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ADVERTISEMENT. 

The Committee appointed by the Royal Society to direct the publication of the 

Philosophical Transactions take this opportunity to acquaint the public that it fully 

appears, as well from the Council-books and Journals of the Society as from repeated 

declarations which have been made in several former Transactions, that the printing of 

them was always, from tune to time, the single act of the respective Secretaries till 

the Forty-seventh Volume; the Society, as a Body, never interesting themselves any 

further in their publication than by occasionally recommending the revival of them to 

some of their Secretaries, when, from the particular chcumstances of theu- affairs, the 

Transactions had happened for any length of time to be intermitted. And this seems 

principally to have been done with a view to satisfy the public that them usual 

meetings were then continued, for the improvement of knowledge and benefit of 

mankind : the great ends of their first institution by the Boyal Charters, and which 

they have ever since steadily pursued. 

But the Society bemg of late years greatly enlarged, and their communications more 

numerous, it was thought advisable that a Committee of their members should be 

appointed to reconsider the papers read before them, and select out of them such as 

they should judge most proper for publication in the future Transactions; which wms 

accordingly done upon the 26th of March, 1752. And the grounds of their choice are, 

and will continue to be, the importance and singularity of the subjects, or the 

advantageous manner of treating them; without pretending to answ^er for the 

certainty of the facts, or propriety of the reasonings contamed in the several papers 

so published, which must still rest on the credit or judgment of their respective 

authors. 

It is likewise necessary on this occasion to remark, that it is an established rule of 

the Society, to which they will always adhere, never to give them opinion, as a Body, 
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upon any sulDject, either of Nature or Art, that comes before them. And therefore the 

thanks, which are frequently proposed from the Chair, to be given to the authors of 

such papers as are read at their accustomed meetings, or to the persons through whose 

hands they received them, are to be considered in no other light than as a matter of 

civility, in return for the respect shown to the Society by those communications. The 

like also is to be said with regard to the several projects, inventions, and curiosities of 

various kinds, which are often exhibited to the Society; the authors whereof, or those 

who exhibit them, frequently take the liberty to report, and even to certify in the 

public newspapers, that they have met with the highest applause and approbation. 

And therefore it is hoped that no regard will hereafter be paid to such reports and 

public notices; which in some instances have been too lightly credited, to the 

dishonour of the Society. 



List of Institutions entitled to receive the Philosophical Transactions or 

Proceedings of the PvOyal Society. 

Institutions marked a are entitled to receive Pliilosopliical Transactions, Series A, and Proceedings. 

„ ,, B „ „ „ „ Series B, and Proceedings. 

,, AB „ ' „ „ ,, Series A and B, and Proceedings. 

„ ,, p ,, „ Proceedings only. 

America (Central). 
Mexico. 

p. Sociedad Cicntifica “Antonio Alzate.” 

America (North). (See United States.) 

America (South). 
Buenos Ayres. 

AB. Museo Nacional. 

Caracas. 

B. University Library. 

Cordova. 

AB. Academia Nacional de Ciencias. 

Rio de Janeiro. 

jp. Observatorio. 

Australia. 
Adelaide. 

p. Royal Society of South Australia. 

Brisbane. 

p. Royal Society of Queensland. 

Melbourne. 

p. Observatory. 

p. Royal Society of Victoria. 

AB. University Library. 

Sydney. 

p. Linnean Society of New South Wales. 

AB. Royal Society of New South Wales. 

AB. University Library, 

Austria. 
Agram. 

p. Societas Historico-Natnralis Croatica. 

Briinn. 

AB. Naturforschender Verein. 

Giratz. 

AB. Natnrwissenschaftlicher Verein fiir Steier- 

mark. 

Hermannstadt. 

p. Siebenbiirgischer Verein fiii’ die Natur- 

wissenschaften. 

Austria (continued), 

lunsbi’uck. 

AB. Das Ferdinandeum. 

p. Naturwissenschaftlich - Medicinischer 

Verein. 

Klansenburg’. 

AB. Az Erdelyi Muzeum. Das Siebenbiirgische 

Museum. 

Prague. 

AB. Kdnigliche Bohmische Gesellschaft der 

Wissenschaften. 

Schemnitz. 

p. K. Ungarische Berg- nnd Forst-Akademie, 

Trieste. 

B. Museo di Storia Naturale. 

p. Societa Adriatica di Scienze Natural!. 

Vienna. 

p. Anthropologische Gesellschaft. 

AB. Kaiserliche Akademie der Wissenschaften. 

p. K.K. Geographische Gesellschaft. 

AB. K.K. Geologische Reichsanstalt. 

B. K.K. Zoologisch-Botanische Gesellschaft. 

B. Naturhistorisches Hof-Museum. 

p. Qfsterreichische Gesellschaft fiir Meteoro- 

logie. 

Belgium. 
Brussels. 

B. Academic Royale de Medecine. 

AB. Academic Royale des Sciences. 

B. Musee Royal d’Histoire Naturelle de 

Belgique. 

p. Observatoire Royal. 

p. Societe Malacologique de Belgique. 

Ghent. 

AB. University. 

Liege, 

AB. Societe des Sciences. 

p. Societe Geologique de Belgique. 
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Belgium (continued). 

Louvain. 

AB, L’Universite. 

Canada. 
Hamilton. 

]p. Scientific Association. 

Montreal. 

AB. McGill University. 

p. Natural History Society. 

Ottawa. 

AB. Geological Survey of Canada. 

AB. Royal Society of Canada. 

Toronto. 

p. Canadian Institute. 

AB. University. 

Cape of Good Hope. 
A. Observatory. 

AB. South African Library. 

Ceylon. 
Colombo. 

B. Museum. 

China. 
Shanghai. 

p. China Branch of the Royal Asiatic Society. 

Denmark. 
Copenhagen. 

AB. Kongelige Danske Videnskahernes Selskab. 

England and Wales. 
Aberystwith. 

AB. University College. 

Birmingham. 

AB. Fi’ee Central Library. 

AB. Mason College. 

p. ^ Philosophical Society. 

Bolton. 

p. Public Library. 

Bristol. 

p. Merchant Venturers’ School. 

Cambridge. 

AB. Philosophical Society. 

p. Union Society. 

Cooper’s Hill. 

AB. Royal Indian Engineering College. 

Dudley. 

p. Dudley and Midland Geological and 

Scientific Society. 

Essex. 

p. Essex Field Club. 

Greenwich. 

A. Royal Observatory. 

Kew. 

B. Royal Gardens. 

Leeds. 

p. Philosophical Society. 

Vi ] 

England and Wales (continued). 

Leeds (continued). 

AB. Yorkshire College. 

Liverpool. 

! AB. Free Public Library. 

I p. Literary and Philosophical Society, 

i A. Observatory, 

j AB. University College, 

j London. 

AB. Admiralty. 

p. Anthropological Institute. 

B. British Museum (Nat. Hist.). 

AB. Chemical Society. 

p. “ Electrician,” Editor of the. 

B. Entomological Society. 

AB. Geological Society. 

AB. Geological Survey of Gi’eat Britain, 

i p. Geologists’ Association. 

I AB. Guildhall Library. 

> A. Institution of Civil Engineers. 

A. Institution of Mechanical Engineers. 

A. Institution of Naval Architects. 

p. Iron and Steel Institute. 

AB. King’s College, 

j B. Linnean Society. 

AB. London Institution. 

1 p. London Library. 

A. Mathematical Society. 

p. Meteorological Oflice. 

p. Odontological Society. 

1 p. Phai’maceutical Society, 

i p. Physical Society. 

p. Quekett Microscopical Club. 

p. Royal Agricultural Society. 

p. Royal Asiatic Society. 

A. Royal Astronomical Society. 

B. Royal College of Physicians. 

B. Royal College of Surgeons. 

p. Royal Engineers (for Libraries abroad, six 

copies). 

j AB. Royal Engineers. Head Quarters Library. 

I p. Royal Geographical Society. 

I p. Royal Horticultural Society. 

p. Royal Institute of British Architects. 

AB. Royal Institution of Great Britain. 

1 B. Royal Medical and Chirurgical Society. 

p. Royal Meteorological Society. 

p. Royal Mici’oscopical Society. 

p. Royal Statistical Society. 

AB. Royal United Service Institution. 

AB. Society of Arts. 

p. Society of Biblical Archseology. 

p. Society of Chemical Industry (London 

Section). 
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England and Wales (continued). 

London (continned). 

p. Standard Weights and Measures Depart¬ 

ment. 

AB. The Queen’s Library. 

AB. The War Office. 

AB. University College. 

p. Victoria Institute. 

B. Zoological Society. 

Manchester. 

AB. Free Library. 

AB. Literary and Philosophical Society. 

p. Geological Society. 

AB. Owens College. 

Netley. 

p. Royal Victoria Ho.spital. 

Newcastle. 

AB. Free Library. 

p. North of England Institute of Mining and 

Mechanical Engineers. 

p. Society of Chemical Industry (Newcastle 

Section). 

Noi’wich. 

p. Norfolk and Norwich Literary Institution. 

Oxford. 

p. Ashmolean Society. 

AB. Radclilfe Library. 

A. Radclilfe Observatory. 

Penzance. 

p. Geological Society of Cornwall. 

Plymouth. 

B. Marine Biological Association. 

p. Plymouth Institution. 

Richmond. 

A. “ Kew ” Observatory. 

Salford. 

p. Royal Museum and Library. 

Stonyhurst. 

p The College. 

Swansea. 

AB. Royal Institution. 

Woolwich. 

AB. Royal Artillery Library. 

Finland. 
Helsingfors. 

p. Societas pro Fauna et Flora Fennica. 

AB. Societe des Sciences. 

Prance. 
Bordeaux. 

p. Academie des Sciences. 

f. Faculte des Sciences. 

p. Societe de Medecine et de Chirurgie. 

p. Societe des Sciences Physiques et 

Naturelles. 

Prance (continued). 

Cherbourg. 

p. Societe des Sciences Naturelles. 

Dijon. 

p. Academie des Sciences. 

Lille. 

p. Faculte des Sciences. 

Lyons. 

AB. Academie des Sciences, Belles-Letti’es et Arts. 

Marseilles. 

p. Faculte des Sciences. 

Montpellier. 

AB. Academie des Sciences et Lettres. 

B. Faculte de Medecine. 

Paris. 

AB. Academie des Sciences de TInstitut. 

p. Association Frangaise pour TAvancement 

des Sciences. 

p. Bureau des Longitudes. 

p. Bureau International des Poids et Mesures. 

p. Commission des Annales des Ponts et 

Chaussees. 

p. Conservatoire des Arts et Metiers. 

p. Cosmos (M. l’Abb^ Valette). 

AB. Depot de la Marine. 

AB. lilcole des Mines. 

AB. Ecole Normale Superieure. 

AB. ficole Poly technique. 

AB. Faculte des Sciences de la Sorbonne. 

AB. Jardin des Plantes. 

A. L’Observatoire. 

p. Revue Internationale de TFlectricite. 

p. Revue Scientifique (Mons. H. be Vaeignt). 

p, Societe de Biologie. 

AB. Societe d’Encouragement pour Tlndustrie 

Nationale. 

AB. Societe de Geographie. 

p. Societe de Physique. 

B. Societe Entomologique. 

AB. Societe Geologique. 

p. Societe Mathematique. 

p. Societe Meteorologique de Prance. 

Toulouse. 

AB. Academie des Sciences. 

A. Faculte des Sciences. 

Germany. 
Berlin. 

A. Deutsche Chemische Gesellschaft. 

A. Die Sternwarte. 

p. Gesellschaft fur Erdkunde. 

AB. Konigliche Preussische Akademie der 

Wissenschaften. 

A. Physikalische Gesellschaft. 

Bonn. 

AB. Universitat. 
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Germany (continued). 

Bremen. 

p. Naturwissenschaftlicher Verein. 

Breslau. 

p. Sctlesisclie Gesellschaft fiir Vaterliindisclie 

Kultur. 

Brunswick. 

p. Verein fiir ISTaturwissenscliaft. 

Carlsrulie. See Karlsruhe. 

Danzig. 

AB. Katurforschende Gesellschaft. 

Dresden. 

p. Verein fiir Erdkunde. 

Emden. 

p. Katurforschende Gesellschaft. 

Erlangen. 

AB. Physikalisch-Medicinische Societiit. 

Frankfurt-am-Main. 

AB. Senckenbergische Naturforschende Gesell¬ 

schaft. 

p. Zoologische Gesellschaft. 

Frankf urt-am- 0 der. 

p. Naturwissenschaftlicher Verein. 

Freiburg-im-Breisgau. 

AB. Universitat. 

Giessen. 

AB. Grossherzogliche Universitat. 

Gorlitz. 

p. Naturforschende Gesellschaft. 

Gottingen. 

AB. Konigliche Gesellschaft der Wissen- 

schaf ten. 

Halle. 

AB. Kaiserliche Leopoldino - Carolinische 

Deutsche Akademie der Natui’forscher. 

p. Naturwissenschaftlicher Verein fiir Sach¬ 

sen und Thiiringen. 

Hamburg. 

p. Naturhistorisches Museum. 

AB. Naturwissenschaftlicher Verein. 

Heidelberg. 

p. Naturhistorisch-Medizinische Gesellschaft. 

AB. Universitat. 

Jena. 

AB. Medicinisch-Naturwissenschaftliche Gesell¬ 

schaft. 

Karlsruhe. 

A. Grossherzogliche Sternwarte. 

Kiel. 

A. Sternwarte. 

AB. Universitat. 

Kdnigsberg. 

AB. Konigliche Physikalisch - Okonomische 

Gesellschaft. 

viii ] 

Germany (continued). 

Leipsic. 

p. Annalen der Physik und Chemie. 

A. Astronomische Gesellschaft. 

AB. Konigliche Sachsische Gesellschaft der 

Wissenschaften. 

Magdeburg. 

p. Naturwissenschaftlicher Verein. 

Marburg’. 

AB. Universitat. 

Munich. 

AB. Konigliche Bayerische Akademie der 

Wissenschaften. 

p. Zeitschrift fiir Biologie. 

Munster. 

AB. Konigliche Theologische und Philo- 

sophische Akademie. 

Potsdam. 

A. Asti’ophysikalisches Observatorium. 

I Rostock. 

AB. Universitat. 

Strasburg. 

AB. Universitat. 

I Tubingen. 

I AB. Universitat. 

] W iirzburg. 

AB. Physikalisch-Medicinische Gesellschaft. 

' Holland. (See Netherlands.) 

I Hungary. 
Pesth. 

p. Konigl. Ungarische Geologische Anstalt. 

AB. A Magyar Tudds Tarsasag. Die Ungarische 

Akademie der Wissenschaften. 

India. 
Bombay. 

AB. Elphinstone College. 

Calcutta. 

AB. Asiatic Society of Bengal. 

AB. Geological Museum. 

p. Great Trigonometrical Survey of India. 

AB. Indian Museum. 

p. The Meteorological Reporter to the 

Government of India. 

Madras. 

B. Central Museum. 

A. Observatory. 

Roorkee. 

p, Roorkee College. 

Ireland. 
Armagh. 

A. Observatory. 

Belfast. 

AB. Queen’s College. 
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Ireland (continuedj. 

Cork. 

p. Philosophical Society. 

AB. Queen’s College. 

Dublin. 

A. Observatory. 

AB. National Libraiy of Ireland. 

B. Royal College of Surgeons in Ireland. 

AB. Royal Dublin Society. 

AB. Royal Irish Academy. 

Galway. 

AB. Queen’s College. 

Italy. 

Bologna. 

AB. Accademia delle Scienze dell’ Istituto. 

Florence. 

p. Biblioteca Nazionale Centrale 

AB. Museo Botanico. 

p. Reale Istituto di Studi Superiori. 

Milan. 

AB. Reale Istituto Lombardo di Scienze, 

Lettere ed Arti. 

AB. Societa Italiana di Scienze Naturali. 

Naples. 

p. Societa di Naruralisti. 

AB. Societa Reale, Accademia delle Scienze. 

B. Stazione Zoologica (Dr. Dohrn). 

Padua. 

p. University. 

Pisa. 

p. Societa Toscana di Scienze Naturali. 

Rome. 

p. Accademia Pontificia de’ Nuovi Lincei. 

A. Osservatorio del Collegio Romano. 

AB. Reale Accademia dei Lincei. 

p. R. Comitato Geologico d’ Italia. 

AB. Societa Italiana delle Scienze. 

Siena. 

p. Reale Accademia dei Fisiocritici. 

Turin. 

p. Laboratorio di Fisiologia. 

AB. Reale Accademia delle Scienze. 

Venice. 

p. Ateneo Yeneto. 

AB. Reale Istituto Yeneto di Scienze, Lettere 

ed Arti. 

Japan. 

Tokio. 

AB. Imperial University. 

Yokohama. 

p. Asiatic Society of Japan. 

MDCCCXC.—A. 

1 Java. 
j Batavia. 

I AB. Bataviaasch Genootschap van Runsteu cn 

^ Wetenschappen. 

j Buitenzorg. 

j p. Jardin Botanique. 

Luxembourg. 
I Luxembourg. 

p. Societe des Sciences Naturelles. 

Malta. 
I p. Public Library. 

Mauritius. 
p. Royal Society of Arts and Sciences. 

Netherlands. 
Amsterdam. 

AB. Koninklijke Akademie van Wetenschappen. 

, p. K. Zoologisch Genootschap ‘ Natura Artis 

Magistra.’ 

: Delft. 

p. Ecole Polytechnique, 

j Haarlem. 

AB. Hollandsche Maatschappij der Weten¬ 

schappen. 

p. Musee Teyler. 

Leyden. 

AB. University. 

Rotterdam. 

AB. Bataafsch Genootschap der Proefonder- 

I vindelijke Wijsbegeerte. 

I Utrecht. 

AB. Provinciaal Genootschap van Kunsten en 

' W etenschappen. 

New Zealand. 
! Wellington. 

I AB. New Zealand Institute. 

Norway. 
Bergen. 

AB. Bergenske Museum. 

1 Christiania. 

I AB. Kongelige Norske Frederiks Universitet. 

Tromsoe. 

p. Museum, 

i Trondhjem. 

I AB. Kongelige Norske Yidenskabers Selskali. 

j Nova Scotia. 
i Halifax. 

; p. Institute of Natural Science. 

Windsor. 

I p. King’s College Library. 

I Portugal. 
Coimbra. 

AB. Universidade. 

I Lisbon. 

I AB. Academia Real das Sciencias. 
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Portugal (continued). 

Lisbon (continued). 

p. Sec^ao dos Trabal h os Geologicos de Portugal. 

Russia. 
Dorpat. 

AB. Universite. 

Kazan. 

AB. Imperatorsky Kazansky Universitet. 

Kharkoff. 

p. Section Medicale de la Societe des Sciences 

Experimeutalcs, Universite de Kharkow, 

Kieff. 

p. Societe des Katuralistes. 

Moscow. 

AB. Le Musee Public. 

B. Societe Imperiale des Katuralistes. 

Odessa. 

p. Societe des Naturalistes de la Nouvelle- 

Russie. 

Pulkowa. 

A. Nikolai Haupt-Sternwarte. 

St. Petersburg. 

AB. Academic Imperiale des Sciences. 

AB. Comite Geologique. 

p. Compass Observatory. 

A. L’Observatoire Physique Central. 

Scotland. 
Aberdeen. 

AB. University. 

Edinburgh. 

p. Geological Society. 

p. Royal College of Physicians (Research 

Laboratory). 

p. Royal Medical Society. 

A. Royal Observatory. 

p. Royal Physical Society. 

p. Royal Scottish Society of Arts. 

AB. Royal Society. 

Glasgow. 

AB. Mitchell Free Library. 

p. Philosophical Society. 

Servia. 
Belgrade. 

p. Academic Royale de Serbie. 

Sicily. 
Acireale. 

p. Societa Italiana dei Microscopisti. 

Catania. 

AB. Accademia Gioenia di Scienze Naturali. 

Palenuo. 

A. Circolo Matematico. 

AB. Consiglio di Perfezionamento (Societa di 

Scienze Natmuli ed Economiche). 

Reale Osservatorio. 

] 
Spain. 

Cadiz. 

A. Observatoric de San Fernando. 

Madrid. 

p. Comisidn del Mapa Geologico de Espana. 

AB. Real Academia de Ciencias. 

Sweden. 
Gottenburg. 

AB. Kongl. Vetenskaps och Vitterhets Sam- 

hMle. 

Lund. 

AB. Universitet. 

Stockholm. 

A. Acta Mathematica. 

AB. Kongliga Svenska Vetenskaps-Akademie. 

AB. Sveriges Geologiska Undersdkning. 

Upsala. 

AB. Universitet. 

Switzerland. 
Basel. 

Naturforschende Gesellschaft. 

Bern. 

AB. Allg. Schweizerische Gesellschaft. 

p. Naturforschende Gesellschaft. 

Geneva. 

AB. Societe de Physique et d’Histoire Naturelle. 

AB. Institut National Genevois. 

Lausanne. 

p. Societe Vaudoise des Sciences Naturelles. 

Neuchatel. 

p. Astronomische Mittheilungen (Professor R. 

Wolf). 

p. Societe des Sciences Naturelles. 

Zurich. 

AB. Das Schweizerische Polytechnikum. 

p. Naturforschende Gesellschaft. 

Tasmania. 
Hobart. 

p. Royal Society of Tasmania. 

United States. 
Albany. 

AB. New Yoi’k State Library. 

Annapolis. 

AB. Naval Academy. 

Baltimore. 

AB. Johns Hopkins University. 

Bei’keley. 

p. University of California. 

Boston. 

AB. Amei’ican Academy of Sciences. 

B. Boston Society of Natural History,. 

A. Technological In.stitute. 

Brooklyn. 

AB. Brooklyn Librarjr. A. 



United, States (continued). 

Cambridge. 

AB. Harvard Uiiiversity. 

B. Museum of Comparative Zoology. 

Chapel Hill (KC.). 

p. Elisha Mitchell Scientific Society. 

Charleston. 

p. Elliott Society of Science and Art of South 

Carolina. 

Chicago. 

AB. Academy of Sciences. 

Davenport (Iowa). 

p. Academy of Natural Sciences. 

Madison. 

p. Wisconsin Academy of Sciences. 

Mount Hamilton (California). 

A. Lick Observatory. 

New Haven (Conn.). 

AB. American Journal of Science. 

AB. Connecticut Academy of Arts and Sciences. 

New York. 

p. American Geographical Society. 

p. American Museum of Natural History. 

p. New York Academy of Sciences. 

p. New Yoi’k Medical Journal. 

p. School of Mines, Columbia College. 

United States (continued). 

Philadelphia. 

AB. Academy of Natural Sciences. 

AB. American Philosophical Society. 

p. Franklin Institute. 

p. Wagner Free Institute of Science. 

St. Louis. 

p. Academy of Science. 

Salem (Mass.). 

p. Essex Institute. 

AB. Peabody Academy of Science. 

San Francisco. 

AB. California Academy of Sciences. 

Washington. 

p. Department of Agriculture. 

A. Office of the Chief Signal Officer. 

AB. Patent Office. 

AB. Smithsonian Institution. 

AB. United States Coast Survey. 

p. United States Commission of Pish and 

Fisheries. 

AB. United States Geological Survey. 

AB. United States Naval Observatory. 

West Point (N Y.) 
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Adjudication of the Medals of the Royal Society for the year 1890, 
by the President and Council. 

The Copley Medal to Simon Newcomb, For.Mem.R.S., for his Contributions to 

the Progress of Gravitational Astronomy. 

The Rumford Medal to Heinrich Hertz, for his work in Electro-magnetic 

Radiation. 

A Royal Medal to David Perrier, F.R.S., for his Researches on the Localisation 

of Cerebral Functions. 

A Royal Medal to John Hopkinson, F.R.S., for his Researches in Magnetism 

and Electricity. 

The Davy Medal to Emil Fischer, for his Discoveries in Organic Chemistry, and 

especially for his Researches on the Carbo-hydrates. 

The Darwin Medal to Alfred Russel Wallace, for his Independent Origination 

of the Theory of the Origin of Species by Natural Selection. 

The Bakerian Lecture, “ The Discharge of Electricity tlirough Gases (Preliminary 

Communication),” was delivered by Professor A. Schuster, F.R.S. 

The Croonian Lecture, “ On some Relations between Host and Parasite in certain 

Epidemic Diseases of Plants,” was delivered by Professor H. M. Ward, F.Pt.S. 
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PHILOSOPHICAL TRANSACTIONS 

I. On the Effect of Temperature on the Specific Inductive Capacity of a Dielectric. 

By W. Cassie, M.A., Trinity College, Cambridge, Examiner in the Universities 

of Aberdeen and Durham. 

Communicated by J. J. Thomson, M.A., F.R.S., Cavendish Professor of Experimental 

Physics in the University of Cambridge. 

Received May 24,—Read June 20, 1889. 

The object of the experiments described in this paper was to learn how the specific 

inductive capacity of a dielectric is affected by change of temperature. 

Cavendish observed an increase in the capacity of a glass condenser when it was 

heated, but gave no measure of the effect. Dr. Hopkinson observed in light flint 

glass an increase of 2-g per cent, in the capacity between 12° and 83° C. And 

Messrs. Gibson and Barclay showed that there is no appreciable change in the case 

of paraffin between temperatures —12° and 24° C. Except these, no measurements of 

the effect appear to have been hitherto published. 

The present investigation shows an increase of specific inductive capacity with rise 

of temperature in all the solids'* examined, and a decrease in all the liquids except 

one. 

As paraffin, which is a substance comparatively near its melting point at ordinary 

temperatures, shows no change, these results seem to indicate, as far as they go, that 

the specific inductive capacity of a substance has a maximum value about the melting 

point. But it may be questioned whether the data are sufficient as yet to warrant so 

general an Induction. 

The relation which Clerk AIaxwell’s electromagnetic theory of light indicates 

between specific inductive capacity and refractive index makes it interesting to 

compare the effects of temperature on these two quantities. Four of the liquids 

* The results given here for mica, ebonite, and the first sjDecimen of glass are all less than those 

mentioned by Professor J, J. Thomson, in his treatise on “ Applications of Dynamics to Physics and 

Chemistry”; because the results quoted there were obtained from an earlier set of observations, in 

which the precautions for insulation were inferior to those described here. 

MDCCGXO. — A. B 1.3.90 
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investigated here are amongst those for which Dale and Gladstone have observed 

the refractive indices at several temperatures. For one of these four the temperature 

effects show no similarity whatever, for another the relation is fairly close to that 

indicated by the theory, and for the other two, though not agreeing exactly with the 

theory, the relation does not differ from it very greatly, not more, perhaps, tban 

might be explained l:)y differences in the specimens used. 

Tlie experiments were done in tiie Cavendish Laboratory, Cambridge, and T am 

glad of this opportunity of thanking Professor J. J. Thomson, F.P.S., at whose 

suggestion they were undertaken, for placing the resources of the Laboratory at my 

disposal, and for valuable advice during the course of the work. 

1. Solids. 

The method adopted in the case of solids was to make a condenser with the 

substance to lie experimented upon and observe its capacity at different temperatures. 

The condenser consisted of a pile of alternate thin sheets of the dielectric and discs of 

lead foil, with flat plates of iron above and below, and a weight on the top to keep 

them together. The condenser could not be fixed together in any more permanent 

way, because the unecpial expansion with heat of the different materials would have 

altered the degree of compression of the pile, and so produced a change of capacity 

greater than the effect under investigation. 

Special precautions were required to secure that the insulation between the two 

sides of the condenser be as far as possible independent of the temperature. To 

secure this the condenser was suspended in a stirrup from a bracket about four feet 

above the air bath in which it was heated. The suspending wires, which formed the 

connection for the side of the condenser in contact with the stirrup, passed without 

touching through holes in the top of the air bath, and over a short glass tube 

varnished with shellac, which was fixed across the bracket above. The connection 

for the other side of the condenser consisted of a stiff’ wire, which also passed without 

touching through a hole in the top of the air bath, and was carried through the glass 

tube on the bracket. Thus the condenser had no contact with anything about the 

air bath, and was supported solely by the glass tidie on the bracket, which was 

always cold and perfectly insvdating. The perfect freedom of the condenser and its 

supports was easily tested before each observation by tapping the air bath and seeing 

that no motion was produced in the suspending wires. 

The condenser was heated by raising the bath quickly to a temperature considerably 

above that aimed at, and then leaving under it a small flame adjusted by experience to 

give the right temperature. The temperature was read by a thermometer passing- 

through a cork in the top of the bath. About three hours was the shortest time 

required to ensure that the condenser was uniformly heated throughout; it was usually 

left a good deal longer. 
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The condensers needed several heatings before settling down to a steady capacity in 

the cold state. The temperatures in these preliminary heatings were always above 

the highest used in the actual observations. 

The capacities were measured by the method used by Professor J. J. Thomson in 

his determination of the ratio of the electrostatic and electromagnetic units 
o 

(‘Phil. Trans./ 1883). It is thus described in his paper ;— 

“ In a Wheatstone’s bridge, A B C D, with the galvanometer at G, and the battery 

between A and B, the circuit B D is not closed, but the points B and D are connected 

with the two poles, E, and S, of a commutator, between which a travelling piece, P, 

moves backwards and forwards; P is connected with one plate of a condenser, the 

other plate of which is connected with D. Thus when P is in contact with S, 

the condenser will be charged, and until it is fully charged, electricity will flow 

into it from the battery; this will produce a momentary current through the various 

arms of the bridge. Wlien the moving piece P is in contact with R, the two 

plates of the condenser are connected, and the condenser will discharge itself through 

L) R, and as the resistance of D R is inflnitesimal in comparison with the resistance of 

any other circuit, the discharge of the condenser will not send an appreciable amount 

of electricity through the galvanometer. Thus, if we make tlie moving piece P 

oscillate quickly from R to S, there will, owing to the flow of electricity to the 

condenser, be a succession of momentary currents through the galvanometer. The 

resistances are so adjusted that the deflection of the galvanometer produced by these 

momentary currents is balanced by the deflection due to the steady current through 

the galvanometer, and the resultant deflection is zero. When this is the case there 

is a relation between the capacity of the condenser, the number of times the condenser 

is charged and discharged per second, and the resistances in the various arms of the 

bridge.” 

This relation, which is worked out in the paper, is expressed by taking a, h, c, c/, g 

to represent the resistances of A C, A B, A D, B C, D C respectively. The resistances 
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of D R and S B are so small as to be negligible. Then if the condenser has a capacity 

C, and is charged and discharged n times per second 

a \ 1 

nO = 
{a + c -\-g) (a + 5 + cl) 

cd ^ 1 “h 
ab 

c{a + b + d) 1 + ag 

d(a + c + g) 

The resistances used were about 

a = 10, 

b=8, 

c between 3000 and 6000, 

d „ 6000 „ 2000, 

g = 4060 ohms. 

With these values 

is correct to within ’2 per cent., and is the formula used here. 

The commutator P R S (fig. 2) was that used by Professor Thomson and is thus 

described in his paper ;— 
Fig. 2. 

‘‘ The current from two Gpove’s cells passes first through a tuning-fork interruptor, 

and then through the coils L M of an electromagnet. P N is a strip of brass with a 

piece of iron attached to it. When there is no current passing through the electro¬ 

magnet, the elasticity of the rod P N makes it press against a screw T, which is 

electi’ically connected with a binding screw R : when the current passes through the 

electromagnet, tlie magnet attracts the iron attached to the rod P N and brings it 

into contact with the stop G, which is electrically connected with the binding screw S. 

The letters P, R, S indicate the same points in this figure as in fig. 1. All the places 

where contact is made by the vibrating piece P N are covered with platinum, and the 
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whole arrangement is fastened down to an ebonite board. As the current passes 

intermittently through the coils L M of the electromagnet, the vibrating piece 

strikes alternately against the parts G and T ; when it strikes against G the opposite 

plates of the condenser are connected with the two poles of the battery ; when it 

strikes against T the condenser is discharged (see fig. 1).” 

To be able to allow for conduction or absorption in the dielectric by means of 

observations with forks of different rates, we must know the comparative times 

during which the vibrating piece P is in contact with G, in contact with T, and 

travelling from one to the other. I therefore fixed a stiff arm to the end of P and 

took tracings with it on smoked paper, moved across while the interrupter was 

vibrating. These tracings showed that when the interrupter is going steadily (this 

is easily known by the sound) the vibrator is in contact with G and T for equal times, 

and the time occupied in passing from one to the other is negligible compared to the 

time of contact. 

The battery used was six Leclanche cells, and the variable resistances were taken 

from a box by Elliott. Tuning forks were used, making 99, 64, and 49 complete 

vibrations per second. The forks were worked by a current from the storage cells 

in the Laboratory. 

The coefiEicients of expansion with temperature 'of lead, ebonite, and glass are 

•000029, '000077, and '000009 respectively. That of mica does not seem to have 

been determined; but it is probably less than that of lead. So that the combined 

effects of expansion with rise of temperature do not affect the capacity before the 

fifth decimal place; and, as the results do not profess to be correct to more than four 

decimal places, the expansion of the materials may be neglected. 

Some observations were also taken with ebonite by an electrostatic method based 

upon that described in Maxwell’s ‘‘Electricity and Magnetism,” §229 (second 

edition); the only difference being that there was no guard ring. The condenser was 

compared with a variable condenser by dividing a charge between them, separating 

them, and connecting opposite poles together and to the electrometer; then, if they 

were unequal, the difference deflected the electrometer. For this method a special 

key was required to make the connections quickly and to keep the electrometer to 

earth until everything except the charge to be measured had been discharged. If the 

electrometer were not kept to earth it would be deflected in spite of ordinary screens 

by induction inside the key on account of the high potentials required. 

When neither of the condensers being compared has any absorption, there is no 

difficulty with this method, and any ordinary cj^uadrant electrometer may be used. 

But when this is not the case the residual discharge will besrin to come out as soon as 

the condensers are connected, a'nd this makes the needle always go ultimately to the 

same side. The only way to get a balance is to make the variable condenser too 

large, and gradually diminish it until the initial motion of the needle due to it 

disappears. This requires a needle with a short time of swing, because with a slow 
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needle the residual charge comes out anti overpowers the first effect before the needle 

has time to show it. With a small ebonite condenser it was just possible to make an 

Elliott's electrometer sufficient by making the connection as short as possible; but 

with a large condenser it was useless. Consequently, this experiment would require 

an electrometer with a needle of very short time of swing. One with small 

cylindrical needle and quadrants seems most suitable. 

Mica. 

The mica condenser was made of twenty-two sheets of brown Muscovite with 

equilateral triangular markings. The sheets were about 3^ inches diameter, and the 

thicknesses varied from about a quarter to about a tenth of a millimetre. Some 

difficulty was found in getting rid of surface conduction on the mica. No cleaning 

would make it insulate, but in the end perfect insulation was secured by putting 

a border of shellac varnisli round the edges of the sheets. The shellac did not come 

between the plates of the condenser, and so did not affect the capacity. The highest 

temperatures in the preliminary heating were less than 140° C. 

The insulation was constantly tested by an electrometer, and was found perfect 

throughout for temperatures below 110° C. Above this it began to give \vay. 

The results are given in the following table and diagram (fig. 3). 

Temperature. 
Variable re.sist- 

ance. 
Change of 
capacity. 

Rate of increase 
per degree. 

Fork n taking 99 comp lete vibrations ter second. 

11° C. 4890 
37 48.50 •0082 •00032 
46 4830 •0122 •00035 
.56 4810 ■0163 •00035 
70 4790 •0204 •00035 
79 4770 •0245 •00036 
89 4750 •0286 •00035 

107 4700 •0.387 •00040 
112 4600 •0591 •00059 

Fork making 64 complete vibrations aer second. 

14 5.530 
48 5460 •0127 •OC037 
60 5440 •0163 •00035 : 
70 5425 •0190 •00034 
78 5390 •0253 •00039 
89 5340 •0343 •00045 

110 5270 •0470 •00049 
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The fact that both periods give the same value shows that, as was to be expected 

from its crystalline structure, there is no absorption in mica for those short times of 

charging. 

Fig. 3. 

Ehonite. 

The ebonite condenser was made of twenty discs of ebonite, about a third of a 

millimetre thick, and three and a quarter inches in diameter. The ebonite sheets were 

carefully cleaned with paraffin dissolved in benzol, and this gave perfect insulation 

without, any shellac border. At temperatures above 70° C. the capacity began to 

increase rapidly owing to softening. The highest temperature reached in the 

preliminary heating was a little under 80° C. 

The insulation was constantly tested as in the case of mica, and was found perfect 

up to about 70° C. 

The results are given in the following table and diagram (hg. 4). 

As the insulation was perfect, the greater capacity shown by the longer time of 

charging must be due to absorption—an effect which the structure of ebonite would 

lead us to expect. The column of values for instantaneous charge have been calcu¬ 

lated on the assumption that the absorption goes on at the same rate from the 

beginning of the charge, as duriug the interval observed. 

Temperature. 
Variable resist¬ 

ance. 

Change of 
capacity. 

Rate of increase 
per degree. 

1 

Fork making 99 comp lete vibrations ■)er second. 

13“ C. 3520 
44 3460 •017 •00055 
57 3415 •030 •00068 
63 3355 •044 •00088 

Fork making 64 complete vibrations per second. 

13 5250 

44 5143 •020 •00065 

57 5060 •036 •00081 
63 4960 •055 •00110 

75 4800 •085 •00170 
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Values of rate of change corrected for instantaneous charge. 

44° C. -00037 

57 -00043 

63 -00048 

Fig. 4. 

Electrostatic Ohservations.—In the observations on ebonite by the electrostatic 

method the condenser consisted of two sheets of ebonite between the iron discs, and 

with a copper disc between them. The condenser rested upon a glass tripod inside 

the air bath, and the leading wires entered the air hath through glass tubes. The 

capacity of this was adjusted so as to be within the range of a fine sliding condenser in 

the Laboratory against which it was balanced; and the readings were taken on an 

Elliott electrometer. It required great care and patience to make so slow an electro¬ 

meter suffice, for the reasons already stated. The insulation of all parts of tlie 

apparatus also required much attention. 

The cold temperature, 8°, was obtained by running iced wafer round the bath 

containing the condenser. Subsequent observations showed that this had affected 

the insulation and so increased the apparent diminution of capacity. 

The greater rate of change shown by the electrostatic results is probably due to 

the time of charging by the key worked by hand being greater than with the tuning 

fork. 

Any leak would produce an apparent decrease of capacity by this method ; so that, 

although the electrostatic results are of less weight than the others, the agreement of 

the results of two methods in which the main source of error tends in opposite 

directions is a confirmation of their accuracy. 

The electrostatic results are given in the following table :— 

Temperature. 
Rate of cEange of 

capacity per degree. 

17° C. 
40 -0008 

48 -0010 

50 -0016 

57 -0015 

(8 -0021) 
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GIojSs. 

The glass condenser was made with seventeen sheets of thin microscope-slide 

cover-glass, about three inches diameter. They consisted of a soda glass of high 

conductivity; so that, although the discs were carefully cleaned and bordered with 

shellac as in the case of mica, the insulation of the condenser, as tested by the electro¬ 

meter, was never perfect. Since it is only the charging of the condenser that affects 

the galvanometer, the discharge passing sensibly ah through D R (fig. 1), the defective 

insulation introduces simply a steady current during each time of cliarging. Each 

time the condenser is charged, the quantity of electricity passing D and B consists of 

(l)the charge of the condenser, and (2) the current through the condenser, which lasts 

during the time the vibrator P is in contact with S. For our present purpose, the 

current may be considered as immediately established at full strength when the circuit 

is closed. So that, neglecting absorption, the apparent capacity exceeds the true 

capacity by the conductivity of the condenser multiplied by the duration of the contact 

between P and S. And from observations on the apparent capacity with two forks 

of known speed, the true capacity can easily be found. 

The highest temperature in the preliminary heating was less than 110° C. 

The results are given in the following table and diagram (fig. 5):— 

Temperature. 
Variable resist¬ 

ance. 
Cliange of 
capacity. 

Rate of change per 
degTee. 

1 

Fork making 99 comp lete vibrations ler second. 

17° C. 4795 
38 4630 ■034 ■0016 
49 4540 •053 •0017 
57 4425 •077 •0019 
02 4320 •099 •0022 

Fork making 64 complete vibrations per second. 

17 6070 
38 5830 •039 •0018 
49 5670 •066 •0021 
57 5470 •098 •0024 
62 5360 •117 •0026 

MDCCCXC.—A. c 
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Rate of chano'e corrected for mstaiitaiieoiis charo^e. 
O O 

17° to 38° •0013 

49 •0010 

57 •0010 

62 •0015 

Fig. 5. 

The next three tables and diagram give the results of experiments upon another 

condenser of microscope-slide cover-glass. This specimen of the glass had less con¬ 

ductivity than the previous, but the precautions for general insulation were not equal 

to those in the other experiments described. The condenser rested on a glass tripod 

inside the air bath, and the leading wires passed into the bath through glass tubes. 

The condenser consisted of twenty-two discs of glass cleaned and bordered with 

shellac in the usual way, with discs of lead foil between them. 

The curves are almost exactly parallel up to between 40° and 50°, and diverge at 

higher temperatures in consequence of conduction ; so that we may take the tempera¬ 

ture change of specific inductive capacity for this specimen of glass to be about '2 per 

cent, up to 50°, 

An attempt was made to observe this temperature efiect for shellac. The condenser 

was made by dipping the lead discs in shellac varnish, and carefully and thoroughly 

evaporating the alcohol. But after the condenser was made it was found that at a 

temperature below 50° the shellac softened, so that the plates were pressed together 

by the weights on the top of the condenser. To diminish the weight would have been 

useless ; because, in any case, it would have been impossible to say how far a change 

of capacity was due to softening, and without a weight at all tlie results are quite 

unrelialfie. 
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Temperature. 
Variable 

resistance. 

Clianp^e of 
capacity in terms 

of capacity at 
lowest tempera¬ 

ture. 

1 
Rate of change 

per degree. 
1 
1 

With 99 fork. 

18° C. 4010 
48 3750 •0645 ■00215 i 
59 3630 •0941 •00230 
81 3070 •2311 •00369 

101 2890 •2541 •00251 

1 
With “64 fork ” (between 64 and 65). 

14 6110 
44 5700 •0671 •00224 
50 5560 •0900 •00250 
60 5270 •1351 •00293 1 
71-5 4850 •2062 •00362 1 
94 3840 •3551 •00444 

117 3230 •4712 •00506 

1 With 49 fork. 
1 
1 13 8100 i 

43 7480 •0765 •00255 
64-5 7020 •1588 •00300 
75 5850 •3201 •00516 

- 115 4250 •5484 •00537 

c 2 
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II. Liquids. 

The apparatus for liquids consisted essentially of a quadrant electrometer immersed 

in the liquid. 

The heating was done by a water bath; and on account of the highly inflammable 

character of some of the liquids experimented upon, the water was heated in a 

separate vessel at a distance, from the top and bottom of which pipes went to a and d 

in flg. 7. The hot water was pumped through in the direction dch a. 

The provision for the insulation was on a similar principle to that adopted in the 

case of solids. Each quadrant was supported by a long stiff rod, the upper part of 

which was fixed in a varnished glass tube. These four glass tubes were separately 
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clamped to a support about 18 inches above the surface of the liquid; so that the 

quadrants touched nothing except the liquid and this perfectly insulating support. 

The needle was suspended by a fine wire from the same height so as to oscillate under 

torsion. 

The hollow top of the water bath had seven holes through it, as shown in the 

figure. Through the outside four passed, without touching, the rods supporting the 

quadrants, through the centre one hung the needle, and through the two next the 

centre thermometers could be inserted. This top was permanently fixed to the 

support of the needle and quadrants; and the lower part of the bath containing the 

liquid was moved up on a smooth sliding arrangement into contact with the top so as 

to immerse the needle and quadrants. Above the fixed top of the bath was a box 

with a window on one side, through which the movements of the needle and mirror 

were read by a scale and telescope. The deflections of the needle were observed when 

connected first to one pair of quadrants and then to the other pair. 

As the needle and quadrants were parts of cylinders between three and four inches 

diameter and about a quarter of an inch apart, a large electromotive force was required 

to produce a deflection. The electromotive force had also to be rapidly reversed in 

direction to avoid as far as possible polarisation, convection, &c., in the liquid, The 

electromotive force was obtained from a Rulimkorff coil without a condenser, and 

with a high resistance between the terminals to prevent sparking. This high 

resistance consisted of a wdde glass tube, about 6 inches long, filled with distilled 

water, and having a thick copper wire sliding through a cork at each end. By 

altering the distance of the ends of the copper wires in the water the resistance could 

be adjusted and the deflection controlled as desired. The coil was worked by a 

current from the storage cells in the Laboratory. 

As the electromotive force given by this arrangement was variable, and also the 

loss of electromotive force by conduction was different for each liquid and for each 

temperature, it was necessary to be independent of such changes. Accordingly a 

second electrometer was placed between the terminals just outside the liquid one, 

which being always in the same state gave the comparative values of the electromotive 

force. This second electrometer was an Elliott’s lecture-room pattern with two 

quadrants removed and the needle connected to one of the remaining quadrants. 

The advantage of this form for the present purpose was that by moving the needle 

up from the quadrants the deflection could be diminished to any desired extent. 

Then the quotient of the deflection of the liquid electrometer by the deflection of the 

second electrometer was proportional to the specific inductive capacity of the liquid. 

For every deflection of the liquid electrometer a pair of deflections of the second 

electrometer were taken with the needle connected first to one pair of quadrants and 

then to the other. The general arrangement of the apparatus is shown in the figure. 

The liquids experimented upon were turpentine, carbon bisulphide, glycerine, 

benzene, benzylene, olive oil, and paraffin oil.* Methylated spirit was also tried; but 
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its conductivity was so great that no deflection could be obtained. All except 

paraffin oil showed a decrease of speciflc inductive capacity with rise of temperature. 

The paraffin oil was that used in the lamps in the Laboratory, and its exceptional 

behaviour may have been due to some secondary action arising from impurity. 

The results are given in the following tables and diagram. And to show the way 

in which the observations were made, the readings are given for turpentine at two 

temperatures. 

Ratio of specific 
inductive capacity 

Temperature. to that at the 
lowest tempera- 

Rate of decrease. 

ture. 

Tiirpeiitme: 
20° C. 1-0000 
36 •9800 •0012 
49 •9700 •0011 
62 •9600 •0009 

Carbon bisnlpbide: 
15 1-0000 
35 •9130 •0040 
43 •8940 - •0040 

Glycerine : 
18 1-0000 
41 •8500 •0060 
61 •7760 •0053 

Benzylene: 
19 1-0000 
41 •9870 •0006 
52 •9640 •0011 
63 •9350 •0015 

Benzene: 
15 1-0000 
39 •9665 •0014 
58-5 ■9507 •0012 

Olive oil; 
17 1-0000 
38 •9530 •0021 
51 •9140 •0025 
59 •9130 •0021 
68 •8670 •0026 
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Ratio of specific 
indnctive capacity 

Temperatni’e. to that at the 
lowest tempera- 

Rate of increase. 

ture. 

Paraffin oil: 
18° C. 1-000 
36-.5 1-040 -002-2 
49-5 1-080 •0025 
54 1-081 •0022 

Readings for Turpentine. 

Temperatrire. Liquid 
Electrometer. 

Air electro¬ 
meter. 

Ratio of electro¬ 
meter readings. 

O O
 

Zero. 16-5 
Needle connected to one pair 6-2 85 1 

•098 6-2 - 20 J r 

„ other „ 26-6 -21 1 •102 26-0 75 J r 
Zero. 16-8 

Mean -100 
36° 

Zero. 17-3 
Needle connected to one pair . 26-3 83 1 •098 26-3 -15 J 

,, other ,, 
?) 55 

7-4 
7-4 

- 17 1 
79 J •098 

Mean -098 



16 MK. W. CASSIE ON THE EFFECT OF TEMPERATURE ON 

Fig. 8. 

If the relation indicated by Cleer Maxwell’s electromagnetic theory of light held 

good, and the specific inductive capacity were ecjual to the square of the refractive 

index, then the rate of change of specific inductive capacity with temperature ought 

to be twice that of the refractive index. Amongst the liquids, for which Dale and 

Gladstone have observed the refractive indices at difterent temperatures, are four of 

those dealt with here. The mean rates of change, with tenqjeratui'e of the refractive 

index for the A line in the spectrum, deduced from their observations, are 
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Turpentine. . . '00035 for temperature range from 10° to 17' 

Benzene . . -00040 5) 10 „ 39 

Benzylene . . . -00037 5 9 25 „ 39 

Glycerine . . . -00018 20 „ 48 

Thus, it appears that although the two rates of change for Glycerine present 

no similarity whatever, those of the rest of the four are in a ratio not very far from 

I to 2, the approach being nearest in the case of Benzylene. 

Appendix. 

(Received October 18, 1889). 

A suggestion having been made that, as the opposite effects of rise of tempera¬ 

ture upon solids and liquids were observed by different methods, it would be 

well that both should be tested by the same method, a qualitative experiment was 

made on a solid by the method used for liquids, to see whether the result would agree 

with that already obtained. 

A cylinder of glass was placed between the quadrants and needle of the liquid 

electrometer, leaving the needle free to oscillate; and observations were taken 

at different temperatures, exactly as already described for the case of a liquid 

dielectric. The result was always an increase of specific inductive capacity with rise of 

temperature, All the precautions for insulation, &c., were observed as in the 

experiments already described. But the heating was not maintained long enough to 

secure that the glass had acquired the fidl temperature of the air in the bath ; 

so that the results obtained are only qualitative, the change being less than that 

corresponding to the temperature indicated by the air inside the bath. In one case, 

where the heating had lasted several hours, the rate of change rose as high as ‘0024 

per degree for a range of 50° C.,a result sufficiently close to that obtained for glass by 

the other method, 

D MDCCCXC. — A 
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1. The operators to be considered, include or involve all those which have presented 

themselves as annihilators and generators in recent theories of functional ditferential 

invariants, reciprocants, cyclicants, &c. The general form of the binary operators, 

operators wliose arguments are the derivatives of one dependent with regard to one 

independent variable, which I propose first to consider, is adopted in accordance with 

that used in two remarkable papers by Major MacMahon,* They are his operators 

in four elements. The analogous ternary operators to which I subsequently devote 

attention, are distinct from his operators of six elements. Their arguments are the 

partial derivatives of one of three variables, supposed connected by a single relation, 

with regard to the two others. 

* “ The Theory of a Multilinear Partial Differential Operator with applications to the Theories of 

Invariants and Reciprocants,” ‘London Math. Soc. Proc.,’ vol. 18, 1887, pp. 61-88. “The Algebra of 

Multilinear Partial Differential Operators,” ‘ London Math. Soc. Proc.,’ vol. 19, pp. 112-128. 

D 2 14.3.90 
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The only previous contribution, of which I am aware, to the subject of the reversion 

of MacMahon operators, is a paper by Professor L. J. Rogers,"^ in which he obtains 

the operator reciprocal to {p,, v •, 1,1}, and alludes to the self reciprocal property of V 

which is expressed with more precision in (38) below. 

I. Binary Operators. 

• 1 cJ/^ If 
2. Let X and y be two variables connected by any relation. Let y-, denote —, and 

. , 1 d’-x 
jy ■ cIgiiolg ~ • 

rl dif 

Let ^ and r\ be corresponding increments of x and y, so that by Taylor’s theorem 

’I = 2/1^+ +2/3^^ +.(1) 
and 

^=X^y + x.pf + + . . . ,.(2) 

the one expansion being a reversion of the other. 

Let denote the coefficient of ^ in the expansion of i.e., of ^ + 

fi- . . .)® in ascending integral powders of and X/®* the coefficient of in the 

expansion of i.e., of + xpf + . . .)® in ascending integral powers of y. 

It is supposed that m is not fiuctional. It need not, however, be positive. Nor is it 

necessary to exclude the value zero, which, though somewhat special, will be seen to 

be of importance later. 

Let 71 be a positive or negative integer or zero, and let p and v be any numerical 

quantities. 

Denote 

..... (3) 

and 

m ^ by [p, z/; w, ?2}^ ..(4) 

the summations being, with regard to s, which assumes in turn all integral values not 

less than the greater of the two w and — n 1, so that, if m + n > 1, only symbols 

of differentiation with regard to all derivatives from ym + n onwards may occur, while, if 

m + ^ 1, symbols of differentiation with regard to all deiivatives may be present. 

It is the operators (p, r; ???, ?i}^ and [p, v •, m, n}^ of which I propose to speak as 

MacMahon operators in x and y, respectively, dependent. It will be seen upon reference 

to the first paper referred to above that they are the results of substitution in Major 

MacMaiion’s operator (p, v; on, n) for 

* “Note on Conjugate Anniliilators of Homogeneous and Isobario Diiferential Equations,’’* Messenger 

of Matbematics,’ vol. 18, pp. 153-158. 



VARIABLES IV CERTAIN LINEAR DIFFERENTIAL OPERATORS. 21 

of 

and of 

CIq, rto, C<'3, . . . 

0, .X’j, a?3, x^, . . . in the one case, 

0. yn Ui’ • in the other. 

MacMahon himself generally takes them as meaning 

Vi, ^3. yn yo • • • • > 

a fact which must not be forgotten in connecting his results with those to be here 

obtained. 

The essential difference between the cases of m + <{: 1 and m n <l should be 

noticed at the outset. Tn the former case, the complete set of coefficients appears 

in the operator (p,, v; m, In the latter, one or more of those coefficients 

(a number of them equal to the excess of — n 1 over m) is wanting at the 

beginning. 

3. The aim in view is to express any MacMahon operator {p, v, m, in x 

dependent as an operator or sum of operators of like form {p', v ; m, ')i'}y in y 

dependent. We need the linear expressions in djdy^, dldy.2, djdy^, . . . which, when 

operating on any function of y^, y^, 3/3, .. . are equivalent to djdx^, djdx^, d/dx^, . . . 

operating on the equal function of Xy, x.^, x<^, . . . The expressions in question I have 

obtained in the second"'' of a series of paper’s on Cyclicants, &c. The best form for 

present purposes is hardly there given to the conclusions. It will therefore result in 

a gain of clearness and no loss of brevity if in the present article the proof is given 

rather than the result quoted. The same remark will apply to Article 17 below. 

We may look upon Xy, x.y, x.^, ... as a number of independent quantities, upon 

3/1, 3/2, ys? ■ • • as determinate functions of these quantities, and upon ^ and y as two 

other quantities connected with one another and with Xy, x^, ajg, . . . by (1) or its 

equivalent (2). 

Give Xr alone of all tlie quantites Xy, x^, x^, . . . an infinitesinnal variation. Keep 

7] constant. In virtue of (2) or its equivalent (1) ^ will vary in consequence of the 

variation of a;,.. Also, as some or all of yy, y^, 3/3, .. . are functions of x,-, some or all 

of those quantities will vary. Thus, from (2) we shall obtain 

and from (1) 

0 = {yi + 23/2^ + 33/3^3 q_ 

= rj’’ hXr, 

dy^, >3 , dy? 

dXr dXr 
Sap = 0. 

* “ On the Linear Partial Differential Equations satisfied by Pare Ternary Reciprocants,” ‘ Loudon 

Math. Soc. Proc.,’ vol. 18, 1887, pp. 142-164. 
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Accordingly it follows that 

(Mh 
dx,. dXr dXr 

{y, + 2y,f + 3ysP + ■) . 

i ’ (5) 

and consequently, this being true for all values of that if by aid of (1) this right 

hand member be expanded in ascending powers of the coefficients of . . . 

are exactly the expressions for clyyldx,-, dyjdx,-, dyjdx^, . . . 

Now 
d 

dX-r 

dry d dy„ d 
-• "T“ - • - “T” 

dXr dy-^ dXf dy„ 

d}h , 
dXr' dy^ 

and is therefore the result of replacing each power of ^ on the left, and therefore 

on the right, of (5) by the corresponding symbol djdys. It follows that the expression 

on the right of (5) may be taken as a symbolical representation of the equivalent 

operator to dldx,-, i.e., that 

~ (2/1 ^ +•••)' {yi + ^yd + + . • •) 

= —V 
r ^ 
dr 

(6) 

where the meaning of the symbolisation on the right is that y is to be replaced by its 

equivalent in terms of f from (1), that the differentiation with regard to f is partial, 

that the product on the right is to be expanded as a sum of multiples of powers of 

and that then each power ^ is to be replaced by the coiTesponding symbol of 

differentiation djdys. 

4. The proof of (6) is the same for all positive integral values (including unity) of r. 

Thus the means of transforming any differential operator whatever is obtained. 

The rule according to which any linear operator is transformed may be very simply 

expressed. 

Exactly companion to the symbolical notation ^ for djdys in an operator linear in 

djdy^, djdy^, djdy^, ... is the notation rj^ for djdxs in an operator linear in djdx-^, 

djdx^, djdx^, . , . Now, writing a linear operator 

in the symbolical form 

A 
dx^ 

+ Bj^ + C 
dx dx\, 

+ . 

At}'^ + -j- Cy'^' -j- . . . , 

we learn by (6) that its equivalent in djdy^, djdy^, djy^, ... is obtained by multiplica¬ 

tion by — dyj d^, expansion in terms of ^ by (1), and substitution for each power ^ 

in the expanded result, of the corresponding djdys. 
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5. Now the symbolical form of any MacMahon operator for which m -\- n 1 is 

very simple. By (4) that of, 

{ix,v, m, n]y 

is 

i.e. 

i.e. 

£ t + 2/2^" + i/3^® + • • •)" •+ £ ^ (^1^ + 2/2^^ + 2/3^® + • • •)" 

^Uy^m _p + l y^M-l .(7) 

Thus in particular 

{1, 0 ; in, n,] y = - t r] 
m 

and 

;0, 1 ; m, n}y = + ^ , 

(8) 

(9) 

the right hand members being supposed to be expanded in terms of ^ by aid of (1), 

and then to have each power of ^ which occurs replaced by the corresponding d/di/s. 

We may of dourse write (7) 

{fx, p; in, n]y = ix{l, 0 ; in, n}y + v{Q, 1 ; in, n]y, .... (10) 

so that in (8) and (9) we have involved all MacMahon operators in y for which 

m + n is not less than unity. A reservation must for the moment be made of the 

case m = 0. 

Exactly corresponding to (8) and (9) we have the symbolical forms 

[\,Q-, = ,.. (11) 

{0, 1-, in, = + ■ ..(12) 

where the expansions on the right are to be in ascending powers of y by (2), and 

where in an expansion each is to be replaced by the corresponding dldx^. 

6. The transformation of {y, v; in, n}x for the cases at present under consideration 

of m + n not less than unity is now immediate. By Art. 4 the transformed form of 

the expansion in terms of y of 
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considered as the symbolical form of an operator in x dependent, is the expansion in 

terms of ^ of 

considered as an operator in y dependent. 

In other words, by (11) and (9), 

ra{1, 0 ; m, n[ 0, 1 ; 71 + 1, .(13) 

Again, the transformed form of the symbolical expansion in powers of y of 

' ^ (h^ 

is, by Art. 4, tlie symbolical expansion in powers of ^ of 

i.e., of 

^ ' d7) ■ 

ini — m?; + 1 
b 7 > 

since in d^jdy and dyjd^ the derivatives x^, x^, . . and y^_, . , are not regarded as 

variables. In other words, by (12) and (8), 

{0, 1 ; 771, 7i}^ = — (w + 1) {1, 0 ; n + 1, 7)1 — Ijj, .... (14) 

It is to be remarked that (13) and (14) are entirely in accord. Either of them is 

produced from the other by the interchange of x and y and of m and 77 + 1. 

From (13) and (14) by aid of (10) we produce the more general equality of 

operators 

{p., c; 771, 77}^ = — Jc(77 + 1), ^ ; 77 + 1 , 777. — 1 I .... (15) 
L \ y 

which may be given the more symmetrical form 

{my, y ; 771, in' — l}x -- — {m y, y ; in, in — 1}^ , 

in which in + m has to be positive. 

In (16) are included two interesting classes of particular ca,ses, viz.; 

^ — 771, 1 ; 7)7, in — 1 jj- = {~ 7)7, 1 ; in, in — 1 , 

ajid 
{7)1, 1 ; 7)1, 7)1 — 1}^ = — {)71, 1 ; 7)7, 771 — 1 

(10) 

(10 

(18) 

Corresponding to each positive degree in tliere are then two self-reciprocal 

operators.'" The first is of positive character, being entirely unaltered in form by 

* Self reciprocal operator.^, of coarse, generate from absolute reeipirocaiits otiier absolute reciprocauts. 
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interchange of x and y ; and the second of negative character, persisting in form but 

for a change of sign. (A coraplex self reciprocal operator can of course be found by 

taking the sum or difference of any two correlative operators; e.g., 

w{l, 0 ; m, {0, 1 ; « + 1, m — 

At greater length (17) and (18) are 

(m) (m) ^ (m) J 

%m + 1 d,r.i “im + 2 

and 

(m) (m) ^ (m) V 

(m) J (m) g (m) g 

2m X™. ^ h (2m + 1) -1“ "i" ^™ + 2 3l + • • • (^jCn- tm ■'2m +1 

(m) ^ (m) ^ (m) ^ 
= -n-«Y. ^ + (2m + l) Y.,.^ + (2m + 2)Y,.,,^ 

2m — 1 ^ytm ^y%in +1 

(17a) 

(18a) 

In particular for m = 1 we have 

and 

+ 2a?3 — + 

^ d , „ d , ^ d , 

d.C;^ fteo 

Again m = 2 gives us that 

^^1^2 + 2 (2(riX3 + a;/) + 3 (2a:ia?4 + 2(r5a;3) £- 

+ 4 (2a?iX5 + 2a;2a;4 + a;32) ^ + . . . , .... (21) 

and 

^ ^ + 6 (2aJia:3 A xi) ^ + 7 {2x^x^ + 2^2X3) (22) 

are self reciprocal operators of positive and negative characters respectively. 

7. As other examples of the important formulae of transformation (13) and (14), let 

us write down cases corresponding to m = 1, ri <|: 0. 

For m = 1, n = 0 we obtain 

a^i 5“ + ^^2 
dx 

d d 

+ *»* + dx, 

d . , d . ^ d , 
2/1X7+“3/2 77+ %3^ + 

ddi dy2 
(23) 

x.—-\- 2x, 
dx^ 

MDCCCXC.-A. 

+ 3a;3 
^ dvo dx.y •f . . • = 

r d , d , <i 1 

“ “ A </7. + rfS-S ‘ ■••f 
E 

(24) 
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which together are equivalent to (19) and (20) together. From (23) it follows that a 

homogeneous function of x^, . . . transforms into an isobaric function of y^, 

. . . , and that, i and w meaning degree and weight respectively, 

'lx - ' 

while from (24) follows the equivalent fact that an isobaric function transforms into a 

homogeneous one, and that 
%V^ 

From (19) follows the especially interesting fact that, if a function of Xi, x^ x^, . . . 

is isobaric in x^, Xq, x^, . . . upon considering the weight of x,. to be r — 1, so also is 

the transformed function of y^, y.^, yg, . . . isobaric in the same sense and of the 

same w^ei^ht in yo, yg, y^, . . . 

Again the substitution m = 1, w = 1 in (13) and (14) produces for us 

Jr + li + *3 + • ■. = - 4 + 3Y.-3. A + 4Y ® A + ,, 

and 

CZ cl/ . [ /-j\ cl ■TT /T\ ^ I "VT /D\ 

+ '^^3:7:: + • • • = “ 1 ^3^ .TF + ^3' .yy + a; + ■ • dx.. dx, dys dyi 

. (25) 

> (36) 

whe re 

- yA Yg^n = 2y,y„ - 2y,y3 + y/, = 2y,y, + 2y,y„ . 

These two transformations have been obtained by Professor Rogers (see note to 

Art. 1). The second tells us that what he calls primary invariants in Xj^, x^, . . . 

have for their transforms what he calls secondary invariants in y^, y^, yg, . . . 

We might now consider the results of putting m = 1 and w = 2, 3, ... in (13) and 

(14). By this means the transformation of lineo-linear operators of two, three, &c., 

steps is effected. For the general case m = 1, = 'll the results are 

X 
^ V + % dXji + 

dx 

71 + 

d 
+ • • • 

8 
{n + 1) J 

q(ii+ + + 

^(/l + 1) 

(n + 2) 
dy. 

+ • 

7i + 2 
. (27) 

X, 
dx„ + dx 

3(^0 
n + 2 dxji + 

+ 3 

(28) 

Perhaps the most interesting fact to be deduced from (25) and (26) is the trans¬ 

formation of {— 1, 1 ; 1, 1], the second annihilator Lt of projective reciprocants. By 

subtraction of (25) from (26), or directly from (15) 

(-1, 1; 1, 1}.,= 1-2, 1; 2, OR, 
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%.e. 

or 

cl cl (1 
% :7V + 2a;3 A- + -- dx. clx^ dx,- 

= 4 |Ys®t- + 2Y*® A+ 8Y®A + ,.. \ 
I i 

= i {21/11/3 £- + 2 {2y, y, + y^^) + 3 {2iy y_, + 2//3 y,) + 

+ 4 

yi d _d 
v” 1—1“ 34/2 2/3 ^ 
2 (hji 

- yl\ A 

« c. ?/) = ?/i« fe *) + 2 V £■; + ^y-i A ■ 

1^2/. y* 4 tjrfy^ + 

(29) 

Since acj = 1 we infer from this conclusion and its correlative that 

x. 
■* i, + ** + v) A, + •■•}=»>*" 2/) 

is a self reciprocal operator of negative character. The operator is one of considerable 

interest in connection with the theories of invariants and reciprocants. (See 

MacMahon, ‘London Math. Soc. Proc.,’ vol. 18, p. 75). 

It also follows that the sum of 2xy Cl [x, y) and the operator on the left of (30) is 

a self reciprocal operator of positive character. 

8. To complete our theory of the reversion of MacMahon operators, for which m n 

is not less than unity, we must consider the somewhat special and exactly correlative 

cases m = 0, n 1, and n= — 1, m <]: 2. 

The operator 0 {1, 0 ; 0, is dldx„ in accordance with the general definition of 

m {y, Vm, 74}^ in (3). Thus the identity (6) may be written, by aid of (9), 

0{1, 0; 0, p},,= - [0, 1; r+ 1,-1},,.(31) 

for any positive integral value, not excluding unity, of r : which is strictly in agree¬ 

ment with the general formula of transformation (13). 

On tlie other hand the general definition (3) gives to 0[0, 1 ; 0, 11}3: no other 

meaning than zero. So far then the operator {0, f ; 0, n]^ is indeterminate in form. 

An interpretation of it is now sought which shall make the case not exceptional to 

the general formula of transformation (14). 

E 2 
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To discover this interpretation let us reverse the order of investigation and seek the 

operator in x, which is equivalent to the operator in y obtained by putting m = 0 in 

the right hand member of (14). 

By (8) the symbolical form of 

— (n + 1) {1, 0 ; 71 + 1, — 
is 

_ 1 y^n + 1 

The equivalent operator in x dependent has then for its symbolical form, as in Article 4, 

i.e.. 

Now 

^« + i ^ -1 
drj 

*._logp 

+ *2'7 + *3’?® + • ■ •) 

d 
- - g ■>! fe didxi + 2Xi dldx^ + ZXi djdx^ ^ 

drj ^ 

_ g •>) (X2 djdxi + 2x^ d/dx-i + Sx^ d/dx^ + . . , 

~ 

ly 'V* /y» 2 ^ Y’ 2/y» ___ Q 'V'* y y 1 y 3 

= H-V +--1-+ 

_.^2 G-Tj G^ajj G%2 , , 

— Td ^ ■ 1 (2 Td ’ 1.2.3 + • • • ’ 
(32) 

where G = x^[ % — + 2a;3 — + 3x^ +...)— 373 (Xi + ^3 ;7y + 
' dr ' dr. 

= (2a;ia;3 - x/) - x^x.^ + (4a:,0^5 - a:oa:4) + • • • , (32a) 

so that the numerators Ga;2, G"a:2, G%2, . . . , are a set of seminvariant protomorphs in 

a:,, a:2, 2 ! a;3, 3 ! a:^, . . . 

Consequently the transformation in x dependent of — (n+l) {IjO: n 1, — l},,is 

d . d ^ G«2 d I G%2 
+ + 

d , G^iCo d J-2 — I 
I O t 4. • dXfi x, dxji ^.,2 2! a, dx^ 3 3! a, dx^i, 

and it is accordingly this operator which has to be defined as 

{0, 1 ; 0, 71}/. (33) 

* Cf. Hammond, ‘ London Matt. Soc. Proc.,’ vol. 18, p. 64, note. 
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that (14) may be regarded as holding for the value m = 0 as well as for non-vanishing 

values of m. 

It affords an instructive verification to conduct the investigation of the same trans¬ 

formation in the order of Article 6. 

9. For the case n = 1 the two formulae of transformation, 

0 {1, 0; 0, n}^= — {0, 1 ; 1, — 1}^, 

[0, 1; Q, n}x— — (u+l) [1,0; n 1, — 1}^, 

of the last article become respectively 

and 

A__ 1 J 9Y ®) 4^ _4_ qv (2) dL 4_ lY (2) i 
dx,- 2 dy,^"\ 

= - i +?//) + 

d d, 2x-^x^ — x,^ d ^ ?>x-^x^ — Sx^x^x.^ x^^ d 

Ll/'t/t/g tv 2 dXr, dx^ 

= - A dy- 

■ (34) 

By combination of these we have the equivalence, free from cljclx^ and djdy-^, 

x^d 2x1^3 — x^ d “^yx^x^ — A- X:^ d 

Xj dx^ x-^ dx^ x^ dx^ 

d f 

= yyy^ ¥ ^ + tj ¥ + ^ ¥■'■•■■ 

/ d d d \ , d „ d 

= y^ b^¥ + ^^■‘¥ + ®^*¥ +■••) + ^ V ¥ + ¥ 
+ 4(„, + f)A +. (36) 

In like manner, for any positive integral value of 'll, 

[0, 1 ; 0, 71}X — 0(1, 0 ; 0, 7^}x — “ (vi + 1) [1, 0; ^^ + 1, — 1}^ 

-= [0, 1; 1, - 1}, . . ..(37) 

is an equivalence of operators which do not involve any lower symbols of operation 

than djdxn+i and dld'y^ + i respectively. 

10. From (34) is easily derived in exact form the known fact that the anaihUator T 
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of pure reciprocants is, when affected with a simple multiplier, self reciprocal. We 

may write (34) 

d d 

= - yi 0, 1 ; 1, 0},, - V (y, x). 

• ■ • L, “ ~ ~ • 

So too, correlatively, 

yi~7— ^i~r ^ dy-^ ^ dx-^ 
{1, 1 ; 1, 0}^ — .Tj W {x, y) 

But 

(1, 1 ; 1, 0].,= - {1, 1 ; 1, Oj^by (18) or (20) 

. •. rrj W (a;, y) = - yi W (y, a;);.(38) 

so that, to use a familiar notation, ^“W is a self reciprocal operator of negative 

character. 

11 It remains to consider operators {p, v, m, n] in cases when mn <1. In 

such cases the formulae of Arts. 5 and 6 have to be replaced by others. The essential 

difference between them and the cases already considered lies in the fact that the 

lower limit of in (3) and (4), and, therefore, in what replaces (7), is now — 71+1 

in.stead of m, i.e., is greater than m, so that the coefficients in [fx, v; m, n},j are no 

longer multiples of the complete set of coefficients in the expansion of (y^^ + y^P 

+ + • • •) but of those coefficients with the exception of one or more at the 

beginning. 

In the present article attention is confined to the case of m + = 0, i.e., n= — m. 

Proceeding to write down the symbolical form of {y-, ; 'in, — '>n}y as in Art. (5) we 

see that the whole expansion from which we there started is present except the first 

term, 

-(y + rm) + 

Thus the symbolical form of 

{1,0; 'ill, —'m}y is ^ (y"'— yf" .(39) 

and that of 

{0, I-, 'ni, — m}y is — yh'. . (40) 

the right-hand members standing for their expansions in powers of f 
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In like manner 

1 I dP 

standing for their expansions in terms of y], are the symbolical forms of 

{1, 0 ; m, — m]x and {0, 1 ; m, — m}^. 

As in Art. (6) the result of transforming {1, 0 ; to, — m]j; to its form in 

dent is, then, symbolically. 

i.e., 

i.e., 

_ i tZni _ /y. m ^m\ 

m ^ ^ 

1 o dr] , 1 dr] 

m d^ m d^ 

m 
-rjh 

- -J"'+ - 2/r'M:;i - ni]; d^ 

I ^ (dr] 

m 

whence, by aid of (40), 

TO {1, 0 ; TO, — to}^ = — {0, 1 ; 1 — TO, TO — 1 [0, 1; 1, — i 

Once more the result of transforming {0, 1 ; to., — is, in like manner. 

i.e.. 

i.e. 5 

d^ 

dr] 

'Im — 1 rq—m + \ 
+ Vi— 

dr] 

w 

t-H-n 
— M+\ 

Ui 
“W + 1 d—/fl + 1 / dr] 

— )}) I _^ 

d^ 

SO that, by (39) and (40), 

{0, 1 ; TO, — w]^ = — (I — to) {1, 0 ; I — to, to — 1 {0 1 ; 1, — 

From (43) and (44) follows the more general identity, 

TO {y, z/; TO, — m]^— — {vm (1 — m), p,; 1 — m, m — 1 \y 

+ (/. + TOi.)/yi-“{0, 1 ; I, - I] 

(41, 42) 

y depen* 

ir («) 

]r (44) 



32 MR. E. B. ELLIOTT ON THE INTERCHANGE OE THE 

or, replacing vm by v, 

m |/x, - ; m, — wX = ~ [I — m) \v, — ; 1 ~ m, — 11 
[_ in \ X LI 'Wl \ y 

+ (P- + 2/1”'" {O5 1 j I5 ~ 1 ly 
In particular, 

m ^ " ; 1 ~ w, m 
1 “ m 

(45) 

(4G) 

12. The value zero of m is somewhat special in these cases of n = ~ m, just as in 

the more general cases already discussed. So too, of course, is the conjugate value 

m = 1. 

For (43) and (44) to hold for these special values of m we must have. 

0 (1, 0; 0, 0]^ = - 
{1, 0; 1, - 1}, = - 

{0, 1 ; 0, 0). = - 
{0, 1; 1, - 1],= - 

{0, 1; 1, _ 1]^+ {0, 1 ; 1, - l}y, 

{0, 1; 0, 0], 1; 1, - 1],, 

{1, 0; 1, - 1],+ (0, 1; 1, - l\y, 

0 {1, 0; 0, 0], (0. 1; F “ Ik 

(47) 

Of these four equalities the first is a mere identity of two zero operators. In fact 

to 0 {1,0; 0, 0] no other meaning than zero could be attached consistently with the 

general definition. Thus the form of {1, 0 ; 0, 0] is left indeterminate. 

The fourth of (47) becomes 

^.e., 
{0,1; 1, = [0, 1; ], -1]„ 

}=?/r*{2y.|; + 3ya4 
^ d , „ d , , d . 
2(^0 -fi 3X0 , “b 4iX^ -z -j- . 

^ dx^ ^ dx^ ^ dx.^ 

(48) 

d . ^ d 
of which the left-hand member is merely x-^~^ —, and the right y~^ —, the symbols of 

<7 
differentiation being total. 

The remaining equalities, the second and third of (47), now become the same but 

for an interchange of x and y. Consequently there will be complete consistency if 

we define the at present undetermined operator {0, 1 ; 0, 0} as that which obeys the 

equation of transformation 

{0, 1; 0, 0}, = - {1, 0; 1, - 1)^-1- {0, 1; 1, - 1], 

= { - 1, 1 ; 1,-1],, 

(49) 
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Now, proceeding exactly as in Art. 8, it is seen that the symbolical form of an 

X operator equal to this is t) dldrj log and that its expanded form is obtained by 

omitting the first term, and then putting n = 0 in the general value (33). Thus, the 

operator which has to be defined as [0, 1 ; 0, 0}^ is 

d Gr”^2 d 

xd dxo 2 ! d®. 
-j- . . ., (50) 

where G is the generator defined in (32a). 

13, Examples of important operators which occur among those transformed in the last 

two articles are before us in (48) and in the ec[uality of (49) and (50), It is unnecessary 

to multiply particular instances as they can be deduced without number by giving 

m particular integral values in (43) , , , (46), It is to be noticed that, excluding the 

special cases of wi = 0 and m = I, one or other of the two equivalent operators will 

involve as coefficients those in a multinomial expansion of negative index. Thus, 

for instance, 

2{1, 0; 2, - 2}, = - (0, 1; - 1, 1),+ 2/r'{0, 1 ; E - 1},, 

a particular case of (43), is at more length 

d d d 
dx\ + ^ -+• Sa^s^Tg) • 

_ _ ! yj - d_2 - ‘^vdj^h + Viyu) , 
y\ " y^^ dy,^ 

y\ 

d d d 
+ ,7^ 2^3 — + 32/3— + 42/4vy + • • • - 

dyi dyg 
(51) 

The transformation of the operator G of (32a) is an application of (49), Thus 

d d d 

y> 

_ -ijy2 d d G2//2 d 
— iJi i r A, "T 777 XT + + • • • 

Vi dyi yd d//2 2 ! yd dyg 

— y\ ®2/2 i yiir + 23/2 7, + ^2/3 X- + . . . 
d d d 

dyi dys 

_ 2yiy3 - m d_ 3yd"y^ - Qy^y^y^ + yj 
3 1- i- • • • 

yi Vi 

dys 

dys 
MDCCCXC,—A. 

dx.i 
G {X, y) = X, y- + 2*3 - + 3*3- + , , .j - *3 p. - + *3- + *3 - 

= 1, 1; 1, - 0; 1, 0}, 

= 2/rHo, 1 ; 0, 0}^ - yC^iJz{0, 1 ; 1, 0} 

by (49) and (23), 

(52) 
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14. Operators for which m + n is negative still remain to be considered. In 

particular, those of the type {0, 1 ; 0, — n} have still to be defined. About the 

right definition of them there can, however, after articles 8 and 12, be no doubt. 

The general principle by means of which if {/x, v; m, n]y is known, the form of 

{/X, v; m, n — r}y is deduced is expressed by the rule—“Write [/x, v, m, n}y 

symbolically, by putting for each d/dyp, divide through by reject all terms, if 

any now occur, which do not contain a positive power of f as factor, and then for 

each write dldi/p.” 

Thus to accord with (33) and (50) the right operator to be defined as 

:0, 1 ; 0, — n'} 

where — n is a negative integer, is 

d 
+ + G'‘'+V2 d 

dy^ (7h + 1)! dy„ (A + 2) ! dy. + (53) 

We now proceed to the transformation of {/x, v ■, m, —m — where r is a 

positive integer. 

The symbolical form of m{l, 0 ; m, — m — is as in Arts. 6 and 11 

•“ Tfh - 't' . 7 
7] \C — JL 7) — jL 7} ' m ' m + l ' . . — A 71 j. 

m + r ' ^ 
(54) 

The symbolical form of its transformation is, therefore. 

^ni — III — r dy — r drj 

(y rfi + A’? 
+ X‘"’ 

' m+l ' 

■ + 1 dy 

cij + m+ rcl^ 
(55) 

This when expanded in terms of ^ can involve no zero or negative powers. For it 

is a sum of multiples of 7j dirjjd^, 7f d7]ld^, . . . only, since (1, 0 ; w, — m — r}a; is a 

sum of multiples of t), t^, . . . only, and these when expressed in terms of ^ are 

all free from . . . Thus the coefficients of ... 1, which 

would appear to occur in the above symbolical form of the transformation of 

(1, 0 ; m, — m — r] are in reality absent; and, consequently. 

m{l, 0; m, — m — r],, = — {0, 1; 1 — in — r, 

+ X'"^ {0,1; 2-7’,-1] +...+X'”‘^ 
‘ )h+G ’ ’ ’ ' ' m+r-l 

m-l] +X^™'{0, 1; ] - r, - 1] 
y la ^ ^ y 

(0,1;0,-1} +X'"'JO.l;!,-!} , (56) 

the various terms on the right consisting of the parts with positive indices of ^ from 

the corresponding terms of (55). 
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lu like manner m{0, 1 ; m, — m — r]^ whose symbolical form is 

I — m — r cl (m) ’b st (™) m + 1 

n T“C — Xn — X. 7] — 
' ^ m ' -/H + 1 ' 

. - X 
(m) 

m + r 
. (57) 

a form proceeding by positive integral powers of t), and therefore of transforms 

into 

- m — 1 l — m — r ~^(rn) — r cl'Yj , i -i \ ^ ’’ . mi T, +™X.J? +(™+1) V+i’' ,75 + ^ ' m + 1 ' 

+ + r - 1) X^™^ 7)"' + (m + ^0 % . (58) 
' ' ' ' 'nx-VT-\> ^ ' rti + r ^ ' 

of which the terms in zero and negative powers of ^ must, as before, disappear, leaving 

as the result of transformation 

m (0, 1 ; m, —ra—T\-,— —?h(1 —m —r) ]'l, 0; 1—m —r, m—1 Sy 

+ mx;f {0, 1; 1-r, _ i] + («,+1)X;;;;JO, 1; 2-r, -1] + • • • 
(m) 

+ (™ + >'-l)X“,_,{0,l;0,-l}+(m + r)ry{0,l;l,-l} (59) 
(in) 

By addition of p, times (56) to p times (59) the transformation of the more general 

(p, f ; m, — m — 7’}^ is at once deduced. 

15. The forms taken by (56) and (59) for the case r ~ 1, i.e., 7n n ~ — 1, since 

— TO — 2 

'‘^y^ y^, 

m {1, 0; TO, — m - 1] = — [0, 1 ; - to, m — 1] + y"™ [0, 1; 0, — 1} 
_ — o 

- ^y^ y^ ~ 

and 

[0, 1 ; TO, — TO — = TO [1, 0; — TO, TO — 1}^ + 7/“™ {0, 1; 0, —1}^ 

1; 1, -1]^ . (61) 

One or two particular cases of these formulae deserve mention. The value zero 

of m makes (60) an identity. In (61) the substitution of the same value produces 

[0, 1 ; 0, L};;; — (0, 1 ; 0, l]y 7/^ {O, 1 ; 1,   1 

F 2 

X(to) V,. — 
z= X = IJ 

TO 1 *^1 

and 

may be written 

X\Ul) 11 

= mx 
in +1 1 
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in verification of which we may notice that it is unaltered by interchange of x and y, 

in virtue of (48). Another way of writing the result is to say that 

2(0, 1; 0, - l},-x{-^^x^[0, 1; 1, - 1}, 

= 2{0, 1; 0, - 1; 1, - 1}, . (62) 

is a self reciprocal operator of positive character. 

We are now enabled to write (61) 

m[0, 1; m, — m — l}^ 

= m(l, 0; — m, m — 1; 0, — 1}^—1; 1,-1}^, 

which becomes (60) upon interchanging x and y, replacing m by ~ m, and using (48) 

and the values for x^ and x^, in terms of y^ and y^. Thus we have another verification 

of the consistency of our results. 

II. Ternary Operators. 

16. Let X, y, z be three variables connected by a relation of any form known or 

unknown. Let Xrs, y^ z,-s denote respectively 

1 d’- + ^x 1 d’'+H/ 1 d’' + ^z 

r !s ! dy^ dz^ ’ v’!s ! dz’’ d'jf ?’! s ! dr^ dy^ 

Let rj, i be any set of corresponding increments of x, y, z. They are connected 

by a single relation, which may be written in either of the forms 

^ = (a^lO 1 + 0 + (a?30 + ^11 T) 

+ (^30’y® + ^21 + .To3 D + • • • , • • ((13) 

'n = (2/101 + .1/01 + (2/20 + 2/11+ 2/02 

+ (2/30 + 2/21 + 2/12 + 2/03 ^^)+••• > • ■ (34) 

C = (^10 ^ + ^01 1) + (^20 P + ^11 + % 1^) 

+ (^30 + ^12 + 2:03 >?^) +.(65) 

Let m be a positive integer, and let denote the coefficient of rf' in wlien 

expanded in ascending products of positive integral powmrs of y and so that 
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= t  (66) 
r + s ' 

and in like manner write 

= 2 Y"?!-,  (67) 
r + s^m 

and 

= X .(68) 
r+sJS^ m '■* 

We may include, if we please, the value zero of m ; but the expansions of r}°, 

consist only of the single terms r)° '’?"• 

The operators to be considered and transformed are the following :— 

in{ix, V, v ; m, n, n]^ — X vr v s) X ^ -s . . . (69) 

m[ju,, V, v'; m, n, n}y = X{(x vr + vs) ^-j . . . (70) 
(^yn + r^n' + s 

V, v; m, n, n}~ = S (/r + *^’ + -— -; . . . (71) 
'’5 ClZji ^ 5 

where p-, v, v are any numerical quantities, 

m a positive integer, 

n, n' positive integers or one or both zero, and 

r, s quantities which take in succession all zero and positive integral values 

subject to r + s <j: m. 

Cases of m negative, and of n, n either or both less than — 1, which have been 

dealt with in the analogous theory of binary operators, will not be here considered. 

The cases of m zero, and of n or n equal to — 1, will not be entirely excluded, but 

will be only dealt with as far as their accordance with the results for m positive and 

n, n' not negative needs no elaboration to make it clear. 

Thus our field of investigation is narrower than in that of the analogous theory 

hitherto considered. Were negative values of n and n admitted, the lower limit of r 

in the operators (69) . . . (71) would be — ?^ + 1 instead of zero, and that of s would be 

m like manner — n + 1. Thus when we admit the value — 1 of n we must exclude 

the value 0 of r, and when the value — 1 of n' we must exclude the value 0 of s. 

Let us now express (69), (70), (71) symbolically as follows :— 

m [p, V, V ; m, n, =■ X {ix vr vs) X'™^ yj + r _ (j^) 

m {p, V, V ; m, n, n'}y = S (p + vr + vs) 

m [p, V, V \ m, n, n]; = ^(p -b d* v‘s)'Z!'"'^ ^n + r y^n>+3. ^ 
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i.e., let us in any a;-operator symbolize d jdxpq by rjP in any y-operator dldijpo by 

and in any ^-operator d/dzpj by r)^. 

We may in this way write (71) or (74) 

m {fx, V, V ; m, n, n'}, = yf {% ^ + ^oi '>? + %o ^^7 + %’7^ + • • • 

+ ^ {^10 ^ + 2=01 y + Zoo + Zn 5? + z^oo + • ■ • ; V'» 

+ ^ {^lo ^ + Zqi y + Zjo + Zji fy + Soa y- + . • •}“ 

= /x^" y"' + i y"' (^''') + T7”' + ^ ^ (^’''), . . (75) 

where ^ means the expansion in terms of ^ and y given in (65), and where the 

symbolization denotes that the right-band member is to be expanded in terms of ^ 

and 7], and to have each product ^p in its expansion replaced by the corresponding 

djdzpq, in order to produce the operator in 2 dependent which is represented by the 

notation on the left. 

Thus in particular, assigning to different pairs in succession of the three parameters, 

fx, V, V, zero values, 

m [1, 0, 0 ; m, n, n]-_ — .(76) 

m {0, 1, 0 ; m, n, n}~ — y"'^^(^“) = y"'. . (77) 

m{0, 0, 1 ; m, n, w'}, = . . (78) 

while 

[/X, r, V m, n, n'], — /x (1, 0, 0 ; m, n, n). + r {0, 1, 0 ; m, n, n'}. 

+ v' {0, 0, 1 ; m, n, n]~. . (79) 

Precisely similar symbolical expressions to (75) . . . (78) are, of course, assigned to the 

corresponding operators in x and in y dependent. We have only cyclically to inter¬ 

change f, y, I, once and twice respectively, and to regard the expressions on the right 

thus obtained as short ways of writing their expansions by aid of (63) and (64) in 

terms of y, { and ^ respectively. 

17. In the present article the expression of each operative symbol djdx.s, on a 

function of the derivatives of x with regard to y and 2, in terms of the operative 

symbols djdzp^ on the equivalent function of the derivatives of 2 with regard to 

X and y, is investigated. 
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If, as in the earlier part of the last article, -q, { are simultaneous increments of 

X, y, z, we may look upon 
/y» /y* y <y* y 
0^10, «^oi’ '^30’ ‘^11’ "^03’ ■ • • 

as a number of independent quantities ; upon 

and 

i/i05 2/30’ 2/in 2/o3> • • • 

^10, ^01’ ^30> ^11’ %3> • • • 

as determinate functions of these quantities ; upon y, I as three quantities connected 

with one another, and with x.^q, ... by a relation of which (63), (64), and (65) 

are equivalent forms. 

Of the quantities x^q, Xq^, x.iq, ... let one x^^ alone receive an infinitesimal variation : 

also of £. y, let y and ^ be kept constant so that ^ receives a consequent variation. 

Some or all of y^Q, ^/q^, y.^Q, . . . and some or all of ^on 2-'3o> • • • will also receive 

consequent variations. From (63) we thus obtain 

from (64) 

0 = I2/01 + 2/11^ + + 2/31^^ + + .}3^ 

+ 
and from (65) 

y I > I ^1/20 y-2 I i ^ ^ _j_ ^2 

doOy^ ctiX/fg dj.fg «+tf+ 

0 = {2=10 + 2%of + hiV + + ^iin‘ ■ • • ] Sf 

The three relations are identical. Let us study the identity of the first and third 

We obtain from them that 

'in 
dXr 

t I tz _T_ t I 2 I 

dxj^ dxj + .yy +■ ■ ■ 

= {^10 + 2z,q^ + z-^^y + 3zgo^^ + ‘^z.2i^y + z^^y'^ + . . . (80) 

for all values of £ and y ; and, consequently, that if by aid of (65) the right hand 

member be like the left, expanded in powers and products of powers of ^ and y, the 

coefficients of corresponding terms on the two sides will be equal. In other words, 

each dzpjdxrs is the coefficient of the corresponding ^Py'i. 

Now, in the equivalence of operators. 
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Jl 
cb:r. 

d 

dx,, dz 10 

I 
' dx 

A 
dx, + 

01 dXr. 
20 A 

dz, 20 

j ^~1I 
dxr. dz- 

d _^dz^ d 

11 dXrs dz. 
+ 

each dzpjdxrs is the coefficient of djdzpq. 

It follows tliat in the expansion in terms of ^ and t) of the right hand member 

of (80) the substitution for each ^^17? of the corresponding d-ldzp,^ exactly produces 

the expression for djdxrs. In other words, for each r and s, the 

z transform of .(81) 
dxrs 'd^ ' 

where ^ and its partial differential coefficient are to be replaced by their equivalents 

in terms of ^ and rj by (65), where the product is to be expanded in terms of ^ and 17, 

and where in the expanded result each product ^^77'? is to be replaced by the corre¬ 

sponding operative symbol d/dz^^. 

By (77) we see that djdx^s is thus replaced by a linear ^-operator of the form under 

consideration ; in fact that 

_ .0. 1, 0; « +1, - 1, )•}..(82) 

Since the fx and the / of this operator are zero, the fact that is — 1 gives no 

difficulty as to the presence or absence of coefficients on the right like 

In precisely the same way, by giving variations to ^ and Xys in (63) and (64) instead 

of (63) and (65), we might have obtained 

d 
fO, 0, 1 ; r + Ij s, — 

of which y-operator the symbolical form is 

(83) 

- cv 
drj 

dTf 

18. The rules for transforming any linear ai-operator to its equivalent forms in y 

and in 2; dependent, are now very simply expressed just as was the analogous rule in 

in Art. 4. Since the ^-operator 

A 
dXfs 

or 

has for its equivalent y-operator 

and for its equivalent z-operator 

-r)% 
dr 

-Vi 
dr 
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these rules are merely—To find the equivalent y-operator to a given linear £c-operator, 

multiply its symbolical form by — dr)/d^; and to find its equivalent z-operator, 

multiply that symbolical form by — dljd^. The y-operator thus obtained has of 

course to be expanded in terms of ^ and ^ by (64), and the z-operator in terms of ^ 

and 7] by (65), before being intelligible except b}^ means of (76) to (78). 

In verification let it be noticed that, since by first principles of the theory of partial 

differentiation the three sets of ratios 

d7] ' ' 

drj dr) 

~ ■ ’ 

d.r] d^ ’ 

are equal, precisely the same results are obtained by cyclical interchange of x, y, 2; 

and i, 7), C- 

19. Now as in (76) 

m{l, 0, 0 ; m, n, 

Its forms in y and z respectively are then 

- ^ . and - ^. 

Of these by two cyclic interchanges in (78), and by (77) itself, respectively, the 

expressions are 

— (0, 0, 1; n -{■ I, n, m — l)^,, and — [0, 1, 0 ; n -{■ I, 711 — 1, 

consequently 

m(l, 0, 0 ; m, n, 71]^ = — {0, 0, 1 ; 7i -\- 1, n', 771 — l}y 

= — {0, 1, 0 ; 71 + 1, m. — 1, n}~. . 

In the same way the y and s transforms of 

{0, 1, 0 ; m, n, n'}^, i.e., + , 

(84) 

are 

^.e,, 

_ H + l^.p _ ^M-1 u + 1 , 
' dt] d^ ^ I '=• 

_ + and + + 
dr] 

MDCCCXC,—A. G 
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by the equalities of ratios at the end of the last article. Accordingly 

{0, 1, 0 ; m, n, ri}^ — — 4- 1){1, 0, 0 ; n -{■ I, n, m — l]y 

= (0, 0, 1 ; n + 1, m — 1, n}~. . (85) 

And once more, precisely in the same way, 

a ^ ci^ 

are equivalent operators in x, y, z respectively dependent, so that also 

{0, 0, 1 ; m, n, = {0, 1, 0 ; n -{■ I, n, m — l}y 

= — {ll -f" 1) {1} b ; 11 7Yl — 1, 71 j. (86) 

Of these sets of equalities (85) and (86) may in reality be deduced from (84) by 

cyclical interchanges of the variables and alteration of parameters. The independent 

investigation above is justified by the verification it affords. 

The general formulse of transformation, including (84), (85), (86), follow from them 

by (79), and are 

{/r, V, v'; m, n, u'}^ = { — i^(n -j- 1), i'', — -; n -j- 1, n, m — l]y 

= {— V {n' ^ , V n' in — 1, 7i}-. . (87) 
TYt/ 

Included, it is interesting to notice that we have three distinct classes of self 

reproductive or cyclically persistent operators, of characters corresponding each to one 

o± the cube roots of unity, viz,: 

(— 777, 1 , 1 ; 777, 777 — 1, 777 — 1 }^ ={-- 777, 1, 1 ; 777, 777 — 1, 777 — 1 ]^ 

= { — 777, 1, 1 ; 777, 777 — 1, 777 — 1 }. . . (88) 

f — 777, CU, CD® ; 777, 777 — 1, 777 — 1 ]^ = CD [ — m, CD, CD® ; 777, 777 — 1, 777 — 

= CD® { — 777, CD, CD®; 777, in — 1, 777 — 1 }- . (89) 

I — 777, CD®, CD ; 777, 777 — 1, 777 — 1 = CD® { — 777, CD®, CD ; 777, 777 — 1, 777 — \}y 

= CD { — 777, CD®, CD ; 777, 777 — 1, 777 — l}j . (90) 

20. Some of the simplest, and most important so far as actual experience goes, 

examples of the formulm now proved will be considered in what follows. 
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The only lineo-linear operators, of the classes with which we are dealing, both of 

whose cyclical transformations are also hneo-linear, are found by putting m, n -h 1 

and n' -j- 1 all equal to unity in the results of the last article. Thus 

[1, 0, 0 ; 1, 0, 0]. = - (0, 0, 1 ; 1, 0, 0], = - [0, 1, 0 ; 1, 0, 0},, (91) 

with the correlative equalities obtained by writing y, z, x and 2, x, y respectively for 

X, y, z, involve the aggregate of all such operators. At length the equalities (91) are 

A 
^^0 dx X-ic\ + ^01 ^ “T •^20 y. 

10 

d d 
^-20 ,7.. ' “1~ ^ 

01 

d d 

'20 11 

7 I ^10 7 "h 7 
dXQ„ diCgy dllgi 

d , d 
+ ^12 + • 

12 dx, 03 

d 
+ . . . 

03 

= — ^ 2: ̂10 7 ^ “h 1-h ^11 J “h SZon --(- 2^.27 -p .i/io , + 
12 

+ ■•■ . (92) 

We thus learn that, if a function of the derivatives of x with regard to y and 2 is 

homogeneous, the equivalent function of the derivatives of y with regard to 2 and x is 

isobaric in second suffixes, while the equivalent function of the derivatives of 2 with 

regard to x and y is isobaric in first suffixes ; and that 

i {x, yz) = — {y, zx) — — (2, xy),.(93) 

where the notation explains itself. The correlative facts are 

and 

— iv^ {x, yz) = i {y, zx) = — {z, xy),  .(94) 

— iv.2 {x, yz) = —w^ {y, zx) = i (2, xij).(95) 

The same aggregate as is involved in (91) and its correlatives is also expressed by 

the facts that 

{ - 1, 1, 1; 1, 0, 0}, 

{ — 1, CO, 0)^; 1, 0, 0}, 

{ — 1, co^ CO; 1, 0, Oj, 

(96) 

(97) 

(98) 

obtained by giving m the value 1 in (88) to (90), are cyclically persistent lineo-linear 

operators of characters 1, co, co^ respectively. 

G 2 



44 MR. E. B. ELLIOTT ON THE INTERCHANGE OE THE 

If the operation be on a homogeneous and doubly isobaric function we are thus 

told that 

i Wi-\- i + oiiv^ + 
2j 

— i coiv^ . (99) 

are characteristics which persist after one cyclical transformation but for the 

multipliers 1, oj, respectively, and after a second but for 1, (o. 

21. The quadro-linear operators (linear operators with coefficients quadratic in the 

derivatives) both whose cyclic transformations are also quadro-linear, are obtained by 

giving to every one of m, n l,n -{■ 1 the value 2 in the formulse of Art. 19. Their 

agofregate is involved in oo o 

2 [1, 0, 0 ; 2, 1, 1}.. = - [0, 0, 1 ; 2, 1,1], = - {0, 1, 0 ; 2, 1, 1}„ . (100) 

and its two correlatives in y, z, x and z, x, y. 

I'he same system is expressed by the three cyclically persistent quadro-linear 

operators 

{ — 2, 1, 1 ; 2, 1, 1], of character 1,.(lOl) 

{- 2, a,,co3; 2, 1, 1], 

{-2, c.; 2, 1, 1], 

oi. 

<y®. 

. ^ (102) 

. . (103) 

Of these the first expanded to a few terms is 

where 

-y(2) A j A -y-(2) A A /„(2) A 
Ax^„^ Ax^^ + Ao3 + 2 (^^40 + 

+ (104) 

^90 - “-20 

-A-qo — 

^ 2 Y^^^ — 9^ -r ^ 2 
^10 5 -^n — -^02 — '^01 5 

'-30 

-A.in — 

(•2) (2) -r (2) 
2i^iQi^oQj X21 2XiqXi-i "4" 2xQ-iXor\^ X22 ^*^10^02 ^03 ■“ 2xQ■^x^ 

v(2) _ 
Aso — 

(*^) 
^iX^yc^Q -j- 3^20^ X31 = 2cCj^qX2i “b 'ix^yX-^:^ ‘lX(^fy]CYi, X2- — -b “b 

(2) (2 

"b 2ir2QCCQ2, Xi3 = 2x^qXq^ -b ‘2iXQyic-^<^ -b Xof = 2xq^Xq^ -b ^^02^5 

Q /yj /yt I V '■y* 

01"^02> 

and generally 

Y^^^ _ 
^mn 

'4-s}>m-l-«—1 

r -1- 5 1 

(Xj-gXpi _ ^) • 
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The two imaginary cyclically persistent quadro-linear operators (102) and (103) are 

easily written out in like manner. They commence with terms in djdx^,^, 

d/dx-y^,, which it is to be observed are wanting from the above. 

Once more by giving to each of m, w + l,n 1 the value 3 in Art. 19, an aggregate 

is obtained of linear operators with coefficients of the third degree, whose transforms 

have both of them coefficients of the third degree also. The aggregate may, as before, 

be considered involved in three cyclically persistent operators of the type, one of each 

character. Similarly as to operators with coefficients of any higher degree. 

22. Some of the most important linear operators which have been used in recent 

theories of functional invariants, cyclicants, &c., have the property of persistence 

of degree in the derivatives after one cyclical transformation, but not after a second. 

Such operators occur among those obtained by putting t-z. + 1 = m in (87), viz., 

{jx, V, V ; m, m — 1, = \ ~ pm, v, — —m, n, m — 1 ^ 
L J y 

= I — V (A + 1), — p; n'-{■ 1, TO — 1, m — l| . . . (105) 

In particular, there are three classes of operators which have a property closely akin 

to that of persisting in form after a first cyclical transformation, being, in fact, only 

altered by the interchange of first and second suffixes ; they are 

{— TO, 1, 1 ; TO, TO. — 1, n}a; = { — m, 1, 1 ; to, n, to — 1}^, 

= {-(w'+1), 1, 1 ; 7^'+l,m - 1, TO - 1], .... (106) 

{— TO, w, w®; TO, TO — 1, n}x = 0) { — m, (o, ; to, n, m l},j 

= 0)^ { — [n + 1), oi, cxx^; n + 1, m — 1, m — 1}~ . . . (107) 

[— m, (ji^, co; m, m — I, n}x = { — to, oj®, oj ; to, n, to — 1}^ 

= w (— (A+ 1), <y^, (y ; 1, TO — 1, TO — l}s . . . (108) 

It is to be noticed, in the case of the first of these, that the second cyclical 

transform.ation, which is of different degree from the first, is quite symmetrical in first 

and second suffixes. 

Among the operators comprised in (106) occur the two, which I have called coy and 

Wg,* two of the six form annihilators of projective cyclicants, viz., 

(Oy{x,yz)= t j(r + 5 
?- + s 1 L 

co^ix, yz)= t J (n + s 
5' + S<l L 

— 1) a?: 
5-1-1 

* ‘ London Math. Soc. Proc.,’ vol. 20, pp. 131-160. 
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or in present notation (—1, 1, 1; 1, 0, 1} and { — 1, 1, 1; 1, 1, 0]. For the 

transformation of these we have, by putting 1 for each of m and n' in (106), 

coi(a:, yz) = zx) = 2, 1, 1 ; 2, 0, 0},, .... (109) 

of which right hand operator the expansion is 

,(2) d 
'*30 (f- + z: 

'30 

(2) 

21 dZoi ^ 03 ^ 

,(2)_ 

"'40 dz -t 
'40 

+ 3 Z' 
^(2) d 

^50 dz,, + + 

where the coefficients have meanings, as in Art. 21. 

Closely resembling, but distinct from oj^ and Wg, are Mr. Forsytpi’s and i.e., 

A2 {x, yz) = S 
»■ + s <1; 1 

Ai {x, yz) = t 
r + 5 1 

= [0, 1, 1; 1, 0, 1}., 

= {0, 1, 1; 1, 1, 0],. 

These are also transformed by means of the present article, but have not the property 

of companionship belonging to and In fact, by (105), 

Aja;, 2/^)= [-1, 1, 0; 1, 1, 0},= {-2, 0, 1 ; 2, 0, 0],, . . (110) 

and, by (105), with z, x, y put for x, y, z, 

Ai(x,2/z)= (-2, 1, 0; 2, 0, 0},= {- 1, 0, 1 ; 1, 0, 1}.. . . (Ill) 

23. The special importance of many operators in which the first derivatives do not 

occur is well known. The form of such operators (in z dependent) is symbolically 

(a + + cy {C — z^q^ - z^^y)^. 

As every such operator is a sum of multiples of complete operators {/a, v, v ; m, n, n']: 

so that them theory is implicitly involved in that above discussed, no attempt will be 

made here to develope it independently. In the present article, however, an interesting 

class of cyclically persistent operators will be obtained, and a method of procedure in 

a much wider class of cases will be thus exemplified. 

It is required to prove that the result of replacing each first derivative by zero in 

{— w, 1, 1 ; m, 0, 0} 

* See Lis Memoii’ “ A Class of Functional Invariants,” ‘ Phil. Trans.,’ A., vol. 180 (1889), pp. 71-118, 
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is, but for a first derivative factor, an operator which persists in form after one and 
two cyclical interchanges of the variables. 

Symbolically we have, if square brackets indicate that in an operator first deriva¬ 
tives are thus omitted, 

[ I5 1 ; b, 0]a — ^ m y) C^loV 

= (I - - I + x^^rj + + 77 

^loV ^01^ I 

The y transform of this operator is therefore, by Art. 18, 

which, since 

and 
ccio : Xqi : 1 — 1 ; '- yoi — ^01 ' ^ ^ 10’ 

dfi dfi _ _ _ .df 
dv'dV ^ ~ ^ ' d^' d^~ drj’ ' d^’ 

may be written 

(- „«-■(, - ;| + - V 

and is consequently 
(— [— 1, 1 ; w, 0, 0]^. 

In exactly the same way the 2 transform of the same operator is 

(— [— m, 1, 1 ; m, 0, 0].-. 

Thus we have the formula of transformation 

r / 1 / 1 \»»-l 
[- w, 1, 1; m, 0, 0], = (^- -j [-m, 1,1; m, 0, 0],= -j [- m, 1, 1; m, 0, 0]„ 

which may be written in a form even more clearly expressive of the cyclically 
persistent property, viz.. 
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A first case of this formula occurs in (96), A second is that the operator on the 

right of (109) is the sum of terms involving 2:^05 ^on of an operator free from those 

derivatives which, when affected with the factor (l/^^io^oi)^; has the persistent property. 

The fact is interesting in its bearing on the theory of the transformation of and o)^. 

In fact (109) may be written 

wi (x, yz) — W3 {y, zx) = {z, xy) + Zoi^i {^, -^2/) + [— 2, 1, 1 ; 2, 0, 0],. 

From this and its two correlatives a verification of the formula (112) for the case of 

m = 2 is readily obtained. The first few terms of this cyclically persistent operator 
are 

OCcyrT ^ d . _ / • ^ 
~r)T 

+ Sx^qXqq “h 3 {x^qX^i + ^ (^20^12 “1“ d" ^02^30) 
60 clx. '41 dx. '33 

(L ct d/ 
+ 3 {x.2oXq^ + x^-^x^c^ + Xq^x^^ + 3(a:]ja:o3 + «^03^i2) + 3 0:02^03 

23 dy. 14 dx. 05 

+ ■ (IIS) 

With it compare the analogous operator (30) of the binary theory. That, like this, 

is, of course, one of a whole class of persistent operators. 

24. The transformation of the four form annihilators O^, O3, V^, V3 of pure cyclicants* 

will be now considered. They are all operators free from first derivatives, and might 

as such be treated by the methods of the last article. It seems preferable, however, 

to take them in connection with the formulee of transformation 

- (0, 0, 1 ; 2,0, - 1],= - {0, 1, 0; 1, - 1, 1}„ . . (114) 

& = - (0, 0, 1 ; 1,1,- 1}, = - {0, 1, 0 ; 2, - 1, 0}„ . . (114a) 

which are particular cases of (82) and (83), or again of (87) with ni = 0. 

The forms of the four annihilators are 

Hi {z, xy) = S j -1 
m+n<f,2 L n + i] 

dr 

= {0, 1,0; 1,-I, A’. Cl~01 

* See my papers in the ‘ London Math. Soc. Proc.,’ vol. 18, pp. 142, &c.; vol. 19, pp. 6, &c., and 
pp. 337, &c.; vol. 20, pp. 131, &c. 
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n,^{z,xy)= t . 
ra + n<t2 L + « —iJ 

= {0, 0, 1 ; 1, 1, - 1], - z,,~ 
”"10 

• (116) 

Y^{z,xy)= t 
^ Ll -|- R — 2 

S iy '^rs^m — r, n — ^ i 
m + n<j:4 I j’ + s-<2 k 

= C ^ %'*? ^ ~ ^10 ~ ^Ol''?) 

= {0, I, 0 ; 2, - 1, 0], - ^10 (0. 1. 6 ; 1, 0, 0], - Zqi {0, 1, 0 ; 1, 

{ r d 
- z,, {1, 0, 0 ; 1, 0, 0],- 2^0- - - — 

1, 1}, 

= |0, 1, 0 ; 2, - 1, 0}, 

r/r ""Ul 7, 
”~10 ”~01 

10 il, 1, 0; 1, 0, 0], 

- Zoi^l (2, + '10 
'10 

(117) 

r r + 5^5* ™ + n — 2 

'V 2 (2, Xy^^^ S'! S ii — s^ 7 
Hi + n-IlL )- + s<2 (^~m, n-l 

d 

= (0,0,1;2,0,~ l],-Zoi{l,0,l; z,,£l,{z,xy)^ (118) 

Thus (114a) may be written 

d d 
diX/, 01 

= - Og (//, sx) - yoi , = - {0, I, 0; 2, - 1, 0], 
“■yio 

and the result of one cyclical interchange in (114) may be written 

d d 
(^'j 2/^) ^10 7 - J ^ ^ ^ rfa^oi d^io 

;o, 0, 1; 2, 0, -1],; 

from which two sets of identities, by aid of the facts that 

^lu • ^’oi • 1 — 
MDCCCXC.—7V. 

“ 1 • Vw'- Hi)! — % • 1 • ^10) 
H 
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it follows at once that 

~ {x, yz) = — - ^o{y, zx) 
'-01 Vv) 

= -2,JO, 1,0; 2, -1, 0].-l-2io{0, 0, 1; 2,0, -ij.,. (119) 

which, and its correlatives, obtained by one and two cyclical transformations effect 

the transformation of and 

Again, we may write (114a) 

dx 

d . d 
= - (y, zx) - y^] , j 

01 

= — VJz, xy) — Zqi (z, xy) — Zio{l, 0; 0,b- + ^ 10 dz 10 

and (114) in like manner 

-- = — VJy, zx) —yioii2(:i/> ~2/oilk 0, 1; k o, o j + yoi 
Ctj'YQ ^ 01 

= — Hi (z, xy) — z 10 
dZr, 

From these it follows at once that 

d 
^’lo 7,7" + ^’oi J 

ttiLj 01 

l/io 7^ + !/o] 7^ “ -^2(1/7 - {1, 0, 1; 1, 0, 0}, 
dy^o dyoi ^oi 

= z7o/- + ^oi7^-r"Vi(^^^3/)- {k kO; 1, 0,0b 
“Zjo «-01 ~10 

By a cyclical interchange of the variables we have, also. 

X iu '■uiJ- bLG 2/“) - ! *, 1> 0; 1, 0, = + 
d_ 

d//in 
A 

dUoi 

— "lu 7, + ^01 7 
“•‘lO 

- ik 0, 1; 1, 0, Ob; 
01 ^01 

and by a second cyclical interchange a, third set of such equalities is obtained, hiom 

the two sets that have been wuitten out, upon subtraction we obtain 

— Vi {x, ijz) + {1, 1, 0; 1, 0, O5 

■'^-10 Un 
2^) - ik 0, 1; k 0, 0], 

VJz, xy) + — Vo (z, xy) + fO, — 1, 1; I, 0, 0]; 
'•10 
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Now, from (91) and its correlative obtained by a cyclical interchange, the second 

parts of these three equal operators are themselves equal. Consequently 

. (120) 
•Do yoi ^10 ■^01 

which, and its correlatives, are the formulge for the transformation of and Vg. 

It is easy and very instructive to prove (120) directly from the symbolical 

expressions in (117) and (118) by the method of Art. 19 or 23. 

Of other important operators Mr. Forsyth’s and Ag ('Phil. Trans.,’ A., 

vol. 180, p. 74) should have their formulae of transformation noted. They are the 

complete operators (0, 1, 0 ; 1, — 1, 1 j and (0, 0, 1 ; 1, 1, — 1| of which and 

are all but the first terms. Thus their formul£e of transformation are merely (114) 

and (114a) themselves, i.e., cyclically interchanging the variables once, 

A,(a;, y^) = - = fO, 0, 1 ; 2, 0, - 1},, .... (121) 

A,{x, yz) = [0, I, 0 ; 2, - 1, 0],= - .(122) 
' ^01 
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Two Magnetic Surveys of the British Isles have been made previous to that of which 

an account is given in this paper. The observations necessary for these were taken 

between the years 1834-38 and 1857-62, and the results were reduced to the epoch 

1842-5 by Sir E. Sabine, in a paper published in the ‘ Philosophical Transactions’ for 

1870 (‘Phil. Trans.,’ vol. 160, 1870, p. 265). As a full account of both surveys is given 

in that paper, it is unnecessary to describe them in detail here. The first was made by 

five observers, viz.. Sir E. Sabine, Captain J. C. Ross, Mr. R. W. Fox, and Professors 

Lloyd and John Phillips. In the second survey (1857-58), Mr. Welsh, Superin¬ 

tendent of the Kew Observatory, made an admirable series of observations in Scotland, 

though, unfortunately, the exposure to which he was subjected brought on an illness 

which terminated in his death. Sir Edward Sabine made observations on the Force 

and Dip at 24 stations in England, and some declinations determined by several naval 

officers between the years 1855 and 1861, were utilized. Altogether observations w’ere 

made at 243 stations. (‘Phil. Trans.,’ vol. 162, 1872, p. 319.) 

It has, we believe, for some time been thought by those interested in terrestrial 

magnetism, that another survey of the United Kingdom should be undertaken, and 

we ourselves drew attention to the matter in a paper “ On the Irregularities in 

Magnetic Inclination on the West Coast of Scotland ” (‘Roy. Soc. Proc.,’ vol. 36,1884, 

p. 10). Not only was this desirable in order that the secular changes in the direction 

of the lines of equal Inclination, Force, and Declination might be re-determined, 

but also because the earlier surveys left much to be desired w'ith regard to the 

distribution of the stations and the number of the Decimation observations. Thus 

the Declination was determined about the epochs 1836 and 1857 at 84 stations only, 

of which 11 were common to the two surveys. The maps given by Sir E. Sabine 

in the paper already referred to show that ditlerent districts have received very 

different degrees of attention. Stations where the Dip has been determined cluster 

thickly about the coast of Scotland to the south of Oban, about the English lakes, 

and the south coast of England, and are thinly distributed in the North of Scotland, 

in the eastern counties of England, and in the centre of Ireland. In like manner, 

while (owing chiefly to the labours of Mr. Welsh) the Declination had been 

measured at 40 places in Scotland, it had been observed with adequate instruments at 

only 28 stations in England, and 16 in Ireland. We have therefore undertaken, and, 

in the course of the five years 1884-88, both inclusive, have completed a new' 

magnetic survey of the British Isles. 
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In our opinion, it would ju'obably have been better if a larger number of observers 

bad been eunao-ed in the task, so that it could have been finished iu a shorter time. In 

fact, we originally made a proposal in this sense which was, we believe, brought before 

the Kew Committee of the Royal Society. It was considered that the objections to 

the employment of many instruments and observers were sufiicient to j^revent the 

acceptance of such a scheme. With proper organisation, we believe that the errors thus 

introduced would have been much less serious than those due to the uncertainty as to 

the true secular corrections at any particular station. As, however, it was more 

important that the survey should be made than that it should be made under the 

best possible conditions, we have in undertaking the task ourselves devoted most of 

our vacations and spare time to it, so that there should be as little delay as possible, 

and have collected all the facts which tlirow light on the value of the secular 

corrections. 

Although the re-determination of the lines of equal magnetic Declination, Force, and 

Dip has been the main object of our investigation, a number of other questions 

have naturally come under consideration. We have made some alterations in the Kew 

magnetometer which have been described to the Physical Society (‘Phil. Mag.,’ 

August, 1888, p. 122) ; the method of presenting the results of the experiments has 

been modified so as to afford a greater test of their accuracy ; the validity of the 

method of correcting for diurnal variation and disturbance, especially at places far 

distant from the base station, has been reconsidered, and finally, and perhaps chiefly, 

we have given more attention than our predecessors have done to the distribution and 

causes of “ local magnetic attraction.” In view of the difficulties caused by such 

disturbances, we have taken special pains to indicate the position of our stations as 

accurately as possible. This has been done, not merely by verbal description, but by 

taking out the latitudes and longitudes from the inch Ordnance maps or the Admiralty 

charts, with far greater accuracy than is necessary for the calculations in which these 

quantities are afteinvards employed. For similar reasons we have selected, when 

possible, public parks, open commons, or other situations which are likely to be still 

available when the survey is repeated. It must, howevei', be remarked that, at some 

places which were not included in our original programme, observations have been 

made mainly because a favourable opportunity presented itself, and that, in such cases, 

it was not always possible to exercise the same care in the selection of a site. 

Epoch. 

The epoch of the survey is January 1, 1886, to which date all the observations 

have been reduced. 

Iiistruments. 

The survey of Scotland was mainly made with a set of instruments which belong to 

Professor Rucker. They are a Kew Magnetometer by Elliott Bros., No. 60, and a 
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Dip Circle by Dover, No. 74. These instruments were also used by Professor Rucker 

in his portion of the surveys of England, Wales, and Ireland. The instruments 

employed by Dr. Thorpe in these countries are the property of the Science and Art 

Department. They are of the same patterns and by the same makers ; the Magneto¬ 

meter and Dip Circle are numbered 61 and 86 respectively. 

Arrangements have been made for placing this latter set of instruments in tlie 

Collection of Scientific Apparatus at South Kensington. They will be kept for 

surveying only, and will'be available for comparison with instruments which may be 

used by future observers. 

Base Station. 

Our base station is the Kew Observatory. Both sets of instruments were tested 

there before they came into our possession, and we have also made numerous com¬ 

parisons with the Kew instruments during the progress of the survey. We take this 

opportunity of expressing the great obligation we are under to Mr. G. M. Whipple, 

the Superintendent, and to Mr. T. Baker, the First Assistant in the Observatory, 

who, with the approval of tlie Kew Committee, rendered us every assistance in their 

power. Our frequent visits and requests for information as to diurnal variation and 

disturbance have imposed much' additional labour on these gentlemen. The help we 

requh’ed has, however, invariably been given with a readiness and heartiness which 

merit our grateful acknowledgments. 

We tested our instruments at Kew in 1884, 1886, and 1887. 

A very large magnetic disturbance set in on March 30, 1886, the 31st was also 

much disturbed and the effects were still to be distinguished on April 1. We have, 

therefore, neglected the observations made on that day, but, with this exception, the 

following tables contain all the determinations made by us in the Magnetic House. 

The first three columns give the date, instrument, and observer, and that headed S 

the value of the element obtained. 

The numbers given are not corrected either for diurnal variation or disturbance. 

In the column headed K is the corresponding value read off from the curves of the 

continuously recording instruments at Kew, standardised by means of the monthly 

observations wdiich are taken there. 

The differences are given in the next column. They are very nearly constant, but 

are rather larger than we should a juniori have expected. Our own instruments are 

evidently in accord. 

Subtracting the mean difference from the Kew values, we should, if both sets of 

observations were perfect, reproduce our own numbers, so that a comparison between 

columns S and K — /3 gives the error of experiment and comparison which is tabulated 

in the last column. 

MDCCCXC.—A. I 
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Observations in the Kew Magnetic House. 

Declination. 

Date. 
Insti’u- 
ment. 

Observer. 

S 
(Survey 

Instrument.) 

K 
(Kew 

Instrument.) 
K - S = ^. K- i3 = K'. S - K'. 

1884. O / O / o / 1 

July 17. 60 T 18 26-3 18 28-6 2^3 18 26T + 02 

„ 18 . . 60 R 18 27-4 18 29-9 2-5 18 27-4 0-0 

1886. 
April 2 . 61 T 18 12T 18 14-4 2-3 18 11-9 + 0-2 

1887. 
Sept. .30 . 60 R 18 8-8 18 13-1 4-3 18 10-6 - 1-8 

18 5-5 18 9-4 3-9 18 6-9 - 1-4 
Oct. 11 . 61 T 18 6-0 18 8-7 27 18 6-2 - 0-2 

18 6-9 18 10-4 3-5 18 7-9 - 1-0 

„ 12. . 60 R 18 9-5 18 11-9 2-4 18 9-4 + 0-1 
18 111 18 13-4 2-3 18 10-9 + 0-2 

„ 13 . . 61 T 18 5-8 18 6-7 0-9 18 4-2 + 1-6 
18 8-6 18 8-8 0-2 18 6-3 + 2-3 

„ 18 . . 61 T 18 6-3 18 8-4 2T 18 5-9 + 0-4 
18 6-0 18 10-4 4-4 18 7-9 - 1-9 

„ 19 . . CO R 18 8T 18 10-3 2-2 18 7-8 + 0-3 
18 6-9 18 87 1-8 18 6-2 + 07 

/5 = 2-5 Mean . = ± 0-82 

Horizontal Force. 

Date. 
Instru¬ 
ment. 

Observer. 
S 

(Survey 
Instrument.) 

K 
(Kew 

Instrument.) 

1 U
l II K-/l= K'. 

S-K' 
= 0-000. 

1884. 

July 17 . . 60 T 1-8080 1-8055 - 0-0025 1-8084 - 4 

1886. 
April 2 . 61 T 1-8091 1-8070 - 0-0021 1-8099 - 8 

60 R 1-8107 1-8072 - 0-0035 1-8101 + 6 

„ 22. . 60 R 1-8110 1-8082 - 0-0028 1-8111 - 1 

: 1887. 
Sept. .30 . 60 R 1-8117 1-8087 - 0-0030 1-8116 + 1 

i Oct. 11 . 61 T 1-8114 1-8084 - 0-0030 1-8113 + 1 
„ 12 . . 60 R 1-8096 1-8070 — 0-0026 1-8099 

O 
— O 

., 13 . . 61 T 1-8092 1-8062 - 0-0030 1-8091 + 1 

„ 18 . . 61 T 1-8114 1-8088 - 0-0026 1-8117 - 3 

„ 19 . . 60 R 
1-8117 
1-8113 

1-8088 
1-8074 

- 0-0029 

- 0-0039 

1-8117 
1-8103 

0 

+ 10 

1 

ji- — 0-0029 Dlean . + 3-5 : 
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To obviate, as far as possible, the use of decimals, the Forces are throughout this 

paper expressed in terms of metric units (metre, gram, second), and all numerical 

values of Forces can be reduced to C.G.S. units by dividing by 10. 

In the case of the Dips, of which no continuous record is kept, the following plan 

was adopted. We give, under the column S, our results corrected for diurnal variation 

and disturbance as hereafter described, each being the mean of the two needles. In 

column K are the values obtained at Kew at the nearest date to the time of our 

observations taken from the published record. The dates in question are July 28 and 

31, 1884, Sept. 22, 24, and October 25, 26, 1887. The mean of the last two is taken 

as applying to the whole period of the 1887 observations. 

Inclination. 

Date. Instrument. Observer. 
S 

(Survey 
Instrument). 

K 
(Kew 

Instrument). 

K-S = /3. 

u
 II 1 

M
 S-K'. 

July 17, 1884 . 74 R 6°7 .se'-o 67 38-8 2'8 67 36'1 - OT 

„ 18, „ . T 67 35-8 3-0 , * - 0-3 

„ 19, „ R 67 36-4 2-4 , , + 0-3 
Sept. 30, 1887 . 99 67 34-9 67 37-5 2-6 67 34-8 + 0-1 

Oct. 11, ,, 83 T 67 34-8 , ^ 2-7 . , 0-0 

„ 13, „ . 67 35-0 2-5 + 0-2 

„ 18, ,, 9? 99 67 34-2 3-3 — 0-6 

„ 19, „ . 74 R 67 34-9 2-6 + 0-1 

l3 = 2-7 Mean . . + 0-2 

The mirrors used to form an image of the Sun which can be viewed through the 

telescope were tested independently. We were, however, unfortunate in that on 

most of the days when we observed at Kew the Sun was invisible. The meiidian 

mark also, which is used in the Kew measurements, cannot be seen from the lawn 

immediately in front of the Magnetic House, and we were, therefore, obliged to use a 

rod which was fixed at some distance, as nearly as might be in the meridian line in 

which the instrument was also placed. On one occasion (October 11, 1887) the latter 

adjustment was inaccurate, and a correction was applied deduced from the angle 

subtended at the pillar in the magnetic house by the centre of the tripod and the rod, 

and from the distances of the tripod and pillar from the rod. At Parsonstown the 

instrument was placed in the meridian line used for the Observatory of the Earl of 

Posse, and a check on the declinometer was thus obtained. From what has been said 

it will liave been seen that the determinations of the geographical meridian at Kew 

were not made under the most favourable conditions, but the following Table is 

sufficient to show that no important error attached to the indications of the 

i nstruments. 

I 2 
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Azimuth of Kew Meridian Mark from Sun Observations. 

Date. Instrument. Observer. Azimuth. 

April 22, 1886 .... 60 R 
O 
2 48-4 

Oct. ] 1, 1887 .... 61 T 2 49-9 
„ 12, „ .... 60 R 2 48-0 
„ 12, „ .... 2 50-1 

19 5, Li/, ,, .... >1 2 48-2 

Mean. 2 48-9 
Value employed at Kew 2 48-7 

At Parsonstown the difference between the reading for the fixed mark and the 

meiidian, as calculated from a sun observation, was l''L 

We also thought that it would be desirable to compare the instruments under the 

normal conditions of use in the field. We therefore made three sets of observations 

at Ard Point, Stornoway; at Bunnahabhain, in the Sound of Islay ; and at Stranraer. 

At the first station the results of the individual experiments made with each instru¬ 

ment were in good accord, but, as the declinations differed from each other by an 

amount very much greater than any possible error of experiment, viz., 18', it was 

obvious that the station was afiected by local magnetism. At Bunnahabhain we took 

the precaution to exchange positions ; these observations were made on a patch of 

limestone, and were in agreement. At Stranraer the sky became overcast, and it was 

impossible to move the instruments after the first determination of the geographical 

meridian. The results show that the station was a good one, and we therefore give 

here the declinations obtained at Bunnahabhain and Stranraer. As we shall have to 

refer to them again, we reproduce only tlie data which bear upon the point under 

discussion. At Bunnahabhain the thread of instrument 61 was broken, and had to 

be replaced in the field, which accounts for the fact that the first observation made 

with it is not in very good accord with the others. The Greenwich mean time is 

reckoned throuo:hout from midnio'ht. 

Bunnahabhain.—Aug. 25, 1888. 

G. M. T. Station. Instrument. Observer. Declination. 

h. m. 
10 55 1 61 T. 2°2 44-0 
11 36 2 22 46-0 
10 29 2 60 R. 22 46-0 
12 25 1 22 47-3 
14 30 1 22 47-9 
15 9 1 22 47-3 
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Stranraer.—Aug. 28, 1888. 

G. M. T. Station. Instrument. Observer. Declination. 

h. m. O / 
II 35 1 61 T. 21 137 
10 54 2 60 R. 21 12-5 

13 G 2 >5 21 13-0 

During tlie survey we employed various chronometers, some of which were hired 

from Messrs. Dent, and others were lent to us by the late Professor Baleour 

Stewart, F.R.S., and by Captain Wharton, B.N., F.Pt.S., Chief Hydrographer to 

the Admiralty, to whom our thanks are due. 

We enjoyed an important advantage over our predecessors in that we were able to 

determine the rates of our chronometers frequently by comparison with Greenwich, 

by means of the 10 A.m. and 1 p.m. telegra]j]iic signals, of which the former is sent to 

all post-offices in the kingdom. We have to thank Mr. Preece, F.Pt.S., Chief Elec¬ 

trician to the General Post-office, and Mr. J. C. Lamb, the Head of the Telegraph 

Department, for their kindness in giving or obtaining for us permission to receive 

the signals. Many of the local post-office officials not only afforded us every facility 

for correcting our chronometers in accordance with their instructions, but gave us 

additional help in the selection of suitable stations. When possible, we received the 

signal every day, and rarely omitted more than two consecutive days. At places 

where the signal had undergone one or more re-transmissions, an error on this account 

was inevitable. By the kindness of the Earl of Bosse, we were able to determine its 

magnitude on the occasion of our visit to Parsonstown. The time signal was observed 

both by Professor Pucker and Herr Boddekker, the Superintendent of Lord Posse’s 

Observatory, who agreed exactly as to the apparent error of the chronometer. The 

value thus obtained differed by 4 sec. from that given by the observatory dock, the 

error of which was known from star observations. We are inclined to think that this 

amount was rarely exceeded, or the rates would have varied more widely than was 

actually the case. No special precautions against error had been taken at Parsons¬ 

town, whereas in many districts we had, when practicable, made arrangements at the 

central office that particular care should be taken on those mornings when we 

informed the authorities that we intended to receive the signal. We have on several 

occasions received at the same post-office signals sent by two different routes, 

involving re-transmission, and have never detected any appreciable difference. 

When visiting outlying stations at sea we kept one chronometer on board in a fixed 

position. This served as the standard. Another instrument, which was frequently 

compared with it, was used for making the comparisons with Greenwich and for the 

work of the actual observations. At these periods of our survey longer intervals 

necessarily elapsed between successive receptions of the time signal, during which we 
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depended on the standard. With the exception of two or three cases, which are 

referred to in the detailed account of the observations at the stations affected, we do 

not think that any error exceeding a minute of arc can have been introduced into the 

declinations from uncertainty as to the true time. 

Selection of Stations. 

In selecting stations we have aimed at uniformity of distribution over the whole 

area under investigation, and, subject to this condition, have chosen places at which 

observations have previously been made. We have also avoided situations where 

disturbance by so-called local attraction was known to be great, except in special 

cases to be discussed hereafter. On many tours we have carried geological maps 

which have aided us in choosing sites. 

In all we have made observations at 54 stations in Scotland, 102 in England, 

Wales,'" and the Channel Isles, and 44 in Ireland. At many of these places which 

are counted as a single station our instruments have been set up in different localities 

in order to study or eliminate the local effects of magnetic rocks. These sub-stations 

were in some instances only a few yards and in others several miles apart. The more 

important of them are indicated by letters in the lists given hereafter, and if these 

are added they bring the number of stations up to 213. In addition to these we 

observed on the island of Canna at 23 places. If we took minor changes of position 

into account this total would be considerably increased, and as we have been able to 

use the observations made at Greenwich and Stonyhurst, and the data for Cherbourg 

and Berck-sur-Mer, furnished by the survey of France, recently completed by 

M. Moureaux (“ Determination des Elements Magnetiques en France,” par M. Th. 

Moureaux. Paris: Gauthier-Villars, 1886), our conclusions are based upon 

observations made at about 250 different places. 

The average distance apart in normal districts is about 30 miles. At most of the 

principal stations we made two Dip observations, one with each needle, and a com¬ 

plete set of measurements for the determination of the Declination and Horizontal 

Force. At many places we determined the Declination twice, making two indepen¬ 

dent sets of observations on the Sim and the needle. In some cases only the 

geographical meridian or only the direction of the magnetic axis of the ngedle was 

re-determined. When time was short or the weather unfavourable the deflection 

experiment was omitted. The following Table shows the total number of observations 

made. By magnetic meridian we mean determination of the direction of the magnetic 

axis, which, when combined with the Sun observations or geographical meridian, gives 

tlie Declination. We do not include 23 Declinations taken on Canna by means of an 

azimuth compass and chart. 

* Exclu-sive of five supplementary stations along the valley of the Wye, at which Diji observations 

only were made in 1889 (vide p. 84). 
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j 
Stations. Dips. Deflections. Vibrations. 

Geog’rapbical 
meridian. 

Magnetic 
meridian. 

Scotland .... 64 120 57 66 89 93 

England and Wales 102 213 94 135 171 185 

Ireland .... 44 89 35 58 84 84 

Total . 200 422 186 259 344 362 

Most of these observations were taken by one or other of us. We have, however, 

to thank Mr. A. P. Laurie, now Fellow of King’s College, Cambridge, for observa¬ 

tions of Dip at 8 stations in Scotland. The stations on the West Coast of Scotland 

were, for the most part, visited in Dr. Thorpe’s yacht “ Coventina.” During the 

first year (1884) we generally observed together. Afterwards, in order to save time, 

we ti'aveiled separately. 

Method of Taking the Ohservations, 

The conditions and time of the observations necessarily varied, but the greatest 

number were made as follows:—Shortly before 10 a.m. we visited the post-office to 

correct our GhroRometers by the time signal from Greenwich. We then drove to the 

station which had been selected the night before or earlier in the morning, The first 

observation taken w^s the solar azimuth, which was finished about an hour before 

noon. This was followed by the declination, vibration, and deflection in this order. 

The dip was then determined, and, if time and weather allowed, we often repeated 

the azimuth and declination. The Sun observations were hardly ever taken within 

an hour of nooii. 

In a variable climate like that of the United Kingdom the weather often presents 

a serious difficulty. We carried with us a small tent, in which the dip and vibration 

observations could be made, and we were also provided with waterproof covers for the 

Magnetometer and Dip Circle. We were thus able to make the Dip observations, for 

example, during showers, while the Magnetometer, though outside the tent, was pro¬ 

tected by its covering. The case coRtaining the dip needles was carried in a box 

filled with soda-lime to prevent the axles being injured by rust. 

During sunshine we shaded the deflecting magnet in the deflection experiment by a 

cardboard case, or by throwing a light piece of cloth over it. At 42 principal and 

subsidiary stations the force was determined by means of the vibration experiment 

only, the deflection being omitted and the moment of the magnet deduced from the 

values obtained at neighbouring stations. 

The only part of the observations which recjulres special comment is the use of the 

mirror employed in the sun observations. The adjustment can be effected by means 

of the reflected image of the cross wires in the telescope. We found, however, that 
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in practice in the field this method is troublesome. It is difficult to see the image 

unless the mirror is very bright, and there is fairly strong sunshine. On days when 

the weather and sunshine are uncertain it is very annoying to have to spend time 

when the sun is visible in making preliminary adjustments. From and after our visit 

to Stornoway in 1884, fie., after observations had been made at about a dozen stations, 

we adopted a different plan. The mirror was frequently adjusted either indoors in 

accordance with the directions of the Admiralty ‘ Manual,’ or by means of some 

elevated object in the field. In the latter case the error of parallelism was first got 

rid of by observing the object when the observer’s back was turned towards it, and 

the mirror was nearly vertical. The mii-orr was adjusted until the image appeared in 

the same position as before when it was reversed in its bearings. The object was then 

viewed by reflection when the instrument was turned through 180°, fie., when the 

mirror was nearly horizontal and the axis of the mirror was made perpendicular to the 

axis of the telescope. By repeating these processes twice or thrice a perfect adjust¬ 

ment was obtained, and it was found that under ordinary circumstances the instrument 

could be carried about from place to place for some time without this adjustment being 

seriously affected. To make certain, however, that all was right, we always (when 

possible) took observations of the sun both in the “front” and “back” positions, i.e., 

with the mirror approximately horizontal and vertical and reversed the mirror in its 

bearings in both positions. By the latter precaution the error of parallelism (if any 

existed) was eliminated, and the observation thus afforded data for the calculation of 

the error of collimation, and for the corrections which in consequence of this error 

must be applied to the “ front ” observations. 

By this method the actual adjustment of the mirror could be made at any time or 

place. If the time at our disposal was short, or the weather uncei'tain, the instrument 

was regarded as ready for use as soon as it was set up in the field, and thus no time 

was lost, but the observations were so taken that any error of adjustment could be 

calculated and allowed for. Lastly the agreement of the measurements made in the 

front and back positions gives a valuable test both of the adjustments and observations. 

In the case of the observations made in 1888 with Magnetometer No. 60, the 

method of correcting the mirror by the image of the cross wires was again resorted to. 

Some modifications of the instrument which we have introduced [loc. cit.) now make 

this method practicable, and it was found to work well under the new conditions. 

Diurnal Variation and Disturbance. 

In the survey of 1857 corrections for diurnal variation and disturbance were applied to 

the declination observations only. These two quantities are intimately connected. The 

total deflections of the continuously recording instruments at any instant are the sums 

of the normal diurnal variations and the disturbances. If the latter are assumed to 

occur simultaneously and in equal intensity over an area such as that of the United 
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Kino'doin, and if the G.M.T. at which the observations were made is known they 

may be determined from the curves obtained at Kew. On the other hand the 

magnitude of the diurnal variation at a given instant depends on the local time, and 

in the case of stations so far apart as Kew and Valentia, the diurnal variation of the 

declination would, between 10 and 11 a.m. G.M.T., differ by several minutes of arc. 

We have therefore taken out from the Kew curves the deviations from the mean at 

the G.M.T. of our observations, and subtracting the corresponding value of the 

diurnal variations at Kew, have called these differences the temporary disturbances at 

the time of the observations. 

We have assumed further, that the Kew mean curves of diurnal variations may be 

taken as applying to the whole of the United Kingdom, but we have, in all cases, used 

the correction corresponding to the local time. Thus the total correction is the 

algebraic sum of the diurnal variation at the local time, and of the disturbance 

reeistered at Kew at the G.M.T. at which the observations were taken. 
O 

As proof of the validity of this method, we have picked out all the stations 

in Ireland at which two or more observations were made at times w'hen the diurnal 

variations differed by more than four minutes. 

As full particulars are given later on, it is only necessary here to tabulate the 

corrections for diurnal variation and disturbance in addition to the final results. 

It may, however, be remarked that in the majority of cases the determinations of the 

geographical, as well as of the magnetic meridian, are quite independent, and that at 

Athlone, Gort, and Westport, the results given were obtained on different days. The 

letters v and A are used throughout this memoir to indicate the departure from the 

mean value of the element at the time of experiment, due to diurnal variation and 

to temporary disturbance respectively. 

Station. V. A. 
Corrected 

Declination. 

Athlone. + 6-3 + 1-5 
O 

22 16-5 

- 3-9 0-0 22 16-8 
Cavan . - 3-7 + 1-5 22 26-1 

+ 6-2 - 4-0 22 26-7 

+ 3-5 - 5-0 22 27-4 

Chaileville .... + 4-9 A I-O 22 19-4 

+ 0-7 A 2-5 22 19-1 

Cork. 0-U 0-0 22 3-8 

+ 5-8 - I-O 2i 1-7 
Gort. A 3-9 - 1-0 22 .38-2 

- 4-2 A 1-0 22 39-1 

Lismore. - 1-0 0-0 2L 54-1 

+ 6-4 4 3-5 21 54-0 

Westpoi’t. + 0-7 0-0 23 5-5 

+ 1-8 - 0-5 23 4-2 

+ 6-3 A 2 0 23 5-4 

MDCCCXC.—A. K 
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The following are the best stations for the application of a similar test to Scotland. 

The two sets of observations at Scarnish and Portree were taken on two different 

days. Those at Stornoway were on the same day, but at different stations. The observa¬ 

tions at Bunnahabhain and Stranraer, which have been already discussed, are here 

arranged in order of time without reference to the station or instrument :— 
O 

Station. A. 
Corrected 

Declination. 

i 
Scarnisli. + 2-4 

' O 
24 49-8 

- 3-6 + 3-0 24 51-8 
Portree (2) . + 3-3 + 2-0 22 21-6 

+ 3-7 - 2-0 22 227 
Stornoway, Ard Point + 2-0 - 2-0 23 507 

(1) + 6-3 - 1-0 23 48-4 
+ 4-4 23 507 

Ard Point (2) . + 2-4 - 3-0 24 87 
+ 6-4 - PO 24 7-9 
+ 4-4 24 8-3 

Bunnahabhain . - OT 22 46'0 

+ 1-7 22 44-0 
+ 4-3 - 2-0 22 46'0 
+ 6-3 - 1-0 22 47-3 
+ 5-7 22 47-9 
+ 4-6 22 47-3 

Stranraer . + P9 - 2-0 21 12-5 
+ 4-6 - 3'0 21 137 
+ 6-4 - 1-0 21 13-0 

In some cases where there is an appearance of a regular change, such as would be 

caused if the diurnal variation was not properly estimated, it can be otherwise 

accounted for. Thus the first four observations at Bunnahabhain wmre independent 

in every particular, but the last two depend upon the same Sun observation as the 

fourth. .This pi’obably accounts for the somewhat closer agreement in these cases. 

The magnitude of the errors which would be introduced if the disturbance corrections 

were omitted can be estimated by noting that at Cavan the first and last observations 

when uncorrected give 22° 27'‘6 and 22° 22''4, those at Portree 22° 23''6 and 22° 20''7, 

and those at Scarnish 24° 49'‘8 and 24° 54''8 respectively, instead of the much more 

accordant numbers entered in the Table. 

These results when corrected are quite as good as those we obtained when observing 

at Kew, and furnish a complete a ■posteriori justification of the method of correction. 

The values of the diurnal variation employed for the year 1884-5 were furnished 

to us by Mr. Whipple. For 1885-6 and 1886-7 we used the Tables given in the 

reports of the Kew Committee for those years (‘Roy. Soc. Proc.,’ vol. 41, p. 415, and 

vol. 43, p. 226). 

These differed rather markedly as to the magnitude of the maximum variation from 

the curve employed for 1884-5, the difference amounting to about 1''5. As the report 
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of the Kew Committee for 1887-8 was not published when the observations made in 

1888 were reduced, we used the same Table as for the 1887 observations. 

The question as to whether we should apply similar corrections to the other 

elements has been carefully considered, and we have on the whole decided to do so. 

Though we have worked up the observations on the Horizontal Force so that each 

experiment gives two nearly independent results, the times at which these have been 

taken are practically identical, and they do not serve as a test of the advantage of 

applying corrections. In 18 cases we have repeated either the deflection or the 

vibration experiment (generally the latter) in the fleld on the same day. The 

differences between the results when uncorrected and corrected for diurnal variations 

and disturbance are as follows. They are expressed in terms of O’0001 metric or 

O’OOOOl C.G.S. unit. 

Table I. 

Station. Uncorrected. Cori-ected. 

Loch Aylort. - 5 0 

Ayr. - 4 - 4 
Stornoway. - 3 - 5 

+ 3 + 2 
Cambridge. + I + 1 
Northampto2i + 18 - 7 
Stoke . - 5 - 6 
Swansea . . . . + 3 - 1 
Taunton. + 17 + 16 
Thirsk. 0 + 1 
Tunbridge Wells + 17 - 3 
Worthing. + 8 - 2 
Ballywilliam. 0 - 1 
Bangor. + 4 - 6 
Coleraine. - 7 -11 
Drogheda. + 9 + 3 
Kildare. -10 + 5 
Londonderry .... + 6 + 5 

Probable difference -( ^ncoiiected 
[ Corrected . 

. 5-9 

. 4-0 

The values of H obtained by us at Kew in 1887 also afford a test of the method of 

correction. The diurnal variation and disturbance are expressed in the following 

Table in terms of O’OOOl metric unit 
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Date. 

Deflection. Vibration. H. 1 

Vy Ai. v^. ^2- Observed. Corrected. 

September .30 ... . + 7 0 + 3 0 1-8117 1-8112 
October 11. 2 0 - 2 0 1-8114 1-8114 

„ 12. 3 - 20 - 1 - 20 1-8096 1-8115 

„ 13. - .5 - 20 - 10 - 10 1-8092 1-8114 

„ 18. - 5 0 - 13 0 1-8114 1-8123 

, 18. — 5 0 - 11 0 1-8117 1-8125 

„ 19. - 4 - 10 - 10 0 1-8113 1-S125 

As then the diurnal variation between the hours at which our observations were 

generally taken amounts to 0'0025 metric unit, and as the probable difierence 

between the corrected semi-independent results at the stations referred to in Table I., 

p. 67, is "0004 (the probable error being half that quantity), and as the probable error 

of the seven Kew observations is less than ’0004, there seems no doubt that the 

correction ought to be applied. 

In the case of the Dip the diurnal range (which is more than 2') exceeds the error 

of experiment, but the application of a correction for disturbance is more difficult and 

uncertain. It has to be deduced from the Vertical and Horizontal Force magneto- 

grams and thus the chances of error are increased. The quantities to be dealt 

with are generally small, and the uncertainty of the readings taken from the curves 

unquestionably affects the results. V/e have not many data which furnish any a 

2:)OSteriori arguments of importance, as in most cases the times at which the two Dip 

observations were taken were separated by too short an interval for the diurnal 

variation to have altered much. The observations made at Kew in 1887 are, however, 

decidedly improved by correction. 

Date. 
Instru¬ 
ment. 

Needle. 
Dip 

observed. 
V. A. 

Dip 

corrected. 

September 30 ... . 74 1 67 35-4 - 0-7 + 0-7 
0 / 

67 35-4 
74 2 34-7 - 0-8 + 1-3 34-2 

October 11. 83 1 67 33-8 - 0-4 0 67 34-2 
83 2 34-9 - 0-5 0 35-4 

,, 13. 83 1 67 36-0 - 0-4 -b 1-4 67 35-0 
83 2 36-1 - 0-5 + 1-6 35-0 

18. 83 1 67 .34-2 - 0-3 -b 0-3 67 34-2 
83 2 34-2 - 0-4 -b 0-3 34-3 

„ 19. 74 1 67 35-0 - 0-3 0 67 35-3 
74 2 33-5 — 0-3 - 0-7 34-5 

The greatest differences in the corrected and uncorrected results are T‘2 and 2'*G 

respectively. 
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On tlie whole, then, we think the application of the correction for diurnal range is 

advantageous, but the correction for disturbance appears to be somewhat uncertain in 

its effect as applied to the field observations, and we have retained it chiefly for the 

sake of uniformity with our treatment of the other elements. 

The formulm used in the application of the corrections to the Horizontal Force and 

Hip were as follows : — 

If H', m' and H, m be the values of the Horizontal Force and the moment of the 

magnet deduced from the uncorrected and corrected observations respectively, and if 

(f) and ifj be the total increments of the Horizontal Force due to diurnal variation and 

disturbance at the times when the deflection and vibration experiments are made, 

H = H'-(c^ + ,^)/2; 

m = m {1 + — '/') / 2H']. 

As the disturbances of the Dips have to be deduced from those of the Horizontal 

and Vertical Forces, the calculations involved are rather troublesome. 

If dd be the change, expressed in minutes of arc, produced by increments dY and 

f/H in the Vertical and Horizontal Forces respectively, 

dd = adY - hdB., 

where a and h are quantities which depend on the Dip and Horizontal Force at the 

station. Tables were prepared in v/hich the values of these were entered for each 

complete degree between 6G° and 72”^, and for each tenth of a unit of Horizontal 

Force between 1’4 and 1’8. As they vary slowly, the value corresponding to any 

given Dip or Force could be readily determined, and the value of dO was thus 

deduced. 

Method of Tahidating the Observations. 

We have ventured to modify considerably the methods ordinarily adopted of pre¬ 

senting the results of a survey such as our own. It is often very difficult for any one 

who studies the records of magnetic observations to learn anything as to whether the 

instruments were in good or bad adjustment, or whether the actual observations were 

careful or careless. Sometimes superfluous data are given which supply no infor¬ 

mation on these points. Thus, the quantities log mX and log m/'K, or mX and m/X, 

which are sometimes tabulated in records of Force observations, add but little to their 

value. In an observatory, indeed, they ought to be nearly constant from month to 

month; but as, in both of them, the changes in the value of the moment of the 

magnet and those in the Force are mixed up with the error of experiment, it is not 

easy to draw any definite conclusion from them. To test the observations, we should 

compare quantities the difference between which ought theoretically to vanish. In 

the case of a survey, log rnX and log m/X must vary largely from station to station, 

and they are,, therefore, quite worthless as tests of the observations. 
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There are now five British magnetic observatories wmrking with instruments of 

substantially the same patterns, and we think it would be very desirable if an agree¬ 

ment could be come to as to the form in which the results of the observations are 

published. In our own case we have been anxious to check the numbers given by 

experiment in every way, as it is only thus that we are able to determine what 

reliance may be placed on observations at stations where time or w^eather prevented 

the repetition of one or more of the measurements. 

The following is an example of the method of tabulation adopted in the case of the 

Declinations :— 

S is the interval between the southing of the Sun and the mean of the times at 

which the “front” observations were made on the Sun’s azimuth. It is taken as 

positive if the observations were made after noon. 

Alt. signifies the altitude of the Sun above the horizon at the same time. 

p, is the cori’ection made by means of the “ back” observations to the geographical 

meridian determined from the front observations alone. This quantity serves to 

indicate the order of the error that may have been introduced by the omission of the 

back readings on some occasions. 

G.M. is the reading on the horizontal circle which corresponds to the geographical 

meridian. In most cases two determinations of the geographical and magnetic 

meridians were made at an interval of some hours. In this time the tripod may 

have shifted slightly, owing to unequal sinking of the ground, warping of the legs, &c. 

Hence, if no fixed mark was read, each geographical meridian must be regarded as 

corresponding only to the magnetic meridian which was observed nearly at the 

same time as itself. As it is often difficult to select a suitable fixed mark, we have, 

whether a fixed mark was observed or not, regarded each reading for the geographical 

meridian as corresiaonding to that for the magnetic meridian which was nearest to it 

in point of time. 

In the case of the magnetic meridian (the reading for which is indicated by M.M.) 

we tabulate the following data : 

(1) The G.M.T. at which the observation was made reckoned from midnight, 

(2) Half the difference between the readings when the magnet is erect and inverted 

is the angle between the magnetic and geometrical axes of the magnet. If then ft’om 

this quantity (^) we subtract its mean value as determined from all the observations 

made in the same year (^q), we obtain a measure of the error due to inaccuracy of 

reading or adjustment, and to imperfect compensation of the diurnal variation or of 

any disturbance which may have been occurring at the time. 

(3) oj is the error which would have been caused had the torsion of the thread not 

been allowed for. 

(4) V and A are the deviations of the element from its mean value due to diurnal 

variation and disturbance respectively. The first, as has been already explained, is 

calculated for local time from the Kew curves of diurnal variation, the latter is the 
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disturbance registered by the Kew curves at the same G.M.T. as that at which the 

observations were taken. 

(5) S (obs.) is the value of the Declination obtained by subtracting the reading for 

the magnetic from that for the corresponding geographical meridian. 

(G) (t is the secular correction to Jan. 1, 1886, obtained as is hereafter explained. 

(7) S (red.) is the mean value of the Declination reduced to the epoch of the survey. 

As an example we take Athlone, where observations were made on two different days. 

On May 8, no back observations were taken, so that /x could not be calculated. 

Declination. Athlone. Observer, T. E. T. Magnetometer 61. 

Geographical Meridian. 

Date, 1887. V Alt. /'• G.M. 

]i. m. s. 0 / 
, 

0 / 

]\Iay 8 + 1 40 59 48 4-2 338 38T 
» 9 -3 43 58 33 51 - 0-2 210 31-2 

Magnetic Meridian. 

Date. G.M.T. t   p t bo' a’. V, A. M.M. 

May 8 
,, 9 

li. m. 
12' 39 

9- 9 
+ 0-2 
-0-4 

1 
0
0

^ 
0

 

+ 6'3 
-3-9 

+ 1-5 
0-0 

.316 21-6 
188 14-4 

Declination. 

h (obs.). Mean. (7, c (red.). 

2°2 16-5 
22 16-8 

0 / 

22 16-6 

> 

+ 10-1 

0 / 

22 26-7 

In the case of the Horizontal Force observations the deflections were always taken 

when the distances between the centres of the magnets were 0‘3 and 0'4 metre. If 

then Zj and are the common logarithms of the values of m/H obtained at the two 

distances, the factor P used in the corrections may be calculated by the formula 

P z= 0-4737 (Zi - Z2) - 1-947 (Z^ - Uf 

of which the second term is very small. (‘Nature,’ Aug. 13, 1887, p. 366 ; Sept. 29, 

p. 508 ; Dec. 8, p. 127 ; and Jan. 19, 1888, p. 272). 
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The following table gives the mean values of P obtained for each year during the 

survey. 

Magnetometer. 

60 
! 

61 i 

1884 . 0-000817 
1885 . 0-000866 
1886 . 0-000828 0-000753 
1887 . 0-000809 0-000692 
1888 . 0-000800 0-000706 

The ordinary method of determining the Inclination with two needles gives two 

independent values, the agreement of v'hich furnishes a test of the accuracy of the 

observations. It is, however, usual to give only one value of the Horizontal Force 

deduced from the means of the values of w/H and inH calculated from the deflection 

and vibration experiments. The constancy or regular change of the value of m affords 

a means of determining whether the observations are sufficiently good, but it seems to 

us that nothing is for this purpose so satisfactory as the agreement or disagreement 

between two independent experiments. The results of the ordinary deflection and 

vibration observations can readily be presented in such a form as to satisfy this 

condition with only an insignificant addition to the labour of reduction. 

The vibration experiment furnishes twelve independent determinations of the time 

of 100 vibrations, six of which are taken when the scale of the vibrating magnet is 

apparently moving to the right, and six when it appears to be moving to the left. If 

we take the mean of the six observations furnished by the first and last three of each 

of these groups, we have two independent determinations of the vibration period, 

based in each case on six observations, of which three were taken when the movement 

appeared to be to the right, and three when it appeared to the left. 

If we agree always to combine the first and second of these groups with the values 

of 77i/H obtained when the distance between the magnets is 0'3 and 0'4 metre 

respectively, we obtain from each experiment two values of m and H. Except in so 

far as errors may arise in the determination of the temperature, or in the adjustment 

of the instrument (levelling, &c.), these are absolutely independent, and thus furnish 

a satisfactory check on the accuracy of the observations. It would, however, be hardly 

worth while for the sake of this advantage to go through the labour of repeating the 

reduction of the vibrations. As the two vibration periods are very nearly the same, this 

is unnecessary. Let T be the time deduced from all the observations, and T e/T the 

times given by the first and second groups of observations selected as above described. 

Then if D be the value of mj'H. given by the deflection experiment, 



SURVEY OF THE BRITISH ISLES FOR THE EPOCH JANUARY I, I88G. 73 

and in like manner 

(HI _ 

H ~ ~ Y’ 

dm  dT 

m T 

Thus, if we use the mean of the times for deducing two values of H and m from 

the two deflection experiments (as is done in the ordinary method of reduction) we 

may obtain the independent values of H and m by altering the means in the ratio of 

the independent to the mean times. 

Thus, at Horsham, the mean time of vibration was 4®'1650, and using this the 

deflections at the two distances gave 

and 

H = 1'8365 and 1’836G 

m = 0-0091956 and 0-0091952 

respectively. 

The actual jDeriods of vibration for 100 oscillations observed were— 

Apparently— 

Moving to right. Moving to left. 

m. s. m. s. 
6 56’6 6 56'G 

56'5 56-6 
56'5 .5G-5 

56-5 56-G 
56-3 5G'4 
56-4 5G-5 

Taking the means of the observations recorded above and below the line we get for 

the time of one oscillation 
4^-1655 and 4^-1645. 

These independent times differ from the mean by 0-012 and — 0-012 per cent, 

respectively. 

Hence, altering the values of H and m in the same proportion, but in the opposite 

direction to that indicated by the signs of these cjuantities, we get 

and 

MDCCCXC.-A. 

H = 1-8363 and 1-8368, 

m — 0-0091945 and 0-0091963. 

L 
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These quantities are quite independent, except as regards the temperature correc¬ 

tions and instrumental adjustments, and their difference is a measure of the errors of 

observation and imperfect compensation of the diurnal variation and disturbance. In 

tabulating the Force observations we give the G.M.T. at which the deflection and 

vibration observations were made, and the extreme temperatures during the progress 

of the experiments, the observed deflections and the independent times calculated as 

above described. 

The agreement of the times of vibration serves to test the vibration experiments. 

As a measure of the accuracy of the deflections we take the ratio of the two values of 

'»i/H calculated by combining the mean time of vibration with each of the two 

deflections. 

The logarithms of these two quantities occur in the calculations, and all that is 

necessary is to subtract them and look out the corresponding natural number. As 

this quantity is very nearly unity we multiply by 100 and give the fractional part 

only. The symbol e is thus the percentage difference between the results given by 

the two deflections when combined with the mean time of vibration. 

The following form, which is that wdiich has been used, explains itself 

The results of the deflections differed by 0*008 per cent., the times of vibration by 

0^*001. There was no disturbance, and the Horizontal Force, owing to diurnal variation, 

was 0*0007 and 0*0003 metric unit above the average, at the times which correspond 

to the middle of the deflection and vibration experiments respectively. 

The corrected values are obtained from the mean values by applying the corrections 

for diurnal variation and disturbance. 

Horizontal Force. Horsham. Observer, A. W. iR. Magnetometer 60. 

Deflection. 

Date, 1888. G.M.T. t. Observed deflection. e. A- 

April 21 
li. m. 
14 44 

O 

11-8 
to 

10'7 

0 ‘ // 
21 61 55 

9 0 8 
+ 0'008 + 0-0007 0 

Vibration. 

Date. G.M.T. t. T. -To. A,. 

li. m. O s. 
Am il 21 13 34 16-5 4-1655 

to + 0-0003 0 
17-4 4-1645 
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Values of m. 

Observed. Mean. Corrected. 

0'0091945 
0-0091963 0-0091954 0-0091965 

Values o/H. 

Observed. Mean. Corrected. #7. Reduced. 

1-8363 
1-8368 1-8365 1-8360 - 0-0051 1-8309 

At places where the deflection experiment was not made, the moment of the magnet 

was calculated from the other moments observed during the same tour. It was 

assumed that the strength of the magnet diminished regularly, and a linear expression 

was determined by equations of condition which gave the rate of decrease. A careful 

analysis of the Scotch observations, which were the first reduced, proved that this 

method was satisfactory. 

The greatest difference between observation and calculation occurred at Kirkwall, 

and amounted to 0'234 per cent. It is certain that in this case the difference is not 

due to errors of experiment, but to a real change in the moment, as the observations 

obtained at the next station (Lerwick) confirmed it. We are also able to assign a 

probable cause for the alteration, as the “Coventina” was caught in a “roost” oft’ 

Stromness, and experienced rather rough treatment, during which the magnet may 

have been jarred. 

The mean difference (Irrespective of sign) at all the stations was 0’057 per cent. ; 

and if we put aside about one-fifth of the whole number of stations at which, owing to 

bad meteorological or magnetic weather, or some similar cause, the conditions under 

which the observations were taken were not very favourable, the mean difference 

at the remainder was 0'028 per cent. 

It must, of course, be remembered that this quantity is not a measure of the error 

of experiment, but of the algebraical sum of that error, and of the deviation of the 

rate of decrease of the moment of the magnet from perfect uniformity. The conclusion 

we came to from the discussion of the Scotch observations was that if the observed 

moment differed from that calculated by the linear formula by OT per cent., either a 

real change had taken place in the magnet or the obse)’vation had been affected by 

some disturbing cause, which it was in general easy to specify. In the later tours the 

moments of the magnets changed very slowly, and it was sufficient to take the mean 

L 2 
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of the moments obtained at one or two stations immediately preceding and following 

that at which the deflection experiment had been omitted. The total number of 

stations at which vibrations only were observed was 42. 

In tlie case of the Dip observations the correction for diurnal variation was deduced 

from the Kew curves for the diurnal variation of the Horizontal and Vertical Forces, 

which were supplied to us by Mr. Whipple. 

The disturbance corrections were calculated as previously described. 

The following form was used in wmrking up the results :— 

Inclination. Bunnahabhain. Observers: Needle 1, A. W. B. ; 

Needle 2, T. E. T. Dip Circle, Dover, 83. 

Date 1888. Xeedle. G. M. T. Observed. V, A. Corrected. 

h. m. 0 • 

+ oh + 07 
O / 

Aug. 25 . 1 i 12 46 70 40-2 70 .39-4 
2 14 38 70 39-4 - 0-4 70 39-8 

I\Iean. (T. Reduced. 

70 .39-6 + 3-4 70 43-0 

All the observations were tabulated in these forms, and we propose to deposit 

copies of tliem with the Boyal Society. In this paper we give fewer data. It will, 

however, be more convenient to describe these under the heading “ Results of the 

Observations,” p. 93, and we now proceed to use the tabulated results in a discussion 

of the accuracy of our work. 

Er rors of Experiment. 

The completion of so large a number of observations as those involved in our 

survey, carried out for the most part by two observers with different sets of instru¬ 

ments, affords a good opportunity of testing the accuracy of experiment in the field, 

especially as we have followed a regular practice of determining both the geographical 

and magnetic meridians by means of independent experiments made at an interval of 

several hours. Again, our method of tabulating the results of the Force observations 

furnishes a good test of the various parts of the experiments, and, as will be seen here¬ 

after, we are able, in the case of the Dip observations, to arrive at conclusions as to 

the small errors due to the imperfections even of the excellent needles supplied by 

Mr. Dover. 
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In the first place then, we take as the error of a Decimation, the difference from 

the mean of the values obtained at the same station at an interval so small that the 

secular correction is not involved {i.e., a few hours or days), when both the geographical 

and magnetic meridians are determined independently. 

The error of a Force observation is taken as half the difference between the two 

independent values, calculated as above described. 

Lastly, the error of a Dip observation is half the difference between the results given 

with needles 1 and 2. In the case of the last two, it is evident that both quantities 

may be affected with small errors which are not thus detected, such as , that due 

to uncertainty as to temperature, in the case of the Forces, and errors of setting in 

the magnetic meridian, in that of the Dips. 

Taking, however, these quantities and treating them as though all the results in 

each group were measures of the same quantity, we get the following values of the 

probable error ;— 

Nnmber of observations. Pi-obable error. 

Declination .... 97-5 0'-699 
Horizontal Force . 196 0-00028 (M.U.) 
Dip. 190 O'-15 

In this Table, we count each double observation as one. The fraction, in the case 

of the Declination, is due to the fact that, at some stations, an odd number of 

observations was made. 

It is useful to analyse the observations still further. In so doing, we have generally 

treated Scotland as a whole. During our earlier tours we observed together, and 

sometimes one observer would take the geographical and the other the magnetic 

meridian, one would observe the deflection and the other the time of vibration. It is, 

therefore, difficult to separate the results. In England and Ireland we always observed 

apart; and, with the exception of a short tour in 1886, when Dr. Thorpe used Dip Circle 

No. 74, we always used different instruments. The mean values of the quantities are 

taken irrespective of sign, so that they indicate the average value whether positive or 

negative. 

The definitions of the quantities used as tests, are given on p. 70. The symbol dS 

indicates the mean error of the element. 
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Declination Observations. 

Observer. Instrument. 

Mean values of 

f-fo- W. dS. 

Scotland .... R. and T. 60 and 61 + 0-31 + 0-39 + 0-75 + 077 
England .... T. 61 + 0-39 + 0-32 + 0-28 + 071 

R. 60 + 0-45 + 0-35 + 0-39 + 0-85 
Ireland. T. 61 + 0-48 + 0-24 + 0-37 + 0-51 

R. 60 + 0-39 + 0-32 + 0-42 + 0-63 

Iloughly then, the average errors due to imperfect adjustment of the mirror, 

to inaccuracy in determining the magnetic axis of the magnet, and to torsion, ought 

not, in each case, to exceed about 0'4 of a minute of arc, assuming that no correction 

was attempted, as would be the case, for instance, with regard to /r, if no back 

observations of the sun were taken. As in the great majority of cases, all three were 

corrected by front and back observations on the sun, by observing the magnet erect 

and inverted, and by determining the torsion, we may be sure that the actual errors 

were much below these amounts. It seems, therefore, probable that the observations 

are affected with small errors which are not so capable of correction, for the mean and 

probable values of c^S appear to prove that it is an even chance that each of two 

independent declinations differ from their mean by more than 0''7. 

In the following Table we give a similar analysis of the Force observations. The 

quantity e/2 is the percentage difference of either deflection experiment from their 

mean. 

dT is the average difference in seconds between each “independent” determination 

of the time of a single oscillation (as defined on p. 73) and their mean. 

f/H is the average difference between each independent determination of the Hori¬ 

zontal Forces and the mean of the two involved in each complete experiment. In all 

cases the averages are, of course, taken without reference to sign. 

Horizontal Force. 

Observer. Instrument. 

Mean values of 

e/2. dT. dH. 

Scotland . R. and T. 60 and 61 
Per cent. 

+ 0-041 
S. 

+ 0*00043 
M.U. 

+ 0-00033 
England . . T. 61 0-031 0-00040 0-00030 

R. 60 0-023 0-00035 0-00025 
Ireland . T. 61 0-033 0-00032 0-00028 

R. 60 0-017 0-00040 0-00022 
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We have analysed the dips in a somewhat different way. 
If one needle tends to give a slightly higher or lower result than the other, the 

mean value of the difference of the results, always taken in the same order—viz., dip 
given by Needle 1, minus dip given by Needle 2~ought to give the bias or measure of 

the difference due to imperfections in their construction. If this cpiantity be sub¬ 
tracted from the difference of the results in each observation, we get the error of 
experiment, which is the difference due to imperfection in observing and correcting. 
The mean of the last quantities, taken without reference to sign, is the mean error of 
experiment. 

Thus, if we take the difference as positive when Needle 1 is the higher, out of 

23 stations in Ireland at which observations were made with the same instrument (74), 

it was positive at 15 and negative at 8. The mean of all the differences showed that, 

on the average. Needle 1 gave results 0'’31 higher, and Needle 2 results 0''31 lower, 

than the mean of the two needles; so that there is evidence of a bias which would 

make Needle 1 give results 0'‘6 higher than Needle 2. That this number is worthy of 

credit is shown by the close agreement of the values obtained with the same instru¬ 

ment in England, and by the practical identity of all the numbers obtained for Dip 

Circle 83 in England, Scotland, and Ireland. 

The axles of the needles of Dip Circle No. 74 appear to have undergone some slight 

alteration between the end of 1885 and the beginning of 1886, but there seems no 

doubt that since that date Needles No. 1 in the two instruments have read about 0''3 

and 0''2 respectively above the mean of the two needles. 

The following Table gives a summary of the results :— 

Instrument 74. 

i 

Number of stations, with 
difference. Bias. 

Ob.servers. Upper sign. Needle 1. 
Lower sign, Needle 2. 

Positive. Negative. 

Scotland . T., R., and L. 18 31 + 0-25 
England . T. 8 2 + 0-25 1 

R. 24 12 + 0-33 
Ireland R. 15 8 -b 0-31 
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Instrument 83. 

Observers. 

Number of stations, with 
difference. Bias. 

Upper sign, Needle 1. 

Positive. Negative. 
Lower sign. Needle 2. 

Scotland . T. and R. 6 3 + 0T9 
England T. 25 16 + 0-20 
Ireland. T. 11 7 ± 0-20 

An analysis of tlie errors and corrections such as we have carried out appears to 

constitute a very delicate test of the observer and instrument combined. Thus it is 

curious to note that (although the differences are small) one of us has on the whole 

been more successful with the Declinations and the other with the Force observations. 

As has already been remarked, the observations in Scotland were often divided between 

us, so that we do not attempt to analyse them, but both in England and Ireland 

Dr. Thorpe’s Declinations agree the better by about 0'’26, and Professor Pucker’s 

Forces by about O'OOOll metric unit. The facts that in Ireland Professor Pucker’s 

mirror appears to have been generally in the better adjustment, and that in England 

Dr. Thorpe’s observations of the period of oscillation of the needle were the better, 

indicate that the causes of the differences in the results were probably a more 

perfect management of the torsion of the thread in the Declination observations, and 

a slight superiority in the deflection observations in the Force measurements. 

It will, we think, be granted that in all cases the observations are as good as the 

occasion requires, and we discuss these minute diflerences not because we think they 

produce any appreciable effect on the results of our survey, but as an illustration of 

the fact that our method of tabulating the observations, conveys information as to the 

personal equations of the observers which is not afforded by the results as ordinarily 

presented. 

We think it possible that if we had been able to carry out the work in a more 

leisurely manner, to observe azimuths only when the Sun was low in the heavens, 

and to wait for fine weather, the results might have been in closer accord, but on the 

other hand we do not think that any improvement so obtained would have been of 

practical importance. The uncertainty of the value of the secular correction at any 

given station, and the changes produced in disturbed districts by a slight alteration 

in the position of the instruments, are far more important than any residual errors 

by which our observations may possibly be affected. 
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Secular Corrections. 

The secular correction is often appreciably different at neighbouring stations. Thus 

the annual change in tlie Dip in the years 1883-4 and 1884-5 was 1'’8 and 1''7 at 

Greenwich, and I'A and 1'’2 at Kew. 

The differences in the Declination change are still more marked, as the following 

Table shows. 

Year. 

Declination. Annual variation. 

Greenwicli. Kew. Greenwicli. Kew. 

1880 . 18 32-6 18 59'0 5-5 8-5 
1881. 27T 50-5 4-8 57 
1882 . 22-3 44*8 7-3 4-8 
1883 . 150 40-0 7‘4 8-0 
1884 . Y6 32-0 5-9 7*3 
1885 . 17 247 

It will be noted that the annual variations differed in 1880 by 3''0, and that the 

average difference irrespective of sign is 1''4. 

It does not therefore appear advisable to reduce the observations to one epoch by 

means of the annual variations as determined at a single observatory. 

On the whole a better result will probably be attained if we collect all the evidence 

at our disposal and deduce from it an average secular change. 

The comparison of our own observations with those of Mr. Welsh affords the 

means of determining this quantity for Scotland, and proves that the rate of decrease 

of the Dip is less in the northern than in the southern stations, a result which is in 

accord with previous observations. 

The mean decrease in Scotland between 1837 and 1857 was 1''94. (‘Brit. Assoc. 

Hep.,’ 1859, p. 169.) In the nearly corresponding interval between 1837 and 1860 it 

was 2'’05 on the northern border of England and 2'‘68 on the south coast. (‘ Brit. 

Assoc. Rep.,’ 1861, p. 260.) 

Unfortunately very few Dip observations were made in England and none were 

made in Ireland in the 1857 survey, but there are a number of stations common to 

the surveys of 1837 and 1886. We can thus determine the secular decrease during 

the last 50 years. In the following Table the stations ai'e grouped according to their 

geographical distribution, the districts being North and South Scotland, North, 

Central, and South England and Wales, and North and South Ireland. 

The data for the 1837 survey are taken from the paper by the late Sir Edward 

Sabine, already cited (‘ Phil. Trans.,’ 1870, Vol. 160, p. 271). 

MDCCCXC.—A. M 
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Table II.—Mean Annual Decrease of Inclination between 1837 and 1886. 

Station. 
Mean Annual 

Decrease. 
Station. Mean Annual 

Decrease. 

Lerwick . 1-22 Malvern. 2-33 
Aberdeen. 1-58 Brecon. 2-24 i 
Kirkwall. 141 Aberystwith .... 2-27 j 
Wick. 1-47 Harwich. 2'02 ! 
Golspie. 1-48 Cliftoir. 2'25 
Inverness. 1-57 Swansea. 2-22 
Fort AuOTistiis..... 1-44 1 

Kew. 2'04 1 
Edinburgh. 1-43 Ilfracombe. 2*04 
Glasgow. 1-53 Salisbury. 2-28 
Helensburgh .... 1-S8 Dover. 2-10 1 
Campbelton .... 1-70 Exeter. 2-06 
Gumbrae. 1-23 Ryde. 2-26 
Berwick. 1-77 Weymouth. 2-32 

Plymouth. 2-26 
Alnwick. 1-67 Falmouth. 2-46 
Newcastle. 1-75 
Carlisle. 1-96 Londonderry .... 2-04 
Whitehaven .... 1-77 Strabane . 1-87 
Thirsk. 1-88 Bangor*. 1-98 
Scarborough .... 1-80 Armagh. 2-09 
Manchester'. 2T0 Enniskillen. 2-04 
Birkenhead .... 1-98 Ballina. 2-06 
Holyhead. 2-02 Westport. 212 

Clifden. 213 
Cromer. 1-81 
King’s Lynn .... 1-96 Galway. 1-99 
Nottingham .... 2-06 Dublin. 2*06 
Pwllheli. 2-04 Limerick. 2-21 
Shrewsbury 1-70 W aterford. 2-31 
Birmingham ... 2-10 Killarney. 2-45 
Cambridge. 2'02 Cork. 2-32 
Lowestoft. 1-84 Valentia. 2-50 

There is a steady increase as we pass from north to south, and from east to west. 

This is brought out in the next table, in which the mean decrease is given for each 

district, and also for the stations in the easterly and westerly parts of it. 

District. Number of 
Stations. 

Mean annual decrease of inclination between 
1837-1886 for 

Whole district. Westei'u half. Eastern half. 

North of Scotland. 7 1-45 1-49 1-42 
South of Scotland. b 1-51 
North of England and North Wales . 9 1-88 1-97 1*77 
Midlands and Wales. 14 2-05 2*10 2-00 
South of Eirgland. 9 2-20 2-24 2-17 
North of Ireland. 8 2-04 2-07 1-98 
South of Ireland. 7 2-26 2-37 215 
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In the case of twelve Scotch and six English stations we are able to compare the 

rate of change in the two periods 1837-1857 and 1857-1886. The data are taken 

from the sources above described. 

Station. 

Mean anuual decrease of inclination. 

Ratio. 

1837-1857. 1857-1888. 

Lerwick. 1-65 0-96 1-72 
Aberdeen. 2-02 1-33 1-52 
Kirkwall. 1-97 1-07 1-84 
Wick. 2-02 ITl 1-82 . 
Golspie. 1-68 1-.38 1-22 
Inverness. 1-92 1-37 1-40 
Fort Augustus. 1-80 1-21 1-49 

Edinburgli. 1-82 1-14 1-60 
Glasgow. 1-80 142 1-27 
Helensburgh. 1-48 1-32 1T2 
Campbelton. 1-99 1-39 1-43 
Cumbrae. 1-53 0-94 1-63 
Berwick. 2-48 1-33 1-87 

Scarborough. 2-02 1-63 1-24 
Stonyhurst. . . 1-75 . . 
Cromer. 2-22 1-44 1-54 
Cambiudge. 2-50 1-58 1-58 
Lowestoft. 2T7 1-54 1-41 
Kew. 2-65 1-62 1-63 
St. Leonards. 1 82 
Plymouth. 2-73 1-89 1-44 

The mean ratio for North Scotland is 1’57, for South Scotland 1'49, and for 

England 1'47. 

These figures prove that the ratio of the m.ean annual decrease, in the intervals 

1837-57 and 1857-87 has been nearly constant all over Great Britain, but that the 

rate of change has been rather more rapid in the north. 

If we assume that the ratio has been 15 for England and Ireland, we may 

deduce x, the mean annual decrease between 1857-87, from the corresponding 

quantity given in Table II., p. 82, for the interval 1837-87, by the formula 

1'5 X 20x + 2)0x = 50(7, 

X — 5(7/6. 

The same quantity is determined for stations in Scotland bv direct experiment by 

the comparison of our own observations with those of Mr. Welsh. The results are 

given in the following Table. 

■M 9. 
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Mean Annual Decrease of Inclination in Scotland between 1857 and 1884-8. 

Station. 
Mean annual 

decrease. 
Station. 

Mean annual 
decrease. 

Lerwick. 0-96 Fort Augustus 1-21 

Kirkwall. 1-07 Aberdeen. 1-33 
Stromiiess. 1-27 Pitlochrie. 1-40 

Thur.so. 1T5 Oban. 1-27 
Wick. ITl Port Askaig , . , . 1-38 
Loch Inver. I’32 Locbgoilhead .... 1T2 
Stornoway. 0-90 Edinburgh. 1T4 
Callernish. 0-99 Glasgow . . 1-42 
Golspie. 1-38 Berwick. 1-33 
Banff. 1-33 C umbrae . ... 0-94 
Elgin. 1-30 Campbelton . 1-39 
Inverness. 1-37 Ayr. 1-5G 
Kyle Akin. 1T2 Dumfries. 1-45 

Dalwhinnie .... 1-41 Stranraer . 1-54 

Using these figures and the numbers calculated as above described from Table II., 

p. 82, we get the mean annual decrease between 1857 and 1886 in different parts of 

the United Kingdom, as follows :— 

District. 
Mean annual decrease between 

1857-8 and 1884-7. 

N. of Scotland. 1-20 
S. of Scotland. 1-36 
N. of England and N. Wales 1-57 
Midlands and Wales. 1-71 
S. of England. 1-84 
N. of Ireland. 1-68 
S. of Ireland. 1-90 

Althoi’.gh we give these numbers as showing the mean results for districts of con¬ 

siderable size, the figures obtained at the individual stations appear worthy of caneful 

study. 

The observed,values of the annual decrease for 1857-87 for Scotland, and those 

calculated for the same period for England and Ireland from the 1837-87 surveys 

are inserted in the accompanying map (fig. 1). 

The general increase from east to west is evident, but in Great Britain there are 

some stations the annual decrease at which is less than at those which are nearest to 

them on the eastern side. 

To test wdiether the differences were accidental a number of supplementary stations 

w'ere taken on the Wye. 

At Malvern and Brecon the calculated secular rates between 1857 and 1886 are 

— 1'‘94 and — 1'‘87, and at Clifton and Cardiff — i'‘87 and — 1'‘85. In each case 



SURVEY OF THE BRITISH ISLES FOR THE EPOCH JANUARY I, 1886. 85 

the smaller value occurs at the western station. Between them lie Hereford, Ross, 

and Chepstow, and the rates obtained from observations at these in April, 1889, are 

— l'’85, — l'’83, and — l'‘84, which are in all cases less than those at Malvern and 

Clifton. These observations then support the view that there is a real maximum 

followed by a minimum rate of change of Dip in this neighbourhood. 

Fig. I. 

Secular change of Hip, 1858-86. 

This induces us to show in fig. 1 that if all stations at which there is a maximum 

rate of change are joined, we get two long lines running from Edinburgh to Exeter, 

and from Stornoway to Limerick. The stations are not sufficiently numerous to 

enable us to draw any certain conclusions about them, but the point ought not to be 

lost sight of when the survey is repeated. 

For the present we note only that of the three pairs of neighbouring abnormal 

stations at which observations were made in all three surveys, all three are abnormal 

(in the sense tliat the rate of change is greater at the easterly station) whether we 

take the interval 1837-87 or 1857-87. In both cases the rate at Inverness is greater 

than at Fort Augustus, at Glasgow than at Cumbrae, and at Berwick than at 

Edinburgh. 
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The distribution of these stations affords, at all events, 'prima facie evidence that 

the differences between them are not accidental. That they cannot be due to errors 

of measurement is evident when we remember that an error of O'd in the annual rate 

of change determined from experiments separated by an interval of fifty years would 

require an error of 5' in one or other of the observations, or of 2'’5 in both. We 

therefore decided to regard the figures in fig. 1 as giving the true rate of secular 

change of Dip between 1857 and 1887 at the stations indicated. 

The determination of tlie mean rate of decrease of Dip between the years 1857 and 

1887 does not, however, give, the value of that quantity during the period of our 

survey. As the rate is diminishing it would be less in recent than in earlier years. 

The evidence we are able to collect on this head is confined to data from Greenwich, 

Kew, and Stonyhurst, and to a few stations at which we observed both near the 

beginning and near the end of our survey. In the following Table we have entered 

such facts as were known to us at the time when the progress of the reductions made 

it necessary to come to a decision on this point. 

Our own observations and those taken at Stonyhurst are corrected for diurnal 

variation and disturbance. The Table illustrates the importance of these corrections 

wlien conclusions are to be dra.wn from observations between which the interval of 

time is small. 
Table III. 

Statiou. Date. Dip. Date. Dip. 
Interval 

in years. 

Secular 

rate of 
change. 

Assumed 
rate. 

Loch Aylort . Sept., 1884 
O 

71 24-0 Aug., 1888 
0 

71 22-3 4 - 0-4 - To 
Kerrera . Aug., 1884 70 51T Aug., 1885 70 48-7 1 - 2-4 - 1-2 

Strauraer . Sept., 1884 70 141 Aug., 1888 70 111 4 - 0-8 - 1-4 

Stonyhurst 1884 69 16-2 1887 69 9-0 3 - 2-4 - 1-6 
Kew .... 1884 67 39-5 1888 67 36-4 4 - 0-8 - 1-5 
Greenwich . 1884 67 30-2 1886 67 27-0 2 - 1-6 - 1-5 

Leeds Sept., 1886 69 9-7 Dec., 1888 69 6-9 2-2 - 1-3 - 1-5 

Mean . - 1-4 - 1-4 

Note.—Stornoway is omitted because tbe observations were made in 1884 in the Castle grounds and 

in 1888 on Ard Point. 

These figures illustrate the fact that there may be a considerable discrepancy at 

any particular station between the actual secular change at a given time and that 

deduced from the mean taken over a long series of years. On the wdiole, we think it 

probable that the present rate of change of Dip is somewhat less than its mean value 

between 1857-87, and we have, therefore, reduced the numbers for that period by 

one tenth, neglecting fractions of a tenth of a minute. This assumed rate gives a 

correct mean rate for the stations referred to above in Table III., though it is con¬ 

siderably too high for some and too low for others. It is probable that in the case of 

Kerrera the observed rate of change is not quite correct. The site is subject to local 
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attraction, and a single pair of observations made at so short an interval as a year is 

hardly sufficient to rely on. The results from Stonyhurst, however, prove that the 

assumed and actual rates of change may differ by 0'’8, and that, thus. Dips reduced 

to January 1, 1886, from the end of 1888, may be about 2''5 wrong. To prevent, as 

far as possible, any effect on the general run of the isoclinal lines from this uncer¬ 

tainty, we put down on a map all the assumed rates at places for which they could be 

determined, and took the rate at any other place to be that given by the nearest of 

these stations. 

The rates of decrease thus obtained for the south of England are considerably less 

than those assumed by M. Moureaux for the north of France, which do not differ 

much from — 2'7. These values are obtained for the interval 1858-1885 by com¬ 

paring M. Moureaux’s observations with Lamont’s map. We think, however, that the 

observations of the Rev. S. J. Perky, F.R.S., reduced to the epoch, January 1, 1869, 

prove that in France as in England the rate of change of Dip has been diminishing. 

Twelve stations were common to Father Perry and M. Moureaux; at one of 

these, Marseilles, the station of the earlier observer was no doubt seriously affected 

by local disturbance. The rate of change for the epoch 1858-69 is much larger than 

for any other station, and for 1869-85 it is much too small. Rejecting this observa¬ 

tion we think the following table shows that M. Moureaux’s numbers are too large. 

Secular Change of Dip in France. 

Station. Jan. 1, 1869. Jan. 1, 1885. 

Secular variation. 

1869-85. 1859-85. 

Amiens. 66 40-3 6°6 80 - 2-0 - 2-7 
Bordeaux .... 63 23-0 62 41-8 - 2-6 - 3T 
Clermont .... 63 36-4 62 52T - 2-8 - 2-8 
Dijon. 64 24-5 63 53-4 - 1-9 - 2-7 
Grenoble .... 62 54-2 62 6’9 - 2-9 - 2-6 
Monaco. 61 22T 60 41-2 - 2-5 - 2-8 
Moulins .... 64 4-9 63 30T - 2-2 - 2-7 
Paris. 65 52'5 65 17-3 - 2-2 - 2-8 i 
Perigueux .... 63 23-9 62 44-9 - 2-4 - 3T 
Poitiers .... 64 28T 63 55-6 - 2-0 - 2-8 1 
Toulouse .... 62 IT 61 23-9 - 2'3 - 3-2 

Mean .... — 2'35 - 2-85 i 

We turn next to the secular change of the Declination. 

A number of stations are common to our own survey and those of 1837 and 1857, 

and we have also observed at several places where the Declination was determined in 

1872. The mean annual decrease calculated for the observations is exhibited in the 

following table :— 
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Table IV,—Table of Mean Annual Decrease of Declination. 

Station. 18.37 to 1886. 1857 to 1886. 1872 to 1886. 

Lerwick. 8-4 10-5 8-2 

Kirkwall. 7-9 10-5 , , 

Thurso. , , 10-6 9-9 
Loch Eriboll. , , 10-1 9-4 
Wick. 8-1 10-5 9-3 
Stornoway. (8-2 
Callernish. 9-8 
Loch Inver . 11-8 
Golspie. 8-i 10-4 
Elgin. 8-8 . . 
Banff. 8-9 
Loch Maddy. 9-8 
Kyle Akin. 8-8 8-9 
Inverness. 7-9 9-0 
Aberdeen. 7-7 8-9 8-9 
Loeh Boisdale. 12-0 

1 Fort Augustus. 91 
Dalwhinnie. 8-8 
Pitlochrie. 8-9 
Oban. 8T 12-9 

j Lochgoilhead. , , 
Edinburgh. 9-1 8-4 
Glasgow. 9-0 
Cumbrae. 
Ayr. 8-7 
Campbelton. 9-0 
Dumfries. 8-4 
Stranraer . 

! 

8-5 

Liverpool. 8-2 
Cromer. 7-3 7-0 

i King’s Lynn. 6-6 
Lowestoft. 71 
Harwich. 7-3 ^3 
Kew. 7-8 
Greenwich. 7.3 7-6 7-3 
Milford. 7-7 
Plymouth. 8-3 
Falmouth. 8-4 
Jersey (St. Helier’sJ. 7-6 

Londonderi-y. 7-7 
Westport . 7-6 . . 
Dublin. 7-5 
Limerick. 6-9 
Wexford. 91 
Waterford. 6-'7 
Killarney. 6-6 
Valentia. 6-9 8'4 
Cork. 6-2 
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These results indicate—(1) that the secular change is greater in the northern than 

in the southern parts of the United Kingdom; (2) that it was much larger between 

the years 1857-86 than during the interval 1837-57 ; and, lastly, (3) that, in the 

north at all events, the rate of annual decrease is ao’ain diminishing:. 

The first of these conclusions difiers from that arrived at by Sir E. Sabine when 

collating the 1837 and 1857 surveys. He assumed (‘Phil. Trans.,’ vol. 160, 1870, 

p. 268) “an annual decrease of West Declination of approximately 5’'6 in Scotland 

and the north of England, increasing to 6'‘2 in the middle und southern parts of 

England and to 6' in Ireland.” 

Our conclusion that, at the present time, the rate is greater in the north is borne 

out by the values deduced by M. Moureaux from his own observations and the maps 

of Lamont {loc. cit., p. 162). The values he gives for stations on the Mediterranean 

and on the English Channel are about —6'’5 and —7''7 respectively, which indicates 

an increase of about 0'‘2 on the rate for each degree of latitude as we go north. 

The truth of the second conclusion is rendered more apparent by calculating the 

annual rate for the epoch 1837-57 instead of 1857-86, as shown in the following 

Table for the Scotch stations, for which the rec[uisite data are available ;—• 

Mean Annual Decrease of Declination. 

Station. 1837 to 1857. 1857 to 1886. Station. 1837 to 1857. 1857 to 1886. 

Lerwick — 5'5 - id-o Inverness . - 6-3 - 9-0 
Kirkwall . . . - 4-.5 - 10-5 Abei'deen '. - 6-8 - 8-9 
Wick .... - 4-8 - lO-o Loch Inver - 2-9 (?) - 11-8 
Golspie .... - 5-0 - 10-4 

The third conclusion is supported by a comparison of M. Moureaux’s rates for the 

epoch 1859-1885 with those obtained by collating as before his results and those of 

the Kev. S. J. Perry {he. cit.). 

MDCCCXC.—A. N 
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Station. 

Declination. Secular rate of change. 

Jan. 1, 1869. Jan. 1, 1885, 1869-8.5. 1859-85. 

Amiens .... 
O 

18 19-0 
O 

16 34-7 - 6-5 - 7-4 
Boi'deaiix .... 18 12-5 16 45-7 - 5-4 - 7-0 
Clermont .... 16 27-6 15 25-0 - 3-9 - 6-9 ! 
Dijon. 16 36-7 14 45-2 - 7-0 - 7-2 
Grenoble .... 15 49-3 14 11-0 - 6T - 6-8 
Mai'seilles .... 15 41-5 14 0-0 - 6-3 - 6-7 i 
Monaco .... 14 31-4 13 10-5 - 5 0 — 6'5 ’ 
Monlins .... 16 29-2 15 25-6 - 4-0 — 69 
Paris. 17 50-5 16 10-2 - 6 3 — 7'4 1 
Perignetix .... 17 40-9 16 8-6 - 5-8 - 7-0 i 
Poitiers. 18 18-4 16 40'8 - 6-1 - 7T 
Toulouse .... 17 7-3 15 41 4 — 5'4 - 6-8 

iMean — 5-6 - 7-0 

This result—that the rate of decrease is diminishing—is in accord with the conclu¬ 

sions drawn by M. Moureaux himself from a comparison of his own observations 

with those on which a magnetic map of France for the epoch 1875 was based by 

M. Marie-Davy (Joe. cit., p. 166). He did not, however, make use of this fact, as 

the number of observations employed by Marie-Davy was small, and they were 

taken at stations irregularly distributed over France. He does not cite the observa¬ 

tions of Father Perry, which, as the above Table shows, strongly support the same 

view. 

In the next Table we give such observations as were made at English observatories 

or by ourselves during the progress of the survey which bear on the question under 

discussion. No verv definite conclusions can be drawn from them. 
o’ ^ 

Two single observations at the interval of a year, as at Kerrera and Glasgow, are 

hardly sufficient for the purpose of deducing a secular rate. Loch Aylort and 

Stornoway are both disturbed stations and the results are thus less trustworthy. Tire 

general evidence that the secular change is greater in higher latitudes is opposed by 

the fact that Stonyhurst gives a less vahie than Kew and Greenwich. If the increase 

with latitude which obtains in France were maintained in England, the value at Paris 

being taken at — 6''3, we could deduce —6'’8 for London ; —7'‘7 for Edinburgh; 

and — 8'’2 for Wick ; of which the two latter are less than the values for the epoch 

1872-86 given in Table IV., p. 88. 
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Station. Date. 

Stornoway . 
(Ard Point) 1 Sept., 1884 

Loch Aylort Sept., 1884 
Kerrera . Aug., 1884 
Glasgow Aug., 1884 
Stranraer . Sept., 1884 
Stony hurst. 1884 
Reading April 30, 1886 
Kew .... 1884 

Greenwich . 1884 

From Table IV. we see 

Declination. 

24 20-6 

23 
22 
21 
21 
19 
18 
18 

40-2 
25-4 
21-3 
46-2 
52-8 
I3T 
33-9 

18 7-6 

Date. 

Ang., 
Aug., 
Aug., 
Aug., 
Au£ 

1885 
1888 
1888 
1885 
1885 
1888 ^.ug., 

1887 
May 80, 1888 

1888 

1888 

Declination. Interval 
ill years. 

Secular rate 
of change. 

O 
24 12-4 0-9G - 8-5 
23 49-9 4 - 7-7 
22 41-8 4 • - 14-6 
22 15-2 1 - 10-2 
21 18-2 1 - 3T 
21 13T 4 - 8-2 
19 35'2 3 - 5-9 
17 53-9 2 - 9-6 
18 9-3 4 - GT 
17 40-0* 
(approx.) - G-9 

1837-86, 1857-86, and 1872-86 are nearly the same, the differences between them 

and the mean rate during; the period of our survey (6'‘9) being 0'‘4, O'Y, and 0'’4 

respectively. Assuming that if we subtract these numbers from the rates calculated 

for the same epochs for the other English stations in Table IV, we obtain the present 

rates at the stations, we find as a mean rate 7''0, which agrees closely with that of 

Greenwich. 

On the whole we decided to take a secular rate of — 7'’0 in England south of a line 

joining Eedcar and Barrow, and also in Wales, and in Ireland south of a line joining 

Dublin and Donegal. 

For the remainder of England and Ireland we have assumed the rate to be — 8'’0 

per annum. At the time when most of the Scotch observations were reduced we had 

not M. Moureaux’s results before us, and we hardly felt justified in departing from 

the rates given by the comparison of our observations with Mr. Welsh’s, on the 

evidence of the small number of stations at which the Declination was determined in 

1872. We, therefore, employed rates varying from — lO'A in the north of Scotland 

to — 8''8 in the south, the change on the east coast being somewhat greater than on 

the west. These may be a little too large but the error certainly does not exceed 

the variation which occurs between neighbouring stations. For the later Scotch 

observations we used a rate of — 9''0, 

The data for the determination of the secular change of the Horizontal Force are 

more scanty than in the case of the other elements. 

At the time of the 1837 survey the measures were comparative only, and though 

Sir E. Sabine afterwards reduced them to absolute values by means of the known 

absolute value and secular rate at Kew, we do not think any useful end would be 

attained by discussing them. 

M. Moureaux found that for the interval 1848-85, the secular variation in France 

attains its maximum + 0 •0027 (M.U.) at Bordeaux and decreases slowly towards the 

* From information kindly supplied by the Astronomer-Royal. 

N 2 
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east, being •0025 at Paris and + 0’0023 at Nice and Mezieres {loc. cit., p. 167). The 

mean value obtained by the Pev. S. J. Perry in 1869 by comparison with Lamont was 

0’0023 (‘ Phil. Trans./ Vol. 160, 1870, p. 48), which was increasing by about O'OOOOOS 

per annum and would correspond to 0'0025 at the present time. 

By comparison of our own observations with those of Welsh we obtain O’OOIS as a 

mean for Scotland between 1857 and 1886. 

The following Tables give these values and those which were obtained at the 

English observatories or by ourselves during our survey. 

Secular Change in Horizontal Force. 

1 
1 
1 Station. 

Welsh. R.and T. 
Difference. Interval. Secular rate 

of change. 
Uncorrected foi ■ V and A. 

1 Years. 1 
Dumfries. 1-6006 1 6522 -0.516 27 -0019 J 
Stranraer . 1--58.53 1-64.33 -0580 27 ■0021 

j Ayr. 1-.5756 1 6317 -0561 27f ■0020 
\ Oban. 1-5451 1-6083 -0632 31 ■0020 

Fort Augustus .... 1-51.34 1-5643 -0509 28 ■0018 1 
Inveriipss. 1-5093 1-5653 -0560 28 ■0020 
Aberdeen. 1-5166 1-5735 -0569 071 ■0021 
Pitlochrie. 1 -5341 1-5926 -e585 ■0021 

1 Dalwhinnie. 1-.5377 1-5926 -0549 •0020 
i Ediiiburgli. 1-5665 1-6162 -0497 27^ •0018 

1-5697 -0465 26f •0017 ' 
Kyle Akin. 1-5009 1-5407 -0398 , , •0015 ; 

f 1-4773') 
Stornoway. 1-4783 V1-4783 1-5122 -0339 26tV •0013 

[ 1-4794 j 
Callernisb. 1-4731 1-52.36 -0505 27 •0019 
Loch Inver . 1 -4499 1-49.50 -0457 ■0018 
Thurso. 1-4763 1-5209 -0446 26| ■0017 
Lerwick. 1-4313 1-4718 -0405 27 •0015 

11-4669') 
Kirkwall. <1 1 4725 U-4716 1-5111 -0395 27 •0015 

[I-4753J 1 

Wick. I-47O6 1-5117 -0411 26| •0015 
Golspie. 1-4893 1-5390 -0497 26| •0019 1 

Mean .. •0018 ' 

Station. Date. H. Date. H. 
Interval 
in years. 

Secular rate 
of change. 

Stornoway Aug. 19, 1885 1-5200 Aug. 14, 1888 1 5220 3 + -0007 
Loch Aylort . Sept. 12, 1884 1-5577 Aug. 2, 1888 1-5774 4 4- -0049 
Stranraer Sept. 18, 1884 1-6423 Aug. 28, 1888 1-6470 4 + -0012 
Stonyhurst . 1884 1-6954 1887 l-7o24 3 + -0023 
Kew .... 1884 1.8056 1887 1-8091 3 + -0012 

1883 1-8023 1887 1-8091 4 + -0017 
Greenwich 1883 1-81 no 1885 1-8156 2 + -0028 

1883 1-8100 1886 1-8157 3 4- -0919 
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The results at Kew and Greenwich show that the secular variation varies so much 

from year to year that it is practically impossible to draw any conclusions from so 

short a period as 2 or 3 years, and our own observations on Scotland show that if to 

this difficulty, that due to a slig’ht variation in the position in a disturbed district is 

added, the results are still less trustworthy. At the time when the reductions were 

made the Greenwich results for 1886 and the Stonyhurst results for 1887 had not 

been published. We therefore took the mean of the values for Stonyhurst 1883-1886, 

Kew 1883-87, and Greenwich 1883-1885, or + 0'0022 the annual increase for 

England. This value is in fair accord with M. jVJoureaux’s results. In Scotland we 

took the number given by the comparison of our own and Welsh’s observations, viz., 

+ O’OOIB, and for Ireland -f 0'0020. 

Results of the Observations. 

Having- thus described the observations and the methods of correction and reduction 

to epoch, we now proceed to give a more detailed account of the results at each 

station. In doing this we have attempted to distinguish between facts which it is 

necessary to give for the information of most of those who may read our paper, and 

details which ought to be preserved, but which will nevertheless only be of interest 

to observers who may for any cause wish to undertake a detailed examination of our 

results. We have therefore decided to publish in this paper only a description of 

each station, the hours at which the observations were taken, the results corrected for 

diurnal variation and disturbance, and the mean reduced to epoch. As Magnetic 

Observatories and provincial Colleges are now rapidly multiplying, it is not too much 

to hope that special studies of the districts in their immediate neighbourhood may 

from time to time be made by those connected with such institutions. It is, therefore, 

we think, important that the descriptions of the sta.tions should be readily accessible. 

In adding to these only the times at which the observations ’were taken, and the 

actual and reduced results, we are publishing far less than has been usual. Thus, in 

the case of the Rev. S. J. Perry’s survey of the east of France, he gave for the Force 

observations the date, hour, and temperature for both vibrations and deflections, the 

time of one vibration, log mX., the distances of the magnets in the deflection 

experiment, the observed deflections, and log m/X. M. Moureaux has not given 

quite so many details of the Force observations, but in the case of the Declination he 

gives the individual readings for the determination of the geographical meridian, &c., 

so that the description of his work at each station occupies about two quarto pages. 

