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TRANSIENT PHENOMENA OF AN ALTERNATOR
UPON CONDENSIVE LOAD

By

Masakazu TAKAHASHI

SYNOPSIS

The theories on the transient phenomena of an alternator upon condensive load
are treated mathematically by the method of symmetrical co-ordinates with the dif-
ferential equations for a symmetrical three-phase machine and a salient-pole machine.

The author has introduced under some assumptions the general approximate
solutions and obtained the approximate magnitudes, angular velocities, and attenuation
constants of transient currents with respect to the symmetrical alternator.

The phenomenon of self-excitation is explained as a phenomenon due to the exis-
tence of an amplifying free oscillation; and the theoretical range of this free oscilla-
tion is discussed for a certain wide range of values of connected capacitance. The
angular velocity of this free oscillation is proved to be smaller than the rotational angu-
lar velocity in the case of the symmetrical alternator, whereas it is just equal to the
rotational angular velocity within a certain range of the connected capacitance in the

case of the salient-pole alternator. The theoretical proof is treated by the consideration
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of a symmetrical alternator with fictitious negative resistance, and also from the solu-
tion of differential equations for the salient-pole alternator.

Examples of numerical calculation with regard to both the symmetrical alternator
and the salient-pole alternator are given together with the results of the experiments
carried out with the same machines.

In addition, the differential equations and some fundamental characteristics for a

general n-phase machine with m-phase rotor winding are described.

May, 1933.
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TRANSIENT PHENOMENA OF AN ALTERNATOR
UPON CONDENSIVE LOAD

By

Masakazu TAKAHASHI

Chapter I. Introduction.

This paper treats theories on transient phenomena of an alternator upon condensive
load chiefly from the differential equations for a three-phase symmetrical machine and
partly from those for a salient-pole machine.

One of the noticeable phenomena of an alternator upon condensive load 1s the
phenomenon of self-excitation when it is connected to the no-load transmission line.
Ordinarily graphical methods are employed for the explanation of this phenomenon
using the saturation characteristic excited by armature current and the line charging
characteristic. The author has reported in his previous papers that these graphical
methods give fair coincidence in their results with the actual test data either
for a balanced problem or a certain unbalanced problem.'2’ %)

An explanation of the phenomenon of self-excitation based upon the theories on
the transient phenomena, however, has not yet been fully discussed in mathematical
form; and, so far as the author is concerned, the general nature of transient currents
has not been adequately dealt with. The author believes these may give a fundamental
basis on the solution by graphical methods.

The author has introduced under some assumptions the general approximate
solutions for these transients, and obtained the approximate magnitudes, angular velo-
cities, and attenuation constants of transient currents from the differential equations
for the symmetrical three-phase alternator. From these results, the phenomenon of
self-excitation is explained to be caused by the existence of a free oscillation of increas-
ing amplitude, that is, by the existence of the transient current that has a negative

attenuation constant.  The author calls this oscillation the “amplifying free (}SClkl-
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tion.” The theoretical range of the amplifying free oscillation against the connected
capacitance is discussed and the angular velocity of this oscillation is proved to be
generally smaller than the rotational angular velocity in the case of the symmetrical
alternator; whereas it is just equal to the rotational angular velocity within a certain
range of capacitance in the case of the salient-pole alternator. The proof of this
statement has been carried out by considering a symmetrical alEernatUr with a fictiti-
ous negative resistance, which is a conventional form of introducing the characteristic
of saliency to a symmetrical alternator. Another proof has been given from the solu-
tion of differential equations for a salient-pole alternator.

The solution with regard to the symmzatrical alternator upon condensive load has
been treated in the author’s previous paper (published in Japanese in 1928)@, in
which a cubic equation with coefficients of complex quantities was given, and the pre-
sent report is the extension of the work treated in that paper. Dr. S. Bekku has also
treated the problem of self-excitation and proved that an oscillation of ever-increasing
amplitude superimposed upon a sustained state occurs within a certain range of static
condenser for a symmetrical alternator. ‘6’

Dr. R. Ridenberg makes the statement in his book based upon the study of steady
state characteristics'8’, in the sence that the phenomenon of self-excitation occurs when
a capacitance has a value just in resonance with the synchronous reactance, and con-
tinues to increase to another value just resonant with the armature leakage reactance.
This statement must, however, be altered so far as a symmetrical alternator is concerned,
from the study on the transient phenomena. The author has proved that the symmetri-
cal alternator is theoretically self-excited with the upper limit of capacitance much
larger than the value just resonant with the total leakage reactance.

The author has deduced the differential equations and some fundamental charac-

teristics for a n-phase machine with m-phase rotor winding expressed in symmetrical

co-ordinates. These are described in Appendices.

Chapter II. Mathematical Expressions of a Symmetrical
Three-phase Alternator upon Condensive Load.

Let us consider a symmetrical three-phase generator with uniform air gap just
as a wound-rotor-type induction generator, having the windings which are of star

connection (See Iig. 1.). The fundamental differential equations for this machine
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may be written in terms of instantaneous values of symmetrical co-ordinates as fol-

lows: (See Appendix II.)

Stator :
Vag=— {Ra+pLay}ta
Vay=— {Ra+pLa}, _ﬂfpsﬂful (2.1)
Vs ==T4q (COnjugate value)
Rotor :
Vuo=— { Ry +PLyp} 1y
V= — { R, +PLu] ?;1—3@5"”1.:: (2.2)
T'ws =y, (conjugate value)
where
1 | = & 0. -~ 1 - +aﬂ-i _l..an-:)
?'nu="—'(f'u+:'h+i'u)l Tf'm"—'-'—("'ﬂ”l'a"h'l'n"zu)r "a:'—_-'—"(‘a ‘b ‘e
3 3 3
- - - o b, ; Liop-s ; 5
lag= L (ta+ 2, +1,), Ta;= = (7a+aty, + %), 1= ?( o+ a%, +art,)
3 3

I . 1 -
V= 'l— (Vu + Vo + Vao)s Vi = —(’5',, + Ay + a%y)y Vuy = —(Vu + a0, +- av,,)
3
. K% 2% ¢ . . y g . g ’ D 2". +ﬂ!‘ )
zlu.'_'¢=—(’m"l'fu"*"fmr)m ?“1=—(f“+ﬂf,..+ﬂ :w)lfu3='—(:u+ﬂ' v w0

Vo Tap Tazi Tae lap fax=2C€ro, positive, and negative phase sequence components

for instantancous values of armature voltage and current.

R AT i r d current.
Tuor Tty Turd Tugs Tup Twa=ditto for instantaneous values of rotor voltage an

1= 1

a’
A=’ T e e J1 3
2

=2
R,, L,=resistance and positive phase (synchronous) inductance of armature circuit

(per phase).

R,, L,=ditto of field circuit.
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..-I!'_—_%.M’ =mutual inductance between armature and field.

.—_-..g.. x {max. mutual inductance between one phase of the armature (1) and that

of the rotor (U )}

0 =wt+¢; w=angular velocity of rotor ; ¢=constant.

p=-£_;é-=time differential operator.

_”
A
L
L) C"\/-K/ e
8 aa“ 2 :
_
Fig, 1.
e
0 ‘ I
o, S
ik (=
v w V-] (o ¢
|y
c
Fig, =,

To this machine the balanced star-connected capacitance C is connected as shown

in Fig. 1. The voltage equations for this condensive load at the terminals of the
machine are given as follows:
;

"I,"ﬂ,r'.=——-':“IL ’

pC

Ql

ay (2‘3)

Now this alternator is assumed to have a no-load induced e.m.f. in the armature

circuit, either by a residual magnetism or a field current, the manner of excitation

being as shown in Fig. 1. Let the no-load induced voltages be represented by (See
Appendix 11),

D PR O GMS A 0 S B RGN, Tt T LS AT

M. Takahashi: Transtent Phenomena of an Alternator Upon Condensive Load. b
T’ﬂl= &‘ﬂle’“; ‘Uﬂ=5m ; f-'ﬂj=0 (2-4)

The alternator is then considered to be switched on the above condensive load at
this voltage. Using the principle of superposition, the transient current for this case can
be obtained by superposing the current distribution before the switching on to that dis-
tribution, which will be obtainable by considering the sudden application of the
voltage equal in magnitude and opposite in sign to the e.m.f. expressed as (2.4), to the
armature circuit, provided that the value of e.m.f. is zero in the armature circuit as
well as in the rotor circuit, as indicated in Fig. 2. Under this consideration, we get

the following relations:

Y= —-Enls',w= Ty {ﬁju +PL11 + IC }t;ll_ ﬂfpe’ufm

P
: (2.5)
v =—r]1u+ )Lﬂ ._l_ ‘f' =0; 2!n‘=:_ia
a l ‘a Tt Plar+ 2C fras 2 |
Vy=— {Ry+pL,}i,— Mpe i, =0
E (26)
Vus="Vyy1y Y4=0
From (2,6), we have by the shift principle*
P o - e D) (2.7)
Ru+pLy R e ey
Substituting this value into (2.5), we get
1 ﬁ'-m p{lu+(p~j)Ly} oo
(PRaAD Lot = ) (Rut (p—ji) L = ALp*(p—jio
Bk 1 | :
=k, 9L ¢ 2.8
A (2.8)

where

]{:IIEP[RH» + (P_]"”)Lu}

* We use the formula: W {eaz X} =ear WO+ X, where X=f(), anTI-
dx

S
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Zn: = (P'Rn +p=La + '!C—:) {Rﬂ + (P'—'}-ﬂ’) Lu] g *"FPE(P _j}") (2'9}

The solution of a symbolic equation (2.8) can be obtained by the aid of
Heaviside's expansion theorem in the following form :

B YD) e 5T Talp e 210
Zal(.’ “’) 5 w—7n,.) ad‘“
me=| (.’ pm ap P=DPm

where p,,=roots of 7, ip)=0

Now, let us put p=7a and a linear transformation is made by changing the

variable p into a; then Heaviside's expansion theorem may be rewritten

C o Pw) . ¥ V(e ; r}
ra,=5a{ 3 it o gJ*m (2.11)
1 Zw) é(m_an)adta) 0
» a *=%m

where
V()= Y, (p=ja)=ja{ R, +jla— w)L,}
Z(a)=Z,(p=Fa)= ;‘(Rﬂa +7L.a% 4 ._f_.) (R, +)(a—w)L,)
g

(2.1 2)
-+ fs’!ﬂﬂ"(a — {u)

a,,=roots of Z(a)=0
From the determinantal equation Z(a)=0, we have to solve the following equation:
(LyLy— M)+ { — (L L,—M*)—j(R,L,+ R, L,)} a*

Ry
C

+(—RaRu—' %"“jﬁu[mm)a‘*' inu +J =0 (2'13)

Next we put,

M. Takahashi: Transient Phenomena of an Alternator Upon Condensive Load. 7

o Ll — AT M
T Wiy 27
—— A}ﬂ

fias® al,

(2.14)
R,
al,

i

‘|l—

R=w'LsC

This ¢ may be called the “total leakage coefficient” of the machine, and pa 18 the
reciprocal of the time constant of armature winding for total leakage field ; whereas p,

1s ditto of field winding. And (2.13) will further be written by (2.14) as

113+ﬂ={_f"_j’{Pﬂ +Fﬂ)} +a{—dlﬂapﬂ_déf +-’-mlﬂﬂ}

()

+ Pu
ST RN AT 2y A (2.15)

a

Or in another form as,
@’ —a{w+j(p,+p,)} +a(—ap,p, — ..f'_fi. +Jwp,)
ok

w’ -puﬂ..l= 0
i 7 = +}'T—= (2.16)

This equation (2.15) or (2.16) is a cubic equation of complex quantities with
respect to a«, and by solving the equation there must be three roots of a in general.

Let these roots be represented by a,, a,, and a,. Then the solution for 7,, express-
ed by (2.11) will be written as follows:

fg= L, L™t 4 eyt 4 [ ety (2.17)
where
o ) Y{w) E
] = al e i e
= 1 e - (2.18)

R, -l-)'(m gt

)
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} B -é‘u‘l Y(ﬂ") a2 E.'ﬂ“1 {Rn +ff“l i e “’) Ln‘}
I (m—n’,}.?za =a, (w—a,)o L, L, \a,—a,)(a,—a,)

f;= g £, Yia,) e E,lﬂ,{}'\'“ +j(a,—w)L,}

(ru-—afg)%g..a:a! (0—ay)ol, L, (ay—a,) (2, — ax,) (2.19)
(44
7l E.ﬂI},{a:l) = E,;ﬂafﬁu +/(ay—w)L,}
; (w—a,) aﬁa_a (m_'“a)ﬂLnLu(‘rn_al)(ﬂ'n_“z)
S & %s

The relations (2.19) can readily be calculated, because

Zla)=—j(L,L, —AP) (a—a,) (a— a, (a—a,)

=—jol L (a—a)(la—a,) a—a,) (2.20)
.géa=ﬂ.l=—jaLaLu(a',—-frE)(a,—aa) (2.21)

We can write 7,, directly from (2.17) as the conjugate to 7,, as follows:

-

g = [ eI . lrr"-'?x'—i- J:c‘-‘?t' + 1:3'*:;' (2.22)

The instantaneous armature currents of the phases 7, 7, and 7, will be easily
obtained from the symmetrical components as (See Appendix I),

Ly =1+ 1 0=1,+ i:, =2 x (Real part of 7))

r}=m},,+a’iﬂ=m',,,+nz',,,=2 x (Real part of ai,,)

where

H=Ej-:-“=—-i+)"1/ 3 —-ﬂ-_!

e .

2 2

The above method of attack will be applicable not only to a symmetrical three-
phase machine, but to a general symmetrical n-phase machine(1’ (# may be any integer)
with a slight modification (See Appendix 1V).

Next the instantaneous value of rotor current will be calculated as in the following.
From (2.7), we have already

b VR g AN, oyl VRS T LS Nl e YT A T, PEOAR SRS TR N Nl R T P R S
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f‘ul = — Me=1° (]}—-ftﬂ?l':,l
R, + (p —Jw) L,

(2.24)

If we consider only the free oscillation, this 7,, can als> be obtained from (2.5),

by putting f_i',,l zero. Thus, we have

T {R" +pL, +£)%.}f"l =Mpe'1,,,

And therefore ,

}
R, +plL, ._I...
-ﬁ,{ Fimt=r]

L ity R 2
2]11[ Iul (2 5)

Ty = —¢

Now if we put, 7,,= /e, then from (2.7) and (2.25), we have

> 1
: : 1-3“+;(az;a.__)} _
e ——}ﬂ.ﬂf (le797)e — { : aC (le~97)gI™ (2.26)
1\.’“ +jﬁ£u }t!ﬂ'[
where I=w—w

The instantaneous value of transient rotor current can be written corresponding

to (2.17) as follows:

fug=1, + 1Mt I eI 4 [} et (2.27)

where,

1,' =symmetrical component of initial exciting current

— > initial exciting current /,— —_
2

3N,

-l
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IR +j(a, L IR P T part representing an ordinary angular velocity and the imaginary part an attenuation
G aee

I B M5 AN i) / constant or a damping factor.
Ry+jB L Ja, M Let these angular velocities and attenuation constants be represented as,
. I
Sl )le=d? / 7 '
7 783.Me9? 7 {R,,-l-} o “ec’} ay=w,tja,; a,=w,tja,; a,=w,+ja, (3.1)
? H_R.-I-jﬁ’.[.h - Foe Ay }hﬂﬂ[ 3 (2-28)
: Then the armature current may be represented in a form,
o paen (Relal—oglen
1::; = —R“ +j_ﬁaL" -[3= - j}rﬁﬂ.—)a 1,-' r';“=j;efill +jleﬁul-ﬂlﬂ'l+ jﬂsﬁuz—ﬂ:!)l_'_ ]aeunia—ﬂa}l
fi=a,—o; fy=a,—w; fi=a,—wv r'.,.p=_:,:, (3.2)
As i,y is the conjugate of 7,,, we can write ~ And the instantaneous value of rotor current may be written as !
fyy=d [+ 1 eI - [ e~ I08 4. [ e=ingt (2.29) A g | l
73 1 2 3 fu1=j: _*_]Ile{j[ml—m)-ul}t_I__[;E{j{u!—m)-d:}l_'_ ‘[:Ils{j(ml—-lu}mna}f (3_3) Jr.l.
And the instantaneous rotor current of each phase will be expressed by
|
1
ty=1ly+%, =2x(Real part of 7,,) . (1) An approximate solution for a. ‘
 =a% J 2 x5 l Of Ei 2.0 . . ’
1,=a%, +at,,=2 %X (Real part of a%,) (2.30) We consider first an ideal case when the resistance of stator and rotor is negli- |
lw=aly +a%,=2 x (Real part of ai,) gibly small. Putting

R;=NR,=0 or p,=p,=0 in (2.15), we get

Chapter III. Approximate General Solutions. 5 R hx : -.1.

a’— wa* — e = O : (3.4) !

