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Prerequisites And Basics

To be able to study Trigonometry sucessfully, it is recommended that studentstepmple
GeometryAlgebra landAlgebra |l prior to digging in to the course material.

It is helpful to have a graphing calculator and graph paper on hand to be able to fotigwasl
well. If one is not available software available on sites suthtpg/www.graphcalc.conthay
be helpful.

Introduction

Trigonometry is an important, fundamental step in math education. From the dgesmmuie
shape, the right triangle, we gain tools and insight that help us in further glrastivell as
theoretical endeavors. The subtle mathematical relationships betweeghthieangle, the
circle, the sine wave, and the exponential curve can only be fully understood wiithbeasiis in
trigonometry.

In simple terms

This page is intended as a simplified introductiotritjonometry (This article is not always
correctly formulated in mathematical language.)

Simple introduction

If you are unfamiliar with angles, where they come from, and why they aralgicequired, this
section will help you develop your understanding.

In principle, allanglesandtrigonometric functionsre defined on thenit circle The termunit in
mathematics applies to a single measure of any length. We will latgrthpgdrinciples gleaned
from unit measures to a larger (or smaller) scaled problems. All the funet®nsed can be
derived from a triangle inscribed in the unit circle: it happens torliaangled triangle

A Right Triangle



The center point of the unit circle will be set o@artesian planewith the circle's centre at the
origin of the plane — the point (0,0). Thus our circle will be divided into four sections, or

quadrants

Quadrants are always counted counter-clockwise, as is the default rotatmayutsr velocityn
(omega). Now we inscribe a triangle in the first quadrant (that is, whexe dhely-axes are

assigned positive values) and let one leg of the angle be gratie and the other be parallel to
they-axis. (Just look at the illustration for clarification). Now we lethigpotenusgwhich is

always 1, the radius of ounit circle) rotatecounter-clockwiseYou will notice that a new

triangle is formed as we move into a new quadrant, not only because the sum ofedriang|
angles cannot be beyond 180°, but also because there is no way on a two-dimensional plane to
imagine otherwise.

Angle-values simplified

Imagine the angle to be nothing more than exactly the size of the triapgfateesides on the
x-axis (the cosine). So for any given triangle inscribed in the unit cielauld have an angle
whose value is the distance of the triangle-leg on the x-axis. Although this would lidepioss
principle, it is much nicer to have a independent variable, let's call it phi, which dagsange
sign during the change from one quadrant into another and is easier to handle (tlsat imea
not necessarily always a decimal number).

IINotice that all sizes and therefore angles in the triangle are ryudirgctly proportional. So
for instance if the x-leg of the triangle is short the y-leg gets long.

That is all nice and well, but how do we get the actual length then of the various tlegs of
triangle? By using translation tables, represented by a function (theaetitrary interpolation

is possible) that can be composed by algorithms suty@s. Those translation-table-functions
(sometimes referred to &8 T, Look up tablesare well known to everyone and are known as
sing cosineand so on. (Whereas of course all the abovementioned latter ones can easily be
calculated by using the sine and cosine).

In fact in history when there weren't such nifalculatorsavailable, printed sine and cosine
tables had to be used, and for those who neledegbolated dataf arbitraryaccuracy taylor
was the choice of word.

So how can | apply my knowledge now to a circle of any scale. Just multigdgaheg
coefficientwith the result of the trigonometric function (which is referring touthi circle).

And this is also why c@®)? + sin(¢)® = 1, which is really nothing more than a veiled version of
the pythagorean theorewus(o) = a;sin(p) = b;a® + b? = ¢?, whereas the = 1* = 1, a peculiarity
of most unit constructs. Now you also see why it is so comfortable to use all thbsenaical
unit-circles.

Another way to interprete a angle-value would be: A angle is nothing more ttzarslated
'directed'-length into which the information of the actual quadrant is packed ampiier type
of trigonometric function along with its sign determines the axis (‘dn@gtiThus something

5



like the translation of ax(y)-tuple into polar coordinates is a piece of cake. However due to the
fact that information such as the actual quadrant is ‘translated’ fromnha gignd y into the
angular value (a multitude of 90) calculations such as for instance the division Hiopaiasn't
equal to the steps taken in the non-polar form.

Oh and watch out to set the right signs in regard to the numigeadfanin which yourtriangle
is located. (But you'll figure that out easily by yourself).

| hope the magic behind angles and trigonometric functions has disappeared eyti@lv, and
will let you enjoy a more in-depth study with the text underneath as your penstamal t



Radian and Degree Measure

A Definition and Terminology of Angles

An angle is determined by rotating a ray about its endpoint. The starting positi@raf is

called thenitial side of the angle. The ending position of the ray is calledetrinal side. The
endpoint of the ray is called igrtex. Positive angles are generated by counter-clockwise
rotation.Negative angles are generated by clockwise rotation. Consequently an angle has four
parts: its vertex, its initial side, its terminal side, and its rotation.

An angle is said to be mtandard position when it is drawn in a cartesian coordinate system in
such a way that its vertex is at the origin and its initial side is the positixes.

2
\‘;‘b
e
B"@
anale
vertex initial side
Definition of an Angle An angle in standard position

The radian measure

One way to measure angles igadlians To signify that a given angle is in radians, a superscript
c, or the abbreviation rad might be uskaho unit is given on an angle measure, the angle is
assumed to be in radians.

3r° 3w 3w
= rad. =
2 2 2

Defining a radian

A single radian is defined as the angle formed in the minor sector of a cinelee thhe minor arc
length is the same as the radius of the circle.
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Defining a radian with respect to
the unit circle.

