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Time or Expence to make, and therefore might be
fupplicd by ncw oncs, as often as they happen’d to
break.

Thefc Moulds feem to have been burnt or baked
fufliciently to make them hard, but not fo as to ren-
der them porous like Bricks, whereby they would have
loft their fmooth and even Surfaces which in thefe
is plainly fo clofe, that whatever Mctal fhould be
formed in them would have no Appearances like the
Sand-Holes, by which counterfeit Coins or Medals
arc ufually detected.

Lindon, May 20,
1747-

XXV An extrall of a letter from William
Jones Efg; F. R.S. to Martin Folkes Efg;
Prefident of the Royal Society; containing
a commodious difpofition of equations for ex-
bibiting the relations of gomiometrical lines.

THEOREM.

Prefented July 4-IN a circle whofe radius is t, let there
1747- be two arcs, A the greater, a the lefs,
each in the firft quadrant; put s, t, {, and v, for
the fine, tangent, fecant, and verfed [ine of an arc;
s, v, (', the fine, tangent, fecant of the complement,
and V', the verfed fine of the fupplement of that arc;
let 2=2AYa,x="=LA—a; or if z and x be put for
the arcs, it will be A=z-}x,a=z—x.

Then.will the terms in any column of the follow-
ing table, be proportional to thesr correfponding ones

in any other column.
From
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From hence, almoft an infinite number of theorems may eafily be
derived ; fome of which are the following, given here as examples of
the ufe of the table.

‘———\ N m—— \. ——— J z ‘ x
L s2x5,%x = L1rxs,a=—s ,A==2rxs 2—X—s,2+X = /“" rr=2=rr,
’ >
<

. \ R < N — N — 52 5,X
8 5ZXS X == 2rXs ;a5 , A== LrXs z—x+4s5 ;2 Fx = fx_ — /—’—z rr.
3 >

IL If A, B,C, be any three angles ; Z=—=A-}-B,X==A--B,H=1A4B--C.
Then }rx7,C—=2,X =5, CH-Xxs5,sC=X =s,4 A C— Bxs, s BF-C— A=, H- Bxs,H—A.
And 3rx0,Z—2,C =,1ZF-Cxs,3Z— C = 5,} AF-B4Cxs,} A+ B—C =5, Hx, H—Cs

1, 552 Bz rr w2z T o SHiZ__thizZ rr 0Z__ 532,
], " — ) - - TS - o — = — =
S5, rr 6,2 vz £,2 LY A €4 ttytz V.2 t,il_-‘z’



L 562]

A Y
$5,2  Ssylze. SS,z. s5,lz
IV, Lp =20 000 2020 T & ; and 5,z
U2Z vz V,27 vU,2
v, 2 __ v Iz v,z
UZ  Llz r 5%
.« 1 A\
VI BZ_sAdea_fx o fz £X_ sats, A faxtx
. —_— —_— - —_— T —_—— """'__—’ '-————-——-—-.
tLx  s,A—sa” £,2° LZXEX T LX Lz S sa—5sA *r

viL SA_Y z+t X_$ z+x

—-==_; ifzandxare two arcs, then A—2z4x,0 =2 —x
J,a 1,2""’,){ J f— 5 b + a ;‘,

VIIL ;—_F-x_.r,zxs x5 zxs,x 1zt X
7 f,zxf,

$,z%S5 XFHZXGX  TIFLZXEX

IX. s,zdx=
zx 7 —  [fizxfx
—_— t,z+tx __IrFLZIXEX
X. g =, dr g mm 20
h2zZX Y1 2XEN 77 and fzEx ="y ,Z2ELx
ZXfX  — /;z)(f_x
XL 1A 3 and [,2+z == .
[,z X = rr¥i,zxeXx rrrhzxhx [2tz 1,2+ 1,X
XII. In three equidifferent arcs 4, 2,43 where = _—-/1 +-a) 15 the mean arc, and
s
(=1.4—a) their common difference ; putp = ’x,q;—__; = 25 x5,54,Q = 20X\ 2,

Then s, 4= P=—s,a = Q:+5,4; And 8,6 = P—s,4 = 5,4—9,

X1 Letd=v,4—v,a=s ,a— § 543 then ss,.4—ss,z =25, d-—dxd = 25\;a—axd.

Nots, When an arc is terminated in the fecond, third, or fourth quadrant, fome of the figns
{(—+ and — ) of the terms in the preceding thcorems will, by the known rules, become

xomrary to v.hat they now are.
X!V,
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XIV. Let 4,B,C,¢rc. be the fings, z,4,¢, ¢¢. the co-fines, 2,0, ¢!, dre.
the tangents, of the arcs, « 3, 7 ¢re. whole number is z; the radius
being »; put § for the produ&t of the # co-fines, &', ", §"', &-¢. for the
fum of the produéts made of every fine, every two, threc, &rc. fincs, by
the other (72:-—-1, n—2, n—3,¢>¢.) co-fines, where the co-fine noted by
#~—=n is unity.