. GCL N e O :

As already described, the instantaneous armature currents expressed in symmetri- '~

cal components are as follows: or o LN [ SR ____)( I _)=0 !
p (@=a)( Vool M\ T/ obL. |

fm Lk Femt - Tee o ] e

;II1|
We have three roots of a from (3.4) as, 5
L= :
Tay =1a, 1 I E
A, =W, =W ; A=W, =)y === —_— W=y = (), = = i : {r
: 1 1 3 5y 2 n 1/6(:.5‘,’ 3 3 Wn FipTe) & (3:5)
The first term /, ¢! is a steady-state component and its angular velocity is the |
same as that of rotation. The other three terms are transient components, and their We can say from this result that one root «, has the same angular velocity as

generalized angular velocities a,, ay, and a; are of complex quantities, that is, the real . that of rotation, whereas the other two roots a, and a, have an angular velocity |
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corresponding to that obtainable under the resonance condition with the total leakage

inductance (ol,) and the connected capacitance C.

We consider next the approximate values of attenuation constants with an as-

sumption that the angular velocities of @ are @ and = w,. And we put,

a,=w+Ja,

0y = Wy +ja, Wy = _'/ :CL (3.6)
a

Ay = — Wy +]h,

From (2.15) we can write the following expressions as the relations between the

roots and the coefficients of an cubic equation,

a,ta,+ay=w+7(pa+ pu) (3.7)

0+ X+ A0 = — TPy — IL 4]0P, (3.8)

X Oy = — ;:Ct;: - C(:[“.ﬂ (3.9)
By the relations (3.6), we get

a,+ @+ Ay = pa+ Pu (3.10)

Jwla,+ay) +jw,a,—a,) =jwp,— apapu+ > a,a, (3.11)

Jow,(a,—a,)—jwa,= —] Pu_ o ja,a.a,+ aam+wua,(a,—a,) (3.12)

CL,

We assume that @, ps, fus @, @» and a, are very small as compared with o
and @, and also w,>w. Then we can put approximately (3.11) and (3.12) as

follows :

(@, + ;) + wu(a3— a,) 5+ ©pa (3.13)

W@ —a,) —w a5 — Ou (3.14)

CL.

SSNE TR R TV, TS TN T (e e A C SNSRI 30 Y I R S T S T .
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From (3.10), (3.13), and (3.14), we get

Pu(—— — @)
C
d, — mnf_u_ w’ (3'1 5}
al=%{Pd+Pu-al+ "‘E(Pu-al)} . (3.16)
1 w
Ay = E{Pa-'-P"—aI—E(PH_aI)} (3.17)

These results indicate us the general approximate nature of transient currents on
the foregoing assumptions. We can conclude from (3.15) that an attenuation constant
or a decrement factor a, becomes negative in sign within a certain range. A nega-
tive damping indicates the ever-increasing amplitude of a transient current, and ex-
plains the phenomenon of self-excitation of an alternator upon condensive load.

For the examination of a,, we put

I C A
C::l= H ‘6=—C =IU‘L¢|C (3'18)
0

where C, represents a capacitance, the condensive reactance of which is resonant with
wl, (synchronous reactance), and & means a numerical value of the connected capaci-

tance as compared with C,. Therefore, (3.15) may be written,

z=) (1-%)
“1=P"(CLE S (-4 1—4
E R (7 irees .‘.T_g ~ ok
oCl, G,

R, 11—k U s Y

S o e (3.19)

L

where 7 = I;“ =time constant of field circuit.
t

The relation (3.19) indicates that if the connected capacitance C is greater than

e il il o

R -

—_ -

—
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the resonance capacitance C, for the synchronous reactance, viz. £ 1s greater than unity,

the attenuation constant @, becomes negative and the self-excitation will occur. The

4% (w’—- P30y — : )a, oo b Pu®® =0

aC7l, L (3.22)

approximate value of @, is inversely proportional to the time constant of the field

circuit and a certain function of %, which is nearly in linear relation for the small

- i -—-r-—l—-w_—ﬂ_r-l—'-r——" s
e e T st = L 7
— F—— S ——

- - -

It 1s very difficult to solve these simultaneous equations regarding s and a, and the

be used for an approximate calculation nstead of (3.21)
and (3.22). Assuming small values of S, o, and a,, we have

1 value of o. ; following equations may
l[ We see from (3.16) and (3.17) that a, and @, are positive in sign for a nega-
W

tive value of @, The precise range for a negative damping is discussed in the later

chapter. _zal=+(Pﬂ+2P“)al+(d(;La —¢"=)5—5P=Pu=° (3'23)
e more precise solutions for . W Pat 20— 4a ,,-.;_,,(a,:__ Lot (‘__1__ -.-)=0 _
(2) Th pr (P 4a,)s +a, aCLu)"'P" o (3.24) |
If numerical values for , ps, pu, ¢, Ly, and C (or k) are given, an equation (2.15) |
or (2.16) can be numerically solved and the precise numerical values for a will be ‘Solving these, except near the region of _ I ks ek ’

' . i aCl |

calculated. It is, however, difficult from the mathematical point of view to solve A g
this equation in a general form in terms of the constants w, pa, pu, o, €tc. ,
Solutions for a,, a, and a, may, however, be obtained more precisely as long as

I . = (3.23) i

—
oCl, aCl, aCl,

"Il . I ook ’) |
rl’,:f ( CL, )+ f**’(Pc:+2Pu'“4f!:)-’i . Pﬂ( CL m i
C is not very large. :

(A) Solution for a,

et 20"+ 0papu— (pa-+ 2p,)a, |

(3.26)
: ¢ which 3 nted as a, ; —o? .
Let one root of «, the angular velocity of which is near @ be represented as a,; CL w

and in a form as,

(B) Solutions for a, and a.. |
a,=w,+ja,=(1+-s)w+ja, (3.20)

Next we proceed to obtain the other two roots a, and a, of «. Now, if a

where s represents a slip. Substituting (3.20) into (2.15) and equating the real and cubic equation in a form of |

i inary parts to null respectively, we get |
imagimary p @+ Pa+Qa+ R=0 i) |
(3s—2)al+ {pa+ 20— 2(pa+pu)s}a,

has a root «,, then the other two roots can be obtained by solving a quadratic

equation |
+{_m's'-"+2m’.s’+(_m’-}-apmn“+ : ).r—-apap.,}=o (3.21)

oClL,

a*+ (P+a)a+ {a,(P+a,)+Q} =0 (3.28)
‘”2(3“1—' fla— Pu)-"" oxe ‘”’(Pﬂ + ZPH_MI'JI —a,* + (Pq +p“)a1’

Now, comparing (3.27) with (2.16), we have
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;-(Pn +'Pu:;1_)’.'}i+ 4’r¥;’(bu~a:)’]

P=—0—7(pa+pu) s =,/ : [agzﬂ — (patpu—a)' +/ {

4_
aCl,
Q= —0p,u— ﬂ'CI‘L; -l-f}”Pa

/ ——ag 7~ (Patpu—ay)’
Substituting (3.29) and (3.20) into (3.28), we have a quadratic equation for a as

I ’ﬂ+ u—a )=
o’ + {—"’5—]'(Pn+f’u—al)]“_"’!-’(I—")"'“l(f’u'*‘f’u"“l) =2"/ aCl, g v i T A (3.35)
1 < ik s S EHSS SNy
— PP — —Jw{p,—a,—s(pa+pu) + 25a,} =0 (3-30) AT |
OPafu— —r J {pu—ay—5(patpu) 1 =~/—;-(1/a’+é'—a) = é“{Jl +(i)=_1} |
= a
" _ L Solving this equation, @ may be obtained in the following form, o _
T R
*r ) 2 l 2\a A 4a I a |>| 12
: “=.1.{ms —l—j(pﬂ -{-pu—-ﬂ,) o (B -l”jD)I (3'31)‘
o 2
) _ |4t py—a)t @ . _ |
i P 4 X 4w, £53 w,, (P“ @) (3-30) F
i where -. ;
& (B+7D)*= {ws+7(pa+t pu—a)}* | where
i r - [ A=) |
r +4[tu’.$(l—-5)-ﬂ1(Pu+Pu—“ﬂ:)+0'Pmou+ﬁz: W= T, f P4 %) (3:37) |
v {
- _
2 +jw{py—a,—s(pa+ p“)+2m,}] (3.32) and w, is assumed larger than w.
%
Assuming the small values of s, e, @, and not a very large value of C, we take Substituting (3.33) and (3.36) into (3.31), we get |
":F,I an approximate relation,
i a=t| wstloutpu—a) & (20,4 2 (pu=a) | (3.38)
* r (B +}D)!=—g ——(P«"'PH—HI}E +j4lu(P“-—ﬂl) (3'33) < “n ;
oCLs

Hence a, and a; may be written from (3+38) j
B and D will be calculated by using a formula }
|
|

} I' - ] - I

4 : : - W=, +ja,=w, -‘—:_ii+,z-,,-{pa+pu—a,+ — (Pu—a,)} (3:39)

Vit =y Haty/ T F )+ ~(/ @'+ 8 —a), (6>0) (3.34) Y 3

¥ . ws 1 0] i
;~ . W, =Wy +)ad; = — W, 4 — + '—'{ s T Pu—0 - —(py—a } (340 I
1} ) And assuming a small value of resistance component and not a very large value of C, | izt s v e L il Bt W, Gt ) '._

we calculated as,

e
——

1%
£
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" and '
A Alrey LAER J o d T ;
| i 4y < : {UH=V _J ( d._- + \“ _“I)}
| o] i S (e py=ay) | (0L)C {2\ ol " alg

R o

=g kg
e L -
|

=

e I T Ty d

Comparing these two expressions, we see the similarity if the attenuation constant a,
R

is considered to have a similar dimension o s
o

'.-r'-
e

(3) Some remarks on the angular velocity and the attenuation constant.

——

5 . : ;
i : From the approximate solution above obtained, we may conclude regarding the (4) Approximate solution for the magnitudes of currents.
T angular velocity and the attenuation constant as follows: (Cf. numerical examples '
:I L given in Chapter V.) ' We can calculate an approximate value for the magnitudes of armature and field
b (it , . . . . o\ . . !
!E i . In a symmetrical alternator, the frequency w, that is very near the rotational | currents, in a relatively simple form assuming a negligible resistance and in some patis
% frequency o has, strictly speaking, a slip in general.  In other words, the frequency in ' neglecting the attenuation. |
-i‘-"i- . P . . . . 3 : 3 :
A the case of seli-excitation has a slip and is generally a little smaller than the rotation- | Let the approximate value for a be !
al frequency. |
. I .
2. The frequency components of a, and a,, or w, and w,, are nearly equal to -P"( CL -w)
: i ' a,=w-+ } —
wx, and o, 1s nearly equal to the resonant angular velocity between the total leakage ' Wy — w* '.
inductance oL, and the connected capacity C. s (3.41)
L] - - !={ "
@, means a revolving field of the same direction to the rotor, while w, has a nega- _

tive sign and means a revolving field of the opposite direction to the rotor. ' A, = =W, W, == 7 : i |

i * _ aCl,

i 3. The algebraic sum of w,and w, is equal to ws, and w, 1s larger than(w,in a case ; |
r’ of s being positive. : Then the magnitudes of armature currents !1,, !.:_., and f., will be calculated from(2.19)
4. Comparing a, and a,, or the damping components of a, and a, Wwe see a, is '- by the substitution of (3.41) as,
i Iﬁ_ -
;% larger than g, :

8 7 Lgo, { Ry +j(ay—w)L,}

5. We may say o, is a natural frequency for a circuit consisting of the total | 5=

adh i
-

. . : - i A : (“"_dljdeLu(“l_aﬂ)(al““a)
leakage inductance, capacity, and resistance in series during transients.

= e
| = -"

The expression of w, in (3.37) is to give its approximate value. For a circuit

|

e ¢ ) ¢ _ ‘ , | p"( -_fu"')[.“ |
consisting of inductance L, capacity C, and resistance R in series, the usual ex- | Eyw {R,,+j= 2 }

. - * * . . | 2.—- '! I
pression ot attenuation constant and angular velocity for transient component is as. _ . o, T g _
well known, . x/ "( C;. _w’) !

Sndhen Lol L (w—w,) (0 +w,) '
w;, —( |
- R 3 ) 8 b . i
jam— 2t/ (= ;,- B
2/. F o FANT Y | S IS CL _w) :
s Ea:""ll-" 2 - }
a 0, — (v g

And we can write from (3.37), | = el
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RN Eyy (3.42)

Aoh _) (”‘"L“‘ )

rua'z (R, +)(a,—w)L,}
(w—tr.)tr[.ﬂl;“(a.. —a,)(a,—a,)

By, flog—w)L,} F,
S vl B =) Lo =)

E,, I m+m,‘
e T R sl )
uwn+w( m _m) f( "——
7 E | 1 w—w E
e A L B e 3.44)
. J20L,(w,+ w) 2 o j'(crmLa... L) (
wC
and

ly= : = = (3-45)

R+ j(wl, _._—) j(tuLﬂ__C)

Il.l'

An approximate magnitude of the field current may be calculated by neglecting the

resistance component from equations (2.28) and (3.41), and further by the substitution
of (3.42), (3.43) and (3.44) as follows:

7= LB T bl ST LSS
Joo, M wM
1
o [ Tl e e . .
( 0C E. e=9? E, e~
A et LIS L, + x (3.46)
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£ L% < )
f,,':.—;r._.ﬂ{ "J'?j = ( 5 m,,C t-j;}:

Ly w, M

Lot .
!“(tﬂu a wnc‘) I w+4w, p ._EF'J.'L:_? iR (3 47)
mnﬂf p w j(mu[.a_. ._l_)
w
|
(- anﬂ -+ -—-—-—)
Tasiidlicwy ___( ol e
7S —w M

) |
Nl ) -
1_-_-_ (w ’ (UHC 1 ﬂ-’_f”u 3] EHIE_J_? b (3.48)

(u"ﬂf 2 w j(ﬂtu[.ﬂ__%)
()

Now, if we assume a field excitation as shown in Fig. 1, the no-load induced

voltage can be represented as follows (See Appendix 11, (B. 10)):

Vay = — Mpey = —ja M 2 7 gl ghu (3-49)

where

2
3R

u

/.= initial exciting current=7, =

Because the no load voltage is hitherto represented as :!d,=.é'ﬂ,e"", we have the
identity

E;,: —jwll .g.f_e-f? (3.50)

By the substitution of (3.50), we get the approximate magnitude for field current in

somewhat different form from (3.46) to (3.48) as follows:

e L S o
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'y —( @ Lﬂ_ “:C‘) E-” g‘.’" b ; j ’
' = =y {_ + - \}(_jw.ﬂf_en

w w
1
=__[I+ wC i:——{{. k—1 rff
OO L e * 2 k=1 2
W
__ Rlo—1) I,
gk 2
; 1
71 oto, e BuG d; __ 1 wtw, klo—1) I,
Pois o T anio %3 1 353 e W 1—ck 2
g — W'LGE
I
j.'—.._ I w—w, 3 wiLﬂC I_r - I w—w, k{d’—l) }!
AT w BRI S 2 w 1—ak 2
e
where Feilte w'L,
Cy

(6) Summary for approximate general solutions.