For our own part we have no fault to find with the publication of these details ; on 

the contrary, we have found them to be useful; but the large number of stations 

included in our survey ‘svould, we fear, make this paper inordinately long if we 

adopted a similar plan. We therefore purpose to place in the hands of the Royal 

Society bound copies of the details of the observations and calculations, and also of 
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the forms described on pp. 71-74, in which the results are analysed and the 

corrections for diurnal and secular variation and disturbance are applied. It will 

thus be possible for those who may desire to do so to inspect these, and the data used 

in the preparation of the Tables on pp. 77-80 will be on record, while this paper will, 

we hope, contain sufficient to enable future observers who are not specially interested 

in the details of the calculations and reductions to find the positions where we 

observed, to know when we observed there, and to judge from the final results of the 

general accuracy of the observations. We have followed the plan adopted by 

M. Moujreaux of giving all the facts with respect to each station together, which we 

think the most convenient. Tables are also given on pp. 251-258 in which the final 

results are entered in tabular form for comparison with the values obtained by calcu¬ 

lation from formulae to be hereafter discussed. 

The stations are arranged in the following "order;—Three groups are formed, 

comprising Scotland, England and Wales, and Ireland, this being the chronological 

order of the bulk of the observations in each of these countries. In each group the 

stations are arranged in alphabetical order, and they are numbered continuously 

throughout. These numbers are affixed to the positions of the stations as given on 

Plate 1., which serves as an Index map. 

The Scotch stations, from Aberdeen to Wick, are numbered from 1 to 54, and 

it should be mentioned that the name of a Loch is regarded as determining the initial 

letter. Thus East Loch Tarbert is found under T. 

The English and Welsh stations, including the Isle of Man and the Channel 

Isles, from Aberystwith to Worthing, are numbered from 55 to 156. 

The Irish stations, from Armagh to Wicklow, are numbered from 157 to 200. 

Thus anyone desirous of looking up the observations at a particular place, can 

easily do so from a knowledge of its name, while the stations in any particular district 

can be found in Plate I., and then referred to by means of the corresponding numbers. 

The data given in each case, are as follows ;— 

(1.) The number and name of the station. 

(2.) Date of the observations. 

(3.) Initials of the observer and numbers of the instruments. 

(4.) Latitude and longitude of the station. 

(5.) Verbal description of the station. 

For the Declination we give :— 

(1.) The time from the southing of the sun (S), at which the geographical 

meridian was determined by sun observations, a positive sign indicating the 

afternoon. 

(2.) The G.M.T. of the determination of the magnetic meridian. 

(3.) The observed Declinations with all corrections applied (§). 

(4.) The mean observed Declination reduced to the epoch, Jairuary 1, 1886 (Sq). 
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For the Inclination we give :— 

(1.) The number of the needle. 

(2.) The G.M.T. at which the observation was made. 

(3.) The observed Dip, with all corrections applied {6}. 

(4.) The mean observed Dip reduced to epoch [0q). 

For the Horizontal Force we give :— 

(1.) The G.M.T. at which the deflection (D) and vibration (V) were observed. 

(2.) The corrected independent forces found as described on p. 73 (H), but 

corrected for diurnal variation and disturbance. 

(3.) The mean observed Horizontal Force reduced to epoch. 

Longitudes are to be taken as west of Greenwich, unless the contrary is expressly 

stated. 

Descriptions op Scotch Stations. 

1. Aberdeen. April 6 and 7, 1885 ; A. W. R. and T. E. T. (60, 74). Lat. 57° 9' 50" ; 

Long. 2° 6' 5". In a field behind Professor Milligan’s house, immediately oppo¬ 

site to King’s College. Tower of King’s College E.S.E. ; hermitage in Miss 

Leslie’s park W. by S., and the centre of the gate of Miss Leslie’s lodge S.E. 

by S. 

Declination. 

Date. 2 G.M.T. h. 

April 6 
„ 7 

h. m. 

-2* 42 

h. m. 
14 49 

9 53 
20 24'3 
20 21-6 

O / 

20 16-3 

Inclination. 

Date. Needle. G.M.T. 0. do- 

April 6 1 
o 

li. m. 
14 46 
15 28 

o . 
71 12-4 
71 141 

O / 

71 12-3 

Horizontal Force. 

Hate. G.M.T. H. He, 

April 6 D 
V 

h. m. 
15 56 
14 10 

1-5724 
1-5719 

1-5734 
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2. Aeinagower (Coll). August 11, 1885 ; A. W. E. (60). Lat. 56° 37' 5"; 

Long. 6° 31' 12". Near the landing-place on the west side of the bay. This 

observation was taken during an unexpected detention of the steamer. The 

declination was the only element determined. 

Declination. 

V G.M.T. B. ^0- 

h. m. 
-0 52 

h. m. 
12 1 23 44-2 2°3 40-4 

3. Loch Aylort (Gobbar Island). September 12, 1884 ; A. W. E. and T. E. T. (60, 74). 

August 2, 1888 ; T. E. T. (61, 83). Lat. 56° 51' 5"; Long. 5° 47' 0". On the 

east side of the island. 

Declination. 

Date. V G.M.T. t. 
^0- 

Sept. 12,1884 

Aug. 2, 1888 

h. m. 
-h 2 48 

+ 1 15 

li. m. 
15 42 

/12 16 
113 24 

2°3 46'2 
22 40-5 
22 43T 

o / 

23 27-2 

23 5-9 

Inclination. 

Date. Needle. G.M.T. 6. 

h. m. 
71 24-8 
71 23'2 

o / 
Sept. 12, 1884 1 

o 
14 44 
15 46 

71 22-6 

Aug. 2, 1888 1 
.1 

12 38 
13 27 

71 22'0 
71 22 7 

71 25-4 

Hov zontal Force. 

Date. G.M.T. H. Ho- 

h. m. 
Sept. 12,1884 D 16 39 

17 14 
1-5571 1 
1-5583 j 1-5600 

V 15 9 15576 
1-5578 

1-5600 

Aug. 2, 1888 D 14 28 1-5772 
1-5727 V 13 0 1-5776 
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4. Ayr. May 25, 1885; A. W. E. (60, 74). Lat. 55° 27' 30"; Long. 4° 37' 10". 

On the low green about 150 yards from the Castle. Identical with Mr. Welsh’s 

station. 

Declination. 

G.M.T. S. ^0- 

li. m. 
-3 5.5 
-1 29 

h. m. 

8 55 2°1 2.3-0 
21 23-4 

0 > 

21 17-9 

Inclination. 

Needle. G.M.T. 0. 

1 
2 

h. m. 
12 32 
13 15 

70 21-6 
70 23-1 

O 1 

70 21-4 

Horizontal Force. 

G.M.T. H. Ho. 

h. m. 
D 11 21 1-6337 
V 
D 

9 25 1-6336 
1-6331 1-6345 

V 10 28 1-6334 

5. Ballater. April 7 and 8, 1885 ; A. W. B. and T. E. T. (GO, 74). Lat. 57° 2' 53" 

Long. 3° 2' 6". Fifty yards from the Invercauld Arms Hotel; near the river. 

Declination. 

Date. 2 G.M.T. ^0- 

Api-il 7 
li. m. 

+ 3 30 
h. m. 
16 26 20 36-9 

o / 

20 29-5 
„ 8 - 2 51 • • 20 36-1 

MDCCCXC.-A. O 
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Inclination. 

Date. Needle. G.M.T. 0. 00- 

April 7 1 
2 

li. m. 
15 39 
16 22 

11 14-9 
71 17-8 

o / 
71 15-4 

Horizontal Force. 

Date. G.M.T. H. Ho- 

April 7 
i h. m. 

D 1 15 11 
V 17 2 

1 

1-5703 
1-5699 1-5714 

6. Banavie. August 4, 1885. A. W. B. and A. P. L. (60, 74). Lat. 56° 51' 0"; 

Long’. 5° 5' 40". Field close to and on the North side of the Hotel. 

Declination. 

"V G.M.T. C. ^0- 

li. m. 
+ 4 16 

h. m. 
17 39 22 ld-6 22 67 

Inclination. 

Needle. G.M.T. 0. 00. 

1 
2 

li. m. 
17 11 
18 5 

o / 
71 11-7 
71 12-1 

O / 
71 11-4 

Horizontal Force. 

G.M.T. H. Ho- 

D 
V 

li. m. 
18 -23 
17 10 

1-5928 
1-5938 1-5940 

I 
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7. Banff. July 9, 1885 ; A. W. R. (60, 74). Lat. 57° 39' 57" ; Long. 2° 31' 17". 

In the grounds of the old Castle ; on the lawn in front of the house formerly 

occupied by Dr. Bremner, now by Sheriff Scott-Moncrieff. Same station as 

that at which Mr. Welsh observed. 

Declination. 

2. Ct.M.T. 0. ^0- 

li. m, 

-2 40 
h. m. 
10 28 

0 / 
21 8-8 

O / 
21 4-5 

Inclination. 

Needle. G.M.T. 0. g. 

1 
2 

li, m. 
12 58 
13 39 

71 19'7 
71 19-6 

O / 
71 19-0 

Horizontal Force. 

G.M.T. H. Ho- 

D 
V 

li. m. 
11 48 
11 7 

1-5669 
1-5681 1-5684 

8. Berwick. April 2, 1885 ; A. W. E. and T. E. T. (60, 74). Lat. 55° 46' 4"; 

Long. 1° 59' 52". On a bastion. Powder-magazine distant about 150 yards N. 

Church, N.W., and works on sandspit at mouth of river S. 

Declination, 

2. G.M.T. B. 5q. 

h. m. 
-3 5 

h. to. 
9 50 19 42-9 19 36-4 

0 2 
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Inclination. 

Needle. G.M.T. 0. 0,. 

1 
2 

h. m. 
10 07 
11 34 

70 15-8 
70 17-8 

o / 

70 15-9 

Horizontal Force. 

G.M.T. H. Ho. 

D 
h. m. 
11 35 1-6474 1-6483 V 10 28 1-6467 

9. Boat of Garten. July 31, 1885 ; A. W. R. and A. P. L. (60, 74). Lat. 57° 15' 0"; 

Long. 3° 45' 13". On the Green to the North of the Station, about 200 yards 

from the Hotel. 

Declination. 

V G.M.T. a. 8o. 

li. m. li. m. 
22 11-7 

O / 
+ 3 37 15 31 22 7-7 

Inclination. 

Needle. G.M.T. 0. 6o. 

h. m. o / O / 
1 15 51 71 15-0 
2 18 0 71 19-3 71 16-3 
1 18 28 71 16-0 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
16 43 
15 6 

1-5776 
1-5781 1-5786 
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10. Loch Boisdale (S. Uist). August 31, 1884 ; A. W. R. and T. E. T. (60, 74). 

Lat. 57° 8' 55"; Long. 7° 18' 0". In the Bay on the Island of Kisgay. 

Declination. 

s. G.M.T. e. Sq. 

li. m. 
- I 51 
+ 4 56 

li. m. 
11 19 
16 45 

23 V'l 
23 7 1 

o / 

22 53-3 

Inclination. 

Needle. G.M.T. 0. 0,. 

1 
2 

li. m. 
11 29 
12 30 

7°1 4lb 
71 .39-9 

o t 

71 39-3 

Horizontal Force. 

G.M.T. H. Ho- 

D 
V 

h. m. 
12 49 
12 2 

1-5284 
1-5288 1-5310 

11. Bunnahabhain (Islay). August 25, 1888 ; A. W. R. and T. E, T. (60, 61, 83). 

Lat. 55° 53' O''; Long. 6° 8' 0". At the bottom of the road, 150 yards N. of 

the Distillery and about 10 yards from the beach. 

Declination. 

2. G.M.T. ^0- 

h. m. 
-2 32 
-1 12 

-2 29 

-1 16 

Ii. m. 
10 55 
11 36 
10 29 
12 25 
14 .30 
15 9 

22 44-0 
22 46-0 
22 46-0 
22 47-3 
22 47-9 
22 47=3 

0 / 

23 10-3 
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Inclination. 

Needle. G.M.T. e. 00- 

1 
2 

li. m. 
12 46 
14 38 

C / 

70 39-4 
70 39-8 

o / 

70 43-0 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

li. m. 
15 39 
14 55 

1-6292 
1-6291 1-6243 

12. Callernish (Lewis). August 20, 1885; T. E. T. (60, 74). Lat. 58° 11' 0" 

Long. 6° 42' 0". Fifty yards S.S.W. (magnetic) from front of Garynahine inn. 

Declination. 

2. G.M.T. r. So. 

li. m, 
+ 52 

li. m. 
18 3 

o / 

23 44-1 
o / 

23 40-6 

Inclination. 

Needle. G.M.T. 0. ^0- 

1 
2 

Ii. m. 
7 26 
8 1 

O 1 

72 7-5 
72 7-4 

O / 

72 7-1 

Horizontal Force. 

G.M.T. H. Ho. 

V 
li. m. 
18 21 1'5224 1-5231 
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13. Campbelton. August 22, 1884 ; A. W. E. and T. E. T. (60, 74). Lat. 5.5° 25' 30"; 

Long. 5° 36' 5". 200 yards N.E. from Lime Crags. 400 yards E.S.E. from old 

Parish Church. Same station as that at which Mr. Welsh observed. 

Declination. 

1 V 

! 
G.M.T. a. 

^0' 

ii. m. li. m. o / O / 
20 22 21T 

-1 13 14 36 22 21-0 22 8T 
43 22 19-8 

Inclination. 

Needle. G.M.T. 0. do- 

1 
h. m. 
12 56 

O 
70 35-2 

o / 1 

70 34-2 2 13 27 70 36-9 

Horizontal Force. 

G.M.T. H. hV 

D 
V 

li. m. 
12 58 
11 49 

1-6236 
1-6204 

1-6244 

14. Ganna. August 30, 1884 ; A. W. E. and T. E. T. (60, 74). Lat. 57° 3' 30" 

Long. 6° 29' 20". On the high land N.E. of the Harbour, and S.W. of Compass 

Hill. 

Declination. 

G.M.T. c. 0- 

li. m. 
- 4 35 

li. m. 
8 12 

00 

' do 
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Inclmation. 

Needle. G.M.T. e. do- 

2 
h, m. 
8 38 72 46-3 72 45-0 

Uoi'izontal Force. 

G.M.T. H. Ho 

D 
V 

h. m. 
9 10 
8 30 

] -5065 
1-5072 1-5092 

15. Carstaies. May 25 and 26, 1885; A. W. II. {60, 74). Lat. 55° 41' 10"; 

Long. 3° 40' 11". In Mr. Monteitii’s grounds, about 400 yards from the station, 

and about 50 yards from the road leading from the station to the house. Nearly 

the same position as that at which Mr. Welsh observed. 

Declination. 

Date. 2. G.M.T. C. ^0- 

May 25 
h. m. 

+ 5 55 
h. m. 

18 35 
o / 

20 57-6 
O > 

20 52-2 

Inclination. 

Date. Needle. G.M.T. 0. 

May 26 1 
2 

h. m. 
9 49 

10 23 

O / 
70 16-4 
70 16-4 

o / 

70 15-7 

Horizontal Force. 

Date. G.M.T. H. H, 

May 25 D 
V 

h. m. 
19 42 
19 5 

1-6434 
1-6440 1-64^18 
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16. Crianlarich. September 17, 1884; A. W. R. (60, 74). Lat. 56° 23' 25"; 

Long. 4° 37' 6". Near the inn, about 80 yards from the roads to Dalraally and 

Loch Lomond. 

Declination. 

V G.M.T. a. ao- 

h. m. h. m. o ‘ o y 
- 1 47 
+ 2 49 11 10 22 2-2 

22 3-8 21 50-6 

Inclination. 

Needle. G.M.T. e. do. 

1 
2 

h. m. 
8 31 
9 8 

0 1 

70 54'5 
70 53-1 

O / 

70 52'5 

Horizontal Force. 

G.Al.T. H. Ho. 

U 
h. m. 
12 52 1-5943 1-5980 V 11 32 1-5971 

17. Crieff. July 28, 1885 ; A. W. R. and A. P. L. (60, 74). Lat. 56° 22' 27"; 

Long. 3° 50' 22". In the grounds of Morrison’s Academy, about half-way 

between the school and the gate. 

Declination. 

V G.M.T. c. ^0- 

1 h. m. li. m. 0 / O 
i + 1 46 
1 

14 48 21 37-6 21 .33-6 

MDCCCXC.—A, 
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Inclination. 

Needle. G.M.T. 0. 00- 

1 
2 

h. m. 
13 36 
14 49 

70 53-4 
70 54-8 

o y 

70 53‘6 

Horizontal Force. 

G.M.T. H. Ho 

D 
V 

h. m. 
1.5 55 
15 19 

1'6071 
1-6072 1-6079 

18. CuMBRAE. July 24, 1888; T. E. T. (61, 83). Lat. 55° 47' 45"; Long. 

4° 53' 40". Eight yards to the N. of the Monument to the “Shearwater’s” 

midshipmen, at the N.E. end of the Island. Mr. Welsh’s Station. 

Declination. 

V G.M.T. h. ^0- 

h, m. h. m. o / 0 t 
+ 4 19 17 0 21 13-2 21 37-2 

Inclination. 

Needle. G.M.T. 0. do- 

li. m. o • o y 

1 17 41 71 1-0 
2 18 0 70 59-7 t L ^ O 

Horizontal Force. 

G.M.T. H. Ho. 

V. 
h. m. 
17 16 1-5957 1-5911 
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19. Dalwhinnie. July 30, 1885. A. W. Pt. and A. P. L. (60, 74). Lat. 56° 55' 52"; 

Long. 4° 14' 12". About 150 yards from the Hotel; on the opposite side of the 

river. 

Declination. 

V G.M.T. c. So- 

h. m. 
-h 2 54 

h. m. 
16 10 21 49-2 21 45-5 

Inclination. 

Needle. G.M.T. 0. do- 

1 
h. m. 
16 9 

O 
70 59-7 

& / 
71 OT 2 17 35 71 1-6 

Horizontal Force. 

G.M.T. H. Ho- 

D 
li. ni. 
14 42 1-.5901 1-5909 V 15 49 1-5902 

20. Dumeeies. September 20, 1884 and July 11, 1885. A. W. P. (60, 74). Lat. 

55° 2' 10"; Long. 3° 35' 30". On Mr. Stott’s farm at Lower Netherwood. In a 

field about 100 yards W. of the farm-house ; 39 and 50 paces from the N. and E. 

walls of the field respectively. Nearly the same station as that of Mr. Welsh. 

Declination. 

Date. 2. G.M.T. ^0- 

July 11. 
li. m. 

-h 4 51 
li. m. 
16 33 20 51-5 

o , 
20 47-4 

V 2 
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Inclination. 

Date. Needle. G.M.T. 6. 

Sept. 20. 
1 
2 

h. m. 
12 6 
12 46 

70 4-2 
70 4-5 

0 / 
70 2-6 

Horizontal Force. 

Date. G.M.T. H. He, 

Sept. 20. 1) 
V 

li. m. 
13 38 
14 19 

1-6524 
1-6514 1-6542 

•21. Dundee. April 9,1885 ; A. W. R. and T. E. T. (60, 74). Lat. 56° 28' 17" ; Long. 

2° 56' 58". In tlie Baxter Park. The tower of Morgan’s Hospital N. by W. ; 

tower of lodge S.W. (100 yards); Park Pavilion N.N.E. (100 yards); Ogilvie 

Church N.W. 

Declination. 

! 
G.M.T. 

^0- 

li. m. li. in. O ! O ! 

+ 1 33 12 45 20 51-2 20 44-5 

Inclination. 

Needle. G.M.T. G. 

1 
2 

li m. 
11 56 
12 .38 

70 51-7 
70 54-6 

o • 

70 52-2 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

li. m. 
11 31 
12 16 

1-5990 
1-5989 

1-6002 
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22. Edinburgh. April 3, 1885 ; A. W. R. and T. E. T. (60, 74). Lat. 55° 57' 52". 

Long. 3° 12' 28". In the Arboretum of the Botanic Gardens. Inverleith House 

N.N.W. 100 yards. Cathedral S.W. by S. Melville College S.S.E. Donaldson’s 

Hospital W.S.W. The small magnetic house in the gardens in which Mr. 

Welsh probably observed had been removed. 

Declination. 

2. G.M.T. ^0- 

h. m. 
+ 2 14 

h. m. 
13 56 20 53-8 20 4^2 

Inclination. 

Needle. G.M.T. u. 

h. m. o / o / 
1 11 57 70 37 2 
2 12 36 70 .39-5 70 38'5 
2 14 21 70 40-8 

Horizontal Force. 

G.M.T. H. Ho- 

U 
V 

li. m. 
12 22 
12 51 

1-6175 
1-6165 

1-6183 

23. Elgin. July 8, 1885 ; A. W. B. (60, 74). Lat. 57° 38' 40"; Long. 3° 1.9' 0". 

In the grounds of North College, the residence of G. Smith, Esq., 100 yards 

N.N.E. of the Cathedral Tower and 80 yards E.S.E. of the house. 

Declination. 

2. G.M.T. ^0- 

h. ID. 

- 1 33 
11 m. 

12 29 21 1-8 20 57-5 
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Inclination. 

Needle. G.M.T. 0. 

1 
2 

h. m. 

14 26 
15 2 

1 

C
O
 

C
O

 

o / 

71 32*0 

Horizontal Force. 

G.M.T. H. Ho- 

D 
h. m. 

18 8 1-5566 1-5577 V 12 11 1-5570 

24. Loch Eriboll (Camas Bay), August 23,1885; T. E. T. (60, 74), Lat. 58° 29'15"; 

Long. 4° 39' 20", Near the stream running into Camas Bay, ^ mile N.E. 

(magnetic) from the ruin in the bight. 

Declination. 

2. G.M.T. 0. ^0- 

h. m. 
+ 3 31 
+ 4 34 

h. m. 

14 52 

O / 

22 21-7 

o / 

22 18-1 

Inclination. 

Needle. G.M.T. 0. d,. 

1 
2 

li. 111. 
11 40 
12 13 

72 9-4 
72 10-3 

O 1 

72 9-4 

Horizontal Force. 

G.M.T. H. Ho- 

D 
V 

h. m. 
13 7 
14 29 

1-5184 
1-5201 1-5198 

I. 
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25. Fairlie, August 14, 1884. A. W. K and T. E. T. (60, 74). Lat. 55° 45' 30"; 

Long. 4° 51' 5". In a field on the high ground to the rear of the village. 

Inclination. 

Needle. G.M.T. 0. d,. 

1 
2 

h. m. 
16 4 
16 8 

% 43-7 
70 44-2 

0 1 

70 42-8 

Horizontal Force. 

G.M.T. H. Ho- 

D 
h. m. 
12 60 
13 56 

1-6150 
1-6143 1-6172 

26. Fort Augustus. August 3, 1885. A. W. K. and A P. L. (60, 74). Lat. 

57° 8' 30"; Long. 4° 40' 32". In a field on the south side of the Abbey, and 

about 150 yards from the building. 

Declination. 

V G.M.T. 0. 'o- 

h. m. h. m. 
24 49-4 2°1 45-6 + 1 37 14 38 

Inclination. 

Needle. G.M.T. e. ^0- 

1 
h. m. 
14 47 71 2^4 

O > 
71 27-7 2 15 51 71 27-1 

Horizontal Force. 

G.M.T. H. Ho- 

V 
h. m. 
15 47 1-5634 1-5641 



112 MR. A. W. RUCKER AND DR. T. E. THORPE ON A MAGNETIC 

27. Gairloch. September 9, 1884 ; A. W. R. and T. E. T. (60, 74). Lat. 57° 42' 40"; 

Long. 5° 40' 55." On the rising ground behind the pier in Flowerdale Bay. 

Declination. 

2. G.M.T. C. ^0- 

h. m. 
+ 3 23 

h. m. 
16 33 22 28-0 2°2 14-4 

Inclination. 

Needle. G.M.T. 0. do- 

h. ni. O / O < 
1 16 39 71 45-9 

71 44-3 2 17 36 71 45-3 

Horizontal Force. 

G.M.T. H. Ho- 

: D 
V 

i 

h. m. 
17 37 
17 2 

1-5323 
1-5336 1-5.353 

28. Glasgow. August 13, 1884, and July 27, 1885; A., W. K. (60, 74). 

Lat. 55° 52' 43"; Long. 4° 17' 39". In a field to the West of the Observatory; 

48 paces from the building. 

Declination. 

Date. G.M.T. c. ^0- 

Aug. 13,1884 
July 27, 1885 

b. m. 
+ 3 47 
+ 2 43 

h. m. 
16 53 
15 54 

21 21-3 
21 18-2 

0 / 

21 11-5 
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Inclination. 

Date. Needle. G.M.T. 0. e,. 

Aug. 13, 1884 1 
li. m. 
12 12 70 44-6 

r> / 

70 447 2 12 18 70 48-4 

Horizontal Force. 

Date. G.M.T. 11. 

] 

Hu- 

Aug. 13, 1884 D 
V 

h. m. 
14 17 
15 5 

1-6038 
1-6038 

1'6064 

1 

29. Golspie. July 4, 1885 ; A. W. K. (60, 74). Lat. 57° 58' 20"; Long. 3° 58' 15". 

The Dips were taken in a field by the road in front of the Sutherland Arms 

Hotel and about 50 yards to the West of it. The other observations in a field 

behind the Hotel about 80 yards S.W. of some cottages and 50 yards N.N.W. 

of the Bank. 

Declination. 

s. G.M.T. ^0- 

h. m. 
+ 2 9 
+ 2 39 

h. m. 

15 33 21 34-9 
21 35-6 

O 1 
21 30-2 

Inclination. 

Needle. G.M.T. 0. 9,. 

1 
2 

h. Ill. 

12 20 
12 55 1—1

 1—
‘ 

0
0
 C

O
 O / 

71 46-7 

Horizontal Force. 

G.M.T. H. Ho- 

D 
V 

h. m. 
16 37 
16 1 

1-5372 
1-5374 

1-5382 

MDCCCXC.—A. Q 
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30. Hawick. March 31 and April 1, 1885; A. W. E. and T. E. T. (60, 74) 

Lat. 55° 25' 58"; Long. 2° 47' 58". In the Park of Sillerhit Hall (T. Laidlaw, 

Esq.) to the N. of the town. The Hall bears 400 yards E.N.E. and the Lodge 

120 yards S.S.E. 

Declination. 

Date. V G.M.T. £!. 
h)- 

March .31 . 
April 1 . 

li. m. 

+ l” 50 

b. m. 
12 43 
13 34 

20 2l'5 
20 23-5 

O / 

20 16-0 

Inclination. 

Date. Needle. G.M.T. 0. do- 

March 31 . . 1 
h. m. 
11 15 70 7-5 

O ! 

70 7-3 

1 

2 11 54 70 9-0 

Horizontal Force. 

Date. G.M.T. H. Ho- 

hlai'ch 31 . ■. P 
h. m. 
11 14 1-6473 

1-6487 V 12 1 1-6476 

31. Loch Inver. September 6, 1884 ; A. W. E. and T. E. T. (GO, 74). Lat. 

58° 0' 30" ; Long. 5° 14' 40". Near the Coast-guard Station, on the bank of 

the Eiver Inver. 

Declination. 

V G.M.T, c. C- 

h. m. li. m. o / o / 

^2 53 14 2 22 21-8 22 7-4 
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Inclination. 

Needle. G.M.T. 0. do- 

1 
2 

h. m. 
12 48 
13 46 

0 / 
72 2-6 
72 1-0 

0 / 

72 0-2 

Horizontal Force. 

G.M.T, H. Ho- 

1 
. 

. 
_

 

h. m. 
13 14 
13 25 

1-4968 
1-4965 1-4990 

32. Inverness. August 1, 1885 ; A. W. E. and A. P. L. (60, 74). Lat. 57° 28' 30" ; 

LoDg. 4° 18' 20". In the garden of Mr. Mitchell's house, near the Castle. 

Mr Welsh’s station. 

Declination. 

s. G.M.T. C- 

li. m. 
+ 2 32 

h. m. 
16 18 

O / 
21 47-2 

0 / 
21 43-3 

Inclination. 

Needle. G.M.T. 0. 6o- 

1 
2 

h. m. 
15 44 
16 45 

O 1 

71 30-0 
71 33-2 

O / 

71 31-1 

Horizont<(l Force. 

G.M.T. li. H,, 

D 
V 

li. m. 
16 56 
15 50 

1-5638 
1-5631 

1-5G42 

Q 2 
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33. Iona. September 15 and 16, 1884; A. W. R. (60, 74). Lat. 56° 20' 0" ; 

Long. 6° 23' 40". In a field behind the Inn, and about 50 yards from it. 

Declination. 

Date. G.M.T. ?>. ^0- 

Sept. 15 . . 
h. m. 

+ 46 
h. m. 
17 4 2:3 41-0 23 28-6 

Inclination, 

Date. Needle. G.M.T. 0. do- 

Sept. 16 . . 1 
2 

h. m. 
9 35 

10 10 
7°0 57T 
70 57-5 

0 / 
70 55-8 

Horizontal Force. 

Date. G.M.T. H. Ho. 

Sept. 15 . . V 
h. m. 
17 47 1-6162 1-6185 

34. Kirkwall. August 27, 1885; T. E. T. (60, 74). Lat. 58° 59' 12"; Long. 

2° 57' 15". At Battery Point and close to the road. Cathedral tower bearing 

S.W. by W Cairn on Wideford Hill, bearing W.N.W. 

Declination. 

2, G.M.T. C. ^0- 

h. m. 
+ 1 46 
+ 4 31 

h. m. 
12 19 21 32-9 

21 32-7 

O • 

21 29-3 
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Inclination. 

Needle. G.M.T. 9. do. 

1 
2 

h. m. 
14 31 
14 59 

72 12-4 
72 13-8 

o i 

T2 12-8 

Horizontal Force. 

G.M.T. H. Ho- 

D 
V 

h. m. 
15 55 
11 51 

1-5104 
1-5100 1-5108 

35, Kyle Akin. September 11,1884; A, W.R. and T.E. T, (60, 74). Lat. 57° 16'35"; 

Long. 5° 44' 0". Near the shore; between the Inn and Kyle House. 

Declination. 

2. G.M.T. h. ^0- 

h. m. 
- 2 49 

li. m. 
10 29 2°3 23-4 23 10-4 

Inclination. 

Needle. G.M.T. 9. 9,. 

1 
2 

li. m. 
10 15 
11 1 

71 40-9 
71 38-8 

O / 
71 38-5 

Horizontal Force. 

G.M.T. H. Ho- 

U 
li. m. 
8 56 1-5432 1-5465 

V 11 21 1-5452 
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36. Lairg. July 6, 1885; A. W. R. (60, 74). Lat. 58° 1' 30"; Long. 4° 24' 0". 

40 yards S.W. of Church, and about 200 yards N.E. of the Hotel. 

Declination. 

G.M.T. Oq. 

li. m. h. m. O / O / 
+ 1 44 15 56 21 55-2 21 50-3 

Inclination. 

Needle. G.M.T. 0. do. 

1 
2 

h, m. 
15 13 
18 5 

71 5T0 
71 50-8 

O i 

71 50-3 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
17 7 
16 23 1-5347 1-5356 

37. Lerwick. August 30, 1885; T. E. T. (60, 74). Lat. 60° 8' 53"; Long. 1° 7' 47" 

Towards the South Ness, mile due S. (mag.) from Fort Charlotte. Mr 

Welsh’s station. 

Declination. 

G.M.T. 0. ^0- 

h. m. h. m. 0 1 o / 
+ 1 53 12 38 20 33-1 20 29-7 



SURVEY OF THE BRITISH ISLES FOR THE EPOCH JANUARY I, 1886. 119 

Inclination. 

Needle. G.M.T. e. ^0- 

Ii. m. o / o / 

I 1.5 36 72 467 72 47-1 2 16 3 72 48T 

Horizontal Force. 

G.M.T. H. Ho- 

D 
h. m. 
14 39 1-4712 1-4710 Y 13 34 1-4696 

38. Lochgoilhead. July 21, 1888; T. E. T. (61, 83). Lat. 56° 10'20"; Long. 4°54'0". 

In a field about 80 yards N.E. of the Church. Mr. Welsh’s station. 

Declination. 

2 G.M.T. C, ^0- 

h. m. 

+ 4 40 

1). m. 
15 48 
18 6 

21 29-2 
21 30-8 

o / 

21 54-2 

Inclination. 

Needle. G.M.T. e. 0,, 

1 
li. m. 
17 32 

O 

70 42-4 
o t 

70 46-1 
2 17 48 70 43-6 

Horizontal Force. 

G.M.T. H. Ho- 

D 
h. m. 
16 29 1-6069 1-6021 

V 16 4 1 -6065 
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39. Logh Maddy (N. Uist); September 1 and 2, 1884 ; A. W. R. and T, E. T. 

(60, 74). Lat. 57° 35' 50"; Long. 7° 9' 0". On the most westerly of the Pteelee 

Islands. 

Declination. 

Date. 2 G.M.T. h. ^0- 

Sept. 1 
h. m. h. m. 

18 34 2°3 31-3 
o ‘ 

23 18-0 
„ 2 -3 14 10 29 23 32-3 

Inclination. 

Date. Needle. G.M.T. 0. Oq. 

Sept. 1 2 
h. m. 
18 65 71 63-3 

o / 

71 52-1 

Horizontal Force. 

Date. G.M.T. H. Ho. 

Sept. 2 D 
h. m. 
12 26 1-5346 1-5365 

„ 1 V 19 13 1-5336 

40a. Oban. August 13, 1885, and July 30, 1888; T. E. T. (60, 61, 83). | 

Lat. 56° 25' 9" ; Long. 5° 28' 30". Same station as that of Mr. Welsh. 

Declination. 

Date. V G.M.T. ^0- 

li. m. h. m. o / o / 

Aug. 13, 1885 + 3 38 16 37 22 12-0 22 8-7 
July 30, 1888 -1 41 11 20 

12 59 
21 47-3 
21 45-2 

22 10-2 
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Inclination. 

Date. Needle. G.M.T. e. 0„. 

July 30 

1 

1 
2 

b. m. 
12 43 
13 7 

70 SOY 
70 49-5 

o 1 
70 63-2 

Horizontal Force. 

Date. CI.M.T. H. H„. 

July 30 D 
V 

b. m. 
12 24 
11 38 

1-6090 
1-6091 

1-6044 

40b.—Oban (Kerrera). August 26, 1884, and August 6, 1885. A. W. R. and 

T. E. T. (60, 74). Lat. 56° 25' 20"; Long. 5° 30' 0". Near the shore of 

Ardentraive Bay. 
Declination. 

Date. 2. G.M.T. S. Oq. 

Aug. 26, 1884 

„ 6, 1885 

b. m. 
+ 25 
+ 3 55 
- 1 25 

b. m. 
15 .32 

12 .32 

O 1 

22 25-4 
22 25-5 
22 15-2 

O / 

22 12-4 
22 11-4 

Inclination. 

Date. Needle. G.M.T. e. ^0- 

Aug. 26, 1884 

„ 6, 1885 

1 
2 
1 
2 

b. m. 
15 18 
15 47 
13 14 
14 11 

o / 
70 60-5 
70 51-8 
70 49-1 
70 48-3 

O ! 

70 49-5 

70 48-2 

Horizontal Force. 

Date. G.M.T, H. H„. 

b. m. 
Aug. 26, 1884 D 17 30 1-6066 1-6092 

V 16 44 1-6071 
,, 6, 1885 D 13 30 1-6110 1-6114 

Y 12 13 1-6105 

MDCCCXC!.—A. R 



122 MR. A. W. RtJCKER ARD DR. T. E. THORPE OR A MAGRETIC 

41. PiTLOCHRiE. July 29, 1885 ; A. W. R and A. P. L. (60, 74). Lat. 56° 42' 7" ; 

Long. 3° 43' 26", In the grounds of the Hydropathic Establishment, about 
100 yards S.S.W. of the building ; near the lower road through the grounds. 

Declination. 

2. G.M.T. ^0- 

li. m. 

+ 39 
li. m. 

16 35 
o / 

21 12*2 
O < 

21 8-3 

Inclination. 

Reedle. G.M.T. 0. do. 

1 
2 

h. m. 
17 55 
16 58 

o / 
70 58-7 
70 57-1 

o / 

70 57-4 

Horizontal Force, 

G.M.T. H. Ho- 

D 
V 

li. m. 

17 10 
16 11 

1-5891 
1-5891 1-5899 

42. Port Askaig (Islay). August 25, 1884; A. VV. R. and T. E. T. (60, 74). 

Lat. 55° 50' 40"; Long. 6° 6' 55''. Between the Inn and the Quay. 

Declination. 

2. G.M.T. S. ^0- 

li. m. 

-2 44 
h. m. 

10 18 
0 / 

23 13-7 
O / 

23 0-7 

Inclination. 

Reedle. G.M.T. 0. do- 

1 
h. m. 

12 23 70 37-9 
O i 

70 36-2 
2 12 22 70 38-1 
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Horizontal Force. 

G.M.T. H. H,, 

D 
V 

li. m. 
12 2 
10 38 

1-6313 
1 6319 1-6340 

43. PoKTEBE. T. E. T. (61, 83). 

(a) August 9, 1888 ; Lat. 57° 24' 35", Long. 6° 11' 40". On the N. shore of the 

bay. Boat-house 20° V/. 

(h) August 9 and 10, 1888. Lat. 57° 24' 10", Long. 6° 11' 5". On the S. side 

of the bay, on a rock close to the shore. Portree Landing Stage 12° W. of 

N. (mag.). School-house 35° W. of N. Station (a) 22° E. of N. 

(c) August 10, 1888. Lat. 57° 24' 15", Long. 6° 11' 50". On the edge of 

the hay ; S. of the town, and within a dozen yards of the shore. Station (6) 

bearing 100° E. of N. ; School-house 2° E. of N. ; Station (a) bearing 57°E. 

of N. (approx.) ; St. Columba’s Church steeple 24° E. of N. 

Declination. 

Date. 'V G.M.T, 3. ^0- 

Aug. 9 (a) 
„ 9 {¥) 
„ 10 (6) 
„ 10 (c) 

h. m. 
-2 30 
-94 24 
-2 42 
+ 1 12 

h. m. 
10 26 
15 50 
11 25 
13 24 

24 37-6 
22 21-6 
22 22-7 
19 50-8 

o / 

22 42-3 

Inclination. 

Date. Needle. G.M.T. 0, 0. 

h. m. 
Aug. 9 (a) 1 13 2 72 16-3 

2 13 21 72 14-7 
„ 10(0 1 10 34 71 5-9 72 1-2 2 10 51 71 5-5 
„ 10(c) 1 14 31 72 33-9 

2 14 56 72 33-6 
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Horizontal Force. 

Date. G.M.T. H. Ho. 

h. m. 
Aug. 9. D (a) 12 9 1-5223 1-5177 

V (a) 11 10 1-5226 
„ 10. D 

V 
(«) 
(c) 

12 38 
13 10 

1-5265 
1-5252 1-5211 

„ 9. V G) 15 36 1-5906 1-5859 
„ 10. V (G 11 16 1-5941 1-5894 

Note.—The ground at Portree was known to be extremely bad as there is much basaltic rock in the 

neighbourhood. The observations were made with a view of gaining information as to the magnitude 
of the disturbing forces. 

44. Row (Gairloch). July *23, 1888; T. E. T. (61, 83). Lat. 56° 1' 0"; Long. 

4° 46' 50". Near the shore of the loch; Pier end bears due W. (mag.); 

Roseneath House 37° W. of S. ; and Roseneath Point 17° W. of S. (mag.). 

Declination. 

G.M.T. C. Oo- 

li. m. h. m. O 1 O 1 
- 2 23 10 24 21 24-4 

12 0 21 22-6 21 47-7 
+ 1 16 13 13 21 24-0 

Inclination. 

Needle. G.M.T. 0. do- 

1 
h. m. 
12 28 70 48*4 

O / 

70 51-0 
2 12 52 70 47-5 

Horizontal Force. 

G.M.T. H. Ho. 

D 
h. m. 
11 31 1-6025 1-5978 

V 10 53 1-6023 
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45. ScARNiSH (Tiree). August 8 and 10, 1885 ; A. W, R. and A. P. L. (60, 74). Lat. 

56° 30' 12"; Long. 6° 47' 20". Dips about 15 yards in front of Hotel. Declina¬ 

tions : Station I. 30 yards W.S.W. of Inn. Station II. Inn bears S.W. by S. 

(200 yards); Harbour Mouth bears S. Station III. Inn bears S.W. by S. (250 

yards). On returning to Oban, when a comparison could he made with Green¬ 

wich time, the rate of the chronometer was found to have altered suddenly during 

the visit to Tiree. The difference between the values of the declinations obtained 

at Stations I. and H. on the 8th and 10th is probably due to this fact. 

Declination. 

Date. V G.M.T. C. Cq. 

Aug. 8 (1) 
„ 10 (0 
„ 10 (3j 

„ 8 (2) 
„ 10 (2) 

li. m. 
- 1 43 
- 2 49 
+ 5 57 

+ 3 27 
+ ’4 13 

li. m. 
11 36 

9 21 
17 0 
18 51 
16 34 
16 30 

2°4 49-8 1 
24 51'8 / 
21 52-4 1 
24 50-0 / 
23 52-1 1 
23 54-9 / 

O / 

24 46-9 

24 47-3 

23 49-6 

Inclination. 

Date. Needle. G.M.T. 0. do- 

Aug. 8 1 
2 

li. m. 
11 43 
12 50 

71 26'0 
71 19-9 

O / 

71 19-4 

Horizontal Force. 

Date. G.M.T. H. Ho- 

1 Aug. 8 
t 
1 

D 
V 

h. m. 
13 6 
12 9 

1-5898 
1-5907 

1-5909 

46. SoA (Skye). August 29, 1884 ; A. W. R. and T. E. T. (60, 74). Lat. 57° 9' 45" ; 

Long. 6° 10' 12". On the N.E. point; about 300 yards E. of the anchorage, 

and near the Ru Mhoil Dearg. 

Declination. 

2. G.M.T. d. 

1 
1 

! 

h. m, 
8 38 23 28-3 

o < 
23 14-9 
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Inclination. 

Needle. G.M.T. e. do- 

1 
2 

li. m. 
8 48 
9 31 

72 0-4 
72 1-5 

o / 

71 59-6 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
10 16 

9 21 
1-5051 
1-5045 1-5072 

47. Stirling. July 10, 1885; A. W. E. (60, 74). Lat. 56° 7' 2"; Long. 

3° 56' 55". In the King’s Park; in the centre of the plain to the S. of the 

Castle. 

Declination. 

V G.M.T. 5. 
^0- 

h, m. 
+ 1 42 

li. m. 
14 53 21 33-0 2°1 28-6 

Inclination. 

Needle. G.M.T. 0. do. 

1 
2 

h. m. 
15 54 
16 26 

70 53-V 
70 54-1 

o / 

70 53-3 

Horizontal Force. 

G.M.T. H. Ho. 

! i 

li. m. 
17 11 
14 32 

1-5938 
1-5935 1-5945 
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48a. Stornoway (Arcl Point). September 4 and 5, 1884, and August 19, 1885, 

A. W. E. and T. E. T. (60, 74); aud August 14, 1888, T. E. 1’. (61, 83), 

A. W, E. (60, 74). Lat. 58° 12' 10"; Long. 6° 23' 40". On the top of the 

hillock on the Point. The Declinations taken on this spot agreed well with that 

obtained in the Castle Grounds, and were therefore regarded as normal. In 

1888, simultaneous observations were made by both of us, which agree among 

themselves but differ considerably from each other. Dr. Thorpe occupied the 

old station near the top of the hillock, Professor Eucker was about 50 yards 

distant on lower ground and nearer the mainland. There can be little doubt 

that the station is disturbed. 

Declination. 

Date. 2. G.M.T. C. ^0- 

h. m. h. m. 
24 21-0 Sept. 4, 1884 — 2 22 10 54 

24 9-8 K 
5) >> - 1 42 11 3 24 20-2 

Aug. 19, 1885 + 3 11 14 7 24 12-4 24 9-5 
„ 14, 1888 - 1 52 11 2 r23 50-7 

12 28 23 48-4 24 13-9 
+ 3 24 15 15 23 50-7 
- 1 45 11 8 f24 8-7 

12 37 R^ 24 7-9 24 32.3 
+ 3 23 15 15 1 1^24 8-3 

Inclination. 

Date. Needle. G.M.T. 0. 

Aug. 14, 1888 1 
2 

h. m. 
18 8 
13 31 to

 l
<.

° 

00
 0

0 o / 

72 10-5 

Horizontal Force. 

Date. G.M.T. H. Ho. 

h. m. 
Aug. 19, 1885 D 16 44 1-5197 1-5210 V 15 13 1-5210 

V 17 42 1-5191 1-5205 
Aug. 14, 1888 1) 12 1 1-5205 

V 
D 

11 
12 

25 
0 

1-52421 
1-5243 j 1-5195 

Y 11 20 
1-5222 
1-5218 ^T 1-5173 
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48b. Stornoway. September 4,1884, A. W. R. and T. E. T. (60, 74). Lat. 58° 12'40"; 

Long. 6° 23' 35". In the Castle Grounds. 

Declination. 

s. G.M.T. c. A- 

h. in. 
+ 2 32 

h. m. 
14 20 2°4 18-4 

0 / 

24 7-6 

Inclination. 

Needle. G.M.T. e. A- 

; ] 
h. m. 
13 21 

o 
72 9-4 

o / 

72 9-1 2 12 54 72 11-0 

Horizontal Force. 

G.M.T. H. 

h. m. 
D 13 5 1-5119 

1-5124 
V 13 44 1-5122 

13 59 1-5125 

Ho, 

1-5145 

1-5147 

49. Strachhr. August 16 and 17, 1884 ; A. W. R. and T. E. T. (60, 74). 

Lat. 56° 10' 20" ; Long. 5° 4/ 40". On the lawn in front of Strachur House. 

Declination. 

Date. G.M.T. d. A- 

Alice. 17 
h. tn. 

- 4 4 
b. m. 
8 59 22 1-5 2°1 48-9 

Inclination, 

Date. Needle. G.M.T. 0. A- 

Aug. 16 1 
2 

h. m. 
12 17 
12 19 

70 44-4 
70 44-9 

0 / 

70 42-9 
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Horizontal Force. 

Date. G.M.T. H. Ho- 

Aug. 16 D 
V 

h. m. 
15 38 
16 19 

1-60G8 
1'6073 

] -6095 

50. Stranraer. September 18, 1884; A. W. K (60, 74); and August 28, 1888; 

A. W. E. (GO, 83), and T. E. T. (61, 83). Lat. 54° 54' 25"; Long. 5° 2' 10". 

In a field 300 yards N. W. by W. of Schuchan Church. The same position was 

occupied on both occasions. Near Mr. Welsh’s station. 

Declination. 

Date. 2. G.M.T. c. ^0- 

Sept. 18, 1884 
Aug. 28, 1888 

1 

h. m. 
f 2 7 
- 1 30 
- 2 10 

h. m. 
16 14 
11 35 
10 64 
13 6 

21 46-2 
21 13-7 
21 12'5 
21 13'0 

21 35-0 
21 37-6 T 

21 36-6 R 

Inclination. 

Date. 
t 

Needle. G.M.T. 0 do 

■ li. m. o / o / 
Sept. 18, 1884 1 15 1 70 14'0 70 12-3 2 15 37 70 13-7 
Aug. 28, 1888 1 11 16 70 11-7 70 14-8 2 12 43 70 10-5 

Horizontal Force. 

Date. G.M.T. H. Ho. 

Sept. 18, 1884 

Aug. 28, 1888 

D 

S 
V 
D 
V 

h. m. 
17 25 
16 .39 
11 50 
11 21 
12 .37 
12 3 

1-6421 
1-6426 
1-64G6 1 -Q 
1-6471 / 
1-6473 1 
1-6473/ 

1-6446 

1-6420 

1-6425 

MDCCCXC.—A. s 



130 MR. A. W. RtiCKER AND DR. T. E. THORPE ON A MAGNETIC 

51. Strom.ntess (Orkneys). August 25, 1885; T. E. T. (60, 74). Lat. 58° 57'30"; 

Long. 3° 17' 12". 60 yards S.E. from the door of the house on Holm of Stromness. 

Declination. 

2. G.M.T. 0, ^0- 

h. IB. 

+ 19 
h. m. 

L2 29 2°! 31-5 2°1 27-9 

Inclmation. 

Needle. G.M.T. e. do- 

1 
2 

li. m. 
15 1 
14 28 

o / 

72 12-3 
72 11-9 

o / 

72 11-7 

Horizontal Force. 

G.M.T. H. Ho. 

V 
h. m. 
12 8 1-6143 1-6149 

52. E. LochTarbert (LochFyne). August 19 and 20, 1884 ; A. W. R. andT. E. T. 

(60, 74). Lat. 55° 51' 56" ; Long. 5° 24' 25". At the back of the town, near the 

Castle. . 

Declination. 

Date. 2. G.M.T. 8. Oq. 

Au". 19 
h. m. 
5 43 

h. m. 
18 60 2°2 14-4 

U i 

22 4-3 
„ 20 - 3 20 9 40 22 19-3 
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Inclination. 

Date. Needle. G.M.T. 0. d,. i 

Aug. 20 1 
2 

h. m. 
10 2 
10 26 

70 47-8 
70 49-o 

O i 

70 46-8 

Horizontal Force. 

Date. G.M.T. H. Ho- 

Aug. 20 D 
V 

h. m. 
T 1 OO 
±± OO 

10 22 
1-6027 
1-6031 1-6053 

53. Thueso. July 3, 1885 ; A. W. R. (60, 74). Lat. 58° 35' 30"; Long. 3° 31' 15" ; 

On the green by the riglit bank of the river, about 30 yards above the bridge. 

The station occupied by Mr. Welsh had been built over. 

Declination. 

V G.M.T. h. 

h. m. 
- 1 44 

li. m. 
11 11 2°1 43-5 2°1 38-4 

Inclination. 

Needle. G.M.T. 0. do- 

1 

r
-
l 

C
M

 

li. m. 
13 7 
13 43 

O < 

72 2-9 
72 0-6 

o / 

72 1-1 

Horizontal Force. 

G.M.T. H. Ho- 

D 
V 

h. m. 
14 38 
11 54 1-5208 1-5217 
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54. Wick. July 2, 1885 ; A. W. II. (60, 74). Lat. 58° 26' 20" ; Long. 3° 5' 45" 

On tlie lawn in front of Rosebank. Same station as that of Mr. Welsh. 

Declination. 

2. G.M.T. c. A- 

h. in. li. m. o • 0 1 
- 2 52 11 (3 21 20-4 21 15'3 

Inclination. 

Needle. G.M.T. 0. 

li. m. O / o / 
1 13 25 72 10-1 72 9-8 2 14 0 72 10-7 

Horizontal Force. 

G.M.T. H. Ho- 

JJ 

V 

h. m. 
11 56 
10 44 

1-6139 
1-5131 1-5144 
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Descriptions of English Stations. 

55. Aberystwith. May 18, 1886; A. W, E. (60, 74). Lat. 52° 23' 51"; Long. 

4° 5' 13". About a mile to the South of the town, between the Eiver Ystwith 

and the sea, near the point marked Pen-y-ro on the Ordnance maj). 

Declination. 

'2. G.M.T. ■ 0. 

ii. m. 

- 1 19 

Ii. m. 
11 19 
13 42 

19 54-6 
19 61-7 

o / 

19 56'o 

Inclination. 

Needle. G.M.T. 0. 

1 
2 

h. m. 
]8 2 
13 4 

O 1 

68 34’4 
68 .33-9 

o / 

68 34-7 

Horizontal Force. 

G.M.T. H. He- 

li. m. 
V 12 16 1-7508 1-7600 
V 12 34 1-7485 1-7477 

56. Alderney. April 3 and 4, 1888; T. E. T. (61, 83). Lat. 49° 43' 10"; 

Long. 2° 11' 0". In the N.E. corner of the garden of Scott’s Hotel; about 

70 yards from the house. 

Declination. 

Hate. 2. G.M.T. 0. hi- 

h. m. h. m. o / b / 
April 3 + 1 54 12 66 17 46-1 

+ 4 27 
15 9 
16 48 

17 46-5 
1 y 45-i 

18 2-8 

„ 4 
1 

- 4 2 7 54 17 49-3 
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Inclination. 

Date. Needle. G.M.T. 0. Co. 

April 3 1 
o 

h. m. 
16 1 
16 23 

o / 
66 .35-2 
66 33-7 

O ‘ 

66 38-9 

Horizontal Force. 

Date. G.M.T. H. H,, 

li. m. 1 

April 3 D 14 45 1-8755 1-8705 
V 13 41 1-8756 

V 15 21 
1-8719 
1-8735 1-8677 

57. Alnwick. September IG, 18SG. A. W. E. Lat. 55° 25' 19"; Long. 1° 43' 53". 

In the Deer Park ; on the N. side of the drive, and about one-third of a mile from 

the reservoir. Alnwick Church S.E. by E. Castle E. by S. 

Declination. 

2. G.M.T. S. ^0- 

h. m. 
- 1 7 

h. m. 
11 26 19 39-4 19 45-0 

Inclination. 

1 

Needle. 1 G.M.T. 
1 

0. Co. 

1 
2 

h. m. 
13 ] 
13 32 

70 2-1 
70 3-3 

0 / 
70 3-6 

Horizontal Foixe. 

G.M.T. H. Ho. 

P 
V 

h. m. 
14 20 
11 50 

1-6529 
1-6526 1-6511 
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58. Alrespord. April 28, 1888 ; A. W. R. (60, 74). Lat. 51° 4' 46" ; Long. 1° 9' 56". 

On 4'ichborne Do’srn. 

Declination. 

2. G.M.T. ^0- 

h. m. h. m. 
+ 2 .39 13 16 17 52-8 18 9-7 3 45 16 19-5 17 53-2 

Inclination. 

Needle. G.M.T. 0. 0,. 

1 
2 

h. m. 
15 26 
16 2 

67 17-8 
67 19'0 

O / 

67 22-3 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
14 42 
14 2 

1-8292 
1-8293 1-8241 

59. x4ppleby. September 15, 1886; A. W. R. (60, 74). Lat. 54° 34' 10"; Long. 

2° 29' 3". On tbe Holme, a common close to tbe Eden, to tbe S. of tbe town. 

Declination. 

2. G.M.T. c. Oq. 

h. m. h. m. o O / 

-1 1 11 47 20 1-5 20 5-8 
+ 2 7 13 51 19 59-0 

Inclination. 

Needle. G.M.T. e. do. 

1 
2 

h. m. 
12 46 
13 15 

6°9 43-7 
69 44-1 

O / 

69 44-9 
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Horizontal Force. 

G.M.T. H. Ho. 

V 
h. m. 
12 2 1-6706 1-6690 

GO. Barrow. August 25, 1886; A. W. K (60, 74). Lat. 54° 7' 24"; Long. 3° 13' 0". 

In a field about 200 yards W. from the road whicli leads to Barrow from Furness 

Abbey. About 1^ miles from the Abbey on the brow of the hill above Barrow. 

Declination. 

G.M.T. ^0- 

li. m. 
-1-2 15 
-1-5 18 

li. m. 
14 52 
17 5 

20 4-6 
20 2-9 

O / 

20 9-3 

Inclination. 

Needle. G.M.T. 0. do. 

1 
2 

li. m. 
16 3 
16 32 

6°9 29-5 
69 29-7 

O / 

69 30-6 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
17 59 
15 13 

1 6886 
1-6892 1-6875 

61. Bedford. April 21, 1888 ; T. E. T. (61, 83). Lat. 52° 8' 3"; Long. 0° 26' 51". 

On a road on the Bower estate, half-a-mile to the E. of the town-bridge, and 

about 80 yards from the river. 

Declination. 

2. G.M.T. C. ^0- 

h. m. h. m. 
18 10-9 18 27-4 - 1 24 9 51 
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Inclmation. 

Needle. G.M.T. 0. 

1 
2 

h. m. 
11 13 
11 30 

G8 4'4 
68 3-3 

O / 

G8 7-3 

Horizontal Force. 

G.M.T. H. Ho. 

V 
li. m. 

10 8 1-7766 1-7705 

62. Birkenhead. August 23, 1886; A. W. B. (60, 74). Lat. 53^ 24' 4"; 

Long. 3° 4' 18". 1st station, 130 yards S. of Observatory ; 2nd station, 100 yards 

S. of Observatory. 

Declination. 

2. G.M.T. ^0- 

h. m. li. m. o / o / 
- 1 1 (1) 12 23 19 54-8 19 58-3 + 62 (2) 17 32 19 52-1 

Inclination. 

Needle. G.M.T. 0. do- 

1 
2 

li. m. 
15 37 
16 4 

69 4-0 
69 2-6 

o / 

69 4-3 

Horizontal Force, 

G.M.T. H. Ho. 

D 
h. in. 
13 29 1-7188 1-7176 V 12 50 1-7192 

MDCCCXC.—A. T 
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63. Birmingham. May 7, 1886; A. W. R. (60, 74). Lat. 52° 27'37"; Long. 1° 53'40". 

In Caltliorpe Park, at the S. end. About 50 yards from the East, and 200 yards 

from the Sontli railings. 

Declination. 

V G.M.T. 0. 
^0- 

]i. m. h. m. o o / 
- 1 14 11 15 18 42-1 18 44-0 
+ 2 44 14 29 18 397 

[nclination. 

Needle. G.M.T. 0. 00- 

1 
li. m. 
13 24 

o 
68 21-3 

0 / 

68 21-3 2 13 65 68 20T 

Horizontal Force. 

G.M.T. H. Ho. 

1) 
V 

li. m. 
12 22 
11 37 

17672 
17683 17669 

64. Braintree. September 22, 1888; T. E. T. (61, 83). Lat. 51° 52'41"; Long. 

0° 32' 40" E. In a field to the W. of the Church, distant 400 yards ; 400 yards 

N. of the Railway to Dunmow. 

Declination. 

G.M.T. 0. ^0- 

h. m. li. m. o / (J 1 
“1“ 3 15 51 17 36-4 17 55-4 
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Liclination. 

Needle. G.M.T. 0. 00. 

1 
2 

h. m. 
17 16 
17 32 

67 41-8 
67 40-8 

67 45-4 

Horizontal Force. 

G.M.T. H. H,, 

D 
V 

li la. 
16 40 
16 15 

] -8005 
1-7999 1-7942 

65. Brecon. May 26, 1886 ; A. W. E. (60, 74). Lat. 51° 56' 56" ; Long. 3° 24' 42". 

In the fields (Newton Port) to the W. of the town, and close to the river. Church 

in centre of town S.E. by E. About f of a mile E. by N. of Castle Hotel. 

Declination. 

V G.M.T. C. C ! w- 1 

h. m. 
+ 4 42 

li. m. 
17 60 1°9 35-1 19 38-6 

Inclination. 

Needle. G.M.T. 0. d(. 

2 
h. m. 
19 12 68 15-1 68 15-8 

Horizontal Force. 

G.M.T. H. 
1 

H,, 

D 
V 

h. m. 
18 28 
17 51 

1-7710 
1-7710 

1-7701 

T 2 
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66. BrjDE Haven, T. E. T, (61, 83). 

(а) April 11 and 15, 1887 ; Lat. 50° 49' 34" ; Long. 4° 32' 37". On the upper 

walk of the kitchen garden of the Falcon Hotel, and on the W. front of the 

house, 

(б) April 12, 1887 ; Lat. 50° 49' 42"; Long. 4° 32' 54". On Efford Down near 

the Compass Tower, which bore 75° W. of N. (mag.). Belfiy of Efford 

House 10° E. of S. (mag.). Entrance lock to Bude Canal 68° E. of N. (mag.). 

Declination. 

Date. 2. Ct.M.T. c. ^0- 

li. m. li. m. o / O 1 
April 11 . . - 1 46 

+ 37 
11 2 
15 2 

19 50-1 
19 52-2 20 OT 

„ 22 . . - 1 32 11 13 19 43-9 
+ 2 44 14 41 19 43-5 19 52-9 

„ 15 . . - 0 20 12 26 19 44-2 

Inclination. 

Date. Needle. G.M.T. 0. do- 

April 11 . . 

„ 12 . . 

1 
2 
1 
2 

h. m. 
15 68 
14 31 
13 46 
14 16 

67 44-8 
67 40-2 
67 41-8 
67 41-1 

O / 

67 44-2 

Horizontal Force. 

Date. G.M.T. H. Ho. 

li. m. 
April 11 . . D 12 14 1-8126 1 .OOQ K 

V 11 47 1-8100 
1 O\JO0 

12 , . D 12 2 1-8103 
V 11 36 1-8104 I OU/0 
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67. Cambridge. T. E. T. (61, 83). 

May 18, 1886; Lat. 52° 11' 40"; Long. 0° 7' 17" E. In the lane off the 

Trumpington Eoad, past the Botanic Gardens, and on the right hand side. 

May 19 and 20, 1886 ; Lat. 52° 11' 23"; Long. 0° 7' 16" E. In the Leys School 

Grounds. 

Declination. 

Date. 2. G.M.T. B. ^0- 

May 18. 

„ 19. 

h. m. 
+ 2 28 
+ 2 37 

h. m. 

II 47 18 2T 

O / 

, , 15 35 18 0-5 18 5-0 
„ 20. -1 51 10 34 18 2T 

Inclination. 

Date. Needle. G.M.T. 0. 0,. 

May 18. 1 
2 

h. m. 
16 39 
17 11 

68 1-8 
68 1-9 

o / 

68 2-4 

Horizontal Force. 

Date. G.M.T. H. Ho. 

May 19. 

„ 20. 

D 
V 
V 

h. m. 

12 37 
11 11 
10 58 

1-7799 
1-7786 
1-7797 
1-7790 

1-7784 

T7785 

68. Cardiff. May 25, 1886 ; A. W. E. (60, 74). Lat. 51° 29' 36"; Long. 3° 10'33". 

In a field W. of the town, on Crwys Farm. House E.N.E., about 80 yards 

distant; gate of barracks, 200 yards N. by W. 

Declination. 

V G.M.T. 6, 
'■'0- 

h. m. 
+ 3 0 
+ 4 33 

h. m. 
16 1 
17 5 

19 16-6 
19 15-9 

o t 

19 19-7 
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Inclination. 

Needle. G.M.T. 0. do- 

h. m. 
67 52-8 

O ! 
1 17 38 67 52-3 2 18 3 67 60-5 

Horizontal Force. 

G.M.T. H. Ho. 

y 
li. m. 
16 22 1-7953 1-7944 

69. Cardigan. May 29, 1886 ; A. W. E. (60, 74). Lat. 52° 5' 20" ; Long. 4° 40' 9". 

In a field about half a mile to the west of the town. 

Declination. 

V G.M.T. a. oo- 

li. m. h. m. O ! o f 

+ 1 12 12 15 20 22-2 20 25-8 

Inclination. 

Needle. G.M.T. 0. 

1 
2 

li. m. 
13 6 . 
11 43 

68 30-3 
68 31-0 

o - i 
68 31-3 

Horizontal Force. 

G.M.T. H. Ho- 

V 
h. m. 
13 47 1-7544 1-7535 
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70. Carlisle, August 28, 1886; A, W. K (60, 74). Lat. 54^ 53' 55"; Long. 

2° 55' 40". On the Swifts, about 100 yards from the footpath on the S. side, 

and 250 yards E. by S. of the Grand Stand. Cathedral bore W.S.W. | S. 

Declination, 

V G.M.T. a. 
^0- 

h. m. h. m. 

- 0 4] 12 I 20 20-5 20 25-8 + 1 30 14 41 20 19-8 

Inclination. 

Needle. G.M.T. 0. ^0. 

1 
2 

h. m. 
13 17 
14 14 

69 52T 
69 54-0 

o / 

69 54-0 

Horizontal Force. 

G.M.T. H. Ho- 

V 
Ii. m. 
12 25 1-6640 1-6625 

71. Chesterfield. September 14 and 15, 1887 ; A. W. R. (60, 74). Lat. 53° 14' 3" ; 

Long, 1° 24' 37". In a field on Mr. Penistone’s farm to the N. of the main 

road. Church bearing W.N.W. about a mile distant. Cemetery S.W. by W. 

about half a mile. 

Declination. 

Date. S. G.M.T. Ofl. 

Sept. 15 
h. m. 

- 2 36 
- 2 10 

h. m. 
lu 19 19 0-3 

18 59-8 

O > 

19 11-9 
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Inclination. 

Date. Needle. G.M.T. e. do. 

h. m. 0 / o / 
Sept. 14 1 11 40 68 47T 68 48-5 2 12 10 68 44-5 

Horizontal Force. 

Date. G.M.T. H. Ho. 

Sept. 14 D 
h. m. 
14 16 1-7383 1-7351 

V 13 26 1-7393 

72. Chichester. SeiMember 18, 1888; T. E. T. (61, 83). Lat. 50° 50' 0" ; 

Long. 0° 47' 2". In the meadows between tlie Cathedral and the Railway 

Station; close to the ditch. Railway Station bearing S.E. Cathedral tower 

N.E., distant a quarter of a mile. 

Declination. 

2. G.M.T. C. Oq. 

h. m. 
- 0 62 

h. m. 
11 32 

o . 
17 46-6 

o , 
18 6-5 

Inclination. 

Needle. G.M.T. 0. do. i 

1 
2 

li. m. 
13 27 
13 43 

6°7 7-6 
67 7-0 

O / 
67 11-6 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

li. m. 
12 36 
11 54 

1-8456 
1-8455 

1-8395 
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73. Clenchwarton. August 2, 1888 ; A. W. E. (60, 74). Lat. 52° 45' 20"; Long. 

0° 21' 20" E. In the grounds of a house on the road from King’s Lynn to 

Sutton Bridge. Not quite 3 miles from King’s Lynn. 

Declination. 

2. G.M.T. C. h- 

h. m. 
-0 29 

]i. m. 
11 58 17 51-4 1°8 10-3 

Inclinafion. 

Needle. G.M.T. e. do- 

1 
li. m. 

1.3 45 68 14-3 6°8 17'9 
1 

Horizontal Force. 

1 

G.M.T. H. Ho. 

1) 
Y 

h. m. 
12 49 
12 16 

1-7722 
1-7717 

1-7662 

74. Clifton. April 22, 1886; T. E. T. (61, 74). Lat. 51° 27' 15"; Long. 2°'37' 4". 

On the Down; on the N. side of the Stoke road, about 60 yards from it, and 

about \ mile from the Clifton Cricket Club Pavilion. Steeple of Christ Churc’n 

Congregational Chapel bearing E. Pumpiug station S.E. about 150 yards. 

Declination. 

■ 
G.M.T. 

' 7 " 
r. C- 

h. m. 
+ 0 15 

h. m. 
11 56 19 76 19 10-7 

MDCCCXe.—a. u 
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Inclination. 

Needle. G.M.T. 0. 00. 

1 
2 

h. ni. 
13 12 
13 47 

67 48-9 
67 47-6 67 48-7 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

li. m. 
14 49 
11 30 

1-8001 
1-8006 1-7996 

75. Clovelly. April 16, 1887; T. E. T. (61, 83). Lat. 50° 59' 48"; Long. 

4° 23' 50". To the W. of the village; between it and Clovelly Court. 

Declination. 

V G.M.T. c. h)- 

li. m. 
- 0 33 
+ 34 

li. m. 
12 9 
15 4.5 

19 44-2 
19 45-5 

o t 

19 53-8 

Inclination. 

Needle. G.M.T. 0. 00- 

1 
o 

h. m. 
14 23 
14 57 

67 47-8 
67 47-6 

0 y 
67 49-9 

Horizontal Force. 

G.il.T. H. 

D 
li. 111. 
11 27 1-8027 1-8000 

V 12 44 1-8030 
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76, Coalville. April 30, 1888; T. E. T. (61, 83). Lat. 52° 43'41"; Long. 
1° 21' 18". In a field about 100 yards E. of Coalville Station (L. and N.W. 

Kailway), and E. of town. 
Decimation. 

V G.M.T. C. 0)- 

li. m. 
+ 1 26 

h. in. 
14 28 18 24-6 18 41-4 

Inclination. 

Needle. G.M.T. 0. hr 

1 
li. m. 
11 58 
12 17 

68 20-3 
68 20-6 

o / 

68 24-1 

Horizontal Force. 

G.M.T. H. Ho- 

I) 
V 

h. m. 
13 1 
14 15 

1-7583 
1-7587 1-7534 

77. CoLCHESTEE. September 24, 1888; T. E. T. (61, 83). Lat. 51° 53' 30"; 
Long. 0° 54' 0" E. In the Castle grounds; to the S. of tlie main tower, distant 

20 yards. 
Declination. 

V G.M.T. Oi. 

li. in. 
- 1 13 
+ 1 18 

li. m. 
10 52 
12 52 

17 36-2 
17 36-2 

O / 

17 55-2 

Inclination. 

Needle. G.M.T. 0. 0,. 

1 
2 

h. m. 
11 21 
11 37 

o J 

67 31-3 
67 31-1 

o / 

67 35-3 

U 2 
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Horizontal Force. 

G.M.T. H. R, 

li. m. 
12 2S 1-8078 1-8012 

1 

1 V 

1 
12 2 1-8066 ; 

1 

78. Ceomer. May 10, 188G ; T. E. T. (61,83). Lat. 52° 55'20"; Long. 1°18'24"E. 

In a field S.S.W. of the Lighthouse; Railway Station about three-quarters of a 

mile away hearing W. ; town bearing N.W. by N. 

Declination. 

V G.M.T. e. 

h. m. 
-1 1 0 

li. m. 
13 21 1°7 32 7 1°7 35'-8 

Inclination. 

Needle. G.InI.T. 0. dy. 

1 
2 

h. m. 
14 26 
14 53 

68 19-6 
68 19-2 

O 4 

68 20-0 

Horizontal Force. 

G.M.T. H. IR. 

V. 
li. m. 
13 4U 1-7611 1'7603 

79. Dover. September 28, 1887; T. E. T. (61, 83). Lat. 51° 6' 53"; 

Long. T° 17' 52" E. In the Public Recreation Ground, near Archcliff Fort; 

between the town and Shakespeare Cliff. End of Dover Breakwater 63° E. of 

S. (mag.) ; Flagstaff on Shakespeare Cliff 65° W. of S. (mag.). 

Declinatioii. 

V G.M.T. t . C- 

h. in. 
- 1 58 
-t- 0 56 

h. 111. 

10 20 
12 26 

16 44-1 
16 46'2 

o / 
16 57-2 
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Inclination. 

Needle. G.M.T. 0. do. 

1 
h. m. 
11 15 67 5-8 

o / 

67 8-0 2 11 31 67 4-7 

Horizontal Force. 

G.M.T. H. Ho. 

D 
h. m. 
11 69 1-8377 1-8.336 V 10 34 1-8372 

80. Falmouth. April 8, 1887 ; T. E. T. (61, 83). Lat. 50° 8' 47"; Long. 5° 4' 21". 

At the Observatory. 

Declination. 

V G.M.T. C. Oy. 

h. m. 
- 1 51 
+ 2 39 

h. m. 
11 10 
15 42 

19 4.T3 
19 45-8 

o / 

19 53-4 

Inclination. 

Needle. G.M.T. 0. do- 

1 
h. m. 
14 31 67 12-3 

0 1 

67 16-0 2 13 45 67 13-1 

Horizontal Force. 

G.M.T. H. Ho- , 

1) 
h. m. 
11 59 
11 35 

1-83.54 
T O ♦ > < O 
1 oo-±o 

1-8323 
V 
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81. Gainsboeough. September 19, 1887 ; A. W. E. (60, 74). Lat. 53° 23' 23" ; 

Long. 0° 44' 51". In a field to the W. of the Upton Eoad, and about 1 mile S. 

(mag.) of the town. 

Declination. 

V G.M.T. 0. fb- 

ll. 111. 

+ 3 56 
ll. 111. 
16 16 18 24-5 18 36-4 

Inclination. 

Needle. G.M.T. 0. b. 

1 
ll. ni. 
17 53 
18 12 

o / 
68 46'4 
68 46-7 

o / 

68 49-3 

Horizontal Force. 

G.M.T. H. Ho- 

D 
ll. m. 
17 14 1-7302 1-7321 V 16 31 1-7356 

82. Giggleswick. September 14, 1886; A. W. E. (60, 74). Lat. 54° 4' 18"; 

Long. 2° 17' 48". In the cricket field of Giggleswick School, 1.50 yards N.W. 

of the Pavilion, and near the W. end of the field. 

Declination. 

G.M.T. C>, b- 

b. m. ll. m. o / 0 / 
+ 1 33 12 2 19 31-2 19 35-3 
+ 3 16 15 8 19 29-8 
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Inclination. 

Needle. G.M.T. e. 

1 
2 

li. m. 
10 .59 
11 19 

69 21-4 
69 21-0 

o / 

69 22-3 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
13 16 
12 37 

1-6976 
1-6979 1-6962 

83. Gloucester. May 24,1886; A. W. R. (60, 74). Lat. 51° 52' 12"; Long. 2° 14' 50". 

In the fields to the E. of the town, about 300 yards E. by N. of Alexandra 

Terrace ; Cathedral bearing W. 

Declination. 

2 G.M.T. ^0- 

h. m. 
+ i 12 
+ 3 26 

li. m. 

If)’ 4 
19 fi4 
19 9-7 

o / 
19 12-9 

Inclination. 

Needle. G.M.T. 0. do- 

1 
li. m. 
13 46 68 4-5 

o / 
68 4-3 2 14 19 68 2-8 

Horizontal Force. 

G.M.T. H. Ho. : 

D 
V 

b. m. 
15 1 
12 46 

1-7823 
1-7817 1-7811 



152 MR. A. W. RtrOKER AND DR. T. E. THORPE ON A MAGNETIC 

84. Grantham. May 22, 1886 ; T. E. T. (61, 83). Lat. 52° 54' 54" ; Long. 0° 37' 46" 

W. In a field to the E. of the town, and across the river. The Church bore 

about S.W. ; distant 400 yards. 

Declination. 

2. G.M.T. 

j 

n^
y 

O
 

h. m. h. m. 
+ 1 .36 13 13 18 2.5-6 1 18 29-0 

Inclination. 

Needle. G.M.T. e. do. 

1 
o 

h. m. 
14 9 
14 .30 

68 26-6 
68 28-3 

O J 

68 28-0 

Horizontal Force. 

G.M.T. H. Ho. 

V 
h. m. 
12 56 1-7536 1-7527 

85 and 86. Guernsey. T. E. T. (61, 83). 

85. L’Eree. Lat. 49° 27' 50'''; Long. 2° 35' 40", Fifty yards due S. of L’Eree 

Hotel, and about 15 yards from tire road to Roquaine Castle, 

86. Peter Port, Lat, 49° 27' 45"; Long. 2° 31'' 45", In the Gardens behind 

the Royal Hotel, and about 60 yards from the house. 

Declination. 

Date. V G.i^ r.T. C. 0,- 

April 2 . . . 
h. m. 

+ 2 32 
h. 

14 
m. 
22 18 16'6 18 327 

„ 4 . . . + 2 43 14 19 18 2-3 IS lS-4 1 
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Inclination. 

Date. Needle. G- M.T. e. 00- 

h. m. o 

28-9 
0 / 

April 2 . . . 1 13 2 66 66 34-1 2 13 38 66 30-3 
„ 4 . . . 1 

2 
16 2 
16 17 

66 
66 

29-0 
26-8 66 32-4 

Horizontal Force. 

G.M.T. H. Ho- 

h. m. 
D 15 20 1-8798 1-8746 V 14 10 1-8795 
D 15 28 1-8843 1-8796 V 14 37 1-8849 

Date. 

April 2 

4 

87. Harwich. May 8, 1886; T. E. T. (61, 83). Lat. 51° 56' 48"; Long. 1° 17' 5" E. 

In a field to the W. of the town; Harwich Church bearing E. by N. ; Great 

Eastern Hotel, N.E., and Railway Station, E.S.E. 

Declination. 

2. G.M.T. a. 

h. m. 
- 1 10 

h. m. 
11 38 
13 41 

17 15-5 
17 16-0 

o / 
17 18-8 

Inclination. 

Needle. GM.T. 6. 00- 

1 
2 

h. m. 
12 30 
13 6 

6°7 37-0 
67 38-7 

0 • 

67 38-4 

Horizontal Force. 

G.M.T. H. Ho- 

D 
V 

h. in. 
14 17 
11 13 

1-8040 
1-8039 1-8031 

MDCCCXC.—A. X 
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88. Haependen. October 5 and 6, 1887, and May 1, 1888 ; T. E. T. (61, 83). 

Lat. 51° 47' 27"; Long. 0° 21' 15". 1st Station. At the N. end of the Common; 

200 yards S. of the Eailway Hotel, and W. of the Railway Station. 2nd 

Station. In Dr. Gilbert’s garden. To the W. of the lower Common. 

Declination. 

Date. 2. G.M.T. Cq. 

jMay 1, 1888 
h. m. 

+ 5 13 
h. m. 
14 33 17 59-6 18 16-5 

Inclination. 

Date. Needle. G.M.T. e. Oq. 

Oct. 6, 1887' 

! May 1, 1888 

1 
2 
1 
2 

!i. m. 
16 13 
16 32 
18 7 
17 48 

67 53-4 
67 48-4 
67 48'2 
67 47-6 

o / 

67 53-5 

67 51-4 

Horizontal Force. 

Date. 

Oct. 5, 1887 

May 1, 1888 

G M.T. H. Ho. 

D 
h. m. 
15 36 1-7961 1 1-7926 V 15 13 1-7970/ 

V 14 50 1-7971 1-7920 
V 15 6 1-7960 1-7909 

89. Haslemere. September 30, 1887; T.E.T.(G1, 83). Lat. 51° G'4"; Long. 0°44'40". 

On the tennis-lawn of Professor Williamson’s house. High Pitfold, and about 

50 yards S. of it. About GOO feet above sea level. 

Declination. 

G.M.T. 0. «o. 

h. ni. h. m. O / 0 ' 
— 1 6 11 12 17 55-6 18 7-7 
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Inclination. 

Needle. CI.M.T. 0. 6o- 

I 
h. m. 
12 57 6°7 17-8 67 20-6 

Horizontal Force. 

G.M.T. H. Ho- 

D 
V 

h. m. 
12 17 
II 46 

1-8321 
1-8319 1-8282 

90. Holyhead. May 4, 1887 ; T. E. T. (61, 83). Lat. 53° 17' 53" ; Long. 4° 38' 22". 

On the road to Forth Dafarch, 20 yards from the roadside, and about a mile from 

the Fail way Station which bore 50° E. of N. ; Monument on Black Bridge, 55° 

E. of N. ; Spire of New Church, 30° E. of N. ; Windmill, 80° E. of N.; 

Summit of Holyhead Mountain, 30° W. of N, 

Declination. 

2. G.M.T. c. L- 

b, m. 
- 1 51 
+ 1 42 
+ 20 

li. m. 
10 50 
13 42 

20 40-3 
20 41-8 

o > 

20 51-1 

Inclination. 

Needle. G.M.T. 0. do- 

1 
2 

h. m. 
12 46 
13 10 

69 22-2 
69 20-1 

o / 
69 23-1 

Horizontal Force. 

G.M.T. H. Ho- 

1 1 

li. m. 
11 50 
11 11 

1-6988 
POi+’O 

1-6958 

X 2 
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91. Horsham. April 21, 1888 ; A. W. R. (60, 74). Lat. 51° 4' 16" ; Long. 0° 21' 54". 

In a field on the N.W. side of Barber’s Green, 1^ miles W. of Horsham. 

Declination. 

2, G.M.T. c. ^0- 

h. m. h. m. O / O t 
+ 0 44 13 14 17 47-0 
+ 3 16 15 37 17 47-3 18 3-3 
+ 5 4 17 26 17 46T 

Inclination. 

Needle. G.M T. e. do- 

1 
2 

h. m. 
16 17 
16 39 

6^7 ll'6 
67 11-4 

o / 
67 15-2 

Horizontal Force. 

G.M.T. H. Ho. 

D 
h. m. 
14 44 1-8358 1-8309 V 13 34 1-8363 

92. Hull. Sept. 16 and 17, 1887; A. W. R. (60, 74). Lat. 53° 44' 40"; Long. 

0° 22' 5". In the Botanic Gardens. 

Declination. 

Date. V G.M.T. 
^0- 

Sept. 16 . . 
„ 17 . . 

h. m. 
+ 5 38 
- 3 3 

h. m. 
18 1 

9 20 
18 45-7 
18 46-2 

o / 

18 57-8 
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Inclination. 

Date. Needle. G.M.T. 0. do- 

Sept. 16 1 
2 

h. m. 
16 1 
16 44 

6°9 1-8 
69 1 -3 

o / 

69 3-9 

Horizontal Force. 

Date. G.M.T. H. Ho- 

Sept. 16 
h. m. 
17 18 1-7163 1-7125 

93. Ilfracombe. April 25, 1886 ; T. E. T. (61, 83). Lat. 51° 12' 38"; Long. 4° 7' 36". 

In a field near the Torr’s Walk, between the town and the sea. Parish Church, 

bearing S. by E. mile). Ilfracombe Hotel, E. by N. 

Decimation. 

2. G.M.T. ^0- 

li. m. 
- 1 32 
+ 1 51 

h. m. 
11 12 
13 48 

h. m. 
19 45-5 
19 43-3 

O ' 

19 46-5 

Inclination. 

Needle. G.M.T. e. 

1 
li. m. 
13 15 

o 

67 .53 3 
0 / 

67 53-8 

Horizontal Force. 

G.M.T. H. Ho- I 

D 
h. m. 
14 48 1-7962 1-7952 

V 11 33 1-7957 
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94, 95, 96. Jersey. T. E. T. (61, 83). 

94. Groiiville. Lat. 49° 12' 5"; Long. 2° 1' 20". In the eastern ditch of the 

Fort. Railway Station bore about W. 

95. S. Louis. Lat. 49° 12' 0"; Long. 2° 5' 40". 

96. S. Owen. Lat. 49° 13' 30" ; Long. 2° 12' 5". Within 300 yards of the 

shore, on the flat ground near the Maree. Corbiere Lighthouse, 40° W. of S. 

(mag.). 

Declination. 

Date. V G.M.T. u. ^0- 

1 Groiiville March 30 

S. Louis „ 31 

S. Owen April 1 

li. m. 
+ 1 19 
+ 2 20 
+ 1 20 

+ 2’21 

h. m. 
13 16 
14 24 
12 12 
13 56 
12 37 
15 1 

0 ; 
18 19-9 
18 19-9 
17 34-4 
17 32-9 
18 7'6 
18 9-7 

o / 

18 36-0 

17 49-7 

18 24-7 

Incli nation. 

Date. Needle. G.M.T. e. 

h. m. 
Groiiville March 31 1 

2 
9 49 
9 9 

66 3-4 
66 5T 

■ 
00 

S. Louis 31 1 
2 

14 .32 
15 0 

66 7‘8 
66 9-2 66 13-0 

S'. Owen April 1 1 
2 

14 4 
14 20 

66 9-8 
66 12-2 66 15’5 

llorizviital Force. 

Date. G.M.T. H. Ho- 

h. m. 

Grouville March 30 D 
V 

15 
14 

13 
7 

1-90991 
1-9106 1-9053 

S. Louis 31 D 13 6 1-89381 1 1-8887 V 12 28 1-8934 j r 
S. Owen April 1 D 13 28 1-89521 1-8904 V 12 51 1-8955 J 
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97. Kenilworth. April 16, 1888; T. E. T. (61, 83). Lat. 52° 20' 51"; Long. 

1° 34' 43". In a field near the Abbey Hotel, 60 yards from the road ; Castle 

bearing 65° W, of N., and S. Nicholas’ Church steeple 24° W. of N. (all 

magnetic). 

Declination. 

s. O.M.T. ^0- 

h. m. 
-1 23 
+ 1 16 

h. m. 
11 9 
13 42 

0 / 
18 4.5-2 
18 44-8 19 1-4 

Inclination. 

Needle. G.M.T. 0. 00. 

1 
2 

h. m. 
12 47 
13 5 

0 / 
68 24T 
68 26-2 

0 / 

68 28-8 

Horizontal Force. 

G.M.T. H. Ho. 

D 
h. m. 
12 4 1-76-28 1-7576 

V 11 28 1-76-24 

98. Kettering. May 1, 1888; T. E. T. (61, 83). Lat. 52° 23' 44"; Long. 

0° 44' 10". In the second field past the Railway Arch, W. of the Church, 

and 70 yards from the Northampton Road. 

Declination. 

5;. G.M.T. a. ^0- 

h. ni. 
- 2 37 

li. 111. 
9 40 18 19T 1°8 36-'0 
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Inclination. 

Needle. G.M.T. 0. 00- 

1 
2 

h. m. 
10 56 
11 12 

6°8 7-7 
68 6-3 

O < 
68 10-7 

Horizontal Force. 

G.M.T. H. Ho. 

V 
h. m. 
10 0 1-7707 1-7656 

99. Kew. Lat. 51° 28' 6"; Long. 0° 18' 45". In the Magnetic House at the 

Observatory. 

Declination. 

Date. Observer. Instrument. G.M.T. h. ^0- 

h. m. 
18 23-7 1°8 15-8 July 17, 1884 .... T. 60 16 9 

,, 18, ,, .... R. 60 11 59 18 21-9 18 14-0 
April 2, 1886 .... T. 61 17 14 18 11-0 18 12-5 
September 30, 1887 . R. 60 12 33 18 3-4 18 14-0 

15 38 18 5-1 18 15-7 
October 11, 1887 . T. 61 12 11 18 3-9 18 13-8 

15 .33 18 4-0 18 13-9 
„ 12, „ . . . R. 60 12 14 18 4-8 18 14-7 

14 21 18 4-3 18 14-2 
„ 13, „ . . . T. 61 10 33 18 5-3 18 15-2 

15 30 18 4-6 18 14-5 
„ 18, „ . . . T. 61 10 47 18 4-1 18 14-0 

14 56 18 2-6 18 12-5 
„ 19, „ . . . R. 60 11 9 18 4-8 18 14-7 

16 1 18 6-7 18 16-6 

Mean 18 14-4 

It will be observed that the differences between these results are not exactly in 

accord with those which would be deduced from the table on p. 58. 

This is due to the fact that in the above table the observations have been treated 

as though Kew were an ordinary station, whereas, on p. 58, the corrections have been 

applied in the most accurate way. 

In the first place, no attempt is made on p. 58 to reduce the observations to epoch, 
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whereas in the above table they are reduced bj the mean coefficient of secular change 

at Kew (B'O) during the period of the survey, together with a mean correction for 

monthly variation. 

In the next place in the reduction on p. 58, no distinction was made between the 

diurnal variation and disturbance, the total divergence from the mean being read 

off directly. The corrections applied in the above table were obtained by reading 

off the disturbances only and afterwards adding the value of the diurnal variation. 

The differences are a little larger than we should have expected, but this m 

probably due to the fact that, as the corrections were wanted quickly, the constants 

of the curves were only determined provisionally. 

That the accuracy attained was practically sufficient is proved by a comparison of 

the numbers in the above table with those on p. 58. 

The mean difference between our results and those given by curves treated as 

accurately as possible is dh0''8], while the mean difference between the numbers 

given above and their mean is ff; 0'‘83. 

The Kew value for January, 1886, is 18° 16''3, and ours, from the above table 

when reduced to the Kew instrument by adding, the mean difference, is 18° 14''4 + 2'‘5 

= 18° 16'-9. 

If from each of our uncorrected observations given on p. 58, we subtract the 

difference between the corresponding Kew value and 18° 16''3, we reduce to 

January, 1886, by one operation, in which no distinction is made between disturbance 

and the diinnal, monthly, and secular variations. The largest of the numbers so 

obtained is 18° 16'T, and the smallest 18° ll'ffi, while the largest and smallest in 

the above table are 18° 16'‘6 and 18° l?/'5. Thus, not only are the mean results 

obtained by the tAvo methods in close accord, but the range of Amriation of the insults 

is in each case practically identical; in other words, they agree to within the limits 

of the error of experiment. 

Horizontal Force. 

- 
Date. Observer. Instrument. H. Ho- 1 

July 17, 1884 . R. 60 1-8075 1-8100 
April 2, 1886 . T. 61 1-8082 1-8078 

,, 2, „ . R. 60 1-8098 1-8094 
)> 22, „ . R. 60 1-8101 1-8096 

September 30, 1887 . R. 60 1-8112 1-8082 
October 11, 1887 .... T. 61 1-8114 1-8084 

„ 12, „ .... R. 60 1-8115 1-8085 
„ 13, „ .... T. 61 1-8114 ] -8084 
» 18, „ .... T. 61 1-8123 1-8092 
M 18, ,, .... T. 61 1-8125 1-8094 
,, 19, ,, .... R. 60 1-8125 1-8094 

Mean . 1-8089 

MDCCCXC.-A. Y 
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Inclination. 

Date. Needle. Observer. Dip Circle. G.M.T. 0. 00- 

July 17, 1881 . 1 R. 74 
h. 
15 

in. 
38 6°7 36-0 6"7 34-8 

„ 18. 1 T. 74 12 9 67 3.5-7 67 34-5 
2 T. 74 12 38 67 36-0 67 34-8 

„ IT „ . . 1 R. 74 12 12 67 36-7 67 35-5 
2 R. 74 12 47 67 36-1 67 34-9 

September 30,1887 1 R. 74 16 43 67 35-4 67 36-8 
2 R. 74 17 10 67 .34-2 67 35-6 

October 11, 1887 . 1 T. 83 14 33 67 34-2 67 35-6 
2 T. 83 15 7 67 35-4 67 36-8 

„ 13. „ . 1 T. 83 14 27 67 35-0 67 36-4 
2 T. 83 15 0 67 35-0 67 .36-4 

„ 18, „ . 1 T. 83 13 52 67 34-2 67 35-6 
2 T. 83 14 28 67 34-3 67 35-7 

„ 19, „ . 1 R. 74 13 38 67 35-3 67 36'7 
2 R. 74 14 2 67 34-5 67 35-9 

Mean 67 35-8 

In the following Table tlie values for January 1,1886, deduced above from the survey 

instruments, are given in Column I. In Column II. are the mean differences between 

the survey and Kew instruments (see p. 58), and hence in Column III. the Kew 

(calculated) values are deduced. In Column IV. are the published elements for that 

epoch (‘Roy. Soc. Proc.,’vol. 41, 1887, p. 416), the Declination being’ corrected for 

diurnal variation. 

I. II. III. IV. 

18° 14'-4 
1-8089 

67“ 35'-8 

+ 2'-5 
- 0-0029 

A 2'-7 

18° 16'-9 
1-8060 

67° 38'-5 

18° 16'-3 
1-8093 

67° 37'-4 

The aofreement between Columns III. and IV. is satisfactoi’v in the cases of the 

Declination and Dip. In that of the Horizontal Force the actual value in January, 

1886, seems to have been rather high. As a good deal will hereafter be said about 

the relative values of the elements at Kew and Greenwich, and as we have not 

compared our instruments wdth those at Greenwich, it has been thought better to 

treat both these observatories in the same way, and therefore to use the numbers in 

Column IV. as the Kew values. 
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100. King’s Lynn. 

(a) May 20, 1886; T. E. T. (61, 83). Lat. 52° 45' 43"; Long. 0° 24' 30" E. 

In a field to the E. of the town ; S. Nicholas’ Church half-a-mile away, 

bearing W.S.W. ; Waterworks, S.W., quarter of a mile away. 

(b) August 2, 1888 ; A. W. R. (60, 74). Lat. 52° 45' 20"; Long. 0° 26' 0" E. 

In a field on the S. side of the road from Gaywood to Gayton Road 

Station. About half a mile from the village of Gaywood. 

Declination. 

Date. 2, G.M.T. 0. ^0- 

May 20, 1886 
(Gaywood) Aug. 2, 1888 

h. m. 
+ 5 12 
+ 3 26 

h. m. 
16 14 
15 47 

1°7 54-5 
17 42-8 

1°7 57-9 
18 1-7 

Inclination. 

Date. Needle. G.M.T. e. ^0- 

May 20, 1886 
Aug. 2, 1888 

2 
1 

h. m. 
17 15 
16 39 

68 17-3 
68 13-2 

68 17-8 
68 16-8 

Horizontal Force. 

Date. G.M.T. H. Ho- 
I 

May 20, 1886 
Aug. 2, 1888 

V 
V 

h. m. 
15 51 
16 5 

1-7664 
1-7703 

1-7656 
1-7646 

101. King’s Sutton. April 14,1888; T. E. T. (61, 83). Lat. 52°!'9"; Long. 1°16'19". 

In a field 25 yards E. of the road to Aynho, and parallel to the Great Western 

line ; King’s Sutton Church bearing 35° W. of N., and distant 300 yards. 

Declination. 

2. G.M.T. C. ^0- 

h. m. 
+ 1 27 

h. an. 
13 45 18 35-4 18 51-8 
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Inclination. 

Keedle. G.M.T. 0. 00- 

1 
2 

h. m. 
15 35 
16 1 

68 2-6 
68 2-4 

o * 

68 6-4 

Hoi'izontcd Force. 

G.M.T. H. Ho- 

D 
h. m. 
14 55 17825 17778 V 14 23 17832 

102. Lampeter. May 31, 1886 ; A. W. K (60, 74). Lat. 52° 6' 38'^ Long. 4° 4' 36". 

In a field to the S. of the town. Church bearing a little to the W. of N. 

Distance from the Church, about two-thirds of that between it and the river; 

250 yards from the nearest point of a bend in the river. 

Declination. 

2. G.M.T. h. ^0- 

h. m. 
- 1 35 

i 

h. m. 
11 2 

O / 
19 517 

O f 
19 55'3 

Inclination. 

Needle. G.M.T. e. ^0- 

1 
2 

li. m. 
12 34 
12 59 

68 24-6 
68 25T 

O / 

68 25-5 

Horizontal Force. 

G.M.T. H. Ho- 

D 
V 

h. m. 
13 .38 
11 26 

17569 
17567 

17559 
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103. Leeds. Seijtember 22 and 24, 1886; A. W. R (60, 74). Lat. 53° 50' 58"; 

Long. 1° 35' 3". In the centre of a field behind St. Helen's, the residence of 

O. Ecldison, Esq., at Adel. The Dip observations were repeated in the same 

position on December 31, 1888. 

Declination. 

Date. 2. G.M.T. 0. Oq. 

h. m. h. m. o t O / 

Sept. 22, 1886 + 42 16 38 19 3-9 19 8-9 

Inclination. 

Date. Needle. O.M.T. e. do- 

Sept. 24,1886 

Dec. 31, 1888 

1 
2 
1 
2 

h. m. 
9 58 

10 21 
10 57 
11 30 

O ! 

69 10-7 
69 8-8 
69 7‘5 
69 6-3 

o > 

69 10-8 

69 11-4 

Horizontal Force. 

Date. G.AI.T. H. Ho- 

Sept. 22, 1886 V 
h. m. 
16 51 1-7098 1-7082 

104. Leicester. June 19, 1886 ; T. E. T. (61, 83). Lat. 52° 37' 38" ; Long. 1° 6' 41". 

Twenty yards E. of Evington Hoad; Evington, \\ mile away, bearing S.E. 

Railway Station (Midland) f of a mile away, bearing N. 

Declination. 

2. G.M.T. S. So- 

h. m. 
+ 1 57 

h. m. 
13 4 
16 42 

1°8 18-0 
18 21-0 

0 ! 

18 23-6 
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Inclination. 

Needle. G.M.T. 9. 00- 

h. m. 0 / O < 
1 15 48 68 23-0 ItQ O/I.A 

2 16 16 68 23-6 Oo U 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
14 46 
13 42 1-7548 1-7538 

105. Lincoln. April 26, 1S88 ; T. E. T. (61, 83). Lat. 53® 12' 27"; Long. 0“3]' 14". 

On the South Common, S. of the Cathedral, and about 60 yards from the road. 

Declination. 

2. G.M.T. Oq. 

h. rn. h. m. O t o / 

+ 3 39 15 35 18 2-2 18 18-9 

4 

Inclination. 

Needle. G.M.T. 9. 00. 

h. m. o < o / 

1 16 43 68 40-3 68 43 2 16 57 68 38-3 

Horizontal Force. 

G.M.T. H. Ho. 

V 
h. in. 

16 0 1-7416 1-7395 
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106. Llandudno. May 14, 1886; A. W. K. (60, 74). Lat. 53° 19' 5"; Long. 3° 50' 23". 

Near the Beach to the W. of the Town, steeple bearing E. by N. In a little Bay 

about 300 yards S. of the road round Great Orme’s Head. 

Declination. 

V G.M.T. Of). 

h. m. 
- 2 45 
4-1 37 

li. m. 

9 1 
14 2 

20 49'5 
20 46-9 

O t 

20 51-5 

Inclination. 

Needle. G.M.T. 0. 
c- 

1 
2 

h. m. 
12 36 
13 8 

m 12-5 
69 10-4 

O 1 

69 12-0 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
11 15 
10 29 

1-7087 
1-7098 1-7084 

107. Llangollen. May 10,1886; A. W. B. (60, 74). Lat. 52° 58' 23"; Long. 3° 10' 13". 

On a hillock in a field on the N. of the town, near the road which runs parallel to 

the canal, and through which the footpath to Castle Dinas Bran passes. Llan¬ 

gollen Church bearing S. Bridge over Canal S. by E. (80 yards distant). 

Castle Dinas Bran N.E. by N. 

Declination. 

V G.M.T. S. ^0* 

h. m. h. m. 
20 5-3 

o • 

- 1 30 11 15 20 8-4 
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Inclination. 

Needle. G.M.T. 0. do- 

1 
2 

h. m. 
13 39 
14 9 

68 50-5 
68 47-3 

o / 

68 49-4 

Horizontal Force. 

G.T.M. H. Ho- 

D 
h. m. 

12 40 1-7338 1-7331 V 11 51 1-7340 

108. Llanidloes. May 19, 1886; A. W. K. (60, 74). Lat. 52° 56' 57"; Long. 

3° 32' 20". In the garden of the Inn. 

Declination. 

V G.M.T. B. ^0- 

h. m. li. m. 
- 2 31 9 57 19 52-2 

19 53-8 H 2 21 14 53 19 48-7 

Inclination. 

Needle. G.M.T. 0. do. 

1 
h. m. 
7 3 68 33-2 68 3.3-8 

Horizontal Force. 

G.M.T. H. Ho. 

D 
h. m. 
17 .56 1-7504 1-7501 

y 15 13 1-7515 
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109. Loughborough. AjDril 30, 1888 ; T. E. T. (61, 83). Lat. 52° 46' 37"; 

Long. 1° 13' 3". In a field to the N. of the London and North-Western Lailway 

Station, distant 100 yards. 

Declination. 

2. G.M.T. 0. ^0- 

h. m. 
— 2 22 

h. m. 
10 3 18 2-4 1°8 18-7 

Inclination. 

Needle. G.M.T. 0. do- 

1 
li. m. 
10 47 6°8 2P0 6°8 277 

Horizontal Force. 

G.M.T. H. Ho- 

V 
h. m. 
10 16 1-7582 1*7531 

110. Lowestoft. May 9, 1886 ; T. E. T. (61, 83). Lat. 5:;° 27' 54"; Long. 

1° 43' 56" E. In a field W.S. W. of the town 1^ mile away. S. .lohn’s Church, 

S. Lowestoft bore E.N.E. Kirkley Old Church, E. by S. ; Cemetery, half a 

mile away, S.E. by E. 

Declination. 

G.M.T. 

li. m. 
-1 13 
+ 2 2 

li. m. 
11 3 
13 34 

17 21-4 
17 20-5 

o t 

17 24-0 

Inclination. 

Needle. G.M.T. 0. ^0- 

1 
2 

li. m. 
12 21 
12 53 

O 

68 od-0 
67 59-7 

O 1 

68 00-4 

rf 
/U MDCCCXC.—A. 
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Horizontal Force. 

G.M.T. H. Ho- 

h. m. 
D 14 28 1-7804 

1-7797 V 11 22 1-7806 

111. Mablethorpe. May 23, 1886; T. E. T. (61, 83). Lat. 53° 20' 20"; Long. 

0° 15' 41" E. Ill a field 60 yards from the Victoria Road, and 400 yards S. of 

the Book in Hand ” Hotel. Flagstaff of coastguard station bearing N.E. (mag.). 

Convalescent Home bearing S.E. by S. (mag.). Railway Station bearing N.W. 

(mag.). 

Declination. 

G.M.T. C. hv 

h. m. h. m. o / 0 / 

-1 20 11 0 18 13-5 ^Q ^ a--. 
+ 2 15 13 53 18 12-7 lO J.D .J 

Inclination. 

Needle. G.M.T. e. do- 

]. 
2 

li, m. 
12 59 
13 28 

6°8 42-0 
68 42-5 

o / 

68 42-7 

Horizontal Force. 

G.M.T. H. Ho. 

I D 
1 V 

1 1 _ 

li. m. 
12 5 
11 20 

1-7381 
1-7378 

1-7370 
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112. Malvern. A. W. K. (60, 74). 

(a) Colwall Green, May 22, 1886 ; Lat. 52° 4' 0"; Long. 2° 21' 40". About 

250 yards S. of the bridge over the railway, in the space between two roads 

which bifurcate about 100 yards away. 

(h) Great Malvern, May 21, 1886 ; Lat. 52° 6' 22"; Long. 2° 18' 10". At the 

west end of Barnard’s Green, about 20 yards S. of the south side of a 

triangle formed by three roads ; near a pond. 

(c) Malvern Wells, May 22, 1886; Lat. 52° 4" 49"; Long. 2° 18' 30". In a 

field to the N. of the Hanley Road from Malvern Wells ; and N.W. of the 

cross-roads which are E. of the Midland Station ; about 10 yards from the 

road. 

(d) Mathon, May 22, 1886 ; Lat. 52° 6' 40"; Long. 2° 22' 6". In a field to the 

S. of the road to Mathon ; a large pond on the other side of the road, 250 

yards N.E. by N. ; small church at West Malvern nearly due E. 

Declination. 

Date. V G.M.T. 0. 
^0- 

h. m. h. m. 
19 31-3 1 
19 28-0 / 

May 21 Great Malvern. . . + 1 .33 
+ 4 11 

12 40 
16 57 19 33 0 

,, 22 Mathon. + 1 19 12 45 18 43-1 18 46'5 
„ 22 Colwall Green .... + 29 

+ 36 14 37 19 0-31 
19 01/ 19 3-6 

,, 22 Malvern Wells. + 4 12 16 32 19 19-0 19 22-4 

Inclination. 

Date. Needle. G.M.T. 0. do- 

May 21 Great Malvern. . 1 
h. 1E-. 
12 67 68 14-8 

o t 

68 14-2 2 16 .34 68 12-3 

Horizontal Force. 

Date. G.M.T. H. Ho. 

h. m. 
D 14 28 1-7691 1-7687 V 13 12 1-7700 
V 13 1 1 7664 1-7665 
V 14 53 1-7636 1-7627 
V 16 47 1-7691 1-7682 

May 21 Great Malvern. 

22 Mathon . 
,, 22 Colwall Green . 

22 ]\Ialvern Wells. 
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113. Manchester. June 20 and 21, 188(1; T. E, T. (61, 83). Lat. 53° 27'40''; 

Long. 2° 16' 54". Old Trafford. On the lawn of the Royal Botanic Gardens, 

near the Winter House. Second series of Dip Observations, close to the lake, 

and about 100 yards S.E. of the first station. 

Declination. 

Date. •V G.M.T. V. 0- 

h. m. h. m. o / o 

June 20 + 2 25 14 13 19 12-5 19 167 

Inclination. 

Date. Needle. G.M.T. 0. 00- 

June 20 1 
h. m. 
13 3 69 3'2 

O 1 

69 3-9 2 12 13 69 3-0 

Horizontal Force. 

Date. G.M.T. H. H„. 

June 21 
„ 20 
„ 21 

D 
V 
V 

h. m. 
16 33 
13 51 
17 8 

17138 
17133 

17128 
17123 

114. Manton. April 21, 1888 ; T, E. T. (61, 83). Lat. 52° 37' 32" ; Long. 0° 41' 51". 

On the hill about 400 yards from the Railway Station. 

Declination. 

2 G.M.T. ^0- 

li. m. 
+ 3 16 

h. m. 
15 13 18 5-2 18 217 
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Inclination. 

Needle. O.M.T. 0. 00. 

1 
2 

h. in. 
17 1 
16 46 

68 13-8 
68 13-0 

O / 
68 17T 

Horizontal Force. 

G.M.T. H. Ho. 

D 
li. m. 
16 15 17711 17661 V 15 34 17714 

115. March. July 27, 1888 ; A. W. R (60, 74). Lat. 52° 32' 0" ; Long. 0° 4' 0" E. 
About a mile from March Church, on the south side of the road which runs west 

towards Barrow Moor. 

Declination. 

2. G.M.T. S. ^0- 

b. m. 
+ 3 10 

h. m. 
15 36 17 4.3’9 18 2-8 

Inclination. 

Needle. G.M.T. 0. 00. 

1 
2 

h. m, 
17 46 
18 14 

6°8 6-8 
68 6-0 

0 t 

68 10-3 

Horizontal Force, 

G.M.T. H. Ho. 

b. m. 
D 16 36 17780 17719 
V 15 53 17772 
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116. Melton Mowbeay. T. E. T. (61, 83). 

(а) April 22, 1888 ; Lat. 52° 44' 54"; Long. 0° 52' 46". In a field about a mile 

S. (mag.) of the Midland Station. 20 yards E. of the Sandy Road. 

(б) April 30, 1888 ; Lat. 52° 45' 47"; Long. 0° 53' 20". In a field by the river, 

400 yards W. of the Church. Egerton Lodge bearing about N. 

Declination. 

Date. G.M.T. a. ^0- 

April 22 

„ 30 

h. m. 
- 0 30 
- 0 12 
- 0 5 
+ 5 22 

h. m. 
11 2 
11 2 
13 8 
17 44 

18 55-0 
18 54-3 
18 53-7 
18 47-5 

o / 

19 10-9 

19 4-2 

Inclination. 

Date. Needle. G.M.T. 0. 00 

h. m. o , o / 
April 22 1 

2 
13 43 
14 0 

68 
68 

29-0 
26-7 68 31-5 

„ 30 1 18 20 68 36-1 68 39-7 2 18 32 68 36-0 

Horizontal Force. 

Date. G.M.T. H. Ho- 

h. m. 
April 22 D 12 26 1-76731 1 1-7620 V 11 17 1-7670j r 

V 12 55 
1-76691 
1-7674 J 1-7620 

„ .30 V 17 55 1-7466 1-7415 
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117. Milford Haven. July 29, 1887 ; A. W. K (60, 74). Lat. 51° 42' 24"; 

Long. 4° 56' 47". In a field belonging to Mr. Caron. 100 yards S.W by W. 

of the main road which leads inland, and about 50 yards N.W. of a short lane 

leading to Mr. Caron’s house. Barracks due S. on the other side of the inlet; 

about -g- of a mile N.hT. W. of the quay. 

Declination. 

2. G.M.T. C. Cq. 

h, m. 
- 1 1.3 
+ 1 51 

h. m. 
10 29 
13 58 

1°9 56-5 
19 56-8 

0 ! 

20 8-8 

Inclination. 

Needle. G.M.T. e. d,. 

1 
2 

li. m. 
11 46 
12 12 

68 7-9 
68 6-6 

o / 

68 9-9 

Horizontal Force. 

G.M.T. 11. Ho. 

D 
V 

h. m. 
12 58 
13 41 

1-7844 
1-7843 1-7808 

118. Newark. April 27, 1888 ; T. E. T. (61, 83). Lat. 53° 4' 35" ; Long. 0° 48' 43". 

In the middle of the Castle grounds. 

Declination. 

2 G.M.T. C. ^0- 

h. m. li. m. o o i 

+ 1 29 14 18 18 29-5 18 46-2 
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Inclination. 

Needle. G.M.T. e. 0Q. 

1 
2 

h. m. 
12 8 
12 25 

68 30-5 
68 28-9 

O i ' 

68 33-4 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
13 1 
14 0 

1-7505 
1-7525 1-7464 

119. Newcastle. September 17, 1886 ; A. W. R. (60, 74). Lat. 54° 59' 25"; 

Long. 1° 39' 44". At the W. end of the moor, about 200 yards from the road. 

First Station about 150 yards from a Colliery ; second, about 200. 

Declination. 

2 G.M.T. 5. So- 

h. IB. 

- 0 59 
+ 1 44 

4 

h. m. 

11 37 
13 32 

19 25-6 
19 23-9 

o / 

19 30-3 

Inclination. 

Needle. G.M.T. 0. 00. 

1 
2 

li. m. 

13 10 
14 17 

69 48-0 
69 49-0 

o i 
69 49-5 

Horizontal Force. 

G.M.T. H. Ho. 

V 
li. HI, 

, 12 22 1-6681 1-6665 
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120. Northampton. October 7, 1887; T. E. T. (01, 83). Lat. 52° 13' 1"; 

Long. 0° 53' 52". In a field on the W. side of the High Road, and nearly 

opposite Queen Eleanor’s Cross, distant about 30 yards. 

Declination. 

2. G.M.T. G- 

li. in. 
- 1 48 
+ 1 2.5 

li. m. 
10 27 
13 37 

1°8 29Y 
18 30-5 18 41-7 

Inclination. 

Needle. G.M.T. 0. G- 

1 
h. m, 
12 15 6°8 6-3 

O / 
68 9-4 2 12 47 68 7-2 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

V 

h. m. 
11 22 
10 46 

13 51 

1-7708 
1-7713 
1-7701 
1-7705 

1-7671 

1-7664 

121. Nottingham. April 28, 1888; T. E. T. (61, 83). Lat. 52° 57' 0"; Long. 1° 9' 20". 

To the W. of Tunnel Road, due W. of the Castle, towards the Lowling Green. 

Declination. 

2. G.M.T. B. 

h. m. L m. 
- 0 28 9 35 18 27-1 18 44 9 : + 3 20 15 9 18 2y-4 

2 A MDCCCXC.—A. 
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Inclination. 

Needle. G.M.T. 0. 0,). 

1 
2 

h. m. 
15 52 
16 9 

68 33-7 
68 34T 

0 / 
68 37-6 

Horizontal Force. 

G.M.T. H. H,, 

h. m. 
D 11 0 1-7520 

1-7471 V 9 54 1-7524 

V 10 24 1-7515 
1-7524 1-7468 

122. OxPOiiD. May 5 and G, 1886; A. W. R. (60, 74). Lat. 51° 45' 34"; Long. i° 15' 

In the Parks, near the Physical Laboratory. Ventilating flue in the middle of the 

Physical Lecture Room bears magnetic »S. ; Cricket Pavilion E. by N. ; 29 paces 

W. from Plantation. 
Declination. 

Date. 2. G.M.T. r. ^0- 

May 5. 
„ 6. 

h. m. 
+ 5 15 
j-\ 15 

h. m. 
17 51 
11 5 

18 29-0 
18 32-2 

0 / 

18 33-7 

Diclination. 

Date. Needle. G.M.T. 00. 

May 6. 1 
2 

h. m. 
14 24 
14 55 

67 57-1 
67 56-8 

0 i 
67 57-5 

Horizontal Force. 

1 
Date. G.M.T. H. Ho. 

1 

j May 6. 
j 

D 
V 

h. in. 
12 18 
11 34 

1-7900 
1-7894 1-7890 
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123. Peterborough. May 21, 1886; T. E. T. (61, 83). Lat. 52'^ 34' 16"; 

Long. 0° 15' 57". In the meadows to the W. of G.N. Railway Station, and about 

three quarters of a mile from it; 200 yards N. of the River Nen, and 50 yards S. 

of the Thorpe Road. 

Declination. 

2. G.M.T. C. ^0- 

b. m. 
+ 1 23 
+ 4 10 

b. in. 
12 30 
15 40 

18 18-6 
18 18-5 

o / 

18 21-9 

Inclination. 

Needle. G.M.T. 0. G- 

1 
2 

b. m. 
14 50 
15 18 

68 14-3 
68 14T 68 14-8 

Horizontal Force. 

G.Al.T. H. Ho. 

U 
V 

b. m. 
13 £6 
12 52 

1-7692 
1-7708 1-7692 

124. Plymouth. April 7, 1887, T. E. T. (61, 83). Lat. 50° 2R 59"; Long. 4° 8' 35". 

On the West Hoe, S. of the Drake ^Monument. W. end of Breakv/ater, 40° W. 

of S. ; E. end of Breakwater, 10° W. of S. Old Eddystone Tov.mr, 42° E. of S., 

70 yards away. Grand Hotel, 55° Yd. of N. 

Declination. 

2. G.M.T. 0. So- 

b. m. 
- 1 33 

b. m. 
11 13 
14 25 

19 22-6 
19 22-8 

o / 
19 31-6 

2 A 2 



180 MR. A. W. RtiCKER AND DR. T. E. THORPE ON A MAGNETIC 

Inclination. 

Needle. G.M.T. e. 00- . 

1 
2 ■ 

h. m. 
13 27 
13 56 

67 12'9 
67 12T 

O / 
67 14-7 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

li. m. 
12 5 
11 39 

1-8343 
1-8331 1-8309 

125. Port Erin (Isle of Man). August 8, 1887 ; T. E. T. (61, 83). Lat. 54° 5’ 4" 

Long. 4° 46' *7". On the S. side of the Harbour near the Breakwater. 

Declination. 

2. G.M.T. a. ^0- 

h. m. 
- 1 5 
+ 2 37 

h. m. 
11 46 
13 47 

20 40-3 
20 44-2 

o t 

20 55-4 

Inclination. 

Needle. G.M.T. e. do- ■ 

1 
2 

h. m. 
14 26 
14 45 

69 46-2 
69 45-7 

o / 
69 48-1 

Horizontal Force. 

G.M.T. H. Ho. 

D 
Y 

h. m. 
15 36 
12 38 

1-6714 
1-6712 1-6678 
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126. Preston. August 24, 1886; A. W. R. (60, 74). Lat. 53" 42' 46"; Long. 

2° 43' 18". On Farrington Moor, about 2 miles S.W. of the town, and 200 yards 

from a railway crossing. Close to cross-roads running N. and S. and E. and W. 

Spire of St. James’ Layland, S. by W., ^ W. Farrington Factory, E.S.E. 

Dedination. 

G.M.T. ^O- 

h. m. li. m. O / o / 
+ 1 45 14 25 19 49-7 19 52-3 

1 
+ 4 48 17 24 19 45-2 

Indination. 

Needle. G.M.T. 0, 
1 

1 
h. m. 
16 29 

O • 
69 13-7 

1 
O / 

69 14-7 

Horizontal Force. 

G.M.T. H. Ho- 

D 
V 

h. m. 
15 30 
14 48 

1-7070 
1-7064 1-7053 

127. PuRFLEET. April 14, 1888; A. W. R. (60, 74). Lat. 51° 29' 7"; Long. 

0° 14' 58" E. Near a footpath which leads to the woods behind the village. 

Declination. 

2. G.Al.T. S. Cq. 

h. m. 
+ 1 32 
+ 4 44 

h. m. 
15 30 
16 55 

1°7 38-9 
17 37-4 

O 3 

17 54-5 
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Inclination. 

1 
1 

Needle. G.M.T. 0. do- 

1—
1 

li. m. 

14 40 
15 6 

6°7 27-2 
67 27-8 

o y 

67 30-9 

Horizontal Force. 

G.M.T. H. Ho. 

1) 
V 

h. m. 
16 21 
15 48 

1-8178 
1-8190 1-8134 

128. Pwllheli. May 15, 1886 ; A. W. R. (60, 74). Lat. 52° 52'55"; Long. 4° 24'35". 

On the beach to the S. of the town and harbour. About 100 yards E. of the 

road which leads to the beach. The first declination was taken on the shore of 

the harbour aliout 100 yards off. 

Declination. 

■v G.M.T. c. ^0- 

li. m. 
- 1 46 
+ 2 9' 

1). m. 
11 0 
14 6 

20 40-3 
20 36-9 

o / 

20 41-9 . 

Inclination. 

Needle. G.M.T. 0. do- 

1 
2 

li. ni. 
12 15 
12 48 

6°8 49-7 
68 51-0 

o / 

68 50-9 

Horizontal Force. 

G.M.l'. H. Ho. 

V 
li. m. 
13 54 1-7415 1-7407 
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129. Ramsey (Isle of Man). August 3, 1887; T. E. T. (61, 83). Lat. 54° 19' 22"; 

Long. 4° 22' 48't On the N. shore of the harbour and about 60 yards W.S.W. 

of the end of the pier. Ramsey Church bearing due S. ; end of North pier 

bearing E.S.E. 

Declination. 

2. G.M.T. c. ^0- 

h. m. 
- 1 3] 
4- 1 52 

h. m. 
11 19 
13 54 

20 4d'9 
20 42-8 

O / 

20 54-9 

Inclination. 

Needle. G.jVr.T. 0. 00. 

1 
2 

h. m. 
12 22 
12 44 

6£) 54-0 
69 51-6 

o / 

69 55-0 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m 
14 47 
11 40 

1-6653 
1-6651 1-6617 

130. Ranmore. May 21, 1888; T. E. T. (61, 83). Lat. 51° 14' 38"; Long. 

0° 21' 36". On Ranmore Common, half-way between the Post Office and the 

Church, and 20 yards N. of the road. 

Declination. 

2. G.M.T. C. Cq. 

h. m. 
- 0 57 

1 18 

b. m. 
11 20 
13 6 

O i 
17 53-1 
17 49-9 

O ' 
18 8-9 

Inclination. 

Needle. G.M.T. 0. 00- 

1 
2 

h. m. 
9 10 

10 27 
67 16-7 
67 16-1 

O 1 

67 20-0 
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Horizontal Force. 

G.M.T. H. Ho. 

D 
h. m. 
12 11 1-8310 1-8261 

V 11 36 1-8318 

131. Reading. T. E. T. (61, 74). 

{a) April 20, 1886. Lat. 51° 27' 57"; Long. 0° 58'46". On the river-bank 

opposite Caversham Church. 

(5) May 30, 1888. Lat. 51° 27' 56" ; Long. 0° 58' 50". Close to the former 

station. 

Declination. 

Date. G.M.T. ^0- 

• h. m. h. m. 
18 13-6 
18 12-7 

o t 
April 20, 1886 - 1 21 

+ 2 24 
+ 4 12 

11 14 
14 1 18 15-2 

May 30, 1888 -f- 1 4 12 1 17 53-9 18 11-6 

Inclination. 

Date. Needle. G.M.T. e. do- 

April 20 1 
h. m. 
15 47 67 41-6 

0 / 
67 40-7 2 16 45 67 38-9 

Horizontal Force. 

Date. G.M.T. H. Ho. 

h. m. 
April 20 D 12 40 1-8112 1-8110 V . 13 27 1-8121 
May 80 V 12 15 1-8194 1-8141 
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132. Eedcae. September 18, 1886 ; A. W. E. (60, 74). 

(а) Lat. 54° 34' 33"; Long. 1° 0' 22". In a field on tlie spur of the hills 

due S. of Marske Church, and about three-quarters of a mile from it; 

about 20 yards E. of the road which runs inland from Marske. 

(б) Lat. 54° 35' 46"; Long. 1° 1' 15". In a straight line between Marske 

Church and the Sea. About 250 yards from the Church. 

Declination. 

2. G.M.T. a. h- 

h. m. h. ui. o / 0 / 
+ 1 21 11 22 19 2-0 19 5-6 
I- 3 45 15 11 18 58-0 

Inclination. 

Needle. G.M.T. 0. do. 

1 
li. m. 
14 2 69 36-5 69 31-5 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
12 15 
11 42 

1-6865 
1-6861 1-6847 

133. Eyde. April 28, 1886; T. E. T. (61, 74). Lat. 50° 43' 13"; Long. 1° 10' 44". 

In a field W. of Pellshurst, near Eyde. Parish Church bore E. by N., Mr. 

Hunter’s house W.N.W. About 40 yards N. of the road. 

Declination. 

V G.M.T. r. h' 

li. ni. h. m. 
— 1 29 11 4 18 1-1 IQ 1 *17? 
+ 26 13 50 17 57-8 io i 0 1 

1 

1 

2 n mdcccxc.—A. 
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Inclination. 

Needle. G.M.T. 0. ^0. 

1 
2 

h. m. 
12 24 
12 58 

67 6T 
67 8-6 

0 • 

67 7-8 

Horizontal Force. 

G.M.T. H. Ho. 

D 
ij. m. 
14 39 1-8398 1-8391 V 11 22 1-8.399 

134. St. Gyres. April 26, 1886; T. E. T. (61, 74). Lat. 50° 46' 30"; Long. 

3° 35' 26". In the middle of a field to the S. of the S.W. Railway, near the 

road, and N, of the river Avon, 

Declination. 

V G.M.T. ^0- 

‘h. m. h. m. o / o / 
+ 2 43 13 25 19 26-4 19 28-6 

f 

Inclination. 

Needle. G.M.T. 0. 00. 

1 
2 

h. m. 
14 27 
14 6 

67 26-4 
67 25-1 

O ' 
67 26-2 

Horizontal Force. 

G.M.T. H. Ho. 

D 
h. m. 
15 27 1-8269 1-8260 V 13 10 1-8266 
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135. St. Leonards. August 9, 1886; A. W. R. (60, 74). Lat. 50° 50' 56"; 

Long. 0° 31' 5" E. On the Common N. of the road three-quarters of a mile 

W. of Bo Peep Station. About 100 yards N.W. of Coastguard Station. 

Declination. 

G.M.T. ^0- 

+ 2 41 
-t- 5 35 

h. m. 
15 13 17 21-4 

17 19-0 

0 / 

17 24-8 

Inclination. 

Needle. G.M.T. 0. do- 

1 
2 

h. m. 
17 21 
17 58 

66 59-1 
66 56-7 

o / 

66 58-9 

Horizontal Force. 

G.M.T. H. Ho- 

D 
V 

h. m. 
16 17 
15 37 

1-8452 
1-8449 1-8437 

136. Salisbury. April 27, 1886; T. E. T. (61, 74); Lat. 51° 5' 3"; Long. 

1° 48' 6". To the N. of the town, and S. of Old Sarum, in a field E. of the 

Avon ; 60 yards from the Old Castle or Stratford Road. 

Declination. 

'V G.M.T. c. '^0' 

li. m. 
- 1 3 
+ 1 50 

h. m. 
10 4(1 
13 46 

18 2i'-5 
18 21-0 

O / 
18 -23 9 

2 B 2 
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Inclination. 

Needle. G.M.T. 0. 1 d,j. 
1 

h, m. 
1 

o / 1 o < 
1 12 38 67 25-9 ! .. 

b/ 24 4 2 13 15 

Horizontal Force. 

G.M.T. H. Ho- 

D 
V 

h. m. 
14 35 
11 34 

1-8253 
1-8246 1-8242 

137. Scarborough. September 21, 1886; A. W. K. (60,74); Lat. 54° 15'55"; 

Long’. 0° 23' 24". In a field near the edge of the cliff on the south side of 

the town. About 200 yards from the residence of Alderson Smith, Esq. 

Declination. 

G.M.T. Sq. 

b. m. b. m. 
18 43-4 18 48-3 + 2 57 

f 
13 17 

Inclination. 

Needle. G.M.T. 0. 9o. 

1 
b. m. 
16 31 6°9 14-3 

o / 

69 15-6 2 17 9 69 15-2 

Horizontal Force. 

G.M.T. H. H,, 

D 
li. m. 
12 38 1-7032 1-7017 V 14 19 1-7035 
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138, Shrewsbury. May 8, 1886; A. W. K (60, 74). Lat. 52° 42' 11"; Lono\ 

2° 45' 36". In the School Grounds, about 100 yards S.W. by W. of the new 

buildings. On grass W. of road and E. of the Cricket Ground. 

Declination. 

G.M.T. C. Oq. 

h. m. h. m. o » O / 

- 1 26 11 7 19 38-1 19 41-2 

Inclination. 

Needle. G.M.T. a 

1 
h. m. 
12 40 

o / 

68 35-9 
o / 

68 36-4 

Horizontal Force. 

G.M.T. H. Ho. 

h. m. 
V 11 27 1-7352 1-7344 
V 11 53 1-7349 1-7341 

139. Southend. May 24, 1887 ; T. E. T. (61, 83) Lat. 51° 32' 49" ; Long. 0° 43' 11" 

E. In a held, about 20 yards from the point where the Sutton E,oad bends at 

right angles towards Prittlewell, half a mile N. of Southend Station, and about 

half a mile E. of Prittlewell Church. 

Declination. 

G.M.T. g. ^0* 

li. m. 
+ 2 32 

li. m. 
14 3 

o / 

17 34-0 
0 

17 44-4 
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Inclination. 

Needle. G.M.T. 6. do- 

1 
h. m. 
15 12 

o 

67 
/ 

28-9 
o / 

67 30-8 2 14 56 67 28-5 

Horizontal Force. 

G.M.T. H. 

D 
V 

I). m. 
13 12 
13 46 

1-8135 
1-8152 1-8112 

140. Spalding. April 26, 1888 ; T. E. T. (61, 83). Lat. 52° 47' 5"; Long. 0° 8' 48". 

Seventy yards W. of the church. 

Declination. 

G.M.T. Cq. 

h. m. 
-1 5 

li. m. 
11 10-5 17 34-9 17 51-6 

i 

Inclination. 

Needle. G.M.T. e. do. 

li. m. 0 • o / 
1 12 36 68 19-9 68 23-1 2 12 50 68 19-4 

Horizontal Force. 

G.i^r.T. H. Ho. 

D 
V 
V 

h. m. 
12 0 
11 25 
11 25 

1-7576 1 
1-7541 / 
1-7487 

1-7512 

1-7436 
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141. Stoke-on-Teent. September 13, 1887; A. W. R. (60, 74). Lat. 52° 57' 47"; 

Long. 2° 12' 20". Tn Trentham Park, about 350 yards S.W. of the house. 

Declination. 

V G.M.T. B. 6o. 

h. m. 

+ 2 29 

h. m. 

11 22 
14 14 

19 11-8 
19 10 0 

O 1 

19 22-7 

Inclination. 

Needle. G.M.T. 9. do. 

1 
2 

h. m. 

13 .33 
13 58 

68 41-4 
68 40-5 

O i 

68 43-6 

Horizontal Force. 

G.M.T. 1:1. 

h. m. 
D 12 35 1-7443 

1-7439 
V 11 37 1-7435 
V 11 55 1-7436 

Ho- 

1-7404 

1-7398 

142. Sutton Bridge. July 31, 1888 ; A. W. R. (60, 74). Lat. 52*^ 45' 40"; 

Long. 0° 11' 50" E. In a field on the E. bank of the River, about a quarter of 

a mile from the Railway. 

Declination. 

2. G.M.T. B. ^0. 

h. m. 
FI 39 
+ 5 34 

h. m. 
14 8 
17 24 

17 36-2 
17 34-3 

O / 
17 54-1 
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Inclination. 

Needle. G.M.T. e. do. 

1 
2 

h. m. 
15 30 
15 54 

68 18-2 
68 16-8 

0 / 

68 21-1 

Horizontal Force. 

G.M.T. H. Ho. 

V 
li. ni. 
14 29 17677 17620 

143. Swansea. May 28,1886; A. W. R. (60, 74). Lat. 51° 36'50"; Long. 3° 58'57". 

In Cwindonkin Park, one and a half mile N.W. of the town, and 150 yards 

N. W’. of the Reservoir. 

Declination. 

V G.M.T. C. 
^0- 

h. m. 
-1 4 
+ 2 22 

h. m. 
11 39 
13 15 

19 43-2 
19 41-0 

O / 

19 45-6 

Inclinaiion. 

Needle. G.M.T. 0. do. 

1 
2 

li. m. 
16 22 
16 .59 

6°7 59-5 
67 68-6 

0 / 

67 597 

Horizontal Force. 

G.M.T, H. Ho. 

^ 
8- 

1 

h. m. 
14 0 

12 26 
13 0 

179391 
17943/ 
17939 1 
17941/ 

17932 

1 7931 
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144. Swindon. April 21, 1886 ; T. E. T, (61, 74). Lat. 51° 34'12" ; Long. 1° 46'54". 

In a field N.N.E. (mag.) of railway station, about a quarter of a mile from railway 

line, and near a farm. 

Inclination. 

Needle. G.M.T. 0. 00. 

1 
2 

h. m. 
10 44 
11 18 

G
O

 

o / 

67 .51-4 

Horizontal Force. 

G.M.T. H. H,, 

D 
V 

h. m. 
12 h 

0 48 
1-7934 
1-7941 1-7930 

145. Taunton. April 23, 1886 ; T. E. T. (61, 74). Lat. 51° 0' 52" ; Long. 3° 5'32". 

In a field to the S.E. of the town ; King’s College, about quarter of a mile awaw 

bearing S.W. by W. (mag.). Trinity Church a quarter of a mile away, N.N.W. 

(mag.). 

Declination. 

V G.M T. B. 

h. m. li. m. O O 1 
-2 35 1-2 .32 19 8-8 19 10 7 
+ 1 30 19 8*3 

Inclination. 

Needle. G.M.T. 0. 00- 

1 
2 

h. m. 
10 34 
11 11 

oV 32-0 
67 32 5 

O / 

67 32-7 

2 c MDCCCXC.—A. 
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Horizontal Force. 

G.M.T. H. Ho- 

D 

V 
V 

h. m. 
13 15 

11 50 
12 7 

1-81511 
1-8156/ 
1-81691 
1-8170/ 

1-8146 

1-8162 

146. Thetfoed. September 20, 1887; A. W. K (60, 74). Lat. 52° 23' 57"; 

Long. 0° 43' 12" E. In the Hundred-acre Field, on the estate of the Maharajah 

f)uleep Singh. 

Declination. 

V G.M.T. 0. 
^0- 

h. m. 
+ 3 32 
+ 3 48 

h. m. 
13 44 17 29-8 

17 28-8 

o / 

17 4T2 

Inclination. 

f 

Needle. G.M.T. e. 00. 

li. m. O / o / 

1 16 5 67 58-9 68 1-4 2 16 31 67 58-7 

Horizontal Force. 

G.1\I.T. H. Ho. 

D 
V 

li. Ill. 
14 43 
13 55 

1-7831 
1-7828 

1-7791 
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147. Thirsk. September 20, 1886; A. W. E.. (60, 74). Lat. 54° 14' 35"; Long. 

1° 20' 38". In the Kilvington fields, about half a mile N. of the Church. About 

50 yards W.S.W. of the high road to York, and between it and the stream. 

Declination. 

2. G.M.T. r. 

h. m. h. m. 
- 1 11 11 16 19 20-6 19 21-7 -t- 2 21 15 14 19 13T 

Inclination. 

Needle. G.M.T. 6. 9o. 

1 
2 

h. m. 
18 51 
14 44 

69 27-6 
69 26-8 

O < 
69 28-3 

Horizontal Force. 

G.M.T. H. H„. 

h. m. 
D 12 42 1-6930 

V 11 35 
1-6926 
1-6926 

1-6912 

V 12 1 1-6932 

148, Tilney. August 1, 1888 ; A. W. R, Lat. 52° 42' 10"; Long. 0° 17' 11" E. 

In a field behind a farm house on the main road from Wisbech, and about half 

way between Tilney Buck and the point where the road crosses the Five-Mile 

Drain. 

Declination. 

2. G.M.T. c. 0)- 

h. m. 
+ 1 27 

h. m. 
12 10 17 39-2 17 58-1 

O o 
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Inclination. 

Needle. G.M.T. 0. 00- 

1 
h. m. 
13 57 68 17T 68 207 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
11 20 
12 1 

17707 
17717 1 7655 

149. Tunbridge Wells, September 27, 1887 ; T, E. T. (61, 83). Lat. 51° 7' 36"; 

Long. 0° 15' 37" E. On the Common, about 200 yards from the London Road; 

Trinity Church bearing 45° E. of N. (mag.). St. Peter’s Church bearing 95° E, of 

N. (mag.). St. Mark’s Church bearing 35° W. of S. (mag.). 

Declination. 

V G.M.T. 0. 
1 

^0- 

li. m. 
- 1 49 
+ 1 39 

!■ 

li. m. 
10 31 
13 52 

17 29T 
17 29-3 

0 / 
17 41-3 

Inclination. 

Needle. G.M.T. 0. ^0- 

1 
2 

h. m. 
12 9 
12 32 

67 7-8 
67 8-3 

o • 

67 10-8 

Horizontal Force. 

G.M.T. H. Ho. 

Q
 

1 

h. m. 
11 34 

10 54 
14 7 

1'83401 
1-8335 / 
1-83331 
1-8335/ 

1-8299 

1-8296 
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150. Wallingford. May 29, 1888; T. E. T. (61, 83). Lat. 51° 36'3"; Long. 1° 7' 21". 
Below Wallingford Bridge, 70 yards away, on the left bank, opposite the Church. 

Declination. 

2. G.M.T. c. Oq. 

h. m. 
+ 0 49 

h. in. 
13 18 18 3-9 1°8 21'6 

Inclination. 

Needle. G.M.T. 0. do. 

1 
2 

h. m. 
14 48 
15 1 

67 44'9 
67 44-2 

0 / 
67 48-4 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

b. m. 
14 7 
13 31 

1-8040 
1-8039 

1-7986 

151. Weymouth. April 6, 1887; T. E. T. (61, 83). Lat. 50° 36' 16"; Long. 2° 26' 52". 

On the S. side of the Nothe, close to the shore. End of Portland Breakwater, 
28° E. of S. (mag.). Bincleaves House, 60° W. of S. (mag.). Coastguard 
Station on Nothe, 55° W. of N. (mag.). 

Declination. 

2. G.M.T. h. ^0- 

h. m. 
- 1 26 
+ 2 4 

h. m. 
11 17 
14 3 

1°8 37-3 
18 38-6 

o » 

18 46-7 

Inclination. 

Needle. G.M.T. e. ^0- 

1 
h. m. 
13 25 67 10-3 67 11-7 

2 13 46 67 8-9 
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Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
12 24 
11 48 

1-8357 
1-8358 1-8329 

152. Wheelock. February 18, 1887; T. E. T. (83). Lat. 53° 7'50"; Long. 2° 22'30". 

In the field behind Wettenball Cottage. 

Inclination. 

Needle. G.M.T. 0. 00- 

i 
* 1 

2 
i 

h. m. 
13 37 
14 42 

68 46'8 
68 47-9 

O ' 
68 49-0 

153. Whitehaven. August 27, 1886; A. W. K (60, 74). Lat. 54° 32' 37"; 

Long. 3° 34' 20". In Midgey Mount; S.E. of the Castle, and in the grounds. 

About 300 yards from Cukickle Gate. 

Declination. 

2 G.M.T. c. ^0- 

h. m. 
- 1 40 
+ 2 22 

h. m. 
11 2 
14 21 

20 35-5 
20 36-6 

O 1 

20 41-6 

Inclination. 

Needle. G.M.T. 0. Oq. 

1 
2 

h. m. 
13 19 
13 52 

69 45-8 
69 47-7 

O / 
69 47-6 

Horizontal Force. 

G.M.T. H. Ho. 

j) 
V 

li. m. 
12 14 
11 23 

1-6740 
1-6743 1-672? 
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154. Windsor. May 31, 1888; T. E. T. (61, 83). Lat. 51° 29' 22"; Long. 

0° 37' 25". To the W. of the town, near the point where the river makes a bend 

towards the Railway Bridge. 

Declination. 

155. Wisbech. July 31, 1888; A. W. R. (60, 74). Lat. 52° 40' 30"; Long. 

0° 8' 20" E. In a field belonging to Mr. Sharp to the S. of the Leverington 

Ptoad. About 50 yards E. of an octagonal pigeon house. 

Declination. 

2. G.M.T. a. Oq. 

h. m. h. m. 
18 5-t3 - 2 26 9 57 17 46‘7 

Inclination. 

Needle. G.M.T. 0. do- 

I 
h. m. 
17 53 68 17'2 68 19-0 2 18 12 68 13-7 
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Horizontal Force. 

G.M.T. H. Ho. 

D 
h. m. 
16 47 1-7707 1-7653 5' 16 1 1-7713 

150. Worthing. September 29, 1887 ; T. E. T. (61, 83). Lat. 50° 48' 35"; Long. 

0° 23' 22". In a field adjoining a new road W. of West Worthing, about 300 

yards from the beach and three-quarters of a mile from the Pier ; about half¬ 

way between the railway line and the beach. Tarring Church 10° E. of N. 

(mag.). S. Botolph’s (W. Worthing) 55° E. of N. (mag.). 

Declination. 

V G.M.T. C. 'h- 

h. m. ll. Ul. o / o t 

-1 10 11 6 17 46-2 17 k:q*a 

+ 2 56 14 12 17 47-6 1 / Oil U 

Inclination. 
a 

Needle. G.M.T. 0. do- 

1 
2 

h. m. 
12 46 
13 12 

o / 
67 4-3 
67 2-9 

0 / 

67 6-4 

Horizontal Force. 

G.M.T. H. Ho. 

]i. m. 

11 59 

11 20 
14 25 

1-8443 1 
1-8439/ 
1-8445 1 
1-8433 / 

1-8403 

1-8401 
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Descriptions of Irish Stations. 

157. Armagh Observatory. August 15, 1887 ; T. E. T. (GI, 83). Lat. 54° 21' 10"; 

Long. 6° 38' 53". In a field belonging to the Observatory about 100 yards S. of 

the house, and close to the position on which Lloyd and Ross had made 

observations. 
Declination. 

158. Athlone. T. E. T. (61, 83). 

(a) May 8, 1887. Lat. 53° 26' 8" ; Long. 7° 57' 22". On the N. bank of the 

Shannon and about 50 yards from the liver’s edge. About 1 mile from 

the town. 

(5) May 9, 1887. In the middle of the kitchen garden, 150 yards behind 

the Prince of W ales’ Hotel, and nea r the Protestant Church. 

Declination. 

Date. 2. G.M.T. 0. ^0. 

May 8 
„ 9 

h. m. 
+ 1 41 
- 3 44 

h. m, 
12 39 

9 9 
22 16-5 
22 16-8 

0 > 

22 267 

MDCCCXC.—A. 2 D 
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Inclination. 

Date. Needle. G.M.T. e. 00- 

May 8 1 
2 

li. m. 
13 25 
13 55 

69 38-5 
69 37-6 

O / 

69 40-0 

Horizontal Force. 

Date. G.M.T. H. Ho. 

]\Iay 8 D 
V 

h. m. 
15 18 
12 14 

1-6874 
1-6885 1-6852 

159. Ba.gnalstown. September 8, 1887; A. W. E. (60, 74). Lat. 52° 41'37" ; 

Long. 6° 57' 36". In a field to tlie W. of the Enniscorthy-road, about a quarter 

of a mile from the i^oint where it crosses the rail wav. 
1 «/ 

Declination. 

V G.M.T. C. 

h. m. h. m. o / O / C
O

 

1 9 9 21 43-3 21 55-0 

Diclination. 

Needle. G.M.T. 0. 

1 
h. m. 
9 47 69 2-2 69 5-1 

Horizontal Force. 

G.M.T. H. Ho. 

V 
h. m. 
9 20 1-7242 1-7208 
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160. Ballina. September 2, 1887; A. W. B. (60, 74). Lat. 54° 7' ^10''; Long. 

9° 9' 0". About 400 yards S. of Belleck Castle. In a field on the west side of 

the road which runs north from the town; about a quarter of a mile from the 

river. 

Declination. 

V G.M.T. C. ^0- 

li. m. 
-2 1 

h. m. 
11 6 2°3 15-3 23 26-9 

Inclination. 

Needle. G.M.T. e. 00. 

1 
L m. 
13 20 

o 

70 22-8 
o / 

70 25-8 2 13 42 70 23-8 

Horizontal Force. 

G.M.T. H. Ho. 

U 
V 

li. m. 
12 3 
11 23 

1-6356 
1-6357 1-6323 

161. Ballywilliam. September 8, 1887; A. W. E. (60, 74). Lat. 52° 26' 37"; 

Long. 6° 52' 0". In a field W. of the road, nearly S. of the station, and about 

one-third of a mile from it. 

Declination. 

V G.M.T. S. Cq. 

li. m. 
-0 49 

li. m. - 
11 66 2°1 25-6 2°1 3P3 

I 
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Inclination. 

Needle. G.M.T. e. do. 

1 
li. m. 
13 49 6°9 27 69 5-6 

Horizontal Force. 

G.M.T. H. Ho. 

D 

V 
V 

li. m. 
13 7 

12 13 
12 29 

17247 
17268 
17255 
17258 

17223 

17222 

162. Bangor. August 18, 1887; T. E. T. (61, 83); Lat. 54° 39' 57'"'; Long. 

5° 39' 50", Station 200 yards E. (mag.) from the Harbour. 

Declination. 

V G.M.T. ^0- 

h. m. h. m. 
- 1 27 11 39 21 30-6 21 44-4 + 2 5 13 53 21 31-5 

Inclination. 

Needle. G.M.T. 0. do- 

1 
li. m. 
12 48 69 597 

o / 

70 1-3 2 13 15 69 58-1 

Horizontal Force. 

G.M.T. H. Ho- 

D 

V 
V 

h. m. 
15 7 

11 53 
14 10 

1-6636 
1-6633 
1-6624 
1-6632 

1-6601 

1-6595 
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163. Bantry. August 9, 1887; A. W. R. (30, 74); Lat. 51° 40' 25"; Long. 

9° 28' 53". In a field opposite to Ivy Cottage, about a mile and a quarter 

W. of the town. 

Declination. 

V G.M.T. Oq. 

h. m. 

+ 2 35 
+ 5 50 

h. m. 

15 53 
18 13 

22 29'7 
22 27-8 22 40-3 

Inclination. 

Needle. G.M.T. 0. (?o. 

1 
2 

h. m. 
17 9 
17 41 

63 43 T 
68 42-8 

o i 

68 46-0 

Horizontcd Force. 

G.^r.T. H. Ho. 

D 
V 

li. m. 
18 59 
16 10 

1-7561 
1-7561 1-7529 

164. Carrick-on-Shannon, May 12, 1887 ; T. E. T. (61, 83). Lat, 53° 56' 36" ; 

Long. 8° 5' 46". To the N. of the Shannon Bridge, aliout 70 yards from the 

road, and close to the Quay-side ; nearly opposite the door of the Royal Irish 

Constabulary Ofiice. 

Declination. 

2. G.M.T. B, 

h. m 
-2 49 
-1 24 

h. m. 
10 29 22 5^7 

22 53-1 

0 / 
23 3-1 
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Inclination. 

Needle. G.M.T. 0. 00- 

1 
2 

h. m. 
11 55 
11 58 

69 51-7 
69 50-9 

O / 
69 53'3 

Horizontal Force. 

G.M.T. H. Ho. 

V 
h. m. 
10 42 1-6727 1-6700 

165. Castlereagh. May 9, 1887; T. E. T. (61, 83). Lat. 53° 45' 34"; Long. 8° 29' 7". 
About 150 yards W. of the Castlereagh Railway Station. 

Declination. 

V G.M.T. C. ^0- 

li. m. h. m. 

-0 32 12 22 23 1-0 23 11-1 
i 

Inclination. 

Needle. G.M.T. 0. do- 

1 
2 

h, m. 
13 16 
13 36 

69 53-9 
69 54-7 

o / 

69 56-3 

Horizontal Force. 

G.M.T. H. Ho. 

Y 
h. m. 
12 35 1-6743 1-6716 
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1G6. Cavan. September 6, 1887; A. W.E. (60, 74). Lat. 53° 59'4"; Long. 7° 21'43". 

In a field about 100 yards N. of the College. 

Declination. 

2. G.M.T. ^0- 

li. m. li. m. O 1 o / 

- 29 9 13 22 26T 
+ 1 29 14 10 22 26-7 22 37-8 

15 45 22 27'4 

Inclination. 

Needle. G.M.T. 0. Oq. 

1 
2 

li. m. 
12 18 
12 52 

69 54-6 
69 55T 

O 1 

69 57-3 

Horizontal Force. 

G.M.T. H. Ho. 

h. m. 
D 13 22 1-6660 1-6629 
V 9 24 1-6666 

167. Chaeleville. August 6, 1887 ; A. W. R. (60, 74). Lat. 52° 20' 54"; Long. 

8° 40' 22". In a field about halfway between the Station and the Town. 

Declination. 

V G.M.T. C. 

h. m. L m. o < 
+ 3 56 15 6 22 19-4 22 30-8 
+ 4 37 17 52 22 19-1 
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Inclination. 

Needle. G.M.T. e. 00. 

h. m. o / 
1 16 43 69 4T 69 -5-3 2 17 .30 69 0-8 

Horizontal Force. 

G.M.T. H. Ho. 

V 
V 

li. m. 
16 .36 
15 20 

1-7261 
1-7255 1-7226 

168. Clifden. August 30, 1887; A.W.K (60, 74). Lat. 53° 29' 35"; Loug. 10° 4' 10". 

In a field on the S. side of the road which runs from Clifden to Ballymaconrj. 

Three-quarters of a mile from the upper gate to the grounds of Clifden Castle. 

Declination. 

2. G.M.T. S. 7o. 

h. tn 
- 1 35 
4-1 49 

(■ 

h. m. 
11 30 
14 44 

24 8-2 
24 9-2 

o / 

24 20-7 

Inclination. 

Needle. G.M.T. 0. 00. 

1 
2 

h. m. 
13 24 
13 48 

70 2-3 
70 1-9 

O / 

70 4-8 

Horizontal Force. 

1 

G.M.T. H. Ho. 

D 
h. m. 
12 20 1-6660 1-6631 V 11 40 1-6668 
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169. Coleraine. August 21, 1887; T.E.T. (61, 83). Lat. 55° 7'31'^; Long. 6°40'24". 

On the West Side of the River and 200 yards S. of the Bridge. 

Declination. 

V CI.M.T. Bq. 

h. m. 
+ 0 39 

b. m. 
13 32 
15 23 

22 24-3 
22 22-5 

o / 

22 36-9 

Inclination. 

Needle. G.M.T. 0. do- 

1 
h. m. 
15 50 70 45-2 70 477 

Horizontal Force. 

G.M.T. H. Ho. 

D 

V 
Y 

h. m. 
14 35 

14 2 
15 8 

1-6123 1 
1-6125 / 
1-61111 
1-6115/ 

1-6091 

1-6080 

170. CooKSTOWN Junction. August 19, 1887 ; T. E. T. (61, 83). Lat. 54° 44' 56" ; 

Long. 6° 16' l". About 300 yards W. of Cookstown Junction Station, on the 

road to Randalstown. 

Declination. 

2, G.M.T. h. ^0- 

li. m. h. m. o 
+ 0 28 21 19-6 21 32-8 + 1 38 13 26 21 19-3 

2 E MDCCCXC.-A. 
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Inclination. 

Needle. G.M.T. 0. do- 

1 
2 

li. m. 
14 38 
15 4 

69 31-8 
69 32-0 

O ! 

69 .34-5 

Horizontal Force. 

G.M.T. H. Hn. 

D 
V 

h. m. 
15 43 
13 52 

1-6862 
1-6865 1-6830 

171. Cork. Augusts, 1887 ; A. W. R. (60, 74). Lat. 51° 53' 30"; Long. 8° 29'30". 

In the quarry behind Queen’s College. The second Declination was taken in a 

field about 250 yards to the E. of the first station. The difference between the 

two results is larger than was anticipated. 

Declination. 

2. G.M.T. (). 

li. m. 
— 3 44 

+ 2 49 ^ 

h. m. 
10 40 
14 36 
15 49 

2°2 .3-8 I 
22 1-7 J 
22 10-3 

O ! 

22 14-3 

22 21-9 

Inclination. 

Needle. G.M.T. 0. do- 

h. m. O ! o / 

1 12 52 68 44-2 68 46-4 2 13 25 68 43-2 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
12 6 
11 26 

1-7537 
1-7540 1-7506 
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172. DoneCxAL. August 23, 1887 ; T. E. T. (61, 83). Lat. 54° 39' 5" ; Long. 8° 6' 57". 

On the N. bank of the Port, nearly opposite the ruins of the Abbey, which bore 

S.S.W, Village bore due E. 

Declination. 

V G.M.T. d. ^0- 

h. m. 
+ 0 11 
+ I 53 

h. m. 
11 42 
15 .31 

23 6-9 
23 6-4 

O / 

23 20T 

Inclination. 

Needle. G.M.T. 0. 00. 

1 
h. m. 
13 46 70 12-5 

0 • 

70 15-3 2 14 32 70 13T 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

It. m. 
15 7 
12 2 

1-6482 
1-6483 1-6449 

173. Drogheda. May 15, 1887 : T. E. T. (61, 83). Lat. 53° 42' 48" ; Long. 6° 22' 4". 

In a field S.S.W. of Pathinullan House, about 1 mile west of Drogheda Cathedral, 

and on the S. side of tl\e Liver Boyne. 

Declination. 

G.M.T. ^0- 

h. Dd. 
- 0 38 
+ 1 0 

h. m. 
11 29 
13 4 

2°1 43-8 
21 42-3 

0 f 

21 54-7 
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Inclination. 

Needle. G.M.T. 0. Oq. 

1 
2 

h. m. 
13 59 
14 14 

69 34-5 
69 33-8 

o / 

69 36-3 

Horkontal Force. 

G.M.T. H. Ho. 

h. m. 
D 12 19 1-6921 1-6894 V 11 11 1-6921 
D 
V 12’ ’50 

1-6924 
1-6924 1-6897 

174. Dcjblin (Trinity College). May 5 and 6, 1887; T. E. T. (Gl, 83). Lat. 

53° 20' 35"; Long. 6° 15' 24". 1st Station. On the path before the Magnetic 

Plouse, between it and the University Buildings. About 20 yards from the 

former. 2nd Station. On the middle walk and almost due E. of the Provost’s 

House ; to the N.E. of the entrance of the Magnetic Observatory. 

i 

Declination. 

Date. V G.M.T. f. ^0- 

May 5 
li. m. 

• +1 .30 
li. m. 
13 28 21 29-5 

0 y 

21 40-8 
„ 6 -1 6 11 46 21 29-4 

Inclination. 

Date. Needle. G.M.T. 0. Oo- 

May 5 1 
a 

h. in. 
15 30 
15 57 

6°9 13-9 
69 13-3 

0 / 

69 15-7 
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Horizontal Force. 

Date. G.M.T. H. Ho. 

May 5 

n '6 

D 
V 
V 

h. m. 
12 5 
1.3 11 
12 6 

1-7108 
1-7105 
1-7125 
1-7120 

1-7079 

1-7095 

175. Enniskillen. 

May 14, 1887 ; T. E. T. (61, 83). Lat. 54° 21' 18"; Long. 7° 39' 50". At 

Silverhill, at the S. end of lower Lough Erne. Portora Old Castle, bearing 

due E. (mag.); Devenish Pound Tower, 38° E. of N. (mag.); Poyal 

Schools, Portora, 35° E. of S. (mag.). 

September 3, 1887 ; A. W. R. (60, 74). Lat. 54° 21' 7"; Long. 7° 39' 8". In a 

field close to the river, and about 150 yards east of the Royal Schools. 

Declination. 

Date. V G.M.T. C. Oq. 

Sept. 3 (R.) 
h. m. 

+ 2 39 
+ 2 49 
+ 5 44 

h. m. 

15 44 

18 41 

o / 

22 53-1 

22 51-0 

O / 

23 5-3 

Inclination. 

Date. Needle. G.M.T. 0. do. 

h. m. o O 1 
May 14 (T.) 1 13 5 70 12-8 

2 13 22 70 12-0 
Sept. 3 (R.) 1 17 9 70 12-3 70 14-2 ! 

2 17 29 70 11-5 
2 18 24 70 10-8 

Horizontal Force. 

Date. G.M.T. H. H, 

h. m. 
May 14 (T.) D 11 8 1-6,526 1-6489 

V 11 42 1-6507 
Sept. 3 (R.) V 16 17 1-6496 1-6465 

V 15 58 1-6.501 
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176, Galway. A. W. E. (60, 74). 

(a) August 25, 1887 ; Lat. 53° 16' 37"; Long. 9° 3' 42". On the Lawn in front 

of Queen’s College. 

(b) August 26, 1887 ; Lat. 53° 17' 30" ; Long. 9° 3' 21". At the lower end of 

Loch Cool, on the S. side, near the entrance of the river. The first station 

was chosen as being near to the College, but as it is on the granite, and was 

found to be highly disturbed, the second position was selected on the 

limestone. 

Declination. 

Date. 2. G.M.T. d. Cq. 

Aiig. 25 

„ 26 

h. m. 
+ 2 15 
-1- 4 28 
+ 2 14 
+ 2 31 
+ 5 14 

h. m. 
15 18 
17 49 
15 26 

23 55-3 1 
23 53-6 / 
23 18-0 T 
23 18-5 V 
23 17-3 J. 

24 6-3 

23 29-8 

Inclination. 

Date. Needle. G.M.T. 0. do- 

h. m. 
Aug. 25 ^ 1 16 51 69 53-5 69 55-5 2 17 23 69 52-6 

„ 26 1 17 1 69 40-2 ] 
1 17 31 69 42-3 } 69 44T 
2 17 16 69 42-3 j 

Horizontal Force. 

Date. G.M.T. H. Ho. 

Aug. 25 (1) 

„ 26 (1) 

(2) 

D 
V 

V 

D 
V 

li. m. 
16 12 
15 33 

12 55 • 

16 22 
16 46 

1-6602 
1-6600 
1-6631 
1-6631 
1-6898 
1-6903 

1-6568 

1-6598 

1-6867 
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177. Gort. August 24 and 25, 1887 ; A. W. R. (60, 74). Lat. 53° 4' 20"; Long. 

8° 49" 15". In a field to the E. of the road which runs N. from the town, 

due N. of the Church, and about 500 yards from it. 

Declination. 

Date. 2. G.M.T. 0. Oo- 

Aug. 24 
„ 25 

h. m. 
+ 4 28 
- 4 17 

h. m. 
15 41 

8 46 
22 38-2 
22 39T 

O / 
22 50-5 

Inclination. 

Date. Needle. G.M.T. 0. do- 

Aug. 24 1 
2 

li. m. 
16 47 
17 17 

69 29-5 
69 28-7 

o / 
69 31-7 

Horizontal Force. 

Date. G.M.T. H. Ho. 

Aug. 24 V 
h. m. 

16 6 1-7046 1-7013 

178. Greenore. August 14,1887; T. E. T. (61,83). Lat. 54° 1'35"; Long. 6° 7'47". 

On the shore near the Coast Guard Station. 

Declination. 

2, G.M.T. h. Og. 

h. m. h. m. 0 / o / 
- 0 10 12 43 22 1-3 22 14-5 
+ 3 41 15 17 22 1-0 
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Inclination. 

Needle. G.M.T. 0. 00. 

1 
li. m. 
14 42 

O 
69 417 

o / 

69 42-2 2 15 1 69 37-5 

Horizontal Force. 

G.M.T. H. H„. 

D 
h. m. 
15 50 1-6868 1-6833 V 13 13 1-6863 

179. Kells. May 16, 1887 ; T. E. T. (61, 83). Lat. 53° 43' 8" ; Long. 6° 52' 46". 

In a field half a mile S. of the Kells Railway Station and about 50 yards E. of 

the main road. 

Declination. 

V G.M.T. f. ^0- 

h. m. h. m. o / 0 1 
- 0 14 

.a— 

12 30 21 56-7 22 7-0 

Inclination. 

Needle. G.M.T. 0. do. 

1 
2 

h. m. 
13 51 
14 6 

69 36-9 
69 36-2 

0 t 

69 38-7 

Horizontal Force. 

G.M.T. H. Ho. 

D 
Ii. ni. 
13 18 1-6949 1-6925 

V 12 42 1-6955 
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180. Kildare. May 6 and 7, 1887 ; T. E. T. (61, 83). Lat. 5.3° 9' 25"; 

Long’. 6° 54' 30". In the centre of the enclosed ground attached to the ruins of 

the Castle—a plot of ground given by the Duke of Leinster to the town. 

Declination. 

Date. 2. G.M.T. S. Sq. 

h. m. h. m. 
May 6 + 6 7 18 66 21 50-2 22 0-4 7 

99 • -2 38 11 7 21 50-4 

Inclination. 

Date. Needle. G.M.T. 0. 00. 

May 7 1 
2 

h. m. 
12 8 
12 28 

69 15-0 
69 15-1 

O / 
69 17-2 

Horizontal Force. 

Date. G.M.T. H. Ho. 

May 7 D 
h. m. 
10 39 1-7101 

17096 1-7071 
„ 6 
„ 7 

V 
V 

19 16 
11 20 1-7105 

1-7101 1-7076 

181. Kilkenny. September 7, 1887; A. W. R. (60, 74). Lat. 52° 38' 41"; 

Long. 7° 15' 30". In the centre of the grounds of the Catholic College. 

Declination. 

2. G.M.T. S. ^0- 

h. m. 
+ 1 50 
+ 4 11 

h. m. 
14 42 
16 20 

1 

o
 p

 

O I 
21 58-7 

O 
MlT'CCXC. — 
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Inclination. 

Needle. G.M.T. e. 6o- 

1 
2 

h. m. 
15 88 
15 57 

69 1-8 
69 2-4 

O 1 

69 5-0 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

li. m. 
13 38 
14 58 

1-7290 
1-7295 1-7258 

182. Killarney. August 11, 1887 ; A. W. R. (60, 74). Lat. 52° 3' 50"; 

Long. 9° 32' 20''. In the grounds of the Victoria Hotel. To the E. of the road 

leading from the Hotel to the Lake. 

Declination. 

2. G.M.T. d. Sq. 

li. m. 
-1^0 
+ 3 25 

li. m. 
11 28 
15 23 

22 44-1 
22 44-2 

O / 

22 55-8 

Inclination. 

Needle. G.M.T. 6. do. 

h. m. 0 i 0 ! 
1 13 56 68 54-2 68 56-5 2 15 49 68 53-1 

Horizontal Force. 

G.M.T. H. Ho. 

D 
h. m. 
12 23 1-7435 1-7405 V 12 59 1-7436 
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183. Kilrush. August 22, 1887 ; A. W. R, (60, 74). Lat. 52° 37' 56"; 

Long. 9° 29' 40". In a field to the W. of the road from the village to the quay, 

and about half-way between them. 

Declination. 

V G.M.T. Sq. 

li. m. h. m. 

+ 4 24 16 32 23 OT 
17 43 22 59-1 23 11-4 

-f 6 12 18 33 22 59-3 

Inclination. 

Needle. G.M.T. 0. do- 

h. m. o / 0 / 
1 15 60 69 20-5 69 23-2 2 16 10 69 20-3 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
18 5 
17 31 

1-7124 
1-7123 1-7090 

184. Leenane. August 31, 1887 ; A. W. K. (60, 74). Lat. 53° 35' 43"; Long. 

9° 42' 28". On the Green, immediately in front of the Hotel. 

Declination. 

G.M.T. h. ^0- 

h. m. 
+ 1 34 
+ 3 10 

h. m. 
14 31 
15 3 

23 24-0 
23 24-5 

o / 
23 36-2 

2 F 2 
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Inclination. 

Needle. G.M.T. 0. 00- 

1 
b. m. 
16 2 70 5-3 70 8-0 

Horizontal Force. 

G.M.T. Ho. 

V 
h. in. 
15 50 1-6545 1-6512 

185. Limerick. August 20, 1887; A. W. K. (60, 74). Lat. 52° 39' 13"; Long. 

8° 38' 46". In a field at Summerville, the residence of J. Bannatyne, Esq. 

The same position as in the survey of 1838. 

Declination. 

2. G.M.T. B. L- 

h. m. h. m. 
- 1 27 11 50 22 24-2 

12 42 22 24-8 22 36-6 
+ 2 48 13 57 

15 13 
22 24-8 
22 25-4 

Inclination. 

Needle. G.M.T. e. 00. 

1 
h. m. 
14 32 69 5-9 

O t 

69 8-8 2 14 53 69 6-1 

Horizontal Force. 

G.M.T. H. Ho. 

D 
b. m. 
13 25 1-7266 1-7235 V 12 27 1-7271 
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186. Lisdoonvaena. August 23, 1887; A. W. E. (60, 74). Lat. 53° 1' 47"; 

Long. 9° 17' 34". In a field behind the Queen’s Hotel. 

Declination. 

G.M.T. B. ^0- 

h. m. 
+ 4 17 
+ 5 25 

h. m. 
16 17 
18 26 

22 48T 
22 45-2 

0 • 

22 58-5 

Inclination. 

Needle. G.M.T. 0. do. 

1 
2 

h. m. 
17 25 
17 46 

6°9 30-3 
69 28-4 

o / 

69 31-8 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
18 51 
16 35 

1-7078 
1-7073 1-7042 

187. Lismoee. August 1, 1887 ; A. W. R. (60, 74). Lat. 52° 8' 15" ; Long. 7° 55' 12". 

In a field, quarter of a mile E. by S. of the Cathedral. 

Declination. 

2 G.M.T. 0, Cq. 

h. m. h. m. 0 O • 
- 3 29 10 23 21 54-1 

22 5-5 13 24 21 54-0 
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Inclination. 

Needle. G.M.T. 0. 00- 

1 
2 

h. ni. 
11 52 
12 16 

6°8 46-2 
68 45-6 

o t 

68 48-6 

IIorizo7ital Force. 

G.M.T. H. Ho. 

D 
h. m. 
12 52 1-7463 1-7427 

V 10 49 1-7455 

188. Londonderry. August 20, 1887 ; T. E. T. (61, 83). Lat. 55° 1' 24"; Long. 
7° 18' 6". In a field adjoining the Moville Road, about 2 miles from Derry, and 
between the Road and the Lough. Boom Hall Lodge Gate 70° E. of N. ; 
distant 50 yards. Boom Hall 35° W. of S. ; distant 400 yards. 

Declination. 

G.M.T. 0. 5o. 

li. m. 
- 0 25 
+ 1 ^2 

li. m. 
12 .52 
14 13 

22 35-5 
22 38-7 

o t 

22 50-5 

Inclination. 

Needle. G.M.T. 0. 00. 

h. m. o / o / 
1 15 28 70 24-6 

70 26-9 2 15 56 70 24-2 

Horizontal Force. 

G.M.T. 11. Ho- 

h. in. 
D 16 21 1-6368 

1-6365 1-6333 

V 
V 

13 
13 

22 
49 

1-6376 
1-6367 

1-6338 
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189. OuGHTERARD. Aiigust 27, 1887 ; A. W. R. (60, 74). Lat, 53° 26' 10"; 

Long. 9° ] 9' 1". On the shore of Lough Corrib, to the E. of the Town; on 

limestone. 

Declination. 

V G.M.T. a. ^0- 

h. m. 
+ 3 11 
+ 3 25 

h. m. 
17 0 2°3 28-0 

23 29’5 

O / 

23 40-6 

Inclination. 

Needle. G.M.T. 6. @0. 

1 
2 

h. m. 
18 1 
18 28 

69 54T 
69 54-2 

O > 

69 56-7 

Horizontal Force. 

G.M.T. H. Ho. 

V. 
h. m. 
17 15 1-6795 1-6762 

190. Parsonstown. August 4 and 5, 1887 ; A. W. R. (60, 74). Lat. 53° 5' 47"; 

Long. 7° 54' 57 '. In the grounds of Birr Castle, near the meridian mark used 

for the telescope of the Earl of PvOSSE. 

Declination. 

Date. 2. G.M.T. go. 

August 4 
„ 5 

h. m. 
(18 20 G.M.T.) 
(10 40 „ ) 

h. m. 
18 49 
11 7 

o 

22 14-8 
22 163 

o o 

22 270 
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Inclination. 

Date. Needle. G.M.T. 
• 

e. 0Q. 

Augnist 5 1 
h. m. 
13 8 

o / 
69 27-8 

o i 

G9 30*3 

Horizontal Force. 

Date. G.M.T. H. Ho. 

August 5 D 
h m. 
12 8 1-7022 

1-6989 V 11 27 1-7020 

191. Sligo. May 13, 1887 ; T. E. T. (61, 83). Lat. 54° 16' 34" ; Long. 8° 28' 36". 

On a promontory in the harbour, to the W. of the town, and about a quarter of 

a mile distant from the bridge. 

Declination. 

2. G.M.T. 

h. m. 
-1 46 
+ 1 44 

h. m. 
12 24 
13 53 

0 t 

22 55-0 
22 53-9 

O 4 

23 4-6 

4 

Inclination. 

Needle. G.M.T. e. Oq. 

1 
2 

h. m. 
11 35 
12 2 

70 15-4 
70 16-3 

o' / 

70 17-8 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 

h. m. 
13 23 
12 39 

1-6453 
1-6461 51-6430 
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192. Steabane. August 22, 1887; T. E. T. (61, 83). Lat. 54° 49' 48"; Long. 7° 28' 20". 

In a field midway between the Railway Station and the Bridge at Lifford. 

Railway Station bore 300 yards E.S.E. (mag.); Bridge, W.N.W. (mag.); and 

Church at Lifford, N.N.W. (mag.). 

Declination. 

V U.M.T. f. 0>- 

h. m. 
- 0 17 
+ 1 I 

b. ni. 
12 33 
16 21 

22 34'3 
22 32-6 

0 • 

22 46-9 

Inclination. 

Needle. G.M.T. 0. do- 

1 
o 

b. :n. 
14 44 
1.5 20 

70 26-4 
70 21-7 70 23-5 

Horizontal Force. 

G.M.T. H. H„. 

11 
b. m 
15 55 1-6391 1-6352 V 12 40 1-6380 

193. Tipperary. August 3, 1887, A. W. R. (60, 74). Lat. 52° 28' 36"; Long. 8° 9' 12". 

1st Station. In a field on the W. side of the road to Limerick Junction, about a 

third of a mile from the point at wdiich it crosses the railway. 2nd Station. In 

a field opposite the Hotel. 

Declination. 

V G.M.T. t>. . ^0- 

b. m. li m. 0 / 
22 11-1 + 5 52 19 1 ii2 22-6 

2 G MDCCOXC.—A. 
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Inclination. 

Needle. G.M.T. e. 

1 
2 

h. m. 
12 42 
13 13 

o / 

69 2-2 
69 2-6 

o t 

69 4-9 

Horizontal Force. 

G.M.T. H. Ho. 

D 
V 
D 
V 

b. m. 
11 59 
n 11 
20 15 
19 41 

1-7317 
1-7321 
1-7292 
1-7289 

1-7287 

1-7258 * 
1 

194. Tralee. August 19, 1887; A. W. H. (60, 74). Lat. 52° 16' 15''; Long. 

9° 44' 30". In a field about a mile to the W. of the town. 

Inclination. 

Needle. G.M.T. 0. do- 

1 ^ 
2 

h. m. 
13 36 
14 10 

69 7-7 
69 5-6 

0 • 

69 9-4 

195. Valentia. August 16 and 17, 1887; A. W. K. (60, 74). Lat. 51° 55' 34"; 

Long. 10° 17'40" : Lat. 51° 55' 22"; Long. 10° 17' 25". Station 1. On the 

cliffs to the N. of the town. Station 2. In a field to the S. of the towui. 

Declination, 

Dal e. V G.M.T. ^0- 

Aug. 16 (1) 

„ n (2) 

h. m. 
+ 5 19 
+ 5 35 
- 1 25 
+ 1 54 

h. m. 
18 44 

13' ’ 2 
13 57 

0 / 

23 4-1 
23 3-3 
23 5-1 
23 4-2 

0 ' t 

23 16-0 
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Inclination. 

Date. Needle. G.M.T. e. <?o. 

h. m. 
52-9 

o / 
Aug. 17 (2) 1 12 8 68 68 54-7 

2 15 11 68 50-4 

Horizontal Force. 

Date. G.AI.T. H. Ho. 

Aug. 17 (2) V 
li. m. 
13 25 1-7485 1-7452 

Y 13 48 1-7478 i-744.j 

196. Waterfoot. August 2b, 1887 ; T. E. T. (61, 83). Lat. 55“^ 3' 11"; Long, 

6° 2' 32". The Declination was taken on the shore, and before the Chapel; 

the Forces in the road to the N. of the Chapel. 

Declination. 

V G.M.T. C. 

li. m, 
+ 2 11 

h. m. 
14 59 •22 l'-5 22 16T 

Inclination. 

Needle. G.M.T. e. 6,. 

1 
2 

h. m. 
16 38 
16 55 

70 26-3 
70 26-5 

0 ! 

70 29-0 

Horizontal Force. 

G.M.T. H. Ho. 

Y 
h. m. 
16 3 1-6326 1-6293 

2 G 2 
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197. Waterford. August 2, 1887 ; A. W. E. (GO, 74). Lat. .52° 16' 54"; Long. 

7° 8' 41". In a field on the E. of the Kihnacow Eoad near the junction of 

the Lower Limestone and Shale. About a third of a mile from the junction of 

the Limerick and Kilkenny Eailways. 

Declination. 

V G.M.T. f . Oi- 

li. m. li. ni. 
- 1 44 !•_' 7 21 LVl 

21 27-!i + 2 17 14 40 21 17-7 

Inclination. 

Needle. G.M.T. e. 

h. m. 0 / o / 
1 11 44 68 49’G 
2 14 12 68 .52-.7 

t)0 .lo t 

Horizontal Force. 

' G.M.T. H. Ho- 

D ^ 
V 

h. m. 

12 .81 
1-7362 
1-7361 

1-7829 

198. Westport. May 9 and 10, 1887; T.E.T. (61, 83). Lat. 53° 48'8"; Long.9°31'17". 

In the demesne of the Marquis of Sligo, and about 100 yards from the main 

entrance from the town. 

Declination. 

Date. G.M.T. C. ^0- 

h. m. h. m. 0 O ! 

Alav 9 + 4 48 17 54 23 5-5 
„ 10 - 1 7)5 11 10 23 4-2 23 15-1 

+ 2 4 14 13 23 5 4 1 
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Inclination. 

Date. Needle. G.M.T. 0. Oo- 

h. m. 0 / O 1 

May 10 1 13 2-5 70 16-9 70 17-9 2 13 42 70 1.5'5 

Horizontal Force. 

Date. G.M.T. H. Uu- 

May 10 

9 
„ 10 

D 

V 
V 

h. m. 
12 21 

18 10 
11 25 

1-6536 
1-6529 
1-6545 
1-6-537 

1-6505 

1-6514 

199. Wexford. September 8, 1887; A. W. R. (60, 74). Lat. 52° 21' 27"; 

Long. 6° 27' 18". On the limestone on the opposite side of the river (Ardcavan) 

to the Town. In a field on the Western side of the main road, about a quarter 

of a mile N. of the point where the roads to the Wooden Bridge and Ferrj 

Bank unite. 

Declination. 

G.M.T. 0. Cq. 

b. iti. 
+ 4 24 

h. m. 
17 12 2°1 6-4 21 18-1 

Inclination, 

Needle. G.M.T. 0. 00- 

1 
h. m. 
18 22 

0 
68 55-0 

0 / 

68 56-2 2 18 41 68 51-6 
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Horizontal Force. 

G.M.T. H. Ho. 

V 
h. m. 
17 49 1-7358 1-7324 

200. Wicklow. September 9 and 10, 1887 ; A. W. E. (60, 74). Lat. 52° 58' 53"; 

Long. 6° 3' 30". Half a mile W. of the town, in a field on the N. side of the 

road through Ballynerrin, opjiosite to and a little beyond the old Eoman 

Catholic Chapel. 

Declination. 

Date. 2. G.M.T. «o- 

Sept. 9 
„ 10 

h. m. 
+ 5 18 
-1 55 

h. m. 
18 5 
10 55 

21 5-0 
21 14-4 

0 ‘ 

21 21-4 

Inclination. 

Date. Needle. G.M.T. 6. 00. 

h. m. 
Sept. 10 1 11 44 69 7-6 69 9-9 2 12 11 69 6-9 

Horizontal Force. 

Date. G.M.T. H. Ho. 

Sept. 9 D 
V 

li. m. 
18 49 
18 18 

17155 
1-7165 1-7126 
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Supplementary Stations. 

(Dips only observed. T. E. T. (83).) 

201. Chepstow. April 22, 1889. In the courtyard of the Castle. 

Inclination. 

Needle. G.M.T. e. do- 

1 
h. m. 

18 9 6"7 51-9 
o ‘ 

67 57’5 2 18 26 67 51'9 

202. Goodrich Castle. April 19, 1889. On the Barbican. To the East of the 

entrance to the Castle. 

Inclination. 

Needle. G.M.T. 0. 0- 

1 
2 

li. m. 
16 47 
16 52 

G°8 3-8 
68 3'5 

O 1 

68 90 

203. Hereford. April 17, 1889. On the slope of Aylstone Hill overlooking Lugg 

Meadow. About a mile from Hereford, and down a short lane which leads past 

Lugg Vale, the residence of Mr. Hawkins. 

Inclination. 

Needle. G.il.T. 0. do- 

1 
O 

h. ra. 
16 1 
16 20 

6°8 l'o-2 
68 9-9 

o , 
68 15-6 
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204. Ross. April 18, 1889. In the garden of the Royal Hotel. South of the house 

and between the large yew and the wall of the Prospect. 

Inclination. 

Needle. G.M.T. 0. do- 

1 
li. m. 

12 29 
o 

68 2-2 
0 1 

68 6-9 2 13 5 68 0-5 

205. Tintern. April 22, 1889. On the Monmouth Road, above the Railway 

Station. 

Inclination. 

Needle. G.Al.T. 0. do- 

1 
h. m. 

13 30 
o 

67 56-2 
o / 

68 1-3 4) 13 49 67 55-2 
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Calculation of the Isomagnetic Lines. 

(1.) The Isogonal Lines. 

The isogonals, isoclinals, isodynamics and lines of equal Horizontal Foice are 

drawn through points, at which the values of the magnetic elements to which they 

refer are equal. A general term which shall include them all would be useful, and we 

venture to suggest isomagnetic as the most obvious and convenient. In nothing do 

different magnetic surveys differ more widely than in the methods employed of 

drawing these lines. Some observers have calculated them by least squares; others 

give maps on which they are exhibited, but say nothing about the principles in 

accordance with which they have been drawn. But, inasmuch as the main object and 

result of a survey is the delineation of these isomagnetics, it seems to us that it is 

most important that they should be drawn with all the accuracy that the observations 

will allow. Before proceeding to discuss the method of doing this, it will be well to 

consider the exact meaning to be attached to the operation, and to attempt to give 

'greater precision to the language in which the various curves, and the physical 

phenomena which they represent, are described. 

If we suppose that a series of magnetic curves are drawn, in which all distortions 

due to local magnetism are neglected, except those which are on a scale comparable with 

the dimensions of the earth itself, they would be the terrestrial isomagnetic lines; on 

the other hand, lines w'hich showed every disturbance, however large or small, would 

be the true isomagnetic lines. 

The object of a survey is to determine as nearly as possible the forms of the true 

lines, and to deduce from them the directions of the terrestrial lines in the district 

under investigation. Between these two extremes various grades of accuracy of 

detail intervene, and the terrestrial lines may be regarded as affected with distoi’tions 

of different orders due to disturbances of various magnitudes. It is of course 

inapossible to frame definitions which shall accurately distinguish between them, but 

it is nevertheless convenient to recognise three classes, into which they may be 

divided with respect to any particular survey. 

We may regard a disturbance as being of the third, second, or first class according 

as its range is less than tlie average distance between the stations, greater than this 

distance, but small compared with the dimensions of the entire area under survey, or 

such as to involve the whole or a considerable fraction of that area. 

The term local may be reserved for disturbances of the third class, which affect 

only a single station or its immediate neighbourliood, and are represented by minor 

bends or small loops in the isomagnetic curves. 

Those of the second class may be called regional disturbances. They are repre¬ 

sented by considerable distortions of the curves, but do not seriously interfere wuth 

the determination of the general direction or average distance apart of the terrestrial 

MDCCCXC.—A. 2 H 
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line.s. A disturbance of the first class is however an obstacle to any inference as to 

the relation between the true and the terrestrial curves. It may distort them 

similarly, and so lead to false conclusions as to their undisturbed directions, or it may 

introduce such widespread and important irregularities that any conclusion deduced 

from the data afforded by the survey would be manifestly uncertain. 

It is to be noticed that the same cause may produce disturbances of different 

classes in the lines corresponding to different elements. Thus a broad band of 

magnetic rock at right angles to the magnetic meridian, the extremities of which lay 

outside the district under investigation, would yrrocluce little effect on the Declination, 

but might affect the Dip to a much larger extent. 

If an equation can be found to a family of curves which represents, as closely as 

possible, the general direction of the true isomagnetics of a particular kind throughout 

the whole country, the curves are the nearest approach to the terrestrial lines which 

can be deduced from the observations. The undulations of the district lines oir each 

side of these are evidence of regional disturbances, while the still more sinuous lines 

obtained by joining the points calculated as corresponding to any particidar value of 

the element from the values in two neighbouring stations are influenced by the local 

disturbances also. 

If the district under survey is very small, the assumption that the terrestrial lines 

are straight is very approximately true, but the nature of the curve indicated by a 

straight line on a map depends on the projection on which the map is drawn. 

The English observers have generally determined the position of the station by its 

distance north or south of a particular line of latitude, and east or west of a 

particular meridian, both distances being expressed in geographical miles. That this 

system is open to objection is evident by considering its application to a simple ideal case 

in wdiich the geographical meridians are themselves supposed to be the isogonal lines. 

It would evidently be better under such conditions to take the latitude and longitude 

as coordinates, and inasmuch as in the neighbourhood of the United Kingdom there 

is an approximation to such an arrangement, it is probable that the latitude and 

longitude are at least as convenient as any other data for the determination of the 

position of the stations. By this plan also, we are saved the trouble of converting 

the longitude east or west of Greenwich into miles east or west of the prime meridian. 

We have therefore taken the latitude and longitude as our coordinates. 

In the next place it is, we think, important to find the general equations to the 

isomagnetic lines, but it would be difficult to determine their form with sufficient 

accuracy by a graphical process. We therefore decided to trace them by a pre¬ 

liminary process of calculation which was carried out as follows. 

The country was divided into nine overlapping districts bounded by lines of latitude 

and longitude. If the stations within any district were not uniformly distributed, they 

were weighted, so that the weighted number of stations per unit of area should 

be everywhere about the same. In speaking of the mean value of any quantity in a 



SURVEY OF THE BRITISH ISLES FOR THE EPOCH JANUARY I, 1886. 235 

district, it will be understood that the values appropriate to any station are throughout 

properly weighted. The lueans of the latitudes, longitudes, and declinations deter¬ 

mined the central station of the district and the declination at that station (Sq )- If 

was then assumed, if V and X' be the district coordinates of a station, i.e., the 

differences between its latitude and longitude and those of the central station, 

that the declination is connected with these quantities by the linear equation— 

8 = Sq “b xl -j- y\. 

Two ecpiations of condition were then formed by adding the equations thus 

obtained—(l), for all stations to the north of the central station ; (2), for all stations 

to the east of it, and dividing by the number of stations employed, each multiplied by 

its proper weight. 

By solving these for x and y, the rates of change of the Declination per degree 

of latitude and longitude respectively were obtained.'^" 

To test this method, it was applied in the case of the Dips to the whole of Scotland. 

This portion of Great Britain furnished a severe test, as from the irregularity of 

its form it is not particularly well adapted for the application of the method of 

equations of condition. The calculation was also made by the method of least squares. 

Both calculations were repeated twice, viz., with and without the inclusion of Soa and 

Canna, at which the local disturbance is very coiisirdeable. The central station was 

not that given by the mean latitude and longitude, but that obtained from Welsh’s 

Dip observations, viz., lat. 5G° 48' N. ; long. 4° 19' W. In this particular again, the 

conditions of the selected example were unfavourable to the method of ecjuations 

of condition. 

In the following Table, u is the angle made by the lines of equal Inclination with 

the geographical meridian, r is the change in Inclination (expressed in minutes) per 

geographical mile, measured at right angles to the isoclinals, and 0^ is the Dip at the 

central station ;— 

0,;. u. 

Including Soa and Canna . . | Least squares. 
Equations of condition 

0 t 
71 9-7 
71 9T 

67 23 
68 7 

0'625 
0-670 

Excluding Soa and Canna . . | Least squares. 
Equations of condition 

71 8-0 
71 7-8 

72 49 
72 42 

0-.595 
0-609 

* A plan very similar to that above described was employer! by Dr. van Rijckevorsel in working up 

tbe results of bis survey of tbe Indian Archipelago (‘ Magnetiscbe Opnemiug van den Indiscben 
Arcbipel in de Jaren 1874-77, gedaan door Dr. van Rijckevorsel.’ Amsterdam, J. Muller, 1879). 

2 H 2 
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These results prove that in this case, at all events, the differences between the 

results of the two methods of calculation are not greater than those produced in the 

numbers given by the method of least squares according as stations affected with 

considerable disturbances (23' and 76' respectively), and amounting to 4 percent, only 

of the total number, are included or excluded. 

We do not think, therefore, that it is in general advisable to use so cumbrous a 

juethod as that of least squares, when the addition of a station or two may modify the 

results to an extent far exceeding the error with which numbers obtained by the 

equations of condition are likely to be affected. If, however, the district under 

investigation is of such a shape that the effects of change of latitude and longitude 

respectively cannot be easily separated, it may be desirable either to modify the rule 

for obtaining the equations, or to employ least squares. 

In the case of a district so large as Scotland there is another objection to the use 

of least squares, viz., that the fundamental assumption on which that method is 

leased is almost certainly not true when applied to it. We shall show hereafter, as is 

indeed already known for other districts, that the errors are not irregularly distributed 

over the entire area, but that large fractions of the whole are affected with errors of 

a particidar kind. We cannot, therefore, regard the employment of least squares as 

theoretically better, while it is certainly practically more inconvenient than the 

method of equations of condition. The following Table contains the boundaries of 

the nine districts, the latitudes and the longitudes of the central stations, the values 

of tlie Declination at the central stations {^q), and of the change in Declination per 

degree of latitude and longitude {tIB'/dl and dS'/dk) both expressed in minutes of arc. 

Table V. 

District. 

Rouiidaries. Central Station. 
_ (W 

* (U' 

cU’ 

Lat. N. Lon c? * Lat. N. Lon g. W. 

o 0 / 0 o o o Q / ! 
T. All Sc otland 56 48-0 4 19-0 21 38-8 14-5 40T 

II. .54 to 57 0 to G W. 55 27-3 3 41-6 20 55‘6 16-7 36-4 i 
III. 52 55 0 5 W. 53 26-7 2 26-0 19 39-0 L5-5 33-6 ! 
IV. 50 53 2E. 3 W. 51 47-7 0 17-5 18 6-6 17-4 28-9 1 
V. 53 55 30 5 W. 10 W. 54 2-9 7 36-5 22 41-3 17-2 32-5 ' 
VI. 52 55 3W. 8 W. 53 290 5 43-0 21 25-6 20-9 31-6 ' 
VII. 49 52 I W. 6 W. 50 47-0 3 IT 19 6 2 17-8 28-9 

I VIIJ. 51 54 5 W. II W. 52 57T 8 I3T 22 85'0 27-3 80T 
i IX. 50 53 3W. 8W. 51 49-5 4 47-4 20 19-7 22-4 29-2 

. 

In District I., on account of its irregular form, the method of equations of condition is 

not very suitafile, and the method of least squares has been used. In order to compare 

tliis with the formula obtained by Balfour Stewart from W^elsh’s observation the 
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same coordinates have been employed as he used (the geographical-mile system), hence 

the values of dS'ldl and dS'/dX can only be considered as applying to the central stations. 

By means of the first the Declination at any point on the meridian through that 

station can be calculated, and for other points on the pai’allel of latitude passing 

through such a point, the formula y = //„ cos Ij cos must be employed where y^^ 

and /q refer to the central station. In all the other districts the values of x and y 

are valid for the whole district. 

By means of these formulae the Declination was cailculated for all points within the 

United Kingdom defined by whole degrees of longitude and half degrees of latitude, 

e.g., for lat. 50° 30', long. 2° E., 1° E., 0, 1° W., and so on. Where the districts 

overlapped the means of the numbers thus obtained were taken. All these values 

are given in the following table. The figures in brackets at the end of a row 

indicate the number of the district from which it was deduced. Where two or more 

districts overlap, the individual declinations are given in italics and the mean in 

ordinary type. 

Throughout the central j)arts of the kingdom the agreement between the numbers 

given by the linear formulre proper to different districts is sufficiently close to leave 

little doubt that the mean cannot be more than l' or 2' wrong. Where greater 

differences appear it is generally easy to account for them. Thus, lat. 53° 30', 

long. 10° W. is in the highly disturbed region in the west of Galway. Lat. 52° 30', 

long. 0°, is close to a remarkable and hitherto unsuspected disturbance in the eastern 

counties, of which we shall have more to say hereafter. The large differences on the 

border of Districts I. and II. (lat. 56° 30') are, perhaps, in part due to the irregu¬ 

larities in the shapes of these districts owing to which the formulas are not obtained 

under favourable conditions. Both the other elements, however, agree with the 

Declination in indicating violent local disturbance in this region, and there can be no 

doubt that the discrepancies are due to a physical cause. 
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Table VI.—Declinations Calculated 

Lai. 

Longitude. 

10“ W. 9° 8° r. 6°. 0°. 

60 30 
O / O / o , 0 / 0 / O 1 

59 30 

58 30 • (1) 23 46-2 23 7-9 22 29-6 

57 30 ; (1) 24 13-7 23 34-4 22 55-1 22 15-8 

56 30 
(1) 24 2^8 23 22'4 22 42-0 

{2)22 38-1 
22 40-0 

22 1-6 
22 1-7 
22 1-6 

55 30 (5) 23 18-7 22 46-3 
(2) 22 21-4 

22 13-8 {5) 
22 17-6 

21 45-0 

54 30 (.5) 23 34-0 23 1^5 22 29-0 
(6) 22 27-4 

22 28-2 

(2) 22 4-7 
21 56 5 (5) 
21 55-8 
21 59-0 

21 28-3 

21 24-2 
21 26-2 

53 30 

(5) 23 49-2 

(8) 23 43-7 
23 46-4 

23 16-8 

23 13 6 
23 15-2 

22 43-3 

22 43-5 
22 43-4 

22 11-8 
(6) 22 6-5 

22 13-4 
22 10-6 

21 32-3(5) 
21 34-9 
21 43-3 (8) 
21 39-2 

21 3-4 

52 30 (8) 23 16'4 22 46-3 22 16-2 

(6)2/ 45-6 

21 46-1 
(9) 21 39-4 

21 43-4 

21 14-0 

21 16 0 (8) 
21 10-2 
21 13-4 

20 42-4 

20 410 
20 41-7 

51 30 

i 
1 

1 

(8) 22 49T 22 19-0 21 48-9 21 18-8 
{9)21 17-0 

21 17-9 

20 43-7(8) 
20 47-8 

20 48-2 

20 18-6 

{7)20 16-3 
20 17-4 

^ 50 30 

(9) 20 54-G 20 25-4 19 56 2 

(7) 19 58-5 
19 57-3 

49 30 (7) 19 40-7 
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from the District Lines. 

Longitude. 

Lat. 

4°. 3°. 2°. 1°. 0°. 1°E. 2°. 

O • 
(1) 2°l 46'6 21 lo'o 20 34-0 19 58-0 (1) 

0 > 0 ^ 

60 30 

(I) 22 6-2 21 29-2 20 52-0 20 14-9 (1) 59 .30 

21 51-4 21 13-2 20 34-9 19 56-7 (1) 58 30 

21 .36-5 20 57-2 20 17-9 19 .38-6 (1) 57 30 

2/ 21-2 
21 25-3 
21 23-2 

20 40-8 
20 48-9 
20 44 8 

20 0-4 
20 12-5 
20 6-4 

19 20 0(1) 
19 36-1 (2) 
19 28-0 

56 30 

21 8-6 20 32-2 19 .5.5-8 19 19-4 (2) 
5.5 30 

20 51-9 
(3) 20 47-9 

20 52-7 (6) 
20 50-8 

j 

20 15 5 
20 14-3 

20 14 9 

19 39-1 
19 40-7 

19 39-9 

19 2-7 (2) 
19 7-1 

19 4-9 

18 .33-5 (3) .54 30 

j 

(3) 20 32-4 
1 20 31-8 (6) 

20 32 T 

19 58-8 19 2.5-2 18 51-6 18 18-0 (3) 

53 .30 

20 10-8 (6) 
(3) 2d 16-9 

20 11-8 
20 13'2 

19 43-3 
(4) 19 37-1 

19 42-6 (9) 
19 41-0 

19 9-7 
19 8-2 

19 9-0 

18 36-1 
18 39-3 

18 37-7 

18 2-5 (.3) 
18 10 4 

18 6-4 

17 41-5 17 12-6 (4) .52 30 

19 49-4 

19 47-4 
' 19 48-4 
1 
1 

19 2d-2(9) 
(4) 19 19-7 

19 18-5 
19 19-5 

18 50-8 
18 49-6 
18 .50-2 

18 21-9 
18 20-7 (7) 
18 21-3 

17 .53-0 17 24-1 16 55-2 (4) 51 .30 

19 27 0 

19 29 0 
19 28-3 

18 57-8 (9) 
(4) 19 2-3 

19 0-7 
19 0-3 

18 33-4 
18 31-8 
18 32-6 

18 4-5 
18 2-9 (7) 
18 3-7 

17 .35-6 17 6- 7 16 .37-8 (4) 50 30 

! 19 11-8 18 42-9 
! i 

18 14-0 17 45-1 (7) 49 30 
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Isogoiial lines were next drawn by tlie aid of the mean values of the Decimation 

given in this Table, the points at which they intersect any particular line of latitude 

or longitude being calculated on the assumption that the rate of change of the Declina¬ 

tion with latitude or longitude may be regarded as constant over a single degree. The 

curves thus obtained are shown in dotted lines in Plate II. As they were deduced 

from the linear district formulse they may be called the district curves. 

By drawing a smootli curve to coincide as nearly as possible with any one of the 

longer of these broken district curves, a close approximation to the corresponding 

isoo'onal could be obtained, but in order that the intervals between the curves mioht 

be properly spaced out, it was thought better to obtain a general formula by which 

they could he expressed. 

It appears from Table V., p. 236, that y increases with the latitude, but is nearly 

independent of the longitude. The values of x are more irregular. After several 

trials it was found that the mean Declinations at the central stations of the various' 

districts could be reproduced very accurately by means of the formula, 

S = 19° lU + 19'T (/ — 49-5) — 3'-5 cos [4.5° {I — 49-5)} 

+ [26'-6 + {I — 49*5)] (X - 4), 

where I and X are the numerical values of the latitude and longitude expressed in 

degrees and fractions of a degree. 

It must be distinctly understood that this formula has no theoretical value except 

in so far as it expresses satisfactorily the equation to smooth curves drawn according 

to a definite rule to represent the general form of the broken district curves. 

In applying it to the various stations the curves given by the periodic terms were 

drawn, and the values corresponding to the latitude and longitude of each read off. 

It is possible that errors of 0'‘2 or 0''3 may have occurred in this process. The mean 

A^alues of the Declinations at the central stations of each district are in the following 

Table compared with the results given by the formula. 

J)eclination at central station. 

llifferonce. District. 
]\Iean of values 

observed in district. Calculated. 

o 0 
I. 21 38 8 21 ,39-4 — 0 6 

IT. 20 .5.J-6 20 54T + 1*5 
HI. 19 39-0 19 38-9 -f O-I 
IV. IS 6-6 18 4-4 + 2-2 
V. 22 4T3 22 4T5 - 0-2 

VI. 21 25-6 21 26-5 - 0-9 
\ll. 19 6-2 19 56 -i- 0-6 
vni. 2*2 35'0 22 34'4 -I- 0 -6 

IX. 20 19-7 20 19-8 - OT 
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In District III. we included Stonyhurst ; in District IV. Greenwich, Kew, and 

Berck-sur-Mer, and in District VII., Cherbourg. The data for the French stations 

were those given by M. Moureaux, reduced, of course, to January 1, 1886. 

The values of the constants in the equation were not finally chosen until the 

Declination had been determined by means of a preliminary formula closely agreeing 

with that given above for all the points indicated in Table VI., pp. 238-9, and the 

values given by it and by the district curves compared. Over the greater part of the 

country the agreement is extremely close. It is not necessary to reproduce the numbers 

here, as in Plate II. we have plotted down both the broken district curves, and 

also the smooth curves given by the equation. The former are dotted, the latter are 

continuous lines. The agreement is all that can be desired, except, perhaps, on the 

coast of Norfolk, and on the west and north coasts of Scotland. 

Taking, however, the English Channel first into consideration, we have calculated 

the points at which our 16° 53', 17° 53', etc., isogonals cut lat. 50°. AVhen secular 

change is thus allowed for, these correspond to the positions of the 17°, 18° isogonals 

on January 1, 1885, i.e., with those of M. Moureaux. We have also measured the 

corresponding points from his map. The result is shown in the following Table :— 

Isogonal 
Jan. 1, 1885. 

Longitude from Greenwich. 

R. and T. Moureaux. 

o 

17 1 iV E. i 9 E. 
18 0 55 AV. 0 57 W. 

19 3 7 AV. 2 55 W. 

20 5 19 AY. 4 58 AV. 

The 20° isogonal does not pass through France, and, therefore, M. Moureaux’s 

map is not of special authority on its direction, but there seems no doubt that while 

the 18° isogonals cut latitude 50° at the same point, there is a considerable divergence 

between the others. 

According to the general formula, 27'’35 is the change of Declination per degree of 

longitude on lat. 50°. The two Channel Districts in Table V., p. 236, viz., VII. 

‘ and IV. agree in giving 28''9 for this number, and if we take this as correct and 

adhere to 55' W. for the 18° isogonal, we obtain the following values :—- 

Isogonal. R.and T. Moureaux. 

O O / o / 

17 1 10 E. 1 9 E. 
18 0 55 AV. 0 57 AV. 
19 3 0 AV. 2 55 AV. 
20 

! 
5 5 W. 4 58 AV. 

MDCCCXC.—A. O I 
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These are in much better accord than those obtained from the general formula, 

and the conclusions which may be drawn from them are that in latitude 50°, 

(1.) M. Moureaux’s lines are certainly not too far to the west ; 

(2.) And our 17° isogonal is not too far to the west. 

Both these conclusions are important. M. Moureaux believes that there is what 

we should call a considerable regional disturbance in Brittany. The isogonals drawn- 

by him sweep out to the west in the western part of France and do not resume their 

normal course until they have reached the English coast. In the English Chaimel, 

therefore, they are deflected to the west, and as both our district lines, and to a much 

more marked extent our terrestrial lines are still further west, it is evident that 

M. Moureaux has not in any way exaggerated the westerly tendency of the lines in 

the wmstern parts of the Channel, and that, therefore, our observations tend to confirm 

his view. It is probable that our terrestrial curves are in this district a little too far 

to the west, but it must be remembered that lat. 50° is almo.st outside the region of our 

survey, and that in the Channel Isles, which with Cherbourg, are our only stations 

to the soutli of it, there are considerable disturbances. 

In fig. 2 the continuous lines are our terrestrial isogonals, which on January 1, 

1886, corresponded to M. Moureaux’s 17°, 18°, etc., isogonals on January 1, 1885, 

the secular change being about 7t M. Moureaux’s curves are shown with dashes 

and dots, and the hypothetical connections in dots. A satisfactory comparison on the 

borders of the areas of two surveys cannot, however, be made unless there is a closer 

agreement in the methods of working up the results of the observations than there 

is between our own and M. Moureaux’s. 

Coming next to the 17° isogonal, we find that on the coast of Norfolk the calculated 

Declinations are generally much lowmr than the observed values. This would be 

remedied by moving the 17° isogonal further to the east, but the fact that it is 

already to the east of M. Moureaux’s line is a strong argument against such a course. 

It is noticeable that Sir Fred. Evans appears to have found some difficulty in 

this part of the country ('Phil. Trans.,’ 1872, vol. 162, p. 330). His curves are shown 

in Plate II. The points at which the isogonals cut lat. 52° are given below, 

and it will be seen that the distance between them is a maximum in the centre 

of England. 

Isogonal (1872). Long. Difference of 
Long. 

o 
25 

o 
9-54 W. 

o 

24 7-86 1-68 
23 GT6 1-70 
22 4-40 1-76 
21 2-40 2-00 
20 0'40 2-00 
19 1-47 E. 1-87 



SURVEY OF THE BRITISH ISLES FOR THE EPOCH JANUARY 1, 188G. 243 

Fig. 2. 

Isomagnetics in tlie border district of tbe English and French Surveys, 

- R. and T., — • — • — • — Moureaux, .hypothetical connections. 

We think the agreement between our calculated and observed curves is too close to 

leave any doubt that in this and neighbouring latitudes the law that the distance 

between the points of intersection with a line of latitude is constant is very approxi¬ 

mately true. At all events, there is no trace of a change in this distance amounting 

to a quarter of a degree as is shown by the 1872 lines. As the observations on which 

Sir F. Evans’s map were based were comparatively few in number and were made 

exclusively at coast stations the accurate delineation of the isogonals was not easy. 

He makes the observed Declinations too small in the eastern counties. If the 

distances between the isogonals had been kept constant the 19° line would have been 

pushed further to the west, and a closer agreement with our observations would have 

been attained. Considering the circumstances under which Sir F, Evans’s map was 

drawn, we think the concordance between the general directions of the lines is satis¬ 

factory.* We are also of opinion that our 17° isogonal is not too far to the west, and 

that the fact that in the eastern counties the calculated are less than the observed 

Declinations is due to a real physical cause. M. Moureaux’s results confirm our own 

as to the 18° isogonal, and if we suppose that the easterly tendency of the lines which 

2 I 2 
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he assumes in the western parts of the English Channel is continued to the Straits of 

Dover, his 17° isogonal and oui own would be in practical accord. 

