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ABSTRACT 

In this thesis several incompressible oscillatory flow and flutter problems 

were investigated. A previously developed unsteady panel code for single airfoil 

bending torsion flutter analysis was compared to Theodorsen's classical theory. 

The panel code agrees with Theodorsen's bending-torsion flutter analysis for 

natural frequency ratios ( rohfroa) less than 1.2. In addition, a two airfoil unsteady 

panel code was modified for one degree of freedom flutter analysis. Code 

verification was accomplished by fllSt comparing flat plate theory to the unsteady 

aerodynamic force and moment coefficients and then using the equation of 

motion to determine regions of instability. The possibility of active flutter control 

was investigated by positioning a small control airfoil in front of a neutrally stable 

reference airfoil. Results show that the flutter boundary may be changed through 

the scaling, placement, or oscillation of a second airfoil upstream. A comparison 

with pitch damping curves published by Loewy confirms that the code is capable 

of predicting wake-induced airfoil flutter. 
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Table of Symbols 

a elastic axis position from mid chord 

b half chord length 

Ca torsional stiffness 

C h stiffness in flexure or plunge 

C La coefficient of lift due to pitch 

Cu coefficient of lift due to plunge 

CMa coefficient of moment due to pitch 

CMb coefficient of moment due to plunge 

g structural damping 

h plunge deflection 

h0 plunge amplitude 

I a moment of inertia about elastic axis 

KP reduced frequency based on full chord (panel) 

Kt reduced frequency based on half chord (Theodorsen) 

M mass of wing per unit span 

m frequency ratio oo/0. 

r blade section radius 

r a radius of gyration 

Sa static moment of inertia 

U free stream velocity 

X flutter frequency ratio 

Xa center of gravity from elastic axis 

a pitch angle 
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ao pitch amplitude 

~ wing density parameter 

(l) frequency of oscillation 

(l)a natural frequency in pitch 

(l)h natural frequency in plunge 

n rotational speed of rotor system 
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I. INTRODUCTION 

A. GEN~RAL 

In this thesis, two unsteady panel codes UPOTFLUT described by Riester 

[Ref. 1] and USPOTF2C developed by Pang [Ref. 2] are modified and verified. 

The UPOTFLUT (Unsteady Potential Flow and Flutter) was developed by 

Teng [Ref. 3] for unsteady inviscid and incompressible flow over a single airfoil. 

The code is based upon the panel method by Hess and Smith [Ref. 4] that 

includes simple harmonic motion of the airfoil which is continuously shedding 

vortices into the wake. Riester [Ref. 1] extended the single airfoil code for 

bending-torsion flutter analysis. 

The USPOTF2F (Unsteady Potential Flow) code [Ref. 2] is a two airfoil code 

that permits steady and unsteady analysis of airfoil-wake interaction between 

two airfoils. A phase subroutine is added to convert the time dependent lift and 

moment histories into the frequency domain. 

Building upon the work of Riester [Ref. 1] which focused mainly on 

aerodynamic verification of UPOTFLUT code, the two dimensional bending

torsion flutter problem is examined. Theodorsen [Ref. 5, page 11] presents flat 

plate flutter speeds for comparison to UPOTFLUT computations. Specific cases 

are selected to compare the aerodynamic forces and solutions of the flutter 

determinant. 

The two airfoil USPOTF2 code's uns!P..ady aerodynamics are verified for pitch 

and plunge. Then the instability of one degree of freedom pitching oscillations is 

chosen to explore active flutter control. Pitch damping dependence upon 
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upstream airfoil size and position is fully explored. Emphasis is placed upon the 

wake effect and the code's ability to predict wake-induced flutter. 

Whenever possible, the theoretical work of Theodorsen [Ref. 5], Smilg [Ref. 

6}, Loewy [Ref. 71 and other numerical examples are used for comparison to 

verify accuracy and trends. However, for many of the computations performed 

no other analytical theories and applicable experimental data exist. 

B. SCOPE 

Chapter II contains bending-torsion flutter verification using the single airfoil 

UPOTFLUT code and Theodorsen theory. Aerodynamic verification of force and 

moment coefficients using the two airfoil USPOTF2F code is accomplished in 

Chapter III. Chapter IV develops the equations of motion for steady-state 

oscillations in one degree of freedom. An in-ground effect numerical simulation is 

completed by oscillating airfoils out of phase. The positioning and size of the 

control airfoil for active flutter control are investigated in Chapter V. Application 

to rotary wings along with a comparison to wake-induced flutter theory is also 

discussed. 
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II. SINGLE AIRFOIL ANALYSIS 

The results discussed and presented in this chapter were produced from the 

UPOTFLUT code. This single airfoil analysis builds on work by Riester [Ref. 1 ]. 

A. INTRODUCTION TO UNSTEADY PANEL CODE THEORY 

Given a two-dimensional airfoil, the governing equation to solve the inviscid, 

incompressible flow over the airfoil is Laplace's equation. Since the two

dimensional Laplace equation is linear, the principle of superposition may be 

applied. The four elementary flows: uniform flow, source flow, doublet flow and 

vortex flow are used to determine the flow around arbitrary bodies. For non

lifting bodies a uniform flow and source flow are required. For lifting bodies the 

vortex flow, must also be included to provide circulation. The boundary 

conditions which must be satisfied are flow tangency at the surface and the Kutta 

condition at the trailing edge. 

Steady-state panel methods as described by Hess md Smith [Ref. 4] may be 

extended to airfoils in simple harmonic motion. The continuous change in the lift 

implies a continually changing circulation about the airfoil. The Helmholtz vortex 

theorem requires that any change in the circulation around an airfoil must be 

matched by the appearance of an equal counter-vortex or starting vortex to 

achieve constant total circulation in the flow field. The starting vortices are 

assumed to be shed from the trailing edge after each time step and move with the 

local flow velocity. 

Riester [Ref. 1], page 23, showed that for single airfoil analysis 3 cycles is a 

sufficient wake length for amplitude and phase analysis when Kp = 1.0. The 

benchmark chosen for computations is 3 cycles, 65 time steps per cycle. A 

3 



NACA0007 airfoil geometry was chosen for comparison to flat plate theory. A 

thinner airfoil does not provide accurate results due to insufficient number of 

panels to adequately resolve the leading edge and vortex interaction between 

top and bottom surfaces. 

B. TWO DEGREE OF FREEDOM EQUATIONS OF MOTION AND 
FLUITER DETERMINANT 

If a positive concentrated load, on a cantilever wing of uniform cross section 

is applied at the leading edge of the wing tip, the tip cross section will be 

displaced upwards and twist, thus increasing the angle of attack. If a similar 

concentrated load is applied at the trailing edge, the tip cross section will flex 

upwards and the angle of attack will decrease. A point exists between the 

leading edge and trailing edge where a concentrated load may be applied without 

twisting or causing the airfoil to rotate. This point is called the shear center or the 

flexural center of the airfoil. The elastic axis is defined as the locus of shear 

centers of the cross section, thus it is a natural reference line. 

Forces acting upon the airfoil are the elastic restoring forces, inertial forces 

and aerodynamic forces. Displacement variables for two degree of freedom, 

simple harmonic motion are pitch (a) and plunge (h): 

Ca =torsional stiffne~.~ of wing 

ch = stiffness of wing in flexure 

M = mass of wing per !!nit span 

Sa = static moment referred to elastic axis 

Ia = moment of inertia about elastic axis 

The elastic restoring forces are hCh and aCa. The inertial forces respectively in 

pitch and plunge are: 
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.. .. 
h M +a Sa 

Applying equilibrium by equating the inertial forces to the external aerodynamic 

and structural elastic forces and assuming zero structural damping yields: 
.. ., 

a Ia + h Sa = Moment - aCa 
.. .. 
h M +a Sa = Lift - hCh 

The natural frequencies in pitch and plunge are: 

(J)h = ~ 
(1) =~a a I 

a 

Substituting into the equations of motion: 
" .. 2 • 
hM + a Sa + hMroh = Ltft 

.. " 2 
a I a + h Sa + ala roa = Moment 

For simple hannonic motion: 

h = h0 e1c.ot a= a 0 eicot 

h = -w2hoeicot a= -w2aoeicot 

eiu ( -ro2 h 0 M - ro2 a 0 Sa + h 0 Mro~) = Lift 

eiox (-ro2 aola -ro2 hoSa + aolaro!) =Moment 

The panel code nondimensionalizes lift and moment using the characteristic 

length of chord (2b) vice semichord. 

Lift= (CLa + CLh) ~ pU2 2b 

1 
Moment= (CMa + CMh) 

2 
pU2 4 b2 

Introducing dimensionless flutter parameters: 

W. d . M mg enstty parameter J.L = 2 7tpb 
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s 
Center of gravity from elastic axis: X a = ~ 

Radius of gyration: r! = ~2 
Flutter frequency ratio: X=(':; Y 

The equations of motion become: 

~ [( -ro2 h0 M -ro2 a.sa + h.Mro0 = (C~.a +Cu.}~ pU
2 
2b J 

1 [( 2 2 2) ( ) 1 2 2] Mb2 -ro aola -ro hoSa + aolaroa = CMa + CMh 2 pU 4b 

h h (ro )
2 

ttpU
2 

4 b
2 

--2. - a x + -2. --lL = ( C~.a + Cu ) ~~-~ b 0 a b ro 1tMro2 4b2 

2 ho 2 (roa ) _ (C C ) ttp U
2 

8 b
2 

-a.ora - bXa + aora m - Ma + Mh 1tMro24b2 

-aoxa + ho ((~)2 -1) = (CLa + Cu) 4 2 b (J) 1t~p 

a.r!((:;) -1)- ~(xa} = (CMa +CMh) lt~! 
Rearrange the two equations into the form: 

A(:)+ B(a) = 0 
o(:) + E(a) = 0 

6 



- 4CMh 
D - f.lXu + ( h ) 

1t- Kl 
2b p 

E 2 (t (COu )
2

) RCMa = J!r - - + -....:=;.. 
u co 1taK2 

p 

A 8 
~ = D E =~Real +~Imaginary 

To find the critical flutter speed and frequency the characteristic equation is 

solved for U and ro. Since A is complex both the real and imaginary parts must 

equal zero yielding two real quadratic equations for two unknowns. The real 

equation typically assumes a parabolic shape and the imaginary equation 

intersects on the lower branch as shown in Fi ure 2.1. 

