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We compute the electric conductivity of quark matter at finite temperature 7' and a quark chemical
potential x under a magnetic field B beyond the lowest Landau level approximation. The electric
conductivity transverse to B is dominated by the Hall conductivity . For the longitudinal conductivity o,
we need to solve kinetic equations. Then, we numerically find that o has only a mild dependence on y and
the quark mass m,. Moreover, o first decreases and then linearly increases as a function of B, leading to an
intermediate B region that looks consistent with the experimental signature for the chiral magnetic effect.
We also point out that o at a nonzero B remains within the range of the lattice-QCD estimate at B = 0.
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Introduction.—Extreme matter of quarks and gluons in
quantum chromodynamics (QCD) could be realized as a
quark-gluon plasma in nucleus-nucleus collisions and as
quark matter in the neutron star cores. Nowadays, the
collision experiment called the beam energy scan is aiming
to explore the QCD phase diagram at finite temperature 7
and quark chemical potential 4 < 7. Interestingly, such hot
and dense QCD matter may be exposed under a strong
magnetic field B if the nucleus-nucleus collision is non-
central. The presence of strong B provides us with an ideal
probe to topological contents of the QCD vacuum, as
exemplified by the chiral magnetic effect (CME) [1].

To quantify topological effects induced by B, we need
transport coefficients, among which the most important is
the electric conductivity 6. The CME signature in a
condensed-matter system of Weyl semimetals is the neg-
ative magnetoregistance, that is, the quadratic rise of
ocme(B) o« B? [2], which has been first detected exper-
imentally in Ref. [3] assuming that nontopological ¢ is
insensitive to B. In contrast to the condensed-matter
system, for hot and dense quark matter, we can make a
first-principles estimate for o(B) from QCD directly.
Moreover, in the nucleus-nucleus collision, 6(B) controls
the lifetime of B [4,5].
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So far, 6(B) has been perturbatively calculated in QCD
under a scale hierarchy, VeB>T > gT, where e repre-
sents the charge of the proton and g the QCD charge, using
the lowest Landau level approximation (LLLA) [6,7].
Usually, the LLLA is a reasonable approximation for strong
B and has been adopted for various QCD observables such
as the heavy quark diffusion constant [8], the bulk viscosity
[9], etc. The validity of the LLLA is questionable, however,
for 6(B) involving (u and d) quarks with small mass m,,, i.e.,
6 — oo as m, — 0, since the scattering phase space is too
severely restricted by the approximation.

In the present work we significantly revise the calcu-
lation of o(B) in a different (more realistic) regime,
VeB > g¢T, in which we neglect T-induced quark damping
(~¢?T), namely, Ae > eB/T > ¢*T, where Ae is an
energy gap associated with adjacent Landau levels.
Then, we will find that our ¢ with full Landau level
resummation shows a much milder m, dependence than
the LLLA result. We will also see that the B dependence is
minor, which justifies comparing our finite-B ¢ to the
lattice-QCD measured value at B = 0 [10-12].

Some definitions.—The electric conductivity is given by
the following Kubo formula:

. 1 .. ..
Ly p— 1 L s )
o g;gr}),{g%ZikO [Tz (k) — I (k)] (1)

where ITy), (k) are the retarded and the advanced polari-
zation functions, respectively, defined by Hg/ A(k) =
+i [ d*xe™*0(+r)([ji(x), j/(0)]), where “+” is for R
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and “—” is for A. We note that, for the conductivity used in
the hydrodynamics, j' is not necessarily an electric current
operator, ji, = Y +q ;7' s, where f refers to flavor and
qy is the electric charge of the f quark, ie., g, = (2/3)e
and g; = —(1/3)e. We need to subtract the contribution
from hydrodynamic modes, which can be done with a
subtracted current operator j' = ji —n,T%/(E +P;)
with the electric charge density n,, the energy momentum
tensor (operator) T+, the energy density & = (T%), and the
pressure P; = (T"") [13]. In the following we evaluate this
correlation function involving the electric current and the
energy momentum tensor (1) using perturbation theory and
the Boltzmann equation with magnetic effects fully taken
into account.

For perturbative calculations of Hg /A (k) we need the free
quark propagator at finite B. The retarded propagator in the
flavor f sector is given by a sum over the Landau levels
labeled by n as

L) =3 ~Sh(p o ~Sh(p
p
e n=0 o - ffn i iepy  4=g p‘ - mfn j: iepy’
(2)

where the (flavored) Landau quantized energy dispersion is

ef =\/p§+2|qu|n+m} and we defined m7, :=

2|gyBln + m3, p1=(0.p,.p,.0), and p := (po.0.0. p).
Here, we chose the Fock-Schwinger gauge, and the B
direction along the z axis without loss of generality. The

numerator S, (p) has Dirac index structures decomposed as

= () +mp)[PLA,(4E)) + PLA,_ (48))]
+ ﬂJ_Bn (45{7) (3)

Sh(p)

with &, = [p,[>/(2|q,/B|). We introduced A, (x) =
2e2(=1)"L,(x), and B, (x) = e~ 2(=1) 1LY, (x),
where L,(x) =L\ (x) and L\”(x) represent the
generalized Laguerre polynomials [14]. In the above
expression P/ ', represents the projection operator Pf
[1 £ sgn(q;B)iy'r?]/2.