No-load induced voltage is expressed in symmetrical components :

/

T.'m-"—‘Eal [ S — }uﬂ[-—!f i
2

E:d,= —fmﬁf_{'_r.. f=— ; Lo g7
2 2

No-load voltage in ordinary phase-component values becomes as follows:

(3.51)

M. Takahashi: Transient Phenomena of an Alternator Upon Condensive Load.

Uy =V, + Aty = wil, sin(m:— 2= -H,O) =é, Sin(mf_ 2 x -+ ga)
3 3

Vo=t + @V, = w M1, sin(mt_.in' + ga): €, Sin (wt-— St P)
3 3
where
€)= quf/}

(3.52)

The instantaneous armature current expressed in symmetrical components is as

above described in one approximate form:

> . i glwt ell=nwt JC1=8)wt
fal= "-jmﬂ/_?-".sf’ [————__.-_- l — o { p— E___. =T ,___,}E-ult

;‘(m —— }'(mulﬂ _MLC)— }'_(m_La_wLC)

I 4w E‘j oy 2 I w—w -4 _Ju“‘ -1
I : (077 e ; ":‘._.2 w T L_ T a'] (3:53)
- [Ty By il 3 —_
j( tUC) ](a'm IRV,
f;l?.:;:I

An approximate value of the angular velocities and attenuation constants

1
a,= ?{Pu +Py—a — E(Pu"'“l)}
n

s 28"+ 0P —(Pa+2p,)a,

Wy — *
/]

 —— T — i
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()

1 (
Wik S A S

) aC -
Wy, C:l

The instantaneous field current corresponding to (3.53) in symmetrical components is

as follows:

i{_ A’(ﬂ— 1) !,r g—Jswig=at

7, ., =
AR It i 2
1 w+ )y L‘(ﬂ'— 1) jf gilw, ~w)t g=agt
2 ) 1—ak 2
| fﬂ—ﬂ}" k(ﬂ'—' I) ]f E..J(m".pm]rs—nsl (3.54)
2 w 1—ak 2
fu5= fui

The instantaneous armature current in ordinary phase components corresponding to

(3.53) becomes as:

¢,cos (wi+¢) [ ¢ycos ((I—s)wl+¢} £ COS ((I—s8)wt+ ¢} }e"":‘

| |
w C () C o

1,=

1 w+w, ¢ c08(w,l+) e-a

of
> 1] 1
a'wLﬂ ——

1 0—w, 6C08(—wut+¢) . (3:55)

I

wC

-+

2 0]

1,, 2,= substitution of (‘P"'%"’). (sp—i;'-ﬂ) instead of ¢ in (3.55)
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The instantaneous field current corresponding to (3.54) in ordinary phase components

is as follows:

— 1
) L _,-e““i' COS Sw!?

- L luhay ke 1) f,e""'z‘ cos (w,— w)?
2 w 1—ak

1 w—w, k(d—l)fs
 f

2 w 1—ak

~%' cos (w, + w)? (3.56)

fm 47; s &zl e~ cos(sm:'-}- .:_:r)

Ll Wty £lo==1) Z,e~%" cos {(mn—m)z‘_in‘}

e 1 —ak
I w—uw, klo—1 ek 2
- Q) mu I(_m{-) I.8~% cos{(:un+m)t+.:3.:r} (3.57)
Z,, = Substitution of .g'.n' instead of Zxin (3.57)

Assumptions used in obtaining the above approximate solutions:

1. Small value of resistance. p, and p, are small.

2. Small value of o.
3.  is large enough comparing with a,, a, @, and s.
4. w, 1s larger than o or A< 0L

a

But for frequency components e, and o, ; a, and /,, the above approximate

solutions are applicable when o, <w or fosediy
a

Chapter IV, Theoretical Range of Self-excitation.

In the preceding chapter, we arrived at the conclusion that a decrement factor or

an attenuation constant of a free oscillation becomes negative within a certain range

e e . e e e ———————e

e —
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of condensive load, provided that other proper conditions are fulfilled. The negative

decrement factor means an oscillation of negative damping or an oscillation of ever-
increasing amplitude. And this is a mathematical basis of explaining the phenomenon
of self-excitation.

In the present chapter a precise mathematical range for this negative damping will
be discussed.

Let %2 be, as already described, represented by

g C(U!Lﬂ ’ and : == IUL,,
C wC,

2 (4.1)

And we start from the equation (2.16), which is rewritten as

- - 3 . s
a3+a’{—m—-}(Pu+Pu)} +a{ -ﬂpu,ﬂu—i:;; +pra} + —:36- + &:{i =0 (4.2)

Instead of obtaining the condition that directly expresses a negative attenuation, we
proceed to get a relation corresponding to zero attenuation. In other words, the at-
tenuation constant a will change its sign from positive to negative value passing
through zero in accordance with the change of the value of &, p,, pu, e€tc

and therefore the condition a=0 will be a boundary relation for the mathematical

criterion of self-excitation. (Cf. numerical examples in Chapters VI and IX.)
From (4.2), we have

T A )
Jp.0° 4 T(unu —a)

»

(4.3)

% J{ap, + apy(a—w)} + a'(w—a)+ aopL0,

Now, if we assume zero attenuation, « becomes a real value, and owing to the condi-
tion that & must be a real value, the ratio of the imaginary part in numerator to the

imaginary part in denominator in (4.3) must be identical to the corresponding ratio
for the real parts, so that we have

.fi (w—a)

i P, 0*

(4-4)

a’p, + ap,a—w) i ;t’_(“m_—: &}_-i:&aﬁapu_

ey e, i il e e el i S W B s T A A

M. Takahashi:

Next, we put
a=(1—s)w (4-5)
Because of the real values of « and w, § takes also a real

value representing a slip,
and (4.4) can be rewritten,

x 1
b= Ly ZN g 4.6
(1—$)(1—s5—s Lo (I—s)o(1 —s54 g Opap, (4.0)
. Fu S T,

Equation (4.6) can further be rewritten as follows :

1 I
k_-—: R : = — (4'7)
e e s Ly
s
where
Prl Rﬂ Ru
M= = : -
P. owl, awl,
. 2§ T
y— Pabu _ Ra R, e
R owl, % owl,
From (4.7), we have
(I—s){l—s—s,u-—o‘(l —.r.i_ix_ }=0 (4.9)
s
Solving (4.9) with respect to s, we obtain
S=1
LAY R (2T
= ¥ —
¥ 2(1—a+p) l SN (I—a)* (4.10)

Equation (4.10) is a relation which s fulfills under the condition of zero attenuation,

and the value of % for this condition can be ob

_ tained by the substitution of (4.10)
nto (4.7) or (4.6).
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We see that the value of %k for zero attenuation depends upon values of o, p.

and X that are merely dimensionless numeric values,

10 l i Theoretical range Of Self -excitation
X=0 00/ g =01
1o* !
-ﬂlﬂf i -_ﬁ.
10! !
Xt Notation : x =454
70" M
X=/
10’ {
X= 10
Y ’ :
a’ 1
: : X=20 X~aeo/ £ 1=0)
10" : —{ Change of Scale
s (r=00/) | (X=000/)
ﬂm* s 10 10 10 1w0* 1o 10° 10" 10° w'  ”
A
I"ig. 3

Curves of & for zero attenuation corresponding to
various values of p and y; o=o0.1

w0’ Theoretical range of Self-excifation
g=07
10*
0* ‘ o 2‘
[px=o Notation : x =A%
10" o
X =000/ [V
10’ g
,‘ = X=00/
/
. X =0 04
AT |
0" : ol Change of Scala y————
: & \ st (X=0p)
% ro” ’ 10’ ro* 10? 10* 0"
i k
Fig. 4

Curves of & for zero attenuation corresponding to
various values of p and 7; 6=0.7

Examples of curves of & for zero attenuation assuming the constant values of

o=0.1 and o =0.7, corresponding to various p and X are given in Figs. 3 and 4.

Each of these represents the #— g curve for constants o and X. The attenuation con-

stant of one root of equation (4.2) becomes negative in sign for the inside values of
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this curve, and becomes positive in sign for the outside values of the curve. In other
words, the inside region bounded by these curves indicates the occurrence of a free
oscillation of negative damping. The value ¢ =0.1 may be said a normal value, while
o=0.7 1s especially a large one, taken merely for the purpose of knowing the effect of
a.

If a machine for consideration is givcn, o may be taken as a constant unless an
additional inductance is introduced in the circuits and the theoretical region of nega-
tive damping for various values of armature circuit resistance, field circuit resis-

tance and connected capacitance will be seen directly from these curves drawn for that
value of o.

Theoretical range of self-excitation.

If we define the term “self-excitation upon condensive load,” as the occurrence
of a free oscillation of negative damping character from the mathematical point of

view, we can conclude from above results that the value £ for this range must lie

between £, and %, that are expressed by

=+ : y Ro= : (4.11)
(I =8 )(1—5—s5,/) (1 —8)(1I—35,—5,1)
where
5 e VoL {l;{: ¥ 4(1—a+ p)a*k }
sg} 2(1—a +p) v (1—0)° 4:12)

As an approximate calculation, we may take the square root value in(4.12) is nearly

equal to unity for small values of ¢ and Z. Then the approximate range of seli-

excitation becomes,

: s | —a+p)*
k=1 to ‘{2=( o £ (4.13)
And the corresponding values of slip are
T
5;=0 and s,— l_ﬂ:_p (4.14)
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The condition 2= 1 when s=0 is as well known the lower limit of self-excitation,
especially for a salient-pole alternator; and under this condition the connected capacity

is in resonance with the synchronous reactance of the machine. The condition

1—0 3 1—a
= ( +7) when s=

1s the upper limit and this limit has frequently
o 1—0o+p

been supposed to coincide with a condition under which the connected capacitance is in
resonance with the leakage reactance. Strictly speaking, this supposition has been

found to be theoretically a special case.

Pis 1 . seile :
We may take the condition 2= —- as an approximate limit only for a small

value of Z and a relatively large value of p as compared with unity.

Dr. R. Rudenberg makes the following statements in his book* in the sence that
the self-excitation of an alternator is only possible within a certain range of connected
capacity and this range begins from a synchronous-reactance (un-saturated) resonance
condition and continues up to the leakage reactance resonance condition. His conclu-
sion comes, however, from a consideration of the steady state with the rotational
frequency and not from attacking the transient phenomena. As above discussed, the
statement for this range especially the upper limit must be altered in the point of
transient theory for a symmetrical alternator when the resistance component of the
machine 1s taken into consideration. The leakage reactance must naturally be altered
to the total leakage reactance which corresponds to the sum of the held leakage and
the armature leakage reactance, and is nearly equal to transient reactance as 1s well
known from the recent studies on the sudden short circuit of an alternator. To take
the resonance condition for the total leakage reactance as the upper limit is an ap-
proximate one, and it i1s in general a special case. According to the traditional idea,
an alternator will be self-excited by an armature reaction of leading current when it
is suddenly connected to a condensive load of large value; while if the load becomes
larger than that to give the resonance condition for leakage reactance, the armature
current will change to lag, hence there will be no self-excitation. This idea is, how-
ever, based upon the assumption that the frequency of self-excitation 1s exactly equal
to that of rotation.

As will be seen from (4.10) or (4.14) the theoretical frequency of undamped

* References (8) p. 308 and p, 311,
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-oscillation is lower than that of rotation. The frequency of the amplifying free

oscillation becomes lower and lower as the value of capacity increases.

One numerical example of calculation shows that the frequency of self-excitation
decreases down to nearly one half of the rotational frequency (See Chapter VI ).

This theoretical result does not coincide with the assumption used in the traditional
idea, and we can see that the incorrectness of the conclusion deduced from the old
idea is a natural consequence of the unreasonable assumption, although the discus-
sion as to the upper limit of the range of self-excitation is comparatively of academic
nature.

We may, however, adopt a conventional explanation that, when the capacity takes
a larger value than that corresponding to the resonance condition for the leakage
reactance, a free oscillation, the frequency of which nearly equals the rotational
frequency, damps away and a free oscillation the frequency of which is nearly equal
to the resonance frequency for the total leakage inductance and capacity amplifies in
turn and the self-excitation continues up to a larger condensive load.

The theoretical lower limit of self-excitation for a salient-pole alternator is some-

what strictly discussed in Chapter X111,

Chapter V. Some Physical Explanations of Mathematical
Results and Graphical Solutions.

(1) Sudden short circuit of a symmetrical alternator.

Sudden short circuit of an alternator may be dealt with as a special case of the

transient phenomena upon condensive load.

We can obtain a mathematical solution by putting C =o0 in the equations previously
described.  Putting C= o or w,=0, we can write the following approximate rela-
tions from (3.10), (3.11) and (3.12):

al+aﬂ+aﬂ=Pﬂ+pu

w(a,+a,) =wp, (5.1)

aiaa(fhl +w)=0
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From (5.1), we obtain A e e 2 4 § 4
. 7y, 7,="Substitution of (ip._.. _:r)’ ¢——m | 1nstead of ¢ in (5.7).
3 3
2)
| a=p,; QA,=0; a+a;=p, (5-2)
P _ "The equations (5.6) and (5.7) are well-known approximate expressions for sudden
¢ 3 ‘e determine as, e
And: from’ (5.2) W | short-circuit currents.
.' AQ=pPuy @A:3=Pa, ﬂ:=o (5'3)
i :
[ And we have an approximate relation,
4 i o (2) Comparison between the transients for condensive load and |
o a,=w+jp.; @3=0+Jfa; @;=0 sudden short-circuit.
L : [ : ' |
bl . _ its, /, and /, will be calculated from (2.19) | : : : s SRR :
b g Approximate values of armature currerts, /, : : et i () Yot | We can write an approximate expression for a sudden short-circuit armature
A - PO - " 1mi 1anner as we have calculs - . . ; -
N by the substitution of (5.4) in the similar n current as i the following form from (5.6), |
B Chapter 111, and we obtain, 3 3
q e P : E
(B i 5 . - .
pel . 1 1 - '. Ia= 1 ¥ £, o e (5.8)
;‘; :;;1'1 ‘I; =(}:ﬂlﬂ-£'u S }'(uLu )Eﬂl (5 S) : (l{nlnlinnnl freq.) ( Rotational fn:q.) C]}_C_) 1|
l} - }-’iﬁ 2 |
o fER 3 : * . g E - !
{.5.1:-_ ; Sy Teias -. And for condensive load, an approximate expression may be written assuming & is
1! L ] 3 4
v Jowl,

T

not very large,
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: - o & ' by putting C = » into the
* roximate value /, is the same result as obtained by . : : : :
| Th.IS apl: A R 1 fgy = 1,61 o /1% + Lt +- L%t (5.0)
expression of [, in (3.42). Ratationn fidn ottt foas |
Th sbtain one form of the instantaneous approximate value of armature (Rotational freq.)  (Rotatipnal freq,) (w,) (—w,) ,
us we « +

= e e T T
S i S g W Saft g
e e e D

= . " ." S fUl](]“‘S: . . - . - . .
current expressed in symmetrical components a If we consider the A.C. component of the sudden short-circuit current, it will be the

;
e —— - P i
e Pl -
el R LY e
e o T
e R
-

| sum of /, and fl, which is approximately expressed by
e, b S { gl o A getdl e~Pul __ . e=Pa ]
At '"[ Jwl, 15 Jowl, Jwl, J Jowl, (5.6) '- A
2 | - RS e ] (5.10) |
ekt Jowl, |

And the ordinary phase components of armature current corresponding to (5.6)

And this is also equal and opposite to i: at the instant ¢=o0, and satisfies the condi-
will be obtained in a similar way as described in (5) of Chapter III as follows:

tion 7,,=0, The term owl, is known as the total leakage reactance or transient

: ' : reactance which is the sum of field leakage reactance and arm ! .
€, COS (Wl +¢) ¢, €os (wl + ) ¢, cos (wl+¢) } e=Put . ‘ g. ' ature leakage reactance
lg= — wl., i awl, il wl, In the case of the condensive load, /, and /, may also be considered in the same |
, manner as in the case of the sudden short-circuit and the magnitude of A.C. component ;
o a"‘u COS ? E*Pﬂ‘ (5'7).

owl, of the rotational frequency is represented by
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AL £y
. j'(d'mLL,_..l_,)

wC

(5.11)

And we may use the term “transient reactance” for this case with regard to

(muLﬂ— IC.')' The sum of this A.C. component, /, and 7, satisfies of course the
w

boundary condition that the total current is zero at the mnstant 1= 0.