1% ~ 57.296°
Measuring an angle in radians

The size of an angle, in radians, is the length of the circlediveded by the circle radius

s
ngle = —
angee r (rad).

Measuring an angle
in Radians

Because we know the circumference of a circle to be eqaat ta follows that a central angle
of one full counterclockwise revolution gives an arc length (or circumferefse) 2xr. Thus 2
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n radians corresponds to 360°, that is, there are 2xn radians in a circle.

Converting from Radians to Degrees

Because there are 2z radians in a circle:

To convert degrees to radians:

9° — 9 x —

180 (rad)

To convert radians to degrees:

.. 180°
$=ex

i

Exercises

Excercise 1

Convert the following angle measurements from degrees to radians. Exguessisgwer exactly
(in terms of m).

a) 180 degrees
b) 90 degrees
c) 45 degrees
d) 137 degrees
Exercise 2

Convert the following angle measurements from radians to degrees.

o
|_=| 4 @ Wl
)



3T
8. 4
Answers
Exercise 1

a)m

bo | =

b)

| =

(®)
N
= e

37w
d) 130

Exercise 2
a) 60°

b) 30°

c) 15°

d) 135°
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The Unit Circle

The Unit Circle is a circle with its center at the origin (0,0) and a radius of one uni

.iﬂ.ﬂ

e e
(-1,0) (0,0) (1.0)

L
(0,-1)

The Unit Circle

Angles are always measured from the positive x-axis (also calledghelorizon"). Angles
measured counterclockwise hapasitive values; angles measured clockwise haagative
values.

A unit circle with certain exact values marked on #vgilable at Wikipedia
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Trigonometric Angular Functions

Geometrically defining sin and cosine

In the unit circle shown here, a unit-length radius has been drawn from the origin to @&,gpint
on the circle.

.i':'.ﬂl

(x5

L
(-1,0) (0,0) (cosa,0) (1:9)

L
(0,-1)

Defining sine and cosine

A line perpendicular to the x-axis, drawn through the poiy) (intersects the x-axis at the point
with theabscissx. Similarly, a perpendicular to the y-axis intersects the y-axfgegbaint with
theordinatey. The angle between the x-axis and the radias is

We define the basic trigonometric functions of any angis follows:

Sine :  sin(a) =
Cosine : cos(a) = =

o

12



tard can be algebraically defined.

sin &
tanf =

p—s cosf # 0

Y
tano = — 0
Jtena = r

These three trigopnometric functions can be used whether the angle is measaggdas dr

radians as long as it specified which, when calculating trigopnometricdasdtiom angles or
vice versa.

Geometrically defining tangent

In the previous section, we algebraically defined tangent, and this is theidefih#t we will
use most in the future. It can, however, be helpful to understand the tangent function from a
geometric perspective.

(1,tang)

Geometrically defining tangent

A line is drawn at a tangent to the circte= 1. Another line is drawn from the point on the
radius of the circle where the given angle falls, through the origin, to a point drathe
tangent. The ordinate of this point is called the tangent of the angle.

13



Domain and range of circular functions

Any size angle can be the input to sine or cosine — the result will be as if thet lardeple of
2w (or 360°) were subtracted from the angle. The output of the two functions is limited by the
absolute value of the radius of the unit circle, | 1| .

domain range
sine R [—1,1]
cosine R [—1,1]

R represents the set of all real numbers.

No such restrictions apply to the tangent, however, as can be seen in the diagram in the

T
L1

preceding section. The only restriction on the domain of tangent is that odd multi2 zsef
undefined, as a line parallel to the tangent will never intersect it.

domain range
tangent R\{ _%%3%5%} B

Applying the trigonometric functions to a right-angled

triangle
If you redefine the variables as follows to correspond to the sides of a iagigiec
- X = a (adjacent)

-y = 0 (opposite)
- a = h (hypotenuse)

Right Angle Trigonometry

We have defined thene, cosine, andtangent functions using the unit circle. Now we can apply
them to a right triangle.

14



A right triangle

This triangle hasides A andB. The angle between then),is a right angle. The third sidg, is
the hypotenuse. SideA is opposite anglea, and sideB is adjacent to anglea.

Applying the definitions of the functions, we arrive at these useful formulas:

sin(a) = A/ C or opposite side over hypotenuse
cos(a) = B/ C or adjacent side over hypotenuse
tan(a) = A/ B or opposite side over adjacent side

Exercises: (Draw a diagram!)

1. Aright triangle has side A = 3, B = 4, and C = 5. Calculate the following:
sin(a), cos(a), tan(a)

2. A different right triangle has side C = 6 and sin(a) = 0.5 . Calculate side A.

15



Graphs of Sine and Cosine Functions

The graph of the sine function looks like this:

"y y=sinx
-1
a2 x 32 x
ﬂ | | |
2n
--1

The graph of the cosine function looks like this:

[

¥ ¥ =CO0S X
1

12 T 3n/2

-1

Sine and cosine are periodic functions; that is, the above is repeated for pracedioipwing
intervals with length 2.
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Graphs of Other Trigonometric Functions

¥ fIx)=tan(x]

A graph of tanx).
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fIx)=see[x]

1!""

s
-
mt
-
[
..
-}
a4

1

A graph of sec(). seck) is defined a:pos(rj_
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fIx)=eselx]

1!""

[
[
f
i
-
oo}

1

sin(x)

A graph of cs€x). csck) is defined a:
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fTx)=eat{x]

“__
n
i

bad

1 cos(x)

A graph of cot). cotx) is defined a:fm'n'frjor sinlfrj .

