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center of figure and the center of gravity of the moon. I have shown that Hansen
fails 1o sustain this position, and that there is no good reason to suppose that the moon
differs from any other of the heavenly bodies in this respeet.*  Our first conrse wonld
therefore be to diminish all of Iansen’s ineqnalities by this factor, were it not that there
are reasons why each of the two greatest perturbations of the moon’s motion,—the evée-
tion and the variation,—should be fonnd larger from observation than he found them from
theory.

Lvection—"The eveetion has the eceentricily as a factor; the value of the other
factor being nearly o.4. 1If, then, the adopted ececentricily of the moon be erroncous,
the computed evection will be erroneous by four-tenths the amount of the érvor.  Now,
by reference to Hansen’s “ Darlegung der theoretischen Bevechnung der in den Mondta-
Jeln angewandten Stirungen ™t (page 173), it will be seen that the eceentrieity adopted
throughont in the computation of the perturbations of the moon is less by 0.000007 3
than the value he finally found from observation, and adopted in the tables. Iad he
used the latter value, the theoretieal evection would have heen greater by the fraction
.00C007 3
.0549008
ereased, is {oo large by only 6.000021 of ils entire amount, or 0”.09. Consequently,
the tabular coetheient ot eveetion should be diminished by this amount.  Precisely the

=0.000133. 'T'he factor actnally used being 0.0001544, the evection, thus in-

same resnlt follows, it we adopt Hansen’s view of a separation of the centers of figure
and gravity of the moon; and Hansen himself is led to it on page 175 of the work cited,
only instead of 0”.09, he says, “Kkein volles Zehntheil einer Secunde.”

Variation—"That the coeflicient of variation resulting from meridian observations
will be greater than the actual eoeflicient may be anticipated from the following con-
siderations.  The inequality in question aftains its maxima and minima in the moon's
octants.  In the first oetant, we have a maximum. The elongation of the moon from
the sun is then about 3"; and the observed position of the moon is mainly dependent on
observations ol the first limb made in the daytime, when the apparent semi-diameter of
the moon will be diminished by the brilliancy of* the surronnding sky. No account of
this diminntion of the apparent semi-diameter being taken in the rednctions, the semi-
diameter actually applied is too large, and the observed right ascension of the moon is
also too large. '

When the moon reaches the third octant, the value of the variation attains its min-
imum.  The moon then transits at 9", and the meridian observation is made on the first
limb, while the apparent semi-diameter is inereased by the irradiation eonsequent upon
the contrast between the moon and the sky. The resnlt will be that the observed right
aseension will be too small.

The same ecauses will make the observed right ascension too great in the fifth
octant, and too small in the seventh. These positive and negative errors of observed
right ascension correspond to the times of maximum and minimum efleets of variation
in increasing the longitude of the moon. Therefore, the observed variation will appa-

* I'rocecdings of the Aﬁl(sric:ln Ass;)ciialiou for the AdvnAnE(;mont of Science, 1868.—Silliman’s American Journal
of Seience, November, 1868,

I Abhandlungen der mathematisch-physischen Classe der Kiniglich-Sichsischen Gesellsehaft der Wissenschaften
Band vi.
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The following is a list of the corrections we have so far dedunced to Hansen's tables.
They should in strictness be applied to the mean longitude, or “Argument Jondamental”,
bat they may without serious error be applied to the true longitude.

Put 1

D, the argument of parallactic ineqnality, or mean elongation of the moon from
the sun; '
g, the moon’s mean anomaly;
g’, the sun’s mean anomaly ;
®, the distance of the moon’s perigee from the ascending node;
@', the distance of the son’s perigee from the same node.

~ -

We then have
—g—g +o—a,

TP
and the corrections in guestion are,
12 P
+0.96 sin D
+ 0.07 sin (D =% ) Parallactic terms.
—o.13sin (D+g")

+ 0.09 sin .{,’l Annual equation.
-~ 033 sin 2 D Yariation.

—o0.10s8in (2 D) —g)  Evection.

— 0.62 sin ( g2—Y gl + 2@ —4 (a)’) Accidental error.

