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Definition: Let (X, C) be a vector space. A function
< -> X xX—>C

is an inner product if i}
(a)Ve,ye X, <x,y>= <y, xr > i

(b) Va1, 29,y € X and Vaq, a0 € C, (i.e., linear in the left argument)
< 0T+ Qo Yy >= a < X1,y > +0ag < T,y > _
(c)Vee X, <z,x>20 and <z,2>=0 & 2=0.

Remarks: -
« In the case of a real vector space (X,R), replace (a) with :

(a"): < x,y >=< y,xr >. It is easy to show that we then have linearity in-

———both the left and right sides. -

« Going back to the complex case, (X, C), (a) and (b) together imply that:
e Vr,y1,1y2 € X and Vaq, s € C, -

< T,y + QYo >=< Y1 + Y2, T >

=< Yy, T >+ < Yy, T >

=1 < Y1, >+ Q9 < Yo, T > -
G YL TS+ LSS —
=0 <IT,Y1 > +ay <T,Ys >

_ F Lo
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Theorem: [Cauchy-Schwarz Inequality] Suppose that / = R or C. Let

(X,F,< -, >) be an inner product space (i.e. (X,F) is a vector space—
and < -,- > is an inner product on X ). Then, for all z,y € X, -
1/2 —

Z N

<zy> < <za>o<yy>

Skeap -
Proo® If y = 0, the result is obviously true. Hence, assume y # 0. For all
scalars A\ we have that B

Sl D4
T Y

0< <z—Ay,z—Ay>=<z,0>-A<yx>-A<ry>+AN<yy> _

because the inner product of a vector with itself is a non-negative real number.—

For the particular choice A = zzz; , direct calculation shows —

2

<,y >

0< <x,a:>—| Y |, _
<yy>

which gives

l<zy>|<V<zmar><yy>=<uzz>7 <yy>?.

— \ [ ] ~_9D
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N# (Ciq?m&u( Lo ’]D(bu—( whea F=C .

Corollary: Let (X, F,< -,- >) be an inner product space. Then

IRl .

|z|| =< 2,z >1/?

1s a norm on X.

Proof: The main thing to establish is the triangle inequality: -

— lz+yll < flll + llyll —

This is equivalent to showing:

R Iz +yl* < lll® + 20l lyll + yll™. -

Brute force computation:

le+yl* =<2 +ya+y>
=<r,xt+y>+<y,r+y>
=<rH+y,r>+<xr+y,y>
=<zr>+<yr>+<z,y>+<yy> -
B =<r,x>+<z,y>+<x,y>+<yy> -
— = [|z[I* + [ly[I* + 2Re{< x,y >} B

where Re{< x,y >} denotes the real part of the complex number < z,y >._
However, for any complex number «, Re{a} < |a|, and thus we have -

lz+ ylI* = ll=lI* + [lyllI* + 2Re{< x,y >}
lz[* + lyl* + 2| <2y > |

<
< Ml + ly1* + 2l [zl —

where the last inequality is from the Cauchy-Schwarz Inequality.
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