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Laplace Transform and ODE's

y ' ' + 3 y ' + 2 y = e−3 x

y ' (x)

y (x) Y (s)

y ' ' (x)

e−3 x
1

( s+3)

y (0) = k1 , y ' (0) = k2

[ s2Y (s)−s y (0)− y ' (0) ] + 3 [sY (s)− y (0) ] + 2 [Y (s)] =
1

s+3

(s2
+ 3 s + 2)Y (s)= k1 s+k 2+3k1 +

1
s+3

sY ( s) − y(0)

s2Y (s) − s y (0)− y ' (0)
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Partitioning 

y (0) = k1 , y ' (0) = k2

(s2 + 3 s + 2)Y (s) = (k1 s+k2+3 k1) +
1

s+3

y ' ' + 3 y ' + 2 y = e−3 x

depends only on
initial conditions
k

1
, k

2

depends only on
input e-3x

[ s2Y (s)−s y (0)− y ' (0) ] + 3 [sY (s)− y (0) ] + 2 [Y (s)] =
1

s+3
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Decomposed Y(s)

(s2 + 3 s + 2)Y (s) = (k1 s+k2+3 k1) +
1

s+3

depends only on
initial conditions
k

1
, k

2

depends only on
input e-3x

(s2
+ 3 s + 2)Y zi(s) = (k1 s+k2+3 k1)

(s2 + 3 s + 2)Y zs(s) =
1

s+3

depends only on
initial conditions
k

1
, k

2

depends only on
input e-3x

inputoutput

inputoutput

inputoutput

No Input 

No State 
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ZIR & ZSR 

Y (s) =
k1 s+k2+3 k1

(s+1)(s+2)
+

1
(s+1)(s+2)(s+3)

Y zi(s) =
k1 s+k2+3 k1

(s+1)(s+2)

Y zs(s) =
1

(s+1)(s+2)(s+3)

Zero Input Response

Zero State Response

Y (s) = Y zi(s) + Y zs(s)

y zi(x)

y zs(x)

y (x)

y (x)
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Laplace Transform and IVP's

y (0) = k1 , y ' (0) = k 2y ' ' + 3 y ' + 2 y = 0

Y zi(s) =
k1 s+k2+3 k1

(s+1)(s+2)

ZIR IVP

y zi(x)

y (0) = 0 , y ' (0) = 0y ' ' + 3 y ' + 2 y = e−3 x

Y zs(s) =
1

(s+1)(s+2)(s+3)

ZSR IVP

y zs(x)

y (0) = k1 , y ' (0) = k2y ' ' + 3 y ' + 2 y = e−3 x
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Unilateral and Bilateral Laplace Transforms

Unilateral Laplace Transform

Bilateral Laplace Transform

F2(s) = ∫
−∞

+∞

f (t )e−s t dt

F−(s) = ∫
0−

+∞

f (t )e−s t dt

F +(s) = ∫
0+

+∞

f (t)e−s t dt

Including an Impulse at the origin

Excluding an Impulse at the origin

f ' (t) s F−( s) − f (0−)

f ' (t) s F+ (s) − f (0+
)

f ' (t) s F 2(s)− f (0)
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To include impulse inputs

y ' ' + 3 y ' + 2 y = e−3 x

y ' (x)

y (x) Y (s)

y ' ' (x)

e−3 x
1

( s+3)

sY ( s) − y(0−)

s2Y (s) − s y (0−) − y ' (0−)

[ s2Y (s)−s y (0−)− y ' (0−)] + 3 [sY (s)− y (0−) ] + 2 [Y (s) ] =
1

s+3

y (0) = k1 , y ' (0) = k2
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ODEs with an input g(x)

y ' ' + 3 y ' + 2 y = e−3 x

y (0+
) = m1 , y ' (0+

) = m2

usually known i.c.

