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1. Prerequisites

1.1. Consistency of units

Most values that you'll run across as an engineer will consist of a number and a unit. Some

do not have a unit because they are a pure number (like pi, π) or a ratio. In order to solve

a problem effectively, all the types of units should be consistent with each other, or should

be in the same system. A system of units defines each of the basic unit types with respect

to some measurement that can be easily duplicated, so that, for example, 5 ft. is the same

length in Australia as it is in the United States. There are five commonly-used base unit

types or dimensions that one might encounter (shown with their abbreviated forms for the

purpose of dimensional analysis):

Length (L), or the physical distance between two positions with respect to some standard

distance

Time (t), or how long something takes with respect to how long some natural phenomenon

takes to occur

Mass (M), a measure of the inertia of a material relative to that of a standard

Temperature (T), a measure of the average kinetic energy of the molecules in a material

relative to a standard

Electric Current (E), a measure of the total charge that moves in a certain amount of

time

Note: It would make more commonsense to have Electric Charge as a base unit, since

current is charge per time, and you may find it convenient to think of charge as the funda-

mental unit. However, current proved easier to measure very accurately and reproducibly,

so the physicists decided it would be their reference.

There are several different consistent systems of units. In most of the world (apart from

the US and to some extent the UK) the SI system is standard. It is also used in refereed

scientific and engineering journals in these two countries. In practice, it is essential for a

chemical engineer to be proficient in the SI system, but to be able to use data in units of

other systems and to be able to specify designs in the preferred unit system for the job.

1.1.1. Units of Common Physical Properties

Every system of units has a large number of derived units which are, as the name implies,

derived from the base units. These new units are based on the physical definitions of

other quantities and involve the combination of different variables. Below is a list of sev-

eral common derived system properties and the corresponding dimensions (=̇ denotes unit

equivalence). If you don't know what one of these properties is, you will learn it eventually:

3



Prerequisites

Property Dimen-

sions

Property Dimen-

sions

Mass1 M Length2 L

Time3 t Temperature4 T

Area5 L2 Volume6 L3

Velocity7 L
t Acceleration8 L

t2

Force9 M∗L
t2 Energy10/Work11/Heat12 M∗L2

t2

Power13 M∗L2

t3 Pressure14 M
L∗t2

Density15 M
L3 Viscosity16 M

L∗t

Diffusivity17 L2

s Thermal Conductivity18 M∗L
t3∗T

Specific Heat Capacity19 L2

t2∗T
Specific Enthalpy20 L2

t2

Specific Gibbs Energy21 L2

t2 Specific Energy22 L2

t2∗T

1.1.2. SI (kg-m-s) System

This is the most commonly-used system of units in the world, and is based heavily on factors

of 10. It was originally based on the properties of water, though currently there are more

precise standards in place. The major dimensions are:

Dimension name SI unit SI abbreviation

Length meter m

Time second s

Mass kilogram kg

Temperature kelvin K

Electric Current ampere A

Amount of substance mole mol

1 https://en.wikipedia.org/wiki/Mass

2 https://en.wikipedia.org/wiki/Length

3 https://en.wikipedia.org/wiki/Time

4 https://en.wikipedia.org/wiki/Temperature

5 https://en.wikipedia.org/wiki/Area

6 https://en.wikipedia.org/wiki/Volume

7 https://en.wikipedia.org/wiki/Velocity

8 https://en.wikipedia.org/wiki/Acceleration

9 https://en.wikipedia.org/wiki/Force

10 https://en.wikipedia.org/wiki/Energy

11 https://en.wikipedia.org/wiki/Mechanical%20work

12 https://en.wikipedia.org/wiki/Heat

13 https://en.wikipedia.org/wiki/Power%20%28physics%29

14 https://en.wikipedia.org/wiki/Pressure

15 https://en.wikipedia.org/wiki/Density

16 https://en.wikipedia.org/wiki/Viscosity

17 https://en.wikipedia.org/wiki/Thermal%20diffusivity

18 https://en.wikipedia.org/wiki/Thermal%20conductivity

19 https://en.wikipedia.org/wiki/Specific%20heat%20capacity

20 https://en.wikipedia.org/wiki/Enthalpy%23Specific%20enthalpy

21 https://en.wikipedia.org/wiki/Gibbs%20free%20energy

22 https://en.wikipedia.org/wiki/Entropy
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Consistency of units

Note that the kilogram, not the gram, is a base unit.

The close relationship to water is that one m3 of water weighs (approximately) 1000 kg.

A base unit that can be difficult to understand is the mole. A mole represents 6.022*10
23 particles of any substance. (The number is known as Avogadro's Number, or the Avo-

gadro constant23.) This usually means the number of atoms or molecules of an element or

compound. Chemical engineers commonly use kilomoles. The relative molecular mass (=

molecular weight) of water H2O is about 18, being made up of 2 H atoms (atomic mass =

1) and one O atom (atomic mass = 16). Thus 18 kilograms of water constitute 1 kilomole

of H2O and contain 2 kilomoles of H atoms and 1 kilomole of O atoms.

Each of these base units can be made smaller or larger in units of ten by adding the

appropriatemetric prefixes. The specific meanings are (from the SI24 page on Wikipedia):

1. REDIRECT Template:Introduction to Chemical Engineering Processes/SIUnits25

If you see a length of 1 km, according to the chart, the prefix ”k” means there are 103 of

something, and the following ”m” means that it is meters. So 1 km = 103 meters. There

should always be a space between the number and the unit and between different units

which are multiplied together. There must not be a space between the multiplier and the

unit. Thus 13 mA means 13 milliamps, but 13 m A means 13 meter-amps.

As noted above, the kilogram is a base unit, but the multipliers are added to the gram.

1000 kg = 1 Mg; 0.001 kg = 1 g.

In chemical engineering practice, we tend not to use the very large or small ends of the

table, but you should know at least as large as mega (M), and as small as nano (n). The

relationship between different sizes of metric units was deliberately made simple because

you will have to do it all of the time. You may feel uncomfortable with it at first if you're

from the U.S. but trust me, after working with the English system you'll learn to appreciate

the simplicity of the Metric system.

Derived units in the SI system

Imagine if every time you calculated a pressure, you would have to write the units in kg/(m

s2). This would become cumbersome quickly, so the SI people set up derived units to use

as shorthand for such combinations as these. Note that units named after a person do not

start with a capital letter, but the abbreviation does! For example ”a force of one newton”

and ” a force of 1.0 N”. The most common ones used by chemical engineers are as follows:

Property

name

Long SI

Units

SI

Name

SI Abbrevia-

tion

Equivalencies

Force kg∗m
s2 newton N Mass * accelera-

tion

Energy kg∗m2

s2 joule J N ∗m, Pa∗m3

23 https://en.wikipedia.org/wiki/Avogadro%20constant

24 https://en.wikipedia.org/wiki/SI

25
https://en.wikibooks.org/wiki/Template%3AIntroduction%20to%20Chemical%20Engineering%

20Processes%2FSIUnits
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Prerequisites

Property

name

Long SI

Units

SI

Name

SI Abbrevia-

tion

Equivalencies

Power kg∗m2

s3 watt W N∗m
s or J

s

Pressure kg
m∗s2 pascal Pa N

m2

Allowed units in the SI system

Some units are not simply derived from the base units or regular multiples, but are in

common use and are therefore permitted. Thus, though periods of time can be expressed in

kiloseconds or megaseconds, we are allowed to use minutes, hours and days. The term 'liter'

(US) or 'litre' (European) is understood to be the same as 1 x 10-3 m3, and the term tonne

(not ton) is understood to be the same as 1000 kg. The bar is a unit of pressure meaning

100 kPa, which is very close to the chemists' standard atmosphere (which is 101.325 kPa).

The Celsius scale of temperature is understood to be the number of kelvin above 273.15 K.

Thus we are allowed to write ”the chemical reactor has a throughput of 4.3 tonnes per day

at 5 bar and 200 °C” and we will be understood. However, it may be necessary to change

to base or derived units in order to carry out calculations.

1.1.3. cgs (cm-g-s) system

This was the first metric system and may be found old publications (before 1960). There

is no reason why a chemical engineer should work in it today, but you may have to convert

data from old books. The base units of length and mass were the centimeter and gram.

The unit of force was a dyne; the unit of energy was an erg. The value of g, the standard

acceleration due to gravity was 981 cm/s/s. The viscosity units poise (especially centipoise,

cP) and stokes (especially centistokes cSt) are a hangover from this system and may be

found in relatively recent publications. You should convert them to SI.

Note that chemists often work with grams and cubic centimeters, but these are part of SI.

Just because you work with cm, g, and s, does not mean you are using the cgs system. See

w:cgs26 if you really want to know.

1.1.4. British, Imperial or American (gravitational) system

This system was established with the authority of the British Empire. It is known in

Britain as the Imperial system, in America as the British (sometimes English) system, and

in much of the world as the American system, since the USA is the only major market for

chemical engineering which uses it. The engineering version uses a subset of this traditional

or customary measure plus the pound force and the ampere.

Its peculiarity lies in the relationship between force and mass. According to Isaac Newton

for a fixed mass accelerating under the influence of a force:

force = mass x acceleration or f = m a

In the SI system a force of 1 newton acting on a mass of 1 kilogram produces an acceleration

of 1 meter per second. Simple!

26 https://en.wikipedia.org/wiki/cgs
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Consistency of units

In the Imperial system a force of 1 pound-force acting on a mass of 1 pound produces an

acceleration of 32 feet per second. This is because this is the natural acceleration under

gravity. Older American books often include a g in the formula which do not appear in

European versions of the same equation. The g represents the relationship between force

and mass in the unit system (which is 1 in SI): here it is 32. For a while, American (mainly)

engineers used a version of the metric system including the kilogram-force and thus g, which

had the value 9.81. Physicists call these both gravitational systems.

The common units are based on traditional measures which were practical in agriculture

and shipping, and do not go in steps of 10, 100, 1000 etc. Instead of using prefixes you use

names for larger units, and can use combinations of units for the same dimension, e.g. 6

yards 2 feet and 8 and a quarter inches ( 6 yd 2 ft 8¼ in) However, engineers tend to use

one unit and a decimal, e.g. 20.7 ft, e.g. 13.47 in. The foot can also be denoted by a single

mark and the inch by a double mark, e.g. 4 feet 7 inches was 4' 7”. Note that the US gallon

is smaller than the Imperial gallon (5/6 in fact), when you are doing conversions to SI.

The temperature scale is that of Fahrenheit, in which the melting point of ice is 32 °F. Abso-

lute zero is -459.67 °F. For thermodynamic temperatures, the number of degrees Fahrenheit

above absolute zero is the Rankine scale. Thus the melting point of ice is 459.67 °R.

The following are common units in this system.

Dimension name Imperial unit Imperial abbreviation

Length foot, inch ft, in

Time second, minute, or hour sec, min, and hr, respectively

Force pound-force lbf

Temperature degree Fahrenheit °F

Electric current ampere A

A common derived unit is the pound(-force) per square inch, or psi. Note that psig or

psi(g) means psi above atmospheric pressure. Energy is measured in British Thermal Units,

generally BTU, sometimes B.Th U. Power is horsepower, hp.

1.1.5. ”Parts-per” notation

The ”parts-per” notation is a unit that deals with very small traces of species within a

mixture of gases or liquids. Parts-per million (ppm) and parts-per billion (ppb), as well as

parts-per trillion (ppt) (American definition of trillion 1012), refer to mass or mole ratios and

communicate how many parts of the species are present-per million, billion, or trillion parts

of the mixture. Generally mass ratios are used when dealing with liquids and mole ratios

are used when dealing with gases, though either kind of ratio can be used for whichever

phase a chemical is in (ratios are discussed in a later chapter).

Example:

Let's say the air around us contains 20 ppm He (Helium).

This means that, if one assumes that a molar basis is being used, for every million

moles of air there are 20 moles of Helium. If the example was in terms of ppb, this would

mean that for every billion moles of air there are 20 moles of Helium.
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1.1.6. A Word About Conversions

It is generally safe to convert all data into SI then work your calculations out in that system,

converting back if necessary at the end. If you are skilled enough in the American system,

you may be able to carry some calculations within that system. It is best to consult a

conversion table or program for the necessary changes and especially important to keep

good track of the units.

However, do not make the mistake of just writing down the numbers you get from the

calculator or program.

For example, if you have a pressure drop in a pipe of 16 psi, and the conversion factor 1 psi

= 6.895 kPa, your calculator will give 16 x 6.895 = 110.32. However, your answer should

be 110 kPa because your starting value was only given to a precision of two figures. The

conversion factor cannot add accuracy!

If every value is written in terms of the same base units, and the equation that is used is

correct, then the units of the answer will be consistent and in terms of the same base units.

1.2. How to convert between units

1.2.1. Finding equivalences

The first thing you need in order to convert between units is the equivalence between

the units you want and the units you have. To do this use a conversion table. See

w:Conversion of units27 for a fairly extensive (but not exhaustive) list of common units and

their equivalences.

Conversions within the metric system usually are not listed, because it is assumed that one

can use the prefixes and the fact that 1 mL= 1 cm3 to convert anything that is desired.

Conversions within the English system and especially between the English and metric system

are sometimes (but not on Wikipedia) written in the form:

1(unit1) = (number)(unit2) = (number)(unit3) = ....

For example, you might recall the following conversion from chemistry class:

1 atm= 760 mmHg= 1.013∗105 Pa= 1.013 bar= ....

The table on Wikipedia takes a slightly different approach: the column on the far left side

is the unit we have 1 of, the middle is the definition of the unit on the left, and on the far

right-hand column we have the metric equivalent. One listing is the conversion from feet to

meters:

foot (International) ft= 1/3 yd= 0.3048 m

Both methods are common and one should be able to use either to look up conversions.

27 https://en.wikipedia.org/wiki/Conversion%20of%20units
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Dimensional analysis as a check on equations

1.2.2. Using the equivalences

Once the equivalences are determined, use the general form:

What you want=What you have∗What you want
What you have

The fraction on the right comes directly from the conversion tables.

Example:

Convert 800 mmHg into bars

Solution If you wanted to convert 800 mmHg to bars, using the horizontal list, you

could do it directly:

bars = 800 mmHg∗ 1.013 bar
760 mmHg = 1.066 bar

Using the tables from Wikipedia, you need to convert to an intermediate (the metric

unit) and then convert from the intermediate to the desired unit. We would find that

1 mmHg= 133.322 Pa and 1 bar= 105 Pa
Again, we have to set it up using the same general form, just we have to do it twice:

bars = 800 mmHg∗ 133.322 Pa
1 mmHg ∗

1 bar
105 Pa

= 1.066 bar

Setting these up takes practice, there will be some examples at the end of the section on

this. It's a very important skill for any engineer.

One way to keep from avoiding ”doing it backwards” is to write everything out and make

sure your units cancel out as they should! If you try to do it backwards you'll end up with

something like this:

bars = 800 mmHg∗ 760 mmHg
1.013 bar = 6.0∗105 mmHg2

bar

If you write everything (even conversions within the metric system!) out, and make sure

that everything cancels, you'll help mitigate unit-changing errors. About 30-40% of all

mistakes I've seen have been unit-related, which is why there is such a long section in here

about it. Remember them well.

1.3. Dimensional analysis as a check on equations

Since we know what the units of velocity, pressure, energy, force, and so on should be in

terms of the base units L, M, t, T, and E, we can use this knowledge to check the feasibility

of equations that involve these quantities.
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Example ():

Analyze the following equation for dimensional consistency: P = g ∗h where g is the
gravitational acceleration and h is the height of the fluid

Solution We could check this equation by plugging in our units:

P =̇M/(L∗ t2) , h=̇L , g=̇L/t2

g ∗h=̇L2/t2 6= M/(L∗ t2)

Since g*h doesn't have the same units as P, the equation must be wrong regardless of

the system of units we are using! The correct equation, in fact, is:

P = ρ∗g ∗h

where ρ is the density of the fluid. Density has base units of M/L3 so
ρ∗g ∗h=̇M/L3 ∗L2/t2=̇M/(L∗ t2) which are the units of pressure.

This does not tell us the equation is correct but it does tell us that the units are con-

sistent, which is necessary though not sufficient to obtain a correct equation. This is a

useful way to detect algebraic mistakes that would otherwise be hard to find. The ability

to do this with an algebraic equation is a good argument against plugging in numbers

too soon!

You may well be forced to do dimensional analysis in chemical engineering classes or if you

do research. For much of the rest of the time, you will probably find it easier to check the

units, particularly if you are using the SI system. In the above example, you think:

• Pressure = force / area

• Force = mass x acceleration

• Pressure = mass x acceleration / area

So 1 pascal (unit of pressure) = 1 kg x (m s-2) / (m2) = 1 kg m-1 s-2

• Now g is 9.81 m s-2 and h is in meters

• So gh is in units m2 s-2

To make gh match pressure we need to multiply by something having the units kg m-3,

which we recognise as density.

Note dimensional analysis (or unit checking) does not tell you about numerical values that

you might have to insert, such as 9.81 or π. Nor does it tell you if you should use the radius

or the diameter of a pipe in fluid mechanics!

1.4. Importance of Significant Figures

Significant figures (also called significant digits) are an important part of scientific and

mathematical calculations, and deals with the accuracy and precision of numbers. It is

important to estimate uncertainty in the final result, and this is where significant figures

become very important.
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Importance of Significant Figures

1.4.1. Precision and Accuracy

Before discussing how to deal with significant figures one should discuss what precision and

accuracy in relation to chemical experiments and engineering are. Precision refers to the

reproducibility of results and measurements in an experiment, while accuracy refers to

how close the value is to the actual or true value. Results can be both precise and accurate,

neither precise nor accurate, precise and not accurate, or vice versa. The validity of the

results increases as they are more accurate and precise.

A useful analogy that helps distinguish the difference between accuracy and precision is the

use of a target. The bullseye of the target represents the true value, while the holes made

by each shot (each trial) represents the validity.

Figure 1 High precision, but

unfortunately low accuracy
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Figure 2 High accuracy, but not very

good precision

As the above images show, the first has a lot of holes (black spots) covering a small area.

The small area represents a precise experiment, yet it seems that there is a faultiness within

the experiment, most likely due to systematic error, rather than random error. The second

image represents an accurate though imprecise experiment. The holes are near the bullseye,

even ”touching” or within, though the problem is that they are spread out. This could be

due to random error, systematic error, or not being careful in measuring.

1.4.2. Counting Significant Figures

There are three preliminary rules to counting significant. They deal with non-zero numbers,

zeros, and exact numbers.

1) Non-zero numbers - all non-zero numbers are considered significant figures

2) Zeros - there are three different types of zeros

• leading zeros - zeros that precede digits - do not count as significant figures (example:

.0002 has one significant figure)

• captive zeros - zeros that are ”caught” between two digits - do count as significant figures

(example: 101.205 has six significant figures)

• trailing zeros - zeros that are at the end of a string of numbers and zeros - only count if

there is a decimal place (example: 100 has one significant figure, while 1.00, as well as

100., has three)

3) Exact numbers - these are numbers not obtained by measurements, and are determined

by counting. An example of this is if one counted the number of millimetres in a centimetre

(10 - it is the definition of a millimetre), but another example would be if you have 3

apples.
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Example:

How many significant figures do the following numbers have? Assume none of them are

exact numbers.

a) 4.2362 - all numbers, so five

b) 2.0 - zeros after a decimal point count, so two

c) 9900 - only two in this case, because there is no decimal point

d) .44205 - there is a ”captive zero,” which means it counts, so five

e) .05 - only the five counts, so one

f) 3.9400E9 - tricky one, but scientific notation helps make the zeros at the end notice-

able; there are five

1.4.3. The Parable of the Cement Block

People new to the field often question the importance of significant figures, but they have

great practical importance, for they are a quick way to tell how precise a number is. In-

cluding too many can not only make your numbers harder to read, it can also have serious

negative consequences.

As an anecdote, consider two engineers who work for a construction company. They need to

order cement bricks for a certain project. They have to build a wall that is 10 feet wide, and

plan to lay the base with 30 bricks. The first engineer does not consider the importance of

significant figures and calculates that the bricks need to be 0.3333 feet wide and the second

does and reports the number as 0.33, figuring that a precision of ±0.01ft (0.1 inches) would
be precise enough for the work she was doing.

Now, when the cement company received the orders from the first engineer, they had a great

deal of trouble. Their machines were precise but not so precise that they could consistently

cut to within 0.0001 feet. However, after a good deal of trial and error and testing, and

some waste from products that did not meet the specification, they finally machined all of

the bricks that were needed. The other engineer's orders were much easier, and generated

minimal waste.

When the engineers received the bills, they compared the bill for the services, and the

first one was shocked at how expensive hers was. When they consulted with the company,

the company explained the situation: they needed such a high precision for the first order

that they required significant extra labor to meet the specification, as well as some extra

material. Therefore it was much more costly to produce.

What is the point of this story? Significant figures matter. It is important to have a rea-

sonable gauge of how precise a number is so that you know not only what the number is

but how much you can trust it and how limited it is. The engineer will have to make deci-

sions about how precisely he or she needs to specify design specifications, and how precise

measurement instruments (and control systems!) have to be. If you do not need 99.9999%

purity then you probably don't need an expensive assay to detect generic impurities at a

0.0001% level (though the lab technicians will probably have to still test for heavy metals

and such), and likewise you will not have to design nearly as large of a distillation column

to achieve the separations necessary for such a high purity.
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1.4.4. Mathematical Operations and Significant Figures

Most likely at one point, the numbers obtained in one's measurements will be used within

mathematical operations. What does one do if each number has a different amount of

significant figures? If one adds 2.0 litres of liquid with 1.000252 litres, how much does one

have afterwards? What would 2.45 times 223.5 get?

For addition and subtraction, the result has the same number of decimal places as the

least precise measurement use in the calculation. This means that 112.420020 + 5.2105231

+ 1.4 would have have a single decimal place but there can be any amount of numbers to

the left of the decimal point (in this case the answer is 119.0).

For multiplication and division, the number that is the least precise measurement, or the

number of digits. This means that 2.499 is more precise than 2.7, since the former has

four digits while the latter has two. This means that 5.000 divided by 2.5 (both being

measurements of some kind) would lead to an answer of 2.0.

1.4.5. Rounding

So now you know how to pick which numbers to drop if there is a question about significant

figures, but one also has to take into account rounding. Once one has decided which digit

should be the last digit kept, one must decide whether to round up or down.

• If the number is greater than five (6 to 9), one rounds up - 1.36 becomes 1.4

• If the number is less than five (1 to 4), one rounds down - 1.34 becomes 1.3

What does one do when there is a five? There is a special case that deals with the number

five, since, if you have not noticed, it is in the middle (between 1 and 9). Often in primary

school one learns to just round up, but engineers tend to do something different, called

unbiased rounding.

• If the number before the five is even, then one rounds down - 1.45 becomes 1.4

• If the number before the five is odd, then one rounds up - 1.55 becomes 1.6

• Another case is this: 1.4501, where the numbers after five are greater than zero, so one

would round to 1.5

Note: Remember that rounding is generally done at the end of calculations, not

before the calculations are made.

Why is this done? Engineers make many calculations that often matter, since time, money,

etc. are being taken into account, it is best to make sure that the final results are not

synthetic or untrue to what the actual value should be. This relates back to accuracy and

precision.

1.5. Stoichiometry

Le Système International d'Unités (SI Units)28

28 https://en.wikibooks.org/wiki/Introduction%20to%20Chemical%20Engineering%20Processes
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Periodic Table

1.5.1. Mole

The mole is a measure of the amount of substance. A mole is the amount of material which

contains the same number of elementary entities as there are atoms in 12g of Carbon-12.

There are Avogadro number of atoms in 12g of Carbon-12, i.e. 6.023 x 10^23 atoms.

Thus a mole of cars implies there are 6.023 x 10^23 cars and so on.

1.6. Periodic Table

1.6.1. Key Elements and Molecules

1.7. Acid-Base

There are two major ways to classify acids and bases: the Brønsted-Lowry definition, and

the Lewis definition. A chemical species that donates protons is a Brønsted-Lowry acid, and

a species that accepts protons is a Brønsted-Lowry base. Typically, the proton is written

as an H+ ion, though they do not in isolation exist in solution and are instead exchanged

between molecules. In water, the proton on an acid will often bond to the H2O molecules

to form the conjugate base and H3O
+ (hydronium) ions, and the proton-accepting base will

take an H+ from the water to form the conjugate acid and OH- (hydroxide) ions. This is

the most familiar situation for those who have taken general chemistry, but any species that

loses an H+ (proton) to another molecule is considered a Brønsted-Lowry acid, and likewise

any H+-taking species is considered a Brønsted-Lowry base.

The second and broader classification is the Lewis acids and bases. Lewis acids and bases

are defined by their electron lone pair behavior. A Lewis acid is an electron acceptor (called

an electrophile in organic chemistry), a Lewis base is an electron donor (a nucleophile in

organic chemistry). In a Lewis acid-base reaction, the negatively charged electron lone pair

in the base will bond to the positive or partially positive segment of the acid to form what

is called a Lewis adduct. Unlike Brønsted-Lowry acids and bases, the exchange of protons

is not required.

1.8. Bonding

1.9. Structure and Formula

1.10. Ideal Gas Law

PV = nRT

P = Pressure; V = Volume; n = moles; R = Ideal gas constant; T = Temperature

1.11. Enthalpy

The enthalpy content of a substance is given by
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\hat{H} = U + pV

where

H is the enthalpy (SI units: J/kg) U is the internal energy and p is the pressure V is the

volume

1.12. Entropy

1.13. Branches of Chemistry

• Inorganic Chemistry - The study of the synthesis and behavior of inorganic and

organometallic compounds. This field covers all chemical compounds except the myr-

iad organic compounds.

• Organic Chemistry - The study of the structure, properties, and reactions of organic

compounds and organic materials, i.e., matter in its various forms that contain carbon

atoms.

• Physical Chemistry - The study of macroscopic, atomic, subatomic, and particulate

phenomena in chemical systems in terms of laws and concepts of physics. It applies

the principles, practices and concepts of physics such as motion, energy, force, time,

thermodynamics, quantum chemistry, statistical mechanics and dynamics, equilibrium.

• Analytical Chemistry -

• Biochemistry -

• Organometallic chemistry -

1.14. Chapter 1 Practice Problems

Problem:

1. Perform the following conversions, using the appropriate number of significant figures

in your answer:

a) 1.5g
s →

lb
hr

b) 4.5∗102 W→ btu
min

c) 34 µg
µm3 → oz

in3

d) 4.18 J
g∗oC →

kW h
lb∗oF (note: kWh means kilowatt-hour)

e) 1.00 m3→ L→ dm3→mL→ cm3

Problem:

2. Perform a dimensional analysis on the following equations to determine if they are

reasonable:

a) v = dt, where v is velocity, d is distance, and t is time.

b) F = m∗v2

r where F is force, m is mass, v is velocity, and r is radius (a distance).

c) Fbouy = ρ∗V ∗g where ρ is density, V is volume, and g is gravitational acceleration.

d) ṁ = V̇
ρ where ṁ is mass flow rate, V̇ is volumetric flow rate, and ρ is density.
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Chapter 1 Practice Problems

Problem:

3. Recall that the ideal gas law is PV = nRT where P is pressure, V is volume, n is

number of moles, R is a constant, and T is the temperature.

a) What are the units of R in terms of the base unit types (length, time, mass, and

temperature)?

b) Show how these two values of R are equivalent: R = 0.0821 L∗atm
mol∗K = 8.31 J

mol∗K

c) If an ideal gas exists in a closed container with a molar density of 0.03mol
L at a pressure

of 0.96∗105 Pa, what temperature is the container held at?
d) What is the molar concentration of an ideal gas with a partial pressure of 4.5∗105 Pa
if the total pressure in the container is 6 atm?
e) At what temperatures and pressures is a gas most and least likely to be ideal? (hint:

you can't use it when you have a liquid)

f) Suppose you want to mix ideal gasses in two separate tanks together. The first tank

is held at a pressure of 500 Torr and contains 50 moles of water vapor and 30 moles of

water at 70oC. The second is held at 400 Torr and 70oC. The volume of the second tank

is the same as that of the first, and the ratio of moles water vapor to moles of water is

the same in both tanks.

You recombine the gasses into a single tank the same size as the first two. Assuming

that the temperature remains constant, what is the pressure in the final tank? If the

tank can withstand 1 atm pressure, will it blow up?

Problem:

4. Consider the reaction H2O2 <−> H2O + 1
2O2, which is carried out by many organ-

isms as a way to eliminate hydrogen peroxide.

a). What is the standard enthalpy of this reaction? Under what conditions does it hold?

b). What is the standard Gibbs energy change of this reaction? Under what conditions

does it hold? In what direction is the reaction spontaneous at standard conditions?

c). What is the Gibbs energy change at biological conditions (1 atm and 37oC) if the

initial hydrogen peroxide concentration is 0.01M? Assume oxygen is the only gas present

in the cell.

d). What is the equilibrium constant under the conditions in part c? Under the condi-

tions in part b)? What is the constant independent of?

e). Repeat parts a through d for the alternative reaction H2O2→H2 + O2. Why isn't
this reaction used instead?

Problem:

5. Two ideal gasses A and B combine to form a third ideal gas, C, in the reaction A+B→
C. Suppose that the reaction is irreversible and occurs at a constant temperature of
25oC in a 5L container. If you start with 0.2 moles of A and 0.5 moles of B at a total

pressure of 1.04 atm, what will the pressure be when the reaction is completed?
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Problem:

6. How much heat is released when 45 grams of methane are burned in excess air under

standard conditions? How about when the same mass of glucose is burned? What is

one possible reason why most heterotrophic organisms use glucose instead of methane

as a fuel? Assume that the combustion is complete, i.e. no carbon monoxide is formed.

Problem:

7. Suppose that you have carbon monoxide and water in a tank in a 1.5:1 ratio.

a) In the literature, find the reaction that these two compounds undergo (hint: look for

the water gas shift reaction). Why is it an important reaction?

b) Using a table of Gibbs energies of formation, calculate the equilibrium constant for

the reaction.

c) How much hydrogen can be produced from this initial mixture?

d) What are some ways in which the yield of hydrogen can be increased? (hint: recall

Le Chatlier's principle for equilibrium).

e) What factors do you think may influence how long it takes for the reaction to reach

equilibrium?

Problem 8. A bio-fuel plant converts the sugars (glucose) in corn into ethanol and carbon

dioxide in a process called fermentation. The plant produces 100 gpm (gallons per minute)

of ethanol and can produce of 2.5 gallons of ethanol per bushel of corn. Jimmy farms a

total of 2000 acres, 75% of which are corn. He sells 80% of his corn supply to the bio-fuel

plant for $4.00/bushel. (Hint: 120 bushels = 1 acre)

a) How long can the plant run with the supply of corn from Jimmy? (hours)

b) How much money did Jimmy make for his corn?

/Solutions/29

29 https://en.wikibooks.org/wiki/%2FSolutions%2F
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2. Elementary mass balance

2.1. The ”Black Box” approach to problem-solving

In this book, all the problems you'll solve will be ”black-box” problems. This means that we

take a look at a unit operation from the outside, looking at what goes into the system and

what leaves, and extrapolating data about the properties of the entrance and exit streams

from this. This type of analysis is important because it does not depend on the specific type

of unit operation that is performed. When doing a black-box analysis, we don't care about

how the unit operation is designed, only what the net result is. Let's look at an example:

Example:

Suppose that you pour 1L of water into the top end of a funnel, and that funnel leads

into a large flask, and you measure that the entire liter of water enters the flask. If

the funnel had no water in it to begin with, how much is left over after the process is

completed?

Solution The answer, of course, is 0, because you only put 1L of water in, and 1L of

water came out the other end. The answer to this does not depend on the how large the

funnel is, the slope of the sides, or any other design aspect of the funnel, which is why

it is a black-box problem.

2.1.1. Conservation equations

The formal mathematical way of describing the black-box approach is with conservation

equations which explicitly state that what goes into the system must either come out of

the system somewhere else, get used up or generated by the system, or remain in the system

and accumulate. The relationship between these is simple:

1. The streams entering the system cause an increase of the substance (mass, energy,

momentum, etc.) in the system.

2. The streams leaving the system decrease the amount of the substance in the system.

3. Generating or consuming mechanisms (such as chemical reactions) can either increase

or decrease the amount of substance in the system.

4. What's left over is the amount of the substance in the system.

With these four statements we can state the following very important general principle:

Accumulation = In−Out+Generation−Consumption

Its so important, in fact, that you'll see it a million times or so, including a few in this book,

and it is used to derive a variety of forms of conservation equations.
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Elementary mass balance

2.1.2. Common assumptions on the conservation equation

The conservation equation is very general and applies to any property a system can have.

However, it can also lead to complicated equations, and so in order to simplify calculations

when appropriate, it is useful to apply assumptions to the problem.

• Closed system: A closed system is one which does not have flows in or out of the

substance. Almost always, when one refers to a closed system, it is implied that the

system is closed to mass flow but not to other flows such as energy or momentum. The

equation for a closed system is:

Accumulation = Generation

The opposite of a closed system is an open system in which the substance is allowed to

enter and/or leave the system. The funnel in the example was an open system because

mass flowed in and out of it.

• No generation: Certain quantities are always conserved in the strict sense that they

are never created or destroyed. These are the most useful quantities to do balances on

because then the model does not need to include a generation term:

Accumulation = In−Out

The most commonly-used conserved quantities in this class are mass and energy (other

conserved quantities include momentum and electric charge). However, it is important

to note that though the total mass and total energy in a system are conserved, the mass

of a single species is not (since it may be changed into something else in a reaction).

Neither is the ”heat” in a system if a so-called ”heat-balance” is performed (since it may

be transformed into other forms of energy. Therefore, one must be careful when deciding

whether to discard the generation term).

• Steady State: A system which does not accumulate a substance is said to be at steady-

state. Often times, this allows the engineer to avoid having to solve differential equations

and instead use algebra.

In−Out+Generation−Consumption = 0

All problems in this text assume steady state but it is not always a valid assumption. It

is mostly valid after a process has been running in a controlled manner for long enough

that all the flow rates, temperatures, pressures, and other system parameters have reached

reasonably constant values. It is not valid when a process is first warming up (or an

operating condition is changed) and the system properties change significantly over time.

How they change, and how long it takes to become close enough to steady state, is a

subject for another course.

2.2. Conservation of mass

TOTAL mass is a conserved quantity (except in nuclear reactions, let's not go there), as is

the mass of any individual species if there is no chemical reaction occurring in the system.

Let us write the conservation equation at steady state for such a case (with no reaction):

In−Out = 0
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Now, there are two major ways in which mass can enter or leave a system: diffusion and

convection. However, if the velocity entering the unit operations is fairly large and the

concentration gradient is fairly small, diffusion can be neglected and the only mass entering

or leaving the system is due to convective flow:

Massin = ṁin = ρ∗v ∗A

A similar equation apply for the mass out.

In this book, we generally use the symbol ṁ to signify a convective mass flow rate, in units

of mass/time. Since the total flow in is the sum of individual flows, and the same with the
flow out, the following steady state mass balance is obtained for the overall mass in the

system:

∑
ṁout−

∑
ṁin = 0

If it is a batch system, or if we're looking at how much has entered and left in a given period

of time (rather than instantaneously), we can apply the same mass balance without the

time component. In this book, a value without the dot signifies a value without a time

component:∑
mout−

∑
min = 0

Example:

Let's work out the previous example (the funnel), but explicitly state the mass balance.

We're given the following information:

1. min = 1L
2. mout = 1L
From the general balance equation,

In−Out = Accumulation
Therefore, Accumulation = 1L−1L = 0.
Since the accumulation is 0, the system is at steady state.

This is a fairly trivial example, but it gets the concepts of ”in”, ”out”, and ”accumulation”

on a physical basis, which is important for setting up problems. In the next section, it will

be shown how to apply the mass balance to solve more complex problems with only one

component.

2.3. Converting Information into Mass Flows - Introduction

In any system there will be certain parameters that are easier (often considerably) to mea-

sure and/or control than others. When you are solving any problem and trying to use a mass

balance or any other equation, it is important to recognize what pieces of information can be

interconverted. The purpose of this section is to show some of the more common alternative
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ways that mass flow rates are expressed, mostly because it is easier to, for example, measure

a velocity1 than it is to measure a mass flow rate directly.

2.4. Volumetric Flow rates

A volumetric flow rate is a relation of how much volume of a gas or liquid solution passes

through a fixed point in a system (typically the entrance or exit point of a process) in a

given amount of time. It is denoted as:

V̇n=̇V olume
time in stream n

2.4.1. Why they're useful

Volumetric flow rates can be measured directly using flow meters. They are especially

useful for gases since the volume of a gas is one of the four properties that are needed in

order to use an equation of state (discussed later in the book) to calculate the molar flow

rate. Of the other three, two (pressure, and temperature) can be specified by the reactor

design and control systems, while one (compressibility) is strictly a function of temperature

and pressure for any gas or gaseous mixture.

2.4.2. Limitations

Volumetric Flowrates are Not Conserved. We can write a balance on volume like

anything else, but the ”volume generation” term would be a complex function of system

properties. Therefore if we are given a volumetric flow rate we should change it into a mass

(or mole) flow rate before applying the balance equations.

Volumetric flowrates also do not lend themselves to splitting into components, since when

we speak of volumes in practical terms we generally think of the total solution volume,

not the partial volume of each component (the latter is a useful tool for thermodynamics,

but that's another course entirely). There are some things that are measured in volume

fractions, but this is relatively uncommon.

2.4.3. How to convert volumetric flow rates to mass flow rates

Volumetric flowrates are related to mass flow rates by a relatively easy-to-measure physical

property. Since ṁ=̇mass/time and V̇ =̇volume/time, we need a property with units of
mass/volume in order to convert them. The density serves this purpose nicely!

V̇n ∗ρi = ṁn in stream n

The ”i” indicates that we're talking about one particular flow stream here, since each flow

may have a different density, mass flow rate, or volumetric flow rate.

1 https://en.wikipedia.org/wiki/orifice%20plate
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Velocities

2.5. Velocities

The velocity of a bulk fluid is how much lateral distance along the system (usually a pipe)

it passes per unit time. The velocity of a bulk fluid, like any other, has units of:

vn = distance
time in stream n

By definition, the bulk velocity of a fluid is related to the volumetric flow rate by:

vn = V̇n
An
in stream n

This distinguishes it from the velocity of the fluid at a certain point (since fluids flow faster

in the center of a pipe). The bulk velocity is about the same as the instantaneous velocity

for relatively fast flow, or especially for flow of gasses.

For purposes of this class, all velocities given will be bulk velocities, not instantaneous

velocities.

2.5.1. Why they're useful

(Bulk) Velocities are useful because, like volumetric flow rates, they are relatively easy

to measure. They are especially useful for liquids since they have constant density (and

therefore a constant pressure drop at steady state) as they pass through the orifice or other

similar instruments. This is a necessary prerequisite to use the design equations for these

instruments.

2.5.2. Limitations

Like volumetric flowrates, velocity is not conserved. Like volumetric flowrate, velocity

changes with temperature and pressure of a gas, though for a liquid, velocity is generally

constant along the length of a pipe with constant cross-sectional area.

Also, velocities can't be split into the flows of individual components, since all of the compo-

nents will generally flow at the same speed. They need to be converted into something that

can be split (mass flow rate, molar flow rate, or pressure for a gas) before concentrations

can be applied.

2.5.3. How to convert velocity into mass flow rate

In order to convert the velocity of a fluid stream into a mass flow rate, you need two pieces

of information:

1. The cross sectional area of the pipe.

2. The density of the fluid.

In order to convert, first use the definition of bulk velocity to convert it into a volumetric

flow rate:
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V̇n = vn ∗An

Then use the density to convert the volumetric flow rate into a mass flow rate.

ṁn = V̇n ∗ρn

The combination of these two equations is useful:

ṁn = vn ∗ρn ∗An in stream n

2.6. Molar Flow Rates

The concept of a molar flow rate is similar to that of a mass flow rate, it is the number of

moles of a solution (or mixture) that pass a fixed point per unit time:

ṅn=̇moles
time in stream n

2.6.1. Why they're useful

Molar flow rates are mostly useful because using moles instead of mass allows you to write

material balances in terms of reaction conversion and stoichiometry. In other words, there

are a lot fewer unknowns when you use a mole balance, since the stoichiometry allows you

to consolidate all of the changes in the reactant and product concentrations in terms of one

variable.

2.6.2. Limitations

Unlike mass, total moles are not conserved. Total mass flow rate is conserved whether

there is a reaction or not, but the same is not true for the number of moles. For example,

consider the reaction between hydrogen and oxygen gasses to form water:

H2 + 1
2O2→H2O

This reaction consumes 1.5 moles of reactants for every mole of products produced, and

therefore the total number of moles entering the reactor will be more than the number

leaving it.

However, since neither mass nor moles of individual components is conserved in a reacting

system, it's better to use moles so that the stoichiometry can be exploited, as described

later.

The molar flows are also somewhat less practical than mass flow rates, since you can't

measure moles directly but you can measure the mass of something, and then convert it to

moles using the molar flow rate.
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2.6.3. How to Change from Molar Flow Rate to Mass Flow Rate

Molar flow rates and mass flow rates are related by the molecular weight (also known as

the molar mass) of the solution. In order to convert the mass and molar flow rates of the

entire solution, we need to know the average molecular weight of the solution. This can

be calculated from the molecular weights and mole fractions of the components using the

formula:

¯MW n = [Σ(MW i ∗yi)]n
where i is an index of components and n is the stream number. yi signifies mole fraction of

each component (this will all be defined and derived later).

Once this is known it can be used as you would use a molar mass for a single component

to find the total molar flow rate.

ṁn = ṅn ∗ ¯MW n in stream n

2.7. A Typical Type of Problem

Most problems you will face are significantly more complicated than the previous problem

and the following one. In the engineering world, problems are presented as so-called ”word

problems”, in which a system is described and the problem must be set up and solved (if

possible) from the description. This section will attempt to illustrate through example, step

by step, some common techniques and pitfalls in setting up mass balances. Some of the

steps may seem somewhat excessive at this point, but if you follow them carefully on this

relatively simple problem, you will certainly have an easier time following later steps.

2.8. Single Component in Multiple Processes: a Steam

Process

Example:

A feed stream of pure liquid water enters an evaporator at a rate of 0.5 kg/s. Three

streams come from the evaporator: a vapor stream and two liquid streams. The flowrate

of the vapor stream was measured to be 4*10^6 L/min and its density was 4 g/m^3.

The vapor stream enters a turbine, where it loses enough energy to condense fully and

leave as a single stream. One of the liquid streams is discharged as waste, the other is

fed into a heat exchanger, where it is cooled. This stream leaves the heat exchanger at a

rate of 1500 pounds per hour. Calculate the flow rate of the discharge and the efficiency

of the evaporator.

Note that one way to define efficiency is in terms of conversion, which is intended here:

efficiency = ṁvapor

ṁfeed
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2.8.1. Step 1: Draw a Flowchart

The problem as it stands contains an awful lot of text, but it won't mean much until you

draw what is given to you. First, ask yourself, what processes are in use in this problem?

Make a list of the processes in the problem:

1. Evaporator (A)

2. Heat Exchanger (B)

3. Turbine (C)

Once you have a list of all the processes, you need to find out how they are connected

(it'll tell you something like ”the vapor stream enters a turbine”). Draw a basic sketch of

the processes and their connections, and label the processes. It should look something like

this:

Figure 3

Remember, we don't care what the actual processes look like, or how they're designed. At

this point, we only really label what they are so that we can go back to the problem and

know which process they're talking about.

Once all your processes are connected, find any streams that are not yet accounted

for. In this case, we have not drawn the feed stream into the evaporator, the waste stream

from the evaporator, or the exit streams from the turbine and heat exchanger.
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Figure 4

The third step is to Label all your flows. Label them with any information you are

given. Any information you are not given, and even information you are given should be

given a different variable. It is usually easiest to give them the same variable as is found

in the equation you will be using (for example, if you have an unknown flow rate, call it ṁ
so it remains clear what the unknown value is physically. Give each a different subscript

corresponding to the number of the feed stream (such as ṁ1 for the feed stream that you

call ”stream 1”). Make sure you include all units on the given values!

In the example problem, the flowchart I drew with all flows labeled looked like this:

Figure 5

Notice that for one of the streams, a volume flow rate is given rather than a mass flow

rate, so it is labeled as such. This is very important, so that you avoid using a value in an

equation that isn't valid (for example, there's no such thing as ”conservation of volume” for

most cases)!

The final step in drawing the flowchart is to write down any additional given infor-

mation in terms of the variables you have defined. In this problem, the density of

the water in the vapor stream is given, so write this on the side for future reference.
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Carefully drawn flowcharts and diagrams are half of the key to solving any mass balance,

or really a lot of other types of engineering problems. They are just as important as having

the right units to getting the right answer.

2.8.2. Step 2: Make sure your units are consistent

The second step is to make sure all your units are consistent and, if not, to convert everything

so that it is. In this case, since the principle that we'll need to use to solve for the flow rate

of the waste stream (ṁ3) is conservation of mass, everything will need to be on a mass-flow
basis, and also in the same mass-flow units.

In this problem, since two of our flow rates are given in metric units (though one is a

volumetric flow rate rather than a mass flow rate, so we'll need to change that) and only

one in English units, it would save time and minimize mistakes to convert V̇2 and ṁ5 to
kg/s.

From the previous section, the equation relating volumetric flowrate to mass flow rate is:

V̇i ∗ρi = ṁi

Therefore, we need the density of water vapor in order to calculate the mass flow rate

from the volumetric flow rate. Since the density is provided in the problem statement (if it

wasn't, we'd need to calculate it with methods described later), the mass flow rate can be

calculated:

V̇2 = 4∗106 L
1 min ∗

1 m3

1000 L ∗
1 min

60 s = 66.67m3

s

ρ2 = 4 g
m3 ∗ 1 kg

1000 g = 0.004 kg
m3

ṁ2 = 66.67m3

s ∗0.004 kg
m3 = 0.2666kg

s

Note that since the density of a gas is so small, a huge volumetric flow rate is necessary

to achieve any significant mass flow rate. This is fairly typical and is a practical problem

when dealing with gas-phase processes.

The mass flow rate ṁ5 can be changed in a similar manner, but since it is already in terms
of mass (or weight technically), we don't need to apply a density:

ṁ5 = 1500 lb
hr ∗

1kg
2.2lb ∗

1hr
3600s = 0.1893kg

s

Now that everything is in the same system of units, we can proceed to the next step.

2.8.3. Step 3: Relate your variables

Since we have the mass flow rate of the vapor stream we can calculate the efficiency of the

evaporator directly:

efficiency = ṁ2
ṁ1

= 0.2666 kg
s

0.5 kg
s

= 53.3%

Finding ṁ4, as asked for in the problem, will be somewhat more difficult. One place to
start is to write the mass balance on the evaporator, since that will certainly contain the

unknown we seek. Assuming that the process is steady state we can write:
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In−Out = 0

ṁ1− ṁ2− ṁ4− ṁ6 = 0

Problem: we don't know ṁ6 so with only this equation we cannot solve for ṁ4. Have no
fear, however, because there is another way to figure out what ṁ6 is... can you figure it
out? Try to do so before you move on.

2.8.4. So you want to check your guess? Alright then read on.

The way to find ṁ6 is to do a mass balance on the heat exchanger, because the mass balance
for the heat exchanger is simply:

ṁ6− ṁ5 = 0

Since we know ṁ5 we can calculate ṁ6 and thus the waste stream flowrate ṁ4.

Note:

Notice the strategy here: we first start with a balance on the operation containing the

stream we need information about. Then we move to balances on other operations in

order to garner additional information about the unknowns in the process. This takes

practice to figure out when you have enough information to solve the problem or you

need to do more balances or look up information.

It is also of note that any process has a limited number of independent balances

you can perform. This is not as much of an issue with a relatively simple problem like

this, but will become an issue with more complex problems. Therefore, a step-by-step

method exists to tell you exactly how many independent mass balances you can write

on any given process, and therefore how many total independent equations you can use

to help you solve problems.

2.8.5. Step 4: Calculate your unknowns.

Carrying out the plan on this problem:

ṁ6−0.1893kg
s = 0

ṁ6 = 0.1893kg
s

Hence, from the mass balances on the evaporator:

ṁ4 = ṁ1− ṁ2− ṁ6 = (0.5−0.2666−0.1893)kg
s = 0.0441kg

s

So the final answers are:

Evaporator Efficiency= 53.3%
Waste stream rate= 0.0441kg

s
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2.8.6. Step 5: Check your work.

Ask: Do these answers make sense? Check for things like negative flow rates, efficiencies

higher than 100%, or other physically impossible happenings; if something like this happens

(and it will), you did something wrong. Is your exit rate higher than the total inlet rate

(since no water is created in the processes, it is impossible for this to occur)?

In this case, the values make physical sense, so they may be right. It's always good to go

back and check the math and the setup to make sure you didn't forget to convert any units

or anything like that.

2.9. Chapter 2 Practice Problems

Problem:

1. a) A salt solution is to be concentrated by evaporating the water in a salt pan, with

a condensing surface above it to gather the evaporated water. Suppose 1200g of salt

solution are emptied into the pan. Once all the water is evaporated, the salt is weighed

and found to weigh 100g. What percent of the original solution was water?

b) Now suppose that 0.1 L of the evaporated water was added back to the salt, to bring

it to the desired concentration. How much water remains to be used elsewhere?

c) Do you think the salt solution would be safe to drink? Why or why not?

Problem:

2. a) In a stone quarry, limestone is to be crushed and poured into molds for manufacture

of floor tiles. Suppose that a limestone company uses three trucks, each of which is

capable of carrying 3000 kg of limestone. The quarry itself is 20 miles away from the

processing plant, and the trucks get there at an average speed of 30 miles/hour. Once

at the plant, the limestone is ground into fine powder and then melted and poured into

the molds. If each of the resulting slabs weighs 2 kg and the plant operates 24 hours a

day, how many slabs can the company make in a day?

b) How could this plant become more efficient? Plot the number of slabs the company

can make as a function of distance from the quarry and capacity of the trucks. What

factors might keep the company from simply moving as close to the quarry as possible

and using the largest trucks possible?

Problem:

3. What is the volumetric flowrate of a solution with density 1.5 kg/m^3 flowing at a

velocity of 5 m/s and a mass flow rate of 500 g/min? What is the area of the pipe? If

it is circular, what is the radius?
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Problem:

4. Suppose you have a pipe that constricts halfway through from a radius of 0.5 cm to

a radius of 0.2 cm. A liquid approaches the constriction at a velocity of 0.5 m/s. What

is the velocity of the fluid after the constriction? (Hint: Apply conservation of mass on

both sides of the constriction).

Challenge: What kind of energy does the fluid gain? Energy is never created or de-

stroyed, so where does it come from?

Problem:

5. Suppose that a river with a molar flow rate of 10000 mol/s meets another, larger river

flowing at 500000 m^3/s at room temperature. What is the mass flow rate of the river

downstream of the intersection if you assume steady state?

b} Evaluate the feasibility of the steady state assumption in this situation. Also quali-

tatively evaluate the probability that the flowrates are actually constant.

Problem:

6. Suppose that the population of a certain country n years after year 2000 if there is

no emigration can be modeled with the equation:

P = 2.5∗108 ∗e0.045∗n

Also, suppose that in the country, a net emigration of 100,000 people per month actually

occurs. What is the total accumulation of people in this country from year 2000 to 2003?

b) What was the population of people in 2002, according to this model?

c) What are some possible problems with this model? For example, what doesn't it take

into account? What happens when n is 100? Where did those constants come from?

Would they be the same for every country, or for the same country across generations?

/Solutions/2

2 https://en.wikibooks.org/wiki/%2FSolutions%2F
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3. Mass balances on multicomponent

systems

3.1. Component Mass Balance

Most processes, of course, involve more than one input and/or output, and therefore it must

be learned how to perform mass balances on . The basic idea remains the same though.

We can write a mass balance in the same form as the overall balance for each component:

In−Out+Generation = Accumulation

For steady state processes, this becomes:

In−Out+generation = 0

The overall mass balance at steady state, recall, is:

Σṁin−Σṁout +mgen = 0

The mass of each component can be described by a similar balance.

ΣṁA,in−ΣṁA,out +mA,gen = 0

The biggest difference between these two equations is that The total generation of

mass mgen is zero due to conservation of mass, but since individual species can

be consumed in a reaction, mA,gen 6= 0 for a reacting system

3.2. Concentration Measurements

You may recall from general chemistry that a concentration is a measure of the amount

of some species in a mixture relative to the total amount of material, or relative to the

amount of another species. Several different measurements of concentration come up over

and over, so they were given special names.

3.2.1. Molarity

The first major concentration unit is themolarity which relates the moles of one particular

species to the total volume of the solution.

Molarity(A) = [A] = nA
Vsln

where n=̇mol,V =̇L

A more useful definition for flow systems that is equally valid is:

[A] = ṅA

V̇n
where ṅA=̇mol/s, V̇n=̇L/s
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Molarity is a useful measure of concentration because it takes into account the volumetric

changes that can occur when one creates a mixture from pure substances. Thus it is a

very practical unit of concentration. However, since it involves volume, it can change with

temperature so molarity should always be given at a specific temperature. Molarity of a

gaseous mixture can also change with pressure, so it is not usually used for gasses.

3.2.2. Mole Fraction

The mole fraction is one of the most useful units of concentration, since it allows one to

directly determine the molar flow rate of any component from the total flow rate. It also

conveniently is always between 0 and 1, which is a good check on your work as well as an

additional equation that you can always use to help you solve problems.

The mole fraction of a component A in a mixture is defined as:

xA = nA
nn

where nA signifies moles of A. Like molarity, a definition in terms of flowrates is also possible:

Mole Fraction Definition

xA = ṅA
ṅn

If you add up all mole fractions in a mixture, you should always obtain 1 (within calculation

and measurement error), because sum of individual component flow rates equals the total

flow rate:

Σxi = 1

Note that each stream has its own independent set of concentrations. This fact

will become important when you are performing mass balances.

3.2.3. Mass Fraction

Since mass is a more practical property to measure than moles, flowrates are often given as

mass flowrates rather than molar flowrates. When this occurs, it is convenient to express

concentrations in terms of mass fractions defined similarly to mole fractions.

In most texts mass fraction is given the same notation as mole fraction, and which one is

meant is explicitly stated in the equations that are used or the data given.

Note:

In this book, assume that a percent concentration has the same units as the

total flowrate unless stated otherwise. So if a flowrate is given in kg/s, and a

composition is given as ”30%”, assume that it is 30% by mass.

The definition of a mass fraction is similar to that of moles:

xA = mA
mn

for batch systems
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Mass fraction of Continuous Systems

xA = ṁA
ṁn

where mA is the mass of A. It doesn't matter what the units of the mass are as long as they

are the same as the units of the total mass of solution.

Like the mole fraction, the total mass fraction in any stream should always add up to 1.

Σxi = 1

3.3. Calculations on Multi-component streams

Various conversions must be done with multiple-component streams just as they must for

single-component streams. This section shows some methods to combine the properties of

single-component streams into something usable for multiple-component streams(with some

assumptions).

3.3.1. Average Molecular Weight

The average molecular weight of a mixture (gas or liquid) is the multicomponent equivalent

to the molecular weight of a pure species. It allows you to convert between the mass of

a mixture and the number of moles, which is important for reacting systems especially

because balances must usually be done in moles, but measurements are generally in grams.

To find the value of ¯MW n = g sln
mole sln

, we split the solution up into its components as follows,

for k components:

g sln
mole sln

= Σmi
nn

= Σmi
nn

= Σ(mi
ni
∗ ni

nn
) = Σ(MWi ∗xi)

where xi is the mole fraction of component i in the mixture. Therefore, we have the

following formula:

¯MW n = Σ(MWi ∗xi)n

where xi is the mole fraction of component i in the mixture.

This derivation only assumes that mass is additive, which it is, so this equation is valid

for any mixture.

3.3.2. Density of Liquid Mixtures

Let us attempt to calculate the density of a liquid mixture from the density of its compo-

nents, similar to how we calculated the average molecular weight. This time, however, we
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will notice one critical difference in the assumptions we have to make. We'll also notice that

there are two different equations we could come up with, depending on the assumptions we

make.

First Equation

By definition, the density of a single component i is: ρi = mi
Vi
The corresponding definition

for a solution is ρ = m sln
V sln

. Following a similar derivation to the above for average molecular

weight:

m sln
V sln

= Σmi
Vn

= Σmi
Vn

= Σmi
Vi
∗ Vi

Vn
= Σ(ρi ∗ Vi

Vn
)

Now we make the assumption that The volume of the solution is proportional to the

mass. This is true for any pure substance (the proportionality constant is the density), but

it is further assumed that the proportionality constant is the same for both pure k

and the solution. This equation is therefore useful for two substances with similar pure

densities. If this is true then:

Vi
V = mi

mn
= xi, where xi is the mass fraction of component i. Thus:

ρn = Σ(xi ∗ρi)n

where xi is the mass fraction (not the mole fraction) of component i in the mixture.

Second Equation

This equation is easier to derive if we assume the equation will have a form similar to that

of average molar mass. Since density is given in terms of mass, it makes sense to start by

using the definition of mass fractions:

xi = mi
mn

To get this in terms of only solution properties (and not component properties), we need to

get rid of mi. We do this first by dividing by the density:

xi
ρi

= mi
mn
∗ Vi

mi

= Vi
mn

Now if we add all of these up we obtain:∑(
xi
ρi

)
= ΣVi

mn

Now we have to make an assumption, and it's different from that in the first case. This

time we assume that the Volumes are additive. This is true in two cases:

1. In an ideal solution. The idea of an ideal solution will be explained more later, but for

now you need to know that ideal solutions:
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• Tend to involve similar compounds in solution with each other, or when one component

is so dilute that it doesn't effect the solution properties much.

• Include Ideal Gas mixtures at constant temperature and pressure.

2 In a Completely immiscible nonreacting mixture. In other words, if two substances

don't mix at all (like oil and water, or if you throw a rock into a puddle), the total volume

will not change when you mix them. And the total volume in this case will be sum of

volume of individual components.

If the solution is ideal, then we can write:

ΣV̇i
ṁn

= V̇n
ṁn

= 1
ρn

Hence, for an ideal solution,

1
ρn

=
∑(

xi
ρi

)
n
where xi is the mass fraction of component i in the mixture.

Note that this is significantly different from the previous equation! This equation is more

accurate for most cases. In all cases, however, it is most accurate to look up the value in a

handbook such as Perry's Chemical Engineers Handbook if data is available on the solution

of interest.

3.4. General Strategies for Multiple-Component Operations

The most important thing to remember about doing mass balances with multiple compo-

nents is that for each component, you can write one independent mass balance. What do I

mean by independent? Well, remember we can write the general, overall mass balance for

any steady-state system:

Σṁin−Σṁout = 0

And we can write a similar mass balance for any component of a stream:

Σṁa,in−Σṁa,out +ma,gen = 0

This looks like we have three equations here, but in reality only two of them are independent

because:

1. The sum of the masses of the components equals the total mass

2. The total mass generation due to reaction is always zero (by the law of mass conser-

vation)

Therefore, if we add up all of the mass balances for the components we obtain the overall

mass balance. Therefore, we can choose any set of n equations we want, where n

is the number of components, but if we choose the overall mass balance as one

of them we cannot use the mass balance on one of the components.

The choice of which balances to use depends on two particular criteria:

1. Which component(s) you have the most information on; if you don't have enough

information you won't be able to solve the equations you write.
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2. Which component(s) you can make the most reasonable assumptions about. For

example, if you have a process involving oxygen and water at low temperatures and

pressures, you may say that there is no oxygen dissolved in a liquid flow stream, so it

all leaves by another path. This will simplify the algebra a good deal if you write the

mass balance on that component.

3.5. Multiple Components in a Single Operation:

Separation of Ethanol and Water

Example:

Suppose a stream containing ethanol and water (two fully miscible compounds) flows

into a distillation column at 100 kg/s. Two streams leave the column: the vapor stream

contains 80% ethanol by mass and the liquid bottoms has an ethanol concentration

of 4M. The total liquid stream flowrate is 20 kg/s. Calculate the composition of the

entrance stream.

Following the step-by-step method makes things easier.

3.5.1. Step 1: Draw a Flowchart

The first step as always is to draw the flowchart, as described previously. If you do that for

this system, you may end up with something like this, where x signifies mass fraction, [A]

signifies molarity of A, and numbers signify stream numbers.

38



Multiple Components in a Single Operation: Separation of Ethanol and Water

Figure 6

3.5.2. Step 2: Convert Units

Now, we need to turn to converting the concentrations into appropriate units. Since the

total flowrates are given in terms of mass, a unit that expresses the concentration in terms

of mass of the components would be most useful. The vapor stream compositions are

given as mass percents, which works well with the units of flow. However, the liquid phase

concentration given in terms of a molarity is not useful for finding a mass flow rate of

ethanol (or of water). Hence we must convert the concentration to something more useful.

39



Mass balances on multicomponent systems

Note:

Converting between Concentration Measurements

The easiest way to convert between concentrations is to take a careful look at the units

of both what you want and what you have, and ask what physical properties (i.e. molar

mass, density) you could use to interchange them. In this example, we want to convert

a molarity into a mass fraction. We have from the definitions that:

[A] = molA
Lsln

xA = mA
msln

To convert the numerators, we need to convert moles of A to mass of A, so we can

use the molar mass for this purpose. Similarly, to convert the denominators we need

to change Liters to Mass, which means we'll use a density. Hence, the conversion from

molarity to mass fraction is:

xA = [A]∗ (MW )A

ρSLN

Since we have ways to estimate ρSLN (remember them?), we can inter-convert the con-

versions.

In order to convert the molarity into a mass fraction, then, we need the molecular weight

of ethanol and the density of a 4M ethanol solution. The former is easy if you know the

chemical formula of ethanol: CH3CH2OH. Calculating the molecular weight (as you did
in chem class) you should come up with about 46 g

mol .

Calculating the density involves plugging in mass fractions in and of itself, so you'll end up

with an implicit equation. Recall that one method of estimating a solution density is to

assume that the solution is ideal (which it probably is not in this case, but if no data are

available or we just want an estimate, assumptions like these are all we have, as long as we

realize the values will not be exact):

1
ρSLN

= Σ(xk
ρk

)

In this case, then,

1
ρSLN

= xEtOH
ρEtOH

+ xH2O
ρH2O

We can look up the densities of pure water and pure ethanol, they are as follows (from

Wikipedia's articles w:Ethanol1 and w:Water2):

ρEtOH = 0.789 g
cm3 = 789 g

L

ρH2O = 1.00 g
cm3 = 1000 g

L

Therefore, since the mass fractions add to one, our equation for density becomes:

1
ρsln

= xEtOH

789 g
L

+ 1−xEtOH

1000 g
L

From the NOTE above, we can now finally convert the molarity into a mass fraction as:

xEtOH = [EtOH]∗ (MW )EtOH

ρSLN
= 4mol

L ∗46 g
mol ∗ (xEtOH

789 g
L

+ 1−xEtOH

1000 g
L

)

Solving this equation yields:

xEtOH = 0.194 (unitless)

1 https://en.wikipedia.org/wiki/Ethanol

2 https://en.wikipedia.org/wiki/Water
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3.5.3. Step 3: Relate your Variables

Since we are seeking properties related to mass flow rates, we will need to relate our variables

with mass balances.

Remember that we can do a mass balance on any of the N independent species and one on

the overall mass, but since the sum of the individual masses equals the overall only N −1
of these equations will be independent. It is often easiest mathematically to choose the

overall mass balance and N − 1 individual species balances, since you don't need to deal
with concentrations for the overall measurements.

Since our concentrations are now in appropriate units, we can do any two mass balances we

want. Lets choose the overall first:

ṁ1− ṁ2− ṁ3 = 0

Plugging in known values:

ṁ2 = 100kg
s −20kg

s

ṁ2 = 80kg
s

Now that we know ṁ2 we can do a mass balance on either ethanol or water to find the
composition of the input stream. Lets choose ethanol (A):

ṁA1 = ṁA2 + ṁA3

Written in terms of mass fractions this becomes:

xA1 ∗ ṁ1 = xA2 ∗ ṁ2 +xA3 ∗ ṁ3

Plugging in what we know:

xA1 ∗100kg
s = 0.8∗80kg

s +0.194∗20kg
s

xA1 = 0.68

Hence, the feed is 68% Ethanol and 32% Water.

3.6. Introduction to Problem Solving with Multiple

Components and Processes

In the vast majority of chemical processes, in which some raw materials are processed

to yield a desired end product or set of end products, there will be more than one raw

material entering the system and more than one unit operation through which the product

must pass in order to achieve the desired result. The calculations for such processes, as

you can probably guess, are considerably more complicated than those either for only a

single component, or for a single-operation process. Therefore, several techniques have

been developed to aid engineers in their analyses. This section describes these techniques

and how to apply them to an example problem.
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3.7. Degree of Freedom Analysis

For more complex problems than the single-component or single-operation problems that

have been explored, it is essential that you have a method of determining if a problem

is even solvable given the information that you have. There are three ways to describe a

problem in terms of its solvability:

1. If the problem has a finite (not necessarily unique!) set of solutions then it is called

well-defined.

2. The problem can be overdetermined (also known as overspecified), which means

that you have too much information and it is either redundant or inconsistent. This

could possibly be fixed by consolidating multiple data into a single function or, in

extreme cases, a single value (such as a slope of a linear correlation), or it could be

fixed by removing an assumption about the system that one had made.

3. The problem can be underdetermined (or underspecified), which means that you

don't have enough information to solve for all your unknowns. There are several ways

of dealing with this. The most obvious is to gather additional information, such as

measuring additional temperatures, flow rates, and so on until you have a well-defined

problem. Another way is to use additional equations or information about what we

want out of a process, such as how much conversion you obtain in a reaction, how

efficient a separation process is, and so on. Finally, we can make assumptions

in order to simplify the equations, and perhaps they will simplify enough that they

become solvable.

The method of analyzing systems to see whether they are over or under-specified, or if they

are well-defined, is called a degree of freedom analysis. It works as follows for mass

balances on a single process:

1. From your flowchart, determine the number of unknowns in the process. What qual-

ifies as an unknown depends on what you're looking for, but in a material balance

calculation, masses and concentrations are the most common. In equilibrium and

energy balance calculations, temperature and pressure also become important un-

knowns. In a reactor, you should include the conversion as an unknown unless it is

given OR you are doing an atom balance.

2. Subtract the number of Equations you can write on the process. This can include

mass balances, energy balances, equilibrium relationships, relations between concen-

trations, and any equations derived from additional information about the process.

3. The number you are left with is the degrees of freedom of the process.

If the degrees of freedom are negative that means the unit operation is overspecified. If

it is positive, the operation is underspecified. If it is zero then the unit operation is

well-defined, meaning that it is theoretically possible to solve for the unknowns with a

finite set of solutions.

3.7.1. Degrees of Freedom in Multiple-Process Systems

Multiple-process systems are tougher but not undoable. Here is how to analyze them to

see if a problem is uniquely solvable:

1. Label a flowchart completely with all the relevant unknowns.
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2. Perform a degree of freedom analysis on each unit operation, as described above.

3. Add the degrees of freedom for each of the operations.

4. Subtract the number of variables in intermediate streams, i.e. streams between two

unit operations. This is because each of these was counted twice, once for the operation

it leaves and once for the one it enters.

The number you are left with is the process degrees of freedom, and this is what will

tell you if the process as a whole is overspecified, underspecified, or well-defined.

Note:

If any single process is overspecified, and is found to be inconsistent, then the problem

as a whole cannot be solved, regardless of whether the process as a whole is well-defined

or not.

3.8. Using Degrees of Freedom to Make a Plan

Once you have determined that your problem is solvable, you still need to figure out how

you'll solve for your variables. This is the suggested method.

1. Find a unit operation or combination of unit operations for which the degrees of

freedom are zero.

2. Calculate all of the unknowns involved in this combination.

3. Recalculate the degrees of freedom for each process, treating the calculated values

as known rather than as variables.

4. Repeat these steps until everything is calculated (or at least that which you seek)

Note:

You must be careful when recalculating the degrees of freedom in a process. You have

to be aware of the sandwich effect, in which calculations from one unit operation can

trivialize balances on another operation. For example, suppose you have three processes

lined up like this:

-> A -> B -> C ->

Suppose also that through mass balances on operations A and C, you calculate the exit

composition of A and the inlet composition of C. Once these are performed, the mass

balances on B are already completely defined. The moral of the story is that before

you claim that you can write an equation to solve an unknown, write the

equation and make sure that it contains an unknown. Do not count equations

that have no unknowns in your degree of freedom analysis.
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3.9. Multiple Components and Multiple Processes: Orange

Juice Production

Example:

Consider a process in which raw oranges are processed into orange juice. A possible

process description follows:

1. The oranges enter a crusher, in which all of the water contained within the oranges

is released.

2. The now-crushed oranges enter a strainer. The strainer is able to capture 90% of

the solids, the remainder exit with the orange juice as pulp.

The velocity of the orange juice stream was measured to be 30m
s and the radius

of the piping was 8 inches. Calculate:

a) The mass flow rate of the orange juice product. b) The number of oranges per

year that can be processed with this process if it is run 8 hours a day and 360 days

a year. Ignore changes due to unsteady state at startup.

Use the following data: Mass of an orange: 0.4 kg Water content of an orange:

80% Density of the solids: Since its mostly sugars, its about the density of glucose,

which is 1.540 g
cm3

3.9.1. Step 1: Draw a Flowchart

This time we have multiple processes so it's especially important to label each one as its

given in the problem.

Figure 7
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Notice how I changed the 90% capture of solids into an algebraic equation relating the mass

of solids in the solid waste to the mass in the feed. This will be important later, because it

is an additional piece of information that is necessary to solve the problem.

Also note that from here in, ”solids” are referred to as S and ”water” as W.

3.9.2. Step 2: Degree of Freedom analysis

Recall that for each stream there are C independent unknowns, where C is the number of

components in the individual stream. These generally are concentrations of C-1 species

and the total mass flow rate, since with C-1 concentrations we can find the last one, but

we cannot obtain the total mass flow rate from only concentration.

Let us apply the previously described algorithm to determining if the problem is well-defined.

On the strainer:

• There are 6 unknowns: m2, xS2, m3, xS3, m4, and xS4

• We can write 2 independent mass balances on the overall system (one for each compo-

nent).

• We are given a conversion and enough information to write the mass flow rate in the

product in terms of only concentration of one component (which eliminates one unknown).

Thus we have 2 additional pieces of information.

• Thus the degrees of freedom of the strainer are 6-2-2 = 2 DOF

Note:

We are given the mass of an individual orange, but since we cannot use that information

alone to find a total mass flow rate of oranges in the feed, and we already have used

up our allotment of C-1 independent concentrations, we cannot count this as ”given

information”. If, however, we were told the number of oranges produced per year, then

we could use the two pieces of information in tandem to eliminate a single unknown

(because then we can find the mass flow rate)

On the crusher:

• There are 3 unknowns (m1, m2, and xS2).

• We can write 2 independent mass balances.

• Thus the crusher has 3-2 = 1 DOF

Therefore for the system as a whole:

• Sum of DOF for unit operations = 2 + 1 = 3 DOF

• Number of intermediate variables = 2 (m2 and xS2)

• Total DOF = 3 - 2 = 1 DOF.

Hence the problem is underspecified.

45



Mass balances on multicomponent systems

3.9.3. So how do we solve it?

In order to solve an underspecified problem, one way we can obtain an additional specifi-

cation is to make an assumption. What assumptions could we make that would reduce

the number of unknowns (or equivalently, increase the number of variables we do know)?

The most common type of assumption is to assume that something that is

relatively insignificant is zero.

In this case, one could ask: will the solid stream from the strainer contain any water? It

might, of course, but this amount is probably very small compared to both the amount of

solids that are captured and how much is strained, provided that it is cleaned regularly

and designed well. If we make this assumption, then this specifies that the mass fraction of

water in the waste stream is zero (or equivalently, that the mass fraction of solids is one).

Therefore, we know one additional piece of information and the degrees of freedom for the

overall system become zero.

3.9.4. Step 3: Convert Units

This step should be done after the degree of freedom analysis, because that analysis is

independent of your unit system, and if you don't have enough information to solve a

problem (or worse, you have too much), you shouldn't waste time converting units and

should instead spend your time defining the problem more precisely and/or seeking out

appropriate assumptions to make.

Here, the most sensible choice is either to convert everything to the cgs system or to the

m-kg-s system, since most values are already in metric. Here, the latter route is taken.

r4 = 8 in∗ 2.54 cm
in ∗ 1 m

100 cm = 0.2032 m

ρS = 1.54 g
cm3 = 1540 kg

m3

Now that everything is in the same system, we can move on to the next step.

3.9.5. Step 4: Relate your variables

First we have to relate the velocity and area given to us to the mass flowrate of stream 4,

so that we can actually use that information in a mass balance. From chapter 2, we can

start with the equation:

ρn ∗vn ∗An = ṁn

Since the pipe is circular and the area of a circle is π ∗ r2, we have:

A4 = π ∗0.20322 = 0.1297 m2

So we have that:

ρ4 ∗30∗0.1297 = 3.8915∗ρ4 = ṁ4

Now to find the density of stream 4 we assume that volumes are additive, since the solids

and water are essentially immiscible (does an orange dissolve when you wash it?). Hence

we can use the ideal-fluid model for density:
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1
ρ4

= xS4
ρS

+ xW 4
ρW

= xS4
ρS

+ 1−xS4
ρW

= xS4
1540 + 1−xS4

1000

Hence, we have the equation we need with only concentrations and mass flowrates:

EQUATION 1: xS4
1540 + 1−xS4

1000 = 3.8915
ṁ4

Now we have an equation but we haven't used either of our two (why two?) independent

mass balances yet. We of course have a choice on which two to use.

In this particular problem, since we are directly given information concerning the amount

of solid in stream 4 (the product stream), it seems to make more sense to do the balance

on this component. Since we don't have information on stream 2, and finding it would

be pointless in this case (all parts of it are the same as those of stream 1), lets do an

overall-system balance on the solids:

ΣṁS,in−ΣṁS,out = 0

Note:

Since there is no reaction, the generation term is 0 even for individual-species balances.

Expanding the mass balance in terms of mass fractions gives:

ṁ1 ∗xS1 = ṁ3 ∗xS3 + ṁ4 ∗xS4

Plugging in the known values, with the assumption that stream 3 is pure solids (no

water) and hence xS3 = 1:

EQUATION 2: 0.2∗ ṁ1 = (0.9∗0.2∗ ṁ1)∗1+xS4 ∗ ṁ4

Finally, we can utilize one further mass balance, so let's use the easiest one: the overall

mass balance. This one again assumes that the total flowrate of stream 3 is equal to the

solids flowrate.

EQUATION 3: ṁ1 = 0.9∗0.2∗ ṁ1 + ṁ4

We now have three equations in three unknowns (ṁ1, ṁ4,xS4) so the problem is solvable.

This is where all those system-solving skills will come in handy.

If you don't like solving by hand, there are numerous computer programs out there to help

you solve equations like this, such as MATLAB3, POLYMATH, and many others. You'll

probably want to learn how to use the one your school prefers eventually so why not now?

Using either method, the results are:

3 https://en.wikibooks.org/wiki/MATLAB
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ṁ1 = 4786kg
s

ṁ4 = 3925.07
xS4 = 0.0244

We're almost done here, now we just have to calculate the number of oranges per year.

4786kg
s ∗1orange

0.4 kg ∗3600 s
hr ∗8wk hr

day ∗360wk dayyear

Yearly Production: 1.24∗1011 oranges
year

3.10. Chapter 3 Practice Problems

Problem:

1. a) Look up the composition of air. Estimate its average molecular weight.

b) Qualitatively describe whether the density of air should be large or small compared

to the density of water.

c) Qualitatively describe whether the mass density of air should be large or small com-

pared to that of oxygen if the same number of moles of the two gasses are contained in

identical containers.

d) If the density of air under certain conditions is 1.06 g/m^3, how much does a gallon

of air weigh?

Problem:

2. a) Using both of the formulas for average density, calculate estimates for the density

of a 50% by mass solution of toluene and benzene. Comment on the results.

b) Repeat this calculation for varying concentrations of toluene. When does it make the

most difference which formula you use? When does it make the least? Show the results

graphically. Would the trend be the same for any binary solution?

c) Suppose that a 50% mixture of toluene and benzene is to be separated by crystal-

lization. The solution is cooled until one of the components completely freezes and only

the other is left as a liquid. The liquid is then removed. What will the majority of the

solid be? What will the liquid be? What temperature should be used to achieve this?

(give an estimate)

d) In the crystallization process in part c, suppose that the after separation, the solid

crystals contained all of the benzene and 1% of the toluene from the original mixture.

Suppose also that after melting the solid, the resulting liquid weighed 1435 g. Calculate

the mass of the original solution.
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Problem:

3.. Consider a publishing company in which books are to be bound, printed, and shipped.

At 5 a.m. every morning, a shipment of 10,000 reams of paper comes in, as well as enough

materials to make 150,000 books, and 30000 pounds of ink. In this particular plant, the

average size of a book is 250 pages and each uses about 0.2 pounds of ink.

a) How many books can be printed for each shipment? (Hint: What is the limiting

factor?)

b) Suppose that, on average, 4% of all books printed are misprints and must be

destroyed. The remaining books are to be distributed to each of 6 continents in the

following proportions:

North America 15%

South America 10%

Europe 20%

Africa 20%

Asia 25%

Australia 10%

Each book that is printed (including those that are destroyed) costs the company

US$0.50 to print. Those that are shipped cost the following prices to ship from the US:

North America $0.05

South America $0.08

Europe $0.10

Africa $0.20

Asia $0.12

Australia $0.15

If each book sells for an equivalent of US$1.00, what is the maximum profit that the

company can make per day?

c) Challenge What is the minimum number of books that the company can sell (from

any continent) in order to return a profit? (Hint: what is the total cost of this scheme?

Does it matter where the books are sold once they are distributed?)

d) How many pounds of ink per day end up in each continent under the scheme in part

b? How many pages of paper?

e) Can you think of any ways you can improve this process? What may be some ways

to improve the profit margin? How can inventory be reduced? What are some possible

problems with your proposed solutions?

/Solutions/4

4 https://en.wikibooks.org/wiki/%2FSolutions%2F
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4. Mass balances with recycle

4.1. What Is Recycle?

Recycling is the act of taking one stream in a process and reusing it in an earlier part of

the process rather than discarding it. It is used in a wide variety of processes.

4.1.1. Uses and Benefit of Recycle

The use of recycle makes a great deal of environmental and economic sense, for the following

reasons among others:

• Using recycled materials lets a company achieve a wider range of separations

This will be demonstrated in the next section. However, there is a trade off: the more dilute

or concentrated you want your product to be, the lower the flow rate you can achieve in the

concentrated or dilute stream.

• By using recycle, in combination with some sort of separation process, a company can

increase the overall conversion of an equilibrium reaction.

You may recall from general chemistry that many reactions do not go to completion but only

up to a certain point, because they are reversible. How far the reaction goes depends on the

concentrations (or partial pressures for a gas) of the products and the reactants, which are

related by the reaction stoichiometry and the equilibrium constant K. If we want to increase

the amount of conversion, one way we can do this is to separate out the products from the

product mixture and re-feed the purified reactants in to the reactor. By Le Chatlier's

Principle, this will cause the reaction to continue moving towards the products.

• By using recycled materials, it is possible to recover expensive catalysts and reagents.

Catalysts aren't cheap, and if we don't try to recycle them into the reactor, they may be

lost in the product stream. This not only gives us a contaminated product but also wastes

a lot of catalyst.

• Because of the previous three uses, recycle can decrease the amount of equipment needed

to get a process meet specifications and consumer demand.

For example, it may improve reaction conversion enough to eliminate the need for a second

reactor to achieve an economical conversion.

• Recycle reduces the amount of waste that a company generates.

Not only is this the most environmentally sounds way to go about it, it also saves the

company money in disposal costs.

• Most importantly, all of these things can save a company money.
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By using less equipment, the company saves maintainence as well as capital costs, and

probably gets the product faster too, if the proper analysis is made.

it is use to stop the wastage of the material

4.2. Differences between Recycle and non-Recycle systems

The biggest difference between recycle and non-recycle systems is that the extra splitting

and recombination points must be taken into account, and the properties of the streams

change from before to after these points. To see what is meant by this, consider any

arbitrary process in which a change occurs between two streams:

Feed -> Process -> Outlet

If we wish to implement a recycle system on this process, we often will do something like

this:

Figure 8

The ”extra” stream between the splitting and recombination point must be taken into ac-

count, but the way to do this is not to do a mass balance on the process, since the recycle

stream itself does not go into the process, only the recombined stream does.

Instead, we take it into account by performing a mass balance on the recombination point

and one on the splitting point.

4.2.1. Assumptions at the Splitting Point

The recombination point is relatively unpredictable because the composition of the stream

leaving depends on both the composition of the feed and the composition of the recycle
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stream. However, the splitting point is special because when a stream is split, it gener-

ally is split into two streams with equal composition. This is a piece of information

that counts towards ”additional information” when performing a degree of freedom analysis.

As an additional specification, it is common to know the ratio of splitting, i.e. how much of

the exit stream from the process will be put into the outlet and how much will be recycled.

This also counts as ”additional information”.

4.2.2. Assumptions at the Recombination Point

The recombination point is generally not specified like the splitting point, and also the

recycle stream and feed stream are very likely to have different compositions. The important

thing to remember is that you can generally use the properties of the stream coming from

the splitting point for the stream entering the recombination point, unless it goes through

another process in between (which is entirely possible).

4.3. Degree of Freedom Analysis of Recycle Systems

Degree of freedom analyses are similar for recycle systems to those for other systems, but

with a couple important points that the engineer must keep in mind:

1. The recombination point and the splitting point must be counted in the degree of

freedom analysis as ”processes”, since they can have unknowns that aren't counted

anywhere else.

2. When doing the degree of freedom analysis on the splitting point, you should not label

the concentrations as the same but leave them as separate unknowns until after you

complete the DOF analysis in order to avoid confusion, since labeling the concentra-

tions as identical ”uses up” one of your pieces of information and then you can't count

it.

As an example, let's do a degree of freedom analysis on the hypothetical system above,

assuming that all streams have two components.

• Recombination Point: 6 variables (3 concentrations and 3 total flow rates) - 2 mass

balances = 4 DOF

• Process: Assuming it's not a reactor and there's only 2 streams, there's 4 variables and

2 mass balances = 2 DOF

• Splitting Point: 6 variables - 2 mass balances - 1 knowing compositions are the

same - 1 splitting ratio = 2 DOF

So the total is 4 + 2 + 2 - 6 (in-between variables) = 2 DOF. Therefore, if the feed is

specified then this entire system can be solved! Of course the results will be different if

the process has more than 2 streams, if the splitting is 3-way, if there are more than two

components, and so on.
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4.4. Suggested Solving Method

The solving method for recycle systems is similar to those of other systems we have seen so

far but as you've likely noticed, they are increasingly complicated. Therefore, the impor-

tance of making a plan becomes of the utmost importance. The way to make a plan is

generally as follows:

1. Draw a completely labeled flow chart for the process.

2. Do a DOF analysis to make sure the problem is solvable.

3. If it is solvable, a lot of the time, the best place to start with a recycle

system is with a set of overall system balances, sometimes in combination

with balances on processes on the border. The reason for this is that the overall

system balance cuts out the recycle stream entirely, since the recycle stream does not

enter or leave the system as a whole but merely travels between two processes, like any

other intermediate stream. Often, the composition of the recycle stream is unknown,

so this simplifies the calculations a good deal.

4. Find a set of independent equations that will yield values for a certain set of unknowns

(this is often most difficult the first time; sometimes, one of the unit operations in the

system will have 0 DOF so start with that one. Otherwise it'll take some searching.)

5. Considering those variables as known, do a new DOF balance until something has 0

DOF. Calculate the variables on that process.

6. Repeat until all processes are specified completely.

4.5. Example problem: Improving a Separation Process

This example helps to show that this is true and also show some limitations of the use of

recycle on real processes.

Consider the following proposed system without recycle.
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Example:

A mixture of 50% A and 50% B enters a separation process that is capable of splitting

the two components into two streams: one containing 60% of the entering A and half

the B, and one with 40% of the A and half the B (all by mass):

Figure 9

If 100 kg/hr of feed containing 50% A by mass enters the separator, what are the

concentrations of A in the exit streams?

A degree of freedom analysis on this process:

4 unknowns (ṁ2,xA2, ṁ3, and xA3), 2 mass balances, and 2 pieces of information (knowing
that 40% of A and half of B leaves in stream 3 is not independent from knowing that 60%

of A and half of B leaves in stream 2) = 0 DOF.

Methods of previous chapters can be used to determine that ṁ2 = 55kg
hr ,xA2 = 0.545, ṁ3 =

45kg
hr and xA3 = 0.444. This is good practice for the interested reader.

If we want to obtain a greater separation than this, one thing that we can do is use a recycle

system, in which a portion of one of the streams is siphoned off and remixed with the feed

stream in order for it to be re-separated. The choice of which stream should be re-siphoned

depends on the desired properties of the exit streams. The effects of each choice will now

be assessed.
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4.5.1. Implementing Recycle on the Separation Process

Example:

Suppose that in the previous example, a recycle system is set up in which half of stream

3 is siphoned off and recombined with the feed (which is still the same composition

as before). Recalculate the concentrations of A in streams 2 and 3. Is the separation

more or less effective than that without recycle? Can you see a major limitation of this

method? How might this be overcome?

This is a rather involved problem, and must be taken one step at a time. The analyses of

the cases for recycling each stream are similar, so the first case will be considered in detail

and the second will be left for the reader.

Step 1: Draw a Flowchart

You must be careful when drawing the flowchart because the separator separates 60% of all

the A that enters it into stream 2, not 60% of the fresh feed stream.

Note: there is a mistake in the flow scheme. m6 and xA6 before the process is actually m4

and xA4

Figure 10

Step 2: Do a Degree of Freedom Analysis

Recall that you must include the recombination and splitting points in your analysis.
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• Recombination point: 4 unknowns - 2 mass balances = 2 degrees of freedom

• Separator: 6 unknowns (nothing is specified) - 2 independent pieces of information - 2

mass balances = 2 DOF

• Splitting point: 6 unknowns (again, nothing is specified) - 2 mass balances - 1 assump-

tion that concentration remains constant - 1 splitting ratio = 2 DOF

• Total = 2 + 2 + 2 - 6 = 0. Thus the problem is completely specified.

Step 3: Devise a Plan and Carry it Out

First, look at the entire system, since none of the original processes individually had 0 DOF.

• Overall mass balance on A: 0.5∗100kg
h = ṁ2 ∗xA2 + ṁ6 ∗xA6

• Overall mass balance on B: 50kg
h = ṁ2 ∗ (1−xA2)+ ṁ6 ∗ (1−xA6)

We have 4 unknowns and 2 equations at this point. This is where the problem solving

requires some ingenuity. First, lets see what happens when we combine this information

with the splitting ratio and constant concentration at the splitter:

• Splitting Ratio: m6 = ṁ3
2

• Constant concentration: xA6 = xA3

Plugging these into the overall balances we have:

• On A: 50 = ṁ2 ∗xA2 + ṁ3
2 ∗xA3

• Total: 50 = ṁ2 ∗ (1−xA2)+ ṁ3
2 ∗ (1−xA3)

Again we have more equations than unknowns but we know how to relate everything in these

two equations to the inlet concentrations in the separator. This is due to the conversions we

are given:

• 60% of entering A goes into stream 2 means ṁ2 ∗xA2 = 0.6∗xA4 ∗ ṁ4
• 40% of entering A goes into stream 3 means ṁ3 ∗xA3 = 0.4∗xA4 ∗ ṁ4
• 50% of entering B goes into stream 2 means ṁ2 ∗ (1−xA2) = 0.5∗ (1−xA4)∗ ṁ4
• 50% of entering B goes into stream 3 means ṁ3 ∗xA3 = 0.5∗ (1−xA4)∗ ṁ4

Spend some time trying to figure out where these equations come from, it's all definition of

mass fraction and translating words into algebraic equations.

Plugging in all of these into the existing balances, we finally obtain 2 equations in 2 un-

knowns:

On A: 50 = 0.6ṁ4 ∗xA4 + 0.4
2 ṁ4 ∗xA4

On B: 50 = 0.5ṁ4 ∗ (1−xA4)+ 0.5
2 ṁ4 ∗ (1−xA4)

Solving these equations gives:

ṁ4 = 129.17kg
h ,xA4 = 0.484
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Note:

Notice that two things happened as expected: the concentration of the stream entering

the evaporator went down (because the feed is mixing with a more dilute recycle stream),

and the total flowrate went up (again due to contribution from the recycle stream). This

is always a good rough check to see if your answer makes sense, for example if the flowrate

was lower than the feed rate you'd know something went wrong

Once these values are known, you can choose to do a balance either on the separator or

on the recombination point, since both now have 0 degrees of freedom. We choose the

separator because that leads directly to what we're looking for.

The mass balances on the separator can be solved using the same method as that without

a recycle system, the results are:

ṁ2 = 70.83kg
hr ,xA2 = 0.530, ṁ3 = 58.33kg

hr ,xA3 = 0.429

Now since we know the flowrate of stream 3 and the splitting ratio we can find the rate of

stream 6:

ṁ6 = ṁ3
2 = 29.165kg

hr ,xA6 = xA3 = 0.429

Note:

You should check to make sure that m2 and m6 add up to the total feed rate, otherwise

you made a mistake.

Now we can assess how effective the recycle is. The concentration of A in the liquid stream

was reduced, by a small margin of 0.015 mole fraction. However, this extra reduction came

at a pair of costs: the flow rate of dilute stream was significantly reduced: from 45 to 29.165

kg/hr! This limitation is important to keep in mind and also explains why we

bother trying to make very efficient separation processes.
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4.6. Systems with Recycle: a Cleaning Process

4.6.1. Problem Statement

Example:

Consider a process in which freshly-mined ore is to be cleaned so that later processing

units do not get contaminated with dirt. 3000 kg/hr of dirty ore is dumped into a large

washer, in which water is allowed to soak the ore on its way to a drain on the bottom

of the unit. The amount of dirt remaining on the ore after this process is negligible,

but water remains absorbed on the ore surface such that the net mass flow rate of the

cleaned ore is 3100 kg/hr.

