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A SIMPLIFIED METHOD OF
SUSPENSION BRIDGE ANALYSIS

(Conlinud Jrom Vol H No 6.)
LING-HI TsiEN (a/&-#)

PART I
ANALYSIS OF STIFFENING TRUSS

I. ' MOMENT-EQUATIONS IN STIFFENING TTuss FOR VARIOUS
Loaping CONDITIONS o

- - The following derivation™of the moment equatxons is same as.
the deflection theory, but the results are expressed in forms more
suitable for further mathematical. treatments. © The equations of
shear, SIOpe, and deflection of the stiffening truss can obtmned easﬂy
by ch&erentlatmg or integrating the M—equatlons

When the bridge is subject only to dead load (w) and at mean
temperature, the suspender force is intended to be equal to w, and
the differentiation equation of the cable curve is

a2 (44)

When an addmonal suspender force, s, due to lwe load or

temperature change, acts upon the cable, the cable ordinates becomes:
y-+n, and the differential equation becomes:

*(y n) _“_Hﬂ_a‘_ _(45a)

“Howt (Het H) £1= -5 (45b)

or



Since the differential equation of curvature for the stiffening truss is

| “a ot (46)
therefore equation (45) gives . |
s=pQ+cM 47
in which - ( | )
Q= H-E- ol (dimensionless) (48)
and - c? =-§-"E'%-H— | |

For the loaded and unloaded segments of truss, we must have respec-
tively |

M osp (492)
and ’
AW = (49b)

Substituting in equation (47), we have respectively
& —¢M=—p(1—Q) (50a)
M _oM=pQ (50b)

By solving these differentnal equation; we obtain the moment equa-~
. tion for the loaded segment of truss: R

an_d |

M=C cosh ex-+C sinh cx+!%;9’—  Gla)
and that for the unloaded segment |
M=C’ cosh cx+C” sinh cx—%- (51b)

C’ and C” are constants of integration which may be determmed
when the loading conditions are given.

Consider- the case of loading as shown in Fig. 8, Itis ewdent
that the M curve will have three different seg-
ments characterized by three different pairs of
constants, C’ and C” corresponding to the
- segment (1), (2) and (3). The six equations |
of boundary conditions are |




atx=0 M,=0,
atx=k, M;=M,,
atx=k, M,=M;,
atx=1, M;=0. -

cosh cl (-2-— )

If we set Ay=— nd x’ =]—x, the moment in
cosh

different segments will be

segment (1) : ‘ o
B[ Q(l-A) e b ] (52)
segment (2): | |
——%[(I—Q) (1—A; )-—- w’hd" L sinh cx’ cmgi:;;"l sinh c;:]
o | (52b)
" segment (3):
= f:l; [-——Q(l—-A )+ m}_’ d;:;?h ki sinh cx] | (52(:).

The above formulas will suffice for all conditions of uniform
live load ordinarily met in practice.” Different formulas for the parti-
_cular ‘cases are condensed in Table 2. "

In the case of a single concentrated load P, the moment
equations for the two segments (at right and at left of the load) may
be similarly derived and Will be at follows:

M, =—8{ Q@ (—A)— —Shen inh cx (53a)

—

M, =—2{Q (1—A)—E& gnh o] (53b)

« I Wthh
Q@=H- | (54)

30—



TABLE 2'

Live Loading Conditions

Bending Moments: M

.-||_-.r'-m -
R = c2lz (I—-Q) (I—'—Ax) .
. gte
N~ ] M- —- Q(I=A)), or-_—-H—2~lz—(I A)
{
‘uw.u_!.M'_ _cfliz ' Q(I—A;) —Ay sinh cx )
%‘ M, =2 (1=Q) (1—A,) —A; (cosh ck-1)
M=% Q(I—A:) —A; sinh cx’ |
M,=-%{ (1-Q) (I—A:)~Aq sinh ex | |

[ Q (1—A:) —A, (cosh ck~1), |
(I Q)(I‘*A)“Aksmhcx

-(I Q) (I—-A:)—B, smhcx

_Q(I"“A ) — By smh cx’ .l

Q (I—A;) —Bn sinh cx B
(I—‘Q) (I-A;) ""Bksinhcx' |
| _ ) Q(IA)—- sinhcjc

o M;=%LQ (1—-A,) — ]
Variables : Conslants :

x| QeH{mslok o Ba=SiE

_omeTrTe sinh ¢(—-—k) o K

Ax Lzl Q dez: Ak= mhﬂj ’ Bk: to;hnhc]:l !




