LEREESERE
1834



EFEBEHFHRK
1934

m

016



RELATIONS
BETWEEN THE SOLUTIONS OF A LINEAR DIFFERENTIAL
‘EQUATION OF SECOND ORDER WITH FOUR

REGULAR SINGULAR POINTS
By
SHUN-TEH MA
Dissertation
Submitted in Partial satisfication
of the requirements for the degree of
Doetor of Philosophy
in
Mathematics
in the
Graduate Division
of the
University of California
Author’s Book Stors

Paiping, China
1934



COPYRIGHT 1934
BY
SHUN-TEH MA



~+(0 40§

RELATIONS
BETWEEN THE SOLUTIONS OF A LINEAR DIFFERENTIAL
EQUATION OF SECOND ORDER WiTH FOUR
REGULAR SINGULAR POINTS

I. INTRODUCTION.

The most generzal type of linear differential eguation of the second order with three
regular singular points is the well-known hypergeometric equation. This classical equation 15
familiar to all mathematicians and the relations between its functions are of remarkable interest.

It is the purpose of this paper to study the relations between the solutions of an
analogous equation with four regular singular points; the results of this study we can generalize
to Klein’s cquation with n regular singular points, of which the hypergeometric function
becomes a special case. T his differential equation has been studied by both Karl Heun! and C.
Franz®, who obtained some special interesting propertics abont its series solutions. Here we
manage to give a single way to derive the differential equation from that of Klein, and

2 general and idoncous method to get the 192 integrals, and we may also generalize to obtain the

Heun, Zur Theioie der Riemann’schen Functionen zweiter Ordnting wit vier Verzweigungz-

spunkten, Mathem, Ann, Bd. 33 pg. 161 (1889).

2
F&rf, Untersuchungen udie Lineare Homogene Differential gleichung 2. Orduung der

Y
ﬂ Fuchs'schen Lkasse mit drei im Endlichen gelegenon singularer Stellen, (1898).
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11
ni2 integrals of Klein's equation. Since the equation has an arbitrary undecermined constant,
this may be chosen with special value zero and supposing that a solution of this particular differentiaf
equation is known, we thus get its relation with the general solution, and consequently we can

also apply to the most general Klein’s equation,



II. Derivadon of the Differential Equation.
The most general linear homogeneous eguation of the second order and of Fuchsian type,
having n singularities in the finite part of the plane, say a1. as, . . . 2 n>With exponents < , B:

respectively, and =o being an ordinary point, was given by Klein to be!

4‘1‘*{2 __"":ﬂt %-{- {é:%” ‘_Z""—z%};_ = Q- ir)

with the relations,
x , N .
E (&Ftk) =n-2, -}';,7’; , ,_,(rz‘y‘ +or 350, E’ZI(G"’P“*Z.»;-(‘-A,}

Taking n=4, and letting qGre @i, o ma, o o,

we have
»
B (e o3 Y L2 2 05
T

with the relations,
K, A+ At G, ¥ v G+ Rty = 2, DB AR =0 DA D, re 8, e LAY AL VA
Though the last relation has double signs, we can choose one, the other being obtainable by a

simple transformation. Thus choosing the + sign, and letting @3, >-<%%$%, we obtain

(b gl s A oy (e ey = sy~ sy L~ A
%‘{f(' '%L’!?—'«!—‘é‘&"'f;’:f' x(z-:);x -} L }J‘a e (T)

1
Whittaker, Modern Analysis, (1920) 1.209, and also, Forsyth, Theory of Differential Equations,

(1902), Vol. 1V.pp. 154-5.



Following the Rieman P-funciion (I is defined by the scheme

[ ‘ / at o
24 « Az oLy sy %
e P B A

For  Amol =ty = = - '
GO, AT, g g Trlnp, uy ek By,

we have Heun’s equation?

AL [Ceop )= {xop St olFed ) Jr b ar T AP 3 ) g = 0 v (T

The scheme of Heun is
o / @& oo

PA{o o a o( e
-r 1-d rid~«-g Vi

Tt amJ), g=I, the equation {I') becomes:
3
R T S P S
Which simplified reduces to

X.(:f")%?; +[-(a(+ﬁ+l)1 —7_']%21*- e(ﬁi =0

which is the so-called hypergeomewic equation and satisfied by

Z= Fla,p,r, ).

and if a=o0, q=0, The ion (I’) degenerates into

3

x(x —r)g;dg (= )a~(a r/s-/’w)]{f *dx = o,

1
Heun; Franz; Whittaker, pp. 576-7 Forsyth, pp. 158-9; Ince, Ordinary Differentlal
Equations (1927) p. 394.



Hence it is satisfied by

g=F (&, B, atp-Lv1, %),
If 2 —» oo , the equation degenerates also into the hypergeometric equation, a fact not pointed out

by Heun and Frznz. For from (2), we have

>
%&f(—;.:*x ¢}$+‘[2 *'—-7 1-A,J *’ja L4

with the relations
KB+l =+ f+ E, B+D+p,=0, Dran-<4d =o

Lets —» oo sthen & =0 and D,+D, = o. Hencewe have
7‘(&-')%';?;* [(I’*J’)z—}"]% ~ay =

Let D, < -{d~7)r , we have
x(x-) b+ [+ ¥x-7TZ +(I-1)ry =0

which is satisfied by

y= mC5 I ) 1)



