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A SIMPLIFIED METHOD OF

SUSPENSION BRIDGE ANALYSIS

Linc-H1 TSIEN (32 4 %)
SYNOPSIS

A rational method of analysis for the design of suspension
bridge is presented in this paper. The proposed method gives simple
and explicit equatlons of horizontal tension in cable and direct deter-
mination of maximum moments, shears, deflections and slopes in the
stiffening trusses. Slide rule may be used in all computations. The
tiresome. cut-try processes inherent in the existing methods are en-
tirely avoided here. )

Typical computations for Mount-Hope suspension bridge il-
lustrates the method, and it is shown that the accuracy is high and
the saving in labor is considerable.

( I-:) INTRODUCTION

Many investigators have pointed out that the so-called ““elastic

. theory” is not adequate for the exact design of suspension bridge.
The *“‘deflection theory” is more accurate and is used in great extend
to-day. But it involves many cut and try processes and a computing
machine or a table of loganthms must be used in order to avoid
possibilities of serious errors. The “trigonometric series”” method
developed by Professor Timoshenko has distinct advantages over the
deflection theory method in several respects. But the expressions
are not completely explicit, and the calculation is still lengthy and
involved.: Moreover, the location and magnitude of maximum

bending moments and shears in stiffening trusses for various loading -

conditions can not be directly determined without cut and trial.

—g_



The method proposed here eliminates all these inconveniences.
It will be presented in two parts: Part I deals with the computation
of horizontal tension in cable; Part 1[I with the analysis of stiffening
truss (cletermmanon of maximum moments, shears, deflections and
slopes).

Two important results are reached as follows:

(a) - When the live load moves on the bridge, the horizontal
tension in cable varies very closely according to certain circular
functions irrespective of both the ratio of the live load to the dead
load, and the degree of stiffness of the truss.

(b) The equations of moments and shears can be reduced to
explicit and simple forms in hyperbplic functions which are suitable
for mathentatical treatment of direct determination of maxima, with
sufficient accuracy for all practical purposes.

Some minor approximations are induced in the derivation,
but the maximum possible error is within a few percent and the
calculated result may be probably more accurate than that. obtained
by the cut and try method, and it is justified by the considerable
saving in labor and the avoidable mistakes, due to the clearness and
explictness of all formulas. Moreover, owing to its simplicity and
accuracy, the present method can serve the preliminary design
purpose as well as the final analysis of suspension bridge. To
illustrate the design procédure, the paper includes a complete analysis
of Mount Hope suspension bridge.

Fig. 1 is a line diagram of a two hmged suspension bridge of
the type discussed in this paper. The theory applies equally to the
bridge with straight back-stays. | |

&

i~
i~

Fia.l.

(2) NotaTions

I, ], = span lengths of main span and side span.
f, f; = cable sags of main span and side span.
= slope of the chord of side span.
n= —f-, n = T = sag ratios of main span and side span.

—_3 —



]
r=-— . o
I, I, = moments of inertia of the stiffening truss of main span and

side span. .

A =cable section at any section, A, A at mid span.
E =modulus of elasticity of the stiffening truss.
E.=modulus of elasticity of the cable.
L., L: =cable length functions defined by Eq. (27) and (32)
Af, A =changes of sag of main span and side span.
Afp, Af; =AF due to live load and temperature change respectively.
Al, All =changes of the span length of main span and side span.
At =change of temperature.
¢ = coefficient of expansion of the cable.
x =abscissa of any section (with origin at left end of apan).
x =l—x. |
y =ordinate of cable corrésponding to x.
-k =abscissa defining live load condition on truss.

m =l—k. |
w =dead load per unit horizontal length.
p =live load per unit honizontal length.

P =concentrated live load.
-v P’ﬂ'

q =% . 4=
p. =live load carried by truss.
s ~ =suspender forces.
~ Hy, = horizontal tension in cable due to dead load.
H =horizontal tension in cable due to live load and temperature .
change.
.Hi =H when main span fully loa.ded both side spans not loaded, and
at highest temperature.
H, =H when main span not loaded, both side spans fu]ly loaded, and

at lowest temperature.

o_ HwtH | 5 _ HetH g_He o _ He
C =F1 , C%""‘ ElL * C = 7EI Co1 = El1
¢}, ¢t =¢? when H equal to Hr and H,, respectively.