I Tue Case oF FulL LoapiNg

An interesting illustration of the structural behaviors of a
stiffening truss is offered by the case when the span is completely
covered by live load (Fig. 9)

From the moment equation in Table 11, the different func-
tions of truss under full live load will be:

Deflection:
- ' I4 . c2l2 x %2 cosh cl("%— "‘"‘?")
R e (D

cosh

(a superposition of a parabola and a

cosh curve Fig. 9f)

. 1 x .

sinh ¢ =~ — )
_._=—pl® 1 _ = 2 1
= GE (1—Q) g(—z T_) — ] (56)

2

(a superposition of an inclined straight

line and a sinh curve Fig. %)

" @ 6 digram Moment:'l
" coth o __l___!_..)

S e o[- R )
b= S prrbela ) ‘ cosh -

© (D n diagram

(a cosh curve, zero at both end Fig. 9b)
. 1 ox v .
Shear:  V=—f- (—Q [— ] (58)



(a sinh curve, zero at center Fig. 9¢)

coshcl (-3)
2
cosh 7

Truss load p.=p(1—Q) (59)
(a cosh curve, maximum at both end, and minipium at

center Fig. 9d)
If the dimension-less number cl= Eﬁ@ + 1, approaches to
zero, | —> 0, and then Q tends to be zero, since H approahes zero,
the above functions have respe'ctively for limiting values as follows:

)

n—> g (F 13 +5
& —> .24EI (I 67_2_‘*‘4,1‘—:)!_
M—> “%'z“*(%'f""f:‘)

Vo pl(5—%)

which correspond to the case of su'nply supported beam w1thout
suspension.

If, now, cl approches mﬁmty the hm1tmg values of above
functions will be: | .

1w (1-Q) + (F-5)
9—~>H,,+H (I-Q) (+—=
M—>0
V—>0
pi—>0
.which corresponding to the case of an unstiffened cable span.



* The dimensionless term ¢l characterizes then the flexibility of
a suspension bridge: the more flexible is the bridge, the larger is the
value of cl.It can be termed as a ““Flexibility factor " of suspension

~bridge.
An investigation of the existing stiffened suSpensioh bridges,
it is found that the usual range of cl is between 0 to 10.

The maximum values of truss functions are:

Max. n (at center)

SR E R F— LS s 1-9 60)
( - [1 ‘]().

T el =384
etl COSh‘EzL 384 El c

9.7

Max. 8 (at ends)

Sl =@ (dpdy o e [ 1:,20—‘;] (61)
Max. M (agéenter) = Eg—[sfi;;m tanh 5 tanh < ] (62)
Max. V (at ends) = i%‘—[ﬂ}@- tanh%] | (63)
Max. pr (at ends) - o[1=Q] (64)

The last member of equations (60) and (61) are found empiric-
ally, they are simple in form and fairly exact for the usual range of
cl(0 to 10). The values out of the square brakets of equations(60)
to (64) are those corresponding to a simple girder without suspen-
sion. [t is obvious then, that the term in the bracket may be con-
sidered as coefficients due to suspension for different functions.

Consider now the equation (60), it can be transformed into
the following form (with n at center =Af):

H-f+ “;*f,;“ Af ZELAf = BE (66).



If we compar with the equation (11a) (part I), which is the
static equation £ M =0, at the center of span, with the assumption
that the suspender forces are uniformly distributed, the only differ-
ence between them is the coeﬂicient_T%T of (H,+H) in equation
(65). It is due to the error induced by the above assumption. It
is shown that its effect on the resulting cabe stress (Hw—I—H) is in
order of 1% only.