III. 192 solutions of the differential equation.
By a homagraphic transformation of the variable, the four points o, ], 3,%¢ , are interchang-
ed, except that a may go into another a', among themselves. As is known, 24 such substitutions

are possible, namely

z x=1 £ X
x 1-x = £3 —x -7
& X2 X a-x x 2.
X X < < x—a a—ix
Xea Q=1 X=t -2 -t x~a_
x-7 Fy x-e - a—7 r—a
afi-r} G- a)x x—a (2-x X -2 alx-r)
e X - alX-r) wxlx-1) “-a)x  Ta-)x
“The following table illustrates the results of the afor toned substitutions ¢

on a o x}{"’“’o‘%}{‘"olﬁ}{loﬂq”:{(_!-“"!}
7 1-& & 1-x]fPp ra O I XL 1 0 g=: . _

Lo fo » 17:‘}{ <= 10 g0 1 o e ey
fod 1 = K)fe1 4 0 4{1 2 0& &8k o w1 g2}
{/#0‘“%"}{”05&! /-’%'}{090 I!g%{%/wc%}
oo/ £lo s ok g8l o 0 75l fo Aa o Ex

& 0 EYleo il w & 1 Fuj (1 E7 < 0 )

We proceed to find the 192 soluti The sol

of the equation {I'}, which.is

regular in the vicinity of x=0, and belongs to the exponent o is given by*

; = > Goare (3
F(ﬂ.ﬁ.";’ﬂ:/:l)—l*’dwig mr(,.,',)....(r-ﬁ’) (_qi)”fll

1
Heun, Math. Ann XXXIII Beitrage zur Theorie der Lame? schen Functionen, and Franz.



Where GGl= g, Gglapge {(eep-dre) s red)alg—ar;
Gl =La{lnsp=dea)+ 7+ Pen=1)es43gJGtg) ~wsn-n(arn)iren-1)2at, (5.
The seties is absolutely convergent for 1xlei Hd>1;
and fonri1ui2iet if (a)< |, Andwhen (1) =r and(e)>/f |,
a sufficient condition! for absolute convergenee is that the real part of
{2} shall be less than -1; when  &ira ,jaled
the real part of («+g-7-s~s) shall be less than ~1.
Moreover F(2,3i %47 LAY has = definite value, if real part of
(2040 andwt >80 ; and alsos E(a,§; % 5% ),
if real part of (x4~ rrlajoandiay 2 ) 2

1. Making the Fuchsian substitutions®
LR R EXD) Sl SRS LFIS

in equation (I) we have
% ,(tg::g, ,l;t_,:l-,n:_;ﬁ“)zl:_‘ g, 2ty # ot $ g Mot B Ry 20y 0 Pa VL [l ~0C G s, - ,‘_522_! /g!m

ZX(x-131Tx-a)
Let e s Aiptardrene) s (b ks F Nt Pu) ¢ Ay e T
f' (A, tog v <e) (K + 5zt 43 ]

Hence the above equativn becomes

N T e g L, |, (rretat o, rE eIt € S bt B M) ’
Lttt Lonzs, Yo ¢ Sl (X ~=) x-o @)
is
whase scheme o | - .
P o o o e A x
P N ] Attt fy

and a particular solution of (I} we can eastlyseeis

g= (1 1 (1- WY (g arsarsse, ™ b dstPe, 15 %Ay 1157, X ),

pravided g, - =, 1s nota negative integer. For simplicity, we shall, throughout this discussion,

1

Weierstrass, Abh

Cf. Bromwich, Infinite Series, pp. 202-4.

A

aus der Functi lehre p. 220. The condition is also necessary.

zchn and Franz.,

3
A formula given in L, Heffter, Lincaren differential gleichungen (1894), pp. 224-6, also T'.
Craig, Linear differential equations (1889), Vol. 1, pp. 154-6.
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assume none of the exponent differences 4-— of; R (& =1,2,3,#4)is 2e10 OF 2n integer, as in this

{ case the g 1 salution of the differeatial equation may invelve logarithmic terms.
The formulae in the exceptional case can be found in Franz's work. Now if in the zbove ex~
pression o be interchanged with g, (7=423) singly, doubly, or wiply while #¢and Ay remain
fixed, it must still satisfy the differential equation (I), since the latter is unaffected by this-
change, We thus obtain altogether eight expressions. Moreover, if, in equation (II), we

set t==1—x, then we have
Py (12 | ot By gty oBy YU . (totst sty )y Kty 2 Al - .
7 G S :-r——r;)zﬁ—* ttt_,)(;-,—:-':—‘*[—'L@’(j = ]

with scheme , o —e -
P4 o [ 4 EXERE R )—x
[ e B Rl S 1py

and a particular solution of (I) is

?: x'"(x-l)"(" )9 Fi~a, i=Gp) Sreias ity "'"‘H"ﬂ‘/ N-a!,-/,, s /-x).