As regards the considerable deviation between the district and calculated terrestrial 

lines in the North of Scotland, we have no hesitation in adhering to the calculated 

lines as being probably the more correct. The masses of basalt and other igneous 

rocks which occur in the West of Scotland and North of Ireland produce a very 

marked effect on the magnetic elements. The general formula gives the Declination 

at the outlying station at Lerwick almost as accurately as the local district equations 

obtained from Scotland only. The three values are :— 

Observed Declination .... 

^ , 1,11 r Local formula . 
wtilcul&^tGCi by "A - rt 1 

LOeneral lormuJa 

20 29-7 

20 31-3 

20 33-7 

Regarding this station as giving a fixed point it is evident that in drawing the curves 

to it from the South of Scotland, great weight ought to be given to the general law 

which is found to be obeyed wdth accuracy in Great Britain from the English Channel 

to the Tay, and in the South and East of Ireland. The only way of eliminating the 

effect of regional disturbances of such magnitude as these which exist in Scotland, is 

by studying the shape of the terrestrial lines in adjacent districts. Observations to 

the north of Scotland would be very valuable for this purpose, but as it would be 

difficult to obtain them we think that the results of the general formula must be 

accepted as a close approximation to the truth. We shall return to this subject in the 

discussion of local disturbances. 

(2.) The Isoclinal Lines. 

Tlie isoclinals were obtained in a precisely similar manner to that above described. 

The districts were the same, but the positions of the central stations were in some 

cases slightly different, as at a few places Dips had been observed without Declinations 

and vice versa. 

In District VII. the inclusion of the Channel Isles led to rates of change with 

latitude and longitude so widely different from those obtained elsewhere that it was 

thouglit better to omit them. When this was done the coefficients assumed normal 

values. We give in the next Table the latitude and longitude of the central stations, 

and the corresponding values of the Dips, and the rates of change of Inclination per 

degree of latitude and longitude. 
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Table VII. 

District. 

Central Station. 

1 

>
 

II 
Q

 de' 
^ ~ dl' 

1 

I'TS 

II 

Lat. N. Long. W. 

I. 56 48-0 4 19-0 71 80 3U1 5-8 
II. 55 27-3 3 41-6 70 19-6 31-9 8-2 

III. 53 26-7 2 26-0 69 3-0 36 T 7T 
IV. 51 47-7 0 17-4 67 45-6 40-8 7-6 
V. 54 1-4 7 39-3 69 59-8 38-3 9-8 

VI. 53 267 5 42-0 69 24-8 3G-2 6-3 
VII. 51 8T 3 9-6 67 41-2 38-8 6-6 

VIII. 52 57T 8 I3T 69 24-3 387 8-5 
IX. 51 49'5 4 47-4 68 18-2 39T 6-8 

A general formula was next found to embrace the whole country. For this purpose 

a Table similar to Table VI., pp. 238-9, was prepared, and the district isoclinal lines 

were drawn from it on curve paper, on a purely artificial system, in which all degrees 

of latitude and longitude were regarded as of equal length. When thus drawn the 

mean directions of the isoclinals were nearly straight lines and practically parallel. 

The equation to the 67° isoclinal wms 

I - 49°-92 + 0-2 (X - 4) = 0, 

where I and X are the latitude and longitude expressed in degrees and fractions of 

a degree. If then s be the length of the perpendicular on this line from any point, 

the Dip at the station indicated by that point would (if the lines were equidistant) be 

given by the equation 

^ = 67 + Ks, 

where A is a constant. This condition was not fulhlled. The distance between the 

lines increased approximately in the proportion of their distance from the 67° line, 

but a small periodic term was necessary in addition to this correction to produce the 

desired accuracy. 

The following plan was finally adopted ;— 

If we write 

j) = l - 49-92 + 0-2 (X - 4) 

f^i^d 9_ — V — b’l sin (20 _p) 

we get the Dip in degrees from the equation 

0 _ 0^0 I 1‘0083 q ^ 

1-456 + 0-03 q 
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The DijDS given l)y this formula for tlie central stations in each district are, in the 

following Table compared with those given in Table VII., p. 245. 

District. 

Inclination at Central Station. 

Difference. 
Mean of Values 

observed in District. Calculated. 

I. 71 8-0 71 10-3 -2-3 
11. 70 19-6 70 21-2 -1-6 

III. 69 3-0 69 1-8 + 1-2 
IV. 67 46-6 67 44-5 + 0-9 
V. .69 59-8 69 59-3 + 0-5 

VI. 69 24-8 69 2.5-3 -0-5 
VII. 67 41-2 67 41-2 0-0 

VIII. 69 24-3 69 25-6 -T3 
IX. 68 18-2 68 19-7 -1-5 

In Plate III. we show* the broken curves obtained by the district lines and also 

the terrestrial isoclinals as represented by the formula. 

The agreement is on the whole satisfactory, but it is possible that a closer approxi¬ 

mation to the true terrestrial lines might have been obtained had we made the 

inclination to the geographical meridian increase rather more rapidly in the west. 

This would have diminished the discrepancy in the south of Ireland. On the other 

hand it would have considerably increased it in the north of Ireland and the central 

districts of Scotland, in which large regional disturbances undoubtedly exist. It does 

not, however, appear to be safe to depart from the rule that the terrestrial lines 

deduced from any survey should give, as nearly as possible, the mean directions of the 

true lines in the district under investigation. This end is better attained by our 

formulae than if the agreement were closer in the south of Ireland. 

Our 67° isoclinal agrees almost exactly with that of M. Moureaux in the more 

easterly parts of the English Channel (see fig. 2, p. 243). Both just cut Dungeness 

and Beachy Head. For the longitude of Falmouth, however, our line is 10 or 12 miles 

to the south of that of M. Moureaux. 

As it is at this point much nearer to the English than the French coast, our result 

is probably the more trustworthy, and this opinion is confirmed by a study of the map 

of the French Survey. The isoclinals drawn by M. Moureaux upon a map on 

Mercator’s projection are curved in the south of France, the convexity being towards 

the north. The curvature becomes less as the Dip increases, and the 67° line is repre¬ 

sented as quite straight. M. Moureaux cannot have much to guide him in drawing 

this line, and a divergence such as that which exists between his line and ours could 

easily be introduced by an apparently trifling error in the estimation of the rate of 

disappearance of the curvature of the lines. Our lines would be slightly concave to 

the north if drawn upon a map on Mercator’s projection. 
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(3.) Lines of equal Horizontal Force. 

These lines were treated in the same way as the isogonals and isoclinals, and in the 

following Table the constants for the nine districts are tabulated as before. As Professor 

Balfour Stewart did not deduce the lines of equal Horizontal Force from Mr. Welsh’s 

observations, there was not as much reason in this case as in the others for taking the 

whole of Scotland as District I. We therefore included in this district only all 

stations north of lat. 56°. 

District. 

Central Station. 

H ' _ dB. 

® dl ' 

II 

Lat. N. Long. W. 

I. 5°7 26-3 4 30h 1-5580 -0-03930 -0-00575 
II. 55 27-3 3 41-6 1-6363 -0-0.3324 -0-00882 

III. 53 26-7 2 26-0 1-7164 -0-03868 -0-00661 
IV. 51 47-7 0 17-4 1-7970 -0-04374 -0-00620 
V. .54 2-9 7 36-5 1-6650 -0-04.380 -0-01046 

VI. 53 29-0 5 43'0 1-6979 -0-03771 -0-00439 
VII. 50 49-3 2 57-6 1-8212 -0-04134 -0-00698 

VIII. 52 57T 8 13-1 1-7053 -0-04237 -0-00628 
IX. 51 49-6 4 47*4 1-7694 -0-04212 -0-00598 

By means of these data a Table like Table VI., pp. 238-9, was prepared, and lines 

of equal Horizontal Force were drawn on curve paper as in the case of the isoclinals (see 

p. 245). These at once showed that the lines above and below that corresponding to 

1'7 units were differently disposed. The mean direction of each of the southern lines 

can be accurately represented by a linear function of the latitude and longitude, their 

departure from parallelism is not great, and their mean distances are nearly the same. 

On the other hand, though the lines inDistrict I., i.e., in the extreme north of Scotland, 

are parallel to the 1‘7 line, which runs from the neighbourhood of Miltown Malbay to 

that of Scarborough, the intermediate isodyjiamics make smaller angles with the geo¬ 

graphical meridian, and their average distance is greater than in the south. It is, 

however, difficult to decide what is the direction of the terrestiial lines. Too much 

weight must not be attached to the fact that the lines in the north of Scotland agree 

with those in the Midlands and south of England, as they are deduced from a single 

district of irregular form, and the seat of great local and I'egional disturbances. There 

IS also reason to suppose from what is known of the lines of equal Horizontal Force on 

the continent that the distance between them increases towards the east, and those 

crossing England are so represented on M. Moureaux’s map. It may well be, there¬ 

fore, that the diverging lines are those which agree most closely with the terrestrial 

lines of equal Horizontal Force. 
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On the whole then, the risk of introducing fictitious disturbances by attempting to 

include the whole country under one simple law would be very great. 

We decided, therefore, in calculating the lines of equal Horizontal Force, to employ 

different formulse for districts to the north and south of the 1‘7 line. 

Taking the southern district first, the lines may be regarded as straight, but, inas¬ 

much as they run across the whole breadth of the kingdom, a very small error in the 

calculated slope is important. A rather complicated formula is therefore unfortunately 

necessary. 

If c be the mean distance, expressed in degrees of latitude and measured along 

longitude 5° W., between any line and that which corresponds to 1‘85 units, we have 

a relation of the form 

1'85 — H = ac, 

where a is a constant. 

The 1'85 line cuts longitude 5° W. in latitude 49°‘83, and thus the equation to the 

isodynamic through c is 

I — 49-83 = - (X - 5) m + c, 

where m measures the slope of the line. 

Neither a nor m are quite constant, but both are functions of c, so that 

1/a = 24-47 (l + ^ ; 
' \ 1000/ 

ni = -157 — ’0019c — *0155 sin (50c). 

Thus, if we wish to find where the line corresponding to H cuts longitude X, we 

find c from the equation 

c = 24-47 (1-85 - H) -b 0-001 c^ 

where the value of c, used in the small term in c^, is the approximate value obtained 

by neglecting it. From this m is found, and I is then known. 

If the latitude and longitude are given, and the Horizontal Force is required, we 

first find c apj)roximately from the formula 

c' = 1 - 49-83 + 0-157 (X - 5). 

Subtracting from this 

c" = (X - 5) (0-001 9 c' -b 0-0155 sin (50 c')}, 

the difterence is c, whence H is found. 

Taking next the district north of the 1-7 line, there is no particular difficulty in 

finding similar equations to express the mean direction of the lines with great 

exactitude. If we write 
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1-7 — 11 = 0-036854 c, 

I - 53-514 = - m{\ — 5) + V 

m = -151 + -07 sin (45 c), 

all that can be desired in this respect is attained. 

These equations do not, however, give the forces at the central stations with the 

accuracy attained in the southern districts. Far better results are obtained if we 

assume that the lines are parallel to the 1'7 line and are at equal distances from each 

other. In this case m is constant, and, in addition to the first of the above equations, 

we have only 

I — 53-514 = — 0-151 (\ - 5) + c. 

The values obtained from the central stations l)y botii formulm are given in the 

following Table :— 

Distl'ict. 

Horizontal Force at central stations in northern 
districts deduced from 

Mean of all 
stations in district. 

Formula 
with m variable. 

Formula 
with m constant. 

I. 1-5580 1-5583 1-5582 ■ 
II. 1-6363 1-6390 1-6358 
V. ] -6650 1-6608 1-6658 

VI. 1-6979 I-697I 1 -6972 

We have, therefore, to choose between two formula}. The simpler represents the 

lines throughout Scotland as practically parallel, both with those wdiich in the south 

extend right across the kingdom without considerable curvature and with those 

found by the district equations for the north of Scotland, and also reproduces the 

values of the Horizontal Force at the central stations with great accuracy. The more 

complex expression represents the mean directions of the lines in the centre of Scot¬ 

land and north of Ireland more satisfactorily, though these are obviously tillected by 

some widespread disturbance, but it fails when tried by the test of the reproduction of 

the forces at the central stations. We think there can be no question that, under 

these circumstances, the simpler formula, which assigns directions to the lines in 

harmony with those obtained in other parts of the kingdom, must be that selected ; 

and we have therefore employed it. 

In the following Table the values of the Horizontal Forces at the central stations 

are compared with the calculated values given by the foi'mul8e— 

MDCCCXC —A. 2 K 
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and 

and 

1-85 — H = c (1 - O'OOl c) /24'47 

I — 49‘Sd — c — m (X — 5) 

hi = 0‘ l 57 — O’OO l 9 c — 0‘0155 sin (50 c) 

Jbi' values of H > ] '7, and by 

1-7 — H = 0-036854 c 

and 

Z — 53-514 = c - 0-151 (X — 5) 

for values of H < 1 '7. 

The difference between the observed and calculated results in District VIII. (South 

Ireland), is larger than in the other cases. It must, however, be remembered that it is 

absolutely very small. Thus, if the disturbed stations at Galway (which have been 

excluded from the calculations) were introduced, the difference would be reduced from 

•0022 to "0007. As the effect of one station is so great, it is remarkable that the 

discrepancies are not larger. 

District. 

Hovizoutal Foi'ce at central stations. 
Difference 
in terms of 

0-0001. Mean of values 
observed in district. Calculated. 

]. 1-5580 1-5582 o - LJ 

11. 1-636.3 1-6358 + 5 
HI. 1-7164 1-7180 -16 
IV. 1-7970 1-7969 + 1 
V. 1-6650 1-66.58 - 8 

VI. 1-6979 1-6972 + 7 
VII. 1-8212 1-8218 - 6 

VIII. 1-7053 1-7031 + 22 
IX. 1-7694 1-7698 _ 4 

We conclude this section with a Table, which gives the observed and calculated 

elements at every station. 

In the calculations, graphic methods have been partly used, and, in some cases, this 

may have led to slight differences (which are, however, so small as to be quite unim¬ 

portant) between the values given and those which would be deduced directly from 

the formula!. 
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Local and Eegional Disturbances. 

We now come to the consideration of the local and regional disturbances which exist 

in many j^arts of the United Kingdom, and which we have investigated much more 

fully than has hitherto been done. 

As the problem is one of difficulty, it is necessary that every step should be carefully 

considered. It may be attacked in three ways, which are not independent, but each 

of which is attended with special advantages and disadvantages, and which, when 

combined, afford in many cases the means of arriving at definite conclusions. 

(1.) If the true isomagnetic curves are drawn as accurately as possible, without any 

attempt to smooth the irregularities, they present in disturbed districts distorted 

forms which enable us to judge of the nature and magnitude of the disturbance. The 

great advantage of this method is, tliat it is independent of calculation. It is not 

affected by errors possibly introduced by the method of determining tlie terrestrial 

curves. The conclusions arrived at are based directly upon the observations. 

The objections that may be raised to it are, that it can only be used with effect in 

the case of considerable disturbances, and that it may tend to exaggerate the importance 

of those which, though of great local mtensity, are of small range. A curve may 

be carried many miles from its true position, in order to pass through a station, 

the disturbance at which dies out within a very short distance. 

When the stations are as numerous as ours, and when the curves are drawn with a 

due regard to the possibility of isolated maxima and minima, we do not think that 

the risk of error on this account is as great as it might at first sight appear, but in so 

far as it exists, it may be checked by the second method. 

(2.) If the disturbances of the elements, i.e., the differences between the observed 

values and those calculated from the general equations given above, are plotted down 

on a map, it is found that they are not scattered haphazard, but that certain districts 

exhibit definite peculiarities, such as that the observed value is always too large or 

too small. From a study of such maps deductions can be made as to the nature of the 

disturbing forces. 

This method is open to the objection that the peculiarities in question may not 

correspond to physical realities, but may be due to the inadequacy of the formulae. 

The calculated rate of increase of the declination with longitude, for instance, may be 

made a little too rapid in one part of the country, and a little too slow elsewhere. The 

observed declinations may, therefore, appear too large in the one distiict and too small 

m another, and thus a mere mathematical error may create a fictitious attractive or 

repulsive force. 

To this objection, it may be answered that the observed disturbances are too large 

and too irregular to be thus explained. Taking, for instance, the English and Welsh 

stations which lie between long. 3 W. and long. 5 W., the mean disturbances of the 

Declinations for the groups indicated, are as follows ;— 
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/ 

Four most northerly stations.14‘4 W. 

Intermediate group of eight stations . . 6’0 E, 

Six most southerly stations.3'0 W. 

A glance at the isogonals (Plate II.) in this part of the kingdom, is sufficient to show 

thar ic is impossible to believe that the real terrestrial curve not only crosses and 

recro.sses that which we have drawn between Plymouth and Holyhead (which is quite 

possible), but that the amplitude of the oscillation amounts to more than 20' of 

Declination, or to about 45' of longitude. If this were so, the terrestrial would be 

nearly as sinuous as the true curves [cf. Plate V.). 

It is also to be observed, that even if there is a slight tendency of the kind supposed, 

it will be partly corrected by the first method. The objection to that is, that too 

much stress may be laid on the peculiarities of individual stations—to this, that 

too great weight may be given to the characteristics of districts. 

If the two methods point to the same conclusion the two criticisms are mutually 

destructive. 

A more serious objection is, that the indications are, at times, somewhat ambiguous. 

An increase in the Declination may be due to a small force acting at right angles to 

the magnetic meridian, or to a large one acting nearly parallel to it. The value of 

the disturbance of the Horizontal Force will often decide to which of these the effect 

is due, but nevertheless, it is not easy to deduce definite conclusions from a mere 

inspection of the maps. This consideration has, therefore, led us to supplement this 

method by another. 

(3.) In this third method, we calculate the magnitude and direction of the 

disturbing force at each station. If 8 be the observed, and the calculated value of 

the Declination, if a similar notation be used for the other elements, and if N, W, and 

Z be the northerly, westerly, and vertical components of the disturbing force, we have 

N = H(; cos 8^ — H cos 8, 

W = He sin 8e — H sin 8, 

Z = He tan Oc — H tan 0, 

whence the magnitude and direction of the disturbing force are known. Obviously the 

danger to be feared, in this case, is that the differences with which we deal are too 

small to give trustworthy results. The calculation must, however, lead to conclusions 

compatible with those to which the study of the disturbances points, and even if the 

results are only approximate, they are valuable as indicating, in a way which is more 

easily interpreted, the direction and magnitude of the forces under investigation. 

Having thus described the general course which we propose to adopt, we shall now 

consider the methods more in detail. After that we shall apply them to certain dis¬ 

tricts, of which we have made a special study, and then to the whole area of the survey. 

In attempting to discover the order which underlies the apparent irregularity of 

the disturbances, it is necessary to proceed on a rvorking hypothesis, and we shall 
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postulate only the possibility of the existence of points or surfaces which exert 

magnetic forces. They will be called attractive or repulsive accordiug as they attract 

or repel a north-seeking pole. If the existence or apparent existence of such centres 

is established the cause of the pheDomenon will be a proper subject for enquiry. 

The distortion produced by a symmetrical mass of magnetic matter on the isogonals 

depends upon the angle which these curves make with the magnetic meridian. 

If we are dealing with a sufficiently small area, both the isogonals and the magnetic 

meridians may be represented by straight lines. If these lines are mutually 

perpendicular, and if the declination is westerly and increases with the latitude, the 

forms of the true isogonals in the neighbourhood of a symmetrical attracting mass, 

the centre of which is below the surface at A, will be of tlie type shown in Fig. 3, in 

which NS is the magnetic meridian through A. 

Fig. 3. 
N 

-Teri’estrial Isogonals ruuuiug approximately east and west. 

-True Isogonals produced by centre of attraction at A. 

In Japan the distribution of the isogonals and meridians approximates to this simple 

arrangement, and in the neighbourhood of the Fossa Magna according to Dr. Naumann 

(‘Die Erscheinungen des Erdmagnetismus,’ Stuttgart, 1887), a very remarkable 

disturbance of this kind is produced. 

If the isogonals and meridians are very nearly coincident, and if the Declination 

increases with the longitude, the effect on the isogonals of a weak attractive centre 

will be of the type shown in Fig. 4. If, however, the disturbing force is sufficiently 

powerful to make the Declination, at some point to the east of the centre, greater than 

its undisturbed value at the centre, the form of the lines must approximate to that 

shown in Fig. 5. The Declination will increase rapidly with the longitude, attain a 

maximum value, fall to its normal value at points on the magnetic meridian which 

pass through the centre—on each side of which the attracting matter is supposed 

to be symmetrically situated—then fall to a minimum, and finally resume its normal 

rate of increase. 

If, retaining all the other assumptions, we suppose that the isogonals and meridians 

are inclined at an angle of less than 90°, the distorted curves will assume forms 

similar to those in Fig. 6. It will be noticed that if the undisturbed isogonals be 
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rotated about A in the limiting cases when they coincide with AE or AN, the 

distorted curves will assume the forms shown in Figures 3, and 4, or 5. 

-Terrestrial Isogonals running ai^proximately north and south. 

-Ti'ue Isogonals produced by (Fig. 4) a weak, and (Fig. 5) a strong centre of attraction at A. 

Fig. 6. 

-Terrestrial Isogonals approximately parallel. 

- True Isogonals produced by a centre of attraction at A. 

It is, of course, quite possible that a single closed curve may sometimes be formed. 

An underground attracting surface, rising up steeply on the eastern side and falling 

away very gently to the west, might cause a maximum declination on the east 

without any corresponding minimum on the west; but in general the normal comple¬ 

ment of a closed isogonal is another of the same type. 

The curves shown in figs. 3 to 6 will not be realised in practice, but their main 



SURVEY OP THE BRITISH ISLES FOR THE EPOCH JANUARY I, I88G. 263 

characteristics may be reproduced, and a knowledge of tlieir forms is very useful in 

interpreting’ maps on which the true isomagnetic curves are drawn. 

These facts may also be illustrated by means of diagrams of another kind. Thus if, 

in figs. 7 and 8, the slope of the line AD represents the normal rate of increase of the 

Declination with longitude, the effect of an attractive centre below A will be repre¬ 

sented by the curves shown, which correspond to the two cases of a weak and strong 

attraction respectively. If, however, the force is repulsive, the curves assume the 

forms shown in figs. 9 and 10. In this case there may be two maxima and minima, 

following each other in order on opposite sides of the centre of repulsion. The 

isogonals will be drawn together in its neighbourhood, and there may be two systems 

of loops, one on each side of the centre. 

Figs. 7 to 10. 

D 

A centre of attraction will also be indicated by a convergence of the lines of equal 

Horizontal Force and Dip in its neighbourhood. 

The observed will be greater than the calculated Force to the south, and smaller to 

north, of the centre. The Dip, on the other hand, will be less and greater than its 

calculated values at stations to the south and north respectively of a point at which 

the directions of the normal and disturbing Forces coincide. 

The phenomena are more complicated if the effect of the disturbance is to increase 

the value of the element on that side of the centre of attraction on which it would be 

normally the greater, instead of increasing it (as in the case of the Declinations) on 

that side (the east) on which it is normally the less. 

Thus, if we represent a northward movement by progress along the line WE 

(fig. 10) from W to E, the effect of a strong centre of attraction would be to check 
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the ordinary decrease of the Horizontal Force with latitude. If the centre were 

sufficiently powerful, the decrease might be converted into an increase ; and since 

immediately over the centre the value must be normal, a miinmum and maximum 

must follow in order. Another minimum and maximum may occur on the further 

side. The effect of a centre of attraction on the lines of equal Horizontal Force is 

thus the same as that of a centre of repulsion on the isogonals. In the case of the 

Dip, as in that of the Declination, there can only he two critical points on opposite 

sides of the point defined above. 

The Vertical Force will increase with latitude at more than the normal rate to the 

south of a centre of attraction, and at less than the normal rate to the north of it. 

The lines of equal Vertical Force will thus be drawn southwards in the neighbourhood 

of sucli a centre. 

If the Vertical Force attains a maximum value it will be at a point above the 

centre, and it must be followed by a minimum—at which, however, the Vertical 

Force will be greater than its calculated value. 

It is evident from this discussion that there are a number of signs of a centre 

of attraction which may not all coexist, and which will be complicated in actual 

practice by irregularities in the distribution of the attracting masses, but which 

may nevertheless be of considerable practical help in a survey of local magnetic 

disturbances, {Cf. Lamont : ‘ Erdmagnetismus in Nord-Deutschland,’ 1859, p. 21.) 

We have dwelt on tliem, not because they present any difficulty, or even because 

they are altogether novel. Mr. Bennett Brough, A.Pt.S.M., has given a full account 

of the methods employed by the Swedish mining engineers in exploring for iron ore. 

(“ Use of the Magnetic Needle,” &c, ‘ Journal of the Iron and Steel Institute,’ No. 1, 

1887, pp. 289-303.) They are accustomed to map out the neighbourhood of a mass 

of ironstone with a magnet, in order to determine its exact position. We believe, 

however, that the systematic use of the forms of the isomagnetic curves has been 

largely overlooked in the case of surveys comparable with that described in this paper. 

In Plates V. to VIII., the values of the Declinations, Horizontal Forces, Dips, and 

Vertical Forces determined at the various stations are entered and true magnetic curves 

are drawn. These curves have not been chosen for equal differences of the values of 

the element to which they refer, but those have been selected which exhibit the most 

marked peculiarities. In this way attention is best drawn to disturbed stations and 

districts which can then be studied in accordance with the plan above suggested. 

Turning next to the investigation of the disturbances or differences between the 

observed and calculated values of the elements, we note that apart from the assurance 

they afford that the peculiarities studied are common to a district and do not depend 

only on a single station, they often supply additional information to that which can 

be gained from the true isomagnetics. 

Thus, in the ctise of the Horizontal Force, a maximum followed by a minimum may 

be either to the north or the south of the centre of attraction. In the former case. 
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however, both the maximum and minimum values are less, while in the latter case 

they are gneater than the normal values at the stations at Avhich they occur, and 

if one maximum and minimum only are formed, the disturbances at once decide 

whether they are to the north or south of a centre of attraction. 

The lines which separate regions of positive disturbance in which the observed 

is greater than the calculated value from those in which it is negative are also of 

importance. Thus, in the case of the Horizontal Force, if such a line is approximately 

perpendicular to the magnetic meridian, and if in passing over it from south to north 

we leave a region in which the disturbance is positive and enter one in which it is 

negative, we either pass over a centre or line of attraction or pass from the range 

of the influence of one centre of repulsion into that of another. 

If the centre is not at a great depth below the surface, and if the magnetic matter 

is not widespread at its minimum depth, it will cause a sudden reversal in the sign of 

the disturbances which will, however, be large near the centre on both sides. On the 

other hand, passage from the region of influence of one centre to that of another wdll, 

if the distance between them is considerable, be marked by a transition from small 

positive to small negative disturbances, or vice versa. 

Similar remarks may be made with respect to the disturbances of the Declination, 

but they are most easy to interpret when the line which separates a positive from a 

negative region runs approximately north and south. If such a line meets another 

which separates a southern region of positive from a northern region of negative 

Horizontal Force disturbance, all the disturbing forces in the neighbourhood tend 

tow’ards the point of intersection. It will be convenient to speak of such a point as 

a peak, and to call a line which divides regions of positive from those of negative 

disturbance of the Declination or Horizontal Force, so as to indicate attraction towards 

it, a ridge line. In like manner, a line which separates the regions of influence of two 

attractive centres may be called a valley line. 

In the choice of these terms we are, no doubt, influenced by our views of the facts 

to be hereafter set forth, but they are convenient, quite apart from any theory of the 

cause of local magnetic forces. It will be proved beyond doubt that in some cases 

these forces emanate from matter below the surface of the earth. If this is so, an 

increment in their intensity must be due either to a closer approximation to the 

matter or to an increase in its magnetisation. We have no magnetic test to 

discrimate between the tw'o, and therefore, without prejudice, adopt a nomenclature 

which is perhaps most consistent with the first hypothesis. If we wished to keep 

absolutely free from all expression of an opinion as to the causes of the phenomena, we 

might have called a peak (to which the lines of magnetic disturbing force converge), 

a magnetic sink, and so on, and for the present the terms we suggest inay be taken 

as indicating merely points and lines from and to which such lines of force run. 

The disturbances of the Declination and Horizontal Force, together with the ridge 

and valley lines are shown in Plates IX. and X. 

mdcccxc.—A. 2 M 
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The absolute value of the disturbance of the Vertical Force is especially uncertain. 

In the cases of the Declination and Horizontal Force a centre of attraction aftects 

stations on opposite sides with disturbances of opposite signs, to that the true mean 

value for the district can be found, and the true disturbance at each station deduced. 

It is, however, possible that the disturbance of the Vertical Force may always be of 

the same sign. Thus, if tire centres of force are rocks magnetised by induction, the 

north-seeking pole of a magnet would most frequently be attracted downwards in the 

northern hemisphere as the north-seeking poles of the rock magnets would be deeply 

buried in the earth. This hypothesis is that which experieuce has justified in 

Sweden. If this is so, the mean value of the Dip or Vertical Force in a district will 

be greater than its undisturbed value, and negative values do not necessarily indicate 

an upward force. It is therefore safer only to use the disturbances of the Vertical 

Force as a means of indicating relative maxima and minima. 

If, however, centres of repulsion exist, they might be detected by the observation 

that a large negative (upward) disturbance of the Vertical Force was accompanied 

with a sudden reversal of the disturbing Horizontal Force in neighbouring stations. 

If the Horizontal Forces are small, the negative disturbing Vertical Force is more 

probably to be interpreted as indicating a downward attraction of less than average 

magnitude. 

On turning to Plate XL, in which the disturbances of the Vertical Force are 

plotted down, it will be observed that there is, on the whole, an excess of positive 

values in the south-east, and that large negative values are more common in the north 

and west. It is obvious that in Scotland the disturbances are much greater than in 

England, and very large positive values of vertical disturbance occur in the wmstern isles. 

Indeed, if we include the enormous value obtained at Ganna, the average for the whole 

of Scotland is positive. Leaving out, however, this very abnormal station, it can hardly 

be doubted that negative values are more common in the north-west. If this result 

could be trusted as corresponding to physical fact, it might indicate that the country 

as a whole is magnetised in the direction of the magnetic meridian. We cannot, 

however, draw such a conclusion, more especially as it can be shown that the observed 

efiect may probably be a result of our ignorance of the datum lines from which the 

disturbances of the Dips and Vertical Forces ought to be measured. 

We have taken the Dip, as given by direct observation, as one of our fundamental 

elements, and in drawing the terrestrial curves which satisfy the conditions that the 

mean value of the Dip for each district when attributed to the central station is 

accurately reproduced by the formula, we have been compelled to ignore the possi¬ 

bility of an unbalanced downward Vertical Force acting at every station. If we 

suppose that in consequence of this the calculated Dips ought, all over the country, 

to be diminished by a positive quantity, we get for the corresponding decrement in 

Vertical Force 
cZV = H sec"' e dO. 
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If we take the values of H and 6 at AVick and St. Leonards, and 'write for dd the 

circular measure of 1' multiplied by x, the unknown number of minutes by which the 

calculated Dip has been taken too large, we get at 

Wick.dV — 0-0048a:, 

St. Leonards.dY = 0'0036x. 

Hence in the north the error will be greater than in the south, that is, the excess 

of the calculated over the true undisturbed Vertical Force is greatest in the north. 

Consequently the difference betw’een the observed and calculated Vertical Force will 

be more frequently negative in the north, the excess of the error amounting to 

0'0012 metric unit for every minute by which the calculated Dip is too large. 

If, then, apart from local attractions the country, as a whole, attracts the needle so 

that the Dip is everywhere 10' greater than it would be if the British Isles were 

replaced by sea, the error in the calculated Vertical Forces deduced from calculated 

Dips, obtained on the assumption that no such defect exists, would be 0‘0120 greater 

in the north of Scotland than in the Channel, so that neo;ative disturbances would 

largely predominate in the north. 

As from the geological character of Scotland it is probable that the error in the 

calculated Dip would not be constant, but would be greater than in England, the 

validity of this explanation is even more probable than this calculation indicates. 

It is not, therefore, safe to draw conclusions based on the relation between the 

Vertical disturbing Forces at distant stations. 

In the calculation of the disturbing forces we are not aiming' at, and could not attain 

to, results which would give more than a general idea of their direction and magnitude. 

It may be possible to conclude with certainty that an attractive mass exists near 

certain stations, even if the directions of the forces are wrong by 10° or 15° and their 

magnitudes are inaccurate by 50 per cent. 

To show that a degree of accuracy of this kind is attained we collect here the results 

at stations where we have taken a full set of observations at two or more places, or on 

different occasions. There are of course localities where it would be hopeless to get a 

good result from a single observation. Such places are Ganna and Portree. At these 

we should never have observed except for the sake of investigating the disturbances 

which we knew were very great, and we therefore do not now take them into account. 

It is sufficient if the agreement bet’ween different observations is satisfactory at stations 

which we regarded at the time of observation as normal. 

At Stornoway we made four sets of measurements, the first in 1884 in the Castle 

Grounds, the other three in 1885 and 1888 on Ard Point, about a mile distant from 

the former station. The ground 'was not good, as when we oljserved simultaneously 

about 50 yards apart on Ard Point the declinations differed by 18'. 

At Loch Aylort we observed in 1884 and 1888 as nearly as possible on the same 

station. At Oban we observed on the mainland in 1888, and on the island of Kerrera 

2 M 2 
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which is about a mile distant, in 1884 and 1885. In the Sound of Islay we had two 

stations about four miles aj)art, viz., Port Askaig in 1884 and Bunnahabhain in 1888. 

All these places, though ty2:)ical Scotch stations, w^ere on ground which elsewhere 

would be considered but indifferently good for our purpose. At three other places 

more favourably situated we also observed twice, viz., at Stranraer in 1884 and 1888, 

at Beadinof in 1886 and 1888, and at Bude Haven in 1886. At the two former the 

stations were as nearly as possible the same on the two occasions, at Bude Haven 

they were less than half a mile a]Dart. 

The results are summed up in the following Table. The resultant Horizontal 

disturbing Force is indicated by F, and the angle which its direction makes with the 

geographical meridian by (/>. The latter is taken as positive on the western side, due 

north being represented by 0”. 

Station. Rock. Date. F. (p. Z. 

Stornoway— 
O 

(1) Castle Grounds Gneiss 1884 •0175 129-6 -•0113 
(2) Ard Point . 1885 ■0179 109-2 Dip not observed 

1888 (T) •0198 119-7 -p-ooie 
1888 (R) ■0278 113-5 + •0120 

LocLi Ay lor t . Gneiss 1884 •0267 1411 -•0326 
1888 •0139 112-3 + •0178 

Oban— 
(1) Mainland . Trap 1888 •0143 10-9 -•0129 
(2) Kerr era . 1884 •0196 169 -•0132 

1885 •0219 16-2 -•0124 
Sound of Islay— 

(1) Port Askaig . Primary 1884 •0309 53-1 + •0141 
(2) Bunnahabhain. Limestone 1888 •0265 69-9 + •0122 

Stranraer .... Clay, Slate 1884 •0038 178-5 -•0072 
1888 (R) 

n (T) 
•0065 
•0062 

181-8 1 
175-4/ 

-•0034 

Reading .... Clay 1886 •0049 - 8-3 + •0235 
1888 •0084 -10-2 Dip not observed 

Bude Haven . Shale 1886 •0065 143-1 + •0091 
•0048 180-0 + •0030 

The annexed small map (tig. 11) illustrates these numbers by showing the direction 

and magnitudes of the disturbing foi’ces as determined on two occasions at stations in 

Scotland. 

An inspection of this map and of tlie table justifies the statement that the magni¬ 

tude and direction of the disturbing forces can be determined with an accuracy 

sufiicient to enable us to draw conclusions from groups of stations even if it would 

not abvays be safe to argue from one, 
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Fig. 11. 

If the station is on good ground we may place more confidence in the results. 

Stranraer is interesting as being the only place where we both took complete sets of 

observations simultaneously on good ground. The results are in very close accord. 

But those obtained elsewhere leave no doubt as to the order of the magnitude of the 

disturbing force nor as to its direction to within (in unfavourable cases) 15° or 20°. 

The difference in the signs of the Vertical Forces obtained at Loch Aylort and 

Stornoway in different years may in part be due to the uncertainty of the secular 

correction for the Dip, which appears to be very abnormal, especially at Loch Aylort 

(see p. 86). In this case we should be driven to the conclusion that a real change 

in the local Force had taken place. It is noticeable that the Vertical Force disturb¬ 

ance was apparently (algebraically) greater at Stornoway, Loch Aylort, Kerrera, and 

Stranraer on our second visits to these places. 

The following Table contains the particulars as to the disturbing force at every 

station in accordance with the notation described above. On Plate XIIL, the 

directions and magnitudes of the Horizontal disturbing Forces are sliown, and regions 

of positive and negative Vertical Force disturbance are indicated, the former being 

shaded. 
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Table of Disturbing Forces. 

F. 0. Z. 

82 -144 - 28 

267 +ik — 326 
139 + 112 + 178 

61 - 22 - 145 
151 -108 - 41 
176 + 18 + 268 
112 + 70 - 124 
179 - 15 + 230 
212 + 86 + 56 
301 -114 - 736 
265 + 70 + 122 

45 + 21 + 31 
36 + 136 - 9 

737 -112 + 1839 
173 + 14 - 79 
39 + 83 - 219 

114 + 74 + 217 
222 + 174 + 215 
127 + 36 - 247 
29 + 56 - 87 
23 + 180 F 10 
17 +152 + 107 
86 - 67 -p 45 
37 — 56 + 175 

, , + 135 
74 -101 + 57 

210 - 85 - 451 
117 -133 - 80 

89 — 92 - 65 
76 - 1 - 99 

326 -129 - 853 
61 0 + 156 

326 + 59 + 202 
27 - 39 + 109 

140 + 154 - 168 
73 - 79 - 34 
62 -144 + 378 
23 +122 - 328 
73 - 72 - 114 

143 + 11 - 129 
196 + 17 - 132 
219 + 16 - 124 

33 - 63 — 242 
309 + 53 + 141 
619 + 145 + 712 
384 + 11 - 378 
806 - 89 + 1705 
121 -170 - 188 
394 + 98 + 444 
518 ^166 - 385 
166 + 177 - 92 
179 + 109 , , 
198 + 120 + 46 
278 + 114 + 120 
175 + 130 - 113 
88 - 1 - 269 

No. of 
Station. 

4 
5 
6 
7 
8 
9 . 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40a 

40& 

41 
42 

43 

44 
45 
46 
47 

48a 

A8h 
49 

Name of Station. 

Aberdeen . 
Arinagower 

Locli Aylort 

Ayr. . 
Ballater 
Banavie 
Banff . 
Berwick 
Boat of Garte 
L. Boisdnle 
Bnnnababbain 
Callernish 
Campbelton 
Canna. . 
Carstairs . 
Crianlaricb 
Crieff . 
Cnmbi'ae . 
Dalwliinuie 
Dumfries . 
Dundee 
Ediuburgli 
Elgin . 
L. Eriboll . 
Fail-lie . 
Port Augustus 
Gah’locli . 
Glasgow . 
Golspie 
Hawick 
L. Inver . 
Inverness . 
Iona. 
Kirkwall . 
Kyle Akin 
Lairg . 
Lerwick . 
Locbgoilbead 
Lock Maddy 
Oban . 

Oban (Kerrei 

Pitlocbrie 
Port Askaig 

Portree 

Row (Gairloc 
S Garnish 

Soa . 
Stirling 

"•) 

t) 

Stornoway (Ard Point) 

Stornoway (Castle) 
Strachur . 
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Table of Disturbing Forces—continued. 

No. of 
Station. Name of Station. F. 0. 

138 
O 

+ 178 
50 Stranraer . 65 -178 1 

1 62 + 175/ 
51 Stromness. 80 - 25 
52 E. Loch Tarbert 54 -167 
53 Thurso. 20 - 53 
54 Wick. 150 -146 
55 Aberystwith. 77 - 83 
56 Alderney . 117 - 94 
57 Alnwick. 29 + 28 
58 Aires ford. 48 - 47 
59 Appleby. 69 + 168 
60 Barrow. 35 - 85 
61 Bedford. 132 + 168 
62 Birkenhead. 15 + 8 
63 Birmingham. 124 - 40 
64 Braintree. 91 + 136 
65 Brecon. 28 -135 

66 Bude Haven. /65 
1 48 

+ 143 
+ 180 

67 Cambridge. 57 + 158 
68 Cardiff. 32 - 35 
69 Cardigan. 67 -175 
70 Carlisle. 41 + 77 
71 Chesterfield. 66 + 78 
72 Chichester. 46 + 37 
73 Clenchwarton .... 77 + 67 
74 Clifton. 27 + 57 
75 Clovelly . . . ... 63 + 179 
76 Coalville. 57 - 63 
77 Colchester. 133 + 102 
78 Cromer. 25 + 92 
79 Dover. 60 -102 
80 Falmouth. 47 + 175 
81 Gainsborough .... 42 - 36 
82 Giggles wick. 49 - 45 
83 Gloucester. 46 + 126 
84 Grantham. 41 - 7 
85 Guernsey, L’Eree . 101 -134 
86 ,, Peter Port . 66 - 96 
87 Harwich. 30 + 17 
88 Harpenden. 70 + 148 
89 Haslemere. 44 + 30 
90 Holyhead. 153 -166 
91 Horsham. 57 + 73 
92 Hull. 124 + 136 
93 llfi’acombe. 36 -162 
94 Jersey, Grouville . . 168 + 77 
95 „ S. Louis 144 -103 
96 „ S. Oweu 65 + 144 
97 Kenilworth. 103 + 173 
98 Kettering. 59 + 150 
99 Kew. 90 + 119 

lOOn King’s Lynn .... 46 + 19 
1006 „ ,, (Gaywood) 

King’s Sutton .... 
40 + 60 

101 85 + 138 
102 Lampeter. 81 -123 

z. 

- 72 

- 34 

+ 146 
-150 
- 47 
+ 242 
- 78 
- 43 
- 50 
+ 6 
- 56 
- 71 
+ 39 
+ 26 
+ 152 
+ 50 
+ 7 
+ 91 
+ 30 
+ 110 
- 53 
- 52 
- 52 
+ 145 
+ 130 
+ 207 
+ 33 
+ 21 
-109 
- 99 
+ 208 
+ 21 
-190 
+ 132 
+ 12 
+ 46 
+ 50 
- 13 
+ 49 
+ 79 
+ 146 
+ 87 
+ 21 
+ 20 
+ 94 
- 2 
+ 9 
-229 
-131 
+ 287 
- 92 
+ 162 
+ 195 
+ 139 
+ 121 
-137 
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Table of Disturbing Forces —continued. 

No. of 
Statiou. 

1 
Name of Station. F. 0. z. 

103 Leeds . 45 
0 

- 51 + 59 1 
104 Leicester. 108 - 95 - 27 ; 
105 Lincoln . 89 - 48 + 172 
106 Llandudno . 159 + 134 + 12 
107 Llangollen. 71 + 107 - 9 
108 Llanidloes. 20 -140 - 22 
109 Loughborongl). 155 - 65 + 22 
110 Lowestoft. 61 + 116 + 192 

Mablethorpe . 34 + 113 + 163 ! 
1 112a Malvern, Colwall. 119 -140 

j 

i 1125 „ Great Malvern 121 + 127 + 21 ! 
112c „ Wells. 81 + 149 
112ff ,, Mathon. 147 - 98 

! 113 Mancb ester. 105 -104 - 50 
114 Manton. 70 - 18 + 79 

' 115 March . 36 + 2 + 111 
H6a Melton Mowbray. 185 + 85 + 30o 
1166 182 + 152 + 80 
117 Milford Haven. 98 - 23 - 72 
118 Newark. 56 + 49 + 6 

1 119 Newcastle. 35 - 27 - 4 
! 120 Northampton. 111 + 165 - 69 
i 121 Nottingham. 33 - 27 + 179 
1 122 Oxford. 38 -153 + 169 
1 123 Peterborough. 52 “h 56 + 150 

124 Plymouth. 30 + 168 -210 
125 Port Erin. 135 -134 - 55 
126 Preston. 4 - 34 + 49 
127 Purfleet. 60 + 111 + 89 
128 Pwllheli. 125 + 45 + 114 
129 Ramsey. 121 -150 + 4 
130 Ranmore. 85 + 65 + 11 
131« Reading. 49 - 8 + 235 
1316 ,, (Caversham) ... 84 - 10 
132 Redcar . 23 - 15 + 11 

j 133 Ryde. 59 - 56 - 18 
134 St. Gyres (Exeter) .... 72 + 50 - 5 

1 135 St. Leonards. 6 - 31 - 61 
136 Salisbury. 91 - 29 + 43 
137 Scarborougli. 47 + 52 + 63 
138 Shrewsbury. 118 -173 -319 
139 Southend. 81 + 126 + 74 
140 Spalding. 134 - 98 - 48 

1 141 Stoke-on-Trent. 17 + 10 + 85 
142 Sutton Bridge. 55 - 51 + 200 
143 Swansea. 105 + 4 + 30 
144 Swdndon . • • e • + 38 
145 Taunton. 26 0 - 59 
146 Thetford. 17 - 7 + 94 
147 Thirsk. 38 + 138 + 173 
148 Tilney. 29 - 4 + 311 
149 Tunbridge Wells. 22 + 95 -104 
150 Wallingford. 26 -108 + 145 
151 W eymouth. 13 180 -144 
152 Wheelock. » • 

153 Whitehaven. 42 + 69 + 24 
154 Windsor. 58 + 104 + 136 
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Table of Disturbing Forces—continued. 

No. 
of Station. Name of Station. F. 0- Z. 

155 Wisbech. 22 + 30 + 227 
156 Worthing. 44 -f 90 + 24 

G Greenwich. 36 -b 79 - 5 
S Stonyhurst. 22 - 93 -223 

157 Armagh. 25 + 27 -158 
158 Athione. 59 - 81 - 68 
159 Bagnalstown. 38 + 131 -113 
160 Ballina. 224 -146 - 74 
161 Ballywilliam. 104 -154 + 45 
162 Bangor.. 68 + 3 - 93 
163 Ban try. 39 + 52 - 12 
164 Carrick-on-Shannon .... 49 + 72 -171 
165 Castlereagh. 37 + 107 + 25 
166 Cavan . 68 + 177 -111 
167 Charleville. 31 -147 -152 
168 Clifden. 183 + 145 + 37 
169 Coleraine. 226 -162 + 106 
170 Cookstown Junction .... 402 - 6 -677 
171 Cork. 52 + 49 + 3 
172 Donegal. 56 + 63 — 250 
173 Drogheda. 44 + 33 - 14 
174 Dublin. 103 + 21 -126 
175 Enniskillen. 107 + 160 - 78 
176a Galway. 386 + 159 -.338 
1765 M . 97 + 106 - 51 
177 Gort. 67 - 5 + 56 
178 Greenore. 1.34 + 78 - 60 
179 Kells. 108 + 14 + 106 
180 Kildare. 53 -{- 3t) -118 
181 Kilkenny. 43 + 41 - 4 
182 Killarney. 85 + 42 - 54 
183 Kilrush. 29 + 110 - 4 
184 Leenane . 195 -151 -151 
185 Limerick. 105 + 14 - 89 
186 Lisdoonvania . .. 117 - 7 + 100 
187 Lismore. 36 + 46 -135 
188 Londonderry. 24 0 -116 
189 Oughterai’d. 92 + 130 + 183 
190 Parsonstown. 8 -140 + 48 
191 Sligo. 107 -126 - 79 
192 Strabane . 45 -102 -163 
193 Tipperary . 38 + 47 - 31 
194 Tralee. , . 
195 Valentia. il8 + 42 - 53 

1 196 Waterfoot. 85 -176 + 1 
197 Waterford. 18 - 98 -118 
198 Westport. 174 -116 + 196 
199 Wexford. 70 -134 + 15 
200 Wicklow. 36 -114 -117 

2 N MDCCCXC.—A. 
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Surveys or Selected Districts. 

Having described and, as we hope, justified the methods by which we propose to 

investigate local and regional disturbances, we now proceed to discuss their applica¬ 

tion to districts of which we have made a special study. The results we shall arrive 

at will help us in the further elucidation of the magnetic state of the whole country. 

The Malvern Hills. 

The general nature and direction of the magnetization of igneous rocks is a problem 

on which comparatively few observations have been made. It is, indeed, known that 

when examined in detail they present great irregularities, and Commander Creak, 

F.R.S., has shown (‘Hoy. Soc. Proc.,’ vol. 40, 1886, p. 83) that when islands disturb 

the magnetic needle in the northern hemisphere they attract, and in the southern 

repel the north-seeking pole of a magnet. This is what would be expected if they 

were the upper extremities of magnetic masses magnetized by the Earth’s induction. 

In like manner in Sweden, where (as has already been stated) the method of 

searching for iron ore by means of the magnet has been carried to considerable 

perfection, the assumption made, and justified by experience, is that tlie upper parts 

of the beds of ironstone attract the north-seeking pole. 

Observations somewhat similar to those of Commander Creak can be carried out 

on land in cases where igneous rocks rise in the midst of sedimentary deposits, and 

such observations are sj)ecially interesting in cases, such as that of the Malvern Hills, 

in which the axis of the magnetic mass runs north and south. 

If its depth is considerable with respect to its length, and if it is magnetized by 

induction, we should expect the upper visilde parts to attract (in the northern hemi¬ 

sphere) the north-seeking pole. If, on the other hand, it is possible to conceive of a 

shallow mass of magnetic rock surrounded by non-magnetic matter, the northern end 

might repel the north-seeking pole. Finally, if the mass was itself magnetized 

independently of the present inductive action of the Earth, as is certainly the case 

with small masses of highly magnetized lodestone, its effect on a compass needle could 

only be determined by experiment. 

With tlie view, then, of making a beginning towards the study of these questions 

in the United Kingdom, we determined the polarity of the northern end of the 

Malvern Hills. 

This range consists of syenite and granite. The mass of igneous rocks runs due 

north and south for about eight miles, and is at the broadest part but little more 

than half a mile wide. On its eastern side is a great fault which extends many miles 

north and south of the range itself. Two stations. Great Malvern (1126) and Malvern 

Wells (112c), were taken on the eastern side of the hills. They were both on the Red 

Marl, and distant aljout a mile and a quarter from the centre of the range. Two 
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corresponding stations were also taken on tke western side at about the same distance, 

and both on the Old Red Sandstone. Of these Mathon {l\2d) was 0'3 mile to the 

north of the latitude of Great Malvern, and the line joining them cuts the range at 

about a mile from its northern end, passing close to its highest point. Colwall (112a) 

is about three-quarters of a mile to the south of the latitude of Malvern Wells, and 

the line joining them cuts the range about 2^ miles south of the northern termination 

of the igneous rocks. 

The Declination and Force were determined at all these stations. Time did not 

allow of the Dip being taken elsewhere than at Great Malvern. 

The results are given in the following Talde — 

Declination. Force. 

Eastern Stations ■ ’ Great Malvern. 
Malvern Wells .... 

19 33-0 
19 22-4 

1-7687 
1-7682 

Western Stations - Mathon. 
Cohvall Green. 

18 4G-.5 
19 3-6 

1-76.55 
1-7627 

From these the disturbing forces were deduced, the notation being the same as that 

used on p. 268. 

F. 0. 

Great Malvei-n .... -0121 126-6 
Malvern Wells .... -0081 148-7 
Mathon. •0147 - 97-8 
Colwall Green. -0119 -140-4 

The accompanying Map shows the direction of these forces and tlieir relative 

magnitudes. The Worcestershire Beacon (1440 ft.) is the highest point on the range ; 

to the south of this the height diminishes, and then increases again to the Hereford¬ 

shire Beacon. The directions of the disturbingf forces tend towards these hills, and 

the results are, we think, only compatible with the view that the Malverns attract the 

north-seeking pole of the magnet. 

2 N 2 
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Eig. 12. 

The Island of Canna. 

The attraction exerted by the Malverns having been demonstrated, it is convenient 

to discuss in the next place a locality where the disturbances are enormously greater. 

Popular tradition has long attributed to the basaltic rocks of the Island of Canna 

the power of deviating the needle through very large angles. The compasses of 

passing ships are supposed to be affected by the eastern extremity of the island, on 

which stands Compass Hill. 

Magnetic observations were made on the Island by Sir Frederick Evans (‘ Phil. 

Trans.,’ 1S72, vol. 1G2, p. 825), but, we have, we believe, been able to add con¬ 

siderably to what was already known of its magnetic properties. 

The island, which is about fifteen miles south-west of Skye, is about five miles long, 

its greatest length lying nearly due east and west. It is divided into two approxi¬ 

mately equal portions by a neck of comparatively low elevation. The highest ground 

is in the eastern part where it rises to a height of 724 feet, and our observations have 

been confined to tliis portion. The cliffs on the north side are here some hundreds of 

feet in height and fall sheer into the sea. On the south side several small valleys 

lead to the shore, but the hills rise very steeply about a quarter of a mile inland, and 

the tops of several consist of irregular masses of basaltic columns. On Compass Hill, 
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which is the most easterly point on the island, the longer axis of the mass runs north 

and south. Its height on the inland side is from 20 to 40 feet, while it falls steeply 

towards the sea. On another hill which rises behind Kaill, the residence of R. Thom, 

Esq., the columnar mass is small and more clearly defined. The north or landward 

side is 15 or 20 feet higli, the south side is a steep cliff We roughly estimate the 

length at about 50 yards. In fig. 13 the position of this hill is indicated by B, that 

of the highest point on the island by A, and that of Compass Hill by C. 

In 1884 we determined the magnetic elements by means of the Kew Magnetometer 

No. 60, and the Dip Circle No. 74, at the position marked P. The differences between 

the observed and calculated values are given in the following table :— 

Date 1884. 

Decimation. 
Dip .... . . 
Horizontal Force 

Observed. Calculated. Difference. 

21 s'a 
72 45-0 
1-5092 

2°3 6-5 
71 32-7 

1-5607 

o / 

-1 58-1 
1 12-3 

— -0515 

Stations on Caiina. 

Although these observations show that the station was highly disturbed, the effect 

on the Declination is not so great as to be detected, except by a careful observation. 

In 1888 we observed by means of a small azimuth compass at 23 stations which are 

indicated on the map, and determined at each the bearings of a number of distant 

points. The observations were made on August 16 and 17, bright sunny days with 

a northerly wind, on which the atmosphere was very transparent. We were therefore 

able to take the bearings, not only of prominent headlands on Skye and Bum, but also 

of some distant objects, such as the Ushinish Lighthouse on N. Uist in the Hebrides. 

The azimuth compass was a small instrument which did not admit of great accuracy, 

but, as will be seen in the sequel, it v^as suflicient for the purpose we had in view. 
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We carried a chart with us, and marked the position of each station while on the 

spot. On the average, about four bearings were taken at each station, and at no 

station was the number less than two. 

The bearings of the objects selected were afterwards taken from the chart, and, by 

comparing these with the observations, the Declination was determined. The agree¬ 

ment between the individual observations at each station was in general only 

moderately good, but, even in cases where only two observations were taken, we think 

the means are accurate to about half a degree. 

Throwing out thirteen stations which were evidently highly disturbed, we took the 

mean of the Declinations at the other ten as giving the mean Declination for the 

easterly half of the island, which is 22°‘8. 

By subtracting this from the Declinations found at the stations, we obtained the 

disturbance of the Declination at each. The results are given in the following 

Table 

Station. Distui'bance. Station. Disturbance. 

1. 0°4 W. XIII. 0°4 B. 
11. 1-6 E. XIV. 6-0 W. 

III. 0-9 W. XV. (W.) 1-9 W. 
IV. 3-3 W. XVI. (S.) 10-4 E. 
V. IT W. XVII. (E.) 3-6 E. 

VI. 16 E. XVIII. (R.) II-5 W. 
VII. 1-5 W. XIX. 5-8 E. 

VIII. 1-3 W. XX. (R.) 9-9 W. 
IX. 8T W. XXI. (W.) 25-8 E. 
X. 0-6 B. XXII. (S.) 10-3 B. 

XI. 5-8 E. XXIII. (B.) 23-8 E. 
XII. 0-3 E. 

Stations XV. to XVIII. inclusive were taken round the basaltic mass on the summit 

of the hill behind Kaill, and on the sides indicated by the letters which follow the 

numbers. 

Stations XX. to XXIIl. were in like manner taken round the summit of Compass 

Hill. In both these cases the compass was generally within a foot or two of the 

basaltic columns. The observations, therefore, show that these are powerfully mag¬ 

netic. The disturbing force at Station XXL was nearly half that due to the horizontal 

intensity of the earth’s magnetic field. On the other hand, it is evident that their 

influence diminishes very rapidly with the distance. Station VI. was only a few hundred 

yards from the hill behind Kaill, yet the compass was not affected by more than 1°‘6. 

Stations I., II., III., and IV. are grouped round the southern half of Compass Hill, 

at distances between 200 and 500 yards from the summit; but the largest disturbance 

of the Declination is 3°'3 W. 

Stations XXIII. and II. are situated one above the other on the eastern side of 

Compass Hill, fhe horizontal distance between the two being not more than 80 yards; 
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yet the disturbance diminishes from 23°‘8 E. a,t Station XXIII., near the top of the 

hill, to 1°’6 E. at Station IL, near its base. 

These conclusions are completely borne out by observations made on the Coven- 

tina,” in which we visited the island in 1884 and 1888. 

On leaving Ganna for Loch Boisdale in 1884 we sailed as close as possible to the 

northern face of the island, and took frequently the compass bearings of points on 

Skye. We were unable to detect the smallest deviation of the needle. 

In 1888 observations were made under still more favourable circumstances. We 

approached the island from the north, and, w^hen about three miles distant, the yacht 

was directed towards a mark on Bum, by which its coiu'se could be kept without 

reference to the compass. We were then sailing magnetic S. E., in the most favour¬ 

able direction for the effect of Compass Hill (if any) to be detected. We passed it 

within 200 yards of the shore, but observed no deviation of the compass; and we are 

quite certain that, if there was any, it was less than one-eighth of a point, i.e., less 

than 1°'5. 

The net result of our observations is that the basaltic cliffs of Ganna are powerfully 

magnetic, and may deviate the needle of a comjDass placed near them by about two 

points, i.e., about 23°, but that the effect diminishes very rapidly with the distance, and 

is inappreciable on a ship’s compass 200 yards from the base of the hill, to which 

tradition ascribes, and in which we have ourselves detected, the most powerful 

magnetic properties. 

We have adopted 2 2°'8 as the mean value of the Declination at the less disturbed 

stations in Ganna in August, 1888 ; this leads to 23° 13' for January 1, 1886, which is 

only 6' in excess of the calculated value. This is interesting, inasmuch as Plate IX. 

shows that neighbouring stations have Declination disturbances of opposite signs, 

and indicates that a line of no regional disturbance runs near to Ganna. 

Thus the four stations, Kyle Akin (No. 35), Soa (No. 46), Ganna (No. 14), and 

Loch Boisdale (No. 10)_lie very nearly in a straight line, and the disturbances of the 

Declinations vary continuously, being 28''0, 18''4, 6''0, and — 45'’9, which proves 

that Ganna lies near an attractive centre or ridge. This is in harmony with the fact 

that the disturbance of the Vertical Force is positive, and is enormously great, 

amounting to 0‘1839, or about 0'04 of the whole Vertical Force. 

A comparison of the results obtained at Malvern and Ganna points very clearly to 

the otherwise probable conclusion that far-reaching effects are to be expected quite as 

much from the great mass and uniform magnetization of rocks as from their being 

highly magnetized. The basalt of Ganna is far more susceptible and more magnetic 

than the Malvern syenite, but we doubt if a mile and a quarter from Gompass Hill it 

would produce an effect on the Declination needle at all equal to that which we liave 

shown is due at that distance to the Malverns. 
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The Eastern and South-Eastern Counties. 

A problem of con.siderable interest has to be considered in connection with the 

Eastern and South-eastern counties. In the greater part of this district, the surface 

soil is such that it certainly can produce no marked effect upon the magnet, yet in this 

apparently “good ground,” we have found magnetic disturbances of very wide range. 

It is well known that the Declinations obtained at the Kew and Greenwich 

Observatories differ more widely than the difference of longitude will explain. The 

difference is not so great as appears at first sight, as the Kew results as published are 

not corrected for diurnal variation. 

The published mean Declinations at these two stations in 1886 are, Greenwich 

17° 54'‘5, and Kew 18° 16''9, of which the Kew result must be diminished by about 6'. 

This gives a difference of 16', which exceeds that corresponding to the difference 

of longitude by 10'. We are not aware that any attempt has hitherto been made to 

connect this discrepancy between the Declinations at these two important observatories 

with any regional disturbance in their neighbourhood. 

The fact which first led us to believe that they lie within the area of such a 

disturbance was that there is not only a small decrease in the Declination between 

Kew and Reading (instead of an increase as the difference of longitude requires), but 

that there is also a very small difference between Worthing and Hyde. 

The Declination at Reading should be about 20' greater than that at Kev', but the 

observation made there in 1886 proved that it is 1' less. 

The Declination was again determined in 1888 at the same spot near Reading, with 

the result that the Declination, when reduced to epoch, came out 3'’6 lower than 

before, thus increasing the discrepancy betvveen the actual and calculated differences 

between the two stations. 

In like manner, the difference of lougitude between Ryde and Worthing is 

equivalent to a change of 22' in the Declination, whereas the observed value at Ryde 

was only 2'‘6 higher than that at the more easterly station. 

In order to investigate these differences more fully, we determined to run a chain of 

stations along the valley of the Thames, to observe at another series half-way between 

the Thames and the Channel, and to interpolate a station betw^een Worthing and Ryde. 

The result is shown in the annexed diagram (fig. 14). Horizontal lengths indicate 

the longitudes of stations and vertical lines the Declination. 

Three groups of stations, such that all places included in each are of nearly the 

same latitude are taken, thus fonninp' three lines crossinsf the whole of the south of 

England. In the cases of Weymouth and Ryde, which lie considerably to the south 

of the line which nearly passes through the other stations corrections of 14' and 7' 

respectively have been added. Chichester is to the north of the line and its Decli¬ 

nation has also been corrected by 7'. 

It will be noticed that all three exhibit an anomaly on or immediately to the south 
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of a line joining Greenwich and Reading. In the valley of the Thames the Declina¬ 

tion attains a maximum value near Windsor and a well marked minimum near 

Reading. To the south of this district there is a remarkable slackening in the rat;e 

of increase of the Declination. 

An inspection of this figure is sufficient to prove that the anomaly in the Declina¬ 

tion difference of Greenwich and Kew is not due to any accidental peculiarity of the 

position of either observatory, but is the result of a regional disturbance extending 

at least from that part of the valley of the Thames which lies between Greenwich 

and Reading to the south coast. 

1. Soiitliend 

2. Purfleet 
3. Greenwicli 
4. Kew 
5. Windsor 

6. Reading 

Declinations at— 
7. Clifton 

8. Cardiff 

9. Dover 

10. Tunbi’idge Wells 
11. Horsham 

12. Haslemere 
13. Alresford 
14. Salisbury 

15. Taunton 

16. St. Leonards 

17. Worthing 

18. Chichester 
19. Ryde 

20. Weymouth 
21. Exeter. 

The curves in the diagram when compared with figs. 7 and 8 (p. 263) are seen to be 

such as would be produced if a centre of force attracting the north-seeking pole of a 

magnet were situated near Windsor. Immediately over such a centre the value of 

the Declination would be normal, while it would be too great and too small at stations 

to the east and west respectively. If the centre were relatively weak the increase in 

the Declination with longitude instead of being represented by the slope of a straight 

line would be given by a curve of the same type as that in fig. 7, if it were strong we 

should have a curve like that in fig. 8. 
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Fig. 15 shows the true isogonals in this part of the country and proves that the 

form they assume corresponds to the last case. 

The existence of a widespread disturbance is proved not only by the remarkable 

bend in the 18° 10' isogonal between Kew and Reading, but also by several other 

stations. Thus the Declination at Harpenden is the same as that of Kew (18° 16'), 

though it is about thirty miles to the north of it and should therefore be 9' greater. 

Again, Ranmore, Haslemere and Alresford, with Declinations of 18° 9', 18° 8' and 

18° 10' prove that the 18° 10' line has really the great inclination to the meridian 

which the outer curves in fig. 6, p. 262, show. They are further supported by Horsham, 

Chichester, and Ryde, with Declinations of 18° 3', 18° 5' and 18° 2' respectively. 

The isoclinals and lines of equal Horizontal Force do not show any equally striking 

peculiarities in this part of the country. The latter, however, run a little too far 

north to the south of the Thames (see Plate VII.). This is as it should be, for to the 

south of an attracting centre the Horizontal Force will be abnormally great. 

Pig. 1.5. 

Isogonals in Sontli-Eastern England. 

The point at which the terrestrial and true isogonals would intersect if the district 

were not otherwise disturbed is marked by a dot, which will hereafter be called the 

focus of the Pteading disturbance. 
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Let us now turn to the calculated disturbances of the elements. In the accom¬ 

panying map (fig. 16) the figures represent the differences between the observed and 

calculated values of the Declination expressed in minutes of arc, and taken as positive 

when the needle is turned to the west. There is a sharply marked boundary between 

the regions of positive and negative disturbance which passes through the focus. To 

the west of it the needle is deflected to the east and vice versa. 

Fig. 16. 

Declination disturbances in minutes of arc. 

+ Indicates that the observed westerly Declination is greater than the calculated value. 
-- Curve of no disturbance. 

To the south of the focus the needle is oppositely deflected on each side of a line 

which runs nearly due north and south. To the north the efiect on the Declination 

needle dies out. 

If the cause of the disturbance were a mass of “ magnetic matter ” below the 

surface of the Earth symmetrical with respect to the isogonals, the line which divided 

easterly from westerly disturbances of the Declination would intersect that which 

divided positive from negative disturbances of the Horizontal Force over the focus or 

centre. The next map (fig. 17) shows that this condition is very nearly fulfilled, the 

two points being only 7 or 8 miles apart. Lastly, the maximum disturbance of the 

2 o 2 
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Vertical Force should occur at the same point, and fig. 18 shows that we find it to be 

at Reading, which is our nearest station to the two points found as above described. 

All three elements then combine to indicate that the centre of the Thames Valley- 

disturbance lies between Reading and Windsor, and is a few miles to the north and 

east of Reading. 

Pig. 17. 

Horizontal Force disturbances in terms of O'OOl metric unit. 
+ Indicates that the obsei’ved is greater than the calculated value of H. 

- Locus of no declination disturbance. 
-Locus of no horizontal force disturbance. 

The Map of Vertical Force disturbances, however, teaches us a good deal more. If 

we draw contour lines to enclose all stations at which the Vertical disturbing Force is 

greater than O’OlO and 0’015 metric unit respectively, the first comprises two 

independent curves, the one embracing a large area around the focus, and the other 

surrounding Chichester. 

If the cause of the phenomenon were an underground mass of igneous rock we might 

picture it as a sub-terrestrial mountain of which the peak is near the focus. The 

slope would be most rapid towards the south-east. Two ridges would run north-east 

and north-west towards Oxford and Cambridge, a third, less lofty, to Chichester, and 

a fourth, nearly due east, terminating very abruptly at Kew. If all this were so, the 
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disturbing forces at stations in the neighbourhood ought to be directed towards the 

lofty central mass. Close to the peak it would itself form the centre of attraction. 

At stations near to, but not over, outlying ridges, the needle might be deflected 

towards them. Immediately over a ridge the direction of the disturbance would 

change rapidly, and thus give an idea of instability. The Horizontal Forces would 

be least over the peak, would increase up to a certain distance, and would finally die 

out. 

Fig. 18. 

BIRMINGHAM ■ 
0+/5 ■9 

OHETTERI. 

O MARCH 

A/C 
+5 o THETFORD 

■^29 oKENRi^URTH i #* | 1 
‘ -jr o NORTHAMPJQNCAMBRIDGE 

1 ,• 1 o V// 
:MALVERN\RIPGSS{jTTON BEDfJSRD ' 

GLOUCESTER 
o 

iZ. 

&/2 o_^ 

'' ^ 
oaTord' 
\ O I 

17 1 

... ^HTfRPENDEN 
+ /50» 

CLIFJOPJ 
' '^^ALLINGFOR^^ c 

///VOO A/'y^5 ^N^fToGOR^ 1 /Vi^ oSWINDON 

R3ADING\o^ ^-''rEWAI6\ 

OFT 

/BRAlNTR&C(<^ 
COE 

V\flCH 

Vertical Force disturbances in terms of O'OOl metric unit. 

+ Indicates that the ob.served is larg’er than the calc^^lated value. 
-Contour lines of equal Vertical Force disturbance. 

In fig. 19 we have depicted the disturbing Horizontal Forces. They are drawn in 

the proper directions, and to a scale on which 0‘9 mm. corresponds to O'OOl metric 

units. They fulfil the above conditions exactly, and we think leave no doubt 

that in the south-east of England over an area of 10,000 square miles the lines of 

magnetic disturbing force tend to a centre which lies near to and probably between 

Twyford and Henley-on-Thames. We have treated this district in great detail, 

because we rely upon these results to prove that the methods of calculation and 

deduction adopted are satisfactory, at all events in districts where the surface rock 

or soil is non-magnetic. If the results attained elsewhere present greater difficulties 
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it must be due to the greater complications introduced by the interference of local 

with regional disturbances. 
Fig. 19. 

Disturbing Horizontal Magnetic Forces in South-Eastern England. 

The maps which have been used to illustrate our discussion of the Reading disturb 

ance give indications of other minor centres, and in particular the isogonals are 

considerably distorted in the north. It appears that if we draw a line through 

King’s Lynn (No. 100), Spalding (No. 140), Melton Mowbray (No. 116), Lough¬ 

borough (No. 109), Birmingham (No. 63), and Malvern (No. 112), the district through 

which it passes is the seat of local disturbances, which, though individually less wide¬ 

spread than that already discussed, are nevertheless of considerable intensity. 

We will now investigate several points in this neighbourhood. It will not be 

necessary to do this in the same detail as before. The places to be considered lie so 

near to the borders of the district already studied, that methods which are so consis¬ 

tent in the one cannot be subject to any important error in the other. 

The Wash. 

We have discovered a, remarkable disturbance in the neighbourhood of the Wash. 

No more unlikely region eowld. primd facie have been suggested, but the evidence for 

its existence is conclusive. 
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Our attention was first called to it by the fact that the Declination found in 1888 

at Spalding is less than that observed at King’s Lynn in 1886. Allowing for the 

difference of longitude, the Declination at Spalding ought to be about 16'greater than 

at King’s Lynn. The two values found and reduced to epoch were 

King’s Lynn, 1886 . 17 57‘9, 

Spalding, 1888 . 17 51‘6. 

Thus, if the King’s Lynn value is normal, that at Spalding is 22' too small. 

Fig. 20. 

A special survey was therefore made of the district with the following results. 

A chain of stations was run along the edge of the Wash. The measurements at 

King’s Lynn were repeated near to, but not on the same site, and observations were 

made at Clenchwarton and Sutton Bridge between King’s Lynn and Spalding. The 

latitudes of these stations did not differ by more than 2'; the longitudes and Declina¬ 

tions were as follows :— 

Stations. Longitude. 
Declination. 

Jan. 1, 1886. 

King’s Lynn (Gaywood 1888) 0 26-0 E. 
O / 

18 1-7 
King’s Lynn (1886) 0 24-3 E. 17 57-9 
Clenchwarton (1888) . . . 0 21-3 E. 18 10-3 
Sutton Bridge (1888) . 0 11-8 E. 17 54T 
Spalding (1888). 0 8-6 W. 17 51-6 
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These results make it certain that near the south of the Wash the Declination 

diminishes instead of increasing (as at normal stations) with the longitude. 

The accompanying map shows the directions and magnitudes of the disturbing forces 

in this district. They indicate a centre of attraction to the north of the line wdiich 

joins Spalding and King’s Lynn. 

The Leicestershire District. 

Another series of local disturbances exists to the west of that which has just been 

described. The facts which first attracted our attention to it were that at two pairs of 

stations, viz., Birmingham and Northampton, Leicester and Peterborough, the observed 

Declination at the more westerly was only about 2' greater than that at the more 

easterly station, though the calculated differences were as much as 35' in the first case, 

and 27' in the second case. 

The observations indicated that in this district the isogonal lines run nearly east 

and west instead of nearly north and south, and we proceeded to investigate their 

forms more closely. We thought that the anomaly wms probably connected with 

the fact that in Charnwood Forest, which is not very distant from Leicester, igneous 

rocks appear upon the surface, and observations were made round this district, though 

we were always careful that our station should be on what was apparently good 

observing ground. 

We have thus confirmed the existence of a great easterly trend in the isogonal lines, 

and though the magnetic state of the district appeal’s to be complicated, and to requme 

further investigation, we have also established several facts which will probably prove 

to be of fundamental importance in the solution of the problems connected vdth it. 

Three of the most interesting stations are Coalville (No. 76), Loughborough 

(No. 109), and Melton Mowbray (No. 116), Loughborough and Coalville are both 

on the Bed Marl, with alluvium near to the streams. Between them lies Charnwood 

Forest, in which are masses of porphyry, greenstone, and syenite. 

We should, perhaps, expect from the analogy of the Malverns that at these two 

stations the needle woidd be attracted towards the crystalline rocks. This does not 

appear to be the case, or, as is more probable, the stations are too far distant to be 

affected. At Loughborough, which is the more easterly station, the disturbance of 

the Declination is 30''3 towards the east, while at Coalville it is in the same direction, 

but only to the extent of lF’2. 

About 12 or 13 miles further to the east is Melton Mowbray, situated on Lower 

Lias clay with argillaceous limestone at its base, yet a series of observations made 

here on April 22, 1888, gave a Declination disturbance of + 32', i.e., towards the 

west. Unfortunately, the observation for the geographical meridian could only be 

made near noon, as the sun was invisible during the rest of the day; but so 

remarkable did the result appear that the place was revisited on April 30. Another 
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station on the other side of the town, about a mile and a half distant from the first, 

was chosen, and the new observation was made under favourable conditions at about 

5.45 p.M. The result indicated a Declination disturbance of + 26', which Avas in 

close accord with that previously obtained. At first sight, then, it appears that the 

peculiarities of the district might be explained by the hypothesis that a centre of 

force, powerful relatively to Charnwood Forest, exists somewhere betAA^een Melton 

Mowbray and Loughborough. Tlie disturbances of the Declination at these two 

stations are in opposite directions and of nearly equal amounts. This view does not, 

however, correspond with the directions of the disturbing forces obtained at Melton 

Mowbray. If it Avere correct they should both have acted in nearly parallel 

directions towards the west, x4s a matter of fact, at the first station the disturbing 

force acts nearly due Avest, Avhile at the second it is only 11° from south. 

This indicates that the disturbance at Melton Mowbray is of a more local character, 

and cannot, in the manner suggested, be brought into relation Avuth the oppositely 

directed disturbances at Coalville and Loughborough. 

If, however, we timi from the Horizontal to the Vertical disturbing Forces we find 

that the peculiarities of these various stations may be connected, and that a magnetic 

map of the district can be draAvn Avhich may furnish the first rough outlines to which 

details may hereafter be added Avithout rendering them substantially incorrect. 

This explanation is based upon the fact that Avhereas in this part of England 

the disturbances of the Vertical Forces are for the most part positive, at four con¬ 

secutive stations in this neighbourhood they are negative. 

These stations are Coalville, Leicester, Kettering, and Northampton. Whether 

the loAv Vertical Forces are due to the presence of a repulsive centre, or to a deep cleft 

or valley in the attracting mass, Ave cannot tell. Indeed, the latter hypothesis might 

account for a repulsion if the mass of attracting matter Avhich Ave have supposed to 

culminate in the Reading peak terminated abruptly on its northern edge. For, if it 

were magnetised by induction it is possible that some of the lines of force might 

escape upwards to the surface, diminish the Vertical Force, and urge the north pole 

northwards. 

Contour lines draAA’n as in tlie accompanying map (fig. 21), indicate the possibility 

of a very sudden rise in the magnetic matter from a line drawn through Coalville, 

Leicester, and Kettering, to another Avhich passes through Chesterfield, Nottingham, 

Melton Mowbray, and Peterborough. This vieAv is supported by the fact that a 

ridge line, on passage across which the disturbance of the Declination changes sign, 

runs from near Chesterfield to near Melton MoAApray. 

If this view were correct, Melton MoAvbray would have to be regarded as near the 

summit of an extremely steep peak, as the Vertical Force changed from 0'0305 to 

0'0080 in the small distance betAveen the tAAm stations. The direction of the 

Horizontal Forces Avould indicate a point a little to the Avest of both sta.tions as the 

actual peak. 

MDCCCXC.—A. 2 i> 
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Fig. 21 is an attempt to realise the magnetic constitution of this part of England 

from this point of view. In studying it we must remember that the direction of the 

Horizontal Force at a station where the Vertical Force is a maximum or minimum must 

be indeterminate in the sense that it cannot be deduced from the Vertical Forces 

Pig. 21. 

Contour lines of Vertical Disturbing Eorce and Horizontal Disturbing Eorces in South-Eastern 

England. Each darker tint corresponds to an increment of O'OlOO metric unit in the Vertical 

Disturbing Force. 

at neighbourino' stations. All that we know when the Vertical Force is a maximum 

is, that a peak is probably in the neighbourhood, but on which side of the station we 

do not know, unless, as in the case of the Reading disturbance, other stations indi¬ 

cate it. 
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The whole district may apparently be divided into four parts, of which the 

boundaries are indicated on the map by heavy lines. 

The southernmost is the region of the Reading disturbance. The tendency of the 

Horizontal Forces to act towards regions of high Vertical Force is unmistakeable. At 

King’s Sutton the direction of the resultant appears to be affected by the region 

of high Vertical Force to the north, near Kenilworth. At Worthing and Hyde the 

Horizontal Forces point direct to the Chichester peak. At Purfleet and Southend 

the directions of the Forces are more southerly than the distribution of the Vertical 

Forces would have led us to suspect. 

The most easterly district is that of the Wash disturbance. Near King’s Lynn 

the Vertical Force is great. It is greatest at Tilney, which is the central station. 

The Forces at neighbouring stations converge to a point to the north of this, and the 

Horizontal Force at Tilney itself is directed northward. It is therefore likely that 

here, as in the case of Reading, the true peak, though near, is not at the spot at which 

we found the greatest Vertical Force. It probably lies to the north of it. 

'fhe central district is that of the Leicestershire disturbance. Here the phenomena 

are more complicated, and we wish it to be distinctly understood that we think it 

probable that Melton Mowbray does not occupy the position of unique importance 

which our observations allot to it. Nevertheless, we must point out that the hypo¬ 

thesis that a narrow ridge of attracting matter runs somewhat in the position we have 

assigned to it, is remarkably supported by the direction of the Horizontal Forces at 

Coalville, Loughborough, Leicester, and Manton, which would all be explained on this 

hypothesis. At Melton Mowbray the directions are, of course, indeterminate by 

means of the Vertical Force, and it is quite possible that the phenomena observed 

there may be due to some relatively small dyke, and not to an uprising of a part of a 

widespread mass of igneous rock. Until this district is more fully surveyed we are 

justified in adopting the view represented on the map, which is consistent with all 

the known facts. 

There is, however, one station in the district, viz., Birmingham, which is not in 

harmony with the rest, as the direction of the Horizontal disturbing Force is toward 

the region of minimum Vertical Force. Perhaps this indicates that this region is not 

connected, as we have supposed, with the larger region of low Vertical Force to the 

west, but that the two are severed by a district of high Vertical Force running from 

Birmingham northward. Future investigation can alone decide this question. 

The most northerly of the four districts is almost outside the region of our special 

surveys. We only introduce it to show that there is a large region of high Vertical 

Force to the north of Melton Mowbray, and that, therefore, there is nothing anomalous 

in the northerly directions of the Horizontal Forces at Nottingham and Grantham. 

If it be true that in the Leicestershire disturbance the attracting matter lies within 

narrow limits, it is quite possible that at these stations the predominant influence may 

be that of the larger northern mass. 

2 P 2 
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On the whole, then, if we take the region bounded by the sea, by lat. 53° and 

long. 2° W., which includes about 50 stations, we think the Horizontal Forces 

unmistakeably tend to act toward the region of great Vertical Force. There is one 

striking exception at Birmingham, and one or two more doubtful ones on the lower 

reaches of the Thames, and the rule must be construed subject to the obvious condi¬ 

tion that a true maximum of Vertical Force, though probably near to, is not 

necessarily at the station at which we happen to have found the largest among the 

Vertical Forces we have measured. 

Subject to these exceptions and to this proviso the rule holds good. 

General PtESULTs or the Investigation oe the Local and Begional 

Disturbances. 

Having described the results obtained in districts to which we have devoted special 

attention we now proceed to apply the same methods to the whole area of the survey. 

In adopting this course we are fully aware that the number of our stations is not 

sufficient to enable us to speak with any certainty as to the details of the magnetic 

peculiarities of the districts wm are about to discuss, and it is quite possible that we 

may have arrived at some conclusions which must hereafter be modified. It appears 

to us that even under these conditions our work is much more likely to be useful if we 

give wdiat only professes to be a first rough sketch map of the magnetic forces in play 

in the country than if wm leave our successors to get what hints they can from 

observations which we ourselves have made no attempt to collate. Even, therefore, 

if our conclusions were much less certain than we believe them to be we think it 

would be better to state them. 

Fortunately, however, we are able to take up a much stronger position than this. 

Our conclusions may be tested, (1) by the agreement of the results of the various 

methods of attacking the problem, (2) by the agreement of our results in Scotland 

with those which can be deduced from Mr. Welsh’s survey, (3) by the establishment 

of relations between the magnetic phenomena at stations scattered over wide areas, 

and (4) by the establishment of a connexion between the magnetic and geological 

characteristics of various districts. In all these particulars we venture to assert that 

they will bear investigation, and we cannot but believe that we have detected the 

main directions of the lines of disturbing magnetic force. 

The method we adopt is as follows ; — 

We draw the ridge and valley lines (see p. 265) which mark the centres and the 

Iioundaries of districts which are under the influence of a dominant locus of attraction. 

We take each district bounded by two valley lines, and study it by means of the true 

isomagnetics of the disturbances and disturbing forces, and lastly, wm discuss the 

relations between its magnetic and geological characteristics. 
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The following are a priori probable consequences of the hypothesis that each 

district, bounded by two valley lines, is subject to an attraction tending towards the 

centre 

(1.) Since the regional forces are weak near a valley line it is in such a position that 

we should expect the effects of such local forces as might exist to predominate, and 

discrepancies to occur more frequently than elsewhere. 

(2.) The centre of a district, in the neighbourhood of the ridge line, should be a 

region of relatively high Vertical Force. It will be remembered that the ridge line is 

drawn by means of the disturbances of the Declination and Horizontal Force only, 

and, therefore, an agreement between its position and that of a region of high Vertical 

Force is an independent confirmation of the accuracy of the theory that the forces in 

play in the district form a connected system, that is, they are regional and not merely 

local. 

(3.) The directions of the Horizontal Forces at points of maximum or minimum 

Vertical Force may be indeterminate in the sense that they cannot be deduced from 

the distribution of the Vertical Forces. This point has already been insisted on. 

(4.) In crossing a valley line both sets of attractions in the region which it separates 

tend to produce a maximum and minimum of the Horizontal Force (see fig. 10, p. 263). 

If the southerly attraction were alone in play both of these would have values less 

than the normal. If the northerly acted alone both values would be greater than 

the normal. Hence, since the maximum will be to the north of the minimum it is 

probable that in producing it the effect of the northern attraction will predominate 

and the values will be greater than the normal, while in the case of the minimum 

they will probably be less. 

Comp)arison ivitli Mr. Welsh’s Survey of Scotland. 

No more severe test of the physical reality of the disturbing forces deduced by 

us from our observations can be applied than by the enquiry whether similar methods 

applied to Mr. Welsh’s survey lead to similar results. In part, the severity of the 

test lies in the fact that the methods cannot be precisely similar. As England was so 

imperfectly surveyed in 1857, we are compelled to assume a linear function to express 

the isomagnetics in Scotland at that date. The isogonals and isoclinals were calculated 

by Balfour Stewart, who used the geographical mile system of co-ordinates. Unfor¬ 

tunately the third element selected by him for calculation was the Total Force, which 

throws but little light upon problems such as those we are now investigating. We 

have, therefore, calculated the lines of equal Horizontal Force, using, as in our other 

calculations, the differences between the latitudes and longitudes and those of the 

central station as co-ordinates, and by combining these with Balfour Stewart’s 

calculated values we have found the disturbing forces at the various stations. 
o 

Again, Mr. Welsh omitted the determination of one or more of the elements 
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at many stations. He apparently had chiefly the terrestrial isomagnetics in view, 

and did not consider that for the discovery of the local peculiarities of a station, it is 

essential that all three elements should be determined at it. In part this omission 

was due to misadventure. A number of Declination observations had to be rejected 

as the mirror was found to have been out of adjustment. If, therefore, the calculated 

magnitudes and directions of the disturbing forces depend to any great extent on the 

distribution of tlie stations or on the method of reduction, conclusions drawn from 

Welsh’s survey and our own could not lie in harmony. 

In the case of the Declination comparison is possible, not only with the survey 

of 1857, but with the observations collected by Sir F. Evans in 1872. We have 

measured the distances of the stations from the isogonals given by him (‘ Phil. Trans.,’ 

1872, vol. 162, p. 319), and have deduced the disturbances. In the accompanying 

map (fig. 22) we have combined the results of all three surveys. 

The direction of a short line drawn through the stations, shows whether the north 

pole of the needle was deflected to the east or west. Observations made by Mr. 

Welsh are indicated by a dotted line, those due to the naval oflicers by two 

short lines with a dot between them, and our own by a continuous line. 

A discrepancy between any two of the surveys is thus indicated by a cross. 

Lines of no disturbance are drawn, separating districts in which the regional 

disturbance is of opposite signs, and passing, when possible, through stations at which 

different results have been obtained in different surveys. 

Without insisting on the accuracy of the details of these curves, we think that a 

study of the map can only lead to the conclusion that the districts which they bound 

are affected by some common cause which produces a similar effect upon the needle. 

It can hardly be doubted for instance that the magnet is deviated in opposite direc¬ 

tions in the neighbourhood of Elgin and Banff. All three surveys agree as to this 

fact. Again, the evidence is very strong that on the mainland to the north of the 

Caledonian Canal, except, perhaps, near Cape Wrath and the Pentland Firth, the 

needle is deflected by regional forces to the east, while in the Islands on the West 

Coast and the Mull of Cantyre it is deflected to the west. Of course it would be 

possible to find in these districts places, such as Canna or the Cuchullin Hills in Skye, 

where large deviations in both directions could be obtained within a few yards, but 

the great majority of survey stations are chosen too carefully for the local error to 

become so overwhelmingly predominant. We have omitted Portree because the 

ground there is known to be unfavourable to our purpose. The differences between 

the three results obtained are too great to make a mean value trustworthy. At 

Canna on the other hand, where it will be remembered we observed at twenty-three 

places, the mean value cleared of the larger disturbances agrees with the results 

obtained at neighbouring stations. 

The following facts are also important. 

Seven stations were common to the surveys of 1857, 1872, and 1886. One of 
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these, Lerwick, we disregard, as it lies so far from the rest of the district. In five 

out of the remaining six the disturbance of the middle epoch as deduced from the 

isogonals given by Sir F. Evans is intermediate to those which were obtained in 1857 

and 1886. At Oban there is an enormous discrepancy, which is not supported by 

Directions of Declination Disturbances. 

the observations made in 1872 and by ourselves on the neighbouring island of 

Kerrera. There can be little doubt that the 1872 observation was subject to a 

powerful local disturbance. The coincidence of the results in the other cases can 

hardly be accidental. The figures are given in the following Table, Kerrera being 

added for the sake of comparison with Oban 
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Declination Disturbances. 

1 
1857. 1872. 1886. 1 

i 

Aberdeen. + 5-1 - 4-0 - 6-7 
Edinbui £;-h. + 19-8 + 10-0 + 4-2 
Kyle Akin. + 38-2 + 27-0 + 24-9 
Oban. - IIT -f- 55'0 - 8-3 j 
Ken-era. -- 5-0 - 6-8 
Thnrso. + 13-8 + 7-0 - 5-2 ^ 
Wick. + no + 7-0 - 8-5 1 

It is difficult to offer any satisfactory suggestion as to the causes of the apparently 

regular change. It may be due only to the fact that the three methods of deducing 

the disturbances by calculations are different, or it may be due to real changes in the 

local forces. Such alterations are not impossible since if the rocks were magnetised by 

induction on the earth’s field tbe direction and intensity of the induced magetisation 

would be subject to secidar change, but the differences are too great to be explained thus. 

But whether local changes have taken place or not, there can be no doubt that the 

neneral distribution of the Declination disturbances in Scotland is the same now as it 

was in 1857. 

In Ma]! 22 the dotted lines are the curves of no disturbance which would have 

been dravm from our own observations alone. The differences introduced by the 

addition of Welsh’s and Evans’s surveys are quite unimportant in the North. In the 

South they simplify the lines instead of introducing com])lications. As the disturb¬ 

ances at Edinburgh and Berwick are of opposite signs, we had to carry a line of no 

disturbance between them. Mr. Welsh, however, had two stations a little to the 

West of Berwick, viz., Makerstoun and Melrose, and at these the disturbance is of the 

same sign as at Edinburgh. 

The introduction of these justifies us in treating Berwick as an isolated station, and 

the simple system represented by the continuous lines results. We have adopted 

these as the true lines of no Declination disturbance in this part of the Kingdom. 

As Sir Frederick Evans did not add any Dips or Horizontal Forces to the list of 

those already known, we proceed at once to the direct comparison of the disturbing- 

forces deduced from our owm and Air. Welsh’s surveys. The magnitudes and 

directions of these calculated by us as above described are as follows :— 
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Disturbing Forces in Scotland from Mr. Welsh’s Survey in 1857. 

Station. Latitude. Longitude. F. 0. Z. 

Aberdeen. 
o < 

57 9 2 05 163 -164° - 227 
Alford. 57 14 2 45 109 - 43 - 72 
Ardrishaig. 56 1 5 27 43 + 151 - 149 
Ardrossan . 55 39 4 47 , , + 223 
Ayr. 55 28 4 38 59 -150 - 147 
Balmacarra. 57 17 5 39 127 + 152 + 51 
Banff. 57 39 2 31 77 + 87 - 148 
Braemar. 57 1 3 25 184 + 9 - 178 
Bridgend. 55 48 6 16 + 309 
Broadford . 57 15 5 51 + 417 
Callei’nish. 58 10 6 44 99 - 6 - 45 
Corpach. 56 51 5 8 100 - 3 + 331 
Cross. 58 29 6 17 90 + 67 + 283 
Balwhinnie. 56 56 4 17 107 + 19 — 183 
Dumfries. 55 5 3 36 96 + 123 - 172 
Durness.. . 58 34 4 44 II2 + 152 + 190 
Edinburgh. 55 58 3 II 94 + 131 - 93 
Fort Augustus. 57 9 4 40 80 - 87 + 89 
Glenmorven. 56 38 5 58 410 + 86 + 1310 
Golspie. 57 58 3 58 7 - 90 + 293 
Gretna. 55 1 3 3 172 -113 - 170 
Helensburgh. 56 2 4 43 149 -139 - 181 
L, Inver. 58 10 5 12 248 -148 - 608 
Inverness. 57 28 4 II 49 - 39 + 163 
Kintore. 57 15 2 23 - 312 
Kirkwall. 58 59 2 58 153 + 45 + 250 
Kyle Akin. 57 16 5 44 174 + 134 + 28 
Lamlash. 55 31 5 5 - 1 
Larbert. 56 2 3 49 - 91 
Lerwick. 60 9 1 8 100 - 6 + 238 
Lochgoilbead. 56 10 4 54 66 - 10 - .363 
Makerstoun. 55 35 2 31 65 + 37 + 162 
Newton Stewart. 54 56 4 28 155 -168 - 137 
Oban. 56 27 5 26 120 - 31 - 303 
Peterhead . 57 31 I 46 71 + 174 - 141 
Pitloclirie. 56 42 3 43 58 -150 - 332 
Port Askaig. 55 52 6 8 + 214 
Stornoway. 58 15 6 23 152 + 7 + 41 
Stranraer. 54 54 5 2 175 -166 - 333 
Thurso. 58 35 3 32 94 + 65 + 89 
Wick. 58 25 3 5 90 + 172 + 316 

These values are shown in hg. 23. The ari'ows represent the Horizontal Forces in 

magnitude and direction. The numbers are the Vertical disturbing Forces in terms of 

O'OOOl metric unit. When negative they are underlined. Lines of no Vertical 

Force disturbance are also drawn. The shaded parts are regions of positive Vertical 

Force disturbance. A comparison of this with figs. 25 and 26 will suffice to show 

that there is a close ao-reement between the two. Thus, in the case of the Vertical 

Forces, v;e both find regions of high Vertical Force along the lines of the Caledonian 

Canal and the Western Isles, and on the East and West Coasts of South Scotland. 

mdcccxc.—A. 2 Q 
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Fig. 23. 

Disturbance map of Scotland, fj-om Mr. Welsh’s survey, 1857-58, 
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There are a few discrepancies in the direction of the Horizontal Forces, but the 

general agreement and occasional differences will be better discussed when we deal, as 

we are now about to do, with separate districts. We propose to treat of the results 

of the two surveys simultaneously, and we think we shall succeed in showing that, 

although it would have been impossible to draw our conclusions from Mr. Welsh’s 

less numerous stations, they are strongly confirmed by the deductions which we have 

made from his survey. 

Fig. 24. 

The Highland District, 

In fig. 24 we have collected all the information which the isomagnetics in Plates V. 

to VIII. afford of this district. Those places only are named to which we actually refer. 

Where the more westerly of two stations has the smaller Declination, the isogonals are 

2 Q 2 
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distorted (Plate V.), and indicate a centre of attraction between the two. A.11 such 

points are marked D. 

Loops in the Vertical Force isomagnetics indicate maxima and minima of Vertical 

Force, which are marked V and v respectively. As no observations could be made to 

the west of the islands in the south-west of Scotland, it is impossible to prove formally 

that the Vertical Forces in this district are maxima. The values at Scarnish and 

Iona are, however, the same as those at Wick and Golspie respectively, which are 

nearly two degrees farther north. We have, therefore, felt justified in marking them 

as maxima, thereby indicating that they are very large. Ganna and Portree are so 

disturbed that but little reliance can be placed upon observations taken there, but 

they both give maximum values of the Vertical Force (Plate VIII). At Corpach and 

Glenmorven we find that Mr. Welsh’s observation gave maximum values of the Ver¬ 

tical Force. At two of the most northern stations the Horizontal Force is a minimum ; 

at three of the most southern it is a maximum (Plate VIII.). They are marked with h 

and H respectively. 

From this map we can form an opinion as to the magnetic constitution of the 

district. Points of high Vertical Force, and centres to which the needle is attracted, 

cluster thickly along a line which passes from Elgin to Inverness, thence along the 

line of the Caledoiiian Canal to Corpach, and so to Mull. 

Another similar line runs north through Skye, and indications of a region of low 

Vertical Force, which separates the two, are given in the minimum values found at 

Gairloch and Loch Inver. There is a subsidiary centre of attraction near Strachur. 

The view that a general attraction is exerted toward the centre of the district is 

supported by the occurrence of maximum and minimum values of the Horizontal 

Force in the south and north respectively. The minima at Loch Boisdale and Soa 

and the maximum at Loch Maddy (which necessarily follows) indicate a strong 

subsidiary centre of attraction to the south of these places. Balfour Stewart, 

arguing from Welsh’s results, placed such a centre to the south of Mull, but as we 

shall show, it is probably to the west of that island (‘ Brit. Assoc. Beport,’ 1859? 

p. 190). 

It must be remembered that all these conclusions follow from the mere inspection 

of the results of the observation with no more calculation than is necessary to reduce 

them to the same epoch. In the next map (fig. 25) we show the results of the calcu¬ 

lations carried as far as possible, i.e., to the point of deducing the disturbing forces. 

The shaded parts are the regions of positive [i.e., of great) Vertical Force. The 

boundaries are fixed by the very rough method of assuming that between neighbour¬ 

ing stations the rate of change of the disturbing force is uniform. The arrows repre¬ 

sent the Horizontal disturbing Forces in magnitude and direction. The dotted arrows 

represent the disturbing forces calculated from Mr. Welsh’s survey. 

Tliere are only two or three discrepancies, and they all occur, as we anticipated, near 

valley lines. The most remarkable is Stornoway. There can be no doubt as to the 
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accuracy of our results obtained on three different occasions and at two stations, and 

we can only suppose either that there has been a real change or that Mr. Welsh’s 

station was subject to some very great local disturbance. Lochgoilhead, which our 

observations place just over the valley line in the next district is, according to W^ei.sh, 

just within this. At Pitlochne there is a large angle between the two forces. It is 

doubtful whether the valley line is here correctly drawn. The region of high Merticel 

Higliland. Di.strict. 

Force near Crieff seems to belong to the next district. At Crieff itself the disturbance 

of the Vertical Force is a maximum, and there is probably a peak in the neighbour¬ 

hood. The direction of the Horizontal Force cannot therefore be deduced from the 

Vertical Forces, and the fact that it happens to act northwards has perhaps led to its 

being wrongly included in this district. If the valley line runs direct from Alford to 

Lochgoilhead it would pass close to Pitlochrie. Our result would thus make its 
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relations uncertain, as the direction of the Horizontal Force would lie nearly along 

the valley line. The direction deduced from Welsh’s observation would place it in 

the next district. The same remark applies, though more doubtfully, to Ardrishaig. 

If, however, these three or four border stations be put aside, the map leads to a 

consistent view of the magnetic state of the district, which is in exact accord with 

that previously arrived at. The ridge line lies in the region of greatest Vertical Force 

disturbance. The Horizontal Forces tend towards that region, and at points within 

it are, on the whole, directed to the ridge line. The discrepancies between our results 

and those of Mr. Welsh are hardly, if at all, greater than those between our own, 

when repeated. It is remarkable that the south-western stations indicate a centre of 

attraction out at sea, but our results are completely confirmed by Welsh’s at Glen- 

morven. We should certainly have expected a priori that Mull, which is highly 

basaltic, would be a centre of attraction. 

Between Elgin and Banff there is a strong local centre. Welsh observed the 

Horizontal Force at Banff only, but the Declination obtained by him at Elgin is less 

than that at Banff, the difference being about 10', as against 7' given by our survey. 

The twm sets of observations are thus in agreement. 

lice Scotch Coal-field District. 

This district is bounded on the north by the valley line which forms the southern 

boundary of that which has just been discussed. 

The southern boundary is inclined to the magnetic meridian at an angle which does 

not give any special advantage to either the Horizontal Force or the Declination as 

a means of determining its position. We have therefore taken the Declination line 

corrected (as described on p. 296) by Welsh’s observations at Makerstoun and Melrose. 

There is not a single abnormal station in this district, and the results of Welsh’s 

observations fit in very well wdth ours. At Ayr, indeed, there is a very considerable 

discrepancy, and the forces at Alford and Gretna are larger than we should have 

expected if they are regarded as the resultants of the attractions of the two regions, 

close to the boundaries of wdiich these stations are situated. 

All the four stations at which the Horizontal Force is a minimum, viz. (taking them 

in order from the west), Cumbrae, Bow, Stirling and Dundee, are situated close to the 

northern boundary of the Scotch Coal-field, in which there are large masses of basalt. 

The ridge line runs through the middle of this basaltic district and passes through 

or near two regions in wBich the disturbance of the Vertical Force is positive [i.e., in 

which the force is great) to the east and west respectively.- At Cumbrae the Vertical 

Force is a maximum, and the existence of a region of high Vertical Force in this 

neighbourhood is remarkably confirmed by the fact that Welsh’s observations give a 

positive disturbance at Ardrossan a few miles further south, though at the neighbour¬ 

ing stations both to the south and north it is negative (fig. 23). On the wdrole then 
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there can be no donbt that in this district the ridge line passes through the region of 

greatest Vertical Force disturbance. It obviously does so in the east. In the west the 

region of positive disturbance is defined by a single station only, and its boundaries are 

uncertain. If we included Welsh’s observations at Ardrossan they would be pushed 

further south. In the central region there are clear indications of a maximum dis¬ 

turbance, though the largest values are negative. Thus at Row and Stirling the 

Scotcli Coal-field District. 

Vertical Force disturbances are —•0188 and —•0002; at. Glasgow and Carstairs 

'—•0080 and —‘0079 ; and at Ayrand Hawick —'0145 and —^0099. The two central 

stations which are nearest to the ridge line have algebraically the largest values. 

The convergence of the Horizontal disturbing Forces towards the ridge line is 

unmistakeable. The isogonals (Plate V.) give evidence of a subsidiary centre of 

attraction near Lochgoilhead, 
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North-Western England, North Wales, and Galloway. 

The stations in this group are bounded on the west by the northern part of the 

Irish Sea. They are few in number, and so large a portion of the intervening spaces 

is covered with water that we cannot hope to unravel the intricacies of the district. 

Fig. 27. 

The valley line which bounds it on the east has been drawn through the centre of 

the region of low Vertical Force whicli exists there (see Plate XI.). The southern 

part is obtained from the Horizontal Force disturbances (see Plate X.). 
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At Dumfries and Carlisle the disturbing forces are small, and coincide in direction 

with the valley line, i.e., they fairly represent the resultants of two attractions 

exerted on each side of it. At Stranraer, and in the Isle of Man, our disturbiug 

Horizontal Forces act towards the south, and this result is confirmed by those 

Fig. 28. 

deduced from Welsh’s observations at Stranraer and Newton Stewart. They are 

much larger than ours, and at Dumfries the southward tendency is more marked. It 

must be remembered, however, that the calculations by which these results have been 

deduced from the 1857 survey have been conducted on the assumption that the 

mdcccxc.—A. 2 R 
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Scotch isomagiietics are linear functions of the coordinates which determine the 

geographical 2;)osition, and that the errors involved in the assumption would chiefly 

alFect stations such as these, which are on the border of the district. 

If it is necessary to prove that these results are independent of the method of 

calcnlation, Fig. 28 is sufficient for the purpose. 

The lines of equal Horizontal Force converge in a most remarkable way towards 

North Wales, which is one of the most certain indications of a centre of attraction. 

Again the Declinations at Holyhead and Llandudno differ only by 0'*4, while the 

difference of longitude corresponds to 25'. This again is strong evidence of the 

existence of a centre of attraction between them. 

If, as appears probable, there are two regions of high Vertical Force in the district, 

it is possible that the northern one may be connected rather with the Cumberland 

Lakes than with North Wales. However this may be, and while fully admitting 

that it requires further study, we think that this district appears to obey the rules 

which hold good elsewhere. 

The North-Eastern District. 

This district is bounded on the north and west by valley lines which have been 

already described. On the south we have drawn a line which passes through the 

centres of twm regions of negative Vertical Force disturbance. 

The southern portion lies wdthin the limits of our special surveys and has been so 

fully discussed that nothing need be added here. The northern part presents a 

feature of peculiar interest. 

The results as directly observed do not furnish such clear indications as in a district 

where the presence of crystalline rocks is more obvious. The isogonals are, how^ever, 

bent in the peculiar manner which indicates centres of attraction. Thus the 19° 6' 

line (Fig. 29) points to such a centre to the south of Thirsk, the 18° 48' isogonal 

points to another between Hull and Gainsborough. As botli these lines depend in 

part upon the same stations, it is satisfactory to find that they are completely con¬ 

firmed by the quite independent 18° 16' line wdiich runs nearly due east and w^est 

between Lincoln and Mablethorpe. 

The Vertical Force isomagnetic which corresponds to 4'516 metric units bends 

southward to Thirsk in a way that is again an indication of a centre of attraction. 

There are thus signs of an attractive region lying between the following pairs of 

stations, viz., Mablethorpe and Lincoln, Hull and Gainsborough, Thirsk and Leeds. 

On turning to the disturbances (Plates IX. and X.), we find that both the 

Declination and the Horizontal Force give nearly coincident ridge lines running 

along the line just indicated. The declination line passes northw^ard to the Cumber¬ 

land Lakes and southward to tlie Wash. The Horizonal Force line turns south amid 

the Yorkshire Hills and runs toward North Wales. 
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As we should expect from the close agreement of the Declination and Horizontal 

Force ridge lines the disturbing forces in this district are very easy to interpret. In 

no place in the kingdom is a locus of attraction more clearly indicated. At Appleby, 

Thirsk, Hull, and Mablethorpe the disturbing forces act in a south or south-easterly 

direction; at Giggleswick, Leeds, Gainsborough, and Lincoln they point north-east. 

A well-marked ridge line thus runs from the Lincolnshire Wolds through Yorkshire 

and the limestone district of Westmoreland to the Cumberland Lakes. 

Fig. 29. 

Ill the southern part of its course it traverses a region of high Vertical lorce, and 

passes near the station at which the positive disturbance is a maximum, terminating 

in the Wash peak. 

The observations at Manchester and Chesterfield appear to indicare another centre 

of attraction in the limestone district of Derbyshire, but two stations are hardly 

sufficient to decide such a point. It is, however, very significant that the limestones 

of Derbyshire are intercalated with the basaltic rocks known locally as “toadstones, 

and although these do not cover a great area at the surface it is by no means 

2 R 2 
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improbable, as Professor Judd informs us, tliat large masses of similar rocks occur at 

no great deptli. 
Eig. 30. 

Nortli-Eastern England. 

The Southern District. 

The Southern District contains those parts of England and Wales to the south of 

the regions which have already been discussed with the exception of Devonshire and 

Cornwall. In the latter outlying district the disturbing forces indicate on the whole 

an attraction to the south of the peninsula. 

The Home Counties have been already discussed, and we only refer to the district 

again to point out that the ridge line which runs westward through the Heading peak 
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is continued into the Welsh coal-fields. This fact is very important, and will be 

hereafter discussed when we consider the relations between the magnetic and 

geological peculiarities of this district. 

Fig. 31. 

Southern England and Wales. 

Ireland. 

In Ireland, as elsewhere, the Horizontal Forces tend towards the regions of greatest 

Vertical Force. 

At Coleraine and Waterfoot, stations to the north of the great mass of basaltic 

crystalline rocks in Antrim, the disturbing forces tend southward. At Cookstown 

Junction and Bangor, on its southern borders, they are directed to the north. 

Kells is a point of maximum Vertical Force, and the forces at neighbouring stations 

are all du-ected. towards it. 

A clearly marked ridge line runs through a region of positive Vertical Force 

disturbance in Connemara, and extends to the north beyond it. 

Another series of stations of high Vertical Force extend eastwards from Clare, and 

they apparently dominate all the region to the south of them. The direction of the 

disturbing force at Kilrush is anomalous. At Charieville there is a minimum of 
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Vertical Force, and therefore tire direction of the Horizontal Force cannot be deter¬ 

mined from the rnle. 

The Wicklow and Arklow mountains, which are composed of granite, do not 

appear to exert any important effect on neighbouring stations, hut there is a region of 

high Vertical Force in Wexford. 
o 

Magnetic Map of the United Kingdom. 

In Plate XIII. we have attempted to represent the magnetic state of the whole 

country by bringing together the results of our studies of the magnetic districts into 

which it may be divided. 

The valley and ridge lines are shown. The unshaded parts are regions of 

negative Vertical Force disturbance, and the three shades employed indicate that the 

disturbance is greater than 0 but less than '01, greater than ‘01 but less than 

'02, and greater than '02 metric unit respectively. 

The lines representing the Horizontal Forces are drawn to a scale on which 

1 mm. = O'OOl metric unit, except at Ganna and Soa, where the disturbances are so 

large that the arrows would be inordinately long. 

Considerations which have been adduced in the foregoing discussion have led us to 

depart, in a few minor points, from the strict rules by which the valley and ridge 

lines have been drawn. Thus, the line which separates the Highland and Scotch 

Coal-field Districts has been drawn so as to include Crieff in the latter. 

The rather uncertain valley line in Mid-Wales, which was taken from the 

Horizontal Force disturbances (Plate X.), is replaced by the closely neighbouring- 

ridge line, taken from the Declination disturbances (Plate X.). This would necessitate 

valley lines on each side of it, the ]:)Osition of which is uncertain. 

In Ireland too, the ridge line which runs from Anti’im to the neighbourhood 

of Kells, is not very definite, and it is best to consider the clearly marked portion of it 

in Antrim as only doubtfully connected with the centre of attraction near Kells. 

These points must be left for future investigation, but the unquestionable existence of 

widespread regional disturbance in the districts we have specially studied in England, 

together with the general agreement between the two maps of Scotland, deduced from 

the surveys of 1857 and 1886, leads us to hope that Plate XHI. gives the first approxi¬ 

mation to a map of the disturbing magnetic forces in play over the whole kingdom. 

On the Relation behveen the Magnetic and Geological Constitution of the Magnetic 

Districts. 

Up to the present, we have discussed the various districts into which we 

have divided the country from the point of view of their magnetic peculiarities only. 
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It now remains to investigate the question whether any connection can be established 

between these and their geological characteristics. 

It is well known that certain varieties of crystalline rocks are often more or 

less magnetic, and that when they are permanently magnetised the poles are sometimes 

very irregularly distributed. 

We have, however, thought it worth while to investigate the magnetic state of 

some pieces of diorite and basalt, brought from Malvern and Canna respectively. 

The fragments were cut into small rectangular blocks, delicately suspended and 

tested. We have to thank Dr. Hoffert, Demonstrator in the Phj^sical Laboratory 

of the Science Schools at South Kensington, for undertaking this part of the work. 

The observations were very tedious, and were, for the most part, made by Messrs. 

Gray, Anderson, and Wilkinson, students in the laboratory. 

Of several blocks from Malvern only one showed any polarity in its natural state, 

but when placed between the poles of an electromagnet it became magnetised by 

induction, so that the time of oscillation was reduced from 72* to 56*. The stone 

brought from Canna was part of a basaltic column and its upper, lower, east and 

west ends were marked. It showed polarity, but the upper end was a north-seeking 

pole, so that it was magnetised in a direction opposed to that which would be induced 

by the magnetic field of the earth. The moment due to the permanent magnetism 

was calculated by three different methods, viz. : (1) by the difference of time of 

oscillation when the direction of the field (about twelve times as strong as that 

of the earth) was reversed, (2) by the deflection when the stone was placed 

E. and W., and (3) by the difference of times when the position of the stone was 

reversed. The results obtained were 

•0023 -0027 and ’0019 C.G.S, unit. 

The periods of oscillation were 93® and 86® in the earth’s field and the artificial 

field above described. The general conclusion arrived at was that, as the volume was 

about 1 C.C., the permanent intensity of magnetisation was about 0'002 C.G.S. unit, 

and that in a field of strength F the induced intensity was about O'OOIS F. 

We have examined the relations between the magnetic disturbing forces and the 

geology of the area of the survey by means of a geological map which has been 

specially prepared for us under the kind superintendence of Professor Judd (Plate XIV.). 

Details are disregarded, but the principal masses of basaltic and non-basaltic crystal¬ 

line rocks and the main groups of the sedimentary formations are clearly distinguished 

from each other. This may be compared with Plate XIII., in wdiich the magnetic 

disturbing forces and the ridge and valley lines are shown. 

As the ridge lines are drawn according to an arbitrary rule, they are only intended 

to draw attention to the districts in which loci of attraction probably exist. We 

have no real knowledge of their distances from the stations between which they run. 

In the geological map, therefore, the stations on each of the principal ridge lines have 
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been connected Ijy lines, the spaces enclosed have been shaded, and thus the districts 

within which the main loci of attraction probably He are clearly indicated. 

It must be remembered that the outlines of these districts depend largely on the 

accidental positions of stations which were selected without reference to them, and 

that we must rather expect such rough indications of relations between magnetic 

and geological facts as may serve to guide future investigations than complete 

and unmistakeable harmony. 

When regarded from this point of view, however, we think the results are very 

suggestive. 

In the Highlands one region of attraction encloses the Caledonian Canal, another is 

evidently in close relation with the basaltic masses in Skye, Glenmorven, and Mull, 

though, as has been pointed out, the main centre of attraction appears to be to tlie 

west of these islands. 

A third region in Scotland encloses the basaltic rocks of Arran and of the Scotch 

Coal-fields. The fact that the Fifeshire basalt lies outside it is probably due onl}" to 

the accidental circumstance that we have no stations between Stirling (47) and 

Dundee (21). 

A fourth region evidentlv consists of the Antrim basalt. There is a fifth in 
O 

Connemara, where the rocks are granite. 

With regard to North Wales, if we consider it as forming one district with Shrop¬ 

shire, we see that a line drawn through the centre of the basaltic rocks would first 

run from east to west, then nearly north, and finally turn to the west between 

Anglesea and Carnarvonshire. The district is thus very irregular and the ridge lines 

do not give much information, but we must point out that the Horizontal Forces at 

the stations which border it all tend inwards towards the axis above suggested. This 

is true of Holyhead (90), Llandudno (106), Llangollen (107), Shrewsbury (138), 

Aberystwith (55), and Pwllheli (128). 

If this suggested relation is hereafter verified, every considerable mass of basaltic 

rock in the kingdom will be closely connected with a region of magnetic attraction. 

Of smaller masses it is to be noted that at Falmouth (80) the disturbing force acts 

southward toward the serpentine of the Lizard, and that the relatively small masses 

in Pembrokeshire and Wexford are within another region of attraction. Our 

measurements do not assign any particular inpaortance to the outcrop of basaltic rock 

near Limerick (185) nor to the dykes in the north of England. It is, however, 

curious that a line drawn through Melton Mowbray and the Wash peak (indicated 

by circles) passes towards Wales through the only basalt in the Midlands. 

Taking the evidence as a whole, we think we are justified in saying that large 

masses of basaltic rock indicate regions of magnetic attraction. 

The other crystalline rocks appear to be much less important magnetically. Thus 

the Malverns, though a strong local centre, do not disturb a district of any consider¬ 

able magnitude. If the effects of the two classes of rocks when they appear on the 
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surface are in such marked contrast, it may be open to question whether strong 

magnetic attraction in a district in which no crystalline rocks appear on the surface 

does not indicate not only crystalline hut basic crystalline rocks beneath it. 

However this may be, there are two regions of attraction which are not connected 

with basaltic rocks on the surface, at all events as the main cause of their 

peculiarities. 

One of these runs westw^ard from London to the South Wales CoaJ-field, and the 

directions of the disturbing forces in Wexford are such as would be caused if it crossed 

the Irish Channel. This extension is doubtful, but the line is most clearly marked 

right across England, and its general direction is such as to make it almost impossible 

to avoid the conclusion that it is connected with the palreozoic ridge, the existence of 

which, long ago predicted by Mr. Godwin Austen, has lieen jrroved by deep borings 

near London, and which is supposed to connect the Welsh and Belgian Coal-fields. 

If the palaeozoic rocks are nearer the surface here than elsewdrere, the cr^^stalline 

rocks may approach it also wfithin a moderate distance, and if they are susceptible to 

magnetisation the observed results would follow. The palaeozoic rocks are supposed 

to form basins, and if those beneath them have a similar outline, it would be possible 

to explain a centre of attraction such as the Reading peak. 

The last region of attraction runs from the Wash through south-east Yorkshire 

toward the Cumberland Lakes, and, as Professor Judd first pointed out to us, it 

includes the line to the north of the Humber, along which the oolitic and liassic 

strata thin out rapidly, and where, therefore, the crystalline rocks are probably 

suddenly brought much nearer to the surface. It is continued northward toward the 

igneous masses in Cumberland. 

The centre of attraction which apparently exists at Kells, in Ireland, is not suffi¬ 

ciently accounted for by the surface geology of the district in which it is placed, and 

we have not felt ourselves justified in representing it as connected with the Antrim 

basalt, as the fact that this connection requires further confirmation has been already 

pointed out. 

On the whole, then, we think we may assert that every region of magnetic 

attraction, with the possible exception of that near Kells, is marked either by the 

presence of basalt, or by some geological peculiarity which makes it possible or even 

probable that within it crystalline rocks, capable of affecting the magnet, are nearer 

the surface than elsewhere. This is possible as regards the line of fault marked l)y 

the Caledonian Canal, and probable as regards south-east Yorkshire and the soutlr of 

England. 

The former district is remarkable from the fact that it was far more strongly 

afiected by the earthquake of Lisbon than tlie rest of the British Isles, and this may, 

perhaps, indicate that it has special relations to the primary rocks, wdiich would 

account for its magnetic importance. 

MDCCCXC.—A. 2 S 
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On comparing the geological map with Plate XIIL, on which the disturbing forces 

are shown for the whole country, a difficulty arises from the fact that the Vertical 

disturbing Forces appear, on the whole, to be greater over the districts in the east and 

south of England, where the later sedimentary lucks occur, than over Wales and 

Ireland, where, from tlieir absence, it would primd facie appear probable that the 

downward attraction would be greater. 

Of course many hypothetical explanations could be offered of the fact, such as that 

the primary rocks in England might possibly contain larger cjuantities of ferruginous 

matter, &c., but we must be content with observing that if a fairly uniform increase in 

the disturbing Vertical Force were to take place from east to west, it is very doubtful 

whether we should have detected it. Probably it would cause a disturbance of the 

first order, the terrestrial lines would be deflected, and the disturbances at distant 

points would not be comparable. 

If the true Vertical Force isomagnetics could be prolonged beyond Wales into 

another district in which the tertiary strata re-appeared, a southward trend in Wales 

would indicate an increase in the force. On looking at Plate VIII. we think it wall be 

admitted that the slope of the lines of equal Vertical Force is greater in Wales than 

in England, which is in harmony with the existence of a southward bend, but the 

fact that they are extremely irregular and terminate on the west in the sea makes 

any certain deduction impossible. We must, therefore, regard the distribution of the 

Vertical Force disturbances as presenting some difficulty, and must emphasise the 

necessity of using them only to compare neighbouring stations. 

IVie Causes of Local and Regioncd Magnetic Forces. 

It lias long been known that distortions of the isomagnetics occur chiefly in the 

neighbourhood of crystalline rocks, and it has been generally assumed that this is due 

to so-called rock magnetism, the rocks being magnetised either permanently or by 

the inductive action of the earth’s field. 

Er, Naumann, in the work already quoted (‘ Die Erscheinungen des Erdmag- 

netismus,’ Stuttgart, 1887), has recently opposed this view. 

The arguments which may be brought against it are : (1) That rocks brought from 

considerable, depths do not exhibit magnetic qualities until they have been for some 

time upon the surface ; (2) That the effects which rocks or mountains produce on the 

magnet, even if very great when the distance is small, diminish so rapidly as the 

distance increases that they are quite insufficient to account for the widespread effects 

which are attributed to them; (3) That extensive local magnetic disturbance is 

associated rather with geological faults than with the presence of igneous rocks; 

(4) That the cause of the phenomena is to be looked for in the effects produced on 
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earth-currents by dislocations of the strata rather than in rock magnetism. We will 

consider these arguments in the inverse order to that in which we have stated them. 

Mr. Preece, F.R.S., Chief Electrician to the General Post Office, has been good 

enough to have measurements of the earth-currents made in several of the districts 

in which we have found large disturbances of the Declination. The currents flowing 

between various post-offices have been observed, and the dmections and intensities of 

the currents noted. 

The following Table gives the data obtained on telegraph lines between Melton 

Mowbray and stations in its neighbourhood. The letters P.D. signify Potential 

Difference. 

Station. Bearing from 
Melton. 

Distance 
from 

Melton in 
miles. 

Earth cur¬ 
rents in 

milliamperes. 

Direc¬ 
tion of 

current. 

Resistance 
of circuit 
in ohms. 

P.D. 
per mile in 

volts. 

Long Clawson .... K 17° W. .0 0-062 From 912 0-009 
Oakham. S. 50° E. 9-0 0-045 Melton 477 0-002 
Asfordby. W. 2-5 0-070 in all 317 0-009 

„ (Private Line) W. 15° N. 1-9 0-067 cases 317 0-011 

These potential differences per mile are much smaller than those which occur 

during magnetic storms, and which on the earth-current theory must, we suppose, be 

regarded as the causes of the deflections of the Declination needle wdiich then take 

place. During a very violent storm in 1881 Mr. Preece found a P.D. of 1’9 volt 

per mile. We will take for comparison a less extreme case. Yearly records of the 

movements of the Declination needle, and of the reg-isters of the earth-currents 

apparatus, are published by the Greenwich Observatory, and the Astronomer-Poyal 

informs us that half an inch on the earth-current registers corresponds approximately 

to a P.D. of one volt in circuit. 

On September 10, 1886, an increase of 16' took place in the Declination between 

22'’ and 22'’‘5, and between 2l‘’'8 and 21'’'2 a change in the intensity of the current in 

one of the circuits occurred which corresponded to a change of P.D. of about 0'9 volt. 

The direction of the current was such as to produce the observed movement of the 

needle, and if wo regard the current as its cause, since the distance between the earth 

plates is 3 miles, we find that a deflection of 16' was produced by a potential difference 

of 0'3 volt per mile. 

There are two earth-current circuits mutually at right angles, both of which are 

inclined at about 45° to the magnetic meridian. The second was but slightly affected, 

and, therefore, the effective difference of the potential was about 0’3 cos 45°= 0'2 

volt per mile nearly. 

At Melton Mowbray we find the disturbance of the Declination to be 33' W. at one 

2 s 2 
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of the two stations. It changes very rapidly, falling to 26' W. within a mile and a 

quarter, and to nearly 30' E. at Loughborough, which is thirteen miles distant. If 

currents produce it they must therefore be very local. On the other hand we know 

that the disturbances produced during magnetic storms are simultaneous over areas 

such as that of the United Kingdom, and if the currents produce the deflections, they 

also must be widespread, so that if we assume that the same earth-current is required 

at Melton to produce a permanent deflection as is observed at Greenwich when an 

equal temporary deflection takes place, we are not overstating the case. 

Now, during the whole of the year 1886, there w^ere only a few occasions on which 

the earth-currents w^ere stronger than on that which we have selected as an example, 

and we may therefore say that on the earth-current theory there should be permanently 

at Melton a potential difierence of 0'3 volt per mile (for the smaller deflection of 26' is 

1’6 times that observed at Greenwich on the selected occasion) an amount which is only 

registered at Greenwdch during violent storms, and is nearly thirty times greater than 

that observed in a circuit only two miles in length in the neighbourhood of Melton itself. 

So far we have dealt only with the magnitudes of the currents. The case becomes 

much stronger when we consider their directions. On all the circuits out of Melton 

Mowbray referred to in the table on p. 315, the earth-currents flowed from that station. 

Hence, on all the currents except that to Oakham, the direction of the current was 

such as to produce a deflection of the North Pole to the east, i.e., in the opposite 

direction to that which was actually observed, wdiile the P.D. between Oakham and 

Melton was the smallest of those measured, being only 0'002 volt per mile. We do 

not lay stress on this, as the distance was perhaps rather too great, the main fact being 

that the earth-currents between Asfordby and Melton, on the same side of the latter 

town as that on which our second station was placed, were not only much too small (if 

Ave may judge from what is observed at Greenwich) to produce the observed deflection, 

but that they were actually in the wrong direction. 

To make certain that notliing in this argument depends upon the particular deflec¬ 

tion obtained at Greenwich on the selected occasion, we have taken tArenty other 

examples in Avhich Declination disturbances of from 3' to 22' were accompanied by 

changes in the earth-currents. To avoid the necessity for correcting for diurnal 

variation they Avere chosen from the nocturnal hours Avhen the magnet is normally 

steady, and occasions Avere selected on Avhich one circuit only Avas appreciably affected. 

Except in these particulars they were chosen haphazard. 

If we divide the E.M.F. per mile in volts (V) by the Declination disturbance (A) aa^ 

get a number which expresses a relation betAveen the two, and Avhich, if they Avere 

cause and effect, ought to be constant. The following table shoAvs that the selected 

example Avas not particularly taAmurable to our vieAvs. As the first station at Melton 

was on the south side of the toAvn Ave assume that the potential difference was 

the same as that betAveen Melton and Oakham. At the second station we take it to 
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be that between Melton and Asfordbj. Tn both cases the whole is supposed to be 

effective, i.e., it is not resolved along the magnetic meridian. A negative sign means 

that the current flowed in the direction opposite to that which would be required to 

produce the observed deflection. 

Station. 

Greenwich . . . <|^ 

Melton Mowbray. | 

I.argegt value of V/A . 0'028 
Smallest „ ,, . 0'008 
Mean ,, ,, . 0'016 
Value on selected occasion O'OIS 
Station 1.O'OOOOG 

„ 2 . 0-00040 

We are quite aware that an argument of this sort is open to criticism. The exact 

relation between earth-currents and magnetic storms is uncertain; in short circuits 

the eai'th-currents may be masked by those due to the earth-plate, and we have been 

compelled to assume that the conditions at Greenwich and Melton are the same. 

We should not, therefore, have put the argument forward had the conclusion depended 

on any irice balance of figures. As it is, we think it supports the view that the per¬ 

manent earth-currents at Melton Mowbray are very much less, and less extended, 

than the temporary currents observed at Greenwich during ordinary but considerable 

storms, though the permanent Declination disturbance which they are supposed to 

produce is of the same order as the temporary deflections which are observed simul¬ 

taneously with the currents at Greenwich. 

Similar results were obtained near to the Beading and to the Wash disturbances. 

If these are produced by earth-currents they must circulate round the peaks, and thus 

the potentials at points on opposite sides of them should be different. Near the 

Wash the direction of the telegraph wires is not very favourable for a test, but we 

owe to the kindness of Mr. Preece, to whom we must again express our obligation, a 

series of measurements made at Pleading and Windsor. Of these it is only necessary 

to say that, though Reading and Windsor are on opposite sides of the focus of 

disturbance, and though the needle is deflected 11' to the west at Windsor and 

6 to the east at Reading, so that the assumed current circulating round the peak 

ought to run in opposite directions through them, the observed earth-currents were so 

small that no measure of their magnitude could be taken. 

It might be urged, in answer to these arguments, that the earth-cnrrents by which 

: local disturbances are produced are not mere surface currents, but that they flow 

r through the mass of the earth, j^ossibly where the strata are (as recently suggested by 

i Professors Lamb and Schuster) of higher conductivity. 

I To this it may be replied that the greater the depth at which the currents are 

i 
j 

1 
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supposed to be situated, the more difficult is it to account for the fact that their 

effects are so local. 

A more conclusive answer is the fact that our observations show clearly that the 

needle is attracted to certain lines or points round which currents would have to 

circulate in the same direction with the hands of a watch) in order to account for 

the facts. If the magnetic field of the earth is due to currents flowing from east to 

west, it is easy to imagine that they might be deflected by layers of more or less 

than average conductivity ; but why should they form local eddies, in which the flow 

is always in the same direction ? They must circulate similarly round the Heading and 

Wash peaks, round Kells, probably also round the Antrim basalt and the Toad-stones 

of Derbyshire. In accordance with Commander Creak’s investigation, they must flow 

round magnetic islands in opposite directions in the two hemispheres. They must 

flow in difterent directions on the two sides of the palaeozoic ridge in the southern 

counties, of the Malverns, of the Yorkshire ridge, of the Scotch coal-field, and of the 

Caledonian Canal. It may be possible to imagine physical causes which would account 

for such a state of things, but it does not appear easy to frame an hypothesis which 

shall be more probable than that involved in the theory of magnetic rocks. 

As regards Dr. Naumann’s view, that geological faults determine local magnetic 

action, it is disputed in its application to Japan by Dr. Knott, who has superintended 

the recent magnetic survey of that country. We find &t Malvern a mass of crystalline 

rock bounded by a fault. Either the rock or the fault may be supposed to be the 

cause of the attraction toward the ridge which is undoubtedly exerted on the needle; 

but whereas the rock is susceptible of magnetisation, and its effect on the magnet is 

precisely such as would be produced if it were magnetised by induction in the earth’s 

field, there is no shred of direct evidence to prove that the fault is capable of causing 

or deflecting earth-currents, so as to make them flow in opposite directions on its 

opposite sides. It is more probable that the action of faults is due to the displacement 

of crystalline rocks in their neighbourhood ; and that a fault is, at all events, not a 

necessary cause of regional attractions is proved by our observations in Scotland. Two 

great fault lines traverse that country, one coinciding with the Caledonian Canal and 

the other running from Stonehaven to the mouth of the Clyde. The first of these is, 

and the second is not, associated witli a locus of attraction. 

Taking the next argument in order, we agree that mountains which exercise . 

considerable influence on the magnet when close to them produce no effect at distances 

which are small relatively to the range of regional disturbances. It must, howevei’, 

be remembered that the depth from the siuTace to magnetic rocks concealed by over- 

lying strata may not exceed the horizontal distances at which the Malverns and the 

Wash affect the Declination, and that their influence on the Vertical Forces might 

extend over vast areas. If, as would often be the case, they were not horizontal, but 

approached the surface by a gentle slope, the magnet would certainly tend to turn 
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towards or away from the nearer and more elevated portions, according to the nature 

of their magnetisation. 

If the slope were less than the angle of Dip, tiie sides of the suh-terrestrial hill 

would be magnetised, so as to attract the north-seeking pole, and the empirical rule 

that the Horizontal Forces tend toward places of greatest Vertical Force would be 

amply and completely explained. 

Dr. Naumann’s argument loses a great part of its force if we regard a widespread 

disturbance of the isogonals around a mountain range as due not to the direct action 

of the mountains but to a far reaching mass of rocks of which they are the 

culminating point. 

Lastly, as to the statement that rocks containing iron only become magnetic when 

brought to the surface—without impugning the actual observations, we can only say 

that so important a generalisation requires a much more extended basis of fact than 

any that is provided for it. If the Malvern granites produce in their immediate 

neighbourhood a magnetic effect, it is evident that rocks, the susceptibility of which 

can only be detected by refined methods, may in lai’ge masses deflect the lines 

of force in the earth’s magnetic field to an appreciable extent. 

On the whole then, while fully admitting that there is room for much further 

investigation on this head, and that any view is more or less hypothetical, we do not 

think that any theory has hitherto been proposed which offers fewer difficulties than 

that of rock magnetism. 

If the cause of the magnetic disturbance is induced magnetism, it would vary with 

the direction and intensity of the earth’s magnetic field, but the change conld hardly 

be great relatively to the secular variations of the elements. It is therefore important 

to note that in the ‘Phil. Trans.’ for 1870 (vol. 160, p. 274), Sir E. Sabine gives the 

Declination at Greenwich and Kew as having been practically identical in 1842'5. 

His values are :— 

Greenwich.23° 13', 

Kew.23° 11'. 

As according to his isogonals the Declination at Kew should, at that epoch have 

been 9' greater than that at Greenwich, whereas, according to his table, it was 2' less, 

the difference due to disturbance was — 11' {i.e., the Kew value was too small), 

I-whereas in 1860 it was + 11', in 1865 -h 10', and is now 10' (p. 270). If then we 

accept Sir E. Sabine’s table as correct, we must assume that a disturbance difference 

amounting in all to 22'was established between 1842'5 and 1860, which has remained 

constant during the twenty-nine years which have elapsed since the latter epoch. 

We, therefore, wrote to Mr. Whipple asking him for information as to the 

observations given by Sabine, as having been made at Kew in 1842'5. It should be 

noted that the authority quoted by Sabine is “ Ob',” which indicates an official origin 

for the value given. 
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Mr. Whipple writes, “ I have now looked over all the MSS. papers I can find, 

referring to this Observatory in 1842, and I am quite unable to find any reference to 

the observation C[Uoted in the ‘Phil. Trans.’for 1870, p. 274. There was no Staff 

here at the date, nor any official publication, hence I do not see how “ Observatory,” 

or, as printed, “ Offi,” could be any authority. Again, in Sabine's contribution, ‘ Phil. 

Trans.,’ 1849, p. 208, Greenwich and Bushey are both given with the names of the 

observers, and 1 think there can be no doubt that if Sabine had observed here in 

1842, he would have certainly quoted the observations in that table. ... I fear we 

must consider it somewhat too hypothetical to trust to.” 

On the whole then, it appears to us most likely that the number given by Sabine 

was not deduced from an observation made in 1842, hut was reduced to that epoch 

from the Kew Observatory records, which did not begin till some years afterwards, 

and that in the deduction some numerical blunder was made. 

Summary. 

We may now attempt to sum up the result of our studies of local aiad regional 

magnetic forces in the United Kingdom. 

We have proved beyond possibility of doubt that two centres of attraction exist 

near Beading and the Wash respectively, and in the former case it is evident that the 

Horizontal disturbing Forces tend towards regions of maximum Vertical disturbing 

Force. 

We have then gone through the United Kingdom district by district, and have 

shown that the same rule holds good everywdiere. Putting aside stations of 

maximum or minimum Vertical Force and stations on valley lines (wdiich do nob 

furnish real exceptions) there are not half a dozen which are clearly anomalous in 

the whole 200 ; nor has this result been obtained by splitting the whole area of the 

survey up into a large number of small districts which have been carved cut so as to 

secure an appearance of uniformity of behaviour. Omitting the border stations on the 

south of Scotland, in Devonshire and Cornwall, the Channel Isles and Dover, the 

magnetic constitution of the rest of Great Britain is accounted for by five principal 

ridge lines only. 

The first is coincident for a great part of its length with the direction of the great 

fault of the Caledonian Canal. The second and third are connected with the masses 

of basalt in the Western Isles and the Scotch Coal-field respectively. 

The foiu’th runs for 100 miles parallel to, if not coincident with, a line in Yorkshire 

and Cumberland along which geologists believe that crystalline rocks may occur near 

the surface, and sends out a branch toward the igneous rocks ’which occur in North 

Wales. 

The fifth runs for nearly 200 miles from London to Milford Haven along another 

similar geological line, and sends out a branch to the south coast from near Beading. 
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It is probable that to these a sixth in North Wales and Shropshire should be added. 

There are indications of other minor centres at Malvern, in Derbyshire, and in the 

neighbourhood of Charnwood Forest, but the number of stations involved is small. 

The vast majority are included in the few and simple systems above described. 

These results are not the outcome of the calculations only, for all the principal 

conclusions can be drawn from the observations alone. Mr. Welsh’s survey, though 

including fewer stations at which all the elements were determined than ours, though 

omitting almost altogether stations in the Western Isles, though worked up (as 

regards the Dip and Declination) by means of a different system of geographical 

coordinates, and in the case of all three elements by means of an assumption as to 

the linearity of the isomagnetics which we have ahandoned, confirms our conclusions. 

In four only of the 28 of his stations which fall within our districts, viz., Stornoway, 

Pitlochrie, Ayr, and Dumfries is there an important difference between us as to the 

direction of the disturbing: forces. 

In the most highly distiuFed districts, at Loch Inver, Kyle Akin, Broadford, Glen- 

morven we agree as to the order of the magnitude and as to the direction of the forces. 

At Cumbrae and Fairlie we find closely neighbouring stations of positive surrounded 

by others of negative Vertical Force disturbance, and Welsh confirms us by a similar 

result at Ardrossan, not ten miles off 

These coincidences between the results of the two surveys, and between the 

magnetic peculiarities and the geological constitution of districts cannot be accidental, 

and we venture to assert that, throughout the kingdom, the lines of Horizontal mag¬ 

netic disturbing Force tend towards regions of maximum Vertical disturbing Force, 

which are themselves defined by the presence of crystalline rocks, and especially 

of basalt, either visible on the surface or concealed by superimposed masses of 

sedimentary strata. 

Beyond this general conclusion we do not wish at present to go. The detailed 

constitution of our principal magnetic districts (except in the case of the Beading and 

Wash disturbances) has yet to be investigated. We have not discriminated between 

various possible causes of a decrease in the Vertical Force, such as the removal of the 

attracting mass to a greater depth, or the formation of repulsive poles, either by 

induction or permanent magnetism. We do not think the last word has been said on 

the cause or causes of local and regional forces. All these require and will, in the future, 

no doubt, receive attention. We trust, however, that by following out to their 

logical conclusion the premises of a not improbable working hypothesis, we have 

succeeded in showing that local and regional forces obey certain simple laws, and that 

by means of these the kingdom can be divided into magnetic districts in which the 

relations between the direction of the disturbing forces and the main geological 

characteristics are so suggestive as to be worthy of careful statement and further 

investigation. 

2 T MDCCCXC.—A. 
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Tables for the Calculation of the Magnetic Elements in the Future. 

We conclude this paper with Tables, by means of which the values of the magnetic 

elements may be determined during the next few years for any place in the United 

Kingdom. For this purpose we should know as accurately as possible—(1) the values 

of each element at the station at the epoch of the survey; (2) the secular change ; 

(3) the local disturbance. To determine the first of these, we give the next three 

Tables (VIII., IX., X.), in which the values of the elements deduced from the general 

formulae are given for all intersections within the kingdom of lines of latitude and 

longitude which correspond to whole degrees, together with the variation per degree 

of latitude and longitude. The method of using them requires no explanation. 

The values in the Table of Horizontal Forces display some irregularities. This is 

partly due to the fact, that a discontinuity is introduced along the line H = 17, on 

opposite sides of which we have used different formulae. The formula also, which is 

applied to the southern district, does not represent parallel lines, but lines of which 

the slope is a periodic function of the latitude. We have slightly smoothed the 

irregularities, a process which will introduce some discrepancies between the numhers 

given by the Table and by the formulae, but we have thought it better not to attempt 

to do away with all traces of the discontinuity. 



Table VIII.—Declinations at Intersections of Degrees of Latitude and Longitude. 





Table IX.—Horizontal Forces at Intersections of Degrees of Latitude and Longitude. 
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Table X.—Dips at the Intersections of Degrees of Latitude and Longitude. 
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The determination of the rate of secular change is a more difficult matter, but at 

the completion of our work we have more data at our disposal than in the earlier 

stages, when coefficients had to be chosen for the reduction of observations. The 

plans adopted in the case of each element are as follows :— 

1. Declination. 

We have deduced from Sir F. Evans’s Map for 1872 (J,oc. cit.) the Declinations 

at 24 points distributed uniformly all over the kingdom, and have compared them 

with the values given by our Table VI11., on j^age 238. The secular corrections thus 

calculated shovv' an increase from east to west amounting to about O'Hl and 0'’14 per 

degree of longitude in latitudes 58° and 52° respectively. 

There is also an increase with latitude above the latitude 52°. 

The results are exhibited in the folio wins: Table :— 

Table XI.—Mean Secular Change of Declination per annum between 1872 and 1886. 

Latitude. 

Longitude. 

10° w. 8° W. 6° W. 4° W. 2° W. 0°. 

0 

60 
/ ! / 

9-1 9h 
' 

58 9-6 9-2 8-8 8-9 
56 9-1 8-6 8-3 8-2 
54 9-3 8-5 8-1 7-8 7-8 7-9 
52 9-4 8-9 81 7-8 7-8 7-7 
50 8-3 8-0 

This is in fair accord with the observations at individual stations given on p. 88, 

but as Sir Frederick’s isomagnetics were not deduced by any definite system of calcu¬ 

lation, but little importance must be attached to minor variations and discrepancies. 

We do not, for instance, feel justified in assuming that there is a real increase of 

the secular coefficient to the south of lat. 52°, especially as M. Moureaux’s values in 

France for corresponding intervals are less than ours. 

It is also in accord with the results of the comparison of our observations with 

those of Welsh, which show that between 1857 -1886 the secular change in Scotland 

increases with the latitude and with wmst longitude. We think, therefore, that the 

most that can be said at present is that the secular change at the time of our survey, 

as given by the mean of the Greenwich and Kew values (p. 91), was in the neigh¬ 

bourhood of London about 6'‘5 per annum, and that a comparison with Sir F. Evans’s 

results shows that it is about l'‘5 greater in the south-west of Ireland, and about 

2' larger in the north-east of Scotland. 

Hence by smoothing the irregularities in Table XI. above, and reducing all the 

numbers so as to give the present rate at London we get the figures in Table XII.. 

p. 325. 

2 T 2 
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These may be checked in future by means of the observations at Kew, Greenwich, 

Falmouth, Stonyhurst, and Valentia, but we do not think a comparison of two obser¬ 

vatories only leads to trustworthy laws of rate of change of secular variation with 

geographical position. There can be no question that Declination change on the whole 

increases with the latitude, yet the secular coefficient is less at present at Stonyhurst 

than at Greenwich and Kew. It is therefore very much to be regi'etted that the obser¬ 

vations so sedulously carried on by the late Provost Lloyd, at Trinity College, 

Dublin, have of late years been interrupted. 

We may point out that the best position for a magnetic observatory would be in 

the centre of a widespread region of low Vertical Force. The disturbing rocks would 

23robably jDroduce less effect in such a situation, and all the phenomena might be 

expected to be more normal. Unfortunately Kew and Greenwich are within the 

range of tlie Reading disturbance, and Stonyhurst is in a region where the Vertical 

Force changes very rapidly both to the east and west of that jfface. 

2. Inclination. 

We have also in the case of the Dqt found the secular change between 1842‘5 and 

1886 by comparing Table X, with Sir E. Sabine’s map for the earlier epoch. The result 

confirms the conclusions jireviously arrived at, viz., that the secular change diminishes 

with latitude and increases with west longitude. As, however, the north-westerly 

stations are on the line of minimum change they probably do not form real exceptions 

to the general rule. Partly by this method and jiartly by the ina}) of assumed values 

(j). 85) we have selected those given in Table XII. 

3. Horizontal Force. 

This element when treated in the same way gives since 1842'5 a greater rate of 

secular change in the south than in the north, and in the west than in the east. The 

latter conclusion is in accord with that of M. Moureaux. 

We are now inclined to think that the high value of the secular change between 

the years 1883-85 at Greenwich ('0028) led us to assume rather too high a value 

('0022) for the south of England. 

The mean annual change for Greenwich between the years 1883-87 is '0020 and for 

Kew '0017. The values for Greenwich in 1857 and 1887 are 1'769 and 1’818, but in 

1861 a new instrument was introduced, and to make the two values comparable we 

must subtract 0'0i6 from the first. This leads to a difference of 0'U65 or a secular 

change of 0'0022. 

Though this is a little greater tlian the present rate, we do not think the evidence 

is sufficient to justify us in altering the rates obtained for Scotland by a comparison 

for the interval 1857-87, and we assume that they are valid at the jn’esent time. 

For the neighbourhood of London we take O'OOlO, and by the aid of Sabine’s and 

Welsh’s papers we have arrived at the values given in the following Table :— 



T
a
b

le
 

X
II

.—
.R

a
te

s 
o
f 

S
e
c
u

la
r 

C
h
a
n
g
e
 p

e
r 

A
n

n
u

m
 i

n
 t

h
e
 D

e
c
li

n
a
ti

o
n

, 
In

c
li

n
a
ti

o
n

, 
a
n
d
 H

o
ri

z
o
n
ta

l 
F

o
i'
ce

, 
in

 t
e
rm

s 
o
f 

M
in

u
te

s 
o
f 

A
rc

 f
o

r 
th

e
 D

e
c
li

n
a
ti

o
n
 a

n
d
 D

ip
, 
a
n
d
 o

f 
M

e
tr

ic
 U

n
it

s
 f

o
r 

th
e
 H

o
ri

z
o
n
ta

l 
F

o
rc

e
. 

(N
.B

.—
T

h
e
 t

w
o
 f

o
rm

e
r 

e
le

m
e
n

ts
 a

re
 d

im
in

is
h
in

g
, 

th
e
 H

o
ri

z
o

n
ta

l 
F

o
rc

e
 i

s 
in

c
re

a
si

n
g

.)
 

SURVEY OE THE BRITISH ISLES FOR THE EPOCH JANUARY I, 1886, 325 
L

o
n

g
it

u
d

e.
 

p4 
0 

8100- 

f-9 6-
1 

1-
5 

•0
01

8 

5^
9 

1^
6 

•0
01

8 

o 6-
5 

1-
4 

■0
01

9 

6-
2 

1-
5 

•0
01

9 6100- 
9-T 
1-9 

o 
o 6-

8 
1-

3 
•0

01
8 6100- 

f-l 
9-9 

C5 
At »—I 

cb Ag 6-
2 

1-
6 

•0
01

9 

1°
 w

. 

8T
 

0-
9 

•0
01

4 

6-
9 

' 
1-

4 
■0

0
1

8
 

O 
00 lO 03 

6-
5 

1-
6 

•0
01

9 

6-
4 

1-
7 

•0
01

9 

o 8-
3 

0-
9 

•0
01

5 9100- 
O

-I 
1-8 

05 r-H t—1 

A 44 g 
00 
f—1 

A r-l g 
CO At) (tl r—1 

A A g 
05 

CO CO I—1 
A A g 7-

1 
1-

4 
•0

01
9 o 

C5 At 03 

cb A g 6-
7 

1-
6 

•0
02

0 

6-
5 

1
7

 
•0

02
0 

0-
3 

1-
8 

•0
02

1 

cc 

8-
4 

0-
9 

•0
01

5 

8-
3 

1-
0 

•0
01

6 

8-
0 

1
1

 
•0

01
7 

7-
9 

1-
2 

•0
01

8 

7-
6 

1-
3 

•0
01

8 

7-
5 

1-
4 

•0
01

9 

7-
2 

1-
4 

•0
01

9 o 
r-l lO OJ 

A g 
o 

00 O OJ 

cb A g 6-
7 

1-
7 

•0
02

0 

6-
4 

1-
8 

•0
02

1 

4°
 W

. 

8-
6 

1-
0 

•0
01

5 

8-
4 

1-
0 

•0
01

6 

f-H T—1 

00 A g 8-
0 

1-
2 

•0
01

8 

7-
8 

1-
3 

•0
01

8 05 
CO ^ r-i 

^-A§ 7-
4 

1-
5 

•0
01

9 

7-
2 

1
6

 
■0

02
0 o 

O 04 

AAg 
O 

CO 00 03 

cb^g 6-
6 

1-
9 

•0
02

1 

0 
iO 

8-
6 

1
1

 
•0

01
7 

8-
3 

1-
2 

•0
01

8 

8-
2 

•0
01

9 

7-
9 

1-
3 

•0
01

9 

7-
7 

1-
4 

•0
02

0 O 
At At 

A A g 7-
4 

1-
6 

•0
02

1 t—1 
r-H 03 

AAg 
rH 

p OO 03 

AAg 6-
7 

1-
9 

•0
02

2 
o 
O 

8-
7 

1-
1 

•0
01

7 

8-
5 

1-
2 

•0
01

8 

8-
3 

1-
3 

•0
01

9 

8-
1 

1-
4 

•0
01

9 

7-
9 

1-
5 

•0
02

0 o 
At O'! 

A A g 
At O 03 
A A g 

p !>• 03 
AAg T* ^ 

TT* i-H 

7°
 W

. 

Cv r—1 r—( 

do g 
00 0-1 ^ 

do rL g 8-
5 

1-
3 

•0
01

9 

8-
2 

1-
4 

•0
01

9 

8-
1 

1-
5 

•0
02

0 

7-
8 

1-
6 

•0
02

0 rH 
17^ 03 

AAg 7-
4 

1-
8 

■0
02

1 

GO 

CO 
O rH 
05 L g 8-

8 
1-

3 
•0

01
9 O 

CO rlH OI 

do A g 
O Tp t<I 

do A g 
rM At 

do A g 
p p Ol 
00 § 

03 
CO 0-3 
AAg 

03 
CO CO 03 

AAg 

o 8-
4 

1-
6 

•0
02

1 

8-
1 

1-
6 

■0
02

1 

8^
0 

T
7 

•0
02

2 C<l 17^ CO OJ 
AAg 

i 

10
° 

w
. 

CO I> 03 

do A g 8-
1 

1^
8 

■00
-2

2 03 
C5 05 03 

AAg 

L
at

it
u
d
e.

 

O 
O 

o lO CO o 
O 

At) 
to 
At 

o if 
At At 53

° o nH At) 50
° 



326 MR. A. W. RliCKER ARD DR. T. E. THORPE OH A MAGHETIC 

The local disturbance at any place may be estimated from tbe disturbances at 

neighbouring stations as given in Plates IX., X., and XII. It is evident that this 

correction must be somewhat uncertain, but the maps will at all events give informa¬ 

tion as to whether the disturbance is likely to be large or small. As an example of 

the use of the tables and maps, we calculate the Declination for lat. 52° 30' N. and 

long. 1° 30' W. on July 1, 1889. 

From Table VIII. it was 

18° 29'-0 + 8'-2 + 15'-2 = 18° 53'-4 on January 1, 1886. 

From Table XII. the secular change is 

- (6-5 -f -1 + -15) X 3-5 = — 23'-6 

which reduces the value to 18° 29'‘8. 

From Plate IX. we see that the station is in a region of negative disturbance, and 

that the true Declination is probably less than the calculated amount by 15' or 20'. 

It is obvious that for this purpose much rougher methods of calculation would 

suffice, but the main reason for making the process as accurate as possible is that the 

values of disturbing forces can only be determined if the rates of secular change are 

carefully discussed and accurately known. As we hope that these will be further 

investigated, we give the fullest data at our disposal for the calculation of the 

undisturbed values of the elements. 
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IV. On the Effects of Pressure on the Magnetisation of Cohalt. 

By C. Chree, M.A., Fellow of King's College, Camhridge. 

CornmunicaMd by Professor J. J. Thomson, F.R.S. 

Received Novembei’ 22,—Read December 19, 1889. 

[Plates 15, 16.] 

§ 1. In August, 1888, I eoiumenced an investigation into the effects of pressure on the 

magnetic properties of cobalt, at the suggestion of Professor J. J. Thomson. In his 

Applications of Dynamics to Physics and Chemistry,” he has arrived at certain 

conclusions as to the relations of magnetisations and mechanical strains, and the 

primary object of the following investigations was to obtain experiinental data, 

whereby these conclusions might be tested. 

During the process of the experiments, numerous points presented themselves 

whose elucidation seemed of importance for a satisfactory comparison of theory and 

experiment. The experiments have thus included a wider range than was originally 

intended, and have occupied a considerable amount of time. 

Phenomena resembling very closely in some points those to be presently discussed 

have been noticed by previous observers in iron and nickel. As frequent references to 

these will be found essential for an adequate discussion of the phenomena presented 

by cobalt, a brief outline of the more prominent characteristics is here interposed. 

§ 2. If a bar of some magnetic metal, subjected to a constant longitudinal stress, 

be exposed to the action of a magnetising current in a surrounding spiral it becomes 

magnetised, and in general simultaneously alters its length. If the current cease to 

flow the bar retains in general part of its magnetisation, and it may not return to its 

original length. On the other hand, if the bar while under the action of a constant 

current in the magnetising spiral, be subjected to a longitudinal stress, it in general 

simultaneously alters its magnetisation. Also, if the stress cease to act the magneti¬ 

sation may not return to its original value. Phenomena similar to the last are also 

shown by the magnetisation which is residual after the break of the current. 

These phenomena all depend on the intensity of magnetisation in the bar. The 

mode of this dependence will be discussed in considerable detail presently, but 

erroneous ideas are not unlikely to arise unless the following practical considerations 

be kept clearly in view. 

MDCCCXC.—A. 2 17 7.7.9U. 
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When a bar whose diameter of cross section is comparable with its length is 

magnetised in a uniform field, there seems good reason to believe that the magnetisa¬ 

tion it possesses is very decidedly less in the interior near the axis than it is near the 

surface, and when the bar is possessed merely of residual magnetism, the difference 

between the interior and surface distributions seems completely proved. When, as 

usual, the magnetising field is not uniform, there is in general still less reason to expect 

a uniform intensity of magnetisation. Thus, in general, a bar may be regarded as 

composed of a large number of elements, throughout each of which the magnetisation 

may be treated as sensibly uniform, but which may differ widely amongst themselves. 

The term intensitij applied to the magnetisation of such a bar merely means some sort 

of average of the intensities throughout the several elements. 

Now the application of a given stress to such a bar may affect very differently the 

magnetism of different elements. It may, for instance, increase the magnetisation of 

some of them and diminish that of others. Experiments as a rule give merely a sort 

of integral of the effects on the different elements, and this ought to be clearly 

recognised. 

In particular I would point out that the magnetic moment of a bar, as determined 

by some definite method, may have the same value when the bar is exposed to the 

action of a certain current in a spiral, as it has after the break of a larger current in 

the spiral, and that notwithstanding there may be an important difference between 

the distributions of magnetism in. the two cases. There is thus no d ])riori reason to 

expect the same phenomena to follow the application of a given longitudinal stress in 

the two cases. 

Ejfects of Magnetism on the Length of Bars. 

§ 3. Such effects have been observed by Joule,* Mayer,! Professor Barrett,^ and 

Mr. Shelford Bidwell.§ 

Joule’s experiments dealt with iron and steel. His method of experiment con¬ 

sisted in running a current through a magnetising spiral and observing the instan¬ 

taneous changes in tlie length of the bar accompanying the make and break of the 

current. Observations were taken with several currents gradually rising in strength. 

Apparently Joule did not demagnetise his rods in the course of his experiments, nor 

does he seem to liave examined the eflect of making and breaking the same current 

more than once. He concluded that in iron or soft steel bars free from stress the 

institution of a current in a surrounding spiral is followed by an increase in the 

length of the bar proportional to the square of the intensity of the magnetisation 

* ‘ Phil. Mag.,’ vol. 30 (3rd series), 1847, pp. 76-87 and 225-241. 

t Ibid., vol. 46 (4th series), 1873, pp. 177-201. 

I Ibid., vol. 47 (4th series), 1874, p. 51; also ‘ Nature,’ vol. 26, 1882, p. 585. 

§ ‘ Phil. Trans.,’ A, vol. 179, 1888, pp. 205-230. Also ‘Roy. Soc. Proc.,’ vol. 40, 1886, pp. 109-133 

and 257-266. 
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induced in the bar, and that on the break of the current there remains an increase in 

length proportional to the square of the intensity of the residual magnetisation. 

Joule also found that iron and soft steel under tension lengthened or shortened when 

magnetised according as the tension was small or great. He believed the shortening 

proportional to the product of the bar’s mcignetisation into the strength of the 

magnetising current. This last conclusion, however, is certainly not warranted by 

the results of his experiments. 

On Joule’s p. 237, are given the results of an experiment, numbered 23, in which 

a soft steel wire exposed to a certain tension showed an increased length while 

exposed to a certain current, lengthened further when the current was broken, and 

then shortened on the make of a stronger current. This suggests that for the wire in 

question under a given load there existed a critical intensity of magnetisation, and 

that the bar lengthened or shortened according as the magnetisation was less or 

greater than the critical value. The true interpretation of this experiment seems to 

have been entirely missed by Joule, and it would not appear to have attracted the 

notice of subsequent observers. It is thus only within the last few years that the 

existence of a critical field, or state of magnetisation, has been brought to light by the 

decisive experiments of Mr. Sheleord Bidwell. 

§ 4. Mayer experimented with rods free from longitudinal stress, and he gives the 

results of the make and break of only one strength of current. The current was, 

however, twice made and broken in some at least of the experiments, and the results 

of both the magnetic cycles are recorded. Some of the results, given in a table on 

his p. 200, are so suggestive in the light of our present knowledge that I reproduce 

them here in a form slightly altered to suit the present inquiry. Tlie numbers in the 

first column distinguish the rods used, all the other numbers give the lengthening, or 

when with a minus sign the shortening, of the rods in terms of an arbitrary unit. 

Increa.se in length of rods. 

Bod No. 
First make of 

circuit. 
After first break. 

Second make of 
circuit. 

a 1-15* •4 11 

1 2 1-6 •4 1-6 

Ir
o

n
. 

_
»

_
 

C
O

 

2-0 11 2-5 

2-5 I'.SS 2-5 

i 5 1-65 1-05 2-05 

L6 1-4 •55 1-45 

r? •8 1-4 115 

I<8 ~ -25 •25 - -25 

^ 1 9 - -4 - -15 - -35 

* In original 1'25, but this seems a misprint. 

2 u 2 
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On breaking the second currents the rods all returned to the length they possessed 

on the break of the first currents, so that the chancres in the leng'ths of the rods 

became cyclic after a single make and break of the current. The last three experi¬ 

ments are, it will be observed, very far from agreeing with Joule’s laws. 

The experiments suggest that it is mainly on the intensity of the existing 

magnetisation that the phenomena depend, but the divergence between the figures in 

the second and fourth columns indicates that the previous history of the material 

may, in some cases at least, be of considerable importance. 

In all the iron rods the induced magnetisation is clearly much below the critical. 

In 7, the softest of the steel rods, the induced magnetisation though below is clearly 

approaching the critical. In rod 8, the critical magnetisation lies between the 

induced and the residual; and if a critical magnetisation existed in the case of rod 9 

it must have been less than the residual. 

§ 5. Of Mr. Shelford Bidwell’s experiments those described in the ‘ Philosophical 

Transactions,’ appear the most complete. In these, he first demagnetised the specimen, 

and then sent through a surrounding spiral a series of currents gradually rising in 

strength. For each strength of current the alterations in the length of the rod 

accompanying two successive makes were observed and recorded. The Tables III. 

and IV., pp. 220 and 221, for an iron rod show a small but unmistakeable difference 

between the effects of the first and second makes of a current of given strength. 

In Table V. p. 222, for a cobalt rod the differences might well be attributed to 

experimental errors. 

Mr. Shelford Bidwell found critical fields both for iron and cobalt. Iron he 

found to lengthen or shorten when magnetised according as the magnetising field was 

below or above the critical, while cobalt presented exactly the opposite phenomena. 

A nickel rod shortened in all fields up to 1400 C.G.S. units, and the experiments 

left the existence of a critical field an open question. The critical fields for several 

specimens of iron varied from about 270 to 380 C.G.S. units, and the maximum 

elongations appeared in fields of about 80 C.G.S. units. In one cobalt rod the 

maximum shortening occurred in a field of about 400 C.G.S. units, and the critical 

field considerably exceeded 800 C.G.S. units. A second softer specimen showed a 

maximum shortening in a field of about 300 C.G.S. units, and had a critical field 

of 750 C.G.S. units. In these experiments, the rods were free from stress. Mr. 

Shelford Bidwell’s experiments, however, described in the ‘ Proceedings of the 

Ptoyal Society,’ show that tlie critical fields for iron are lowered by tension, a result 

in exact accordance with Joule’s experiments. 

§ G. Professor Barrett found a cobalt rod to lengthen when exposed to a com¬ 

paratively weak field. The data he supplies are too limited to enable one to judge 

whether his later experiments on the subject were wholly free from the objections 

which he himself believed to have invalidated the conclusions based on his earlier 

experiments. I scarcely think his results afford any reasonable ground for doubting 
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the accuracy of Mr. Shelford Bidwell’s conclusions, at least for the actual cobalt 

rods of his experiments. 

Effects of Longitudinal Stress on the Magnetisation of Rods and Wires. 

§ 7. A preliminary general idea of these effects may be obtained from a consideration 

of the phenomena presented by a soft iron wire stretched beyond its original limit of 

perfect elasticity, and then subjected, in a weak magnetic field, to a stress cycle 

consisting of the application and removal of a definite tension for which it is perfectly 

elastic. 

The first application of the tension causes a large increase in the magnetisation of 

the wire, and on the removal of the tension this increase nearly all remains, or may 

even be added to. The next one or two tension cycles cause a distinct progressive 

increase in the magnetisation. Presently, answering to the tension cycles, there 

appears a nearly cyclic change in the magnetisation, in which the maximum magneti¬ 

sation appears when the tension is ‘‘on.” Also the magnitude of the cyclic effect 

remains, at least approximately, constant for, at all events, a large number of tension 

cycles. 

Subtracting the effect of the final cyclic change of magnetisation from the change 

accompanying the first application of tension, we get what may be fairly regarded as 

that portion of the effect of the first tension which is of a permanent and non-cyclic 

character. This quantity I have here termed the “ shock-eftect.” If the magnetising 

current be broken, the first application of tension or of pressure has a large shock- 

effect, which invariably consists in a diminution of the residual magnetisation. The 

effects of beating,"^ or other mechanical agitation of a rod, are in many respects very 

similar. 

The experiments on the effects of stress on magnetism which are of most importance 

for our present purpose are those of ViLLARi,t Sir W. Thomson,I Mr. Shida,§ and 

Professor Ewing. |j All these observers have, at least in practice, recognised the dis¬ 

tinction between the effect on a bar’s magnetisation of the first few applications of a 

given longitudinal stress and its subsequent applications. 

§ 8. ViLLARi unfortunately gives no clue to the strength of his magnetising fields, 

save the number and relative size of the Daniell or Bunsen elements he employed. 

He discovered that the non-cyclic effects of the first tension and the cyclic effects of 

the later tension cycles in bars—or rather stout wires—-of iron in weak magnetic 

fields are of the character indicated in the last paragraph. In stronger fields he found 

* See Wiedemann’s ‘ Elektricitat,’ vol. 3, p. 666, &c. 

t Poggendoeff’s ‘ Annalen,’ vol. 126, 1865, pp. 87-122. 

t ‘ Phil. Trans.,’ 1879, pp. 55-85; or ‘Mathematical and Physical Papers,’ vol. 2. 

§ ‘ Roy. Soc. Proc.,’ vol. 35, 1883, pp. 404-454. 

II ‘Phil. Trans.,’ 1885, pp. 523-640; 1888, A., pp. .325-337. 
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that, while the first application of the tension still increased the bar’s magnetisation, 

the cyclic effect had changed sign. On his p. 91, in experiment 3, is given an 

instance where a soft iron bar, exposed to one of his strongest fields, lost magnetisa¬ 

tion on the very first application of the tension. From the data supplied, however, 

it will he found that the shock-effect of this first tension was still an increase of 

magnetisation. Similar cases are also referred to on his p. 97, but no data are given 

from which the sign of the shock-effect can be deduced. 

From A^illari’s experiments it obviously follows that a critical field, or intensity of 

magnetisation, must exist where the cyclic effects of tension vanish. The field in 

which the effect vanishes is called by Sir W. Thomson the “ Villari critical point.” 

He and Professor Ewing have made it clear that the field in which this phenomenon 

occurs depends on the amount of the tension which is applied and removed, and also 

on the existence of any permanent load. Professor Ewing also prefers to define the 

ViLLARi point by reference to the magnetisation existing in the rod, and not to the 

field producing it. Some of Villari’s steel bars behaved like iron, but in others 

a critical field, if existent, was lower than the lowest field he employed. 

ViLLARi also observed the fall in the residual magnetisation caused by the first 

tension after the break of the current. He further observed that after several 

tension cycles there appeared a cyclic change in the residual magnetisation. Without 

making any restriction as to the strength of the pre-existing fields, he lays down the 

law, that in soft iron the residual magnetisation in the cyclic state is greatest when the 

tension is “ on,” while in hard iron and steel, it is greatest when the tension is “ off” 

I can find no clue as to the actual strength of the pre-existing field or fields he 

employed. 

Fitting an iron core inside a coaxial iron tube of the same length, Villari found 

that in fields between certain limits, the core and the tube showed, in response 

to cyclic changes of tension, cyclic changes of magnetisation of opposite signs. The 

phenomena, as A^illari himself pointed out, are exactly in accordance with the view, 

stated in § 5, that the intensity of magnetisation is greater on the surface of a bar than 

in its interior. 

§ 9. Sir W. Thomson experimenting on a soft iron wire permanently stretched, 

and tlien exposed to cycles “on” and “off” of some weight causing no further 

permanent extension, found a critical field which was in general higher the smaller the 

weight employed in the tension cycles. Tlie critical fields obtained by the magneto¬ 

metric method—calculated presumably for the centre of the magnetising coil— 

averaged about 20 C.G.S. units, and the fields at which the cyclic effect was a 

maximum, were roughly about a quarter of the critical. 

By the ballistic method with an induction coil at the centre of a much longer 

magnetising coil, critical fields such as 6'5 C.G.S. units were obtained. This Sir W. 

Thomson apparently assigns to the experimental wire having its magnetisation 

greatest at the centre of the magnetising spiral, so that this portion of the wire would 
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be brouglit into the critical state by much weaker currents than the portions under 

the ends of the spiral. 

In his § 240, Sir W. Thomson states that a Villaph critical point was found in the 

central portions of a nickel bar, but from a note to § 239, it would appear that with 

the magnetometer opposite an end of the bar, no trace of a neutral field was obtained. 

With a magnetometer as usual opposite one end, he found in nickel and cobalt 

a cyclic effect the reverse of that occurring in iron in fields below the Villaui point, 

i.e., the mao;netisation was least when tension was “on.” 

§ 10. Mr. Shida obtained Villari critical fields of 15 and 10 C.G.S. units respec¬ 

tively for two different specimens of soft iron wire, which had been permanently 

stretched, and on which the tension cycles were performed with weights not much less 

than those causing the permanent extension. With a pianoforte steel wire, he found 

that in the cyclic state tension “ on ” co-existed with a minimum of magnetisation in 

all his fields. 

§ 11. The first thing in Professor Ewing’s researches that concerns us is his method 

of demagnetising wires. This consists in subjecting them to the action of a series of 

rapidly reversed currents diminishing in intensity. In § 19 of the first of his papers 

referred to above, he states that his wires v/ere thereby reduced to a standard 

condition—different possibly, he admits, from their condition previous to their first 

maguetisation. 

In his § 107 Professor Ewing defines the Villari critical point as “ that value of 

the magnetisation 3 at which reversal occurs in the sign of the magnetic difference 

produced by two (assigned) states of longitudinal stress.” He uses the term as 

applicable (1) to that value of 3 at which no magnetic change accompanies the 

repeated alternation from one to the other of two assigned states of stress, (2) to the 

value of 3 answering to the intersection of the two curves giving the relations of 3 to 

—the field,—when is gradually I’aised from zero, and separate experiments are 

completed with the wire in each of the assigned states of stress. He also proposes 

that one of the assigned states of stress should be that answering to no load. It will 

be noticed that Professor Ewing’s first usage of the “ Villari critical field” is that 

which accords with Sir W. Thomson’s. 

In originally soft annealed iron wires stretched beyond the limit of perfect 

elasticity. Professor Ewing found in every case distinct Villari points of the first 

kind. These existed in lower fields the greater the weight producing the second 

assigned state of stress. If in a certain field the cyclic state has been reached for the 

loads 0 and Q, for which the magnetisation has the critical value, and the load be 

gradually raised from 0, then there ensues a rise in the magnetisation until the load 

reaches some value P less than Q, and then an equal fall as the load is increased to Q. 

Even in the weakest fields Professor Ewing seldom found the magnetisation increase 

continually when the load was raised nearly to the limit of perfect elasticity. 

From the figures on Professor Ewing’s Plate 63, it will be seen that the first 
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application of load has effects very similar to those just described. It will appear, 

however, from fig. 42, § 88, that the critical fields at which the first application of a 

given load has no effect on the magnetisation are distinctly higher than the Vtt.t.art 

points for the cyclic applications of these loads. This figure also shows that the first 

application of a moderate load produces a very large increase of the magnetisation in 

weak fields, whereas in the strongest field of 84 C.G.S. units the effect is trifling. 

From fig. 40 it will be seen that in the cyclic state the effects of tension cycles on 

the magnetisation residual after a field of 3'33 C.G.S. units were of the same general 

character as appeared with an equal induced magnetisation. 

Soft annealed wires, when none but very small loads were used, were found by 

Professor Ewing to jiossess in weak fields a maximum of magnetisation with tension 

“ on,” agreeing so far with stretched wires. With greater loads the effects become 

reversed after the first application of the load. Professor Ewing attributes this to 

hysteresis, and shows that when tapped these wires behave as stretched wires with 

low ViLLARi points. 

From fig. 43, Plate 64, it will be seen that soft wires respond to the first application 

of tension in a precisely similar way to stretched wires, but have much lower critical 

fields. The phenomena accompanying the application of load cycles to a soft annealed 

wire possessed of the magnetism residual after the break of a field of '34 C.G.S. unit, 

are discussed in §§ 83-85 and shown in fig. 39. They are unquestionably of the same 

general character as those occurring with an equal induced magnetisation. 

Iron wires, both wlien stretched aud annealed, and a pianoforte steel wire stretched 

after annealing, were exposed by Professor Ewing to gradually increasing magnetising 

currents, and the curves connecting S* and >§ are given in his Plates 64 and 67. 

The specimens all showed Villa.e,i points of the second kind, which agreed with 

those of the first kind in being as a rule lower, the heavier the load. These critical 

fields, or magnetisations, of the second kind were distinctly higher than the corre¬ 

sponding ones of the first kind. 

Simultaneously observations were taken of the residual magnetisation whose results 

are shown in figures in Plates 67 and 68. In all the specimens the magnetisation 

residual after weak fields, and also its ratio to the induced magnetisation, were found 

to he largely increased by the presence of a load, the increase being greatest with the 

heaviest loads used. As the fields were raised the influence of the loads diminished, 

and in the annealed iron and the steel wires the residual magnetisation and its ratio 

to the induced became eventually less under the heavier loads than in the absence of 

a load. 

§ 12. In his papers in ‘ Phil. Trans.,’ A., 1888, Professor Ewing found that in fields 

from 0 to 116 C.G.S. units, the presence of a tension on a thin nickel wire diminished 

its induced and residual magnetisations, and also the ratio of the residual to the 

induced. Also cyclic changes of tension “ on ” and off'” ’■vere accompanied by 
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cyclic changes of magnetisation, in which the magnetisation, whether induced or 

I’esidual, was least when the tension was “ on.” 

The effects of pressure on a nickel bar were exactly the opposite of those of tension, 

and the increase in the susceptibility was extremely large, especially near the 

“ Wendepunkt ”—or point where 3/'§ is a maximum. Professor Ewing looked for a 

ViLLARi point in low fields but found no trace of its existence. 

Theoretics I Considerations. 

§ 13, The experimental results already stated will enable Professor J. J. Thomson’s 

theoretical conclusions to be understood. 

Let e denote the strain in an isotropic elastic cylinder parallel to its axis, f and g 

the strains in the cross section perpendicular to and along the radius vector. Also let 

3 and K denote respectively the strength of the magnetic field, the intensity of mag¬ 

netisation, and the coefficient of magnetic induction, assumed everywhere the same 

throughout the cylinder. 

In the case of a uniform longitudinal stress g —f. Thus, assuming 

^3 ^ 
dg df 0). 

Professor Thomson obtains for this case, on his p. 51, two equations (48), of which 

the first may be put in the slightly altered form 

= C 
, ^ cIk 
1 — -V tC^ d^ 

d3_^^d^ 
de df (2). 

Here C denotes a positive constant depending only on the elastic properties of the 

cylinder, and cr is Poisson’s ratio. 

All the differential coefficients must of course apply to some one definite state of 

the cylinder, and in determining d^jde and d’^jdf the strength of the field must be 

kept constant. 

It is pointed out by Professor Thomson that according to Ewing’s experiments 

1 — g/c/cZ3 is positive for iron. It is obviously positive for any magnetic metal in 

any field exceeding that which answers to its ‘‘ Wendepunkt.” It also appears to be 

positive for nickel and cobalt throughout the experiments of Professor Rowland.'^'' 

Thus it is probably safe to regard it as essentially positive. 

Under a uniform longitudinal stress 

g =/= - o-e. 

MDCCCXC.—A. 

* ‘ Phil. Mag.,’ vol. 48, 1874, p. 321. 

2 X 
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If then, through a small increase in the stress, there be increases Se, hf, Zg in the 

strains, we must have 

hg = hf=—cT^e . . . ■.(3). 

If be the consequent increase in the magnetisation, the field remaining constant, 

and so by (l) and (3) 

Thus from (2) 

83 = 'f s<; + ^|8/+^j83, 
df da 

83 = 8e('f-2.| 

k4=C('i-^ d3/ he W; 

where S3 and Se denote the small increments in the magnetisation and longitudinal 

strain which follow a small chanofe in the longitudinal stress. 

If (4) were a complete representation of the state of matters, then dejd'^ and S3/Se 

should always have the same sign, and should vanish for the same value of the 

magnetisation. 

It should be carefully noticed that in employing (4) we tacitly assume the changes 

in the strains to be very small, and thus the value of 83/Se should be obtained by 

experiments in which the change in the longitudinal stress is very small. 

Thus, in particular, the magnetisation at which S3/Se vanishes is the Villari point, 

as determined by experiments in which the difference between the two assigned states 

of stress is very small. And thus, in accordance with the experiments of Sir 

W. Thomson and Professor Ewing, this theoretical Villari point may well be very 

much higher than those hitherto found by experiment. 

It may also be as well to point out that the magnetisation answering to the vanish¬ 

ing of c/e/c/3 is not the critical magnetisation observed by Mr. Shelford Bid well 

where the rod resumes its original length, but the much lower magnetisation where the 

rod, if iron, has its greatest extension, if cobalt, its greatest shortening. 

Comparison of Theory and Experiment. 

§ 14. The experiments already recorded sufficiently show that in iron, there is in 

weak fields, and again, in very strong fields, an agreement in sign between c/e/c/3 

83/Se, both expressions changing from positive to negative as the strength of the field 

is raised. It will be noticed, however, that the magnetisations obtained experimentally 

for the Villari point are much lower than those obtained for the point of maximum 

lengthening of the rod. This difference is certainly in some measure accounted for 
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by the lowering of the Villari point by the comparatively large stresses practically 

employed. Professor Thomson also has pointed out that Maxwell’s distribution of 

stress should produce an independent system of strains in the bar, the strain in the 

direction of the lines of force being an extension. Though apparently a very small 

effect this would tend in iron to raise the magnetisation where dejd^ vanishes 

somewhat over the Villari point. 

In nickel we see from the experiments of Sir W. Thomson, Mr. Shelford 

Bidwell, and Professor Ewing, that de/d^ and S3/8e: are both negative in all 

ordinary fields. If the results obtained by Sir W. Thomson in the central portions 

of a nickel bar, in a strong field, be accepted, then there does actually exist a very 

high critical magnetisation at which 83/Se vanishes. There should accordingly be, 

not in weak fields where Professor Ewing looked for it, but in very high fields, 

a critical magnetisation where a nickel bar would cease to contract. Such a 

phenomenon cannot be said to have its existence demonstrated by Mr. Shelford 

Bidwell, but at the same time it is certainly not disproved by his experiments. 

In cobalt, according to Sir W. Thomson, 83/8e is negative in weak fields, and so 

also is dejd^ if we accept the results of Mr. Shelford Bidwell. According to the 

latter observer, however, dejd^ changes sign in fields much higher, it is true, than 

the corresponding fields for iron, but still easily obtainable, Eurther, the cobalt not 

only recovers from the very considerable shortening it has experienced, but lengthens 

considerably as the field is raised. It would thus appear impossible to assign the 

phenomenon in any essential degree to the Maxwell effect. If then Professor 

Thomson’s theoretical conclusions are sound, 83/8e should change sign from negative 

to positive in a cobalt rod for a magnetisation quite within the reach of experiment. 

Experimental Verification of Theory in Cohalt. 

§ 15. The question whether or not a Villari point of the above kind exists in 

cobalt was the primary object of the following experiments, and a decided answer in 

the affirmative was obtained. Under the moderate stress employed, 83/8e was 

negative in weak fields and positive in strong, and an unmistakeable Villari point 

appeared in a field of about 120 C.Gi.S. units. 

This, it will be noticed, is a much lower field than those which Mr. Shelford 

Bidwell obtained for the vanishing point of dejd'^ in either of the specimens he 

employed, and the Maxwell effect would here tend to lower these latter fields. In 

my specimen, however, as the field was raised from 120 to 300 C.G.S. units the 

magnetisation increased by less than 20 per cent. The accordance of theory and 

experiment would thus, in reality, appear to be closer in cobalt than in any recorded 

experiments on iron. 

2x2 
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Preliminary Sketch of Phenomena Observed. 

§ 16. As the phenomena observed are somewhat complex, their mutual relationships 

might be hidden under the multiplicity of facts, which the full discussion of each 

separate phenomenon introduces. A brief outline of some of the more important and 

certain results will, it is hoped, serve as a key to the subsequent more complete 

discussion. 

It is important to notice that all the phenomena were observed in a given specimen 

of cobalt, magnetised by a current in a given coil, and that it was found by repeating 

several of the sets of observations at various periods of the research, that the character 

of the specimen had not to all appearance been altered during the process of the 

experiments. The importance of this, when an attempt shall be made to connect the 

phenomena together, and explain them as consequences of one or more fundamental 

principles, will be at once obvious to any one who has noticed the variety in the 

phenomena observed in different specimens of iron. 

At the same time, when various specimens of the same magnetic metal—or even 

of different magnetic metals—are exposed to gradually increasing magnetic fields, 

and curves drawn in which the absciss® give the strength of the field and the 

ordinates the intensity of magnetisation, experiment shows that the fields in which 

corresponding points of the several curves occur may widely differ, but that there 

exists a general resemblance in the form of the curves, which may be made much 

closer by properly altering the scale of absciss®. 

Thus, while the particular field at which a certain phenomenon presents itself in a 

particular specimen may so largely depend on the individual peculiarities of the 

specimen that it may be of little value as an isolated fact, yet the determination of 

the point on the curve vdiere the phenomenon occurs, and the position it occupies 

relative to the points where other phenomena occur, may lead to the recognition of 

general laws. 

Phenomena Observed in the Induced Magnetisation. 

§17. The “ Wendepurdct,” or point where the coefficient of induced magnetisation 

is a maximum, is a point in the curves that can easily l)e recognised. Very probably 

the most satisfactory comparison of the phenomena observed in different specimens 

would be obtained by expressing the magnetisation of each specimen in terms of the 

magnetisation it possesses at its Wendepunkt as a unit. The Wendepunkt of the 

specimen employed occurred in a field of about 35 C-G.S. units. 

For the reasons just stated, the relations of both the induced and residual magneti¬ 

sations to the strength of the field, though not a primary object of investigation, were 

observed under various conditions as to pressure. These relations, in the case of the 

induced magnetisation, are shown in figs. L-4 (Plate 15). 

The difference between the effects on the induced magnetisation of the first few and 
o 
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subsequent applications of longitudinal stress, referred to in §7 as occurring in iron, is 

equally characteristic of cobalt, so long as the magnetisa.tion is not much in excess of 

that of the critical or Villari point. In the present experiments the stress applied 

was a pressure, and so Se being always negative, and the magnetisation in the weaker 

fields greatest when the rod was under pressure, S3/Se was, as already stated, negative 

in fields below the critical. 

The effect of the first application of pressure may, as explained in § 7, be regarded 

as the sum of the cyclic effect and of a non-cyclic or shock-effect. In all fields below 

200 C.G.S, units the shock-effect gave an unmistakeable increase of magnetisation. 

In all stronger fields, up to at least 725 C.G.S. units, the magnitude of the shock- 

effect was so small that its sign even was a doubtful matter. Thus, in cobalt, the 

shock-effect, so long at least as it is an appreciable quantity, gives an increase of 

magnetisation. This consequence of the shock-effect, even in fields much above the 

Villari point, is known from Villari’s experiments, recorded in § 8, to be also 

characteristic of iron. 

The absolute measures, both of the shock-effect of the first pressure and of the 

cyclic effect, possessed maxima in tlie neighbourhood of the Wendepunkt. Relative, 

however, to the magnetisation existing prior to pressure, both these effects increased 

continually in importance as the strength of the field was reduced within the actual 

limits of the experiments. 

The total effect of the first application of pressure had a critical field of about 

160 C.G.S. units; which, it will be noticed, is decidedly higher than the critical field 

for the cyclic effect. As stated in § 11, in discussing Professor Ewing’s experiments, 

the existence of a higher critical field for the first application of stress than for the 

cyclic application, is equally characteristic of iron. 

As it is important to know how far, if at all, the nature and magnitude of the 

cyclic effect of pressure depend on the circumstances attending the process of 

magnetisation, the rod was sometimes subjected to pressure before and during 

its introduction into the magnetising spiral. It was found that there was no 

material alteration in the cyclic effect. The mode of variation of the effects of the 

first and of the cyclic application of pressure with the strength of the field is 

exhibited in figs. 5-8 (Plate 15). 

Phenomena Observed in the Residual Magnetisation. 

§ 18. Comparing figs. 1 and 9, it will be seen that the residual magnetisation 

approaches “ saturation ” in much lower fields than does the induced. 

The intensity of the residual, as of the induced, magnetisation was found to depend 

on the treatment of the rod during the flow and the break of the current. When 

the rod was free from pressure at the instant the current was broken, the residual 

magnetisation in all fields below 120 or 130 C.G.S. units was increased by the appli- 
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cation of pressure cycles during the flow of the current. In stronger fields no certain 

effect could be attributed to the pressure cycles. The effect, as may be seen from 

fig. 10, was greatest in very weak fields. 

The existence of pressure during the break of the current proved to have a con¬ 

siderable influence on the intensity of the residual magnetisation. As might have 

been anticipated it increased the residual magnetisation in weak fields, but the effect 

changed its sign in fields far below the Villari point, and showed no signs of 

vanishing even in a field of 400 C.G.S. units. 
O 

The ratios of the residual magnetisation to the strength of the pre-existing field 

and to the intensity of the induced magnetisation under various conditions as to 

pressure are shown in figs. 11 and 12 {Plate 16). From these it appears that in the 

absence of all pressure the intensity of the residual magnetisation is extremely small 

in weak fields. In this case the phenomena closely resemble those noticed by many 

observers in iron. The only essential difference apparently is that the fields at which 

certain phenomena appear in cobalt are much higher than the fields at which the 

corresponding phenomena appear in ordinary iron. This is in exact agreement with 

the views already expressed as to the relative positions of the Wendepunkt. 

The application of pressure cycles during the flow of the current increased immensely 

the intensity of the residual magnetisation in weak fields. The increase, in fact, due 

to this cause in the residual magnetisation in the weakest experimental fields, was 

even greater proportionally than in the induced, so that the ordinates of curves c and 

d of fig. 12 continually increase as the strength of the field is reduced. 

The effects of the application or removal of pressure in shaking out the residual 

magnetisation were also observed, and are shown in Curve II., fig. 13, and in figs. 14 

and 15. From the first of these curves it appears that the percentage of residual 

magnetisation shaken out by a series of pressure cycles continually diminished as the 

strength of the field was raised. 

When the rod was free from pressure during the break of the current, the percentage 

of the residual magnetisation, shaken out by the first application of pressure, was in 

weak fields decidedly diminished by the previous application of pressure cycles duriug 

the flow of the current. In fields over 70 or 80 C.G.S. units, however, the effect of 

previous pressure cycles was extremely small. In weak fields the removal of a pressure 

that had existed during the break of the current was fully as effective in shaking out 

I'esidual magnetisation as was the application of a pressure when the rod, during the 

break of the current, remained free from pressure. In fields over 30 or 40 C.G.S. units, 

however, the removal of pressure became decidedly less effective than the application. 

As has been stated in §§ 8 and 11, Villari and Professor Ewing found that cyclic 

applications of stress were followed by cyclic changes in the residual magnetisation of 

the same character as those produced in the induced magnetisation. As it seemed 

important to test the generality of these conclusions, the cyclic effects of pressure on 
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the residual magnetisation were here observed when tlie treatment of the rod during 

the flow and break of the current was varied. 

When pressure cycles were applied during the flow of the current, and jDressure was 

“on” during its break, the cyclic effect had invariably the same sign while the strength 

of the field was raised from 11 to 400 C.G.S. units. The eftect in this case was in the 

same direction as in the induced magnetisation below the Villapa point, i.e., the 

magnetisation was greatest when pressure was “ on.” 

When, however, the rod was free from pressure during the break of the current, a 
critical fleld was found to exist. In the magnetisation residual after fields above the 
critical, the magnetisation was least when pressure was “on.” This critical field was 
raised by the application of pressure cycles during the flow of the current, but it was 
in any case much lower than the critical field for the induced magnetisation. It 
follows, of course, that the intensity of the critical residual magnetisation was very 
much less than that of the critical induced. 

The amounts of the cyclic effects under the various conditions are shown in the 
fifth columns of Tables II. and VIII., and in the sixth columns of Tables VI. and VII. 
These results show conclusively that for cobalt, and so in all probability for iron, the 
relations between stress and residual magnetisation must be largely dependent on 
circumstances other than the so-called intensity of magnetisation, This, as pointed 
out in § 2, was d priori far from improbable, and should act as a warning against 
extending to residual magnetisation laws proved only for the induced. 

The fact that in fields over 60 or 70 C.G.S. units both the intensity of the residual 

magnetisation and the character of the cyclic effect of pressure are very little affected 

by the application of pressure cycles during the flow of the current, while markedly 

influenced by the existence of pressure during the break of the current, seems worthy 

of special notice. 

All the phenomena observed in the residual magnetisation apparently altered but 

little in magnitude, as the strength of the field was raised from 100 to 400 C.G.S. 

units. This further emphasises the difference between them and the phenomena 

observed in the induced magnetisation. 

The Apparatus. 

§ 19. The rod experimented on was supplied by Messrs. Johnson and Matthey. 

The mean of a series of measurements gave 16’98 cms. for its length and '546 sq, cm. 

for the area of its cross section. During the experiments the rod was contained in a 

brass tube, the closed end of which was sufficiently thick to afford an unyielding 

resistance to the rod when under pressure. The rod could be slid in or out of the 

tube, but the fit was tight enough to prevent any lateral movement. On the outside 

of the brass tube, at its open end, a screw of small pitch was cut, answering to the 

screw cut on the inside of a brass cap. The cap carried a projecting arm, forming a 
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diameter of a cross section, by means of which a considerable couple could be exerted. 

The pressure was applied to the cobalt by means of a sort of ram-rod rigidly attached 

to the inside of the brass cap. When the cap was screwed on this ram-rod advanced 

into the brass tube, and came to bear on the end of the cobalt rod. 

Drawing of the brass tube containing the cobalt rod, removed from the coil. 

A Closed end of brass tube. 

B Pin which can be slipped through the holes in the cheeks attached to one face of the coil and, as in 

the figure, through the diametral hole bored in the solid end of the brass tube. 

C Screw cut on the outside of the brass tube at its open end. 

D Brass cap with sci’cw cut on its inside answering to C, and carrying ram-rod arrangement for 

applying pressure to the cobalt rod. 

EE Projectin g arm, by means of which the cap is screwed on. 

In the original experiments, conducted in August, 1888, tbe brass tube was firmly 

imbedded in a block of wood, fixed inside a magnetising coil. This coil had a length 

of 19‘8 cms., and consisted of five layers of very thick copper wire. A current of 

one ampere produced a field varying from 9'26 C.G.S. units at the centre of the rod 

to 6‘85 units at its ends. This, it must be admitted, is not a very uniform field, but 

the fall occurred mainly within a centimetre or two of the ends of the rod. 

In this preliminary investigation the observations were taken somewnat roughly. 

The reason they are referred to here is that they clearly showed the existence of a 

cyclic and a non-cyclic effect of pressure, and also the existence of a Villari point for 

the former effect. Further, the result of experiments on several different occasions 

agreed in giving 120 C.G.S. units as a close approximation to the strength of the 

field due to the current at the centre of the rod when the Villari point appeared. 

The mode of variation of the several effects with the strength of the field showed also 

a general agreement with the subsequent more accurate observations taken with a 

different coil. This seems to warrant the belief that the phenomena observed do not 

owe any of their essential features to peculiarities of the apparatus. 

When it was attempted to obtain accurate results with the original apparatus 

various difficulties were encountered. In overcoming these I am much indebted to 

the ingenuity of Mr. Bartlett, the assistant at the Cavendish Laboratory, who 

constructed the new apparatus. 
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The new coil had a length of 18‘15 cm., an internal diameter of 1’4 cm., and an 

external diameter of 7 cm. It consisted of thirteen layers of copper wire of ’24 cm. 

diameter when covered. In the solid end of the brass tube holding the cobalt a 

diametral hole was bored at right angles to the length of the tube, and a corre¬ 

sponding hole was made in each of two cheeks projecting from one of the faces of the 

coil. By slipping a pin through these holes the tube was firtnly secured in a fixed 

position relative to the coil, and when the pin was withdrawn the tube and its 

contained cobalt could be removed and replaced without the least risk of disturbing 

the remainder of the apparatus. 

A current of 1 ampere in the new coil produces a field varying from 65'7 C.G.S. 

units at the centre to 43’9 units at the ends of the cobalt rod. Throughout the 

greater portion of the rod, howmver, the field is very nearly the same as at the centre. 

These figures refer entirely to the action of the current, no attempt having been made 

to allow for the action of the rod itself 

In all the following calculations the values assigned to the field <§ are calculated 

from the action of the current alone at the centre of the rod, and so are somewhat 

higher than the mean values of the actual fields. The diflGculty of determining the 

actual fields at the different elements of the rod would be very great even treating 

the permeability as constant, a most erroneous supposition; and, considering the 

differences to be expected betwmen different specimens of the same metal, an attempt 

at great accuracy in tins departnnent seems entirely supererogatory. 

§ 20. Throughout the whole investigation the ordinary magnetometric method was 

employed. The axis of the coil was perpendicular to the magnetic meridian, and the 

magnetometer was situated in the direction of this axis produced. The magnetometer 

needle carried a mirror which formed on a millimetre scale, set parallel to the magnetic 

meridian, an image of a vertical ware placed across a slit in the centre of the scale 

behind which a lamp stood. The direct action of the coil current wms neutralised by 

a compensating coil traversed by the same current. The strength of the current wms 

recorded by a Thomson graded ammeter in circuit wfith the coil. The current was 

derived from the storage cells of the laboratory, and its strength was varied by 

changing the number of cells and the resistance in a wire bridge in circuit with the 

coil. 

§ 21. In order to render apparent the relative magnitudes of the several phenomena 

some common system of magnetic measurements was essential. Thus all the scale 

readings have been reduced, and in the following tables and diagrams only C.G.S. 

units appear. From the previous remarks as to the method of calculating it will 

be clearly understood that the values given for the strengths of the fields, and con¬ 

sequently for the coefficients of magnetic induction k, cannot rigidly be held to apply 

to the actual condition of the rod, in which ^ and k varied from point to point, but 

must be regarded as giving an approximation to the mean state of the rod, and more 
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particularly as indicating by tbeir variation the amounts of the changes actually 

occuri'inm 
O 

It should also be understood that in calculating the intensity of magnetisation 3 the 

rod was treated as magnetised solenoidally. In some of the experiments, e.g., those 

on residual magnetism, a direct calculation on this basis might have introduced a 

considerable error, owing to the small distance of the rod from the mao’netometer. 

The actually observed readings, however, were first reduced by direct comparison of 

the readings obtained in an independent set of experiments, in wliich the rod in a 

given magnetised condition was placed first of all in the positions it was about to 

occupy in the coui’se of the main observations, and then in a. certain standard position, 

where its distance from the magnetometer was so great that the precise position of 

the “ poles ” was of comparatively little moment. As stated in § 2, 3 in reality 

doubtless varies from point to point of the rod, and the values here recorded indicate 

merely a sort of average. 

Di sturhing Agencies. 

§ 22. Before discussing the experiments in detail it will be as well to refer to two 

disturbing agencies, the one of importance mainly in weak fields, the other in strong. 

The former, the residual effects of previous magnetisations, affected very considerably 

some of the earlier experiments here recorded. In weak fields so important was this 

that the rod was sometimes found, after showing a considerable induced magnetisa¬ 

tion, to possess, on breaking the circuit, residual magnetism of opposite sign. The 

application of pressure in general increased this residual magnetisation of opposite 

sign, sometimes to a very considerable extent. Or, supposing the residual magnetisa¬ 

tion to be at first of the same sign as the preceding induced, it might change sign on 

the application of pressure. These effects were produced at pleasure with the 

greatest ease when the rod was treated in accordance with the following hypothesis :— 

Calling the ends of the rod A and B, a weak current makes A, say, a north pole, 

and on breaking the current A is left with a quantity, of northern polarity. A 

smaller reverse current shakes out only so much of this residual magnetism, leaving a 

cjuantity, Ng, in A, which exists alongside of a larger quantity, S^, of southern polarity. 

The end A thus appears a south pole of sti’ength — Ng. On breaking this second 

current, A is left with a quantity S/, less than of residual southern magnetism, 

and a quantity N3', probably less than N3, of residual northern magnetism. Wliether 

A appears a south or a north pole depends on whether S/ or N^' is the greater. On 

applying pressure, a considerably greater proportion of S/ is shaken out than of N^', 

and the polarity of the end A may thus change sign. 

Similar phenomena, proceeding doubtless from the same cause, are described bv 

Wiedemann as occurring in iron. They fit in well enough either with Weber’s 

theory or with the view that the deep seated magnetic molecules are less affected by 

weak fields than are the surface molecules. 



ON THE MAGNETISATION OE COBALT. 347 

The total removal of this disturbing agency would require the complete demagneti¬ 

sation of the rod. The method of demagnetisation employed at first consisted of 

applying a few reverse currents gradually diminisliing in intensity. Tlie magnetisation 

left in the rod seemed infinitesimal, but the tinsatisfactory character of the result will 

be easily seen on reference to Tables I. and II. The metliod finally adopted was to 

expose the rod to a succession of diminishing reverse currents—the first current in the 

case of a weak field considerably exceeding that in existence during tlui ]>ressure 

cycles—and then to tap it vigorously. The first attempt was by no means always 

successful, and the loss of time was a distinct objection to the method. 

It is, of course, impossible to be sure that the rod was ever demagnetisetl, in the 

sense of being restored to its condition prior to its first magnetisation, but it was, at 

all events, reduced to such a condition that successive experiments made with the 

same field showed an excellent agreement. In strong fields demagnetisation appeared 

to be, at least for many purposes, of very little importance. 

§ 23. The second disturbing agency, the heating of the coil and thence of the rod, by 

means of the current, was troublesome only in fields over 400 C.G.S. units. The 

heating of the coil wiies increases their resistance, and so tends to diminish the 

strength of the field; while the heating of the rod increases its permeability, as luts 

been shown by Professor Howland.'" For a rise of temperature of 22.^)° C. he found 

the maximum value of the coefficient of induced magnetisation to increase by about 

70 per cent., and to appear in a distinctly lower field. 

This explains wliy, in some of my stronger fields, the scale reading kept altering in 

a direction indicating a progressive increase in the rod’s magnetisation. This did mt, 

of course, annul the cyclic changes accompanying C3mlic clianges of pressure, but it 

rendered impossible any very great accuracy in the determination of their magni¬ 

tudes. The determination of the effect of the first application of pressure was found 

particularly difficult. 

Lest it should be supposed that the cjmlic changes in tlie magnetisation may in 

reality be due to the heating and cooling of the rod produced by the application and 

removal of pressure, I would here point out that the cyclic changes of magnetisation 

alter in sign in a comparatively low field, while the increase in the permeability 

accompanying heating was observed by Howland in fields of all strengths, from 50 to 

1470 C.G.S. units. 

First Series of Experiments. 

§24. With the new apparatus four principal series of experiments were performed. 

The first series took place in December, 1888, and the results are given in Tables I. 

and II. The general order of conducting these experiments was as follows ;— 

The rod, after being demagnetised by reverse currents alone withoitt tapping, was 

removed to a distance. The number of stora2:e cells and the bridge resistance were 
O O 

* ‘ Pliil. Mag.,’ 4tli series, vol. 48, 1874, p. 321. 
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then adjusted to give the field desired. When tlie ammeter and the scale reading 

became steady, the rod was brought up and pushed rapidly into the coil, and the pin 

secured. The difference between the scale readings when stationary, before and after 

the introduction of the rod, supplied the data for calculating the initial value of the 

induced magnetisation. 

A considerable number of cycles of pressure “on” and “off” were then performed, 

the scale readiiig, when become stationary, being usually taken after each “on” and 

“ off” Sometimes when readings had been taken of the effects of the first four or 

five pressure cycles, some five or six cycles were applied in rapid succession and then 

the taking of readings once more resumed. When a sufficient number of readings 

had been taken for the calcidation of the average efiect of a pressure cycle, the circuit 

was suddenly broken, the rod being always free from pressure during the break. 

When the scale reading had become stationary after the break and had been 

observed, some six pressure cycles were applied, readings being taken after each “on” 

and “off” A series of six pressure cycles were then applied whose effects were not 

observed. These were followed by some six or seven more [iressure cycles whose effects 

were observed. Finally the rod was removed to a distance and the magnetometer 

zero taken. The difference between the scale reading taken immediately after the 

break of the current and that taken after the removal of the rod supplied the data 

for calculating the initial value of the residual magnetisation. 

Table 1. 

3i- n- A—3i- h-'o. 
First 
“ on.” 

Cyclic 

“on ” — “ off.” 

Shock-eft’ect Cyclic “on’’—“off” 

3. 

•80 S (13) 1'.54 1-9 1-08 3-3 •77 
1-15 N (12) 4-01 3-5 3-09 6-2 3-09 •b •57 •ii 
1-41 N (15) 4-63 3-2 2-47 4-9 2-93 •65 •49 •09 
1-61 S (14) 3-55 2-2 2-32 3-6 1-39 •11 •36 •02 
1-9 N(1L) 8-9 4-7 2-8 6-2 3-7 1-2 •27 •10 
4-3 N (10) 19-6 4-5 6-9 6-1 7-4 1-6 •30 -059 
7-8 N (9) 38-0 4-8 9-7 6-1 10-0 2-8 •19 •059 
9-9 N (8) 50-0 5-0 13-1 6-4 13-9 3-0 •21 •048 

18-4 N (2) 107-5 5-8 15-7 6-7 19-1 5-0 •13 •041 
19-2 S (1) 113-7 5-9 13-9 6-6 16-7 4-8 •11 •037 
25-6 S (3) 148-5 5-8 16-8 6-5 24-4 5-8 •12 •035 
36-8 S (4) 218-1 5-9 15-2 6-3 20-6 7-2 •06 .031 
66-9 S (5) 368-8 5-5 10-6 5-7 15-0 4-4 •029 •012 

lOU-7 N (6) 8-4 1-4 •015* •003* 
126-6 N (7) 4-0 - 0-7 •009* - -001* 

* The values employed here for and 3.i are derived from subsequent table.s. 
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Table 11. 

%'■ 
First 
“ on.” 

