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Vector Space

V: non-empty set of objects 

defined operations:

addition

scalar multiplication

u + v

k u

if the following axioms are satisfied

for all object u, v, w and all scalar k, m

V: vector space

objects in V: vectors 



Vector Space (BGND.3A) 4 Young Won Lim
2/22/16

Vector Space Axioms

if the following axioms are satisfied

for all object u, v, w and all scalar k, m
V: vector space

objects in V: vectors 

1. if u and v are objects in V, then u + v is in V
2. u + v = v + u
3. u + (v + w) = (u + v) + w
4. 0 + u = u + 0 = u (zero vector)
5. u + (–u) = (–u) + (u) = 0 
6. if k is any scalar and u is objects in V, then ku is in V
7. k(u + v) = ku + kv
8. (k + m)u = ku + mu
9. k(mu) = (km)u
10. 1(u) = u 
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Test for a Vector Space

1. Identify the set V of objects

2. Identify the addition and scalar multiplication on V

3. Verify u + v is in V and  ku is in V

closure under addition and scalar multiplication

4. Confirm other axioms.
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Vector Space over a Field

A vector space V over F : 

A set V of objects

with the operations

vector addition V x V → V 

scalar multiplication F x V → V 

u , v ∈ V

k ∈ F

u + v ∈ V

k u ∈ V
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Complex Vector Space 

A complex vector space : A vector space C over C
A real vector space : A vector space R over R

A complex euclidean space : An n-space Cn over C

A real euclidean space : An n-space Rn over R

C1 over C

C1 over R

R2 over C

R2 over R

complex vector space

R2 over C

R1 over R

R1 over C not closed for scalar 
multiplication

real vector space

real euclidean space R1real euclidean space R2
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Vector Space C1

C1 over C

C1 over R c1⋅1 + c2⋅i = 0 c1 = c2 = 0

{1 , i} linearly independent

c1⋅1 + c2⋅i = 0 c1 =−i , c2 = 1

{1 , i} linearly independent

c i ∈ R

c i ∈ C
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Vector Space R2

R2 over R

R2 over C c1(u1, u2) + c2(v1, v2)

c1(u1, u2) + c2(v1, v2)

c i ∈ C

c i ∈ R

c1 u⃗ + c2 v⃗

c1 u⃗ + c2 v⃗

not closed for scalar 
multiplication
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Basis of the Complex Plane

k1 e
+ jθ

+ k2 e
+ j θ

every complex number can be represented by 

linear combination of        and 
which are one set of linear independent 
two vectors

Basis : a set of linear independent spanning vectors

e+ jθ e+ jθe+ j θ

e− j θ

jsinθ

cosθ

e+ j θ

e− j θ

cosθ

j sinθ
l1 cosθ + l2 j sin θ

every complex number can also be represented by 

l1 cosθ + l2 jsinθ
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Basis of the Complex Plane

k1 e
+ jθ

+ k2 e
+ j θ

every complex number can be represented by 

Basis : a set of linear independent spanning vectors

l1 cosθ + l2 j sin θ

every complex number can also be represented by 

l1 cosθ + l2 jsinθ C1 over R

C1 over R

C1 over Re+ jθ e+ jθ

l1 l2 j

cosθ jsinθ

k1 ,k2 ∈ R

cosθ ,sinθ ∈ R

l1 ,l2 ∈ R
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Complex Exponentials 

c1e
−σ e+i ω + c2e

−σ e−iω

c3e
−σcos (ω) + c4 e

−σ sin (ω)

= e−σ t (c1e
+i ω + c2e

−iω)

= e−σ [(c1 + c2)cos(ω) + i(c1 − c2)sin(ω)]

= e−σ [c1(cos(ω) + i sin(ω)) + c2(cos(ω)− i sin(ω))]

= c3e
−σ (e+ iω+e−iω)/2 + c4 e

−σ(e+i ω−e−iω)/2 i

= c3e
−σcos (ω) + c4 e

−σ sin(ω)

=
(c3−c4 i)

2
e−σ e+i ω

+
(c3+c4 i)

2
e−σ e−iω

= c1e
−σ e+iω + c2e

−σ t e−i ω

(c1 + c2) = c3 real

i(c1 − c2) = c4 imag

(c3−c4 i)

2
= c1 real

(c3+c4 i)