‘We thus obtain eight new expressions. Similarly, we set

t,%, =X, Xt , X=

3 =7 re
respectively, we have the differentiai equations with the corresponding schemes and solutions as

follows :

- - - 00 baly ¢ 0 J(kptholy boly Pt ) (& — 22
G olegtie szt g g el Un 0oneene ()



1] - i <

P G o 4] oA P e Ly X

fmte frd e

oy oyt Ayt Py

7 = x-e,(z ')"(x—af’ F(.'_“_,_‘g, w,#dy Tyt oy .,g_ﬂ(u__sffy’ ”“"‘/‘r} . A) —é_)'

L, 'L‘;:Av..pl_‘*_"l:ﬁu.u-axé 42+ 2ttty r s Nyttt B - 2B B o )
t = et 1)t~ %)

=

1 a=t e} -
<
2 o o Q ok #olyt ol b Ly a.;f
fo Ay Attt

_ - -
y = @ a) F (SR SGH; vl ety Aty sty rrty gy sip, X ):
;

ILII (l*'lyﬂ’ i“;_L’. )5&-,..( o 4% 2oy ;?:(_‘l;‘(‘;d *.5‘);-3_ 1 )2, _o"m-él')
=

]
T—a o] { oo
a &+l ooy X =1
<L=r

Pl o o
f--", Bk B

? A N F(itz, Boh) Gttt hrdy, d ptamdyrgy 14 s X2t )5
)—“%‘f t-k.H;f*,’#J(d,f‘u-f;v/«}(t--?‘f%)u ~ .
Fle-1)(z- &7 2 G (z])

Rty relyt By

Prr

="

#4- _*_-(‘-g.- It 5 +

a
a-y { (o] o]
Gy Az

P o 4] o
Frde At A% oyt 4,14 B

= (-1 )P x-2) F'( S B by oty vk, Gt 1A 1 .A e

§-



We thus obtain 5 X 8 =40 new expressions, which together with the original eight mkae

{orty-cight particular sofutions of equation (I). The first set of forty~eight solutions may be

written down as follows :

9, = T 1T 03 F (@, o3 stotatotardy, sortartf,  t0acf, ooty 2

.= KA (e J (e S Fla, 3,'_; poat arcty, prear w3rfe, 1P ML <)

%J o sy -7 EC g5 APt oy e pt e P, RS, x)
S -

?': 2 (-0 ¥ x -a® F(l,f. At at fy sty P R z)

Bes B o (k- F (@, @5 R, roat fiot <y, Aran Byt e, 1oy e, K

Juw KGN NS035 4 ot 0, <P Py 5, A )

HT)

-~ xf'(x-l)"‘(z-‘)"'F( e, A .4,+/6,+ o Fr et pet 1, 1+ P x)
o= K VB F (@55 pre pusfo g prepipe o, 1P pn s X

%' < 2N xme) (-2l F (14, B R R S A A dhy ERy /4-;~/" e ,.x)\

. PNy ad (""’J"F(:—z,t-i,‘)ﬁ""“‘l“". ﬁ"“""‘ﬁ’,‘ S A ~x)
4= K r-rf* (245D F 14, s g TR e Sl Py, Sty 1481 2D
G m A0 F 175 s 5%, [ 8 4, 40

sn L (G- F (18, -5 At tfor G ot Gt e sef 124 1)
= < xmi) x4 F 12, /—;,’; o ot S Pt 1, g 1-x)
7,: YO (xef* (x-2)" FGr-a, LA vy BTt (1 o P =0

()

Bum Aot oo F (1= &, 1105 P Ao Py A4, D)

10



hor = Tt a0 F s F5 ottty vttty 1+ regyd £ )
Yot = tx - ):" FlErEos A1ty prsasif itho 1oo8 1)
f‘ﬁ‘ Aoy (a-ays F('A-;-f‘—; R el S iy e T A 3
7" 2B a-af® (B PPt s s 1A 1K)
Pt = Tl Ceaf® PGy S ifiros, sty reiop, 198, X o)
3
.
f/zz= l"(,t-:)”(z-l}e’ F(i"l's{"; "‘:"f*"ﬁ*v‘g d’*/dzﬁ-ﬁf” 1444, /75«5[ __.f:)
A W
Yas= L(x Jelc-e)f FE T frstpara Brostfivay 1A 185 %)
o
Yor= AP Geea)f® P T AP fp Py i 4 )
4

= RS aea)? B FE e dyrae, opasay ey irrp, v 2K )
4 % ot , &g -
o = Kol e PR S oty posier s 1o g £3X)
?,7 = XM x-nA(x-a)s plazh, a2 ; %, P At A v, Hﬁﬁ_ﬁiz)
»r
?zl = x”(t-l)/'(:r—n)"" F (&L, il“&; ﬁ?’x"{,#ﬂ%ﬁ?g‘djf/’,ﬁ 1485 1A, 51".}) -
Yor = sl a-a) P8 S5 ey Ay 1oty 144, 273 )
?zo = L) (z-¢)> P& %}{ 3R Pt SRS, B 11, %)
¥
9:1 = )t x-9® FEa2sh *ﬂ‘z?d,n‘g/s,yqﬁﬁlﬁfr ', 1=, £2X)
_ ™
Yo = AP e O B g 4o promips Py syt o, S

1



?” = 0~ Yo e-2) ™ F (e LoF; ATy o, hy Gy, 1A 4, ot

P = x%(:-;ﬁ(,-,;)»‘; Pt )4t Pt e, it st 1A e, LT

7,; = Yl (x-ay® ,.g..:_; Lt ot Syt et Py oy 1rty o, Bt

ot = TP G R (tar By oty o donpy 1 g 2L

Jor = % T (2-e)fS (b B, Ay bk fly bty Sk ten YA e f 1ol B ) ( )
Jor = % "z~ 1) x - a)"’f’<"‘-'&‘-‘-“' At fat fe A B 1y, "/‘-"","75"‘3,":{’:;—)

o = A1) (x-aj% F(’.‘l‘a‘--‘:—.—#/ Bottatfatdy oo tfl sfs resamp 1if-oty S0}

Yoo = 1) (x-0)B F(m 825 Bapars ooty gefatpyofy 1epions 1 s, ‘_,)