The dirty water is cleaned in a settler, which is able to remove 90% of the dirt in the

stream without removing a significant amount of water. The cleaned stream then is

combined with a fresh water stream before re-entering the washer.

The wet, clean ore enters a dryer, in which all of the water is removed. Dry ore is

removed from the dryer at 2900 kg/hr.

The design schematic for this process was as follows:

Figure 11

a) Calculate the necessary mass flow rate of fresh water to achieve this removal at steady

state.

b) Suppose that the solubility of dirt in water is 0.4 g dirt
cm3 H2O

. Assuming that the water

leaving the washer is saturated with dirt, calculate the mass fraction of dirt in the stream

that enters the washer (after it has been mixed with the fresh-water stream).
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4.6.2. First Step: Draw a Flowchart

A schematic is given in the problem statement but it is very incomplete, since it does not

contain any of the design specifications (the efficiency of the settler, the solubility of soil in

water, and the mass flow rates). Therefore, it is highly recommended that you draw your

own picture even when one is provided for you. Make sure you label all of the streams, and

the unknown concentrations.

Figure 12

4.6.3. Second Step: Degree of Freedom Analysis

• Around the washer: 6 independent unknowns (xO1, ṁ2,xD2, ṁ3,xD3,xO4), three inde-
pendent mass balances (ore, dirt, and water), and one solubility. The washer has 2 DOF

.

• Around the dryer: 2 independent unknowns (xO4, ṁ5) and two independent equations
= 0 DOF.
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Note:

Since the dryer has no degrees of freedom already, we can say that the system variables

behave as if the stream going into the dryer was not going anywhere, and therefore this

stream should not be included in the ”in-between variables” calculation.

• Around the Settler:5 independent unknowns (ṁ3,xD3, ṁ7, ṁ8,xD8), two mass balances
(dirt and water), the solubility of saturated dirt, and one additional information (90%

removal of dirt), leaving us with 1 DOF.

• At the mixing point: We need to include this in order to calculate the total degrees

of freedom for the process, since otherwise we're not counting m9 anywhere. 5 unknowns

(ṁ2,xD2, ṁ8,xD8, ṁ9) and 2 mass balances leaves us with 3 DOF.

Therefore, Overall = 3+2+1 - 6 intermediate variables (not including xO4 since that's going

to the dryer) = 0

The problem is well-defined.

4.6.4. Devising a Plan

Recall that the idea is to look for a unit operation or some combination of them with 0

Degrees of Freedom, calculate those variables, and then recalculate the degrees of freedom

until everything is accounted for.

From our initial analysis, the dryer had 0 DOF so we can calculate the two unknowns xO4

and m5. Now we can consider xO4 and m5 known and redo the degree of freedom analysis

on the unit operations.

• Around the washer: We only have 5 unknowns now (xO1, ṁ2,xD2, ṁ3,xD3), but still
only three equations and the solubility. 1 DOF.

• Around the settler: Nothing has changed here since xO4 and m5 aren't connected to

this operation.

• Overall System: We have three unknowns (xO1, ṁ7, ṁ9) since ṁ5 is already determined,
and we have three mass balances (ore, dirt, and water). Hence we have 0 DOF for the

overall system.

Now we can say we know xO1, ṁ7, and ṁ9.

• Around the settler again: since we know m7 the settler now has 0 DOF and we can

solve for ṁ3,xD3, ṁ8, and xD8.

• Around the washer again: Now we know m8 and xD8. How many balances can we

write?

Note:

If we try to write a balance on the ore, we will find that the ore is already balanced

because of the other balances we've done. If you try to write an ore balance, you'll see

you already know the values of all the unknowns in the equations. Hence we can't count

that balance as an equation we can use (I'll show you this when we work out the actual

calculation).
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The washer therefore has 2 unknowns (m2, xD2) and 2 equations (the dirt and water bal-

ances) = 0 DOF

This final step can also be done by balances on the recombination point (as shown below).

Once we have m2 and xD2 the system is completely determined.

4.6.5. Converting Units

The only given information in inconsistent units is the solubility, which is given as

0.4 g dirt
cm3 H2O

. However, since we know the density of water (or can look it up), we can

convert this to kg dirt
kg H2O

as follows:

0.4 g dirt
cm3 H2O

∗1 cm3 H2O
g H2O

= 0.4 g dirt
g H2O

= 0.4 kg dirt
kg H2O

Now that this information is in the same units as the mass flow rates we can proceed to the

next step.

4.6.6. Carrying Out the Plan

First, do any two mass balances on the dryer. I choose total and ore balances. Remember

that the third balance is not independent of the first two!

• Overall Balance: ṁ4 = ṁ5 + ṁ6
• Ore Balance: ṁ4 ∗xO4 = ṁ5 ∗xO5 + ṁ6 ∗xO6

Substituting the known values:

• Overall: 3100 = ṁ5 +2900
• Ore: xO4 ∗3100 = 1∗2900

Solving gives:

ṁ5 = 200kg
hr

xO4 = 0.935kg
hr

Now that we have finished the dryer we do the next step in our plan, which was the overall

system balance:

• Water Balance: ṁ9 = ṁ5
• Ore Balance: xO1 ∗ ṁ1 = ṁ6
• Dirt Balance: (1−xO1)∗ ṁ1 = ṁ7

ṁ9 = 200kg
hr , xO1 = 0.967,

ṁ7 = 100kg
hr

Next we move to the settler as planned, this one's a bit trickier since the solutions aren't

immediately obvious but a system must be solved.

• Overall Balance: ṁ3 = ṁ7 + ṁ8
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• Dirt Balance: ṁ3 ∗xD3 = ṁ7 ∗xD7 + ṁ8 ∗xD8
• Efficiency of Removal: ṁ7 = 0.9∗ ṁ3 ∗xD3

Using the solubility is slightly tricky. You use it by noticing that the mass of dirt in stream

3 is proportional to the mass of water, and hence you can write that:

• mass dirt in stream 3 = 0.4 * mass water in stream 3

• Solubility: ṁ3 ∗xD3 = 0.4∗ ṁ3 ∗ (1−xD3)

Plugging in known values, the following system of equations is obtained:

• ṁ3 = 100+ ṁ8
• ṁ3 ∗xD3 = 100+ ṁ8 ∗xD8
• ṁ3 ∗xD3 = 111.11
• ṁ3 ∗xD3 = 0.4∗ ṁ3 ∗ (1−xD3)

Solving these equations for the 4 unknowns, the solutions are:

ṁ3 = 388.89kg
hr , ṁ8 = 288.89kg

hr ,
xD3 = 0.286,xD8 = 0.0385

Finally, we can go to the mixing point, and say:

• Overall: ṁ8 + ṁ9 = ṁ2
• Dirt: ṁ8 ∗xD8 = ṁ2 ∗xD2

From which the final unknowns are obtained:

ṁ2 = 488.89kg
hr

xD2 = 0.0229

Since the problem was asking for ṁ2, we are now finished.

4.6.7. Check your work

These values should be checked by making a new flowchart with the numerical values, and

ensuring that the balances on the washer are satisfied. This is left as an exercise for the

reader.
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systems

5.1. Review of Reaction Stoichiometry

Up until now, all of the balances we have done on systems have been in terms of mass.

However, mass is inconvenient for a reacting system because it does not allow us to take

advantage of the stoichiometry of the reaction in relating the relative amounts of reactants

and of products.

Stoichiometry is the relationship between reactants and products in a balanced reaction

as given by the ratio of their coefficients. For example, in the reaction:

C2H2 +2H2→ C2H6

the reaction stoichiometry would dictate that for every one molecule of C2H2 (acetylene)
that reacts, two molecules of H2 (hydrogen) are consumed and one molecule of C2H6 are
formed. However, this does not hold for grams of products and reactants.

Even though the number of molecules in single substance is proportional to the mass of that

substance, the constant of proportionality (the molecular mass) is not the same for every

molecule. Hence, it is necessary to use the molecular weight of each molecule to convert

from grams to moles in order to use the reaction's coefficients.

5.2. Molecular Mole Balances

We can write balances on moles like we can on anything else. We'll start with our ubiquitous

general balance equation:

Input−Output = Accumulation−Generation

As usual we assume that accumulation = 0 in this book so that:

Input−Output+Generation = 0

Let us denote molar flow rates by ṅ to distinguish them from mass flow rates. We then

have a similar equation to the mass balance equation:

Σṅin−Σṅout +ngen = 0

The same equation can be written in terms of each individual species.

There are a couple of important things to note about this type of balance as opposed to a

mass balance:
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1. Just like with the mass balance, in a mole balance, a non-reactive system has ngen = 0
for all species.

2. Unlike the mass balance, the TOTAL generation of moles isn't necessarily 0 even

for the overall mole balance! To see this, consider how the total number of moles

changes in the above reaction; the final number of moles will not equal the initial

number because 3 total moles of molecules are reacting to form 1 mole of products.

Why would we use it if the generation isn't necessarily 0? We use the molecular mole balance

because if we know how much of any one substance is consumed or created in

the reaction, we can find all of the others from the reaction stoichiometry. This

is a very powerful tool because each reaction only creates one new unknown if you use this

method! The following section is merely a formalization of this concept, which can be used

to solve problems involving reactors.

5.3. Extent of Reaction

In order to formalize the previous analysis of reactions in terms of a single variable, let us

consider the generic reaction:

aA+ bB→ cC +dD

The Molar Extent of Reaction X is defined as:

X =−∆nA
a =−∆nB

b = ∆nC
c = ∆nD

d

Since all of these are equivalent, it is possible to find the change in moles of any species in

a given reaction if the extent of reaction X is known.

Note:

Though they won't be discussed here, there are other ways in which the extent of reac-

tion can be defined. Some other definitions are dependent on the percent change of a

particular substrate, and the stoichiometry is used in a different way to determine the

change in the others. This definition makes X independent of the substrate you choose.

The following example illustrates the use of the extent of reaction.

66



Mole Balances and Extents of Reaction

Example:

Consider the reaction H2O2 + O3→H2O +2O2. If you start with 50 g of H2O2 and 25
grams of O3, and 25% of the moles of O3 are consumed, find the molar extent of reaction
and the changes in the other components.

Solution: First we need to convert to moles, since stoichiometry is not valid when units

are in terms of mass.

50 g H2O2 ∗ 1 mol
34 g = 1.471 moles H2O2

25 g O3 ∗ 1 mol
48 g = 0.5208 moles O3

Clearly ozone is the limiting reactant here. Since 25% is consumed, we have that:

∆n(O3) =−0.25∗0.5208 =−0.1302 moles O3
Hence, by definition, X = −0.1302

1 = 0.1302
And then we have ∆n(H2O2) = −0.1302,∆n(H2O) = 0.1302,∆n(O2) = 2 ∗ 0.1302 =
0.2604, all in moles of the appropriate substrate.

5.4. Mole Balances and Extents of Reaction

The mole balance written above can be written in terms of extent of reaction if we notice

that the ∆n(A) term defined above is exactly the number of moles of a generated or consumed
by the reaction.

Note:

This is only useful for individual species balances, not the overall mole balance. When

doing balances on reactive systems, unlike with non-reactive systems, it is generally

easier to use all individual species balances possible, rather than the total mole balance

and then all but one of the individual species. This is because the total generation of

moles in a reaction is generally not 0, so no algebraic advantage is gained by using the

total material balance on the system.

Therefore we can write that:

nA,gen = ∆n(A) =−X ∗a

where X is the molar extent of reaction and a is the stoichiometric coefficient of A. Plugging

this into the mole balance derived earlier, we arrive at the molecular mole balance

equation:

ΣṅA,out−ΣnA,in−X ∗a = 0 if A is consumed, or +Xa if it is generated in the reaction

5.5. Degree of Freedom Analysis on Reacting Systems

If we have N different molecules in a system, we can write N mass balances or N mole

balances, whether a reaction occurs in the system or not. The only difference is that in a

reacting system, we have one additional unknown, the molar extent of reaction, for each

reaction taking place in the system. Therefore each reaction taking place in a process

will add one degree of freedom to the process.
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Note:

This will be different from the atom balance which is discussed later.

5.6. Complications

Unfortunately, life is not ideal, and even if we want a single reaction to occur to give us

only the desired product, this is either impossible or uneconomical compared to dealing

with byproducts, side reactions, equilibrium limitations, and other non-idealities.

5.6.1. Independent and Dependent Reactions

When you have more than one reaction in a system, you need to make sure that they are

independent. The idea of independent reactions is similar to the idea of linear indepen-

dence1 in mathematics.

Lets consider the following two general parallel competing reactions:

• aA+ bB→ cC +dD
• a2A+ b2B→ e2E

We can represent each of the reactions by a vector of the coefficients:

• V = [ A coeff, B coeff, C coeff, D coeff, E coeff]
• v1 = [−a,−b,c,d,0]
• v2 = [−a2,−b2,0,0,e2]

This site2

Note:

The site above gives a nice tool to tell whether any number of vectors are linearly

dependent or not. Lacking such a tool, it is necessary to assess by hand whether the

equations are independent. Only independent equations should be used in your

analysis of multiple reactions, so if you have dependent equations, you can eliminate

reactions from consideration until you've obtained an independent set.

By definition a set of vectors is only linearly independent if the equation:

K1 ∗v1 +K2 ∗v2 = 0

where K1 and K2 are constants only has one solution: K1 = K2 = 0.

Lets plug in our vectors:

K1 ∗ [−a,−b,c,d,0]+K2 ∗ [−a2,−b2,0,0,e2] = 0

Since all components must add up to 0, the following system follows:

• −K1 ∗a−K2 ∗a2 = 0
• −K1 ∗ b−K2 ∗ b2 = 0

1 https://en.wikipedia.org/wiki/linear%20independence

2 http://www.math.odu.edu/~bogacki/cgi-bin/lat.cgi?c=li
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Complications

• K1 ∗ c+0 = 0
• K1 ∗d+0 = 0
• 0+K2 ∗e2 = 0

Obviously, the last three equations imply that unless c = d = 0 and e2 = 0, K1 = K2 = 0
and thus the reactions are independent.

Linearly Dependent Reactions

There is one rule to keep in mind whenever you are checking for reaction dependence or

independence, which is summarized in the following box.

If any non-zero multiple of one reaction can be added to a multiple of a

second reaction to yield a third reaction, then the three reactions are not

independent.

Therefore, if the following reaction could occur in the same system as the two above:

(a+a2)A+(b+ b2)B→ cC +dD +e2E

then it would not be possible to analyze all three reactions at once, since this reaction is

the sum of the first two. Only two can legitimately be analyzed at the same time.

All degree of freedom analyses in this book assume that the reactions are independent. You

should check this by inspection or, for a large number of reactions, with numerical methods.

5.6.2. Extent of Reaction for Multiple Independent Reactions

When you are setting up extent of reaction in a molecular species balance, you must sure

that you set up one for each reaction, and include both in your mole balance. So really,

your mole balance will look like this:

ΣnA,in−ΣnA,out+ΣakXk = 0

for all k reactions. In such cases it is generally easier, if possible, to use an atom balance

instead due to the difficulty of solving such equations.

5.6.3. Equilibrium Reactions

In many cases (actually, the majority of them), a given reaction will be reversible, meaning

that instead of reacting to completion, it will stop at a certain point and not go any farther.

How far the reaction goes is dictated by the value of the equilibrium coefficient. Recall from

general chemistry that the equilibrium coefficient for the reaction aA + bB → cC + dD is

defined as follows:

K = Cc
C,eq∗Cd

D,eq

Ca
A,eq∗Cb

B,eq

with concentration Ci expressed as molarity for liquid solutes or partial

pressure for gasses
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Here [A] is the equilibrium concentration of A, usually expressed in molarity for an aqueous

solution or partial pressure for a gas. This equation can be remembered as ”products over

reactants”.

Usually solids and solvents are omitted by convention, since their concentrations stay

approximately constant throughout a reaction. For example, in an aqueous solution, if

water reacts, it is left out of the equilibrium expression.

Often, we are interested in obtaining the extent of reaction of an equilibrium reaction when

it is in equilibrium. In order to do this, first recall that:

X = −∆nA
a

and similar for the other species.

Liquid-phase Analysis

Rewriting this in terms of molarity (moles per volume) by dividing by volume, we have:

X
V = [A]0−[A]f

a

Or, since the final state we're interested in is the equilibrium state,

X
V = [A]0−[A]eq

a

Solving for the desired equilibrium concentration, we obtain the equation for equilibrium

concentration of A in terms of conversion:

[A]eq = [A]0− aX
V

Similar equations can be written for B, C, and D using the definition of extent of reaction.

Plugging in all the equations into the expression for K, we obtain:

K = ([C]0+ cX
V

)c([D]0+ dX
V

)d

([A]0− aX
V

)a([B]0− bX
V

)b

At equilibrium for liquid-phase reactions only

Using this equation, knowing the value of K, the reaction stoichiometry, the initial concen-

trations, and the volume of the system, the equilibrium extent of reaction can be determined.

Note:

If you know the reaction reaches equilibrium in the reactor, this counts as

an additional piece of information in the DOF analysis because it allows you

to find X. This is the same idea as the idea that, if you have an irreversible reaction

and know it goes to completion, you can calculate the extent of reaction from that.
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Complications

Gas-phase Analysis

By convention, gas-phase equilibrium constants are given in terms of partial pressures

which, for ideal gasses, are related to the mole fraction by the equation:

PA = yAP for ideal gasses only

If A, B, C, and D were all gases, then, the equilibrium constant would look like this:

P c
CP d

D

P a
AP b

B

Gas-Phase Equilibrium Constant

In order to write the gas equilibrium constant in terms of extent of reaction, let us assume

for the moment that we are dealing with ideal gases. You may recall from general chemistry

that for an ideal gas, we can write the ideal gas law for each species just as validly as we

can on the whole gas (for a non-ideal gas, this is in general not true). Since this is true, we

can say that:

nA
V = [A] = PA

RT

Plugging this into the equation for X
V above, we obtain:

aX
V = [A]− [A]eq = PA0

RT −
PA,eq

RT

Therefore,

Pa,eq = PA0− aXRT
V

Similar equations can be written for the other components. Plugging these into the equi-

librium constant expression:

K = (PC0+ cXRT
V

)c(PD0+ dXRT
V

)d

(PA0− aXRT
V

)a(PB0− bXRT
V

)b

Gas Phase Ideal-Gas Equilibrium Reaction at Equilibrium

Again, if we know we are at equilibrium and we know the equilibrium coefficient (which can

often be found in standard tables) we can calculate the extent of reaction.

5.6.4. Special Notes about Gas Reactions

You need to remember that In a constant-volume, isothermal gas reaction, the total pressure

will change as the reaction goes on, unless the same number of moles are created as produced.

In order to show that this is true, you only need to write the ideal gas law for the total

amount of gas, and realize that the total number of moles in the system changes.
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This is why we don't want to use total pressure in the above equations for K, we want to

use partial pressures, which we can conveniently write in terms of extent of reaction.

5.6.5. Inert Species

Notice that all of the above equilibrium equations depend on concentration of the substance,

in one form or another. Therefore, if there are species present that don't react, they may

still have an effect on the equilibrium because they will decrease the concentrations of the

reactants and products. Just make sure you take them into account when you're calculating

the concentrations or partial pressures of each species in preparation for plugging into the

equilibrium constant.

5.7. Example Reactor Solution using Extent of Reaction

and the DOF

Example:

Consider the reaction of Phosphene with oxygen: 4PH3 +8O2→ P4O10 +6H2O
Suppose a 100-kg mixture of 50% PH3 and 50% O2 by mass enters a reactor in a single
stream, and the single exit stream contains 25% O2 by mass. Assume that all the
reduction in oxygen occurs due to the reaction. How many degrees of freedom does this

problem have? If possible, determine mass composition of all the products.

It always helps to draw a flowchart:

Figure 13

There are four independent unknowns: the total mass (mole) flowrate out of the reactor,

the concentrations of two of the exiting species (once they are known, the forth can be

calculated), and the extent of reaction.

Additionally, we can write four independent equations, one on each reacting substance.

Hence, there are 0 DOF and this problem can be solved.

Let's illustrate how to do it for this relatively simple system, which illustrates some very

important things to keep in mind.
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First, recall that total mass is conserved even in a reacting system. Therefore, we

can write that:

ṁout = ṁin = 100 kg

Now, since component masses aren't conserved, we need to convert as much as we can into

moles so we can apply the extent of reaction.

ṅP H3,in = 0.5∗ (100 kg)∗ 1 mol
0.034 kg = 1470.6 moles PH3 in ṅO2,in = 0.5 ∗ (100 kg)∗ 1 mol

0.032 kg =
1562.5 moles O2 in

ṅO2,out = 0.25∗ (100 kg)∗ 1 mol
0.032 kg = 781.25 moles O2 out

Let's use the mole balance on oxygen to find the extent of reaction, since we know how

much enters and how much leaves. Recall that:

ΣṅA,in−ΣṅA,out−a∗X = 0

where a is the stoichiometric coefficient for A. Plugging in known values, including a = 8

(from the reaction written above), we have:

1562.5−781.25−8X = 0

Solving gives:

X = 97.66 moles

Now let's apply the mole balances to the other species to find how much of them is present:

• PH3 : 1470.6− ṅP H3,out−4(97.66) = 0→ ṅP H3,out = 1080.0 moles PH3
• P4H10 : 0− ṅP4O10,out +1(97.66) = 0→ ṅP4H10,out = 97.66 moles P4O10 (note it's + instead
of - because it's being generated rather than consumed by the reaction)

• H2O : 0− ṅH2O,out +6(97.66) = 0→ ṅH2O,out = 586.0 moles H2O

Finally, the last step we need to do is find the mass of all of these, and divide by the total

mass to obtain the mass percents. As a sanity check, all of these plus 25 kg of oxygen should

yield 100 kg total.

• Mass PH3 out = 1080 moles * 0.034 kg\mole = 36.72 kg
• Mass P4O10 out = 97.66 moles * .284 kg\mole = 27.74 kg
• Mass H2O out = 586 moles * 0.018 kg\mole = 10.55 kg

Sanity check: 36,72 + 27.74 + 10.55 + 25 (oxygen) = 100 kg (total), so we're still sane.

Hence, we get:

36.72%PH3,27.74%P4H10,10.55%H2O,25%O2 by mass
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5.8. Example Reactor with Equilibrium

Example:

Suppose that you are working in an organic chemistry lab in which 10 kg of compound

A is added to 100 kg of a 16% aqueous solution of B (which has a density of 57 lb/ft^3)

The following reaction occurs:

A+2B←→ 3C +D
A has a molar mass of 25 g/mol and B has a molar mass of 47 g/mol. If the equilibrium

constant for this reaction is 187 at 298K, how much of compound C could you obtain

from this reaction? Assume that all products and reactants are soluble in water at the

design conditions. Adding 10 kg of A to the solution causes the volume to increase by

5 L. Assume that the volume does not change over the course of the reaction.

Solution: First, draw a flowchart of what we're given.

Figure 14

Since all of the species are dissolved in water, we should write the equilibrium constant in

terms of molarity:

K = 187 = [C]3[D]
[A][B]2

We use initial molarities of A and B, while we are given mass percents, so we need to

convert.

Let's first find the number of moles of A and B we have initially:

nA0 = 10 kg A∗ 1 mol A
0.025 kg A

= 400 mol A

nB0 = 100 kg solution∗ 0.16 kg B
kg sln

= 16 kg B∗ 1mol B
0.047 kg B

= 340.43 mol B

Now, the volume contributed by the 100kg of 16% B solution is:
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V = m
ρ = 100 kg

57 lb
ft3 ∗ 1 kg

2.2 lb
∗ 1 ft

3

28.317 L

= 109.3 L

Since adding the A contributes 5L to the volume, the volume after the two are mixed is

109.3 L+5 L= 114.3 L.

By definition then, the molarities of A and B before the reaction occurs are:

• [A]0 = 400 moles A
114.3 L = 3.500M

• [B]0 = 340.42 moles B
114.3 L = 2.978M

In addition, there is no C or D in the solution initially:

• [C]0 = [D]0 = 0

According to the stoichiometry of the reaction, a = 1, b = 2, c = 3,d = 1. Therefore we now
have enough information to solve for the conversion. Plugging all the known values into the

equilibrium equation for liquids, the following equation is obtained:

187 = ( 3X
114.3 )3( X

114.3 )
(3.5− X

114.3 )(2.978− 2X
114.3 )2

This equation can be solved using Goalseek or one of the numerical methods in appendix 1

to give:

X = 146.31 moles

Since we seek the amount of compound C that is produced, we have:

• X = ∆nC
c

• Since c = 3,nC0 = 0, and X = 146.31, this yields nC = 3∗146.31 = 438.93 moles C

438.93 moles of C can be produced by this reaction.

5.9. Introduction to Reactions with Recycle

Reactions with recycle are very useful for a number of reasons, most notably because they

can be used to improve the selectivity of multiple reactions, push a reaction beyond its

equilibrium conversion, or speed up a catalytic reaction by removing products. A recycle

loop coupled with a reactor will generally contain a separation process in which unused

reactants are (partially) separated from products. These reactants are then fed back into

the reactor along with the fresh feed.

75



Mass/mole balances in reacting systems

5.10. Example Reactor with Recycle

Example:

Consider a system designed for the hydrogenation of ethylene into ethane:

• 2H2 +C2H2→ C2H6
• (2A+B→ C)
The reaction takes too long to go to completion (and releases too much heat) so

the designers decided to implement a recycle system in which, after only part of the

reaction had finished, the mixture was sent into a membrane separator. There, most of

the ethylene was separated out, with little hydrogen or ethylene contamination. After

this separation, the cleaned stream entered a splitter, where some of the remaining

mixture was returned to the reactor and the remainder discarded.

The system specifications for this process were as follows:

• Feed: 584 kg/h ethylene, 200 kg/h hydrogen gas

• Outlet stream from reactor contains 15% hydrogen by mass

• Mass flows from membrane separator: 100 kg/h, 5% Hydrogen and 93% ethane

• Splitter: 30% reject and 70% reflux

What was the extent of reaction for this system? What would the extent of reaction

be if there was no separation/recycle process after (assume that the mass percent of

hydrogen leaving the reactor is the same)? What limits how effective this process can

be?

Solution:

Let's first draw our flowchart as usual:

Figure 15
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5.10.1. DOF Analysis

• On reactor: 6 unknowns (ṁ5,xA5,xB5, ṁ3,xB3,X) - 3 equations = 3 DOF
• On separator: 5 unknowns (ṁ3,xB3, ṁ5,xA5,xB5) - 3 equations = 2 DOF
• On splitter: 3 unknowns - 0 equations (we used all of them in labeling the chart) -> 3

DOF

• Duplicate variables: 8 (ṁ5,xA5,xB5 twice each and ṁ3,xB3 once)
• Total DOF = 8 - 8 = 0 DOF

5.10.2. Plan and Solution

Generally, though not always, it is easiest to deal with the reactor itself last because it

usually has the most unknowns. Lets begin by looking at the overall system because we

can often get some valuable information from that.

Overall SystemDOF(overall system) = 4 unknowns (ṁ5,xA5,X,xB5) - 3 equations = 1
DOF.

Note:

We CANNOT say that total mass of A and B is conserved because we have a reaction

here! Therefore we must include the conversion X in our list of unknowns for both the

reactor and the overall system. However, the total mass in the system is conserved so

we can solve for ṁ5.

Let's go ahead and solve for m5 though because that'll be useful later.

784 = 100+0.3(ṁ5)

ṁ5 = 2280 kg/h

We can't do anything else with the overall system without knowing the conversion so lets

look elsewhere.

DOF(separator) = 4 unknowns (ṁ3,xB3,xA5,xB5) - 3 equations = 1 DOF. Let's solve for
those variables we can though.

We can solve for m3 because from the overall material balance on the separator:

• ṁ3 = ṁ4 + ṁ5
• ṁ3 = 100+2280

ṁ3 = 2380 kg/h

Then we can do a mass balance on A to solve for xA5:

• ṁ3xA3 = ṁ4xA4 + ṁ5xA5
• 2380(0.15) = 100(0.05)+2380(xA5)

xA5 = .1544
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Since we don't know xB5 or xB3, we cannot use the mass balance on B or C for the separator,
so lets move on. Let's now turn to the reactor:

5.10.3. Reactor Analysis

DOF: 3 unknowns remaining (xB3,xB5,andX) - 2 equations (because the overall balance is
already solved!) = 1 DOF. Therefore we still cannot solve the reactor completely. However,

we can solve for the conversion and generation terms given what we know at this point.

Lets start by writing a mole balance on A in the reactor.

ṅA1 + ṅA,recycle−X ∗a = ṅA3

To find the three nA terms we need to convert from mass to moles (since A is hydrogen,

H2, the molecular weight is 1 mol
0.002016 g):

• ṅA1 = 200kg
h ∗

1 mol
0.002016 kg = 99206mol Ah

• ṅA,recycle = 0.7∗ m5∗xA5
MWA

= 0.7(2280)(0.1544)
0.002016 = 122000mol Ah

Thus the total amount of A entering the reactor is:

• ṅA,in = 99206+122000 = 221428mol Ah

The amount exiting is:

• ṅA,out = ṁ3∗xA3
MMA

= 2380∗0.15
0.002016 = 177083mol Ah

Therefore we have the following from the mole balance:

• 221428−2X = 177083

X = 22173 molesh

Now that we have this we can calculate the mass of B and C generated:

• mB,gen =−Xb∗MWB = 22173 mol Bh ∗0.026 kg

mol B
=−576.5 kg Bh

• mC,gen = +Xc∗MWC = 22173 mol Ch ∗0.030 kg

mol C
= +665.2 kg Ch

At this point you may want to calculate the amount of B and C leaving the reactor with

the mass balances on B and C:

• 584+0.7∗xB5 ∗2280−576.5 = xB3 ∗2380
• (1) 0.7∗ (1−0.1544−xB5)∗2280+665.2 = (1−0.15−xB3)∗2380

However, these equations are exactly the same! Therefore, we have proven our assertion that

there is still 1 DOF in the reactor. So we need to look elsewhere for something to calculate

xB5. That place is the separator balance on B:

• ṁ3 ∗xB3 = ṁ4 ∗xB4 + ṁ5 ∗xB5
• (2) 2380xB3 = 0.02(100)+2280xB5

Solving these two equations (1) and (2) yields the final two variables in the system:
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xB3 = 0.00856,xB5 = 0.008058

Note that this means the predominant species in stream 5 is also C (xC5 = 0.838). However,
the separator/recycle setup does make a big difference, as we'll see next.

5.10.4. Comparison to the situation without the separator/recycle

system

Now that we know how much ethane we can obtain from the reactor after separating, let's

compare to what would happen without any of the recycle systems in place. With the same

data as in the first part of this problem, the new flowchart looks like this:

Figure 16

There are three unknowns (ṁ3,xB3,X) and three independent material balances, so the
problem can be solved. Starting with an overall mass balance because total mass is con-

served:

• ṁ1 + ṁ2 = ṁ3
• ṁ3 = 789kg

h

We can carry out the same sort of analysis on the reactor as we did in the previous section

to find the conversion and mass percent of C in the exit stream, which is left as an exercise

to the reader. The result is that:

• X = 20250 moles,xC3 = 0.77

Compare this to the two exit streams in the recycle setup. Both of the streams were

richer in C than 77%, even the reject stream. This occurred because the unreacted

A and B was allowed to re-enter the reactor and form more C, and the separator was able

to separate almost all the C that formed from the unreacted A and B.
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5.11. The concept of atom balances

Let's begin this section by looking at the reaction of hydrogen with oxygen to form water:

H2 +O2→H2O

We may attempt to do our calculations with this reaction, but there is something seriously

wrong with this equation! It is not balanced; as written, it implies that an atom of oxygen

is somehow ”lost” in the reaction, but this is in general impossible. Therefore, we must

compensate by writing:

H2 + 1
2O2→H2O

or some multiple thereof.

Notice that in doing this we have made use of the following conservation law, which is

actually the basis of the conservation of mass:

The number of atoms of any given element does not change in any reaction

(assuming that it is not a nuclear reaction).

Since by definition the number of moles of an element is proportional to the number of

atoms, this implies that ṅA,gen = 0 where A represents any element in atomic form.

5.12. Mathematical formulation of the atom balance

Now recall the general balance equation:

In−Out+Generation−Consumption = Accumulation

In this course we're assuming Accumulation = 0. Since the moles of atoms of any element
are conserved, generation = 0 and consumption = 0. So we have the following balance on
a given element A:

For a given element A,

ΣṅA,in−ΣṅA,out = 0

Note:

When analyzing a reacting system you must choose either an atom balance or a molec-

ular species balance but not both. Each has advantages; an atom balance often yields

simpler algebra (especially for multiple reactions; the actual reaction that takes place

is irrelevant!) but also will not directly tell you the extent(s) of reaction, and will not

tell you if the system specifications are actually impossible to achieve for a given set of

equilibrium reactions.
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5.13. Degree of Freedom Analysis for the atom balance

As before, to do a degree of freedom analysis, it is necessary to count the number of

unknowns and the number of equations one can write, and then subtract them. However,

there are a couple of important things to be aware of with these balances.

• When doing atom balances, the extent of reaction does not count as an un-

known, while with a molecular species balance it does. This is the primary

advantage of this method: the extent of reaction does not matter since atoms of elements

are conserved regardless of how far the reaction has proceeded.

• You need to make sure each atom balance will be independent. This is difficult to tell

unless you write out the equations and look to see if any two are identical.

• In reactions with inert species, each molecular balance on the inert species counts as

an additional equation. This is because of the following important note:

Note:

When you're doing an atom balance you should only include reactive species, not

inerts.

Example:

Suppose a mixture of nitrous oxide (N2O) and oxygen is used in a natural gas burner.
The reaction CH4 +2O2→ 2H2O +CO2 occurs in it.
There would be four equations that you could write: 3 atom balances (C, H, and O)

and a molecular balance on nitrous oxide. You would not include the moles of nitrous

oxide in the atom balance on oxygen.

5.14. Example of the use of the atom balance

Let's re-examine a problem from the previous section. In that section it was solved using a

molecular species balance, while here it will be solved using atom balances.

Example:

Consider the reaction of Phosphene with oxygen: 4PH3 +8O2→ P4O10 +6H2O
Suppose a 100-kg mixture of 50% PH3 and 50% O2 by mass enters a reactor in a single
stream, and the single exit stream contains 25% O2 by mass. Assume that all the
reduction in oxygen occurs due to the reaction. How many degrees of freedom does this

problem have? If possible, determine mass composition of all the products.

For purposes of examination, the flowchart is re-displayed here:
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Figure 17

5.14.1. Degree of Freedom Analysis

There are three elements involved in the system (P, H, and O) so we can write three atom

balances on the system.

There are likewise three unknowns (since the extent of reaction is NOT an unknown when

using the atom balance): the outlet concentrations of PH3,P4O10,H2O

Therefore, there are 3 - 3 = 0 unknowns.

5.14.2. Problem Solution

Let's start the same as we did in the previous section: by finding converting the given

information into moles. The calculations of the previous section are repeated here:

• ṁout = ṁin = 100 kg
• ṅP H3,in = 0.5∗ (100 kg)∗ 1 mol

0.034 kg = 1470.6 moles PH3 in

• ṅO2,in = 0.5∗ (100 kg)∗ 1 mol
0.032 kg = 1562.5 moles O2 in

• ṅO2,out = 0.25∗ (100 kg)∗ 1 mol
0.032 kg = 781.25 moles O2 out

Now we start to diverge from the path of molecular balances and instead write atom balances

on each of the elements in the reaction. Let's start with Phosphorus. How many moles of

Phosphorus atoms are entering?

• Inlet: Only PH3 provides P, so the inlet moles of P are just 1∗1470.6 = 1470.6 moles P in
• Outlet: There are two ways phosphorus leaves: as unused PH3 or as the product P4O10.
Therefore, the moles of PH3 out are 1∗nP H3,out + 4∗nP4O10,out. Note that the 4 in this

equation comes from the fact that there are 4 Phosphorus atoms in every mole of P4O10.

Therefore the atom balance on Phosphorus becomes:

Phosphorus

1∗nP H3,out +4∗nP4O10,out = 1470.6
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Similarly, on Oxygen we have:

• Inlet: 2∗nO2,in = 2∗1562.5 = 3125 moles O2
• Outlet: 2∗nO2,out +10∗nP4O10,out +1∗nH2O,out = 1562.5+10∗nP4O10,out +1∗nH2O,out

Oxygen

1562.5+10∗nP4O10,out +1∗nH2O,out = 3125

Finally, check to see if you can get the following Hydrogen balance as a practice problem:

Hydrogen

2∗nH2O,out +3∗nP H3,out = 4411.8

Solving these three linear equations, the solutions are:

nP H3,out = 1080,nH2O,out = 586,nP4O10,out = 97.66 moles

All of these answers are identical to those obtained using extents of reaction. Since the

remainder of the solution to that problem is identical to that in the previous section, the

reader is referred there for its completion.

5.15. Example of balances with inert species

Sometimes it's more difficult to choose which type of balance you want, because both are

possible but one is significantly easier than the other. As an example, lets consider a basic

pollution control system.
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Example:

Suppose that you are running a power plant and your burner releases a lot of pollutants

into the air. The flue gas has been analyzed to contain 5% SO2, 3% NO2, 7% O2 and
15% CO2 by moles. The remainder was determined to be inert.
Local regulations require that the emissions of sulfur dioxide be less than 200 ppm (by

moles) from your plant. They also require you to reduce nitrogen dioxide emissions to

less than 50 ppm. You decide that the most economical method for control of these for

your plant is to utilize ammonia-based processes. The proposed system is as follows:

1. Put the flue gas through a denitrification system, into which (pure) ammonia is

pumped. The amount of ammonia pumped in is three times as much as would

theoretically be needed to use all of the nitrogen dioxide in the flue gas.

2. Allow it to react a specified amount of time.

3. Pump it into a desulfurization system. Nothing new is injected here, it just has

a different catalyst than the denitrification, and the substrates are at a different

temperature and pressure.

The reactions that occur are:

4. 2NO2 +4NH3 +O2→ 3N2 +6H2O
5. H2O +2NH3 +SO2→ (NH4)2SO3
If your plant makes 130ft3

s of flue gas at T = 900K and P = 2 atm, how much
ammonia do you need to purchase for each 8-hour shift? How much of it remains

unused? Why do we want to have a significant amount of excess ammonia?

Assume that the flue gas is an ideal gas. Recall the ideal gas law, PV = nRT ,
where R = 0.0821 L∗atm

mol∗K .

5.15.1. Step 1: Flowchart

Flowcharts are becoming especially important now as means of organizing all of that infor-

mation!

Figure 18
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5.15.2. Step 2: Degrees of Freedom

Let's consider an atomic balance on each reactor.

• Denitrification system: 9 unknowns (all concentrations in stream 3, and ṅ2.) - 3 atom
balances (N, H, and O) - 3 inert species (CO2,SO2, inerts) - 1 additional info (3X stoi-
chiometric feed) = 2 DOF

• Desulfurization system: 15 unknowns - 4 atom balances (N, H, O, and S) - 5 inerts

(CO2,O2,NO2,N2, inerts) = 6 DOF
• Total = 2 + 6 - 8 shared = 0 DOF, hence the problem has a unique solution.

We can also perform the same type of analysis on molecular balances.

• Denitrification system: 10 unknowns (now the conversion X1 is also unknown) - 8 molec-
ular species balances - 1 additional info = 1 DOF

• Desulfurization system: 16 unknowns (now the conversion X2 is unknown) - 9 balances
= 7 DOF.

• Total = 1 + 7 - 8 shared = 0 DOF.

Therefore the problem is theoretically solvable by both methods.

5.15.3. Step 3: Units

The only weird units in this problem (everything is given in moles already so no need to

convert) are in the volumetric flowrate, which is given in ft3

s . Lets convert this to
moles

s
using the ideal gas law. To use the law with the given value of R is is necessary to change

the flowrate to units of L
s :

130ft3

s ∗
28.317 L

ft3 = 3681.2L
s PV̇ = ṅRT → 2∗3681.2 = ṅ1(0.0821)(900)

ṅ1 = 99.64moles
s

Now that everything is in good units we can move on to the next step.

5.15.4. Step 4: Devise a plan

We can first determine the value of ṅ2 using the additional information. Then, we should
look to an overall system balance.

Since none of the individual reactors is completely solvable by itself, it is necessary to look to

combinations of processes to solve the problem. The best way to do an overall system

balance with multiple reactions is to treat the entire system as if it was a single

reactor in which multiple reactions were occurring. In this case, the flowchart will

be revised to look like this:

85



Mass/mole balances in reacting systems

Figure 19

Before we try solving anything, we should check to make sure that we still have no degrees

of freedom.

Atom Balance

There are 8 unknowns (don't count conversions when doing atom balances), 4 types of

atoms (H, N, O, and S), 2 species that never react, and 1 additional piece of information

(3X stoichiometric), so there is 1 DOF. This is obviously a problem, which occurs because

when performing atom balances you cannot distinguish between species that

react in only ONE reaction and those that take part in more than one.

In this case, then, it is necessary to look to molecular-species balances.

Molecular-species balance

In this case, there are 10 unknowns, but we can do molecular species balances on 9 species

(SO2,NO2,NH3,N2,O2,CO2,H2O,(NH4)2SO3, inerts) and have the additional informa-
tion, so there are 0 DOF when using this method.

Once we have all this information, getting the information about stream 3 is trivial from

the definition of extent of reaction.

5.15.5. Step 5: Carry Out the Plan

First off we can determine ṅ2 by using the definition of a stoichiometric feed.

ṅNO2,in = 0.03∗99.64 = 2.9892mol
s

The stoichiometric amount of ammonia needed to react with this is, from the reaction,

4 moles NH3
2 moles NO2

∗2.9892 = 5.96moles NH3
s
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Since the problem states that three times this amount is injected into the denitrification

system, we have:

ṅ2 = 17.88moles
s

Now, we are going to have a very complex system of equations with the 9 molecular balances.

This may be a good time to invest in some equation-solving software.

See if you can derive the following system of equations from the overall-system flowchart

above.

NH3 : ṅ4 ∗xNH3,4 = 17.88−4∗X1−2∗X2

SO2 : ṅ4 ∗2∗10−4 = 0.05∗99.64−X2

NO2 : ṅ4 ∗5∗10−5 = 0.03∗99.64−2∗X1

N2 : ṅ4 ∗xN2,4 = 3∗X1

O2 : ṅ4 ∗xO2,4 = 0.07∗99.64−X1

H2O : ṅ4 ∗xH2O,4 = 6∗X1−X2

CO2 : ṅ4 ∗xCO2,4 = 0.15∗99.64

(NH4)2(SO3) : ṅ4 ∗x(NH4)2SO3,4 = X2

Inerts : ṅ4 ∗ (1 − 2 ∗ 10−4 − 5 ∗ 10−5 − xNH3,4 − xN2,4 − xO2,4 − xH2O,4 − xCO2,4 −
x(NH4)2SO3,4) = 0.7∗99.64

Using an equation-solving package, the following results were obtained:
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X1 = 1.492 moles

X2 = 4.961 moles

ṅ3 = 105.62mol
s

xNH3,4 = 0.01884

xN2,4 = 0.04238

xO2,4 = 0.05191

xH2O,4 = 0.03778

xCO2,4 = 0.1415

x(NH4)2SO3,4 = 0.04697

xI = 1−Σ (other components) = 0.6606

Stream 3

Now that we have completely specified the composition of stream 4, it is possible to go back

and find the compositions of stream 3 using the extents of reaction and feed composition.

Although this is not necessary to answer the problem statement, it should be done, so that

we can then test to make sure that all of the numbers we have obtained are consistent.
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6. Multiple-phase systems, introduction

to phase equilibrium

6.1. What IS an ideal gas?

Recall from general chemistry that the volume, pressure, temperature, and moles of a gas

in a closed system can be related by the following equation, which is referred to as the

ideal gas law:

PV = nRT

R is referred to as the Universal Gas Constant, and it has the following values for

different units of P, V, n, and T:

R = 0.0821 L∗atm
mol∗K = 8.31 J

mol∗K = 8.31P a∗m3

mol∗K

One thing that may have been de-emphasized in an introductory chemistry course is the

fact that gasses do not always follow this law. In fact, they only do under very special

circumstances.

6.1.1. Theoretical background on the ideal gas law

The ideal gas law relies on several rather strong assumptions about the nature of gasses,

which make up the classical Kinetic Theory of Gases1. These assumptions are:

1. That gas molecules do not interact with each other whatsoever.

2. That all collisions between molecules and each other or with the walls of the container

are completely elastic, meaning the mean kinetic energy of the molecules stays the

same.

3. That gas molecules are very small compared to the distance between them.

There are several other assumptions as well, but these will suffice to explain why deviations

occur.

6.1.2. Important facts about ideal gasses

Ideal gasses are nice because they have several properties that make them relatively easy

and useful to work with:

1. A mixture of ideal gasses is also an ideal gas. Therefore, you can use the ideal gas

law on the entire mixture or on any of its components without loss of validity.

1 https://en.wikibooks.org/wiki/General%20Chemistry%2FKinetic%20Theory%20of%20Gases
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2. The Partial Pressure of a component in an ideal gas mixture is related to the total

pressure by the equation PA = xA ∗P where xA is the mole fraction of component A

in the mixture.

3. The ideal gas equation, if it is valid, is independent of the properties of the gas.

Therefore, there is no need to look up or measure gas-specific parameters, all you

need to know is 3 of the unknowns (P,V,T, and n) and you can solve for the fourth

one.

4. The enthalpy and entropy of an ideal gas only depend on temperature (not pressure

or volume).

5. Many gasses are close to ideal at low pressures and high temperatures. Therefore it

can be used as a realistic reference state to which a real gas can be compared.

There are many other useful properties of ideal gasses that will be discussed in thermody-

namics.

6.1.3. Deviations at high pressure

Suppose that you have water vapor in a small water bottle. What happens when you apply

pressure to that vapor by shrinking the volume? If you apply more pressure to the bottle,

the gas molecules within become closer and closer together. However, the closer molecules

of a substance are to one another, the larger the dispersion forces2 (and polar forces, if

applicable) are between them. Eventually, the dispersion forces become significant, and the

kinetic theory of gasses as stated above is no longer valid. Therefore, the ideal gas law no

longer applies, or becomes a rough estimate at best.

At very high pressures, a vapor might even condense into a liquid, which would also invali-

date the use of the law.

6.1.4. Deviations at low temperature

By definition of temperature, when the temperature of a substance decreases, this indicates

a lower average kinetic energy of the molecules of that substance. Molecules with less kinetic

energy also have less momentum, and therefore are more easily swayed by dispersion forces

from other molecules and by gravity. Eventually, the temperature might become low enough

that the forces from other molecules cause significant deviations in the path of a molecule,

and in this case the ideal gas law becomes less valid.

As with pressure, a very low temperature can cause a gas to condense.

6.1.5. Rule of thumb for use of the ideal gas law

Due to the above two discussions, we can claim that the ideal gas law is a decent

assumption at high temperatures and low pressures, but should not be used

outside that realm.

2 https://en.wikipedia.org/wiki/dispersion%20forces
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6.2. The Idea of Equations of State

The ideal gas law is not the only way to express relationships between system properties.

There are an infinite number of possible ways that you could propose to correlate system

variables, although thermodynamics provides some guidelines regarding how many variables

to correlate and what types of correlations we should look for. In particular, it is most useful

to correlate relationships between state variables3, for which changes in the properties do

not depend on how the change occurred.

Any equation that relates state variables is called an equation of state4. The most

commonly-used equations of state relate the variables P, T, V, and n (pressure, temperature,

volume, and number of moles) since they are all measurable variables whereas many other

possible variables are not directly measurable (such as enthalpy5, which will be discussed

later).

6.3. Compressibility

There is a highly useful quantity for describing how much a gaseous system deviates from

ideality, which is called the compressibility of the gas. The compressibility Z is defined

as:

Z = P ∗V
n∗R∗T

For an ideal gas, since PV = nRT , Z = 1. Therefore, any deviation of the compress-
ibility from 1 is a nonideality.

The compressibility of a liquid is very small, due to a small volume per mole of substance

compared to that of a gas.

6.3.1. Ideal Gas Law Extension

One use of the compressibility is that it allows a simple extension of the ideal gas law, which

is completely general.

Real-Gas Extension to the Ideal Gas Law

PV = nRTZ

Unfortunately, Z is not a constant for any material, but changes with pressure and tem-

perature. However, in a later section you will learn a technique called the generalized

compressibility method with which you can estimate the value of Z for any substance,

given certain data. Once it is known, this extension can be used to calculate an unknown

system property.

3 https://en.wikipedia.org/wiki/state%20variables

4 https://en.wikipedia.org/wiki/equation%20of%20state

5 https://en.wikipedia.org/wiki/enthalpy
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6.4. Alternatives to the ideal gas law 1: Van der Waals

Equation

One of the oldest equations that was developed to take non-ideality into account is called

the Van der Waals Equation6, which has two substance-dependent parameters. One

takes into account the interactions between particles, and the other the fact that particles

have volume, sometimes substantial.

The Van der Waals equation is as follows:

(
p+ n2a

V 2

)
(V −nb) = nRT where a and b depend on the gas being analyzed

A list of values for a and b can be found on Wikipedia at this page7.

The Van der Waals equation is significantly more accurate than the ideal gas law and can

be used to crudely predict when a gas will condense. However, it is not sufficiently accurate

for many industrial purposes, and therefore other methods have been sought since then.

6.5. Alternatives to the ideal gas law 2: Virial Equation

The Virial equation is an equation which has a potentially infinite number of parameters

that depend on the properties of the substances involved. It is important because it can be

shown to be a valid extension to the ideal gas law using statistical theories (whereas the

other equations of state have been derived semi-empirically).

The virial equation can take several forms, depending on the data one has available. The

one in terms of molar volume is:

Z = P Vm
RT = 1+ B

Vm
+ C

V 2
m

+ D
V 3

m
+ . . .

where Vm is the molar volume, which is the same as V
n

6.6. Alternatives to the ideal gas law 3: Peng-Robinson

equation

One of the more modern equations of state is the Peng-Robinson equation, which is most

useful for describing nonpolar molecules such as hydrocarbons or nitrogen. The Peng-

Robinson equation has two parameters like the Van der Waals equation, but unlike the

latter, one of the parameters is not constant; it depends on the temperature of the system

as well as the properties of the substance inside.

6 https://en.wikipedia.org/wiki/Van%20der%20Waals%20equation

7 https://en.wikipedia.org/wiki/Van%20der%20Waals%20constants%20%28data%20page%29
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6.7. Phase Equlibrium

Many processes in chemical engineering do not only involve a single phase but a combination

of two immiscible liquids, or a stream containing both gas and liquid. It is very important

to recognize and be able to calculate when these phases are in equilibrium with each

other, and how much is in each phase. This knowledge will be especially useful when you

study separation processes, for many of these processes work by somehow distorting the

equilibrium so that one phase is especially rich in one component, and the other is rich in

the other component.

More specifically, there are three important criteria for different phases to be in equilibrium

with each other:

1. The temperature of the two phases is the same at equilibrium.

2. The partial pressure of every component in the two phases is the same at equilib-

rium.

3. The Gibbs free energy of every component in the two phases is the same at equi-

librium.

The third criteria will be explored in more depth in another course; it is a consequence of

the first two criteria and the second law of thermodynamics.

6.8. Single-Component Phase Equilibrium

If there is only a single component in a mixture, there is only a single possible temperature

(at a given pressure) for which phase equilibrium is possible. For example, water at standard

pressure (1 atm) can only remain in equilibrium at 100°C. Below this temperature, all of

the water condenses, and above it, all of the water vaporizes into steam.

At a given temperature, the unique atmospheric pressure at which a pure liquid boils is

called its vapor pressure. Students may benefit from conceptualizing vapor pressure as

the minimum pressure required to keep the fluid in the liquid phase. If the atmospheric

pressure is higher than the vapor pressure, the liquid will not boil. Vapor pressure is strongly

temperature-dependent. Water at 100°C has a vapor pressure of 1 atmosphere, which

explains why water on Earth (which has an atmosphere of about 1 atm) boils at 100°C.

Water at a temperature of 20°C(a typical room temperature) will only boil at pressures

under 0.023 atm, which is its vapor pressure at that temperature.

6.9. Multiple-Component Phase Equilibrium: Phase

Diagrams

In general, chemical engineers are not dealing with single components; instead they deal

with equilibrium of mixtures. When a mixture begins to boil, the vapor does not, in

general, have the same composition as the liquid. Instead, the substance with the lower

boiling temperature (or higher vapor pressure) will have a vapor concentration higher than

that with the higher boiling temperature, though both will be present in the vapor. A

similar argument applies when a vapor mixture condenses.
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The concentrations of the vapor and liquid when the overall concentration and one of the

temperature or pressure are fixed can easily be read off of a phase diagram. In order to

read and understand a phase diagram, it is necessary to understand the concepts of bubble

point and dew point for a mixture.

6.9.1. Bubble Point and Dew Point

In order to be able to predict the phase behavior of a mixture, scientists and engineers

examine the limits of phase changes, and then utilize the laws of thermodynamics to de-

termine what happens in between those limits. The limits in the case of gas-liquid phase

changes are called the bubble point and the dew point.

The names imply which one is which:

1. The bubble point is the point at which the first drop of a liquid mixture begins to

vaporize.

2. The dew point is the point at which the first drop of a gaseous mixture begins to

condense.

If you are able to plot both the bubble and the dew points on the same graph, you come

up with what is called a Pxy or a Txy diagram, depending on whether it is graphed at

constant temperature or constant pressure. The ”xy” implies that the curve is able to provide

information on both liquid and vapor compositions, as we will see when we examine the

thermodynamics in more detail.

Txy and Pxy diagrams

The easier of the two diagrams to calculate (but sometimes harder to grasp intuitively) is

the Pxy diagram, which is shown below for an idealized Benzene-Toluene system:
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Figure 20

In order to avoid getting confused about what you're looking at, think: what causes a liquid

to vaporize? Two things should come to mind:

• Increasing the temperature

• Decreasing the pressure

Therefore, the region with the higher pressure is the liquid region, and that of lower pressure

is vapor, as labeled. The region in between the curves is called the two-phase region.
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Note:

You may be tempted to try and memorize something like the dew point line is on

the bottom in a Pxy diagram and on the top in a Txy diagram. This is, however,

strongly discouraged, as you will very likely become confused if you depend on this type

of memorizing. Instead think: which half of the graph will contain liquid and

which half will be vapor? Then use the definitions of ”dew” and ”bubble” points to

determine which line is which.

Now that we have this curve, what can we do with it? There are several critical pieces

of information we can gather from this graph by simple techniques, which have complete

analogies in the Txy diagram. First, note that the two lines intersect at xBenzene = 0 and
at xBenzene = 1. These intersections are the pure-component vapor pressures at T = 20oC,
since a pure component boils at its vapor pressure.

We can determine, given the mole fraction of one component and a pressure, whether the

system is gas, liquid, or two-phase, which is critical information from a design standpoint.

For example, if the Benzene composition in the Benzene-Toluene system is 40% and the

pressure is 25 mmHg, the entire mixture will be vapor, whereas if the pressure is raised to

50 mmHg it will all condense. The design of a flash evaporator at 20oC would require a

pressure between about 30 and 40 mmHg (the 2-phase region).

We can also determine the composition of each component in a 2-phase mixture, if we know

the overall composition and the vapor pressure. First, start on the x-axis at the overall

composition and go up to the pressure you want to know about. Then from this point, go

left until you reach the bubble-point curve to find the liquid composition, and go to the right

until you reach the dew-point curve to find the vapor composition. See the below diagram.
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Figure 21

This method ”works” because the pressure must be constant between each phase while the

two phases are in equilibrium. The bubble and dew compositions are the only liquid and

vapor compositions that are stable at a given pressure and temperature, so the system will

tend toward those values.

Another useful rule is the lever rule which can be used to calculate the percentage of all

the material that is in a given phase (as opposed to the composition of the vapor). The

lever rule equation is http://www.soton.ac.uk/~pasr1/tielines.htm:

%Liquid = D2
D1+D2

- Lever Rule
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and therefore,

%V apor = D1
D1+D2 .

The phase whose percent you're calculating is simply the one which you are going away

from for the line segment in the numerator; for example, D2 is going from the point of

interest to the vapor phase, so if D2 is in the numerator then you're calculating percent of

liquid.

Txy diagrams have entirely analogous rules, but just be aware that the graph is ”reversed”

somewhat in shape. It's somewhat harder to calculate even in an ideal case, requiring an

iterative solution, but is more useful for isobaric (constant-pressure) systems and is worth

the effort. The extreme ends of the txy diagram are the boiling temperatures of pure toluene

(xb = 0) and benzene (xb = 1) at 760 mmHg.

Figure 22
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VLE phase diagram summary

To summarize, here's the information you can directly garner from a phase diagram. Many

of these can be used for all types of phase diagrams, not just VLE.

1. You can use it to tell you what phase(s) you are in at a given composition, temperature,

and/or pressure.

2. You can use it to tell you what the composition of each phase will be, if you're in a

multiphase region.

3. You can use it to tell you how much of the original solution is in each phase, if you're

in a multiphase region.

4. You can use it to gather some properties of the pure materials from the endpoints

(though these are usually the best-known of all the mixture properties).

This data is invaluable in systems design which is why you'll be drilled with it before you

graduate.

6.10. Raoult's Law: the Simplest Case

The simplest case (by far) to analyze occurs when an ideal solution is in equilibrium with

an ideal gas. This is potentially a good approximation when two very similar liquids (the

archetypal example is benzene and toluene) are dissolved in each other. It is also a good

approximation for solvent properties (NOT solute properties; there is another law for that)

when a very small amount of a solute is dissolved.

In an ideal liquid, the pressure exerted by a certain component on the gas is proportional

to the vapor pressure of the pure liquid. The only thing that may prevent the liquid from

exerting this much pressure is the fact that another component is present. Therefore, the

partial pressure of the liquid component on the gas component is:

PA = xA ∗P ∗
A

where P ∗
A is the vapor pressure of pure component A.

Note:

For all VLE equations, xA denote a mole fraction of component A in liquid phase, and

yA is the mole fraction of component A in vapor phase.

Recall that the partial pressure of an ideal gas in a mixture is given by:

PA = yA ∗P

Therefore, since the partial pressures must be equal at equilibrium, we have the Raoult's

Law equation for each component:

Raoult's Law for component A

yA ∗P = xA ∗P ∗
A
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6.10.1. Vapor Pressure Correlations

Unfortunately, life isn't that simple even when everything is ideal. Vapor pressure is not

by any stretch of the imagination a constant. In fact, it has a very strong dependence

on temperature. Therefore, people have spent a good deal of time and energy developing

correlations with which to predict the vapor pressure of a given substance at any reasonable

temperature.

One of the most successful correlations is called the Antoine Equation, which uses three

coefficients, A, B, and C, which depend on the substance being analyzed. The Antoine

Equation is as follows.

Antoine Equation

log(P ∗
A) = A− B

T +C

Note:

In the external link provided in the appendix, the logarithm is to base 10, T is in degrees

Celsius, and P* is in mmHg. Other sources use different forms (for example, natural log

or P* in bars) so be wary.

6.10.2. Bubble Point and Dew Point with Raoult's Law

Key concept

When calculating either a bubble point or a dew point, one quantity is key, and this is the

overall composition, denoted with the letter z. This is to distinguish it from the single-phase

composition in either the liquid or the gas phase. It is necessary to distinguish between them

because the composition of the two phases will almost always be different at equilibrium.

It is important to remember that the dew and bubble points of a multi-component mixture

are limits. The bubble point is the point at which a very small amount of the liquid has

evaporated - so small, in fact, that in essence, the liquid phase composition remains the

same as the overall composition. Making this assumption, it is possible to calculate the

composition of that single bubble of vapor that has formed.

Similarly, the dew point is the point at which a very small amount of the vapor has con-

densed, so that the gas phase composition remains the same as the overall composition, and

thus it is possible to calculate the composition of the single bubble of liquid.

Bubble Point

Recall that the dew point of a solution is the set of conditions (either a temperature at

constant pressure or a pressure at constant temperature) at which the first drops of a vapor

mixture begin to condense.

Let us first consider how to calculate the bubble point (at a constant temperature) of a

mixture of 2 components A and B, assuming that the mixture follows Raoult's Law under

all conditions. To begin, write Raoult's Law for each component in the mixture.
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yA ∗P = xA ∗P ∗
A

yB ∗P = xB ∗P ∗
B

We can add these two equations together to yield:

P (yA +yB) = P ∗
AxA +P ∗

BxB

Now since yA and yB are mole fractions and A and B are the only components of the

mixture, yA +yB = 1. In addition, recall that since we are considering the bubble point, the
liquid composition is essentially equal to the overall composition. Therefore, xA = zA and

xB = zB.

Note:

This is only true at the bubble point, not in general.

Hence we have the following equation valid at the bubble point for an ideal equilibrium:

Bubble point equation for two components under Raoult's Law

P = zA ∗P ∗
A +zB ∗P ∗

B

Therefore, if the temperature and overall composition are known, the bubble pressure can

be determined directly.

If the pressure is held constant and the bubble point temperature is required, it is neces-

sary to calculate the temperature by an iterative method. The temperature dependence is

contained in the Antoine equation for vapor pressure of each component. One method to

solve for the temperature is to:

1. Guess a temperature

2. Use the guess and the Antoine equation to calculate the vapor pressure of each com-

ponent in the mixture.

3. Calculate an equilibrium pressure using the bubble point pressure equation.

4. If the calculated pressure does not equal the known pressure, it is necessary to change

the temperature and try again.

This process is ideally suited to spreadsheet functions such as Excel's ”goalseek” routine.

An example calculation will be shown in the next section.

If there is more than one component, a similar derivation yields the following:

Bubble point equation for multiple components under Raoult's Law

P = Σ(zi ∗P ∗
i ) (summed over all components i)
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Dew Point

The Dew Point calculation is similar, although the equation that results from the derivation

is somewhat more complex. The starting point is the same: assume that Raoult's Law

applies to each component.

yA ∗P = xA ∗P ∗
A

yB ∗P = xB ∗P ∗
B

Now we want to eliminate the liquid compositions in a similar manner to how we eliminated

the vapor compositions in the previous derivation. To do this we need to divide by the vapor

pressures:

yA∗P
P ∗

A
= xA

yB∗P
P ∗

B
= xB

Adding the equations and recalling that xA +xB = 1, we have:
yA∗P

P ∗
A

+ yB∗P
P ∗

B
= 1.

Since this is the dew point, the gas-phase composition is essentially the overall composition,

and therefore we have the following dew point equation:

Dew Point Equation for Two Components under Raoult's Law

1
P = zA

P ∗
A

+ zB
P ∗

B

Note:

This is only valid at the dew point, just as the other equation was only valid at the

bubble point.

For multiple components, the equation is similarly:

Dew Point Equation for Multiple Components under Raoult's Law

1
P = Σ( zA

P ∗
A

)

6.10.3. Phase Diagrams Resulting from Raoult's Law

By holding one variable constant, varying a second, and calculating the other two, it is

possible to calculate a phase diagram from Raoult's Law. Typical Pxy and Txy diagrams

derived from Raoult's Law were shown in the previous section for the benzene-toluene

system.

Diagrams for systems that follow Raoult's Law are relatively ”nice”; it can be shown that

they will never have azeotropes, which would be indicated by intersection of the bubble

and dew point lines. In addition, since only one parameter in the equation depends on
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the temperature (the vapor pressure) and the pressure dependence is explicit, the dew and

bubble point lines are relatively easy to calculate.

6.11. Non-ideal VLE

Deviations from Raoult's Law occur because not all solutions are ideal, nor are all gas

mixtures. Therefore, methods have been developed in order to take these nonidealities into

account.

6.11.1. Henry's Law

The third non-ideal method, Henry's Law, is especially useful for dilute solutions, and

states that at very low concentrations, the partial pressure of the dilute component over a

liquid mixture is proportional to the concentration:

Henry's Law

For a dilute component A, PA = HA ∗xA

where HA is a constant and xA is the liquid-phase mole fraction of A

This law is very similar to Raoult's Law, except that the proportionality constant is not

the pure-component vapor pressure but is empirically determined from VLE data. Like the

pure-component vapor pressure, the Henry's constant is dependent on temperature and the

nature of component A. Unlike the pure-component vapor pressure, it also depends on the

solvent, so when utilizing tables of Henry's constants, make sure that the solvents match.

Note:

If Henry's Law applies to one component of a two-component mixture, the other com-

ponent is often concentrated enough for Raoult's Law to apply to a reasonable approx-

imation. Therefore, for a mixture of components A and B, where A is dilute and B is

concentrated, a system similar to the following is common:

yA ∗P = xA ∗HA

yB ∗P = xB ∗P ∗
B

Henry's Law constants are generally very small, and are most useful when the concentration

is less than 10% (depending on how accurate you want it, the concentration may need to

be less than this).

6.11.2. Excess Gibbs Energy

The other two commonly-used correction parameters, the activity coefficient and the

fugacity coefficient, are based on how non-ideal a given phase is. For a gas, the degree

of non-ideality present is called the residual Gibbs energy, while for a liquid it is called

excess Gibbs energy. The distinction is made because the Gibbs energy of an ideal gas
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and the Gibbs energy of an ideal solution are very different, as are the natures of how real

solutions and real gasses deviate from ideality.

The residual Gibbs energy is based on the ideal gas and is defined as follows:

Residual Gibbs Energy definition (for a gas phase)

GR = Greal−Gideal gas

The excess Gibbs energy of a liquid phase is based on an ideal solution and is defined as:

Excess Gibbs Energy definition (for a liquid phase)

GE = Greal−Gideal solution

6.11.3. Activity Coefficients

The activity coefficient takes into account variation from Raoult's Law due to liquid excess

Gibbs energy. It may be defined as:

lnγi = GE
i

RT

where γ is a composition-dependent value which is also different for each component. It
therefore is a measure of the effect of each component in contributing to the nonideality of

the mixture.

Raoult's Law can be extended using activity coefficients as follows:

Extended Raoult's Law

yA ∗P = xA ∗P ∗
A ∗γi

The extended Raoult's law may be used to calculate activity coefficients: the vapor pressure

and equilibrium composition are measured at a low pressure (to avoid gaseous nonideality).

Then, since the activity coefficient is only weakly dependent on pressure (liquid properties

often change very little with pressure), the same values of the activity coefficient may be

used at higher pressures to aid in determining the change in equilibrium properties.

Once activity coefficients are determined at a wide variety of concentrations, it is often de-

sired to condense the information into one equation. See this publication8 for an interesting

read on this topic, though it will probably make more sense after you take thermodynamics,

it offers a good description of what you will see.

8 http://www.iupac.org/publications/pac/1995/pdf/6706x0859.pdf
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Note:

The definition of the activity coefficient implies that an ideal solution will have an activity

coefficient equal to 1 (since its excess Gibbs energy is 0). Thus for an ideal solution the

equilibrium equation reduces back to Raoult's law.

6.11.4. Fugacity Coefficients

The fugacity coefficient of a gas is defined in a similar way to the activity coefficient, but

it is based on the residual Gibbs energy:

lnφi = GR
i

RT

The fugacity coefficient of a gas depends on temperature, as can be seen clearly from the

definition. It also depends heavily on the pressure. Indeed, if you have data available

that relates the compressibility of a pure gas, Z, as a function of pressure at constant

temperature, the fugacity can be computed using calculus or estimated (roughly) using the

following equation if the change in pressure between each set of points is constant:

lnφi = ∆PΣ(Zk−1
Pk

)

where ”k” referring to a data point

Note:

Since the compressibility (Zk) of an ideal gas is 1 regardless of what the pressure is, the

fugacity coefficient of an ideal gas is 1 as well. Therefore, like the activity coefficient, the

fugacity coefficient provides us with a measure of how nonideal a given gas or mixture

of gasses is.

To do this calculation, it is necessary to extrapolate so that the first data point is

taken at P = 0..

Example:

Given the following data:

P (atm) Z

0.1 0.98

0.2 0.96

0.3 0.95

Calculate the fugacity coefficient at 0.2 atm and 0.3 atm.

Solution: It is necessary to first extrapolate to zero pressure:

P = 0→ Z 1.0
Then insert the data into the formula:

lnφi = (0.2−0.1)∗ (0.98−1
0.1 + 0.96−1

0.2 )

Raoult's law can be modified to account for nonideal gasses in a similar way to its modifi-

cation for nonideal liquids:

105



Multiple-phase systems, introduction to phase equilibrium

VLE Equation for nonideal gasses and nonideal liquids

φi ∗yi ∗P = γi ∗xi ∗P ∗
i

This equation is true except at very high pressures, a case covered in this paper9 briefly.

6.12. Critical Constants

At room temperature (about 298K), it is possible to add enough pressure to carbon dioxide

to get it to liquify (some fire extinguishers work by keeping liquid carbon dioxide in them

under very high pressure, which rapidly vaporizes when the pressure is relieved 10. However,

if the temperature is raised to higher than 304.2 K, it will be impossible to keep carbon

dioxide in a liquid form, because it has too much kinetic energy to remain in the liquid phase.

No amount of pressure can turn carbon dioxide into a liquid if the temperature

is too high.

This threshold temperature is called a critical temperature. Any pure stable substance

(not just carbon dioxide) will have a single characteristic critical temperature. Pure stable

substances will also have a single characteristic critical pressure, which is the pressure

needed to achieve a phase transition at the critical temperature, and a critical specific

volume which is the specific volume (volume per mass) of the fluid at this temperature

and pressure.

Critical pressures are typically extremely large, ranging from 2.26 atm for helium to 218.3

atm for water 11, and about 40 atm on average. Critical temperatures typically range from

5.26 K (for helium) to the high 600s K for some aromatic compounds.

A substance which is at a temperature higher than the critical temperature and a pressure

higher than its critical pressure is called a supercritical fluid. Supercritical fluids have

some properties in common with gasses and some in common with liquid, as may be expected

since it they are not observed to be liquid but would be expected to be liquefied at extreme

pressures.

6.13. Law of Corresponding States

Recall from the last section that the compressibility of any substance (but most useful for

gasses) is defined as:

Z = P ∗V̂
RT

The compressibility of a gas is a measure of how non-ideal it is; an ideal gas has a com-

pressibility of 1. At the critical point, in particular, the compressibility is:

9 http://web.mit.edu/10.213/www/handouts/vle.pdf

10 how fire extinguishers work ^{http://home.howstuffworks.com/fire-extinguisher2.htm}

11 see Wikipedia article on critical properties ^{https://en.wikipedia.org/wiki/Critical%

20temperature}
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Law of Corresponding States

ZC = Pc∗V̂c
R∗Tc

Critical constants are important because it has been found experimentally that the following

rule is true for many substances:

The Law of Corresponding States

Many substances behave in similar manners to each other depending on how far the

system conditions are from the critical temperature and pressure of the substance. In

particular, the compressibility of a substance is strongly correlated to its variance from

the critical conditions.

It has been found experimentally that many substances have very similar compressibility at

their critical point. http://www.kayelaby.npl.co.uk/chemistry/3_5/3_5.html. Most

nonpolar substances in particular have a critical compressibility of about 0.27.

The similarity of the critical compressibility between substances is what gives some weight

to the law of corresponding states. However, the fact that the critical compressibility is

not exactly the same for all substances leads to potential estimation errors if this method

is used.

The critical constants are able to effectively predict the properties of a substance without

gathering a large amount of data. However, it is necessary to define how the properties of

the substance change as the system variables become closer to or farther from the critical

point of the substance. These methods are discussed in the following sections.

6.13.1. Compressibility Charts

Recall that many substances have similar critical compressibility values near 0.27. There-

fore, charts have been developed which relate compressibility at other conditions to those

at the critical point. In order to use these charts, the system parameters are normalized by

dividing by the critical constants to yield reduced temperature, pressure, and volume

:

Reduced parameters

Tr = T
Tc
, Pr = P

Pc
, V̂r = V̂

V̂c
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6.14. Problem 1

Example:

A flash evaporator is a unit operation in which a mixture enters a chamber at a given

temperature and pressure, and the vapor and liquid phases that result are separated.

Suppose that a mixture of 40% furan and 60% carbon tetrachloride (which is a nearly

ideal mixture a enters a flash evaporator at 0.7 atm and 30oC. Assuming that the mixture

follows Raoult's Law, find the compositions of the liquid and vapor streams that will

exit. How much of the original mixture will be vaporized?

a Smith, Van Ness, and Abbott. Introduction to Chemical Engineering Thermodynamics. New York:

McGraw Hill, 1996, p. 433.

6.15. Problem 2

Example:

Consider a process in which you want to separate the furan and carbon tetrachloride as

much as possible.

a. Repeat problem 1 at pressures of 0.6 atm, 0.5 atm, and 0.4 atm. What do you notice

about the purity of the two streams? What do you notice about the amount of liquid

and vapor.

b. Consider a process in which half of the vapor stream is recycled (directly) to the flash

evaporator. What is the effect on the composition of the liquid? On the composition of

the vapor?

c. What conclusions can you draw about the effectiveness of flash evaporators?
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7. Energy balances on non-reacting

systems

7.1. General Balance Equation Revisited

Recall the general balance equation that was derived for any system property:

In−Out+Generation−Consumption = Accumulation

When we derived the mass balance, we did so by citing the law of conservation of mass,

which states that the total generation of mass is 0, and therefore Accumulation = In−Out.

There is one other major conservation law which provides an additional equation we can

use: the law of conservation of energy. This states that if E denotes the entire amount

of energy in the system,

Law of Conservation of Energy

Ein−Eout = Eaccumulated

7.2. Types of Energy

In order to write an energy balance, we need to know what kinds of energy can enter or

leave a system. Here are some examples (this is not an exhaustive list by any means) of the

types of energy that can be gained or lost.

1. A system could gain or lose kinetic energy, if we're analyzing a moving system.

2. Again, if the system is moving, there could be potential energy changes.

3. Heat could enter the system via conduction, convection, or radiation.

4. Work (either expansion work or shaft work) could be done on, or by, the system.

The total amount of energy entering the system is the sum of all of the different types

entering the system. Here are the expressions for the different types of energy:

1. From physics, recall that KE = 1
2mv2. If the system itself is not moving, this is zero.

2. The gravitational potential energy of a system is GPE = mgh where g is the gravi-
tational constant, m is mass in kg and h is the height of the center of mass of the

system. If the system does not change height, there is no change in GPE.

3. The heat entering the system is denoted by Q, regardless of the mechanism by which

it enters (the means of calculating this will be discussed in a course on transport

phenomenon). According to this book's conventions, heat entering a system is positive
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and heat leaving a system is negative, because the system in effect gains energy when

heat enters.

4. The work done by or on the system is denoted by W. Work done BY a system is

negative because the system has to ”give up” energy to do work on its surroundings.

For example, if a system expands, it loses energy to account for that expansion.

Conversely, work done ON a system is positve.

7.3. Energy Flows due to Mass Flows

Accumulation of anything is 0 at steady state, and energy is no exception. If, as we have

the entire time, we assume that the system is at steady state, we obtain the energy balance

equation:

Ein = Eout

This is the starting point for all of the energy balances below.

Consider a system in which a mass, such as water, enters a system, such as a cup, like so:
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Figure 23

The mass flow into (or out of) the system carries a certain amount of energy, associated

with how fast it is moving (kinetic energy), how high off the ground it is (potential energy),

and its temperature (internal energy). It is possible for it to have other types of energy

as well, but for now let's assume that these are the only three types of energy that are

important. If this is true, then we can say that the total energy carried in the flow itself is:

Ėi = (1
2ṁv2 + ṁgh+ U̇)i

However, there is one additional factor that must be taken into account. When a mass

stream flows into a system it expands or contracts and therefore performs work

on the system. An expression for work due to this expansion is:
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Wexp = P ∗ V̇i

Since this work is done on the system, it enters the energy balance as a positive quantity.

Therefore the total energy flow into the system due to mass flow is as follows:

Ėi = (1
2ṁv2 + ṁgh+ U̇)i +P ∗ V̇i

Now, to simplify the math a little bit, we generally don't use internal energy and the PV

term. Instead, we combine these terms and call the result the enthalpy of the stream.

Enthalpy is just the combination of internal energy and expansion work due to the stream's

flow, and is denoted by the letter H:

Definition of enthalpy

H = U +PV

Therefore, we obtain the following important equation for energy flow carried by mass:

In stream i, if only KE, GPE, internal energy, and expansion work are considered,

the energy carried by mass flow is:

Ėi = (1
2ṁv2 + ṁgh+ Ḣ)i

Note:

Kinetic energy and potential energy are generally very small compared to the enthalpy,

except in cases of very rapid flow or when there are no significant temperature changes

occurring in the system. Therefore, they are often neglected when performing energy

balances.

7.4. Other energy flows into and out of the system

The other types of energy flows that could occur in and out of a system are heat and work.

Heat is defined as energy flow due to a change in temperature, and always flows from higher

temperature to lower temperature. Work is defined as an energy transferred by a force (see

here1 for details).

• If there is no heat flow into or out of a system, it is referred to as adiabatic.

• If there are no mechanical parts connected to a system, and the system is not able to

expand, then the work is essentially 0.

Some systems which have mechanical parts that perform work are turbines, mixers, engines,

stirred tank reactors, agitators, and many others. The type of work performed by these

parts is called shaft work to distinguish it from work due to expansion of the system itself

(which is called expansion work).

1 https://en.wikipedia.org/wiki/Mechanical%20work
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An ”insulated system” is generally interpreted as being essentially adiabatic, though how

good this assumption is depends on the quality of the insulation. A system that cannot

expand is sometimes described as ”rigid”.

The notation for these values are as follows:

• Heat flows: Q̇j , at the ”j”th location.

• Shaft work: Ẇs

• Expansion work: P ∗ ∆V
∆t

Note that the above implies that there is no expansion work at steady state because

at steady state nothing about the system, including the volume, changes with time, i.e.
∆V
∆t = 0 at steady state.

7.5. Overall steady - state energy balance

If we combine all of these components together, remembering that heat flow into a system

and work done on a system are positive, we obtain the following:

Steady State Energy Balance on an Open System

Σ(1
2ṁv2 + ṁgh+ Ḣ)i,in−Σ(1

2ṁv2 + ṁgh+ Ḣ)i,out +ΣQ̇j +Ẇs = 0

Some important points:

1. If the system is closed AND at steady state that means the total heat flow must

equal the total work done in magnitude, and be opposite in sign. However, according

to another law of thermodynamics, the second law, it is impossible to change ALL of

the heat flow into work, even in the most ideal case.

2. In an adiabatic system with no work done, the total amount of energy carried by mass

flows is equal between those flowing in and those flowing out. However, that DOES

NOT imply that the temperature remains the same, as we will see in a later section.

Some substances have a greater capacity to hold heat than others, hence the term

heat capacity.

3. If the conditions inside the system change over time, then we CANNOT use this form

of the energy balance. The next section has information on what to do in the case

that the energetics of the system change.

7.6. What IS accumulation?

Recall that so far in this text it has been assumed that all systems are at steady state

, which means that there is no buildup of mass, energy, or other conserved quantities.

However, there are many situations, such as whenever operating levels change, that a system

will not be at steady state, and mass and energy will be accumulated over time.

The most important thing to remember about accumulation is that it deals with the actual

amount of stuff in the system, not any sort of flow rate. If you remember if you're dealing
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with actual system properties rather than flow rates, it will help keep the terms straight in

unsteady-state balances.

7.6.1. Unsteady-state Mass Balance

Lets begin the derivation of an unsteady-state mass balance with the general balance equa-

tion which you should know and love by now:

In−Out+Generation = Accumulation

Substituting the terms we usually used for in, out, and generation, we obtain:

Σṁi,in−Σṁi,out + ṁi,gen = Accumulation

Now we have to come up with a mathematical formulation for the accumulation. Unlike

all of the other terms in this equation, which deal with energy flows into the system, the

accumulation deals with the amount of energy that is already in the system at

a certain point of time, and more specifically how it changes with time.

The rate of accumulation of energy will not be constant unless it is zero (otherwise every

reactor in the world would either blow up from excessive mass and energy buildup or would

cease operating because all of the reactants and products would be drained out). Recall

that if the accumulation reaches zero, the system is at steady state. Most systems tend

to move towards a steady state (it is possible to have more than one set of steady state

conditions, but it won't be covered here) over long periods of time, as shown below:

Such a system is called self-regulating (or naturally stable). If a system is not self-

regulating then special control techniques (see Control systems2) must be utilized to force

the system into a steady state.

In order to take into account variation in the accumulation rate, we must consider the rate

of change over a very small amount of time, so small in fact that it is practically zero, and

the accumulation vs. time curve resembles a straight line. The slope of this line at time t

is approximately:

Slope = Accumulation rate at time t= Msys,t+∆t−Msys,t

∆t

Therefore we could write the following:

Accumulation = Msys,t+∆t−Msys,t

∆t

We then write our mass balance by substituting this accumulation into the mass balance

above:

Msys,t+∆t−Msys,t

∆t = Σṁi,in−Σṁi,out

For practical applications, this equation is generally multiplied by ∆t. Then, rather than
dealing with flow rates, a new quantity is defined:

∆mi = ṁi ∗∆t

This quantity is the total amount of mass that enters the system in a finite amount of time

. Substituting this definition into the mass balance yields the following:

2 https://en.wikibooks.org/wiki/Control%20systems
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Unsteady State Mass Balance

Σ∆mi,in−Σ∆mi,out +mi,gen = Msys,t+∆t−Msys,t

Example:

A feed stream with 50kg
h of water and 1kg

h of ethanol enters a distillation column. A distil-

lation column generally has two outlet streams called the bottoms and the condensate.

At steady state, the condensate is 12% ethanol by mass and the total condensate flowrate

is 9kg
h .

One day, the boss calls and says that she needs more production, so you turn up the

feed to 60kg
h . Two hours later, the distillation column floods.

a. What was the cause of the flooding?

b. Assuming that the total outlet mass flow rates remained the same throughout the

process, what was the total mass accumulation in the column?

c. Describe two methods by which the flow rates may be modified to reach a new steady

state. Will the new steady state produce the same outlet concentrations as the old

steady state? Explain. (hint: how is the separation effectiveness related to the ratio of

the two outlet flowrates? You may need to do some research on this)

7.6.2. Unsteady-state Energy Balance

Lets start by examining what we have so far, but with the accumulation term (yet to be

defined mathematically) added in the right side, since we're not at steady state any more:

Σ(1
2ṁv2 + ṁgh+ Ḣ)i,in−Σ(1

2ṁv2 + ṁgh+ Ḣ)i,out +ΣQ̇j +Ẇs = Accumulation

Following the logic from the mass balance, we obtain for the accumulation:

Esys,t+∆t−Esys,t

∆t

Therefore, we have:

Σ(1
2ṁv2 + ṁgh+ Ḣ)i,in−Σ(1

2ṁv2 + ṁgh+ Ḣ)i,out +ΣQ̇j +Ẇs = Esys,t+∆t−Esys,t

∆t

Like in the case of the mass balance, we can only consider the total energy change over

a total amount of time using this equation. To do this, we multiply the entire equation

above by the time change from some starting point to the point of interest.

Now we need some definitions:

1. Q = Q̇∗∆t is the TOTAL heat flow over the time period.
2. Ws = Ẇs ∗∆t is the TOTAL shaft work over the time period.
3. ṁi ∗∆t = ∆mi is the TOTAL mass flow into (or out of) the system due to stream i

during the time period.

4. Ḣi ∗∆t = H is the TOTAL enthalpy carried into (or out of) the system due to stream

i during the time period.

The major assumption here is that the enthalpies, heat flow rates, and shaft work

on the left hand side of the equals sign must either be constant, or the average

value over the whole time period must be used, in order for this equation to
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be valid. Whether this assumption is valid or not depends on the situation (for example,

it depends on whether the process feeding mass to your process is itself at steady state or

not).

With these in mind, we multiply by delta t in order to obtain the following, unsteady

state energy balance.

Unsteady State Energy Balance

Σ(1
2∆mv2 + ∆mgh + H)i,in − Σ(1

2∆mv2 + ∆mgh + H)i,out + ΣQj + Ws =
Esys,t+∆t−Esys,t
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A. Useful Mathematical Methods

A.1. Mean and Standard Deviation

A lot of the time, when you're conducting an experiment, you will run it more than once,

especially if it is inexpensive. Scientists run experiments more than once so that the

random errors that result from taking measurements, such as having to guess a length

between two hash marks on a ruler, cancel themselves out and leave them with a more

precise measurement. However, the question remains: how should you consolidate all of the

data into something that's more manageable to use?

A.1.1. Mean

Suppose you have n data points taken under the same conditions and you wish to

consolidate them to as few as feasibly possible. One thing which could help is is to use

some centralized value, which is in some way ”between” all of the original data points. This,

in fact, is called the mean of the data set.

There are many ways of computing the mean of a data set depending on how it is believed

to be distributed. One of the most common methods is to use the arithmetic mean, which

is defined as:

x̄ = Σx̂k
n

Other types of mean include the w:Geometric mean1, which should be used when the data

are very widely distributed (ex. an exponential distribution) and the ”log-mean” which

occurs often in transport phenomena.

A.1.2. Standard Deviation

Having a value for the mean tells you what value the data points ”cluster” around but it

does not tell you how spread out they are from the center. A second statistical variable

called the standard deviation is used for that. The standard deviation is essentially the

average distance between the data points and their mean. The distance is expressed as a

squared distance in order to prevent negative deviations from lessoning the effect of positive

deviations.

The mathematical formulation for the standard deviation σ is:

1 https://en.wikipedia.org/wiki/Geometric%20mean
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σ2 = Σ(x̂k−x̄)2

n−1

The denominator is n-1 instead of n because statisticians found that it gives better results for

small numbers of experiments; see w:Standard deviation2 for a more thorough explanation

of this.

A.1.3. Putting it together

The standard deviation of a data set measured under constant conditions is a

measure of how precise the data set is. Because this is true, the standard deviation

of a data set is often used in conjunction with the mean in order to report experimental

results. Typically, results are reported as:

x̄±σ

If a distribution is assumed, knowing both the mean and standard deviation can help us

to estimate the probability that the actual value of the variable is within a certain range,

if there is no systematic bias in the data. If there is (such as use of broken equipment,

negligence, and so on) then no statistics could predict the effects of that.

A.2. Linear Regression

Suppose you have a set of data points (x̂k, ŷk) taken under differing conditions which

you suspect, from a graph, can be reasonably estimated by drawing a line through the

points. Any line that you could draw will have (or can be written in) the following form:

y = mx+ b where m is the slope of the line and b is the y-intercept.

We seek the best line that we could possibly use to estimate the pattern of the data. This line

will be most useful for both interpolating between points that we know, and extrapolating

to unknown values (as long as they're close to measured values). In the most usual measure,

how ”good” the fit is is determined by the vertical distance between the line and the data

points (Rk), which is called the residual:

Rk = (mx̂k + b)− ŷk

In order to normalize the residuals so that they don't cancel when one's positive and one's

negative (and thus helping to avoid statistical bias), we are usually concerned with the

square of Rk when doing least-squares regression. We use squared terms and not absolute

values so that the function is differentiable3, don't worry about this if you haven't taken

calculus yet.

In order to take into account all of the data points, we simply seek to minimize the sum of

the squared residuals:

minimize ΣRk
2

2 https://en.wikipedia.org/wiki/Standard%20deviation

3 https://en.wikipedia.org/wiki/differentiable
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Using calculus, we can take the derivative of this with respect to m and with respect to

b and solve the equations to come up with the values of m and b that minimize the sum

of squares (hence the alternate name of this technique: least-squares regression. The

formulas are as follows, where n is the total number of data points you are regressing[1]:

m∗ = n∗Σ(x̂k∗ŷk)−Σ(x̂k)∗Σ(ŷk)
n∗Σ(x̂k

2)−(Σ(x̂k))2

b∗ = Σ(ŷk)−m∗∗Σ(x̂k)
n

A.2.1. Example of linear regression

Example:

Suppose you wanted to measure how fast you got to school by a less direct route than

looking at the speedometer of your car. Instead, you look at a map and read the distances

between each intersection, and then you measure how long it takes to go each distance.

Suppose the results were as shown in the table below. How far from home did you start,

and what is the best estimate for your average speed?

t(min) D (yards)

1.1 559.5

1.9 759.5

3.0 898.2

3.8 1116.3

5.3 1308.7

The first thing we should do with any data like this is to graph it and see if a linear fit

would be reasonable. Plotting this data, we can see by inspection that a linear fit appears

to be reasonable.
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Figure 24

Now we need to compute all of the values in our regression formulas, and to do this (by
hand) we set up a table:

Trial t t^2 D D^2 t*D

1 1.1 1.21 559.5 313040 615.45

2 1.9 3.61 759.5 576840 1443.05

3 3.0 9.00 898.2 806763 2694.6

4 3.8 14.44 1116.3 1246126 4241.94

5 5.3 28.09 1308.7 1712695 6936.11

TOTAL 15.1 56.35 4642.2 4655464 15931.15

Now that we have this data we can plug it into our linear regression equation:

m∗ = n∗Σ(x̂k∗ŷk)−Σ(x̂k)∗Σ(ŷk)
n∗Σ(x̂k

2)−(Σ(x̂k))2

= 5∗15931.13−15.1∗4642.2
5∗56.35−(15.1)2

= 177.9 yard
min

So b = Σ(ŷk)−m∗∗Σ(x̂k)
n

= 4642.2−177.9∗15.1
5 = 391.2 yards

Hence the equation for the line of best fit is:
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D = 177.9∗ t+391.2

The graph of this plotted against the data looks like this:

Figure 25

A.2.2. How to tell how good your regression is

In the previous example, we visually determined if it would be reasonable to perform a linear

fit, but it is certainly possible to have a less clear-cut case! If there is some slight curve to

the data, is it still ”close enough” to be useful? Though it will always come down to your

own judgment after seeing the fit line graph against the data, there is a mathematical tool

to help you called a correlation coefficient, r, which can be defined in several different

ways. One of them is as follows [1]:

r = n∗Σ(x̂k∗ŷk)−Σ(x̂k)∗Σ(ŷk)√
n∗Σ(x̂2

k
)−(Σx̂k)2∗

√
n∗Σ(ŷ2

k
)−(Σŷk)2

It can be shown that this value always lies between -1 and 1. The closer it is to 1 (or -1),

the more reasonable the linear fit. In general, the more data points you have, the smaller

r needs to be before it's a good fit, but a good rule of thumb is to look for high (higher
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than 0.85 or 0.9) values and then graph to see if the graph makes sense. Sometimes it will,

sometimes it won't, the method is not foolproof.