In equation (60) to (64), if the truss is infinitely stiff, cl
approaches zero, but, unconsistently, Q40 (i.e. H5£0), all coefficients
due to suspension reduce to (1-Q), and these equations become those
obtained by the so-called “Elastic Theory”’; since the fundamental
assumption in this theory is that the stressed cable curve remains
undistorted, when loaded. It is shown then the more flexible the
truss (larger cl) the greater the error of the elastic theory. |

IIl. DesicN PROCEDURE

To determine the maximum bending moment, shear, slope and
deflection for a given section of the stiffening truss, we must refer to
appropriate loading condition. A thorough investigation has been
made in several existing literatures(®), and shown that only several
cases of loading and temperature have to be considered in the design
computations. But in the usual practice, the extent of the hive load
(k) for maximum values of these variables has to be found by cut
and. trials and the calculation is rather tiresome. Moreover the
location of the maximum positive and negative moments in the truss
can not be determined without drawing the complete maximum M
curve, though it is known to occur approximately at the quarter.
point of the span.

With the help of our simplified formulas for Hand M we may
* attempt a direct determination of the maximum conditions. *

The following tables (case | to VI) summaﬁies_ the procedure
for calculation of different max. M, max. V, max. center deﬁections’

(6) For Ex.: “Modern Framed Structure” by J. B. Johnson, C, W. Bryan, and F. E. Turneaure.
Part II, 1929. “A Practical Treatise on Suspention Bridge” by D. B. Steinman.



and max. increases of grade in stiffening trusses. The Appendix II
to 1V illustrate the derivation of these procedures.

Following notations are used in the tables:

k: abscissa deﬁxﬁng the length of live load

_k_ e ST 4\ T T TIrTYTIT T I YT T . .
D AN ] 13 ol = VB
\\?\f\:k ] ‘
"\:\\\ | '
B ot NN cly = Vi
SRR BL,
& uu: urrborialse s L 4 ’2{ .
Q =H—-
5.*."'521 NNy [ 1 . . : |
t \\\\ CHART X 8,
SRR | Q =H
320 e
Js00 \\.4 ' Q\\.
oo NN - .
\\\\\% H; =H; when k=1
260 _ . | _
‘1'iml ~* 3 & S5 6 s @ "’c,: '
el =V Hetile )
Kee <
T LA
BTTEreeEEEA
S o H, = Hywhen k=]
,/;6 /,-/Zcmmll, _" ‘
Va7
i 1/
[ “la cal = \/ﬁ;—“n_l
® T 3 & 9 -f'—m—iz;




CASE 1

Live load

condition

&

l
% At highest temperature
7 : . |

Cable tension

2k

12
H1=8f"m[sm T — ]

Load length

MAX. +M IN MAIN SPAN

kim by chart I, knowing D4: and ¢d

Location  tanh cxyp=tanh § — -=helloktn)=]
Magnitude ~ M=-2%(1—Q) tanh cxn tanh (cxim/2)

MAX. +V AT END OF MAIN SPAN
Load length ki, by chart II, knowing D, and cd ”
Magnitude V=2 (1-Q) tanh §.—esbelizkm=1 ]

MAX. +V AT CENTER OF MAIN SPAN

Load length C to A" | |
Magnitude . V= -%— tanh - ‘%"

Y. S



CASE 11

Live load

condition

LSS I VLS VLSS S LA S S LA S A

At lowest temperature

Ceble tension

H1{=8—f%lzjt- [COSZ I%F—FZS‘i—T] N

Load length

MAX. —M IN MAIN SPAN

K_m by chart I, knowing D_; and c,l

Location ~ tanh cx_n, = _t'anli d —*m%m (I1a)
Magnitude M= {—Z%I;Q tanh cx_, tanh (éth/Z): (I1b)
MAX. —V AT END OF MAIN SPAN
Laod length :k_, by chart I, knowing D_.; and c,l
Magnitude ~ V="2[Q tanh § —chell=D=t] + (1lc)
MAX. —V AT CENTER OF MAIN SPAN

Load length  C to A in main span, side span fully loaded.
Magnitude V= -%1111 ta.nhﬁl— | (Ild)
| ' MAX. INCREASE OF GRADE IN MAIN SPAN
Load length k=1 | |

Location At left end of span

Magnitl_lde = 2"’1];[ [ (gz = ] (Ile)




CASE. 111

Live load
v Oa- . gi\ At highest temperature
condition N ' L_K..___J
ki -
Cable Tension Hij= BED [cos = — ]

- MAX. +M AT CENTER OF MAIN SPAN

Load length k. .by,cha--rt IT1, knowing D, and ¢

. 2 1 cosh ck+c—1
Magnitude @M =—§l~lz—[(l——Q) (l-'*-msh Ezl" ) — mshtzL ]