i.c. to be calculated

y (t) (t > 0)solution to be found

y (0) = k1 , y ' (0) = k2

y (0−
) = k1 , y ' (0−

) = k2
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ODEs with an input g(x)

y ' ' + 3 y ' + 2 y = e+x

m2 + 3m + 2 = 0

(m + 2)(m + 1) = 0

m =−1, −2

y h = c1 e
−x + c2e

−2 x

y p = Ae+x

Ae+x + 3 Ae+x + 2 Ae+ x = e+x

6 A e+x = e+x A = 1 /6

y p =
1
6

e+x

y = c1e
−x + c2e

−2 x +
1
6

e+x

y (0) = 1 , y ' (0) = 2

1 = c1e
0 + c 2e

0 +
1
6

e0

y ' =−c1e
−x − 2 c2e

−2x +
1
6
e+x

2 =−c1e
0 − 2c2e

0 +
1
6

e0

c1 + c2 +
1
6

= 1

−c1 − 2 c2 +
1
6

= 2

c1 =
5
6
+

8
3

=
21
6

=
7
2

c2 =−
8
3

y =
7
2

e−x −
8
3

e−2 x +
1
6
e+x

y (0) = 0 , y ' (0) = 0

c1 + c2 +
1
6

= 0

−c1 − 2 c2 +
1
6

= 0

c1 =−
1
3
−

1
6

=−
1
2

c2 =+
1
3

y =−
1
2
e−x +

1
3

e−2x +
1
6
e+x

Zero State Response  Non-homogeneous Eq

General Solution

IVP with nonzero IC
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ODEs without an input g(x)

y ' ' + 3 y ' + 2 y = 0

y = c1 e
−x + c2e

−2 x

y (0) = 1 , y ' (0) = 2

1 = c1e
0 + c 2e

0

y ' =−c1e
−x − 2 c2 e

−2x

2 =−c1e
0 − 2c2e

0

c1 + c2 = 1

−c1 − 2 c2 = 2

c1 = 1 − (−3) = 4

c2 =−3

y = 4 e−x − 3e−2x

y (0) = 0 , y ' (0) = 0

c1 + c2 = 0

−c1 − 2 c2 = 0

c1 = 0

c2 = 0

y = 0

Zero Input Response  

m2 + 3m + 2 = 0

(m + 2)(m + 1) = 0

m =−1, −2

y h = c1e
−x + c2 e

−2 x

Homogeneous Eq

Homogeneous Solution
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ODEs with an input g(x)

s2Y (s)−s y (0)−y ' (0)+3(s Y (s)− y(0))+2Y (s)= 1
s−1

y (0) = k1 , y ' (0) = k2

y (0) = 0 , y ' (0) = 0

(s2
+ 3 s + 2)Y (s) = k1 s+k 2+3 k1 +

1
s−1

Y (s) =
k 1 s+k 2+3 k 1

(s+1)(s+2)
+

1
(s−1)(s+1)(s+2)

y (0) = 1, y ' (0) = 2

Y (s) = s+5
(s+1)(s+2)

+
1

(s−1)(s+1)(s+2)

=−
8
3

1
(s+2)

+
7
2

1
(s+1)

+
1
6

1
(s−1)

y =
7
2

e−x −
8
3

e−2x +
1
6
e+x

Y (s) = 1
(s−1)(s+1)(s+2)

= +
1
3

1
(s+2)

−
1
2

1
(s+1)

+
1
6

1
(s−1)

y =−
1
2
e−x +

1
3

e−2x +
1
6
e+ x

Zero State Response  IVP with nonzero IC

y ' ' + 3 y ' + 2 y = e+x
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Homogeneous Solution 

y h = c1 e
−x + c 2e

−2x

y ' ' + 3 y ' + y = 0

s2 Y (s)−s y(0)− y ' (0)+3(s Y (s)− y(0))+2Y (s)=0

y (0) = k1 , y ' (0) = k2 (s2 + 3 s + 2)Y (s) = k1 s+k 2+3 k1

Y (s) =
k1 s+k2+3 k1

(s+1)(s+2)

homogeneous solution

Y h(s)=
c1

(s+1)
+

c2

(s+2)

