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Laplace Transform Properties (1)

http://en.wikipedia.org/wiki/Laplace_transform
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Laplace Transform Properties (2)

http://en.wikipedia.org/wiki/Laplace_transform
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Differentiation in the s-domain (1)

f (t) F (s)

−t f (t) F ' (s)

+t 2 f (t ) F ' ' (s)

−t3 f (t ) F(3)(s)

t n f (t) (−1)
n dn

dsn
F (s)

F(s) = ∫
0

∞

f (t)⋅e−s t dt

d
d s

F (s) = ∫
0

∞
∂
∂ s

[ f (t)⋅e−st ] dt = ∫
0

∞

(−t) f (t)⋅e−st dt

d2

d s2 F (s) = ∫
0

∞
∂2

∂ s2 [ f (t)⋅e−s t ] dt = ∫
0

∞

(−t)2 f (t )⋅e−s t dt

d3

d s3 F (s) = ∫
0

∞
∂3

∂ s3 [ f (t )⋅e−s t ] dt = ∫
0

∞

(−t )3 f (t )⋅e−st dt
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Differentiation in the s-domain(2)

1
1
s

−t −
1

s2

−t3 −
6

s4

t n
n!

sn+1

t 2 2

s3

=
d
ds ( 1

s )

=
d
ds (− 1

s2 )

=
d
ds ( 2

s3 )
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Differentiation in the t-domain (1)

f (t) F (s)

f ' (t) s F (s) − f (0)

f ' ' (t ) s(s F (s) − f (0))− f ' (0)

f (3)(t )

F(s) = ∫
0

∞

f (t)⋅e−s t dt

∫
0

∞

f ' (t)⋅e−s t dt = [ f (t)⋅e−s t ]0
∞

−∫
0

∞

(−s) f (t)⋅e−st dt

= −f (0) + s∫
0

∞

f (t)⋅e−s t dt = s F (s) − f (0)

s(s(s F (s) − f (0)) − f ' (0))− f ' ' (0)
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Differentiation in the t-domain (2)

f (t ) F (s)

f ' (t) s F (s) − f (0)

f ' ' (t )

f (3)(t )

f (n)
(t) sn F(s)− s(n−1) f (0) − s(n−2) f ' (0) −⋯− f (n−1)(0)

s2 F (s) − s f (0)− f ' (0)

s3 F (s)− s2 f (0)− s f ' (0) − f ' ' (0)
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Differentiation in the t-domain (3)

f (n)(t) sn F (s) − sn−1 f (0) − sn−2 f ' (0) − ⋯ − s1 f (n−2)(0) − f (n−1)(0)

sn sn−1 sn−2 s1 s0

f (0)(0) f (1)(0) f (n−2)(0) f (n−1)(0)

n−1 + 0 n−2 + 1 1 + n−2 0+n−1

F (s)

s( ⋯ s( s(s F( s) − f (0)) − f ' (0))− f ' ' (0) ⋯ ) − f (n−1)
(0)

sn F (s) − ∑
k=1

n

sn−k f (k−1)
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Differentiation Properties 

dn

dtn
f (t ) sn F (s)− sn−1 f (0) − sn−2 f ' (0) ⋯ − s f (n−2)(0) − f (n−1)(0)

t n f (t) (−1)
n
⋅

dn

dsn
F (s)
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Integration in the t-domain 

f (t) F (s)

F (s)
s

f (t ) =
d
dt

{∫0

t
f ( τ)d τ} =

d
dt

g (t)

g(t ) G (s)

∫0

t
f ( τ)d τ ?

f (t) F (s)

g ' (t) sG (s)− g(0)
g(t ) = ∫0

t
f ( τ)d τ

G (s) =
F(s)
s

∫0

t
f ( τ)d τ

g(0) = ∫0

0
f (τ)d τ = 0
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Unilateral and Bilateral Laplace Transform

Unilateral Laplace Transform

F (s) = ∫
0

+∞

f (t )e−s t dt

Bilateral Laplace Transform

F2(s) = ∫
−∞

+∞

f (t )e−s t dt

F−(s) = ∫
0−

+∞

f (t )e−s t dt

F +(s) = ∫
0+

+∞

f (t)e−s t dt

Including an Impulse at the origin

Excluding an Impulse at the origin
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Unilateral and Bilateral Laplace Transform

Unilateral Laplace Transform

Bilateral Laplace Transform

F2(s) = ∫
−∞

+∞

f (t )e−s t dt

F−(s) = ∫
0−

+∞

f (t )e−s t dt

F +(s) = ∫
0+

+∞

f (t)e−s t dt

Including an Impulse at the origin

Excluding an Impulse at the origin

f ' (t) s F−( s) − f (0−)

f ' (t) s F+ (s) − f (0+
)

f ' (t) s F 2(s)− f (0)
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Translation in the s-domain

f (t) F (s)

e+a t f (t ) F (s − a)