Note that tan), seck), and cscf) are unbounded.
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Inverse Trigonometric Functions

The Inverse Functions, Restrictions, and Notation

While it might seem thahverse trigonometric functionsshould be relatively self defining,
some caution is necessary to get an invienggtion since the trigonometric functions are not
one-to-one. To deal with this issue, some texts have adopted the convention of allowlrg sin
cos” 'x, and tan 'x (all with lower-case initial letters) to indicate the inverdations for the
trigonometric functions and defining new functionsX$idos, and Taw (all with initial
capitals) to equal the original functions but with restricted domain, thusnyeate-to-one
functions with the inverses Sirlx, Cos™ 'x, and Tan 'x. For clarity, we will use this
convention. Another common notation used for the inverse functions is the "arcfunction”
notation: Sin 'x = arcsix, Cos 'x = arccog, and Tan 'x = arctax (the arcfunctions are
sometimes also capitalized to distinguish the invinsetions from the inverseelations). The
arcfunctions may be so named because of the relationship between radian ofeasgies and
arclength--the arcfunctions yeild arc lengths on a unit circle.

The restrictions necessary to allow the inverses to be functions are stafulate:Has range

[_5-‘ 5] . Cos 'x has rang1,[D.~ T] and Tan 'x has rangnlx_?' E) (these restricted ranges
for the inverses are the restricted domains of the capital-letter trigtmofoactions). For each
inverse function, the restricted range includes first-quadrant argylesllaas an adjacent
guadrant that completes the domain of the inverse function and maintains the rangglas a sin
interval.

It is important to note that because of the restricted ranges, the inverse tiegaondunctions do
not necessarily behave as one might expect an inverse function to behave. While

eo—1 F . i —_J'Ii—i — .
Sin~ (sin E\E)) = Sin LE) ~ & (following the expecteuSlll (sinzx) = Iy,

L (ein (57 = Qip~ (Y
Sin {5111{ & )) = Sin LE) ~ 61 For the inverse trigonometric functions,

-1
fo ﬂﬂ = T only whenx is in the range of the inverse function. The other direction,

however, is less trick)f o f7(x) = Z for all x to which we can apply the inverse function.

The Inverse Relations

For the sake of completeness, here are definitions of the inverse trigonoelations based on
the inverse trigonometritinctions:

sin" 'z = {Sin_lr + 2tn,n € Z} U {*fr —Sin"'r 4+ 2wn,n € Z} (the

sine function has peridk, but within any given period may have two solutions and
sinz = sin (7 — 1)y

21



-1 —1 _ ~
cos I = {:I:CDS T +2rm,n e Z}’(the cosine function has periad, but
within any given period may have two solutions and cosine is even--
cosx =cos(—1)

tan tr = {Tan_lr +mn,n
to-one within any given period)

< Z} (the tangent function has periacgind is one-

22



Applications and Models

Simple harmonic motion

52Simple harmonic motion. Notice that the position of the dot
matches that of the sine wave.

Simple harmonic motion (SHM) is the motion of an object which can be modeled by the
following function:

r = Asin(wt + ¢)

or
r = cycos(wt) 4 cysin (wt)
wherec; = Asin It andc, = A cos IT.

In the above functiong) is the amplitude of the motion, %o is the angular velocity, and It is the
phase.

The velocity of an object in SHM is
v = Awcos (wt + @)

The acceleration is
a = —Aw’sin (wt + ¢)

Springs and Hooke's Law

An application of this is the motion of a weight hanging on a spring. The motion of a samning
be modeled approximately booke's Law

F = kx

whereF is the force the spring exerisis the position of the end of the spring, &nd a
constant characterizing the spring (the stronger the spring, the higher ttentjons

23



Calculus-based derivation

FromNewton's lawsave know thaF = ma wherem is the mass of the weight, aads its
acceleration. Substituting this into Hooke's Law, we get

ma = kx
Dividing through bym:
k
a=——2=
m

The calculus definition of acceleration gives us

r k
r =——=r
m

'+ —r=0
m

Thus we have a second-order differential equation. Solving it gives us

] Ill_
.' : f
r=cycos | —t | +cosin | —1
m m

@)

with an independent variabldor time.

We can change this equation into a simpler form. By lettirapdc;, be the legs of a right
triangle, with angle It adjacent ¢g, we get

. €1
? [ 2 2
1|||'" ) + Ca
. Ca
2 2
Vel 4 o3
and

€ = lfcf + 3 sing

6= /& + Eeoso

24



Substituting into (2), we get

'k 'k
T = fcf + c3sin ¢ cos V’ —f) + yffcf + c3 cos ¢ sin ‘V!_f)
m m
Using a trigonometric identity, we get:

(1. -
. ¢ .'I J[C . . Il' k
s (QD + V Et) + sin (q‘) — V Ei)

—

_ 2 2 |k -

T =/ci + c3sin v t+ ¢
" e

= \fcf +c3 +\,-ij + c3

' .'—
, | k . i |k _
sin (‘V Et + qﬁ:) + sin (\} Et — qﬁ)]

k
_ S W=
Let A= V€0 1M . Substituting this into (3) gives

r = Asin(wt + ¢)

25



Analytic Trigonometry
Using Fundamental Identities

Some of the fundamental trigometric identities are those derived froRythagorean Theorem
These are defined using a right triangle:

A right triangle

By the Pythagorean Theorem,
AZ +B?=C?{1}

Dividing through byC? gives

A2 B\? 2
(5) +(2) = (3) - Lo
We have alreadgefinedthe sine of in this case a8/C and the cosine @& asB/C. Thus we can
substitute these into {2} to get
sifa + coga =1
Related identities include:
sinfa = 1— cos”a or coda = 1-sin’a
tarfa + 1 = seta or tarfa = seéa— 1
1 + cofa = cséa or cofa = cséa— 1

Other Fundamental Identities include eciprocal, Ratio, andCo-function identities
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Reciprocal identities

1 1

X secad =
5111 @ COsa

CsCa =

Ratio identities

sina COS
cota = —
Ccos @ sina

fana =

Co-function identities (in radians)

) w
CoOsa = 511 (E — ﬂ-) CECa = secC (

cota =
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Solving Trigonometric Equations

Trigonometric equationsinvolve finding an unknown which is an argument to a trigonometric
function.