2
= c2 real

= c3e
−σ (e+ iω+e−iω)/2 + c4 e

−σ(−i e+ iω+i e−i ω)/2

c1 , c2 ∈ R c3 , c4 ∈ C C1 over R

c3 , c4 ∈ C c1 , c2 ∈ R C1 over R

c3(real ) , c4(imag)

c3(real ) , c4(imag)
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Complex Exponentials

(c1 + c2) = c3

i(c1 − c 2) = c 4

c1 = (c3−c 4 i)/2

c2 = (c3+c4 i)/2

c1 , c2 ∈ R c3 , c4 ∈ C

C1 over R

c3 : real

c 4 : imag

C1 over R

C1 over RC1 over R

c1 , c2 ∈ R c3 , c4 ∈ C

c3 : real

c 4 : imag

c1e
−σ e+i ω + c2e

−σ e−iω c3e
−σcos (ω) + c4 e

−σ sin(ω)

c1e
−σ e+i ω + c2e

−σ e−iω c3e
−σcos (ω) + c4 e

−σ sin(ω)
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Complex Plane Basis 

c3 = (c1 + c2)

c4 = i(c1 − c2)

1⋅e+i ω + 0⋅e−iω

1

√2⋅e
+i ω + 1

√2⋅e
−i ω

0⋅e+iω + 1⋅e−iω

−1

√2⋅e
+i ω + 1

√2⋅e
−iω

−1⋅e+iω + 0⋅e−iω

−1

√2⋅e
+i ω + −1

√2⋅e
−iω

0⋅e+iω − 1⋅e−iω

1

√2⋅e
+i ω + −1

√2⋅e
−iω

1⋅cos(ω) + 1 i⋅sin(ω)

√2⋅cos(ω) + 0 i⋅sin(ω)

1⋅cos(ω) − 1 i⋅sin (ω)

0⋅cos(ω) − √2 i⋅sin(ω)

−1⋅cos(ω) − 1 i⋅sin(ω)

−√2⋅cos(ω) − 0 i⋅sin(ω)

−1⋅cos(ω) + 1 i⋅sin(ω)

0⋅cos(ω) + √2 i⋅sin(ω)

c1 = (c3−c4 i)/2
c2 = (c3+c4 i)/2

(c1 , c 2)

(ℜ(c 3) , ℑ(c4))

real number

real number

real number

imaginary number
C1 over R

c1e
+iω + c2e

−iω c3cos(ω) + c4 sin(ω)

c1 c2 c3 c4

e+iω , e+iω
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Real Coefficients d
1
 & d

2
 

c3 = (c1 + c2)

c4 = i(c1 − c2)

c1 = (c3−c4 i)/2
c2 = (c3+c4 i)/2

real number

real number

real number

imaginary number
C1 over R

d3 = (c1 + c2)

d4 = (c1 − c2)

d3cos(ω) + d4 i sin (ω)c1e
+iω + c2e

−iω

c1 = (d3+d4)/2

c2 = (d3−d4)/2

real number

real number

real number

real number
C1 over R

d3 = ℜ(c3)

d4 = ℑ(c4)

c1e
+iω + c2e

−iω c3cos(ω) + c4 sin(ω)
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Complex Plane Basis

d3cos(ω) + d4 i sin (ω)c1e
+iω + c2e

−iω

1⋅e+i ω + 0⋅e−iω

1

√2⋅e
+i ω + 1

√2⋅e
−i ω

0⋅e+iω + 1⋅e−iω

−1

√2⋅e
+i ω + 1

√2⋅e
−iω

−1⋅e+iω + 0⋅e−iω

−1

√2⋅e
+i ω + −1

√2⋅e
−iω

0⋅e+iω − 1⋅e−iω

1

√2⋅e
+i ω + −1

√2⋅e
−iω

1⋅cos(ω) + 1 i⋅sin(ω)

√2⋅cos(ω) + 0 i⋅sin(ω)

1⋅cos(ω) − 1 i⋅sin(ω)

0⋅cos(ω) − √2 i⋅sin(ω)

−1⋅cos(ω) − 1 i⋅sin(ω)

−√2⋅cos(ω) − 0 i⋅sin(ω)

−1⋅cos(ω) + 1 i⋅sin(ω)

0⋅cos(ω) + √2 i⋅sin(ω)