Ref TR-685 Fig. 1--Case l 
4.5 r~===:::::::=:-:---:-:-:--~ 

4 ......... ~- ........ -~- ........ ~- ........ ·:· ....... . 
0 • 0 • . . ' . . . . . . . . . . . . 

3.5 ......... ~ ......... -~· ........ -~- ........ -~- ........ -~- ........ -~· ......... ;. . ..... . 
. . . . . . . 
• 0 • • • • • 

0 o o 0 0 I 0 . . . . . . . 
- 3 ......... ~- ........ -~· ........ -~· ........ -~· ........ -~- ........ -~- ........ -~· ....... . >< . . . . . . . 
':::: : : : : : : : ... . . . . . . . 
~ 2.5 · · · · · · · · · -:· · · · · · · · · -:· · · · · · · · · -:· · · · · · · · · -:· · · · · · · · · -~· · · · · · · · · .:. · · · · ·R~· · · · · · · · 

. . 
2 .......... ; .......... ; .......... ; .......... ; .......... ; .......... ; ........ ; ......... . 

~arf ~ ~ ~ ~ 
1.5 .. -:-. ~:-. :-)~ :-::-: -~ -~~.-:- .--:-::-.-:-.7. :-.:-.:-::-: ~ .-: .- -:- .. -: .. -:". -:-.:-. :-.~ :-::-:..-: .-::.~ -~ .~.:-.. . . . . . . 