Basic trigonometric equations

sinXx=n

&
|

/

n sinr=mn

T =+ 2k

In| <1 T=m—0o+2km
a€ -5 5]

n—=—1 :i‘:=—%+f2k?r

n=~0 T =kw

n=1 T =75+ 2kmw

Inj>1 TS
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The equation si=n has solutions only whamis within the interval [-1; 1]. Ifiis within this
interval, then we need to find andsuch that:

o =sin"'n
The solutions are then:
T =+ 2kw
T=m—oa+2kn
Wherek is an integer.

In the cases whemequals 1, O or -1 these solutions have simpler forms which are summarizied
in the table on the right.

For example, to solve:

r V3

sin — = —
2 2
First find a:
o = sin ! V3 S
o 2 3
Then substitute in the formulae above:
T il
— = — 4 2kw
2 3
T T
—=m— 5+ 2k~
2 3

Solving these linear equations fogives the final answer:

2
:r=§(1+5k)

4
:r=§(1+3k)

Wherek is an integer.

cosXx=n
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¥

n COST =T
T = +a + 2kw
Inl <1 a € [0;7]
n=—1 r=1m+ 2knw
n—=0 T =5 +km
n=1 = 2km
In|>1 TrEQ

Like the sine equation, an equation of the formxeos only has solutions when n is in the
interval [-1; 1]. To solve such an equation we first find the anglech that:

o =cos ' n

Then the solutions for are:
T = +a + 2kw
Wherek is an integer.

Simpler cases with equal to 1, 0 or -1 are summarized in the table on the right.

tanx=n
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1n tanz =n
General T =+ kn
case QE[—%;%]
n= -1 r=—+kn
n=~0 r=km
n=1 T =3tk

An equation of the form tar= n has solutions for any real To find them we must first find an
anglea such that:

-1
v =tan " n

After finding a, the solutions foxk are:
Tr=wa+kw

Whenn equals 1, 0 or -1 the solutions have simpler forms which are shown in the table on the
right.

cotx=n
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n cotzr=n
General T =a+kn
case o € [0;7]
n=—1 I=—3Tw+kﬂ
n—=0 T =5 +km
n—=1 T =71+km

The equation cat= n has solutions for any real To find them we must first find an angle
such that:

o =cot 'n
After finding a, the solutions foxk are:
T =a+kn

Whenn equals 1, 0 or -1 the solutions have simpler forms which are shown in the table on the
right.

CSCX = n and sex = n

The trigonometric equations cs& n and se& = n can be solved by transforming them to other
basic equations:
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1 1

CSCT =1 & — =n&sinr = —
sin T n

1 1

secr =n & =1 C05T = —
COs T n

Further examples

Generally, to solve trigonometric equations we must first transform them tocatigonometric
eqguation using thigigonometric identitiesThis sections lists some common examples.

asinx +bcosx=c

To solve this equation we will use the identity:
asinz 4+ bcosr = Va2 + b2 sin(z + a)
0 \ \pi + \tan™{-1} \left(b / a\right), && \mbox({if } a

The equation becomes:
vVal+bsin(r4+a)=c

:
sin (z + a) =

Va2 + b
This equation is of the form sir= n and can be solved with the formulae given above.

For example we will solve:

sin 3r — \/5-:-::-5 3r = —\/5

In this case we have:

a=1b=-V3
VEFE =124 (-v3) =2
o = tan™ (—\/5) = —g

Apply the identity:

2sin (31* — g) = —\/5
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sin(&r— E) = —ﬁ

3 2
So using the formulae for si n the solutions to the equation are:
3:1:—E=—I+2J¢'i'r-#-:r=Qk—ilr
3 3 3

™ m
33:—§=?r+—+2k?r-:-:r= (6k + 5)

3

©| 3
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Sum and Difference Formulas

Cosine Formulas
cos@ +b) = cosmcod — sinasinb

cos@ — b) = comcod + simasinb

Sine Formulas
sin(a+b)=sinacosb+cosasinb
sin(a-b)=sinacosb-cosasinb

sin2a = 2 sin a cos a

Tangent Formulas
tan(a +b) = (tan a + tan b)/(1 - tan a tan b)

tan(a - b) = (tan a -tan b)/(1 + tan a tan b)

Derivations
e cos(a+b)=cosacosb-sinasinb
e cos(a-b)=cosacosb+sinasinb

Using cos(a + b) and the fact that cosine is even and sine is odd, we have

cos(a + (-b)) cos a cos (-b) - sin a sin (-b)
cos a cos b - sin a (-sin b)

CosS a cos b +sinasinb

e sin(a+b)=sinacosb+cosasinb

Using cofunctions we know that sin a = cos (90 - a). Use the formula for cos(ad b) a
cofunctions we can write

sin(a + b) cos(90 - (a + b))
cos((90 - a) - b)
cos(90 -a)cos b + sin(90 - a)sin b

sin acos b +cos asinb

* sin(a-b)=sinacosb-cosasinb
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Having derived sin(a + b) we replace b with "-b" and use the fact that cosmenisind sine is
odd.