In the case of the sudden short-circuit, 1; is a damped D.C. component and may
be considered as a stationary damping vector or a current system in space fixed at a
certain axis which is determined at the instant of the occurrence of short circuit.
But, in the case of the condensive load, this stationary current may be considered to
become an oscillatory current composed of the two revolving current systems that are
represeintud by Z, and 7. The former revolves in the same direction as the rotor,

while the latter ip the opposite direction.

(3) Explanation with regard to graphical solution.

An ordinary explanation of the behaviour of an alternator upon condensive load
can be made graphically with the aid of two characteristics. One 1s a charging charac-
teristic and the other is a saturation characteristic excited by armature current. The
example of this graphical solution, when the effect of magnetic saturation is taken into

account, is given as shown in Iig. 5.

Q  Arm. Current

Fig, 5. Graphical solution,
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L represents the charging characteristic( 1‘2‘ ) and .S the saturation characteristic
0

excited by armature current (wZ,/,,). The precise method for obtaining these
characteristics for a salient-pole machine has been described in the previous report of
the author.®

When £<1 or the initial inclination of § is smaller than that of L, characteristics
S and L have only one point of intersection as (1) in the leading-current region, and
this point is a stable point which corresponds to /,.

When £>1 or the initial inclination of S is greater than that of L, there are three
points of intersection for § and L as (1), (2), and (3) as shown in the figure.
The detailed discussions of the stability characteristic for these points are omitted
here and the discussion is chiefly limited to points like (1) and (2) when the machine
1s suddenly switched.

When the alternator i1s switched on to the condensive load with the initial arma-
ture voltage OF, whether the phenomenon advances to the point (1) or to the point
(2), entirely depends upon the nature of the transient term which is determined by the
circuit constants. In other words, this determination as to whether the phenomenon
advances to the leading-current region or to the lagging-current region is of a decisive
nature and not a matter of chance. And this depends upon the damping or amplify-
ing nature of the transient term j: ey,

Dr. R. Rudenberg describeés* that this depends upon the phase relation of voltage
with which an alternator is switched on to the circuit. The present author, however,
believes that Riidenberg’s description must be altered in accordance with the study on
the transient phenomena.

We have the following examples which will verify the foregoing statements of the
present author.

A symmetrical alternator (wound-rotor-type induction generator) is excited by the
direct current in the field circuit through a considerably large resistance and then it is

switched upon the condensive load of negligible resistance and in a relation of 1<k<

L . And the steady-state characteristics drawn for the rotational frequency are

a
as shown in IYig. 5.  Then the sign of the attenuation constant of the transient

* References (8) 1923. p. 306.
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term /' becomes positive, because p, is very large, consequently p being small,
and Z is large, so that the attenuation constant corresponds to the outside region of
the curves shown in Fig. 3. And the alternator advances to the point (2) after it 1s
switched on to the load and results in a stable operation in the lagging-current region
operating at the rotational frequency.

On the contrary, assume that the field is excited through a comparatively low
resistance ; the magnitude of the exciting current and that condensive load are kept at
the same value as those in the foregoing case. Then the attenuation constant of the
transient term becomes negative corresponding to the case of the self-excitation. The
alternator advances to the point (1) after it is switched on to the load with the same
initial voltage OE and results in a stable operation in the leading-current region,

The occurrence of the phenomena corresponding to these two cases have been

ascertained experimentally by the present author.

The operating frequency in the latter case is equal to the rotational frequency
when the initial excitation is not very small, perhaps due to the effect of magnetic
saturation. The alternator operates with a continuous slip after self-excitation, as
long as the initial excitation is kept very small. This corresponds to the superposi-
tion of the rotational frequency due to the direct-current excitation and the frequency

a little lower than the rotational frequency due to the free oscillation.

As will be seen from the above example, we have always two operating points
(1) and (2) for the symmetrical alternator when the steady-state characteristics are in
the relation as shown in Fig. 5. We can not therefore, judge the actual operating
point merely by these steady-state characteristics when the machine is switched on to

the load.

We have noticed that there are somewhat different behaviours for a salient pole
alternator. In an ordinary state of self-ex:itation for a salient-pole alternator, we can
judge the operating point after it is swit:hed on to the condensive load by the steady
state characteristics alone. Because we have generally no actual operating point like
(2) within a certain range of the values of connected capacitance [(a certain value)
>k>1, see Chapter VIII], independent of the field-circuit condition. An alternator

gives rise to self-excitation even if the field circuit is open.

The reason for this fact may be explained conventionally that the equivalent field

circuit is always closed when the alternator is considered as an equivalent symmertical

Therefore we have by the substitution of 7

- - el e T S
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machine, even if the field circuit is open. In other words, the equivalent resistance

component of the field circuit treated as a symmetrical alternator is not so large as to
make the attenuation constant of the free oscillation positive.
ter 1X.)

(See examples in Chap-

The same fact will be strictly explained from the circuit theory that a salient-pole
alternator has an amplifying free oscillation, even if the field circuit is open, provided
that the value of a connected capacitance is within a certain range.

This result will be obtained from the mathematical attack of the differential
equations for a salient-pole alternator. The amplifying free oscillation of the rotational
frequency for the salient-pole alternator is discussed in Chapter VIII,

The operating point (1) in Fig. 5 is the well-known point for a salient-pole al-
ternator. The point (2) is obtained when the connected capacitance is extraordinarily
large and the alternator is considered to be short-circuited by the capacitance. The
author has also experienced that the operating point (2) exists in a special range when
the connected capacitance is nearly equal to the resonant value with the quadrature
reactance for a salient-pole alternator which has no damper winding.

The point (3) is obtained in the case of the negative field excitation. The author

has experienced the stable operation corresponding to the point (3) within a certain
range.

(4) Voltage build-up time due to self-excitation.

The instantaneous value of terminal voltage of an alternator due to the transient

current upon condensive load is written from (2.3) in terms of symmetrical com-

ponents as,

) 4 I
O e e [

In-ﬂl"'- C al
The value i, in this condition is rewritten from (2.17) as,

Ty =4, + Lt 4 [ 4 [ inyt

ai »
7 , j /
Vg = 2 1%t 1 gyt T2 gfoaty D3 glag :
' joC +;a,C i ja,C B2 ja,C ; (5:12)
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We may be able to obtain the change of terminal voltage by the calculation o1

equation (5.12).

Next we consider the approximate value of the envelope of terminal voltage with

regard to the lapse of time, chiefly due to the amplifying free oscillation, neglecting
the damping and different frequency terms 7, and II We assume the terminal

voltage of the machine in a convenient and approximate form as follows:

o = U+ Vs~ (5.13)

where #’ is the terminal voltage corresponding to the envelope, and @, the attenuation

constant.

From (5.13), we get

)
& e (=T
1 dv’ 1
1+ C'= = log (/' -- I7},)
7 —::,S Y=V, —a 8 &

where C’ is the integration constant. [f we represent the initial voltage when ¢ =0 by

V, (eff. or max. value), then we will obtain,

Ol log (V=T

—al
1 -V, .

= — lo $ _ 14)
P B (5

Substituting an approximate value of @, from (3.19), we get

v 1—ak v'—V,
f'_-—‘j‘..!._.L 10 s 3 | )
e log S (515

We may say that the voltage build-up time is approximately proportional to the

. . . . N I [E— k
open-circuit time constant of field winding and Z Lt
>~ 1

And we took,
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When the magnetic saturation is taken into account or % is considered as
variable with voltage or current, an approximate build-up time will be calculated from
the open-circuit time constant of field winding, saturation characteristic excited by

armature current, and charging characteristic. The details has been reported in the

previous paper of the author, 5 ()

Chapter VI, Numerical Examples for a Symmetrical Alternator,

| T 3 - - - ¥ £ - - . : 3 .

Numerical examples of calculation are given herewith for a symmetrical alternator
in order to apprehend the general nature of frequency and attenuation characteristics
with the change of connected capacitance in a wide range. These are examples of the

numerical general solution for « or the equations of (2.15) and (2.16), and not of

approximate solutions.

The machine under test was a wound-rotor-type induction motor used as a gene-
rator and had a rating of 7.5 HP., 200V, 50 cycles, and 1,000 R.P>.M.
The machine constants have been determined as follows:
L,=0.0570 H R,=0.168 2
L,=0,0029 K, =0.0127 £ (6.1)

Adl=o0.0119

I'hese are values taken for unsaturated parts, and from (6.1) we calculated :

a=0.143; p,=20.61; p,=3087

(6.2)
m=2::‘f= 10O T

The numerical equation (2.15) with the constants expressed in (6.2) is calculat-

ed as follows:

a’—(314.16+/51.48)a* — (g0.981 4 12268 —76474.8)«

1 ;
+ — (38542 +/541.58) =0 (6-3)
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The numerical equation of (2.16) corresponding to (6.3) is calculated as, _, 2 == Wy )Gy 5:17+729.3 (163.2 cy mps)

@, =w;+ja,= —1025.18 472043 (163.2 cycles, damps)

: A 690200 . |
3—(314.164751.48 n'—-( 0.981 4 _.;6474.8)a | |
jiggtda: A 415 # In these calculations losses in the transformers and condensers are neglected.

4 When C=0.00035 F or k=1.969, we have two damped transient components and one
1 . 6. gy ; o
+T(216.84+j3-0469)=0 (6-4) amplifying transient component. When C =0.000116F or k =0.6526, all transient com-
| ponents damp away. Thus we have an amplhifying transient component correspond-
The machine was driven at rated speed (angular velocity o =27f =314.10, 50~) ing to the case of self-excitation.
J . p .
and was connected to a condensive load through a bank of step-up transformers as 3 How the angular velocity and attenuation constant of the transient components
shown in Fig. 6. vary with the change of capacitance C or % in this example, are tabulated in Table 1.
These calculations are all the results of the general solution of (6.3) or (6.4) and not
Rotor  Stator 35 k VA Trons. ' of approximate solutions.
j\ (k A > Lﬁ Table T.
725 HpP Gr. 2/g/¥3x3300¥ f : Angular velocities and attenuation constants against the variation of connected
Fig, 6, Test diagram for a symmetrical alternator capacitance, The solution of cubic equation (6.3).
Ig' . ﬂﬁ > & h M
C'(farad) k:% &= w4 ji1, Ao == 4~ Jila Qg =wg+Jiig Remarks
" = 5 r 1- i (]
When the connected capacitance was about 0.00035 F (equivalent star value at ger i : - T AT T T PR P a
. M . b -4 = : B . e M 20 -2 M J: .3:
. s ' -eXC rith rotor circuit closed and 208 J J
erator terminal), the machine gave rise to self-excitation wit r A LSy 0.5626 | 31417+ 210 | 110735472877 | - 1107.364-520.61 ¥ :
. . - ‘ i : - : Near t owe it
the terminal voltage was built up slowly until about 250V. 3 3 | 00001777 | 1.000 | 314.11+j0.00212| 83048+ j31.58 [ ~830.43+710.90 nf"::_:lf-;icitn‘:;;;h i3
When the connected capacitance was about 0.000116F, there was no phenomenon 4 | 000035 | 1.969 | 313.36—j 5.84 - 592.41+738.38 —59!'614-.?'!3-34 5*»"":““3‘“‘"-
- : 5 | 0.0007 3938 | 303.74=j22.06 428.5 +4755.69 | —418.08+517.8;
. . . s . (], : 9
of self-excitation, or any appreciable voltage rise was not perceive | 6 | 0.001 5.626 | 285.27-720.86 | 378.514+j64.07 | —340.624517.26 ¥
The numerical solutions of the equation (6.3) or (6.4) against these capacitances 7| 000124 | 6.993 | 270.15—j30.23 | 357.44+j64.81 | —31344+j16.90] ' k=1/s
8 | 0.003 1688 | 197.69—7j11.33 317.814j47.35 —:m.35+j:5..15-' N’ {4 8 TR
f g I F . . AT ¢ u o lami
E are as follows: 9 | 0.00645 36.30 | 137.61+j 00004 313.34+3737.19 -136.79+Jl4.13{"rt-:;"‘;cn;;ﬁm. m
V ; 10 [ 0,0124 69.97 99.464J 4.17 31272473388 | —98.03+j13.42
r : When C=o0.00035 F, or k:],gﬁg, 11 | o.1 562.6 34.37+J S.79 312.444731.26 -—3:.66+ju.41i
g E 12 | 1.0 5626. 5.216+j11,12 312.414730.96 - 3.47+J 9:39
: oy . u |
% a,=w,+ja,=313.36—75.84 (49.87 cycles, builds up) |
i

28,38 (04.28 les, damps) The results of calculations are also plotted in curves as shown in Figs. 7 and 8..
y —_ .a+ .‘z-l= 2.41 + . 4'2 cyc es' . . . - .
SR g { In Figs. 7 and 8, we can see the variation of attenuation constants and angular

a,=w,+ja,= —591.61+718.94 (94.09 cycles, damps) | velocities with the change of values of connected capacity or £k, provided that the

constants of the machine are unchanged.

‘When (C'=0.000116 £, or £=0.6526, The attenuation constant @, is negative in the range of values of % from nearly

; | k=1 and up to k=36.3 These regions are hatched in the figures and signify the occur-
ay=w,+j 1, =314.17+71.67 (50.0 cycles, damps) | p 3
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Fig, 7. Attenuation constant curves, Fig, 8, Angular velocity curves,

rence of the amplifying free oscillation or seli-excitation. The attenuation constant
a, is generally greater than @,, The angalar velocity w, changes its magnitude from
the value nearly equal to @ down to a value as low as zero. , and @, are nearly

equal to w, at small values of %, and w, takes a magnitude nearly equal to @ when

1 .
k becomes greater than — . @, and @, may be considered as nearly equal to o,
o

g I
at very large values of &, where @, means 7—6_—
a

L,

In the actual experiments with the above machine, the operating point after self-
excitation was nearly equal to the point of intersection of the line charging curve and
the saturation curve excited by armature current drawn at the rotational frequency
when the connected capacity was nearly 0.00035 F. The armature terminal voltage
was about 250V, and the frequency of armature voltage and current was about 49.83

cycles, a little lower than 50 cycles.

Chapter VII, Equivalent Symmetrical Alternator with Fictitious
Negative Armature Resistance.

In the case of self-excitation in a symmetrical alternator, the voltage builds up

s [l el sl
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with a slip as has already been described in the foregoing Chapter.

In a salient-pole alternator, however, the voltage builds up without slip in an
ordinary case. We have two methods for the explanation of such a difference.

One method is to solve a differential equation for a salient-pole alternator which
has a term expressing the nature of saliency as will be discussed in Chapter VIII, and
the other is to explain in a conventional form from a equivalent symmetrical alternator
which has a conventional character of saliency.

[n the present chapter we deal with only the latter method of the two. Itis an
ordinary way to determine the constants as an equivalent symmetrical alternator for a
salient-pole machine that KR, 1s taken from the ohmic resistance, L, from synchronous
direct reactance, and chielly /., and M are chosen as equivalent values, or in other
words, p, and ¢ will be determined as equivalent values.

The author has an idea to supplement a character of saliency by introducing a
negative armature resistance as an effective resistance of armature circuit not only for
a steady-state current, but also for a transient current, the frequency of which 1is
equal to that of rotation, with regard to a certain problem. That is to vary the con-
ventional value of p, from positive to negative for a certain range of values of con-

nected capacitance as described below.

(1) Effective resistance of armature circuit in steady state.

First, we will show that the effective armature resistance and reactance of a
salient-pole machine vary in accordance with the phase angle of armature current in
steady state.