The fourth and fifth ferms of this expression have the effect to remove the inerease
which Hansen applied to his inequalities on acconnt of the position of the center of
gravity of the moon, while the sixth is the result of the slight ervor of the eccentricily
whichthe employed in computing the coctheient of evection,

In comparing with meridian observations which have been reduneed without any
correction to the apparent semi-diameter depending on the time of day, the correction
of variation may also be omitted, since a yet larger apparent correction, having the oppo-
site algebraic sign, will result from the apparent variations of that semi-diameter, as
already explained. :

As regards the possible corrections to the elements of Hansen’s tables, it is to be
remarked that that investigator did not avail himself of the elements of the lunar orbit
dedueed by Airy from the Greenwich observations between 1750 and 1830, hut obtained
his final values of” the elements by a comparison of his own. Of the nature and extent
of the observations thus employed, we have no details; but it is not likely that more
than a very small fraction of the entire mass of observations was used, and it ean there-
fore hardly be expected that the elements were determined with the last degree of
acenracy. Any error in the motion of the perigee or node will constantly increase with
the time.  If in addition to this, we refleet that the meridian observations of the lasg
twenty years are far more acenrate than those Hansen had at his disposal, it will not
seem at all surprising to find quite sensible ervors in the present longitudes of the hmar
perigee and node as derived by Hansen.  Onr next step will therefore be to determine
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T'he corresponding tactor for correetion of right ascension is, with ~nlhment approx-

imation,
da=(1+40.11cos g—0.04 cos (2/ — 6) — 0.09 cos 2/) 5A

In this formula, 64 represeuts the correction to the mean longitude, while we may
suppose / to represent iudiflerently the mean or the true ]onﬂ'ltu(lc, aud, durmg a period
of several mounths at a time, we may represent the longitude as a funetion of g.  The

value of da has been reduced to a table of double entry as a funetion of g dnd of the
time. 'T'o express the mean longitnde as a function of g, we have

l= g4+ =« 3
2l—0=2g+4+2m—06
1 2l=28+42m

By the substitution of" these values, the expression for da hecomes

da=(14o011co8g+ Acos2g+ Bsin2g)dA

where
A=—.04cos (27— 06)— .09 ¢cos 2T
B= l.ogsin(2m—06)+4.09sin27x
The valnes of 7, 8, A, and B for periods of six months are as follow :
e e L e B S
Year. B 0 4 B || Year n 0 a= " us
° ° f o .
1862.0 228 274 + .0§ + .09 “ 1869.0 153 139 | — .ot — .00
1862.5 248 264 | + .00 |+ .09 | 1869.5 173 12gel — e Soraiis: — Yot
1863.0 269 255 4+ .08 — .04 | 1870.0 194 119 | — .08 .00
1863.5 289 245 | + .03 | — .08 1870.5 214 110 | — .06 | 4+ .05
1864.0 309 235 - .02 - .07 1871.0 234 100 | — .01 + .09
. 1804.5 330 226 | — .05 — .04 1871.5 255 9 | + .06 |+ .08
1805.0 350 216 | — .06 .00 1872.0 275 81 + .10 |4 .02
1865.5 310 206 | — .05 + .03 1872.5 295 71 4+ .09 | — .06
1866.0 3t 197 | — .o1 + .08 1873.0 316 61 + .03 | — .11
1866.5 (13 187 + .02 + .o 1573.5 336 52 - .05 - .11
1867.0 71 177 + .0§ + .03 1874.0 356 42 - .12 - .04
1867.5 92 168 | 4+ .05 .00 1874.5 17 32 [ — .12 | 4+ .05
1868.0 112 158 + .04 - .02 1875.0 3. 2o - .04 + .12
1868.5 133 148 + .03 - .05 ‘

The coethcient 1 4 0.11 cos g+ A cos 2 g 4+ Bsin 2 g is next tabulated for each
of these sets of valnes of” 4 and B for every 10° of g, and multiplied by the corre-
sponding value of dA.  As these tables are superseded by those given at the close of
this paper, it is not uecessary to priut them. i

The correetions ol short period, which bave been actually applied, are

+0.96 sin D

—oa3sin(D+¢)