sin(a + (-b)) sin a cos (-b) + cos a sin (-b)
sin acos b + cos a (-sin b)

sinacos b - cos asinb
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Multiple-Angle and Product-to-sum
Formulas

Multiple-Angle Formulas
* sin(2a) =2sinacos a
« cos(2a)=cdsa-sifa=1-2siha=2cosa-1

+ tan(2a) = (2 tan a)/(1 - tam)
Proofs for Double Angle Formulas

» cos(a +b) =cos(a)cos(b) — sin(a)sin(b) ; a = b for cos(2a)

cos?(a) - sin?(a) = cos(2a)
cos?(a) - (1 - cos?(a)) = 2cos?2(a) - 1 = cos(2a) (Note that sin?x) =1 -
cos?(x)

* sin(a+b) =sin(a)cos(b) + sin(b)cos(a) ; a = b for sin(2a)
sin(a)cos(a) + sin(a)cos(a) = 2cos(a)sin(a) = sin(2a)

Trigonometry
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Additional Topics in Trigonometry
Law of Sines

Consider this triangle:

It has three sides
» A, lengthA, opposite angla at vertex a
» B, lengthB, opposite anglb at vertex b
* C, lengthC, opposite angle at vertex c
The perpendicular, oc, from line ab to vertex ¢ has lehgth

The Law of Sines states that:

A B C

sing sinh  sine

The law can also be written as the reciprocal:

sing sinh  sine

A B C
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Proof

The perpendicular, oc, splits this triangle into two right-angled triangles lets us calculate
in two different ways

» Using the triangle cao gives

h = Bsina
» Using the triangle cbo gives
h= Asinb

» Eliminate h from these two equations

Asinb = Bsina
* Rearrange

A B

sing  sinb

By using the other two perpendiculars the full law of sines can be proved.

Law of Cosines

Consider this triangle:
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It has three sides
* a, lengtha, opposite anglé at vertex A
* Db, lengthb, opposite angI8 at vertex B
* ¢, lengthc, opposite angl€ at vertex C
The perpendicular, oc, from line ab to vertex ¢ has leingth

The Law Of Cosines states that:
a=vh +c2—2bc-cos A
b=+val+ c? —2ac-cos B

c=va2+c2—2ab-cosC
Proof
The perpendicular, oc, divides this triangle into two right angled trianglesnatbco.

First we will find the length of the other two sides of triangle aco in terms of knowntitips
using triangle bco.

h=a sinB

Side c is split into two segments, total length
ob, lengthc cosB
ao, lengtic - a cosB

Now we can use Pythagoras to findsinceb® = "a0* + h?

B = (c —acos B)? + a’sin” B
= ¢2_2accos B + a’cos® b4 a’sin® B
— a’*+ ¢ — 2accos B

The corresponding expressions &andc can be proved similarly.
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Vectors and Dot Products

Consider the vectotrd andV (with respective magnituddd||andV|). If those vectors enclose
an angle 0 then the dot product of those vectors can be written as:

U-V = [U|[V]cos(d)

If the vectors can be written as:
U= (U, U, U)
V= (V. V., Va)

then thedot product is given by:
U-V=U,\V,+ UV, +U,V,

Trigonometric Form of the Complex Number

z=a+bi=r(cosg +ising)

where

Vi =-1)

e |isthelmaginary Numbe(

e the modulus” = mod(z) = |z| = Va® 4 b?

=

. the argumen® = arg(z)is the angle formed by the complex number on a polar graph
with one real axis and one imaginary axis. This can be found usinglhengle
trigonometryfor the trigonometric functions.

This is sometimes abbreviated” (cos@ +ising) = rcise ang it is also the case that

- i
FCISQ = T€ " (provided thatp is in radians).



Trigonometry References
Trigonometric Formula Reference

The principal identity in trigonometry is:
sin0 + cosd = 1

All trigonometric function ar@xs periodic:
sin = sin(0 + 2m)

cosB = cos(0 + 2m)

tan6 = tan(0 + 2m)

cot = cos(0 + 2m)

cscO = cos(0 + 2m)

secO = cos(0 + 2m)

Formulas involving sums of angles are as follows:
sin(a + B) = sinacosP + cosasinf3

cos(a + ) = cosacosp — sinasinf

Substitutinge = B gives thedouble angle formulae

Trigonometric ldentities Reference
Pythagoras

1. sirf(x) + cog(x) = 1
2. 1+ tarf(x) = seé(x)
3. 1+ cof(x) = csé(x)
These are all direct consequences of Pythagoras's theorem.

Sum/Difference of angles

1 ©os(r £y)=cos(r)cos(y) Fsin(x)sin(y)
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> sin(z £ y) = sin(x) cos(y) £ sin(y) cos(y)

tan(x) £ tan(y)
3. tan(z+y) = 1 F tan(r) tan(y)

Product to Sum

1. 2sink)sin(y) = cosk - y) - cosk +Y)
2. 2cosk)cosfy) = cosk -y) + cosk +Y)

3. 2sinf)cosfy) = sin - y) + sini +y)
Sum and difference to product
1. Asin(x) + Bcosk) = Csin(x +)

whereC' = VA2 + B2 and y = tan™ ' (B/A)

oL o
sina +sin 2 = 2sin +5 coS p
' 2 2
o 4 | o — 3
: snB=2 [ )
sin v — sin 3 cos 5 sin 5
oL o
cosa 4 cos 3 = 2cos +5 CcOS p
' 2 2
oL o
cosa —cos 3 = —2sin 5 — sin 5 p

Double angle
1. cos(X) = cog(x) — sin(X) = 2cod(X) — 1 = 1 — 2sin*(X)
2. sin(X) = 2sink)cos)

2tan(r)
tan(2r) = Iff, :
3 © 1 —tan“(x)

These are all direct consequences of the sum/difference formulae
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Half angle

—
1
cns{f'] . .fﬂ
1. 27 V 2
/1 —ccns(:r"]

=4
, 5111{ ﬁ v

ta.nlf%j _ 1—cos(z)  sin(z) :IZJ 1 —cos(x)

sin(xr) 1—|—c05|[:r‘] 14 cos(r)
T

In cases witt = , the sign of the result must be determined from the val 2 .dfhese derive
from the cos(R) formulae.