• 0 0 • • • 

• 0 • • • • . . . . . . . . . 
~~~~-~~~~--~--~-~----~---~-----~ 
0 0.5 1.5 2 2.5 3 3.5 4 

1/k Reduced Frequency 

Figure 2.1 Real and Imaginary Roots of A utter Determinant 
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C. MODIFICATION OF UPOTFLUf 

Significant modifications to the UPOTFLUT code involved 

nondimensionalizing flutter determinant parameters. 

The phase subroutine converts the time history of lift and moment into the 

form: 

F(t)=Amp * cos(rot+cp) 

Where Amp is the amplitude, ro is frequency of oscillation and cp is 1gle of 

phase lag of the aerodynamic forces to the motion of the airfoil. An Iterative 

numerical scheme to find the phase shift involves summing the differences 

between actual time history and the fitted curve over a half cycle, then shifting cp 

to minimize error. When iterations start with a phase error of 1t the total error 1s a 

maximum, hence the error curve's derivative equals zero. If initial phase shift step 

size is too small, the numerical scheme will remain at a maximum instead of 

converging to minimize error. Initial step size of four degrees is sufficient to 

ensure convergence. 

D. VERIFICATION OF UPOTFLUI' 

NACA TR-685 page 11 [Ref. 5] provides the closed form solution of a flat 

plate for comparison with the UPOTFLUT code. The results of Case (a) are 

identical to code validation performed by Riester [Ref. 1] page 101. Case (a) and 

Case (b) results are tabulated in Table 2.1. In general, the panel code results agree 

with Theodorsen's theory. Next, the xalpha = 0.2 Case (h) was calculated using 

UPOTFLUT panel code. Case (h) physically represents a heavy wing with the 

center of mass aft of the elastic axis. The pivot axis is located at 35 percent of 

chord. These parameters make the cross section inherently susceptible to flutter. 
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As illustrated in Figure 2.3, the panel code results and Theodorsen theory diverge 

at natural frequency ratios greater than 0.8. 

The Theodorsen theoretical curve was verified using two dimensional 

flutter analysis described by Fung, page 235 [Ref. 8]. The analysis was 

completed by programming the fundamentals of flutter theory in MA TLAB 

[Appendix A] using unsteady aerodynamic coefficients found on page 412 of 

Scanlan and Rosenbaum [Ref. 9]. The non-linear complex quadratic equations are 

solved by using a bisection root solving numerical scheme. Calculated non

dimensional flutter speeds coincided with published coefficients for rohfroa. less 

than 1.2. For rohfroa. greater than 1.2, the critical reduced frequencies 

encountered are greater than 4.0 Based upon semichord ( K, = 4. 0 ). At high 

reduced frequencies, the flutter determinant becomes ill conditioned and very 

sensitive to small changes in any of the flutter variables. Theodorsen did not 

have the computational power of computers in 1940 when TR-685 was 

published. Therefore, his results were recomputed. Although Theodorsen's 

curve for Case (h) in TR-685, page 11 was found to be inaccurate for frequency 

ratios greater than 1.25 (as shown in Figure 2.3), the new theoretical curve using 

numerical methods did not correct the large discrepancy between his theory and 

the panel code. The source for this discrepancy may come from the computation 

of the unsteady aerodynamics or from the flutter calculations. Figures 2.4 

through 2.11 and Table 2.3 indicate close agreement between the aerodynamic 

coefficients for lower reduced frequencies with errors increasing slightly at higher 

frequencies. The panel code unsteady aerodynamic coefficients are derived and 

discussed by Riester [Ref. 1] and reproduced here specifically for TR-685 page 11 

Case (h). 
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The agreement between Theodorsen's and the panel code unsteady 

aerodynamics suggests that the discrepancy in flutter coefficient is mainly due to 

the solution of the flutter determinant. The flutter coefficient is defined as: 
u 1 1 

bma = ..JX ~ 
Figure's 2.12 through 2.14 and Table 2.4 compare the real and imaginary 

roots of the flutter determinant from theory and the panel code. The intersection 

point of the real and imaginary roots represents the flutter frequency. It is shown 

in Figure 2.13 that the critical reduced frequency may differ by up to a factor of 

three from Theodorsen 's result for high critical frequencies and high frequency 

ratios. 
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4 •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
AIRFOIL TYPE : HACA 0007 AIRFOIL 
NLOWER • 100 , HUPPIR • 100 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
IFlAG NLOMZR NUPPIR 

0 100 100 
AIRFOIL TYPE 

3 
IRAMP IOSCIL ALPI ALPMAX PIVOT 

0 1 -1.0 1.0 o.o 
FREQ RFQSTP RFQFNL 
0.04 0.02 0.2 

!GUST UGUST VGUST 
0 o. o. 

ITRJ\HS DELIIX DELHY DELI PHASE 
0 o.oo .01 -.01 o.oo 

CYCLE ln"CYCL£ TOL 
3 65 0.001 

naot ' naot X aoa value• aultiplied by 10 (integer) 
2 05 10 20 25 39 50 

whfwa1pha ratio aas• ratio xalpba (ralpba)**2 
0.4 3 0.2 0.25 

coaaenta •.• 

0: n/a 
1r straiqht ra.p 
2: Modified raap 

RFREQ is ba•ed on full chord 

IOSCIL Ot n/a RFREQ is ba•ed on full chord 
1: Sinu•oidal pitch, aotion •tarts at ain Aoa 

PIVOT : Position of elastic axi• if leadinq edqe•O and trailinq edqe•l 

ITRI\NS 0: n/a 
1: Translational haraonic oscillation 

CY<:t,£ : I of cycles for o•cillatory aotions 
-In case of raap, cycle•l.! denote• airfoil is held 
at aax aoa for the duration of .5 cycle 

-For steady state solution set it to o 

NTCYCJ .• F.: I of tiae steps for each cycle 
CYCLE*NTCYCLE is liaited to 200 currently. 

NAOT: I of input aoa for cy output 
- anqles should be n increasinq order, 
- for oscilatory aotions anqle• should increase 

first, then decrease. Deereasinq anqles are for 
the return cycle •• 

Figure 2.2 Typical UPOTfLUT.IN input file 

II 



TABLE 2.1 TR-685 CASE(A and CASE(B COMPARISON 

Mechanism of Flutter I 

Panel Code 1 dea Ditch. 0.01 h/2b olunoe; 200 oanels 
NACA0007; 3 cycJes 65 time steDS oer cycle· 

TR-685 DQ. 11 case c.. 

Xaloha- 0.2 Flutter Soeed Flutter Soeed 
wh/waloha oanel theorv 

0.01 1.66 1.70 
0.20 1. 71 1.72 
0.40 1.77 1.80 
0.60 1.90 2.05 
0.80 2.29 2.47 

Xaloha. 0.4 
wh/waloha Panel theory 

0.01 1.18 1.20 
0.20 1.18 1.19 
0.25 1.19 1.19 
0.40 1.19 1.18 

~0.60 1.22 1.22 
0.80 1.30 1.32 
1.00 1.40 1.45 

TR-685 oa. 11 case b 
Xaloha • 0.1 

wh/waloha oanel theory 
0.01 1.85 1.65 
0.10 1.87 1.70 
0.20 2.02 1.86 
0.30 2.30 2.06 

Xaloha. 0.2 
wh/waloha oanel theory 

0.20 1.30 1.22 
0.40 1.34 1.28 
0.60 1.43 1.41 
0.80 1.67 1.60 
1.00 2.44 1.90 
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TABLE 2.2 TR-685 CASE H COMPARISON 

TR - 685 PQ. 11 Case h; mass ratio-4: a --0.3· Xalpha-0.2 
I 

Panel Code 1 deg pitch; 0.01 hl2b plunge· 200 panels; 
NACA0007; 3 cvcles 65 time stePS per cvcle 

wh/walpha Published Numerical Panel Code 
0.01 1.37 1.3474 1.296 
0.2 1.34 1.2456 1.341 
0.4 1.26 1.2385 1.274 
0.6 1.12 1.1088 1.182 
0.8 0.97 0.9467 1.078 
1.0 0.80 0.7628 1.009 
1.2 0.58 0.5854 1.029 
1.4 0.32 0.4758 1.162 
1.6 0.16 0.4883 1.398 
1.8 0.21 0.6015 1.708 
2.0 0.58 0. 7951 2.058 
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·-
TR-885 pg. 11 Case h; mass ratio • 4 a • -o.3 Xalpha • 0.2 

Theodorsen Theory for 1 deg pitch and 0.01 hl2b plunge 
Kpanel Cl pitch Real Cl pitch lm~ Cm pitch Real Cm pitch lmaa Cl plunae Real Cl plunge lmag Cm plunge Real Cm plunge lmag 

0.4 -0.0824 -0.0031 0.0085 ·0.0052 ·0.0022 ·0.0183 0.0009 0.0018 
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TABLE 2.4 SOLUTIONS OF FLUTIER DETERMINANT 

The roots SORT(X) of the reaJ and imaainarv eQuations aoainst 1/Kt. 
I 

TR - 685 PQ. 11 Case h; mass ratio • 4; a - -0.3; Xalpha - 0.2:NACA0007 
1 dea Ditch: 0.01 h/2b olunae· 200 Danels: 3 cvcles 65 time steos oer cycle: 

wratio 0.4 
Reduced Freauencv panel theory 

Koanel 1/Ktheodorsen ReaJ Panel lmaainarv ReaJ Theorv Imaginary 
8.0 0.25 0.9628 1.3573 0.9783 1.3793 
4.0 0.50 0.9771 1.3533 1.0047 1.3723 
2.4 0.83 1.0273 1.3386 1.0675 1.3747 
1.6 1.25 1.1422 1.3315 1.1899 1.3820 
1.2 1.67 1.3145 1.3338 1.3621 1.3925 
1.0 2.00 1.4963 1.3400 1.5403 1.4025 
0.8 2.50 1.9345 1.3536 1.9409 1.4187 
0.6 3.33 1.3689 1.4465 
0.4 5.00 1.4982 1 .4974 

wratio 1.0 
Reduced Freauencv oanel theory 

Kpanel 1/Ktheodorsen Real Panel lmaa_inary Real Theory Imaginary 
8.0 0.25 0.8235 0.8843 0.8317 0.8679 
4.0 0.50 0.8293 0.8743 0.8489 0.8661 
2.4 0.83 0.8577 0.8642 0.8880 0.8702 
1.6 1.25 0.9223 0.8607 0.9561 0.8772 
1.2 1.67 1.0026 0.8631 1.0303 0.8852 