- 6 .

| 9.6
2 Bl‘_"'l"' 22

B
8
Q =H-— ., Q=Hsgm Far
N,. N., N, Dit, T, S=constants in H- equat:ons (Table 1).
‘M =bending momet at any settion x of stiffening truss.
V =shear at any section x of stiffening truss.

— 4 —



n =deflection at any section x of stiffening truss.

6 =slope at any section x of stiffening truss.

As, AL Bu, Bi=load functions used in M—-equations (Table 2).
W;, W;=work quantities.
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PART 1

HORIZONTAL COMPONENT OF CABLE TENSION H

I Law oF VAriaTION oF H, WitH LIVE L.0AD SPREADING
SMYMETRICALLY FroMm CENTER OF SPAN

We shall study the law of variation of H (the horizontal
tension in cable due to live load) in the two extreme cases of suspen-
sion bridges, namely:

Case a,— cable unstiffened {(moment of inertia of stiffening
- truss [ =0), when the ratio of live load to dead
load, q=-{-, ranges from O te | (i.e. p from 0 tow).

Case b,— cable perfectly stiffened (I =), when q also ranges
from O to 1.

It will be assumed first that the span Iength and cable length
do not change. The effect, due to side span interaction, cable stretch
and temperature will be discussed later.

Case a: 1=0. :
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Consider an inclined parabolic cable as shown in Fig. 2 When
the live load, p, spreads symmetrically from the center of the span,
1"— varies from (.5 to 0. the horizontal component of cable tension H
due to live load will be a functon of k and q (sece Apendix [a)

2—45(3— 2——)+q(|——2—~—) (1+4%)
2+q-—2q -(3—-2%)

H=5]

Case b: I=c0

The cable remains undistorted in this case. Consndenng the
bending moment at mid-span, we have :

M=-4" 4P (1 4IT)=(HW+H)f

[=%F )

(2)

Diagram 1 (Fig. 3) shows that the two functions F; and F,
are practically the same when g varies from 0 to 1, and it can be
very closely represented by the trigonometric function cos l‘i’f— for —ll‘—*
from 0 to 5. The function F, is a parabola, and it differs from the
cos % curve a little more than F, and in the opposite direction. As
a suspension bridge must lie between the two cases a and b, and
rather closer to the former, we may conclude that:

W hen live load spreads symmeticrally from the center of
a suspension span (with parabolic cable and a horizontal or
inclined chord) the horizontal component of the induced cable

—_— —



tension, H, increases (very closely) proportionally to the func-
tion cos *Z, irrespective of both the degree of truss stiffness
and the ratio of live load to dead load { within limits q=0to | ).

This may be expressed by the following equation:

=_BI,}3=_ cos - I"r 3)

here: k varies from <+ 1 to 0, which defines the load length.

D is a correction factor for cable stretch and side span
effects, being unity in the present case. To estimate
these effects, we need only to consider the particular case
when the span is fully covered by a uniform live load

(k=0) (see section V). D is a function of the physical
. properties of the bridge and will remain nearly constant
- for other cases of loading. (ie. k#0)

| Il Law oF VariaTioN oF H, WiTH LivE L.oAD ADVANCING
| ~ From One EnpD oF Span (Fig 4)
Case a: 1=0.

gt Biasr‘{am 2
ALY i
—— sin? HF
| e F4{“1 Inc, any q
0§ —-= K(rq) 1~0, §ul
—— Fstkqp 10, ‘1'-0

O oz o8 ot 98§ r.o'%

Fig. 4

as o.6 op
Fig 5.