Power Reduction

20— 1 — cos 26

sin” @ = 5
5 1+ cos 26

cos” @ =

2 2
5 1 — cos 26
3 tan”# 1 4+ cos 26

Even/Odd

sin(— 0) = — sin(0)
cos(— 0) = cos(0)
tan(— 0) = — tan(0)
csc(—0) =—csc(0)
sec(— 0) = sec(0)

oo g &> w b F

cot(—0) =—cot(0)
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Calculus

d ] —

e [sinz] = cosx
d |

, E[CDS r] = —sinx
' 2

N a[tan r| =sec” x
d

—[secr| =secrtanr
4. dr

d

c d—[csc r] = —csc reotx
d 2

. E[mtr] = —csc T
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Natural Trigonometric Functions of Primary Angles

0 (radians) sinf |cosb |[tanO cotf secH csch 0 (degrees)
0 0 1 0 undef | 1 undef | 0°
5 25 VB la 2 |3
I % |5 |2 1 V2 | V2 |am
3 S R EVE T - T A B S Vi
% 1 0 undef | O undef | 1 o0°
T S-S v |-m e |& |
e & |-xl1 v | =v2|ve |
51 L Bl V3 |5 |2 150°
T 0 -1 0 undef | -1 undef | 130°
Ta -3 -2l |-vV3|-5 |2 |2
T el el A R Rl Ve B
3 e e R vl v B2
ET” 1 0 undef | O undef | -1 270°
3 e T YA vk —% |300°
T -5 |1 1 | v2 |=ve |81
& 5 |2 |5 |-V3|7x |2 |33
2n 0 1 0 undef | 1 undef | 360°
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Note: some values in the table are given in forms that include a radical imtihmaidator--this
is done both to simplify recognition of reciprocal pairs and because the form gitrentable is
simpler in some sense.
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License

GNU Free Documentation License

Version 1.2, November 2002

Copyright (C 2000, 2001, 2002 Free Software Foundation, |nc.
51 Franklin St, Fifth Floor, Boston, MA 02110-1301 USA
Everyone is permtted to copy and distribute verbatim copies
of this license docunent, but changing it is not allowed.

0. PREAMBLE

The purpose of this License is to make a manuehaek, or other functional and useful documengéfrin the sense of freedom: to assure
everyone the effective freedom to copy and redbiste it, with or without modifying it, either commagally or noncommercially. Secondarily,
this License preserves for the author and publiaheay to get credit for their work, while not bgiconsidered responsible for modifications
made by others.

This License is a kind of "copyleft", which meahattderivative works of the document must themsebeefree in the same sense. It
complements the GNU General Public License, whsch d¢opyleft license designed for free software.

We have designed this License in order to use itfanuals for free software, because free softweeels free documentation: a free program
should come with manuals providing the same freeditnait the software does. But this License isinutdd to software manuals; it can be used
for any textual work, regardless of subject mattewhether it is published as a printed book. Wenemend this License principally for works
whose purpose is instruction or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other warlariy medium, that contains a notice placed betpgright holder saying it can be
distributed under the terms of this License. Sunbtice grants a world-wide, royalty-free licengelimited in duration, to use that work under
the conditions stated herein. The "Document”, betefers to any such manual or work. Any membehefpublic is a licensee, and is
addressed as "you". You accept the license if ymy,cmodify or distribute the work in a way reqogipermission under copyright law.

A "Modified Version" of the Document means any wedntaining the Document or a portion of it, eithepied verbatim, or with modifications
and/or translated into another language.

A "Secondary Section" is a hamed appendix or a-fnegtter section of the Document that deals exegigiwith the relationship of the
publishers or authors of the Document to the Doauimeverall subject (or to related matters) anstaios nothing that could fall directly within
that overall subject. (Thus, if the Document ipant a textbook of mathematics, a Secondary Senteynnot explain any mathematics.) The
relationship could be a matter of historical cortioecwith the subject or with related matters, blegal, commercial, philosophical, ethical or
political position regarding them.

The "Invariant Sections" are certain SecondaryiSestwhose titles are designated, as being thobesafiant Sections, in the notice that says
that the Document is released under this Licerfiseséction does not fit the above definition of@wlary then it is not allowed to be designated
as Invariant. The Document may contain zero Invétgections. If the Document does not identify Biwariant Sections then there are none.

The "Cover Texts" are certain short passages othex are listed, as Front-Cover Texts or Back&Zdwexts, in the notice that says that the
Document is released under this License. A FronteE@ext may be at most 5 words, and a Back-Coeat ay be at most 25 words.

A "Transparent" copy of the Document means a mactéadable copy, represented in a format whoséefigagion is available to the general
public, that is suitable for revising the documstnaightforwardly with generic text editors or (farages composed of pixels) generic paint
programs or (for drawings) some widely availablavedng editor, and that is suitable for input tottfxmatters or for automatic translation to a
variety of formats suitable for input to text fortteais. A copy made in an otherwise Transparenfdilmat whose markup, or absence of
markup, has been arranged to thwart or discounaggeguent modification by readers is not Transpafenimage format is not Transparent if
used for any substantial amount of text. A copy thaot "Transparent" is called "Opaque".