Then the fine of 75 F, 10,07 =8 —S§"+ §—87, & x—=

\ ]

And the co-fineof e a7 F7, &re. =§—8'+8§'—S$", &Je. e

XV. Alfo putting 7" for the fum of the tangents of the arcs, «, g, 3, &re.
Tr, T, T, &e. for the fam of the produdts of every two, three, four,
&re.tangents; and A= T

B=AT"— T

C=B7"—AT"+ T"

D=CT"— BT"+ AT — T""

é‘:DT"——CT"-& BT — AT""4-T*,  Put R=--
C.

Then the tangent of zg5g5 47, &¢. = A-FBR+CR*+4-DR--ER*; &r.

XVI. Hence, the fine, tangent, and fecant, of any arc 4, being re-
prefented by s, ¢, £ the co-fine, co-tangent, and co-fecant, by s, £, /73
thofe of the arc ma are exprefled as in the following theorems.

Y

Putting #'==n. ”——5'—

g B3 e T3 T
3 n"__r;'.w;—-, n'"=n .-:-,n'—-n'.—-— 3 e

§ M1

Sine of no=wA—1n"AP-#" BP—n"CP-1n""DP, &¢. X ~—— 3

where P — %, A—s; B=AP;C=BP; D=CP; &¢.
r )

n—13 n—2 r—3 #—4 n—g§ n—>0 g3
oy —— ———— ® cmaraa— - —— e . x commiiein—— °
Or = B 2 3 AP+ " 3 BP — r3 7 CP &¢ propml

where 4, B, C, &¢. ftand for the refpective preceding terms.

Or =unst
where Q= -:f; . A, B,C, &e. ftand as before.
Dddd XVii.

vpm1—x o 3ns=n gy 5S04 THT " Do g,



[ 564 ]

Ay
s L
w Pa P, Ge, X ———,where P= 77
—1

XVil. Co-fuccfne— L Pegrn P
0l O~ ”/',QI-LZ—T‘”EwnBQ,rﬁ——’-I ‘—t-——:—nCQ.+6+n 6—n DQC

Or ~r¢~

whare @ - =3 s and A,B,C, &c. ftand for the refpetive preceding terms.

Orput M= ——L'r, N’-—"fr':" =53=4N;G=DN;D = Cu,{‘;’c,p-—n,p Tn—1p 2,50,

Alda = pb—p'psd ) Y AS VAR Al B AN AR AL I =S BIALRE AR ;"PY"”-P'!,'F“:-“)‘-

The co-fae of na==A—Ba'+4 C¥' — D' 4+ Ed', &¢c. x M.

XVIL Let £ =’ o A'T,, ,,' -~n
B=-n"" =~ ! A B— 1 +n "
C=—n"' "l’ nn’ +F”' A" C'— ""“ n /) -1 "ﬂ'""‘ﬂw —n*
D—=+n""—nn""4-Cn'—Bn"" 4 An? D':;,.n "—n VB4 4 —nt"" Ln""
[N

&e.
The tangent of na = nt - A3y —* - Btsr—4 4 Ct7r —* + Dr—* .

—n+ AN -+ BN* 4~ CN3 + DN#-}- &3¢, x t, where N—= =

Or
Or —na'+ Ay’ 4-B’4-Cd 4-De', &5 c. where @' —#;b'=Na's¢ —Ni'3d'=Ne'; &e,
0 _n—n"N-Ln"'N* - " N3 !--n"”'N'*,ﬁft.xl

f T a=#Ntn ' N—ua N3 [N+ &¢,

Co-tang! of na =r*+A't*+ B> N+Ct>*N>+D't> N3+ I/'t> N+&se. x—3 where N=~
Or =1A'N B N*+-C N3 - D' N+ E' N5 £Sc.%, 7 ; whercN::*.‘,
Or 1= N-#n"No—n' N3 + 0" N*—n" N5, . x5 Where N=2

n—n'N 0 N2—n"'N3 -y n'' N*—n* N5, &

Wik Letd = # A’:',, n

B=An'— un" B=pn" A—n"

C'=kn'B—n"A+n"
D =Co' —Bn"-An*=n"" D=yt C—'B 4-n' A —n
&e. &e.
Sccant of na =1 4 AN - BN* ~~ CN3 4 DN* 4~ EN’, &e. x M.

