 40286 | 53 25
15933 08871
21202 77456 | 56 52

.26472 46041 58 29

.31742 14626 | 60 2
37011 83211 61 3I
.42281 51796 | 62 55
47551 20381 | 64 16

52820 88966 | 65 33

58090 57551 [ 66 46
63360 26136 | 67 56
68629 94721 69 3
73899 63306 | 70 6
79169 31891 | 71 7

84439 00476 | 7z 4
89708 69061 72 59
94978 37646 | 73 sI
00248 06231 | 74 41
05517 74816 | 75 28

10787 43401 76 12
16057 11986 | 76 55
21326 80571 | 77 35
26596 49156 | 78 14
31866 17741 78 50

37135 86326 | 79 25

00000 00000
04150 83698
08272 603569
12336 86879
16316 44916

(el elslNole]

20185 96235
23922 20917
27504 99964
30916 52198
34142 40166

00000

37171 30376
39994 97772
42608 12751
45008 21300

47195 19964

o0 o000

49171 27333
50940 53625
52508 69758
53882 77072
55070 78595

© 0000

56081 52531
56924 28378
57608 65921
58144 37172
58541 11188

©o0oo0O0O0

58808 41618
58955 56773
58991 51945
58924 83721
58763 66017

©o0oooco

58515 67551
58188 10541
57787 70364
57320 76019
56793 11188

o oooo

56210 15757
55576 87678
54897 85058
54177 28388
53419 02851

O o000 oO

0 52626 60647
0 51803 23206
0 50951 83887
0 50075 09241
0 49175 41985

0.48255 02516

00000 00000
00109 49202
00437 91719
00985 12249
o1750 85180

HoH O

02734 74434
03936 33238
05355 03843
06990 17180
08840 92458

o

10906 36709
13185 44282
15676 96284
18379 59985
21291 88175

H o =

24412 18489
27738 72698
31269 55975
35002 56142
38935 42896

R IR )

43065 67027
47390 59633
51907 31337
56612 71505
61503 47485

oo e e

66576 03865
71826 61750
77251 18082
82845 44989
88604 89183

[ R ]

194524 71416
00599 85969
06825 00238
13194 54360
19702 60925

NN BN -

26343 04764
33109 42822
39995 04116
46992 89791
54095 73266

LI VIR NI VIR M)

61296 00482
.68585 90255
2 75957 3473L

2 83401 99954
2 909II 26530

N N

2 98476 30422

00000 00000
00984 61866
01970 23988
02957 86287
03948 48012

0000

04943 07415
05942 61408
06948 05245
07960 32187
08980 33181

Q0000

10008 96542
11047 07636
12095 48573
13154 97896
14226 30292

ooooo

15310 16293
16407 21997
17518 08788
18643 33074
19783 46027

[=2¥e Nl elNe]

20038 93338
22110 14976
23297 44971
24501 11193
25721 35159

[« 3 oRNelNele]

26958 31846
28212 09517
29482 69565
30770 06377
32074 07202

oo o0oCo

33394 52050
34731 13599
36083 57125
37451 40449
38834 13902

o oOoo0oO0CO0

40231 20314
41641 95021
0 43065 65890
0 44501 53371
0 45948 70563

o o

0 47406 23311
0 48873 10316
0 50348 23272
0 51830 47025
0.53318 59750

0 5481 33155

Fy 14

G(r)

C(r)

B(r)