Examples of suitable formats for Transparent coipielside plain ASCII without markup, Texinfo inpiarmat, LaTeX input format, SGML or
XML using a publicly available DTD, and standardiftrming simple HTML, PostScript or PDF designedhaman modification. Examples of
transparent image formats include PNG, XCF and I®ffaque formats include proprietary formats thatloaread and edited only by
proprietary word processors, SGML or XML for whitte DTD and/or processing tools are not generathjiable, and the machine-generated
HTML, PostScript or PDF produced by some word pssoes for output purposes only.

The "Title Page" means, for a printed book, tHe tiage itself, plus such following pages as asglad to hold, legibly, the material this License

requires to appear in the title page. For work®imats which do not have any title page as sutitle"Page" means the text near the most
prominent appearance of the work's title, precettiegoeginning of the body of the text.
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A section "Entitled XYZ" means a named subunitref Document whose title either is precisely XYZontains XYZ in parentheses following
text that translates XYZ in another language. (H€f& stands for a specific section name mentiongld, such as "Acknowledgements”,
"Dedications", "Endorsements”, or "History".) Tor&Berve the Title" of such a section when you myoiié Document means that it remains a
section "Entitled XYZ" according to this definition

The Document may include Warranty Disclaimers nexhe notice which states that this License appiehe Document. These Warranty
Disclaimers are considered to be included by referén this License, but only as regards disclagmuarranties: any other implication that
these Warranty Disclaimers may have is void anchisaaffect on the meaning of this License.

2. VERBATIM COPYING

You may copy and distribute the Document in any iomad either commercially or noncommercially, praeddthat this License, the copyright
notices, and the license notice saying this Liceqgsies to the Document are reproduced in allemnd that you add no other conditions
whatsoever to those of this License. You may nettashnical measures to obstruct or control theimegeor further copying of the copies you
make or distribute. However, you may accept comg@Ems in exchange for copies. If you distributeegeé enough number of copies you must
also follow the conditions in section 3.

You may also lend copies, under the same condistaied above, and you may publicly display copies.
3. COPYING IN QUANTITY

If you publish printed copies (or copies in mediattcommonly have printed covers) of the Docummamtbering more than 100, and the
Document's license notice requires Cover Texts,rgast enclose the copies in covers that carryrlglead legibly, all these Cover Texts:
Front-Cover Texts on the front cover, and Back-Cdwexts on the back cover. Both covers must alsarbt and legibly identify you as the
publisher of these copies. The front cover mustemethe full title with all words of the title egjly prominent and visible. You may add other
material on the covers in addition. Copying witlaees limited to the covers, as long as they pregée title of the Document and satisfy these
conditions, can be treated as verbatim copyingheraespects.

If the required texts for either cover are too woious to fit legibly, you should put the first anléested (as many as fit reasonably) on the actual
cover, and continue the rest onto adjacent pages.

If you publish or distribute Opaque copies of thecDment numbering more than 100, you must eitt@udie a machine-readable Transparent
copy along with each Opaque copy, or state in tr each Opaque copy a computer-network locatiam fndich the general network-using
public has access to download using public-standergork protocols a complete Transparent cophefocument, free of added material. If
you use the latter option, you must take reasoratlgient steps, when you begin distribution of Qecppies in quantity, to ensure that this
Transparent copy will remain thus accessible asthted location until at least one year aftedalsetime you distribute an Opaque copy
(directly or through your agents or retailers)lwdttedition to the public.

It is requested, but not required, that you corttaetauthors of the Document well before redistiitguany large number of copies, to give them
a chance to provide you with an updated versich@Document.

4. MODIFICATIONS
You may copy and distribute a Modified Version loé tDocument under the conditions of sections 23aallove, provided that you release the
Modified Version under precisely this License, witle Modified Version filling the role of the Docemt, thus licensing distribution and
modification of the Modified Version to whoever passes a copy of it. In addition, you must do thigisgs in the Modified Version:
A. Use in the Title Page (and on the covers, if antfle distinct from that of the Document, andnfrthose of previous versions (which
should, if there were any, be listed in the Histeegtion of the Document). You may use the sareestit a previous version if the original
publisher of that version gives permission.
B. List on the Title Page, as authors, one or moreques or entities responsible for authorship ofrtiwelifications in the Modified
Version, together with at least five of the priradiputhors of the Document (all of its principattaars, if it has fewer than five), unless
they release you from this requirement.
C. State on the Title page the name of the publishére Modified Version, as the publisher.
D. Preserve all the copyright notices of the Document

E. Add an appropriate copyright notice for your magdifions adjacent to the other copyright notices.

F. Include, immediately after the copyright noticadicense notice giving the public permission te tree Modified Version under the
terms of this License, in the form shown in the Addum below.

G. Preserve in that license notice the full listdmfariant Sections and required Cover Texts givethé Document's license notice.
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H. Include an unaltered copy of this License.

I. Preserve the section Entitled "History", Preséwvditle, and add to it an item stating at least title, year, new authors, and publisher of
the Modified Version as given on the Title Pagehére is no section Entitled "History" in the Dawent, create one stating the title, year,
authors, and publisher of the Document as giveitsofitle Page, then add an item describing the ikt Version as stated in the
previous sentence.

J. Preserve the network location, if any, given ia Bocument for public access to a Transparent obflye Document, and likewise the
network locations given in the Document for pregmersions it was based on. These may be pladéeé ifHistory" section. You may
omit a network location for a work that was pubdidhat least four years before the Document iteelf, the original publisher of the
version it refers to gives permission.