+ 0.09 sin g’

— 0.62 sin (" g—4g 4 20— &)
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By the application ol the foregoing correetions to the errors of the moon’s tabular
right ascension, these errors may be supposed to be reduced to very small gquantities,
depending on the errors of the lunar elements, with which they are eomnected by the

equation

(3(!:»([7 St 4 ’;‘“30+ et o !
(

the differential coeflicients having the values given on page 12. When we substitute
these values, the expression for da will contain the terms

(+.018 80 — .037 Sa) cos (21— 0)
— .087 Sacos 2/

+ .018 86 ¢cos O

~+ 0.21 8isin 8

—o0.21 S sin (27— 6)

If we represent the sum of these terms by P, we shall have

8l=06a—-P

In the investigation of the corrections to the moon's eceentricity and longitnde of
perigee, the terins of I may be entirely negleeted.  This arises from the cireumstiances
that the appreciable terms of 7 or @ arising from the errors of these elements have the
same period with g, the mean anomaly, while /7 contains no appreciable periodic term
depending on g. The outstanding portion of Sa probably averages not more than one
second or two at the utmost, so that the tern .037 da is quite insignificant. The term
018 66 may have a constant value of 0”.25, more or less;* but the short period of the
term 2/— 6, and its incommensurability with the period of g, permit of this error
being regarded as fortuitous. The same remark applies to the terms .087 da cos 2{
and 0.21 8¢ sin (27— 6). The only remaining terms have the period of 0, which is
more than cighteen years.  The effect of these possible errvors is therefore eliminated
in the mean correction for each year, which has been already applied to the errors.

To determine the correetion to the eceentrieity and longitude of the perigee result-
ing from each year's observations, the residuals in right aseension, after the application
of the three corrections already deseribed, have been arranged according to the values
of the mean anomaly to which they correspond.  The results are shown in the follow-
ing table, which gives for certain liinits of mean anomaly in the first column, firstly, the
sum of the residuals (tabular minus observed) in right ascension, corresponding to all
the values of mean anomaly between those limits; and, seeondly, the number of. the
residuals.  In taking these sums, the observations nt the two observatories are counted
separately, so that when observations were made at both observatories on the same
d.nto th(' s of the residuals is taken, and the ohservations count 2 in the colmnn N.

"It is afterward found that lhe value of this prmlnct is only o’.08.
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from which we have the following comparison of the computed and observed values of

hg and k;:

s & |

N, [ = I , :
C O RO G Cs O ’ 0.—C
1862 + o0.01 4+ 0.03% 4+ 0.03 + 1.67 + 1.23 — 0.4
1863 — 0.48 — 0.6% 0.16 + 1.32 4+ 1.78 + 0.46
1864 — 0.79 — 1.07 — o0.28 + 0.8 + 1I.09 + o0.29
1865 — 0.88 — 1.03 — 0.I5 + o0.22 — 0.15 — 0.37
1866 — 0.74 - 0.37 + 0.27 — o0.38 + o.10 + 0.48
1867 — 0.37 — 0.93 — o0.56 — o0.85 — 0.36 + 0.49
1868 + o0.13 + 0.34 + 0.20 — 1.16 ~—4 §1:46 | — 0.30
1869 + 0.74 + 1.67 + 0.93 — 1.23 — 1.56 — 0.33
1870 + 1.33 + 1.48 + O0.1§ — 1.07 — 1.14 — 0.07
1871 + 1.80 + 1.65 —~ 0.15 | — 0.70 — 0.36 | + 0.33

1872 + 2.09 + 2.15 + ©0.06 — o0.18 — o0.12 i + o0.06 i

1873 + 2.1% 4+ 1.91 | — 0.2 4 o0.42 + 0.16 | — 0.26 |
1374 + 1.98 4+ 1.92 — 0.06 + 1.00 + a.6o — 0.0

The probable residual for each year is 0”.27.