TABLE 0 = 88° 307

g = 0 363165648296037, © 0 = 0.3246110213, 'HK = 1.7370861637

B(r) C(r) G(r) ¥ Y 90 -1
1 00000 00000 | 5 35291 58734 | O 00000 00000 | 90° ©O 4 74271 72653 | 90
0 99970 65254 | 5 35135 39870 | 0 01107 55804 | 89 54 4 69002 04068 | 89
0 99882 66090 | 5 34667 11120 | 0 02215 08037 809 47 4 63732 35483 | 88
0 99736 17711 5 33887 55928 0 03322 53090 89 4r 4.58462 66898 | 87
0 99531 45401 | 5 32798 13106 | 0 04429 87274 | 89 35 4 53192 98313 | 86
0 99268 84456 | 5 31400 76445 | ©0 05537 06778 | 89 28 4 47923 29728 | 85
0 98948 80069 | 5 29697 94165 | O 06644 07630 | 89 21 4 42653 61143 | 84
0 98571 87199 | 5 27692 68222 | 0 07750 835650 | 89 15 4 37383 92558 | 83
0 98138 70401 | 5 25388 53459 | o0 08857 36405 | 89 8 4 32114 23973 | 82
0 97650 03636 | 5 22789 56618 | 0 09963 55161 8 1 4 26844 55388 | 81
0 97106 70046 | 5 19900 35203 | © 11069 36828 88 54 4 21574 86803 | 80
0 96509 61704 | 5 16725 96214 | O 12174 75905 88 46 4 16305 18218 | 79
0 95859 79343 | 5 13271 94744 | ©0 13279 66420 | 88 39 4 11035 49633 | 78
0 95158 32050 | 5 09544 32457 | © 14384 01862 | 83 31 4 05765 81048 | 77
0 94406 36048 | 5 05549 55939 | O 15487 75112 | 88 23 4 00496 12463 | 76
0 93605 18846 | 5.01204 54947 | O 16590 78361 | 88 15 3 95226 43878 | 75
0 92756 09875 | 4 96786 60538 | o 17693 03026 | 88 6 3 89956 75293 | 74
0 91860 49094 | 4 92033 43119 | 0.18794 39654 | 87 58 3 84687 06707 | 73
0 90919 82095 | 4 87043 10392 | © 19894 77822 | 87 48 3 79417 38122 | 72
0 89935 60570 | 4 81824 05226 | © 20994 06015 | 87 39 | 3 74147 69537 | 71
0 88909 41880 | 4 76385 03454 | © 22092 11507 | 87 29 3 68878 00952 | 70
0 87842 88604 | 4 70735 11607 | © 23188 80216 | 87 18 3 63608 32367 | 69
0 86737 68071 | 4 64883 64589 | 0 24283 96552 | 87 8 3 58338 63782 | 68
0 85595 51894 | 4 58840 23314 | © 25377 43247 | 86 56 3 53068 95197 | 67
0 84418 15481 4.52614 72300 | 0.26469 01166 | 86 ' 45 3 47799 26612 | 66
0 83207 37552 | 4 46217 17234 | 0 27538 49098 | 86 32 3 42529 58027 | 65
0 81964 99644 | 4 39657 82526 | © 28645 63526 | 86 19 3 37259 89442 | 64
0.80602 85610 | 4 32947 08849 | o 29730 18370 [ 86 6 3 31990 20857 | 63
0 79392 81128 | 4 26095 50677 | © 30811 84711 [ 85 52 3 26720 52272 | 62
o 78066 73195 4 19113 73836 | 0.31890 30470 ( 85 37 3.21450 83687 | 61
0 76716 49636 | 4 12012 53075 | O 32965 20072 | 85 2I 3 16181 15102.] 60
0 75343 98604 | 4 04802 69653 | 0.34036 14062 | 85 5 3 10911 46517 | 59
0 73951 08099 | 3 97495 08972 | © 35102 68681 | 84 438 3 05641 77932 | 58
0 72539 65478 | 3 Q0I0O 58247 | © 36164 35409 | 84 29 3 00372 09347 | 57
0.7I111 56987 3 82630 04227 0 37220 60448 84 10 2.95102 40762 | 56
0 69668 67231 3.75094 30973 0 38270 84160 | 83 51 2 89832 72177 | 55
0 68212 79026 | 3 67504 17706 | © 39314 40446 | 83 30 2 84563 03592 | 54
0 66745 72351 | 3 50870 36716 | ©0 40350 56060 | 83 8 2 79293 35007 | 53
0 65269 24519 | 3 52203 51359 | © 41378 49862 | 82 44 2.74023 66422 | 52
0.63785 09470 | 3 44514 14133 | 0.42397 31992 | 82 20 2.68753 97837 | 51
0 62204 97425 | 3 36812 64840 | 0.43406 02965 81 55 2.63484 29252 | 50
0 60800 54504 | 3.20100 28843 | © 44403 52686 | 81 28 2.58214 60667 | 49
0 50303 42368 | 3.21414 15421 0 45388 59368 | 80 59 2 52044 92081 | 48
0.57805 17864 | 3.13737 16225 | 0 46359 88357 | 80 29 2 47675 23496 | 47
0 56307 32704 | 3.06088 03834 | © 47315 90851 | 79 58 2 42405 54911 | 46
0 54811 33155 | 2 98476 30422 | O 48255 02516 | 79 25 2 37135 86326 | 45