Cyclic 
“on”-“ off.” v/% 

Shock-effect Cyclic “ on ” — “off ” 

Sf 

1T5 N (1-2) 3-40 2-17 - -62 + •46 •48 - •32 •21 

1-44 N (16) 2-62 1-23 -62 + •51 •37 •43 •41 

I-6I S (14) 4-32 N 4-32 , , •74 1-0 , , 
1-9 N (II) 5-9 3-4 1-1 + •42 •50 •26 •124 

4'3 N (10) 8-6 4-9 2-0 4- •49 ■33 •29 ■100 

7-8 N (9) 13-1 6-9 3-7 + ■54 •28 •32 •078 
9-9 N (8) 16-4 9-0 4-6 + ■62 •26 -.32 •069 

18-4 N (2) 27-9 15-7 8-6 + ■26 •23 •32 •017 

19-2 S (I) 29-9 19-0 5-4 + •15 •23 •19 ■008 

25'6 S (.3) 39-4 25-3 9-5 -i- •15 •24 •25 •006 

36-8 S (4) 51-0 34-6 12-9 — •22 •22 •25 - -006 
66-9 S (5) 66-1 40-4 17-2 — 1-07 •18 •24 - -027 

100-7 N (6) 68-5 45-6 16-9 — 1-20 •14 •23 - -026 

126-6 N (7) 70-9 48-6 17-8 —! 1-38 •13 •23 - -028 

§ 25. In Table L is the strength of the field calculated as is explained in § 19, 

3i is the intensity and the coefficient of induced magnetisation in the rod previous 

to the application of any pressures ; while 3*3 is the intensity and the coefficient of 

induced magnetisation in the rod free from pressure after all the pressures cycles have 

been applied. Thus — 3i is the increase in the magnetisation taking place during 

the application of the pressure cycles. Tlielr application occupied a considerable time, 

during which absolute steadiness in the current could hardly be expected; and so 

3^ — 3i is probably in no case an absolutely exact measure of the increase in the 

magnetisation due to the pressure cycles. By first “ on ” is meant the increase in the 

magnetisation caused by the first application of pressure. Cyclic “ on ” — “ off'" gives 

the average algebraic excess of the magnetisation existing when pressure is “on” 

over that existing when pressure is “ off.” As ali-eady explained the shock-effect is 

the algebraic excess of the first “ on ” over the cyclic “ on ” — “ ojf.” 

The second last column gives the ratio of the shock-effect to the intensity of the 

magnetisation prior to pressure, while the last column gives the ratio of the cyclic 

“on” — “ off” to the intensity of magnetisation in the cyclic state. Thus the figures 

in these two columns may fairly be regarded as measuring the importance in the 

different fields of the shock-effect and the cyclic effect resj^ectively. 

In the weakest field the last tliree columns have no entries, because the experiments 

determining the cyclic effect of pressure failed to indicate a clear result. 

The entries in the two last fields indicate, as they do elsewhere, that no obser¬ 

vations of the corresponding quantities were obtained. In these fields when the 

compensating coil exactly balanced the coil current so that in the absence of the rod 

the spot was at the centre of the scale, the introduction of the rod drove the spot off 

the scale. The compensating coil was thus moved so as to neutralise part of the effect 
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of the rod, and so bring the spot near the centre of the scale. In the absence of the 

I'od the spot was now off or nearly off the scale, so that accurate measures of the 

induced magnetisation were impossible. 

The effect of the changed position of the compensating coil was allowed for in 

reducing the observations. A similar use of the compensating coil was subsequently 

made in some of the higher fields. It had the disadvantage of making the scale 

reading more disturbed by slight irregularities in the current. In these strong fieltl.s, 

however, the cyclic changes were so small compared to the total induced magnetisation 

that the alternative of increasing the distances of the coils from the magnetometer 

possessed greater disadvantages. 

§ 26. In Table II., <§ is the field existing prior to the break of the current. 3/ is 

the residual magnetisation prior to tlie application of any pressure, 3/ tliat finall}’- 

existing after what was approximately a constant number of pressure cycles. A 

minus sign represents, as elsewhere, a diminution in the magnetisH.tion, and when 

placed at the head of a column it applies to all the entries in that column. The 

shoch-effect is obtained by subtracting from the algebraic value of the total effect of 

the first pressure tlie algebraic value of tlie cyclic “ on ” — “ 

The second last column gives the ratio of the shock-effect to the intensity of the 

residual magnetisation prior to pressure, while the last column gives the ratio of the 

cyclic “ on ” — “ off” to the intensity of the residual magnetisation in the cyclic state. 

§ 27. In both the Tables I. and II. the letter N signifies that a certain end of the 

rod, which we shall call A, was a north pole ; S, that it was a south pole. The numhers 

in brackets in the first columns give the order in which the experiments took place. 

It was Intended to apply as nearly as possible the same degree of pressure in every 

single case. Still, as the pressure was applied by hand, a certain amount of irregu¬ 

larity was bound to exist. The smallness in the variations shown by the individual 

observations of the cyclic effect in each separate field, and the smoothness of the 

several curves obtained prove that throughout any single series of experiments a 

pretty uniform standard must have been maintained. As a considerable interval of 

time elapsed between some of the successive series of experiments, notably those made 

in December and Januar}’’, the standard probably varied somewhat from one series to 

another ; fig. 7, at all events suggests that in February the standard pressure was 

somewhat less than in December. 

^ 28. The results of Table I. and IT. will be presently discussed along with the 

corresponding results from suhsequent tables, but certain peculiarities illustrative of 

the first difficulty stated in § 22, claim a special attention. 

A glance at the values of and in Table I., shows that the supposed demagnet¬ 

isation following the strong field (7) had not sufficed to remove all its effects. A 

comparison of the fields (14) and (15), or of (12) and (13), shows a much smaller 

susceptibility for currents making A a south pole, than for those making it as in (7) a 

north pole. From the results subsetpiently obtained with a more perfect system of 
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demagnetisation, and contained in Tables IX. and X., it appeaios that in those of the 

eight weakest fields of Table I., in which A was a north pole, the values obtained for 

K^, K^, and the cyclic effect are all undoubtedly somewhat too great. 

The effects of the residual polarity appear still more decidedly in Table II. in the 

case of field (14). Here, what must be regarded as an abnormally large amount 

of residual magnetism, was originally present. Every trace of this was, however, 

removed by a single pressure, and with subsequent pressures magnetism of opposite 

sign became apparent. An even more striking case, that of field (13), does not 

appear in Table II. because no absolute measures were taken. In this case, the 

residual magnetism on the break even of the current was of opposite sign to the 

induced, and it increased on the application of pressure. 

Second Series of Experiments. 

§ 29. In the next principal series of experiments—taken in January, 1889—the 

method of taking the observations was much the same as in the first series, but the 

distances between the pieces of the apparatus were varied. Thus the distance 

of the centre of the rod from the magnetometer needle was 73’6 cm., 50 cm., or only 

39'2 cm., according as the quantity under examination was the intensity of the 

induced magnetisation, the effect of pressure on the induced magnetisation, or the 

residual magnetisation. The compensating coil and the scale remained screwed to the 

beam carrying the apparatus, while the three positions of the magnetising coil and 

the corresponding positions of the magnetometer were indicated by pencil marks 

on the beam. There was no shaking of the rod, or variation in the current caused 

by the movements of the coil and magnetometer. 

The fields in this series of experiments varied from 84’8 to 725 C.G.S. units. 

Preliminary experiments in the weakest of these fields, showed that demagnetising 

the rod had no appreciable influence on the magnitude of the cyclic effect of pressure. 

There was thus in none of the recorded experiments, as given in I'ables III. and IV., 

any attempt at demagnetisation ; but the weaker fields were taken first so as to avoid 

the disturbing influence of any residual effects that might originate with very strong 

currents. 
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Table III. 

3i. U- Sa - 3i- 
I irst 
“ on.” 

Cyclic Shock-effect Cyclic “on” — “off ” 

3i 32 

84-8 409 4-8 7-4 + 9-2 + 2-2 + -017 E ‘005 
106-4 472 4-4 4-6 •E 5-0 + 0-7 E -009 E -001 
126-G 526 4-1 
155 m 554 .3-6 2-3 - 1-2 - 2-1 E -002 - -004 
181 582 3-2 - 1-8 - 2-4 E -001 — -004 
210 611 2-9 .T1 - 3-2 — -005 
270 m 629 2-3 1-3 - 2-4 - .3-6 E -002 — -006 
282 624 2-2 
293 613 2-1 1-1 - 2-4 - 2-9 

o
 

p
 

E
 - -005 

.339 654 1-9 .. 
357 669 1-9 - 4-5 - 3-2 - -002 — -005 
406 TO 690 1-7 7-9 - 2-8 -3-8 ^ -001 — -005 
541 707 1-3 17-0 - 1-5 - 2-3 E -001 - -003 
633 777 1-2 34 - 5-2 - 3-4 - -002 - -004 

r 90-Q 1 
725 791 1-1 {tU 2*2 • • - 003 

1 

Table IV. 

Nnmber of 
fields. 

Limiting fields. 
Average 

first “ on.” 
Average 

cyclic “ on ”-“ off.” 
Average 

shock-effect -e 3/. 

7 8.5-210 - 16-4 - 1-14 - -21 
8 250-355 17-4 1-09 •21 
4 400-725 14-6 •SO •19 

§ 30. In Table III., which gives the observations on the induced magnetism, the 

headings have the same meanings as in Table I. When m is attached to the strength 

of the field, two or three separate experiments were conducted with fields of approxi¬ 

mately this strength, and the results given in the table are the averages of those 

obtained. The blanks are mainly due to unsteadiness in the scale-readings brought 

about by fluctuations in the strength of the magnetising current. 

In no case probably, as already explained, does the column headed —3] g'i''® 

with perfect accuracy the change in the magnetisation produced by the pressure cycles 

alone, and in fields over 400 units the changes under this head must mainly be due to 

a totally different cause, viz., the heating of the rod. In these high fields the scale¬ 

reading did not remain stationary in the absence of pressure, but showed a progressive 

increase of magnetisation. To obtain the cyclic effect, the pressures were applied and 

removed at as nearly uniform intervals as possible, and the changes in the magnetisa¬ 

tion occurring in successive intervals were compared. 

In the strongest field, after the application of a large number of pressure cycles. 
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during which an increase of 22‘9 units of magnetisation appeared, the current was 

bi’oken, and after a short interval re-made, before the rod had cooled much. During a 

second almost equally numerous series of pressure cycles an increase of only 1'3 unit of 

magnetisation appeared. At the commencement of the second part of the experiment 

most of the coil was doubtless colder than the contained rod, so that the temperature of 

the rod would not alter much for some time after the re-make of the current. This 

last experiment indicates, I think conclusively, that in fields of this strength the 

permanent change in the magnetisation brought about by pressure cycles must be 

small, whatever its sign may be. 

The values given for the First “ on” in the strongest fields cannot claim great 

accuracy. The rod began to get heated before the oscillations of the magnetometer 

needle following the introduction of the rod into the coil had sufficiently subsided to 

permit of a reading being taken. The progressive increase of magnetisation was, in 

fact, going on m.ost rapidly when the first pressure was applied. There had thus 

occurred a considerable progressive change before the next scale-reading could be 

taken, so that it was very difficult to deduce the true effect of the first pressure. 

The values obtained in these high fields for the intensity of the induced magnetisa¬ 

tion must also have been to some extent unduly raised by the heating, so that the 

curve of fig. 1 is, in its higher portions, not so flat as it ought to be. 

§31. Table IV. gives merely certain average results, calculated from the large 

number of observations actually made on the residual magnetisation. On comparing 

the results after the conclusion of the experiments, it became apparent that the 

magnitudes of the several phenomena varied so little with the strength of the pre¬ 

existing field within the limits of the observations, that trustworthy deductions as to 

the exact modes of their variation were rendered impossible by the small variations in 

the distances of the pieces of the apparatus which the method of experiment was sure 

to introduce. The measurements of the effects of pressure are, in addition, exposed to 

possible irregularities in the magnitude of the pressure, but this ought not to affect 

sensibly the average results recorded in the Table. 

Third Series of Experiments. 

§32. In the next series of experiments, extending from January to February, the 

residual magnetisation alone was under investigation. Every single piece of apparatus 

was bolted or screwed to the supporting beam, so as to prevent any relative move¬ 

ment. The magnetometer needle was distant 82 cm. from the scale and 38 cm. from 

the middle of the rod. 

First of all a set of observations were taken of the initial amount of the residual 

magnetisation as the strength of the pre-existing field was raised by steps from 1 ‘7 to 

79-4 C.G.S. units. The rod was apparently very nearly demagnetised by reversed 

currents previous to the first experiment, but no subsequent demagnetisation was 

MDCCCXC.—A. 2 z 
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performed. No pressure or tapping was applied to the rod throughout these observa¬ 

tions. The current was always in the direction making the end A the north pole. 

The results, as recorded in Table V., are deduced from the scale readino-s taken 

(l) with the rod in its place inside the coil immediately after the break of the 

current, (2) with the rod removed to a distance. In general, two observations were 

taken for each strength of field. The mean of the two observations is the 3/ of 

the Table. By Ip is meant the strength of the field due to the current just broken, 

and by /c/ the ratio of to <§. The mode of variation of 3/ with Ip is shown in 

curve a, fig. 10 ; while the mode of variation of k{, which is subsequently termed the 

residual susceptihilitij, is shown in curve a, fig. 11. 

Table V. 

ATi'. 3f. / 

^'l • 

1-7 •22 •13 14-1 12-9 •91 
2-6 •29 •11 10-1 15-8 •98 
.3-5 •66 •16 18-0 21-4 1-20 
4-4 •95 •22 22-3 27-5 1-23 
5-0 1-3 •25 25-0 28-5 1-14 
5-6 2-0 •36 27^3 31-5 1-15 
6-0 2-4 •40 38-0 43-0 113 
7-0 3-8 •55 45-4 50-1 1-10 
9-4 6-6 •70 54-6 56-4 1-03 

11-5 9T •79 70-4 61-9 •88 
12-2 10-2 •84 79-4 63-8 •80 

§ 33. In continuation of these experiments a much more elaborate set of obser¬ 

vations were taken, with the object of determining whether the amount of the 

residual magnetisation or its properties depended on the treatment of the rod during 

the flow or break of the current. In one set of experiments, spoken of in future as 

the L type, no pressure at all was applied during the flow of the current. In a 

second set, the M type, six cycles of pressure “ on ” and “ ofl“” were applied, the current 

being broken when pressure was “ ofl'.” In a third set, the N type, a pressure was 

applied after six pressure cycles, the current being broken when pressure was “ on.” 

In these, as in all the other experiments, the rod was introduced into the coil after 

the scale reading showed that the current had become steady. The experiments of 

the several types were not conducted separately, but on the following plan. Starting 

with a certain number of storage cells and a certain resistance in circuit, complete 

observations were made for the corresponding held wdth each of the three types 

in the order L, M, N, say. Then with a greater number of cells, or a reduced 

resistance, observations were taken for the next higher field, in the order M, N, L, 

and so on, in cyclic order. Care in fact was taken that the experiments of any given 

type shoukl not unduly often be either the first experiment of the day or the first 
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experiment with a given strength of field. This variation in the order was adopted 

lest during the application for several hours of a succession of pressure cycles, 

interrupted only by the demagnetisations, the rod might become less responsive to 

pressure, developing a sensible amount of what may be termed fatigue. Under the 

actual conditions, if this did happen, it would not afiect the experiments of one type 

more than those of another. 

The strength of the pre-existing fields was raised step by step from 1 to 400 C.G.S. 

units, and until fields of 350 units, or thereby, were reached, the rod was demag¬ 

netised, before each single experiment, by reversed currents and vigorous tapping. In 

the stronger fields the rod was merely exposed to a preliminary reverse current, of 

the same strength as that about to be used in the experiment. During the actual 

observations the end A was invariably the north pole. 

In each experiment of each of the three types, with the exception of some of the 

weakest fields, the following operations were conducted. When the spot on the scale 

had become stationary, after the break of the current, a reading was taken. The pin 

was then withdrav/n and the rod carefully removed, being kept at right angles to the 

magnetic meridian. The scale reading when stationary having been observed, the 

rod was gently restored to its place and the pin secured. With a little practice this 

operation was accomplished without shaking out any sensible amount of magnetism, 

as the coincidence of the scale readino's before the rod’s removal and after its 

restoration sufficiently testified. Pressure was then applied once and removed in the 

experiments of types L and M, being simply removed in those of type N, and the 

corresponding scale readings observed. Twelve pressures cycles were then applied, 

the effects of the last six only being observed. The rod was then removed and the 

constancy of the magnetometer zero tested. 

The various observations obviously supplied sufficient data for calculating the 

initial residual magnetisation, i\\e, first “on” ox first “of” of pressure, the cyclic 

effect off pressure, and the fined residual magnetisation, i.e., the residual surviving 

a definite number—13 for types L and M—of pressure cycles. 

§ 34. The results of the experiments of type L are given in Table VI. All the 

headings have been already explained, except next “ off.” This means the change 

in the magnetisation accompanying the removal of the first pressure applied after 

the break of the current. In the two weakest fields the amount of the initial 

residual magnetisation alone was observed, and in the three next weakest fields the 

effects of only one pressure cycle were taken. Thus no data existed for calculating 

the cyclic effect in these fields ; and the first three results given in the last column 

are unduly large, because the values there assigned to Sa' magnetisations 

existing after the application of only a single pressure cycle. 

In the fields over 90 C.G.S. units the changes in the properties of the residual 

magnetism accompanying the rise in the fields are so small that the small irregu¬ 

larities in the magnitudes of the pressures applied become important. Thus the 

2 z 2 
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stronger fields are g-rouped into two sets, and tlie average effects for each set alone are 

given. 

In like manner the results of the experiments of type M are given in Table VII., 

and those of type N in Table VIII. In these, too, the cyclic effects of pressure were 

unfortunately not observed in the weakest fields. In the six wea.kest fields of 

Table VII. the value assigned to is the residual magnetisation when only one 

pressure cycle has been applied, while in the seven weakest fields of Table VIII. the 

value assigned it is the residual left on the removal of the pressure existing during 

the break of the current. The corresponding results in the last columns of these 

tables are consequently all unduly large. In the strongest fields average results alone 

are given as in Table VI. 

The results of Tables VI., VII., and VIII. supply the data from which the curves 

h, c, d, respectively, of figs. 9 to 15 (Plate 16) are drawn. 

Table VI. 

3/. 
/ 

A-'p . 
First 
“ on.” 

Next 
“ off.” 

Cyclic 
“on”-“off.” 

Ratio of 
Shock-effect of 

first “ on ” 
to 3f. 

Ratio of 
Shock-effect of 
next “ off” to 

Shock-effect of 
first “ on.” 

Sa -t-3i . 

2-6 1'26 •48 
4-2 2-43 •58 
5'6 5-0 •89 - 30 - -15 -•60 ■05 •3’7 
8-9 8-4 •95 4-7 •29 •56 •06 •40 

11-5 107 •93 5-8 •29 •05. •43 
18-0 24-4 1-36 8-5 ■95 6 •35* •11* ■57* 
24-0 327 1-36 10-7 •87 - -32 •32 •11 •61 
35-0 44-2 1-26 13-7 •94 •62 •28 •12 •61 
46-7 497 1-06 13-5 1-00 •49 •26 •11 •05 
59-0 57-3 •97 14-3 •86 •57 •24 •10 •67 
74-8 617 •82 14-4 1-22 •34 ■23 •11 •71 
93-2 64-9 •70 

109 657 •60 
122 66-3 •54 
133 68-2 •51 > 15-2 '85 •53 ■22 •09 •72 
147 68-0 •47 
173 68'5 •40 
207 687 •33 
242 70-2 ■29 
292 70-;) •24 
353 70 6 •20 5 14-1 •69 •49 •19 •08 •To 
385 71-4 •18 
414 711 •17 . 

* In the entries above this point, in absence of experimental data, the cyclic “ on ” — “ off" is neglected. 

Tims the resrilts above this point are not stricily comparable with those below. 
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Table VII. 

3i'. 
First 
“ on.” 

Nest 
“ off.” 

Cyclic 
“on” —“off.” 

Ratio of 
Shock-effect of 

first “ on ” 
to 3/. 

Ratio of 
Shock-effect of 
next “ oft ” to 

Shock-effect of 
first “ on.” 

02 • . 

! 0-95 2-32 2-44 - 1-2 - -15 - -51 •13 •43 
I 1-27 2'65 2-09 1-0 •44 •39 •43 •44 

1-84 3-53 1-92 1-5 •46 •42 •33 •46 
2-7 3-9 1-44 1-9 •29 •49 •15 •43 
6-0 9-0 1-50 4-2 •77 •46 •18 •45 
8-9 

11-6 
13-8 
19-4 

1-51 
1-68 

5-2 
6'4 

1-06 
1-86 + -53 

•39 
•36* •19 •48 

18-0 30-2 1-68 7-9 2-04 + -47 •28 •20 •61 
22-8 36T 1-58 8-8 1-63 + -21 •25 •16 •62 
34-9 50-4 1-45 12-8 1-72 - -27 •25 •16 •61 
46-7 53-8 1-15 12-2 1-65 - -14 •23 •15 •67 
57-5 59-7 1-04 14-2 1-27 - -32 •23 •11 •69 

■ 76-2 65'4 •86 14-3 112 - -54 •21 •12 •68 
94-2 66T •70 

109 66-4 •61 
121 66-9 •55 
134 68-2 •51 ^14-0 •97 — ^56 •20 •11 •73 
147 68-7 •47 
173 68-7 •40 
207 68-7 •33 

i 242 70-2 •29 
301 
350 

70-2 
70-6 

•23 
•20 >12 2 •79 - -48 •17 ■11 •77 

397 70-6 •18 J 

* In the entries above this point, in absence of experimental data, the cyclic “ on 

Thus the results above this point are not strictly comparable with those below. 

“ ojf ” is neglected. 
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Table VIIL 

-h. 

i 
0.., 1 First Cyclic 

“ on” — “ off.” 
Shock-effect of first “ of! ” 

A' H- 3i'. Oil . . “off.” A' 

•98 2-0.5 2-09 - 1-17 - -57 ■43 
1-61 3-52 2-19 2-27 ■65 ■35 
1-96 4-26 2-17 2-64 ■62 •41 
2-65 4-84 1-83 3-01 ■62 ■39 
.3-8 6-2 1-64 3-5 •57 ■43 
61 101 1-66 5-6 •55 ■45 
8-7 13-9 1-59 6-3 

11-5 20-2 1-76 8-8 + -58 ■41 ■47 
17-3 31-4 1-82 121 ■69 ■36 -.52 
22-9 37-6 1-64 11-3 ■54 ■29 ■62 
36-0 49-4 1-38 11-4 ■35 ■23 •68 
46-7 53-3 114 12-5 ■36 "23 ■69 
57-5 58-1 1-01 10-6 •09 ■18 ■69 
79-1 61'3 ■76 12-4 ■20 ■20 ■73 
93'6 63-6 ■68 

111 641 •58 
124 65-3 ■53 
1.34 65-3 •49 ^ 11-6 ■17 •18 •75 
147 65'6 ■45 
180 66-2 •37 
213 66-9 ■32 
224 66-8 ■30 
299 
348 

67-4 
67-9 

■23 
■19 

^ 11-9 ■20 •18 •77 

400 67'8 ■17 1 

Fourth Series of Experiments. 

§ 35. In the last series of experiments, which extended into March, the effects of 

pressure on the induced magnetism were more particularly under investigation. 

Except on one or two occasions, the magnetometer was distant 50 cms. from the 

centre of the magnetising coil, and 81 cms. from the scale. Previous to each experi¬ 

ment the rod was demagnetised by reversed currents followed by vigorous tapping. 

After the introduction of the rod into the coil, fourteen pressure cycles were in 

general applied, readings being taken of the effects of the first four and the last four 

cycles. From these the effect of the first pressure and the cyclic effect are calculated. 

Then, leaving the current untouched, the rod was usually removed to a distance and 

replaced, scale-readings being taken. The comparison of the reading taken when 

the rod was out with that taken prior to its original introduction into the coil, tested 

the constancy of the magnetometer zero. From the readings taken before and 

after the rod s removal, we find the magnetisation 3^ of the rod at the end of the 

pressure cycles ; while from the readings taken before and after the rod’s re-introduc¬ 

tion we find the magnetisation ^3 on the second introduction of the rod into the coil. 

Thus, Ss ~ 3i is, as in former experiments, the increase in the magnetisation during 

the application of the pressure cycles, while is the magnetisation lost during 

the removal of the rod from the coil and its re-introduction. 

* In tlio entries above this point, in absence of experimental data, the cyclic “ on" — “ of" is neglected, 

Thns the results above this point are not strictly comparable with those below, 
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The compensating coil was intentionally placed so as to somewhat more than 

balance the magnetising coil, and so, in some of the strongest fields, the spot was off 

the scale wdien the rod was removed. Thus, in these fields, there were no data for 

calculating 3i, and in calculating 3^ — 3i and 3^ ~ Sa it had to be assumed that the 

magnetometer zero had not altered in the intervals that elapsed during the application 

of the pressure cycles and during the absence of the rod from the coil. The latter 

interval was always short, so that any sensible alteration during it was improbable. 

During these observations the end A of the rod w^as always the north pole. 

There then followed in general, while the current remained unchanged, some 

observations intended to test the residual effects of the pressure cycles. In these 

the rod was repeatedly removed from the coil, it might be when free from or when 

subjected to pressure, and while out its state, as regards pressure, miglit or might 

not be changed. Not infrequently, too, the ends were changed while it was out, so 

that on its re-introduction the end A might be either a north or a south pole. 

Sometimes on the re-introduction of the rod Jirst “ ons ” or Jii'st “ offs ” of pressure 

were taken, with the object of determining whether their magnitude was affected by 

repetition or by a change in the end of the rod. The results of this last series of 

experiments are contained in Tables IX. and X. They are the results on wdiich most 

of the curves in figs. 1-8 (Plate 15) are based. 

Table IX. 

3]- Ky A-3i. /t’o. CV O' 

0
 

<ir> 
1 0

 

3b 
“on”—“off.” 

“Off” 

3a 3b- 

“ On ” 
3a-3b. 

1-8 4T 2-3 2-4 3-6 1-4 
2-2 p 8-2 3-8 1-9 4-7 1-4 -2 

*3-4 110 3-2 3-4 5-0 2-7 3-8 
4-3 p 20-2 4-7 -3 4-8 2-7 T7 
8T u 41-5 5-1 5-0 5-8 5-2 2-4 9-9 
8-6 37-3 4-3 10-2 5-5 5-1 9-7 

n2'5 617 4-6 5-1 6-2 10-3 
23-4_p 147-1 6-8 3-4 6-4 13-5 
237 141-1 6-0 13-2 6-5 11-6 5-3 
35'2 p 253-8 7-2 6-2 7-4 16-5 
357 233-4 6-5 13-3 6-9 10-4 2-9 
46-0 290-0 6-3 12-3 6-6 12-0 9-0 
47-5 _p 312-3 6-6 4-7 6-7 9-2 •5 
57-5 3.39-5 5-9 10-6 6-1 9-5 
bl-^p 375-7 6-5 -4-1 6-5 11-6 8-1 -5 
72-6 397-3 5-5 6-9 5 6 10-5 7-4 -6 
79-8 405-8 5-1 8-6 5-2 10-2 6-3 1-9 
92-0 427-0 4-6 8-1 4-7 8-4 7-3 -6 

1C3-5 491-5 4-7 6-1 4-8 4-5 4-2 3-0 
115 510-4 4-4 3-8 4-5 4-7 1-8 2-i 2-2 
128 530 4-1 2-4 4-2 4-4 2-1 1-8 
144 550 3-8 3-0 3-8 1-4 
158 554 3-5 2-8 3-5 2-8 -5 . , 
174 1-0 1-1 -0-6 0 
198 1-6 1-6 -1-6 -0-4 -1-i 
224 .. 1-4 -1-6 -0-7 , , 
270 1-2 0-2 -4-1 — 2-2 -4-4 -5-0 
351 • . -4-1 -3-1 -5-1 -5-6 

* Ouu’ent fell markedly during pre.ssure cycles, is calculated on its initial, ko on its final value. 
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§ 36. In Table IX. the first six headings have been already explained. The letter 

after the numerical measure of the field in the first column signifies that the rod was 

under pressure previous to and during its introduction into the coil. In such a case 

the entries under 3^ and /c^ refer to the magnetisation existing before this pressure 

was removed, and so are on a different footing from the other entries under these 

headings. The entries under the other headings are also in such a case doubtless 

indirectly affected, but to a much smaller degree. 

In the last four headings the suffix indicates which end of the rod was the north 

pole when the magnetisation in question was measured. The results under these 

headings are deduced from the readings obtained by removing and replacing the rod 

subsequent to the application of the pressure cycles, during which application it must 

be remembered A was always the north pole. 

The seventh column gives the excess of the magnetisation existing when the rod 

was under pressure wdien reintroduced into the coil over that existing when it was 

free from pressure when reintroduced, the end A being in each case the north pole of 

the reintroduced rod. The eighth column differs from the seventh only in that the 

end B was in each case the north pole of the reintroduced rod. The ninth column 

gives the excess of the magnetisation found when A wms the north pole of the 

reintroduced rod over that found when B was the north pole, the rod in each of its 

reintroductions being free from pressure. The tenth column differs from the ninth 

only in that the rod during each of its reintroductions was under pressure. 

§ 37. In Table X. Fiist “ on ” is, as previously, the total change in the magnetisa¬ 

tion—cyclic and non-cyclic—due to the first application of pressure. Aj^ gives the 

effect when the rod, immediately after being demagnetised, has been exposed for the 

first time to the field in question. Ag gives the effect of the first pressure applied 

after the reintroduction of the rod in a state free from pressure, and with the end A 

a north pole. In the case of the results under Aj, there have intervened since 

demagnetisation a complete series of pressure cycles applied with A a north pole, a,nd 

at least one removal and reinbroduction of the rod. In some cases there were several 

removals and reintroductions, and the mean of the observations is recorded. Under 

Bg we get the effect when, on its reintroduction, the rod has B for its north pole. In 

this case it must be borne in mind that the pressure cycles applied since the preceding 

demagnetisation occurred when the opposite end A was the north pole. 

First “ off" is the total effect of the removal of a ])ressure existing previous to and 

during the introduction of the rod into the coil. A^ refers to the case when demagne¬ 

tisation has immediately preceded the observation, Ag and Bg to the cases when a 

complete series of pressure cycles, with A the north pole, and at least one removal and 

reintroduction have intervened since demagnetisation. The distinction between A 

and B is the same as in the case of the First “on” 

Cyclic “on” — “ off” has its usual meaning. Under the next two headings are given 

the non-cyclic portions of the effects of the first application of pressure and of the first 

MDCCCXC.-A. 3 A 
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removal of a pre-existing pressure. and Ag refer to the results recorded in the 

first two columns under the headings First “on” and First “off” The last heading 

has been already explained. As usual . . indicates that no observations were 

taken. When no algebraic sign is attached to a figure + is understood. 

§ 38. To a casual observer the fluctuations that appear in the results of the fore¬ 

going tables may seem excessive. It should, however, be borne in mind that most of 

the pressure effects are very small compared to the total amount of the induced 

magnetisation—sometimes as little as one-thousandth part. Thus the small irregu¬ 

larities in the magnetising current which are produced by the slightest want of 

constancy in the cells, or by the vibrations communicated to the resistance wires from 

shakings of the floor, may produce commensurable effects. Such irregularities were 

frequently recognised through a continual quivering motion of the spot on the scale, 

while the ammeter reading appeared steady enough. Of coui-se, when the unsteadi¬ 

ness was very marked, observations were suspended, but comparatively little of the 

woik done would have been accomplished in the time if observations had been taken 

only when absolute steadiness prevailed. 

§ 39. A separate discussion of the results of each table would involvm a good deal 

of repetition. It has thus appeared best, as a rule, to embody the most trustworthy 

results in curves, and to discuss particular points in connection with the features of 

the individual curves. In every curve the horizontal coordinate gives the strength of 

the field, <§, calculated after the manner explained in § 19. In the case of the 

residual magnetism, .§ is of course the strength of the pre-existing field. 

In fig. 1 (Plate 15), the ordinates give the initial magnetisation when the rod is intro¬ 

duced into the magnetising coil free from pressure. In fig. 3 the ordinates give the 

coefficient of induced magnetisation under the same conditions. The first portions of 

both curves, in which the individual observations are indicated by dots, are based on 

Table IX., while the second portions, in which the individual observations are indi¬ 

cated by crosses are based on Table III. 

These curves are of the same general character as those obtained by many observers 

for iron. In fields below 8 or 9 C.G S. units, the magnetisation increases com¬ 

paratively slowly as the strength of the field is raised. There then ensues, as is most 

clearly shown by the steepness of the commencing portion of the curve of fig. 3, a 

much more rapid increase of magnetisation. The rate of increase attains a maximum, 

as shown in fig. 3, in a field of about 35 C.G.S. units ; which, accordingly, is the 

Wendepunht for the specimen. The rate of increase of the magnetisation then falls 

off, but at first in a comparatively gradual manner. There is thus no very clear 

indication of an approach to “ saturation ” until the strength of the field approaches 

200 C.G.S. units. Even in the strongest experimental fields the rate of increase is 

by no means infinitesimal, though, as already stated, this is probably in part accounted 

for by the heating of the rod. 

§ 40. The smallness of the scale of fig. 1, does not allow the effect of pressure on 
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the induced magnetisation to be shown, but the enlarged scale of fig. 2 shows the effect 

in fields belo w 30 C.G.S. units, where it is of most importance. 

The thick line a, with the individual observations indicated by dots, is merely the 

initial portion of fig. 1 on an enlarged scale. The dotted line h, with the individual 

observations indicated by circles, gives the induced magnetisation after the application 

of the pressure cycles. The curves, a and h, are based on the same experiments, and 

the difference between their ordinates answers to the values in the column of 

Table IX. in those experiments in which the rod was originally free from pressure. 

The third curve c, with the individual observations indicated by crosses, gives the 

induced magnetisation prior to the application of pressure cycles, in these experiments 

denoted by a p in Table IX., in which the rod was under pressure when introduced 

into the coil. 

In fig. 4 the ordinates give the coefficients of magnetic induction in the three cases 

of fig. 2. The data are taken from the same table, and the letters, &c., have the same 

significations. 

The difference between the curves a and h shows the very large effect of the 

pressure cycles in increasing the magnetisation in the weaker fields. It should be 

remembered that between the corresponding pairs of observations on which these 

curves are based there intervened no break of the current, nor any change in the 

resistance, or in the position of the ammeter. Thus any error in the zero or orienta¬ 

tion of the ammeter would affect each curve alike, and leave the difference of the 

ordinates practically unaffected. Valuations, it is true, in the strength of the current 

during the application of pressure cycles, would affect curve h without affecting 

curve a. Such variations, however, could escape notice in the weaker fields only 

when very small, because the ammeter was then in its most sensitive position. 

The comparison of the curves c with the others is not so satisfactory. During the 

time of most of the experiments the ammeter was being used for other purposes, and 

so had to be set up afresh every other day. Thus, though its position was carefully 

adjusted, small differences were certain to occur. 

For these and other reasons it would be unsafe to draw any conclusions from the 

crossing of the curves b and c in fig. 4. It may, however, be regarded as perfectly 

certain that in the weaker fields the curve c lies between the curves a and h, and that 

within the limits of fig. 4 the curve c lies very distinctly above the curve a. 

The form of all these curves of fim 4, suD-crests that under all conditions as to 

pressure the coefficient of magnetic induction becomes extremely small in very weak 

fields. There may, however, be a turning point in one or all of the curves in fields 

lower than those experimented on, 

§ 41. In curve a of fig. 5 the ordinates give the total change in the magnetisation 

produced by the first pressure in those experiments of Table IX. in winch the rod was 

free from pressure when introduced into the coil. The change in magnetisation is 

measured with the pressure “ on,” and so is really the algebraic sum of the cyclic and 

3 A 2 
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lion-cyclic effects. The individual observations are indicated by dots, whose distances 

from the curve are in no case serious. 

The curve shows that the total effect of the first pressure attains a distinct 

maximum in a field of about 45 C.G.ki. units—which soinewhat exceeds the Wende- 

punkt—and then diminishes somewhat rapidly as the strength of the field is raised. 

An unmistakeable critical field, where the effect vanishes, appears at about 160 C.G.S. 

units, and in stronger fields the totA effect of the first pressure is a diminution of 

magnetisation. From the form of the curve it would appear that the diminution does 

not increase indefnitely as the strength of the field is raised. But the experiments 

leave it uncertain whether this diminution of magnetisation attains a maximum in a 

field of about 350 C.G.S. units, or whetlier it continually approaches an asymptotic 

value. 

§ 42. In curve h of fig. 5, the ordinates give the loss in the induced magnetisation 

accompanying the removal of the rod from the coil, after the application of the 

pressure cycles, and its reintroduction. The curve is based on the column 3^ — ^3 of 

Table IX. 

The ordinate corresponds more or less closely to the non-cyclic effect of the sum of 

the pressure cycles applied during the flow of the current prior to the rod’s removal. 

There are two rea^sons however, why it cannot be regarded as an exact measure of this 

effect, more especially in the weaker fields. In the first place, even when no pressures 

are applied it is well known that the magnetisation of iron is not exactly the same on 

the second exposure to a certain field as it is on the first. Some occasional observa¬ 

tions on the cobalt itself gave a somewhat greater magnetisation on a second exposure 

than on the first. The difference was, however, unimportant, and in fields over the 

Wendepunkt it was, if existent, extremely small. In the second place part of the 

effect of the pressure cycles unquestionably survives a removal of the rod froin the 

mao-netic field. As will be seen from 5 65, this residual effect is of considerable 

importance in fields below 30 units. Owing to both these causes the effect of the 

pressure cycles in fields below 30 or 40 units must be decidedly greater than the 

curve h would indicate. No observations exist to show whether or not the curve h 

eventually crosses the axis of abscissae. Not improbably this would be a very difficult 

point to settle owing to the heating of the rod. 

The reason for draw ing a curve for 3^ ~ Ss i>J preference to one for 33 — 3i> is that 

only a few minutes elapsed between the taking of the readings giving 33 and 33? while 

the reading which gives 3i might have been taken over an hour previously. Thus 

under ordinary circumstances the variation of the current could not but be utterly 

insignificant in the one instance, whereas in the other it occasionally reached a 

measurable quantity. 

In Table IX. omitting of course the fields marked 'p, the values of 33 — 3i and 

33 — 33 show a very fair agreement. In fields below the Wendepunkt the former 

quantity is, as the above reasoning suggests, distinctly the larger ; but in stronger 
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fields the one is sometimes tlie larger and sometimes the other. In no single case was 

a negative value obtained for either quantity, though in fields over 200 C.G.S. units, 

both become unquestionably very small. 

The only safe conclusion appears to be that if a critical field existed for the non- 

cyclic or shock-effect of the pressure cycles it exceeded 275 C.G.S. units. Considering, 

however, that the critical field for the cyclic effect of the pressure cjmles is only about 

120 C.G.S. units, this seems an important result. 

§ 43. In the curve of fig. 6, which is based on Table X,, the ordinates give the 

ratio of the increase in the induced magnetisation produced by the non-cyclic part of 

the first pressure relative to the amount of the induced magnetisation existing 

previous to the pressure. The ordinates may thus be held to measure the relative 

importance in fields of various strengths of the non-cyclic portion of the effect of the 

first pressure. 

The curve shows in a striking manner how the relative importance of the non-cyclic 

portion of the effect of the first pressure continually diminishes as the strength of the 

field increases. In the weakest field employed, viz., 1’8 C.G.S. units, the first pres¬ 

sure permanently increases the magnetisation by one half its original value, whereas 

in a field of 160 C.G.S. units the increase is certainly less than oiie part in two 

hundred. 

In stronger fields, as appears from the ninth and tenth columns of Table X., this 

shock-effect becomes extremely small, and continues to be so within the range of the 

experiments. 

The experiments cannot be said to settle conclusively the sign even of the effect, 

but the evidence is decidedly in favour of its remaining positive in fields of at least 

270 C.G.S. units. It will, in fact, be observed that in the tenth column of Table X., 

a decrease of magnetisation was in no single case obtained. Now in the higher fields 

the results in this column are calculated from the mean of two or three observations, 

whereas those in the preceding column answer, of course, to only one observation. 

Ejfects of the Removal of Pressui'e. 

§ 44. It might ajipear at first sight that the increase in the magnetisation invariably 

found to accompany the application of the sum of the pressure cycles in fields up to 

270 C.G.S. units is in itself sufficient jiroof that the non-cyclic effect of the first 

pressure must be within the same limits an increase of magnetisation. The increase, 

however, in the former case might be due to the removals not the applications of 

pressure. 

The removal of pressure from a rod occasions relative displacements of its parts to 

pretty much the same extent as does the application of pressure, and so it too may be 

expected to have some permanent inffuence on the magnetisation. This effect was 

actually found to exist, and its magnitude relative to the original magnetisation is 
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given in the eleventh and twelfth columns of Table X. Comparing these with the two 

previous columns, it will be seen that in weak fields the non-cyclic effect of the 

removal of the original pressure, though much less important than the corresponding 

effect of the application of the first pressure, is by no means a negligible quantity. It 

may, however, be easily overlooked, because in the weaker fields, where its importance 

is greatest, it is in the opposite direction to the cyclic effect of the removal of pressure. 

Also in fields between 25 and 95 C.G.S. units, as appears from the thirteenth column 

of Table X., the cyclic part of the effect is numerically the larger, and so between 

these limits the remov^al of an original pressure appears to be accompanied by a 

diminution in the magnetisation. In fields over 120 C.G.S. units the non-cyclic 

effect has the same sign as the cyclic, and so the increase in magnetisation accom¬ 

panying the removed of an original pressure is fairly conspicuous. 

Cyclic Effect of Presswe on the Induced Magnetisation. 

§ 45. In fig. 7 the ordinates give the cyclic change in the induced magnetisation 

accompanying the pressure cycles. The thick line a, in which the individual obser¬ 

vations are indicated by dots, is based on Table X., the broken line l> with individual 

observations indicated by crosses, on Table I., and the dotted line c with individual 

observations indicated by circles, on Table HI. 

These curves agree in showing a critical or Villaei field of about 120 C.G.S. units. 

The magnetisation is greatest or least when the rod is under pressure according as the 

strength of the field is less or greater than that of the critical field. 

It will be seen from fig. 1 that the magnetisation of the rod in the critical field is 

about 520 units. According to both the curves, a and h, the absolute magnitude of 

the cyclic effect attains a maximum in a field of about 35 C.G.S. units. This, it vviU 

be remembered, is the field found for the Wendepunkt in §39. In general form the 

two curves a and h could hardly agree better than they do, and the difference in the 

absolute lengths of their ordinates might well be due to a difference between the 

standard pressures adopted at the times. Both curves, it will be noticed, pass 

through almost all their experimental points. Near the critical field all three curves 

woidd lie so close together that only the experimental points of c are there shown. 

The highest field in Table IX. is 351 C.G.S. units, and the form of the curve a 

leaves it uncertain whether the cyclic effect attains an algebraic minimum in a field 

somewhat higher than tliis and then diminishes numerically, or whether it continually 

approaches an asymptotic value. The former alternative is unquestionably supported 

by the form of the curve c, which extends to a field of 725 C.G.S. units. The devia¬ 

tions of the experimental points from this curve are, however, so large that it would 

be rash to attach much weight to its precise form. Probably all we are entitled to 

infer is that, if an asymptotic value exists for the cyclic effect, its numerical value 

cannot much exceed that found in a field of 400 G.G.S. units; whereas, if a second 
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critical field exists, where the effect changes sign a second time, its value must very 

considerably exceed 700 C.G.S. units. 

It should be noticed that the ordinates in fig. 7 are drawn on double the scale of 

those in fig. 5. Thus, comparing in those figures the two curves a, which are based 

on the same series of experiments, we see that, in fields below the Villaei point of 

fig. 7, the total effect of the first pressure is invariably very considerabiy larger than 

the cyclic effect of pressure^ The maximum value attained by the former effect is 

about thrice that attained by the latter. 

§ 46. In fig. 8 the ordinates give the ratio of the cyclic increase in magnetisation 

accompanying pressure “ on” to the amount of the induced magnetisation existing 

when the cyclic state is reached. They thus show what proportion of the magnetisa¬ 

tion takes part in the cyclic change. 

The curves a and c are derived from the same experiments as the corresponding 

curves a and c of fig. 7. The form of a, near the vertical axis, shows how much the 

relative importance of the cyclic effect increases as the strength of the field is reduced. 

In comparing the relative magnitude of the cyclic effect and of the shock effect of 

the first pressure, it should be noticed that the ordinates of fig. 8 are drawn on a scale 

ten times that on which the ordinates of fig. 6 are drawn; Thus, in the weakest 

fields, the shock effect is fully ten times the cyclic effect. 

Residual Magnetisation. 

§47. In figs. 9 and 10 (Plate 16) the ordinates give the amount of the residual 

magnetisation existing immediately after the break of the current. The curves h and d 

are shown in both figures, but on a different scale; The curve a is based on Table V. 

I’he rod was here demagnetised before exposure to the weakest field, but not subse¬ 

quently, and remained entirely free from pressure. The curve h is based on Table VI. 

The rod was here demagnetised by reverse currents and vigorous tapping before each 

introduction into the coil, but no pressures were applied while it was under the 

influence of the magnetising currents. The curves c and d are based on Tables VII. 

and VIII. respectively. In both cases the rod was demagnetised, as in the case of 

curve 5, but was subjected to six pressure cycles while under the influence of 

the magnetising current. In the case of c the pressure was “ off” when the current 

was broken, whereas in the case of d the pressure was “on.” The individual obser¬ 

vations are indicated by dots for the curves 6, by circles for the curve c, and by crosses 

for the curves a and d. With the scale of fig. 9 the curve c would be indistinguish- 

able from the curve d in weak fields, and from the curve h in strong fields. 

Effects of Pressure on the Amount of the Residual Magnetisation. 

§ 48. The curves a and h of fig 10 agree in showing only a small amount of 

residual magnetisation on the break of weak fields ; but in fields below 5 C.G.S. units 
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the ordinates of h are at least double those of a. The difference is surprisingly great, 

considering the similarity of the conditions under which the corresponding experi¬ 

ments were conducted. It must, presumably, be mainly attributed to the residual 

effect of the shocks employed in completing the demagnetisation in the experiments 

on which the curve h is based. 

In weak fields, as the difference between the curves c and d on the one hand, and 

the curves a and h on the other abundantly proves, the effect of pressures applied 

during the flow of the current in increasing the residual magnetisation is simply 

enormous. It would thus appear a jynori probable that the application of shocks 

immediately before the starting of the current should have some appreciable 

tendency in the same direction. Fortunately I happened to observe the induced as 

well as the residual magnetisation for the field 2'6 C.G.S. units in the experiments on 

which curve a is based. The numerical value of the induced magnetisation was 8'3, 

which is almost exactly the value obtained by interpolation for the same field from 

Table IX. Consecpiently, ill this field, and so presumably in other weak fields, the 

difference between the curves a and h cannot be attributed, in any important degree, 

to an increase in the induced magnetisation brought about by the process of 

demagnetisation employed in the case of curve h. 

As the strongest field in Table V. is only 79 C.G.S. units, no data exist for drawing 

the curve a in higher fields. It is only, however, in fields below 45 or 50 C.G.S. 

units that there is any clear difference between the results of Tables V. and VI. We 

are thus probably justified in concluding that the process of demagnetisation has an 

appreciable effect on the amount of the residual magnetisation only in fields below 

50 C.G.S. units. 

As already stated, the results of Table V. are each the mean of two observations 

taken in close succession with the same current. Almost invariably the second 

observatioii showed a slightly larger amount of residual magnetisation than the first. 

Tins property has been noticed by several observers in iron. 

The difference between the curves h and c of fig. 10, which are based on experi¬ 

ments in which the same pi’ocess of demagnetisation was applied, shows how effective 

pressure cycles are in increasing the amount of the residual magnetisation in weak 

fields. In stronger fields than those of fig. 10 the curves gradually approach one 

another, and in fields exceeding 120 or 130 C.G.S. units they cannot with certainty 

be said to differ. Thus, in fields below 120 or 130 C.G.S. units, the application of 

pressure cycles during the flow of the current increases the amount of the residual 

magnetisation, but in stronger fields no effect can with certainty be said to exist. 

In fields below 30, or at all events 20 C.G.S. units, the difference between the 

curves c and d is, though small, perfectly clear and incontestable. The existence of 

pressure during the break of the current is the only point in which the experiments 

on which curve d is based differed from those on which curve a is based. As the effect 

of pressure “ on ” during the flow of the current is an increase of induced magnetisation 
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in fields below 120 C.G.S. units, an excess in the ordinates of curve d over those of curve c 

in weak fields might reasonably have been expected. The difference, however, as will 

more fully be seen presently, is somewhat greater than might have been anticipated. 

The crossing of the curves c and d in a field of from 35 to 40 C.G.S. units, and 

thus far below the Villari field, appears a somewhat striking fact. In fields over 

120 C.G.S. units the curve c, if shown in fig. 9, could not be distinguished from 

curve 6, and the difference between its ordinates and those of curve d seems then 

truly remarkable. In fields over 150 C.G.S. units this difference remains nearly 

constant, and amounts to about 4 per cent, of the ordinates of c. If it be remein- 

bered that according to the last column of Table X. the percentage of the induced 

magnetisation, which is cyclic for the same pressure “ on ” and “ off,” is in fields 

between 150 and 400 C.G.S. units never in excess of '4, the significance of this 

result will be more fully understood. 

§ 49. il'he ratio of the residual magnetisation existing in the rod immediately after 

the break of the current to the numerical value of the strength of the pre-existing 

field will, for shortness, be here termed the residual s asce'ptibility. It is denoted by 

in Tables V. to VIII., and its values are represented graphically by the ordinates 

of the curves of fig. 11. In this and in the subsequent figures the letters a, h, c, d 

denote curves obtained from the same series of experiments as are the respective 

curves a, h, c, d of fig. 10. In fig. 11 and the subsequent figures, however, the indi¬ 

vidual observations are indicated by crosses for curves a and c, by dots for curve h, 

and by circles for curve d. 

In the absence of pressure, as shown by curves a and 6, the residual susceptibility 

is very small in weak fields, but increases rapidly, attaining a maximum in a field a 

little over 20 C.G.S. units. This, it will be noticed, is not much over half the field 

which gives the Wendepunkt for the induced magnetisation. The greatest value 

actually observed for Ki in the case of curve b, was only 1'36. After the maximum 

is passed there is a continuous, but gradual, diminution in the residual susceptibility. 

The difference between the oommencing portions of curves a and h shows, even 

more clearly than in fig. 10, the large effect in weak fields of the process of demagne¬ 

tisation. In fields over 50 C.G.S. units the two curves practically coincide, and are 

drawn as one. 

The crossing points for the various curves in fig. 11 are, of course, the same as in 

figs. 9 and 10. Within the range of the figure the curve c lies distinctly above the 

curve h. In fields over 55 C.G.S. units, the curve d is not drawn, as it could hardly 

within the remaining limits of the figure be distinguished from curve h. 

Commencing with the strongest experimental fields, the ordinates of the curves c 

and d increase gradually as the strength of the field is reduced, and show maxima 

values in somewhat lower fields than do the curves a and 6. As the strength of the 

fields is further reduced, the ordinates of c and d pass through distinct minima values, 

and then increase rapidly as the strength of the fields approaches the lowest experi- 
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)nental value. The value of k{ cannot, of course, exceed that of ; so either the 

ordinates of c and d must be rapidly approaching second maxima, or else the ordinates 

( f the curves h and c of fig. 4 must possess minima values in fields lower than were 

experimented on. 

§ 50. In comparing the amounts of the residual and induced magnetisations, the 

employment of the term retentiveyiess in an exact way will be found serviceable. It is 

here used in accordance with the following definition ;— 

The retentiveness is the ratio of the residual to the induced magnetisation, both quan¬ 

tities being measured with the rod exqoosed to one and the same state of mechanical 

stress, and the stress remaining constant during the interred that elapses between the 

measurements. 

In fig. 12 the ordinates give the retentiveness of the rod in the cases illustrated by 

the curves b, c, d. As the residual magnetisation alone was observed in the experi¬ 

ments recorded in Tables VI., VII., and VIII., the necessary values of the induced 

magnetisation were derived by interpolation from Tables IX. and X. In curve b the 

induced magnetisation is that existing prior to the application of pressure, or is the of 

Table IX. In curve c the induced magnetisation is ^2 5 for after six pressure cycles 

the increase in the magnetisation accompanying further pressure cycles is, for our 

present purpose, quite negligible. In the experiments answering to curve cl, the rod> 

after experiencing six pressure cycles, was under pressure wdien the current was 

broken. Thus, for curve cl the induced magnetisation is got by adding to ^2 

algebraic value of the cyclic “ 07i” — “off'' of Table X. 

The curve b sho^vs that, in the absence of pressure, the retentiveness attains a 

maximum in a field of about 15 C.G.S. units, a field somewhat below that at which 

the maximum residual susceptibility occurs in the corresponding curve of fig. 11. A 

great similarity exists between curve b and the curve for zero load in Professor 

Ewing’s fig. 57. The principal difference is that the field at which the maximum 

retentiveness appears is considerably higher in cobalt than in iron. 

The curves c and d of fig. 12 bear a considerable resemblance to the corresponding 

curves of fig. 11 ; but there are no longer distinct maxima or minima. Comparing 

these curves with cmwe b we see that in the weakest experimental fields pressure 

cycles increase the retentiveness in the ratio of four or five to one. The tendency to 

become tangential to the vertical axis shown by the curves c and d—wdiich cannot, 

however, go on indefinitely as the fields are further reduced—is not exhibited by any 

of the curves for the retentiveness of loaded iron-wdre occurring in Professor Ewing’s 

fig. 57. Possibly if he had employed lownr fields he might have found similar 

phenomena, so it -would not be safe to assume that iron and cobalt actually differ in 

this particular. 

The ordinates of curve cl being greater in wnak fields than those of curve c, it 

follows that in fields below 30 C.G.S. units, where the curves cross, the retentiveness 

of the rod is greatest when it is under pressure while the current is broken. In fields 
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over 30 C.G.S. units the retentiveness is least when the current is broken with 

pressure “ on,” and in fields over 50 units the difierence is not inconsiderable. In 

fields over the Villari point, of 120 C.G.S. units, the Induced magnetisation is greater 

for curve c than for curve d, so that in such fields the excess of the ordinates of curve 

c over those of curve d would, relatively to their absolute magnitude, be somewhat 

less in the case of fig. 12 than in the case of fig. 11. 

Similar considerations lead to the conclusion that in fields over 130 C.G.S. units 

the curve h would be, if anything, slightly above the curve c. In other words, in 

fields over 130 C.G.S. units the effect of pressure cycles is, if anything, slightly to 

diminish the retentiveness. This effect is, howevei", insignificant compared to that 

proceeding from the existence of pressure “ on ” during the break of the current. 

The curves h and d cross in a field of about 40 C.G.S. units. The curve d would 

then become the lower, but it would be for a time so close to h that it is not attempted 

to show it separately in the figure. 

The conclusions which the preceding considerations lead to are the following ;— 

In fields below 30 C.G.S. units the application of cycles of pressure “ on ” and “ ofi‘” 

during the flow of the current, and the existence of pressure on ” during the brea.k 

of the current, botli tend to increase the retentiveness, the former agency being in 

fields below 10 C.G.S. units far the more important. In fields between 30 and 

120 C.G.S. units, or thereby, the application of cycles of pressure still increases the 

retentiveness, but the effect continually diminishes as the strength of the field is 

raised. In fields over 130 C.G.S. units up to at least 300 or 400 C.G.S. units the 

effect of pressure cycles is very small, but is, if anything, a diminution of the reten¬ 

tiveness. In fields from 30 C.G.S. units up to at least 300 or 400 C.G.S. units the 

existence of pressure “ on ” during the break of the current diminishes the reten¬ 

tiveness, and the eftect is of the same order of magnitude as that due to the same 

cause in fields below 30 C.G.S. units. In fields between 30 and 40 C.G.S. units, or 

thereby, the increase in the retentiveness occasioned by the pressure cycles exceeds 

the diminution occasioned by the existence of pressure “ on,” but in stronger fields 

the latter effect is the larger, and its superiority appears continually to increase with 

the strength of the field. 

§ 51. Curve h of fig. 12 is repeated in Curve I. of fig. 13, in order that its form in 

fields over 75 C.G.S. units may be seen. There appears a continual but very slow 

diminution in the retentiveness as the field is raised to 400 C.G.S. units. Curve II. 

of fig. 13 will be discussed presently. 

§ 52. In fig. 14 the ordinates give the absolute amount of the residual magnetisa¬ 

tion which seems to disappear with the first alteration of stress after the break of the 

current. 

Comparing the curves h and c, in which the loss of magnetisation accompanies the 

application of pressure, with the curve cZ, in which it accompanies the removal of the 

pressure existing during the break of the current, we see that the effect must be to a 
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large extent independent of the precise character of tlie change of stress, and would 

doubtless follow more or less any mechanical agitation of the rod. 

The curve h is drawn through nearly all the experimental points, but in the stronger 

fields of c and d, especially the latter, the experimental points are somewhat widely 

scattered. These latter curves accordingly cannot be trusted in their minute details. 

The curves are based on the data in the fourth columns of Tables VI., VII., and VIII. 

These tables give only certain average results for fields over 90 C.G.S. units, but they 

indicate that the ordinates of h and c would attain maxima values in fields someAvhere 

between 100 and 200 C.G.S. units. Thereafter the ordinates of c would apparently 

diminish the more rapidly of the two, so that in fields of 400 C.G.S. units the curve c 

woidd have approached pretty close to the curve d, which remains apparently nearly 

horizontal. 

§ 53. The application of cycles of pressure causes cyclic changes in the magnetisa¬ 

tion, whose character will presently be discussed. In consequence of this the effects 

of the first change of stress on the residual magnetisation are only, in part, of a non- 

cyclic character. To get the exact quantity of magnetisation whose •permanent 

disappearance is secured by the first change of stress, the cyclic effect must be 

allowed for. 

Suppose, for instance, a field of 50 C.G.S. units is broken when pressure is “off” 

The cyclic effect is then a diminution of magnetisation when pressure is “ on.” 

Consequently the loss of magnetisation accompanying the first application of pressure 

exceeds the quantity whose permanent disappearance is secured by the amount which 

takes part in the cyclic change. Subtracting from the total loss the numerical value 

of the cyclic effect, we get what may be regarded as the true loss of residual magneti¬ 

sation due to the first application of pressure. This quantity is that here termed the 

shock-effect of the first pressure. 

In the case of residual magnetism the cyclic effect is in general small compared to 

the shock-effect, so that a considerable error in the cyclic effect will seldom seriously 

affect the calculation of the shock-effect. 

§ 54. In fig. 15 the ordinates represent the ratio of the shock-effect of the first 

alteration of pressure to the amount of the pre-existing residual magnetisation. The}^ 

may thus be regarded as measuring the efficacy of the first change of pressure in 

shaking out the residual magnetisation. Unfortunately no readings were taken of 

the cyclic effects of pressure in the weaker fields in the series of experiments on which 

the curves are based. Thus up to the points where the transverse lines are drawn, 

the ordinates represent the ratio of the total effect of the first change of pressure to 

the initial residual magnetisation. Gonsequently, as will be seen presently, in the 

commencing j^ortions of the curves the ordinates of 6 and c are probably somewhat 

underestimated, and those of d, on the other hand overestimated. The corrections 

could, however, hardly modify the relative positions of the curves. 

The curves all show that the efficacy of the first change of pressure in shaking out 
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the residual magnetisation, as measured by the percentage got rid of, continually 

diminishes as the strength of the field is increased. According to the seventh columns 

of Tables VI. and VII., and the sixth column of Table VIII., on which the curves 

are based, this diminution most probably goes on up to fields of 400 C.G.S. units 

at least. The difference, however, between the percentages shaken out in the case of 

fields of 100 and 400 C.G.S. units is under all conditions very small. 

Comparing curves b and c, in figs. 14 and 15, and the seventh columns of Tables VI. 

and VII., we see that while in fields below 15 C.G.S. units an absolutely larger 

amount of residual magnetisation is shaken out by the first jiressure when pressure 

cycles have been applied during the flow of the current, still in these and in all 

higher fields within the experimental limits a greater percentage is removed by the 

first pressure when no pressures have been applied during the current. 

We thus see that in fields below 100 C.G.S. units, pressure cycles during the flow 

of the current diminish simultaneously the percentage of the induced magnetisation 

got rid of by breaking the current, and the percentage of residual magnetisation got 

rid of by the subsequent application of a pressure. In fields from 130 to at least 

400 C.G.S. units pressure cycles during the flow of the current appear slightly to 

increase the percentage of induced magnetisation got rid of by breaking the current, 

while simultaneously diminishing the percentage of residual magnetisation got rid of 

by the subsequent application of a pressure. In these strong fields, however, both 

these effects are comparatively insignificant. 

§ 55. In the experiments on which the curves h and c are based the effects of 

removing the first pressure applied after the break of the current were also observed. 

The invariable result was a loss of magnetisation, and its magnitude is recorded in the 

fifth columns of Tables VI. and VII. In considering how much of this loss is perma¬ 

nent, the cyclic effect of the change of pressure must be allowed for. This has been 

done in calculating the eighth columns of Tables VI. and VII., which give the 

relative importance of the first pressure and its removal in permanently reducing the 

magnetisation. 

When no pressures have been applied during the flow of the current we see from 

Table VI. that, in fields between 18 and 75 C.G.S. units, the removal of the first 

pressure produces uniformly about one-ninth of the effect of its application. In the 

higher fields the relative importance of the removal of pressure shows a distinct 

diminution. 

Comparing Tables VI. and VII. we see that in fields below 50 C.G.S. units the 

importance of the removal of the first pressure after the break of the current relative 

to its application is largely increased by the application of pressure cycles during the 

flow of the current. In fields over 50 C.G.S. units the effect of the removal bears to 

that of the application of the first pressure in the case of Table VII. the appa¬ 

rently nearly constant ratio of 1 :9, which still somewhat exceeds the ratios found in 

the corresponding fields of Table VI. 
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The fact that the importance of the removal of the first pressure relative to its 

application is greatest in weak fields must, I think, be connected with the fact that in 

weak fields, as shown by cuiwes c and d, fig. 15, a larger proportion of the residual 

magnetisation is shaken out by the removal of a pressure existing during the break of 

the current, than by the application of an equal pressure when the rod is free from 

pressure during the break of the current. In the weak fields pressure cycles, which 

exist in the case of curves c and d, cause a large permanent increase in the induced 

magnetisation, and, of this, a much larger proportion is due to the application than to 

the removal of pressure. Thus, the phenomena suggest that the residual magnetisa¬ 

tion arising from the portion of the induced magnetisation which the application 

of pressure enables the rod to acquire is more easily shaken out by the removal 

of pressure than is the remainder of the residual magnetisation. 

It may also be worth mentioning that by increasing the magnitude of the first 

pressure after the break of the current the eftect of its application was increased, but 

the effect of its removal diminished absolutely as well as relatively. 

Cyclic effect of Pressure on the Residual Magnetisation. 

§ 56. The cyclic effects of pressure cycles on the residual magnetisation during the 

experiments on which the curves h, c, d are based, are shown in the sixth columns 

of Tables YI. and YII. and the fifth column of Table VIII. The cyclic effects were 

also observed in the December experiments, and are recorded in the fifth column 

of Table II. In the experiments of Table II. the demagnetisation was incomplete, 

but otherwise the COnditioDS were identical with those of the experiments of Table VII. 

The cyclic effect was found very difficult to measure accurately, partly on account 

of its smallness, and partly, doubtless, on account of its sensitiveness to small varia¬ 

tions in the treatment of the rod during the flow, and more especially the break of 

the current. In the weaker fields the cyclic effects were observed only in the experi¬ 

ments of Table II., which were inferior in accuracy to the later observations. 

For these reasons the numerical values attributed to the cyclic effects in the tables 

cannot claim to be more than somewhat rough approximations. Thus, while believing 

the results to represent correctly the general features of the phenomena, I have not 

embodied them in curves, as the precise forms of these might have owed too much to 

the imagination. 

§ 57. Taking first the case when pressure cycles were applied during the flow of the 

current but no pressure existed during the break, we see from Tables II. and VIL 

that the cyclic effect in the residual magnetisation is an increase or a decrease of 

magnetisation when pressure is “on,” according as the pre-existing field is below or above 

a certain critical field. So far the parallelism between the residual and induced mag¬ 

netisations seems complete. The critical field, however, for the residual magnetisation 

is according to both tables only about 30 C.G.S. units, and so only about a quarter of 
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that for the induced magnetisation, and the intensity of the critical magnetisation in 

the former case is less than an eleventh of that in the latter. Table VII. shows no 

sensible variation in the magnitude of the effect as the field is raised from 70 to 400 

C.G.S. units. 

Taking next the case when no pressures were applied during the flow of the current, 

we see from Table VI. that in a field of 18 C.G.S. units—the lowest in which observa¬ 

tions of the effect were taken—no sure cyclic effect was detected. Thus a critical 

field must exist at or very close to this field. In higher fields there is a clear diminu¬ 

tion of magnetisation accompanying pressure on,” and in fields over 100 C.G.S. 

units the results agree as closely with those of Table VII. as they well could. Thus, 

the only conspicuous difference in the cyclic effect produced by pressure cycles during 

the flow of the current is a rising of the critical field. 

Table VIII., however, shows that a truly remarkable difference occurs in the 

phenomena when pressure exists during the break of the current. In this case, in 

fields from 11‘5 to 400 C.G.S. units, the residual magnetisation in the cyclic state 

is invariably greater when pressure is “ on ” than when it is “ off” The magnitude 

of the cyclic effect apparently diminishes at first as the field is raised, but in fields 

of from 70 to 400 C.G.S. units, it is at least approximately constant. 

It thus appears that the sign even of the cyclic change of the residual magnetisation 

accompanying cycles of pressure, is altered by such a seemingly trifling circumstance 

as the existence of pressure during the break of the pre-existing current. 

It seems almost unnecessary to point out that the facts stated in this paragraph 

convincingly show that the effect on the magnetisation of cyclic applications of 

pressure is not determined solely, or in some circumstances even principally, by 

the measure of the rod’s magnetic moment, or its so-called intensity of magnetisation. 

§ 58. As the conclusions of the last paragraph as to the cyclic effect seem of 

considerable importance, it may not be out of place to supply data by which the value 

of the evidence on which they are based may be fairly judged. 

The precautions taken in varying the order of the experiments have been already 

mentioned in explaining the Tables VI., VII., and VIII. 

Now in fields stronger than the critical field of Table VII., there were, in all, 46 

separate experiments of the types L, M, and N. Answering to pressure “ on,” there 

appeared a minimum of magnetisation in each of the 31 experiments of the types L 

and M, a maximum in each of the 15 experiments of type N. As the difference was 

wholly unexpected, and the observer had no preconceived ideas on the subject, it is 

difficult to conceive how the evidence could be stronger. 

§ 59. The ordinates of Curve II. of fig. 13, give the fraction of the residual 

magnetisation, which is removed by a definite number of pressure cycles iii the 

experiments of Table VI., or type L. 

The percentage removed continually diminishes as the strength of the pre existing 

field rises. The rate of diminution in the percentage removed is very rapid as the 
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strengtli of the field is raised to 30 or 40 C.G.S units, but very slow when the field is 

raised ov^er 150 C.G.S. units. 

A comparison of this curve with the curves of figs. 4 and 6 brings out clearly 

the fact that tlie residual magnetisation, which is most easily removed by pressure 

cycles, is that left on the break of those fields in which pressure cycles have the 

greatest effect on the induced magnetisation. 

The data in the last columns of Tables VII. and VIII. would lead to curves 

very closely resembling Curve II. Thus the preceding remarks apply equally to the 

experiments of types M and N. 

§ 60. Comparing Curves I. and II. of fig. 13, we see that in fields over 30 

C.G.S. units, tlie increase in the percentage of the induced magnetisation removed by 

breaking the current, and the diminution in the percentage of the residual magnetisa¬ 

tion removed by a definite number of pressure cycles, go hand in hand. 

It has been already mentioned that the application of a particularly severe first 

pressure after the break of a current lessened the eftect of the removal of the pressure, 

and it also lessened the joint eftect of succeeding pressure cycles, in wfiiich the pressure 

was of the normal intensity. 

Thus the close resemblance of Curves I. and II. in the stronger fields suggests that 

the sudden break of a current acts in some respects as a mechanical shock, and that 

the magnitude of this shock-effect continually increases as the strength of the field is 

raised. 

Separation of the Effects o f th e Application and Existence o f Pressure. 

§ 61. There are still some points connected with the fundamental character of the 

eftect on the rod’s magnetisation produced by the application of pressure, on which 

Tables IX. and X. throw some light. 

We have seen that in general the first application of pressure after the rod’s intro¬ 

duction into a given field, causes a change in the magnetisation. Further, as a rule, 

the greater portion of this change survives the removal of the pressure, so that for its 

continued existence the existence of pressure is not essential. It thus seems of 

importance to determine whether the change depends solely on the existence of 

pressure for a finite time during the flow of the current, or is due in whole or in part 

to the actual application of pressure. 

Taking Weber’s hypothesis for illustration, the change must consist either in a 

sub-permanent increase in the general mobility of the ultimate magnetic molecules, or 

in a swinging round of some of them into extreme positions, wliere they are kept hy 

molecular friction even after the removal of the pressure. The application of pressure 

produces doubtless molecular movements, during which the rotations of the ultimate 

magnets might be expected to go on more freely, so that on this theory we shoulo 

d priori be disinclined to attribute the entire effect to the mere existence of pressure. 
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In practice it is difficult if not impossible wholly to separate the effects of the 

application of pressure from those of its mere existence. When the rod is put under 

pressure before its introduction into the magnetising coil, and not introduced until 

sufficient time has elapsed for any molecular motion to die out, the magnetisation 

might at first sight be supposed to differ from that possessed by the rod when the 

pressure is applied after its introduction by an amount which exactly measures the 

effect of the actual application of the pressure. It must be remembered, however, 

that sudden magnetisation, altering as it does the rod’s length, must act in part as a 

mechanical shock and set up molecular movements, whose character and amplitude 

would naturally depend to some extent on the state of the rod as to pressure. 

In the following remarks the difference between the magnetisations of the rod 

under pressure in the two circumstances of its introduction is entirely attributed to 

the effect of the application of pressure, but the previous statements should be taken 

as a warning against accepting this as more than an approximation to the truth. 

§ 62. Certain experiments bearing on the question have been already referred to in 

§ 40 in discussing the curves of fig. 4. These experiments were limited to fields 

under 60 C.G.S. units; but within that range they showed conclusively that in a 

freshly demagnetised bar the existence of pressure applied before the rod’s intro¬ 

duction into the magnetising coil increases the susceptibility. In the weaker fields of 

fig. 4 the curves show a greater susceptibility when the application of the pressure 

has succeeded than when it has preceded the introduction of the rod into the coil, 

and the evidence for this was considered satisfactory. In fields from 30 to 60 C.G.S. 

units the reverse is the case according to the curves, but reasons were given for 

regarding the evidence on this point as insufficient.' 

In these experiments when pressure existed during the introduction of the rod into 

the coil it had always been applied some minutes previously, so that any molecular 

movements set a-going by the process had presumably pretty well subsided. Further, 

any such movements must have been inconsiderable compared to those occasioned by 

the vigorous tapping which accompanied the demagnetisation of the rod shortly before 

its introduction in both sets of experiments. 

We are thus in all probability entitled to conclude from these experiments that in 

a freshly demagnetised rod the mere existence of pressure, apart from the consequences 

of its application, has, in fields up to at least 60 C.G.S. units, the effect of permanently 

increasing the induced magnetisation, while in the weakest fields there can be no 

doubt that the actual application of pressure has an independent effect iii the same 

direction. 

§ 63. The results of a more complete series of observations bearing on the same 

point are given in the seventh column of Table IX., under the heading 3^ “ on”~“ off.’’ 

This signifies, as already stated, the excess of magnetisation possessed by the rod 

when introduced into the coil under pressure, over that it possesses when introduced 

free from pressure. The circumstances of the rod are, except as regards the pressure, 

MDCCCXC.—A. 3 G 
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identical in the two cases. The rod was not, as in the experiments discussed in the 

last pai’agraph, in a freshly demagnetised condition, but had just heen exposed to 

numerous pressure cycles in a field of the same strength and sign. 

This column agrees with fig. 4 in showing in weak fields an increase of magnetisation 

due to the existence of pressure. An unmistakeable critical field, however, ensues, the 

effect eventually changing sign. Thus the character of the effect of the mere existence 

of pressure varies in the same way as does that of the joint effect of the application 

and existence of pressure, which we have already discussed in § 41. 

In this case an exact basis of comparison exists, because in the third column of 

Table X., under the heading First “on” Ao, we have the combined effect of the 

application and existence of pressure when the previous treatment of the rod was the 

same as in the experiments of the seventh column of Table IX. 

A comparison of these two columns shows that the fields in which the effects attain 

their maxima, and the critical fields must be nearly the same, if not absolutely 

identical in the two cases. The magnitudes of the effects are, however, decidedly 

different. There can Idc no question that in the weaker fields the effect is very 

considerably greatest when the application of the pressure succeeds the introduction 

of the rod into the coil, and this effect of the application of the pressure clearly 

continues until the field of 128 units is reached. From this to somewhat over the 

critical field neither the application nor the existence of pressure has effects large 

enough for satisfactory determination. In the fields of 198 units and upwards the 

diminution of magnetisation due to pressure was in every case fonnd greatest when 

its application preceded the introduction of the rod. 

Thus in all fields up to 128 C.G.S. units the actual application of pressure during 

the flow of the current produces in the condition of the rod during these experiments 

an unmistakeable increase in the magnetisation, and not improbably this tendency to 

increase the magnetisation exists in all the fields within the range of the experiments. 

In the eighth column of Table IX are a few results from experiments on the same 

point. The circumstances of these experiments differed from those of the preceding 

column, only in that the previous fields of equal strength in which pressure cycles had 

been applied, were of opposite sign to those in which the effects were observed. The 

phenomena are clearly of the same general character as those of the previous column, 

and the existence of a critical field is unmistakeable. The observations are in¬ 

sufficient to determine the exact position of the critical field, but it is obviously not 

far from the critical field of the preceding column. 

The Polar or Non-2oolar Character of the Effects of Pressure. 

§ 64. Another very important question is whether the effects of the application and 

removal of pressure on the magnetisation are of a ^oolar or a non-polar character. 

The meaninef of these terms will be best understood from an illustration. 
o 
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Let us suppose the induced magnetisation increased bj a series of pressure cycles 

applied during the flow of a current, which makes A the north pole. The efiect is 

non-polar if the rod be brought into the condition of an unstrained rod of a different 

material possessed of a higher susceptibility. The effect is polar if the susceptibility, 

while increased in fields making A a north pole, is equally diminished in fields of 

opposite sign—supposing for the moment that an opposite field could be introduced 

without altering the rod’s temporary properties. If the susceptibility be simply 

altered by different amounts in fields of opposite sign the effect may be regarded as a 

combination of a polar and a non-polar effect. 

It is probably impossible to arrive at a complete knowledge of the character of the 

effect, because the introduction of an opposite field implies a break and make of the 

magnetised current affecting the temporary properties of the rod. It is only in so far 

as the effects of pressure cycles are residual that their polar or non-polar character 

admits of direct investigation. 

If, after the application of pressure cycles in a certain field, an increase of 

susceptibility, not otherwise accounted for, be found in fields both of the same and of 

opposite polarity, the existence of a non-polar effect would seem to be established. 

The same conclusion follows if there be a decrease of susceptibility irrespective of the 

sign of the field. If the susceptibility be found less in fields of the same name as 

that existing during the pressure cycles, than in fields of opposite name, it is difficult 

to think of any probable explanation other than a true polar effect. 

If, however, the susceptibility be greater in fields of the same sign as that existing 

during the pressure cycles than in fields of opposite sign, the phenomenon may be 

explained without assuming a true polar effect. 

The reasons for these statements will probably be most clearly presented by 

embodying them in language literally applicable only to Webek’s theory of mag¬ 

netism. According to this theory, the only way in wdiich we can imagine the 

application or removal of pressui’e to produce a permanent change in the magnetisa¬ 

tion is either by endowing the ultimate magnetic molecules with an increased or 

diminished mobility, or by enabling them to swung round into extreme positions, 

where they stick. The change in the molecular mobility is non-polar if the molecules 

turn as freely in fields of one sign as in fields of the opposite sign, otherwise the 

change is polar. 

Now when the susceptibility is found increased in fields both of the same and of 

opposite sign to that existing dinung the pressure cycles, or when it is diminished 

irrespective of the sign of the field, or, lastly, when it is less in a field of the same 

sign as that during which the pressures were applied than in a field of opposite 

sign, it is clear that the phenomena cannot be attributed to the magnetic molecules 

having stuck in positions into which they swung while under the directive influence 

of the original field. Thus, in these cases, the phenomena must be ascribed to some 

change in the mobility of the magnetic molecules, and so there must be a true polar 

3 c 2 
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or non-polar effect. It is obvious, however, that if the magnetic molecules sowing 

round and stuck in the way imagined, then the magnetisation would naturally be 

greater in a field of the same sign as the original than in a field of opposite sign. 

This is not regarded here as a true polar effect, though producing in the induced 

magnetisation phenomena identical with those which would arise from a true polar 

change in the molecular mobility. The turning round of the molecules has been 

already discussed in §§ 22 and 28, where its occurrence was demonstrated. The effect 

on the induced magnetisation will here be referred to as a quasi polar effect. 

§ 65. The ninth column of Table IX. may be regarded as measuring the combined 

true and quasi polar effects of a numerous series of pressure cycles, in so far as they 

survive the break of the field during which the pressures were applied, and the make 

of an equal field of the same or opposite sign. The exact quantity measured is the 

algebraic excess of the magnetisation in a field of the same sign as that existing 

during the pressure cycles over that in a field of opposite sign, the rod being in each 

case introduced free of pressure into the second fields. 

The results obtained with the weakest field of the table, 1'8 C.G.S. units, differed 

so much from the others that it was inconvenient to include them in the table. They 

were as follows :— 

Circumstances of rod. 
End a 

north pole. 
Pressure. 3. 

First introduction .... A off 4T 
After pressure cycles . 55 55 6'5 
Out, re-introduced. B 4-8 
Kept in. 55 on 6-5 
Out, re-iutroduced. 6-2 

A off 4T 

51 55 .... B 55 5-5 

55 55 ...» A 4-1 
Kept in. 55 on 6-5 
Out, re-introduced. off 5 3 

55 . 55 .... B 55 5T 

There are here two or three instances of an increase of susceptibility of a non-polar 

character, and also clear indications of a polar effect. Considering how small the 

total induced magnetisation is, both the polar and non-polar effects are of consider¬ 

able importance. 

In the next field, 2’2 C.G.S. units, the rod was originally under pressure, and yet 

%2 ~ 3i exceeds Sg — %. Thus, as 3a — 3b is only '2, there occurred a very decided 

residual increase of susceptibility, mainly of a non-polar character. 

In all the fields, from 3'4 to 35'7 C.G.S. units, the residual effect is largely of a 

polar character. Take, for instance, the field 8'6. Here the pressure cycles raise the 

magnetisation by 10'2. Of this, 5T survives the break and re-make of the current, 

and so only about the half of the increase is lost. 
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The difference, however, in this case between 3a and 3b amounts to no less than 

97, and thus the susceptibility, when B is the north pole, is lowered by nearly as 

much as the susceptibility, when A is a north pole, is increased. The residual effect 

is, in fact, almost entirely of a polar character. This appears to be about the strength 

of field at which the polar effect is largest. 

In the fields from 357 to 128 C.G.S. units the results show too large fluctuations 

to lay any claims to great accuracy. They may, however, be regarded as satisfactorily 

proving that within these limits the polar residual effect is small, and that it has the 

same sign as in the weaker fields. 

In the field of 174 C.G.S. units no residual polar effect could be detected, and in 

stronger fields the effect changes sign. There is thus a neutral field, which if not 

identical with, is certainly very near that at which the total effect of the first pressure 

on the induced magnetisation vanishes. In weaker fields the susceptibility of the rod 

is greatest when the field is of the same sign as that existing during the pressure 

cycles, in stronger fields the susceptibility is in these circumstances least. 

In fields above this neutral field there is thus, according to the previous reasoning, 

a true polar effect. In fields again, such as 12‘5 C.G.S. units, a quasi polar effect 

unquestionably existed, because there could then be obtained the phenomenon of the 

reversal of the rod’s polarity on the break of an equal reverse current described in 

§ 22. This phenomenon could not be obtained in a field of 237 C.G.S. units. 

There is thus positive proof that a true polar effect exists in strong fields and a 

quasi polar effect in weak fields, and most probably in all but certain critical fields 

they exist simultaneously. 

§ 66. We have seen that the residual polar effect has practically the same critical 

field as the total effect of the first pressure, or First “ on” of Table X. Also both 

these effects are relatively very large in weak fields, and it might thus be supposed 

they stood in some intimate relationship to one another. In fields of 30 to 50 C.G.S. 

units, however, the residual polar effect is very small, while the First “ on ” is about 

its maximum. 

An explanation of the discrepancy is supplied by a consideration of the curves h 

and c of fig. 12. The difference between the ordinates of these curves in a field of 

8 C.G.S. units is great compared to the difference in a field of 30 C.G.S. units. Thus 

in the former field pressure cycles are much more effective in increasing the retentive¬ 

ness than in the latter. A consideration of the numerical data shows that of the 

additional magnetisation which the pressure cycles enable the rod to acquire the loss 

on the break of the current is proportionally much less in a field of 8 than in a field of 

30 C.G.S. units. Thus the quasi polar residual effect must be much smaller in the 

latter field than in the former, which doubtless accounts for the rapid falling off in the 

value of the total polar effect as the field is raised. 

In the last column of Table IX. there are a few results bearing on the same point. 

These are derived from experiments in which the rod was under pressure when 



382 MR. C. OHREE ON THE EFFECTS OF PRESSURE 

reintroduced into the coil after being subjected to a series of pressure cycles in a 

previous field of the same strength. So far as they go the results are very similar to 

those of the previous column, from which it follows that the residual polar efiect is, at 

least in its general character, independent of the state of the reintroduced rod as to 

pressure. 

§ 67. Further results bearing on the polar character of the residual effects of 

pressure are given in the second, third, and fourth columns of Table X. These give 

the total algebraic increase of the induced magnetisation due to the first application 

of pressure. The headings A;^, A^, show the condition of the rod as explained in 

§37. 

Comparing the columns headed and Ao, we see that in fields below 50 or 60 

C.G.S. units the increase in the magnetisation caused by the application of the first 

pressure is very considerably greater when the rod is in a freshly demagnetised 

condition than when it has recently been subjected to a numerous series of pressure 

cycles in a field of the same strength and sign. In fields between 60 and 90 C.G.S. 

units the effect of pressure is still distinctly larger in the freshly demagnetised rod, but 

whether considered absolutely or relatively the difference between the results in the 

two columns is small. In stronger fields the numerical value of A^, whether it signify 

an increase or a decrease of magnetisation, appears almost invariably greater than 

that of Ao. Both quantities, however, are then small, and in the strongest fields the 

effects of the first pressure were difficult to measure exactly, as the irregularities in 

the column headed A^ would suggest. It would thus be unsafe to build too much 

upon the differences between the two columns in fields over 90 C.G.S. units. The 

evidence, however, clearly supports the conclusion that even in the strongest fields the 

numerical value of the change in the magnetisation due to the first pressure is, ceteris 

'paribus, greatest in a freshly demagnetised bar. 

The observed differences between the columns headed A^ and Ag are exactly of the 

character we should have expected from the already discussed experiments on the 

residual effects of pressure. In the weaker fields, we saw that the residual effect is 

very considerable. Thus the rod on its second exposure to a given field, under the 

circumstances of the experiment, is more or less in the state of a rod already subjected 

to pressure. Thus its condition, when the pressure Ag is applied, is somewhat inter¬ 

mediate between its conditions before and after the application of the pressure A^. 

Now the effect of the second j^ressure, after the introduction of the rod into the coil, 

was invariably, in the weaker fields, small compared to the effect of the first pressure. 

Consequently, in such fields, the pressure Ag would naturally have a smaller effect 

than the pressure A^, which is precisely the phenomenon observed. 

Comparing the fourth column of Table X. with the previous two, we see that 

in fields up to 60 or 70 C.G.S. units, the increase in the magnetisation of the reintro¬ 

duced rod, due to the first pressure, is distinctly greater when the field is of the 
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opposite sign to that existing during the pressure cycles, tlmn when it is of the same 

sign. In stronger fields, the sign of the field existing during the pressure cycles 

appears practically immaterial. 

A difference between the effects of the pressures and Ao, or A^ and Bo, might be 

due either to a polar or a non-polar residual effect of pressure, bat a difference 

between the effects of the pressures A^ and Bg must be due entirely to a polar residual 

effect. Thus the experiments on the first pressures afford independent proof of the 

existence of a residual polar effect in fields up to 60 or 70 C.G.S. units. This is 

in accordance with the results of § 65. 

There would also appear to be evidence of the existence of a non-polar effect in the 

weaker fields. In such a field, we have already shown the existence of a very 

considerable quasi polar residual effect. Now the application of a pressure in a field of 

opposite sign, would unquestionably shake out part of this quasi polar effect, and might 

be expected to produce, in addition, a polar effect of its own, equal or nearly equal to 

that of the first pressure in the original field. Thus, if there were not a non-polar 

residual effect, we should expect the pressure Bg to have, in weak fields, a larger effect 

than the pressure A,. This does not, however, appear to be the case. 

The positions of the critical fields for the vanishing of the total effect of the first 

application of pressure, indicated by the second, third, and fourth columns of Table X. 

are in good agreement. Consequently, it would appear that the position of this 

critical field depends but little on the treatment of the rod since its last demag¬ 

netisation. 

§ 68. The results given under the heading First “off” in Table X., show that in 

the strongest fields of that table the residual polar effects, due to the application 

of pressure cycles in pre-existing fields of the same strength, have no appreciable 

influence on the magnitude of the increase of magnetisation which accompanies the 

removal of the pressure existing during the re-introduction of the rod into the 

magnetising coil. 

Combining this phenomenon with the close agreement in the stronger fields of the 

magnitudes of the effects of the first pressures Ag and B2, we seem entitled to conclude 

that the residual polar effect of pressure cycles in a strong field, of whose existence the 

two last columns in Table IX. give clear proof, is not sensibly diminished by the 

application or removal of a single pressure in a subsequent equal field, whether of the 

same, or of opposite sign. 

Resemblances betiveen the Phenomena shoivn by Iron amd Cobalt, 

§ 69. Most of the following resemblances between the phenomena shown by the 

cobalt rod and those shown by the stretched iron wires of Professor Ewing’s experi¬ 

ments, have been already incidentally noticed, but a formal statement and comparison 

may be useful. In the following statements, stress signifies tension in the case of the 

iron wires, and pressure in the case of the cobalt. 
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1. The strengths of the fields in which the changes in the magnetisation produced 

hj the first application of a given stress, or by its cyclic repetitions, bear the greatest 

ratios to the pre-existing magnetisations, are very low, if indeed they possess a finite 

value. 

2. The fields in which the changes in the magnetisation produced by the first appli¬ 

cation of a given stress, or by its cyclic repetitions, are absolutely greatest, are not 

very far from the region of the Wendepunkt. 

3. The maximum cyclic effect appears, however, in a distinctly lower field than 

does the maximum effect of the first application of stress. 

4. Both the cyclic effect and the effect of the first application of stress possess 

critical or Villari points, and the critical magnetisations are both considerably 

greater than that answering to the Wendepunkt. 

5. The critical field, however, for the cyclic effect is decidedly lower than that for 

the first application of stress. 

6. The residual magnetisation approaches “ saturation ” in much lower fields than 

does the induced. 

7. The residual susceptibility—or the ratio of the residual magnetisation to the 

strength of the pre-existing field—when the specimen is free from stress, attains a 

maximum when the pre-existing field is very considerably lower than that answering 

to the Wendepunkt. 

8. The retentiveness—or the ratio of the residual to the induced magnetisation—in 

the absence of stress, attains a maximum in a field decidedly lower than that in which 

the residual susceptibility is a maximum. 

9. Stress increases largely the residual susceptibility and the retentiveness in weak 

fields, and decidedly lowers the fields in which these magnitudes present their 

maxima. 

§ 70. If the magnetisation answering to its Wendepunkt be taken as the unit for 

each individual specimen, the following Table gives approximately the induced magne¬ 

tisations existing during certain critical events in the magnetisation of the cobalt rod, 

and three samples of stretched iron wire examined by Professor Ewing. 

Table XI. 

Maximum 

Retentiveness. 
Maximum 

residual susceptibility. 
Critical point 

for cyclic effect. 
Critical point 

for first stress. 

Cobalt .... •40 •58 2-31 2-53 
1st iron wire . 1-60 1-87 
2n(l „ . . •53 •70 
3rd „ . . •55 •70 

This will serve to show the kind of evidence on which the above statements as to 

the relations between cobalt and iron are based. Considering also that the intensities 
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of the magnetisations answering to the V/endepunkte of the stretched iron wires 

were on an average nearly thrice that answering to the Wendepunkt in the cobalt 

rod, that the wires were practically of infinite length, and that the critical fields 

observed in them answer, as a rule, to stresses considerably more severe than the 

normal stress appjlied to the cobalt, it seems not unlikely that by taking the position 

of the Wendepunkt in the absence of stress as a standard for comparison, it may be 

possible to trace general laws underlying the varied phenomena occurring in the 

different magnetic metals, and thus throw light on the material changes in which the 

process of magnetisation consists. 

Note. 

[The referees to whom the paper was submitted having suggested the desirability 

of an examination into the chemical character of the rod, I add the following analysis, 

for which I am indebted to Mr. R. H. Adie, of Trinity College, Cambridge, wdm 

kindly undertook the work :— 

Percentages. 

Cobalt. 91'99 

Nickel. 4‘3G 

Manganese. 1‘86 

Iron. ] '37 

Carbon, &c. ‘42 

100-00 

The rod is thus not a pure specimen of cobalt. The principal impurity, however, is 

nickel, which closely resembles cobalt in its magnetic properties, though in general 

regarded as less strongly magnetic. The effects of pressure on the magnetisation of 

nickel are of the same general character as in the case of cobalt in fields below the 

critical, though probably more intense. One would thus expect the critical field to 

be slightly raised in consequence of the presence of the nickel.— April 16, 1890.] 

3 D MDCCCXC.-A. 
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V. On the Theory of Free Stream Lines. 

By J. H. Michell, Trinity College, Cambridge. 
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Introduction. 

The attention of mathematicians was first called to the subject of the present paper 

by a memoir of Helmholtz’s in 1868, on “ Discontinuous Fluid Motion.”'" 

In discussing the steady motion of liquids past salient edges of fixed obstacles, it 

is found that the assumption of continuity of the motion leads to negative pressures 

m the liquid. Helmholtz showed, in the paper above-mentioned, that some cases of 

this kind could be solved by assuming a surface of discontinuity, on one side of which 

the liquid is at rest, and he gave a mathematical solution of one case where the motion 

is in two dimensions. 

The next advance in the subject was made by Kirchhoff who, in 1869, in a paper 

entitled “ Zur Theorie freier Fliissigkeitsstrahlen ” in ‘ Crelle’s Journal,’ gave a 

generalization of the method which Helmholtz had used, and obtained thereby the 

solution of three new interesting cases. Subsequently in his ‘Vorlesungen iiber 

mathematische Physik,’ he published another method and worked out the same 

problems by means of it, but gave no new ones. 

Rayleigh in the ‘Philosophical Magazine,’ December, 1876, discussed the solutions 

of Kirchhoff, and gave a drawing of the bounding free stream lines in one case. 

As far as I know, these are the only investigations published on the mathematical 

side respecting a branch of hydrodynamics of great theoretical and practical interest. 

In considering the method of transformation of polygons given independently by 

Schwarz and Christoffel I have been led to a new transformation, which together 

with theirs, gives a general solution of the problem of free non-reentrant stream lines 

with plane rigid boundaries. 

A considerable number of the cases of high interest prove to be of a tolerably 

simple nature, and I have worked out several in detail. 

These problems occupy the first part of the paper. In the second part I have given 

some extensions of the transformation formulae, which are applicable to problems of 

condensers and the form of hollow vortices in certain cases. 

* ‘Berlin Monatshericlite,’ 1868; and ‘ Gesamm. Abhandl.,’ vol. 1. 

28.6.90 
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The general Theory of Transformation. 

Let X, y be two conjugate functions with respect to the two variables <^, xjj, so that 

+ iy =f{(f> + 
and write 

X iy = z X ■— iy = z\ 

(j) txjj = 'll’ <f> — Ixjj =: 'll’'. 

X, y may be regarded as the rectangular coordinate of a point in a plane which we 

shall call the 2 plane, and similarly xfj are the coordinates of a point in the plane. 

Consider the functions 
. ctz dz 

V = log ~ • VN 3 
^ dv) d.w 

W = — i log — 
dz jdz' 

dvf dv/ 

Since they can be written in the form 

w = 

dw ° dvr 

, dz 
log 

df^ 

dio ” did 

they both satisfy Laplace’s equation, and we have 

V + fW = 2log^3 
' ^ dw 

SO that V, W are conjugate functions with respect to x, y or <j), xp. 

The transformations of the present paper will be deduced from the properties of the 

function V, so that its nature must be considered in detail. We have as alternative 

forms of y 

— {(S)V(im- 

If the element of arc of xjj constant in the z plane be given by 

dcp 

then 

ds^ = 

=m+ 

V = — log Ir 

SO that 



MR. J. H. MICHELL ON THE THEORY OF FREE STREAM LINES. 391 

And 

iW = 

dx 
d4> 

lOO- - 
® dx 

+ t 
. dy 
' d^ 

_ 
d(p d(j) 

3= 2id, 

where 6 is the angle the tangent to the carve xJj makes with the axis of x. 

[Mr. Brill has used the function W as a means of transformation (‘ Cambridge Phil, 

Soc. Proc.,’ vol. 6, and ‘ Messenger of Math.,’ August, 1889), and has thus anticipated 

me in one of the general theorems given in the latter part of this paper as I shall 

notice in the proper place. I was not acquainted with his work when I developed the 

method here given.] 

Let k be the curvature of the curve v// at <5?), We have the well-known formula 

which is 

k 
dh 

d'^ 

Now let the arc of the curve ifj be connected with k by the equation 

(1) 

so that 

or from (P 

. =f{k) 

l± . . (2) 

If if/ consist of parts of straight lines we have simply 

— — 0 
d-\^ 

(3) 

The formula (2) suggests a general method for finding a transformation 

- 

such that xJ/q is an arbitrary curve in the z plane. 

If the region within \pQ corresponds, point for point, to the part of the w plane lying 

above xfj = xf/g, the problem is reduced to finding a potential function V, which is 

continuous throughout the space bounded by a straight line, and such that 

over that straight hue 
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We have still to discuss the question of the singular points of V^. 

The function V will be finite and continuous for all points except where two 

branches of a i// curve {or o, (f) curve) cut. 

At such a point dz/div is either zero or infinite, and in either case V is infinite. 

It will be sufficient for our purpose to consider only the simplest singularity, that 

is, in which we have in the neighbourhood of a point ’Ao) ^f this nature 

Y = n log [{(f) — (^o)® + (v// — + C, 

and therefore 

= A (^ “ '^u)b 

where the value of n will depend on the nature of the singularity in question, and 

will be seen from the particular problems to which we proceed. 

Problem I. 

To find the transformation 2 = f{(f) -fi ixjj), which makes the area for which ip is 

positive in the w plane correspond point for point to the area inside a given rectilinear 

polygon in the z plane. (The problem of Schwarz'"' and CHRiSTOFEELt.) 

Consider the conditions which the function V must satisfy in the o) plane. 

(a) There are to be no singular points for xp positive. 

{b) Along i/; = 0 we have dYIdxjj = 0. 

(c) At certain points of \p = 0, which correspond to the angular points of the 

polygon in the 2 plane, we have V infinite. 

It is plain from this specification that the function V is (to a constant) merely the 

potential of masses at the singular points (pi, cp^ . ■ . along ip = 0 ; and, therefore, 

V = log n{{(p- <p,f -b + C, 

so that 

S = nA («.' - 4,)- 

where 11 is the product symbol. 

It remains to find the quantities n,.. 

the point (pr, 

Draw a small semicircle of radius P around 

* “ Ueber einige Abbildungsaufgaben ” (‘Crelle,’ vol. 70, 1869). 

t “ Sul problema delle temperature stazionarie,” &c. (‘Annali di Matematica,’ vol. 1, 1867). 



J[R. J. H. MICHELL ON THE THEORY OF FREE STREAM LINES. 393 

and on tills semicircle let 
10 — = Ji (cos d i sin $), 

so that 
ilz > , 
, = AR"' (cos Hr 6 i sill n,.6). 

dw ^ ' 

to 

Consequently, as we pass from 6 = w to 6 = 0, dz/dw goes from 

AR"' (cos n,.7r + i sin Urtr) 

AR'". 

The amplitude of dzjdw has, therefore, decreased by Urir. 

But the increase of amplitude is tt — ar where is the internal angle of the 

polygon which corresponds to 

Therefore, 

SO that the transforpiation becomes 

which is the formula given by Bchwarz and Christoffel. 

Problem I.—Special Case, 

For the study of non-reentrant free stream lines we require a special case of this 

formula. 

Suppose the polygon to consist of a series of straight line sinfinite in one direction, 

all parallel to y = Oj so that the angles of the polygon are either 0 or 2tt, and, there¬ 

fore, n,- = + 1 or — 1. 

Let <^i,, correspond to an angle 2?r, and, therefore, to an end of a line within a finite 
distance of the origin, and let (/>2,. correspond to an angle 0, and, therefore, to the 
adjacent ends of two lines at an infinite distance from the origin. 

Schwarz’s formula then becomes 

dz 

dto 
= ita 

w ~ 01,. 

3 E MDCCCXC.—A, 
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It is plain that there cannot be more than one factor more in the numerator than 

in the denominator, so that we can write 

dz 

dio 
= Aw + B + ) 

and, therefore, on integrating 

z = I Aiv^ + Bic -f-1) + log {w — </).>,.), 

we may at once determine the distances between consecutive lines in terms of the <f>r, 

or in terms of the D,.. 

For consider the passage of w around the small semicircle R above described. 

We have 
IV — (l)r— Re'®, 

therefore 

R " d (Re'®), 

= iQ,. [ tW, * TT 
= — nrGr- 

So that y increases by — in passing the point <^0,) therefore, the distance 

between the parallel lines r and r + 1 is — ttC,-, or, in terms of the </>,-, is 

— ttAII 
4>r ~ (fi-Zf 

After we have fixed on the angle which is to correspond to (^ = i 00 , we can in 

general choose the position of two other points and then the transformation- 

Ibrmula is determined to an additive constant. 

For example, take the case of two doubly Infinite lines AB, CD, with a semi- 

infinite line EF between them. 

C H 

E F 

A B 

We may take the zero angle (A, C) to be ^ = Aoo , and the angles (B. F) (F, D) 

to be (/) = — I, (^ = -p 1. Then if the angle E is ^ = c, we have 

dz A(w — c) 

dio {w — 1) (w +1) 
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Let the distance between AB and EF be d-^ and that between EF and CD d^. 

Then integrating past the points w = — 1, oj = 1, we find 

(/j = — 77 

d,= 

A(l- c) 

77 ■ 
A a + c) 

which determine A and c, and, therefore, make the formula definite. 

Other examples will occur in the physical application. 

Peoblem II. 

The second transformation which we need may be stated most simply as an 

electrical problem. 

Let there be any number of infinitely long plane conductors, all in the same plane, 

and with parallel edges. 

It is required to find the potential at any point when these conductors are raised to 

given potentials. 

A P. C D E F 

Let AB, CD, EF, ... be the sections of the conductors by the plane (xy). 

Everything is symmetrical with regard to the line ABF which we take to be 

y — 0- 
Consider tbe specifications of the transformation-function V where i// is the potential 

and (f) are the lines of force. 

We must have dYjdxli = 0 over the conductors, since they are straight, and, there¬ 

fore, also dY/dy = 0. 

There will be infinite points at the edges A, B . . . of the conductors, and also at 

points in the field corresponding to branch points of \p (or <^). These last will be 

distributed symmetrically with respect to y = 0. 

From these conditions it is plain that the solution is that V is the potential of 

masses at the singular points in question, so that we may write 

V = log Il[{x — x,f -\-{y — + C, 
and, therefore, 

clz 
= An [z — zY'. 

dvj ' ' 

It remains to find the quantities iir- 

For a singular point in the field where m branches of xfj meet we have simply 

Ur— — m. 

3 E 2 
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For an edge of the conductor we may proceed thus :— 

then 

z — = 

(z — 2^)" = R" (cos nO + i sin nO), 

so that as 6 goes from — tt to tt, {z — z^^’‘ goes from 

R" [cos (— nir) -h i sin (— ?r7r)] 

to 

PF'[cos (wtt) + i sin {nTr)\ 

and, therefore, the amplitude of dzlclw increases by 2?i7r. Now the amplitude goes 

from 0 to TT, therefore, n = \. 

ffence 
dio ~ 
dz {z — Xg)^ ’ 

where ?• refers to a point in the field and s to the edge of a conductor. 

If one of the conductors reduce to a line, we have two of the equal, say 

Xg = Xs + i, and there is a factor 2 — x^ in the denominator, and so for any number of 

line conductors. 

There are many other cases for which a formula like the above applies ; it is not 

always necessary that the conductors should be in the same plane. 

It is very easy to perceive sucli cases by considering whether the equation 

(lY/chi = 0 is satisfied over the conductors where chi is an element of a normal to a 

conductor. 

Ry combining this transformation with that of Schwarz and Christoffel we get 

a general solution for the free-stream-line problem, as I shall presently show. 

It is necessary first to deduce some special formulm, which will be continually used 

hereafter. 

(a) Take first the case of one conductor and one line— 

■ —-—X. .-X. 

X = — b X = b X = a 

Let the conductor extend from x = — h to x = h and the line distribution 

be at a; = a. 
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Then the general formula reduces to 

dw Ai 

~(h ~ (- _ a) {z^ - 

where A is real, supposing that there is no singular point in the field. 

The nature of the multiplier Ai is obtained by considering that between 

X = — b and x = h = 0. 
cLc 

The inteoral of this is 

lu = Ai log 
- U’A 

h{z — a) 

supposing the potential of the conductor is zero. 

(6) Now let the conductor be two semi-infinite planes, with a gap from a? = — h 

to X — h between them, and let there be a line distribution at a; = a where 

h> a > — h. 

x = a 
-1.1.1-- 

X = — b X — h 

Then 

where A is real 

And 

dw 

dz {z — a) 

w — Ai log 
- c,- -E v/(5^ - e"-) y - z^) 

b{z — a) 

the potential of the conductor being zero. 

(c) If we put 0 = 6 + z' in the result of [a), and then make 6 = oo, we get for the 

case of a semi-infinite conductor a? = 0 to .x = — co with a line distribution at aj = a, 

i • 1 -v/^ + \/^ 
10 = Ai log -V- , 

*= x/s - 

the potential of the conductor being 0. 

These results (a), (6), (c), could of course be deduced from the known formulae for 

elliptical conductors. 
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On the Theory of Non-reentrant Free Stream Lines. 

The presence of sharp salient edges in a moving liquid always implies surfaces of 

discontinuity, but these may be closed or unclosed according to circumstances. It 

would be difficult to give a rule as to the kind of motion in a given case, for an 

alteration in the relative sizes of the solids concerned wall totally alter the character 

of the motion. 

As an illustration of this take the case of two parallel planes of finite breadth 

placed symmetrically one behind the other in a broad stream. If the second plane be 

of less than a certain width, free stream lines will proceed from the edges of the first, 

und the second will be in still water. 

Now suppose the second yfiane broadened until it cuts the stream lines from the 

first plane. 

The character of the motion is changed. Two vortices will appear behind the first 

plane, and in addition there will be free stream lines from the edge of the second 

plane. 

No method has yet been discovered which will give solutions of cases where there 

is motion on both sides of a surface of discontinuity. In the problems treated in the 

present paper there is always still water on one side of a free stream line. 

In the present section the motion considered is in two dimensions, the boundaries 

are ])lane, and the free stream lines are non-reentrant. 

Let X, y be the coordinates of a point in the liquid, (f>, xfj the potential and stream 

functions respectively. The region in the iv plane corresponding to moving liquid 

in the 2 plane will be bounded by straight lines rp, infinite in one direction at least 

and parallel to xp = 0. 

The area in the w plane is therefore of the nature treated in Problem I. (a), that 

is, it is bounded by a polygon whose angles are alternately four right angles and 

zero. 

This area, then, by means of Problem I. (a), may be transformed into the part of a 

new ti plane in which q is positive, where u = j) + iq. 

In this u plane the boundaries of the liquid, both the plane boundaries and the 

free stream lines, are represented by the line q = 0. 

Let, as before. 

V = log ^ 
aw dio' 

+ 

We have seen that V is a potential function, considered as a function of ip, and, 

therefore, it is also a potential function considered as a function of p, (/, for (p, xp are 

conjugate with respect to p, q. 

Further, we have seen that along a straight boundary \p = constant we have 

clYjdxp = 0, and, since all the straight boundaries correspond to portions of <7 = 0, we 
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must have clYjdq = 0 along all these portions. Along a free stream line the pressure 

is constant, since it must be equal to the pressure on the liquid which is at rest. 

Now, in steady motion, we have Bernoulli’s pressure equation 

constant. 

Therefoi'e, along a free stream line is constant, and, therefoi’e, V is 

constant. 

All the portions of ^ = 0 which do not correspond to plane boundaries correspond 

to free stream lines, for which V is constant. 

Lastly '^Y+ dxj ^ 

dj)_ 

dyj 
is zero at reentrant angles of the boundary, and also at points 

where stream lines branch. 

For these points V is infinite and positive. 

In all the cases we shall consider, these infinite points will be along = 0, so that 

a stream line only branches at the boundary. 

We have now reduced the problem to finding a function V which satisfies Laplace’s 

equation ; is finite and continuous in that half of the plane u for which q is 

positive ; is constant along parts of ^ = 0 ; along the other parts satisfies clYjdq — 0 ; 

and at points along it is + • 

This problem has an obvious solution. 

It is plain that V is merely the potential due to conductors coinciding with those 

parts of ^ = 0 for which V is constant, and having that constant as potential, together 

with masses at the points for which V is infinite. 

The general solution of this has been given in Problem 11, 

Let U be the conjugate of V, so that U + iV — Iq). Then, translating 

Problem 11. into the present notation we have 

d(U -h W) _ {u - UrY’-' 

ddp + iq) {u — q),y 

and for a jooint mass two factors of the denominator coincide. 

Write this 
d(U -h iV) 

dll = ./'(«)» 

SO that 

U -f ^ V = \f{u)dij. 

Now 

V - log 
dz 

dw dv'' ’ 

U = ^'log 

therefore 
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and 

Therefore 

U + = 2i log ~ - 

dz -iiz\f{u)du 

(ho ~ ^ ■ 

Now we have obtained the transformation from the w to the u plane in the form 

[Problem 1. (a)]. 

Therefore 
clz dz (ho . . - il'2.\flu)du 

which gives 2: as a function of u. 

This is the general solution of the hydrodynamical problem before us. 

Near an angle of the boundary or a branching of a stream line we shall have 

dzjdu = A {u — Uq)"'. 

The determination of the index n rests on principles already used. 

If the internal angle of the boundary, or the angle between the two branches of tlie 

stream line be a, then 

u = - — 1 
TT 

For ex:ample, if a stream line divide on a plane wall, n = 0, and the point of division 

is not a singular point for dzjdu, although it is for dzjdiv. We may then lay down the 

following rule :— 

Near a singular point 
dz . , \ '‘^1 

.7.7, = ^'0) - 

where a is the internal angle of the boundary except when this point is a point 

of branching of a stream line, in which case 

= A 

for at that point 

^ ^ ^*0) - 

and 

dwjdu = B (t7 ““ ^0). [Problem I. (a)]. 

We shall now go on to consider such cases as are susceptible of tolerably simple 

treatment. 

We shall suppose there are only two free stream lines, and throughout take the 

velocity along them to be 1, so that V = 0. 
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Case I, A Single Jet from a Vessel. 

There will be but two bounding stream lines, which we may take to be = 0. 

xjj = TV, both extending from + co to — oo. 

The diagram in the plane consists merely of two parallel infinite straight lines, 

AB, CD, at a distance tt apart. 

C F D 

A ]<] B 

A portion of each, say EB, ED, will correspond l.o the boundaries of the jet. 

If now we transform to the u plane so that the ends D, B go to p = dz > we 

may choose the points w = — 1, w = l,to correspond to the edges of the aperture 

from which the jet issues. 

The point (C, A) will then be in a definite position, u = c, and the formula 

of transformation from w to u is 

(ha_ A 

(In K. — r. 

Remembering that 

A = 1, and therefore 

TT is the distance between the two stream lines, we see that 

(ha 1 

(lit, u — c 

Let u = a„ correspond to an angle a„ of the vessel, then the points along q — Q are 

arranged in the manner of the figure 

free stream line. ri"id. rigid. free. 

U — — 1 u — a„ U — C y = 0 M = 1 

The appropriate formula is then that of Problem II. (b), viz., 

fh 
= n 

and therefore 

(ha 

<h _ 1 

(Ik, u — 

4 — a„n -j- J(1 — a,r) ^(1 — 

U — ((„ 

n 
1 — a„n + Jil — a,~) 

U — On 

3 r MDCCrxC.—A. 



402 MR. J. H. MICHELL ON THE THEORY OF FREE STREAM LINES. 

Examjjle I.—A rectangular vessel of given width has an aperture in the bottom. 

Here there are only two angles, each of which = i 77, and therefore I — clJtt — I. 

Let tlie two angles be w = a, u = h, where l>h>c>a>— 1. 

Then, observing that 

(1 — au -{■ \/l — \/1 — = ) \/ 2 (1 — ^ u \/^ [I a) \/1 — uY 

we get 

__ 1 — ft)\/l + ?6 + \/^(l + ft)\/l—'U}{\/^(1 — />)\/l + a + v/^(l+ h)\/l —u] 

du u — c 

or 

Where 

^( u — a . u — h) 

(h _ A?^ + B + C vAl - ?r) 

dt(, (u — c) >/(u — a) . (;<■ — h) 

A = \/:j (1 — 1 1 “h > 

B = v/:j: (1 — n) (1 — 6) + \/^ (t + «) (1 + ^), 

CJ = s/i (1 + «) (1 — “h ^ 1 • 

Between u= — 1 and u = a, that is along the bottom of the vessel from the edge 

of the aperture to the angle on the right, we have 

dx _ Ap + r. + C v/(l - 

dp (p — c) \/{p — a) Qj» — />) ’ 

therefore the distance between the two points is 

B A27 + r> + C ^/(l - 

J-i (c - p) \/ iP - n) {P ^ 



MR. .T. H. MICHELL ON THE THEORY OE FREE STREAM LINES. 

Similarly the other piece of the bottom of the vessel is of length 

Ap + r, + C x/Tl - /r) j _ n Ap + l’> + 0\/(l - //) ^ 

J 4 (p — c) v' Ip — a) {p — b) 

When (f) = — ao, that is, when u = c 

dz _ . Ac + B + C — C-) 

dw ' \/{c — a) (h — c) 

Therefore the velocity in the vessel at a distance from the aperture is 

\/{c — a) {b — c) ^ 

Ac -}■ J3 + 0 (1 — c"^ 

and therefore the breadth of the vessel is 

Ac + B + C \/ (1 — c®) j , 

^ - ,.) it -.) = ("‘V)- 

The breadth of the aperture is 

d — ly — I.,, 

and the breadth of the jet is ultimately it. 

The question is now reduced to a matter of the integration of /j, 4- 

For the general case elliptic integrals occur, and the expressions for our purpose 

may as well be left in their present form. If, however, the aperture be in the centre 

of the vessel, the integrals will work out, and we get a simple expression for the 

contraction of the jet. To this we now proceed. 

Suh-Exaraple I.—Jet from an ajjerture in the centre of the bottom of a rectangular 

vessel. 

In this case we may take the angles of the vessel at u = — a, u — a, a < 1. 

The expression for dzjdu then reduces to 

We now have 

Now 

dz ^ 1 v/(l - cd) + v/(l - ,d) 

dll a \/ id — 

1 1 v/(i - «“) + W(i ” r) 

— 0? 

dX 

dp 

- v/(l ~ a~\~) 
X = 

p 

sin ^ aX L ’ 
-la 

— Sin ' a 

3 F 2 
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and 

therefore 

p y(l - f) 
clp = — [ -— 

- — a~) ^ J (1 — 

r'^dr 

\/(l - — r~) 

= f--{ J a/(1 — a- — O J 

(P- = 1 - 

dr 

) J (1 - P) a/(1 — or - ?'3) 

Sill -1 tan -1 ar 10 

\/(l “ \/(l O!," — ?’")j ,/(]^_a2) 

TT 1 — (C 

'1 a 

I — I — - ^ ■2 — ' J — a 
1 — « , — (d) 

" • — 1 - — Sin ^ a 

When u — 0 that is, at ^ = — co, we have 

dz _ _ ■ v^(l - + 1 

dtu a 

Therefore the velocity in the vessel at a distance from the aperture is 

1 + \/ (1 — Cl“) 

Therefore the breadth of the vessel is 

1 + y/ (1 — o?) _ 
-TT = d (say). 

So that the breadth of the aperture is 

7 7 \/( 1 ~ fd) . , 
d — "2L = TT + 2 -- sin ^ a . 

^ a 

Hence, since the final breadth of the jet is it, we have as the ratio of the breadth 

of the jet to that of the aperture 

TT 

TT + 
\/(l - (d) 

sin ^ a 

Now 

therefore 

and 

1 + \/ (1 — cd) _ d 

a TT ’ 

1 - \/(l - (d) _ ^ 

a ~ d’ 

2 ~ _ T 
a 77 d 
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Also 

siii“ ^ a — taii~^ 

Therefore the contractiou ratio is 

a X —1 

y(l - ^ 

\ TT d d'^ — TT'' 

Now, shotting rid of the special iiaits, let d be the breadth of the vessel as before, h 

the breadth of the aperture, and c that of the jet, then 

/.• = 
\ fd c\ , -Idc ■ 

1 + f - Jtan-i ., — . 
TT \c dj d~ — C" 

If d be very large compared with k, we get 

k = c 
. -1 d d 

1 + — Lnn. tan ^ 2 - 
TT C d 

TT + 

This is the result obtained by Rayleigh'" from Kirchhofe’s solution for the case 

of an aperture in an infinite plane bounding wall. 

As djk decreases from infinity the contraction also continually decreases, until when 

d — k the contraction is zero. 

In order to get some idea of how soon the finite breadth of the vessel aftects the 

contraction ratio perceptibly, consider the case when 

or 
2cd 

d — [V -}- v^2) c. 

The contraction ratio is then 

1 + 
TT 

and 
TT 4 

d — (1 -f 2) |d', 

so that the finiteness of the vessel has very little effect on the jet if the breadth is 

more than twice that of the aperture. 

The equations to the free stream line x}j = tt are 

__ / _ 0, 1 I 

dj) — 

dy 
dp 

1 v/(/-l) 

T - «") 

* ‘ Phi]. Mag.,’ Dec., 1876. 
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Tlie former gives 

Now 

TT \/(f— "A • 
X — — --sin ^ • 

Z a j) 

P 

where s is the arc. Therefore 

7r v/(l — «“) ■ _i 
a? = - -i-sin '■ ae \ 

2 a 

When a = 0 we have 
TT 

X = ~ 6“^ 

which is the form given by Kayleigh (‘ Phil. Mag./ 1876) for Kirchhoff’s case. 

Example 11.—Tube projecting far into the bottom of a vessel of given breadth. 

The tube is supposed to project so far into the vessel that the motion at its bottom 

may be neglected. 

iiiere are here two singnlar points only, u ~ — a, u — a, corresponding to the 

coalescing angles of the bottom of the vessel. 

The appropriate transformation is, therefore, 

'P ^1 — + \/(l — r^-") \/(1 — 1 + exi -E sj(1 (1 
tiw Vj — it to “h Ct 

— A ^ - ft" - + 2 v/(l - a~) p'{] - 7r) ^ 

'ur — P 

Since, when u = co, dzjilw = — i, we have A = i. 

So that 

dz _ . 2 -• ad - id + 2^/(1 - P) y/fl - id) 

dio ^ v? — P 

dw 

dil 
as before ; 

u 

and 
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therefore 
<]z i 2 — — 'll" 4- 2^(]. — — v^) 

du 'll 'id — cd 

When u = 0, that is, at a distance upwards from the tube, 

^ (2 - a- - 2 . 
div cr ' 

therefore the breadth of the vessel is 

77-«^ 

2 - cd -2 v^(l - cd) 

In passing over u = — a, x increases l^y 

2"(1 -a^) 
ir ' 

therefore the breadth of the tube is 

llCl- Ttt 

2-od - 2^/(1 - cd) id 

Hence 

therefore 

- - ^ (1 - aH = - [Sa^ _ 2 + 2 y(l - ci^)} = h (say). 

d. — /t + Ttt 1 

Ttt cd 

Substituting in the value of d we have 

d 
d - k + Ttt / 

+ TT = TT + Y 
d - 7; d — k -]r Ttt 

or 
— /i + Itt/ 

f/ -|- h — 277 = y7 \ [d — k) [d — Z; + 

On squaring this gives 

dk — 2'7Td “h 77^ = 0, 

or, getting rid of the special unit of length, if c be the breadth of the jet, we have 

dk — 2cd c® = 0 , 

or 
{d-cf=d{d-k). 

When d is very great we get 

and the ratio of contraction is 

k = 2c, 
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'I'his particular case was the first solution of free stream lines given, and bv 

II ELMHOLTZ. 

Lord Rayleioh'" has given tlie equ dion 

I 

(/ 

for the coefficient of contraction when there is a tube projecting inwards in a vessel of 

finite breadth. 

The assumption mabe is, however, not that of this example, for he has taken the 

velocity along the bottom of the vessel to l)e the same as that at a distance upwards 

from the tube. 

This is one of the very few cases in which the contraction can be determined 

accurately from elementary pi'inciples. 

It is scarcely worth while to put the proof of this down, but it is worth remarking 

that the corresponding case in three dimensions, can also be worked out, viz., the 

case of one circular cylinder projecting far into another. 

Let 7q, be the radii of the cylinders iq > r.,, and 7q the radius of the jet, then 

rpry — = 0. 

This includes the case first noticed, I believe, by Borda,I of a cylindrical tube in 

an infinite plane wall, the proof being just the same. 

Example III.—Tube projecting into a vessel of great breadth. 

If we take the case of a tube projecting into a vessel of great breadth, we do not 

get such simple expressions. 

The transformation to the u plane is the same as before, but there is now a singular 

point at u — 0, corresponding to (f) = — co . We arrive at the correct result by first 

supposing the vessel of finite breadth, so that there are points at n = — a, u — — 1), 

u = h, u = a, for each of which a/?? ~ 1 — — b, and then making b vanish. 

We have, therefore. 

and 

, — /, o 1 \/( i — "') “k \/( 
//v p{i/~ — a~) 

7“ = 1 \/( 1 — r I — r (I + Cl «') \/( ^ '<');■ 
ait n- \/{u- ~ n~) ■ 

* “ The Contracted Vein," ‘ Phil. Mag.,’ Dec. 1876. 

t ‘ Mera. de I’Acad.,’ 1766. Paris. I o\re ihis reference to the kindness of Loi'd R.wlkigH. 
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Between u ■= a and u ~ 1 we have 

dp 

- a^) {v/(l -«')+ 1 -P"+ y(l + v/l - Cp)], 

therefore the length of the pipe is 

(1+^1^) f‘. „ - f' —+(1+vT^-)r A 
'' ‘ ^ ' P. pW{p)-^ - a~) Us/iir — a^) ^ ^ ''J«a/(A" - «") 

Now 

dp 

■'« P“ \/{P~ — "■) 

£ 
dp 

Vi/ - «') 
log 

2 [sin 

1 + V(^ ~'d) 

(■p z= a sec 6) — - ^ .^(1 — a^) 

cosh -1 

W(}-P^)dp -r / ^ / N 
, ---/---o-TV = B {a) (say), 
up-Vip-^ — «”) 

an elliptic integral which will be V)rought to the standard form below. 

Therefore the length of the pipe is 

where 

From 

we have 

(1 + ft) & 1 + ^ , 7 \ T / \ 

~ log ■ + (1 + ^) L («), 

6 = v/(l — 0^^)- 

U = \ to U = CO 

£ r'r = (1 + ^ # = (1 + 0 M (a) (say). 

where M is another elliptic integral to be reduced below. 

Summing up, the breadth of jet is tt ; that of the aperture is 

77 4- 2 (1 + v/l - cd) M (a), 

so that the contraction ratio is 

TT 

77 + 2 (1 + \/l — cd) M (a) 

where the length of the pipe is 

] + x/(l - cd) 
\/(l - - log 

1 + va-«-) 
4- (1 -j- v/1 — L (ft). 

3 G MDCCCXC.-A. 
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To reduce the elliptic integrals, we have 

rua ^(,,3 _ 1) 

v/(l - «V) 

rVa 1 

dr 
1 v^d - yn. . _ I-' 

= r . . . J1 \/ {d — 1 • 1 — a~d) 

rp = 1 

Now (Cayley, ‘ Elliptic Functions,’ p. 315) 

dr dx 

^(,.2 _ 1 . 1 _ adPp v^(l -X- ■ \ - /:V“) 

Thus 

where ^^ and = 
1 - 

L (a) = f 
1 

— ] 
dx 

_1 - (1 - J ^(1 _ 3;2 . 1 _ 

= Oi (I, cfi - 1) - F, {k), 

where TI and F are the third and first elliptic integrals. And 

M(a)= f ’I dp = f 
^ x/(l - rh 

^ .Cy(l_aV) 
dr 

= ^ 1 1 
\ «7 Jo\/(l —r- • l—a?r") «’Jo v/ (1 ■ 

= (l - h F. («) + J; E. (a). 

where E is the second elliptic integral. 

Suppose now the length of the pipe is small, so that a is nearly unity. 

We have 

r x/a-f) 

EV(/“ -«") 
dp. 

If we put p' = X, 2pdp =■ dx, we may put the factor p in the integral 

unity, and so get 

i«V(» — «") 

= ^77 (1 - a^). 

L («) = i I 
J ( 

So that the length of pipe becomes 

/ = (- + 1 j (1 — cd) to the first order ; 

1 

(1 - aV’ 

a-d) 

dY 

equal to 
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while the aperture becomes 

A; = TT + 2 (1 H- ^/l - a^) 

= 77 + 2 + 2 v/(l - a3) 

1-"2 log ”/7i-^ H" ^ «7 ® +(1 — fl.) 

to the first order, and the breadth of jet is c = tt. 

So that 
I 77 + 4 , g. 

(1 - 

and 

therefore 

k 4 (tt + 2) 

Ic 77 + 2V 77+2"^ 

i /i - ^ 
Z ; 77 + 2 y 77 + 

a- 

77 + 2 Z 

77 + 4/7 

which is the approximate expression required. 

Example 7 F,— Flow from an aperture in a pipe in which the water is at rest. 

By considering the symmetry of the motion this can be reduced to the case of flow 

from a rectangular vessel in which the aperture extends from the bottom up, and the 

bottom is continued into a horizontal plane, as in the figure. 

The IV diagram consists of two doubly infinite straight lines, xjj = 0, i// = 77, as 

before. 

But if in the u plane we make u = —co correspond to ^ =00, the arrangement 

of points is not the same as before and the notation must be altered. 

We take, then, w = 0 for the edge of the aperture, u = 1 the right angle of the 

vessel, and then put u = a for cf) = — 00 . 

We then have 
dw 1 

dll u — a 

and the arrangement of points on O' = 0 is as in the figure. 

rig-id rigid rigifl 
-1-1 - --1- 

= 0 — ^7 -if = ci y = 0 M = 1 

3 G 2 

free 

Y^ = 77 
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The only singular point for dzichv is at u = 0, and, therefore, from Problem II. (c), 

dz /y/w + ly 

dvj \\/u — 1/ 

dz 1 f\/u-\- ly 

dn u ~ a \\/u — 1/ 

Along the free stream line 

ck __ 1 A + 1 + 2iy/(-p}\i 

djy 2^ — a \ y — 1 / 

where p lies between 0 and 

If 

we have 

Therefore 

' 00 . 

Y — tan ifj 
dx 

2^ + 1 
p-\ 

P-1 

— cos 2i// 

sin 2x}j 

p — — cot^i//. 

dx cos"-\jr cosec^-v/r 

d-v/f 

dp 

dp 

= 2 
cod'p + a 

cosp cosee^p 

cnt~p + a 

If we put cos p = k ill the first we get 

X 
= -dr^ N2 a + (1 - a) 

-cIX, 

dx 

1 - X 
- — 2 17.1 

dx 

a + (1 — a) X^ 

1 1 — A, \/<l 1 
— 2 log -- — 2  -—- • 

® 1 + A. 1 — 2a y(i _ „) 7^ '/(i - “) + c. 

and, in the second, putting 

sin p = p 

dfju 

(1 -«)A- 

_1 1 1 - \/(l - a) 

1 +^{1 - a)p. 
+ TT. 

we have 
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Hence when xjj = i.e., at the edge of the aperture 

y ^(1 - c) 1 - v'Cl - «) 

therefore the ratio of the jet to the aperture is 

t + \/(l — ft) 

\/(l — ft)I — {I — a) 
IT + log 

The velocity at <^ = — co is 

therefore the width of the vessel is 

3. - 

1 + Ct 

— ^ /I + \/«\* 
1 — y/a 

d = TT 

therefore 

From which we obtain 

d /I “f~ ft\^ 

d — a/« 

1 + \/ ft 1 

c~ 
5+1 d- 

1 — y^ a 1 

?+I 
C" 

therefore 

k = c 
1 /c . d 

1 + 5; b + ; '°g 
j-i- + -' 
’(Me 

‘Iiryd c j 1 2 

or 

'l TT \c ' d/ ^ d — c_ 

This is for the vessel considered. For the pipe 

k = c 
' 1 /2d c \ . 2d + c 

’■ + ,r(7+2J ^°^2d-c 
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Case II.—Impact of a stream against a plane. 

A stream of given breadth impinges at a given angle against a plane. 

The impinging stream is bounded by the stream lines xjj = 0, xjj = n. 

The stream line which branches at the point B on the plane is i// = tt. 

The diagram in the lo plane consists of two infinite straight lines with a semi¬ 

infinite one between them, as in the figure. 

= 

Y = m 

Y = 0. 

In transforming to the u plane we suppose that </> = — co corresponds to i oo, 

and that w, = — 1, = 1 are the extremities of the plane. 

We must then take u = a, an unknown constant for the point B, where the stream 

line xfj = TST divides, n.nd observe that a < 1 > — 1. 

We then have 

dw_ . u — a 

d,u (n — 1) (u + 1) 

where 

ttA 

ttl 

1 + a 1 
TTT 

1 — « 
= TT — ZS 

J 
therefore 

A 1 J 2w A = — 1 and a =-1. 
TT 

Along g = 0 we have, therefore, the following arrangement of points :— 

free ris:id rid free 

0 = — CO “0=0 « = — 1 0 = CT 11= a u = 1 = TT 0 = — 00 
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The only singular point of dzldiv is at u = a. 

Hence 
clz _ 1 — cut + (1 — «-) .y/(l — u^) 

dio u — a 

and, therefore, 

dz _ 1 — ail, + ^(1 — fd) y/(1 — \d‘') 

du {u — 1) (u + 1) 

+ \/(l — cd) 
1 

\/(l - «“)' 

When u = ± 00 , we have 

dx dy 

Therefore, if 9 be the inclination of the stream to the plane, we have 

^(1 - fd) 
tan 9 = or cos 9 — a. 

Since we have before found 

this gives 

a = 
2c7 
TT - 1, 

77 COS 9 = 2c7 — 77. 

This equation merely expresses that the momentum parallel to the plane is 

unaltered by impact. 

Along the stream line <// = 77 we have 

therefore 

dx_ 1 — ap 

dp — 1 

dy 

dp v/(l - 
\/(P" - 1) 

1 
I 
;> 

® = 2 (P® - 1) + 5 ^ 

= log (p + 1) - log (p - 1) + A [ 

y = v/(l - cd) log (p d- v/p‘^ — 1) 7T - m. 

where p lies between + 1 and 00 ; and for \p = 0 we have 

dx_ 1 — ap dy _ ^, ,, 1 

dp p^ — 1 dp ^ ^ V {p^ 1) 



416 MR. J. H. MICHELL OR THE THEORY OF FREE STREAM LINES. 

therefore 

log - (1 -i-p) ~ log (1 -p} + A' I 

2/ = v/(l - a^) log - 1 - p)-\- Tff 

where ^3 lies between — 1 and — go. 

1 

cos 0 
If we put p = — ^ . in the first and p — — ——- in the second, we net for xh 1 1 f) COS ^ ’ & r 

0 0 ~1 
a’l = (1 -j- «) log cos - — (1 — a) log sin - — a log cos ^ I 

= 77 

Vl = \/(l - log cot + 77 - OT, 

and for xjj = 0 

X.-, (1 + a) log sin -“(!—«) log cos .a — log cos 6 A' 
A .... 

I 
J 

where in both cases 6 lies between 0 and 4 tt. When 0 = 4 77 in both we net 

2/3 = \/(l “ «") log cot 1 - - (9 + 717 

therefore 

Xy — x,2 — A — A' 

2/1 — ^2 = — 277 

A A/ 7r+(77— 2ct)« 

A — A = -... _ r = 77 W( 1 — or), 

and the ecjuations of the bounding stream lines are now completely determined. 

Case III.—Flow of a broad slreani past a plane wall in which there is an aperture. 

Let BC be the aperture in a plane wall ABCD, and let the stream flow from left to 

Tlie left boundary of the issuing jet will be the continuation of the stream line AB. 

The right boundary will be one branch of a stream line u Inch divides on the plane 

CD at some point E. 
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The diagram in the iv plane will then consist of one infinite straight line and one 

semi-infinite, as in the figure. 

= TT 

Y' = 0 

We suppose xjj = 0, xjj = n to be the bounding stream lines. In transforming to 

the u plane we take the point \jj = 0, tf) = — oo tobew = — oo; xjj = 0, (f) = co to 

be u = ct, and then use the two arbitrary constants at our disposal by making the 

edges of the aperture to be u = — h, u = b, and the branch point of i// = tt to be 

M = 1 -f- a, where 1 + « > ^ > 

We then have 

dtv . u — a — 1 
— = A-, 
cm u — a 

and, remembering that the bounding stream lines are xjj — 0, xjj = tt, we obtain A = 1, 

so that 

cho — cc — 1 

chi u — a 

There is only one singular point for dzjdiv, viz., u — a1, and at this point 

k/tt — 1 = 0, so that no factor u — a — 1 appears in dzjdu. 

The arrangement of points on = 0 is as in the figure 

rigid free rigid 
——— -1-I---I-X-— 

■^■ = 0 u = — h u a ^ = TT u = h = \J/- — vr 

and hence 

_ (a + l)u — + \/(a + ly — (u^ — h“) 
dw h{u — a — 1) 

so that 

_ {a + 1) tt - 5"“ + v/(ft + 1)=^ - h~ y(^r - b”) _ 
clu b {li — a) 

When w = i 00, we have 

dz _ + 1 + 4- ip _ 

dw b 

and, therefore, the velocity of the stream is 

_b_ 

(a -F 1) -f \/(ci + 1)2 — 62 

3 H MDCCCXC.—A. 
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When u — a, that is at a great distance along the jet, 

dz   a {a + 1) — -\- i \/ {a 1)^ — Id's/ (Ir — cd) 

dw b ’ 

so that the inclination of the jet to the wall is ultimately 

, 6^ — a (a + 1) 
COS~-^-r-- 5 

b 

the final breadth of the jet being tt. 

There appear to be two constants here, whereas there ought only to be one. 
The explanation is that we have not yet expressed that the two parts of the 

boundary are in the same plane. This will give a relation between a and 6. 
Between u = — h and u — a we have 

Now 

and 

dx _ 1 (a + 1) p — 

rfp b p — a 

dy _ \/(a -f s/jb"- — p~) 

dp b p — a 

c,y(d -f) 1 

1 

1 1 

V{b^~-f) 
U/ fJ 

p — (t 

\(p- 
dp 

a) ^(Ir - 

dr 

J \/(&^ — cd) r~ + ‘2ar — 1 

dr 

where p — a = 

\/b~ — a? r + 
W 

1 

- fd) 

1 

log 

\/(&”“ - a") 

(Id — a^) J d — cd 

V~ ’’ + ^(52 _ r” + 2ar 

d — ap + \/~{W — (d){W — p‘^) 

— 1 

a — p) 

Thus along ^ = 0, measuring from the edge A, we have 

X — Xx = 

y 

rt. + 1 , , J. , a (« + 1) — , a — p 

b ^ a + b 

\/(a + H) - 
— — Cl') log 

— ap -{- \/{b~ — a^) (6" — p^) 

{a — p) b 

+ a sin-1 _ ^ T 
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In like manner between u — a and m = 6 on v/; = tt, we have 

a + I , , a (a + 1) — p — « 
--log 

y-yB = 
\/{a A 1)2 - 62 

lo 

b - a 

W — ap + \/(62 - a°)(b^ ~ P^) 

ip — a) h 

— a sin-^-^ + cif'Y + \/(^^ — P^) 

To find £Ca — and — 2/b we must put p — a — e and p = n -j- e respectively in 

the above, and then decrease e indefinitely. 

If we then remember that, in passing the point p = a, x + iy increases by 

ITT 

we get 

[a 4~ 1) a — IP + i y/(« + 1)^ — P \,/{lP — a~) 

a {a + 1) — b~ — a tt 

6 + « h 
x^-x^ = 2 {a + 1) + "-^log + ~ x/{a + 1)^ -- h- - a~) 

and 
_ \P (cc H" 1)" - b“ I ^ r 1 rt j , T \ 

.Vb — lu — — TTCI^--d- - {h-^ — n (a + 1) 

or 

In the case we are considering — yp^, and, therefore, 

IP — tt (a + 1) = a 

IP = (tt d- 1)2 — 1, 

so that 

(tt + 1)2 — 52= 1 

tt (tt + 1) — 62 = — tt. 

Using these equalities, we now get for the breadth of the aperture 

— a^A — 2 (tt + 1) + - log + TT —p- 

where 6/(a + 2) is the velocity of the stream, rr the breadth of the jet, and co^~^{ajh) 

the inclination of the jet to the plane. 

To get rid of the special units let Vt^ be the velocity of the stream, i’g of the jet, h 

the breadth of the aperture, c that of the jet. 

Then 

, 0 + 2 

3 H 2 

V, 
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therefore 

So that 

and 

therefore 

Hence 

'ViN®_ _ (I 
~~ (a + 2)2 ^ 

a = j 

- V, 

v/ — 

— « -f h 
2v^ (^3 - 

r.d — 

* - 9’’/+V , 
^=2"v '. + ^n 

^’2 
O' 

V., ^ V^ — V^ + ^ V- 

and the inclination of the jet to the plane is 

-1 cos ' - • 
'^■2 

An interesting element not yet calculated is the distance of the branching of the 

stream line xp = tt from the edge of the aperture. 

This distance is 

1 
’«+iri („ + 1)^ _ 52 + _ py 

Ji b p — (I. 

a + 1 a 1 

dp 

O+ifg + 1 _ g 1 I f 2a ] 1 

J4 _ h b p — a b ^ P ~ dip!^ — 
dp. 

where we have used the relation between a and h to simplify the expression, 

ad-1 

P-1 log {p “ «) + r \/(p" - ^') + T log (p + \/p2 - IP) 

, \/2ff, . _n \ P - ap 
+ - sm - 1 —-- 

b [0 (p — a) 

1 / I -I 7 \ ^ 1 n \ ^ I ^ 1 + 2 
—y^ {a + 1 - z>) + - log (6 - a) + - + ^ log 

+ r j - 2 
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Therefore, in terms of and c, this distance is I where 

TT = --X -T- + :: log + V —t-‘ si 
Vj + Vi ro z>3 + 

sin 

For example, let the stream have half the velocity of the issuing jet, so that 

Vy=- \ % Then the jet makes an angle of 60° with the plane, and its breadth is Z: 

approximately, while I is about 5 h. 

Case IV.—Jet from a pipe along which liquid is flowing. 

The liquid is flowing along a pipe bounded by the plane walls AC, DE, and there is 

an aperture AB in the former. 

The left boundary of the jet is i// = 0, the right boundary is a stream line if/ = tt, 

which branches at a point C on BC, and DE is ifj = tt. 

The w diagram is as in the figure, consisting of two infinite lines, xp = 0, xjj = tt, 

with a semi-infinite line xfj = zs between them. 

xj/- — TT 

y = US 

y = 0 

In transforming to the u plane, we suppose that </> = — 00 corresponds to 

u = — 00, and that u = — 1, u = 1 are the edges of the aperture. 

The constants of the transformation are then determined, and we take u — a for 

the branch point, u —h for the jet at an infinite distance, u — c for ^ = co in the pipe. 

Then 

where 

dw . u — a , 
ddi~ ^ ^ 

A I' ~~ C 
A -TT — TT 

. c — a 
— A , - - TT 

0 — c 
rj' — 77, 
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and therefore 
A = — 1 

TTJ b - a 

TV b- c 

TT — V7 c — 

TT 

The arrangement of points on g' = 0 is as in the figure 

rigid free free 

1/^=0 W=—1 Y^=0 W = 1 

rigid 
— I- 

u—a 

rigid 

u — r. y: 

and from Problem II. (a) we have 

so that 

dz _ au — 1 + \/{ci~ — 1) — ]) 

d.w u — a ’ 

dz _ au — 1 + y/ffd — 1) y/A" — 1) 

du (li — h) (u ~ c) 

Hence, in the pipe, the velocity at — oo is 

1 

TTuT-T) = “ - - ')■ 

and at ^ = CO is 
c — a 

ac '.c — I + Y/(fr — 1) y/(c2 — 1) 

The breadth of the pipe is, therefore, 

/ . /-I-^ ^ ^ - 1 + ^/(rd - 1) y/(c2 - 1) 
7r(a + va^ — 1) = (tt — ct)- 

c — a 

Now 

therefore 

77 — ZS - 77 
c — a 

c — b 

(c — h){a-\- \/a^ — 1) = ac — I + — 1) -v/(c^ 1). 

This is the relation between a, h, and c. To find the size of the aperture we must 

integrate between u= — 1 and u = l. Within these limits we have 

dx 1 — ap 1 — ab 1 ^ ac — 1 1 

dp (b — p) (c — p) c — b b — p c — b c — p 

djl_// 3 _ >, \/(l - f) _ _ v/(«" - 1) 
dp ' ' {h p) {c — p) c — & 

s/1 — jp^ 
1 — ah ac — 1 

h — p) c — p c ^ b 
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The former gives 

\ ~ ah 
X — x^— — 

1 h —p 
-locr - 
c — b ^ 5 + 1 

(XC ““ 1 G X) 
log ^ ^ between p = — 1 and p 

c — h 
= h. 

and 
ah — 1 V — h ac — 1 , c — , 

X — x-p,— -log ,-7- log-r between p ■= 0 and p = 1. 
G — h ° 1 — b c — b ° c — 1 ^ 

Also in passing the point u = b, x changes by 

- 1) ^(1 - 5"-) 
TT-;-- 

therefore, putting p = h — e in x — Xj^, p = 6 + e in a: — x^, and proceeding to the 

limit, we get as the breadth of the aperture, 

1 — «5 

c — h 
log 

1 + h ac-1. c + 1 , - 1) y(l - ¥) 
-t 7 “1“ 7 tog’ ~ -t- TT ; 
1 — 6 c — b ^ c — 1 ' c — b 

The direction of the jet makes an angle 

cos ^ 

with the bounding planes. The breadth of the jet is 

To sum up : Let d be the breadth of the pipe, h of the aperture, I of the jet. Let, 

further, v-^ be the velocity at ^ = — qo , that at (^ = qo , Vg that of the jet. 

- — a + — 1) 

and therefore 

Vi c — h 

^2 c — a 

■L\ _ c — 6 

— Vj a — b 

— ^3 
I v^-v^ 

h e — b ri — a6, 1 + 6 ac — 1, 1 + c 

~7r{a - 6) I V^~h 1-6 c - 6 -1 + c 
+ 77 

- 1) y(l - 6«) 

c — 6 

with 

(1) 

(2) 

(3) 

(4) 

(5) 

(c ~ h) {a + — 1) = «c — 1 + \/{cd — 1) ■— l) , , , (6) 
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The equation (6) may be written 

(c — a) - = {cm — 1) -t- — 1) y(c" — 1). 
'^2 

Now 

(c — aY' ~ {ac — 1)® — {a^ — 1) (c^ — 1) , 

therefore 

(c - a) = {ac - 1) - ^{a- - 1) ^{c-- 1); 
’’■i 

and, by addition and subtraction, 

From (1) 

Therefore 

or, 

c (^1 ”■ (^3^ - i ('^1 - i ; 

SO that 

_ _ [(^'] - ^'3 + (ly - 

- 1 + G [- - V^) V.^ + (V.J^ - Vi'l'o)]" 

_ (^'3 - ^’2)^ (^’3 + rd' 

K + ^3)® («3 - A)“ ’ 
And 

ac — 1 _ j I «b'\ ^2 

a — 1) ^ \r3 rg/ ?’i — tq ’ 

Also 

{c — a)— c — h from (2), 

therefore 

^’2«3 (^’3^ - 

j_ (^1^ + ^1^0) (rg^ - r\v^ - Ai - rgi^rg- 

2 / “^ \ 5 
(^3 - ^’i^b) 

h = h 
V,,~ + l\ 

v„v. 
_ 1 

2' 

('^1 

3''3 
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so that 

and 

, j_ (^1^ + ^7l»3 + 2V^V^) - V^V^) - (t>i - ^2)=^^ 

^ V2U3 f^’3^ — V-^V^) 

1 _ 7 _ 1 (I's^ — + (V-^ — 

^ 2 / ^ \ • 
V2'>h (^Y - ^’1^2) 

These may be reduced to the form 

1+6 

1 -6 

l(di±+^ 2^3 - 
V, 2 2 

1^2 

. . 1 (% - 2^3 +^1 + ^2 
2 2 Vo^ — V-,Vc 

Further, 

a — h = ^ — '^d) (V — '^1^2) + — '^2)^ 

(^'3 - ^l'^2) 

1 (^3^ - '^ib" 
^ Vl'Ts (V32 - 

1 _ 1 {•i^3^^1^2 - (V + 'i’i^) (^d + '^^1^2)} {^3® - '^1^2} + (^3^ + '^1®) K - '*^2)%® 
i UU - ^ 2 / 0 \ 

^1^2'^3 (^3” - '^1^2) 

_ ^ (ri + ^2) (^3" - 

’ (V - '^^1^2) 

Whence, finally, 

a — h 

c — h 

So that we get for hjl 

TT — 

+ log 

^3 

■ ? 

2^3 — — '<’2 

2^3 + ^1 + "^2 ' 

+4^3 
0 

■ + '?‘2)^ 

^3 

2^3 - - ^'2 

■ ^i)’“ 2^3 + ^1+^2 

i% — ^’2) ('^’3 + t'l) 

^3 (^^'l - ^2) d^’3 + ^2) (% - ^1) 

4f’3^ — (Vl + ^’2!^ ‘ 
+ a TT 

3 I MDCCCXC.—A. 



426 MR. J. H. MICHELL ON THE THEORY OF FREE STREAM LINES. 

An interesting special case is the flow from an aperture in the side of a rectangular 

vessel, of which the bottom is at a considerable distance from the aperture. 

For this case = 0, and, therefore, 

d V3 

7 = F,’ 

expressing the equality of inflow and outflow. 

So that 

= (iAJLAir. 
^ 2^3 + Vi ^ ^ 2 L 

4- 2'y3 — v-, ^3 + ^’1 

or 

+ r*l % ^4^ + i ^ log to + A 4 - 
V., V, V., — V. ^ 2?;3 + 

+ ill 2r?-Z , tt/. 
^ ^ I d) d — ^ 9 ^7 _L / “1~ 9 1^ /73) ’ d ^ '2d -V L cV- 

which is the simplest exjiression for this case. 

The angle the jet makes with the bounding wall is 

cos , -1 1 — ah 

or 

cos -1 1 + ^3 

in the general case, while in the particular case it is simply 

cos -] 1 Id 
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Part II. 

We will now go on to consider problems in which the region of {x,y) is not simply 

connected, and consequently Schwarz’s transformation does not apply. 

First consider the area outside a closed polygon. 

We may state the problem electrically thus :— 

Problem III. 

To find the potential due to a polygonal prismatic conductor at a given potential 

which we may take to be zero, the field at infinity being at an infinite potential. 

Let y\i be the potential, (f) the lines of force, and let (f> increase by 2/ in going round 

the polygon. 

Then the area in the cj plane is a rectangle bounded byi//=0,r//=oo, ^= — Z, 

^ — 1. 

(p = — I (p — I 

^3 
- X 

The conditions which the transformation function V satisfy are 

dY 
{a) 

d \Jr 
= 0 over i// = 0. 

(b) V finite and continuous at all points within a finite distance in the rectangle. 

(c) V periodic in (f» so that 

V (<^ + 20 = V 

(d) V infinite at points .. . along x/; = 0. 

We can determine V from these specifications by means of W. Thomson’s method 

of images. For if we repeat the points ... at equal distances 2l along xp z= 0, and 

make Y the potential of these points, the conditions will clearly be satisfied. 

Hence 

V = A^, log'll {((/) — ({), — 2nlf + 
— CO 

and 
dz 

d w 
= An,.n„ {lu ~ —■ 2nl]‘‘ 

— CO {TT 1 

sin {lu — cf),) ~ ^ , 

3 I 2 
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and exactly as in the treatment of Schwarz’s formula we have m = ayjiT — 1, where 

a,, is the exterior angle of the polygon corresponding to 

So that, finally,-'' 

£ = Bn|sin(*.-,^,)|}"' ‘ 

As an example, take the case of a rectangle. 

The four singular points may be taken to be 

4> =■ — ct, <f) = a, (j) = I — a, ff) = I a, 

and we have, taking for simplicity I = ^ v, 

~ = A \/ — sin [w — a) sin [iv + ci) cos {iv — a) cos {iv + a), 

= -I A v^(sin^ 2a — siiA 2u’). 

Hence 

2 = -I A I v''(shA 2a — sin^ 2io) cliv + B, 

and 2 is an elliptic integral of w. 

Problem IV. 

Suppose now there are two polygonal prismatic conductors, one at potential 

= — k, the other at xjj = k, and at first (A) suppose that one of the conductors is 

within the other. 

Let (f) increase by 2l in going round either polygon. 

The area in the w plane is now a fiinte rectangle bounded by <^ = —I, (j) = l, 

xp = — k, ^ = k. 
y = ic 

(p = — l 0 = l 

y = — A; 

In order to satisfy the condition clYlclxp = 0 over xp = — k and \p = k we must 

have a double system of images of the singular points, viz., at 

fpQ “h 2ml, -|- ^')ik, 

(pQ “h 2ml, xpQ “h (2?2 -j- 1) 2k, 

* Mr. Brill lias already given this formula (‘Messenger of Math.,’ August, 1889), and I only Insert 

it here for the sake of completeness. 

Note.—Ajiril 29. Since the above paper was read, Mr. Brill has given the next transformation in 

the same journal. 
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Thus each singular point gives a factor 

n Tl [iv — iVq — 27nl — ink}^{w — Wq— 2ml — (2n + 1) 
— 00 — 00 

or, what is the same thing, 

@ \a (iv — H [a (w — 

where @, H are Jacobi’s functions so indicated, and, therefore, 

~^ = U{@[a {iv - H [a {lu - 

where 

al=^ 

2ak = K' 

K, K' being the complete elliptic integrals usually so denoted. 

If oio be the internal angle of the figure corresponding to iVq, we have, as before, 

M = 1, 
IT 

so that, finally, 

^ = IT,. {®\a{w — [iv — 

(B) Suppose now that one conductor is outside the other, and that the potential at 

infinity is zero, that of the conductors being — k and k. We suppose equal and 

opposite quantities of electricity on the conductors, 2l being the cyclic constant, as 

before. 

The terms corresponding to angles of the polygon will be the same as in (A). 

But there is now in addition a singular point in the field which we proceed to 

determine. 

At a great distance from the prisms the potential will be the same as for two line 

distributions at the centres of mass, say at 2 = a, z = — a. 

So that 

ultimately, and 

= M loof 
— a 

^ z + a 
= - 2 

Ma 

dw 

dz 
= 2Ma2“^ = 

w~ 

2Ma 

or 
dz _ 2Ma 

dw ’ 

and, therefore, there is a point of order — 2 at the point in the w rectangle 

corresponding to the potential at infinity. 
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Let this point be 0q, xJjq. Then we have 

dz _ IT,. {© [« {w — H [a {w — w,.)'] ^ 
dw {@ [« {w — i^o)] H [a (?fj — Y 

as the general expression for the potential of two polygonal prismatic conductors 

exterior to each other. 

Hollow Vortices. 

In conclusion 1 shall show how the methods of this paper may he applied to find 

the form of hollow vortices. 

Inside a vessel bounded by plane walls, let there be a hollow vortex in steady 

motion. 

Let \fj = 0 he the free steam line of the vortex, xfj = 2k the rigid boundary. 

In the IV plane the area is bounded hj iff = 0, \}j = 2k, (f) = — I, (f) = I, 2l being the 

circulation round the vortex. 

0 = 0=Z 

IjV 0 

The function V satisfies the following conditions :— 

(a.) V = 0 over i// = 0, if the velocity along the free steam line be unity. 

(6.) clYIdxfj = 0 over xfj = 2k. 

(c.) V is periodic with respect to </>, so that V (</> + 2/) = V ((^). 

These conditions are to he satisfied by taking equal singular points at distances 2/ 

along i// = 2k, and then continually reflecting these points in the two planes ^ = 0, 

xjj = 2k, but in reflecting in xjj = 0 the image is of opposite sign to the object. 

Corresponding, then, to a point M at (^g, 2k) we have positive images at 

<^Q -j“ 277il, 2k -|“ 2ni . Ak, 

and negative images at 
+ 2ml, — 2k 2m . Ak. 

Therefore, corresponding to this point M, we have a factor 

(w — <^Q — 2ik) . dz 

— 0Q — 2ili) dw ’ 

where 

al = K\ 

Aak = K'j 
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and 

M =-"-1. 
TT 

It is quite clear that all but the simplest cases will be of quite unmanageable 

complexity. 

One of the very simplest cases may be taken as an example. 

Example.—Hollow vortex between two parallel planes. 

Here for the two singular points a = 0. 

If for simplicity we put a = 1, and, therefore, Ah = K', the singular points are at 

(f) = 0, = K. 

Hence 

dw ^ / zKA „ / iW 
Riic H Uo - -h- K 

iK'\ / iK' 
S7l I IV-SJl Of — ^ — R 

= C" 

dn (10 — 
iK' 

iK'\ ( 'iK'\ 
sn 110 — ) cn ( 10-- j 

This integrates at once, giving 

^ ai {w - ^ 

= C" log tn ( tv- ^iK') + O'" 

The equation to the vortex is, therefore. 

2 = 0" log tn (</) — 2^K') + O'". 
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VI. On the Extension and Flexure of Cylindrical and Spherical Thin Elastic Shells. 

By A. B. Basset, 31.A., F.E.S. 

Received December 9,—Read December 19, 1889. 

1. The various theories of thin elastic shells which have hitherto been projjosed have 

been discussed by Mr. Love* in a recent memoir, and it appears that most, if not all of 

them, depend upon the assumption that the three stresses which are usually denoted 

by B, S, T are zero : but, as I have'recently pointed out,t a very cursory examination 

of the subject is sufficient to show that this assumption cannot be rigorously true. It 

can, however, be proved that, when the external surfaces of a plane plate are not sub¬ 

jected to pressure or tangential stress, these stresses depend upon quantities propor¬ 

tional to the square of the thickness, and whenever this is the case they may be treated 

as zero in calculating the expression for the potential energy due to strain, because 

they give rise to terms proportional to the fifth power of the thickness, which may be 

neglected, since it is usually unnecessary to retain powers of the thickness higher 

than the cube. It will also, in the present paper, be shown by an indirect method 

that a similar proposition is true in the case of cylindrical and spherical shells, and, 

therefore, the fundamental hypothesis upon wdiicli Mr. Love has based his theory, 

although unsatisfactory as an assumption, leads to correct results. A general expression 

for the potential energy due to strain in curvilinear coordinates has also been obtained 

by Mr. Love, and the equations of motion and the boundary conditions have been 

deduced therefrom by means of the Principle of Virtual Work, and if this expression 

and the equations to which it leads were correct, it would be unnecessary to propose 

a fresh theory of thin shells ; but although those portions of Mr. Love’s results which 

depend upon the thickness of the shell are undoubtedly correct, yet, for reasons which 

will be more fully stated hereafter, I am of opinion that the terms which depend upon 

the cube of thickness are not strictly accurate, inasmuch as he has omitted to take 

into account several terms of this order, both in the expression for the potential 

energy and elsewhere. His preliminary analysis is also of an exceedingly complicated 

character. 

2. Throughout the present paper the notation of Thomson and Tait’s “ Natural 

Philosophy” will be employed for stresses and elastic constants, but, for the purpose 

* ‘ Phil. Trans.,’ A, 1888, p. 491. 

t ‘ London Math. Soc. Proc.,’ vol. 21, p. 33. 

.3 K MDCCCXC.—A. 31.7.90 
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of facilitating comparison, Mr. Love’s notation will be employed for strains and 

directions. It will also be convenient to denote the values of the various quantities 

involved, at a point P on the middle surface of the shell by unaccented letters; and 

the values of the same quantities at a point P' on the normal at P, whose distance 

from P is h', by accented letters. The radius of the shell will also be denoted by a, 

and its thickness by 2h. 

The theory which it is proposed to develop for cylindrical and spherical shells 

is identical, except in matters of detail, with the theory of plane plates which I 

recently communicated to the London Mathematical Society,* but for the sake of 

completeness a short outline will be given. 

In the flnure let OADB be a small curvilinear rectang^le described on the middle 

surface of the shell, of which the sides are lines of curvature ; and let us consider 

a small element of the shell bounded by the external surfaces, and the four planes 

passing through the sides of this rectangle, which are perpendicular to the middle 

surface. 

The resultant stresses per unit of length which act upon the element, and which are 

due to the action of contiguous portions of the shell, are completely specified by the 

following quantities ; viz., across the section AD, 

T]^ = a tension across AD parallel to OA, 

Mo = a tangential shearing stress along AD, 

N2 = a normal shearing stress parallel to OC, 

G3 = a flexural couple from C to A, whose axis is parallel to AD, 

= a torsional couple from B to C, whose axis is parallel to OA. 

Similarly the resultant stresses per unit of length which act across the section BD are, 

T3 = a tension across BD parallel to OB, 

M] = a. tangential shearing stress along BD, 

= a normal shearing stress parallel to OC, 

= a flexural couple from B to C, whose axis is parallel to BD, 

H2 = a torsional couple from C to A, whose axis is parallel to OB. 

* ‘ London Math. Soc. Proc.,’ vol. 21, p. 33. 
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If the edges AD, BD were of finite length, there would also be a couple whose axis 

is parallel to the normal, but since this couple is proportional to the cube of the edge, 

it vanishes in comparison with the other stresses when the rectangle OADB is 

indefinitely diminished. 

We shall denote the components of the bodily forces per unit of mass in the 

directions OA, OB, OC by X, Y, Z ; but for reasons wdiich will be more fully explained 

hereafter, we shall suppose that these forces aidse solely from external causes, such as 

gravity and the like. All forces arising from pressures or tangential stresses applied 

to the surface of the shell will be expressly excluded. 

The first step is to write down the equations of motion of an element of the shell 

in terms of the sectional stresses,* which can be done by the usual methods ; we shall 

thus obtain six equations, three of which are formed by resolving the forces parallel 

to OA, OB, OC, and three more by taking moments about these lines. 

These equations will not, however, enable us to solve any statical or dynamical 

problems ; in order to do this we require the equations of motion in terms of the dis¬ 

placement of a point on the middle surface and their space variations with respect to 

the coordinates of that point. 

3. The values at P' of all the quantities with which we are concerned are functions 

of the position of P', and are, therefore, functions of (r, z, (f)) or (r, 9, cf)), according 

as the shell is cylindrical or spherical. If, therefore, be the value of any such 

quantity at P', and the value of the same quantity at the point P, which is the 

projection of P' on the middle surface, it follows that 

CEl'= F (r) = F (a + C) 

by Taylor’s theorem, where the brackets are employed, as wall be done throughout 

this paper, to denote the values of the differential coefficients at the middle surface 

where r = a. 

Objections have been raised by Saint-Venant and endorsed by Mr. Love, to the 

supposition that the first few terms of the expansion by Taylor's theorem of the 

quantities involved may be taken as a sufficient approximation. If, however, this 

objection were valid, it w'ould appear to me to upset the greater part of most physical 

investigations ; inasmuch as it is always assumed as a general principle, that when a 

quantity is known to be a function of the position of a point P, its value at a neigh¬ 

bouring point P' may be obtained by Taylor’s theorem, unless some physical 

discontinuity exists in passing from P to P'. If, therefore, we put B, we may 

write 

E' = A + A/'+iA,/f2-f.(2) 

where the A’s are functions of the position of P and also of the thickness of the shell. 

* See Besant “ On the EquilibHum of a Bent Lamina,” ‘ Quart. Journ. Math.,’ vol. 4, p. 12. 

3 K 2 
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A question 'which is of fundamental importance in the theory now arises, as to the 

way in which the A’s depend upon li. 

If R' were of the order of the square of the thickness, it is evident that A and A^ 

could not contain any powers of li lower than the second and first respectively, whilst 

Ao could not contain any negative power of h. The A’s are entirely unknown 

quantities, and as there appears to be no possibility of determining them by an a 

priori method, it seems hopeless to attempt to construct any theory of thin shells 

without the aid of some assumption whicli will enable us to get rid of them. If, how¬ 

ever, ive assume, as has been practically done by ptrevious ivriters, that, when the 

surfaces of the shell are not subjected to any surface forces such as pressures or 

tangential stresses, R' and also S' and T', so far as they depend on h and h', are 

capable of being expressed in the form 

-h + • . . Un + . . . 

where is a homogeneous n-tic function of h and h', the problem can be completely 

solved without attempting to determine by any a priori method the values of any 

unknown quantities, and upon this fundarnental hypothesis the theory of the present 

paper ivill be based. 

There is some direct evidence of the truth of this hypothesis. In the case of a 

plane plate of infinite extent, it can be proved to be true by means of the general 

equations of motion of an elastic solid and for the purpose of testing the liypothesis 

in the case of a curved shell,'I have recently investigated to a second approximation, 

so as to obtain the term in Id, the period of the radial vibrations of an indefinitely 

long cylindrical shell, by means of the general equations, and also by means of the 

theory of thin shells, and both results agree.! But far the most conclusive evidence 

in favour of the truth of the hypothesis is furnished by the results to which it leads; 

and I have, therefore, conducted the following investigation in such a manner as to 

furnish a test of the correctness of the final results, and consequently of the funda¬ 

mental hypothesis by means of which they are deduced. 

Having obtained the equations of motion of a cylindrical and a spherical shell in 

terms of the sectional stresses, all these stresses are then calculated by a direct method, 

with the exception of the tensions T^ Tg, which cannot be calculated directly, 

since they involve the unknown quantities A and Ag. After that the potential energy 

and the other constitutents of the variational equation are calculated, and the variation 

worked otit by the usual methods. The final result, as is always the case in such 

investigations, consists of a line integral and a surface integral, the former of which 

determines the values of the sectional stresses in terms of the displacements, and the 

latter of which determines in the same fonn the three equations of motion. Now, if 

the work and the fundamental hypothesis upon which the theory is based are correct, 

* Lord Raylbigh, ‘ London Math. Soc. Proc.,’ vol. 20, p. 225 ; see also vol. 21, p. 33. 

t ‘London Maih. Soc. Proc.,’ vol. 21, p. 53. 
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the variational equation will give the correct values of the tensions T3, which are 

unknown, and will also reproduce the values of the other stresses which have been 

obtained directly. This is the first test. The second test is furnished by the 

consideration that, if we substitute the values of the sectional stresses which we have 

obtained from the variational equation, in the first three of our original equations of 

motion in terms of these stresses, we ought to reproduce the equations of motion in 

terms of the displacements, Avhich have been obtained from the variational equation. 

This is found to be the case both when the shell is cylindrical and when it is spherical; 

and I therefore think that the fundamental hypothesis is sufficiently established. 

Having obtained the values of the sectional stresses, the boundary conditions can be 

deduced by means of Stokes’ theorem, which enables us to prove that it is possible 

to apply a certain distribution of stress to the edge of a thin shell, without producing 

any alteration in the potential energy due to strain. 

The fundamental hypothesis that R', S', T' may be treated as zero is not true when 

the surfaces of the shell are subjected to external pressures or tangential stresses; for 

if the convex and concave surfaces of the shell were subjected to pressures 11^, Ho, the 

value of R' as we pass through the substance of the shell from its exterior to its 

interior surface, must vary from — IT^ to — IIj, and consequently (exce])ting in very 

special cases) R will contain a term independent of the thickness. Hence the theory 

developed in the present paper is not applicable to problems relating to the collapse 

of boiler flues, or to the communication of the vibrations of a vibrating body to the 

atmosphere. In order to obtain a theory V7hich would enable such cpiestions to be 

mathematically investigated, it would be necessary to find the values of the additional 

terms in the variational equation of motion, which depend upon the external 

pressures; and this is a problem which awaits solution. 

It will be convenient briefly to state the notation employed. 

In the case of a cylindrical shell, OA is measured along a generating line, and OB 

along a circular section. In the case of a spherical shell, OA is measured along a 

meridian, and OB along a parallel of latitude. 

The three extensional strains along OA, OB, 00 are denoted by ctj, o-g, 0-3; and the 

three shearing strains about those lines l)y 7(7p5 ^2? ^^3* We shall also use the letters 

[ji, p ; p, p to denote the first and second differential coefficients of ct;^, 0-3, 
with respect to r, when r = a. We shall also write 

E = (w — ri)/(m + n), 

^ = CT]^ -fi E ((T| + cr,), 

%C = X -f- E (k “h p)} 

K = cr^ + 0-3, 

B = 0-3 + E (o-i + 0-3), 

d? = p- + E (X + p.), 

dF — p + E(X + p). 
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Cylindrical Shells. 

4. Before we can obtain the equations of motion or the potential energy, it will be 

necessary to ascertain the values of the first and second differential coefficients of the 

displacements with respect to r when r — a. We shall, therefore, proceed to calculate 

these quantities. 

Putting X, IX; X', p,' for the values of {dcrjdr), [da^^Jdr); {dra- ildr~), {d ^cry dr-) 

when r = a, we have 

Pt' zir {m + n) o-'g + {m — n) {a-\ + crh) 

= (m + n) a-Q (in — n) (a-^ + cr^) 

But from (2), 

whence 

q- j(^ _p + (m - tt) (X + ^)|/^' 

+ 2 |('^ + ^'0 ~ 

B' = A + A,h' + iAJC + . . 

A = (-/w + n) cTg + (m — n) (cr^ + cr^ 

Ai = (m + n) J^(m-n)(\-^ix) 

Ao = (m + J?) 

dcr. 

a 

d~(T 

dd 

(3) . 

(4) , 

(5) , 

+ (rn — n) (X' + /x') J 

where A, A^ do not contain any lower powers of h, than Id and h respectively, and 

Aj does not contain any negative powers of h. 

If It, v , IV be the component displacements of any point of the substance of the 

shell in the direction z, (f>, r, the equations connecting the displacements and strains 

are 

, did 

^ ^ dz 

(7 , 

<T 

1 uW 

r \d(p 

did 

dr 

-f- tv' 

, dv v' 1 dio' 
^ ^ — rr-1--— 

dr r r dcf) 

(6). 

^ o 
d u/ d id 

dz^dr 

1 d;id dv' 
^ 3 = “ ZT “T 7‘ 

whence if 

E 

r d(f) 

in — n 

111 + n 
Iv = CTj + (To (O- 
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we obtain 

and 

Uhl 

cb = ^2 

/dH\ _ 

\du^l - 

d-v 

d? 

d^vj 

Ju 

div 
- ? 
dz 

dwU 
dr j 

dvs-\ 

dr ) 

A, 
m + n 

dv\ V 

dr) a 

1 dw 
— -J 
a d(p 

dw 

dr 

A 

m + n 
- EK (8), 

dho 

dz dr 

dma 

dr 
—+E "n 
ru + n dz dz 

+ ^- 
1 _(fA 

a{m + n) d<^ a d(f> 

— E (\ “b 

[■ 

J 

(9). 

5. We can now obtain the equations of motion in terms of the sectional stresses. 

Let dS be an element of the middle surface whose coordinates are [a, z, (f)), and 

dS' an element of a layer of the shell whose coordinates are (a + h', z, </>) ; then 

dS' = (1 + h'/a) dS. If we consider a small element of volume bounded by the two 

external surfaces of the shell, and the four planes passing through the sides of dS, 

which are perpendicular to the middle surface, we obtain by resolving parallel 

to OA, 

I (T^a S(jr) Sz + ^ (Ml 82) Scf> = p dS f ^ {u' - X) (1 + It/a) dli (10). 

But 
-h 

u' = u h' \ It 
du dhi 

dw- 

accordingly if we substitute the values of {dujdr) and {d^ujdr^) from (8) and (9) and 

recollect that all terms which vanish with It may be omitted when multiplied by h^, 

the right hand side of (10) becomes 

prfs{2A(«_X) + iA3Ef_|;^}. 

Resolving parallel to OB, OC, and then taking moments about OA, OB, OC, we 

shall obtain in a similar way five other equations, which, together with (10), may be 

written 

, 1 _ 
— ^ ... 

dz 
+ - = p i 24 (m - X) + |/i3E ^ J- 

a d(j) ^ L ^ ^ (i;^ 

1 dT^ , 

a dcf) a dz 

^ 1 _ Tj 
dz a dcf) a 

1 (ZGi f/Hi 

I , dK 21d (■• dw 
= p^24(*-Y) + -E- + g^^b-;^ 

.... 
= p\2h{iv- Z) + g; - EK 

a d(f) + -*■ + N. = 
2ph^ /d^ 

3a \d(fr 
— 2'y + Y 

1 f/H, -T o 7 Q . X 

T H-TT — No = — 4 pAO T-+ “ dz a d(f) \dz a a 

(11). 

(M.o-Mi)a-Ho = 0. 
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These equations will not enable ns to solve the problem in hand; in order to do 

this we require the equations of motion in terms of the displacements, and also the 

values of the sectional stresses in terms of the same quantities. 

6. The values of the couples, and also the values of M^, can be obtained by 

direct calculation ; but the values of Tj, To cannot be so obtained, since they involve 

the quantities Ah and AJi^, which are unknown, and which cannot be negdected. We 

shall, therefore, be compelled to find the expression for the potential energy, and 

employ the Calculus of Variations. 

The following results will, however, be necessary hereafter. If P', Q', Pd, S', T, 

U', be the stresses at the point a + li, z, (f), we have 

Tpt B(f) = [ P' -fi /d) S(f) dh' 
J — h 

, fdV 

whence 

To = 2/;Q + ^ 

dr 

cPQ 

dd 

3a \dr 

, 170 , 2nJd /dm., M,= 2«/»3 + J«A3(_ + 

= 2n/('aT3 fi- -3- nid 
dA. 

dr 

= -|/d 
dQ. 

dr 

F • 

\dr 

- I nld 

/ dm 

dr 

'-’1 + dr / ^ a 
^3 

Ho rzz -I nld 

. (12). 

From the third, fourth, and last of these we see that (Mg — Mj) a = Hg, 

to be the case. 

Let 

^ = 0*1 + E (o-j + o-g), B = 0-3 + E (cr^ -b o-o) 

^ = X + E (X + p,), df? = p- + E (X + p) 

Then, in the terms multiplied by Id, we may put 

P = 2n.^, Q = 2nB', 

as ought 

• (13). 

= 
dQ} 

dr 
= 2udf, 
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whence, if p = [d-GsJdr), the last four of (12) become 

G, = inld[^ + 

U _ 2 Xlg — 3 nldp 

(14). 

Since the couples are proportional to the cube of the thickness, it follows from the 

fourth and fifth of (ll), that the normal shearing stresses Ng are also proportional 

to the cube of the thickness, and therefore the terms of lowest order in the expres¬ 

sions for the shearing strains are quadratic functions of h and li, since such 

functions when integrated through a section of the shell, give rise to quantities 

proportional to the cube of the thickness. This is consistent with the fundamental 

hypothesis. 

The next thing is to calculate the values of the quantities X, fi, p)- 

From the first and fifth of (6) we obtain 

x = ('-^1 = dr 
dm„ d“VJ 

dz^ 

and, since the terms in X are all multiplied by we may put 

X = 
d^vj 
dz^ 

(15). 

Similarly from the second and fourth of (6) we obtain 

11= — 

Lastly, 
\d(f>- 

d^w , 
2+^ 

E 
(o-i -f 0-3) 

p = 
din 
dr 

d^u 

or 
a \dr d(f) 

2 d^w 

+ 

dv 

dr d'. 

1 dll 

cd dip 

1 dv 1 du 

^ a dz dip a d,z a? dip 

(16). 

(17). 

We have, therefore, completely determined the values of the couples in terms of 

known quantities. 

We shall also require the values of {ddujdr^), {ddajdr), [d^zsjdr'), the first two of 

which we have denoted by X', ju,'; and the last of which we shall denote by p'. The 

values of these quantities can, by a similar process, be shown to be 

X'=:E 
dz~ 

1 

2^ E d^K E 

^ “ V + a* 
(18), 

'P I p =-h 
^ a cv 

7^3 . 2E 
+ a dzdip 

3 L MDCCCXC,—A. 
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Equation (17) and the last of (18), combined with the third and fourth of (12), 

determine the values of M^, Mg. 

It will be desirable to point out at this stage of the investigation, that we have 

obtained materials for the complete solution of any problem in which and u are 

zero, and none of the quantities are functions of 2;. The boundary conditions at a 

free edge will be discussed in § 11, and the reader who does not wish to be troubled 

with the long analytical process of finding the potential energy and working out the 

variational equation of motion, may pass at once to § 10, and the following sections 

where certain problems of a fairly simple kind are discussed. 

7. We must now find the potential energy due to strain. 

By the ordinary formula, the potential energy of a portion of the shell is 

w = 2 III 

+ n + rjs.p + — 4 (cr/o-g' + cr^Vg' + o'gV/)]] (l + li'/a) cZ^'c/S (19), 

where the integration with respect to z and </> extends over the middle surface of 

the portion considered. In evaluating this expression we may at once omit ct/, 

for since they are quadratic functions of h and h', they will give rise to terms which 

are proportional to which are to be neglected. 

Since 

it follows that 

A' = A + h' + . . . 

^ (m + 1 + I an 

= (m + n) { Aa-* + i ¥ A 
, 2/d 

+ 3,.^ 

^dA'' 

V dr, 

from which it is seen that W is expressible in a series of odd powers of h. 

From (5) we obtain 

A = (1 — E) (cr^ -j- cTg) + 

(f) = (' - E) (A + 

= -E)(X'+ ,.') + 

m + n 

m + 11 

m + 71 

and, therefore, the portion of W per unit of area of the middle surface, which depends 

upon A', is 
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—((Ti + 0-3 + A/2n)® -i- j (\ -j- /j. -j- A^/2w)'^ 

27),3 1 
-i-j/i^(crI -i-0-2-j-A/2n) (\ -j-/i' -j- A2/2n) -^(cr^ -{- 0-3 + A/2?i)(\+ ^ + Aj2n)^ (20) 

in which in the last three terms we may omit the A’s since they are multiplied by h^. 

Again 

(1 “i" h'la) = or^cTg + X/rA® + ¥ ^3 d" “h (^*^3 + iacr2) A ^/a + . 

whence 

2n[ cr^Vp/ (1 + Aja) dli = 4,n]icr-^cr2 + ^nJdXfx + fill'd (XVp + /xV^) 
a' — A 

A-'il ll ^ 
+ ^^(Xa-3 + ^cr2) (21). 

Also 

(0-1' 4- 0-2) 0-3' (1 4- A/a) = (0-2 4- 0-3) 0-3 4- A^ (X 4- ^) -yf 4- lA^ (X' 4- p.') m 
d(7.. 

_ dr 

4- \ A^{(t^ 4- 0-3) 4- ~ |(^ 4- /^) o's + (^1 4- 0-2) ^ ^ 

whence 

rh 

dr 

2n{ {<71 4" o's (1 “h Aja) dli = 4,nli (0-2 4" o‘2) |-^ (‘^1 “t“ ^3) 

— |7l/<®E(X + p.)2 —|?l/i3E(o-2 + 0-2)(X'4-/x')— '-yyE(X + p,)(o-2 4- 0’2) (22). 

Lastly 
rA 2??//^ 

■|n zTTg''^ (1 + ^^V«) dA = nhrn^ 4- i nAjA 4* —^sP (23)- 
J —h oCC 

Substituting from (,20), (21), (22), (23) in (19), it will be found that the term Ah, 

which is (or at any rate may be) proportional to A, disappears ; and thus the value 

of the potential energy per unit of the area of the middle surface is 

W — 2nh [0-2^ 4" 4" E (0-2 4“ d“ i 

+ I nA {X3 4- 4- E (X + ^)2 4- I p2] 

4- f nA (^X' 4“ 4~ ^ 
7iA 

-4- A I 3 (aX+i$/x+lr^p).(24), 

m which cr is written for ra-g, the sufBx being no longer required. 

This is the expression for the potential energy as far as the term involving A. The 

first term depends solely upon the extension of the middle surface; the second term 

depends principally upon the quantities by which the bending is specified, and the 

3 L 2 
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third and fourth consist of the products of the extensions and the quantities which 

principally depend upon the bending. 

8. Having obtained the value of the potential energy, we must in the next place 

form the variational equation of motion. This equation may symbolically be written 

SW + = SU + 8E.. . (25), 

where SfT is the term which depends upon the time vPvriations of the displacements, 

SU is the work done by the bodily forces, and represents the work done upon the 

edges of the portion of the shell considered, in producing the displacements, Sti, Sv, Sw, 

by the forces arising from the action of contiguous portions of the shell. It, therefore, 

follows that S% is a line integral taken round the edge of the portion of the shell 

which is being considered; and as one of our objects is to calculate the values of the 

sectional stresses in terms of the displacements by means of (25), it will be convenient 

to apply the variational equation to a curvilinear rectangle bounded by four lines of 

curvature. 

We must now calculate SC. We have 

Now 

ch 

sc = p j'jj' {vf Su + v' Sv + Sir') (1 + h'/a) dh'd^. 

d'f^ ' dr'^ 

+ 
2/d / • • dhit, . du 

3a. 
u —-b “w Sw 

dr di 

= 2hu Su + I i 
dz dz 

iu 
dgK 

dz + 

3a 

• • dSiu , dw » 
U “p oil 

dz dz 

by (8) and (9). Treating the other terms in a similar way, we shall find that the 

value of Sc is 

SC = 2ph j J (u Su + y Sr + iv Siv) cZS 

^ ^ ^ • (g^ ^ S^) _{_ Sa -1- - ^ Sy - (X + p) Sw 1 dS 

2^ 

3a 

f r • • dSio d'W cs . V /dSw 

dz 

d,z a d(f) ' dz a d(j) 

+ E(w8K + K8w)|.dS . . (26). 
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We must, in the next place, calculate SH. We have 

z= 11 (P' Su' + U' Sv) {d + li) dll' (i(/) + 11 (Q' + U' Sm') dll dz 

+1 NgSw/a cZ</) + j c?z.(27). 

From the way in which SC has been calculated, we see from (8), (9), and (12), that 

r S«' (1+ h'/a) dh' = T, Sm + G,+ 1 A»P 

= T, 8m - G, + I nh^En ~ ■ 

Treating the other terms in a similar way, we find 

8a = I {t, 8« + M, 8m + N, 8» - g/^ + a - 8m) 

+ |{m, S« + T,8m + N. 8» + - Sm) - H, 

2nh^ ^ dSK , ,™ c^SK] , 
+ 6^• ■ (28). 

Lastly, since the shell is supposed to be so thin that X, Y, Z, may be treated as 

constants during the integration with respect to li, 

W = p III' (X Su' + Y Sv' + Z Bw') (1 + h'/a) dh' c/S 

= 2p h |j'(X Sw + Y Sv + Z Sit;) dS 

+ ip h^E f[ + l - Z (8X + 8^)} c^S 

-t-|[{^x' + !(f|-^") + 2E8K},iS . . . (29). 

9. We have now obtained all the materials for the complete solution of the problem, 

and we shall proceed to work out the variation in the ordmary way. 

Let us denote the four terms of the expression for W given in (24), when 

integrated over a curvilinear rectangle bounded by four lines of curvature, by W^, Wg, 

Wg, W4. Then 

8W^ = 4?i/i I (^Scr^ + ^^ScTg fi- ^ ctSct) a dz dcj). 
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Substituting the values of ctj, o-g, ttt from the first, second, and sixth of (6), and 

integrating by parts we shall obtain 

8W] = 4:7ih +• -g a cl(f> + ^nh j(-|- rshu + 9l38v) dz 

(30). 

Now 8W3, 8W3, 8W4 depend upon Id ; if therefore we substitute in (25) the value 

of 8W]^ from (30), and the portions of 8®^, 8U, and 8?!., which depend upon h, we shall 

obtain the approximate equations 

and 

= Anh T3 = 4n/i ^ 

= M3 = 27^^sT 

pu = ‘In 

pv = 2n 

piv = — 2n 33/ct + pZ 

1 

I 

j 

(31). 

(32). 

These equations are the same as those obtained by Mr, Love,*' and which are 

employed by him in discussing the vibrations of a cylindrical shell. The complete 

equations giving pu, pv, pw in terms of the displacements and their space variations 

contain certain additional terms involving Id (since the common factor li disappears) 

which it is our object to determine ; but, since we do not retain terms higher than Id, 

we may, if convenient, substitute the above approximate values in all terms of (25) 

which are multiplied by Id. 

Again 

SW3 = f nJd ||(i£ 8X -f ^1? V + \P ^P) ^ 

Substituting the values of X, p, p from (15), (16), and (17), we obtain 

jjic S\dzd(f) = — dz d(f) 

= ((“f-dz). 
also 

* ‘ Pliil. Trans.,’ A., 1888, pp. 538 and 540. Equations (32) correspond to Love’s equations (86), 

(87), and (88) ; and (31) to (101). 
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8^ & # = - i {{dF + &K + E (a + 8w)} dz dj, 

= --Jz^Sudf- i [(Ed? 3. - a 8» + d? ‘^) dz 

and 

l[jpSpcZ2c?(^ = ^.\\p 
dSv dSu d“Biv \ y ,, 

a —-—— — 2a ) dz d(p 
d(f) dzdcpj 

dz dcf) 
dz d(j). 

The last integral can be evaluated in two different ways, according as we integrate, 

first, with respect to and secondly, with respect to z; or first with respect to z, 

and secondly with respect to (j). The proper way to deal with such a term is, to 

evaluate the integral in both wmys, and then multiply the two values by /3 and 1-/3 

and add, where ^ is a quantity which must be determined from the conditions of the 

problem in hand. We shall thus find that the value of /3 is ^ ; we therefore obtain 

lb dz d4. = i [(y Bv + I Sw - p d4 

^ ^ Sw) dz d(f) 
+ ^Jl(# “ S dzc4-J . . (35). 

Collecting all the terms together from (33), (34), and (35), we finally obtain 

8W, = M + (5 + i f - B.)}ad^ 

+»\{-L t) 
-(P /dSw ^ \ d8w I , 

-!.-i?+!(3 + a» + wU dz^ a \ d(j)' 

d^p 

dzd(j) 
8iu a dz d(f) (36). 
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Let 
i£'= X' + E (X' + fx'), J?' = /a' + E (X' + /x') . . . . (37), 

then 

8W3 = f + 2 + ^SX' + + I TsSp) dS ; 

from this result, together with (24), it is seen that SWg and SW4 each consist 

of two parts, which may be denoted by SW3', SW3" and SW4', SW/' resj)ectively. The 

values of SWg' and SW4,' may at once be written down from (30), by changing iS, 

CT into i£', xf?', p' and IS, ^IF, p respectively, and by altering the coefficients from 4wA 

into fw/?® and Anld’jda respectively. With regard to SWg" we have 

8W3" = I ?zA3|j(m SV + B S/.t' + 1 t^tS/) c/S. 

Substituting the value of X' from (18) and integrating once by parts, we obtain 

[fa 8xws = [[Ea~ds 

= E — Ell— 

Treating the other terms in a similar way, we shall finally obtain 

r/„ o-ri^ dSK nh^cZ8K\ , {(2vM , 

8W, = j (1 ^ ^ ^) “# + J ^ + J ^ 
<76K\ 

-fn/i3 
111":!'#* 

1 Clr^\ rfSK , Y.fim , . cItz\ dSK EI3 ^ M 70 

+ + ■ .. 

If in the first surface integral in this equation, we substitute the approximate values 

of the coefficients of dSK/cfo, &c., from (32), which we may do, since this integral is 

multiplied by W, and then substitute the values of SWo", SC, SU, and SH in (25), it 

will be found that all the terms involving d^lLld,z, cZSK/d^, and SX + Sp, cut outwe 

are, therefore, no longer concerned with them, and the value of SWg" reduces to the 

last line. On this understanding we may, therefore, write 

SWg" + SW'' = 
Anld 1 

3a 4^7^ ^ JirSp) dS 

4:nJdC{^dBw , m /dBw rv M i, 

’ r f r , 1 dcT /dBw O' M 70 
+ 

4nh' 

3a 
■ (39). 
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We are now in a position to test the correctness of some of our work, for picking 

out the terms involving dSiv/d(f) — Sv, dSwIdz in the line integrals in (36) and (39), 

and equating them to the corresponding terms in the value of SH winch is given by 

(28), we see that we have reproduced the values of the couples, which we have 

already obtained in equation (14). We may therefore leave the couple terms out 

henceforth. 

Collecting all our results from (26), (28), (29), and (39) the variational equation 

becomes 

8W, + 8W, + m,' + 8W; + "P “r + ("p - so ^ cm nld" f f dSw I dm fdZio 

dz dz la dz \ d0 

-j- 2/3^ J J [uhu + vSy + ivhiv) dS 

+ - S^) + E(EK-yc,)SK}rfS 

+ t II j-l s„ + 8„ _ (X + ■^) s™ IJS 

= 2MII (X S« + Y 8. + Z 8») cZS - If II{ X + I (If - 8.) + ZE 8K } dS 

+ I (T^ hu -f Mg Sy + Ng 8u;)« d<^ + j (Mj Su + Stc) dz . . (40) 

where the values of SW^, SWg are given by (30) and (36), and the values of SWg', 

SW^ are obtained from (30) by changing certain letters as we have explained above. 

We have now got rid of all the terms involving the second differential coefficients 

of hu, hv, Sw, and all that now remains to be done is to integrate by parts the terms 

which involve the first differential coefficients. Putting 

we have 

_ 2n ^ I dv; X 

pa dz dz a a ’ 

^ n dm , 1 (dio . Y 
Q=. - - r ffi-hr - 2u > 

pa dz a \d(p / a 

y = E (EK — iv/a + Z/(() . 

3 M 

(-H), 

MDCCCex.—A. 
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3 [[I , 13 dhto \ , 
“ T/+ ; j 

= f pM (y 8m + a hiu) a d(f) + -| ph^ (y Sv + /3 Sw) dz 

~ jf{5 + : S St’ + (^-^ + ^-^ - -) Si(;k^S 1 dj 

a d(p 

da 

~dz 

1 dfB 7 

a d(f) a ■ («)■ 

Substituting the values of SW^, SWg, 8Wg', SW/, and the right hand side of (42) 

in (40), and picking out the line integral terras, we obtain the following equations 

for the sectional stresses, viz., 

T; = 
oco 

Mg = 2nhT^ -b ij nldp' 

N, 

Go 

H, 

+ i «VB' + ^ ic + ^ E (aEii - w + Z) 

, 2/ik^ 

3 ^ dz + 2« + 3« dz + 3 p/t 

I nld -f 

- I [p + ^ 

(43) 

which give the values of the sectional stresses across a circular section ; and 

— 2nhm + 3 nh^'p 

To 4.nhU _ Ei? + I nh^^' + ^ E (aEK - w + Z) 
O Ct o Ct 

N,- 

Gi = 

Ho = 

I nk^ (i f + 1 fl) + 2^ _ 2-^ + Y 
\a d(f) ^ dzj da d.z da \d(j) 

- i 

I idd'P 

(44) 

w'hich give the values of the sectional stresses across a meridian. 

If we compare these equations with the third and fourth of (12), with (14), and with 

the fourth and fifth of (H), we see that we have reproduced (i.) the values of Mj, Mg 

given by (12); (ii.) the values of the couples given by (14); (hi.) the values of the normal 

shearing stresses which are obtained from the fourth and fifth of (H), by substituting 

the values of the couples from (14). We have thus subjected our fundamental 

hypothesis to a fairly searching test. It is, however, in our power to subject it to a 

still further test; for if we equate the coefficients of S’7, Sv, Sw in the surface integrals 

in (40) and (42), we shall obtain the equations of motion in terms of the displacements, 
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and on substituting the values of the sectional stresses from (43) and (44), in the first 

three of (11), we ought to reproduce the equations of motion in terms of the displace¬ 

ments which we have obtained from the variational equation. 

From (30), (3G), (40), and (42) it follows that these equations are 

p\2(u-X) + W^ 
(IK 211 (ho 

da dz 

, , 1 dm 

^ dz ■*" 2a dcp - ® & 

+ S Ja Tfe + » \ dz dz 
(45). 

2 {y 
^ 6a d<p 

4vt ( 7, “h "2 ya dip 

da 

dm 

dz 

V — 

+ 

dvj 

d<p 

dydd I 

3a2 

cl'p , , dm 
V “h 2 T dz dz 

+ j ,1M + I A') + y + M y _ 2V, + Y 
\(t d<p ^ dz j oa d(p oft" \d(p 

(46). 

p\2{w — Z) — ^ E (X -h fx) I^ekI 
Oft J 

4?i23 , 4:nld r „ fZ-15 
-+ err ^ -f EdF + a y-^ 

ft oft" (_ dz-' ctep-' dz (((p 

2'nJd 4ftA" d fcl^ 1 Jct\ ^ d fdto n X 

3ft 3ft dz\clz 2a d(p] « ft 

2pld d fdvj 2p/r „ , •• „ 
Oft" a 

(47). 

If we compare these ec|uations with the equations obtained by substituting 

the values of the sectional stresses in the first line of (11), it will be found that 

they agree in every respect. 

10. It will hereafter be necessary to consider certain problems in which the middle 

surface is supposed to experience no extension or contraction throughout the motion ; 

and it will, therefore, be necessary to obtain the recpiisite equations when this is 

supposed to be the case. . 

The conditions of inextensibility are 

cTj =: 0, o'g = 0, <7T = 0 ; 

or 
da 

dz 
= 0, dv 

d<p 
+ 10= 0, 

dft . dv 
. (48), 

3 M 2 
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wliich require that 

u — Ua, ■w — 2: 
(lY 

d(j) {«)> 

where U and V are functions of (f) alone. 

In this case the potential energy reduces to the second line alone, and from (15), 

(16), and (17) we obtain 

and from (24) 

W = 

II 0
 

1 / d~w 

a- 
1 1 

9 , / d.^ w 

ydzd(f> 

m 1 (dho 

(m + n) ' 

~j“ w 

(h 

dz J 

(50) 

dho 

dzd(f) 

dv 

dz 
(51), 

which agrees with the expression obtained by Lord Rayleigh."^ 

Also from (14) 

(52). 

The values of the stresses Mj, M3 may be obtained either from (43) and (44), or 

from (12) combined with (15), (16), (17), and (18) by introducing the conditions of 

inextensibility ; and the values of Tj, T3 might be calculated by taking the variation 

subject to the conditions of inextensibility, and using indeterminate multipliers. 

Tliis process would not, however, be of much assistance, inasmuch as it would intro¬ 

duce two undetermined quantities into the values of T^, Tg, Avhich depend upon the 

boundary conditions; whereas in this case the values of T-, Tg can be obtained directly 

from the first and third of (11) combined with (49). The values of N^, Ng are given 

by the fourth and fifth of (11) combined with (50) and (52). 

11. We must lastly consider the boundary conditions. 

Equations (43) and (44) determine the stresses on the line elements adcj) and dz 

respectively, which are produced by the action of contiguous portions of the shell; 

and it might at first sight appear, as was supposed by PoissON,t that when a shell 

* ‘ Roy. Soc. Proc.,’ vol. 45, p. IIG. 

t ‘ Paris, Acad, des Sciences, Memoires,’ 1829, vol. 8, p. 357. 
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of finite dimensions is under the influence of forces and couples applied to its edges, 

these equations would give the values of such forces or couples, and that the 

conditions to be satisfied at a free edge would require that eacli of the above five 

stresses should vanish at a free edge. Kirchhoff'"" has, however, shown that this is 

not the case, but that the boundary conditions are ordy four in number; and the 

reason of this is, that it is possible to apply a certain distribution of stress to the edge 

of a shell, without producing any alteration in the potential energy. 

By Stokes’ theorem. 

Sic d- H' ) (Z2; =: 0 ; 

the integration extending round any curvilinear rectangle bounded by four lines of 

curvature OA, AD, DB, BA. If, therefore, we apply to the side AD the stresses 

Md^HVa, No'=-^, = 
' "" a ci xp 

to the side DB the stresses 

clR' 

and to the sides BO, OA, corresponding and opposite stresses respectively, the 

preceding integral becomes 

N3' B w + Hfi idSw 

a \ dcf) 

which shows that the work done by these stresses is zero. Such a system of stresses 

may, therefore, be applied or removed without interfering with the equilibrium or 

motion of the shell. 

Let us now suppose that the rectangle OADB, instead of being under the action of 

the remainder of the shell, is isolated, and that its state of strain is maintained by 

means of constraining stresses applied to its edges; then it follows that if, instead of 

the torsional couples Hj, Hj, due to the action of contiguous portions of the shell, we 

apply torsional couples ^1^, where 

SJ. = H, + H-.(53). 

= .(54), 

* ‘ Crelle,’ vol. 40, p. 51, 1850, and Collected Works, p. 237. 
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the state of strain will remain unchanged, provided we apply in addition the stresses 

and 

+ B'/a 

1 dW 
= N3 + 

a d<p 

. AT , dW 

(55) 

(56), 

whence, eliminating H' between (53), (55), and (54), (56) respectively, we obtain 

. . . (57), 

= MgCt — H, 

- - = No - - 
a d(j} “ n d(j) 

and 

Pi + dz Ni + 
dR^ 

dz 
(58). 

In these equations the Homan letters denote the stresses due to the action of 

contiguous portions of the shell, whose values are given (43) and (44), whilst 

the Old English letters denote the values of the actual stresses applied to the 

boundary. If, therefore, the shell consists of a portion of a cylinder which is bounded 

by four lines of curvature and whose edges are free, the boundary conditions along 

the circular edges are obtained by equating the right hand sides of the first and 

fourth of (43), and the right hand sides of (57) to zero, the first two of which express 

the condition that the tension perpendicular to, and the flexural couple about, a Ime 

element of the circular edge must vanish when the edge is free ; and the boundary 

conditions along the straight edge are similarly obtained by equating the right hand 

sides of the first, second, and fourth of (44), and the right hand side of (58) to zero, 

the first three of which express the conditions that the tangential shearing stress, the 

tension and the flexural couple must vanish when the free edge is a generating line. 

We may also, if we do not wish to introduce the time and the bodily forces into these 

equations, substitute for u — X, v — Y, lu — Z their approximate values from (32). 

12. We have now obtained all the materials we require, for a perfectly accurate 

approximate solution of any problem relating to the vibrations of a thin cylindrical 

shell as far as the terms involving the cube of the thickness, but before proceeding 

to discuss any problems, it will be necessary to make some remarks respecting 

Mr. Love’s paper. The first line of my expression for the potential energy which is 

given in (24), and which involves h and not agrees with the expression obtained by 

Mr. Love and other writers; also the approximate equations of motion (32) agree, as 

has been already pointed out, with the corresponding equations obtained by him, and 

by means of which he has discussed the extensioual vibrations of a cylinder. It will 
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also hereafter appear, that observations of a precisely similar character apply to the 

corresponding equations which determine to a first approximation the extensional 

vibrations of a spherical shell. This portion of his paper therefore appears to be per¬ 

fectly satisfactory ; but that portion which involves the terms depending upon the 

cube of the thickness is open to criticism. 

In the first place, he appears to have employed a system of rectangular axes, con¬ 

sisting of the normal at a point on the middle surface, and the tangents to the two 

lines of curvature through that point. Now, although it is immaterial, so long as 

we confine our attention to infinitesimals of the first order, whether a quantity is 

measured along the tangents to three orthogonal curves or along the curves them¬ 

selves, yet when it is necessary to take into consideration infinitesimals of higher 

orders, which is always the case whenever an investigation involves changes of 

curvature, a method in which everything is referred to rectangular axes requires care; 

and on comparing the terms in A® in (24) with the corresponding terms in Mr. Love’s 

expression for the potential energy, it will be seen that he has omitted several terms 

which involve the extensions of the middle surface, which partly, although not 

entirely, arises from his having omitted the factor 1 + h'/a. It is not improbable 

that these terms may be small, but at the same time we are not at liberty to neglect 

them altogether ; for it is quite evident that a term such as S (2$/x) in the variational 

equation, will give rise to terms in the equations of motion and the equations giving 

the values of the sectional stresses, which do not involve the extension of the middle 

surface. 

In the second place, on comparing Mr. Love’s variational equation of motion* with 

my equations (25), (26), (28), and (29), it will be seen that he has omitted several 

terms in the expressions for 8C, §U, and 

In the third place he states (p. 521) that the extensional quantities “ cr^, o-g, ct- may 

not, in general, be regarded as of a higher order of small cjuantities than Xj, 

which are the quantities upon which the bending depends. The argument of Lord 

RAYLEiGHt appears to me to show, that at points whose distance from the edge is large 

in comparison with the thickness, the extensional terms are usually small in comparison 

with the terms upon which the bending depends. It must be obvious to every one, 

that a thin plate of metal or a steel spring can be bent with the greatest ease by means 

of the fingers, whereas the production of any extension of the middle surface which 

would be capable of measurement, would involve considerable muscular effort. These 

considerations indicate that when a thin shell is vibrating, the change of curvature is 

so greatly in excess of the extension of the middle surface, that notwithstanding the 

smallness of A® compared with A, the product A® (8p~^)^ is largelj; compared with 

* ‘Phil. Trans.,’ A., 1888, p. 514, equation (19). 

t ‘Roy. Soc. Proc.,’ vol. 45, p. 105. 

X The problem discussed in § 14 shows that the product may he of the order except in the 

neighbourhood of a free edge ; but in the equations of motion we have to deal with the quantities Tia and 



45G MR. A. B. BA.SSET OR THE EXTENSION AND FLEXURE OF 

the product Acr“. At the same time, inasmuch as the production of change of 

curvature involves some extension or contraction of all but the central layers, and 

consequently of those portions of the shell which are near its external surface, it does 

not seem unreasonable to suppose that in the neighbourhood of a free edge, an exten¬ 

sion or contraction of the middle surface may take place, which is comparable with the 

change of curvature. 

In the fourth place, Mr. Love appears to have argued as if the equations of 

motion of a shell, whose middle surface undergoes no extension or contraction 

throughout the motion, might be obtained from his general equations (30), (31), (32), 

by putting cr^ = 0-3 = r? = 0 ; but it has already been pointed out, that the correct 

equations for this kind of motion must be obtained by taking the variation subject 

to the conditions of inextensibility, and introducing indeterminate multipliers. It 

will be shown in the next section, that in the case of the flexural vibrations of an 

indefinitely long complete cylindrical shell considered by Hoppe and Lord Ray¬ 

leigh,'" the differential equation for the tangential displacement v is of the sixth 

degree, and that when the cross section of the shell consists of a circular arc, this 

equation contains sufficient constants to enable all the conditions of the problem to be 

satisfied. 

13. The first problem which we shall consider will be that of the flexural vibrations 

of an indefinitely long cylinder, in which the disjolacement of every element lies in a 

plane perpendicular to the axis of the cylinder, and which has been discussed by 

Hoppe and Lord Rayleigh. 

In this problem the middle surface is supposed to undergo no extension or contrac¬ 

tion throughout the motion, and the solution is most easily obtained by means of the 

general equations (11). In these equations we must omit all the terms on the right 

hand sides which involve li^, for they would, if retained, give rise to a term involving 

/d in the period equation, which must be rejected, since we do not carry the approxi¬ 

mation further than /d in determining the period. 