The differential equation for a salient-pole alternator may be written as follows:
| See Appendix 111, (C.9)|

Vay=— {Ro+pLy}ig— Lpei,,— _.'i[j. pels,
=
; (7:1)
Uaa= Yqy

Now considering a balanced three-phase armature current in steady state, the axis

of reaction of which is lagging by an angle ¢ behind the axis of field pole, we may put

as follows:
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fgy=lee?; f,=1e; O=wite (7.2)

Substituting (7.2) into (7.1), we get the equation of voltage-drop in the armature cir-

cuit due to this armature current as,

Vgy = — {Ra -l-ija} !'M—J'(UL,.E'J“{M
= — {R,—wL, sin 2¢+jw(L,+ L, cos 2¢)}ia, (7-3)

We have from (7.3) the effective armature-circuit constants due to the variation

of phase angle ¢ as follows:

Effective resistance of armature circuit = R,—wZ, sin 2¢» ] e
4

Synchronous reactance of armature circuit =wl,+4wl,cos 2 I

When ¢ =0, or the axis of armature reaction coincides with the axis of field pole,

we have a direct synchronous reactance x, as,
x,=direct (synchronous) reactance=wl,+w/, (7.5)

This is the maximum value and ordinarily taken merely as a synchronous reactance.

When ¢ =090° or the axis of reaction is at the midway between poles, we have

as a quadrature synchronous reactance x,
x,=quadrature (synchronous) reactance=wl,—wl, (7.6)

From (7.5) and (7.6), we get the constant to express the saliency as,

Tt S T S (7:9)

2w

It is clear from (7.4) that the effective armature resistance varies from positive
to negative in value according to the phase angle ¢, when R, is neglected. This fictiti-

B . 20 e - 0 3 =y
ous negative resistance becomes maximum W hen ¢ =45° 1f we denote the maximum

value of this fictitious resistance by R, then

R,=wl,— .1.(::;, —2,) (7.8)
2
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This fictitious resistance occurs in accordance with the difference of x, andx, or
the salient nature of the machine. The salient-pole machine can generate or consume
power proportional to the square of armature current without field excitation due to
the so-called “reaction torque” and this nature may coventionally be expressed by a

fictitious resistance. We can, therefore, express the effective resistance of armature

circuit as

R=R,—R, sin 2¢ (7.9)

If we use the above value of R instead of a mere ohmic resistance /,, the value Pa

can hctitiously be considered from zero to a certain negative value for a current of

the rotational frequency.

(2) Solution of differential equations for a symmetrical alternator
with fictitious negative armature resistance.

Next we will explain the fact that an amplifying free oscillation of the rotational
frequency can be obtainable, as a particular solution for transient current of the sym-
metrical alternator with fictitious negative armature resistance, within a certain range of

values of connected capacitance.

Now we assume one root of (2.15) is in a form,

a,=w-+ja,, a,<O0 (7.10)

and will discuss the condition to satisfy the above solution.

First, we put s=0 in (3.21) and (3.22) and obtain the following equations.
2a,"—(Pa+20,)a,+ 0pap, =0 (7.11)

....a1=+(pﬂ+pu)a1=+(m=_apapu_a IL )a,+p“(c+_m:)=o (7.12)
a “0

Substituting A= Cw*/, into (7.12) and further eliminating a2, we get

2m°

0aqy" + (2‘”5_ a0 — )al + 2Pu‘"2(-%- —1)=0 (7.13)
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From (7.11), we have

2a,(p,—a,) (7.14)
ﬂpu -t

We can say from (7.14),
Pﬂ<ol ifﬂl‘(o

That is, if we want to obtain the negative attenuation constant, p, and consequently

the armature resistance must necessarily be negative. And from (7.13), we have

2:0‘(.‘1‘. = pn) '
o= < (7-15)
T paa (200 —ap.p,)a,—20°p,

We can say from (7.15),
k>o and real, if @,<0 and p, <0

That is, if we assume p, is negative and @, is the corresponding negative value, we
have necessarily a positive value of k. As above discussed, the necessary condition to
satisfy the solution (7.10) is p,<0 and a certain value of £#>0. Thus we can say that,
if we assume a certain value of p, which is negative, we will obtain, for the corres-

ponding certain positive value of %, the amplifying free oscillation of the rotational fre-

quency. Equation (7.15) will be rewritten as,

alau'pu+4pu‘"2(1 —-;) (7.16)

a,= :
4w’( 1— -a'_d..) + Pa* + 20000 — 20040,

A reasonable approximate range of % to satisfy the condition (7.10) will be taken

as,

1< k< a certain value less than B

ag

If we assume a, =0, then p,=0 from (7.14) and k=1 from (7.16). And the con-

dition % = 1 may be conventionally considered as the lower limit of self-excitation.
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A negative value of p, will conventionally be considered for the salient-pole alterna-
tor within a range of the allowable negative resistance as already expressed in (7.9).

Numerical examples for the relation of a,, p,, and & with given ¢ and pu are shown

in Iig. 9. The portion denoted by full-line in the figure may be considered as the
allowable range of negative resistance.

m-’
ro* o' f——————= 4 b
------ 1“
/ 2
/0 IO' —
-
b
-A 'ﬁ |
a,
! o
-a' -Q'
0" g =04 2 as=0/
/ RL=g £, =300
=3 -
10 o
o 3 - o / F. 3 #

Fig. 9.

Range for negative attenuation constant corresponding to negative armature resistance,

We may conclude from the above discussion that a symmetrical alternator with
the proper value of fictitious negative armature resistance may be said,

(1) To have an amplifying free oscillation of rotational frequency, within a cer-

tain range of %k greater than 1.
Or the frequency with which the voltage builds up during self-excitation is
rotational and has no slip within a certain range.

(11) To operate at the rotational frequency after self-exicitation.

The foregoing statement may conventionally be applicable to a salient-pole alternator
as an equivalent symmetrical alternator. It is, however, not preferable to determine by
such a conventional method, the strict range of capacitance with which an amplifying
iree oscillation of the rotational frequency occurs in the actual salient-pole machine,
which has a complicated circuit condition, especially in field circuit, such as the ex-

istence of damper windings, etc.




Researches of the Electrotechnical Laboratory. No. 330.

Chapter VIII. Theoretical Consideration about the
Salient-Pole Alternator.

In this chapter there is given a theoretical consideration of the fact that an
ordinary self-excitation of a salient-pole alternator takes place with rotational fre-
quency, or without a slip; this will be discussed from a solution of the differential

equation for a salient-pole alternator. That is, we have the amplifying free oscillation

of rotational frequency when a salient-pole alternator is suddenly switched on to

capacitance of a certain magnitude, and the discussion given here is chiefly limited

to this point.

Instead of employing equation (2.5) we use the differential equations for a salient-

pole alternator when the field circuit is considered as a circuit consisting of a single-

phase winding, which are given as follows: [See Appendix 11I. (C.0)]
f',,“:-—l'ime’“

!
= {Rﬂ +PL¢: - -—lé; } fru_ Lrpajmf-u: — il‘l_-'})emfu
P 2

i (8.1)
o= — {R, +pL"}:'“_..::_M’p(e‘”£ﬂ,+e’“fﬂ3) =0
Considering the free oscillation alone, and putting E:m=o, we have
R = =
L, peltiy,— M em (P20 (PR I0) 5 g (8.2)

Ru ot (P +j‘“)

where Mr=3 Mm"
4

We consider only the free oscillation with rotational frequency and put as follws:

1‘u1=15_1*¢”-"li P 7.:!_:=JGJ"'I"’H Vi ]

=wl+¢

(8.3)
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where @, represents the attenuation constant, and (1 the phasc anglc of transient cur-

rent. In the following attack, the author makes it a principal object to obtain the

negative value of a,, that is to get the amplifying free oscillation of rotational fre-

quency. By the substitution of (8.3) into (8.2), we get

! . ME(jow—a)a
R+ (jo—a,) L, : EYoaat e\ 1 @,
Lot (Jw—a,)C 23 R,—a,L,
; Wil jw—a,)a o
+ Lr'n}—-(’f)_i AL 171 [ 0% —
{ 0 : ]fu"—ﬂlz'u } g (84)

Putting the real and imaginary parts in (8.4) zero respectively, we have

@ a, .
Ro—a,l, — e —wl,sin 2¢—a,l., cos 2¢
iy Mz2a? Mpialcos2y  Miwa,sin2y 2 3
R""l"{?lj;“ {eu » 5 ﬂll"n. Ru+ﬂ|.[‘u R ( .5)
wl,+wl,cos 2 & —a. L, sin 2
1 (a*+w*)C R J
wa, M,? Miwa,cos 2 Mra? sin 2¢
N :r LY ,:m?.i‘ S 2¢7 ot AR a@,” s 2¢ =0 (8.6)
R, +a,l, R, +al, R, +a,l,

Eliminating sin2¢» and cos2¢» between (8.5) and (8.6), we get

22 r 1
] L 1
I R AR TR T TR

[ I ﬂlﬂf,: ) 2
5 2[1?“[1:”(&“”!)6- — (wLﬂ-—mL,_ : )Jat

+ I;uLﬂ_ : o }E._ (1:;1:": Rn'.') =0 (8'7)
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Equation (8.7) is a polynomial algebraic equation of the 7th degree with respect to

a,., We will treat several special cases as given in the following.

(1) The case a,=0, or the attenuation constant being zero.

Putting a,= 0 in (8.7), we get

1 a7 ¢ - 3
-—C,- =wl,+ 'l/“"Lr — R, (88)'

()

Ko wl.,

And we put the above relation as,

il
e

Wl AT =R
(0] CI. (8 9)

1 Z =
— =l — 1-/ wl,— R} = .;

wl,

The attenuation constant becomes zero when the connected capacitance C satisfies
the above relation, provided that R,<wl, I Ry, the resistance of armature circuit, 1s
greater than ol., or R, the maximum negative resistance, we have no capacitance
which satisfies the condition @, =0. The capacitance C, in (8.9) may be taken as the
lower limit of self-excitation. 4’ is a reactance very near the direct synchronous reac-

tance in value: and x,”, the quadrature reactance. 1f K,=0,

x, =x,=wl,+wl,=direct reactance, and

x,! =x,=wlL,—wl,=quadrature reactance.

The phase angle ¢ for the condition of (8.9) is obtained from sin 2¢'= Rq as,
wl.,

R, nm
ofs: s
2

J= %(— 1)" sin™! =

where n being any integer.
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(2) The case R,=w, or the field circuit being open.

We consider the case when the field circuit is open, and putting R, = o0 into (8.7,

we get
I R e 1
[{ (a+w*)C : + (aﬁ-}-m’)C}
w : ar e
+{m£ '(u=,+w=)c} (L —R2) =0 (8.10)

Assuming @, is small as compared with o, and neglecting a,® for »?, we get

{ (Lot L5 )”_ L,.’} a;-'_zzeﬂ(z;ﬂ + = )

(U

G . o
+(m£u_~—5) —(0'L}—R})=0 (8.11)

w

The coefficient of @,* is always positive and that of @, 1s negative, so that the nega-

tive value for @, can be obtained when C is chosen as,

(‘”La e et )2 — (0L —R2)<o0

w

or

wl, £ 'l/lﬂ"'[-r:— R332 > LC >mL,,-—1/m‘L,.*— I
w r‘ (8.12)

Ru<"’£‘r /
The relation (8.12) may be rewritten by using the notation in (8.9) as,

x> -I_C.,::-:rq’ or C,<C<LC,

o

The relation K,<wl, shows the condition of maximum limit for R, in obtaining the
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the amplifying free oscillation of the rotational frequency and this condition coincides
with the maximum allowable equivalent negative resistance (K,=al;) due to reaction
torque in steady state. The numerical calculation for a, with ordinary numerical
values for La, L,, and K, in (8.11) shows that the value of a* 1s sufficiently small as

compared with o®. Therefore the relation (8.11) may be said preferable. Thus we

have the negative attenuation constant as,

2l sigg) o B i) () ~i(oma) -

A=

(% ¢ ) -2
(8.13)

When R,—0, we have also a negative attenuation constant approximately as,

dir= ' (j'“ 1o ek C) (8.14)
£ (=452 )=+ 5¢)

It is a theoretical explanation of an ordinary self-excitation for a salient-pole alter-
nator in view of the circuit theory that the amplifying free oscillation of the rotational

frequency is existing even when the field circuit 1s open.

(3) Approximate solution when the field circuit is closed.

Assuming a2+ e o* in (8.7), we have

(Lt { L Lut e+ +1L )
+[R,{(Lu+ 1) - 17} 4 2LRo{ L

+[_ R,R"(L,.g. tu:C) 420} wl,—wl, — ....I.....) _L,{(tuﬁﬂ_ .}Z_

I
— 2R, M2 |a}
w C') A
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= (m"f.,"'-- R,,')}]a, i Rn[({uﬂu_ F;E‘ ’._.(aﬁ[.;— R;)] —o (8.15)

{i) When R,—0, we have @,=o0 from (7.15).

(ii) When R o, and R,—0, we get from (8.15) neglecting the term aj,

fc“{(zﬁ ! )-._Lf.}al"'-—}r(mlﬂ—m[,,._L {z.mﬂl;’—-llu(wﬂa—!-wﬁ,._ ! )}a,

2
0 0 )

- R"((ﬂln -+ !)]:.r-—- : ) Ld_' Lr— ! ==
‘ —= ( @ 0] = ) 0 (8.16)
or,
R, I ( . I
T (rer (oot )+ (g {20 L= )
1 I
+R“(Td—R_)($q_E)=O (8_17)

If we take the value of C within the range of

:r,,>_>::

the coefficient of a2 is positive, that of @, is negative, and the constant term is nega-

tive : so that, one root of @, is negative. This value @, 1s also small, and 1s negligible

fDI’ w.

We have approximate value of @, in the neighbourhood of e ¢ from
(O

{(8.17) as,

Rﬂ (xd_t'["'lzq"‘)
2w M ? (%:18)

“1'—‘_‘

(ili) When R, 0, R0, and R, <wl,.

i
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If C is chosen in the relation of x,> >z,, and also approximately assuming

w

L,L =23} in (8.15), we see that the coefficient of @, is negative, that of a2 1is
positive, that of @, is negative, and the constant term is negative when we check it
with normal numerical values. And from these we may say that we can obtain one

root of real and negative value for @, which is also negligibly small as compared with

(4) Remarks on the salient-pole machine.

1. We have the amplifying free oscillation of rotational frequency for a salient-
pole alternator with the single-phase field winding, when it is suddenly

switched on to a capacitance between C, and C, as given in the relation of

_I_C.,.=mLu+ Vol —R,;? == x, =direct reactance
o 1

I L) ﬂ.
_.C_.=m£.ﬂ—-|/ w'l,—R; == x, =quadrature reactance
wl,

provided that A, is less than wlZ,.

2. C, may be taken as the lower limit of capacitance for self-excitation.

3. If we consider z, as 55 -65% of x,, then K= it 1.5~1.8. We
1 Tq

can say that the phenomena of self-excitation may be considered in rotational
frequency without slip for a salient-pole alternator when it i1s switched on until
about 50—809% larger capacitance than the lower limiting value for self-ex-
citation, provided that the resistance of armature circuit is negligible.  This
fact has also been ascertained by experiments on a salient pole alternator
having no damper winding in its rotor.

4. The author has also obtained the amplifying free oscillation of rotational fre-
quency from the theoretical attack on a salient-pole alternator whose field

winding being considered as three-phase winding, though the limiting range for

-
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the capacitance is somewhat different from the foregoing result. The author
has also carried out experiments on the salient-pole generator having in its

rotor a damper winding, somewhat similar to these considerations.

Chapter IX. Experiments and Calculations for a Salient-Pole Alternator.

An alternator under experiments was 10 kVA, 100V, 57.5 A, 3¢, 1500 R.P.M.,
50~, and had a salient-pole revolving field with damper winding.

The following calculations were made as an equivalent three-phase symmetrical al-

ternator. |
The no-load saturation curve and three phase short-circuit characteristic are as I
shown in Ilig. 10. |
}
b
f ’ |
4 I 1 |
/00 éﬁh 1 / 100 100 N ;
g0 C g0 Q0 j‘i ':
i ; L i l * :‘
80 8o § 8o ) 9 |
= / X +
g 70 70 -8 ° 70 h
3 3 W B 0
g do AR 6o o 600Xy
R S (S e dhad:
Sl 50 S50} 8 f 4 500
> N ~ J | }
.S S S [f !
g 49 40 |§ 'E 40 400 + !
3 § : :
N 30 30 X R 5 300 » 5:
e 20 20 ¢ 200+ |
Wik i
/e /0 /0 10023 ';
}
2 0 0 o
o a2 04 aé o8 . to0 12 A 0 10 20 o 40 50 80 70 f"
Field Current in Amps. Armative Corvant - cn' Ampe.
Fig, 10, Fig. 11.
No-load _sa‘turnliun and short-circuit Line charging and saturation characteristics
characteristics for 10-£ VA alternator, for 10- £V A alternator.