%, - A=) (a)y® F (Er $5E 4 LAyt et syt 1ol Vi Xy

s = A (x-S0 H2ks At S frho ity r s e, T20)

Jo = TOA Gt F B Bk v Areyr oy 4 ofr by 1 o 194w, 22

o = WPy F(fer S frrfarorel, Aofr dy3pg iouyih sofimss, B8 o
Yos < X ot ama) PO Lo dyrn ey vy, ot gty 1oy o 2250 )
f{d- K (-0 PS4 pavprs, Y P, 1o, 1ohm )

Yoz = W4T lx-0)% Pl B Pty vy peiiggp, sy 100 EoY

ff" 24 (1) (- R (B A2k R A e =

12



Where

?/ B R S R G R Y A S .

?,=

o

?a—

L

n

() + s toly + ot ) (oly+ods 4 o0y +/a4)

(Bt~ s Y + (B ek ~fifs ~ BB )+ Aufy 2

Cort s+ Sy rolg) (Br+ oy +y %)

(38~ tda—pape)a + (2, +Fp~ A fs~cts5,) + v‘u/.:?

(ot B v oty toty ) (£, TPt Ayt fy)

(;Smex =Bt =B Ja +(ﬂ:+=‘.3—,4,/5,~d3d,)*d£f

Pr*ﬂ:—*c‘ *“u)(,s,—!-/g;.;e(s +/§¢.]

Coty bty ~yydy m sl )@+ (ot + 5 ~ ity a5 )y el

&, # 2 ty Sy } (ot 4 Ay 4,83 + )

(ot 4 Bs =tiola = G, B V& & (X, +8; — 4,y -ﬂﬁ:)*ddﬁu Z

(At favrfy + ~g) (/% /% +/5(,)

(ot 0 =4 f, ol o) * (8, 45> ~fets = 40> )+d7€4}

/6,-‘--(.‘ +/Gz_+9(¢)</3 +=<,_+/3_, ,/@)

(80t e~ s~ fad e+ (T, 0= Sty

d; 1)+ Ly By F

CBiopr Arees (oo oe)

13



2. We certainly can abtain the other solutions from any one of eguations (II;), but in doing so
we have to change the dependent variable, and use Fuchsian substitutions. Wherefare we prefer

to use equation (I}. Lewing £=<£ !, we have

gﬁ LA E-) (- (r=t-B )t - T (vt j 2 (£-2) <

2t~ (£~ &) €3

B (. L it e a3 L Y R G )
e (2 -2 g0

-with scheme
o t = o 1
.

Pi= = < ol =+ 5
A B> B, A+ '
Using Fuchsian substitution

7= £ Ce- ) 2-E) 2,
we have the differential equation

Lhetaota)dis , 9ot o o) (A oty ks #oye ) #)Y o tz))

L n«,—& Liebops
"( £~7 - 72 A J{t-%)
With scheme
- I —é_- a
o, 40k 3 oty T A
P 1t s oy T ol 4 ] g r

* * ot -
By sty P%a Ay ey
Where

gen - $tsredpyepet) - cip = oot = rnetndipngy ~) -4 ot iy g g b5

(et poty pots oty } (fre oy reiye oy )

Hence a particular solution of (1) is

[4
g LB Sl (i Foa 0, oty oy rrip, s, ).

1
Whittaker, Modern Analysis, gives a formula 10.4. p, 202

i4



= = - X- g(x_-lg
Mereover, we sct '§ - %' Zx.“ = (r-wa:t’ fa-1)X

hence t= %, 1mg, =2 ARy g’ ,,._.cqgrespecuvely

By making substitutions in equation (IIt), we obtain

__g‘.(_l*_-g:ﬁt %ﬁ_& lgf:_«.z!; g_m»-x,»«_,fx,,)(pﬁ«,aa,.,,@l(g-j;q),w_ a......(zz:;)

< I o
P { drtiret e o ° . c 2y
Brtetstey oy Aty Pty Bt ;

0 -
iyt f‘)’l‘x_’)-'(z_‘)‘ Fla, Qe ; ety s J'lﬁ fdspn_',pnl‘) AT R ,..‘,S_/,J'T)

y:x

da (:».5-;..* Lesefe -t —l)da Coeetpryrp)(Brasrasras) (§m ImFILC 20w (TL)
__(.5_,.

ZL

2(%-E-%1)
g~ /
- -3 a:
_P * P el ey o o o X—r
Araryry B As~%s Bty .
y- x‘-f*,«,.d Y- J(z- o ezt 5 1= a; Lrearet ey, St e, v 1y A );

3 PR oyt wiseele JBirdit )(;—/'—Tg',)l(_ U4 ¢
G (g gt gy el o

, oy .
b= £ G Fla-al F(1-4,1- aa; Attty sy, gooaragsoe, 1048 4% 7 e )s

x‘a (,—2%1._'__,_.& L‘gﬂ:&)?g_ ety volyo )—(7,)2%,:.,::,)(?--1-41—)Ic_a" ceenl@l)

15



Gl
P wrragen, o o o aee
x
Prr iyt oy /%‘dz G 4‘_"(. )

