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Fundamental Theorem

Real Domain Complex Domain

+

_

∫
C

f (z) dz = F (z2) − F (z1)

∫
C

f (z) dz = 0z2 = z1

∫
a

b

f (x) dx = F (b) −F (a)

∫
b

a

f (x) dx = F (a) −F (b)
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Contour Integration Evaluation   f(z) = 1/z 

(1) Indefinite Integration of Analytic Functions

C : the unit circle

∫
C

f (z ) dz = ∫
0

2π
ieit

eit
dt = ∫

0

2π

i dt = 2π i

(2) Integration by the Use of the Path

not analytic at 

z (t ) = cost + isin t = ei t (0≤ t ≤ 2π)

∫
z0

z1

f (z ) dz = F (z1) − F (z0) = 0z1 = z0

f (z ) =
1
z

∫
z0

z1

f (z ) dz = F (z1) − F (z0) = 0

z = 0But cannot apply this method

z '(t) =−sint + icost = i eit



Complex Integration (2A) 5 Young Won Lim
1/17/14

Polar Coordinates

∫
z1

z2

f (z) dz = ∫
a

b

f (r eiθ) eiθ (drdt + ir dθ

dt ) dt

f (r eiθ
)ei θ ≡ f θ(r ,θ) ≡ uθ(r ,θ) + i v (r ,θ)

z (a) = z1
dz = eiθ

(dr + ir dθ)z = r eiθ

z (b) = z2
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Complex Function f(z) = 1/z

∣(f )∣ arg (f )

f (z) =
1
z

∣(f )∣ along the unit circle arg (f ) along the unit circle 

arg (eiθ)

arg (f )
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Contour Integration of f(z)=1/z

xy

ℜ( f ) = cos(θ)ℑ( f ) =−sin (θ)

+π

−π

∣(f )∣

arg (f )

−π

+π
arg (f )

arg (eiθ
)

α = arg (f⋅eiθ
)

∫
−π

+π

f (r ,θ) ieiθd θ

= ∫
−π

+π

e−iθ ieiθd θ

= ∫
−π

+π

i dθ

= 2π i

α = arg {f (eiθ
)eiθ

}= 0

f (α)sin (α)

f (α)cos (α)
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Contour Integration f(z) = z2,  z1,  z0,  z-1,  z-2,  z-3

∫
C

f (z) dz = ∫
0

2π

emit ieit dt = ∫
0

2π

iei(m+1)t dt dz = ieit dt

m=2

m=1

m=0

m=-1

m=-2

m=-3

∫
C

z2 dz = ∫
0

2π

ei2 t ieit dt = ∫
0

2π

i ei3 t dt = [13 ei3t ]
0

2π

=
1
3

(e6π − e0) = 0

∫
C

z dz = ∫
0

2π

eit ieit dt = ∫
0

2π

iei2 t dt = [12 ei2t ]
0

2π

=
1
2

(e4π−e0) = 0

∫
C

1 dz = ∫
0

2π

ieit dt = ∫
0

2π

i ei t dt = [eit ] 0
2π

= (e2π−e0) = 0

∫
C

1
z
dz = ∫

0

2π

e−it iei t dt = ∫
0

2π

i dt = [i ] 0
2π

= i(2π−0) = 2π i

∫
C

1
z2

dz = ∫
0

2π

e−i2t i eit dt = ∫
0

2π

ie−i t dt = [−e−it ] 0
2π

= −(e−2π−e0) = 0

∫
C

1
z3

dz = ∫
0

2π

e−i3t ieit dt = ∫
0

2π

ie−i2t dt = [−1
2
e−i2t ]

0

2π

= −
1
2

(e−4π−e0) = 0

3

2

1

0

-1

-2
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Contour Integration & Maclaurin Series

f (z) = a0z
0
+ a1z

1
+ a2z

2
+ a3z

3
+ ⋯

∫
C

f (z) dz = ∫
C

a0z
0 dz +∫

C

a1z
1 dz +∫

C

a2z
2 dz + ⋯

∫
C

f (z)

z
dz = ∫

C

a0

z
dz +∫

C

a1z
0 dz +∫

C

a2z
1 dz + ⋯

∫
C

f (z)

z2
dz = ∫

C

a0z
−2 dz +∫

C

a1

z
dz +∫

C

a2z
0 dz + ⋯

∫
C

f (z)

z3
dz = ∫

C

a0z
−3 dz +∫

C

a1z
−2 dz +∫

C

a2

z
dz + ⋯

∫
C

f (z) dz = 0

∫
C

f (z)

z
dz = a0⋅2 π i

∫
C

f (z)

z2
dz = a1⋅2π i

∫
C

f (z)

z3
dz = a2⋅2π i

Continuous
along C

Discrete
a

i
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Differentiation & MacLauren Series

f (z) = a0z
0
+ a1z

1
+ a2z

2
+ a3z

3
+ ⋯

f (z) = a0z
0
+ a1z

1
+ a2z

2
+ a3z

3
+ ⋯ ∫

C

f (z)

z
dz = a0⋅2π i

∫
C

f (z)

z2
dz = a1⋅2π i

∫
C

f (z)

z3
dz = a2⋅2π i

f '(z) = a1z
0
+ a22z

1
+ a33z

2
+ ⋯

f ' '(z) = a22z
0
+ a33⋅2z

1
+ a44⋅3z

2
⋯

f (0) = a0

f '(0) = a1

f ' '(0) = a22

f (n )
(0) = an⋅n ! ∫

C

f (z)

zn+1 dz = an⋅2π i

an =
1
n!

f (n )
(0) =

1
2π i

∫
C

f (z)
zn+1 dzf (n )

(0) =
n!
2π i

∫
C

f (z)

zn+1 dz
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Maclaurin Series

A power series in powers of z

an =
1
n!

f (n)
(0)

f (n)
(z) =

n!

2π i ∮C
f (w)

(w−z )
n+ 1 dw

an =
1
n!

f (n)
(0) f (n)

(0) =
1
2π i ∮C

f (w)

wn+ 1 dw

f (z)The Maclaurin  series of a function 

f (z) = ∑
n=0

∞

an z
n

∑
n=0

∞

an z
n

= a0 + a1 z + a2z
2

+ ⋯

non-negative powers

non-negative powers
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