A D(r) E(r) ¢ F¢ r

SMITHSONIAN TABLES



ELLIPTIC FUNCTION

308
K = 5.4349098296, X’ =1 5709169581, E =1 0007616777, E’ =1 5706767091,
T Fo ¢ E(r) D(r) A(r)
0| ©0 00000 00000 0° o 0 00000 00000 | I 00000 00000 | O 00000 00000
I 0 06038 78870 3 27 0 04919 51488 1 00148 76066 | 0 00797 98676
2| 0 12077 57740 6 34 0 09795 31901 | I 00595 04088 | 0 01597 27570
3 0 18116 36610 10 I9 0 14584 95983 1 01338 83449 | 0 02399 16544
4 | 0 24155 15480 13 42 0 109248 42494 1 02380 12862 | 0 03204 94760
5| 0 30193 94350 | 17 3 0 23749 17959 | I 03718 89963 |.0 04015 90322
6| o0 36232 73220 | 20 I9 0 28055 00559 1 05355 10766 | 0 04833 29925
7| 0 42271 52090 | 23 32 0 32138 60670 1 07288 68948 | 0 05658 38508
8 0 48310 30960 26 40 0 35977 96610 1 09519 55002 | O 06492 38899
9| 0 54349 09830 | 29 43 0 39556 46136 | 1 12047 55228 | 0 07336 51472
10 | o 60387 88700 | 32 40 0 42862 75917 1 14872 50597 | 0 08191 93794
II 0 66426 67569 35 32 0 45890 52450 1 17994 15472 | © 09059 80283
12 | O 72465 46439 | 38 18 0 48637 98590 I 21412 16208 | 0 09941 21860
13| o 78504 25309 | 40 58 0 51107 40138 I 25126 09628 | 0 10837 25614
14 | 0 84543 04179 | 43 32 0 53304 46717 | 1 29135 41391 | O 11748 94454
15 | 0 90581 83049 | 45 59 0 55237 70723 | I 33439 44230 | 0 12677 26784
16 0 96620 61919 48 20 0 56917 87466 1 38037 36227 | 0 13623 16162
17 | 1 02659 40789 | 50 35 0 58357 38857 | 1.42928 18693 | 0 14387 50978
18 1 08698 19659 | 52 44 0 59569 82320 I 48110 74384 | 0 15571 14129
19 | X 14736 98529 | 54 47 0 60569 45851 I 53583 65353 | 0 16574 82707
20 | 1.20775 77399 | 56 43 0 61370 89715 | I 59345 30865 | 0 17599 27682
21 1 26814 56269 | 58 35 0 61988 74725 I 65393 85266 | 0 18645 13603
22 1 32853 35139 60 20 0 62437 36797 1 71727 15815 | 0 19712 98307
23 1 38892 14009 62 ©O 0 62730 67243 1 78342 80514 | 0 20803 32624
24 I 44930 92879 | 63 35 0 62881 98144 1 85238 05926 | 0 21916 60113
25 I 50969 71749' 65 5 0 62903 92100 I 92409 85022 | 0 23053 16788
26 | I 57008 50619 | 66 30 o 62808 35657 I 99854 75042 | 0 24213 30872
27 | 163047 29489 | 67 5I 0 62606 35735 | 2 07568 95405 | 0 25397 22556
28 1 69086 08359 | 69 7 0 62308 18462 2 15548 25676 | 0 26605 03772
29 | I 75124 87229 | 70 19 0 61923 29878 | 2 23788 03597 | 0 27836 77989
30 | 1 81163 66099 71 27 0.61460 38040 | 2 32283 23203 | 0 29002 40017
31 1 87202 44969 72 31 0 60927 36149 2 41028 33038 | 0 30371 75832
32 I 93241 23839 | 73 32 0 60331 46378 | 2 50017 34479 | 0 31674 62424
33| 199280 02709 | 74 29 0 59679 24144 | 2 59243 80185 | 0 33000 67656
34 | 2 05318 81579 | 75 23 0 58976 62623 | 2 68700 72681 | 0 34349 50157
35 2 11357 60449 76 14 0 58228 97341 2 78380 63098 | 0 35720 59222
36 | 2 17396 39318 | 77 2 0 57441 10737 | 2 88275 50068 | 0 37113 34754
37 | 2 23435 18188 | 77 48 0 56617 36598 | 2 98376 78796 | 0 38527 07211
38 | 2.29473 97058 | 78 31 0 55761 64315 | 3 08675 40315 | 0 39960 97596
39 | 2.35512 75928 | 79 1I 0 54877 42910 | 3 IQI6X 70042 | O 41414 17461
40 | 2.4155T 54798 | 79 49 0 53967 84809 | 3 29825 51932 | 0 42885 68946
41 | 2 47590 33668 | 80 25 0.53035 69362 | 3 40656 09346 | 0 44374 44843
42 | 2 53629 12538 | 80 58 0 52083 46089 | 3 51642 14148 | 0 45879 28694
43 | 2 59667 91408 | 81 30 0 5III3 37664 | 3 62771 82525 | 0 47398 94906
44 | 2.65706 70278 | 82 o 0 50127 42646 | 3 74032 76441 | 0 48932 08915
45 | 2.71745 49148 | 82 28 0 49127 37968 | 3 85412 04436 | 0 50477 27366
90-r Fy 2 G(r) C(r) B()