7 = im“’“’)(x-:ﬁ’z— "l)-‘g Fi (I—-XTJAIZ—%-&) R S T N kg 1ol ;44,_-/4;)%__—.5_% );

¢ gt Lt ortzr sttt )R rs e (B 21820 ) op
u )7g~+ ol g(;_/?)(g -jﬁ,—%g o

- e : =
P, LASRE KN o o o alx—s
(e-v )2
Lttty - B
f‘ > A% fi-ey ’

6 9 .
j (x-:f‘@z-n,)"" A ’_{?’i_; TGt Ar gy T, 1A G /5 lt_';:!) )

16



The second, set of forty-eight solutions may be written down as follows ;

?‘r -(h: "ﬁgz-l){l—-tf F(a. Ji 5 - poQ TGty fr“‘:*"':"“‘; 7 epu, Irey /‘3 'Z') \

% =x (x S F@@ 85 emarr o, frciarcs @y 1+ %, VG A +)

%., __;"N’*ﬂ — Fix-af (= {x,-a,+pg¢c+u LB B e, S Py, 1P =)

l&’ "‘"(’x ) (x—a)’ F( )fx,d+ﬂ9d»/’:&ﬁ’f}=‘4+5)/+ﬂ -, P, 7(.)

PR -(df;‘iﬂ-gx_,)é(x_ of<F(E 5;_,.,(,,“{ Py A R NS ;c)
- i(“d;&vﬂx) ,)ﬂ"(;('dgF(“—’ Z“ < Barfors bt o S 124 Ay 1A%, —5{)
Jor =% FEE s S S F (4 Py, At e Pe, 1y, e e, )

(z7)

G % AR -0 T F 5 4,2, iy e, APt s, P, 1ot &) )

%" x—(#‘sddtx_,;;(;_i)« Fla, ags; A v ey ity PRy, IO, —%‘ﬂ
Fop 2 ZOTUASCTE, agls 4o, posose i, 11pmg, 1575, )
Yy = ey S-S0V F(a, QgL Rt vty fyop s vy 14y 1 <)
feoo e b oo F (@, AL hofut o, fropana ey (AT, 1NEA, =) &
Y - PR I L 0 (R .c,m,f/,r Bt tfrs oy 17 %P, PAG , %)
= €SP R T OGS 0oy o, Bt e, 17, 1575, Bl

?‘, -(.‘r’/l"‘a)

Yo = EOBP - F &, a5 s puspionf, prpupo spoy 19707 1577, )

"'f’«"}’.;:(" 17! < roar Aefy, /’,*‘g'/‘;'ﬁ; Pyl 17y, T)

17
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?“ ‘Z-r"”b (N]“{'(x--)“F %’-’:" 2 § "f‘""xv'!r“,’/,;d,o-s,.‘; 1A “'{"'A', - ) N

D A Y

i S R R S R S Y o

?[[ = fa"é'A)(z"f“(x")n' H’L;_”l "f:’i ‘*,"/;"“‘;7%} P,?/’n{,r,l,, lrg—-(,' l#ﬁ-‘,‘ 5;, ) (ﬂ_,?
’ 3

- N v AL ), .
Yag= % (S %4 '9)(‘,-1) g-af % FE5 g% 4w York e g, sy, x2)

oo = KOOI RS el FEL 5 Stpirtie sy poapniny i, 10y )

A~ o .
o - O N e PO A s, fen, oA, Lo, sepymcty EL)

T =X OBV 5l - PR F15 0, ropinpyof, 1R, sty 2L )

e W
iu = st - ) T 02 - ST IAIGrG rt ey Gyl 1y s ) 3\

T =T O R P T F G, 4l oy, B ooy i 1o, 5535)
%r _z’f‘n‘;'ﬁ%’r—'f’(X“f‘F(‘-ﬂ. I--‘}:: *‘,‘f.c LR YY) ,/‘,.:,," e e A3t )
P o0 Sl ) Y- F (-, 1 s G eprrty oy, oo, e oy ) .
P £ P i - O (e on, 1-44 T -c,,.,...,,,." Pt syt P4 1ty Ko ? ()
’1{ 'X-{d'*”"‘ﬂ"(r*')ad\'“/?(""-, 1S FLS % efor b <, Bofaflyr oy, 4G, 17, 55 )

P .a:’f/,',‘ha)(x—:f-'(xa)"-p(n—u,«-..,;'i,,l,“,f_,/‘_ P o ety 1, L)

Yoo APy ) S it vma, RIS o Aty By, 1l 14 Py A5 J

18



9” g%“‘)(x-l) [z—af‘F(z-t'—g’—:—; L v Gy B ryrdte, 1155 N""/";ﬁ;’?)

Bt )
f,, =1 B L S g it g 8,7 57 S, £55)
(42 % 7fe), 2
f:x X @")"(x-a),F(a.ﬁ L e R L

=Fs
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3. To find the particular solutions when o lies in the 2nd column of the scheme, we set Z ==
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And a particnlar solution of (I) is
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The third set of forty=eight solutions may be written down as follows:
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4. When -olies in the third column of the scheme, we let

Z =23X in (1), and cbain
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And a particular solution of (1) is
Sfereires) R4 P oty 4y % =
7;&.«) 2 -] F(&, Jri wratgry, N Ay Sy e )

In equation { I} ), let g . Z=r tea a(x-i] . (,_.,,‘_!x s

¢'=cn'z~¢-‘ X - x T

Hence %= l‘g" Bats-) Firy, K, L=8=€  respectively.