F(s) = ∫
0

∞

f (t)⋅e−s t dt

F(s−a) = ∫
0

∞

f (t)⋅e−(s−a )t dt = ∫
0

∞

[e+a t f (t )]e−s t dt

e±a t f (t) F (s ∓ a)
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Translation in the t-domain

f (t) F (s)

f (t−a)u(t−a) e−a s F (s)

F(s) = ∫
0

∞

f (t)⋅e−s t dt

∫
0

∞

f (t−a)u(t−a)⋅e−st dt

=∫
0

a

f (t−a)u(t−a)⋅e−s t dt +∫
a

∞

f (t−a)u(t−a)⋅e−s t dt

=∫
a

∞

f (t−a)⋅e−s t dt ν = t−a d ν = d t

0 = a−a
=∫

0

∞

f (ν)⋅e−s (ν+a) d ν

= e−as⋅∫
0

∞

f (ν)⋅e−s ν d ν

= e−as⋅F (s)

f (t∓a)u(t∓a) e∓as F (s)

shift right : always o.k.
shift left: only when no information 
is lost during improper integration 
by the left shift
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Shift Right f(t)

f (t)

a

∫
0

∞

f (t)⋅e−s t dt

f (t−a)

∫
0

∞

f (t − a)⋅e−s t dt

=∫
0

a

f (t−a)⋅e−s t dt

=∫
a

∞

f (t−a)e−s t dt

a

f (t−a)

+∫
a

∞

f (t−a)e−s t dt

=∫
0

∞

f (ν)⋅e−s (ν+a) d ν

= e−as⋅∫
0

∞

f (ν)⋅e−s ν d ν
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Shift Right f(t)

f (t)

a

f (t−a)

a

f (t−a)

a a

new information is added 

= e−as⋅∫
0

∞

f (ν)⋅e−s ν d ν

= e−as⋅∫
0

∞

f (ν)⋅e−s ν d ν
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Shift Right f(t)u(t) 

f (t)

a a

= e−as⋅∫
0

∞

f (ν)⋅e−s ν d ν

f (t−a)u( t−a)f (t )u( t)
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Shift Left f(t)

f (t)

a

∫
0

∞

f (t)⋅e−s t dt

f (t+a)

∫
0

∞

f (t + a)⋅e−s t dt =∫
0

∞

f (t+a)e−s t dt

a

f (t+a)

=∫
a

∞

f (ν)⋅e−s(ν−a) d ν

= e+a s⋅∫
a

∞

f (ν)⋅e−sν d ν

=∫
a

∞

f (t )⋅e−s t dt
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Shift Left f(t)

f (t)

a

f (t+a)

−a

f (t+a)

a

existing information is lost 

= e+as⋅∫
a

∞

f (ν)⋅e−sν d ν

= e+as⋅∫
a

∞

f (ν)⋅e−sν d ν
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Translation Properties

f (t∓a)u(t∓a) e∓as F (s)

e±a t f (t) F (s ∓ a)

shift right : always o.k.
shift left: only when no information 
is lost during improper integration 
by the left shift
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Initial Value Theorem

lim
t→0+

f (t ) = lim
s→∞

s F (s)

F (s) = ∫
0−

∞

f (t )⋅e−s t dt

s F (s) − f (0−
) = ∫

0−

∞

f ' (t)⋅e−s t dt

= f (0−
) + lim

s→∞
∫0−

∞

f ' (t )⋅e−s t dt

lim
s→∞

∫
0−

∞

f ' (t)⋅e−st dt

= lim
s→∞ [ limϵ→0+

∫
0−

ϵ

f ' (t)⋅e−s t dt + lim
ϵ→0+

∫
ϵ

∞

f ' (t )⋅e−st dt ]
= lim

s→∞ [ limϵ→0+
∫
0−

ϵ

f ' (t)⋅1 dt + lim
ϵ→0+

∫
ϵ

∞

f ' (t)⋅e−s t dt ]
= [ f (t)]0−

0
+

+ lim
ϵ→0+

∫
ϵ

∞

f ' (t )⋅(lims→∞

e−s t

) dt

= f (0+
) − f (0−

)

= f (0−
) + f (0+

) − f (0−
)

lim
s→∞

s F (s)

= f (0+
)
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Final Value Theorem

lim
t→∞

f (t ) = lim
s→0

s F (s)

= f (0−
) + f (∞) − f (0−

)

lim
s→∞

s F (s) = f (0−) + lim
s→0

∫
0−

∞

f ' (t )⋅e−s t dt

= ∫
0−

∞

f ' (t)⋅lim
s→0

e−s t dt

= ∫
0−

∞

f ' (t) dt

= f (∞)