We evidently have! = Ng = Ho = 0 ; also none of the quantities are functions 

of 2:. The equations of motion are thus 

clT, 

d(j) 

dNi 

d(f) 

fZCh 

d(j) 

N| = 2phav, 

—- T3 = 2p]iaw, 

-p a = 0, 

* ‘ Theoiy of Soiiiicl,’ vol. 1, p. 324 ; ‘ Roj. Soc. Proc.,’ vol. 45, p. 120. Equation (51). 

t We sliall pi'esently see that these conditions imply a constraint at infinity. 
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also the condition of inextensibility gives 

dv 

d(j) 
+ IV 0. 

Eliminating Tg, and w, and substituting the value of from the first of (52), 

we obtain 

AmnJd / d 

Sped {jn + n) d(j) 
. (59), 

whence, putting 

we obtain 

^imnlds^ (s^ — 1)^ 

Sped {m + n) (s“ + 1) 
(60), 

which is the required result. 

If the cylinder is complete, s is any integer, unity excluded, but if tlie cross-section 

of the cylinder consists of a circular arc of length 2aa, s will not be an integer. Its 

values in terms of are the six roots of (60), but in order to obtain the frequency 

equation, the value of s in terms of the dimensions and elastic constants is required. 

The additional equations are obtained from the boundary conditions, which have to be 

satisfied along the straight edges of the shell, and these require that the tension Tg, 

the normal shearing stress N;^, and the flexural couple should vanish at the edges 

where ^ = d: “• 

Since 
^ SvmJd 

— ~ S (m + n) 

where 

_ 1 ! ePv dv\ 

the boundary conditions are obviously 

p = 0, 

elp, 

d(f) 
= 0, 

4:7nnld d? 
+ 

edv 

Spa^iia + ii) defd dejidd 
= 0. 

These conditions have to be satisfied at each of the edges of the shell where 

= rh and there are, therefore, six equations of condition; hence the six constants 

MDCCCXC.—A, 3 N 
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whicli appear in the solution of (59) can be eliminated, and the resulting determinantal 

equation, combined with (60), will give the frequency.* 

If a complete cylinder of finite length were vibrating in this manner, it would be 

necessary to satisfy the conditions at the circular ends, and this would require that 

= 0, G3 = 0 at the ends for all values of ^; and from the first and fourth of (43) 

we see that this requires that p, = 0, or 

whence 

d^w 
V) = 0, 

tv = A cos B sin (j) 

for all values of (f>. Since it is impossible to satisfy this condition for the kind of motion 

considered, it follows that when the cylinder is of finite length it would be necessary 

to apply at every point of the ch’cular boundary a tension and a couple Gg of the 

requisite amount. 

This is the question upon which Lord Rayleigh and Mr. Love are at issue; and 

the preceding investigation shows that Mr. Love is right in supposing that it is 

impossible to satisfy the boundary conditions along the curved edges of a cylindrical 

shell when these edges are free, although he does not appear to have noticed that it 

is possible to satisfy these conditions when the free edges are generating lines. In 

order to obtain a complete mathematical solution of this question, it would be 

necessary to work out the problem of the free vibrations of a complete cylindrical 

shell of given length 2?, which is deformed in such a manner that dvldtj) tv = 0, 

where v and w are functions of ^ alone, and is then let go, without assuming that 

the middle surface remains unextended during the subsequent motion. 

Owing unfortunately to the extremely complicated nature of the general 

equations, a rigorous solution of this problem would be exceedingly difficult. We 

shall, however, be able to throw some light upon this question, by solving and 

discussing the following much simpler statical problem. 

14. Let us consider a heavy cylindrical shell, whose cross section is a semicircle, 

and which is suspended by means of vertical bands attached to its straight edges, so 

that its axis is horizontal; and let us investigate the state of strain produced by its 

own weight. 

In order to simplify the problem as much as possible, we shall suppose that the 

displacement of every point of the middle surface lies in a plane perpendicular to the 

axis, and we shall afterwards investigate the stresses which must be applied to the 

circular edges, in order to maintain this state of things. 

* [This problem is of a similar character to that of a bar, whose natural form is eii’cular, and which 

has been discussed by Lamb. ‘London Math. Soc. Proc.,’ vol. 19, p. 365.—June, 1890.] 
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We have 

Y — ~ g sin (j), Ta = g cos (f>; 

whence, if W = 2gpah, the equations of equilibrium are 

(IT, 

d(j) 
-[- = W sin (j), 

= - Wcos(/>, 
a<p 

, AT TUT • J 

from which we obtain 

the integral of which is 

and, therefore, 

d</)2 
+ Tg = 2W cos (j), 

Tg = A cos ^ + B sin (j) W(j) sin </>, 

= A sin ^ — B cos (f) — W(f) cos (j). 

Since = 0 when ^ l tt, A = 0 ; also since Tg = -^ irW when 

whence 

Tg = sin (f), = — W(^ cos (f) . 

and, therefore. 

— 1 
— 2 

whence 

= Wa (6 cos (h — 7^ sin 6), 
a(p oa" 

Gj = Wa (<^ sin ^ + cos ^ ^ cos 

Since G^ = 0 when ^ 77, C = — :|W7ra; accordingly 

Gj = Wa j(/) sin (j) (l cos 0 — . 

3 N 2 

77, B = 0 ; 

(61), 

(62). 
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But 

whence 

= — f f nh^ (1 + E) /i4 

I U sin <^ + /1 + AUos d - -I IT 

. . (63), 

■ ■ (6^)- 

Again, if E, denote the change of curvature along a circular section, so that 

we have 

Also by (18) 

_ Ifd^w 
E — — 2 ( ^ w 

\ d(f)~ 

/r = B — E(To/ci 

^'=-(2 + E)^/a + |^ 

(1 + E)E d~a„ 

a? d(j)^ 

(65). 

and, therefore, 

d? = (l “b E)/r = — (l ~b E)(2 -j- E)/x/a + 

whence, by the second of (44), 

T, = 477/7 (1 + E) cx, - "-^(1 + E)(3 + 2E);a + ~ (1 + E) E ^ -b ~^Wcos<l>. 

Substituting the values of Tg and /r from (61) and (64), we obtain 

2nh (1 + E) |2o-3 + + I (2 + 3E) j(/) sin (^ + (^1 + cos ^ l TT 

+ 
/72E 
„ 2 W COS (f> — W(f) sin (f) = 0. 
OO/" 

This equation might, if necessary, be solved by successive approximation, but a 

first approximation will be sufficient. Omitting the terms in /r^, and recollecting 

that W involves h as a factor, we obtain 

Anh, (1 + E) o-g + W (cos tt) + f EW (<^ sin ^ + cos (f) — ^n) = 0 . (66), 

whence from (64), (65), and (66), we obtain 

R _ E 
^ — T + fUTI 

3a. TT — <j) sill cf) — cos <f)) 

hr (I TT — cos </) + f E (I TT — 0 sill ^ — cos (p)} CTi 
(67). 
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Since the numerator of this fraction is an even function of (f), it does not change 

sign with (f); also the numerator is always positive between the limits ^ tt and — ^ tt, 

and its maximum value occurs when </> = 0 and is equal to ^ tt — 1, and its minimum 

value occurs when xf) = 177 and is equal to zero. We, therefore, see that when xf) = 0, 

R _ E 3a 

(7„ a ’ 

and when </> = l tt, 
R 

Vo 

E 

a 

Since the thickness of the shell is supposed to be small compared with its radius, it 

follows that the change of curvature is large compared with the extension of the 

middle surface, except when a (^tt — <^) is comparable with h, i.e., in the neighbour¬ 

hood of the straight edges of the shell; and therefore at all points of the shell whose 

distances from the edges are large in comparison with its thickness, the terms 

depending upon the product of the change of curvature and the cube of the thickness, 

i.e., the terms upon which the bending depends, are of the same order as the terms 

depending upon the product of the extension of the middle surface and the thickness; 

but at points whose distances from the edge are comparable with the thickness of the 

shell, the extension of the middle surface is of the same order as the change of 

curvature, and therefore the terms depending upon the product of the change of 

curvature and the cube of the thickness are small in comparison with the terms 

depending upon the product of the extension and the thickness. 

We shall now calculate the stresses which must be applied to the circular edges in 

order to maintain this particular kind of strain. From (43) we have 

Gg = f nJi^ E (/X, cTg/a), 

Substituting the values of /x and 0-3 from (62), (63), and (64), we see that the terms 

in (Tg may be omitted, and we obtain 

Go = 
EWa 

1 + E 
— (f) sin (f) — cos xf)) (G8), 

which shows that G2 is positive. 

Also 

Tt = Anh E cTo 
2nJt? 

3 a 
E(2 -f 3E) [x 

EW 

1 + E 
xf) sin xj).(69)j 

which shov/s that is positive. 

Comparing (68) and (69) with (61) and (62) we see that ratios of the tension 

Tj and the couple Gg, to Tg and G^ are numerically equal to E/(l -j- E) ; we further 
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see that is negative, and, therefore, the strain tends to increase the curvature of 

the circular sections. Now when a cylindrical shell is hent about a generating line in 

such a manner that its curvature is increased, all lines parallel to the axis which lie 

on the convex side of the middle surface will be contracted, whilst all such lines 

which lie on the concave side will be extended, and this contraction and extension 

will give rise to a couple about the circular sections which tends to produce anticlastic 

curvature of the generating lines. In order to prevent this taking place it is necessary 

to apply at every point of the circular edges a couple Gg tending to produce synclastic 

curvature, and a tension Tj parallel to the axis, whose values are given by (68) and 

(69). If this couple and tension were removed, the middle surface would bend about 

its circular sections, and anticlastic curvature of the generating lines would be pro¬ 

duced, and this would necessarily involve extension or contraction parallel to the axis, 

so that the problem could no longer be treated as one of two dimensions. 

It must, however, be within the experience of everyone that when a thin cylindrical 

shell of finite length, whose cross section is the arc of a circle, is bent about its 

generating lines, the shell does not assume a saddle-back form, and consequently the 

anticlastic curvature of the generating lines must he so small as to be inappreciable. 

This circumstance furnishes an additional argument in favour of the supposition that 

the extension of the middle surface is only sensible in the neighbourhood of the free 

edges. 

We therefore conclude that if the circular edges were free, some extension or con¬ 

traction of the middle surface must necessarily take place, but that this extension or 

contraction is small compared with the change of curvature along a circular section, 

except just in the neighbourhood of the edges. From these considerations the infer¬ 

ence is, that if by means of proper constraints applied to the circular edges, a 

cylindrical shell were enabled to execute the non-extensional vibrations discussed in 

§13, the vibrations would cease to be non-extensional if the constraints were 

removed ; but that the amplitudes of those portions of the displacements upon which 

the extension depends, would be very small compared with the amplitudes of those 

portions upon which the change of curvature along a circular section depends, except 

just in the neighbourhood of the edges. Moreover, the theory of plane plates shows, 

that the frequency of the extensional vibrations is expressible* by means of a series of 

even powers of li, commencing ivith a term independent of h; whilst the frequency of 

the flexural vibrations is expressible by means of a similar series commencing loitli h^. 

It therefore follows, that the pitch of the notes arising from the former class of vibra¬ 

tions, is high compared with the pitch of those arising from the latter class. And 

although, except under special circumstances, it is not possible in the case of curved 

shells whose edges are free, for these two classes of vibrations to coexist independently, 

as in the case of a plane plate; yet recent investigations show, that the pitch of 

* Lord Rayleigh, ‘ London Math. Soc. Proc.,’ vol. 20, p. 225. See especially equations (38), (45), 

and (53). 
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notes which mainly depend upon the extension is usually high in comparison with 

the pitch of notes which mainly depend upon bending, and consequently the 

notes arising from the former cause, both on account of the smallness of their 

amplitudes and the highness of their pitch, would probably be so feeble in comparison 

with those which arise from the latter cause, as to be scarcely capable of producing 

any appreciable effect upon the ear. Judging from the usual course of such 

investigations, the probable form of the exact solution of the problems suggested 

at the end of § 13 would be that of an infinite series, the periods of the different 

components of which would satisfy a transcendental equation having an infinite 

number of roots ; but the preceding considerations point to the conclusion that the 

frequency of the gravest* note given by (60), viz., = ASmnh^j5pa^ (m -f- n), 

although perhaps not rigorously accurate, is a close approximation to the truth. 

Spherical Shells. 

15. The fundamental equations for a spherical shell can be investigated in precisely 

the same manner as in the case of a cylindrical shell. 

If u', v', iv' be the component displacements at any point of the substance of the 

shell in the directions, 6, r, the equations connecting the displacements and strains 

are 

cr , = 

a- 0 = 

(To = 

tJT 0 — 

3 — 

+ IV 

dv' 

1 

r \d6 

1 (Jl 
r \sin d d(f) 

dto' 

lir 

ff- ii cot 6 + lo' 

dw' dv' 
J7- + ^ r sin 6 d(j) 

du' u' 1 dw' 

dr r r dd 

1 /dv f .a , ^ 
~\Ta ~ cot ^ + -r-T — r \cW smO d(p 

> (1), 

* [The experiments of Lord Rayleigh, ‘Phil. Mag.,’ Jan., 1890, show that the effective pitch of a 

bell is usually not the same as that of its gravest tone; and, in the bells which he examined, the fifth 

tone in order was the one which agreed with the nominal pitch of the bell.—June, 1890.] 
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whence 

also 

= ^2 H- a 

— _L ^ 
— +- a 

A 

m + n 

1 dvj 

a dd 

1 dw 

a sin 9 dcj) 

- EK 

^2 
a 

a 

1 , E ^ 

a {m + n) dO a d6 \ 

1 dA E ^ ' 

a {m + n) sin (fe d^ a sin 6 dcj^ ^ 

Ai 
m + n 

— E (\ 4- /x) 
J 

(2j, 

(3). 

16, We can now obtain the equations of motion in terms of the sectional stresses. 

If dS be an element of the middle surface whose coordinates are {a, 6, <f)), and 

dS' an element of a layer of the shell whose coordinates are (a + h', 0, (j)), then 

dS' = (1 + h'/ay dS; whence, if in the figure OA, OB respectively coincide with the 

meridians and circular sections, we obtain by resolving parallel to OA, 

^ (T^a sin 6 8^) S9 — T^a cos 6S6 S(}) (M^a S6) + NgCt sin 6 B6 S(f) 

= p dS f(u' - X) (1 + h'/af dll , , (4), 

But 

accordingly if we substitute the values of {dujdr) and (dhi/dr^) from (2) and (3), and 

recollect that all quantities which vanish with h may be omitted when multiplied by 

h^, the right hand side of (4) becomes 

pdS |2^ fi- , JdE dlt 

7 3a dd 

47d dio 

~de 

Resolving parallel to OB, 00, and then taking moments about OA, OB, 00 we 

shall obtain in a similar way five other equations, which, together with (4), may be 

written. 
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^ (Ti sin 0) — T3 cos 6' + + Ng sin 

L 
= i 2/i (1 + - J - —2 LAj - 2^ (1 + YTs) X\pa sm 3a7 j' 

— + (M^ sin 0) + cos ^ sin 0 
d(f) do 

= D'MI +,5*’ + ; 
4A® (ZtC Wr I 

‘. ■ a ~ 02 • ~ ij "77 ~ 2A 1 + Y sm P, o(X sin 0 dc^ ocP sin d<f> \ 3a"' 1 

^ (N3 sin 0) 4- ^ — (Ti + To) sin 0 

= \ 2hl I + w-i ¥ E (X + p) - I' EK - 2A (1 + S Z \pa sin 0,\ 

dG^ 

d<^ 

d 
+ NjCt sin 0 4- (H^ sin 0) — H 3 cos 0 

dd 

1 dtv 

sin 6 dO 
3?; 4- 2Y) sin 0, 

(Go sin 0) 4" Gi cos 0 — Ngtt sin 0 4- 
dd 

= - I ph? (“I - 3m + 2X) sin e, 

(Ml - MJa - Hi - H3= 0. 

17. We shall now (as in the case of a cylindrical shell) proceed to obtain the 

values of the couples and the stresses M3 by direct calculation. 

We have 

whence 

a sin 0 S(p = { P' (a 4- h') sin 0 Bcf) dh'; 
J —h 

T. = 2AP + |43(|^) + |(A 

T, = 2AQ + iA3('P)+f(f 

Mi = M.= 2«/» + L*3(53) + |A(‘|3 

G3 = |/i» -U? 
dr a 

H, = -R,= -idhur^ 
dWr 

dr 

3 o 

(6). 

MDCCCXC.—A. 
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The third and sixth of these equations satisfy the last of (5) as ought to be the case. 
Also, employing our previoiis notation, we see that 

Gj = - I nh? (d? + Ga = I (S + f) 

a ) 
Hi = — H3 = — I nh^ [p + 

(7). 

Since the couples are proportional to the cube of the thickness, it follows from the 
fourth and fifth of (5) that the normal shearing stresses N^, Ng are also proportional 
to the cube of the thickness, and, therefore, that the shearing strains are 
quadratic functions of h and li. 

Employing our previous notation, the next thing is to calculate the quantities 
X, jx, p, p, p)'. We have 

in which equations we have omitted all quantities which vanish with h, because 

X, p, p occur in expressions which are multiplied by 1^. Similarly 

X' = 

p = 

2\ E , \ , E (PK 

-7- 
1 

2p E E/ 1 cPK , ! 
a « ' ' \siir 6 d(f)^ da / ■ 
2p 

a 
2E / , 

cP sin 6 \ d(f) dO dcf) J 

(9). 

18. The variational equation may be written 

SW + 8C == SU + 8E (10). 

and we must now calculate the values of the four terms in it, and we shall begin 
with W. 

Since we may omit ct'j, and may, therefore, write 73- for 73-3, the potential energy 

of any portion of the shell is 

[ \{in-\-n) + w [73'^ — 4 + cr'gcr',)}] (1 + h'jciY dh'd^ (11) 
J —h 
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where the integration with respect to S extends over the middle surface of the portion 

considered. Since 

we obtain 

A' — A -j~ 
dr j 

\ [in + n) I A'^ (1 + h'jaY dh' 

also 

= (w + 7i) <1 /z (1 + A^ -f A 4/d fdA\ 

dr 

in + n 3a^ + ^3 + Kj^nY + | ¥ (X [xf 

+ ^/d(o-i + 0-2) (X'+ p,')+ —(a-i+ o-3)(X + g)j . . . . 

2n [ o-'jcr'g (1 + h'/aY dli = Anli (1 + ^ Idja^) cr^cr2 + f rJi^Xp 
j _ /( 

and 

+ 3 ^2 d“ 1) + 
8w/d , . 
^ (Xo-2 + pO-j) 

(12). 

(13). 

2n[ (cr\ + cr'g) cr'g (1 + h'jaYdh' 
J —h 

= inh{l + — E (o-i 4 o-2)| [cr^ 4 cr^)— f n/dE(X 4 p)® 

* 1 (a77,7?^ _ 
-f n¥^ (cTj 4 cTg) (X 4 p-)-^ d“ p) (^1 + <^3).(14)5 

lastly 

r ^ 4-'?? h ^ 
|?ij (1 4 h'laYdh' = nh (14-3 ¥/cd) 4 ¥ n¥p^ 4 \n¥Top 4 (15). 

Substituting from (12), (13), (14) and (15) in (11), the value of W per unit of area 

of the middle surface is. 

W = ‘Inh (^1 4 {(tY 4 0-3^ 4 E (o-i 4 0-2)® 4 i 

-\-^n¥ {¥ 4 p3 -p E (X 4 P)' 4 Ip^] 

■Y^n¥ (^X'4Bp 4 4^/) 

^(T .(iG)- 

3 o 2 
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We must now obtain We have 

= p J J J Su' -j- v' Sv' + w' Biv) (l + li jay dli cZS ; 

also 

y u- &U' (I + h'jaf dW = 27i (l + ^) M 8« + I A* + I AS 
\ dr“ dr~ 

, 4Jd [ • • dhu , du » 

= 2A(i + a;;8« + g(A-;;)(f-8. 

. A^E/--rZSK \ 4dd\"(dZw » \ , (ddo 

+ & V‘ -Te + Je + tw - “> 

by (2) and (3). Treating the other terms in a similar way, we obtain 

SC = 2^/8 (1 -|- ^ Idled) I {u Su -j- V Sv + w Siv) cIS 

1 fdw r>"\/dSlO » \ 1 / 1 dw r,"\ f ^ 

Id \d£ ~ \lw ~ ^^7 ^ ~ \sin^ ^ 

+ E(^EK - ~)SKj fZS 

+ 1 /)A3E I U - ^ _ y'^; (S\ + 8/r) + - ~ Sw + ^-A vl 
^ ' ' ' a d6 a sin 0 d(p ' ^ a dd a sin 0 d(j> 

- (\ -h /x) Si'll 1 (IS 

Apid r r r 1 /dio 
u) Su + - f ^ 8r + EK Sir ^ dS 

' a \sin 0 def) / • • m 

We must next find Sli. 

We have 

SU = II" (P' Sii + U' Sh) [a + h') sin 9 clh' + |f (Q' + U' Sid) {a + h') dli dO 

+ I NgU sin 6 Siv + I NjU Sir dd.(18), 

whence 
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sa = f {t. S. + M, + N, 8«. s») + a (.A 

2rt/i®E.^ dSK rfSKl . 
+ Y,— -JW + o ■ c j.\cifin\dcl(p 3a do 3a sin 6 dcf) } 

+ |{M.8« + T,8„ + N,S.<.+ fiQi 

Lastly, 

Gti / 1 dSw ^ \ Ho fdS'w ^ 

0 „'U “ 

2nJd'EM dSK nlv’ld.v^ fZSKI 

3a sin^ # 3a (16]^'^ ' 

8U = /J11 f (X hu' + Y 8r' + Z hiv) (1 + h'[af dh' dS 

= 2ph(1 + 

+ \ph?^ 

Id 

3a' 
XSa + YSt + ZSi(;)c/S 

- - Z (SX + a do a sin 0 d<p ' ' 

_ fyJlL --- SiiW ZE8KUS , 
1J L ft V <1^ ^ ft \siu 0 d<}> / 

(19). 

(20). 

19. We shall, as in the case of a cylindrical shell, denote the four lines of W by W^, 

W„ Wg, W,. Whence 

SW;^ = 4tnh (1 At^/a^) J j ('^Scr^ + ^ ctSsi) dS 

= Anh ^1 + "I" 2 ^ ^ 0 d(f) -\- 1(23 Sr? + -| t::t Sii) a d6 

Anh[l + ~j[j 
aa' 

Yq sin 6») - 2^ cos 0 + 1 ^ j §w 

+ \ ^ ^) + i ^ cos ^jSu — (H + 23) sin 0 Siv ad0dcf) (21), 

from which we obtain the approxima.te ec[uations 

ArdiM, Tg = AnhM I 

Ml = Mg = 2w/inT J 
(22), 

pu = 

pv = 

2n 

a sin 6 \ dO 

2n 

a sin 6 [ dcj) 

^^CasinO-J3cos» + i~| +pX 1 

^ ^ (ot sin ^ OT cos + pY > 

9.01 
pw =-(^ + 23) + pZ 

(23). 
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These are the equations which have been obtained by Mr. Love,"' and which have 

been employed by him in discussing the extensional vibrations of a spherical shell. 

Again 

SWg = f nJi^ + dFSp- + \p^v) 

Substituting the values of X, fju, p from (8) we obtain 

IflcSXrfS= -|j E + Sw + e(^‘ + ^|? + S«cot 9+28®)} sin ecWd<l, 

= — j jEI£ sin 6hu — (12 sin 0) Sw -}- IE sin 0 — jEIESr d0 

+ fli Esin^^f 8ii + E^Sy 
cW d(j} 

cP 

also 

— \ — 2 (12 sin 6*) -j- (1 -f 2E) 12 sin 0 } hw 

IjdlFS/x c?S = — 
1 drho „ dSw ^ . . 
Ai 7A + ^ " 7A + ^ sin 6 d(f)-^ dB 

cW d(f) (24), 

+ E sin 0 + ~ d- Sfi cos 0 + 2Siv sin d0 d(f) 

= — I(E.dl?’ sin 0Bu + cos 0Siv) dcf) 

sin 6 d(f) 
- f(E#8i; - — Sw; + ^ d0 

J \ sin B a (h sm B dip j 

Esin^'^Sw + E'^Sv 
dB dcp 

~ {^0 7^ “ ^ 

In the last term^^Sp, we must treat the integral which involves d~Biv/d0 dcp exactly 

in the same way as in the corresponding case of a cylindrical shell, and we shall thus 

obtain 

dSw d^Bto 
[pSprfS=}|p(cot9^- d0 d(f) 

icp d0d(f) J 

i I Cl -P + {p “t» + i I) ««’ - H 
. 

* ‘ Phil. Trans.,’ A, 1888, p. 527. Equation (23) corresponds to Love’s equations (46), (47), and (48) 
and (22) to (72). 
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Adding (24), (25), and (26), we finally obtain 

471 

SW2 = 
oa 

— {?E d- E (?G + d?)} ~ ip Sy + j — (ic sin ^) — df cos 0 

^ ^d(f) 
8w - l£ - ip 

d8i 

siu 6 d(f) 
— Sy a sin d cl(f) 

+ - 
4:nJi^ 

3a 

d- I n¥ 

-ipSu- {dP’d-E(i5d-d?’)}Syd- d-^cos^d-isin 0^) Sty 

E sin ^ — (is 
do ^ 

^ / 1 dBio « \ , 

- ^ (s.„ « ^ - i (w - S" 

+ d?)S» + E^(E + dF)5o 

a cW 

~ "i ^) d- (1 d- 2E) (is d- d?) sin 0 -fi {d^ cos 9) dd 

d- 2 (1 d- E) d? sin ^ d- cot ^ t7 d- 
d(f) dd d(j) 

Sw d9d(f) (27). 

The expressions for Wg, may, as in the case of a cylindrical shell, be divided into 

two parts Wg', Wg", W/, W^". The values of SWg', SW/, may at once be written 

down from (21) by changing 13, trr into is', d?', 'P' and iE, dF, P respectively, and 

by altering the coefficient into ^nlP and d>n}Pl3a respectively. With regard to Wg" 

we have 

SWg" = f 7i]P [[(^ 8X'd- ^ Sp' + i Sp') dS. 

Substituting the value of X' from (9) and integrating once by parts, we shall obtain 

dSK 
SX' dS E sin 9 d<l> 

E ^ (a sin 6) + aa sin ^ {2 S\ + E (8X + Sf.)} 

Treating the other terms in a similar manner, we shall finally obtain 

\2nh^^^d3K 

d9 d(f>. 

SWg" = 
I 3a dO d- 

w/dECT dSK 

3a siu 6 d(j) 

+ 1 
r2ra/dEi3 Ti/dEro dgK 

I 3a sin 0 d(f> 3a d0 

a sin 9 d(f) 

a d9 

2n/d 

3fd 

E d 

sin 6 dO 
sin 9) — 33 cos 9 2 

dijs 1 dSK 

+ H 
E /d23 dvr . 

AnlP 

:\ dgK 

d(p 

d(j) J d9 

d- Ea (^ d- 33) (SX d- Sp) dS 

A-7) 7? ^ r r 
--^jj (^SXd-33Spd-it^Sp)^/S. 
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If in the fii’st surface integral in this equation we substitute the approximate values 

of the coefficients of d 8K/«^ &c. from (23), which we may do since this integral is 

multiplied by Id, and then substitute the values of SWg", SC, 811, and SU in (10), it 

will be found that all the terms involving f/SK/^/d, cZSK/cZ(/), and 8X + Sp, cut out; 

we are therefore no longer concerned with them, and the value of SWg" reduces to 

the last line ; on this understanding we may write 

8Wg'' + 8 W;' = t'f II (^ 8X + B Sp + ITI7 Sp) f/S ... (28). 

The variation of the right-hand side of (28) might at once be written down from 

(27) by substituting and for 5c, and p ; but it will be more convenient 

to present the I'esults in another form. Taking the first term, and integrating the 

second differential coefficients once by parts, we obtain 

(1810 

U 
sin 6 d(f) + I 

d d 8iv 
(^ sm 6) 

d6 dd 
sin 0 Siv 

sin 0 Sk| d6 dj>. 

Treating the other terms in a similar way, and adding to the result from (21) that 

portion of SW^ which depends upon Id, and finally replacing the coefficients of 

dStvjdd — Su, &c., by their approximate values from (23), the final result will be 

- I(tJ - ^“) + i{le - Sf)} «sin edj, 
4:nJd 1 d Bid 

\sin 6 dcj) 

dSio 

8y) + 5 nr (— Su ] j- add 

Bv 
1 d Bio 

sin 6 d^ 

+ E« {iv —■ Z) 8 K 1- dS (29). 

This result enables us to test the accuracy of a poi'tion of our work, and the funda¬ 

mental hypothesis on which the theory is based; for if we substitute in (10) the 

expression (29), and also the value of 8|i from (19), it will be seen that we have 

reproduced the values of the couples which are given by (7) ; also comparing with 811, 

the line integral parts of 8W3, given by (27), the line integral parts of 8Wg''and 8W/, 

which, as we have explained above, are obtained from (21) by changing certain lettei’s, 

we see that we have also reproduced the values of M], M3, given by the third of (6). 

We may, therefore, omit the couple terms, and also the terms in M; also, since we 
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have disposed of the terms in SW^, which involve h^, we shall write SW/ for the 

remaining portion which depends upon li, and the variational equation finally 

becomes 

§W/ + 8W/ -f- 8W3' + 8W/ + (1 + -5 h^jor) {n Su fi- v Sy “h w Bvj) dS 

I / cho 

cd \ cl6 
— 'Ill 

d Sw 

d0~ +72 
I / 1 dtv 

\sin 6 d<^ 
2v 

1 d Siv 

sill 6 d^ 
Sv 

d- e(|eK SKjdS 

Su 4- ^ Sy — (\ fi- u) Siy jc/S 
asm 0 dcf) ^ ' j a d0 

■iph^ ff n fdvj 

3rt JJ a \ d0 
Sm + - (-} . qy — y) 8y + EK Siylc/S 

= 2phll + 
/P 

\ ' 3a^/jJ 

a \siii 0 d(j) 

XSu + YSv -i-ZSiv)dS 

2p¥ 

Ycd' 
/ 1 
\sin 0 

-Sy +ZEaSK c/S 

+ j (Tj 8a fi- N2 Sw) a sin 6 dcp ^ (Tg 8y fi- Sw) a dO (30). 

We have now got rid of all the terms involving the second differential coefficients 

of Su, Sv, Sw ; and all that remains to be done is to integrate by parts the terms which 

involve the first differential coefficients. Putting 

“ = + = + y=E(«EK-:,. + Z) (31), 

we have 

2pJ^Cf 
3a2 J J (X 

dSiv /3 dSvj 
"r ~ + «y8KU^S 

d0 sin d d(j) 

~ olSw) a sin 6d((} -f- |(y8y + ^Sw) adO 

S‘fj[{% + rf! - -lysin d 8«’ d(f) d(j) 

(-7S 

sill 0 
(32). 

Substituting the values of 8W/, 8W3', 8W3', 8W4', and the right hand side of (32) 

in (30), and picking out the line integral terms, we obtain the following equations 

for the sectional stresses, viz., 

MDCCCXC.—A. 3 p 



474 MR. A. B. BASSET ON THE EXTENSION AND FLEXURE OF 

Ti = + ~ {?£ - E (Is + d?)} + i nim' +^E (aEiC - w + z) 
OCt OG/ 

2nli^ 
Mg = 2nhzs H—3 ^ + F OCt 

AnlP r d 
No = . , 

Basing l_(/0 

Gg = f n¥ (IS + ^ja) 

Hj — — -|- trr/a) 

(IS sin ^) — .dF cos ^ — 2?^ -|- X 
d(f>j 3a \d0 

J. (33) 

which give the values of the sectional stresses across a parallel of latitude ; and 

P \ nli^p OCl' 

T, =4«AB + ^(dr-E(E + df)l +f«ASdf' + ^h(aEK-w + Z) 

'1 

Ni 
_ _A,^ ld§ 

3a sin 6 \ dcf) 

Gj = -|n/(3(dF +B/a) 

Hg = f nh^ {p + vj/a) 

+ _/3cos 6^+ -|sin6>~) + 
dp\ 2pJP i 1 dto 

3a \sin 6 
— 27; + Y 

:> (34) 

j 

which give the values of the sectional stresses across a meridian. 

In these equations we may, if we please, substitute the approximate values of 

u, V, IV from (23), and by means of these values it can be shown that the values of 

Nj, Ng agree with the values which are obtained by substituting the values of the 

couples in the fourth and fifth of (5). 

Picking out the coefficients of Zu, Sv, Sw, in the surface integrals, we obtain the 

equations of motion, which are 

{d/ + |)“ + 
/dE dK _ ^ chv 

3a d6 3a^ dd 
sme 

= 471 ^ (^ sin d) cos 0 + 1 

4-7? fl 

+ {iS ^ + 3<, 

Yq (!£' sin 0) — HF' cos 0 + 

2ph 

d(j) J 

dy 
a sin ^ ^ sin 6 — y cos 0\l35), 
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, A2\-- . hm dK 472 ch^ ^ 

2{l + Z^) ^ + T7-Y-. 7. - - 2 (1 + ^.) Y [ pa sm d oa sin 6 d(f) Zcr sin Q dcj) 

A 
dd 

r dd3 .id, • n\ , ^ n 
" [~d^ + i sm 0) TIT cose 

+ h74(AsinY>) + ^ 2^008 0 -AEA(E+d?) + |rf{a'+i^| 

+ A {# + i ™ + + A 
(3G). 

72 4/r 
2 ( i + 3^) - Z) — i (\ + p) - — EK j. pa sin ^ 

= — An (E + 23) sin ^ + 

3a 

47iA2 r d^ 

'6a dd' 

+ A 
1 A-iF 

sin 6 d'cf)^ dd “*" ^ 

Q'vi ^2 

- I n¥ (IE' + d?') sin 0 - F- (IE + dF) sin 0 

- (IE sin ^) + (1 + 2E) (IE + dF) sin 0 

dp d'^p 1 

oa 

2ph^ \ d , • r\\ , d^ . „ 
(37). 

The correctness of these equations may be tested by substituting the values of the 

sectional stresses from (33) and (34) in the first three of (5), when it will be found 

that we shall reproduce (35), (36), and (37). 

20. The boundary conditions for a spherical shell may be investigated in exactly 

the same manner as in the case of a cylindrical shell, by means of Stokes’ theorem ; 

for in the present case the theorem may be written 

f(fA) + i(f 1^) ® ’ 

the intonation extending round any curvilinear rectangle bounded by two meridians 

and two parallels of latitude. If, therefore, in the figure we apply to the side AD 

the stresses, 

M/ = HVa, = = 
" asm. d dcf) '• 

to the side BD the stresses 

M,' = H'/a, N/ = " , H,' = - H'; 
a aa . 

and to the sides OB, OA, corresponding and opposite stresses respectively, the 

preceding integral becomes 

3 p 2 
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[IM/ 8u + N./ Sw + ( A ““ sin 9 d(f) j [ - ' ~ ygiii 0 0^ yj 

+ [jM/Sii + N/Sm; - - Sw)} add=0, 

M^hich shows that the work done by this system of stresses is zero. 

If, therefore, we suppose that the rectangle OADB, instead of being under the 

action of the remainder of the shell, is isolated, and that its state of strain is 

maintained by stresses applied to its edges, then it follows that if instead of the 

torsional couples Hj^, Hg, due to the action of contiguous portions of the shell, we 

apply torsional couples where 

= W .(38), 

= H, - H' .(39), 

the state of strain will remain unchanged, provided we apply in addition the stresses 

and 

^^3 — ^^3 + H /a 

. 

= + H'/al 

ja M . 

whence eliminating H' between (38) and (40), and between (39) and (41) respectively, 

we obtain 

and 

- Hi 

sin 9 — 
dcji 

i _ NoO sin 9 — 
dHi (42) 

(1(f) j 

M^a + H^ ] 

cm. !> 
— Nsu + 

(^9 

(43) 

in which we are to remember that = — |^2> = — Hg. 

In these equations the Homan letters denote the stresses due to the action of 

contiguous portions of the shell, whilst the Old English letters denote the values of 

the actual stresses applied to the boundary. If, therefove, the shell consists of a 
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portion of a sphere bounded by two meridians and two parallels of latitude, and 

whose edges are free, the boundary conditions along a parallel of latitude are obtained 

by equating the right hand sides of the first and fourth of (33) and of (42) to zero ; 

whilst the boundary conditions along a meridian are similarly obtained by equating 

the right hand sides of the first and fourth of (34) and of (43) to zero. 

21. If the shell is supposed to vibrate in such a manner, that its middle surface 

does not experience any extension or contraction throughout the motion, the equations 

of motion can be obtained by taking the variation subject to the conditions of 

inextensibility, and introducing indeterminate multipliers. 

22. It will now be convenient to make a short digression for the purpose of con¬ 

sidering some of the quantities involved. 

Let P be any point on the deformed middle surface whose undisplaced coordinates 

are (a, 0, ^). The coordinates of P after deformation are 

R,= a-b^^, B = 6 uja, ^ = (f) vja sin 0 . . . (44), 

and since u, v, w are functions of d and </>, the elimination of the latter quantities from 

(44) will give a relation between P, @, $, which is the equation of the deformed 

middle surface. 

If Pi be the radius of curvature at any point of a meridian section after deformation, 

and P the perpendicular from the centre on to the tangent at that point to the 

deformed section, 

Now 

I 

Pi 

1 ^ 

R 

P2 

I 

R2 1 + f—Y ^ \RdBj 

If (chvld9f 1 

R3[ ' R^l + dujadd)-]’ 

and therefore, neglecting cubes of displacements, 

_ I / aia\^ 

Also 

dR = do, 
ecu 

whence 

II I (d^w \ 

a ^ ~ ^7 • • • 
.... (45), 

which gives the change of curvature along a meridian. 
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We shall now find an expression for the change of curvature along any great circle 

which makes an angle y with a meridian. 

In the figure on p. 463 join OD, and let the angle OED = y, and the angle 

DOA = y; then by (45) the change of curvature along OD is 

1 dho 
2 \ 7 \ dx 

If iv w be the normal displacement at D, it follows by equating the two values 

of that 

From the spherical triangle ODP we have 

— cos y — 
cos PD — cos 6 cos Sy 

sin Q sin Sy 

whence 

Agi am 

whence 

sin 6 SO = cos y sin ^ Sy + 2 ^ “ 2 ^ 

= cos y sin ^ Sy + ^ cos 0 sin^ y Sy^, 

sin S(f) sin 7 

sin 3y sin (6 + S0) ’ 

Substituting these values of SO, Scf) in (46) and equating coefficients of Sy^, we 

obtain 

dho siTOydho , sin 27 dho . „ dho sin 27 cos 0 div , . „ , ^dw , . . 
+ ~::^:S:77+C0S'r^^,-- + Sm=>yCOt (47). 

d-x sin^ 0 d(f)^ sin 9 dOdcf) sin- 6 d(f) dd 

Whence it follows, that if p^, p,2, are the principal radii of curvature along and 

perpendicular to a meridian 

1 1 1 (dho . ' 
— - -— 1 + W 
p\ a a? 

1 1 1 ( 1 dho 

Pi a Vsild 6 d(f)^ 
+ cot 0 

dw 

de 4- w 

(48). 
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23. When the middle surface is inextensible, it has been shown by Lord Rayleigh* 

that the displacements are given by the equations 

u = — tKs sin d taiP ^ 6 

v= sin P taiP 6^ 

w = 'tKs (.9 + cos 0) taiP ^ 6 

(49). 

where 9 = 2, 3, 4 . . . and is a complex function of the time. From these equations 

it can easily be shown by means of (48) that 

II ^ Xs {s’’ — s) e‘'P tan* \ 0 /I I' 

a a sin^ 6 \pn 
(50). 

The value of the potential energy is given by the second line of (16) ; also by the 

first two of (8) and by (48) 

and by the last of (8) 

whence 

X=- =--- 
^ Pi « 

(51). 

p=- 2t 2 
A.^ (.$•’ — s) tan* ^ 6 

a siiF 6 

4«7d 
W = 3^2siiPg ~ ^ sin S(j) taiP ^ 6}'^] (.52), 

which agrees wdth Lord Rayleigh’s result. 

Let us now suppose that a bell which consists of a spherical shell, bounded by a 

small cLcle whose latitude is is vibrating in such a manner that its middle 

surface does not undergo any extension or contraction throughout the motion. One 

of the boundary conditions requires that the flexural couple Gj should vanish along 

the circle of latitude which constitutes the free edge of the bell. By (7) and (51) 

G^ = -f ^ nh^ {X + E (X + /r); 

From (50) we see that Gj cannot vanish for any value of 9 except 9 = 0, that is, 

at the pole, provided 9 > 2. It, therefore, follows that a spherical bell whose edge is 

free cannot vibrate in this manner if the middle surface is supposed to remain 

absolutely inextensible throughout the motion. If, however, extension or contraction 

* ‘ Loudon Math. Soc. Proc vol 18, p. 4 (1881). 
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were to take place in the neighbourhood of the edge, it would be possible for Gj to 

vanish there, and also to satisfy the other boundary conditions. 

There seems no reason to doubt that the argument which has been employed in the 

case of a cylindrical shell, would apply equally to the case of a spherical shell, and 

probably also to a shell of any shajDe; in which case, the portions of the displace¬ 

ments upon which extension principally depends, would be small compared with the 

portions upon which bending principally depends, except at points whose distances 

from a free edge are comparable with the thickness. At the same time it would 

be very desirable to obtain the solution of some problem relating to the vibrations 

of a shell whose edges are free, in which no supposition is made as to the relative 

magnitudes of the extensional and flexural terms. 
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VII. Memoir on Symmetric Functions of the Roots of Systems of Equations. 
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§ 1. Preliminary Ideas. 

1. The theory of the symmetrical functions of a single system of quantities has 

been investigated in a large number of memoirs, but so far, only a few attempts have 

been made to develop an analogous theory with regard to several s3^stems of 

quantities. The chief authors are Schlafli* and Cayley,! both of whom have, 

however, restricted themselves to the outlines of the commencement of such a theory. 

In the theory of the single system it is found convenient to regard the quantities as 

the roots of an equation, since the coefficients of such an equation are themselves 

those particular symmetric functions of the quantities which have been variously 

termed fundamental, elementary, and unitary; they are fundamental because all 

other rational integral functions are expressible by their products of the same or 

lower degree ; elementary because they are those which, first of all, naturally arise ; 

unitary because their partitions are composed wholly of units. The left hand side of 

the equation referred to is a product of binomial linear functions of a single variable 

X, so that, «i, a^, . . . being the cjuantities which compose the system, the funda¬ 

mental relation may be written 

(1 + (1 + %*) •••(!+ = 1 + ayx + a^yF + . . . + j 

= 1 + (1) X + (1^) + . . . + (1") x" , 

in the ordinary partition notation. 

In a general disoussion it is convenient and advantageous to suppose the number of 

quantities infinite, so that the relation becomes 

(I -f ayx) (1 + ccyx) . . . = (l fi- ayjc -b a^x^ + . . .) = 1 + (l) a: -j- (1") 

* “ Ueber die Resultante eines Systemes mebrerer algebraiscben Gleicbungen.” ‘ Vienna Academy 
Benhscliriften,’ vol. 4, 1852. 

t “ On tbe Symmetidc Functions of the Roots of certain Systems of Two Equations.” ‘ Phil. 
Trans.,’ vol. 147 (1857). 

MDCCCXC. —A. 3 Q 19.9.90 
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2. Instead of taking a product of binomial linear functions of one variable, as 

above, we can, for m systems of quantities, take a product of non-homogeneous linear 

functions of m variables, and each such linear function may be taken of the form 

1 “b ^s\^\ “h d” • • • “b ^sm^m • 

As indicative of this general case it is sufficient to consider merely the case of two 

systems of quantities. Complexity of formulas is thereby avoided, but it must be 

distinctly borne in mind that all the succeeding theorems can be at once extended to 

the general case of m systems by an easy enlargement of the nomenclature and 

notation. 

I consider, then, two systems of quantities 

^1? ^'25 • • • ? 

/3i, ^0, . . . A/; 

as connected with two non-homogeneous equations, in two variables, in such wise that 

the values a^. A? of fbe variables respectively constitute one solution of the two simul¬ 

taneous equations. In order to avoid identical relations between fundamental forms, 

as well as for other reasons, which will appear, I take the number of quantities n in 

each system to be infinite. 

By analogy the fundamental relation is written 

(1 -|- a^x -b A!/) (1- “b + A.t/) • ' • (f “b + A^/) • • • 

= 1 -f + a^x^ + -f + . . . + a^^ocPif + . . . 

As shown by Schlafli this equation may be directly formed and exhibited as the 

resultant of the two given equations, and an arbitrary, linear, nondiomogeneous 

equatiori in two variables. Beyond the preliminary idea this investigation has little 

to do with the original equations or with the theory of resultants. It starts with the 

fundamental equation just written, the right-hand side of which may be put into 

the form 

1 + tayc -f + trx^a.^.X^ + ta.^^,.xij + SAiA-/ + • • • 

The most general symmetric function to be considered is 

■ • • 

which I represent symbolically by 

( Pi^h P-2'^hPz*h '• • •)• 
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Observe that the summation is in regard to the expressions obtained by permuting 

the n suffices 
1, 2, 3, . . . n. 

The weight of the function must be considered as bipartite; it consists of the two 

numbers 

Pi + i-’a + + • • • = 

</i + + ^3 + • • • = 

and I speak of the biweight %q. 
The sum Sp + Xq may be called the whole weight, or simply the weight. Asso¬ 

ciated with any number tv there will be a weight tv and a biweight corresponding to 

every composition of tv by means of two numbers, including zero as a number. By 

composition is meant partition, in which regard is paid to the order of the parts; for 

instance, 21 and 12 are different binary compositions of 3, and 30, 21, 12, 03 

constitute the system. 

3. It is necessary to introduce the notion of the partition of the bipartite number 

which denotes the biweight. 

Thus of the biweight Sp, %q the expression 

{Pi<hPi<l^Pz% • • •) 

may be termed a partition. 

The dual symbols qt-^q-^, P^Ptz^ • • • ^^e the parts of this partition; the parts 

are themselves bipartite and may be termed biparts. 

We have thus a biweight denoted by a bipartite number partitioned into a number 

of bipartite numbers termed bi parts. 

It is convenient to arrange the biparts so that the sums of the symbols which 

compose them are in descending order of magnitude from left to right. 

According to usual practice repetitions of biparts are denoted by power symbols; 

thus 

{P\(li) = {PiPlh<li)- 

4. In the notation just explained the fundamental relation is written 

(1 + a^x + l^^y) (1 + a^x + ^.qy) . . . 

= 1 + (lb) X + (01) y + (Id^) + (To bl) xy + (oT^) / 

+ (10^) x^ + (I 0® Ol) x^y -f- (10 01^) xy® + (Off)y® + . . . 

where (10 01®) denotes % and in general = (10^ 01^?). 

Observe that here the number of quantities m each system is considered to be 

infinite, and that the right hand side of the equation is taken with unit and not 

3 Q 2 
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multinomial coefficients {cf. Cayley, loc.cit.). This is done because it is the universal 

practice in the theory of the single system, and because otherwise it appears to 

possess undoubted advantages. 

The symmetric functions which appear in the relation are fundamental since, as will 

appear, they serve to express a,ll other rational integral symmetric functions, and they 

may be further termed single-unitary, in that, not only is each composed entirely of 

units, but also each bipart comprises but a single unit. 

It is obvious that the number of biweights connected with the weight w is 

tv + 1. 

5. It may be asked in how many ways it is possible to partition a biweight into 

biparts. 

In the ordinary theory of partitions the number of partitions of a number iv is the 

coefficient of in the ascending expansion of 

_1_ 

1—x.l — I — x^.l — 

In the present case, the number of partitions of the biweight pq into biparts is the 

coefficient of' xPy'^ in the ascending expansion of 

_1_ 

1 — X . \ — y .1 — x^ .1 — xy .1 — y'^ .1 — x^ .1 — x~y. 1 — xy"^ . \ — y'^ .. . 

or, putting ij equal to x, we see that the whole number of partitions of the weight 

V -k q into biparts is the coefficient oi xp^‘^ in the ascending expansion of 

1 

(1 (1 (1 _ 

Further, it is clear that the number of partitions of the biweight into exactly 

p biparts is the coefficient of a^xPy'^ in the expansion of 

1 

I — ax. \ — ay . \ — ax?. 1 — axy. 1 — ay^. I — ax?. I — ax'-y. 1 — axy“ . 1 — ai^ . . . 

6. It is convenient now to have before us a iist of the symmetric functions up to 

weight 4 inclusive. 

The expanded generating function is 

1 X y 2.x‘'^ + ^xy + + 3a:® + 4a:'^ 2/ + ^ “k 3^® 

-j- 5x^ + Tx^y + + 7xy^ + 5y* + . . • , 

and we have 
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Weight 1, 

Biweight 10, Biweight 01, 

(lo) ; (OT) ; 

Bi weight 20, 

(50) 

(10"); 

Weight 2, 

Biweight 11, 

(ii) 

(low); 

Bi weight 02, 

(02) 

(0T=>); 

Weight 3, 

Biweight 30, Biweight 21, Bi weight 12, Bi weight 03, 

(^) (W) (12) (03) 

(mTo) (M oT) (To 02) (Ol 02) 

(10*); (ITIo) (W U) (Ol*); 

(10* ol) ; (To oT*); 

Weight 4, 

Biweight 40, Bi weight 31, Bi weight 22, Bi weight 13, Bi weight 04, 

(4b) (3T) (22) (13) (bi) 

(3b lb) (2T Ib) (21 bl) (l2 bl) (b3 ol) 

(2b2) (3b bT) (12 Ib) (bblb) (022) 

(^ Ib^) (20 IT) (20 b2) (bill) (b2 bl2) 

(To"); (^Tbbl) (TT^') (bbibbi) (bl"). 

(TTIb^) (2b bi^) (TTbl^) 

(103 . (b2Tb2) (IbbT^); 

(iITbbI) 

(Tb^ bi^); 

§ 2. Preliminary Algehraic Theory. 

7. The partitions with one bipart correspond to the sums of the powers in the 

single system, or unipartite theory. They are easily expressed in terms of the 

fundamental symmetric functions. 
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The right hand side of the relation 

(1 + a-^x + (1 -j- a^x -j- ji^y) . . . = I + + • • • + + . . . , 

may be written 

exp («io« + «oi2/)> 

or, since it is convenient to write the symmetric function (pg') in the form this is 

exp (sjoa? + 

where the bar over exp indicates a symbolism by which denotes (10^01^) = «^y. 

Hence the relation 

1 + a^QX + aoip + . . . + apqVfyi + . . . = exp {s^^x + s^^y), 

which is important in connection with the collateral theory of operations to be 

presently brought into view. 

8. Taking logarithms of both sides of the relation 

(1 + a^x + ^^y) (1 + a.^x + /S^y). . . = 1 + a^gX + cig^y + . . . + a^^x^y^ + . . . , 

there results 

+ W — i + ^02^^) + i (V® + 3%<y + 3s^,xy^ + Sgsy^) 

= log (1 + a^gx + ttgjy + . . . + tfp^xPy^^ + . . .). 

Hence 

1 + a^gX + ctg^y + . . . a^yX^Y + . . . = exp (s^Qa: + Sg^y) 

= exp {5ioa? + .<foiy - h + ^s^xy + SgY) 

+ i (V® + Sszix^y + Ss^^xy^ + Sg^y^) 

Also we have the series of relations :— 

r = a^g, 

^5oi = UqU 

^20 “ ^10^ ^^20> 

•< 6';^;^ = CtigUgi 

w '^02 ~ ^Ol" 20.02, 

*^91 

’12 

’03 

~ Oio'Of'oi “ ^11^10 “h ^2n 

= <^gi^C<ig ^02^10 ^11*^01 “h ^12’ 

~ OqI^ ^^02^01 d“ ^*^03’ 

* Viz :- + «oi2/ = ^ (“1^ + di2/) ; + 2sii*2/ + = 2 (aio; + /3jy)~ ; &c. 
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and in general 

(-) 
^p + q- > = 2, (-)-> - 

I l)\ q 

9. Moreover, the fundamental symmetric functions are expressed in the terms of the 

forms Spq by the formula 

a„ = 2 ^ A+fyliy j(ii±&pir 1 '■ 
^ ' i^i •' ?Zi! J L Ih •' 72! ■ • • 

(-) 
StT — 1 TTi 77.I 

IT 1 IT a . 

as will be evident by simply applying the multinomial theorem to one of the above 

written general identities of Art. 8. 

10. The single-bipart functions having been actually expressed in terms of the 

fundamental symmetric functions, it remains to show that all other rational algebraic 

symmetric functions are also so expressible. Schlafli (Joe. cit.) has established this 

by induction, and it is not necessary to further discuss the theorem here. In Art. 43 

of the present memoir, will be found the actual expression of a given symmetric 

function by means of single-bipart forms, a formula which, combined with one given 

above. Art. 8, serves to establish the theorem conclusively. 

11. Write 
The Symmetric Function hprp 

(1 + ayr + ^yj) (1 + a,x + ^.yj) . . . = 1 + + 

1 

+ ap^xPy'i + . . . 

1 — — JiQ^y + . . . + . 

as the definition of the function 

Writing — x. — y for x, y, we have 

1 -f h^yx + h^y + . . . + hp^xJPy^ 
(1 - a^x - /3^y) (1 - a^x - . . 

and expanding the right hand in ascending powers of x and y 

(Pi + <7i) ! (Pa + 72)! 
hpq - S Pi \qy. P2 ! !72 I ru ! • • {lh9.i • • •)> 

the summation being for all partitions of the biweight. Changing the signs of x and 

y in the relation first written down, we obtain 

1 + h^^x + h^^y + . . . + hp^xPyi + • • . = 
-r . . . -f- (—+ ? ap^Pyi + . . . 
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an identity which arises from the former by interchanging the letter h with the 

letter a. 

Hence, if /‘and be any two functions, such that 

then also 

0
 

0
 

11 

0
 

0
 

• • l^pqi ' • •1 

(/) (ct^oj • • 11 

0
 

0
 

• • i^pqi • • 

and, in general, in any relation connecting the functions a with the functions h, an 

identity will still remain if the letters a and li be transposed. 

By the multinomial theorem 

M-f 
,77 — 1 

TtP TTg! . . . 

TTj TTg 

• • • 

From a previous result in this article, by taking logarithms and expanding 

(p + g - 1)! 

p\ q\ ^pq 
i'l'K — IF — V _hh 7, 7, 

V / TT I TT I " 1 • " 2 • • • • 

which is to be compared with the formula 

(-) p\ g! = 2,(-p 
-1 (Stt - 1)! 

TT]^! TTg! . . . 

’Tl 
^Pi<li 

and it will be noticed that Sp^ remains unchanged when li is written for a, except for 

a change of sign, when the weight + 5' is even. 

§ 3. TJie Differential Operations. 

1''2. The beautiful properties of these symmetric functions are most easily established 

by means of the differential operations whose theory I proceed to establish. 

Consider the identity 

(1 + a^x + /3jy) (1 + a.^x + ^.pj) . . . (l -f a,,a: + ^„y) 

= 1 + + cCqPj + a.Qx" + a^yvy + a^ff 

where n may be as large as we please. 

Multiply each side by (l + p,ft: + py). 

The right hand side becomes 

1 + (^ho + /^) a; + («oi + r) y + -f ya^^) x~ + + ya^^ + va^^) xy 

+ (^02 + ^«'oi) 2/^ + • • • 5 
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aiiclj iu general, becomes converted into 

d” H'^p—hq + VClp^ ^ _ 2^, 

Hence any rational integi’al function of the coefficients 

CtjO, CQi, rtoo> 0-025 • • • 5 

J {ciiQ, «oi> *^005 «02, . . .)z=J, 

VIZ., 

is converted into 

wher •e 

J + + ^i/0l)/+ o', + ^90lYf'^ or • • • > 

9iq — '^'-^p-i,q ’ 9oi — ^"p'l ’ 

and the multiplication of operators is symbolic. 

The new value of J‘ is 

exp (ppio + 

where the bar is placed over exp to denote that the multiplication of operators is 

symbolic {vide Art. 7). 

13. Write 
1 - 

f^ \ 9\d‘ i/offi 

the bar denoting symbolic multiplication, then 

exp (pyio + 

— (1 d~ ffi H~ pvGji + + • • • + + . . .)/. 

(Compare Art. 7.) 

Now suppose the symmetric function f expressed in terms of 

to be 
^l> /^l> ^2’ '^3> ^3’ • ■ • 

{ Pdh P2<l2 lh% • • •)• 

The introduction of the new quantities p, v results in the addition to 

{pph P2d2 Pdh • • •) 

of the terms 

(^V727^353 • • •) + {PdhliMz •••)-!- P^'^d^^iPiPPdh 

* By “symbolic” is to be understood “ uon-02oerational,” as iu what is commonly known as the 

“ symbolic ” form of Taylor’s Theorem. 

MDCCCXC.—A. 3 It 
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nncl hence 

/+ {lMzlh<h • • •) + • • •) + IMz •■•) + ••• 

= (1 + + ^'Gfoi + f^~^2o + “1" ^'^02 ’ 

and equating coefficients of like products /x^V'q we find 

^ih'/S Vi^h PzHz Pi'h • ■ ■) — {PzHiPPh • • •)■> 

^p/hiPiPPzpPPh • • ') — {piPPPL?, • • •)’ 

^pAPiP P2<ll P2,% • • •) = {PiPPPlz • • •)> 

^pApPi) = 

^Pi'Ap^'h • • • ^P.^'u{ PP[l P-2^Z • • • Pnp^ k 

and Grsf — 0, unless the bipart rs is involved in the expression of f. 

From the above we gather the very important fact that the eftect of the operation 

Gp,i u]Jon a partition is to obliterate one bipart pq when such bipart is present, and to 

annihilate the partition if it contains no bipart pq. 

14. I return to the result 

I + + t-Ggi + . . . + + . . . = exp ipgiQ + vg^^, 

wherein he it remembered the multiplication of operators in the right hand expression 

is symbolic. I seek to replace exp (pPio + ^^/oi) expression containing products 

of linear partial differential operations in which the multiplication is not symbolic. 

We have by definition 

i/io = + «io + ffin + • • -5 

9qI — ^<■'01 + ‘ : 
let further 

a definition which includes the former. 

15. I will establish the relation 

exp (wio^'io + + • • • + '^^Pj9pq + • • •) 

= exp IMioPiQ + MqiPoi + . . . + Mj„jgp,j +...), 

wliere on the left and right hand sides the multiplications of operators are respectively 

symbolic and not symbolic, and 
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exp + Mo|77 + . . . + + . . .) 

= 1 + mio£ + + • • • + + . . ., 

■where r) are the undetermined algebraic quantities. 
For the multiplication of two operators we have the formula 

9pi% — 9ppix 9pa 9piqi "j~ 9pi<ii^ 

wherein the symbol “[■ denotes explicit operation upon the operand, regarding the 

latter as a function of symbols of quantity only, and not of the differential inverses. 
Also 

9piqi "j" 9pi'h ~ 9pi+ppqi+q2' 

Put 
"“i = + '^H\9i)\ + • • • + '^hiq9pq + • • 

which may be written 

tq = + • . . + + . . .) p, 

in which is .symbolically written mp,g. 

But 
— tq -j- ^q = (??qQ + + . . . + + . . .fg. 

where, after expansion of the right hand side, is to be written 

'^'^Piq^^y/h9pi+P2, ?i+?2- 
Then, with a similar convention, 

tq = tq -j- iq_i = q. ^0^ -f . . . + + . . .)V/. 

Further, it is easy to prove the relation 

Ug -j- 111 + (• 

But for a series of linear partial differential operators enjoying this property. It is a 
well known and easily established theorem of Sylvester’s that 

exp ?q = exp (^q — i i Rg — . . . 

Hence, substituting, we easily reach the relation 

exp (M^o^ + ^01^ + . . . + + *..) = ! + wqo^+ + .. . + + ■ • • , 
\ 

wherein ^ and rj are undetermined algebraic quantities. 
This establishes the theorem. 

3 R 2 
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16. To apply it to tlie case in hand, put 

«iio = p, tiIqi — V, mjjrj = 0 in other cases. 

Then 

+ M-qi't) + . . . + + • • • = log (1 + 

and the result is 

exp (p^'io + vffoi) = exp + vg^^ - i (Yi/.o + 

-f 3 {l^^9zo + + 3/xz/2^i3 + —...}. 
Combining with a former result 

l^9io + ^5^01 — 2 (/^Vso + + v~g^^2) + ¥ (/^Vso + 1/^03) — • • • 
= log (1 + /xGlo + + . . . + /A^VGy,y +...). 

(Compare Art. 8.) 

17. By expanding the right hand side we can express each linear operator of the 

form gj,fj in terms of products of the obliterating operators which have the form Gj,^. 

The law^ is identical wdth that which expresses the functions containing one bipart 

in terms of the fundamental symmetric functions. We find 

9w — ^10 

9oi — ^ui 

r9-20 = “ 2Goo 

9n = GlojGoi — Gj^ 

L1/o2 ~ 2G02 

fl/so = Gli,/ — SClouGrio + 3G00 

9-2] — ^10“ ^ui — ClooGoi — GioGio + Goi 

, 9i2 = ~ Gro^Gjo — Gi,G,|i + G^3 

L<7o3 = <^01^ — 3G03G01 + 3Go3 

and in efeneral 

while 

\ ) .p\q\ 9pq—^-\ ) ^ ■■■ ' 1 ■ " 2 • • 

^ ^ ' 2h'- 9i'- J 1 Ih' 

(-) 
TT, ! TTo ! . 

— 1 TTi TTj 
9piqi 9piV-2 

(Compare Art. 8.) 
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18. Bj comparison of these relations with the corresponding algebraic ones to 

which reference has been made, it is manifest that and ai’e respectively in co¬ 

relation with Spq and a^rj- In other words these operations respectively correspond to 

the partitions [pij) and OB). It is necessary to find the operations which 

correspond to the remaining partitions which symbolize symmetric functions. 

We have the easily derivable results in operations 

9pi'ii9p/h — 9px'u9pi'h “f" 9pi+Pi, 

cj _ 2 I 
9pxq^ — 9pi'h “T 99.Pi, 9qi‘> 

9Piqi9Pi'h9PA ~ 9pa9p/h9PA 4" 9pa9Pi+Pi,q-2 + qz 4“ 9pa9pz+pi.qz-^qi 

4" 9pzqz9Pi+ih, ?i + 5'2 4~ 9pi+P2+ih,qi + qz + q-p 

9PA 9PA — 9PA 9PA 4“ ‘^9pa9Pi+Pi, qi + q-i 4- 99Pi,9qi9pa 4' 9iPi^P2,'2qi + q2^ 

9PA — 9PA 4" '^99Pi,9qi9pA 4" 9zPi, 37i ’ 

where as usual the bar denotes symbolic multiplication ; and comparing these wuth 

the algebraic formulse 

(]Mi) imi) = (Pfiii 2Mz) 4- (2d 4- 2d, <li 4- q-z) 

{Whf = 2 -f 2q,) 

(Jd'Zi) {ihq-i) il¥h) = {PiqiPzq-zlhqs) 4- {ihqi Ih 4- 2d, 99 4- 9?) 4- {pphlh 4- J>i, 93 4" 9\) 

4- ilMz Pi 4" Pi, 9i 4- ^3) 4- {p\ 4- Pi 4- id, 9i 4- 92 4- is) 

(mif (m2) = 2 im? Sd) + 2 (2dii id 4- id, 9i 4- i3) + (2id, ‘^9i id'd) 

4- (2^1 4- Pi, 2ry^ -f f/g) 

(P\9(f‘ = 6 {Pi9i) 4- 3 {2pi, 2(/i pqp) 4- (3pi, 3vi) 

it is evident that the operations 

^JpA , 
2 ! 

•dv/i ^ihA 
2' 

JpA 
a I 

are produced according to the same Ioap as the symmetric functions 

(idii^), (pi9iPPi()^ (ppii ); 

further the law is perfectly general and indicates that the operation 

(t(\ (rP. ’ • • 9pa"9pa' • • • ’ 
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is in co-relation with the symmetric function 

ilhai' • • • ) • 

19. There is thus complete correspondence between quantity and operation, and 

any formula of quantity may be at once translated into a formula of operation. 

Observe that a product of symmetric functions 

• • • ) O’rSi'” • •) 

is in corresjDondence with the operation 

1 1 

TT"! ! TTo ! 

1 1 

Pu pi^- 
9r^r9r^:^ 

the notation indicating that the two operations 

1 1^ 

Pi! Pi'-' 9r^:^9r^t and 
ri ! TTj! 9ppi:'9p^i: 

are to be successively performed. 

For an example take the algebraic formula 

(31 01) = - 1 (21 10) (01) + 1 (21 01) (10) + i (10 01) (21) - l (21 10 01), 

which is translated into the operator formula 

93i9oi = - i 9-2i9io • 17oi + h 92i9oi • S'lo + i 9w9oi • 9^1 ~ h 92i9io9oi- 

20. It is now necessary to enquire into the laws which appertain to the performance 

of these operations upon symmetric functions. We have seen, ante Art. 13, the law 

by which the obliterator is performed upon a monomial symmetric function. 

Since 

(-) 
p + rj -1 (p + g - 1)! _ 

2P q\ 9p'j 
..-GSvr-l)! Tr.2 

we can operate with gp,j upon a monomial form by operating independently with the 

successive G products on the right, and adding the results together. As a particular 

result, observe that a term on the right is G;;^, and hence 

^ 9p^a-j = ^P'M = in) = ]’ 

or 

9p'^pq — ( 
I rt' p\q 

(qj + (j — 1)' 
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and gpq causes every other single bipart function to vanish; it must, indeed, cause 

any monomial function to vanish which does not comprise one of the partitions of 

the biweight 'pg amongst its biparts. 

21. The relation just obtained yields the equivalence 

Up'i — ( ) 
lA q\ 

i'P + ?-!)' 

and further results of the nature 

9pi'h9ih'h ( ) 
pi + P2 + qi + q-i 

_Pi! gdiq! q.J-_g g 
(Pi + — 1) ! (P2 + '73 — 1)! W 

+ (Pi + Ps)! (7i + '73)! g 

(Pi + P2 + S'! + 5Z2 — 1) • + 

which are of use in connexion with the theory of function with single biparts. 

Since every symmetric function is expressible in terms of the fundamental symmetric 

functions, every operation gpji^'‘ is necessarily expressible as a sum of G products 

and can be performed upon a monomial symmetric function. 

22. The solutions of the partial difPerential equation 

9p'l — 

are the single bipart forms omitting Sp,^ (Art. 21), while the solution of the partial 

differential equation 

Gpq = 0, 

are those monomial symmetric functions in which the bipart p'y is absent (Art. 13). 

23. The operation is expressible by means of the operations gpp 

Eeversing the formula 

9pi — + «oi 4 ... + 4 . • •, 'P,l+1 

we obtain 

— 9p? ^109p + \,2 ^^0i9p,2 + 1 4 • • • 4 ( y ^^hrsf/p^r q + s • 

where as before (Art. 11), 

rYnU Pi P2 
=2..... 

Pl- P2- 
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§ 4. The Theory of Thi'ee Identities. 

24. The course of the investigation at this point necessitates the introduction of 

two identities similar to, and in addition to, the fundamental identity. 

Let 

1 a^^fc + a^yj +... + + ... = ( 1 + (1 + + ^zV).(I-) 

1 + hi^x + + .. , + hjj,^x'^f'^ -j- (1 + + /S.ff). . ^ (II.) 

1 d- CiqX + CQiy +... + Cptfc^'y'i +...= (!-}- ctf'^x + ^f^y) (1 + a.ftx + (iff)... (III.) 

wherein x and y may be regarded as undetermined quantities and the identities as 

merely expressing the relations between the coefficients on the left and quantities 

a, /S on the right. 

Assume the coefficients and quantities in the first two identities to be given and 

the coefficients in the third identity to be then determined by the relations :— 

1 + Cqi^ + + . . • + + . . . 
= f^s (1 + + • • • + + •••)> 

^ and y being undetermined quantities. 

Multiplying out the right-hand side of this relation, it is found to be equivalent to 

the series of relations ;— 

^10 — (If*) *^10 > 

^‘oi ~ ^U1 5 

cao = (20)6,o + (ro') 

ffii = (ll)6n + (Td bl) 

Co, = (02) ho, + (bl^) hoP , 

ffio = (30) ^30 + (2b Tb) h,o?qo + (Tffi) , 

c,i = (21) h,^ + (2b bT) h,o5oi + (11 rb) ^ihjo + (10^ bl) hjo'hoi , 

Cj, = (l2) h|3 + (02 10) ho,h^o "b (H 01) hj^^ho^ + (fbOffi) , 

= (03') ho3 + (b2 OT) ho,hoi + (bffi) hoi^ ; 
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and generally in the expression of Cp.^ every symmetric function of biweight pq of the 

quantities in the first identity occurs, each attached to the corresponding product of 

coefficients from the second identity. 

25. Represent the symmetric functions of the quantities occurring in the second 

and third identities by partitions in brackets ( )i, ( )o, respectively. 

Now 

(1 + + ^s^oiV + • • • + + • • •) 

is from the identity II. equal to 

ns[(l + (1 + (•••).••]> 

which is 

n,n,(l + . 

26. Hence the assumed relation becomes on taking logarithms 

ts log (1 + + ^Arj) = tXt log (1 + ’ 

and expanding and equating coefficients of 

(Mh = (pA (pAi ; 

an important relation which shows that the assumed relation is unaltered when the 

set of quantities a is interchanged with the set in such wise that and are 

transposed. It is indeed of fundamental importance, and will be brought prominently 

forward in the sequel. Its consideration must be postponed until a further step has 

been taken in the theory of the operators. 

27. Let the operators 

qpiji 

Ppq ) Gt/)-? 5 

ffpq ? , 

refer to identities I., IL, III., respectively. 

Writing the relation 

1 + ^10^ “k <^uiV + •••■!" + • • • 

= 11^(1 + + AAoiV + • • • + ^JAs^AAP'^ +•••)> 

in the abbreviated form 

U — • • • ) 

3 S MDCCCXC.—A. 
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and performing tlie operation 

we have 

gpq — 4- ^10 + + ^01 + i + • ■ -[-^rs + + , + 

■ • • + Ua,p, + • . 
Moreover, 

hence 

gjjrj'U = 

and replacing U by its value, we have 

^ , gM<^j-j = (m) ; 
while in general 

gjiq^rs — {jP^l) Cr—j),s — r/- 

Now regarding the coefficients hp^ as functions of the coefficients Cp,^ only, we have 

gpi ~ {gpi + •••"!“ {gjpq Oi-s) “h • •" 

= (2^7) (^6^^ + Cio 9o;+i.r/ + <^01 + . . . + C,_p^s-q^crs + • • •) 
Thus 

gpi — (7^7) gpi • 

But the assumed relation is symmetrical as regards the quantities in the first two 

identities; hence also 

g^q ^pg)igp'i > 

and thence, since = {p<]) {p^l)v^ we have 

{p'l)-2gpq ~{p'l)igpq ~ ipg) Ppr 

If we then regard the assumed relation as defining a transformation of the 

quantities occurring in the identity III. into either ot the sets of quantities 

associated with I. or IL, the operation 

{pg^gpq" 
is an invariant. 

28. Since Ppq ^ {p<l) Qpq' 
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The left hand side of this equation is 

log (1 + ^^10 + + • • • + + • • •) {vide Art. 16), 

while if the operators g" be replaced by their expressions in terms of the operators 

G", it is easily seen that the right side is 

log (14" + AGtoi d“ • • • "h pq +•••)■ 

29. Hence the operator relation 

1 + + • • • + ^pq^^'ff^ + • • • 

= Ids (1 + “h ^s^oi '’?+•••+ "h • • >)• 

This result must be compared with the relation (Art..24) 

1 + ^10^ + CqiTJ + • • • + c,pq^^'ff + • • • 

= ns(l + 4* • • • + ^d‘^sd>pq^^'ef +•••)• 

30. I say that such a comparison yields the following theorem :— 

“ In any relation connecting the quantities Cp^ with the quantities hpr^, we are at 

liberty to substitute 

Gy;^ foi Vyp(p and ^^pq Goi i^pq > 

and we in this manner obtain a relation between operators in correspondence.” 

To explain this further, observe that f, rj being undetermined cpiantities in the 

assumed relation which connects the quautities of the three identities L, II., III., we 

are able to express any product whatever of the coefficients c^q, Cq^, . . . Cp,^, ... in 

terms of products of coefficients 6jo, ^oi> • • • ^pq^ ■ • • of symmetrical functions of 

the quantities a^, /3^, a^, /3.,, . . . The substitution in question can he made in any 

equation thus formed. 

31. With regard to the relation of Art. 24, viz.: — 

1 + + Cfji’? 4“ • • • + Vpij^Pyf^ + . . . 

= dij(1 4" + ^d\nV 4" • • • 4* l^sd^pq^^’g'’ + •■•), 

two important facts have been established— 

(i.) That the relation is unaltered when the quantities occurring in the first 

identity 

1 -}- ci^(pc fi- ciQ^y + CAp,fcPy'‘ + . . . = (1 + age + ^gj) (1 + age -j- ^gy) . . . 

3 s 2 
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are exchanged with those occurring in the second identity 

1 d- + &oi3/ + . . . + hjjrpcPy'i = (1 + (1 + .. . 

each with each. (Art. 26.) 

(ii.) That we can always proceed to a relation between the operations by Avriting 

Gj,g foY Cj,rj and G^;/'for 5^,^. (Art. 30.) 

I will refer to these facts as the first and second properties of the relation 

respectively. 

§ 5. The First Law of Symmetry. 

32. By means of the equality 

(M)z={m) (m)i 

which has been established ante (Art. 26), it is clear that any symmetric function 

expressed in a bracket ( ).2 can be expressed as a linear function of products of 

symmetric functions of the form ( ) ( )^ ; it is also clear from the first propeidy 

above defined, that such expression will remain unaltered when the brackets ( ) and 

( )j are interchanged ; it must, therefore, be a symmetric function in regard to these 

brackets. 

We may, therefore, suppose an equation 

r.^s.f . . fz . . . + J (cq^]“' • • •) {'PiQT'^ 'Pi'jF • • - ji 

+ J {aff . . .)i IhPF ...)+••• (A) 

Moreover, we can express any product of the coefficients c^q, Cq^, . . . Cp^j, ... as a 

linear function of expressions each of which contains a monomial symmetric function 

of the quantities a^, ; a.i, ; ... and a product of coefficients hiQ, 6q^, . . . hpq, . . . 

Assume then 
TTj TT^ 

Gr/i ^'p/h ■ • • 

ai a-i 

• • • 

+ L {afp^ afp^-. . .) 5,^,^ 6,^,^. . (B) 

+ M {pyiP'pyiF • • •) • • (C) 

From equation (B) is derived by the second property the operator relation 

n' r.v 
^ p\<ii ^ vm • 

= ^. . . -h L • • •) 
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and performing each side of this equation upon the opposite side of the equation (A) 

we obtainj after cancelling of 

no other terms surviving the operations, or 

L J ; 

since the symmetric function on either side is reduced to unity by the operation. 

Similarly the equation (C) yields the equation of operators 

Pi P2 

+ M {piq{^Pi,qp. . .) G",.^.,^. . . + 

and this when performed on opposite sides of equation (A) gives 

Hence 

M = J. 

L = M, 

and we have the law of symmetry expressed by the two relations 

_ _ Pi P2 

. . . + L {'piqP'JVlz' • • •) 

viz., if in the first of these relations the partitions {piqP^p>zqz '' • • •)’ • • •) 

be interchanged the numerical coefficient L remains unaltered. 

The theorem is a consequence of the two properties that have been established in 

regard to the three identities and the relation assumed to exist between the quantities 

involved in them. 

It appears to be the most important theorem in symmetrical algebra. 

33. I now pass to certain consequences v/hich flow straight from the theorem. 

It is necessary to make a few definitions. 

Definition. 

“ A partition is separated into separates by writing down a set of partitions, each 

separate partition in its own brackets, so that when all the parts of these partitions 

are assembled in a single bracket, the partition which is separated is reproduced.” 

Giii ^Piii • • • 

C„j,^ ... — 
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For the purpose of this portion of the memoir alone it would have been expedient 

to use the word bipart in lieu of the word part in the foregoing definition, but I have 

retained the word part for the reason that the definition remains valid whatever be 

the order of multiplicity of the parts. 

Of a partition Ps,%) product (pi<7i a separation composed 

of the separates 2hPi) iPzP:)- 

Definition. 

“ A partition qua its separations is termed a separable partition.” 

Definition. 

“ If the successive biweights of the separates of a separation be 

the separation is said to have the specification 

Observe that the biweights of the separation and of its specification are necessarily 

the same, and identical with the biweight of the separable partition. 

Observation. 

The separable partition is counted as one amongst its own separations. 

34. To take a concrete example of these definitions, consider a separable partition 

To bl). 
We have 

Separations. Specifications. 

(2bIbbT) {^), 
(2b Ib) (bl) (3b bl), 

(M bl) (To) (2lTb), 

(Tbbl) (IT 2b), 

{w) (Ib) (bl) (bb ibbi). 

35. I will discuss the law of symmetry that has been established in the light of 

these definitions. 

I recall the relations 
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<^10 — ^105 

o 
c,o = (20) h,Q + (10=^) 

c,, = (n) h,,+ {W0i) V>oi> 

Co3 = (^) h,, + (^2) ho„ 

In the expression of c^rj each partition in brackets ( ) has the biweight pq, and 

each partition is attached to a product of quantities such that each factor corre¬ 

sponds to a single bipart in the partition. 

Hence on proceeding to form a relation 

Pi ?% 

^'Ih'h •••=••• + P . . . -h . . . 

Pi P2 ^ ^ 

wherein P represents the complete symmetric function cofactor of ... it is 

clear that P is a linear function of symmetric function products, each of which has a 

specification 

■ • •)> 

and is also a separation of the separable partition 

(ri6-y‘9qy/^ . . .). 

The partitions {piq{' ' ■ • •)’ • •)> separations 

which present themselves in the linear function P are of the same biweiglit. 

When the separations in the function P are all expanded into a sum of monomial 

symmetric functions, each of the latter has the same biweiglit. 

Taking the separable partition r.^s.p, . .) as fixed, a definite number of 

specifications appertain to the separations. Forming then c products in correspond¬ 

ence with each of these specifications, the law of symmetry indicates that the same 

nimber of different monomial symmetric functions will appear in the developments of 

the several linear functions P. Further, the partitions of these monomial symmetric 

functions will be, in some order, identical with the several specifications of the 

separations of the fixed separable partition. 

Assume the specifications to be, in any order 

^1, 02, .. . 0h 
and write the identity 

^2 Pi Pi 

^Vi'U ••• = ••• “h P . -f • . . 
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in the abbreviated notation 

Cfl = . . . -j- P(,6,. + • • • 

We have then the relations :— 

Ce, — • • ■ + • • • (/b = 1, 2, 3, . . ./l'), 

and 

4" 4“ • • • “b 'n'l^k^ki 

P^t = + • • • + 

the quantities m being numerical. 

The determinant of the numbers m is symmetrical, for by the law of symmetry 

m.,, = m,,. 

Hence, the coefficient of symmetric function 9^ in the development of the assemblage 

of separations P^,, is identical with the coefficient of symmetric function 6,. in the 

development of the assemblage of separations Pg,. 

We may now proceed to express the symmetric functions ^as linear functions of the 

assemblages of separations Pg and by elementary theory of determinants, the deter¬ 

minant of the system of results is symmetrical. Hence 

^1 — "b 1^12^0, + • • • + 

^■2 — + • • • + p-’/Hflo 

= H-kiPe^ + P'X.aP^a + • • • 4“ 

wherein 

f^rs - P'S/ * 

36. From this are deduced two im})ortant theorems, the one a theorem of expressi- 

bility, and the other a theorem of symmetry. Any one of the monomial symmetric 

functions 9 is expressed by a partition which is a specification of a separation of the 

partition • • •)• This implies that the biparts occurring in the partition of 9 

can be so partitioned into biparts that when assembled together they will be 

identical with the biparts of the partition • • •)• Hence the theorem of 

expresslbility :— 

37. TJi eorem. 

“ The biparts of the partition of a monomial symmetric function 9 are partitioned in 
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any manner into biparts, which, when all assembled together in a single bracket, are 

represented by 

The symmetric function 0 is expressible as a linear function of assemblages of 

separations of the symmetric function 

38. The theorem of symmetry is as follows :—■ 

Theorem. 

“ When the monomial symmetric function 9^ is expressed as a linear function of the 

assemblages of separations Pg^, . . . Pg^, the coefficient of the assemblage Pg. is the 

same as the coefficient of the assemblage Pg^ when 9^ is so expressed.” 

39. This theorem enables us to form a pair of symmetrical tables in regard to every 

partition of every biweight. The number of tables is therefore twice the number of 

partitions, the generating function for which has been already given. 

§ 6. The Functions comjjosed of One Part. 

40. I will now establish a law by means of which any symmetric function expressed 

by a partition with a single bipart may be at once expressed in terms of separations 

of any partition of its biweight. It is merely necessary to interpret a result already 

obtained. 

I recall the formula of Art. 26, 

(pi)-2 = {¥l) to)n 

which may also be written by Art. 8, 

(_)2.-i (Vtt _ 1)! 

TTj; TTo! . . . 
• • • - \PP .r- I .rr 1 TTi! TTg! 

TTi 7r2 ^ 

Let us compare the cofactor of ... in the development of the left hand side 

with its cofactor on the right hand side. 

When the left hand side is multiplied out each symmetric function product 
TT ^ ^2 

which multiplies the term ... is necessarily a separation of the symmetric 

function {piqf • • •)• The result of the comparison wffil therefore be the 

expression of the function [pq) in terms of such separations. 

41. Let be the value assumed by when and other quantities h are put 

equal to unity. 

Further, let denote the expression of = {pq) by means of separa¬ 

tions of the symmetric function {piqFT>29.F • • •)■ 
MDCCCXC.—A. 3 T 
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Then we may write 

TT, ! TTc! . . . ViTLi'^ ' ' ') 

(Stt — 1)! 

TTilTTa!... • ■ • 

where denotes the sum of all the symmetric functions of hi weight pq. 

Represent the different separates of the partition { piqi^P-iq-i '^- • •) by (J^), (J3), . . . 

and any separation by • • 5 substitute for the quantities their values 

in terms of symmetric functions; apply the multinominal theorem and equate corre¬ 

sponding portions of the two sides and there results the formula 

(Xtt - 1) ! 

TT^! TTj! . . . • • •) 
(sy-D! 

Jl-J2- • • • 
. . . 

where the summation is taken for every separation of the given partition. 

42. This important result is a gener-alisation of the Vandermonde-Waring law 

for the expression of the sums of the powers of the roots of an equation in terms of 

the coefficients. 

43. The formula may be reversed so as to exhibit any symmetric function whatever 

in terms of single bipart functions. The result easily reached is 

(7wr‘ ■ ■ ■) 

— 1)! {S'7r2 — 1)! . . . 

. . . TT^! TTjg! . . . TTo]^! TTjo! , . . i>i22iY'“ • ■ • ) . .) ' ’’ 

the summation being for every separation 

of the symmetric function 

§ 7. Second Law of Symmetry. 

44. The operation 

Q — -1- fOn 0„ -1- Ctnl 0(, -f- . . . -f- a,-x 0« “k • • • 

may be said to be of biweight pq, since it lowers the weight of a symmetric function 

by the biweight Further, its degree is zero, since it does not in general lower 

the degree of a symmetric function. If, however, gpq operates upon a-symmetric 

function of its own biweight, it is equivalent to the simple differential operation da„, 

and is of degree unity. 
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Similarly, the operation 

f >77^ ! 

will be regarded as being of weight (biweight) where (. • •) is a partition 

of the biweight ; and if, as a particular case, the operand be of the same biweight 

fq, it will be equivalent to the operation 

<7r, ’ TT^ I 

and will be of degree equal to 

+ 7^3 + • • • — -TT. 

Since therefore 

we have the result 

assuming then a result 

dff da “Pl?l 
TTi! TTg! = 1, 

9p.q:^9pa: 
TTp' TTg! — -- • • • — 1 ; 

Pi p^ 
• • •)2 = • • • + '^Ks. K, 

derived from the three initial identities of Art. 24 and the relation assumed to exist 

between the quantities involved, we are at once led to the operator relation 

fi ^2 Pi P2 

••• =.■. + PG'v,.,G",... 
Tr;^ ! TTg ' 112 2 

where P consists entirely of symmetric functions of cpantities which occur in the first 

identity. Further suppose a second result 

. . .)3 == • • • + K P2% 4- 

Hence, operating on the left and right of this result wnth right and left sides of the 

foregoing operator relation, we obtain 

y Pi^h y p-2q2 • ■ ■ / 

ttP TTa' . . . “b Qdyi,r/, + •••)’ 

or from theorems established above (Arts. 13, 44) 

P = Q, 

no other terms surviving the operation, 

45. Hence a theorem of symmetry :— 

3 T 2 



508 MAJOR MACMAHON ON SYMAIETRIC FUNCTIONS 

Theorem. 

“If 

idh<lTIMP. . .)2 = • • • + pC C ••• + ••• > 

the cofactor symmetric function P is unaltered when the partitions P-Mp . ■ .), 

{r-^sp . . .), are interchanged.” 

The function P presents itself in the first place as a linear function of separations of 

the partition of the 6 product to which it is attached. The theorem supplies linear 

functions of separations of any two partitions [pPlP • • •)’ • • •) respec¬ 

tively, of the same biweight, which are equal to one another. 

46. To make the matter clear, form a table of biweight 21 as follows :— 

{21);. 

(20 01)jj 

(n io), 

which is to be read by rows.'"' 

Each term in a column is a separation of the partition of the h product at the head 

of the column. 

The separations in each line of terms as written possess the same specifications, and 

also the same numerical coefficients. In the right hand column the partition 

separated is a fundamental symmetric function, and hence each separate therein 

apjiearing is so also. Each block of separations in the right hand column is the 

expression by means of fundamental symmetric functions of the monomial symmetric 

function of the same elements whose partition appears to the left of the same line. 

The terms of the first three columns may be regarded as being formed according to 

the same law as the right hand column, and therefore according to a law defined by 

^21 ^20^01 ^11^10 

(21) (20 01) 

- m (^) 

(11 10) 

-(ii)(To) 

(10® 01) 

- (To®) (01) 

— (To oT) (To) 

+ (To)® (01) 

- (21) — (^bl) - (IT Ib) — (ib^bl) 

- M (01) - (To®) (oT) 

+ (ii)(To) -h (Tb bl) (Ib) 

-(21) — (20 bl) -(IT TO) — (Ib- bl) ' 

+ (20) (01) + (To®) (n) 
1 

(^) (2b bl) (nio) (Ib^ bl) 

* Eacli term in the left hand column is equal to the aggregate of terms in any block in the same row. 
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the monomial function at the left of the same line. For example, the terms in the 

second column and third line are separations of (20 01) formed according to the law 

of the function (11 10). Also the terms in the third column and second line are 

separations of (11 10) formed according to the law of the function (20 01). Now 

obseiwe that the law of symmetry establishes that the table enjoys row and column 

symmetry. Hence the assemblage of separations of (20 01) formed according to the 

law of (11 10) is equal to the assemblage of separations of (11 10) formed according to 

the law of (20 01). 

47. Hence in general the theorem :— 

“The assemblage of separations of (rp‘/i • • •)’ foi’nied according to the law of 

{Pi^i' . . .), is equal to the assemblage of separations of (ppj'd' • • •)? formed 

according to the law of • • •)•” 

In the particular case considered the equality is 

- (^ Ol) + (^) (dl) = ~ (TT Id) + (IT) (Id). 

To actually form separations of ('J'lSP’ . . .), according to the law of 

{pi<li^ PP12^' . .), the separations of the former must be written down, and also the 

expression of the latter, by means of fundamental symmetric functions. The separa¬ 

tions are then given the same coefficients as the products of fundamental symmetric 

functions which possess the same specifications. 

§ 8. Third Law of Symmetry. 

48, From the relation 

’’‘1 "^2 Pi P2 

^Pi'll • ' * •••"!“ 

is derived the operator relation 

TTj 7r2 

^ Pl<ll ^ M2 • 

and, thence, by the method already employed, 

(d^/^ Tff. . .)3 = . . . + L . . .)i + . . . 

This law of symmetry is of considerable importance and interest, but I do not stop 

to further discuss it.* 

* Vide ‘American Journal of Mathematics.’ “Third Memoir on a New Theory of Symmetric 

Functions,” now in progress in vols. 11, 12, and succeeding volumes. 



510 MAJOR MACMAHON ON SYAIMETRIC FUNCTIONS 

§ 9. The linear Partial Differential Operations of the Theory of Separations. 

49. For purposes of calculation it is necessary to adapt the operations 

fJoa • • • 9v<i ■ • •’ 

so that they may be performed on a symmetric function when the latter is expressed 

in terms of the separations of any given partition. 

Of any partition {piyPp^eip. . .) separates {vide Definitions) are formed by taking 

all possible combinations of the parts. These are precisely 

(tti -h 1) {'^z + 1) . . . —1, 

distinct separates which must be regarded as independent variables. 

Put 

^I0’^io+Pio01’"oi+Poi ^ . . .) 

for any separate of a given separable partition P. 

Then by a known theorem 

>i5i+^Pi9i . . .)) 

the summation being in regard to all the separates. 

Moreover (Art, 17) 

!“■/ ..I ..I 9pri — ^ ,—::—r t^ioIjoi • • • p! gl '^10 i '^01! • • • TT"' PiQi ■ 

the summation being in regard to all the partitions (1P"'. . . • • •) ‘^^ 

biweight ; and also (Art. 13) 

-10 -01 ^PlQl _ _ __ ___ __ 
GiyGoi. . . . . . (10’'‘'''^'’“’01"'"''^'’'” . . (10'’'°01'’“ . . .pi<]P^^^^. . •) • 

50. Hence 

' / oo ! I p\ q\ . . 9p 

(—ASii-l /Xtj- _ IV__ 
= ^—p-p— (KF^oi' “-^p .^11 

^10- ’^01- ' Pl<ll • • • • 
• T dll • • •) ^(lo-'io+Poioi Oi + Pol _ _ _ ^iqjirPiSi + PiijSi , . .) 

the summation being in regard to 

(1) Every separate of the given separable partition ; 
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(2) Every partition of the biweight ])€[. 

The right hand side of this relation may be broken up into fragments in each of 

which all the numbers tt^q, 77^,. . . . . . are constant. 

In fact we may write 

pi q 

— y 
77io! 77oi! Ui7i- • • • 

wherein, following the summation sign Sp, the numbers ttj^q, . . . 77^,^,^^ . . . are 

constant, and the operator 

Sp (10'’“ 01'’“ . . . ^ (10^10 +Pio 0l’"oi + Poi _ _;^yiJi5,i + Ppi5i _ J, 

is one of the fragments above mentioned. 

This operation has a biweight 2^<1, and may be defined also in regtird to the partition 

(10’"“0P“ . . . . . .) of the biweight 

51. Write then for brevity and convenience 

Sp (10 “ OP" . . , • •) ^ (icTio + Pio oi^oi + Pol _ _ + Ppiii _ j oI"’“ .. ...) 1 

SO that we may write 

p\ q 
’’’lo- '^oil • • • '^ihh • • • 

(lo’^io ox^oi _ _ 

where the summation is in regard to every partition (10’"“ 01’'“ . . . . . .) of 

the biweight pq. 

52. In general not every partition of the biweight pq will occur in the given 

separable partition, but it is convenient to consider the general result just written 

down as including every such partition. It will be seen later that this result is of 

great importance in the theory. 

I remark that on the left-hand side we have a linear partial differential operation 

whose expression by means of the fundamental symmetric functions and their differen¬ 

tial inverses is w^ell known by what has preceded. Such expression is all that is 

needed so long as we are concerned only with the fundamental forms which, as they 

appear in the expression of a monomial symmetric function of biweight pq, present 

themselves in products which are separations of the symmetric function (10^ 01''). In 

the present broader theory in which the leading idea is the consideration of any 

partition at pleasure of the biweight as the separable partition, we bring into view the 

exhibition of the operation as a linear function of operations, each of which is in 

correspondence wdth a partition of the biweight. 
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We have, in fact, a biweight operator decomposed into a full number of bipart 

partition operators 

g oi^^oi _ _ _ .. .)• 

Observe that the whole theory of separations is a generalisation from a weight to a 

partition of a weight. Here we have generalised from a weight operation to a 

partition operation, and I henceforward regard the partition operator as the essential 

linear partial differential operator of the theory. The biweight operator gj,^ has been 

expressed ante (Art. 17) in term.s of the obliterating operators of the form Gp^. These 

operations are equally available in the theory of the separable partition in general. 

The mode of their operation upon a symmetric function product will be subsequently 

explained (in §11). So far I have merely considered their operation upon monomial 

forms.* 

53. I observe that the biweight operator gp^^ is expressed as a linear function of the 

partition operators of the same biweight, according to the same laws as— 

(1) The operator gp^ is expressed in terms of the operations Gpq (Art. 17). 

(2) The symmetric functions, containing one part only, are expressed in terms of 

the fundamental or single-unitary forms (Art. 8). 

E.g., compare the three results (the first slightly modified) :— 

/ \ j. + o GStt — 1)! 
-pi q\ TT. ! TTo ; . . 

p ! ? 1 "" TTi! TTa !.. 

p! (2' TT, ; TTo! . . . ^Pi'h 

54. For convenience of reference, I write down the particular simplest cases of the 

decomposition. 

t/io — g{To)i 

901 = 

9-20 — 9{m ^9c^)’ 

9ii — t/(TooT) ^7(n)j 

902 = t7(0T2) 2^(05)) 

t/so — 17(103) “ 317(2o To) “b ‘^9(So)y 

921 — 9(iQ- 01; 17(20 To; ,9'(TT TO) "b 1/(2T)> 

17i2 — l/(0l2 10) 1/(02 To) ^(TT OT) T 9(12)} 

903 — ^(oi3) 3^(55 -fi Sg(^y 

* The decomposition of the obliterating operation into partition obliterating operations is given 

post § 10. 
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55. I also give the developed expressions of a few of the partition operators. 

Thus 

.^(To) = 3(70) + (10) 0(IO2) -h (dl) 0(IOO1) + (20) 3(20 10) + (10^) 3(103) 

(11) 3(nio) + (10 01) 3(702 oT) + (02) 3,7002) + (01^) 3(7ooT2) 

+ . . . , 

^/(20 OT) — 3(20 OT) "T (10) 3(20 To OT) "T (dl) 3(20 OT^) “h (20) 3(202 oT) 

-f- (10^) 3(20 I02 ol) "h ( 1 1) 3(20 IT Ol) (dd 01 ) 3(20 To 0T2) 

+ (d2) 3(20 Ol 02) + (01^) 3,2ooT3) + • • • 

The mode of operation of the biweight operators in the separation theory is now 

manifest. 

56. Let 

...)■> i7(ToPw oTP"'... ...) ’ 

be any two partition operators of the same or different biweights. Representing 

them for brevity by 

ff (»r) 5 f/(p) ’ 
we have 

9m9(.p) 9m9(.p) ”h 9m “j“ 9(p)’ 

wherein the multiplication on the left denotes successive operation, the bar on the 

right denotes symbolical multiplication, and the symbol "j" denotes explicit differentia¬ 

tion on the operand regarded as a function of symbols of quantity only. 

It is easy to establish the result 

9M "j" 9(p) — 5^(10'^“ + P'O OI’^O' + Poi . .. + Pmi . . .) 

= 9{- + p) foj' brevity. 

Hence 

9m "1“ 9(p) = 9ip) "j" 9m = 9in + p), 
and 

or at full length 
9M9ip) — 9m9{p) + f/U + p); 

^(lo’^io Ol’^oi . . . 2,12^^121 , . ,) f/(lo'’l'> OlPoi . . . . . .) — 5^(T0^io Ol’^oi . . . Piq^Pih . . .) 5^(10^10 oFm . . . . . .}.' 

+ P'dO^io + Pio oi’Toi + Poi. . , . . .), 

the fundamental law of multiplication (compare Art. 15). 

MDCCCCX.—A. 3 U 
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Also 

9m9{p) 9{p)9u) ^5 

or 

9{W^o . . . p^Pi2i . . ,) ,9^(To'’'» OlPol. . . . . .) OlP»i . . . ■E5I'’Pi5i . . .) 5^(To"io oUoi . . . . ..) — 0, 

shewing that any two partition operators are commutative. 

57. The left hand side of the result just reached is called by Sophus Lie"' the 

“ Zusammensetzung ” or “ Combination ” of the operators which appear. Sylvester! 

has also called it the ‘ Alternant’ of the two operators. 

The whole system of partition operators forms an infinite group in co-relation with 

an infinite group of transformations— 

We can state the theorem :— 

Theorem. 

“The Combination or Alternant of any two partition operators vanishes.” 

Considering the partial differential equation 

9m — 

and <f) any function which is a solution, then must g{p)(f) be also a solution, since 

9{^) 9(p) - 9ip) 9m </> = 0. 
Theorem. 

“ If and p(p) be any two partition operators, and (/> a solution of the equation 

P(,,) = 0 ; then will p(p) ^ be also a solution of the same equation. ” 

58. Consider now the partial differential equation of Art. 51, 

(-) p + <1 _i (jy+g-Jd ! 
p! q\ 9pq = Y 

(-W-i(^7r-l): 

77 ! 77 77 9^ 
Pill- (To^io . . . 'p^Vih . . .) 

= 0. 

Assume the separable partition to be 

so that the operand is a linear function of separations of this partition. 

The effect of the partition operator 

is the production of terms each of which is a separation of the partition 

(10*^“ ~ 01“^“^ “ ~ ...). 

* ‘ Theorie der Transformationsgruppen,’ Leipzig, 1888. 

t ‘ Lectures ou the Theory of Reciprocants.’ (‘American Journal of Mathematics,’and elsewhere.) 
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Observe that separations of this partition cannot be produced bj any other of the 

partition operators which present themselves on the left hand side of the differential 

equation. Hence if the operand satisfies the differential equation 

9m 

it must also satisfy the differential equation 

9(To’^io ...) 

59. This important theorem may be enunciated as follows :— 

Theorem. 

“ If a function, expressed in terms of separations of a given monomial symmetric 

function, be annihilated by a biweight operator it must also be annihilated by every 

partition operator of that biweight.” 

As regards the calculation of Tables of Separations of Symmetric Functions, this is 

the cardinal theorem. 

As an example of its application I propose to utilise it for the purpose of exhibiting 

the function (31 01) as a linear function of separations of (21 10 01). The law’ of 

expressibility shows this to be possible, for (21 10) is a partition of the biweight 31. 

Remarking that the separation (21) (10) (01) cannot occur in the expression, since 

it is the only separation which produces the monomial (32) when multiplied out, I put 

(3l ol) = A (21 To) (01) + B (2loT) (To) + C (Id ol) (2l) + D (dlldoT). 

A monomial symmetric function is caused to vanish by means of the operation of 

the biweight operator if no partition of the biweight is comprised amongst its 

parts. In consequence of this, the only biweight operators which do not cause it to 

vanish are and p^gg. Hence all the partition operators of every other biweight 

operator annihilate the function (31 01). It suffices to employ as annihilators the 

two partition ojjerators p'(oT) and gr(^y 

Hence, retaining only significant terms, 

{0(10) + (Ol) 0(10 01) + (^) 0(51 io) + dl) 0(2110 01)} (3l dl) = 0, 

{9(21) + (10) 0(2llo) + (01) 0(2l w) + (10 01) 0(2l Tool)} (31 01) = 0, 

leading to 

A + C = 0, B + D = 0, 

C + D=0, A + B = 0, 

or 

D=-C=-B = A. 

3 u 2 
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Hence 

(3l H) = A [(H To) (H) — (21 01) (To) — (To oT) (2T) + (2T To oT)} ; 

and it is easy to see that A = — for each of the products (21 01) (iO), (10 01) (21) 

on multiplication produces a term + (31 01), and this monomial is not produced by 
the development of either of the other two products. The value of A may, however, 
be instructively obtained by means of the operator 

For 

ffoi (FT 01) = (IT), 
and 

5^01 — i^(oi) — 3(oi) “h (lb) 9(iooi) “h (21) 8(21 m) “h (21 10) 0(2i Jo oi)- (Art, 53.) 

Hence 

(H) = 2A { - (H) (To) + (H To)], 

and now A is obviously equal to — 
But we may further employ the operator 

For 

(/si = — Gsi +•••=+ 5^(21 lo) + • • • (Arts. 17, 53), 

significant terms only being retained; hence — G31 and To) = 0(2ilo) equivalent 
operations in the present case, and performing them on their own sides — 1 = 2A. or 

Thus 

(3l oT) = -1 (2T To) (oT) +1 (h oT) (To) + i (To oT) (2T) - i (HT To bl). 

§ 10. The Partition ohliterating Operators. 

60. In the foregoing a generalisation has been made from a number to the partition 

of a number in the case of the operations g^Q, g^^, . . , gp^, . . . The possibility of the 
like generalisation in respect of the obliterating operators Gloj, . . . G^^, ... is 
naturally presented as a subject for enquiry. 

Consider a symmetric function 

f (*^10’ 

to be the product of m monomial functions, and write 

/ = /l/3 • • • fm- 
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Supposing cipq changed into q + vcip, we have from previous work 

(1 + p.Gio + ^^01 +.+ +•••)/ 

= (1 + /rG^o + ^^01 +.+ + . . .)/i 

X (1 + p-Gio + z^Gqi + . . . + fxPv'JGpq + . . .)J.2 

X . . . i 

X (1 + P'G^o + vGqi -f ■ . • • + l^^’l''^Gpry + . . •)fm^ 

Expanding the right hand sid-e and equating coefficients of like products of powers 

fjL and V, we get 

G,of= t (Gio/i) (Gio/a) + t (G20/1) AA . . . f>n, 

Gn/= (Gio/i) {GqJ^A ■••/.. + S {G^Ji)Afs . . . /;«, 

G3o/= 2 (G,o/i) {G,M (G.o/s) /..../« + 2 (G,o/i) (G,o/.) /s ••./. + 2 (G30/1)/. • •. A, 

G.2J= 2 (Gio/i) (Gio/o) (Go^/s)/^ ...A + t (Gii/i) {G^oA)A • • • 

= 2 (G2o/’i) (GQiy’3)y3... yii + 2 {G^ifi) aA • • • 

and so forth, where the summations are, in regard to the different terms, obtained by 

permutation of the m suffixes of the functions A^ A^ • • • A»- 

In general in the expression for Gpqf there will occur a summation corresponding to 

each partition of the hi weight pq. If a partition be {piqi p^fh • • • summation is 

2 (G„j./i) (G„/,). . . 

Gl. Thus, when performed upon a product of functions, the operator G^,^ breaks up 

into as many distinct operations as the biweight pq possesses partitions. It is 

convenient to denote the operation indicated by the summation 

■S+ 1 A 

P_ 
(ri2i ■ . . Ihq,)) 

and to speak of it as a partition operator. 

62. We may now write down an equivalence 

Gpq XG(^ ^ . _ . ■^), 

where the summation is in regard to every partition of the biweight pq. This is, in 

fact, a theorem for operating with Gpq upon a product of symmetric functions, and it 

is consistent with the more sumple law previously established. 
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In particular 

^10 ~ Gr(jo), 

^01 ~ Gr(oi), 

^20 ~ ^(To2) H“ Gr(20)) 

Clil — Gr(!ooI) “h (^(n)j 

^02 — ^1(012) + G'(02)- 

63. The relations between the partition g operators and the partition G operators 

are of great interest. 

Recalling the equivalence (Arts. 53 and 41) 

^ (-f-^(S7r-T)! 
TTi ; TTo ! . ^. . .) 

= ^ 
Stt — 1 

TTi 1 TT, 
g" 

I ^ Pih ^ Pili 

which should be compared with the algebraical result 

(-)--^(27r-l)! 
Trj! TT^! . . . 

^ (Vtt - 1)! 
TT^! TTg! 

there arise the relations 

S'do) — Gtio — G(io), 

9{Wi) — Gtqi = G(oi), 

5^(102) ~ 2^(20) — GtIO^ 2Goo ~ Gr(xo)^ 2G(Io2) 2G(2o), 

P'(IooI) g(n) — ^10^01 ~ ^11 ~ Gr(io)G(oi) G(iool) G(n)5 

P'(to2) — 3p'(2oio) + 3g(so) — Giq^ — 3G20G10 + 3G; 30J 

= G (10) 3G(ib2)G(io) + 3G(io3) — 3 {G(^)G(io) — G(2oio)} + 3G| (30) j 

and so forth. 

64. Now consider the relation last written. 

I say that it may be broken up into three relations, viz.;— 

9(m — Gr(To)^ — 3G(io2)G(io) + 3G(ibs), 

9(WTu) — CT(20)G(ib) G(2oIo)3 

9{S0) — Gr(30) ; 

for suppose an operand to be composed of separations of a separable partition 

(10'"“ 20’"“ 30'""“. . .), the performance of the operations on the two sides of the relation 
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produces the same result identically. This result is composed of three portions 

containing separations of the partitions 

(I^’Tio-s 20^20 30’"3o _ _ (10’"““^ 20’"““^ 30’'“ . . .), (10’'“ 20"“ 30"““^ . . .) 

respectively. Hence the operations which produce the three identically equal portions 

of the result must be equivalent, and the three relations between the operators there¬ 

fore follow. 

In general, we may say that of the biweight there are as many relations between 

partition operations as there are partihions of the biweight pq. 

65. The general law of the coefficients will be now investigated. 

In the result of Art. 53, viz., 

we have to substitute for G^^^^ . . ., the sums of the partition G operators of 

weights Piqi, p^q^ • • •, respectively; we have then to collect on the right all the G 

products which are associated with separations of one and the same partition, and to 

equate them to the corresponding g operator on the left. It is evident that this 

process does not alter the laiv of the coefficients, and that representing the different 

separates of the given partition by (J^), (J^) . . ., and any separation by (Jg)'^" • • •> 

we may write 

- 1)! .. 
) „ I _ ! .V TTj! 

IY./ — 1)' Ji 

Jl- J2- • ■ • 

Observe that this is precisely the law which gives the expression of a single bipart 

function in terms of separations of the paidition (^>1^1"' p>i^'2^ . . .). I recall the result 

of Art. 41, viz.. 

(-) 
277 _i(27r - 1)! 

TTi! TTj CMi" = ^A-) 
-1)! 

7i!A- • • ■ 

which renders the correspondence between the algebraic and differential theories very 

striking. 

66. Reversing the formula as in the algebraic theory we get the important 

formula:— 

(Stti — 1) ! (STTg — 1) ! . ■ . 

yd/d . . . TTidT^ia! • • • WgdTTad 

ii H 
r 12212"“ • • •) 9(p2i22i"^^ E2W® • • •)• 
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the summation being for every separation 

{pn^ir“ Pn(in'^ ■ • .. .y'u. - 

of the partition • ■)• (Compare Art. 43.) 

Observe that in these formulm the multiplications of operations are non-symbolic 

and denote successive operations. 

67. Remark the results of operations :— 

j\ h 

9(Pilin’^” ■••) 9• • •) • • • 

• • • {lhiqn^^lhz9n'^- • • • • . • = 1. 

J. 

iiOs! 

§11. The Multiplication of Symmetric Functions. 

68. The partition G operators are of great service in multiplication. An example 

will make this clear. It is required to find tlie coefiScient of (11^) in the product 

(T02) (01)2. 

Put 

(Ib2) (01)2 = .,. + A (Ti2) + ... 

2 

On operating with on the right the result is A, since every other term is 

annihilated ; and since 

C]^;^ = C(n) “h G(JoOT); 

we have 

Gn (Tb2) (bd)2 = {G(n) + Girom)VC^O^) (^)' = A, 
therefore 

{C(n) + G(iooi)}. 2 (id) (01) = A, 

hence 

A = 2. 

Similarly putting 

(PifiiiP" • • •) {PMhf'PnFl" ...)(...) = ... + A (^qs/^ ...)+••• 

we have merely to operate on the left-hand side with the partition operators 
Pi P2 ^ 

equivalent to G^^^^ G^^^^ ... in order to find A. 
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§ 12. Symmetric Functions of Differences. 

69. In the unipartite theory there is a transformation which connects the 

Symmetric Functions of the Differences of the roots of the equation 

x”' — + n [n — 1) — • • • + (~)’* = 0 

with the non-unitary symmetric functions of the roots of the equation 

a:" — + Gbyx,”'~^ — , . , = 0. (^^ = oo ) 

In fact, the annihilating operator is in each case found to be 

9i — “h ^^2 + *^2 + . . . 

The theory of the Invariants and Covariants of a Binary quantic may be thus 

brought to depend upon non-unitary symmetric functions. {Vide ‘ American Journal 

of Mathematics,’ vol. 6, p. 131.) 

In the present case, there is also a transformation. For the purpose in hand, vuite 

the fundamental identity in the form 

(l + ccyc -j- (1 + ayr + (iff) . . . (1 + a„a: + jBi,y) 

711 

= 1 + na^QX -h na^yy + . - . + -p-ff + • 

Any function of the differences of the quantities on the left remains unaltered, when 

we write for the quantities a^, /3s, respectively li and ^s + h- The coefficient of 

xPy^ on the right then becomes 

S (a^ + h) {a^ li) . . . (o^j + li) (/3^ + i h) (Aj + 3 + /i) • • • {/dp + q + ii), 

which is 

(lOr 01?) -V {n ~2^ — ci^ \ ) {(lO?’"^ 01?) + (10?^ 01?-^)]/^ 

+ ~ g + - q + ^)f^(^iQp-2^q^ q_ 2 dl?-i) + (10?’0T?--)]/i 

+ . . . 

But 

(To?’ 01?) = 

Hence is transformed into 

711 

(ti -p - q)! ttpq- 

Id 
+ "b + ‘^^p-i,q-\ + 31 + 

the general term being 

Cp —s^ q — t ^ 
s\t\ 

3 X MDCCCXC.—A. 
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Hence any symmetrical function 

f{CtiQ, Oqi, . . . Clpq . . .) ~f, 
is transformed into 

/{^lo + + ^0 • • • cCpq + 1 + s-i) ^ .}> 

or writing 

9m — 4" + • • • 5 ^ n 'P+^,9 ^ p,Q + i 
this is 

^ {{9w + 9oi) + (S'oo + 2^ij + ^oa) dj + • • • }/> 

the bar over exp denoting that the multiplications of operators, which arise, are 

symbolic. 

Now, by the theorem of Art. 15, this is 

exp {M^qP^q d- MqiPoi + . . . + ...}/, 

the multiplication denoting successive operations, and identically 

exp -}-•••+ + • • •) 

= 1 + 1+ -»? + ^ . 

= exp (^-1-77). 

Hence M^q = = 1 and the other coefficients M are zero. 

Hence the symmetric function f is converted into 

exp (P'10 + 9oi) ■ f> 

and, if fhe a function of the differences 

exp {9io + Poi) • /=/ 

Hence the necessary and sufficient condition, that f may be a function of the 

differences, is the satisfaction of the linear partial differential ec^uation 

9io + 9oi = 0. 

to. These operators ^iq and ^qi have been previously met with in the discussion of 

the symmetric functions connected with the fundamental identity 

(1 + a^x + ^ip) (1 + a^x + /3oy) ...” 1 + a^^x + + . . . + a^^^xY + • • • > 

but then they played a different role.'" 

* Two simple cases of this important transformation should be verified by the reader. For7i = 2, (II) 

is transfornied into i (ctj — ^2) (di ~ /h) connected with the ternary quadric. For n = 3, (21) is trans¬ 

formed into tV - (‘=‘1 ~ Y {(“1 “ “3) + (“3 ‘='^3)} (9i ~ /h) connected with the ternary cubic. 
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In that case and g^^ were shewn to annihilate all functions in which the biparts 

10, 01, respectively, were absent. Hence, expressing all such functions in terms of 

^io> ®oi> • • • have at once a number of symmetric functions of difference of 

the quantities in the identity 

(1 + “h A?/) (1 ~h “h Ay) • • • (1 + ^n'X' 4- A.v) 

= 1 + na^^x -I- na^gj + . . . + 
{n — 'p — cj)\ 

71. The differential equation 

17io + 9o\ — 0, 

is, as a particular case, satisfied by the solutions of the simultaneous equations 

f/io = 9q\ — 

In correspondence therewith we have functions composed of differences — «/, 

A — Aj but not of differences — A; ~ A- The functions of differences — «/, 

A — A represented by the infinite series of monomial symmetric functions whose 

partitions contain neither of the biparts 10, 01. 

The generating function for the number of biweight pq is 

_1_ 
(1 - x~) (1 - xy) (1 - yp (1 — a'Q (1 - xhj) (1 - xif) (1 - tf). . . 

The remaining lunctions of differences correspond to those solutions of g^Q 4- g^j = 0 

which are not simultaneous solutions of g^Q = 0 and g^-^ = 0. 

Denoting by N any aggregate of biparts from which both 10 and 01 are excluded, 

we have the system of solutions 

(Id N) - (01 N) 

(Id^N) - (To 01 N) + (dl3N), 

(10^ + ? N) - (10^+^-’ 01 N) + . . . + (—)?(lT-'dl?N) 4- . . . , 

for on operating with g-^Q 4" 9qi — Glio 4" the terms destroy each other in pairs. 

Observe that these solutions are of the same weight but not of the same biweight 

in every term. 

The number of solutions of a given weight is given by the generating function 

X 

(1 - ^) (1 - (1 - . . . (1 oPf + ^ ‘ 

3 X 2 
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Hence the ivhole number of asyzygetic functions of differences of a given weight is 

given hy 

(1 -*)(!- (1 - ... (1 - ... 

§ 13. Special Fundamental Ident ity of Finite Order. 

72. By taking the fundamental identity of infinite order syzygetic relations 

between monomial symmetric functions were avoided. Whenever the fundamental 

identity is taken of a finite order > 1 certain such relations of necessity arise. 

Professor Cayley (‘Collected Papers/ vol, 2, p, 454, and ‘Phil. Trans.,’ 1857) 

takes a fundamental identity equivalent to 

(1 + (1 + ttoX -|- /3oy) = 1 + 2hx--\- + 2fxy + cy®, 

and finds identically 

he — hg‘^ ~ eld fi- ‘2.fgli = 0, 

the condition that the expression to the right shall break up into two linear factors. 

I take as the fundamental identity 

(l + ape (igj) (l + ctyx + = 1 a-^pc a^py + + eiipcy -j- a^yf, 

and observe that the syzygetic relation must connect monomial symmetric functions, 

each of which is symbolised by a partition containing more than two biparts. The 

symmetric functions must he of the same biweight of the form pp since the quantities 

a must occur symmetrically with the quantities y8. Of the blweight 1, 1, there exists 

no partition containing more than two biparts. Of the biweight 2,2, we have the 

four partitions 

(2u dC), (02 id"), (TTIddT), (id-dT^), 

and if the corresponding symmetric functions can be linearly connected, so that no 

fundamental symmetric function of weight greater than 2 occurs, the linear function 

must vanisli. 

From the tables, yios? § 14, liiweight 22, partition (10^ OH), we find 

(20 dl^) — (IT Id 01) + (02 Id^) = — 4a3yrto3 + 5 

the terms involving (:%, a^-y, and a^^ disappearing. 
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73. This is right, and shows (clianging sign) that the well-known expression 

(discriminant) 
he —f ^ — h(f — ch^ + 2fyli, 

is equal to 

— (20 dl^) + (ir Id dl) — (d2 Id^), 

a form which, for the ternary quadric, vanishes at sight. 

Another form is 

'^20^3 T" 
74. The expression 

4a20<^03 d~ ^11^10%! 

satisfies the partial differential equation which appertains to the differences of the 

quantities in the relation 

{1 + a^x-\- /3yj) (1 -f = 1 + -f + «022/^- 

This equation is 

2 + 2 9«„ + o^oi 9^^, = 0 . 

It is not, as a fact, expressible as a function of differences of a^, ^i, a.2, ySg, because it 

vanishes altogether for a fundamental identity of the order 2. 

In relation to a fundamental identity of order greater than 2, the expression does 

not satisfy the equation of differences. Although it may be regarded from the above 

as a vanishing function of the differences, it is convertible into a non-vanishing 

function by the transformation before given. The transformed expression is 

(2d d2) - 2 (Iff) or (S30S02 ~ ^11^). 

which visibly satisfies the differential equation 

9x0 + f'oi = 3^10 + 

§ 14. The Construction of Symmetrical Tables. 

75. From the first law of symmetry it has been established that it is possible to 

form two symmetrical tables in connexion with every partition of every biweight. As 

illustrations, I give certain of the results as far as weight 4, inclusive. We have 

presented for the weight 4 the biweights 40, 31, 22, 13, 04. The theory of the 

biweights 40 and 04 is jirecisely the same as that of the weight 4 in the uni partite 

theory.* The one is, in fact, concerned only with the single system of cjuantities 

* Vid.e ‘American Journal of Alatliematics,’ vol. 11, and succeeding volumes. 
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ttj, ag,. . . and the other only with the single system /Sg, A) • • • 

therefore, suppress altogether the zero elements in the biparts and then proceed to 

form the tables for the several partitions (unipart) of the weight which I have 

already set forth in the ‘ American Journal of Mathematics ’ (vol. 11). 

C)f the remaining biweights 31, 22, 13, it is merely necessary to calculate the two 

former, since the tables for the hiweight 13 are obviously immediately obtainable from 

those of the biweight 31 by interchanging the elements of each bipart :—e.g., by 

writing (jy) for pq. 

There are seven partitions of biweight 31, viz. :— 

(Td^di), (iTTb'^), (^To 01), (^TI), (mTo), (30 dl), (3l), 

and nine of the biweight 22, viz. :—■ 

(Td^dl^), (TTIddT), (IT®), (02Td^), (Mdd), (Idl'd), (22). 

(2d dl^), (21 dl), 

Of these the table of (20 01^) gives also the table of (02 10^) by transposing the 

elements of the biparts, and similarly the table of (21 01) gives that of(l210). We 

have thus 28 tables; but of these, the four corresponding to the partitions (31) and 

(22) are mere identities, so that the number is reduced to 24. The earlier tables 

which are necessary are those of the partitions (10 01), (20 01), (11 10), (10'^ 01). 

Tliese are now given. Each table is read according to the lines. 

Biweight 11. 

Partition (10 d I). 

(10 01) (To) (OT) 

(H) — 1 
1 

1 

{10 dl) 1 

(2d dl) (20) (Of) 

(21) — 1 
i 

1 

(2ddi) 1 
1 

(id 01) 

BlWEIGHT 21, 

± 1 (20 01) 

(20)(oT) 

(H) (10 01) 

1 ! 

1 1 

(2l) (dddl) 

1 

1 1 
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Biweight 21. 

Partition (11 01). 

(TTTo) (IT) (10) (2T) (IT 10) 

(^) 

(iTTo) 

— 1 1 

1 

± 1 (11 10) 

(11) (To) 

1 

1—
1 1 

BlWEIGHT 21. 

Partition (10^ 01). 

%0®01 ai^c^io 

O
 

o
 

(21) 1 — 1 — 1 1 

(^^) — ] — 1 1 

(HIo) — 1 1 

(To^oT) 1 

(21) (20 01)(11 10)(10^01) 

± 2 %1 
1 

o
 

o
 

1 1 

± 1 1 1 2 

2 

GlO AqI 1 1 2 2 

Biweight 31. 

Partition (30 01). 

(30 01) (30)(01) (31) (30 01) 

(81) — 1 1 ± 1 (30 01) 1 

(30 ^) 1 (30)(OT) 1 1 

(2TTo) 

Partition (20 10). 

(2T)(To) (31) (^lo) 

(^) - 1 1 dr 1 (21 10) 1 

(^ To) 1 (21) (TO) 1 1 

- 

(^IT) 

Partition (20 11). 

(20)(IT) (31) (20 TT) 

(31) — 1 1 dr 1 (20 11) 1 

(Mil) 1 (20) (IT) 1 1 
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Partition (20 10 01). 

(^To (M To) (^)(M (To) (To^)(^) (M)(Io)(^) 

±li 

±1 

±1 

±1 

(31) (30 01) (21 10) (20 11) (20 10 01) 

(20 To M) 

(20 To) (^) 

(^ '(n) (To) 

(To W[) (w) 

(20) (To) (W) 

1 

1 1 1 

1 1 1 

1 1 1 

1 1 1 1 1 

(81) 1 
2 

_ 1 
2 

1 
2 

_ 1 
5 1 

(30 M) _ 1 
2 

1 
2 

1 
2 

1 
2 

(2T To) _ 1 o 1 
2 

] 
2 

1 
2 

(^TT) _ 1 
2 

1 
2 

1 
2 

1 
2 

(^ To oT) 1 

Partition (11 10^). 

(TT To®) (10") (11) (11 10) (10) (11) (10)" 

(31) 1 — 1 — 1 1 

(■^ TT) — 1 — 1 1 

(r[ To) — 1 1 

(TT To^) 1 

(3T) (ZoU) (^ To) (TT To®) 

(TT To®) 1 

(iT=) (u) 1 ] 

(iT fo)(lo) 1 1 2 

(Tl) (lo)-’ 1 1 2 2 

±2 

dz 1 
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Partition (10^ 01). 

0-31 %0“Qi aoiG'io a^oGii GoqG'IoGoi CQiGjo'' O
 

*«;> 
1 

C
O

 o 
(31) — 1 1 1 

t 
1 - 2 — 1 1 

(^ ^) 1 2 — 1 — 1 — 1 1 

(2T To) 1 — 1 0 — 1 1 

(w IT) 1 — 1 — 1 1 

(^ To Jn) — 2 — 1 1 

(TT To2) — 1 1 

(To3 M") 1 
j 

(3l) (fo oT) (2T TO) (^ TT) {w To M) (11 10-) (To3 oT) 

«31 1 

1 1 

1 1 3 

agon'll 1 1 2 3 

^20^^10^01 1 1 1 3 3 

1 1 2 3 4 G 

CQo^<^01 1 1 3 3 3 G G 

±4 

dz 2 

± 2 

± 1 

Biweight 22. 

Partition (21 01). 

(2101) (21)(01) 

(22) -1 ! 1 
! 

(2T ^) 1 

(22) (21 01) 

(^) (^) 
MDCCCXC.—A. 
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Partition (20 02). 

(^ 02) (20) (02) (22) (20 ^) 

(22) — 1 1 ± 1 (20 02) 1 

(^02) 1 (2U) (02) 1 1 

Partition (H'"^). 

{W) (U)^" (22) m 
(22) — 2 1 (m) 1 

(TT^) > (IT)”" 1 2 

Partition (20 01"). 

(20 01^) (20) (01-) (^ M) (01) (20) (01)® 

(22) 1 — 1 

(20 ^) 1 — 1 1 

(2l oT) — I 1 

(w ^■^) 1 

(22) (^02) (21 ^) (M oT®) 

(^ oT^) I 

(20) (m-) I I 

(20 ^) (oT) I I 2 

(20) (oT)" 1 1 2 2 

± 2 

± 1 
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Partition (11 10 01). 

(n 10 oT) (IT To) (01) (IT M) (To) 2 (To oT) (TT) (TT) (To) (oT) 

dbl 

± 1 

± I 

(22) (2101) (12 10) (11“) (1110 01) 

(TT To oT) 

(TT To) (oT) 

(TT oT) (To) 

2 (To (H) (TT) 

(U) (To) (oT) 

1 

1 2 1 

1 0 2 1 

2 2 0 2 

1 1 1 2 1 

(22) 
j 
2 

1 
o 

1 1 
4 1 ' 

(2T ^) 1 
2 

1 
2 

1 
2 

1 
4 

(T2 To) 
“ i 

1 
2 

1 
2 

1 
4 

(U^) 1 
4 

1 
4 

] 
^1. 

1 
8 

(TT To oT) 1 

3 V 2 
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Partition (] 0^ Ol”). 

(22) 

oT) 

(12 

(112) 

(^ ^2) 

(02 To2) 

(11 To H) 

(To2 ol2) 

^*23 f^20^'^03 

O 

<^<'20^^01"' 
2 a^QttQi 

2 2 2 2 1 2 2 4 
1 3 3 3 3 3 3 3 3 

2 1 2 2 1 1 2 1 
3 3 3 3 3 3 3 3 

2 2 1 2 1 2 1 1 
3 3 3 3 3 3 3 3 

2 2 2 1 0 1 4 4 4 
3 3 3 3 3 3 3 3 

1 1 1 1 1 1 1 i 
3 3 3 3 3 3 3 3 

2 1 2 4 1 1 1 1 
3 3 3 3 3 3 3 3 

2 2 1 4 1 1 1 1 
3 3 3 3 3 3 3' 3 

4 1 1 4 1 1 1 1 
3 3 3 3 3 3 3 3 

1 

1 0 
±-3 

d: 2 

± 2 

4- - A; 3 

± 3 

(22) (21 01) (12 10) (2002) (ll^) (20 01^) (02 10^) (l 1 10 Ol) (] 0^ 01®) 

^^23 1 

a2i«oi 1 1 2 

1 0 1 2 

1 0 0 1 1 

«11^ 1 2 2 2 O 4 

2 1 0 2 0 1 2 2 

0 
^^'02^^10" 1 0 0 2 1 0 2 2 

1 1 1 2 2 2 3 4 

0 0 
ai(j~«oi 1 2 2 1 4 o 2 4 4 
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§ 15. Property of the Coefficients in the Tables. 

76. There is in regard to the coefficients a very simple and important property 

which does not come into view with the unipartite theory so long as the tables are 

restricted to the j)articular cases in which the separable partitions are composed 

entirely of units. The property appears the instant we consider a separable partition 

composed of parts which are 7iot all similar. The law is the same whether the 

symmetric functions are unipartite, bipartite, or in general 7)i-partite. It depends 

upon the possibility of grouping the various separations in a particular manner. To 

make this clear suppose we are presented with a separable partition (10^ Offi). The 

nine separations may be written down in four groups, as follows :— 

Group 1. 

{Tof (blf 

(n) (To) <oT) 

(uf 

Group 2. 

(To dl^) (10) 

(dT2) (Toy 

Grou]) 3. 

(rd- dl) (dT) 

(ud®) (df)^ 

Grorip 4. 

(Id" dl^) 

(id'^) (dl'^) 

In Group 2 it will be seen that the parts (10-) of the separable partition occur in 

the separation (10)®, while the parts (01®) occur in the separation (01®), so that the 

expression {(10)®, (01®)] may be taken as defining a certain separation property of the 

separations of the group. The group in question may be denoted by Gr {(10)®, (Ol®)] 

and on the same principle the Groups 1, 3, and 4 may be denoted by 

Gr {(Id)®, (dl)®}, Gr {(Id®), (Ol)®}, Gr {(Id®), (Ol®)} 

respectively. In the separable partition (10® Ol®) the parts (10) and (01) occur each 

twice, and a group results from every combination of a partition of 2 with a partition 

of 2. If Pg denote the number of partitions of 2, the number of groups will be 

Pg® = 4. In general if the different parts of the separable partition occur a, b c, .. . 

times the number of groups of separations is P^P^Pc .... 

77, The leading property that has been adverted to is that in the expression of a 

single-bipart function by means of separations of a partition composed of dissimilar 

parts, the algebraic sum of the coefficients in each group of separations is zero. A 

corollary at once follows which will be given in its proper place. 

78, From the identity of Art. 24, viz. : — 

^ + • • • + + • • • = (1 -j- -f- . . . -h Ct./-f- . , .) 

is derived a series of relations which ex])ress the quantities c in terms of the 
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quantities h and symmetric functions of the quantities a, (3. These are given in 

Art. 24. 

To put the group in evidence it is necessary to modify these relations by writing 
Pi 

for so that for examples the expressions for and become 

(20) ha + (To’) he, 

(TT) hi,+ (rooT)h,Ai 

respectively. In any product cofactor of the product 

1 ''i ''a 

is composed of symmetric function products each of which appertains to the group 

Gn {{rpp^'p {rppf^ . . ., . . ■) 
i- 

The sum of the coefficients attached to the members of this group is obtained by 

putting each monomial symmetric function equal to unity. The sum in question then 

ajdpears as the numerical coefficient of the h product above written. 

Write then 

cw = K 

— ^01 

— ^-^30 “h ^10=’ 

-h ^10^01 

so that, ^ and g being arbitrary, 

i + Cjy‘ ^ 17 -j- . . . + + ■ • • 

— (1 + ^10^ + L q- -f + ...)... 

a factor appearing on the right for each biweight. 

To find the sum of tiie coefficients in each groujr in the case of the expression of the 

single-bipart functions we have now merely to take logarithms when (Art. 26) 

the functions being 67,^ or {pq), the sum in each case presents itself multiplied by 

(— ( 1/a ^ 7 0 (a + 7 ~ 1) •• Expanding the right hand side after taking logarithms 

we see that only terms of the form 
(Ti (T-2 

Zr.jPi hi-gPi . . 

can appear. Hence the theorem :■ 
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“ In the expression of symmetric function [pq) by means of separations of any 

partition of the same biweight, the partition consisting of dissimilar parts, the 

algebraic sum of the coefficients in each group of separations is zero.” 

As regards the remaining cases where the separable ^^artition does not contain 

dissimilar parts, the group obviously contains but a single separation and qua group 

has no existence. 

We have in fact the expression of [pq] by means of separations of {rs'‘) where 

Ir = p>, ^’5 = q- 

The result is clearly 

(-) 
'p + q-l -1 + !? — 1)' /— 

pi cp. {pq) = ^i-r 
Scr - 1 1 

^,/T - 1)! 

79. The law of group of separations may be verified from the tables. It is a very 

satisfactory aid to calculation, particularly in the detection of missing separations. 

Moreover the law embraces symmetric functions other than those symbolised by a 

single bipart. Suppose the function expressed in terms of single-bipart functions. 

The latter may be separately expressed in terms of separations of partitions in such 

wise that the function in cpuestion will be represented by means of separations 

of any given partition of its biwelght. The law of the group will hold for the 

single-bipart functions whenever the separable partition contains dissimilar parts, and 

moreover, in a product of single-bipart functions the law will hold if one or more of 

the factors is expressed in terms of separations of a partition containing dissimilar 

parts. Hence the only exception occurs when we find presented a product of the 

form 

• • • 5 

now if the symmetric function, say {pPlPpgqp • • •)> whose expression we a,re 

considering in connection with a given separable partition, say {ci-J)p ((-P.p . . .), itself 

possesses a separation of specification 

{apt,, • ■ •) 

a product of this form will certainly occur, but not otherwise. 

Hence the theorem :— 

80. “ In the expression of symmetric function 

by means of separations of 

the algebraic sum of the coefficients in each group of separations is zero if the partition 
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PiO.-z '' • • •) possesses no separations of specification cl^i, . . .) but 

not otherwise.” 

The law may be verified in the case of the table of separations of (10- 01^), for the 

symmetric functions (22), (21 01), (12 10), (11^), (H 10 01) for none of these five 

functions can be separated so that the specification is (20 02). On the other hand 

the group law does not hold for (20 01®) because the separation (20) (01®) has a 

specification (20 02). 

§ 16. Conclusion. 

81. All the preceding results can be easily extended to the in-partite theory 

connected with m systems. The weights are ?n-partite as also the parts of the 

partitions. As a general rule rro suffices appear in the symbols. The laws of symmetry 

and their consequences, the symmetrical tables, the correspondences between the 

algebras of quantity and differential operation, the partition linear and obliterating 

operators, the law of groups of coefficients (and in fact the whole investigation here 

presented) proceed pari-2mssu with the bipartite theory above set forth. The uni- 

partite or ordinary theory of the single system is also absolutely included in every 

respect. 

In its applications, llie results will be chiefly of use in the theory of elimination in 

the most general case. In this regard Schlafli’s memoir (loc. cit.) may be consulted. 
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VIII. Account of recent Pendulum Operations for determining the relative Force of 

Gravity at the Kew and Greenivich Ohservatories. 

By General J. T. Walker, C.B., R.E., F.R.S., LL.D. 

{Commu7iicated at the request of the Kew Committee.) 

ReceiYed April 15—Read June 5, 1890. 

The recent pendulum observations for the purpose of determining the gravity 

connexion between the Royal Observatory at Greenwich and the Royal Society’s 

Observatory at Kew, were undertaken in order to improve and strengthen the con¬ 

nexion between the Indian series of pendulum operations and other series taken in 

other parts of the world. 

The Indian series had been carried out in the years 1865 to 1873, when two 

invariable pendulums, the property of the Royal Society, which had been designed 

by Captain Kater for the purpose of investigating the relative force of gravity in 

different latitudes, were swung at the Kew Observatory, and at various places in and 

on the way to India, in the course of the operations of the Great Trigonometrical 

Survey of India. The work was originated at the suggestion of the President of the 

Royal Society, General Sir E. Sabine ; the greater portion was performed by Captain 

J. P. Basevi, R.E., who lost his life from exposure while operating on the high table¬ 

lands of the Himalayan Mountains; the remainder was completed by Captain W. J. 

Heaviside, R.E. ; both officers acted under the personal superintendence of General 

J. T. Walker, the Superintendent of the Great Trigonometrical Survey. 

The points at which the pendulums were swung and the number of vibrations they * 

made in 24 hours were determined, were mostly stations of the Central Meridional 

Arc of the Survey which extends from Cape Comorin to the Himalayan Mountains ; 

a few stations were added on the East and West Coasts of India, and on neigh¬ 

bouring islands, and ako at Aden and Ismailia. The base station of the entire series 

of operations—that is to say, the one at which they were commenced and concluded—- 

was the Royal Society’s Observatory at Kew, near Ptichmond, Surrey. 

With a view to effecting a connexion between the operations in India and similar 

operations recently completed in Russia, and also for other reasons, two reversible 

pendulums, the property of the Russian Imperial Academy of Sciences, which had been 

employed in Russia, were sent out to India and swung at some of the Indian stations, 

pai'i passu, with the pendulums of the Royal Society. 

MDCCCXC. —A. 3 z 30.9.90 
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For the purpose of connecting the Indian operations with those taken by Kater, 

Sabine, Foster, and other observers in various parts of the globe, it was intended 

to swing the Hoyal Society’s pendulums, on their return to England, at the Royal 

Observatory, Greenwich, which was a station of various Important series of operations. 

But when the time arrived, in 1873, it was found that extensive preparations were 

being made in the Observatory for several expeditions which were being outfitted for 

the observation of the apjiroaching transit of Venus, so that no space was left avail¬ 

able for the pendulum operations. It was therefore decided to make the desired 

connexion by swinging Kater’s convertible pendulum, for determining the absolute 

length of the seconds’ pendulum in any latitude, at Kew, as already it had been swung 

by Sabine at Greenwich. This was done by Captain Heaviside, and was the last 

stage of the Indian pendulum operations; the results were published in vol. 5 of the 

‘ Account of the Operations of the Great Trigonometrical Survey,’ Dehra Dun, 1879, 

which gives full details of all the operations, including the swings with the Russian 

pendulums. 

The absolute length of the seconds’ pendulum, in vacuo, at Kew, was found to be 

39‘14008 inches of the British standard yard, in 1873, whereas at Greenwich, Sabine 

had found it to be 39‘13734 inches of Sir George Shuckburgh’s standard scale, in 

1831.* Thus it would seem that a seconds’ pendulum will make about three more 

vibrations in 24 houi-s at Kew than at Greenwich. But the two Observatories are 

nearly in the same latitude, anrl differ very little in height, and are only ten miles 

apart; thus this difference is much too large to be accepted as trustworthy. 

In his work on Geodesy, Colonel Clarke, C.B., R.E., of the Ordnance Survey of 

Great Britain, employs a large number of pendulum determinations in various parts 

of the globe to investigate the figure of the earth. He remarks that the selection of 

Kew, instead of London or Greenwich, as the base station for the Indian series 

of swings, was unfortunate ; and, disregarding the connexion of Kew with Greenwich 

by the two determinations of the length of the seconds’ pendulum, he employs the 

ratio of Madras to London from the observations of Goldingham and Sabine, and 

tliat of Kew to St. Petersburgh, by Heaviside and Sawitsch. Then he makes four 

different combinations of his data, from which he obtains as many values of the 

earth’s elllpticity; and for each value he finds the corresponding system of quantities, 

X, indicating the apparent excess or defect of the observed over the theoretical force 

of gravity at each station of observation ; one combination gives Kew an excess of 

6‘06 vibrations over London ; another gives it an excess of 5’12 vibrations over 

Greenwdch, but reduces the excess over London to 3‘10 vibrations. These figures 

indicate variations in the vibration numbers such as are usually met with on changes 

of latitude of 1 to 2 degrees, and they show that the actual relation of Greenwich to 

* It lias recently been ascertained that very little, if any, of tlie difference can be diie to error of the 

unit of the f^HOCKBURGH scale as compared with the standard yard. See No. 288 of the ‘ Proceedings 

of the Royal Society ’ (vol. 47, 1890, p. 186.) 
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Kew had not yet been precisely determined, and that special observations were still 

reqiimed for the purpose. 

In 1881, Colonel Herschel, B.E., was deputed by the Secretary of State for India 

to take pendulum observations at the Greenwich and the Kew Observatories ; also 

at some places in America, with a view to making a connexion with the pendulum 

operations of the Coast and Geodetic Survey of the United States. He employed the 

two pendulums of the Royal Society which had been used in the Indian operations, 

and also a third pendulum of precisely similar construction which had been deposited in 

the Kew Observatory by the Admiralty, the experience already gained in India having 

shown that the employment of a third pendulum was desirable. After completing 

his swings in England and America, he made over the three pendulums to officers of 

the United States’ Survey, who took them round the world, and swung them at 

Auckland, Sydney, Singapore, Tokio, San Erancisco, and finally at Colonel Herschel’s 

station in Washington." 

When the observations came to be finally reduced, it was found that the results 

between Kew and Greenwich by the three pendulums were largely discordant, one 

giving Kew an excess of 1'97 vibrations, another an excess of 1'39, while the third 

gave a defect of 4‘98 vibrations. It was obviously necessary that the pendulums 

should be again swung at the two places, in order to obtain a more satisfactory 

determination of the relative vibration numbers. Fresh swinofs were therefore made 

at Kew in 1888, and at Greenwich in the following year. The operations were 

performed by members of the Observatory staff at each place, Mr. Hollis taking the 

lead and responsibility at Greenwich, under the direction of the Astronomer Royal, 

and Mr. Constable at Kew, under the Superintendent of the Kew Observatory. 

The final results give a vibration number for Kew which differs by less than one 

vibration from that at Greenwich, and may be accepted as very fairly probable. 

• It is the object of the presenc paper to give an abridged account of the above 

operations, both the primary by Colonel Herschel, and the revisionary by Messrs. 

Hollis and Constable.! For this purpose it is necessary, in the first instance, to 

give brief de.scriptions of the pendulums, and of the modus oj^erandi adopted by the 

different observers. 

Description of the Pendulums. 

All three pendulums are of Kater’s Invariable Pattern ; they are made of brass, 

with a steel knife-edge at the head of each pendulum, and they are of very 

nearly the same dimensions. One is numbered 4 and another 11 ; the third has 

* Full details of the operations and their results are given in Appendix No. 14 of the ‘ Report of the 
United States Coast and Geodetic Survey ’ for 1884. 

t Full details of Colonel Herschel’s operations, in manuscript, were made over to the Royal Society 
for record, by the Secretary of State for India; the details of the other operations are recorded in the 
observatories in which they respectively took place. 

.3 z 2 
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no such distinguishing number, but is marked 1821, presumably the year in which it 

was constructed ; Colonel Herschel believes that it is probably No. 6 of the series, 

and has so called it. No, 4 was employed by Sabine in his operations between the 

parallels of 13° South and 80° North Latitude, in 1822-23 ; and No. 6 (1821) was used 

by the late Astronomer Royal, Sir George Airy, in experiments in the Harton 

Colliery Pit, in 1854, to determine the earth's mean density; these two are the 

pendulums of the Royal Society which were employed throughout the operations in 

India. No. 11 was used by Bailey, in London, in 1832, and by Maclear, at the 

Cape of Good Llope, in 1839 ; it was afterwards lent for a while to the Admiralty, 

and eventually deposited in the Kew Observatory. 

Each pendulum is furnished with a pair of agate planes, on which it is intended to he 

swung. The planes are set on either side of a half-inch opening in a solid brass 

frame, which is mounted on a plate at the head of the receiver, and is provided with 

three levelling screws ; outside the frame there is a pair of moveable arms carrying 

Y’s, in which the pendulum rests while not vibratiug, and on lowering wRich the knife 

edge comes in contact with the agate planes for vibration. The pendulum is placed 

midway between the supporting planes by hand and eye estimate, but it is always 

brought by the Y’s down on to the same line across the planes, in all positions of the 

pendulum, whether the marked face is pointing towards the observer or towards the 

clock. 

The length of the pendulum is invariable, excepting from change of temperature for 

which the correction to the vibration-number is known. The shape is that of a 

flexible bar of plate brass, G2 inches long, 1’7 inch broad, and 0T3 inch thick from 

the knife edge downwards for a distance of about 40 inches, where a flat circular bob, 

6 inches in diameter and I’3 inch thick, with a bevelled edge, is soldered on to 

the bar ; the tail piece, below the bob, is reduced to a breadth of 0'7 inch, and is about 

16 inches long. The bar is necessarily very flexible, its thickness being less than a 

tenth of its breadth, and this flexibility is greatly in contrast with the rigidity of the 

German and French pendulums. Kater is believed to have adopted a flexible form 

of bar in preference to a rigid bar designedly, under the impression that it was less 

likely to become permanently bent by accident, and more likely to acquire exact 

verticality wdien its knife-edge is resting on the agate planes during the course of the 

vibrations. 

The Processes of Manipulation. 

When the pendulums were sent out to India, it was intended that they should 

always be swung as nearly as possible in a vacuum. For this purpose a receiver of 

sheet copper, mounted on a substantial and well braced wooden stand, was furnished 

for the pendulums to be swung in ; the receiver was closed above by a hemispherical 

glass cap, which could be removed at pleasure for the insertion or withdrawal of a 

pendulum. Two thermometers were fixed in a dummy pendulum, of the same size as 
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the vibrating pendulum less the tail-piece, which was fixed inside the receiver. In the 

Indian operations, the air was always exhausted to the lowest pressure attainable, and 

the vibration-number obtained at that pressure was reduced to the vacuum by special 

corrections, which will be afterwards described. At first the receiver was found to 

leak slightly, the pressure rising about an inch in the course of a day’s swings ; but 

eventually this leakage was traced to the two stuffing boxes, through which one 

rod passes for lowering the knife-edge on, or raising it off, the agate planes, and 

another rod for setting the pendulum in motion ; the leaks were stopped by fitting 

cups round the necks of the rods, and keeping them filled with oil. When the 

apparatus came into Colonel IIerschel’s hands much leakage was met with at the 

lower pressures. He continued to use the receiver, but he did not attempt to obtain 

low pressures, and he abandoned the reduction to the vacuum ; his pressures ranged 

between 26 and 28 inches, and his observations were reduced to an adopted standard 

pressure of 26 inches, with the temperature of the air at 32° F. The same procedure 

was adopted wFen the pendulums were swung by the officers of the United States’ 

Coast and Geodetic Survey. But wdien the apparatus was returned to England, the 

receiver was repaired and made thoroughly air-tight before the revision ary swings at 

Kew and Greenwdch were commenced ; then half the swings at each place were taken 

under a pressure of about 2 inches, and the other half at about 27 inches ; the results 

were reduced to a vacuum in both cases, by the same formula, which will be given 

hereafter. 

For each invariable pendulum the vibration-number is determined by swinging it in 

front of the pendulum of a clock and observing the times of the first and last coinci¬ 

dences of the two pendulums, at the beginning-and end of a set of swings; also the 

time of a coincidence immediately following the first, in order to get an approximate 

value of the interval between successive coincidences ; thus the number of swings made 

by the invariable pendulum during a given amount of clock time, is ascertained 

by observation, and from it the number of swings in 24 hours is calculated, after 

making due allowance for clock rate, arc of vibration, temperature, and pressure. The 

clock employed in the Indian and subsequent operations was one by Shelton, wdiich 

had been used for the same purpose by Sabine. The invariable pendulums make 200 

to 300 vibrations daily less than the pendulum of a clock regulated to solar time, and 

about twice that number to siderial time. 

For the observations of coincidence, in the Indian operations, a circidar disc of white 

metal was mounted on the bob of the clock pendulum, and an image of it, made very 

slightly less in diameter than the breadth of the tail-piece of the invariable pendulum, 

was produced, by an intermediate lens, in the plane of the tail-piece. The imago 

would disappear for a moment and then reappear behind the tail-piece at every 

apparent conjunction of the two pendulums ; and these conjunctions occur when both 

pendulums are swinging in the same direction, the intermediate conjunctions, with the 

swings in opposite directions, being unobservable. The exact moment of coincidence 
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was at first deduced from observations of the disappearance and reappearance of both 

edges of the disc ; but after a short time, this was considered unnecessary, and one edge 

only was observed, the same throughout each set of swings. 

Colonel Herschei. substituted for the single large disc a system of multiple discs 

consisting of several pairs of small circles, arranged symmetrically on opposite sides 

of a central vertical line, and painted white on a piece of black cardboard which was 

attached to the bob of the clock pendulum. He designed a large variety of systems, 

one of which is here shown. He observed the times of disappearance and re-appear¬ 

ance of several pairs of discs, eventually retaining five pairs only, of which the general 

mean was taken as the moment of coincidence. The United States’ officers adopted 

one of Colonel Herschel’s discs, but observed on only one side of the tail-piece and 

not on both sides as he had done. In the revisionary operations at Kew and Green¬ 

wich, a single large disc, of which the image was made of nearly the same diameter as 

the tail-piece, was employed, and observations of disappearance and re-appearance 

were made on one side only, as in India. 

In the Indian and the revisionarj operations the times of the three first and the 

three last coincidences in each set of swings were observed, and the means were 

employed to indicate the moments of commencement and conclusion of the set; the 

observed intervals between successive coincidences gave the divisor to the duration of 

the set to find the total number of intervals which is wanted in calculating the 

vibration-number. In Colonel Herschel’s operations one or two discs were observed 

* Very great precision in the determination of the moment of coincidence is unnecessary. If V be 

the vibration-number of a pendulum, R the clock vibrations in a mean solar day, and N the clock 

vibrations during a set of swings in which there are n intervals between visible coincidences, then 

V = R h - -y j and dY = 2R dN. 

Let R= 86,6.30, let the duration of the set of swings be 6 hours and the interval between coincidences 

6 minutes, giving n = 60, then 
dY - -022 dN. 

Thus an error of 4 seconds in N. which is improbably large, would not affect the vibration-number 

by as mnch as 01, which is but a fraction of the probable error from other causes. 
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immediately after the initial observations of coincidence, to obtain the interval 

between successive coincidences. 

In the Indian operations the agate planes were always carefully levelled before the 

pendulum was set up on them, and the level readings, as taken before and after the 

swings by each pendulum, were recorded and published. As the pendulum is neces¬ 

sarily made to vibrate with its tail-piece a short distance in front of the scale for 

measuring the arc of vibration, this distance was read off on a scale fixed at right 

angles to the arc-scale, to enable the observed arc reading to be duly corrected ; and 

it was measured in the two positions of the instruments, both with the marked face 

towards the observer and towards the clock. Thus, as the knife-edge was always 

lowered by the Y’s down to the same line on the agate planes, and as the planes were 

always horizontal, half the difference between the distances of the tail-piece from the 

arc-scale, in the two positions, indicates the magnitude of any deviation of the bar of 

the pendulum, at the tail-end, from perpendicularity to the knife-edge. These dis¬ 

tances were always recorded, and they show that both the pendulums were bent, but 

that the bending was practically constant throughout the whole of the operations; 

the marked face of Pendulum No. 4 was deflected ‘5 inch outwards, and that of No. 6 

(1821) ’3 inch backwards, at the tail-end. As, however, a genej-al constancy was 

preserved throughout, the whole of the results were truly differential. 

Colonel Herschel commenced his operations at Kew by swinging No. 4 pendulum 

in the condition in which he found it. He soon noticed bends in both the two 

pendulums, and also found that the knife-edges were somewhat rusted. There was 

reason to suspect that the pendulums might have received some injuries when set up 

at one of the great Annual Exhibitions in South Kensipgton which was held a few 

years after their return from India. Consequently both the pendulums were 

straightened and their knife-edges were re-ground. This, of course, causes a break of 

continuity with the antecedent operations with these pendulums, and destroys the 

differentiality of the vibration numbers obtained before and afterwards. 

In the revisionary operations at Kew and Greenwich the pendulums were swung in 

the same condition as when employed by Colonel Herschel and the officers of the 

United States. 

In the Indian operations each set of swings was usnallj of about 9 hours’ duration, 

from 8 A.M. to 5 P.M., intermediate readings of the tliermometers and observations of 

coincidence being taken at intervals of about hour apart. When all the observa¬ 

tions were finally reduced it was seen that, whenever the daily variation of tempera¬ 

ture was considerable, the clock rate at different hours of the day varied sensibly 

from the mean daily rate; thus it was evident that the vibration-number, which 

depends on the actual clock rate during the set of swings, but is deduced from the 

mean daily rate which is derived from successive transits of the same stars, might be 

much influenced by variations of rate occurring during the part of the day when the 

pendulum is under vibration. 
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Colonel Herschel got over this difficulty, and eliminated the influence of hourly 

variations of clock rate, by linking successive sets of swings together so as to flil up 

the whole 24 hours. He made the duration of each set of his swings somewhat less 

than 6 hours, taking all necessary observations of temperature, coincidence, &c. at the 

commencement and conclusion of the set, but without any intermediate observations; 

imniediately after the conclusion of one set he commenced the next set. In this way 

observations were sometimes carried on continuously for two or three days by himself 

and his assistant. In the revisionary operations at Kevv a similar procedure was 

adopted ; the temperatures and coincidences in the intervals between the beginning 

and end of each set were generally observed also, and the temperatures when not 

observed were recorded on a thermograph. At Greenwich observations were made at 

10 A.M., 4 P.M., and 10 p.m. ; the swings at low pressure were divided into two sets of 

6 hours each and one set of 12 hours, so as to fill up the 24 hours; those at high 

pressure into two sets of 6 hours each, to fill up 12 hours. The temperatures between 

the thermometer readings were registered by a thermograph. The daily range of tem¬ 

perature was very small at Kew, and rarely as much as 1° F. ar Greenwich. At both 

places the time was derived electrically from the siderial standard clock at Greenwich, 

which is fixed in the basement of the Observatory, where there is no sensible diurnal 

variation of temperature. Under the actual circumstances there was no real necessity 

for continuous observations throughout the 24 hours to control the clock rate. 

The differences in procedure and manipulation which have been pointed out thus 

far are not such as to have affected the results sensibly; but in one other matter 

there was a difference of procedure vdiich might have materially influenced the 

results. Colonel Herschel did not maintain the agate planes in exact horizontality; 

he believed that when the planes were truly level, and the pendulum was set up on 

them, the knife-edge, if pressed down against them hy hand, was found to be not truly 

in contact with the planes throughout the line of bearing ; consequently he dislevelled 

the planes until the contact, as judged by touch, was thorough, and then he commenced 

swinging the pendulum. Such imperfect contact was never noticed in the Indian 

operations; it is possible with pendulums having a rigid bar, when the knife-edge is 

not truly perpendicular to the bar; but with pendulums such as these, which have a 

very flexible bar, it seems scarcely possible, at least without a grosser displacement of 

the knife-edge from the perpendicular than is at all probable. The officers of the 

United States who swung these pendulums at several stations have been questioned 

on this point, and Mr. Edwin Smith reports that after levelling he “ tested the 

contact of the knife-edges with the agate planes by touch and found it impracticable 

to make any change, so the pendulums were always swung with the planes levelled 

with the spirit level.” In the revisionary swings this was done also. 

Colonel Herschel does not appear to have measured the actual dislevelment of the 

agate planes which was caused by his method of treatment; had he done so and his 

surmise been correct, the magnitude of the dislevelment would have been the same 
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after as it was before each transposition of the pendulum, but its sign would have 

changed, because its direction would have been reversed. The record of the observa¬ 

tions gives no level readings, nor does it give the distances between the tail-piece and 

the arc-scale in the two positions of vibration. All that is known is that the agate 

planes were not maintained in a position of constant horizontality, as in all other 

operations. Thus the results are not strictly differential, and it is to be inferred that 

the large discrepancies occasionally met with between different groups of results, even 

when the individual results in each group are highly accordant, are due to this cause. 

The results of the several operations will now be given. 

Colonel Herschel’s Results, reduced to temperature of 62^ F., and to the 

Density of the Air under the pressure of 26 inches at the temperature 

OF 32° F. 

Determinations at Keiv Observatory. 

Preliminary Vibration-numbers of Pendulum No. 4, before straightening the bar 

and re-grinding the knife-edge. 

Marked face, M, to front. Plain face, P, to front. 

Means. 

Set. V. Set. V. 

2 863 58*74 15 86161-44 

3 86158-84 16 86161-02 
4 86158-05 17 86160-87 
5 
6 

8 

86159-21 
86157-31 
86158-41 

18 
19 
20 

86161-25 

86160-60 
86160-24 

Face M . 86158-38 

Face P . 86160-98 

9 86158-25 21 86160-86 
86159-68 

10 86158-.32 22 86161-26 
11 86158-31 23 86160-12 
12 86158-91 24 86160-87 ! 

13 86158-83 25 86161-52 i 
14 86157-41 26 86161-69 ! 

When this result is reduced to a vacuum, it may be compared with the results 

of the swings by the same pendulum at the same place which were obtained for the 

Indian operations. The reduction to the vacuum may be approximately taken as 

+ 8’32, which gives the vibration-number 86168'00, to compare with 86169'45 

obtained in 1864, before the pendulum was sent out to India, and 86169'57 obtained 

in 1873, after its return from India. 

4 A MDCCCXC.—A. 
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Colonel Heeschel’s Determinatioyis at Kew Observatory, continued. 

ViBEATiON-NUMBERS by all three Pendulums, obtained after tlie bars were 

straightened and the knife-edges re-ground. 

Pendulum No. 4. 

Face M. Face P. 

Mean.s. 

Set. Y. Set. V. 
! 

74 86157'07 94 86157-16 
75 86157-62 95 86157-08 
76 86158-21 96 86157-75 
17 86157-05 97 86157-26 ! 
78 86156 75 98 86157-54 
79 86157-74 99 86157-78 1 

80 86158-13 100 86158-45 i 

81 
82 
83 

86157-88 
86I57-44 
86157-67 

101 
102 
103 

86157-84 
86157-27 
8'il57-52 

Face M . 86157-42 
Face P . 86157-87 

84 86157-54 104 86157-65 
86157-64 

85 86157-06 105 86157-42 
86 86157-01 106 86157-62 
87 86156-39 107 86158-47 
88 86159-39 108 86158-87 
89 86158-01 109 8615y-01 
90 86155-74 110 86158-63 
91 86157-15 111 86158 07 
92 86157-35 112 86158-21 
93 86156-94 
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Colonel Herschel’s Deter7ninations at Keiv Ohservatory, continued. 

Fendulmn No. 6 (1821), 

Face M. Face P. 

Means. 

Set. V. Set. V. 

28 86057-21 51 86056-54 
29 86056-64 52 86055-95 
30 86056-28 53 86055-88 
31 86056-00 54 86057-15 
32 86055-05 55 86057-11 
33 86055-25 50 86056-72 
34 86055-87 57 86056-71 
35 86055-64 58 86056-78 
.% 86055-82 59 86056-75 Face M . 86056-32 
38 86058-82 60 86056-42 Face P . 86056-74 
39 86058-11 61 86056-54 — 

40 86056-84 62 86057-08 86056-53 
41 86056-65 63 86067-18 — 

42 86053-87 64 86057-18 
43 86054-77 65 86057-19 
44 86056-93 66 86057-33 
45 86056-62 67 86057-01 
46 86056-48 68 86056-93 
47 86056-52 69 86056-68 
48 86056-66 70 86057-11 
49 86056-80 71 86055-21 

Pendidwn No. 11. 

Face M. 

Mean. 

Set. V. 

115 86099-64 
116 86099-18 
117 86099-11 
118 86099-67 
119 86100 60 
120 86099-83 
1-21 86101-54 
122 86100-76 
123 86099-87 
124 86100-44 Face M . 86100-57 
125 86100-17 
126 86100-78 
127 86100-42 
128 86100-83 
129 86100-86 
130 86101-10 
131 86100-81 
132 86101-61 
134 86103-58 

4 A 2 
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Colonel Herschel’s Determinations at Greenwich Observatory. 

Pendulum No. 4, 

Face M. Face P. 

Means. 

Set. V. Set. V. 

135 86153-96 151 86156-34 
136 86153-46 152 86156-04 
137 86153-54 153 86156-24 
138 86153-10 154 86156-38 Face M, 1st Sei'ies . . . 86153-39 
139 86153-99 155 86156-52 Face M, 2nd and 3rd Series 86156-65 
140 86153-13 156 86156-24 
141 86153-20 157 86156-78 86155-02 
142 86153-53 158 86156-49 Face P. 86156-31 
143 86153-35 159 86156-26 
144 86153-40 160 86155-84 86155-67 
145 86153 04 161 86156-21 
146 86153-38 162 86156-58 
147 86153-29 163 86155-98 
148 86153-34 164 86156-43 
149 86153-33 
150 86153-12 

165 86156-78 
166 86156-62 
167 86157-18 
168 86156-68 
169 86157-29 
170 86157-06 
171 86157-20 

212 86156-57 
213 86156-42 
214 86156-31 
215 86156-51 
216 86156-24 
217 86156-28 
218 86156-34 
219 

i 

88156-30 
1 
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Colonel Heeschel’s Determinations at Greemvich Ohservat07'y, continued. 

Pendulum No 6 (1821). 

Face M. Face P. 

Means. 

Set. V. Set. V. 

172 86054-82 184 86054-89 
173 86055-04 185 86055-91 
174 86054-91 186 86O55-7O 
175 86054-81 187 86054-97 
776 86054-54 188 86055-82 Face M . 86054-87 
177 86055-05 189 86055-41 Face P . 86055-41 
178 86055-17 190 86055-34 
179 86O54-49 191 86055-28 86055-14 
180 86055-23 192 86055-74 
181 86054-79 193 86055-38 
182 86054-48 194 86055-24 
183 86055-06 195 86055-24 

Pendulum No. II. 

Face M. 

Mean. 

Set. V. 

196 86104-54 
197 86105-40 
198 86105-82 
199 86104-80 
200 86105-29 
201 86105-23 
202 86105-25 
203 
204 

86105-15 
86105-17 

Face M . 86105-55 

205 86105-80 
206 86106-16 
207 86105-24 
208 86106-04 
209 86105-69 
210 86106-40 
211 86106-87 

Colonel Herschel’s observations give the following values of the differences 

between the vibration-numbers at Kew and Greenwich. 

Kew—Greenwich = + 1'97 by Pendulum No. 4. 

= + 1-39 „ No. 6 (1821), 

— — 4-98 ,, No. II 
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Kevisionary Eesults, Reduced to the Temperature of 62° F., and to a Vacuum. 

Mr. Constable’s Determinations at Kew under I.ow Pressures, about 2 inches. 

Pendulum No. 4. 

Face AI. Face P. 

Aleans. 

Set. V. Set, V. 

4 86I67'56 1 86167-12 
5 86167-07 2 86167-47 Pace A1 . 86] 67-31 
6 86167-31 3 86167-36 Face P . 86166-69 

7 86165-91 
8 86166-53 86167-00 

! 9 86165-73 

Pendulum No. 6 (1821). 

Face Al. Face P. 

Aleans. 

Set. V. Set. V. 

10 86066-74 13 86067-15 Face Al . 86066-25 
11 86065-97 14 86067-00 Face P . 86067-14 
12 86066-04 15 86067-58 

16 S6C66-83 86066-70 

Pendtdmn No. 11. 

Face P. 

Aleans. 

Set. V. 

20 
21 
22 

86116-82 
86117-24 
86117-44 

Face Al . 86117-43 
Face P . 8611717 

86117-30 

Face AL 

Set. V. 

17 86117-41 
18 86117-11 
19 

1 

86117-78 I 

I 
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Mr. Constable’s Determinations at Kew under High Pressures, about 27 inches. 

Pendulum No. 4. 

Face M. Face P. 

Mean.s. 

Set. V. Set. V. 

39 86165-20 43 86165-75 Face M . 86164-80 
40 86164-81 44 86165-70 Face P . 86165-74 
41 86164-44 45 86165-73 _ .. 

42 86164-75 46 86165-80 86165-27 

Pendulum No. 6 (1821). 

Face M. Face P. 

Means. 

Set. V. Set. V. 

31 86065-98 35 86065-80 Face iVI 86066-07 
32 86066-22 36 86065-57 Face P 86065-54 
33 86066-24 37 86065-43 
34 86065-84 38 86065-35 86065-80 

Pendulum No. 11. 

Face M. Face P. 

Means. 

Set. V. Set. V. 

23 86115-88 27 86115 82 Face M . 8611614 
24 86116-25 28 86115-92 Face P . 86115-94 
25 86116-10 29 86116-04 — 

26 86116-33 30 86115-97 86116-04 
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Mr. Hollis’s Determinations at Greenwich under Low Pressures, about 2 inches. 

Pendulum No. 4. 

Face M. Face P. 

Means. 

Set. V. Set. V. 

1 
2 
3 

86165-08 
86165-03 
86165-09 

5 
6 
7 

86165-24 
86165-25 
86165-10 

Face M . 86165-06 
Face P . 86165-16 

4 86165-02 8 
9 

86164-98 
86165-25 

86165-11 

Pendulum No. 6 (1821). 

Pace M. Face P. 

Aleans. 

Set. Y. Set. V. 

10 86065-61 16 86065-60 
11 86065-47 17 86065-17 Face M . 86065-64 
12 86065-55 18 86065-58 Face P . 86065-47 
13 86065-56 19 86065-54 
14 86065-71 20 86065-51 86065-56 
15 86065-91 21 86065-43 

Pendulum No. 11. 

Face M. Face P. 

]\[eans. 

Set. V. Set. V. 

22 
23 
24 
25 
26 

86116-73 
86116-65 
86116-72 
86116-79 
86116-50 

27 
28 
29 
30 

86116-22 
86116-41 
86116-39 
86116-18 

Face M . 86116-68 
Face P . 86116-30 

86116-49 
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Mr. Hollis’s determinations at Greenwich under High Pressures, about 27 inches. 

Pendulum No. 4. 

Face M. Face P. 1 
! 

Means. 

Set. V. Set. V. 

39 
40 
41 
42 

86163-84 
86163-98 
86164-30 
86164.33 

43 
44 
4,5 
46 
47 

86163-99 
86163-78 
86164-07 
86164-00 
86164-03 

Face M . 86164-11 
Face P . 86163-97 

86164-04 

Pendulum No. 6 (1821). 

Face M. Face P. 

Means. 

Set. V. Set. V. 

48 86064-47 52 86063-77 Face M . 86064-23 
49 86064-45 53 86063-74 Face P . 86063-65 
50 86063-93 54 86083-55 
51 86064-09 55 86063-54 86063-94 

Pendidum No. 11. 

F ace M. Face P. 

]\Ieans. 

Set. V. Set. V. 

35 86116-07 31 86115-20 Face M . 86116-14 
36 86116-26 32 86115-21 Face P . 86115-22 
37 86116-17 33 86115-21 —-- 
38 86116-07 34 86115-26 86115-68 

Thus the revisionary operations give the following values of the differences between 

the vibration-numbers at Kew and Greenwich :— 

Low pi’essures. 

Kew—Greenwich = + 1'89 

= -f 1-14 

= + 0-81 

General mean 

High pressures. 

+ 1*23 by pendulum No. 

-f 1-86 „ No. 

+ 0-36 „ No. 

= + 1-22 ± -16. 

4. 

6 (1821). 

11. 

4 B MBCCCXC.—A. 
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It will be seen that the mean value is fairly in accordance with the values derived 

from Colonel Hersghel’s observations with pendulums No. 4 and No. 6 (1821). His 

swings with those pendulums, at Kew, were made in the basement of the Kew 

Observatory, within a few feet of the spot at which the revisionary swings, with all 

three pendulums, were made; but he swung pendulum No. 11 in a shed outside the 

Observatory, under circumstances of great disadvantage as regards the stability and 

firmness of the support of tlie stand of the invariable pendulum and also of the support 

of the clock. Thus liis observations at Kew, with pendulum No. 11, though generally 

very accordant inter se, are very jjrobably burdened with a large constant error, and 

must therefore l)e reiected. 

On the Reduction to a Vacuum. 

In all pendulum experiments—even those of a purely differential character, as with 

invariable pendulums—it has been generally customary to apply a correction for the 

retardation which is caused by the air, in order to obtain results such as would have 

been obtained if the pendulum had been swung in a vacuum. This correction was 

originally determined by calculating the influence of the buoyancy of the atmosphere 

in diminishing the weight—and consequently the accelerating force—of the pendulum. 

Afterwards Bessel showed that the correction thus obtained was too small, for the 

pendulum is accompanied in its oscillation by a certain amount of air, varying with its 

form, which increases the mass in vibration and the moment of inertia. Thus the 

buoyancy correction has to be multiplied by a factor, 1 + ^, which can be computed 

mathematically for pendulums of certain simple forms, but must be determined ex¬ 

perimentally, by swings at high and low pressures, when the form is not susceptible 

of being brought under mathematical treatment. Tlie buoyancy correction, thus 

augmented, is usually called the pressure correction. 

The buoyancy correction and the pressure correction have been investigated for 

pendulums No. 4 and No. 6 (1821) by special and laborious series of operations which 

are fully set forth in vol. 5 of the ‘ Account of the Operations of the Great Trigno- 

metrical Survey of India.’ Nothing of the kind is known to have been done for 

No. 11 ; but the results obtained for the two first pendulums are so closely accordant 

that they may be applied without objection to the third, which is almost identical 

with them in foi-m and construction. 
/3 

The buoyancy correction = '23 j qq.^io which yS is the pressure m 

inches, and t the temperature in degrees of Fahrenheit. 

The pressure correction was found to be ’32 
1 + -0028 (t - 32°) 

by experimental 

swings which were made specifically for the purpose at Kew, under extreme high 

and low pressures, immediately before the pendulums were sent out to India. Cor¬ 

rections determined by this formula were applied, provisionally, to the whole of the 



THE RELATIVE FORCE OP GRAVITY AT KEW AND GREENWICH 555 

swings in India ; and this has also been done to the revisionaiy swings at Kew and 

Greenwich, to produce the vibration-numbers which have already been set forth. 

But, in the course of the operations in India, Captain Basevi reinvestigated both 

the temperature and the pressure corrections of his two pendulums, those of No. 4 

with great elaboration. A series of several sets of swings was made with it at each 

of the successive pressures of 0’6, 1’9, 4’2, lO'O, 17'5, and 27'7 inches, at the tempera¬ 

ture of about 101° F; another series at the same pressures, at the temperature of 

about 53°; and a third at the pressures of 1’9 and 4 "2 inches and temperature of 

a,bout 80°. He came to the conclusion that the pressure correction is best represented 

by an empirical formula of three terms, 

A/3^ -f B;8 + 

in which the second term is the correction for buoyancy. Then he assumed A to 

be = x \/461° -b ^ and C = y -f- \/461° + ^ — 4G1° being the absolute xero of the air 

thermometer—and formed a corresponding series of equations for the determination of 

X and y from his fourteen sets of observations. The solution of these equations gave 

X = '022 d: '002, and y — T23 ’025, which values satisfied the equations of 

condition very satisfactorily. 

But the subject is one of great complexity and difficulty, as will be seen in 

consulting Chapter VI. of the Indian pendidum volume. Something appears to l)e 

wanting to explain the inconsistencies between vibration-numbers deiived from 

different series of very accordant observations which are occasionally met with. 

Possibly it may be necessary to take cognisance of the atmosplieric humidity during 

the observations, which has never been done hitherto. Or it may be tliat the incon¬ 

sistencies arise from changes in the relative conditions of the bearing surfaces of the 

knife-edge and the agate planes, which are met witli on successive transpositions of 

the pendulum, and which the observer cannot control. 

Transposition is almost invariably attended with a change in the vibration-number; 

but in the Indian operations it was found that the changes were not constant in 

either sign or magnitude ; it is shown, at page 114 of the volume adready cited, that, for 

the whole of the 34 stations of observation, the mean value of M — P ranges from 

+ '54 to — ’52, and has an average value of + '07 '93 for Pendulum No. 4, and ranges 

from -b ’67 to — '59, with the average value — '04 '03 for Pendulum No. 6 (1821). 

In reducing the Indian swings for investigating the pressure correction. Captain 

Basevi’s observations of the vibration-numbers at different pressures were employed 

directly, without having recourse to his empirical formula. The observed vibration- 

numbers at each pressure were reduced to a vacuum b}^ the Kew formula with the 

numerical constant '32, and then the results for the higher pressures were compared 

with the result for the lowest pressure, which, being O'G of an inch, was very close to 

the vacuum; and it was found that the higher piessures required residual positive 

corrections, increasing with the temperature as well as tlie pressure; at the highest 

4 B 2 
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pressure, 27"7 inches, the correction amounted to '53 under the temperature of 53° 

and to I'34 under the temperature of 100°. Corresponding corrections were therefore 

applied to the whole of the Indian swings, as they had already been provisionally 

reduced by the Kew formula. 

This must now be done for the revisionary swings at Kew and Greenwich, the 

results of which, as hitherto presented, have been reduced to the vacuum by the 

Kew formula only. It will be seen that the vibration-numbers at the pressure of 

27 inches are less than those at the pressure of 2 inches by 1'30 at Kew and 1”16 at 

Greenwich ; but it appears from Captain Basevi’s investigations that the high pressure 

results at both places should be increased by about O'7, which will reduce the 

discordances with the low pressure results to 0'60 and 0'4G. 

When pendulum operations are differential, and the variations of atmospheric pressure, 

at different stations, are small, the value of the correction for pressure does not require 

to be known with much accuracy. Beducing to a vacuum is also then unnecessary, 

and any convenient standard of atmospheric density may be employed instead. Thus 

Colonel IIerschel has sufficiently provided for the elimination of the effects of varia¬ 

tions of pressure at his stations, which were all of low elevation, by reducing his 

swings to the standard pressure of 26 inches under the temperature of 32° F,, instead 

of to a vacuum. 

The Indian swings were invariably reduced to a vacuum, in accordance with 

previous procedure. They were made in an exhausted receiver, under the lowest 

pressure attainable, partly because this enabled them to be extended over a longer 

time, and thus be less inffuenced by hourly variations of clock-rate, than if taken 

under full pressure ; partly because the receiver would protect the pendulum from the 

action of currents of air ; and partly to obtain as nearly a uniform pressure at all the 

stations as possible, and thus secure strictly differential results; for it was intended 

that the pendulums should be swung both at low levels in the neighbourhood of the 

ocean and at the highest attainable elevations, as on the tabledands of the Himalayan 

mountains, where the pressure of the atmosphere is halfway down to the vacuum, so 

that a considerable range of pressure had to be met with and provided for in the best 

way possible. By exhausting the receiver, the pressures under which the swings 

were actually taken were generally maintained between 1 and 2 inches, excepting at 

first, when slight leakage was met with, the locus of which was not immediately 

detected, and then the pressures ranged from 1 to 4 inches. But these differences of 

pressure are so small that the uncertainty as to the precise amount of the pressure 

correction cannot exert an appreciable influence on the differential results which have 

already been deduced, and which are the ultimate object of the observations. And 

this is the case also both in Colonel Herschel’s and in the revisiouary operations, the 

range of pressure being always under 2 inches, whether the swings were taken under 

high ]3ressures only or under both high and low pressures. 

Thus, a more exact knowledge of the correction for pressure might sensibly affect 
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tlie vibration-nmnbers for Kevv and Greenwich which have already been })resented ; 

but it would not affect the differences between those numbers, which are what is 

really wanted, to a degree that is at all comparable with the errors to which 

pendulum observations are liable from other causes. 

Reduction to the Sea-level. 

The pendulums were swung at an elevation above the mean sea-level of about 

15 feet at Kew and 157 feet at Greenwich. The vibration-numbers must be 

correspondingly increased. 

The well-known formula for the correction for height is 

Correction = V -, r ’ 

V being the vibration-number, h the height, and r the radius of the earth. Dr. 

Young has suggested that account should also be taken of the continental mass 

which is situated between the level of the sea and that of the station of observation, 

in increasing the force of attraction and consequently the vibration-number. Thus, in 

accordance with his views, the usually-accepted correction takes cognisance of both 

height and )Dass, and is 

Thus for these pendulums, when h is expressed in feet, we have 

Correction for height only 

Correction for height and mass = 
391 ‘ 

It is now, however, very questionable whether any reduction for mass is allowable. 

The pendulum operations in India have thrown much light on the constitution of the 

earth’s crust, and shown that there is a marked deficiency of density under the 

Himalayan mountains, and an increase of density under the bed of the Indian Ocean. 

Thus continental matter above the sea level may be conceived as appertaining to the 

strata underneath, immediately below the sea level, which are correspondingly 

attenuated. In this case, the excess of matter above would probably compensate for 

the deficiency of matter below, and would not form an attracting force to be 

independently allowed for while no cognisance is taken of the deficiency below. 

If the vibration-numbers at Kew and Greenwich are corrected for height only, the 

correction to be applied to their difference will be 

whence we obtain 

15 - 157 

213 
0'58, 

Kew^—Greenwich — 1'22 — 0‘58 = 0'64 

as the result of the revisionary operations. 
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Addendum. 

Hesults ol the swinos at other stations which were taken with the same pendulums, 

by Colonel Heeschel, and by Mr. Edwin Smith of the United States Coast and 

Geodetic Survey. They are reduced to the temperature of 62° F., and to the 

density of air under the pressure of 26 inches at the temperature of 32° F.; but 

they are not reduced to the seadevel. 

SiviiKjs hy Colonel Heeschel. 

Stations. 

Height 
in feet 
above 
sea. 

No. 4. No. 6 (1821). No. 11. 

London,* Langham Place, Cellar . 85 86157-31 86055-97 86109-59 
Washington, Smithsonian Institute 34 86109-45 86008-35 86060-93 
Hoboken, Stevens Institute . 30 86115-23 86014-06 86066-93 

Whence 
Greenwich—London . . . . = + 1-64 -h 0-83 + 4-05 
London—Washington. . . . = + 47-86 + 47-62 + 48-66 
Washington—Hoboken . . . = - 5-78 - 5-71 - 6-00 

Swings hy Mr. Edwin Smith. 

Stations. 
Height 
in feet. 

No. 4. No. 6 (1821). No. 11. 

Auckland. 261 86102-75 86002-11 86054-13 
Sydney. 140 86090-93 85990-32 86042-08 
Singapore. 45 86021-13 85919-97 85971-34 
Tokiof. 20 86099-83 85995-17 86046-91 
San Francisco. 375 86103-77 86003-13 86055-66 
Washington. 

Whence 
34 86109-31 86009-29 86061-41 

Auckland—Sydney . . . . = + 11-82 + 11-79 + 12-05 
Sydney—Singapore ....=: + 69-80 + 70-35 + 70-74 
Singapore—Tokio.= - 78-70 — 75-20 - 75-57 
Tokio—San Francisco . . . = - 3-94 - 7-96 - 8-75 
San Francisco—Washington . = - 5-54 - 6-16 - 5-75 

* This station is at No. I, All Souls Place, Laiigham Place ; it is about hSO feet S.E. of, aud 14 feet 

lower ill level than, Mr. Beowne’s house in Portland Place, which was Kater’s station. The value of 

Greenwich—London (Portland Place) = + 0 48, with Invariable Pendulum No. 12; it was determined by 

Sabine in 1828, see ‘ Phil. Trans.’ for 1829, p. 87. 

t Mr. Edwin Smith remarks of the observations at Tokio, that “the vibration-number of Pendulum 

No. 4 is between three and four vibi-ations too great. I can only explain this discrepancy by the supposi¬ 

tion that some foreign material was adhering to the pendulum during these observations. Great care 

was always taken in wiping the pendulums before suspending them.” 
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IX. On the Alleged Slipping at the Boundary of a Liquid in Motion. 

By W. C. Dampier Whetham, B.A., Coutts-Trotter Student of Trinity College, 

Cambridge. 

Communicated by J. J. Thomson, M.A., F.B.S., Cavendish Professor of 

Experimental Physics, Cambridge. 

Received June 7,—Read June 19, 1890. 

In treatises on hydrodynamics, the flow of a liquid through a straight tube is investi¬ 

gated on the supposition that there may be finite slipping between the walls of the 

tube and the outermost layer of liquid. This leads to the introduction of a “ slipping 

coefiicient ” which vanishes when there is no relative motion between them. 

Let r denote the radius of the tube, 

Pi the pressure at one end, 

p^ ,, „ the other, 

[i the coefficient of viscosity, 

I the length of the tube, _ 

p the density of the liquid. 

Then it may be shown (Lamb’s ‘ Hydrodynamics, p. 222) that when the motion is 

linear the flux is given by 

J ttA Pi - 2B lUf Pi - Ih 
^ fip I ^ /3 I 

1 
8 

-^(Pl -Pj) 
ppl 

+ 4/xp^ 7-3j, 

' where l/y8 may be defined as the slipping coefiicient. 

The experhnents of Poiseuille'" showed that the coefiicient was certainly zero for 

glass tubes, but there was doubt whether this held for all materials. 

Helmholtz and PiOTROWSKit attacked the problem in another way. They sus¬ 

pended bifilarly an accurately worked sphere, whose inner surface was gilded and 

polished, and by observing the time of swing and the logarithmic decrement when 

the sphere was filled with water and various other liquids, deduced a value for the 

* ‘ Memoires cles Savants fltrangers,’ 1846. 

t ‘ Sitzungsber. der k. Akad. in Wien,’ vol. 40, 1860. 

7.10.90 
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coefficient of viscosity and for the slipping coefficient, from the theoiy of spheres 

oscillating in a viscous medium, as wo]'kecl out by Stokes and Helmholtz, 

For distilled water their value of the factor /xp in the above expression is 

X = 2‘3534 mm. 

If we apply this to the case of a tube we get a somewhat startling result. From 

equation (i.) it follows that the effect of slip varies inversely as the radius of the tube. 

The smallest tube practicable in the experiments to be presently described had a 

diameter of about a millimetre. It is easy to show that the result of the existence of 

a slipping coefficient of the magnitude given by Helmholtz would be to produce an 

increase in the volume of liquid flowing through the tube in a given time, which could 

not only be detected, but would be of such importance that it could not easily be 

masked. 

In Helmholtz’s notation equation (i.) is written 

iTlih_M I 4x^.31 

the density of water l^eing taken as unity. 

Putting r = ’05 and X = '23534, we get 

1 (Pi - Ih) X 117-67 X 10“*^; 
“ fjil 

whereas if there is no slip, so that X vanishes, the flux becomes 

X 6-25 X lO-'*’. 

If we take Helmholtz’s coefficient to be correct, the flow through a polished gilt 

tube of a millimetre in diameter is nearly twenty times as fast as through a glass 

tube of the same size. 

Helmholtz refers to some experiments made by Girard with copper tubes* which 

make the flow some four times faster than do Poiseuille’s formulge. I shall return 

to the consideration of these observations later. The value of X which Helmholtz 

deduces from them is 0'3984 mm. 

The discrepancy between these results and the generally received opinion that no 

slip occurred with any material seemed worthy of further investigation. 

It is evident tlrat the alleged coefficient could be investigated with much greater 

advantage by observing the flow of liquid through a small tube than by any experi¬ 

ments on oscillating spheres. In order to avoid all absolute determinations while 

searching for the existence of such a slip, I decided to observe the time of flow of a 

* ‘ Memoires de ITnetitufc,’ 1813-1815. 
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given volume of water through a glass tube, and then to deposit a coating of silver on 

the interior surface of the tube. If the time of flow was tlie same as before, allowing 

for the (usually very small) change in diameter, it would be conclusive evidence 

ao-ainst the existence of the effect. Such evidence I have most satisfactorily obtained. 

Since the experiments were to be merely comparative there was no object in 

attempting to keep the pressure constant throughout each observation, and the 

simplest apparatus could he used. The bulb tube AB was fixed in a large glass jar 

filled with water, and opening below into a wide tube T, also filled with water. The 

lower end of the bulb tube was attached to the capillary tube by an india-rubber joint, 

so that the ends of the two glass tubes should just meet. The top of the bulb tube 

could be put into connexion either with the air outside, or with an exhausted bottle 

which was used to fill the bulbs, as the apparatus was some distance from a pump. 

The temperature of the water in the glass jar and wide tube could he read off by a 

delicate thermometer. 

The time taken by the upper surface of the water to fall from A to B was observed 

by a stop watch. Before silvering the tube the whole apparatus was repeatedly 

taken to pieces and set up again, and the time of flow shown to be unaltered. 

The silvering solution was a modification of Liebig’s, and was made according to a 

mbcccxc.—A. 4 c 
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recipe kindly given me by Dr. A. S. Lea. Each tube was dried and weighed, and the 

silvering solution then run through till a bright metallic mirror was deposited. It 

was washed out with a current of water, then with air, and finally dried and weighed 

again. The increase gave the weight of silver. At the end of the experiments with 

the tube thus silvered, it was again dried and weighed, and the silver dissolved off 

with nitric acid. The mean of these two results, which usually agreed to one or two 

tenths of a milligram, was taken to represent the weight of silver adhering to the 

tube during the experiments. • Assuming the deposit to be uniform, this at once 

gave the change in diameter. The correction for temperature was calculated hy 

Poiseuille’s formula. 

The first tube had a length of 37‘57 cms., and an average radius (determined by 

filling with mercury) of 0'0451 cm. 

The following series of experiments were made :— 

Temperature. Time of flow. 

18-2 7 SO-S 
18-3 7 50-4 
18-3 7 50-6 
18-2 7 50-4 
18-3 7 51-0 
18-3 7 51-0 

Means 18'26 7 50-7 

The apparatus was then taken completely to pieces as it would he for silvering, and 

again set up after some hours, with the following results :— 

Temperature. Time of flow. ' 

o / // 
17-8 7 65-4 1 
17-9 7 55-2 

If we correct this to 18°-26 by Poiseuille’s empirical formula we get T 51"‘0, a 

value identical with the above. The apparatus could thus be taken to pieces with 

safety. 

Weight of tube when dry.= 16'3916 grams. 

„ with silver.= 16‘3932 ,, 



AT THE BOUNDARY OF A LIQUID lY MOTIOY. 563 

The apparatus was then again set up. 

Temperature. Time of flow. 

18-4 
/ 

7 52-6 
18-3 7 52-2 
18-2 7 52-4 

Means 18 30 7 .52-4 

The tube was then disconnected, dried, and weighed. Weight = 16'3931 grins., 

practically the same as before. The silver was then dissolved off, and the tube cleaned 

and dried. Weight = 16’3916. 

The weight of silver deposited is, therefore, ’0015 grni., and its thickness 

•000014 cm. 

This gives a change in equivalent to O'12 per cent. The time of flow for the 

unsilvered tube, corrected for change of radius, is 7' 5l"‘4, while the observed time for 

the silvered tube is 7' 52"‘4. The difference of about 0’2 per cent, is probably due to 

slight irregularities in the thickness of the silver layer. 

Two objections may be raised to this experiment. The first is that with such a 

thin film, the action between the water and the glass might still be effective, and 

prevent any slipping. When we remember, however, that the sphere of action of 

molecular forces is only about 10“® cm., we see that no direct action can occur across 

a distance of 10“® cm., and it is exceedingly unlikely that a layer of silver more than 

1000 molecules thick, should be pervious to water, and thus allow of contact with the 

glass. In order, however, to entirely meet this objection, experiments were made 

with considerably thicker layers. 

The second objection is that the silver might be deposited so irregularly that the 

choking effect might mask the quickening due to slip. It had been found, in a series 

of preliminary experiments, that if a tube was used whose diameter was much less than 

a millimetre, it was exceedingly difficult to get a uniform silver deposit, and the time 

of flow for the silvered tube was always much greater than for the unsilvered. To 

prevent this the tube had to be silvered in a vertical position, and various details, only 

to be learnt by experience, attended to. The time of flow for the silvered tube could, 

however, never be brought below that for the plain one, although as greater care was 

taken in the silvering it continually approximated to it, and this is conclusive against 

the existence of an effect at all comparable with that given by Helmholtz for polished 

gold, or with that which he deduced from Girard’s experiments on copper tubes. As 

the choking effect was naturally greater for small tubes, a series of experiments was 

next made on some of rather greater diameter. 

4 c 2 
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Tube No. III. 

Unsilverecl. Silvered. 

Temperature. Time of flovY. Temperature. Time of flow. 

20-0 1 2-2 26-9 1 1-8 
20-1 1 2-0 20-9 1 1-3 
20-1 1 2-2 20-95 1 ]-2 
20-2 1 2-0 21-0 1 1-8 
20-2 1 1-8 21-0 1 1-4 
20-3 1 1-7 21-0 1 1-5 
20-4 1 1-7 21-0 1 0-9 
20-5 1 1-6 21-05 1 1-3 
20-5 1 1-7 21-05 1 1-0 
20-5 1 1-5 21-05 1 0-8 
20-5 1 1-6 
20-6 1 1-5 

20-3 1 1-79 21-0 1 1-37 

Thickness of film = ’0000237 cm. 

Radius of tube = ’0776 cm. 

Change in 7’^ = O'12 per cent. 

Temperature correction = 7 X 2’22 = 1’55 per cent. 

Total correction 1'55 — ’12 = 1’43 per cent. = 0'87 second. 

Time for glass tube, corrected = I' 0"'92'| 

,, observed for tube, silvered = 1' 1"'37 J 

A change of + 0'7 per cent. 

A rather smaller tube was then used, r = *0642. 

Unsilveied. Silvered. 

Temperature. Time. Temperature. Time. 

0 / 0 1 // 
1 22-0 2 8-4 1 20-2 2 13-0 
2 22-0 2 8-2 2 20-2 2 13-1 
3 22-05 2 8-4 3 20-2 2 12-9 
4 22-05 2 8-3 4 20-2 2 13-4 
5 2-2-1 2 8-4 5 20-25 2 13-0 
6 22-15 2 8-0 6 20-3 2 13-0 
7 22-2 2 8-0 7 20-4 2 12-8 
8 22-2 2 8-2 8 20-4 2 12-6 
9 22-2 2 8-0 9 20-45 2 12-4 

10 22-25 2 7-8 10 20-5 2 12-4 
11 20-5 2 12-8 
12 20-5 2 12-4 

Means 22-12 2 8-17 Means 20-34 2 12-82 

I 
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Time for iinsilvered tube, corrected for changes in 

temperature and radius. 2 13'59 

Time observed for silvered tube. 2 12'82 

A difference of — 0'6 per cent. 

Another series was made with the same tube which gave as the mean of ten 

observations for each state ;— 

t // 

Unsilvered. 2 18'78 

,, corrected. 2 15‘92 

Silvered, observed. 2 16'51 

A difference of + 0'4 per cent. The silver was very thin, the change in being 

OTO per cent. 

Thus, as the result of four series of observations with three different tubes, we have 

that the difference in the times of flow for the silvered and unsilvered tubes is never 

greater than 0’7 per cent. With both the first and second tubes, and in one series of 

observations with the third tube, the time of flow is slightly greater (by 0'2, 0’7, and 

0‘4 per cent.) for the silver surface, while in one case—the first series of observations 

with the third tube—the time is slightly less (by 0‘6 per cent.). 

These differences are all within the limits of experimental error, found by compar¬ 

ing the times of flow for the same tube in the same state on different occasions. 

On the whole there is some evidence that the time is a little greater for the silvered 

surface, as would, of course, be the case if the deposit was not quite strictly uniform. 

In the one case, when the time was less, the temperature difference was largest, and 

errors likely to be most important. 

These experiments may at any rate be considered conclusive against the existence 

of the large effect, for the existence of which I was searching. 

A new series of observations was then undertaken to determine whether any 

slipping occurred in a silvered tube when the velocity of the water was greater than 

before, and the gradient of velocity was pushed near the limit beyond which the 

motion ceased to be linear. 

This limit was calculated for each tube by means of a formula given by Professor 

Osborne Peynolds,* who found by experiment that in order to insure linear 

motion, 
Dt’yo/p, must be < 1400, 

where D is the diameter of the tube, /r the coefficient of viscosity, p the density, and 

* ‘ Phil. Trans.,’ 1886. 
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V the velocity of the water calculated from the quantity which flows through in a 

given time. 

It was advantageous to use as small a tube as possible, for two reasons : firstly, 

because any slipping effect is inversely proportional to the radius, and secondly, 

because the gradient of velocity can be pushed farther without exceeding the limits 

of linear motion, the smaller the tube. 

A tube, whose diameter was '084 cm., and whose length was 27’30 cms., was 

therefore taken, as it was the smallest which could conveniently be silvered, and the 

greatest allowable pressure calculated. 

From the relation given above, we find that the pressure must not exceed 

dGQOixH/r^g = 303'5 cms. of water column. 

After many preliminary trials an apparatus was set up, which gave most excellent 

results. 
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The bulb had a capacity of about 850 c.c., and was fixed to a wooden frame to 

prevent breakage; this was screwed to the edge of a table. The water bath was 

eventually abolished, and the temperature of the water read off at intervals during 

each experiment as it passed through a broad tube, into which the capillary tube 

opened. The temperature of the water was thus read off immediately after it had 

passed the important place, and by taking readings at equal intervals while the bulb 

was emptying, a very accurate estimation of the average temperature could be 

obtained. Below the temperature tube was a three-necked Wolff’s bottle W ; the 

second neck was connected to a large carboy C, and the third could be put into 

communication with the atmosphere. The carboy was connected to a three-way tube, 

the branches of which went, one to the Wolff’s bottle, one to an air pump P', 

worked by the water supply, and one to the gauges S and M. The gauge S con¬ 

tained sulphuric acid, and M contained mercury. The latter was only used for the 

experiments in which higher pressures were employed.The bulb was filled by dis¬ 

connecting the joint B, and putting the lower orifice of the temperature tube in 

communication with c, the tube joining C and W being stopped. P was then put to 

the pump, and the water in W sucked up. When the bulb was filled, B was again 

connected, the carboy exhausted by putting P' to the pump, and the tube from 

C to W opened. The pump was worked till the recjuisite pressure, as shown by the 

gauge, was reached. 

The apparatus was then left till the temperature had become constant after the 

disturbances produced by exhausting, and the height of the gauge read off by a 

kathetometer. The pressure could be adjusted to within a millimetre or less by 

regulating the pumps, and small differences in corresponding experiments, were given 

by the readings of the kathetometer. The correction to be applied to the times 

of flow for a given small difference of pressure, was determined by observing the 

actual times of flow for pressures whose difference was considerably greater than that 

in the experiments to be compared, and keeping all other things unchanged. The 

small pressure correction could then be accurately estimated from the result of this 

auxiliary experiment. As before, the experiments were to be only comparative, and 

the pressure was allowed to fall during each observation. Any change introduced by 

this would affect the tube equally whether plain or silvered. In order to show the 

method of working and the degree of accuracy obtained, a complete account of 

an experiment is given in detail. 

* All permanent joints, corks, &c., were thickly covered with marine g'lue, and were quite air-tight. 
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Tube No. 3. 

9, 0'0"; finish 15'28"-0 . . . 15'23"-0. 

Pressure.—Gauge scale, adjusted at start to 22'00, reading at finish 21 A/. 

Kathetometer readings— Start |^2.5g3|22'682 

22-956. 

Temj)erature readings at intervals of two minutes— 

13-00 12-88 12-86 12-90 12-92 12-93 12-95 12-98 . . 12°-93. 

In order to make the pressure readings strictly comparable, the level of the water 

before each experiment was adjusted to a mark, m, in the top bulb, and after each to 

a mark ra in the lower bidb, and all pressure readings were taken while the water 

stood at these levels. The pressure was adjusted by the pump till the reading on the 

gauge scale was as nearly as possible 22-00, and the exact height then read off by a 

telescope in terms of kathetometer scale. 

Tuhe No. 1.— (r = ’042 cm. ; I = 27-30 cms.) 

Total difference of pressure equivalent to about 250 cms. of water column. The 

limiting pressure is 305 cms. 

Pressure. Temperatui’e. Time. 

Unsilvered. mm. 

1. Gauge reading .... 407-1 12-59 12 25-7 
2. ,, ,, .... 407-0 12-71 12 24-1 

Silvered. 
3. Gauge reading .... 407-1 12-79 12 23-5 

The temperature correction is 2-22 per cent, for 1° C., and in order to correct (2) to 

12°-79, we must subtract l"-4. 

The pressure correction is for 0-1 mm. of sulj)liuric acid in a total pressure equivalent 

to about 1400 mm., i.e., 1 in 14,000, and is therefore negligible. 

The weight of silver deposited is 0-0008 grm., and the thickness 0 00001 cm., a 

change in of 0-1 per cent. 

/ // 

The time for the unsilvered tube corrected = 12 23-41 

,, „ silvered ,, observed = 12.23-51 
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At slightly different pressures— 

Pressui'e. Temperature. Time. 

mm. O 

12 29-7 Silvered. 406-4 12-52 

JJnsilvered. 406 5 12-62 12 24-3 

JJnsilvered, corrected for temperature and change in ... 12 26-4 1 

Silvered, observed time 12 29-7 / 

Tube No. 3.—{r = "OoG cm. ; I = 19’98 cms.) 

Total pressure at beginning of each observation 84‘15 cms. of water + 21’028 cms. 

of mercury ; equivalent to 368'62 cms. of water. The critical pressure forthis tube is 

440 cms. of water. The tube was silvered with solutions of half strength very 

carefully. 

Mean reading 
of katheto meter. 

Temperature. Time. 

Silvered. 22-963 1270 15 46-5 
22-956 12-93 15 23-0 
22-95 5 13-41 15 18-0 
22-966 12-76 15 34-0 

22-960 12-95 15 30-4 

JJnsilvered. 22-959 13-04 15 I6-5 

23-0o4 13-69 15 7-3 

22-982 13-37 15 11-9 ' 

Silvered, corrected for change in radius — 016 per cent., for 15 21-5 . 

temperature — 0 93 per cent., and for pressure + 0'14 per cent. 

In this very small tube there is thus a choking effect which increases the time by 

about 1 per cent. 

The same tube was then re-coated with a very thin deposit which was just trans¬ 

parent to blue light. 

Pressure. Temperature. Time. 

mm. 0 / // 
23-026 15-31 14 48-2 

23-037 15-27 14 50-8 

23-032 15-29 14 49-5 

MDCCCXC. — A. 4 D 
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Time. 

Unsilvered.—Pressure 23'005 mm. ; temperature 15°‘64 ... 14 43'2 

,, Corrected for temperature and pressure . . . . 14 517 

Silvered.—Observed time. 14 49"5 

A decrease of 0'25 per cent. 

The change in radius was inappreciable. 

Thus the result of four series of experiments at these large differences of pressure is 

that in three cases the time for the silvered tube comes out slightly greater [by 0'014, 

0'44, and PO per cent.], and in one case slightly less [by 0’25 per cent.]. 

This agreement may be considered a quite satisfactory proof of identity. 

In support of his view that there is a finite slipping coefficient Helmholtz refers 

to some experiments of Girard,* who examined the time of flow of water through 

copper tubes, found that the motion was linear within limits which agree fairly well 

with those given by Reynolds’ formula, but got times of flow much less than those 

observed by Poiseuille for glass tubes. Thus with a tube whose diameter was 

1‘83 mm. and length 1790 mm., a quarter of a litre of water flowed through in 

624'5 secs, under a pressure of 100 mm. of water and at a temperature of 0°’5, while 

Poiseuille’s formula gives 2949 secs. 

As I could detect no error in Girard’s account of his experiments I determined to 

repeat them. Messrs. Elliott, of Sellyoak, Binningham, most kindly undertook to 

manufacture some solid drawn copper tubes of the dimensions required, and they were 

entirely succe.ssful. The apparatus employed was essentially the same as that used 

by Girard, and was of the simplest possible nature. Hie results depended on the 

value obtained for the diameters of the tubes, as determined by weighing when empty 

and when full of water, and as no allowance could be made for irregidarities or non- 

uniformities in the bore, calibration being impossible, it was useless to determine the 

time of flow or the temperature to any great degree of accuracy. 

A glass jar was arranged in the manner shown in the figure, and the difference of 

level between the surface of the water in A and the orifice B determined by a 

kathetometer to a tenth of a millimetre. Below B was placed a 100 c.c. flask, and 

the time taken to fill this was observed with a stop watch to an accuracy of about 

1 sec. in 400 or GoO. 

The temperature was observed in the jar A and also in B, and the two seldom 

differed by more than a tenth of a degree. In Girard’s investigations the level of 

the water in A was allowed to fall during each experiment, and its mean value 

assumed to represent the effective driving pressure throughout. In order to deter¬ 

mine whether such an arrangement vvas allowable for these small pressures, where the 

change was a large fraction of the whole, a comparison was made with a series of 

* ‘ Memoires de ITnslifcut,’ 1813-1815. 
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experiments, during which the level was kept constant by allowing water to flow into 

A at the same rate as it flowed out. 

A glass tube was first used (r = '0568 cm., I = 22'53 cms.). 

Pressure constant. 

Level of reservoir, 19‘30l 
y.10'93 cms. 

,, orifice, 30'23 j 

Temperature, 18°T ; 18°'l.18°'l 

Time: start, 6' 0"; finish, 17' 28".11' 28" 

Value of the coefficient of viscosity /x, deduced from 

this by Poiseuille’s formula.'01339 

Pi 'essure varying. 