Electric conductivity.—Proceeding to the conductivity
calculation, we decompose the anisotropic tensor structure

of the electric conductivity using B’ := B'/|B]| as
o' = oyek Bk 4+ GHBiBj 40, (67 - BB, (4)

where o represents the Hall conductivity for an electric
current perpendicular to both electric and magnetic fields.
In the R/A basis, the polarization tensor at the one-loop
order reads

Ly Skp(k+ p)r*Shg(p)]

"Z‘lf /
_i;q} / (Zﬂl)) -

apart from the hydrodynamic mode subtraction, which
will be taken into account later. We can straightfor-
wardly perform the integration (5) to get oy = n,/B,
which is nothing but the Hall conductivity. Up to the
one-loop order 6, = 0, which is intuitively understood
from the Landau quantization of transverse motion.
A nonzero value of ¢, appears from the two-loop and
higher order contributions. Here, we give a parametric
estimate, ¢, /T ~ g*T*/|eB| < 1 for \/|eB| > gT. This
parametric form is derived from one self-energy insertion
to the fermion propagators. The leading behavior of
the self-energy is ~g>T, while the propagator is of order
1/Ae ~T/|eB|. Thus, the combination of these factors
leads to (¢°T)(T/|eB|) = ¢*T?/|eB| < 1.

Kinetic equations.—Next, we calculate the longitudinal
conductivity of our main interest. To this end we must deal
with the resummation over pinching singularities (see
Ref. [15], for example). An efficient approach to resum
higher order diagrams is solving the Bethe-Salpeter equa-
tions, as illustrated in Fig. 1, which amounts to the common
formalism used in Ref. [16].

The Bethe-Salpeter equations can be translated to the
linearized kinetic or Boltzmann equations as

Sk (k+p)7*Sea(p)].  (5)

2P0, + q,F,,0,)f, = —CIf].
2P8 (0, = 4sF 1 0y,)F w = —CIf),
2k8,,9, = —CIf] (6)

for quarks, antiquarks, and gluons, respectively, where
9, =0/0p, and C[f], C[f], and C[f] represent
the collision terms. In the above, 2P, := i(p)y*u(p) and
ZP’;, = 0(p)r*v(p’) with the wave functions u(p) and
v(p') for particle and antiparticle, respectively, and the
subscript p, p’, and k represent not only the momenta but
also the Landau level 7, the angular momentum /, the spin
s, the color ¢, and the flavor f collectively.

™

o) s

FIG. 1. Bethe-Salpeter equations: the resummed propagator
with self-energy insertions (top) and the resummed vertex with
ladder diagrams (bottom).
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To solve the Boltzmann equation perturbatively, we
expand the distribution functions in terms of small devia-
tions, 6f ), 5]_‘1,, and dgy, around the thermal equilibrium,
Fea(P) = nilegn = ). Feg(p)=nileg+u). and geg(k) =
ng(wy), where ng is the Bose-Einstein distribution function
and w; = |k| is the energy of massless gluons. It would
be convenient to introduce y,, 7,/,» and }; rescaled by
common factors as &f , =ffeq(P)[1=feg(P)|Est s 67, =
ﬂfeq(p/)[l - feq(p,)]Ez)?p’v and ogr = ﬂgeq(k)[1+
Geq(K)]E 7k, where f = 1/T is the inverse temperature.

Suppose that we solved y,, 7,/, and y; from the kinetic
equations (6); we can express the electric current as
j.=0|E, =¥,2P3q;(5f, = 6f,), from which we can
read o), where ¥ denotes the phase space sum of all

quantum numbers and the invariant integration of momen-
tum. In this way we come by the following formula

qfquBl /dpz 22
N Ld
op=p Z Z 27 €5,

X {feq( )[ _feq(p)])(p _feq(p)[l _]_Ceq(p)])_(p}'

(7)

Here, we introduced the spin degeneracy factor «, as
oy = 1 and Xy = 2.