Measured armature resistance K, =0.0372 Q (per phase)
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oy ,‘/ ( £R )2_. ). =0.00378 // no-saturation)

/s
M = V2 f]‘_=o.380H (no-saturation)
2nfv/ 3 OP

Equivalent field-circuit constants were calculated by using negative phase sequence

impedance Z,. We have the relation

20w I1*

Zy=R,+jol,=R,+jol,
: s Hjoks IS enct R, +j2ml,

And from this, we have

20 (R, R,)
Rim Ry + o (L L)

y
1"‘“':

7 P w*M*(L,— L,)
T (Ry— Ry) + wr(Ly— L)

We obtained from experiments,

Z,=0.136/ 57°39"  (field winding open)

=0,118/ 61°27' (field winding short)

And we calculated as constants for unsaturated part,
R,=883, L,=42.3 (field winding open)
R,=483, L,=43.1 (field winding short)

The saturation curve excited by zero p.f. armature leading current was obtained by

the method previously reported by the author'®, and it is shown in Fig. 11.

The alternator was connected to a condensive load through a step-up transformer

bank. When the charging characteristic was like o/, in Fig. 11 (k==1.2), the voltage
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was built up without slip and operated stably at about 100V.*  When the charging
characteristic was like o/, (4== 0.6), any appreciable voltage rise was not perceived.
The calculations were made for these two cases. The equivalent capacitance C and

equivalent series line resistance K. were measured for the unsaturated part as,

(i) ol: C=0.003308, k=1.22, KR,=0.1067 £
(ii) of,: C=0.001654, A=0.61, KR,=0.185 ¢

And we calculated @, p,, p, as shown in Table Il. (#, in the table includes A,)

Table 1L
4 0.003308 i 0.001654
A : With field | With field
MVith Hield open short-circuited | short-circuited
! AN

La 0.00375 | 0.00378 0.00378
Ly, 42.3 43.1 43.1
M 0.38 0.38 0.38
Rq 0.144 0.144 0,222
R, 883 458 458
G 0.0969 0.1137 0.1137
fa 293.14 335-1 516.5
Pu 215.43 | 93.40 93-46

With numerical values as obtained in the table, the equation (2.15) was solved

and we got three roots of a as shown in Table I1I.

Table 111,

C'=0.003308, k=1.22 ('=0.001634, k=0.61
Bagy , With field With field
| With field open short-circuited short-circuited
By 300.36=73.774 311.74—j2.206 313.70+74.449
(49.24~& amplifies) | (49.61~& amplifies) (49.93~& damps)
o 865.50 47 345.2 815.23+5233.5 1148.247314.9
C137.76~& damps) | (129.75~& damps) (182.75~& damps)
o - 860,79+7207.1 —-812.80+j197.2 - 1147.84j2g90.7

(137.80~& damps) | (129.36~& damps) (182.68~& damps)

* When the same experiment was carried out with a low-loss condenser, the voltage Luilt up was 106 Vi
this value is in good coincidence with that obtained from the graphical solution,

oF e g — ’T.—.--_r—--;‘-\ - B
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It is clear from the table that the attenuation constant corresponding to the case of
self-excitation becomes negative and shows the occurrence of the amplifying free oscil-
lation. The frequency of this free oscillation is a little lower than 50 cycles, but by in-
troducing the conventional idea for negative resistance as described in the previous
chapter, this must be altered to 50 cycles and the actual experiment was, as above describ-
ed, just in the rotational frequency, and gave rise no slip.  This was ascertained by
means of the neon stroboscopic method.

Next we calculated that constants corresponding to the voltage of about 110V, a
little higher than that given by the point of intersection of o/, and the saturation char-

.acteristic in Fig. 11. The constants and the calculated « are shown in Tables 1V and
A4

Table 1V,

('=0.003007
With field open sh;:tll::rr:ll:::d

} £ 0203312 0.00331
T 25.63 26.26
M 0.275 0.275
R. 0.183 0.183
R 6;9‘5 32447

7 0.1001 0.1305
Pa 500.4 423.46
Pu 221.53 94.76

Table V.,

('=0,003007

With field

With field open

short-circuited

310.214+51.849 313.514+70.423
a
: (49.37~& damps) (49.90~& damps)
897.53+J400.8 839.63+3276.5
i3 C142.85~& dnmps') CI33,63~& d;u“pg)
. ~893.58+7325.3 - 838.09+j241.3
3

It will be seen from the table that all the attenuation constants are of positive

(142.22~& damps)

(133.53~& damps)

value, and the transient terms will damp with the lapse of time.
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The above calculations are examples of the conventional treatment of a salient-pole
alternator considered as an equivalent symmetrical machine and the phenomena of self-

excitation may be acknowledged as an amplifying free oscillation as in the case of a

symmetrical alternator.

Negative Resistance and Slip.

In order to measure the equivalent negative resistance R,, a balanced three-phase
em.i. was applied to the armature terminals and the speed of the prime mover was

controlled just to slip a pole.

FFrom the limiting value just to slip a pole, we got

R,=:0.24 Q (100—110 V.)

The effect of field winding condition either closed or opened was not perceived in

this measurement. Next we measured the quadrature reactance by the slip method and

obtained x,=0.583 Q at approximately 10 V. By equation (7.8), we calculated R, from

xy and x, in accordance with terminal voltage, taking x, from the saturation charac-

teristic curve, and assuming x, constant. The results are as shown in the following,

V il 6o 9o 100 110 120
%o 0.583 0.553 0.583 0.583 0.583
T 1.210 1.125 1,085 1.040 0.960
R, 0.313 0.2?8: 0.251 0.229 | 0,188
K Ta i
- 2.07 1.93 1.86 1.78 1.64
I

We have experienced the following cases with regard to the slip phenomena.

(i) No slip during and after the voltage built up.

One example was the case when the alternator was switched through a trans-
former bank (105/3000V, AY) on a condensive load connected in delta which consist-
ed of 3x40x0.01 pl. The voltage was slowly built up without slip and stably

operated at the condition: 100V, 58.5A, 400 watt losses per phase.

The equivalent
series line resistance is calculated as
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R,= A DY 17 £
58.5°

Adding to this value an armature resistance of 0.037, we obtain 0.154 Q, which is

less than the maximum allowable negative resistance or R, <-0.24. The range for no-
slip condition during build-up transient was experimentally obtained as K -*; 1.3 when the
field winding was short-circuited, and A== 2.1 when the field winding was open. The
difference will probably be caused by the effect of the damper winding.

When this alternator was experimented by employing a similar rotor without dam-
per winding, the experimental range for no-slip condition for the cmmected.capacitancc
during build-up transient was about A== 1.5, independent of the field condition of
opening or closing the exciting winding. The detailed description for a salient-pole
machine when the machine is not treated as an equivalent alternator will be left for

further consideration.

(ii) With a slip during transients and no slip after the build-up.

When the above alternator was switched on a condensive load of 3 x 55 x 0.01pf
at the high-tension side under similar conditions as (1), with the additional resistance
load connected in parallel, the machine slipped once during the build-up transient, and
stably operated without slip after self-excitation.  The condition of operation was
112.3 V, 89.5 A, 1530 watts per phase. The equivalent series line resistance was

calculated, as

R,: 153‘:: =0.191 0
89.5

Adding an armature resistance of 0.037 ©,to 0.191 Q, we obtain 0.228 Q which is a

value close to the maximum allowable negative resistance.

(iii) With a continuous slip after the self-excitation.

An additional resistance load was connected to the machine under the condition

of (ii) after the build-up. We experienced the continuous slipping phenomena on the

o,

S
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self-excitation. The additional load was 112.3 V, 3.62 A, 235 watts (per phase). We
calculated as an equivalent series resistance, '

y Sop 15394335 —0.216 2
90.5*

Adding to this value the armature resistance of 0.037 Q, we obtain 0.253 Q, which is
greater than the maximum allowable negative resistance of 0.24 Q.  And thus, by the
slip of pole, the deficient energy is comprehended to be supplied to the armature cir-

cuit as in the case of an induction generator.

Chapter X. Summary.

The conclusions obtained in the present report on the transient phenomena of a
symmetrical three-phase alternator which is suddenly switched upon a condensive load
are briefly summarized as follows:

1. We have three kinds of free oscillation. The one has a frequency nearly equal
to the rotational frequency, and the other two have the frequency nearly equal
to that with which the total leakage inductance of the machine and the connected
capacitance give rise to resonance.

2. One free oscillation has the nature of increasing amplitude within a certain
range of values of connected capaciltance. Its frequency is generally lower than
the rotational frequency.

3. We can explain the phenomena of self-excitation by this amplifying free oscilla-
tion or by the existence of a transient current which has a negative attenuation
constant.

4. Theoretical range of the amplifying free oscillation against the connected capaci-
tance is limited within the values between 4, and 4. The values of £, and 4, are

obtained from the relation

k=
(I—58)(1—s5—s5p)

by substituting the two roots s, and s, that are calculated from
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1—o '""4(1—-_a+p1a’1}
o 2(I—o+p) Ili'\/l (1—0)*

5. An approximate range of self-excitation is from

1 (1—o+p)?

ety 7

| kl=l tO' '=

6. The frequency of self-excitation is a little lower than the rotational frequency

between k=-1 and k'—,-l_., whereas it is much lower (for example one half)
o

for a large value of k. It may conveniently be understood that a transient term
the frequency of which is nearly rotational, amplifies with the lower value of %;
and a transient term which has a resonant frequency between the total leakage in-
ductance and capacitance, amplifies with the upper value of £.

7. When the suddenly connected capacitance is infinitely large, the frequencies of
three transient terms are zero, very low frequency approximately zero, and that
nearly equal to the rotational frequency.

8. Approximate magnitudes for three transient terms when % is not larger than

L are

a

. £, 5 E,,
e S I : I
j(oLe—gz) I (vB-52)
. I w+w, En:
g = — 5 = 5 T : )
i — S—
J( wC
. I w—w, E'.ﬂl
S 40)
J(m”L"_m_f‘/

9. We may take as a transient reactance for a.c. component (nearly equal to the

rotational frequency) approximately,
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. | |
Transient reactance =owl,— —_ =
w

(field leakage + armature leakage + condensive) reactance

The time required for the voltage to build-up under the condition of self-excita-

tion is approximately proportional to 7 108 p

f=—1

The conclusions obtained in the present work on the transient phenomena of a

salient-pole alternator upon condensive load are briefly given as follows:

1.

The transient phenomena of a salient-pole machine may conveniently be dealt
with as an equivalent symmetrical alternator. And the theory derived from the
symmetrical alternator is applicable in its conventional form.

We have the amplifying free oscillation of rotational frequency against a certain
range of the connected capacitance from the solution of an equivalent symmetrical
alternator with fictitious negative resistance.

We have the amplifying free oscillation of rotational frequency from the study of
a differential equation for a salient-pole alternator with a single-phase field wind-

ing, for the capacitance between €, and C, that are in the relation of

£1% =wl, v 0L — R, = direct reactance zx,
wC,
and
oy e/ w*l,*— R 5 quadrature reactance T,
W,

independent of the field-circuit condition, provided that &, is less than wl,.
The negative attenuation constant when the field winding is open and the arma-

ture resistance is negligibly small, is approximately given by

r

R O ey

(+zz)&+z2)

for the free oscillation of the rotational frequency under the condition of self-

excitation.
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5. The negative attenuation constant when the field winding is closed and the arma-

. : : ; : And then the ordinary ph - i 2y
ture resistance is small is approximately given by -, y phase components are obtained as follows:

1 Va=Tgg+ Vg + Vga la=1lng+ T, +7ga
Ru(zll— N = {
£l wC ot : : ) , :
s .
Ve =Tag+ AUy + ™y 1o =1gy+ Qg+ A°ly,

for the free oscillation of rotational frequency under the condition of self-

e

SN I :
excitation when -——_ does not deviate so much from ,.

> From the above, we have the following conjugate relations,

.

L

6. We have the cases of slipping phenomena during and after the building up of

Vas=Uoyy  Ias=ly (—means conjugate value) (A.3)

voltage under the condition of self-excitation in actual experiments, when the

connected capacitance is comparatively large and is in a certain relation or in

cases when the resistance of the armature circuit is large. Instantaneous power will be represented as,

'-.."-:-fw:g;.ﬁr NI
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3
3
) . (4 - s
E = 3(Vagla, + Yayla; + Taytay) (A.4)
¢
A lx 1 ﬁ We can write the similar relations as to the rotor circuit using subscripts u, v, w
P i instead of a, b, ¢ as follows:
. d l.
i Symmetrical Components for Instantaneous Values. g
1 IE 1 1
e . DAy : Dy — (Vy+Ty+ s i (fa et
’ﬁ. Let v4, 73, ve be the instantaneous values of armature voltages, and iy, 1, i, be those E A GO s ekl i)
t} of armature currents. We put as follows: 3 I
* ! < ' l
] 3 tiy=— (¢, +av,+a*v,) g = (¢ 1,4 a't
3 i 35 " v w ul 3 (¢, +ai,+a't,) (A,S)
:: : I - l - - . r:.‘
3 ¢ Yu=— (Ut +av,) bio =— (i, +a%,+ai,)
() # 3
? . 1 : 1 . . . &
g Vo= — (20 +avy, + a*v,) Iy=— (ta+at, +a') (A"I} ¢
i A
IJ. vﬂ=i(tr¢+a’vb+m’,) fa,-z'--l— (7a+ @, +at,) !
‘: %. T'"=5’uo+i'"l+5’"! l fu=£llﬂ'+£ﬂl+£ﬂﬂ
“‘We call these values as zero, positive and negative phase sequence components for in- q Yy =0y + vy, +-av,, 1y=1,,+a%,, +ai,, (A.6)
stantaneous values. %3
! UV =Uyo+ A, + a’v,, Tw=1,+at,,+ A,
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R, = resistance of armature circuit (per phase).

Appendix II. t L,=self-inductance of armature circuit (per phase).
Differential Equations for the Symmetrical Three-Phase M, cos .:.rr= _.;_ill,=mutual inductance of armature circuit.

Machine with Uniform Air Gap.

. 1 2 I
- - " " . . - ] it = Y — ﬂf — 1 [ EE R TN B — T e ——
Let us consider a symmetrical three-phase alternator with uniform air gap in which . M = M oa =M et 3 i - i3

stator and rotor have star-connected windings (See Fig. A). 3
. R, = resistance of field circuit (per phase).

L, = self-inductance of field circuit (per phase).

a ™ i
M, cos Zr= _ — M,=mutual inductance of field circuit (per phase).
g 3 &
4 iy e 1 = wl + ¢ = angle between stator and rotor.
— ¢ M o = mutual inductance between U and A.
Fig. A, My = M,,=M,,=M"cos
. . I;: — 3, ——t —— ! 2
The following assumptions are adopted : Moy=24,p=Me, =M cos (ﬂ"' ET)

1. The machine has symmetrical construction.

2. LEffects of slot and saturation are neglected. M= M,, = M= M cos (y+.i )

3

3. Mutual inductances vary with the cosine function of angle.

Subscripts used have the following meanings: M’ =max. inductance between U and A.

armature circuit; u field or rotor circuit.

a
We have differential equations for armature circuit as follows:

-

a, b, c ——each phase of armature circuit.

"1 ARl T e L M Pt e

u, v, w——=each phase of field circuit.