T 1 r • [Start, 18'47K.oJ Level ot reservoir f f 19'35 I 
iFinish, 20'22J f.10'59 cms. 

,, orifice.30'24 J 

Temperature, 18°'l ; 17°'9.18°'0 

Time: start, 8' 0"; finish, 19' 32".11' 32" 

Value of /X.'01341 

A copper tube was then substituted. 

Tube No. 5.—(r = *0836 cm., I — 30'86 cms.) 

Pi 'essure constant. 

Levels, 20'05 ; 26'57. 6'52 cms. 

Temperature, 16°'4 ; 16°'4.16°'4 

Time: start, 0' 0"; finish, 5' 51". 5' 51" 

Value of/X.'01391 

4 D 2 
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Pi 'essure varying. 

Levels I26-57 . 7-37 cms. 
L20-06J 

Temperature, 16°-4 ; 16°-6.. 16°-5 

Time, 6' 0"; 10' 37".4' 37" 

Value of p..-01241 

Levels {"^’^^’126-56 . . 
121-781 

Temperature, 16°-5 ; IG^'-o 

Time, 1' 0" ; 7' 7" . . . 

Value of p. . 

5-64 cms. 

16°-5 

6' 7" 

•01258 

Pressure constant. 

Levels, 23-42 ; 26-56 . 3-07 cms. 

Temperature, 16°-5 ; 16°-6.16°-6 

Time, 7' 0"; 18' 33".11' 33" 

Value of p.-01293 

Levels, 21-56 ; 26-56 ... 5-00 cms. 

Temperature, 16°-6 ; 16°-6.16°-6 

Time, 0'0"; 6' 54" ..6' 54" 

Value of p  .-01258 

Pressure varying. 

Levels 26-56 . . 
123-48 J 

Temperature, 16°’6; 1 6°-6 

Time, 7' 0" ; 15' 59" . 

Value of p 

3-93 cms. 

16°-6 

8' 59"rf 

•01288 

Thus the experiments, both with the glass and with the copper tube, show that 

the time of flow is the same if the pressure be allowed to fall, as it is if the pressure 

he kept constant at the mean value of the falling pressure. 

The results also show that the copper tube gives a value for p practically identical 

with that given by the glass tube, and a little greater than that given by Poiseuille’s 

experiments, instead of about five times less. 

The effect of modifying the interior surface was then investigated. Tubes were 

cleaned with acids and alkalies, poli.shed with emery powder, coated with a film of oil, 

and amalgamated with mercmy. 
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Tvbe N'o. 1.—{r ~ '0803 cm. ; I = 30‘9 cms.). 

Average pressure. Temperature. Time of flow. Value of /<■ 

cms. o / // 

16-825 13-2 2 46-0 ’01448 
15-320 16-6 3 3-3 •01456 

The tube was then cleaned with dilute nitric acid, 

hut was only changed by 0‘08 per cent. 

The radius was re-determined, 

Average pressure. Temperature. Time of flow. Value of fi. 

cms. o / // 

17-215 14-0 2 37-5 •01406 
16-37 14-6 2 42-8 •01382 

Cleaned with hydrochloric acid and potash. 

Average pressure. Temperature. Time of flow. Value of /(. 

cms. o / // 

17-86 18-7 2 32-5 •01412 

Another tube was then taken and polished inside by working it along a stretched 

string, covered with fine emery powder. 

Tube No. 2, polished with emery powder.—(r = '08094 cm, ; I — 23'30 cms.) 

Average pressure. Temperature. Time of flow. Value of //. 

cms. i // 
16-43 13-0 2 9-5 •01510 

1469 13-0 2 23-6 •01497 

The inside was then coated with a film of oil. I’he radius was re-determined, 

r = '08003 cm. 

Average pressure. Temperature. Time of flow. Value of /<. 

cms. o / II 

16-56 13'6 2 13 •01494 

1507 13-6 2 27 •01502 
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Tuhe No. 5 was then cleaned with acid and amalgamated by leaving it for some 

time filled with mercury, and running a stream of mercury through several times. 

The radius was re-determined, r — -0833 cm. 

Average pressure. Temperature. Time of flow. Value of /t. i 

cnis. / // 

3'36 15-4 10 56 •01324 
3-.35 1.5-5 10 54-5 •0I3I7 
4-94 15-7 7 12 •01282 

In the experiments with the same tube described above, when the surface was 

copper, the following results were obtained at similar pressures : — 

Average; pressure. Temperature. Time of flow. Value of /«. 

cms. O 

3-U7 16-6 11 33 •01293 
3 93 16-6 8 59 •01288 
5-00 16-6 6 54 •01258 

Thus in none of these experiments does the value of p, differ much from that given 

by PoiSEUiLLE for glass tubes, but, like his, agrees with the formula deduced from 

the supposition that no slip occurs. In all cases it is slightly greater, which is readily 

explained by irregularities iu the tubes, owing to the difficulty of drawing them. 

According to Girard’s results, the value of p should have about a quarter of the value 

given by Poiseuille, but in none of the exjieriments described in this paper did it 

fall below Poiseuille’s value, and more decisive still, no change in the nature of the 

surface changed the rate of flow ; this is purely a comparative metliod, and seems 

much more reliable than the absolute method of Girard, which depends on accurate 

measurements of the radii of the tubes, differences in pressure, &c. Girard only used 

tubes of two sizes, and gives no account of the means he employed to estimate their 

radii. At the same time it should be noticed that his values for the t\\o sizes agree 

fairly between themselves with the supposition that a slipping coefficient exists, 

whose value is about 0'4 mm. Any constant error in the estimation of the radius, 

would however be naturally of greater importance in the smaller tube, and may ha\’e 

led to the apparent agi'eement with the results of an effect, inversely proportional to 

the radius, and due to the existence of a finite slipping coefficient. 

We must now return to the consideration of the experiments of Helmholtz and 

PlOTROWSKI. 

The discussion of the body of their paper I must leave to those with the requisite 

mafhematical knowledge, merely observing in passing that it is remarkable that the 

value they deduce for the coefficient of viscosity of the liquid itself is considerably 
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greater (by about one-fourth) than that given by Poiseuille’s experiments. This seems 

to suggest that some slight modification in the application of the formulse may be 

necessar}^, which will reduce tlie value deduced for the viscosity of the liquid,, and 

increase that for its adhesion to the vessel to the value requisite for the condition of 

no slip. 

By a preliminary series of experiments Piotrowski claims to have shown that the 

friction on a body oscillating in contact with a liquid depends on the nature of the 

surface. He suspended a glass flask bifilarly, filled it with water, and observed the 

time of swing and the logarithmic decrement. He then silvered-the inner surface and 

repeated his observations. The results are as follows ;—- 

Time of swing. Logarithmic decrement. 

Unsilvered. 23 9333 0-0622182 
23-9333 0-0628467 

23-9333 0-062.5325 

Silvered. 24-0088 0-0600305 

24-0076 0-0599622 

24-0082 0-0599964 

As the result of these observations, Piotrowski calculates that the ratio of the 

friction on glass to the friction on silver is as 1 ; ’95645. 

Independently of the fact that no account is given of any precautions to keep the 

temperature constant, or even to measure it, it is evident that the above determina¬ 

tion is liable to errors due to changes in the suspension, which are very apt to occur, 

and that the agreement between the pairs of readings is nut very close. 

However, in order to test whether such an effect were appreciable, I undertook a 

series of experiments with an apparatus similar to that used by Piotrowski. 

A glass bulb was blown as nearly as possible spherical, and the neck drawn off 

sideways Into a fine tube. It wa.s filled with water by means of an air pump, and 

always kept completely full ; when left, a piece of india-rubber tubing filled with 

water was attached, so that if the temperature of the room sank, water, and not air 

was drawn In. During working the temperature was always slowly rising, and before 



57G MR. W. C. D. WHETHAM OX THE ALLEGED SLIPPIXG 

each observation the drop of water was removed by blotting paper. At any given 

temperature the apparatus was therefore in a definite state, and this was obtained at 

much less expenditure of time and patience than if the bulb had been always filled 

to a certain mark at a certain temperature, or the same mass of water always put in 

by adjusting the weight. A mirror was attached to the bulb by sealing wax, and the 

whole suspended bifilarly by a fine copper wire. The logarithmic decrement had to be 

reduced by suspending two brass balls at the end of a long bar magnet which was 

fixed to the bulb and by means of which the apparatus was set in oscillation. 

A series of preliminary observations gave as the ratio of the frictions 1 : I'OOOl, an 

accuracy in the proof of identity which was not justified by the roughness of the 

observations, but which, at any rate, showed that the difference could not be very great. 

After a week spent in preliminary investigation, the apparatus w'as set up in the 
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manner which had been found to answer best, and a series of observations taken, one 

of which is given in detail : — 

Times of transit. 

32 l'5 
It 

10-5 19 28 37 45-5 54-5 3-5 12 ■ 21 30 38-5 

/ if 

35 6-5 
Ij 

15-5 24 32-5 41-5 50 59 8 16-5 25-5 34 43 

.•. Time of 1 vdbration = 8''''794. 

Logarithmic decrement.—Zero I'O ; at end I'O. Readings at one end of 

swing:— 

42-2 36-7 32-0 27-9 24-3 21-2 18-5 16-16 

14T7 12-40 10-90 9-58 8-44 7-44 6-60 5-85 

5-20 4-63 4-16 8-74 3-37 3-OG 2-77 

Logarithmic decrement = T4273. 

The bulb was kept in a beaker of water whose tenipeiature could be easily 

observed, till just before each observation, when it was rapidly dried witli blotting 

paper, allowed to come to rest, and set oscillating by means of a strong bar magnet. 

The limit of each swing was read by means of a telescope mounted at the centre of 

a curved scale at about two metres distance, and the times of transit over the centre 

of the scale taken by a chronometer. 

The following determinations were made :— 

4 E MDCCCXC.—A. 
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Temperature. Time of swing. Logarithmic decrement. 

Unsilvered. 13-5 8-781 •14224 
13-6 8-783 •14063 
13-6 8-787 •14115 
12-8 8-801 •14269 
12-y 8-796 •14328 

8-806 •14276 
13-0 •14204 

‘14278 
13T 8798 •14305 

‘14307 
•14289 

13-2 8-794 •14273 
•14192 
‘14125 

13-8 8-732 •14066 
14-0 8-736 •14052 
14-0 8-740 •14094 
14-2 8-732 •14106 
14-2 8-750 •14093 - 

•14090 1 

Silvered. 12-6 8-764 •14338 
•14310 1 

120 8-768 •14274 
•14380 

12-9 8-837 •14.304 
131 8-810 •14270 
14-1 8-829 •14232 
13-9 8-828 •14125 
13-8 •14191 
14-0 8-806 •14143 
14T 8-808 •14115 

•14121 j 

Unsilvered. 14-0 8-823 •14167 i 
14-3 8-830 •14126 ' 
14-4 •14101 

If we take the means of these observations we get ;— 

Temperature, l 

1 

Time. Logarithmic 
decrement. 

o i // 
13'60 8-779 •141801 
13-40 ! 8-806 •142335 

Unsilvered 
Silvered . 

From the series of observations with the unsilvererl flask we find that the alteration 

in the logarithmic decrement for a change in temperature of 1° C. is about ‘OOlfO. 

For 0°"26 the chairn'e will be ‘000416, and the logarithmic decrement of the imsilvered 

bulb corrected to a temperature of 13°‘40 is ‘142217. 
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By Helmholtz and Piotrowski’s paper we see that the ratio of the friction 

8-806 X -142217 
on silver to the friction on Hass is as 1 : ^ --^ = 1 : 1‘0022. 

® 8-779 X -I42ooo 

The change, if it exists at all, is according to these experiments less than 0'3 per 

cent. 

A modification of Piotrowski’s experiment -was then tried. Instead of filling the 

oscillating flask with water, it was filled with sand, and oscillated as a rigid body in 

a large beaker of water. The temperature could then be accurately observed, and 

the ordinary investigation of the oscillations of a rigid body in a resisting medium, 

and acted on by a force proportional to the displacement, will hold. 

Let k denote the frictional force proportional to the velocity, 

M the moment of inertia, 

X the logarithmic decrement. 

Then it is easily shown that 

XM 

where 

P = v/iri-sp)’ 

ju- being the force of restitution for unit displacement. 

. 7 2_ 
• • — 4^2 + • 

Now in our case X has a value of about 0-2, and X^ can therefore be neglected in 

comparison with iH, 

.•. k = — (approximately). 

When the flask is silvered /r is unchanged, as the weight of silver is much too 

small to appreciably alter the bifilar couple, and, therefore, we get for the ratio of the 

frictions 

k _ _A,!' 

P “ XV^U ~ X'T' ’ 

where T and T' are the respective times of vibration. 

A thick platinum wire was attached to the bulb, and the bifilar arrangement fixed 

to this above the surface of the water. 

At the conclusion of the experiments, the bulb filled with sand was oscillated in air 

and the logarithmic decrement found to be a very small fraction of that observed 

when the bulb was in water. This meets the objection that the chief resistance 

4 E 2 
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might be due to the suspension, and a small change in that part due to the water be 

inaj)preciable. 

Logarithmic decrement in air , . = ‘00284. 

Time of swing.= 9‘952 seconds. 

The logarithmic decrement due to the air, suspension, &c., is only about 2 per cent, of 

that due to the water. 

1 
1 Temperature. Time of swing. Logaritlimic decrement. 

Uii silvered . 

1 

O 
12-6 
12-6 
12-7 

I 

9-766 
9-769 
9-772 

-19745' 
•19882 
•19830 
•19795 

12- 9 
13- 0 

9-741 
9-722 

•19694' 
•19729 
•19685J 

[(.) 1 

13-0 
13-7 

9-737 
9-686 

•19392' 
•19331 
•19330 j 

>(3) 

13-8 9-725 •19374' 
13-7 9-739 •19333 >(4) 
13-8 9-731 •19412j 

13-18 9-739 •19579 

Silvered . 
13-6 
13-5 

9-884 
9-891 

•19588' 
•19717 
•19622, 

K5) 

13-55 9-887 •19642 

liesilvered . 12-5 
12-6 

9-892 
9-892 

•19945 ■ 
•19943 
•19943 

>(6) 

12- 9 
13- 0 

9-882 
9-907 

•198111 
•19793 
•19775 

>(V) 

14-5 
14-6 

9-894 
9-885 

•19406' 
•19363 
•19331 

K8) 

9-75 
9-75 

9-891 
9-904 

•20688' 
•20695 
•20772, 

^9) 

Unsilvered . . 10-0 
10-0 

9-939 
9-936 

•20687j 
•20721 
•20636^ 

>(10) 

12-7 
12-8 

9-917 
9-920 

•198811 
•19862 
•19860 J 

>(11) 

Between each of the series of observations marked (l), (2) . . . the suspending wire 

was re-adjusted, but an inspection of the results shows that they agree well among 

themselves, and that therefore the bulb might safely be moved for silvering. After 
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the observations marked (4) the bulb was suspended in the silvering solution for about 

an hour, and then removed. It was then found that the top hemisphere was covered 

with a black sediment from the solution on top of the silver, while the under hemi¬ 

sphere was silvered as usual. Nevertheless a series of three determinations of the 

logarithmic decrement was taken. The mean of these shows an increase in both the 

logarithmic decrement and in the time of swing, even though the temperature was 

actually higher. It was thought that this might be due to the black sediment, which 

could not be removed alone ; so the whole deposit was dissolved off and the bulb 

resilvered, the solution being kept stirred and frequently changed. This time the 

deposit was bright and uniform. The observations were, however, identical with the 

last. The only explanation of this (unless we suppose that the friction is about 3 per 

cent, greater for silver, instead of 4 per cent, less as Piotrowski deduced) is to suppose 

that a change had occurred in the suspension. To test this, a series of observations 

(6) to (9) were taken with the silver on to get the temperature correction, and 

immediately after (9) the beaker of water was removed from under the bulb, and one 

of nitric acid of the same temperature put in its place wdthout disturbing the suspen¬ 

sion. As soon as the silver was dissolved the bulb was washed, and the beaker of 

water replaced. 

A series of observations (10) were at once taken with the glass surface. Thus by 

comparing (9) with (10) we get a comparison of the friction on glass with the friction 

on silver, free from all possible errors due to change of suspension, and at tempera¬ 

tures whose difference is only 0°‘25. The means are— 

Temperature. Time of swing. Logaritlimic 
decrement. 

(9) Silvered. 9-75 9-898 -20718 
(10) Unsilvered. 10-00 9-938 -20681 

The temperature correction for the logarithmic decrement is by (8) and (9) '002815 

for 1° C. or -00070 for 0°-25. 

Therefore the logarithmic decrement for the glass surface corrected to 9°-75 is 

•20751. 

The ratio of the frictions is n ofw ^ ^ — 1‘00564 : 1. 
9oyo X -.iU/io 

Thus the effect is, if it exists at all, less than O'G per cent, instead of 4 per cent. 

Another independent comparison can be taken between the series marked (6) and 

(7) and the series marked (11). The means are— 
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Tempei’ature. Time of swing. Logarithmic 
decrement. 

(6) and (7). 127.5 9'893 •I9S68 
(11). 1275 9-922 •19867 

The ratio of the frictions is 1‘00288 : 1, the change being less than 0‘3 per cent, 

greater for glass. Thus within the limits of experimental error the friction on silver 

is the same as the friction on glass, and this part of Piotrowskt’s j^aper is certainly 

misleading. 

It is evident that the oscillation method is much inferior to that in which the flow 

of water through tubes is observed. The experiments described in the early part of 

this paper show that the difference in the time of flow for a glass and silver tube is 

less than one-half per cent., in a case wdrere the existence of a slipping coefficient of 

only one-half the magnitude of that deduced by Helmholtz for gold, would make 

the time of flow for the silver tube about twelve times less than the time of flow for 

the glass tube. 

The arguments sometimes used in favour of the contact theory of electromotive 

force, based on the differences in friction of a liquid on different solid surfaces, must 

now be admitted to be without value. It is certain that no slip occurs, at any rate 

in the case of substances which are wetted by the liquid. 

In conclusion I must offer my most sincere thanks to Professor J. J. Thomson and 

to Mr. Glazebrook for the help they have given me, and the many valuable sugges¬ 

tions they have made. 
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The experiments made by one of us in 1883 having given a value of “ -y ” considerably 

smaller than the one found by several recent researches, it was thought desirable to 

repeat those experiments. The method used in 1883 was to find the electrostatic 

and electromagnetic measures of the capacity of a condenser ; the electrostatic measure 

being calculated from the dimensions of the condenser, the electromagnetic measure 

determined by finding the resistance which would produce the same effect as that 

produced hy the repeated charging of the condenser placed in one arm of a Wheat¬ 

stone’s Bridge. In the experiments of 1883 the condenser used in determining the 

electromagnetic measure of the capacity was not the same as the one for which the 

electrostatic measure had been calculated, but an auxiliary one, without a guard ring, 

the equality of the capacity of this condenser and that of the guard ring condenser 

being tested by the method given in Maxwell’s ‘Electricity and Magnetism,’ vol. 1, 

p. 324. 

In repeating the experiment we adopted at first the method used before, using, 

however, a key of different design for testing the equality of the capacity of the two 

condensers by Maxwell’s method. We got very consistent results, practically 

identical with the previous ones. We may mention here, since it has been suggested 

that the capacity of the leads might account for the small values of “ v ” obtained, that 

this capacity is allowed for by the way the comparison between the capacities of the 

auxiliary and guard ring condensers is made, for the same leads are used both in this 

comparison and in the determination of the electromagnetic measure of the capacity 

of the auxiliary condenser; the capacity of the auxiliary condenser, plus that of its 

leads, is made equal to the capacity of the guard ring condenser, and it is the capacity 

of the auxiliary condenser, plus its leads, which is determined in electromagnetic 

measure. As the introduction of the auxiliary condenser introduced increased possi¬ 

bilities of error, we endeavoured to determine directly the electromagnetic measure of 

21.10.90 
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the ca,pacity of the guard ring condenser, by using a complicated commutator which 

worked both the guard ring and tlie condenser. At first we tried one where the contacts 

were made by platinum styles attached to a tuning fork, but as the results were 

not so regular as we desired, we replaced the tuning fork commutator by a rotating 

one driven by a water motor. A stroboscopic arrangement was fixed to this commu¬ 

tator so that its speed might be kept regular and measured. With this arrangement, 

which worked perfectly, we got values for the electromagnetic measure of the capacity 

of the condenser distinctly less than those obtained by the old method. We then 

endeavoured to find out the cause of this difference, and after a good deal of trouble 

discovered that in the experiments by which the equality of the capacities of the 

guard ring and auxiliary condensers was tested by Maxwell’s method, the guard 

ring did not produce its full effect. When the guard ring of the standard condenser 

was taken off, and its capacity made equal by Maxwell’s method to the capacity of 

the auxiliary condenser, the two methods gave identical results; but the effect of 

adding the guard ring was less in the old method than in the new. We found also, 

by calculation, that the effect produced by the guard ring in the old method was 

distinctly too small, while that determined by the new method agreed well with its 

calculated value. As the new method was working perfectly satisfactorily, and as it 

possesses great advantages over the old one, inasmuch as we get rid entirely of the 

auxiliary condenser, and can also alter the speed of the rotating commutator with 

very much greater ease and considerably greater accuracy than in any arrangement 

where the speed is governed by a tuning fork, we discarded the old method and 

adopted the new one which we now proceed to describe, beginning by considering 

the errors to which this method is liable. 

Advantages of the Method of Determining “ v.” 

The best way of discussing the advantages of this method is to consider the 

c[uantities which have to be measured and the accuracy which can be obtained in their 

measurement. The investigation naturally divides into two parts (1) the determina¬ 

tion of the capacity of a condenser in electrostatic measure; (2) the determination 

of the capacity of the same condenser in electromagnetic measure. Let us begin by 

considering the first part. The condenser consisted of two co-axial cylinders, the 

inner cylinder being provided with a guard ring. If the distribution of electricity 

on the middle part of the inner cylinder were the same as that on an equal length, /, 

of an infinite cylinder whose radius is a, surrounded by a co-axial infinite cylinder of 

radius h, the electrostatic measure of the capacity would be ^ //log h/a. The actual 

case may differ from this ideal one in some or all of the following w'ays. (1) The two 

cylinders may not be quite co-axial; this, howmver, is not important if we know the 

distance betwen the axes, as we can find the capacity of the system got by placing 

one cylinder anywhere inside another. (2) The cross sections of the cvlinders may 
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not be accurately circles. The effect on the capacity of a slight departure from circu¬ 

larity is calculated below, so that this effect may be corrected. (3) The conductors 

may not be true cylinders but swell or contract slightly as we proceed along their 

lengths ; we show, however, below, how to correct for an effect of this kind. (4) The 

existence of the air space between the guard ring and the middle cylinder will cause 

the distribution of electricity near the ends of this cylinder to be irregular, and there 

will also be some electricity on the cross section of the cylinder; we have, therefore, 

found the distribution of electricity in a case so nearly resembling this as to allow us 

to use the result as a correction. In the arrangement we used the jiotential of the guard 

ring differed slightly from that of the middle cylinder, the very small correction due 

to this is, however, easily calculated. Since we know the corrections, the capacity of 

the condenser can be calculated in terms of its dimensions, and the only errors to 

which we are liable are those which may be made in the determination of these 

dimensions. The lengths which have to be measured with great accuracy are the 

length of the middle cylinder, its radius and that of the outer cylinder, and the 

distance between the cylinders. The first three of these are long enough to be 

measured by the ordinary methods of measuring length, without danger of an error 

greater than one part in 3000, the fourth, however, is too small to be measured with 

so great an accuracy by these methods, it was determined, therefore, by finding v, the 

volume of water required to fill the space between the two cylinders, then d the 

distance between the cylinders is given by the formula 

nvl {a -f b) 

where I is the length of the middle cylinder and a and h the radii of the two 

cylinders. In this way the percentage error of d was not greater than those of a, h, 

and 1. Since an accuracy of one part in 3000 can be obtained in the measurements of 

the dimensions of the cylinders, and since the electrostatic measure of the capacity is 

of the dimensions of a length, this measure of the capacity can be obtained correct to 

one part in 3000. 

We now pass on to the determination of the capacity in electromagnetic measure. 

This was determined by balancing, in a Wheatstone’s bridge, a discontinuous current 

produced by rapidly charging the condenser against a steady current derived from the 

battery which charged the condenser. In order to calculate the electromagnetic 

measure of the capacity it is necessary to know accurately the number of times per 

second the condenser is charged, and to keep this number constant. The charging 

and discharging of the condenser were effected by a commutator driven by a Thirlmere 

Water Motor, the water being obtained, not from the main, but from a cistern at the top 

of the Laboratory. The number of revolutions per second made by the commutator 

was compared by a stroboscopic arrangement wdth the frequency of an electrically 

driven tuning fork. The observer (G.F.C.S.) ■was able, after practice, to govern the 

MDCCCXC.—A. 4 F 
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speed of the commutator so efficiently that when the condenser was in action the 

spot of light reflected from the mirror of the galvanometer did not move over more 

than half a millimetre. 

The accuracy of measurement of the number of times the condenser was charged 

per second is thus practically the same as the accuracy of the determination of the 

frequency of the tuning-fork ; this frequency could be determined (see infra) to less 

than one part in 10,000. 

The limit which is practically put on the determination of the electromagnetic 

measure of the capacity of the condenser is that imposed by the galvanometer. With 

the galvanometer we employed, which was one made in the laboratory, having 

about 30,000 turns and a resistance of 17,400 legal ohms, when the resistance of 

the variable arm of the Wheatstone’s bridge was 2500 ohms, an alteration of 2 ohms 

could be detected; thus the measurement of the resistance equivalent to the 

repeatedly charged condenser could be made to one part in 1250 : an error of 

this magnitude would cause an error of one part in 2500 in the value of “ r,” 

and as all the other measurements were more accurate than this, there seems no 

reason why this method should not give as accurate a value of “ v ” as that obtained 

for the ohm. 

The electromagnetic way of measuring the capacity affords us the means of testing 

the accuracy of the corrections applied to the electrostatic measure of the capacity; 

we availed ourselves of this in the case of the correction for the effect of the air 

space between the middle cylinder and the guard-ring; we altered the thickness of 

this air space and found that the effect of this alteration was accurately represented 

by the correction we employed. One great advantage of the method is the ease with 

which the number of times per second the condenser is charged can be altered ; this 

affords a valuable means of detecting any leakage or any effect due to self-induction. 

Calculation of the Electrostatic Measure of the Capacity of the Condenser. 

Descripjtion of the Condenser.—The condenser, which was designed some years ago by 

Lord Rayleigh, is represented in section in fig. 1, and in plan in fig. 2. BHPD is a 

thick ebonite board, placed in an approximately horizontal position ; in tliis board two 

concentric circular grooves are cut. A cylindrical brass ring, HP, whose external 

diameter is about 23 cm., and whose height is about 10 cm., fits into the smaller of 

these grooves. Three pieces of ebonite carefully ground down to the same thickness 

(about 3 mm. in most of the experiments), with V-shaped grooves cut in them to 

increase the distance over which the electricity would have to leak are placed at equal 

ntervals on the top of this ring. On these the brass cylinder FGMN is placed ; this 

cylinder is of exactly the same diameter as the cylindrical ring HP, and is about 60 cm. 

long. The cylinders GFMN and HP are placed so that their axes are coincident. On 

the top of this cylinder three pieces of ebonite similar to those on HP are placed, and 
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upon the top of these a cylindrical ring EL, similar to the ring at the bottom. Another 

brass cylinder, ABCD, made in three pieces, two rings somewhat similar in height to 

the rings HP, EL, and a long middle piece of the same length as the cylinder FGMN, 

is then fitted over the other cylinders, the bottom ring fitting into the outer groove 

in the ebonite board ; the internal diameter of this cylinder is about 25 cm. 

Fig. 1. 

The cylinders are made co-axial by means of three pieces of ebonite worked down 

to the same thickness (the difference between the radii of the cylinders) pushed by 

rods attached to them down between the cylinders, the cylinders are adjusted until 

these three pieces of ebonite arranged symmetrically round the cylinder are each just 

in contact with the two cylinders; the rods were then removed. The insulation 

between the inner and outer cylinders and between the inner cylinder and its guard 

rings was tested by connecting one of these to earth, and the other to a charged gold 

leaf electroscope ; the condenser was not used unless there was no appreciable loss 

of electricity shown by the electroscope in five minutes. 

Calculation of the Ca'pacity.—The capacity of the system regarded as two co-axial 

cylinders of circular section with a uniform distribution of electricity over them is 

where a is the radius of the outer cylinder, h that of the inner, and I the length of 

the cylinder FGMN. 

Correction for want of coincidence hetiveen the Axes.—It is shown in a paper by 

J. J. Thomson, “ On the Determination of the number of Electrostatic units in the 

Electromagnetic unit of Electricity” (‘Phil. Trans.,’ 1883, p. 714), that if c be the 

small distance between the axes of the cylinders, the capacity is 
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Correction for the want of equality in the distrihution produced hy the airspaces 

hetween the inner cylinder and the guard rings.—To find this correction we shall find 

the distribution of electricity on the system represented in the figure, when AB is 

the section by the plane of the paper of an infinite horizontal metal plane, and 

CDE, FGH sections of conductors, CD and GH being’ horizontal and at the same 

distance from AD ; and DE and EG vertical. Let h be the distance between the 

planes CD, and AB, and 2c the breadth of the slit DE EG. 

Let us take AB as the axis of x and the vertical line midway between ED and EG 

as the axis of y. Then writing 2: for x + vy, and supposing that (f) and xjj are the 

stream and potential functions respectively, we find by using Schwarz’s method 

that the solution of the problem is given by the equations 

dz = — A {1 
f - ah 

dt. rt < 1 (1) 

(f) Lxjj = log 
t — a 

t -)“ Q- 

t being supposed to hare all real values from — qo to + 00 . 

Eor putting t — sin 6, a = sin a, and integrating (l) we find 

Z =■ K [6 — h cot a log 
\ 2 sin (a + 0) 

or 

/ , sin (a — 
X iy = Kid — h cot a log ——- 

(2) 

(3) 

as 0 goes from 0 to a. the right hand side of this equation is real so that y = 0 and x 

ranges from 0 to + GO, this gives the positive half of the plane AB. As 9 goes from 

a to ^77 
sin {9 — 

sin (« + 
X ly = Kid — -g cot a log 

d 

d) 
+ h 177 cot a 
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j so that y = Air cot a, and x ranges from oo to | Att, so if 

h = ^ Ktt Q,ot a..(4) 

c = iA7r.(5) 

this will give the portion GH of the diagram. When sin 6 is greater than unity we 

may put 
d = ^ 77 + id, 

the right hand side of (3) now equals 

I 

A y + id — ^ cot a log- 
cos a (e^ + e ■*) -f i. sin a (e® — e 

cos « (e^ + e~ — i sin a (e-^ — + ■g ITT cot a 

calling the quantity under the logarithm P + iQ, we see since 

P d" tQ 

that 

P — iQ 

cos a {e^ + 6 + i sin a (€•’ — 6 •*) 

cos a (e^ + — i sin « (e''^ — 

cos a + e~^') — i sin « (e-^ — e”'*) 

cos « (e^ + e“ ) + I sin « (e^ — ’ 

multiplying these together we see that P^ + Q'^ = 1. So that log (P + iQ) is wholly 

imaginary. Thus we see that as d ranges from 0 to 00 , and t therefore from I to 00 , 

X = gAvr and y ranges from gA-n- cot a to 00 , thus this range of values of t gives 

the portion GF of the figure. Since the real part of the right hand side of the 

equation (3) changes sign with 6 or t, we see that the other portions of the figure are 

given by the negative values of t. 

Since 

rf)+ Lxjj =B log 

we see that as long as t is between — a and a, that is for the portion AB of the 

figure, 

(f) njj = (.ttB + real quantities, 

so that xfj = ttB, and, therefore, the potential is constant over AB; when t is not 

between these values, that is for the other portion of the figure B log {(t — + cc)} 

is real, and therefore xjj = 0. 

Thus these equations give us the solution of the problem when AB is maintained 

at the potential ttB and ODE, FGH are at zero potential. 
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The quantity of electricity on the conductor FGP when P is a point on GH 

= 4^ 

Jj , t — a 

= S ’ 

where t is the value of t at P. If we represent the increase in the quantity of 

electricity, due to the irregularity of the distribution, by supposing a strip of breadth 

d to be added to the conductor GH, and the distribution of electricity to be regular, 

and the same as if the air space were not present; the equation to find d is, if x is 

the value of a? at P and V, the difference of potential between AB and GH. 

IttA '■ 
— C +(/]= — 

t — a 

substituting for x and t their values in terms of 0, and remembering that 

V = ttB, 

we get 

C =■ h = 2 Att cot a 

or 

Ain 1 X 1 (0 ~~ «) A [0 — h cot a log ^ 
* Sin (sc + 0) 

d = c \ I — " 0 
TV 

— c d = — AA cot a lot 
(sin 6 — sin sc) 

A 
- lo.c»- 

” (sin sc + sin 6) ’ 

(sin ^ — sin sc) sin (u + 0) 

TV ^ (sin sc + sin 0) sin (0 — sc) 

Now if P be some distance from G we may put 0 = a and we get 

d = c - log cos^ a 

from equations (4) and (5) we see that tan a = c/h, so that 

t™"’ /,} + blog 11 + )7,}. 

To deduce the corresponding solution for the cylinders from this we must multiply 

by the correction for curvature 1 + ^h/a, where a is here the radius of the inner 

cylinder, so that we have finally, if D be the whole breadth to be added for the two 

air spaces. 

I - b tan ' y !> + log (l + 
TV 

Now in our condenser I was about 60, 2c = ‘3, and h = 1, so that if we put 

I) = 2c the value of the capacity will be correct to I part in 2000. 
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Correction for a small difference of j^otenticd, hetiveen tlte guard ring and the 

middle cylinder.—The arrangement we used necessitates the existence of a small 

diiference of potential between the cylinder and the guard ring, a slight modification 

of the preceding investigation will enable us to find the correction for this. If we 

put 

+ n^ = 
V t — a 
- lOD- - 
TT ^ t -{■ a 

+ 
gv 

TT 
log {t-\- a), 

then the potential over FGH = 0, that over EDO = SV, and over AB = V. 

The breadth of the strip which must be added to compensate for the electricity on 

the portion QGH due to the difference of potential SV between CD and GH is 

A SV , (i'q + n) 
- — log - 

F * (G + 

Now, if QG is large, 

G(.^ = A log ^ , 

where e is the base of the Napierian logarithms. Hence, since t^ — a = sin a, the 

breadth of the additional strip is 

h SV [QU , 

; V |x - '“g 
4 sill a] 

but A = c ‘Iff and sin a — 

two guard rings is 

cjh approximately, hence the breadtli of the strip for the 

loc 
4c 

TT 
(0 

In our experiments hjc = 6'6, QG = 1, so that the correction amounts to a strip 

whose breadth is about 

^ 5 y • 

The value of SV/V depended on the speed, the usual value was about -xy-3. In this 

case the breadth of the strip would be about 3^- of a centimetre, and, since the length 

of the cylinder was about 60 cm., the correction amounts to about 1 part in 1800. 

To test the accuracy of these corrections, determinations of the capacity of the 

condenser were made when the top guard ring was separated from the middle 

cylinder (1) by pieces of ebonite ‘504 cm. thick, (2) by pieces '067 cm. thick. The 

capacity of the cylinders with the thick ebonite was greater than that wuth the thin 

by about 11 parts in 2760. According to the results we have obtained for these 
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corrections the effect of increasing the thickness of the ebonite would be to add a 

breadth '218 cm. to the cylinder in consequence of the increased air space, and '06 in 

consequence of the difference of potential, thus the two would add ‘28 to the length of 

the cylinder, and would increase the capacity by ^ X 2760, or 12 parts in 2760. 

Thus the observed and calculated results agree well together. 

Correction for ellipticity of the cross section.—Let us consider the case of a 

cylinder whose cross section is represented by the equation 

r =1) [I e cos 26], 

placed inside one whose cross section is represented by 

r — a [1 a cos 2^ + sin 26], 

where, since the measurements of the cylinder show that e, a, /3 are less than 

we can neglect the squares of these quantities. 

Let the potential between the cylindea’S be given by 

TT A 1 . C cos 20 . ^ , E sin 20 , _ „ . 
V = A log r H-3-b cos 26 -\-^— + Fr'- sm 26. 

Then, neglecting the squares of e, a, (B, the difference of potential between the 

cylinders is 

A log , 
h 

and to the same approximation the charge per rmit length is -^A, thus the capacity 

per unit length is ^ log a/b. Here a and h are the means of any two radii of the 

cylinders at right angles to one another. If we take these values as the radii of the 

cylinders the only correction required will be one of the order of one part in (2000)^ 

which may be neglected. 

Cori'ection of Conicality.—We may see how to get rid of this correction by 

considering the electrical distribution on two infinite conductors, the one a plane 

pei'pendicular to the axis of y, the other a corrugated plane represented by the 

2/ = /i + ^sm—, 

the other plane being taken as the plane of xz. Let V the potential between the 

planes be given by 

V^Ay+Csin-'"'* 

putting y — li f (B sin 2iTxjI, and rraking the potential constant and equal to Vq 
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Vo = kh 

c = 

1 
I 

y neglecting 
c'lTthll __ p — 2irliil 

J 

Thus <T, the surface density on the plane of xz, 

' 0 
Airh 

1 — 

. 27r.r 27r'] 
/3.sm —- 

P^TThjl_ 

J.7r 
Vq J , _ (?/ — 

47r/i 
p27r/i/i _ f.-lirhlL 

Thus, if we choose h so that it is the mean distance between tlie plates, for the 

breadth on which we wish to find the charge, the second term will vanish in our 

integration, and we get for Q the quantity of electricity on a breadth x 

Thus we can use the ordinary formula even when the plates are slightly Inclined, 

provided h is the mean distance. Any correction to this will be the order of the 

square of the inclination at least, and in our case may be neglected. 

Measurement of Dimensions of Condenser. 

The dimensions are all referred to the standard metre of tlie Cavendish Laboratory 

which has been compared with the standard of the Board of Trade. The errors of 

the divisions are too small to affect the measurements given below. The comparison 

of the lengths with the standard metre was made by means of a pair of reading 

microscopes with micrometer screws. The pitch of the screws is accurately 5^-th of 

an inch, and the head of the screw is divided into 100 parts, so that one division of 

the screw-head corresponds to '0002 inch. The tenths of divisions are easily read 

iind are recorded. The screws were tested by Mr. Fitzpatrick when working with 

Mr. Glazebrook at the Specific Besistance of Mercury, and were found to be free 

from sensible error in either pitch or uniformity. 

The standard metre is correct at 0° C., and its temperature coefficient is '000017 

per 1° C. 

We require the dimensions of the condenser at 16° C. The metal of which the 

condenser is made is much the same as that of the standard metre, so that if we 

assume that the temperatures of the condenser and standard metre are the same at 

mdcccxc.—A. 4 G 
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the time of compai’ison we shall simply have to correct the metre to 16° C. The 

temperature of the room never differed from 16° by more than 2°, so that no 

appreciable error can be introduced on tins account. 

External Diameter of Inner Cylinder. 

The sliding calipers of the laboratory were used to measure this. The bar of the 

calipers rested on the flat top of the cylinder, so that the calipers could be moved 

backwards and forwards along the top. The jaws are supposed to be at right angles 

to the bar along which the sliding one moves, but this was found not to be exactly 

the case. To obviate this difficulty a small piece of brass was fastened to the end of 

one jaw, so that the contacts were made at the ends of both jaws. The calipers were 

then placed under the microscope and two definite marks read off. The standard 

metre was then placed beneath the microscopes and treated in the same way. The 

distance between the marks when the jaws of the calipers were in contact was 

determined by the micrometer screw alone. 

The readings of the screws are given in terms of ^ inch. 

Maximum Diameter of top end of Cylinder. 

Calipers. 23 8 cm. 

Left-hand screw. Right-hand scj-ew. Left-haiid screw. Right-hand screw. 

1 1-1765 -6643 1-2308 -5970 
2 l-l;'30 -6420 1-1939 -6280 
.S 1-8100 -5642 1-7980 -5648 
4 1-8676 -5134 1-8793 -4965 

The numbers in (4) are the mean of three readings. 

These measurements gave as the distance between the marks— 

23‘8 cm. — •00260 in. (1) 
. . . --00262 „ (‘^) 

7 ? * • . . . --00220 „ (3) 

9 ) • • . . . —-00104 ,, (^) 
23-8 cm . . . . . —-00211 in. 

= 23-7946 cm. 

Distance between the marks with jaws of calipers closed. Read with left-hand 

screw- 
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G-) 1-2779 

-7538 

(2.) 1-5778 

1-0430 

(3.) 2-0561 

1-5192 

-5241 -5348 -5369 

(4.) 2-3553 

1-8136 

(5.) 2-2183 

1-6891 

(6.) 2-2187 

1-6895 

-5417 -5292 -5292 

(7.) 2-3550 

1-8172 

(8.) 2-5410 

2-0096 

(9.) 2-5330 

1-9998 

•5378 -5314 -5332 

The mean of these is 

‘OooJ 
in. — -10062 in. = ‘2708 cm. 

Thus we find that the maximum diametei’ at the top of the cylinder is 

23-7946 — -2708 = 23-5238 cm., 

referred to the standard at 16° C. 

To reduce the standard to 0° C we must multiply by (1 + Ih X -000017) and we 

get as the true diameter 
23-5302 cm. 

Minimum diameter of top end of Cylinder. 

Calipers. i 23‘8 cm. 

Left-hand Rigbt-ha-ud Left-li and Right-hand 
screw. screw. screw. screw. 

1. (Mean of 4 readings) .... 2-2158 0-4338 2-1822 0 4279 
2. (Mean of 4 ,, ) . . . . 1-9271 0-7133 1-8625 0-7406 

Giving as minimum diameter of top end 

(1.) 23-8 cm. — -2708 cm. — -00790 in. 

(2.) 23-8 cm. — '2708 cm. — -00746 in. 

Correcting for temperature, we find 

Minimum diameter of top end = 23-5161 cm. 

4 Cl o 
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Bottom end of Cylinder. 

Maximum Diameter. 

Calipers. 23-8 cm. 

Left-hand 
screw. 

Right-hand 
screw. 

Left-hand 
screw. 

Right-hand 
screw. 

1. (Mean of 4 readings) .... 1-4078 1-2042 1-4171 1-1950 
2. (Mean of 4 ,, ) . 1-5469 1-0671 1-5910 1-0196 

Minimum Diameter. 

Calipers. 23-8 cm. J 

Left-hand Right-hand Left-hand Right-hand 
screw. screw. screw. screw. 

1. (Mean of 4 readings) .... 1-6915 •9584 i-6814 0-9318 
2. (Mean of 4 ,, ) . . . . 1-6916 •9581 1-6495 0-9634 

Thus, maximum diameter of bottom end equals 

(1.) 23'8 cm. — ‘27 08 cm. + '00002 in. 

(2.) 23'8 cm. — '2708 cm. — '00068 in. 

Correcting for temperature, we find 

Maximum diameter of bottom end = 23'5348 cm. 

The minimum diameter of bottom end equals 

(1.) 23'8 cm. — '2708 cm. — '00734 in. 

(2.) 23'8 cm. — '2708 cm. — '00736 in. 

Correcting for temperature 

IMinimum diameter of bottom end = 23'5169 cm. 

Collecting these results we have for the inner cylinder 

Top end . Maximum diameter = 23'5302. 

Minimum diameter = 23'5161. 

Bottom end Maximum diameter = 23'5348. 

Minimum diameter = 23'5i69. 

Mean of these.=23'5245. 



ELECTROMAGNETIC UNIT OF ELECTRICITY TO THE ELECTROSTATIC UNIT. 597 

The corresponding ends of the measured diameters were found to be almost exactly 

on the same generating line, so that though the cylinder is slightly elliptical and 

conical, it is free from anything of the nature of helicality. 

Measurement of the Internal Diameter of the Outer Cylinder. 

This was found to be a good deal more troublesome than the measurement of the 

externa] diameter of the inner cylinder, the plan finally adopted was to fix two pieces 

of hardened steel to the ends of the jaws of the sliding calipers, thus 

One side of each piece was polished, and the end was then ground and polished on 

a fine oilstone so as to form a good edge with the polished face. The shape of the 

end was semi-cirenlar. In this way the edges made contact with the cylinder, and 

the cross wires (one of which was set carefully perpendicular to the line of travel of 

the microscopes) could be easily focussed on to the end of the steel. 

It was not found practicable to determine exactly when contact was made in the 

same way as vas done for the inner cylinder, since when the calipers were set to 

nearly the size of the cylinder scarcely any movement was possible. The sharp edges 

were also an impediment to the motion. We found, however, that by insulating one 

of the steel contact pieces we could determine accurately by the aid of a telephone 

when contact was made. As the cylinder wms found to be nearly circular, and the 

formula for a slightly elliptical cylinder outside a circular one indicates that the 

lengths of two diameters at right angles to each other are recpiired, two such diameters 

were measured. The followino; are the details of the measurements, each of the 

numbers being the mean of four observations:— 

Top end. 

Heametek a. 

Calipers. 25-4 cm. 

Left-hand screw. Right-hand screw. Left-hand screw. Right-hand screw. 

(1) I-;I8:2I IT 721 1-3859 1-1798 

(2) i-;3;H9 1-2U60 l-:3255 1-2324 

(3) IT 822 1-344.5 1-1462 1-3993 
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Diameter B. 

Calipers. 25-4 cm. 

Left-hand screAv. Right-hand screw. Left-hand screw. Right-hand screw. 

(1) 1-1701 1-3843 1-1793 1-3787 
(2) 1-1873 1-3762 1-1614 1-4032 
(3) 1-1268 1-4415 1-1150 1-4485 
(4) 1-8703 0-6891 1-8875 0-6620 

Bottom end. 

Diameter A. 

Calipers. 25-- 1cm. 

Left-hand screw. Right-hand screw. Left-hand screw^ Right-hand screw. 

(D 
(2) 

1-43.52 1-0999 1-4289 1-1209 
1-4734 1-0699 1-4918 1-0586 

Diameter B. 

(D 

Calipers. 25-4 cm. 

Left-hand screw. Right-hand screw. Left-hand screw. Right-Land screw. 

1-6109 
1-6978 

0-9270 
0-8427 

1-6131 
1-7106 

0-9385 
0-8371 

Taking the mean of these and correcting for temperature we find 

Top end . Diameter A = 25'4154 cm. 

Diameter B = 25’4056 cm. 

Bottom end Diameter A = 25'4125 cm. 

Diameter B = 25'4122 cm. 

Mean of these. . . . = 25'41]4 cm. 

]\[easurement of the Length of the Cglindcr. 

The length of tlie cylinder was transferred from the cylinder to the reading micro¬ 

scopes by means of the lieam compasses of the laboratoiy; care being taken to keej) 

the bar of the compasses parallel to the length of the cylinder while setting the 

compasses to the length of the cylinder. 

On account of the leno-th of the cylinder it wa.s found difficult to ascertain by 
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moving the beam compasses just when contact was complete. A small piece of thin 

sheet steel (about ’03 cm. thick) was interposed between the end of the C}dinder and 

the point of the beam compasses. The compasses were considered adjusted when a 

slight resistance to the motion of the feeling piece was perceived. The beam com¬ 

passes were then placed under the microscopes, and the distance between two definite 

marks on their points determined. The points were then placed close together, so that 

the same resistance to the motion of the sliding piece was felt as in the former case. 

The distance between the marks was then ascertained by means of one of the micro¬ 

scopes and its screw. The distance being so small it seems unnecessary to compare it 

with the divisions of the standard metre. 

Distance between the Marks when the Compasses were Closed. 

Right-hand mark. Left-hand mark. 

(1) 2-.3156 1-7220 Mean of 4 ob.servations. 
(2) 2-1283 1-5308 „ 4 
(3) 2-1287 1-5200 ,, 5 
(4) 2-9120 2-3154 ,, 6 

Giving, as the distance between the marks, T1937 in., or •3032 cm. 

Distance between the Marks when the Compasses were Open. 

Calipers. 61-3 cm. 

Left-hand screw. Riglit-hand screw. Left-hand screw. Right-hand screw. 

2-1297 -5698 2-0656 ■5532 Mean of 4 observations. 
2-4270 •2537 2-3819 •2415 5J H 

Giving as the distance betwen the marks when open, 61'3 cm. — '0138 in. 

Hence the length of the cylinder when corrected for temperature equals 60'9784 cm. 

The Distance hetiveen the Inner and Outer Cylinders. 

Since the difference of the mean diameters is only about 1‘09 cm., and since, on 

account of the difficulties of measurement and the irregularities in tlie shape of the 

cylinders, it is impossible to arrive at any satisfactory result by subtracting the mean 

diameter of one cylinder from that of the other, we had to apply some other method. 

We adopted that used in the experiment of 1883, which was to ascertain the amount 

of water required to fill tlie space between the two cylinders This amount was 

determined by weighing. The water employed wms distilled, and was boiled a few 

hours previous to its use to enable it to absorb air bubbles more readily. 
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A 500 c.c. flask was filled with water and weighed, its contents were then trans¬ 

ferred to the cylinders, and it was then weighed again. The difference in weight 

gives the weight of water transferred to the cylinder. This process was repeated 

until the space between the cylinders was full. 

The weights of the full and empty flasks were determined to 1 centigrm. 

The 500 grin, weight used to balance the water was compared with the standard 

500 grm. weight of the Laboratory and found too heavy by '055 grm. This has been 

allowed for. The equality of the arms of the balance was also tested. 

The two cylinders were fastened down to a flat metal plate with a thin layer of 

cement so as to be quite wader-tight. To get any accurate estimate of the volume of 

water required to fill the space it was necessary to provide some means to ascertain 

when the space was exactly full. The effects of capillarity, grease, kc., preclude any 

very accurate result being obtained when there is no top or cover fitted to the top of 

the cylindei’, and as it was necessary to see whether any air bubbles were left inside a 

glass top had to be used. Two holes were bored through the glass, and tubes were 

fixed into these. The water was introduced through one tube, and the air escaped 

through the other. Although no difficulty was experienced in makmg the joint at 

the bottom quite water-tight with any of the cements employed, it took us several 

days to make a satisfactory joint at the top. The ease with which tightness at the 

bottom w^as secured was probably owing to the great weight of the cylinders. 

The top gave us all the more trouble, because we could not tell whether it was 

watertight or not until we had almost completed the filling in of the water. If, then, 

the joint proved bad the whole of the time spent in weighing the water poured in 

was wasted. 

We tried Front’s elastic glue, then gutta-percha dissolved in benzene, but both of 

these failed. The water seemed to loosen the hold of the glue upon the glass, so that 

although the system seemed air-tight it would not remain water-tight for more than a 

minute or two. 

We finally tried some red wax which had been sent to the Laboratory by Professor 

Threlfall, who obtained it in Germany, and this answered very well. It looks 

somewhat like a mixture of bees’-wax and sealing wax, and as it nev^r gets quite 

hard it never cracks. It possessed another property which was also useful for our 

purpose, viz., that of melting at a comparatively low temperature. To apply the 

other cements in a sati.sfactory manner the glass had to he heated to a somewhat 

high temperature, and this frequently cracked it. 

The wax when melted became very fluid, so that only an extremely thin layer was 

included between either the top or bottom plate and the cylinders. 

At first the water was poured in through a funnel inserted into one of the tubes, 

but with this arrangement it was fimnd impossible to get rid of the last air bubble, 

since fresh quantities of air were continuall}^ carried down the tube. After some 

experiments wdth different arrangements for filling, we finally adopted as the means 
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of introducing the water a tube with a funnel top provided with a tap. The funnel 

could always be kept partially full of water by means of the tap, so that no air was 

introduced. The cylinders were slightly tilted so that the exit tube was at the 

highest place. As the last few grammes were poured in the air was gradually swept 

along by the advancing water and driven up the exit tube. The small bubble which 

sometimes remained under the exit tube was easily removed by agitating it by a fine 

wire introduced through the exit tube. 

The amount of water remaining in the tap and the amount which rose up the exit 

tube were ascertained afterwards by detaching the tap and tube, and finding the 

weight of water required to fill them to the same extent as when the cylinders were 

filled, 

While the water was still about 3 cm. from the glass the air was exhausted from 

the cylinders by a water pump; the pressure of the air was reduced to about 50 mm. 

of mercury. This had the effect of removing a good many bubbles, and we may hope 

that the experiment was free from error in this respect. The wax employed for 

fixing the top on to the cylinders stood this difference of pressure perfectly. A 

drying tube was placed between the cylinders and the tube leading to the pump in 

order to catch any v/ater which might be carried off in the pumping. The increase in 

weight of the drying tube was found to be not more than ’02 or '03 gramme, and this 

has been allowed for. The weighings have also been corrected to a vacuum. 

The annexed sketch shows a section of the cylinders by a plane through their axis, 

and through the tap and exit tube. 

A is tbe flat metal plate. 

B the glass plate. 

MDCCCXC.-A. 4 H 

0 the funnel and tap. 

D the exit tube. 
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The following are the results of the weighings on two separate days ;— 

[1.] Temp. 17. [2.] Temp. 15-3.: 

Weio-lit of water put into funnel. 4403-15 4403-53 
Weight of water left in tan and tube. 1-33 1-35 
Volume of a piece of wax underneath the glass top -70 0 
Weight of water in space between the cylindei-s is tlierefore 4402-5-2 4402-18 
Correction to vacuum. 4-66 4-06 
Correction for temperature. 5-10 3-91 
Correction for error in 500-grm. weight. •50 •50 i 
Correction for inequality of arms .. •09 •04 
Volume between the cylinders is. 4412-87 4411-29 

The mean of these is 
4412-08 c.c. 

which we take as the value of the volume between the cylinders. 

If d is the mean distance between the cylinders, I the length of the inner cylinder, 

a and h the radii of the outer and inner cylinders respectively 

so that 

4412-08 _ 

TT (« h) I ’ 

d = -94128 cm. 

^ 1 + z= 1-0800262 ; 
0 0 

2 log ^ = -1.5397063. 

The thicknesses of the pieces of ebonite between the guard rings and the cylinder 

at the top and bottom were respectively -2934 and -288. Correcting for the air space 

the effective length of the C3dinder is 

60-9784 + -2907 = 61-2691 cm. 

Hence the electrostatic measure of the capacity 

61-2091 

— -15397063 ’ 

= 397*927 cm. 

No correction is required for want of coincidence between the axes of the c^dinders, 

for if c he the distance between the axes the correction is proportional to c"/(a^ — d^)- 

In our experiments c was less than -01, so that the correction only amounts to one 

part in more than 30,000. 
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The difference of potential between the guard ring and the cjdinder depends upon 

the speed of the commutator, so that the correction on this account is made on the 

electromagnetic measure of the capacity. 

The Electromagnetic Measure of the Capacity. 

The arrangement employed in this measurement is represented in fig. 3, 

ABCD is a Wheatstone’s bridge with the galvanometer at G, and the l)attery 

between B and C. The arm AB is broken at II and S, which are two poles of a 

commutator, which alternately come into contact with a spring P, connected with the 

middle part of the inner cylinder of the condenser. The outer cylinder is connected 

to S. The points C and B are connected respectively with L and M, the two poles 

of a commutator, which alternately come into contact with a spring Q, attached, 

to the guard ring of the condenser. The system is arranged so that when the 

commutators are working the order of events is as follows :— 

I. P on S. 

Q on M. 

Condenser discharged. 

Guard ring discharged. 

II. P on Pt. 

Q on M. 

Condenser begins to charge. 

III. P on P. 

Q on L. 

Condenser completely charged to potential (A)-(B). 

Guard ring charged to potential (C)-(B^. 

IV. P on S. 

Q on L. 

Condenser begins discharging. 

V. P on S. 

Q on M. 

Condenser discharged. 

Guard ring discharged. 

4 H 2 
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Thus, when the commutators are working, there will, owing to the flow’ of electricity 

to the condenser, be a succession of momentary currents through the galvanometer. 

The resistances are so adjusted that the effect of these momentary currents on the 

galvanometer just balances the effect due to the steady current, and there is no 

deflection of the galvanometer. 

To investigate the relation between the resistances when this is the case, let us 

suppose that when the guard ring and condenser are charging 

X — current through BC. 

y = current through AR. 

z z=: current through AD. 

%v — currrent through CL. 

Thus, if a, h, ol, 13, y are the resistances in the arms BC, AC, AD, BD, CD 

respectively, L the; coefflcient of self induction of the galvanometer, and E the 

electromotive force of the battery, we have 

L2; + (^ + 7 + “) 2: -]- {& + y) 2/ “k 7^^‘ yx = 0 . . . . (l) 

{a-\-y^)x —(y-\-^)y— yz — {y+/3)7V— E = 0 .... (2) 

Now it is evident that the currents are expressed by equations of the following 

kind 

x — x^-\- X.2, 

Z= + 22, 

wdiere x^ and 2^ express the steady currents wdien no electricity is flowing into the 

condenser, and Xo, z^ are of the form Be~^‘, and express the variable parts of the 

currents due to the charging of the condenser, ij and tv will be of the form Ce”'^', 

De~^‘ ; t in all tliese equations is the time which has elapsed since the condenser 

commenced to charge. 

Ecjuations (1) and (2) will thus contain constant terms, and terms multiplied by 

the latter must separately vanish, hence we have 

D22 + + 7 + “) ^2 + (^ + 7) 2/ + yio — yaq =0.(0) 

{a + y + ^) a;3 — (7 + ^) y — 723 — (y + y8) ?<; = 0.(4) 

Let Z, X be the quantities of electricity w'hich have passed through the galvano¬ 

meter and battery respectively, in consequence of the charging of the condenser, and 
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Y and W the charges in the condenser and guard ring. Then integrating equations 

(3) and (4), over a time extending from just before the condenser began to charge 

until it is fully charged, remembering that at each of these times — 0, we get 

(6 + y + a) Z + (6 + y) Y + yW — yX = 0 

(a + y + ^) X — (y + /3) Y — yZ — (y + ^) W = 0, 

lence eliminating X 

Zi (h -\-y a— MY h 4- 
r</ (r./ 4- R) 

In our experiments, the battery resistance is very small, being less than 1 ohm, 

while yS is 500,000 ohms, h 200,000 ohms, and y 3000 ohms, thus the third term is 

less than s.ooo.oowl'^^ of the second, and may be neglected, and we get, 

neglecting the battei-y resistance 

If [A] {B} [D] denote the potentials of A, B, D when the condenser is fully 

charged, C the capacity of the condenser, then 

But 

Y..C[(A}-{B}]. 

{A}-{B} _ {A}-{D} 

galvanometer, so that 

„ ^ + 7) 

7 

a 

of this equation is the steady current through the 

Y = -Cz, + « + 7)\ 

7 / 
.(5) 

7 - - ^hC ^ 

« + 7)] 

7 J 
•.(G) 

h 1- 'V -f « - 

0 * 

y + /3 

If the condenser is charged n times per second, the quantity of electricity which 

passes in consequence through the galvanometer per second is nZ. If the galvanometer 
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needle remains undeflected, the quantity of electricity which passes through the 

galvanometer in unit time must be zero. But this quantity is r<Z + z^, so that 

nZ + Zj = 0. 

Substituting this relation in equation (G), we get 

|i_£_1 
1 _7 [ (7 + /3) (/j + 7 + «)j 

n bj3 ^ _7^ 
(5 + « + 7) /3 

(7) 

From this equation, if we know the resistances and the speed, we can calculate the 

capacity. 

In order to apply the correction for the diflerence of potential between the guard 

ring and the inner cylinder, we require {A} — {C]7[Al — {B}, now 

{A} - {0} ^ 5 . {A} - {!)} 

{A} - {R} « (A) - {B} 

a + j3 
+ 7) 

Where n was equal to G4 the approximate values of the resistances were 

h = 200,000 ohm.s. 

a = 20,000 ,, 

^ = 500,000 „ 

y = 3,000 ,, 

substituting the values 

(Aj -{C} 

{A}-{B}- 

We shall now go on to discuss the details of the method whose theory we havejust 

given. 

The Commutator. 

The general view of this is shown in figs. (4), (5), (G). The framework is 

strongly made of cast iron, and somewhat resembles tlie headstock of a lathe, it is 

provided with two hardened steel centres, capable of adjustment, between which runs 

the axle of the commutator. This was made of tool steel but not hardened. The 

centres were very good, and the apparatus ran with very little friction and wear. 
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We will now describe the different pieces fixed to the axle beginning from the left 

of fig. 4. 

SCALE or CENTIMETRES. 

First there is a wooden disc with two grooves for the driving string, next comes the 

wooden disc on which the stroboscopic pattern is painted. The end view of this is 

shown in fiof. 5. 

Beyond this are the two commntators, which are exactly alike, each is made of two 

portions of brass tube fixed to an ebonite bush. Two grooves are turned in the con¬ 

tinuous portion of the tul)e, in which rest two wires by means of which electrical 

connection is made with the parts of the commutator. Although the slits in the com¬ 

mutator were not more than about 2 mm. wide yet no trouble at all was experienced 

through want of insulation. The commutator could be easily cleaned by scraping the 

ebonite between the parts of the commutator with a sharp tool. There was also very 

good insulation between the commutator and the axle. The insulation was tested 

several times by means of the gold leaf electroscope, and was found practically perfect. 

Following the two commutators is an ebonite disc to prevent oil ifojn the centies 

getting to the commutators. 

The last thing on the axle is an endless screw in which gears a wmrm-wheel of 

30 teeth. This wheel is furnished with a ])in which makes contact with a spring 

once in every revolution of the wheel, i.e.. every 30 revolutions of the commutator. 

The spring is insulated from the framewmrk, and the contact of the pin with it 

completes the circuit required for exciting one of the electromagnets of the recording 

apparatus. The spring js not shown in the figure. 
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The supports for the contact wires of the commutator and for the brushes were two 

pillars screwing into the base of the framework. One of these is shown in the figure, 

it is shown broken, and the two parts separated in order to show both parts of the 

commutator. Fig. 6 shows the arrangement as it would look in an end view if the 

Fig. 6. 

stroboscopic disc were absent. The wires for making contact with the commutator 

are clamped under the two binding screws and are made with a curl Q so as to be 

very elastic and to ensure contact with the commutator. Before the curl was put 

into the wires it was found that the jarring of the apparatus gradually caused the 

wires (though made of hard drawn brass) to relax their pressure on the commutator 

and to make uncertain contacts. With the curled wires no trouble was found in this 

respect, and the pressure could be made much less, saving both friction and wear, 

'fhe binding screws clamping the wires are fixed to a piece of ebonite which can slide 

on the pillar and be fixed in any position by a screw. The pillar also carries a support 

ibr the brush. The Inrush itself is made of very fine hard dravrn brass wire, soldered 

into a brass piece of a suitable shape. The way in which the brush acted depended 

a good deal upon the regularity and straightness of its wires. We found it best not 

to have a thick bunch of wire, but a tliin layer oidy a few wires thick. The brass 

piece into which the brush wires were soldered, fits on the end of an ebonite rod 

passing through the brush holder and capable of being fixed in its proper position 

by means of a screw. 

The whole arrangement was clamped down to a thick iron slab, resting on a strong 

table. In this way the vibrations, which would otherw'ise have been set up, were 

avoided. 

The tuning fork, by means of which the speed was observed and regulated, was 

placed on a separate table. At first the two were on the same table, but it was 

found that at the speed at which the commutator made one revolution for each 
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complete vibi’ation of the fork, the vibrations set up by the fork were sufficient to 

make tbe contacts uncertain. As finally fixed, the apparatus worked extremely 

satisfactorily, and would run for several hours without either the brushes or the 

springs requiring any adjustment. 

The commutator was driven from a water motor which was supplied from a tank at 

the top of the laboratory to secure a constant head of water. It was driven by a band 

of fine fishing line joined with a “ long splice ”; any rougher method of joining 

produced a joint, the effect of whose passage over the pulley of the commutator was 

plainly seen by the observer at the gah'anometer. A second band went from a small 

pulley on the motor to a pulley fixed within easy reach of the observer stationed at 

the tuning fork. The regulation of the speed was done by letting the auxiliary band 

run through the fingers, and slightly pressing it. This was found to be a much better 

plan than regulating by the band driving the commutator. But, in spite of this, the 

speed of the commutator as judged by the steadiness of the pattern seen through the 

slits of the tuning fork was subject to incessant small agitations, and it required con¬ 

siderable vigilance on the part of the observer at the fork to keep the pattern quite 

at rest. A heavier disc on the commutator would no doubt have made this easier. 

The supply of water was so adjusted that it was able to drive the commutator 

slightly faster then the speed required. The necessary fine adjustment was made by 

slightly pressing the regulating band. 

Determination of the Speed of the Commutator. 

To ascertain the speed at which the commutator was being driven its stroboscopic 

disc was observed through a pair of narrow slits fastened to the prongs of an electri¬ 

cally maintained fork. This fork made approximately 64 complete vibrations per 

second. The disc was provided with circles containing 4, 5, 6, 7, 8 spots at equal 

intervals, so that when a distinct pattern was observed through the slits on the fork 

the commutator made one of the following numbers of revolutions per second :— 

16-0, 18-3, 21'35, 25-6, 32-0, 36-6 427, 48-0, 

51-2, 54-9, 64, 73-2, 76-9, 80-1, 85-4. 

These numbers are respectively i, f, i, f, f f, |, f, f, f, 1, f, f, f, and | of 64. 

Any one of these speeds could be obtained by simply regulating the supply of water 

to the motor. Higher speeds could, of course, have been observed, but the motor 

would not drive the commutator much faster than 80 revolutions per second. 

Experiments at most of these speeds will be found below. 

It will be observed that this method gives a great choice of speeds, all of wdiich can 

be determined with the same accuracy, and whose relation one to another is known 

with absolute accuracy. 

The standard to which the speed was referred during the experiments was the 

MDCCCXC.—A. 4 I 
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standard fork used by Lord Layleigh. This makes about 128 complete vibrations 

per second. The electrically driven fork maintained another fork whose natural period 

is about half its own. This gave beats with the standard, and by counting the beats 

the speed of the fork through which the stroboscopic disc was observed could be 

determined in terms of tliat of the standard fork. 

Determination of the Speed (f the Standard ForJc. 

It was considered advisable to make a new determination of the standard fork. 

Lord Eayleigh (‘Phil. Trans.,’ 1883, p. 320) found that its speed at t° C was 

128T40 {1 —(t— 16) X -OGOll]. 

We have taken Lord IIayleigh’s value of the temperature coefficient. 

We determined the speed of the standard in the following way. At one end of the 

commutator an endless screw was fixed with a cog-wheel geared into it. The cog¬ 

wheel makes one revolution for 30 made by tlie commutator. A pin fixed to the 

wheel touches a spring once in every revolution, and completes an electric ci)'cuit 

which causes a mark to be made on the tape of the recording apparatus. The 

laboratory clock is also aiTanged so as to complete a circuit once every second. A 

paper tape is pulled along at an approximately uniform rate between guides on a block 

of wood. Two electro-magnets are fixed at right angles to the guides. One of these 

is excited when contact is made by the cog-wheel of the commutator, the other when 

contact is made by the clock. The armatures are kept away from their magnets by 

spiLugs fixed to one end. 
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The other end of the armature carrie.s a fork in which a small disc can rotate. When 

the magnet is not excited the disc presses against a roller covered with printer’s ink. 

When the magnet is excited the disc presses on the paper tape as it passes underneath 

it. The disc is kept inked bj revolving the inking roller. 

The general disposition of the apparatus will be seen from the figure. 

As the tape is drawn along we get two series of marks, one due to the commutator, 

the other to the clock. By comparing the position of the marks made by the 

commutator with those made by the clock we get a very accurate method of timing 

the commutator. We can find the time at which say 15 commutator contacts are 

made, and then, after the lapse of 5 or 10 minutes, find the time at which another 

15 commutator contacts are made. Subtracting the one set of times from the others 

we get 15 intervals which should, of course, be equal. Taking the average we get a 

very accurate value for the time occupied by (say) GOO revolutions of the cog wheel. 

The paper tape was at first drawn along by a Morse receiver, but as this did not 

act very uniformly it was replaced by a small winding arrangement driven by the 

same motor as the commutator. This ran perfectly unifin'inly. 

The method of experimenting was as follows : when the observing forks had been 

running for a few minutes, so that everything had got steady, the beats between the 

standard fork and the auxiliary fork were counted. The forks were so arranged that 

20 beats occurred in about 65 seconds. The motor was then started and regulated 

so that the commutator could be kept at balf the speed of the fork, i.e., about 

32 revolutions per second. 

The recording apparatus was then started and allowed to run for 5 or 10 minutes, 

the commutator being kept at a constant speed by observing the stroboscopic pattern 

through the fork. The apparatus was then stopped and the beats again counted. 

Our reason for adopting this method was that we had originally intended to 

measure the speed of the commutator while we were making the electrical observa- 

lions. This was, however, found to be too laborious, and had to be given up. The 

Laboratory clock was compared with the clock belonging to the Cambridge Philo¬ 

sophical Society, which is regularly rated from the Observatory. 

The last three observations, when the apparatus was working very satisfactorily 

give for the rate of the standard fork at 16° C. 

December 19 (tape running for 6 minutes) . . . 128H081 

February 14 ( ,, ,, 10 ,, ) . . . 128‘0909 

„ 15 „ „ „ „ ... 128-m6 

Mean.128 HO 45 

Thus according to our observations the fork is slightly slov/er than when used by 

Lord Rayleigh. This is what might be expected from the secular jftening of the 

steel. 

4 1 2 
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The Galvanometer. 

This was one made in the Laboratory. It has two coils, each with about 16,000 

turns of wire. The resistance of the cobs when in series is 17,380 legal ohms. Great 

care was taken with the insulation, which, when tested by means of a gold leaf 

electroscope, v/as found to be practically perfect. 

The Battery. 

We used 36 very small storage cells, two sets of 18 being placed in parallel. 

The battery had thus an electromotive force of about 36 volts. The small size of the 

battery enabled us to insulate it with ease. The insulation was tested by a gold leaf 

electroscope, but no leak could be detected. 

The Resistances. 

The resistances used were contained in three boxes. 

I. A Wheatstone’s bridge box. No. 1256, Elliott. Legal ohms, with coils 

ranging from 1 to 5000 ohms, and proportional arms, each containing 10, 

100, 1000 ohms. 

11. A box by Elliott, containing 4 coils, 10,000, 20,000, 30,000, 40,000 B.A. 

units. 

III. A box by Muiriiead, containing originally 10 coils, each 100,000 B.A. 

units. 

The box I. was provided with an aperture for a thermometer. The other boxes 

had no such provision, but as they were always kept permanently on the same table 

as box I. we may hope that their temperature did not differ much from that of I. 

The resistances of the coils in II. and III. were always ascertained by means of I. 

It was, therefore, necessary to obtain some definite knowledge of I. with reference to 

some coils whose values are accurately known. 

The standard coils used were 

No. 141, C.L.C. No. 102 . . . 10’00103 legal ohms at 16°'7 C. 

No. 143, C.L.C. No. 104 ... 99-9977 „ „ 16°-05 C. 

No. 145, C.L.C. No. 106 ... 1000-306 „ „ 17°-4 C. 

The Legal ohm being assumed to be 1/-9889 B.A. unit. 

See ‘ British Association Ileport,’ 1885. 

Mr. Glazebuook informs us that the temperature coefficient of these coils may be 

taken as -0003 per 1° C. We shall take the same temperature coefiicient for the 

coils in the boxes. 

Calling the coils in the “proportional arm” which joins the rest of the box 10„, 

100a, 1000a, those in the other arm 10/„ 100^, IOOO4 -we finind 
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loooj _ 
looo^ ~ ^ ~ luouo 
iooo« 
’ioo„ 
lOOOi 

,o{ 1 - "'M 
lOUOOj 

100 
r -76 

r 10000 

Correcting for the inequalities of 1000^ and 1000^ we found by comparison with 

the Standard coils the following values at 16° C., for the various coils in box I. 

Legal olims. 

100„ 100-144 

100^.100-144 

100   100-113. 

The last resistance was made up from all the coils from 1 to 50, 

Legal oliras. 

1000,.1001-06 

lOOOp.1001-01 

1000 . 1001-06. 

The last was made up of all the coils from 1 to 500, 

Legal olims. 

2000 . 2002-22 

5000 . 5004-88. 

We see from this that the coils are very consistent, and on the average greater 

than legal ohms, in the ratio of UOOll to 1. 

The box II. was measured as a whole, using the “proportional ” coils lOOO^ and 10,;. 

The apparent value was 98765. Hence the true value is 

98765 X 1-0011 (l + = ^^870 legal ohms at 16° C. 

The colls of box III, were tested in the same way and were found to be 

Resistance as measured 
by box I. 

True resistance in legal 
ohms. 

1. 9ft7:^3 98878 
2. 98617 98732 
o o. 98690 98805 
4. 98727 98842 
5. 98717 98832 
6. 98768 98883 
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The box III. had one of its coils wrong wlien we began to use it, and during part 

of our work when we were attempting to use much greater battery power than we 

finally adopted, three more of the coils gave way. For this reason we could only use 

six out of the ten coils. These six coils, as well as box 11., kept their resistances 

very constant during the whole of the investigation. They were tested several 

times during a whole year, and no perceptible change was detected. 

The resistance boxes were placed on blocks of paraffin, and the insulation tested by 

a gold leaf electroscope. 

Method of making the Observations. 

The battery, resistance boxes, galvanometer, and condenser were connected as in 

the diagram (3), the commutator being placed so near to the condenser that a very 

short wire sufficed to make the connection. The insulation of the whole system when 

connected up was tested from time to time by a gold leaf electroscope. 

The electrically driven fork was set going and the beats of the auxiliary fork with 

the standard fork observed. The water supply was then adjusted so that the motor 

drove the commutator at the required speed. One observer (G. F. C. S.) observed 

the stroboscopic disc of the commutator through the slits of the fork, and kept the 

speed steady by means of the controlling arrangement already described. The other 

observer (J. J. T.) observed the galvanometer. When the speed of the commutator 

had got steady, resistances were taken out of the Wheatstone’s bridge box in the 

arm CD until no deflection was produced when the galvanometer circuit was broken. 

The sensitiveness of the galvanometer was such that the effect produced by altering 

the resistance in CD by 2 ohms in 3000 could be detected, and the speed of the 

commutator was kept so steady that the light reflected from the galvanometer 

miri’or did not move over more than half a division; the deflection produced by the 

condenser when not balanced was more than 500 scale divisions. 

The battery was then reversed and the operation repeated. The wire connecting 

the condenser to the commutator was then detached from the condenser, and the same 

operation repeated. In this way the capacity of the wire was determined. The 

temperatures of the fork and resistances were then read, and the beats of the auxiliary 

fork with the standard fork ao’ain determined. 

The results of these observations are exhibited in the annexed Table. 
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Ex'plcmation of Table of Results and Methods of Reduction. 

Column 2 gives the approximate speed of the commutator. 

Column 3 gives the beats per minute between the standard fork and the auxiliarv 

fork driven by the electrically maintained fork. The auxiliary fork vibrated twice as 

fast as the driving fork, and was slightly slower than the standard. 

Column 4. The temperature of the fork given by a thermometer hung a short 

distance from the fork. 

Columns 5 and 6, The resistances of the arms AC and BD in legal ohms at 16° C. 

Column 7 gives the value of the resistance in CD required for the balance when 

both the condenser and the connecting wire were joined to the key of the commutator. 

We shall denote this by Each number is the mean of two observations made with 

the current from the battery flowing first in one direction and then in the opposite. 

The difference between the two readings very seldom amounted to more than 1 ohm. 

Column 8 gives the value of the resistance in CD required for the balance when the 

wire alone is joined to the key of the commutator. We shall denote this by Each 

is the mean of two readings corresponding to the two directions of the batterv 

current. 

Column 9 gives the difference between the last two columns. We must remark 

that, since the formula rtC = yj^b is not sufficiently accurate for our purpose, that 

this difference does not strictly represent the value of y, which would be required to 

balance the condenser alone. With the resistances employed we may write the 

formula (7) 
7_(7jt «)1 

D + D/3J ’ 

so that if, as in our case, we keep /3 and b constant, nO is not quite proportional to y. 

Strictly, we should find the capacity of the combination of the condenser and wire, 

and then subtract the capacity of the wire. What we have done is to calculate as if 

y^ — y2 represented the capacity of the condenser. The difference amounts to writing 

in the small term y (y + “)/(y + b) /3, y^ — y^ instead of y^, since the correcting term 

inside the bracket, in the case of the wire, is too small to be appreciable. Since, how¬ 

ever, this term is already very small, and does not affect the result by much more than 

one part in 2000, and the change we have made only alters its value by 1 per cent, at 

most, it is evident that it will produce no appreciable effect on the value of the 

capacity. 

Cklumn 10 is headed “(reduced to 64).” Since the value of the capacity is given hy 

_ 7 f 1 _ 7(7_+y)l 
' D + i)ySr 

or witli sufficient accuracy for our purpose by 
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C 
7_ r -yal 

and if y„, yi are the values of y corresponding to the speeds nj,, tlien 

Hence we see that we may take as the corresponding uncorrected value of y„ the 

value yb'tiahh, if we apply to this the correction 1 — ii^stead of the correction 

1 — this is what we have done in compiling this table, and this column 

contains the values of yiHaj'^H. 

Column 11 gives the temperature of the box from which the resistance was taken. 

The temperature of the other two boxes are. assumed to be the same. Since they 

were always on the same table as the y box, and the temperature of this box varied 

very little, this assumption will not lead to any serious error. 

Column 12. “ Correction to 16° for resistances” from the formula 

we see that if we take the temperature coefficients to be the same for the three 

resistances and equal to ‘0003, then w'e may throw all the effect of the variation on 

y if for each degree above 16 we suhtract from y '0003 y. In the first and third sets 

this amounts to ‘82 ohm for each degree, in the second to 1 ohm per degree. 

Column 13. “Correction to 21 beats per minute.” The auxiliary fork always 

made rather more than 21 beats per minute with the standard. When making 21 

beats the speed of the auxiliary fork is 127‘7545 complete vibrations per second, and 

1 additional beat per minute indicates a diminution in the speed in the ratio 

1 ~ t~2 8^x 6 0 fo 1. Since we wish to treat the observations as if the speed were 

constant wn must for each additional beat increase y in the ratio 1 + C 

i.e., in the first and third set observations we must add ‘36 ohm to y, and in the 

second set ‘43 ohm. 

Column 14. “ Correction to 16° for fork.” The fork has a temperature coefficient 

of - -00011, so that if we regard the speed as constant we must increase y in the 

proportion 1‘00011 to 1 for each degree the temperature of the fork exceeds 16° C. 

In the first and third sets this amounts to ‘30, and in the second set to ‘36 ohm for 

each degree of excess of temperature above 16° C. 

Column 15. “Correction to nC = ylh^.” We see from equation (7), page 606, 

that this is only an approximation to the correct value for wC, which is 

MDCCCXC.-A. 4 K 
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J I-L- 
, ri _ 7 I (y + /3) {b + j + cc) 

i/3 K , -7^-1 
1 ^(^ + « + 7)/^i 

or with sufficient accuracy for our purpose 

7 r _ 7 (7 + «) 1 

b^ \ /3 (6 + a + 7) J ’ 

tluis, if we wish to use the formula nC = y/^/3 we must diminish y in the ratio 

^ + '^) to J. The amount by which y is to be diminished is given in 
/3{b + cc + y) ^ & 

column 15. 

Column 16. “Correction to legal ohms.” The values of b and yS given in columns 

(5) and (6) are already expressed in terms of legal ohms, but the values of y are 

expressed in terms of the resistances in the Wheatstone bridge box, which are greater 

than legal ohms in the proportion I'OOll to 1. We have then to add 3’04 ohms to y 

in the first and tlurd sets of experiments, and 3'64 ohms in the second. 

Column 17. “ Correction for the difference of potential between the middle cylinder 

and the guard ring.” By equation (6), page 9, if the difference of potential between 

the outer cylinder and the guard ring is less by SV than that between the outer cylinder 

and the inner cylinder, the capacity is greater than it would be if SV = 0 in the ratio 

I + 
BYh H 

Y 1 |c 
2, 4r 

7 TT ' li'6 
to 1 

where V is the difference of potential between the cylinders, t the thickness of the 

guard ring, 2c the thickness of the pieces of ebonite, and h the distance between the 

cylinders. 

Since t = \,h= 1, c = T45 and SV/V = — bj\^ot. + /3 if --ZL'Zjj capacity is 

less than it would be if the guard ring and the cylinder were at the same potential in 

the ratio of 

1 
7'5 by 

G1 «7 + /3 (+ a + 7) 

SO that in order to get the corresponding value of y when the guard ring and cylinder 

are at the same potential, we must add to y 

^5_by- 

61 a7 + /3 (6 + a +7) ’ 

and it is this correction whicli is given in column 17. 
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Column 18 contains the values of y which result when all these corrections ar<i 

made. 

Column 19 contains the values of the electromagnetic measure of the capacity 

calculated from the formula 

C = • 
n^b 

Since the auxiliary fork makes 21 heats per minute with the standard fork, which 

makes 128’1045 vibrations per second, and since the observing fork makes half the 

number of vibrations of the auxiliary fork 

n = 63-8773. 

Assuming that the B.A. unit = '9867 X 10^ in absolute measure which corresponds 

to the legal ohm being '9978 X 10’’, we have 

(j _ 7 X 
b/3 X Go'S77o X ’9977 

We have supposed that the resistance to the variable current which passes through 

the resistance coils during the charging of the condenser, is the same as the resistance 

to a steady current. This is justified by the following investigation. Though in our 

experiments the resistances were so large that the charging was not oscillatory, let 

us suppose that it is oscillatoiy and has the maximum frequency 1 /x/LC. Then if r' is 

the resistance to this oscillatory current, r the resistance to a steady current 

•r = y I 1 kit'[, 

Avhei e I' is a small munei ical coefficient and 

TT (O 

'' v/fiC ^ ’ 

where a is the radius of the cross section of the wire, and a its specific resistance. The 

coefficient of self induction of a galvanometer similar to the one we used -was found 

some time ago to be 5 X 10®, cr = 2 X 10*^ and a = ‘023 for 32 B.W.G. ; substituting 

these numbers we find n = 10“® about, and 

n" = 10 “b 

so that the correction will only amount to one part in a million, and may be 

neglected. 

The mean of the first set of observations = 443-471 X 10“'h 

,, second ,, = 443-417 X 10~^b 

,, third ,. = 443-569 X 10~'h 

The mean of all the observations . . = 443-486 X 10 “'h 

4 K 2 
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The means of the observations at different speeds are given in the following table. 

Speed. 
Electromagnetic 

measut-e of 
capacity x 10“-i. 

i 80 443-327 
: G4 443'434 
i t)5 443-701 
' 48 443-478 

42 443-418 
‘ 32 443-460 

10 443-675 

The means for the different speeds thus agree very well together, the greatest 

difference from the mean being about one part in 2000. There does not seem any 

indication of an effect depending on the number of times the condenser is charged per 

second, such as was very marked in Professor Rowland’s experiments (‘ Phil. Mag.,’ 

vol. 28, 1889). 

Since the electrostatic measure of the capacity is 397'927, and the electromagnetic 

measure 443'454 X 10~~^ 

= 2*9955 X 10^° cm. sec~'. 

The value of the B.A. unit is taken to be •9807 X 10'^ in absolute measure. 

This value of “ v ” agrees very nearly indeed wuth tlie value obtained by the most 

recent experiments for the velocity of light in air, these are 

Cornu (1878) 

Michelson (1879) 

Michelson (1882) 

Newcomb (1885) 

• 7 

In conclusion we desire to express our thanks to Mr. 11. S. Cole, of Emmanuel 

College, vdro lias given us valuable assi.stance on several occasions. 

3'003 X 10^'^ cm. sec b 

2-9982 X lOR 

2-9970 X 10^0. 

2-99015 n 

2-99(582 y X fU^b 

2-99700 J 
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The following table taken from Mr. E. B. Eosa’s paper on the Determination of 

“v” (‘Phil. Mag./ vol. 28, 1889, p. 315), gives the results of previous determinations 

of “ V ” 

1856. Weber and Kohlraltsoh . . . 3-107 X lOP 

1869. W. Thomson and King . . 2-808 X 10^^. 

1868. Maxwell ...... . . 2-842 X 10^0, 

1872. M‘Kichan ... . . . . 2-896 X 10^^ 

1879. Ayrton and Perry . . . . . 2-960 X 10^0. 

1880. Shida. . . 2-955 X 10^'^. 

1883. J. J. Thomson. . . 2-963 X lO^'t 

1884. Klemencic ...... . . 3-019 X 10^". 

1888. Himstedt. . . 3-009 X 10^". 

1889. W. Thomson. . 3-004 X 10^". 

1889. E. B. Eosa. . . -2-9993 X 10"t 
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Sito pressure/ aycLes, and/ current ■-X--.p-K—.■ 
hrohen whtnp. 'ressure, on/. 

■West,'Newman..lit;l'L 
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ADVERTISEMENT. 

The Committee appointed bj the Royal Society to direct the publication of the 

Philosophical Transactions take this opportunity to acquaint the public that it fully 

appears, as well from the Council-books and Journals of the Society as from repeated 

declarations which have been made in several fonner Transactions, that the printing of 

them was always, from time to time, the single act of the respective Secretaries till 

the Forty-seventh Volume; the Society, as a Body, never interesting themselves any 

further in their publication than by occasionally recommending the revival of them to 

some of their Secretaries, when, from the particular circumstances of their affairs, the 

Transactions had happened for any length of time to be intermitted. And this seems 

principally to have been done with a view to satisfy the public that their usual 

meetings were then continued, for the improvement of knowledge and benefit of 

mankind : the great ends of their first institution by the Boyal Charters, and which 

they have ever since steadily pursued. 

But the Society being of late years greatly enlarged, and their communications more 

numerous, it was thought advisable that a Committee of their members should be 

appointed to reconsider the papers read before them, and select out of them such as 

they should judge most proper for publication in the future Transactions; which was 

accordingly done upon the 26th of March, 1752. And the grounds of their choice are, 

and will continue to be, the importance and singularity of the subjects, or the 

advantageous manner of treating them; without pretending to answer for the 

certainty of the facts, or propriety of the reasonings contained in the several papers 

so pubhshed, which must still rest on the credit or judgment of their respective 

authors. 

It is likewise necessary on this occasion to remark, that it is an estabhshed rule of 

the Society, to which they will always adhere, never to give them opinion, as a Body, 

a 2 
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upon any subject, either of Nature or Art, that comes before them. And therefore the 

thanks, which are frequently proposed from the Chair, to be given to the authors of 

such papers as are read at their accustomed meetings, or to the persons through whose 

hands they received them, are to be considered in no other light than as a matter of 

civility, in return for the respect shown to the Society by those communications. The 

like also is to be said with regard to the several projects, inventions, and curiosities of 

various kinds, which are often exhibited to the Society; the authors whereof, or those 

who exhibit them, frequently take the liberty to report, and even to certify in the 

public newspapers, that they have met with the highest applause and approbation. 

And therefore it is hoped that no regard will hereafter be paid to such reports and 

public notices; which in some instances have been too lightly credited, to the 

dishonour of the Society. 



List of Institutions entitled to receive the Philosophical Transactions or 

Proceedings of the Poyal Society. 

Institutions marked A are entitled to receive Philosophical Transactions) Series A, and Proceedings. 

B >> M Serie.s B, and Proceedings. 

AB JJ ii >> Series A and B, and Proceedings. 

P i'l „ Proceedings only. 

America (Central). 
Mexico. 

p. Sociedad Cicntifica “Antonio Alzate.” 

America (North). (See United States.) 

America (South). 
Buenos Ayres. 

AB. Museo Nacional. 

Caracas. 

B. University Library. 

Cordova. 

AB. Academia Nacional de Ciencias. 

Rio de Janeiro. 

p. Observatorio. 

Australia. 
Adelaide. 

p. Royal Society of South Australia. 

Brisbane. 

p. Royal Society of Queensland. 

Melbourne. 

p. Observatory. 

p. Royal Society of Victoria. 

AB. University Library. 

Sydney. 

p. Linnean Society of New South Wales. 

AB. Royal Society of New South Wales. 

AB. University Library. 

Austria. 
Agram. 

p. Societas Historico-Naturalis Croatica. 

Briinn. 

AB. Naturforschender Verein. 

Gratz. 

AB. Naturwissenschaftlicher Verein fiir Steier- 

mark. 

Hermannstadt. 

p. Siebenbiirgischer Verein fiir die Natur- 

wissenschaften. 

Austria (continued). 

Innsbi’uck. 

AB. Das Ferdinandeum. 

p. Naturwissenschaftlich - Medicinischer 

Verein. 

Klausenburg. 

AB. Az Brdelyi Muzeum. Das Siebenbiirgische 

Museum. 

Prague. 

AB. Kdnigliche Bdhmische Gesellschaft der 

Wissenschaften. 

Schemnitz. 

p. K. Ungarische Berg- und Forst-Akademie, 

Trieste. 

B. Museo di Storia Natui’ale. 

p. Societa Adriatica di Scienze Naturali. 

Vienna. 

p. Antbropologische Gesellschaft. 

AB. Kaiserliche Akademie der Wissenschaften. 

p. K.K. Geographische Gesellschaft. 

AB. K.K. Geologische Reichsanstalt. 

B. K.K. Zoologisch-Botanische Gesellschaft. 

B, Naturhistorisches Hof-Museum. 

p. CEsterreichische Gesellschaft fiir Meteoro- 

logie. 

Belgium. 
Brussels. 

B. Academie Royale de Medecine, 

AB. Academic Royale des Sciences. 

B. Musee Royal d’Histoire Naturelle de 

Belgique. 

p. Observatoire Royal. 

p. Societe Malacologique de Belgique. 

Ghent. 

AB. University. 

Liege, 

AB. Societe des Sciences. 

p. Societe Geologique de Belgique. 
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Belgium (continued). 

Louvain. 

AB. L’Universite. 

Canada. 
Hamilton. 

f. Scientific Association. 

Montreal. 

AB. McGill University. 

p. Natural History Society. 

Ottawa. ’ 

AB. Greological Survey of Canada. 

AB. Royal Society of Canada. 

Toronto. 

p. Canadian Institute. 

AB. University. 

Cape of Good Hope. 
A. Obsei’vatory. 

AB. South African Library. 

Ceylon. 
Colombo. 

B. Museum. 

China. 
Shanghai. 

p. China Branch of the Royal Asiatic Society. 

Denmark. 
Copenhagen. 

AB. Kongelige Danske Videnskabernes Selskab. 

England and Wales. 
Aberystwith. 

AB. University College. 

Birmingham. 

AB. Free Central Library. 

AB. Mason College. 

p. Philosophical Society. 

Bolton. 

p. Public Library. 

Bristol. 

p. Merchant Venturers’ School. 

Cambridge. 

AB. Philosophical Society. 

p. Union Society. 

Cooper’s Hill. 

AB. Royal Indian Engineering College. 

Dudley. 

p. Dudley and Midland Geological and 

Scientific Society. 

Essex. 

p. Essex Field Club. 

Greenwich. 

A. Royal Observatory. 

Kew. 

B. Royal Gardens. 

Leeds. 

p. Philosophical Society. 

Vi ] 

England and Wales (continued). 

I Leeds (continued). 

AB. Yorkshire College. 

Liverpool. 

! AB. Free Public Library. 

p, Literary and Philosophical Society. 

A. Observatory. 

j AB. University College. 

London. 

I AB. Admiralty. 

I p. Anthropological Institute. 

B. British Museum (Nat. Hist.). 

AB. Chemical Society. 

p. “ Electrician,” Editor of the. 

B. Entomological Society. 

AB. Geological Society. 

j AB. Geological Survey of Great Britain. 

p. Geologists’ Association, 

j AB. Guildhall Library. 

! A. Institution of Civil Engineers. 

A. Institution of Mechanical Engineei’s. 

A. Institution of Naval Architects. 

p. Iron and Steel Institute. 

AB. King’s College. 

B. Linnean Society. 

AB. London Institution. 

I p. London Library. 

A. Mathematical Society. 

p. Meteorological Office. 

p. Odontological Society, 

i p. Pharmaceutical Society, 

p. Physical Society. 

p. Quekett Microscopical Club. 

p. Royal Agricultural Society. 

p. Royal Asiatic Society. 

A. Royal Asti’onomical Society. 

B. Royal College of Physicians. 

B. Royal College of Surgeons. 

p. Royal Engineers (for Libraries abroad, six 

j copies). 

I AB. Royal Engineers. Head Quarters Library. 

p. Royal Geographical Society, 

p. Royal Horticultural Society. 

p. Royal Institute of British Architects. 

I AB. Royal Institution of Great Britain. 

B. Royal Medical and Chirurgical Society. 

p. Royal Meteorological Society. 

p. Royal Microscopical Society. 

p. Royal Statistical Society. 

AB. Royal United Service Institution. 

AB. Society of Arts. 

p. Society of Biblical Archseology. 

p. Society of Chemical Industry (London 

Section). 
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England and Wales (contimied). 

London (continned). 

'p. Standard Weights and Measures Depart¬ 

ment. 

AB. The Queen’s Library. 

AB. The War OfBce. 

AB. University College. 

2^. Victoria Institute. 

B. Zoological Society. 

Manchester. 

AB. Free Library. 

AB. Literary and Philosophical Society. 

p. Geological Society. 

AB. Owens College. 

Netley. 

p. Royal Victoria Hospital. 

Newcastle. 

AB. Free Library. 

p. North of England Institute of Mining and 

Mechanical Engineers. 

p. Society of Chemical Industry (Newcastle 

Section). 

Norwich. 

p. Norfolk and Norwich Literary Institution. 

Oxford. 

p. Ashmolean Society. 

AB. Radcliffe Library. 

A. RadclifEe Observatory. 

Penzance. 

p. Geological Society of Cornwall. 

Plymouth. 

B. Marine Biological Association. 

p. Plymouth Institution. 

Richmond. 

A. “ Kew ” Observatory. 

Salford. 

p. Royal Museum and Library. 

Stonyhurst. 

p. The College. 

Swansea. 

AB. Royal Institution. 

Woolwich. 

AB. Royal Artillery Library. 

Finland. 
Helsingfors. 

p. Societas pro Fauna et Flora Fennica. 

AB. Societe des Sciences. 

Prance. 
Bordeaux. 

p. Academie des Sciences, 

p. Faciilte des Sciences. 

p. Societe de Medecine et de Chirurgie. 

p. Societe des Sciences Physiques et 

Naturelles. 

Prance (continued). 

Cherbourg. 

p. Societe des Sciences Naturelles. 

Dijon. 

p. Academie des Sciences. 

Lille. 

p, Faculte des Sciences. 

Lyons. 

AB. Academie des Sciences, Belles-Lettres et Arts. 

Marseilles. 

p. Faculte des Sciences. 

Montpellier. 

AB. Academie des Sciences et Lettres. 

B. Faculte de Medecine. 

Paris. 

AB. Academie des Sciences de TInstitut. 

p. Association Fran9aise pour TAvancement 

des Sciences. 

p. Bureau des Longitudes. 

p. Bureau International des Poids et Mesures. 

p. Commission des Annales des Ponts et 

Chaussees. 

p. Conservatoire des Arts et Metiers. 

p. Cosmos (M. l’Abb^ Valette). 

AB. Depot de la Marine. 

AB. Ecole des Mines. 

AB. Ecole Normale Superieure. 

AB. Ecole Polytechnique. 

AB. Faculte des Sciences de la Sorbonne. 

AB. Jardin des Plantes. 

A. L’Observatoire. 

p. Revue Inteimationale de I’Electricite. 

p. Revue Scientifique (Mens. H. de Vaeignt). 

p. Societe de Biologie. 

AB. Societe d’Encouragement pour Tlndustrie 

Nationale. 

AB. Societe de Geographie. 

p. Societe de Physique. 

B. Societe Entomologique. 

AB. Societe Geologique. 

p. Societe Mathematique. 

p. Societe Meteorologique de Prance. 

Toulouse. 

AB. Academie des Sciences. 

A. Faculte des Sciences. 

Germany, 
Berlin. 

A. Deutsche Chemische Gesellschaft. 

A. Die Sternwarte. 

p. Gesellschaft fiir Erdkunde. 

AB. Konigliche Preussische Akademie der 

W issenschaften. 

A. Physikalische Gesellschaft. 

Bonn. 

AB. Universitiit. 
i 
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Germany (contimied). 

Bremen. 

p. Natiirwi.ssenschaftliclier Verein. 

Breslau. 

p. .Sclilesisclie Gesellschaft fiir Vaterlandisclie 

Kultur. 

Brunswick. 

p. Verein fiir ISTattirwissenschafl. 

Carlsruhe. See Karlsrulie. 

Danzig. 

AB. Naturforsckende Gesellschaft. 

Dresdeia. 

p. Verein fiir Erdkunde. 

Emden. 

p. Natnrforschende Gesellschaft. 

Erlangen. 

AB. Physikalisch-Medicinische Societat. 

Frankfurt-am-Main. 

AB. Senckenhergische Naturforschende Gesell¬ 

schaft. 

p. Zoologische Gesellschaft. 

Prankf urt-am-0 der. 

p. Natnrwissenschaftlicher Verein. 

Ereiburg-im-Breisgan. 

AB. Universitat. 

Giessen. 

AB. Grossherzogliche Universitat. 

Gorlitz. 

p. Naturforschende Gesellschaft. 

Gottingen. 

AB. Kdnigliche Gesellschaft der Wissen- 

schaften. 

Halle. 

AB. Kaiserliche Leopoldino - Carolinische 

Deutsche Akademie der Naturfoi-scher. 

p. Natui’wissenschaftlicher Verein fiir Sach¬ 

sen und Thiiringen. 

Hamburg. 

p. Naturhistorisches Museum. 

AB. Naturwissenschaftlicher Verein. 

Heidelberg. 

p. Naturhistoi’isch-Medizinische Gesellschaft. 

AB. Univei’sitat. 

Jena. 

AB. Medicinisch-Naturvvissenschaftliche Gesell¬ 

schaft. 

Karlsruhe. 

A. Grossherzogliche Sternwarte. 

Kiel. 

A. Sternwarte. 

AB. Universitat. 

Konigsberg. 

AB. Konigliche Physikalisch - Okonomische 

Gesellschaft. 

Germany (continued). 

Leipsic. 

p. Annalen der Physik und Chemie. 

A. Astronomische Gesellschaft. 

AB. Kdnigliche Sachsische Gesellschaft der 

Wissenschaften. 

Magdeburg. 

p. Naturwissenschaftlicher Verein. 

Marburg. 

AB. Universitat. 

Munich. 

AB. Kdnigliche Bayerische Akademie der 

Wissenschaften. 

p. Zeitschrift fiir Biologie. 

Munster. 

AB. Kdnigliche Theologische und Philo- 

sophische Akademie. 

Potsdam. 

A. Astrophysikalisches Observatorium. 

Rostock. 

AB. Universitat. 

Strasburg. 

AB. Universitat. 

Tiibingen. 

AB. UniversitM. 

W iirzburg. 

AB. Physikalisch-Medicinische Gesellschaft. 

Holland. (See Netherlands.) 

Hungary. 
Pesth. 

p. Kdnigl. Ungarische Geologische Anstalt. 

AB. A Magyar Tiidds Tarsasag. Die Ungarische 

Akademie der Wissenschaften. 

India. 
Bombay. 

AB. Elphinstone College. 

CalcTitta. 

AB. Asiatic Society of Bengal. 

AB. Geological Museum. 

p. Great Trigonometrical Survey of ludia. 

AB. Indian Museum. 

p. The Meteorological Reporter to the 

Government of India. 

Madras. 

B. Central Museum. 

A. Observatory. 

Roorkee. 

p. Roorkee College. 

Ireland. 
Armagh. 

A. Observatory. 

Belfast. 

AB. Queen’s College. 
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Ireland, (continued^. 

Cork. 

I?. Philosophical Society. 

AB. Queen’s College. 

Dublin. 

A. Observatory. 

AB. National Library of Ireland. 

B. Royal College of Surgeons in Ireland. 

AB. Royal Dublin Society. 

AB. Royal Irish Academy. 

Galway. 

AB. Queen’s College. 

Italy. 

Bologna. 

AB. Accademia delle Scienze dell’ Istituto. 

Florence. 

p. Biblioteca Nazionale Centrale 

AB. Museo Botanico. 

p. Reale Istituto di Studi Superiori. 

Milan. 

AB. Reale Istituto Lombardo di Scienze, 

Lettere ed Arti. 

AB. Societa Italiana di Scienze Naturali. 

Naples. 

p. Societa di Naturalist!. 

AB. Societa Reale, Accademia delle Scienze. 

B. Stazione Zoologica (Dr. Dohrn). 

Padua. 

p. University^ 

Pisa. 

p. Societa Toscana di Scienze Naturali. 

Rome. 

p. Accademia Poutificia de’ Nuovi Lincei. 

A. Osservatorio del Collegio Romano. 

AB. Beale Accademia dei Lincei. 

p. B'. Comitato Geologico d’ Italia. 

AB. Societa Italiana delle Scienze. 

Siena. 

p. Beale Accademia dei Fisiocritici. 

Turin. 

p. Laboratorio di Fisiologia. 

AB. Beale Accademia delle Scienze. 

Uenice. 

p. Ateneo Veneto. 

AB. Beale Istituto Veneto di Scienze, Lettere 

ed Arti. 

Japan. 

Tokio. 

AB. Imperial University. 

Yokohama. 

p. Asiatic Society of Japan. 

MDCCCXC.—B. 

Java. 
I Batavia. 

AB. Bataviaascli Genootschap van Nunsteu on 

Wetenschappen. 

Buitenzorg. 

i p. Jardin Botanicpic. 

Luxembourg, 
j Luxembourg. 

p. Societe des Sciences Naturelle.s. 

Malta. 
! p. Public Library. 

Mauritius. 
p. Boyal Society of Arts and Sciences. 

Netherlands. 
Amsterdam. 

AB. Koninklijke Akademie van Wetenschappen. 

, p. K. Zoologisch Genootschap ‘ Natnra Artis 

Magistra.’ 

' Delft. 

p. Ecole Polytechnique. 

Haarlem. 

, AB. Hollandsche Maatschappij der \Yeten- 

I schappen. 

p. Mnsee Teyler. 

Leyden. 

AB. University. 

Botterdam. 

^ AB. Bataafsch Genootschap der Proefonder- 

I vindelijke Wijsbegeerte. 

j Utrecht. 

AB. Provinciaal Genootschap van Kunsten en 

Wetenschappen. 

New Zealand. 
Wellington. 

I AB. New Zealand Institute. 

! Norway, 
j Bergen. 

I AB. Bergenske Museum, 

i Christiania. 

' AB. Kongelige Norske Frederiks Universitet. 

I Tromsoe. 

p. Museum. 

Trondlijem. 

I AB. Kongelige Nor.ske Videnskabers Selskab. 
I O O 

; Nova Scotia. 
I Halifax. 

, p. Institute of Natural Science. 

Windsor. 

p. King’s College Library. 

Portugal. 
Coimbra. 

AB. Universidade. 

Lisbon. 

I AB. Academia Beal das Sciencias. 
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Portugal (continued). 

Lisbon (continued). 

p. Sec9aodosTrabalhos Geologicos dc Portugal. 

Russia. 
Dorpat. 

AB. Univer.site. 

Kazan. 

AB. Imperatorsky Kazan.sky Universitet. 
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Adjudication of the Medals of the Royal Society for the year 1890, 

by the President and Council. 

Tlie Copley Medal to Simon Newcomb, For.Mem.R.S., for his Contributions to 

the Progress of Gravitational Astronomy. 

The PvUMFORD Medal to Heinpjch Hertz, for his work in Electro-magnetic 

Radiation. 

A PtOYAL Medal to David Fereier, F.R.S., for his Researches on the Localisation 

of Cerebral Functions. 

A Royal Medal to John Hopkinson, F.R.S., for his Researches in Magnetism 

and Electricity, 

The Davy Medal to Emil Fischer, for his Discoveries in Organic Chemistry, and 

especially for his Researches on the Carbo-hydrates. 

The Darwin Medal to Alfred Russel Wallace, for his Independent Origination 

of the Theory of the Origin of Species by Natural Selection. 

The Bakerian Lecture, “ The Discharge of Electricity through Gases (Preliminary 

Communication),” was delivered by Professor A. Schuster, F.R.S. 

The Croonian Lecture, “ On some Relations between Host and Parasite in certain 

Epidemic Diseases of Plants,” was delivered by Professor H. M. Ward, F.Pt.S. 
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PHILOSOPHICAL TRANSACTIONS 

1. A Chemical Inquiry into the Phenomena of Human Pespiration. 

By William Marcet, M.D., F.P.S. 

Received June 3,—Read June 20, 1889. 

[Plates 1, 2.] 

A LOVE of mountaineering is a natural inducement to inquire into the influence 

of altitude on the phenomena of respiration, and I began giving attention to that 

subject in 1875; my first results, however, were not communicated to the Poyal 

Society till the month of Alarch, 1878. In September, 1877, Dr. A. Mermod, then 

Mr. Mermod, had contributed to the “ Bulletin de la Societe Vaudoise des 

Sciences Naturelles,” an interesting paper on this same subject, which lie had 

treated in its chemical aspect, much in the same way as I had done. The title 

of his paper is “Nouvelles recherches physiologiques sur I’influence de la depression 

atinospherique sur Phabitant des montagnes.” The following are the conclusions he 

arrives at:— 

(1.) The uninterrupted and prolonged stay at increasing altitudes is attended with 

a greater frequency of the pulse. 

(2.) The uninterrupted and prolonged stay at 1100 metres above the sea level is 

not attended with any acceleration of the respiratory movements. 

From these two laws the author concludes that— 

(3.) The mean fraction showing the relation between the respiratory frequency 

and the pulsations of the heart, becomes smaller and smaller on removing to stations 

increasing in altitude. 

(4.) The temperature of the body does not appear markedly diminished by 

removing from a dwelling at 142 metres to another at 1100 metres. 
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(o.) Instead of an increase, there is rather a reduction in the weigdit of the air 

breathed by removing higher and liigher above the sea level. 

(6.) The absolute and relative quantity of carbonic acid exhaled from the lungs 

increases by removing into higher regions, although there be no change in the 

respiratory frequency ; at the same time the weight of the air breathed is reduced. 

Dr. Mermod’s investigations were undertaken at two stations only, one of them being 

Strasburg, at an altitude of 142 metres, and the other Ste. Croix, at 1100 metres; 

the difference of altitude amounting therefore to the small figure of 958 metres. 

Thirty-five experiments were made at Strasburg, and thirty-two at Ste. Croix, on the 

volumes of air breathed and weights of carbonic acid expired. The mean barometric 

pressure was 744‘89 mm. at Strasburg, and 669'2l mm. at Ste. Croix, giving a difference 

of 75’68 mm. The extent of the inquiry appears hardly sufficient to determine the 

influence of atmospheric pressure on the chemical phenomena of respiration, but the 

work is evidently well done, and I feel called upon to discuss it in some of its 

beariiiP’s. 
O 

On one point I agree with Dr. Mermod, that there is a reduction in the weight of 

air breathed within a given time at increasing altitudes, and depending on atmos¬ 

pheric pressure alone. My experiments, which extend to altitudes of 3300 and 4000 

metres, some of them made under circumstances doing away with the influence of cold, 

certainly yield that result. I have expressed this law by stating that there is, at in¬ 

creasing altitudes, a reduction in t he volume of air breathed, reduced to 0° and 760 mm. 

Dr. Mermod’s sixth and last conclusion deals with the amount of carbonic acid 

exhaled from tlie hmo;s within a o-iven time at different altitudes. At first I was 

disposed to conclude with him, that more carbonic acid is expired as the atmospheric 

pressure falls from increasing altitude, as I found that more carbonic acid was exhaled 

per minute in the mountains than in the plains; but it occurred to me that the increased 

cold experienced on ascending in the Alps was not unlikely to exert an influence on 

this phenomenon, and that the excess of carbonic acid expired in Alpine disfricts might 

be due to cold and not to rarefied air. My experiments, made on the peak of Tenerife, 

in order to clear up this point, showed conclusively that when no cold is experienced on 

reaching higher levels, there is no increase in the amount of carbonic acid expired 

within a given time. 

Dr. Mermod does not lose sight of the question of temperature, as he records 

the temperature of the atmosphere at the time of every experiment, and he finds 

that the mean of all the temperatures observed was the same at both stations. 

At his lower station, his mean temperature is 12°'65 C., and at his higher station, 

12°'68 C. He thus disposes of any influence due to differences of temperature. 

The effect of food is done away with by making the experiments between 7 and 8 

o’clock in the morning, and before breakfast. The barometer reading is recorded at 

the time of every experiment, but it is much to be regretted that the author quotes 

no hygrometric observations. 
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By considering together the temperatures of the air when tlie different experiments 

were made, and corresponding weights of carbonic acid expired, as stated in Dr. Meemod’s 

Tables, a very remarkable influence of the temperature at the higlier station will be 

found. In order to show this, I have extracted from Dr. Mermod’s paper, and 

placed opposite each other in a tabular form, the mean weights of carbonic acid expired 

at both stations for each degree of temperature—from 9° to 10°, 10° to 11°, and 

so on :— 

Temperatures at 
time of 

experiment. 

Strasburg. 
COo expired per 

minute. 

Ste. Croix. 
COo expired per 

minute. 
Increase for Ste. Croix, j 

o o 

9 to 10 0-392 0-387 
Per cen 

0-0 1 
t. 

10 „ 11 0-394 0-419 6-0 
1 mean 

r 3-1 11 „ 12 0-388 0-401 3-2 
12 „ 13 0-374 0-.397 5-8 '] 

mean 
' 7-0 

13 „ 14 0-373 0-393 5-1 
14 „ 15 0-371 0-413 10-2 J 

First of all we observe that, as the temperature increases at the lower station, the 

weight of carbonic acid expired per minute as a rule falls, while at the higher station 

the weight of carbonic acid expired per minute is nearly the same at every tem¬ 

perature. 

If, on the other hand, the weights of carbonic acid expired at Strasburg and 

Ste. Croix be compared with each other for similar temi^eratures, we find no increase 

of carbonic acid at Ste. Croix for the lowest temperature (9° to 10°), although a 

considerable increase, amounting to 10"2 per cent., at the highest temperature. By 

collecting the temperatures and corresponding weights of carbonic acid into two 

groups, the group for the low^est temperatures will give an increase of carbonic acid of 

only 3'1 per cent, for Ste. Croix (the highest station), while the group for the highest 

temperatures wfill show an excess of carbonic acid of 7’0 per cent, for that same 

station. 

The analysis of the tables in another form yields a similar conclusion. T liave 

disposed as follows the figures for carbonic acid corresponding to the ten lowest and 

ten highest temperatures for each station :— 
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Strastiirg. Ste. Croix. 

Ten lowest temperatures. Ten liigliest temperatures. Ten lowest temjreratures. 'J’en highest temperatures. 

Tempera 
tures. COo. Tempera¬ 

tures. CO.. Tempera- 
ture.s. COj. Tempera¬ 

tures. CO.. 

r°rjO 0-393 is'-eo 0-354 8-75 0-393 16-00 0-387 

9-60 0-413 15-40 0-342 9-00 0-385 16-00 0-447 

9-60 0-370 14-20 0-396 9-.30 0-391 15-90 0-412 

10-00 0-390 14-00 0-350 9-40 0-422 15-90 0-376 

10-50 0-390 13-80 0-358 9-50 0-388 15-90 0-423 

10-80 0-396 13-80 0-377 9-50 0-374 15-80 0-413 

10-90 0-398 13-70 0-348 9-55 0-374 15-50 0-404 

11-20 0-394 13-50 0-379 9-90 0-394 15-30 0-386 

n-20 0-382 13-40 0-361 10-10 0-418 14-90 0-427 

12G0 0-390 13-40 0-358 10-30 0-421 14-50 0-.391 

Mean 10-59 0-392 14-08 0-362 9-53 0-396 15-57 0-406 

It follows from this Table that the experiments made at the ten lowest temperatures 

at Strasburg yield an increase of carbonic acid of 7'6 per cent, over the experiments 

made at the ten highest temperatures. This is just what might have been expected 

from the effect of the cold. At Ste. Croix, however, the conclusion is very different, as 

at that station there is a slight excess of 2’4 percent, carbonic acid for the ex23eriments 

made at the hio-hest temperature over tlie mean carbonic acid found at the lowest tern- 

peratures at that same station. Moreover, if we compare with each other the mean 

Aveights of carbonic acid expired at the ten lowest temperatures for the two stations, 

they will be found nearly exactly the same (0‘392 and 0'396), while for the ten highest 

temperatures there is much more carbonic acid expired at Ste. Croix than at Strasburg 

(0‘406 and 0'3G2), the increase being by no less than 10‘8 per cent. This appears at 

first sight quite unaccountable, although I think it can be satisfactorily explained. 

There AAms clearly some influence on the experiments at Ste. Croix connected with 

the highest temperatures which was absent at Strasburg. That influence I believe to 

be a lower state of relative humidity of the air, which, by producing increased perspi¬ 

ration and increased evaporation at the lungs, exerted a cooling action on the body, 

thus necessitating an increase of animal combustion. It is true that the atmosphere 

was warmer, but this circumstance failed to compensate for the cold produced by 

increased perspiration and evaporation. 

This explanation appears to me to account satisfactorily for the increase of carbonic 

acid observed at the higher station : it was not due to the fall of atmospheric pressure, 

but to increased dryness of the atmosphere, acting precisely in the same way as an 

accession of cold would have done. 
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Before entering any farther upon this comaiunication I must beg to acknowledge the 

valuable aid of my assistant, Mr. C. F. TowiM-SEND, F.C.S., to whose diligent, methodical, 

and careful work I am greatly indebted for tlie results obtained in the present inquiry. 

We made too^ether the numerous calculations for the reductions, tlms checkinof the 

figures in every possible way to insure accuracy. 

Since my attention was first given to the chemical phenomena of respiration, I have 

had the honour of communicating to the Boyal Society a succession of papers on the 

“ Influence of Altitude on Respiration,” which have appeared in volumes 27, 28, 29, and 

31 of the ‘ Proceedings.’ These inqumies show in the most conclusive manner that alti¬ 

tude exerts an action on respiration depending exclusively on the fall of atmospheric 

pressure, and the law can be expressed as follows:—“The volumes of air breathed, 

reduced to 0° and 760 mm., in order to produce a certain weight, say, 1 gramme of 

carbonic acid in the body, are smaller on mountains under diminished atmospheric 

pressures than they are in the plains under higher pressures.” My earliest experiments 

on the Breithorn (13,685 feet—4171 metres), the Col St. Theodule (10,899 feet—3322 

metres), the Riffel (8428 feet—2568 metres), the St. Bernard (8115 feet—2473 metres), 

and the Col du Geant (11,030 feet—3362 metres) were all attended with a fall of the 

atmospheric temperature on reaching into higher altitudes; this circumstance neces¬ 

sarily produced an increased combustion in the body in order to overcome the action 

of the cold, and introduced an element into the inquiry winch was likely to interfere 

with the exclusive influence altitude might exert on the chemical phenomena of 

respiration. The only way of overcoming this difficulty was to resort to a mountain 

where it was possible to ascend to a considerable altitude without meeting wuth the 

cold air of noi'thern Alpine districts. Thus I was induced to visit the Peak of 

Tenerife, taking with me the instruments required to repeat the experiments under¬ 

taken in the Swiss Alps. I spent three weeks on the Peak in the summer of 1878, 

engaged in these inquiries. The temperature, though varying somewhat at the three 

stations I had selected at various altitudes, was always hot in the daytime, and there 

was no cause for any increased formation of carbonic acid in the body towards the 

resistance of cold. The result was most striking. While in the cold Swiss Alps I 

had observed an increased expiration of carbonic acid when ascending on myself and 

otffiers who submitted to the experiment, on the Peak of Tenerife there was no such 

increase. The mean weight of carbonic acid expired at the three stations by two 

different persons was, with one exception at one station only—in the case of a 

Chamonix guide—nearly the same for each of them respectively ; the volumes of air 

breathed were lessened,”" so that the law remained unchanged : that at increasing alti- 

* There is one exception in the case of the Chamonix guide, the volume of air he expired (for 1 grm, 

COj) being somewhat greater at the higher than the intermediate station on the Peak; but the mean 

volume of air expired at these two stations, taken collectively, was much less than the mean volume of air 

expired .at the seasidi*. 
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tudes less air breathed, reduced to 0° and 760 mm., than at the sea level, is required to 

produce 1 grm. of carbonic acid in the body. The experiments on the Peak of Tenerife, 

by doing away entirely with the influence of cold, placed this fact beyond doubt. 

As it is important towards a clear understanding of this paper that the results 

obtained formerly should be present to the reader, I beg to subjoin them in a tabular 

form. 

Experiments on the Influence of Altitude upon the Chemical Phenomena of 

Pespiration (on Myself). 

Stations. Altitude. 
Weight of COo 

expired. 
Litres of air expired 

reduced to 0° and 760 mm. 

feet. grm. 

Near Geneva. 1,230 1 13-6 
St. Bernard. 8,115 I Alean at and above 

Riffel. 8,428 1 8115 feet np to 
Col St. Tlieodule .... 10,899 ] 13,685 feet. 
Summit of Breithorn . 13,685 1 11-05 

On the Peak of Tenerife (on Myself). 

Stations. Altitude. 
Weight of COj 

e.xpired. 

Litres of air expired 
reduced to 0“ and 760 mm. 

Seaside. 
feet. grm. 

1 12-24 
Gnajara. 7,090 1 11-9 
Alta-Vista.. 10.700 1 10-7 
Foot of terminal cone . 11,740 

T 
JL 10-6 

Col du Geant (mi Myself). 

Stations. Altitude. 
Weigiit of COo 

expired. 
Litres of air expired 

reduced to 0° and 760 mm. 

Near Geneva. 
feet. 

l,-230 
grm. 
^1 15-5 

Courmayenr. 3,945 1 

jMean before and 
after ascent. 

14-35 
Summit of Col du Geant . . 11,030 1 12-6 

Col du Geant (on a Companion). 

Stations. Altitude. 
Weiglit of CO3 

expired. 
Litres of air expired 

reduced to 0^ and 760 mm. 

feet. grm. 

Geneva . 1,230 1 13-7 
Alean befoi-e and 

after ascent. 
Conrmayenr. 3,945 1 14-8 
Summit of Col du Geant . . 11,030 1 12-6 
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The experiments were made by determining as carefully as possible the volume of 

air expired within a given time, and finding tlie amount of carbonic acid this air 

contained by means of Pettenkoper’s method carried out with the aid of an instru¬ 

ment I had constructed for tliat purpose. Then, knowing the weight of carbonic acid 

in a given volume of air, it was easy to find, by a very simple calculation, the volume 

of air (reduced to 0° and 7G0 mm. pressure) corresponding to, or holding, 1 grin, of 

carbonic acid. The method and instruments employed in this inquiry have been 

fully described in a previous communication. 

Being desirous of ascertaining whether at such stations as those frequented by 

invalids the same effects were produced on the function of respiration as at greater 

elevations, I repeated the experiment in the year 1882 on the Bigi Mountain, in 

Switzerland, in the company of a young engineer, Mr. B. Thury. As the results 

obtained have never been published, beyond a short reference to them in a paper to 

the Alpine Club, I shall beg to include a tabular statement of these experiments in 

the present communication. The inquiry made on the Bigi confirms in every way the 

law ruling the chemical phenomena of respiration at different altitudes. Mr. Thury 

submitted alone to these experiments. 

Fifteen expeiiments were made on the 3rd and 4th of September near Geneva, at 

an altitude of 1230 feet (375 metres), mean barometer pressure of 728 mm. and 

temperature of 15”'9 C. ; and eighteen experiments were made as soon as possible 

afterwards at the Bigi Staffel, at a mean pressure of 639 mm. and mean temperature 

of 7°'6 C. during the experiments. The Bigi Staffel is situated at an elevation of 

5230 feet (1594 metres), giving a difference of altitude of 4000 feet, or 1219 metres, 

and of 89 mm. mean pressure, between the two stations. It might have been expected 

that more carbonic acid would be exhaled in a given time on the cold mountain station 

than in the valley of Geneva, and this turned out to be the case ; as, while a mean of 

0‘350 grm. 00^ was expired near Geneva the lower and warmer station, this figure 

rose fo a mean of 0'445 grm. at the higher or colder station—giving an excess of no less 

than 21 per cent, of carbonic acid for the Bigi. The amount of air expired, say breathed, 

for the expiration of 1 grm. of carbonic acid, reduced to 0° and 760 mm., was 10'78 litres 

in the Geneva valley, and only 9 "45 litres on the Bigi station. Therefore, for a mean 

difference of 89 mrn. atmospheric pressure (including the influence of reduced tempera¬ 

ture), less air by 12 per cent, was breathed on the m.ountain to supply the oxygen 

required by the body to burn the same amount of carbon as in tlie valley. 
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Experiments at Malagny, near Geneva, on Mr. K. Thury, 1883. Barometer = 728 mm. 

[ 
Number. Date. Time with reference to 

food taken. 
Tempera¬ 

ture of air. 

Grammes of 
COj 

expired 
per minute. 

Litres of air 
expired 

per minute 
(reduced). 

Litres of air 
expired 

(reduced) 
correspond¬ 

ing to 
1 grm. CO_. 

Percentage 
volume of CO. 

in air 
expired. 

1 Sept. 3 
h. m. 
2 10 after lunch . . 

° C. 
20-0 •334 3'65 10-93 4-66 

2 3 25 „ „ . . 18-5 •319 3-40 10-65 4-77 
3 3 55 „ . 17-5 •303 3-29 10-88 4-67 
4 4 40 „ „ . . 16-5 •343 3-60 10-48 4-85 
5 5 20 „ „ . . 150 •294 317 10-77 4-72 
6 Sept. 4 0 45 after breakfast . 16-0 •358 3-99 11-12 4-57 
7 1 30 „ 16-5 •401 4-52 11-29 4-50 
8 2 25 „ lG-0 •418 4-53 10-84 4-69 
9 3 0 „ 15-0 •374 4-17 11-17 4-55 

10 0 45 after lunch . 14-5 •410 4-40 10-75 4-73 
11 1 15 „ 15-0 •359 3-86 10-75 4-73 
12 2 10 „ 15-0 ■MO 3-49 10-28 4-94 
13 2 50 ,, ,, . . 14-5 •305 3-34 10-94 4-64 
14 4 0 „ 14-0 •366 3-82 10-42 4-88 
15 4 55 „ 14-0 •329 3-45 10-47 4-85 

2 52 mean time after 
a meal 

15-9 
mean 

*350 
mean 

3*78 
mean 

10-78 
mean 

4*72 
mean 

Experiments at the BIgi Staffel on Mr. Thury, 1883. Barometer = 639 mm. 

Number Date. Time with reference to 
food taken. 

Tempera¬ 
ture of air. 

. Grammes of 
CO, 

expired 
per minute. 

i 
! Litres of air 

expired 
per minute 
(reduced). 

Litres of air 
expired 

(reduced) 
correspond¬ 

ing- (0 
1 grm. CO,. 

Percentage 
volume of CO^ 

in air 
expired. 

i 

1 Sept. 7 
h. m. 
1 45 after lunch . 

° C. 
9-0 •332 3-23 9-72 5-23 

2 2 30 „ „ . . 9-5 •326 3-24 9-94 5-11 
3 3 10 „ 10-0 •364 .3-51 9-64 5-27 
4 3 55 ,, ,, . . 7-5 •379 3-61 9-54 . 5-32 
5 ^'1 4 40 „ „ . . 7-5 •451 4-08 9-05 5-61 
6 5 15 „ „ . . 7-5 •416 3-93 9-44 5-38 
7 Sept. 9 

99 

1 30 „ „ . . 8-0 •454 4-23 9-.30 5-46 
8 2 22 „ „ . . 9-0 •533 4-60 8-62 5-89 
9 99 3 5 „ „ . . 6-0 •382 3-79 9-93 5-12 

10 9 9 3 50 „ „ . . 6-0 •453 4-22 9-32 5-45 

11 99 4 27 „ „ . . 5-0 •488 4-44 9-11 5-58 
12 Sept. 10 0 35 after breaLfast . 6-5 •503 4*48 8-92 5-70 
13 99 1 8 „ „ 7-0 •532 4-98 9-37 5-42 
14 99 1 48 „ 8-0 •511 4-85 9-49 5-35 
15 9? 2 33 „ 6-0 •511 5-00 9-48 5-36 
16 99 3 30 ,, ,, 7-5 •491 4-94 10-06 5-05 
17 99 4 25 no lunch . 8-5 •444 4-40 9-92 5-12 
18 99 5 30 ,, „ ... 8-5 •442 4-55 10-28 4-94 

3 7 mean time after 
a meal 

7*6 
mean 

•445 
mean 

4*23 
mean 

1 

9*45 1 
mean | 

5*35 
mean 
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The following investigation was earned out in a laboratory of the Physiological 

Department at University College, which Professor Schafer has kindly placed at my 

disposal. Two persons—my assistant, Mr. 0. F. Townsend, and my laboratory 

attendant, William Alderwood, who has worked for the last five years in my 

laboratory, and whom I can thoroughly trust to carry out my instructions—both 

kindly submitted to experiment. 

The incpiiry has to be prefaced with a statement of the method of investi¬ 

gation adopted. The main objects w^ere to collect and measure the air expired from 

the lungs within a given time, and then find out, as accurately as possible, the weight 

or volume of carbonic acid it contained. I had proposed at first to determine also the 

volume of air inspired, but met with so many difficulties in carrying this out satisfac¬ 

torily that it was given up. There are two possible sources of error in a work of this 

kind, first on account of the resistance breathing has to overcome when the expired 

air is either collected for analysis or passed through absorbing media; and, secondly, 

from the attention of the person who is breathing being directed to the expeii- 

ment, so that respiration becomes a voluntary act instead of being purely automatic. 

In Edward Smith’s experiments*' the air was inspired through a dry gas meter, and 

expired through a succession of vessels which absorbed the water and carbonic acid, 

the latter being estimated by weighing. This method, although possessed of the 

advantage of allowing each experiment to be continued for an indefinite length of 

time, appeared to me hardly delicate enough for the object I had in view, especially 

because of the unavoidable resistance to free respiration, although it might be but 

slight. The air expired had therefore to be collected in a bell-jar, in such a way 

that the person under experiment might not be aware, at the time, that he was 

breathing with an object in view. I had two bell-jars constructed for this purpose 

by Messrs, W. Parkinson and Co., engineers, by whom they were admirably made. 

Each bell-jar could hold 40 litres of air, and was graduated on a scale into litres and 

fractions of litres. They were made of japanned iron, and suspended over taidxs filled 

with a solution of pure sodium chloride ; the solution in the tank used for most of 

the experiments had a density of 1'074, corresponding to 10 per cent, of sodium 

chloride. The tanks had an annular form, so that the fluid should expose as small a 

surface as possible to the air contained in the jars. The bell-jars were counterpoised 

over a pulley fixed to a cycloid to winch another regidating weight was suspended. 

The cycloid was so constructed that the increased leverage of the regulating w^eight 

counterbalanced exactlv the increase of weiodit of the bell-iar as it ascended from the 
J O J 

tank and vice versd. A gauge fixed to the dome of the bell-jar and charged with 

almond oil indicated the state of tension of the air in the jar. I found that by keeping 

the outside of the bell-jars carefully lubricated with almond oil their motion through 

the salt water was certainly facilitared, and after careful adjustment the bell-jars were 

so nicely suspended that air could be expired quite unconsciously into them through a 

* ‘ Phil. Trans 1859. 

C MDCCCXC.— B. 



10 DR. W. MARCET OX A CIIEillCAL IXQUTRY IXTO 

pipe about an inch in diameter, opening under the dome of the bell-jar. But this still 

proved insuliicient, as it was necessary to devise some method enabling the person 

under experiment to breathe without his being aware that his breath was being 

collected for experiment. The difficulty was overcome as follows :—A double-way 

stop-cock, with passages not much less than an inch in diameter, was fixed to an 

upright stand screwed to the floor, and an india-rubber tubing of a corresponding 

diameter was connected with it, long enough to be used by a person sitting in a 

recumbent posture in a deck chair-—there was a vulcanite mouthpiece in the distal 

end of the india-rubber tube. By means of a handle the double-way cock could be 

turned in such a position as to enable the person sitting in the deck chair to breathe 

either into the open air or into the bell-jar. A little silk flag placed inside a glass tube 

introduced in the course of the india-rubber tubing, flapped during the expiration and 

remained still while air was inspired, thus acting as a guide throughout the experi¬ 

ment. This ai'rangement answered the purpose in every way ; the person experi¬ 

mented upon was instructed to inspire through the nose and expire through the tube 

while in communication.with the open air, and without paying any attention to the 

bell-jar, the little flag showing clearly the time when the respiration had become 

perfectly slow and natural. Then, without giving any notice and unknown to the 

person under experiment the handle of the double way cock was turned during an 

inspiration and the expired air directed towards the bell-jar ; this was so delicately 

suspended that no appreciable difference of sensation was experienced in the 

breathing, and it frequently happened that the bell-jar was half way up while the 

person in the chair still thought he was breathing into the outside air. In order to 

deviate in no way from natural respiration in these experiments, no valvular face- 

piece was used, the air, as stated above, being inspired through the nose and expired 

through the mouth. A little practice made it quite easy, but in order to ensure 

absolute accuracy the two persons who submitted to experiment closed their nose 

during expiration by a light pressure with the index finger of each hand held in 

such a position as to do this with as little effort as possible. After a time the 

movement became quite automatic, and it was too slight to cause the addition of any 

appreciable amount of carbonic acid in the expired air. 

The experiment was made in the following way :—The person sat in a semi- 

recumbent posture in a comfortable deck chair, his body and legs being thoroughly 

supported and the feet resting on a stool at the same height as the legs, thus every 

muscular strain was done away Avith. Then he began inspiring through the nose and 

expiring from the mouth through the india-rubber tube and double-AAmy cock into the 

open air ; at first the little flag in the track of the an expired was seen to fly about 

wildly, then by degrees its movements became more regular, and after from ten 

minutes to a quarter of an hour the respirations were observed to be quite quiet and 

steady. The scale of the bell-jar being at 0° the stop cock was turned during an 

inspiration, and the air ex[)ired directed into the bell-jar. Tlie instant the bell-jar 
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commenced rising a stopwatch or chronograph was started, which registered minutes 

and seconds only. After about 35 litres of air had been collected the watch was 

stopped at the end of an expiration, and the stop-cock, turned during the next 

inspiration, the air expired being diverted into the external air. The volume of air 

collected was read off on the scale, exactly under atmospheric pressure. In some few 

instances the air was analysed at once (in which case care was taken to rinse out 

the bell-jar previously with expired air), but as a rule the bell-jar was filled twice 

or three times so as to obtain two experiments yielding as near as possible the same 

volume of air expired in a given time. In many cases the difference did not exceed 

two or tliree per cent., but it occasionally happened to be much greater. These 

occurrences were perplexing, and led to careful discussions before the figures were 

accepted. The air collected in the bell-jar was next submitted to analysis, but first 

of all its temperature was observed with a thermometer introduced in situ through the 

bell-jar, then the barometer was read.'"' 

The determination of carbonic acid in expired air and atmospheric air has taken 

up my attention for many years, and after trying various forms of volumetric methods, 

in which volumes varying from 1 to 7 litres of air expired were submitted to analysis, 

I finally fell back upon Pettenkofer’s method with which I was well accjuainted and 

which was known to yield reliable results, while simple and speedy in its manipulafions. 

It was necessary to collect the air from the bell-jar into a vessel of the proper shape and 

size, and agitate this air with a solution of barium hydrate of known strength. The 

vessel is a cylinder made of strong glass of a capacity of 1 litre, it is closed at 

both ends by brass caps, screwed over a brass flange cemented to the ends of the 

cylinder, wmshers are interposed at the points of contact so as to make the cylinder 

absolutely air-tight, a brass tube with a stop-cock is soldered to each cap. One 

of the tubes is widetied out and fitted with a thread, so as to screw to a brass 

piece fixed to a bottle of a capacity of a little over 100 c.c.; the connection being- 

secured air-tight with a washer (a drawing of the instrument is given on Plate 2), 

the bottle is closed by a wide brass cap screwing upon it perfectly air-tight, so that 

the bottle can be readily washed out and dried with a towel. The air is drawn from 

the bell-jar into the dry glass cylinder by means of a pump, the cylinder being first 

exhausted and then filled with the air from the bell-jar. The operation is repeated 

eight or ten times, when a weight being placed on the bell-jar 10 or 12 litres more of 

expired air are driven through the cylinder, which is closed by turning the tap 

while the air is in transit. Next, the cylinder still attached by india-rubber tubing 

to the pipe leading from the bell-jar is immersed in water held in a cylindrical tin vessel 

* An experiment is qnoted here in the abstract of this paper (‘ Proceedings,’ vol. 46, p. 344), towards 

testing the accuracy of the method of breathing in the bell-jars. It was found subsequently, on 
repeating it a large number of times, that the results obtained varied to such an extent, from some cause 

connected exclusively with the experiment, as to make it useless with reference to the object in view. 

Hence it is omitted on the present occasion. 
c 2 
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and the temperature of the water is recorded, .corresponding to the temperature of 

the air to be analysed, the barometer is again read off. This, of course, is done after 

removing the weights from the bell-jar, and with the air in the bell-jar exactly under 

atmospheric pressure. Thus 1 litre of saturated air at a given temperature and under 

a known barometric pressure was obtained for analysis. The analysis was made by 

taking up 100 c.c. of the normal barium solution with a pipette and introducing it 

into the bottle, which was next screwed upon the cylindei’ and tightened with gas 

pliers. Then the stop-cock closing the cylinder next to the bottle was opened, and by 

turning the cylinder upside down the alkaline fluid was run into it from the bottle, 

when on shaking, the solution at once turned milky. 

A number of experiments were made to find out how long the agitation of the 

cylinder had to be continued to ensure the complete combination of the carbonic acid. 

The experiments were performed both quaiitatively and quanititatively. The quali¬ 

tative test was made by shaking the air with the alkaline solution for a definite time, 

then aspiring this same air into a second similar cylinder in which a vacuum had been 

made, the displacement being effected over water. Tliis air was tested for carbonic 

acid by shaking it with cleaiqbaryta water. 

After agitating for 10 and 20 minutes the presence of carbonic acid in the second 

cylinder was still obvious, but after 30 minutes none was left, the solution of barium 

remaining perfectly clear after brisk agitation. 

The quantitative experiment was made by determining the amount of carbonic 

acid absorbed by the barium hydrate from 1000 c.c. of the same stock of expired air 

after agitating the cylinder during 20 minutes, 30 minutes, or 40 minutes. The 

followino^ results were obtained :— 
o 

After 20 minutes’agitation.CO^ 4T30 per cent, in air expired. 

,, 30 minutes’ ,,.,, 4194 ,, ,, 

,, 40 minutes’ ,,.,, 4183 ,, „ 

Therefore, after 20 minutes, there still remained a small portion of COg unabsorbed; 

the very slight difference between the results obtained after 30 and 40 minutes is 

within the probable error of the analyses. As half an hour’s agitation was objec¬ 

tionable from the length of time, experiments were made to ascertain whether this 

period could not be shortened by determining the COg in the cylinder under a pressure 

exceeding that of the atmosphere. 

For this purpose a cylinder was used into which a round graduated brass plunger 

was introduced—an instrument I had experimented with for some time while searching 

for a good volumetric method of estimating COg. The plunger moving through a 

close-fitting stuffing box was found to be quite air tight, and by depressing or raising 

it the pressure in the cylinder could be increased or decreased by the volume of the 

plunger introduced or wlthdruv'u. 
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Bj this means the agitation could be made at will, either below the atmospheric 

pressure, at that jDressure, or above it. 

On depressing the plunger to 50 c.c. the air after complete combination was very 

nearly under atmospheric pressure. On depressing the plunger to 100 c.c. the pressure 

amounted to very nearly 38 mm, of mercury. On depressing it to 80 c.c. the pressure 

amounted to nearly 23 mm. of mercury. 

It was found that the combination took place much more rapidly at a pressure 

exceeding that of the atmosphere than below or at the atmospheric pressure. 

In ordinary circumstances the absorption of 50 c.c. in the cylinder, from expired air 

under analysis, would cause a vacuum or fall of pressure of about 38 mm. of mercury. 

This circumstance militates strongly against complete absorption, but by increasing 

the pressure as stated above to 23 mm. over and above the atmospheric pressure 

(after absorption), it was found that after agitating for 10 minutes no COn was left 

uncombined, and with a pressure of 38 to 40 mm. the combination appeared complete 

after acfitatino- for 5 minutes. 

In the course of the present inquiry the use of the plunger was given up,"^' and the 

air in the cylinder was compressed b}" driving into it about 100 c.c. of common air, free 

from carbonic acid. This was done with a pear-shaped vulcanised india-rubber bag 

attached to the end of one of the terminal tubes, as shown in the accompanying 

drawing. The air was forced into the cylinder with the hand, the stopcock again 

closed and the bag removed. Thus, a volume of about 100 c.c. of air, free from COo 

(passed through pumice stone moistened with potassium hydrate), was introduced into 

the cylinder, producing after combination a pressure of about 38 mm. of mercury. 

After shaking for a quarter of an hour, the bottle containing the milky alkaline 

solution was unscrewed from the cylinder and its contents were rapidly poured into 

a dry glass-stoppered bottle of a capacity of about 100 c.c., which was sealed with 

paraffin. The next day the precipitate had separated, and the clear fluid was titrated 

with a solution of oxalic acid of such a strength that 1 c.c. corresponded to 0 001 

mgr. COo. 

Fourteen experiments were undertaken to test the accuracy of this aaialytical 

method. In each experiment two analyses were made from the same stock of air 

in the bell-jar, and the accuracy of the results goes far to show how well the bell-jar 

retained its equilibrium with the atmospheric pressure. The results are tabulated as 

follows ;— 

* Some determinations of COj, made with the plunger, by PetteXkofer's method, have reqiTired a 

small correction owing to the plunger coming ont slightly greasy from the stuffing box. A number 

of experiments showed the collection to amount to a mean of 1 per cent. 
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Found Carbonic Acid as expired per minute. 

Gramme. 

0-3905 1 
0-3881 / 
0-4581 1 
0-4571 / 
0-4228 1 
0-42O3 / 
0-5108 1 
0-5087 j 
0-4403 1 
(•-4393 j 
0-402.5 I 
0-4052 J 
0-4O15 1 
0-4007 / 
0-3030 1 
O-3041 / 
0-4203 I 
0-4-243 / 
0 434S I 
0-4345 / 
0-4246 1 
0-4234 / 
0-4011 1 
0 4000 / 
0-4033 1 
0-4040 / 
0-3760 1 
0-3758 / 

Means . 

Dilference, 

0-0024 

0-0010 

0-0015 

0-0021 

0-0019 

0-0027 

0-0008 

0-0011 

0-0020 

0-0003 

0-0012 

0-0005 

0-0013 

0-0008 

. 0-0013 

Per cent. 

= 0-61 

= 0-22 

= 0-35 

= 0-41 

= 0-25 

= 0-58 

= 0-20 

= 0-30 

= 0-47 

= 0-07 

= 0-28 

= 0-12 

= 0-32 

= 0-21 

= 0-31 

The following precautions were taken in these analyses as necessary to ensure 

absolutely correct results by Pettenkofeu’s method :— 

1. The distilled water used for diluting the solution of barium hydrate (100 to 

200 C.C.), was thoroughly boiled, and kept in glass stoppered Winchester quarts. 

Before using this water it was carefully tested and rejected if one drop of the dilute 

alkaline solution (25 c.c. normal barium solution in 100 c.c. aq.) failed to show a 

reaction in about 30 c.c. of the distilled water coloured with two or three drops of 

solution of turmeric. 

2. The same burette was used in every experiment, and every titration was 

commenced at 0 of the burette scale, the burette being always refilled. 

3. The air drawn into the burette by displacement of the fluid was filtered through 

a tube containing pumice stone moistened with a saturated solution of potassium 

hydrate in very dilute glycerine, and connected wdtli the burette by a cork and india- 

rubber tubing. Thus none of the atmospheric carbonic acid could reach the solution 

in the burette. 

4. During the titration air blown from a bellows over pumice stone, moistened with 

potassium hydrate in dilute glycerine, was driven through the wide-mouth bottle in 

which the titration was being made, so that atmospheric carbonic acid never came in 
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contact with the contents of the flask ; this precaution was found absolutely necessary 

to insure accurate results. 

5. The analyses of the alkaline solution were made the day after the experiment 

except when a Sunday intervened. I have found it necessary not to delay the analyses 

of atmospheric air, a precaution peidiaps less important when a large proportion of CO3 

is present, as occurs in air expired from the lungs. 

6. The standard solution of oxalic acid used in Pettenkofer’s method usually 

undergoes a change after about a fortnight, when mould is formed in the fluid. 

In order to avoid any error from this cause, the solution was prepared very carefully 

by heating the dry flask in which it was to be made to a sufficient temperature to 

destroy the bacteria, and allowing it to cool with its opening plugged with cotton 

wool. The weighed oxalic acid was rapidly transferred to the flask, and the solution 

made with fresh boiled distilled water. The solution prepared in this way keeps for 

a much longer time unaltered in strength, than if these precautions are not taken. 

There is practically I believe, only one source of error in Pettenkofer’s 

method of analysis—from the uncertainty of the acidity of the oxalic acid used, as 

equal weights of different samples do not always give exactly tne same degree of 

acidity. This source of error can be easily obviated by substituting hydrochloric acid 

for oxalic acid. The analyses referred to in this paper have all been made with oxalic 

acid from the same stock kept in a glass stoppered bottle. 

In order to make cpiite certain of the strength of the solution, a standard solution 

of pure hydrochloric acid was prepared by titrating it with a weighed quantity 

of anhydrous sodium carbonate. The alkalinity of the barium solution wms then 

determined with the standard oxalic acid, and also with the standard hydrochloric 

acid, while a known volume of the same barium solution was precipitated with 

sulphuric acid, and determined by weight as barium sulphate. The results obtained 

were as follows :— 

With oxalic acid 100 c.c. barium solution w’ere found 

equivalent to.0’2683 grins. CO3 

With hydrochloric acid, 100 c.c.0'2G7 5 ,, 

By weight, 100 c.c.0'2679 ,, 

It was therefore obvious that the oxalic acid used in these analyses was quite 

pure, and moreover that the barium hydrate was uncontaminated wdth any other 

alkali. 

It has been long known that a certain proportion of the oxygen of the air inspired 

is not returned in the expired air as carbonic acid, and Pegnault and Beiset in 

their admirable experiments'^ have shown that a portion of the oxygen inhaled is 

occluded in the body. While experimenting on dogs they found the mean relation 

between the weight of the oxygen expired and i.he total weight of oxygen consumed 

* ‘ Annales de Chimie efc de Physique,’ 1849, vol. 26. 
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to be 0’744. I have subjected hunian respiration to experiments of a similar 

description, and obtained results approximating very much to those arrived at bv 

PtEGNAULT and Eeiset, but the inquiry was beset with difficulties, and the figures 

obtained for occluded air do not agree close enough to justify their being quoted on 

this occasion. We may so far accept an occlusion of from 1‘8 to 2 per cent, of 

the air inspired; therefore, the volumes of air expired, as given in this paper, 

increased by that proportion, will yield very nearly the corresponding volumes of 

air inspired. Since, however, the air expired has only been taken into account in 

the present inquiry, the results may safely be accepted as correct relatively to each 

other without introducing any correction. 

The calculations these experiments necessitated were simple, though somewhat 

laborious, until I had completed with the aid of Mr. Townsend a table for reduction 

of volumes, which was found of the greatest use. As I am not aware of such a table 

of figures being in existence, and as it may be useful to others, it is included in the 

present communication. 

The horizontal headings are Barometer readings from 740 to 780 mm., and the 

vertical headings are the temperatures from 10° C. to 25° C. inclusive. The reduction 

of one litre (1000 c.c.) to 0° C. and 760 mm. is given for every Barometer reading 

from 740 to 780 mm., and every temperature from 10° C. to 25° C. 

The correction for fractions of millimetres is additive and obtained by multiplying 

the fraction by the constant 1'2 c.c., or perhaps more correctly 1'25 c.c. The correction 

I’or fractions of degrees Centigrade is suhtractive, and obtained by multiplying the 

fraction by the constant 4'8. The table was made with the usual formula, 

_ VCp -/) _ 
~ 760 (1 + ut) ’ 

Every second or third column of reductions was calculated from the formula, and 

the intervening ones were calculated with constants. The figures obtained by the use 

of constants were tested in a number of cases by calculation from the formula and 

found to be correct within OT per cent. With the assistance of these tables the 

calculation of a ^vhole analysis could be made easily within a quarter of an hour, in 

some cases ten minutes were found sufficient for the purpose. 

The carbonic acid in tlie laboratory air was taken into account, though not deter¬ 

mined in direct connection with the present experiments. A number of analyses of 

this air made on previous occasions showing that the mean COo present could be taken 

in clear weather at 5 parts in 10,000, and in dull weather at 7 parts in 10,000, the 

carbonic acid expired from the lungs was in every case corrected according to these 

data. 
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The first series of experiments refers to William Alderwood, aged 23, a strong 

man in excellent health, with a well developed chest measuring 83 centims. in 

circumference at nipples ; he weighs 8st. lib. without clothes. Seventy-four com¬ 

plete experiments were made in his case, but as they extended from the winter 

into the spring, the temperature of the la-boratory (heated by hot water pipes) under¬ 

went rather great changes during that period; this circumstance was found to exert 

a decided influence on his respiration, the cold reducing the volumes of air breathed 

for 1 grm. COo expired; hence it became necessary to divide the 74 experiments 

into two groups, one group including those made at a laboratory temperature varying 

from 14° to 17°‘3 C., and the other group including those made at a temperature 

varying from 17°‘3 to 21°‘7 C. 

The first group numbered 25 experiments, and the second 49 experiments. The 

results are given in the form of tables, the means of which have been made into two 

charts or series of curves (see Plate 1). Each chart shows three curves, one for the 

carbonic acid, one for the volumes of air expired, and one for the relation between the 

volumes and the corresponding weights of carbonic acid. 

[In relatively cold weather (14° to 17°’3, see table, p. 19) it is difficult to define the 

precise hour during which the maximum carbonic acid is expired, as the proportion 

exhaled is relatively high from 0 to 1 hour, 1 to 2 hours, and 2 to 3 hours after food; 

the actual maximum is from 2 to 3 hours after food, after which time the fall is 

marked and continued. In relatively warm weather (17° to 21°‘7, see table, p. 21) it 

is also difficult to assign the period for the maximum expiration of carbonic acid, the 

highest figure is between 1 and 2 hours after a meal, but the fall does not begin till 

the fourth hour. It may be said that with this person under experiment, the expira¬ 

tion of carbonic acid begins to lessen somewhat earlier after food in cold weather than 

in warmer weather; but it would be premature to apply this result in a general way. 

The chart for the comparatively cold u'cather (William Aldeewood under experi¬ 

ment) shows distinctly, from an inspection of the curved line marked CO.3, that the 

carbonic acid expired is high (with a slight fall from 1 to 2 hours after food) till from 

2 to 3 hours after food, after which time the fall is rapid and regular till from 5 to 6 

hours after food, when the experiments come to an end. In this same chart the curve 

for the volumes of air expired in comparatively cold weather (see the dotted line) 

coincides very closely with the curve for COo, from 2 to 3 hours till from 3 to 4 

hours, and from 4 to 5 hours till from 5 to 6 hours, after food ; then, while the line for 

CO.3 falls fast and regularly, that for volumes of air expired remains nearly hori¬ 

zontal for an hour (from 3 to 4 hours till from 4 to 5 hours after food) ; this means that 

the volumes of air are increasing in proportion to the weight of COo they contain, 

hence the curve for relations shoots up rapidly ; but in the following hour (from 4 

to 5 till from 5 to 6) the curves for volume and CO3 show again a marked tendency 

to coincide. 

In the chart for the rclailrchj u'ann ivealhcr (William Aldepavood under experi- 
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ment) the curve for CO3 exhibits a slight rise during the first hour after food, then a 

slight fall and again a slight rise, the maximum being between 1 and 2 hours after 

food ; but the CO3 remains high till between 3 and 4 hours after food, while by that 

time the curve was falling rapidly in colder weather. After a j^eriod, from 3 to 4 

hours after food, the curve falls at somewhat the same speed as it does in colder 

weather. In this same chart the curves for the volumes of air and COo expired in 

comparatively w^arm weather (see the dotted line) coincide very closely with each 

other from the time food is taken, till from 3 to 4 hours later; then, while the curve 

for CO3 continues its regular fall, that for volumes of air expired diverges, crossing 

the line for GO3. The effect on the curve for relations is to make it shoot up all but 

precisely to the same extent as in the corresponding curve for warmer weather. This 

circumstance certainly shows that the phenomenon is not accidental, but is actually 

the rule, at all events in the present case. A similar change of coincidence in the 

curves for COg and volumes of air expired is observed in the other person who 

submitted to experiment.—October 23, 1889.] 

WiLLiAM Alderwood Under experiment.—Table shov/ing (1st) Weight of Carbonic 

Acid expired per minute ; (2nd) Volume of Air expired per minute reduced to 

0° and 760 mm. ; (3rd) Relation of Volume of Air expired (reduced) to Weight 

of COo. Temperature of the Lahoratory Air at the time of experiment from 

14° to l7°-3 a 

Weight of Carbonic Acid expired per minute in every hour up to six hours 

after a meal. 

Hours after a meal. 

0 to 1. 1 to 2. 2 to 3. 3 to 4. 4 to 5. 5 to 6. 

0-460 0-485 0-512 0-461 0 -444 0-397 
0-431 0-435 0-484 0-445 0-400 0-376 
0-483 0-410 0-414 0-4-29 0-405 

0-395 0-402 O'obo 
0-471 0-423 0-392 
0-482 
0-505 

Means 0-458 0-443 0-4GG 0-432 0-405 0-386 
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Volume of Air {reduced) expired per minute. 

Hours after a meal. 

0 to 1. 1 to 2. 2 to 3. 3 to i. 4 to 5. 5 to 3. 

3-946 4-402 4-243 4-033 3-984 3-635 
3-782 3-924 4-293 3-886 3-883 3-629 
4-1G6 3-800 3-678 3-734 3-700 

3-543 3-594 3-682 
4-209 3-845 3-934 
4-205 
4-527 

Means 3-965 4-042 4-100 3-818 3-837 3-632 

Relation hetween Volume of Air expired {reduced) and Weight of Carbonic 

Acid; i.e., Volume of Air expired for 1 grm. CO.,. 

Hours after a meal. 

0 to 1. 1 to 2. 2 to 3. 3 to 4. 4 to 0. 5 to 6. 

8 58 9-08 8-29 8-75 8-97 9 16 
8-78 9-02 8-87 8-73 9-71 9-65 
8-63 9-27 8-88 8-70 9-13 

8-97 8-94 9-56 
8-94 9-09 10-04 
8-72 
8-96 

^ ileaits 8-66 9 12 8-80 8-84 9-4.8 9-40 
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William Alderwood mider experiment.—Table showing (1st) Weight of Carbonic 

Acid expired per minute ; (2nd) Volume of Air expired per minute reduced to 

0° and 760 mm. ; (3rd) Relation of Volume of Air expired (reduced) to Weight 

of COj. Temppixiture of the Laboratory Air at the time of experiment from 

17°-3 to 21°-7 C. 

Weight of Carbonic Acid expired pter oninnte in every hour up to six hours 

after a meal. 

Hours after a meal. 

0 to 1. 1 to 2. 2 to .3. .3 to 4. 4 to 5. 5 to 6. 

0-421 0-458 0-467 0-465 0-397 0-388 
0-4.56 0-469 0-436 0.489 0-385 0-358 
0-472 0-456 0-420 0-438 0-.387 0 384 
0-430 0-448 0-411 0-417 0-386 0-376 
0*4?—4 0-438 0-424 0-370 0-380 

0-440 0-469 0-356 0-352 
0-400 0-381 0-384 

0-395 0-365 
0-442 0-390 
0-356 0-371 
0-383 0-344 
0-368 0-360 

0-349 
0-338 
0-378 

j\lean.s 0-440 0*451 0-433 0-443 0-384 0-368 

Volume of Air (^reduced) expired j)er minute. 

Hours after a meal. 

0 to 1. 1 to 2. 2 to 3. 3 to 4. 4 to 5. .5 to 6. 

3-933 4-020 4-171 4-152 3-803 3-776 
4-L61 4-340 4-1-20 4-477 3673 3-532 
4 389 4-354 3-969 4-041 3-722 3-989 
4-01-9 4-263 3-754 .3-856 3-782 3-769 
4-U36 4-169 3'965 3-704 3-681 

4-115 4-269 3-477 3-378 
3-878 3-676 3-684 

3-817 .3-486 
4-185 3-879 
3-484 3-796 
3-701 3 582 
13-7 (-<4 3-434 

3 381 
3-191 
.3-701 

1 Means 4-114 4-210 4-003 4-091 3-727 3-6I7 
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Relation between Volume of Air expired [reduced) and Weight of Carbonic 

Acid; i.e., Volume of Air expired for 1 grm. CO^. 

Hours after a meal. 

0 to 1. 1 to -2. 2 to 3. 3 to 4. 4 to 5. 5 to 6. 

9-34 8-78 8-93 8-94 9-58 9-73 
9T2 9-25 9-45 9-16 9-54 9-87 
9-29 9'5.5 9-45 9-23 9-62 10-39 
9-45 9-52 9T3 9-25 9.80 10-03 
9-51 9-52 9-.35 lO-OI 9-69 

9-35 9-27 9-77 9-60 
9-69 9-05 9-55 

9-66 9-95 
9-47 10-23 
9-78 10-41 
9-66 9-54 

10-07 9-69 
9-44 
9-79 
9-60 

Mean.s 9'34 9-33 9-24 9'27 9-72 9-83 

Infuence of Abnospheric Pressure on Respiration, 

[Ill order to make the influence of atmospheric pressure on respiration perfectly 

clear to the reader, the experiments have been disjiosed in the form of two tables. 

In the first table they are divided into two groups (under the form of means) of an 

equal number, the first group including the experiments attended with the highest 

barometer readings, the second including those attended with the lowest readings. In 

the second table (pp. 23 and 24) each of the groups of experiments considered (under 

the form of means) in the preceding table, has been divided into two sub-groups 

of an equal number of experiments, each of the sub-groups for the extreme highest 

and extreme lowest pressures only being entered (under the form of means).— 

October 23, 1889.] 

It is certainly unexpected to find that local changes of atmospheric pressure have 

a most positive and marked influence on respiration, the effect being of the same kind 

as that I had observed previously in my experiments at increasing altitudes. In order 

to show the action of the variations of local pressures on respiration it was necessary 

to eliminate as much as possible the influence of food, and with this object in view 

the experiments made every two hours after a meal were grouped together, and the 

]jressures and corresponding relations for each group placed in a tabular form. 
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Table showino- that the Fall of the Barometer is attended by a Beductlon in the 

Volume of air Expired (reduced) for 1 grm. CO3 (temperatiu’es 17°'3 C. to 

21°'7 C.), William Alderwood under Experiment. The experiments are 

divided into two groups—those attended with the highest barometer readings 

and those with the lowest. 

Q to 2 Hours, 

mm. Liti-es. 

1st group.—Mean highest barometer . 765-9 Relations (i.e., vol. air expired per 1 

g7-m. CO.i) .... . 9-423 

2nd „ Mean lowest barometer . 754-1 . . 9-228 

Diffei’ence .... . 11-8 Fall for 11-8 mm. = 0-195 

Number of Experiments, 11. 

2 to i Hours. 

mm. Litres. 

1st group.—Mean highest barometer . 767-0 Relations ... . . 9-322 

2nd ,, Mean lowest barometer . 747-7 . . 9-180 

Difference .... . 19-3 Fall for 19-3 mm. = 0-142 

Number of Experiments, 11. 

4 to (3 Hours. 

mm. Litres. 

1st group.—Mean highest barometer 766-4 Relations. . 9-838 

2nd „ Mean lowest barometer . 746-2 ,, ........ 9-684 

Difference .... 20-2 Fall for 20-2 mm. = 0-154 

Number of Experiments, 27. 

Extremes. (Temperatures, 17°‘3 to 

0 to 2 Hours after Food. 

The three Highest and three Lowest Pressures and coi'responding Relations. 

mm. 

1st group.—Mean highest barometer . 769’5 

2nd ,, Mean lowest barometer . 751'.5 

Litres. 

Relations . ..9'517 

•.9-080 . 

Fall hu’ 18 mm. = 0-437 Difference 18-0 
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2 ^0 4 Hours after Food. 

The three Highest and three Lowest Pressures and corresponding Relations. 

1st group. 

2nd „ 

—Mean highest barometer . 

Mean lowest barometer . 

mm. 

768-8 

741-7 

Relations . 

5> • 

Litres. 

.9-270 

.9-260 

Difference . . . . 27-1 Fall for 27'1 mm. = O'OIO 

4 ^0 6 Hours after Food. 

The six Highest and six Lowest Pressures and corresponding Relations. 

mm. Litres. 

1st group. —Mean highest barometer . 771-7 Relations . .10-097 

2nd „ Mean lowest barometer . 738-0 

Difference . . . . 33-7 Fall for 33-7 mm. = 0'432 

Therefore, from the present enquiry with reference to this person under experiment, 

and a similar remark applies to the other, the relations are invariably found to 

be lowered with falling pressures; or, in other words, with a falling atmospheric 

pressure the volume of air breathed to expire 1 grm. COo is lessened. This is shown 

very clearly by a consideration of the ultimate results obtained from the present 

table, these are as follows :—■ 

From the Collective Readings. 

Fall of barometric 
pressure. 

Fall ill the volume 
of air breathed for 

3 grm. 00.1. 

111m. J.itres. 
0 to 2 hours after food 11-9 U-195 
2 to 4 hours after food 19-3 0T42 
4 to 6 hours after food 20-2 0-154 

Mean. 17-1 0-164 

Therefore for a mean fall of 17'1 mm. pressure tliere was a mean reduction of 

OH64 litre in the air breathed to expire 1 grm. COo, amounting to a reduction of 

0'09G0 litre in the volume of air breathed for a fall of pressure of 10 mm. 

The extreme readings for barometer and relations (extreme halves of eacli group) 

gave much greater differences except in one case, to which special reference will be 

made ; they are as follows :—■ 
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Fall of barometric 
pressure. 

Fall in the volumes 
of air expired for 

1 grm. OOj. 

mm. Litres. 
0 to 2 hours after food 180 0-437' 
2 to 4 hours after food 27H o-oio 
4 to 6 houi’s after food .33-7 0-432 

Mean. 26H 0-293 

Therefore, for a mean fall of 26'3 mm. pressure, there was a mean reduction of 

0'293 litre in the air breathed to expire 1 grm. COg, amounting to a reduction of 

OH 11 litre for 10 mm. pressure. The small figure, O’OlO, for the fall of relation from 

2 to 4 hours after food, shows that the influence of food appears to interfere with the 

action of atmospheric pressure. It will now be seen that the fall in the volume 

of air breathed (for 1 grm. CO3) is very nearly the same, whether the barometer 

readings (for every two hours) be taken collectively, or whether the extreme readings 

only be considered. If the barometer readings be taken collectively, a fall of volume 

of 0'0960 litre is observed for 10 mm. pressure; if the extreme barometric readings 

only be considered, the fall of volume will amount to OH 11 litre for every 10 mm. 

pressure. 

The experiments made at a comparatively low atmospheric temperature give similar 

results as to the effect of barometric pressures, they are, however, too few in number 

to allow of their being submitted to a special consideration. 

The experiments for barometer readings and corresponding volumes of air for the 

expiration of 1 grm. CO2 for each person under experiment have been disposed under 

the form of curves. Tliese curves show that there is a general tendency to a fall 

of relations with a subsidence of barometric pressure, but from 2 to 4 hours after a 

meal the influence of food appears to overcome to a certain extent tiie effect of the 

barometer, the axis of the curve for relations being nearer to a horizontal line. 

The second series of experiments refers to C. F. Townsend, aged 23 years, and 

weighing 8 stone without clotlies ; no necessity was found to divide them on 

account of temperatures ; they amount to 56 in number as reported in detail in 

the accompanying Table (pp. 26 and 27). It will be seen that the maximum weight of 

carbonic acid (0‘439 grm.) and maximum volume of air expired (4'488 litres) occur 

from 1 to 2 hours after a meal; [but the excess of CO^ and air expired from 1 to 2 

hours after a meal over that expired from 0 to 1 and 2 to 3 liours after food, is 

so small that the period for the maximum effect is veiy difiicult to define. It 

has been stated in the abstract of this paper (‘ Proceedings,’ vol. 46) as one of the 

conclusions arrived at, that these researches confirm “ the known usual influence of food 

on the formation of carbonic acid in the body, the maximum expired occurring between 

two or three hours after a meal ...” This result must be accepted in a general way 

only, as the elfect of food upon the formation and elimination of CO, appears to vary 

MDCCCXC.—B. E 
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with the individual. Moi’eover, according to my experiments, the influence of 

digestion towards increasing the formation of COo in the body, which shows itself 

witliin the first liour after food has been taken, may last during one or two hours, or 

even longer, and it is very difficult to assign a period for its maximum effect.— 

January 4, 1890.] 

Three experiments were made before breakfast, yielding a mean of 0'3l3 grm. 

CO3 per minute, and 3T57 litres of air expired. 

The curves (Plate 2) for volumes and carbonic acid have not such a parallel course 

as in the case of William Alderwood. Throughout a period of two hours after food 

the curve for relations is nearly horizontal, showing that the volumes of air and 

weights of carbonic acid closely follow each other during that time. Then the curve 

shoots up gradually to the end of the chart. While the line for carbonic acid is seen 

to fall rather rapidly, the volumes of air expired remain nearly the same. 

Table showing (1st) Weight of Carbonic Acid expired per minute ; (2nd) Volume of 

Air reduced to 0° and 760 mm. expired per minute ; (3rd) Relation of Volume 

of Air expired (reduced) to Weight of CO,^.—C. F. Townsend under experiment. 

Weight of Carhonic Acid expired per Minute in every Hour up to 6 Hours 

after a Aleal. 

Hours after a Meal. 

0 to 1. 1 to -2. 2 to 3. 3 to 4. 4 to 5. 5 to 6. 

0-465 0-506 0-463 0-388 0-414 0-402 
0 411 0-442 0-455 0 425 0-435 0-409 
0-451 0-383 0-419 0-397 0-401 0-360 
0-445 0-440 0-429 0-386 0-425 0-414 
0-398 0-470 0-447 0-397 0-403 0-356 
0-430 0-401 0413 0-462 0-373 
0-401 0-428 0-434 0-405 

0-406 0-439 0-413 
0-450 0-440 0-350 
0-450 0-420 0 440 
0-454 0-416 

0-396 
0 372 
0-410 
0-431 

0-394 

Means 0-429 

i 

0-439 0-428 0-404 0-410 0-388 
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Volume of Air reduced expired per Minnie. 

Hours after a Meal. 

0 to 1. 1 to 2. 2 to 3. 3 to 4. 4 to 5. 5 to 6. 

! 5-080 5-305 4-853 3-937 4-725 4-397 
! 4-175 4-570 4-864 4-583 4-626 4-784 

4-572 3-926 4-454 4-449 4-204 4-239 
4-424 4-441 4673 3-994 4-515 4-397 
4-163 4-861 4-688 3-603 4-224 4-121 
4-J97 4-185 4-234 5-069 4-033 
4-012 4-275 4-336 4-369 

4-115 4-496 4-465 
4*644 4-515 4-167 
4-592 4-289 4 007 

i 4 454 4-427 4-392 
i 3-973 4-047 
i 3-960 
1 4-425 
i 
j 

4-474 

Means 4-390 4-488 4-444 4-303 4-390 4-388 

Relation between Volume of Air expired {reduced) and Weight of Carbonic Acid; 

i.e., Volume of Air expired for 1 Grm. CO.^. 

Hours after a Meal. 

0 to 1. 1 to 2. 2 to 3. 3 to 4. 4 to .'5. 5 to (i. 

10-92 10-48 10-48 10-15 11-41 10-94 
10-14 10-35 10-68 10-65 10-63 11-69 
10-13 10-27 10-63 11-20 10-48 11-77 
9-94 10-09 10-90 10-38 10-62 10-62 

10-45 10-24 10-48 9-56 10-48 11-57 
9-76 10-43 10-25 11-18 10-95 

10-00 9-98 9-99 10-79 
10-13 10-25 10-82 
]0-31 10-26 11-86 
10-20 10-21 10-37 

9-79 9-73 10-56 
10-07 10-27 
10-65 
10-80 
10-39 

Means 10-19 10-22 10-38 10-65 10-76 11-32 

E o 
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Table showing that the Fall of the Barometer is attended by a reduction in the 

Volume of Air expired (reduced) for 1 Grrn. COo. (C, F. Townsend under 

Experiment.) 

Barometer Readings and Relations from all the Experiments Divided 

INTO Two Groups. 

0 to 2 Hours after Food. 
Litres. 

]\tean highest barometer.74G'5 Relations (t.e., vol. air expired for 

1 grin, cop.I0-27;l 

Mean lowest barometer. 750‘4 ,, .10T39 

Diflerence.I4'l Fall for I4T mm. = 0T34 

Number of Experiments, 18. 

2 fo 4 Hours after Food. 
Litres. 

Mean highest barometer . 

Mean lowest barometer 

. . . 766-7 

. . . 753-9 

Relations . 10 533 

. 10-412 

Difference . . . . 12-8 Fall for 12-8 mm. = 0-121 

Number of Experiments, 27. 

Mean highest barometer . 

Mean low.est barometer 

4 fo 6 Hours 

. . 761-2 

. . . 752-0 

( after Food. 

Relations 

?5 

Litres. 

. 11-157 

. 10-767 

Diflerence . . . 9-2 Fall for 9-2 mm. = 0-390 

Number of Experiments, 11. 

Extremes. 

0 fo 2 Hours after Food. 

The Five Highest and Five Lowest Barometer Readings and Corresponding Relations. 
Litres. 

Mean highest barometer . 768-6 Relations .10-424 

Mean lowest barometer . . 747-9 .10-118 

Difference . . . . 20-7 Fall for 20-7 mm. = 0-306 

2 fo 4 Hours after Food. 

The Seven Highest and Seven Lowest Barometer Readings and Corresponding Relations. 
Litres. 

Mean highest barometer. 770'9 Relations.lO’oOS 

Mean lowest barometer. 750'S ,, .lO'oOI 

Difference 20T Fall for 20T mm. = 0-202 
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4 ^0 6 Hours after Food. 

The Three Highest and Three Lowest Barometer Readings and Corresponding Relations. 

Mean highest barometer. 763'4 

Mean lowest barometer. 747’6 

Difference.I5'8 

Litres. 

Relations.II'544 

„ .10-957 

Fall for 15’8 mm. = 0-587 

This Table shows a result corresponding with that obtained from similar experiments 

on William Alderwood. The fall of Barometric readings and corresponding relations 

taken collectively give the following figures ;— 

Taken Collectively. 

Differences of Kail ill the volumes 

barometric ijressure. of air expired for 
1 grm. COj. 

inm. Litres. 
Fall of from 0 to 2 hours after food 14-1 0-134 

,, from 2 to 4 hours after food 12-8 0-121 
,, from 4 to 6 hours after food 9-2 0-390 

Mean. 12-0 0-215 

Therefore, for a mean fall of 12 mm. pressure, there was a mean reduction of 

0'215 litre of air breathed for 1 grm. CO^ expired, amounting to a reduction of 

0'179 for 10 mm. 

The Table for extreme readings gives :— 

Differences of 
barometric pressure. 

Fall in the volumes 
of air expired for 

1 grni. CO_. 

mm. litres. 

Fall of from 0 to 2 hours after food . 20-7 O-306 
,, from 2 to 4 hours after food . 20-1 0-202 
,, from 4 to 6 hours after food . 15-8 0-587 

Meau. 18-9 0-365 

Therefore, with the extreme readings, for a mean fall of 18’9 mm. of the barometer, 

there was a mean fall of 0‘365 litre in the air breathed to expire 1 grm. carbonic 

acid, amounting to a reduction of 0T94 for 10 mm. This is very near to OH79, 

the corresponding figure obtained for the barometer readings and relations taken 

collectively. Consequently, with one person under experiment, the mean reduction 
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for the experiments taken collectively amounted to 0'0942 litre for a fall of 10 mm. ; 

and with another it amounted to 0‘179 litre. It follows that the effect of falling 

atmospheric pressures varies in degree with different individuals. The curve shows 

distinctly, in the case of C. F. Townsend, the same influence of a falling barometer 

on respiration as the curve for W. Alderwood. From 0 to 2 hours after food, 

and from 4 to 6 hours after food, there is a distinct fall; from 2 to 4 hours after food 

the fall is still observed though less marked, showing again that food appears to 

lessen the influence of the atmospheric pressure on respiration. 

The results obtained from the present inquiry are as follows :—- 

1. The phenomenon is confirmed that less air, reduced to 0° C. and 760 mm., is 

breathed at high than low altitudes, for the formation in the body of a given weight 

of carbonic acid. 

[2. The experiments on W. Alderwood certainly show that a local fall of tempera¬ 

ture is attended with a sliMit I'eduction in the volumes of air breathed for the for- 
O 

mation and expiration of 1 grin. COg, a phenomenon similar to that resulting from a 

fall of atmospheric pressure.—25th February, 1890.] 

3. The influence of food, during digestion, on the formation of carbonic acid, com¬ 

mences within the first hour after a meal ha,s been taken, and lasts for two or three 

hours, the period for the maximum amount varying throughout that time. 

4. The influence of food on the relation between the volumes of air breathed and 

the corresponding weights of caiTonic acid ex])ired is clearly shown, the volumes 

following, more or less, the fluctuations in the carbonic acid ; but tlie CO3 expired has 

a marked tendency to fall more rapidly than the corresponding volumes of air as time 

elapses after a meal. The harmony of the tracings appears to recover itself, however, 

over niglit, and the lines are again nearly parallel before the first morning meal. 

5. Tlie variations of local atmospheric pressures have a marked influence on respira¬ 

tion, less air being taken into the lungs for the formation and emission of a given 

weight of carbonic acid under lower atmospheric pressures than under hnjher pressures ; 

but this influence varies in degree according to dilierent persons. In the present 

inquiry with two subjects ex])erimented upon ; in one case, for a fall of pressure 

of 10 mm. (0’394 inch), there was a mean reduction of 0’094 litre in the volume of 

air breathed for 1 grin. COo expired ; in the other case, the reduction was greater, and 

amounted to 0’179 litre. 

6. Tlie influence of atmospheric jiressures on the volume of air breathed is 

apjiarently not the same throughout the whole day, being somewhat less maiked 

from 2 to 4 hours after a meal, when the action of food may be considered ai its 

maximum. Thus, digestion apparently reduces more or less, the eflects of any local 

change of pressure on respiration. 

The present investigation shows beyond doubt that different individuals breathe 

different volumes of air to burn in the body and expire a given weight of carbonic 

acid. The two ])ersons experimented ujion on the present occasion yielded respec- 
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lively a mean of 9'29 and 10'51 litres, while another expired a mean of 11'30 litres 

for 1 gTin. carbonic acid. No doubt, the less the volume of air inspired for the 

combustion of a certain weight of carbon the more readily the oxygen taken into the 

lungs finds its way into the blood, and consequently the more perfect the action of 

the respiratory organs. In the present case, one of the suljjects submitted to experi¬ 

ment was 60 years of age, and he breathed 11‘30 litres, against 10\51 litres and 

9'29 litres for young men both 23 years of age; although of the same weight, one 

stronger physically and with a more fully-developed chest breathed (expired) 9'29 

litres, against 10‘51 for the other, to burn the same weight of carbon in his body. 
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11. On Out-lying Nerve-cells in the Mammalian Spinal-Cord. 
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[Plates 3, 4.] 

To describe the ganglion-cells of the Mammalian spinal cord as confined to the grey 

substance of the cord is not quite strictly correct. Beisso* * * § was the first to draw 
attention to the fact, that apart from axis-cylinder processes which pass into the 
ventral roots from cells of the ventral cornu, there project also from those cells of the 
cornu which lie next the white column other branches to mingle with the fibres of the 

bundles of the ventral nerve-roots. The ganglion-cells of the grey matter often, by 
one or more of their processes, jut partially into the white matter. The descriptions of 
Beisso,! Pick,I and Schiefferdecker^ have further shown that in certain situations 

in the anterior and lateral columns, ganglion-cells lie outside the grey substance in 
the surrounding white matter. 

Since Gaskell,II in 1885, drew attention to the ganglion-cells in the cord of 

Alligator, lying at the periphery of the antero-lateral column, and, of course, quite 
removed from the central grey matter, I have often searched in the coid of the 

Mammalia for evidence of similarly situated cells; always, howevei’, without success. 
The search has, however, persuaded me that isolated ganglion-cells are no infrequent 
constituents of the white columns. The cords examined by me have been chiefly 
those of Man, the Monkey (Bonnet, Jew, and Bhesus), and the Dog. A number of 
sections have also been prepared from the Cat, Lion, Calf, Rat, Mouse, Rabbit, and 
Guinea-pig. The out-lying ganglion-cells in the white matter may conveniently be 
considered in three sections, according as their situation is within the anterior 
(ventral), the lateral, or the posterior (dorsal) white column respectively. 

* Torquato Bbisso, ‘Del Midoll. Spinal.,’ p. 37, 1873. 

t Loc. cit. 
J ‘ Arcliiv fill’ Psjchiatrie,’ vol. 4. 

§ ‘ Arcbiv Mikrosk. Anat.,’ vol. 10. 

II ‘ Proceedings of the Physiol. Soc.,’ Dec., 188-5. 

MDCCCXC.—B. F 12.8.90 
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Oat-lying Cells in the Anterior Column. 

Among the bundles of transverse fibres slanting from the mesial edge of the 

ventral horn toward the depth of the ventral fissure and the white commissure can, 

not infrequently, be found multipolar ganglion-cells. The cells somewhat resemble 

in form the cells of the ventral cornu itself, but I have not found them quite so 

large as are the latter. They are, in my specimens, obviousl}^ triradiate. The largest 

I have measured is 38 /r in diameter, from the middle of one side across the cell-bod}^ 

to the base of the opposite cell-process. Fig. 1, Plate 3, shows the position and form 

of one of these out-lying individuals, from the cervical coi'd of the Dog between the 

points of exit of the first and second nerves. The section is in the transverse plane 

of the cord. Fig. 2, Plate 4, gives an example of another such cell from the lower part 

of the lumbar enlargement of the Human cord. The cell does not lie far out from the 

limiting edge of the grey cornu. It is much smaller than a neighbouring cell belonging 

to the superficial region of the cornu. The cornual cell can be seen to give a branch 

into the same bundle of transverse fibres as harbours the smaller and out-lying cell. 

Similar cells I have observed to occur in both the cervical and in the lumbar reg-ions 

of the cord, and have seen examples in the Monkey and Cat, as well as in Man a.nd 

in the Dog. They have somewhat the appearance of being aberrant members of a 

groiq^ of cells which occurs scattered in more or less broken fashion along the deeper 

part of the mesial edge of the ventral grey horn, and best seen just above the lumbar 

enlargement. This group was called attention to in the Human cord by PioK,"^ and is 

characterised, according to him, by the fact that the cells give off large processes into 

the fibre-bundles of the white commissure. 

The references to out-lying cells in the anterior column which I have been able to 

discover are three. The earliest by Torquato Beisso in 1873 ; he figures a specimen, 

which was obtained from the cord of the Ox. He writes,! La figura dimostra come 

una grossa cellula bipolare contenuta nelf intreciamento della commissura mandi un 

prolungamento che ripiegando si perde fra le fibre piii mediane della sostanza grigia.” 

A second reference is by Schiefeerdecker.| In speaking of the structure of the cord 

in the lumbar region of, apparently, the Canine cord, he writes that he has found 

occasional cells in the white commissure, sometimes bipolar, but more often “ shaped 

like arrowheads.” He was, it would seem, not aware of the observation by Beisso. 

A third reference is liy PiCK,§ who, after descril)ing the cells of the ventral cornu 

which give off processes from the mesial edge of the cornu, goes on to speak of the 

occasional occurrence in the white commissure of the Human coi'd of cells similar to 

those noted by Schiefeerdecker in the lumbar cord of the Dog. He concludes by 

* Loc. cit. 

f Loc. cit., p. 37. 

I Virchow’s ‘ Arcbiv,’ vol. 67, p. 698. 

§ Loc. cit. 
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adding that snch cells probably exist not merely in the lumbar region but in other 

regions as well. My own preparations confirm the description of Schiefferdecker. 

In them the cells are like arrow-beads in shape ; one of the cell-processes, occasionally 

two, disappears into fibre-bundles in a direction toward the adjacent grey born, and 

one process is directed toward the bottom of the ventral fissure, as if to pass with 

medullated nerve-fibres into the white commissure. One cell process may project, as, 

for instance, in fig. 2, in a median direction, neither toward the grey cornu nor the 

white commissure. This may pass into a fibre-bundle lying further ventrally than that 

which contains the parent cell, and in that may turn either toward the grey cornu, or, 

and more probably, toward the white commissure. It is to be remembered, liowever, 

that the direction at first taken by it is the same as that of numerous bundles of fine 

medullated fibres winch radiate into the anterior white column from the ventral part 

of the mesial border of the ventral cornu, as if to reach the angle of white matter 

forming the lip of the ventral fissure. I have found the cells in the cervical as well 

in the lumbar remon of the cord. It is difficult not to think that these isolated cells 
o 

as in the anterior column are connected with the fibres among which they lie. Most of 

these appear certainly to pass between the mesial portion of the ventral horn and the 

opposite side of the cord in the white commissure. In bundles starting from the 

cornu further ventrally, it is not usual in one and the same section to see that the 

bundles pass actually into the commissure, although they slant in the required 

direction. It is possible that they take a longitudinal course within the white 

column. The view of Bidder''' and his pupilst that the fibres of the white commissure 

run to nerve-cells in the ventral cornu, although opposed by Stilling^ and untrue 

in the sense in which Geelach§ advocated it, has much in its favour. In the white 

commissure are collected together fibres from and for manifold end-stations, and that 

some of these fibres are of the kind described by Bidder is rendered all the more 

probable by the presence of the outlying cells above-mentioned. 

Out-lying Ganglion-Cells in the Lateral Column. 

The remarkable group of nerve-cells discovered by Berger || in the cord of Alligator 

and allied forms still remains, so far as I am aware, an unexplained fact. I have, as 

already stated, never seen any unequivocal trace of it in the Mammalian cord. It may 

be that a vestige of it does really exist in the shape of a thickened rib in the sub-pial 

In a letter to R. Wagner in 1854. See Wagner’s ‘Neurolog. Untersucliungen,’ 1854. 

t Kupffer, ‘ De Medullae Spinalis Textura in Ranis,’ 1854, p. 30; Owsjannikow, ‘ Disq. Microsc. 

de Med. Spin, textur. imprimis in Piscibus fact.,’ 1854, p. 36. 

I ‘ Neue Untersuch. ii. d. Bau des Riickenmarks,’ 1859; also Froiimann, ‘ Untersuch. ii. d. Normal. 

Anat. des Riickenmar-ks,’ 1864 and 1867. 

§ Stricker’s ‘ Handbucb,’ vol. 2. 

II “iJeber ein eigenthiimlicbes Riickenmarks band einiger Reptilien und Amphibien.” ‘ Sitzungsb. 

der Mat. Class, der Kaiserlich. Akademie zu Wien,’ Feb., 1878. 
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membrane over the lateral column at a point which in the cervical cord lies nearer the 

exit of the ventral than that of the dorsal nerve-root, and in the lumbar and lower 

thoracic cord, is nearer to the dorsal than to the ventral nerve-root. This thickeninof 

occupies a shallow fissure, and is better seen in young animals than in adult. It is 

particularly .evident in the lower thoracic and upper lumbar regions. In fully-growm 

Dogs, in the Monkey, and, to a less extent, in the Human adult, a small septum, more 

marked than any of the neighbouring, projects into the lateral column at the level of 

the ventral extremity of the area of the crossed pyramidal tract; it has repeatedly 

seemed to me that this septum is identical with the thickening of the sub-pial 

membrane found in the still imperfectly developed cord of the young animal. In 

cords in which the crossed pyramidal tract comes to form a large portion of the 

lateral column, it would seem that with the growth of the tract tlie shallow bay 

containing tissue continuous with the sub-pial membrane becomes, so to say, unfolded 

and more shallow, even to disappearance. But a septum thrusting itself into the 

lateral column at the spot records the site of its existence. That the septum is of 

real morphological significance, I believe, from the fact that it divides from one 

another two masses of nerve-fibres, wdiich offer a strong contrast in their appearance. 

On the dorsal aspect of tire septum lie coarse fibres of fairly equable size (cerebellar); 

on the ventral exists an admixture composed largely of fine fibres (ascending antero¬ 

lateral). In the Monkey, in which animal, as I have indicated,* a portion of the 

pyramidal tract lies outside the cerebellar along the surface of the lateral column, 

the fibres of the pyramidal tract, as marked out by the degeneration method, 

generally, when followed along the surface in the ventral direction, cease abruptly at 

the little septum in question. In some instances, especially in the upper cervical 

region, a few scattered fibres belonging to the pyramidal tract may be found on the 

ventral side of the septum; but this appears to be quite exceptional for the cord 

as a whole. But I have never found nerve-cells either in the septum or in the sub-pial 

band. 

Into relation with the deeper region of the lateral column come cells of the lateral 

cornu, especially where that cornu is well developed. The small fusiform cells of the 

lateral horn are for the most part situate in that part of the horn which abuts upon 

the white substance of the column. Cells can very frequently be found not far 

within, but yet distinctly within,! the limits of the wdiite matter surrounding the 

horn, most frequently on the dorsal aspect of the horn. There seems no room for 

doubt that these are out-lying members of the lateral cornu group, A certain 

number of nerve-cells, evidently, I think, also out-lying members of the same group, 

lie further out still separated by a much greater distance from the grey matter. They 

are in every case placed upon fine strands of connective tissue which cross the white 

column (fig. 3, Plate 3), and in these strands are to be found fine medullated nerve- 

* ‘ Journ. of Physiol.,’ vol. 10, p. 429. 

I These are seen in Clarke’s fig. 2, from thoracic cord of Ox, ‘ Phil. Trans.,’ 1869. 
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fibres. That these distant cells are to be considered as belonging to the group of the 

lateral horn is to be inferred from the similarity of them to those in shape and size. 

They are of oval figure, with the long axis in the transverse plane of the cord. They 

are of the same size as, or slightly larger than, the lateral horn-cells. Five of them, 

taken without selection, measured respectively 32, 30, 34, 33, and 29 p,, giving the 

average of 31'6 p. Five cells taken from the lateral cornu in the same prepara¬ 

tions measured respectively 30, 35, 26, 28, and 31 p, giving an average for the five of 

30 p. They are, moreover, arranged wuth their long axes ujDon lines which radiate 

backwards and outwards from the lateral cornu, suggesting a common o]’igin from 

that point (fig. 4, Plate 3). They appear to be more numerous in the Human cord 

than in the other of the cords examined. The vertical fibres of the white matter 

in which they lie embedded belong to the area of the lateral column, called by 

Flechsig the lateral limiting layer ; but it may well be that those lying furthest out 

are beyond this layer, and within the area of the crossed pyramidal tract. The 

arrangement of the cells in the transverse plane, and the coincidence of the longer 

axis of the cell-body with the direction of the medullated fibres running horizontally 

in the same connective tissue septa as contain the cells, suggest, however, that the 

cells are connected with the horizontal fibres radiating between the grey matter and 

the white column, rather than with the vertical fibres of the column. But the hori¬ 

zontal fibres must be in turn continuous with certain of the vertical; with which of 

these, however, is a question that at present there is no possibility of deciding. 

To the dorsal side of the lateral horn, and often continuous with it, e.g., in the 

lower part of the cervical enlargement, is the processus reticularis. It merges dorsally 

in the lateral portion of the cervix and caput cornu dorsalis. In the bars of its 

reticulum made up of many interlacing horizontally and vertically running bands of 

fibres, numerous ganglion cells exist. For the most part, the cells seem attached to 

those bands of the interlacement which are horizontal. They present more variety of 

form than do the previously mentioned groups, and they seem to be equally numerous 

upon frontally running, and upon sagitally running bands of the formation. Many 

are small and fusiform, and many are somewhat larger and triangular. The triangular 

cells resemble closely the cells above-described in the bands of the white commissure, 

and likened by Schiefeerdecker* to arrow-heads in their shape. The cells of the 

reticularis may, one must imagine, be related to the numerous small ganglion cells, 

chietly fusiform, but often triangular, which occupy the grey matter bordering on the 

processus. These, as Clarke stated,! lie for the most part with their length parallel 

to the nearest portion of free edge of the grey substance, except that the deeper lying 

of them_ are mostly directed outward, as if belonging to continuations of the cross¬ 

running transverse fibres of the commissures. These cells point into the bars of 

extension of the grey matter which form the roots of the processus reticularis, and 

* Loc. cit. 

t Loc. cit. 
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the frontally directed cells in the reticularis may be considered to belong to part of 

the same system as do they. 

Besides the smaller nerve cells in the processus reticularis are some much larger, 

indeed, quite to be reckoned among the large ganglion cells of the cord. These are 

multipolar, and never, so far as I have seen, of bipolar form. They may measure 50 p, 

across, but it is the size of the cell-processes rather than of the cell-body, which is 

characteristic. On this account tliey contrast more strikingly with such cells as 

compose, for instance, the posterior vesicular column of Clarke, than do even the 

multipolar cells of the ventral cornu. Lying well out in the reticularis the appearance 

they olfer invites the idea that in them may be provided a nodal junction for the 

fibres that are there arriving along various planes. But it is difficult to adduce 

evidence for such a view. Schieeferdecker,'^^ who has furnished what appears to be 

the only definite reference to the cells of the processus reticularis, considers the cells 

typical representatives of his “ conducting ganglion-cells ” (Leiter-zellen) as dis¬ 

tinguished from “reflex ganglion-cells” (Beflex-zellen), the latter being such, for 

instance, as the multipolar cells grouped in the ventral grey horn. He does not 

advert to the existence of any large multipolar cells in the reticularis, and although 

the smaller spindle-shaped and triangular elements would obviously agree with the 

characters he describes for his “ conducting-cells,” it is not so obvious that he could 

attach the same meaning to the large-sized multipolar individuals -that one not rarely 

finds. Examples of these a]3pear, however, in the reticularis of all regions of the cord. 

Where the beams of the processus reticularis are thrust backwards towards the 

dorsal angle of the lateral column, and enclose a finer meshwork than they do more 

ventrally, ganglion-cells elongated in the direction of the length of the beams exist 

within them. Many are fusiform, and occur near or on bundles of medullated fibres 

which sweep laterally round the caput cornu dorsalis toward the base of the cornu. 

In the sacral cord, of the Monkey and Dog at least, nerve-cells are to be found lying 

considerably distant from the caput cornu within the dorsal part of the lateral white 

column, as represented in fig. 5, Plate 4. The arrangement of these tends to show a 

curvilinear grouping parallel with the outer edge of the lateral limb of the substantia 

gelatiuosa. Those that are within the strands continuous with the processes of the 

reticularis may, it would seem reasonable to conjecture, be connected with medullated 

nerve-fibres from the dorsal spinal nerve-roots, which curve round the dorsal horn on 

its lateral side. The individuals lying further outfit is difficult to suggest connections 

for. Their extension in the transverse plane of the cord must, one would think, mean 

that they communicate mainly with fibres that are taking a horizontal course in the 

lateral column at their level, but there is no evidence of more than sparsely scattered 

horizontal fibres in the neighbourhood. 

* ViRCirow’s ‘ Avcliiv,’ loc. cit. 
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Out-lying Ganglion-Cells in the Fosterior Column. 

As in the antero-lateral, so also in the posterior column of the cord out-lying gang¬ 

lion-cells exist. And it would seem that the anatomy of the out-lying cells in the 

posterior column is less complex than that of the former classes. In the first place, 

the cells appear to be confined to one portion of the posterior column, namely, the 

extero-posterior division of it, and in that division to one particular area, namely, the 

radicular zone. In the second place, one has obtained definite evidence of their 

existence from a certain region only of the length of the cord, namely, from that 

which is especially characterised by the large dimensions assumed by the posterior 

vesicular column of Clarke. 

The out-lying cells appear to be situated in the root-zone exclusively upon certain of 

the horizontal radiations of the root-fibres from the white column into the grey cornu. 

These radiations are among those which in transverse sections through tlie cord can 

be seen to pass from the dorso-median limit of the root-zone in a ventral and lateral 

direction to enter the grey substance in the neighbourhood of Clarke’s column, often 

describing as they do so bold curves with the convexity turned toward the postero¬ 

median fissure. They are radiations consisting of root-fibres, which belong to the 

median division in Krause’s* classification of the bundles of the dorsal roots. They 

enter the grey matter without previously passing through any part of the mesial limb 

of the gelatinous substance. BeghterewI has shown that they are composed of fibres 

which already are possessed of the medullary sheath in the human foetus of 25 cm. 

length, and are therefore among the earliest of the fibres of the cord to be developed. 

It is also to be remembered that their fibres are among those of largest calibre in the 

whole of the dorsal spinal nerve-root. 

The form of the out-lying cells found in these radiations of the dorsal root may'be 

described as oval (figs. 6, 7, 8, Plate 4) ; one end is usually considerably the less 

pointed. A nucleus, which is large and contains a very obvious nucleolus, is fairly cen¬ 

trally placed within the cell, though often somewhat nearer the blunter of the two 

extremities. The cells have not been observed isolated in teased preparations, but 

they may really be of a more symmetrically bipolar figure than the foregoing descrip¬ 

tion would suggest. Although they are certainly chiefly extended in the plane at 

right angles to the long axis of the cord, a very slight inclination in such a plane, 

either of themselves or of the section in which they lie, would suffice to truncate one 

end of the spindle-shaped cell-body. In such a case the nucleus, if centrally placed, 

would appear nearer to the more rounded pole. That this does actually happen and 

frequently explains the somewhat unipolar appearance of the cell, is suggested by the 

fact that the more pointed end, continued into an obvious cell-process, is sometimes 

turned with the fibres of the dorsal root in the direction of the grey substance of the 

* ‘ Allgemeine u. Mikroskop. Anatomie,’ 1876, p. 389. 

t ‘ Arcliiv f. Anat. ii. Pliysiol., Anat. Abth.,’ 1887, p. 126. 
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cornu, and sometimes reversely, the blunter end, devoid of any obvious cell process, 

is directed centrally, while the tapering extremity mingles with root-fibres on the 

distal side, and is turned away from the grey matter of the cornu. 

In rare instances is observable a deviation from the usual shape, which is less 

easy to reconcile with a belief that the cells are all of fairly regular bipolar form. 

Such an instance is represented in fig. 8, Plate 4. The impression is given of 

possession by the cell of two processes issuing from the cell-body in somewhat close 

juxtaposition, and both turned in a direction absolutely away from the grey matter 

of the dorsal horn. A little eminence rising from the ventrally-directed edge of the 

cell, is all that can suggest the giving off of a process toward the grey cornu. This 

very slight suggestion is ]:)erhaps strengthened by the fact that nerve-fibres (of the 

roots) in their centripetal path sweep by the little eminence in question, and the 

direction in which the eminence is set is certainly the same as theirs. As will have 

been gathered, the outlying cells strongly resemble in form the cells of Clarke’s 

column. This may be easily seen by a comparison of the two in one and the same 

section, especially in the lowest portions of the column, where, in Man, as pointed 

out by Mott,* * * § the arrangement of the component cells so as to have their longer 

axes parallel to the long axis of the cord is not so marked as is the case higher up. 

There, where cells of Clarke’s column may thus be viewed lengthwise in the same 

transverse section as contains the out-lying cells, the similarity in shape between them 

is too obvious to be overlooked. 

There is also a correspondence between the two in size. Measurements made of 

ten of the out-lying cells, taken at random, gave them an average dimension of 68’7 /x. 

This is larger than the average diameter assigned by some authorities (Gerlach, 

HenleI) to cells of Clarke’s column, but agrees fairly with the measurements given 

by Schwalbe I and Mott and the average size obtained by measurements of ten 

cells of Clarke’s column from the same seciions as furnished the out-lying cells 

measured, is 73 /x. 1| The actual measurements run as follows :— 

* ‘ Journ. of Anat. and Physiol.,' 1888. “ Microsc. Exam, of Clarke’s Column in Man, the Monkey, 

and the Dog,” by Fred. Mott, M.D., B.S. Lond., M.R.C.P., Lect. on Physiol, and Med. Regist., Charing 

Cross HosjDital. 

f ‘ Handb. der Nervenlehre,’ 1879. 

t ‘ Lehrb. der Neurologic,’ 1881. 

§ ‘ Journ. of Anat. and Physiol.,’ 1888. 

II [Gaskell has recently (‘ Journ. of Physiol.,’ vol. 10, 1889, p. 157) referred to the cells of Clarke’s 

column as “divisible into two groups, of different-sized cells,” and on that ground exception might be 

taken to the method of measurements for comparison employed above. I must confess, however, I have 

not been able to convince myself of the division of the cells into two groups, nor do I interpret the 

observations of Mott (‘Journ. of Anat. and Physiol.,’ loc. cit.) to be insripportof the division of the cells 

into two groups.—June, 1890.] 
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Out-lying Cell. Clarke’s Cell. 

74 68 
68 79 
65 72 
60 68 
76 69 
61 63 
61 77 
59 73 
55 61 
63 55 

One specimen, at level of 1st lumbar nerve-root 

55 55 55 5’ 

55 55 55 55 55 • • • • 

„ ,, between 1st lumbar and 12th thoracic nerve-roots 

55 55 55 55 5« 55 55 

,, ,, at level of 12th thoracic nerve-root .. 

between 12th and 11th thoracic nerve-roots . 
at level of 8th thoracic nerve-root 

Another point of similarity between these cells and those of Clarke’s column is 

the considerable resistance of both, in comparison with the cells of the ventral cornu, 

to shrinkage and other damage incident during the ordinary hardening processes. 

The out-lying cells are well preserved in ordinary bichromate preparations. The degree 

of depth of tint assumed by them, in haematoxylin preparations, varies in various 

preparations, but not in the same preparation. The differences observable in respect 

to depth of stain between cells of the ventral cornu on the one hand, and, on the 

other, the cells of Clarke’s column, are often extremely striking. When large series 

of specimens are searched through, these differences are seen to be of capricious 

nature, and, I think, of little real significance. Although it will often happen that 

the cells of Clarke’s column, as has been claimed for them by v. Lenhossek* and 

others, become stained more deeply than, and with an apparently different kind of 

sepia tint (in, for instance, “ Weigert ” preparations), to the cells of other groups, 

notably of those of the ventral cornu, yet the reverse is cjuite frequently the case 

even in sections from the same levels of the cord. Without, therefore, laying more 

stress on the fact than the above limitation leaves, it is, perhaps, worthy of note that 

the out-lying cells in the radicular zone are found tinted in the same degree and 

manner as are the cells of the vesicular column. 

Also, as connecting them with Clarke’s column is to be mentioned the peculiar 

distribution of the out-lying cells in the length of the cord. I have not observed 

them lower than the level of exit of the 3rd lumbar nerve-root nor higher than the 

level of the exit of the 5th thoracic. They appear, therefore, best seen where 

Clarke’s column is best developed. And where, as above stated,t the cells of 

Clarke’s column are placed, many of them, at least, with their length in the 

transverse plane of the cord, so are the out-lying cells themselves. This suggests that 

perhaps in upper thoracic and other levels where Clarke’s cells are more segmentally 

distributed and lie parallel with the length of the cord, out-lying ganglion-cells, if 

* ‘ Archiv Mikrosk. Anat.,’ vol. 3.3, 1889. 

t And of. Mott, loc. cit. 

Gr MDCCCXC.—B. 
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related to them, might also be so arranged and a little difficult of discovery. A cross 

section of a bipolar cell, imbedded in the fibres of the white column, even when the 

plane of the section passed through it allowing recognition of the nucleus, might be 

somewhat hard to detect. In longitudinal sections they should be clearly discover¬ 

able. I have not, however, obtained specimens which prove that the cells exist 

beyond the limits mentioned above. I have not found ilrem in the region of the 

sacral nucleus of Clarke''" and Stilling, nor in the upper cervical cord where a cell- 

group, in some respects resembling the posterior vesicular column, is obvious. 

As to the particular position in the radicular zone occupied by the out-lying cells, 

they may be far removed from the limits of the grey matter [cf. figs. 9, lOt), in the 

middle of the extero-posterior column, indeed, near the edge of that column where it 

abuts upon the, in this region of the cord, ill-defined confines of the column of Goll. 

The cells far distant from the gre}^ matter appear in my .specimens more numerously 

in the lumbar than in the thoracic cord, although there are many in the latter. The 

distant ceils are not so numerous as others, quite resembling them, which lie in the 

portion of the root-zone that is nearer to (fig. 11, Plate 3), and close outside (figs. 12, 

13, Plate 3), the grey matter of Clarke’s column. Occasionally the cells are situated 

far ventrally, near the dorsal commissure. Even from that district of the extero- 

posterior column, not a few bundles of fibres proceed towards Clarke’s group ; it is 

presumable that these are root bundles, if so, the radicular zone extends ventrally 

sufficiently far to include them and the out-lying cells in question. The position of 

the isolated ganglion-cells upon these bundles favours the supposition. 