1.0 2.00 1.0602 0.8672 1.0806 0.8917 
0.8 2.50 1.1184 0.8752 1.1293 0.9013 
0.6 3.33 1.1628 0.8820 1.1624 0.9160 
0.4 5.00 1.2075 0.9556 1.1767 0.9394 

wratio 1.6 
Reduced Fr~IAnr.v oanel theory 

Koanel 1/Ktheodorsen Real Imaginary Real Imaginary 
8.0 0.25 0.5915 0.6148 0.5947 0.5958 
4.0 0.50 0.5910 0.6059 0.6005 0.5951 
2.4 0.83 0.5981 0.5988 0.6130 0.5987 
1.6 1.25 0.6167 0.5966 0.6330 0.6041 
1.2 1.67 0.6388 0.5985 0.6533 0.6098 
1.0 2.00 0.6546 0.6014 0.6675 0.6143 
0.8 2.50 0.6737 0.6068 0.6843 0.6208 
0.6 3.33 0.6968 0.6107 0. 7022 0.6302 
0.4 5.00 0.7313 0.6592 0.7184 0.6442 
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III. AERODYNAMIC COEFFICIENT VERIFICATION OF 

TWO AIRFOIL CODE 

The two airfoil USPOTF2F code was modified for one degree of freedom 

flutter analysis. This chapter verifies the aerodynamic force and moment 

coefficients by comparison to flat plate theory. 

A. INTRODUCTION TO TWO AIRFOIL PANEL CODE 

The USPOTF2F unsteady panel code is essentially the single airfoil UPOT 

code extended to two airfoils. Airfoil number one is treated as the master airfoil 

and remains at the origin of a cartesian coordinate system. Airfoil number two 

may be arbitrarily placed in reference to the master airfoil, as long as the leading 

airfoil's wake does not impinge upon the trailing airfoil or its wake. All 

aerodynamic and flutter calculations pertain to the master airfoil. 

The phase subroutine computes the complex unsteady aerodynamic 

coefficients (refer to page 8), then the subroutine writes the coefficients to 

pitch.in and plunge.in files. Pitch.in contains KP' Real( C~.a}, Imaginary( C~.a~ 

Real( C*) and Imaginary( C*) tabulated in columns from left to right respectively 

for single degree of freedom pitch. Plunge.in contains the same information 

except the coefficients are due to single degree of freedom plunge in simple 

harmonic motion. The phase subroutine searches the last cycle of the time history 

of lift and moment for a maximum and minimum value. Average lift and moment 

coefficients are calculated from (CLmax -CLmin)/2. Each average is then 

subtracted from the time history respectively before curve fitting to a sine 

function: 

F(t)=Amp * sin(rot+cj)) 
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A function of this form assumes a zero average, or equal maximum and minimum 

magnitudes. Because, the pitch and plunge values start from zero at time ~.qual to 

zero, thus this initial condition requires a sine function. The phase portion uses 

the frrst 1t radians of the last cycle for curve fitting. Selecting the positive area of 

the sine curve for integration avoids errors near 7t/2 and 37t/2 by not including 

positive and negative values in the integration interval. 

The product of cycles and time steps may not exceed 200 due to array sizing. 

As a warning to the user, note that the period of the last cycle is based upon the 

reduced frequency of the master airfoil. If the airfoils are oscillating at different 

reduced frequencies, the force and moment data for airfoil two in pitch.in and 

plunge.in files are invalid. 

To plot the wake vortices position and airfoil geometry, use the original 

USPOTF2C code. Fort. I 0 and fon.ll contain wake vortices position for each 

time step. Cutting data from the last time step in fort. I 0 and fort.ll, and then 

pasting the data into separate files will allow for plotting applications. 

B. THEORETICAL COEFFICIENT ORIGIN 

The theoretical unsteady aerodynamic coefficient values for a flat plate were 

calculated using the Tables of Subsonic Incompressible Aerodynamic Coefficients 

from Scanlan and Rosenbaum [Ref. 9] pg. 412. Riester [Ref. 1 pg. 18] derives the 

complex coefficient of lift and moment values. The constants and equations were 

programmed in MA TLAB [Appendix A] for comparison to USPOTF2F. 

C. GEOMETRY FOR SINGLE AIRFOIL COMPARISON 

Airfoils are separated by 50 chord lengths with no shift in the horizontal 

direction. The interaction between the two airfoils is assumed to be negligible at 

this distance. Inputs of 200 panels for each airfoil, pitch and plunge amplitudes of 
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one degree and 0.01 chord are used. Riester [Ref. 1] showed that small 

amplitudes yield more accurate results, especially in plunge at high reduced 

frequencies. As with UPOTFLUT aerodynamic verification, 3 cycles, 65 time 

steps per cycle was chosen as a benchmark wake length. 

D. AERODYNAMIC VERIFICATION 

The comparison between theory and USPOTF2F code is presented in Figures 

3.3 through 3.18 and Tables 2.1 through 2.4. For clarity, the computed 

aerodynamic coefficients are presented in phasor fonn as a magnitude and phase 

angle vice complex form. Phasor form allows for easier identification of errors. 

It is seen that the panel code results are in agreement with theory. 

Magnitude errors are less than five percent and phase error typically ranged from 

one to three degrees. A portion of the error may be attributed to comparison of 

an airfoil of finite thickness to a theoretical flat plate. 
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NUMRER OF LINES FOR TITLE 
1 

TWO tii\Cl\0007 OCSILLI\THIG 1\IRFOILS 

I FLAG NJ.OWER NUPPER 
0 75 75 

Nl\IRFO, XSIIIFT , YSIIIFT, SCALE 
2 0 -100 1.0 

111\Cl\ 1\IRFOJI. TYPE, 
7 
7 

l\LP1 l\LP2 DALr1 DALP2 TCONl TCON2 
o.o o.o o.o o.o o.o o.o 

FREQl FPF.Q'- PIVOTl PIVOT2 
J.O J.O 0.0 0.0 

UGUST VGUST DEL11Xl DELIIX2 DELIIYl DELHY2 PIU\SEl PHASE2 
o.o 
NGIES 

1 

o.o o.o o.o o.o 0.1 0.1 o.o 
TF DTSl DTS2 TOL TJ\DJ SCL SCM SGAH 

6 65 o.o .001 0.0 o.o o.o o.o 
STEADY OUTPUT 

f11lse false 

STEADY--TRUE IF ONLY STEADY SOLUTION. FALSE OTHERWISE. 
OUTPUT--TRUE IF YOU WANT COMPLETE OUTPUT TO SCREEN. 
IFLI\G 0 If AIRFOIL IS NACA XXXX OR 2JOXX 

It LOWER 
fiUPPER 
lf.I\IRFO 
X~IIIFT 

YSJiiFT 

1 OTIIERWISE. 
NO. OF PANELS USED ON BOTH AIRFOIL LOWER SURFACES. 
NO. OF PANELS USED ON BOTH AIRFOIL UPPER SURFACES. 
NUMBER OF AIRFOILS. 
RELATIVE X DIST. FROM 2 AIRFOIL PIVOT POSITION WRT 
GLOBAL COORDINATE SYSTEM. 
RELATIVE Y DIST. FROM 2 AIRFOIL PIVOT POSITION WRT 
GLOBAL COORDlNATED SYSTEM. 

ttACA AIRFOIL TYPE: EHTER NACJ\ 4 OR 5 DIGIT CODE FOR AIRFOILS., 
IF NOT A NACJ\ AIRFOIL, SUPPLY AIRFOIL 
X(I),Y(I) COORDS. FOR BOTti AIRFOILS IN 
FILE CODE 2. 

At.Pl/2 INITIAL ANGLE OF ATTACK FOR AIRFOILS IN DEGREES. 
DJ\1,1'1/2 C11l\tfGE IN AOA IN DEGREE FOR NOH OSCILL. MOTION. 

MAX AMPLITUDE OF l\OA IN DEGREE FOR ROT. HARMONIC MOTION. 
TCOtf1/2 NOH-DIMENSIONAL RISE TIME (Vinf.t/C) OF AOA FOR 

MODIFIED RAMP CHANGE IH AOA. 
FREQl/2 : NON DIMEHSIONAL OSCILL. (11C/Vinf.) FOR IIARMONIC MOTIONS. 
PIVOTl/2: LEHGTJI FROM LEADING EDGE TO PIVOT POINT FOR LOCAL SYSTEM. 

UGUST 
VGUST : 
DEUIXl/2: 
DELIIYl/2: 
riiJ\SEl/2: 

TF 
DTS 

DTS2 

TOL 
TADJ 
SCLI\ 
SCM 
SGAH 
flGIES 

(THE GLOBAL SYSTEM'S ORCIN IS THE FIRST AIRFOILS PIVOT POSITIOtl 
HAG. OF NOH-DIM. GUST VELOCITY ALONG GLOBAL X DIRECTION. 
HAG. OF NOH-DIM. GUST VELOCITY ALONG GLOBAL Y DIRECTION. 
NON-DIM. TRAHSIJ\TIONAL CHORD11ISE AMPLITUDE. 
NON-DIM. TRANSLATIONAL TRANSVERSE AMPLITUDE (plunging). 
PIIJ\SE ANGLE IN DEGREE BETWEEN C110RDWISE AND TRANSVERSE 
TRJ\NSLJ\TIONAL OSCILL. WITH THE LATTER REF. TO THAT AIRFOIL. 
FINAL NON-DIH. TIME TO TERMINATE UNSTEADY FLOW SOLUTION. 
STARTING TIME STEP FOR NON-OCIILL MOTIONS(TADJ•O). 
NO. OF COMPUTAIOHAL STEPS PER CYCLE FOR HARMONIC MOTION 
(FOR 2 FREO OCILL. IT USES TilE LARGEST FREQ) 
BASELINE TIME STEP FOR ALL MOTIONS(TADJ NOT •0) 
STARTING NON-DIM TIME FOR SECOND AIRFOIL MOTION TO BEGIN. 
(0 .<0 BEGIN MOTION AT THE SAME TIME). . 
TOLBRJ\NCE CRIERION FOR CONVERGENCE FOR (Uw)k and (Vw)k. 
FACTOR BY WIIIC11 DTS WILL BE ADJUSTED. 
STBJ\DY LIFT COEFF. FOR TilE SINGLE AIRFOIL AT THE SPEC. AOA. 
STEADY MOMENT COEFF. FOR THE SINGLE AIRFOIL. 
STBJ\DY VORTICITY STRENGTII FOR THE SINGLE AIRFOIL. 
OPTION TO Clll\NGE TilE UNSTBJ\DY KUTTA CONDITION. 
0 EQUAL rRESSURE AT TilE TRAILING EDGE PANELS. 

Figure 3. I USPOTF2C Input Namelist for Wake Analysis (Original) 
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NUHBER OF LINES FOR TITLE 
1 

TWO NACI\0007 OCSILLATING AIRFOILS 

tFIJ\G tiLOWER NUPPER 
0 100 100 

NI\IRF'O, XSUIFT , YSIIIFT, SCALE 
2 -43.98 -25 1.0 

111\CT\ 1\JRFOIL TYPE, 
7 
7 

FR!Ql FREQ~ DALP1 DALP2 
0.1 0.1 1.0 1.0 

FR!QSTEr1 FREOSTEP2 PIVOTl PIVOT2 
o.o o.o o.o o.o 

FJUALFREQl FINALFRE02 DELIIYl DELHY2 
0.05 0.05 0.01 0.01 

CYCLES DTS1 DTS2 TOL TADJ SCL SCH SGAH NGIES 
3 65 o.o 0.001 o.o o.o o.o ~.0 1 

STEADY Otri'PUT 
f11be false 