(I11a)

| "MAX. CENTER DEFLECTION OF MAIN SPAN
Load length k=0 |

Magnitude *  n.= 3¢ b 1, o B (111b)
. 57 )
CASE 1V
| ¢
Live load

At lowest temperature

condition

PP PP il

Wl SIS LS LIS

|

Cable tension Hiv = 35— [l cosk“' +ZS+T]

MAX. —M AT CENTER OF MAIN SPAN

Load length k_. by chart 111, knowing D_; and c,l

Magnitude M =5%{(1—Q) (I— ;= ,,c; )==0T] ava)




CASE. V

Live load

condition

M At highest temperature

o I

Cable tension

_ _pl? ceos KT T
Hv—-ﬁ"ﬁ;‘;[s COoSs I, T]

MAX. +M IN ALL SECTIONS OF SIDE SPAN

Load length k=0 |
o e cosh_c; (}2'. -X)
Magm_tude M =5 (1—-Q) (1— T ) (Va)
=
At center of span: |
M= -2 (1-Q,) tanh <" tanh (Vb)
- | MAX. +V AT END OF SIDE SPAN
Load length k=0
 Magnitude =;;p|—l;;‘(l-—Q,) tanh 5’21' (Ve)
MAX. +V AT CENTER OF SIDE SPAN
Load length k=1,/2 |
Magnitude V= 2~ tanh & (Vd)
MAX. CENTER DEFLECTION OF SIDE SPAN
Load length k=0 -
o - 5 pht _1-Q, -
Mag.mtude Ny = 384 I;-:II ) _i_c.;j_;z (VE)
MAX. INCREASE OF GRADE AT TOWER
END OF SIDE SPAN
Load length k=0
_ ph® 1-Q, ' :
Magnitude g = 24EI, 4 c,?l,2 . (Vf)

"0




CASE VI

Live load

condition

Cable tension

é% At lowest temperature
|t |

Hy; = 83— [H-S+S sin? 1—l—'l"]

MAX. +M IN ALL SECTIONS OF SIDE SPAN

IV.

Load length k=0
. cosh ¢, (1L —X)
Magnitude -z [Qu-=270)] (Vla)
J &
At center of span: |
tanh % tanh %" (VIb)
| MAX. —V AT END OF SIDE SPAN
Load length k=0
Magnitude V= ;plll‘ tanh 33'*' (VIe)
MAX. —V AT CENTER OF SIDE SPAN

Load length  k=1,/2 | |
‘Magnitude V=725 tanh - | (VId)

MaxiMum M CURVE oF MAIN Span (Fig. 10)

To obtain maximum-+M at each section of the main span, we
have to substitute different value of x in equation (B) in Appendix II
and to solve for k, which will be the correspond- .\ w0,
ing load length to produce maximum + M at the z-\
PowIti m,\t

section x considered. With k found, substituting ]
in equation A of Appendix 1], the maximum + M

= |

1

at x can be calculated. ' Fabo



"But since from last section, we can already determined the
following items: ‘
(a) x+tm and l=x.q: the location of maximum +M in span,
(b) Maximum +M (at x4m 2nn l—x:n)
() Maxix_ixum -tMc at .centerj section, |
(d) Maximum +Vy at end of span, which are the slopes

of the maximym + M curves at ends of the span.

These give five points (including two zero points, two maxima
and one minimum) and five tangents of both maximum + M and
maximum — M curves, and the other part of the curves can be readily
filled in by free hand sketch (Fig. 10). The most important inform-
ations about these curves having been calculated, the moment curves
thus obtained are sufficiently accurate for practical purposes.

“The max. =M curves in side span (see case V and VI) are
symmetrical hyperbolic cosine curves which are maximum at center
- and zero at both ends.
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CALTEX PETROLEUM PRODUCTS

*

Leaders in Railway Lubrication

i

SR & IR TR M R

The Texas Company (China) Lid.
Head bffi\lce:
110 Chung-Tseng Rd. ( Eastern)
Shanghai
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21.000 | 14.1081 | 7.305 |a|& 9.40%] | 16.00E] | 23.003

21,12 14.22 | 7.42 * E 9.28 15.48 22.48

21.13 14.28 7.43 9.27 15.47 22.47

21.408) | 14.50% | 8.10% RS 9.008% | 15.2088 | 22.2008
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