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Bilateral z-Transform of RXX [n]
N Gaussian random variables

Definition

SXX (z) =
∞

∑
n=−∞

RXX [n]z−n
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Discrete Time Fourier Transform of RXX [n]
N Gaussian random variables

Definition

SXX (e jΩ) =
∞

∑
n=−∞

RXX [n]e−jnΩ

RXX [n] =
1
2π

+π∫
−π

SXX (e jΩ)e jnΩdΩ
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Properties of Power Density Spectrum - DT
N Gaussian random variables

1 SXX (e jΩ)≥ 0
2 SXX (e−jΩ) = SXX (e+jΩ) for real X [n]

3 SXX (e+jΩ) is real
4 1

2π

∫+π

−π
SXX (e jΩ)dΩ = E [X 2[n]]
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Estimating the Power Density Spectrum
N Gaussian random variables

Definition

R̂N [k] =
1
N

N−1−|k|

∑
n=0

X [n]X [n+ |k|] |k|< N
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DTFT, FFT
N Gaussian random variables

Definition

XN(Ωk) =
N−1

∑
n=0

X [n]e−jΩkn k = 0,1, ...,N−1

Ωk =
2πk

N
k = 0,1, ...,N−1
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Periodogram
N Gaussian random variables

Definition
Periodogram : the estimate of the power density spectrum

ŜN(Ωk) =
1
N
|XN(Ωk)|2 k = 0,1, ...,N−1

\
lim
N→∞

E
[
ŜN(Ωk)

]
= SXX (Ωk) k = 0,1, ...,N−1
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Periodogram Proof (1)
N Gaussian random variables

Definition

E
[
ŜN(Ωk)

]
=

1
N
E

[{
N−1

∑
n=0

X [n]e−jΩkn

}{
N−1

∑
m=0

X [m]e−jΩkm

}]

=
1
N

N−1

∑
n=0

N−1

∑
m=0

E [X [n]X [m]]e−jΩk (n−m)

=
1
N

N−1

∑
n=0

N−1

∑
m=0

RXX [n−m]e−jΩk (n−m)
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Periodogram Proof (2)
N Gaussian random variables

Definition

E
[
ŜN(Ωk)

]
=

1
N

+(N−1)

∑
n=−(N−1)

(N−|k|)RXX [k]e−jΩkk

=
N

N

+(N−1)

∑
n=−(N−1)

RXX [k]e−jΩkk − 1
N

+(N−1)

∑
n=−(N−1)

|k |RXX [k]e−jΩkk
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The Variance of the Periodogram (1)
N Gaussian random variables

Definition

σ
2
S = E

[
ŜN(Ωk)2

]
−E

[
ŜN(Ωk)

]2
E
[
ŜN(Ωk)2

]
= E

( 1
N

N−1

∑
n=0

N−1

∑
m=0

E [X [n]X [m]]e−jΩk (n−m)

)2


=
1
N2 ∑

n,m,p,q

E [X [n]X [m]X [p]X [q]]e−jΩk (n−m)e−jΩk (q−p)
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The Variance of the Periodogram (2)
N Gaussian random variables

Definition

E [X [n]X [m]X [p]X [q]] = RXX [n−m]RXX [p−q]

+RXX [n−p]RXX [m−q] +RXX [n−q]RXX [m−p]

E
[
ŜN(Ωk)2

]
= 2E

[
ŜN(Ωk)

]2
+

1
N2

∣∣∣∣∣∑n,pRXX [n−p]e−jΩk (n−p)

∣∣∣∣∣
2
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