STEADY--TRUE IF ONLY STEADY SOLUTION. FALSE OTHERWISE. 
OUTPtrr--TRUE IF YOU NAHT COMPLETE OUTPUT TO SCREEN. 
!F~~ 0 IF AIRFOIL IS NACA XXXX OR 230XX 

NZ..OWER 
fiUPPER 
HAlRFO 
XSIIIFT 

YSitiFT 

1 OTHERWISE. 
NO. OF I'ANEI.S USED ON BOTJI AIRFOIL LOWER SURFACES. 
NO. OF PANELS USED ON BOTJI AIRFOIL UPPER SURFACES. 
NUitB!R OF AIRFOILS. 
RELATIVE X DIST. FROH 2 AIRFOIL PIVOT POSITION WRT 
GLOBAL COORDINATE SYSTI!!M. 
RELATIVE Y DIST. fROM 2 AIRFOIL PIVOT POSITION WRT 
GIDBAL COORDINATED SYSTEM. 

tu\CA AIRFOIL TYPE: I!!NTER NACA 4 OR !5 DIGIT CODE FOR AIRFOILS., 
IF NOT A NACA AIRFOIL, SUPPLY AIRFOIL 
X(J),Y(I) COORDS. FOR BOTH AIRFOILS IN 
FILE CODE 2. 

DI\LPl/2 : aJANGE IN 1\01\ IN DEGREE FOR NOH OSCILL. MOTION. 
MAX AMPLITUDE OF 1\0A IN DEGREE FOR ROT. HARMONIC MOTION. 

FREQ1/2 : NOH DIMENSIONAL OSCILL. (WC/Vinf.) FOR HARMONIC MOTIONS. 
PIVOT1/2: LBNGTII FROH LEADING EDGE TO PIVOT POitfT FOR LOCAL SYSTI!!M. 

(TilE GLOBAL SYSTEII'S ORGIH IS THE FIRST AIRFOILS PIVOT POSITIOt
DEUIYl/2: NOH-DIM. TRANSLATIONAL TRANSVERSE AMPLITUDE (plunqinq). 
DT5 : STARTING TIME STEP FOR HON-OCIILL HOTIONS(TADJ•O). 

DTS2 

TOL 
TADJ 
SCLA 
SCM 
SGI\M 
NGU:S 

NO. OF COHPUTAIONAL STEPS PER CYCLE FOR HARMONIC MOTION 
(FOR 2 FRIO OCILL. IT USES THE I.J\RGEST FREQ) 
BASELINE TIME STEP FOR ALL HOTIONS(TADJ NOT •0) 
STARTING NON-DIM TIME FOR SECOND AIRFOIL MOTION TO BEGIN. 
(O TO BEGIN MOTION AT TilE SAME TIME) • 
TOLERANCE CRIERION FOR CONVERGENCE FOR (Uw) k and (Vw) k. 
FACTOR BY WHICII DTS WILL BE ADJUSTED. 
STEADY LIFT COEFF. FOR THE SINGLE AIRFOIL AT THE SPEC. AOA. 
STEADY MOMENT COEFF. FOR TUB SINGLE AIRFOIL. 
STEADY VORTICITY STRENCTR FOR THE SINGLE AIRFOIL. 
OPTION TO CIIANGE TIIF. UNSTEADY Ktrn"A CONDITION. 
0 EQUAL PRESSURE AT THE TRAILING EDGE PANELS. 
1 EQUAL TANGENTAL VELOCITIES AT THE TRAILING EDGE PANELS. 

Figure 3.2 USPOTF2F Input Namelist for Flutter Analysis (Modified) 
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Figure 3.3 C1 Magnitude for Pitch about Leading Edge 
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Figure 3.5 Cm Magnitude for Pitch about Leading Edge 
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t.N 
-.J 

I 

I 

--------
-~ 

PITCH OSCILLATION PIVOT 0.0 (Leading Edge) 

It deo: 3 ~:ycles; 85 time stepsleycle; 100 anels top and bottom 

I 
CL Magnitude CLPhase 

~ theory panel theory panel 

0.4 0.0850 0.0883 3.84% ·2.9735 ·3.0036 0.96% 

0.6 0.0823 0.0849 3.13% ·2.7738 ·2.8158 1.34% 

0.8 0.0837 0.0857 2.37% ·2.5747 ·2.6262 1.64% 

1.0 0.0880 0.0894 1.59% ·2.3899 ·2.44510 1.88% 

1.2 0.0943 0.0953 1.01 "1. ·2.2240 ·2.2887 2.06% 

1.8 0.1118 0.1118 0.22% ·1.9463 ·2.0177 2.27"1. 

2.4 0.1608 0.1577 1.94'Yo ·1.5489 ·1.6242 2.39% 

4.0 0.3079 0.2964 3.73% ·1.0838 ·1.1550 2.27% 

8.0 0.9692 0.9253 4.53% ·0.5981 ·0.8889 2.25% 

CLReal CLimaa CMRtal 

I5P theory panel theory panel theorv Panel 

0.4 ·0.0838 ·0.0874 ·0.0142 ·0.0121 ·0.0203 ·0.0218 

0.6 ·0.0768 ·0.0804 ·0.0296 -0.0272 -o:cn 11 ·0.0194 

0.8 ·0.0706 ·0.0748 ·0.0450 ·0.0422 ·0.0149 ·0.01851 

1.0 -0.0643 ·0.0688 ·0.0601 ·0.0571 ·0.0118 ·0.0142 

1.2 -0.0573 -0.0627 ·0.0749 ·0.0717 ·0.0082 ·0.0111 

1.6 -0.0410 -0.0482 ·0.1 040 -0.1006 0.0007 ·0.0034 

2.4 0.0035 ·0.0084 ·0.1608 -0.1575 0.0256 0.0185 

4.0 0.1441 0.1197 ·0.2721 ·0.2712 0.1046 0.0891 

8.0 0.8020 0.7270 ·0.5441 -0.5723 0.4747 0.4238 

; 

i 

CM Magnitude 

theorv panel 

0.0222 o.o233 I 4.85% 
0.0236 0.0242 I 2.34% 
0.0267 0.0268 0.41% 

0.0310 0.0306 i 1.21% 

0.0361 0.0352 2.38% 

0.0479 0.0461 3.71% 

0.0774 0.0734 5.22% 

0.1613 0.1509 6.45% 

0.5345 0.4973 6.97'Yo 

CM mag 

thaorv panel 

·0.0090 ·0.0081 
·0.0156 -0.0144 
·0.0222 -0.0208 
·0.0287 ·0.0271 
-0.0352 ·0.0335 
·0.0479 ·0.0460 
·0.0731 -0.0710 
·0.1228 -0.1218 
-0.2457 ·0.2604 

CMPhase 
theory panel 

·2.7221 ·2.7872 
·2.4174 ·2.5018 
·2.1622 -2.2537 
·1.9600 ·2.0526 
·1.7989 ·1.8903 
·1.5559 ·1.6436 
·1.2345 -1.3162 
·0.8656 ·0.9394 
·0.4776 -0.5512 

2.07'Yo 
2.89% 
2.1U'Yo 
2.94'Yo 
2.91 o/o 
2. 79"/o 
2.60% 
2.35'Yo 
2.34'!o'o 

--
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Figure 3.7 Cl Magnitude for Pitch about 1/4 Chord 
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Figure 3.8 Cl Phase for Pitch about 1/4 Chord 
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Figure 3.9 Cm Magnitude for Pitch about l/4 Chord 
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~ 
N 

PITCH OSCILLATION PIVOT 0.25 (1/4 chord) I 
1 deo; 3 :vcles: 65 time staoStcvcle; 100 lanais too and bottom 

CL Magnitude CLPhase 
l(p theory ~»_anal theo_rr ganef 
0.4 0.0831 0.0863 3.81% ·3.0664 ·3.1050 1.23% 
0.6 0.0786 0.0811 3.13% ·2.9019 ·2.9439 1.34% 
0.8 0.0779 0.0798 2.42% ·2.7289 ·2.7809 1.85% 
1.0 0.0800 0.0813 1.64% ·2.5638 ·2.6236 1.90% 
1.2 0.0840 0.0848 0.98% ·2.4135 ·2.4791 2.09% 
1.6 0.0960 0.0959 0.15% ·2.1614 ·2.2345 2.32% 
2.4 0.1295 0.1273 1.70% ·1.8061 ·1.8853 2.52% 
4.0 0.2198 0.2120 3.48% ·1.3842 ·1.4657 2.59% 
8.0 0.5700 0.5408 5.12% -0.8643 ·0.9487 2.88% 

CLReal Cllm@g CMReal 
Kp_ theQry panel theory panel theory panel 
0.4 ·0.0828 ·0.0862 ·0.0062 -0.0032 0.0004 ·0.0002 
0.6 ·0.0764 ·0.0795 ·0.0187 -0.0159. 0.0009 0.0002 
0.8 ·0.0714 ·0.0747 ·0.0313 -0.0282 0.0016 0.0008 
1.0 ·0.0670 ·0.0706 ·0.0437 ·0.0403 0.0028 0.0015 
1.2 ·0.0627 ·0.0669 ·0.0559 -0.0522 0.0037 0.0025 
1.6 ·0.0534 ·0.0590 ·0.0797 -0.0755 0.0066 0.0049 
2.4 ·0.0302 ·0.0394 ·0.1259 -0.1211 0.0148 0.0117 
4.0 0.0408 0.0222 ·0.2158 ·0.21 08 0.0411 0.0342 
8.0 0.3700 0.3152 ·0.4336 ·0.4395 0.1845 0.1410 

: 

I 

! 
CM Magnitude 

theory panel I 
0.0055 0.0050 9.22% 
0.0083 0.0076 8.93% 
0.0111 0.0102 I 8.36% 
0.0139 0.0128 7.63% 
0.0189 0.0156 7.95% 
0.0229 0.0212 7.52% 
0.0381 0.0334 7 .56"1. 
0.0885 0.0830 8.01% 
0.1977 0.1794 9.26% 

CM mag 
theory panel 

·0.0055 ·0.0050 
·0.0082 ·0.0076 
·0.0110 ·0.01 01 
·0.0137 -0.0127 
·0.0164 ·0.0154 
·0.0219 ·0.0206 
-0.0329 ·0.0312 
-0.0548 ·0.0529 
-0.1097 ·0.11 09 

eM Phase 
theory ~anal 

·1.4959 ·1.6139 
·1.4588 ·1.5436 
·1.4219 ·1.4928 
·1.3854 ·1.4498 
·1.3495 ·1.4109 
·1.2793 ·1.3394 
·1.1479 ·1.2110 
-0.9273 ·0.9972 
·0.5880 ·0.6665 

; 

3.75% 
2.70% 
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2.05% 
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Figure 3.11 Cl Magnitude for Pitch about 0.37c 
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Figure 3.12 Cl Phase for Pitch about 0.37c 
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Figure 3.13 Cm Magnitude for Pitch about 0.37c 
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Figure 3.14 Cm Phase for Pitch about 0.37c 
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I 
I 

' 

PITCH OSCILLATION PIVOT0.37 l I 
1 dag; 3 cycles; 85 time steps/cycle; 100 anels top and bottom ! 

CL Magnitude CLPhase I CM Magnitude 
Kp theory panel theory panel i theory panel 
0.4 0.0824 0.0858 3.87% -3.1123 -3.1510 1.23°/o I 0.0114 0.0111 
0.6 0.0773 0.0797 3.13% -2.9672 -3.0092 1.42% 0.0118 0.0113 
0.8 0.0759 0.0777 2.40% -2.8104 -2.8824 1.85% 0.0126 0.0120 
1.0 0.0771 0.0784 1.73% -2.6586 ·2.7874 4.84% ' 0.0137 0.0129 
1.2 0.0802 0.0811 1.11% -2.5200 -2.5860 2.62% 0.0150 0.0140 
1.6 0.0903 0.0903 0.00% -2.2886 -2.3822 3.22% 0.0180 0.0167 
2.4 0.1186 0.1169 1.48% -1.9724 -2.0531 4.09% 0.0252 0.0233 
4.0 0.1890 0.1834 2.99% -1.8176 -1.7053 5.42% 0.0433 0.0396 
8.0 0.4139 0.3948 4.65% -1.1688 -1.2703 8.87% 0.1123 0.1006 

CLReal Cllmag_ CMReal CMimaa 
Kp theory panel thea~ panel theory panel theory panel 
0.4 -0.0824 ·0.0858 -0.0024 0.0008 0.0102 0.0099 -0.0052 -0.0051 
0.6 -0-.0761 -0.0790 -0.0134 -0.01 OS 0.0098 0.0094 -0.0066 -0.0063 
0.8 -0.0718 -0.0747 -0.0247 -0.0214 0.0097 0.0093 -0.0080 -0.0075 
1.0 ·0.0683 ·0.0715 -0.0358 -0.0322 0.0099 0.0094 -0.0094 -0.0088 
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IV. SINGLE DEGREE OF FREEDOM FLUTTER 

When discussing flutter of a typical airfoil section. many text books begin the 

analysis of the flutter problem as a two-dimensional flexure-torsion problem. 

Smilg [Ref. 6] presents a theoretical study for one degree of freedom instability of 

pitching oscillations of an airfoil in incompressible flow. Theoretical results show 

that the single degree of freedom instability may occur if the airfoil's moment of 

inertia is sufficiently large and if the pitch axis is located forward of the quarter 

chord. The pitch axis should not be too far forward of the leading edge so that 

the wing becomes stable. It is important to distinguish between stall flutter due to 

flow separation and inviscid incompressible attached flow flutter as discussed 

here. 

A. EQUATION OF MOTION FOR STEADY-STATE OSCILLATIONS IN 