In the above example we have:

r = 5∗15931.13−15.1∗4642.2√
5∗56.35−(15.1)2∗

√
5∗4655464−(4642.2)2

r = 0.992

Hence the data correlates very well with a linear model.

A.3. Linearization

A.3.1. In general

Whenever you have to fit a parameter or multiple parameters to data, it is a good idea

to try to linearize the function first, because linear regression is much less intensive and

more accurate than nonlinear regression. The goal with any linearization is to reduce the

function to the form:

V ariable 1= constant+ constant∗ Variable 2

The difference between this and ”standard” linear regression is that Variable 1 and Variable

2 can be any functions of x and y, as long as they are not combined in any way (i.e. you

can't have ln(x + y) as one variable). The technique can be extended to more than two
variables using a method called w:multiple linear regression4 but as that's more difficult to

perform, this section will focus on two-dimensional regression.

A.3.2. Power Law

To see some of the power of linearization, let's suppose that we have two variables, x and

y, related by a power law:

y = A∗xb

where A and b are constants. If we have data connecting changes in y to changes in x, we

would like to know the values of a and b. This is difficult to do if the equation is in its

current form but we can change it into a linear-type function!

The trick here is we need to get rid of the exponent b, so in order to do that we take the

natural log of both sides:

ln y= ln (A*xb)

Using laws of logarithms we can simplify the right-hand side to obtain the following:

y = A∗xb <−> ln y= ln A+ b∗ ln x

The beauty of this equation is that it is, in a sense, linear. If we graph ln(y) vs. ln(x)

obtain a straight line with slope b and y-intercept ln(A).

4 https://en.wikipedia.org/wiki/multiple%20linear%20regression
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A.3.3. Exponentials

Another common use of linearization is with exponentials, where x and y are related by an

expression of the form:

y = A∗ bx

This works for any base but the most common base encountered in practice is Euler's

constant, e. Again, we take the natural log of both sides, in order to get rid of the exponent:

y = A∗ bx <−> ln y= lnA+x∗ lnb

This time, Graph ln y vs. x to obtain a line with slope ln(b) and y-intercept

ln(A).

A.4. Linear Interpolation

Often, when you look up properties on a chart, you will be looking them up at conditions in

between two charted conditions. For example, if you were looking up the specific enthalpy

of steam at 10 MPa and 430oC you would look in the steam tables and see something like

this: [2]

T (oC) H (kJ
kg )

400 2832.4

450 2943.4

How can you figure out the intermediate value for this? We can't exactly but we can

assume that H(T) is a linear function. If we assume that it is linear, then we can

easily find the intermediate value. First, we set up a table, including the unknown value

like this:

T (oC) H (kJ
kg )

400 2832.4

430 x

450 2943.4

Then since we're assuming the relationship between T and H is linear, and the slope of a

line is a constant the slope between points 3 and 2 has to equal the slope between points 3

and 1.

Therefore, we can write that:

2943.4−x
450−430 = 2943.4−2832.4

450−400

Solving gives x = 2899 kJ/kg
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The same method can be used to find an unknown T for a given H between two tabulated

values.

A.4.1. General formula

To derive a more general formula (though I always derive it from scratch anyways, it's

nice to have a formula), lets replace the numbers by variables ad give them more generic

symbols:

x y

x1 y1
x∗ y∗

x2 y2

Setting the slope between points 3 and 2 equal to that between 3 and 1 yields:

y2−y1
x2−x1 = y2−y∗

x2−x∗

This equation can then be solved for x* or y* as appropriate.

A.4.2. Limitations of Linear Interpolation

It is important to remember that linear interpolation is not exact. How inexact it is depends

on two major factors:

1. What the real relationship between x and y is (the more curved it is, the worse the

linear approximation)

2. The difference between consecutive x values on the table (the smaller the distance,

the closer almost any function will resemble a line)

Therefore, it is not recommended to use linear interpolation if the spaces are very widely

separated. However, if no other method of approximation is available, linear interpolation

is often the only option, or other forms of interpolation (which may be just as inaccurate,

depending on what the actual function is).

See also w:interpolation5.

A.5. References

[1]: Smith, Karl J. The Nature of Mathematics. Pacific Grove, California: Brooks/Cole

Publishing company, 6e, p. 683

[2]: Sandler, Stanley I. Chemical, Biochemical, and Engineering Thermodynamics. Univer-

sity of Delaware: John Wiley and Sons, 4e, p. 923

5 https://en.wikipedia.org/wiki/interpolation
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A.6. Basics of Rootfinding

Rootfinding is the determination of solutions to single-variable equations or to systems of

n equations in n unknowns (provided that such solutions exist). The basics of the method

revolve around the determination of roots

A root of a function F (x1,x2, ...) in any number of variables is defined as the solution to
the equation F (x1,x2, ...) = 0. In order to use any of the numerical methods in this
section, the equation should be put in a specific form, and this is one of the more

common ones, used for all methods except the iterative method.

However, it is easy to put a function into this form. If you start with an equation of the

form:

F1(x1,x2, ...) = F2(x1,x2, ...)

then subtracting F2 will yield the required form. Do not forget to do this, even if there is
only a constant on one side!

Example:

If you want to use the bisection method later in this section to find one of the solutions

of the equation 1 = x2, you should rewrite the equation as 0 = x2−1 so as to put it in
the correct form.

Since any equation can be put into this form, the methods can potentially be applied to

any function, though they work better for some functions than others.

A.7. Analytical vs. Numerical Solutions

An analytical solution to an equation or system is a solution which can be arrived at

exactly using some mathematical tools. For example, consider the function y = ln(x),
graphed below.
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Figure 26

The root of this function is, by convention, when y = 0, or when this function crosses the
x-axis. Hence, the root will occur when ln(x) = 0→ x = e0 = 1

The answer x=1 is an analytical solution because through the use of algebra, we were able

to come up with an exact answer.

On the other hand, attempting to solve an equation like:

−x = ln(x)

analytically is sure to lead to frustration because it is not possible with elementary methods.

In such a case it is necessary to seek a numerical solution, in which guesses are made until

the answer is ”close enough”, but you'll never know what the exact answer is.
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All that the numerical methods discussed below do is give you a systematic method of

guessing solutions so that you'll be likely (and in some cases guaranteed) to get closer

and closer to the true answer. The problem with numerical methods is that most are not

guaranteed to work without a good enough initial guess. Therefore, it is valuable to try a

few points until you get somewhere close and then start with the numerical algorithm to

get a more accurate answer. They are roughly in order from the easiest to use to the more

difficult but faster-converging algorithms.

A.8. Rootfinding Algorithms

A.8.1. Iterative solution

Iterative solutions in their purest form will solve the desired function so that it is in the

form:

x = f(x)

Then, a value for x is guessed, and f(x) is calculated. The new value of x is then re-inserted

into f(x), and the process is repeated until the value of x changes very little.

The following example illustrates this procedure.

Example:

Use an iterative solution to calculate the root of x+ ln(x) = 0
Solution: Solve the equation for x:

e−x = x
First we need to guess an x to get it started. Let's try x = 0.5
Then we have:

x = e−0.5 = 0.6065
x2 = e−0.6065 = 0.5453
x3 = e−0.5453 = 0.5796
x4 = e−0.5796 = 0.5601
x5 = e−0.5601 = 0.5711
x6 = e−0.5711 = 0.5649
x7 = e−0.5649 = 0.5684
Thus to two decimal places the root is x = 0.56. More iterations could be performed to
get a more accurate answer if desired.

This method has some rather severe limitations as we'll see in this example:

Example:

Repeat the above but this time solve for x a different way. What do you find?

Solution: To illustrate the point, let's start with a guess of x = 0.56
The other way to solve for x is the more obvious way: x =−ln(x)
x =−ln(0.56) = 0.5798
x2 =−ln(0.5798) = 0.5451
x3 =−ln(0.5451) = 0.6068
Clearly, even though we started with a very good guess, the solution is diverging!
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This example shows that the success of the iteration method strongly depends on

the properties of the function on the right-hand side. In particular, it has to do with

how large the slope of the function is at the root. If the slope is too large, the method will

not converge, and even if it is small the method converges slowly. Therefore, it is generally

undesirable to use this method, though some more useful algorithms are based on it (which

is why it is presented here).

A.8.2. Iterative Solution with Weights

Although the iterative solution method has its downfalls, it can be drastically improved

through the use of averaging. In this method, the function is still solved for x in the form:

x = f(x)

From the initial guess x0, the function f(x) is used to generate the second guess x1. However,
rather than simply putting x1 into f(x), a weighted average of x0 and x1 is made:

x1(New) = α∗x0 +(1−α)∗x1(old),0≤ α≤ 1

The term α is called the weight. The most common value of the weight is one-half, in

which case the next value to plug into f(x) is simply the average of x0 and x1(old):

x1(New) = x0+x1(Old)
2

This new value is then plugged into f(x), averaged with the result, and this is repeated until

convergence.

The following examples show that this method converges faster and with more reliability

than normal iterative solution.

Example:

Find the root of x+ ln(x) = 0 using the iterative method with a weight of α = 1
2

Solution: Let's start with a guess of 0.5 like last time, and compare what happens this

time from what happened with normal iteration.

x1 = e−0.5 = 0.6065
x1(new) = 0.5+0.6065

2 = 0.5533
x2 = e−0.5533 = 0.5751
x2(new) = 0.5533+0.5751

2 = 0.5642
x3 = e−0.5642 = 0.5688
Here, after only three evaluations of the function (which usually takes the longest time

of all the steps), we have the root to the same accuracy as seven evaluations with the

other method!

The method is not only faster-converging but also more stable, so that it can actually be

used solving the equation the other way too.
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Example:

Starting with an initial guess of x = 0.5 and using x =−ln(x) and the weighted iteration
method with α = 1

2 , find the root of the equation.
Solution: Starting with x0 = 0.5 we have:
x1 =−ln(0.5) = 0.693
x1(new) = 0.693+0.5

2 = 0.597
x2 =−ln(0.597) = 0.517
x2(new) = 0.517+0.597

2 = 0.557
x3 =−ln(0.557) = 0.5856
x3(new) = 0.5856+0.557

2 = 0.571
x4 =−ln(0.571) = 0.560
x4(new) = 0.560+0.571

2 = 0.565
x5 =−ln(0.565) = 0.570
Therefore we can (slowly) converge in this case using the weighted iteration method to

the solution.

Notice that in this case, if we use regular iteration the result only converged if the equation

was solved in a certain way. Using weighted iteration, it is possible to solve it either way

and obtain a solution, but one way is clearly faster than the other. However, weighting

will accelerate the algorithm in most cases and is relatively easy to implement, so it is a

worthwhile method to use.

A.8.3. Bisection Method

Let us consider an alternative approach to rootfinding. Consider a function f(x) = 0 which

we desire to find the roots of. If we let a second variable y = f(x), then y will (almost
always) change sign between the left-hand side of the root and the right-hand side. This

can be seen in the above picture of y = ln(x), which changes from negative to the left of

the root x = 1 to positive to its right.

The bisection method works by taking the observation that a function changes sign between

two points, and narrowing the interval in which the sign change occurs until the root

contained within is tightly enclosed. This only works for a continuous6 function, in which

there are no jumps or holes in the graph, but a large number of commonly-used functions

are like this including logarithms (for positive numbers), sine and cosine, and polynomials.

As a more formalized explanation, consider a function y = f(x) that changes sign between
x = a and x = b We can narrow the interval by:

1. Evaluating the function at the midpoint

2. Determining whether the function changes signs or not in each sub-interval

3. If the continuous function changes sign in a sub-interval, that means it contains a

root, so we keep the interval.

4. If the function does not change sign, we discard it. This can potentially cause problems

if there are two roots in the interval,so the bisection method is not guaranteed to find

ALL of the roots.

6 https://en.wikipedia.org/wiki/continuous
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Though the bisection method is not guaranteed to find all roots, it is guaranteed to find at

least one if the original endpoints had opposite signs.

The process above is repeated until you're as close as you like to the root.

Example:

Find the root of y = x+ ln(x) using the bisection method
By plugging in some numbers, we can find that the function changes sign between x = 0.5
(y =−0.193) and x = 1 (y = 1). Therefore, since the function is continuous, there must
be at least one root in this interval.

• First Interval: 0.5(−) < x < 1(+)
• Midpoint: x = 0.75
• y at midpoint: y = 0.75 + ln(0.75) = 0.462 Therefore, the sign changes between 0.5
and 0.75 and does not between 0.75 and 1.

• New Interval: 0.5(−) < x < 0.75(+)
• Midpoint: x = 0.625
• y at midpoint: y = 0.155
• New Interval: 0.5(−) < x < 0.625(+)
• Midpoint: x = 0.5625
• y at midpoint: y =−0.0129
We could keep doing this, but since this result is very close to the root, lets see if

there's a number smaller than 0.625 which gives a positive function value and save

ourselves some time.

• x Value: x = 0.57
• y value: y = 0.00788
Hence x lies between 0.5625 and 0.57 (since the function changes sign on this interval).

Note that convergence is slow but steady with this method. It is useful for refining crude

approximations to something close enough to use a faster but non-guaranteed method such

as weighted iteration.

A.8.4. Regula Falsi

The Regula Falsi method is similar the bisection method. You must again start with two

x values between which the function f(x) you want to find the root of changes. However,

this method attempts to find a better place than the midpoint of the interval to split it.It

is based on the hypothesis that instead of arbitrarily using the midpoint of the interval as

a guide, we should do one extra calculation to try and take into account the shape of the

curve. This is done by finding the secant line between two endpoints and using the root of

that line as the splitting point.

More formally:

• Draw or calculate the equation for the line between the two endpoints (a,f(a)) and (b,f(b)).

• Find where this line intersects the x-axis (or when y = 0), giving you x = c

• Use this x value to evaluate the function, giving you f(c)

• The sub-intervals are then treated as in the bisection method. If the sign changes between

f(a) and f(c), keep the interval; otherwise, throw it away. Do the same between f(c) and

f(b).
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• Repeat until you're at a desired accuracy.

Use these two formulas to solve for the secant line y = mx + B:

m = f(b)−f(a)
b−a

B = f(b)−m∗ b = f(a)−m∗a (you can use either)

The regula falsi method is guaranteed to converge to a root, but it may or may not be faster

than the bisection method, depending on how long it takes to calculate the slope of the line

and the shape of the function.

Example:

Find the root of x+ ln(x) = 0 but this time use the regula falsi method.
Solution: Be careful with your bookkeeping with this one! It's more important to keep

track of y values than it was with bisection, where all we cared about was the sign of

the function, not it's actual value.

For comparison with bisection, let's choose the same initial guesses: a = 0.5 and b = 1,
for which f(a) =−0.693 and f(b) = 1.
• First interval: 0.5 < x < 1,−0.193(−) < f(x) < 1(+)
• Secant line: y = 2.386x−1.386
• Root of secant line: x = 0.581
• Function value at root: f(x) = 0.581+ ln(0.581) = 0.038(+)
Notice that in this case, we can discard a MUCH larger interval than with the bisection

method (which would use x = 0.75 as the splitting point)
• Second interval: 0.5 < x < 0.581,−0.193(−) < f(x) < 0.038(+)
• Secant line: y = 2.852x−1.619
• Root of secant line: x = 0.5676
• Function value at root: f(x) = 0.0013
We come up with practically the exact root after only two iterations!

In some cases, the regula falsi method will take longer than the bisection method, depending

on the shape of the curve. However, it generally worth trying for a couple of iterations due

to the drastic speed increases possible.

A.8.5. Tangent Method (Newton's Method)

In this method, we attempt to find the root of a function y = f(x) using the tangent lines

to functions. This is similar to the secant method, except it ”cuts loose” from the old point

and only concentrates on the new one, thus hoping to avoid hang-ups such as the one

experienced in the example.

Since this class assumes students have not taken calculus, the tangent will be approximated

by finding the equation of a line between two very close points, which are denoted (x) and

(x+ δx). The method works as follows:

1. Choose one initial guess, x1
2. Evaluate the function f(x) at x = x1 and at x = x1 + δx where δx is a small number.
These yield two points on your (approximate) tangent line.
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3. Find the equation for the tangent line using the formulas given above.

4. Find the root of this line. This is x2
5. Repeat steps 2-4 until you're as close as you like to the root.

This method is not guaranteed to converge unless you start off with a good enough first

guess, which is why the guaranteed methods are useful for generating one. However, since

this method, when it converges, is much faster than any of the others, it is preferable to use

if a suitable guess is available.

Example:

Find the root of x+ ln(x) = y using the tangent method.
Solution: Let's guess x1 = 0.5 for comparison with iteration. Choose δ(x) = 0.001
• f(x1) = f(0.5) =−0.193
• f(x1 + δx) = f(0.501) =−0.190
• Tangent line: y = 2.85x−1.618
• Root of tangent line: x = 0.5677
Already we're as accurate as any other method we've used so far after only one

calculation!

A.9. What is a System of Equations?

A system of equations is any number of equations with more than one total unknown, such

that the same unknown must have the same value in every equation. You have probably

dealt a great deal, in the past, with linear systems of equations, for which many solution

methods exist. A linear system is a system of the form:

Linear Systems

C1 = a1x1 +a2x2 + ...
C2 = b1x1 + b2x2 + ...
And so on, where the a's and b's are constant.

Any system that is not linear is nonlinear. Nonlinear equations are, generally, far more

difficult to solve than linear equations but there are techniques by which some special cases

can be solved for an exact answer. For other cases, there may not be any solutions (which

is even true about linear systems!), or those solutions may only be obtainable using a

numerical method similar to those for single-variable equations. As you might imagine,

these will be considerably more complicated on a multiple-variable system than on a single

equation, so it is recommended that you use a computer program if the equations get too

nasty.

A.10. Solvability

A system is solvable if and only if there are only a finite number of solutions. This is, of

course, what you usually want, since you want the results to be somewhat predictable of

whatever you're designing.
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Here is how you can tell if it will definitely be impossible to solve a set of equations, or if it

merely may be impossible.

Solvability of systems:

1. If a set of n independent equations has n unknowns, then the system has a finite

(possibly 0) number of solutions.

2. If a set of n independent equations has less than n unknowns then the system has

an infinite number of solutions.

3. If a set of n independent or dependent equations has more than n unknowns then

the system has no solutions.

4. Any dependent equations in a system do not count towards n.

Note that even if a system is solvable it doesn't mean it has solutions, it just means that

there's not an infinite number.

A.11. Methods to Solve Systems

As you may recall there are many ways to solve systems of linear equations. These include:

• Linear Combination: Add multiples of one equation to the others in order to get rid

of one variable. This is the basis for Gaussian elimination7 which is one of the faster

techniques to use with a computer.

• Cramer's rule8 which involves determinants of coefficient matrices.

• Substitution: Solve one equation for one variable and then substitute the resulting

expression into all other equations, thus eliminating the variable you solved for.

The last one, substitution, is most useful when you have to solve a set of nonlinear

equations. Linear combination can only be employed if the same type of term appears

in all equations (which is unlikely except for a linear system), and no general analogue for

Cramer's rule exists for nonlinear systems. However, substitution is still equally valid. Let's

look at a simple example.

A.11.1. Example of the Substitution Method for Nonlinear Systems

Example:

Solve the following system of equations for X and Y

1. X +Y 2 = 4
2. X2−Y 2 = 22

Solution: We want to employ substitution, so we should ask: which variable is easier

to solve for?. In this case, X (in the top equation) is easiest to solve for so we do that to

obtain:

X = 4−Y 2

Substituting into the bottom equation gives:

7 https://en.wikipedia.org/wiki/Gaussian%20elimination

8 https://en.wikipedia.org/wiki/Cramer%27s%20rule
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(4−Y 2)2−Y 2 = 22

4−8Y 2 +Y 4−Y 2 = 22

Y 4−9Y 2−18 = 0

This can be solved by the method of substitution:

Let U = Y 2. Plugging this in:

U2−9U −18 = 0

Note:

All Ys must be eliminated for this method to be valid. Do something like this when the

same variable (or set of variables) appears in the same for every time. If it's not in the

same form every time, i.e. if the equation was something like Y 4−9Y 2−18+eY , then

the method would not simplify your calculations enough to make it worth doing.

Solving by factoring:

(U −6)(U −3) = 0

U = 3,6

Thus since U = Y 2 we obtain four solutions for Y!

Y =±
√

3,Y =±
√

6

Notice, however, that depending on where this system came from, the negative solutions

may not make sense, so think before you continue!

Let's take into account all of them for now. Since we have Y we can now solve for X:

X = 4−Y 2 = 4−U

X = 1,−2

Note:

Again, it may be true that only positive values of X make sense If only positive values of

X and Y make sense then the ONLY solution that is of any worth to us is the solution

(X,Y ) = (1,
√

3) since Y =
√

6 results in a negative value for X.

Notice that even a small system like this has a large number of solutions and, indeed, some

systems will have an infinite number, such as:

1. y = sin(x)
2. y = cos(x)
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A.12. Numerical Methods to Solve Systems

There are numerical equivalents in multiple variables to some of the methods demonstrated

in the previous section. Many of them in their purest forms involve the use of calculus (in

fact, the Taylor method does as well), but as before, they can be reduced to approximate

algebraic forms at the expense of some accuracy.

A.12.1. Shots in the Dark

If you can solve all of the equations explicitly for the same variable (say, y) you can guess

all but one and then compare how different the resulting values of y are in each equation.

This method is entirely brute-force, because if there are more than two equations, it

is necessary to guess all of the variables but one using this method, and there is

no way to tell what the next guess should be. Trying to guess multiple variables at once

from thin air gets to be a hastle even with a computer.

Since there are so many problems with this method, it will not be discussed further

A.12.2. Fixed-point iteration

Again, the multivariate form of fixed-point iteration is so unstable that it generally can be

assumed that it will not work. Weighted iteration is also significantly more difficult.

A.12.3. Looping method

This is one method that does work, and that is somewhat different from any single-variable

method. In the looping method technique, it is necessary to be able to solve each equation

for a unique variable, and then you'll go around in a loop essentially, starting with an initial

guess on (ideally) a single variable, say y, and then evaluating all equations until you return

to your original variable with a new value y'. If the result is not the same as the guess(es)

you started with, you need to make a new guess based on the trends in the results.

Note:

What kind of trends am I talking about? If you have a well-behaved system, an increase

in y will consistently lead to either an increase or a decrease in y', so you can take

advantage of this to see which way you need to adjust your original guess. DO NOT

attempt to use the value for y' as a new guess!

More specifically, here is an algorithm you can use:

1. Solve all equations for a different variable.

2. Make a guess on one variable (or as many as necessary to evaluate a second one, if it's

more than one it gets harder though, so it is recommended to use another method)

3. Go through all of the equations until you end up recalculating the variable (or all of

the variables) which you had originally guessed. Note whether the result is higher or

lower than your guess.

4. Make another guess on the variable(s). Go through the loop again.
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5. After these two guesses, we know whether increasing or guess will increase or decrease

the recalculated value. Therefore, we can deduce whether we need to increase or

decrease our guess to get a recalculated value equal to the guess.

6. Keep guessing appropriately until the recalculated value equals the guess.

This technique is often necessary in engineering calculations because they are based on data,

not on explicit equations for quantities. As we'll see, however, it can be difficult to get it

to converge, and this method isn't that convenient to do by hand (though it is the most

reliable one to do realistically). It is great, however, for inputting guesses into a computer

or spreadsheet until it works.

Example:

Solve this system:

1. y = e−x

2. y = ln(x)

First we need to solve one of them for x, let's choose the first one:

x =−ln(y)

• To start off, we make a guess: y = 0.1 Then from the first equation, x = 2.303

• Plug this back into the second equation and you'll come out with y' = 0.834. The

recalculated value is too high.

• Now make a new guess on y: say, y = 0.5. This results in x = 0.6931

• Plugging back into the second equation gives y' = -0.3665. The recalculated value is too

low.

Note:

Now we know that increasing the guess decreases the recalculated value y' and vice

versa. Since the second value of y' is too low this means that we need the guess to be

smaller than 0.5; likewise, since the first y' was too high we need it to be greater than

0.1.

• Lets now try y = 0.25.

• This results in x = 1.386 from the first equation and y' = 0.326 from the second. Too

high so we need to increase our guess.

• Let's guess y = 0.3

• This yields x = 1.204 and thus y' = 0.185, which is too low indicating the guessed value

was too high.

• Guess y = 0.28, hence x = 1.273 and y'= 0.241. The guess is therefore still too high.

• Guess y = 0.27, hence x = 1.309 and y' = 0.269. Therefore we have now converged:

x = 1.309,y = 0.27
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Looping Method with Spreadsheets

We can do the guessing procedure more easily by programming it into a spreadsheet. First

set up three rows like so:

A B C

1 y guess x y'

2 =-ln(A2) =ln(B2)

In B2 we put the first function solved for x, and in C2 we have the second function solved

for y. Now all we need to do is type in guesses in A2 until the value in C2 is the same as

our guess (the spreadsheet will automatically calculate B2 and C2 for you). To make things

even easier, put the line = A2−C2 into cell D2. Since we want y' to equal y, just keep
guessing until the value in D2 is as close to zero as you like.

As a more in-depth example (which would be significantly more difficult to do by hand),

consider the system:

Example:

Solve:

• T = 2P 2X2−3e−X/T

T −2
• X2 = T 3−P
• 10P = T

In order for this to work, we only need to solve each equation for a unique variable, the

expression need not be explicit! The following will work (assuming that X is a positive

quantity), and this will be evident shortly:

• T = 2∗P 2∗X2−3∗e−X/T

T −2
• X =

√
T 3−P

• P = 0.1T

Now we need to ask: which variable would be the best to guess to start the iteration

procedure? In this case the best answer is T because from this guess, we can calculate P

from equation 3, then X from equation 2, and finally a new guess on T from equation 1,

and use this new value as a gauge of our old guess.

Note:

Generally you want to start the loop with a variable that allows you to calculate a second

value with only that one guess. Try to algebraically manipulate your equations so that

this is the case before solving, because we want to avoid guessing on multiple variables

if at all possible.

Lets program this into the spreadsheet:

A B C D

E

1 T guess P X T'

T' - T guess
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2 =0.1*A2 =sqrt(A2^3 - B2) =(2*B2^2*C2^2 -

3*exp(-C2/A2))/(A2 - 2) =D2 - A2

Once all this is programmed in, you can just input guesses as before, with the eventual

result that:

P = 0.2453,X = 3.8098,T = 2.453

A.12.4. Multivariable Newton Method

Note:

You may want to skip this section if you don't know how to invert matrices, add them,

or multiply them.

There is a multivariate extension to Newton's method9 which is highly useful. It converges

quickly, like the single-variable version, with the downside that, at least by hand, it is

tedious. However, a computer can be programmed to do this with little difficulty, and the

method is not limited only to systems which can be explicitly solved like the looping method

is. In addition, unlike the looping method, the Newton method will actually give you the

next set of values to use as a guess.

The method works as follows:

1. Solve all of the equations for 0, i.e. let 0 = F (x1,x2, ...) for all functions F in the system.

2. Guess a value for all variables, and put them into a matrix (X). Calculate the value of

all functions F at this guess, and put them into a matrix (F).

3. We need to find estimates for all the partial derivatives of the function at the guessed

values, which is described later.

4. Construct a matrix (to become the Jacobian) as follows: make an empty matrix with

n rows and n columns, where n is the number of equations or the number of variables

(remember, a solvable system generally has the same number of equations as variables.

Then label the columns with the names of variables and the rows with the names of your

functions. It should look something like this:
−− x1 y2 ...
F1
F2
...

 . 5. Put the appropriate partial derivative in the labeled spot. For

example, put the partial derivative with respect to x1 from function 1 in the first spot.

9 https://en.wikipedia.org/wiki/Newtons%20method
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6. Once the Jacobian matrix is completely constructed, find the inverse10 of the matrix.

There are multiple computer programs that can do this including this one11 (WARNING:Not

tested software, use at your own risk!). Or you can do it by hand if you know how.

7. Matrix-multiply the inverse Jacobian with the transpose function matrix F (to make it

a column matrix), then subtract this from the transposition of X (again, make it a column

matrix):

XT
n+1 = XnT −J−1 ∗F T

n

Multivariable Newton Method Formula

8. The result is your next guess. Repeat until convergence.

Estimating Partial Derivatives

1 Warning

You MUST make sure you carry out quite a few decimal places when doing this,

because changing the variables by a very small amount may not change the function

values too much, but even small changes are important!

A Partial derivative is, in its most basic sense, the slope of the tangent line of a function

with more than one variable when all variables except one are held constant. The way to

calculate it is:

Now we need to stay organized, so let's introduce some notation:

δFi
δxj

is the partial derivative of function i with respect to variable j.

To calculate it:

1. Calculate one function F at your guess.

2. Increase one variable, x, by a very small amount δ. Leave all other variables
constant.

3. Recalculate F at the modified guess to give you F'.

The partial derivative of the function F with respect to x is then δF1
δx = F1(x+δ,y)−F1(x,y)

δ .

Example of Use of Newton Method

Let's go back to our archetypal example:

• y = e−x

• y = ln(x)

10 https://en.wikipedia.org/wiki/Inverse

11 http://www.allworldsoft.com/software/4-087-matrix-inverse-calculator.htm
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Step 1: We need to solve each for zero:

• F1 = 0 = e−x−y
• F2 = 0 = ln(x)−y

Step 2: Lets guess that x = 2.303 and y = 0.1 (it's a good idea to choose guesses that

satisfy one of the equations). Then:

X = [2.303,0.1]

The values of F at this guess are F1 = 0,F2 = 0.734213, and hence by definition:

F = [0,0.724213]

Step 3-5: Calculate the partial derivatives Lets choose δ = 0.01. Then:

• δF1
δx = F1(x+δ,y)−F1(x,y)

δ

• = (e−2.303+0.01−0.1)−(e−2.303−0.1)
0.01 =−0.1036

• δF1
δy = F1(x,y+δ)−F1(x,y)

δ

• = (e−2.303−(0.1+0.01))−(e−2.303−0.1)
0.01 =−1

The partial derivatives of F2 can be similarly calculated to be δF2δx = 0.433 and δF2δy =−1

Therefore, the Jacobian of the system is:−− x y
F1 −0.1036 −1
F2 +0.433 −1

 .

Step 6: Using any method you know how to do, you can come up with the inverse of the

matrix:

J−1 =

−− x y
F1 −1.3636 1.8636
F2 −0.8069 −0.1931

 .

Step 7: The transposition of F is simply:

F T =

 F
0

0.734213

 .

Therefore by doing matrix multiplication you can come up with the following modifying

matrix:

J−1 ∗F T =

 ∆
1.3682
0.1418

 .

Therefore, we should subtract 1.3682 from x and 0.1418 from y to get the next guess:

x = 0.9373,y = 0.2418

Notice how much closer this is to the true answer than what we started with. However, this

method is generally better suited to a computer due to all of the tedious matrix algebra.
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A.13. Linearization

In the statistics section12, the concept of linearization was introduced as an extension to

linear regression. It is discussed here in terms of plotting. Linearization is particularly useful

because it allows an engineer to easily tell whether a simple model (such as an exponential

model) is a good fit to data, and to locate outliers.

In order to linearize nonlinear data, it is necessary to assume a model that can be linearized.

Some requirements for a linearizable function are:

1. The equation must be separable (i.e. you must be able to put all instances of y or

functions of y on one side of the equation, and all instances of x or functions of x on

the other)

2. You must be able to express the function in the form f(y) = A∗f(x)+B
3. Simple linearization can only provide a maximum of two constant values (A and B).

Some examples of functions that can be linearized and their linear forms are given in the

statistics section. Here is a summary:

y = A∗ bx→ ln(y) = ln(A)+x∗ ln(b) (exponential model, f(y) = ln(y);f(x) = x)

y = A∗xb→ ln(y) = ln(A)+ b∗ ln(x) (power-law model, f(y) = ln(y);f(x) = ln(x))

y = k1∗x
k2+x →

1
y = (k2

k1
)∗ 1

x + 1
k1
(Michaelis-Menton)

An effective method to check the validity of an assumed model is to first evaluate f(y)

and f(x) at all data points and then plot f(y) vs. f(x). Spreadsheets are ideal for this

computation. If the model assumed is correct, the plot of f(y) vs. f(x) should be linear

and randomly scattered around the plot. If the assumed model is known to be correct, the

linear plot can be used to quickly identify outlying data points.

A.14. Log-log and semi-log plots

In engineering, exponential and power-law models show up so often that they have their own

special paper that can be used to graph them easily. They are called semilog paper and

log-log paper, respectively, because of the linearized forms of the exponential and power-

law functions. These types of paper use a base-10 logarithm (which differs from a natural

logarithm by a constant) because it is easier to visualize a base-10 than it is to visualize a

base-e.

A.15. Parity Plots

Often, in engineering analysis, there will be a theoretical value of a parameter (for example,

the outlet temperature of a reactor calculated from an energy balance), and there will be

an actually-measured value. It is often desirable to compare them. One easy graphical way

to do this is with a parity plot. In a parity plot, one plots the measured values against

the experimental values (for the same trial). The y=x line is also plotted as a reference. If

12 Chapter A on page 117
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the theoretical and experimental values agree, they should lie close to the y=x line and be

randomly scattered around it. If they do not (due to either a problematic assumption in

the theory, errors in measurement, or both), then the data will be skewed away from the

y=x line. This is also useful for identifying outlying measurements.

In addition to checking for actual agreement, a parity plot can be used to tell if the theoret-

ical and experimental values are at least correlated (in which case the plot would be linear,

even if not near the y=x line).

Problem:

1. In enzyme kinetics, one common form of a rate law is Michaelis-Menten kineticsa,

which is of the form:

−rS = Vmax∗[S]
Km+[S]

where Vmax and Km are constants.

a. Write this equation in a linearized form. What should you plot to get a line? What

will the slope be? How about the y-intercept?

b. Given the following data and the linearized form of the equation, predict the values

of Vmax and Km

[S], M rS, M/s

0.02 0.0006

0.05 0.0010

0.08 0.0014

0.20 0.0026

0.30 0.0028

0.50 0.0030

0.80 0.0036

1.40 0.0037

2.00 0.0038

Also, calculate the R value and comment on how good the fit is.

c. Plot the rate expression in its nonlinear form with the parameters from part b. What

might Vmax represent?
d. Find the value of -rS when [S] is 1.0 M in three ways:

1. Plug 1.0 into your expression for -rS with the best-fit parameters.

2. Perform a linear interpolation between the appropriate points nearby.

3. Perform a linear extrapolation from the line between points (0.5, 0.0030) and (0.8,

0.0036).

Which is probably the most accurate? Why?

a https://en.wikipedia.org/wiki/Michaelis-Menten%20kinetics

Problem:

2. Find the standard deviation of the following set of arbitrary data. Write the data in

µ±σ form. Are the data very precise?

1.01 1.00 0.86 0.93 0.95

1.1 1.04 1.02 1.08 1.12

0.97 0.93 0.92 0.89 1.15

Which data points are most likely to be erroneous? How can you tell?
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Problem:

3. Solve the following equations for x using one of the rootfinding methods discussed

earlier. Note that some equations have multiple real solutions (the number of solutions

is written next to the equation)

a. x2− 14x + 15 = 0 (2 solutions). Use the quadratic formula to check your technique
before moving on to the next problems.

b. x2−14x+15− ln(x) = 0 (1 solution)
c. e3x =−x (1 solution)

d. x
2x2−3 −

2x3−x2

2x−x2 = 10 (2 solutions)
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B.1. Introduction to Spreadsheets

This tutorial probably works with other spreadsheets (such as w:open office1) with minor

modifications.

A spreadsheet such as Excel is a program that lets you analyze moderately large amounts

of data by placing each data point in a cell and then performing the same operation on

groups of cells at once. One of the nice things about spreadsheets is that data input

and manipulation is relatively intuitive and hence easier than doing the same tasks in a

programming language like MATLAB (discussed next). This section shows how to do some

of these manipulations so that you don't have to by hand.

B.2. Anatomy of a spreadsheet

A spreadsheet has a number of parts that you should be familiar with. When you first open

up the spreadsheet program, you will see something that looks like this (the image is from

the German version of open office)

1 https://en.wikipedia.org/wiki/open%20office
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Figure 27

First off, notice that the entire page is split up into boxes, and each one is labeled. Rows are

labeled with numbers and columns with letters. Also, try typing something in, and notice

that the box above the spreadsheet (to the right of Σ =) will change automatically as you
type. When you're just putting in numbers, this info box will just have the same number

in there. But when you're putting in formulas, the cell will display the value calculated

from the formula, while the info box will display what the formula was.

B.3. Inputting and Manipulating Data in Excel

The first step in any spreadsheet analysis is to input the raw data you want to analyze. It

is most effective if you put it in columns, with one column for each variable. It lets you see

more data at once, and it also is less limited because the maximum number of rows is much

larger than the maximum number of columns.

It is good practice to use the first row for the names of the variables, and the remaining

for the data points. Make sure you include units. In this section, the following data will be

used as illustration:

(Rownumber) Column A Column B

1 t(min) D (yards)

2 2 559.5
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(Rownumber) Column A Column B

3 1.9 759.5

4 3.0 898.2

5 3.8 1116.3

6 5.3 1308.7

B.3.1. Using formulas

In order to tell the spreadsheet that you want to use a formula rather than just enter a

number, you have to start the entry with an equal sign (=). You can then use combinations

of decimal values and cell designations. A cell designation is simply the column letter

followed by the row number containing the value you wish to manipulate. For example, if

you wanted to find the product of the distance traveled and the time spent traveling, you

could put in the formula:

= A2*B2

into any empty cell and it would give you the answer. From here out it will be assumed that

this value is in cell C2. You should label the column with the type of calculation you're

performing.

B.3.2. Performing Operations on Groups of Cells

The question may arise: why not just put in the numbers themselves instead of referencing

the cell? There are two major reasons for this:

1. If you change the value in the referenced cell, the value calculated in the formula will

automatically change.

2. The built-in dragging capability of most spreadsheets.

The dragging capability is a simple concept. If you have put a formula into a spreadsheet,

you can have it copied to any number of cells you want. To do this, select the cell with the

formula and bring the mouse pointer to its lower-right hand corner. You should see a dark

+ icon:

Info Bar ”=A2*B2”

(rownum) Column A Column B Column C

1 t(min) D(yards) t*D

2 1.1 559.5

————-

| 625.45 |

————+

3 1.9 759.5

4 3.0 898.2

5 3.8 1116.3

6 5.3 1308.7
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Click on the + and drag it down. This will cause the formulas to change according

to how you drag the box. In this case, if you drag it down to row 6, the spreadsheet

will produce the following:

A B C

1 t (min) D (yards) t*D

2 1.1 559.5 615.45

3 1.9 759.5 1443.05

4 3.0 898.2 2694.6

5 3.8 1116.3 4241.94

6 5.3 1308.7 6936.11

If you click on the last value in column C (6936.11) the info bar will display:

=A6*B6

This is very useful for performing the same operations on multiple sets of data at once;

rather than having to do the multiplication 5 separate times here, we just do it once and

drag down the box.

B.3.3. Special Functions in Excel

In order to do many mathematical operations in Excel (or at least the easiest way), it is

necessary to use functions (not to be confused with formulas). A function is simply an

implementation someone already wrote for the mathematical operation, so all you have to

do is know how to tell it to do the operation and where to put it when it's done. In excel,

you can call a function named ”function” by typing the following into a cell:

=function(inputs)

The function will then execute, and the cell containing the call will display the answer.

The necessary inputs are sometimes numbers but are more often the cell addresses. For

example, in the data above, say you wanted to take the exponential (ex) of all the time

points in column A, and place the result in column D. The function for exponential is exp

, and it can only accept one input at a time, but due to the dragging capability of Excel

this will not matter much, you can just call it once and then drag the cell as you would

with any formula containing cell addresses. So to do this you would type into cell D2:

=exp(A2)

Hit enter, then click the + in the bottom right and drag the cell down. You should end up

with something like this after labeling the D column appropriately:
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A B C D

1 t (min) D(yards) t*D e^t

2 1.1 559.5 615.45 3.004166024

3 1.9 759.5 1443.05 6.685894442

4 3 898.2 2694.6 20.08553692

5 3.8 1116.3 4241.94 44.70118449

6 5.3 1308.7 6936.11 200.33681

All excel functions output only one value at a time, though some can accept multiple cells

at a time as input (mostly statistical functions).

Following is a brief synopsis of the functions available. For a complete list, see the help files

for your spreadsheet, as the availability of each function may vary depending on which one

you are using. CELL signifies either the row/column designation of the cell you want to

pass to the function as input, or some numerical value you enter manually.

Mathematics Functions

Generally these only take one input at a time.

abs(CELL): Absolute value2 of CELL

sqrt(CELL): Square root3 of CELL [to do nth roots, use CELL^(1/n)]

ln(CELL): Natural log4 of CELL

log10(CELL): Log of CELL to base 10

log(CELL, NUM): Log of CELL to the base NUM (use for all bases except e and 10)

exp(CELL): Exponential5(e^x) of CELL. Use since Excel doesn't have a built-in constant

"e".

sin(CELL), cos(CELL), tan(CELL): Trigonometric functions6 sine, cosine, and tangent of CELL. CELL must

be in radians

asin(CELL), acos(CELL), atan(CELL): Inverse trigonometric functions7 (returns values in radians)

sinh(CELL), cosh(CELL), tanh(CELL): Hyperbolic functions8

asinh(CELL), acosh(CELL), atanh(CELL): Inverse hyperbolic functions

Statistics Functions

These are examples of useful statistics functions in Excel, they are not by any means the

only ones.

GROUP means a group of cells that are directly next to each other. Define a group by the

syntax FIRSTCELL:LASTCELL, for example, using GROUP = A2:A5 passes all the cells

between A2 and A5 (inclusive) to the function. If a function requires two different groups

(for example, a y and an x), both groups must be within continuous groups of cells.

average(CELL1, CELL2, ...) OR average(GROUP): Computes the arithmetic average

of all inputs.

intercept(GROUP1, GROUP2): Calculates the y-intercept (b) of the regression

line where y = GROUP1 and x = GROUP2.

GROUP1 and GROUP2 must have the same size.

pearson(GROUP1, GROUP2): Calculates the Pearson correlation coefficient (R)

between GROUP1 and GROUP2.

stdev(CELL1, CELL2, ...) OR stdev(GROUP): Computes the sample standard deviation

(divides by n-1) of all inputs.
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slope(GROUP1, GROUP2): Calculates the slope (m) of the regression line where y

= GROUP1 and x = GROUP2.

GROUP1 and GROUP2 must have the same size.

Programming Functions

B.4. Solving Equations in Spreadsheets: Goal Seek

Excel and possibly other spreadsheets have a very useful tool called goalseek which allows

the user to solve single-variable equations (and can be used as an aid in guess-and-check

for systems of algebraic equations). Let's suppose for the purposes of this tutorial that you

wish to find a solution to the equation:

0 = X3 +2X2−X +1

In order to set up the problem in Goalseek, it is necessary to define a cell for the variable

you want to change (X) and a cell for the function you want to evaluate.

Note:

Goalseek will only work if you tell it to evaluate some function until it reaches a

constant value. You cannot tell it to equal something that can change, so for example

you cannot do something like this:

X−X3 = 2X2 +1
because neither side is a constant. The easiest way around this is generally to solve the

function for zero and then use that as the evaluating function.

Here, we could set up the cells as follows:

A B

1 X f(X)

2 -1 =A2^3 + 2*A2^2 - A2 + 1

To solve this one, go to

Tools > Goalseek...

It'll give you three boxes: ”Set Cell”, ”To Value”, and ”By Changing Cell”. Since we want

the value in cell B2 to equal 0, enter B2 into the ”Set Cell” box and 0 into the ”To Value”

box. Since cell B2 depends on cell A2, we want to change A2 so that B2 equals 0. Hence,

the ”By Changing Cell” box should contain A2. Put that in and click ”OK”, and Goalseek

will converge to an answer:

A B

1 X f(X)

2 -2.54683 -0.00013
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Notice that the success of the goalseek depends on what your initial guess was. If you try

to put in an initial guess of 0 in this example (instead of -1), goalseek will diverge. It will

tell you so, saying ”Goal Seeking with Cell B2 May Not have Found a Solution”. However,

the algorithm is generally fairly robust so it shouldn't take too many guesses to obtain

convergence.

Note:

You can only enter one cell into each of the ”Set Cell” and ”By Changing Cell” boxes,

and the value in ”To Value” must be a constant

.

B.5. Graphing Data in Excel

In Excel, there are a variety of ways to graph the data you have inserted, such as bar graphs,

pie charts, and many others. The most commonly-used in my experience is the scatterplot

, which is the name Excel uses for the typical x-y ”line graph” plot that you probably think

of first when you think of a graph.

B.5.1. Scatterplots

Scatterplots can be made relating any one independent variable to any number of dependent

variables, though if you try to graph too many it will get crowded and hard to read. Excel

will automatically give each different dependent variable a different color and a different

shape, so that you can distinguish between them. You can also name each ”series” of data

differently and Excel will automatically set up a legend for you.

This is how to make a scatterplot:

1. Put the data into columns just like it was given in the problem statement.

2. Now we need to set up the graph. Go to: Insert→ Chart.
3. Select ”XY (scatter)” and click ”next”.

4. Click the ”series” tab (on top). If there are any series present, remove them with the

remove button (since it usually guesses wrong what you want to graph).

Now we can add a series for each dependent variable we want to graph as follows:

1. Click ”add”.

2. Next to ”X values” click the funky arrow symbol to the right of the text box. A small

box will pop up.

3. Click on the first value for the independent variable and drag the mouse down to the

last value. Click the funky symbol again to bring you back to the main window.

4. Do the same thing with the ”Y values” but this time you want to select the values of

the dependent variable.

5. Click next, and give the graph a title and labels if you want. Then click next and

”finish” to generate your graph.
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B.5.2. Performing Regressions of the Data from a Scatterplot

Once you have a scatterplot of your data, you can do one of several types of regression:

logarithmic, exponential, polynomial (up to 6th degree), linear, or moving-average. Excel

will plot the regression curve against your data automatically, and (except for moving

average) you can tell it to give you an equation for the curve. To do this:

1. Right click on one of the data points (it doesn't matter which). Click ”add trendline...”

2. A new window will come up, asking you for the type of regression. Choose the type

of regression you want to use.

3. Click on the ”options” tab, and check the ”Display Equation on Chart” box (and, if

you want, the ”Display R-squared value on Chart” box). Click OK.

If you chose a ”linear” regression with the sample data above, the equation and R2 value
appear on the graph as y = 177.87x + 391.28,R2 = 0.9843. Note Excel displays R2 rather
than R (so that we don't need to worry about negative vs. positive values); if you want R

just take the square root, which is 0.9921 as we calculated in the section on linear regressions.

B.6. Further resources for Spreadsheets

Excel and other spreadsheets can do far more than what is described here. For additional

information, see Microsoft Office9, w:Excel10, or the help files for the program you are using.

B.7. Introduction to MATLAB

B.8. Inserting and Manipulating Data in MATLAB

B.8.1. Importing Data from Excel

B.8.2. Performing Operations on Entire Data Sets

B.9. Graphing Data in MATLAB

B.9.1. Polynomial Regressions

MATLAB11 is able to do regressions up to very large polynomial orders, using the ”polyfit”

function. The syntax for this function is:

polyfit(XDATA, YDATA, Order)

The x data and y data must be in the form of arrays, which for the purposes of this

application are simply comma-separated lists separated by brackets. For example, suppose

you want to perform the same linear regression that had been performed in the ”linear

9 https://en.wikibooks.org/wiki/Microsoft%20Office

10 https://en.wikipedia.org/wiki/Excel

11 https://en.wikibooks.org/wiki/MATLAB
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regression” section. The first step is to define the two variables:

>> XDATA = [1.1,1.9,3.0,3.8,5.3];

>> YDATA = [559.5,759.4,898.2,1116.3,1308.7];

Then just call polyfit with order '1' since we want a linear regression.

>> polyfit(XDATA, YDATA, 1)

ans = 1.0e+002 *

1.77876628209900 3.91232582806103

The way to interpret this answer is that the first number is the slope of the line (1.778*10^2)

and the second is the y-intercept (3.912*10^2).

B.9.2. Nonlinear Regressions (fminsearch)
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C. Miscellaneous Useful Information

C.1. Standard vs. Actual Volume

When specifying the volume of a gas, the pressure and temperature must be specified be-

cause the volume of a gas depends strongly on both temperature and pressure (assuming

that it is in an expandable container). In order to avoid specifying a different set of condi-

tions for each measurement, an engineer can convert to standard temperature and pressure

(typically 1 atm and 0oC) which is common to all measurements. This allows direct com-

parisons of volume measurements, but also requires that one convert back to the actual

conditions present in the system before the value can be used.

The conversion that is used assumes that the gas is ideal, so that:

PV = nRT

C.1.1. Conversion of volume to volume

We wish to compare a standard state to the actual state in the system. Let us consider the

standard state (state ”s”) first. We have the ideal gas law for the standard state:

Ps ∗Vs = nsRTs

Now let us compare the standard state to the actual conditions in the system. The standard

state conditions have been completely specified. The ideal gas law is assumed to hold in

the actual system conditions as well:

PaVa = naRTa

Divide this equation by the standard-state ideal gas law gives:

PaVa
PsVs

= naRTa
nsRTs

where a is actual and s is standard. If we assume that we want to compare the same

number of moles of the substance between the standard and actual states, the following

conversion between the states is obtained:

Conversion from standard to actual volume

Va = PsVs
Ts
∗ Ta

Pa
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C.2. ”Gauge” Pressure vs. ”Absolute” Pressure

C.3. Different types of moles

C.4. ”Pound-mass” vs. ”Pound-force”

C.5. What is a ”Unit Operation”?

A unit operation is any part of potentially multiple-step process which can be considered

to have a single function. Examples of unit operations include:

• Separation Processes

• Purification Processes

• Mixing Processes

• Reaction Processes

• Power Generation Processes

• Heat Exchangers

In general the ductwork between the processes is not explicitly included, though a single

pipe can be analyzed for purposes of determining friction loss, heat losses, pressure drop,

and so on.

Large processes are broken into unit operations in order to make them easier to analyze.

The key thing to remember about them is that the conservation laws apply not only to the

process as a whole but also to each individual unit operation.

The purpose of this section is not to show how to design these operations (that's a whole

other course) but to give a general idea of how they work.

C.6. Separation Processes

There are a large number of types of separation processes, including distillation, extraction,

absorption, membrane filtration, and so on. Each of these can also be used for purification,

to varying degrees.

C.6.1. Separation by Flashing

A mixture of two liquids or a liquid and vapor can be separated by passing it to a flash

drum at a fixed temperature and pressure. The mixture is allowed to reach equilibrium (or

near it), and then the vapor exits the top and the liquid exits the bottom of the drum. This

separates the components somewhat, provided that the temperature is chosen between the

boiling temperatures of the components of the mixture at the pressure of the drum. The

degree of separation depends on the composition of the mixture, the concentrations of the

species in the mixture, and the temperature and pressure. Having data such as fugacity

data or even vapor pressures for simple modelling like Raoult's Law is invaluable when

choosing the operating conditions.

When a solution boils, the resulting gas is still a mixture, but the gaseous mixture will

in general have more of the lower-boiling compound than the higher-boiling compound.
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Therefore, a higher-boiling compound can be separated from the lower-boiling compound

by simply allowing part of the solution to boil and part to remain as liquid.

C.6.2. Distillation

Distillation, like flashing, is a process which is generally used to separate a mixture of two or

more liquids based on their boiling points. However, what happens in a distillation column

is essentially a series of flashes, which are connected with recycle loops. The liquid from each

tray comes to equilibrium (ideally) with the vapor, and the vapor rises up to the next tray

and the liquid falls to the tray beneath it. Each tray has a different temperature because a

reboiler on the bottom and a condenser at the top maintain a temperature gradient across

the column (in certain separation setups one of these components is omitted).

Distillation is an unit operation, in which two constituent is separated by different boiling

point.

The net result is, like flashing, more of the lower-boiling compound(s) will exit at the top

of the column, and more of the higher-boiling compound(s) will fall to the bottoms. Since

distillation is multiple flashes in a row, it is typically more effective than a single flash,

although the latter may be sufficient depending on the purpose. Distillation columns are

standard for many types of separations because it is relatively inexpensive for its efficacy.

Distillation has a limit, however: non-ideal mixtures can form azeotropes. An azeotrope

is a point at which when the solution boils, the vapor has the same composition as the

liquid. Therefore no further separation can be done without another method or without

using some special tricks.

Two examples of distillation processes are petroleum distillation and the production of

alcoholic beverages. In the first case, oil is separated into its many components, with the

lightest at the top and the heaviest on the bottom. In the latter, the gas is enriched in

ethanol, which is later recondensed.

C.6.3. Gravitational Separation

Gravitational separation takes advantage of the well-known effect of density differences

: something that is less dense will float on something that is more dense. Therefore, if two

immiscible liquids have significantly different densities, they can be separated by simply

letting them settle, then draining the denser liquid out the bottom. Note that the key word

here is immiscible; if the liquids are soluble in each other, then it is impossible to separate

them by this method.

This method can also be used to separate out solids from a liquid mixture, but again the

solids must not be soluble in the liquid (or must be less soluble than they are as present in

the solution).

C.6.4. Extraction

Extraction is the general practice of taking something dissolved in one liquid and forcing

it to become dissolved in another liquid. This is done by taking advantage of the relative

solubility of a compound between two liquids. For example, caffeine must be extracted
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from coffee beans or tea leaves in order to be used in beverages such as coffee or soda. The

common method for doing this is to use supercritical carbon dioxide, which is able to dissolve

caffeine as if it were a liquid. Then, in order to take the caffeine out, the temperature is

lowered (lowering the ”solubility” in carbon dioxide) and water is injected. The system is

then allowed to reach equilibrium. Since caffeine is more soluble in water than it is in carbon

dioxide, the majority of it goes into the water.

Extraction is also used for purification, if some solution is contaminated with a pollutant,

the pollutant can be extracted with another, clean stream. Even if it is not very soluble, it

will still extract some of the pollutant.

Another type of extraction is acid-base extraction, which is useful for moving a basic or acidic

compound from a polar solvent (such as water) to a non-polar one. Often, the ionized form

of the acid or base is soluble in a polar solvent, but the non-ionized form is not as soluble.

The reverse is true for the non-ionized form. Therefore, in order to manipulate where the

majority of the compound will end up, we alter the pH of the solution by adding acid or

base.

For example, suppose you wanted to extract Fluoride (F-) from water into benzene. First,

you would add acid, because when a strong acid is added to the solution it undergoes the

following reaction with fluoride, which is practically irreversible:

F − +H3O+→HF +H2O

The hydrogen fluoride is more soluble in benzene than fluoride itself, so it would move into

the benzene. The benzene and water fluoride solutions could then be separated by density

since they're immiscible.

The term absorption is a generalization of extraction that can involve different phases

(gas-liquid instead of liquid-liquid). However, the ideas are still the same.

C.6.5. Membrane Filtration

A membrane is any barrier which allows one substance to pass through it more than another.

There are two general types of membrane separators: those which separate based on the

size of the molecules and those which separate based on diffusivity.

An example of the first type of membrane separator is your everyday vacuum cleaner.

Vacuum cleaners work by taking in air laden with dust from your carpet. A filter inside

the vacuum then traps the dust particles (which are relatively large) and allows the air to

pass through it (since air particles are relatively small). A larger-scale operation that works

on the same principle is called a fabric filter or ”Baghouse”, which is used in air pollution

control or other applications where a solid must be removed from a gas.

Some fancy membranes exist which are able to separate hydrogen from a gaseous mixture by

size. These membranes have very small pores which allow hydrogen (the smallest possible

molecule, by molecular weight) to pass through by convection, but other molecules cannot

pass through the pores and must resort to diffusion (which is comparatively slow). Hence

a purified hydrogen mixture results on the other side.
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Membranes can separate substances by their diffusivity as well, for example water may

diffuse through a certain type of filter faster than ethanol, so if such a filter existed it could

be used to enrich the original solution with ethanol.

C.7. Purification Methods

In order to bring any product to market, it is necessary to purify it adequately. Without

purification, people could get sick from eating foods, side-reactions could occur in industry

which would cause safety concerns, or a scientist's research could be invalidated. Fortunately

there are several methods used to purify things. The separation processes mentioned above

are often used for this purpose, as are the following two processes:

C.7.1. Adsorption

Not to be confused with absorption, but adsorption is a process which separates components

by their relative adhesiveness to a surface. An adsorption column is essentially a pipe filled

with a certain material. When the contaminant flows by, it will bind to the material, and

in this way the fluid flowing by is cleaned.

A major disadvantage to this method is that the material will always have a saturation

point after which no more contaminant can latch on to it. At this point cleaning stops and

therefore the spent material must be replaced by new material.

C.7.2. Recrystallization

Recrystallization is the purification of substances by taking advantage of changes in solubil-

ity with respect to temperature.We take advantage of this by dissolving an impure compound

and then lowering the temperature slowly. The solubility of most solid substances increases

with temperature http://en.wikipedia.org/wiki/Solubility, so decreasing the tem-

perature will cause the solubility of both the impurities and the substance to be purified

to decrease. However, since there is likely much more of the impure substance present

than impurities, the impure substance will crystallize out long before the impurities will.

Therefore, as long as the temperature is not lowered too quickly, the impure substance will

crystallize out in a purer form, while most impurities will remain in solution.

A disadvantage to this method is that it takes a long time to perform, but it is often the

most effective method for obtaining a pure sample of a product.

C.8. Reaction Processes

C.8.1. Plug flow reactors (PFRs) and Packed Bed Reactors (PBRs)

A plug flow reactor is a (idealized) reactor in which the reacting fluid flows through

a tube at a rapid pace, but without the formation of eddies characteristic of rapid flow.

Plug flow reactors tend to be relatively easy to construct (they're essentially pipes) but are

problematic in reactions which work better when reactants (or products!) are dilute.
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Plug flow reactors can be combined with membrane separators in order to increase the yield

of a reactor. The products are selectively pulled out of the reactor as they are made so that

the equilibrium in the reactor itself continues to shift towards making more product.

Figure 28

A packed bed reactor is essentially a plug flow reactor packed with catalyst beads. They

are used if, like the majority of reactions in industry, the reaction requires a catalyst to

significantly progress at a reasonable temperature.

C.8.2. Continuous Stirred-Tank Reactors (CSTRs) and Fluidized Bed

Reactors (FBs)

A continuous stirred-tank reactor is an idealized reactor in which the reactants are

dumped in one large tank, allowed to react, and then the products (and unused reactants)

are released out of the bottom. In this way the reactants are kept relatively dilute, so

the temperatures in the reactor are generally lower. This also can have advantages or

disadvantages for the selectivity of the reaction, depending on whether the desired reaction

is faster or slower than the undesired one.
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Figure 29

CSTRs are generally more useful for liquid-phase reactions than PFRs since less transport

power is required. However, gas-phase reactions are harder to control in a CSTR.

A fluidized bed reactor is, in essence, a CSTR which has been filled with catalyst. The

same analogy holds between an FB and CSTR as does between a PFR and a PBR. Unlike

CSTRs though, Fluidized beds are commonly used with gases; the gas is pumped in the

bottom and bubbles through the catalyst on the way to the top outlet.

C.8.3. Bioreactors

A bioreactor is a reactor that utilizes either a living organism or one or more enzymes

from a living organism to accomplish a certain chemical transformation. Bioreactors can

be either CSTRs (in which case they are known as chemostats) or PFRs.

Certain characteristics of a bioreactor must be more tightly controlled than they must be

in a normal CSTR or PFR because cellular enzymes are very complex and have relatively

narrow ranges of optimum activity. These include, but are not limited to:

1. Choice of organism. This is similar to the choice of catalyst for an inorganic reaction.

2. Strain of the organism. Unlike normal catalysts, organisms are very highly manipu-

lable to produce more of what you're after and less of other products. However, also

unlike normal catalysts, they generally require a lot of work to get any significant

production at all.

3. Choice of substrate. Many organisms can utilize many different carbon sources, for

example, but may only produce what you want from one of them.

4. Concentration of substrate and aeration. Two inhibitory effects exist which could

prevent you from getting the product you're after. Too much substrate leads to the
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glucose effect in which an organism will ferment regardless of the air supply, while

too much air will lead to the pasteur effect and a lack of fermentation.

5. pH and temperature: Bacterial enzymes tend to have a narrow range of optimal pH

and temperatures, so these must be carefully controlled.

However, bioreactors have several distinct advantages. One of them is that enzymes tend

to be stereospecific, so for example you don't get useless D-sorbose in the production of

vitamin C, but you get L-sorbose, which is the active form. In addition, very high production

capacities are possible after enough mutations have been induced. Finally, substances which

have not been made artificially or which would be very difficult to make artificially (like

most antibiotics) can be made relatively easily by a living organism.

C.9. Heat Exchangers

In general, a heat exchanger is a device which is used to facilitate the exchange of heat

between two mixtures, from the hotter one to the cooler one. Heat exchangers very often

involve steam because steam is very good at carrying heat by convection, and it also has a

high heat capacity so it won't change temperature as much as another working fluid would.

In addition, though steam can be expensive to produce, it is likely to be less expensive than

other working fluids since it comes from water.

C.9.1. Tubular Heat Exchangers

A tubular heat exchanger is essentially a jacket around a pipe. The working fluid (often

steam) enters the jacket on one side of the heat exchanger and leaves on the other side.

Inside the pipe is the mixture which you want to heat or cool. Heat is exchanged through

the walls of the device in accordance to the second law of thermodynamics, which requires

that heat flow from higher to lower temperatures. Therefore, if it is desired to cool off the

fluid in the pipe, the working fluid must be cooler than the fluid in the pipe.

Heat exchangers work because heat naturally flows from higher temperature to lower tem-

peratures. Therefore if a hot fluid and a cold fluid are separated by a heat conducting

surface heat can be transferred from the hot fluid to the cold fluid.

Tubular heat exchangers can be set up in two ways: co-current or counter-current. In

a co-current setup, the working fluid and the fluid in the pipe enter on the same side of

the heat exchanger. This setup is somewhat inefficient because as heat is exchanged, the

temperature of the working fluid will approach that of the fluid in the pipe. The closer

the two temperatures become, the less heat can be exchanged. Worse, if the temperatures

become equal somewhere in the middle of the heat exchanger, the remaining length is wasted

because the two fluids are at thermal equilibrium (no heat is released).

To help counteract these effects, one can use a counter-current setup, in which the working

fluid enters the heat exchanger on one end and the fluid in the pipe enters at the other end

. As an explanation for why this is more efficient, suppose that the working fluid is hotter

than the fluid in the pipe, so that the fluid in the pipe is heated up. The fluid in the pipe

will be at its highest temperature when it exits the heat exchanger, and at its coolest when

it enters. The working fluid will follow the same trend because it cools off as it travels the

length of the exchanger. Because it's counter-current, though, the fact that the working
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fluid cools off has less of an effect because it's exchanging heat with cooler, rather than

warmer, fluids in the pipe.
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D. Notation

D.1. A Note on Notation

D.2. Base Notation (in alphabetical order)

[i]n : Molarity of species i in stream n

a, b, c, d: Stoichiometric coefficients.

A: Area

C: Molar concentration (mol/L)

K: Equilibrium coefficient

m: Mass

MW: Molecular Weight (Molar Mass)

n: Moles

n: Number of data points (in statistics section)

N: Number of components

P: Pressure

r: Regression coefficient

R: Universal gas constant

T: Temperature

v: Velocity

V: Volume

x: Mole fraction in the liquid phase OR Mass fraction 1

X: (molar) extent of reaction

y: Mole fraction in the gas phase

z: Overall composition

Z: Compressibility

D.3. Greek

ρ: Density

Σ: Sum

D.4. Subscripts

If a particular component (rather than an arbitrary one) is considered, a specific letter is

assigned to it:

• [A] is the molarity of A

• xA is the mass fraction of A

Similarly, referring to a specific stream (rather than any old stream you want), each is given

a different number.

• ṅ1 is the molar flowrate in stream 1.
• ṅA1 is the molar flow rate of component A in stream 1.

Special subscripts:

165



Notation

If A is some value denoting a property of an arbitrary component stream, the letter i signifies

the arbitrary component and the letter n signifies an arbitrary stream, i.e.

• An is a property of stream n. Note ṅn is the molar flow rate of stream n.

• Ai is a property of component i.

The subscript ”gen” signifies generation of something inside the system.

The subscripts ”in” and ”out” signify flows into and out of the system.

D.5. Embellishments

If A is some value denoting a property then:

Ān denotes the average property in stream n

Ȧn denotes a total flow rate in steam n

Ȧin denotes the flow rate of component i in stream n.

Â indicates a data point in a set.

A∗
i is a property of pure component i in a mixture.

D.6. Units Section/Dimensional Analysis

In the units section, the generic variables L, t, m, s, and A are used to demonstrate dimen-

sional analysis. In order to avoid confusing dimensions with units (for example the unit m,

meters, is a unit of length, not mass), if this notation is to be used, use the unit equivalence

character =̇ rather than a standard equal sign.
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E. Further Reading

Chapra, S. and Canale, R. 2002. Numerical Methods for Engineers, 4th ed. New York:

McGraw-Hill.

Felder, R.M. and Rousseau, R.W. 2000. Elementary Principles of Chemical Processes, 3rd

ed. New York: John Wiley & Sons.

Masterton, W. and Hurley, C. 2001. Chemistry Principles and Reactions, 4th ed. New

York: Harcourt.

Perry, R.H. and Green, D. 1984. Perry's Chemical Engineers Handbook, 6th ed. New York:

McGraw-Hill.

Windholz et al. 1976. The Merck Index, 9th ed. New Jersey: Merck.

General Chemistry1: For a more in-depth analysis of general chemistry

Matlab2: For more information on how to use MATLAB to solve problems.

Numerical Methods3: For more details on the rootfinding module and other fun math

(warning: it's written at a fairly advanced level)

1 https://en.wikibooks.org/wiki/General%20Chemistry

2 https://en.wikibooks.org/wiki/Matlab

3 https://en.wikibooks.org/wiki/Numerical%20Methods
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F. External Links

Data Tables

Unit conversion table (Wikipedia)1

Enthalpies of Formation (Wikipedia)2

Periodic Table (Los Alamos National Laboratory)3

Chemical Sciences Data Tables4: Has a fair amount of useful data, including a fairly com-

prehensive List of Standard Entropies, and Gibbs Energies at 25oC (also a list for ions),

a chart with molar masses of the elements, acid equilibrium constants, solubility products,

and electric potentials. Definitely one to check out.

NIST properties5: You can look up properties of many common substances, including water,

many light hydrocarbons, and many gases. Data available can include density, enthalpy,

entropy, Pitzer acentric factor, surface tension, Joule-Thompson coefficients, and several

other variables depending on the substance and conditions selected. To see the data in tab-

ular form, once you enter the temperature and pressure ranges you want, click ”view table”

and then select the property you want from the pull-down menu. It'll tell you acceptable

ranges.
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write about it.

Antoine equation coefficients7, NOTE that these values are for use with a COMMON log,

not a NATURAL log.

Critical constants for various materials8

1 https://en.wikipedia.org/wiki/Conversion%20of%20units

2
https://en.wikipedia.org/wiki/Standard%20enthalpy%20change%20of%20formation%20%

28data%20table%29
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7 http://www.engr.umd.edu/~nsw/ench250/antoine.dat

8 http://www.kayelaby.npl.co.uk/chemistry/3_5/3_5.html
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H. Licenses

H.1. GNU GENERAL PUBLIC LICENSE

Version 3, 29 June 2007

Copyright © 2007 Free Software Foundation, Inc. <http://fsf.org/>

Everyone is permitted to copy and distribute verbatim copies of this

license document, but changing it is not allowed. Preamble

The GNU General Public License is a free, copyleft license for software

and other kinds of works.

The licenses for most software and other practical works are designed

to take away your freedom to share and change the works. By con-

trast, the GNU General Public License is intended to guarantee your

freedom to share and change all versions of a program–to make sure

it remains free software for all its users. We, the Free Software Foun-

dation, use the GNU General Public License for most of our software;

it applies also to any other work released this way by its authors. You

can apply it to your programs, too.

When we speak of free software, we are referring to freedom, not price.

Our General Public Licenses are designed to make sure that you have

the freedom to distribute copies of free software (and charge for them

if you wish), that you receive source code or can get it if you want

it, that you can change the software or use pieces of it in new free

programs, and that you know you can do these things.

To protect your rights, we need to prevent others from denying you

these rights or asking you to surrender the rights. Therefore, you have

certain responsibilities if you distribute copies of the software, or if you

modify it: responsibilities to respect the freedom of others.

For example, if you distribute copies of such a program, whether gratis

or for a fee, you must pass on to the recipients the same freedoms that

you received. You must make sure that they, too, receive or can get

the source code. And you must show them these terms so they know

their rights.

Developers that use the GNU GPL protect your rights with two steps:

(1) assert copyright on the software, and (2) offer you this License

giving you legal permission to copy, distribute and/or modify it.

For the developers’ and authors’ protection, the GPL clearly explains

that there is no warranty for this free software. For both users’ and

authors’ sake, the GPL requires that modified versions be marked as

changed, so that their problems will not be attributed erroneously to

authors of previous versions.

Some devices are designed to deny users access to install or run mod-

ified versions of the software inside them, although the manufacturer

can do so. This is fundamentally incompatible with the aim of protect-

ing users’ freedom to change the software. The systematic pattern of

such abuse occurs in the area of products for individuals to use, which

is precisely where it is most unacceptable. Therefore, we have designed

this version of the GPL to prohibit the practice for those products. If

such problems arise substantially in other domains, we stand ready to

extend this provision to those domains in future versions of the GPL,

as needed to protect the freedom of users.

Finally, every program is threatened constantly by software patents.

States should not allow patents to restrict development and use of soft-

ware on general-purpose computers, but in those that do, we wish to

avoid the special danger that patents applied to a free program could

make it effectively proprietary. To prevent this, the GPL assures that

patents cannot be used to render the program non-free.

The precise terms and conditions for copying, distribution and modi-

fication follow. TERMS AND CONDITIONS 0. Definitions.

“This License” refers to version 3 of the GNU General Public License.

“Copyright” also means copyright-like laws that apply to other kinds

of works, such as semiconductor masks.

“The Program” refers to any copyrightable work licensed under this Li-

cense. Each licensee is addressed as “you”. “Licensees” and “recipients”

may be individuals or organizations.

To “modify” a work means to copy from or adapt all or part of the work

in a fashion requiring copyright permission, other than the making of

an exact copy. The resulting work is called a “modified version” of the

earlier work or a work “based on” the earlier work.

A “covered work” means either the unmodified Program or a work

based on the Program.

To “propagate” a work means to do anything with it that, without per-

mission, would make you directly or secondarily liable for infringement

under applicable copyright law, except executing it on a computer or

modifying a private copy. Propagation includes copying, distribution

(with or without modification), making available to the public, and in

some countries other activities as well.

To “convey” a work means any kind of propagation that enables other

parties to make or receive copies. Mere interaction with a user through

a computer network, with no transfer of a copy, is not conveying.

An interactive user interface displays “Appropriate Legal Notices” to

the extent that it includes a convenient and prominently visible fea-

ture that (1) displays an appropriate copyright notice, and (2) tells the

user that there is no warranty for the work (except to the extent that

warranties are provided), that licensees may convey the work under

this License, and how to view a copy of this License. If the inter-

face presents a list of user commands or options, such as a menu, a

prominent item in the list meets this criterion. 1. Source Code.

The “source code” for a work means the preferred form of the work for

making modifications to it. “Object code” means any non-source form

of a work.

A “Standard Interface” means an interface that either is an official

standard defined by a recognized standards body, or, in the case of

interfaces specified for a particular programming language, one that is

widely used among developers working in that language.

The “System Libraries” of an executable work include anything, other

than the work as a whole, that (a) is included in the normal form of

packaging a Major Component, but which is not part of that Major

Component, and (b) serves only to enable use of the work with that

Major Component, or to implement a Standard Interface for which an

implementation is available to the public in source code form. A “Ma-

jor Component”, in this context, means a major essential component

(kernel, window system, and so on) of the specific operating system (if

any) on which the executable work runs, or a compiler used to produce

the work, or an object code interpreter used to run it.

The “Corresponding Source” for a work in object code form means all

the source code needed to generate, install, and (for an executable

work) run the object code and to modify the work, including scripts

to control those activities. However, it does not include the work’s

System Libraries, or general-purpose tools or generally available free

programs which are used unmodified in performing those activities but

which are not part of the work. For example, Corresponding Source

includes interface definition files associated with source files for the

work, and the source code for shared libraries and dynamically linked

subprograms that the work is specifically designed to require, such as

by intimate data communication or control flow between those sub-

programs and other parts of the work.

The Corresponding Source need not include anything that users can re-

generate automatically from other parts of the Corresponding Source.

The Corresponding Source for a work in source code form is that same

work. 2. Basic Permissions.

All rights granted under this License are granted for the term of copy-

right on the Program, and are irrevocable provided the stated condi-

tions are met. This License explicitly affirms your unlimited permission

to run the unmodified Program. The output from running a covered

work is covered by this License only if the output, given its content,

constitutes a covered work. This License acknowledges your rights of

fair use or other equivalent, as provided by copyright law.

You may make, run and propagate covered works that you do not con-

vey, without conditions so long as your license otherwise remains in

force. You may convey covered works to others for the sole purpose

of having them make modifications exclusively for you, or provide you

with facilities for running those works, provided that you comply with

the terms of this License in conveying all material for which you do not

control copyright. Those thus making or running the covered works

for you must do so exclusively on your behalf, under your direction

and control, on terms that prohibit them from making any copies of

your copyrighted material outside their relationship with you.

Conveying under any other circumstances is permitted solely under

the conditions stated below. Sublicensing is not allowed; section 10

makes it unnecessary. 3. Protecting Users’ Legal Rights From Anti-

Circumvention Law.

No covered work shall be deemed part of an effective technological

measure under any applicable law fulfilling obligations under article

11 of the WIPO copyright treaty adopted on 20 December 1996, or

similar laws prohibiting or restricting circumvention of such measures.

When you convey a covered work, you waive any legal power to forbid

circumvention of technological measures to the extent such circumven-

tion is effected by exercising rights under this License with respect

to the covered work, and you disclaim any intention to limit opera-

tion or modification of the work as a means of enforcing, against the

work’s users, your or third parties’ legal rights to forbid circumvention

of technological measures. 4. Conveying Verbatim Copies.

You may convey verbatim copies of the Program’s source code as you

receive it, in any medium, provided that you conspicuously and appro-

priately publish on each copy an appropriate copyright notice; keep in-

tact all notices stating that this License and any non-permissive terms

added in accord with section 7 apply to the code; keep intact all no-

tices of the absence of any warranty; and give all recipients a copy of

this License along with the Program.

You may charge any price or no price for each copy that you con-

vey, and you may offer support or warranty protection for a fee. 5.

Conveying Modified Source Versions.

You may convey a work based on the Program, or the modifications

to produce it from the Program, in the form of source code under the

terms of section 4, provided that you also meet all of these conditions:

* a) The work must carry prominent notices stating that you modified

it, and giving a relevant date. * b) The work must carry prominent

notices stating that it is released under this License and any conditions

added under section 7. This requirement modifies the requirement in

section 4 to “keep intact all notices”. * c) You must license the entire

work, as a whole, under this License to anyone who comes into pos-

session of a copy. This License will therefore apply, along with any

applicable section 7 additional terms, to the whole of the work, and

all its parts, regardless of how they are packaged. This License gives

no permission to license the work in any other way, but it does not

invalidate such permission if you have separately received it. * d) If

the work has interactive user interfaces, each must display Appropriate

Legal Notices; however, if the Program has interactive interfaces that

do not display Appropriate Legal Notices, your work need not make

them do so.

A compilation of a covered work with other separate and independent

works, which are not by their nature extensions of the covered work,

and which are not combined with it such as to form a larger program,

in or on a volume of a storage or distribution medium, is called an

“aggregate” if the compilation and its resulting copyright are not used

to limit the access or legal rights of the compilation’s users beyond

what the individual works permit. Inclusion of a covered work in an

aggregate does not cause this License to apply to the other parts of

the aggregate. 6. Conveying Non-Source Forms.

You may convey a covered work in object code form under the terms of

sections 4 and 5, provided that you also convey the machine-readable

Corresponding Source under the terms of this License, in one of these

ways:

* a) Convey the object code in, or embodied in, a physical product (in-

cluding a physical distribution medium), accompanied by the Corre-

sponding Source fixed on a durable physical medium customarily used

for software interchange. * b) Convey the object code in, or embodied

in, a physical product (including a physical distribution medium), ac-

companied by a written offer, valid for at least three years and valid

for as long as you offer spare parts or customer support for that prod-

uct model, to give anyone who possesses the object code either (1) a

copy of the Corresponding Source for all the software in the product

that is covered by this License, on a durable physical medium cus-

tomarily used for software interchange, for a price no more than your

reasonable cost of physically performing this conveying of source, or

(2) access to copy the Corresponding Source from a network server at

no charge. * c) Convey individual copies of the object code with a

copy of the written offer to provide the Corresponding Source. This

alternative is allowed only occasionally and noncommercially, and only

if you received the object code with such an offer, in accord with sub-

section 6b. * d) Convey the object code by offering access from a

designated place (gratis or for a charge), and offer equivalent access to

the Corresponding Source in the same way through the same place at

no further charge. You need not require recipients to copy the Corre-

sponding Source along with the object code. If the place to copy the

object code is a network server, the Corresponding Source may be on a

different server (operated by you or a third party) that supports equiv-

alent copying facilities, provided you maintain clear directions next to

the object code saying where to find the Corresponding Source. Re-

gardless of what server hosts the Corresponding Source, you remain

obligated to ensure that it is available for as long as needed to satisfy

these requirements. * e) Convey the object code using peer-to-peer

transmission, provided you inform other peers where the object code

and Corresponding Source of the work are being offered to the general

public at no charge under subsection 6d.

A separable portion of the object code, whose source code is excluded

from the Corresponding Source as a System Library, need not be in-

cluded in conveying the object code work.

A “User Product” is either (1) a “consumer product”, which means any

tangible personal property which is normally used for personal, family,

or household purposes, or (2) anything designed or sold for incorpora-

tion into a dwelling. In determining whether a product is a consumer

product, doubtful cases shall be resolved in favor of coverage. For a

particular product received by a particular user, “normally used” refers

to a typical or common use of that class of product, regardless of the

status of the particular user or of the way in which the particular

user actually uses, or expects or is expected to use, the product. A

product is a consumer product regardless of whether the product has

substantial commercial, industrial or non-consumer uses, unless such

uses represent the only significant mode of use of the product.

“Installation Information” for a User Product means any methods, pro-

cedures, authorization keys, or other information required to install

and execute modified versions of a covered work in that User Product

from a modified version of its Corresponding Source. The information

must suffice to ensure that the continued functioning of the modified

object code is in no case prevented or interfered with solely because

modification has been made.

If you convey an object code work under this section in, or with, or

specifically for use in, a User Product, and the conveying occurs as part

of a transaction in which the right of possession and use of the User

Product is transferred to the recipient in perpetuity or for a fixed term

(regardless of how the transaction is characterized), the Corresponding

Source conveyed under this section must be accompanied by the In-

stallation Information. But this requirement does not apply if neither

you nor any third party retains the ability to install modified object

code on the User Product (for example, the work has been installed in

ROM).

The requirement to provide Installation Information does not include

a requirement to continue to provide support service, warranty, or up-

dates for a work that has been modified or installed by the recipient,

or for the User Product in which it has been modified or installed.

Access to a network may be denied when the modification itself ma-

terially and adversely affects the operation of the network or violates

the rules and protocols for communication across the network.

Corresponding Source conveyed, and Installation Information pro-

vided, in accord with this section must be in a format that is publicly

documented (and with an implementation available to the public in

source code form), and must require no special password or key for

unpacking, reading or copying. 7. Additional Terms.

“Additional permissions” are terms that supplement the terms of this

License by making exceptions from one or more of its conditions. Ad-

ditional permissions that are applicable to the entire Program shall be

treated as though they were included in this License, to the extent that

they are valid under applicable law. If additional permissions apply

only to part of the Program, that part may be used separately under

those permissions, but the entire Program remains governed by this

License without regard to the additional permissions.

When you convey a copy of a covered work, you may at your option

remove any additional permissions from that copy, or from any part

of it. (Additional permissions may be written to require their own

removal in certain cases when you modify the work.) You may place

additional permissions on material, added by you to a covered work,

for which you have or can give appropriate copyright permission.

Notwithstanding any other provision of this License, for material you

add to a covered work, you may (if authorized by the copyright holders

of that material) supplement the terms of this License with terms:

* a) Disclaiming warranty or limiting liability differently from the

terms of sections 15 and 16 of this License; or * b) Requiring preser-

vation of specified reasonable legal notices or author attributions in

that material or in the Appropriate Legal Notices displayed by works

containing it; or * c) Prohibiting misrepresentation of the origin of

that material, or requiring that modified versions of such material be

marked in reasonable ways as different from the original version; or *

d) Limiting the use for publicity purposes of names of licensors or au-

thors of the material; or * e) Declining to grant rights under trademark

law for use of some trade names, trademarks, or service marks; or *

f) Requiring indemnification of licensors and authors of that material

by anyone who conveys the material (or modified versions of it) with

contractual assumptions of liability to the recipient, for any liability

that these contractual assumptions directly impose on those licensors

and authors.

All other non-permissive additional terms are considered “further re-

strictions” within the meaning of section 10. If the Program as you

received it, or any part of it, contains a notice stating that it is gov-

erned by this License along with a term that is a further restriction,

you may remove that term. If a license document contains a further

restriction but permits relicensing or conveying under this License, you

may add to a covered work material governed by the terms of that li-

cense document, provided that the further restriction does not survive

such relicensing or conveying.

If you add terms to a covered work in accord with this section, you

must place, in the relevant source files, a statement of the additional

terms that apply to those files, or a notice indicating where to find the

applicable terms.

Additional terms, permissive or non-permissive, may be stated in the

form of a separately written license, or stated as exceptions; the above

requirements apply either way. 8. Termination.

You may not propagate or modify a covered work except as expressly

provided under this License. Any attempt otherwise to propagate or

modify it is void, and will automatically terminate your rights under

this License (including any patent licenses granted under the third

paragraph of section 11).

However, if you cease all violation of this License, then your license

from a particular copyright holder is reinstated (a) provisionally, un-

less and until the copyright holder explicitly and finally terminates

your license, and (b) permanently, if the copyright holder fails to no-

tify you of the violation by some reasonable means prior to 60 days

after the cessation.

Moreover, your license from a particular copyright holder is reinstated

permanently if the copyright holder notifies you of the violation by

some reasonable means, this is the first time you have received notice

of violation of this License (for any work) from that copyright holder,

and you cure the violation prior to 30 days after your receipt of the

notice.

Termination of your rights under this section does not terminate the

licenses of parties who have received copies or rights from you under

this License. If your rights have been terminated and not permanently

reinstated, you do not qualify to receive new licenses for the same

material under section 10. 9. Acceptance Not Required for Having

Copies.

You are not required to accept this License in order to receive or run

a copy of the Program. Ancillary propagation of a covered work oc-

curring solely as a consequence of using peer-to-peer transmission to

receive a copy likewise does not require acceptance. However, nothing

other than this License grants you permission to propagate or modify

any covered work. These actions infringe copyright if you do not accept

this License. Therefore, by modifying or propagating a covered work,

you indicate your acceptance of this License to do so. 10. Automatic

Licensing of Downstream Recipients.

Each time you convey a covered work, the recipient automatically re-

ceives a license from the original licensors, to run, modify and prop-

agate that work, subject to this License. You are not responsible for

enforcing compliance by third parties with this License.

An “entity transaction” is a transaction transferring control of an or-

ganization, or substantially all assets of one, or subdividing an orga-

nization, or merging organizations. If propagation of a covered work

results from an entity transaction, each party to that transaction who

receives a copy of the work also receives whatever licenses to the work

the party’s predecessor in interest had or could give under the previous

paragraph, plus a right to possession of the Corresponding Source of

the work from the predecessor in interest, if the predecessor has it or

can get it with reasonable efforts.

You may not impose any further restrictions on the exercise of the

rights granted or affirmed under this License. For example, you may

not impose a license fee, royalty, or other charge for exercise of rights

granted under this License, and you may not initiate litigation (in-

cluding a cross-claim or counterclaim in a lawsuit) alleging that any

patent claim is infringed by making, using, selling, offering for sale, or

importing the Program or any portion of it. 11. Patents.

A “contributor” is a copyright holder who authorizes use under this

License of the Program or a work on which the Program is based. The

work thus licensed is called the contributor’s “contributor version”.

A contributor’s “essential patent claims” are all patent claims owned

or controlled by the contributor, whether already acquired or hereafter

acquired, that would be infringed by some manner, permitted by this

License, of making, using, or selling its contributor version, but do

not include claims that would be infringed only as a consequence of

further modification of the contributor version. For purposes of this

definition, “control” includes the right to grant patent sublicenses in a

manner consistent with the requirements of this License.

Each contributor grants you a non-exclusive, worldwide, royalty-free

patent license under the contributor’s essential patent claims, to make,

use, sell, offer for sale, import and otherwise run, modify and propagate

the contents of its contributor version.

In the following three paragraphs, a “patent license” is any express

agreement or commitment, however denominated, not to enforce a

patent (such as an express permission to practice a patent or covenant

not to sue for patent infringement). To “grant” such a patent license

to a party means to make such an agreement or commitment not to

enforce a patent against the party.

If you convey a covered work, knowingly relying on a patent license,

and the Corresponding Source of the work is not available for anyone

to copy, free of charge and under the terms of this License, through

a publicly available network server or other readily accessible means,

then you must either (1) cause the Corresponding Source to be so

available, or (2) arrange to deprive yourself of the benefit of the patent

license for this particular work, or (3) arrange, in a manner consistent

with the requirements of this License, to extend the patent license to

downstream recipients. “Knowingly relying” means you have actual

knowledge that, but for the patent license, your conveying the cov-

ered work in a country, or your recipient’s use of the covered work

in a country, would infringe one or more identifiable patents in that

country that you have reason to believe are valid.

If, pursuant to or in connection with a single transaction or arrange-

ment, you convey, or propagate by procuring conveyance of, a covered

work, and grant a patent license to some of the parties receiving the

covered work authorizing them to use, propagate, modify or convey a

specific copy of the covered work, then the patent license you grant is

automatically extended to all recipients of the covered work and works

based on it.

A patent license is “discriminatory” if it does not include within the

scope of its coverage, prohibits the exercise of, or is conditioned on the

non-exercise of one or more of the rights that are specifically granted

under this License. You may not convey a covered work if you are

a party to an arrangement with a third party that is in the business

of distributing software, under which you make payment to the third

party based on the extent of your activity of conveying the work, and

under which the third party grants, to any of the parties who would

receive the covered work from you, a discriminatory patent license (a)

in connection with copies of the covered work conveyed by you (or

copies made from those copies), or (b) primarily for and in connection

with specific products or compilations that contain the covered work,

unless you entered into that arrangement, or that patent license was

granted, prior to 28 March 2007.

Nothing in this License shall be construed as excluding or limiting any

implied license or other defenses to infringement that may otherwise

be available to you under applicable patent law. 12. No Surrender of

Others’ Freedom.

If conditions are imposed on you (whether by court order, agreement

or otherwise) that contradict the conditions of this License, they do not

excuse you from the conditions of this License. If you cannot convey

a covered work so as to satisfy simultaneously your obligations under

this License and any other pertinent obligations, then as a consequence

you may not convey it at all. For example, if you agree to terms that

obligate you to collect a royalty for further conveying from those to

whom you convey the Program, the only way you could satisfy both
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those terms and this License would be to refrain entirely from con-

veying the Program. 13. Use with the GNU Affero General Public

License.

Notwithstanding any other provision of this License, you have permis-

sion to link or combine any covered work with a work licensed under

version 3 of the GNU Affero General Public License into a single com-

bined work, and to convey the resulting work. The terms of this Li-

cense will continue to apply to the part which is the covered work, but

the special requirements of the GNU Affero General Public License,

section 13, concerning interaction through a network will apply to the

combination as such. 14. Revised Versions of this License.

The Free Software Foundation may publish revised and/or new ver-

sions of the GNU General Public License from time to time. Such new

versions will be similar in spirit to the present version, but may differ

in detail to address new problems or concerns.

Each version is given a distinguishing version number. If the Program

specifies that a certain numbered version of the GNU General Pub-

lic License “or any later version” applies to it, you have the option of

following the terms and conditions either of that numbered version or

of any later version published by the Free Software Foundation. If

the Program does not specify a version number of the GNU General

Public License, you may choose any version ever published by the Free

Software Foundation.

If the Program specifies that a proxy can decide which future versions

of the GNU General Public License can be used, that proxy’s public

statement of acceptance of a version permanently authorizes you to

choose that version for the Program.

Later license versions may give you additional or different permissions.

However, no additional obligations are imposed on any author or copy-

right holder as a result of your choosing to follow a later version. 15.

Disclaimer of Warranty.

THERE IS NO WARRANTY FOR THE PROGRAM, TO THE EX-

TENT PERMITTED BY APPLICABLE LAW. EXCEPT WHEN

OTHERWISE STATED IN WRITING THE COPYRIGHT HOLD-

ERS AND/OR OTHER PARTIES PROVIDE THE PROGRAM

“AS IS” WITHOUT WARRANTY OF ANY KIND, EITHER EX-

PRESSED OR IMPLIED, INCLUDING, BUT NOT LIMITED TO,

THE IMPLIED WARRANTIES OF MERCHANTABILITY AND

FITNESS FOR A PARTICULAR PURPOSE. THE ENTIRE RISK

AS TO THE QUALITY AND PERFORMANCE OF THE PRO-

GRAM IS WITH YOU. SHOULD THE PROGRAM PROVE DE-

FECTIVE, YOU ASSUME THE COST OF ALL NECESSARY SER-

VICING, REPAIR OR CORRECTION. 16. Limitation of Liability.