‘We have the following :

AD  froazp ,»z—,a. iz é)_sc,j_,;u,;-r_,w,)(«w ey rotg) (§-r— gu)le PO d
% (2 S(%-17(% - 7=2) w o)

e = o !
Plo o oy, Tl Ty g %(.. 1-4)

AT R R AT A P

oy ftyests } )
7 (_1-'0) sl s (x~1) "F(:-n., ' ; -r,,.-‘-”c_,r-rq,l-g,-(,_i,e,+-g" /-uv,-p,’ N.:,.ﬂ, x-;)

.%%;4- __”"%’Ex . 145_ :é«,.%':_:’r_kz‘é‘)f? + Bty )t ’.4 "5/)(; )[” oy U)'/( = (.l‘:’)

3(%-
1
= o Lad !
P =3 o LAT XL (] g{=z_q

Fr o el peg

sy e

3 = {x-a} {I(x--)""F("L' (AR ¥ ety JN/‘ g 11 ua,,rf,'i’ﬁ__ ;

29



£ e {1252 PLEly  toe, o (or, -ty iy 0 oty ) (od polyop ¢ da ~ LR o - i
A S S =) A 71 55 (¢ B e )

.
z 1 =<2 ]
P{ oo o Xpelyrlyt e O RICE=> =
S S e A
s

? - - 4)(.,:,*-!,“.) (X”) F(2xt, “_':i"’ syttt d,,,',/s,.f Fre, 75, ey ﬁ;fz—-f);
3 o (st getinfe g detyply VB s W%MM%IE= O-nn ALY
'§? A ClE-rj(t-=} *

¢ L oG a
( ~)
Plo O dredira, ey ° ==z
fri A Rt fed )

? = (x-‘f"m il (x-S F{a, a+ (:—‘)i,, g ey sty of i3 fphely IV %&}"‘L);

A (e - ety oty by oty ity 4 85 P oL —{t—a)(— [T NN 4 1 14
%{é:,(—Jqé—g o»g—l-&""_’ 4-——‘!.;!7’$~ ‘_‘)5‘;‘—4- 2 g(g‘_‘ '}(g":_‘_) <o ('U‘)

o | =0 -a
b4 o o Ayt ely Ty o ’9’(- S
e P A Gty g, '

Y ,»(‘

?’ = {x~a)

% (e 1T (1 @ G- 05 0w tamcty 10 fl 14 , (a5 )

30



The fourth set of forty-eight solutions, now, may be written down as follows ¢
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For ,3,=I-7:ﬂ,_=l—(f,,‘l§, -r*tf’—ﬂ—/a', A= =320, oly =<, /~‘,=¢5,
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IV. Relations between the Particular Solutions.

Tt has been shown that 192 expressions are solutions of the differential equation (I*)
and, from the general theory of linear differential equations of the second order, it follows that
any solution is linearly expressible in terms of twe independent solutions. Let us first divide

domain of exi: , into eight gronps of

the above 192 functions, according to the cc

twenty-four cach, and for clearness we may write in the following :

&]AMJ- ) %;wj -y
Joo o Jr T VOO A
?/7 .g ;u 7&» /74 /7»0 /7»3 /;,z
/mr 7"6 /"’7 /”' /ym; fymf /na /m,

Jov 2w s Bs || g o P Joo
;Z"J ,7’—"" 7 7 »/;ﬂ' Zr{ /er /,5,,

;{;r /7,95 /f”f /7 §Z4 Zb Zﬂ’ /'io /?b-

‘There are convergent in the region of pointx ~ o
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Epreee 5 o £W s
77 ’%o (%3 (Jffr ?n /%— ;,4( 77,4

Too Yo Yo By | | Toe e Ty B
Yo Y Uy Y|\ Yo Yo Y 7.
T Yo Do o | | % Yo Ve Y
Vier Ter Gus Y| | Ve Yse Yr Y

% 77 ?f 75 ?’ 7 %’3 o %Y/ %/fl ?/23 l;/fgz
These are convergent in the region of pointx = 1;
Ertrnnt o Exfprand {6~ 1 -B

?,_ - ?1—6 ?»7 ?,, 5 ?‘f ?—fo ?? 2 ZJ’ 2.
?‘ﬁ ?4;_ %4;3 ;wz %J‘ ;4( ?547 9&‘1’
?7_; %79( ?77 ?77 ?7: b ?76 ?7 4 ?Xo

D sr ,%fz_ ?r\r /%; Ges ?N Y %"’
?’ 3 %14 %/r %, ¢ ?n 7 ?’lf ?"7 ?’l—o

Z reg ?/Ja %}, ?”L ?IJ.? ?fzd %/JJ' ?/JC

These are convergent in the region of point x= a ;
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gqf;éavw«?‘ o, Expoai— 3

Yo U e Y || T Yo T Do
Vv Yoy Yoo Gp | | Tor Yo F Yo
Yo %y Yus G| | Y10 Yoo Y Yoo
Zi Us Gy Gog | T Tt Gow G
Ve Yr Yy Y | |T T Fowr T
Yiss Yo Yos G| | T e Do P

These are convergent in the region of point x = &£
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The functions in the same group are not independent. If from each pair of coupled
groups we choose any two, not both from the same group, we will form one fundamental system_
and any other solution in the same region is connected with these two by a linear relation with
constant coefficients.