ONE DEGREE OF FREEDOM. 

The classical spring-mass damper equation of motion is: 
" . 

mx+cx+kx=F 

The analogous equation for the pitch degree of freedom of a rigid airfoil in a two 

dimensional flow is: 
.. . 

Ia+ ga+ ka = Mu 

Assuming no structural damping (g=O), k = Ioo! , a = -oo2a 0 ei011., and 

a= aoejQJt: 

I( oo2
- oo!) = -Mu 

Defining the aerodynamic pitching moment as Mu = Cmu ~ pU2 4b2 and 

substituting into the above equation gives: 
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For undamped oscillations of the airfoil to exist, the non-dimensional inenia 

parameter Ia./7f9b4 must exceed approximately 550. As the elastic stiffness 

increases, the inertia parameter must also increase for instability to occur. For a 

full scale aircraft at sea level, the inertia parameter typically will not exceed 30 for 

control surfaces, wings or stabilizers [Ref. 6]. 

For the oscillations to damp out, Imaginary(CMa.) must be negative and the 

net work done on the airfoil per cycle must be negative. Negative work implies 

that the airfoil is performing work on the air, dissipating energy from the wing. 

When the aerodynamic moment and pitch displacement are in the same direction 

throughout the entire cycle positive work is performed on the airfoil. This 

transfer of energy is the origin of negative damping which leads to instability of 

pitch oscillations. The neutral stability boundary corresponds to 180 degrees 

phase lag between airfoil motion and lift and moment time history. This phase lag 

is defined by the necessary condition: 

Imag(CMo.) = 0 

The real part of the lift and moment coefficients represents the in-phase 

aerodynamic loading while the imaginary part of the coefficients is the out-of

phase portion. 
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B. SINGLE AIRFOIL FLUITER VERIFICATION 

Pitch damping (lmag(CMa)) is plotted for several amplitudes in Figure 4.2. 

The critical reduced frequency representing the flutter boundary is approximately 

0.115 compared to a theoretical value of 0.078. The accuracy of the critical 

reduced frequency increases as the pitch amplitude is decreased. 

C. AIRFOIL IN-GROUND EFFECT SIMULATION 

To perform a ground effect simulation, the additional boundary condition of 

flow tangency at ground level requires a second airfoil's reflection about ground 

level. Distance from the ground is non-dimensionalized by chord length. First, 

the steady state effects were examined by placing the two airfoils at zero degrees 

angle of attack and varying the vertical distance between them. At less than 3 

chord lengths of separation, the venturi effect or accelerated flow between the 

airfoils causes a decrease in lift corresponding to a positive pitching moment 

(Figure 4.3]. 

The critical reduced frequency of a pitching airfoil in ground effect initially 

increases slightly then decreases rapidly as the airfoil separation is reduced 

[Figure 4.4]. For an airfoil with a one foot chord, a natural frequency of one cycle 

per second and inertia parameter I/xpb4 equal to 550, the panel code calculates 

the flutter boundary to occur at a reduced frequency of Kp equal to 0.115 and 

CMa equals. -0.026613 out-of-ground effect. The out-of-ground effect flutter 

speed is 80 ft/sec and flutter frequency mfma equals 1.464. At 4.5 chord lengths 

separation or 2.25 chord lengths above ground level the critical reduced 

frequency Kp equals 0.101 and CMa equals -0.028942, which corresponds to an 

in-ground effect flutter speed of 125 ft/sec and flutter frequency mfma of 2.011. 

Clearly, the flutter speed and flutter frequency increase in-ground effect. 
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The same type of simulation was conducted for t\ ,) airfoils pitching in-phase. 

The flutter speed decreased and the critical reduced frequency of the flutter 

boundary increased [Figure 4.5]. 

A physical understanding of these results requires visualization of the wake. 

The in ground effect simulation tends to cancel the wake's effect because the 

reflected wake has the same strength and opposite direction [Figure 4.6]. In

phase oscillations will enhance the wake's effect upon the aerodynamics of the 

airfoil [Figure 4.7]. The two wakes maintain the same separation as the airfoils 

have and the vortices have the same direction. 
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TABLE 4.1 REFERENCES FIGURE 4.2 

Cm lmaainarv due to Ditch 
NACA0007: 200 oanels· 3 cvcles 65 steos oer cvcte 

Kp 1 dea 3deci 
0.02 0.000537 0.001857 0.003895 
0.04 0.000639 0.002247 0.005146 
0.06 0.000570 0.002043 0.004750 
0.08 0.000393 0.001456 0.003459 
0.10 0.000126 0.000594 0.001610 
0.12 -0.000217 -0.000480 -0.000638 
0.14 -0.000618 -0.001718 -0.003193 
0.16 -0.001065 -0.003084 -0.005978 
0.18 -0.001545 -0.004544 -0.008884 
0.20 -0.002060 ·0.0061 01 -0.012034 

TABLE 4.2 REFERENCES FIGURE 4.3 

Steady Airfoil Analvsis for NACA0007 in Ground Effect 
Moment about LE· 0 dea AOA: 200 oanels 

x/c Cl an 
25 0.000004 0.000001 

12.5 0.000014 -0.000001 
6 0.000019 0.000001 
3 -0.000076 0.00005 

1.5 -0.001135 0.000513 
0.75 -0.008657 0.003706 
0.375 -0.046132 0.019223 
0.25 -0.105136 0.043154 
0.125 -0.380161 0.151543 

62 



TABLE 4.3 REFERENCES FIGURE 4.4 

Pitchina airfoil in around effect simulation. I 
Pivot about LE; NACA0007; 200 panels; 3 cycles 65 stePS P4 r cvcle. 
Yshift is airfoil separation in chord lenoths. I 
Kp critical reoresents the flutter bound~ry. 

Yshift Ko critical 
50 0.115 
25 0.123 
12 0.132 
6 0.124 
5 0.112 

4.5 0.101 
4.25 0.093 

4 0.075 
3.75 0.020 

TABLE 4.4 REFERENCES FIGURE 4.5 

Pltchina Airfoils in Phase I 
Pivot about LE; NACA0007· 200 panels; 3 cvcles 65 st~s~r_g_cJe. 
Yshift is airfoil separation in chord lenoths. 
Kp is the reduced freauencv at the flutter boundarv. 

Yshift Kp 
50 0.109 
25 0.099 
12 0.097 
6 0.108 
3 0.124 

1.5 0.133 
1 0.130 

0.75 0.124 
0.5 0.115 
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V. ACTIVE FLUTTER CONTROL 

The traditionally accepted methods of moving an airfoil's flutter boundary is 

shifting the center of gravity or stiffening the structure. These two methods 

affect the inertial and elastic forces. In the past, aerodynamic forces were 

accepted as an uncontrollable quantity dependent upon reduced frequency. 

Through active flutter control, these forces can be controlled. 

An investigation of how the one-dimensional flutter boundary may be shifted 

by positioning an oscillating control airfoil upstream of a neutrally stable 

reference airfoil is presented in this chapter. The aerodynamic forces may be 

modified to stabilize an airfoil. 

A. INVESTIGATION OF AIRFOIL POSmONING AND SIZE FOR 
ACTIVE FLUITER CONTROL. 

The USPOTF2F code can accommodate and scale a second control airfoil 

while the reference airfoil remains fixed at the origin of the global coordinate 

system. The variables manipulated are horizontal spacing, vertical spacing and 

scaling of the conln'' ,., foil. The physical pitching frequencies of the two airfoils 

are equal for all cast-. 1Jresented in this chapter. The pitch axis is located at the 

leading edge. 

Pitch damping results are dependent upon the wavelength of the wake, 

defined as: 

K = 2ttc 
p A. 

where KP is reduced frequency based on full chord, c is chord length and A. is 

the wavelength of the wake. Pitch damping refers to the imaginary part of the 
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moment coefficient. Positive lmag(Cm) corresponds to negative pitch damping or 

instability. 

Figure 5.1 displays the pitch damping-frequency dependence for identically 

sized airfoils staggered by two chord lengths ahead and below the reference 

airfoil. Figure 5.1 is very similar to Figure 4.2 constructed for single airfoil flutter 

verification. The staggered airfoil curve [Fig. 5.1] shifts down and slightly to the 

left when compared to Figure 4.2. 

Figure 5.2 shows the airfoil interaction at positive and negative Xshift values. 

For positive Xshift, the pitch damping asymptotically approaches the single airfoil 

value of 0.000126 [Table 4.1]. Between Xshift values of -5 to +10 the airfoil 

influence supersedes wake effects. The periodicity of pitch damping-Xshift is the 

wake wavelength. The mean of the sine curves in Figure 5.3 through Figure 5.5 

follows the single airfoil pitch damping curve [Fig. 4.2]. As the reduced 

frequency increases, the amplitude of Imag(Cm) decreases and the airfoil becomes 

more stable. In summary, the frequency dependence of pitch damping is inversely 