IN NO EVENT UNLESS REQUIRED BY APPLICABLE LAW OR

AGREED TO IN WRITING WILL ANY COPYRIGHT HOLDER,

OR ANY OTHER PARTY WHO MODIFIES AND/OR CONVEYS

THE PROGRAM AS PERMITTED ABOVE, BE LIABLE TO YOU

FOR DAMAGES, INCLUDING ANY GENERAL, SPECIAL, INCI-

DENTAL OR CONSEQUENTIAL DAMAGES ARISING OUT OF

THE USE OR INABILITY TO USE THE PROGRAM (INCLUDING

BUT NOT LIMITED TO LOSS OF DATA OR DATA BEING REN-

DERED INACCURATE OR LOSSES SUSTAINED BY YOU OR

THIRD PARTIES OR A FAILURE OF THE PROGRAM TO OPER-

ATEWITH ANY OTHER PROGRAMS), EVEN IF SUCH HOLDER

OR OTHER PARTY HAS BEEN ADVISED OF THE POSSIBILITY

OF SUCH DAMAGES. 17. Interpretation of Sections 15 and 16.

If the disclaimer of warranty and limitation of liability provided above

cannot be given local legal effect according to their terms, reviewing

courts shall apply local law that most closely approximates an abso-

lute waiver of all civil liability in connection with the Program, unless a

warranty or assumption of liability accompanies a copy of the Program

in return for a fee.

END OF TERMS AND CONDITIONS How to Apply These Terms

to Your New Programs

If you develop a new program, and you want it to be of the greatest

possible use to the public, the best way to achieve this is to make it

free software which everyone can redistribute and change under these

terms.

To do so, attach the following notices to the program. It is safest to

attach them to the start of each source file to most effectively state the

exclusion of warranty; and each file should have at least the “copyright”

line and a pointer to where the full notice is found.

<one line to give the program’s name and a brief idea of what it does.>

Copyright (C) <year> <name of author>

This program is free software: you can redistribute it and/or modify

it under the terms of the GNU General Public License as published by

the Free Software Foundation, either version 3 of the License, or (at

your option) any later version.

This program is distributed in the hope that it will be useful, but

WITHOUT ANY WARRANTY; without even the implied warranty

of MERCHANTABILITY or FITNESS FOR A PARTICULAR PUR-

POSE. See the GNU General Public License for more details.

You should have received a copy of the GNU General Public License

along with this program. If not, see <http://www.gnu.org/licenses/>.

Also add information on how to contact you by electronic and paper

mail.

If the program does terminal interaction, make it output a short notice

like this when it starts in an interactive mode:

<program> Copyright (C) <year> <name of author> This program

comes with ABSOLUTELY NO WARRANTY; for details type ‘show

w’. This is free software, and you are welcome to redistribute it under

certain conditions; type ‘show c’ for details.

The hypothetical commands ‘show w’ and ‘show c’ should show the

appropriate parts of the General Public License. Of course, your pro-

gram’s commands might be different; for a GUI interface, you would

use an “about box”.

You should also get your employer (if you work as a programmer) or

school, if any, to sign a “copyright disclaimer” for the program, if nec-

essary. For more information on this, and how to apply and follow the

GNU GPL, see <http://www.gnu.org/licenses/>.

The GNU General Public License does not permit incorporating your

program into proprietary programs. If your program is a subroutine

library, you may consider it more useful to permit linking proprietary

applications with the library. If this is what you want to do, use the

GNU Lesser General Public License instead of this License. But first,

please read <http://www.gnu.org/philosophy/why-not-lgpl.html>.

H.2. GNU Free Documentation License

Version 1.3, 3 November 2008

Copyright © 2000, 2001, 2002, 2007, 2008 Free Software Foundation,

Inc. <http://fsf.org/>

Everyone is permitted to copy and distribute verbatim copies of this

license document, but changing it is not allowed. 0. PREAMBLE

The purpose of this License is to make a manual, textbook, or other

functional and useful document ”free” in the sense of freedom: to as-

sure everyone the effective freedom to copy and redistribute it, with

or without modifying it, either commercially or noncommercially. Sec-

ondarily, this License preserves for the author and publisher a way to

get credit for their work, while not being considered responsible for

modifications made by others.

This License is a kind of ”copyleft”, which means that derivative works

of the document must themselves be free in the same sense. It com-

plements the GNU General Public License, which is a copyleft license

designed for free software.

We have designed this License in order to use it for manuals for free

software, because free software needs free documentation: a free pro-

gram should come with manuals providing the same freedoms that the

software does. But this License is not limited to software manuals;

it can be used for any textual work, regardless of subject matter or

whether it is published as a printed book. We recommend this Li-

cense principally for works whose purpose is instruction or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium,

that contains a notice placed by the copyright holder saying it can

be distributed under the terms of this License. Such a notice grants a

world-wide, royalty-free license, unlimited in duration, to use that work

under the conditions stated herein. The ”Document”, below, refers to

any such manual or work. Any member of the public is a licensee, and

is addressed as ”you”. You accept the license if you copy, modify or

distribute the work in a way requiring permission under copyright law.

A ”Modified Version” of the Document means any work containing the

Document or a portion of it, either copied verbatim, or with modifica-

tions and/or translated into another language.

A ”Secondary Section” is a named appendix or a front-matter sec-

tion of the Document that deals exclusively with the relationship of

the publishers or authors of the Document to the Document’s overall

subject (or to related matters) and contains nothing that could fall

directly within that overall subject. (Thus, if the Document is in part

a textbook of mathematics, a Secondary Section may not explain any

mathematics.) The relationship could be a matter of historical connec-

tion with the subject or with related matters, or of legal, commercial,

philosophical, ethical or political position regarding them.

The ”Invariant Sections” are certain Secondary Sections whose titles

are designated, as being those of Invariant Sections, in the notice that

says that the Document is released under this License. If a section

does not fit the above definition of Secondary then it is not allowed to

be designated as Invariant. The Document may contain zero Invariant

Sections. If the Document does not identify any Invariant Sections

then there are none.

The ”Cover Texts” are certain short passages of text that are listed, as

Front-Cover Texts or Back-Cover Texts, in the notice that says that

the Document is released under this License. A Front-Cover Text may

be at most 5 words, and a Back-Cover Text may be at most 25 words.

A ”Transparent” copy of the Document means a machine-readable copy,

represented in a format whose specification is available to the general

public, that is suitable for revising the document straightforwardly

with generic text editors or (for images composed of pixels) generic

paint programs or (for drawings) some widely available drawing edi-

tor, and that is suitable for input to text formatters or for automatic

translation to a variety of formats suitable for input to text formatters.

A copy made in an otherwise Transparent file format whose markup,

or absence of markup, has been arranged to thwart or discourage sub-

sequent modification by readers is not Transparent. An image format

is not Transparent if used for any substantial amount of text. A copy

that is not ”Transparent” is called ”Opaque”.

Examples of suitable formats for Transparent copies include plain

ASCII without markup, Texinfo input format, LaTeX input for-

mat, SGML or XML using a publicly available DTD, and standard-

conforming simple HTML, PostScript or PDF designed for human

modification. Examples of transparent image formats include PNG,

XCF and JPG. Opaque formats include proprietary formats that can

be read and edited only by proprietary word processors, SGML or

XML for which the DTD and/or processing tools are not generally

available, and the machine-generated HTML, PostScript or PDF pro-

duced by some word processors for output purposes only.

The ”Title Page” means, for a printed book, the title page itself, plus

such following pages as are needed to hold, legibly, the material this

License requires to appear in the title page. For works in formats

which do not have any title page as such, ”Title Page” means the text

near the most prominent appearance of the work’s title, preceding the

beginning of the body of the text.

The ”publisher” means any person or entity that distributes copies of

the Document to the public.

A section ”Entitled XYZ” means a named subunit of the Document

whose title either is precisely XYZ or contains XYZ in parentheses

following text that translates XYZ in another language. (Here XYZ

stands for a specific section name mentioned below, such as ”Acknowl-

edgements”, ”Dedications”, ”Endorsements”, or ”History”.) To ”Preserve

the Title” of such a section when you modify the Document means that

it remains a section ”Entitled XYZ” according to this definition.

The Document may include Warranty Disclaimers next to the notice

which states that this License applies to the Document. These War-

ranty Disclaimers are considered to be included by reference in this

License, but only as regards disclaiming warranties: any other impli-

cation that these Warranty Disclaimers may have is void and has no

effect on the meaning of this License. 2. VERBATIM COPYING

You may copy and distribute the Document in any medium, either

commercially or noncommercially, provided that this License, the copy-

right notices, and the license notice saying this License applies to the

Document are reproduced in all copies, and that you add no other con-

ditions whatsoever to those of this License. You may not use technical

measures to obstruct or control the reading or further copying of the

copies you make or distribute. However, you may accept compensa-

tion in exchange for copies. If you distribute a large enough number

of copies you must also follow the conditions in section 3.

You may also lend copies, under the same conditions stated above, and

you may publicly display copies. 3. COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have

printed covers) of the Document, numbering more than 100, and the

Document’s license notice requires Cover Texts, you must enclose the

copies in covers that carry, clearly and legibly, all these Cover Texts:

Front-Cover Texts on the front cover, and Back-Cover Texts on the

back cover. Both covers must also clearly and legibly identify you as

the publisher of these copies. The front cover must present the full title

with all words of the title equally prominent and visible. You may add

other material on the covers in addition. Copying with changes limited

to the covers, as long as they preserve the title of the Document and

satisfy these conditions, can be treated as verbatim copying in other

respects.

If the required texts for either cover are too voluminous to fit legibly,

you should put the first ones listed (as many as fit reasonably) on the

actual cover, and continue the rest onto adjacent pages.

If you publish or distribute Opaque copies of the Document numbering

more than 100, you must either include a machine-readable Transpar-

ent copy along with each Opaque copy, or state in or with each Opaque

copy a computer-network location from which the general network-

using public has access to download using public-standard network

protocols a complete Transparent copy of the Document, free of added

material. If you use the latter option, you must take reasonably pru-

dent steps, when you begin distribution of Opaque copies in quantity,

to ensure that this Transparent copy will remain thus accessible at the

stated location until at least one year after the last time you distribute

an Opaque copy (directly or through your agents or retailers) of that

edition to the public.

It is requested, but not required, that you contact the authors of the

Document well before redistributing any large number of copies, to

give them a chance to provide you with an updated version of the

Document. 4. MODIFICATIONS

You may copy and distribute a Modified Version of the Document un-

der the conditions of sections 2 and 3 above, provided that you release

the Modified Version under precisely this License, with the Modified

Version filling the role of the Document, thus licensing distribution

and modification of the Modified Version to whoever possesses a copy

of it. In addition, you must do these things in the Modified Version:

* A. Use in the Title Page (and on the covers, if any) a title dis-

tinct from that of the Document, and from those of previous versions

(which should, if there were any, be listed in the History section of the

Document). You may use the same title as a previous version if the

original publisher of that version gives permission. * B. List on the

Title Page, as authors, one or more persons or entities responsible for

authorship of the modifications in the Modified Version, together with

at least five of the principal authors of the Document (all of its prin-

cipal authors, if it has fewer than five), unless they release you from

this requirement. * C. State on the Title page the name of the pub-

lisher of the Modified Version, as the publisher. * D. Preserve all the

copyright notices of the Document. * E. Add an appropriate copyright

notice for your modifications adjacent to the other copyright notices.

* F. Include, immediately after the copyright notices, a license notice

giving the public permission to use the Modified Version under the

terms of this License, in the form shown in the Addendum below. *

G. Preserve in that license notice the full lists of Invariant Sections

and required Cover Texts given in the Document’s license notice. *

H. Include an unaltered copy of this License. * I. Preserve the section

Entitled ”History”, Preserve its Title, and add to it an item stating at

least the title, year, new authors, and publisher of the Modified Ver-

sion as given on the Title Page. If there is no section Entitled ”History”

in the Document, create one stating the title, year, authors, and pub-

lisher of the Document as given on its Title Page, then add an item

describing the Modified Version as stated in the previous sentence. *

J. Preserve the network location, if any, given in the Document for

public access to a Transparent copy of the Document, and likewise the

network locations given in the Document for previous versions it was

based on. These may be placed in the ”History” section. You may omit

a network location for a work that was published at least four years

before the Document itself, or if the original publisher of the version it

refers to gives permission. * K. For any section Entitled ”Acknowledge-

ments” or ”Dedications”, Preserve the Title of the section, and preserve

in the section all the substance and tone of each of the contributor ac-

knowledgements and/or dedications given therein. * L. Preserve all

the Invariant Sections of the Document, unaltered in their text and

in their titles. Section numbers or the equivalent are not considered

part of the section titles. * M. Delete any section Entitled ”Endorse-

ments”. Such a section may not be included in the Modified Version.

* N. Do not retitle any existing section to be Entitled ”Endorsements”

or to conflict in title with any Invariant Section. * O. Preserve any

Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appen-

dices that qualify as Secondary Sections and contain no material copied

from the Document, you may at your option designate some or all of

these sections as invariant. To do this, add their titles to the list of

Invariant Sections in the Modified Version’s license notice. These titles

must be distinct from any other section titles.

You may add a section Entitled ”Endorsements”, provided it contains

nothing but endorsements of your Modified Version by various par-

ties—for example, statements of peer review or that the text has been

approved by an organization as the authoritative definition of a stan-

dard.

You may add a passage of up to five words as a Front-Cover Text,

and a passage of up to 25 words as a Back-Cover Text, to the end

of the list of Cover Texts in the Modified Version. Only one passage

of Front-Cover Text and one of Back-Cover Text may be added by

(or through arrangements made by) any one entity. If the Document

already includes a cover text for the same cover, previously added by

you or by arrangement made by the same entity you are acting on

behalf of, you may not add another; but you may replace the old one,

on explicit permission from the previous publisher that added the old

one.

The author(s) and publisher(s) of the Document do not by this Li-

cense give permission to use their names for publicity for or to as-

sert or imply endorsement of any Modified Version. 5. COMBINING

DOCUMENTS

You may combine the Document with other documents released under

this License, under the terms defined in section 4 above for modified

versions, provided that you include in the combination all of the In-

variant Sections of all of the original documents, unmodified, and list

them all as Invariant Sections of your combined work in its license

notice, and that you preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and

multiple identical Invariant Sections may be replaced with a single

copy. If there are multiple Invariant Sections with the same name

but different contents, make the title of each such section unique by

adding at the end of it, in parentheses, the name of the original au-

thor or publisher of that section if known, or else a unique number.

Make the same adjustment to the section titles in the list of Invariant

Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled ”History”

in the various original documents, forming one section Entitled ”His-

tory”; likewise combine any sections Entitled ”Acknowledgements”, and

any sections Entitled ”Dedications”. You must delete all sections En-

titled ”Endorsements”. 6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other doc-

uments released under this License, and replace the individual copies

of this License in the various documents with a single copy that is

included in the collection, provided that you follow the rules of this

License for verbatim copying of each of the documents in all other

respects.

You may extract a single document from such a collection, and dis-

tribute it individually under this License, provided you insert a copy

of this License into the extracted document, and follow this License

in all other respects regarding verbatim copying of that document. 7.

AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate

and independent documents or works, in or on a volume of a storage or

distribution medium, is called an ”aggregate” if the copyright resulting

from the compilation is not used to limit the legal rights of the com-

pilation’s users beyond what the individual works permit. When the

Document is included in an aggregate, this License does not apply to

the other works in the aggregate which are not themselves derivative

works of the Document.

If the Cover Text requirement of section 3 is applicable to these copies

of the Document, then if the Document is less than one half of the

entire aggregate, the Document’s Cover Texts may be placed on cov-

ers that bracket the Document within the aggregate, or the electronic

equivalent of covers if the Document is in electronic form. Otherwise

they must appear on printed covers that bracket the whole aggregate.

8. TRANSLATION

Translation is considered a kind of modification, so you may distribute

translations of the Document under the terms of section 4. Replacing

Invariant Sections with translations requires special permission from

their copyright holders, but you may include translations of some or all

Invariant Sections in addition to the original versions of these Invari-

ant Sections. You may include a translation of this License, and all the

license notices in the Document, and any Warranty Disclaimers, pro-

vided that you also include the original English version of this License

and the original versions of those notices and disclaimers. In case of a

disagreement between the translation and the original version of this

License or a notice or disclaimer, the original version will prevail.

If a section in the Document is Entitled ”Acknowledgements”, ”Dedi-

cations”, or ”History”, the requirement (section 4) to Preserve its Title

(section 1) will typically require changing the actual title. 9. TERMI-

NATION

You may not copy, modify, sublicense, or distribute the Document ex-

cept as expressly provided under this License. Any attempt otherwise

to copy, modify, sublicense, or distribute it is void, and will automati-

cally terminate your rights under this License.

However, if you cease all violation of this License, then your license

from a particular copyright holder is reinstated (a) provisionally, un-

less and until the copyright holder explicitly and finally terminates

your license, and (b) permanently, if the copyright holder fails to no-

tify you of the violation by some reasonable means prior to 60 days

after the cessation.

Moreover, your license from a particular copyright holder is reinstated

permanently if the copyright holder notifies you of the violation by

some reasonable means, this is the first time you have received notice

of violation of this License (for any work) from that copyright holder,

and you cure the violation prior to 30 days after your receipt of the

notice.

Termination of your rights under this section does not terminate the

licenses of parties who have received copies or rights from you under

this License. If your rights have been terminated and not permanently

reinstated, receipt of a copy of some or all of the same material does

not give you any rights to use it. 10. FUTURE REVISIONS OF THIS

LICENSE

The Free Software Foundation may publish new, revised versions

of the GNU Free Documentation License from time to time. Such

new versions will be similar in spirit to the present version, but

may differ in detail to address new problems or concerns. See

http://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing version number.

If the Document specifies that a particular numbered version of this

License ”or any later version” applies to it, you have the option of

following the terms and conditions either of that specified version or

of any later version that has been published (not as a draft) by the

Free Software Foundation. If the Document does not specify a version

number of this License, you may choose any version ever published

(not as a draft) by the Free Software Foundation. If the Document

specifies that a proxy can decide which future versions of this License

can be used, that proxy’s public statement of acceptance of a version

permanently authorizes you to choose that version for the Document.

11. RELICENSING

”Massive Multiauthor Collaboration Site” (or ”MMC Site”) means any

World Wide Web server that publishes copyrightable works and also

provides prominent facilities for anybody to edit those works. A public

wiki that anybody can edit is an example of such a server. A ”Massive

Multiauthor Collaboration” (or ”MMC”) contained in the site means

any set of copyrightable works thus published on the MMC site.

”CC-BY-SA” means the Creative Commons Attribution-Share Alike

3.0 license published by Creative Commons Corporation, a not-for-

profit corporation with a principal place of business in San Francisco,

California, as well as future copyleft versions of that license published

by that same organization.

”Incorporate” means to publish or republish a Document, in whole or

in part, as part of another Document.

An MMC is ”eligible for relicensing” if it is licensed under this License,

and if all works that were first published under this License somewhere

other than this MMC, and subsequently incorporated in whole or in

part into the MMC, (1) had no cover texts or invariant sections, and

(2) were thus incorporated prior to November 1, 2008.

The operator of an MMC Site may republish an MMC contained in

the site under CC-BY-SA on the same site at any time before August

1, 2009, provided the MMC is eligible for relicensing. ADDENDUM:

How to use this License for your documents

To use this License in a document you have written, include a copy

of the License in the document and put the following copyright and

license notices just after the title page:

Copyright (C) YEAR YOUR NAME. Permission is granted to copy,

distribute and/or modify this document under the terms of the GNU

Free Documentation License, Version 1.3 or any later version pub-

lished by the Free Software Foundation; with no Invariant Sections,

no Front-Cover Texts, and no Back-Cover Texts. A copy of the license

is included in the section entitled ”GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover

Texts, replace the ”with … Texts.” line with this:

with the Invariant Sections being LIST THEIR TITLES, with the

Front-Cover Texts being LIST, and with the Back-Cover Texts being

LIST.

If you have Invariant Sections without Cover Texts, or some other

combination of the three, merge those two alternatives to suit the sit-

uation.

If your document contains nontrivial examples of program code, we

recommend releasing these examples in parallel under your choice of

free software license, such as the GNU General Public License, to per-

mit their use in free software.
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H.3. GNU Lesser General Public License

GNU LESSER GENERAL PUBLIC LICENSE

Version 3, 29 June 2007

Copyright © 2007 Free Software Foundation, Inc. <http://fsf.org/>

Everyone is permitted to copy and distribute verbatim copies of this

license document, but changing it is not allowed.

This version of the GNU Lesser General Public License incorporates

the terms and conditions of version 3 of the GNU General Public Li-

cense, supplemented by the additional permissions listed below. 0.

Additional Definitions.

As used herein, “this License” refers to version 3 of the GNU Lesser

General Public License, and the “GNU GPL” refers to version 3 of the

GNU General Public License.

“The Library” refers to a covered work governed by this License, other

than an Application or a Combined Work as defined below.

An “Application” is any work that makes use of an interface provided

by the Library, but which is not otherwise based on the Library. Defin-

ing a subclass of a class defined by the Library is deemed a mode of

using an interface provided by the Library.

A “Combined Work” is a work produced by combining or linking an

Application with the Library. The particular version of the Library

with which the Combined Work was made is also called the “Linked

Version”.

The “Minimal Corresponding Source” for a Combined Work means the

Corresponding Source for the Combined Work, excluding any source

code for portions of the Combined Work that, considered in isolation,

are based on the Application, and not on the Linked Version.

The “Corresponding Application Code” for a Combined Work means

the object code and/or source code for the Application, including any

data and utility programs needed for reproducing the Combined Work

from the Application, but excluding the System Libraries of the Com-

bined Work. 1. Exception to Section 3 of the GNU GPL.

You may convey a covered work under sections 3 and 4 of this License

without being bound by section 3 of the GNU GPL. 2. Conveying

Modified Versions.

If you modify a copy of the Library, and, in your modifications, a facil-

ity refers to a function or data to be supplied by an Application that

uses the facility (other than as an argument passed when the facility

is invoked), then you may convey a copy of the modified version:

* a) under this License, provided that you make a good faith effort to

ensure that, in the event an Application does not supply the function

or data, the facility still operates, and performs whatever part of its

purpose remains meaningful, or * b) under the GNU GPL, with none

of the additional permissions of this License applicable to that copy.

3. Object Code Incorporating Material from Library Header Files.

The object code form of an Application may incorporate material from

a header file that is part of the Library. You may convey such object

code under terms of your choice, provided that, if the incorporated ma-

terial is not limited to numerical parameters, data structure layouts

and accessors, or small macros, inline functions and templates (ten or

fewer lines in length), you do both of the following:

* a) Give prominent notice with each copy of the object code that the

Library is used in it and that the Library and its use are covered by

this License. * b) Accompany the object code with a copy of the GNU

GPL and this license document.

4. Combined Works.

You may convey a Combined Work under terms of your choice that,

taken together, effectively do not restrict modification of the portions

of the Library contained in the CombinedWork and reverse engineering

for debugging such modifications, if you also do each of the following:

* a) Give prominent notice with each copy of the Combined Work

that the Library is used in it and that the Library and its use are

covered by this License. * b) Accompany the Combined Work with a

copy of the GNU GPL and this license document. * c) For a Com-

bined Work that displays copyright notices during execution, include

the copyright notice for the Library among these notices, as well as a

reference directing the user to the copies of the GNU GPL and this

license document. * d) Do one of the following: o 0) Convey the

Minimal Corresponding Source under the terms of this License, and

the Corresponding Application Code in a form suitable for, and un-

der terms that permit, the user to recombine or relink the Application

with a modified version of the Linked Version to produce a modified

Combined Work, in the manner specified by section 6 of the GNU

GPL for conveying Corresponding Source. o 1) Use a suitable shared

library mechanism for linking with the Library. A suitable mechanism

is one that (a) uses at run time a copy of the Library already present

on the user’s computer system, and (b) will operate properly with a

modified version of the Library that is interface-compatible with the

Linked Version. * e) Provide Installation Information, but only if you

would otherwise be required to provide such information under section

6 of the GNU GPL, and only to the extent that such information is

necessary to install and execute a modified version of the Combined

Work produced by recombining or relinking the Application with a

modified version of the Linked Version. (If you use option 4d0, the

Installation Information must accompany the Minimal Corresponding

Source and Corresponding Application Code. If you use option 4d1,

you must provide the Installation Information in the manner specified

by section 6 of the GNU GPL for conveying Corresponding Source.)

5. Combined Libraries.

You may place library facilities that are a work based on the Library

side by side in a single library together with other library facilities that

are not Applications and are not covered by this License, and convey

such a combined library under terms of your choice, if you do both of

the following:

* a) Accompany the combined library with a copy of the same work

based on the Library, uncombined with any other library facilities,

conveyed under the terms of this License. * b) Give prominent no-

tice with the combined library that part of it is a work based on the

Library, and explaining where to find the accompanying uncombined

form of the same work.

6. Revised Versions of the GNU Lesser General Public License.

The Free Software Foundation may publish revised and/or new ver-

sions of the GNU Lesser General Public License from time to time.

Such new versions will be similar in spirit to the present version, but

may differ in detail to address new problems or concerns.

Each version is given a distinguishing version number. If the Library

as you received it specifies that a certain numbered version of the GNU

Lesser General Public License “or any later version” applies to it, you

have the option of following the terms and conditions either of that

published version or of any later version published by the Free Software

Foundation. If the Library as you received it does not specify a version

number of the GNU Lesser General Public License, you may choose

any version of the GNU Lesser General Public License ever published

by the Free Software Foundation.

If the Library as you received it specifies that a proxy can decide

whether future versions of the GNU Lesser General Public License

shall apply, that proxy’s public statement of acceptance of any ver-

sion is permanent authorization for you to choose that version for the

Library.
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\usepackage[english]{babel}
\newcommand{\mychapterbabel}{Chapter}
\newcommand{\mypagebabel}{on page}
\newcommand{\myfigurebabel}{Figure}
\newcommand{\mylangbabel}{english}
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% Syntax Highlightling

%\DefineShortVerb[commandchars=\\\{\}]{\|}
\DefineVerbatimEnvironment{Highlighting}{Verbatim}{commandchars=\\\{\}}
% Add ',fontsize=\small' for more characters per line
\newenvironment{Shaded}{\begin{scriptsize}}{\end{scriptsize}}
\newcommand{\VerbBar}{|}
\newcommand{\VERB}{\Verb[commandchars=\\\{\}]}
\DefineVerbatimEnvironment{Highlighting}{Verbatim}{commandchars=\\\{\}}
% Add ',fontsize=\small' for more characters per line
\newcommand{\KeywordTok}[1]{\textbf{{#1}}}
\newcommand{\DataTypeTok}[1]{\underline{{#1}}}
\newcommand{\DecValTok}[1]{{#1}}
\newcommand{\BaseNTok}[1]{{#1}}
\newcommand{\FloatTok}[1]{{#1}}
\newcommand{\ConstantTok}[1]{{#1}}
\newcommand{\CharTok}[1]{{#1}}
\newcommand{\SpecialCharTok}[1]{{#1}}
\newcommand{\StringTok}[1]{{#1}}
\newcommand{\VerbatimStringTok}[1]{{#1}}
\newcommand{\SpecialStringTok}[1]{{#1}}
\newcommand{\ImportTok}[1]{{#1}}
\newcommand{\CommentTok}[1]{\textit{{#1}}}
\newcommand{\DocumentationTok}[1]{\textit{{#1}}}
\newcommand{\AnnotationTok}[1]{\textit{{#1}}}
\newcommand{\CommentVarTok}[1]{\textit{{#1}}}
\newcommand{\OtherTok}[1]{{#1}}
\newcommand{\FunctionTok}[1]{{#1}}
\newcommand{\VariableTok}[1]{{#1}}
\newcommand{\ControlFlowTok}[1]{\textbf{{#1}}}
\newcommand{\OperatorTok}[1]{{#1}}
\newcommand{\BuiltInTok}[1]{{#1}}
\newcommand{\ExtensionTok}[1]{{#1}}
\newcommand{\PreprocessorTok}[1]{\textbf{{#1}}}
\newcommand{\AttributeTok}[1]{{#1}}
\newcommand{\RegionMarkerTok}[1]{{#1}}
\newcommand{\InformationTok}[1]{\textit{{#1}}}
\newcommand{\WarningTok}[1]{\textit{{#1}}}
\newcommand{\AlertTok}[1]{\textbf{{#1}}}
\newcommand{\ErrorTok}[1]{\textbf{{#1}}}
\newcommand{\NormalTok}[1]{{#1}}





\newcommand{\myfigurewithoutcaption}[1]{{\bfseries \myfigurebabel{ }#1}}
\newcommand{\myfigurewithcaption}[2]{{\bfseries \myfigurebabel{ }#1{\quad}}#2}
\renewcommand{\iff}{\Longleftrightarrow}

% Definition der Fussnoten
% ------------------------
%\KOMAoptions{footnotes=multiple}


\DeclareTextSymbol{\textlongs}{TS1}{115} 

\deffootnote[2.2em]{2.2em}{0em}{\makebox[2.2em][l]{\thefootnotemark}}

\newcommand{\badchar}[1]
{\textbf{?}}


\newcommand{\myplainurl}[1]
{{\ttfamily  \url{#1}}}


\newcommand{\myfnhref}[2]
{{#2} \^{}{\{\ttfamily  \url{#1}\}} }

\newcommand{\mymchref}[2]
{}


\newcommand{\mytabhref}[2]
{{#2}\protect\footnote{\ttfamily \url{#1} }}
%{\textsc{#2}}


\newcommand{\myfnlref}[2]
{{#2} \^{}\{\mychapterbabel \ref{#1} \mypagebabel {$\text{}$} \pageref{#1}\}}

\newlength{\fnwidth}
\setlength{\fnwidth}{\linewidth}
\addtolength{\fnwidth}{-10mm}

\newcommand{\myhref}[2]
{{#2}\protect\footnote{    \begin{minipage}{\fnwidth} \ttfamily \url{#1}  \end{minipage}}} 

\newcommand{\mylref}[2]
{{#2}\protect\footnote{\mychapterbabel {$\text{}$} \ref{#1} \mypagebabel {$\text{}$} \pageref{#1}}}

\newcommand{\myfnsref}[2]
{\text{#2} \^{}\{\text{#1} \}}

\newcommand{\mysref}[2]
{\text{#2}\protect\footnote{#1}}

\newcommand{\TickYes}{\checkmark}


% Kompatibilität, damit myfootnote nichts ins Leere läuft
\newcommand{\myfootnote}[1]
%{\footnote{\quad{}#1}}
{\footnote{#1}}


% Auflistungen
% ------------
% Standardvorschlag für itemize
%\newenvironment{myitemize}{\begin{itemize}}{\end{itemize}}
%\newenvironment{myenumerate}{\begin{enumerate}}{\end{enumerate}}
\newenvironment{myquote}{\begin{itemize}[{}]}{\end{itemize}}
\newenvironment{myblockquote}{\begin{itemize}[{\quad}]}{\end{itemize}}

\newenvironment{mydescription}{

\begin{inparablank}}{\end{inparablank}} 
% Alternativen ohne Einrückung
\newenvironment{myitemize}{\begin{compactitem}[\textbullet]}{\end{compactitem}}
\newenvironment{myenumerate}{\begin{compactenum}}{\end{compactenum}}

% einige weitere Festlegungen
% ---------------------------
% \breakslash is used for URLs to allow linebreaking
\newcommand{\mybreakslash}{\discretionary{/}{}{/}}

\newlength{\mylength}
\newlength{\myhight}
\newlength{\myshadingheight}
\newcommand{\myoverline}[1]
{\settowidth{\mylength}{#1} \settoheight{\myhight}{#1}
\makebox[-3pt][l]{#1}
\rule[\myhight+1pt]{\mylength}{0.15mm}}

% Teile von Büchern
\newcommand{\mypart}[1]
%{\part{#1}}
{\addtocontents{toc}{\protect\vspace{7.5mm} \textbf{\Large {#1}}}}

% minitoc vorbereiten, aber standardmäßig unterdrücken
\newcommand{\myminitoc}{}

% Haupttitel
% ----------
%\newcommand{\mymaintitle}[1]
%{\definecolor{shadecolor}{gray}{0.9}\begin{shaded}
%\begin{center}
%\Huge \bfseries 
%#1 
%\end{center}
%\end{shaded}}

%\newcommand{\mysubtitle}[1]
%{\begin{center}
%\LARGE \bfseries 
%#1
%\end{center}}

\newcommand{\mysubtitle}[1]{\subtitle{#1}}
\newcommand{\mymaintitle}[1]{\title{#1}}
\newcommand{\myauthor}[1]{\author{#1}}


% this is for getting rid of a lintian complaint about
% the German translation of the English word resolution which
% I can not represent here literally according to lintian
\newcommand{\resdhunlongstring}[0]{Res}
\newcommand{\sourcedhunlongstring}[0]{source}
\newcommand{\redshunlongstringsource}[0]{\resdhunlongstring\sourcedhunlongstring}


% Metadaten
% ---------
\newcommand{\fetchurlcaption}[0]
{\mysref{In den Metadaten erläutert unter: {\itshape Adresse der elektronischen \redshunlongstringsource zur Abholung (O)}.}{URL zur Abholung}}

\newcommand{\bookcaption}[0]
{\mysref{In den Metadaten erläutert unter: {\itshape Adresse der elektronischen \redshunlongstringsource (O)}.}{Buch (Hauptseite)}}

\newcommand{\functionalgroupcaption}[0]
{\mysref{In den Metadaten erläutert unter: {\itshape Angaben zum Inhalt: DDC-Sachgruppe der Deutschen Nationalbibliografie oder Warengruppen-Systematik des Deutschen Buchhandels (O)}.}{Sachgruppe(n)} }

\newcommand{\futhertopicscaption}[0]
{\mysref{In den Metadaten erläutert unter: {\itshape Angaben zum Inhalt: weitere Klassifikationen / Thesauri (F)}.}{Weitere Themen}}

\newcommand{\mainauthorscaption}[0]
{Hauptautor(en)}

\newcommand{\projecttexniciancaption}[0]
{Betreuer}

\newcommand{\organizationscaptions}[0]
{\mysref{In den Metadaten erläutert unter: {\itshape Beteiligte Organisationen (F)}.}{Organisation(en)}}

\newcommand{\datecaption}[0]
{Erscheinungsdatum}

\newcommand{\issuecaption}[0]
{Ausgabebezeichnung}

\newcommand{\standardcodecaption}[0]
{Standardnummer }

\newcommand{\maintitlecaption}[0]
{Haupttitel}

\newcommand{\publishercaption}[0]
{\mysref{In den Metadaten erläutert unter: {\itshape Verlag / Verlegende Stelle (O)}.}{Verlegende Stelle} }

\newcommand{\publishercitycaption}[0]
{Verlagsort}

\newcommand{\shelfcaption}[0]
{Wikibooks-Regal}

\newcommand{\sizecaption}[0]
{Umfang}


\newcommand{\Alpha}{\mathrm{A}}
\newcommand{\Beta}{\mathrm{B}}
\newcommand{\Epsilon}{\mathrm{E}}
\newcommand{\Zeta}{\mathrm{Z}}
\newcommand{\Eta}{\mathrm{H}}
\newcommand{\Iota}{\mathrm{I}}
\newcommand{\Kappa}{\mathrm{K}}
\newcommand{\Mu}{\mathrm{M}}
\newcommand{\Nu}{\mathrm{N}}
\newcommand{\Rho}{\mathrm{P}}
\newcommand{\Tau}{\mathrm{T}}
\newcommand{\Chi}{\mathrm{X}}
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\definecolor{firebrick}{rgb}{0.698039215686,0.133333333333,0.133333333333}
\definecolor{FloralWhite}{rgb}{1.0,0.980392156863,0.941176470588}
\definecolor{floralwhite}{rgb}{1.0,0.980392156863,0.941176470588}
\definecolor{ForestGreen}{rgb}{0.133333333333,0.545098039216,0.133333333333}
\definecolor{forestgreen}{rgb}{0.133333333333,0.545098039216,0.133333333333}
\definecolor{Fuchsia}{rgb}{1.0,0.0,1.0}
\definecolor{fuchsia}{rgb}{1.0,0.0,1.0}
\definecolor{Gainsboro}{rgb}{0.862745098039,0.862745098039,0.862745098039}
\definecolor{gainsboro}{rgb}{0.862745098039,0.862745098039,0.862745098039}
\definecolor{GhostWhite}{rgb}{0.972549019608,0.972549019608,1.0}
\definecolor{ghostwhite}{rgb}{0.972549019608,0.972549019608,1.0}
\definecolor{Gold}{rgb}{1.0,0.843137254902,0.0}
\definecolor{gold}{rgb}{1.0,0.843137254902,0.0}
\definecolor{GoldenRod}{rgb}{0.854901960784,0.647058823529,0.125490196078}
\definecolor{goldenrod}{rgb}{0.854901960784,0.647058823529,0.125490196078}
\definecolor{Gray}{rgb}{0.501960784314,0.501960784314,0.501960784314}
\definecolor{gray}{rgb}{0.501960784314,0.501960784314,0.501960784314}
\definecolor{Green}{rgb}{0.0,0.501960784314,0.0}
%\definecolor{green}{rgb}{0.0,0.501960784314,0.0}
\definecolor{GreenYellow}{rgb}{0.678431372549,1.0,0.18431372549}
\definecolor{greenyellow}{rgb}{0.678431372549,1.0,0.18431372549}
\definecolor{HoneyDew}{rgb}{0.941176470588,1.0,0.941176470588}
\definecolor{honeydew}{rgb}{0.941176470588,1.0,0.941176470588}
\definecolor{HotPink}{rgb}{1.0,0.411764705882,0.705882352941}
\definecolor{hotpink}{rgb}{1.0,0.411764705882,0.705882352941}
\definecolor{IndianRed}{rgb}{0.803921568627,0.360784313725,0.360784313725}
\definecolor{indianred}{rgb}{0.803921568627,0.360784313725,0.360784313725}
\definecolor{Indigo}{rgb}{0.294117647059,0.0,0.509803921569}
\definecolor{indigo}{rgb}{0.294117647059,0.0,0.509803921569}
\definecolor{Ivory}{rgb}{1.0,1.0,0.941176470588}
\definecolor{ivory}{rgb}{1.0,1.0,0.941176470588}
\definecolor{Khaki}{rgb}{0.941176470588,0.901960784314,0.549019607843}
\definecolor{khaki}{rgb}{0.941176470588,0.901960784314,0.549019607843}
\definecolor{Lavender}{rgb}{0.901960784314,0.901960784314,0.980392156863}
\definecolor{lavender}{rgb}{0.901960784314,0.901960784314,0.980392156863}
\definecolor{LavenderBlush}{rgb}{1.0,0.941176470588,0.960784313725}
\definecolor{lavenderblush}{rgb}{1.0,0.941176470588,0.960784313725}
\definecolor{LawnGreen}{rgb}{0.486274509804,0.988235294118,0.0}
\definecolor{lawngreen}{rgb}{0.486274509804,0.988235294118,0.0}
\definecolor{LemonChiffon}{rgb}{1.0,0.980392156863,0.803921568627}
\definecolor{lemonchiffon}{rgb}{1.0,0.980392156863,0.803921568627}
\definecolor{LightBlue}{rgb}{0.678431372549,0.847058823529,0.901960784314}
\definecolor{lightblue}{rgb}{0.678431372549,0.847058823529,0.901960784314}
\definecolor{LightCoral}{rgb}{0.941176470588,0.501960784314,0.501960784314}
\definecolor{lightcoral}{rgb}{0.941176470588,0.501960784314,0.501960784314}
\definecolor{LightCyan}{rgb}{0.878431372549,1.0,1.0}
\definecolor{lightcyan}{rgb}{0.878431372549,1.0,1.0}
\definecolor{LightGoldenRodYellow}{rgb}{0.980392156863,0.980392156863,0.823529411765}
\definecolor{lightgoldenrodyellow}{rgb}{0.980392156863,0.980392156863,0.823529411765}
\definecolor{LightGrey}{rgb}{0.827450980392,0.827450980392,0.827450980392}
\definecolor{lightgrey}{rgb}{0.827450980392,0.827450980392,0.827450980392}
\definecolor{LightGreen}{rgb}{0.564705882353,0.933333333333,0.564705882353}
\definecolor{lightgreen}{rgb}{0.564705882353,0.933333333333,0.564705882353}
\definecolor{LightPink}{rgb}{1.0,0.713725490196,0.756862745098}
\definecolor{lightpink}{rgb}{1.0,0.713725490196,0.756862745098}
\definecolor{LightSalmon}{rgb}{1.0,0.627450980392,0.478431372549}
\definecolor{lightsalmon}{rgb}{1.0,0.627450980392,0.478431372549}
\definecolor{LightSeaGreen}{rgb}{0.125490196078,0.698039215686,0.666666666667}
\definecolor{lightseagreen}{rgb}{0.125490196078,0.698039215686,0.666666666667}
\definecolor{LightSkyBlue}{rgb}{0.529411764706,0.807843137255,0.980392156863}
\definecolor{lightskyblue}{rgb}{0.529411764706,0.807843137255,0.980392156863}
\definecolor{LightSlateGray}{rgb}{0.466666666667,0.533333333333,0.6}
\definecolor{lightslategray}{rgb}{0.466666666667,0.533333333333,0.6}
\definecolor{LightSteelBlue}{rgb}{0.690196078431,0.76862745098,0.870588235294}
\definecolor{lightsteelblue}{rgb}{0.690196078431,0.76862745098,0.870588235294}
\definecolor{LightYellow}{rgb}{1.0,1.0,0.878431372549}
\definecolor{lightyellow}{rgb}{1.0,1.0,0.878431372549}
\definecolor{Lime}{rgb}{0.0,1.0,0.0}
\definecolor{lime}{rgb}{0.0,1.0,0.0}
\definecolor{LimeGreen}{rgb}{0.196078431373,0.803921568627,0.196078431373}
\definecolor{limegreen}{rgb}{0.196078431373,0.803921568627,0.196078431373}
\definecolor{Linen}{rgb}{0.980392156863,0.941176470588,0.901960784314}
\definecolor{linen}{rgb}{0.980392156863,0.941176470588,0.901960784314}
\definecolor{Magenta}{rgb}{1.0,0.0,1.0}
%\definecolor{magenta}{rgb}{1.0,0.0,1.0}
\definecolor{Maroon}{rgb}{0.501960784314,0.0,0.0}
\definecolor{maroon}{rgb}{0.501960784314,0.0,0.0}
\definecolor{MediumAquaMarine}{rgb}{0.4,0.803921568627,0.666666666667}
\definecolor{mediumaquamarine}{rgb}{0.4,0.803921568627,0.666666666667}
\definecolor{MediumBlue}{rgb}{0.0,0.0,0.803921568627}
\definecolor{mediumblue}{rgb}{0.0,0.0,0.803921568627}
\definecolor{MediumOrchid}{rgb}{0.729411764706,0.333333333333,0.827450980392}
\definecolor{mediumorchid}{rgb}{0.729411764706,0.333333333333,0.827450980392}
\definecolor{MediumPurple}{rgb}{0.576470588235,0.439215686275,0.847058823529}
\definecolor{mediumpurple}{rgb}{0.576470588235,0.439215686275,0.847058823529}
\definecolor{MediumSeaGreen}{rgb}{0.235294117647,0.701960784314,0.443137254902}
\definecolor{mediumseagreen}{rgb}{0.235294117647,0.701960784314,0.443137254902}
\definecolor{MediumSlateBlue}{rgb}{0.482352941176,0.407843137255,0.933333333333}
\definecolor{mediumslateblue}{rgb}{0.482352941176,0.407843137255,0.933333333333}
\definecolor{MediumSpringGreen}{rgb}{0.0,0.980392156863,0.603921568627}
\definecolor{mediumspringgreen}{rgb}{0.0,0.980392156863,0.603921568627}
\definecolor{MediumTurquoise}{rgb}{0.282352941176,0.819607843137,0.8}
\definecolor{mediumturquoise}{rgb}{0.282352941176,0.819607843137,0.8}
\definecolor{MediumVioletRed}{rgb}{0.780392156863,0.0823529411765,0.521568627451}
\definecolor{mediumvioletred}{rgb}{0.780392156863,0.0823529411765,0.521568627451}
\definecolor{MidnightBlue}{rgb}{0.0980392156863,0.0980392156863,0.439215686275}
\definecolor{midnightblue}{rgb}{0.0980392156863,0.0980392156863,0.439215686275}
\definecolor{MintCream}{rgb}{0.960784313725,1.0,0.980392156863}
\definecolor{mintcream}{rgb}{0.960784313725,1.0,0.980392156863}
\definecolor{MistyRose}{rgb}{1.0,0.894117647059,0.882352941176}
\definecolor{mistyrose}{rgb}{1.0,0.894117647059,0.882352941176}
\definecolor{Moccasin}{rgb}{1.0,0.894117647059,0.709803921569}
\definecolor{moccasin}{rgb}{1.0,0.894117647059,0.709803921569}
\definecolor{NavajoWhite}{rgb}{1.0,0.870588235294,0.678431372549}
\definecolor{navajowhite}{rgb}{1.0,0.870588235294,0.678431372549}
\definecolor{Navy}{rgb}{0.0,0.0,0.501960784314}
\definecolor{navy}{rgb}{0.0,0.0,0.501960784314}
\definecolor{OldLace}{rgb}{0.992156862745,0.960784313725,0.901960784314}
\definecolor{oldlace}{rgb}{0.992156862745,0.960784313725,0.901960784314}
\definecolor{Olive}{rgb}{0.501960784314,0.501960784314,0.0}
\definecolor{olive}{rgb}{0.501960784314,0.501960784314,0.0}
\definecolor{OliveDrab}{rgb}{0.419607843137,0.556862745098,0.137254901961}
\definecolor{olivedrab}{rgb}{0.419607843137,0.556862745098,0.137254901961}
\definecolor{OliveGreen}{rgb}{0.0,0.6,0.0}
\definecolor{olivegreen}{rgb}{0.0,0.6,0.0}
\definecolor{Orange}{rgb}{1.0,0.647058823529,0.0}
\definecolor{orange}{rgb}{1.0,0.647058823529,0.0}
\definecolor{OrangeRed}{rgb}{1.0,0.270588235294,0.0}
\definecolor{orangered}{rgb}{1.0,0.270588235294,0.0}
\definecolor{Orchid}{rgb}{0.854901960784,0.439215686275,0.839215686275}
\definecolor{orchid}{rgb}{0.854901960784,0.439215686275,0.839215686275}
\definecolor{PaleGoldenRod}{rgb}{0.933333333333,0.909803921569,0.666666666667}
\definecolor{palegoldenrod}{rgb}{0.933333333333,0.909803921569,0.666666666667}
\definecolor{PaleGreen}{rgb}{0.596078431373,0.98431372549,0.596078431373}
\definecolor{palegreen}{rgb}{0.596078431373,0.98431372549,0.596078431373}
\definecolor{PaleTurquoise}{rgb}{0.686274509804,0.933333333333,0.933333333333}
\definecolor{paleturquoise}{rgb}{0.686274509804,0.933333333333,0.933333333333}
\definecolor{PaleVioletRed}{rgb}{0.847058823529,0.439215686275,0.576470588235}
\definecolor{palevioletred}{rgb}{0.847058823529,0.439215686275,0.576470588235}
\definecolor{PapayaWhip}{rgb}{1.0,0.937254901961,0.835294117647}
\definecolor{papayawhip}{rgb}{1.0,0.937254901961,0.835294117647}
\definecolor{PeachPuff}{rgb}{1.0,0.854901960784,0.725490196078}
\definecolor{peachpuff}{rgb}{1.0,0.854901960784,0.725490196078}
\definecolor{Peru}{rgb}{0.803921568627,0.521568627451,0.247058823529}
\definecolor{peru}{rgb}{0.803921568627,0.521568627451,0.247058823529}
\definecolor{Pink}{rgb}{1.0,0.752941176471,0.796078431373}
\definecolor{pink}{rgb}{1.0,0.752941176471,0.796078431373}
\definecolor{Plum}{rgb}{0.866666666667,0.627450980392,0.866666666667}
\definecolor{plum}{rgb}{0.866666666667,0.627450980392,0.866666666667}
\definecolor{PowderBlue}{rgb}{0.690196078431,0.878431372549,0.901960784314}
\definecolor{powderblue}{rgb}{0.690196078431,0.878431372549,0.901960784314}
\definecolor{Purple}{rgb}{0.501960784314,0.0,0.501960784314}
\definecolor{purple}{rgb}{0.501960784314,0.0,0.501960784314}
\definecolor{Red}{rgb}{1.0,0.0,0.0}
%\definecolor{red}{rgb}{1.0,0.0,0.0}
\definecolor{RosyBrown}{rgb}{0.737254901961,0.560784313725,0.560784313725}
\definecolor{rosybrown}{rgb}{0.737254901961,0.560784313725,0.560784313725}
\definecolor{RoyalBlue}{rgb}{0.254901960784,0.411764705882,0.882352941176}
\definecolor{royalblue}{rgb}{0.254901960784,0.411764705882,0.882352941176}
\definecolor{SaddleBrown}{rgb}{0.545098039216,0.270588235294,0.0745098039216}
\definecolor{saddlebrown}{rgb}{0.545098039216,0.270588235294,0.0745098039216}
\definecolor{Salmon}{rgb}{0.980392156863,0.501960784314,0.447058823529}
\definecolor{salmon}{rgb}{0.980392156863,0.501960784314,0.447058823529}
\definecolor{SandyBrown}{rgb}{0.956862745098,0.643137254902,0.376470588235}
\definecolor{sandybrown}{rgb}{0.956862745098,0.643137254902,0.376470588235}
\definecolor{SeaGreen}{rgb}{0.180392156863,0.545098039216,0.341176470588}
\definecolor{seagreen}{rgb}{0.180392156863,0.545098039216,0.341176470588}
\definecolor{SeaShell}{rgb}{1.0,0.960784313725,0.933333333333}
\definecolor{seashell}{rgb}{1.0,0.960784313725,0.933333333333}
\definecolor{Sienna}{rgb}{0.627450980392,0.321568627451,0.176470588235}
\definecolor{sienna}{rgb}{0.627450980392,0.321568627451,0.176470588235}
\definecolor{Silver}{rgb}{0.752941176471,0.752941176471,0.752941176471}
\definecolor{silver}{rgb}{0.752941176471,0.752941176471,0.752941176471}
\definecolor{SkyBlue}{rgb}{0.529411764706,0.807843137255,0.921568627451}
\definecolor{skyblue}{rgb}{0.529411764706,0.807843137255,0.921568627451}
\definecolor{SlateBlue}{rgb}{0.41568627451,0.352941176471,0.803921568627}
\definecolor{slateblue}{rgb}{0.41568627451,0.352941176471,0.803921568627}
\definecolor{SlateGray}{rgb}{0.439215686275,0.501960784314,0.564705882353}
\definecolor{slategray}{rgb}{0.439215686275,0.501960784314,0.564705882353}
\definecolor{Snow}{rgb}{1.0,0.980392156863,0.980392156863}
\definecolor{snow}{rgb}{1.0,0.980392156863,0.980392156863}
\definecolor{SpringGreen}{rgb}{0.0,1.0,0.498039215686}
\definecolor{springgreen}{rgb}{0.0,1.0,0.498039215686}
\definecolor{SteelBlue}{rgb}{0.274509803922,0.509803921569,0.705882352941}
\definecolor{steelblue}{rgb}{0.274509803922,0.509803921569,0.705882352941}
\definecolor{Tan}{rgb}{0.823529411765,0.705882352941,0.549019607843}
\definecolor{tan}{rgb}{0.823529411765,0.705882352941,0.549019607843}
\definecolor{Teal}{rgb}{0.0,0.501960784314,0.501960784314}
\definecolor{teal}{rgb}{0.0,0.501960784314,0.501960784314}
\definecolor{Thistle}{rgb}{0.847058823529,0.749019607843,0.847058823529}
\definecolor{thistle}{rgb}{0.847058823529,0.749019607843,0.847058823529}
\definecolor{Tomato}{rgb}{1.0,0.388235294118,0.278431372549}
\definecolor{tomato}{rgb}{1.0,0.388235294118,0.278431372549}
\definecolor{Turquoise}{rgb}{0.250980392157,0.878431372549,0.81568627451}
\definecolor{turquoise}{rgb}{0.250980392157,0.878431372549,0.81568627451}
\definecolor{Violet}{rgb}{0.933333333333,0.509803921569,0.933333333333}
\definecolor{violet}{rgb}{0.933333333333,0.509803921569,0.933333333333}
\definecolor{Wheat}{rgb}{0.960784313725,0.870588235294,0.701960784314}
\definecolor{wheat}{rgb}{0.960784313725,0.870588235294,0.701960784314}
\definecolor{White}{rgb}{1.0,1.0,1.0}
%\definecolor{white}{rgb}{1.0,1.0,1.0}
\definecolor{WhiteSmoke}{rgb}{0.960784313725,0.960784313725,0.960784313725}
\definecolor{whitesmoke}{rgb}{0.960784313725,0.960784313725,0.960784313725}
\definecolor{Yellow}{rgb}{1.0,1.0,0.0}
%\definecolor{yellow}{rgb}{1.0,1.0,0.0}
\definecolor{YellowGreen}{rgb}{0.603921568627,0.803921568627,0.196078431373}
\definecolor{yellowgreen}{rgb}{0.603921568627,0.803921568627,0.196078431373}

\definecolor{shadecolor}{gray}{0.9}
\definecolor{mydarkgreen}{rgb}{0.0,0.5625,0.0} 








document/headers/formattings.tex

% PDF-Links vorbereiten
\hypersetup{%a5paper,
	linkcolor=black,     % Für Links in der gleichen Seite
	urlcolor=black,      % Für Links auf URLs
	breaklinks=true,    % Links dürfen umgebrochen werden
	colorlinks=false,
	citebordercolor=0 0 0,  % Farbe für \cite
	filebordercolor=0 0 0,
	linkbordercolor=0 0 0,
	menubordercolor=0 0 0,
	urlbordercolor=0 0 0,
	pdfhighlight=/I,
	pdfborder=0 0 0,   % keine Box um die Links!
	bookmarksopen=true,
	bookmarksnumbered=true,
	frenchlinks=false
}

% nicht zu viele Silbentrennungen
\sloppy


% Waisen, Hurenkinder
\clubpenalty = 10000
\widowpenalty = 10000 
\displaywidowpenalty = 10000


% verschiedene Einstellungen
\addtolength{\skip\footins}{2ex} % Länge zwischen Fußnotenbereich und Text








document/headers/hyphenation.tex

\hyphenation{NASA}
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\hyphenation{Auge}
\hyphenation{ohne}
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\hyphenation{come}
\hyphenation{zero}
\hyphenation{also}
\hyphenation{five}
\hyphenation{many}
\hyphenation{copy}
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\hyphenation{same}
\hyphenation{make}
\hyphenation{time}
\hyphenation{made}
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\hyphenation{Agar-kulturen}
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\begin{small}
Auf den folgenden Seiten stehen für alle Bilder die Quellen, Autoren und Lizenzen. Das Verzeichnis wurde erstellt mit Hilfe der \myhref{http://de.wikipedia.org/wiki/MediaWiki}{Wikimedia-Software} und an Layout und Gliederung dieses Buches angepasst.

Zu den Lizenzen gibt es hier weitere Informationen:

\begin{itemize}
\item GNU Free Documentation License (GFDL). Text dieser Lizenz: \newline{}\url{http://www.gnu.org/licenses/old-licenses/gpl-1.0.txt}

\item GNU General Public License Version 2 (GPL). Text dieser Lizenz: \newline{}\url{http://www.gnu.org/licenses/gpl-2.0.txt} 

\item Creative Commons Attribution ShareAlike 1.0 License (cc-by-sa-1.0). Text dieser Lizenz: \newline{}\url{http://creativecommons.org/licenses/by-sa/1.0/} 

\item Creative Commons Attribution ShareAlike 2.0 License (cc-by-sa-2.0). Damit werden auch die Versionen f\"ur andere Sprachen bezeichnet. Text der englischen Version: \newline{}\url{http://creativecommons.org/licenses/by-sa/2.0/}

\item Creative Commons Attribution ShareAlike 2.5 License (cc-by-sa-2.5). Text dieser Lizenz:\newline{}\url{http://creativecommons.org/licenses/by-sa/2.5/}

\item Creative Commons Attribution ShareAlike 3.0 License (cc-by-sa-3.0). Text dieser Lizenz:\newline{}\url{http://creativecommons.org/licenses/by-sa/3.0/}

\item Creative Commons Attribution ShareAlike 4.0 License (cc-by-sa-4.0). Text dieser Lizenz:\newline{}\url{https://creativecommons.org/licenses/by-sa/4.0/deed.de}


\item Creative Commons Attribution 2.0 License (cc-by-2.0). Damit werden auch die Versionen f\"ur andere Sprachen bezeichnet. Text der englischen Version:\newline{}\url{http://creativecommons.org/licenses/by/2.0/}

\item Creative Commons Attribution 2.5 License (cc-by-2.5). Text dieser Lizenz:\newline{}\url{http://creativecommons.org/licenses/by/2.5/deed.en}

\item Creative Commons Attribution 3.0 License (cc-by-3.0). Text dieser Lizenz:\newline{}\url{http://creativecommons.org/licenses/by/2.5/deed.en}

\item Public Domain (PD): This image is in the public domain. Dieses Bild ist gemeinfrei.

\item ATTR:  The copyright holder of this file allows anyone to use it for any purpose, provided that the copyright holder is properly attributed. Redistribution, derivative work, commercial use, and all other use is permitted. 

\item EURO: This is the common (reverse) face of a euro coin. The copyright on the design of the common face of the euro coins belongs to the European Commission. Authorised is reproduction in a format without relief (drawings, paintings, films) provided they are not detrimental to the image of the euro.

\end{itemize}

Den an weiteren Einzelheiten interessierten Leser verweisen wir auf die Onlineversion dieses Buches und die Beschreibungsseiten der Dateien.

\end{small}
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\chapter{Zu diesem Buch}
\section{Hinweise zu den Lizenzen}
\label{Lizenzhinweise}

Dieses Werk ist entstanden bei \myhref{http://de.wikibooks.org/wiki/Einf\%C3\%BChrung_in_SQL}{Wikibooks}, einer Online-Bibliothek im Internet mit Lehr-, Sach- und Fachbüchern. Jeder kann und darf diese Bücher frei nutzen und bearbeiten. Alle Inhalte stehen unter den Lizenzen „Creative Commons Attribution/Share-Alike“ (CC-BY-SA 3.0) und GNU-Lizenz für freie Dokumentation (GFDL). 

Das Konvertierungsprogramm \myhref{http://de.wikibooks.org/wiki/Benutzer:Dirk_Huenniger/wb2pdf}{wb2pdf} steht unter GNU General Public License (GPL).

Das Textsatzprogramm \myhref{http://de.wikipedia.org/wiki/LaTeX} {\LaTeX{}} steht unter der LaTeX Project Public License (LPPL).

Hinweise zur Nutzung und für Zitate sind zu finden unter:
\begin{itemize}
\item Originalversion der Lizenz CC-BY-SA 3.0 \newline \url{http://creativecommons.org/licenses/by-sa/3.0}
\item Deutsche Version der Lizenz mit Ergänzungen \newline{} \url{http://creativecommons.org/licenses/by-sa/3.0/deed.de}
\item Originalversion der Lizenz GFDL \newline{} \url{http://www.gnu.org/copyleft/fdl.html}
\item Originalversion der Lizenz GPL \newline{} \url{http://www.gnu.org/licenses/gpl-3.0.html}
\item Version der LaTeX PPL \newline{} \url{http://www.opensource.org/licenses/lppl}
\item Nutzungsbedingungen der Wikimedia Foundation (deutsch) \newline{} \url{http://wikimediafoundation.org/wiki/Nutzungsbedingungen}
\item Zitieren aus Wikibooks \newline{} \url{http://de.wikibooks.org/wiki/Hilfe:Zitieren#Zitieren_aus_Wikibooks}
\end{itemize}
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% Festlegungen für minitoc
% \renewcommand{\myminitoc}{\minitoc}
% \renewcommand{\mtctitle}{Überblick}
% \setcounter{minitocdepth}{1}
% \dominitoc   % diese Zeile aktiviert das Erstellen der minitocs, sie muss vor \tableofcontents kommen

% Seitenformat
% ------------
%\KOMAoption{paper}{A5}          % zulässig: letter, legal, executive; A-, B-, C-, D-Reihen
\KOMAoption{open}{right}			% zulässig: right (jedes Kapitel beginnt rechts), left, any
\KOMAoption{numbers}{auto}
% Satzspiegel jetzt neu berechnen, damit er bei Kopf- und Fußzeilen beachtet wird
\KOMAoptions{DIV=13}

% Kopf- und Fusszeilen
% --------------------
% Breite und Trennlinie
%\setheadwidth[-6mm]{textwithmarginpar}
%\setheadsepline[textwithmarginpar]{0.4pt}
\setheadwidth{text}
\setheadsepline[text]{0.4pt}

% Variante 1: Kopf: links Kapitel, rechts Abschnitt (ohne Nummer); Fuß: außen die Seitenzahl
\ohead{\headmark}
\renewcommand{\chaptermark}[1]{\markleft{#1}{}}
\renewcommand{\sectionmark}[1]{\markright{#1}{}}
\ofoot[\pagemark]{\pagemark}

% Variante 2: Kopf außen die Seitenzahl, Fuß nichts
%\ohead{\pagemark}
%\ofoot{}

% Standardschriften
% -----------------
%\KOMAoption{fontsize}{18pt}
\addtokomafont{disposition}{\rmfamily}
\addtokomafont{title}{\rmfamily} 
\setkomafont{pageheadfoot}{\normalfont\rmfamily\mdseries}

% vertikaler Ausgleich
% -------------------- 
% nein -> \raggedbottom
% ja   -> \flushbottom    aber ungeeignet bei Fußnoten
%\raggedbottom
\flushbottom

% Tiefe des Inhaltsverzeichnisses bestimmen
% -----------------------------------------
% -1   nur \part{}
%  0   bis \chapter{}
%  1   bis \section{}
%  2   bis \subsection{} usw.
\newcommand{\mytocdepth}{1}

% mypart - Teile des Buches und Inhaltsverzeichnis
% ------------------------------------------------
% Standard: nur im Inhaltsverzeichnis, zusätzlicher Eintrag ohne Seitenzahl
% Variante: nur im Inhaltsverzeichnis, zusätzlicher Eintrag mit Seitenzahl 
%\renewcommand{\mypart}[1]{\addcontentsline{toc}{part}{#1}}
% Variante: mit eigener Seite vor dem ersten Kapitel, mit Eintrag und Seitenzahl im Inhaltsverzeichnis
\renewcommand{\mypart}[1]{\part{#1}}


% maketitle
% -----------------------------------------------
% Bestandteile des Innentitels
%\title{Einführung in SQL}
%\author{Jürgen Thomas}
%\subtitle{Datenbanken bearbeiten}
\date{}
% Bestandteile von Impressum und CR
% Bestandteile von Impressum und CR

\uppertitleback{
%Detaillierte Daten zu dieser Publikation sind bei Wikibooks zu erhalten:\newline{} \url{http://de.wikibooks.org/}
%Diese Publikation ist bei der Deutschen Nationalbibliothek registriert. Detaillierte Daten sind im Internet  zu erhalten: \newline{}\url{https://portal.d-nb.de/opac.htm?method=showSearchForm#top}
%Diese Publikation ist bei der Deutschen Nationalbibliothek registriert. Detaillierte Daten sind im Internet unter der Katalog-Nr. 1008575860 zu erhalten: \newline{}\url{http://d-nb.info/1008575860}

%Namen von Programmen und Produkten sowie sonstige Angaben sind häufig geschützt. Da es auch freie Bezeichnungen gibt, wird das Symbol \textregistered{} nicht verwendet.

%Erstellt am 
\today{}
}

\lowertitleback{
{\footnotesize
On the 28th of April 2012 the contents of the English as well as German Wikibooks and Wikipedia projects were licensed under Creative Commons Attribution-ShareAlike 3.0 Unported license.
A URI to this license is given in the list of figures on page \pageref{ListOfFigures}.
If this document is a derived work from the contents of one of these projects and the content was still licensed by the project under this license at the time of derivation this document has to be licensed under the same, a similar or a compatible license, as stated in section 4b of the license.
The list of contributors is included in chapter Contributors on page \pageref{Contributors}.
The licenses GPL, LGPL and GFDL are included in chapter Licenses on page \pageref{Licenses}, since this book and/or parts of it may or may not be licensed under one or more of these licenses, and thus require inclusion of these licenses.
The licenses of the figures are given in the list of figures on page \pageref{ListOfFigures}.
This PDF was generated by the \LaTeX{} typesetting  software.
The \LaTeX{} source code is included as an attachment ({\tt source.7z.txt}) in this PDF file.
To extract the source from the PDF file, you can use the \texttt{pdfdetach} tool
including in the \texttt{poppler} suite, or the
\url{http://www.pdflabs.com/tools/pdftk-the-pdf-toolkit/} utility.
Some PDF viewers may also let you save the attachment to a file.
After extracting it from the PDF file you have to rename it to {\tt source.7z}.
To uncompress the resulting archive we recommend the use of \url{http://www.7-zip.org/}.
The \LaTeX{} source itself was generated by a program written by Dirk Hünniger, which is freely available under an open source license from \url{http://de.wikibooks.org/wiki/Benutzer:Dirk_Huenniger/wb2pdf}.
}}


\renewcommand{\mysubtitle}[1]{}
\renewcommand{\mymaintitle}[1]{}
\renewcommand{\myauthor}[1]{}


\newenvironment{myshaded}{%
  \def\FrameCommand{ \hskip-2pt \fboxsep=\FrameSep \colorbox{shadecolor}}%
  \MakeFramed {\advance\hsize-\width \FrameRestore}}%
 {\endMakeFramed}
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% Standard für Formatierung
%\usepackage[utf8]{inputenc} % use \usepackage[utf8]{inputenc} for tex4ht
\usepackage[usenames]{color}
\usepackage{textcomp} 
\usepackage{parskip} 
\usepackage[normalem]{ulem}
\usepackage[hyphens]{url}
\usepackage[unicode=true]{hyperref}
\usepackage[defblank]{paralist}
\usepackage{trace}
% Minitoc
%\usepackage{minitoc}

% Keystroke
\usepackage{keystroke}
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% für Zeichensätze


%replacemnt for pslatex
\usepackage[scaled=.92]{helvet}
\usepackage{courier}


\usepackage[T1]{fontenc} % disable this line for tex4ht

% für Tabellen
\usepackage{multirow}
\usepackage{multicol}
\usepackage{array,ragged2e}
\usepackage{longtable}

% für Kopf- und Fußzeilen, Fußnoten
\usepackage{scrlayer-scrpage}
\usepackage{footnote}

% für Rahmen
\usepackage{verbatim}
\usepackage{framed}

% für Symbole
\usepackage{amsmath}
\usepackage{amssymb}
\usepackage{amsfonts}

%replacemnt for pslatex
\usepackage{mathptmx}

% für Symbole
\usepackage{pifont}
\usepackage{marvosym}
\let\Cross\undefined 
\usepackage{fourier-orns}  % disable this line for tex4ht   % für weitere Logos, z.B. \danger

% für Grafik-Einbindung
\usepackage[pdftex]{graphicx}
\usepackage{wasysym}
\let\Square\undefined 

% unklare Verwendung
\usepackage{bbm}
\usepackage{skull}

%arabtex
\usepackage[T1]{tipa}  % disable this line for tex4ht

\usepackage{fancyvrb}
\usepackage{bbding} 
\usepackage{textcomp}
\usepackage[table]{xcolor}
%\usepackage{microtype} disabled for xelatex
\usepackage{lscape}
\usepackage{amsthm}
\usepackage{index}
\usepackage{scalefnt}
\makeindex
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\KOMAoption{paper}{A4}
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\newcommand{\SVGExtension}{png}






document/headers/templates-chemie.tex

\newcommand{\TemplateEnergieerhaltung}[1]{
\begin{longtable}{|>{\RaggedRight}p{\linewidth}|} \hline
{\bfseries Gesetz von der Erhaltung der Energie}\\ \hline
{\bfseries Albert Einstein (14.3. 1879 - 18.4.1955)}: Umwandlung von Energie in Masse und von Masse in Energie ist möglich.\\ 
$E = m \cdot c^2$ (c = Lichtgeschwindigkeit = 300.000 km/s)\\ \hline
{\bfseries 
Bei einer chemischen Reaktion ist die Summe aus Masse und Energie der Ausgangsstoffe gleich der Summe aus Masse und Energie der Endstoffe.
}\\\hline
Wird Energie frei, tritt ein unwägbar kleiner Massenverlust auf. Wird Energie investiert, tritt Massenzunahme auf. Dieses kann allerdings mit herkömmlichen Waagen nicht gemessen werden. \\ \hline
\end{longtable}
}

\newcommand{\TemplatePeriodensystem}[1]{
Hier sollte das Periodensystem stehen. Ein solches wird sehr wahrscheinlich von Orlando Camargo Rodriguez frei zur Verfügung gestellt werden. Dateiname: tabela_periodica.tex ist bereits online. Lizenz aber noch nicht genau genug definiert.
}

\newcommand{\TemplateMassenerhaltung}[1]{
\begin{longtable}{|>{\RaggedRight}p{\linewidth}|} \hline
{\bfseries Gesetz von der Erhaltung der Masse}\\ \hline
{\bfseries Antoine Lavoisier (1743 - 1794)}: Rien ne se perd, rien ne se crée\\ 
Die Gesamtmasse ändert sich bei chemischen Reaktionen (im Rahmen der Messgenauigkeiten) nicht.\\ \hline
Masse der Ausgangsstoffe=Masse der Produkte \\ \hline
\end{longtable}
}

\newcommand{\TemplateDaltonsAtomhyposthese}[1]{
\begin{longtable}{|>{\RaggedRight}p{\linewidth}|} \hline
\begin{enumerate}
\item Materie besteht aus extrem kleinen, bei Reaktion ungeteilt bleibenden Teilchen, den Atomen.
\item Die Masse der Atome eines bestimmten Elements sind gleich (alle Atome eines Elements sind gleich). Die Atome verschiedener Elemente unterscheiden sich in ihren Eigenschaften (zum Beispiel in Größe, Masse, usw.).
\item Es existieren so viele Atomsorten wie Elemente.
\item Bei chemischen Reaktionen werden Atome in neuer Kombination vereinigt oder voneinander getrennt.
\item Eine bestimmte Verbindung wird von den Atomen der betreffenden Elemente in einem bestimmten, einfachen Zahlenverhältnis gebildet.
\end{enumerate}
\\ \hline
\end{longtable}
}

\newcommand{\TemplateUnveraenderlicheMassenverhaeltnisse}[1]{
\begin{longtable}{|>{\RaggedRight}p{\linewidth}|} \hline
{\bfseries Gesetz der unveränderlichen Massenverhältnisse}\\ \hline
Louis Proust (1799) \\ \hline
Bei chemischen Reaktionen, also Vereinigung beziehungsweise Zersetzung, reagieren die Reinstoffe immer in einem von der Natur vorgegebenen festen Verhältnis miteinander.
\\ \hline
\end{longtable}
}
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\newenvironment{TemplateCodeInside}[6]
{
\def\leftbox{#5}
\def\rightbox{}
\def\framecolor{shadecolor}
\ifstr{#4}{e}{ \def\framecolor{red} 
               \def\rightbox{Falsch} } {}
\ifstr{#4}{v}{ \def\framecolor{mydarkgreen} 
               \def\rightbox{Richtig} } {}

\begin{scriptsize}
\begin{framed} 
\ttfamily

\ifstr{\leftbox} {} {
  % Ausgabe nur, wenn rechte Box Inhalt hat, dann links mit Standardtext
  \ifstr{\rightbox}{}{}
  { \fbox{Quelltext} \hfill \textbf{\color{\framecolor} \fcolorbox{black}{white}{\rightbox} }
  }
} {
\fbox{\leftbox}
% und bei Bedarf zusätzlich rechts die zweite Box
  \ifstr{\rightbox}{}{}
  { \hfill \textbf{\color{\framecolor} \fcolorbox{black}{white}{\rightbox} }
  } 
}

\begin{flushleft}
}  % Ende der begin-Anweisungen, es folgen die end-Anweisungen
{\end{flushleft}\end{framed}\end{scriptsize} }

\newcommand{\TemplateCode}[9]
% **************************************************
{

\ifstr{#1}{}{~}{
\minisec{\normalfont \scriptsize \centering \textbf{\textit{#1}} \medskip } }

\begin{scriptsize}

% Code-Abschnitt mit #4
\begin{TemplateCodeInside} {} {0pt} {0pt} {#3} {#5} {}
#6
\end{TemplateCodeInside}

% Ausgabetext mit #4
#4
 
% #2   Fußzeile ausgeben, sofern vorgesehen
\ifstr{#2} {} {} { \centering \textit{#2} \medskip \\ } 

\end{scriptsize}
}
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\newcommand{\LaTeXJa}{Ja}
\newcommand{\LaTeXNein}{Nein}
\newcommand{\wbtempcolora}{white}
\newcommand{\wbtempcolorb}{white}
\newcommand{\wbtempcolorc}{white}
\newcommand{\wbtemptexta}{}
\newcommand{\wbtemptextb}{}
\newcommand{\wbtemptextc}{}
\newlength{\wbtemplengtha}
\setlength{\wbtemplengtha}{0pt}
\newlength{\wbtemplengthb}
\setlength{\wbtemplengthb}{0pt}
\newlength{\wbtemplengthc}
\setlength{\wbtemplengthc}{0pt}
\newlength{\wbtemplengthd}
\setlength{\wbtemplengthd}{0pt}
\newlength{\wbtemplengthe}
\setlength{\wbtemplengthe}{0pt}
\newcount\wbtempcounta
\wbtempcounta=0
\newcount\wbtempcountb
\wbtempcountb=0
\newcount\wbtempcountc
\wbtempcountc=0

\newcommand{\CPPAuthorsTemplate}[4]{
\LaTeXZeroBoxTemplate{
The following people are authors to this book:

#3

You can verify who has contributed to this book by examining the history logs at Wikibooks (http://en.wikibooks.org/).

Acknowledgment is given for using some contents from other works like #1, as from the authors #2.

The above authors release their work under the following license:

This work is licensed under the Creative Commons Attribution-Share Alike 3.0 Unported license. In short: you are free to share and to make derivatives of this work under the conditions that you appropriately attribute it, and that you only distribute it under the same, similar or a compatible license. Any of the above conditions can be waived if you get permission from the copyright holder.
Unless otherwise noted, #4 used in this book have their own copyright, may use different licenses than the one used here, and were not created by the above authors. The authors, contributors, and licenses used should be acknowledged separately.}
}

\newcommand{\NFFallunterscheidung}[8]{
{\bfseries Fall 1:} #1 \\
#2 \\
{\bfseries Fall 2:} #3 \\
#4 \\
{\bfseries Fall 3:} #5 \\
#6 \\
{\bfseries Fall 4:} #7 \\
#8 \\
}

\newcommand{\NFAufgabe}[2]{
{\bfseries Aufgabe:}\\
#1 \\
{\bfseries Lösung:}\\
#2 \\
}

\newcommand{\tlTemplate}[1]{{\{\{{\ttfamily #1}\}\}}}

\newcommand{\LaTeXQuelleLink}[3]{(#1 #2 #3)}


\newcommand{\matrixdimTemplate}[1]{
\definecolor{shadecolor}{gray}{0.9}
\begin{myshaded}
{\bfseries Matrix Dimensions: }\\
A: $p \times p$ \\
B:  $p \times q$\\
C:  $r \times p$\\
D:  $r \times q$\\
\end{myshaded}
}

\newcommand{\matlabTemplate}[1]{
\definecolor{shadecolor}{gray}{0.9}
\begin{myshaded}
This operation can be performed using this MATLAB command:
{\ttfamily #1}
\end{myshaded}}

\newcommand{\PrintUnitPage}[3]{\pagebreak
\begin{flushleft}
{\bfseries \Large #1}
\end{flushleft}

\begin{longtable}{>{\RaggedRight}p{0.5\linewidth}>{\RaggedRight}p{0.5\linewidth}}
& #2
\end{longtable}}

\newcommand{\LaTeXCodeTipTemplate}[3]{

\definecolor{shadecolor}{gray}{0.9}
\begin{myshaded}
#1 \\
#2 \\
#3
\end{myshaded}
}

\newcommand{\DisassemblySyntax}[1]{

\definecolor{shadecolor}{gray}{0.9}
\begin{myshaded}
This code example uses #1 Syntax
\end{myshaded}}


\newcommand{\LaTeXDeutschTemplate}[1]{ {\bfseries deutsch:} #1 }



\newcommand{\LaTeXNullTemplate}[1]{}
\newcommand{\LaTeXAppendixTemplate}[1]{\appendix}



\newcommand{\LaTeXEquals}[1]{=}

\newcommand{\LatexSymbol}[1]{\LaTeX}

\newcommand{\LaTeXDoubleBoxTemplate}[2]{

\begin{minipage}{\linewidth}\definecolor{shadecolor}{gray}{0.9}\begin{myshaded}{\bfseries #1} \\
#2
\end{myshaded}
\end{minipage}

}

\newcommand{\NFHinweis}[1]{

\begin{minipage}{\linewidth}\definecolor{shadecolor}{gray}{0.9}\begin{myshaded}{
\begin{flushleft}
\begin{Large}
{\Huge \textcircled{\LARGE !}} \ Hinweis
\end{Large}
\end{flushleft}}
\medskip
#1
\end{myshaded}
\end{minipage}

}

\newcommand{\LaTeXSimpleBoxTemplate}[2]{
{\bfseries #1} \\
#2
}

\newcommand{\SolutionBoxTemplate}[2]{
#2
}


\newcommand{\LaTeXDoubleBoxOpenTemplate}[2]{

\definecolor{shadecolor}{gray}{0.9}\begin{myshaded}{\bfseries #1} \\
\end{myshaded}

#2

}

\newcommand{\Loesungsweg}[2]{

\definecolor{shadecolor}{gray}{0.9}\begin{myshaded}{\bfseries Wie kommt man auf den Beweis? #1} \\
#2
\end{myshaded}

}


\newcommand{\LaTeXInduktion}[6]{

\definecolor{shadecolor}{gray}{0.9}\begin{myshaded}{\bfseries Aussageform, deren Allgemeingültigkeit für #1 bewiesen werden soll:} \\
#2
{\newline \bfseries 1. Induktionsanfang}
#3
{\newline \bfseries 2. Induktionsschritt}
{\newline \bfseries 2a. Induktionsvoraussetzung}
#4
{\newline \bfseries 2b. Induktionsbehauptung}
#5
{\newline \bfseries 2c. Beweis des Induktionsschritts}
#6
\end{myshaded}

}

\newcommand{\LaTeXLatinExerciseTemplate}[3]{

\definecolor{shadecolor}{gray}{0.9}\begin{myshaded}{\bfseries Exercise: #1} \\
#2 \\
{\bfseries Solution}
#3
\end{myshaded}

}


\newcommand{\LaTeXShadedColorBoxTemplate}[2]{
\begin{minipage}{\linewidth}
#1\begin{myshaded}
#2
\end{myshaded}
\end{minipage}
}

\newcommand{\PGP}[1]{PGP:#1}


\newcommand{\DETAILS}[1]{For more details on this topic, see #1}

\newcommand{\ADAFile}[1]{\LaTeXZeroBoxTemplate{File: #1}}
\newcommand{\ADASample}[1]{\LaTeXZeroBoxTemplate{This code sample is also available in #1}}


\newcommand{\LaTeXZeroBoxTemplate}[1]{
\begin{minipage}{\linewidth}\definecolor{shadecolor}{gray}{0.9}\begin{myshaded}
#1
\end{myshaded}
\end{minipage}
}

\newcommand{\LaTeXZeroBoxOpenTemplate}[1]{
\definecolor{shadecolor}{gray}{0.9}\begin{myshaded}
#1
\end{myshaded}
}

\newcommand{\PDFLink}[1]{
\textbf{PDF} #1
}

\newcommand{\Lysippos}[1]{Lysippos}


\newcommand{\SonnensystemFakten}[3]{
#1 \\
\definecolor{shadecolor}{gray}{0.9}\begin{myshaded}{\bfseries #2}  \\
#3 \\
\end{myshaded}
}


\newcommand{\VorlageReferenzenEintrag}[3]{
\begin{longtable}{p{0.2\linewidth}p{0.8\linewidth}}

{[\bfseries #1]} & {\itshape #2} #3 \\
\end{longtable}

}

\newcommand{\MBOX}[2]{\definecolor{shadecolor}{gray}{0.9}
\begin{myshaded}
\begin{longtable}{p{0.2\linewidth}p{0.7\linewidth}}
#1 & #2 \\
\end{longtable}
\end{myshaded}}



\newcommand{\LaTeXIdentityTemplate}[1]{#1
}
\newcommand{\Doppellizenz}[1]{Dieser Text ist sowohl unter GFDL als auch CC BY-SA 3.0 lizenziert. Wenn der Text unter CC BY-SA 3.0 genutzt wird, kann entsprechend Abschnitt 4b als Autor „Wikibooks“ genannt werden.}

\newcommand{\AdaRM}[3]{\myfnhref{http://www.adaic.org/resources/add_content/standards/05rm/html/RM-#1-#2.html}{#1.#2 #3}}

\newcommand{\AdaEightThreeRM}[2]{\myfnhref{http://archive.adaic.com/standards/83lrm/html/lrm-#1.html}{Annex #1: #2}}

\newcommand{\AdaRMThree}[4]{\myfnhref{http://www.adaic.org/resources/add_content/standards/05rm/html/RM-#1-#2-#3.html}{#1.#2.#3 #4}}

\newcommand{\AdaRMAThree}[4]{\myfnhref{http://www.adaic.org/resources/add_content/standards/05rm/html/RM-#1-#2-#3.html}{Annex #1.#2.#3 #4}}

\newcommand{\AdaRMATwo}[3]{\myfnhref{http://www.adaic.org/resources/add_content/standards/05rm/html/RM-#1-#2.html}{Annex #1.#2 #3}}





\newcommand{\AdaNiveFiveRMThree}[4]{\myfnhref{http://www.adaic.org/resources/add_content/standards/95lrm/ARM_HTML/RM-#1-#2-#3.html}{#1.#2.#3 #4}}


\newcommand{\AdaSGThree}[4]{\myfnhref{http://www.adaic.org/resources/add_content/docs/95style/html/sec_#1/#1-#2-#3.html}{#1.#2.#3 #4}}

\newcommand{\AdaSGTwo}[3]{\myfnhref{http://www.adaic.org/resources/add_content/docs/95style/html/sec_#1/#1-#2.html}{#1.#2 #3}}


\newcommand{\AdaSGOne}[2]{\myfnhref{http://www.adaic.org/resources/add_content/docs/95style/html/sec_#1/}{Chapter #1: #2}}



\newcommand{\AdaRMNineFive}[3]{\myfnhref{http://www.adaic.org/resources/add_content/standards/95lrm/ARM_HTML/RM-#1-#2.html}{#1.#2 #3}}


\newcommand{\AdaRMCiteFive}[7]{\myfnhref{http://www.adaic.org/resources/add_content/standards/05rm/html/RM-#1-#2-#3.html}{ISO/IEC 8652:2007. #1.#2.#3 #4 (#5). Ada 2005 Reference Manual. #7 }}


\newcommand{\AdaTwentyZeroFive}[1]{{\itshape This language feature is only available in Ada 2005}}

\newcommand{\ADANFAI}[2]{\myfnhref{http://www.ada-auth.org/cgi-bin/cvsweb.cgi/AIs/AI-00#1.TXT}{AI95-00#1-01 #2}}

\newcommand{\ADARMAONE}[2]{\myfnhref{http://www.adaic.org/resources/add_content/standards/05rm/html/RM-#1.html}{Annex #1 #2}}

\newcommand{\ADARMONE}[2]{\myfnhref{http://www.adaic.org/resources/add_content/standards/05rm/html/RM-#1.html}{Section #1: #2}}
\newcommand{\ADANiveFiveRMONE}[2]{\myfnhref{http://www.adaic.org/resources/add_content/standards/95lrm/ARM_HTML/RM-#1.html}{Section #1: #2}}

\newcommand{\AdaNiveFiveRMAThree}[4]{\myfnhref{http://www.adaic.org/resources/add_content/standards/95lrm/ARM_HTML/RM-#1-#2-#3.html}{Annex #1.#2-#3 #4}}

\newcommand{\AdaNiveFiveRMATwo}[4]{\myfnhref{http://www.adaic.org/resources/add_content/standards/95lrm/ARM_HTML/RM-#1-#2.html}{Annex #1.#2 #3}}

\newcommand{\AdaNiveFiveR}[3]{\myfnhref{http://www.adaic.org/resources/add_content/standards/95rat/rat95html/rat95-p#3-#1.html}{#1 #2}}

\newcommand{\AdaNiveFiveRTwo}[4]{\myfnhref{http://www.adaic.org/resources/add_content/standards/95rat/rat95html/rat95-p#4-#1.html}{#1.#2 #3}}



\newcommand{\AdaPragma}[1]{\LaTeXTTBF{pragma} }


\newcommand{\yes}[1]{yes}
\newcommand{\no}[1]{no}
\newcommand{\BlenderRepo}[1]{\myfnhef{https://developer.blender.org/diffusion/B/browse/master/#1}{#1}}

\newcommand{\TychoBrahe}[1]{Tycho Brahe}
\newcommand{\BlenderAlignedView}[1]{This tutorial relies on objects being created so that they are aligned to the view that you’re looking through. Versions 2.48 and above have changed the way this works. Visit \myfnhref{https://en.wikibooks.org/wiki/Blender_3D:_Noob_to_Pro/Aligned_to_view_issue}{Aligned} to view issue to understand the settings that need to be changed.}

\newcommand{\LaTeXPlainBoxTemplate}[1]{
\begin{minipage}{\linewidth}\definecolor{shadecolor}{gray}{0.9}\begin{myshaded} 
#1
\end{myshaded}
\end{minipage}
}


\newcommand{\Hinweis}[1]{
\begin{TemplateInfo}{{\Huge \textcircled{\LARGE !}}}{Hinweis}
#1
\end{TemplateInfo}}



\newcommand{\LaTexInfoTemplateOne}[1]{
\begin{TemplateInfo}{\Info}{Information}
#1
\end{TemplateInfo}}

\newcommand{\EqnTemplate}[1]{
\begin{flushright}
\textbf{[#1]}
\end{flushright}}

\newcommand{\RefTemplate}[1]{[#1]}


\newcommand{\LaTeXGCCTakeTemplate}[1]{
\LaTeXDoubleBoxTemplate{Take home:}{#1}
}

\newcommand{\LaTeXProblemTemplate}[1]{
\LaTeXDoubleBoxTemplate{Problem:}{#1}
}

\newcommand{\LaTeXEditorNote}[1]{\LaTeXDoubleBoxTemplate{Editor's note}{#1}}

\newcommand{\BNPForVersion}[1]{
\LaTeXInfoTemplateOne{Applicable Blender version: #1}
}

\newcommand{\LaTeXInfoTemplateOne}[1]{
\begin{TemplateInfo}{\Info}{Information}
#1
\end{TemplateInfo}
}


\newcommand{\LaTexHelpFulHintTemplate}[1]{
\LaTeXDoubleBoxTemplate{Helpful Hint:}{#1}
}

\newcommand{\MyLaTeXTemplate}[3]{
\LaTeXDoubleBoxTemplate{MyLaTeXTemplate1:}{#1 \\ #2 \\ #3}
}

\newcommand{\TemplatePreformat}[1]{
\par
\begin{scriptsize}
%\setlength{\baselineskip}{0.9\baselineskip}
\ttfamily
#1
\par
\end{scriptsize}
}

\newcommand{\TemplateSpaceIndent}[1]{
\begin{scriptsize}
\begin{framed}
\ttfamily
#1
\end{framed}
\end{scriptsize}
}

\newcommand{\GenericColorBox}[2]
{
\newline
\begin{tabular}[t]{p{0.6cm}p{4cm}}
#1&#2\\  
\end{tabular}
}

\newcommand{\legendNamedColorBox}[2]
{
  \GenericColorBox{
    \parbox[t]{0.5\linewidth}{
      \textsuperscript{
        \fcolorbox{black}{#1}{
          \Huge{\,\,}
        }
      }
    }
  }{
    #2
  } 
}

\newcommand{\legendColorBox}[2]
{
  \GenericColorBox{
    \definecolor{tempColor}{rgb}{#1}
    \parbox[t]{0.5\linewidth}{
      \textsuperscript{
        \fcolorbox{black}{tempColor}{
           \Huge{\,\,}
        }
      }
    }
  }{
    #2
  } 
}



%\newcommand{\ubung} {{\LARGE $\triangleright$}}
\newcommand{\ubung}{\ding{228} \textbf{Aufgabe:}\,}

\newcommand{\TemplateSource}[1]
{
%\begin{TemplateCodeInside}{}{\baselineskip}{\baselineskip}{}{}{true}
\begin{scriptsize}
\begin{myshaded}\ttfamily
#1
\end{myshaded}
\end{scriptsize}
%\end{TemplateCodeInside}
}


\newenvironment{TemplateInfo}[2]
% no more parameters
%****************************************************
% Template Info
% Kasten mit Logo, Titelzeile, Text
% kann für folgende Wiki-Vorlagen benutzt werden:
%          Vorlage:merke, Vorlage:Achtung u.ä.
%
% #1 Logo  (optional) default: \Info
% #2 Titel (optional) default: Information; könnte theoretisch auch leer sein,
%                     das ist aber wegen des Logos nicht sinnvoll
%****************************************************
{
% Definition des Kastens mit Standardwerten
% u.U. ist linewidth=1pt erorderlich
\begin{framed}
% linksbündig ist besser, weil es in der Regel wenige Zeilen sind, die teilweise kurz sind
\begin{flushleft}
% Überschrift größer darstellen
\begin{Large}
% #1 wird als Logo verwendet, Vorgabe ist \Info aus marvosym
%    für andere Logos muss ggf. das Package eingebunden werden
%    das Logo kann auch mit einer Größe verbunden werden, z.B. \LARGE\danger als #1
{#1 } \
% #2 wird als Titelzeile verwendet, Vorgabe ist 'Information'
{\bfseries #2}
\medskip \end{Large} \\
} % Ende der begin-Anweisungen, es folgenden die end-Anweisungen
{ \end{flushleft}\end{framed} }