TABLE ¢ =89° 309
g =0 403309306338378, OO0 = 0 2457332317, HK =1 8599580878

B(r) C(r) G(1) Y Fy 90-r
1 00000 00000 7 56958 97180 | 0 00000 00000 | 90° O 5 43490 98296 | 90
0 99966 43156 | 7 56705 29325 | O OIIIO 10463 | 89 56 5 37452 19426 | 89
0 99865 79343 | 7 55944 77064 | 0 02220 19579 | 89 53 5 31413 40556 | 88
0 99698 28696 | 7 54678 94142 | 0 03330 25985 | 89 49 5 25374 61686 | 87
0 99464 24694 | 7 52910 36233 | 0 04440 28272 | 89 45 5 19335 82816 | 86
0 99164 14052 | 7 50642 60102 | 0 05550 24979 | 89 42 5 13297 03946 | 85
0 98798 56557 7 47880 22428 0 06660 14556 89 38 5 07258 25077 | 84
0 98368 24869 7 44628 78301 0 07769 95354 | 89 34 5 01219 46207 | 83
0 97874 04272 | 7 40894 79407 | 0 08879 65593 | 89 30 4 95180 67337 | 82
0 97316 92390 | 7 36685 71893 | 0 09989 23340 89 26 4 89141 88467 | 81
0 96697 98856 7 32009 93943 0 11008 66481 89 22 4 83103 09597 | 80
0 96018 44944 7 26876 73054 | 0 12207 02686 89 17 4 77064 30727 | 79
0 95279 63165 | 7 21296 23044 | 0 13316 99380 | 89 13 4 71025 51857 | 78
0 94482 96828 | 7 15279 40797 | O I4425 83704 | 89 8 4 64986 72987 | 77
0 93629 99559 | 7 08838 02759 | ©0 15534 42469 | 89 3 4 58947 94117 | 76
0 92722 34802 | 7 01984 61207 | O 16642 72118 88 58 4 52909 15247 | 75
0 91761 75278 | 6 94732 40301 | O 17750 68667 | 88 53 4.46870 36377 | 74
0 90750 02426 6 87095 31948 o 18858 27648 88 47 4 40831 57507 | 73
0 89689 05812 6 79087 Q1481 0 19965 44048 88 41 4 34792 78637 | 72
o0 88580 82522 6 70725 33191 0 21072 12232 88 33 4 28753 99767 | 71
0 87427 36532 | 6 62023 25717 | 0 22178 25863 88 29 4 22715 20897 | 70
o 86230 78063 6 52097 87323 0 23283 77807 88 22 4 16676 42027 | 69
0 84993 22921 6 43665 81080 | 0 24388 60035 88 15 4 10637 63157 | 68
0 83716 91826 6 34044 09975 0 25492 63501 88 7 4 04598 84287 | 67
0 82404 09732 6 24150 11966 0 26595 78012 87 59 3 98560 05417 | 66
0 81057 05141 6 14001 55012 0 27697 92084 87 51 3 92521 26547 | 65
0 79678 00414 | 6 03616 32083 | 0 28798 92768 87 42 3 86482 47677 | 64
0 78269 56083 | 5 93012 56192 | O 29898 65471 87 33 3 80443 68807 | 63
0 76833 80165 | 5 82208 55452 | O 30996 93739 | 87 23 3 74404 89937 | 62
0 75373 17477 5 71222 68183 | 0 32093 59022 87 12 3 68366 11067 | 61
0 73890 03962 | 5.60073 38100 | O 33188 40408 | 87 I 3 62327 32197 | 60
0 72386 75024 | 5 48779 09576 | O 34281 14317 | 86 50 3 56288 53328 | 59