A point to be mentioned is that just as Clarke’s group at its lower end is placed 

well backward in the base of the dorsal horn, considerably behind the niveau of the 

dorsal commissure, and when traced up\vards is found to rapidly exchange this 

position for a more ventral one, so do the out-lying cells in the posterior columns 

experience a shift of their general position in the same sense. In the lower levels of 

their distribution they lie nearer the dorsal part of the periphery of the cord than in 

levels situated higher. A comparison of fig. 9, from near the exit of the 2nd lumbar 

nerve-root with fig. 10, from the level of the 8th thoracic, shows this difference in 

general position of the cells within the posterior column. 

The proportion of the number of out-lying cells to the number of the cells of 

Clarke’s column, varies in different secfions from the same level, and at different 

levels. Two out-lying cells to eight of Clarke’s cells is a high ratio. In the middle 

of the thoracic region, several successive sections may not reveal a single out-lying 

cell, even if the sections be made as thick as is compatible Muth a satisfactory 

examination of them, and as many as eight or nine of Clarke’s ceils are to be found 

in the section of the vesicular column. 

* Clarke latterly did not consider that this nucleus corresponded to his posterior vesicular column of 

the lumbo-thoracic region. 

t The positions of the cells ani marked by crosses. 
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Altogether, it appears to me most probable that the cells are to be considered 

outstanding members of Clarke’s group ; and it appears to me that they suggest a 

connection between the cells of Clarke’s column and certain other cells of the dorsal 

born. Schwalbe* creates a class, which he terms “ the solitary cells of the posteidor 

horn,” to include all the cells in the grey matter of the doi’sal cornu, after deduction 

from it of the substantia gelatinosa and the vesicular column of Clarke, He groups, 

therefore, under one title, cells differing greatly from one another in appearance, and 

of relationships probably widely different. He, further, in his explanatory figure,t 

indicates as the chief of these “ solitary cells of the posterior horn ” the compara¬ 

tively closely-arranged smallish cells at the base of the processus reticularis, which 

Clarke described as part of his tractus intermedio lateralis. These cells are cer¬ 

tainly anything rather than “ solitary ” in their distribution [cf. fig. 4, Plate 3), 

and it seems to me that Clarke was justified in not considering them within the 

confines of the dorsal cornu at all. But among ganglion-cells, situated undoubtedly 

within the dorsal cornu, are certain that might more fittingly be termed “ solitary ” 

cells, and seem to form a division apart. These resemble strikingly, in some features, 

the out-lying cells of the radicular zone. If in sections of, for instance, the lower 

lumbar cord, the fibre-bundles of the dorsal roots be examined where they plunge at 

intervals through the median limb of the gelatinosa, certain sparse ganglion-cells can 

be found (figs, 16, 17, 18, 19.) Large and spindle-shaped, they occur in the sections 

for the most part singly ; but also, though rarely, two or even three together. The 

recrion of the dorsal horn that extends between the substantia gelatinosa and the 

longitudinally running bundles of the dorsal root, is very scantily occupied by ganglion- 

cells. It is in this region, and especially in that part of it adjoining the gelatinosa, 

that the large ganglion-cells chiefly appear. The longer axis of the cell is, in most 

instances, set parallel with the lines taken by the bundles of root-fibres that pierce 

the gelatinosa horizontally. The shape of the cell is that of a broad spindle, tapering 

to processes at the ends. The constancy with which these cells are seen, lying near 

or upon the root-bundles, and their direction with the bundles, makes a connection 

between the cells and fibres of the bundles highly probable. If one of these cells, 

with the adjacent root bundle, were situated in the wdute matter of the extero- 

posterior column, I doubt whether it would be possible to discriminate between it 

and the out-lying cells, described in this paper as so resembling the cells of Clarke’s 

column. May not these cells, therefore, be equivalent to the cells of Clarke’s 

column ? The more so, that in many cases they lie barely more within the grey 

substance than do the out-lying cells of the radicular zone, for they are seen on the 

mesial aspect of the gelatinosa, between it and the white matter of the posterior 

column. There, also, they lie near to and parallel with certain of the bundles of the 

* ‘ LelirbucL d. Neurologie,’ p. 350. 
t Letter e in fig. 221, p. 347. 

G 2 



44 MR. C. S. SHRERTR-GTON OX OUT-LYING 

coarser fibres of the dorsal nerve-root. In this position Clarke has figured them/"" in 

his fig. 22, PI. XXIV., Phil. Trans., 18.59.t 

The cliief interest attaching to ganglion-cells lying in the white columns is that it 

may well be supposed they are connected with the nerve-fibres among w^hich they are 

placed, and that in this way some knowledge may be gained as to the anatomy of the 

cells themselves, and of the cell-group of which they may be out-lying members, and 

of the fibre-bundles containing them. 

When the out-lying cell is isolated in position, it is not easy to conceive what 

becomes of the branched processes of the cell (Gerlach’s protoplasmic processes). 

The axis-cylinder process, if one exist, may be continuous with a fibre of the adjacent 

fibre-bundle. Are the cells possessed of more than one axis-cylinder process ? Beisso, 

ScHiEFFERDECKER, and Flechsig have at various times urged that cells of such a 

kind exist. In this connection arises a slight difficulty if the out-lying cells of the 

radicular zone are considered individuals belonging to Clarke’s column. In the case 

of the out-lying cells, it is not easy to see that there is evidence of their communicating 

with any representative of the fine-fibred plexus that constitutes so striking a feature 

of the vesicular column itself, and with which it is customary to believe that the cells 

of the column do communicate. 

If the out-lying cells of the dorsal root-zone are, as seems most probable, out-lying 

cells of Clarke’s column, certain suggestions as to the anatomy of that group become 

obvious. These are : that the cells of that group are connected directly with certain 

of the fibres of the mesial division of the sensory or posterior nerve-root, which, 

after an upward course in Burdach’s column, plunge into the grey matter of the base 

of the dorsal cornu : that some, at least, of the cells of the group are interpolated, 

more or less immediately, into the course of medullated nerve-fibres of large calibre : 

that other outstanding individual cells to be reckoned as belonging to the group may 

be present as solitary cells in the near neighbourhood of the substantia gelatinosa of 

the dorsal horn. 

Further, it seems likely that the cells in the root-zone may in the Mammalian cord 

represent the ceils described by Freud^; in the cord of Petromyzon Planeri as 

* From the conus mednllaris of the Ox. 

t They can be seen also in a figure in Van der Kolk. 

J ‘ Sitzungsberichte d. Kais. Akad. zu. Wien,’ vol. 75, III. Abth., 1877, also following year; and 

Lit. Einleitung, No. 12. See also Kutschin, ‘Ueb. d. Ban d. Ruckenm. des Neunanges,’ 1863, abstracted 

in Schultze’s Archiv, 1887, vol. 2 ; also Klausnee on Proteus. [It may be recalled here that Stilling 

(‘Neue Untersuchungen fiber den Ban des Rfickeninarks,’ 1859) suggested that the “grosse runde” 

cells in the spinal cord of Petromyzon, which lie each side of, and dorsal to, the central canal, represent 

in Petromyzon the group of cells described by Clakke in the thoracic region of the Mammalian cord, 

and now generally known as Clarke’s vesicular column. Stilling asserted that these cells in Petromyzon 

possess each a cell-process directly continuous with a nerve-fibre of the dorsal nerve-root. Kutschin, in 

1863 (loc. cit.), confirmed Stilling’s description; he found certain fibres of the dorsal root in Anmo- 

cceies and Petromijzoii directly traceable to the lai’ge cells, which he spoke of as the inner central cell- 
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directly connected with fibres of the posterior roots, and named by him “ Hinter- 

zellen.” It is conceivable that the out-lying cells are really equivalent to cells of the 

dorsal root-ganglion, although placed in an intra-spinal position. If so, they may help 

to explain the observation of Joseph'"' that not all the nerve-fibres of the dorsal root 

degenerate on being cut off from the root-ganglion. Joseph’s observations were, 

however, made on an upper cervical nerve-root. 

If, as according to the view of HENSENf and of Schenk,| the cells of the dorsal 

root-ganglia are nothing else than nerve-cells that originally were a part of the 

cord itself, then the out-lying cells in the root-zone suggest that the posterior vesicular 

column of Clarke may be composed of cells equivalent to those composing the root- 

ganglia, that have, however, retained their original position as a constituent of the 

cord.§ The occurrence of Clarke’s column in the thoracic region would then well 

agree with other features which show that region to present more primitive characters 

than, for instance, the regions of the enlargements. 

group. Freud’s papers on the subject appeared in 1877 and 1878. He designated the large cells into 

which he traced the posterior root-fibres innere Einterzellen. The name aussere Tli'iiterzellen he reserved 

for certain cells, similar, he considered, to the innere Hinterzellen, which he found placed upon fibres of 

the posterior root, between the root-ganglion and the posteinor horn of grey matter of the cord. 

According to Freud, some of the aussere Einterzellen lie at the surface of the cord, upon fibres of the 

posterior rootlets which run for a distance upward along the surface of the spinal cord. Other indi¬ 

viduals of the aussere Einterzellen lie within the cord, upon nerve-fibres of the posterior roots in their 

intra-spinal course. If this nomenclature be transferred to the Mammalian cord, then the cells of the 

posterior vesicular column are the innere Einterzellen of Fetromyzon, and the out-lying cells of the 

posterior root-zone are the intra-spinal set of the aussere Einterzellen. As judged of from Freud’s 

figures of Ammocaetes' cord, the innere Einterzellen do certainly in their position, and fairly in their form 

also, justify Stilling’s view of their identity with Clarke’s vesicular column of the Mammalian cord_ 

The appearance of them in some sections of Ammocoetes' cord, which I have been permitted to examine 

through the kindness of Dr. Gaskell, also bears out in this respect the impression obtained from the 

figures given bjr Freud. That the cells of Clarke’s column are connected on their proximal side with 

the fibres of the cerebellar tract admits of little doubt; as to their distal connections, it may be said that 

two views are current. The one, which has recently been ably supported by Mott (Joe. cR.), is that the 

cells are connected with afferent fibres, fibres of the posterior I’oot. The other (Gaskell, Hill) is that 

Clarke’s column is connected with the efferent fibres of anterior roots. Of these views, the former, I 

think, derives support fi'om the facts observed with regard to out-lying cells in the posterior root-zone 

of the cord; but it is difficult to believe that these out-lying cells, although they appear equivalent to 

members of Clarke’s column, can be at all closely connected with any fibres in the anterior root. Indeed, 

it appears more likely that not only the vesicular group of Clarke, and the out-lying cells of the external 

posterior column, but also the cells described above (p. 43) as occurring in and near the gelatinosa, all 

belong to the afferent system entering by the posterior root.—June 12, 1890.] 

* ‘ Archiv fur Physiologic,’ Du Bois-Reymond, 1888. 

t “Beob. fiber d. Befruchtung u. Entwick. des Kaninch. u. Meerschw.” ‘ Ztschr. f. Anat. u. 

Entw'ickl., vol. I, 1876. 

f “Die Entwick. der Gangl. u. des Lobus olectricus.” ‘Sitz. d. Kais. Akad. zu Wien,’ vol. 74. 

§ Interesting in this connection are the small ganglia intercalaria which, as Htrtl was the first to note, 

occasionally occur on the posterior roots of the human cord, between the main root-ganglia and the cord 

itself. Cf. Hyrtl. 
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Note. 

Mention of any out-lying cells in the posterior column is not .to be found in the 

classical monographs by Clarke, Stilling, Frommann, Deiters and Max Schultze, 

Krause, &c., nor in the recent admirable papers by Lissauer, Bechterew, Dark- 

SCHEWITZ, Mott, and v. Lenhossek. One reference, however, does occur in a second 

and very recent paper by M. v, Lenhossek, in the ‘ Archiv f. mikrosk. Anatomie ’ of 

November (vol. 34, II., 1889). At the end of a paragraph, in which the writer there 

contends for a direct connection between Clarke’s column and the j)osterior roots, 

he clearly mentions the fact of the existence of isolated eells in the posterior column. 

To quote his words ; “ in der Kegel findet man frei gewordenen Zellen an der Grenze 

zwischen grauer und weisser Substanz (he is speaking of Clarke’s eolumn), dock 

beo’esfnet man denselben zuweilen in der Einstrahlungszone der Burdach’schen 

Strange ; ja, sie rlicken bin und wdeder fast bis zur Eintrittstelie der Hinterwurzeln, 

halten sich in Lage, auch Ptichtung ihrer Achse, an den Hinterwurzelfasern.” My 

description above was v/ritten before I had read this sentence in Lenhossek’s admirable 

and rather lengthy article. 

Addendum. 

(June 14, 1890.) 

Out-lying nerve-cells, similar to those above described existing along the root-fibre 

bundles in the external posterior column of the lumbar and thoracic regions of the 

cord, occur in the region of the bulb imbedded in the funiculus cuneatus. In this 

situation they lie sometimes two or three together, with the long axis of the cell in 

the frontal plane, and close to or upon bundles of nerve-fibres of large calibre (posterior 

root-fibres), which pass through the funiculus on their way to reach the grey matter 

of the nucleus. The similarity of tliese out-lying cells to the out-lying cells of the 

jiosterior root-zone of the cord is too striking to escape attention. The funiculus 

cuneatus is, of course, equivalent in the bulb to the external posterior column in the 

cord ; it undoubtedly contains an area which corresponds to the posterior root-zone of 

the spinal posterior column. The out-lying cells in the funiculus cuneatus appear, in 

point of position, to hold the same relation to the inner mass of the nucleus cuneatus 

as is held by the out-lying cells in the external posterior column of the lumbo-thoracic 

cord to the vesicular column of Clarke. This seems to indicate that in the bulb the 

homologue of the vesicular column of Clarke is to be found in the cuneate nucleus. 

It will, perhaps, be urged against this that the upper end of the vesicular column of 

Clarke is the vagus nucleus (Boss, Hill, Gaskell). But although a group of cells 
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in the upper cervical region appears to represent there the vesicular column of Clarke, 

even with this group as a guide to the probable position of Clarke’s column, I have 

never been able to satisfy myself that in the redistribution and dislocation of grey 

matter, that can be followed out in a series of sections passing upward into the bulb, 

the vagus nucleus is continuous with the up])er part of Clarke’s column, or that its 

position is that which the upper extremity of Clarke’s column would assume. 

Neither does the histological appearance of the vagus nucleus altogether favour, in my 

opinion, the view that it represents Clarke’s column. Its cells appear to resemble 

more closely, in form and arrangement, the smaller fusiform cells of the lateral horn of 

the cord—such as, for instance, are seen in fig. 4, Plate 3. On the other hand, the 

cells of the cuneate nucleus do much resemble, in form and arrangement, the cells of 

the vesicular column of the cord. 

Explanation of Plates 3, 4. 

Figure 1, Plate 3. Portion of the anterior column adjacent to the mesial edge of the 

anterior grey cornu. Tri-radiate nerve-cell lying between the fasciculi of white 

matter. From a section, stained with carmine, and prepared from the cord of 

the Dog, between the 1st and 2nd cervical nerve-roots. Camera lucida and 

apochromatic immersion (Zeiss), with ocular 4. 

Figure 2, Plate 4. Portion of the anterior column adjacent to the mesial edge of the 

grey cornu. Tri-radiate nerve-cell lying between fasciculi of white matter. A 

larger nerve-cell belonging to the inner group of the grey cornu is seen. 

Weigert hasmatoxylin preparation, from the cord of a full-term human foetus, 

at the level of the 5th lumbar nerve-root. Camera lucida and Zeiss apochro¬ 

matic immersion, with ocular 4. 

Figure 3, Plate 3. Out-lying cells in the latei-al column, near the cell-group of the 

lateral horn. At level of 8 th thoracic nerve-root of Macacus ; stained with 

aniline blue-black. Camera lucida and Zeiss apochromatic immersion, with 

ocular 4. 

Figure 4, Plate 3. Out-l_ying cells in the lateral column in the neighbourhood of the 

lateral grey cornu. Picro-carmine pmparation, from human cord at the level 

of the 7th cervical nerve-root. Camera lucida and Zeiss objective BB, ocular 2. 

Figure 5, Plate 4. Out-lying cells in the lateral column, outside the formatia reticu¬ 

laris. Weigert haematoxylin preparation, from cord of young Macacus. 

Zeiss objective a, ocular 4. 

Figure 6, Plate 4. Out-lying cell in the posterior column. Two cells ol Clarke’s 

column in the grey matter. Weigert heematoxylin preparation from human 

cord at level of 12th thoracic nerve-root. Camera lucida and Zeiss apochro¬ 

matic immersion, with ocular 4. 
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Figures 7 and 8, Plate 4. Out-lying cells in the posterior column, showing their 

relation to strands of connective tissue in which are medullated nerve-fibres. 

These cells are those the position of which is shown by two crosses in the pos¬ 

terior column of figure 9. Camera lucida and Zeiss apochromatic immersion, 

with ocular 4. 

Figure 9, Plate 3. Transverse section of human cord at level of 2nd lumbar nerve- 

root, showing the posterior horn and Clarke’s column. The number and 

position of the cells of Clarke’s column are shown by crosses, also the two 

out-lying cells of the posterior column drawn in figures 7 and 8. Camera lucida 

and Zeiss objective a, ocular 2. 

Figure 10, Plate 3. Transverse section of human cord at level of 8th thoracic nerve- 

root, showing posterior horn and Clarke’s column. The number and position 

of the cells of Clarke’s column are shown hy crosses. The position of an out¬ 

lying cell is indicated by the cross in the posterior column. Camera lucida and 

Zeiss objective a, with ocular 4. 

Figures 11, 12, and 13, Plate 3. Outlines, taken with the camera from preparations 

from the human cord at the level of the 3rd lumbar, 11th thoracic, and 9th 

thoracic nerve-roots respectively, to show the position of out-lying cells rela¬ 

tively to the cells of Clarke’s column and to bundles of medullated fibres 

passing through the radicular zone towards Clarke’s column. From Weigert 

hgematoxylin specimens. Zeiss A, ocular 4. 

Figui’e 14, Plate 4. The mesial limb of the substantia gelatinosa, showing bundles of 

root-fibres passing through it, and close to one of the bundles a solitary 

bi-polar nerve-cell. Human cord, at level of 4th lumbar nerve-root. Weigert 

hmmatoxylin. Zeiss objective A, ocular 2. 

Figure 15, Plate 4. The mesial limb of the substantia gelatinosa, with bundles of 

root-fibres passing through it; two large bi-polar nerve-cells in close relation 

to the bundles. Cord of Puppy. Weigert haematoxylin. Zeiss objective A, 

ocular 2. 

Figure 16, Plate 4. Posterior horn, with medullated root-fibres sweeping through 

the mesial limh of the substantia gelatinosa. In close relation to a bundle of 

fibres is a large nerve-cell. At level of 6th thoracic nerve-root. Lion cub. 

Weigert hasmatoxylin. Zeiss a, ocular 4. 
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Introduction. 

In the following paper we propose to give the results of a research on which we have 

been engaged nearly three years, and by which we hoped to elucidate the arrange¬ 

ment of the motor fibres in the internal capsule. 

The fibres which connect the excitable areas in the cortex cerebri with the bulbo¬ 

spinal grey matter in the medulla oblongata and spinal cord are commonly spoken of 

as forming the pyramidal tract. 

These fibres course downwards between the caudate and lenticular portions of the 

corpus striatum and the optic thalamus. In passing through this region they enter 

into the composition of the bundles of white fibres, which received from the older 

anatomists the unfortunately misleading title of the internal capside. It is obvious 

* The e.vpenses of this investigation bave been defrayed by a grant partly from the Royal Society, 

and partly from the British Medical Association. 

MDCCCXC.—B. H 25.8.90 
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that, when the destination and function of these fibres is fully known, this term 

will be abandoned with great advantage for a specific topographical nomenclature. 

At present, however, we must use the old expression in default of a better one. 

In previous investigations (‘Phil. Trans., B., 1887, 1888) we have described the 

foci^ of representation in the cortex cerebri of the Macacque Monkey {Macacus sirdcus), 

of the movements of the chief divisions of the body. 

It remained for us to see whether there were issuing from such foci bundles of 

fibres conveying the functional impulses originating in those foci, and whether such 

fibres were arranged, as has been suggested by one of us (‘ Lancet,' July, 1884), in an 

order similar to that which prevails on the surface of the cortex. 

From what has been already done in this matter it is evident that the problem can 

be attacked in two difterent ways, either by stimulation of the motor fibres of the 

internal capsule, or by removing difterent parts of the so-called motor cortex, and 

tracing downwards the degeneration produced in the motor fibres through the internal 

capsule and crus cerebri. 

In this present paper, we have employed only the former of these tAvo methods, 

viz., electrical stimulation of the fibres of the internal capsule, as exposed in horizontal 

section of the hemisphere. Some knowledge of the arrangement of the fibres in the 

internal capsule has already been gained by experimental and anatomical research, 

and the facts as known at the present time we will now summarise. 

HISTORICAL 1NTRODUCTIOX. 

Previous writers, on this question, have investigated the subject by several methods 

in difterent kinds of animals, viz.. Rodents, Carnivora, Monkeys, and Man. The 

methods employed were for the most part anatomical, or consisted in tracing paths of 

degeneration. Very rarely has excitation been resorted to. Considering the varied 

mode in which movement is represented in the cortex of the brain in difterent animals, 

we have thought it best to arrantre the facts we have deduced from the above 

researches under the headings of the various species of the animal examined, in the 

order already given. 

Birds. 

PiTREst found that in Pigeons and Chickens ablation of a hemisphere produced no 

descending degeneration. 

Marii'iaals. 

liodents. 

PiTREst found that in the Guinea Pig and Rabbit destruction of the excitable parts 

* By the term “focus’’ we mean the point where the movements of any given segment are most 

intensely represented. 

t ‘ Comptes Rendos de rAcademie des Sciences,’ vol. 9d, July, 1884, p. 89. 
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of the cortex produced descending degeneration, which cannot be traced beyond tlie 

lower limits of the bulb—i.e., beyond the anterior pyramid of the same side. 

Nothnagel* never observed motor paralysis to follow either unilateral or bilateral 

division of the internal capsule in the Rabbit. 

MoNAKOwt removed in the Rabbit the anterior portion of the liemdsphere, including 

part of the excitable zone, and found that this was followed by atrophy of the 

anterior part of the internal capsule. Removal of the middle zone of the cortex 

produced atrophy of the third fifth of the capsule, while destruction of the hinder 

third of the hemisphere {i.e., occipital portion) caused atrophy of the hinder third of 

the capsule. He further found| that removal of Fereier’s centres 6 and 9 produced 

respectively atrophy of the hinder and dorsal part, and of the posterior part of the 

capsule. Finally, the corpus striatum was always normal. 

Gudden§ figures (fig. 4, Taf. VIII.) a section of the hemisphere of a Rabbit, the 

upper third of which, including a thin slice of the corpus striatum, had been removed. 

The specimen shows marked atrophy of the internal capsule. Tlie same author|| also 

removed in young Rabbits the frontal lobe (“ stirnhirn ”) and found that while the 

corpus striatum remained normal, the “ medial part of the peduncle ” and the 

corresponding pyramid and spinal cord were atrophied. 

Carnivoo'a. 

Several authors have made experiments on the Cat and Dog. 

J. Burdon-S ANDERSON If excitecl electrically in the Cat the fibres of the corona 

radiata, and subsequently the corpus striatum, producing the same movements as he 

had previously obtained by excitation of the cortex. 

Caryille and Duret.** These authors divided the anterior two-thirds of the 

internal capsule in the Dog, and thus produced hemiplegia. In a second experiment 

they found that division of the posterior three-fourths produced also hemiplegia, but 

accompanied by hemiansesthesia. 

VuLPiAN,tt having extirpated the right sigmoid gyi’us 183 days previously, the 

right internal capsule was found, mortem, to be “much thinner” tlian that 

of the left side. 

* ‘ Archiv' fiir Pathologische Anatomie and Physiologle and fiir Klinische Medicin,’ vol. 71, 1877, 

p. 280. 

f “Weitere Mittheilnngen iiber die Extirpation circarascripter Hirnrindenregionen, &c.” ‘ Archiv 

fiir Psycliiatrie and Nervenki’ankheiten,’ vol. 12, 1882, p. .53.5. 

f Loc. cit., p. 141. 

§ ‘ Arcbiv far Psycliiatrie,’ &c., vol. 2, 1870, p. 693. 

II ‘ Correspondenzblatt fiir Scbweizer Aertzte,’ vol. 2, p. 79. 

^ Note on the “ Excitation of the Sarface of the Cerebral Hemispheres by ladaced Carrents,” 

‘ Roy. Soc. Proc.,’ vol. 22, p. 368, 1874. 

** “ Sar les Fonctions des Hemispheres Cerebraax,” ‘ Archives de Ph3-£iologie, vol. 2, 1875, p. 465. 

tf ‘Archives de Physiologie,’ vol. 3, 1876, p. 814. 

H 2 
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Pitres* * * § found marked descending degeneration in tlie Dog and Cat, after ablation 

of the excitable cortex, around the crucial sulcus. The major part of the degeneration 

ceased at the lower limit of the bulb. 

GuDDENt found that extii’pation of the frontal region (stirnhirn) in young Dogs 

produced atrophy of the “ medial part of the peduncle,” corresponding pyramid and 

spinal cord. 

Lowenthal| found that in the Dog, after removal by Professor Herzen of the 

left sigmoid gyrus, some of the lenticulo-striate filires were atrophied just in front 

of the genu, and that, of the posterior limb, the fibres composing its anterior third 

were also atrophied. In a section taken lower down, just above the level of the 

anterior commissure, the portion of the posterior limb of the internal capsule found to 

be degenerated proved to be the second and third fifths from before back. 

A section through the upper part of the crus showed the inner two-thirds to be 

degenerated ; while in a section lower down—i.e., opposite the exit of the third nerve 

—the middle third only w'as degenerated. 

Franck and Pitres§ obtained, on excitation of the internal capsule in the Dog, the 

following results :— 

Dividing the capsule into motor fasciculi, they found the arrangement from before 

backwards to be as follows :— 

Opening of eyelids and dilatation of pupils ; 

Movement of opposite fore foot only ; 

Associated movements of both opposite limbs ; 

Movement of opposite hind limb only ; 

Closing eyelids ; 

Pricking of the opposite ear. 

Veyssiere,!! by a special instrument, produced hemianiesthesia by a lesion of the 

posterior third of tlie hinder limb of the internal capsule. 

Quadrumana. 

Schafer*! noted the follow'ing facts in a Monkey previously operated on by Professors 

Ferrier and Yeo ;— 

The parts removed were the ascending frontal gyrus, except a small portion at the 

* ‘ Coiiipte.s Rendus de J’Academie des Sciences,’ vol. 99, July, 1884, p. 90. 

t Lor. cit. 
X “La Region pyi-nmidale de la Capsule Interne chez le Clilen, et la Constitution du Cordon antero¬ 

lateral de la Moelle.” ‘ Revue Medieale de la Suisse Romaiade,’ vol. 6, p. 529, Plates VII. and VIII., 1886. 

§ ‘Lemons sur les Fonctious Motrices du Cerveau,’ &c., par Franck. Paris, 1887, pp. 21, 22. 

II ‘ Recherches Cliniques et Experiinentales sur I’Hemianaesthesie de Cause Cerebrate,’ 1874. 

^ “ Report on the Lesions, Primai’y and Secondary, in the Brain and Spinal Cord of the Macacque 

Monkey exhibited by Professors Ferrier and Yeo.” ‘ Journ. of Physiology,’ vol. 4, Nos. 4 and 5, Dec., 

1883, p. 323, Plate Xll. 
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upper end next the longitudinal fissure, and except also its lower end, amounting 

nearly to one-third of the length of the whole gyrus ; also the posterior third of the 

upper division of the anterior portion of the frontal lobe. 

Further, the ascending parietal gyrus was removed, except 5 mm. at the upper and 

6 mm. at the lower end, and a small piece of the parietal lobule; and, in addition, 

rather more than half of the ascending limb of the angular and the supra-marginal 

gyri. 

The effects of this lesion were as follows :—- 

Internal capsule.—Sections of the internal capsule showed in its “central part” a 

number of bundles mostly degenerated, which were not all closely packed together, but 

were somewhat scattered, being here and there separated by others which presented a 

normal appearance. In many of the flattened degenerated bundles there was a thin 

layer forming a sort of cortical stratum, in which the fibres appear normal. 

In a section of the crus cerebri a patch of degeneration was found to be situated in 

the central part of the crusta, localised near the ventral border as an oval area tapering 

mesially. 

Ferrier'^ found in the Monkey that removal of the prsefroutal regions was 

followed by degeneration of “the lowermost and most internal” fibres in “the 

transverse sections of the internal capsule and the most median bundles of the foot 

of the crus cerebri.” 

Examination of the photographs of the brains shews that in each case the cortical 

areas for turning of the head and eyes were encroached upon by the lesion. 

Man. 

TurckI in his original memoir showed that in cases of long-standing hemiplegia 

the hinder and upper part of the capsule was degenerated, and also the middle 

segment of the crus. 

Flechsig| observed in a new-born infant, 44 cm. long, that the internal capsule 

was white only between the thalamus and lenticular nucleus. At the same time the 

lamime medullares of the lenticular nucleus as well as the fibres surrounding their 

posterior extremities were brighter than the neighbouring parts. In tlie crus cerebri 

there was seen on the lower and outer side a sharply bounded bright band 3 mm. 

broad (pyramidal tract) which was continued up into the internal capsule close to the 

innermost zone of the lenticular nucleus. In a further paper § he shows reason for 

* “A record of experiments on the effects of Lesion of different regions of the Cerebral Hemispheres,” 

with Gerald Yeo, ‘Phil. Trans.,’ 1884.—Experiments 22 and 23, p. 528. 

f ‘ Sitznngsberichte der mathematisch-naturwissenschaftlichen Classe der Kaiserlichen Akademie der 

Wissenschaften,’ vol. 6, Wien, 1851, p. 300. 

t ‘ Die Leitungsbahnen im Gehirn und Riickeninark des Menschen,’ Leipzig, 1876, pp. 27, 28, Taf. II., 

fig. 3. 
§ ‘ Archiv fiir Anat. und Phys. (Anat. Abth.),’ 1881, p. 12. 
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believing- that in a horizontal section through the upper border of the middle zone of 

the lenticular nucleus, the pyramidal tract, including the tibres to the seventh and 

twelfth nerves, occupies the second, third, and fourth sixths of the posterior limb of 

the internal capsule. 

Charco^'" sub-divided the capsule according to his well-known plan, as follows :— 

The anterior limb he termed the lenticulo-striate bundle. The posterior limb he 

subdivided into thirds, the two anterior of which he regarded as belonging to the 

pyramidal tract, while the remaining third was, he believed, limited to the trans¬ 

mission of afferent impressions. 

We may remark that, as will subsequently be seen, this description applies only to 

one sectional level of the capsule. 

BRiSSAUDt made the most numerous clinical observations on this point. According 

to him there exist in the crus cerebri four bundles, whose relations from behind for¬ 

wards may be stated as follows :— 

1. A posterior bundle for tbe transmission of sensory impressions (Charcot, 

Meynert). 

2. A middle bundle for tbe innervation of the muscles of the limbs and trunk. 

3. A bundle of small size, which he called the geniculate bundle on account of its 

connection with the genu of the internal capsule. This bundle includes motor fibres, 

and is distributed to the bulbar nuclei for the movements of the muscles of the face, 

the tongue (perhaps the soft palate) ; in fact to all parts of the head and face which 

can be acted on voluntarily. 

4. An internal bundle which ends in like manner in the bulb, and whose degenera¬ 

tion only seems to be coincident with intellectual derangements. 

To these four bundles tbe four following divisions of the internal capsule 

correspond. 

1. To the posterior bundle, the posterior third of the hinder limb corresponds (he., 

the region of hemiansesthesia, Charcot, Raymond). 

2. To the middle bundle, the anterior two-thirds of the hinder limb. 

3. The bundle which he called geniculate, corresponds to the genu of the capsule. 

4. Finally the whole of the anterior limb of the internal capsule corresponds to the 

internal bundle of the crus. 

Contrary to what certain authors have stated, the crus cerebri cannot become com¬ 

pletely degenerated ; in other wmrds there is a limit wdrich the degeneration cannot 

overstep. 

This maximum degeneration is recorded by him in observation VII., where the 

* ‘ Le90iis sur les Localisations dans les Maladies dn Cerveau et de la Moelle EpiniM-e,’ 1876-1880, 
pp. 221-224. 

I ‘ RecLerclies sur la Contracture Permanente des Hemiplegiques,’ Paris, 1880, p. 38. 
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degeneration affected the internal three-fonrths of the lower level, and only the 

posterior fourth escaped. In this case all the frontal lobe, the whole of the parietal 

lobe and a great part of the occipito-sphenoidal lobe had been destroyed by an 

extensive superficial softening. 

Meynert'"'* * * § divides the internal capsule into live different kinds of bundles, 

viz. :— 

1. Fibres passing from the cortex, as laminae medullares, between the zones of the 

lenticular nucleus. 

2. A bundle passing from the frontal region to the optic thalamus, and also forming 

part of the stratum zonale. 

3. Fibres from the nucleus caudatus to the crus cerebri. 

4. Fibres from the nucleus lenticularis to crus cerebri. 

5. A group of fibres (the most posterior) which pass to the tegmentum. 

Hughes Bennett! and Campbell published a remarkable case in which the left 

arm was completely paralysed by a haemorrhage in the internal capsule. 

The lesion was found post-mortem and located as nearly as possilfie to the junction 

of the most anterior and second fourth of the posterior limb. 

Dejerine;}; reported a case in which a tubercular tumour of the size of a nut, 

“ seated on the internal capsule, between the posterior part of the optic thalamus 

and the capsule itself,” produced paralysis of the right upper limb, together with 

incomplete right hemianmsthesia. 

Obersteiner§ figures an arrangement of the fibres of the capsule and crus similar 

to that given by Brissaud and Charcot. 

WernickeII states that the anterior limb of the internal capsule is composed of 

fibres, which pass partly into the subthalamic region, and partly into the mesial side 

of the crus, and that the fibres coming from the nucleus caudatus pass circuitously 

throuorh the laminae medullares round the two inner zones of the lenticular nucleus. 

Anatomy of the Internal Capsule. 

Definition of the term.—As before said the term internal, capsule has been given to 

the descending and ascending fibres of tlie corona radiata, while passing between the 

basal ganglia ; consequently we assume that the term is only applicable to the fibres 

so loirg as they are passing between the two following levels. 

The upper of these levels is shown in Plate IT fig. 2, which is constructed from 

* ‘ Psychiatrie,’ Wien, 1884, p. 77. 

t “ Case of Brachial Monoplegia due to Lesion of the Internal Capsule,’' ' Bi-aiu,’ vol. 8, p. 78, Aju-il, 

1885. 

t Quoted in article “ Encephale,” ‘ Dictionnaire des Sciences Medicales,’ 1887. 

§ ‘ Anleitung beim Studium des Baues der Nervosen Centralorgane im gesunden und krauken 

Zustande,’ 1888, p. 255. 

II ‘ Lehrbuch A'on den Gehirnkranheiten,’ Cassel, 1881, vol. 1, p. 85, tig. 44. 
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a photograph of a transverse vertical section of a Monkey’s [Macacus sinicus) right 

hemisphere. This superior level (black clotted line) is seen to be a plane directed 

slightly obliquely downwards and outwards, and resting on the upper surfaces of the 

caudate and lenticular nuclei. 

The lower level is scarcely a. plane, owing to the configuration of the basal ganglia, 

as about to be described, but its general direction is roughly represented by a plane 

inclined upwards and backwards in a line with the upper surface of the optic tract 

and drawn from the optic chiasma backwards and upwards to the posterior extremity, 

or the pulvinar, of the optic thalamus. 

Of course these levels are purely arbitrary divisions of the fibres of the pyramidal 

tract, separating a part of them from the centrum ovale above and the crus cerebri 

below. 

The internal capsule may be described as consisting of bundles of fibres, arranged 

like the rays of a fan, of wdiich the handle if broadened would represent the crus 

cerebri, while if the fan be considered to be held laterally in a plane parallel to the 

sagittal section of the hemisphere, the outside rays would correspond respectively 

with what we shall hereafter term the antero-inferior and postero-superior borders of 

the internal capsule, this is represented in fig. 3, which is a photograph of a sagittal 

section of a Monkey’s brain {Macacus sinicus). 

Viewed in horizontal section the capsule is limited by lines drawn at right 

angles to the anterior and posterior extremities of the lenticular nucleus. 

Although this view of the fibres composing the internal capsule is useful to bear in 

mind, it nevertheless does not express the whole facts of the case. In the first place, 

we have to remember that extending down towards the base of the brain, i.e., towards 

the basal ganglia and internal capsule, is a large number of fibres converging from all 

parts of the cortex mantle. 

Ar ranged in order from before back, these fibres may be enumerated as follows, 

irrespective of the impulses which they are generally considered to convey, classified 

according to the region of the cortex with which they are apparently connected. 

I. Prsefrontal. 

II. Excitable, Pyramidal, or Fronto-Parietal. 

III. Temporal. 

IV. Occiplto-Temporah 

V. Occipital. 

Th ese fibres are shown in their relation to the basal ganglia, anterior commissure, 

&c., in the accompanying fig.s. 4, 5, G. These are drawn from a dissection of a 

hardened Monkey’s {M. sinicus) brain in which the large majority of the hemisphere 

has been cut away, leaving uninjured the nuclei of the corpus striatum. In fig. 4 the 

ventricular aspect of the mass thus obtained, and also in fig. 6, is seen a dotted line 

in front, showing liow much of the grey matter forming the anterior perforated spot. 
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and part of the amygdaloid nucleus had to be cut away to reveal the anterior 

commissure (a.c.) running under the corpus striatum. 

The convergence of the fibres of the capsule is seen in fig. 6, in which the whole of 

the corona radiata, outer capsule and claustrum, have been removed. It shows the 

caudate nucleus terminating posteriorly in the surcingle, wliich ends in the grey matter 

under the lenticular nucleus. 

It is clear that these fibres, when they approach the basal ganglia, either end in 

these ganglia or pass between them to and from the mesencephalon. 

(1) Do any of the fibres descending from the cortex end in the basal ganglia ? 

This is a question which will recur, and as its elucidation does not immediately 

concern us in considering the present point, it may be postponed, see pp. 68, 72. 

(2) Do the fibres pass between the basal ganglia to the mesencephalon, and if so 

which of the classes above enumerated ? 

The answer to this cpiestion is easier. In the first place the important fibres 

known as the pyramidal tract pass downwards from the cortex, through the internal 

capsule into the crus and to the pyramidal region of the mesencephalon. These 

fibres are universally recognised to be the efferent or motor fibres of the cortex 

system, and it is the result of the excitation of these fibres which forms the subject 

of the present communication. In order to make the arrangement of these fibres— 

as we believe them to exist—more intelligible, we must first refer to the prse- 

frontal class. 

I. Prwfrontal.—The fibres coming from the prmfrontal region unquestionably 

appear in the anterior limb of the internal capsule as horizontal bundles, and compose 

its antero-inferior border. 

Excitation of the prsefrontal region of the cortex, as is well-known, has produced 

no muscular movement except in the hands of Munk.'“ Ablation of the same region 

has been stated by Professor FERRiERt to have been followed by descending degene¬ 

ration in the fibres of the anterior limb of the internal capsule. His results, however, 

judging from the figures he gives of the brains thus operated upon, seem to have 

included portions of the excitable area for the representation of the movements of the 

head and eyes. 

Anatomical investigation goes to show that the fibres of the anterior limb of the 

capsule pass to the mesial side of the crus and also to the subthalamic region. Of 

such fibres our method gave only negative evidence, since in Groups III., VI., VII. 

(see fig. 1) the anterior limb was practically inexcitable, it is therefore clear that 

these prsefrontal fibres at any rate do not possess efferent motor function. 

* Munk, “ Ueber die Stimlappen des Grossbirns‘ Sitzungsbericlite der k. Preussiscben Akademie,’ 

1882. 

t ‘ Functions of the Brain,’ 2nd edition, pp. 898, 399. 

MDCCCXC.-B. I 
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Whatever be their function it is evident that the fibres entering the anterior limb 

are arranged much as is indicated in fig. 3, and that, regarding the hemisphere as 

fixed with its greatest length in a horizontal plane, we may group these fibres, accord¬ 

ing to tlieir vertical relations to such a plane, into :— 

a. Superior and Descending. 

h. Horizontal. 

c. Inferior and Ascending. See also figs. 3, 5, G. 

But further, on account of the manner in which the grey cortical mantle of the 

frontal lobe presents, roughly speaking, the form of a cap or segment of a globe, we 

must, in addition, sub-divide these fibres according to their relative position about the 

horizontal plane of the hemisphere. Hence we must speak of a middle bundle, viz., 

those from the tip and anterior part of the lobe ; of an internal group, viz., those 

coming from the mesial surface, i.e., of the anterior third of the marginal and neigh¬ 

bouring gyri; and of an external group, i.e.. those coming from the outer part of 

lower frontal gyri (of course excitable). 

Many of these bundles will be referred to under the next heading, and the 

destination of the remainder, i.e., of the truly prmfrontal, we have already discussed. 

To sum up then, it is evident that we have excitable fibres coming into the 

anterior limb from the so-called motor cortex lying on the external aspect of the 

hemisphere in the opercular region, and tlmse we regard as motor. The mass, 

however, of the anterior limb is composed of the bundles of fibres coming from the 

most anterior and mesial surfaces of the frontal lobe, these being non-excitable. 

Looked at in their sagittal arrangement, we find that the excitability diminishes 

from above down, or, in other words, the pyramidal portion decreases and the 

prmfrontal and non-excitable increases. 

11. Excitahle or Pijramidcd, Fronto-Parietal.—This is the collection of fibres 

commonly known as the pyramidal tract, and which on being stimulated produce 

movement in a distinctive manner. Strictly speaking, the term pyramidal tract 

should apply only to those fibres contained in the pyramids, i.e., those for the muscles 

of the limbs and trunk. In fact, many authors divide the “ motor ” capsular fibres 

into two groups, one devoted to the cerebral nerves, and the other termed the 

pyramidal fibres. This distinction we consider fair, but tlie term pyramidal tract 

has been so extended as to include these two groups of so-called motor fibres. But, 

while we agree in general to this distinction, it must not be forgotten that these two 

sets of fibres are not in utterly distinct compartments, but that the area of each 

overlaps. 

We would prefer, tlierefore, to employ the term excitable to express the whole 

number of fibres possessing “ efterent ” or “ motor” function. 

These fibres wm presume come from most of the excitable portions of the cortex. 
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We say most of the excitable region, because the recent investigations of Schafer'^ 

show that on excitation of the occipital and angular gyri certain movements of the 
eyes are evoked, which, by reason of their greater latency of production, seem to be a 
result of secondary stimulation of the area for such movements situated in the frontal 
region.t Consequently, although this point is still greatly s'lib judice, it seems 

probable that the excitable fibres of the internal capsule only come from the fronto¬ 
parietal region. The course they take to reach the various points in the capsule will 
he determined by the anatomical relations of the cortical mantle to the basal ganglia, 
the exact lines of such courses, tliough not yet determined anatomically, may be 
theoretically imagined. 

We have ascertained the anterior and posterior limits respectively of the excitable 
fibres in each experiment, and have constructed the following outlines, see fig. 1 
(twice the natural size), showing the delimitation of these fibres in each group, the 

position of each point being determined by the averages given in Table I., see next 
page. 

III., IV., V. The Tempoml, Occipito-Temporal, and Occipital Fibres.—The 

delimitation of these fibres we have only in the present research ascertained by the 
process of exclusion, i.e., by their non-excitability. We believe that they have for 

the most part to do with the general and special senses, but the method of the 
present research does not throw any fresh light on the subject. 

It is, however, worthy of note that even in the narcotised state, when the scalpel 
divided these fibres at the hinder end of the capsule, there frequently occurred a 
marked general reflex movement. Excitation of the peripheral ends of these cut 
fibres produced, of course, no effect. 

* ‘ Roy. Soc. Proc.,’ vol. 43, 1888, p. 411. 

t Cf. also Sherrington’s very valnable anatomical confirmation of Schafer’s statements. ‘ Pro¬ 

ceedings of the Physiological Society,’ March, 1889. 
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Table I. '‘ 

Groiq) I. 

Character of movement. 
Anterior 

limit. 

Point 
of observed 

maximal 
intensity. 

Posterior 

limit. 
Average. 

Tongue protruded. 7 24 15 
Mouth opens. 13 51 32 
Eyes turn. 22 60 41 
Opening eyes. 24 55 39 
Head and eyes tarn (simultaneously) . 41 54 47 
Head turns . 42 50 64 
Retract angle of mouth . ... 58 64 82 
Shoulder. 61 71 66 
Elbow. 62 87 74 
Fingers. 67 80 73 
Abdomen. 70 88 79 
Wrist. 75 81 78 
Thumb. 76 83 79 
Hip. 76 94 85 
Small toes. 78 81 98 88 
Hallux. 80 96 88 
Knee. 81 93 87 
Ankle. 86 95 90 

Length of capsule, 100. 

(j-roup II. 

Character of movement. 
Antexior 

limit. 

Point 

of obsei’ved 
maximal 
intensity. 

Posterior 
limit. 

Avei’age. 

Eyes turn. 25 50 68 47 
Opening eyes. 37 61 49 
Head turns. 42 62 71 56 
Mouth opens. 43 57 , . 
Retract angle of mouth. 48 55 83 65 
Shoulder . 55 88 71 
Tongue protruded. 
Fingers. 

57 61 59 

58 75 86 72 
Elbow. 58 81 87 72 
Wrist. 60 71 65 
Abdomen. 60 80 70 
Thumb. 73 81 90 81 
Hip. 75 86 80 
Knee. 79 , , 85 82 
(Small toes. 82 88 91 86 
Ankle. 84 96 90 

Head and eyes turn. 54 , . 84 
Hallux. 92 93 100 96 

Length of capsule, 100. 

* See also p. 71. 
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Group III. 

Character of movement. 
Anterior 

limit. 

Point 
of observed 

maximal 

intensity. 

Posterior 
limit. 

Average. 

Opening eyes. 41 54 62 50 
Eyes turn. 48 49 60 54 
Head and eyes turn (simultaneously) 53 60 56 
Head turns. 56 70 63 
Mouth opens. 57 71 64 
Retract angle of mouth. 58 71 79 68 
Tongue protruded ..... 62 72 67 
Elbow. 66 73 88 77 
Thumb. 69 84 77 
Fingers . 69 73 84 77 
Shoulder. 69 70 84 77 
Wrist. 70 74 88 79 
Hip. 79 . • 84 82 
Abdomen. 80 86 83 
Knee. 80 86 83 
Ankle. 83 89 86 
Hallux. 84 91 87 
Small toes. 85 91 87 

Length of Capsule, lOU. 

Group IV. 

Character of movement. 
Anterior 

limit. 

Point 
of observed 

maximal 
intensity. 

Posterior 
limit. 

Average. 

Eyes turn. 23 57 40 
Opening eyes. 30 45 60 45 
Head turns. 34 55 65 55 
Mouth opens. 40 62 51 
Shoulder. 50 65 57 
Retract angle of mouth. 50 65 85 65 
Fingers. 52 80 66 
Head and eyes turn (simultaneously) 55 55 
Wrist. 55 75 65 

Elbow. 55 80 67 

Tongue . 55 82 72 

. Thumb. 62 82 72 

Ankle. 72 85 78 

Abdomen. 75 85 80 

Hip. 75 85 80 
Knee. 75' 85 80 

Small toes. 75 90 82 

Hallux. 75 90 82 

Length of Capsule, 100. 
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Group V. 

Character of movement. 
Anterior 

limit. 

Point 
of observed 

maximal 
intensity. 

Posterior 
limit. 

Average. 

Eyes open. 38 47 54 46 
Eyes turn. 38 48 59 48 
Head turns. 41 58 49 
Mouth opens. 44 48 46 
Head and eyes turn (simultaneously) . 53 60 56 
Angle of mouth retracted .... 54 76 , 80 67 
Tongue protruded. 55 76 65 
Elbow. 57 82 69 
Fingers. 57 84 70 
Shoulder. 68 81 69 
Abdomen. 58 66 85 71 
Wrist. 62 80 82 72 
Thumb. 64 79 71 
Hip. 68 80 74 

Knee. 74 77 75 
Hallux. 77 84 80 
Small toes. 79 85 82 

Ankle. 80 88 84 

Length of capsule, 100. 

Group VI. 

Character of movement. 
Anterior 

limit. 

Point 
of observed 

maximal 
intensity. 

Posterior 
limit. 

Average. 

i 

Eyes open. 40 64 

' 

52 
Eyes turn. 42 60 51 
Head turns. 47 61 66 56 
Elbow. 48 75 61 
Ang’le of mouth retracted .... 51 78 64 
Tongue protruded. 55 , , 55 
Mouth open. 55 63 69 [ 
Shoulder. 57 69 63 , ! 
Fingers. 69 77 68 
Thumb. 60 72 66 ; 
Wrist. 62 , , 72 67 
Hip. 69 , , 77 73 
Ankle. 71 72 82 79 
Knee. 76 82 79 
Abdomen. 77 83 80 
Small toes. 78 82 80 i 
Hallux. 78 82 80 

1 

Length of capsule, 100. 
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Group VII. 

1 

Character of movement. 
Anterior 

limit. 

Point 

of observed 
maximal 
intensity. 

Posterior 

limit. 
Average. 

Eyes open. 5 51 28 
Eyes turn. 5 51 28 
Head turns. 22 45 33 
Head and eyes turn. 29 35 32 
Tongue protruded. 35 52 43 
Abdomen. 41 52 58 49 
Angle of mouth retracted. 45 55 65 55 
Shoulder. 45 65 55 
W rist. 48 62 55 
Elbow. 51 65 58 
Thumb. 55 61 58 
Hip. 56 65 60 
Fingers. 57 62 59 
Hallux. 61 72 66 
Ankle. 64 64 
Knee. 66 66 
Small toes. 66 72 69 

Length of capsule, 100. 

Group) VIII. 

Character of movement. 
Anterior 

limit. 

Point 
of observed 

maximal 
intensity. 

Postei’ior 

limit. 
Average. 

Eyes turn. .... 8 41 24 

Eyes open. 16 . . 41 28 

Angle of mouth retracted .... 16 28 50 33 
Elbow. 16 41 62 39 

Shoulder . 20 58 66 43 

Head turns. 33 41 66 48 

Fingers. 37 62 49 

Wrist. 41 62 51 

Small toes. 49 66 57 

Ankle. 49 75 62 

Abdomen. 50 . , 50 

Hallux. 53 66 59 

Thumb. 48 66 62 

Length of capsule, 100. 
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The Confi(juration of ihe Basal Ganglia. 

It is now necessary to consider in detail the shapes and relative positions of the 

three chief divisions of basal grey matter, to the fibres of the internal capsule. 

We think we may best accomplish this by describing in succession from above down 

the sections typical of each group of experiments (see p. 65). The position of the 

genu, which, as will be seen in fig. 1, gradually moves backwards and inwards, as we 

pass down the capsule to near the base, i.e., until the posterior limb, as seen in these 

sections, changes from an oblique antero-posterior direction to an almost transverse 

position. This is strikingly exhibited in Table II., calculated from the observed 

dimensions of the capsule in each experiment. 

Table II. 

Group. 
Average total length 

of capsule. 
Length of Anterior 

Limb. 

Length of Posterior 
Limb. 

m.m. m.m. m.m. 
I. 18-2 7 11-2 

II. 17 6 IL 
III. 18 7 11 
IV. 20 9 11 
V. 21 10 11 

VI. 20 9 11 
VII. 17 2 15 

vin. 12 0 12 

The genu is of course the point of junction of the two limbs, and it will be seen at 

once that while the length of the posterior limb remains remarkably constant until 

its axis finally changes direction, the anterior limb on the other hand increases in 

size from above down, lying in the notch between the caudate and lenticular nuclei 

(see figs. 1, 2, and 5), until the section approaching the grey matter of the base of the 

brain, it rapidly disappears (as in Group VIII.), see fig. 1. 

It will be convenient next to consider two angles; firstly that which the anterior 

limb makes with the posterior limb in forming the genu, and secondly the angle of 

inclination of the long axis of the posterior limb to the middle line. By subtraction 

of these two from 180° we naturally obtain at once the inclination of the anterior 

limb to the mesial plane. 

Since the angle of the genu is correlated with that of the inclination of the 

anterior limb, we set both out in the following Table III. (The angles we measured 

with a goniometer on photographs of the specimens made just after each experiment.) 

Each of the angles typical of the several groups was found by taking the average of 

all the angles of the capsules contained in each group. 
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Table III. 

Grou]^. Angle of genu. 

Angle of inclination of 

axis of posterior limb 
to mesial line. 

Angle of iirclination of 
axis of anterior limb 

to mesial line. 

O 0 O 

I. 134-5 15-8 29-7 
II. 123-3 20-3 30-4 

III. 118-9 30-8 30-3 
IV. 105-1 36-2 38-7 

V. 97-1 44-8 38-1 
VI. 87-9 55 37-1 

VII. Not ascertainable 40* 
VIIl. No genu 57-5 

From this Table it is clear how, while the posterior limb is constantly altering its 

inclination to the mesial plane, the anterior limb moves comparatively slightly from 

the same plane in the middle three-fifths of the depth of the capsule. In other words, 

the caudate wall of the groove separating the anterior ends of the striate nuclei is 

practically vertical, though slanting outwards rapidly above, more slowly below, as is 

seen to be the case, when a frontal section is made of the anterior limb. (See fig. 2.) 

It is necessary now to give what we have regarded as the defining points of 

difference between the several groups of capsules experimented on. (See fig. 1.) 

Group I. (the highest).—Genu forms a widely open angle (13I'5°) so that the 

capsule is almost a segment of a circle. Of the lenticular nucleus only the outer 

zone or putamen appears, and it has a hi-convex outline. (See typical photograph, 

Plate 10, Experiment 35 of our series, and fig. 1.) 

Group II.—The genu is distinct and less obtuse, being 123‘3°. The second zone of 

the lenticular nucleus has not yet appeared, though the caudate reaches backward to a 

point a little posterior to the genu (the anterior part of the surcingle). (See typical 

photograph, Experiment 67.) 

The outline of the lenticular is now becoming triana^ular. 

Group III.—The angle of the genu is becoming still smaller, averaging 118‘9°. 

The second zone of the lenticular nucleus is not yet visible tliough nearly exposed. 

The caudate nucleus reaches posteriorly to the genu. The lenticular nucleus is 

becoming more triangular. In the large majority of sections the pulvinar is evidently 

free in the ventricle. (See typical photograph. Experiment 42.) 

Group IV.—This group is easily marked, since in it we have with the main 

features given under Group III., the first appearance of the second or middle zone of 

the lenticular nucleus. (See typical photograph. Experiment 31.) 

Group V.—The second zone is more marked, the white interzonal or lamellar fibres 

Probably this figure is unexpectedly low, owing to (1) the crescentic .sha])e of the cai^sule, (2) the 

number of observatious being few, viz., two. 

MDCCCXC.—B. K 
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separating this zone from the j)utamen are in this section extended backwards almost 

to the end of tlm lenticular nucleus. The angle of the genu is nearly a right 

angle, and the limbs of the capsule are approximately equal in length. (See typical 

photograph, Experiment 69.) 

Group VI.—This group is the same as Group V., from which, as the individual 

capsules show, it can only be separated by the smaller angle of the genu and bv 

the axis of the posterior limb, becoming more transverse to the longitudinal axis of 

th(3 hemisphere. (See typical photograph. Experiment 50.) 

Group VII.—This group is very definite since it shows sections of all three zones 

of the lenticular nucleus, and since the level is below the capsular groove between the 

two nuclei in the corpus striatum, it passes through the basal grey matter of the 

floor of the lateral ventricle. The anterior commissure appears near the middle line ; 

the part seen corresponds to the highest point of the arch it forms. Since this 

section is cut along the line of the Fissure of Sylvius, it necessarily is wholly below 

the frontal lobes. As will be seen, there is a sliglit anterior limb in this section, 

see fig. 1. (See typical photograph, Plate G, Experiment 81.) 

Group VIII.—This section just above the crus closely resembles Group VII., save 

that the anterior limb is no longer represented, and the two innermost zones of 

the lenticular nucleus cannot now be separated. (See typical photograph. Experi¬ 

ment 79.) 

Notes on Groups VII. and VIII.—In these groups the basal ganglia and capsule, 

as divided by these sections, present a very constant figure; thus the posterior 

limb of the internal capsule makes an angle with the middle line of about 60°, its 

posterior border being formed by the optic thalamus, while anteriorly there are 

ranged along its front the respective ends of the three grey zones of the lenticular 

nucleus. If the section pass just above the Fissure of Sylvius the three zones will 

be seen, if lower, the two innermost zones are found to be confused into one grey 

mass and cannot be separated. 

In the highest sections {i.e., those in which the three zones are distinct) of these 

groups, there are the remains of the anterior limb of the capsule lying to the 

inner side of the innermost zone of the lenticular nucleus. This remnant of the 

anterior limb is (in the highest sections), about 3 rnm. long in the antero-posterior 

direction. This bundle of white fibres is not in immediate contact with the 

anterior commissure,. but is separated from it by some of the grey matter of the 

lenticular nucleus. This delimitation of what we consequently call the anterior limb 

can be easily seen, and it is from this point that in this group of sections we have 

commenced, the measurement of the capsule, continuing the same as before along its 

outer margin, i.e., contiguous to the lenticular nucleus, as far as the hinder end of 

the outer zone of that nucleus (see fig. 1). 

The remnant of the anterior limb above described is bounded on its inner aspect. 



FIJ3RES OP THE INTERNAL CAPSULE OP THE BONNET MONKEY. G7 

i.e., along the middle line of the cerebrum by a narrow (1-2 mm. wide) strip of 

inexcitable tissue. (? Septum lucidiun and anterior perforated spot, grey mattei'.) 

Summary and Application of the Anatomical Facts. 

It remains to connect these anatomical data with the facts observed upon 

excitation. 

In the first place discrimination must be made between the effects of exciting- 

fibres in their continuity and on their transverse section respectively, since it is 

plain that the identity of result might otherwise lead to an undesirably extended 

view of the limits of the efferent tract. 

Reference to fig. 1 and to Table I. shows thaf some of the efilferent excital^le fibres 

which partly compose the anterior limb in Group I. are rapidly concentrated in the 

posterior limb as we descend to Group III. These fibres are those for the move¬ 

ments of opening the mouth and protrusion of the tongue, as is shown by a glance 

at fig. 1, C and F. 

At Group IV., fig. 1, it is evident that a further change now occurs Apparently 

owing to the appearance of the second or middle zone of the lenticular nucleus, that 

part of the anterior limb which is opposite this second zone is found ti> be excitable, 

whereas the rest, which really exactly corresponds with the whole anterior limb of 

Group III., is inexcitable as in that Group. 

It is to be observed (fig. 1) that this excitability of the posterior part of the 

anterior limb again diminishes until we arrive at Group VII., where, upon the further 

appearance of the third or innermost zone, the hinder end of this limb is seen to be 

excitable. 

To speak next of the inexcitable fibres of the anterior limb, we have in the fore¬ 

going pages referred to the views of those who have treated the subject, and we only 

would express our belief that these fibres of the anterior limb are for the most part 

horizontal, and that they pass backwards through the genu to the thalamic region. 

A point of equal interest is the arrangement of excitable and inexcitable fibres in 

the posterior limb of the capsule. 

In Groups I. and II., fig. 1, the posterior limb is excitable in its whole length, 

but, in Group III., the hindermost part {i.e., for the last yfoths) is inexcitable. This 

inexcitable portion steadily increases as we pass downwards (see fig. 1), so that in 

Groups VI., VII., and VIII., the excitable part terminates posteriorly at the hinder 

limit of the middle zone. 

The classical dictum,"" that the sensory fibres are contained in tlie posterior third 

of the hinder limb of the capsule only holds good for the lowest levels. The gradual 

character of the development of this inexcitable (afferent) part of the capsule is 

interesting by way of contrast with the variable arrangement of the excitable fibres 

in the anterior limb just discussed, 

* Carvillb and Duret, Charcot, loc. cit, 

K 2 
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Genu.—Hitherto we have only indirectly spoken of the genu and its relation to the 

snrrounding parts. To determine its position exactly at the different levels of the 

capsule, we first, by means of successive horizontal sections parallel to the longest 

antero-posterior diameter of the hemisphere, exposed the level of our Group I. We 

then inserted (vertically) a long needle at right angles to the plane of the section just 

at the genu immediately in front of the most anterior extremity of the optic 

thalamus. Each successive horizontal (parallel) section of the hemisphere contained, 

consequently, the position of the genu as in the highest section (the upper level, 

Grou]) I.). 

From these data we found that the position of the genu in its antero-posterior 

relations varied extraordinarily little, but that the position of the entering angle of 

the inner border was gradually transferred to that of the outer border, and, finally, 

in the last three groups, the puncture revealed the fact that the position of the genu, 

as seen in the highest section and now projected upon the lowest, had moved about 

2 mm. in front of, and outside the angle of the outer border of the capsule, or 4 mm. 

from its original site. In other words, the genu had moved backwards and inwards, 

and this change of position was more rapidly developed in the lower than the upper 

sections. 

Of coiu’se, the inward and backward direction of the efferent tracts is also seen 

(especially the former) in frontal sections of the capsule. 

Lariiince Medullares.—The white fibres, which in horizontal sections of the hemi¬ 

sphere, appear as lamellfe to separate the zones of the lenticular nucleus, but which, 

in vertical frontal sections, appear to run into and connect the zones, we have 

repeatedly excited without any result. We, therefore, are led to conclude that 

these fibres, whatever be their function, do not belong to the great excitable cortico- 

efferent system. 

Obeesteineii" gives a schematic diagram, in which he figures fibres passing down 

from the cortex through the laminae medullares to end in the subthalamic region. 

Weenicket suggests that these interzonular, or lamellary fibres, are in part 

derived from the nucleus caudatus, and are passing down to the crus. 

MeynertI believes that such fibres are derived from the cortex rather than from 

the nucleus caudatus. 

Method of Investigation in the Present Pesearch. 

Animal Einployed.—The Bonnet Monkey [Macacus svnicus), i.e., the smaller 

variety of that species of Monkey, was the animal which we have invariably used. 

In all we have performed 45 experiments, and in every case the animal was com- 

* Lnc. cit., p. 334 

f Loc. cit. 

X Tmc. cit. 



FIBRES OF THE IHTERHAL CAPSULE OF THE BOHHET MONKEY. G9 

pletely under the influence of ether, and was killed before it recovered from the 

anaesthetic. 

With few exceptions the left hemisphere was the one used for the examination, 

and, as a rule, the cortex had just before been minutely explored. It was found most 

convenient to remove the vault of the cranium for about 1 cm. to the other side of 

the middle line, and laterally as low as the zygoma in front, and behind to a corre¬ 

sponding level. 

The dura mater was reflected over the area thus exjDosed, care being taken not to 

injure the longitudinal sinus ; the hemisphere was then drawn tow'ards the middle 

line so as to allow of the middle cerebral artery being ligatured soon after its origin, 

this was easily done by passing a fine thread beneath the vessel through the con¬ 

tiguous portions of the orbital and temporo-sphenoidal lobes. 

A horizontal incision was then made with a long sharp scalpel through the substance 

of the hemisphere, from the outer surface towards the middle line, but stopping short 

1 or 2 mm. of the mesial plane. In this way section of all arteries, save the branches 

of the ligatured middle cerebral was avoided, and, hence, haemorrhage was in a great 

measure prevented. The only vessel which gave much trouble was the lenticulo- 

striate artery running vertically through the outer zone of the lenticular nucleus. In 

the first two experiments, we sought to arrest this haemorihage by a fine point of an 

actual cautery, but we found, to our surprise, that although the area touched Avas 

extremely small, yet the cut ends of the fibres of the adjacent internal capsule were 

so damaged (by the radiant heat of the cautery) as to be inexcitable; moreover, we 

speedily found that all hremorrhage could be easily arrested liy placing on the bleeding 

point a small cube of amadou. 

When the hsemorrhage had thus been controlled the upper portion of the hemisphere 

which, as described above, had not been completely separated, but merely raised like 

the lid of a box, was replaced, and preparations were made for recording the results 

of the stimulation. 

The plan of recording which appeared to us likely to afford the most accurate 

results, and, at the same time, not to involve so much delay in exposing the capsule 

as to cause the death of the fibres, was as follows :—- 

Upon paper, on which fine lines were engraved by an engine wdth mathematical 

accuracy so as to cover the surface with squares of 1 mm. side, we drew by means 

of compasses the exact outline of the basal ganglia as exposed by the section. 

In this way we obtained at once the cut surface of the internal capsule correctly 

projected on paper, divided into squares of 1 mm. ; these squares we then numbered 

from the front of the anterior limb of the capsule to the posterior end of the lenticular 

nucleus. Finally, we stimulated each of these bundles of fibres thus obtained of 

1 square mm. area, and recorded the effect produced. 

Mode of Stimidation.—The electrodes used were two fine platinum points, 1 mm. 

apart, so that the excitation should be exactly limited to each square excited. The 
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exciting current was an interrupted induced current obtained from the secondary coil 

of a Du Bois Eeymond inductoriiim, supplied by a 1 litre bicliromate cell. The 

distance of the secondary coil from the zero point of completely covering the primary 

was such as to give a minimal stimulus, and this was usually about 10 cm. 

After the experiment was completed the animal was killed by excess of chloro¬ 

form, the hemisphere removed, washed in salt solution and the surface photographed. 

Upon the jrhotograph thus obtained, the numbers representing the different bundles 

of fil)res (1 mm. square) were transferred by compasses from the plan originally drawn 

on the ruled paper. 

Mode of Enumeration and Recording Residts.—We have just said that we 

numbered the millimetre squares of the internal capsule in order from before back ; we 

adopted this plan for the reason that as the anterior limit of the excitable portion of 

the capside varies in position, i.e,, retreats as the section descends [cf. fig. 1.), it vras 

necessary to express the position of the fibres having the same function by some 

means which should bear an absolute value in relation to the rest of the capsule. By 

this means we have been enabled to trace the bundles having the same function 

through their various changes of direction as they pass down through the different 

sections of the capsule to reach the crus. 

Inasmuch as the capsule is divided into millimetre squares by the above method, 

each figure denoting any bundle of fibres represents at the same time the distance of 

that bundle from the front end of the anterior limb. 

In plotting out the j)lan of the capsule during an experiment we arranged it so that 

the more important posterior limb should be drawn parallel to one direction of the 

rows of squares on the ruled paper ; consequently, as the anterior limb forms an 

obtuse angle with the posterior limb, the squares dividing it were necessarily 

echelonned. This, however, afforded no real difficulty, and the more so since in the 

most important sections very little of the anterior limb is excitable. We, therefore, 

expressed each square or bundle of fibres by a fraction, the numerator of which 

denoted the distance that it was situated from the anterior end of the capsule, while 

the denominator gave the total length of the capsule in that particular section; in 

this wise one fraction, or, in otlier words, the position of one bundle of fibres in one 

section, is strictly comparable with that in another section. 

In order to bring all the fractions thus obtained together, and to find the average 

position of the representation of any given movement in each group, we converter! all 

the fractions into decimals to two places. We took two places as adequately accurate, 

since any error beyond would only amount to of the length of the capsule, and 

as this actually amounts, on the average, to not more than ‘02 mm., it is a length 

which is far too small to be considered among the errors of the experimental method. 

The decimals thus obtained, denoting the squares indicating the localisation of 

each movement elicited, were next added together in the several groups, and the 

average taken. 



FIBRES OF THE INTERNAL CAPSULE OF THE BONNET MONKEY. 71 

Since these decimals were taken to two places, each capsule in every group becomes 

divided into a hundred parts, and if we drop the decimal point, we may regard the figure 

as a whole number, taking the whole capsule to be 100. For example, the movement 

of “protrusion of the tongue” was observed in Group II. to occur in two experiments, 

the length of the capsule being respectively in eacli case 12 mm. and 17 mm., the average 

therefore being 14 mm. The movement was observed to follow excitation of the first 

millimetre in each case, and to end at the third millimetre in the one case and at 

the fourth in the other. Consequently the movement began at i^-th and jl/th of the 

actual length of the respective capsules, and w^as last obtained at i^fhs and q^ths. 

On converting these fractions into decimals they become respectively '08 and 'OG 

for the anterior limit and '25 and '23 for the posterior limit, and on taking the 

averao’es of these we obtain '07 and '24. 

Now that we have the situations of the fibres expressed in terms of the average 

length of the capsules of each group, we need not keep the decimal point if we regard 

tbe capsule as divided into a hundred parts, and then take the figure as a whole 

number, so that in Table I. the limits of the representation of the protrusion of the 

tongue become 7 and 24, i.e., and 

This mode of treating the figures has this great advantage, that whatever tlie 

length of the different capsules may be in any group, we can compare the function of 

the fibres in similar parts. 

At the same time tins mode of extending the differentiation of the capsule has this 

disadvantage, viz., that, although taken absolutely, as is represented by the fraction 

we obtained the movement from the most anterior millimetre of the capsule, 

yet in converting jx into a decimal to two places, we necessarily obtain -jx = '07, 

and then, in regarding the capsule for purposes of relative comparison as divided into 

100 parts (dropping the decimal point), we thus obtain the figure 7, meaning the first 

seven-hundredths, as representing the first portion at which the movement occurred. 

In fact, in attempting to analyse and to compare the results of each experiment, 

i.e., the fractions, we found it impossible to employ the method of a common denomi¬ 

nator, and therefore selected, at Mr. Gotch’s suggestion, the two places of decimals. 

We were obliged to take twm places of decimals, since, as a glance at Table I.'“ 

shows, one place of decimals would not have given the differentiation we have dis¬ 

covered to exist, though at the saiiie time it was clear to us that two places would so 

extend our subdivisions of the caj^sule as to make it difficult to convey the absolute 

expression of the amount {i.e., extent) of representation. 

These averages are set out in the last column in Table I., in which the movements 

a,re also arranged in their order from before back. 

In Table I. the first column gives the names of the movements observed, and, as 

just stated, in the order in wdiich they occur from before back. The first column of 

figures denotes the distance from the anterior extremity of the capsule of the first 

* See p. 60. 
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bundle of fibres, excitation of which produced the movement. The third column 

gives the most posterior point or bundle of fibres at which the movement of a part 

could be elicited, so that the distance between the figures in these two columns gives 

the total or absolute extent of the fibres from which that movement of a part could 

be obtained. 

The intermediate or second column gives, in those cases where it was most marked, 

the point of maximal representation, i.e., of greatest intensity. 

Further, it is seen at once that the distribution of the fibres for any one part is not 

allocated to one small point in the capsule, but spread over it for a certain distance, 

so that the overlapping seen on the cortex occurs here, though to a larger extent. 

To further elucdiate the arrangement of the fibres and to facilitate future reference, 

we have constructed a series of diagrams (fig. 1, A-F.) on exactly the same scale 

as fig. 1 {i.e., twice the natural size), on which we have marked the extent of repre¬ 

sentation in the difterent groups of sections of each segment observed. In each figure 

the shaded part represents the fibres, excitation of wdiich produces movement of the 

given segment. The limits of these fil^i'es were obtained from the numbers of Table I. 

As we have already drawn attention in describing fig. 1, we would remark on the 

extraordinary diminution of the fibres before the successive appearance of the zones 

of the lenticular nucleus, and the equally striking increase of the fibres when these 

zones become visible, e.(j., Groups IV. and VII. 

Good examples of this are to be seen in the diagrams for the turning of the eyes, 

the small toes and hallux (fig. 1, B, Q, II). 

Physiological IIelations of the Basal Ganglia to the Internal Capsule. 

Although the ventricular surface of the caudate nucleus has been asserted to be 

excitable by Carville and Duret,'“ Ferrier,! and Minor,J we have fiiiled to obtain 

the slightest movement hj exciting the sectional surfaces of either of the basal 

ganglia. We do not advance these observations as of special value, considering that 

we removed the ventricular surface, but the contrast betAveen the absence of any 

result Avhen the ganglia Avere excited and the marked spasm Avhich immediately 

folloAved tlie application of the electrodes to the ca])side is in harmony Avith the 

observations of Franck and Pitres,§ and Avith Avhose general deductions on this point 

Ave fully agree. 

To finally elucidate this important point, Ave have also excited the intra-ventricular 

surfaces of the basal ganglia, but Avithout any positive result. 

Consequently on revieAv of the expeilmental evidence, it seems to us most likely 

that the basal ganglia are really inexcitable. 

* Loc. cit. 

t Ferrier, loo. cit., p. 264. 

t ‘ Neurologisclies Centralblatt,’ Juue, 188o. 

§ hoc. cit. 
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Analysis of Results, 

On pp. 60-63 we give, in Table T., the order of arrangement of the representation of 

different parts of the body. We cannot well separate the consideration of this 

arrangement from that of the order in which the different characters of the move¬ 

ments are placed, hence we will reserve to p. 79 tlie discussion of the facts set ont in 

Table I. 

We will, however, proceed to discuss certain points of general interest upon which 

a clear opinion must be formed before the main results of this research can be given 

at length. Of such points we take first, as the most important, the phenomenon of 

bilateral movement. 

Movements of Muscles of the same side as that stimidated. 

The phenomenon of bilateral movement occurring upon excitation of one hemisphere 

has often been approached from its theoretical, experimental, and clinical aspects. 

It has been assumed by Broadbent* that this is effected by the impulses passing 

from the sound hemisphere across commissural fibres postulated to exist between the 

lower [i.e., bulbo-spinal) centres of the two sides, and he explained the common mode 

of recovery from haemorrhagic compression and destruction of the internal capsule by 

this theory. This theory has been favourably received by neurologists as an expla¬ 

nation of the phenomenon of bilateral movement, but we submit that the subject can 

only profitably be treated upon experimental facts as a basis. 

Before any satisfactory conclusions can be arrived at, we must obviously first deter¬ 

mine exactly how much bilateral representation of movement exists in the cortex of 

a normal uninjured nervous system, and, in this case, of the Bonnet Monkey. Further 

we must understand clearly what we mean by bilateral representation. 

Beginning with this last, we mean that the same movement of symmetrical parts 

of both sides of the body is represented in one point of the cortex of both hemi¬ 

spheres, i.e., that excitation of such a point evokes simultaneous and identical move¬ 

ment in the same part of both sides of the body. 

In attempting to classify “bilateral movements” it is necessary to point out first 

that movements such as conjugate deviation of the eyes are not, strictly speaking, 

examples of bilateral representation. For while it is true both eyeballs move, never¬ 

theless one is rotated out, the other rotated in, and since this conjugate deviation 

occurs as the result of a single idea, the movement of both eyeballs really corresponds 

to that of one limb, and this is more especially the case since, as just said, the 

muscles employed on each side are different. A final confirmation of this view lies 

in the fact that excitation of one hemisphere produces conjugate deviation in one 

direction only, while excitation of the other evokes an exactly opposite movement. 

* ‘ BritisL Medical Journal,’ vol. 1, 1876, pp. 3.33, 371, 401. 

MDCCCXC.—B. L 
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To this point we shall subsecpiently return. We may now mention the movements 

which are credited with being bilaterally represented, and we shall arrange them in 

classes, the justification for which will subsecpiently appear. 

Credited as Bilateral. 

Movements of Trunk Muscles [i.e., 

Ptectus, abdominis, &c.) 

Movements of Tongue 

Conjugate deviation of Eyes 

Turning of Head 

Retraction of Angle of Mouth 

Pursing of Lips 

Onening of Eyelids | Identical move- 

Closino’ of Eyelids J ment 

Pouting of Lips 

Mastication 

Swallowing [i.e., movements of soft 

palate) 

Adduction of vocal cords 

Class—I. Movements asserted to he hilateml, hut not actually so. 

Movements of the Trunk Muscles.—The muscles of the trunk liave above all others 

in the body been commonly supposed to be bilaterally associated in action. This is, 

however, cpiite contrary to observed fact. We have never seen any movement of 

both recti or oblicpie abdominis follow excitation of the fibres for the trunk muscles 

in the capsule, although we invariably saw movement restricted to the muscles of the 

opioosite side, notably the rectus. We have observed this to be the case clinically, 

and believe that the statements made in the opposite direction rest upon imperfect 

examination. Further confirmation is to hand in the description given by Professor 

ScHArEE,"^ and one of us, of the results of excitation and ablation respectively of the 

“ trank areas ” in the marginal gyrus, from which it appears that the same unilateral 

representation was discovered to exist. 

Movements of the Tongue.—As we are specially investigating the cortical represen¬ 

tation of these movements, we desire to defer the detailed observation of the capsular 

fibres subserving the same, until the former is completed. 

Conjugate Deviation of the Eyes and Turning of the Head.—We have already 

mentioned the movements of the eyeballs, and wm now intend to strengthen what is 

said on p. 73. 

* Hoesley and Schafer, ‘Phil. Trans.,’ B, vol. 179, 1888, pp. 10 and 14. 

> Class I. Not bilateral, md. inf 

i 
y Class 11. Imperfectly bilateral. 

j 

|> Class III. Truly bilateral. 

J 
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We there showed that the deviation of the eyes was a combined movement of 

opposed muscles {internal rectus with external rectus) of both sides of the body to 

produce one effect, and that the ojiposite hemisphere, when excited, produced exactly 

the opposite effect. 

Further, considering that the visual field is hemiopic, and that the two eyes always 

have their axes parallel (when not accommodated for near objects), we may look upon 

the two eyes as acting’ like one, and we may also regard their movements to be of the 

same kind as those of the head. 

Stimulation of the left cortex produces movement of the head and also of tlie eyes 

to the right, and, conversely, when the right cortex is irritated these parts move to 

the left. Movement to the same side is never observed, hence these movements we 

regard as distinctly unilateral. 

Class II.—Imperfectly Bilatercd Movements. 

(a.) Opening of Eyelids.—In ‘Phil. Trans.,’ B., 1888, p. 241, we describe how we 

observed in one Monkey that there were two millimetre-squares on the cortex, exci¬ 

tation of which caused opening of the opposite eyelids to occur before those of the 

same side. In the present research we have obtained the same result from the 

internal capsule in one case (Monkey No. 69), at points 50-55 (whole capsule, 100), 

the movement being also stronger. 

The extreme rarity of this phenomenon—occurring, as it does, only twice in about 

seventy different experiments in the same variety of Macacus—makes it clear that the 

movement of opening the eyelids is practically bilaterally represented. However, the 

phenomenon is not without interest in discussing the evolution of function in the 

“motor” cortex, 

(b.) Closure of Eyelids.— In contradistinction to what we find witli regard to 

opening of one eye before the other, we have obtained closure of the opposite eyelids, 

not only taking place before those of the same side, but even independently of the 

eyelids of the same side. 

We drew attention for the first time to this differentiation of cortical representa¬ 

tion of the eyelids in our second paper just referred to, where we described the 

opening of one eye before the other. Since writing that paper, we have been engaged 

in investigating the cortical representation of closure of the eyes, and we have found 

that there is a nearly horizontal zonular strip of the cortex just below and slightly 

overlapping the lower border of the upper limb area of representation, in which the 

single movement of closure of the opposite eyelids is represented. 

In some cases this is imperfect, be., the eyelids of the side stimulated closed 

as well as those of the opposite side. It is clear, therefore, that this movement is 

only imperfectly bilateral, a fact of the greatest importance, as is evidenced by the 

fact that we have been able with this observation to correctly diagnose that the 

homologous portion of the cortex in man was the seat of an irritative lesion. 

L 2 
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Hence we were not surprised to find that in the internal capsule there were fibres, 

excitation of which produced closure of the opposite eyelids only. 

(c.) Pursing of the Xtps.—This is another imperfectly bilateral movement, it being 

most marked always on the opposite side. 

(d.) Retraction of the Angle of the Mouth.—Rarely have we observed truly 

bilateral, i.e., symmetrical, retraction of the angle of the mouth, this being the 

exception to the rule of retraction to the opposite side. 

Class III. 

(a.) Pouting of the Lips.—This eversion of the lips appears to be truly a bilateral 

movement. 

(b.) Mastication.—So far as we have been able to observe, this complex movement 

is mainly bilateral, but we are compelled to postpone its detailed consideration until 

our analysis of its cortical representation is complete. 

(c.) Swallowing, including movements of the Soft Palate.—This in our experience 

of the capsule has always been bilateral on excitation. 

(d.) Adduction of the Voccd Cords has been shownto be perfectly bilaterally 

represented. 

(e.) Bilateral Movement of hath Elbows.—This (as flexion) we have found to occur 

four times altogether in our experiments, when the internal capsule of one side has 

been excited. The occasions, however, on which this was observed were so few, and 

the movement so slight and limited that we cannot regard it to be a proof of bilateral 

representation of this segment of the upper limb in one hemisphere. Moreover, 

during a long series of experiments upon the cortex this was never observed. 

The explanation of this phenomenon we prefer to postpone until further 

knowledge makes its discussion profitable. 

It occurred at point 57, and only in the central t Groups, Nos. IV., V., VI. 

To sum up, therefore, we consider the following movements to be alone truly 

bilaterally represented. 

Pouting of Lips. 

Mastication. 

Swallowing. 

Adduction of the Vocal Cords. 

It will now be expedient to describe the general results obtained by the various 

groups of experiinents. 

* Krause, in tlie Dog ; Semon and Horsley, in the Monkey. This is denied by Masini, and by 

Gaeel and Dob. 

t I.e., opposite the middle level of the capsule. 
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Lateral Arrangement of the Excitable Fibres in the Internal Ca'psule. 

We now introduce a new branch of this subject, namely, the relations in lateral 

juxtaposition of the efferent fibres. 

So far we have described the antero-posterior arrangement of these fibres, but we 

have postponed the consideration of the results obtained by exciting the capsule 

in individual points of its breadth. 

As the capsule varied in width from 1 to 3 mm., and as the part of the sections 

involving the inner zones of the lenticular nucleus was also constituted of white fibres 

in and around those zones, we have sometimes found five rows of excitable points (each 

1 mm. square). The result obtained from these points we shall now analyse. Altogether 

we were able to obtain two or more rows of 1 mm. squares in 26 experiments. 

Anatomically speaking, in horizontal transverse section we may regard the fibres of 

the internal capsule as falling into three groups, viz. :—{a) those in the mid line ; 

(6) those next the lenticular nucleus, and (c) those on the inner side next the optic 

thalamus, &c. 

Of the 26 cases above-mentioned, in seven the excitability appeared to be equally 

distributed throughout the breadth of the capsule. However, besides these seven, we 

found that in 15 the most excitable part was that next the lenticular nucleus, 

this gradually decreasing towards the optic thalamus, but in the remaining four the 

capsule was most excitable alongside of the thalamus. Considering the anatomical 

arrangement of the cortex mantle to the position of the basal ganglia and internal 

capsule, it is not at all improbable that these results may be referable to the fibres 

entering the capsule from above in an oblique direction, and hence in a horizontal 

section, they will offer for excitation not only a transversely cut end alongside the 

lenticular nucleus, but also longitudinal surfaces, which are progressively less and less 

exposed to excitation as we move across the capsule from the lenticular nucleus to the 

optic thalamus. 

If correct, this view would postulate the theory that the fibres forming the part of the 

capsule nearest the middle line are inexcitable. This, at any rate, is evidently strongly 

suggested by the experiments. Moreover, in a frontal microscopic section of the 

region, the fibres which emerge from the gyrus fornicatus on reaching the capsule, are 

seen to occupy the most internal position therein, and excitation of the gyrus 

fornicatus has always failed to elicit movement. 

To sum up this question, it is self-evident that, the lateral arrangement of the fibres 

is infinitely less important than that of the antero-posterior direction, and principally 

because the function of each point in any given transverse row of squares is the same 

in character though diminishing in intensity, as we pass from the outer to the 

inner side of the capsule. 
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Character of the Movements of the Parts Reiwesented in the Fibres of the 

• Internal Capsule. 

We have given at pp. 60-63 the antero-posterior arrangement in the capsule of the 

movements of the different parts of the body (see Table), we now furnish two tables 

(see Tables IV. and V.) in the latter of which again taking the whole capsule as 100, 

the extent of representation of each kind of movement of the several parts of the 

body is given. 

We wish first to review the Table IV., given on p. 78, in detail, to see how far the 

order of arrangement of representation of parts, be,, independently of the character of 

the movement of such parts in the capsule, agrees or disagrees with the arrangement 

which we have shown to exist in the cortex. 

The accompanying diagram (fig. 7) the details of which we have partly published 

in the ‘Philosophical Transactions,’ 1887-88, the remainder being in course of 

publication, gives in bare outline the relative positions of the points of chiefest 

representation as we have found them, by minimal excitation, to exist in the cortex 

of the Bonnet Monkey {Macaeus sinicus). 

With this outline before us we would suggest that the main axes of the fibres of 

the internal capsule correspond as far as antero-posterior arrangement goes with lines 

drawn at right angles to the direction of the upper two-thirds of the fissure of 

Rolando. It also remains to be seen whether there is any relation between the 

arrangement in the cortex in the horizontal antero-posterior division and the order 

of fibres in the capsule. 

Table IV. contains the antero-posterior arrangement of the average position of the 

representation in the capsule of the various parts of the body, set out horizontally. 

Although each observation is placed vertically under each other, this is not neces¬ 

sarily true of their anatomical position, as we have already shown. 

It substantiates our view that the oblique lines over the “ motor ” cortex described 

above give truly the order of representation in the capsule. For while the move¬ 

ments of opening the eyelids and of the eyes are seen to occur in front in both cortex 

and capsule, those of the toes are equally the most posterior. Hence placed in order 

from before back we have eye movements, head movements, upper limb movements, 

trunk and lower limb movements. 

Or stating in further detail the order of the representation as given in the fore¬ 

going table in the average position of each segment in each part of the body, the 

following general order of representation is arrived at, viz. ;—■ 
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Summary of oAierages :— 

44 

42 

50 

50 

52 

53 

60 

64 

66 

66 

70 

70 

76 

77 

78 

78 

80 

Eyes open I 

Eyes turn J 

Mouth opens 

Head and eyes turn 

Head turns 

Tongue 

Angle of mouth 

Shoulder 

Elbow 

W rist 

Fingers I 
Thumb J 

Trunk 

Hip 

Ankle 

Knee 

Hallux ! 

Toes J 

Eye movements 

^ Head movements 

Upper limb movements 

Lower limb movements 

Further, if we state for each of these their relative positions to the whole of the 

capsule, we obtain figures which give the relative positions a,bsolutely as above 

shown by the numbers placed at the left hand side of the column. 

We draw attention by brackets to the association of parts in movement as already 

shown to occur in the cortex. 

Nothing, we believe, shows more distinctly the truth of our position that the 

arrangement in the capsule is but an imitation of that on the cortex, which in its 

turn is but a peripheric projection of the order of the metameres of the whole body. 

The accuracy of this general view is borne out by an analysis of the representation 

of the segments of one, the lower limb. In both the cortex and capsule the hip is 

most represented in front, the small toes hindermost (be., posterior to the hallux), and 

the other joints intermediately. Similarly, in accordance with the view of Schafer 

and Horsley"^' that the trunk muscles are represented mediately in the “ motor ” 

region, we find that in the capsule the representation of this part is, as a rule, 

between the upper limb and lower limb regions. 

For the upper limb the arrangement in the capsule is analogous to that for the 

lower limb, namely, the largest joint, the shoulder, is most anterior, and the smallest, 

the most specialised, the thumb, is most posterior. By dropping verticals in fig. 7, 

on p. 81, this is evidently the cortical arrangement projected below. 

* ‘Phil. Trans.,’ B, 1888, p. 9; ‘ Roy. Soc. Pi’oc.,’ vol. 36,1884, p. 437. 
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Fig. 7. 

Arrangement of excitable fibres in the internal capsule. 

Drawn from a pbotograpb (magnified twice) of the outer surface of a Monkey’s (Macacus sinicus) 

left hemisphere. 

MDCCCXC.—B. M 
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We are now in a position to point out tlie chief facts of interest to be noted in 

Table V., and which illustrate the relation between the localisation of motor or 

efferent function in the cortex and that in the capsule. Under the drawing, fig. 7, 

we have inscribed in their accurate relative positions the arrangement of the capsular 

fibres. If lines be laid obliquely as stated on p. 79, the exact correspondence of the 

cortical capsular representation will be readily seen. 

Movements of Eyelids. 

The most striking among these is that of closure of the opposite eyelids only (or in 

an incompletely evolved cortex accompanied by slight movement of the same side). 

The cortical localisation of this movement we give in fig. 7, and a line drawn 

vertically shows it to be relatively far behind the area for the other movements of 

the lids. 

So in the capsule it is found fully one-tenth to one-fifth of the length of the capsule 

further back, and thus comes into relation with the representation of the upper limb 

and angle of the mouth. No closer correspondence between the representation in the 

cortex and that in the capsule could well be imagined. 

In passing on to the next feature of special interest we would mention that we 

only observed the minuter changes in the movements of the lips, mouth, tongue, and 

jaws towards the end of this work, since our analysis of the facial region (not yet 

published) has only been carried on during the last fifteen months. Hence our 

account of these movements is necessarily brief. 

Upper Limb Movements. 

Elbow.—In describing* the analysis of the upper limb cortical representation we 

have shown that extension of the elbow is represented most anteriorly and 

superiorly, and flexion most interiorly and posteriorly, while confusion of these move¬ 

ments is localised between their foci of most intense representation. This is most 

clearly found to be also the case in the capsule. The elbow, being a simple hinge 

joint and allowing only of extension, flexion and confusion, affords a ready means for 

this comparison between the cortex and capsule, and therefore it is interesting to note 

that in every group of sections this close similarity of representation was established. 

Eingers.—So also the hinge joints of the fingers show that extension is represented 

anteriorly and flexion posteriorly in the capsule, this difference being, as seen in 

Table V., present in every group. 

Thumb.—The same also prevails for the thumb. 

Lower Limb Movements. 

Since the cortical representation of the movements of the lower limb w'as shov\^n by 

our analysis to be relatively imperfect, it was to be expected that with the mingliug 

* ‘Phil. Trans.,’ B., 1887-88. 
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of fibres in the capsules, still less differentiation would be found. This is obviously 

shown in Table V., but on inspection, the representation of even flexion of the small 

toes is consistently (every group) in front of that of extension. To a minor degree 

and witlr less consistency (4 of 6 groups) the same holds for the hallux. 

Relative Amount or Degree of Representation of Extension compared to Flexion. 

This subject may not be without interest to those who have, from excitation 

experiments, attempted to gauge the relative amount of functional activity in the 

cortex. 

The facts bearing upon this point obtained from the records of hinge joint move¬ 

ments are so clear and unmistakable that they are of value. 

The following are the proportional rates of frequency as observed in the capsule. 

Flexion. Extension. Remarks. 

Elbow .... 
Fingers 

.38 

38 

IG 
17 

I Joints whose usual movement is powerful flexion 

Thumb . . . 22 9 Joint the flexion of w'hich is usually carefully regulated ' 
by extension 

Small toes 1.5 26 Joints very frequently spread in extension for standing 

Hallux . . . 16 17 Joint used as a thumb as well as for support 1 

The bearing of these facts obviously requires no further comment, and the more so 

as they are but confirmatory of the results we obtained in our analysis of the cortical 

representation of these parts. 

Conclusions. 

As the foregoing paper is but a collection of detailed facts we can only offer as 

conclusions a few bare statements. 

1. The fibres of the excitable portion of the internal capsule are arranged from 

before back, in the same order as the foci of representation in the excitable part of 

the cortex, taken along lines drawn at right angles to the direction of the fissure of 

Kolando. 

2. This applies to the great divisions of the body, i.e., head, upper limb, &c. 

3. The arrangement of the fibres for the different segments of each great division is 

likewise that which prevails in the cortex. 

4. Similarly the character of each movement is represented in the capsule as in the 

cortex. 
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Description of Plates. 

PLATES 5.-9. 

Fig. 1. This figure consists of a number of drawings of the internal capsule and basal 

ganglia of the left side in horizontal section, corresponding to the eight 

different levels into which we have grouped our observations, and enlarged 

twice the natural size. 

a. = Anterior commissure. 

C. =■ Caudate nucleus. 

F. — The point of fusion of the lenticular and caudate nuclei in the 

basal grey matter. 

i. = Inner zone of the lenticular nucleus. 

1. = Middle zone of lenticular nucleus. 

L. = Outer zone of lenticular nucleus or putamen. 

O. = Optic thalamus. 

Figs. 1, A.-R., give on tracings of the outlines of fig. 1, the limitation of the fibres, 

excitation of which produced a particular movement, the character of which is 

indicated in the margin. 

Figs. 4, 5, 6 (on Plate 6). Views of a dissection of the hardened brain of a Macacus 

sinicus, in which almost the whole of the hemisphere has been cut away, 

leaving only the basal ganglia to show their relations to each other and to the 

internal capsule. Fig. 4 is viewed from the inner or ventricular side, fig. 5 

from below, and fig. 6 from the outer side. 

A.a. = Anterior and ascending division of prsefrontal fibres, lying in the 

deep groove between the caudate and lenticular nuclei. 

a.c. = Anterior commissure. 

Ch. = Optic chiasma. 

Cb. = Cerebellum. 

H. = Horizontal fibres of prsefrontal portion of capsule. 

Hi. — Hippocampus major. 

Gy. Hi. = Gyrus hippocampi. 

C.q. = Corpus quadrigeminum. 

l.m. = Outermost lamina medullaris. 

s.d. = Superior and descending division of praefrontal fibres. 

Ca. = Caudate nucleus. 

Pu. = Putamen or outer zone of lenticular nucleus. 

P.F. = Excitable (“ motor ”) or fronto-parietal fibres. 

L. — Posterior limit of excitable fibres. 
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Note change of direction at this point opposite middle zone (m) of lenticular 

nucleus, the fibres forming the internal capsule behind and below [m) are 

respectively occipital, occipito-temporal, and temporal. 

M.C. =■ Middle commissure. 

III., V., and VI. denote the third, fifth, and sixth cranial nerves. 

PLATE 10. 

Groups I.-VI. These are photographs typical of each level at which we have excited 

the capsule, corresponding to the first six groups of our observations. 

Ca. = Caudate nucleus. 

Le. — Lenticular nucleus. 

O.Th. = Optic thalamus. 

PLATE 11. 

Groups VII. and VIII. These are photographs of our last two levels and follow on 

Plate X. 

Note.—Group VIII. has been reversed in the reproduction. 

The section is taken from the left hemisphere, except in Groups IV. and 

VIII., which are taken from the right side. 

Fig. 2. A photograph of a transverse vertical section of the right hemisphere of 

Macacus sinicus, showing the limits of the capsule and the direction of its 

anterior limb in frontal section. 

Ca. — Caudate nucleus. 

C.c. = Corpus callosum. 

Le. ■= Lenticular nucleus. 

S.l. =■ Septum lucidum. 

Fig. 3. This figure is a photograph of a sagittal section of the hemisphere of a 

Macacus sinicus stained by Pal’s method and mounted in balsam. The 

medullated fibres are consequently stained black, the grey matter being of a 

lighter greyish tint. 

A.a. = Anterior or ascending fibres of prasfrontal division of capsule. 

H. — Horizontal fibres of the same. 

S.d. = Superior or descending fibres of the same. 

P.f. — Pyramidal fibres (excitable). 

P. ■=. Fibres entering the posterior limb of the capsule. 

Ca. = Caudate nucleus. 

Le. = Lenticular nucleus. 

O.th. = Optic thalamus. 

A.c. ~ Anterior commissure. 
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IV. On the Organisation of the Fossil Plants of the Coal-Measures.—Part XVII. 

By Wm. C. Williamson, LL.D.. F.R.S., Professor of Botany in the Owens College, 

Manchester. 

Received February 8,—Read March 13, 1890. 

[Plates 12-15.] 

Lyginoclendron Oldhamium and Rucldopteris cis-pera. 

In the fourth of this series of Memoirs (‘ Phil. Trans.,’ 1873, p. 377, et seq.) I described 

a remarkable plant under the name of Dictyoxylon Oldhamiimi; I also gave reasons 

for substituting the late Mr. Gourlie’s geneiic name of Lyginodendron for that of 

Dictyoxylon. In the same Memoir (p. 403) I referred to some petioles, to which I 

proposed to assign the name of Edraxylon ; but later researches demonstrated the 

necessity for abandoning this as a generic term and sulistituting for it the more com¬ 

prehensive one of Racliiopteris. In my Memoir, Part VI. (‘Phil. Trans.,’ 1874, 

Plate 2, p. 670, et seq.), I described this proposed Edraxylon under the name of 

Rachioj)teris aspera. Certain similar features exhibited by the above two plants led 

me to remark in Memoir IV., p. 403, after showing tha-t the Racliiopteris aspera was 

obvioirsly the })etiole of a Fern, “ I think it far from impossilde that these may prove 

to belong to Dictyoxylon i^Lyginodendron) Oldhamium-, Init since I have not yet 

succeeded in correlating them with any certainty, I shall add no more respecting 

them at present.” 

Since 1873 I have accumulated a vast amount of material illustrative of the 

structure and relations of these two plants, and am now in a position to demonstrate 

that they respectively represent the stem and petiole of the same organism which 

proves to be a Fern. I was long under the conviction that the remarkable exogenous 

development of the stems of many of the Carboniferous Cryptogams, which I have 

so continuously demonstrated to exist, and which is now so universally recognised by 

Palaeontologists, had no existence amongst Ferns. I have now to show that this 

development did exist amongst Ferns as well as amongst the arborescent Lycopods 

and Calamites, in which it is so conspicuous. Fig. 1 (Plate 12) is part of a transverse 

section of a stem or branch of Lyginodendron Oldhamium, in which a represents the 

medulla ; h, the exogenous xylera zone ; c, the place of the inner cortex, wanting in 

this specimen ; cl, one of the pairs of vascular bundles, so characteristic of the cortex 

MDCCCXC.—B. N 10.11.90. 



90 PROFESSOR W. C. WILLIAMSOR’ OR THE ORGANISATION 

of this plant; e, the outermost cortex, composed, in transverse sections, of radiating 

bands of sclerenchyma, fj, alternating with parenchymatous areas, f. At Jz, Jc vze find 

two bundles of tracheids, like those at d, forming the centre of the cortical structures 

of a petiole of Rachioj^teris aspera, i, i, which petiole is organically united to the 

cortex e of tire Lyginodendron. The two bundles Jz are assuming the oblique 

relative positions seen in the similar bundles of the free petiole of R. aspera, repre¬ 

sented in fig. 2. (3ther sections in my cabinet, similar to fig. 1, demonstrate the 

same facts, viz., that the pairs of bundles, fig. I, d, whiclr form so characteristic a 

feature of transverse sections of the middle cortex of Lyginodendron Oldhamium, pass 

outwards, through the outer cortex, to become the tracheseal" bundles of the petioles 

of the plant, and wliich petioles I had previously designated Raehiopferis aspera. I may 

state that my friend Graf Solms-Laubach, who has obtained numerous specimens 

of the Lyginodendron associated with others of Rachiopteris aspera from a locality 

on the continent, agrees with me in the conclusion at which I have arrived respecting 

their unity. The more perfect specimens of the Lyginodendron obtained during the 

last seventeen years have thrown yet further light upon those figured in 1873. In 

the latter, as at fig. 1, c, no traces of the middle bark were preserved ; but examples 

from Halifax, for which I am indebted to my friends Mr. Cash and Mr. Spencer, of 

Halifax, have supplied what was wanting. Fig. 3 is a transverse section in which 

this inner cortex, c, is shoAvn to consist of a zone of extremely delicate, thin-walled 

parenchymatous cells, scattered throughout which are numerous gum-canals, 1. Three 

of these canals are represented, enlarged 250 diameters, in figs. 4 and 5, embedded in 

the thin-walled cells, c, c, of the cortex. 

These canals are obviously formed by a schizogenetic separation of the cortical cells, 

c, and display no signs of having possessed the linings of epithelial cells so frequently 

seen in the similar canals of living plants. Each canal is lined by a thin carbonaceous 

layer, a, within which is a free carbonaceous rod, h, with a round or oval section. I 

presume that both these black elements are the carbonised remains of gums or resins 

with which the canals were j^rimarily filled. 

Fig. 3, h' I)', show^s an unusual occurrence of laminse of tracheids growing inwardly 

into the medulla, to be referred to later. 

Another feature characterising equally the outer cortex of Lyginodendron and that 

of its petioles is well shown in fig. 6, which represents a superficial tangential section 

of the cortex of Ijyginodendron Oldhamium. At its lower part this section repre¬ 

sents the structure already described in Memoir IV. The fibrous bands g and the 

cellular areas f correspond to those indicated by the same letters in figs. 1 and 8, but 

* I have, throughout this Memoir, used the term trachea} in the sense in which it is iised by de Bary 

as comprehending both the shorter, thickened, but elongated cells, tracheids, and the longer trachece or 

vessels. De Bary" does so “ specially in those cases where it is not certainly decided whether a tube 

belongs to the one or to the other subdivision,” which is almost always the case amongst these coal 

plants. (See de Bary ‘ Comparative Anatomy of Phanerogams and Ferns,’ p. 155.) 
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h, h', and h" represent various sections of numerous peculiar peripheral appendages. 

Though so conspicuous when present, examples of this cortex are common in which 

no traces of these organs can be found. When perfect, each one is bottle-shaped, 

having a length of '05 of an inch and a maximum diameter of ’02. The superficial 

layer of each of these appendages is prosenchymatous, the cells being especially elongated 

and narrow near and at the terminal neck of the bottle. Internally the appendage 

consists of a very regular parenchyma, as is shown by the longitudinal and transverse 

sections h", h". Owing to the slight obliquity of the entire section fig. G, at h' li only 

the isolated projecting tips of these organs are seen. Many of my transverse sections 

of the Lyginodendron exhibit similar appendages ; thus, they are seen in fig. 1, h, and 

the basal portion of one is intersected at fig. 3, h. This latter, like many other similar 

ones, illustrates the nature of these structures. They are emergences, not hairs. 

Their internal parenchyma, li, is seen in fig. 3, to be an extension of the subjacent 

parenchyma, f', of the outer cortex, whilst the prosenchymatous superficial coat is 

derived from the two fibrous bands, g', g, by which f is hounded laterally. This 

explanation is yet better demonstrated by fig. 9, in which the two portions, h, li, of 

the emergence are seen to be respectively developed from the fibrous laminae, g, g, 

and from the intermediate parenchyma, f, of the outer cortex. 

The very characteristic emergences, h, of figs. 1-3 and 6, reappear in the petioles 

hitherto described under the name of Rachiopteris aspera. In my Memoir VI., I 

pointed oub^ the existence, on the periphery of these petioles, of numerous “ abortive 

hairs” or “tubercles,” but I was not then aware of their full significance. 

Fig. 7 represents a characteristic example of a transverse section of a young 

Rachiopteris aspera, from the periphery of which a number of these emergences, A, h, 

are given off. The origin of the superficial layer and of the internal parenchyma of 

each emergence' is seen to be identical with that demonstrated in my description of 

fig. 9. Fig. 8 represents a longitudinal section of a similar petiole, in which these 

emergences are again seen at A, A, variously intersected. 

The above facts combined make it clear that Rachiopteris aspera is merely a petiole 

of Lyginodendron Oldhamiiim ; hence the former name must disappear from our lists. 

It also follows that Lyginodendron Oldli,amiitm is a true Fern, most probably belonging 

to some Sphenopterid type. This determination carries along with it the further one 

that the stems of some, at least, of the Ferns of the Carboniferous age developed their 

xylem or vascular structures exogenously, through the instrumentality of a meri- 

stemic zone of the innermost cortex, which practically must he regarded as a cambium 

layer. But the history of this interesting plant is not yet ended. 

In various preceding memoirs, but notably in Part XVI., I have provoked a strong 

opposition amongst some botanists whose studies have been chiefly limited to living 

forms of vegetation, by revealing the existence, amongst the Lycopodiaceous plants of 

the Coal Measures, of a mode of development of a medulla which differs so widely from 

* Plate 52, figs. 8, 9, aud 1.3, tc, k", pp. 681-2. 
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what occurs amongst living plants that the sceptics are unable to accept my account 

of it. My late friend Professor de Bary, when his students occasionally declared that 

certain suggested explanations were “ impossible,” usually replied, “ in scientific 

research nothing is ‘impossible.’ ” I utilise this philosophic reply, and commend it to 

some of my new opponents. 

I now advance further and proceed to show tliat the process of medullary develop¬ 

ment which, as demonstrated in my Memoir XVI., occurs so commonly amongst the 

Lepidodendroid stems and branches, takes place, if possible, in even a more striking 

manner in the young growths of Lyginodendron Oldhamium. 

In Plate 25 of my Memoir IV., fig. 16, I represented a young lateral branch, 

bursting outwards thi-ough the cortex of an older stem. The development of these 

branches was demonstrated in several other figures in the same memoir. I havm 

through many past years accumulated numerous additional examples of these young 

branches, which now enable me to speak decisively respecting their structure and 

development. 

Plate 13, fig. 10, exhibits a transverse section of one of these young branches as it 

emerges through the cortex of the parent stem, and before it has become invested by 

an independent cortex of its own. Its centre, a, appears to consist of a solid cluster 

of barred tracheae, of variable diameters, grouped in no special order. Springing 

directly from the periphery of this central mass, a considerable number of tracheseal 

laminae, h, radiate outwards, in regular order, constituting the xylem zone ; these 

laminae are separated by numerous conspicuous medullary rays—both being obviously 

the result of a process of exogenous growdh. Fig. 11 represents a second specimen, 

similar in most respects to fig. 10, but difters, first, in being of larger dimensions (both 

being drawn to the same scale), but, secondly, in a change which is taking place in its 

vascular centre, tlie tracheae composing which axis are now becoming dissociated, 

producing an irregular cavity, a, which is forming in their midst; by this change 

the tracheae are separated into four or five irregular groups, a'a', each of which 

adheres closely to the inner border of the exogenous xylem cylinder, b. Such 

examples show no trace of the proper bark of the branch ; but in another specimen 

in my cabinet (f'abinet number 1885 D), the gi*owth of wdiich has advanced slightly 

beyond that of fig. 11, and in which the cavity, a, has increased yet more in size, 

the characteristic cortex of Lyginodendron is fully developed, showdng that this 

branch had completely emerged from the outer cortex of the j^arent stem. 

In fig. 12 we have a third similar, but yet larger, section, in wdiich the central 

cavity, a, has not only undergone a further increase of area, but is now occupied by a 

* Some of our older botanists scarcely realise tLe progi’ess made during tlie last few years in the 

study of what may be designated “anomalous” features in the tissues of living plants. Such 

“ anomalies” are less rare, even now, than many botanists are aware of. In the primteval plant-world 

they abounded. (See D. H. ScOTT, “ On some Recent Progress in oui' Knowledge of the Anatomy of 

Plants.” ‘Annals of Botany,’ vol. 4, No. 13, p. 147, November, 1889.) 
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perfectly developed parenchymatous medulla; whilst the four fragments, a a, of the 

primary central tracheseal axis of fig. 10 are still further separated from one another. 

Fig. 13 is an outline sketch of the central part of a Lyginodendvon Oldhamiurn, 

very advanced in growth, but only enlarged less than eight diameters instead of 

thirty, as is the case with figs. 10, 11, and 12. 

The line h represents the inner border of the exogenous cylinder. The five points, 

a , a , are the five dissociated segments of the originally solid tracheseal bundle, corre¬ 

sponding to those af a' of figs. 11 and 12. On making accurate measurements, I find 

that whilst the outer surfaces of these five bundles continue to be in the closest 

contact with seventy-one parts of the circumferential line h, the intervening spaces, 

a" a", non-existent in the young state of the branch, occupy 1(34 parts: so that Avhilst, 

in the first instance, the circumference of the circle h and tliat of the aggregate of 

the united bundles, a a, were absolutely coincident, the circle has enlarged, at the 

least, to more than three times its original circumference. Such an enlargement was 

necessarily accompanied by a corresponding increase in either the number, or size, 

or both, of the tracheseal laminse and their intervening medullary rays, constituting 

the exogenous xylem zone. 

Some of my botanical fiiends have endeavoured to explain the corresj^onding 

phenomena amongst the Lepidodendra, by supposing that, wdrere such differences 

exist in the size of the medullse, they did not represent different stages of groAvth 

of similar branches, but were characteristics of different kinds of branches; but 

no such improbable hypothesis is for a moment admissible in tlie case of this 

Lyginodendron. The effects of growth, and of growdh alone, as described above, are 

seen in every one of the innumerable specimens of Lyginodendron that have yet been 

discovered. In this case, that these are the effects of groAvth, is seen, first, in the 

breaking up, by dissociation, of the solid axial bundle of tracheae ; secondly, in the 

formation of an area in the centre of this bundle, which became occupied by a 

steadily expanding parenchymatous medulla, and, lastly, in the secondary effects of 

these central expansions on the tracheseal xylem and the cortical zones which enclose 

the medulla. To dispute this is, in my opinion, alike unscientific and futile. 

When wm note that the medulla of the largest stem of T^yginodendron which I haA'e 

yet obtained has advanced from little more than a point to above an inch in mean 

diameter, it is clear that sucli an enlargement must have been accompanied by con¬ 

siderable changes in the relations of the more external tissues, however ajAparently 

permanent they might be. 

In order to obtain some fairly accurate data in reference to this strain put upon 

these more external structures, I have counted as accurately as the subject admitted 

of, the number of the radiating laminse of the trachese comprising the xylem zone 

which started from the inner margin of that zone, and also the number of those Avhich 

reach its outer or cortical zone. The results of these observations made on sixteen 
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sections of stems and branches of various ages and sizes, are given in the following 

table ;— 

Cabinet numbers of 
the slides contain¬ 
ing the specimens 

NvTmber of the vascular 

laminae in the 
1 

1 
examined. 

Inner margin. Outer margin. 1 

Slide A. 1885 0. 44 54 Central axial bundle dissociating 
„ B. 1885 A. 46 66 Central axis solid, fig. 10 t 

„ C. 1883 A. 58 93 Central axis solid i 
„ D. 1885 A. 61 96 Central axis solid 
„ E. 1883 62 95 Central axis solid. Brancb not yet emerged 

from the parent stem 
„ F. 1885 D. 65 89 Specimen a corticated independent brancb 

„ G. 1141 71 85 Specimen with a central medulla, fig. 12 

„ H. 1885 H. 74 97 Central axis dissociating, fig. 11 
1. 1885 78 99 Central axis solid 

„ K. 1884 84 139 Independent corticated brancb, medulla mucb 
enlarged 1 

„ L. 1885 F. 95 150 Independent corticated brancb, witb a medulla ’ 

„ M. 1138 116 200 Independent brancb, medulla large 
„ N. 1885 135 233 Independent brancb on stem 

„ 0. 1885 272 499 
„ P. 1128 364 642 Tbe specimen represented in tbe outline, fig. 13 

„ Q. 131 1120 5460 

The above table shows that as each stem or branch increased in size, an increase also 

took place in the number of the radiating laminae that originated close to the raednllaiy 

border of the exogenous zone, as well as of those which reached its cortical margin. 

We find that the eight very young sections, A, B, C, D, E, G, H, I, had a mean 

number of 69 such protoxyloid laminae, whilst the seven larger branches, F, K, L, M, 

N, O, P, all of which had become independent or corticated branches, completely 

emerged from the parent cortex, had a mean of 161 such laminae, the example P 

having 364. The very large stem Q shows even a much further increase, having 1120 

of these primary laminae. That the second column should show a large number of 

secondary laminae intercalated between the periphery of the medulla and the inner¬ 

most cortex w'as to be expected where an exogenous mode of growth had obviously 

existed. 

It is clear thart many of the laminae thus indisputably added even to the inner 

border of the vascular zone, must have been intercalated chiefly in the intervals corre¬ 

sponding to a", a", of fig. 13 ; and it is perfectly clear that wherever they were 

developed along tins expanding medullary margin they must have pushed apart the 

older lamellae between winch they were so intercailated. Since every one of the larger 

and older branches in the lower half of my table must once have been small and young, 

like those of the upper half, it seems indisputable that we have here a phenomenon of 

growth and expansion wdiich has no parallel, that I am a’ware of, amongst living 
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plants. That 44 laminas of my example A can be represented by TL20 similarly 

arranged ones in the section Q shows a remarkable expansion of the medullary border 

that was produced not by the mere enlargement of the existing tissues, but by the 

intercalation of new ones. That such must have been the case is, as I have already 

observed, demonstrated by the dissociation of the primarily contiguous trachese of 

the central axis a of fig. 10, already described. We realise the extent of this separa¬ 

tion when we compare the intervals separating the bundles a of fig. 13 with the 

corresponding ones a' of fig. 12. In estimating the sizes of those intervals we must 

remember that fig. 12 is enlarged more than fig. 13 by at least four times. 

I repeat, therefore, that however brought about, wm have two separate and inde¬ 

pendent proofs of the origination and development of the medullary area. First in 

the separation of the clusters of trachem which primarily formed one united cluster, 

and secondly in the enormous increase in the number of the vascular laminm, the inner 

extremities of which, though commencing their growth at dlfierent periods of the 

plant’s life, alike start from the medullary border of the vascular zone, and extend to 

its periphery.* 

The origin of the cellular medulla in the young branches of Lyglnodendron presents 

no real difficulties. Plate 26, fig. 24, of my Memoir, Part IV., shows that these 

branches were derived from the exogenous xylems of the parent stems. The medullary 

rays of those woody zones are large and multicellular (Plate 13, fig. 3, h"), hence we can 

easily understand how a few small examjjles of these cells could be enclosed amongst 

the trachese of a central axis like fig. 10, a, and yet escape detection. Personally, I 

have no doubt that such was their origin. There is no reason for supposing that the 

area a of examples like fig. 11 was not normally occupied by the young medulla. 

The cells in such examples have merely failed to be preserved. In one of my slides 

(Cabinet number 1883) is an obliquely transverse section of a very young branch, in 

which the trachem are readily distinguishable by the conspicuous reticulations of their 

walls; running through the central axis of this branch is a very thin line, consisting 

of a small number of minute, but distinct cells. These germs would amply suffice for 

commencing a merlstemic action, which would produce such a medulla as I have 

described above. But another question is less easily answered. What has occasioned 

the expansion of the medullary area and its surrounding tissues ? Has it been due 

to the centrifugal pressure of the growing medulla alone, or have other forces taken 

part in the process ? 

It is scarcely necessary to remind any botanist that though, as recent exogenous stems grow, an 

enoi'mous inci’ease takes place in the number of the radial laminjE of the wedges composing their woody 

zone, little or no increase is seen in the number of those laminae, of which the inner extremities reach 

the central medulla, or the point which that medulla originally occirpied. All the additions are inter¬ 

calated more or less peripherally. 



9G PROFESSOR W. C. WILLIAMSON ON THE ORGANISATION 

Ileterangium Grievii. 

In the Memoir, Part IV., already referred to, I also described under the above 

name a plant from the ClilT of Petticur, near Burntisland, in Fifeshire. Some months 

ago my young friend, Mr. Lomax, of Ratcliffe, found, for the first time, specimens of 

the same plant from Dulesgate, in Lancashire. But along with these he brought from 

the same localit}^ a series of sections of what at first seemed to be a different species 

of Ileterangium. But long and careful comparison of all the examples of that genus 

in my cabinet convinced me that the supposed new forms were merely the II. Grievii 

in a younger state of growth. The specimens previously described were characterised 

by the existence of a central mass composed of irregular clusters of trachere, imbedded 

amongst numerous parenchymatous cells [loc. cit., Plate 28, fig. 30, a), surrounded by 

an exogenously developed zone of trachefe {ibid., h). This plant was also invested by 

a well-defined zone of sclerous prosencliyma, which, in the transverse sections, was seen 

to be more or less subdivided radially into cubical masses {loc. cif., fig. 30, Jc, and Plate 

29, fig. 35, /;). 

The central ])art of the transverse section (Plate 14, fig. 14, a) resembles the Petticur 

plant in consisting of numerous clusters of trachere aggregated into a large axial mass, 

into the composition of which many parenchymatous cells enter. That these cells may 

have become carbonised is probable from the fact that, when examined under a higher 

power, the appearances shown in fig. 15 are observed. Two of the clusters of tracheae, 

enlarged 75 diameters, are here i-epresented. In the centre of each cluster we have a 

number of larger tracheae, a, a, surrounded by still more numerous smaller ones, inter¬ 

mingled w'ith some cells, d, d. ddie investing zones, c, c, seem to me to be the carbonised 

remains of the inter-tracheaeal cells which occupy similar positions in the Petticur 

plant. At fig. 14, o', a tracheaead bundle is paissing outwards from the central mass to 

some externail appendage. 

A thick cortex, fig. 14, J), h, invests these central tissues : it is fundamentally paren¬ 

chymatous, hut the forms and arrangement of its component cells vary much in difierent 

portions of it, ais will be shown when describing longitudinal sections of this tissue. 

The outer cortical zone is a layer of sclerous fibres, e, e. The aspect ])resented by 

these fibres, ais seen in transverse sections, is shown in fig. 16. The lignified wadi and 

central lumen of each cell aire very distinctly seen. These fibres reappear at e in fig. 17, 

which represents a longitudinal section tlirough the centre of a stem like fig. 14. At a 

we have the central vasculo-medullary axis, consisting of intermingled barred tracheae 

and vertical rows of cells, the latter having chiefly rectangular trainsverse septa. Imme¬ 

diately external to this vasculair axis we find an innermost layer, h, h, of the cortex, the 

cells of winch are arranged in rather regular perpendicuhir lines, but more externally 

these cells become larger and more in’egular in size, form, and arrangement, though still 

retaining a tendency to dispose themselves in vertical rows. This zone of the cortex is 

bounded externally by an irregularly undulating, ill-defined line, b', b'. Outside this 
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line the cortex, c, cl, assumes a very difterent aspect. Its cells still arrange themselves in 

vertical but undulating lines of a peculiar character. At the points c , c', we find trans¬ 

versely disposed bands of very strongly defined cells, alternating with intermediate 

areas, cl, cl, through which the same lines of cells continue their vertical course but with 

altered flexures. The cells themselves, also within these areas, have very much thinner 

walls. The cell-clusters, c, c', as seen in these vertical sections, are parts of numerous 

masses of more or less definite lenticular form, which abound in this part of the cortex ; 

on making broad tangential sections through the same we note that, whilst many of 

these masses are arranged in horizontal transverse lines, many of them incline at very 

various oblique angles. Fig. 18 represents a small portion of a very superficial 

tangential section, in which c is the part of the cortex under consideration, and e, e, 

the fibrous investing layer. The section of one of the lenticular clusters of cells c 

illustrates the peculiar symmetrical arrangement so frequently observable within these 

clusters. The longitudinal section, fig. 17, shows that at their inner margins these 

lenticular cell-masses compress the inner cortex h, those margins projecting into the 

concave flexures of the line h'. Similar clusters to those seen at fig. 18, c, in the 

transverse sections of these stems. The sclerous cells of the zone e of fig. 14 are seen in 

figs. 17 and 18 to be narrow fibres of very great length in proportion to their diameters. 

This zone cannot fail to remind the histologist familiar with the structures of the 

rhizomes of recent Ferns of the very similar hypodermal layer seen in some species of 

Nephrolepis. 

The true affinities of this plant are as yet undetermined, but I have strong con¬ 

viction that it will be eventually proved to be a true Fern. 

Bowmanites. 

In volume .5 of the third series of the Transactions of the Literary and Philosophical 

Society of Manchester, I published, in 1871, a description of a fruit to which I gave 

the name of Volkmannici Dawsoni, and further illustrations of the same fruit were 

given in my Memoir, Part V., of this series.* At that date the verticillate-leaved 

plants of the Coal Measures were ill understood, and much confusion has resulted from 

that imperfect knowledge; a confusion which a few words of explanation may help 

to remove. 

Paloeobotanists have for more than a century been familiar with the existence, in 

the Carboniferous strata, of a number of plants, the leaves of which were arranged in 

verticils. In his ‘ Prodrome,’ published in 1828, Brongniart threw a considerable 

number of these plants into two groups to which he gave the generic names ot 

SplienophyUiim and Asterophyllites. The former genus he defined, among other 

characters, as “ feuilles verticillees, au nombre de six a douze, distinctes jusqu’a leur 

* ‘ Phil. Trans.,’ 1874, p. 54, Plate 5, fig.s. 28-30. 

MDCCCXC.—B. O 
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base, cuneiformes, entik*es, ou dmargindes, ou mdme bifides, a lobes plus ou moins pro- 

fondement lacinies.” 

His genus, AsteropliylUtes, he defined as having “ feuilles planes, plus ou moins 

lineaires, aigues, traversees par une nervure moyenne simple, fibres jusqu’a la base.”^’" 

In his ‘ Tableau des Genres de Yegetaux Fossiles,’ published in 1849, he again 

defines the two above genera in almost identical words, adding, however, that Spheno- 

phyllivm differs from Asterophyllites, “ par le nombre beaucoup moindre ce ces organes 

a chaque verticille, 6 a 8 ou 10, et par leur forme qui est triangulaire, tronquee au 

sommet, ou dentee et lobee, quelquefois tr^s profonddment ” {loc. cit., p. 52). 

In 1864 Messrs. Coemans and Kikx published their “ Monographic des Spheno- 

phyllum d’Europe.” In it they define the leaves as “ cuneatis, sessilibus, verticillatis, 

nervo medio destitutis; nervulis autem sequalibus, dichotomis” {loc. cit., p. 414). 

In my Memoir, Part V.,t I described a plant in which each foliar verticil consisted 

of 18 linear uninerved leaves, which characters identified it unquestionably with 

Asterophyllites. That these leaves have the characteristics of Asterophyllites and not 

of Splienopliyllum, is demonstrated by the numerous long and transverse sections of 

them in figs. 5, 14, 15, 16, and 17 of the above memoir, in which also the remarkable 

structure and development of the stem of the plant is described. 

In May, 1870, M. Renault had presented to the French Academy a memoir, 

“Recherches sur fiOrganisation des Splienopliyllum et des Annularial' but owing to 

the siege of Paris, during which the drawings were lost, the plates were only published 

in the ‘ Annales des Sciences Naturelles, Botanique,’ 5® serie, tome 18, 1873.J 

In this memoir, M. Renault described the internal structure of Splienopliyllum 

Stephanense, which structure proved to be identical, in most respects, with that of my 

Asterophyllitean stem. On the strength of this resemblance, M. Renault and 

H. Grae zu Solms-Laubach, have contended that I ought to have designated my 

plant a Splienopliyllum, and not an Asterophyllites. I, on the other hand, still insist 

that, in accordance with the definition of every author who has written on the 

subject, my uninerved leaves prove my plant not to be a Splienopliyllum, but rather 

demonstrate the very intimate relationship, not to say identity, of the two genera, at 

least, so far as some forms of Asterophyllites are concerned. Some others are 

unc[uestionably the leaves of Calamites. 

The position of the Volhmannia Dawsoni referred to above, is affected by this 

controversy. In M. Renault’s memoir, p. 9, there appears a note by M. Brongniart, 

aprop)os of my memoir of 1871 in the Manchester Transactions. M. Brongniart says, 

“ Ce travail s’accorde dans plusieurs points importants avec les rfisultats obtenus un 

* ‘ Prodrome,’ pp. 68 and 159. 

t ‘ Pliil. Trans.,’ 1874, p. 41, et seq., but delivered to the Royal Society on May 17, 1873. 

I By a coincidence M. Renault’s memoir, as now constituted, was only delivered to the Academy on 

May 13, 1873, four days before mine was delivered to the Royal Society. 
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an auparavant par M. Renault, sans que M. Williamson eut de son cote connaissance 

do I’article des Com2Jtes Rendus du 30 Mai, 1870. 

“La plante fossile etudiee par M. Williamson, et nommee par ]ui Volhnannia 

Daivsoni, differe cependant sans aucun doute, an moins specifiqueinent, (Je cede 

decrite par M. Renault, par la forme du faisceau vasculaire central et par I’absence des 

zones de cellules quadrangulaires qui I’entourent dans les ochantillons de France, 

cellules qui, par suite de I’epaisseur de leurs parois, ne doivent pas se dctruire 

facilenient.” 

My plant to which M. Brongniart refers, is a strobilus, not an ordinary stern. 

Herr Cti. E. Weiss, of Berlin, believes it to belong to the genus Bowmanitcs estab¬ 

lished by the late Mr. Binney.'^' No remains of the specimens described by Mr. 

Binney appear to be now discoverable, but since the important little sketch, Plate 

12, fig. 3, of Binney’s memoir, was made by Mr. Bowman, who was an accomplished 

botanist—made too when all the fragments of the original specimen were in his own 

possession—I presume that it may be accepted as representing a true form. If so, 

it certainly approaches nearer to what we find in my plant than any other hitherto 

described. If so, however, the objects which Mr. Binney designated macrospores, 

must be regarded as sporangia, which the rows of similar interbracteal spheres in my 

Volhmannia Dawsoni certainly are. 

Notwithstanding the above facts, this subject would have been left in a very 

unsatisfactory position had not Professor Ch. E. Weiss fortunately obtained in 

Germany a specimen, which he has named Boivmanites Germanicusd These 

figures correspond so closely with those of Mr. Bowman reproduced in Mr. Binney’s 

memoir, that the genus Boivmanites can now be accepted as representing an 

extremely distinct type of Calamarian fructification. But until my memoir on 

B. Dawsoni was published, nothing was known of the internal organisation of this 

fruit and until now, nothing was known of the structure of its vegetative organs. 

But my friend, Mr. George Wild, of Bardsley, near Ashton-under-Lyne, whose 

name has so often been recorded in these Memoirs, brought me the section represented 

in Plate 15, fig. 19, and which is beyond all doubt a transverse section of a stem of 

Boivmanites Dawsoni. In its general features the structure of this section is identical 

with similar ones of my Asterophyllites, and of M. Renault’s Sphenopliyllurn 

Stephanense, which latter differs materially from the Autun Splienopliyllum 

described by the same author. All these plants agree in having a central vascular 

* “Observations on tbe Structure of Fossil Plant.s found in tbe Carboniferous Strata,” by E, W. 

Binney, F.R.S., F.G.S.—Part 2; “ Lepidostrobus and some Allied Cones.” (Pateoutographical Society, 

1870, p. 59.) 

t ‘Atlas von neunundzwanzig Licbtdrucktafeln zu der Abhandlung: Beitiage zur Fossilen-Flora, III. 

Steinkohlen-Calamarien, II.’ Ch. E. Weiss. Berlin, 1884. Tafel XXI., figs. 12, 12 A, 12 B. 

f [I have recently obtained important specimens tlirovving additional light on tbe organisation of this 

interesting fi-uit, which will be described in my next Memoir.—September 9th, 1890.] 

G 2 
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axis, tlie transverse section of which is a triangle with each of the three angles more 

or less prolonged in erpial measures. But in my fructification of Boivmanites the 

transverse section of this axis is very broadly robust, instead of being drawn out into 

three very long and slender radii. Not only so, but the extremity of each short arm is 

very broadly truncated ; a form that hitherto lias only been seen in my Boivmanites 

Dawsoni. In fig. 19 the central triangle a is composed of a cluster of tracheai 

grouped in no special order, except that the central ones are larger than those 

occupying the periphery of the triangle. In my fructification this central truncated 

triangle constitutes the sole vascular axis, a fact easy of explanation. Referring 

to my Memoir V., Plate 1, I have shown that in the very young twig of my Asfero- 

'phyllites, fig. 1, this triangle constituted the only tracheoeal bundle, but as the vege¬ 

tative twig grew in age and size, it developed exogenously zones of tracheae which 

were successively added, investing the triangular centre, as in figs, 2, 3, and 4, resulting 

in the conditions seen in Plate 2, figs. 9, 10, and 11 of the same memoir. The present 

figure 19 is as nearly as possible in the condition of the figure 9 just referred to. Its 

exogenously added tracheas are arranged in equally regular radial and concentric lines; 

the sizes of the individual tracheae enlarging as they were successively superimposed 

upon those previously developed. Portions of a layer of a cork-like cortex, c, are still 

preserved. A similar layer is seen, not in the young twigs of n\j AsterophylUtes 1 and 2, 

but in the older ones 9, 10, and 11. It also appears in the middle of the cortex, 

enclosed, between an inner and an outer parenchymatous zone in M. Renault’s 

Autun Splienopliylluin {loc. cit., Plate 1, figs. 4 and 5, g), as well as in my fig. 16. The 

French savant designates it a “ partie subereuse.”" 

That this stem of Boivmanites Dawsoni is constructed on the same plan as that of 

my Aster ophylUtes, and of M. Renault’s Splienopliyllum StejAianense is obvious 

enough, but to place all these three plants in the genus Spheiiopliyllum, because of 

this vegetative resemblance, as my friends M. Renault and Graf Solms-Laubach 

wish to do, would be wrong. I have already shown that the leaves of my 

AsterophylUtes are not those characteristic of Sphenophyllum ; and the fructification 

of my Boivmanites Dawsoni is altogether distinct from the strobili of Sphenophyllum. 

It must further be remembered that evidence is now being obtained from various 

quarters that there are Carboniferous plants, the branches of which bear both Astero- 

phyllitea.n and Sphenophylloid leaves. 

I therefore conclude once more that we must unite SphenopAiyUum and some 

forms of AsterophylUtes in one and the same genus ; it is equally clear that Boiv¬ 

manites, though its peculiar fructification demonstrates that it constitutes a perfectly 

* The facts here referred to illustrate conditions so frequently seen amongst these Carboniferous plants, 

in which the exogenous development of a xylem zone as well as the differentiation of separate zones of the 

cortex mark advance of age. The fructifications, being young and temporary organs, seem invariably 

to have a contial axis, the internal structure of which is identical with that of the youngest vegetative 

twigs of the parent plant. The Bowmanites described above is a good illustration of this truth. 
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distinct genus, has strongly marked features of aliiniLy in the structure of its stem 

to the Sphenophylloid type. Hence all these plants may be recognised as constituting 

one of the several groups which collectively form the great family of the Calamarke, 

and of which family the modern genus Equisettim, instead of being the central type, 

is but a poor, feeble, and degraded member. 

Calamites. 

My attention has long been drawn to tlie fact that, whilst sandstone casts of 

considerable dimensions, moulded in the interiors of the tistular medulhe of 

Calamitean stems are notoriously common, similar casts of the interiors of the smaller 

branches are extremely rare. Fig. 20, which represents (natural size) the interior 

cast of a single internode of such a branch is the smallest one preserving the 

common features of cylindrical form, longitudinal ridges and furrows, and, at the 

two ends, the two nodal transverse constrictions, that I have met with during 

fifty years of research. I have thought it desiral)le to demonstrate the cause of 

this state of things. Tlie example here figured is '5 of an inch in diameter. 

Comparing a medulla of this size with those of other decorticated specimens in my 

cabinets, in which the exogenous woody zone is preserved, I have no douljt that fig. 20 

belonged to a branch or stem that was at least an inch in diameter, independently of 

its thick cortical zone. Seeing that I possess sections of decorticated Calamitean 

twigs not more than '03 in diameter, myriads of similar ones must exist, but which 

are never represented by these sandstone casts. I possess a very fine leaf-bearing 

branch in sandstone, for which I am indebted to my old friend Sir William 

Dawson, of which the diameter, when uncompressed, has been about ‘16 of an 

inch, including its cortex. It displays longitudinal internodal ridges, but these 

are but the irregular products of the shrivelling of a semi-herbaceous tissue, and 

have no affinity with the regular ridges and furrows of fig. 20. 

I have brought together in my cabinet a graduated series of specimens which 

illustrate and explain the conditions referred to. Two of these specimens are 

represented in figs. 21 and 22. Fig. 21 is the centre of a decorticated branch, 

the entire diameter of wliich is '25 of an inch, whilst that of its fistular medullary 

cavity, a, is about ‘05. This cavity is filled with inorganic matter, whilst at a a 

zone of medullary parenchyma is still preserved, which is about '005 in. in thickness. 

This medulla intervenes between the circumferential border of the inorganic cast, 

a, and the inner angles of the vascular wedges, h, b. This zone of undisturbed 

medullary tissue protects the periphery of the once plastic cast, a, from the 

pressure of the elongated inner angles of the woody wedges, h. It is to he 

remembered that in the very young Calamitean twigs this medulla is entire—not 

fistular ; but that at a very early stage of grow’th the centre of this entire medulla 

becomes ruptured. The inci})ient cavity thus formed increases in diameter as the 

branch grows, partly in consequence of the absorption of the medullary cells, and 
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paitJy tliroiigh the transverse enlargement of the entire stem. The result is that 

so long as these changes do not extend beyond the state represented by fig. 21, 

the exterior of the cast, a, neither can, nor does, become longitudinally ridged 

and furrowed. But in the specimen represented in fig. 22, all these conditions 

are altered. The entire diameter of this specimen is about ‘55 of an inch, v/hilst 

the maximum of its medullary cavity reaches ‘4. It will he observed that not 

only all the medullary cells have disappeared from this specimen, but even the 

larger and less dense cells composing the medullary extremities of the primary 

medullary rays, c, c, have also been absorbed ; the inner angles of the various trachemal 

woody wedges, h, h, have alike resisted pressure and absorption, and have thus 

given to the longitudinal ridges and furrows so characteristic of the exteriors of 

these inorganic casts their rounded undulating contours. This specimen thus 

answers a question that has been put to me by some of my correspondents, 

viz., “ If the ridges of an ordinary Calamite were formed in accordance with 

your hypothesis of internal casts, how is it that the ridges have a rounded 

outline instead of projecting as radiating, vertical plates, corresponding to the 

entire forms of the primary medullary rays to which you say those ridges owed 

their existence ?” The reply is, the process of absorption only reached the inner¬ 

most extremities of those primary rays. As the latter organs passed outwards 

through the xylem zone, their component cells became smaller and more capable 

alike of resisting pressure and decay. I have not seen a single instance in which 

these more external cells had been absorbed during the lifetime of the plant. The 

fistular cavity thus formed has ordinarily been filled with sand or mud, but in 

the present example, as is so frequently the case with the plants preserved in our 

Lancashire and Yorkshire nodules from the Gannister Coals, this cavity is occupied 

by calcareous matter, which has been in a state of solution, and which has filtered 

through the tissues of the plant. The first deposits from this solution have formed, 

in fig. 22, stalagmitic layers, a, a', lining the walls of the fistular cavity ; but in 

the central part, a, the intruded material has assumed a crystalline condition. 

These secondary details, however, in no w'ay affect the general conclusion, viz., 

that the ridges and furrows marking the exteriors of transverse sections of these 

internal casts exhibit rounded contours, and not stellate ones. The above specimen 

was obtained from above the Upper Foot Coal at Sholver Lane. My cabinet contains 

various other specimens which lead to the same conclusions. 

The section, part of which is represented in fig. 21, is one of a series of nine, 

made from the same stem or branch. Eight of these are transverse sections, which 

show a gradual increase of from 14 to 24-25 in the number of the tracheseal wedges 

of the xylem as we ascend from below. I am indebted to my old auxiliary, Mr. 

George Wild, not only for this series, but also for the section fig. 22. The specimen 

from which the latter section was cut was collected by another of my valued coad- 

iutors, Mr. James Nield, of Oldham. 
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Index to the Plates. 

Plate. Figure. 

Page at whicli 
reference is 
made to the 

figure. 

12 1 Part of a transverse section of a stem or branch of 

Lyginodendron Oldhamium: a, medulla; h, exo¬ 

genous tracheseal zone; c, position occupied by the 

middle cortex, not preserved in this specimen ; d, pair 

of vascular bundles; e, outermost cortex; f, radial 

zones of parenchyma, alternating with the zones of 

sclerous fibres, g; h, h, portions of peripheral emer¬ 

gences, corresponding to those at fig. 6, li, h; i, i, 

transverse section of a petiolar organ identical with 

Rachiopteris aspera, Will., with its pair of vascular 

bundles at k. X 13. Cabinet number of the 

original specimen, 1880 . 89-90 

13 2 Transverse section of a slightly crushed petiole, 

Rachiopteris aspera, Will.: c, inner cortex; e, e, 

outer cortex composed of radial bands of sclerous 

prosenchyma, partially separated by thin zones of 

parenchyma; k, k, twin vascular bundles, identical 

with k, k of fig. 1 ; 1, gum-canals. X 250. Cabinet 

number, 1854. 90 

13 2a One of the intercellular gum-canals of fig. 2, /, further 

enlarged. . 90 

13 3 Part of a transverse section of a stem of Lyginodendron, 

in which the inner cortex, c, is preserved; the 

reference letters, a to g, as in fig. 1. But at 6', h' 

is a development of trachemal laminae growing 

centripetally into the medulla; at h" is one of the 

large multicellular medullary rays referred to at 

p. 95 ; li, base of a peripheral emergence. X 20. 

Cabinet number, 1138. 90 

12 4, 5 Three of the gum-canals of the middle cortex, c, of 

fig. 3, further enlarged ; c, c, cortical cells. Each 

lined with a thin layer of carbon at a, enclosing a 
1 

1 
cylindrical rod of the same at 6. X 250 . 90 
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Plate. Figure. 

Page at which 
reference is 
made to the 

figure. 

12 G Slightly oblique, long, tangential section (passing out 

of the tissue at its upper part) of the outer cortex 

of a stem of Lyginodendron Oldliamium : f, paren¬ 

chymatous areas, corresponding to those f,foi figs. 

1 and 3; g, g, laminae of fibrous prosenchyma, 

corresponding to g, g of figs. 1 and 3 ; A, li, h ", 

numerous variously intersected peripheral emer¬ 

gences. X 20. Cabinet number, 1144 90-91 

13 7 Transverse section of a young petiole, Rachiopteris 

aspera, fringed with a number of peripheral emer¬ 

gences, A, h, similar to those of fig. 6. X 20. 

(yabinet number, 1191. 91 

12 8 Longitudinal section of a small petiole, like fig. 7, 

with its peripheral emergences. A, li. 91 

13 9 Portion of the outer cortex of a transverse section of a 

Lyginodendron Oldliamium, showing, at A, li, an 

emergence resembling that at fig. 3, li, and demon¬ 

strating the origin of its outer prosenchymatous 

coat as an extension of the sclerous prosenchymatous 

l^ands, g, g, wdiilst its inner parenchyma. A', is 

derived from one of the parenchymatous alternating 

areas, f, of the outer cortex. X 40. Cabinet 

number, 1141. 91 

13 10 Transverse section of a young branch of Lyginodendron 

Oldharnium, prior to its emergence from the cortex 

of the parent stem : a, central mass of closely aggre¬ 

gated tracheae; h, investing zone of radiating, exo¬ 

genously developed tracheae, otherwise similar to the 

centi’al ones, a. X 30. Cabinet number, 1885 A . 

1 j 

1 

92-95 

13 11 A similar section to, but of a somewdiat older branch 

than, that represented in fig. 10. A vacant area at a, 

the result of the dissociation of the central mass of 

tracheae, fig. 10, a, and their separation into the 

detached groups, a, a. The exogenous zone, as 

before, at 6, 6. X 30. Cabinet number, 1885 H . 92-95 
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Plate. 

1 

Figiire. 

Page at wliieli 
reference is 
made to the 

figure. 

i 

14 

i 
1 
1 

1 

12 Transverse section of a still older branch, in which the 

separated portions of the central mass of trachese are 

seen at a, a', whilst the vacant space left by that 

separation is now occupied by a parenchymatous 

medulla, a. X 30. Cabinet number, 1141 . 92 

i 14 
j 

13 Outline representation of the central area of a yet older 

branch of Lyginodendron Oldhamium, enlarged to 

little more than one-fourth of the scale of figs. 10, 11, 

and 12 : a, area occupied by the enlarged medulla ; h, 

inner margin of the exogenous xylem ; a, a, six 

clusters of tracheids corresponding to those, a, a , of 

fig. 12 ; a", a”, spaces left by the further separation 

of the bundles rd, cd. X 8. Cabinet number, 1128 92-96 

14 

1 
i 

14 Transverse section of a jmung stem or branch of 

Heterangium Grievii: a, large axial mass of barred 

tracheoe, intermingled with vertical rows of paren¬ 

chymatous cells, the whole constituting the vasculo- 

medullary axis of the plant; h, thick parenchyma¬ 

tous cortex; e, peripheral zone of ti’ansversely 

intersected sclerous fibres ; cd, bundle of tracheids 

passing outwards from the vasculo-medullary axis 

to some peripheral appendage. X 19. Cabinet 

number, i915P. 

, 

96 

1—
1 

15 Two small clusters of the tracheae of fig. 14, « : a, 

larger tracheae; h, smaller tracheae, with some 

parenchymatous cells ; c, bands of apparently dis¬ 

organised cellular tissue. X 75. 96 

14 1 16 Seven cells, further enlarged, of the fibrous zone, e, e, 

of fig. 14. Each cell consists of a thick lignified 

wall, with a well-marked central lumen .... 96 

15 17 Longitudinal section of a stem like fig. 14 : a, vasculo- 

medullary axis; h, l>, inner zone of the cortex; 

h', undulating external boundary of the zone, h; 

c, outer cortical zone ; c, lenticular and indurated 

clusters of parenchymatous cells ; d, areas occupied 

1 

MDCCCXC.—B. P 
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! Pasje at whicli 

Plate. Figure. 
i 

1 
1 

reference is 
made to the 

i 

figure. 

] 

by parenchymatous cells with thinner walls; e, 

hypodermal layer of longitudinally elongated 

sclerous fibres. X 19. Cabinet number, 1915 . 96 

15 18 Small portion of a tangential section near the surface of 

the outer cortex of a stem like fig. 14 : c, one of 

the lenticular masses of hardened cells like fig. 17, c'. 

X 19. Cabinet number, 1915F. 97 

15 19 Transverse section of a stem of the strobilus. Bow- 

manites {VoJhnannia) Dmvsoni, Will,; a, central 

tracheseal axis ; h, exogenous tracheoeal zone ; c, por¬ 

tion of the middle cortex. X 55. Cabinet number, 

1898 D. 99 ; 

15 20 Inorganic sandstone cast of a single internode of the 

medullary cavity of a small Cahnnite. Nat. size. 

Cabinet number, 114. 

1 
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15 21 Central portion of a transverse section of a young 
1 

' 

1 

Calamite : a, inorganic substance filling the cavity 

of the fistular medulla ; a, remains of the medullary 

parenchyma; h, h, inner angles of the trachemal 

wedges composing the xylem zone. X 25, Cabinet 

number, 1934. 

i 
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15 22 Transverse section of a decorticated Calamite, the 

j 

1 

1 

1 

1 

j 

whole of the medullary parenchyma of which has 

been absorbed, leaving the vertically elongated 

inner angles of the vascular wedges, b, b, projecting 

into the fistular cavity left by that absorption ; a. a 

central mass of crystalline infiltrated calcareous 

material occupying the cavity; a, also a similar 

substance, but deposited in the form of stalagmitic 

layers. This inorganic matter, with its undulating 

[)eripheral outline, represents the common inorganic 

casts of clay or sandstone, from wdiich all the zones 

of wood and cortex have disappeared, their onlj^ 

remains being the thin film of carbon with which 

these “ Calamites ” are usually invested .... 

i ! 

1 

! 

1 

! 
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V. Jlie Nitrifying Process and its Specific Ferment.—Part 1. 

By Percy F. Frankland, FJi.D., B.Sc. {Lond.), A.R.S.^[., F'.T.C., Professor 
of Chemistry in University College, Dundee, and Grace C. Frankland. 

Communicated hy Professor Thorpe, F.R.S. 

Received February 28,—Read March 13, 1890. 

The spontaneous oxidation of nitrogen in nature is a process winch has long attracted 

attention in consequence of the great practical importance of the products to whicli it 
gives rise. Indeed, so great is the demand for potassium nitrate, nitre, or saltpetre, 
the principal derivative of the oxidised nitrogen, that the process of nitrification 
is often artificially stimulated by placing nitrogen, in the form of refuse animal 
matter, under the most favourable conditions for undergoing this change. The 
process of nitrification has thus been ca,rried on for ages as a regular industry in 
India, and even in some European countries, thus especially in France during the 

Great Blockade. For a number of years past, however, the principal source of nitric 
acid and its derivatives has been the enormous deposits of nitrate of soda occurring 
in South America, which deposits themselves may, however, possibly be the product 
of a vast nitrification-process in a former period of the Earth’s history. 

But although nitrification had thus been practically studied for centuries, it was 

only in 1878 that the process was shown by Schlgesing and Muntz (‘Compt. 
Rend.,’ vol. 84, p. 301 ; 85, p. 1018) to be a fermentation change, and entirely 

dependent upon the presence of certain minute forms of life or micro-organisms. But 
although this connection was thus first experimentally demonstrated in 1878, it had 
with characteristic foresight been already surmised by Pasteur in 1862. 

In the communication referred to above, these investigators clearly show that the 
process only takes place under conditions compatible with the life and growth of 
micro-organisms, and is immediately arrested by conditions, such as the application 
of strong heat or antisejjtics, which are fatal to these forms of life. They further 
showed, moreover, that the nitrification-process could be induced by the introduction 

into suitable materials of the minutest quantity of matter from a medium already 
undergoing nitrification. 

In the same year these remarkable results were fully confirmed by VVarington 

(‘Chem. Soc. Journ.,’ 1878, p. 44), who further greatly extended our knowledge of 
p 2 1.11.90. 
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the conditions affecting the process of nitrification, in a very elaborate paper commu- 

iiicated to the Chemical Society in the following year (1879, pp. 429-456). 

In subsequent publications (‘ Compt. Rend.,’vol. 89, pp. 891 and 1074), Schlcesing 

and Muntz claim to have separated the organism causing nitrification, and they 

briefly descidbe the general appearance which nitrifying media present when examined 

Avitli high microscopic powers. 

It is, however, almost needless to say that we have no guarantee that they actually 

accomplished the isolation of this important organism, as the methods of bacterio¬ 

logical research at that tiine in general use were of a very imperfect character. In any 

case, the subject demanded re-investigation with the aid of more modern methods. 

The results of a number of other researches on the subject of nitrification have been 

published from time to time, amongst which we may specially mention an extremely 

interesting paper by Muneo (‘Chera. Soc. Jonrn.,’ 1886, pp. 632-680), in which the 

nature of the nitrogenous substances capable of undergoing nitrification is very fully 

discussed. In none of these communications, however, is any material advance made 

towards the identification [ind isolation of the active organism of nitrification. 

We append, however, the following list of the principal contributions which have 

been made to our knowledge of the sulqect:— 

“Note on the Ferment-Theory of Nitrification.” F. H. Storer (‘Chem. Soc. 

Journ.,’ Abst., 1878, p. 932); in this it is shown that ammoniacal salts undergo 

nitrification in contact with peat, if air, filtered through cotton wool, is drawn through 

the mixture, whilst if the same mixture is first sterilised by heat, then the current of 

filtered air fails to bring about any nitrification. 

“Nitrification,” E. W. Davy (‘Pharm. Journ. Trans.,’ [3], vol. 10, pp. 1-3; 

‘ Chem. Soc. Journ.,’ Abstr., 1879, p. 1047), discusses the formation of nitrates and 

nitrites in natural waters, and contends that light is not inimical to the change, which 

takes place very readily between 70° and 80° Fahr. It is further pointed out that, 

ill the presence of organic matter, nitrites are formed. 

Warington, in “Alterations in the Properties of the Nitric Ferment by Cultiva¬ 

tion” (‘Chemical News,’vol. 44, p. 217 ; ‘Chem. Soc. Journ.,’Abst., 1882, p. 79), 

states that when ammoniacal solutions are seeded from old nitrifying solutions only 

nitrites and no nitrates are formed, and he attributes this phenomenon to diminished 

energy of the nitrifying organism. 

In a subsequent paper entitled “ Nitrification, Part III.” (‘ Chem. Soc. Journ.,’ 1884, 

p. 637), Warington describes a very extensive series of experiments, throwing light 

upon the special conditions which further nitrification. 

PiCHARU. in “ Comparative Nitrifying Effect of Various Salts ” (‘ Compt. Rend., 

vol. 98, p. 1289 ; ‘Chem. Soc. Journ.’, Abst., 1884, p. 924) shows that the presence of 

calcium sulphate greatly promotes nitrification, and institutes a comparison between 

the relative effect produced by the following salts ; thus— 
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Calcium sulphate.lOO'OO 

Sodium sulphate.47'91 

Potassium sulphate. 3578 

Calcium carbonate. 13'32 

Magnesium carbonate , , . . . 12'52 

Pichard’s results as regards the beneficial effect of calcium sulphate are confirmed 

by Warington in a paper “ On the Action of Gypsum in Promoting Nitrification ” 

(‘Chem. Soc. Journ.,’ 1885, p. 758), and again, in a furtlier communication “On the 

Distribution of the Nitrifying Organism in the Soil ” (‘ Chem. Soc. Journ.,’ 1887, 

p. 119), he shows that by adding calcium sulphate to the ammoniacal solutions the 

latter may be made to nitrify by seeding with soil taken from greater depths than 

had hitherto been found capable of causing nitrification. 

Munro, in “ Formation of Nitrites during Nitrification of Ammoniacal Solutions” 

(‘Chemical News,’ vol. 56, pp. 62-64; ‘ Cliem. Soc. Journ.,’Abst., 1888, p. 82), 

contends, in opposition to Gayon and Dupetit, that the nitrite found during nitrifi¬ 

cation is actually the result of the direct oxidation of the ammoniacal nitrogen, and 

not due to a reduction of nitrate first formed. 

In “ Distribution of the Nitric Ferment and its Function in the Disintegration of 

Hocks” (‘Annalen Chem. Phys.,’ [6], vol. 11, pp. 136-144; ‘Chem. Soc. Journ.,’ 

Abst., 1887, p. 1135), Muntz states that the nitrifying ferment is to be found at the 

highest elevations of the Alps, amd ascribes to it the power of causing the disintegra¬ 

tion of rocks. He also observes that organisms vvhicli appear to be identical with the 

nitrifying ones are capable of reducing nitrates when air is excluded. 

It is not a little surprising that after the overwhelming evidence of such numerous 

investigators, the vital nature of the nitrification process should have been again 

disputed. This has been done, however, by Frank (‘Forschungen auf dem Gebiete 

der Agriculturphysik,’ vol. 10, p. 56), whose contention has however, received no 

support, and has been rebutted by Plath (‘ Piedermann’s Centralblatt,’ 1888, 

pp. 6-8; ‘Chem. Soc. Journ.,’ Abst., 1888, p. 521), and by Landolt (‘Bieder- 

mann’s Centralblatt,’ 1888, p. 577). 

The modern methods of bacteriological study were first brought to bear upon the 

subject of nitrification by HeRtEUS (‘ Zeitsch. f. Hygiene,’ 1886, p. 193). This investi¬ 

gator, after inducing nitrification in an ammoniacal solution by means of a small 

quantity of garden soil, endeavoured to isolate the organisms present in the nitrifying 

solution Iry means of the method of gelatine-plate cultivation. In this manner he 

obtained four different organisms in a state of purity, and these he distinguished by the 

signs p, cr, (f) and y respectively. These pure cultures he inoculated into ammoniacal 

solutions of the following comjiosition :— 
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I. n. : 

grm. grm. ^ 
Potassium pbospliate. •0.5 •05 1 
Magnesium sulphate. •01 •01 
Calcium chloride. •05 •05 
Ammonium carbonate. 1-00 1-00 
Grape sugar.. . . 1-00 none 

V--- —.7 V ! 
in 1000 c.c. of in 1000 c.c. of 
distilled water. distilled water. 

After remaining three days at 30° C. the solutions exhibited traces of nitrous acid as 

indicated by the iodide of starch reaction. After six days this reaction was decidedly 

stronger, but still the c[uantity of nitrous acid was not sufficient to admit of quanti¬ 

tative estimation. The experiments were repeated again with slight modifications, 

but again the amount of nitrous acid was insufficient for quantitative purposes. Upon 

this evidence, unsupported as it is by a single instance of nitrification on such a scale 

as to admit of the quantitative determination of the nitrous and nitric acids formed, 

Her.eus claims for the organisms p, cr, (f), and y the nitrifying power. This is the 

more remarkable, as nitrous and nitric acids are so eminently fitted for quantitative 

estimation, even when present in only the minutest traces. He even goes fui'ther and 

claims similar oxidizing properties for the well-known forms Micivcoccvs j^i'odigiosus, 

B. ramosus, the cheese Spirilla, Tinkler’s Spjirilla, the typhoid hacillus of Koch- 

Gaefky, B. anthracis, and Staphylococcus citreus, having obtained nitrous acid 

reactions when these organisms were respectively grown in sterilised and diluted 

urine. So positively, indeed, is it asserted in the above paper, that the organisms in 

question are endowed with nitrifying jiroperties, that a casual reader will almost 

infallibly carry away the impression that the conclusions drawn are altogether beyond 

dispute. It is in this way, no doubt, that Herjeus’s statements have been generally 

incorporated without question in the ordinary text-book literature of the day. 

Hera:us’s investigations were obviously calculated to be of the greatest importance 

to all interested in the question of nitrification, but his conclusions concerning the 

nitrifying power of the bacteria designated by p, cr, (f), and y did not admit of imme¬ 

diate criticism, and could not be controverted or verified without a lengthy experi¬ 

mental inquiry. On the other hand, his assertions concerniiig the nitrifying properties 

of the well-known organisms mentioned above could be easily put to the test b}^ any 

one possessing pure cultures of the same forms. Now, in the course of an investigation 

on “ The Action ol some Specific Micro-organisms on Nitric Acid ” (‘ Chem. Soc. 

Journ.,’ 1888, p. 373), one of us had occasion to experiment with two of the same 

organisms, viz., M. pu'odigiosus and B. ramosus, but in the case of neither could any 

evidence of nitrifying power be obtained, whilst, on tlie contrary, both organisms Avere 

found to be capable of reducing nitric to nitrous acid. This observation at once 
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indicated that a very different interpretation should be put ipjon Herteus’s results to 

that which he had himself suggested. 

The indications of nitrous acid which he had obtained on growing these organisms 

in diluted urine were obviously due to reduction of the small quantity of nitrates 

almost invariably present in normal urine, and not to any oxidation of the ammonia 

at all. This was pointed out by one of us in the paper in question, and, of course, 

casts a suspicion also upon the supposed nitrification obtained by Hera:us with the 

pure cultures p, cr, (j), and y, to which we had no access. 

In further endeavours to obtain nitrification by means of pure cultures, one of us 

experimented witli no less tlian 33 different forms obtained by us from air and water,''' 

but in every case tlie results were negative. Such a number of negative results 

obtained when working under precisely similar conditions to those indicated by 

Heiia:us naturally tended to shake our belief in his having ever obtained more than 

traces of nitrous or nitric acids in any of his experiments with pure cultures. 

Note.—Of other investigations professedly made with pure growths the following 

may be mentioned :— 

“ Nitrification,” A. Celli and F. Marino-Zuco (‘ Gazz. Chim. Ital.,’ vol. 17, 

pp. 99-103; ‘ Chem. Soc. Journ./ Abst., 1887, p. 858), in which the authors claim 

to have found a micrococcus {M. cereus) which behaved as a very efficient nitrifying 

agent. They further mention preliminary experiments purporting to show that 

certain organisms (B. saprogemis, B. JiuidiJicans, and M. hiteus) destroy nitrates 

when takeir from gelatine, but produce nitrates when taken from potato-cultures. 

“ Changes induced in Water by the Development of Bacteria,” T. Leone (‘ Gazz. 

Chim. Ital.,’ vol. IG, p. 505 ; ‘ Chem. Soc Journ.,’ Abst., 1887, p. G15), in which the 

author asserts that the same organisms may successively produce nitrification and 

'reduction of nitrates according to circumstances. 

“The Chemical Action of some Micro-organisms,” li.' Warington (‘Chem. Soc. 

Journ.,’ 1888, p. 751). In this paper the author records his failure to produce 

nitrification with pure growths obtained by gelatine-plate culture from nitrifying 

solutions; he reviews the present position of the question of nitrification, and con¬ 

cludes with the words “ an organism which nitrifies as soil nitrifies has yet to be 

isolated.” 

Failing to obtain nitrification with any of the pure cultivations of organisms in our 

collection, we determined to approach the mattei’ from a different side, viz., to induce 

nitrification by a mixture of organisms, and then from tliis nitrifying mixture to 

attempt to isolate the particular organism or organisms responsible for the process. 

* “ Studies on some New Micro-organisms obtained from Air,” by Grace C. Franklanu and Percy 

F. Franklaxd, ‘Phil. Trans.,’ 1887, ii. 2.57; also “ Ueber einige typische Mikro-organismen im Wasser 

und im Roden,” by the same, ‘ Zeitsch. f. Hygiene,’ vol. 6, 1889, p. o73. 
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The readiest means of inducing nitrification in suitable anirnoniacal solutions is, as 

is well known, by the introduction of a minute trace of ordinary garden soil. The 

solution we employed for the purpose had the following composition :— 

Salt solution* .... 

Ammonium chloride 

Carbonate of lime (pure) . 

100 c.c. 

•5 grm. 

o'O grms. 

>Diluted to 1000 c.c. 

The solution was thus entirely free from organic matter, as the results of pre\dous 

investigators had clearly indicated that nitrification can take })lace in purely 

mineral solutions, whilst we hoped, through the absence of oig-anic matter, to eliminate 

such other forms as require the same for their growth and mulliplication. 

The solution was invariably placed in small G oz. medicine bottles, which were filled 

to a depth of 2-3 inches, the bottles being previously plugged with cotton-wool, and 

sterilised at 150° C., whilst after introducing the liquid, the whole was steam- 

sterilised for upwards of an hour on three successive days. 

Five bottles of this description were inoculated with a minute quantity of garden 

soil on May 9th, 1887, and placed in an incubator at 30° C. 

On examination afcer eleven days, the bottles were all of them turbid, exhibited a 

slight skin on the surface and yielded the characteristic reactions for nitrous and 

nitric acids. Three of these solutions, which had nitrified, were submitted to gelatine 

plate cultivation ; the plates developed numerous colonies, many of which caused 

liquefaction of the gelatine. A number of different colonies were picked out with the 

steidle platinum needle, and individually inoculated into separate bottles containing 

the sterile ammoniacal solution, but not one of these yielded any niti'ous or nitric acid 

on subsequent examination after suitable incubation. 

From one of the original bottles which had nitrified after addition of garden soil, a 

second bottle of ammoniacal solution was inoculated with a platinum needle; when 

this bottle had undergone nitrification, a fresh bottle was similarly inoculated from it, 

and so on in a long series of generations. The dates of inoculation of these successive 

generations, with other particulai's, are recorded in the following table 

* Tliis salt solution was prepared by dis.solving 1 grm. of pota.ssinm plio.spbate, '2 grm. of ci’jstab 

lized magnesium snlpL.ate, and '1 grm. fused calcium chloride in 1000 c.c. of water. 
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Generation. Date of 
Inoculation. 

Quantity taken for Inocula¬ 
tion. 

Date when 
Nitrification 

first observed. 

I. 9. 5.1887 Original garden soil 20. 5.1887 
II. 25. 6.1887 3 needle-loops from I. 30. 6.1887 

III. I. 7.1887 IT. 7. 7.1887 
IV. 14. 7.1887 III. 23. 7.1887 
V. 25. 7.1887 )) IV. 17. 8.1887 

VI. 26. 8.1887 55 V. 1.10.1887 
VII. 3.10.1887 1 55 VI. 7.10.1887 

VIII. 7.10.1887 1 needle-point from VII. 17.10.1887 
IX. 17.10 1887 VIII. 29.10.1887 
X. 7.11.1887 55 IX. 30.11.1887 

XI. 1.12.1887 5) X. 15.12.1887 
XII. 16.12.1887 XI. 13. 1.1888 

XIII. 28. 1.1888 XII. 20. 2.1888 
XIV. 29. 2.1888 XTII. 5. 4.1888 
XV. 7. 4.1888 XIV. 27. 4.1888 

XVI. 30. 4.1888 XV. 10. 5.1888 
XVII. 12. 5.1888 XVI. 26. 5.1888 

XVIII. 19. 7.1888 XVII. 3. 9.1888 
XIX. 3. 9.1888 XVIII. 1.10.1888 
XX. 11.10.1888 XIX. 20.11.1888 

XXI. 24.11.1888 XX. 26. 2.1889 
XXII. 26. 2.1889 XXI. 4. 5.1889 

XXIII. 28. 6.1889 XXII. 18.10.1889 
XXIV. 4.11.1889 5) XXIII. 17.12.1889 

Remai’ks. 

* Incubator at 30° C. 
* 

At first in incubator then 
at 15-20° C. 

15-20° C. 

In the case of those generations marked with a * plates were ponred and numerous 

bottles inoculated with isolated colonies,! but in no case could nitritication be induced. 

In the plates poured from the later generations the colonies had the appearance of 

being all of the same kind, and thus differed markedly from the plates obtained from 

the earlier generations in which there was a great variety of colonies, including 

liquefying ones which were entirely absent in the later plates. 

Not only were bottles inoculated with single colonies, hut, thinking that nitrifica¬ 

tion might be due to the combined action of two or more distinct organisms, bottles 

were sometimes inoculated with two or more different kinds of colonies from the same 

plate, and also in some cases with a large number of colonies taken from an over¬ 

crowded plate. In no single instance, however, have we succeeded in obtaining 

nitrification from a plate-cultivation, either from a single colony or from a number of 

colonies. 

In addition to the series of experiments with the line of direct generations referred 

to above, several series of collateral experiments were being simultaneously carried on. 

These collateral experiments were principally directed towards the separation and 

isolation of the nitrifying organism by the method of attenuation or dilution. 

t These bottles were maintained in some cases at 30° C., in others at 15-20° C. 

MDCCCXC.—B. Q 
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Dilution Experiments, Series I., commenced October 20, 1887. 

50 c.c. of sterilised distilled water were placed in a sterile stoppered bottle and then 

inoculated with a few drops taken from the “ sixth generation ” (see p. 11 3), and the 

mixture was then violently shaken for some time to thoroughly disintegrate any 

coherent masses of oi’ganisras that might have been introduced. From the attenua¬ 

tion thus prepared a number of test-tubes containing sterile ammoniacal solution were 

respectively inocidated with one loop of a platinum needle, another series of test-tubes 

with two loops, and a single test-tube received as much as twelve drops from the 

above attenuation. 

The several tubes thus inoculated on October 20, 1887, were examined on November 

30, 1887, when the one which had received twelve drops yielded strong reactions both 

with diphenylamine and sulphanilic acid, whilst the tubes inoculated with one and 

two loops respectively gave no reactions, nor did they when subsequently examined on 

December 23, 1887. Thus only in the case of the tube which had received twelve 

drops had auy nitrifying organisms been introduced, whilst the smaller quantities 

(one and two loops) employed for the other tubes must have been quite free from 

these organisms. 

The solution which had been nitrified with the twelve drops added as above was 

reasonably to be regarded as purer than the “ sixth generation ” from which it had 

been obtained by large dilution. This “ twelve-drop attenuation ” as it may be called, 

therefore, was cultivated further in successive generations, each giving rise to well- 

marked nitrification. The third generation of this series was plate-cultivated, and 

inoculations made with a number of the colonies, but in no case did nitrification result. 

The second generation of this twelve-drop attenuation was employed as the starting 

point for the 

Dilution Experiments, Series II., commenced March 5, 1888. 

The solution used for dilution in these experiments had been inoculated on 

December 1, 1887, it was found to have nitrified on December 23, 1887, but on 

re-examining on March 5, 1888, it not only gave reactions with diphenylamine and 

sulphanilic acid, but also with Nessler’s solution, and it might, therefore, be taken 

that the nitrifying organism was still in fall activity. Two drops of this solution 

were added to about 50 c.c. of sterilised water, well shaken, and then five bottles con¬ 

taining sterile ammoniacal solution were inoculated as follows : — 

No. 1 bottle with 9 drops. 

55 
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These bottles were kept in the dark at the ordinary temperature of the laboratory, 

and when examined on April 5, 1888, they were all found to give strong reactions 

both with diphenylamine and sulphanilic acid. 

In this series the dilution employed had, therefore, been insufficient, but No. 5 

bottle, which had received only one drop, would obviously be likely to be the purest 

of the series. 

Plates were poured from this No. 5 bottle as the purest, and from the resulting 

colonies obtained a number of bottles containing sterile ammoniacal solution were 

inoculated, but in no case was nitrification induced. 

Dilution Experiments, Series III., commenced April 7, 1888. 

No. 5 bottle, as the purest of the last series of experiments, was taken as the 

starting-point for this series. 1 drop from this bottle was diluted with 50 c.c. of 

sterilised distilled water, and from thisyr»’^ dilution 3 bottles (Nos. 1, 2, and 3), con¬ 

taining sterile ammoniacal solution, were inoculated with 1 drop each. Each of these 

bottles thus received about xoVo drop of the original solution (bottle No. 5 above).* 

Further 5 c.c. of the above “first dilution” were diluted to 50 c.c. with sterile 

distilled water, and from this second dilution a bottle No. 4 was inoculated with '5 c.c. 

(or T^o drop of original solution), a bottle No. 5 with 1 c.c. (or drop of original 

solution), a bottle No. 6 with 2 c.c. (or xxo drop of original solution), and a bottle 

No. 7 with 3 c.c. (or drop of original solution). 

The whole series thus consisted of— 

No. 1 bottle containing about drop of nitrifying solution. 

„ 2 
55 3 

55 4 

55 5 

55 6 

„ 7 

5? 

1? 

?? 

)1 M 55 55 

55 5 1 

55 5 0 0 

55 2 5 0 

_1 _ 
55 16 7 

55 

55 

55 

55 

55 

55 

55 

55 

All these bottles were kept at 15-20° C. and were found to have nitrified when 

examined on May 10, 1888. 

Thus, again, the dilution had been inadequate for assured isolation, but bottles 

Nos. 1-4 would obviously be likely to contain the nitrifying organism in a greater 

state of purity than the remainder Nos. 5-7. One of these purest bottles was, 

therefore, made the starting-point for the next series of experiments. 

Ddution Experiments, Series IV., commenced May 12, 1888. 

One of the presumably purest bottles of the previous series was made the point of 

departure for the renewed attempt at isolation. 

* In this and subsequent calculations it is assumed that I c.c. consists of about 20 drops. 

Q 2 
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After a preliminary microscopic examination with a view to roughly estimating the 

number of micro-organisms in a given volume of the liquiclj the following process of 

dilution was carried out :— 

First Dilution 

(1 drop in 50 c.c. 

of sterile water). 

No. 1 bottle inoculated with 1 drop (= xoho (^I’op of original nitrifying solution). 

No. 2 bottle ditto. 

No. 3 bottle inoculated with 1 drop (= i,oohooo di’op of original). 

No. 4 bottle ditto. 

No. 5 bottle ditto. 

No. 6 bottle inoculated with 3 drops (= i.b'oo.o oo drop of original). 

No. 7 bottle ditto. 

No. 8 bottle ditto. 

No. 9 bottle inoculated with 5 drops (= drop of original). 

No. 10 bottle ditto. 

No. 11 bottle ditto. 

No. 12 bottle inoculated with 10 di’ops (= YT^rb^o^oiro drop of original). 

No. 13 bottle ditto. 

No. 14 bottle ditto. 

No. 15 bottle inoculated with 2 c.c. (= TYToodrcTo drop of original). 

No. 16 bottle ditto. 

No. 17 bottle ditto. 

No. 18 bottle inoculated with 5 c.c. (= i.ooo.oob drop of original). 

No. 19 bottle inoculated with 7 c.c. (= i.ooo.ooo drop of original). 

No. 20 bottle inoculated with 10 c.c. (= rTb^oTocTb drop of original). 

The object of this wide range of attenuation was to endeavour to secure nitrification 

in only a part of the series, in which case it would be probable that the most diluted 

bottle in which nitrification still took place had received only one or, at any rate, only 

few individuals of the nitrifying organism. 

These bottles were examined on the 7th July, 1888, when it was found that of the 

three most highly diluted solutions, contained in bottles Nos. 3, 4, and 5, only bottle 

No, 4 had nitrified, whilst bottles Nos. 3 and 5 gave no reactions either with 

diphenyla nine or sulphanilic acid. This, of course, suggested the possibility that 

bottle No. 4 had been nitrified by a pure growth. Two gelatine-tubes were inoculated 

* In all cases in which inoculations were made into gelatine-peptone, the needle was both stabbed 

into the material and also streaked along its surface, with a view to obtaining the depth and surface 

characters of any resulting growth. 

Second Dilution 

(3 drops of First 

Dilution in 50 c.c. 

of sterile water). 
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from this bottle No. 4 on July 7, 1888, and on July 12 a very delicate growth in the 

depth and on the surface of the gelatine was observed. On microscopic examination, 

This was seen to be due to very characteristic long and slender bacilli. From one of 

these gelatine-tubes exhibiting this growth two bottles containing sterile aminoniacal 

solution were inoculated on July 12, 1888, and both of these bottles subsequently 

(examined on September 3 and October 1, 1888) nitrified. 

This might at first sight be supposed to afford evidence that the nitrification had 

been caused by a pure growth taken from the gelatine-tubes, but on taking the 

following circumstances into consideration this was seen to bear another interpretation. 

Thus, on July 7th, 1888, two bottles containing sterile ammoniacal solution were 

inoculated from the nitrified bottle No. 4 in the' above series ; already, on July 12th, 

these bottles were found to be distinctly opalescent, and one of them was tested for 

nitrous and nitric acids but with negative results ; on microscopic examination, the 

bottle appeared to contain two different organisms, one a small fat bacillus, and 

the other a long bacillus, much resembling that observed in the gelatine-culture 

mentioned above. Bottles 3 and 5 of the above series, and which had not nitrified, 

were also microscopically examined and found to contain apparently pure growths of 

the short fat bacilli. Bottle 3 was inoculated into gelatine to compare the growth with 

that obtained from bottle 4, wifli the result that the same growth was formed, and 

this, on microscopical examination, was seen to consist of the same long bacillus. 

Somewhat later (July 15, 1888) the gelatine tube, inoculated from bottle 4, began 

developing a second and less conspicuous surface growth tham that which first 

appeared, and this second growth, on microscopic examination, was found to consist of 

the short fat bacillus. Thus, both the long and short bacilli wei'e obtained from bottle 

4, which had nitrified, they were also both obtained from bottle 3, which had not 

nitrified ; and, therefore, the only probable conclusion was that neither of these 

organisms were connected with the nitrifying process. 

The nitrification in bottle 4 must, therefore, have been caused by some tlfird 

organism which had not grown in the two gelatine-tubes inoculated therefrom, and 

the nitrification induced by inoculating these gelatine-tube growths, as described 

above, must have been due to the transference of some of this third organism along 

with the visible growth. This is the more likely as the inoculation from the gelatine- 

tubes into the bottles was made only five days after the inoculation (July 7, 1888) 

of the gelatine-tubes themselves from bottle No. 4 ; and, on subsequently (September 3, 

1888) endeavouring to cause nitrification by inoculating from these gelatine-tubes, the 

attempt failed, probably because the growth had increased, and there was, therefore, 

less probability of carrying any of the original matter introduced into the tube 

with the inoculating needle. 

Although the nitrification occasioned by inoculation from the gelatine-tubes referred 

to above, could certainly not have been caused by a pure growth, still there was every 

reason to believe that the bottles which had thus nitrified, would contain a less admix- 
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ture of other organisms than anything we had previously dealt with, and these 

were, therefore, made the basis for further attempts to isolate the nitrifying 

orcfanisms. 

One of these bottles, which had been inoculated from the gelatine-tube as above, and 

which had duly nitrified, was transmitted through four generations of culture in bottles 

containing sterile ammoniacal solution. Thus from the gelatine-tuhe inoculated on 

July 7, 1888 :— 

I. Bottle containing ammoniacal solution was inoculated from above July 12, 1888 ; 

examined and found reactions with diphenylamine and sulphanilic acid, 

September 8, 1888. 

II. Bottle inoculated from I. bottle, September 3, 1888 ; examined and found reactions 

for nitrification, October 1, 1888. 

III. Bottle inoculated from IL bottle, November 11, 1888; examined and found 

reactions for nitrification, February 26, 1889. 

This III. bottl e was made the starting point for the following experiments :— 

Dilution Experiments, Series V., commenced March 20, 1889. 

One drop from the nitrifying solution in III. bottle referred to above, was diluted 

with 50 c.c. of sterile distilled water, giving the 

First Dilution . 1 drop = ^Jon of original drop. 

1 drop = of original drop. 

No. 1 bottle inoculated with 1 drop (= i.ooho'oo of original drop). 

No. 2 bottle ditto. 

No. 3 bottle ditto. 

Second Dilution 

(1 di’op of First 

Dilution mixed 

with 50 c.c. sterile 

water). 

No. 4 bottle inoculated with 2 drops (= WcTo^o'o of original drop). 

No. 5 bottle ditto. 

No. 6 bottle ditto. 

No. 7 bottle inoculated with 3 drops (= 1,000.000 of original drop). 

No. 8 bottle. ditto. 

No. 9 bottle ditto. 

I 

L 

x.oEroFo of original drop). No. 10 bottle inoculated with 10 drops ( = 

No. 11 bottle ditto. 

No. 12 bottle ditto. 
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1 drop = g-o;^oV.oFo‘ of original drop. 

No. 13 bottle inoculated witli 1 drop (= of original drop). 

No. 14 bottle ditto. 

No. 15 bottle ditto. 

No. 16 bottle ditto. 

No. 17 bottle inoculated with 3 drops (= soTofo.ooo of original drop). 

No. 18 bottle ditto. 

No. 19 bottle ditto. 

No. 20 bottle ditto. 

No. 21 bottle inoculated with 5 drops (= 50.000,000' of original drop). 

No. 22 bottle ditto. 

No. 23 bottle ditto. 

No. 24 bottle ditto. 

No. 25 bottle inoculated with 10 drops (= 50.000.000 of original drop). 

No. 26 bottle ditto. 

No. 27 bottle ditto. 

No. 28 bottle ditto. 

No. 29 bottle inoculated with 2 c.c. (= 50,000,000 of oi'iginal drop). 

No. 30 bottle ditto. 

No. 31 bottle ditto. 

No. 32 bottle ditto. 

A few of the above bottles were examined for nitrons and nitric acids on May 4, 

1889, or about six weeks after their inoculation, when the following results were 

obtained : — 

Bottle No. 10 (dilution Y7(fSoNoo) strong reactions with both diphenylaniine and sulphanilic 

acid. 

Bottle No. 1 (dilation i.ook'ool)) distinct reactions. 

Third Dilution 

(1 c.c. of Second 

Dilution mixed 

with 50 c.c. sterile 

water). 

Further bottles wmre similarly examined on May 7tb, 1889 :— 

Bottle No. 13 (dilation 50,00^0,000) gave no reactions more than a blank bottle similarly preserved. 

Bottle No. 14 (dilution 50,00^0,000) ditto. 

Bottle No. 15 (dilution fo.000.000) 

Bottle No. 2 (dilution 1:500,000) ditto. 

Bottle No. 11 (dilution y,o'5^5b7o'o) gave slightly stronger reactions than the blank bottle. 

Bottle No. 12 (dilution i,ook°,o6o) gave very strong reactions with both reagents. 

Further examinations, both chemical and microscopical, were made on the following 

day. May 8th, 1889, with the following results :— 
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Bottles Nos. 1 and 3 (dilution ^,ooo obo) yielded strong reactions both, -with diphenylamine and with 

sulphanilic acid, and both on microscopic examination were found to contain a large numher of 

very short, almost micrococcus-like bacilli. 

Bottle No. 2 (dilution no'y^ToFo)’ other hand, gave no reactions with either of the above 

reagents. 

Bottle No. 4 (dilution0^75-5-5) gave no reactions. 

Bottle No. 5 (dilution 7,000,000) (examined on May 28, 1889) gave strong reactions with both 

reagents. 

Bottle No. 6 (dilution 1,000.000) (examined Alay 28, 1889) gave no reactions with the two reagents. 

Bottles Nos. 1 and 9 (dilution po00,0on) gave strong reactions with both reagents. 

Bottle No. 8 (dilution 1,000,000)? other hand, gave no reactions. 

On May 28tli, 1889, some of the bottles containing liquid still more dilute than 

T7ooo,ooo were examined, but in every case with negative results. Thus :— 

Bottles Nos. 29, 30, 31, and 32 (dilution 50.000,000)? all yielded negative results with both reagents. 

Thus of a number of bottles inoculated with about 1,000.~b~o0 original, some 

nitrified, Avhilst others did not, or, in other words, into some a nitrifying organism was 

introduced, whilst in others the inoculation failed to convey such an organism. 

On the other hand, all the bottles containing less than 1,000.000 of the original 

failed to nitrify, no nitrifying organisms having been conveyed in these more highly 

attenuated inoculations. 

The most highly attenuated bottles which underwent nitrification being those 

which had received the dilution r,biro;b"oo? or bottles Nos. 1, 2, and 3, it was in these 

that the nitrifying organism in the greatest state of purity was to be expected. 

It was upon these bottles, therefore, that our further attention was concentrated. 

Of these bottles Nos. 1, 2, and 3, as already mentioned. Nos. 1 and 3 had nitrified 

strongly, and contained micro-organisms visible with the microscope, whilst No. 2 

had not nitrified. 

The contents of these three bottles were now submitted to investigation by means 

of cultivation-experiments. The results of these cultivation-experiments were highly 

remarkable. 

Thus on inoculating from each of these bottles into tubes of gelatine-peptone— 

(1) The tube from bottle No. 1, which had nitrified, never developed any growth 

whatever, although preserved for many months, indeed until the gelatine had become 

quite dried up. 

(2) The tube from bottle No. 2, which had not nitrified, exhibited already on the 

third day a growth, consisting of a white surface expansion and beaded in the depth, 

and causing no liquefaction of the gelatine. Under the microscope the growth was 

seen to consist of chains of small bacilli, with bright shining spores. 

(3) The tube from bottle No. 3, which had nitrified, also exhibited a growth. 

These results clearly showed that in tliese three bottles we had two distinct 
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organisms to deal with ; the one causing nitrification, but refusing to grow in the 

gelatine, the other growing in the gelatine, but incapable of producing nitrification, 

(3n this hypothesis bottle No. 1 contained the nitrifying organism in a state of purity, 

bottle No. 2 the non-nitrifying organism also in a state of purity, whilst bottle No. 3 

contained a mixture of the two organisms. This supposition was the more probable 

as the less highly attenuated, and therefore presumably less pure, bottle No. 5 

(dilution ttw^Wo)’ bottles Nos. 10 and 12 (dilution r.ooo7oMo)j of which had 

nitrified, yielded growths on being inoculated into gelatine-tubes. 

These observations were confirmed both by repetition and by the pouring of gela¬ 

tine-plates from bottles Nos. 1 and 5, the plates from No. 1 yielded no colonies what¬ 

ever, whilst those from No. 5 showed numerous small colonies. 

It was thus established, beyond doubt, that the bottle No. 1 had nitrified, that it 

contained numerous micro-organisms of a very short bacillar form, but that this 

organism coidd not be cidtivated on gelatdie-peptone. 

We next endeavoured to continue the cultivation of this organism in the 

ammoniacal solution, in order to ascertain whether it retained its nitrifying power, 

as well as its property of refusing to grow in gelatine. 

Accordingly, on June 28, 1889, five bottles containing sterile ammoniacal solution 

were inoculated with a needle from bottle No, 1. These bottles, which may be 

described as No. 1 (2nd generation), were kept in the dark, at the temperature of 

the air, during the long vacation, and examined on October 18, 1889. Tlwy were cdl 

five found to have strongly nitrified, but on inoculating them resgoectively into 

five different gelatine-tubes, in no single case was a groioth develojyed. 

By way of control we had on the same day inoculated a gelatine-tube from the 

23rd generation of the direct series experiments referred to on page 113, and this 

tube had already on the third day developed a visible growth. 

On microscropically examining these five bottles (No. 1, 2nd generation), we again 

found in each case the characteristic small, almost micrococcus-like bacillus, to which 

we have had occasion to refer so frequently before, and which we may nov/ fitly 

describe more in detail, having by the above experiments clearly established its causal 

connection with the process of nitrification. 

Characterisation of the Bacillus of Nitrification. 

(1) We have noticed that the solutions which had undergone nitrification by the 

organism in question remained perfectly clear, whilst the solutions which suffered 

nitrification by the mixture of organisms present in the direct series of experiments 

(see p. 113), generally exhibited a thin surface-film, and sometimes slight opalescence. 

(2) One of the nrost remarkable features of the organism is its capacity of 

apparently indefinite growth in a medium practically destitute of organic matter, 

MDCCCXC.-B. R 
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although this j)roperty does not serve to distinguish it from the other organisms which 

accompanied it until the final separation by the process of dilution was accomplished. 

(3) On microscopical examination, the solutions nitrified by the pure culture . 

exhibited numerous small bacillar forms, which stain with somewhat more difficulty 

than most micro-organisms. The bacilli are about 0'8/x in length, and hardly longer 

than broad, in fact, their form is intermediate l)etween that of a bacillus and micro¬ 

coccus, so that the term “ bacillococcus ” may not Inappropriately be used to designate 

them. They occur )3oth isolated, in pairs, and in small irregular groups. 

The accompanying figure exhibits their appearance as taken from bottle No. 1 

itself 
Fig. 1. 

Thus tlieir appearance, although not so characteristic as to admit of their ready 

detection when present in small numbers along with other organisms, is still 

sufficiently definite to enable them to be distinguished from many other forms. 

The organisms in the living state exhibit vibratory movement only. 

Quantitative Determination of Nitrification. 

We have already pointed out how necessary it is in speaking of nitrification, to 

indicate cpiantitatively the extent to which the process has taken place, to insure 

that the slight traces of nitrous and nitric acids so frequently exhibited by water 

which has been in contact with the air have not been mistaken for true nitrification. 

We have, therefore, quantitatively determined the condition of the mineral nitrogen 

in several of the solutions in question. In these quantitative determinations we have 

employed the methods previously described by one of us (‘Chem. Soc. Journ.,’ vol. 53, 

p. 368). 

Thus the ammonia was determined by means of Nessler’s reagent, and com¬ 

parison of the tint produced with that obtained with a standard solution of 

ammonium chloride. In determining the nitric acid, the nitrite was first destroyed 

by evaporating the solution with an excess of ammonium chloride, and then decom¬ 

posing tlie residual nitrate witli sulphuric acid and mercury, the nitric oxide evolved 

being carefully measured in a gas-analysis apparatus. 

In the determination of the nitrous acid, on the other hand, tlie solution was 

evaporated to dryness, with a little pure caustic soda, to prevent the loss of nitrite 

by decomposition with ammonia present; the residue was then decomposed with urea 

and dilute sulphuric acid, tlie gas evolved (consisting of nitrogen and carbonic anhy¬ 

dride) was freed from carbonic anhydride by means of strong caustic soda, and the 

residual nitrogen was then carefully measured in the gas-analysis apparatus. 
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Bottle No. 1 {'2nd Gerieration), inoculated on June 28, 1889, was thus examined on 

November 21, 1889, and found to contain :—■ 

Ainruoiiiacal nitrogen = 5'76 parts per 100,000 

Nitrous ,, = 6'43 ,, 

Nitric = 0 ,, 

22;id Generation of Direct Series from Garden Soil (see p. 113), inoculated on 

February 2, 1889, was examdned on December 20, 1889, and found to contain :— 

Ammoniacal nitrogen = 0 parts per 100,000 

Nitrous ,, = lOYl ,, 

Nitric ,, = 0 ,, 

23rd Generation of Direct Series from Garden Soil, inoculated on May 20, 1889, 

was examined on November 28, 1889, and found to contain :— 

Ammoniacal nitrogen, not determined 

Nitrous „ = 8'92 parts per 100,000 

Nitric = 0 

The Ammoniacal Solution used in these experiments was found to conttiin on 

November 21, 1889 :— 

Ammoniacal nitrogen = 11T2 parts per 100,000. 

From the above results it appears, therefore, that the pure growth had converted 

more than one-half of the ammoniacal nitrogen into nitrous nitrogen in less than 

live months, whilst no nitric nitrogen had been formed. The impure growths contained 

in the 22nd and 23rd generations had also only given rise to nitrous without any 

nitric nitrogen, even in the course of ten and a half months. In fact, in the case of the 

22nd generation, the whole of the ammonia had been almost quantitatively converted 

into nitrous nitrogen. 

That in the case of “ Bottle No. 1 (2nd generation),” the sum of the ammoniacal 

and nitrous nitrogen is in slight excess of the ammoniacal nitrogen present in the 

original solution employed is probably due to the bottle in which this 2nd generation 

had undergone nitrification having been considerably larger than the others, and 

consequently more concentration by evaporation through the cotton-wool stopper 

must doubtless have taken place. 

In order to put this point to the test, we, later on (February 15, 1890), again took 

a similar large bottle, in fact, a duplicate of No. 1 above, and found 

N as NH.. = 4'53 parts per 100,000 

N ns NjO. = 8-00 

Total N = 12-53 

K 2 

5’ 
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thus clearly showing that the excess of total nitrogen in these large bottles was due 

to the greater amount of concentration by evaporation through the cotton-wool 

stoppers. 

The exclusive production of nitrous nitrogen in these experiments is of special 

interest, as it raises the possibility of there being distinct organisms concerned in the 

formation of nitrites and nitrates respectively ; whilst, on tlie other hand, it is by no 

means impossible that the formation of nitrate may yet take place in these solutions, 

or that the same organism may produce nitrates under other conditions. These are 

points which will require considerably more time to determine.* 

The principal results of our investigation may be summarised as follows ;— 

1. Tlie isolation, by the method of fractional dilution, of a micro-organism present 

in ammoniacal solutions undergoing nitrification originally induced by a minute 

quantity of garden soil. 

2. Idle organism in question is possessed of a characteristic form, being a very short 

bacillus, about 'S/r long, hardly longer than broad, and exhibiting only vibratory motion. 

3. The organism can be cultivated in suitable ammoniacal solutions to which no 

organic matter whatsoever has been added. In such solutions we have cultivated it 

for nearly three years. 

4. In these solutions the growth of the micro-organism is accompanied by the 

gradual transformation of the ammoniacal into nitrous nitrogen, whilst liitherto we 

have not observed the formation of any nitric nitrogen in solutions inoculated with the 

pure growth. 

5. The solutions thus nitrified remain perfectly transparent and pellucid. 

6. The solutions nitrified by inoculating the organism in question, after its purifica¬ 

tion b}^ the process of fractional dilution, have in every case yielded absolutely negative 

results when introduced into gelatine-peptone, the organism, as taken from such 

nitrifying solutions being apparently incapable of growth in this solid medium. 

On the other hand, in the process of purihcation by dilution referred to above, the 

less diluted, and, therefore, presumably less pure portions, invariably yielded growths 

on being introduced into gelatine-peptone. The refusal to grow in gelatine thus serves 

as an invalualde guide in ascertaining the purity of the organism. 

We are at present engaged in the further investigation of this interesting oiganism, 

but in consequence of the large amount of time whi(;h these observations involve, owing 

to the slowness of the process of nitrification, we have deeuied it advisable no longer 

to delay the publication of this first part of our enquiry. 

* In his study of the phenomena of nitrification, Warington (‘ Chemical News,’ vol. 44, p. 217) found 

that ammoniacal solutions seeded from old uitritied solutions generally only yielded nitrites and no 

nitmtes. 
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Appendix. 

Although in the experiments recorded above we have uniformly found that the 

pure nitrifying solutions yielded no growth in gelatine-peptone, we have by no means 

abandoned the hope of cultivating the nitrifying organism on this and possibly on 

other solid media. 

Thus, in our most recent experiments we find that on inoculating from the pure 

nitrifying solutions into broth, the latter develops after a considerable time (about 

twenty days at the ordinary temperature), a very characteristic growth, the liquid 

becomes turbid, a very thin whitish pellicle forms on the surface, and afterwards a 

considerable amount of glutinous deposit collects on the bottom, the whole liquid in 

fact becomes highly viscous and adheres to a needle in long strings. 

On microscopic examination, this growth is seen to consist of small bacilli, about 

1'5/r in length, and about '.5/1 in breadth, sometimes, however, forming threads (5'7/x 

in length) in which the divisions are generally not apparent, but sometimes the 

divisions were sufficiently discernible to show that these threads were really made up 

of four or five individuals hanging together, end to end. 

The accompanying drawing shows the appearance of the organism taken from a 

broth-culti vation. 

On inoculating from such a broth-tube into a second, it is found that the growth 

makes its ajipearance more rapidly than in the first, thus whilst tubes inoculated from 

the nitrifying solutions required about ten to twenty days before any conspicuous 

growth was developed, the broth-tubes inoculated from these exhibited the charac¬ 

teristic growth in about six to ten days. 

Although the microscopic appearance of the organisms in the broth-cultures thus 

somewliat departs from their appearance in the nitrifying solutions (compare figs. 1 and 

2), such slight divergence in form is by no means uncommon in the case of one and 

the same organism when growing in difierent media, and in previous communications 

on the morphological characters of micro-organisms we have frequently had to call 

attention to such differences of shape, which are in fact well recognised by all who 

are accjuainted with the nature of these low forms of life. We are, however, able to 

place beyond all dispute that the organisms growing in the nitrifying solutions (fig. 1), 

and those growing in the broth (fig. 2) are one and the same, for on inoculating the 

broth-growth into an ammoniacal solution, the latter (which, as we shall point out 

below, actually nitrified), again yielded the same cliaracteristic forms as were repre¬ 

sented in fig. f. Thus the acconqianying drawing shows the microscopic appearance 
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of the organisms taken from the ammoniacal and nitrifying solution inoculated from a 

broth-tube, which had itself been inoculated from a previous nitrifying solution ;— 

Fig. 3. 

Not only, however, is tlie growth in broth much more rapid when the inoculation is 

made from a previous broth-tube, instead of from the nitrifying solution itself, but on 

inoculating from the broth into gelatine-peptone, a very slow growth actually makes 

its appearance in the latter. 

This growth in the gelatine appeared after about three weeks in the first inoculation 

from broth, but on subsecjuently inoculating from this gelatine-culture in gelatine 

again, the growth was more rapid, appearing in from ten to twelve days. 

This gelatine-growth appears as a transparent, smooth, shining, thin greyish expan¬ 

sion on the surface, which slowly increases in thickness, and causes a depression with 

gradual lic[uefaction. On microscopic examination, the growth was found to consist of 

small bacilli, often hanging together in pairs, in fact their appearance was intermediate 

between that of the bacilli from broth on the one hand (fig. 2) and from the nitri¬ 

fying solutions (figs. 1 and 3) on the other. Fig. 4 represents the appearance of the 

organism taken from a gelatine cultivation. 

Fig. 4. 

Our nitrification ex};erlments wuth these broth and gelatine cultures have not yet 

proceeded far ; we have, however, already obtained undoubted conversion of ammonia 

into nitrous acid by means of two of the liroth-cultures. Thus a broth-tube was 

inoculated from one of the pure nitrifying solutions on October 21, 1889 ; on November 

2, 1889 (be., after tw'elve days), the broth had become slightly turbid ; on November 4, 

1889, two bottles containing ammoniacal solution were inoculated from the broth-tube; 

one of these bottles was placed in the incubator at 25° to 27° C., whilst the other was 

left at the ordinary temperature of the air. On December 17, 1889 (or after forty- 

three da}/s), the incubator-bottle gave undoul:)ted reactions with both diphenylamine 

and sulphanilic acid. On January 10, 1890, these reactions had become very strong, 

and on February 12, 1890, the mineral nitrogen was quantitatively determined 

according to the methods described on page 122, with the following results :— 

Ammoniacal nitrogen = 10’70 parts per 100,000. 

Nitrous ,, = 140 ,, „ 

Total . . . 11'80 
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Nitric nitrogen was presumably absent; it could not, however, be tested for, owing 

to the insufSciency of the liquid available. 

As the ammoniacal solution originally contained about 11 parts of ammoniacal 

nitrogen (see analysis, page 123), and as some concentration of the liquid had taken 

place whilst in the Incubator, it is obvious that the above results indicate marked 

conversion of ammonia into nitrous acid. 

In the same way a bottle containing ammoniacal solution was inoculated from 

a similar broth cultivation on November 19, 1889, and placed in the incubator at 

24° C. On January 10, 1890, this yielded strong reactions with diphenylamine, 

and also with sulphanilic acid. 

The duplicate bottle inoculated on November 4, 1889, but kept at the ordinary 

temperature (15-20° C.) has not yet nitrified. Nor has any nitrification yet taken 

place in a bottle inoculated from a gelatine culture on December 10, 1889. 

There is, however, nothing surprising in the retarded nitrification, which appears 

tlms, at best, to take place from broth or gelatine cultures, for there are many other 

instances of the physiological properties of organisms being modified by change of 

soil. It has, indeed, been frequently observed by one of us in the case of other 

fermentations, that the fermentative power of a particular organism towards a 

particular substance may be greatly modified by growing it in different media. This 

appears to have been already recognised by Fitz in his later work (‘ Berlin, Chem. 

Ges. Berichte,’ 1882, p. 878) in which the following very suggestive, but hitherto 

little recognised passage occurs :—- 

“ Die Fiihigkeit, Giihrung zu erregen, wire! ausser durch liohe Temperatur auch 

aufgehoben, wenn dem Spaltpilz sehr reichlich und andauernd SauerstoflP dargeboten 

wird. 

“ Wenn man, z. B., eine einzige Zelle in eine verhaltnissmilssig grosse Menge 

Kulturflussigkeit aussat, so wird die Gahrfahigkeit betrachtlich herabgestimmt und 

oft auch ganz aufgehoben. 

“ Ebenso verhiilt es sich wmnn man den Spaltpilz bei sehr reichlichem Luftzutritt 

viele Generationen hindurch in einer Kulturflussigkeit, in welclier er kelne Gahrung 

verursachen kann, kultivirt.” 

Brieger (‘Zeitsch. f Physiol. Chemie’, vol. 8, pp. 306-311) points out that the 

“pneumococcus” of Friedlander loses its pathogenic properties wlien cultivated in 

sugar solutions, and only regains them when again cultivated in the ordinary solid 

media 

Another very remarkable instance of the chemical properties of a micro-organism 

being altered by the medium in which it is cultivated, is exhibited by the well-known 

B. prodigiosiis, which on long-continued culture on gelatine or agar-agar loses its 

pigment-producing power, which can, however, be restored by cultivation on potatoes. 

In the present instance the nitrifying organism had l)een cultivated, as already 

mentioned, for nearly three years, in the dilute ammoniacal sohitions practically 
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destitute of organic matter, to which we have referred, so that its sudden transference 

to rich, nutritive media, like broth and gelatine-peptone, might not unnaturally he 

expected to produce a profound change in its organisation. 

We have already shown how the capacity of growing in gelatine was entirely lost 

through this long residence in the dilute ammoniacal medium, which capacity was 

only restored by a preliminary cultivation in broth, similarly, we presume that 

cultivation in broth and gelatine may greatly diminish, and in some cases possibly 

extinguish, the nitrifying power of the organism. 

It is particularly noteworthy that tlie ammoniacal solutions inoculated from the 

broth cultures, on inoculation into gelatine, yielded no growth whatever, hut gave the 

characteristic tardy growth in broth, in this respect, as in the microscopic form of the 

organism they contained, precisely resembling the pure nitrifying solutions from 

which these broth-cultures were originally obtained. 
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Inteoduction. 

Having been occupied with the study of the minute representation of motor 

function in the cortex of the Bonnet Monkey {Macacus sinicus), it seemed to us 

extremely necessary to investigate the character of such representation in the cortex 

of an anthropoid Ape, in order that we might form a more correct estimate of the 

mode of localisation in Man. A comparative study of the brains and habits of the 

more easily obtainable anthropoids showed clearly that for our object the Orang was 

more suitable than the Chimpanzee, in being likely to afford results nearer to those 

presumed to exist in Man. We therefore procured a young Orang which, in the 

opinion of Professor D. J. Cunningham, of Trinity College, Dublin, was about 

years old. 

In addition to excitation of the cortex, we also investigated the movements obtained 

by stimulating the fibres of the internal capsule. 

We shall therefore arrange the facts as follows :• 

Anatomy, 

Method of Investigation. 

Mucccxc.—B. s 12.12.90. 
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Results of Excitation— 

A. Cortex, 

B. Internal Capsule. 

Summary and Review of the Character of Localisation in this Animal. 

Anatomy. 

We say nothing here respecting the general anatomy of the animal, having deposited 

the carcass in the Hunterian Museum. 

The area of cortex which we explored comprises the so-called motor region. This 

area is bounded below by the Sylvian fissure, above by the longitudinal fissure, 

posteriorly by the intra-parietal sulcus, and anteriorly by a line drawn vertically 

through about the middle of the three frontal convolutions. It includes the fissure of 

Rolando, the posterior half of the superior frontal sulcus (corresponding to the 

sulcus X in the Bonnet Monkey : vide ‘ Phil. Trans.,’ B, 1887), the prsecentral sulcus, and 

the postcentral sulcus in the parietal lobule (corresponding to sulcus 2 in the Bonnet 

Monkey). Of the two small sulci which are so commonly seen in the Bonnet Monkey and 

in Man at the foot of the ascending or central convolutions, the one which is usually 

situated at the foot of the ascending frontal [v in the Bonnet Monkey'"") was absent, 

while that at the foot of the ascending parietal was not only strongly developed, but 

there was also another small indentation in front of it, in the foot of the gyrus. 

We will now proceed to make a few remarks in detail on these fissures and sulci, as 

we believe that there are certain features in their conformation which are of practical 

importance for the purposes of localisation. 

Fissure of Rolando. 