\newcommand{\TemplateHeaderExercise}[3]
% no more parameters
%****************************************************
% Template Header Exercise
% Rahmen als minisec mit Nummer der Aufgabe und Titel und grauem Hintergrund
% ist gedacht für folgende Wiki-Vorlage:
%          Vorlage:Übung4
% kann genauso für den Aufgaben-Teil folgender Vorlagen verwendet werden:
%          Vorlage:Übung    (wird zz. nur einmal benutzt)
%          Vorlage:Übung2   (wird zz. gar nicht benutzt)
%          Vorlage:Übung3   (wird zz. in 2 Büchern häufig benutzt)
%          C++-Programmierung/ Vorlage:Aufgabe  (wird zz. nur selten benutzt,
%                            ist in LatexRenderer.hs schon erledigt)
%
% #1 Text   (optional) 'Aufgabe' oder 'Übung', kann auch leer sein
% #2 Nummer (Pflicht)  könnte theoretisch auch leer sein, aber dann sieht die Zeile
%                      seltsam aus; oder die if-Abfragen wären unnötig komplex
% #3 Titel  (optional) Inhaltsangabe der Aufgabe, kann auch leer sein
%****************************************************
{
\minisec{\normalfont \fcolorbox{black}{shadecolor}{\large \, #1 #2 \ifx{#3}{}{}\else{-- #3}\fi \,} \medskip }
}
 
\newcommand{\TemplateHeaderSolution}[3]
% no more parameters
%****************************************************
% Template Header Solution
% Rahmen als minisec mit Nummer der Aufgabe und Titel und grauem Hintergrund
%
% ist gedacht für den Lösungen-Teil der Vorlagen und wird genauso
% verwendet wie \TemplateHeaderExercise
%****************************************************
{
\minisec{\normalfont \fcolorbox{black}{shadecolor}{\large \, Lösung zu #1 #2 \ifx{#3}{}{}\else{-- #3}\fi \,} \medskip }
}

\newcommand{\TemplateUbungDrei}[4]
{
\TemplateHeaderExercise{Übung}{#1}{#2}
#3
\TemplateHeaderSolution{Übung}{#1}{#2}
#4
}

\newcommand{\Mywrapfigure}[2]
{
\begin{wrapfigure}{r}{#1\textwidth}
\begin{center}
#2
\end{center}
\end{wrapfigure}
}



\newcommand{\Mymakebox}[2]
{
\begin{minipage}{#1\textwidth}
#2
\end{minipage}
}

\newcommand{\MyBlau}[1]{
\textcolor{darkblue}{#1}
} 
\newcommand{\MyRot}[1]{
\textcolor{red}{#1}
} 
\newcommand{\MyGrun}[1]{
\textcolor{mydarkgreen}{#1}
} 
\newcommand{\MyBg}[2]{
\fcolorbox{#1}{#1}{#2} 
} 

\newcommand{\BNPModule}[1]{
the "#1" module
} 


\newcommand{\LaTeXMerkeZweiTemplate}[1]{\LaTeXDoubleBoxTemplate{Merke}{#1}}

\newcommand{\LaTeXDefinitionTemplate}[1]{\LaTeXDoubleBoxTemplate{Definition}{#1}}

\newcommand{\LaTeXAnorganischeChemieFuerSchuelerVorlageMerksatzTemplate}[1]{\LaTeXDoubleBoxTemplate{Merksatz}{#1}}

\newcommand{\LaTeXTextTemplate}[1]{\LaTeXDoubleBoxTemplate{}{#1}}

\newcommand{\LaTeXExampleTemplate}[1]{\LaTeXDoubleBoxTemplate{Example:}{#1}}
\newcommand{\HaskellExampleTemplate}[2]{\LaTeXDoubleBoxTemplate{Example: #1}{#2}}

\newcommand{\LaTeXexampleTemplate}[1]{\LaTeXDoubleBoxTemplate{Example:}{#1}}

\newcommand{\LaTeXPTPBoxTemplate}[1]{\LaTeXDoubleBoxTemplate{Points to ponder:}{#1}}

\newcommand{\LaTeXNOTETemplate}[2]{\LaTeXDoubleBoxTemplate{Note:}{#1 #2}}

\newcommand{\LaTeXNotizTemplate}[1]{\LaTeXDoubleBoxTemplate{Notiz:}{#1}}

\newcommand{\LaTeXbodynoteTemplate}[1]{\LaTeXDoubleBoxTemplate{Note:}{#1}}

\newcommand{\DarcsPatchProperty}[1]{\LaTeXDoubleBoxTemplate{Patch property:}{#1}}



\newcommand{\LaTeXecebcite}[1]{\textsuperscript{[#1]}}

\newcommand{\LaTeXmainpage}[1]{{\itshape Main Page: #1}}
\newcommand{\LaTeXAsof}[1]{As of #1}
\newcommand{\LaTeXasof}[1]{as of #1}


\newcommand{\LaTeXAPDIPpreface}[1]{
Roberto R. Romulo \newline
Chairman (2000-2002) \newline
e-ASEAN Task Force \newline
Manila, Philippines \newline
$\text{ }$\newline
Shahid Akhtar \newline
Program Coordinator\newline 
UNDP-APDIP \newline
Kuala Lumpur, Malaysia\newline 
http://www.apdip.net\newline}


\newcommand{\LaTeXcquoteTemplate}[1]{\LaTeXDoubleBoxTemplate{Quote:}{#1}}

\newcommand{\LaTeXCquoteTemplate}[1]{\LaTeXDoubleBoxTemplate{Quote:}{#1}}

\newcommand{\LaTeXSideNoteTemplate}[1]{\LaTeXDoubleBoxTemplate{Note:}{#1}}

\newcommand{\LaTeXsideNoteTemplate}[1]{\LaTeXDoubleBoxTemplate{Note:}{#1}}

\newcommand{\LaTeXExercisesTemplate}[1]{\LaTeXDoubleBoxTemplate{Exercises:}{#1}}

\newcommand{\LaTeXCppProgrammierungVorlageTippTemplate}[1]{\LaTeXDoubleBoxTemplate{Tip}{#1}}

\newcommand{\LaTeXTipTemplate}[1]{\LaTeXDoubleBoxTemplate{Tip}{#1}}
\newcommand{\LaTeXUnknownTemplate}[1]{unknown}

\newcommand{\LaTeXCppProgrammierungVorlageHinweisTemplate}[1]{\LaTeXDoubleBoxTemplate{Hinweis}{#1}}

\newcommand{\LaTeXCppProgrammierungVorlageSpaeterImBuchTemplate}[1]{\LaTeXDoubleBoxTemplate{Thema wird später näher erläutert...}{#1}}

\newcommand{\SGreen}[1]{This page uses material from Dr. Sheldon Green's Hypertext Help with LaTeX.}
\newcommand{\ARoberts}[1]{This page uses material from Andy Roberts' Getting to grips with LaTeX with permission from the author.}

\newcommand{\LaTeXCppProgrammierungVorlageAnderesBuchTemplate}[1]{\LaTeXDoubleBoxTemplate{Buchempfehlung}{#1}}

\newcommand{\LaTeXCppProgrammierungVorlageNichtNaeherBeschriebenTemplate}[1]{\LaTeXDoubleBoxTemplate{Nicht Thema dieses Buches...}{#1}}

\newcommand{\LaTeXPythonUnterLinuxVorlagenVorlageDetailsTemplate}[1]{\LaTeXDoubleBoxTemplate{Details}{#1}}

\newcommand{\LaTeXChapterTemplate}[1]{\chapter{#1}
\myminitoc
}

\newcommand{\Sample}[2]{
\begin{longtable}{|p{\linewidth}|}
\hline
#1 \\ \hline
#2 \\ \hline
\end{longtable}
}

\newcommand{\Syntax}[1]{
\LaTeXDoubleBoxTemplate{Syntax}{#1}}


\newcommand{\LaTeXTT}[1]{{\ttfamily #1}}
\newcommand{\LaTeXBF}[1]{{\bfseries #1}}
\newcommand{\ADAPK}[3]{{#1.#2}}
\newcommand{\LaTeXTTBF}[1]{{\bfseries \ttfamily #1}}
\newcommand{\LaTeXIT}[1]{{\itshape #1}}
\newcommand{\ADACOM}[1]{{\itshape -{}-#1}}

\newcommand{\LaTeXCenter}[1]{
\begin{center}
#1
\end{center}}


\newcommand{\BNPManual}[2]{The Blender Manual page on #1 at \url{http://wiki.blender.org/index.php/Doc:Manual/#1}}
\newcommand{\BNPWeb}[2]{#1 at \url{#2}}

\newcommand{\Noframecenter}[2]{
\begin{tablular}{p{\linewidth}}
#2\\ 
#1 
\end{tabluar}
}


\newcommand{\LaTeXTTUlineTemplate}[1]{{\ttfamily \uline{#1}}
}



\newcommand{\PythonUnterLinuxDenulltails}[1]{
\begin{tabular}{|p{\linewidth}|}\hline
\textbf{Denulltails} \\ \hline
#1 \\ \hline 
\end{tabular}}

\newcommand{\GNURTip}[1]{
\begin{longtable}{|p{\linewidth}|}\hline
\textbf{Tip} \\ \hline
#1 \\ \hline 
\end{longtable}}

\newcommand{\PerlUebung}[1]{
\begin{longtable}{|p{\linewidth}|}\hline
#1 \\ \hline 
\end{longtable}}

\newcommand{\PerlNotiz}[1]{
\begin{table}{|p{\linewidth}|}\hline
#1 \\ \hline 
\end{table}}

\newcommand{\ACFSZusatz}[1]{\textbf{ Zusatzinformation }}
\newcommand{\ACFSVorlageB}[1]{\textbf{ Beobachtung }}
\newcommand{\ACFSVorlageV}[1]{\textbf{ Versuchsbeschreibung }}
\newcommand{\TemplateHeaderSolutionUebung}[2]{\TemplateHeaderSolution{Übung}{#1}{#2}}
\newcommand{\TemplateHeaderExerciseUebung}[2]{\TemplateHeaderExercise{Übung}{#1}{#2}}

\newcommand{\ChemTemplate}[9]{\texttt{     
#1#2#3#4#5#6#7#8#9}}

\newcommand{\QED}[1]{\square}

\newcommand{\WaningTemplate}[1]{     
\begin{TemplateInfo}{\danger}{Warning}
#1
\end{TemplateInfo}}


\newcommand{\WarnungTemplate}[1]{     
\begin{TemplateInfo}{\danger}{Warnung}
#1
\end{TemplateInfo}}


\newcommand{\BlenderAlignedToViewIssue}[1]{     
\begin{TemplateInfo}{\danger}{Blender3d Aligned to view issue}
This tutorial relies on objects being created so that they are aligned to the view that you’re looking through. Versions 2.48 and above have changed the way this works. Visit Aligned (\url{http://en.wikibooks.org/wiki/Blender_3D:_Noob_to_Pro/Aligned_to_view_issue}) to view issue to understand the settings that need to be changed.
\end{TemplateInfo}}


\newcommand{\BlenderVersion}[1]{     
{\itshape Diese Seite bezieht sich auf }{\bfseries \quad Blender Version #1}}

\newcommand{\Literal}[1]{{\itshape #1}}

\newcommand{\JavaIllustration}[3]{
\begin{tablular}
{Figure #1: #2}
\\
#3
\end{ltablular}
}


\newcommand{\Ja}[1]{\Checkmark {\bfseries Ja}}
\newcommand{\Nein}[1]{\XSolidBrush {\bfseries Nein}}

\newcommand{\SVGVersions}[8]{
{\scriptsize
\begin{tabular}{|p{0.45\linewidth}|p{0.13\linewidth}|}\hline
Squiggle (Batik) & #1 \\ \hline
Opera (Presto) & #2 \\ \hline
Firefox (Gecko; auch SeaMonkey, Iceape, Iceweasel etc) & #3 \\ \hline
Konqueror (KSVG) & #4 \\ \hline
Safari (Webkit) & #5 \\ \hline
Chrome (Webkit) & #6 \\ \hline
Microsoft Internet Explorer (Trident) & #7 \\ \hline
librsvg & #8 \\\hline
\end{tabular}}

}


\theoremstyle{plain}
\newtheorem{satz}{Satz}
\newtheorem{beweis}{Beweis}
\newtheorem{beispiel}{Beispiel}

\theoremstyle{definition}
\newtheorem{mydef}{Definition}

\newcommand{\NFSatz}[2]{\begin{satz}#1\end{satz}#2}

\newcommand{\NFDef}[2]{\begin{mydef}#1\end{mydef}#2}

\newcommand{\NFBeweis}[2]{\begin{beweis}#1\end{beweis}#2}

\newcommand{\NFBeweisschritt}[2]{{\bfseries Beweisschritt} #1 \\ #2}

\newcommand{\Smiley}[1]{$\ddot\smile$}


\newcommand{\NFBeispiel}[2]{\begin{beweis}#1\end{beweis}#2}

\newcommand{\NFFrage}[3]{

\definecolor{shadecolor}{gray}{0.9}\begin{myshaded}{\itshape \uline{#1}: #2} \\
#3
\end{myshaded}

}

\newcommand{\NFFrageB}[2]{

\definecolor{shadecolor}{gray}{0.9}\begin{myshaded}{\itshape \uline{Frage}: #1} \\
#2
\end{myshaded}

}


\newcommand{\NFVertiefung}[1]{
{\bfseries Vertiefung:} \\
Der Inhalt des folgenden Abschnitts ist eine Vertiefung des Stoffes. Für die nächsten Kapitel ist es nicht notwendig, dass du dieses Kapitel gelesen hast.

}
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\newcommand{\R}{\ensuremath{\mathbb{R}}}
\newcommand{\N}{\ensuremath{\mathbb{N}}}
\newcommand{\Z}{\ensuremath{\mathbb{Z}}}
\newcommand{\Q}{\ensuremath{\mathbb{Q}}}
\renewcommand{\C}{\ensuremath{\mathbb{C}}}
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\chapter{Prerequisites}

\myminitoc
\label{0}


\label{1}\section{Consistency of units}
\label{2}

Most values that you\textquotesingle{}ll run across as an engineer will consist of a number and a unit. Some do not have a unit because they are a pure number (like pi, π) or a ratio.  In order to solve a problem effectively, all the types of units should be consistent with each other, or should be in the same {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape system}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. A system of units defines each of the basic unit types with respect to some measurement that can be easily duplicated, so that, for example, 5 ft. is the same length in Australia as it is in the United States. There are five commonly-{}used base unit types or {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape dimensions}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] that one might encounter (shown with their abbreviated forms for the purpose of dimensional analysis):

\begin{myquote}
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Length}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (L), or the physical distance between two positions with respect to some standard distance
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Time}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (t), or how long something takes with respect to how long some natural phenomenon takes to occur
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Mass}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (M), a measure of the inertia of a material relative to that of a standard
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Temperature}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (T), a measure of the average kinetic energy of the molecules in a material relative to a standard
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Electric Current}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (E), a measure of the total charge that moves in a certain amount of time
\end{myquote}


{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Note:}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] It would make more commonsense to have {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Electric Charge}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] as a base unit, since current is charge per time, and you may find it convenient to think of charge as the fundamental unit.  However, current proved easier to measure very accurately and reproducibly, so the physicists decided it would be their reference.

There are several different consistent systems of units.  In most of the world (apart from the US and to some extent the UK) the SI system is standard.  It is also used in refereed scientific and engineering journals in these two countries.  In practice, it is essential for a chemical engineer to be proficient in the SI system, but to be able to use data in units of other systems and to be able to specify designs in the preferred unit system for the job.
\subsection{Units of Common Physical Properties}
\label{3}

Every system of units has a large number of {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape derived}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] units which are, as the name implies, derived from the base units. These new units are based on the physical definitions of other quantities and involve the combination of different variables. Below is a list of several common derived system properties and the corresponding dimensions ({$\dot=$} denotes unit equivalence). If you don\textquotesingle{}t know what one of these properties is, you will learn it eventually:

\begin{longtable}{|>{\RaggedRight}p{0.30324\linewidth}|>{\RaggedRight}p{0.13962\linewidth}|>{\RaggedRight}p{0.30324\linewidth}|>{\RaggedRight}p{0.13962\linewidth}|} \hline 
{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Property }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Dimensions }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Property }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Dimensions}\endhead  \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Mass}{Mass} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} M &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Length}{Length} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} L\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Time}{Time} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} t &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Temperature}{Temperature} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} T\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Area}{Area} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$L^2$} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Volume}{Volume} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ L^3 $}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Velocity}{Velocity} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{L}{t} $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Acceleration}{Acceleration} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{L}{t^2} $}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Force}{Force} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{ M*L}{t^2} $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Energy}{Energy}/\myhref{https://en.wikipedia.org/wiki/Mechanical\%20work}{Work}/\myhref{https://en.wikipedia.org/wiki/Heat}{Heat} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{M*L^2}{t^2} $}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Power\%20\%28physics\%29}{Power} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{M*L^2}{t^3} $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Pressure}{Pressure} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{M}{L*t^2} $}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Density}{Density} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{M}{L^3} $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Viscosity}{Viscosity} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{M}{L*t} $}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Thermal\%20diffusivity}{Diffusivity} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{L^2}{s} $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Thermal\%20conductivity}{Thermal Conductivity} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{M*L}{t^3*T} $}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Specific\%20heat\%20capacity}{Specific Heat Capacity} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{L^2}{t^2*T} $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Enthalpy\%23Specific\%20enthalpy}{Specific Enthalpy} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{L^2}{t^2} $}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Gibbs\%20free\%20energy}{Specific Gibbs Energy} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{L^2}{t^2} $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} \myhref{https://en.wikipedia.org/wiki/Entropy}{Specific Energy} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{L^2}{t^2*T} $}\\ \hline 
\end{longtable}

\subsection{SI (kg-{}m-{}s) System}
\label{4}

This is the most commonly-{}used system of units in the world, and is based heavily on factors of 10. It was originally based on the properties of water, though currently there are more precise standards in place. The major dimensions are:

\begin{longtable}{|>{\RaggedRight}p{0.39758\linewidth}|>{\RaggedRight}p{0.19590\linewidth}|>{\RaggedRight}p{0.32081\linewidth}|} \hline 
{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Dimension name }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} SI unit }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} SI abbreviation}\endhead  \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Length &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} meter &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} m\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Time &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} second &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} s\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Mass &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} kilogram &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} kg\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Temperature &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} kelvin &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} K\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Electric Current &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} ampere &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} A\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Amount of substance &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} mole &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} mol\\ \hline 
\end{longtable}


Note that the kilogram, not the gram, is a base unit.

The close relationship to water is that one m\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{3} of water weighs (approximately) 1000 kg.

A base unit that can be difficult to understand is the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape mole}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. A mole represents 6.022*10\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{23} particles of {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape any substance}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. (The number is known as Avogadro\textquotesingle{}s Number, or the \myhref{https://en.wikipedia.org/wiki/Avogadro\%20constant}{Avogadro constant}.) This usually means the number of atoms or molecules of an element or compound.  Chemical engineers commonly use kilomoles.
The relative molecular mass (= molecular weight) of water H\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsubscript{2}O is about 18, being made up of 2 H atoms (atomic mass = 1) and one O atom (atomic mass = 16). Thus 18 kilograms of water constitute 1 kilomole of H\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsubscript{2}O and contain 2 kilomoles of H atoms and 1 kilomole of O atoms.

Each of these base units can be made smaller or larger in units of ten by adding the appropriate {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries metric prefixes}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. The specific meanings are (from the \myhref{https://en.wikipedia.org/wiki/SI}{SI} page on Wikipedia): 


\label{5}
\begin{myenumerate}
\item{} REDIRECT \myhref{https://en.wikibooks.org/wiki/Template\%3AIntroduction\%20to\%20Chemical\%20Engineering\%20Processes\%2FSIUnits}{Template:Introduction to Chemical Engineering Processes/SIUnits}
\end{myenumerate}


If you see a length of 1 km, according to the chart, the prefix \symbol{34}k\symbol{34} means there are 10\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{3} of something, and the following \symbol{34}m\symbol{34} means that it is meters. So 1 km = 10\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{3} meters. There should always be a space between the number and the unit and between different units which are multiplied together.  There must not be a space between the multiplier and the unit.  Thus 13 mA means 13 milliamps, but 13 m A means 13 meter-{}amps.

As noted above, the kilogram is a base unit, but the multipliers are added to the gram.  1000 kg = 1 Mg; 0.001 kg = 1 g.

In chemical engineering practice, we tend not to use the very large or small ends of the
table, but you should know at least as large as mega (M), and as small as nano (n). The relationship between different sizes of metric units was deliberately made simple because you will have to do it all of the time. You may feel uncomfortable with it at first if you\textquotesingle{}re from the U.S. but trust me, after working with the English system you\textquotesingle{}ll learn to appreciate the simplicity of the Metric system.
\subsubsection{Derived units in the SI system}
\label{6} 

Imagine if every time you calculated a pressure, you would have to write the units in kg/(m s\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{2}). This would become cumbersome quickly, so the SI people set up {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries derived units}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] to use as shorthand for such combinations as these.  Note that units named after a person do not start with a capital letter, but the abbreviation does!  For example \symbol{34}a force of one newton\symbol{34} and \symbol{34} a force of 1.0 N\symbol{34}. The most common ones used by chemical engineers are as follows:

\begin{longtable}{|>{\RaggedRight}p{0.17914\linewidth}|>{\RaggedRight}p{0.17001\linewidth}|>{\RaggedRight}p{0.11601\linewidth}|>{\RaggedRight}p{0.18840\linewidth}|>{\RaggedRight}p{0.20358\linewidth}|} \hline 
{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Property name }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Long SI Units }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} SI Name }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} SI Abbreviation }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Equivalencies}\endhead  \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Force &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{kg*m}{s^2} $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} newton &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} N &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} Mass * acceleration\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Energy &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{kg*m^2}{s^2} $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} joule &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} J &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ N*m $}, {$ Pa*m^3 $}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Power &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{kg*m^2}{s^3} $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} watt &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} W &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{N*m}{s} $} or {$ \frac{J}{s} $}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Pressure &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{kg}{m*s^2} $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} pascal &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} Pa &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ \frac{N}{m^2} $}\\ \hline 
\end{longtable}


\subsubsection{Allowed units in the SI system}
\label{7} 

Some units are not simply derived from the base units or regular multiples, but are in common use and are therefore permitted.  Thus, though periods of time can be expressed in kiloseconds or megaseconds, we are allowed to use minutes, hours and days.  The term \textquotesingle{}liter\textquotesingle{} (US) or \textquotesingle{}litre\textquotesingle{} (European) is understood to be the same as 1 x 10\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{-{}3} m\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{3}, and the term tonne (not ton) is understood to be the same as 1000 kg.  The bar is a unit of pressure meaning 100 kPa, which is very close to the chemists\textquotesingle{} standard atmosphere (which is 101.325 kPa). The Celsius scale of temperature is understood to be the number of kelvin above 273.15 K.  Thus we are allowed to write \symbol{34}the chemical reactor has a throughput of 4.3 tonnes per day at 5 bar and 200 °C\symbol{34} and we will be understood.  However, it may be necessary to change to base or derived units in order to carry out calculations.
\subsection{cgs (cm-{}g-{}s) system}
\label{8}

This was the first metric system and may be found old publications (before 1960).  There is no reason why a chemical engineer should work in it today, but you may have to convert data from old books.  The base units of length and mass were the centimeter and gram.  The unit of force was a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape dyne}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]; the unit of energy was an {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape erg}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. The value of {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape g}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], the standard acceleration due to gravity was 981 cm/s/s.  The viscosity units poise (especially centipoise, cP) and stokes (especially centistokes cSt) are a hangover from this system and may be found in relatively recent publications.  You should convert them to SI.

Note that chemists often work with grams and cubic centimeters, but these are part of SI.  Just because you work with cm, g, and s, does not mean you are using the cgs system.
See \myhref{https://en.wikipedia.org/wiki/cgs}{w:cgs} if you really want to know.
\subsection{British, Imperial or American (gravitational) system}
\label{9}

This system was established with the authority of the British Empire.  It is known in Britain as the Imperial system, in America as the British (sometimes English) system, and in much of the world as the American system, since the USA is the only major market for chemical engineering which uses it. The engineering version uses a subset of this traditional or customary measure plus the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape pound force}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] and the ampere.

Its peculiarity lies in the relationship between force and mass. According to Isaac Newton for a fixed mass accelerating under the influence of a force:

force = mass x acceleration     or    {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape f = m a}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

In the SI system a force of 1 newton acting on a mass of 1 kilogram produces an acceleration of 1 meter per second.  Simple!

In the Imperial system a force of 1 pound-{}force acting on a mass of 1 pound produces an acceleration of 32 feet  per second.  This is because this is the natural acceleration under gravity. Older American books often include a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape g}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] in the formula which do not appear in European versions of the same equation.  The {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape g}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] represents the relationship between force and mass in the unit system (which is 1 in SI): here it is 32.  For a while, American (mainly) engineers used a version of the metric system including the kilogram-{}force and thus {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape g}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], which had the value 9.81. Physicists call these both {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape gravitational}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] systems.

The common units are based on traditional measures which were practical in agriculture and shipping, and do not go in steps of 10, 100, 1000 etc.  Instead of using prefixes you use names for larger units, and can use combinations of units for the same dimension, e.g. 6 yards 2 feet and 8 and a quarter inches ( 6 yd 2 ft 8¼ in)  However, engineers tend to use one unit and a decimal, e.g. 20.7 ft, e.g. 13.47 in.  The foot can also be denoted by a single mark and the inch by a double mark, e.g. 4 feet 7 inches was 4\textquotesingle{} 7\symbol{34}.  Note that the US gallon is smaller than the Imperial gallon (5/6 in fact), when you are doing conversions to SI.

The temperature scale is that of Fahrenheit, in which the melting point of ice is 32 °F.  Absolute zero is -{}459.67 °F.  For thermodynamic temperatures, the number of degrees Fahrenheit above absolute zero is the Rankine scale.  Thus the melting point of ice is 459.67 °R.

The following are common units in this system. 

\begin{longtable}{|>{\RaggedRight}p{0.24115\linewidth}|>{\RaggedRight}p{0.30643\linewidth}|>{\RaggedRight}p{0.36670\linewidth}|} \hline 
{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Dimension name }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Imperial unit }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Imperial abbreviation}\endhead  \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Length &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} foot, inch &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} ft, in\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Time &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} second, minute, or hour &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} sec, min, and hr, respectively\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Force &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} pound-{}force &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ lb_f $}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Temperature &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} degree Fahrenheit &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} °F\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Electric current &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} ampere&\hspace*{0pt}\ignorespaces{}\hspace*{0pt} A\\ \hline 
\end{longtable}


A common derived unit is the pound(-{}force) per square inch, or psi.  Note that psig or psi(g) means psi above atmospheric pressure. Energy is measured in British Thermal Units, generally BTU, sometimes B.Th U.  Power is horsepower, hp.
\subsection{\symbol{34}Parts-{}per\symbol{34} notation}
\label{10}
The \symbol{34}parts-{}per\symbol{34} notation is a unit that deals with very small traces of species within a mixture of gases or liquids. Parts-{}per million (ppm) and parts-{}per billion (ppb), as well as parts-{}per trillion (ppt) (American definition of trillion 10\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{12}), refer to mass or mole ratios and communicate how many parts of the species are present-{}per million, billion, or trillion parts of the mixture. Generally mass ratios are used when dealing with liquids and mole ratios are used when dealing with gases, though either kind of ratio can be used for whichever phase a chemical is in (ratios are discussed in a later chapter).

\LaTeXDoubleBoxTemplate{Example:}{ Let\textquotesingle{}s say the air around us contains 20 ppm He (Helium). 

This means that, if one assumes that a molar basis is being used, for every {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries million}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] moles of air there are 20 moles of Helium. If the example was in terms of {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape ppb}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], this would mean that for every {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries billion}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] moles of air there are 20 moles of Helium.}
\subsection{A Word About Conversions}
\label{11}
It is generally safe to convert all data into SI then work your calculations out in that system, converting back if necessary at the end.  If you are skilled enough in the American system, you may be able to carry some calculations within that system. 
It is best to consult a conversion table or program for the necessary changes and especially important to keep good track of the units.  

However, do not make the mistake of just writing down the numbers you get from the calculator or program.

For example, if you have a pressure drop in a pipe of 16 psi, and the conversion factor 1 psi = 6.895 kPa, your calculator will give 16 x 6.895 = 110.32.  However, your answer should be 110 kPa because your starting value was only given to a precision of two figures.  The conversion factor cannot add accuracy!
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\section{How to convert between units}
\label{12}
\subsection{Finding equivalences}
\label{13}

The first thing you need in order to convert between units is the equivalence between the units you want and the units you have. To do this use a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries conversion table}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. See \myhref{https://en.wikipedia.org/wiki/Conversion\%20of\%20units}{w:Conversion of units} for a fairly extensive (but not exhaustive) list of common units and their equivalences.

Conversions within the metric system usually are not listed, because it is assumed that one can use the prefixes and the fact that 
{$ 1 \mbox{ mL} = 1 \mbox{ cm}^3 $} to convert anything that is desired.

Conversions within the English system and especially between the English and metric system are sometimes (but not on Wikipedia) written in the form:

{$1 (unit 1) = (number) (unit 2) = (number) (unit 3) = .... $}

For example, you might recall the following conversion from chemistry class:

{$ 1 \mbox{ atm} = 760 \mbox{ mmHg} = 1.013*10^5 \mbox{ Pa} = 1.013 \mbox{ bar} = ....$}

The table on Wikipedia takes a slightly different approach: the column on the far left side is the unit we have 1 of, the middle is the definition of the unit on the left, and on the far right-{}hand column we have the metric equivalent. One listing is the conversion from feet to meters:

{$ \mbox{ foot (International)  ft}  = 1/3 \mbox{ yd}  = 0.3048\mbox{ m} $}

Both methods are common and one should be able to use either to look up conversions.
\subsection{Using the equivalences}
\label{14}

Once the equivalences are determined, use the general form: 

\LaTeXZeroBoxTemplate{
{$ \mbox{What you want} = \mbox{What you have} * \frac{\mbox{What you want}}{\mbox{What you have}} $}}

The fraction on the right comes directly from the conversion tables. 

\LaTeXDoubleBoxTemplate{Example:}{
Convert 800 mmHg into bars

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Solution}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] If you wanted to convert 800 mmHg to bars, using the horizontal list, you could do it directly:

{$ bars = 800\mbox{ mmHg}*\frac{1.013\mbox{ bar}}{760\mbox{ mmHg}} = 1.066\mbox{ bar} $}

Using the tables from Wikipedia, you need to convert to an {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape intermediate}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (the metric unit) and then convert from the intermediate to the desired unit. We would find that 

{$ 1 \mbox{ mmHg}=133.322\mbox{ Pa} $} and {$1\mbox{ bar}=10^5\mbox{ Pa}$}

Again, we have to set it up using the same general form, just we have to do it twice:

{$ bars = 800\mbox{ mmHg}*\frac{133.322\mbox{ Pa}}{1\mbox{ mmHg}}*\frac{1\mbox{ bar}}{10^5\mbox{ Pa}} = 1.066\mbox{ bar}$}}

Setting these up takes practice, there will be some examples at the end of the section on this. It\textquotesingle{}s a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries very important}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] skill for any engineer.

One way to keep from avoiding \symbol{34}doing it backwards\symbol{34} is to write everything out and make sure your units cancel out as they should! If you try to do it backwards you\textquotesingle{}ll end up with something like this:

{$ bars = 800\mbox{ mmHg}*\frac{760\mbox{ mmHg}}{1.013\mbox{ bar}} =  6.0*10^5 \frac{{mmHg}^2}{bar}$}

If you write everything (even conversions within the metric system!) out, and make sure that everything cancels, you\textquotesingle{}ll help mitigate unit-{}changing errors. About 30-{}40\% of all mistakes I\textquotesingle{}ve seen have been unit-{}related, which is why there is such a long section in here about it. Remember them well.
\section{Dimensional analysis as a check on equations}
\label{15}

Since we know what the units of velocity, pressure, energy, force, and so on should be in terms of the base units
L, M, t, T, and E, we can use this knowledge to check the feasibility of equations that involve these quantities. 

\LaTeXDoubleBoxTemplate{Example ():}{Analyze the following equation for dimensional consistency:
{$P = g*h $}
where g is the gravitational acceleration and h is the height of the fluid

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Solution}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] We could check this equation by plugging in our units:

{$P \dot= M/(L*t^2) \mbox{ , } h \dot= L \mbox{ , } g \dot= L/t^2 $} $\text{ }$\newline{}

{$g * h \dot= L^2/t^2 \neq M/(L*t^2) $} $\text{ }$\newline{}


Since g*h doesn\textquotesingle{}t have the same units as P, the equation must be wrong {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape regardless of the system of units we are using!}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] The correct equation, in fact, is:

{$ P = \rho*g*h $} $\text{ }$\newline{}

where {$ \rho $} is the density of the fluid. Density has base units of {$ M/L^3$} so 

{$ \rho*g*h \dot= M/L^3 * L^2/t^2 \dot= M/(L*t^2)$} which are the units of pressure. $\text{ }$\newline{}


This does not tell us the equation is correct but it {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape does}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] tell us that the units are consistent, which is necessary though not sufficient to obtain a correct equation. {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape This is a useful way to detect algebraic mistakes that would otherwise be hard to find.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] The ability to do this with an algebraic equation is a good argument against plugging in numbers too soon! }

You may well be forced to do dimensional analysis in chemical engineering classes or if you do research.  For much of the rest of the time, you will probably find it easier to check the units, particularly if you are using the SI system.  In the above example, you think:
\begin{myitemize}
\item{} Pressure = force / area
\item{} Force = mass x acceleration
\item{} Pressure = mass x acceleration / area
\end{myitemize}

So 1 pascal (unit of pressure) = 1 kg x (m s\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{-{}2}) / (m\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{2})
= 1 kg m\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{-{}1} s\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{-{}2}

\begin{myitemize}
\item{} Now {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape g}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is 9.81 m s\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{-{}2} and {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape h}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is in meters
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\end{myitemize}

To make {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape gh}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] match pressure we need to multiply by something having the units kg m\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{-{}3}, which we recognise as density.

Note dimensional analysis (or unit checking) does not tell you about numerical values that you might have to insert, such as 9.81 or π. Nor does it tell you if you should use the radius or the diameter of a pipe in fluid mechanics!


\LaTeXNullTemplate{}


\label{16}\section{Importance of Significant Figures}
\label{17}
Significant figures (also called significant digits) are an important part of scientific and mathematical calculations, and deals with the accuracy and precision of numbers. It is important to estimate uncertainty in the final result, and this is where significant figures become very important. 
\subsection{Precision and Accuracy}
\label{18}
Before discussing how to deal with significant figures one should discuss what precision and accuracy in relation to chemical experiments and engineering are. {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Precision}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] refers to the reproducibility of results and measurements in an experiment, while {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries accuracy}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] refers to how close the value is to the actual or true value. Results can be both precise and accurate, neither precise nor accurate, precise and not accurate, or vice versa. The validity of the results increases as they are more accurate and precise. 

A useful analogy that helps distinguish the difference between accuracy and precision is the use of a target. The bullseye of the target represents the true value, while the holes made by each shot (each trial) represents the validity.

\begin{center}
\begin{longtable}{>{\RaggedRight}p{0.5\linewidth}}  


\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/1.png}
\end{center}
\raggedright{}\myfigurewithcaption{1}{High precision, but unfortunately low accuracy}
\end{minipage}\vspace{0.75cm}

\\ 


\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/2.png}
\end{center}
\raggedright{}\myfigurewithcaption{2}{High accuracy, but not very good precision}
\end{minipage}\vspace{0.75cm}

\\ 
\end{longtable}
\end{center}

As the above images show, the first has a lot of holes (black spots) covering a small area. The small area represents a precise experiment, yet it seems that there is a faultiness within the experiment, most likely due to systematic error, rather than random error.
The second image represents an accurate though imprecise experiment. The holes are near the bullseye, even \symbol{34}touching\symbol{34} or within, though the problem is that they are spread out. This could be due to random error, systematic error, or not being careful in measuring.
\subsection{Counting Significant Figures}
\label{19}
There are three preliminary rules to counting significant. They deal with non-{}zero numbers, zeros, and exact numbers.

1) {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape Non-{}zero numbers}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] -{} all non-{}zero numbers are considered significant figures

2) {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape Zeros}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] -{} there are three different types of zeros
\begin{myitemize}
\item{} {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape leading zeros}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] -{} zeros that precede digits -{} do not count as significant figures (example: .0002 has one significant figure)
\item{} {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape captive zeros}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] -{} zeros that are \symbol{34}caught\symbol{34} between two digits -{} do count as significant figures (example: 101.205 has six significant figures)
\item{} {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape trailing zeros}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] -{} zeros that are at the end of a string of numbers and zeros -{} only count if there is a decimal place (example: 100 has one significant figure, while 1.00, as well as 100., has three)
\end{myitemize}


3) {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape Exact numbers}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] -{} these are numbers not obtained by measurements, and are determined by counting. An example of this is if one counted the number of millimetres in a centimetre ({\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 10}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] -{} it is the definition of a millimetre), but another example would be if you have {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 3}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] apples.

\LaTeXExampleTemplate{How many significant figures do the following numbers have? Assume none of them are exact numbers.

a) 4.2362 -{} all numbers, so five

b) 2.0 -{} zeros after a decimal point count, so two

c) 9900 -{} only two in this case, because there is no decimal point

d) .44205 -{} there is a \symbol{34}captive zero,\symbol{34} which means it counts, so five

e) .05 -{} only the five counts, so one 

f) 3.9400E9 -{} tricky one, but scientific notation helps make the zeros at the end noticeable; there are five}
\subsection{The Parable of the Cement Block}
\label{20}

People new to the field often question the importance of significant figures, but they have great practical importance, for they are a quick way to tell how precise a number is. Including too many can not only make your numbers harder to read, it can also have serious negative consequences. 

As an anecdote, consider two engineers who work for a construction company. They need to order cement bricks for a certain project. They have to build a wall that is 10 feet wide, and plan to lay the base with 30 bricks. The first engineer does not consider the importance of significant figures and calculates that the bricks need to be 0.3333 feet wide and the second does and reports the number as 0.33, figuring that a precision of {$ \pm 0.01ft $} (0.1 inches) would be precise enough for the work she was doing.

Now, when the cement company received the orders from the first engineer, they had a great deal of trouble. Their machines were precise but not so precise that they could consistently cut to within 0.0001 feet. However, after a good deal of trial and error and testing, and some waste from products that did not meet the specification, they finally machined all of the bricks that were needed. The other engineer\textquotesingle{}s orders were much easier, and generated minimal waste.

When the engineers received the bills, they compared the bill for the services, and the first one was shocked at how expensive hers was. When they consulted with the company, the company explained the situation: they needed such a high precision for the first order that they required significant extra labor to meet the specification, as well as some extra material. Therefore it was much more costly to produce.

What is the point of this story? Significant figures matter. It is important to have a reasonable gauge of how precise a number is so that you know not only what the number is but how much you can trust it and how limited it is. The engineer will have to make decisions about how precisely he or she needs to specify design specifications, and how precise measurement instruments (and control systems!) have to be. If you do not need 99.9999\% purity then you probably don\textquotesingle{}t need an expensive assay to detect generic impurities at a 0.0001\% level (though the lab technicians will probably have to still test for heavy metals and such), and likewise you will not have to design nearly as large of a distillation column to achieve the separations necessary for such a high purity.
\subsection{Mathematical Operations and Significant Figures}
\label{21}
Most likely at one point, the numbers obtained in one\textquotesingle{}s measurements will be used within mathematical operations. What does one do if each number has a different amount of significant figures? If one adds 2.0 litres of liquid with 1.000252 litres, how much does one have afterwards? What would 2.45 times 223.5 get?

For addition and subtraction, the result has the same number of {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries decimal places}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] as the least precise measurement use in the calculation. This means that 112.420020 + 5.2105231 + 1.4 would have have a single decimal place but there can be any amount of numbers to the left of the decimal point (in this case the answer is 119.0). 

For multiplication and division, the number that is the least precise measurement, or the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries number of digits}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This means that 2.499 is more precise than 2.7, since the former has four digits while the latter has two. This means that 5.000 divided by 2.5 (both being measurements of some kind) would lead to an answer of 2.0.
\subsection{Rounding}
\label{22}
So now you know how to pick which numbers to drop if there is a question about significant figures, but one also has to take into account rounding. Once one has decided which digit should be the last digit kept, one must decide whether to round up or down. 

\begin{myitemize}
\item{}  If the number is greater than five (6 to 9), one rounds up -{} 1.36 becomes 1.4
\end{myitemize}


\begin{myitemize}
\item{}  If the number is less than five (1 to 4), one rounds down -{} 1.34 becomes 1.3
\end{myitemize}

What does one do when there is a five? There is a special case that deals with the number five, since, if you have not noticed, it is in the middle (between 1 and 9). Often in primary school one learns to just round up, but engineers tend to do something different, called unbiased rounding.

\begin{myitemize}
\item{}  If the number before the five is even, then one rounds down -{} 1.45 becomes 1.4
\end{myitemize}


\begin{myitemize}
\item{}  If the number before the five is odd, then one rounds up -{} 1.55 becomes 1.6
\end{myitemize}


\begin{myitemize}
\item{}  Another case is this: 1.4501, where the numbers after five are greater than zero, so one would round to 1.5
\end{myitemize}


Note: {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Remember that rounding is generally done at the end of calculations, not before the calculations are made.}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

Why is this done? Engineers make many calculations that often matter, since time, money, etc. are being taken into account, it is best to make sure that the final results are not synthetic or untrue to what the actual value should be. This relates back to accuracy and precision.


\LaTeXNullTemplate{}


\label{23}

\section{Stoichiometry}
\label{24}
\myhref{https://en.wikibooks.org/wiki/Introduction\%20to\%20Chemical\%20Engineering\%20Processes}{Le Système International d\textquotesingle{}Unités (SI Units)}
\subsection{Mole}
\label{25}
The mole is a measure of the amount of substance. A mole is the amount of material which contains the same number of elementary entities as there are atoms in 12g of Carbon-{}12.

There are Avogadro number of atoms in 12g of Carbon-{}12, {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape i.e.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] 6.023 x 10\^{}23 atoms. 

Thus a mole of cars implies there are 6.023 x 10\^{}23 cars and so on.
\section{Periodic Table}
\label{26}\subsection{Key Elements and Molecules}
\label{27}
\section{Acid-{}Base}
\label{28}

There are two major ways to classify acids and bases: the Brønsted-{}Lowry definition, and the Lewis definition. A chemical species that donates protons is a Brønsted-{}Lowry acid, and a species that accepts protons is a Brønsted-{}Lowry base. Typically, the proton is written as an H\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{+} ion, though they do not in isolation exist in solution and are instead exchanged between molecules. In water, the proton on an acid will often bond to the H\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsubscript{2}O molecules to form the conjugate base and H\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsubscript{3}O\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{+} (hydronium) ions, and the proton-{}accepting base will take an H\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{+} from the water to form the conjugate acid and OH\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{-{}} (hydroxide) ions. This is the most familiar situation for those who have taken general chemistry, but any species that loses an H\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{+} (proton) to another molecule is considered a Brønsted-{}Lowry acid, and likewise any H\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\textsuperscript{+}-{}taking species is considered a Brønsted-{}Lowry base.

The second and broader classification is the Lewis acids and bases. Lewis acids and bases are defined by their electron lone pair behavior. A Lewis acid is an electron acceptor (called an electrophile in organic chemistry), a Lewis base is an electron donor (a nucleophile in organic chemistry). In a Lewis acid-{}base reaction, the negatively charged electron lone pair in the base will bond to the positive or partially positive segment of the acid to form what is called a Lewis adduct. Unlike Brønsted-{}Lowry acids and bases, the exchange of protons is not required.
\section{Bonding}
\label{29}
\section{Structure and Formula}
\label{30}
\section{Ideal Gas Law}
\label{31}
{$PV = nRT$}

P = Pressure;
V = Volume;
n = moles;
R = Ideal gas constant;
T = Temperature
\section{Enthalpy}
\label{32}
The enthalpy content of a substance is given by

\textbackslash{}hat\{H\} = U + pV 

where 

H is the enthalpy (SI units: J/kg)
U is the internal energy and
p is the pressure
V is the volume
\section{Entropy}
\label{33}
\section{Branches of Chemistry}
\label{34}
\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Inorganic Chemistry}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] -{} The study of the synthesis and behavior of inorganic and organometallic compounds. This field covers all chemical compounds except the myriad organic compounds.
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Organic Chemistry}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] -{} The study of the structure, properties, and reactions of organic compounds and organic materials, i.e., matter in its various forms that contain carbon atoms.
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Physical Chemistry}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] -{}  The study of macroscopic, atomic, subatomic, and particulate phenomena in chemical systems in terms of laws and concepts of physics. It applies the principles, practices and concepts of physics such as motion, energy, force, time, thermodynamics, quantum chemistry, statistical mechanics and dynamics, equilibrium.
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\label{35}\section{Chapter 1 Practice Problems}
\label{36}
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{\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape a)}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] {$ v = dt $}, where v is velocity, d is distance, and t is time.
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You recombine the gasses into a single tank the same size as the first two. Assuming that the temperature remains constant, what is the pressure in the final tank? If the tank can withstand 1 atm pressure, will it blow up?}
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{\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape c)}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. What is the Gibbs energy change at biological conditions (1 atm and 37oC) if the initial hydrogen peroxide concentration is 0.01M? Assume oxygen is the only gas present in the cell.
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\LaTeXProblemTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 6.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] How much heat is released when 45 grams of methane are burned in excess air under standard conditions? How about when the same mass of glucose is burned? What is one possible reason why most heterotrophic organisms use glucose instead of methane as a fuel? Assume that the combustion is complete, i.e. no carbon monoxide is formed.}

\LaTeXProblemTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 7.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Suppose that you have carbon monoxide and water in a tank in a 1.5:1 ratio.

{\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape a)}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] In the literature, find the reaction that these two compounds undergo (hint: look for the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape water gas shift}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] reaction). Why is it an important reaction?

{\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape b)}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Using a table of Gibbs energies of formation, calculate the equilibrium constant for the reaction.

{\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape c)}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] How much hydrogen can be produced from this initial mixture?

{\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape d)}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] What are some ways in which the yield of hydrogen can be increased? (hint: recall Le Chatlier\textquotesingle{}s principle for equilibrium).

{\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape e)}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] What factors do you think may influence how long it takes for the reaction to reach equilibrium?}

Problem 8. A bio-{}fuel plant converts the sugars (glucose) in corn into ethanol and carbon dioxide in a process called fermentation. The plant produces 100 gpm (gallons per minute) of ethanol and can produce of 2.5 gallons of ethanol per bushel of corn. Jimmy farms a total of 2000 acres, 75\% of which are corn. He sells 80\% of his corn supply to the bio-{}fuel plant for \${}4.00/bushel. (Hint: 120 bushels = 1 acre)

a) How long can the plant run with the supply of corn from Jimmy? (hours)

b) How much money did Jimmy make for his corn?


\myhref{https://en.wikibooks.org/wiki/\%2FSolutions\%2F}{/Solutions/}

\LaTeXNullTemplate{}
\chapter{Elementary mass balance}

\myminitoc
\label{37}


\label{38}\section{The \symbol{34}Black Box\symbol{34} approach to problem-{}solving}
\label{39}

In this book, all the problems you\textquotesingle{}ll solve will be \symbol{34}black-{}box\symbol{34} problems. This means that we take a look at a unit operation {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape from the outside}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], looking at what goes into the system and what leaves, and extrapolating data about the properties of the entrance and exit streams from this. This type of analysis is important because it does not depend on the specific type of unit operation that is performed. {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape When doing a black-{}box analysis, we don\textquotesingle{}t care about how the unit operation is designed, only what the net result is.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]  Let\textquotesingle{}s look at an example: 

\LaTeXDoubleBoxTemplate{Example:}{
Suppose that you pour 1L of water into the top end of a funnel, and that funnel leads into a large flask, and you measure that the entire liter of water enters the flask. If the funnel had no water in it to begin with, how much is left over after the process is completed?

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Solution}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] The answer, of course, is 0, because you only put 1L of water in, and 1L of water came out the other end. The answer to this does not depend on the how large the funnel is, the slope of the sides, or any other design aspect of the funnel, which is why it is a black-{}box problem.}
\subsection{Conservation equations}
\label{40}

The formal mathematical way of describing the black-{}box approach is with {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries conservation equations}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] which explicitly state that what goes into the system must either come out of the system somewhere else, get used up or generated by the system, or remain in the system and {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries accumulate}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. The relationship between these is simple:

\begin{myenumerate}
\item{}  The streams entering the system cause an increase of the substance (mass, energy, momentum, etc.) in the system.
\item{}  The streams leaving the system decrease the amount of the substance in the system.
\item{}  Generating or consuming mechanisms (such as chemical reactions) can either increase or decrease the amount of substance in the system.
\item{}  What\textquotesingle{}s left over is the amount of the substance in the system.
\end{myenumerate}


With these four statements we can state the following very important general principle:

\LaTeXZeroBoxTemplate{
{$ Accumulation = In-Out+Generation-Consumption $}}

Its so important, in fact, that you\textquotesingle{}ll see it a million times or so, including a few in this book, and it is used to derive a variety of forms of conservation equations.
\subsection{Common assumptions on the conservation equation}
\label{41}

The conservation equation is very general and applies to any property a system can have. However, it can also lead to complicated equations, and so in order to simplify calculations when appropriate, it is useful to apply assumptions to the problem.

\begin{myitemize}
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Closed system}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: A closed system is one which does not have flows in or out of the substance. Almost always, when one refers to a closed system, it is implied that the system is closed to {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape mass flow}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] but not to other flows such as energy or momentum. The equation for a closed system is:
\end{myitemize}

\begin{myquote}
\item{} {$ Accumulation = Generation $}
\item{} The opposite of a closed system is an {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries open system}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] in which the substance is allowed to enter and/or leave the system. The funnel in the example was an open system because mass flowed in and out of it.
\end{myquote}

\begin{myitemize}
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries No generation}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: Certain quantities are always {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries conserved}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] in the strict sense that they are never created or destroyed. These are the most useful quantities to do balances on because then the model does not need to include a generation term:
\end{myitemize}

\begin{myquote}
\item{} {$ Accumulation = In - Out $}
\item{} The most commonly-{}used conserved quantities in this class are {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries mass}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] and {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries energy}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (other conserved quantities include momentum and electric charge). However, it is important to note that though the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape total}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] mass and {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape total}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] energy in a system are conserved, the mass of a single species is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries not}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (since it may be changed into something else in a reaction). Neither is the \symbol{34}heat\symbol{34} in a system if a so-{}called \symbol{34}heat-{}balance\symbol{34} is performed (since it may be transformed into other forms of energy. Therefore, one must be careful when deciding whether to discard the generation term).
\end{myquote}

\begin{myitemize}
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Steady State}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: A system which does not accumulate a substance is said to be at steady-{}state. Often times, this allows the engineer to avoid having to solve differential equations and instead use algebra. 
\end{myitemize}

\begin{myquote}
\item{}  {$ In - Out + Generation - Consumption = 0 $}
\item{} {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape All problems in this text assume steady state but it is not always a valid assumption}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. It is mostly valid after a process has been running in a controlled manner for long enough that all the flow rates, temperatures, pressures, and other system parameters have reached reasonably constant values. It is not valid when a process is first warming up (or an operating condition is changed) and the system properties change significantly over time. How they change, and how long it takes to become close enough to steady state, is a subject for another course.
\end{myquote}

\section{Conservation of mass}
\label{42}

TOTAL mass is a conserved quantity (except in nuclear reactions, let\textquotesingle{}s not go there), as is the mass of any individual species if there is no chemical reaction occurring in the system. Let us write the conservation equation {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape at steady state}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] for such a case (with no reaction):

{$ In - Out = 0 $}

Now, there are two major ways in which mass can enter or leave a system: diffusion and convection. However, if the velocity entering the unit operations is fairly large and the concentration gradient is fairly small, diffusion can be neglected and the only mass entering or leaving the system is due to convective flow:

{$ Mass_{in}  = \dot{m}_{in} = \rho * v * A $}

A similar equation apply for the mass out. 

In this book, we generally use the symbol {$ \dot{m} $} to signify a convective mass flow rate, in units of {$ mass/time $}. Since the total flow in is the sum of individual flows, and the same with the flow out, the following {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries steady state mass balance}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is obtained for the overall mass in the system:

\LaTeXZeroBoxTemplate{
{$ \sum{\dot{m}_{out}}-\sum{\dot{m}_{in}}=0 $}}

If it is a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape batch}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] system, or if we\textquotesingle{}re looking at how much has entered and left in a given period of time (rather than instantaneously), we can apply the same mass balance without the time component. In this book, a value without the dot signifies a value without a time component:

{$ \sum{m_{out}}-\sum{m_{in}} = 0 $}

\LaTeXDoubleBoxTemplate{Example:}{

Let\textquotesingle{}s work out the previous example (the funnel), but explicitly state the mass balance. We\textquotesingle{}re given the following information:
\begin{myenumerate}
\item{}  {$ {m_{in}} = 1 L $}
\item{}  {$ {m_{out}} = 1 L $}

From the general balance equation,

{$ In - Out = Accumulation $}

Therefore, {$ Accumulation = 1L - 1L = 0 $}.

Since the accumulation is 0, the system is at steady state.
\end{myenumerate}
}

This is a fairly trivial example, but it gets the concepts of \symbol{34}in\symbol{34}, \symbol{34}out\symbol{34}, and \symbol{34}accumulation\symbol{34} on a physical basis, which is important for setting up problems. In the next section, it will be shown how to apply the mass balance to solve more complex problems with only one component.

\LaTeXNullTemplate{}


\label{43}\section{Converting Information into Mass Flows -{} Introduction}
\label{44}

In any system there will be certain parameters that are easier (often considerably) to measure and/or control than others. When you are solving any problem and trying to use a mass balance or any other equation, {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape it is important to recognize what pieces of information can be interconverted}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. The purpose of this section is to show some of the more common alternative ways that mass flow rates are expressed, mostly because it is easier to, for example, \myhref{https://en.wikipedia.org/wiki/orifice\%20plate}{measure a velocity} than it is to measure a mass flow rate directly.
\section{Volumetric Flow rates}
\label{45}

A {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries volumetric flow rate}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is a relation of how much volume of a gas or liquid solution passes through a fixed point in a system (typically the entrance or exit point of a process) in a given amount of time. It is denoted as:

\LaTeXZeroBoxTemplate{{$ \dot{V}_n \dot= \frac{Volume}{time} $} in stream n}


\subsection{Why they\textquotesingle{}re useful}
\label{46}

Volumetric flow rates can be measured directly using {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries flow meters}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. They are especially useful for gases since the volume of a gas is one of the four properties that are needed in order to use an {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape equation of state}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (discussed later in the book) to calculate the molar flow rate. Of the other three, two (pressure, and temperature) can be specified by the reactor design and control systems, while one (compressibility) is strictly a function of temperature and pressure for any gas or gaseous mixture.
\subsection{Limitations}
\label{47}

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Volumetric Flowrates are Not Conserved}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. We can write a balance on volume like anything else, but the \symbol{34}volume generation\symbol{34} term would be a complex function of system properties. Therefore if we are given a volumetric flow rate we should change it into a mass (or mole) flow rate before applying the balance equations.

Volumetric flowrates also do not lend themselves to splitting into components, since when we speak of volumes in practical terms we generally think of the total solution volume, not the partial volume of each component (the latter is a useful tool for thermodynamics, but that\textquotesingle{}s another course entirely). There {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries are}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] some things that are measured in volume fractions, but this is relatively uncommon.
\subsection{How to convert volumetric flow rates to mass flow rates}
\label{48}

Volumetric flowrates  are  related to mass flow rates by a relatively easy-{}to-{}measure physical property. Since  {$ \dot{m} \dot= mass/time $} and {$ \dot{V} \dot= volume/time $},  we need a property with units of {$ mass/volume $} in order to convert them. The {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries density}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] serves this purpose nicely!

\LaTeXZeroBoxTemplate{{$ \dot{V}_n*{\rho}_i = \dot{m}_n $} in stream n}

The \symbol{34}i\symbol{34} indicates that we\textquotesingle{}re talking about one particular flow stream here, since each flow may have a different density, mass flow rate, or volumetric flow rate.
\section{Velocities}
\label{49}

The velocity of a bulk fluid is {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape how much lateral distance along the system (usually a pipe) it passes per unit time}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. The velocity of a bulk fluid, like any other, has units of:

\LaTeXZeroBoxTemplate{{$ v_n = \frac{distance}{time} $} in stream n} 

By definition, the bulk velocity of a fluid is related to the volumetric flow rate by:

\LaTeXZeroBoxTemplate{{${v}_n = \frac{\dot{V}_n}{A_n} $} in stream n}

This distinguishes it from the velocity of the fluid at a certain point (since fluids flow faster in the center of a pipe). The bulk velocity is about the same as the instantaneous velocity for relatively fast flow, or especially for flow of gasses. 

For purposes of this class, all velocities given will be bulk velocities, not instantaneous velocities.
\subsection{Why they\textquotesingle{}re useful}
\label{50}

(Bulk) Velocities are useful because, like volumetric flow rates, they are relatively easy to measure. They are especially useful for liquids since they have constant density (and therefore a constant pressure drop at steady state) as they pass through the orifice or other similar instruments. This is a necessary prerequisite to use the design equations for these instruments. 
\subsection{Limitations}
\label{51}

Like volumetric flowrates, {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries velocity is not conserved}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Like volumetric flowrate, velocity changes with temperature and pressure of a gas, though for a liquid, velocity is generally constant along the length of a pipe with constant cross-{}sectional area.

Also, velocities can\textquotesingle{}t be split into the flows of individual components, since all of the components will generally flow at the same speed. They need to be converted into something that can be split (mass flow rate, molar flow rate, or pressure for a gas) before concentrations can be applied.
\subsection{How to convert velocity into mass flow rate}
\label{52}

In order to convert the velocity of a fluid stream into a mass flow rate, you need two pieces of information:

\begin{myenumerate}
\item{}  The {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries cross sectional area}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the pipe.
\item{}  The {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries density}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the fluid.
\end{myenumerate}


In order to convert, first use the definition of bulk velocity to convert it into a volumetric flow rate:

{$ \dot{V}_n = v_n*A_n $}

Then use the density to convert the volumetric flow rate into a mass flow rate.

{$ \dot{m}_n = \dot{V}_n*{\rho}_n $}

The combination of these two equations is useful:

\LaTeXZeroBoxTemplate{{$ \dot{m}_n = v_n*{\rho}_n*A_n $} in stream n}
\section{Molar Flow Rates}
\label{53}

The concept of a molar flow rate is similar to that of a mass flow rate, it is the number of moles of a solution (or mixture) that pass a fixed point per unit time:

\LaTeXZeroBoxTemplate{{$ \dot{n}_n \dot= \frac{moles}{time} $} in stream n}
\subsection{Why they\textquotesingle{}re useful}
\label{54}

Molar flow rates are mostly useful because {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape using moles instead of mass allows you to write material balances in terms of reaction conversion and stoichiometry}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. In other words, there are a lot fewer unknowns when you use a mole balance, since the stoichiometry allows you to consolidate all of the changes in the reactant and product concentrations in terms of one variable.
\subsection{Limitations}
\label{55}

Unlike mass, {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries total moles are not conserved}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Total mass flow rate is conserved whether there is a reaction or not, but the same is not true for the number of moles. For example, consider the reaction between hydrogen and oxygen gasses to form water:

{$ H_2 + \frac{1}{2}O_2 \rightarrow H_2O $}

This reaction consumes 1.5 moles of reactants for every mole of products produced, and therefore the total number of moles entering the reactor will be more than the number leaving it.

However, since neither mass nor moles of individual components is conserved in a reacting system, it\textquotesingle{}s better to use moles so that the stoichiometry can be exploited, as described later.

The molar flows are also somewhat less practical than mass flow rates, since you can\textquotesingle{}t measure moles directly but you can measure the mass of something, and then convert it to moles using the molar flow rate.
\subsection{How to Change from Molar Flow Rate to Mass Flow Rate}
\label{56}

Molar flow rates and mass flow rates are related by the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries molecular weight}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (also known as the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries molar mass}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]) of the solution. In order to convert the mass and molar flow rates of the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape entire solution}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], we need to know the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries average molecular weight}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the solution. This can be calculated from the molecular weights and mole fractions of the components using the formula:

{$ \bar{MW}_n = [\Sigma({MW}_i*y_i)]_n $}

where i is an index of {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape components}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] and n is the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape stream}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] number. {$ y_i $} signifies {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape mole fraction}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of each component (this will all be defined and derived later).

Once this is known it can be used as you would use a molar mass for a single component to find the total molar flow rate.

\LaTeXZeroBoxTemplate{{$ \dot{m}_n = \dot{n}_n * \bar{MW}_n $} in stream n}


\LaTeXNullTemplate{}


\label{57}\section{A Typical Type of Problem}
\label{58}

Most problems you will face are significantly more complicated than the previous problem and the following one. In the engineering world, problems are presented as so-{}called \symbol{34}word problems\symbol{34}, in which a system is described and the problem must be set up and solved (if possible) from the description. This section will attempt to illustrate through example, step by step, some common techniques and pitfalls in setting up mass balances. Some of the steps may seem somewhat excessive at this point, but if you follow them carefully on this relatively simple problem, you will certainly have an easier time following later steps.
\section{Single Component in Multiple Processes: a Steam Process}
\label{59}

\LaTeXDoubleBoxTemplate{Example:}{ 

A feed stream of pure liquid water enters an evaporator at a rate of 0.5 kg/s. Three streams come from the evaporator: a vapor stream and two liquid streams. The flowrate of the vapor stream was measured to be 4*10\^{}6 L/min and its density was 4 g/m\^{}3. The vapor stream enters a turbine, where it loses enough energy to condense fully and leave as a single stream. One of the liquid streams is discharged as waste, the other is fed into a heat exchanger, where it is cooled. This stream leaves the heat exchanger at a rate of 1500 pounds per hour. Calculate the flow rate of the discharge and the efficiency of the evaporator.
}

Note that one way to define efficiency is in terms of conversion, which is intended here:

\LaTeXZeroBoxTemplate{{$ efficiency = \frac{\dot{m}_{vapor}}{\dot{m}_{feed}} $} }
\subsection{Step 1: Draw a Flowchart}
\label{60}

The problem as it stands contains an awful lot of text, but it won\textquotesingle{}t mean much until you {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape draw what is given to you}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. First, ask yourself, what processes are in use in this problem? {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Make a list}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the processes in the problem:

\begin{myenumerate}
\item{}  Evaporator (A)
\item{}  Heat Exchanger (B)
\item{}  Turbine    (C)
\end{myenumerate}


Once you have a list of all the processes, you need to {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries find out how they are connected}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (it\textquotesingle{}ll tell you something like \symbol{34}the vapor stream enters a turbine\symbol{34}). Draw a basic sketch of the processes and their connections, and label the processes. It should look something like this:


\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/3.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{3}
\end{minipage}\vspace{0.75cm}



Remember, we don\textquotesingle{}t care what the actual processes look like, or how they\textquotesingle{}re designed. At this point, we only really label what they are so that we can go back to the problem and know which process they\textquotesingle{}re talking about.

Once all your processes are connected, {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries find any streams that are not yet accounted for}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. In this case, we have not drawn the feed stream into the evaporator, the waste stream from the evaporator, or the exit streams from the turbine and heat exchanger.



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/4.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{4}
\end{minipage}\vspace{0.75cm}



The third step is to {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Label all your flows}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Label them with any information you are given. Any information you are not given, and even information you are given should be given a different variable. It is usually easiest to give them the same variable as is found in the equation you will be using (for example, if you have an unknown flow rate, call it {$ \dot{m} $} so it remains clear what the unknown value is physically. Give each a different subscript corresponding to the number of the feed stream (such as {$ \dot{m_1} $} for the feed stream that you call \symbol{34}stream 1\symbol{34}). Make sure you {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries include all units}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] on the given values!

In the example problem, the flowchart I drew with all flows labeled looked like this:



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/5.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{5}
\end{minipage}\vspace{0.75cm}



Notice that for one of the streams, a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape volume}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] flow rate is given rather than a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape mass}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] flow rate, so it is labeled as such. This is very important, so that you avoid using a value in an equation that isn\textquotesingle{}t valid (for example, there\textquotesingle{}s no such thing as \symbol{34}conservation of volume\symbol{34} for most cases)!

The final step in drawing the flowchart is to {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries write down any additional given information in terms of the variables you have defined}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. In this problem, the density of the water in the vapor stream is given, so write this on the side for future reference.

Carefully drawn flowcharts and diagrams are half of the key to solving any mass balance, or really a lot of other types of engineering problems. They are just as important as having the right units to getting the right answer.
\subsection{Step 2: Make sure your units are consistent}
\label{61}

The second step is to make sure all your units are consistent and, if not, to convert everything so that it is. In this case, since the principle that we\textquotesingle{}ll need to use to solve for the flow rate of the waste stream ({$ \dot{m_3} $}) is conservation of mass, everything will need to be on a mass-{}flow basis, and also in the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape same}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] mass-{}flow units.

In this problem, since two of our flow rates are given in metric units (though one is a volumetric flow rate rather than a mass flow rate, so we\textquotesingle{}ll need to change that) and only one in English units, it would save time and minimize mistakes to convert {$ \dot{V_2} $} and {$ \dot{m_5} $} to kg/s.

From the previous section, the equation relating volumetric flowrate to mass flow rate is:

{$ \dot{V}_i*{\rho}_i = \dot{m}_i $}

Therefore, we need the density of water vapor in order to calculate the mass flow rate from the volumetric flow rate. Since the density is provided in the problem statement (if it wasn\textquotesingle{}t, we\textquotesingle{}d need to calculate it with methods described later), the mass flow rate can be calculated:

{$ \dot{V_2} = \frac{4*10^6 \mbox{ L}}{1\mbox{ min}}*\frac{1\mbox{ m}^3}{1000\mbox{ L}}*\frac{1\mbox{ min}}{60 \mbox{ s}} = 66.67 \frac{m^3}{s} $}

{$ \rho_2 = 4 \frac{g}{m^3} * \frac{1\mbox{ kg}}{1000\mbox{ g}} = 0.004 \frac{kg}{m^3} $}

{$ \dot{m}_2 = 66.67\frac{m^3}{s} * 0.004 \frac{kg}{m^3} = 0.2666 \frac{kg}{s} $}

Note that since the density of a gas is so small, a huge volumetric flow rate is necessary to achieve any significant mass flow rate. This is fairly typical and is a practical problem when dealing with gas-{}phase processes.

The mass flow rate {$ \dot{m_5} $} can be changed in a similar manner, but since it is already in terms of mass (or weight technically), we don\textquotesingle{}t need to apply a density:

{$ \dot{m_5} = 1500\frac{lb}{hr} * \frac{1kg}{2.2lb} * \frac{1hr}{3600s} = 0.1893 \frac{kg}{s} $}

Now that everything is in the same system of units, we can proceed to the next step.
\subsection{Step 3: Relate your variables}
\label{62}

Since we have the mass flow rate of the vapor stream we can calculate the efficiency of the evaporator directly:

{$ efficiency = \frac{\dot{m}_2}{\dot{m}_1} = \frac{0.2666 \frac{kg}{s}}{0.5 \frac{kg}{s}} = 53.3\% $}

Finding {$ \dot{m_4} $}, as asked for in the problem, will be somewhat more difficult. One place to start is to write the mass balance on the evaporator, since that will certainly contain the unknown we seek. Assuming that the process is steady state we can write:

{$ In - Out = 0 $}

{$ \dot{m}_1 - \dot{m}_2 - \dot{m}_4 - \dot{m}_6 = 0 $}

Problem: we don\textquotesingle{}t know {$ \dot{m}_6 $} so with only this equation we cannot solve for {$ \dot{m}_4 $}. Have no fear, however, because there is another way to figure out what {$ \dot{m}_6 $} is... can you figure it out? Try to do so before you move on.
\subsection{So you want to check your guess? Alright then read on.}
\label{63}

The way to find {$ \dot{m}_6 $} is to do a mass balance on the heat exchanger, because the mass balance for the heat exchanger is simply:

{$ \dot{m}_6 - \dot{m}_5 = 0 $}

Since we know {$ \dot{m}_5 $} we can calculate {$ \dot{m}_6 $} and thus the waste stream flowrate {$\dot{m}_4 $}.

\LaTeXNOTETemplate{Notice the strategy here: we first start with a balance on the operation containing the stream we need information about. Then we move to balances on other operations in order to garner additional information about the unknowns in the process. This takes {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries practice}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] to figure out when you have enough information to solve the problem or you need to do more balances or look up information.

It is also of note that {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries any process has a limited number of independent balances you can perform}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This is not as much of an issue with a relatively simple problem like this, but will become an issue with more complex problems. Therefore, a step-{}by-{}step method exists to tell you exactly how many independent mass balances you can write on any given process, and therefore how many total independent equations you can use to help you solve problems.}{}
\subsection{Step 4: Calculate your unknowns.}
\label{64}

Carrying out the plan on this problem:

{$ \dot{m}_6 - 0.1893\frac{kg}{s} = 0 $}

{$ \dot{m}_6 = 0.1893 \frac{kg}{s} $}

Hence, from the mass balances on the evaporator:

{$ \dot{m}_4 = \dot{m}_1 - \dot{m}_2 - \dot{m}_6 = (0.5 - 0.2666 - 0.1893)\frac{kg}{s} = 0.0441 \frac{kg}{s} $}

So the final answers are:

\LaTeXZeroBoxTemplate{
{$\mbox{Evaporator Efficiency} = 53.3\% $}

{$ \mbox{Waste stream rate} = 0.0441\frac{kg}{s} $}}
\subsection{Step 5: Check your work.}
\label{65}

Ask: Do these answers make sense? Check for things like negative flow rates, efficiencies higher than 100\%, or other physically impossible happenings; if something like this happens (and it will), you did something wrong. Is your exit rate higher than the total inlet rate (since no water is created in the processes, it is impossible for this to occur)? 

In this case, the values make physical sense, so they may be right. It\textquotesingle{}s always good to go back and check the math {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape and}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] the setup to make sure you didn\textquotesingle{}t forget to convert any units or anything like that.


\LaTeXNullTemplate{}


\label{66}\section{Chapter 2 Practice Problems}
\label{67}
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\LaTeXProblemTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 5.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Suppose that a river with a molar flow rate of 10000 mol/s meets another, larger river flowing at 500000 m\^{}3/s at room temperature. What is the mass flow rate of the river downstream of the intersection if you assume steady state? 
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{$ P = 2.5*10^8*e^{0.045*n}$}

Also, suppose that in the country, a net emigration of 100,000 people per month actually occurs. What is the total accumulation of people in this country from year 2000 to 2003?
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\chapter{Mass balances on multicomponent systems}

\myminitoc
\label{68}


\label{69}\section{Component Mass Balance}
\label{70}

Most processes, of course, involve more than one input and/or output, and therefore it must be learned how to perform mass balances on . The basic idea remains the same though. We can write a mass balance in the same form as the overall balance for each component:

{$ In - Out + Generation = Accumulation $}

For {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries steady state}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] processes, this becomes:

{$ In - Out + generation = 0  $}
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{$ \Sigma\dot{m}_{in} - \Sigma\dot{m}_{out} + m_{gen} = 0 $}

The mass of each component can be described by a similar balance.

{$ \Sigma\dot{m}_{A,in} - \Sigma\dot{m}_{A,out} + {m}_{A,gen} = 0 $}
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\section{Concentration Measurements}
\label{71}
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\subsection{Molarity}
\label{72}
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{$ Molarity(A)= [A] = \frac{n_A}{V_{sln}} $} where {$ n \dot= mol, V \dot= L$}

A more useful definition for flow systems that is equally valid is:

\LaTeXZeroBoxTemplate{
{$ [A] = \frac{\dot{n}_A}{\dot{V}_{n}} $} where {$ \dot{n}_A \dot= mol/s, \dot{V}_{n} \dot= L/s $}
}
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\subsection{Mole Fraction}
\label{73}
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The mole fraction of a component A in a mixture is defined as:

{$ x_A = \frac{n_A}{n_{n}} $}

where {$ n_A $} signifies moles of A. Like molarity, a definition in terms of flowrates is also possible:
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{$ x_A = \frac{\dot{n}_A}{\dot{n}_{n}} $} }

If you add up all mole fractions in a mixture, you should always obtain 1 (within calculation and measurement error), because sum of individual component flow rates equals the total flow rate:

\LaTeXZeroBoxTemplate{
{$ \Sigma x_i = 1 $}}
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\subsection{Mass Fraction}
\label{74}

Since mass is a more practical property to measure than moles, flowrates are often given as {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape mass}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] flowrates rather than {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape molar}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] flowrates. When this occurs, it is convenient to express concentrations in terms of {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries mass fractions}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] defined similarly to mole fractions.

In most texts mass fraction is given the same notation as mole fraction, and which one is meant is explicitly stated in the equations that are used or the data given. 

\LaTeXNOTETemplate{In this book, {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries assume that a percent concentration has the same units as the total flowrate unless stated otherwise}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. So if a flowrate is given in kg/s, and a composition is given as \symbol{34}30\%\symbol{34}, assume that it is 30\% by mass.}{}

The definition of a mass fraction is similar to that of moles:

{$ x_A = \frac{m_A}{m_{n}} $} for batch systems
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{$ x_A = \frac{\dot{m}_A}{\dot{m}_{n}} $}}

where {$ m_A $} is the mass of A. It doesn\textquotesingle{}t matter what the units of the mass are as long as they are the same as the units of the total mass of solution.

Like the mole fraction, the total mass fraction in any stream should always add up to 1.

\LaTeXZeroBoxTemplate{
{$ \Sigma x_i = 1 $}}
\section{Calculations on Multi-{}component streams}
\label{75}

Various conversions must be done with multiple-{}component streams just as they must for single-{}component streams. This section shows some methods to combine the properties of single-{}component streams into something usable for multiple-{}component streams(with some assumptions).
\subsection{Average Molecular Weight}
\label{76}

The {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape average molecular weight}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of a mixture (gas or liquid) is the multicomponent equivalent to the molecular weight of a pure species. It allows you to convert between the mass of a mixture and the number of moles, which is important for reacting systems especially because balances must usually be done in moles, but measurements are generally in grams.

To find the value of {$ \bar{MW}_n = \frac{g\mbox{ sln}}{mole\mbox{ sln}} $}, we split the solution up into its components as follows, for k components:

{$ \frac{g\mbox{ sln}}{mole\mbox{ sln}} = \frac{\Sigma{m_i}}{n_n} = \Sigma \frac{m_i}{n_n} $}

{$ = \Sigma(\frac{m_i}{n_i}*\frac{n_i}{n_n}) = \Sigma(MW_i*x_i)$}

where {$ x_i $} is the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries mole fraction}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of component i in the mixture. Therefore, we have the following formula:

\LaTeXZeroBoxTemplate{
{$ \bar{MW}_n = \Sigma(MW_i*x_i)_n $} $\text{ }$\newline{}

where {$ x_i $} is the mole fraction of component i in the mixture.}
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\subsection{Density of Liquid Mixtures}
\label{77}

Let us attempt to calculate the density of a liquid mixture from the density of its components, similar to how we calculated the average molecular weight. This time, however, we will notice one critical difference in the assumptions we have to make. We\textquotesingle{}ll also notice that there are {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries two}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] different equations we could come up with, depending on the assumptions we make.
\subsubsection{First Equation}
\label{78}

By definition, the density of a single component i is: {$ {\rho}_i = \frac{m_i}{V_i} $} The corresponding definition for a solution is {$ \rho = \frac{m\mbox{ sln}}{V\mbox{ sln}} $}. Following a similar derivation to the above for average molecular weight:

{$ \frac{m\mbox{ sln}}{V\mbox{ sln}} = \frac{\Sigma{m_i}}{V_{n}} = \Sigma \frac{m_i}{V_{n}} $}

{$ = \Sigma \frac{m_i}{V_i} * \frac{V_i}{V_n}  = \Sigma ({\rho}_i * \frac{V_i}{V_n}) $}

Now we make the assumption that {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries The volume of the solution is proportional to the mass}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This is true for any pure substance (the proportionality constant is the density), but it is further assumed that {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries the proportionality constant is the same for both pure k and the solution}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This equation is therefore useful for two substances with similar pure densities. If this is true then:

{$ \frac{V_i}{V} = \frac{m_i}{m_n} = x_i $}, where {$ x_i $} is the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries mass fraction}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of component i. Thus:

\LaTeXZeroBoxTemplate{
{$ {\rho}_{n} = \Sigma{(x_i*{\rho}_i)}_n $} $\text{ }$\newline{}
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\subsubsection{Second Equation}
\label{79}

This equation is easier to derive if we assume the equation will have a form similar to that of average molar mass. Since density is given in terms of mass, it makes sense to start by using the definition of {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries mass fractions}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]:

{$ x_i = \frac{m_i}{m_{n}} $} 
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{$ \frac{x_i}{{\rho}_i} = \frac{m_i}{m_{n}}*\frac{V_i}{m_i} $}

{$ = \frac{V_i}{m_{n}} $}

Now if we add all of these up we obtain:

{$ \sum\left(\frac{x_i}{{\rho}_i}\right) = \frac{\Sigma{V_i}}{m_{n}} $}

Now we have to make an assumption, and it\textquotesingle{}s different from that in the first case. This time we assume that the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Volumes are additive}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This is true in two cases:

1. In an {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries ideal solution}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. The idea of an ideal solution will be explained more later, but for now you need to know that ideal solutions:
\begin{myitemize}
\item{}  Tend to involve similar compounds in solution with each other, or when one component is so dilute that it doesn\textquotesingle{}t effect the solution properties much.
\item{}  Include Ideal Gas mixtures at constant temperature and pressure.
\end{myitemize}

2 In a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Completely immiscible nonreacting mixture}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. In other words, if two substances don\textquotesingle{}t mix at all (like oil and water, or if you throw a rock into a puddle), the total volume will not change when you mix them. And the total volume in this case will be sum of volume of individual components.

If the solution is ideal, then we can write:

{$ \frac{\Sigma \dot{V}_i}{\dot{m}_{n}} = \frac{\dot{V}_{n}}{\dot{m}_{n}} = \frac{1}{{\rho}_{n}} $}

Hence, for an ideal solution,

\LaTeXZeroBoxTemplate{
{$ \frac{1}{{\rho}_{n}} = \sum\left(\frac{x_i}{{\rho}_i}\right)_n $}
where {$ x_i $} is the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries mass fraction}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of component i in the mixture.}

Note that this is significantly different from the previous equation! This equation is more accurate for most cases. In all cases, however, it is most accurate to look up the value in a handbook such as Perry\textquotesingle{}s Chemical Engineers Handbook if data is available on the solution of interest.
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\label{80}\section{General Strategies for Multiple-{}Component Operations}
\label{81}

The most important thing to remember about doing mass balances with multiple components is that {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape for each component, you can write one independent mass balance.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] What do I mean by independent? Well, remember we can write the general, overall mass balance for any steady-{}state system:

{$ \Sigma\dot{m}_{in} - \Sigma\dot{m}_{out} = 0 $}
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{$ \Sigma\dot{m}_{a,in} - \Sigma\dot{m}_{a,out} + m_{a,gen} = 0 $}

This looks like we have three equations here, but in reality only two of them are independent because:

\begin{myenumerate}
\item{}  The sum of the masses of the components equals the total mass
\item{}  The total mass generation due to reaction is always zero (by the law of mass conservation)
\end{myenumerate}
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The choice of which balances to use depends on two particular criteria:

\begin{myenumerate}
\item{}  Which component(s) you have the most information on; if you don\textquotesingle{}t have enough information you won\textquotesingle{}t be able to solve the equations you write.
\item{}  Which component(s) you can make the most reasonable assumptions about. For example, if you have a process involving oxygen and water at low temperatures and pressures, you may say that there is no oxygen dissolved in a liquid flow stream, so it all leaves by another path. This will simplify the algebra a good deal if you write the mass balance on that component.
\end{myenumerate}

\section{Multiple Components in a Single Operation: Separation of Ethanol and Water}
\label{82}

\LaTeXDoubleBoxTemplate{Example:}{Suppose a stream containing ethanol and water (two fully miscible compounds) flows into a distillation column at 100 kg/s. Two streams leave the column: the vapor stream contains 80\% ethanol by mass and the liquid bottoms has an ethanol concentration of 4M. The total liquid stream flowrate is 20 kg/s. Calculate the composition of the entrance stream.}

Following the step-{}by-{}step method makes things easier.
\subsection{Step 1: Draw a Flowchart}
\label{83}

The first step as always is to draw the flowchart, as described previously. If you do that for this system, you may end up with something like this, where x signifies mass fraction, {$\text{[}$}A{$\text{]}$} signifies molarity of A, and numbers signify stream numbers.



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/6.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{6}
\end{minipage}\vspace{0.75cm}


\subsection{Step 2: Convert Units}
\label{84}
Now, we need to turn to converting the concentrations into appropriate units. Since the total flowrates are given in terms of mass, a unit that expresses the concentration in terms of mass of the components would be most useful. The vapor stream compositions are given as mass percents, which works well with the units of flow. However, the liquid phase concentration given in terms of a molarity is not useful for finding a mass flow rate of ethanol (or of water). Hence we must convert the concentration to something more useful.

\LaTeXNOTETemplate{Converting between Concentration Measurements

The easiest way to convert between concentrations is to take a careful look at the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape units}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of both what you want and what you have, and ask what physical properties (i.e. molar mass, density) you could use to interchange them. In this example, we want to convert a molarity into a mass fraction. We have from the definitions that:

{$ [A] = \frac{mol_A}{L_{sln}} $}

{$ x_A = \frac{m_A}{m_{sln}} $}

To convert the numerators, we need to convert moles of A to mass of A, so we can use the molar mass for this purpose. Similarly, to convert the denominators we need to change Liters to Mass, which means we\textquotesingle{}ll use a density. Hence, the conversion from molarity to mass fraction is:

{$ x_A = [A]*\frac{(MW)_A}{{\rho}_{SLN}} $}

Since we have ways to estimate {$ {\rho}_{SLN} $} (remember them?), we can inter-{}convert the conversions.}{}

In order to convert the molarity into a mass fraction, then, we need the molecular weight of ethanol and the density of a 4M ethanol solution. The former is easy if you know the chemical formula of ethanol: {$ CH_3CH_2OH $}. Calculating the molecular weight (as you did in chem class) you should come up with about {$ 46 \frac{g}{mol} $}.

Calculating the density involves plugging in mass fractions in and of itself, so you\textquotesingle{}ll end up with an implicit equation. Recall that one method of estimating a solution density is to assume that the solution is ideal (which it probably is not in this case, but if no data are available or we just want an estimate, assumptions like these are all we have, as long as we realize the values will not be exact):

{$ \frac{1}{{\rho}_{SLN}} = \Sigma(\frac{x_k}{{\rho}_k}) $}

In this case, then,

{$ \frac{1}{{\rho}_{SLN}} = \frac{x_{EtOH}}{{\rho}_{EtOH}} + \frac{x_{H2O}}{{\rho}_{H2O}} $}

We can look up the densities of pure water and pure ethanol, they are as follows (from Wikipedia\textquotesingle{}s articles \myhref{https://en.wikipedia.org/wiki/Ethanol}{w:Ethanol} and \myhref{https://en.wikipedia.org/wiki/Water}{w:Water}):

{$ {\rho}_{EtOH} = 0.789 \frac{g}{cm^3} = 789 \frac{g}{L} $}

{$ {\rho}_{H2O} = 1.00 \frac{g}{cm^3} = 1000 \frac{g}{L} $}

Therefore, since the mass fractions add to one, our equation for density becomes:

{$ \frac{1}{{\rho}_{sln}} = \frac{x_{EtOH}}{789\frac{g}{L}} + \frac{1 - x_{EtOH}}{1000 \frac{g}{L}} $}

From the NOTE above, we can now finally convert the molarity into a mass fraction as:

{$ x_{EtOH} = [EtOH]*\frac{(MW)_{EtOH}}{{\rho}_{SLN}}  = 4\frac{mol}{L} * 46\frac{g}{mol}* (\frac{x_{EtOH}}{789\frac{g}{L}} + \frac{1 - x_{EtOH}}{1000 \frac{g}{L}})$}

Solving this equation yields:

{$ x_{EtOH} = 0.194 $} (unitless)
\subsection{Step 3: Relate your Variables}
\label{85}

Since we are seeking properties related to mass flow rates, we will need to relate our variables with mass balances.

Remember that we can do a mass balance on any of the N independent species and one on the overall mass, but since the sum of the individual masses equals the overall only {$ N-1 $} of these equations will be independent. It is often easiest mathematically to choose the overall mass balance and {$ N - 1 $} individual species balances, since you don\textquotesingle{}t need to deal with concentrations for the overall measurements.

Since our concentrations are now in appropriate units, we can do any two mass balances we want. Lets choose the overall first:

{$ \dot{m}_1 - \dot{m}_2 - \dot{m}_3 = 0 $}

Plugging in known values:

{$ \dot{m}_2 = 100\frac{kg}{s} - 20\frac{kg}{s} $}

{$ \dot{m}_2 = 80\frac{kg}{s} $}

Now that we know {$ \dot{m}_2 $} we can do a mass balance on either ethanol or water to find the composition of the input stream. Lets choose ethanol (A):

{$ \dot{m}_{A1} = \dot{m}_{A2} + \dot{m}_{A3} $}

Written in terms of mass fractions this becomes:

{$ x_{A1}*\dot{m}_1 = x_{A2} * \dot{m}_2 + x_{A3}*\dot{m}_3 $}

Plugging in what we know:

{$ x_{A1}*100\frac{kg}{s} = 0.8*80\frac{kg}{s} + 0.194*20\frac{kg}{s} $}

{$ x_{A1} = 0.68 $}

Hence, {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries the feed is 68\% Ethanol and 32\% Water}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
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\label{86}\section{Introduction to Problem Solving with Multiple Components and Processes}
\label{87}

In the vast majority of chemical processes, in which some raw materials are processed to yield a desired end product or set of end products, there will be more than one raw material entering the system and more than one unit operation through which the product must pass in order to achieve the desired result. The calculations for such processes, as you can probably guess, are considerably more complicated than those either for only a single component, or for a single-{}operation process. Therefore, several techniques have been developed to aid engineers in their analyses. This section describes these techniques and how to apply them to an example problem.
\section{Degree of Freedom Analysis}
\label{88}

For more complex problems than the single-{}component or single-{}operation problems that have been explored, it is essential that you have a method of determining if a problem is even solvable given the information that you have. There are three ways to describe a problem in terms of its solvability:

\begin{myenumerate}
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\item{}  The problem can be {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries underdetermined}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (or {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries underspecified}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]), which means that you don\textquotesingle{}t have enough information to solve for all your unknowns. There are several ways of dealing with this. The most obvious is to gather additional information, such as measuring additional temperatures, flow rates, and so on until you have a well-{}defined problem. Another way is to use additional equations or information about what we want out of a process, such as how much conversion you obtain in a reaction, how efficient a separation process is, and so on. Finally, we can {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries make assumptions}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] in order to simplify the equations, and perhaps they will simplify enough that they become solvable.
\end{myenumerate}
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\begin{myenumerate}
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\item{}  The number you are left with is the degrees of freedom of the process.
\end{myenumerate}
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If it is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries positive}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], the operation is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries underspecified}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
If it is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries zero}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] then the unit operation is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries well-{}defined}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], meaning that it is theoretically possible to solve for the unknowns with a finite set of solutions.
\subsection{Degrees of Freedom in Multiple-{}Process Systems}
\label{89}

Multiple-{}process systems are tougher but not undoable. Here is how to analyze them to {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape see if a problem is uniquely solvable}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]:

\begin{myenumerate}
\item{}  Label a flowchart completely with all the relevant unknowns.
\item{}  Perform a degree of freedom analysis on each unit operation, as described above.
\item{}  Add the degrees of freedom for each of the operations.
\item{}  Subtract the number of variables in {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape intermediate streams}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], i.e. streams between two unit operations. This is because each of these was counted twice, once for the operation it leaves and once for the one it enters.
\end{myenumerate}


The number you are left with is the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries process degrees of freedom}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], and this is what will tell you if the process as a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape whole}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is overspecified, underspecified, or well-{}defined.

\LaTeXNOTETemplate{If any single process is overspecified, and is found to be inconsistent, then the problem as a whole cannot be solved, regardless of whether the process as a whole is well-{}defined or not.}{}
\section{Using Degrees of Freedom to Make a Plan}
\label{90}

Once you have determined that your problem is solvable, you still need to figure out how you\textquotesingle{}ll solve for your variables. This is the suggested method.

\begin{myenumerate}
\item{}  Find a unit operation or combination of unit operations for which the degrees of freedom are zero.
\item{}  Calculate all of the unknowns involved in this combination.
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Recalculate}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] the degrees of freedom for each process, treating the calculated values as known rather than as variables.
\item{}  Repeat these steps until everything is calculated (or at least that which you seek)
\end{myenumerate}


\LaTeXNOTETemplate{You must be careful when recalculating the degrees of freedom in a process. You have to be aware of the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries sandwich effect}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], in which calculations from one unit operation can trivialize balances on another operation. For example, suppose you have three processes lined up like this:

-{}>{} A -{}>{} B -{}>{} C -{}>{}

Suppose also that through mass balances on operations A and C, you calculate the exit composition of A and the inlet composition of C. Once these are performed, {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape the mass balances on B are already completely defined}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. The moral of the story is that {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries before you claim that you can write an equation to solve an unknown, write the equation and make sure that it contains an unknown}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Do not count equations that have no unknowns in your degree of freedom analysis.}{}
\section{Multiple Components and Multiple Processes: Orange Juice Production}
\label{91}

\LaTeXDoubleBoxTemplate{Example:}{Consider a process in which raw oranges are processed into orange juice. A possible process description follows:

\begin{myenumerate}
\item{}  The oranges enter a crusher, in which all of the water contained within the oranges is released.
\item{}  The now-{}crushed oranges enter a strainer. The strainer is able to capture 90\% of the solids, the remainder exit with the orange juice as pulp.