F (s) = ∫
0−

∞

f (t )⋅e−s t dt

s F (s) − f (0−
) = ∫

0−

∞

f ' (t)⋅e−s t dt

lim
s→ 0

[ s F (s) − f (0−)] = lim
s→0

∫
0−

∞

f ' (t )⋅e−s t dt

lim
s→0

∫
0−

∞

f ' (t)⋅e−st dt
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Laplace Transform of Convolution Integrals

f (t) F (s)

g(t ) G (s)

f (t )∗ g(t ) F (s)G(s)

∫
0

t

f (t−τ)g( τ)d τ

∫
0

t

f ( τ)g (t−τ)d τ



Properties (3A) 25 Young Won Lim
5/28/15

Laplace Transform of Convolution Integrals

F (s)G(s) = [∫
0

∞

e−s τ f ( τ)d τ ][∫
0

∞

e−sβ g(β)d β]
= ∫

0

∞

[∫
0

∞

e−s(τ+β) f ( τ)d τ ]g(β)d β

= ∫
0

∞

[∫β
∞

f (t−β)e−s t dt ]g(β)d β

= ∫
0

∞

[∫β
∞

f (t−β)g (β)e−s t dt ]d β

= ∫
0

∞

[∫
0

t

f (t−β)g(β)e−s t dβ]dt
= ∫

0

∞

[∫
0

t

f (t−β)g(β)d β]e−s t dt

τ+β = t d τ = d t
τ = 0 → t = β

∫
0

∞

∫
β

∞

dt dβ

∫
0

∞

∫
0

t

d βd t

R
t

β

h(t ,β) = f (t−β)g(β)e−s t
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Laplace Transform of Convolution Integrals

Matthew

∫
0

∞

[∫β
∞

f (t−β)g(β)e−s t dt ]dβ ∫
0

∞

[∫
0

t

f (t−β)g(β)e−s t d β]dt
t

β

given β

given t

t

β

∫
0

t
∫
β

∞
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The Unit Impulse 

ta

1
a

ta → 0

1
a

→ ∞

−
a
2

+
a
2

Infinite height but 
with a unit area.

Depicted by an arrow
The length of arrow can 
represent a “weight”

Unit Area

1
a
⋅a = 1

δ(t )Dirac Delta

Unit impulse function
t2a

1
a

−a + a

δa(t ) =
1
a

rect ( 1
a
⋅t)

δa(t ) =
1
a ( 1 −

1
a

∣t∣)

t2a

1
a

−a + a

δa(t ) =
1
a

exp (
π
a2 ⋅t 2

)

lim
a→0

δa(t) = δ(t )

The shape does not matter in the limit
But the area matters : The Unit Area
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The Properties of the Delta Function

ta → 0

Unit Area

1
a

→ ∞

1
a
⋅a = 1

Infinite height but 
with a unit area.

δ(t) ≠ 0 (t=0)

δ(t) = 0 (t≠0)

An Even Function

δ(−t) = δ(t)

The Equivalence Property

The Sampling Property

The Replication Property

∫
−∞

+ ∞

g (τ) δ(t−τ) d τ = g (t )

g ( t) δ(t) = g (0) δ(t )

g ( t) δ(t−t 0) = g (t 0) δ(t−t0)

∫
−∞

+ ∞

g (t ) δ(t) d t = g (0)

∫
−∞

+ ∞

g (t ) δ(t−t 0) d t = g (t 0)

δ(t )
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The Replication Property

t ← t 0

g (t ) = ∫
−∞

+∞

g (t )δ(τ−t ) d τ

g (t ) = ∫
−∞

+∞

g (t )δ(t−τ) d τ

g (t 0) = ∫
−∞

+ ∞

g (t)δ(t−t0) d t

τ ← t

δ(−t) = δ(t)

t t t

g ( t ) δ( t ) g( t )

* =

g (t )

Impulse response

δ(t ) g (t )

δ(t )g (t ) g (t )

Replication 
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Partial Fraction Methods

F (s) = ∫
0

+∞

f (t )e−s t dt

∫
0

+∞

δ(t )e−s t dt = ∫
0

+∞

δ(t )e−s⋅0 dt = 1

u(t )
1
s

t u(t ) 1

s2

δ(t ) 1
d
dt

d
dt
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Periodic Functions 

f (t ) = f (t+T )

f (t ) 1

1−e−T s ∫
0

T

f (t )e−s t dt

piecewise continuous periodic (period: T) 

F (s) = ∫
0

+∞

f (t )e−s t dt = ∫
0

T

f (t)e−s t dt + ∫
T

+∞

f (t)e−s t dt

t = u + T

∫
T

+∞

f (t)e−s t dt =∫
0

+∞

f (u+T )e−s(u+T ) du = e−sT∫
0

+∞

f (u)e−su du

F (s) = ∫
0

T

f (t)e−s t dt + e−s T F (s)
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