2= — (Ra+ pf,.,)z:.-—P(—- éMi) (70 +17c)

O0;T; 2 zero, positive, and negative phase sequence.
Notations:
v =instantaneous value of voltage with proper subscripts. ‘f — pﬂ!’{cos&' 7,+cos (0+3:r)£.,+cos (ﬂ+ in)r’w]
Tk . . : 3 Sl
i =instantaneous value of current with proper subscripts. 7:
‘ : I b
y 8 =—(R, +PL1)fh_P(——"ﬁﬁ) (7 +12,)
p = —=time differential operator. I 2
. dt ':J (B-I)
: — Jﬂ{cosﬂ 7,4+ COS ((H-.E:r‘ Z, +c05( izr):'}
o = instantaneous value of angular velocity of rotor in the direction of ADC. & g 3 )w i 4= nf i
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= —(R, +PL1)’-n—P(— TI;A‘G) (7a-+1,)

—pM’ {cosﬂ 7,, -+ COS ( 0 + %n):‘u + Ccos (a T .g.nr) :',}

Similarly we have for rotor circuit,

vu=—(R, +P1"2)£u-P(— ';'"u'.;) (o +7,)

—pM' {cosﬂ 1, COS (3+.i:r)z',,+cas (0.;_ _2..:':):', }
3 3
NG AR S ETRY, S
Y= (Ru"'PL:)’u P( % ﬂfﬂ')(‘m""u)
(B.2)

2z, Pﬁ!’{cosﬂ 7, -+ cos(ﬂ o %n)r’, - cos (ﬂ + E.:r) :.‘n}
3

v =—(R, +pL,)r:.,-p( - %M) (1)

—pM’ { costl 7,+ cos(ﬂ + in‘)fa + cos(ﬂ -+ %’T)fa }
3

Now representing these values in symmetrical components by using the equations (A.
1) and (A. 5), we get
Vao=— {Ra+p(L,— M)} 10

b= —{Ract p( Ly 4 30— 3 0 peti, (B.3)

V= — {Ru +P(L'.'_ ‘JJ!) } z‘uﬁ

v Vst T o= {Ru ¥ P(L". -+ %AIS)} iul o %ﬂ!,ﬂﬁ_”ﬂ" (B'4)

Yua =%y

‘f«-;:';'::" 3 F = '_--u T

o
. =

e

=

_~|’i ity

TR Tt S 4 1 W g 2 S
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Next we put:

Ly,= L,— M, =zero phase sequence inductance of armature.

=L .:_M',=positive phase sequence inductance of armature.

i

Ly=L—M, L,=L.4 111

M= 3 2/'"=mutual inductance between stator and rotor for symmetrical com-
2

ponent.
Then (B.3) and (B.4) become
Vay= — (R +pLay)lay
V= — (Ry+pLy)iy,— Mpes,, (B.5)
Vay =Ty
Vug= — (R +PLg)ius
V= — (Ru+pL)l— Mpe P, ' (B.6)

-~ —
Vs =Yy

ILquations (B.5) and (B. 6) may be taken as fundamental differential equations

for the three-phase symmetrical machine.*

Fig. B.

* These equations have already been obtained Ly Dr, C, L. Fortescue in somewhat different form (T.A.L
FLE, 1918, p. 1065) and also by Dr, S, Bekku ( Researches of the Electrotechical Laboratory, No, 203),
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No-load induced voltage.

Let the rotor be excited as shown in Fig. B by d.c. voltage E and exciting
current /, at no-load. Then we have,

V=V =0—V,=E; 1,=f=27=0 (B'7)

From these relations we get by (A 6)

3 (B.8)

tay=1la)=1gy=0
And as 7,=-—7v,/R, for dec. value from (B.6), we get

5, 1 E /
== 3R“ — ; =j: (B'g)

No-load induced voltage is obtained from (B. 5) in symmetrical components as,

Vg = — Mpei,,

L e B B G,

3R, 3R,
. [-r J il
= —Jo M L e (B.10)
2
Or ‘I'm=£::meiw; éﬂl = _'j‘"‘df%'e” (B.11)
Appendix IIL

Differential Equations for the Salient-Pole Alternator.

We use almost the same notations and assumptions as used in Appendix II.
Now the author make a further assumption in order to represent the salient nature

of the machine as follows: ‘Self-inductances of armature circuit Z,, ZL,, L, and

" v ""'ﬂ:.-‘t"" _-"'*1_}" &% vyl ‘;:-_‘__ =

TR e T
= 3

=T TN,

R M
- ot

L i e L e D L L W SR NI VR Sl 2r 7 3. o 7 i
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mutual inductances between two phases of armautre circuit My, My, M., pulsate

with double frequency of the rotor revolution.”

Fig, C, Fig. D,
Axes of symmetry in armature circuit,

We consider the circuit as shown in Fig. C; the armature ABC and the field U,
which may be considered as one circuit U among U, I, W in Ilig. B.

We may take an axis of symmetry as (1) or (1)’ in Fig. D, considering the
pulsation of self-inductance L, of A-phase winding against the rotor according to the

above assumption. Considering axis (1), we put
L,=L,+L/cos 2 (C.1)

where L, is the constant term, L the pulsating term, and 0 = ot + ¢.
Next we may take an axis of symmetry as (2) or (2)” in Fig. D for A, the
mutual inductance between A and D phase windings.

If we choose axis (2), we may write,
My, = M, cos i:r.*_.ﬂﬂ’ cos 2 (ﬂ_.l::) (C.2)
3 3
Thus we can write self-inductances as,
L,=L+L!cos20=L, 4 L L' +e*)

Lyl L cos(zﬂ —_ %r) =L, + ..Iz..Ll’ (ae™® + a%e ") (C:3)

Lo=L,+ L, cos (20"" 'E'E)=Ll + —I'-‘{‘ll'(ﬂ':tﬂIo +ae™™)
3 2
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And mutual inductances as,

My = — iﬂff, + M cos(zﬂ_ ..2_::): i _'_ﬂl; + _I_Jz[lf(a:;m +ae™")
2

2 3 2
Myom = L34 M cO8 20 — L0, 4o M/ (6™ 167 (C.4)
2 2 2
_ Il ’ 4 I I 7t 0ed20 4 p2a=520
Myg= — .E-z‘llj.l.jlf, cos (20—- __:r)= — — M - — M (ae™ + a’e™)
3 2 2

We can write the differential equations regarding to the armature circuit as al-

ready described,

Vg Etrs (Ra +PLA)":;"'P(J1,:¢¢E + A7,.2,)
vy=—(Ro+ pL,)iy—p( M, + Myi,) (C.5)

V= —(Na+pLe)te—p( Myt + M1,

By the substitution of (C. 3) and (C. 4) into (C. 5) and by the further linear trans-

formation into symmetrical components, we get
. . 1 on -
ao=— (R +p(Ly— M)} gy~ :(L,’— A pe®iy,

* _}(LI’_ M ) pe iy,

Y = {Ru +P(L: + ‘% }':u-—( : L+ AIIF)PQW"«& (C.6)

1 :
— (L~ M pe i,

Vay=Tay

Here we put,
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Lo L= Mivs oLl w (L =)
2

J A s IR e 8 Hee G 7
2 2

And (C. 6), the differential equations for armature are written,
Vag= = (Ro+PLag)lag— Lo p*i,, + pe~7*1,,)
U= —(Ry+pL,)ig— Lpi,,— L, ,pe%,, (C.7)
Vs =Dat |

We can write fundamental differential equations of a salient-pole machine as

(C. 7) plus the field circuit terms as follows:
Vay=— (Ko +PLay)lay— Ly pe™°iay +pe=371,,)

77
U= —(Ro+ pLa)igy— L, pe™ipy— L, pe ™y — ﬂp:’ B
2

(C.8)

Vo = Uy

U==—(R,+ Pl‘u) fu— ._2_.4;'], (’E -Jnful 1 E’n::“)

When the neutral of armature circuit is isolated, or no neutral current flows.

e+ +1.=0; and putting i,,=0 in (C. 8), we have

U= = Lo pe**,, + pe=77,,)

Vy=— (R, +pL,) 15— Lrpsﬂnf'u:— 'j:—ppeﬂf.“
(C.9)

Vary=Tay

vy =— (R, +pL.)i,— %" Ip(e iy +€"1y)
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The constant Z, and Z, may be determined from the relation
x,=wl,+wL,=direct synchronous reactance

x,=wl,—wl,.=quadrature synchronous reactance

and
2
(C.10)
T o (00— ) ]
2w

The deduction is described in Chapter XIII.

Appendix IV,

Differential Equations and Characteristics for
the N-phase Rotary Machine.

(1) E.m.f and Current relation of n-phase circuit.

Let

n =number of circuits.
203 o 6= terminals.

#, 1y 15 .. Ip=Instantaneous value of current flowing out of the terminals

1' 2,. 3,----,11

-

Uy gy Uy - - - Un=instantaneous value of e.m.f. due to the currents 7, 7, ... ia

at the terminals 1, 2, 3,....11.

Z = generalized impedance operator with proper subscripts. For example, Zx
means an operator to represent e.m.f. z; at / terminal due to current i at

k terminal.

Then we can write the general relation between e.m.fs. and currents of n-circuits

as follows:

£
¥
]

.!?:_z "'.".l '-F\_.‘ A ?" rr_;.—.' 'l-.k:_rq_:'::_';%*?':‘#ﬁ-f'{f' "‘:_.'u.- ----I|l| :ll?-,.:,.
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'I-'1=5"Il+5“1’+5mfa+ E AR R TR N N Y +H]nf“
:’I=:=l£l+3ﬁ£2 +5ﬂfa+ AR T I R EEEE +3!ﬂ£ﬂ

t'r=zrltl +3r’t=+3f113+ LA RN RN LN N ii.l|+zrnr-n

-

Un=2Cp 1+ ﬂnzfz a p r'-"naia AT TTEEPPPRP R, o €

If we assume the symmetrical construction of n-phase circuit or the symmetry of

circuit constants, we can write the identical relation of n operators as follows:

el
— —

”ll=£ﬂ=”&1 -------l-|.t|'-l.|I--—Hn“

Lad — —
Hs.l— R T T TR, -—Hnl

—

5’3=S;—14=:33=Iliillf-lllllﬂlllilll—Hn! {D.ﬂ)

I

zﬂ(""‘l) =:"';I{l'+2)= snamBBBEBEEN =Sn(r-1)

T} see _F'-I e
-~

=
|
2

1=

."ih
Il

R L =5"(""‘l,

Jy the substitution of (D. 2) into (D. 1), we get

:ll=:lltl +5“f!+3mfa+----n-u _+Slnf;‘

Y=Smt F Sttt ceiies 3,00 4y"n

(D.3)

LA AN ERERRE] ii'ilf-i""ilil‘i'.‘.il'.'ﬁi-l‘o.l"i.ll

Un=38ul1 +810+ 5,03+ eeeseiees +2,7,

The relation (D. 3) is a general relation of e.m.fs. and currents of n-phase circuit,

These relations are definitely determined if the n-impedance operators above described
are known.

We carry out the linear transformation of instantaneous values of e.m.fs. and cur-
rents mnto symmetrical components as given in the following.

Symmetrical components for voltages:
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ﬂm=-l_(vl+£”+t,ﬂ+ SaaEEE BB aEERE BEa +t’”)
"
vﬂl=l(v,+av,+a'v,+ Yoassegre AL T Us)
n

1 =
t"ﬂlH—(t’l-}'ﬂzv:-'_a‘v;—l- .-----.n-"l’“‘{“ l,vﬂl
/- §oh
T T Il e e R R L R L R L AL R
z'nrﬂ-'l"(wl'!-arﬂl'i'arﬂa"" I +nt“-nrﬂn)
n
I = — -("-I)Hp
vu(“_-l)=——(ﬂl+a lvg"l_d 'va+ lliﬂ I-“)
n

Symmetrical components for currents:

f.ﬂ: —-I-(£1+£g+£3+ -'----c-...c-.--itnn aaw "I"'."]
n

fu|=l(fl+“ii+a'ia+ veressarnens @ _Ifn)
7"

f.ﬂ2= -—I— (fl + ﬂ’fs + a‘t;'i' sEsaamANe + a!{"-ufﬂ)
n

T EEEE R RN I'II“.‘...-.-J‘III"...l.l.l‘.il.'l..lliiﬂ

Tagum1)= X G +a iy ta iyt ... .a_““‘“:,,)
"

where,
-!:_ 2“ . 2”
_ g =cos = 4 jsin—
a= 7L n

We may call,

Tayy Tag=2€r0 phase sequence component for instantaneous value.

Vap Tay=Ppositive phase sequence component for instantaneous value.

= second phase sequence component for instantaneous value.

Tasr Taz

(D.4)

(D.5)

P T i FM.-"-"': " T‘-:“ &

e
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T F 8 B8 8 @ 880 8088 B8 AW Fa BB W

Yan - 1)y lan - 1) = Negative phase sequence component for instantaneous value.

By the substitution of (D. 3) into (D. 4), we get the general relation of e.m.f. and

current for n-phase circuit represented by the instantancous values of symmetrical
components as follows:
tlﬂ-u=(:ll+':l=+:ﬂ+ LR R R R RS +$I“)f:“
Va1 =(8, +a" 715, +a" 25, + ..o +a3,)1,
ﬂ=(5 +-a*n=D-~ 4 2=, ? ]
a2 1" “12 St o taisy,),,
- ---ti!ll--rll-l'l-iiliiliiilIIQluifliirl-l-lIlllli (D.6)

v LT rin—=1 -~ - »

""“""‘"""""'I'i!"i'-l'll-l'iiltliiit.n:nl.ulo.ni

The relation between ordinary phase values of e.m.f. and curre

nt, and symmetrical
components are as follows:

+2’ +|li|lll~lill.ll1lil|.-l
a: LA A R A T +vﬂ(ﬂ--i)

- — -I"' -2 |
&'ﬂ-t'ﬂﬂ-}'a 'l-'t'l] +a Ttﬂﬂ-’_ -f-t-l----g.innnulno-+a_cu-l):'ﬂ(ll"n

A Y (D.7)
l,r_dﬂn_'__ﬂ "‘”ﬂ]+a olr l)-z- +-.--...'. a-(u-i}{r-u:'ﬂ(ﬂ-])

LA L LR N L
LA ] lllilﬂltlil-illllli-liilllll-ll-ll---lIJ""tiilr.oII.l-ill

vn =ﬂun + a_{"—huzlﬂl +a""‘("-“f-'u1+ LR L R e '*a_lt"ﬂfﬂ D
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. .

zl=fm+£nl+.-q..--.."-c-t---u---...--.‘l‘f“‘n_“

fy=1pyF @ g+ B gyt ereseeea+a"" iy
(D.8)

.-lll.l....'l.i‘.l".'.'l!..ll"'!‘il...."'ﬂ'l.l‘tlIl.

The relation (D. 6) is the general relation of e.m.fs. and currents for one group of
n-phase circuits. In the similar manner, we can represent the general relation of
e.m.fs. and currents for two groups of symmetrical n-phase circuits. Let one group
of n-phase circuits be A, B, C, ... D, E, F and the other of n-phase circuits be U, I,
W,... X, Y, Z 1f Z with proper subscripts represents the generalized mutual 1m-

pedance operator, we may write the general relations in the similar way as follows:
Vo= (83 F S+t +oeee setevisser il B i
Vay=(8,;F+ Q" 15, +a" 283+ ceeees + a8 1)1,
Var= (5, + a*" =Pz, + @05 e F A%y )10 (D.9)

e T L T R R N R R A A A A A A R

.ﬂ "‘ln .
Vaen-p = (St a8+ a3+ e+ A" 1350 luen-1

The above relations for instantaneous values are also applicable to the vector rela-

tions of the general n-systems.

(2) Differential Equations for the Symmetrical N-phase Machine
with Uniform Air Gap.

We consider a symmetrical n-phase machine with uniform air gap, in which the

windings of both stator and rotor are star-connected.

e RR =L Vo ";_,:'_H, Sy : _-_:"a_. T

o

s ol el BT e S e

Schematic diagram of symmetrical n-phase machine,

The effects of slots, iron loss, and magnetic saturation are neglected.
We assume that the mutual inductances vary with the cosine function of angle.

The positive direction of currents is taken as shown in Fig. E and we determine
the following notations.
Stator

R, = resistance per Phase.

L.y =self-inductance per Phase.

My=M,,, etc.=JA/ cos L A lid (a+a™7)

n 2

= mutual inductance between adjacent windings.

M= M,, etc.=A] cos S ﬂ(a’ +a™)
7" 2

=mutual inductance between A and C windings, or the first and the third
windings.