proportional to Cm imaginary perlod, mean and amplitude. 

The effect of scaling or sizing the control airfoil is displayed in Figures 5.6 

and 5. 7. The ability of the control airfoil to affect the flutter boundary decreases 

proportionally with control airfoil size. As the size of an airfoil decreases, the 

strength of the wake core vonex shed from the trailing edge also decreases due 

reduced circulation around the control airfoil. 

B. APPLICATION TO UNSTEADY AERODYNAMICS OF ROTARY 
WINGS. 

The USPOTF2F code is well suited for unsteady aerodynamic simulation of a 

hovering helicopter. A two dimensional approximation considers the influence of 
' 
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shed vortices that have translated below the rotor disc and passed under the next 

blade. Wake-excited flutter has been documented in laboratory test'i and during 

initial whirl tower testing of the AH-56 Cheyenne. Wake-excited flutter will only 

occur at low inflow rates when wake spacing is minimal. The low inflow 

configuration occurs during ground operations when blade pitch angles are small. 

In an actual helicopter rotor flow field. the shed vorticity sheets will superimpose 

upon each other becoming stronger with the passage of each successive blade. 

A drawback to the USPOTF2F code is that it only accounts for the wake of one 

previous blade. 

C. COMPARISON TO TWO DIMENSIONAL APPROXIMATION TO 
WAKE FLUITER OF ROTARY WINHS BY ROBERT LOEWY. 

1. Parameters 

In Reference 7, page 90, Figure 15 Loewy presents a graph of pitch 

damping coefficient versus frequency ratio as a function of inflow parctmeter [Fig. 

5.8]. The inflow parameter is the vertical spacing of the wakes of previous blades 

corresponding to Y shift in USPOTF2F code. The frequency ratio m ::= ro/0 is 

divided into two portions, the integer and non-integer part. 

The non-integer portion of m represents wake phasing. When m equals 

0.5, this corresponds to the wakes being out of phase as shown in Figure 4.6. 

The vortex from the control airfoil or preceding blade is directly below a core 

vortex from the reference airfoil in the opposite direction. The wakes are counter 

phase or 180 degrees out of phase. When m equals zero or one. the phase shift is 

0 and 360 degrees respectively [Fig. 4.7]. The vortex wake sheet has equal 

spacing vertically with equal vortex strength and direction for identical airfoils. 

Couch in Reference I 0, page 39 treats m exclusively as a phasing parameter in his 

finite wake theory. 
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.. 
The integer portion of m represents the reduced frequency of the airfoil. 

0) 
m=-

Q 

Multiplying by the inverse of aspect ratio for a rectangular wing yields reduced 

frequency. 
roc roc c c 
n7=u=%="-

Reduced frequency is physically defined as the ratio of chord length to wake 

wavelength as shown above .. 

2. Comparison to Loewy Results 

Figure 5.8 shows areas of negative pitch damping between m=<).5 to 1.0 

and m= 1.5 to 2.0. The m=0.5 to 1.0 region corresponding to a phase shift of l XO 

to 360 degrees is illustrated in Figure 5.3 when Xshift ranges from -31.4-to -62.8, 

which is a region of instability. Figure 5.3 through Figure 5.5 confirms that as the 

reduced frequency increases (Kp=O.l to 1.0), the amplitude of the pitch damping 

curve will decrease. The difference in shape of Loewy's pitch damping curve 

[Fig. 5.8] and sinusoidal shape of Figure 5.3 is due to Loewy's use of an infmite 

number of wakes in his classical closed form solution while USPOTF2F code only 

accounts for one wake. 

D. USPOTF2F CODE LIMITATIONS 

Theodorsen's flutter theory for simple harmonic motion assumes sinusoidally 

varying lift and moment coefficients, which are represented mathematically by 

eiwr. The primary limitation is that the unequal physical frequencies of control 

and reference airfoil yield higher harmonic time histories of sine and cosine. The 

phase subroutine attempts to curve fit a sine wave to a higher hannonic time 

history resulting in rapid inconsistent phase shifts. 
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Figure 5.1 Frequency Dependence of Pitch Damping Xshift=-2, Yshift=-2 
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TABLE 5.1 DATA REFERENCES FIGURE 5.1 

Pitching Airfoils in Phase at Various Frequencies 
Pivot about LE: NACA0007; 200 panels: 3 cvdes 65 stepS per cyde; 
Xshlft -2.0: Yshift -2.0: Oalo1 • 1.0: Dalo2 • 1.0: 
Airfoils 1 and 2 frequency sweep from .025 to .250; 

Frea1 Frea2 Cm lmaoinarv 
0.025 0.025 0.000959 
0.038 0.038 0.000972 
0.050 0.050 0.000822 
0.063 0.063 0.000545 
0.075 0.075 0.000222 
0.088 0.088 -0.000141 
0.100 0.100 -0.000549 
0.113 0.113 -0.000982 
0.125 0.125 -0.001432 
0.138 0.138 -0.001887 
0.150 0.150 -0.002345 
0.163 0.163 -0.00282 
0.175 0.175 -0.003297 
0.188 0.188 -0.003774 
0.200 0.200 -0.004234 
0.213 0.213 -0.004698 
0.225 0.225 -0.005149 
0.238 0.238 -0.005603 
0.250 0.250 -0.00607 
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TABLE 5.2 DATA REFERENCES FIGURE 5.2 

Pitching_ Airfoils Kp • 0.1 I I 
Pivot about LE; NACA0007; 200 Qanels; 3 c: ~rcles 65 steps Jer cvcle; 
Yshift -2.0; Dalp1 1.0; Dalp2 1.0· 
Xshift varied from -1 0 to +20 

Xshift Cm Imaginary 
- 1 0 -0.002689 
- 9 -0.002543 
- 8 -0.002368 
- 7 -0.002164 
- 6 ·0.001926 
- 5 -0.001646 
- 4 -0.001314 
- 3 -0.000970 
- 2 -0.000549 
- 1 0.000029 
0 0.000737 
1 0.001365 
2 0.001533 
3 0.001410 
4 0.001229 
5 0.001076 
6 0.000955 
7 0.000855 
8 0.000776 
9 0.000709 

10 0.000656 
1 1 0.000612 
12 0.000576 
13 0.000546 
14 0.000519 
15 0.000495 
16 0.000475 
17 0.000457 
1 8 0.000440 
1 9 0.000426 
20 0.000412 
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Cm Imaginary Plot for Constant Kp = 0.1 
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Figure 5.3 Pitch Damping-Xshift Dependence 
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Cm Imaginary for Constant Kp = 0.2 
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Figure 5.4 Pitch Damping-Xshift Dependence 
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TABLE5.3 DATA REFERENCES FIGURE 5.3 AND FIGURE 5.4 

Pitchina Airfoils 
Pivot about LE· NACA0007; 200 _panels: 3 cvcles 65 steos ler cvcle; 
Yshift -2.0; Oalo1 1.0; Dalo2 1.0 
Xshift varied from 0.0 to -120 chord lenaths 

Ko. 0.1 Kp • 0.2 
Xshift Cm lmaainarv Xshift Cm lmaainarv 
0.00 0.000737 0.00 -0.001999 
-6.28 -0.001992 -3.14 -0.005072 

-12.57 -0.002929 -6.28 -0.006196 
-18.85 -0.002595 -9.42 -0.005637 
-25.13 -0.001021 -12.57 -0.003424 
-31 .42 0.001010 -15.71 -0.000595 
-37.70 0.002836 ·18.85 0.001795 
-43.98 0.003599 -21.99 0.002647 
-50.26 0.003089 -25.13 0.001769 
-56.55 0.001560 ·28.27 -0.000400 
-62.83 -0.000474 -31.42 -0.003206 
-69.11 -0.002236 ·34.56 -0.005419 
-75.40 -0.003109 -37.70 -0.006422 
-81.68 -0.002814 -40.84 -0.005997 
-87.96 -0.001184 -43.98 -0.003724 
-94.25 0.000944 -4 7.12 -0.000667 
-100.53 0.002751 -50.27 0.001671 
-106.81 0.003464 -53.41 0.002466 
-113.10 0.002851 -56.55 0.001482 
-119.38 0.001307 -59.69 -0.000611 
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Cm Imaginary Plot for Constant Kp 
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Figure 5.5 Pitch Damping for Different Time Step Cycle Combinations 
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TABLE 5.4 DATA REFERENCES FIGURE 5.5 

Pitchina Airfoils Ko- 1.0 
Pivot about LE: NACA0007· 200 oanels: 
Yshift -2.0: Dalo1 1.0: OaiD2 1.0 I 
Xshift varied from 0.0 to -18.22 chord lenoths 

Xshift 5 cvcles 39 steos 3 cvcles 65 steos 
0.00 -0.027219 -0.027008 
-0.63 -0.028060 -0.027836 
-1.26 -0.029022 -0.028742 
-1.88 -0.029452 -0.029159 
-2.51 -0.029082 -0.028802 
-3.14 -0.027958 -0.027730 
-3.77 -0.026568 -0.026411 
-4.40 -0.025448 -0.025333 
-5.03 -0.025049 -0.024928 
-5.65 -0.0254 78 -0.025330 
-6.28 -0.026566 -0.026357 
-6.91 -0.027912 -0.027685 
-7.54 -0.029073 -0.028777 
-8.17 -0.029587 -0.029245 
-8.80 -0.029219 -0.028880 
-9.42 -0.028093 -0.027792 

·10.05 -0.026656 -0.026394 
-10.68 -0.025488 -0.025244 
·11 .31 -0.025106 -0.024793 
-11.94 -0.025538 -0.025154 
-12.57 -0.026627 
-13.19 -0.027934 
-13.82 -0.029100 
-14.45 ·0.029640 
-15.08 -0.029299 
·15.71 -0.028121 
-16.34 -0.026633 
-16.96 -0.025452 
-17.59 -0.025088 
-18.22 -0.025537 
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TABLE 5.5 DATA REFERENCES FIGURE 5.6 

Pitchina Airfoils Kp • 0.1 
Pivot about LE: NACA0007· 200 panels: 3 cycles 65 steps per cycle; 
Yshift -2.0· OalP1 • 1.0· Oalo2- 1.0· 
Xshift varied from 0 to 120 chord lenoths for scales of 0.25, 0.50 and 1.00 