K. For any section Entitled "Acknowledgements" or dizations", Preserve the Title of the section, preberve in the section all the
substance and tone of each of the contributor aletdyements and/or dedications given therein.

L. Preserve all the Invariant Sections of the Documenaltered in their text and in their titles. S&e numbers or the equivalent are not
considered part of the section titles.

M. Delete any section Entitled "Endorsements". Susbciion may not be included in the Modified Vensio
N. Do not retitle any existing section to be Entittf&hdorsements" or to conflict in title with anywhriant Section.
O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-mattecsions or appendices that qualify as Secondarydbscand contain no material copied from
the Document, you may at your option designate samadl of these sections as invariant. To do thii their titles to the list of Invariant
Sections in the Modified Version's license notiEeese titles must be distinct from any other sectiites.

You may add a section Entitled "Endorsements", ipexyit contains nothing but endorsements of yoodifled Version by various parties--for
example, statements of peer review or that theitastheen approved by an organization as the #@atinar definition of a standard.

You may add a passage of up to five words as af@owuer Text, and a passage of up to 25 wordsBexck-Cover Text, to the end of the list of
Cover Texts in the Modified Version. Only one pagsaf Front-Cover Text and one of Back-Cover Teayrhe added by (or through
arrangements made by) any one entity. If the Doctirmleeady includes a cover text for the same ¢gueviously added by you or by
arrangement made by the same entity you are aatifgghalf of, you may not add another; but you negjace the old one, on explicit
permission from the previous publisher that adéiedold one.

The author(s) and publisher(s) of the Documentatdog this License give permission to use their esufior publicity for or to assert or imply
endorsement of any Modified Version.

5. COMBINING DOCUMENTS

You may combine the Document with other documegltsased under this License, under the terms deiimgection 4 above for modified
versions, provided that you include in the comberagll of the Invariant Sections of all of thegirial documents, unmodified, and list them all
as Invariant Sections of your combined work iidense notice, and that you preserve all theirréfey Disclaimers.

The combined work need only contain one copy af thiense, and multiple identical Invariant Secsiomay be replaced with a single copy. If
there are multiple Invariant Sections with the saxame but different contents, make the title ohesech section unique by adding at the end of
it, in parentheses, the name of the original autihquublisher of that section if known, or elseréque number. Make the same adjustment to the
section titles in the list of Invariant Sectionglie license notice of the combined work.

In the combination, you must combine any sectiamitlEd "History" in the various original documentsrming one section Entitled "History";
likewise combine any sections Entitled "Acknowleagats", and any sections Entitled "Dedications"u Yiwust delete all sections Entitled
"Endorsements."

6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Docunzemdl other documents released under this Licemekreplace the individual copies of this
License in the various documents with a single dbgy is included in the collection, provided that follow the rules of this License for
verbatim copying of each of the documents in dleotrespects.

You may extract a single document from such a ctidia, and distribute it individually under thisdense, provided you insert a copy of this
License into the extracted document, and follow thicense in all other respects regarding verbabtpying of that document.
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7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivativegiwother separate and independent documents oswiarkr on a volume of a storage or
distribution medium, is called an "aggregate" & ttopyright resulting from the compilation is need to limit the legal rights of the
compilation's users beyond what the individual vgqukermit. When the Document is included in an aggfes this License does not apply to the
other works in the aggregate which are not thenesel\erivative works of the Document.

If the Cover Text requirement of section 3 is apgdbie to these copies of the Document, then iDtheument is less than one half of the entire
aggregate, the Document's Cover Texts may be plaicedvers that bracket the Document within thereggte, or the electronic equivalent of
covers if the Document is in electronic form. Otkiee they must appear on printed covers that btabkevhole aggregate.

8. TRANSLATION

Translation is considered a kind of modificatiomysu may distribute translations of the Documertar the terms of section 4. Replacing
Invariant Sections with translations requires sglgmérmission from their copyright holders, but yoay include translations of some or all
Invariant Sections in addition to the original vers of these Invariant Sections. You may includeaaslation of this License, and all the
license notices in the Document, and any WarraigglBimers, provided that you also include theioafEnglish version of this License and
the original versions of those notices and disataénin case of a disagreement between the traomskatd the original version of this License or
a notice or disclaimer, the original version wilepail.

If a section in the Document is Entitled "Acknowdednents”, "Dedications”, or "History", the requiramh (section 4) to Preserve its Title
(section 1) will typically require changing the @attitle.

9. TERMINATION

You may not copy, modify, sublicense, or distribtite Document except as expressly provided for wiiite License. Any other attempt to
copy, modify, sublicense or distribute the Docurmemnoid, and will automatically terminate yourhtg under this License. However, parties
who have received copies, or rights, from you urhierLicense will not have their licenses term@aso long as such parties remain in full
compliance.

10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, eefigrsions of the GNU Free Documentation Licens® time to time. Such new versions
will be similar in spirit to the present versiontimay differ in detail to address new problemsatcerns. Selttp://www.gnu.org/copyleft/

Each version of the License is given a distinguighiersion number. If the Document specifies thaaicular numbered version of this
License "or any later version" applies to it, yavé the option of following the terms and condisi@ither of that specified version or of any
later version that has been published (not asfg) tsathe Free Software Foundation. If the Docutdges not specify a version number of this
License, you may choose any version ever publighetdas a draft) by the Free Software Foundation

External links

. GNU Free Documentation Licené@/ikipedia article on the license)

. Official GNU FDL webpage
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