We have (see Appendix Ib):

Copp 2% (324 )+q -(4~34) 1o
il FaE (G—25) I=%F

Case b: =0

Considering the bending moment at midspan, we have

—_—7 —



2

fort-=0 to~%~ 2K = (HHH)f

— bl [2
fork =t tol W42 (45—25—1)=(H,AH)f

H=Sirsk 2k _ 7

or  H=%F, | (5)

Diagram 2 (Fig. 5) shows that the function F; and F, are
practically the same when q varies from 0 to l and it varies very
closely according to the function sin? <7~ k’” for - - from O to 1. The
function F,is composed of two parabolas and it differs from the
sin? 57 curve a little more than F; and in the opposite direction. For
reason as stated in Section I, an analogous conclusion may be obtained:

W hen live load advances from one end of a suspension
span (with a horizontal or inclined chord), the horizontal com-
ponent of ‘induced cable tenswn varies (very closely) propor-
tionally to the function sin'%T, irrespective of both the degree of
truss stiffness and the ratio of live load to dead load (q=0 tol).

This may be expressed by the following equation:

12 k | '
= st (62)

where % vales from 0 to 1, which defines the load length.
D same as in Eq. (3)

The equation (6a) can be also written as follows:

H=-E5 4 (1—cos £ | . (6b)

This is to say that the H due to a partial loading from one end (Fig.
4) is equal to the half of the difference between H due to full loading

and that due to a corresponding center loading (Fig. 2). We may
then conclude that:

In suspension span, for different loading condmons the
cable tension may be calculated by superposition, with suffcient
accuracy for all practical purposes.

D e— 8 —



II1 Law oF VARITATION oi-*_ H Witn Live Loap Apvancing
FROM BOT'n Exps oF Sean (Fig. 6)

When the live load advances symmetrically from both “‘ends of
span (Fig. 6), we have, from superposition:

/H=~8L;];~(|—-cos-k{r—-) (7)

k .
where = varies from 0 to +-

D same as in Fq. (3)

IV H DUE TO Movmc CONCENTR[CAL LOAD (F1g 7)

A concentrical load P may be consndered as a uniform load
covering a portion of infinitesimal length: p-dk. We can write then

2 (k++dk) o 2km | _ pidk zim-
sin EE T —sin’~; ] =B (sm )
_ Plw . _km .- |
H=—g5— sin~ (8)

Fa.7

v GENERAL Expression oF H WHEN MAIN SpaN 15 LoADED

A. Introduction.
"When live load moves on bridge, or when a temperature
change occurs, stress is'induced in the cable and in the truss.

Any change of cable tension or temperature causes a change in
the length of cable, and affects the shape of the curve, mcreasmg or
decreasing the center sag. '

A change in cable stress also causes a change in the side span

—_g —



sag. This in turn causes a movement of the tower tops, which
affects the main span length, and its sag.
Moment at center of Stiffening Truss by a Change of Sag Af.
“Whenever the center sag changes by an amount Af, the
stiffening truss is raised or lowered by the same amount at the
~ center. If the suspender forces (s) are uniformly distributed, the
'~ center deflection of truss will be given by

_ 5 sl*
Af =g Er

and the moment at center section by -
o M = ,zli,

9. 6EI #f

(9)

This means that a change in center sag, Af, will produce a positive or
negative moment at center of stiffening truss expressed by Eq. 9).
A positive Af, (downward) produces a positive moment (compression
_in top chord). ‘ .
The assumption of uniform distribution of the suspender
forces is not exact as will be shown later, but from the essential
nature of the distribution action of the stiffening truss, it may be
expected, that the variation from uniformity will be slight, and that
the error induced in the following derivation of H by this assumption
will be negligible (see Part II, end of section I1). -

B. H . When Main Span is Fully Covered by Lwe Load and with
Temperature Change At.

At mean temperature and when there 1s no live load on the
" bridge, the lengths of the hanger rods are so adjusted that the
stiffening truss is relieved of all stresses and the dead load is
uniformly supported by the cable, so that

‘Hy= “élfz_ (]0)

Let now the loading condition and the temperature be changed
such that:

total uniform load per unit length - ) =w-+p
temperature change . =XAt
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horizontal component of cable tension =H,-+H

cable sag in main span * - =fLAf A

Considering the static. equatxon )3 M 0, at center sectlon of
main span, we have |