C1 over R d3 = (c1 + c2)

d4 = (c1 − c2)

c1 = (d3+d4)/2

c2 = (d3−d4)/2

real number

real number

real number

real number
C1 over R

(c1 , c 2)

(d 3 , d 4)c1 c2 d3 d4

cos(ω), i sin (ω)
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Real Coefficients k
3
 & k

4
 

c3 = (c1 + c2)

c4 = i(c1 − c2)

c1 = (c3−c4 i)/2
c2 = (c3+c4 i)/2

real number

real number

real number

imaginary number
C1 over R

m1e
+iω + m2e

−i ω

R1 over R

c1e
+iω + c2e

−iω c3cos(ω) + c4 sin(ω)

k3cos(ω) + k 4 sin(ω)

k3 = (m1 + m2)

k 4 = i(m1 − m2)

m1 = (k3−k 4 i)/2

m2 = (k3+k4 i)/2

real number

real number

+2∗real part

−2∗imag partcomplex number

conjugate

c1 ∈ R

c2 ∈ R

m1 ∈ C

m2 ∈ C

(m1+m2) : real

i(m1−m2) : real

c3 ∈ C

c4 ∈ C

k3 ∈ R

k 4 ∈ R

c3 : real

c4 : imag

k3 : real

k 4 : real

c1 : real

c2 : real
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Subspace : Real Line

(+1−0 i)
2 ⋅e+iω +

(+1+0i )
2 ⋅e−iω

(+1−i)

2√2 ⋅e+iω +
(+1+ i)

2√2 ⋅e−iω

(0−i)
2 ⋅e+i ω +

(0+i)
2 ⋅e−i ω

(−1−i)

2√2 ⋅e+i ω +
(−1+i)

2√2 ⋅e−iω

(−1−0 i)
2 ⋅e+i ω +

(−1+0 i)
2 ⋅e−i ω

(−1+i )

2√2 ⋅e+i ω +
(−1−i)

2√2 ⋅e−iω

(0+i )
2 ⋅e+i ω +

(0−i)
2 ⋅e−i ω

(+1+i)

2√2 ⋅e+i ω +
(+1−i)

2√2 ⋅e−iω

1⋅cos(ω) + 0⋅sin(ω)

1

√2⋅cos(ω) + 1

√2⋅sin(ω)

0⋅cos(ω) + 1⋅sin (ω)

−1

√2⋅cos(ω) + 1

√2⋅sin (ω)

−1⋅cos(ω) + 0⋅sin(ω)

−1

√2⋅cos(ω) + −1

√2⋅sin(ω)

0⋅cos(ω) − 1⋅sin (ω)

1

√2⋅cos(ω) − 1

√2⋅sin(ω)

real line

m1e
+iω + m2e

−i ω

R1 over R

k3cos(ω) + k 4 sin(ω)

k3 = (m1 + m2)

k 4 = i(m1 − m2)

m1 = (k3−k 4 i)/2

m2 = (k3+k4 i)/2

real number

real number

+2∗real part

−2∗imag partcomplex number

conjugate

(k 3 , k 4)m1 m2 k3 k 4



Vector Space (BGND.3A) 19 Young Won Lim
2/22/16

Trigonometric Relationship

√k3
2
+k4

2
= A

k3

√k3
2
+k4

2
= cos(ϕ)

k4

√k3
2
+k4

2
= sin (ϕ)

A cos(ω t − ϕ)

m1e
+iω + m2e

−i ω

R1 over R

k3cos(ω) + k 4 sin(ω)

k3 = (m1 + m2)

k 4 = i(m1 − m2)

m1 = (k3−k 4 i)/2

m2 = (k3+k4 i)/2

real number

real number

+2∗real part

−2∗imag partcomplex number

conjugate

k3cos(ω) + k 4 sin(ω)
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Signal Spaces and Phasors

c3 = (c1 + c2)

c4 = i(c1 − c2)

c3cos(ω t) + c4 sin (ω t )

c1 = (c3−c4 i )/2
c2 = (c3+c4 i)/2 complex number

real number

real number

conjugate
+2∗real part

−2∗imag part

R2

c1e
+iω t

+ c2e
−i ω t

cos (ω t)

sin(ω t)
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Complex Exponentials

https://en.wikipedia.org/wiki/Linear_combination
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