0 70865 64877 | 5 37358 23026 | © 35371 54168 | 86 37 3 50249 74458 | 58
0 69329 05904 | 5 25829 10413 | © 36459 2999z | 86 24 3 44210 95588 | 57
0 67779 28032 | 5 14209 90885 | © 37544 08012 | 86 IO 3 38172 16718 | 56
0 66218 58136 5 02518 66588 | o 38625 50154 85 55 3.32133 37848 | 55
0 64649 10448 | 4 90773 18631 | © 39703 13507 | 85 40 3 26094 58978 | 54
0 63073 30999 | 4 78991 03252 | O 40776 49715 | 85 23 3 20055 80108 | 53
0 61493 07081 | 4 67189 48167 | O 41845 04298 85 6 3 14017 01238 | 52
0 59910 56732 | 4 55385 49133 | O 42908 15883 | 84 47 3 07978 22368 | 51
0 58327 83254 | 4 43595 66732 | © 43965 15347 | 84 27 | 3 01939 43498 | 50
0 56746 83750 | 4 31836 23371 | O 45015 24856 8 6 2 95900 64628 | 49
0 55169 48696 | 4.20123 0052I | O 46057 56791 83 44 2 89861 85758 | 48
0 53597 61539 | 4.08471 36196 | O 47091 12546 | 83 20 2 83823 06888 | 47
0 52032 98326 | 3 96896 22668 | © 48114 81189 | 82 55 2 77784 28018 | 46
0 50477 27366 | 3 85412 04436 | © 49127 37968 | 82 28 2 71745 49148 | 45
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Bernoullian numbers.... .......... 25
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C
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Center of curvature, plane curves 30
surfaces. 56
Change of variables in multxple mte-
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Characteristic of surface 56
Chord of curvature, plane curves 30
Circle of curvature . 39
Circular functions, see Tngonometry
Cissoid .. 53
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Coefficients, binomial. . . .. 19
Combinations........c «ovvvninnenn 17
Comparison test.....oveeeeieeeenass 109
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PAGE
Complementary function . . ... .. 167

Concavity and convexity of plane

curves... .... 38, 42
Conchoid 53
Conditional convergence 109
Confluent hypergeometric functmn 185
Conical coordinates. 104
Consistency of linear equations 15
Convergence of binomial series.. .. . 117

tests for infinite series ... 109
Covariant property. .. .. ... 17
Cubic equations . ..... ..... 9
Cuil. . .. e 93
Curvature, plane curves .. . .. .. 38

SPace CUIVES. .. .... . ... 58
Curves, plane...... .... .......... 36

space ... e e 57
Curvilmear coordmates 09

Curvilinear coordinates, surfaces of

revolution. . .... 106
Cycloid.. . . .. B3I
Cylindrical coordmates 32, 102
Cylinder functions, see Bessel functions 197