(HotH) (rafpaaf) 55 MEL (Afpeafy) = oty (11a)

or

H= psl: I-{-I;JFiTN; . prbl;t (I_:FT) . (12)

This is the expression of H for the case of a full span live load, with
a temperature change +At, where

N =g [ (B )
Dy=I1+N=N, ' (16)

9.6E1 9.6 Hw
B =l4+-5g5- Hel? I+"'E§_]2_, ' Cﬁ_—"'ﬁ

C. General Expression of H When Main Span Is Arbitrary Loaded.

- For the case of partial loading, we have according to- the
conclusions of. Section I1I, the general expression of the honzontal .
component of cable tension as follows: -

T e (1)

In which: -F(%) =certain trigonometrical functions according to
the loading distribution (see Sections II, II1 and
vy,

B N, N, T, and Di¢ are the constants defined in par-
“ agraph B which will be determined in the next
section. The upper signs of T, N, and index of
D correspond to a rise of temperature, and the
lower ones to a drop of temperature.



VI  DerermiNATION oF CoNsTaNTs N, N ano T

We have
N =42 (14+-2=B) =N,+ N, (13)
N, = -8k o e
T =-BN, B AE)

Af; is due to change in temperature,
- Ay is partly due to effect of side span, and partly due to
stretch of cable. These two factors give respectively
‘the two compohnents N; and N. of  the constant N.
(N=NA+N) |
" A. N, Due to Side Span Effect.
- .An increase of H in cable produces a change in sag in the side
span, Af;, which can be evaluated as follows.. Apply the static
equation, & M =0, at center of side span: |

(Ho+H) (f+af) + 2 af, =5 = HLf,  (18)

e |
.o AM=——g——f - (19)
R |
where - S
9.6El, 9.6
B =l+—gi=1+—n
and - -
2 _ _He
ol"_f ET,

‘Due to 4f;, the length of cable in the side span will change
by an amount equal to(!) |

BUTERTI @)
where n._=-{:—- is the sag ratio of the side span. This causes by a

movement of the saddle on tower tops a change in the length of the

i

main span équal to -

- (1) "A Practical Treatise on Suspension Bl:idge" by D: B. Steinman 2nd ed.. 1929, P. 1l, Eq.
. (52) in which the terms involving nZ and n? are neglected here, since n, is usgally so small that this sim.
plification does not affect the accouracy.
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 Al=—2al, (@21

This in turn, affects the sag of mam span by an amount Af equal
to(2) -

 {5—-400242880° g 3 oAl
M= ——T0 0y Al = —mirm7 (22)

Substituting the values from equatlons (]9) (20) and (ZI) in -
equation (22}, we have .

Af 2rnf l '
= = Xy 23
f Sec?e nz(]h .2.35112_) . 'l };_;vBl | ( )

where n=-: sag ratio of the main span,

1 _
r=-—u,4

- Then the value of N bue to side Spah effect will be

. . I+ip 5
N, = Seczo{,(zl—2.35nz) o (242)
- e | + B,
Now, H = ﬁ%%%”—; and then, li!{‘”_ = "’I?Fifnt . _::_ which may be
assumed to be % as a first apprommatlon In a suspension bridge,

with the center Span fully loaded, the value of ( l_lfi%N‘ ) -usually

varies between 1.10 to 1.30. As 5* N is small as compared to unity,
an error of 10% in the coefficient of éffﬂ will involve an error of only
1 or 2% in the final value of H. Morover the error more or less
compensates itself since it appears here (Eq. (24a) ) both in the
mfmeraﬁtbr and in the denoininator. Therefore, the value of N can
: be written with sufficient accuracy as follows:

— o dr n} q+!1.2B :
_N,_*- See?ed ) (1—2.352) nZ. q+!1.2B; (24b)

B. N Due to Cable Streich.

‘The total virtual work (W,) due to the vertical displacement
" n.of the suspender forces (s) plus the cable wéight.(g) must be
equal to the total work (W,) done by the cable tension (H.+H) in