We have supposed the hypothetical inequality of longitude to be of the form
dv = h;sin g 4 k; cos g.
Substituting in this the periodic part of %;and %, and replacing ¢ by ¢, which now repre-
sents the time in years from 1868.5, it bécomes: :
dv=1".52sin (g4 251°2 4 22°8%)
or
dv=1".52sin [g+422°8 (¥ —1857.5)]

The entirely unexpected character of the periodie term thus brought to light ren-
ders its verification by a longer series of observations very desirable. For this purpose,
we need comparisons of observations previous to 1862 with Ilansen’s tables, because
none of the older tables with which comparisons have been made are accurate enough
for the purpose. Now, the Greenwich Observations for 1859 contain, as an appendix, a
comparison of the longitudes and latitudes from Hansen's tables with Greenwich ohserva-
tions from 1847 to 1858 inclusive ; and I have utilized the comparison of the longitudes
derived from meridian observations in the following way :

A list of limiting dates to tenths of a day was made out, ineluding the whole twelve
years, and showing between what dates the moon’s mean anomaly was found in each
sextant. The sum of the errors in longitude given by the meridian observations was
then taken during the period that the anomaly was found in each sextant. None of the
corrections found in the first part of this discussion were applied, for the reason that
most of them conld be treated as aceidental errors, and the means could be taken so as
nearly to eliminate the effects of the larger ones. A speeimen of the form chosen is
here given. Under each of the several values of g, given at the tops of the several
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just given.  To avoid the necessity of referring to Hansen’s tables, the values of all the
necessary arguments are given for the years 1850 to 1889 in Tables I to IIL.

Table I: the epochs are January o, Greenwich mean noon of common years, and
Janunary 1 of leap years. All the arguments incrcase uniformly by a unit in a day.

Argument g is the moon’s mean anomaly, converted into days by dividing its ex-
pression in degrees by 13.065. Itis equal to Hansen’s argument g diminished by 15 days.

Argument D shows the number of days since mean new moon, or, it is the mean
departure of the moon from the sun expressed in days. It is equal to Ilansen’s argu-
ment 33 diminished by 30 days, or, which amounts to the same thing, by 0%.47.

Argument A gives the number of days from the time when the angle

2g—48 t20—40
was last zero.

Argument B is that of the empirical term indicated by observations, but not given
by theory.

Argument v is that of latitude, or the number of days since the mean moon last
passed her ascending node.

Tables IT and IIT do not seem to need explanation. Inusing the former, care must
be taken to diminish by one day the dates for January and February of leap years.

Table IV gives the secular corrections to the mean longitude, or to zdz, obtained
from observations in the manner already described.

Table V, argument A, gives the correction for the term introduced into the tables
with a wrong sign, described on page 9. It is properly to be applied to the true longi-
tude, and is therefore designated as .

Table VI gives the empirical term, which, so far as is known, may be applied to the
true longitude.

Table VII gives the sum of the terms of mean longitude

4+ 0"'.96sin D
—0o".33sin2D
—o".13sin (D+g")
+0".0g9sin g’

The sun’s mean anomaly, g’, having a period of a year, the sum of these terms can
be expressed as a fanetion of D and the month, and is given in the table for the middle
of cach month, and for each day of D.

Table VIII gives the sum of the terms of true longitude which depend wholly or
partly on the moon’s mean anomaly, namely:

+ 0'.62 sin (g 4 202°.0)
+0".07sin (D —g)
—o".218in (2D —g)

The sum of the terms of z 6z are to be reduced to corrections of the longitude in

orbit by multiplication by the factor

1+2ecosg+§e“coszg}

This factor, less unity, is given in Table IX.
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TasLE VIII, év.

Horizontal Argument, or Argument at top, D—g, or D—g+30. Vertical Argument, g.

| & o 1 2 3 1 5 6 7 8 9 10 11 12 13 14

" “w " " " " " " ” " " " "
0 |—o0.23|—0.30 —0.36;—0.39 —0.39({—0.35—0.28{—0.19|—0.11|—0.03|+0.02 |4+0.03| 0.00|—0,06(—0.15
—0.46[—0.50|—0.53|—0.50(—0.44|{—0.36|—0.28 [—0.19|—0.12|—0.09 |—0.09 |—0.14 |—0.22 |—0. 31