To obtain the relations which connect the different pairs of groups is much more difficuls.

Let us give point a some definite value, for instance, say a=~ 3+2i, hence 2 moves in six posi-

tions during the homographic sransformations of the independent variable, i.e., 3, l-3, —;— -lla_
y 473,
a-1 1 g2
7 1w ad T

The following figure illustrates the positions of a for this particular value ;
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Let us consider the following four pairs of solutions:
Y1, Y23 Yo, Y11 5 Y41, Va5 5 Yas, Yoo
As to their regions of convergence, it is clear that for the pair (y1,ys) we have the cicle (Ci)
of radius unity whose centre is at the origin ; for the pair (s, y11) the circle (Cs) whose centre
is at X = 1 and whose radius is unity ; for the pair (v41, ¥4s) the circle {C,;) whose centre isat
x = 2 and whose radius equals (1-a); and for the pair (ves, ¥so) we have the entire plane
outside of the circle {C1)-

We see now that the regions of x = 0, x = 1 and x == 2 havn an area in common, as
have also the regionsof x =1,x =zandx = =9 It follows, therefore, that in the common
area, say, 10X = o0, % = 1 and x = a cach one of the two pairs (¥s, y11) and (ya, ys) are
linearly expressible in terms of yi and ys. If now, in this common area, we have expressed
(¥s, y11) and (va1, ¥ss) in terms of y: and y=, we can by a known process in the theory of fun-
ctions obtain uniform and convergent developments for {ys, yn) and (v41, yas) inthe whole
regions of x = o. Similar remarks apply to the linear relations connecting the integrals (¥4s, Yor)

with (¥s, y1) and (va, y1s), and consequently with (y1, y2). Thus we have the relations

. { PRY RV RSN ¢ T AL S TN A A O
i ! ) "
IS R Py O Yer =G5+ %Y 5 Yoo =S5 +Cx v
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wherein the coefficients A1, B;, Ci, are constants, These constants are not all independent ;
there exist relations between them which will now be determined.
Let us take the first one of i), namely,
Y= 41 YA Y,
To determine A; and As the substitution of any two particular values of x will be sufficient; let
then x = 1 and x = o, and suppose /-Y a positive quantity so that o =7 js zero when x = o;
we have for these two cases
tod, Fla g s £,0,7, 8 )+ A F(a,g,5h-rt1,8-7¢s, z.-r,aj,),
F(r-a, -3/ 3/, A.8,v, 1) =4,
To evaluate Ay and Ay we must find the value of the series for argument unity. It is unfortun-
ately, not like the hypergeometric series, we can easily e:.cprcs its value, when x = 1,in terms of
gamma-functions’. But to determine the relations between them, we may proceed as the follow-
ing way : The equation (I') in the form
.
Thr (s ol ) e S Gg) o = 0-oco(2)
Is transformed by the substitution
7 - 2" f!.{;
Into "+ Iy =0
WhereI=@-£7%4p  ,and Palrsl « -’*—;‘:—*f;__ﬁ- ,

= ALY~
< x(x-a)X¥-1) *

1
C. Jordan, Cours D’ Analyse, Tome I, Nos. 379 et 382 (1909).
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Leting 4 =

Accordingly,
w°'+m“'+ L =0, . I, = (1);@0
‘This is the well-known 'Riccati equation.
Suppose a particular solution
7
< (),
s known.

Hence

L Fla (ff)osd,ﬁ,hf.x) "
(-]
G % B4 x)

Wediobave 1,221, 0, < S5

.
Wor 200+, = 0,

i~
N

ldJ + ZUG“’J*JJVI,U,:O,

Wt 2 W Wt iy, bt D, W,

i LAY AR ”
since -1.24.7 %k/"f 3

v “za

Thus by comparing the coefficients of like terms, we have

A z%% , W, =ty == 0 ;Whenx=a.
Now, we have
z x ¥ fty‘{
w:c,_:.'J.."‘”.‘fr _ftudxf_i'_;f <
’ +‘ﬂ¢ . »’ / y(‘k—l)(r-a) x
Toshow C, = 0 , when x = o, we proceed as follow =

Rewrite the above equation as

[ 4 'S x
e, o4 rud - —t f iy
e diaty oLt [ v g Yt
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Using Taylor’s expansion, les
©
4, -
F(2.G),5 %814 D) 0™ L2 4. x", a,zo0;

And

/ { = s
r—-a) (x-1) + 2la-ix-a) = fo PA X 4.+ -

L3 ps a
Thus * x
o2 e
v dredr, ss [T Ea
:t"g:a‘l" o z %7 4
+ 1" Eoa x" "2: £ k"%
. - (] g
Incegrating and putting a, ‘:ﬁ x = 0, we can casdy see C; = o.
Therefore we abtain
@, pc,gz*ff—'d-v":ff fz""”c/ ;

N T I
Similarly, we have

W= - am sz,-/x «, ,,_J‘wac/r

LZau 7
Wy=-22¢ = wy Lszcdx
e -'-r'-"“_—_" dv,
¥ e,
@, =-2. Jz«{,a’v *
o= ~2 (w4, +4 d, + - ., 4, }“fza;‘dv
L S dv

Hence, finally we obtain
F@:ﬁ'j“‘,}, 4x)=F (=, @) 3 (RIS 2 2
Thus we have, when X = o,
Fla,g54,4,040)=Fl, G)s&prdo) =15
And when x=1, »
Flegs KAL)= F@R,G) ; 4,4 fd'/)g, Z :)7,..