(2) Loc.cit. P.UI, Eq. (52).
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stretching the cable. These work W, and W, are expressed as the
integrated products of the forces and their respective displacements
as follows:

W, =S(q+—§—) rdx = (approx.(®) fi; (Hw-{—%)Sﬂdx (25a)
| - 1 '

| WZ—E(HW—I—H) mf o (26a)

The symbol = (in Eq. (26a) ) denotes the summation of work done
in stretching the cable in all spans. Eq. (25a) deals only with the
main span, since the side span effect separately considered. In Egq.
(26a), A denotes the cable section at-any point, and A, denotes the
cable section at mid-span.

When the main span is fully loaded, the cable deforms from
. the initial parabola (sag=f) to another parabola with a bigger sag
equal to f1-Af, therefore the deflection W may be expressed by

n=Af(1—4-5-)
Substituting in'Eq. (25a) and inte_grating,_ we obtain
| W, = 4fi (H,+2)L af] (25b)
Let L.=% | ; 4., Eq. (262) becomes

W= (Hat3) —Ej,gl.q (26b)

For a wirecable having uniform section A, we may write with
sufficient a.ccuracy“)

L= s1 (Sec3°<+8nz) | - {(27a)

_ For an eye-bar cable with variable A proportional to the slope secant
-a-;. we may write with sufficient accuracy“)

' L = £1(Sec’¢+--5n?) (27b)

(3) The same appreximation is also used in the deflection theory to derive H-equations,
(4) Same reference as in foot note (1), P, 251.
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where n= —:- and « is the inclination of chord in any span. The
symbol = denotes the summation of similar expressions for all spans.

Equating W, and W, we obtain.

AF 3 H Ls ' (28)

The value o'f N due to cable stretch will be then

v : ‘
Ne=-21Hele (9 +B) (29)

in using H= % Hy, as before. ‘
C. Nt and T Due to Temperature Cl;ange.

_ When the temperature changes, the cable lengthens or shortens
by a distance which changes the sag, f, by an amount Af. This can
be evaluated similarly as for the effect of cable stretch bue to live

load.

The virtual work, W,, done by the vertical diSplaceme'nt'isl
equal to

W, =—i-(Hy+5)3f- L (30)
The work W, done by the cable tension H,, and H is equal to
W= (Ho ) e-at L, - 31y

where: € = temperature coefficient of expansion of cable,
At = temperature change, and (¥ ~ - |

Le= 3 {2 = 51(Sec’st+ ¥n2) (32)

(4) Same reference as in foot note (1), P. 251,
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Equating W; and W; we obtoin

qé_&f_fs-_’z |36 ' e °§;-Lt (33)
Then | ., . -
N =0 comle (34)
and | |
T "—"%'Nt= ,O.ISF-q-ﬁ-r;z,if_\.t-LrB ' (35)

VII GENERAL EXPRESSION OF 'I—I WHEN SIDE SbAN 15 LOADED

| A. H When Two Side Spans Are Fully Covered by Live Load.

~ Let H ke the horizontal component of cable tension mdubed
by a live load, p, which fully covers both side spans. The sag of the
" main span will be changed by an amount Af.

Apply the statlc equation =M = 0 at center of main span.

(Hy+H) (AP 28 AP = < HLf . (26)

hence )
_. pl* B (_-‘Qf‘—f - 7
T8 g |+Af;_ (37)

As 2% is very small as compared to unity, the I-I due to side span
loads is thereforesmall (about 10%) as compared to that when the
‘main span is fully loaded. Consxdermg the cable stretch and side
span effects; the equation of H may be writen with suﬁiment

accuracy as follows:
H= 8fD+t ‘ZSJ (38) |
where 5= - %— %_—A;—‘ | (39)_.
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and D4 is the same constant as before.
B. General Expression of H When One Side Is Arbitrarily Loaded.

According to the conclusion of section I1I and the result of
preceding paragraph, when a side span is subject to partial loading,
the general expression of H will be ’

H=— [SF(5) ] (40)

where F (%) is a certain trigonor;letrical function according to the
loading distribution (see Sections 11, III and IV).

