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1 Truth Tables

P Q ∼ P ∼ Q P ∧ Q P ∨ Q P =⇒ Q ∼ P ∨ Q P ∧ ∼ Q

2 Negation of statements

1. Simple negation

Ex:

• x > 2

• at least 3 elements

• p ∧ q
• p ∨ q
• x ∈ R, x 6= 0

• x satisfying f(x) = 0 is unique.

2. Statement with quanti�ers Ex:

• ∀x ∈ X : P (x) < 0

• ∀ (x ∈ Rn, x 6= 0) : xTAx ≥ 0

• ∀ ε > 0, ∃N ∈ N : ∀n ≥ N, |xn − x∗| < ε

3. Statement with implications

• p =⇒ q

• ∀ ε > 0,∃ δ > 0 : ∀x, |x− x0| < δ ⇒ |f(x)− f(x0)| < ε
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3 Proofs

For all integers n ∈ N, Prove:

N∑
i=1

i =
n(n+ 1)
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4 Subspace

De�nition: Let (X , F) be a vector space and let Y ⊂ X . Then (Y, F) is a subspace of (X , F) if (Y, F) is
a vector space when you use the rules of vector addition and scalar times vector multiplication de�ned on
(X , F).

Proposition: (X , F) is a vector space and Y ⊂ X . The following are equivalent (TFAE):

• (Y, F) is a subspace

• a) ∀ y1, y2 ∈ Y, y1 + y2 ∈ Y

b) ∀ y ∈ Y, ∀α ∈ F , αy ∈ Y

• ∀ y1, y2 ∈ Y, ∀α ∈ F , y1 + α y2 ∈ Y

• ∀ y1, y2 ∈ Y, ∀α1, α2 ∈ F , α1y1 + α2 y2 ∈ Y

Which of the following are subspaces?:

1. (X , F) = (R3, R), Y = {x ∈ R3 : Cx = b; C, b are given constants}

2. (X , F) = (Rn×n, R), Y = {A ∈ Rn×n : A = A>}

3. (X , F) = (Rn×n, R), Y = {A ∈ Rn×n : A is not invertible}

4. (X , F) = (Rn×n, R), Y = {P ∈ Rn×n : A2 = A}
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