2

[

2

M, =M, etc.= 1/ cos (@ '+ a)

7

=mutual inductance between A and F windings, or the first and (n-1)th
windings.

Lgy=L,— M, =zero phase sequence inductance,

Les=lo o ";2 M, = positive phase sequence or synchronous inductance.
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Rotor:
R, = resistance per phase.

I, =self-inductance per phase.

My= M= M, cos 2~ _ ”f(a +a™)
n

= mutual inductance between adjacent windings.

llllllllllllllllllll

M, = M= M, cos ﬂ(u-—l):-‘li(a“-f-a)
1

= mutual inductance between the first and (2 — 1)th windings;

L“=Ln“ﬂ";; L“=L=+ H:Z 4’1/21-

Mutual inductances between stator and rotor:

Rotor — Stator

My= M =M’ cos 0= (e9 4 ¢~)
2

!
Myy= M= 1" cos(0+ 20) = 2 (@ +a~te )
7

- ’
Myy= M= M' COS(B ERLES 2) et (a*e® +a~%e" ")
7 2

@as g s EagBaanas s s s ABAaE e Eg e sds@ e A b aEaaedamaEs aEEsEs

!
M, =M, =M cos(a R i (n—1) \= —ﬂ:—(ﬂ' ‘e 4 ae~ ")
"
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Stator —Rotor

ﬂf;'= ¥, } e, = /1" cos ] =i;:-(t”+5-”)

J!
J]-fﬂ=ﬂ = J!? COS(H__ _%E)— ﬂ[ (a"e’“ ""' ﬂE"Jﬁ)

n 2
; ’ 27T M! £a L
JII,;3="1,I'IE=‘H! COS(ﬂ_ —_— % 2)= _____(a ..e)ﬂ +a!£ Jﬂ)
n 2

LA R R R R NS AR RN RN N E NN ENE RN NN

aq!
M=M= cos(a_ Eir_(n— 1 )) = ."E— (ae” +a~1e70)
i 2

t=wt+¢

= Angle measured from 4 to U in the positive direction.

The positive direc-

tion 1s the direction of 1, 2, 3 ... » or counter-clockwise in the figure.

w = nstantaneous angular velocity of rotor.,

¢ = constant angle,

__d'
BT

We proceed to obtain the relation of em.fs. and currents with the aid of gene-

ralized impedance operators as described in the following.

(i) E. m, fs. induced in Stator due to stator current.

We obtain the following impedance operators using the notations explained above.

‘Z'II —=Y3z (Ru +PL])
Za=—pM.=pM cos 2L
7

Zyy=—pil,=—pi, COSE_ X 2
1

Zyw=—pIM, = —~pil cos 27 (n—1)
n

(D.10)
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By the substitution of (D. 10) into (D.6), we get
Vag=— {Ra+P(L— M) } 20y
gy = — Ry +p(Ly+a,dh)} 2,

'Z’,,== o {Ru +P(LI e “3‘411-»)] iﬁ! (])'1 I)

wﬂ(ﬂ"l} e { Rﬂ +P(LI A Xn-1) ﬂfi) } fﬁ(ﬂ— n

where,
2T L= 2T 2rn(n—1
@, =a""'COS— A" COS—— X 2+t iieerrnnrienens -+ a cos )
" n 7!

2
a=a*" cos.zi.{.a""“” COS2E % 2+ euurenens +-a% COS

= 57 5 (D.12)

Oy =a cos.zf. +a’ cos%r. X2+ censessccnes +a"~! cos 2’:(’:_ 1)
And we calculate, when 7= 3,

ay=al, (= i Y I S = (D.13)
By the substitution of (D.13) and the notation ¢

Ly=L—=M;; L=L,+ =201,
into (D.11), we obtain

Vao=— {Ru+PLig}tip

Vu=— {Ri+pLa}i,

Vug=— {Ra+PLuo}tue (D.14)

Yatn-1 =" {Rn +P Lﬂ] £l(ﬂ*l)

o
e
B

i|
L]
-'II"
%
4
?;‘:.
1§

-l
%
L1
il
1_ .
L

‘ L

e |
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(ii) E.m, fs. induced in rotor due to rotor current.

In the similar way as in (1), and writing R,, Z,, 47, I, and L, instead of R,
L, M, L,, and L, respectively, we get

(L T {Ru +pLuo} fnu
Vai®= {RH +PL1:} w1

0§l [Ru"l"pLuo] iui (D'IS)

Yugn-n=— {Ru +Pl'u } fu(ﬂ-l}

(iii) E.m.fs, induced in stator due to rotor current.

pi’

8y = —pM, = _-p.fll’co? 0= — 2

(e + 7"

= —p M= —p ' cos(84 ) PIL (o v .

-

(D.16)

7!
Sp=—pi;= ""'wa’ COS(@ e ﬂ) = - pM (ﬂieﬁl +a"a"5")
n 2

\ 7’
Sn=—pM,= —p' cos(ﬂ+ ._zf_(n_- I))= _.I.ii{_.(a“s’“ +ae™ %)
7 2

By the substitution of (D.16) into (D.6), we can calculate as follows:

'Zt'nu= O

77
V== nl e,

$ | (D.17)
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ﬂ“==vﬂ= A RN T TEL RN == d‘,l’l-ﬂ)=o

ni’
2

i e -Jo g
Yatn-n=— — e butn-1)

(iv) E.m, fs, induced in rotor due to stator current.
By the interchange between a and u; between § and -6 in (D.17), we obtain

t!“u=ﬂ“5='ﬂ"a="""-n =TJ“{H-2’=O

V) LA ST
=79

TS (D.18)

ﬂ'i‘f’ E'“ .

ln(n-n

Yugn-n= —

(v) Fundamental differential equations of the symmetrical n-phase
machine.

By the superposition of (D. 14), (D. 15), (D. 17), and (D. 18), we may write the
differential equations for a symmetrical n-phase machine expressed in symmetrical co-

ordinates for instantaneous values as follows:

Vo™ {Rn +PLHL'I} ‘:m

Vi
' beatiem: {Ru +pl‘a} fnl—P%‘EJafm

Var=— { Rut PLag) i, (D.10)

'.....-'I...jII.i"'.'li.-‘...- ------- [ E R TR R L B NN N

y gMl ...
Vaen-n=— {Kat pL.) 2aen—1) —P—;—E % uin-1

Ifenis s e

-
L
1
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S s (R, +lelﬂ} l;m'.l

!
:"nl e {Ru +PLH] ful'—'P 11“;.—[-5-”1:“
e - {Ru T PLunI ’.Hl (D.ZO)
: b AL
:}u(rl—lj P, o {‘Ru +PLH} ‘:tll- 1 —P i";__gjﬂ::{n_n

In a special case, the differential equations for a symmetrical three-phase machine

may be written by putting n= 3, and S M= in (D. 19) and (D. 20) as described
2

in Chapter Il and Appendix 11 as follows:

Vg = — { Ry +PL4{1} f,m

Uy = — {Rﬂ-]-pLﬂ} fdl—-ﬂfpc‘mfm (]).21)
Vp=—{R,+pL, }t,.,— Mpe,,

Vg 2ot {!‘ju +PLm:I} ""un

V= — (R, +pL,}i,y— Mpe 1, (D.22)

":’ul o [ Ru +PLH } fuﬂ_' JI(PS"G’::J

(vi) Differential Equations for a n-pease machine with single-phase
rotor winding.

We can get the differential equations for a n-phase machine with symmetrical

stator construction having a single-phase rotor winding by a slight modification in the

equations previously obtained.
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Fig, ¥, Schematic diagram of n-phase machine with
single-phase rotor winding,

We consider to use only a single-winding U (see Fig. ') in the previous sym-
metrical n-phase machine, and the following equations may be obtained.

Vay=—{Ra+pLay}a

M
2

V= — {Ra+pLa}ia—p e,

Vas=— { Ra+ pLay} s (D.23)

sMastsgeesstansan el daletsnnsane NEaman

: M 4.
Vatn-1y= — {Rﬂ +pLu]’n(n-n_.p 2 € 71,
ar
vu=— (RyA+pLYiump T (e 9%+ %,y ) (D.24)

2

In a special case, the equations for a three-phase machine may be written by putting
n=3 as follows:

U= — {Ru +PLIHI} iﬂﬂ'

V= — { R+ pL,} :',,,-—;pg ez,

(D.25)
qm
te=— {R,+pL,} iﬂ—p%r"{“

vy==— {Ry+pLJ} fn—p-}ﬁf'is-f"fa,-*-ef“::.,}
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(3) Differential Equations for the n-phase rotary machine with
m-phase rotor winding.

We consider a fictitious symmetrical (m x n) phase machine and use the symmetri-

cal n-phase windings in the stator and the symmetrical m-phase windings in the rotor
as shown in Fig. G,

In these consideration we may finally obtain the differential equations as follows:
Ygp=— {Ru+anu] z“u['.l

T-lttl . {Rtl +pLu} iﬂl _P:;i ﬂps’“fﬂl

(D.26)

LA R S Y N E SRR e

Van-n=—{Ra+pLy}ten .1y—p %ﬂ[’e-!ﬂ,um_ 1

Vo= — {Ru'i‘pLHDI i'.m'.l

Va=—{R,+plL,}i, -—pi;. M e~

V= —{R,+pLiy}i. (D.27)
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Pun-n= "~ {Ru+PLulfuomory=P =My

where,

Log=1L,—M,, Lo=L,+ Ao A4
2

Lug=L,— M, Lyl llmtay
=z

The reductions are fully treated in the author’s previous paper published in Japa-
nese, ‘1’

(4) Some characteristics for a N-phase machine represented in sym-
metrical co-ordinates for instantaneous values.

We treat a n-phase machine with m-phase rotor winding.

(i) Conjugate relations.

We have the following conjugate relations as the general nature of symmetrical

co-ordinates for instantaneous values as will be seen from (D. 4) and (D. 5):

Ya1=Yatn-1n > In=lun-1)

Y1 =Vuim-15 } t'“=::(m_n (D.28)
(“ — " denotes conjugate value)

And
R TR S R S (D.29)

etc,

The positive phase sequence component for instantaneous values is conjugate to
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the negative phase sequence component for instantaneous values and the r-th phase

sequence component is conjugate to the (n—»)th phase sequence component.

(ii) Impedance drops.

The impedance operators (R, + pL,, etc.) for positive and negative phase sequence
components are in the same form, and they correspond to the synchronous impedances

under the steady state condition,

The impedance operators (R, + pL,,, etc.) for other phase sequence components
are in the same form and equal to those for zero phase sequence components; they

correspond to zero phase sequence impedances in steady state.
The positive and negative phase sequence components have the mutual action

between stator and rotor, while other phase sequence components have none.

(iii) Power.

The instantaneous power output P, from the stator is calculated in the following

way.
Po=> ) Ul=032, 4+ Vls+ csecerscense + Uyl (D.30)

By the substitution of (D. 7) and (D."8) into (D. 30), we finally obtain
P,=n {T’uo’jm + Vasfacn=1> F Vasacu-gy T o cveens F Vugnopyl)

=1 {Usolao+ Vartay F+ Vaglag + +oseoccee F Vpenmrylacn-n} (D.31)

The instantaneous power output P, from the rotor is written in the similar way as

above,

—

Bu=m{Tygtuo + Vg luy + Vislug + eveeeenee + 2 gy Luen=n ) (D.32)

The resistance loss P, in the eter is written,
a ACaler

n n
- 'I.} b ]
£ rea) — Z‘ Unln= 12 R,
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=R, {12+ Taitay+ FaslugF coeeeeses oS ey Fecnant
= nR T3+ |ia)* + |t + eeeerenee Ftaen-p |} (D.33)

The resistance loss P,y in the rotor is written.

Poy=mR {in+1, f:, X "uf_raz Feereernas Flyman Z(m -»} (D.34)

And we have the relation

n —

E in= “{fju'!‘z:u.':;l"i'fua?nz"' cosves.oe F2oen-13%acn -1} (D.35)

1

(iv) Energy.

a) Energy E; due to the stator self-inductance L, 1s expressed by

n

E=3) —Lj; (D.36)

1

By the substitution of (D. 35) into (D..36), we get
E,= %nL, (L a E il Fvorss oo b Pics s Faoen ) (D,37)

b) Energy E, due to the stator mutual-inductance A7 1is expressed by
Lp=2] Myt (D.38)

By the substitution of the relations 37,-= -'f-];{l-(a-l-a"), etc. and also (D,5), (D.8), and

(D. 36) into (D. 38), we finally obtain

E,. = -I_M,n (9 gy fay— (220 F sy D R
2

cesvseses T Zacn_3) ;:{n-:lj)} (D.39)
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¢) Total energy E , due to stator-inductances is expressed by

E,=E+E, (D.40)
Jy the substitution of (D. 37), (D. 39), and also the relations
Lo=L—M,; L,=L,—M+2M, into (D.40),
2
we get

n .. . T T . g
.E,4=.; {2 ottt bar Latt Sastoalingh condsases Sty Tatni loa} (D.41)

d) Energy E,; due to mutual inductances between stator and rotor is expressed
by

E =21 M, i, (D.42)

)y the substitution of the relations Al;,“..—zi’l!;g:_:.z’ll’(e”-i-e"-”’), etc., and also (D. 5),

(D. 8) into (D. 42), we finally obtain

1 ot Ve faw
Eoin= E.m:;M" {2g0018"" + 2,47, } (D.43)

(v) Torque.

Torque T due to the electro-magnetic energy between stator and rotor may be
written as follows:

L aE{AJ’)
Te= o (D.44)

where E ,, 1s the total energy due to mutual inductances between stator and rotor,

- JEhgE i . tavhTs
and o 1s operated with the assumption of constant currents. By the substitution

of (D. 43) into (D. 44), we get

T=Youndr [je”i",ﬂ:,— je"“::,:',,,} (D.45)
2
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The instantaneous mechanical output P. at the rotor shaft due to 7" may be written

as follows:

P.owl= 2 womnt’ {7 z-"i,,l;';—- js"“zlia,} (D.46)
2
As will be seen from (D. 45), the torque for a n-phase machine with m-phase ro-
tor winding depends on the positive and negative phase sequence components, and is in-

dependent of other symmetrical components.

(vi) Power relations for a n-phase machine with m-phase rotor
winding,

Let
— P, =input to the rotor circuit (m-phase).
— Pa=mechanical input from shaft.
P,=output from stator circuit (n-phase).
P, = resistance losses in stator and rotor circuits.
P, =rate of increase of total electro-magnetic stored energy.
Then we can write from (D. 31), (D. 32), (D. 33), (D. 34), (D. 41), (D. 43),
and (D. 45) as follows:

s Pu= —m {:'uufun g ﬂnlful + T’uziua Foaeineens +Tuim - liiﬂ(ﬂ -1 }
l 4‘ ’ .t"aq T . _Jn'-_ .
—Po=—0l = — —wmnM" {je", g, — ] 1}
2

F,= ::{v,,i,m+vnlrﬂ1 +v,,,z,+ voshessse Uncnitntaonith ]

Pr="Rn{f§ﬂ+£ulzl+£n;;I+ e A A +£ﬂ("-ﬂ£ﬂtﬂ'1}}

+mR, (1,+ fmt_',, +1',,,Z, o seesssans T Fuomanybu(n=1}

R=P1;' { ZLnfanl 2 p Laﬂ(iiﬂ o fn!’:! Foreieian +iﬂtﬂ"ﬂ?ﬂ(ﬂ ")) }

- T L A . S et A e ey 4 A . Ve el = ST M T T 4 g I B S i

M. Takahashi: Transient Phenomena of an Alternator Upon Condensive Load. 03

m Sy . ey . <3
+p—- (2Lt Lol Huglua o covves + lugmopfun)

nn “Widel Ly
+p '—2:" :ﬂl’ { E"u:m!nl + E-”’ﬂl’ul } (I)‘47)

By the substitution of (. 26), (D. 27), and also by the application of the shift

principle, we get the following relations.

—P,—P,=P+P,+P, (D-43)
Or
Lut Pt Byt DI Fy=0 (D-49)

The relation (D. 49) represents the law of the conservation of energy. The relation
(D. 49) 1s applicable in either case when the machine is considered as a generator or

as a motor,
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