-
|
©
w
3

2 |—o0.54|—0.60|—0.6}|—0.62|—0.58|—0.52|—0.43|—0.34|—0.25|—0.20{—0.19|—0.21|—0.27 |—0.35|—0 3§
3 |—o0.66{—0.71|—0.72|—0.6g|—0.64 |—0.56|—0.47|—0.37|—0.31 [—0.27|—0.26 —0.31|—0.38 |—0.47(—0.58
4 |—0.75|—0.77{—0.77/—0.74|—0.67|—0.58 |~0.48|—0.39|—0.34|—0.31|—0.33|—0.38 | —0.46 —0.57|—0.67|
5 [—0.79|—0.81 —o.So’—o.74 —0.66|—0.55|—0.36{—0.39|—0.34 —0.34‘—0.36‘!—0.43‘—0.53 —0.64 —0.74|
6 |—0.80{—0.81{—0.76|—0.70|—0.60|-0.50(—0.42}!—0.35|—0.33|—0.33{—0.38/—0.47|—0.57(—0.67 [—0.76 |
7 |-0.y8|—0.76|—0.71!—0.62|—0.52 |—0.33|—0.34|—0.30!—0.28 |[—0.31 —0.38'—0.47 —0.57 [—0.67 —0.73!
8 |—0,71|—0.68!—0.61|—0.51|—0. 2|—0.32|—0.26|—0.22|—0.22(—0.27/—0.35{—0.45 —0.54 —0.61'—0.631
9 [—0.62|—0.56|—0.47/—0.38|—0.28 [—0.20|—0.14(—0.12|—0.15|—0.21 |—0.30|—0.38 |—0.47 |—0.53 —0.58:
10 (—0.49(—0.41(—0.33|—0.22(—0.13 |—0.06{—0.02|—0.02 {—0.06 |—0.13{—0.22|—0.30|—0.37 1—0.44 —0.48
11 |—0.33|—0.26|—0.16|—0.06/40.03 |+0.09 4+0.11|40.10|+0.04 |—0.03|—0.12|—0.19|—0.28 (—0.33|—0.2
12 |—o0.18 |—0.08/+4+0.02{+0.11{ 0.1g| 0.24! 0.25| 0.2t 0.15(40.07|(—0.01|—0.10|—0.17|—0.18{—0.18
13 0.00|+4+0.10f 0.19} 0.28| o0.35| 0.38| 0.37| 0.33] 0.26| o0.19 +0.09! 0.00|—0.03!—0.04|—0.01
14 ;+0.17; 0.26| 0.36| o0.45| o0.50| 0.51! 0.49( 0.44| 0.37| 0.27| 0.17|40.13/+0.10(40.11|+0.14
15 |+0.32|40.42|+0.52|4+0.59(+0.63|+0.62 | +0.59|+0.53 |+0.43 [+0.34|+0.28 [+0.23|+0.23 {+0.24 |+0.29
16 0.46| 0.56| 0.65! o0.71| 0.73| 0.71| 0.66] 0.58! 0.48| o0.42! o0.35! 0.33| 0.33| 0.37| 0.43
17 | 0.58) 0.68! o0.75{ 0.80] 0.79| 0.76| 0.68| 0.60| 0.53| 0.46| o0.42[ 0.41| 0.43| 0.48| 0.56
| 18 0.67{ 0.76| o.82/ o0.84| o0.82| o0.77| 0.69| 0.62| o0.54{ 0.49| 0.46| o0.47| o.s0| o0.57| 0.65
| 19 0.73| o.80( o0.83| o.81| o0.81| o0.75| 0.67| o.59! 0.53, 0.48| 0.48| o0.49| o0.56| 0.63f o0.72
20 [+0.74|+0.79!+40.81|+0.80 +o.76j+o.69 +0.61 +0'5”+0'40 +0.47|40.46 [+0.51 J+o.58 +0.67|+0.73
21 0.70| 0.75| 0.76/4+0.73| 0.67| 0.60| 0.53| 0.47| 0.43| 0.41| 0.34| o.51! 0.58| 0.65| 0.71
22 0.64¢ 0.67| 0.67|+0.62( o0.56| 0.48| 0.42| 0.37 0.33| 0.35| o.40f 0.47| 0.53| 0.60| 0.67
23 0.55| 0.57| 0.54[+0.49| 0.42| 0.35| 0.29f 0.24| 0.24| 0.27| 0.33| 0.38| 0.48( o0.35| 0.60