The velocity of the orange juice stream was measured to be {$ 30 \frac{m}{s} $} and the radius of the piping was 8 inches. Calculate:

a) The mass flow rate of the orange juice product.
b) The number of oranges per year that can be processed with this process if it is run 8 hours a day and 360 days a year. Ignore changes due to unsteady state at startup.

Use the following data:
Mass of an orange: 0.4 kg
Water content of an orange: 80\%
Density of the solids: Since its mostly sugars, its about the density of glucose, which is {$ 1.540 \frac{g}{cm^3} $}
\end{myenumerate}
}
\subsection{Step 1: Draw a Flowchart}
\label{92}

This time we have multiple processes so it\textquotesingle{}s especially important to label each one as its given in the problem.



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/7.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{7}
\end{minipage}\vspace{0.75cm}



Notice how I changed the 90\% capture of solids into an algebraic equation relating the mass of solids in the solid waste to the mass in the feed. This will be important later, because {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape it is an additional piece of information that is necessary to solve the problem}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].

Also note that from here in, \symbol{34}solids\symbol{34} are referred to as S and \symbol{34}water\symbol{34} as W.
\subsection{Step 2: Degree of Freedom analysis}
\label{93}

Recall that for each stream there are C independent unknowns, where C is the number of components in the individual stream. These generally are {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries concentrations}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of C-{}1 species and the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries total mass flow rate}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], since with C-{}1 concentrations we can find the last one, but we cannot obtain the total mass flow rate from only concentration.

Let us apply the previously described algorithm to determining if the problem is well-{}defined.

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries On the strainer}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]:
\begin{myitemize}
\item{}  There are {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 6}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] unknowns: m2, xS2, m3, xS3, m4, and xS4
\item{}  We can write {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 2}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] independent mass balances on the overall system (one for each component).
\item{}  We are given a conversion and enough information to write the mass flow rate in the product in terms of only concentration of one component (which eliminates one unknown). Thus we have {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 2}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] additional pieces of information.
\item{}  Thus the degrees of freedom of the strainer are 6-{}2-{}2 = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 2 DOF}
\end{myitemize}
\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

\LaTeXNOTETemplate{We are given the mass of an individual orange, but since we cannot use that information alone to find a total mass flow rate of oranges in the feed, and we already have used up our allotment of C-{}1 independent concentrations, we cannot count this as \symbol{34}given information\symbol{34}. If, however, we were told the number of oranges produced per year, then we could use the two pieces of information in tandem to eliminate a single unknown (because then we can find the mass flow rate)}{}

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries On the crusher}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]:
\begin{myitemize}
\item{}  There are {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 3}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] unknowns (m1, m2, and xS2).
\item{}  We can write {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 2}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] independent mass balances.
\item{}  Thus the crusher has 3-{}2 = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 1 DOF}
\end{myitemize}
\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

Therefore for the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries system as a whole}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]:
\begin{myitemize}
\item{}  Sum of DOF for unit operations = 2 + 1 = 3 DOF
\item{}  Number of intermediate variables = 2 (m2 and xS2)
\item{}  Total DOF = 3 -{} 2 = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 1 DOF}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\end{myitemize}


Hence the problem is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries underspecified}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\subsection{So how do we solve it?}
\label{94}

In order to solve an underspecified problem, one way we can obtain an additional specification is to {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries make an assumption}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. What assumptions could we make that would reduce the number of unknowns (or equivalently, increase the number of variables we do know)?

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries The most common type of assumption is to assume that something that is relatively insignificant is zero}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].

In this case, one could ask: will the solid stream from the strainer contain any water? It might, of course, but this amount is probably very small compared to both the amount of solids that are captured and how much is strained, provided that it is cleaned regularly and designed well. If we make this assumption, then {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape this specifies that the mass fraction of water in the waste stream is zero}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (or equivalently, that the mass fraction of solids is one). Therefore, we know one additional piece of information and the degrees of freedom for the overall system become zero.
\subsection{Step 3: Convert Units}
\label{95}

This step should be done {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape after}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] the degree of freedom analysis, because that analysis is independent of your unit system, and if you don\textquotesingle{}t have enough information to solve a problem (or worse, you have too much), you shouldn\textquotesingle{}t waste time converting units and should instead spend your time defining the problem more precisely and/or seeking out appropriate assumptions to make.

Here, the most sensible choice is either to convert everything to the cgs system or to the m-{}kg-{}s system, since most values are already in metric. Here, the latter route is taken.

{$ r_4 = 8\mbox{ in} * \frac{2.54 \mbox{ cm}}{in} * \frac{1 \mbox{ m}}{100 \mbox{ cm}} = 0.2032 \mbox{ m}$}

{$ {\rho}_S = 1.54\frac{g}{cm^3} = 1540 \frac{kg}{m^3} $}

Now that everything is in the same system, we can move on to the next step.
\subsection{Step 4: Relate your variables}
\label{96}

First we have to relate the velocity and area given to us to the mass flowrate of stream 4, so that we can actually use that information in a mass balance. From chapter 2, we can start with the equation:

{$ {\rho}_n*v_n*A_n = \dot{m}_n $}

Since the pipe is circular and the area of a circle is {$ \pi *r^2 $}, we have:

{$ A_4 = \pi * 0.2032^2 = 0.1297 \mbox{ m}^2 $}

So we have that:

{$ {\rho}_4 * 30 * 0.1297 = 3.8915*{\rho}_4 = \dot{m}_4 $}

Now to find the density of stream 4 we assume that volumes are additive, since the solids and water are essentially immiscible (does an orange dissolve when you wash it?). Hence we can use the ideal-{}fluid model for density:

{$ \frac{1}{\rho_4} = \frac{x_{S4}}{\rho_S} + \frac{x_{W4}}{\rho_W} = \frac{x_{S4}}{\rho_S} + \frac{1-x_{S4}}{\rho_W }$}

{$ = \frac{x_{S4}}{1540} + \frac{1-x_{S4}}{1000} $}

Hence, we have the equation we need with only concentrations and mass flowrates:

\LaTeXZeroBoxTemplate{EQUATION 1: {$\frac{x_{S4}}{1540} + \frac{1-x_{S4}}{1000}=\frac{3.8915}{\dot{m}_4} $}}

Now we have an equation but we haven\textquotesingle{}t used either of our two (why two?) independent mass balances yet. We of course have a choice on which two to use.

In this particular problem, since we are directly given information concerning the amount of {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape solid}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] in stream 4 (the product stream), it seems to make more sense to do the balance on this component. Since we don\textquotesingle{}t have information on stream 2, and finding it would be pointless in this case (all parts of it are the same as those of stream 1), lets do an overall-{}system balance on the solids:

{$ \Sigma \dot{m}_{S,in}  - \Sigma \dot{m}_{S,out} = 0 $}

\LaTeXNOTETemplate{Since there is no reaction, the generation term is 0 even for individual-{}species balances.}{}

Expanding the mass balance in terms of mass fractions gives:

{$ \dot{m}_1*x_{S1} = \dot{m}_3*x_{S3} + \dot{m}_4*x_{S4} $}

Plugging in the known values, {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries with the assumption that stream 3 is pure solids (no water)}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] and hence {$ x_{S3} = 1 $}:

\LaTeXZeroBoxTemplate{EQUATION 2: {$ 0.2*\dot{m}_1 = (0.9*0.2*\dot{m}_1) * 1 + x_{S4}*\dot{m}_4 $}}

Finally, we can utilize one further mass balance, so let\textquotesingle{}s use the easiest one: the overall mass balance. This one again assumes that the total flowrate of stream 3 is equal to the solids flowrate.

\LaTeXZeroBoxTemplate{EQUATION 3: {$ \dot{m}_1 = 0.9*0.2*\dot{m}_1 + \dot{m}_4 $}}

We now have three equations in three unknowns {$ (\dot{m}_1, \dot{m}_4, x_{S4}) $} so the problem is solvable. This is where all those system-{}solving skills will come in handy.

If you don\textquotesingle{}t like solving by hand, there are numerous computer programs out there to help you solve equations like this, such as \myhref{https://en.wikibooks.org/wiki/MATLAB}{MATLAB}, POLYMATH, and many others. You\textquotesingle{}ll probably want to learn how to use the one your school prefers eventually so why not now?

Using either method, the results are:

\LaTeXZeroBoxTemplate{{$ \dot{m}_1 = 4786\frac{kg}{s} $}

{$ \dot{m}_4 = 3925.07 $}

{$ x_{S4} = 0.0244 $}}

We\textquotesingle{}re almost done here, now we just have to calculate the number of oranges per year.

{$ 4786\frac{kg}{s} * 1\frac{orange}{0.4\mbox{ kg}} * 3600 \frac{s}{hr} * 8 \frac{wk\mbox{ hr}}{day}* 360\frac{\mbox{wk day}}{year}$}

\LaTeXZeroBoxTemplate{Yearly Production: {$1.24*10^{11} \frac{oranges}{year}$}}


\LaTeXNullTemplate{}


\label{97}\section{Chapter 3 Practice Problems}
\label{98}
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{\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape b)}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Qualitatively describe whether the density of air should be large or small compared to the density of water.
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{\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape c)}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Suppose that a 50\% mixture of toluene and benzene is to be separated by crystallization. The solution is cooled until one of the components completely freezes and only the other is left as a liquid. The liquid is then removed. What will the majority of the solid be? What will the liquid be? What temperature should be used to achieve this? (give an estimate)
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\TemplateSpaceIndent{$\text{ }${}North$\text{ }${}America$\text{ }${}$\text{ }${}15\%$\text{ }$\newline{}
$\text{ }${}South$\text{ }${}America$\text{ }${}$\text{ }${}10\%$\text{ }$\newline{}
$\text{ }${}Europe$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}20\%$\text{ }$\newline{}
$\text{ }${}Africa$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}20\%$\text{ }$\newline{}
$\text{ }${}Asia$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}25\%$\text{ }$\newline{}
$\text{ }${}Australia$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}10\%}


Each book that is printed (including those that are destroyed) costs the company US\${}0.50 to print. Those that are shipped cost the following prices to ship from the US:
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\TemplateSpaceIndent{$\text{ }${}North$\text{ }${}America$\text{ }${}$\text{ }${}\${}0.05$\text{ }$\newline{}
$\text{ }${}South$\text{ }${}America$\text{ }${}$\text{ }${}\${}0.08$\text{ }$\newline{}
$\text{ }${}Europe$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}\${}0.10$\text{ }$\newline{}
$\text{ }${}Africa$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}\${}0.20$\text{ }$\newline{}
$\text{ }${}Asia$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}\${}0.12$\text{ }$\newline{}
$\text{ }${}Australia$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}\${}0.15}


If each book sells for an equivalent of US\${}1.00, what is the maximum profit that the company can make per day? 
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\chapter{Mass balances with recycle}

\myminitoc
\label{99}


\label{100}\section{What Is Recycle?}
\label{101}

Recycling is the act of taking one stream in a process and reusing it in an earlier part of the process rather than discarding it. It is used in a wide variety of processes.
\subsection{Uses and Benefit of Recycle}
\label{102}

The use of recycle makes a great deal of environmental {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape and}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] economic sense, for the following reasons among others:

\begin{myitemize}
\item{}  Using recycled materials lets a company achieve a wider range of separations
\end{myitemize}


This will be demonstrated in the next section. However, there is a trade off: the more dilute or concentrated you want your product to be, the lower the flow rate you can achieve in the concentrated or dilute stream.

\begin{myitemize}
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\end{myitemize}


You may recall from general chemistry that many reactions do not go to completion but only up to a certain point, because they are {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape reversible}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. How far the reaction goes depends on the concentrations (or partial pressures for a gas) of the products and the reactants, which are related by the reaction stoichiometry and the equilibrium constant K. If we want to increase the amount of conversion, one way we can do this is to separate out the products from the product mixture and re-{}feed the purified reactants in to the reactor. By Le Chatlier\textquotesingle{}s Principle, this will cause the reaction to continue moving towards the products.

\begin{myitemize}
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\end{myitemize}


Catalysts aren\textquotesingle{}t cheap, and if we don\textquotesingle{}t try to recycle them into the reactor, they may be lost in the product stream. This not only gives us a contaminated product but also wastes a lot of catalyst.

\begin{myitemize}
\item{}  Because of the previous three uses, recycle can decrease the amount of equipment needed to get a process meet specifications and consumer demand.
\end{myitemize}


For example, it may improve reaction conversion enough to eliminate the need for a second reactor to achieve an economical conversion.

\begin{myitemize}
\item{}  Recycle reduces the amount of waste that a company generates.
\end{myitemize}


Not only is this the most environmentally sounds way to go about it, it also saves the company money in disposal costs.

\begin{myitemize}
\item{}  Most importantly, all of these things can save a company money.
\end{myitemize}


By using less equipment, the company saves maintainence as well as capital costs, and probably gets the product faster too, if the proper analysis is made.


\LaTeXNullTemplate{}it is use to stop the wastage of the material


\label{103}\section{Differences between Recycle and non-{}Recycle systems}
\label{104}
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\\

\TemplateSpaceIndent{$\text{ }${}Feed$\text{ }${}-{}>{}$\text{ }${}Process$\text{ }${}-{}>{}$\text{ }${}Outlet}


If we wish to implement a recycle system on this process, we often will do something like this:



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/8.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{8}
\end{minipage}\vspace{0.75cm}
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\subsection{Assumptions at the Splitting Point}
\label{105}
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\subsection{Assumptions at the Recombination Point}
\label{106}

The recombination point is generally not specified like the splitting point, and also the recycle stream and feed stream are very likely to have different compositions. The important thing to remember is that you can generally use the properties of the stream coming from the splitting point for the stream entering the recombination point, unless it goes through another process in between (which is entirely possible).
\section{Degree of Freedom Analysis of Recycle Systems}
\label{107}

Degree of freedom analyses are similar for recycle systems to those for other systems, but with a couple important points that the engineer must keep in mind:

\begin{myenumerate}
\item{}  The recombination point and the splitting point must be counted in the degree of freedom analysis as \symbol{34}processes\symbol{34}, since they can have unknowns that aren\textquotesingle{}t counted anywhere else.
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\end{myenumerate}


As an example, let\textquotesingle{}s do a degree of freedom analysis on the hypothetical system above, assuming that all streams have two components.

\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Recombination Point}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: 6 variables (3 concentrations and 3 total flow rates) -{} 2 mass balances = {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape 4}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] DOF
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Process}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: Assuming it\textquotesingle{}s not a reactor and there\textquotesingle{}s only 2 streams, there\textquotesingle{}s 4 variables and 2 mass balances = {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape 2}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] DOF
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Splitting Point}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: 6 variables -{} 2 mass balances {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries -{} 1 knowing compositions are the same -{} 1 splitting ratio = 2 DOF}
\end{myitemize}
\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

So the total is 4 + 2 + 2 -{} 6 (in-{}between variables) = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 2 DOF}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Therefore, if the feed is specified then this entire system can be solved! Of course the results will be different if the process has more than 2 streams, if the splitting is 3-{}way, if there are more than two components, and so on.
\section{Suggested Solving Method}
\label{108}

The solving method for recycle systems is similar to those of other systems we have seen so far but as you\textquotesingle{}ve likely noticed, they are increasingly complicated. Therefore, the importance of {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries making a plan}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] becomes of the utmost importance. The way to make a plan is generally as follows:

\begin{myenumerate}
\item{}  Draw a completely labeled flow chart for the process.
\item{}  Do a DOF analysis to make sure the problem is solvable.
\item{}  If it is solvable, {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries a lot of the time, the best place to start with a recycle system is with a set of overall system balances, sometimes in combination with balances on processes on the border}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. The reason for this is that the overall system balance cuts out the recycle stream entirely, since the recycle stream does not enter or leave the system as a whole but merely travels between two processes, like any other intermediate stream. Often, the composition of the recycle stream is unknown, so this simplifies the calculations a good deal.
\item{}  Find a set of independent equations that will yield values for a certain set of unknowns (this is often most difficult the first time; sometimes, one of the unit operations in the system will have 0 DOF so start with that one. Otherwise it\textquotesingle{}ll take some searching.)
\item{}  Considering those variables as known, do a new DOF balance until something has 0 DOF. Calculate the variables on that process.
\item{}  Repeat until all processes are specified completely.
\end{myenumerate}

\section{Example problem: Improving a Separation Process}
\label{109}

This example helps to show that this is true and also show some limitations of the use of recycle on real processes. 

Consider the following proposed system without recycle.

\LaTeXDoubleBoxTemplate{Example:}{A mixture of 50\% A and 50\% B enters a separation process that is capable of splitting the two components into two streams: one containing 60\% of the entering A and half the B, and one with 40\% of the A and half the B (all by mass):



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/9.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{9}
\end{minipage}\vspace{0.75cm}



If 100 kg/hr of feed containing 50\% A by mass enters the separator, what are the concentrations of A in the exit streams?}


A degree of freedom analysis on this process:

4 unknowns ({$\dot{m}_2,x_{A2},\dot{m}_3,\mbox{ and } x_{A3} $}), 2 mass balances, and {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 2}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] pieces of information (knowing that 40\% of A and half of B leaves in stream 3 is not independent from knowing that 60\% of A and half of B leaves in stream 2) = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 0}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] DOF.

Methods of previous chapters can be used to determine that {$ \dot{m}_2 = 55 \frac{kg}{hr}, x_{A2} = 0.545, \dot{m}_3=45 \frac{kg}{hr}$} and {$ x_{A3} = 0.444 $}. This is good practice for the interested reader.

If we want to obtain a greater separation than this, one thing that we can do is use a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape recycle system}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], in which a portion of one of the streams is siphoned off and remixed with the feed stream in order for it to be re-{}separated. The choice of which stream should be re-{}siphoned depends on the desired properties of the exit streams. The effects of each choice will now be assessed.
\subsection{Implementing Recycle on the Separation Process}
\label{110}

\LaTeXDoubleBoxTemplate{Example:}{Suppose that in the previous example, a recycle system is set up in which half of stream 3 is siphoned off and recombined with the feed (which is still the same composition as before). Recalculate the concentrations of A in streams 2 and 3. Is the separation more or less effective than that without recycle? Can you see a major limitation of this method? How might this be overcome?}

This is a rather involved problem, and must be taken one step at a time. The analyses of the cases for recycling each stream are similar, so the first case will be considered in detail and the second will be left for the reader.
\subsubsection{Step 1: Draw a Flowchart}
\label{111}

You must be careful when drawing the flowchart because the separator separates 60\% of all the A that enters it into stream 2, {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries not 60\% of the fresh feed stream}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. 

Note: there is a mistake in the flow scheme. m6 and xA6 before the process is actually m4 and xA4



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/10.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{10}
\end{minipage}\vspace{0.75cm}


\subsubsection{Step 2: Do a Degree of Freedom Analysis}
\label{112}

Recall that you must include the recombination and splitting points in your analysis.

\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Recombination point}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: 4 unknowns -{} 2 mass balances = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 2}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] degrees of freedom
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Separator}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: 6 unknowns (nothing is specified) -{} 2 independent pieces of information -{} 2 mass balances = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 2}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] DOF
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Splitting point}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: 6 unknowns (again, nothing is specified) -{} 2 mass balances -{} 1 assumption that concentration remains constant -{} 1 splitting ratio = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 2}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] DOF
\end{myitemize}


\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Total}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] = 2 + 2 + 2 -{} 6 = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 0}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Thus the problem is completely specified.
\end{myitemize}

\subsubsection{Step 3: Devise a Plan and Carry it Out}
\label{113}

First, look at the entire system, since none of the original processes individually had 0 DOF.

\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Overall mass balance on A}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ 0.5* 100\frac{kg}{h} = \dot{m}_2*x_{A2} + \dot{m}_6*x_{A6} $}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Overall mass balance on B}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ 50\frac{kg}{h} = \dot{m}_2*(1-x_{A2}) + \dot{m}_6*(1-x_{A6}) $}
\end{myitemize}


We have 4 unknowns and 2 equations at this point. This is where the problem solving requires some ingenuity. First, lets see what happens when we combine this information with the splitting ratio and constant concentration at the splitter:

\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Splitting Ratio}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ {m}_6 = \frac{\dot{m}_3}{2} $}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Constant concentration}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ x_{A6} = x_{A3} $}
\end{myitemize}


Plugging these into the overall balances we have:

\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries On A}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ 50 = \dot{m}_2*x_{A2} + \frac{\dot{m}_3}{2}*x_{A3} $}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Total}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ 50 = \dot{m}_2*(1-x_{A2}) + \frac{\dot{m}_3}{2}*(1-x_{A3}) $}
\end{myitemize}


Again we have more equations than unknowns {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape but we know how to relate everything in these two equations to the inlet concentrations in the separator}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This is due to the conversions we are given:

\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 60\% of entering A goes into stream 2}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] means {$ \dot{m}_2*x_{A2} = 0.6*x_{A4}*\dot{m}_4 $}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 40\% of entering A goes into stream 3}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] means {$ \dot{m}_3*x_{A3} = 0.4*x_{A4}*\dot{m}_4 $}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 50\% of entering B goes into stream 2}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] means {$ \dot{m}_2*(1-x_{A2}) = 0.5*(1-x_{A4})*\dot{m}_4 $}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 50\% of entering B goes into stream 3}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] means {$ \dot{m}_3*x_{A3} = 0.5*(1-x_{A4})*\dot{m}_4 $}
\end{myitemize}


Spend some time trying to figure out where these equations come from, it\textquotesingle{}s all definition of mass fraction and translating words into algebraic equations.

Plugging in all of these into the existing balances, we finally obtain 2 equations in 2 unknowns:

\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries On A}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ 50 = 0.6 \dot{m}_4*x_{A4} + \frac{0.4}{2} \dot{m}_4*x_{A4} $}

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries On B}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ 50 = 0.5 \dot{m}_4*(1-x_{A4})+ \frac{0.5}{2} \dot{m}_4*(1-x_{A4}) $}}

Solving these equations gives:

\LaTeXZeroBoxTemplate{{$ \dot{m}_4 = 129.17\frac{kg}{h}, x_{A4} = 0.484 $}}

\LaTeXNOTETemplate{Notice that two things happened as expected: the concentration of the stream entering the evaporator went down (because the feed is mixing with a more dilute recycle stream), and the total flowrate went up (again due to contribution from the recycle stream). This is always a good rough check to see if your answer makes sense, for example if the flowrate was lower than the feed rate you\textquotesingle{}d know something went wrong}{}

Once these values are known, you can choose to do a balance either on the separator or on the recombination point, since both now have 0 degrees of freedom. We choose the separator because that leads directly to what we\textquotesingle{}re looking for.

The mass balances on the separator can be solved using the same method as that without a recycle system, the results are:

\LaTeXZeroBoxTemplate{{$\dot{m}_2 = 70.83 \frac{kg}{hr}, x_{A2} = 0.530, \dot{m}_3 = 58.33 \frac{kg}{hr}, x_{A3} = 0.429 $}}

Now since we know the flowrate of stream 3 and the splitting ratio we can find the rate of stream 6:

\LaTeXZeroBoxTemplate{{$ \dot{m}_6 = \frac{\dot{m}_3}{2} = 29.165\frac{kg}{hr}, x_{A6}=x_{A3}= 0.429 $} }

\LaTeXNOTETemplate{You should check to make sure that m2 and m6 add up to the total feed rate, otherwise you made a mistake.}{}

Now we can assess how effective the recycle is. The concentration of A in the liquid stream {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape was}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] reduced, by a small margin of 0.015 mole fraction. However, this extra reduction came at a pair of costs: the flow rate of dilute stream was significantly reduced: from 45 to 29.165 kg/hr! {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries This limitation is important to keep in mind and also explains why we bother trying to make very efficient separation processes.}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]


\LaTeXNullTemplate{}


\label{114}\section{Systems with Recycle: a Cleaning Process}
\label{115}
\subsection{Problem Statement}
\label{116}

\LaTeXDoubleBoxTemplate{Example:}{Consider a process in which freshly-{}mined ore is to be cleaned so that later processing units do not get contaminated with dirt. 3000 kg/hr of dirty ore is dumped into a large washer, in which water is allowed to soak the ore on its way to a drain on the bottom of the unit. The amount of dirt remaining on the ore after this process is negligible, but water remains absorbed on the ore surface such that the net mass flow rate of the cleaned ore is 3100 kg/hr.

The dirty water is cleaned in a settler, which is able to remove 90\% of the dirt in the stream without removing a significant amount of water. The cleaned stream then is combined with a fresh water stream before re-{}entering the washer.

The wet, clean ore enters a dryer, in which all of the water is removed. Dry ore is removed from the dryer at 2900 kg/hr.

The design schematic for this process was as follows:



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/11.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{11}
\end{minipage}\vspace{0.75cm}



{\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape a)}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Calculate the necessary mass flow rate of fresh water to achieve this removal at steady state.

{\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape b)}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Suppose that the solubility of dirt in water is {$ 0.4 \frac{g \mbox{ dirt}}{cm^3 \mbox{ H}_2O } $}. Assuming that the water leaving the washer is saturated with dirt, calculate the mass fraction of dirt in the stream that enters the washer (after it has been mixed with the fresh-{}water stream). }
\subsection{First Step: Draw a Flowchart}
\label{117}

A schematic is given in the problem statement but it is very incomplete, since it does not contain any of the design specifications (the efficiency of the settler, the solubility of soil in water, and the mass flow rates). Therefore, {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape it is highly recommended that you draw your own picture even when one is provided for you}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Make sure you label all of the streams, and the unknown concentrations.



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/12.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{12}
\end{minipage}\vspace{0.75cm}


\subsection{Second Step: Degree of Freedom Analysis}
\label{118}

\begin{myitemize}
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Around the washer}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: 6 independent unknowns ({$x_{O1}, \dot{m}_2, x_{D2}, \dot{m}_3, x_{D3}, x_{O4}$}), three independent mass balances (ore, dirt, and water), and one solubility. The washer has {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 2 DOF}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Around the dryer}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: 2 independent unknowns ({$x_{O4}, \dot{m}_5$}) and two independent equations = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 0 DOF}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\end{myitemize}


\LaTeXNOTETemplate{Since the dryer has no degrees of freedom already, we can say that {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape the system variables behave as if the stream going into the dryer was not going anywhere}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], and therefore this stream should not be included in the \symbol{34}in-{}between variables\symbol{34} calculation.}{}

\begin{myitemize}
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Around the Settler}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]:5 independent unknowns ({$\dot{m}_3, x_{D3}, \dot{m}_7, \dot{m}_8, x_{D8}$}), two mass balances (dirt and water), the solubility of saturated dirt, and one additional information (90\% removal of dirt), leaving us with {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 1 DOF}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries At the mixing point}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: We need to include this in order to calculate the total degrees of freedom for the process, since otherwise we\textquotesingle{}re not counting m9 anywhere. 5 unknowns ({$\dot{m}_2, x_{D2}, \dot{m}_8, x_{D8}, \dot{m}_9$}) and 2 mass balances leaves us with {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 3 DOF}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\end{myitemize}


Therefore, Overall = 3+2+1 -{} 6 intermediate variables (not including xO4 since that\textquotesingle{}s going to the dryer) = 0

The problem is well-{}defined.
\subsection{Devising a Plan}
\label{119}

Recall that the idea is to look for a unit operation or some combination of them with 0 Degrees of Freedom, calculate those variables, and then recalculate the degrees of freedom until everything is accounted for.

From our initial analysis, the dryer had 0 DOF so we can calculate the two unknowns xO4 and m5. Now we can consider xO4 and m5 known and redo the degree of freedom analysis on the unit operations.

\begin{myitemize}
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Around the washer}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: We only have 5 unknowns now ({$x_{O1}, \dot{m}_2, x_{D2}, \dot{m}_3, x_{D3} $}), but still only three equations and the solubility. {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 1 DOF}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Around the settler}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: Nothing has changed here since xO4 and m5 aren\textquotesingle{}t connected to this operation.
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Overall System}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: We have three unknowns ({$x_{O1}, \dot{m}_7, \dot{m}_9$}) since {$\dot{m}_5$} is already determined, and we have three mass balances (ore, dirt, and water). Hence we have {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 0 DOF}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] for the overall system.
\end{myitemize}


Now we can say we know {$ x_{O1}, \dot{m}_7, $} and {$ \dot{m}_9 $}.

\begin{myitemize}
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Around the settler again}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: since we know m7 the settler now has {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 0 DOF}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] and we can solve for {$ \dot{m}_3, x_{D3}, \dot{m}_8, $} and {$ x_{D8} $}.
\end{myitemize}


\begin{myitemize}
\item{} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Around the washer again}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: Now we know m8 and xD8. How many balances can we write? 
\end{myitemize}


\LaTeXNOTETemplate{If we try to write a balance on the ore, we will find that {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape the ore is already balanced because of the other balances we\textquotesingle{}ve done}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. If you try to write an ore balance, you\textquotesingle{}ll see you already know the values of all the unknowns in the equations. Hence we can\textquotesingle{}t count that balance as an equation we can use (I\textquotesingle{}ll show you this when we work out the actual calculation).}{}

The washer therefore has 2 unknowns (m2, xD2) and {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape 2 equations}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (the dirt and water balances) = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 0 DOF}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

This final step can also be done by balances on the recombination point (as shown below). Once we have m2 and xD2 the system is completely determined.
\subsection{Converting Units}
\label{120}

The only given information in inconsistent units is the solubility, which is given as {$ 0.4 \frac{g \mbox{ dirt}}{cm^3 \mbox{ H}_2O } $}. However, since we know the density of water (or can look it up), we can convert this to {$ \frac{kg \mbox{ dirt}}{kg \mbox{ H}_2O } $} as follows:

{$ 0.4 \frac{g \mbox{ dirt}}{cm^3 \mbox{ H}_2O} * 1 \frac{ cm^3 \mbox{ H}_2O}{g \mbox{ H}_2O}  = 0.4 \frac{ g \mbox{ dirt}}{g \mbox{ H}_2O}  = 0.4 \frac{ kg \mbox{ dirt}}{kg \mbox{ H}_2O} $}

Now that this information is in the same units as the mass flow rates we can proceed to the next step.
\subsection{Carrying Out the Plan}
\label{121}

First, do any two mass balances on the dryer. I choose total and ore balances. Remember that the third balance is not independent of the first two!

\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Overall Balance}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ \dot{m}_4 = \dot{m}_5 + \dot{m}_6 $}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Ore Balance}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ \dot{m}_4*x_{O4} = \dot{m}_5*x_{O5} + \dot{m}_6*x_{O6} $}
\end{myitemize}


Substituting the known values:

\begin{myitemize}
\item{}  Overall: {$ 3100 = \dot{m}_5 + 2900 $}
\item{}  Ore: {$ x_{O4}*3100 = 1*2900 $}
\end{myitemize}


Solving gives:

\LaTeXZeroBoxTemplate{{$ \dot{m}_5 = 200 \frac{kg}{hr} $}

{$ x_{O4} = 0.935 \frac{kg}{hr} $}}

Now that we have finished the dryer we do the next step in our plan, which was the overall system balance:

\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Water Balance}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ \dot{m}_9 = \dot{m}_5 $}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Ore Balance}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ x_{O1}*\dot{m}_1 = \dot{m}_6 $}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Dirt Balance}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ (1-x_{O1})*\dot{m}_1 = \dot{m}_7 $}
\end{myitemize}


\LaTeXZeroBoxTemplate{{$ \dot{m}_9 = 200\frac{kg}{hr} $}, {$ x_{O1} = 0.967 $},

{$ \dot{m}_7 = 100 \frac{kg}{hr} $}}

Next we move to the settler as planned, this one\textquotesingle{}s a bit trickier since the solutions aren\textquotesingle{}t immediately obvious but a system must be solved.

\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Overall Balance}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ \dot{m}_3 = \dot{m}_7 + \dot{m}_8 $}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Dirt Balance}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ \dot{m}_3*x_{D3} = \dot{m}_7*x_{D7} + \dot{m}_8*x_{D8} $}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Efficiency of Removal}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ \dot{m}_7 = 0.9*\dot{m}_3*x_{D3} $}
\end{myitemize}


Using the solubility is slightly tricky. You use it by noticing that {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape the mass of dirt in stream 3 is proportional to the mass of water}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], and hence you can write that:

\begin{myitemize}
\item{}  mass dirt in stream 3 = 0.4 * mass water in stream 3
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Solubility}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ \dot{m}_3*x_{D3} = 0.4*\dot{m}_3 * (1-x_{D3}) $}
\end{myitemize}


Plugging in known values, the following system of equations is obtained:

\begin{myitemize}
\item{}  {$ \dot{m}_3 = 100 + \dot{m}_8 $}
\item{}  {$ \dot{m}_3*x_{D3} = 100 + \dot{m}_8*x_{D8} $}
\item{}  {$ \dot{m}_3*x_{D3} = 111.11 $}
\item{}  {$ \dot{m}_3*x_{D3} = 0.4*\dot{m}_3*(1-x_{D3}) $}
\end{myitemize}


Solving these equations for the 4 unknowns, the solutions are:

\LaTeXZeroBoxTemplate{{$ \dot{m}_3 = 388.89\frac{kg}{hr}, \dot{m}_8 = 288.89\frac{kg}{hr}, $}

{$ x_{D3} = 0.286, x_{D8} = 0.0385 $}}

Finally, we can go to the mixing point, and say:

\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Overall}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ \dot{m}_8 + \dot{m}_9 = \dot{m}_2 $}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Dirt}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: {$ \dot{m}_8*x_{D8} = \dot{m}_2*x_{D2} $}
\end{myitemize}


From which the final unknowns are obtained:

\LaTeXZeroBoxTemplate{{$ \dot{m}_2 = 488.89 \frac{kg}{hr}$}

{$ x_{D2} = 0.0229 $}}

Since the problem was asking for {$ \dot{m}_2 $}, we are now finished.
\subsection{Check your work}
\label{122}

These values should be checked by making a new flowchart with the numerical values, and ensuring that the balances on the washer are satisfied. This is left as an exercise for the reader.


\LaTeXNullTemplate{}


\chapter{Mass/mole balances in reacting systems}

\myminitoc
\label{123}


\label{124}\section{Review of Reaction Stoichiometry}
\label{125}

Up until now, all of the balances we have done on systems have been in terms of {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries mass}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. However, mass is inconvenient for a reacting system because it does not allow us to take advantage of the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape stoichiometry}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the reaction in relating the relative amounts of reactants and of products. 

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Stoichiometry}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is the relationship between reactants and products in a balanced reaction as given by the ratio of their coefficients. For example, in the reaction:

{$ C_2H_2 + 2H_2 \rightarrow C_2H_6 $}

the reaction stoichiometry would dictate that for every {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries one}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] molecule of {$ C_2H_2 $} (acetylene) that reacts, two molecules of {$ H_2 $} (hydrogen) are consumed and one molecule of {$ C_2H_6 $} are formed. However, {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries this does not hold for grams of products and reactants}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. 

Even though the number of molecules in {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape single substance}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is proportional to the mass of that substance, the constant of proportionality (the molecular mass) is not the same for every molecule. Hence, it is necessary to use the molecular weight of each molecule to convert from grams to {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape moles}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] in order to use the reaction\textquotesingle{}s coefficients.
\section{Molecular Mole Balances}
\label{126}

We can write balances on moles like we can on anything else. We\textquotesingle{}ll start with our ubiquitous general balance equation:

{$ Input - Output = Accumulation - Generation $}

As usual we assume that accumulation = 0 in this book so that:

{$ Input - Output + Generation = 0 $}

Let us denote molar flow rates by {$ \dot{n} $} to distinguish them from mass flow rates. We then have a similar equation to the mass balance equation:

\LaTeXZeroBoxTemplate{{$ \Sigma \dot{n}_{in} - \Sigma \dot{n}_{out} + n_{gen} = 0 $}}

The same equation can be written in terms of each individual species. 

There are a couple of important things to note about this type of balance as opposed to a mass balance:

\begin{myenumerate}
\item{}  Just like with the mass balance, in a mole balance, a non-{}reactive system has {$ n_{gen} = 0 $} for all species.
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Unlike the mass balance}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], the TOTAL generation of moles isn\textquotesingle{}t necessarily 0 even for the overall mole balance! To see this, consider how the total number of moles changes in the above reaction; the final number of moles will not equal the initial number because 3 total moles of molecules are reacting to form 1 mole of products.
\end{myenumerate}


Why would we use it if the generation isn\textquotesingle{}t necessarily 0? We use the molecular mole balance because {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries if we know how much of any one substance is consumed or created in the reaction, we can find all of the others from the reaction stoichiometry}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This is a very powerful tool because {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape each reaction only creates one new unknown}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] if you use this method! The following section is merely a formalization of this concept, which can be used to solve problems involving reactors.
\section{Extent of Reaction}
\label{127}

In order to formalize the previous analysis of reactions in terms of a single variable, let us consider the generic reaction:

{$ aA + bB \rightarrow cC + dD $}

The {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Molar Extent of Reaction}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] X is defined as:

\LaTeXZeroBoxTemplate{{$ X = -\frac{\Delta n_A}{a} = -\frac{\Delta n_B}{b} =  \frac{\Delta n_C}{c} = \frac{\Delta n_D}{d} $}}

Since all of these are equivalent, it is possible to find the change in moles of any species in a given reaction if the extent of reaction X is known.

\LaTeXNOTETemplate{Though they won\textquotesingle{}t be discussed here, there are other ways in which the extent of reaction can be defined. Some other definitions are dependent on the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries percent}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] change of a particular substrate, and the stoichiometry is used in a different way to determine the change in the others. This definition makes X independent of the substrate you choose.}{}

The following example illustrates the use of the extent of reaction.

\LaTeXDoubleBoxTemplate{Example:}{Consider the reaction {$ H_2O_2 + O_3 \rightarrow H_2O + 2O_2 $}. If you start with 50 g of {$ H_2O_2 $} and 25 grams of {$ O_3 $}, and 25\% of the moles of {$ O_3 $} are consumed, find the molar extent of reaction and the changes in the other components.

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Solution}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: First we need to convert to moles, since stoichiometry is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries not}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] valid when units are in terms of mass.

{$ 50 \mbox{ g H}_2O_2 * \frac{1 \mbox{ mol}}{34 \mbox{ g}} = 1.471 \mbox{ moles H}_2O_2 $}

{$ 25 \mbox{ g O}_3 * \frac{1 \mbox{ mol}}{48 \mbox{ g}} = 0.5208 \mbox{ moles O}_3 $} 

Clearly ozone is the limiting reactant here. Since 25\% is consumed, we have that:

{$ \Delta n(O_3) = -0.25*0.5208 = -0.1302 \mbox{ moles O}_3 $}

Hence, by definition, {$ X = \frac{-0.1302}{1} = 0.1302 $}

And then we have {$ \Delta n(H_2O_2) = -0.1302, \Delta n(H_2O) = 0.1302, \Delta n(O_2) = 2*0.1302 = 0.2604 $}, all in moles of the appropriate substrate.}
\section{Mole Balances and Extents of Reaction}
\label{128}

The mole balance written above can be written in terms of extent of reaction {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape if we notice that the {$ \Delta n(A) $} term defined above is exactly the number of moles of a generated or consumed by the reaction}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. 

\LaTeXNOTETemplate{This is only useful for {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape individual species}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] balances, not the overall mole balance. When doing balances on reactive systems, unlike with non-{}reactive systems, it is generally easier to use all individual species balances possible, rather than the total mole balance and then all but one of the individual species. This is because the total generation of moles in a reaction is generally not 0, so no algebraic advantage is gained by using the total material balance on the system.}{}

Therefore we can write that:

{$ n_{A,gen} = \Delta n(A) = -X*a $}

where X is the molar extent of reaction and a is the stoichiometric coefficient of A. Plugging this into the mole balance derived earlier, we arrive at the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries molecular mole balance}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] equation:

\LaTeXZeroBoxTemplate{{$ \Sigma \dot{n}_{A,out} - \Sigma{n}_{A,in} - X*a = 0 $} if A is consumed, or +Xa if it is generated in the reaction}


\LaTeXNullTemplate{}


\label{129}\section{Degree of Freedom Analysis on Reacting Systems}
\label{130}

If we have N different molecules in a system, we can write N mass balances {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape or}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] N mole balances, whether a reaction occurs in the system or not. The only difference is that in a reacting system, we have one additional unknown, the molar extent of reaction, for each reaction taking place in the system. Therefore {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries each reaction taking place in a process will add one degree of freedom to the process}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].

\LaTeXNOTETemplate{This will be different from the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape atom}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] balance which is discussed later.}{}
\section{Complications}
\label{131}

Unfortunately, life is not ideal, and even if we want a single reaction to occur to give us only the desired product, this is either impossible or uneconomical compared to dealing with byproducts, side reactions, equilibrium limitations, and other non-{}idealities.
\subsection{Independent and Dependent Reactions}
\label{132}

When you have more than one reaction in a system, you need to make sure that they are {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries independent}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. The idea of independent reactions is similar to the idea of \myhref{https://en.wikipedia.org/wiki/linear\%20independence}{linear independence} in mathematics.

Lets consider the following two general parallel competing reactions:

\begin{myitemize}
\item{} {$ aA + bB \rightarrow cC + dD $}
\item{} {$ a_2A + b_2B \rightarrow e_2E $} 
\end{myitemize}


We can represent each of the reactions by a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape vector}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the coefficients:

\begin{myitemize}
\item{} {$ V  = [\mbox{ A coeff, B coeff, C coeff, D coeff, E coeff}]$}
\item{} {$ v_1 = [-a, -b, c, d,0] $}
\item{} {$ v_2 = [-a_2,-b_2,0,0,e_2] $}
\end{myitemize}


\myhref{http://www.math.odu.edu/~bogacki/cgi-bin/lat.cgi?c=li}{This site}
\LaTeXNOTETemplate{The site above gives a nice tool to tell whether any number of vectors are linearly dependent or not. Lacking such a tool, it is necessary to assess by hand whether the equations are independent. {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Only independent equations should be used in your analysis of multiple reactions}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], so if you have dependent equations, you can eliminate reactions from consideration until you\textquotesingle{}ve obtained an independent set.}{}

\LaTeXNullTemplate{}

By definition a set of vectors is only linearly independent if the equation:

{$ K_1*v_1 + K_2*v_2 = 0 $}

where K1 and K2 are constants only has one solution: {$ K_1 = K_2 = 0 $}.

Lets plug in our vectors:

{$ K_1 * [-a, -b, c, d,0] + K_2 * [-a_2,-b_2,0,0,e_2] = 0 $}

Since {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape all components}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] must add up to 0, the following system follows:

\begin{myitemize}
\item{} {$ -K_1*a - K_2*a_2 = 0 $}
\item{} {$ -K_1*b - K_2*b_2 = 0 $}
\item{} {$ K_1*c + 0 = 0 $}
\item{} {$ K_1*d + 0 = 0 $}
\item{} {$ 0 + K_2*e_2 = 0 $}
\end{myitemize}


Obviously, the last three equations imply that unless c = d = 0 and e2 = 0, {$ K_1 = K_2 = 0 $} and thus the reactions are independent.
\subsubsection{Linearly Dependent Reactions}
\label{133}

There is one rule to keep in mind whenever you are checking for reaction dependence or independence, which is summarized in the following box.

\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries If any non-{}zero multiple of one reaction can be added to a multiple of a second reaction to yield a third reaction, then the three reactions are not independent}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].}

Therefore, if the following reaction could occur in the same system as the two above:

{$ (a+a_2)A + (b+b_2)B \rightarrow cC + dD + e_2E $}

then it would not be possible to analyze all three reactions at once, since this reaction is the sum of the first two. Only two can legitimately be analyzed at the same time.

All degree of freedom analyses in this book assume that the reactions are independent. You should check this by inspection or, for a large number of reactions, with numerical methods.
\subsection{Extent of Reaction for Multiple Independent Reactions}
\label{134}

When you are setting up extent of reaction in a molecular species balance, you {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape must}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]  sure that you set up one for {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape each}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] reaction, and include both in your mole balance. So really, your mole balance will look like this:

{$ \Sigma n_{A,in} - \Sigma{n_A,out} + \Sigma a_k X_k = 0 $}

for all k reactions. In such cases it is generally easier, if possible, to use an atom balance instead due to the difficulty of solving such equations.
\subsection{Equilibrium Reactions}
\label{135}

In many cases (actually, the majority of them), a given reaction will be {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries reversible}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], meaning that instead of reacting to completion, it will stop at a certain point and not go any farther. How far the reaction goes is dictated by the value of the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape equilibrium coefficient}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Recall from general chemistry that the equilibrium coefficient for the reaction {$ aA + bB \rightarrow cC + dD $} is defined as follows:

\LaTeXZeroBoxTemplate{{$K=\frac{C_{C,eq}^c*C_{D,eq}^d}{C_{A,eq}^a*C_{B,eq}^b} $} with concentration {$ C_i $} expressed as molarity for liquid solutes or partial pressure for gasses}

Here {$\text{[}$}A{$\text{]}$} is the equilibrium concentration of A, usually expressed in molarity for an aqueous solution or partial pressure for a gas. {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape This equation can be remembered as \symbol{34}products over reactants\symbol{34}}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. 

Usually {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries solids and solvents are omitted}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] by convention, since their concentrations stay approximately constant throughout a reaction. For example, in an aqueous solution, if water reacts, it is left out of the equilibrium expression.

Often, we are interested in obtaining the extent of reaction of an equilibrium reaction when it is in equilibrium. In order to do this, first recall that:

{$ X = \frac{-\Delta n_A}{a} $}

and similar for the other species.
\subsubsection{Liquid-{}phase Analysis}
\label{136}

Rewriting this in terms of molarity (moles per volume) by dividing by volume, we have:

{$ \frac{X}{V} = \frac{[A]_0 - [A]_f}{a} $}

Or, since the final state we\textquotesingle{}re interested in is the equilibrium state,

{$ \frac{X}{V} = \frac{[A]_0 - [A]_{eq}}{a} $}

Solving for the desired equilibrium concentration, we obtain the equation for equilibrium concentration of A in terms of conversion:

\LaTeXZeroBoxTemplate{{$ [A]_{eq} = [A]_0 - \frac{aX}{V} $}}

Similar equations can be written for B, C, and D using the definition of extent of reaction. Plugging in all the equations into the expression for K, we obtain:

\LaTeXZeroBoxTemplate{{$ K = \frac{([C]_0+\frac{cX}{V})^c ([D]_0 + \frac{dX}{V})^d} {([A]_0 - \frac{aX}{V})^a([B]_0 - \frac{bX}{V})^b} $} 
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Using this equation, knowing the value of K, the reaction stoichiometry, the initial concentrations, and the volume of the system, the equilibrium extent of reaction can be determined. 
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\subsubsection{Gas-{}phase Analysis}
\label{137}

By convention, gas-{}phase equilibrium constants are given in terms of {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries partial pressures}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] which, for ideal gasses, are related to the mole fraction by the equation:
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If A, B, C, and D were all gases, then, the equilibrium constant would look like this:
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{$ \frac{n_A}{V} = [A] = \frac{P_A}{RT} $}

Plugging this into the equation for {$ \frac{X}{V} $} above, we obtain:

{$ \frac{aX}{V} = [A] - [A]_{eq} = \frac{P_{A0}}{RT} - \frac{P_{A,eq}}{RT} $}

Therefore, 

\LaTeXZeroBoxTemplate{{$ P_{a,eq} = P_{A0} - \frac{aXRT}{V}$}}

Similar equations can be written for the other components. Plugging these into the equilibrium constant expression:

\LaTeXZeroBoxTemplate{{$K = \frac{ (P_{C0} + \frac{cXRT}{V} )^c (P_{D0} + \frac{dXRT}{V} )^d} {(P_{A0} - \frac{aXRT}{V} )^a (P_{B0} - \frac{bXRT}{V} )^b } $}
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Again, if we know we are at equilibrium and we know the equilibrium coefficient (which can often be found in standard tables) we can calculate the extent of reaction.
\subsection{Special Notes about Gas Reactions}
\label{138}

You need to remember that {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape In a constant-{}volume, isothermal gas reaction, the total pressure will change as the reaction goes on}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], unless the same number of moles are created as produced. In order to show that this is true, you only need to write the ideal gas law for the total amount of gas, and realize that the total number of moles in the system changes.

This is why we don\textquotesingle{}t want to use {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape total}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] pressure in the above equations for K, we want to use {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape partial}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] pressures, which we can conveniently write in terms of extent of reaction.
\subsection{Inert Species}
\label{139}

Notice that all of the above equilibrium equations depend on {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape concentration}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the substance, in one form or another. Therefore, if there are species present that don\textquotesingle{}t react, they may still have an effect on the equilibrium because they will decrease the concentrations of the reactants and products. Just make sure you take them into account when you\textquotesingle{}re calculating the concentrations or partial pressures of each species in preparation for plugging into the equilibrium constant.
\section{Example Reactor Solution using Extent of Reaction and the DOF}
\label{140}

\LaTeXDoubleBoxTemplate{Example:}{Consider the reaction of Phosphene with oxygen: {$ 4PH_3+8O_2 \rightarrow P_4O_{10} + 6H_2O $}

Suppose a 100-{}kg mixture of 50\% {$ PH_3 $} and 50\% {$ O_2 $} by mass enters a reactor in a single stream, and the single exit stream contains 25\% {$ O_2 $} by mass. Assume that all the reduction in oxygen occurs due to the reaction. How many degrees of freedom does this problem have? If possible, determine mass composition of all the products.}

It always helps to draw a flowchart:



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/13.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{13}
\end{minipage}\vspace{0.75cm}



There are {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries four}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] independent unknowns: the total mass (mole) flowrate out of the reactor, the concentrations of two of the exiting species (once they are known, the forth can be calculated), and the extent of reaction.

Additionally, we can write four independent equations, one on each reacting substance. Hence, there are {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 0}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] DOF and this problem can be solved.

Let\textquotesingle{}s illustrate how to do it for this relatively simple system, which illustrates some very important things to keep in mind.

First, recall that {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries total mass is conserved even in a reacting system}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Therefore, we can write that:

{$ \dot{m}_{out} = \dot{m}_{in} = 100 \mbox{ kg} $}

Now, since component masses aren\textquotesingle{}t conserved, we need to convert as much as we can into moles so we can apply the extent of reaction.

{$ \dot{n}_{PH_3,in}= 0.5*(100\mbox{ kg})* \frac{1 \mbox{ mol}}{0.034 \mbox{ kg}} = 1470.6 \mbox{ moles PH}_3 \mbox{ in} $}
{$ \dot{n}_{O_2,in} = 0.5*(100\mbox{ kg})* \frac{1 \mbox{ mol}}{0.032 \mbox{ kg}} = 1562.5 \mbox{ moles O}_2 \mbox{ in} $}

{$ \dot{n}_{O_2,out} = 0.25*(100\mbox{ kg})* \frac{1 \mbox{ mol}}{0.032 \mbox{ kg}} = 781.25 \mbox{ moles O}_2 \mbox{ out} $}

Let\textquotesingle{}s use the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries mole balance on oxygen}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] to find the extent of reaction, since we know how much enters and how much leaves. Recall that:

{$ \Sigma \dot{n}_{A,in} - \Sigma \dot{n}_{A,out} - a*X = 0 $}

where a is the stoichiometric coefficient for A. Plugging in known values, including a = 8 (from the reaction written above), we have:

{$ 1562.5 - 781.25 - 8X = 0 $}

Solving gives:

\LaTeXZeroBoxTemplate{{$ X = 97.66 \mbox{ moles} $}}

Now let\textquotesingle{}s apply the mole balances to the other species to find how much of them is present:

\begin{myitemize}
\item{} {$PH_3: 1470.6 - \dot{n}_{PH_3,out} - 4(97.66) = 0 \rightarrow \dot{n}_{PH_3,out} = 1080.0 \mbox{ moles PH}_3 $}
\item{} {$P_4H_10: 0 - \dot{n}_{P_4O_{10},out}+ 1(97.66) = 0 \rightarrow \dot{n}_{P_4H_10,out} = 97.66 \mbox{ moles P}_4O_{10} $} (note it\textquotesingle{}s + instead of -{} because it\textquotesingle{}s being generated rather than consumed by the reaction)
\item{} {$H_2O: 0 - \dot{n}_{H_2O,out} + 6(97.66) = 0 \rightarrow \dot{n}_{H_2O,out} = 586.0 \mbox{ moles H}_2O $}
\end{myitemize}


Finally, the last step we need to do is find the mass of all of these, and divide by the total mass to obtain the mass percents. As a sanity check, all of these plus 25 kg of oxygen should yield 100 kg total.

\begin{myitemize}
\item{} Mass {$ PH_3 $} out = 1080 moles * 0.034 kg\textbackslash{}mole = 36.72 kg
\item{} Mass {$ P_4O_{10} $} out = 97.66 moles * .284 kg\textbackslash{}mole = 27.74 kg
\item{} Mass {$ H_2O $} out = 586 moles * 0.018 kg\textbackslash{}mole = 10.55 kg
\end{myitemize}


Sanity check: 36,72 + 27.74 + 10.55 + 25 (oxygen) = 100 kg (total), so we\textquotesingle{}re still sane.

Hence, we get:

\LaTeXZeroBoxTemplate{{$ 36.72\% PH_3,27.74\% P_4H_{10},10.55\% H_2O, 25\% O_2 $} by mass}
\section{Example Reactor with Equilibrium}
\label{141}

\LaTeXDoubleBoxTemplate{Example:}{Suppose that you are working in an organic chemistry lab in which 10 kg of compound A is added to 100 kg of a 16\% aqueous solution of B (which has a density of 57 lb/ft\^{}3) The following reaction occurs:

{$ A + 2B \leftarrow \rightarrow 3C + D $}

A has a molar mass of 25 g/mol and B has a molar mass of 47 g/mol. If the equilibrium constant for this reaction is 187 at 298K, how much of compound C could you obtain from this reaction? Assume that all products and reactants are soluble in water at the design conditions. Adding 10 kg of A to the solution causes the volume to increase by 5 L. Assume that the volume does not change over the course of the reaction.}

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Solution}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: First, draw a flowchart of what we\textquotesingle{}re given.



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/14.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{14}
\end{minipage}\vspace{0.75cm}



Since all of the species are dissolved in water, we should write the equilibrium constant in terms of molarity:

{$ K = 187 = \frac{[C]^3[D]}{[A][B]^2} $}

We use initial {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape molarities}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of A and B, while we are given mass percents, so we need to convert.

Let\textquotesingle{}s first find the number of {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape moles}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of A and B we have initially:

{$ n_{A0} = 10 \mbox{ kg A} * \frac{1 \mbox{ mol A}}{0.025 \mbox{ kg A}} = 400 \mbox{ mol A} $}

{$ n_{B0} = 100\mbox{ kg solution} * \frac{0.16 \mbox{ kg B}}{\mbox{kg sln}} = 16 \mbox{ kg B} * \frac{1 \mbox{mol B}}{\mbox{ 0.047 kg B}} = 340.43 \mbox{ mol B} $}

Now, the volume contributed by the 100kg of 16\% B solution is:

{$ V = \frac{m}{\rho} = \frac{100 \mbox{ kg}}{57 \frac{lb}{ft^3} * \frac{1 \mbox{ kg}}{2.2 \mbox{ lb}} * \frac{1 \mbox{ ft}^3}{28.317 \mbox{ L}} } = 109.3 \mbox{ L}$}

Since adding the A contributes 5L to the volume, the volume after the two are mixed is {$ 109.3\mbox{ L} + 5\mbox{ L} = 114.3\mbox{ L} $}.

By definition then, the molarities of A and B before the reaction occurs are:

\begin{myitemize}
\item{} {$ [A]_0 = \frac{400 \mbox{ moles A}}{114.3 \mbox{ L}} = 3.500 M $}
\item{} {$ [B]_0 = \frac{340.42 \mbox{ moles B}}{114.3 \mbox{ L}} = 2.978 M $}
\end{myitemize}


In addition, there is no C or D in the solution initially:

\begin{myitemize}
\item{}  {$ [C]_0 = [D]_0 = 0 $}
\end{myitemize}


According to the stoichiometry of the reaction, {$ a = 1, b = 2, c = 3, d = 1 $}. Therefore we now have enough information to solve for the conversion. Plugging all the known values into the equilibrium equation for liquids, the following equation is obtained:

{$ 187 = \frac{ (\frac{3X}{114.3})^3 (\frac{X}{114.3}) } { (3.5 - \frac{X}{114.3} ) (2.978 - \frac{2X}{114.3} ) ^2 } $}

This equation can be solved using Goalseek or one of the numerical methods in appendix 1 to give:

\LaTeXZeroBoxTemplate{{$ X = 146.31\mbox{ moles} $} }

Since we seek the amount of compound C that is produced, we have:

\begin{myitemize}
\item{}  {$ X = \frac{\Delta n_C}{c} $}
\item{}  Since {$ c = 3, n_{C0} = 0, \mbox{ and } X = 146.31 $}, this yields {$ n_C = 3*146.31 = 438.93\mbox{ moles C} $}
\end{myitemize}


\LaTeXZeroBoxTemplate{438.93 moles of C can be produced by this reaction.}


\LaTeXNullTemplate{}


\label{142}\section{Introduction to Reactions with Recycle}
\label{143}

Reactions with recycle are very useful for a number of reasons, most notably because they can be used to improve the selectivity of multiple reactions, push a reaction beyond its equilibrium conversion, or speed up a catalytic reaction by removing products. A recycle loop coupled with a reactor will generally contain a separation process in which unused reactants are (partially) separated from products. These reactants are then fed back into the reactor along with the fresh feed.
\section{Example Reactor with Recycle}
\label{144}

\LaTeXDoubleBoxTemplate{Example:}{Consider a system designed for the hydrogenation of ethylene into ethane:

\begin{myitemize}
\item{} {$ 2H_2 + C_2H_2 \rightarrow C_2H_6 $} 
\item{} {$(2A + B \rightarrow C)$}

The reaction takes too long to go to completion (and releases too much heat) so the designers decided to implement a recycle system in which, after only part of the reaction had finished, the mixture was sent into a membrane separator. There, most of the ethylene was separated out, with little hydrogen or ethylene contamination. After this separation, the cleaned stream entered a splitter, where some of the remaining mixture was returned to the reactor and the remainder discarded.

The system specifications for this process were as follows:

\item{}  Feed: 584 kg/h ethylene, 200 kg/h hydrogen gas
\item{}  Outlet stream from reactor contains 15\% hydrogen by mass
\item{}  Mass flows from membrane separator: 100 kg/h, 5\% Hydrogen and 93\% ethane
\item{}  Splitter: 30\% reject and 70\% reflux
 
What was the extent of reaction for this system? What would the extent of reaction be if there was no separation/recycle process after (assume that the mass percent of hydrogen leaving the reactor is the same)? What limits how effective this process can be?
\end{myitemize}
}
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Let\textquotesingle{}s first draw our flowchart as usual:



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/15.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{15}
\end{minipage}\vspace{0.75cm}


\subsection{DOF Analysis}
\label{145}

\begin{myitemize}
\item{} On reactor: 6 unknowns {$(\dot{m}_5, x_{A5}, x_{B5}, \dot{m}_3, x_{B3}, X)$} -{} 3 equations = 3 DOF
\item{} On separator: 5 unknowns {$(\dot{m}_3, x_{B3}, \dot{m}_5, x_{A5}, x_{B5})$} -{} 3 equations = 2 DOF
\item{} On splitter: 3 unknowns -{} 0 equations (we used all of them in labeling the chart) -{}>{} 3 DOF
\item{} Duplicate variables: 8 ({$\dot{m}_5, x_{A5}, x_{B5} $} twice each and {$ \dot{m}_3, x_{B3}$} once)
\item{}  Total DOF = 8 -{} 8 = 0 DOF
\end{myitemize}

\subsection{Plan and Solution}
\label{146}

Generally, though not always, it is easiest to deal with the reactor itself {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape last}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] because it usually has the most unknowns. Lets begin by looking at the overall system because we can often get some valuable information from that.
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DOF(overall system) = 4 unknowns ({$ \dot{m}_5, x_{A5}, X, x_{B5}$}) -{} 3 equations = 1 DOF. 
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Let\textquotesingle{}s go ahead and solve for m5 though because that\textquotesingle{}ll be useful later.

{$784 = 100 + 0.3(\dot{m}_5) $}

\LaTeXZeroBoxTemplate{{$\dot{m}_5 = 2280 \mbox{ kg/h}$} }

We can\textquotesingle{}t do anything else with the overall system without knowing the conversion so lets look elsewhere. 

DOF(separator) = 4 unknowns ({$\dot{m}_3,  x_{B3}, x_{A5}, x_{B5}$}) -{} 3 equations = 1 DOF. Let\textquotesingle{}s solve for those variables we can though. 

We can solve for m3 because from the overall material balance on the separator:

\begin{myitemize}
\item{} {$\dot{m}_3 = \dot{m}_4 + \dot{m}_5 $}
\item{} {$ \dot{m}_3 = 100 + 2280 $}
\end{myitemize}


\LaTeXZeroBoxTemplate{{$ \dot{m}_3 = 2380\mbox{ kg/h} $} }

Then we can do a mass balance on A to solve for xA5:

\begin{myitemize}
\item{}  {$ \dot{m}_3x_{A3} = \dot{m}_4x_{A4} + \dot{m}_5x_{A5} $}
\item{}  {$ 2380(0.15) = 100(0.05) + 2380(x_{A5}) $}
\end{myitemize}


\LaTeXZeroBoxTemplate{{$x_{A5} = .1544$}}

Since we don\textquotesingle{}t know {$ x_{B5} $} or {$ x_{B3} $}, we cannot use the mass balance on B or C for the separator, so lets move on. Let\textquotesingle{}s now turn to the reactor:
\subsection{Reactor Analysis}
\label{147}

DOF: 3 unknowns remaining ({$ x_{B3}, x_{B5}, and X$}) -{} 2 equations (because the overall balance is already solved!) = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 1 DOF}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Therefore we still cannot solve the reactor completely. However, we can solve for the conversion and generation terms given what we know at this point. Lets start by writing a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape mole}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] balance on A in the reactor.

{$ \dot{n}_{A1} + \dot{n}_{A,recycle} - X*a = \dot{n}_{A3} $}

To find the three nA terms we need to convert from mass to moles (since A is hydrogen, H2, the molecular weight is {$ \frac{1\mbox{ mol}}{0.002016\mbox{ g}} $}):

\begin{myitemize}
\item{}  {$ \dot{n}_{A1} = 200\frac{kg}{h} * \frac{1 \mbox{ mol}}{0.002016 \mbox{ kg}} = 99206 \frac{\mbox{mol A}}{h} $}
\item{}  {$ \dot{n}_{A,recycle} = 0.7*\frac{m_5*x_{A5}}{MW_A} = \frac{0.7(2280)(0.1544)}{0.002016} = 122000 \frac{\mbox{mol A}}{h} $}
\end{myitemize}


Thus the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape total}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] amount of A entering the reactor is:

\begin{myitemize}
\item{}  {$ \dot{n}_{A,in} = 99206 + 122000 = 221428\frac{\mbox{mol A}}{h} $}
\end{myitemize}


The amount exiting is: 

\begin{myitemize}
\item{}  {$ \dot{n}_{A,out} = \frac{ \dot{m}_3*x_{A3}}{MM_A} = \frac{2380*0.15}{0.002016} = 177083 \frac{\mbox{mol A}}{h} $}
\end{myitemize}


Therefore we have the following from the mole balance:

\begin{myitemize}
\item{}  {$ 221428 - 2X = 177083 $}
\end{myitemize}


\LaTeXZeroBoxTemplate{{$ X = 22173 \frac{\mbox{ moles}}{h} $}}

Now that we have this we can calculate the mass of B and C generated:

\begin{myitemize}
\item{}  {$ m_{B,gen} = -Xb*MW_B = 22173 \frac{\mbox{ mol B}}{h} * 0.026 \frac{kg}{\mbox{ mol B}} = -576.5\frac{\mbox{ kg B}}{h} $}
\item{}  {$ m_{C,gen} = +Xc*MW_C = 22173 \frac{\mbox{ mol C}}{h} * 0.030 \frac{kg}{\mbox{ mol C}} = +665.2\frac{\mbox{ kg C}}{h} $}
\end{myitemize}


At this point you may want to calculate the amount of B and C leaving the reactor with the mass balances on B and C:

\begin{myitemize}
\item{}  {$ 584 + 0.7*x_{B5}*2280 - 576.5 = x_{B3}*2380 $}
\item{}  (1) {$ 0.7*(1-0.1544-x_{B5})*2280 + 665.2 = (1-0.15-x_{B3})*2380 $}
\end{myitemize}


However, {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape these equations are exactly the same!}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Therefore, we have proven our assertion that there is still 1 DOF in the reactor. So we need to look elsewhere for something to calculate xB5. That place is the separator balance on B:

\begin{myitemize}
\item{}  {$ \dot{m}_3*x_{B3} = \dot{m}_4*x_{B4} + \dot{m}_5*x_{B5} $}
\item{}  (2) {$ 2380x_{B3} = 0.02(100) + 2280x_{B5}$}
\end{myitemize}


Solving these two equations (1) and (2) yields the final two variables in the system:

\LaTeXZeroBoxTemplate{{$ x_{B3} = 0.00856, x_{B5} = 0.008058 $} }

Note that this means the predominant species in stream 5 is also C ({$ x_{C5} = 0.838 $}). However, the separator/recycle setup {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries does}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] make a big difference, as we\textquotesingle{}ll see next.
\subsection{Comparison to the situation without the separator/recycle system}
\label{148}

Now that we know how much ethane we can obtain from the reactor after separating, let\textquotesingle{}s compare to what would happen without any of the recycle systems in place. With the same data as in the first part of this problem, the new flowchart looks like this:



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/16.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{16}
\end{minipage}\vspace{0.75cm}



There are three unknowns ({$ \dot{m}_3, x_{B3}, X $}) and three independent material balances, so the problem can be solved. Starting with an overall mass balance because total mass is conserved:

\begin{myitemize}
\item{} {$ \dot{m}_1 + \dot{m}_2 = \dot{m}_3 $}
\item{} {$ \dot{m}_3 = 789\frac{kg}{h} $}
\end{myitemize}


We can carry out the same sort of analysis on the reactor as we did in the previous section to find the conversion and mass percent of C in the exit stream, which is left as an exercise to the reader. The result is that:

\begin{myitemize}
\item{}  {$ X = 20250\mbox{ moles}, x_{C3} = 0.77 $}
\end{myitemize}


Compare this to the two exit streams in the recycle setup. {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Both of the streams were richer in C than 77\%, even the reject stream}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This occurred because the unreacted A and B was allowed to re-{}enter the reactor and form more C, and the separator was able to separate almost all the C that formed from the unreacted A and B.


\LaTeXNullTemplate{}


\label{149}\section{The concept of atom balances}
\label{150}

Let\textquotesingle{}s begin this section by looking at the reaction of hydrogen with oxygen to form water:

{$ H_2 + O_2 \rightarrow H_2O $}

We may attempt to do our calculations with this reaction, but there is something seriously wrong with this equation! It is not {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape balanced}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]; as written, it implies that an atom of oxygen is somehow \symbol{34}lost\symbol{34} in the reaction, but this is in general impossible. Therefore, we must compensate by writing:

{$ H_2 + \frac{1}{2}O_2 \rightarrow H_2O $}

or some multiple thereof.

Notice that in doing this we have made use of the following conservation law, which is actually the basis of the conservation of mass:

\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries The number of atoms of any given element does not change in any reaction}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (assuming that it is not a nuclear reaction).}

Since by definition the number of moles of an element is proportional to the number of atoms, this implies that {$ \dot{n}_{A,gen} = 0 $} where A represents any {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape element}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] in atomic form.
\section{Mathematical formulation of the atom balance}
\label{151}

Now recall the general balance equation:

{$ In - Out + Generation - Consumption = Accumulation $}

In this course we\textquotesingle{}re assuming {$ Accumulation = 0 $}. Since the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape moles of atoms}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of any element are conserved, {$ generation = 0 $} and {$ consumption = 0 $}. So we have the following balance on a given element A:

\LaTeXZeroBoxTemplate{For a given element A,

{$ \Sigma \dot{n}_{A,in} - \Sigma \dot{n}_{A,out} = 0 $}}

\LaTeXNOTETemplate{When analyzing a reacting system you must choose {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape either}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] an atom balance {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape or}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] a molecular species balance but {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries not both}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Each has advantages; an atom balance often yields simpler algebra (especially for multiple reactions; the actual reaction that takes place is irrelevant!) but also will not directly tell you the extent(s) of reaction, and will not tell you if the system specifications are actually impossible to achieve for a given set of equilibrium reactions.}{}
\section{Degree of Freedom Analysis for the atom balance}
\label{152}

As before, to do a degree of freedom analysis, it is necessary to count the number of unknowns and the number of equations one can write, and then subtract them. However, there are a couple of important things to be aware of with these balances.
\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries When doing atom balances, the extent of reaction does not count as an unknown, while with a molecular species balance it does}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This is the primary advantage of this method: the extent of reaction does not matter since atoms of elements are conserved regardless of how far the reaction has proceeded.
\item{}  You need to make sure each atom balance will be {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries independent}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This is difficult to tell unless you write out the equations and look to see if any two are identical.
\item{}  In reactions with {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries inert species}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], each molecular balance on the inert species counts as an {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape additional equation}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This is because of the following important note:
\end{myitemize}


\LaTeXNOTETemplate{When you\textquotesingle{}re doing an atom balance you should {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries only include reactive species, not inerts}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].}{}

\LaTeXDoubleBoxTemplate{Example:}{Suppose a mixture of nitrous oxide ({$ N_2O $}) and oxygen is used in a natural gas burner. The reaction {$ CH_4 + 2O_2 \rightarrow 2H_2O + CO_2 $} occurs in it.

There would be {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape four}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] equations that you could write: 3 atom balances (C, H, and O) and a molecular balance on nitrous oxide. You would {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape not}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] include the moles of nitrous oxide in the atom balance on oxygen.}
\section{Example of the use of the atom balance}
\label{153}

Let\textquotesingle{}s re-{}examine a problem from the previous section. In that section it was solved using a molecular species balance, while here it will be solved using atom balances.

\LaTeXDoubleBoxTemplate{Example:}{Consider the reaction of Phosphene with oxygen: {$ 4PH_3+8O_2 \rightarrow P_4O_{10} + 6H_2O $}

Suppose a 100-{}kg mixture of 50\% {$ PH_3 $} and 50\% {$ O_2 $} by mass enters a reactor in a single stream, and the single exit stream contains 25\% {$ O_2 $} by mass. Assume that all the reduction in oxygen occurs due to the reaction. How many degrees of freedom does this problem have? If possible, determine mass composition of all the products.}

For purposes of examination, the flowchart is re-{}displayed here:



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/17.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{17}
\end{minipage}\vspace{0.75cm}



\subsection{Degree of Freedom Analysis}
\label{154}

There are three elements involved in the system (P, H, and O) so we can write three atom balances on the system.

There are likewise {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries three}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] unknowns (since the extent of reaction is NOT an unknown when using the atom balance): the outlet concentrations of {$ PH_3, P_4O_{10}, H_2O $}

Therefore, there are 3 -{} 3 = 0 unknowns.
\subsection{Problem Solution}
\label{155}

Let\textquotesingle{}s start the same as we did in the previous section: by finding converting the given information into moles. The calculations of the previous section are repeated here:

\begin{myitemize}
\item{} {$ \dot{m}_{out} = \dot{m}_{in} = 100 \mbox{ kg} $}
\item{} {$ \dot{n}_{PH_3,in}= 0.5*(100\mbox{ kg})* \frac{1 \mbox{ mol}}{0.034 \mbox{ kg}} = 1470.6 \mbox{ moles PH}_3 \mbox{ in} $}
\item{} {$ \dot{n}_{O_2,in} = 0.5*(100\mbox{ kg})* \frac{1 \mbox{ mol}}{0.032 \mbox{ kg}} = 1562.5 \mbox{ moles O}_2 \mbox{ in} $}
\item{} {$ \dot{n}_{O_2,out} = 0.25*(100\mbox{ kg})* \frac{1 \mbox{ mol}}{0.032 \mbox{ kg}} = 781.25 \mbox{ moles O}_2 \mbox{ out} $}
\end{myitemize}


Now we start to {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape diverge}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] from the path of molecular balances and instead write atom balances on each of the elements in the reaction. Let\textquotesingle{}s start with Phosphorus. How many moles of Phosphorus {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape atoms}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] are entering?

\begin{myitemize}
\item{}  Inlet: Only {$ PH_3 $} provides P, so the inlet moles of P are just {$ 1*1470.6 = 1470.6 \mbox{ moles P in} $}
\item{}  Outlet: There are {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape two}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] ways phosphorus leaves: as unused {$ PH_3 $} or as the product {$ P_4O_{10} $}. Therefore, the moles of {$ PH_3 $} out are {$ 1*n_{PH_3,out} + 4*n_{P_4O_{10},out} $}. Note that the 4 in this equation comes from the fact that there are 4 Phosphorus atoms in every mole of {$ P_4O_{10} $}.
\end{myitemize}


Therefore the atom balance on Phosphorus becomes:

\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Phosphorus}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

{$ 1*n_{PH_3,out} + 4*n_{P_4O_{10},out} = 1470.6 $}}

Similarly, on Oxygen we have:

\begin{myitemize}
\item{} Inlet: {$ 2*n_{O_2,in} = 2*1562.5 = 3125\mbox{ moles O}_2$}
\item{} Outlet: {$ 2*n_{O_2,out} + 10*n_{P_4O_{10},out} + 1*n_{H_2O,out} = 1562.5 + 10*n_{P_4O_{10},out} + 1*n_{H_2O,out} $}
\end{myitemize}


\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Oxygen}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

{$ 1562.5 + 10*n_{P_4O_{10},out} + 1*n_{H_2O,out}= 3125 $}}

Finally, check to see if you can get the following Hydrogen balance as a practice problem:

\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Hydrogen}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

{$ 2*n_{H_2O,out} + 3*n_{PH_3,out} = 4411.8 $}}

Solving these three linear equations, the solutions are:

\LaTeXZeroBoxTemplate{{$ n_{PH_3,out}=1080 , n_{H_2O,out}=586, n_{P_4O_{10},out} = 97.66 $} moles}

All of these answers are identical to those obtained using extents of reaction. Since the remainder of the solution to that problem is identical to that in the previous section, the reader is referred there for its completion.
\section{Example of balances with inert species}
\label{156}

Sometimes it\textquotesingle{}s more difficult to choose which type of balance you want, because both are possible but one is significantly easier than the other. As an example, lets consider a basic pollution control system.

\LaTeXDoubleBoxTemplate{Example:}{Suppose that you are running a power plant and your burner releases a lot of pollutants into the air. The flue gas has been analyzed to contain 5\% {$ SO_2 $}, 3\% {$ NO_2 $}, 7\% {$ O_2 $} and 15\% {$ CO_2 $} by moles. The remainder was determined to be inert.

Local regulations require that the emissions of sulfur dioxide be less than 200 ppm (by moles) from your plant. They also require you to reduce nitrogen dioxide emissions to less than 50 ppm. You decide that the most economical method for control of these for your plant is to utilize ammonia-{}based processes. The proposed system is as follows:

\begin{myenumerate}
\item{}  Put the flue gas through a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape denitrification}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] system, into which (pure) ammonia is pumped. The amount of ammonia pumped in is three times as much as would theoretically be needed to use all of the nitrogen dioxide in the flue gas.
\item{}  Allow it to react a specified amount of time.
\item{}  Pump it into a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape desulfurization}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] system. Nothing new is injected here, it just has a different catalyst than the denitrification, and the substrates are at a different temperature and pressure.

The reactions that occur are:

\item{}  {$ 2NO_2 + 4NH_3 + O_2 \rightarrow 3 N_2 + 6H_2O $}
\item{}  {$ H_2O + 2NH_3 + SO_2 \rightarrow (NH_4)_2SO_3 $}

If your plant makes {$ 130\frac{ft^3}{s} $} of flue gas at {$ T = 900K $} and {$ P = 2\mbox{ atm} $}, how much ammonia do you need to purchase for each 8-{}hour shift? How much of it remains unused? Why do we want to have a significant amount of excess ammonia?

Assume that the flue gas is an ideal gas. Recall the ideal gas law, {$ PV = nRT $}, where {$ R = 0.0821 \frac{L*atm}{mol*K} $}.
\end{myenumerate}
}
\subsection{Step 1: Flowchart}
\label{157}

Flowcharts are becoming especially important now as means of organizing all of that information!



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/18.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{18}
\end{minipage}\vspace{0.75cm}


\subsection{Step 2: Degrees of Freedom}
\label{158}

Let\textquotesingle{}s consider an atomic balance on each reactor.

\begin{myitemize}
\item{}  Denitrification system: 9 unknowns (all concentrations in stream 3, and {$ \dot{n}_2 $}.) -{} 3 atom balances (N, H, and O) -{} 3 inert species ({$ CO_2, SO_2, inerts $}) -{} 1 additional info (3X stoichiometric feed) = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 2 DOF}
\item{} {$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Desulfurization system: 15 unknowns -{} 4 atom balances (N, H, O, and S) -{} 5 inerts ({$ CO_2, O_2, NO_2, N_2, inerts $}) = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 6 DOF}
\item{} {$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Total = 2 + 6 -{} 8 shared = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 0 DOF}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], hence the problem has a unique solution.
\end{myitemize}


We can also perform the same type of analysis on molecular balances.

\begin{myitemize}
\item{}  Denitrification system: 10 unknowns (now the conversion {$ X_1 $} is also unknown) -{} 8 molecular species balances -{} 1 additional info = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 1 DOF}
\item{} {$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Desulfurization system: 16 unknowns (now the conversion {$ X_2 $} is unknown) -{} 9 balances = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 7 DOF}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\item{}  Total = 1 + 7 -{} 8 shared = {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 0 DOF}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\end{myitemize}


Therefore the problem is theoretically solvable by both methods.
\subsection{Step 3: Units}
\label{159}

The only weird units in this problem (everything is given in moles already so no need to convert) are in the volumetric flowrate, which is given in {$ \frac{ft^3}{s} $}. Lets convert this to {$ \frac{moles}{s} $} using the ideal gas law. To use the law with the given value of R is is necessary to change the flowrate to units of {$ \frac{L}{s} $}:

{$ 130 \frac{ft^3}{s} * \frac{28.317\mbox{ L}}{ft^3} = 3681.2\frac{L}{s} $}
{$ P\dot{V} = \dot{n}RT \rightarrow 2*3681.2 = \dot{n}_1(0.0821)(900) $}

{$ \dot{n}_1 = 99.64\frac{moles}{s} $}

Now that everything is in good units we can move on to the next step.
\subsection{Step 4: Devise a plan}
\label{160}

We can first determine the value of {$ \dot{n}_2 $} using the additional information. Then, we should look to an {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape overall system balance}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].

Since none of the individual reactors is completely solvable by itself, it is necessary to look to combinations of processes to solve the problem. {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries The best way to do an overall system balance with multiple reactions is to treat the entire system as if it was a single reactor in which multiple reactions were occurring}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. In this case, the flowchart will be revised to look like this:



\begin{minipage}{1.0\linewidth}
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\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/19.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{19}
\end{minipage}\vspace{0.75cm}



Before we try solving anything, we should check to make sure that we still have no degrees of freedom.

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Atom Balance}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

There are 8 unknowns (don\textquotesingle{}t count conversions when doing atom balances), 4 types of atoms (H, N, O, and S), 2 species that never react, and 1 additional piece of information (3X stoichiometric), so there is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 1 DOF}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This is obviously a problem, which occurs because {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries when performing atom balances you cannot distinguish between species that react in only ONE reaction and those that take part in more than one}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].

In this case, then, it is necessary to look to molecular-{}species balances.

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Molecular-{}species balance}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

In this case, there are 10 unknowns, but we can do molecular species balances on 9 species {$ (SO_2, NO_2, NH_3, N_2, O_2, CO_2, H_2O, (NH_4)_2SO_3, inerts)$} and have the additional information, so there are {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 0 DOF}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] when using this method.

Once we have all this information, getting the information about stream 3 is trivial from the definition of extent of reaction.
\subsection{Step 5: Carry Out the Plan}
\label{161}

First off we can determine {$ \dot{n}_2 $} by using the definition of a stoichiometric feed.

{$ \dot{n}_{NO_2,in} = 0.03*99.64 = 2.9892 \frac{mol}{s} $}

The stoichiometric amount of ammonia needed to react with this is, from the reaction,

{$ \frac{4 \mbox{ moles NH}_3}{2 \mbox{ moles NO}_2} * 2.9892 = 5.96 \frac{ moles \mbox{ NH}_3}{s} $}

Since the problem states that three times this amount is injected into the denitrification system, we have:

\LaTeXZeroBoxTemplate{{$ \dot{n}_2 = 17.88 \frac{moles}{s} $} }

Now, we are going to have a very complex system of equations with the 9 molecular balances. This may be a good time to invest in some equation-{}solving software.

See if you can derive the following system of equations from the overall-{}system flowchart above.

\LaTeXZeroBoxTemplate{{$ NH_3: \dot{n}_4*x_{NH_3,4} = 17.88 - 4*X_1 - 2*X_2 $} $\text{ }$\newline{}

{$ SO_2: \dot{n}_4*2*10^{-4} = 0.05 * 99.64 - X_2 $} $\text{ }$\newline{}

{$ NO_2: \dot{n}_4*5*10^{-5} = 0.03*99.64 - 2*X_1 $} $\text{ }$\newline{}

{$ N_2: \dot{n}_4*x_{N_2,4} = 3*X_1 $} $\text{ }$\newline{}

{$ O_2: \dot{n}_4*x_{O_2,4} = 0.07*99.64 - X_1 $} $\text{ }$\newline{}

{$ H_2O: \dot{n}_4*x_{H_2O,4} = 6*X_1 - X_2 $} $\text{ }$\newline{}

{$ CO_2: \dot{n}_4*x_{CO_2,4} = 0.15*99.64 $} $\text{ }$\newline{}

{$ (NH_4)_2(SO_3): \dot{n}_4*x_{(NH_4)_2SO_3,4} = X_2 $} $\text{ }$\newline{}

{$ Inerts: \dot{n}_4*(1 - 2*10^{-4} - 5*10^{-5} - x_{NH_3,4} - x_{N_2,4} - x_{O_2,4} - x_{H_2O,4} -  x_{CO_2,4} - x_{(NH_4)_2SO_3,4} )  = 0.7*99.64 $} }

Using an equation-{}solving package, the following results were obtained:

\LaTeXZeroBoxTemplate{{$ X_1 = 1.492\mbox{ moles} $} $\text{ }$\newline{}

{$ X_2 = 4.961\mbox{ moles} $} $\text{ }$\newline{}

{$ \dot{n}_3 = 105.62 \frac{mol}{s} $} $\text{ }$\newline{}

{$ x_{NH_3, 4} = 0.01884 $} $\text{ }$\newline{}

{$ x_{N_2,4} = 0.04238 $} $\text{ }$\newline{}
 
{$ x_{O_2,4} = 0.05191 $} $\text{ }$\newline{}

{$ x_{H_2O,4} = 0.03778 $} $\text{ }$\newline{}

{$ x_{CO_2,4} = 0.1415 $} $\text{ }$\newline{}

{$ x_{(NH_4)_2SO_3,4} = 0.04697 $} $\text{ }$\newline{}

{$ x_{I} = 1 - \Sigma \mbox{ (other components) } = 0.6606 $}
}
\subsubsection{Stream 3}
\label{162}

Now that we have completely specified the composition of stream 4, it is possible to go back and find the compositions of stream 3 using the extents of reaction and feed composition. Although this is not necessary to answer the problem statement, it should be done, so that we can then test to make sure that all of the numbers we have obtained are consistent.
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\chapter{Multiple-{}phase systems, introduction to phase equilibrium}

\myminitoc
\label{163}


\label{164}\section{What IS an ideal gas?}
\label{165}

Recall from general chemistry that the volume, pressure, temperature, and moles of a gas in a closed system can be related by the following equation, which is referred to as the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries ideal gas law}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]:

\LaTeXZeroBoxTemplate{{$ PV = nRT $}}

R is referred to as the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Universal Gas Constant}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], and it has the following values for different units of P, V, n, and T:

{$ R = 0.0821 \frac{L*atm}{mol*K} = 8.31 \frac{J}{mol*K} = 8.31 \frac{Pa*m^3}{mol*K} $}

One thing that may have been de-{}emphasized in an introductory chemistry course is the fact that {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape gasses do not always follow this law}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. In fact, they only do under very special circumstances.
\subsection{Theoretical background on the ideal gas law}
\label{166}

The ideal gas law relies on several rather strong assumptions about the nature of gasses, which make up the classical \myhref{https://en.wikibooks.org/wiki/General\%20Chemistry\%2FKinetic\%20Theory\%20of\%20Gases}{Kinetic Theory of Gases}. These assumptions are:

\begin{myenumerate}
\item{}  That gas molecules do not interact with each other whatsoever.
\item{}  That all collisions between molecules and each other or with the walls of the container are completely {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries elastic}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], meaning the mean kinetic energy of the molecules stays the same.
\item{}  That gas molecules are very small compared to the distance between them.
\end{myenumerate}


There are several other assumptions as well, but these will suffice to explain why deviations occur.
\subsection{Important facts about ideal gasses}
\label{167}

Ideal gasses are nice because they have several properties that make them relatively easy and useful to work with:

\begin{myenumerate}
\item{}  A mixture of ideal gasses is also an ideal gas. Therefore, you can use the ideal gas law on the entire mixture or on any of its components without loss of validity.
\item{}  The {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Partial Pressure}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of a component in an ideal gas mixture is related to the total pressure by the equation {$ P_A = x_A*P$} where {$ x_A $} is the mole fraction of component A in the mixture.
\item{}  The ideal gas equation, if it is valid, is independent of the properties of the gas. Therefore, there is no need to look up or measure gas-{}specific parameters, all you need to know is 3 of the unknowns (P,V,T, and n) and you can solve for the fourth one.
\item{}  The enthalpy and entropy of an ideal gas only depend on temperature (not pressure or volume).
\item{}  Many gasses are close to ideal at low pressures and high temperatures. Therefore it can be used as a realistic {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries reference state}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] to which a real gas can be compared.
\end{myenumerate}


There are many other useful properties of ideal gasses that will be discussed in thermodynamics.
\subsection{Deviations at high pressure}
\label{168}

Suppose that you have water vapor in a small water bottle. What happens when you apply pressure to that vapor by shrinking the volume? If you apply more pressure to the bottle, the gas molecules within become closer and closer together. However, the closer molecules of a substance are to one another, the larger the \myhref{https://en.wikipedia.org/wiki/dispersion\%20forces}{dispersion forces} (and polar forces, if applicable) are between them. Eventually, the dispersion forces become significant, and the kinetic theory of gasses as stated above is no longer valid. Therefore, the ideal gas law no longer applies, or becomes a rough estimate at best.

At very high pressures, a vapor might even condense into a liquid, which would also invalidate the use of the law.
\subsection{Deviations at low temperature}
\label{169}

By definition of temperature, when the temperature of a substance decreases, this indicates a lower average kinetic energy of the molecules of that substance. Molecules with less kinetic energy also have less momentum, and therefore are more easily swayed by dispersion forces from other molecules and by gravity. Eventually, the temperature might become low enough that the forces from other molecules cause significant deviations in the path of a molecule, and in this case the ideal gas law becomes less valid.

As with pressure, a very low temperature can cause a gas to condense.
\subsection{Rule of thumb for use of the ideal gas law}
\label{170}

Due to the above two discussions, we can claim that {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries the ideal gas law is a decent assumption at high temperatures and low pressures, but should not be used outside that realm}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\section{The Idea of Equations of State}
\label{171}

The ideal gas law is not the only way to express relationships between system properties. There are an infinite number of possible ways that you {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape could}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] propose to correlate system variables, although thermodynamics provides some guidelines regarding how many variables to correlate and what types of correlations we should look for. In particular, it is most useful to correlate relationships between {\bfseries \myhref{https://en.wikipedia.org/wiki/state\%20variables}{\allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries state variables}}, for which changes in the properties do not depend on how the change occurred.

Any equation that relates state variables is called an {\bfseries \myhref{https://en.wikipedia.org/wiki/equation\%20of\%20state}{\allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries equation of state}}. The most commonly-{}used equations of state relate the variables P, T, V, and n (pressure, temperature, volume, and number of moles) since they are all measurable variables whereas many other possible variables are not directly measurable (such as \myhref{https://en.wikipedia.org/wiki/enthalpy}{enthalpy}, which will be discussed later).
\section{Compressibility}
\label{172}

There is a highly useful quantity for describing how much a gaseous system deviates from ideality, which is called the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries compressibility}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the gas. The compressibility Z is defined as:

\LaTeXZeroBoxTemplate{{$ Z = \frac{P*V}{n*R*T} $} }

For an ideal gas, since {$ PV = nRT $}, {$ Z = 1 $}. Therefore, {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries any deviation of the compressibility from 1 is a nonideality}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].

The compressibility of a liquid is very small, due to a small volume per mole of substance compared to that of a gas.
\subsection{Ideal Gas Law Extension}
\label{173}

One use of the compressibility is that it allows a simple extension of the ideal gas law, which is completely general.