Xshift Scale 1.0 Scale 0.5 Scale 0.25 
0.00 0.000737 0.000429 0.000317 
-6.28 -0.001992 -0.000939 -0.000383 

-12.57 -0.002929 -0.0014 71 -0.000638 
-18.85 -0.002595 -0.00125 -0.000532 
-25.13 -0.001021 -0.000415 -0.000114 
-31.42 0.001010 0.000659 0.000437 
-37.70 0.002836 0.001579 0.000903 
-43.98 0.003599 0.002005 0.001116 
-50.26 0.003089 0.001742 0.000988 
-56.55 0.001560 0.000901 0.000557 
-62.83 -0.000474 -0.000172 0.000013 
-69.11 -0.002236 -0.001098 -0.000455 
-75.40 -0.003123 -0.001599 -0.000697 
-81.68 -0.002814 -0.001355 -0.000581 
-87.96 -0.001184 -0.000495 -0.000154 
-94.25 0.000944 0.000597 0.000402 
-100.53 0.002751 0.001536 0.000869 
-106.81 0.003464 0.001932 0.001076 
-113.10 0.002851 0.001641 0.000929 
-119.38 0.001307 0.000765 0.000477 
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TABLE 5.6 DATA REFERENCES FIGURE 5.7 

Pltchina Airfoils Ko. 0.1 
Pivot about LE: NACA0007; 200 panels· 3 cycles 65 steps per cycle; 
Xshlft -43.98 • Oalo1 • 1.0· Oalo2 • 1.0: 
Yshift varied from 1 to 25 chord lengths for scales of 0.25~ 0.50 and 1.00 

Yshift Scale 1.0 Scale 0.5 Scale 0.25 
25 0.000557 0.000387 0.000298 
12 0.0014 78 0.000872 0.000540 
9 0.001923 0.001098 0.000657 
6 0.002499 0.001403 0.000820 

4.5 0.002858 0.001601 0.000918 
3 0.003278 0.001832 0.001030 

2.5 0.003432 0.001916 0.001073 
2 0.003599 0.002005 0.001116 

1.75 0.003685 0.002050 0.001139 
1.5 0.003774 0.002096 0.001163 

1.25 0.003864 0.002141 0.001188 
1 0.003957 0.002189 0.001213 
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VI. CONCLUSIONS AND RECOMMENDATIONS 

A. SINGLE AIRFOIL ANALYSIS 

Aerodynamic verification of UPOTFLUT code is consistent with results by 

Riester [Ref. 1]. Incompressible bending-torsion flutter computations compare 

favorably with Theodorsen theory when the natural frequency ratios are less than 

1.2. It was shown that the critical reduced frequency may differ by up to a factor 

of thre_, from Theodorsen' s result for high critical frequencies and high natural 

frequency ratios. 

B. TWO AIRFOIL ANALYSIS 

The nonlinear theory for simple harmonic motion, magnitude and phase 

relationships that exist between airfoil motion and aerodynamic forces have been 

verified by comparison to the classical Theodorsen analysis. Agreement with 

theory consistent with previous panel codes was obtained. Aerodynamic 

coefficient magnitude errors were less than five percent and phase errors typically 

ranged from one to three degrees. 

A single degree of freedom flutter analysis of an airfoil in-ground effect 

simulation showed that the flutter speed increases as ground distance decreases 

due to wake cancellation. The one dimensional flutter boundary may be shifted 

by positioning and oscillating a control airfoil upstream of a neutrally stable 

reference airfoil. An investigation of positioning and size of a control airfoil for 

active flutter control showed the pitch damping was periodic with wake phasing. 

Pitch damping period, mean and amplitude are inversely proportional to reduced 
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frequency. A trend comparison with the wake flutter theory by Loewy illustrated 

consistent code results. 

Theodorsen flutter theory for simple harmonic motion assumed sinusoidally 

varying lift and moment coefficients, which were represented mathematically by 

eiox. The physical frequency differences between the control and reference 

airfoil yielded higher harmonics in the time history, causing Theodorsen theory to 

be invalid. 

C. RECOMMENDATIONS 

A drawback to this code was the lengthy computer run times which were 

approximately 60 hours per figure on a 100 Mhz SGI Workstation. Run times 

could be reduced by running the code in parallel. Dividing the simulation into 

separate directories or cases and running up to ten workstations simultaneously 

make time requirements manageable. This requires the availability of batch 

queues and access to a network. Streamlining of the code by an experienced 

programmer is recommended. 

The frequency dependence of the control airfoil upon a referP.nce airfoil was 

not resolved. The non-sinusoidal lift and moment time histo. . , will require 

computations to be completed in the time domain. The concept of active flutter 

control is feasible and certainly worthy of further theoretical study. 
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APPENDIX 

This appendix contains theoretical Theodorsen flutter analy~is as described 

by Fung [Ref. H). The MA TLAB program was written for the Macmtosh. Next, 

time histories of lift, moment and pitch angle for various cases are illustrated. 

Finally, three sample wake position plots show the core vortex position at the 

fmal time step. 
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11 1hic;; png:tan perfoms thooretical the::x:btsett analysis as 
' descri.b:rl 1¥ F\Jrg. 
dEBr 
clg 

' \ ~c Coofficimts 
K(l) = 100; 
UI(l) = 1; 
MB~pha(1) = 0.375; 
L"lltn"l n > = o. 5: 
KC2) = 4; 
UI(2) = 0.9848-0.2519~1: 
MBlrirl(2) = 0.375-0.250*1: 
li1lpB(2) = 0.42179-0.49423~1; 
K(3) = 2; 

UI(3) = 0.9423-0.5129*1; 
tfll(ia(3) = 0.375-0.5*1; 
l.alrh"~<J> = 0.18580-0.984o5~1; 
KC4) = 1.2; 
UI(4) = 0.8538-0.8833~1; 
H3lpa(4) = 0.375-0.83333*1; 
lal(ia(4) = -0.38230-1.59487~1; 
K(5) = 0.8; 
UI(5) = 0.7088-1.3853~1: 
MJ1(iA(5J :: 0.375-1.25 .. {; 
Ialpa(5) = -1.5228-2.27119"-i; 
K(6} = 0.6; 
Ut(6) = 0.5407-1.9293~1: 
MBlpha(6) = 0.375-1.66667*1; 
Lalpa(6) = -3.17490-2.83045*!; 
K(7) = 0.5; 
UtC7) = 0.3972-2.3916*1; 
M:llpa(7) = 0.375-2.0*1; 
~lpha(7) = -4.8860-3.1860*1; 
K(R) = 0.4; 
UI(f3) = 0.1752-3.1250*!; 
MBlJiB(8) = 0.375-2.5*!; 
~lpa(8) = -8.1375-3.5625~!: 
KC9) = 0.34; 
Ul(9) = -0.022-3.8053*1; 
M11[ia(9) = 0.375-2.94118*1; 
L"ll(iB(9) = -11.714-3.7396~1; 
K{lO) = 0.3; 
l.Jt(lO) = -0.1950-4.4333~1; 
MBl(ia ( 10) = 0. 375-3.333333 * i: 
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L'1l{h'l(10) = -15.473-3.7822*1; 
K(ll) = 0.266666667: 
Ut(ll) = -0.3798-5.1084*i; 
M'tlria(ll) = 0.375-3. 75*i; 
L"llpln(ll) = -20.0337-3.6847*!; 
K(12) = 0.24; 
lltC12) = -0.552-5.8242*1; 
M'=Jlph'! (12) = 0. 375-4 .16667*1; 
L'lltia(12) = -25.319-3.5256*1; 
K(l3) = 0.2; 
Ut (13 l = -0. 886-7. 2760*i; 
~lti~(13) = 0.375-S.O""i: 
ta1pla(13) = -37. 766-2.8460*1; 
t-tl = 0.5; 

q = 0; 
w'W'l = 1.6; 
nu = 4; 
a = -0.3; 
xa.ltiV~ = 0.2; 
ral(in2 = 0.25: 

% Flutter Determinant 

t Search for real root usi.rg bisectiat neth:d 

% OJtside for lcx:p ccn:bcts the freQ.tex.v ~ 

form = 1:13 

X(l) = 0.2: 
X(3) ; 2; 
X(2) = (X(3)-X(l))/2; 

for its = 1:50 

l\ = mr*(l-X*(ww:t"2)*(1+i*g))+lh(m); 
E\ = IIII*XrJltiB+taltila(m) -Ut(m) * (0. S+a): 
D = nu*xaltila*ft-lh(m) * (0. S+a); 
E"'flt*ralttla2* (1-X* (l+i *g)) -0. 5* (O.S+a) -tMallh!(m) -IalJ;fa(m) ""(O.S+aH·lh(m) * (O.S+a 
"2; 
l'El' = l\. *E - B*O; 
R = real (t:Er) : 
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if R(l)*R(2) < 0 
X(3) = X(2): 

else 
X(1) = X(2)t 

erl 
X(2) = (X(J)+X(l))/2; 
erl 

Rioot (m) = X(2); 
RP~(m) = X(3) - X(i)t 

% Sem:h for :inaginaty root 

X(l) = 0.2; 
X(3) = 2; 
X(2} = (X(3}-X(1))/2: 

for its = 1:50 

A= mu*(l-X*(Whwa~2l*(l+i*g))+Lh(m): 
B = mu*xaldla+Ialdla (m) -Ih (m) ' ( 0. 54-a) : 
D = mu*xajpJaM!-Ul(m) * (0.5-4-a} r 
E=nu*ra.4ila2* c1-x• (1-1-i*gl J -o.5' co.5.t-a)~(m>-t.al.tila<mJ"' (Ols.Hil+th(m)"' co.s~ 
"'2: 
cer = A.*E- a•o: 
I = ina;J (lEI') : 

if 1(1)*1(2) < 0 
X(3) = X(2): 

else 
X(1) = X(2); 

errl 
X(2) = (X(3)+X(1))/2: 
ad 
Iroot (m) = X(2): 
I~(m) = X(3) - X(1): 
em 
RmX 
!root 
eli f f = Rroot - Iroot: 

' Plot of real am inaghmy roots 

%plot (1 ./ K, Rioot, 1 ./ K, Iroot) 
'fgrid 
~nl c • 1/k' > ..... 
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\ylatel( I (X)') 
'ti(BEe 

% Search of roots for critical freQJEn:.Y 

n = lagth(Rroot)' 
for m=l:n 

if diff (m) c:. 0 
krf=K(m): 
t:ceak 

arl 
erl 

" Calrulaticn of the flutter coefficent that lies between 
% m arrl m-1 reduced frE!g.lE!l'X¥. 

IavK(l) = 1/K(m-1): 
Xreal (1) = sqrt (Rroot (m-1),: 
Xinag(l) = ~(Iroot(m-1)); 

!OIIK(2) = 1/K(m): 
Xrea.l (2) = Qt (Rroot (m) ) : 

Xinag(2J = eqrt (!mot (in)): 

xl = lavK(l):O.OOOl!IavK(2); 
n = len.;Jth(xl.): 
yl = 1/ (lovK(2) - !cNk(lJ)' ( (IavK(2) - xi) IXt:atJ. (1) + (x1 - IovK(l)) *Xreal (2)): 
y2 = 1/(lovK(2) - IoYK(1J)•((IOVK(2) - xi)•Ximag(l) + (xi- Iav.k(l))•Ximag(2)J: 

plot (xl..yl.x1.y2) 
grlrl 
Xl()lEl ( I 1/k I ) 

y label ( I sqrt (X) • ) 

form= l:n 
if y2(m)-yl(m) < O, 

Iok = xl.(m) 
xmot = y2(m) 
break 

kcrit = 1/Iok 
cx.lef = Iok I Xroot 

..... 
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