C. Calculation of S.
We have

25=—B 2 (39)

~ Af' is the change of center span sag due to full loading of both side
span. Both 4* and H are relatively small in this case. The cable
~ stretch which depends only upon the magnitude of H is therefore
‘practically negligible. There is only the Af' due to side span effect
to be considered. o -
By similar process as in Section VIA, we have

AF =2 Bf g
f = Seiot;(1-2.3587) o f B, _(4|)

' T o
where q;=*f., As H,= ‘;; = ‘;l'

Wy

thergfore, for .the same intensity of live load (p) .

_ =1 B AP _ r? n B '
S= 4 T =TS (=% a B (42)
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VIII H Dute To A Movincg CoNCENTRATED [.0AD

We have from Section IV the following general expression of
H due to a. moving concentrated load P, applied at a distance k from

the left support

H=—5Z—[sintT+T] - (43)

By similar reasoning as in Section V, the constants D, and T
are the same as in the case of uniform live load, except that the live
load ratio, g must be replaced by g’ = 'ET:T in the formulas.

- IX. Summary

The equations of H for various loading conditions useful in
design are presented in the following table I. They are exceedingly
simple in form and are as accurate as the results calculated by the
deflection theory.

The author has used these to calculate the H for several
existing bridges®, and the results for different loading conditions
check with those calculated by the more exact equations of the
deflection theory within 1% (about 0.%) of the maximum value
of H. —

EIRUBRES R B B, R ZONE , AEILI AT R 2R, TR
(Elastic Theory) £, B2 HOTIRSE , A2 HE 15341, BORARCT HA L R SRR R &
B#& (Defection Theory & Trigonometric series method) . AXMEREH AMBR T ZHS
AR LI, KW — N T RZ R TRE— = H AT SR
# . MR, WR—RTHRIZTA . ACRERREIATHRER (Amcrican Socisty of
Civil Enginesrs) HESESHEDFIRIAR Procesdiogs W1, (HETHIL)

_(5) Namely the Mahatten bridge, the mount-Hope bridge, and the numerical example in “An Ele-
mentary Treatise on Sl;aticuliy Indeterminate Stresses” by J. 1. Parcel and G, A Mauey, 2nd ed., 1936.
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*TABLE 1

LIVE LOAD CONDITION

TEMPERA-
TURE

HORIZNTAL COMPONENT OF
CABLE TENSION H

MM
[ K

l| ' l Il

11

v

PRI P D

| =L~

Highest |

Loweet |

Highest

Loweet

He = sfp[;;[Sifl %"T]

Ho = 125:T]

o = g cn 7]
Hy =o-i- ;c;s——+25+'r]

e . : 5 pl?
| V | gF=="=|Highest | Hy =725 cos’T--T]
e
VI M Loweet | Hy, = o 211 ]
VII | sl | Loweet | Huyn —~——~[I+ZS+T]
P nghest Pl k7 _ -
vin| =TT x| Hun=—go| sin1-¥T ]
- ' Loweet = :
Constants: _
| N, = =23 “T‘!FllszB.‘v re=-
: D =I+Na +N¢:tN, '
it. B_ _ t NC=TQ Hn‘: L, Iz —I—B), n=—:—~ -
T = —N, i
9 _t .N' - o.137-n-; -lAt-L. ’ | ny = %
S = mio(‘(rlz-z.as.ﬂ) - BB, , €= “}éf“ “co = ‘Eﬁ'
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SING DAH ZAING & CO. (TAIl KEE)

Hardwave Merchant & General Dealers.
Ship Chanders & Mill Suppliers.
653-5 Peking Road (Eastern) - Tel. 95263
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CALTEX PETROLEUM PRODUCTS

N

Leaders in Railway Lu_bricafi_on.
A3 A4 HEL TR WM

_ The Texas Company (China ) Ltd |
) Hed Office:
110 Chung-Tseng Rd. (&Stﬂﬁj.)
. Shanghai
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