\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Real-{}Gas Extension to the Ideal Gas Law}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

{$ PV = nRTZ $} }

Unfortunately, Z is not a constant for any material, but changes with pressure and temperature. However, in a later section you will learn a technique called the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries generalized compressibility method}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] with which you can estimate the value of Z for {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape any}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] substance, given certain data. Once it is known, this extension can be used to calculate an unknown system property.
\section{Alternatives to the ideal gas law 1: Van der Waals Equation}
\label{174}

One of the oldest equations that was developed to take non-{}ideality into account is called the {\bfseries \myhref{https://en.wikipedia.org/wiki/Van\%20der\%20Waals\%20equation}{\allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Van der Waals Equation}}, which has two substance-{}dependent parameters. One takes into account the interactions between particles, and the other the fact that particles have volume, sometimes substantial.

The Van der Waals equation is as follows:

\LaTeXZeroBoxTemplate{{$\left(p + \frac{n^2 a}{V^2}\right)\left(V-nb\right) = nRT$} where a and b depend on the gas being analyzed}

A list of values for a and b can be found on Wikipedia at \myhref{https://en.wikipedia.org/wiki/Van\%20der\%20Waals\%20constants\%20\%28data\%20page\%29}{this page}.

The Van der Waals equation is significantly more accurate than the ideal gas law and can be used to crudely predict when a gas will condense. However, it is not sufficiently accurate for many industrial purposes, and therefore other methods have been sought since then.
\section{Alternatives to the ideal gas law 2: Virial Equation}
\label{175}

The Virial equation is an equation which has a potentially infinite number of parameters that depend on the properties of the substances involved. It is important because it can be shown to be a valid extension to the ideal gas law using statistical theories (whereas the other equations of state have been derived semi-{}empirically).

The virial equation can take several forms, depending on the data one has available. The one in terms of molar volume is:

{$Z = \frac{PV_m}{RT} = 1 + \frac{B}{V_m} + \frac{C}{V_m^2} + \frac{D}{V_m^3} + \dots$}

where {$ V_m $} is the molar volume, which is the same as {$ \frac{V}{n} $}
\section{Alternatives to the ideal gas law 3: Peng-{}Robinson equation}
\label{176}

One of the more modern equations of state is the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Peng-{}Robinson}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] equation, which is most useful for describing nonpolar molecules such as hydrocarbons or nitrogen. The Peng-{}Robinson equation has two parameters like the Van der Waals equation, but unlike the latter, one of the parameters is not constant; it depends on the temperature of the system as well as the properties of the substance inside.
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\label{178}

Many processes in chemical engineering do not only involve a single phase but a combination of two immiscible liquids, or a stream containing both gas and liquid. It is very important to recognize and be able to calculate when these phases are in {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries equilibrium}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] with each other, and how much is in each phase. This knowledge will be especially useful when you study separation processes, for many of these processes work by somehow distorting the equilibrium so that one phase is especially rich in one component, and the other is rich in the other component.

More specifically, there are three important criteria for different phases to be in equilibrium with each other:

\begin{myenumerate}
\item{}  The {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries temperature}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the two phases is the same at equilibrium.
\item{}  The {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries partial pressure}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of every component in the two phases is the same at equilibrium.
\item{}  The {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Gibbs free energy}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of every component in the two phases is the same at equilibrium.
\end{myenumerate}


The third criteria will be explored in more depth in another course; it is a consequence of the first two criteria and the second law of thermodynamics.
\section{Single-{}Component Phase Equilibrium}
\label{179}

If there is only a single component in a mixture, there is only a single possible temperature (at a given pressure) for which phase equilibrium is possible. For example, water at standard pressure (1 atm) can {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape only}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] remain in equilibrium at 100°C. Below this temperature, all of the water condenses, and above it, all of the water vaporizes into steam.

At a given temperature, the unique {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape atmospheric}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] pressure at which a pure liquid boils is called its {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries vapor pressure}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Students may benefit from conceptualizing vapor pressure as the minimum pressure required to keep the fluid in the liquid phase. If the atmospheric pressure is higher than the vapor pressure, the liquid will not boil. Vapor pressure is strongly temperature-{}dependent. Water at 100°C has a vapor pressure of 1 atmosphere, which explains why water on Earth (which has an atmosphere of about 1 atm) boils at 100°C. Water at a temperature of 20°C(a typical room temperature) will only boil at pressures under 0.023 atm, which is its vapor pressure at that temperature.
\section{Multiple-{}Component Phase Equilibrium: Phase Diagrams}
\label{180}
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\subsection{Bubble Point and Dew Point}
\label{181}
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The names imply which one is which:

\begin{myenumerate}
\item{}  The bubble point is the point at which the first drop of a liquid mixture begins to vaporize.
\item{}  The dew point is the point at which the first drop of a gaseous mixture begins to condense.
\end{myenumerate}
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\subsubsection{Txy and Pxy diagrams}
\label{182}

The easier of the two diagrams to calculate (but sometimes harder to grasp intuitively) is the Pxy diagram, which is shown below for an idealized Benzene-{}Toluene system:



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/20.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{20}
\end{minipage}\vspace{0.75cm}



In order to avoid getting confused about what you\textquotesingle{}re looking at, think: what causes a liquid to vaporize? Two things should come to mind:

\begin{myitemize}
\item{}  Increasing the temperature
\item{}  Decreasing the pressure
\end{myitemize}
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\LaTeXNOTETemplate{You may be tempted to try and memorize something like {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape the dew point line is on the bottom in a Pxy diagram and on the top in a Txy diagram}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This is, however, strongly discouraged, as you will very likely become confused if you depend on this type of memorizing. Instead think: {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries which half of the graph will contain liquid and which half will be vapor?}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Then use the definitions of \symbol{34}dew\symbol{34} and \symbol{34}bubble\symbol{34} points to determine which line is which.}{}

Now that we have this curve, what can we do with it? There are several critical pieces of information we can gather from this graph by simple techniques, which have complete analogies in the Txy diagram. First, note that the two lines intersect at {$ x_{Benzene} = 0 $} and at {$ x_{Benzene} = 1 $}. These intersections are the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape pure-{}component vapor pressures}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] at {$ T = 20^oC $}, since a pure component boils at its vapor pressure. 

We can determine, given the mole fraction of one component and a pressure, whether the system is gas, liquid, or two-{}phase, which is critical information from a design standpoint. For example, if the Benzene composition in the Benzene-{}Toluene system is 40\% and the pressure is 25 mmHg, the entire mixture will be vapor, whereas if the pressure is raised to 50 mmHg it will all condense. The design of a flash evaporator at 20oC would require a pressure between about 30 and 40 mmHg (the 2-{}phase region).

We can also determine the composition of each component in a 2-{}phase mixture, if we know the overall composition and the vapor pressure. First, start on the x-{}axis at the overall composition and go up to the pressure you want to know about. Then from this point, go left until you reach the bubble-{}point curve to find the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape liquid}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] composition, and go to the right until you reach the dew-{}point curve to find the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape vapor}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] composition. See the below diagram.
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This method \symbol{34}works\symbol{34} because the pressure must be constant between each phase while the two phases are in equilibrium. The bubble and dew compositions are the only liquid and vapor compositions that are stable at a given pressure and temperature, so the system will tend toward those values.

Another useful rule is the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries lever rule}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] which can be used to calculate the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape percentage of all the material}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] that is in a given phase (as opposed to the composition of the vapor). The lever rule equation is \myplainurl{http://www.soton.ac.uk/~pasr1/tielines.htm}:

\LaTeXZeroBoxTemplate{{$ \%Liquid = \frac{D2}{D1 + D2} $}}
-{} Lever Rule

and therefore,

{$ \%Vapor = \frac{D1}{D1 + D2} $}.

The phase whose percent you\textquotesingle{}re calculating is simply the one which you are going {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape away}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] from for the line segment in the numerator; for example, D2 is going from the point of interest to the vapor phase, so if D2 is in the numerator then you\textquotesingle{}re calculating percent of liquid.

Txy diagrams have entirely analogous rules, but just be aware that the graph is \symbol{34}reversed\symbol{34} somewhat in shape. It\textquotesingle{}s somewhat harder to calculate even in an ideal case, requiring an iterative solution, but is more useful for isobaric (constant-{}pressure) systems and is worth the effort. The extreme ends of the txy diagram are the boiling temperatures of pure toluene (xb = 0) and benzene (xb = 1) at 760 mmHg.
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\subsubsection{VLE phase diagram summary}
\label{183}

To summarize, here\textquotesingle{}s the information you can directly garner from a phase diagram. Many of these can be used for {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape all}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] types of phase diagrams, not just VLE.

\begin{myenumerate}
\item{}  You can use it to tell you what phase(s) you are in at a given composition, temperature, and/or pressure.
\item{}  You can use it to tell you what the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape composition}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of each phase will be, if you\textquotesingle{}re in a multiphase region.
\item{}  You can use it to tell you how {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape much}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the original solution is in each phase, if you\textquotesingle{}re in a multiphase region.
\item{}  You can use it to gather some properties of the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape pure materials}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] from the endpoints (though these are usually the best-{}known of all the mixture properties).
\end{myenumerate}


This data is invaluable in systems design which is why you\textquotesingle{}ll be drilled with it before you graduate.
\section{Raoult\textquotesingle{}s Law: the Simplest Case}
\label{184}

The simplest case (by far) to analyze occurs when an {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries ideal solution}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is in equilibrium with an ideal gas. This is potentially a good approximation when two very similar liquids (the archetypal example is benzene and toluene) are dissolved in each other. It is also a good approximation for {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries solvent}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] properties (NOT solute properties; there is another law for that) when a very small amount of a solute is dissolved.

In an ideal liquid, the pressure exerted by a certain component on the gas is proportional to the vapor pressure of the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape pure liquid}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. The only thing that may prevent the liquid from exerting this much pressure is the fact that another component is present. Therefore, the partial pressure of the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape liquid component}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] on the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape gas component}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is:

{$ P_A = x_A*P_A^* $}

where {$ P_A^* $} is the vapor pressure of pure component A.

\LaTeXNOTETemplate{For all VLE equations, {$ x_A $} denote a mole fraction of component A in {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries liquid phase}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], and {$ y_A $} is the mole fraction of component A in {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries vapor phase}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].}{}

Recall that the partial pressure of an ideal gas in a mixture is given by:

{$ P_A = y_A*P $}

Therefore, since the partial pressures must be equal at equilibrium, we have the Raoult\textquotesingle{}s Law equation for each component:

\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Raoult\textquotesingle{}s Law for component A}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

{$ y_A*P = x_A*P_{A}^* $} }
\subsection{Vapor Pressure Correlations}
\label{185}

Unfortunately, life isn\textquotesingle{}t that simple even when everything is ideal. Vapor pressure is not by any stretch of the imagination a constant. In fact, it has a very strong dependence on temperature. Therefore, people have spent a good deal of time and energy developing correlations with which to predict the vapor pressure of a given substance at any reasonable temperature.

One of the most successful correlations is called the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Antoine Equation}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], which uses three coefficients, A, B, and C, which depend on the substance being analyzed. The Antoine Equation is as follows.

\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Antoine Equation}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

{$ log(P_A^*) = A - \frac{B}{T+C} $}}

\LaTeXNOTETemplate{In the external link provided in the appendix, the logarithm is to base 10, T is in degrees Celsius, and P* is in mmHg. Other sources use different forms (for example, natural log or P* in bars) so be wary.}{}
\subsection{Bubble Point and Dew Point with Raoult\textquotesingle{}s Law}
\label{186}
\subsubsection{Key concept}
\label{187}
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\subsubsection{Bubble Point}
\label{188}

Recall that the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries dew point}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of a solution is the set of conditions (either a temperature at constant pressure or a pressure at constant temperature) at which the first drops of a vapor mixture begin to condense. 

Let us first consider how to calculate the bubble point (at a constant temperature) of a mixture of 2 components A and B, assuming that the mixture follows Raoult\textquotesingle{}s Law under all conditions. To begin, write Raoult\textquotesingle{}s Law for each component in the mixture.

{$ y_A*P = x_A*P_{A}^* $}

{$ y_B*P = x_B*P_{B}^* $}

We can add these two equations together to yield:

{$ P(y_A + y_B) = P_A^*x_A + P_B^*x_B $}

Now since {$ y_A $} and {$ y_B $} are mole fractions and A and B are the only components of the mixture, {$ y_A + y_B = 1 $}. In addition, recall that since we are considering the bubble point, the liquid composition is essentially equal to the overall composition. Therefore, {$ x_A = z_A $} and {$ x_B = z_B $}.

\LaTeXNOTETemplate{This is only true at the bubble point, not in general.}{}

Hence we have the following equation valid at the bubble point for an ideal equilibrium:
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{$ P = z_A*P_A^* + z_B*P_B^*$}}

Therefore, if the temperature and overall composition are known, the bubble pressure can be determined directly. 

If the pressure is held constant and the bubble point temperature is required, it is necessary to calculate the temperature by an iterative method. The temperature dependence is contained in the Antoine equation for vapor pressure of each component. One method to solve for the temperature is to:

\begin{myenumerate}
\item{}  Guess a temperature
\item{}  Use the guess and the Antoine equation to calculate the vapor pressure of each component in the mixture.
\item{}  Calculate an equilibrium pressure using the bubble point pressure equation.
\item{}  If the calculated pressure does not equal the known pressure, it is necessary to change the temperature and try again.
\end{myenumerate}


This process is ideally suited to spreadsheet functions such as Excel\textquotesingle{}s \symbol{34}goalseek\symbol{34} routine. An example calculation will be shown in the next section.

If there is more than one component, a similar derivation yields the following:
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{$ P = \Sigma (z_i * P_i^*) $} (summed over all components i) }
\subsubsection{Dew Point}
\label{189}

The Dew Point calculation is similar, although the equation that results from the derivation is somewhat more complex. The starting point is the same: assume that Raoult\textquotesingle{}s Law applies to each component.

{$ y_A*P = x_A*P_{A}^* $}

{$ y_B*P = x_B*P_{B}^* $}

Now we want to eliminate the liquid compositions in a similar manner to how we eliminated the vapor compositions in the previous derivation. To do this we need to divide by the vapor pressures:

{$ \frac{y_A*P}{P_A^*} = x_A $}

{$ \frac{y_B*P}{P_B^*} = x_B $}

Adding the equations and recalling that {$ x_A + x_B = 1 $}, we have:

{$ \frac{y_A*P}{P_A^*} + \frac{y_B*P}{P_B^*} = 1 $}. 

Since this is the dew point, the gas-{}phase composition is essentially the overall composition, and therefore we have the following dew point equation:
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{$\frac{1}{P} = \frac{z_A}{P_A^*} + \frac{z_B}{P_B^*} $}}

\LaTeXNOTETemplate{This is only valid at the dew point, just as the other equation was only valid at the bubble point.}{}

For multiple components, the equation is similarly:
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{$ \frac{1}{P} = \Sigma ( \frac{z_A}{P_A^*} ) $}}
\subsection{Phase Diagrams Resulting from Raoult\textquotesingle{}s Law}
\label{190}

By holding one variable constant, varying a second, and calculating the other two, it is possible to calculate a phase diagram from Raoult\textquotesingle{}s Law. Typical Pxy and Txy diagrams derived from Raoult\textquotesingle{}s Law were shown in the previous section for the benzene-{}toluene system.
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\section{Non-{}ideal VLE}
\label{191}

Deviations from Raoult\textquotesingle{}s Law occur because not all solutions are ideal, nor are all gas mixtures. Therefore, methods have been developed in order to take these nonidealities into account.
\subsection{Henry\textquotesingle{}s Law}
\label{192}
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For a dilute component A, {$ P_A = H_A*x_A $} $\text{ }$\newline{}

where {$ H_A $} is a constant and {$ x_A $} is the liquid-{}phase mole fraction of A }
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\LaTeXNOTETemplate{If Henry\textquotesingle{}s Law applies to one component of a two-{}component mixture, the other component is often concentrated enough for Raoult\textquotesingle{}s Law to apply to a reasonable approximation. Therefore, for a mixture of components A and B, where A is dilute and B is concentrated, a system similar to the following is common:

{$ y_A*P = x_A*H_A $} $\text{ }$\newline{}

{$ y_B*P = x_B*P_B^* $}}{}

Henry\textquotesingle{}s Law constants are generally very small, and are most useful when the concentration is less than 10\% (depending on how accurate you want it, the concentration may need to be less than this).
\subsection{Excess Gibbs Energy}
\label{193}
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The residual Gibbs energy is based on the ideal gas and is defined as follows:
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{$ G^R = G_{real} - G_{\mbox{ideal gas}} $}}
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\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Excess Gibbs Energy definition (for a liquid phase)}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] $\text{ }$\newline{}

{$ G^E = G_{real} - G_{\mbox{ideal solution}} $} }
\subsection{Activity Coefficients}
\label{194}

The activity coefficient takes into account variation from Raoult\textquotesingle{}s Law due to {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries liquid}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] excess Gibbs energy. It may be defined as:

\LaTeXZeroBoxTemplate{{$ln \gamma_i = \frac{G^E_i}{RT} $}}

where {$ \gamma $} is a composition-{}dependent value which is also different for each component. It therefore is a measure of the effect of each component in contributing to the nonideality of the mixture. 

Raoult\textquotesingle{}s Law can be extended using activity coefficients as follows:
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{$y_A*P = x_A*P_A^* * \gamma_i$}}

The extended Raoult\textquotesingle{}s law may be used to calculate activity coefficients: the vapor pressure and equilibrium composition are measured at a low pressure (to avoid gaseous nonideality). Then, since the activity coefficient is only weakly dependent on pressure (liquid properties often change very little with pressure), the same values of the activity coefficient may be used at higher pressures to aid in determining the change in equilibrium properties.

Once activity coefficients are determined at a wide variety of concentrations, it is often desired to condense the information into one equation. See \myhref{http://www.iupac.org/publications/pac/1995/pdf/6706x0859.pdf}{this publication} for an interesting read on this topic, though it will probably make more sense after you take thermodynamics, it offers a good description of what you will see.

\LaTeXNOTETemplate{The definition of the activity coefficient implies that an ideal solution will have an activity coefficient equal to 1 (since its excess Gibbs energy is 0). Thus for an ideal solution the equilibrium equation reduces back to Raoult\textquotesingle{}s law.}{}
\subsection{Fugacity Coefficients}
\label{195}

The {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries fugacity coefficient}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of a gas is defined in a similar way to the activity coefficient, but it is based on the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape residual}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Gibbs energy:

\LaTeXZeroBoxTemplate{{$ln \phi_i = \frac{G^R_i}{RT} $}}

The fugacity coefficient of a gas depends on temperature, as can be seen clearly from the definition. It also depends heavily on the pressure. Indeed, if you have data available that relates the compressibility of a pure gas, Z, as a function of pressure at constant temperature, the fugacity can be computed using calculus or estimated (roughly) using the following equation if the change in pressure between each set of points is constant:

{$ ln \phi_i = \Delta P\Sigma( \frac{Z_k - 1}{P_k} ) $}

where \symbol{34}k\symbol{34} referring to a data point

\LaTeXNOTETemplate{Since the compressibility ({$ Z_k $}) of an ideal gas is 1 regardless of what the pressure is, the fugacity coefficient of an ideal gas is 1 as well. Therefore, like the activity coefficient, the fugacity coefficient provides us with a measure of how nonideal a given gas or mixture of gasses is.}{}

To do this calculation, {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries it is necessary to extrapolate so that the first data point is taken at P = 0.}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. 

\LaTeXDoubleBoxTemplate{Example:}{Given the following data:
\\

\TemplateSpaceIndent{$\text{ }${}P$\text{ }${}(atm)$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}Z$\text{ }$\newline{}
$\text{ }${}0.1$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.98$\text{ }$\newline{}
$\text{ }${}0.2$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.96$\text{ }$\newline{}
$\text{ }${}0.3$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.95}


Calculate the fugacity coefficient at 0.2 atm and 0.3 atm.

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Solution}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: It is necessary to first extrapolate to zero pressure:

{$ P=0 \rightarrow Z~1.0 $}

Then insert the data into the formula:

{$ ln \phi_i = (0.2 - 0.1)* ( \frac{0.98 - 1}{0.1} + \frac{0.96-1}{0.2}) $} }

\LaTeXNullTemplate{}

Raoult\textquotesingle{}s law can be modified to account for nonideal gasses in a similar way to its modification for nonideal liquids:
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{$ \phi_i*y_i*P=\gamma_i*x_i*P_i^* $}}

This equation is true except at very high pressures, a case covered in \myhref{http://web.mit.edu/10.213/www/handouts/vle.pdf}{this paper} briefly.
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\label{196}\section{Critical Constants}
\label{197}

At room temperature (about 298K), it is possible to add enough pressure to carbon dioxide to get it to liquify (some fire extinguishers work by keeping liquid carbon dioxide in them under very high pressure, which rapidly vaporizes when the pressure is relieved \myfootnote{ \myfnhref{http://home.howstuffworks.com/fire-extinguisher2.htm}{how fire extinguishers work} }. However, if the temperature is raised to higher than 304.2 K, it will be {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape impossible}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] to keep carbon dioxide in a liquid form, because it has too much kinetic energy to remain in the liquid phase. {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries No amount of pressure can turn carbon dioxide into a liquid if the temperature is too high}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].

This threshold temperature is called a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries critical temperature}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Any pure stable substance (not just carbon dioxide) will have a single characteristic critical temperature. Pure stable substances will also have a single characteristic {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries critical pressure}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], which is the pressure needed to achieve a phase transition at the critical temperature, and a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries critical specific volume}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] which is the specific volume (volume per mass) of the fluid at this temperature and pressure.

Critical pressures are typically extremely large, ranging from 2.26 atm for helium to 218.3 atm for water \myfootnote{ see Wikipedia article on \myfnhref{https://en.wikipedia.org/wiki/Critical\%20temperature}{critical properties} }, and about 40 atm on average. Critical temperatures typically range from 5.26 K (for helium) to the high 600s K for some aromatic compounds.

A substance which is at a temperature higher than the critical temperature and a pressure higher than its critical pressure is called a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries supercritical fluid}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Supercritical fluids have some properties in common with gasses and some in common with liquid, as may be expected since it they are not observed to be liquid but would be expected to be liquefied at extreme pressures.
\section{Law of Corresponding States}
\label{198}

Recall from the last section that the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape compressibility}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of any substance (but most useful for gasses) is defined as:

{$ Z=\frac{P*\hat{V}}{RT} $}

The compressibility of a gas is a measure of how non-{}ideal it is; an ideal gas has a compressibility of 1. At the critical point, in particular, the compressibility is:

\LaTeXZeroBoxTemplate{{$ Z_C = \frac{ P_c*\hat{V}_c}{R*T_c} $}}

Critical constants are important because it has been found experimentally that the following rule is true for many substances:
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Many substances behave in similar manners to each other depending on how far the system conditions are from the critical temperature and pressure of the substance. In particular, the compressibility of a substance is strongly correlated to its variance from the critical conditions.}

It has been found experimentally that many substances have very similar compressibility at their critical point. \myplainurl{http://www.kayelaby.npl.co.uk/chemistry/3_5/3_5.html}. {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Most nonpolar substances in particular have a critical compressibility of about 0.27.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] The similarity of the critical compressibility between substances is what gives some weight to the law of corresponding states. However, the fact that the critical compressibility is not exactly the same for all substances leads to potential estimation errors if this method is used.

The critical constants are able to effectively predict the properties of a substance without gathering a large amount of data. However, it is necessary to define {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape how}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] the properties of the substance change as the system variables become closer to or farther from the critical point of the substance. These methods are discussed in the following sections.
\subsection{Compressibility Charts}
\label{199}

Recall that many substances have similar critical compressibility values near 0.27. Therefore, charts have been developed which relate compressibility at other conditions to those at the critical point. In order to use these charts, the system parameters are {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape normalized}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] by dividing by the critical constants to yield {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries reduced temperature, pressure, and volume}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]:
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{$ T_r = \frac{T}{T_c} $}, {$ P_r = \frac{P}{P_c} $}, {$ \hat{V}_r = \frac{\hat{V}}{\hat{V}_c} $} }
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\label{200}\section{Problem 1}
\label{201}

\LaTeXExampleTemplate{A {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries flash evaporator}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is a unit operation in which a mixture enters a chamber at a given temperature and pressure, and the vapor and liquid phases that result are separated. Suppose that a mixture of 40\% furan and 60\% carbon tetrachloride (which is a nearly ideal mixture \myfootnote{ Smith, Van Ness, and Abbott. {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape Introduction to Chemical Engineering Thermodynamics}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. New York: McGraw Hill, 1996, p. 433. }  enters a flash evaporator at 0.7 atm and 30oC. Assuming that the mixture follows Raoult\textquotesingle{}s Law, find the compositions of the liquid and vapor streams that will exit. How much of the original mixture will be vaporized?}

\section{Problem 2}
\label{202}
\LaTeXExampleTemplate{Consider a process in which you want to separate the furan and carbon tetrachloride as much as possible.

a.  Repeat problem 1 at pressures of 0.6 atm, 0.5 atm, and 0.4 atm. What do you notice about the purity of the two streams? What do you notice about the amount of liquid and vapor.

b.  Consider a process in which half of the vapor stream is recycled (directly) to the flash evaporator. What is the effect on the composition of the liquid? On the composition of the vapor?

c.  What conclusions can you draw about the effectiveness of flash evaporators?}
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\chapter{Energy balances on non-{}reacting systems}

\myminitoc
\label{203}


\label{204}\section{General Balance Equation Revisited}
\label{205}

Recall the general balance equation that was derived for {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape any}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] system property:

{$ In - Out + Generation - Consumption = Accumulation $}

When we derived the mass balance, we did so by citing the law of conservation of mass, which states that the total generation of mass is 0, and therefore {$ Accumulation = In - Out $}.

There is one other major conservation law which provides an additional equation we can use: the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries law of conservation of energy}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. This states that if E denotes the entire amount of energy in the system, 

\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Law of Conservation of Energy}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] $\text{ }$\newline{}

{$ E_{in} - E_{out} = E_{accumulated} $} }
\section{Types of Energy}
\label{206}

In order to write an energy balance, we need to know what kinds of energy can enter or leave a system. Here are some examples (this is not an exhaustive list by any means) of the types of energy that can be gained or lost.

\begin{myenumerate}
\item{}  A system could gain or lose {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape kinetic energy}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], if we\textquotesingle{}re analyzing a moving system.
\item{}  Again, if the system is moving, there could be {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape potential energy}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] changes.
\item{}  {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape Heat}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] could enter the system via conduction, convection, or radiation.
\item{}  {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape Work}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (either {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries expansion work}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] or {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries shaft work}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]) could be done on, or by, the system.
\end{myenumerate}


The total amount of energy entering the system is the sum of all of the different types entering the system. Here are the expressions for the different types of energy:

\begin{myenumerate}
\item{}  From physics, recall that {$ KE = \frac{1}{2}mv^2 $}. If the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape system}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] itself is not moving, this is zero.
\item{}  The {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape gravitational}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] potential energy of a system is {$ GPE = mgh $} where g is the gravitational constant, m is mass in kg and h is the height of the center of mass of the system. If the system does not change height, there is no change in GPE.
\item{}  The heat entering the system is denoted by Q, regardless of the mechanism by which it enters (the means of calculating this will be discussed in a course on transport phenomenon). According to this book\textquotesingle{}s conventions, {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape heat entering a system is positive and heat leaving a system is negative}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], because the system in effect gains energy when heat enters.
\item{}  The work done by or on the system is denoted by W. {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape Work done BY a system is negative}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] because the system has to \symbol{34}give up\symbol{34} energy to do work on its surroundings. For example, if a system expands, it loses energy to account for that expansion. Conversely, {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape work done ON a system is positve}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\end{myenumerate}

\section{Energy Flows due to Mass Flows}
\label{207}

Accumulation of {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape anything}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is 0 at steady state, and energy is no exception. If, as we have the entire time, we assume that the system is at steady state, we obtain the energy balance equation:

{$ E_{in} = E_{out} $}

This is the starting point for all of the energy balances below.

Consider a system in which a mass, such as water, enters a system, such as a cup, like so:



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/23.jpg}
\end{center}
\raggedright{}\myfigurewithoutcaption{23}
\end{minipage}\vspace{0.75cm}



The mass flow into (or out of) the system carries a certain amount of energy, associated with how fast it is moving (kinetic energy), how high off the ground it is (potential energy), and its temperature (internal energy). It is possible for it to have other types of energy as well, but for now let\textquotesingle{}s assume that these are the only three types of energy that are important. If this is true, then we can say that the total energy carried {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape in the flow itself}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is:

{$ \dot{E}_i = (\frac{1}{2}\dot{m} v^2 + \dot{m} gh + \dot{U})_i $}

However, there is one additional factor that must be taken into account. {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries When a mass stream flows into a system it expands or contracts and therefore performs work on the system}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. An expression for work due to this expansion is:

{$ W_{exp} = P*\dot{V}_i $}

Since this work is done {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape on}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] the system, it enters the energy balance as a positive quantity. Therefore the total energy flow into the system due to mass flow is as follows:

{$ \dot{E}_i = (\frac{1}{2}\dot{m} v^2 + \dot{m} gh + \dot{U})_i + P*\dot{V}_i $}

Now, to simplify the math a little bit, we generally don\textquotesingle{}t use internal energy and the PV term. Instead, we combine these terms and call the result the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries enthalpy}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the stream. Enthalpy is just the combination of internal energy and expansion work due to the stream\textquotesingle{}s flow, and is denoted by the letter H:

\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Definition of enthalpy}$\text{ }$\newline{}
\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]
{$ H = U + PV $}}

Therefore, we obtain the following important equation for energy flow carried by mass:

\LaTeXZeroBoxTemplate{In stream i, if only KE, GPE, internal energy, and expansion work are considered,$\text{ }$\newline{}

the energy carried by mass flow is:$\text{ }$\newline{}

{$ \dot{E}_i = (\frac{1}{2}\dot{m} v^2 + \dot{m} gh + \dot{H})_i $}}

\LaTeXNOTETemplate{Kinetic energy and potential energy are generally very small compared to the enthalpy, except in cases of very rapid flow or when there are no significant temperature changes occurring in the system. Therefore, they are often neglected when performing energy balances.}{}
\section{Other energy flows into and out of the system}
\label{208}
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\begin{myitemize}
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\item{} If there are no mechanical parts connected to a system, and the system is not able to expand, then the work is essentially 0.
\end{myitemize}
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An \symbol{34}insulated system\symbol{34} is generally interpreted as being essentially adiabatic, though how good this assumption is depends on the quality of the insulation. A system that cannot expand is sometimes described as \symbol{34}rigid\symbol{34}.

The notation for these values are as follows:

\begin{myitemize}
\item{}  Heat flows: {$ \dot{Q}_j $}, at the \symbol{34}j\symbol{34}th location.
\item{}  Shaft work: {$ \dot{W}_s $}
\item{}  Expansion work: {$ P*\frac{\Delta{V}}{\Delta{t}} $}
\end{myitemize}


Note that the above implies that {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries there is no expansion work at steady state}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] because at steady state nothing about the system, including the volume, changes with time, i.e. {$\frac{\Delta{V}}{\Delta{t}} = 0 \mbox{ at steady state}$}.


\section{Overall steady -{} state energy balance}
\label{209}

If we combine all of these components together, remembering that heat flow into a system and work done {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape on}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] a system are positive,  we obtain the following:
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{$ \Sigma(\frac{1}{2}\dot{m}v^2 + \dot{m}gh + \dot{H})_{i,in}  - \Sigma(\frac{1}{2}\dot{m}v^2 + \dot{m}gh + \dot{H})_{i,out} + \Sigma \dot{Q}_j + \dot{W}_s = 0 $}}

Some important points:

\begin{myenumerate}
\item{}  If the system is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries closed AND at steady state}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] that means the total heat flow must equal the total work done in magnitude, and be opposite in sign. However, according to another law of thermodynamics, the second law, it is impossible to change ALL of the heat flow into work, even in the most ideal case.
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\end{myenumerate}
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\label{210}\section{What IS accumulation?}
\label{211}
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\subsection{Unsteady-{}state Mass Balance}
\label{212}

Lets begin the derivation of an unsteady-{}state mass balance with the general balance equation which you should know and love by now:

{$ In - Out + Generation = Accumulation $}

Substituting the terms we usually used for in, out, and generation, we obtain:

{$\Sigma \dot{m}_{i, in} - \Sigma \dot{m}_{i,out} + \dot{m}_{i,gen} = Accumulation $}
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The rate of accumulation of energy {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape will not be constant}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] unless it is zero (otherwise every reactor in the world would either blow up from excessive mass and energy buildup or would cease operating because all of the reactants and products would be drained out). Recall that if the accumulation reaches zero, the system is at steady state. Most systems tend to move towards a steady state (it is possible to have more than one set of steady state conditions, but it won\textquotesingle{}t be covered here) over long periods of time, as shown below:
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{$ Slope = \mbox{ Accumulation rate at time t} = \frac{M_{sys, t + \Delta t} - M_{sys,t}}{\Delta t} $}

Therefore we could write the following:

{$ Accumulation = \frac{M_{sys, t + \Delta t} - M_{sys,t}}{ \Delta t} $}

We then write our mass balance by substituting this accumulation into the mass balance above:

{$ \frac{ M_{sys, t + \Delta t} - M_{sys,t}}{ \Delta t} = \Sigma \dot{m}_{i,in} - \Sigma \dot{m}_{i,out} $}

For practical applications, this equation is generally multiplied by {$ \Delta t $}. Then, rather than dealing with flow rates, a new quantity is defined:

{$ \Delta m_i = \dot{m}_i * \Delta t $}

This quantity is the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape total amount of mass that enters the system in a finite amount of time}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Substituting this definition into the mass balance yields the following:
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{$ \Sigma \Delta m_{i,in} - \Sigma \Delta m_{i, out} + m_{i,gen} = M_{sys, t + \Delta t} - M_{sys, t} $}}


\LaTeXDoubleBoxTemplate{Example:}{A feed stream with {$ 50 \frac{kg}{h} $} of water and {$ 1 \frac{kg}{h} $} of ethanol enters a distillation column. A distillation column generally has two outlet streams called the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries bottoms}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] and the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries condensate}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. At steady state, the condensate is 12\% ethanol by mass and the total condensate flowrate is {$ 9 \frac{kg}{h} $}.

One day, the boss calls and says that she needs more production, so you turn up the feed to {$ 60 \frac{kg}{h} $}. Two hours later, the distillation column floods.

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries a.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] What was the cause of the flooding?

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries b.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Assuming that the total outlet mass flow rates remained the same throughout the process, what was the total mass accumulation in the column?

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries c.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Describe two methods by which the flow rates may be modified to reach a new steady state. Will the new steady state produce the same outlet concentrations as the old steady state? Explain. (hint: how is the separation effectiveness related to the ratio of the two outlet flowrates? You may need to do some research on this) }

\LaTeXNullTemplate{}
\subsection{Unsteady-{}state Energy Balance}
\label{213}

Lets start by examining what we have so far, but with the accumulation term (yet to be defined mathematically) added in the right side, since we\textquotesingle{}re not at steady state any more:

{$ \Sigma(\frac{1}{2}\dot{m}v^2 + \dot{m}gh + \dot{H})_{i,in}  - \Sigma(\frac{1}{2}\dot{m}v^2 + \dot{m}gh + \dot{H})_{i,out} + \Sigma \dot{Q}_j + \dot{W}_s = Accumulation $}

Following the logic from the mass balance, we obtain for the accumulation:

{$ \frac{E_{sys, t + \Delta t} - E_{sys,t}}{\Delta t} $}

Therefore, we have:

{$ \Sigma(\frac{1}{2}\dot{m}v^2 + \dot{m}gh + \dot{H})_{i,in}  - \Sigma(\frac{1}{2}\dot{m}v^2 + \dot{m}gh + \dot{H})_{i,out} + \Sigma \dot{Q}_j + \dot{W}_s = \frac{E_{sys, t + \Delta t} - E_{sys,t}}{\Delta t} $}

Like in the case of the mass balance, we can only consider the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries total}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] energy change over a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries total}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] amount of time using this equation. To do this, we multiply the entire equation above by the time change from some starting point to the point of interest.

Now we need some definitions:

\begin{myenumerate}
\item{}  {$ Q = \dot{Q}*\Delta t $} is the TOTAL heat flow over the time period.
\item{}  {$ W_s = \dot{W}_s * \Delta t $} is the TOTAL shaft work over the time period.
\item{}  {$ \dot{m}_i * \Delta t = \Delta m_i $} is the TOTAL mass flow into (or out of) the system due to stream i during the time period.
\item{}  {$ \dot{H}_i * \Delta t = H $} is the TOTAL enthalpy carried into (or out of) the system due to stream i during the time period.
\end{myenumerate}


The major assumption here is that {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries the enthalpies, heat flow rates, and shaft work on the left hand side of the equals sign must either be constant, or the average value over the whole time period must be used, in order for this equation to be valid}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Whether this assumption is valid or not depends on the situation (for example, it depends on whether the process feeding mass to your process is itself at steady state or not).

With these in mind, we multiply by delta t in order to obtain the following, {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries unsteady state}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] energy balance. 

\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Unsteady State Energy Balance}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] $\text{ }$\newline{}

{$ \Sigma(\frac{1}{2}\Delta{m}v^2 + \Delta{m}gh + {H})_{i,in}  - \Sigma(\frac{1}{2}\Delta{m}v^2 + \Delta{m}gh + {H})_{i,out} + \Sigma {Q}_j + {W}_s = {E_{sys, t + \Delta t} - E_{sys,t}} $}}

\LaTeXNullTemplate{}


\LaTeXAppendixTemplate{}\chapter{Useful Mathematical Methods}

\myminitoc
\label{216}


\label{217}\section{Mean and Standard Deviation}
\label{218}

A lot of the time, when you\textquotesingle{}re conducting an experiment, you will run it more than once, especially if it is inexpensive. Scientists run experiments more than once so that the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape random errors}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] that result from taking measurements, such as having to guess a length between two hash marks on a ruler, cancel themselves out and leave them with a more precise measurement. However, the question remains: how should you consolidate all of the data into something that\textquotesingle{}s more manageable to use?
\subsection{Mean}
\label{219}

Suppose you have n data points taken {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries under the same conditions}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] and you wish to consolidate them to as few as feasibly possible. One thing which could help is is to use some centralized value, which is in some way \symbol{34}between\symbol{34} all of the original data points. This, in fact, is called the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries mean}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]  of the data set.

There are many ways of computing the mean of a data set depending on how it is believed to be distributed. One of the most common methods is to use the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape arithmetic mean}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], which is defined as:

\LaTeXZeroBoxTemplate{{$ \bar{x} = \frac{\Sigma \hat{x}_k}{n}$}}

Other types of mean include the \myhref{https://en.wikipedia.org/wiki/Geometric\%20mean}{w:Geometric mean}, which should be used when the data are very widely distributed (ex. an exponential distribution) and the \symbol{34}log-{}mean\symbol{34} which occurs often in transport phenomena.
\subsection{Standard Deviation}
\label{220}

Having a value for the mean tells you what value the data points \symbol{34}cluster\symbol{34} around but it does not tell you how spread out they are from the center. A second statistical variable called the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries standard deviation}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is used for that. The standard deviation is essentially {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape the average distance between the data points and their mean}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. The distance is expressed as a squared distance in order to prevent negative deviations from lessoning the effect of positive deviations.

The mathematical formulation for the standard deviation {$ \sigma $} is:

\LaTeXZeroBoxTemplate{{$ \sigma^2 = \frac{\Sigma (\hat{x}_k - \bar{x})^2}{n-1} $} }

The denominator is n-{}1 instead of n because statisticians found that it gives better results for small numbers of experiments; see \myhref{https://en.wikipedia.org/wiki/Standard\%20deviation}{w:Standard deviation} for a more thorough explanation of this.
\subsection{Putting it together}
\label{221}

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries The standard deviation of a data set measured under constant conditions is a measure of how precise the data set is.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Because this is true, the standard deviation of a data set is often used in conjunction with the mean in order to report experimental results. Typically, results are reported as:

{$ \bar{x} \pm \sigma $}

If a distribution is assumed, knowing both the mean and standard deviation can help us to estimate the probability that the actual value of the variable is within a certain range, {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape if there is no systematic bias in the data}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. If there is (such as use of broken equipment, negligence, and so on) then no statistics could predict the effects of that.
\section{Linear Regression}
\label{222}

Suppose you have a set of data points ({$ \hat{x}_k, \hat{y}_k $}) taken {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries under differing conditions}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] which you suspect, from a graph, can be reasonably estimated by drawing a line through the points. Any line that you could draw will have (or can be written in) the following form:

{$ y = mx + b $} where m is the slope of the line and b is the y-{}intercept.

We seek the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape best}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] line that we could possibly use to estimate the pattern of the data. This line will be most useful for both interpolating between points that we know, and extrapolating to unknown values (as long as they\textquotesingle{}re close to measured values). In the most usual measure, how \symbol{34}good\symbol{34} the fit is is determined by the vertical distance between the line and the data points ({$ R_k $}), which is called the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries residual}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]:

{$ R_k = (m\hat{x}_k + b) - \hat{y}_k $}

In order to normalize the residuals so that they don\textquotesingle{}t cancel when one\textquotesingle{}s positive and one\textquotesingle{}s negative (and thus helping to avoid statistical bias), we are usually concerned with the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape square}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of {$ R_k $} when doing least-{}squares regression. We use squared terms and not absolute values so that the function is \myhref{https://en.wikipedia.org/wiki/differentiable}{differentiable}, don\textquotesingle{}t worry about this if you haven\textquotesingle{}t taken calculus yet.

In order to take into account {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape all}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the data points, we simply seek to minimize the sum of the squared residuals:

{$ \mbox{ minimize }\Sigma {R_k}^2 $}

Using calculus, we can take the derivative of this with respect to m and with respect to b and solve the equations to come up with the values of m and b that minimize the sum of squares (hence the alternate name of this technique: {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries least-{}squares regression}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. The formulas are as follows, where n is the total number of data points you are regressing{$\text{[}$}1{$\text{]}$}:

\LaTeXZeroBoxTemplate{{$ m^* = \frac{n*\Sigma(\hat{x}_k*\hat{y}_k)-\Sigma(\hat{x}_k)*\Sigma(\hat{y}_k)} {n*\Sigma(\hat{x_k}^2) - (\Sigma(\hat{x}_k))^2} $}}

\LaTeXZeroBoxTemplate{{$ b^* = \frac{\Sigma(\hat{y}_k) - m^{*}*\Sigma(\hat{x}_k)} {n} $}}
\subsection{Example of linear regression}
\label{223}

\LaTeXDoubleBoxTemplate{Example:}{Suppose you wanted to measure how fast you got to school by a less direct route than looking at the speedometer of your car. Instead, you look at a map and read the distances between each intersection, and then you measure how long it takes to go each distance. Suppose the results were as shown in the table below. How far from home did you start, and what is the best estimate for your average speed?}

\begin{longtable}{|>{\RaggedRight}p{0.40270\linewidth}|>{\RaggedRight}p{0.54016\linewidth}|} \hline 
{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} t(min) }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} D (yards)}\endhead  \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1.1 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 559.5\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1.9 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 759.5\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 3.0 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 898.2\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 3.8 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1116.3\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 5.3 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1308.7\\ \hline 
\end{longtable}


The first thing we should do with any data like this is to graph it and see if a linear fit would be reasonable. Plotting this data, we can see by inspection that a linear fit appears to be reasonable.



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/24.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{24}
\end{minipage}\vspace{0.75cm}



Now we need to compute all of the values in our regression formulas, and to do this (by hand) we set up a table:
{\scriptsize{}
\begin{longtable}{|>{\RaggedRight}p{0.15013\linewidth}|>{\RaggedRight}p{0.09940\linewidth}|>{\RaggedRight}p{0.11668\linewidth}|>{\RaggedRight}p{0.13396\linewidth}|>{\RaggedRight}p{0.15988\linewidth}|>{\RaggedRight}p{0.16852\linewidth}|} \hline 
{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Trial }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} t }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} t\^{}2 }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} D }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} D\^{}2 }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} t*D}\endhead  \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1.1 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1.21 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 559.5 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 313040 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 615.45\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 2 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1.9 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 3.61 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 759.5 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 576840 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1443.05\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 3 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 3.0 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 9.00 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 898.2 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 806763 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 2694.6\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 4 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 3.8 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 14.44 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1116.3 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1246126 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 4241.94\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 5 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 5.3 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 28.09 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1308.7 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1712695 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 6936.11\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} TOTAL &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 15.1 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 56.35 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 4642.2 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 4655464 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 15931.15\\ \hline 
\end{longtable}
}


Now that we have this data we can plug it into our linear regression equation:

{$  m^* = \frac{n*\Sigma(\hat{x}_k*\hat{y}_k)-\Sigma(\hat{x}_k)*\Sigma(\hat{y}_k)} {n*\Sigma(\hat{x_k}^2) - (\Sigma(\hat{x}_k))^2} $}

{$ = \frac{5* 15931.13 - 15.1*4642.2}{5*56.35 - (15.1)^2} $}

{$ = 177.9 \mbox{ } \frac{yard}{min} $}

So {$ b = \frac{\Sigma(\hat{y}_k) - m^{*}*\Sigma(\hat{x}_k)} {n} $}

{$ = \frac{4642.2 - 177.9*15.1}{5} = 391.2 \mbox{ yards} $}

Hence the equation for the line of best fit is:

\LaTeXZeroBoxTemplate{{$D=177.9*t+391.2 $}}

The graph of this plotted against the data looks like this:



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/25.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{25}
\end{minipage}\vspace{0.75cm}


\subsection{How to tell how good your regression is}
\label{224}

In the previous example, we visually determined if it would be reasonable to perform a linear fit, but it is certainly possible to have a less clear-{}cut case! If there is some slight curve to the data, is it still \symbol{34}close enough\symbol{34} to be useful? Though it will always come down to your own judgment after seeing the fit line graph against the data, there is a mathematical tool to help you called a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries correlation coefficient}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], r, which can be defined in several different ways. One of them is as follows {$\text{[}$}1{$\text{]}$}:

\LaTeXZeroBoxTemplate{{$ r = \frac{n*\Sigma( \hat{x}_k * \hat{y}_k ) - \Sigma(\hat{x}_k)*\Sigma(\hat{y}_k)} {\sqrt{n*\Sigma({\hat{x}_k}^2) - (\Sigma \hat{x}_k)^2} * \sqrt{n*\Sigma({\hat{y}_k}^2) - (\Sigma \hat{y}_k)^2}}$}}

It can be shown that this value always lies between -{}1 and 1. The closer it is to 1 (or -{}1), the more reasonable the linear fit. In general, the more data points you have, the smaller r needs to be before it\textquotesingle{}s a good fit, but a good rule of thumb is to look for high (higher than 0.85 or 0.9) values and then graph to see if the graph makes sense. Sometimes it will, sometimes it won\textquotesingle{}t, the method is not foolproof.

In the above example we have:

{$ r = \frac{5*15931.13 - 15.1*4642.2}{\sqrt{5*56.35-(15.1)^2}*\sqrt{5*4655464-(4642.2)^2}} $}

{$ r = 0.992 $}

Hence the data correlates very well with a linear model.
\section{Linearization}
\label{225}
\subsection{In general}
\label{226}

Whenever you have to fit a parameter or multiple parameters to data, it is a good idea to try to {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries linearize}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] the function first, because linear regression is much less intensive and more accurate than nonlinear regression. The goal with any linearization is to reduce the function to the form:

{$ Variable\mbox{ 1} = constant + constant*\mbox{ Variable 2} $}

The difference between this and \symbol{34}standard\symbol{34} linear regression is that Variable 1 and Variable 2 can be {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape any functions}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of x and y, as long as they are not combined in any way (i.e. you can\textquotesingle{}t have {$ln(x + y) $} as one variable). The technique can be extended to more than two variables using a method called \myhref{https://en.wikipedia.org/wiki/multiple\%20linear\%20regression}{w:multiple linear regression} but as that\textquotesingle{}s more difficult to perform, this section will focus on two-{}dimensional regression.
\subsection{Power Law}
\label{227}

To see some of the power of linearization, let\textquotesingle{}s suppose that we have two variables, x and y, related by a power law:

{$ y = A*x^b $}

where A and b are constants. If we have data connecting changes in y to changes in x, we would like to know the values of a and b. This is difficult to do if the equation is in its current form but we can change it into a linear-{}type function!

The trick here is we need to get rid of the exponent b, so in order to do that we take the natural log of both sides:

{$ ln\mbox{ y} = ln\mbox{ (A*x}^b) $}

Using laws of logarithms we can simplify the right-{}hand side to obtain the following:

\LaTeXZeroBoxTemplate{{$ y = A*x^b <-> ln\mbox{ y} = ln\mbox{ A} + b*ln\mbox{ x} $}}

The beauty of this equation is that it is, in a sense, linear. {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries If we graph ln(y) vs. ln(x) obtain a straight line with slope b and y-{}intercept ln(A)}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. 
\subsection{Exponentials}
\label{228}

Another common use of linearization is with exponentials, where x and y are related by an expression of the form:

{$ y = A*b^x $}

This works for any base but the most common base encountered in practice is Euler\textquotesingle{}s constant, e. Again, we take the natural log of both sides, in order to get rid of the exponent: 

\LaTeXZeroBoxTemplate{{$ y = A*b^x <-> ln \mbox{ y} = \ln{ A} + x* \ln{ b} $}}

This time, {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Graph ln y vs. x to obtain a line with slope ln(b) and y-{}intercept ln(A)}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\section{Linear Interpolation}
\label{229}

Often, when you look up properties on a chart, you will be looking them up at conditions in {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape between}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] two charted conditions. For example, if you were looking up the specific enthalpy of steam at {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries 10 MPa}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] and 430oC you would look in the steam tables and see something like this: {$\text{[}$}2{$\text{]}$}


\begin{center}

\begin{longtable}{|>{\RaggedRight}p{0.47264\linewidth}|>{\RaggedRight}p{0.47022\linewidth}|} \hline 
{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} T (oC) }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} H {$ (\frac{kJ}{kg}) $}}\endhead  \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 400 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 2832.4\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 450 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 2943.4\\ \hline 
\end{longtable}


\end{center}


How can you figure out the intermediate value for this? We can\textquotesingle{}t exactly but we can {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries assume that H(T) is a linear function}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. If we assume that it is linear, then we can easily find the intermediate value. First, we set up a table, including the unknown value like this:


\begin{center}

\begin{longtable}{|>{\RaggedRight}p{0.47264\linewidth}|>{\RaggedRight}p{0.47022\linewidth}|} \hline 
{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} T (oC) }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} H {$ (\frac{kJ}{kg}) $}}\endhead  \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 400 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 2832.4\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 430 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} x\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 450 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 2943.4\\ \hline 
\end{longtable}


\end{center}


Then since we\textquotesingle{}re assuming the relationship between T and H is linear, and the slope of a line is a constant {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape the slope between points 3 and 2 has to equal the slope between points 3 and 1}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. 

Therefore, we can write that:

{$ \frac{2943.4-x}{450-430} = \frac{2943.4-2832.4}{450-400} $}

Solving gives {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries x = 2899 kJ/kg}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

The same method can be used to find an unknown T for a given H between two tabulated values.
\subsection{General formula}
\label{230}

To derive a more general formula (though I always derive it from scratch anyways, it\textquotesingle{}s nice to have a formula), lets replace the numbers by variables ad give them more generic symbols:


\begin{center}

\begin{longtable}{|>{\RaggedRight}p{0.47178\linewidth}|>{\RaggedRight}p{0.47107\linewidth}|} \hline 
{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} x }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} y}\endhead  \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ x_1 $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ y_1 $}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ x^* $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ y^* $}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ x_2 $} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {$ y_2 $}\\ \hline 
\end{longtable}



\end{center}


Setting the slope between points 3 and 2 equal to that between 3 and 1 yields:

\LaTeXZeroBoxTemplate{{$ \frac{y2-y1}{x2-x1} = \frac{y2 - y^*}{x2 - x^*} $}}

This equation can then be solved for x* or y* as appropriate.  
\subsection{Limitations of Linear Interpolation}
\label{231}

It is important to remember that {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape linear interpolation is not exact}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. How inexact it is depends on two major factors:

\begin{myenumerate}
\item{}  What the real relationship between x and y is (the more curved it is, the worse the linear approximation)
\item{}  The difference between consecutive x values on the table (the smaller the distance, the closer almost any function will resemble a line)
\end{myenumerate}


Therefore, it is not recommended to use linear interpolation if the spaces are very widely separated. However, if no other method of approximation is available, linear interpolation is often the only option, or other forms of interpolation (which may be just as inaccurate, depending on what the actual function is).

See also \myhref{https://en.wikipedia.org/wiki/interpolation}{w:interpolation}.
\section{References}
\label{232}

{$\text{[}$}1{$\text{]}$}: Smith, Karl J. The Nature of Mathematics. Pacific Grove, California: Brooks/Cole Publishing company, 6e, p. 683

{$\text{[}$}2{$\text{]}$}: Sandler, Stanley I. Chemical, Biochemical, and Engineering Thermodynamics. University of Delaware: John Wiley and Sons, 4e, p. 923


\LaTeXNullTemplate{}


\label{233}\section{Basics of Rootfinding}
\label{234}

Rootfinding is the determination of solutions to single-{}variable equations or to systems of n equations in n unknowns (provided that such solutions exist). The basics of the method revolve around the determination of {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape roots}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

A {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries root}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of a function {$ F(x_1,x_2,...) $} in any number of variables is defined as the solution to the equation {$ F(x_1,x_2,...) = 0 $}. {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries In order to use any of the numerical methods in this section, the equation should be put in a specific form}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], and this is one of the more common ones, used for all methods except the iterative method.

However, it is easy to put a function into this form. If you start with an equation of the form:

{$ F_1(x_1,x_2,...) = F_2(x_1,x_2,...) $}

then subtracting {$ F_2 $} will yield the required form. {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape Do not forget to do this, even if there is only a constant on one side!}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]

\LaTeXDoubleBoxTemplate{Example:}{If you want to use the bisection method later in this section to find one of the solutions of the equation {$ 1 = x^2 $}, you should rewrite the equation as {$ 0 = x^2 - 1 $} so as to put it in the correct form. }

Since any equation can be put into this form, the methods can potentially be applied to any function, though they work better for some functions than others.
\section{Analytical vs. Numerical Solutions}
\label{235}

An {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries analytical}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] solution to an equation or system is a solution which can be arrived at exactly using some mathematical tools. For example, consider the function {$ y = ln(x) $}, graphed below.



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/26.\SVGExtension}
\end{center}
\raggedright{}\myfigurewithoutcaption{26}
\end{minipage}\vspace{0.75cm}



The root of this function is, by convention, when {$ y = 0 $}, or when this function crosses the x-{}axis. Hence, the root will occur when {$ ln(x) = 0 \rightarrow x = e^0 = 1 $}

The answer {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries x=1}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is an analytical solution because through the use of algebra, we were able to come up with an exact answer.

On the other hand, attempting to solve an equation like:

{$ -x = ln(x) $}

analytically is sure to lead to frustration because it is not possible with elementary methods. In such a case it is necessary to seek a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries numerical}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] solution, in which guesses are made until the answer is \symbol{34}close enough\symbol{34}, but you\textquotesingle{}ll never know what the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape exact}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] answer is.

All that the numerical methods discussed below do is give you a systematic method of guessing solutions so that you\textquotesingle{}ll be likely (and in some cases guaranteed) to get closer and closer to the true answer. The problem with numerical methods is that most are not guaranteed to work without a good enough {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape initial guess}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Therefore, it is valuable to try a few points until you get somewhere close and {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape then}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] start with the numerical algorithm to get a more accurate answer. They are roughly in order from the easiest to use to the more difficult but faster-{}converging algorithms.
\section{Rootfinding Algorithms}
\label{236}
\subsection{Iterative solution}
\label{237}

Iterative solutions in their purest form will solve the desired function so that it is in the form:

{$ x = f(x) $}

Then, a value for x is guessed, and f(x) is calculated. The new value of x is then re-{}inserted into f(x), and the process is repeated until the value of x changes very little.

The following example illustrates this procedure.

\LaTeXDoubleBoxTemplate{Example:}{Use an iterative solution to calculate the root of {$ x + ln(x) = 0 $}

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Solution}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: Solve the equation for x:

{$ e^{-x} = x $}

First we need to guess an x to get it started. Let\textquotesingle{}s try {$ x = 0.5 $}

Then we have:

{$ x = e^{-0.5} = 0.6065 $}

{$ x_2 = e^{-0.6065} = 0.5453 $}

{$ x_3 = e^{-0.5453} = 0.5796 $}

{$ x_4 = e^{-0.5796} = 0.5601 $}

{$ x_5 = e^{-0.5601} = 0.5711 $}

{$ x_6 = e^{-0.5711} = 0.5649 $}

{$ x_7 = e^{-0.5649} = 0.5684 $}

Thus to two decimal places the root is {$ x = 0.56 $}. More iterations could be performed to get a more accurate answer if desired.
}

This method has some rather severe limitations as we\textquotesingle{}ll see in this example:

\LaTeXDoubleBoxTemplate{Example:}{Repeat the above but this time solve for x a different way. What do you find?

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Solution:}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] To illustrate the point, let\textquotesingle{}s start with a guess of {$ x = 0.56 $}

The other way to solve for x is the more obvious way: {$ x = -ln(x) $}

{$ x = -ln(0.56) = 0.5798 $}

{$ x_2 = -ln(0.5798) = 0.5451 $}

{$ x_3 = -ln(0.5451) = 0.6068 $}

Clearly, even though we started with a very good guess, the solution is diverging!  }

This example shows that {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries the success of the iteration method strongly depends on the properties of the function on the right-{}hand side}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. In particular, it has to do with how large the slope of the function is at the root. If the slope is too large, the method will not converge, and even if it is small the method converges slowly. Therefore, it is generally undesirable to use this method, though some more useful algorithms are based on it (which is why it is presented here).
\subsection{Iterative Solution with Weights}
\label{238}

Although the iterative solution method has its downfalls, it can be drastically improved through the use of {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries averaging}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. In this method, the function is still solved for x in the form:

{$ x = f(x) $}

From the initial guess {$ x_0 $}, the function f(x) is used to generate the second guess {$ x_1 $}. However, rather than simply putting {$ x_1 $} into f(x), a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape weighted average}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of {$ x_0 $} and {$ x_1 $} is made:

{$ x_1(New)= \alpha*x_0 + (1-\alpha)*x_1(old) , 0 \le \alpha \le 1 $}

The term {$ \alpha $} is called the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries weight}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. The most common value of the weight is one-{}half, in which case the next value to plug into f(x) is simply the average of {$ x_0 $} and {$ x_1(old) $}:

\LaTeXZeroBoxTemplate{{$ x_1(New) = \frac{x_0 + x_1(Old)}{2} $}}

This new value is then plugged into f(x), averaged with the result, and this is repeated until convergence.

The following examples show that this method converges faster and with more reliability than normal iterative solution.

\LaTeXDoubleBoxTemplate{Example:}{Find the root of {$ x + ln(x) = 0 $} using the iterative method with a weight of {$ \alpha = \frac{1}{2} $}

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Solution}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: Let\textquotesingle{}s start with a guess of 0.5 like last time, and compare what happens this time from what happened with normal iteration.

{$ x_1 = e^{-0.5} = 0.6065 $}

{$ x_1(new) = \frac{0.5+0.6065}{2} = 0.5533 $}

{$ x_2 = e^{-0.5533} = 0.5751 $}

{$ x_2(new) = \frac{0.5533+0.5751}{2} = 0.5642 $}

{$ x_3 = e^{-0.5642} = 0.5688 $}

Here, after only three evaluations of the function (which usually takes the longest time of all the steps), we have the root to the same accuracy as {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries seven}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] evaluations with the other method!}

The method is not only faster-{}converging but also more stable, so that it can actually be used solving the equation the other way too.

\LaTeXDoubleBoxTemplate{Example:}{Starting with an initial guess of {$ x = 0.5 $} and using {$ x = -ln(x) $} and the weighted iteration method with {$ \alpha = \frac{1}{2} $}, find the root of the equation.

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Solution}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: Starting with {$ x_0 = 0.5 $} we have:

{$ x_1 = -ln(0.5) = 0.693 $}

{$ x_1(new) = \frac{0.693+0.5}{2} = 0.597 $}

{$ x_2 = -ln(0.597) = 0.517 $}

{$ x_2(new) = \frac{0.517+0.597}{2} = 0.557 $}

{$ x_3 = -ln(0.557) = 0.5856 $}

{$ x_3(new) = \frac{0.5856+0.557}{2} = 0.571 $}

{$ x_4 = -ln(0.571) = 0.560 $}

{$ x_4(new) = \frac{0.560 + 0.571}{2} = 0.565 $}

{$ x_5 = -ln(0.565) = 0.570 $}

Therefore we can (slowly) converge in this case using the weighted iteration method to the solution. }

Notice that in this case, if we use regular iteration the result only converged if the equation was solved in a certain way. Using weighted iteration, it is possible to solve it either way and obtain a solution, but one way is clearly faster than the other. However, weighting will accelerate the algorithm in most cases and is relatively easy to implement, so it is a worthwhile method to use.
\subsection{Bisection Method}
\label{239}

Let us consider an alternative approach to rootfinding. Consider a function f(x) = 0 which we desire to find the roots of. If we let a second variable {$ y = f(x) $}, then y will (almost always) change sign between the left-{}hand side of the root and the right-{}hand side. This can be seen in the above picture of {$ y = ln(x) $}, which changes from negative to the left of the root {$ x = 1 $} to positive to its right.

The bisection method works by taking the observation that a function changes sign between two points, and narrowing the interval in which the sign change occurs until the root contained within is tightly enclosed. This only works for a \myhref{https://en.wikipedia.org/wiki/continuous}{continuous} function, in which there are no jumps or holes in the graph, but a large number of commonly-{}used functions are like this including logarithms (for positive numbers), sine and cosine, and polynomials.

As a more formalized explanation, consider a function {$ y = f(x) $} that changes sign between {$ x = a $} and {$ x = b $} We can narrow the interval by:

\begin{myenumerate}
\item{}  Evaluating the function at the midpoint
\item{}  Determining whether the function changes signs or not in each sub-{}interval
\item{}  If the continuous function changes sign in a sub-{}interval, that means it contains a root, so we keep the interval. 
\item{}  If the function does not change sign, we discard it. This can potentially cause problems if there are two roots in the interval,so the bisection method is not guaranteed to find ALL of the roots.
\end{myenumerate}


Though the bisection method is not guaranteed to find {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape all}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] roots, it {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries is}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] guaranteed to find at least one if the original endpoints had opposite signs.

The process above is repeated until you\textquotesingle{}re as close as you like to the root.

\LaTeXDoubleBoxTemplate{Example:}{Find the root of {$ y = x+ln(x) $} using the bisection method

By plugging in some numbers, we can find that the function changes sign between {$ x = 0.5 $} {$(y = -0.193)$} and {$ x = 1 $} {$(y = 1) $}. Therefore, since the function is continuous, there must be at least one root in this interval.

\begin{myitemize}
\item{}  First Interval: {$ 0.5(-) < x < 1(+) $}
\item{}  Midpoint: {$ x = 0.75 $}
\item{}  y at midpoint: {$ y = 0.75 + ln(0.75) = 0.462 $} Therefore, the sign changes between 0.5 and 0.75 and does not between 0.75 and 1.
\item{}  New Interval: {$ 0.5(-) < x < 0.75(+) $}
\item{}  Midpoint: {$ x = 0.625 $}
\item{}  y at midpoint: {$ y = 0.155 $}
\item{}  New Interval: {$ 0.5(-) < x < 0.625(+) $}
\item{}  Midpoint: {$ x = 0.5625 $}
\item{}  y at midpoint: {$ y = -0.0129 $}

We could keep doing this, but since this result is very close to the root, lets see if there\textquotesingle{}s a number smaller than 0.625 which gives a positive function value and save ourselves some time.

\item{}  x Value: {$ x = 0.57 $}
\item{}  y value: {$ y = 0.00788 $}

Hence x lies between 0.5625 and 0.57 (since the function changes sign on this interval). 
\end{myitemize}
}

Note that convergence is slow but steady with this method. It is useful for refining crude approximations to something close enough to use a faster but non-{}guaranteed method such as weighted iteration.
\subsection{Regula Falsi}
\label{240}

The Regula Falsi method is similar the bisection method. You must again start with two x values between which the function f(x) you want to find the root of changes. However, this method attempts to find a better place than the midpoint of the interval to split it.It is based on the hypothesis that instead of arbitrarily using the midpoint of the interval as a guide, we should do one extra calculation to try and take into account the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape shape}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the curve. This is done by finding the secant line {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape between two endpoints}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] and using the root of that line as the splitting point.

More formally:

\begin{myitemize}
\item{}  Draw or calculate the equation for the line between the two endpoints (a,f(a)) and (b,f(b)). 
\item{}  Find where this line intersects the x-{}axis (or when y = 0), giving you x = c
\item{}  Use this x value to evaluate the function, giving you f(c)
\item{}  The sub-{}intervals are then treated as in the bisection method. If the sign changes between f(a) and f(c), keep the interval; otherwise, throw it away. Do the same between f(c) and f(b).
\item{}  Repeat until you\textquotesingle{}re at a desired accuracy.
\end{myitemize}


Use these two formulas to solve for the secant line y = mx + B:

\LaTeXZeroBoxTemplate{{$ m = \frac{f(b)-f(a)}{b-a} $}

{$ B = f(b)-m*b = f(a) - m*a $} (you can use either)}

The regula falsi method is guaranteed to converge to a root, but it may or may not be faster than the bisection method, depending on how long it takes to calculate the slope of the line and the shape of the function.

\LaTeXDoubleBoxTemplate{Example:}{Find the root of {$ x + ln(x) = 0 $} but this time use the regula falsi method.

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Solution}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: Be careful with your bookkeeping with this one! It\textquotesingle{}s more important to keep track of y values than it was with bisection, where all we cared about was the sign of the function, not it\textquotesingle{}s actual value.

For comparison with bisection, let\textquotesingle{}s choose the same initial guesses: {$ a = 0.5 $} and {$ b = 1 $}, for which {$ f(a) = -0.693 $} and {$ f(b) = 1 $}.

\begin{myitemize}
\item{}  First interval: {$ 0.5 < x < 1, -0.193(-) < f(x) < 1(+) $}
\item{}  Secant line: {$ y = 2.386x - 1.386 $}
\item{}  Root of secant line: {$ x = 0.581 $}
\item{}  Function value at root: {$ f(x) = 0.581 + ln(0.581) = 0.038(+) $}

Notice that in this case, we can discard a MUCH larger interval than with the bisection method (which would use {$ x = 0.75 $} as the splitting point)

\item{}  Second interval: {$ 0.5 < x < 0.581, -0.193(-) < f(x) < 0.038(+) $}
\item{}  Secant line: {$ y = 2.852x - 1.619 $}
\item{}  Root of secant line: {$ x = 0.5676 $}
\item{}  Function value at root: {$ f(x) = 0.0013 $}

We come up with practically the exact root after only two iterations! 
\end{myitemize}
}

In some cases, the regula falsi method will take longer than the bisection method, depending on the shape of the curve. However, it generally worth trying for a couple of iterations due to the drastic speed increases possible.
\subsection{Tangent Method (Newton\textquotesingle{}s Method)}
\label{241}

In this method, we attempt to find the root of a function y = f(x) using the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape tangent}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] lines to functions. This is similar to the secant method, except it \symbol{34}cuts loose\symbol{34} from the old point and only concentrates on the new one, thus hoping to avoid hang-{}ups such as the one experienced in the example.

Since this class assumes students have not taken calculus, the tangent will be approximated by finding the equation of a line between two very close points, which are denoted (x) and {$ (x+\delta x) $}. The method works as follows:

\begin{myenumerate}
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\item{}  Evaluate the function f(x) at {$ x = x_1 $} and at {$ x = x_1 + \delta x $} where {$ \delta x $} is a small number. These yield two points on your (approximate) tangent line.
\item{}  Find the equation for the tangent line using the formulas given above.
\item{}  Find the root of this line. This is {$ x_2 $}
\item{}  Repeat steps 2-{}4 until you\textquotesingle{}re as close as you like to the root.
\end{myenumerate}


This method is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries not guaranteed to converge}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] unless you start off with a good enough first guess, which is why the guaranteed methods are useful for generating one. However, since this method, when it converges, is much faster than any of the others, it is preferable to use if a suitable guess is available.

\LaTeXDoubleBoxTemplate{Example:}{Find the root of {$ x + ln(x) = y $} using the tangent method.
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\begin{myitemize}
\item{}  {$ f(x_1) = f(0.5) = -0.193 $}
\item{}  {$ f(x_1 + \delta x) = f(0.501) = -0.190 $}
\item{}  Tangent line: {$ y = 2.85x - 1.618 $}
\item{}  Root of tangent line: {$ x = 0.5677 $}
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\end{myitemize}
}

\LaTeXNullTemplate{}


\label{242}\section{What is a System of Equations?}
\label{243}
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{$ C_1 = a_1x_1 + a_2x_2 + ... $}

{$ C_2 = b_1x_1 + b_2x_2 + ... $}

And so on, where the a\textquotesingle{}s and b\textquotesingle{}s are constant. }
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\section{Solvability}
\label{244}
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{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Solvability of systems}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: 
\begin{myenumerate}
\item{}  If a set of n {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries independent}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] equations has n unknowns, then the system has a finite (possibly 0) number of solutions.
\item{}  If a set of n {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries independent}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] equations has {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape less than}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] n unknowns then the system has an infinite number of solutions.
\item{}  If a set of n {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries independent or dependent}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] equations has {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape more than}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] n unknowns then the system has no solutions.
\item{}  Any dependent equations in a system do not count towards n.
\end{myenumerate}


Note that even if a system is solvable it doesn\textquotesingle{}t mean it has solutions, it just means that there\textquotesingle{}s not an infinite number.
\section{Methods to Solve Systems}
\label{245}

As you may recall there are many ways to solve systems of {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape linear}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] equations. These include:

\begin{myitemize}
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Linear Combination}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: Add multiples of one equation to the others in order to get rid of one variable. This is the basis for \myhref{https://en.wikipedia.org/wiki/Gaussian\%20elimination}{Gaussian elimination} which is one of the faster techniques to use with a computer.
\item{}  {\bfseries \myhref{https://en.wikipedia.org/wiki/Cramer\%27s\%20rule}{\allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Cramer\textquotesingle{}s rule}} which involves determinants of coefficient matrices.
\item{}  {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Substitution}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: Solve one equation for one variable and then substitute the resulting expression into all other equations, thus eliminating the variable you solved for.
\end{myitemize}


The last one, substitution, is most useful when you have to solve a set of {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries nonlinear}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] equations. Linear combination can only be employed if the same type of term appears in all equations (which is unlikely except for a linear system), and no general analogue for Cramer\textquotesingle{}s rule exists for nonlinear systems. However, substitution is still equally valid. Let\textquotesingle{}s look at a simple example.
\subsection{Example of the Substitution Method for Nonlinear Systems}
\label{246}

\LaTeXDoubleBoxTemplate{Example:}{ Solve the following system of equations for X and Y

\begin{myenumerate}
\item{} {$ X + Y^2 = 4 $}
\item{} {$ X^2 - Y^2 = 22 $} 
\end{myenumerate}
}

Solution: We want to employ substitution, so we should ask: {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries which variable is easier to solve for?}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. In this case, X (in the top equation) is easiest to solve for so we do that to obtain:

{$ X = 4 - Y^2 $}

Substituting into the bottom equation gives:

{$ (4 - Y^2)^2 - Y^2 = 22 $}

{$ 4 - 8Y^2 + Y^4 - Y^2 = 22 $}

{$ Y^4 - 9Y^2 - 18 = 0 $} 

This can be solved by the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries method of substitution}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]:

Let {$ U = Y^2 $}. Plugging this in:

{$ U^2 - 9U - 18 = 0 $}

\LaTeXNOTETemplate{All Ys must be eliminated for this method to be valid. Do something like this when the same variable (or set of variables) appears {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape in the same for every time}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. If it\textquotesingle{}s not in the same form {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries every time}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], i.e. if the equation was something like {$ Y^4 - 9Y^2 - 18 + e^Y $}, then the method would not simplify your calculations enough to make it worth doing.}{}

Solving by factoring:

{$ (U - 6)(U - 3) = 0 $}

{$ U = 3,6 $}

Thus since {$ U = Y^2 $} we obtain {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries four}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] solutions for Y!

\LaTeXZeroBoxTemplate{{$ Y = \pm \sqrt{3}, Y=\pm \sqrt{6} $}}

Notice, however, that depending on where this system {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape came}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] from, the negative solutions may not make sense, so think before you continue!

Let\textquotesingle{}s take into account all of them for now. Since we have Y we can now solve for X:

{$ X = 4 - Y^2 = 4 - U $}

\LaTeXZeroBoxTemplate{ {$X = 1,-2$}}

\LaTeXNOTETemplate{Again, it may be true that only positive values of X make sense If only positive values of X and Y make sense then the ONLY solution that is of any worth to us is the solution {$ (X,Y) = (1,\sqrt{3}) $} since {$ Y = \sqrt{6} $} results in a negative value for X.}{}

Notice that even a small system like this has a large number of solutions and, indeed, some systems will have an infinite number, such as:

\begin{myenumerate}
\item{} {$ y = sin(x) $}
\item{} {$ y = cos(x) $}
\end{myenumerate}

\section{Numerical Methods to Solve Systems}
\label{247}

There are numerical equivalents in multiple variables to {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape some}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the methods demonstrated in the previous section. Many of them in their purest forms involve the use of calculus (in fact, the Taylor method does as well), but as before, they can be reduced to approximate algebraic forms at the expense of some accuracy.
\subsection{Shots in the Dark}
\label{248}

If you can solve all of the equations explicitly for the same variable (say, y) you can guess all but one and then compare how different the resulting values of y are in each equation. This method is entirely brute-{}force, because {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries if there are more than two equations, it is necessary to guess all of the variables but one using this method}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], and there is no way to tell what the next guess should be. Trying to guess multiple variables at once from thin air gets to be a hastle even with a computer.

Since there are so many problems with this method, it will not be discussed further
\subsection{Fixed-{}point iteration}
\label{249}

Again, the multivariate form of fixed-{}point iteration is so unstable that it generally can be assumed that it will not work. Weighted iteration is also significantly more difficult.
\subsection{Looping method}
\label{250}

This is one method that {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape does}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] work, and that is somewhat different from any single-{}variable method. In the looping method technique, it is necessary to be able to solve {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape each equation for a unique variable}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], and then you\textquotesingle{}ll go around in a loop essentially, starting with an initial guess on (ideally) a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape single}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] variable, say y, and then evaluating all equations until you return to your original variable with a new value y\textquotesingle{}. If the result is not the same as the guess(es) you started with, you need to make a new guess based on the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape trends in the results}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].

\LaTeXNOTETemplate{What kind of trends am I talking about? If you have a well-{}behaved system, an increase in y will consistently lead to either an increase or a decrease in y\textquotesingle{}, so you can take advantage of this to see which way you need to adjust your original guess. DO NOT attempt to use the value for y\textquotesingle{} as a new guess!}{}

More specifically, here is an algorithm you can use:

\begin{myenumerate}
\item{}  Solve all equations for a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries different variable}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\item{}  Make a guess on one variable (or as many as necessary to evaluate a second one, if it\textquotesingle{}s more than one it gets harder though, so it is recommended to use another method)
\item{}  Go through all of the equations until you end up recalculating the variable (or all of the variables) which you had originally guessed. Note whether the result is higher or lower than your guess.
\item{}  Make another guess on the variable(s). Go through the loop again.
\item{}  After these two guesses, we know whether increasing or guess will increase or decrease the recalculated value. Therefore, we can deduce whether we need to increase or decrease our guess to get a recalculated value equal to the guess.
\item{}  Keep guessing appropriately until the recalculated value equals the guess.
\end{myenumerate}


This technique is often necessary in engineering calculations because they are based on data, not on explicit equations for quantities. As we\textquotesingle{}ll see, however, it can be difficult to get it to converge, and this method isn\textquotesingle{}t that convenient to do by hand (though it is the most reliable one to do realistically). It is great, however, for inputting guesses into a computer or spreadsheet until it works. 

\LaTeXDoubleBoxTemplate{Example:}{Solve this system:

\begin{myenumerate}
\item{} {$ y = e^{-x} $}
\item{} {$ y = ln(x) $} 
\end{myenumerate}
}

First we need to solve one of them for x, let\textquotesingle{}s choose the first one:

{$ x = -ln(y) $}

\begin{myitemize}
\item{}  To start off, we make a guess: y = 0.1 Then from the first equation, x = 2.303
\item{}  Plug this back into the second equation and you\textquotesingle{}ll come out with y\textquotesingle{} = 0.834. The recalculated value is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries too high}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\end{myitemize}


\begin{myitemize}
\item{}  Now make a new guess on y: say, y = 0.5. This results in x = 0.6931
\item{}  Plugging back into the second equation gives y\textquotesingle{} = -{}0.3665. The recalculated value is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries too low}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\end{myitemize}


\LaTeXNOTETemplate{Now we know that increasing the guess decreases the recalculated value y\textquotesingle{} and vice versa. Since the second value of y\textquotesingle{} is too low this means that we need the guess to be smaller than 0.5; likewise, since the first y\textquotesingle{} was too high we need it to be greater than 0.1.}{}

\begin{myitemize}
\item{}  Lets now try y = 0.25.
\item{}  This results in x = 1.386 from the first equation and y\textquotesingle{} = 0.326 from the second. {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Too high}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] so we need to increase our guess.
\end{myitemize}


\begin{myitemize}
\item{}  Let\textquotesingle{}s guess y = 0.3
\item{}  This yields x = 1.204 and thus y\textquotesingle{} = 0.185, which is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries too low}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] indicating the guessed value was too high.
\end{myitemize}


\begin{myitemize}
\item{}  Guess y = 0.28, hence x = 1.273 and y\textquotesingle{}= 0.241. The guess is therefore still too high.
\end{myitemize}


\begin{myitemize}
\item{}  Guess y = 0.27, hence x = 1.309 and y\textquotesingle{} = 0.269. Therefore we have now converged:
\end{myitemize}


\LaTeXZeroBoxTemplate{{$ x = 1.309, y = 0.27 $}}
\subsubsection{Looping Method with Spreadsheets}
\label{251}

We can do the guessing procedure more easily by programming it into a spreadsheet. First set up three rows like so:
\\

\TemplateSpaceIndent{$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}A$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}B$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}C$\text{ }$\newline{}
$\text{ }${}1$\text{ }${}$\text{ }${}y$\text{ }${}guess$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}x$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}y\textquotesingle{}$\text{ }$\newline{}
$\text{ }${}2$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}=-{}ln(A2)$\text{ }${}=ln(B2)}


In B2 we put the first function solved for x, and in C2 we have the second function solved for y. Now all we need to do is type in guesses in A2 until the value in C2 is the same as our guess (the spreadsheet will automatically calculate B2 and C2 for you). To make things even easier, put the line {$ =A2 - C2 $} into cell D2. Since we want y\textquotesingle{} to equal y, just keep guessing until the value in D2 is as close to zero as you like.

As a more in-{}depth example (which would be significantly more difficult to do by hand), consider the system:

\LaTeXDoubleBoxTemplate{Example:}{Solve:
\begin{myitemize}
\item{} {$ T = \frac{2P^2X^2 - 3e^{-X/T}}{T-2} $}
\item{} {$ X^2 = T^3 - P $}
\item{} {$ 10P = T $}
\end{myitemize}
}

In order for this to work, we only need to solve each equation for a unique variable, the expression need not be explicit! The following will work (assuming that X is a positive quantity), and this will be evident shortly:

\begin{myitemize}
\item{} {$ T = \frac{2*P^2*X^2 - 3*e^{-X/T}}{T-2} $}
\item{} {$ X = \sqrt{T^3 - P} $}
\item{} {$ P = 0.1T $}
\end{myitemize}


Now we need to ask: which variable would be the best to guess to start the iteration procedure? In this case the best answer is T because from this guess, we can calculate P from equation 3, then X from equation 2, and finally a new guess on T from equation 1, and use this new value as a gauge of our old guess.

\LaTeXNOTETemplate{Generally you want to start the loop with a variable that allows you to calculate a second value with only that one guess. Try to algebraically manipulate your equations so that this is the case before solving, because we want to avoid guessing on multiple variables if at all possible.}{}

Lets program this into the spreadsheet:
\\

\TemplateSpaceIndent{$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}A$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}B$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}C$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}D$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }$\newline{}
$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}E$\text{ }$\newline{}
$\text{ }${}1$\text{ }${}$\text{ }${}$\text{ }${}T$\text{ }${}guess$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}P$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}X$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}T\textquotesingle{}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }$\newline{}
$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}T\textquotesingle{}$\text{ }${}-{}$\text{ }${}T$\text{ }${}guess$\text{ }$\newline{}
$\text{ }${}2$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}=0.1*A2$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}=sqrt(A2\^{}3$\text{ }${}-{}$\text{ }${}B2)$\text{ }${}=(2*B2\^{}2*C2\^{}2$\text{ }${}-{}$\text{ }$\newline{}
$\text{ }${}3*exp(-{}C2/A2))/(A2$\text{ }${}-{}$\text{ }${}2)$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}=D2$\text{ }${}-{}$\text{ }${}A2}


Once all this is programmed in, you can just input guesses as before, with the eventual result that:

\LaTeXZeroBoxTemplate{{$ P = 0.2453, X = 3.8098, T = 2.453 $}}
\subsection{Multivariable Newton Method}
\label{252}

\LaTeXNOTETemplate{You may want to skip this section if you don\textquotesingle{}t know how to invert matrices, add them, or multiply them.}{}

There is a multivariate extension to \myhref{https://en.wikipedia.org/wiki/Newtons\%20method}{Newton\textquotesingle{}s method} which is highly useful. It converges quickly, like the single-{}variable version, with the downside that, at least by hand, it is tedious. However, a computer can be programmed to do this with little difficulty, and the method is not limited only to systems which can be explicitly solved like the looping method is. In addition, unlike the looping method, the Newton method will actually give you the next set of values to use as a guess.

The method works as follows:

1. Solve all of the equations for 0, i.e. let {$ 0 = F(x_1, x_2, ...) $} for all functions F in the system.

2. Guess a value for all variables, and put them into a matrix (X). Calculate the value of all functions F at this guess, and put them into a matrix (F).

3. We need to find estimates for all the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries partial derivatives}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the function at the guessed values, which is described later.

4. Construct a matrix (to become the Jacobian) as follows: make an empty matrix with n rows and n columns, where n is the number of equations or the number of variables (remember, a solvable system generally has the same number of equations as variables. Then label the columns with the names of variables and the rows with the names of your functions. It should look something like this:

{$ \begin{bmatrix}   --& x_1& y_2 & ... \\ F_1 &  & &  \\  F_2&  & & \\ ... & & & \\                     \end{bmatrix}. $}
5. Put the appropriate partial derivative in the labeled spot. For example, put the partial derivative with respect to x1 from function 1 in the first spot.

6. Once the Jacobian matrix is completely constructed, find the \myhref{https://en.wikipedia.org/wiki/Inverse}{inverse} of the matrix. There are multiple computer programs that can do this including \myhref{http://www.allworldsoft.com/software/4-087-matrix-inverse-calculator.htm}{this one} (WARNING:Not 
tested software, use at your own risk!). Or you can do it by hand if you know how.

7. Matrix-{}multiply the inverse Jacobian with the transpose function matrix F (to make it a column matrix), then subtract this from the transposition of X (again, make it a column matrix):

\LaTeXZeroBoxTemplate{{$ X_{n+1}^T = X{n}^T - J^{-1}*F_n^T$}
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8. The result is your next guess. Repeat until convergence.
\subsubsection{Estimating Partial Derivatives}
\label{253}

\begin{TemplateInfo}{\danger}{Warning}You MUST make sure you carry out quite a few decimal places when doing this, because changing the variables by a very small amount may not change the function values too much, but even small changes are important!\end{TemplateInfo}

A {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Partial derivative}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is, in its most basic sense, the slope of the tangent line of a function with more than one variable when all variables except one are held constant. The way to calculate it is:

Now we need to stay organized, so let\textquotesingle{}s introduce some notation:

\LaTeXZeroBoxTemplate{{$ \frac{\delta F_i}{\delta x_j} $} is the partial derivative of function i with respect to variable j.}

To calculate it:

\begin{myenumerate}
\item{}  Calculate one function F at your guess.
\item{}  Increase {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape one}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] variable, x, by a very small amount {$ \delta $}. {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Leave all other variables constant}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\item{}  Recalculate F at the modified guess to give you F\textquotesingle{}.
\end{myenumerate}


The partial derivative of the function F with respect to x is then {$ \frac{\delta F_1}{\delta x} = \frac{F_1(x+\delta,y) - F_1(x,y)}{\delta} $}.
\subsubsection{Example of Use of Newton Method}
\label{254}

Let\textquotesingle{}s go back to our archetypal example:

\begin{myitemize}
\item{}  {$ y = e^{-x} $}
\item{}  {$ y = ln(x) $}
\end{myitemize}


{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Step 1}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: We need to solve each for zero:

\begin{myitemize}
\item{}  {$ F_1 = 0 = e^{-x} - y $}
\item{}  {$ F_2 = 0 = ln(x) - y $}
\end{myitemize}
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{$ X = [2.303, 0.1] $}

The values of F at this guess are {$ F_1 = 0, F_2 = 0.734213 $}, and hence by definition:

{$ F = [0, 0.724213] $}
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Lets choose {$ \delta = 0.01 $}. Then:

\begin{myitemize}
\item{} {$ \frac{\delta F_1}{\delta x} = \frac{F_1(x+\delta,y) - F_1(x,y)}{\delta} $}
\item{} {$ = \frac{(e^{-2.303+0.01}-0.1) - (e^{-2.303}-0.1)}{0.01} = -0.1036 $}
\end{myitemize}


\begin{myitemize}
\item{} {$ \frac{\delta F_1}{\delta y}= \frac{F_1(x,y+\delta) - F_1(x,y)}{\delta} $}
\item{} {$ = \frac{(e^{-2.303}-(0.1+0.01)) - (e^{-2.303}-0.1)}{0.01} = -1 $}
\end{myitemize}


The partial derivatives of F2 can be similarly calculated to be {$ {\delta F_2}{\delta x} = 0.433 $} and {$ {\delta F_2}{\delta y} = -1 $}

Therefore, the Jacobian of the system is:

{$ \begin{bmatrix}   --& x& y \\ F_1 & -0.1036 & -1 \\  F_2& +0.433 & -1 \\                     \end{bmatrix}. $}

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Step 6}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: Using any method you know how to do, you can come up with the inverse of the matrix:

{$ J^{-1} = \begin{bmatrix}   --& x& y \\ F_1 & -1.3636 & 1.8636 \\  F_2& -0.8069 & -0.1931 \\                     \end{bmatrix}. $}
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{$F^T = \begin{bmatrix}   F \\  0\\  0.734213 \\                     \end{bmatrix}. $}
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{$ J^{-1} * F^T = \begin{bmatrix}   \Delta \\  1.3682\\  0.1418 \\                     \end{bmatrix}.$}

Therefore, we should subtract 1.3682 from x and 0.1418 from y to get the next guess:

{$ x = 0.9373, y = 0.2418 $}

Notice how much closer this is to the true answer than what we started with. However, this method is generally better suited to a computer due to all of the tedious matrix algebra.
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\label{255}\section{Linearization}
\label{256}

In the \mylref{217}{statistics section}, the concept of {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries linearization}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] was introduced as an extension to linear regression. It is discussed here in terms of plotting. Linearization is particularly useful because it allows an engineer to easily tell whether a simple model (such as an exponential model) is a good fit to data, and to locate outliers.
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\begin{myenumerate}
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\item{}  You must be able to express the function in the form {$ f(y) = A* f(x) + B $}
\item{}  Simple linearization can only provide a maximum of two constant values (A and B).
\end{myenumerate}


Some examples of functions that can be linearized and their linear forms are given in the statistics section. Here is a summary:

\begin{myquote}
\item{} {$ y = A*b^x \rightarrow ln(y) = ln(A) + x*ln(b) $} (exponential model, {$ f(y) = ln(y); f(x) = x $})
\item{} {$ y = A*x^b \rightarrow ln(y) = ln(A) + b*ln(x) $} (power-{}law model, {$ f(y) = ln(y); f(x) = ln(x) $})
\item{} {$ y = \frac{k_1*x}{k_2 + x} \rightarrow \frac{1}{y} = (\frac{k_2}{k_1})*\frac{1}{x} + \frac{1}{k_1}$} (Michaelis-{}Menton)
\end{myquote}
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An effective method to check the validity of an assumed model is to first evaluate f(y) and f(x) at all data points and then plot f(y) vs. f(x). Spreadsheets are ideal for this computation. If the model assumed is correct, the plot of f(y) vs. f(x) should be linear and randomly scattered around the plot. If the assumed model is {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape known}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] to be correct, the linear plot can be used to quickly identify outlying data points.
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\section{Log-{}log and semi-{}log plots}
\label{257}
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\section{Parity Plots}
\label{258}

Often, in engineering analysis, there will be a theoretical value of a parameter (for example, the outlet temperature of a reactor calculated from an energy balance), and there will be an actually-{}measured value. It is often desirable to compare them. One easy graphical way to do this is with a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries parity plot}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. In a parity plot, one plots the measured values against the experimental values (for the same trial). The y=x line is also plotted as a reference. If the theoretical and experimental values agree, they should lie close to the y=x line and be randomly scattered around it. If they do not (due to either a problematic assumption in the theory, errors in measurement, or both), then the data will be skewed away from the y=x line. This is also useful for identifying outlying measurements.

In addition to checking for actual agreement, a parity plot can be used to tell if the theoretical and experimental values are at least correlated (in which case the plot would be linear, even if not near the y=x line).
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\label{259}
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{$ -r_S = \frac{V_{max}*[S]}{K_m + [S]} $}

where {$ V_{max} $} and {$ K_m $} are constants.