24 0.45| 0.43| 0.39!4+0.33{ 0.26| 0.20({+0.13 +o.:25i 0.13| o.17| o0.22| .0.31| o.40| 0.46 0.50'
25 |4+0.29(+0.28|+0.22 +0.16|+0.10|4+0.02|{—0.01 —o.ozl+o.01 +0.05{+0.19|+0.24[+4+0.31|+0.36|4+0.37
26 |+¢.15|40.11{+0.06 —0.01|—0.09|—0.14|—0.16|—0.10 —0.13|—0.04[4+0.06] 0.13| 0.20| 0.23| 0.23
27 0.02(—0.06{—0.12|—0.20|—0.26 {—0.30|—0.31 —o.3o|—o.22 —0.13|—0.04 (+0.04 +0.08 |+0.10|+0.08
28 (—o0.17|—0.22|—0.30|~0.37|—0.42|—0.46|—0.46(—0.39 ~0.31 |{—0.22{—0.13|—0.07 |—0.02 (—0.03 |—0.07
29 [—0.31|—0.38(—0.46|—0.52}—0.57 |—0.59|—0.54|—0.47 —0.39{—0.29|~0.22{—0.15|—0.13 {—0.15|—0.20
30 |—0.45|—0.52|{—0.,60|—0.66|—0.69|—0.66}—0.60 —0.54:--0.44 —0.36|—0.27{—0.23|—0.23|—0.26|—0.32
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TasLe IX. TaBLr X.
| Argument, g. Factor to be | Argument, u. Faclors for correction of latitude and reduc- |
multiplied by n oz, tion to ecliptic longitude.
e ! F % (£.0) (#.B) B
1 ¢
o + 0.1m8 o — 0.004 + 0.0go 0.00
! 1 ' 0.114 1 — 0.004 0.088 — 0.03
i 2 | 0.103 2 — 0.003 0.081 — 0.07
| 3 0.086 3 — 0.001 0.069 — 0.10
Fl 0.065 4 -+ 0,001 0.05} — 0.12
5 + 0.030 5 + 0.003 + 0.036 — 0.14
6 + o0.015 6 0.004 + o0.017 — 0.15
7 —- 0.009 7 0.004 — 0.004 — o.15
8 | — 0.034 8 0.004 — 0.024 — 0.1}
9 J — 0.034 9 + 0.002 — 0.044 — 0.13
10 — 0.072 10 0.000 — 0.060 — 0.11
11 ‘ — 0.086 11 — 0.001 — 0.074 — 0.08
12 ; — 0.0g6 12 — 0.003 — 0.084 — 0.05
13 — o.10t 13 — 0.003 — 0.089 — 0.02
14 | — 0.103 14 — 0.004 — 0.08g + 0.01
f 15 — 0.099 15 — 0.003 — 0.085 + 0.05
16 — 0.092 16 — 0.002 — 0.076 0.08
17 — 0.080 177 0.000 — 0.064 To.rr
‘ 18 — 0.065 18 + 0.002 — 0.047 0.13
| 19 — 0.046 19 0.003 — 0.028 0.14
] 20 — 0.024 20 + 0.004 — 0,008 + 0.15
21 + o.o01 21 0.004 + 0.012 o.15
22 0.026 22 0.003 0.032 0.14
23 0.051 23 + o.001 0.050 0.12
24 0.075 23 0.000 0.066 0.10
25 + 0.094 25 — 0.002 + 0.078 + 0.07
26 J 0.109 26 — 0.004 0.086 0.04
27 0.116 27 — 0.004 0.090 + o.or
28 | (o) 1317/ 28 — 0.004 0.089g — 0.03
29 3 0.110 29 — 0.003 0.082 — 0.00
30 ! + 0.096 30 — 0.001 + 0.072 — 0.09
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