D
d’Alembert’s Test. .. .... e e 109
Definite integrals, computation by dif-
ference functions. ... ......... 225
Simpson’s method ... .. ...... 221
expressed as infinite series..... . . 134
de Moivre’s theorem.. ...... ...... 66
Derivatives .. e eeeeeees 155
of definite mtegrals ke eeeaen 156
of implicit functions.... ... .... 161
Descartes’ rule of signs.... . ....... 5
Determinants.... . .. I
Difference functions. . .. 222
Differential equations .. .. ... ... 162
numerical solution. .. ..... 220
Differentiation of detenmnants .. 13
Discriminant of biquadratic equa--

tion  ..... .. .. IX

Divergence . . 93

Double periodicity of elhptxc functmns 250
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Ellipse. ... ...... e e e 46
Elhpsoidal coordmates .. .. Io2
Elliptic cylinder coordmnates .. . . 104
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second kind . .. .. ... . . 248
third kind . . .. 251
Elliptic mntegral expansmns 135, 195
Envelope . ... .. . . 40
Envelope of surfaces . .. 56
Epicyclod ..., .. oo 52
Equations, algebraic e .. 2
transcendental, roots of .. . 84
Equiangularspiral . .. .. .. 353
Eta functions . .... ... . 251
Euler’s constant. e .27
summation formula . .. 25
transformation formula Loo. 113
theorem for homogeneous functions 157
Eulerian angles .. ... .. 32
Evolute. ... .. .39
Exact differential equatlons 163, 177
Expansion of determinants B &
Expansion theorem, Bromwich’s . 212
Heaviside’s ....... ....... ..... 212

F
Finite differences and sums. ... 20
Finite products of circular functions.. 84
Finite series, special ........ 1)
Fourler’s sertes . . . .. . .. 136
Fresnel’s integrals. . ......... 134
Functional determinants. ........... 16

G
Gamma function ........ ......... 131
Gauss’s I function ......  ..... 133
theorem . . . . el 95
Geometrical progressmns e 26
Gradient of vector......... . .v .. 03
Graeffe’s method . ... . ....... 8
Green’s theorem ........... . ... 05
Gregory’s Series. oo ovevene vrvennnnns 122
Gudermannian ............venuenn. 76

) H
Harmonical progressions...... . ... 26
Harmonics, zonal ..... .. ....... 191
Heaviside’s operational methods . 210
expansion theorem.. . ...... .. 212
Helical coordinates. . .... ........ 106
Hessian........... Ceeeeiiaeeies R (]

PAGE
Homogeneous differential equations
162, 166, 177

Homogeneous Linear equations .. 15
Horner’s method . ... 7
IHospital’s rule. . 145
Hyperbola . . 48
Hyperbolic functions .7t
spiral . . 52
Hypergeometrlc dafferential equatlon 209
series .. 209
Hypergeometric function, confluent 185
Hypocycloid . .... .. .. 52
I
Identities, algebraic I
Implicit functions, dervatives of .. 161
Indeterminate forms . .. 148
Indicial equation ... 174
Infinite products. . .. . 130
serles .. . .. . 109
Integrating factors . . 163
Interpolation formula, Newton’s 22
Intrinsic equation of plane curves . . 44
Involute of plane curves 39
¢ J
Jacoblan ..... .  ........ .. 16
X
Ker and Ke: functions .. . 203
Kummer’s transformation 114
L
Lagrange’s theorem N 112
Laplace’s integrals .o . 103
Latus rectum, ellipse . . .. 48
hyperbola  .... .. 49
parabola ... e 46
Leclert’s transformation .. 115
Legendre’s equation . .. . I91
Leibnitz’s theorem . . . .... ... 157
Lemniscate .. . . «.. . 53
Limiting values of products ........ 152
sums e .. 151
Linear equations ... . ..... . . 13
Linear vector function... ........ 96
Lituus ... . .. . .. ... 53
Loganthmic splral . 53
M
Maclaurin’s theorem .. .. ce.. II2