Now, let us return to our problem of solving Eq. (6). In
the left-hand side, d, on f, picks up a term o Jyu., where
u, is the z component of fluid velocity, which can be
eliminated by the leading order hydrodynamic equation
Oou, = n,E. /(€ + P.). Then, the left-hand side of the first
equation for quarks simplifies as

pz nepz
2Pg(60 + ‘Iszap,)fp = _/BWpE <qf—_g+7) )
z

er

(8)

Here, we defined W, := gP?,feq(p)[l — feq(P)]. The
second kinetic equation for f, has the same structure as
above with f,, W,, and ¢, replaced with ]_”p, V_Vp =
2PY feq(P)[1 = feq(p)], and —qy. Likewise, the gluon
equation is 2Cl)ka()gk = —ﬂWk(—kzaouZ) with Wk =
2a)kgeq (k)[l + geq (k)}

Using the following multicomponent symbols

pﬂ/gfn p/l
JH = qr -p"*/ Ern T = A (9)
0 k*

we can summarize three kinetic equations as

n,T%

S:i=7J—
TP

=Ly, (10)

where the left-hand side will be denoted by S below, and
the right-hand side represents the collision terms; L is a
linear operator defined by

v o ( Cw,
Ly=L Zy | =gp | SV |- ()
T “\ ¢l W

We should then solve y = £7'S using our symbolic
notation. We note that £ contains five zero eigenvalues
(for a single flavor and more for multiflavors) with the
eigenvectors C¢ = {J°, T%} corresponding to the charge
and the energy-momentum conservations. For two flavors
C“ also contains the quark number conservation.

To formulate the projection procedure, let us introduce

an inner product for two functions A = (a,.a,,a) and
B = (b, by, by) by (A,B):=[,W,a p+fp,wp/ap/bp i+
[, Wiayby. 1t is easy to rewrite Eq. (7) as o = (T x)

using Eq. (9). With the zero eigenvectors C and the inner
product, we define a projection operator onto functional
space excluding zero eigenvalues as QO := O—
> asC(C.C)a(CP,0), where (C.C),) is the inverse
matrix of (C% C?). We see Q> =Q and QC* =0 by
construction. Using alternative expressions for the charge
density and the enthalpy, i.e., n, =pB(7%, J%) and
E+P,=p(T% T%) [17], we can write S= QJ~.
Noting £ = £Q, we find the formal solution of Ly =S
as y = QL'OS, where QL 'Q satisfies a relation
LOL'Q = Q. We eventually obtain

o =p(T* QLTIAS) = H(S.L7'S). (12)

This means the zero modes of £ are already projected out
once applied on S.

Collision terms.—The collision term is the most com-
plicated part. A strong magnetic field, VeB > gT, makes
1 <> 2 processes such as the synchrotron radiation more
enhanced than other ordinary processes by eB/(gT)? > 1.
That is, the 1 <> 2 process of typical scale ~g?eB/T? is
much greater than the 2 <> 2 process of typical scale
~g*In1/g. For the 1 <> 2 process there are three distinct
contributions,  C[f] = Cy_,4[f] + Cpyglf] + Cygylf],
where the subscripts represent processes illustrated in
Fig. 2. We can also consider similar decompositions for
C for antiquarks and C for gluons.

After tedious calculations we find that the scattering ampli-
tudes of the synchrotron radiation and the pair annihi-
lation processes, iM .,y = igi(p")y*t,u(p)e; (k) and
IiM, o = igo(p')y*t,u(p)e,(k), can be squared with
the summation over the quantum numbers and the phase
space, leading to
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FIG. 2. Diagrams of the synchrotron radiation process with a quark (al), with an antiquark (b1), and with the pair annihilation (c1).

Their inverse processes are (a2), (b2), and (c2), respectively.
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where the allowed range of p’, is restricted for the synchrotron
radiation in Eq. (13) as p,_ < p. < p’, with

X(n,n' .f’:r (14)

2

2 2 2
ms, +ms,  ms —ms,
fn S fn f
Pl = p. 200 * 4 e =\/mp, +p (15)

Two integrands in Egs. (13) and (14) are identical, i.e.,
X(nn' &)=NCr [[dp1 | 27) ]y, Sh(p)r* S} (p—K)]
with a group factor Cy == (N2 —1)/(2N,), except for the

kinematical constraint; that is, the argument of X (n, n’, f’;) is
given by

éf _ (efn + gfn’)2 - (pz + p/z)z
- 2|‘1fB|

(16)

Using Eq. (3) and properties of the Laguerre polynomials we
find

B 1,
X(n,n', &) = ¢N.Cp \q/ |e—§n_/§n —n{ [4m%
T n' ,

1
—4qu|<n+n'—:>g<n+n'>}F<n,n', )
+ 16lq,Bln' (0 4 00) 3L @)LL"_’;")(:)},
(17)
v / 1, (n=0),
= L @R+ L@, (0> 0),
(18)

Recovery of the lowest Landau level approximation.—It
would be an instructive check whether the LLLA result is
correctly recovered in the limit of eB > T2 (at u = 0).
Since the synchrotron radiation changes the Landau
level, we can safely discard it. For the pair annihilation
process, X(n =0,n" =0,¢&) given in Eq. (17) simplifies
as X(0,0,&)) ) = 4m3g*N.Cr(|q;B|/2n)e” & with & =

