Definition 1:

x+0
= X

Lemma 5:

0+x
X

Proof by induction on z:
Base case:

0+0
=0 by Def. 1
Inductive case:
0+ Sx
=5(0+x) by Def. 2
= Sz by I.H.

Lemma 7:

X+Yy

— y—|-X

Proof by induction on y:
Base case:

z+0
=ux by Def. 1
=0+=x by Lem. 5
Inductive case:
r + Sy

=S(x+y) by Def. 2
=S(y+x) by LH.
=Sy+uw by Lem. 6

Definition 2:

X + Sy
= S(x+y)

Lemma 6:

Sx +y
= S(x+y)

Proof by induction on y:
Base case:
Sx+0
=Sz by Def. 1
=S(xz+0) by Def. 1
Inductive case:
Sz + Sy
= S(Sz+y) by Def. 2
=ss(x+y) by LH.
= S(x+ Sy) by Def. 2

Lemma 11:

SX -y

=X-y+y

Proof by induction on y:

Base case:

Sz -0
=0 by Def. 3
=0+0 by Def. 1
=z-04+0 by Def. 4
Inductive case:
Sx - Sy
=Sz -y+ Sx by Def. 4

=(x-y+y)+Sx by LH.

=S((x-y+y)+x) by Def 2
=Sz -y+ (y+2z)) by Lem. 8
=S -y+ (x+y)) byLem.7
=S((x-y+x)+y) by Lem.8
=(x-y+x)+Sy by Def. 2
=x-Sy+ Sy by Def. 4

Definition 3:
x -0
=0

Lemma 8:

(x+y)+z
=x+ (y+2z)

Proof by induction on z:
Base case:

(x+y)+0
=r+4vy by Def. 1
=z+(y+0) by Def. 1

Inductive case:

(x+y)+s2
=S((x+y)+2) by Def.2
=S(x+(y+2)) by LH.
=x+S(y+2z) by Def. 2
=x+ (y+s2) by Def. 2

Lemma 9:

X-(y+2z)
= X'yY+X-Z
Proof by induction on z:

Base case:

z-(y+0)

=y by Def. 1
=z-y+0 by Def. 1
=z-y+zx-0 by Def. 3

Inductive case:
x - (y+ sz)
=z-S(y+2) by Def. 2
=z-(y+2)+a by Def. 4
(z-y+x-z)+x by lLH.
=xz-y+(zx-z+2) by Lem.8
=xz-y+ax-sz by Def. 4

(x-y)-z
:X-(y.z)

Proof by induction on z:
Base case:

(x-y)-0
=0 by Def. 3
=x-0 by Def. 3
=z-(y-0) by Def. 3
Inductive case:
(&y)- 52

(x-y)-z+x-y by Def. 4
=x-(y-z)+z-y byLH.
T -

(y-z+vy) by Lem. 9
(y - sz) by Def. 4

Lemma 12:
Proof by induction on y:
Base case:

z-0
=0 by Def. 3
=0z by Lem. 10
Inductive case:
x-Sy

=xz-y+ax by Def 4
=y-x+a by LLH.
=Sy-x by Lem. 11

Definition 4:
X - Sy
= X'y +X

Lemma 10:

0-x
=0

Proof by induction on x:
Base case:
0-0
=0 by Def. 3
Inductive case:
0-Sz
=0-x+0 by Def. 4
=0+0 by L.H.
=0 by Def. 1