=
c 1(s+2) + c2(s+1)

(s+1)(s+2)

=
(c1+c2)s + (2c 1+c 2)

(s+1)(s+2)

Y (s) =
k1 s+k2+3 k1

(s+1)(s+2)

=
y(0)s+ y ' (0)+3 y(0)

(s+1)(s+2)

y h ' =−c1e
−x − 2 c2e

−2 x

y h(0) = c1 + c2

y h ' (0) =−c1 − 2 c2

y h = c1e
−x + c 2 e

−2x

=
(c1+c2)s + (2c 1+c 2)

(s+1)(s+2)

y (0)← y h(0)

y ' (0)← y h ' (0)

(s2+3 s+2)Y h(s)− yh(0)s−y h ' (0)−3 yh(0)=0 (s+1)(s+2)
(c1+c2) s + (2 c1+c2)

(s+1)(s+2)
− (c1+c2)s + (2 c1+c2) = 0

=

for every initial value of y
h

0
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Homogeneous Solution 

Y (s) = s+5
(s+1)(s+2)

= +4 1
(s+1)

− 3 1
(s+2)

Y (s) = 0

y = 0y = 4 e−x − 3e−2x

y ' ' + 3 y ' + y = 0

s2 Y (s)−s y(0)− y ' (0)+3(s Y (s)− y(0))+2Y (s)=0

y (0) = k1 , y ' (0) = k2
(s2 + 3 s + 2)Y (s) = k1 s+k 2+3 k1=0

Y (s) =
k1 s+k2+3 k1

(s+1)(s+2)

Zero Input Response  

y (0) = 0 , y ' (0) = 0y (0) = 1, y ' (0) = 2

Zero Input & Zero State Response  
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ODE : y''+3y'+2y with various inputs 

y ' ' + 3 y ' + 2 y = 0 y = c1 e
−x + c2e

−2 x

y ' ' + 3 y ' + 2 y = e+x y = c1e
−x + c2e

−2 x +
1
6

e+x

y ' ' + 3 y ' + 2 y = e−x y = c1 e
−x + c2 e

−2 x + (x−1)e−x

y ' ' + 3 y ' + 2 y = e+i x

y ' ' + 3 y ' + 2 y = e−i x

y = c1 e
−x + c2e

−2 x +
1

1+3 i
e+i x

y = c1 e
−x + c2e

−2 x +
1

1−3 i
e−i x

Y (s) = c1
1

(s+1)
+ c2

1
(s+2)

Y (s) = c1
1

(s+1)
+ c2

1
(s+2)

+
1
6

1
(s−1)

Y (s) = c1
1

(s+1)
+ c2

1
(s+2)

+
t

(s+1)
2 −

1
(s+1)

Y (s) = c1
1

(s+1)
+ c2

1
(s+2)

+
1

(1+3 i)
1

(s−i)

Y (s) = c1
1

(s+1)
+ c2

1
(s+2)

+
1

(1−3 i)
1

(s+i)
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ODE : y''+y with various inputs 

y ' ' + y = 0 y = c1 e
+i x + c2 e

−i x

y ' ' + y = e+x y = c1 e
+i x + c2 e

−i x +
1
2

e+ x

y ' ' + y = e−x y = c1e
+i x + c2 e

−i x +
1
2

e−x

y ' ' + y = e+i x

y ' ' + y = e−i x

y = c1 e
+i x + c2 e

−i x − 2 i e+i x

y = c1e
+i x + c2e

−i x + 2 i e+i x

Y (s) = c1
1

(s−i)
+ c 2

1
(s+i)

Y (s) = c1
1

(s+1)
+ c2

1
(s+2)

+
1
2

1
(s−1)

Y (s) = c1
1

(s+1)
+ c2

1
(s+2)

+
1
2

1
(s+1)

Y (s) = c1
1

(s+1)
+ c2

1
(s+2)

− 2 i 1
(s−i)

Y (s) = c1
1

(s+1)
+ c2

1
(s+2)

+ 2 i 1
(s+i)
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