{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries a.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] Write this equation in a linearized form. What should you plot to get a line? What will the slope be? How about the y-{}intercept?
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\\

\TemplateSpaceIndent{$\text{ }${}{$\text{[}$}S{$\text{]}$},$\text{ }${}M$\text{ }${}$\text{ }${}$\text{ }${}rS,$\text{ }${}M/s$\text{ }$\newline{}
$\text{ }${}0.02$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.0006$\text{ }$\newline{}
$\text{ }${}0.05$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.0010$\text{ }$\newline{}
$\text{ }${}0.08$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.0014$\text{ }$\newline{}
$\text{ }${}0.20$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.0026$\text{ }$\newline{}
$\text{ }${}0.30$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.0028$\text{ }$\newline{}
$\text{ }${}0.50$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.0030$\text{ }$\newline{}
$\text{ }${}0.80$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.0036$\text{ }$\newline{}
$\text{ }${}1.40$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.0037$\text{ }$\newline{}
$\text{ }${}2.00$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.0038}


Also, calculate the R value and comment on how good the fit is.
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\begin{myenumerate}
\item{}  Plug 1.0 into your expression for -{}rS with the best-{}fit parameters.
\item{}  Perform a linear interpolation between the appropriate points nearby.
\item{}  Perform a linear extrapolation from the line between points (0.5, 0.0030) and (0.8, 0.0036).

Which is probably the most accurate? Why?

\end{myenumerate}}
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\\

\TemplateSpaceIndent{$\text{ }${}1.01$\text{ }${}$\text{ }${}1.00$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.86$\text{ }${}$\text{ }${}$\text{ }${}0.93$\text{ }${}$\text{ }${}$\text{ }${}0.95$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }$\newline{}
$\text{ }${}1.1$\text{ }${}$\text{ }${}$\text{ }${}1.04$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}1.02$\text{ }${}$\text{ }${}$\text{ }${}1.08$\text{ }${}$\text{ }${}$\text{ }${}1.12$\text{ }$\newline{}
$\text{ }${}0.97$\text{ }${}$\text{ }${}0.93$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}0.92$\text{ }${}$\text{ }${}$\text{ }${}0.89$\text{ }${}$\text{ }${}$\text{ }${}1.15}


Which data points are most likely to be erroneous? How can you tell?}
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{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries d.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] {$ \frac{x}{2x^2 - 3} - \frac{2x^3-x^2}{2x-x^2} = 10 $} (2 solutions)}


\LaTeXNullTemplate{}
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\myminitoc
\label{260}


\label{261}\section{Introduction to Spreadsheets}
\label{262}

This tutorial probably works with other spreadsheets (such as \myhref{https://en.wikipedia.org/wiki/open\%20office}{w:open office}) with minor modifications.

A {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries spreadsheet}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] such as Excel is a program that lets you analyze moderately large amounts of data by placing each data point in a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries cell}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] and then performing the same operation on groups of cells at once. One of the nice things about spreadsheets is that data input and manipulation is relatively intuitive and hence easier than doing the same tasks in a programming language like MATLAB (discussed next). This section shows how to do some of these manipulations so that you don\textquotesingle{}t have to by hand.
\section{Anatomy of a spreadsheet}
\label{263}

A spreadsheet has a number of parts that you should be familiar with. When you first open up the spreadsheet program, you will see something that looks like this (the image is from the German version of open office)



\begin{minipage}{1.0\linewidth}
\begin{center}
\includegraphics[width=1.0\linewidth,height=6.5in,keepaspectratio]{../images/27.png}
\end{center}
\raggedright{}\myfigurewithoutcaption{27}
\end{minipage}\vspace{0.75cm}



First off, notice that the entire page is split up into boxes, and each one is labeled. {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape Rows are labeled with numbers and columns with letters}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. Also, try typing something in, and notice that the box above the spreadsheet (to the right of {$ \Sigma = $}) will change automatically as you type. When you\textquotesingle{}re just putting in numbers, this {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries info box}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] will just have the same number in there. But when you\textquotesingle{}re putting in formulas, the cell will display the value calculated from the formula, while the info box will display what the formula was.
\section{Inputting and Manipulating Data in Excel}
\label{264}

The first step in any spreadsheet analysis is to input the raw data you want to analyze. It is most effective if you put it in columns, with one column for each variable. It lets you see more data at once, and it also is less limited because the maximum number of rows is much larger than the maximum number of columns.

It is good practice to use the first row for the names of the variables, and the remaining for the data points. Make sure you include units. In this section, the following data will be used as illustration:

\begin{longtable}{|>{\RaggedRight}p{0.35660\linewidth}|>{\RaggedRight}p{0.28045\linewidth}|>{\RaggedRight}p{0.27724\linewidth}|} \hline 
{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} (Rownumber) }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Column A }&{\bfseries \hspace*{0pt}\ignorespaces{}\hspace*{0pt} Column B}\endhead  \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} t(min) &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} D (yards)\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 2 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 2 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 559.5\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 3 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1.9 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 759.5\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 4 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 3.0 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 898.2\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 5 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 3.8 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1116.3\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 6 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 5.3 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1308.7\\ \hline 
\end{longtable}


\subsection{Using formulas}
\label{265}

In order to tell the spreadsheet that you want to use a formula rather than just enter a number, you have to start the entry with an equal sign (=). You can then use combinations of decimal values and {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries cell designations}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. A cell designation is simply the column letter followed by the row number containing the value you wish to manipulate. For example, if you wanted to find the product of the distance traveled and the time spent traveling, you could put in the formula:
\\

\TemplateSpaceIndent{$\text{ }${}=$\text{ }${}A2*B2}


into any empty cell and it would give you the answer. From here out it will be assumed that this value is in cell C2. You should label the column with the type of calculation you\textquotesingle{}re performing.
\subsection{Performing Operations on Groups of Cells}
\label{266}

The question may arise: why not just put in the numbers themselves instead of referencing the cell? There are two major reasons for this:

\begin{myenumerate}
\item{}  If you change the value in the referenced cell, the value calculated in the formula will automatically change.
\item{}  The built-{}in {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries dragging}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] capability of most spreadsheets.
\end{myenumerate}


The dragging capability is a simple concept. If you have put a formula into a spreadsheet, you can have it {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape copied}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] to any number of cells you want. To do this, select the cell with the formula and bring the mouse pointer to its lower-{}right hand corner. You should see a dark {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries +}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] icon:

\begin{longtable}{|>{\RaggedRight}p{0.19995\linewidth}|>{\RaggedRight}p{0.22336\linewidth}|>{\RaggedRight}p{0.21273\linewidth}|>{\RaggedRight}p{0.24968\linewidth}|} \hline 
\hspace*{0pt}\ignorespaces{}\hspace*{0pt} &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Info Bar}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]   &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} \symbol{34}=A2*B2\symbol{34}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} (rownum) &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} Column A &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} Column B &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} Column C\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} t(min) &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} D(yards) &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} t*D\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 2 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1.1 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 559.5 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} \newline{}  -{}-{}-{}-{}-{}-{}-{}-{}-{}-{}-{}-{}-{}  \newline{}  |  625.45  |  \newline{} -{}-{}-{}-{}-{}-{}-{}-{}-{}-{}-{}-{}{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries +}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] 3 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1.9 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 759.5 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 4 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 3.0 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 898.2 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 5 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 3.8 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1116.3 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt}\\ \hline \hspace*{0pt}\ignorespaces{}\hspace*{0pt} 6 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 5.3 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt} 1308.7 &\hspace*{0pt}\ignorespaces{}\hspace*{0pt}\\ \hline 
\end{longtable}


Click on the + and drag it down. {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries This will cause the formulas to change according to how you drag the box.}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] In this case, if you drag it down to row 6, the spreadsheet will produce the following:
\\

\TemplateSpaceIndent{$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}A$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}B$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}C$\text{ }$\newline{}
$\text{ }${}1$\text{ }${}$\text{ }${}t$\text{ }${}(min)$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}D$\text{ }${}(yards)$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}t*D$\text{ }$\newline{}
$\text{ }${}2$\text{ }${}$\text{ }${}1.1$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}559.5$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}615.45$\text{ }$\newline{}
$\text{ }${}3$\text{ }${}$\text{ }${}1.9$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}759.5$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}1443.05$\text{ }$\newline{}
$\text{ }${}4$\text{ }${}$\text{ }${}3.0$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}898.2$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}2694.6$\text{ }$\newline{}
$\text{ }${}5$\text{ }${}$\text{ }${}3.8$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}1116.3$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}4241.94$\text{ }$\newline{}
$\text{ }${}6$\text{ }${}$\text{ }${}5.3$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}1308.7$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}6936.11}


If you click on the last value in column C (6936.11) the info bar will display:
\\

\TemplateSpaceIndent{$\text{ }${}=A6*B6}


This is very useful for performing the same operations on multiple sets of data at once; rather than having to do the multiplication 5 separate times here, we just do it once and drag down the box.
\subsection{Special Functions in Excel}
\label{267}

In order to do many mathematical operations in Excel (or at least the easiest way), it is necessary to use {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape functions}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] (not to be confused with formulas). A function is simply an implementation someone already wrote for the mathematical operation, so all you have to do is know how to tell it to do the operation and where to put it when it\textquotesingle{}s done. In excel, you can call a function named \symbol{34}function\symbol{34} by typing the following into a cell:
\\

\TemplateSpaceIndent{$\text{ }${}=function(inputs)}


The function will then execute, and the cell containing the call will display the answer. The necessary inputs are sometimes numbers but are more often the cell addresses. For example, in the data above, say you wanted to take the exponential ({$ e^x $}) of all the time points in column A, and place the result in column D. The function for exponential is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries exp}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], and it can only accept one input at a time, but due to the dragging capability of Excel this will not matter much, you can just call it once and then drag the cell {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape as you would with any formula containing cell addresses}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. So to do this you would type into cell D2:
\\

\TemplateSpaceIndent{$\text{ }${}=exp(A2)}


Hit enter, then click the + in the bottom right and drag the cell down. You should end up with something like this after labeling the D column appropriately:
\\

\TemplateSpaceIndent{$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}A$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}B$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}C$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}D$\text{ }$\newline{}
$\text{ }${}1$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}t$\text{ }${}(min)$\text{ }${}$\text{ }${}$\text{ }${}D(yards)$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}t*D$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}e\^{}t$\text{ }$\newline{}
$\text{ }${}2$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}1.1$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}559.5$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}615.45$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}3.004166024$\text{ }$\newline{}
$\text{ }${}3$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}1.9$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}759.5$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}1443.05$\text{ }${}$\text{ }${}$\text{ }${}6.685894442$\text{ }$\newline{}
$\text{ }${}4$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}3$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}898.2$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}2694.6$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}20.08553692$\text{ }$\newline{}
$\text{ }${}5$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}3.8$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}1116.3$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}4241.94$\text{ }${}$\text{ }${}$\text{ }${}44.70118449$\text{ }$\newline{}
$\text{ }${}6$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}5.3$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}1308.7$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}6936.11$\text{ }${}$\text{ }${}$\text{ }${}200.33681}


All excel functions output only one value at a time, though some can accept multiple cells at a time as input (mostly statistical functions). 

Following is a brief synopsis of the functions available. For a complete list, see the help files for your spreadsheet, as the availability of each function may vary depending on which one you are using. CELL signifies either the row/column designation of the cell you want to pass to the function as input, or some numerical value you enter manually.
\subsubsection{Mathematics Functions}
\label{268}

Generally these only take one input at a time.
\\

\TemplateSpaceIndent{$\text{ }${}abs(CELL):$\text{ }${}\myhref{https://en.wikipedia.org/wiki/Absolute\%20value}{Absolute value}$\text{ }${}of$\text{ }${}CELL$\text{ }$\newline{}
$\text{ }${}sqrt(CELL):$\text{ }${}\myhref{https://en.wikipedia.org/wiki/Square\%20root}{Square root}$\text{ }${}of$\text{ }${}CELL$\text{ }${}{$\text{[}$}to$\text{ }${}do$\text{ }${}nth$\text{ }${}roots,$\text{ }${}use$\text{ }${}CELL\^{}(1/n){$\text{]}$}$\text{ }$\newline{}
$\text{ }${}ln(CELL):$\text{ }${}\myhref{https://en.wikipedia.org/wiki/Natural\%20logarithm}{Natural log}$\text{ }${}of$\text{ }${}CELL$\text{ }$\newline{}
$\text{ }${}log10(CELL):$\text{ }${}Log$\text{ }${}of$\text{ }${}CELL$\text{ }${}to$\text{ }${}base$\text{ }${}10$\text{ }$\newline{}
$\text{ }${}log(CELL,$\text{ }${}NUM):$\text{ }${}Log$\text{ }${}of$\text{ }${}CELL$\text{ }${}to$\text{ }${}the$\text{ }${}base$\text{ }${}NUM$\text{ }${}(use$\text{ }${}for$\text{ }${}all$\text{ }${}bases$\text{ }${}except$\text{ }${}e$\text{ }${}and$\text{ }${}10)$\text{ }$\newline{}
$\text{ }${}exp(CELL):$\text{ }${}\myhref{https://en.wikipedia.org/wiki/Exponential\%20function}{Exponential}(e\^{}x)$\text{ }${}of$\text{ }${}CELL.$\text{ }${}Use$\text{ }${}since$\text{ }${}Excel$\text{ }${}doesn\textquotesingle{}t$\text{ }${}have$\text{ }${}a$\text{ }${}built-{}in$\text{ }${}constant$\text{ }$\newline{}
$\text{ }${}\symbol{34}e\symbol{34}.$\text{ }$\newline{}
$\text{ }${}sin(CELL),$\text{ }${}cos(CELL),$\text{ }${}tan(CELL):$\text{ }${}\myhref{https://en.wikipedia.org/wiki/Trigonometric\%20functions}{Trigonometric functions}$\text{ }${}sine,$\text{ }${}cosine,$\text{ }${}and$\text{ }${}tangent$\text{ }${}of$\text{ }${}CELL.$\text{ }${}CELL$\text{ }${}must$\text{ }$\newline{}
$\text{ }${}be$\text{ }${}in$\text{ }${}{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries radians}$\text{ }$\newline{}
$\text{ }${}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]asin(CELL),$\text{ }${}acos(CELL),$\text{ }${}atan(CELL):$\text{ }${}\myhref{https://en.wikipedia.org/wiki/Inverse\%20trigonometric\%20functions}{Inverse trigonometric functions}$\text{ }${}(returns$\text{ }${}values$\text{ }${}in$\text{ }${}{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries radians}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx])$\text{ }$\newline{}
$\text{ }${}sinh(CELL),$\text{ }${}cosh(CELL),$\text{ }${}tanh(CELL):$\text{ }${}\myhref{https://en.wikipedia.org/wiki/Hyperbolic\%20function}{Hyperbolic functions}$\text{ }$\newline{}
$\text{ }${}asinh(CELL),$\text{ }${}acosh(CELL),$\text{ }${}atanh(CELL):$\text{ }${}Inverse$\text{ }${}hyperbolic$\text{ }${}functions$\text{ }$\newline{}
$\text{ }${}}
\subsubsection{Statistics Functions}
\label{269}

These are examples of useful statistics functions in Excel, they are not by any means the only ones. 

GROUP means a group of cells that are directly next to each other. Define a group by the syntax FIRSTCELL:LASTCELL, for example, using GROUP = A2:A5 passes all the cells between A2 and A5 (inclusive) to the function. If a function requires two different groups (for example, a y and an x), both groups must be within continuous groups of cells.
\\

\TemplateSpaceIndent{$\text{ }${}average(CELL1,$\text{ }${}CELL2,$\text{ }${}...)$\text{ }${}OR$\text{ }${}average(GROUP):$\text{ }${}Computes$\text{ }${}the$\text{ }${}arithmetic$\text{ }${}average$\text{ }$\newline{}
$\text{ }${}of$\text{ }${}all$\text{ }${}inputs.$\text{ }$\newline{}
$\text{ }${}intercept(GROUP1,$\text{ }${}GROUP2):$\text{ }${}Calculates$\text{ }${}the$\text{ }${}y-{}intercept$\text{ }${}(b)$\text{ }${}of$\text{ }${}the$\text{ }${}regression$\text{ }$\newline{}
$\text{ }${}line$\text{ }${}where$\text{ }${}y$\text{ }${}=$\text{ }${}GROUP1$\text{ }${}and$\text{ }${}x$\text{ }${}=$\text{ }${}GROUP2.$\text{ }$\newline{}
$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}GROUP1$\text{ }${}and$\text{ }${}GROUP2$\text{ }${}must$\text{ }${}have$\text{ }${}the$\text{ }${}same$\text{ }${}size.$\text{ }$\newline{}
$\text{ }${}pearson(GROUP1,$\text{ }${}GROUP2):$\text{ }${}Calculates$\text{ }${}the$\text{ }${}Pearson$\text{ }${}correlation$\text{ }${}coefficient$\text{ }${}(R)$\text{ }$\newline{}
$\text{ }${}between$\text{ }${}GROUP1$\text{ }${}and$\text{ }${}GROUP2.$\text{ }$\newline{}
$\text{ }${}stdev(CELL1,$\text{ }${}CELL2,$\text{ }${}...)$\text{ }${}OR$\text{ }${}stdev(GROUP):$\text{ }${}Computes$\text{ }${}the$\text{ }${}{\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape sample}$\text{ }${}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]standard$\text{ }${}deviation$\text{ }$\newline{}
$\text{ }${}(divides$\text{ }${}by$\text{ }${}n-{}1)$\text{ }${}of$\text{ }${}all$\text{ }${}inputs.$\text{ }$\newline{}
$\text{ }${}slope(GROUP1,$\text{ }${}GROUP2):$\text{ }${}Calculates$\text{ }${}the$\text{ }${}slope$\text{ }${}(m)$\text{ }${}of$\text{ }${}the$\text{ }${}regression$\text{ }${}line$\text{ }${}where$\text{ }${}y$\text{ }$\newline{}
$\text{ }${}=$\text{ }${}GROUP1$\text{ }${}and$\text{ }${}x$\text{ }${}=$\text{ }${}GROUP2.$\text{ }${}$\text{ }$\newline{}
$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}GROUP1$\text{ }${}and$\text{ }${}GROUP2$\text{ }${}must$\text{ }${}have$\text{ }${}the$\text{ }${}same$\text{ }${}size.}

\subsubsection{Programming Functions}
\label{270}
\section{Solving Equations in Spreadsheets: Goal Seek}
\label{271}

Excel and possibly other spreadsheets have a very useful tool called {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape goalseek}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] which allows the user to solve single-{}variable equations (and can be used as an aid in guess-{}and-{}check for systems of algebraic equations). Let\textquotesingle{}s suppose for the purposes of this tutorial that you wish to find a solution to the equation:

{$ 0 = X^3 + 2X^2 - X + 1 $}

In order to set up the problem in Goalseek, it is necessary to define a cell for the variable you want to change (X) and a cell for the function you want to evaluate.

\LaTeXNOTETemplate{Goalseek will {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries only work}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] if you tell it to evaluate some function until it reaches a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape constant value}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. You cannot tell it to equal something that can change, so for example you cannot do something like this:

{$ X - X^3 = 2X^2 + 1 $}

because neither side is a constant. The easiest way around this is generally to solve the function for zero and then use that as the evaluating function.}{}

Here, we could set up the cells as follows:
\\

\TemplateSpaceIndent{$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}A$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}B$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }$\newline{}
$\text{ }${}1$\text{ }${}$\text{ }${}X$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}f(X)$\text{ }$\newline{}
$\text{ }${}2$\text{ }${}$\text{ }${}-{}1$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}=A2\^{}3$\text{ }${}+$\text{ }${}2*A2\^{}2$\text{ }${}-{}$\text{ }${}A2$\text{ }${}+$\text{ }${}1}


To solve this one, go to 
\\

\TemplateSpaceIndent{$\text{ }${}Tools$\text{ }${}>{}$\text{ }${}Goalseek...}


It\textquotesingle{}ll give you three boxes: \symbol{34}Set Cell\symbol{34}, \symbol{34}To Value\symbol{34}, and \symbol{34}By Changing Cell\symbol{34}. Since we want the value in cell B2 to equal 0, enter B2 into the \symbol{34}Set Cell\symbol{34} box and 0 into the \symbol{34}To Value\symbol{34} box. Since cell B2 depends on cell A2, we want to change A2 so that B2 equals 0. Hence, the \symbol{34}By Changing Cell\symbol{34} box should contain A2. Put that in and click \symbol{34}OK\symbol{34}, and Goalseek will converge to an answer:
\\

\TemplateSpaceIndent{$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}A$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}B$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }$\newline{}
$\text{ }${}1$\text{ }${}$\text{ }${}X$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}$\text{ }${}f(X)$\text{ }$\newline{}
$\text{ }${}2$\text{ }${}$\text{ }${}-{}2.54683$\text{ }${}$\text{ }${}$\text{ }${}-{}0.00013}


Notice that {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape the success of the goalseek depends on what your initial guess was}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. If you try to put in an initial guess of 0 in this example (instead of -{}1), goalseek will diverge. It will tell you so, saying \symbol{34}Goal Seeking with Cell B2 May Not have Found a Solution\symbol{34}. However, the algorithm is generally fairly robust so it shouldn\textquotesingle{}t take too many guesses to obtain convergence.

\LaTeXNOTETemplate{You can only enter {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape one cell}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] into each of the \symbol{34}Set Cell\symbol{34} and \symbol{34}By Changing Cell\symbol{34} boxes, and the value in \symbol{34}To Value\symbol{34} must be a constant}{}.
\section{Graphing Data in Excel}
\label{272}

In Excel, there are a variety of ways to graph the data you have inserted, such as bar graphs, pie charts, and many others. The most commonly-{}used in my experience is the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries scatterplot}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], which is the name Excel uses for the typical x-{}y \symbol{34}line graph\symbol{34} plot that you probably think of first when you think of a graph.
\subsection{Scatterplots}
\label{273}

Scatterplots can be made relating any one independent variable to any number of dependent variables, though if you try to graph too many it will get crowded and hard to read. Excel will automatically give each different dependent variable a different color and a different shape, so that you can distinguish between them. You can also name each \symbol{34}series\symbol{34} of data differently and Excel will automatically set up a legend for you.

This is how to make a scatterplot:

\begin{myenumerate}
\item{}  Put the data into columns just like it was given in the problem statement.
\item{}  Now we need to set up the graph. Go to: {$ Insert \rightarrow Chart $}. 
\item{}  Select \symbol{34}XY (scatter)\symbol{34} and click \symbol{34}next\symbol{34}.
\item{}  Click the \symbol{34}series\symbol{34} tab (on top). If there are any series present, remove them with the remove button (since it usually guesses wrong what you want to graph).
\end{myenumerate}


Now we can add a series for each dependent variable we want to graph as follows:

\begin{myenumerate}
\item{}  Click \symbol{34}add\symbol{34}.
\item{}  Next to \symbol{34}X values\symbol{34} click the funky arrow symbol to the right of the text box. A small box will pop up.
\item{}  Click on the first value for the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape independent variable}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] and drag the mouse down to the last value. Click the funky symbol again to bring you back to the main window.
\item{}  Do the same thing with the \symbol{34}Y values\symbol{34} but this time you want to select the values of the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape dependent variable}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].
\item{}  Click next, and give the graph a title and labels if you want. Then click next and \symbol{34}finish\symbol{34} to generate your graph.
\end{myenumerate}

\subsection{Performing Regressions of the Data from a Scatterplot}
\label{274}

Once you have a scatterplot of your data, you can do one of several types of regression: logarithmic, exponential, polynomial (up to 6th degree), linear, or moving-{}average. Excel will plot the regression curve against your data automatically, and (except for moving average) you can tell it to give you an equation for the curve. To do this:

\begin{myenumerate}
\item{}  Right click on one of the data points (it doesn\textquotesingle{}t matter which). Click \symbol{34}add trendline...\symbol{34}
\item{}  A new window will come up, asking you for the type of regression. Choose the type of regression you want to use.
\item{}  Click on the \symbol{34}options\symbol{34} tab, and check the \symbol{34}Display Equation on Chart\symbol{34} box (and, if you want, the \symbol{34}Display R-{}squared value on Chart\symbol{34} box). Click OK.
\end{myenumerate}


If you chose a \symbol{34}linear\symbol{34} regression with the sample data above, the equation and {$ R^2$} value appear on the graph as {$ y = 177.87x + 391.28, R^2=0.9843 $}. Note Excel displays {$ R^2$} rather than R (so that we don\textquotesingle{}t need to worry about negative vs. positive values); if you want R just take the square root, which is 0.9921 as we calculated in the section on linear regressions.
\section{Further resources for Spreadsheets}
\label{275}

Excel and other spreadsheets can do far more than what is described here. For additional information, see \myhref{https://en.wikibooks.org/wiki/Microsoft\%20Office}{Microsoft Office}, \myhref{https://en.wikipedia.org/wiki/Excel}{w:Excel}, or the help files for the program you are using.
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\label{276}\section{Introduction to MATLAB}
\label{277}
\section{Inserting and Manipulating Data in MATLAB}
\label{278}
\subsection{Importing Data from Excel}
\label{279}
\subsection{Performing Operations on Entire Data Sets}
\label{280}
\section{Graphing Data in MATLAB}
\label{281}
\subsection{Polynomial Regressions}
\label{282}

\myhref{https://en.wikibooks.org/wiki/MATLAB}{MATLAB} is able to do regressions up to very large polynomial orders, using the \symbol{34}polyfit\symbol{34} function. The syntax for this function is:
\\

\TemplateSpaceIndent{$\text{ }${}polyfit(XDATA,$\text{ }${}YDATA,$\text{ }${}Order)}


The x data and y data must be in the form of {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape arrays}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], which for the purposes of this application are simply comma-{}separated lists separated by brackets. For example, suppose you want to perform the same linear regression that had been performed in the \symbol{34}linear regression\symbol{34} section. The first step is to define the two variables:
\\

\TemplateSpaceIndent{$\text{ }${}>{}>{}$\text{ }${}XDATA$\text{ }${}=$\text{ }${}{$\text{[}$}1.1,1.9,3.0,3.8,5.3{$\text{]}$};$\text{ }$\newline{}
$\text{ }${}>{}>{}$\text{ }${}YDATA$\text{ }${}=$\text{ }${}{$\text{[}$}559.5,759.4,898.2,1116.3,1308.7{$\text{]}$};}


Then just call polyfit with order \textquotesingle{}1\textquotesingle{} since we want a linear regression.
\\

\TemplateSpaceIndent{$\text{ }${}>{}>{}$\text{ }${}polyfit(XDATA,$\text{ }${}YDATA,$\text{ }${}1)$\text{ }$\newline{}
$\text{ }${}ans$\text{ }${}=$\text{ }${}1.0e+002$\text{ }${}*$\text{ }$\newline{}
$\text{ }${}$\text{ }${}$\text{ }${}1.77876628209900$\text{ }${}$\text{ }${}$\text{ }${}3.91232582806103}


The way to interpret this answer is that the first number is the slope of the line (1.778*10\^{}2) and the second is the y-{}intercept (3.912*10\^{}2).
\subsection{Nonlinear Regressions (fminsearch)}
\label{283}
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\label{285}\section{Standard vs. Actual Volume}
\label{286}

When specifying the volume of a gas, the pressure and temperature {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape must}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] be specified because the volume of a gas depends strongly on both temperature and pressure (assuming that it is in an expandable container). In order to avoid specifying a different set of conditions for each measurement, an engineer can convert to {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape standard}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] temperature and pressure (typically 1 atm and 0oC) which is common to all measurements. This allows direct comparisons of volume measurements, but also requires that one convert back to the actual conditions present in the system before the value can be used.

The conversion that is used assumes that the gas is ideal, so that:

{$ PV = nRT $}
\subsection{Conversion of volume to volume}
\label{287}

We wish to compare a {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape standard}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] state to the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape actual}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] state in the system. Let us consider the standard state (state \symbol{34}s\symbol{34}) first. We have the ideal gas law for the standard state:

{$ P_s*V_s = n_sRT_s $}

Now let us compare the standard state to the actual conditions in the system. The standard state conditions have been completely specified. The ideal gas law is assumed to hold in the actual system conditions as well:

{$ P_aV_a = n_aRT_a $}

Divide this equation by the standard-{}state ideal gas law gives:

{$ \frac{P_aV_a}{P_s{V}_s} = \frac{n_aRT_a}{n_sRT_s} $}

where {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape a}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is actual and {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape s}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is standard. If we assume that we want to compare the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries same number of moles}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the substance between the standard and actual states, the following conversion between the states is obtained:

\LaTeXZeroBoxTemplate{{\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries Conversion from standard to actual volume}$\text{ }$\newline{}
\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]
{$ V_a = \frac{P_sV_s}{T_s}*\frac{T_a}{P_a} $} $\text{ }$\newline{}
}
\section{\symbol{34}Gauge\symbol{34} Pressure vs. \symbol{34}Absolute\symbol{34} Pressure}
\label{288}
\section{Different types of moles}
\label{289}
\section{\symbol{34}Pound-{}mass\symbol{34} vs. \symbol{34}Pound-{}force\symbol{34}}
\label{290}
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\label{291}\section{What is a \symbol{34}Unit Operation\symbol{34}?}
\label{292}

A {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries unit operation}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is any part of potentially multiple-{}step process which can be considered to have a single function. Examples of unit operations include:

\begin{myitemize}
\item{}  Separation Processes
\item{}  Purification Processes
\item{}  Mixing Processes
\item{}  Reaction Processes
\item{}  Power Generation Processes
\item{}  Heat Exchangers
\end{myitemize}


In general the ductwork between the processes is not explicitly included, though a single pipe can be analyzed for purposes of determining friction loss, heat losses, pressure drop, and so on.

Large processes are broken into unit operations in order to make them easier to analyze. The key thing to remember about them is that {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape the conservation laws apply not only to the process as a whole but also to each individual unit operation}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx].

The purpose of this section is not to show how to design these operations (that\textquotesingle{}s a whole other course) but to give a general idea of how they work.
\section{Separation Processes}
\label{293}

There are a large number of types of separation processes, including distillation, extraction, absorption, membrane filtration, and so on. Each of these can also be used for purification, to varying degrees.
\subsection{Separation by Flashing}
\label{294}

A mixture of two liquids or a liquid and vapor can be separated by passing it to a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries flash drum}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] at a fixed temperature and pressure. The mixture is allowed to reach equilibrium (or near it), and then the vapor exits the top and the liquid exits the bottom of the drum. This separates the components somewhat, provided that the temperature is chosen between the boiling temperatures of the components of the mixture at the pressure of the drum. The degree of separation depends on the composition of the mixture, the concentrations of the species in the mixture, and the temperature and pressure. Having data such as fugacity data or even vapor pressures for simple modelling like Raoult\textquotesingle{}s Law is invaluable when choosing the operating conditions.

When a solution boils, the resulting gas is {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries still a mixture}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], but the gaseous mixture will in general have more of the lower-{}boiling compound than the higher-{}boiling compound. Therefore, a higher-{}boiling compound can be separated from the lower-{}boiling compound by simply allowing part of the solution to boil and part to remain as liquid.
\subsection{Distillation}
\label{295}

Distillation, like flashing, is a process which is generally used to separate a mixture of two or more liquids based on their boiling points. However, what happens in a distillation column is essentially a series of flashes, which are connected with recycle loops. The liquid from each tray comes to equilibrium (ideally) with the vapor, and the vapor rises up to the next tray and the liquid falls to the tray beneath it. Each tray has a different temperature because a reboiler on the bottom and a condenser at the top maintain a temperature gradient across the column (in certain separation setups one of these components is omitted).

Distillation is an unit operation, in which two constituent is separated by different boiling point.

The net result is, like flashing, more of the lower-{}boiling compound(s) will exit at the top of the column, and more of the higher-{}boiling compound(s) will fall to the bottoms. Since distillation is multiple flashes in a row, it is typically more effective than a single flash, although the latter may be sufficient depending on the purpose. Distillation columns are standard for many types of separations because it is relatively inexpensive for its efficacy. Distillation has a limit, however: non-{}ideal mixtures can form {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries azeotropes}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. An azeotrope is a point at which when the solution boils, the vapor has the same composition as the liquid. Therefore no further separation can be done without another method or without using some special tricks.

Two examples of distillation processes are petroleum distillation and the production of alcoholic beverages. In the first case, oil is separated into its many components, with the lightest at the top and the heaviest on the bottom. In the latter, the gas is enriched in ethanol, which is later recondensed.
\subsection{Gravitational Separation}
\label{296}

Gravitational separation takes advantage of the well-{}known effect of {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries density differences}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]: something that is less dense will float on something that is more dense. Therefore, if two immiscible liquids have significantly different densities, they can be separated by simply letting them settle, then draining the denser liquid out the bottom. Note that the key word here is {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape immiscible}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]; if the liquids are soluble in each other, then it is impossible to separate them by this method.

This method can also be used to separate out solids from a liquid mixture, but again the solids must not be soluble in the liquid (or must be less soluble than they are as present in the solution).
\subsection{Extraction}
\label{297}

Extraction is the general practice of taking something dissolved in one liquid and forcing it to become dissolved in another liquid.  This is done by taking advantage of the {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries relative solubility}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of a compound between two liquids. For example, caffeine must be extracted from coffee beans or tea leaves in order to be used in beverages such as coffee or soda. The common method for doing this is to use {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape supercritical carbon dioxide}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], which is able to dissolve caffeine as if it were a liquid. Then, in order to take the caffeine out, the temperature is lowered (lowering the \symbol{34}solubility\symbol{34} in carbon dioxide) and water is injected. The system is then allowed to reach equilibrium. Since caffeine is more soluble in water than it is in carbon dioxide, the majority of it goes into the water.

Extraction is also used for purification, if some solution is contaminated with a pollutant, the pollutant can be extracted with another, clean stream. Even if it is not very soluble, it will still extract {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape some}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] of the pollutant.

Another type of extraction is {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape acid-{}base extraction}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], which is useful for moving a basic or acidic compound from a polar solvent (such as water) to a non-{}polar one. Often, the ionized form of the acid or base is soluble in a polar solvent, but the non-{}ionized form is not as soluble. The reverse is true for the non-{}ionized form. Therefore, in order to manipulate where the majority of the compound will end up, we alter the pH of the solution by adding acid or base. 

For example, suppose you wanted to extract Fluoride (F-{}) from water into benzene. First, you would add {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape acid}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx], because when a strong acid is added to the solution it undergoes the following reaction with fluoride, which is practically irreversible:

{$ F^- + H_3O^+ \rightarrow HF + H_2O $}

The hydrogen fluoride is more soluble in benzene than fluoride itself, so it would move into the benzene. The benzene and water fluoride solutions could then be separated by density since they\textquotesingle{}re immiscible.
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\subsection{Membrane Filtration}
\label{298}
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Some fancy membranes exist which are able to separate hydrogen from a gaseous mixture by size. These membranes have very small pores which allow hydrogen (the smallest possible molecule, by molecular weight) to pass through by convection, but other molecules cannot pass through the pores and must resort to diffusion (which is comparatively slow). Hence a purified hydrogen mixture results on the other side.

Membranes can separate substances by their diffusivity as well, for example water may diffuse through a certain type of filter faster than ethanol, so if such a filter existed it could be used to enrich the original solution with ethanol.
\section{Purification Methods}
\label{299}

In order to bring any product to market, it is necessary to purify it adequately. Without purification, people could get sick from eating foods, side-{}reactions could occur in industry which would cause safety concerns, or a scientist\textquotesingle{}s research could be invalidated. Fortunately there are several methods used to purify things. The separation processes mentioned above are often used for this purpose, as are the following two processes:
\subsection{Adsorption}
\label{300}
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\subsection{Recrystallization}
\label{301}
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A disadvantage to this method is that it takes a long time to perform, but it is often the most effective method for obtaining a pure sample of a product.
\section{Reaction Processes}
\label{302}
\subsection{Plug flow reactors (PFRs) and Packed Bed Reactors (PBRs)}
\label{303}

A {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries plug flow reactor}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is a (idealized) reactor in which the reacting fluid flows through a tube at a rapid pace, but without the formation of eddies characteristic of rapid flow. Plug flow reactors tend to be relatively easy to construct (they\textquotesingle{}re essentially pipes) but are problematic in reactions which work better when reactants (or products!) are dilute.

Plug flow reactors can be combined with membrane separators in order to increase the yield of a reactor. The products are selectively pulled out of the reactor as they are made so that the equilibrium in the reactor itself continues to shift towards making more product.
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A packed bed reactor is essentially a plug flow reactor packed with catalyst beads. They are used if, like the majority of reactions in industry, the reaction requires a catalyst to significantly progress at a reasonable temperature.
\subsection{Continuous Stirred-{}Tank Reactors (CSTRs) and Fluidized Bed Reactors (FBs)}
\label{304}

A {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries continuous stirred-{}tank reactor}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is an idealized reactor in which the reactants are dumped in one large tank, allowed to react, and then the products (and unused reactants) are released out of the bottom. In this way the reactants are kept relatively dilute, so the temperatures in the reactor are generally lower. This also can have advantages or disadvantages for the selectivity of the reaction, depending on whether the desired reaction is faster or slower than the undesired one.
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CSTRs are generally more useful for liquid-{}phase reactions than PFRs since less transport power is required. However, gas-{}phase reactions are harder to control in a CSTR.
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\subsection{Bioreactors}
\label{305}
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Certain characteristics of a bioreactor must be more tightly controlled than they must be in a normal CSTR or PFR because cellular enzymes are very complex and have relatively narrow ranges of optimum activity. These include, but are not limited to:

\begin{myenumerate}
\item{}  Choice of organism. This is similar to the choice of catalyst for an inorganic reaction.
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\item{}  Choice of substrate. Many organisms can utilize many different carbon sources, for example, but may only produce what you want from one of them.
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\item{}  pH and temperature: Bacterial enzymes tend to have a narrow range of optimal pH and temperatures, so these must be carefully controlled.
\end{myenumerate}


However, bioreactors have several distinct advantages. One of them is that enzymes tend to be stereospecific, so for example you don\textquotesingle{}t get useless D-{}sorbose in the production of vitamin C, but you get L-{}sorbose, which is the active form. In addition, very high production capacities are possible after enough mutations have been induced. Finally, substances which have not been made artificially or which would be very difficult to make artificially (like most antibiotics) can be made relatively easily by a living organism.
\section{Heat Exchangers}
\label{306}

In general, a {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries heat exchanger}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] is a device which is used to facilitate the exchange of heat between two mixtures, from the hotter one to the cooler one. Heat exchangers very often involve steam because steam is very good at carrying heat by convection, and it also has a high heat capacity so it won\textquotesingle{}t change temperature as much as another working fluid would. In addition, though steam can be expensive to produce, it is likely to be less expensive than other working fluids since it comes from water.
\subsection{Tubular Heat Exchangers}
\label{307}
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Heat exchangers work because heat naturally flows from higher temperature to lower temperatures. Therefore if a hot fluid and a cold fluid are separated by a heat conducting surface heat can be transferred from the hot fluid to the cold fluid.

Tubular heat exchangers can be set up in two ways: {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries co-{}current}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] or {\bfseries \allowbreak{}\setmainfont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunbx.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\bfseries counter-{}current}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. In a co-{}current setup, the working fluid and the fluid in the pipe enter on the same side of the heat exchanger. This setup is somewhat inefficient because as heat is exchanged, the temperature of the working fluid will approach that of the fluid in the pipe. The closer the two temperatures become, the less heat can be exchanged. Worse, if the temperatures become equal somewhere in the middle of the heat exchanger, the remaining length is wasted because the two fluids are at thermal equilibrium (no heat is released).

To help counteract these effects, one can use a counter-{}current setup, in which the working fluid enters the heat exchanger on one end and the fluid in the pipe enters at the {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape other end}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]. As an explanation for why this is more efficient, suppose that the working fluid is hotter than the fluid in the pipe, so that the fluid in the pipe is heated up. The fluid in the pipe will be at its highest temperature when it exits the heat exchanger, and at its coolest when it enters. {\itshape \allowbreak{}\setmainfont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunti.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx]\itshape The working fluid will follow the same trend}{$\text{ }$}\allowbreak{}\setmainfont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmunrm,BoldFont=cmunbx,ItalicFont=cmunti,BoldItalicFont=cmunbi]\setmonofont{cmunrm.ttf}[Path=/usr/share/fonts/truetype/cmu/,UprightFont=cmuntt,BoldFont=cmuntb,ItalicFont=cmunit,BoldItalicFont=cmuntx] because it cools off as it travels the length of the exchanger. Because it\textquotesingle{}s counter-{}current, though, the fact that the working fluid cools off has less of an effect because it\textquotesingle{}s exchanging heat with cooler, rather than warmer, fluids in the pipe. 
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\label{309}\section{A Note on Notation}
\label{310}
\section{Base Notation (in alphabetical order)}
\label{311}
\\

\TemplateSpaceIndent{$\text{ }${}{$ [i]_{n} $}$\text{ }${}:$\text{ }${}Molarity$\text{ }${}of$\text{ }${}species$\text{ }${}i$\text{ }${}in$\text{ }${}stream$\text{ }${}n$\text{ }$\newline{}
$\text{ }${}a,$\text{ }${}b,$\text{ }${}c,$\text{ }${}d:$\text{ }${}Stoichiometric$\text{ }${}coefficients.$\text{ }$\newline{}
$\text{ }${}A:$\text{ }${}Area$\text{ }$\newline{}
$\text{ }${}C:$\text{ }${}Molar$\text{ }${}concentration$\text{ }${}(mol/L)$\text{ }$\newline{}
$\text{ }${}K:$\text{ }${}Equilibrium$\text{ }${}coefficient$\text{ }$\newline{}
$\text{ }${}m:$\text{ }${}Mass$\text{ }$\newline{}
$\text{ }${}MW:$\text{ }${}Molecular$\text{ }${}Weight$\text{ }${}(Molar$\text{ }${}Mass)$\text{ }$\newline{}
$\text{ }${}n:$\text{ }${}Moles$\text{ }$\newline{}
$\text{ }${}n:$\text{ }${}Number$\text{ }${}of$\text{ }${}data$\text{ }${}points$\text{ }${}(in$\text{ }${}statistics$\text{ }${}section)$\text{ }$\newline{}
$\text{ }${}N:$\text{ }${}Number$\text{ }${}of$\text{ }${}components$\text{ }$\newline{}
$\text{ }${}P:$\text{ }${}Pressure$\text{ }$\newline{}
$\text{ }${}r:$\text{ }${}Regression$\text{ }${}coefficient$\text{ }$\newline{}
$\text{ }${}R:$\text{ }${}Universal$\text{ }${}gas$\text{ }${}constant$\text{ }$\newline{}
$\text{ }${}T:$\text{ }${}Temperature$\text{ }$\newline{}
$\text{ }${}v:$\text{ }${}Velocity$\text{ }$\newline{}
$\text{ }${}V:$\text{ }${}Volume$\text{ }$\newline{}
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$\text{ }${}X:$\text{ }${}(molar)$\text{ }${}extent$\text{ }${}of$\text{ }${}reaction$\text{ }$\newline{}
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$\text{ }${}Z:$\text{ }${}Compressibility}



\section{Greek}
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\TemplateSpaceIndent{$\text{ }${}{$ \rho $}:$\text{ }${}Density$\text{ }$\newline{}
$\text{ }${}{$ \Sigma $}:$\text{ }${}Sum}

\section{Subscripts}
\label{313}


If a particular component (rather than an arbitrary one) is considered, a specific letter is assigned to it:
\begin{myitemize}
\item{}  {$\text{[}$}A{$\text{]}$} is the molarity of A
\item{}  {$ x_{A} $} is the mass fraction of A
\end{myitemize}


Similarly, referring to a specific stream (rather than any old stream you want), each is given a different number.
\begin{myitemize}
\item{}  {$ \dot{n}_1 $} is the molar flowrate in stream 1.
\item{}  {$ \dot{n}_{A1} $} is the molar flow rate of component A in stream 1.
\end{myitemize}
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The subscript \symbol{34}gen\symbol{34} signifies generation of something inside the system.

The subscripts \symbol{34}in\symbol{34} and \symbol{34}out\symbol{34} signify flows into and out of the system.
\section{Embellishments}
\label{314}

If A is some value denoting a property then:
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{$ \dot{A}_{in} $} denotes the flow rate of component i in stream n.

{$ \hat{A} $} indicates a data point in a set.
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\section{Units Section/Dimensional Analysis}
\label{315}
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\myhref{https://en.wikibooks.org/wiki/General\%20Chemistry}{General Chemistry}: For a more in-{}depth analysis of general chemistry

\myhref{https://en.wikibooks.org/wiki/Matlab}{Matlab}: For more information on how to use MATLAB to solve problems.

\myhref{https://en.wikibooks.org/wiki/Numerical\%20Methods}{Numerical Methods}: For more details on the rootfinding module and other fun math (warning: it\textquotesingle{}s written at a fairly advanced level)
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\myhref{https://en.wikipedia.org/wiki/Conversion\%20of\%20units}{ Unit conversion table (Wikipedia)}

\myhref{https://en.wikipedia.org/wiki/Standard\%20enthalpy\%20change\%20of\%20formation\%20\%28data\%20table\%29}{ Enthalpies of Formation (Wikipedia)}

\myhref{http://periodic.lanl.gov/default.htm}{Periodic Table (Los Alamos National Laboratory)}

\myhref{http://www.ualberta.ca/~jplambec/che/data/index.htm}{Chemical Sciences Data Tables}: Has a fair amount of useful data, including a fairly comprehensive List of Standard Entropies, and Gibbs Energies at 25oC (also a list for ions), a chart with molar masses of the elements, acid equilibrium constants, solubility products, and electric potentials. Definitely one to check out.

\myhref{http://webbook.nist.gov/chemistry/fluid/}{NIST properties}: You can look up properties of many common substances, including water, many light hydrocarbons, and many gases. Data available can include density, enthalpy, entropy, Pitzer acentric factor, surface tension, Joule-{}Thompson coefficients, and several other variables depending on the substance and conditions selected. To see the data in tabular form, once you enter the temperature and pressure ranges you want, click \symbol{34}view table\symbol{34} and then select the property you want from the pull-{}down menu. It\textquotesingle{}ll tell you acceptable ranges.

\myhref{http://www3.me.iastate.edu/me330_colver/new_page_2.htm}{Generalized compressibility chart}: This is very useful in the section on gases and liquids, and you should be able to find a copy of this chart in any thermodynamics book or in Perry\textquotesingle{}s handbook. I\textquotesingle{}ve linked here so you have some clue what I\textquotesingle{}m talking about when I write about it.

\myhref{http://www.engr.umd.edu/~nsw/ench250/antoine.dat}{Antoine equation coefficients}, NOTE that these values are for use with a COMMON log, not a NATURAL log.

\myhref{http://www.kayelaby.npl.co.uk/chemistry/3_5/3_5.html}{Critical constants for various materials}
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\section {GNU GENERAL PUBLIC LICENSE}
\begin{multicols}{4}

Version 3, 29 June 2007

Copyright © 2007 Free Software Foundation, Inc. <http://fsf.org/>

Everyone is permitted to copy and distribute verbatim copies of this license document, but changing it is not allowed.
Preamble

The GNU General Public License is a free, copyleft license for software and other kinds of works.

The licenses for most software and other practical works are designed to take away your freedom to share and change the works. By contrast, the GNU General Public License is intended to guarantee your freedom to share and change all versions of a program--to make sure it remains free software for all its users. We, the Free Software Foundation, use the GNU General Public License for most of our software; it applies also to any other work released this way by its authors. You can apply it to your programs, too.

When we speak of free software, we are referring to freedom, not price. Our General Public Licenses are designed to make sure that you have the freedom to distribute copies of free software (and charge for them if you wish), that you receive source code or can get it if you want it, that you can change the software or use pieces of it in new free programs, and that you know you can do these things.

To protect your rights, we need to prevent others from denying you these rights or asking you to surrender the rights. Therefore, you have certain responsibilities if you distribute copies of the software, or if you modify it: responsibilities to respect the freedom of others.

For example, if you distribute copies of such a program, whether gratis or for a fee, you must pass on to the recipients the same freedoms that you received. You must make sure that they, too, receive or can get the source code. And you must show them these terms so they know their rights.

Developers that use the GNU GPL protect your rights with two steps: (1) assert copyright on the software, and (2) offer you this License giving you legal permission to copy, distribute and/or modify it.

For the developers' and authors' protection, the GPL clearly explains that there is no warranty for this free software. For both users' and authors' sake, the GPL requires that modified versions be marked as changed, so that their problems will not be attributed erroneously to authors of previous versions.

Some devices are designed to deny users access to install or run modified versions of the software inside them, although the manufacturer can do so. This is fundamentally incompatible with the aim of protecting users' freedom to change the software. The systematic pattern of such abuse occurs in the area of products for individuals to use, which is precisely where it is most unacceptable. Therefore, we have designed this version of the GPL to prohibit the practice for those products. If such problems arise substantially in other domains, we stand ready to extend this provision to those domains in future versions of the GPL, as needed to protect the freedom of users.

Finally, every program is threatened constantly by software patents. States should not allow patents to restrict development and use of software on general-purpose computers, but in those that do, we wish to avoid the special danger that patents applied to a free program could make it effectively proprietary. To prevent this, the GPL assures that patents cannot be used to render the program non-free.

The precise terms and conditions for copying, distribution and modification follow.
TERMS AND CONDITIONS
0. Definitions.

“This License” refers to version 3 of the GNU General Public License.

“Copyright” also means copyright-like laws that apply to other kinds of works, such as semiconductor masks.

“The Program” refers to any copyrightable work licensed under this License. Each licensee is addressed as “you”. “Licensees” and “recipients” may be individuals or organizations.

To “modify” a work means to copy from or adapt all or part of the work in a fashion requiring copyright permission, other than the making of an exact copy. The resulting work is called a “modified version” of the earlier work or a work “based on” the earlier work.

A “covered work” means either the unmodified Program or a work based on the Program.

To “propagate” a work means to do anything with it that, without permission, would make you directly or secondarily liable for infringement under applicable copyright law, except executing it on a computer or modifying a private copy. Propagation includes copying, distribution (with or without modification), making available to the public, and in some countries other activities as well.

To “convey” a work means any kind of propagation that enables other parties to make or receive copies. Mere interaction with a user through a computer network, with no transfer of a copy, is not conveying.

An interactive user interface displays “Appropriate Legal Notices” to the extent that it includes a convenient and prominently visible feature that (1) displays an appropriate copyright notice, and (2) tells the user that there is no warranty for the work (except to the extent that warranties are provided), that licensees may convey the work under this License, and how to view a copy of this License. If the interface presents a list of user commands or options, such as a menu, a prominent item in the list meets this criterion.
1. Source Code.

The “source code” for a work means the preferred form of the work for making modifications to it. “Object code” means any non-source form of a work.

A “Standard Interface” means an interface that either is an official standard defined by a recognized standards body, or, in the case of interfaces specified for a particular programming language, one that is widely used among developers working in that language.

The “System Libraries” of an executable work include anything, other than the work as a whole, that (a) is included in the normal form of packaging a Major Component, but which is not part of that Major Component, and (b) serves only to enable use of the work with that Major Component, or to implement a Standard Interface for which an implementation is available to the public in source code form. A “Major Component”, in this context, means a major essential component (kernel, window system, and so on) of the specific operating system (if any) on which the executable work runs, or a compiler used to produce the work, or an object code interpreter used to run it.

The “Corresponding Source” for a work in object code form means all the source code needed to generate, install, and (for an executable work) run the object code and to modify the work, including scripts to control those activities. However, it does not include the work's System Libraries, or general-purpose tools or generally available free programs which are used unmodified in performing those activities but which are not part of the work. For example, Corresponding Source includes interface definition files associated with source files for the work, and the source code for shared libraries and dynamically linked subprograms that the work is specifically designed to require, such as by intimate data communication or control flow between those subprograms and other parts of the work.

The Corresponding Source need not include anything that users can regenerate automatically from other parts of the Corresponding Source.

The Corresponding Source for a work in source code form is that same work.
2. Basic Permissions.

All rights granted under this License are granted for the term of copyright on the Program, and are irrevocable provided the stated conditions are met. This License explicitly affirms your unlimited permission to run the unmodified Program. The output from running a covered work is covered by this License only if the output, given its content, constitutes a covered work. This License acknowledges your rights of fair use or other equivalent, as provided by copyright law.

You may make, run and propagate covered works that you do not convey, without conditions so long as your license otherwise remains in force. You may convey covered works to others for the sole purpose of having them make modifications exclusively for you, or provide you with facilities for running those works, provided that you comply with the terms of this License in conveying all material for which you do not control copyright. Those thus making or running the covered works for you must do so exclusively on your behalf, under your direction and control, on terms that prohibit them from making any copies of your copyrighted material outside their relationship with you.

Conveying under any other circumstances is permitted solely under the conditions stated below. Sublicensing is not allowed; section 10 makes it unnecessary.
3. Protecting Users' Legal Rights From Anti-Circumvention Law.

No covered work shall be deemed part of an effective technological measure under any applicable law fulfilling obligations under article 11 of the WIPO copyright treaty adopted on 20 December 1996, or similar laws prohibiting or restricting circumvention of such measures.

When you convey a covered work, you waive any legal power to forbid circumvention of technological measures to the extent such circumvention is effected by exercising rights under this License with respect to the covered work, and you disclaim any intention to limit operation or modification of the work as a means of enforcing, against the work's users, your or third parties' legal rights to forbid circumvention of technological measures.
4. Conveying Verbatim Copies.

You may convey verbatim copies of the Program's source code as you receive it, in any medium, provided that you conspicuously and appropriately publish on each copy an appropriate copyright notice; keep intact all notices stating that this License and any non-permissive terms added in accord with section 7 apply to the code; keep intact all notices of the absence of any warranty; and give all recipients a copy of this License along with the Program.

You may charge any price or no price for each copy that you convey, and you may offer support or warranty protection for a fee.
5. Conveying Modified Source Versions.

You may convey a work based on the Program, or the modifications to produce it from the Program, in the form of source code under the terms of section 4, provided that you also meet all of these conditions:

    * a) The work must carry prominent notices stating that you modified it, and giving a relevant date.
    * b) The work must carry prominent notices stating that it is released under this License and any conditions added under section 7. This requirement modifies the requirement in section 4 to “keep intact all notices”.
    * c) You must license the entire work, as a whole, under this License to anyone who comes into possession of a copy. This License will therefore apply, along with any applicable section 7 additional terms, to the whole of the work, and all its parts, regardless of how they are packaged. This License gives no permission to license the work in any other way, but it does not invalidate such permission if you have separately received it.
    * d) If the work has interactive user interfaces, each must display Appropriate Legal Notices; however, if the Program has interactive interfaces that do not display Appropriate Legal Notices, your work need not make them do so.

A compilation of a covered work with other separate and independent works, which are not by their nature extensions of the covered work, and which are not combined with it such as to form a larger program, in or on a volume of a storage or distribution medium, is called an “aggregate” if the compilation and its resulting copyright are not used to limit the access or legal rights of the compilation's users beyond what the individual works permit. Inclusion of a covered work in an aggregate does not cause this License to apply to the other parts of the aggregate.
6. Conveying Non-Source Forms.

You may convey a covered work in object code form under the terms of sections 4 and 5, provided that you also convey the machine-readable Corresponding Source under the terms of this License, in one of these ways:

    * a) Convey the object code in, or embodied in, a physical product (including a physical distribution medium), accompanied by the Corresponding Source fixed on a durable physical medium customarily used for software interchange.
    * b) Convey the object code in, or embodied in, a physical product (including a physical distribution medium), accompanied by a written offer, valid for at least three years and valid for as long as you offer spare parts or customer support for that product model, to give anyone who possesses the object code either (1) a copy of the Corresponding Source for all the software in the product that is covered by this License, on a durable physical medium customarily used for software interchange, for a price no more than your reasonable cost of physically performing this conveying of source, or (2) access to copy the Corresponding Source from a network server at no charge.
    * c) Convey individual copies of the object code with a copy of the written offer to provide the Corresponding Source. This alternative is allowed only occasionally and noncommercially, and only if you received the object code with such an offer, in accord with subsection 6b.
    * d) Convey the object code by offering access from a designated place (gratis or for a charge), and offer equivalent access to the Corresponding Source in the same way through the same place at no further charge. You need not require recipients to copy the Corresponding Source along with the object code. If the place to copy the object code is a network server, the Corresponding Source may be on a different server (operated by you or a third party) that supports equivalent copying facilities, provided you maintain clear directions next to the object code saying where to find the Corresponding Source. Regardless of what server hosts the Corresponding Source, you remain obligated to ensure that it is available for as long as needed to satisfy these requirements.
    * e) Convey the object code using peer-to-peer transmission, provided you inform other peers where the object code and Corresponding Source of the work are being offered to the general public at no charge under subsection 6d.

A separable portion of the object code, whose source code is excluded from the Corresponding Source as a System Library, need not be included in conveying the object code work.

A “User Product” is either (1) a “consumer product”, which means any tangible personal property which is normally used for personal, family, or household purposes, or (2) anything designed or sold for incorporation into a dwelling. In determining whether a product is a consumer product, doubtful cases shall be resolved in favor of coverage. For a particular product received by a particular user, “normally used” refers to a typical or common use of that class of product, regardless of the status of the particular user or of the way in which the particular user actually uses, or expects or is expected to use, the product. A product is a consumer product regardless of whether the product has substantial commercial, industrial or non-consumer uses, unless such uses represent the only significant mode of use of the product.

“Installation Information” for a User Product means any methods, procedures, authorization keys, or other information required to install and execute modified versions of a covered work in that User Product from a modified version of its Corresponding Source. The information must suffice to ensure that the continued functioning of the modified object code is in no case prevented or interfered with solely because modification has been made.

If you convey an object code work under this section in, or with, or specifically for use in, a User Product, and the conveying occurs as part of a transaction in which the right of possession and use of the User Product is transferred to the recipient in perpetuity or for a fixed term (regardless of how the transaction is characterized), the Corresponding Source conveyed under this section must be accompanied by the Installation Information. But this requirement does not apply if neither you nor any third party retains the ability to install modified object code on the User Product (for example, the work has been installed in ROM).

The requirement to provide Installation Information does not include a requirement to continue to provide support service, warranty, or updates for a work that has been modified or installed by the recipient, or for the User Product in which it has been modified or installed. Access to a network may be denied when the modification itself materially and adversely affects the operation of the network or violates the rules and protocols for communication across the network.

Corresponding Source conveyed, and Installation Information provided, in accord with this section must be in a format that is publicly documented (and with an implementation available to the public in source code form), and must require no special password or key for unpacking, reading or copying.
7. Additional Terms.

“Additional permissions” are terms that supplement the terms of this License by making exceptions from one or more of its conditions. Additional permissions that are applicable to the entire Program shall be treated as though they were included in this License, to the extent that they are valid under applicable law. If additional permissions apply only to part of the Program, that part may be used separately under those permissions, but the entire Program remains governed by this License without regard to the additional permissions.

When you convey a copy of a covered work, you may at your option remove any additional permissions from that copy, or from any part of it. (Additional permissions may be written to require their own removal in certain cases when you modify the work.) You may place additional permissions on material, added by you to a covered work, for which you have or can give appropriate copyright permission.

Notwithstanding any other provision of this License, for material you add to a covered work, you may (if authorized by the copyright holders of that material) supplement the terms of this License with terms:

    * a) Disclaiming warranty or limiting liability differently from the terms of sections 15 and 16 of this License; or
    * b) Requiring preservation of specified reasonable legal notices or author attributions in that material or in the Appropriate Legal Notices displayed by works containing it; or
    * c) Prohibiting misrepresentation of the origin of that material, or requiring that modified versions of such material be marked in reasonable ways as different from the original version; or
    * d) Limiting the use for publicity purposes of names of licensors or authors of the material; or
    * e) Declining to grant rights under trademark law for use of some trade names, trademarks, or service marks; or
    * f) Requiring indemnification of licensors and authors of that material by anyone who conveys the material (or modified versions of it) with contractual assumptions of liability to the recipient, for any liability that these contractual assumptions directly impose on those licensors and authors.

All other non-permissive additional terms are considered “further restrictions” within the meaning of section 10. If the Program as you received it, or any part of it, contains a notice stating that it is governed by this License along with a term that is a further restriction, you may remove that term. If a license document contains a further restriction but permits relicensing or conveying under this License, you may add to a covered work material governed by the terms of that license document, provided that the further restriction does not survive such relicensing or conveying.

If you add terms to a covered work in accord with this section, you must place, in the relevant source files, a statement of the additional terms that apply to those files, or a notice indicating where to find the applicable terms.

Additional terms, permissive or non-permissive, may be stated in the form of a separately written license, or stated as exceptions; the above requirements apply either way.
8. Termination.

You may not propagate or modify a covered work except as expressly provided under this License. Any attempt otherwise to propagate or modify it is void, and will automatically terminate your rights under this License (including any patent licenses granted under the third paragraph of section 11).

However, if you cease all violation of this License, then your license from a particular copyright holder is reinstated (a) provisionally, unless and until the copyright holder explicitly and finally terminates your license, and (b) permanently, if the copyright holder fails to notify you of the violation by some reasonable means prior to 60 days after the cessation.

Moreover, your license from a particular copyright holder is reinstated permanently if the copyright holder notifies you of the violation by some reasonable means, this is the first time you have received notice of violation of this License (for any work) from that copyright holder, and you cure the violation prior to 30 days after your receipt of the notice.

Termination of your rights under this section does not terminate the licenses of parties who have received copies or rights from you under this License. If your rights have been terminated and not permanently reinstated, you do not qualify to receive new licenses for the same material under section 10.
9. Acceptance Not Required for Having Copies.

You are not required to accept this License in order to receive or run a copy of the Program. Ancillary propagation of a covered work occurring solely as a consequence of using peer-to-peer transmission to receive a copy likewise does not require acceptance. However, nothing other than this License grants you permission to propagate or modify any covered work. These actions infringe copyright if you do not accept this License. Therefore, by modifying or propagating a covered work, you indicate your acceptance of this License to do so.
10. Automatic Licensing of Downstream Recipients.

Each time you convey a covered work, the recipient automatically receives a license from the original licensors, to run, modify and propagate that work, subject to this License. You are not responsible for enforcing compliance by third parties with this License.

An “entity transaction” is a transaction transferring control of an organization, or substantially all assets of one, or subdividing an organization, or merging organizations. If propagation of a covered work results from an entity transaction, each party to that transaction who receives a copy of the work also receives whatever licenses to the work the party's predecessor in interest had or could give under the previous paragraph, plus a right to possession of the Corresponding Source of the work from the predecessor in interest, if the predecessor has it or can get it with reasonable efforts.

You may not impose any further restrictions on the exercise of the rights granted or affirmed under this License. For example, you may not impose a license fee, royalty, or other charge for exercise of rights granted under this License, and you may not initiate litigation (including a cross-claim or counterclaim in a lawsuit) alleging that any patent claim is infringed by making, using, selling, offering for sale, or importing the Program or any portion of it.
11. Patents.

A “contributor” is a copyright holder who authorizes use under this License of the Program or a work on which the Program is based. The work thus licensed is called the contributor's “contributor version”.

A contributor's “essential patent claims” are all patent claims owned or controlled by the contributor, whether already acquired or hereafter acquired, that would be infringed by some manner, permitted by this License, of making, using, or selling its contributor version, but do not include claims that would be infringed only as a consequence of further modification of the contributor version. For purposes of this definition, “control” includes the right to grant patent sublicenses in a manner consistent with the requirements of this License.

Each contributor grants you a non-exclusive, worldwide, royalty-free patent license under the contributor's essential patent claims, to make, use, sell, offer for sale, import and otherwise run, modify and propagate the contents of its contributor version.

In the following three paragraphs, a “patent license” is any express agreement or commitment, however denominated, not to enforce a patent (such as an express permission to practice a patent or covenant not to sue for patent infringement). To “grant” such a patent license to a party means to make such an agreement or commitment not to enforce a patent against the party.

If you convey a covered work, knowingly relying on a patent license, and the Corresponding Source of the work is not available for anyone to copy, free of charge and under the terms of this License, through a publicly available network server or other readily accessible means, then you must either (1) cause the Corresponding Source to be so available, or (2) arrange to deprive yourself of the benefit of the patent license for this particular work, or (3) arrange, in a manner consistent with the requirements of this License, to extend the patent license to downstream recipients. “Knowingly relying” means you have actual knowledge that, but for the patent license, your conveying the covered work in a country, or your recipient's use of the covered work in a country, would infringe one or more identifiable patents in that country that you have reason to believe are valid.

If, pursuant to or in connection with a single transaction or arrangement, you convey, or propagate by procuring conveyance of, a covered work, and grant a patent license to some of the parties receiving the covered work authorizing them to use, propagate, modify or convey a specific copy of the covered work, then the patent license you grant is automatically extended to all recipients of the covered work and works based on it.

A patent license is “discriminatory” if it does not include within the scope of its coverage, prohibits the exercise of, or is conditioned on the non-exercise of one or more of the rights that are specifically granted under this License. You may not convey a covered work if you are a party to an arrangement with a third party that is in the business of distributing software, under which you make payment to the third party based on the extent of your activity of conveying the work, and under which the third party grants, to any of the parties who would receive the covered work from you, a discriminatory patent license (a) in connection with copies of the covered work conveyed by you (or copies made from those copies), or (b) primarily for and in connection with specific products or compilations that contain the covered work, unless you entered into that arrangement, or that patent license was granted, prior to 28 March 2007.

Nothing in this License shall be construed as excluding or limiting any implied license or other defenses to infringement that may otherwise be available to you under applicable patent law.
12. No Surrender of Others' Freedom.

If conditions are imposed on you (whether by court order, agreement or otherwise) that contradict the conditions of this License, they do not excuse you from the conditions of this License. If you cannot convey a covered work so as to satisfy simultaneously your obligations under this License and any other pertinent obligations, then as a consequence you may not convey it at all. For example, if you agree to terms that obligate you to collect a royalty for further conveying from those to whom you convey the Program, the only way you could satisfy both those terms and this License would be to refrain entirely from conveying the Program.
13. Use with the GNU Affero General Public License.

Notwithstanding any other provision of this License, you have permission to link or combine any covered work with a work licensed under version 3 of the GNU Affero General Public License into a single combined work, and to convey the resulting work. The terms of this License will continue to apply to the part which is the covered work, but the special requirements of the GNU Affero General Public License, section 13, concerning interaction through a network will apply to the combination as such.
14. Revised Versions of this License.

The Free Software Foundation may publish revised and/or new versions of the GNU General Public License from time to time. Such new versions will be similar in spirit to the present version, but may differ in detail to address new problems or concerns.

Each version is given a distinguishing version number. If the Program specifies that a certain numbered version of the GNU General Public License “or any later version” applies to it, you have the option of following the terms and conditions either of that numbered version or of any later version published by the Free Software Foundation. If the Program does not specify a version number of the GNU General Public License, you may choose any version ever published by the Free Software Foundation.

If the Program specifies that a proxy can decide which future versions of the GNU General Public License can be used, that proxy's public statement of acceptance of a version permanently authorizes you to choose that version for the Program.

Later license versions may give you additional or different permissions. However, no additional obligations are imposed on any author or copyright holder as a result of your choosing to follow a later version.
15. Disclaimer of Warranty.

THERE IS NO WARRANTY FOR THE PROGRAM, TO THE EXTENT PERMITTED BY APPLICABLE LAW. EXCEPT WHEN OTHERWISE STATED IN WRITING THE COPYRIGHT HOLDERS AND/OR OTHER PARTIES PROVIDE THE PROGRAM “AS IS” WITHOUT WARRANTY OF ANY KIND, EITHER EXPRESSED OR IMPLIED, INCLUDING, BUT NOT LIMITED TO, THE IMPLIED WARRANTIES OF MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE. THE ENTIRE RISK AS TO THE QUALITY AND PERFORMANCE OF THE PROGRAM IS WITH YOU. SHOULD THE PROGRAM PROVE DEFECTIVE, YOU ASSUME THE COST OF ALL NECESSARY SERVICING, REPAIR OR CORRECTION.
16. Limitation of Liability.

IN NO EVENT UNLESS REQUIRED BY APPLICABLE LAW OR AGREED TO IN WRITING WILL ANY COPYRIGHT HOLDER, OR ANY OTHER PARTY WHO MODIFIES AND/OR CONVEYS THE PROGRAM AS PERMITTED ABOVE, BE LIABLE TO YOU FOR DAMAGES, INCLUDING ANY GENERAL, SPECIAL, INCIDENTAL OR CONSEQUENTIAL DAMAGES ARISING OUT OF THE USE OR INABILITY TO USE THE PROGRAM (INCLUDING BUT NOT LIMITED TO LOSS OF DATA OR DATA BEING RENDERED INACCURATE OR LOSSES SUSTAINED BY YOU OR THIRD PARTIES OR A FAILURE OF THE PROGRAM TO OPERATE WITH ANY OTHER PROGRAMS), EVEN IF SUCH HOLDER OR OTHER PARTY HAS BEEN ADVISED OF THE POSSIBILITY OF SUCH DAMAGES.
17. Interpretation of Sections 15 and 16.

If the disclaimer of warranty and limitation of liability provided above cannot be given local legal effect according to their terms, reviewing courts shall apply local law that most closely approximates an absolute waiver of all civil liability in connection with the Program, unless a warranty or assumption of liability accompanies a copy of the Program in return for a fee.

END OF TERMS AND CONDITIONS
How to Apply These Terms to Your New Programs

If you develop a new program, and you want it to be of the greatest possible use to the public, the best way to achieve this is to make it free software which everyone can redistribute and change under these terms.

To do so, attach the following notices to the program. It is safest to attach them to the start of each source file to most effectively state the exclusion of warranty; and each file should have at least the “copyright” line and a pointer to where the full notice is found.

    <one line to give the program's name and a brief idea of what it does.>
    Copyright (C) <year>  <name of author>

    This program is free software: you can redistribute it and/or modify
    it under the terms of the GNU General Public License as published by
    the Free Software Foundation, either version 3 of the License, or
    (at your option) any later version.

    This program is distributed in the hope that it will be useful,
    but WITHOUT ANY WARRANTY; without even the implied warranty of
    MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE.  See the
    GNU General Public License for more details.

    You should have received a copy of the GNU General Public License
    along with this program.  If not, see <http://www.gnu.org/licenses/>.

Also add information on how to contact you by electronic and paper mail.

If the program does terminal interaction, make it output a short notice like this when it starts in an interactive mode:

    <program>  Copyright (C) <year>  <name of author>
    This program comes with ABSOLUTELY NO WARRANTY; for details type `show w'.
    This is free software, and you are welcome to redistribute it
    under certain conditions; type `show c' for details.

The hypothetical commands `show w' and `show c' should show the appropriate parts of the General Public License. Of course, your program's commands might be different; for a GUI interface, you would use an “about box”.

You should also get your employer (if you work as a programmer) or school, if any, to sign a “copyright disclaimer” for the program, if necessary. For more information on this, and how to apply and follow the GNU GPL, see <http://www.gnu.org/licenses/>.

The GNU General Public License does not permit incorporating your program into proprietary programs. If your program is a subroutine library, you may consider it more useful to permit linking proprietary applications with the library. If this is what you want to do, use the GNU Lesser General Public License instead of this License. But first, please read <http://www.gnu.org/philosophy/why-not-lgpl.html>.
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Copyright © 2000, 2001, 2002, 2007, 2008 Free Software Foundation, Inc. <http://fsf.org/>

Everyone is permitted to copy and distribute verbatim copies of this license document, but changing it is not allowed.
0. PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful document "free" in the sense of freedom: to assure everyone the effective freedom to copy and redistribute it, with or without modifying it, either commercially or noncommercially. Secondarily, this License preserves for the author and publisher a way to get credit for their work, while not being considered responsible for modifications made by others.

This License is a kind of "copyleft", which means that derivative works of the document must themselves be free in the same sense. It complements the GNU General Public License, which is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free software needs free documentation: a free program should come with manuals providing the same freedoms that the software does. But this License is not limited to software manuals; it can be used for any textual work, regardless of subject matter or whether it is published as a printed book. We recommend this License principally for works whose purpose is instruction or reference.
1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed by the copyright holder saying it can be distributed under the terms of this License. Such a notice grants a world-wide, royalty-free license, unlimited in duration, to use that work under the conditions stated herein. The "Document", below, refers to any such manual or work. Any member of the public is a licensee, and is addressed as "you". You accept the license if you copy, modify or distribute the work in a way requiring permission under copyright law.

A "Modified Version" of the Document means any work containing the Document or a portion of it, either copied verbatim, or with modifications and/or translated into another language.

A "Secondary Section" is a named appendix or a front-matter section of the Document that deals exclusively with the relationship of the publishers or authors of the Document to the Document's overall subject (or to related matters) and contains nothing that could fall directly within that overall subject. (Thus, if the Document is in part a textbook of mathematics, a Secondary Section may not explain any mathematics.) The relationship could be a matter of historical connection with the subject or with related matters, or of legal, commercial, philosophical, ethical or political position regarding them.

The "Invariant Sections" are certain Secondary Sections whose titles are designated, as being those of Invariant Sections, in the notice that says that the Document is released under this License. If a section does not fit the above definition of Secondary then it is not allowed to be designated as Invariant. The Document may contain zero Invariant Sections. If the Document does not identify any Invariant Sections then there are none.

The "Cover Texts" are certain short passages of text that are listed, as Front-Cover Texts or Back-Cover Texts, in the notice that says that the Document is released under this License. A Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A "Transparent" copy of the Document means a machine-readable copy, represented in a format whose specification is available to the general public, that is suitable for revising the document straightforwardly with generic text editors or (for images composed of pixels) generic paint programs or (for drawings) some widely available drawing editor, and that is suitable for input to text formatters or for automatic translation to a variety of formats suitable for input to text formatters. A copy made in an otherwise Transparent file format whose markup, or absence of markup, has been arranged to thwart or discourage subsequent modification by readers is not Transparent. An image format is not Transparent if used for any substantial amount of text. A copy that is not "Transparent" is called "Opaque".

Examples of suitable formats for Transparent copies include plain ASCII without markup, Texinfo input format, LaTeX input format, SGML or XML using a publicly available DTD, and standard-conforming simple HTML, PostScript or PDF designed for human modification. Examples of transparent image formats include PNG, XCF and JPG. Opaque formats include proprietary formats that can be read and edited only by proprietary word processors, SGML or XML for which the DTD and/or processing tools are not generally available, and the machine-generated HTML, PostScript or PDF produced by some word processors for output purposes only.

The "Title Page" means, for a printed book, the title page itself, plus such following pages as are needed to hold, legibly, the material this License requires to appear in the title page. For works in formats which do not have any title page as such, "Title Page" means the text near the most prominent appearance of the work's title, preceding the beginning of the body of the text.

The "publisher" means any person or entity that distributes copies of the Document to the public.

A section "Entitled XYZ" means a named subunit of the Document whose title either is precisely XYZ or contains XYZ in parentheses following text that translates XYZ in another language. (Here XYZ stands for a specific section name mentioned below, such as "Acknowledgements", "Dedications", "Endorsements", or "History".) To "Preserve the Title" of such a section when you modify the Document means that it remains a section "Entitled XYZ" according to this definition.

The Document may include Warranty Disclaimers next to the notice which states that this License applies to the Document. These Warranty Disclaimers are considered to be included by reference in this License, but only as regards disclaiming warranties: any other implication that these Warranty Disclaimers may have is void and has no effect on the meaning of this License.
2. VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or noncommercially, provided that this License, the copyright notices, and the license notice saying this License applies to the Document are reproduced in all copies, and that you add no other conditions whatsoever to those of this License. You may not use technical measures to obstruct or control the reading or further copying of the copies you make or distribute. However, you may accept compensation in exchange for copies. If you distribute a large enough number of copies you must also follow the conditions in section 3.

You may also lend copies, under the same conditions stated above, and you may publicly display copies.
3. COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the Document, numbering more than 100, and the Document's license notice requires Cover Texts, you must enclose the copies in covers that carry, clearly and legibly, all these Cover Texts: Front-Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers must also clearly and legibly identify you as the publisher of these copies. The front cover must present the full title with all words of the title equally prominent and visible. You may add other material on the covers in addition. Copying with changes limited to the covers, as long as they preserve the title of the Document and satisfy these conditions, can be treated as verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must either include a machine-readable Transparent copy along with each Opaque copy, or state in or with each Opaque copy a computer-network location from which the general network-using public has access to download using public-standard network protocols a complete Transparent copy of the Document, free of added material. If you use the latter option, you must take reasonably prudent steps, when you begin distribution of Opaque copies in quantity, to ensure that this Transparent copy will remain thus accessible at the stated location until at least one year after the last time you distribute an Opaque copy (directly or through your agents or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document well before redistributing any large number of copies, to give them a chance to provide you with an updated version of the Document.
4. MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of sections 2 and 3 above, provided that you release the Modified Version under precisely this License, with the Modified Version filling the role of the Document, thus licensing distribution and modification of the Modified Version to whoever possesses a copy of it. In addition, you must do these things in the Modified Version:

    * A. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document, and from those of previous versions (which should, if there were any, be listed in the History section of the Document). You may use the same title as a previous version if the original publisher of that version gives permission.
    * B. List on the Title Page, as authors, one or more persons or entities responsible for authorship of the modifications in the Modified Version, together with at least five of the principal authors of the Document (all of its principal authors, if it has fewer than five), unless they release you from this requirement.
    * C. State on the Title page the name of the publisher of the Modified Version, as the publisher.
    * D. Preserve all the copyright notices of the Document.
    * E. Add an appropriate copyright notice for your modifications adjacent to the other copyright notices.
    * F. Include, immediately after the copyright notices, a license notice giving the public permission to use the Modified Version under the terms of this License, in the form shown in the Addendum below.
    * G. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts given in the Document's license notice.
    * H. Include an unaltered copy of this License.
    * I. Preserve the section Entitled "History", Preserve its Title, and add to it an item stating at least the title, year, new authors, and publisher of the Modified Version as given on the Title Page. If there is no section Entitled "History" in the Document, create one stating the title, year, authors, and publisher of the Document as given on its Title Page, then add an item describing the Modified Version as stated in the previous sentence.
    * J. Preserve the network location, if any, given in the Document for public access to a Transparent copy of the Document, and likewise the network locations given in the Document for previous versions it was based on. These may be placed in the "History" section. You may omit a network location for a work that was published at least four years before the Document itself, or if the original publisher of the version it refers to gives permission.
    * K. For any section Entitled "Acknowledgements" or "Dedications", Preserve the Title of the section, and preserve in the section all the substance and tone of each of the contributor acknowledgements and/or dedications given therein.
    * L. Preserve all the Invariant Sections of the Document, unaltered in their text and in their titles. Section numbers or the equivalent are not considered part of the section titles.
    * M. Delete any section Entitled "Endorsements". Such a section may not be included in the Modified Version.
    * N. Do not retitle any existing section to be Entitled "Endorsements" or to conflict in title with any Invariant Section.
    * O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary Sections and contain no material copied from the Document, you may at your option designate some or all of these sections as invariant. To do this, add their titles to the list of Invariant Sections in the Modified Version's license notice. These titles must be distinct from any other section titles.

You may add a section Entitled "Endorsements", provided it contains nothing but endorsements of your Modified Version by various parties—for example, statements of peer review or that the text has been approved by an organization as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25 words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version. Only one passage of Front-Cover Text and one of Back-Cover Text may be added by (or through arrangements made by) any one entity. If the Document already includes a cover text for the same cover, previously added by you or by arrangement made by the same entity you are acting on behalf of, you may not add another; but you may replace the old one, on explicit permission from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use their names for publicity for or to assert or imply endorsement of any Modified Version.
5. COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the terms defined in section 4 above for modified versions, provided that you include in the combination all of the Invariant Sections of all of the original documents, unmodified, and list them all as Invariant Sections of your combined work in its license notice, and that you preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant Sections may be replaced with a single copy. If there are multiple Invariant Sections with the same name but different contents, make the title of each such section unique by adding at the end of it, in parentheses, the name of the original author or publisher of that section if known, or else a unique number. Make the same adjustment to the section titles in the list of Invariant Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled "History" in the various original documents, forming one section Entitled "History"; likewise combine any sections Entitled "Acknowledgements", and any sections Entitled "Dedications". You must delete all sections Entitled "Endorsements".
6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under this License, and replace the individual copies of this License in the various documents with a single copy that is included in the collection, provided that you follow the rules of this License for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under this License, provided you insert a copy of this License into the extracted document, and follow this License in all other respects regarding verbatim copying of that document.
7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent documents or works, in or on a volume of a storage or distribution medium, is called an "aggregate" if the copyright resulting from the compilation is not used to limit the legal rights of the compilation's users beyond what the individual works permit. When the Document is included in an aggregate, this License does not apply to the other works in the aggregate which are not themselves derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these copies of the Document, then if the Document is less than one half of the entire aggregate, the Document's Cover Texts may be placed on covers that bracket the Document within the aggregate, or the electronic equivalent of covers if the Document is in electronic form. Otherwise they must appear on printed covers that bracket the whole aggregate.
8. TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Document under the terms of section 4. Replacing Invariant Sections with translations requires special permission from their copyright holders, but you may include translations of some or all Invariant Sections in addition to the original versions of these Invariant Sections. You may include a translation of this License, and all the license notices in the Document, and any Warranty Disclaimers, provided that you also include the original English version of this License and the original versions of those notices and disclaimers. In case of a disagreement between the translation and the original version of this License or a notice or disclaimer, the original version will prevail.

If a section in the Document is Entitled "Acknowledgements", "Dedications", or "History", the requirement (section 4) to Preserve its Title (section 1) will typically require changing the actual title.
9. TERMINATION

You may not copy, modify, sublicense, or distribute the Document except as expressly provided under this License. Any attempt otherwise to copy, modify, sublicense, or distribute it is void, and will automatically terminate your rights under this License.

However, if you cease all violation of this License, then your license from a particular copyright holder is reinstated (a) provisionally, unless and until the copyright holder explicitly and finally terminates your license, and (b) permanently, if the copyright holder fails to notify you of the violation by some reasonable means prior to 60 days after the cessation.

Moreover, your license from a particular copyright holder is reinstated permanently if the copyright holder notifies you of the violation by some reasonable means, this is the first time you have received notice of violation of this License (for any work) from that copyright holder, and you cure the violation prior to 30 days after your receipt of the notice.

Termination of your rights under this section does not terminate the licenses of parties who have received copies or rights from you under this License. If your rights have been terminated and not permanently reinstated, receipt of a copy of some or all of the same material does not give you any rights to use it.
10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free Documentation License from time to time. Such new versions will be similar in spirit to the present version, but may differ in detail to address new problems or concerns. See http://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing version number. If the Document specifies that a particular numbered version of this License "or any later version" applies to it, you have the option of following the terms and conditions either of that specified version or of any later version that has been published (not as a draft) by the Free Software Foundation. If the Document does not specify a version number of this License, you may choose any version ever published (not as a draft) by the Free Software Foundation. If the Document specifies that a proxy can decide which future versions of this License can be used, that proxy's public statement of acceptance of a version permanently authorizes you to choose that version for the Document.
11. RELICENSING

"Massive Multiauthor Collaboration Site" (or "MMC Site") means any World Wide Web server that publishes copyrightable works and also provides prominent facilities for anybody to edit those works. A public wiki that anybody can edit is an example of such a server. A "Massive Multiauthor Collaboration" (or "MMC") contained in the site means any set of copyrightable works thus published on the MMC site.

"CC-BY-SA" means the Creative Commons Attribution-Share Alike 3.0 license published by Creative Commons Corporation, a not-for-profit corporation with a principal place of business in San Francisco, California, as well as future copyleft versions of that license published by that same organization.

"Incorporate" means to publish or republish a Document, in whole or in part, as part of another Document.

An MMC is "eligible for relicensing" if it is licensed under this License, and if all works that were first published under this License somewhere other than this MMC, and subsequently incorporated in whole or in part into the MMC, (1) had no cover texts or invariant sections, and (2) were thus incorporated prior to November 1, 2008.

The operator of an MMC Site may republish an MMC contained in the site under CC-BY-SA on the same site at any time before August 1, 2009, provided the MMC is eligible for relicensing.
ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the document and put the following copyright and license notices just after the title page:

    Copyright (C)  YEAR  YOUR NAME.
    Permission is granted to copy, distribute and/or modify this document
    under the terms of the GNU Free Documentation License, Version 1.3
    or any later version published by the Free Software Foundation;
    with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts.
    A copy of the license is included in the section entitled "GNU
    Free Documentation License".

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the "with … Texts." line with this:

    with the Invariant Sections being LIST THEIR TITLES, with the
    Front-Cover Texts being LIST, and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three, merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these examples in parallel under your choice of free software license, such as the GNU General Public License, to permit their use in free software.
\end{multicols}

\section{GNU Lesser General Public License}
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GNU LESSER GENERAL PUBLIC LICENSE

Version 3, 29 June 2007

Copyright © 2007 Free Software Foundation, Inc. <http://fsf.org/>

Everyone is permitted to copy and distribute verbatim copies of this license document, but changing it is not allowed.

This version of the GNU Lesser General Public License incorporates the terms and conditions of version 3 of the GNU General Public License, supplemented by the additional permissions listed below.
0. Additional Definitions.

As used herein, “this License” refers to version 3 of the GNU Lesser General Public License, and the “GNU GPL” refers to version 3 of the GNU General Public License.

“The Library” refers to a covered work governed by this License, other than an Application or a Combined Work as defined below.

An “Application” is any work that makes use of an interface provided by the Library, but which is not otherwise based on the Library. Defining a subclass of a class defined by the Library is deemed a mode of using an interface provided by the Library.

A “Combined Work” is a work produced by combining or linking an Application with the Library. The particular version of the Library with which the Combined Work was made is also called the “Linked Version”.

The “Minimal Corresponding Source” for a Combined Work means the Corresponding Source for the Combined Work, excluding any source code for portions of the Combined Work that, considered in isolation, are based on the Application, and not on the Linked Version.

The “Corresponding Application Code” for a Combined Work means the object code and/or source code for the Application, including any data and utility programs needed for reproducing the Combined Work from the Application, but excluding the System Libraries of the Combined Work.
1. Exception to Section 3 of the GNU GPL.

You may convey a covered work under sections 3 and 4 of this License without being bound by section 3 of the GNU GPL.
2. Conveying Modified Versions.

If you modify a copy of the Library, and, in your modifications, a facility refers to a function or data to be supplied by an Application that uses the facility (other than as an argument passed when the facility is invoked), then you may convey a copy of the modified version:

    * a) under this License, provided that you make a good faith effort to ensure that, in the event an Application does not supply the function or data, the facility still operates, and performs whatever part of its purpose remains meaningful, or
    * b) under the GNU GPL, with none of the additional permissions of this License applicable to that copy.

3. Object Code Incorporating Material from Library Header Files.

The object code form of an Application may incorporate material from a header file that is part of the Library. You may convey such object code under terms of your choice, provided that, if the incorporated material is not limited to numerical parameters, data structure layouts and accessors, or small macros, inline functions and templates (ten or fewer lines in length), you do both of the following:

    * a) Give prominent notice with each copy of the object code that the Library is used in it and that the Library and its use are covered by this License.
    * b) Accompany the object code with a copy of the GNU GPL and this license document.

4. Combined Works.

You may convey a Combined Work under terms of your choice that, taken together, effectively do not restrict modification of the portions of the Library contained in the Combined Work and reverse engineering for debugging such modifications, if you also do each of the following:

    * a) Give prominent notice with each copy of the Combined Work that the Library is used in it and that the Library and its use are covered by this License.
    * b) Accompany the Combined Work with a copy of the GNU GPL and this license document.
    * c) For a Combined Work that displays copyright notices during execution, include the copyright notice for the Library among these notices, as well as a reference directing the user to the copies of the GNU GPL and this license document.
    * d) Do one of the following:
          o 0) Convey the Minimal Corresponding Source under the terms of this License, and the Corresponding Application Code in a form suitable for, and under terms that permit, the user to recombine or relink the Application with a modified version of the Linked Version to produce a modified Combined Work, in the manner specified by section 6 of the GNU GPL for conveying Corresponding Source.
          o 1) Use a suitable shared library mechanism for linking with the Library. A suitable mechanism is one that (a) uses at run time a copy of the Library already present on the user's computer system, and (b) will operate properly with a modified version of the Library that is interface-compatible with the Linked Version.
    * e) Provide Installation Information, but only if you would otherwise be required to provide such information under section 6 of the GNU GPL, and only to the extent that such information is necessary to install and execute a modified version of the Combined Work produced by recombining or relinking the Application with a modified version of the Linked Version. (If you use option 4d0, the Installation Information must accompany the Minimal Corresponding Source and Corresponding Application Code. If you use option 4d1, you must provide the Installation Information in the manner specified by section 6 of the GNU GPL for conveying Corresponding Source.)

5. Combined Libraries.

You may place library facilities that are a work based on the Library side by side in a single library together with other library facilities that are not Applications and are not covered by this License, and convey such a combined library under terms of your choice, if you do both of the following:

    * a) Accompany the combined library with a copy of the same work based on the Library, uncombined with any other library facilities, conveyed under the terms of this License.
    * b) Give prominent notice with the combined library that part of it is a work based on the Library, and explaining where to find the accompanying uncombined form of the same work.

6. Revised Versions of the GNU Lesser General Public License.

The Free Software Foundation may publish revised and/or new versions of the GNU Lesser General Public License from time to time. Such new versions will be similar in spirit to the present version, but may differ in detail to address new problems or concerns.

Each version is given a distinguishing version number. If the Library as you received it specifies that a certain numbered version of the GNU Lesser General Public License “or any later version” applies to it, you have the option of following the terms and conditions either of that published version or of any later version published by the Free Software Foundation. If the Library as you received it does not specify a version number of the GNU Lesser General Public License, you may choose any version of the GNU Lesser General Public License ever published by the Free Software Foundation.

If the Library as you received it specifies that a proxy can decide whether future versions of the GNU Lesser General Public License shall apply, that proxy's public statement of acceptance of any version is permanent authorization for you to choose that version for the Library.
\end{multicols}
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