\/pz +m7+ \/p +m3)? = (p. + p.)*)/ (2lq,B|),
which is nothing but £ in Eq. (16) with n = n’ = 0. When
lg;B| is much larger than any other scales, we can

approximate e~ ~ 1. Then, the linearized kinetic equa-
tions reduce to

|61f |

L ptapll —feq<p>1g”—j;:4m;gZNch

ﬂ|QfB|L/dPQ 1
2r depy) 27 26,

(p)]_ceq (p/)[l + Geq (k)])(pv

(19)

where e7) = |/ p2 + m? and €y, = \/PLE+ m . We need

to keep the current quark mass m, that breaks chiral
symmetry to make the above LLLA expression sensible.
In contrast, we can safely neglect the thermal mass my ~
gT <« T that does not break chiral symmetry, though the
thermal mass is greater than the current quark mass. Here,
we do not have to consider mixing terms with j,/. In this
special limit, £ is not a matrix and the matrix inversion is
unnecessary. Actually, we can easily solve the above
kinetic equation to obtain y,. Thanks to the charge
conjugation symmetry, the solution for antiquarks is

Xp = —Xp- Summarizing them, we arrive at the LLLA
result from Eq. (12) as
Z cﬂ |CIfB| @li
g*Cpm U2 | 2a €50
2
X dl;feql( )[ feq( )] , (20)
f27re feq )[ +geq(k)]

which is consistent with Ref. [7].

Numerical results and discussions.—Below we will
show numerical results, for which we should write down
the matrix elements of £ as a phase space convolution of
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(1flavor: g=e) T=200MeV pu=0 eB=10m?
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FIG. 3. Mass dependence of o for a single flavor at
T =200 MeV, u=0, eB=10m2, and ¢*/(4x) =0.3. The
shaded region is the lattice-QCD estimate from Ref. [11].

X(n,n', 4‘1) and the distribution functions f, J_‘eq, and geq.
Besides the flavor f and the Landau level n, we should
choose the complete set basis for functions of p,, k., and
k, which we will take the simplest polynomial form as
p.|p.|" for (anti)quarks and k,|k.|"k! for gluons with
integral m and [.

Figure 3 shows our numerical results for the current
quark mass dependence of o /T for a fictitious single flavor
with g = e at finite 7 and B but at zero u. We choose the
QCD charge as ¢*/(4x) = 0.3 [18]. We clearly see that the
LLLA has artificial enhancement as m, approaches zero.
For the numerical calculation we truncate the Landau level
at 1. In the eB = 10m2 case, the convergence of the
Landau level sum is very fast and n,,,, = 1 already gives a
good approximation, even though the LLLA badly breaks
down in the small m,, region. It is interesting that our result
is quantitatively consistent with the lattice-QCD estimate
03<0/T<1.0 (for the quark charge squared sum
Cem = 1) [11], which is indicated by the shaded region
in Fig. 3.

The B dependence of o /T has a nonmonotonic structure
as shown in Fig. 4, for which we adopted a physical

T=200MeV u=0 my = 3MeV mg =5MeV

oy /T

Nmax =5
Nmax =6

11T

0.2 T T T T T T
1 2 3 4 5 6 7
eB/T?

FIG. 4. Magnetic and n,, dependence of o|/T.

eB=10m2 m,=3MeV mg=5MeV

o.3<—//_

T =200MeV
4

~

o2

S

0.1
0 . . . .
0 0.2 0.4 0.6 0.8 1
u/T

FIG. 5. Quark chemical potential dependence for n,,,, = 2.

parameter set with u and d quarks. For small n,,,, or strong
B, the lowest Landau level contribution is dominant, and
then o is linearly proportional to B (reflecting the fact that
the charge carrier increases), which explains the growing
behavior at large B in Fig. 4. When B is not so large,
contributions from higher Landau levels lead to a larger
interaction cross section due to the phase space factor,
which pushes o down with larger B. As a result of the
interplay of these competing effects, in an intermediate
region of B, the increasing behavior of o) looks quadratic;
moreover, this nonmonotonic behavior is consistent with
what is seen in the CME experiment in Ref. [3]. Although
quantitative details may depend on the underlying theory,
qualitative features should be the same for general physical
systems (but could be different with different approxima-
tions, say, the relaxation time approximation [2] may lead
to a different B dependence).

Finally, we discuss the dependence of quark chemical
potential x as shown in Fig. 5. The carrier density is
different from the net particle number but is the sum of
particle and antiparticle numbers. This latter quantity is not
changed by p, so o is rather insensitive to y.

In the future our estimated B dependence of o could be
tested by the lattice-QCD simulation at finite B, while our
calculation at finite 4 would be a unique prediction.
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