Markoff’s transformation formula.... 113
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Maxima and minima . ... 152 Polynomial 2
Mehler’s integrals .. 103 Bernoullian 25
Mainor of determinant 14 series . 119
Multinomial theorem. 120 Principal normal to space curves 58
Multiplication of determinants 12 Products, finite of circular functions . 84
Multiple roots of algebraic equations 5 Limiting values of 152
\ of two series 110
N Progressions . 26
Prolate spheroidal coordma.tes 107
Neoid . .. . . .53
Neumann’s expansmn, zonal har-
monics .... . ... .. 104 Q
Newton’s interpolation formula. . . . 22 Quadratic equations .. 9
method for roots of equations 7 Quadriplanar coordmates. . . 33
theorem on roots of algebraic equa-
tions 2 R
Normal to plane curves. . . 36
Numbers, Bernoulli’s. 140 Raabe’s test. . 109
Euler’s 141 Radws of curvature, plane curves .. 38, 42
Numerical series. 140 space curves. 58
Numerical solution of differential equa- surfaces. 55
tions .... ....... 220 Raduws of torsion . 59
Reciprocal determinants 14
o Resolution into partial fractions 20
Reversion of series 116
Oblate spheroidal coordinates....... . 107 Rodrigues’ formula 103
Operational methods .  ..... . 2I0 Roots of algebraic equations 2
Orthogonal curvilinear coordinates ... 100 transcendental equations. . 84
Rot .... . . . .... 03
P Routhk’srule. ... .. ..... ... . 6
II function, Gauss’s ........coveunns 133
Parabola. . Chee e 45 S
Parabolic coordinates . 107 Scalar product. .. ... .. 91
Parabolic cylinder coordinates 105 Schlomilch’s expansion, Bessel func-
Parabolicspiral ..... . ..., 53 tions . . . .. e 201
Parallelepipedon, volume of  ..... 02 Series, finite, cxrcular functlons 81
Partial fractions 20 infinite AN 109
Particular integral ...... ... .. 167 special finite. .. .. ... .... 26
Pedalcurves .. . . ... .. ... 10 numerical 140
Pendulum. . . .. 247 of Bessel functions ..... . 201
Permutations and combma,tlons 17 hypergeometric 209
Plane. .. . ...ooev oie ol 53 of zonal harmonics ...... . 104
Plane curves . ..... . ..... 36 Simpson’s method ~ ......... 221
polar coordinates.... .. .. . 41 Singular pomnts 41
Plane geometry .. ... . ........ 34 Skew determinants. . . ..... ... 14
Points of inflexion .. ...... 30, 42 Skew-symmetrical determinants ..... 15
Polar coordinates ..... .. .... 32, 10T Solhd geometry 53
Plane curves e e e 41 Space curves . ... ... 57
Polar subtangent........ N V4 Spherical polar coordmates e 4... IOX
subnormal .. .. e . 37 Spherical triangles ~ ..... 78
normal ..... .eovt viniiie. oo . 37 Spheroidal coordinates ..... 107
L5 4T=15 X 37 Spiral of Archimedes 52
Polar vector. . vvvviiuiiiiiiiannns 05 Stirling’s formula . ............. 28
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Sturm’s theorem ... . . .. 6
Subnormal. ... . . .... . 36
Subtangent. . .. 36
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Summation formula, Euler’'s . .. . 25
Surfaces .. .. . 83
Symbolic form of infinite series . 112
Symbolic methods in differential equa-
tions. ... R {
Symmetrical determmants ..... 14
Symmetric functions of roots of
algebraic equations. ...... ..... 2
T
Tables, binomial coefficients .... . . 20
* hyperbolic functions . ... ...... 72
trigonometric functions........... 62
Tangént to plane curves ...... ... . 36
Taylor’s theorem... ........ . ... III
Theta function ......... ....... 248, 251
Toroidal coordinates .......... . .. 108
Tractrix.......... J N 53

Transcendental equatlons, rootsof . 84
Transformation of coordinates ... . 29
determinants...............00uenn 12
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equations ......oeeih cevenienan, 4
infinite series ....... ..... o.... 113
Triangles, solution of plane.. ....... 77
spherical .... .. ...0 iliiiaa.. 78
Trigonometry ....... . . vovinnnn. 61
Trilinear coordinates ............... 33
Trochold. ... v.vevivie civinennnn, 5
. U
Uniform convergence........ R § ()
Unit vector . ....ovvuenennnn. ceees 02
\%
Variation of parameters.... ...... . 180
Vectors, axial .. ...... . .... .... 95
polar ..., . ciiiiiiiiiiieee o 95
functions, linear. ...... RN 96
Vector product ........ev covnen o1
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