We have already drawn attention to the shape of this fissure in the Bonnet 

Monkey (‘Phil. Trans.,’ loc. cit.), and we have shown that in that animal it presents 

a well marked genu at the junction of its middle and lower thirds, and we have 

further shown that this genu indicates the lower border of the upper limb area 

of representation. 

In the Orang this genu is extremely well marked, so that in tracing the fissure 

from below upwards it makes almost a right angle as it turns backward, and then, as a 

necessary consequence to reach the upper margin of the hemisphere, it has to turn 

again upwards almost at a right angle, see figs. 1, 2, 3, Plates 16, 17. It follows 

from this that the principal axes of the ascending or central convolutions being 

parallel to the Fissure of Rolando are very flexuous, instead of being merely oblique 

as in the Bonnet Monkey. I'his extreme angularity seems to be a very characteristic 

feature of the anthropoid Apes, as contrasted with the brain of Man, in whom, 

however, it is sometimes seen. 

* See forthcoming paper by the authors on the facial region of representation. 
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It will now be important to note the position of the genu of this fissure in 

the Orang and Man, as compared wdth the Bonnet Monkey. In the last, it is 

situated at the junction of the middle and lower thirds of the fissure, in the Orang 

and in Man it is found at about the mid-point between the upper margin of the 

hemisphere and the Fissure of Sylvius, or higher. We would suggest that this 

is due to the greater development in the higher animals of the convolutions about 

the lower end of the Fissure of Rolando, including the third frontal gyrus. We 

think this is borne out by the fact that it is the lower part of the Fissure of Rolando, 

i.e., that part below the genu, which is so much lengthened. 

Of further curvation, the Fissure of Rolando often exhibits at its upper end 

a slight bend forwards which, in man, is surmounted by a small curve in the opposite 

direction. 

The Prcecentrcd Sulcus 

Consists of a vertical arm, which springs from close above the Fissure of Sylvius, 

and ascends till it bifurcates just below the horizontal level of the genu of the 

Fissure of Rolando, into a posterior ascending branch and an anterior horizontal. 

Where this latter joins the vertical limb, it forms a right angle anteriorly, which, as 

will be subsequently seen, is just as in the Bonnet Monkey, the focus for the 

representation of the movement of turning the head and eyes to the opposite side. 

In this angle, formed by the limbs of the praecentral sulcus, there is another sulcus, 

directed downwards and forwards, and which we believe to be the homologue of the 

sulcus which we have temporarily called “iv” in the Bonnet Monkey.* In the 

anthropoids, its anterior end seems to extend down to the orbital surface of the lobe, 

and to wind round in front of the anterior extremity of the Fissure of Sylvius. 

(We believe that this sulcus corresponds to the inferior frontal sulcus of Man.) 

We have pointed out in a previous communication (‘ Phil. Trans.,’ B, 1887) that 

the sulcus in the Bonnet Monkey, which Professor Schafer provisionally termed 

X, is the superior frontal sulcus of human nomenclature. We also showed that 

it consisted in its simplest condition of a vertical and a longitudinal limb. Now it 

has been proposed by Jensen to call the vertical limb the superior prsecentral sulcus; 

wdthout giving our support to this step, we wish to emphasize the correctness of the 

description, and to point out that in the Orang this limb is well marked. As a rule, 

we believe that it will be found that this limb, or its secondary continuation, reaches 

down to the horizontal level of the genu of the Fissure of Rolando. For localising 

purposes, however, as we have shown in the Bonnet, the important feature of the 

superior frontal sulcus is not so much the vertical as the horizontal limb ; for, on 

continuing the direction of the latter limb backwards across tlie ascending frontal and 

parietal convolutions it constitutes, according to our observation, the boundary 

* ‘ Phil. Trans.,’ B, 1888. 

s 2 
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between the representation of the upper and the lower limbs respectively ; this we 
similarly find to be the case in the Orang (see fig, 4, p. 150), 

The Intraparietal Sulcus 

In the present brain runs a characteristic course, viz., from near the lower end of 
the ascending parietal gyrus (where it bifurcates) upwards and backwards. At the 

bifurcation one limb runs forwards and upwards towards the genu of the Fissure of 
Rolando, and the other downwards towards the Fissure of Sylvius. As it courses 
across the parietal lobe it follows in a fairly parallel manner the direction of the Fissure 
of Rolando. 

The post-central sulcus (Ramus Superior of the intraparietal sulcus, according to 
Cunningham, ‘ Joiirn, of Anat. and Physiol.,’ 1889) is well marked, and begins near 

the longitudinal fissure at the upper margin of the hemisphere, and follows close round, 
strictly parallel to the Fissure of Roiando, reaching down the ascending parietal 

convolution almost as far as the genu of the Fissure of Rolando, vide figs. 2 and 3. 

Convolutions. 

The ascending frontal and parietal convolutions have the same position and relations 
as in Man and are bound by the same fissures and sulci. 

The three frontal convolutions present more difficulty, as their boundaries are not 
so evident. The division between the superior and middle convolutions is sufficiently 
indicated by the superior frontal sulcus; but the line of separation between the 

middle and inferior convolutions is not so evident; we think, however, that the 
sulcus “ iv” i.e., the inferior frontal sulcus, marks the boundary between the two. 
Around the posterior end of this sulcus, as will be subsequently seen, is situated the 

focus of the representation of the movement of turning the eyes to the opposite side; 
and since this particular focus of representation in the Bonnet surrounds the posterior 

end of the sulcus tv, we think we are justified in regarding the sulcus marked I.F.S., in 
figs. 1, 2, and 3, as homologous to the tv or inferior frontal sulcus of the Bonnet, and, 
consequently, as the dividing line between the middle and infenor fronted convolutions. 

For topographical purposes, as was shown many years ago, the sulci are of very 

much more importance than the convolutions which they fashion, consequently, we 
need not prolong the description of the latter. We must, however, recall attention 

to the -determination by the sulci of representation or its absence, a point which we 
first observed in the Bonnet. To repeat, representation of movement in the cortex is 

found only on the summits of the gyri of the convoluted surface, and the approach of 
a sulcus dimpling the cortex at all makes it at once inexcitable. This, true of the 
Bonnet, is still more marked in the Orang, where, in addition, as wall be seen, we have 

slands of smooth cortex, even between foci, which are inexcitable. 
In the yet more highly divided human cortex this principle naturally must be held 

to prevail with still more force, as seems, in fact, to be the case, see p. 152, et seq. 
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Method of Investigation. 

In accordance with onr present mode of recording the results of excitation of the 

cortex cerebri, we proceeded to expose and explore the surface of the so-called motor 

region in the left hemisphere in the following manner ;— 

1. Anwsthetisation. —The animal was thoroughly narcotised with ether. It was 

interesting to note that, in harmony with the greater size and the more highly 

evolved intelligence of the animal, it required, relatively, as well as of course absolutely, 

more ether than the lower Macacque Monkeys do. 

2. Operation.—The brain was exposed by the method described elsewhere (‘ Brit. 

Med. Journ.,’ 1887). The large flap of scalp and segments of the dura mater were 

carefully replaced after each measurement of the surface {vide infra) or excitation, 

so as to entirely preclude the possibility of the cortex becoming damaged by drying 

and cooling. For the special prevention of the two latter sources of error, the 

temperature of the room was maintained at 75°-80° F., the animal was placed upon a 

hot tin (temperature about 100° F.) and, finally, the surface of the brain was 

occasionally irrigated with w^arm '75 per cent, salt solution. 

We found that these precautionary measures preserved the excitability of the 

cortex at its normal level for many hours. 

3. Method of Recording.—The positions of the sulci of the area exposed were then 

transferred by means of fine compasses to paper ruled mathematically with squares, 

whose sides measured 2 mm. We thus obtained a projection of the configuration of 

the cortex, the surface of which was already divided into squares of 4 square mm."''' 

in extent. The actual drawing made at the time of the experiment is seen in fig. 3. 

Each of these squares was then excited, the strength of the minimal stimulus 

noted, and also the resulting movement evoked. 

4. Mode of Excitation.—The excitation was provided by the current from the 

secondary coil of a Du Bois-Reymond inductorium, furnished with a 1 litre bichro¬ 

mate cell. No side wire was employed {vide strength required mfra). The electrodes 

were fine platinum points, 2 mm. apart, and they were applied horizontally, i.e., in 

the long axis of the brain, each electrode resting on the mid point of the two sides 

of each square. 

The strength of current required to evoke any movement was notably in excess of 

that which we have found necessary to use in the Macacque. With the Orang a 

minhnal stimulus {i.e., the weakest which would produce a movement) was obtained 

only when the secondary coil was moved to 9'5 centims. from the zero point of 

completely covering the primary coil. This current was such as to cause discomfort 

bordering on pain when applied to the tip of the tongue of the experimenter. This 

(minimal) stimulus was used throughout. 

The method of investigating the internal capsule is given further on; see p. 147. 

* Tliroughout this paper we shall refer to these units of localisation as “squares.” 
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Having now described the methods of investigation, we will now give in detail the 

results obtained by stimulating (A) the cortex, (B) the internal capsule. 

In the description of the representation of movements obtained in the cortex w^e 

have thought it best to arrange the facts in the order in which the cortical areas were 

stimulated. This arrangement was similar to what we employed in the Bonnet Monke}^ 

beginning with the foci for the smaller movements before proceeding to those for the 

larger, as we found by experience that the former were the first to lose their exci¬ 

tability. We shall therefore describe the different movements in the following order :— 

Movements of the Eyes and Eyelids. 

Movements of the Face and Mouth. 

Movements of the Upper Limb. 

Movements of the Lower Limb. 

Besults of Excitation. 

(A.) Cortex.—Left Hemisphere. 

Movements of Eyes and Eyelids. 

(1) Both Eyes move conjuyately to the opposite side.—The representation of this 

movement we found to extend in front of the praecentral sulcus, i.e., to a slight extent 

just in front of its vertical limb, but lying principally in advance of the sulcus w. 

The focus of the area is situated in the centre of the gyrus, at the points marked 2, 

2, 2, in fig. 3. The whole representation extends as indicated by the stippling in 

fig. 1, Plate 18. The movement was also elicited from the centre of the gyrus, as 

above stated, at squares 3, 4, 5, 6 (fig. 3), but it was very slight, and at the angle 

formed by the two limbs of the sulcus there was no excitable point. 

As compared to the same movement obtained from the Bonnet Monkey, Macacus 

sinicus (see ‘Phil. Trans.,’ B, 1888), this result from the Orang was characterised as 

being much slower in development and execution—in fact, resembling rather the 

movemenfi^^ obtained from the angular gyrus in the Bonnet [vide Professor Schafer, 

‘Boy. Soc. Proc.,’ and confirmed by ourselves). 

As indicated in the title of this section, no other movement was observed than that 

of both eyeballs to the opposite side, unaccompanied by the commonly-associated 

actions of opening the eyelids, dilatation of pupils, and turning of the head. 

(2) Combined Movement of Eyelids opening briskly, Eyeballs turning to the opposite 

side, and Head turning to the opposite side.—This association of movements wns 

obtained at squares 24, 25, 26, 27, 111, 112, 113, 114, 115, 116, 117, 118, 119, and 

appeared to be equably represented over the (dotted) area (see fig. 2, Plate 18), wdiich 

is seen to be situated in the ascending frontal convolution. The sequence was that 

* First discovered liy Professor Fbrriek, ‘ Functions of the Brain,’ 2nd ed., p. 243. 
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indicated in the title of this section, and more closely resembled the character of the 

corresponding movement obtained from the angle in front of the junction of the limbs 

of the prsecentral sulcus in the Bonnet Monkey. The head and eyes moved in the 

horizontal plane. 

(3) Bilateral Closure of the Eyelids, hut those of theop^posite side more strongly than 

those of the same side.—This movement, which we have found definitely marked in 

the Bonnet Monkey,'" situated just between the lower end of the intra-parietal sulcus 

and the Fissure of Rolando, was here in the Orang observed to be just in front of 

the latter fissure at a homologous level, i.e., at squares 120, 121, 122, 123, 124, 125, 

12G. (See fig. 3, Plate 18.) The lids of both eyes closed, but those of the same side 

far less completely than those of the opposite side. 

Movements of the Face. 

We shall next consider the movements of the lower part of the face, including the 

lips, mouth, and tongue, but before doing so, we must call special attention to the 

great development and mobility of the lips in the Orang, especially in the young 

animal (see p. 136). 

The movements of the mouth and lips are very varied, and we have arranged them 

according to the following list. 

Elevation of upper lip, opposite side 

Retraction of angle of mouth, opposite 

Eversion of lip, opposite side 

Rolling in of both lips 

Pursing of lips 

Pouting of lips 

Closing of mouth 

(4) Elevation of upper lip of opposite side.—This movement was obtained at 

squares 95, 96, 97, 121, 127; it was most marked at square 97 ; thus at 96 the latent 

period was long,t and at 127 the movement was very slightly marked. The repre¬ 

sentation of this movement is thus found as a narrow band in the ascending parietal 

gyrus close behind the Fissure of Rolando, and above the horizontal level of the lower 

end of the intraparietal sulcus (see fig. 4, Plate 18). 

(5) Retraction {horizontal) of the op>posite angle of the mouth.—Retraction [i.e., 

with no elevation) of the angle of the mouth was elicited at squares 100, 101, 102, 

103, 7, 8, 98, 99, 9, 10, 11, 12, 13, 14, 96. 

The position of representation of this movement thus covers the middle third of 

that portion of the ascending frontal gyrus, which extends between the Fissure of 

Sylvius and the well-marked genu which we have in previous communications shown 

t Cf. next ai’ticle on “ Retraction," sqna,re 96, 

side Unilateral. 

[> Bilateral. 

* Not yet pnbli.shed. 
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to exist in the Fissure of Rolando. The focus, or point of most intense representation, 

is situated in the line of squares 9, 10, 11, i.e., just above the middle of the part now 

being considered. See fig. 5, Plate 18. 

All the squares for this movement are, with the exception of No. 96, situated in 

front of the Fissure of Rolando. Excitation of No. 96 producing a very interesting 

result, viz., the mouth was first retracted and subsequently elevated. Thus this square 

96 forms a “ border ” square between the movements of retraction and elevation 

respectively, but the former predominates. 

(6) Eversion of the opposite lower lip.—We obtained the representation of this 

movement at only one spot, viz., square 104. See fig. 6, Plate 18. 

(7) Bilateral. Rolling in of both lips, especially of the lower and of the opqoosite 

side.—This movement consists in an incurving or inversion of the red margin of the 

lips over the teeth, so that the mouth being shut the skin of both lips comes into 

contact. It involved the whole length of the oral fissure, but the opposite half more 

powerfully, and the movement of the lower lip was more extensive than that of the 

upper. It was elicited from squares 15, 16, 17, 20, 21, 22, 23, being most represented 

at Nos. 22 and 23. See fig. 7, Plate 18. 

Before proceeding to describe the representation of pursing and pouting of the lips, 

it will be well that we should explain distinctly our means of recognising the difference 

between these two movements. 

Mr. Darwin'"' refers to the compression of the lips together in the performance of 

a delicate manual act by a young Orang; he says, loc. cit., “at each attempt the lips 

were firmly compressed, and at the same time slightly protruded.” We have expressed 

this combination of drawing together of the lips with some protrusion by the term 

pursing. According to Professor Thane! the facial portion of the orbicularis oris acting 

alone projects the lips, whilst the two parts of the muscle acting as a whole, draw the 

lips together, the result being an action similar to that we have described as pursing. 

When, on the other hand, we have eversion of the lips combined with extreme 

protrusion in anthropoids and children, a movement is produced which Mr. Darwin 

[loc. cit., p. 140) describes and figures as pouting, and which he considered to be an 

expression of disgust and disappointment, although, as he also states, a similar 

expression is used to denote the antithesis. We may incidentally remark that we 

observed the same pouting when the administration of the ether in the present 

research was begun. 

(8) Pursing of both lips.—This bilateral movement was obtained from two squares 

only, viz., 85 and 86, and was more marked at the former of these. See fig. 8, Plate 18. 

(9) Pouting of both lips.—Pouting was represented much more extensively than 

pursing, and as we consider it to be a further development of the latter by the super¬ 

position of eversion of the lips by means of the levator menti (Thane, loc. cit., p. 281), 

* ‘ Expression of tlie Emotions,’ 1872, p. 142. 
t Quain’s ‘Anatomy,’ 9tli Edition, vol. 1, 1882, p. 280. 
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it is most interesting to observe that its representation was nearer than that of 

pursing to the Fissure of Rolando, passing round its lower end to reach towards tlie 

square in which eversion is most represented. Pouting was observed at squares :— 

(a) In front of Fissure of Rolando, 87, 88, 89, 90. (h) Behind Fissure of Rolando, 

91, 92, 93, 94. 

The focus was situated at No. 90, and the representation decreased from this })oinl 

to No. 87, and as far as to No. 94 behind the Fissure of Rolando. See fig. 9, Plate 18. 

(10) Twitching of the opposite half of the upper part of the Orbicularis Oris.— 

This remarkably specialised movement was restricted to the small triangular area 

lying between the upper end of the secondary sulcus in the foot of the ascending 

parietal gyrus, and reaching nearly to the genu of the Fissure of Rolando, viz., at 

squares 128, 129, 130, 131, 132, 133, 134, 135, 136, 137, and was most marked at the 

vertical line passing through the middle of this region, viz., at squares 130, 134, 136. 

See Plate 19, fig. 10. 

In passing to the next group of movements a prefatory explanation is needed of 

our use of the term, movements of the mouth. By such term we wish to imply the 

opening and closure of the oral cavity, i.e., lowering and raising of the lower jaw. 

Although we shall show that the lower jaw may be occasionally depressed within the 

closed lips, but that, if combined with compression of the lips, the mouth may remain 

shut, it is nevertheless more convenient and in accordance with general usage that 

the mandibular movements and the opening or closing of the labial fissure should be 

considered together. 

Contrary to that which we had observed in the Bonnet {Macacus sinicus), in the 

Orang we never obtained evidence that the movement of mastication was represented 

in the cortex. We, of course, only credit this fact with the value generally attached 

to negative evidence. The various combinations of movements associated with the 

opening of the mouth we will consider in the chapter on the “ Marches ” observed, 

see p. 146. 

(11) Opening of the Mouth.—This fundamentally important movement we found 

to be represented, exactly as in the Bonnet Monkey, at the foot of the ascending- 

frontal and parietal gyri, around the lower end of the Fissure of Rolando, viz., at 

squares (a) in front of Fissure of Rolando, 20, 21, 22, 84, fb) behind the Fissure of 

Rolando, 91, 92. 

It is universally well marked in the squares in front of the Fissure of Rolando, 

but only moderately in those which lie behind it (at 91, 92). See Plate 19, fig. 11. 

Movements oj the Tongue. 

We have found in the Bonnet Monkey (in some experiments shortly to be 

published) that the movements of the tongue are highly differentiated in cortical 

representation, constantly localised in the same position, and arranged in a definite 

order of grouping. The movements of the tongue that we have found to be dis- 

MDCCCXC.-B. T 
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tinctly evoked by stimulating the cortex in the Oi’ang we shall arrange in the order 

in which the varieties of representation are successively grouped in the cortex from 

above down. 

Div. I. Protrusion of whole organ. Tongue flattened posteriorly, tip directed to opposite side. 

Tongue heaped up on the same side, tip directed to opposite 

side. 

Div. 2. Rolling over of whole organ Tongue rolled over to opposite side, 

to side. 

Div. 3. Retraction of whole organ. Tongue heaped up posteriorly, rolled over to opposite cheek. 

Tongue flattened throughout, the tip of the opposite side being 

retracted horizontally. 

On summing up this table it will be seen that the movements are consecutively 

arranged in the cortex, so as to pass gradually one into the other from protrusion to 

retraction. 

(12) Tongue pi-otruded, flattened posteriorly, tip directed to opposite side.—This 

occurred at squares 7, 8, 98, 99, 9, 10, II, 11'. This movement, shown in fig. 12, is 

the one tqjon the loss of which most stress has hithetto been laid in cases of 

destruction of the internal capstde and cortex in Man, but in our opinion it is but one 

and not the most important of a series of movements differing one from another, as 

will subsequently be seen. See Plate 19, fig. 12. 

(13) Tongue protruded, heaped up) on the same side, and tip directed to the oyrposite 

side.—This movement is represented next below the one just described. No. 12, and 

was noted at squares 12, 13, 14. See fig. 13. 

It was seen that by “ heaping up ” to one side (for instance, the left) the tongue 

was narrow'ed transversely, the left side being thickened in the vertical diameter, so 

that that side and border bulged upwards. 

(14) Tongue neither pn'otruded nor retracted, hut rolled over to opposite side.— 

This we found to occur at the next level below% viz., at squares 15, 16, 17. 

It is a very important movement which has not hitherto received attention. In its 

execution the same side of the tongue rose and then the whole organ was tilted up 

and I'olled over on its longitudinal axis, so that the previously horizontal dorsum 

was inclined towards the opposite cheek. See fig. 14. 

(15) Tongue retracted, heaped up posteriorly and rolled over to the opposite cheek.— 

It is clear that this movement is a further extension of the last one (No. 14) with the 

addition of retraction. It was observed at squares 20, 21, 22. See fig. 15. 

We need only add tliat the raising of the posterior part of the tongue was bilateral 

and occurred before the rolling over began. See “ Marches,” p. 146. 

(16) Tonegue retracted slightly, flattened throughout, and the tip of the opposite side 

retracted horizontally.—This rather singular movement we have never seen before ; it 

was found at the lowest point of the representation of the tongue at squares 23, 84, 

85, 86, 87, 88, 89, 90. 
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In this movement the tongue appeared to be adjusted horizontally to the floor of 

the mouth, while the upper surface of the opposite half, was slightly hollowed (see 

fig. 16) and its tip retracted from the teeth. 

Movements of the Upper Limb. 

Proceeding now to investigate the mode of representation of the limbs, we will 

commence with that of the upper limb, taking the segments in order from below 

upwards, beginning with the thumb. But we cannot forbear from pointing out that 

it will be seen, especially now, how extremely integrated is the representation in this 

animal, and in the case of the upper limb we actually found it quite exceptional, with 

a minimal stimulus, for more than one segment to be represented at any given point. 

Further, owing to the exaggeration of the bend of the ascending gyri above the 

genu of the Fissure of Rolando, the foci of the segments of the upper limb are 

arranged along a curved line which is horizontal at its lowest point and becomes 

vertical where the limb areas are contiguous, whereas, in the Bojniet Monkey, as we 

have shown, the foci are arranged in a straight but oblique line, parallel to the 

Fissure of Rolando. The functional arrangement and sequence of the representa¬ 

tion of the segments being the same in the two animals, we think it is clear that this 

difference in horizontal level is simply due to the extreme bending of the Fissure of 

Rolando in the Orang. In illustration of this we show, in fig. 4, p. 150, the curve 

of the Fissure of Pv-OLANDO in the two animals, with words indicating the foci of the 

segmental representation. 

(17) Movements of the Thumb.—We observed the thumb to execute the following 

simple movements at the points indicated. 

Action. Square. 

Flexion. .38 
Adduction, flexion .... 3.5, 36, 36' 
Adduction. 39, 83 
Extension. 37, 37', 138 

We now have to point out the arrangement of the respective order of representa¬ 

tion of these movements, and we shall compare that order with the simpler order, as 

seen in the Bonnet Monkey. 

Thus, to begin :—Extension of the thumb we see is represented at 37 and 37', i.c., 

in the foremost part of the area of representation. Now this is exactly the localisa¬ 

tion we have demonstrated to occur in the Bonnet Monkey. 

With a stronger current (8’5 cm.) we once obtained extension of the thumb at 138, 

which is, of course at the opposite pole of the thumb area. 

The movement represented next to extension is that of adduction-flexion at 

squares 35, 36, 36'. 
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The above movements are represented in the ascending frontal gyrus : the next to 

be described are in the ascending parietal gyrus. See fig. 17, Plate 19. 

Of these the first is flexion at square No. 38, the second, adduction at squares 

Nos. 39 and 83. 

As before stated, these movements of the thumb were single and unaccompanied 

by movement of any other joint, although the electrodes were finally kept applied for 

5 seconds, a time more than sufficient in the lower Apes to generate movements in all 

segments of that limb, and probably, these in addition, be followed by others in the 

limb of the same side. See conclusions, p. 149. 

Finally, just as we have seen, extension is represented most anteriorly and 

superiorly, so now by reference to fig. 3, Plate 17, it appears that flexion and 

adduction are placed posteriorly and inferiorly. 

The remarkable individual clearness of these and other movements is discussed on 

pp. 151, 152, 

(18) Movements of the Index Finger.—The index finger is always represented in the 

Bonnet Monkey in the cortex next to the thumb area, and its focus in that animal is 

found to be in the ascending parietal gyrus (see fig. 18). It is therefore of great 

interest, and we may add importance to note that also in the Orang the principal 

(indeed, almost the only) representation of this segment is situated next behind and 

above the thumb area, and in the ascending parietal gyrus, viz., at centres 40, 41, 83. 

The kind of movement produced at each square was the well-known purposive or 

voluntary movement of extension ; the subordinate or associated movement of the 

index is alluded to in the next paragraph. The focus of movement appeared to be at 

40, and the representation diminished towards 41 and 83. At 83 there was also 

observed adduction of tire thumb, but there was no abduction of the index by the 

ahductor indicis as might have perhaps been expected, the finger moved only in 

extension, i.e., in its most highly integrated character. 

(19) Movements of the Fingers,—The fingers (all moving in association) were 

represented in the ascending frontal gyrus at squares 28, 29, 30, i.e., above and 

behind the thumb area. The movement evoked at each was invariably extension, and 

this of a remarkably deliberate character, so that the sequence of the segments 

in action was very clearly demonstrated. Thus the first digit to move was the little 

finger, which completely extended, next the ring finger, and finally, less marked 

extension of the remaining' middle and index fingers. No flexion of the Angers was 

noted to occur. See fig. 19. 

(20) Movements of the ITrist.—We have previously (‘Phil. Trans.,’ 1887, 1888) 

urged that the wrist and elbow should be regarded as joints subordinate in primary 

importance to those of the digits and shoulder. In harmony with this view, we found 

in the Orang that the former was represented only in association, e.g., with extension 

of the fingers, and with the following movements : — 
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Pronation at square No. 29. 

Ulnar add action at square No. 30. 

See also Table of “ Marches,” and fig. 20, Plate 19. 

(21) Movements oj the Elhoiv.—The elbow we only saw move at one spot, viz., on 

exciting square No. 31, i.e., next above and behind the wrist and fingers. The move¬ 

ment was flexion, and of primary character, no other segment being affected or 

associated with it, and the representation, though limited in area, was thus of a very 

high order (seep. 152). See fig. 21, Plate 19. 

(22) Movements of the Shoulder.—In accordance with what has just been said 

about the subordination of thfj elbow and wrist to the shoulder and digits, it is 

evident why the shoulder should be represented at so many squares as we found it to 

be, viz., at Nos. 32, 33, 42, 43, 34, 44, 45, 46, 47. 

It was represented around and below the hinder end of the superior frontal sulcus, 

see fig. 22, Plate 20, as in the Bonnet Monkey, while, owing to the special configura¬ 

tion of the sulci in the Orang, the representation shaded off at squares Nos. 46 and 47, 

into the area for the lower limb. In character the movement was always adduction, 

and was never associated with that of any other segment. 

Movements of the Loiver Limb.—Probably, in all the higher animals the representa¬ 

tion of the lower limb is less integrated than that of the upper limb, but it 

was especially necessary to see what was the condition in an anthropoid like the 

Orang, whose customary vertical posture places it in an intermediate position between 

the Macaccjues and Man. 

In the Bonnet Monkey, the lower limb area extends over the hinder third of the 

superior frontal gyrus, into the paracentral lobule on the mesial surface and backward 

into the ascending frontal convolution and superior parietal lobule, i.e., the upper 

end of the ascending parietal gyrus. 

In the Orang we found that, except with currents of such intensity (7 cms.) that 

obvious escape resulted, no movement was obtained on exciting the upper third of the 

ascending parietal gyi'us. It is, however, of noteworthy interest that what we 

regarded as the effect of escape consisted only in extension and flexion of the hallux, 

viz., at squares 139, 140, 141, and this occurred between the postcentral sulcus and 

the Fissure of Bolando. Consecpiently, the representation of the lower limb in this 

anthropoid was confined to the part in front of the Fissure of Rolando (extending 

also over the mesial margin into the paracentral lohule'") ; and we shall now consider 

this region in detail, under the headings of the segments of the limb. 

(23) Movements of the ILdliix.—Omitting the squares 139, 140, and 141 just 

referred to, we obtained movements of the hallux at squares 56, 63, 64, 69, 76, 

77, 78. See fig. 23, Plate 20. 

Of these, the hallux moved primarily at 56 (where it was associated with movement 

* See “Marches” and Right Hemisphere, p. 143. 
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of the ankle only) and 77 (where it was associated with movement of the small toes 

as well as of the ankle). 

Character of the Movement evoked.—Flexion was noted at 56, 77, 78, and extension 

at 63, 64, 69, 76; consequently, the representation of flexion is anterior to that of 

extension. It will be seen that the hallux is at the highest point {i.e., nearest the 

middle line) of the area only associated with the ankle and other toes. [Vide infra.) 

(24) Movements of the Small Toes.—The small toes were represented at 54, 63, 64, 

69, 70, 71, 76, 77, 78, 109, 110. 

At squares Nos. 109, 110, which were situated on the anterior frontier of the lower 

limb area, we obtained the unique movement of very slight extension of the second 

toe, which is homologous with the index linger. 

The primary movement of the small toes occurred on exciting squares Nos. 70, 71, 

54, 78, No. 70 being the point of intensest representation ; in fact, at 70 and 71 the 

small toes were the only segments which moved at all. See fig. 24, Plate 20. 

Character of Movement.—This was in all cases extension. See also “ Marches,” 

p. 143. 

(25) Movemoits of cdl Toes.—All the toes moved in synchronous association at 

scpiares 63, 64, 69, 76, the movement being invariably extension with separation of 

the digits. See also “Marches,” p. 143. 

(26) Movements of the Ankle.—The total of absolute representation of movements of 

the ankle is situated at squares 54, 55, 56, 60, 61, 62, 63, 64, 76, 77. 

The primary movement was obtained at squares Nos. 55, 60. At 60 it was the 

only movement, consequently this affords another instance of the unique character of 

the localisation in the Orang. See p. 152, and fig. 25, Plate 20. 

Character of Movement.—The nature of the movements observed was as follows :— 

Eversion obtained at squares No. 54. 

Dorsal flexion ,, ,, Nos, 55, 56, 76, 77. 

Plantar extension ,, 60, 61, 62, 63, 64. 

Inversion ,, No, 77 (observed only once on a repeated trial). 

(27) Movements of the Knee.—The representation of the knee was found at 

squares 54, 55, 61, 62, 63, 64, 68. See fig. 26. 

No primary movement was ol;)tained, as was evidently probable from the condition 

of representation in the Macacque of such a subordinate joint. 

Character of the Movement.—The movement was extension, except at square No, 68, 

where it was flexion. 

(28) Movements of the Hip.—-The total or absolute representation of the hip was 

found at the scjuares 48, 49, 50, 51, 52, 53, 61, 62, 63, 64, 65, 66, 68. 

Primary Movement.—Just as with the shoulder, so the cortical representation of 

the hip in the Orang is not only very extensive, see fig. 27, but also singularly 
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integrated ; thus movement of the hip (only) occurred at no less than eight squares, 

viz., Nos. 48, 49, 50, 51, 52, 53, 65, and 66. 

The very large majority of these will be found to be aggregated on the upper 

border of the upper limb region, close to where the shoulder is most represented. See 

“ Marches,” p. 144, and conclusions, p. 151. 

Character of the Movements.—In contradistinction to what we found in the Bonnet 

Monkey {loc. cit.) the character of the movement was extension of the hip (and knee), 

indeed with but three exceptions of which only one was a pure flexion. The explana¬ 

tion of this we offer on p. 151. The movements observed may be thus arranged :— 

Extension observed at squares Nos. 48, 49, 50, 51, 52, 53, 61, 62, 63, 64. 

Adduction. 52, 53. 

Flexion . 68. 

flotation. 65, 66. 

See also next chapter, “ Marches.” 

(A.) Cortex.—Right Hemisphere. 

After the excitation of the left hemisphere had been completed as far as possible 

{i.e., until the fall in blood pressure began to affect the excitability) we proceeded to 

rapidly expose the right hemisphere and to exj^lore it with the same stimulus. 

We found that the so-called motor points were symmetrically situated in the two 

hemispheres, and in consequence that the inexcitable regions {vide infra) which we 

were careful to explore first, as soon as the brain was ex])osed, were also similarly 

situated on the two sides. The only trifling difference we noted was that at squares 

121, 125 on the right side we obtained marked closure (blinking) of the opposite 

eyelids. This means, of course, simply that on this side the representation of this 

movement was rather more highly differentiated. 

We made an observation on the paracentral lobule in vertical line with square 78, 

i.e., 7-8 mm. in front of the upper end of the Fissure of Rolando of this hemisphere, 

and found that the lower limb was alone represented there, i.e., without the abdomen. 

See “ Marches.” 

Marches. 

Since, as a rule, the effect obtained by exciting the cortex of the Orang was a 

single primary movement, a march of the spasm from one group of muscles to another 

was exceptional. We, therefore, have deemed it best to collect together under one 

heading all such “ Marches” as follows ;— 
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From an inspection of the foregoing table which, with the exception of the combina¬ 

tion of facial and oro-lingual movements to be mentioned later, is an absolute record 

of all the “ marches ” noted to have occurred, the extreme paucity of such combina¬ 

tions shows more clearly than words to what a remarkable extent the representation 

of each individual segment is integrated in the cortex of the Orang. Too much stress 

cannot be laid upon this point since it demonstrates incontestably the great advance 

in evolution of function of the Orang’s cortex above that of the Macacque, for, in the 

latter animal, single primary* movements were only rarely obtained, and even then 

by only momentary application of the electrodes. 

In complete harmony with this view we also see that at only two groups of squares 

was there a combination of segmental movements in the upper limb (viz., 83, and 28, 

29, 30), and these only involved the digits and wrist, whereas in the lower limb no 

less than nine such combinations were observed, and those (owing to duplication) at 

eleven squares. 

The limited extent of such combinations is also manifested by the fact that all the 

segments of the lower limb were thrown into action at only two squares (63 and 64), 

and at a large number of the remainder only two segments were involved. 

We have now to consider four points in this connection, these are :— 

(1.) Combination of facial and oro-lingual movements. 

(2.) Juxtaposition of synergic segments. 

(3.) Character of movements in each march. 

(4.) Felative position of squares from which marches were obtained. 

* I.e., a single movement not followed by any otlier movements, wliich latter we have termed 

secondary, tertiary, &c., in the successive order of their appearance (‘Phil. Trans.,’ B, 1887, 1888). 

MPCCCXC. — B. u 
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(1) Combination oj Facial and Oro-lingual Movements. 

Square. 
(List of squares in 

whicli face or tongue 
were represented.) 

Tongue. Face. 

7 
8 

98 
99 

9 
10 
11 
ll'J 

12 0 
13^ 
14 J 

15 
16 
17 

20 
21 
22 

23' 
24 
85 
86 
87 
88 
89 
90 

Flattened, protruded to opposite side 

Tip to oppo.site side, heaped on same side 

Rolled over to opposite side .... 

Retracted, heaped posteriorly and rolled 
to opposite side 

Retracted slightly, flattened through¬ 
out, tip of opposite side retracted 
horizontally 

Opposite angle of mouth retracted I 

Rolling in of both lips, especially of 
lower (bilateral) 

Rolling in of both lips followed by j 
mouth opening 

Opening of mouth 
Pur.sing of lips 

Pouting of lip 

Tlie foreo’oino’ list shows which facial and oral movements are related with each 

other in synchronous action, and we do not see that it can be profitably amplified by 

further discussion. 

(2) Juxtaposition of Synergic Segments.—Without a single exception the march 

involved segments in series according to their successive anatomical juxtaposition. 

The most striking instance of this phenomenon, and shown inore minutely than any¬ 

thing noted by us in the Bonnet, is seen at square 29, where the successive order 

of segments involved was little finger, ring finger, second and index, wrist. 

(3) Character of Movements in each March.—We find that the character of the 

movement in the stages of the march is simply a repetition of the character of 

the primary movement of the segment involved. 

(4) Relative Position of Squares from ivhich Marches were Obtained.—We Iiave 

thought it important to note the regions where combinations of movements more 

frequently occurred, to see whether there was any definite relation among the squares 

one with another which would reveal any explanation of the phenomena in question.- 



MOTOR CORTEX AND INTERNAL CAPSULE IN AN ORANG-OUTANG. 147 

Face Region.—CombiDation appeared to be universally distributed over the region 

for the face. 

Upper Limb.—Combination was only found in tlie squares for representation of tbe 

small muscles (at squares 83, 28, 29, SO), i.e., at the highest part of the hand region. 

Lower Limb.—Combination occurred most at the squares situated in the vertical 

line drawn towards the middle of the lower limb reafion. 

These facts are simply examples of the principle which we have previously 

enunciated, viz., that the representation of function is most intense on the summits 

of the gyri, and shades off to the sulci, where the excitability becomes nil. 

(B) Internal Capsule. 

We next proceed to raise the upper half of the right hemisphere (after ligature of 

the middle cerebral artery deeply in the Sylvian fissure just in front of the anterior 

limb of that fissure) by a horizontal section carried through the brain, as shown by the 

dotted line in fig. 1, Plate 16, so as to expose the internal capsule. See fig. 5, 

Plate 17. 

Description.—The section exposing the internal capsule of the right hemisphere was a 

horizontal cut jDassing through (from before backwards) the third frontal gyrus, the foot 

of the ascending frontal and parietal gyri respectively, and crossing the posterior limb 

of the Sylvian fissure just where it turns upwards, viz., at about the junction of the 

middle and posterior thirds. The cut surface, viewed from above, exhibited, as is 

shown in the accompanying photograph, fig. 5, taken in the fresh state after the 

excitation, the following points. In front is seen the upper part of the anterior 

commissure, only the middle portion of which appears, as it is soon lost between the 

outer and middle zones of the lenticular nucleus. Posteriorly, in the middle line, the 

splenium of the corpus callosum limits the field of white fibres. Only the two outer¬ 

most zones of the lenticular nucleus are visible, and the caudate nucleus is only 

represented by a small portion of its head separated by a few white fibres from tlie 

putamen or outer zone of the lenticular nucleus. Of the anterior limb of the capsule, 

besides these fibres, there remains only a bundle of fibres about 4 mm. long, running 

directly backwards from the posterior surface of the anterior commissure. The hinder 

limb of the capsule extends from the inner border of the second or middle zone of the 

lenticular nucleus, and on section it is seen that the bundles of transversely cut fibres 

terminate posteriorly opposite the lamina medullaris situated between the zones. 

We mapped out by compasses the cut surfaces of the basal ganglia and capsule, 

upon paper ruled with squares of 1 mm. side, taking care that the posterior limb 

was drawn parallel to the vertical lines of the squares. 

Arbitrary numbers were then applied to each square from which result was 

obtained on excitation, and we now furnish the records of stimulation. 
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No. of 
square. 

Distance of 
secondary coil. 

Result. 
i 

1 
cm. 
10 Both eyes turn to opposite side 

2 10 Both eyes turn to opposite side (more markedly than at No. 1) and 

open at the end of excitation 
3 10 Both pairs of eyelids blink, then both eyes turn to the opposite side 
4 10 Both pairs of eyelids blink, the mouth is strongly retracted to opposite 

side, tongue flattened, protruded, tip turning to the opposite side. 

Next opposite wrist flexed, doubtful movement of fingers j 
5 10 Both eyelids blink, both eyes turn to opposite side 

Mouth strongly I’etracted to opposite side, tongue protruded, tip to 

opposite side, opposite fingers and thumb flexed 
5' 10 Nil 
6 10 Mouth strongly retracted to opposite side. Tongue flattened, pro- 

truded to opposite side. Flexion of fingers (strong), flexion of 
fingers (slight). Flexion of wrist, doubtful flexion of elbow 

6' 10 Doubtful flexion of fingers 

7 10 Flexion of fingers, of thumb, of wrist, later mouth retracted to 
opposite side 

7' 10 Flexion of finger and thumb, later flexion of wrist. 
8 10 Flexion of fingers and thumb (very strongly), flexion of wrist, abduc- 

tion of shoulder 
8' 10 Flexion of fingers (less than 8) 
9 10 Flexion of fingers 
9' 10 Flexion of fingers and wrist, later eversion of ankle 

10 9 Flexion of all toes, plantar extension of ankle, later pronation of wrist 
10' 9 Very slight adduction of shoulder. Slight flexion of toes 

As will be seen on fig. 5, Plate 17, the length of the posterior limb of the internal 

capsule is 18 mm. It will now be convenient to show more plainly the extent of 

distribution of the fibres for each particular movement. 

Movement. 

Extends 

From— To— 

Eyes turn to opposite side. 
m. 

1 mas. 2 
m. 
5 

Eyelids closing (blinking). 3 5 

Retraction of angle of mouth to opposite side . 4 7 
Tongue flattened and tip dii’ected to opposite side 4 6 
Flexion of thumb. 5 8 

Flexion of fingers. 5 9' 
Flexion of wrist. 4 10 

Flexion of elbow. 6 
Abduction of shoulder. 8 

Adduction of shoulder. , , 10' 

Flexion of toes.. 10 10' 

Eversion of ankle. 9' 
Plantar extension of ankle. 10 

That this order of arrangement of the fibres in the capsule is mainly correct we 

have no doubt, in the light of our experiments on the capsule of the Bonnet Monkey 
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(Paper read to the Royal Society, December 12, 1889), but whether we obtained 

complete results is questionable, since after we had observed the above-mentioned 

facts, and were proceeding to amplify and control them, the animal died suddenly, 

evidently from syncope. 

Summary and Review. 

We are now in a position to review the facts detailed above, and to examine into 

their real value. 

1. Condition of the Animal. 

{a) Health.—It had been in England about two months, and appeared to be in 

perfect health, and although the day before the experiment its appetite had begun to 

fail a little, to all appearances it was vigorous and healthy. It moved about in the 

vertical posture, and all its acts were performed completely, and with the deliberation 

special to the Orang. 

(6) Age.—The animal was estimated to be about 2^ years old. Since the animal 

was a young one, we wish it to be understood clearly that the facts which we put 

forward concerning the limitation ol representation are not necessarily typical, as it is 

possible that this may be more extensive in an older animal. Bearing on this point 

we may mention that we have found that, given the same species of Macacque 

Monkey, a more extensive representation occurs with a larger, i.e., an older, brain, 

and the converse also holds, but that the chief details and genei’al plan are the same 

under the two circumstances. 

Future investigation can alone decide this point. 

II. Vertical arrangement of the Representation oj each Segment in levels 

transverse to the Fissure of Rolando. 

In the Bonnet Monkey [Macacus sinicus) we have shown that the representation of 

the segments of the various parts of the body is arranged along the Fissure of Rolando 

in horizontal levels, and that the boundary lines of these pass across the fissure. In 

the Orang the same arrangement holds as is well seen in the photograph on Plate 21. 

This photograph is constructed by writing on an enlarged copy of fig. 1, Plate 18, the 

various foci of representation. If we place the segments in successive order as we 

see them in the Bonnet and the Orang, the relations are as follows :— 
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Fig. 4. 

BONNET. ORANG. 

L ONGITUDINAL FISSUffE 

Hip Knee 

Ankle. 

Haitux 

ShoiAldUr.^, 
jE-iboux ® 

Flne^jrs 
• • ® 

R 

Small 
Toes 

SF 

HaUux 
AitToes ® 

ArU-cie. e 
Knee. 

HifD. 
R 

IP 
e 0 

•ycs s * 
Ffe 

« 

Pc 
9 9 0 

Eyes. 

'peti-. 

9 
9 

« 
0 

9 
• IP 

u> 

0 

Hr ye^ 

* 9 9 

AnyU ofV^EoutEL 
9 

Eower\jaj^ * 

SYLVIAN FISSURE 

of * ' 
lift 

*Lovj€r0Jauj: 

SF = Sn2)erior frontal sulcus. 

R = Fissure of Rolando. 

G = Genu of ditto. 

Pc = Prsecentral sulcu.s. 

IP = Intrai^arietal sulcus. 

We cannot but feel that the foregoing hg. 4 clearly shows that the general plan ot 

the arrangement of the representation of the segments in the two animals corresponds 

closely, and that tlie variations are rather due to the exaggeration of the sinuosities 

in the gyri of the Orang than to any special characters in that animal. Indeed, if the 

Fissure of Holando in the Orang coidd be drawn out straight, the arrangement would 

be practically identical. 

It is extremely interesting to see that tlie plan of the segments of the lower limb is 

truly horizontal in the Orang, i.e., transverse to the Fissure of PtOLANDO, but antero- 

posteriorly placed in the Bonnet. We believe that this depends upon the following 

considerations, which we venture to suggest are not merely fanciful, and which we 

connect with the great representation in tlie Orang of extension of the hip as 

contrasted with the usual flexion of that joint in the Bonnet. 

The habits of the two animals appear to afford an explanation of the difference of 

the mode of representation in their brains. 

The Bonnet Monkey saves itself in flight by climbing, for which the first purposive 

movement of the lower limb is of necessity flexion of the hip. This, therefore, we find 

represented most anteriorly in the lower limb region, and therefore localised exactly 
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in the psychical order of events, i.e. (1), direction of the head towards the danger ; (2) 

initial movement of flight. 

In the Orang the case is otherwise. The vertical posture requires much purposive 

action. An Orang placed under the same circumstances as the Bonnet rises on to its 

hind limbs by extension of the hip ; we, therefore, find that this movement is repre¬ 

sented in this animal to great excess compared to that of flexion. 

Further, in accordance with the now well recognised fact that as the foci of function 

are more spread over the convex surface of the hemisphere from the longitudinal 

towards the Sylvian fissure, so they are more highly, he., purposively evolved, it is 

clear that in the Orang the hip possesses a far higher character of representation than 

it has in the Bonnet, and we believe that this subserves the vertical posture. In 

addition, just as in the Bonnet the anatomical juxtaposition of the foci corresponds 

with the psychical order of events, in the Orang it is seen also that the focus of direc¬ 

tion of the head towards the source of danger is situated helow the focus for the hip— 

below because, as will be seen, what in the upper part of the hemisphere is horizontally 

directed in the Bonnet Monkey becomes vertically arranged in the Orang. 

III. Integration of Foci. 

The extraordinarily integrated character ot representation of individual movements 

in the several foci thus observed is of such extreme importance in elucidating the 

mode of localisation of function in the brains of the highest animals, the main object 

of the present research, that we shall now examine their arrangement in successive 

detail from this standpoint. 

The most important facts to notice in the comparison of the representation of the 

Anthropoids and Man with that in the Macacque and similar Monkeys, the highest 

animals on which experiments on the brain have hitherto been conducted, are that— 

1. Instead of the excitable area of the cortex being continuous, it is (in the Orang) 

much interrupted by spaces from which no effect could be obtained even by the 

application of strong stimuli. 

The inexcitable areas are indicated on fig. 3, and it will be noticed that they 

separate the areas of representations of the larger divisions of the body, and do not 

separate those for the segments of such divisions. 

2. Beference to the figures shows also that a large part of the cortex generally 

considered to be excitable was not so in the Orang. This is especially the case in the 

frontal lobe, the whole of which in front of the ascending frontal gyrus was inexcitable, 

with the exception of the area for the representation of turning the eyes to the 

opposite side, which is just in front of the priecentral sulcus. See figs. 1 and 3. 

Similarly, the ascending parietal gyrus gave relatively much fewer results than the 

same gyrus in the Bonnet Monkey, being practically wholly inexcitable in its upper 

third (the superior parietal lobule). 
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3. The chief fact in this connection, and indeed possibly the most important new 

point observed in this investigation, is the frequent limitation of movement to one 

segment when a point is excited, instead of, as in the Bonnet, a sequence of move¬ 

ments being thus produced. As an extreme instance of this singularity of function 

we may mention square 31, wdiere flexion of the elbow and nothing else was obtained. 

The elbow in the Macacque, it will be remembered, was never unaccompanied by 

movements of other segments and rarely initiated a “ March,” whereas in the Orang 

we found it represented absolutely alone. (See “Marches,” p. 144.) 

It is well known that in the lower orders of animals the integration of representa¬ 

tion becomes less perfect as we descend in the scale* * * §—that, in fact, it is increasingly 

diflicult to differentiate the areas for the limbs; while, on the contrary, in ascending 

the scale, we have shown in our previous communications that it is easy to differen 

date between the areas of representation of even the segments of the limbs; and 

finally, when we now arrive at the Orang, the segments are not only differentiated in 

representation, but the nature of that representation is that of single movements. 

There is now, from direct observation, reason to believe that in Man a similarly 

interrupted mode of representation exists. 

The excitability to faradic stimulation of the human brain was established by the 

observations of BartholowI and Sciamanna.| 

The detailed results, however, are not sufficiently accurate to throw light upon the 

present question. Four observations, however, have been made under more favour¬ 

able circumstances, although they cannot be fully accepted as deciding this question. 

I. In October, 1886,§ one of us (V. H.) explored (under anmsthesia, with morphia 

i”d gi’- chloroform), for purposes of exact localisation, the right facial area in a 

boy, the subject of epileptic attacks, and found that excitation with an interrupted 

induced current of a strength just felt by the tongue only produced movements in the 

opposite (left) side of the face at points distant from each other, and not at interme¬ 

diate points. In this case, however, the surface of the brain had been freely irrigated 

with 5 per cent, carbolic acid solution in water. The application of this lotion 

Professors Schafer and Horsley had already found to soon depress the excitability 

of the cortex. This observation, therefore cannot stand alone. 

II. In May, 1888, Dr. Keen of Philadelphia!! excited (under anaesthesia with 

morphia -g- gr. and ether) with a faradic current of sufficient strength to cause 

contraction of the muscles of his own hand, the cortex in a man also the subject 

of epilepsy, and obtained movements as follow's— “ The wrist (as observed by Morris 

•J. Lewis) moving in extension in the mid line and to the ulnar side at different 

* Fereier, ‘Functions of tlio Brain.’ 

t Bartholow, ‘ Amer. Joniai. Med. Sciences,’ April, 1874. 

t ‘Arcli. cli Psicliiatria e Scienza Penale,’ 1882, 

§ ‘ Brit. Med. Journ.,’ April 23, 1883. 

II ‘International Journal of Medical Science,’ 1888. 
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touches, and the fingers being extended and separated. Above this centre were the 

shoulder and elbow centres and below, the face centre.” 

After Dr. Keen had excised the focal representation of the wrist thus ascertained, 

he again excited the cortical surface above and below the point of removal and observed 

movement as follows :—“ At the remaining part of the convolution at the upper 

margin of the excised portion, movements of the left elbow (flexion and extension) and 

shoulder, especially of the latter, winch was raised and abducted, were noticed. 

Touching the part of this convolution remaining at the lower border of the excised 

portion produced an upward movement of the whole left face, no one muscle being- 

noticeable in isolated conti-action. The platysma was not contracted nor was the 

ano'le of the mouth drawn downwards. Touchinj; the white matter at the bottom of 

the excision, produced again movements of the hand. . . .” 

Immediately after the operation, the left hand was found to be paralysed as to all 

movements both of fingers and wrist. The elbow was parotic, the shoulder and face 

perfectly unaffected. 

Dr. Keen’s careful observation seems to us to bear out what we have said above as 

to the nature of localisation in the highest animals, including Man, and the more so 

since, although the current employed was evidently so very strong, it only produced 

movement of one or, at the most, two segments at each spot. 

III. In June, 1888, Dr. Lloyd and Dr. Deaver similarly explored'’^ (under 

anmsthesia with ether preceded by chloroform and morp.hia ^ gr.), tlie region of the 

middle of the Fissure of Lolando with a faradic current (strength mfl given). Dr. 

Lloyd observed numerous and complex movements of the opposite upper limb and 

face. As he says {loc. cit.) “the exact muscular movements which occur in the fit.’’ 

Reference to his description makes it probable that he elicited epileptiform 

spasms. Of immediate interest to us is his summary of the eflects observed, as 

follows : — “I observed, especially in making these applications of faradism to the cortex, 

that considerable areas of it did not appear excitable at all to the strength of current 

employed, at least did not give muscular response anywhere, while the two compara¬ 

tively narrow points above-mentioned reproduced almost exactly the muscular 

contractions of the epileptic seizures, and seemed to stand for more ‘ centres ’ than 

the diagrams of those who have experimented would allow to any such narrow areas.” 

IV. In a fourth caset published by Dr. Nancrede, wIjo operated for the I'ellef of 

focal epilepsy, both the high integration of i-epreseiitation and, at the same time, the 

remarkable strength of current required to evoke the same were strikingly demon¬ 

strated. Dr. Nancrede found that excitation of “ a spot in the ascending parietal 

convolution,” corresponding to the point indicated by ourselves, “i.e., in the second 

fourth from below upwards, the thumb suddenly flexed,” and an epileptic fit followed. 

And further, he found that “ the shoulder, elbow, forearm, and facial centres were 

* ‘ International Journal of Medical Science,’ November, 1888, p. 480. 

t ‘ Medical News,’ Philadelphia, 1888, p. 586. 

MDCCCXC.—B. X 
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readily picked out,” and were situated as indicated by our previous observations. In 

the discussion that followed the reading of Dr. Nancrede’s paper, Dr. Morris J. 

Lewis, to whom had been intrusted the provision of the excitation, and, in part, 

observation of the effect, made the following important remarks. He said, “No effect 

was produced by the application to the cortex until the current was so strong as to 

produce powerful and painful tetany of his first dorsal interosseous muscle,” the skin 

being wet and metallic electrodes employed. The battery was “one of Flemming’s 

largest faradic batteries in perfect order, one half of the secondary coil being used with 

the graduating tube half withdrawn.” 

Finally, displacement of the electrodes laterally of the i^th of an inch “ caused the 

movement to cease,” showing how extremely focal the effect produced was. 

The objection to observation 1 does not apply in the same degree to observations 

2, 3, and 4, since in 2 and 3 a weak solution of perchloride of mercury, and in 4 

sterilised water was employed in irrigation of the surface of the brain. On collating 

the observations, moreover, they all point in the same direction, viz., that the repre¬ 

sentation of movement in Man is very integrated, be., in isolated areas, and requires 

powerful excitation for its deniunstration. 

Another example has recently occurred to one of us (V. H.) :— 

V. li.L. d, age 39, operated upon for focal ejiilepsy at the request of Sir James 

Crichton Browne, F.Ft.S. 
The attacks began with a confused aura in the left hand and upper limb, which was 

then raised at the shoulder in extension, the motor spasm spreading rapidly to 

the lower limb and face of the left side, and subsequently to the right side, but the left 

was far more affected, [t was concluded that a previous diffused injury to the head 

had caused lesion of the right so-called motor area, and that the focus for the move¬ 

ments of the shoulder was the starting point of the attack. 

The cortical area for the upper limb was therefore exj)osed. The dura mater having 

been raised carefully, the cortex was excited with platinum electrodes, 2 mm. apart, 

a secondary current being obtained from a Kronecker coil, furnished with a 

Helmholtz side wire, and siqtplied by a weak Grenet (bichromate) cell. 

The first excitation with the coil at 7000 gave no result, etherisation was then 

iliminished, but as no result followed a])pllcatlon of the electrodes to the point marked 

1 in the table on p. 155, the strength of the coil was raised to 8000, and subsequently 

to 9000 ; this last, together Avith diminished etherisation, produced a single movement 

of the thumb, consequently this strength of current was retained. Tested after the 

excitation was completed, this stimulus Avas found to be distinctly painful to the 

tongue and Avas, therefore, far in excess of tliat Avhich Avould have sufficed to produce 

general epileptic convulsions in the Bonnet Monkey. At the same time, it is 

interesting to note that the strength of current required to produce a moAmment 

from the cortex of the Orang- Avas intermediate between these tAvo extremes. 

The cortical surface exposed included the two central quarters of the Fissure of 
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PtOLANDO. the posterior extremity of the superior frontal sulcus (superior prmcentral 

sulcus of Jensen), and consequently a small piece of the ascending parietal, and a 

considerable part of the ascending’ frontal convolution, with very small portions of the 

superior and middle frontal convolutions. All these were explored with the current 

mentioned above, but only the ascending frontal gave any residt. 

No final conclusions can be ascribed to this fact, owins: to reasons which have been 

already stated, although care was taken to irrigate with the mercurial lotion instead of 

carbolic. In the ascending frontal, the points indicated below by the numbers I, 

2, 3, 4, 5 from above downwards, were found to be excitable and produced movement 

as follows :—■ 

The movements were observed by Sir James Crichton Browne, Drs. Buxton, 

Walton, and Russell. 

Ascending Frontal Convolution. 

Number.* Charactei’ of movement. 

I 1 
i 

Shoulder abducted, whole upper limb extended with jnonatiun 
of wrist 

2 Wrist, pronation; elbow movement (? character) 
3 Fingers ail flexed. Wrist extended with (?) pronation 
4 Index finger flexed 
5 Tiiumb, slight abduction followed by flexion towai'ds palm 

We wish to point out that the order of representation in the above table is 

precisely the same as that observed in the Orang and also in the Bonnet Monkey. 

The movements were, for the most part, single, i.e., affecting only one segment of the 

limb, and were evidently primary in character (vide ‘ Phil. Trans.,’ 1887). It was, of 

com’se, impossible to investigate these points more minutely as the object of the 

exploration had been attained, but it seemed as if the portions of cortex intervening 

betw’een the aVjove foci were either altoo'ether inexcitable or much less excitable than 

the foci themselves. 

We think that it will be now admitted that we are in a position to assert that the 

character of the motor function of the cortex, whether topographical or physiological, 

is the same in the higher animals, proceeding from the lower Apes through the 

Anthropoids to Man. 

4. In complete accord with this we find that in the Orang no border centres of 

amalgamated function of contiguous areas of representation exist, such as, for instance, 

that in the Bonnet Monkey between the areas for t!ie limbs and face. 

5. We never observed epilepsy to follow excitacion of any part, although, as has 

been already described (p. 140) the electrodes were occasionally kept in contact 

* No. I was situated just below the level of the superior frontal sulcus, and No. 5 just above the 

middle of the genu, which was well marked, 

X 2 
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for 5 seconds. In view of the increasing readiness with which epilepsy follows cortical 

excitation as we pass from Apes to the Carnivora this observation is not without 

meaning. 
Conclusion. 

In conclusion we feel obliged to advert once more to the fact that the foregoing 

account is founded upon but one experiment. In view of the difficulty and expense 

of obtaining material we have, however, thought it best to publish the results at once. 

Description of Plates. 

Plates 16, 17 (Figs. 1-5). 

PLATE 16. 

Fig. 1. View of left hemisphere (external surface) which was analysed by excitation, 

and })hotographed directly after the experiment, with the meninges intact. 

Natural size. The photograph has been unavoidably reversed in printing. 

Sy. Fissure of Sylvius. 

G. Fissure of Rolando, placed just behind its genu. 

Pi'.c. Praecentral sulcus. 

S.F.S. Superior frontal sulcus. 

I.F.S. Inferior frontal sulcus. 

F.c. Postcentral sulcus. 

l. I\ Intra-parietal sulcus. 

Fig. 2. View of the same hemisphere after hai’dening in bichromate of ammonia and 

alcohol, and subsequently removing the meninges. Natural size (shrunk in 

hardening). 

The letters are the same as in fig. 1. 

PLATE 17. 

Fig. 3. Photograph of the original drawing of the portion of the cortex examined, 

made at the time of the experiment. The exact size, on paper ruled with 

2 mm. squares, as described on p. 133. 

The letters are the same as in fig. 1, except that the Fissure of Rolando 

is called R. 

The numbers are referred to in the text. 

Fig. 5. Horizontal section of the right hemisphere, showing the level where the 

internal capsule was excited {vide p. 147). 

i.c. Internal capsule. 

jyu. Putamen, or outermost zone of lenticular nucleus. 

m. z. Middle zone of lenticular nucleus. 

o.th. Optic thalamus. 

sJ. Septum lucidum. 
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Plates 18-20 (Figs. 1-27). 

PLATE 18. 

f^ig. 1. Photograph of the external surface of the left hemisphere, which is tilted 

laterally, so that the genu of the Fissure of Polando is opposite the centre 

of the lens. Natural size. 

Tlie letters refer to the same parts as in fig. 1, Plate IG. 

In figs. 1 to 27, the shading shows the area of representation of the various 

movements, the depth of shading showing the degree of representation. The num¬ 

bering of these figures corresponds to the description in the text (pp. 134-147). 

Figs. 2-27 are photographs of the central convolutions corresponding to fig. 1. 

Fig. 1. Both eyes move conjugately to the opposite side. 

Fig. 2. Combined movement of eyelids opening briskly, eyeballs turning to the o])po- 

site side, and head turning to the opposite side. 

Fig. 3. Bilateral closure of the eyelids, but those of the opj)osite side more strongly 

than those of the same side. 

Fig. 4. Elevation of upper lip of opposite side. 

Fig. 5. Retraction (horizontal) of the opposite angle of the mouth. 

Fig. 6. Eversion of the opposite lower lip. 

Fig. 7. Rolling in of both lips, especially of the lower and of the opposite side. 

Fig. 8. Pursing of both lips. 

Fig. 9. Pouting of both lips. 

PLATE 19. 

Fig. 10. Twitching of the opposite half of the upper 2)art of the orbicularis oris. 

Fig. 11. Opening of the moutli. 

Fig. 12. Tongue protruded, flattened posteriorly, tip directed to opposite side. 

Fig. 13. Tongue protruded, heaped up on the same side, and tip directed to the 

opposite side. 

Fig. 14. Tongue neither protruded nor retracted, but rolled over to opposite side. 

Fig. 15. Tongue retracted, heaped up posteriorly, and rolled over to opposite cheek. 

Fig. 16. Tongue retracted slightly, flattened throughout, and the tip of the opposite 

side retracted horizontally. 

Fig. 17. Movements of the thumb. 

Fiof. 18. Movements of the index finofer. 

Fig. 19. Extension of the fingers. 

Fig;. 20. Movements of the wrist. 

Fig. 21. Flexion of the elbow. 
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PLATE 20. 

Fig. 22. Adduction of the shoulder. 
Fig. 23. Movements of the hallux. 

Fig. 24. Extension of the small toes. 

Fig. 25. Movements of the ankle. 

F"ig. 20. Movements of the knee. 

Fig. 27. Movements of the hip. 

PLATE 21. 

This is a photog-raph (enlarged twice the size) of fig. 1, Plate 18, upon which ar 

written the names of the foci of representation in their proper relative positions. 
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VII. Development of the Sympathetic Nervous System in Mammals. 

Jiy A. M. Paterson, M.D., Professor of Anatomy in University College, Dundee. 

Communicated by A. Milnes Malishall, F.R.S. 

]{eceived April 18,—Read Maj 1. 1890. 

[Plates 22-30]. 

I. Introduction. 

The Mammalian sympathetic nervous system presented a})|)arently insurmountable 

obstacles to both anatomists and physiologists till the publication of Gaskell’s 

Monograph in 1885 (1). Our knowledge of its structure and functions is now, 

however, placed on a much firmer basis ; and it is possible to enter seriously into a 

consideration of its morphology and development. 

A. Physiology. 

Tiie cells composing the ganglia in the main sympathetic chain are shown by 

Gaskell to be trophic only. They are neither automatic nor reflex in their action, 

but merely nourish the fibres which pass from them centrally or peripherally. Tlie 

gray Rami communicantes spring from the ganglia and are distributed as trophic 

fdires to the roots and trunk of each spinal nerve and their meninges, and the 

bodies of the vertebrie. In some cases [e.g. fore and hind limbs) the vasomotor fibres 

reach their destination through these Pami. The white Rami communicantes are 

only found in two regions. In the Uog between the tenth and twenty-fifth spinal 

nerves (second dorsal—second lumbar), and in the Kami of tlie second and third 

sacral nerves. This corresponds fairly accurately with their distribution in the 

liuinan subject (2). In botli regions they cous^ist of very small medullated fibres 

( l'8/r to 2'7/x). In the anterior region the white Pami pass from the spinal nerves 

to the ganglia, and tliere separate into two gronps ; one set forms vasomotor fibres, 

which join the ganglia, become connected with the ganglion-cells, and are distributed 

peripherally as gray fibres, greatly increased in numbers. The othei' set does not 

join the ganglia, but, passing over them, forms the nerves distributed in the Splanch- 

nics to the abdominal viscera as visceroanidhitory fibres. In the posterior region 

24.11.90 
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white Rami arise from the second and third (and in man fourth (2)) sacral nerves 

which pass over without joining the ganglia ; becoming connected with the hypo¬ 

gastric plexus, tliey are distributed as the Nervi erigentes [vaso-inhihitorij fibres), 

'fhey are possibly also viscero-inhihitory. 

The only spinal nerves which come into direct communication with the sympathetic 

ganglia are the vasomotor fibres. In fact, so convinced is Gaskell of this that he 

maintains that “this chain might, therefore, be most appropriately called the chain 

of vasomotor ganglia, instead of the present meaningless title of main sympathetic 

chain.” Gaskell shows, moreover, that these vasomotor fibres are conducted along 

the sympathetic chain from their source to their distribution. In the anterior 

thoracic region they pass forwards along the chain to be distributed to the carotid 

and vertebral arteries, to the arm, and to the heart. In the posterior part of the 

thorax they pass backwards to the aorta, abdominal vessels, and lower limbs. 

The functions of the gangliated cord of the sympathetic thus appear to be :— 

1. To nourish the vasomotor fibres after converting them into non-medullated fibres ; 

and 2. To act as “a guiding rod” to direct the course of the stream of vasomotor 

fil>res emerging from the cerebro-spinal axis. 

B. Morphology. 

The prevailing notion among anatomists regarding the morphology of the gang- 

liatedcord of the sympathetic is one which springs from the analogy which it bears 

to the bilaterally gangliated chain in Invertebrates, and wdfich has been elaborated by 

1 ’alfour chiefly among embryologists (3). It is generally spoken of as being segmental, 

and the attempt is made to harmonise the arrangement of tlie ganglia with that of 

the vertebral somites. Instead, however, of presenting a distinctly metameric arrange¬ 

ment, there is anything but a correspondence with the segmentation of the body, as 

illustrated in the case of the spinal nerves or vertebrae. In the human subject, for 

example, in the neck there are only two, sometimes three, ganglia in the sympathetic- 

cord. The first is elongated, connected with four spinal nerves, and sometimes 

irregularly constricted, and so “ is favourable to the view that it may be regarded as 

consisting of several ganglia which have coalesced.” (4). The last cervical ganglion is 

frecpiently fused with the first thoracic. In the gangliated cord in the other regions 

tlie same irregularity is seen. Of the thoracic ganglia there are usually twelve, but 

variations are formed occasionally by the “ coalescence ” of adjacent ganglia. In the 

loins there are generally four ganglia, but the number is often diminished. They are 

sometimes even fused into a single ganglion, much elongated, passing over several 

vertebrae, and connected at intervals with the lumbar nei-ves. “ The sacral ganglia are 

usually four in number, but the variation both in number and Size is jnore marked 

than in the thoracic or lumbar ganglia” (4j. 

The assertion of Gaskell (1), which I shall venture in the secpiel to uphold fixun 
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embryologlcai considerations, that the superior cervical ganglion is to be looked upon 

neither morphologically nor physiologically as a fundamental portion of the gangliated 

cord, but rather as a distal or collateral ganglion, makes it still more difficult to regard 

the gangliation of the chain as indicative of its metameric constitution. 

It is noteworthy that the central connexions of the main chain form the only 

evidence of segmentation, which is not discredited by exceptional characters. These 

connexions are obviously truly segmental, being intimately related to the spinal 

nerves; and the segmental hypothesis of the formation of the sympathetic is founded 

essentially on these anatomical relations. Hereafter I shall endeavour to demon¬ 

strate that the sympathetic is primarily unsegmented, and shall attempt to show 

adequate cause for the appearance of segmentation in the cord. 

C. Emhrijologij. 

The recent memoirs bearing on the development of the sympathetic are com¬ 

paratively few, and the excellent account given of the literature of the subject in 

Onodi’s monograph (15), makes it unnecessary to repeat it here at length. Various 

steps in the process have been traced by previous observers; but there is absolute 

divergence in their views regarding the most vital points. In the first place it cannot 

be said to be definitely proved from which of the embryonic layers the gangliated cord 

arises. On the one hand we have the weighty authority and historical researches 

of Kemak (5, 6), supported by Bidder and Kupffer (7), Kolliker (8), ITensen (9), 

His 'I (10), Gotte (11), and Schwalbe (12), in defence of its origin from mesoblast. 

On the other hand Balfour’s work on the development of Elasmobranchs (13), 

the memoir of Schenck and Birdsell (14), and the elaborate monograph of Onodi 

support the idea of its origin from epiblast. There is a third hypothesis to the effect 

that the sympathetic is originally derived from hypoblast. As far as I am aware, 

this theory has never been seriously supported by any observer, and, as it will not 

bear investigation, it is not necessary to discuss it further. 

Those who, like Bemak and his followers, uphold the mesodermal origin of the 

sympathetic, maintain that it springs from isolated segmental ganglia arising from 

the mesoblast in the neighbourhood of the protovertebrse, which ganglia obtain con¬ 

nexions with the periphery, with the spinal nerves, and aiitero-posteriorly with the 

contiguous ganglia. 

Balfour (13) was the first to suggest the ectodermal origin of the sympathetic, in 

order to harmonise it with the rest of the nervous system. In his monograph on the 

development of Elasmobranchs, he makes some observations on the development of 

the ganglia. He says : “ There may be seen short branches from the spinal nerves, 

which take a course towards the median line of the body, and terminate in small 

irregular cellular masses immediately dorsal to the cardinal veins. These form the 

first traces that have come under my notice of the sympathetic nervous system. In 

MDCCCXC.—B. Y 
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the j^oungest of my embryos, in which I have detected these, it has not been possible 

for me either definitely to determine the antero-posterior limits of the system, or to 

make certain whether the terminal masses of cells which form the ganglia are con¬ 

nected by a longitudinal commissure.” There is here only one positive observation, 

namely the connexion of the ganglia with the spinal nerves, which might be obtained 

from an examination of the adult, and Balfour himself, while inferring that the 

ganglia spring from the spinal nerves, and therefore from ectoderm, admits that his 

investigations, “ though they may naturally be interj)reted in this way, do not 

definitely exclude a completely different method of development for the sympathetic 

system.” In his ‘ Comparative Embryology ’ he states that “ the sympathetic 

ganglia (in Elasmobranchs) are at first simply swellings on the main branches of the 

spinal nerves, some way below the ganglia. ... I have been unable to find a longi¬ 

tudinal commissure connecting them in their early stages, and I presume they are at 

first independent, and become subsequently united into a continuous cord on each 

side.” He also derives the suprarenal bodies of Elasmobranchs from the sympathetic. 

Other observers, Brunn (16), Kolliker (17) and Braun (18), have shown that the 

medullary parts of the suprarenals are derived from the sympathetic, the cortical parts 

from undifferentiated mesoderm. 

ScHENCK and Birdsell (14), working with Chick, Dog, and Human embryos, 

came to the conclusion that the ganglia are derivatives of the central nervous system, 

and are pushed out from the spinal ganglia. Their paper is not, however, convincing; 

the illustrations do not clearly express the meaning of the text ; and the facts adduced 

do not appear to justify the generalisations at which they arrive. 

Onodi (15) has given the most complete account of the development of the sympa- 

tlietic. His researches cover all the classes of vertebrates. In fishes he studied the 

question in Scjjlliuni canicula, Miistelus Idivis, Scymnus, and Torpedo. In the first 

only he describes the earliest appearance of the sympathetic ganglia, as thickenings on 

the ventral ends of the spinal ganglia. These thickenings are comjaosed of large cells, 

w'hich stain deeply, are arranged in rows, and are sharply marked off from the pale 

mesoderm cells. By the further growth of this bulbous expansion the sympathetic 

ganglion is formed, remaining in connexion with the spinal nerve by a double row of 

cells. In the other examples, the commencement of the gangliated cord was not 

discovered ; in the youngest specimens examined the ganglia were fully formed, and 

connected to the spinal nerves (as Balfour described) by Rami communicantes. 

These rarni Onodi describes as being first cellular, afterwards becoming fibrous. The 

main conclusion of his researches in Fishes agrees with that of Balfour, that the 

ganglia are segmental and ectodermal in origin. They disagree, however, in regard 

to the jn-ocess of formation. Balfour regards the sympathetic ganglia as buds from 

the sjiinal nerves, the connecting stalk being gradually elongated into the ramus com- 

municans as the ganglion grows. Onodi, on the other hand, asserts that ganglia 
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and rami are dmect proliferations from the spinal ganglia. Nor in either case is the 

evidence clear regarding the fusion of the ganglia to form the connected chain. 

In Birds and Mammals, Onodi did not see tlie earliest stages in tlie development 

of the sympathetic. In the Chick at 3 and 5 days the gangliated cord was 

present, and connected by rami to the spinal nerves. In the Rabbit (10 mm.) and 

Human embryos (18 mm.) the same conditions were found—ganglia already formed, 

with their rami communicantes. These observations do not differ markedly from those 

of other investigators—His, Schenck and Bildsell, Braun, &c. Yet, although in 

no case were the ganglia seen to spring from the spinal ganglia, Onodi expresses him¬ 

self as convinced (from the appearance he describes in Scyllium) that that is the source 

from which they originally start. 

Summarising the conclusions of previous observers discussed above,—the sympa¬ 

thetic gangliated cord in Mammals consists of vasomotor ganglia, trophic in their 

functions, and pseudo-metameric in their morphological arrangement. Two opposite 

views exist amongst embryologists regarding its development. In both views the 

segmental formation of the cord is upheld. According to one view it is mesodermal, 

and is formed in situ. Accordino’ to the other view, it is ectodermal. But the 

observers who assert this view disagree as to its fundamental source. Balfour 

regards each ganglion as an offshoot from the spinal nerve ; Onodi and Schenck and 

Birdsell consider it as a direct proliferation from the spinal ganglion. 

In the succeeding pages the attempt will be made to find the source of the sympa¬ 

thetic system in Mammals, by tracing its development from its first appearance to the 

date at which it can be fairly compared with the adult condition; and thereafter, by 

a study of its morplrology at different ages, and in different animals, to harmonise the 

conflicting views of anatomists and physiologists, 

II. The Development of the Sympathetic System."' 

The following researches were begun some years ago, during an investigation into 

the development of the spinal nervous system. It was then noted that the first 

apparent connexion between the sympathetic ganglia and the spinal nerves arose in 

the formation of the splanchnic or visceral branch of the latter, which passed into the 

splanchnic area and seemed to join the gangliated cord. Beginning at this point, and 

continuing the investigation into earlier and later stages, it has been possible to 

arrive at conclusions reo-ardirm the main features in the formation of the gangliated 

* Dealing exclusively with Mammals, in the following pages, it is necessary to explain the method 

used in determining the ages of the embi’yos employed. It is not possible, in my opinion, to be certain 

as to exact ages, as the time of impi’egnation after connexion varies in different cases ; and two embryos 

from the same uterus often differ in size and extent of development. From a comparison of a large 

series, however, it is possible to determine approximately the age of a gNen embryo. In the following 

description the probable age of the embryo is given, and when possible, its axial length also, 

Y 2 
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cord, its connexion with the spinal nerves, its terminations, cephalic and caudal, and 

its relations to the suprarenal boflies, and collateral gangdia. In the succeeding 

account the order followed will be that of development, as far as the subject under 

consideration allows, and as far as possible drawings from the actual specimens will be 

utilised to demonstrate the facts adduced. 

1. Formation of the Main Sympathetic Cord: Early Stages. 

The examination of very young Mammalian embryos leads only to negative conclu 

sions regarding the origin of the sympathetic cord. 

In Rat embryos about 5-6 days old, cut in utero, hardened in spirit and stained 

with aniline blue-black (Bevan-Lewis), the spinal cord is incompletely closed, the brain 

consists of its three primary vesicles, and the optic vesicles are in process of formation. 

In transverse sections through the thoracic region (Plate 22, tig. 1), the notochord {No.) 

is large and distinct, is surrounded by a sheath, and is in close contact with the 

spinal cord {Sg).C.). Below is the alimentary canal {Al.). in the ventral wall of which 

the first steps in the formation of the pulmonary passages are to be seen. On each side 

are the separate aortse (Ao.) and muscle plates {M.P.), the inner layers of which 

are undergoing proliferation. The dorsal ganglia {D.R.) are beginning to form, as 

indistinct buds of fusiform cells (stained like those of the spinal cord more deeply than 

the surrounding mesoblast), springing from a hardly perceptible neural ridge on the 

summit of the spinal cord. There is no sign, as yet, of the \'entral roots of the spinal 

nerves, or of the sympathetic cord. Between the muscle plate and aorta laterally, 

and the spinal cord, notochord, and alimentary canal in the middle line, is a clear 

space containing only some scattered embryonic cells with branching processes. 

In Rabbit embryos aged about 7 days (axial length 5 mm.), haA’dened in picric acid, 

and stained with borax-carmine, the dorsal aortse were fused into a single trunk, having 

a cardinal vein on each side; the lungs had begun to form, and the limljs were repre¬ 

sented as rudimentary rounded buds. The spinal cord was almost entirely cellular, a 

very narrow belt of fibres being found only in the neighbourhood of the dorsal and 

ventral roots. The development of the spinal nerves was further advsinced. In trans¬ 

verse sections through the thoracic region (Plate 22, fig. 2), the dorsal ganglion (D.G.) 

is distinctly seen : fusiform in shape, it is connected to the spinal cord (Sp.C.) by a 

bundle of fibres, among which are cells possessing large nuclei and fine tapering pro¬ 

cesses at either end. At its distal end, a bundle of fibres can be traced to join the ventral 

root. The latter is also distinct: it leaves the spinal cord as a number of separate 

fine fibres which combine with the dorsal root to form the nerve {S2).n.). This can 

be traced outwards almost as far as the cardinal vein (C.V.), and to the level of the 

somato-splanchnic angle (a); or in the regions where the limbs are sprouting as far 

as the I'oots of the limbs, where in certain sections the fibres can be seen to separate 
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out slightly before their termination. The nerves consist for the most part of fibres : 

the cellular elements are plainly mesoblastic, and help in forming the nerve-sheaths. 

Tliere is no sign as yet of the formation of the superior primary division, or 

splanchnic branch of the nerve. The ventral root passes out entirely below the 

dorsal ganglion, which is easily defined. The interval before mentioned between tlie 

aorta, cardinal vein, spinal nerve, and spinal cord, is now filled up by a mass of 

mesoblastic cells (intermediate cell-mass) in process of vertebra formation. The cells 

are large, often with several nuclei, and are in an active state of division. They all 

stain equally with borax-carmine, except the nuclei of blood corpuscles, which stain 

more deeply. 

Sagittal sections of embryos from the same uterus show the spinal nerves in 

transverse section; but there is no evidence of the existence of the sympathetic cord 

or ganglia. 

In Mouse embryos of about 8 days, and in Rat embryos of a similar age (the axial 

length of the latter being 7 mm.), the first indication of the formation of the sympa¬ 

thetic cord has been found. The general condition of development in both these 

animals corresponds with that of the Chick at the end of the third and beginning of 

the fourth day. The spinal cord is cellular, a narrow belt of fibres being present on 

each side in the neighbourhood of and between tlie nerve-roots. The spinal nerve 

has extended almost as far as the somato-splanchnic angle, and to the cardinal vein in 

places where the latter is present; and in some sections the superior primary division 

is apparent. The pulmonary diverticulum from the alimentary canal has become 

divided into the two main bronchi. The Wolffian duct and Wolffian body are 

distinct. 

The Mouse embryos (Plate 22, fig. 3) were hardened in picric acid and stained with 

borax-carmine. A change is now apparent among the cells of the mesoblast surrounding 

the aorta (Ao.). Li the interval between the latter and the cardinal vein (C. V.), instead 

of a uniformity in the cells composing the intermediate cell-mass, an irregular group of 

cells is seen among them {Sy.), lying on the ventral side of the intercostal arteries, and 

in close proximity to the aorta. On close examination, this mass of cells is strikingly 

different from the surrounding mesoblast. The cells stain more deeply ; the nuclei are 

larger, and often possess a considerable number of nucleoli ; and the cells form a 

rounded clump closely massed together, only in some sections clearly demarcated from 

the cells in which they are imbedded. This mass is bilaterally symmetrical, and is 

evident in continuous series of sections from the level of the cephalic border of the 

fore-limb anteriorly, where it ends abruptly, to the middle of the trunk—the region of 

the stomach—posteriorly. It is comparatively large anteriorly, and gradually tapers 

off and becomes indistinct posteriorly. The mass in front is double the thickness 

of that seen further back. There is no connexion, fibrous or cellular, with the spinal 

nerves or ganglia. 

The Rat embryos of the same age were hardened in spirit, and stained with aniline 



166 PROFESSOR A. M. PATERSON ON THE DEVELOPMENT OF 

blue-black. They were in the same condition of development as the Mouse embryos. 

The spinal nerves (aS^.M., Plate 22, fig. 4) w^ere distinctly fibrous, terminating in a 

thickened brush-like ending in the neighbourhood of the cardinal or jugular vein (P.). 

The dorsal ganglia [D.G.) were well defined, and consisted of fusiform cells with large 

ovoid nuclei, and with long and fine processes directed towards the spinal cord and 

nerve. In transverse sections a more or less rounded mass of cells {Sy.) is seen lying 

between the aorta or carotid artery, and the cardinal or jugular vein (P.). It is 

formed of a mass of cells closely packed together and sharply marked off from the 

ordinary mesoblast by a capsule composed of a single layer of flattened cells, which, 

like the blastema-cells in which the mass is imbedded, stain less deeply than the mass 

itself The cells forming this group, besides being evident from their deeper staining, 

possess nuclei, which have a striking appearance in transverse sections. Some are 

large and prominent, with several nucleoli; others are very small ; while some cells 

appear to be without nuclei. In transverse sections they are round or angular. 

These appearances are due to the fact that the cells are fusiform, and so are cut at 

different levels in transverse sections. The mass, as a whole, is in close proximity to 

the aorta or carotid artery. It is distinct and separate from the spinal nerves. It is 

traceable in transverse sections from a point slightly anterior to the root of the fore¬ 

limb to the middle of the trunk, being thickest in front, and gradually becoming- 

attenuated and indistinct behind. 

In longitudinal (sagittal) sections of embryos from the same uterus, prepared in the 

same way, one can make out by means of continuous series of sections that this 

apparently rounded mass is distinctly evident on either side of the middle line as a 

long rod or column of fusiform cells {Sy., Plate 26, fig. 11), possessing large, deeply 

stained, ovoid nuclei, and fine thread-like processes. vVll the cells are directed antero- 

jDosteriorly, and bear a inarked resemblance to the cells of the dorsal ganglia at this 

date {D.G.). The column lies in close proximity to the aorta and carotid vessels 

{Art.), and can be traced forwards as far as the level of the mouth {Mo.) and first 

vertebral segment {Ist V.S.), where it ends abrujDtly in a pointed brush-like process 

composed of the filiform processes of the cells, and not apparently due to any admix¬ 

ture of fibres. It is marked off from the surrounding tissues by a narrow but distinctly 

evident interval. Behind the level of the lungs the column of cells becomes less 

distinct; it can, however, be followed to the anterior end of the kidneys (Wolffian 

bodies), where it becomes connected with a mass of mesodermal cells, whuch form one 

portion of the suprarenal bodies. Above and behind the kidneys the character of the 

column changes. It can be followed to the level of the hind limbs, but is more 

indefinite; its cells, while retaining their fusiform character and columnar arrange¬ 

ment, are less closely packed together, are less regularly arranged, and are less deeply 

stained than in the anterior part of the column. Traced backwards, it becomes more 

and more indistinct, and is finally lost in the region of the hind limbs. In its entii e 

length I failed to find any connexion between this cellular column and the spinal 
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nerves. It is slightly thicker in front than behind, but is of almost uniform width 

throughout. It presents no evidence whatever of segmentation. 

I have not the slightest hesitation in asserting that the cellular column above 

described is the precursor of the main sympathetic chain. It occupies the position of 

that chain; and there is no other structure to be found in the vicinity, in the form 

of isolated ganglia or otherwise, wliich might lead one to doubt its significance. It is 

mesodermal in origin; it is formed in situ; and it is unsegmented and unconnected 

with the spinal nerves. The next step in the investigation is to discover how this 

connexion takes place. 

2. Connexion of the Sympathetic Cord and Spinal Nerves: Formation of the Kami 

communicantes. 

In Kat embryos, aged between 8 and 9 days, axial length 8’5 mm., hardened in 

spirit, and stained with aniline blue-black, the above-mentioned cellidar cord {Sy., 

Plate 23, fig. 5) is slightly larger than before. In transverse sections it has the 

same close connexion with the aortic wall (Ao.); and in certain places can be traced 

into continuity with small bundles of similar cells, which form groups lying against 

the sides of the vessel, and tapering off in a ventral direction. These cells form the 

first sign of peripheral distribution from the cord. At this date the cord itself 

presents no sign of constriction or segmentation, and has the same antero-posterior 

limits as before. 

It is in the spinal nerve that the most significant change is now seen. In j^revious 

sections the inferior primary division was traced as far as the cardinal vein, above the 

somato-splanchnic angle. It is now seen (Sp.N) to divide at that spot (a) into two 

unequal parts, a larger external (So.) and a smaller internal branch both of 

which are very short and end abruptly in a fringe of nerve fibres lying between and 

against scattered mesoblastic cells. These two short branches form the first appear¬ 

ance of the somatic and splanchnic branches of the nerve. The former is directed 

towards the body wall, the latter inwards, behind the cardinal vein (C.V.) towards 

the median line. 

In Mouse embryos of about 9 days, hardened in picric acid, and stained with borax- 

carmine, development has f)ei’ceptibly advanced. Transverse sections (Plate 23, 

fig. 6) show the spinal cord (*^9.C.) with its cells arranged in two groups; a broad 

band of deeply stained cells surrounds the neural canal, while more externally a 

mass of paler and more scattered cells is found, the precursor of the proper gray 

matter of the cord. Outside the cells the belt of peripheral fibres has become 

distinctly thicker. The cellular cord (Sy.) presents the same characters as before ; 

it is thick anteriorly, gradually tapering oft' posteriorly ; and it possesses the same 

bundles of cells in connexion with it, passing ventrally, and embracing the sides of 

the aorta. In the spinal nerve the condition of development is advanced. The 

superior primary division is plainly seen; the somatic branch (So.) of the inferior 
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primary division (/.Z).) is longer and larger, and in the regions of the limbs has 

entered their substance and has divided into dorsal and ventral branches. The 

splanchnic branch (S2)l.) can novr be traced to a point midway between the cellular 

sympathetic cord (Sy.) and the origin of the branch from the spinal nerve. It is 

most evident in the thoracic region. In the neighbourhood of the origin of the 

trachea and anterior to that, it could not be found. There the cellular cord was 

very distinct ; the superior primary division and somatic branch were visible, but so 

far as I could discover, no splanchnic branch was present. 

In transverse sections of Rat embryos at about 10 days, hardened in spirit and 

stained with aniline blue-black (Plate 23, fig. 7), the cellular cord of the sympathetic 

(Sy.) has much the same characters as in the last case. It still presents in continuous 

sections a uniform thickness. Cellular outgrowths from it (Br.) can be traced ven- 

trally round the aorta, especially in the region of the kidney, and in front of it, to form 

the collateral ganglia, and to join the suprarenal bodies. Behind that point the cord 

becomes attenuated. The spinal nerve shews an advanced condition of development. 

The superior primary division {S.D.), though well formed, is not yet differentiated into 

its separate roots. The somatic part (So.) of the inferior primary division (I.B.) is 

seen divided into its dorsal and ventral branches (l.2.). The splanchnic part (Spl.) is 

very evident in the region in front of the kidney. Each branch is thick, and directed 

inwards above the cardinal vein (C.V.) ; and reaches almost, but not quite, up to the 

sympathetic cord. The interval between the two varied slightly in different nerves, but 

in no single case was the junction perfectly evident. Round the end of the splanchnic 

branch are large fusiform cells which obscure the ends of the nerve fibres, probably 

mesodermal cells, which are proceeding to form the sheaths of the nerves, possibly cells 

derived from the sympathetic cord and pursuing a central direction. The nerve fibres 

throughout the spinal nerves are larger than before, and appear in the form of wavy 

bands. 

In transverse sections of Mouse embryos at about 11 days (Plate 24, fig. 8), hardened 

in picric acid, and stained with borax-cai mine, development is further advanced. The 

spinal cord is more fibrous ; the anterior commissure is thicker, and the decussation of 

fibres within it more evident. The superior primary division of the spinal nerve (S.D.) 

is now traceable to two independent roots, one dorsal, the other ventral. The splanchnic 

branch (*5ph) has now joined the sympathetic cord (Sy.). The fibres on entering the 

mass present, in transverse sections, cut ends, and cannot be traced into direct com¬ 

munication with the cells. Surrounding the junction of the nerve with the cellular 

cord are groups of cells, some of them in continuity with, and apparently forming part 

of, the sympathetic cord, others resembling the blastema cells surrounding the 

splanchnic branch. Some of the cells of the sympathetic cord are ovoid, or occasionally 

stellate in transverse section, Avith one long process directed towards the nerve, and 

others radiating in different directions, chiefly towards the aorta. These processes 

can be seen joining others from neighbouring cells of the mass, in the midst of "which 
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the fibres of the splanchnic branch can be seen coursing downwards and inwards. The 

splanchnic branch was not traced beyond the sympathetic cord. The latter was lost 

in the region of the neck in front, and in the region of the hind limb behind. 

In transverse sections of Rat embryos, at about 12 days, hardened in picric acid, 

and stained with borax-carmine, general development has advanced a stage (Plate 24, 

fig. 9), The cells of the intermediate cell mass have grouped themselves closely round 

the notochord (No.), in process of vertebra formation. The cells of the spinal cord 

{Sp.C.) are more distinctly separated into two gTOups, and the fibrous belt is thicker, 

especially near the origins of the spinal nerve-roots. The ventral root-fibres are seen 

to be in direct continuity with the cells of the spinal cord; the dorsal ganglion has 

its cells more regularly arranged in vertical ]’Ows. The divisions of the spinal nerves 

have increased in length, and are more distinctly differentiated. The splanchnic 

branch (Sj^l.) can, in transverse sections, be traced into the sympathetic cord, with 

which it is directly connected. In the thoracic region its fibres can be traced 

proximally through the spinal nerve and into continuity with both dorsal and ventral 

roots, Distally, its fibres can be traced into direct connexion with the cells of the 

sympathetic cord. In some cases the fibres are traced into the mass, and their cut 

ends appear in transverse sections. In the anterior part of the thorax, the fibres 

cannot be traced beyond the sympathetic cord. In the region of the neck, and in 

front of the origin of the vertebral artery, no splanchnic branch at all could be found 

joining the sympathetic. In some situations—especially in the region of the stomach 

—the splanchnic branch is divisible into two bundles of fine wavy nerves, one of 

which joins the sympathetic, and either communicates by its fibres with the cells, or 

is directed forwards or backwards in the cellular column ; the other bundle passes 

round the sympathetic cord, and can be followed in a ventral direction for some 

distance, in the interval between the aorta and cardinal vein. Here the wavy fibres 

are surrounded by large blastema cells, which lie pressed against their side ; among 

them, also, are seen other cells, directly continuous by their processes wuth the cells of 

the sympathetic cord. In other places, even more distinct cellular branches proceed 

peripherally from the latter, round the aorta, to form plexuses, collateral ganglia, &c. 

The sympathetic itself has much the same constitution as before, the noteworthy 

points in its structure being found at the ends. Posteriorly it narrows, and finally 

disappears at the point of bifurcation of the aorta. Traced forwards, it becomes 

thicker, attaining its greatest size near the origin of the vertebral artery. It here 

gives off a slender fibro-cellular cord which accompanies that vessel, and itself suddenly 

narrows and becomes decidedly fibrous. It soon swells out again, and resumes its 

cellular characters, and in this form is traceable to the level of the top of the pharynx, 

along the common and internal carotid arteries. Lying near the ganglion of the 

vagus, it becomes gi^adually narrower, and can be followed only as a thin fibrous cord 

along the carotid artery, as it courses beneath the auditory capsule, where it finally 

disappears. 

MDCCCXC.— H. z 
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In Rat embryos, at about 13 days, hardened in spirit, and stained with aniline 

blue-black, the sympathetic cord can be followed backwards as far as the middle 

sacral artery, and slightly behind the bifurcation of the aorta. In coronal sections in 

the thoracic region, it shows no constriction whatever ; it is composed of fusiform cells 

arranged longitudinally, with nerve fibres coursing forwards and backwards among 

them, derived from the splanchnic branches of the spinal nerves, which can be seen to 

enter the cord obliquely, the fibres diverging and being traceable for some distance. 

The cellular branches from the sympathetic cord have now extended stiU further in a 

ventral direction, and the formation of the collateral ganglia and suprarenal bodies is 

more advanced. The splanchnic branches first become evident and join the sympa- 

tlmtic cord at the point where the dorsal aorta becomes single and median. In front 

of that point there was no evidence of a splanchnic branch joining the sympathetic 

cord. Again, behind the bifurcation of the aorta no splanchnic branches could be found. 

Between these points they were distinct and evident. In the region of the stomach 

and kidney the splanchnic branch was most clearly divisible into two parts, one join¬ 

ing the sympathetic, and the other passing round the outer side of it accompanied 

by a cellular branch from the cord, to join the semi-lunar ganglia, or solar plexus. 

In Rat embryos about 14 days, stained with borax-carmine or aniline blue-black, 

the mesoderm has begun to show signs of cartilage formation. At this date the 

sympathetic cord still presents no sign of constriction, except at the anterior end. 

At the point of origin of the vertebral artery—the point to which it could originally 

be traced—it becomes narrow, its tenuity being due to the presence of nerve-fibres, 

and largely to the absence of cells. Having given off a large fibro-cellular cord, which 

accompanies the vertebral artery, it again swells out to form the “ superior” cervical 

ganglion. This lies close to the ganglion of the vagus, with which it appears to com¬ 

municate. It can be traced, as before, along the internal carotid artery to the auditory 

capsule, beneath which it becomes first fibrous, and then, gradually attenuating, finally 

disappears. The vertebral artery at its origin is completely surrounded by the 

cellular cord. There is no change at the caudal end. 

The splanchnic branches in the thoracic and lumbar regions can now be traced 

proxirnally to the roots of the spinal nerves, and are found to receive fibres from both, 

especially the ventral roots. In the neck, in front of the origin of the vertebral 

artery, there is no sign of splanchnic branches joining the sympathetic. Branches, 

however, are seen springing from the ventral roots of the cervical nerves, which course 

horizontally inwards round the under surface of the vertebral artery, and become lost 

in the piotovertebral mass around the notochord. These branches are situated at 

some distance from the sympathetic, on its dorsal aspect. As they are traced back¬ 

wards successively towards the origin of the vertebral artery, they approach nearer to 

the cord, and finally, behind the origin of the vessel, the splanchnic branches proper 

appear, and partly join, partly pass over, the cord. 

This latter arrangement is most obvious, however, in the posterioi- dorsal and 



THE SYMPATHETIC NERVOUS SYSTEM IN MAMMALS. 171 

lumbar regions. Here the splanchnic branch [spl., Plate 2G, fig. 13) is distinctly 

formed of two parts. Each consists of fine nerve-fibres, among and around which are 

long fusiform mesodermal cells, forming a sheath for them. Reaching their extremities, 

the fibres of each portion separate into hiindles of fine, wavy fibrils. These fibrils, 

in the case of that portion (a) which joins the sympathetic {Sy.), join the cells or 

separate out among them. The portion (/3) which passes beyond tlie sympathetic 

cord, is accompanied by a cellular branch (y) derived from the latter, and the two 

proceed in a venti’al direction round the aorta. Around the coeliac axis, the cellular 

branches from both sides, coursing round the aorta, are now seen to unite together to 

complete the solar plexus. Both splanchnic branch and cellular branch from the 

sympathetic are larger and longer than before. 

In transverse sections of a Human embryo about the end of the first month, 

hardened in spirit and stained with aniline blue-black, the sympathetic cord has very 

much the characters just described. The cord itself is large and uniform in width, 

widening out anteriorly to form the inferior cervical ganglion ; beyond this it narrows, 

encloses the subclavian artery, and forms a fibrous cord; this again becomes cellular, 

and widens out into the “ superior ” cervical ganglion. No splanchnic branches join 

the cord in front of the level of the inferior cervical ganglion. In the thorax 

(Plate 28, fig. 16) the splanchnic branches are seen {spl.) arising from both roots 

of the spinal nerve {I.D.), and, as in the figure, terminating wholly in the sym¬ 

pathetic cord {sy.). Sometimes a small portion of a splanchnic branch can be traced 

round the ventral side of the cord, accompanied by a cellular branch from it. In the 

hinder thoracic region, a small part only of the splanchnic branch joins the cord, the 

greater part, along with cellular outgrowths from the sympathetic, passing onwards 

to form the solar plexus and semi-lunar ganglia, which are seen in process of 

formation on the ventral aspect of the aorta. A similar fibro-cellular bundle passes 

to join the suprarenal body. In the lumbar region the splanchnic branch can be 

seen for a considerable distance almost entirely unconnected with the sympathetic 

cord, and separated by an interval from it. The cord gradually narrows as it is 

followed backwards, and, becoming attenuated, disappears at the point of bifurcation 

of the aorta. 

In Rat embryos at about 15 days, stained with borax-carmine or aniline blue- 

black, there is not much further change. The sympathetic cord has much the 

same extent as before (Plate 27, figs. 14 and 14a, Ny.); is uniform in width for the 

most part (except that it is considerably thickened in the situation where the fibro- 

cellular bundle arises to join the solar plexus, semilunar ganglion, and suprarenal 

body); and consists of cells which, especially anteriorly, are long, narrow, and fusiform, 

with deeply stained round or oval nuclei, and terminal filiform processes. In some 

cases the cells seem almost converted into fibres. Near the posterior end the cells are 

wider and shorter. The cell processes are seen to join the splanchnic branches 

directly. Careful examination of the anterior nerves strengthens my confidence that 

z 2 
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the first splanchnic branch which joins the sympathetic does so just behind the origin 

of the vertebral artery. 

In older embryos the sympathetic cord presents similar characters, oiodified by the 

collateral development of other parts and organs. In Mouse embryos of 17-18 days 

(Plate 25, fig. 10, and Plate 28, fig. 15), in which the cartilages have become evident, 

the cord is still uniform and unsegmentcd. The cervical part of the cord is unal¬ 

tered ; the “ superior ” cervical ganglion terminates as before, in front and behind. 

Tlje cervical splanchnic branches do not join the sympathetic cord. The “inferior” 

cervical ganglion is joined by fine splanchnic brandies, along which cellular branches 

can be seen coursing towards the ventral roots of the spinal nerves. In the thorax 

the cord is uniform, diminishing in diameter from before backwards. In transverse 

sections it is oval at the points where the intercostal arteries cross it, round in inter¬ 

mediate situations. The splanchnic branches arise from both spinal nerve roots, and 

in the anterior part of the thorax appear to join the sympathetic cord entirely; in 

the hinder part of the thorax they partly join, and partly pass, the cord. Cellular 

branches can be traced ventrally from the sympathetic, as well as others, which 

pass centrally along the splanchnic branches of the nerves. The whole thoracic 

portion appears much more minute than in younger embryos, on account of the 

great strides which other parts have taken in development. It narrows gradually 

to the level of the diaphragm, and as it passes through this it becomes very minute. 

Behind the diaphragm, and in relation to the liver, the cord is greatly increased in 

thickness, and gives off considerable bundles, partly fibrous, partly cellular, to form 

the solar plexus, suprarenal body, &c., and derived partly from the splanchnic 

branches directly, partly from the sympathetic cord. Behind that the cord again 

gradually narrows; the splanchnic branches in some sections wholly (as in fig. 10) 

join the cord ; in others can be seen passing alongside it towards the mesentery, 

accompanied by a cellular stream from the sympathetic. In the lumbar region the 

sjilanchnic branches are very long and fine ; they arise from both spinal nerve roots. 

They cease behind at the bifurcation of the aorta. None were found behind that 

point. Behind that level the cord gradually tapered oft* and lay in relation to the 

middle sacral artery, behind which, near its termination, a junction seemed to be 

effected between the cords of tiie two sides. 

The connexions of the spinal nerves and sympathetic cord have now been suffi¬ 

ciently described. First a cellular, unsegmented column, the sympathetic, appears on 

each side of the middle line in the neighbourhood of the aorta. This is, secondarily, 

joined by branches from the inferior primary divisions of certain spinal nerves, which 

have a definite origin and distribution. They are fundamentally spinal nerves, 

deriving their origin from both dorsal and ventral roots, and being formed by the 

division of the inferior primary division into two branches, onesomatic, the other (the 

nerve in question) splanchnic. Coursing downwards and inwards, they reach the 

sympathetic cord. Here the splanchnic branch terminates in one of two ways. It 
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may end entirely in the sympathetic cord, as seems to occur in tlie anterior part of 

the thoracic region. [This mode of ending is not absolutely certain. It may be only 

apparent from the manner of section of the nerve trunks.] On the other hand, in the 

hinder dorsal and lumbar regions, the splanchnic branch on reaching the cord divides 

into two parts, one of which joins, the other passes beyond the cord. In either case the 

splanchnic fibres which join the cord become directly connected with the component 

cells. The connexion between the spinal nerves and sytnpathetic cord is, therefore, to 

be regarded as quite a secondary connexion. 

In certain regions no such connexions can be made out. Behind the kidney and 

bifurcation of the aorta (fie., behind the lumbar region) the splanchnic branches 

cease. In front of the fore limbs and the origin of the vertebral arteries (fie., in the 

cervical region) the splanchnic branches do not join the sympathetic. In comparatively 

advanced embryos distinct nerves, analogous to the splanchnics, course inwards round 

the vertebral artery to the tissues lying round the growing vertebrae and beneath the 

spinal cord, but occupying a position altogether dorsal to the sympathetic cord and 

unconnected with it. 

The regions, in short, where the sympathetic cord is joined by the splanchnic 

branches are those in which it lies in relation to the main vascular trunks—in the 

line of the embryonic aorta. 

3. Formatioyi of the Sympathetic Ganglia. 

Up to the time of the formation of the cartilaginous vertebral centra there is no 

gangliation or constriction of the main sympathetic cord. Sagittal sections of embryos 

prior to this date have already been referred to and their characters noted. These 

are exemplified in Rat embryos of 8 days (Plate 26, fig. 11), of 10 days (fig. 12), 

of 15 days (Plate 27, figs. 14 and 14a), &c. 

In sagittal sections of Mouse embryos of 17-18 days (Plate 28, fig. 15) the 

vertebral centra (F./S.) are distinctly cartilaginous, connected together by dense 

masses of cells, and plainly demarcated from the surrounding tissues. The segmen¬ 

tation of the body is also indicated by the intercostal vessels [Int.) lying opposite to 

the vertebral centra. Along the sympathetic cord there are seen at places, in 

successive series of sections and in relation to these segments, occasional bulgings. 

These are rare, however; sections through a considerable length of the cord at its 

thickest part show it as an unconstricted column {Sy., fig. 15), composed of large 

fusiform cells with terminal processes, and with large, deeply-stained nuclei. 

Sagittal sections of a Human embryo, about fin. in length, hardened in spirit, and 

stained with aniline blue-black, show a slightly later condition (Plate 30, fig. 19). 

They are very instructive, as indicating the manner in which the gangliation of the 

sympathetic cord occurs. The several jmrts of the vertebrae are already moulded in 

cartilage, the intervals between the centra being filled up as before with embryonic 

cellular tissue. When serial sections of this embryo are examined, the first indication 
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of the presence of tlie sympathetic cord is found in isolated, segmentally-arranged 

masses, whicli in successive sagittal sections grow larger and larger, gradually fuse 

together, and give rise to a continuous fibro-cellular cord. The condition of the 

cord {St/.), cut through in its thickest part, is indicated in fig. 12. It is mainly cellu¬ 

lar, uniform in width except at certain points, and with a considerable admixture 

of nerve fibres on its ventral aspect. It is joined, dorsally, in the intervals between 

the vertebras, by the splanchnic branches of the spinal nerves (Spl.), and at these 

“ nodes” the cord has a greater width than in the intervals between them. 

In this condition is seen the first commencement of gangliation or nodulation of 

the sympathetic cord. Two causes produce it : (1) the union of the splanchnic 

branches. This causes the cord at a given spot to attain a larger size, by the acces¬ 

sion of a bundle of nerve fibres, some of which join the cells of the cord, and so insure 

their permanent occupation of that S})ot, as the cells of the ganglia ; and (2) the 

position of the cord in relation to the vertebral column. By the growth of the latter 

the cord is stretched, and the part lying against the vertebral somites is elongated 

and narrowed, and is indented by the growing vertebrse and intercostal vessels, the 

result being the formation of a longitudinal fibro-cellular commissure connecting the 

nodes or ganglia together. The ganglia themselves are permitted to increase in size, 

by their position, and by their connexion with the splanchnic branches of the spina 

nerves. The commissures, at first cellular, become fibro-cellular, and afterwards 

fibrous, owing to the admixture of spinal fibres, and apparently also to the con¬ 

version into fibres of the original cells of the cord. By the formation and gi'adual 

constriction of the commissures the ganglia are made still more definite. 

This process of ganglion formation, due primarily to these two causes, can be followed 

in older embryos ; but as the parts gradually attain their adult form the regularity of 

alternate swelling and constriction is not so evident. As the ganglia become defined 

in form, their position tends to become irregular. While one may lie in the interval 

between two vertebrm, the next may be seen opposite the vertebra itself. Again, two 

ganglia may be co-terminous, not by fusion, but from the fact that separation is 

incomplete. Tl)is arrangement is shown in Plate 29, fig. 18, taken from a sagittal 

section of a Bat embryo at about 22 days. The sympathetic cord {Sy.) is figured in 

the region of the diaphragm {Di.), just beyond the point at wliich the stream of cells 

arises for the formation of the semilunar ganglion {S.G.) and solar plexus {Sol.). The 

cord is constricted at intervals, so as to form ganglia and commissures, both of which 

are irregular, and bear, as may be seen, no definite relation to the vertebral 

segments (P.'S'.) or intercostal vessels {Tnt.). The commissures are, for the most 

part, fibro-cellular ; in some instances they are maiidy fibrous ; in others there are 

groups of cells enclosed among the fibres : wliile in others again there are compara¬ 

tively few fibres, so that the ganglia ai'e practically fused together. The cord is here 

represented in its greatest thickness ; in sections on either side the irregularity of 

the ganglia (into which splanchnic brauches can be traced) is much more marked. 
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From this point the gangliation of the cord gradually proceeds until the condition 

found in the adult is produced. 

The truth of these observations has been tested by another method. Fig. 21 

(Plate 30) shows life-size drawings taken from dissections of Human embryos at 

various ages. In the dissections made, individual variations were found in the two 

sides of the same body—differences in the state of gangliation of the cord, as well 

in the arrangement as of the spinal communications. 

In an embryo in the third month (fig. 21, A.) the connecting branches from the spinal 

nerves were too fine to be seen with sufficient distinctness to warrant their being 

drawn. In the upper half of the thoracic region, the sympathetic cord formed a wavy 

band which swelled out above and below. Above, it joined the inferior cervical 

ganglion {I.G.), which was again connected by a narrower strip to the long, oval, 

superior cervical ganglion (S.G.), which occupied nearly the whole length of the neck. 

The vertebral [V.P.) and carotid plexuses {C.F.) were seen. The lower swelling of 

the dorsal band marked the origin of the first root of the great Splanchnic nerve 

{G.S2A.). In the lower dorsal region were two swellings, distinct, and connected to 

one another and the neighbouring parts of the cord, by short longitudinal commissures. 

Below these ganglia were two long oval masses separated by a slight constriction ; 

and below these, again, were two distinct ganglia joined by commissures. The last 

lay free and unattached (to spinal fibres), on the cartilage representing the second 

sacral vertebra. It is noteworthy that the diaphragm was complete in this embryo. 

In an embi-yo of the fourth month (fig. 21, B.) the cord again forms a uniform band 

in the tlioracic region, joined by the upper nine thoracic nerves. Angular projections 

(ganglia ?) are seen at the junctions of the spinal branches, and also where the roots 

of the Splanchnic nerves arise, especially in the case of the great Splanchnic {G.S2)l.). 

The thoracic band swells out above into the inferior cervical ganglion [LG.), which is 

joined by branches from the eighth cervical and first dorsal nerves. After giving off 

the vertebral plexus (F.P.) this forms a narrow commissure on which is a minute 

swelling, the middle cervical ganglion [M.G.), and finally broadens out into the 

superior cervical ganglion (S.G.), which ends above in the carotid plexus (C.P.). In 

the lower thoracic region two constrictions separate off a small mass, which is joined 

by branches from the tenth, eleventh, and twelfth thoracic nerves. Below the second 

constriction the cord forms a broad oval band, joined by the twelfth thoracic and all 

the lumbar nerves. Lastly, a sacral portion is constricted off, which consists of three 

fairly definite ganglia and a terminal filament, the ganglia being joined by the first 

three sacnd nerves. I was not able to trace the existence of a connecting loop 

between the lower ends of the two cords. 

In an embryo of the sixth month (fig. 21, D.) a very similar condition of things was 

found, so that it will be sufficient to note the differences from the last example. The 

inferior cervical ganglion (I.G.) was much larger: was joined by branches from the 
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seventh, as well as the eighth cervical, and first dorsal nerves : and the commissure 

connecting it with the middle cervical ganglion was double. The lumbar portion of 

the cord showed a faint indication of separation into four ganglia : was not joined by 

tlie last dorsal nerve : and was connected to the sacral portion by a double commis¬ 

sure. The existence of a fourth sacral ganglion was noted as doubtful. 

In an embryo of the fifth month (fig. 21, C.) the condition of the sympathetic cord, 

in some respects, more resembled the adult state than did the cord at the sixth 

month. The inferior cervical ganglion {I.G.), after having given off the vertebral 

plexus and branches to the eighth cervical and first thoracic nerves, w^as continued up 

into the neck in the form of two incompletely se23arated swellings, which were joined 

respectively by the seventh and sixth spinal nerves. The same ganglion was con¬ 

tinued down into the thorax as far as the junction of the second thoracic nerve— 

receiving roots also from the eighth cervical and first thoracic nerves,—where it gave 

rise to a commissure connected below with an elongated mass, joined by the three 

succeeding nerves. Below this were a series of co-termiiious ganglia, joined on the 

one hand by the lower thoracic nerves, and on the other giving off the roots of the 

Splanchnic nerves. The disposition of the cord in this portion of its extent appears to 

indicate the mode in which the individuality of the ganglia arises. The eleventh 

thoracic nerve was connected with two small ganglia ; the twelfth was joined by 

three branches to two other ganglia. In the loin a single oval mass was found, joined 

by long, fine branches from the lumbar nerves. This was joined by a delicate commis¬ 

sure to the sacral ganglia, which were three in number, the first connected with two, 

the other two each with one sacral nerve. 

These dissections could not, alone, be taken as proof of the original absence of 

segmentation of the sympathetic cord. When, however, they are compared with one 

another, and with the disposition of the adult cord, and are considered also in the 

light of the foregoing investigations, they lend support to the view that at an early 

date gangliation of the cord has not occurred, but that it is due to later collateral 

changes in the cord itself, and in the surrounding parts. 

The only observation I am acquainted wuth dealing with this question from the 

point of view of comparative anatomy is one by Swan. He figures the cord in the 

Snake as being imperfectly gangliated ; and he describes it as resembling a band 

rather than a chain of gangh'a. This observation I have had opportunities of 

repeating, with the result that I have found the cord precisely as he figures it. 

4. Cejyhalic and Caudal Terminations of the Sympathetic Cord. 

a. Cephalic termination; superior cervical ganglion; vertebral and carotid plexuses. 

The embryonic cord when first formed can, in transverse sections, be traced forwards 

as fiir as the cephalic border of the fime-limb : in sagittal sections to the level of the 

mouth, or first vertebral segment (Rat. 8 days, Plate 26, fig. 11). As growth continues 
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and the large vessels are better developed, the cervical part of the cord lies in 

distinct relationship to the large arteries. It very plainly divides into two parts at 

the point of origin of the vertebral artery. One fibro-cellular cord accompanies that 

vessel, having arisen from the main cord at the point where the artery crosses it. 

Growth still proceeding, this part of the cord becomes more and more fibrous, until 

at length it assumes a condition characteristic of the adult vertebral plexus, and is 

gradually lost on the anterior part of the vessel. 

The other division, or main part of the sympathetic cord, accompanies the 

common and internal carotid arteries, at first only to the level of the mouth, where 

it forms a pointed extremity composed of cells, or a brushlike ending of cell processes. 

Growing larger along with the growth of the neck, this part of the cord becomes 

more and more constricted off from the part of the cord lying behind the level of 

the vertebral artery, by the formation of a fibrous commissure. A fibro-cellular mass 

is thus formed, which represents the “superior” cervical ganglion. The commissure 

connecting it posteriorly to the main cord is formed, partly by direct conversion of 

the cellular elements into fibres : partly by the passage into it of fibres derived from 

the anterior thoracic splanchnic branches. In this way the presence of a middle 

cervical ganglion may be explained, as representing a mass of cells derived from the 

elementary sympathetic cord which have been included among the fibres of the 

growing commissure. 

From the anterior end of the growing mass of the superior ganglion, a narrow 

bundle of fibres arises, which is closely applied to the internal carotid artery in its 

course beneath the auditory capsule. This bundle can be followed for a considerable 

distance, and is gradually lost upon the vessel, forming the carotid plexus. In fig. 17 

(Plate 29), the anterior end of the cervical ganglion {Si/.) is shown in a sagittal section 

of a Mouse embryo of 17-18 days, along with this fibrous bundle accompanying the 

internal carotid artery {Art.) beneath the Eustachian tube {East.). In this embryo 

the stream of fibres forming the vertebi’al plexus has much the same appearance as 

that shown in the figure. 

These parts—the vertebral and carotid plexuses, and superior cervical ganglion—I 

regard as pertaining to the collateral portion of the sympathetic system, for the 

following reasons :—(l), they are out-growths from the main cord (the ganglion, 

fundamentally a part of the original cord, undergoes extensive growth, and becomes 

soon constricted off from the main cord); and (2), no splanchnic branches enter this 

part of the cord. This agrees with Gaskell’s conclusion regarding the ganglion, 

which from morphological considerations he regards as belonging “ to the distal rather 

than to the proximal group of ganglia.” 

h. Caudal Termination. 

In the youngest embryos in which the sympathetic cord was found (Piat, 8 days, 

MDCCCXC. — B. 2 A 
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p. 166), beliind the point at which the mass of cells arises for the formation of the 

suprarenal body, the cord is irregular in form, and composed of cells less closely 

packed together than in anterior regions. At a slightly later period it has extended 

further backwards (Rat, 12 days, Plate 27, fig. 14a), and becoming attenuated is 

lost at the point of bifurcation of the aorta. In still older embryos it passes further 

backwards on each side of the middle sacral artery, and on the dorsal aspect of the 

rectum, from which it is separated by cellular tissue. 

In Rat embryos of 22 days the cord {Sy., Plate 30, fig. 20) can be traced backwards 

in successive transverse sections for a considerable distance, lying in the interval 

between the middle sacral artery [m.s.) and its accompanying veins (v.v.). The cords 

of the two sides approach one another as they pass backwards. Cellular branches (Br.) 

arise from them at intervals, and are dii’ected downwards between the vessels. The 

cords themselves are more irregular in form than anteriorly, and are not joined by 

splanchnic branches. Near their ])osterior terminations, having approached very close 

to one another, they become connected here and there by transverse cellular com¬ 

missures (Co.) of which one is represented in fig. 20. These are not in direct con¬ 

tinuity with one another, but are separated by intervals, and beyond them the two 

cords taper oflP, and finally are lost in the undifferentiated mesoblast above the middle 

sacral artery. These commissures, which lie close together, and are formed by the 

fusion of outgrowths from the two cords, apj^arently give rise to the 6bres con¬ 

necting the adult coccygeal ganglia together, which form the loop containing the 

coccygeal ganglion, or ganglion impar. It is only in an advanced condition of 

development that the fusion of the two cords can be made out ; until they have 

reached their ultimate limits the fusion does not take place. 

The posterior, like the anterior end of the sympathetic cord, may be regarded as an 

outgrowth from the original cord. It is formed by an extension of the cord back¬ 

wards along the main vascular trunks, and it likewise receives no splanchnic branches 

from the spinal nerves, 

5. Collateral Distribution. 

{a.) The development of the superior cervical ganglia,, the carotid and vertebral 

plexuses, has already been traced, and the opinion has been expressed that these 

structures properly belong to the collateral distribution of the sympathetic cord. 

(6.) Regarding the formation of the peripheral branches, and collateral ganglia of 

the sympathetic, my investigations in the main support the conclusions arrived at by 

Remak (5, 6). As already noted, cellular buds or branches arise from the sympa¬ 

thetic cord (figs. 7 and 13, Plates 23 and 26), and accompany the parts of the 

splanchnic branches of the spinal nerves which pass beyond it. These cellular out¬ 

growths gradually increase in length and thickness. They consist of cells which 

resemble in every way those of the sympathetic cord itself They communicate by 
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their processes with one another and with the cells of the cord ; and, especially in the 

hinder part of the thoracic region, form considerable masses traceable along the main 

vessels. In older embryos (Plate 29, fig. 18, Pat, 22 days) they form ganglia and 

nerves, in the way already described for the main cord; and, in the region referred 

to, give rise to the Splanchnic nerves, semilunar ganglia, &c. These branches appear 

to follow in their development the same line of growth as the splanchnic branches of 

the spinal nerves ; although they are equally evident in places where the latter are 

not seen. 

(c.) The mode of development of the gray Rami commiiniccmtes I have not made 

out with perfect satisfaction. They appear to take their origin from the sympathetic 

cord as cellular outgrowths, which in some cases are traceable along the splanchnic 

branches of the spinal nerves towards their roots; but on this question I must 

withhold a definite opinion until supported by more conclusive evidence. I have not 

been able to satisfy myself about their formation in places where the splanchnic 

branches are absent, or are unconnected with the sympathetic cord. 

(cZ.) The relation of the sympathetic cord to the development of the suprarenal 

bodies is very evident in younger embryos. A considerable column of cells (Plate 27, 

fig. 14a) can be traced in sagittal sections from the ventral aspect of the main cord, 

downwards and backwards, to join a mass of mesoblastic cells situated at the anterior 

end of the embryonic kidney {K.). Entering this mass the cellular column spreads 

out, so as to constitute the central portion or medulla of the suprarenal body (Sr.C.), 

while the tissue around forms the cortex. This agrees, in general terms, with the 

mode of development of the suprarenal bodies described by previous observers (13, IG, 

17, 18). It must be borne in mind that according to this view the ivliole of the 

Mammalian suprarenal capsule is mesoblastic. The connecting stalk becomes con¬ 

verted into nerve fibres connecting the suprarenal body to the sympathetic cord. 

III. Conclusions, 

A. The Develojiment of the Sympathetic System. 

The following are the principal conclusions derived from the preceding investiga¬ 

tions :—■ 

1. The formation of the main sympathetic cord is the first event. It is developed 

as a cellular rod or column, uniform in outline, and without ganglia or constrictions. 

It is formed in, and derived from the mesoblastic tissue on either side of the embryonic 

aorta, and in front of the growing vertebral column. The cord appears after the 

formation of the roots and ganglia of the spinal nerves, and is entirely independent of 

them at first, 

2. The connexion of the spinal nerves with the main sympathetic cord occurs 

secondarily. The inferior primary division of a (typical) spinal nerve divides, on 

reaching the junction of body wall and splanchnopleure, into a somatic and a splanchnic 

2 A 2 
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branch. The splanchnic branch grows gradually in a mesial and ventrnl direction, 

towards the symjiabhetic cord, with which it finally becomes connected. It generally 

divides into two parts, of which one joins, the other passes beyond, the sympathetic 

cord. The fibres which join the cord are traceable into direct continuity with its cells, 

or can be followed forwards or backwards in its substance. The part of the splanchnic 

branch which does not join the sympathetic, can be traced beyond it into the 

splanchnic area. 

This arrangement obtains for the spinal nerves in the posterior thoracic and lumbar 

regions. In the anterior part of the thorax the whole of the splanchnic branch appears 

to be joined to the sympathetic cord. Behind the level of the bifurcation of the aorta 

no splanchnic branches ^^'ere found. In the neck, above the point of origin of the 

vertebral artery, they are unconnected with the sympathetic cord. Instead, they 

proceed from their origin in a ventral and mesial direction external to the vertebral 

artery, and round that vessel, to be distributed to the tissues of the neck lying on 

the dorsal aspect of the sympathetic cord. 

These splanchnic branches correspond to the white Rami communicantes. Tracing 

them back to their origin they are found to be derived from both the dorsal and the 

ventral root of the spinal nerve, of which the latter usually contributes the greater 

number of fibres. 

The gray Rami communicantes appear to arise from the sympathetic cord as cellular 

outgrowths, which find their way along the splanchnic branches towards their central 

connexions. They thus may be regarded as belonging to the group of collateral 

branches from the cord. 

3. The formation of the ganglia on the main cord of the sympathetic is a subsequent 

event, and is subordinate to the connexion of the splanchnic branches of the spinal 

nerves with the cord. The causes leading to the formation of the ganglia are ; mainly, 

the junction of the splanchnic branches, and the accession of a large number of nerve 

fibres at the point of entrance ; the consequent persistence of the cells of the cord, 

which are joined by these nerves, as ganglion cells ; and to a less extent, the 

anatomical relations of the cord to the bony segments, &c., over which it passes, 

which, in their growth, cause indentation of the cord at certain points. 

This view is supported by the condition of aftairs found in dissections of Human 

embryos at various periods of development (3-6 months), where the cord has the 

form of a band or strip, rather than a regularly nodulated chain : and by the evidence 

derived from the normal adult structure, where the “ segmentation ” of the cord 

is apparent, rather than real. 

4. Cephalic termination. The parts derived from the sympathetic cord in the neck 

in front of tlie “ inferior ” cervical ganglion, may be regarded as belonging to 

the peripheral or collateral distribution of the nerve. A fibro-cellular bundle springs 

from the cord and accompanies the vertebral artery; beyond this the original cord, 

which is, at first, limited anteriorly at the level of the mouth, becomes constricted by 
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the formation of a tibro-cellular commissure, separating off the “ superior ” cervical 

ganglion. This ends anteriorly in a fibrous bundle, which accompanies and is lost 

upon the internal carotid artery, beneath the auditory capsule. The “middle” 

cervical ganglion, when present, is to be regarded as formed of a group of cells which 

have been included in the commissure connecting the superior ganglion with the main 

cord, and which have persisted. The connexions of the sympathetic cord with the 

cranial nerves have not been thoroughly investigated, and reference to them has been 

purposely omitted, as they bear no du*ect relation to the development of the main 

cord. 

The reasons for placing the parts named in the category of peripheral branches are 

that (1) they are essentially out-growths from the main sympathetic cord, and (2) no 

splanchnic branches join them from the spinal nerves. 

5, Caudal termination. The sympathetic cord is at first ill-defined behind the 

region of the kidneys; it gradually extends further back, alongside the aorta and 

middle sacral artery, where the two cords become closely approximated. They become 

gradually more and more attenuated, and finally disappear. Near their termination they 

are joined together on the dorsal aspect of the middle sacral artery by cellular commis¬ 

sures, from which the connecting loop and ganglion impav are developed. No fusion 

of the two cords can be seen until they have reached their permanent posterior limit. 

The sympathetic cord behind the lumbar region may be regarded as belonging to 

the peripheral distribution of the cord for the same reasons as the cervical portion. 

6. The peripheral branches from the sympathetic cord, including the collateral 

ganglia, as well as the medullary portions of the suprarenal bodies, the superior 

cervical ganglia, &c., are formed by out-growths from the cord, which are at first 

cellular. These give rise to ganglia, nerves and plexuses, and are accompanied by the 

parts of the splanchnic branches of the spinal nerves which do not join the ganglia. 

In this category are placed doubtfully the gray Rami communicantes. 

B. The Morphology of the Sympathetic System. 

1. The Secondary Segmentation of the Symgmthetic Cord. 

It has been shown that the main cord of the Mammalian sympathetic is primarily 

unsegmented, that in comparatively old Human embryos the differentiation of ganglia 

and longitudinal commissures is not definite, and that in the adult sympathetic cord 

there is no certain indication of true segmentation, except in the obviously metameric 

splanchnic nerves, which are connected with it. Now, in this respect, the sympathetic 

cord does not differ from, but agrees with, not only the other elements of the nervous 

system, both in vertebrates and invertebrates, but also with all other longitudinally 

placed structures in the body. It agrees, firstly, with the medullary tube, forming 

the cerebro-spinal axis, which, so far as present evidence goes, is formed without any 

sign of segmentation, the spinal nerves being secondary and subordinate formations. 



182 PROFESSOR A. M. PATERSON ON THE DEVELOPMENT OP 

Again, the gangliated cords of invertebrates, which are formed from epiblast, are at 

first developed as solid, uniform, and unconstricted columns, whicb only secondarily 

become constricted and gangliated. A second reason in support of the view here 

propounded is that we possess, in the gangliated cords of the sympathetic, bilaterally 

symmetrical structures, placed along the bony axis of the trunk, in relation to the 

main vascular and alimentary tubes. On the one hand, there is no evidence of strict 

segmentation in the branches distributed peripherally from these cords; and, on the 

other hand, the parts over which they preside—the heart, blood-vessels, lungs, 

intestinal tract, &c.—are all morphologically unsegmented, like other parts and organs 

in the Mammalian trunk which are longitudinally placed. The cerebro-spiual axis, 

the notochord, heart, vascular system, alimentary canal and diverticula, ureters, &c., 

present no signs of being developed in a segmental manner. In fact, it might be 

formulated as a morphological law, to which the sympathetic cord is no exception— 

that longitudinally-placed structures, ivhether single and median, or laterally placed, 

are primarily and uniformly unsegmented.'^ 

2. From the morphological point of view, however, the most important conclusions 

derived from the investigations recorded above are undoubtedly the following:— 

a. 'Idle independent origin of the sympathetic system, and its secondary connexion 

with the cerebro-spinal system. 

b. Its development from the mesoblast. 

Both these points are of interest, more particnlarly because, on the one hand, the 

sympathetic system has previously been regarded as a specialised portion of the 

general nervous system ; and, on the other hand, there is no fact in embryology more 

firmly established than this, that whenever a nervous system is present, it is 

developed from the epiblast. 

As the foregoing observations are confined to Mammals—a highly specialised 

group of vertebrates—it may be objected that, until other and more primitive groups 

are investigated, it is unwise to draw conclusions of so general a nature. On the 

other hand, I would venture to urge the following considerations : — 

(l) In maintaining the independent and mesoblastic origin of tlie sympathetic, one 

is supported by the investigations of a considerable number of embryologists (p. 161), 

including Bemak, who studied the subject in the Chick, the main difference between 

Remak’s view^ of the development of the Avian symjiathetic system and the observa¬ 

tions made in Mammals being in regard to the primary or secondary segmentation of 

the main sympathetic cord. 

* The lougitudina.l muscles of the trunk form an apparent exccjjtion to this rule, but an exception 

which in reality may be said to prove the rule. Formed from the muscle plates, and strictly segmental 

in origin, they retain this character in their fully-formed coudhion, being, as regards their deeper layei’S, 

closely related to the various body segments, in relation to which they are formed. With regard to the 

fusion of the segmental masses in their supei'ficial parts to form elongated longitudinal muscles passing- 

over several segments (and joints), they follow the same laws as are found to govern the development 

and evolution of muscles in other parts of the body. 
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(2) My own Investigations reveal definitely tlie earliest appearance, and the 
complete history of the formation of the sympathetic system in Itodents (a compara¬ 
tively primitive group of Mammals) ; and distinctly indicate the existence of a 
considerable period during which the sympathetic cord is entirely independent of the 
cerebro-spinal system. 

(3) Investigators who have assigned an epiblastic origin to the sympatlietic system 
differ materially as to the actual mode of development. As already stated (p. 1G2), 

Balfour regards the sympathetic ganglia (in Elasmobranchs) as outgrowths from 
the spinal nerves ; while Onodi (working at the same group) maintains that they are 
direct proliferations from the spinal ganglia. Moreover, these authors have left the 
history of the development of the system in an incomplete state. The earliest steps 
in the process have not been described for Mammals ; and the ultimate and peripheral 
branches and ganglia have not been traced back to the epiblast. The fragmentary 
nature of the observations, and the divergence of opinion regarding them, show that 
further investigations are necessary before the origin of the sympathetic system as an 
outgrowth from the cerebro-spinal system can be accepted as proved even for any 
group of vertebrates, still less for all. 

(4) Besides the embryological facts recorded in the preceding pages, it may be 

further pointed out that there are strong grounds, histological and ])hysiological, for 
drawing a sharp distinction between the sympathetic and the cerebro-spinal nervous 

systems. 
The cells comprising the sympathetic ganglia differ from those of the spinal ganglia 

in histological character, the latter being rounded, the former angular. In birds, 

Ramage (25) describes the difference as being very evident, “ que les cellules des 
ganglions sympathicjues etaient nettement multipolaires, et qu’il etait facile de les 
distinguer de cedes du ganglion spinal, qui sont spheriques et unipolaires.” The 

fibres of the sympathetic system are essentially different from those of the cerebro¬ 
spinal system, being non-meclullated branching fibres. 

Physiologically also, the sympathetic is clearly distinct from the cerebro-spinal 
system. Its functions appear to be to direct and regulate the distribution of certain 
nerves which emanate from the cerebro-spinal axis. The ganglia are not stated by 
physiologists to be either automatic or reflex, but only trophic, from which we may 

infer that they have a ‘Wital influence ” over the parts within their jurisdiction. The 
ganglia apparently neither augment, diminish, nor alter the character of the nerve 
impulses which permeate them. 

From these considerations it may be regarded as very possible that under the term 
“ sympathetic nervous system ” are included two structures, entirely independent in 
nature, origin, and function, the sympatlietic system, and the nervous system proper. 

Such a view would be in entire harmony with tlie mode of development described 
above, and would I’ender more intelligible than has hitherto been possible certain 
developmental peculiarities, such as the conversion of part of the sympathetic system 
into the suprarenal bodies. 
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Explanation of Plates 22-30. 

The figures of embryonic sections are in some cases compiled from several successive 

sections, as, for example, when a nerve had to be followed for some distance. 

PLATE 22. 

Fig. 1. Transverse section of Pat embryo (5-6 days) in thoracic region. /Sp. C'., spinal 

cord; No., notochord; M.P., muscle plate; D.R., dorsal root of nerve; Al., 

alimentary canal; Ao., aorta. 

Fig. 2. Transverse section of Rabbit embryo (7 days) in thoracic region. D.G., dorsal 

ganglion and root ; Pp.N., spinal nerve; C.V., cardinal vein ; Co., coelom; 

L., lung; A.V., allantoic vein; a, somato-splanchnic angle. Other letters as 

before. 

Fig. 3. Transverse section of Mouse embryo (8 days) in lower thoracic region. 

Sp).N., S.D., I.D., superior and inferior primary divisions of spinal nerve ; H., 

heart; W.D., Wolffian duct; W.B., Wolffian body ; Sy., sympathetic cord. 

Fig. 4. Transverse section of Rat embryo (8 days) in upper thoracic region. L., 

trachea ; Art., carotid artery ; V., jugular vein ; Sy., sympathetic cord. 

PLATE 23. 

Fig. 5. T ransverse section of Rat embryo (8-9 days) in lumbar region. Sp.N., spinal 

nerve, dividing at somato-splanchnic angle (a) into somatic [So.) and splanchnic 

{Spl.) branches; Me., mesentery. 

Fig. 6. Transverse section of Mouse embryo (about 9 days) in lower thoracic region. 

Fig. 7. Transverse section of Rat embryo (about 10 days) in lumimr region. I.D., 

inferior primary division of nerve, dividing into somatic [So.) and splanchnic 

[Spl.) branches, somatic branch subdividing into dorsal or lateral (1) and 

ventral or inferior (2) branches; Sy., sympathetic cord, showing growth of 

cellular peidpheral branch [Br.). 

PLATE 24. 

Fig. 8. Transverse section of Mouse embryo in region of fore-limb. S.D., superior 

primary division, arising by two roots ; Spl., splanchnic branch of spinal nerve 

joined to sympathetic cord [Sy.); P., pleural cavity ; L., lung ; F.L., fore-limb. 

Fig. 9. Transverse section of Rat embryo (12 days) in thoracic region. 

PLATE 25. 

Fig. 10. Transverse section of Mouse embryo (about 17-18 days) in lumbar region. 

Sp.art., spinal artery; V>, vertebra (cartilaginous); Pane., pancreas; mes., 

mesentery ; K., kidney ; Spl., splanchnic branch, arising from two roots. 

MDCCCXC.—B. 2 B 
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PLATE 26. 

Fig. II. Sagittal section of Rat embryo (about 8 days). Sy., sympathetic cord; Mo., 
mouth; To., tongue ; TTy., hypoglossal nerve; R. IE., body-wall; iT, heart; 

Per.C., pericardial cavity ; L., lung ; Pl.C., pleural cavity ; Art., carotid artery ; 

V., vein ; Va., vagus ; V.S., vertebral somites ; D.G., dorsal ganglia ; Br., 
brain. 

Fig. 12. Sagittal section of Rat embryo (about 10 days). 

Fig. 13. Transverse section of sympathetic cord {Sy.) in Rat embryo (about 14 days) 

in thoracic region. Ao., aorta; Spl., splanchnic branch of nerve, dividing into 

(a) a branch joining the cord, and (;8) a branch passing beyond it—y, a cellular 

branch arising from the cord, and accompanying (/8). 

PLATE 27. 

Fig. 14. Sagittal section of Rat embryo (about 15 days), showing the anterior termi¬ 

nation of the sympathetic {Sy.). Sp.C., spinal cord; Bust., Eustachian tube. 

Fig. 14a. Sagittal section of same embryo (15 days), showing posterior termination 

of sympathetic {Sy.). Sr.C., suprarenal body; K., kidney; Sto., stomach. 

PLATE 28. 

Fig. 15. Sagittal section of Mouse embryo (about 17-18 days). E.R., vertebral somites 

(cartilaginous) ; hit., intercostal vessels {Cf. fig. 10). 

Fig. 16. Transverse section of Human embryo, aged about one month, in thoracic 

I’egion. 
PLATE 29. 

Fig. 17. Sagittal section of Mouse embryo (about 17-18 days), showing anterior 

termination of superior cervical ganglion {Sy.). Art., internal carotid artery. 

Fig. 18. Sagittal section of Rat embryo (about 22 days) in lower thoracic and lumbar 

regions. Aw., lung; Ro, diaphragm ; Ah, liver; P/. C., pleural cavity ; Perit.C., 
peritoneal cavity ; S.G., semilunar ganglion ; Sol., solar plexus ; Sy., sympa¬ 

thetic cord. 
PLATE 30. 

Fig. 19. Sagittal section of Human embryo, about f inch long. Sy., sympathetic 

cord, joined by splanchnic branches {Spl.). 
Fig. 20. Transverse section through sympathetic cords {Sy.), middle sacral artery 

M.S.A.), and veins (V. V.), with peripheral branches {Br., Br.), and a connecting 

commissure {Co.). Rat embryo (about 22 days). 

Fig. 21. The sympathetic cord, from dissections of Human embryos in the {A.) third, 

(P.) fourth, [C.) fifth, and {D.) sixth month. S.G., M.G., I.G., superior, middle, 

and inferior cervical ganglia; C.P., V.P., carotid and veitebral plexuses; 

G.Spl., great splanchnic nerve, with ganglion (Ah). Connexions with various 

spinal nerves, numbered in order: C., cervical, 1, 2, 3, 4, &c. ; D., thoracic; 

A., lumbar; S., sacral. 
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[Plates 31, 32.] 

Part I.—Excitation-experiments. 

a. Introduction. 

In the course of observations dealing with the physiology of the motor innervation of 

the larynx, the results of which were embodied in a paper recently presented by one 

of us (F. S.) to the Royal Society,* it was shown that the central innervation of the 

larynx played a much more important role in the function of respiration than had 

previously been accorded to it. More especially it was shown that certain nerve- 

centres were constantly at work in maintaining a reflex-tonus of the abductor muscles 

(posterior crico-arytsenoids) indispensable for the mechanism of quiet respiration in 

Man. 

In 1880, 1881 and 1883t it had been shown by one of ns (F. S.) that these same 

muscles (the abductors) were more liable to degenerative changes in cases of organic 

disease of the motor nerves of the larynx from the medulla oblongata downwards, and at 

the same time that functional disorders of the laryngeal motor apparatus almost exclu¬ 

sively affected their antagonists, the adductors. The explanation of all these different 

phenomena presented great difficulties, and, although light was thrown upon them in 

very various and unlooked-for ways, it soon became evident that neither clinical and 

pathological observations in Man alone, Jior experiments upon the peripheral nerve- 

mechanism of animals, would suffice to solve all the questions here involved. 

Now, the fact just mentioned—viz., that in functional disorders [e.g., hysterical 

aphonia) those motor laryngeal nerve-fibres only which subserve the volitionary func¬ 

tion of the larynx [i.e., phonation) ordinarily suffer, whilst, on the other hand, in 

* “ On the Position of the Vocal Cords in Quiet Respiration in Man, and on the Reflex-tonus of their 

Abductor Muscles.” ‘Roy. Soc. Proc.,’ 1890 (vol. 48, p. 403). 

t (a) Foot note in German Edition of Morell Mackenzie’s ‘ Diseases of the Throat and Nose,’ vol. 1, 

p. 574. 

(5) ‘ Archives of Laryngology,’July, 1881 

(c) ‘Berliner Kliuische Wochenschrift,’ No. 46, et seq., 1883, 

2 R 2 12.12.90 
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organic disease those fibres are asnally primarily affected which are engaged in main¬ 

taining the automatic process of laryngeal respiration—seemed to indicate that there 

must be a central differentiation corresponding to these varied phenomena. Hence it 

was that the idea of the present research occurred to us. 

In planning such an investigation we naturally turn fit sc to the subject of the 

cortical representation of the larynx—a problem wltich, first touched upon by Ferrier 

and Duret, has been treated in detail by H. Krause at the instigation of H. Munk, 

and by Mastni. 

From this point we might proceed to the consideration of the fibres leading from 

the cortex to the lower centres in the medulla, as they pass through the corona 

radiata and the internal capsule. The investigation of these fibres by means of the 

excitation-method has, so far as we know, not been undertaken by any previous 

observer, thougli some work by the ablation and degeneration method has been 

performed by Krause. TTiis latter method and its cesults will be fully dealt with by 

us in a subsequent paper. 

Finally, we discuss the results of excitation of the central mechanism in the bulb, a 

branch of the subject which we commenced four years ago, and which also has not 

been treated, to our knowledge {confirmed by Professor Gad), by any previous 

observer. 

Before passing to a complete historical retrospect of the question, and before 

describing the method of our own experiments, we may state that, since we have 

forind certain important differences in the central structural arrangements in different 

species of animals, and also in animals of different ages belonging to the same species, 

it is essential that these should first be prominently and clearly expressed, in order 

that some discrepancies which exist in the statements of previous investigators and 

the classification of our own results might be properly understood. 

To the same category belongs the question of the action of anaesthetics upon the 

neuro-muscular system, a question the importance of which for the present investiga¬ 

tion can hardly be exaggerated ; since, for reasons which we will further discuss, the 

effect attained by exciting any given centre may be entirely modified by the mere 

degree of anaesthesia affecting the peripheral mechanism of nerve-endings and muscles. 

In a previous communication''^ we have shown the importance of the action of ether 

upon the peripheral nervous system, a factor which must be properly discounted in 

considering the action of the anaesthetic upon the nervous mechanism as a whole. 

These considerations of species, age, and anaesthesia will couipel us to further sub¬ 

divide the great groups into which we have arranged our facts. 

In the following historical retrospect of the results obtained by previous investiga¬ 

tors we have thought it best (to avoid misconception) to place each writer in the 

chronological order of the appearance of his publication. 

“ On an apparently peripheral and differential action of Ether upon the laryngeal mnscles,” ‘British 

Medical Journal,’ 1886. 
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b. Historical Retrospect. 

Although various authors have observed the changes in thoracic respiration following 

excitation of the central nervous system, hut few have studied the relationship of the 

latter to the larynx, either so far as respiration or as pbonation is concerned. 

As this relationship is the immediate subject of this paper, we shall confine ourselves 

in this retrospect to a brief resume of the results of those authors who have directly 

investigated, either experimentally or clinically, the question here at issue. 

On the experimented side undoubtedly Ferrier* * * § was the first worker in the field 

of excitation. In the first edition of his well-known work he describes an instance in 

which excitation of a certain cortical area in the Dog elicited barking, and observes 

that similar observations had been made by him repeatedly. 

Shortly afterwards Duret,! of Paris, referred to the same subject in connection with 

his cortical ablation and compression experiments, and reported similar results. 

Although subsequent experimentation has shown that both these observers did not 

accurately localise the focus of the re})resentation of phonation in the cortex, to them, 

undoubtedly, belongs the priority of the idea of a special representation of this function 

in the cortex. 

Seven years after Perrier’s reference to the question the subject was, at the 

suggestion of H. Munk, specially studied by H. Krause,^ who was the first to 

localise accurately the phonatory area in the cortex of the Dog’s brain. He made 

six excitation-experiments on Dogs, from which he localised the movement of closure 

of the glottis (alw-ays bilateral adduction) to be represented in the isthmus (“ Stiel”) 

of the prsefrontal (praecrucial) gyrus. To his ablation and degeneration experiments 

we .shall make reference in a future communication. 

In his great work on the functions of the brain, Francois Franck^ states that 

excitation of the “zone motrice” of the cortex produces changes in the thoracic 

respiratory movements according to the duration and intensity of the excitation. 

These changes are acceleration, slowing, and variations of amplitude. He does not 

consider that respiratory centres can he considered to exist in the cortex cerebri, or 

that there is any differential representation of the larynx or other parts of the 

respiratory apparatus. 

In the epileptic convulsion evoked by cortical excitation he observed what we have 

confirmed and extended, viz., that in the tonic stage the glottis is shut, whereas in 

* ‘ Functions of the Brain.’ 

t ‘ Traumatismes cerebraux,’ 1878, p. 142. 

t “ Ueber die Beziehungen der Grossliirnrinde zu Keblkopf und Rachen,” ‘ Archiv fiir Aiiatomie und 

Pbysiologie, Physiol. Abth.,’ 1884. This was preceded by a note under the same title, in the ‘ Sitzungs- 

berichte der Kgl. Preuss. Akademie der Wissenschaften zu Berlin,’ November, 1883. 

§ Francois Franck, ‘ Lemons sur les Fonctions Motrices du Cet-Teau,’ Paris. 1887 pp. 146-8. 
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the clonic stage the cords execute movements synchronous with the twitcliings of the 

thoracico-abdominal respiratory muscles. 

Masini^ made in 1888 a series of both excitation and ablation experiments on the 

cortex of Dogs. In the former he found in four cases that excitation with weak 

currents produced earlier movements of the opposite vocal cord, followed by later and 

slower movements of the cord corresponding to the side of stimulation. He is the only 

experimenter, so far as we know, who has obtained such unilateral results. With 

stronger currents he obtained bilateral movements. According to his views the 

representation of the adductory movements of the vocal cords is spread over the 

whole motor area, though focussed in the centres for the soft palate and tongue. 

AronsohnI mentions in a paper, published in the same year, briefly, that in his 

experiments he could not obtain any definite reply to the question whether the 

adductory movements of the vocal cords observed by him were actually due to the 

stimulation of the brain. 

Mott,| in repeating our observations, corroborated our results. 

Two very important papers on the root-fibres of the motor nerves of the larynx, by 

Grossmann§ and Grabower|| respectively, we only desiie in this connection to 

menti<jn by title, as the subject of their researches rather refers to the peripheral part 

of the nervous mechanism of the larynx. 

The above short list comprises, so far as we know, all experimental contributions to 

this question, in which the intrinsic laryngeal movements have been actually observed 

or recorded, when the central nervous system has been stimulated. 

The clinical evidence concerning the relationship of the larynx to the higher nervous 

centres is also very limited. 

That lesions of the medulla oblongata may and do occasionally cause laryngeal 

paralysis, is, of course, admitted on all hands. In such cases it is, correctly speaking, 

I'ather a lesion of the vago-accessory nucleus and fibres in the medulla oblongata than 

a genuine central affection, to which the laryngeal paralysis must be attributed. 

With regard to the higher nervous centres, however (cortex and internal capsule), 

matters are very different. 

Although a certain number of cases have been published (c.p^., by Andral, 

Gerhardt, Friedreich, Foville, Duval, Lori, Lewin, Liyio Eonci, Luys, Cartaz, 

Massei, &C.I1), in which simultaneously with organic lesions of the higher centres 

* ‘ Archivi Italiani di Larjngologia,’ Napoli, April, 1888, p. 45. 

t “ Zur Pathologie der Glottiserweiteiaiiig,” ‘ Deutsche Med. Wocbenschr.,’ 1888. 

X ‘Brit. Med. Journal,’ 1890. 

§ “Ueber die Athembevveguugen der motorischen Kehlkopfnerveu, II. Theil,” ‘ Sitzuugsberichte 

der Kais. Akad. d. Wissenscli. zu Wien,’ November, 1889. 

II “Das Wurzelgebiet der motorischen Kehlkopfnerven,” ‘ Centralblatt fiir Physiologic,’ January 4,1890. 

^ The literature of these cases will be found in Masint’s, Garel and Dor’s, and in Rossbach’s papers 

hereafter referred to in the text. They are not quoted here at length, because these author.s themselves 

admit that they cannot claim to be of a decisive character for the question at issue. 



OF THE CENTRAL MOTOR INNERVATION OF THE LARYNX. 191 

vocal disturbances or even laryngeal paralyses have been observed, no conclusions 

can be drawn from them for the decision of the present question, because all of them 

are in sonae way or other incomplete. In some of tliem the diagnosis of a cerebral 

lesion is not at all beyond doubt, in others multiple lesions existed, in a third category 

no laryngoscopic examination had been made, and again in others either no autopsy 

had taken place, or the descriptions of the latter, when made, are defective with 

regard to the condition of the medulla oblongata, the peripheral parts of the laryngeal 

nerves, the microscopic examination of the medulla, the nerve hbres, and the muscles 

themselves, &c. 

In 1884 Bryson Delavan'* * * §^ called attention to the possibility which existed in his 

opinion, viz., of localising from clinical observation the cortical motor centre for the 

larynx. Of the two cases, however, upon which he based his views, in one (Seguin’s) 

no laryngoscopic examination had been made, whilst he himself frankly stated some 

years afterwards,! that in the second one, his own, in which he had attributed the 

laryngeal paralysis to a cortical lesion, the post-mortem examination had established 

the fact that in reality it was of bulbar nature. 

In 1886 Garel;]; recorded an observation, to which he added, in conjunction with 

M. Dor, another in 1890, which proved,§ in the opinion of these authors, that 

unilateral laryngeal paralysis could be caused by a unilateral lesion of the opposite 

hemisphere or internal capsule. We have elsewhere|| taken exception to the interpre¬ 

tation given by these authors to the paralysis observed in their cases, because (a) the 

medulla oblongata was not microscopically examined at the post-mortem examination, 

and (b) the total paralysis (I'espiratory as well as phonatory) of the vocal cord observed 

in their cases is according to our ablation-experiments absolutely incompatible with 

the idea of its being due to a cerebral lesion. 

Recently Rossbach*! has published a very interesting paper on the subject, in which 

from a carefully observed case under his own care he draws tire conclusion that 

unilateral paralysis of a vocal cord may be caused by a lesion of the opposite insula. 

Seeing however, that in his case there was atrophy of the corresponding side of the 

tongue due to an undoubted lesion of the ganglionic cells of the hypoglossal nucleus 

in the medulla oblongata, and that the integrity of the vago-accessory nucleus in the 

medulla was merely surmised from the fact, that the fibres of the nerve itself, and of 

the laryngeal muscles, had undergone no atrophy, while it was not at all shown that the 

* ‘ Compfce-rendii des Travaux de la Section de Laryngologie du VIII. Oongres International 

Periodique des Sciences Medicale.s.’ Copenbague, 1884, p. 17. 

t ‘ Transactions of the American Laryngological Association,’ 1888, p. 195. 

X ‘ Annales des Maladies de TOreille et du Larynx,’ May, 1886. 

§ Ibidevi, April and May, 1890. 

|| ‘ Annales des Maladies de I’Oreille et du Larynx,’ May and June, 1890. 

^ “ Localisation des corticalen Stiinmcentruins beim Menschen.” ‘ Deutsclies Arcliiv fiir klinische 

Medicin,’ vol. 46, March, 1890. 
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laryngeal paralysis had existed so long that atrophy ought necessarily have followed, 

we cannot admit this case as actually proving such a relationship as that claimed by 

the autlior. 

Finally, at this moment a paper on the subject is in course of publication from the 

pen of ScHEFF,''" the outcome of which cannot yet be foretold. 

The general observations of LannoisI bring nothing new, whilst Gottstein| con¬ 

siders the question of the existence of a cortical centre for the larynx in man as still 

open. 

This short list practically exhausts the clinical material in connection with the 

subject. 

c. Methods of Ex-perimentation. 

The different points to be considered under this heading may conveniently be 

grouped in the following manner :— 

1. Electrical methods. 

2. Operative technique. 

1. Elect viced methods.—The excitation either of the cortex, corona radiata, or bulb 

was furnished by the secondary coil of a DU Bois-Reymond inductorium of the 

ordinary pattern, the distances of the secondary coil being marked in millimetres from 

a zero point where the primary coil was completely covered. In the later experiments 

we always employed a special inductorium with the Helmholtz side wire, very kindly 

graduated for one of us by Professor Kronecker, according to the manner he has 

published elsewhere, and by means of which alone is obtained an accurate knowledge 

of the increase in the strength of the stimulus when the secondary coil is pushed 

towards and over the primary. To facilitate the various references to the strength of 

the current in this paper we now give in parallel columns the divisions in millimetres 

according to the old method, and opposite them the divisions according to Kronecker’s 

method. The battery elements employed were either one Daniell cell, one 1 litre 

bichromate cell, (Grenet), or a thermoelectric element, 16 cm. high, 14 cm. diameter, 

of 19 metallic j unctions. 

Du Bois-Retmond inductorium. 
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The electrodes employed were always fine platinum points which, in exciting the 

cortex, were fixed 2 mm. apart, but in exciting the corona radiata, internal capsule, or 

* “ Zur Pathologic d. Motilitatsstorungen d. Kehlkopfs.” ‘ Allg. Wien. Med. Zeitung,’ .lane, 1890. 

t “ Y a-t-il un Centre cortical du Larynx ? ” ‘ Revue de Medecine et de Chirurgie,’ August, 1885. 

J ‘ Die Krankheiten des Kehlkopfs,’ Dritte Auflage, 1890, p. 344. 
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bulb were placed 1 mm. apart. The stimulus was kept applied to the cortex for 

different periods of time according to varying cii'cumstances. Thus if a very minimal 

stimulus was being employed it was necessary, in order to judge of its effect upon the 

cortex, to prolong the excitation during several respiratory movements of the vocal 

cords, i.e., from 5 to 10 seconds. If, however, the stimulus was markedly adequate 

so that an unmistakeable effect w^as produced immediately and ceased directly the 

stimulation was discontinued, then the application of the electrodes was only main¬ 

tained for from 1 to 2 seconds, so as not to exhaust the cortex. 

2. Operative techniciue.—The first point to be considered of course is the anses- 

thesia, the importance of which has been already alluded to, and is considered in 

further detail on p. 195. We may say at once that we have almost invariably used 

ether, in a few cases also in part chloroform ; but inasmuch as the latter did not show 

any specific effect, differing much from that of ether, it is sufficient only to allude to it 

here as it may chance to be mentioned hereafter. The narcotisation was always con¬ 

ducted in the following manner :—The ether was first given by inhalation, and then 

complete unconsciousness having been produced tracheotomy was next performed and 

the anaesthetlsation continued through a funnel and short* piece of rubber tubing, 

the funnel resting on cotton wool wet with ether and covered with a cloth. This 

method had the advantage that as it was usually found far more convenient to inspect 

the larynx from below all trouble connected with the inhalation of the narcotic was 

avoided, and as the trachea was always completely divided it was readily moved 

aside without twisting the larynx to eltlier side, and consequently an uninterrupted 

view obtained. Furthermore, if too much anaesthetic was given by mistake, it was 

easy to restore the animal by inflation. 

The tracheotomy having been done, as large a cannula as possible was inserted and 

fitted as above stated. 

The animal was secured in a prone position and the operation proceeded with to 

expose the central parts of the brain. These may be referred to as cortex, corona 

radiata, internal capsule, and bulb. The second and the third of course consist only 

of fibres, whereas in the first and last case additional complications arise and extra 

precautions have to be taken owing to their being central apparatuses. 

Cortex,—The anterior third of the skull, including the roof of the orbit, was then 

removed by first making a trephine opening and subsequently removing the bone piece¬ 

meal with fine bone forceps. All bleeding from the bone, which was always free, was 

immediately checked by wax. In this way the whole of the anterior extremity of the 

hemisphere, including the orbital surface, was completely exposed, i.e., as far as the 

margin of the olfactory tract. For the better exposure of the same the tissues filling 

the orbit were drawn forward, the ocular contents having previously been removed 

from the eyeball through an incision in the sclerotic.f By means of constant irrigation 

* Purposely short to allow of proper change of the respiratory gases in ventilation of the lungs. 

t Or the eyeball removed (Hitzig). 

MDCCCXC.—n. 2 c 



194 DR. F. SBMON AND MR. V. HORSLEY ON AN INVESTIGATION 

with warm water or normal salt solution shock was in very great measure avoided. 

This was also provided against in the usual way with hot vessels, coverings, &c. 

In no case was the dura mater opened until immediately before the commencement 

of the excitation. 

The animal was then fixed on its side so that when the anterior wall of the trachea 

Irad been removed a perfect view from below Avas obtained of the vocal cords in their 

whole length. 

In all tins preparation of the trachea, larynx, &c., special care was necessary to 

avoid injury of the recurrent laryngeal nerves. Between every period of the excitation 

of the cortex it was douched with ^v'arm water or saline solution, protected by the 

skin-flap from the air and kept warm with hot sponges. 

Corona Radiata. —The investigation of the corona radiata of course enables one to 

decide many points concerning the amount of representation of various functions in 

the cortex. Naturally, however, the excitation of the few fibres descending from the 

conn)aratively extensive area of the cortex is not easy unless the electrodes be placed 

exactly upon the cut ends of the fibres. It is for this reason, no doubt, that a stronger 

stimulus'"" is usually required to successfully excite the fibres. The removal of the 

cortex was always efibcted by a single incision with a sharp scalpel at right angles to 

the supposed direction of the fibres. 

Interned Capside.—This was exposed by horizontal section through the hemisphere 

in the same way as that just described for the corona radiata. The line of the incision 

taken is referred to on p. 202, and the only point noteworthy here is the arrest of 

hsemorrhage, &c. Naturally bleeding comes almost entirely from the middle cerebral, 

the lenticulo-striate arteries and their branches. Bleeding from these vessels can be 

certaiidy arrested if a fragment of amadou be gently pressed on the open mouth of 

the vessel and left there. Usually the various bundles of fibres in the capsule w^ere 

then explored with the electrodes, and finally a careful transcript of the surface 

of the section made with compasses upon paper ruled with squares of 1 mm. a side, 

and the corresponding bundles of fibres indicated by arbitrary numbers placed on the 

squares into which the capsule was by this means divided. 

lli.e Medulla Oblongata.—This was exposed for excitation by reflecting the muscles 

and periosteum by the usual T-shaped incision from the occipital bone and the dorsal 

surfaces of the arches of the first two vertebrae without injury to the vertebral vessels. 

These same arches and the neighbouring portion of the occipital bone were then cut 

away with bone forceps. The dura mater was then divided in the middle line 

and the middle lobe of the cerebellum slightly drawn upwards or a portion removed in 

order to expose the lower end of the fourth ventricle. A drawdng was then made with 

compasses of the surfaces of the ventricle thus exposed on the 1 mm. ruled paper. 

Oozing from the cerebellar vessels was always readily controlled, even in the dog, by 

irrigation with hot water or saline solution. This had a very notable eflect also in raising 

* Putnam, Franck. 
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the excitability of the bulbar centres when these were cle})ressecl by shock, 

exposure, &c. 

In every case a post-mortem examination was made, the drawings verified and the 

specimen preserved. 

d. Iiijiuence of the Amesthetic and Strength of Stimulus. 

We have assumed that the construction of the whole neuro-muscular apparatus of 

the larynx comprises (1) an area of cortex popularly, though incorrectly, termed the 

cortical laryngeal centre, (2) a similar area in the bulb or medulla oblongata which 

may in like manner be spoken of as the bulbar laryngeal centre and is connected 

with the cortical apparatus by fibres running in the corona radiata and internal 

capsule, while finally the vago-accessory nerve roots and peripheral branches contain 

the fibres supplying the laryngeal muscles and mucous membrane. 

It was first observed by Hooter* that even when the recurrent nerves were cut 

inhalation of large doses of ether produced paralysis of the closers (the adductors) of 

the glottis before the openers (the abductors). We repeated! and extended in further 

detail this observation and showed that this remarkable peripheral and differential 

action of etlier was, in all probability, due to the fact that the antagonistic muscles of 

the larynx belong to classes of muscles biologically different. 

Hooper’s original observation was contested by Donaldson,j who found that in 

certain cases one of the two groups of muscles predominated according to the strength 

of the stimulus, that with a feeble current, opening, with a strong current, closing, of 

the glottis was produced. A further, later research by Hooper§ showed that the same 

effect is produced by vaiying the rate (i.e., the intensity ?) of the stimuli, with a slow 

rate of interruption of a constant current abduction being obtained, with a quick 

rate adduction. 

We have observed Donaldson’s result to be occasionally jR'esent, and from general 

considerations are ready to believe that Hooper’s second observation is correct. It is 

clear that the ether effect, and the intensity of stimulation effect mutually confirm 

each other. All these results apply in their entirety to Dogs only. Both, however, 

have to be kept in view when considering the results of exciting, as in the present 

research, the highest point of the effei’ent neuro-muscular track of the laryngeal 

apparatus in any animal, since it is obvious that the actual representation of move¬ 

ment (whether closure or opening of the glottis) might be masked by the condition 

of the peripheral mechanism ; for instance, if this were poisoned with ether stimu¬ 

lation would give opening only of the glottis. 

* ‘Transactions of the American Laryngological Association,’ voh 7, 1886. 

t ‘ Brit. Med. Journal,’ 4-11 September, 1886. Vide also Biedermaxn, ‘ Centralblatt fiir Physiologic,’ 

and Bowditch, ‘International Journal of the Medical Sciences,’ April, 1887, p. 444. 

X ‘American Journal of Medical Sciences,’ July, 1886. 

§ ‘ Transactions of ihe American Laryngological Association,’ 1888. 

2 c 2 
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This combination of physiological relationship in the larynx has not, so far as we 

know, received much attention, we wish, therefore, to lay stress upon the fact that, 

until it has been further investigated, Ave shall not speak dogmatically upon the 

relative degree of representation of the two antagonistic movements in any one point 

of the cortex, but shall content ourselves with giving the results of our work. The 

further consideration naturally arises, that possibly what applies to the peripheral 

mechanism may also be true of the central apparatus, that, in short, the activity of 

the cortical corpuscles in which the representation of adduction exists may be more 

easily extinguished by ether than that of the representation of abduction. Con¬ 

sidering, too, that this implies the earlier abolition of purposive function, it is not so 

fallacious to thus translate peripheral (^.e., nerve ending ?) conditions to a centre. This, 

however, although a question of the utmost interest, does not appear to be capable of 

direct solution until it is j^ossible to difterentiate either anatomically or functionally the 

jmrticular fibres in the pyramidal tracts in which closure or opening are respectively 

represented. 

We hope that the results of excitation of the internal capsule, especially in the Cat, 

vide, infra, will lend some aid in explanation of the difficulty as well as in the special 

examination of Masini’s results for the reasons before given. We have carefully 

noted the effect of varying the strength of the excitation. 

We have always employed the same rate of excitation (viz., 100 per second), since 

we believe that variation in rate is practically the same in effect as variation in 

intensity. 

PvESULTS. 

Cortex. 
General Statements. 

We have dh’ected our attention primarily to the investigation of the representation 

of phonatory laryngeal movements only, but we have not been unmindful of the 

concomitant representation of respiration. This is a point which has already been 

the subject of research, and especially at the hands of FiiANqois Franck. That 

author, as already mentioned in the Historical Retrospect, does not consider that a 

separate cortical apparatus exists for the phonatory and respiratory functions of the 

larynx respectively, but we believe that an extensive series of experiments will 

justify the course we have adopted. 

We moreover think it right to discriminate between the representation of general 

res]3iration and that of the larynx, since we have, on the one hand, obtained 

laryngeal efiects without any concomitant changes in general respiration,'^'' and on the 

other hand, one excitation has often at the same moment induced changes of a 

* Since tLis was written Krause lias stated in the ‘Berliner Klinische "Wochenschrift,’ No. 25, 1890, 

iLat he has observed the same differentiation of representation. 
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different type in the larynx and general respiration, e.fj., closure of the riina 

glottidis with general acceleration of respiration. We shall therefore proceed at 

once to describe the laryngeal efiects only, and shall reserve what we may wish to 

state relating to the effects produced on general respiration for another communication. 

In arranging our results we divide them as indicated on p. 188, i.e., first, according to 

the species of animal employed, and we shall commence with the highest order. 

Monliey. 

Species employed.—We have explored the cortex in examples of Macacus sinicus, 

Macacus rhesus, and Macacus cynomolgus. 

Among these Macacus sinicus afforded the best results. The general conclusions 

we derive from our excitation experiments are as follows :— 

Intrinsic Laryngeal Movements.~I\\at in the foot of the ascending frontal gyrus, 

just behind the lower end of the pra3central sulcus {vide Plate 31, fig. 1),* there is a 

focus of rej^resentation of the movements of the vocal cords which are independent of 

movements of the pharynx, when the most anterior part of the focal area of 

representation is excited. 

This focus is limited anteriorly by tlie prascrucial sulcus {p.c., fig. 1) and a line 

continuing the direction of that sulcus to the Fissure of Sylvius, superiorly, by a 

line drawn horizontally (parallel to Fissure of Sylvius) through the upper extremity 

of the small secondary sulcus marked v, see fig. 1, interiorly, by the Fissure of 

Sylvius, and posteriorly, by the sulcus v. 

The purely intrinsic movement of adduction of the vocal cords seems to be 

represented in the front half (marked darkly F, in fig. 1) of this focal area. In the 

posterior half, i.e., just in front of v, it is accompanied by pharyngeal movements 

especially. (Beevob and Horsley.) 

In this focal area the character of the movement represented is invariably adduc¬ 

tion (Monkey), and not only complete, but also perfectly bilateral. We have never 

observed abduction to follow excitation. Outside the focal area the intrinsic move¬ 

ments are also represented, but in a greatly diminished fashion. Thus, from the rest 

of the facial region, as high as the lower border of the upper limb region, as defined 

by Beevor and Horsley, and, posteriorly, as far as the secondary sulcus in the foot 

of the ascending parietal gyrus, a slight degree of adduction (as far as the cadaveric 

position) is obtained on excitation. The relative degree to which this exists is shown 

in fig. 1 by the depth of the stippling. It need hardly be added that, of course, the 

movements of the face, jaws, and tongue noted to be represented in this region 

(Ferrieb, Schafer, Beevor and Horsley) also occur in concomitant association. 

This gradual decrease in representation from a focus or centre of most complete 

function is typical of all cortical motor representation, especially in the lower apes. 

Extrinsic Laryngeal Movements.—The movements of the larynx as a whole, 

* Coufirmed by Mott and Schafee, ‘ Brit. Med. Joarnal,’ May 17, 1890. 
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of course, possess considerable interest. Fi’om anatomical reasons these resolve them¬ 

selves under two headings— 

(1) Upward Movement of the Larynx, 

(2) Downward ,, ,, ,, 

(1) Upward movement of the larynx we noted to occur only in front of the Fissure 

of Rolando, between it and the small secondary sulcus marked v in figure. 

This movement is associated with swallowing and mastication, these actions 

being (Beevor and Horsley) represented in the strip of cortex thus indicated. 

Clearly, in this association, we have only the completion of the observed representation 

of these complicated acts. 

(2) Downivard movement of the larynx we obtained by exciting the cortex just 

behind the Fissure of Rolando between that sulcus and a line parallel to it, drawn 

from the lower end of the intraparietal sulcus to the Fissure of Sylvius. 

Once we observed confusion between the movement of the larynx upwards and 

downwards to occur at this point, the downward direction predominating. 

Einlepsy.—We have frequently observed epilepsy to follow excitation of the cortex 

in this region. At the commencement of the fit, the vocal cords are strongly 

adducted, often with tremors, i.e., confusion between adduction and respiratory (?) 

abduction, this persisting during the tonic stage. Then, in the subsequent clonic 

stage, the movement of adduction alone occurs as single spasms and ceases, of course, 

often suddenly. 

Carnivora. —Dog. 

Phonation.—The following account applies only to the adult animal ; we shall speak 

later of the differences which are caused in the cortical representation according to the 

age of the individual examined. The nomenclature of the sulci employed will be that 

given by Langley in his admirable paper on this subject,'"" except that for brevity we 

shall speak of the anterior limb of the sigmoid gyrus as the priecrucial gyrus, and 

similarly of the posteiior limb as the postcrucial gyrus. In the original description 

given by KRAUSEt of the cortical representation of the movements of the vocal coi-ds, 

that author localised the focus of the representation to be situated in the prmcrucial 

gyrus [or, as he called it, following Munk, the gyrus praefrontalis (Owen),] just where 

that gyrus terminates below in a narrow pillar or isthmus connecting it with the 

anterior composite gyrus. At this point he found that excitation, as a rule, produced 

bilateral adduction of the cords ; this we have completely confirmed, but we have also 

found that while the spot indicated is a focus, nevertheless slight adduction can 

be obtained by excitation of the whole of the lower two-thirds of the prmcrucial 

gyrus, and also a few millimetres of the upper extremity of the anterior composite 

gyrus. 

* ‘ Journal of Physiology,’ December, 1883, p. 248. 

t • Archiv f. Anatoiuie nud Pliysiologie, Phys. Abth.,’ 1884, p. 203. 
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This representation of the intrinsic movements of the larynx is not pure except very 

special care be taken to adjust the strength of the excitation sufficiently to prove a 

minimal stimulus to the point excited, j^.s a rule, it is accompanied by movements of 

the tongue and of the pharynx, e.g., swallowing. Occasionally, however, we have 

obtained movements of the vocal cords without any concomitant action elsewhere. 

We have never, in the adult Dog, witnessed abduction, although we have explored the 

whole of the frontal lobe on its orbital and external nasal surfaces completely. 

Respiration.—V/e now proceed to remark upon the representation of respiratory 

movements of the laiynx also to be found in the cortex of the adult Dog. We have 

found that tlie following conditions may be produced with absolute certainty. 

a. Acceleration of Respiratory Movements of the Vocal Cords.—This is chiefly 

represented just above the focus for the movements of the adduction of the cords, i.e., 

just in the middle of the lower third of the prsecrucial gyrus, but excitation of 

the whole of the prsecrucial gyrus as a rule produces this effect in diminishing degree, 

as we move from the focal point just mentioned. In the performance of this act the 

abduction of the vocal cords is, as a rule, diminished in extent, as has already been 

mentioned in speaking of their phonatory representation in the same area, but they 

otherwise present the ordinary alternate rhythm of abduction and adduction. 

Before passing to the next point observed we must here make a few remarks upon 

this extraordinary result, because it has not been, so far as we know, described in 

connexion with any function other than the respiratory. 

Quickening of resf)iration has very properly been termed by PtiCHETt polypnoea, 

and has been proved by him to be the means whereby the thermo-taxic apparatus 

restores the equilibrium of the body by providing for extra loss or dissipation of heat. 

Furthei', work of a memorable kind has been done upon this subject by Ott,| who 

has directed special attention to this point, and has produced by excitation the same 

acceleration of respiration, but from excitation of the internal capsule. {Vide our 

remarks on the internal capsule.) We provisionally quite agree with the conclusions 

and explanations offered by these writers, and we would here remark, that so far as 

we can see, the results obtained by Ch:ristiani,§ and probably those by Martin and 

Booker, II are to be explained as the results of excitation of the fibres leading down 

from this very extensive and cortical representation of the respiratory acceleration 

* ['While this paper was passing through the press Munk published, in the 2nd edition of his 

‘ Gesammelte Mittheilungen iiber die Functionen der Grosshirnrinde,’ a statement on p. 178 to the effect 

that we have confounded the focal representation of phonatiou with laryngeal movements when accom¬ 

panied by associated movements of the mouth, pharynx, &c. The jnscice of this statement we leave to 

the opinion of our readers.—August, 1890.] 

t ‘ La Chaleur Animate.’ 

J ‘ Laboratory Researches,’ Easton, Pa. 

§ ‘ Zur Physiologie des Gehirnes.’ Berlin, 1885. 

II ‘ Journal of Phy.siology,’ vol. 1, 1881. 
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that we have observed. {Vide also FRANgois Franck, Lepine, Bocheeontaine, 

Danilewskv, Goldstein, Sihler, Mxjnk, &c.,and our remarks on the internal capsule.) 

h. Intensification of Respiratory Movements.—If the electrodes be moved over 

the surface of the sigmoid gyms it will be noticed that as soon as they are placed 

opposite the lower or outer end of the crucial sulcus, there is then, together with the 

now very slight acceleration in rate, a distinctly more energetic action of the vocal 

cords. Both the abduction and the adduction movements are more pronounced, and 

as the electrodes are carried back to the lower end of the postcrucial gyrus, i.e., over 

tile area of reiiresentation of the fore-limb, this intensification becomes still more 

marked, and is occasionally accompanied by slowing, and may in short be said to be 

there localised, as from this point upwards it gradually diminishes over the surface of 

the gyrus. 

These observations are interesting in connexion with those made by Masini upon 

the distribution of the laryngeal represention in the Dog. {Vide History.) 

In reviewing the results just noted, we wish to point out that if the excitation 

of the cortex be first attempted with an extremely weak current and if then the 

stimulus be increased, the first effect in response to the weak current is the respmatory 

acceleration before noted, and the next effect is the intensification of the respiratory 

movements. The purposive adduction obtained in the phonatory centre as a rule 

requires the strongest stimulus. 

This has been found to be the case by most observers, the distance of the secondary 

coil from the zero point of the ordinary DU Bois inductorium being required to be 

pushed, as Krause himself first stated, to 7'5 or even 4 cm.* Although we have 

made a special investigation of this point with very weak as well as stronger currents, 

and although we have been very careful to preserve the vertical position of the 

larynx, and to record even the slightest action, we have never observed the unilateral 

movements described by Masini. 

Epilepsy.—As in the Monkey, we have not infrequently observed epilepsy to 

follow the excitation of the cortex, this being more readily produced in the carnivorous 

animals than in the higher. During the epileptic convulsions the vocal cords usually 

after preliminary adduction exhibit clonic adductory movements, in no wise differing 

from those previously described, save in their intermittent character. 

Cat. 

We have made a large number of experiments upon the cortex of the Cat because 

we found very early in our investigations, in 1886, that the movements of the larynx 

represented in the cortex of the Cat were not the same as those which we had 

obtained from the Monkey or even from the Dog. In other words : contrary to what 

we have just seen, the movement of abduction was well represented in the cortex of 

the Cat, although we had never been able to find any genuine trace of it in the cortex of 

* Fara(U.sm, moreover, not Helmholtz modification. 
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the Dog’. It will be necessary, perhaps, first to explain that the arrangement of the 

convolutions in the Cat as regards the frontal lobe is in its chief features the same as 

in the Dog, only in miniature. See Plate 32, figs. 2, 3, 4, 5. Tlie coronal fissure bounds 

the sigmoid gyrus below, and riuining forward is separated from the supraorbital sulcus 

by the pillar or isthmus of tlie prmcrucial gyrus joining the antei'ior composite gyrus 

as before described. In front of the supraorbital sulcus and between that sulcus and 

the rlnnal fissure is situated, as in the Dog, the orbital lobe. The rhinal fissure, of 

course, separates the orbital lobe from the olfactory tract. We mention all these 

points because their special bearing will be seen directly. 

Phonation.—The bilateral adduction of the vocal cords, as in phonation, we have 

observed in the Cat to be more frequently represented in the coronal gyrus at its 

anterior extremity, near the anterior composite gyrus, at a point which is in a line 

with the crucial sulcus and in the upper part of the gyrus, i.e., close to the coronal 

fissure, at d', figs. 2, 4, 5. We have further observed that representation of bilateral 

adduction is also to be found in the area corresponding to that discovered by Krause 

in the Dog, i.e., just above and in front of the anterior end, of the coronal fissure, at 

d, figs. 2, 4, 5. This representation of adduction, whether in one place or the other, 

is very soon exhausted, although it is, when present—i.e., in a full-grown old Cat— 

well marked. It requires a moderate stimulus for its production, i.e., 7000 to 8000 of 

the Kronecker coil. 

Respiration, Abduction, Acceleration.—We have found that in the Cat there exists 

a point (at h, figs. 2, 3, 4, 5) in the lower border of the hemisphere, just above the 

rhinal fissure—i.e., in flie anterior composite gyrus—and just below the depression 

representing the antero-supra-sylvian sulcus, excitation of which produces well- 

marked—i.e., as long as the excitation lasts—abduction of the vocal cords ; and that 

the same effect is produced, in a diminishing degree, round this point as a focus, and 

occasionally passes above the supra-sylvian sulcus on to the coronal and upper part of 

the anterior composite gyrus. This cortical representation of abduction in the Cat is 

ver}' interesting, as probably indicating special respiratory requirements''’' in that animal, 

this deduction being confirmed by the ex})eriments of Legai.loisI' and others. Although 

we have found occasionally that in the Cat the prrecrucial gyrus gave upon excitation, 

as in the Dog, acceleration of respiration, yet this was not so marked. 

IntensiJicatioji.—Similarly, intensification also was observed, but in no great degree. 

Concomitant Movements.—Concomitant movements were observed (movements of 

the tongue, licking, mastication, and swallowing) when the anterior composite gyrus 

was excited, i.e., when opening of the glottis (abduction) was produced. But we 

constantly observed the abduction to be completely maintained while thoracic respira- 

* In the discussion following a demonstration of some of our exj^eriments at the 10th International 

Medical Congress, 1890, Prof, du Bois-Reimond stated that he had observed phonation in the Cat and 

Cow to be of an inspiratory nature. Prof. Exxer stated the same wdth regard to the Pig. 

t ‘ Sur le Principe de la Vie.’ 

MDCCCXC.-B. 2 D 
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tion went on unliinderecl. On the other hand, when closure of the glottis was evoked, 

the respirations wei'e distinctly slowed. 

We cannot pass from this part of the subject without adverting to tire remarkable 

way in which tlie laryngeal apparatus of the Cat is, as we have before remarked, 

extremely sensitive to the operation of the anaesthetic. Especially was this the case 

in making these experiments upon the cortex, since we found that a moderately deep 

narcotisation was sufficient to change the effect observed from adduction to abduction. 

The discussion of this we resume further on. 

Epilepsij.—We have occasionally observed epilepsy, and when it occurred the vocal 

cords were preliminarily brought together, and then moved in clonic adductory 

spasms. We would now like to state that it is the phonatory—or, as we may say, 

the purposive—adductory representation of tlie laryngeal movements which is inva¬ 

riably brought out in the epileptic discharge of the cortex; another proof, if proof be 

required, of our position that adduction is a movement characteristic of the highest 

cortical evolution as far as the larynx is concerned. 

Rodents.—Rahbit. 

Cortical representation of movement in the Ilabblt is, of course, well known to be 

very limited indeed, both in extent and in degree, the cortical centres being soon 

exhausted and the effects produced being relatively insignificant. We therefore only 

made two experiments upon this animal. We obtained no focal representation of the 

larynx, but the intrinsic movement observed concurrently with the movements of 

other parts were, as a rule, adduction; and, where this was most marked, the 

concomitant movement was that of swallowing. 

Corona radiata. 

We have, in a certain number of experiments, removed the cortex and excited 

the fibres beneath. As might be expected, our results all point to one conclusion, 

viz., that excitation of the fibres which lead in a direct line from the particular 

part of the cortex removed to the internal ca|)sule gives the same effects as did 

the cortex when that was excited. Thus, in the Dog we have observed that the 

white fibres leading down from the praecrucial gyrus gave acceleration and those from 

the isthmus of that gyrus adduction, whereas the fibres coming from the lower end of 

the postcrucial gyrus gave intensification of the respiratory movements of the vocal 

cords. Exactly the same is observed in the Cat, viz., that acceleration is coupled 

with adduction, and that, on excitation of the fibres coming from the abductor focus, 

we have as distinctly abduction. 

In no case, in accordance with the previous observations of various authors, did we 

obtain epileptic movements of the laryngeal muscles, after the cortex had been 

excised, l)y stimulation of the fibres leading therefrom. 
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Infernal Cajjsule. 

It will be necessary to give a slight anatomical introduction before describing 

onr results of the excitation of the internal capsule. In the first place we invariably 

have exposed the internal capsule by a horizontal section carried through the 

substance of the hemisphere from before back, after the usual preliminary ligature 

of the middle cerebral artery. In this maimer the internal capsule in its whole 

length, basal ganglia, &c,, were exposed, and readily distinguishable. The horizontal 

section before referred to passed in the Carnivora through the sub-prorean gyrus, tlie 

lower part of the orbital lobule just above the rhinal fissure, through about the middle 

of the Sylvian fissure, and so backwards through the lower end of the curved external 

convolutions and sulci, i.e., ecto-sylvian, &c. 

In the Monkey the section was carried horizontally backwards through the third 

frontal gyrus, the foot of the ascending frontal and parietal gyri respectively, across 

the Sylvian fissure, through the uppermost pai’t of the temporo-sphenoidal lobe, and 

so through the occipital lobe. The anatomical features of the cerebral sections thus 

produced, although, of course, differing considerabl}'' in the various orders of animals, 

nevertheless are not so diverse as might be anticipated (see figs. G, 7). In each case 

the section exposed both the caudate and lenticular nuclei of tlie corpus striatum as 

well as the optic thalamus. The sections in the Monkey thus correspond to 

about the level of Group 4, as described by Beevoe, and Horsley. These authors 

in their paper [ante, pp. 49—88), on the arrangement of the excitable fibres of the 

internal capsule of the Bonnet Monkey, just referred to, observed phoiiation to occur 

in one section of the capsule when these fibres were excited [ibid., p. 83), but they did 

not directly observe the laryngeal movements. 

In this connection it must be remarked that in the Carnivora the lenticular nucleus 

is relatively extremely narrow (see figs. G, 7), so that the angle made by the two lindDS 

of the capsule is a very open one, almost 150 to IGO degrees. Therefore, as will be 

seen directly, the general arrangement of the fibres, as far as the antero-posterior 

order goes, is the same in the two classes of animals, although the actual positions are 

not quite the same, owing to the non-development of the jircefrontal region in the 

Carnivora. Since the irruption of prmfrontal fibres which makes up the mass of the 

anterior limb in the Monkey and pushes the excitable fibres further backwards into 

the posterior limb does not occur in the brain of the Dog or Cat, in these animals it 

is the anterior limb which principally contains the excitable laryngeal fibres. 

In all animals the most anteriorly placed laryngeal effect observed was the accele¬ 

rated movements of the vocal cords connected with quick movements of the thorax in 

the polypnoea, wdrich we have described to be produced by excitation of the prsecrucial 

gyrus. In the Cat and in the Dog this acceleration of respiration is produced by 

excitation of a considerable number of fibres occupying the anterior half of the anterior 

limb, i.e., opposite about the anterior half of the caudate nucleus as exposed in the 

2 D 2 
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section before referred to. At the same time that acceleration was produced there 

was also obtained from the most posterior bundles of these fibres, in all animals, 

abduction, this combination being concentrated in the Monkey at the genu, where the 

fibres subserving the acceleration of respiration are chiefly grouped. In the Cat and 

in the Dog these abductor fibres were found just before the genu. 

Taking the various species individually we find that, in (1) the Monkey, acceleration 

is first produced when the fibres immediately in front of the genu and exactly at the 

genu are stimulated; this is, of course, just opposite the sharp angle made by the 

middle zone of the lenticular nucleus. The fibres in the posterior limb immediately 

behind the genu when excited either give a mixed movement or simply produce on 

excitation diminution of abduction, and it is not until we get to the junction of the 

middle and posterior fourths of the capsular border of the middle zone of the lenticular 

nucleus that we get distinct adduction. There, however, the adduction is very accu¬ 

rately localised to a few bundles of fibres about 2 scpiare millimetres in area. Just 

behind this point for a short distance diminished abduction was observed on stimulat¬ 

ing the capsule in one case ; it is clear, therefore, that in the Monkey the acceleration 

of respiration is only brought about by a few fibres at the situation of the genu, while 

the phonatory adduction of the cords is subserved by a few fibres in almost exactly 

the middle of the posterior limb of the capsule. 

It may be interesting at this point to state that this is what might have been 

expected, inasmuch as it is just at this region that the observations before referred 

to"^ show that these fibres similarly subserve the movements of the tongue and 

pharynx. 

(2) . In the Dog the condition appears to prevail which is found in the Cat, about to 

be described, that is to say, that excitation of almost the whole of the anterior limb 

produces acceleration of respiration and that adduction begins to be produced at the 

genu. {(/, fig. 7.) We will therefore proceed to describe the condition as it is seen 

in the Cat, in which animal we have investigated this point closely. 

(3) . In the Cat the most anterior effect is acceleration. This commences, according 

to the level of the section, either just in front of, or just opposite to, the anterior 

extremity of the caudate nucleus, and it persists throughout the front half of the 

anterior limb of the capsule. (1-3, fig G.) At this centre point of the anterior 

limb the respirations liecome intensified, abduction much more notably marked, and 

in some cases persistent. (See fig. G.) 

Exactly at the genu, or in many cases just in front of it, i.e., opposite the posterior 

extremity of the caudate nucleus (yule figs. 6 and 7), adduction is very sharply 

marked. 

In most cases the bundle of fibres subserving this phonatory adducton is small, 

in others—possibly owing to slight difference in the obliquity of the section— 

* Beetor and Horseey, Joe. cit. 
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adduction can be obtained from almost any point in the front half of the posterior 

limb, and in some cases there is, in addition, diminished abduction as far as the hinder 

end of the lenticular nucleus. 

We are now in a position to discuss further the points postponed in speaking of the 

relative representation of respiration and phonation in the cortex. 

It will be seen that in the capsule we have thus arranged antero-posteriorly the 

fibres subserving portions of the cortex which are placed rather transversely to the 

mesial plane than parallel to it, and that, as might be expected, the acceleration 

which is the highest and most anterior is similarly most anteriorly placed in the 

internal capside. To return now to the polypnoea obtained by exciting these fibres in 

the internal capsule, Ott describes how by using needle electrodes he was enabled in 

the Rabbit and in the Cat to evoke exactly the same polypnoeic condition that we 

produced in the above-mentioned circumstances. He was exciting the fibres, 

according to our view, of the capsule leading from the cortex. The very important 

results which he obtained, and the bearing which these facts have upon heat 

regulation and the pathology of fever will be found in his communication. 

The next point is of course tlie relation which the laryngeal movements thus 

described bear to the other respiratoiy movements. Where we had to do simply 

with the acceleration of the laryngeal movements, of course such acceleration was 

exactly synchronous with acceleration of thoracic respiratory excursions. 

But when the fibres posterior to this were excited, viz., those which produced persis¬ 

tent abductory movements of the vocal cords, then it was noticed that while the larynx 

remained wide open in persistent abduction as long as the excitation lasted, never¬ 

theless the respiratory excursions of the thorax were greatly accelerated ; another 

instance of the differentiation of representation Avhich we have before described. 

Next, when the vocal cords were brought together in adduction, as a rule there was 

some slowing of respiration and frecjuently movements of the opposite fore limb and 

swallowing. 

Epilepsy.—After what has gone before it will be easily understood that we never 

saw epilepsy to occur from excitation of the internal capsule, and that all intrinsic 

laryngeal movements observed were strictly and completely bilateral. 

Medulla oblongata. 

We come now to the consideration of the laryngeal movements produced by 

direct excitation of the medulla oblongata. It will readily be conceded that here 

thei’e is more than usual difficulty in discriminating between those laryngeal 

movements which subserve the process of respiration and those which have to do with 

phonation. We do not propose in the present case to do more than indicate what 

those movements are, and to leave the consideration of the shares which they 

individually possess in serving the two functions before mentioned to another time. 
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But we may observe incidentally that we are naturally inclined to regard that small 

area of the medulla from which adduction can be produced as a transit-station for the 

corresponding cortical, and as a centre for reflex phonatory impulses. Whether this 

is really so the future will show. What is, for the present, of more practical import 

in this connection is how far the bulbar apparatus for the larynx is bilateral or 

unilateral in its composition. It will be seen directly that we have obtained from 

the one half of the medulla oblongata both bilateral and unilateral eflects, that is, 

as far as they go the bilateral effect is for the most part complete, sometimes, i.e., when 

the electrodes are moved outwards, with a preponderance of movements on the part 

of the cord on the same side, and the unilateral effect is of course movement of the 

cord on the same side as that stimulated. 

We shall discuss the results then from these two standpoints, viz., (1) the bilateral 

effect, and (2) the unilateral effect. 

We have only made observations on the Carnivora, and in this respect it is 

interesting and important to note that the results in the Cat are not different from 

those in the Dog. In fig. 9 is given a photograph of the floor of the fourth ventricle 

in the Dog, the calamus scriptorius {c.s., fig. 9) is well seen bounded laterally by the 

fasciculus gracilis passing up on each side towards the restifoim body with the ala 

cinerea (a.c., fig. 9) well marked. The cerebellum has been divided and the right half 

removed, so as to expose the lower surface of the inferior peduncle completely, and 

only the upper part of the inferior vermiform process is seen to be in contact with the 

floor of the ventricle. 

Within the area thus exposed are included all the movements of the vocal cords 

which may be reasonably attributed to phonation, and also almost all which are 

connected with respiration. However, in accordance with what we have stated above, 

we shall now proceed to describe the movements of the vocal cords independently of 

the function they may be supposed to subserve. 

1. Adduction.—Closure of the glottis is sharply and invariably produced when the 

upper margin of the calamus scriptorius, i.e., the nucleus of the spinal accessory nerve, 

is stimulated, and the same thing is observed if the electrodes are carried outwards 

and upwards along the margin of the posterior pyramid for about 3 mm. from the 

middle line. This action is distinctly bilateral. 

Immediately above the calamus, in the situation of the ala cinerea, abduction is 

invariably produced. This movement, like that of adduction, is also absolutely 

bilateral and persistent. It extends upwai’ds as high as the line drawn horizontally 

across the fourth ventricle at the transverse level of the upper end of the representa¬ 

tion of the adduction. (See fig. 9.) Above this point, especially in the middle line 

as high as the level of the eighth nerve, excitation evokes movements of the cords 

about the cadaveric position (see dotted area, fig. 9), which may be looked upon as 

either a confusion or imperfect adduction. This movement is strictly bilateral. 

We have obtained unilateral adduction of the vocal cord on the same side b}?" 
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excitation of the restiform body in a vertical direction beginning below, opposite and 
close to the upper end of the region just referred to as giving bilateral adduction, and 
proceeding along the outer part of the floor of the fourth ventricle as high as the 
centre of that cavity. (See fig. 9.) 

Whether the adduction of the vocal cord of the same side obtained by excitation 
in the line thus drawn is due to excitation of the nucleus reserved for the movements 
of the vocal cord of the same side, or whether it is rather excitation of those fibres 
which run through the substance of the medulla, to appear at oirce as the roots of the 
vago-accessory nerves, remains doubtful, though we are naturally more inclined 
towards the latter view. However, we do not consider that any positive opinion can 
at present be expressed upon this point. 

Abduction.—It has been mentioned above that the movement of abduction is 
obtained over the situation of the upper two-thirds of the ala cinerea and also from 
about the origin of the eighth nerve. This latter area is evidently more important 

and extends upwards to close to the debouchment of the aqueduct of Sylvius. (See 
fig. 9.) Further, this movement of abduction is persistent, and is better marked a short 

distance, about 2 mm. from the middle line, than in the middle line itself. We have 
never observed unilateral abduction similar to the unilateral adduction before 

mentioned. 
It may be that fibres exist in f he tegmentum or crusta which directly connect together 

the cortical and bulbar mechanisms now described, and that, as before suggested, the 
observations which would point to respiratory mechanisms existing in the basal parts 
of the cerel3ral hemisphere and in the mesencephalon have Ijeen the results of stimula¬ 
tion of such fibres by those looking for respiratory centres in these positions. 

Before we had recognised completely the degree to which the etherisatioii must be 

carried v/e obtained some results upon the larynx when the dorsal surface of tlie 
spinal cord, i.e., below the calamus sciiptorius, was stimulated, but we saw from the 
first that the results obtained here were probably those of a reflex nature, and further 
investigation has confirmed this opinion. For tire effects were only jiroduced in their 

entirety as the excitation approaclied successively the posterior roots, and diminished 
as the electrodes were moved to intermediate parts of the spinal cord. Further, the 
effects were far more in the nature of acceleration of thoracic respiration than primary 

changes in the movements of tlie larynx. 
We never observed any after effects, e.r/., clonus, &c., upon cessation of the stimula¬ 

tion of the medulla oblongata. 

Injilienee of Age. 

Those acquainted with the historv of previous research on the subject of the 
innervation of the larynx know well that, from the first, experimental investigation 
has shown that there exists, according to the age, a great difference in the same 
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.species of animal in the representation in the nervous system of respiration and 

phonation respectively. 

The need for efficient respiratory action on the part both of the larynx and the 

thorax is much greater in the young'er animal than in the adult, and is greater, as 

Legallois more esj^ecially has shown, in the Cat and the Horse than in any other 

animal, especially more than in the Dog. The present part of oiu’ paper will be 

devoted to summarising the facts that we liave observed and the differences noted 

according to the age of the animal, and we shall group the results, as before, according 

to the species, beginning again witli tlie highest. 

(a.) Monkeij.—In the Monkey we have only incomplete observations owing to the 

difficulty of obtaining many Monkeys, but all our observations went to show tha.t 

phonatory adduction was less represented in the young animal than in the older adult. 

{h.) Dog.—In the Dog these differences are also marked. In the young Dog even 

with strong currents we have frequently only obtained from the focus of laryngeal 

phonatory representation a high degree of acceleration of respiration with marked 

diminution of abduction, but no complete adduction ; in fact in the cortex of such an 

animal, while respiration is most efficiently represented, phonation is only imperfectly 

evolved. 

(c.) Cat.—In the Cat, again, the same thing prevails in its entirety, with the 

additional point, viz., that this want of differentiation in the laryngeal movements 

was not confined to the larynx, but also prevailed in the centres for the movements of 

the limbs. 

It is in accordance with points noticed by one of us (V. H.) in the representation 

of the limb-muscles in the cortex of the Monkey that a wider extent of cortex 

provides for a higher evolution or development of the motor representation, and 

probably the differences we have just been describing as produced by age are due to 

the greater or less provision of cortical mateiial for subserving the particular function 

represented. 

Conclusions. 

The conclusions which we feel may legitimately be drawn from the foregoing 

experiments—and which, we may be permitted to add, are based not only upon the 

results of the work just described, but also upon much winch we have not alluded to, 

and which will be desci'ibed in subsequent communications—may best be put forward 

upon the plan according to which we believe the central innervation of the laryngeal 

movements is arranged. 

In consequence of the laryngeal muscles serving, as particularly insisted upon by 

one of us (F.S.), in this connection, two distinct functions (1) phonation, (2) respi¬ 

ration, and in consequence of these two functions being, one connected with so-called 

purposive or volitionary acts, the other, on the contrary, related to those functions 
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which ai’e commonly spoken of as belonging to organic life, it is easy to understand 

that our results bring us to the conclusion that the phonatory movements of the 

laryngeal muscles, i.e., adduction, &c., are represented principally in the cortex, 

whereas the respiratory movements, i.e., abduction, chiefly in inspiration, adduction 

less commonly and imperfectly in expiration, usually find their origin in impulses 

emanating from the bulb. 

We have seen that the first of these functions, phonatory adduction, is represented 

most completely in the cortex the higher we ascend in the animal scale, and the more 

completely as the cortex is developed in the life of the individual, i.e., by age, while 

jmri passu, the function of respiration, although present in a minor degree, as 

evidenced by acceleration, is least represented where phonation is most completely 

developed. In further detail, adductory phonation is centred in the Monkey at the 

junction of the foot of the ascending frontal gyrus, and the base of the third frontal 

gyrus, in the Carnivora at the junction of the praecrucial, or prsefrontal gyrus, with 

the anterior composite and coronal gyri. Respiration is represented in the higher 

animals only as acceleration, and that above and rather in front of the focus of 

phonation. 

In the Cat only have we found a deliberate representation of abduction in the 

cortex. 

Turning now to the lowest part of the central apparatus, the bulb, we see that 

there is therein situated a small but concentrated focus on each side of the middle 

line for bilateral closure of the glottis, and outside that a small area, excitation of 

which produces unilateral adduction of the vocal cord on the same side. Above this 

region of adduction there is also a representation of abduction, i.e., inspiration. 

Finally we have found that, connecting the cortical apparatus with the bulbar 

apparatus, there exist numerous connecting fibres which can be analysed as they pass 

dovm from the cortex through the corona radiata and internal capsule towards the 

bulb; that as far as they are concerned they simply subserve the functions which are 

proved to exist in the cortex ; that the anatomico-functional arrangement of these 

fibres in the capsule enumerated from before backwards is :—acceleration of respiration, 

abduction, intensification, adduction ; and that their respective positions in the capsule 

are constant and strictly homologous in the different species of animals, according to 

the development of the cerebral hemispheres in the particular cases observed. 

These results are in complete concord with the ideas concerning the whole central 

nervous mechanism which innervates the larynx, ideas which were put forward by 

one of us (F.S.) at the International Congress at Copenhagen in 1884. We are 

enabled to state this the more positively for the reason that we have in our hands 

the notes of a large number of ablation experiments which, by their control of exci¬ 

tation effects, prove to demonstration the correctness of the views and opinions we 

have enunciated. 

2 E MDCCCXO.—B. 



210 DR. F. SEMOX AND MR. V. HORSLEY ON AN INVESTIGATION 

Descliption of Plates. 

PLATE 31. 

Fig. 1. Pliotograph of right hemisphere of a Macacque’s brain, Macacns sinicus. 

The total or absolute representation of the larynx is indicated by dotting, 

the depth of the same showing the degree of representation. 

R. Fissure of Rolando. 

Pc. Prmcentral sulcus. 

F. Focus of highest development of laryngeal representation, i.c., pure 

intrinsic movement of adduction. 

V. The small secondary sulcus indicated by that letter. 

S)!- Fissure of Sylvius. 

PLATE 32. 

Fig. 2. Three-quarters view of Cat’s brain, half natural size. 

c.s. Crucial sulcus. 

d. Krause’s centre of adduction. 

d'. Centre of adduction also noted by the authors. 

h. Focus of abduction. 

Fig. 3. Base of Cat’s brain, half natural size 'j 

Fig. 4. Side view of Cat’s brain, natural size Lettering as above, fig. 2. 

Fig. 5. ,, ,, half natural size 

Fig. 6. View of Cat’s brain fi'om above. Tire right hemisphere has been sliced 

horizontally, as described in the text, to show the internal capsule. 

olf. Olfactory lobe. 

p.f. Praefrontal fibres. 

Ca. Caudate nucleus, 

r/. Genu. 

o.th. Optic thalamus. 

n.J. Lenticular nucleus (putamen). 

F.S. Fissure of Sylvius. 

1. Anterior limit of fibres excitation of which produces acceleration of 

respiration. 

2. Posterior limit of fibres representing acceleration and abduction 

and commencement of representation of a/Iduction. 

3. Centre of anterior limb marking commencement of representation 

of abduction. 
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Fig. 7. Horizontal section of the right hemisphere of the Dog. Lettering as in fig. 6. 

Fig. 8. View of the bulb of a Cat, the cerebellum being split and drawn aside. 

C.q. Corpus quadrigeminuin. 

ch.qj. Posterior ditto and supei’ior cerebellar peduncle. 

r. Pestiform body. 

(i.c. Ala cinerea. 

c.s. Calamus scriptorius. 

Fig. 9. View of the bulb of a Dog, the cei'ehelhnn having been split and the right half 

removed. 

aq. Aqueduct of Sylvius. 

i.v.q). Inferior vermiform process. 

a.c., c.s. As above. 

The close oblique markings at the calamus and extending outwards 

indicate the focus of bilateral adduction. 

The vertical lines indicate the representation of bilateral abduction. 

The horizontal marks on the outer side indicate the area of unilateral 

adduction. 

The dotted area indicates the representation of incomplete adduction. 

All are photographs of the jiarts iii the recent sta te. 
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