Leet us write

i— J‘(/,,dz

‘yg = A’, ?, "/1.‘_ :;’.h

Yy = Flre, -3 50 84r.1) 4 ¢ Ay,
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or

Z @, %" Fra, g/ 54,680 )E (e, B srLr L x)

“Fr 0

) 5}*
o (0] (,s Q ) 53
Xjl1+= g, 0™ ._’______ P 2 (‘
SIS P +AE o L L

By comparing the coefficients of like terms and putting x = 1, we have

A = L[/~/—‘(/«z.(rz‘,')g,:o:l:,éjfhi)Fj&%d,gngl)7
] %=/,

We may also proceed to find the relatons which conpect any two particular selutions
with their differential coefficients, either in the same or different pairs.
It iskuown that, if Y1 and Ys be two parricular solutions of the equation

o o
Tt P ay=0,

Then
¥ g »
Y, T )’: __._ = O~ J‘é’ ¥,
Where C has a constant value which depends upon the set of particular solutions selected.
Choosing Yy =y1 Ye==y3, we can easily obuin

¥, j"«;&- fv—;‘{fe e ) 1"(’7!-/)'{1-«)

W e 'm0 ady shewn thae
"f/’, =A . Yo

in whick A; and A: are constams. ‘This gives on differentiation

"“J:-oh/-l

A
L o 4 .._?‘7’: Iy
o TAEAGE

And therefore

rid-nf-7 red-w-B-s

7 :’1: S gE o Aa (2 xmry (x a)
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V. Generalizations applied to Klein’s equation.

It may be generalized to the most general Klein s equation.

Recalling that we set
2,~» 0 3 Q,~»> o the Klein’s equation becomes
.« - s
gy 4 i"'_"LfL)dg_l_ B ke L Bl ,
dx hatd ?—Q(' ¥ L=7 ('X‘q‘-)L iy Y% 7 !
Where

= #-t R = ,
=1 (d}'{'j}):‘n- z r E D4 = o)’&.aﬂu = 4.;;:" (Q‘D‘.ﬁ '(4'4 )-
‘This equation may be also written _

et =t
dyy , I O%h) G (xa) 4
Ix 1“,77'1' ('z—a.) dx
s :"._'!..4=l ,_4 et Semr .
b BT B jooda (K2 ) w7 D) i), (X%
e o3

) —_
= b I
JT"’,_('K-—«:(.)" 7 0--(2)

With above relations. ‘This equation has n-3 arbitrary undetermined constants® which will be

dentoted by q 4 (i=1,2; * “n-3). The scheme of (F) is

0 Ax &y ~--- @y,
Pk & & -c-ke k. X

-

‘31 ‘9,, )6, .- /g-»-l /6...
If we choose the exponents such that &, =X, =--==&_ = 0,
. , , *T ¢+ .
A=Kk, 2 S = 1-8, 2 BT, Ve SRV { ,=:E;/;"-'A-)’;=A~ )

o

we have the simple equation . \
‘ ¢« W . o, -

d% (S5 8 et B S (dv = P 4y o oeu--(T
71_:2‘_-'.{‘;, -x-a;+ ¥ -Qa., 7‘%* f=t X-&ZQ 7 ° ( )

il L -
Where 2= D, =0,4 =
FEY 2 -

)

£.= = a; B, . The scheme of (I‘) is
o a, a, """ aa-r. 4~—l L
’
P qo <] o ..-v. 0 O *, ¥
' ’ . nY L r
8 4 A e 1, KB4 A,

1
MacRobert, Functions of 2 Complex Variable, p. 244 (1933)
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Let the integral of this equation, which is regular in the vicinity of x = o and belong to the ex-
ponent o, be denoted by
I ’ r ’
F @y @, oo s Sy B8 )
Now we apply to {T) the Fuchsian substitution
-t o«

4= (x-2)" 4,

. ‘it
And obtain

o (e

5 (t—a) d; +[f(_,_, (r r() = = a +:" (x-q )]

i=v

k) E
e {Eughd ———ﬁ;}v e edla- o
thre ot ; e (IE)
=% (J_A 79‘) ;(#—r)w (7- )

Q ~E < ﬂﬂ,}, (r-2 ), = 2, [:—a);(,,v)_, (z-;) ,
And the scheme is

0 a. a4 - - .- Xy Lo
.P © < o -~ -~ o] :?3 K, Y
Lt A “;"‘{3 """ ‘4-:' L) = & oth

Thus a particular solution of (T) may be written down as

Y= oa) " a5 Fofor st o A ),
By interchanging the exponents ; ;8.), we have 29-! particular integrals. Since the homo-
graphic transformations of the independent variable bave 1# different forms, in doing so, we will
obtain altogether n corresponding equations, namely z . > 1? - &, and consequendy
we will totally have 72 4 2™ ' integrals.

Similarly, we may divide the #7 2"/ functions Inw 2n groups of pros 2™* cach,

and write them into n couples.
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Moreover, by a well-known theorem of power scries, the radius of convergence reaches the

nearest singular point, so we can find a common area in the finite part of the plane such thae the

function : jated with the fu which are convergent atoghave linear relation with sonstant

coefficients. If a particular solusion of (T 5, in which all q;, are zero, is known, we canina

similar way determine the relations between the constants.
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