Cc =DBn'—An" -

v

Or = e - x M; where N=1 M==1/"
1= Nv+n""N*-n* N3+ a"" N8 ,Ege.” T
Co-fecant ol na =14+ d N B N4-C N D N—-E'N%, &5¢. x M ; where N:_—__;'_',M:::’;F_’
v ntre
r-2

Or = ; 3 Y = =
n ’.”/ N ‘~n"'N:'~-r1".\J-- ‘_”wn};’ @1(. Y ]"1 3. \Vhelc N M ” 2
XX.
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XX. Lete bethe chord of an arc (4) of the circumference of a circie,
whofc diameteris 4. Put N = -

The chordof na=nc ' 17127 pp 5757050y shn 5=y 7b0 70 s
¥ AN T BN Oy DN
where A, B, C, &¢. ftand for the refpective preceding terms.
As the preceding theorems are eaflily deduced from 'the firft, fo the following are moft
readily feen to be the immediate confequences of thefe ; and 21l depending upon no
other principles than what. are_generally made ufe of in common computations.

XXI. Putting s, s, 2, ¢, [, [, for the fine, co-fine, tangent,

co-tangent, fecant, co-fecant, of an arc (4), and v its verfed finc;

P Xy o Ty e 1t gt e XM, pV e X IV, —aa
letg =1 ¢'=1¢3¢" =499 =3¢":¢ =3¢ : 8. N=r.

Thens =1 —-—‘g“N—{-— q'N* —¢'' N3 +q""N4 + ¢4*Ns, &e. x a.
=a—gq'ar=" 4 g aSr =t — g"ar=" A ¢ ar =, Ee.
— ““{.lg AN 4 4»’— BN — 6.—1~7-CN~{— g_ig DN, &¢. where 4,B,C, &.
ftand forshe refpective preceding terms.
And s =r—garr—" ¢ "atr = — g'abr—* 4 g"a¥r—", Ge.
—_—f— g’N _Jr.q'//Nz — qu3 +qu1N4 qus, 6‘)}.)(7,‘
—=r——ar—"4 3.-’4 AN— 5—'3 BN+-7-"§ CN, &c. A,B,C, &c. asbetore:

XXIL Alfo v= ga’r—1— g atr— + ¢"'abr— — g "a*r—", &
= =g ——éﬂN-—-;‘.ﬁ-BN—-% CN — ;EZDN’ e,

I

= 1_‘2 N— iAN - g.’5}_?N—- 7-’ECN, £5¢, x r. 4,B,C, &¢. as before,

XXIII, Let A=-1q —q" And A—=—A
B=—1q"+4q¢" +-Aq B'==—B—AA4
C=-¢" —q"' +Bg—Aq" C=—C—BA—AB
D=—q""4¢""+4-C¢ - Bg"'+Ay". D =—D—-CAd—BB~AC.
&e.

.
*Tangent # == a - Aa’r =* 4~ Basr =* + Ca’r—° + Daor—", &e.

Or =1~ AN ~~ BN* - CN3 + DN+ EN3,5¢. X a,
Co-tangent ¢ = a ~'r* -~ Aa - B'ar " 4~ Ca’r~* - D'a’r =%, &

i

=7rr + Ada* 4 B Na* - CN*a* -~ D'Nia?, &c. vE.

Or
XXIV.
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XXIV. Alfolet 2=—-¢ And o/=-¢"
B— qlll +¢ B,:"— 'y d.’ 1
) -—-+q g’//_’...ﬁq 7,’ —_ V) o I’V ’q"
*”‘“q”’—hq -—Bg"'*{—?g' &M :-___qvlll_*_eclqw__,g!qlv_l,_; ,i""
&e. &e.

Secant /= r - aa?r—"' -+ Batr—? + 5 80— - dabr—7, &5
Or 1 aN -} gN* 49 N3 4 p N4, &5¢. x 7.
Co-fecant j' = a—1r* 4 da + p'asr—" _.!.. Y aSr—+-+td'aTr—s, E2¢,
Or = rr+-daa 5 Naa 7' N*aa+ &' Noaa,{gc. x 3. where N=;

I

XXV. Putting p'=1;p"=2p ; p"'=1p"; p" == 1p"3 p"=%9""; &F¢. N =
Thenarc a=1 4 pp'N + 1p'N* + 1p' /N34 1p"" N+, &c. x 5.

O =s+4+p AN 1p"BN 4 1p""CN + Lp"DN, &

Or  =s+ AN+ BN + ZCN-+-F] DN, &¢. where 4, B, C, &,
ftand for the refpective preceding terms.

XXVI. If vis the verfed fine of an arc 4, diameter being d, M= 55’ R=yZ.

Then arc a= 1+ M43 AM+5 BM4- 7 CM, &c. x R 3 4, B,C, &e. are
as before.

XXVIL. And putting N"'f.,d::‘:t B= AN, C= BN, D=CN, &
Then arc e = t— AN + } BN —~3CN+41DN + & EN, .
Or :I-——-;N‘{‘“TNZ—'-’fN} -N"--I———-N‘ & x 2.

XXVIIIL Alfo, if ¢ is the chord of an arc (2) ; and N = g;;

Then arc a=¢+ = AN+ BN - =CN 4 %:—:DN, &¢. where A4, B, C,y &,
ftand for the refpective preceding terms,



